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TRANSPORT OF STRUCTURE IN HIGHER HOMOLOGICAL ALGEBRA

RAPHAEL BENNETT-TENNENHAUS AND AMIT SHAH

ABSTRACT. We fill a gap in the literature regarding ‘transport of structure’ for (n + 2)-angulated, n-exact,
n-abelian and n-exangulated categories appearing in (classical and higher) homological algebra. As an
application of our main results, we show that a skeleton of one of these kinds of categories inherits the
same structure in a canonical way, up to equivalence. In particular, it follows that a skeleton of a weak
(n + 2)-angulated category is in fact what we call a strong (n + 2)-angulated category. When n = 1 this
clarifies a technical concern with the definition of a cluster category. We also introduce the notion of an n-
exangulated functor between n-exangulated categories. This recovers the definition of an (n + 2)-angulated
functor when the categories concerned are (n + 2)-angulated, and the higher analogue of an exact functor

when the categories concerned are n-exact.

1. INTRODUCTION

‘Transport of structure’ refers to the situation in which an object gains structure by being isomorphic
to an object with some pre-existing structure (see [6, §IV.1]). Instances of this well-known idea appear, for
example, in: Lie theory [1, [31], [37]; operational calculus [9]; algebraic geometry and number theory [7], [20],
[34]; the theory of concrete geometrical categories [I4]; modular representation theory [38]; and the theory
of algebraic structures [23]. These examples involve transporting some algebraic structure across a function
between sets.

Analogously, one can ask which categorical structures can be transported across equivalences. For example,
it is well-known that any category equivalent to an additive category is also additive (see Theorem [3.1)).
Other examples found in the literature include the transport of monoidal [13], model [I6] and triangulated
[T1] structures. See also [19], [28], [29].

The motivation for writing this note arose in the context of triangulated categories. Suppose (C,%,7) is a
triangulated category, where the suspension Y is assumed to be an automorphism of C; see Example Let
C’ be any category and assume .%: C — C’ is an equivalence. Suppose one wants to find an automorphism
Y of €' (and a collection T’ of triangles in C’), such that (C,¥’,7") is a triangulated category and that
Z is a triangle equivalence. A canonical choice for ¥’ is #X¥, where ¢: C' — C is a quasi-inverse for .Z.
Unfortunately, when one tries to prove this choice is an automorphism of C’, one encounters problems that
seem difficult (or, perhaps, impossible) to resolve. Bernhard Keller pointed out that it is more natural to
ask only that ¥ is an autoequivalence in the definition of a triangulated category, and we call these ‘weak’
triangulated categories here in order to make a distinction; see Definition 2.4] After this modification, by
which nothing is lost (see [27, §2]), we can obtain a clean ‘transport of triangulated structure’ statement.
Although well-known, we could not find the details of this claim. Theorem fills this gap in the literature.

Recently, homological algebra has seen the introduction of higher (dimensional) analogues of categories
that have been a core part of the classical theory for many years. Let n > 1 be a positive integer. The notion
of an (n + 2)-angulated category (see Definition was introduced in [I8], in a way so that one recovers
the definition of a triangulated category by setting n = 1. Similarly, higher versions of exact and abelian
categories were introduced in [25]; see Definitions and Parallel to this, Nakaoka and Palu defined
an extriangulated category, which is a simultaneous generalisation of a triangulated category and an exact
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2 BENNETT-TENNENHAUS AND SHAH

category; see [35]. And, naturally, a higher analogue, called an n-exangulated category, of an extriangulated
category has since been introduced in [22]; see Definition m

As a consequence of these developments, we include transport of structure results for (n + 2)-angulated,
n-exact, n-abelian and n-exangulated categories. That is, we show that one can transport these categorical
structures across equivalences; see Theorems and Moreover, in order to state the latter three
results in the same fashion as Theorem we introduce the notion of an n-ezact functor (see Definition
and an n-ezangulated functor (see Definition [2.32). We show in Theorem 2.33|that a (covariant) functor
between (n+2)-angulated categories is an n-exangulated functor if and only if it is an (n+2)-angulated functor,
in the sense of Definition Similarly, in Theorem we show that a functor between n-exact categories
is an n-exangulated functor if and only if it is an n-exact functor.

