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Abstract

Suppose (C, E, s) is an n-exangulated category. We show that the idempotent completion
and the weak idempotent completion of C are again n-exangulated categories. Furthermore,
we also show that the canonical inclusion functor of C into its (resp. weak) idempotent
completion is n-exangulated and 2-universal among n-exangulated functors from (C, E, s)
to (resp. weakly) idempotent complete n-exangulated categories. Furthermore, we prove that
if (C, E, s) is n-exact, then so too is its (resp. weak) idempotent completion. We note that
our methods of proof differ substantially from the extriangulated and (n + 2)-angulated
cases. However, our constructions recover the known structures in the established cases up
to n-exangulated isomorphism of n-exangulated categories.
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1 Introduction

Idempotent completion began with Karoubi’s work [20] on additive categories. It was shown
that an additive category embeds into an associated one which is idempotent complete, that is,
in which all idempotent morphisms admit a kernel. Particularly nice examples of idempotent
complete categories include Krull-Schmidt categories, which can be characterised as idem-
potent complete additive categories in which each object has a semi-perfect endomorphism
ring (see Chen—Ye—Zhang [12, Thm. A.1], Krause [24, Cor. 4.4]). Other examples include
the vast class of pre-abelian categories (see e.g. [33, Rem. 2.2]); e.g. a module category, or
the category of Banach spaces (over the reals, say).

Suppose C is an additive category. The objects of the idempotent completion C of C are
pairs (X, e), where X is an object of C and e: X — X is an idempotent morphism in C,
i.e. 2 = e. What is particularly nice is that if C has a certain kind of structure, then in
several cases this induces the same structure on C. For example, Karoubi had already shown
that the idempotent completion of an additive category is again additive (see [20, (1.2.2)]).
Furthermore, it has been shown for the following, amongst other, extrinsic structures that if
C has such a structure, then so too does C:

(i) triangulated (see Balmer—Schlichting [7, Thm. 1.5]);
(ii) exact (see Biihler [11, Prop. 6.13]);
(iii) extriangulated (see [27, Thm. 3.1]); and
(iv) (n + 2)-angulated, where n > 1 is an integer (see Lin [25, Thm. 3.1]).

See also Liu—Sun [26] and Zhou [35].

Idempotent complete exact and triangulated categories are verifiably important in algebra
and algebraic geometry. As a classical example, in Neeman [28] an idempotent complete exact
category £ is needed to give a clean description of the kernel of the localisation functor from
the homotopy category of £ to its derived category. And, more generally, many equivalences
only hold up to direct summands, i.e. up to idempotents (see, for example, Orlov [31, Thm.
2.11], or Kalck-Iyama—Wemyss—Yang [21, Thm. 1.1]). Therefore, it is usually helpful to
view an algebraic structure as sitting inside its idempotent completion.

The idempotent completion C comes equipped with an inclusion functor .7,: C — C
given by .#,(X) = (X, idy) on objects. Moreover, in several of the cases above it has been
shown that this functor is 2-universal in an appropriate sense; see e.g. Proposition 2.8 for a
precise formulation. For example, without any assumptions other than additivity, the functor
S, is additive and 2-universal amongst additive functors from C to idempotent complete
additive categories. On the other hand, if e.g. C has an exact structure, then .7, is exact and
2-universal amongst exact functors from C to idempotent complete exact categories.

In homological algebra two parallel generalisations have been made from the classical
settings of exact and triangulated categories. One of these has been the introduction of
extriangulated categories as defined by Nakaoka—Palu [30]. An extriangulated category is a

@ Springer



Idempotent Completions of n-Exangulated Categories Page3of37 7

triplet (C, E, s), where C is an additive category, E: C® x C — Ab is a biadditive functor to
the category of abelian groups, and s is a so-called additive realisation of [E. The realisation

5 associates to each § € E(Z, X) a certain equivalence class s(§) =[ X NS % i> Z ]
of a 3-term complex. As an example, each triangulated category (C, X, A), where X is
a suspension functor and A is a triangulation, is an extriangulated category. Indeed, one
defines the corresponding bifunctor by E«.(Z, X) := C(Z, £X). See [30, Prop. 3.22] for
more details. In addition, each suitable exact category is extriangulated; see [30, Exam. 2.13].
A particular advantage of this theory is that the collection of extriangulated categories is closed
under taking extension-closed subcategories. Although an extension-closed subcategory of
an exact category is again exact, the same does not hold in general for triangulated categories.

We note here that, importantly, it was shown in [27, Sec. 3.1] that the extriangulated struc-
ture on C produced from case (iii) above is compatible with the more classical constructions
of (i) and (ii). For instance, given a triangulated category C, one can equip its idempotent
completion C with a triangulation by (i) or with an extriangulation by (iii), but these structures
are the same in the sense of [30, Prop. 3.22]. Analogously, (iii) also recovers (ii) if one starts
with an extriangulated category that is exact.

Let n > 1 be an integer. The other aforementioned generalisation in homological algebra
has been the development of higher homological algebra. This includes the introduction
of n-exact and n-abelian categories by Jasso [19], and (n + 2)-angulated categories by
Geiss—Keller—Oppermann [ 14]. Respectively, these generalise exact, abelian and triangulated
categories, in that one recovers the classical notions by setting n = 1. For instance, an
(n 4+ 2)-angulated category is a triplet (C, X, O) satisfying some axioms, where X is still an
automorphism of C, but now ¢ consists of a collection of (n + 2)-angles each of which has
n + 3 terms.

The focal point of this paper is on the idempotent completion of an n-exangulated category.
These categories were axiomatised by Herschend-Liu—Nakaoka [16], and simultaneously
generalise extriangulated, (n+2)-angulated, and suitable n-exact categories (see [16, Sec. 4]).
Like an extriangulated category, an n-exangulated category (C, E, 5) consists of an additive
category C, a biadditive functor E: C® x C — Ab, and a so-called exact realisation s of
E, which satisfy some axioms (see Sect. 3.1). The realisation s now associates to each

§ € E(X, . X,y) acertain equivalence class (see Sect. 3.1)

dX dX dX
0 1 n
s@ =Xy — X, — - 5 X, ]

of an (n+2)-term complex. In this case, the pair (X, §) is called an s-distinguished n-exangle.
We recall that structure-preserving functors between n-exangulated categories were defined
in [10, Def. 2.32]. They are known as n-exangulated functors and they send distinguished
n-exangles to distinguished n-exangles.

Suppose that (C, E, s) is an n-exangulated category. Let C denote the idempotent comple-
tion of C as an additive category. We define a biadditive functor [F: C® x C — Ab as follows.
For any pair of objects (X, e), (Z, ¢') € C,weletF((Z, ¢'), (X, e)) consist of triplets (e, 8, ¢’)
where § € E(Z, X) such that E(Z, €)(8) = § = E(¢/, X)(8). On morphisms T is essentially
a restriction of [E; see Definition 4.4 for details. Now we define a realisation t of IF. For
(e,8,¢) € F((Z,¢), (X, e)), we have that §(§) = [X,] for some (n + 2)-term complex
X, with Xy = X and X, .| = Z since s is a realisation of E. We choose an idempotent
morphism e, : X, — X, of complexes, such that ¢, = e and e, | | = ¢’; see Corollary 4.13.
Lastly, we set t((e, 8, €’)) to be the equivalence class of the complex
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e dXe o dX X
e1dg eg edi e endy_15-1 €y p1dn e

(X, e) (Xy,¢)) (X, e) ——————— (Z,¢)

in C. We say that an n-exangulated category is idempotent complete if its underlying additive
category is (see Definition 4.31).

Theorem A (Theorem 4.32, Theorem 4.39) The triplet (5 F, t) is an idempotent com-
plete n-exangulated category. Furthermore, the 1nclu51on functor .#,: C — C extends to
an n-exangulated functor (%, I'): (C,E,s) — (C IF, t), which is 2 universal among n-
exangulated functors from (C, E, s) to idempotent complete n-exangulated categories.

An n-exact category (C,X) (see [19, Def. 4.2]) induces an n-exangulated category
(C, E, 5) if, for each pair of objects A, C € C, the collection E(C, A) = Ext’é (C, A) of
n-extensions of C by A forms a set; see [16, Prop. 4.34]. As in [23, Def. 4.6], we say that an
n-exangulated category (C, E, s) is n-exact if its n-exangulated structure arises in this way.
Combining Theorem A with [23, Cor. 4.12], we deduce the following.

Corollary B (Corollary 4.34) If (C, E, s) is an n-exangulated category that is n-exact, then
the idempotent completion (C, F, t) is n-exact.

We explain in Remark 4.40 how Theorem A unifies the constructions in cases (i)—(iv)
above. Furthermore, we comment on some obstacles faced in proving the n-exangulated case
in Remark 4.41.

From Theorem A we deduce the following corollary, giving a way to produce Krull-
Schmidt n-exangulated categories.

Corollary C (Corollary 4.33) If each object in (C, I, §) has a semi-perfect endomorphism
ring, then the idempotent completion (C, IF, t) is a Krull-Schmidt n-exangulated category.

Finally, we note that analogues of Theorem A and Corollary B are shown for the weak
idempotent completion in Sect. 5. The importance of being weakly idempotent complete for
extriangulated categories was very recently demonstrated in [23, Prop. 2.7]. It turns out that
for an extriangulated category, the underlying category being weakly idempotent complete
is equivalent to the condition (WIC) defined in [30, Cond. 5.8]. Moreover, (WIC) is a key
assumption in many results on extriangulated categories, e.g. [30, §§5-7], [17, §3], Zhao—
Zhu-Zhuang [36]. We remark that the analogue of (WIC) for n-exangulated categories is
automatic if n > 2, but it is not equivalent to the weak idempotent completeness of the
underlying category; see [23, Thm. B] for more details.

2 On the Splitting of Idempotents

In this section we recall some key definitions regarding idempotents and idempotent com-
pletions of categories. We focus on the idempotent completion of an additive category in
Sect. 2.1 and on the weak idempotent completion in Sect. 2.2. Throughout this section, we
let A denote an additive category. For a more in-depth treatment, we refer the reader to [11,
Secs. 6-7].

2.1 Idempotent Completion
Recall that by an idempotent (in A) we mean a morphism e: X — X satisfying ¢ = e for

some object X € A.
The following definition is from Borceux [6].
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Definition 2.1 [6, Defs. 6.5.1, 6.5.3] An idempotent e: X — X in A is said to split if there
exist morphisms 7: X — Y ands: Y — X, such thatsr = e and rs = idy,. The category A
is idempotent complete, or has split idempotents, if every idempotent in A splits.

If A has split idempotents and e: X — X is an idempotent in .4, then the object X admits
a direct sum decomposition X = Ker(e) @ Ker(idy —e) (see e.g. Auslander [3, p. 188]).
In particular, the idempotent e and its counterpart idy —e each admit a kernel. Idempotent
complete additive categories can be characterised by such a criterion and its dual.

Proposition 2.2 [6, Prop. 6.5.4] An additive category is idempotent complete if and only if
every idempotent admits a kernel, if and only if every idempotent admits a cokernel.

From this point of view, idempotent complete categories sit between additive categories
and pre-abelian categories, the latter being additive categories in which every morphism
admits a kernel and a cokernel; see for example Bucur-Deleanu [4, §5.4].

Every additive category can be viewed as a full subcategory of an idempotent complete
one. This goes back to Karoubi [20, Sec. 1.2], so the idempotent completion of A is also
often referred to as the Karoubi envelope of A.

Definition 2.3 The idempotent completion A of Ais the category defined as follows. Objects
of A are pairs (X, e), where X is an object of A and e € End 4(X) is idempotent. For
objects (X, e), (Y, ) € Obj.A amorphism from (X, e) to (Y, ¢’) is a triplet (¢/, r, €), where
r € A(X,Y) satisfies

re=r=c¢r

in A. Composition of morphisms is defined by
(", s,e)o(e,r, e):= (" sr,0),

whenever (¢, r, e) € ,Z((NX, e), (Y.e)) and (¢",5.¢') € A((Y.¢),(Z,€")). The identity
of an object (X, e) € obj.A will be denoted id(X,e) and is the morphism (e, e, €).

A morphism (¢/, r, e): (X, e) — (Y, €') in the idempotent completion Aof Ais usually
denoted more simply as r; see e.g. [7, Def. 1.2] and [11, Rem. 6.3]. However, for precision in
Sects. 4-5, we use triplets for morphisms in .4 so that we can easily distinguish morphisms in
A from morphisms in its idempotent completion. Our choice of notation also has the added
benefit of keeping track of the (co)domain of a morphism in A. This becomes important later
when different morphisms in A have the same underlying morphism; see Notation 4.37.

By a functor we always mean a covariant functor. The inclusion functor .% ,: A — A
is defined as follows. An object X € objA is sent to ¥, (X) = (X,idy) € objA and a
morphism r € A(X, Y) is mapped to ¥, (r) := (idy, r,idy) € A(S4(X), I ,(Y)).

Lemma 2.4 Ife € End 4(X) is a split idempotent, with a splitting e = sr wherer: X — Y
ands: Y — X, then (X, e) = I 4(Y).

Proof We have re = rsr = idyr = r and es = srs = sid, = s. Hence, there are
morphlsms 7= (@dy,r,e): (X e) — /A(Y) and § := (e, s,idy): F¥)—> (X, e) in A
“ilth SF = 1d(X’ y and 7§ = 1d-7A(Y) Hence, 7 and 5§ are mutually inverse isomorphisms in
A. O

If A is an idempotent complete category, then the functor .# , is an equivalence of cate-
gories; see e.g. [11, Rem. 6.5]. But more generally we have the following.
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Proposition 2.5 [11, Rem. 6.3] The idempotent completion A is an idempotent complete
additive category with biproduct given by (X, e) & (Y, Y= (XY, ede). The inclusion
Sunctor I . A — A s fully faithful and additive.

Remark 2.6 Let (X, e) be an arbitrary object of A. Then (X, e) is a direct summand of
S 4(X) = (X,1idy). Indeed, there is an isomorphism (X, idy) = (X, e) ® (X, idy —e). The
canonical inclusion of (X, ¢) into (X, idy) is given by the morphism (idy, e, ¢), and the
projection of (X, idy) onto (X, e) by (e, e, idy). Similarly for (X, idy —e).

