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Abstract 10 
Cavitation and cavitation-induced erosion depend on fuel properties and operating conditions. The 11 
majority of studies on cavitation consider simple thermodynamic Equations of State (EoS), which limit 12 
the analysis of thermal effects occurring at high pressures and temperatures prevailing during bubble 13 
collapse. This can affect simulation fidelity, particularly when comparing fuels of different 14 
thermodynamic properties. The goal of this work is to examine, with the use of real-fluid thermodynamic 15 
models, pressure peaks and thermal effects owing to cavitation collapse in the vicinity of solid 16 
boundaries. A structured table is used to reconstruct the thermodynamic properties of the working fluids 17 
examined based on the Helmholtz Energy Equation of State. The table is incorporated into an explicit, 18 
density-based solver in OpenFOAM, using a Mach-consistent numerical flux for subsonic up to 19 
supersonic flow conditions.  Different test cases have been considered to demonstrate the capabilities of 20 
the implemented methodology including a simple validation of the solver against the Riemann problem, 21 
a single spherical bubble of dodecane case collapsing in an infinite medium, a single spherical bubble 22 
collapsing close to a wall and a cluster of spherical bubbles collapsing close to a rigid wall. The ultimate 23 
objective of the research framework is to simulate bubble-collapse behaviour at pressure and 24 
temperature conditions relevant to Dual Fuel Internal Combustion Engines using different fuels. Thus, 25 
the present work aims to provide insight on cavitation evolution and relevant influence on injector 26 
reliability to eventually produce design guidelines for environmentally friendlier powertrains. 27 

Keywords: Bubble Collapse, Custer of Bubbles, DFICE, Short-chained Alcohols 28 

1. Introduction 29 
Understanding and control of cavitation and its consequences constitutes a crucial task requiring 30 

meticulous experimental and numerical techniques, as proper tailoring of its evolution can optimise 31 
industrial and biomedical processes, involving, for instance, spray atomisation, deagglomeration, 32 
leaching and sanitation or mitigate undesirable consequences such as inconsistent performance of flow 33 
devices, vibrations and material loss [1][2]. Cavitation-induced erosion causes material loss and 34 
degradation of hydraulic systems such as pumps, turbines, injectors, and ship propellers [3]–[5]. 35 
Experimental measurements of cavitating flows in true-scale fuel injectors are reported 25 years back 36 
[6]–[8], but are still challenging, due to spatial and temporal resolutions required for capturing the very 37 
fast flow within the nozzle orifices. For this reason, parallel to experimental investigations, numerical 38 
modelling of cavitating flows has shown considerable progress since the ‘90s and continues in recent 39 
years [9]–[12]. However, cavitation-related phenomena include a vast range of spatial and temporal 40 
scales, sometimes accompanied by other processes (i.e., turbulence, heat transfer, chemical reactions, 41 
acoustic waves, erosion) rendering simulations computationally expensive. Currently there is no 42 
universal Computational Fluid Dynamics (CFD) approach with sufficient accuracy suitable for the 43 
variety of technological applications where cavitation is pertinent to. 44 

As electrification for aviation, marine, heavy duty and earth moving vehicles is challenging, in an 45 
effort to mitigate the inevitable emission of greenhouse gases, partial substitution of fossil fuels with 46 
carbon-free or synthetic fuels for the realisation of, so-called, Dual Fuel Internal Combustion Engines 47 
(DFICEs), represents a promising alternative [13]. The idea of the DFICE is based on the partial 48 
substitution of the diesel fuel by high octane gaseous or liquid fuels such as natural gas, short-chained 49 
alcohols, hydrogen, or ammonia, which are considered sustainable fuels, in the sense that they lead to 50 
emissions reduction and CO2 in particular. There are mainly two ways of introducing the high octane 51 
gaseous/liquid fuel in the cylinder. The first method is Port Fuel Injection (PFI), where the primary high-52 
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octane fuel is injected into the intake manifold to be mixed uniformly with air, then the air-primary fuel 53 
mixture is drawn into the cylinder during the intake stroke. Then, near the end of the compression stroke, 54 
a moderate amount of diesel fuel is directly injected into the cylinder as a pilot injection to ignite the 55 
mixture. According to the second approach, High Pressure Direct Injection (HPDI), a small amount of 56 
pilot diesel fuel is firstly injected late in the compression stroke followed by direct injection of the 57 
primary fuel. At some instant in the time interval between the two injection events, the pilot diesel fuel 58 
auto-ignites and consequently initiates the combustion of the primary fuel [13], [14]. However, in 59 
compression-ignition DFICEs, cavitation-induced erosion is still a persisting issue [15]. From a 60 
numerical-simulation perspective, modelling of the thermodynamic and transport properties of the fuel 61 
mixtures and their variation across the range of operating conditions up to 100 bar and 1500 K, 62 
represents an additional computationally demanding task.  63 

Out of the various numerical methods that are used today [11], [16], three methodologies relevant to 64 
the current work are outlined here. The, so called, Finite Mass Transfer (FMT) rate method, treats the 65 
multiphase flow as a homogeneous mixture. The continuity and momentum equations are used to 66 
calculate the mixture flow field, while an additional equation is utilised to describe vapour transport. 67 
This transport equation can be based on the volume fraction of the two phases, through a level-set 68 
method [17], or even considering a two-fluid model [5]. In addition, the mass transfer between the liquid 69 
and vapour phases is estimated via an explicit source term added to the vapour transport equation. Most 70 
phase-change rate models in literature [12] are based on a simplified form of the Rayleigh-Plesset 71 
equation of bubble dynamics [18], [19]. Typically, the second temporal derivative of bubble radius 72 
evolution with time as well as the effect of non-condensable gases are ignored. Empirical tuning 73 
constants are utilised to adjust the mass transfer rate between the liquid and the vapour phases in an ad 74 
hoc manner depending on the examined problem. The non-universal values of these constants constitute 75 
one of the limitations of the FMT approach. It can be also noted that this model has been utilised 76 
irrespectively of the incompressible or compressible flow assumption [20]. However, the authors have 77 
shown that considering fluid compressibility in the pressure-velocity correction equation may lead to 78 
ill-conditioned matrices of coefficients, which can cause numerical issues when large time steps are 79 
employed [21]–[23].  80 