An application of Theorem (respectively, Theorem (3.6, Theorem shows that any skeleton of
an n-exact (respectively, n-abelian, n-exangulated) category is again n-exact (respectively, n-abelian, n-
exangulated). Furthermore, in the (n + 2)-angulated case we deduce a stronger conclusion: we show that
each skeleton of a weak (n + 2)-angulated category (see Definition is what we call a strong (n + 2)-
angulated category (i.e. with an (n + 2)-suspension functor that is an automorphism); see Corollary
In this case, the natural choice for the (n + 2)-suspension functor of the skeleton is an automorphism; see
Proposition [1.4]

This paper is organised as follows. In §2| we recall the definitions of the categories from higher homological
algebra that we work with in the sequel. In particular, we propose a definition for an n-exact functor in
§2-2] and an n-exangulated functor in §2:3] Moreover, we show that an n-exangulated functor simultaneously
generalises the notions of an (n + 2)-angulated functor and an n-exact functor. In §3| we prove our main
results on transport of structure. In We provide an improvement of transport of (n+2)-angulated structure
when transporting the structure to a skeletal category. We also explain how our results from §4 may be used

to show how the definition of a cluster category is made rigorous.

2. HIGHER STRUCTURES

Throughout §2] let n > 1 be a positive integer and let C be an additive category. In §§2.1H2.2) we recall
the higher analogues of the classical (i.e. n = 1) theory, and in we recall the more recent theory of

n-exangulated categories.

2.1. (n+2)-angulated categories. We assume throughout that C is equipped with an autoequivalence
Y: C — C. Werecall the definition of an (n+2)-angulated category (see Deﬁnition, which was introduced

in [I8] and we follow the exposition therein.

Remark 2.1. Definitions below are essentially [I8, Def. 2.1]. However, there is one key difference. In
[18] the endofunctor ¥: C — C is assumed to be an automorphism, whereas here we only assume that X is

an autoequivalence.

d d} dn dntt
Definition 2.2. A sequence of morphisms of the form X0 —5 x1! =X X, xntt X5 3wX0 inC
is called an (n + 2)-X-sequence.
Definition 2.3. A morphism of (n + 2)-X-sequences from
n n—+1
X0 dg( X1 dﬁ( % xntl dy nx0

to

49 dl dn n+1

e v, ynit B, sy

is a tuple (f°,..., f**!) of morphisms f*: X* — Y in C such that
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d dy % X
X0 X, xl X, X, xndl X 5x0

fO lfl fn—i—l Efo

d9, di, dy dypt!
yo Yyt Y, Yyl Y, wy0
X0 o X! I % Xt ﬂ rX°

lfn+1 lzfo
dn+1
yrtt X wy0

<
~
Nt
~
~

commutes in C.

Definition 2.4. Recall that n > 1 is a positive integer and C is an additive category equipped with an
autoequivalence X. Let 7 be a class of (n + 2)-X-sequences in C. Then we call (C,%,T) a weak pre-(n + 2)-
angulated category if the following axioms are satisfied.

(F1) (a) The class T is closed under finite taking direct sums and direct summands.

(b) For each X € C, the (n + 2)-X-sequence X XX 00— 50— ¥X isinT.

(¢) For each morphism d% there is an (n + 2)-X-sequence in 7 whose first morphism is d%.

9 d} dz iyt
(F2) An (n+ 2)-Y-sequence X — x1 X X, Xt X vX0 lies in 7 if and only if its left
rotation
n n+1 n
x1 di X2 d% d% nt ait 50 (—1)nsdS syl
lies in 7.
(F3) Each commutative diagram
xo B, 1 By g B By B gy
lfo \L}cl lEfO (21)
YO dg/ Yl d%’ Y2 d%’ d?} Yn+1 ;‘i’l EYO
with rows in 7 can be completed to a morphism
n n+1
xo By By B B v Qﬁ » X0
J{f() J{fl f2 fn+1 J{Efo (22)
49 dl v d2 dn v n+1
YO Lyt L v? X L Yyt I 3y?

of (n + 2)-X-sequences.
In this case, we say: T is a pre-(n + 2)-angulation; the members of T are (n + 2)-angles; and ¥ is an
(n + 2)-suspension.
Moreover, if (C, X, T) satisfies |(F1)H(F3)| and [(F4)| below, then we call (C, X, T) a weak (n + 2)-angulated

category. In this case, we refer to T as an (n + 2)-angulation.

(F4) In the situation of above, (2.1) can be completed to (2.2]) using morphisms f2,..., f**! such
that the cone C* = C(f)® lies in T, where C* is the (n + 2)-3-sequence

d? dg dz dztt
Xlpy? <5 x2qy! — %5 ... 2y nx0qynt! € 4 X aXYO0,

di, = _d? ! 0
[ fi—‘rl d’g/ ’

in which
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for i € {0,...,n + 1}, where d"? := %d% and f"+2:= 0f°.
The definition of a (pre-)(n + 2)-angulated category, as originally given in [I8], is the following.