The functor .# Al A — A is 2-universal in some sense; see Proposition 2.8. For this we
recall the notion of whiskering a natural transformation by a functor. We will use Hebrew
letters (e.g. 2 (beth), ¥ (tsadi), 7T (daleth), 23 (mem)) for natural transformations. Suppose
B, C, D are categories and that we have a diagram

_ y
57 s¢” |a2’p
S~ —"

where .Z, 94, o are functors and 2: 4 = J# is a natural transformation.

Definition 2.7 The whiskering of % and 2 is the natural transformation d ;- : ¥.% = A .F
defined by (25 )x := :fi(X) 19 F(X) > HF(X)foreach X € B.

The next proposition explains the 2-universal property satisfied by . 4 : A — A

Proposition 2.8 [11, Prop. 6.10] For any additive functor % : A — B with B idempotent
complete:

(i) there is an additive functor & : A — B and a natural isomorphism 3: F :;> EI s
and, in addition,

(ii) for any functor 4 : A > Band any natural transformation 7: F = 4.9 p» there
exists a unique natural transformation 13: & = ¢ with 1 =1, 7,43'

2.2 Weak Idempotent Completion

A weaker notion than being idempotent complete is that of being weakly idempotent com-
plete. This was introduced in the context of exact categories by Thomason—Trobaugh [34,
Axiom A.5.1]. It is, however, a property of the underlying additive category and gives rise
to the following definition.

Definition 2.9 [11, Def. 7.2] An additive category is weakly idempotent complete if every
retraction has a kernel.

Definition 2.9 is actually self-dual. Indeed, in an additive category, every retraction has a
kernel if and only if every section has a cokernel; see e.g. [11, Lem. 7.1].

If r: X — Y is aretraction in .4, with corresponding section s: ¥ — X, and r admits
a kernel k, then the split idempotent e := sr € End A (X) also has kernel k. Conversely, if
e: X — X is a split idempotent, with splitting given by e = sr where r: X — Y, then
a kernel of e is also a kernel of r. Therefore, weakly idempotent complete categories are
those additive categories in which split idempotents admit kernels, in contrast to idempotent
complete categories in which all idempotents admit kernels (see Proposition 2.2).

@ Springer



Idempotent Completions of n-Exangulated Categories Page70f37 7

Definition 2.10 The weak idempotent completion A of A is the full subcategory of A con-
sisting of all objects (X, ¢) € A such thatidy —e is a split idempotent in A.

Remark 2.11 We note that Definition 2.10 above differs slightly from the definition of the
weak idempotent completion of A suggested in [11, Rem. 7.8]. If, as in [11], we ask that
objects of A are pairs (X, e) where e: X — X splits, then Ais equivalent to A. Indeed,
if sr = eand rs = idy, where r: X — Y ands: ¥ — X, then (X,e) = (¥,idy) in
A by Lemma 2.4. That is, we have not added any objects that are not already 1somorph1c
to some object of .#,(A). On the other hand, if we take objects in A to be pairs (X, e)
wheie id,, —e splits (as in Definition 2.10), then we have (X,idy) = (X, e) @ (Y, idy,)
in A, where s'r’" = idy —e and r's’ = id,,, where r': X — Y and s’: Y — X. In this
case, since (X, idy —e) = (¥ i idy,) in .Z, we see that a “complementary” summand of
(X,idy —e) in (X, idy) has been added. This discrepancy has been noticed previously; see
e.g. Henrard—van Roosmalen [18, Prop. A.11].

It follows that A is an additive subcategory of Aand thatitis weakly idempotent complete;
see e.g. [11, Rem. 7.8] or [18, Sec. A.2]. From this observation, we immediately have the
next lemma.

Lemma 2.12 Suppose )?, ?, Z e AwithX®Y = Z. Then any two of )?, ?, Z being
isomorphic to objects in A implies that the third object is also isomorphic to an object in A.

Analogously to the construction in Sect. 2.1, there is an inclusion functor 2, : A — A,
given by ¢, (X) := (X, idy) on objects, which is 2-universal among additive functors from
A to weakly idempotent complete categories; see e.g. [28, Rem. 1.12] or [11, Rem. 7.8].

Proposition 2.13 For any additive functor % : A — B with B weakly idempotent complete:

(i) there is an additive functor & : A — Band a natural isomorphism ¥: % = EH y;
and, in addition,

(ii) for any additive functor 4 : A — Band any natural transformation 7. F = GH b
there exists a unique natural transformation 1: & = & with 7 =12 P 2

Let _S,” —: A — A denote the inclusion functor of the subcategory Ainto A. The functor

I A A factors through % pas Iy = f +~X 4. An additive functor & : A— Btoa
weakly idempotent complete category B is determmed up to unique natural isomorphism by
its behaviour on the iTage H 4 (A) of Ain ;l\, similarly, a natural transformation 2: .% = ¢
of additive functors A — B is also completely determined by its action on ¢4 (A); see [11,
Rems. 6.7, 6.9].

Remark 2.14 In[11,Rem.7.9],itis remarked that there is a subtle set-theoretic issue regarding
the existence of the weak idempotent completion of an additive category. Let NBG denote
von Neumann-Bernays-Godel class theory (see Fraenkel-Bar-Hillel-Levy [13, p. 128]), and
let (AGC) denote the Axiom of Global Choice [13, p. 133]. The combination NBG + (AGC)
is a conservative extension of ZFC [13, p. 131-132, 134]. If one chooses an appropriate class
theory to work with, such as NBG + (AGC), then the weak idempotent completion always
exists as a category. This would follow from the Axiom of Predicative Comprehension for
Classes (see [13, p. 123]); this is also known as the Axiom of Separation (e.g. Smullyan—
Fitting [32, p. 15]). Furthermore, a priori it is not clear to the authors if Proposition 2.8
and 2.13 follow in an arbitrary setting without (AGC). This is because in showing that, for
example, an additive functor .% : A — B, where B is idempotent complete, is determined
by its values on .# A (A), one must choose a kernel and an image of the idempotent .7 (e) for
each idempotent e in .A.
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3 n-Exangulated Categories, Functors and Natural Transformations

Let n > 1 be an integer. In this section we recall the theory of n-exangulated categories
established in [16], n-exangulated functors as defined in [10], and n-exangulated natural
transformations as recently introduced in [9]. We also use this opportunity to set up some
notation.

3.1 n-Exangulated Categories

The definitions in this subsection and more details can be found in [16, Sec. 2]. For this
subsection, suppose that C is an additive category and that E: C® x C — Ab is a biadditive
functor.

Let A, C be objects in C. We denote by ,0. the identity element of the abelian group
E(C, A). Suppose § € E(C, A) andthata: A — Bandd: D — C are morphisms in C. We
put apd:=E(C, a)(§) € E(C, B) and d®s:=E(d, A)(S) € E(D, A). Since E is a bifunctor,
we have that d%ay8 = E(d, a)(8) = apd"™s.

An E-extension is an element § € E(C, A) for some A,C € C. A morphism of E-
extensions from § € E(C, A) to p € E(D, B) is given by a pair (a, c) of morphisms
a:A— Bandc: C — D inC such that apé = cEp.

P p i i
Let A+~ ApB 2 B be aproductand C s ceD<+2 D be a coproduct
in C, and let § € [E(C, A) and p € E(D, B) be E-extensions. The direct sum of § and p is
the unique [E-extension § @ p € E(C & D, A @ B) such that the following equations hold.

E(ic, p))0®p) =46
E(iCs P ® p) = 50c
E(iD7 PA)(5 ®p) = AOD
E(iD! PB)((S @p)=p
From the Yoneda Lemma, each E-extension § € E(C, A) induces two natural transfor-
mations. The firstis 36 : C(A, —) = E(C, —) given by 5 (a) := a0 for all objects B € C
and all morphisms a: A — B. The second is Es: c(—,C) = E(—, A) and defined by
]E(SD(d) := d"®6 for all objects D € C and all morphisms d: D — C.
Let Ch(C) be the category of complexes in C. Its full subcategory consisting of complexes

concentrated in degrees 0, 1, ..., n,n + 1 is denoted Ch(C)". If X, € Ch(C)", we depict X,
as

X X X
dy di 4 ¥

n—1 n
Xo —> X — - — X, — X, |,

omitting the trails of zeroes at each end.

Definition 3.1 Let X,, Y, € Ch(C)" be complexes, and suppose that § € E(X
p € E(Y, ., Y,) are [E-extensions.

n+1> Xo) and

+1°
(i) The pair (X,, §) is known as an E-attached complex if (dé‘ )gé = O0and (d,f( )E§ = 0. An
E-attached complex (X,, §) is called an n-exangle (for (C, E)) if, further, the sequences

C(—.dH C(—.d{" C(—,d¥) Es
C(—, X)) =———= C(—, X)) C(— X, ) = E(—, Xy

and
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c@X, - cdX .- c@y. - )
CX, ., —) =——— C(X,, ) C(Xy, =) = E(X,. 41, )

of functors are exact.

(1) A morphism f,: (X,,8) — (Y,, p) of E-attached complexes is given by a morphism
fe € Ch(0)"(X,, Y,) such that (f)S = (fn+1)Ep. Such an f, is called a morphism
of n-exangles if (X,, 8) and (Y,, p) are both n-exangles.

(iii) The direct sum of the E-attached complexes (or the n-exangles) (X,, §) and (Y,, p) is
the pair (X, ® Y,,8 ® p).

From the definition above, one can form the additive category of E-attached complexes,
and its additive full subcategory of n-exangles.

Given a pair of objects A, C € C, we define a subcategory Ch(C)’E A.C) of Ch(C)" in the
following way. An object X, € Ch(C)’(lAVC) is an object of Ch(C)" that satisfies X; = A and
X, =C.ForX,7Y, e Ch(C);‘A’C), a morphism f, € Ch(C)’(qA,C) (X,,Y,) is a morphism
fo=(fo, -, fup) € Ch(O)'(X,, Y,) with fo = id, and f, , = id.. Note that this
implies Ch(C)’(’ A.0) is not necessarily a full subcategory of Ch(C)", nor necessarily additive.

Let X,.,Y, € Ch(C)'(’A!C) be complexes. Two morphisms in Ch(C)'('A’C)(X., Y,) are
said to be homotopic if they are homotopic in the standard sense viewed as morphisms
in Ch(C)". This induces an equivalence relation ~ on Ch(C)? (A.C) (X,,Y,). We define
K(C) A.C) a8 the category with the same objects as Ch(C)(A o) and w1th K(C)(A o) (X,.Y,) =
ChCYy ) (Xo. Vo))~

A morphism f, € Ch(C)’(’A.C)(X., Y,) is called a homotopy equivalence if its image in
the category K(C)'(’ A C)(X Y,) is an isomorphism. In this case, X, and Y, are said to be
homotopy eqmvalent The isomorphism class of X, in K(C)( A.0) (equlvalently, its homotopy
class in Ch(C)"} (A, C)) is denoted [X,]. Since the (usual) homotopy class of X, in Ch(C) may
differ from its homotopy class in Ch(C){, ), we reserve the notation [X] spemﬁcally for
its isomorphism class in K(C)’(‘A’C).

Notation 3.2 For X € Cand i € {0, ..., n}, we denote by triv; (X)o the object in Ch(C)"
given by triv;(X); = X for j = i,i + 1 and triv;(X); = O for0 < j < i — 1 and

i+2<j<n+1,aswellas ditriv"(x)

=idy.

Definition 3.3 Let s be an assignment that, for each pair of objects A, C € C and each E-
extension § € E(C, A), associates to § an isomorphism class s(§) = [X,] in K(C)(A o) The
correspondence s is called an exact realisation of E if it satisfies the following conditions.

(RO) For any morphism (a,c): § — p of E-extensions with § € E(C, A), p € E(D, B),
5(8) = [X,] and s(p) = [V, ], there exists f, € Ch(C)"(X,, Y,) such that fo = a and
Jny1 = c. In this setting, we say that X, realises § and f, is a lift of (a, c).

(R1) Ifs(8) = [X,], then (X, §) is an n-exangle.

(R2) For each object A € C, we have s(,0,) = [trivy(A)e] and 5(,0,) = [triv, (A).].

In case s is an exact realisation of [E and s(6) = [X,], the following terminology is used.
The morphism dOX is said to be an s-inflation and the morphism df an s-deflation. The pair
(X,, 6) is known as an s-distinguished n-exangle.

Suppose s is an exact realisation of E and s5(8) = [X,]. We will often use the diagram

d dX de dX
Xo = X, — 2 x, T x-S
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to express that (X,, §) is an s-distinguished n-exangle. If we also have that s(p) = [Y,]
and f,: (X,,8) — (Y,, p) is a morphism of n-exangles, then we call f, a morphism of

s-distinguished n-exangles and we depict this by the following commutative diagram.

g -
XOHXIH MX Ay

ntl TTF
Vo dy U df d_ L ay J’f"“
- n
Y, Y, Y, Y, s

We need one last definition before being able to define an n-exangulated category.

Definition 3.4 Suppose f,: X, — Y, is a morphism in Ch(C)", such that fo = id , for some

A = X, = Y,,. The mapping cone Mjg. € Ch(C)" of f, is the complex

MC MC MC MC c
dy ! dy ! d,”’ d, i’
X — X0Y — X308, — - — X, ,,8Y, *>Y+],

M< M¢ —dX
withdy * = [-a¥ 1] dp’ =]t ,1]andd [ ;"“ doy:|fori efl,....n—1}.
Ji+l i

We are in position to state the main definition of this subsection.

Definition 3.5 An n-exangulated category is a triplet (C, E, s), consisting of an additive
category C, a biadditive functor E: C® x C — Ab and an exact realisation s of E, such that
the following conditions are met.

(EA1) The collection of s-inflations is closed under composition. Dually, the collection of
s-deflations is closed under composition.
(EA2) Suppose 8§ € E(D, A) and ¢ € C(C, D). If s(c®8) = [¥,] and 5(8) = [X,], then
there exists a morphism f,: ¥, — X, lifting (id,, ¢), such that 5((d(¥)]E8) =
[M(; ]. In this case, the morphism f, is called a good lift of (id 4, c).
(EA2)°® The dual of (EA2).

Notice that the definition of an n-exangulated category is self-dual. In particular, the dual
statements of several results in Sects.4-5 are used without proof.