The second category of numerical approaches utilised are based on the Discrete Bubble Model 81 
(DBM) [24]where, representative cavitation bubbles are tracked in a Lagrangian framework, while the 82 
continuum flow is calculated using the flow governing equations solved in an Eulerian framework. 83 
Bubble-to-bubble interactions, fragmentation processes as well as turbulence effects on bubble 84 
trajectory and size response to local pressure dynamics, can be considered [25]. Unfortunately, DBMs 85 
are limited to very low volume fractions, owing to the weak (explicit in time) coupling between the two 86 
phases and the inherent assumption of spherical bubbles. To overcome these limitations, hybrid multi-87 
scale models have been developed. In such approaches, larger cavities are represented using a transport 88 
equation model, while small-scale structures are tracked in an Lagrangian framework. In particular, a 89 
study from Ghahramani et al [26] has demonstrated the capability to estimate the dynamics of collapsing 90 
bubbles via the coupling of an Eulerian, finite mass-transfer model and a Lagrangian model. In their 91 
model, the vapour-liquid mixture properties are obtained based on a volume fraction methodology, in 92 
which cavities are tracked in the Lagrangian framework rather than solving an Eulerian transport 93 
equation. In general, Lagrangian models (or Hybrid Lagrangian Models) have a less precise 94 
representation of the liquid-vapour interface compared to the fully Eulerian models, while, depending 95 
on the prevailing conditions, they may be sensitive to the initial assumptions made for the nuclei size 96 
and their number density [27].  97 

In the last group, the two-phase cavitation regime is considered as a single-fluid flow under the 98 
assumption of mechanical and thermodynamic equilibrium. This equilibrium assumption implies that 99 
mass transfer rate at the vapour-liquid interface is infinite. Such models have been mostly implemented 100 
in density-based algorithms with different approaches to derive the pressure-density correlation. When 101 
temperature variations are not significant, the employed Equation of State (EoS) can be independent of 102 
temperature, which simplifies the pressure-density relations that can be typically expressed with a so-103 
called barotropic EoS. Barotropic models can be implemented in both density-based [28] and pressure-104 
based algorithms [22]. For instance, Goncalves [10] compared an incompressible pressure-based solver 105 
with a compressible density-based counterpart both employing barotropic cavitation models. They 106 
showed the necessity to consider fluid compressibility effects to correctly describe the cavity dynamics. 107 
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Single-fluid EoS models typically require knowledge of the speed of sound in the liquid, vapour and 108 
mixture regimes. In addition, high grid resolution along with small time steps, as low as 0.1 109 
nanoseconds, are needed for adequate prediction of a sharp interface and pressure wave propagation. As 110 
a consequence, these models are computationally expensive and usually applied to cavitating flows in 111 
small-scale geometries. An extension of these models incorporates real-fluid EoS, predicting the 112 
vaporisation and condensation processes during phase-change over a wide range of pressures and 113 
temperatures[29]. For example, past works of the authors’ group, refer to Kyriazis et al. [4], [30], [31], 114 
introduced an explicit density-based solver coupled with real-fluid thermodynamic properties for n-115 
dodecane to demonstrate heating effects in bubble-collapse cases.  116 

The algorithm presented in this work constitutes an extension of the in-house code mentioned above. 117 
The code is capable of capturing both small scale (i.e., single bubble cavitation and bubble interface 118 
movement) and full-scale cavitation (i.e., cavitation of a cluster of bubbles, with bubble collapse 119 
interaction and vaporisation). This is one of the first works implementing the Mach consistent numerical 120 
flux in conjunction with real-fluid properties for different fuels, demonstrating heating effects in bubble 121 
collapse cases and in-nozzle flow problems. The only relevant work is that of Dumbser et al. [32], who 122 
focused on water/vapour behaviour in benchmark (e.g., shock tube, explosion/implosion, forward step) 123 
and macroscopic (e.g., hydrofoil) cases and the work of Kyriazis et al. [4], [30], [31] that focused on n-124 
dodecane. This numerical framework is also suitable for the study of cavitation under DFICE operating 125 
conditions and allows us to assess how different fuels behave under such conditions. Where modeling 126 
bubble clusters is not an easy task due to the difficulties related to the representation of general 127 
multiphase flows in problems where it is not possible to capture all the scales of the flow [33]. 128 

 129 
2. Computational Methodology 130 

The presented methodology has been developed in OpenFOAM and was based on the code 131 
developed by the authors’ group, as presented in [31], [34]. As a reference, the new solver has been 132 
named tabFoam. The governing equations of the compressible solver are given in the Euler form and 133 
comprise continuity, momentum and energy conservation along with a transport equation for the vapour 134 
mass fraction. Under the assumption that bubbles growth and collapse are inertia-driven processes [7], 135 
viscosity and surface tension are neglected, and the governing equations are expressed as follows: 136 
 137 

𝜕𝑞⃗

𝜕𝑡
+
𝜕𝐹𝑖(𝑞⃗)

𝜕𝑥𝑖
 = 0 (1) 

where 𝑞⃗ is the vector of conserved variables: 138 

𝑞⃗  =  

{
 
 

 
 
𝜌
𝜌𝑌
𝜌𝑢1
𝜌𝑢2
𝜌𝑢3
𝐸

 (2) 

 139 
and F is the vector of fluxes, defined as: 140 

𝐹(𝑞⃗)  =  𝜌𝑢𝑖
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𝑢2
𝑢3
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0
0
𝛿1𝑖
𝛿2𝑖
𝛿3𝑖
𝑢1 ]
 
 
 
 
 

  (3) 

 141 

where 𝜌 is the fluid density, Y is the mass fraction, 𝑢𝑖 is the i-th component of the velocity vector, p is 142 
pressure, 𝛿 denotes the Kroneker delta, and E is the specific total energy, which is the sum of the specific 143 
internal energy and the specific kinetic energy. In addition to that, the thermodynamic closure used in 144 
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this methodology is based on the Helmholtz energy Equation of State (EoS) [35], which can provide 145 
thermodynamic properties at sub- and super-critical conditions in a consistent framework. In this 146 
framework, the Homogeneous Equilibrium Mixture (HEM) approach is used, where each 147 
thermodynamic property (such as temperature, specific heat, pressure, viscosity, and vapour fraction) 148 
can be expressed as a function of density, internal energy and mass fraction. In general, the HEM 149 
approach is used in modelling of liquid-vapor systems, such as in cavitating flows. This approach treats 150 
the liquid and vapor phases as a single fluid under equilibrium assumptions. This means that, at 151 
equilibrium, both liquid and vapour are at the same pressure and temperature. Moreover, there is an 152 
equilibrium in phase change, namely the liquid and vapor phases coexist at the saturation temperature 153 
for a given pressure. Finally, both phases share the same velocity field (i.e., no relative motion between 154 
the two phases). All these assumptions are valid for high-speed, small-scale flows where relaxation 155 
times are short (e.g., cavitation and bubble collapse). In general, the HEM approach is used where each 156 
thermodynamic property can be expressed as a function of density and internal energy [31], [32]. Indeed, 157 
phase-change is considered to be inertially-driven in our simulations with an infinite phase-change rate 158 
(i.e., at thermodynamic equilibrium). Therefore, the EoS for calculating the thermodynamic properties 159 
of the working fluid is expressed using the Helmholtz energy, having as independent variables density 160 
and temperature, as follows: 161 

