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Transmit or Retransmit: A Tradeoff in Networked

Control of Dynamical Processes over Lossy
Channels with Ideal Feedback

Touraj Soleymani, IEEE, Member, John S. Baras, IEEE, Life Fellow, and Deniz Giindiiz, IEEE, Fellow

Abstract—We study networked control of a dynamical process
over a lossy channel with a hybrid automatic repeat request
protocol that connects a sensor to an actuator. The dynamical
process is modeled by a Gauss—Markov process, and the lossy
channel by a packet-erasure channel with ideal feedback. We
suppose that data is communicated in the format of packets with
negligible quantization error. In such a networked control system,
whenever a packet loss occurs, there exists a tradeoff between
transmitting new sensory information with a lower success prob-
ability and retransmitting previously failed sensory information
with a higher success probability. In essence, an inherent tradeoff
between freshness and reliability. To address this tradeoff, we
consider a linear-quadratic-regulator performance index, which
penalizes state deviations and control efforts over a finite horizon,
and jointly design optimal encoding and decoding policies for the
encoder and the decoder, which are collocated with the sensor
and the actuator, respectively. Our emphasis here lies specifically
on designing switching and control policies, rather than error-
correcting codes. We show that the optimal encoding policy is
a threshold switching policy and the optimal decoding policy is
a certainty-equivalent control policy. In addition, we determine
the equations that the encoder and the decoder need to solve
in order to implement the optimal policies. More specifically, we
show that the encoder must solve the Kalman filtering equations,
a mismatch linear equation, and a Bellman optimality equation,
while the decoder must solve a linear filtering equation and an
algebraic Riccati equation.

Index Terms—communication channels, dynamical processes,
freshness, erasure channels, hybrid automatic repeat request
(HARQ), networked control, optimal policies, packet loss, team
decision making, reliability, retransmission.

I. INTRODUCTION

ETWORKED CONTROL systems are distributed feed-

back systems where the underlying components, i.e.,
sensors, actuators, and controllers, are connected to each other
via communication channels [2]. In these systems, wireless
communication can play an important role due to various key
reasons [3]. First, wireless communication eliminates the need
for extensive wiring infrastructure, reducing installation costs
of networked control systems and enhancing their flexibility
by enabling effortless reconfiguration of control devices. This
flexibility is especially advantageous in applications such
as industrial automation and smart grids. Second, wireless

Touraj Soleymani and Deniz Giindiiz are with the Department of
Electrical and Electronic Engineering, Imperial College London, London
SW7 2AZ, United Kingdom (e-mails: touraj@imperial.ac.uk,
d.gunduz@imperial.ac.uk).John S. Baras is with the Institute for
Systems Research, University of Maryland College Park, MD 20742, USA
(e-mail: baras@umd. edu). This article was presented in part at the JEEE
International Symposium on Information Theory [1].

communication facilitates the placement of control devices in
remote or hard-to-reach locations, expanding the accessibility
and the coverage of networked control systems. This capability
is particularly valuable in infrastructure systems such as envi-
ronmental monitoring and emergency response systems. Third,
wireless communication can easily accommodate the addition
or the removal of control devices, providing networked control
systems with the ability to scale according to requirements.
This scalability is indeed beneficial in environments with
dynamic specifications or rapidly changing network topologies
such as smart cities and autonomous vehicles.

Notwithstanding the advantages, wireless communication
presents some challenges. In particular, wireless channels,
which serve to close the feedback control loops in networked
control systems, are prone to noise. A direct consequence
of the channel noise in real-time tasks is information loss,
which can severely degrade the performance of the underlying
system or can even lead to instability. It is known that reliable
communication close to the capacity limit can be attained with
error correction subject to infinite delay or with persistent
retransmission based on feedback. In networked control, where
data is real-time, any delay more than a certain threshold
is typically intolerable. Moreover, retransmission of stale in-
formation may not be favorable if fresh information can be
transmitted with the same success rate instead. In this situation,
the adoption of a hybrid automatic repeat request (HARQ)
protocol, which integrates error correction with retransmission,
seems to be highly promising. Note that an HARQ protocol is
able to effectively increase the successful detection probability
of a retransmission by combining multiple copies from pre-
viously failed transmissions [4]-[8]. Despite the substantial
research conducted on HARQ for enhancing transmission
reliability in wireless communication systems, its application
in networked control systems, however, has received very
limited attention in the literature.

In this article, we study networked control of a dynamical
process over a lossy channel with an HARQ protocol that
connects a sensor to an actuator. We suppose that data is
communicated in the format of packets with negligible quanti-
zation error. Note that, although the exact relationship between
the probability of successful packet detection and the number
of retransmissions in an HARQ protocol varies depending on
the channel conditions and the adopted HARQ scheme, it
has been observed that the probability of successful packet
detection generally increases with each retransmission. This
suggests that, whenever a packet loss occurs in our networked
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control system, there exists a tradeoff between transmitting
new sensory information with a lower success probability and
retransmitting previously failed sensory information with a
higher success probability. In essence, an inherent tradeoff
between freshness and reliability. To address this tradeoff, we
consider a performance index that penalizes state deviations
and control efforts over a finite horizon, and jointly design
optimal encoding and decoding policies for the encoder and
the decoder, which are collocated with the sensor and the
actuator, respectively.

A. Related Work

Previous research in the literature has investigated the severe
effects of packet loss on stability and the performance of
state estimation and feedback control [9]—-[22]. The majority of
works have considered independent and identically distributed
(i.i.d.) erasure channels [9]-[14]. In the seminal work in [9],
mean-square stability of Kalman filtering over an i.i.d. erasure
channel was studied, where it was proved that there exists
a critical point for the packet error rate above which the
expected estimation error covariance is unbounded. This work
was extended to feedback control in [10], where it was shown
that there exists a separation between estimation and control
when packet acknowledgment is available. Moreover, several
works have employed Gilbert-Elliott channels to capture the
temporal correlation of wireless channels [15]-[18]. Notably,
peak-covariance stability of Kalman filtering over a Gilbert—
Elliott channel was addressed in [15], where it was proved
that there exists a critical region defined by the recovery
and failure rates outside which the expected prediction error
covariance is unbounded. The corresponding feedback control
problem was considered in [16], where it was shown that
the separation principle still holds when packet acknowl-
edgment is available. Furthermore, a number of works have
employed fading channels in order to take into account the
time variation of the strengths of wireless channels [19]-[21].
In particular, mean-square stability of Kalman filtering over a
fading channel with correlated gains was investigated in [19],
where a sufficient condition that ensures the exponential
boundedness of the expected estimation error covariance was
established. Stabilization of a dynamical process in the robust
mean-square stability sense over a fading channel was also
studied in [20], where a controller with the largest stability
margin was designed. Finally, it is worth mentioning that state
estimation and feedback control of a Gauss—Markov process
over an erasure channel was investigated in [22], where it was
demonstrated that transmitting the minimum mean-square-
error (MMSE) state estimate at the encoder at each time leads
to the maximal information set for the decoder, and a necessary
and sufficient condition for the packet-loss probability of an
i.i.d. erasure channel that guarantees the boundedness of the
expected estimation error covariance was found.