3.2 n-Exangulated Functors and Natural Transformations

In order to show that the canonical functor from an n-exangulated category (C, E, s) to its
idempotent completion is 2-universal among structure-preserving functors from (C, E, s) to
idempotent complete n-exangulated categories, we will need the notion of a morphism of
n-exangulated categories and that of a morphism between such morphisms.

For this subsection, suppose (C, E, 5), (C', E’, ') and (C”, E”, s”) are n-exangulated cat-
egories. If .7 : C — (' is an additive functor, then it induces several other additive functors,
e.g. FP:C® — (C)*, or Zcp: Ch(C) — Ch(C’) and obvious restrictions thereof. These
are all defined in the usual way. However, by abuse of notation, we simply write .# for each
of these.

Definition 3.6 [10, Def. 2.32] Suppose that #: C — C’ is an additive functor and that
I': E(—, —) = E(¥—, —) is a natural transformation of functors C* x C — Ab. The
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pair (#,T): (C,E,s) — (C',E, s) is called an n-exangulated functor if, for all A, C € C
and each § € E(A, C), we have that 5/(F(C,A)(8)) = [#(X,)] whenever s(§) = [X,].
F,T [}
If we have a sequence (C,E,s) M C',E, 5" & ", E",s") of n-
exangulated functors, then the composite of (%, T") and (&£, ®) is defined to be

(Z,®)0(F,T):=(ZLoF, sy 5ol

This is an n-exangulated functor (C, E, s) — (C”,E”, s"); see [9, Lem. 3.19(ii)].
The next result implies that n-exangulated functors preserve finite direct sum decompo-
sitions of distinguished n-exangles. It will be used in the main result of Sect. 4.5.

Proposition 3.7 Let % : C — C’ be an additive functor and I': E(—, —) = E/(¥—, ¥ —)
a natural transformation. Suppose § € E(C, A) and p € E(D, B) are E-extensions, and
(X,,8) and (Y,, p) are s-distinguished.

(i) If fo: (X,.8) — (Y,.p) is a morphism of E-attached complexes, then the induced
morphism F (f,): (F(X,), T«c,4)(8)) = (F(,), ['(p,p)(p)) is a morphism of E'-at-
tached complexes.

(ii) Wehave (7 (X ,®Y,), I'cop, 498 0®0)) = (F(X,), ['«c,4)(0))®(F (Y,), [',.5)(0))
as E'-attached complexes.

Proof (i) Note that (F(dy)g Ty | x)@) = Tx, . xp(@)d) = 707, )
since I" is natural and (X,, §) is an E-attached complex. Similar computations show that
both (F(X,), T(c,4)(8)) and (F(Y,), T'(p,p)(p)) are E'-attached complexes. As .Z(f,) is
a morphism .# (X,) — .# (Y,) of complexes, it suffices to prove

F(elx,,, x)@ = Z ) T, 1 (0)-

This follows immediately from (fo)Rd = (f, H)]E p and the naturality of T".
(ii) This follows from applying (i) to the morphisms in the appropriate biproduct diagram
of E-attached complexes. O

Lastly, we recall the notion of a morphism of n-exangulated functors. The extriangulated
version was defined in Nakaoka—Ogawa—Sakai [29, Def. 2.11(3)].

Definition 3.8 [9, Def. 4.1] Suppose (#,T),(¥4,A): (C,E,s) — (C',E,s) are n-
exangulated functors. A natural transformation d: % = ¢ of functors is said to be
n-exangulated if, for all A, C € C and each § € E(C, A), we have

QDT en® = Q% Ac 1), (3.1)

We denote thisby 2: (£, ') = (¢, A). In addition, if A has an n-exangulated inverse, then
it is called an n-exangulated natural isomorphism. It is straightforward to check that 2 has
an n-exangulated inverse if and only if 2y is an isomorphism for each X € C.

4 The Idempotent Completion of an n-Exangulated Category

Throughout this section we work with the following setup.

Setup 4.1 Letn > 1be an integer. Let (C, E, s) be an n-exangulated category. We denote by
4, the inclusion of the category C into its idempotent completion C; see Sect. 2.
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In this section, we will construct a biadditive functor IF': C®xC — Ab (see Sect. 4.1) and
an exact realisation t of IF (see Sect. 4.2), and then show that (5, F, t) is an n-exangulated
category (see Sects. 4.3-4.5). For n = 1, we recover the main results of [27]. First, we
establish some notation to help our exposition.

Notation 4.2 We reserve notation with a tilde for objects and morphisms in C.

(i) If X € Aissome object, then we will denote the identity morphism of X by id %- Recall
from Definition 2.3 that the identity of an object (X, e) € Ais iri(Xye) = (e, e, e).

(i) Given a morphism (¢, r, ¢) € C((X,e), (Y, ¢')), we call r: X — Y the underlying
morphism of (€', r, e).

(iii) Suppose (X, e), (Y,¢') € Candr € C(X,Y) withe'r = r = re. Then there is a unique
morphism 7 € 5((X, e), (Y, ¢’)) with underlying morphism r. This morphism 7 is the
triplet (¢/, r, €). Moreover, we will use this notation specifically for this correspondence.
That is, we write §: (X, ¢) — (Y, ¢’) is a morphism in C if and only if we implicitly
mean that the underlying morphism of § is denoted s, i.e. we have § = (¢, s, ¢).

Remark 4.3 By Notation 4.2(iii), two morphisms 7, § € C ((X,e), (Y,¢)) are equal if and
only if their underlying morphisms r and s, respectively, are equal in C. Thus, for all objects
X,Y eC, removing the tilde from morphisms in C(X,Y) defines an injective abelian group
homomorphism C(X , Y) — C(X,Y). In particular, a diagram in C commutes if and only if
its diagram of underlying morphisms commutes.

4.1 Defining the Biadditive Functor F

The following construction is the higher version of the one given in [27, Sec. 3.1] for extri-
angulated categories.

Definition 4.4 We define a functor F: C® x C — Ab as follows. For objects (X, ¢;) and
(Xn+l’ enH) in C, we put

F((Xn+1’ en_,'_l), (Xo, 60)) = {(60, 5, €n+1)|8 (S E(Xn+1’ Xo) and (eo)E5 == (en_,'_l)]ES}

For morphisms a: (X, ;) — (¥, ¢p) andé: (Z )= (X415 enH)in(?,wedeﬁne

"
n+1° enJrl

F(c,a): F((Xn.»,_la en+1)’ (X()» 60)) I F((Zn.Ha e,/1/+1)7 (Y07 6/0))
(e, 8, €,,1) —> (eg, E(c, a)(8), e, ).

Remark 4.5 We make some comments on Definition 4.4.

(i) The assignment F on morphisms takes values where claimed due to the following.
For morphisms a: (X, ¢y) — (Y, ep) and ¢: (Z, . e, ) — (X, e,, ), and an

F-extension (e, 3, ¢, 1) € F((X, . €,,1), (Xg, €y)), we have

n+1
E(ey 1. ep)E(c, a)(8) = E(cey, ., epa)(8)
= E(c, a)(d).
Therefore, F(¢, a)(e, 8, e, ) = (e, |, E(c, a)(8), e) liesinF((Z, |, e, 1), (¥, €))-
It is then straightforward to verify that IF is indeed a functor.
(i) The set F((X, ., e,,1), (Xy, €y)) is an abelian group by defining

(ep, 8, e,11) + (eg, pre,y 1) i=(ep, 8§+ p,€,,1)
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for (ey, 3, ¢, 1), (€gs P, €,1) € FU(X, 115 €,,1), (X, €y)). The additive identity ele-
ment of IE‘((XHI, eHl), (X, ep)) is (XO’eO)O(XlH—l’en-H) = (e, XOOX’M , enH). The
inverse of (e, 8, e, 1) is (¢y, —§, e, ;). Notice that we get an abelian group monomor-
phism:

F((Xnt15 ent1)s (Xo, 0)) —> E(X, 41, Xo)
(eg, 8, €, 1) —> 8.

This homomorphism plays a role later in the proof of Theorem 4.39.

(iii) It follows from the definition of I that it is biadditive since E is.

(iv) Given (e, §, en+1) € F((Xn_H, erH_l), (X, €p)), the pair (e, en_H) is a morphism of
[E-extensions § — §. Indeed, we have that (ej)pd = § = (e, _H)]E(S from Definition 4.4.

Notation 4.6 As for objects and morphisms in C~ we use tilde notation for F-extensions,
which gives us a way to pass back to E-extensions.

(i) We will denote an FF-extension of the form (e, 3, ¢, ;) € F((X, . €,, 1), (Xq, €g))
by 8. We call § € E(X, , X)) the underlying E-extension of 4.

(ii) For (X, ,e,.1), Xy, €9) € Cand$ € E(X, 1, Xo) with (eg)gd = 8 = (enH)EcS,
there is a unique [F-extension & € F((Xn+]’en+1)’ (Xy, €p)) with underlying [E-

extension §. This [F-extension is § = (e, d, e”H). Again, we use this instance of

the tilde notation for this correspondence: we write p € F((X, ;. ¢,, 1), (Xq, €3)) if

and only if the underlying E-extension of g is p,i.e. o = (¢, o, ¢, 1)

Remark 4.7 Analogously to our observations in Remark 4.3, we note that by Notation 4.6(ii)
any two [F-extensions 5, p e F((X, 110 €ur1)s (Xg, €g)) are equal if and only if their underly-
ing E-extensions are equal. Hence, removing the tilde from F-extensions defines an injective
abelian group homomorphism F((Y, ¢), (X, ¢)) — E(Y, X) for (X, ¢), (Y, ¢) € C.

4.2 Defining the Realisation t

To define an exact realisation t of the functor F defined in Sect.4.1, given a morphism of
extensions consisting of two idempotents, we will need to lift this morphism to an (n + 2)-
tuple of idempotents. That is, we require a higher version of the idempotent lifting trick (see
[27, Lem. 3.5] and [7, Lem. 1.13]). This turns out to be quite non-trivial and requires an
abstraction of the case when n = 1 in order to understand the mechanics of why this trick is
successful.

We start with two lemmas related to the polynomial ring Z[x]. Recall that Z[x] has the
universal property that for any (unital, associative) ring R and any element r € R there is
a unique (identity preserving) ring homomorphism ¢, : Z[x] — R with ¢,(x) = r. For
p = p(x) € Z[x], we denote ¢, (p) by p(r) as is usual.

Lemma4.8 For each m € N, the ideals (x™) = (x)" and ((x — 1)™) = (x — D™ of Z[x]
are coprime.

Proof Theideals y/(x)" = (x) and y/(x — 1) = (x — 1) are coprime in Z[x]. Hence, (x™)
and ((x — 1)™) are also coprime by Atiyah—MacDonald [2, Prop. 1.16]. O

Lemma4.9 Foreachm € Nxj, there is a polynomial p,, € (x™) <Z[x], such that for every
(unital, associative) ring R we have:
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(i) pm(e) = e for each idempotent e € R; and
(ii) the element p,,(r) € R is an idempotent for each r € R satisfying (r> — r)™ = 0.

Proof Fix anintegerm > 1. By Lemma4.8, we can write 1 = x™ p; + (x — 1)™gq,, for some
polynomials p/, and g,, in Z[x]. We set p,, := x™p},.

Let R be a ring. For any idempotent e € R, evaluating x = xm“p;n +x(x — 1)"q,, ate
and using e(e — 1) = O yields e = em‘Hp;n (e) = €™ p;,(e) = pm(e), proving (i).

Now suppose r € R is an element with (#> — r)™ = 0. Evaluation of

m ./

Pm=&"p)) - 1=&"py) " pp+ x —1)"qp) = pp + > = )" pl.ap,

at r shows p,, (r)? = pm(r) since (r2 — r)™ = 0, which finishes the proof. ]

The following is an abstract formulation of [27, Lem. 3.5] and [7, Lem. 1.13].

d¥ d¥
Lemma4.10 Let X,: X, SN X, RN X, be a complex in an additive category A and
suppose dlx is a weak cokernel of déx. Suppose (ey, f1,e,): X, — X, is a morphism of
complexes with ey € End ,(X)) and e, € End 4(X,) both idempotent. Then there exists a
morphism f{: X, — X, such that the following hold.

(i) The triplet (ey, f{,e,): X, — X, is a morphism of complexes.
(ii) The element e, := f1 f| € End 4(X,) is idempotent and satisfies e, = f| f1.
(iii) The triplet (e, e, e,): X, — X, is an idempotent morphism of complexes.
(iv) If (hy, hy): (ey, f1.e5) ~ 0, is a homotopy of morphisms X, — X,, then the pair
(eghy, fih,) yields a homotopy (e, e, e;) ~ 0,.

Proof Choose a polynomial Py = x2 p’2 € (xz) < Z[x] as obtained in Lemma 4.9. Define
g = xp) and set f| := g(f1): X; — X,. We show this morphism satisfies the claims
in the statement. For this, we will make use of the following. Let p = p(x) € Z[x] be
any polynomial. Since (e, f1,¢,): X, — X, is a morphism of complexes, we have that
(pley), p(f1), pley)): X, — X, is also a morphism of complexes, i.e. the diagram

aX aX
X, —= X, —= X,

P(eo)l lp(fl) lp(ez) “.D
X, Té‘> X, Tlx> X,
commutes.

(i) Note that g(ey) = eypy(ey) = eé Phleg) = pyley) = e, where the last equality
follows from Lemma 4.9(i). Similarly, g(e,) = e,. Thus, using p = ¢ in the commutative
diagram (4.1) shows that (e, fl’, ey) = (q(ep), q(f1), q(ey)): X, — X, is a morphism of
complexes.