𝑎(𝜌,𝑇) = 𝑎0(𝜌,𝑇) +𝑎𝑟(𝜌,𝑇) (4) 

 162 
Subsequently, Eq. (4) can be expressed in a dimensionless manner: 163 

𝑎̃(𝜌, 𝑇) 

𝑅𝑇
= 𝑎̃(𝛿, 𝜏)  =  𝑎̃0(𝛿, 𝜏)  + 𝑎̃𝑟(𝛿, 𝜏) 

(5) 

 

where 𝛿 =
𝜌

𝜌𝑐
 and 𝜏 =

𝑇

𝑇𝑐
 are, respectively, the dimensionless density and temperature with respect to 164 

relevant critical values. In particular, 𝑎̃0(𝛿, 𝜏) is the dimensionless Helmholtz energy of the ideal gas 165 
while 𝑎̃𝑟(𝛿, 𝜏) is the residual Helmholtz energy. These two parameters may be manipulated to obtain 166 
thermodynamic properties such as pressure p, internal energy e, enthalpy h, entropy s, and speed of 167 
sound c as a function of density ρ and temperature T. Additionally, saturation conditions are identified 168 
using the Maxwell criterion. In other words, liquid and vapour phases can be identified by solving Eqs. 169 
(6) and (7) for a given temperature:  170 
 171 

𝑝(𝜌𝑉,𝑠𝑎𝑡, 𝑇𝑆𝑎𝑡) = 𝑝(𝜌𝐿,𝑠𝑎𝑡 , 𝑇𝑆𝑎𝑡) (6) 

𝑔(𝜌𝑉,𝑠𝑎𝑡 , 𝑇𝑆𝑎𝑡) = 𝑔(𝜌𝐿,𝑠𝑎𝑡 , 𝑇𝑆𝑎𝑡) 
(7) 

 

where g stands for Gibbs Free Energy. Finally, we can define the properties within the saturation domain 172 
using the mixture assumption based on the volume fraction α. As an example, the equation for enthalpy 173 
is as follows: 174 

𝜌ℎ = (1 − 𝛼)ℎ𝑠𝑎𝑡,𝐿𝜌𝑠𝑎𝑡,𝐿 + 𝛼ℎ𝑠𝑎𝑡𝑉𝜌𝑠𝑎𝑡,𝑉 (8) 

 175 
Finally, the mixture speed of sound is determined using the Wallis speed of sound formula [36]. 176 

The procedure described by Eqs. (4)-(8) can be performed on the fly during code execution. 177 
However, it requires root finding of non-linear equations, since the Helmholtz energy is naturally 178 
expressed as a function of density ρ and temperature T, whereas tabFoam calculates density ρ and 179 
internal energy e, as shown in Eqs. (2) and (3). Moreover, one would also need to determine whether 180 
the flow is at saturation conditions or not, i.e., the algorithm needs to solve for the Maxwell criterion, 181 
Eqs. (6) and (7) as well. In other words, at each time step, the conservative variables (ρ, ρE) must be 182 
transformed to (ρ, T) and then used to derive pressure and speed of sound for the next calculation step. 183 
This can be done, using, for example, the Newton–Raphson method, but it is time consuming.  184 

As a consequence, instead of solving the aforementioned EoS for each time step, a similar technique 185 
as the one employed by Dumbser et al. [32] has been developed. More specifically, a structured 186 
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thermodynamic table formulated prior to the simulations has been used. The table contains the physical 187 
properties as derived from the Helmholtz EoS for each single-component fluid (i.e., water, dodecane, 188 
methanol, and ethanol in this investigation). The table is built by selecting an appropriate range for 189 
density and internal energy enclosing the expected conditions of the bubble-collapse simulation. A 190 
graphical representation of stored thermodynamic properties is shown in Fig. 1 (which shows an 191 
example for the vapour fraction), whilst the size and resolution of the thermodynamic table are 192 
summarised in Table 1. Table points are evenly distributed on a linear scale (2000 points for density and 193 
internal energy and, in these simulations, 1 point for fuel mass fraction since only one fuel at time has 194 
been considered. Thus, we only represent a 2D table in Fig. 1 for simplicity) for each one of the 195 
thermodynamic and transport properties of the multi-phase, multicomponent mixture (among which 196 
temperature, specific heat, pressure, viscosity, speed of sound, and vapour fraction). It becomes evident 197 
that a temperature range is not assigned but rather designated by the density and internal energy values. 198 
The temperature range considered lies approximatively between 200 K and 2500 K. It should be noted 199 
that it has been confirmed that the resulting algorithm is more efficient than the on-the-fly calculation 200 
of the Helmholtz EoS, by almost one order of magnitude in terms of computational time. During 201 
algorithm execution and after calculating the conservative vector in the time loop, and hence once 202 
density and internal energy (and mass fraction, in case there are more than one species in the simulation) 203 
are known, the element of the thermodynamic table in which each cell of the computational domain 204 
belongs is determined using a simple access operator and a tri-linear interpolation method.    205 
 206 

 207 

Figure 1. Contour plot of the thermodynamic properties of water, showing liquid and vapour regions 208 
depending on density, vapour fraction, and internal energy. 209 

Table 1. Range definition for density and internal energy for the structured 2D thermodynamic table 210 
developed for water (Δ corresponds to the table resolution) . 211 

Property Min Max Δ Number of points 

p [kg/m3] 0.001 1500 0.75 2000 

e [J/kg] 62266 5665387 1868.2 3000 

 212 
Cavitation processes involve a large variation in the speed of sound and, thus, the Mach number. For 213 

this reason, it is challenging to apply a unified discretisation method, which is suitable throughout the 214 
entire computational domain. In fact, the flow can be considered incompressible in the liquid regime, 215 
where the Mach number can be of the order of 10-2. On the other hand, in the liquid-vapor mixture 216 
regime the flow is highly compressible and the local Mach number can be of the order of 102 or even 217 
higher, due to the small speed of sound. When using density-based solvers for low Mach number flows, 218 
slow convergence and incorrect solutions have been reported [7]. To overcome this, a Mach-consistent 219 
numerical flux based on the work of Schmidt et al. [37] has been implemented, based on the HLLC flux 220 
and the AUSM flux. The numerical flux at the i+1/2 interface takes the form:  221 
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𝐹(𝑞⃗) = 𝜌𝐿/𝑅𝑢𝑓𝑎𝑐𝑒