Earlier research has also considered status updating and
state estimation over communication channels with retrans-
mission [23]-[34]. In particular, status updating over a bi-
nary erasure channel was studied in [23], where the tradeoff
between the protection afforded by additional redundancy

and the decoding delay associated with longer codewords
was analyzed, and the optimal codeword length for a few
transmission schemes was obtained. This problem was further
examined in [24] for two specific HARQ protocols based on
finite-blocklength information-theoretic bounds, where it was
shown that there exists an optimal blocklength minimizing the
average age and the average peak age of information. Status
updating over a noisy channel with reactive and proactive
HARQ protocols was investigated in [25], where unified
closed-form expressions for the average age and the average
peak age of information were derived. Status updating over
a binary erasure channel with two specific HARQ protocols
was introduced in [26], where the effect of these schemes on
the transmission time of data was analyzed. Status updating
with the HARQ protocols used in [26] subject to random
updates was studied in [27], where it was proved that the
optimal encoding policy discards the newly generated update
and does not preempt the current one. Status updating over an
erasure channel with an HARQ protocol subject to a frequency
constraint was studied in [29], where the structure of the
optimal signal-independent encoding policy was determined
and a reinforcement learning algorithm was proposed for
the case in which the channel statistics are unknown. This
work was extended in [30] to a broadcast channel setting
with multiple receivers. More recently, state estimation over
an erasure channel with an HARQ protocol was studied in
[32]-[34]. In these works, loss functions were expressed as
nonlinear functions of the age of information, and optimal
signal-independent encoding policies were obtained. Note that
the above studies directly rely on the age of information, a
metric that quantifies the time elapsed since the generation of
the last successful delivery at each time. Although the age of
information is an appropriate instrument for shaping the infor-
mation flow in many networked real-time systems, it has been
shown in [35]-[40] that, for networked control systems, more
comprehensive instruments such as the value of information,
which measures the difference between the benefit and the cost
of a piece of information at each time, are required, and that
strategies that depend purely on the age of information can
lead to a degradation in the system performance.

B. Contributions and Outline

In this study, we aim to contribute to the field of semantic'
communications [41], [42], a new communication paradigm
that focuses on exchanging the most significant part of data
by considering its contextual relevance. In particular, we
explore and assess the relative significance of two types of
data, namely new sensory information and previously failed
sensory information, sequentially in advanced communication
networks, with a specific emphasis on the regulation of dy-
namical systems. Our main contributions are as follows:

(i) We propose a novel framework for networked control
of a dynamical process over a lossy channel with an
HARQ protocol, where the objective is to minimize
state deviations and control efforts over a finite horizon.

IThe word “semantics” is etymologically derived from the ancient Greek
word “semantikos”, which means “significant”.
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The dynamical process is modeled by a Gauss—Markov
process, and the lossy channel by a packet-erasure
channel with ideal feedback. We formulate the problem
mathematically, and derive the structural properties of the
optimal encoding and decoding policies. Our emphasis
here lies specifically on designing switching and control
policies, rather than error-correcting codes.

(ii)) We show that the optimal encoding policy is a threshold
switching policy that depends on the system’s dynamics
and its realizations, and the optimal decoding policy is
a certainty-equivalent control policy with a switching
filter that depends on the encoder’s decision. In addition,
we determine the equations that the encoder and the
decoder need to solve in order to implement the optimal
policies. More specifically, we show that the encoder
must solve the Kalman filtering equations, a mismatch
linear equation, and a Bellman optimality equation, while
the decoder must solve a linear filtering equation and an
algebraic Riccati equation.

(iii) We show how the structural properties of the optimal
encoding and decoding policies alter when an automatic
repeat request (ARQ) protocol is used instead of an
HARQ protocol. In this case, we prove that, as ex-
pected, retransmitting previously failed measurements is
suboptimal, and corroborate that the optimal encoding
and decoding policies match the prior findings in the
literature (see e.g., [22], [43]). Finally, we conduct a
numerical performance comparison between the optimal
policies with HARQ and ARQ protocols to validate our
theoretical results.

Note that our study differs from [9]-[22], which investigate
the impact of channel conditions, given a stability constraint
or a performance index, in a setting where, at each time,
the encoder transmits new sensory information with some
success probability. We here examine the impact of an HARQ
protocol, given a performance index, in a setting where, at each
time, the encoder decides whether to transmit new sensory
information with a lower success probability or retransmit
previously failed sensory information with a higher success
probability. Besides, our study diverges from [23], [24], [26]—
[30], [32], [33], which look for an optimal signal-independent
codeword length or an optimal signal-independent encoding
policy by considering a performance index for status updating
or state estimation, which is expressible in terms of the age
of information. We here formulate a dynamic team game
with two decision makers, and search for the optimal signal-
dependent encoding and decoding policies simultaneously by
considering a well-established performance index for feedback
control, which cannot be expressed solely in terms of the age
of information.

The article is organized as follows. We formulate the prob-
lem of interest in Section II. We present our main theoretical
results in Section III, and provide the derivation of these
results in Section IV. Then, we present a numerical example in
Section V. Finally, we conclude the article and discuss future
research in Section VL.

Sensor

Packet-Erasure
Channel

Gauss-Markov
Process

Actuator

Fig. 1: Networked control of a Gauss—Markov process over a
packet-erasure channel with an HARQ protocol. The encoder,
collocated with the sensor, and the decoder, collocated with the
actuator, are the decision makers. An ideal feedback channel
connects the decoder to the encoder.

C. Preliminaries

In the sequel, the sets of real numbers and non-negative
integers are denoted by R and N, respectively. For z,y € N
and x < y, the set N, , denotes {z € Njz < z < y}. The
sequence of all vectors x;, t = p,...,q, is represented by
Tp.q. For matrices X and Y, the relations X >~ 0 and Y = 0
denote that X and Y are positive definite and positive semi-
definite, respectively. The logical AND and the logical OR are
represented by A and V, respectively. The indicator function
of a subset A of a set X' is denoted by 14 : X — {0,1}. The
product operator Hf:p Xy, where X, is a matrix, is defined
according to the order X, ---X,, and is equal to one when
q < p. The probability measure of a random variable z is
represented by P (), its probability density or probability mass
function by p(x), and its expected value and covariance by
E[x] and cov[z], respectively. We will adopt stochastic kernels
to represent decision policies. Let (X, Bx) and (), By) be
two measurable spaces. A Borel measurable stochastic kernel
P: By x X — [0,1] is a mapping such that A — P(A|z) is
a probability measure on (), By) for any x € X, and © —
P(AJz) is a Borel measurable function for any A € By.

II. NETWORKED CONTROL OF A DYNAMICAL PROCESS
OVER A LOSSY CHANNEL WITH AN HARQ PROTOCOL

Consider a networked control system composed of a dy-
namical process, a sensor with an encoder, an actuator with
a decoder, and a lossy channel with an HARQ protocol that
connects the sensor to the actuator (see Fig. 1). At each time k&,
a message containing a new measurement, represented by &y,
or a previously failed measurement, represented by &/ for
k' < k, can be transmitted or retransmitted over the channel
from the sensor to the actuator, where an actuation input
(i.e., control input), represented by aj, should be computed
causally in real time and over a finite time horizon N. We
assume that time is discretized into equal time slots, and the
measurement & is chosen such that the best MMSE state
estimate is achieved at the controller.
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The lossy channel is modeled as a packet-erasure channel
with ideal feedback. The decision of the encoder at time k,
denoted by uj € {tx, rtx}, can be either transmitting a new
measurement (i.e., uy = tx) or retransmitting a previously
failed measurement (i.e., uy = rtx). The packet loss in the
channel (i.e. failure in detection) is modeled by a random
variable v, € {0, 1} such that v, = 0 if a packet loss occurs
at time k, and y; = 1 otherwise. Let us introduce the variable
71, such that if the communication at time k& — 1 failed, 73 is
equal to the time elapsed since the last tx decision was made;
otherwise, 7, = 0. Note that 75, satisfies the recursive relation