(ii) Since f{ = ¢(f1) is apolynomial in f;, we immediately have thate, := fi f{ = f| f1.
Furthermore, we see that e, = fi1q(f1) = p,(f1). Thus, to show that e, is idempotent, it
is enough to show that (fl2 — f1)2 = 0 by Lemma 4.9(ii). Let r(x) = x2 — x. We see that
r(eg) and r(e,) vanish as ¢, and e, are idempotents. Therefore, by choosing p = r in (4.1)
we have r(fl)dgf = 0 and so there is h: X, — X, with hdlx = r(f1), because dIX isa
weak cokernel of d(;(. This implies (f12 - f1)2 = r(f1)2 = hdlxr(fl) = hr(ez)dlx =0as
r(e,) = 0, and hence e, is idempotent.
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(iii) Note that (e, €, €,)% = (e, €1, €y) = (Py(ey), Py (f1), Py(ey)): X, — X, isa
morphism of complexes using p = p, in (4.1).
(iv) Suppose (h;, h,): (ey, f1.e,) ~ 0, is a homotopy. Then we see that

(eg, €1, €2) = (e, fi, €2) (e, f1, €2) by (ii)
= (eg. f1-ex)(hydg’, hydi +dg by, di hy) as (hy, hy): (ey, f1.€) ~ 0,
= (egh,df, fihyd¥ + fldlh,, e,d{hy)
= ((eph)dy . (fihy)d + dif (eghy). di (f{hy)) by ().

Hence, (eyh, fl’h2): (ey, €1, €5) ~ 0, is a null homotopy as desired. ]

Remark 4.11 Let p, = —2x + 3 and g5 = 2x + 1. Then indeed 1 = x?p} + (x — 1)%¢},
Hence, p, = xzpé = 3x% — 2x3 is a possible choice for m = 2 in Lemma 4.9. Letting
h =x*—xandi = x, we see that Py = i + h — 2ih. Then the idempotent e, obtained
in Lemma 4.10 is the idempotent obtained through the idempotent lifting trick in [27, Lem.
3.5].

Lemma4.12 Suppose (X,, d) is an s-distinguished n-exangle and e, € End,(X,) is an
idempotent with (ey)gd = 0. Then e, can be extended to a null homotopic, idempotent
morphisme,: (X,,8) — (X,,8) withe; = 0 for2 <i < n+ 1. Further, the null homotopy
of eq can be chosen to be of the shape h, = (h,0,...,0): e, ~ 0,.

Proof We have (ey)é = 0 = 0Fs so (ey,0): 8§ — & is a morphism of E-extensions. The
solid morphisms of the diagram

dyf dyf e d dyf
X, - X, —= X, 4, 4){ xS XL

le dX vf dX lO ax lO aX \LO \LO

X, — X, *1>X2*> 3 x, xS x-S

clearly commute, so we need to find a morphism fi: X; — X, making the two leftmost
squares commute. Since (X, 8) is an s-distinguished n-exangle, there is an exact sequence

c@f, xy)

8
CXp, Xp) —"0 5 C(Xy, Xg) ——— E(X,, . Xy)-

n+1-°
The morphism ¢ is in the kernel of 8 as zé(e;) = (ey)pd = 0. Therefore, there exists
k;: X, > X, with e, = k,dJ. If we put f := df'k,, then (ey, f1,0,...,0): (X,,8) —
(X,, 8) is morphism of s-distinguished n-exanglesand (k;, 0, ..., 0): e, ~ 0, isahomotopy.
By Lemma 4.10, using that e, and 0 are idempotents, there is an idempotent e; € End,(X,),
such that (¢4, ¢;,0,...,0): X, — X, is an idempotent morphism of complexes and that
he := (epk;,0,...,0): e, ~ 0, is a homotopy. Finally, e, is a morphism of s-distinguished
n-exangles since (ey)pd =0 = 0Es. ]

Corollary 4.13 Supposeg € IF((Xn_H i ), (Xy, ) and that (X, §) is an s-distinguished
n-exangle. The morphism (eg, e, ): 8§ — & of E-extensions has alifte,: (X,, 8) — (X,, d)
that is idempotent and satisfies e; = idy, forall2 < i < n—1, such that there is a homotopy

he=(h),0,...,0,h,,): idy —e, ~0,.
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Proof Define ¢ :=idy —eqande;,, i=idy —e,.|.AS§ € F((X, . €, 1) (Xg. €)),

we have (eg)pd = & = (enH) § and so (eo)]EcS =0= (eZH)EcS. Therefore, by Lemma
4.12 we can extend () to an idempotent morphism ¢} : (X,, §) — (X,, §) of s-distinguished
n-exangles with e; = 0 fori € {2,...,n + 1}, having a homotopy (ky,0,...,0): e, ~0,.
Slmllarly, by the dual of Lemma 4 12 we can extend e 41 to an idempotent morphism
el: (X,,8) = (X,,8) withe! = 0fori € {0,...,n — 1}, such that there is a homotopy
©,...,0,k,,,): e] ~ 0,.Consider the morphism f. =id, —e,—e: (X,,8) = (X,,6).
Wehaveidy —f, = e, +e, and hence (k,0,...,0,k, ): idy —f, ~ 0, is a homotopy.
If n =1, thene, + e = (idy —e, ef +ef, idy —ey) and (k;, ky): e, +el ~0,isa
homotopy. Lemma 4.10 yields an idempotent morphism ¢.” = (id X, €0’ e/, id X, —e,):
(X,,8) = (X,,8) and a homotopy (h,, h,): e, ~ 0,. Then e, := idy —e." and h, :=
(h,, h,) are the desired idempotent morphism and homotopy, respectively.

If n > 2, then the compositions e, e, and e e, are zero. This implies that f, = id, —e, —
¢/ is idempotent. Hence, e, := f, and (hy, 0, vy 00k, ) = (kgL 0,000, 0, an) are the
desired idempotent morphism and homotopy, respectively. O

The following simple lemma will be used several times.

Lemma 4.14 Suppose that (X, e), (Y, €') are objects in Candr: X — Y is a morphism in
C. Setting s := e're yields a morphism s = (¢, s,¢e): (X,e) — (Y,€) inC.

The previous result allows us to view a complex in C that is equipped with an idempotent
endomorphism as a complex in the idempotent completion C, as follows.

Definition 4.15 Suppose X, isacomplexinC ande,: X, — X, is an idempotent morphism
of complexes. We denote by (X,, ¢,) the complex in C w1th object (X;,e;) in degree i and

differential 4 : dXe, e): (X;,e) — (X

l’l

= (€15 €4 i1 €ip1)-

In the notation of Definition 4.15, the underlying morphism of the differential aNIi(X’e)
satisfies

dX = e, d¥e; = d¥e; = e, dX 4.2

i T Gindi 6 =4 6 =644 (4.2)

l

since e, is a morphism of complexes and consists of idempotents. Furthermore, whenever we
write (X,, e,) to denote a complex in C, we always mean that e,: X, — X, is anidempotent
morphism in Ch(C) and that (X,, e, ) is the induced object in Ch(C’~ ) as described in Definition
4.15.

We make a further remark on the notation (X,, ¢,). Because of the need to tweak the
differentials in X, according to (4.2), one cannot recover the original complex X, € Ch(C)
with differentials diX from the pair (X,, e.l S Ch(g) defined in Definition 4.15. This is in
contrast to the description of an object in C as a pair (X, e) where one can recover X € C
uniquely. Thus, (X,, e,) is an abuse of notation but should hopefully cause no confusion.

Lemma 4.14 allows us to induce morphisms of complexes in C given a morphism between
complexes in C if the complexes involved come with idempotent endomorphisms. The proof
is also straightforward.

Lemma4.16 Suppose that (X,, e,), (Y,, €,) are objects in Ch((?) and thatr,: X, — Y, is
a morphlsm in Ch(C). Then deﬁmng s; 1= ejr;e; for each i € 7 gives rise to a morphzsm

1 (X,,e,) — (Y, e)mCh(C)wzths —(e 55 €;).
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Notation 4.17 In the setup of Lemma 4.16, the composite e, r,e, is a morphism of complexes
X, — Y,. In this case, we call s, := e,r,e, the underlying morphism of 3,.

‘We need two more lemmas before we can define a realisation of the functor F.

Lemma 4.18 Assume § € F((XnH, e, 1)s (Xy, €y)). Further, suppose that (X, 8) is an s-
distinguished n-exangle and e, : (X,,8) — (X,, 8) is an idempotent lift of (e, e, |): § —
8. Then ((X,, e,), 5) is an n-exangle for ((j’: ).

n+1

Proof Let (Y,é') € C be arbitrary. We will show that the induced sequence

@ @),

. A . %
. &), (Xg ) —— E(¥. ). (X, ) T X,y € ) —> BT ). (X €q)).

where (d~l.(X’e))* =C Y, é), gi(x,e) ), is exact. The exactness of the dual sequence can be
verified similarly. Checking the above sequence is a complex is straightforward using that
(@6 = 0 and that &\ = d¥e, = ¢, d}¥.

To check exactness at 5((Y, e, (X;,e;)) for some 1 < i < n, suppose we have a
morphism 7: (Y, ¢’) — (X;, e;) with c?i(x’e)F = 0, that is, dixeir =0.Ase;r =r, we see
that dixr = 0, whence there exists s: ¥ — X,_, such that dix_ls = r because (X,, §) is an
s-distinguished n-exangle. By Lemma 4.14, there is a morphism 7: (Y, ¢’) — (X;_q.ei-1)
witht = ¢;_1se’. Then we observethatdi(fl’e)t = dl.X_le,-_le,-_lse’ = eidix_lse’ =ere =,
whence c?l-(i(ie)f =F.

Lastly, suppose i € 5((Y, e, (X,,11> €,41)) is amorphism with F§ (i) = a¥§ = 0. Then
we have 8 (u) = u8 = 0. Hence, there is a morphism v: ¥ — X,, such that dXv = u
as (X,, 8) is an s-distinguished n-exangle. Then the morphism w: (¥, ¢') — (X, ¢,) with

w = enve’ satisfies J,(,X’e)ﬁ) = u, as required. O
Lemma 4.19 Suppose 5 € F((X, 11> €,41) (Xg:€9)) and that [Y,] = s(8) = [X,] in

(C,E,s). If e,: (X,,8) — (X,,8) and ¢e,: (Y,,8) — (¥,,6) are_ idempotent lifts of
(ep» e,H_l): 8 — &, then (X,,e,) and (Y,, e.) are isomorphic in K(C)r(l(Xo,eo),(X

i.e [(X,,e)] = [(Y,, e))].

Proof We will use [l~6, Prop. 2.21]. To this end, note that ((X,, e,), S) and ((Y,, €,), S) are
both n-exangles in (C, F) by Lemma 4.18. Hence, we only have to show that

n+l’en+l)),

ChC){(xy e).(x, 1,0, 0 (Kas €0)s (Var€)) and ChC{(x, c).(x, ., e, 0 (Yo €0): (Xon Q)
are both non-empty. Since we have [Y,] = s(§) = [X,], there are morphisms f,: X, — ¥,
and g,: Y, ?) X, in Ch(C)E’XO’XHI) (with :g.f. ~ idX. and f,g, ~ idY.). \LVe then obtain
morphisms h,: (X,,e,) — (Y,.¢,) and k,: (Y,,¢e.,) — (X,,e,) in Ch(C)" with h, =
e, foe, and kg = e,g,¢, by Lemma 4.16. Note that e, = ¢(, e, | =€), |, fo = & = iy
and f, | = gny1 = ian+1. So, since id(Xi’ei) = e¢;, we have that h, and k, are morphisms

in Ch(g)’(l(xo,eo),(x and we are done. m]

n+1’er1+l))
Hence, the following is well-defined.

Definition 4.20 For § € IE‘((XnH, e,.1)s (Xg, €p)), pick X, so that s(§) = [X,] and, by

Corollary 4.13, an idempotent morphism e, : (X,, 8) — (X,, 8) lifting (¢y, e, ): 6 — 8.

We put t(g) = [(X,,e,)].

n+1
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Remark 4.21 For$ € F((X, 11> €,41)> (X €g)), the definition of () = [(X,,e,)] depends
onneither the choice of X, with [X,] = 5(8), nor on the choice of e, lifting (¢4, e, ): § — &
by Lemma 4.19. By Corollary 4.13, for each Se IF((X,H_I, en+]), (X, €p)), we can find an
s-distinguished n-exangle (X,, §) and an idempotent morphisme, : (X,, §) — (X,, 8), such
that t(8) = [(X,.e,)] and idX. —e, is null homotopic in Ch(C)".

Proposition 4.22 The assignment t is an exact realisation of TF.

Proof (RO) Suppose § € F((X, 11> €,q1)s (Xgs€9)) and p € F((Y, 1, €, 1), (Y, €5)), and
let (@,6): 8 — pbea morphism of F-extensions. Suppose () = [(X,.e,)] and t(p) =
[(Y,,€))]. Since (a, ¢) is a morphism of E-extensions, there is a lift f,: X, — Y, of it
using that s is an exact realisation of E. As a: (X, ej) — (¥, eé) and ¢: (Xpg1>€nq1) =
(Y, 1, €,) are morphisms in C, we have that epa =a =aeyande, ¢ =c=ce, .
Hence, by Lemma 4.16, it follows that g, : (X,, e,) — (¥,, €,) with g, = ¢, f, e, lifts (a, ¢).

(R1) This is Lemma 4.18.

(R2) Let (X,e) € C be arbitrary. By Remark 4.5(ii), we have that the zero element of
F((0, 0), (X, e)) has the zero element x0p of E(0, X) as its underlying E-extension. Since s
is an exact realisation of E, we know

idy

s(x00) = [X, 1= X X 0 01

The tuple (e, e,0,...,0): X, — X, is an idempotent morphism lifting (e, 0): x0p — 0.
Thus, by Definition 4.20 and using id(X ¢) = € Wesee that

~ id(X’ )
t((x.0000) = [ (X,e) —= (X,e) —— (0,0) . (0,0) 1.
Dually, t(0,00x.e)) = [(0.0) 0.0) (X.e) —%9 4 (x o) .

m}

4.3 The Axiom (EA1) for (C, T, ©)

Now that we have a biadditive functor F: C° x C — Ab and an exact realisation t of F , we
can begin to verify axioms (EA1), (EA2) and (EA2)®. In this subsection, we will check that
the collection of t-inflations is closed under composition. One can dualise the results here to
see that t-deflations compose to t-deflations.

The following result only needs that s is an exact realisation of E: C® x C — Ab. Itis an
analogue of [22, Lem. 2.1] for n-exangulated categories, allowing us to complete a “partial”
lift of a morphism of extensions.