[
 
 
 
 
 
1
𝑌

𝑢𝐿/𝑅 
𝑢𝐿/𝑅
𝑢𝐿/𝑅
𝐸𝐿/𝑅 ]

 
 
 
 
 

+ 𝑝𝑓𝑎𝑐𝑒

[
 
 
 
 
 
0
0
1 
0
0

𝑢𝑓𝑎𝑐𝑒]
 
 
 
 
 

 (9) 

where uface and pface are given by Eq. (16) and (17) respectively: 222 
 223 

𝑢𝑓𝑎𝑐𝑒 =
𝜌𝐿𝑐𝐿𝑢𝐿 + 𝜌𝑅𝑐𝑅𝑢𝑅 + 𝑝𝐿 − 𝑝𝑅

𝜌𝐿𝑐𝐿 + 𝜌𝑅𝑐𝑅
 (10) 

𝑝𝑓𝑎𝑐𝑒 = (1 − 𝑏)𝑝
𝑖𝑛𝑐 + 𝑏𝑝𝑐𝑜𝑚𝑝 (11) 

 224 

where the incompressible and compressible pressure value components, 𝑝𝑖𝑛𝑐 and 𝑝𝑐𝑜𝑚𝑝, and the 225 
parameter b are given by Eqs. (12)-(14), respectively:  226 
 227 

𝑝𝑖𝑛𝑐 =
 𝜌𝐿𝑐𝐿𝑝𝑅 +  𝜌𝑅𝑐𝑅𝑝𝐿
 𝜌𝑅𝑐𝑅 +  𝜌𝑅𝑐𝑅

 (12) 

𝑝𝑐𝑜𝑚𝑝 =
 𝜌𝐿𝑐𝐿𝑝𝑅 +  𝜌𝑅𝑐𝑅𝑝𝐿 +  𝜌𝐿𝑐𝐿 𝜌𝑅𝑐𝑅(𝑢𝐿 − 𝑢𝑅)

 𝜌𝑅𝑐𝑅 +  𝜌𝑅𝑐𝑅
 (13) 

𝑏 = 1 − 𝑒−𝑑𝑀𝑎 (14) 

 228 
The definition of the Mach number is as follows: 229 

𝑀𝑎 = 𝑚𝑎𝑥 (
|𝑢𝐿|

𝑐𝐿
,
|𝑢𝑅|

𝑐𝑅
) (15) 

where ρL/R, uL/R and EL/R depend on the sign of uface. The value of the left-hand-side cell is taken when the 230 
sign of uface > 0 and vice versa. Moreover, d is the blending coefficient with a value between 1 and 100 231 
[31]. In particular, for code robustness a value d=100 has been selected. In order to achieve 2nd order 232 
accuracy in space, the MUSCL [38], [39] reconstruction scheme, together with the van Albada limiter, 233 
is employed to determine conservative variables at cell interfaces, which in turn, are used for the flux 234 
estimation. Moreover, since the cavitation phenomena simulated are unsteady, a four-stage Runge-Kutta 235 
method, 2nd order accurate in time has been implemented [38]:  236 

𝜕𝑈⃗⃗⃗

𝜕𝑡
= 𝑅⃗⃗(𝑡, 𝑈⃗⃗⃗) 

 
(16) 

𝑈⃗⃗⃗(𝑡0) = 𝑈0⃗⃗ ⃗⃗⃗  (17) 

 237 
The numerical solution of this differential equation is solved by using the RK4 method. This specific 238 
RK method was selected since it has low storage requirements and only the solution vectors from time 239 
n and n + 1 need to be stored, which is important for large scale simulations.  240 

3. Results and discussion 241 
3.1 Code validation for two-phase flows with phase change 242 

In this section, results in different flow layouts are presented in order to validate the solver. The first 243 
test case refers to the replication of the Riemann problem [38], [40]. The geometry for this problem is a 244 

simple 1D shock-tube box in the computational domain where x ∈ [0, 4] m. This domain has been 245 
discretized with 1,000 equally spaced cells along the x direction. The fluid considered is dodecane and 246 
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the initial conditions are listed in Table 2. In addition, a wave-transmissive boundary condition has been 247 
applied to both left and right side of the shock-tube in order to avoid any pressure wave reflection inside 248 
the geometry that may affect the results. 249 
 250 

Table 2 Initial conditions for the 1D shock-tube problem. 251 

Variable Left Section Right Section 

x [0,2] [2,4] 

ρ [kg/m3] 751.737 717.5 

e [J/kg] -510935.125 -378498.706 

p [Pa]] 76668.0 10912000 

T [K] 290 350 

 252 
The results obtained with tabFoam are then compared with the exact solution of the Riemann problem 253 
in order to validate the thermodynamic closure under the assumption of phase-change to be inertially-254 
driven with an infinite phase-change rate. As shown in Fig. 2, the results with respect to both the two-255 
phase flow and temperature fields are in good agreement and the wave pattern has been correctly 256 
captured for all the variables. The discrepancies, although small (the maximum discrepancy is observed 257 
for the velocity, where the error is less than 3%), between the analytical result and the simulations are 258 
attributed to the second order reconstruction used in the model, known to have a diffusive influence on 259 
the velocity and pressure profiles [41].  260 
 261 

 
(a) 

 

 
(b) 

 
(c) 

 
(d) 
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(e) 

Figure 2 Comparison of results obtained with tabFoam against the exact solution of the Riemann 262 
problem. Distributions of : (a) pressure, (b) velocity, (c) temperature, (d) density, (e) vapour fraction. 263 

The second flow scenario examined is the collapse of a single spherical bubble (radius R0 = 400μm) in 264 
an infinite medium [19] under compression due to the higher pressure of the surrounding liquid. The 265 
rationale for this test case is to validate the implemented model against well established theoretical data. 266 
The liquid in consideration is dodecane. Taking advantage of the spherical symmetry, a 2D 267 
axisymmetric geometry was employed with the use of a wedge-type numerical grid, as depicted in Figs. 268 
3a-b. The bubble centre is located at the origin, i.e., at at x,y,z = 0. The computational domain extends 269 
50 times the size of the initial bubble radius, namely 8 mm from the origin in order to minimise influence 270 
from the boundaries. In addition, the numerical grid is refined at a region extending 2.5 times the initial 271 
radius of the bubble where 1,000 equally spaced cells were used, while an additional 1,000 cells with a 272 
stretching ratio of 1.05, have been used for the domain discretisation outside the refinement region. A 273 
wave transmissive boundary condition has been imposed at the far-field right-hand-side and a symmetry 274 
condition was selected for the left side, in order to simulate the axis of the wedge (refer to Fig. 3b). The 275 
initial conditions for this case are summarised in Table 3. 276 
 277 