1, if up—1 =tx A yp—1 =0,
Tk =94 The—1+1, ifug_1=rtx Ay-1=0, (D)
0, otherwise

for k € Ny n) with initial condition 79 = 0. The channel
satisfies the input-output relation

Tk, if up, =tx Ay =1,
Zk+1 = :Ek—Tka if Up = rtx Ay = 17 (2)
5, otherwise

for k € N [0,N] With 2z = $ by convention, where zj is the
output of the channel and § represents the occurrence of a
packet loss. Let wy represent the number of communication
attempts before time k associated with the previously failed
measurement Tx_r, . It is not difficult to observe that wy, is in
fact equal to 7. Let the packet error rate at time & associated
with a measurement after s retransmissions be denoted by
Ak(s). Then, the packet error rate for communication of
the new measurement & at time k is A\;(0), and that for
communication of the previously failed measurement Zj_,,
at time k is Ap(wy). It is assumed that the packet error rate
Ax(wg) for any wy and k € Ny ) is a random variable
forming a Markov chain; the packet error rates A;(0) and
Ak (wy) are estimated perfectly and known at the encoder at
each time k; the random variables ~; for & € Ny np are
mutually independent given their respective packet error rates;
signaling effect [44] and measurement quantization error [2]
are negligible; a transmitted or retransmitted measurement is
received after one-step delay, which is fixed and independent
of the packet content; and packet acknowledgments are sent
back from the decoder to the encoder via an ideal feed-
back channel.

Remark 1: Note that the packet error rate A, (wy) at time k
associated with a previously failed measurement after wy
retransmissions depends on wy, the channel conditions, and
the particular HARQ scheme used for combining multiple
copies from previously failed messages (see e.g., [7] for how
to estimate the packet error rate empirically when an HARQ
protocol is used). It has been observed that, in any reasonable
HARQ scheme, A\ (wy) is generally non-increasing in wy, i.e.,
Ae(wi) > Ap(w?) for all w} < w?. Furthermore, note that
standard HARQ schemes impose a finite limit on the maxi-
mum number of retransmissions permitted, i.e., wr < Wpax-
This limit is taken into account in our study.

Remark 2: Although the main focus of this study is on a
lossy channel with an HARQ protocol, as described above,

we will utilize our findings to draw conclusions also about
a lossy channel with an ARQ protocol. It is important to
note that unlike an HARQ protocol, which incorporates both
retransmission and error correction, an ARQ protocol relies
solely on retransmission. In particular, in an ARQ protocol,
failed messages are discarded, and each retransmission is
decoded as a new message. As a result, when an ARQ protocol
is adopted instead of an HARQ protocol, the packet error rate
for communication of the new measurement Z; at time k is
A;(0), and that for communication of the previously failed
measurement @j_,, at time k is also A\ (0).

The dynamical process, equipped with a sensor and an actu-
ator with computational capabilities, is modeled as a partially
observable Gauss—Markov process. This process satisfies the
state and output equations

Tp+1 = Apxr + Brag + wi, 3)
i = Crxp + vp 4)

for k € Ny nj with initial condition x¢, where z, € R"
is the state of the process, A € R™*™ is the state matrix,
By € R™ "™ is the input matrix, a; € R™ is the actuation
input, wi € R™ is a Gaussian white noise with zero mean
and covariance Wy, > 0, y, € RP is the output of the sensor,
C) € RP*™ ig the output matrix, and vy € RP is a Gaussian
white noise with zero mean and covariance V;, = 0. It is
assumed that the initial condition xq is a Gaussian vector with
mean mg and covariance M, and the random variables zg,
wy, and v, for ¢, s € Njg 7 are mutually independent.

Remark 3: Note that the adopted process model represents a
wide class of physical systems. Such a Gauss—Markov model
has been adopted extensively in control and communication,
as studying this basic model can provide a foundation for
development of more sophisticated systems. Moreover, the
time-varying nature of the model allows approximation of
nonlinear systems around their nominal trajectories, and the
partially observable nature of it respects the fact that in
reality only a noisy version of the output of the sensor can
be observed.

The information sets of the encoder and the decoder at
time k can be represented by

I = {yt,Zt, /\taatflvutfla'}/tfl’t € N[o,k]} 5)

I,? = {Zta)\taat—luut—la%f—l‘t € N[Oyk]} ©6)

for k € N [0,N] respectively. At each time k£ for k € N [0,N]
the encoder must decide about u; and the decoder about ay
based on the Borel measurable stochastic kernels P(uy|Zf)
and P(ay|Zd), respectively. A coding policy profile (m, ),
consisting of an encoding (i.e., switching) policy 7 and a
decoding (i.e., control) policy u, is considered admissible if
7 = {P(ur|Z})|k € N n1} and p = {P(ax|Z¢)|k € Nio,n}-
We would like to identify the best possible solution, denoted
as (7, u*), to the stochastic optimization problem

e T ;
minimize (7, ) (7
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subject to the lossy channel model in (2), and the dynamical
process model in (3) and (4), where P and M are the sets of
admissible encoding policies and admissible decoding policies,
respectively, and

N+1

N—I— 1 |:Z xp, le'k'i‘zak Rkak:| (8)

for Qr >~ 0 and Ry > 0 as weighting matrices.

Remark 4: The optimization problem in (7) is a team
decision-making problem with a loss function that is expressed
in terms of state deviations and control efforts over a finite
time horizon. This loss function, which is widely used in the
literature, measures the performance of feedback control. The
main challenge in solving the optimization problem in (7) is
that optimal encoding and decoding policies must be designed
jointly based on an information structure that is specified
by (I;j,Ig). In the subsequent section, we will proceed to
characterize a globally optimal solution (7*, 1*). This optimal
solution will play a crucial role in determining the fundamental
performance limit of the networked control system under
consideration. In fact, by finding a globally optimal solution,
we can establish the best achievable system performance.

T (7, p) =

III. MAIN RESULTS: STRUCTURAL PROPERTIES OF
OPTIMAL ENCODING AND DECODING POLICIES

In this section, we focus on presenting our theoretical find-
ings. However, before delving into the details, it is essential to
first establish several key definitions. We say a policy profile
(m*, u*) associated with the loss function Y(mr, 1) is globally
optimal (i.e., team optimal) if

Y(r*, u*) <Y(m,p), forall m € P,u e M.

Note that globally optimal solutions express a stronger solution
concept than Nash equilibria.

We define two distinct value functions V;¢(Z¢) and V4 (Z¢)
associated with the loss function Y (7, 1) as

N
e/Tey . . T e
Vi = i, €[ 30 ofasln) o
N
viizh = min E LZ; stTAtst}Ig] (10)

for k € Ny n7 given a policy profile (7*, u*), where s; = a;+
(B?St+1Bt+Rt)_lB;§rSt+1At(Et and At = B?St+1Bt+Rt,
and S; = 0 obeys the algebraic Riccati equation

S =Q¢+ A?StJrlAt — AtTStJrlBt

Y

for t € Njg ) with initial condition Sx 11 = Qn+1. Note that
this definition takes into account the fact that the encoder’s
decision at time k can affect the cost function only from time
k 4+ 1 onward.