Lemma4.23 (Completion Lemma) Let (X,,8) and (Y,, p) be s-distinguished n-exangles.
Let l, r be integers with 0 <1 < r —2 < n — 1. Suppose there are morphisms fy, ..., f
and f,, ..., f, 1, where f;: X; — Y;, such that (fy, f,,,.1): & — p is a morphism of
E-extensions and the solid part of the diagram

)
Xg— =X, —> Xy —> - X, — X, — o — X, Oy

lfo lfz /A8 Jra1l frl fn+ll
o
Yo — =Y, — Y — = Y, —— Y, —— o — Y, T

(4.3)
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commutes. Then there exist morphisms f; € C(X;,Y,) fori € {l +1,...,r — 1} such that
(4.3) commutes.

Proof We proceed by inductionon/ > 0. Suppose! = 0. We induct downwardsonr < n+1.
If r = n + 1, then the result follows from axiom (RO) for s since (f, f, +1): § > p
is a morphism of E-extensions. Now assume that the result holds for / = 0 and some

3 < r < n+ 1. Suppose we are given morphisms f, and f,_;, f.,..., f,; such that
fi_HdiX = dl.yfi fori € {r —1, ..., n}. By the induction hypothesis, we obtain a morphism
Xog— X, — - — X, | — X, — - — X, -5

o & & | h L 4.4)

~

P
Yy — Y — =Y, Y, — e ¥ D

of s-distinguished n-exangles. We will denote this morphism by g,. Next, note that we have
dry_l(fr_1 —g_) = - fr)drx_1 = 0. Since dry_2 is a weak kernel of dry_l, there exists
h:X, |, —> Y _,sothat f, |, —g,_; = dry_zh. Set f; == g; forl <i <r —3and
fiiy =85+ hdr)iz. Notice that we have f; = g; fori ¢ {r — 1, r — 2}. We claim that
(4.3) commutes. By construction, we only need to check commutativity of the two squares
involving f,_,. These indeed commute since

X X \ X X Y Y
Jradi 3= (g o+ hdy)d; 3=¢, od; 3=d, 38 3=4d, 3f 3
and
Y Y X Y X X
dr o frn=d; (8o +hd ) =dr 58 5+ (froy =& -1)d;2 = fr1dry,

using the commutativity of (4.4). This concludes the base case [ = 0.
The inductive step for [ > 0 is carried out in a similar way to the inductive step above on
r, using that dffH is a weak cokernel of d}*. o

From the Completion Lemma 4.23 and some earlier results from this section we derive
the following, which is used in the main result of this subsection.

Lemma4.24 Suppose (X,, 8) is an s-distinguished n-exangle. Assume ey: X, — X, and
e, X, — X, are idempotents, such that (e;)y$ = & and

dX
0
X, 2, X,

commutes. Then ey and e, can be extended to an idempotent morphisme,: (X,, §) — (X,, 6)
with e; = idX[ for3 <i <n+1, such that § = (g, 8, en+]) € IF((XHH,enH), (Xg» €9))-

Proof First, suppose n = 1. Then the solid morphisms of the diagram

dX dX
0 1 )
Xy — X, 5 X, -
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form a commutative diagram, and by [16, Prop. 3.6(1)] there is a morphism f, such that
(eg, €qs fr): (X,,8) — (X,,d) is a morphism of s-distinguished 1-exangles. Recall the
polynomial p, from Lemma 4.9. We will show that e, = (e, ¢, e,), where e, := p,(f5),
is the desired idempotent morphism of s-distinguished n-exangles.

Since (X,, &) is an s-distinguished 1-exangle, there is an exact sequence

C(X,, df) Es
C(Xy, X)) ———— C(X,, X,) —— E(X,, X,).

As ]ES(fzz —f) = (f22 — fz)]E(S = (6(2) —eg)pd = X00X2, there exists a morphism 72, : X, —
X, withd{*h, = f7— f,. Thisshows that (7 — £,)> = (f— fo)d¥h, = d¥ (e} —e)h, =0
because e is idempotent. Hence, e, = (¢, ¢, ¢,) = (e, €, pz(fz)) X — X, is an
idempotent morphism of complexes by Lemma 4.9(ii). Furthermore, (62) 8= (p(fy) )ES =
(py(eg))gd = (eg)gd = & using Lemma 4.9(i), so that (e,, e,): § — & is a morphism of
[E-extensions. This computation also shows the existence of §e F((X;, e,5), (X, ) with
underlying [E-extension §.

Now suppose n > 2. We have (ej)d = § = (ianH)ES. Therefore, § = (ep,8,idy )

n+1

is an element of F((X idy 1), (X, €)) with underlying E-extension §. The solid mor-
n+

n+1-°
phisms of the diagram

X
XOLXIHXZHXSH-~-*>X,[*>X"+I——Bf>
oo Jo o | H H
Xg = X| — Xy — Xy — oo — X, — X, —-->

form a commutative diagram, and (e, idy ) 8 — 4 is a morphism of E-extensions as
(ep)d = 4. Since the rows are the - dlstlngulshed n-exangle (X, 8), by Lemma4.23 we can
find amorphisme, € End(X,), so that the diagram above is a morphism (X,,8) = (X,.6).
Furthermore, as ¢; € End,(X) and id X, € End(X3) are idempotent, we may assume that
e, is an idempotent by Lemma 4.10. O

Given a t-inflation f that fits into a t-distinguished n-exangle (17., §), we cannot a priori
say too much about how ?. might look. This is one of the main issues in trying to prove
(EA1) for (5, F, t). The next lemma gives us a way to deal with this and is the last preparatory
result we need before the main result of this subsection.

Lemma 4.25 Let f: (Xy, e9) = (X, e,) be a t-inflation. Then there is an s-distinguished
n-exangle (X, 8) with X = X and X| = X, & C for some C € C, such that (¢))yd = &
anddX [f fGdy —eo)]T:X0—>Xl€BCf0rsomef/:X0—>C.

Proof Since f (Xg,€9) = (X, e)) isan t- 1nﬂat10n there is a t-distinguished n-exangle

(Y 8’y with Y0 (Xg» €p)» Y = (X, e;)and do = f By definition of t, this means there is
an s-distinguished n-exangle (Y Y ) with an 1demp0tent morphism e} : (Y], 8’ — (Y], &),
such that (Y, e;)) = YO and (Y, . e, ) =Y, and Nthere are mutually inveise homotopy
equivalences 7o: Y, — (Y, ¢,) and 3,: (Y, e,) — Y, which satisfy 7o = idy = 5o and
Fng1 = idy L= §n+1. Note that we, thus, have Y(; = X, and 66 = ¢. In particular, we have
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a commutative diagram

7 - o
(X()!e()) — (X]sel) Y2 Yn Yn —————— >

| 1A e i H
7

t )
Xy, eg) — (Y], e)) — (Y3, €)) — -« — (Y, e,) — (Y; q,e,,0) ———>

‘ ~ Lel 15 :L :

1

(X €) AN (X, e)) 7,

n n+1

-4 oY Y Y
in (C, F, t), where t = e\dy ey = djy ey = €}d; .

Consider the complex Y, := triv, (X ), and the E-extension 8" = OOY,/ .Notethatifn =

n+l1
1, then Y,/Z/Jr1 = X,; otherwise we have Y 1;/+1 = 0. In either case, we have an s-distinguished
n-exangle (Y., §”) using the axiom (R2) for s, and hence also an s-distinguished n-exangle
(Y @ Y[, 8" @4') by [16, Prop. 3.3]. Using the canonical isomorphism u: 0 @ X, — X,

we see that the complex

id 0
0 X ” 0 ())" 0 1)!” 0 (;/
Z,: X, [d“ ] X, ®Y] [ b ] X, 0 [MZ ] 0o Y] [Od" ] o] oY),
realises & := up (8" ® &) in (C, E, s) by [16, Cor. 2.26(2)]. Consider the diagram
0
ay’
’
X, X, @Y
| / Jo
4]
/
Xo X, @Y
el b
dy (idXO —eg) )
Xo X, @Y
idy s idy 0
inC,wherea :=| 'y |andb:=| _,!iq |. This diagram commutes since
1 "
idy N [ 0,] | sma" ] [ seal’ 1 I:Sll/il _ [ f ]
0 1in o O I I G 7o I 4
and
e TR 2 T A I S A I
—ridy | Ldy T Ly g [T L) e ] T | o Gdy —e) |
Notice that the composition ba is an automorphism of X; @ Y{, and so the complex
, [/ @y, ’EU)]T dZpa)~! a? a? da?
X.: X, X, @Y ! Z,—2—z,—— . — 7,

forms part of an s-distinguished n-exangle (X}, 8) by [16, Cor. 2.26(2)]. We have
(eg)gd = (eo)EuE((S” D) = u]E(OESU ® (eO)ES/) = uE((S” D8 =94

aseyu =u(0@e,), 8" = 00Y,§’+1 and &’ € IF(?”H, (Xy €))- Setting f' := dg/ and C := Y/
finishes the proof. O
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We close this subsection with the~ following result, which together with its dual demon-
strates that axiom (EA1) holds for (C, T, t).

Proposition 4.26 Suppose f: (Xg.e9) = (Xy,e) and §: (Yy,¢y) — (Y, €}) are t-
inflations with (X |, e,) = (¥, ¢;). Then if: (X, ey) = (Y}, €)) is a t-inflation.

Proof By Lemma 4.25, there exists an s-distinguished n-exangle (X, 8) with X, = X, and
X| =X, ® C for some C € C, so that dé(’ = [f f’(idxo —eo)]T for some f’: X, — C and
(eg)gd = 8. Similarly, there is also an s-distinguished n-exangle (¥, §') with Y = ¥, = X,
and Y] = Y, ®C’ forsome C’ € C,sothatd] = [¢ &'(idy —el))]—r forsome g’: X, — C’and
(eg)gd’ = &'. Setting Y, := triv(C),, we also have the n-exangle (Y., -0,) by axiom (R2)
fors. Then (Y,®Y., §'® -0,) is s-distinguished by [16, Prop. 3.3]. We have Y @Y; = X, ®&C
and Y[ @Y =Y, ®&C' ®C,and

Y'ay” /. 8 , 0
dO Y _ | ¢ (lClXl —eg) 0
0 ide

is the s-inflation of (Y, ® Y/, 8’ @ 0,)) with respect to the given decompositions. Since dé( '
and dg ‘or” are s-inflations, by (EA1) for (C, E, s), we have that the morphism

0 &f
dY/GBY”dé(’ _ g/(idxg —ep) 0 [f’(idf . )] — | gdy —ep)f | Z ‘ g({
‘ 0 id, %o 0 flidy —eq) flidy —ep)

is an s-inflation, where we used that ¢ f = ¢, f = f. Therefore, there is an s-distinguished
n-exangle (Z//, 8") with Z = X, Z = ¥, & C' & C and dZ" = [/ 0 ['tidy )]

Our next aim is to apply Lemma 4.24 to (Z], §”). Thus, we claim that (e))y8" = &8”.
Since dg/eay//dé(/ = dOZU, we can apply [16, Prop. 3.6(1)] to obtain a morphism

doz/, 8"
Xy ———— necec z z, Zy ——m=2--—- >
Lo [ o
qy'er” ~ v g 8@ 0y
X @oCc ——>recescC Y, @0 Y, @0 Y, ®0 ————~ =2 N

of s-distinguished n-exangles. In particular, we have that

@38 = U D@ ® 0. 4.5)
Asej=e, e, f = f = fe, and ¢, is idempotent, we see that
! f / /
dg ey = [fgo] - [elof] — [301 8][](,0%0 _eo)] = [66)8]%’(, (4.6)

This implies that

(dg g lidy, —eq)gd” = (g — dif eg)gd”

= (@ - [§a"), > by (46)
. 0 ’

= (idy,ac = §3]), @ a"
idy —e) 0 B

=[ “ Uidc]E(l"+l) & ® 0p) by (4.5)
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= ()" ((Gidy, —¢p)sd’ @ (do)g 0)

= xleacoz”

/ Y
- as (eg)gd’ =4'.

Since (X, 8) is an s-distinguished n-exangle, by [16, Lem. 3.5] there is an exact sequence

E @

c(Zl,. X, LBz, X — 2 gz
g Xng)) —— B(Z,, Xo) —— B

w1 X1 ®C).

"

: 1" . X : ; .
As seen above, (1dxo —e()d” vanishes under (dy ), so there is a morphism Fuyt: 2

+1 7

. ]E _ IE _ . . . _ .
X;H with =8 (r, ) = (r, )" = (1dx0 —ey)gd”. Since (1dx0 —eg)pd = X()OX;H-]’ this

implies
5077, = )"y, —e)gd = (idy, —eq)g ()"0 = ((idy, —¢p)?) 8" = (idy, —e)gd,

showing that (e,)8” = 8”.

Now consider the idempotent ¢; @0®0 € End, (Y, ®C'@®C). A quick computation yields
the equality (¢} ® 0 @ O)dOZ// = dOZNeO. Therefore, by Lemma 4.24, there is an idempotent
morphism e} : (Z],8") — (Z],8") with e] = ¢), ¢] = ¢} & 0@ 0 as well as an F-
extension o € F((X, ¢)), (Z,, e, ) with underlying E-extension p = §”. We obtain a
t-distinguished n-exangle ((ZZ, eJ), £). Then the t-inflation of this n-exangle is given by the
morphism d\* " (X,, ¢p) = (Y, @ C' & C, ¢} & 0 @ 0) satisfying

d(gZu’eN) _ e,l,doz//eg _ (e’l D0® O)doz//eo _ [e’lgfeo 0 O]T — [gf 0 ()]T.
AsS: (Y, ®@C'@®C,e; ®0®0) — (Y, €}) withs = [¢ 00] is an isomorphism in C, the
complex

N ~§// ~]3‘(‘// “éZ//,e//) ~(Z”,e”)

X, (Xpr€9) — (Y, ep) —— (Z3, 65 S (A
with t-inflation Jg” = NEJ(EZ”’E”) = gf and c?f?” = c?l(zﬁ’e”)i_] forms part of the t-
distinguished n-exangle (X7, p) by [16, Cor. 2.26(2)]. o

4.4 The Axiom (EA2) for (C, T, t)

The goal of this subsection is to show that axiom (EA2) holds for the triplet (CN, F, t). Again,
by dualising one can deduce that axiom (EA2) also holds. We need two key technical
lemmas first.