Definition 2.5. [I8] Def. 2.1] Let (C, %, T) be a weak (pre-)(n + 2)-angulated category. We call (C,%,T) a
(pre-)(n + 2)-angulated category if ¥ is an automorphism of C.

Sometimes will use the adjective ‘strong’ for a (pre-)(n + 2)-angulated category (in the sense of Definition
above) in order to highlight that the (n+2)-suspension functor is an automorphism. As is normal practice,
we will usually just talk of a (weak) (pre-)(n + 2)-angulated category C and assume the existence of 7 and
¥ is understood.

Example 2.6. With n = 1, an (n + 2)-angulated category (in the sense of Definition is the same as a
triangulated category in the sense of [24] Def. 3.1]. See [36, Def. 3.1, Def. 3.2, pp. 246-248].

Definition 2.7. [4 §4] Let (C,%,7T) and (C', %', T') be weak (pre-)(n+ 2)-angulated categories. An additive
covariant functor #: C — C' is called an (n + 2)-angulated functor if there exists a natural isomorphism
O ={Ox}xec: FoX =, ¥/ 0.7, such that if

X X S Xl =5 ¥X
is an (n + 2)-angle in C, then
0 7l Zdn P an’
x0T o T T O

is an (n + 2)-angle in C’.

We remark that (n + 2)-angulated functors as we refer to them here were called ‘exact’ functors in [25].

The last piece of terminology we need for this setting is the following.

Definition 2.8. An (n + 2)-angulated functor .#: C — C’ is called an (n + 2)-angle equivalence if it is an
equivalence of categories.

2.2. n-exact and n-abelian categories. In we follow [25] in recalling some prerequisite concepts
from higher homological algebra and the definitions of an n-exact category and an n-abelian category (see
Definitions and respectively). At the end of we define an n-exact functor (see Definition .
We denote by Ab the category of all abelian groups.

Definition 2.9. [25] Def. 2.2] Let d% : X™ — X" *! be a morphism in C. An n-kernel of d% is a sequence

0 n—1 0 dg( 1 d%(
d%, ..., dvY: X X

n—1
dX

X’I’L

of composable morphisms in C, such that for all Z € C the functor C(Z, —) yields an exact sequence

dg(o— d&o— d}_lo— d% o —
00— e(Z,x% X", ez, xY) C(Z,xm) “X°7, ¢(z,xm+)

in Ab. An n-cokernel is defined dually.

Let C¢ denote the category of (cochain) complezes in C. We denote by C¢ the full subcategory of Ce

consisting of complexes which are concentrated in degrees 0,...,n + 1. We denote a complex X* € C3 by

0 1
X0 x X! Ix

dyt dn

xn X, xn+l

Definition 2.10. [25, Def. 2.4] An n-ezact sequence in C is a complex X* € C%, such that (d%, ..., d}_l) is
an n-kernel of d% and (dY,...,d%) is an n-cokernel of d%.
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Definition 2.11. [25] Def. 2.9] Let X*,Y* € C? be n-exact sequences. A morphism f*: X* = Y* of n-ezact
sequences is just a morphism f* € CZ(X*,Y*) of complexes.

Definition 2.12. [25] Def. 2.11] Let f*: X* — Y* be a morphism of complexes in Cg_l. The mapping cone
C* .= MC(f)* is the complex

d_l dO dl dn—2 n—1
XOL)Xl@YO*C)Xg@YléLX’R@Yn—l C Yn

in C2, where dj;' = (7;0;)‘), dgmt=(f" dyt), and
) _di+1
de = ,Xl 0
fH- dZY

Definition 2.13. [25] Def. 2.11] Let X* € Cg’_l be a complex. Suppose ¢g": Z" — X™ is a morphism in C.

for i € {0,...,n — 2}.

An n-pullback of (d%, ..., d’;{l) along g™ is a morphism of complexes
m—2 m—1
70 d% 71 dlZ . dy gn—1 dy zn
J/g() J/gl J/gnfl lgn
XO Xl . Xn—l Xn,
% i 2 dy

such that in the mapping cone

d71 d(] dl n—2 dnfl
C* == MC(g)*: 7 S 7' X0 S Z2oxt S . S Zrng Xt S X
the sequence (dal7 cey d?;Q) is an n-kernel of d’éfl. An n-pushout is defined dually.