In addition, we define the innovation at the encoder
vp = yr — Cy E[zx|Z;_,], the estimation error at the en-
coder based on the conditional mean éj, := x — E[zy|Zf],

—1
X (BtTSH_lBt + Rt) BtTSH_lAt

the estimation error at the decoder based on the condi-
tional mean é; := xj — E[xk|I,f], the estimation mismatch
based on the conditional means é;, := E[zy|Z¢] — E[z|Z{],
and the value residual from the perspective of the encoder
Ap = (M(wr) = Ak(0) EVerr (g )T, e = 0] —
(1 = Xe(0) EVir (T )T, = oy = 1]+ (1 =
)\k(wk)) E[Vk+1(I,§+1)|I,§,uk = rnx,ve = 1], for k € N[O,N]-
Note that vy, é, €k, €, and Ay are all computable at the
encoder at each time k.

Our main theoretical results are presented in the next theo-
rems, which specify the structural properties of the encoding
policy 7* and the decoding policy p* of a globally optimal
solution (7*, p*).

Theorem 1: The optimal encoding policy 7 in networked
control of a Gauss—Markov process over a packet-erasure
channel with an HARQ protocol is the threshold switching

policy

*

along with &y = E[zyx|Z}] for k € Ny np, where Qp =
()\k(wk)—/\k(o))éfAkaHAkémL(1—)\k(wk))€£1“k+1€k+
Ak, Fk =A Sk+1Bk(B£Sk+1Bk + Rk)71B£Sk+1Ak, and
s (Ht, 0 Ak—t/)K—stvi—y. This encoding policy
can be expressed at each time k as a function of €y, Vi—7, +1:k
Tk, and A,. To apply this encoding policy, the following
equations need to be solved online:

tx, if Wi > Wmax VT =0V Qr >0
/ (12)

rtx,  otherwise

Ek =

T = Ap1@k—1 + Br_1ar—1 + Kpuy, (13)
P, = ((AkflpkflAg_l
- 1
sma) s dvea) ae
ék - ]luk 1 =tX Ayp— 1*1Kka
Tk—1
+]luk 1=MXAY—1= lz (HAk t’)Kk tVk—t
=0 “p'=1
+1,, -0 (Akflékfl + Kka) (15)
for k € N[l N1 with initial conditions Ty = mg + Kovo,
P = (M + crvy 1Co)~Y, and &y = Kovo, where
Ky = P,CF V,C
Proof: See Section IV. |

Theorem 2: The optimal decoding policy i1* in networked
control of a Gauss—Markov process over a packet-erasure
channel with an HARQ protocol is the certainty-equivalent
control policy

*

ap = —kai'k (16)

fork € N[O,N]r where Ly, = (Bgsk+1Bk+Rk)_lBgSk+1Ak.
To apply this decoding policy, the following equation needs to
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be solved online:

T = Loy —tx Ayp_1=1 (Akfljkfl + kalakfl)

Tr—1+1

+ ]lukflzrtx/\'ykflzl (( H Ak—t) ik—Tk71—1
t=1
Tk—1 t
+ Z ( H Ak—t’)Bk—t—lak—t—1>

t=0 t'=1

+ 1y, =0 (Ak—ljk—l +Bk—1ak—1) (17)

for k € Ny ny with initial condition To = mo, where Iy =
E[xx|Z3).
Proof: See Section IV. [ |

Remark 5: The structural results in Theorems 1 and 2 certify
the existence of a globally optimal solution composed of a
threshold switching policy that depends on the system’s dy-
namics and its realizations, and a certainty-equivalent control
policy with a switching filter that depends on the encoder’s
decision. Note that these policies can be designed completely
separately. Moreover, the results assert that the optimal en-
coding policy transmits the encoder’s current MMSE state
estimate, i.e., Ty, only if wr > wWmax V7 = 0V Qi > 0,
and retransmits the encoder’s previously failed MMSE state
estimate, i.e., 1_r,, otherwise; and that the optimal decoding
policy is constructed by inserting the decoder’s current MMSE
state estimate, i.e., x, into the corresponding optimal state-
feedback control policy.

Remark 6: Note that the computational complexity of the
solution (7*,u*) is the same as that of solving (9). As
we will prove, Vi (Zy) is a function of €y, Vi—ry41:ks Tks
and Ag. Now, if 75, is bounded by 7y,.x, and ég, v, for
t € Njg_r,41,4]> and Ay are discretized in grids with cf, b,
and c3 points, respectively, and the expected value is expressed
based on a weighted sum of ¢4 samples, the computational
complexity is then O(Nclch X(Tm*"‘fl)%cumax). This can be
expensive especially when n and p are large. In practice, the
value residual 2, can be approximated based on the one-step
lookahead algorithm (see, e.g., [45]). Applying this procedure,
we find Qk >~ ()\k(wk) - Ak(O))égA£Fk+1Akék + (1 —
i (Wk))ggrk+15k, which is quadratic in terms of & and &y.
Following the definitions of €; and £j, we observe that, while
these variables are influenced by the age of information at
the decoder, they cannot be expressed solely in terms of
it, as they in general depend on the system’s dynamics and
its realizations.

The next propositions, which are direct applications of the
above theorems, show how the structural properties of the
optimal encoding and decoding policies alter when an ARQ
protocol is used instead of an HARQ one.

Proposition 1:  The optimal encoding policy 7 in net-
worked control of a Gauss—Markov process over a packet-
erasure channel with an ARQ protocol is the uniform trans-
mission policy
(18)

up = tx

along with T = E[xy|Z] for k € Ny n). To apply this
encoding policy, the following equations need to be solved

6
online:
Tp = Ap—1Zp—1 + Br—1ar—1 + Ky, (19)
P, = ((Ak—lpk—lAg_1
-1 Tv,—1 -1
+ Wk—l) +Cyp Vi Ck) 20)

for k € Ny ny with initial conditions Ty = mg + Kovo and
Py = (Mg '+ CTVy 1 Co)™ Y, where Ky, = PyCFV,7 .
Proof: See Section IV. [ |
Proposition 2:  The optimal decoding policy p* in net-
worked control of a Gauss—Markov process over a packet-
erasure channel with an ARQ protocol is the certainty-
equivalent control policy

az = —kai'k (21)

fork € N[OJ\/], where Ly, = (Bgsk+1Bk+Rk)_lBgSk+1Ak.
To apply this decoding policy, the following equation needs to
be solved online:

Zp = Ag—1(Ve—1€x—1 + Tx—1) + Br—1ax—1  (22)

for k € Ny ny with initial condition To = mo, where &) =
Elxx|Z3).
Proof: See Section IV. |
Remark 7: The results of Propositions 1 and 2 indicate that,
as expected, retransmitting previously failed measurements is
indeed suboptimal when an ARQ protocol is adopted instead
of an HARQ protocol, i.e., when Ai(wr) = Ag(0). This
finding suggests that the adoption of an ARQ protocol does not
provide any advantage for networked control systems. Note
that, in this case, the optimal encoding policy transmits the
encoder’s current MMSE state estimate, i.e., &, uniformly;
and the optimal decoding policy is constructed based on the
decoder’s current MMSE state estimate, i.e., £, which obeys
simple dynamics. These results match the prior findings in the
networked control literature (see e.g., [22], [43]).