Lemma 4.27 Suppose that:

(i) § e F((X,,, . ~
(ii) ¢: (Yn+l’ e:Hl) — (Xn+1, enH) is a morphism in C for some (Yn+l’ e;H) eC;

€,.1)s (Xg, €g)) is an F-extension;

(iii) (X,,9) and (Y,, c®8) are s-distinguished n-exangles with Y, = X );
(iv) e,: (X,,8) — (X,,8) is an idempotent morphism lifting (ey, e, ): § — &, such that
idy —e, is null homotopic; and

n+1

(v) e,: (Y,,c"8) — (Y,, c®8) is an idempotent morphism lifting (egs €pyp): cEs — (B,
such that id,, —e, is null homotopic.
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Then a good lift g, : <Y.,C]E8) — (X,,8) of the morphism (idXO,c): cBs — § of E-
extensions exists, so that

a¥ dy dr dy
0 1 n—1 n
. ¥ Y o Y, 7 L
0 ’ el/ 8 en 8n ll“H/
d¥ df dY ay c
0 1 n—1
Y, H Y, Y, Yn+]
8
SN A N S
X X, : Xy Xn+1
/0 = /] - %,, .
X, X s X X
0 1 n +1
a4 ait 4 4 !

4.7

is commutative in C. In particular, we have g e, = e,g, as morphisms (Y,, c®8) — (X,, 8).
Remark 4.28 Notice that (¢,)pé = 8 and ce;, | = c imply

(ep)p(c®8) = 8 = (¢}, DE("9). (4.8)

Therefore, (e, e;l L) cEs — ¢E§ is indeed a morphism of E-extensions and condition (v)
makes sense. Condition (iv) makes sense due to Remark 4.5(iv).

Proof of Lemma 4.27 Since (id Xy’ ¢):cEs > Sisa morphism of E-extensions, it admits a
good lift g, = (gf, ..., g;lH) = (idxo, g8 o) (Y, c®8) — (X,,8) using axiom
(EA2) for the n-exangulated category (C, I, 5). Define g; := ¢, g/e/ + (idy —e,)g}(id, —e))
for0<i < n-+ 1. II\Iote .that ey = e(/) anq €, 1€ /: c= ce,, . ; by assumption. FOI‘li =0, we
have g, = ¢, 1dX0 ey + (1dX0 —'eo) 1dX0 (1dXO —'eo) = 1dX0. On the other hand, fori = n —|— 1
wehave g, = en+1C€;z+1 -|—(1dxn+1 —enH)c(ldxn+l _e;zﬂ) = c. Therefore, the morphism
8o = €,8.€, + (idy, —e,)g.(id, —e,): Y, — X, is of the form (idy , 8155 800 O

The squares on the top and bottom faces in (4.7) commute as e,: ¥, — Y, ande,: X, —
X,. respectively, are morphisms of complexes. The squares on the front and back faces
in (4.7) commute because g, is the sum of morphisms of complexes from Y, to X,. This
also implies g, = (id Xy 81 --+» & ©) is alift of (id X, c¢). Of the remaining squares, the
leftmost clearly cgmmutes and the rightmost commutes as c¢: (¥, ;, e;ﬂ) => (X, 415 €,01)
is a morphism in C. For 1 <i < n, we have

/

g,-el/- = eigl{e;el/- + (idxl_ —e[)g{(idyl_ —e;)ei

_ r N2 )
=e;g;¢; as (e;)” =e;

. . 2
=e¢;e;gie, +¢; (ldX; —ei)g;(ldyi —el) as ()" =¢;
=¢€8;-

Therefore, diagram (4.7) commutes and, further, the last assertion follows.
It remains to show that g, is a good lift of (idxo, c): c®8 — 5. Recall that idy, —e

and id,, —e, are both null homotopic by assumption, and so g, — g, = (idy —e,)g.e, +
e,g.(id, —e,) is also null homotopic. Then it follows from [16, Rem. 2.33(1)] that g, is a

good lift of (idXO, c) since g, is. O
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The next result allows us to define a good lift in C from the one we created in Lemma
4.27.

Lemma4.29 In the setup of Lemma 4.27, the morphism h,: (Y,,e.) — (X,.e,) with
under-lying morphism h, = e g, is a good lift of the morphism (i:'i(XO!eo), &): s — Sof
F-extensions.

Proof From (4.8), we see that ¢¥3 e F((Y, 415 e,/l_H), (X, €¢)) is indeed an [F-extension and
(ﬁ(XO,eO)! &): &5 — § a morphism of F-extensions. Using hy = eygoen = €y = id(XO’
and h, ; = e
morphism ((Y,, €,), ¢¥8) — ((X,, e,), 8) of t-distinguished n-exangles, lifting (i’a( Xgaep) ©)-

)
ane;H_l = ¢, as well as the commutativity of (4.7), we see that h, is a

Recall from Definition 3.4 that Mg. denotes the mapping cone of g,: ¥, — X, inC,
and that (Mg., (dg)ES) is s-distinguished as g, : (Y, cB8) — (X,,8) is a good lift of
(idXO, ¢): ¢®8 — 8. Using the commutativity of (4.7), that e,: X, — X, and e: ¥, — Y,

/

are morphisms of complexes, and thate, | ;¢ = ¢ = ce one can verify that the diagram

n+1°
c c c e .

dy ! 4" dy* d, &% @)

Y, — 1L eX —— L eX, Y, ®X, — oy x  0k N
Fil \U:BOZ 6’0] ] \“:E(% eoz:| [ena.l EO :|l Ln+ll

Y, TE> Y, ® X, TE> Y;® X, e e Y, 19X, T£> X, 7&3;};?

dO d] d2 dn—l dy,

4.9

commutes. Thus, the vertical morphisms form an idempotent morphism e : Mg. — Mg.
of complexes. Furthermore, (4.9) is a morphism of s-distinguished n-exangles as

(€D dD)Es = ([dY)g(eg)sd as (4.7) is commutative
= (d})ps as§ € F((X,41, €,11)s (X, €))
= (dg)E(€n+l)E8 asé e F((X,115 €441)> (Xo5 €9))
= (eny )" (dg ).

This calculation also shows that 5 := (e, (dé’)ErS, e, 1) €EF((X, 1. e, 1), (Y], €])). Thus,
by definition of t, we have that t(5) = [(M{ _, e])], i.e. (M§ . el), p) is t-distinguished.
It is straightforward to verify that the object (M C., e7) is equal to the mapping cone
Mg of i, in Ch(C", so <M,§~ , ) is t-distinguished. Lastly, we note that (d\" ") (3) = 4
because
(A" )gd = (df eg)g = (d) ) (eg)gd = (df )b = p.

Hence, (Mg s (JéY’e/))FS) is a t-distinguished n-exangle. O

We are in position to prove axiom (EA2) for (5, F, t). Axiom (EA2)° can be shown dually.

Proposition 4.30 (Axiom (EA2) for (C~, F,t)) Let 5 e F(f
Y X | IS a morphism in C. Suppose (X.,S) and (?.,E]FS) are

nals X)) be an F-extension

and suppose ¢: Y, .| — X

n n+

t-distinguished n-exangles. Then (ﬁgo, ¢) has a good lift ﬁ.: }7. — )N(..
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Proof Notice that the underlying E-extension of é¥§ is ¢®8. By definition of t and Remark
4.21, there are s-distinguished n-exangles (X/, 8) and (Y., ¢®8) and idempotent morphisms
e,: (X.,8) — (X.,8) and e,: (Y., c®8) — (Y., cE8), such that t(8) = [(X),e,)] and
t(@8) = [(Y.,€.)], and so that idX,. —e, and idY., —e., are null homotopic in Ch(C)". We
note that since [¥,] = t("8) = [(¥],€,)] and [X,] = t() = [(X,.e,)]. we have that
(Y5, e) = Yy = X, = (X[, ¢) and, in particular, that ¢, = ¢;,. Moreover, it follows that all
the hypotheses of Lemma 4.27 are satisfied.

Therefore, by Lemma 4.29, the morphism (i?l %y &): é¥8 — § of F-extensions has a good

lift 7 : (Y., e)) — (X..e,). Since [(X}.e,)] = [X,] and [(Y],e,)] = [Y,], there is a

homotopy equivalence 4, : (X,,e,) — X, in Ch(C)"s + and a homotopy equivalence

b,: Y, > (Y., €,) in Ch(év)’('? 7, By [16, Cor. 2.31], the composite a,i,b,: Y, - X,
0" n+l

is then also a good lift of (i?i %, c). O

4.5 Main Results

In this subsection we present our main results regarding the idempotent completion and an
n-exangulated structure we can impose on it.

Definition 4.31 We call an n-exangulated category (C, E, s) (resp. weakly) idempotent com-
plete if the underlying additive category C is (resp. weakly) idempotent complete.

In [5, Prop. 2.5] a characterisation of weakly idempotent complete extriangulated cate-
gories is given. Next we note that the first part of Theorem A from Sect. 1 summarises our
work from Sects. 4.1-4.4.

Theorem 4.32 Let (C, ., s) be an n-exangulated category. Then the triplet (C, T, t) is an
idempotent complete n-exangulated category.

Proof This follows from Propositions 2.5, 4.22, 4.26 and 4.30, and the duals of the latter
two. O

And Corollary C from Sect. 1 is a nice consequence of this.

Corollary 4.33 Let (C, E, 5) be an n-exangulated category, such that each object in C has a
semi-perfect endomorphism ring. Then the idempotent completion (C, F, 1) is a Krull-Schmidt
n-exangulated category.

Proof By Theorem 4.32, the idempotent completion (C,F,t) is an idempotent complete
n-exangulated category. By [12, Thm. A.1] (or [24, Cor. 4.4]), it is enough to show that
endomorphism rings of objects in C are semi-perfect rings. Let (X, ¢) be an object in C.
We have that End 5((X ,idy)) = End,(X) is semi-perfect since .7, is fully faithful (see
Proposition 2.5). By Remark 2.6, we have that (X, id ) = (X, e)® (X, idy —e). Inparticular,
we see that Endc~((X, e)) is an idempotent subring of the semi-perfect ring Endc~((X, idy)).
Hence, by Anderson—Fuller [1, Cor. 27.7], we have that the endomorphism ring of each object
inCis semi-perfect. O

We recall that, by [23, Cor. 4.12], an n-exangulated category is n-exact if and only if its
inflations are monomorphisms and its deflations are epimorphisms.

Corollary 4.34 Suppose (C, E, s) is n-exact. Then (5, F, t) is n-exact.
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Proof We use [23, Cor. 4.12] and only show that t-inflations are monomorphisms; showing t-
deflations are epimorphisms is dual. Let f: (X, ¢;) — (X, ¢;) be a t-inflation and suppose
there is a morphism g: (¥, ¢j) — (X, ¢,) in C with fg = 0. By Lemma 4.25, there is an
s-inflation dX [ foflady —eo) ]T: X, — X, ® C, which is monic as (C, E, s) is n-exact.
We have fg =0 as f g = O, and we also have f’ (idXO —ey)g = 0 because the underlying
morphism g of g satisfies g = ¢,g. Thus, we see that dOX/g = 0 and this implies g = 0 as
dé( " is monic. Hence, ¢ = 0 and we are done. O

The main aim of this subsection is to establish the relevant 2-universal property of the
inclusion functor .7, : C — C. We will show that 4, forms part of an n-exangulated functor
(#:.1): (C,E,5) — (C IF, t), and that this is 2- umversal in an appropriate sense. The next
lemma is straightforward to check.

Lemma 4.35 The family of abelian group homomorphisms

Cix,, xp0 EXgrs Xo) — F(I(X,,41), Fe(Xp))
S —> (1dX0, 6’lan+1)’

Sor X, Xn_~_1 € C, defines a natural isomorphism I' : E(—, —) é F(Io—, I—).

Proposition 4.36 The pair (9., ') is an n-exangulated functor from (C, E, s) to ((j’: I, t).

Proof We verify thatif (X, §) is an s-distinguished n-exangle, then (.7 (X,), F(X 1 XO)((S))
n+1°
is t-distinguished, where F(Xn+l’X0)(6) = (idxo, 8, idX,,H) € F(I(X, 1), I (X)) We
have the idempotent morphismidy : (X,,8) — (X,, 8) thatis a lift of (idXO, idy +]): 5 —
8, so from Definition 4.20 we see that t(F(X x )(8)) = [(X,,idy )] =[S (X,)]. m}
n+1°0 .

We lay out some notation that will be used in the remainder of this section and also in
Sect.5.

Notation 4.37 Let (X, ¢) be an object in the idempotent completion C of C. Then (X, e) is
a direct summand of .# ,(X) = (X, idy) by Remark 2.6. By Ip = (idy,e,e): (X,e) >
(X,idy) and p, := (e, e,idy): (X,idy) — (X, e), we denote the canonical inclusion and
projection morphisms, respectively.

Recall that, for an additive category C’ and a biadditive functor E': (C)® x C' — Ab,
the [E'-attached complexes and morphisms between them were defined in Definition 3.1, and
together they form an additive category.

Lemma4.38 Let § € F((X, 11> €,41) (X, €9)) be an F-extension. Suppose s(8) = [X,]
ande,: (X,,8) — (X,,8) is an idempotent morphism. With e, :=idy —e,, we have that

~ T ’ 3
(ﬂC(X.), F(Xn+l’X0)(8)> = (X, ), 0) @ ((X,, ), (X0~66)0(Xn+1’e;z+1)> (4.10)
as t-distinguished n-exangles.
s : S ’ N
Proof Letp := F(Xn“’xo)((s)' First, note that ((X,, e,), 6) and ((X,, e,), (XO’eéJ)O(Xn+l’e;1+l))

are F-attached complexes, and (.,(X,), o) is a t-distinguished n-exangle since (%, I') is
an n-exangulated functor.
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Consider the morphisms fe‘ D (X,,e,) = (X)) and p.,: I(X,) = (X, e,) of
complexes induced by e,, as well as the corresponding ones fe; and p,; for e,. We claim that
there is a biproduct diagram

leg A

(X,.¢,). ) <15— (Le(X,). ) ﬁ—> (X, e0). (X0936)0(Xn+1’e:1+1) ’
Co A

(4.11)

in the category of F-attached complexes. To see that fg. is a morphism of F-attached com-

plexes, we just need to check that (feo)ﬂ:g = (;Ewl )F,ﬁ. By Remark 4.7, it is enough to see that

: i) 8. Similarly,

we see that p,, is a morphism of F-attached complexes. To see thati,; and p,; are morphisms
— E

= (1dX”+] —e,,1) 3. Fur-

thermore, we have the identities id(x, ) = pe,ic, 1d(x, o) = Peyie, and 1d, (y,) =

(eg)gd = (enH)]EB holds, and this is indeed true because § = (¢,)d = (e

of [F-attached complexes, one uses that (id X, —ey)pd = XOOX

fe. De, + fg/_ Pe,» 50 (4.11) is a biproduct diagram in the additive category of F-attached com-
plexes. Therefore, we have that (4.10) is an isomorphism as F-attached complexes.