Definition 2.14. [25, §4.1] Fix a class X of n-exact sequences in C. The members of X' are called X-
admissible n-ezact sequences. If X* is an X-admissible n-exact sequence, then d% : X° — X! is called an

X -admissible monomorphism and d% : X™ —» X"*1 is called an X -admissible epimorphism.

Definition 2.15. [25, Def. 4.1] Let f*: X* — Y be a morphism of n-exact sequences in C3. If there exists
i € {0,1,...,n+ 1} such that f* and f*! (where f"™2 := f0) are isomorphisms, then we call f* a weak

isomorphism, and we say X* and Y* are weakly isomorphic.
We are now able to recall the definitions of an n-exact category and an n-abelian category.

Definition 2.16. [25, Def. 4.2] Let n > 1 be a positive integer and let C be an additive category. Suppose
X is a class of n-exact sequences in C that is closed under weak isomorphisms. The pair (C,X) forms an
n-exact category if the following axioms are satisfied.

(n-E0)  The sequence 0 — 0 — -+ — 0 —» 0 is an X-admissible n-exact sequence.
(n-E1)  The class of X-admissible monomorphisms is closed under composition.

(n-E1°P) The class of X-admissible epimorphisms is closed under composition.
(n-E

2)  For each X-admissible n-exact sequence X* and each morphism f°: X% — YO there exists an

n-pushout
0 1 n—2 n—1 n
X0 dx x1 dx dX xn-1 dX xn dx xntl
lfo fl fn—l fn
YO > YL o »yn-t » Y™
d3, dy dy? dyt
of (d%,...,d% ') along f° such that dj is an X-admissible monomorphism.

(n-E2°P) Dual of
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Definition 2.17. [25] Def. 3.1] Let n > 1 be a positive integer. An additive category C is called n-abelian if

the following axioms are satisfied.

(n-A0)  The category C has split idempotents.
(n-Al)  Every morphism in C has an n-kernel and an n-cokernel.

(n-A2)  For each monomorphism d% : X° < X! in C and every n-cokernel (dY, ..., d%) of d%, the sequence

0 1
X() dX Xl dX

dyt dn

xn X Xn+1

is n-exact.

(n-A2°P) Dual of

It was shown in [25] that every n-abelian category is n-exact; see [25, Thm. 4.4].

For an additive covariant functor .%: A — B between additive categories, we denote by Fc: C4 — Cp
the induced additive covariant functor between the categories of complexes. More precisely, for complexes
X*,Y* € C4 and any morphism f* € C4(X*,Y"), the complex %#c(X*) € Cg is

| Fdy! o Fdx | Fdk
—— FX T — X — FX — -

and the morphism Z¢(f*) € Cy(FcX*®, #cY*) is given by the commutative diagram

-1 0 1

. Fx-1 Fdy F X0 FdY 7 x1 Fdk
[ |7 [

Fdl Fd° Fdl

e Y ——— FYO s FY! -

Now we introduce the higher version of an exact functor between exact categories; see [10, Def. 5.1].

Definition 2.18. Let (C, X) and (C’, X’) be n-exact categories. An additive covariant functor .%: C — C' is
called an n-ezact functor if it sends X-admissible n-exact sequences to X’-admissible n-exact sequences, i.e.

Fc(X) C X' If F is n-exact and an equivalence, then we call &% an n-exact equivalence.

Remark 2.19. We note here that the terminology ‘n-exact functor’ has appeared in [30, §4.1]. However, in
[30] an ‘n-exact functor’ is an additive covariant functor from an n-abelian category to an abelian category
that maps n-exact sequences to exact sequences. On the other hand, what we call an n-exact functor is a

direct generalisation of an exact functor (between exact categories).

2.3. n-exangulated categories. In we follow [22] §2] in order to recall the definition of an n-exangulated
category (see Definition . We also recall how one can view (n + 2)-angulated and n-exact categories
as n-exangulated categories (see Examples and respectively). Lastly, we define an n-exangulated
functor (see Definition , and we relate this notion to (n + 2)-angulated functors and n-exact functors

(see Theorems and [2.34] respectively).

Setup 2.20. We assume C comes equipped with a biadditive functor E: C°P x C — Ab (which is the same
as an ‘additive bifunctor’ in the sense of [I5, §1.2, p. 649]). Thus, for fixed objects A,C in C, the functors
E(C,—): C — Ab and E(—, A): C°? — Ab are additive. Furthermore, each morphism f: X — Y in C gives
rise to abelian group homomorphisms E(C, f): E(C, X) — E(C,Y) and E(f°P, A): E(Y,A) — E(X,A). To
simplify notation, we will omit the superscript “°P”, writing E(f, A) instead of E(f°P, A).