 278 
 (a) 279 

 280 

 281 
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(b) 282 
 283 
Figure 3. (a) X-Z and (b) X-Y plane views of the computational domain and numerical grid for the 284 
Rayleigh bubble collapse case. A wave transmissive boundary condition has been imposed at the far-285 
field right-hand-side (X=0.020) and a symmetry condition was selected for the left side (X=0). 286 
 287 

Table3. Initial conditions for the case of Rayleigh bubble collapse. 288 

Variable Vapour 

Condition 

Liquid 

Condition 

ρ [kg/m3] 0.0015 744.36 

e [J/kg] -142760 -488540 

p [Pa]] 19.64 101325 

T [K] 293 293 

 289 
According to the theoretical solution [19], the inertial bubble collapse velocity is given by Eq. (18): 290 

𝑑𝑅

𝑑𝑡
= −√

2

3

𝑝𝑖𝑛𝑓 − 𝑝𝑣𝑎𝑝

𝜌𝑙𝑖𝑞
[(
𝑅0
𝑅
)
3

− 1] (18) 

Then, the characteristic Rayleigh time 𝜏, defined as the time for a bubble to collapse, or to reach its 291 
minimum volume, under the specified conditions, is defined as: 292 

𝜏 = 0.915𝑅0√
𝜌𝑙𝑖𝑞

𝑝𝑖𝑛𝑓 − 𝑝𝑣𝑎𝑝
 (19) 

 293 
For the simulated flow layout, the theoretical Rayleigh time is calculated equal to 𝜏 = 31.5μs. As shown 294 
in Fig. 4, the comparison between the semi-analytical solution and the numerical predictions is excellent. 295 
The bubble collapses completely and no rebound takes place. It must be noted that the Rayleigh-Plesset 296 
equation produces accurate theoretical predictions for the studied case, where the bubble-wall velocities 297 
are of the order of 300 m/s, approximately 30% of the liquid dodecane speed of sound under the studied 298 
conditions. A preliminary comparison against the numerical solution of the Keller-Miksis equation, 299 
which takes into account compressibility effects [1], showed nearly identical collapse behavior for the 300 
examined conditions. Thus, it has been preferred to show the comparison of our numerical results with 301 
a simpler analytical equation such as the RP, which is also a widely-encountered practice in the literature 302 
[31], [42]. 303 
 304 

 305 
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Figure 4. Comparison of numerical predictions of tabFoam against the theoretical solution for the 306 
normalised bubble-radius evolution with respect to normalised time. 307 
 308 

As a third validation case, a single water vapour bubble (radius R0 = 400μm) is considered with a 309 
Stand-Off Distance (SOD) with respect to a rigid wall larger than the bubble radius. In particular, the 310 

centre of the bubble is at a distance of 1.1∙R0 from the wall. Concerning the computational domain, the 311 

exact same numerical grid as in the previous case has been used (refer to Fig. 3). Symmetry can still be 312 
used as the most important wave features are well captured in the X-Z plane. However, in this particular 313 
test case, the lower boundary has been set as rigid wall. The fluid is pure water and the initial conditions 314 
both for vapour and liquid phases are summarised in Table 4. 315 

Table 4 Initial conditions for single water-vapour bubble collapse (R0 = 400μm) with (SOD) > R0. 316 

Variable Vapour 

Condition 

Liquid 

Condition 

ρ [kg/m3] 1.60 1002.7 

e [J/kg] 108949.94 83307.60 

p [Pa] 2340 100∙106 

T [K] 293 293 

 317 

The initial pressure inside the bubble is set equal to the vapour pressure of 2,340 Pa, while in the 318 
surrounding liquid it is assumed to have a Laplacian distribution derived by Eq. (20): 319 

𝑝(𝑟, 𝑡 = 0) = 𝑝𝑠𝑎𝑡,𝑙 + 𝛥𝑝
𝑟 − 𝑅0
𝑟

                𝑓𝑜𝑟  𝑟 >  𝑅0 (20) 

This Laplacian distribution for pressure, as extensively reported in literature [36][19], is reasonable 320 
for stationary conditions since the smooth transition from vapour pressure to a high-pressure liquid 321 
condition is more realistic than a step-change distribution. Δp is is basically the linear interpolation 322 
coefficient one would need to apply in order to get from 𝑝𝑠𝑎𝑡,𝑙 to the pressure at the wall (i.e. 100∙106) 323 

in the space between the bubble surface and the wall.  324 

Fig. 5 illustrates the time sequence of collapse for a bubble initially detached from the wall. More 325 
specifically, Fig. 5a shows the bubble a few instances (t/τ = 0.001) after the beginning of the simulation, 326 
where it is already clear how the flow is acting on against the bubble and is compressing it. As flow time 327 
progresses, Fig. 5b shows the bubble topology shortly before its complete collapse t/τ = 1.11. It is 328 
interesting to discerned  that the bubble has been pierced by the jetting motion of the surrounding flow 329 
in the so called hammer-jet effect, which will eventually hit on the wall under the bubble. The velocity 330 
gradient is well shown in Figs. 5b-d depicting velocity vectors of maximum magnitude having a 331 
direction towards the bottom wall. This is due to the higher pressure prevailing in the region above the 332 
bubble compared to the bottom part, leading to flow motion perpendicular to the solid wall, in the form 333 
of a jet piercing the bubble from above. This re-entrant jet causes an initial weak collapse of the detached 334 
bubble, subsequently enabling a vapour-creation rebound, as shown in Fig. 5d. Re-entrant jets are 335 
impinging on the wall below the cluster, as elucidated by the high-pressure values of the wall contour 336 
plots, as evident in Fig 5c. The representation of the bubble collapse and the vapour-creation rebound is 337 
also evident when looking at the vapour volume content of Fig. 6a. This rebounding vapour bubble will 338 
eventually collapse again, a behaviour which is  rather detrimental in an injector orifice as, together with 339 
collapse impact, the repetition and frequency of weaker collapses are also responsible for erosion onset. 340 

 341 
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(a) 

 
(b) 

 
(c) 
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(d) 