IV. DERIVATION OF MAIN RESULTS

This section is dedicated to the derivation of the main
results, presented in Section III. Note that, given any op-
timal switching policy implemented, the optimal value that
minimizes the mean square error at the decoder at time k
is the conditional mean E[zj|Z{]. Besides, the conditional
mean E[zr;|Zf] combines all current and previous outputs
of the sensor that are accessible to the encoder at time k.
This implies that if this new message is transmitted by the
encoder at time k, from the MMSE perspective, the decoder
is able to develop a state estimate upon the successful receipt
of the message at time k + 1 that would be the same if
it had all the previous outputs of the sensor until time k,
which is the best possible case for the decoder. Moreover,
given an HARQ protocol, when the last transmitted message
fails, aside from transmitting a new message, the encoder at
time k has an additional choice to retransmit a previously
failed message. This message, following the definition of 7, is
in fact E[zy—-, |Z;_, |. Therefore, without loss of optimality,
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the encoder at each time k should decide to transmit either
Ty, = Elzg|Z§] or &7, = E[zp—r, [T;_,, |-

We first characterize in the next two lemmas the recursive
equations that the optimal estimators at the encoder and the
decoder must satisfy.

Lemma 1: The optimal estimator minimizing the MMSE at
the encoder satisfies the recursive equations

= i+ K (9o — Come ), 23)
my = Ag_1Tx—1 + Br_1ax_1, (24)
Py = (M +OTv; ICk) B (25)
My, = A1 Po1 AT + Wiy (26)

for k € Ni1,n) with initial conditions &y = mgo + Ko(yo —
Comg) and Py = (MO_1 + CgVO_lCQ)_l, where &), =
E[IHIE], myg = E[$k|1271], Pk = COV[:Z?HIE], Mk =
cov[zy|Z¢_ ), and Kj, = P,CT V!

Proof: Given the information set Z;, the optimal estimator
at the encoder must satisfy the Kalman filter equations for the
conditional mean and the conditional covariance. For detailed
derivation of these equations see e.g., [46]. [ ]

Lemma 2: The optimal estimator minimizing the MMSE at
the decoder satisfies the recursive equation

T = Luy_ 1 =tx Ayp_1=1 (Ak—lik—1 + Bk—lak—l)

Tr—1+1
+ﬂuk1_rtx/\'yk1_l<< H Akt)jkall
t=1
Tk—1
+Z (HAk t’)Bk t—10k—t— 1)

= t'=1

+1,, -0 (Ak—lik—l + Bk—lak—l) (27)

for k € Ny ny with initial condition To = mo, where &y =
Elzx|Z8).

Proof: Writing xj in terms of x;_; based on (3), and
taking expectation given the information set Z¢, we obtain

E [zk‘l,f} =A,_1E [kal‘zg} + Br_1aip_1

for k € Npj n) as E[wk,1|Ig] = 0. If y4—1 = 0, regard-
less of up_1, we have z; = §. Note that E[a:k,1|Ig] =
Elzk—1|Z¢ 1,2k = FMyap—1,u6-1,7%-1 = 0] =
E[zr—1|Z{_,] = #k_1. Therefore, using (28), when 741 = 0,
regardless of u;_1, we get

(28)

E okl TE] = Ak-rdnr + B (29)

for k € Npj np-
However, if up_1 = tx and 1 = 1, we have
zr = Tr_1. In this case, we get E[a:k,1|Ig] =

Elzk—1|Z8 1, 2k = Fh—1, Ay Q1 Up—1 = tX, Y1 = 1] =
Elxg—1|Ek—1, Pr—1] = @x—1 as {&x_1, Pr—1} is a sufficient
statistic of I;f with respect to x;_;. Hence, using (28), when
up—1 = tx and y,—1 = 1, we get

E [%}I}ﬂ = Ap_1Zp—1 + Br_1ar1 (30)

for k € Ny ny.
Furthermore, writing z, in terms of x_,, ,—1 based on (3),
and taking expectation given the information set Ig, we obtain

Tr—1+1

E [xk]Ig] = ( H Ak—t) E {1‘;@_7—,671_1’1;?}
Tk—1
+Z (HAk t/)Bk t—1ak——1 (1)
=0 ‘=1
for k € Npnj as D% Gy Ap—p) Elwp—y [T =
0. If up—1 = rtx and -1 = 1, we have z;, =
Tg—ry_,—1. In this case, we get E[:ck,q.kfl,ﬂlg] =

E@br,  —1|T8 1,2k = Fhere -1 Ak Qho1, Ukl =
rtx,Ye—1 = 1] = E[Tp—r_ —1|Tk—rp_1—1: Po—rp_1—1] =
Tg—rp -1 88 {Tk—rp -1, Pe—ry_,—1} is a sufficient statistic
of Ig with respect to x_,, ,—1. Hence, using (31), when
up—1 = rtx and y,—1 = 1, we get

Tr—1+1

E {%’L’f} = ( H Ak—t)i'k—rkl—l
+Z (HAk t’)Bk t—1ak—t—1  (32)
—0 \t'=1

for k € N[I,N]

We obtain (27) by combining (29), (30), and (32). Note that
the initial condition is E[xo] = m( because no measurement
is available at the decoder at time k = 0. [ ]

Lemma 3: The estimation error at the decoder satisfies the
recursive equation

er =Ly, =txAyp_1=1 (Akflékfl + wkfl)

Tk—1 t
+ ﬂuk,lzrtx AYgp—1=1 § < H Akt’>wkt1
t=0 t'=1

Lm0 (A1t + win) (33)

Jor k € Ny ny with initial condition ¢y = xo — mo, where
ék = Tk — E[.”L‘HI%]
Proof: Using (3), we can write x in terms of x,_1 as
xp = Ap—1Tk—1 + Br—1ak-1 + wip_1 (34)

for k € Np nj with initial condition o, and in terms of
xk77k7171 as

Tr—1+1
k= ( 11 Ak—t>$k—7k1—1
t=1

Tk—1 t

+ Z ( H Ak—t’>Bk—t—lak—t—1
t=0 “t'=1
Tk—1 t

+Y ( 11 Ak_t/>wk_t_1 (35)
t=0 “t'=1

for k € N; n7 with initial condition .
Moreover, from the law of total probability, p(ur—1 =

tX A Yp—1 = 1)+ plug—1 = rtx A Y1 = 1) + p(ye—1 =
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0) = 1. Thus, using (34) and (35), we can get

T = Loy —tx Ayp_1=1 (Akflxkfl + Bi—1ar-1 + wkfl)

Tr—1+1
+]luk1_rtx/\'yk1_1<< H Akt>xk‘rk11
t=1
Tk—1 t
+ Z < H Akt/>Bkt1akt1

t=0 “¢'=1

+ <HAk t/>wk t— 1)
t=0 “N¢/=1

+1,, .0 (Akflxkfl + Br_1ar-1 + wkfl) (36)

for k € N; n7 with initial condition .