Definition 2.21. [22] Def. 2.1, Rem. 2.2, Def. 2.3] By an E-extension (or simply an extension) we mean an
element § of E(C, A) for some objects A,C in C.
For morphisms z: A — X, z: Z — C in C and for an extension 6 € E(C, A), we obtain new extensions as

follows:
gl == E(C,x)(9) € E(C, X) and £5:=E(z2,A)(5) € E(Z, A).
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Let § € E(C,A) and € € E(D, B) be extensions. A morphism of E-extensions § — ¢ is a pair (a,c) of
morphisms a: A — B and ¢: C — D in C, such that agd = c®e.

By the Yoneda Lemma, each E-extension gives rise to two natural transformations as follows.

Definition 2.22. [22] Def. 2.11] For any A,C in C and any E-extension 6 € E(C, A), there is an induced
natural transformation 6%: C(A,—) = E(C, —), which is given by ((5%)3((1) = agd for each object B € C and
each morphism a: A — B. Dually, there is also a natural transformation (53‘3: C(—,C) = E(—, A), which is
given by (53‘:)D(d) = d%§ for each object D € C and each morphism d: D — C.

We will be particularly interested in pairs (X*,d) of complexes and extensions for which the natural
transformations 6]% and 5? fit into exact sequences induced by Hom-functors.

Definition 2.23. [22] Def. 2.13] A pair (X*,§), where X* € C% and ¢ € E(X" ", XY), is called an n-ezangle
if, for every object Z in C, the sequences

0 . _ 1 4 n oo _
o dy o d%y o

(5%)2
—_

d
C(Z,X% 22— c(z,X") C(Z, X"+ E(Z, X°)
and
) —odn —od¥ ! —odf (6%) 2 )
c(x",z)y —% (X", Z) C(X% 7) —== E(X", Z)

in Ab are exact.

In [22] and [35] the notation w6, respectively 2*d, is used to label the extensions xgd, respectively 2%6.

The reason for our change in notation become apparent later; see Remark [3.7]

Definition 2.24. [22] Def. 2.17] Let A, C be objects in C. We define the subcategory C?A,C) of C# in the
following way. The objects of C?A ©) consist of those complexes X* € C% for which X% = A and X"+ = C.
For X*,Y* € C?A,C)’ we set

Clacy(X V") = {f e CB(X",Y") [ fO=1aand f*" = 1c}.

For morphisms f*,¢*: X* — Y* in C¢, we write f* ~ ¢° if f* and ¢* are homotopic in the usual sense.
Recall that ~ gives an equivalence relation on C¢(X*,Y*) for all complexes X*,Y*. Now fix A, C € C and let
X, Y* € CYy o) be arbitrary. Note that the set Cfy - (X*,Y") is no longer an abelian group (see [22] p. 540]).
However, the homotopy relation ~ on C3(X*,Y"*) restricts to an equivalence relation on C?A o) (X*,Y*), which

we again denote by ~.

Definition 2.25. [22| §2.3] By K?A,C) we denote the category whose objects are those of C?A,C) and, for
XY e K?A,C)’ we put
{a,0) (X% Y7) = Cly o) (X% Y7)/ ~

Given a morphism f* € C?A C)(X', Y*), we will call f* a homotopy equivalence if it induces an isomorphism
in K?A,C) (X*,Y"). In this case, we will say the complexes X* and Y* are homotopy equivalent. We denote
by [X*] the homotopy equivalence class of X* in C?AC). (Note that this may not coincide with the usual
homotopy equivalence class of X* in C3; see [22, Rem. 2.18].)

Definition 2.26. [22] Def. 2.22] Let s be a correspondence that, for each A, C € C, assigns to each extension

§ € E(C, A) a homotopy equivalence class s(0) = [X*] where X* € C; ). We say that s is a realisation of E

if

(RO) for all 6 € E(C,A) and ¢ € E(D,B) with §(0) = [X°] and s(e) = [Y*], and for all morphisms

(a,c): 0 — ¢ of E-extensions, there exists a morphism f* = (f°,..., f"*1) e CZ(X"*,Y") with f®=a
and f*tl =c.

In this case, we say X* realises 0 (or § is realised by X*) and that f* realises (a,c) (or (a,c) is realised by f*).

For objects A,C € C, we write 40¢ for the identity element in the abelian group E(C, A).