Figure 5 Pressure, temperature and density gradient (Schlieren) contour plots complemented by velocity 342 
vectors highlighting the collapse sequence of a bubble at initial SOD/R0 = 1.1: (a) t/τ = 0.001, (b) t/τ = 343 
1.11, (c) t/τ = 1.13, and (d) t/τ = 1.67. The temperature contour plots shown refer to the bubble (fluid) 344 
temperature, while the pressure contour plots refer to the solid bottom wall.  The temperature caption is 345 
not included in picture (c) since the bubble collapsed completely at that instant. The iso-surfaces were 346 
created by setting the volume fraction equals to 0.5. 347 

The dimensionless bubble volume and pressure evolution, shown in Fig. 6, have been compared 348 
against published data by Trummler et al. [42] where a fully compressible two-phase flow solver 349 
including phase change was used. In particular, the cavitation model of the referenced study is based on 350 
the assumption that the liquid and gas phase of a cavitating liquid are in thermal and mechanical 351 
equilibrium. Then, the thermodynamic model is embedded into a density-based fully compressible flow 352 
solver with a low-Mach-number-consistent flux function. Specifically, two different equations of state 353 
were used for the pure liquid and the liquid-vapour mixture: the pure liquid was modelled using a 354 
modified Tait equation, while the EoS for the two-phase region (p < psat) was derived from the definition 355 
of the isentropic speed of sound, where equilibrium phase change is assumed. It should be noted that 356 
viscous effects were also considered in the referenced study. An upwind biased scheme is used for the 357 
reconstruction at the cell faces, where the velocity components are reconstructed with the up to third-358 
order-accurate limiter of Koren and the thermodynamic quantities ρ, p with the second-order Minmod 359 
slope limiter of Roe. Finally, Time integration is performed with an explicit second-order, 4-step low-360 
storage Runge–Kutta method. The domain was discretised with a resolution of 240 cells across the 361 
bubble radius, comparable to the one used in this work. In order to enhance the clarity of Fig. 6,  time is 362 
presented in its dimensionless form (i.e., divided by the Rayleigh time τ equal to 4.006∙10-6 seconds for 363 

the specific case). In the same way, pressure is presented in its dimensionless form by dividing its value 364 

by p∗, given by:  365 

𝑝∗ = 𝑐𝑙√𝜌𝐿(𝑝𝐿 − 𝑃𝑉) (21) 

Finally, in order to capture the pressure peaks at the wall, a simulation probe is located at the origin 366 
(0,0,0) which samples the pressure in every time step of the simulation, in accordance with Trummler 367 
et al.  [42]. 368 
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(a) 

 
(b) 

 
(c) 

Figure 6 Comparison of (a) bubble volume and (b) pressure evolution against the numerical predictions 369 
of Trummler et al. [42] and (c) temperature evolution for SOD = 1.1∙R0. 370 

Fig 6. shows good agreement between the results of the modelling approach presented here and the 371 
work of Trummler et al. [42]. The moderate differences observed can be mainly attributed to the 372 
different thermodynamic closures employed. Indeed, viscous effects were considered by Trummler et 373 
al. together with two different equations of state for the pure liquid and the liquid-vapor mixture, whereas 374 
our simulation was performed using a tabulated Helmholtz EoS which contains the physical properties 375 
for each component in every possible state (liquid, vapour and mixture). More importantly, the rebound 376 
is well captured by the current model and the order of magnitude of the pressure peaks is in line with 377 
the referenced work results, as well as with previous works of our group [31], [34], [43]. 378 

The final code-validation study presented concerns the collapse of a cluster of bubbles over a flat 379 
wall. Simulations were performed utilising properties of water to compare our results against those of 380 
Schmidt et al. [11] and Ghahramani et al. [26]. The bubble cloud consists of 125 spherical vapour 381 
bubbles; their radius distribution ranges from 0.70 mm to 1.64 mm in a non-uniform manner with the 382 
actual distribution given by Schmidt et al. [11]. The mean bubble radius is 0.95mm, while the minimum 383 
distance among bubbles is 0.2mm. Moreover, the bubbles have larger concentration and radii around 384 
the centre of the cloud. The bubble cloud is placed in a liquid-filled cubic domain of 20 x 20 x 20 mm3 385 
and correspond to a total volume fraction of 5.8%. The cubic domain, itself, is located in a larger 386 
rectangular domain of volume equal to 4 x 4 x 2 m3; the bottom faces of the two domains are co-planar, 387 
as shown in Fig. 7. The structured grid employed for domain discretisation, also refer to Fig. 7, is 388 
approximately equal to 22 million, among which around 16 million are located in the small cubic domain 389 
of 20 x 20 x 20 mm3. Depending on bubble size, 128 to more than 600 cells have been employed to 390 
discretise the bubble volume, which approximatively corresponds to 0.051 < delta/r < 0.021 resolution, 391 
where delta is the cell size and r is the bubble diameter. The simulation was carried out using 96 cores 392 
on a HPC server and it tool less than 24h of physical time to be completed. 393 

The initial bubble distribution inside the inner domain is depicted in Fig. 8. The liquid bulk 394 
containing the bubble cloud is assumed to be stagnant with a uniform temperature of 293 K. The initial 395 
pressure inside the bubbles is set equal to the vapour pressure of 2,340 Pa, while in the surrounding 396 
liquid follows the same distribution as defined in Eq. (20), where in the immediate surrounding the 397 
liquid pressure is at the liquid saturation pressure (corresponding to temperature of 293 K), while far 398 



 

14 

from the bubble cluster, the liquid pressure is 4∙106 Pa . The co-planar bottom faces of the two numerical 399 
domains are defined as impermeable walls; the other outer faces are considered as far-field boundaries 400 
with constant pressure of 4∙106 Pa and zero gradients for all other flow parameters, refer to Fig. 8. 401 
Finally, in order to estimate the average pressure induced by the collapsing bubbles on the bottom wall, 402 
one virtual ‘pressure probe’ is placed at the centre of the bottom face. The integration area is 1cm2 while 403 
the average pressure over this area is calculated at every computational time step. As there are no 404 
experimental data or analytical solution for this problem, comparisons against the numerical predictions 405 
of Ghahramani et al.[26] and Schmidt et al. [11] are presented. 406 

 407 

 408 

Figure 7 Computational domain, numerical-grid topology and boundary conditions for the simulation 409 
of bubble cloud. The overall volume of the domain is 4 x 4 x 2 m3.  410 

In particular, Ghahramani et al. [26] implemented an Eulerian–Lagrangian cavitation model based 411 
on the coupling of an Eulerian finite mass transfer model with a bubble-tracking Lagrangian model. The 412 
vapour–liquid mixture properties were obtained using a volume fraction methodology. Thermodynamic 413 
closure was obtained by using the ideal gas law for the pure vapour phase, and the modified Tait EoS 414 
for the liquid.  Schmidt et al. [11] instead, utilised their in-houses code CATUM, the numerical 415 
formulation of which is quite similar to the one proposed here, but the thermodynamic closure is 416 
obtained through a barotropic model. 417 