By definition, é; = xzj, — Zj. Therefore, we obtain (33)
by subtracting (27) from (36). The initial condition ¢ is also
obtained by subtracting g = mg from z. [ |

Lemma 4: The estimation mismatch satisfies the recursive
equation

ék} = ]luk,lztx /\’ykfllekZI/k

Tk—1

+]luk 1=MXAYE—1= lz (HAIC t’)Kk tVk—t

= t'=1

+1,, -0 (Ak—lék—l + Kkl/k) (37)
Jor k € Npy ny with initial condition ¢y = Kovg, where ¢ =
Elzx|Z5) — Elzx|Zf]
Proof: From the definition of the innovation v and the
state estimate Iy, we find that
v = yr — Ck (Ak—lfk—l + Bk—lak—l) (38)
with the exception vy = yo — Comg. Note that vy is a
white Gaussian noise with zero mean and covariance N =
CkMkCZ + V5.
Using (23), (24), and (38), we can write &) in terms of
Tp_q1 as

Tp = Ap—1Zp—1 + Br—1ak—1 + Kpvy, (39)

for k € Ny ) with initial condition ¢ = mg + Koy, and in
terms of ¥, ,—1 as

Tr—1+1

_< H Ay t)xk To_1—1
Tk—1
+Z<HAk t/>Bk t—10k—t—1
— t’ 1
Tk—1
+ Z < H Akt/>Kktht (40)
t=0 =1

for k € Npj n; with initial condition Zo = mo + Kovp.
Moreover, from the law of total probability, we have
P(ur-1 = tx A -1 = 1) + plug—1 = rtx A -1 =

1)+ p(7x—1 = 0) = 1. Thus, using (39) and (40), we can get

T = Loy —tx Ayp_1=1 (Akfljkfl + Bi_1ar-1 + Kka)

Tr—1+1

+ ]luk,lzrtx/\mc,lzl (( H Ak}—t)‘fk}—Tkl—l
t=1
Tk—1 t
+ Z ( H Ak—t’)Bk—t—lak—t—l

t=0 t'=1
Thk—

t
+ < H Akt/)Kktht>

t=0 t'=0

+1,,_.-0 (Ak—lffk—l + Bi—1a5-1 + Kkl/k) (41)

for k € Ny ) with initial condition o = mo.

By definition, é;, = &, — Zj. Therefore, we obtain (37)
by subtracting (27) from (41). The initial condition €y is also
obtained by subtracting g = mg from o = mg + Kovy. H

We now present the proof of Theorems 1 and 2.

Proof: Let (7°, u°) denote a policy profile in the set of
globally optimal solutions. It is evident that this set cannot be
empty. We prove that the policy profile (7*, 1*) in the claim is
globally optimal by showing that Y (7*, 1*) cannot be greater
than Y (7°, u°). Our proof is structured in the following way:

T(x%, 1%) = T(a", 1) = T(a" 1) = T(a*, 1),

In particular, we first find an innovation-based switching policy
7™ such that Y (7™, u°) = Y(w°, pu°). Then, we derive a
certainty-equivalent control policy p© such that Y(7™, u¢) <
Y (7™, u°). Finally, we show that for the policy profile in
the claim we have Y (7*, u*) < YT(x"™, u€). Throughout our
analysis, without loss of generality, we assume that mg = 0.
Similar arguments can be made for my # 0 following a
coordinate transformation.

In the first step of the proof, we will show that, given the
control policy ©°, we can find an innovation-based switching
policy 7" that is equivalent to the switching policy 7°. Note
that a switching policy in the context of our problem is
innovation-based if it depends on v.; instead of y,., and
zo. at each time k. From the definition of v, we get

(42)

Y, = Vi + By + Frap— (43)

where Ej and Fj, are matrices of proper dimensions. From

(23) and (24), we find that
Ty, = Gprg + Hipap o (44)

where GG, and H), are matrices of proper dimensions. Further-
more, from (2), we know that zj, is a function of @&;_1, up_1,
and v,_;. As a result, it is possible to write

pﬂ"’(uk|z—;) = Pre (uk’Vku)‘lmak—luuk—lu’Yk—l)a

P (ak|Zi) = po (ak‘VkA,Ak,akfhukfh’)’k—l)-

Accordingly, any realizations of u; and aj can be ex-
pressed as up = ug(Nk; Vi, Ak, Qk—1, Wk—1,Y_1) and ap =
ak (Cr; Vk—1, Ak, Gp—1, Uk—1,7_1), Tespectively, where
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and (j, represent random variables that are independent of any
other variables. Hence, it is possible to recursively construct
7™ with pn(uk|Ve, Ak, Cpq, Wk—1,Y_1) Such that it is
equivalent to p,.(ug|Zf). This proves that Y (7™, u°) =
Y (7, 1°). It should be emphasized that the switching policy
7", initially constructed associated with the control policy 1,
is now dependent solely on v, Ak, Cj,_1, Ui—1, and 7y, _; at
each time k.

In the second step of the proof, given the switching policy
", we will search for an optimal control policy x¢, and prove
that it is a certainty-equivalent control policy. We first present
three identities. From (3), we have

T
T
Thy1 Skt1Th41 = (Akivk + Bray + wk)

X Spt1 (Akxk + Byay + wk). 45)
From (11), we can write

xf Sy = ot (Qk + AL S 1 Ay,

— LT (BESkar By + By ) L v (46)
Moreover, through a simple algebraic calculation, we obtain

T T
TN 1SNH1TN+1 — T SoZo

N N

= Z x£+18k+1xk+l - Z x{Skxk (47)
k=0 k=0

Incorporating the identities (45) and (46) into the identity (47),

taking the expectation of both sides of (47), and using the facts

that wy, is independent of x;, and aj, and that the terms :cOTSO:vo

and w] Si4+1wy are independent of the switching and control

policies, we find the loss function

N

Y (7, p) :=E {ngAksk]

k=0

(48)

for any 7 € P and for any p € M. Note that Y'(m, u) is
equivalent to Y (7, p) in the sense that optimizing the former
over (m, ) yields the same optimal solutions as optimizing
the latter over (m, ).

Note that, at time k, the term E[Zf;ol sT'Ays;] in (48) will
not be affected by the control policy executed from time &
onward. Associated with Y/ (7™, 1) for 7™ that was obtained
in the first step and for any u € M, we define the value
function V,4(Z¢) as

N
vd(Td ::51611/31 E [gstTAtst’Ig] (49)
for k € Ng ] with initial condition Vi, (Z% ;) = 0. Build-
ing upon the prior findings in the literature (refer to, e.g., [22],
[36], [37], [43], [47]), it becomes evident that the separation
principle holds, and the minimizer in (49) is obtained by
ay = —Ly&. This establishes that Y (7™, u¢) < Y(7", p°),
and completes the proof of Theorem 2.

In the third step of the proof, we will show that Y (7*, u*) <
T (7™, ). Note that, at time k, the term E[Zfzo 5] Ayse] in
(48) will not be affected by the switching policy executed from

time k& onward. Associated with Y'(7™, u¢) for any 7" € P
that is innovation-based and for p that was obtained in the
second step, we define the value function V,(Zf) as

N

ViE(ZE) ;_ﬁggie%E[ > sfAese
t=k+1

Lz] (50)

for k € Nyg ) with initial condition V5 ,(Z%_,) = 0. From
the additivity of V,¢(Z;) and by using a, = — L%, we obtain

Vi(Zy) = min E [é£+1Fk+1ék+1

p(uk|Zy)

+ min
p(uk+1|Z5 )

E [éfﬂfkﬁé“z . }I,gﬂ] I,i}

= p(mki‘gc) E [égﬂrkﬂékﬂ + Vi (Ili-l-l)}zli]
Uk | L

= p(umi\Illﬁ) E [é£+lrk+1ék+1 + tr(rk+1pk+1)
kl+g

+ Viie1 (Tig) (51)

]

for k € N ) with initial condition Vg ,(Z%,,) = 0,
where 'y, = Agsk+1Bk(BgSk+lBk + Rk)ilBk Sk+1Ak,
and in the third equality we used the fact that, by the tower
property of conditional expectations, E[é}, \ Txy1éx41|Zf] =
E[ég_,’_lrkJrlékJrl |Zg]+tr(Try1Pes1). We will prove by back-
ward induction that V,¢(Zf) can be written in terms of éy,
V7. +1:k> Tk, and Ax. The claim is satisfied for time NV + 1.
We assume that the claim holds at time k£ + 1, and shall prove
that it also holds at time k.