A realisation s of E is said to be ezact if
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(R1) the pair (X*, ) is an n-exangle whenever s(§) = [X*]; and
(R2) for any object A in C, we have that §(409) = [ A L, 4 0 0] and s(p04) =
[0 0 A a0

Let us recall some useful terminology from [22].

Definition 2.27. [22] Def. 2.23] Let s be an exact realisation of E. Suppose s(6) = [X*] for some extension
d € E(C,A) and X* € C?A,C)' Then we say (X*,0) is an s-distinguished n-exangle and X* is an s-conflation.
A morphism f in C is called an s-inflation (respectively, s-deflation) if there exists an s-conflation X* with
d% = f (respectively, d% = f).

We are now in a position to recall the definition of an n-exangulated category.

Definition 2.28. [22| Def. 2.32] Recall that n > 1 is a positive integer, C is an additive category and

E: C°? x C — Ab is a biadditive functor. Let s be an exact realisation of E. Then (C,E,s) is called an

n-exangulated category if the following axioms are satisfied.

(n-EA1) The class of s-inflations is closed under composition. Dually, the class of s-deflations is closed
under composition.

(n-EA2)  For each § € E(D, A) and each ¢ € C(C, D), if 5(c®5) = [X*] and 5(5) = [Y*], then there exists
a morphism f* = (14, f1,..., f" ¢): X* — Y* realising (14,c¢): ¢®6 — § such that s((d%)rd) =
[MC(J?)'], where f* = (f, ..., f" c). Such an f* is called a good lift of (14,c).

(n-EA2°P) Dual of [(n-EA2)]

Example 2.29. A category is 1-exangulated if and only if it is extriangulated (in the sense of [35]); see [22]
Prop. 4.3].

Let us recall how (n + 2)-angulated and n-exact categories provide examples of n-exangulated categories.

Example 2.30. Suppose (C,X,7T) is an (n + 2)-angulated category. From this information, we obtain a
functor Ex: C°P x C — Ab by setting Ex(X"*! X0) := (X", £ X0) for any X°, X"*! in C, and defining
the map Ex(f,9): Ex(X", X0) — Ex(Y" L, Y?) by Es(f,9)(8) == (Xg)odo f for any f: Y+l — X7+l
and g: X° — Y?. An exact realisation s of Ey, is given as follows: for an element § € Ex (X", XY), complete
it to an (n + 2)-angle X% — ... — Xn+1 2 X0 and set 5(0) = [XY —» -+ — X", Then (C,Eg,s) is an

n-exangulated category. See [22] §4.2] for more details.

Example 2.31. Suppose (C, X) is an n-exact category. For any X° X"*1 in C, denote by A?XO’X,LH) the
class of all homotopy equivalence classes of n-exact sequences in C?Xo’ Xty Then define Ex (X", X°) to be
the subclass of A?Xo’xnﬂ) consisting of those classes [X*] such that X* € X. We assume that Ex (X", X0)
is a set for all X9, X"*! € C. For any X-admissible n-exact sequence X* and any morphism f: X° — Y,

we can form an n-pushout of (d%, ... 7d?{l) along f to obtain a morphism
0 1 n—1 m
X0 dx x1 dx . dy xn dy xn+l
b o
YO Yoy Y — o XL
9 d i dy

of X-admissible n-exact sequences by [25, Prop. 4.8]. Thus, set Ex(X"! f)([X*]) = [Y*]. We can define
Ex(g,X°) in a dual manner. Then Ex: C°? x C — Ab is a well-defined biadditive functor. Lastly, the
assignment s(0) = [X*] for each § = [X*] € Ex (X", X?) gives an exact realisation of Ex, and (C,Ex,s) is
an n-exangulated category. See [22], §4.3] for more details.

For any functor . : A — B, we denote by .#°P the opposite functor A°P — B°P given by .F°P(4) = .F A
and Z(f°P) = (F f)°P for any objects A, B € A and any morphism f € A(A, B); see [33], §IV.5].
We now introduce the notion of an n-exangulated functor, which appears to be new.
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Definition 2.32. Let (C,E,s) and (C',E’,s’") be n-exangulated categories. An additive covariant functor

Z: C — (' is called an n-exangulated functor if there exists a natural transformation
I'={Tc.a}cajcrxc: B(—, —) = E(FP—,7-)

of functors C°? x C — Ab, such that s(J) = [X*] implies §'(I' xn+1 x0)(5)) = [FcX°]. To simplify notation, we
write E'(#—,.%—) in place of E'(#°P—, % —). An n-exangulated functor .%: C — C’ is called an n-ezangle
equivalence if it is an equivalence of categories.