 418 

Figure 8. Representation and distribution of 125 spherical non-intersecting bubbles over the flat 419 
solid boundary (red surface) [26]. 420 
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As shown in Fig. 9a, the cloud collapse times in the simulations of reported in [11] and [26] are equal 421 
to 7.3∙10-5 s and 6.3∙10-5 s, respectively, in the current work it is equal to 6.9∙10-5s. Overall, the estimated 422 
collapse time shows good agreement between the different modelling approaches. Discrepancies could 423 
be owed to the different thermodynamic-closure approaches or to minor differences in the pressure field 424 
set for simulation initialisation. Nonetheless, the profiles look very similar for both volume variation 425 
and wall pressure. Besides, differences can also be discerned in the pressure peaks recorded by the wall 426 
probe and shown on Fig. 9b. Discrepancies should be attributed to the different flux schemes used in the 427 
simulations since in compressible flows, different flux schemes handle shocks, rarefactions, and contact 428 
discontinuities differently. For instance, HLLC schemes (the scheme used in this work), resolve contact 429 
discontinuities better and reduce dissipation at shocks, leading to more faithful pressure and temperature 430 
predictions in regions of high gradients. In any case, reasonable agreement can be claimed since all 431 
peaks are of the same order of magnitude. 432 
  433 

 
(a) 

 
(b) 

Figure 9. Validation of tabFoam (blue line) predictions against published data by from Ghahramani et 434 
al. [26] (red line) and Schmidt et al. [11] (green line)  for the collapse of a bubble cluster: (a) time history 435 
of the vapour volume aggregate of all bubbles in the cluster; (b) average pressure on the wall probe. 436 
 437 

Finally, Fig. 10 shows the bubble cloud topology, illustrated through iso-surfaces of volume fraction 438 
equal to 0.5, and the wall pressure through contour plots at different time instances; these visualisations 439 
give an overview of the time evolution of the bubble cluster collapse. Fig. 10a shows the initial 440 
conditions for the pressure field and the initial position and configuration of the bubbles. Fig. 10b 441 

illustrates the cloud collapse t = 3.491∙10-5 s; it can be discerned that the bubbles located at the periphery 442 

of the cloud start collapsing first. Fig 10b also shows the re-entrant jets that starts forming in the bubbles 443 
located in the periphery of the cloud. Moreover, the vaporisation among bubbles is clear as well. Fig. 444 
10c corresponds to a time step where the peripheral bubbles have collapsed while the collapse sequence 445 
of those located at the centre of the cloud has commenced. Re-entrant jets are impinging on the wall 446 
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below the cluster, as elucidated by the high-pressure values of the wall contour plots. Finally, Fig. 10d 447 
corresponds to a time instance at the latest stage of the collapse, where all the remaining vapour 448 
structures are close to collapse and already pierced by the re-entrant jets. Fig. 10c and 10d are important 449 
as they show how the pressure propagates and pressure peaks, where these clearly show the pressure 450 
peaks zones due to cavitating bubbles and how the pressure immediately propagates in the surrounding 451 
of the peaks. It should be noted that rarefaction waves are not prevalent in geometrical layouts such as 452 
the one considered in the present study, as the flow field is not symmetrically wall-bounded [26], [33]. 453 
 454 

 
(a)  

 
(b) 

 
(c)  
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(d)  

Figure 10. Bubble cloud topology (i.e., iso-surfaces of volume fraction equal 0.5) and wall pressure 455 

contours at different time instances of the simulation: (a) t = 0s, (b) t = 3.491∙10-5 s, (c) t = 5.258∙10-5 s, 456 

and (d) t = 6.3914∙10-5 s. 457 

 458 

3.2 Bubble-cluster collapse for operating conditions relevant to DFICE  459 
The last test case presented goes beyond code validation and is relevant to the incorporation of 460 

different fuels in DFICE. Simulation of bubble clusters for 3 different fuels has been performed 461 
revealing the effect of fuel properties on the pressure peaks occurring during the collapse of the cloud. 462 
In particular, a comparison between dodecane and short-chain alcohols is conducted. Indeed, several 463 
fuels can be employed as primary fuels in DFICE, however, methanol and ethanol, have been selected 464 
for the simulations presented in this work since they exhibit several attractive attributes, including their 465 
renewable nature, low cost, and capability to be produced from biomass [44]–[46]., The cloud consists 466 
of 150 spherical vapour bubbles with a constant radius equal to 1.5∙10-3 m; similar to the previous case, 467 

the minimum distance among bubbles is equal to 0.2×10-3 m to avoid intersection among them and the 468 
bubbles have  a larger concentration around the centre of the cloud. The cloud is distributed in in a small 469 

liquid-filled spherical domain of radius 15∙10-3 m with a stand-off distance from the wall of 3.2×10-3 m 470 

and has an average vapour volume fraction of 8%.   471 
The geometry and mesh discretization remain the same as for the previous case studied and are shown 472 
in Fig. 7. Similar to the previous case, a ‘virtual’ probe has been placed on the wall below the bubble 473 
cluster to record maximum pressure and temperature values at each time step. The numerical set-up is 474 
common for all fuels examined. Table 5 summarises the conditions referring to the flow far field, whilst 475 
Table 6 outlines those relevant to the cluster of bubbles. The far field has been initialised with a pressure 476 
and temperature of 10 MPa and 350K, respectively, while the bubbles have been initialised with a 477 
temperature of 350 K at their vapour-saturation conditions. From Table 5 it is evident that, at the same 478 
conditions, dodecane has a lower density, while, the values of Table 6 demonstrate that dodecane (at 479 
saturation conditions) has a significantly lower vapour pressure compared to methanol and ethanol, 480 
suggesting a lower tendency to cavitate.  481 

Table 5. Far-field initial conditions for the examined fuels. 482 

Fuel ρ [kg/m3] e [J/kg] p [Pa] T [K] 

Dodecane 714 -378040.1 100∙105 350 

Ethanol 749.5 403889.3 100∙105 350 

Methanol 748.2 29389.2 100∙105 350 

Table 6.  Initial conditions for vapour bubbles of the examined fuels. 483 

Fuel ρ [kg/m3] e [J/kg] p [Pa] T [K] 

Dodecane 2.6 -369052.8 614.2 350 
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Ethanol 2.9 831458 95220.6 350 