By the hypothesis, V)¢ ,(Z;,,) is function of &1,
Vi 7 +2:k+1> Tht1, and Agq1. Note that, from (37), we
can write €41 in terms of €, Vi_r 41:5+1, Uk, Tk, and Vi3
from (1), we can write 7541 in terms of T, ug, and ~; and
by the Markov property, we know that ;41 depends on \.
Moreover, we recall that 0 < 7,47 < 7 + 1. Hence, there
exists a function g(.) such that

Vierr @i ya) = g(ékaka‘rkJrl:kJrlvuvakvAkv”Yk)- (52)

This implies that E[V)S, | (Z,,)|Z;, ux] is a function of &,
Vi—ro+1:k> ks Tk, and Mg as vg41 and -y, are averaged out. In
addition, since we can write €51 in terms of €x, Vg7, +1:k+1,
ug, Tk, and 7, there exists a function h(.) such that
e 1Bt = h(ék,Vk77k+1:k+1,uk77'k77k)- (53)
This implies that E[éfﬂékﬂﬂ,ﬁ, ug] is a function of &,
Vi—ro+1:k> Tk, and Ay as vp41 and -y, are averaged out.
Therefore, the claim holds.
Lastly, we will need to obtain the switching condition of the
optimal switching policy. Note that, according to (37), when
up = tx and v, = 1, €x41 satisfies

epr1 = Kpr1iviyt. (54
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When u; = rtx and ~y; = 1, it satisfies

Tk t
€ht1 = E ( H Ak—t’+1)Kk—t+1Vk—t+1

t=0 “Nt/'=1
r—1 t
= Z ( H Ak—t’)Kk—th—t + Kgt1vks1. (55)
t=0 Nt/=0
Furthermore, when ~; = 0, it satisfies
€rpt1 = Arér + Kpp1viy1. (56)

As a result, since vy4; is a white Gaussian noise with zero
mean and covariance Ny11 = Cj41 Mk+1C,z+1 + Vi1, from
(54), (55), and (56), we can derive

E [éz+1rk+1ék+1‘zzauk =t = 1}

=tr (Pk+lKk+lNk+1Kg+l), (57)
E [égﬂrkﬂéml\fi,uk = rtx, Y, = 1}
:Egrk+1€k+tr (Fk+1Kk+lNk+1Kg+1), (58)

E [éz+1rk+1ék+1‘1277k = 0}
_ ST AT 5 T
= e Ay Drp1Agér + tr (Fk+1Kk+1Nk+lKk+1) (59
where in (58) we have ¢, = Iigl(]_[ﬁ,zo Ap— o) KVt
and used the fact that E[ey|Zf] = 4, and in (59) we used the

fact that E[€;|Z] = €. Note that, since (56) holds regardless
of the value of uj, we have

T ~
E {ek+1fk+1€k+1‘fiauk =% = 0}
=E |:éz+1rk+lék+l‘:[]§7uk =rx, v = Ojl

=E [éz+1rk+lék+l}I£77k = 0]

Employing (57), (58), and (59), and applying the law of total
expectation for the quadratic mismatch terms in (51), we get

E {é£+1l—‘k+1ék+1 ’I;, Ul = tx}
= M (0)& AL T i1 Agé

+ /\k(O) tr (Pk+1Kk+1Nk+1Kg+l)

+ (1= Ak(0)) tr (rkHKkHNkHK{H)
= M\ (0)eF ATy 1 Aréy,

+ tr (Fk+1Kk+1Nk+1KkT+1) (60)

and

E [éfﬂrkﬂékﬂjzg,uk - rtx}
= /\k (Wk)ézAzl—‘k-i-lAkék

+ /\k(wk) tr (Fk+1Kk+1Nk+1Kg+1)

10

+(1- /\k(Wk))EkaHak

+ (1= Ap(wp)) tr (PkHKHlNkHK,{H)
= A (wi)ér ATy Agéy,

+ (1= Me(wr))er Thsren

+ tr (Fk+1Kk+1Nk+1Kg+1)-

Besides, applying the law of total expectation for the cost-
to-go terms in (51), we get

E [Vke-i-l( li+1)‘11§auk = tx}

(61)

=M (0)E |:Vke+1(11§+1)}11§a up = tX, 7 = 0}

+ (1= M (0) B [Vitpy (@) [T wn = o = 1] (62)
and

E Vit (T | T ur = rix |
= A (wk) E [Viﬂ(fiﬂ)\fﬁa up = rtx, yp = 0]

(1= M) E [V (T[T e = rix, e = 1. (63)

Observe that since no measurement can be detected correctly
at time k 4+ 1 when v, = 0, in (62) and (63), we can use the
equalities

E [Vkil(fiﬂ)lfi,uk =t = 0}
=E {Vk€+1(zi+1)lzﬁauk = rtx, v, = 0}

_— {kaiﬂ(zgﬂ)’Iﬁ,% - O}

Inserting (60), (61), (62), and (63) in (51), we deduce that
uy = tx if

(Ak(wr) = Ak (0)) e Af Thrr Aréi

+ (1= Me(wr))ef Trsrer

+ (Ai(wr) — Ae(0)) E {V,fH(IEH g = o}

— (1= M(0)E [V;+1(I,§+1)\I,§, U = X, Tk = 1}

(1= Aewn)) E [ViEys (T[T e = rixyme = 1] 2 0.

We also know that uj = tx if wr > wpax or 7% = 0. The
condition wy > wmax comes from the HARQ scheme, and the
condition 75, = 0 from the fact that the previous transmission
was successful. In both cases, no retransmission is taken place.
This completes the proof of Theorem 1. |
Finally, we present the proof of Propositions 1 and 2.

Proof: We will specialize the results of Theorems 1 and 2
for a packet-erasure channel with an ARQ protocol, where the
packet error rate for communication of the new measurement
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T at time k is Ag(0), and that for communication of the
previously failed measurement &j_,, at time k is also A (0).
To that end, we need to convert \i(wy) in the results of
Theorem 1 to A, (0). Aside from this observation, we will
prove by backward induction that V;¢(Zf) can be written as
VE(ZE) = Exg,y ooy (61 Prér + ok |Zf], where @ = 0 and ¢y,
is independent of €. The claim is satisfied for time N + 1.
We assume that the claim holds at time &+ 1, and shall prove
that it also holds at time k.

Note that, from (51) and by the hypothesis, we can write

VE(Zy) = min E |:ég+1rk+1ék+1 + tl“(l—‘k+1pk+1)

p(uk|Zy)

+ Vke+l(I;+1)‘I;:|

= p(inlﬁzle) E |:ég+1rk+1ék+1 + tr(FkJrlPkJrl)
L™

+ ert1Prr1€r1 + Ot ]IE}

= min E |:ég+1®k+1ék+1 + 1 I;:| (64)

p(uk|Zy)

where in the second equality we used the tower property of
conditional expectations, and in the third equality we have

Okt1 = Fiegr + Ppyr and Opy1 = tr(Crep1 Prg1) + drgr
Note that ;1 is independent of uj;. Employing operations
analogous to those resulted in (60) and (61), we get

E [ég—rl@/ﬂrlél&rl’z}ivuk = tx, Ak+1:N}
= Ae(0)Ef AL Opp1 Aréy,
+tr (@k+1Kk+1Nk+1KE+1) (65)
and
E |:é£+1®k+1ék+1’12, up = rtx, >‘k+1:N}
= Ao (0)éf A Opp1 Aréy,
+(1- /\k(o))‘gggkﬁ-l&'k
+tr (®k+1Kk+1Nk+lKg+1)' (66)

Inserting (65) and (66) in (64), we deduce that u} = tx if
Exiciy [(1 - /\k(O))Ef@kHak\Iﬂ > 0.