Lastly, since {(.7,(X,), p) is t-distinguished, it follows from [16, Prop. 3.3] that (4.10) is
an isomorphism of t-distinguished n-exangles. O

Thus, we can now present and prove the main result of this section, which shows that
the n-exangulated inclusion functor (%, I'): (C, E, 5) — (C, T, t) is 2-universal amongst
n-exangulated functors from (C, E, s) to idempotent complete n-exangulated categories.

Theorem 4.39 Suppose (%, A): (C,E,s) — (C',[E,s') is an n-exangulated functor to an
idempotent complete n-exangulated category (C', &, §'). Then the following statements hold.
(i) There is an n-exangulated functor (&, W): (a F,t) — (C',E,s") and an n-
exangulated natural isomorphism 3: (F, A) = (&, W) o (S, ).
(ii) In addition, for any n-exangulated functor (¢, ®): (C,F,t) — (C', ¥, s') and any n-
exangulated natural transformation . (F, A) = (¥4, ©) o (S, I), there is a unique
n-exangulated natural transformation 1d: (£, V) = (4, ©) with 7 = ch ]

Proof (i) By Proposition 2.8(i), there exists an additive functor & : C — (' and a natural
isomorphism 3: # = &.,. It remains to show that & forms part of an n-exangulated
functor (&, W) and that 8 is n-exangulated.

First, we define a natural transformation W : F(—, —) = E'(£—, &—) as the composition
of several abelian group homomorphisms. For X, X, | € C, we set

T(Xn+l’XO) = E/(3;:+1 , EXO): E/(ﬁ(XnH), F(Xy) — E/((?JC(XHH), EI:(Xy)).
For io = (X, ¢,) and )N(VH_I = (X, 1,€,41) In C, we define an abelian group homomor-
phism

Izt P& X — E(X, 1, Xo)

8 = (e, 8, €ypp) M 6,
and put

%)= E(&@,

P%.. %, ), E(Bey)): B/ (ETe(X,41), 65:(X)) = E(E (X, 1)), (X))

n+1
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For morphisms a: X, — Yjandc: Y, | — X, ,inC, we have
T(YHPYO)EI("JZ(C)’ F(a)) = E’(&ﬂc (c), &5, (a))T(Xn+|~Xo) 4.12)
as ¥ is natural. For morphisms a : )N(O — 170 and ¢: ?n+l — )N(n_H in CN, we have

I~ 7, F(c,a) = E(c,a)l& (4.13)

GO +1-%0)

using how F is defined on morphisms (see Definition 4.4). We claim that the family of abelian
group homomorphisms

Y, %) =Pz, x0T, x00ax,, 5007, %)

for )?0, X ntl € C defines a natural transformation W : F(—, —) = IE’((?—, &—). Tothis end,
fix objects X, = (Xg. ). Yo = (Yy. €p). xn+1 Kyprr€ppp) and Y,y = (Vo€ 1),
and morphisms a : XO — Y0 andé: Y el Xn L1 in C. First, note that we have

Py I (@) = Py Ie(@)-Ie(eg) = puyIe(@Viey Pey = dpe, (4.14)
and, similarly,

IOy | =le,, ¢ (4.15)

n+l

Therefore, we see that

\IJ(Y " 7 )F(c a)
P(Y Yo)T( Yoirh )A( Y0 YO)I(Y IF(C a)
P(Y YO)T( Yoo Yo)A(YnJrleo)E(c’ a)I(}?nH’}?O) by (4.13)
7. Yo)T( Y, YO)IE’(ﬂ(c), ﬁ(a))A(X”H!XO)I(}?"H5(0) as A is natural

=Py 7 E (650, 6T@) Ty, | x)A by (4.12)

(Xn-%—l’XO)I(?rH»l’;O)
= E/(éa(]c(c);e’ ), g(ﬁd jc(a)))T(X X )A(X n+1° Xo)l()?nﬂjo)
Y (@@(,E &), E@Pe )Ty X, xol % by (4.14) and (4.15)

=E'(£(©), @)l

n+1° )
41 ,520)T(Xn+1vXO)A(Xn+1»X0)I()?nH,)?O)

=E@@.6@V;5  z

Next, we must show that (&', W) sends t-distinguished n-exgngles}o s/ -distinguished n-
exangles. Thus, let Xy = (Xg, €¢4), X, = (X, 1, €,.1) € Cand § € F(X, , X;), and
suppose t(8) = [X ]. We need that s (\IJ 7 7 )(5)) = [éa(g.)], which will follow from

+1°70
seeing that (& (X ), \IJ % )(8)) isa dlrect summand of an &'-distinguished n-exangle.
Xpi1:Xo

By Remark 4.21, we may take a complex X, in Ch(C)" with s(§) = [X,] and
an idempotent morphism e,: (X,,8) — (X,,d) lifting (¢y,e,,1): § — 4, such that
t(S) = [(X,,e)] }:Iote for later that we thus have [(X,,e,)] = [)N(.], and hence
[E((Xes e] = [E(X)L Let p:= Ty« 1(8). Since (F, A): (C,E,5) — (C'E, s

n+1°
is an n-exangulated functor, the n-exangle (#(X,), A (X, .Xy) (8)) is s'-distinguished. As
n+1°
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we have an isomorphism of complexes 3 X, F(X,) — &I:(X,), the E’-attached com-
o .
plex (6.7,(X,), T(Xn+1»Xo)A(X,,+1’Xo)(5» is s’-distinguished by [16, Cor. 2.26(2)]. Since

P( I oKy ) I oK) = E(& (fidxn+I ), &( ﬁidxo)) is just the identity homomorphism, a quick
computation yields
o/ el
Vet 7 @ = Tix, | xp Aok, x @ =E Sy B )M, xy) )
(4.16)
In particular, this implies that (6.7, (X,), ‘ll(] Xy, (XO))(p)) is §’-distinguished.
Note that {7, (X,), p) = ((X,, e,), 5@ ((X,,el), (Xo~eo)0(Xn+1,€n+1) ¢
plexes by Lemma 4.38, where e/, := idy . % . We see that (6((X,, e,)), \I/ %% )(6)) is
0

) as [F-attached com-

a direct summand of the s’ dlstlngulshed n-exangle (&.7,(X,), \D(]C(X D, ﬂc(Xo)) (p)) by
Proposition 3.7(ii). Hence, s (\Il (8)) =[&((X,.e,))] = [éa(X )] by [16, Prop. 3.3],
and so (&, V) is an n—exangulate(f functor.

Lastly, it follows immediately from (4.16) that ¥ is an n-exangulated natural transforma-
tion (#,A) = (&, ¥) o (S, ') = (65, \IIJCX‘]CF).

(ii) By Proposition 2.8(ii), there exists a unique natural transformation : & = ¢ with
T="n s, 2, so it remains to show that ' induces an n-exangulated natural transforma-
tion (£, ¥) = (¥,0). For this, let X, = (Xg.¢0). X, = (X,,1.¢,,1) € C and

ScF ()? X o) be arbitrary. Note that we have

n+1’
=Fa,,, ﬁeo)F(X,M,XO)(‘S)' (4.17)
Hence, we obtain
(D§O)E,w(§n+l’§0) @)
= 35 ))e V% %) Fle, Pe)Tix,,, @) by (4.17)
= (D}?O)E/E/(é"(iew), g(ﬁeo))(llljcxjc F)(XHVXO)((S) as W is natural
=E'&Ge,, ) Diog(ﬁeo))(\pvﬂcchr)(an,xo)(S)
=E (&G, ), G Pe)R 7, x) ¥ sy x5, Dix, ) ©) as 1 is natural
/ T ~ —1
=E/(EGe,, ) 9 (Pe) Tx, SxDW s s Dix, ) @) asT=1, 3
=E/(&G. i) G (Pe)) Ty )]E/(x;_(l)]g/(‘l’y x 7 x,,,.x0) @)
= E’(g(ze s g(peo))('fx )]E,(B_ ) A(x 0)(8) as ¥ is n-exangulated
= E'(&(e,.). 9 (he,) Sy ¥ Ny )pAx,,, x,)@)

= E'(8(e,, ). 9 (PSB! V¥ Ty, ¥ (© 4 s Dix,,, x,)(®) as Tis n-exangulated
=E(Tx,  3x) | Ehe,,) 9GO s s, Dix,,, xp)®

=E®Ry,x,,)6 e, ) Y Be)O© 4 s Dix,, x) @ asT=1, %
=E'@(,, N %, GPe)© s D, xp)®) as 1 is natural

)G (Pe)O 4y s . Dix,,, x®)

n+l1

E 7
-0 FEG,,
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= (D;?n )E/@ X )]F( enirr Pe)Tix, | x @) as © is natural
=Mz * ® % )(5) by (4.7),
n+1 n+l 0
and the proof is complete. O

‘We close this section with some remarks on our main results and constructions.

Remark 4.40 Before commenting on how our results unify the constructions in cases in the
literature and on how our proof methods compare, we set up and recall a little terminology.
Suppose (C, E, s) and (C',E, §") are n-exangulated categories. We call an n-exangulated
functor (#,T): (C,E,s) — (C',E',s') an n-exangulated isomorphism if .Z is an isomor-
phism of categories and I' is a natural isomorphism. This terminology is justified by [9, Prop.
4.11]. Lastly, we recall that n-exangulated functors between (n 4 2)-angulated categories are
(n + 2)-angulated in the sense of [10, Def. 2.7] (or exact as in Bergh—Thaule [8, Sec. 4]),
and that n-exangulated functors between n-exact categories are n-exact in the sense of [10,
Def. 2.18]; see [10, Thms. 2.33, 2.34].

It has been shown that a triplet (C, E, s) is a 1-exangulated category if and only if it is
extriangulated (see [16, Prop. 4.3]). Suppose that (C, E, s) is an extriangulated category and
consider the idempotent completion C of C. By [27, Thm. 3.1], there is an extriangulated
structure (IF’ t) on C. By our Theorem 4.32, there is a 1-exangulated (or extrlangulated)
category (C F, t). By direct comparison of the constructions, one can check that (C F, 9
and (C, F, t') are n-exangulated isomorphic. Indeed, the bifunctors F and F’ differ only by
a labelling of the elements due to our convention in Definition 4.4; and, ignoring this re-
labelling, the realisations s and " are the same by Lemma 4.19. Furthermore, since (5, F,t)
recovers the triangulated and exact category cases, we see that our construction agrees with
the classical (i.e. n = 1) cases up to n-exangulated isomorphism.

For larger n, we just need to compare (C, T, t) with the construction in [25]. Thus, suppose
(C, E, s) is the n-exangulated category coming from an (n 4-2)-angulated category (C, X, O).
Recall thatin this case [£(Z, X) C(Z 2X) forX Z € C.Using [25, Thm. 3.1], one obtains
an (n+2)-angulated category (C E 3), where ¥ isinduced by ¥.From thls (n+2)-angulated
category, just like above, we obtain an induced n-exangulated category € F, ¢ ')- Notice that
F(—,—)=C(—, £-). Comparing (C, F, ) to the n-exangulated category (C, I, t) found
from Theorem 4.32, again we see that IF and F’ dlffer by the labelling convention we chose in
Deﬁmtlon 4.4.By [16, Prop. 4.8] we have that (C F, t) induces an (n +2)- angulated category
(C .0 "), and therefore the n-exangulated inclusion functor JC C — C is, moreover,
(n + 2)-angulated. It follows from [25, Thm. 3.1(2)] that & and ©’ must be equal, and hence
(C,F,t) and (C,F, t') are n-exangulated isomorphic.

Remark 4.41 Our proofs in this article differ from the proofs in both the extriangulated and the
(n 4 2)-angulated cases. First, the axioms for an n-exangulated category look very different
from the axioms for an extriangulated category. Therefore, the proofs from [27] cannot be
directly generalised to the n > 1 case. Even of the results that seem like they might generalise
nicely, one comes across immediate obstacles. Indeed, Lin [25, p. 1064] already points out
that lifting idempotent morphisms of extensions to idempotent morphisms of n-exangles is
non-trivial. Despite this, we are able to overcome this here. This, amongst other problems,
forces Lin to use another approach, and hence demonstrates why our methods are distinct.

Remark 4.42 He—He—Zhou [15] have considered idempotent completions of n-exangulated
categories in a specific setup. In their setup, there is an ambient Krull-Schmidt (n + 2)-
angulated category C and an additive subcategory A that is n-extension-closed (see Definition
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5.2) and closed under direct summands in C. The main aim of [15] is to show that the
idempotent completion Aof Aisan n-exangulated subcategory of C.

Since A is an additive subcategory of and closed under direct summands in a Krull-
Schmidt category, it is Krull-Schmidt itself. In particular, A =~ A is already idempotent
complete by [24, Cor. 4.4]. Moreover, in the setup of [15], it already follows that A inherits
an n-exangulated structure from C =~ C. Indeed, (EA1) is proven in [22, Lem. 3.8], and
(EA2) and (EA2)® are straightforward to check directly. It is then clear that A inherits an
n-exangulated structure from C.

5 The Weak Idempotent Completion of an n-Exangulated Category

Justasin Sect.4, weassumen > 1isanintegerand that (C, E, s) is an n-exangulated category.
By Theorems 4.32 and 4.39, the idempotent completion of (C, E, s) is an n-exangulated
category (C.F, t) and the inclusion functor S of C into Cis part of an n-exangulated functor
(Fe.1): (C,E,5) — (C, F, t), which satisfies the 2-universal property from Theorem4 39.
In this section, we turn our attentlon to the weak idempotent completion C of C and we
show that it forms part of a triplet (C, G, v) that is n-extension-closed (see Definition 5.2) in
(5, IF, t). It will then follow that (a G, v) is itself n-exangulated, and, moreover, there is an
analogue of Theorem 4.39 for (a G, v); see Theorem 5.5.