Methanol 1.45 1042157.2 125889.8 350 

 484 
Initially, the evolution of the equivalent bubble-cluster radius for the examined fuels is compared in 485 

Fig. 11. The equivalent radius has been calculated by summation of the volume of all 150 bubbles and 486 
the definition of a single bubble with the same total volume and, therefore, an equivalent bubble radius. 487 
It is clear that fuel properties do not influence considerably the collapse time of the cluster of bubbles. 488 
The dodecane bubble collapses about 10-6s earlier compared to the bubble clusters of alcohols, as shown 489 
in Fig. 11. This is attributed to the lower initial pressure of the dodecane cluster of bubbles, i.e., the 490 
vapour pressure as expressed in Table 6. However, this is not the most representative difference among 491 
the three fuels as the discrepancy is minimal and can be explained by the small variation in density both 492 
for their liquid and vapour phases. 493 

 494 

 495 

Figure 11. Comparison of the time evolution of the bubble-cluster equivalent radii for dodecane, 496 
methanol and ethanol. 497 

 498 
From Figs. 12a and 13a it can be discerned that dodecane shows a stronger collapse, i.e., higher pressure 499 
peaks, owing to a higher level of condensation with respect to the other fuels. Indeed, a higher level of  500 
condensation means that the surrounding vapor is rapidly transitioning back to the liquid phase as the 501 
bubble implodes,, leading to a more forceful implosion and generation of higher pressure peaks. 502 
Moreover, the dodecane bubble cluster collapses slightly faster than the methanol and ethanol ones, as 503 
it has a lower density at the same conditions and this would bring about higher pressures (Fig. 12 and 504 
13) as a consequence of the more violent and faster collapse. Therefore, short-chained alcohols exhibit 505 
a favourable behaviour compared to dodecane in terms of cavitation collapse and cavitation-induced 506 
erosion, thus, constituting sustainable fuels suitable for incorporation in DFICE.  507 

Moreover, it can be noted that out of the three fuels at initial conditions (350 K and 10 MPa), 508 
methanol has the largest latent heat (1,070 J/kg) compared to ethanol (852.3 J/kg) and dodecane (332.8 509 
J/kg). During collapse, methanol shows the strongest compression heating compared to the other two 510 
liquids tested, as demonstrated in Fig. 12b and 13b, it, therefore reaches higher temperatures both inside 511 
the entire domain (Fig. 12b) and at the probe wall (Fig. 13b). This can, of course, lead to performance 512 
and reliability issues when cavitation occurs inside the orifices of a DFICE injector, eventually 513 
influencing combustion quality. In fact, the temperature increase of methanol as pressure rises for 514 
constant entropy is larger compared to the other fuels and this is also confirmed by the simulations, as 515 
shown in Fig. 12. At the same time and as expected, ethanol shows maximum pressure and temperature 516 
which are in between dodecane and methanol and this is explained by its latent heat and internal energy 517 
compared to the other two fuels under examination. Following the same rationale, it is evident from 518 
Tables 5 and 6 that dodecane has the lowest heat of vaporisation and density at saturation conditions 519 
and, once again, this reflects on the trends obtained in the simulations., where clearly even when 520 
achieving higher pressure peaks, dodecane exhibits less heating and lower peak temperatures. 521 
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           (a) 

 
            (b) 

Figure 12. Time evolution of maximum (a) pressure and (b) temperature in the entire computational 522 
domain for dodecane, methanol, and ethanol. 523 
 524 

 
(a) 

 
(b) 

Figure 13.  Time evolution of maximum (a) pressure and (b) temperature at the wall probe for dodecane, 525 
methanol, and ethanol 526 
 527 

4. Conclusions 528 
The CFD solver tabFoam has been developed and implemented in OpenFOAM and used to simulate 529 
test-cases of relevance to collapse of single bubbles as well as clusters at conditions relevant to those 530 
prevailing in fuel injection nozzles. The code has been validated against analytical solutions and 531 
published numerical results. In particular, it has been firstly validated against the Rayleigh-Plesset 532 
equation for an isolated bubble in an infinite liquid. Subsequently the predictive capability of the solver 533 
has been verified in a numerical case referring to a cluster of bubbles collapsing close to a solid 534 
boundary, showing good agreement with published numerical data. Finally, a comparative study with 535 
respect to the bubble-cluster collapse behaviour of different fuels suitable for nozzles utilised in DFICEs 536 
has been reported demonstrating that sustainable fuels, such as methanol and ethanol, are suitable for 537 
incorporation in DFICEs as they seem promising in reducing cavitation-induced erosion compared to 538 
fossil diesel. The main aspect of novelty of the presented work is the implementation of a robust and 539 
time effective flow solver based on the tabulated Helmholtz EoS employed for thermodynamic closure. 540 
The capability of the present methodology to predict cavitation under extreme conditions, advances the 541 
current state of the art with respect to numerical tools for highly-compressible injector flows. Its 542 
effectiveness was confirmed by evaluating its precision in predicting bubble (and cluster of bubbles) 543 
collapse time, maximum pressure and temperature in cavitation conditions. 544 
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c Speed of Sound [m/s] 

Cp Specific Heat at Const Pressure [J/(kg K)] 

Cv Specific Heat at Constant Vapour [J/(kg K)] 

E Specific Total Energy [J/kg] 

e Internal Energy [J] 

F(𝑞⃗) Vector of fluxes 

g Gibbs Free Energy [J/kg] 

h Enthalpy [J] 

i i-th component 

Ma Mach Number, 𝑀𝑎 = 𝑢 𝑐⁄  

p Pressure [Pa] 

pface Pressure at the Cell Face [Pa] 

R Universal Gas Constant [J/(mol K)] 

R Bubble Radius [m] 

s Entropy [J/K] 

T Temperature [K] 

u Velocity [m/s] 

uface Velocity at the Cell Face [m/s] 

Y Mass fraction 

α Volume Fraction 

ρ Density [kg/m3] 

𝑞⃗ Vector of conserved Variables 

δ Kroneker delta 

𝛼(𝜌, 𝑇) Helmholtz Energy [J] 

𝛼0(𝛿, 𝜏) Helmholtz Energy of Ideal Gas [J] 

𝛼𝑟(𝛿, 𝜏) Residual Helmholtz Energy [J] 

𝛿 Dimensionless Density 

𝜏 Dimensionless Temperature 

Tc Critical Temperature [K] 

𝜌c Critical Density [kg/m3] 

Tsat Saturation Temperature [K] 

𝜌L,sat Density of saturated Liquid [kg/m3] 

𝜌V,sat Density of saturated Vapour [kg/m3]
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