This condition is always satisfied because 1 — A\;(0) > 0
and £ Opy1e, > 0. Consequently, we can wr.ite VE(Zy)
as Vke(l-li) = E>\k+1:N[éz¢kék + (bk'Ili] with @, =
Me(0)ALOp1 A and ¢ = tr(Op 1 K1 Np KL y) +
0x+1. Therefore, the claim holds. This completes the proof
of Proposition 1.

Furthermore, since uj, = tx forall k € N [0,N]> the dynamics
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Fig. 2: An inverted pendulum on a cart with an external sensor.
The sensory information is communicated to the actuation
point over a wireless channel.

of the decoder’s MMSE state estimate gets simplified as

Tp=1,,_,=1 (Akfljkfl + kalakfl)
+1,,_,=o0 (Akflikfl + kalakfl)

= Ap—1(Ye—1€k—1 + Tr—1) + Br—1a5-1

for k € Nj; nj with initial condition Zo = my. This completes
the proof of Proposition 2. |

V. NUMERICAL RESULTS: AN INVERTED PENDULUM ON A
CART WITH AN EXTERNAL SENSOR

In this section, we present a numerical example to illustrate
the theoretical results discussed in the previous sections.
Consider an inverted pendulum on a cart (see Fig 2). For this
dynamical process, the continuous-time equations of motion
linearized around the unstable equilibrium are given by

(M +m)i + bi —mlp = a,

(I +mi?)¢ — mglp = mli

where x is the position of the cart, ¢ is the pitch angle of the
pendulum, « is the force applied to the cart, M = 0.5 kg is
the mass of the cart, m = 0.2 kg is the mass of the pendulum,
b = 0.1 N/m/sec is the friction coefficient for the cart,
! = 0.3 m is the distance from the pivot to the pendulum’s
center of mass, I = 0.006 kg.m? is the moment of inertia of
the pendulum, and g = 9.81 m/s? is the gravity. There is an
external sensor that measures the position and the pitch angle
at each time. In our example, the state and output equations of
the dynamical process of the form (3) and (4), the input-output
relation of the channel of the form (2), and the loss function
of the form (7) are specified by the state matrix A;, = 1074 x
[10000, 100, 1, 0;0, 9982, 267, 1; 0,0, 10016, 100; 0, —45, 3122,
10016], the input matrix By, =
[0.0001;0.0182;0.0002; 0.0454],  the output  matrix
Cr = [1,0,0,0;0,0,1,0], the process noise covariance
W, = 107% x [6,3,1,6;3,8,3,4;1,3,7,6;6,4,6,31], the
sensor noise covariance Vi, = 107% x [20,0;0,10] for
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[ SWT+CE
T 24.08

UNI+CE  UNI+HI
25.41 28.02

UNI+ZI ||
28384 ||

TABLE I: Comparison of the performance of four different
coding policy profiles: SWT+CE represents the optimal coding
policy profile with an HARQ protocol, UNI+CE represents
the optimal coding policy profile without an HARQ protocol,
UNI+HI represents the uniform transmission policy and the
hold-input control policy, and UNI+ZI represents the uniform
transmission policy and the zero-input control policy. Each
value indicates the associated system loss, measured in terms
of T according to a Monte Carlo simulation.

k € Np ), the mean and the covariance of the initial
condition mg = [0;0;0.2;0] and My = 10W}, the maximum
number of retransmissions wy,,x = 1, the packet error rates
Ax(0) = 0.5 and A (1) = 0.05 for k € Nyg ), the weighting
matrices @ = diag{1,1,1000,1} for k € Nj x4 and
Ry, =1 for k € Ny x}, and the time horizon N = 500.

The simulation results corresponding to a realization of
the described networked control system based on the optimal
coding policy profile with an HARQ protocol are illustrated
in Fig. 3. In particular, in the top diagram, the solid curve
represents the stage cost trajectory?, the black dots represent
the transmission time instants, the blue dots represent the
retransmission time instants, and the red dots represent the
packet loss time instants. In this experiment, the total number
of transmissions was 404, the total number of retransmissions
was 97, and the total number of packet losses was 210.
In the middle diagram, the blue curve represents the cart’s
position trajectory and the red curve represents the cart’s
velocity trajectory. We can observe that the cart’s position
and velocity remained satisfactorily bounded within the ranges
[-0.17 m,2.43 m] and [—0.69 m/s,1.88 m/s], respectively.
Finally, in the bottom diagram, the blue curve represents the
pendulum’s pitch angle trajectory and the red curve represents
the pendulum’s pitch rate trajectory. We can again observe
that the pendulum’s pitch angle and pitch rate remained
satisfactorily bounded within the ranges [—0.27 rad, 0.40 rad]
and [—2.39 rad/s, 1.71 rad/s], respectively.

Note that, apart from a certainty-equivalent control policy,
which has been shown to be optimal, one can resort to a
less complex control policy such as a hold-input policy, in
which the previous actuation input is executed if a packet
loss occurs, or a zero-input policy, in which the actuation
input is set to zero if a packet loss occurs [48]. We compared
the performance of four different coding policy profiles for
the above networked control system through a Monte Carlo
simulation with 1000 experiments (see Table I). We found out
that the system loss, measured in terms of Y according to
the Monte Carlo simulation, is equal to 24.08 for the optimal
coding policy profile with an HARQ protocol, is equal to
25.41 for the optimal coding policy profile without an HARQ
protocol, is equal to 28.02 when the uniform transmission
policy and the hold-input control policy were adopted, and

’Note that the stage cost at each time k is defined as (:cka:ck +
ol Ryay)/(N +1).
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is equal to 28.84 when the uniform transmission policy and
the zero-input control policy were adopted. This outcome
reaffirms the effectiveness of our framework.

VI. CONCLUSIONS

In this article, we developed a framework for networked
control of a Gauss—Markov process over a packet-erasure
channel with an HARQ protocol. We observed that, in this net-
worked control system, whenever a packet loss occurs, there
exists an inherent tradeoff between transmitting the encoder’s
current MMSE state estimate with a lower success probability
and retransmitting the encoder’s previously failed MMSE
state estimate with a higher success probability. Our objective
was to obtain the optimal encoding and decoding policies
that minimize a linear-quadratic-regulator performance index,
penalizing state deviations and control efforts over a finite
horizon. We derived the structural properties of the optimal
policies, and determined the equations that need to be solved
for the implementation of these policies. In addition, we
examined how these results change when an ARQ protocol
is used instead of an HARQ one. Our results confirmed the
intuition that the adoption of an HARQ protocol is essential
for retransmissions to be beneficial in a networked control
system. Future research should explore the application of
learning algorithms for networked control systems equipped
with HARQ protocols in scenarios where the parameters
and the statistics of dynamical processes and communication
channels are unknown.
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