In particular, we call a 1-exangulated functor an extriangulated functor.

The following two results show that this definition specialises to recover the definitions of an (n + 2)-

angulated functor and an n-exact functor.

Theorem 2.33. Let (C,X,T) and (C',X',T') be (n + 2)-angulated categories. Following the notation of
Example set B :=Eyx and E' := Eyx/, and consider the n-exangulated categories (C,EE,s) and (C',E ¢').
Suppose F: C — C' is an additive covariant functor. Then F is an (n + 2)-angulated functor if and only if

Z is an n-exangulated functor.

Proof. (=) Suppose first that .# is an (n + 2)-angulated functor. Then there exists a natural isomorphism

~ d dl dn dutt
0: .FY — Y'.Z, such that for any (n + 2)-angle X0 —% X' X ... X, xn+l X, 91X0 in(,

Z 40 a1l T AN n+1
FXO Fdy ZX! Fdy Fd'y F X+ ©xo0 o FdY S 7 X0

is an (n + 2)-angle in C’.
For each X°, X"*1 in C, let ['(xn+1,x0y be the composition:

g
JXn-Hjxo @Xo o —
R S

c(Xm,£X0) C(FX", FLXO) C/(FXH, S FX0).

This gives a homomorphism I'(xn+1 yoy: E(X"1, X9) — E/(Z X"t ZX?). We claim that the collection
' = {T'(xn+1,x0) }(xn+1,x0)ccor xc gives a natural transformation E(—, —) = E/(F —, 7 —).
To this end, suppose f: Y"T1 — X"+l and g: X° — Y© are arbitrary morphisms in C. Then we must

show that the square
E(X7+1, X0) LX) g gyt g 0y
|E(r9) |79 (2:3)
E(yn1,y0) Y gynit gy
commutes. Note that for any § € E(X"*! X%) we have
E'(F f, 7 9) (T (xn+1,x0)(0)) = E(F [, F9)(Ox0F0) = (£'F g)Ox0(F)(F[).
On the other hand,

Liyneryo) (B(f,9)(6)) = Dynt1 y0)((3g)6f) = Oyo(FXg)(F)(F [),
which is equal to (X'.%¢)O xo(F0)(F f) since (X' Fg)O xo = Oyo(FXg) as O is natural. So commutes

and I' is indeed a natural transformation.

df dl dy

Lastly, suppose 5(8) = [X*]. That is, X —% X' X X, X+l 04 $X0 s an (n + 2)-angle
in C. Then, as .% is an (n + 2)-angulated functor,
x0T o T T o Ox00 T8 sy

is an (n 4+ 2)-angle in C". Since I xn+1 x0)(d) = Ox0 0 F§, we see that §'(I'(xn+1 x0)(d)) = [FcX"*]. Hence,
Z satisfies Definition [2.32



10 BENNETT-TENNENHAUS AND SHAH

(<) Conversely, assume .7 satisfies Definition with natural transformation I': E(—, —) = E/(#—,.%-).
Let X € C be arbitrary. Setting X"*t! = ¥ X and X" = X, we obtain a morphism

Fisx,x)

C(XX,TX) = E(TX, X) E/(FSX, ZX)=C(FEX, Y FX).

Set Ox = [nx.x)(lnx): FLX - NFX,

We claim that ©® = {O©x}xec is a natural isomorphism F3 = ¥'%. Let a: X — X' be an arbitrary
morphism in C. Then we must show that (¥ .#a)Ox = Ox/(FXa). Since commutes for all f: Y™ —
X" and g: X° — Y%in C, we can first choose f = 1sx and g = a, and then, using § = 1px € E(XX, X), we
obtain (¥'#a)Ox = I'sx,x/)(Xa). Secondly, choosing f = ¥a,g = 1x and ¢ = lxx/ € E(XX’, X') yields
Fiox,x)(Xa) = Ox/(FXa). Consequently, (X'.#a)Ox = Ox/(FXa) and O is a natural transformation.