We begin with the following proposition, which is an analogue of Lemma 4.38 for the
weak idempotent completion.
Proposition 5.1 Suppose (X, e;), (Xn+1, en+1) e C are objects, § e IF((XnH, en_H),
(XO, eo)) is an F-extension and s(8) = [X,]. Then there is a t-distinguished n-exangle
(Y 8) with Y € Ch(C)” and an s-distinguished n-exangle (Y, y,Oy, ), such that

(T (XD Tix,  xp @) = (70, 8) @ (£(Y). T, Yo>(Y'°Y,;+, )

as t-distinguished n-exangles.

Proof By Corollary 4.13, there exists an idempotent morphism e, : (X,, 8) — (X,, §) with
e; = idy for2 <i < n —1, as well as a homotopy h, = (h,,0,...,0, hn+1): e, ~ 0,,

where ¢, := idy —e,. Notice (X;,¢;) € Cfori = 0,n + 1 by assumption. Further-
more, (X;,¢;) = (X;.idy ) € S(C) € Cfor2<i<n—1.Setf:=Ty 4 ). By
n+1°0

Lemma 4.38 we have (ﬂC(X ), p) = ((X,, e,), 5 e (X, €., (X, .l )G(X ) as t-dis-
0°€0

PESRLATRY -
tinguished n-exangles. We will show that there is an isomorphism 5, : (X,,e¢,) — Y, in

Ch(C)((X ). (X ) for some }7. € Ch(@)”, as well as an isomorphism §,: (X,, ¢.) —
0 n+1 n+
B4 (Y.) in Ch(C) for some object ¥, € Ch(C)".
Ifi = 0,n+ 1, then ¢ = idy —e; is split by assumption, so by Lemma 2.4 there are
objects ¥/ € C and isomorphisms 5§/ : (X;,e;) — #,(Y/). For2 <i < n — 1, we see that
=1id, —e; =0, so by Lemma 2.4 again we have isomorphisms §/: (X,, ¢}) — Z,(Y)),
but now where Yi’ = 0 € C. Since (X, €y), (X, 1. €,,1) € 5by assumption and because
(X;,e) = (X;,idy) € S, (C) € C for 2 <i <n-—1,weputY; ;= (X;,¢) and
;= i?i(xl_’ei) fori € {0,n4+1}U{2, ..., n—1}. It remains to find appropriate isomorphisms
5, and §/ fori =1, n.
We have a morphism IEI: (Xy,¢)) = (X,,e,) with underlying morphism k, :=

eyhy €} and another ];n+l t (X, 15 €,41) = (X, e,) with underlying morphism k,
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enhn+1 1 by Lemma 4.14. Since (h,,0,...,0,h, ,): e, ~ 0, is a homotopy, we see that
h do = ¢;,. This implies
kyd$) = ehhed el = ephydf el = ey = id iy, e (5.1)
= 5(X.e ~ .. (X, ~
and so kld(() ) = 1d(X0’66). Similarly, we also have d,g ¢ )kn+1 = ld(XnJrl’e:H»l).

1. If n = 1, then (5.1) shows that c?éx‘e/) is a section in the complex (X,, ¢,), and hence
this complex is a split short exact sequence by [16, Claim 2.15]. In particular, we have
that (X, €})) = (X, ¢)) ® (X,, ¢e5) = I, (Y)) & I.(Yy) = F,(Y; @ Y3). So we put
Y| =Y @®Y;anddefine 5| : (X,,e}) = F,(¥])tobe this composition of isomorphisms.
Ast(Xl) = (X, e) @ (X, e’l), and J,(X,) and (X,, e/l) are isomorp}}ic togbjects
in C, by Lemma 2.12 there is an isomorphism El : (X;,e) — Y, forsome Y, €C.

2. If n > 2, then the form of the homotopy %, implies that the identities dé( h, = €} and

h, +1d1§+ | = e, hold. Therefore, we see that

(X, X X :
dy 'k, = dj eghyey = €jdy hyej = €} = idix, ey
which shows that Igl and Jéx’e,) are mutually inverse isomorphisms. We now define Y|
Yj and §] = §6~ (Xl, e}) — #,(Y]). Because there are isomorphisms .7, (X )
(Xl, )@ (Xl, el) = (X, e)) © (X, eO) and .#,(X,) and (X, eo) are 1s0m0rph1ct
objects inC, by Lemma 2.12 there is an isomorphism 5, : (X, e¢;) — Y, for some Y] eC.

e

)3

In a similar way, one can show that k 41 and dp 75 are mutually inverse isomorphisms.
Weset Y, :=Y,  and5, =3, d (X . F (X ,/1) — Z,(Y,). In addition, there is an
isomorphism §,,: (X,,e,) = Y for some Y eC.

The complex ?, with object 171 in degree 0 < i < n + 1 and differential Jl.? =
5 gz
Simd; 05T - o
5y and 5, | are identity morphisms, we have that (Y,, §) is t-distinguished by [16, Cor.

2.26(2)]. The complex Y Y/ with object Y’ = J,(Y/)indegree 0 < i < n+ 1 and differential

in degree 0 < i < n is isomorphic to (X,, e,) via §,. Furthermore, as

c?iyl : I_Hd(x g l/ Uin degree 0 < i < n is isomorphic to (X,, € .) via §,. Moreover, this
; - / 0 _
induces an isomorphism s, : ((X,, €,), (X()’e(,))O(XnH’E’,M)) — (Y] . y,0~”+l) of F-attached
complexes, and hence of t-distinguished n-exangles. It is clear that

(v, YOOZ; ) Z (I (trivy(Yy), @ triv, (Y, 1)), T YO)( "H))
by the construction of Y, . Y! Lastly, (trivy(Y), Dtriv, (¥, +1)" Y, Y, )1s5-distinguishedusing
[16, Prop. 3.3] and that s is an exact realisation of E. O

From Proposition 5.1 we see that C is n-extension-closed in (CN, F, t) in the following
sense.

Definition 5.2 [17, Def. 4.1] Let (C’, I/, s") be an n-exangulated category. A full subcategory
D C (' is said to be n-extension-closed if, for all A, C € D and each E’-extension § €
E'(C, A), there is an object X, € Ch(C’)" such that X, € D forall 1 < i < n and
§(8) =[X,].

Let us now define the biadditive functor and realisation with which we wish to equip C.
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Definition5.3 (i) LetG = IF|zwp 5 C™ xC — Abbe the restriction of F: C xC — Ab.
(ii) For a G-extension § € G(Xn i1 XO), there is a t-distinguished n-exangle (X o 5) with
X € Ch(C)" by Proposition 5.1. We put t(§) = [X.], the isomorphism class of X. in
KO- .
(Xo- X,

(iii) Recall from Sect. 2.2 that J#,: C — C is the inclusion functor defined by J,(X) =
(X,idy) on objects X € C. Let A: E(—, —) = G(J#,—, %) be the restriction of
the natural transformation I' : E(—, —) = F(.%,—, .#,—) defined in Lemma 4.35. This
means A(J) 1= (idxo, 8, idX,,H) € G(A (X, ), Ho (X)) for § € E(X, (, X).

Since C is an n-extension closed subcategory of (C.F, ¢ by Proposition 5.1, one can use

[17, Prop. 4.2(1)] to deduce axioms (EA2) and (EA2)* hold for the triplet (a G, v). The

difficult part is then to show that (EA1) is satisfied; this follows from Lemma 5.4 below.

We note here, however, it has been shown in [23, Thm. A] that any n-extension-closed

subcategory of an n-exangulated category that is also closed under isomorphisms inherits

an n-exangulated structure in the expected way. Although the isomorphism-closure in [23]

is assumed only for convenience, we highlight that the weak idempotent completion is not

necessarily closed under isomorphisms in the idempotent completion using the constructions
in Sect. 2. Indeed, one can show that C is isomorphism-closed in Cif and only if C is already
weakly idempotent complete.

Lemma5.4 Letf X — X be a t-inflation with Xo = (XO, ey), X =X, ¢e) € C. Then
there is a t-distinguished n- exangle (X 8) with X € Ch(C)” and d f

Proof By Lemma 4.25 there is an object C € C, a morphism f’: X, — C and an s-
distinguished n-exangle (Z,, p) with Z, = X, Z, = X, @ C,d{ = [/ ['(dy —eo)]T and
(eg)g P = p. The solid morphisms of the diagram

X, A X, @C — Zy — Zy — o — Z — Z,, | -1

o 59 4 | 0,

XOHX@CHZZHZH =2y, —> Z, | -
form a commutative diagram. By Lemma 4.24 there exists an idempotent morphism of
n-exangles e,: (Z,,p) — (Z,,p) with e[ = ¢, €| = [6018] and ¢/ = idzi for
3 < i < n+ 1, which makes the diagram above commute. Let p := F(Z,pro)(p) €

F(Io(Z, 1), To(Xp)) and p' = F(;e;m,ﬁeé)(ﬁ) € F((Z,,,.€,.1), (X, ¢y)). Notice
that the underlying E-extension of 5’ is p. Set e := idZ. —e,. Then (J,(Z,), p) =
((Z,,el), pY®((Z,, e, 0 » ) as t-distinguished n-exangles by Lemma 4.38.
e e (ZO’EO) (Zn+l’ 11+])
We claim that there is a split short exact sequence
~(Z,€”) ~(Z,€”)
0 ——— (Zy, &) ——— (Z},€]) —— (Zy,é)) —— 0. (5.2)

0
(Zy.e) (Zyy1-€541)°

section by [16, Claim 2.15]. If n = 1, then this is enough to see that (5.2) is split short
exact. For n > 2 we notice that there is an isomorphism (Z;, eé’ =0in 5, SO Jéz’e ) — 0.

~ 1
Since (Z,, ¢]) realises the trivial F-extension we have that déz’e Visa
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Thus, since &fz,e is a weak kernel of d2 , we see that 1d(Z &) factors through dfz’e ).

In particular, this implies d 1( ) is a cokernel of d(g ). Again, (5.2) is split short exact.

In particular, we have an isomorphism (Z, e’l’) = (2, e(’)’) @ (Z,, 6’2’). We know that

. "o . _ "o ; _ 1

the objects (Z, ¢y) = (X, 1dX0 AeO)Nand (Z,,€]) = (X; ®C, (1dX1 e) ®id,) are
isomorphic to objects in .#,(C) € C C C by Lemma 2.4, as idXO —e, and (idX1 —e;) ®id,
are split idempotents. This implies that (Z,, e5) is isomorphic to an object in C by Lemma
2.12. Again Lemma 2.12 and the 1somorph1sm JC(ZZ) = (Zz, ) ® (Z,, €)) imply that
there is an isomorphism 5, : (Z,, ez) — X for some X eC.

The morphism 5, : (X1 ® C, [ 0 0]) — X1 with underlying morphism s; = [¢; 0] is
an isomorphism. Finally, put 5; = iﬁ(z.,ef) fori =0and 3 <i < n + 1. Then the complex
_ o F oo ‘Zd(Ze)~—1 N déZ.e’)g,z—l ~(Ze> j(Ze)
X,: X, = X, X, (Zy, ¢} R Y

/
1 €ng1)

is isomorphic to (Z,, €,) via §,: (Z,.¢,) — X, in Ch(C)". With § := (5, ¥4, we see
that ()? o 8) is t-distinguished by [16, Cor. 2.26(2)], as desired. ]

We may state and prove our main result of this section.

Theorem 5.5 Suppose that (C, E, s) is an n-exangulated category. Then ((?, G, v) is a weakly
idempotent complete n-exangulated category, and (X, A): (C, E, 5) — ((?, G,v) is an
n-exangulated functor, such that the following 2-universal property is satisfied. Suppose
(Z,N): (C,E,s5) — (C',E,s) is an n-exangulated functor to a weakly idempotent com-
plete n-exangulated category (C', ', §'). Then the following statements hold.

(i) There is an n-exangulated functor (&, W¥): ((?G v) — (C,E,s) and an n-

exangulated natural isomorphism 3: (F, A) :> (5 W) o (g, A).

(ii) In addition, for any n-exangulated functor (¢, ©): (C, G,t) — (C',E, ') and any n-
exangulated natural transformation 7: (F, A) = (4, ©) o (X, A), there is a unique
n-exangulated natural transformation 1: (£, V) = (4, ©) with T = D%/ 3.

Proof Since C is a full subcategory of C and because (C, F, t) is n-exangulated, we can apply
[17, Prop. 4.2] and Definition 5.2. We showed above that C is n-extension-closed in C see
Proposition 5.1. Moreover, it follows immediately from Lemma 5.4 and its dual that (C ,G,v)
satisfies (EA1). Therefore, we deduce that (5 G, v) is an n-exangulated category.

One may argue that (%, A) is an n-exangulated functor as in Proposition 4.36, by using
the definition of v and noting that (X, idy) = J#,(X) lies in Cforall X € C.

(i) One argues like in the proof of Theorem 4 39(i), but using Proposition 2.13 instead
of Proposition 2.8, and Proposition 5.1 instead of Lemma 4.38. In particular, we note that
the isomorphism (.7, (X,), F(Xn+1vxo)(6)> = (Y,,8) ® (ﬂC(Y,’), F(Y;;+1’Y(;)(Y60Yr:+1)> of t-
distinguished n-exangles from the statement of Proposition 5.1 induces an isomorphism

(He(X) Ay, xp®) = (7. 8) @ (e (XD Ay (0 )

of v-distinguished n-exangles.
(ii) Similarly, one adapts the proof of Theorem 4.39(ii), using Proposition 2.13 instead of
Proposition 2.8. o

Finally, we have an analogue of Corollary 4.34 as a consequence.
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Corollary 5.6 Suppose (C, E, s) is n-exact. Then (a G, v) is n-exact.

Proof The n-exangulated category (C,F, t)is n-exact by Corollary 4.34. As (C, G, v) inherits
its structure as an n-extension closed subcategory of (C, IF, t), the result follows from the proof
of [23, Cor. 4.15]. O
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