To show ©x is an isomorphism for each X € C, consider the (n + 2)-angle

X 0 0 nX 22X, vy

in C. Denote by Z* the complex X — 0 — -+ — 0 — XX in C?X,EX)' Since .7 is an n-exangulated
functor and s(1xx) = [Z°], we have that s'(I'(nx x)(1xx)) = [#cZ"]. Hence, in C’ we have the (n 4 2)-angle

FX 0 0 FrX %, yrx (2.4)

as Ox = I'nx x)(1sx). It follows that ©x is an isomorphism, because applying the functors C'(¥'.# X, —)
and C'(—, .73 X) to (2.4)) yields long exact sequences in Ab.
Finally, suppose that X* is an (n + 2)-angle in C. Then

FdY Fdk o Fdn.

n—+1
FX! gy Dot x0T o g

is an (n + 2)-angle in C’. Note that the commutativity of (2.3) with f = d?("’l,g =1xo and § = 1y xo €
E(£X%, X°) implies I'(xn+1 yo)(d% ") = [(mxo, x0)(Ixxo) o Fd¥ = Ox0 0 Fd'¥". Hence,

0 1
Fd Fdi . Fdr,

n+1
FXO — X, gx! gxmin O T oy 2o

is an (n + 2)-angle in C’.
|

Theorem 2.34. Let (C,X) and (C',X’) be n-ezact categories. Following the notation of Examplem set
E = Ex and E' == Ex/. Assume for all X°, X" € C (respectively, Z°, Z"*! € C') that E(X"*1 XY)
(respectively, E'(Z"1,Z0)) is a set. Consider the n-evangulated categories (C,E,s) and (C',E’,s’). Suppose
F:C — (' is an additive covariant functor. Then F is an n-exact functor if and only if F is an n-

exangulated functor.

Proof. (=) Suppose .Z is an n-exact functor. For X° X"*! in C, define I'(xn+1 xoy: E(X" ! X0) —
E(F X", . ZX%) by I'(xne1,x0)([X°]) == [#cX"]. Note that this is a well-defined map since the addit-
ive functor .Z¢ preserves homotopies and since Zc(X) C X’ as .# is n-exact. Now let us show that the
collection of homomorphisms I' = {I'(xn+1 x0y}(xn+1, x0)ecorxc gives a natural transformation E(—,—) =
E(F—,Z-). Let f: Y"1 — X" and g: X° — Y? be arbitrary morphisms in C. Note that E(f,g) =
E(Y"t! g) o E(f, X°) and E/(F f, Fg) = B (FY", Zg) o B/ (F f,.FX"), so it is enough to show that the
squares
(X1, X0) —XX0 gm0

lE(f, X0) lIE‘/(ﬂf, FXO) (2.5)

E(y+1, X0) X0 gyt g x0)
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and
E(ym+t, X0) X0 g gyt g x0)
lIE(Y"“ .9) l}E/(gynH, Zg) (26)
(v, y0) 0D gyt g x0)
commute.

We only show that commutes as the commutativity of can be shown similarly. Thus, let
[X*] € E(X"*!, X?) be arbitrary. Then T'(xn+1 xoy([X"]) = [#cX"], and E'(F f, Z X )([FcX"]) = [2°] is
obtained by forming an n-pullback of (ZdY,..., #d%) along .Z f, where Z° = ZX° and Z"*! = FYyn+l
By the dual of [25] Prop. 4.8], this yields a morphism h*: Z* — Z#cX"* of X’-admissible n-exact sequences,
where h’ = 1 zx0 and A"t = Z f.

On the other hand, E(f, X°)([X*]) = [W*] is given by taking an n-pullback of (d%,...,d%) along f,
where W0 = X0 and W"+! = Y™+l By the dual of [25, Prop. 4.8], there is a morphism f*: W* — X* of
X-admissible n-exact sequences such that f© = 1xo and f"*' = f. Note that Iyn+1 xo)([W*]) = [FcW"]
and that, since .% is an m-exact functor, Zcf*: FcW* — ZcX* is a morphism of X’-admissible n-exact
sequences.

By the dual of [25, Prop. 4.9], there exists a morphism p*: Z* — ZcW* such that p® = h® = 120,
and there exists a morphism ¢°: FcW* — Z* such that ¢° = Zf° = 1zxo. In particular, we then have
a morphism ¢°p°*: Z* = Z* with ¢°p = 12x0 = 140, and a morphism p°q*: FW* = FcW* with p¢® =
lgxo = lg.wo. Hence, by [25, Lem. 2.1], we have that ¢*p* ~ 1+ and p*¢" ~ 1g.we. Thus, the homotopy
equivalence classes [Z°] and [#cW*] coincide, so commutes and I' is a natural transformation.

Lastly, suppose s(0) = [X*], which means § = [X*] by Example As defined above, I'(xn+1 x0y(0) =
Lixner x0) ([X°]) = [Fc X s0 6" (T (xns1,x0)(6)) = [FcX7].

(<) Conversely, suppose # is an n-exangulated functor. We must show that Zc(X) C X’. Let

X0 d° X! d* dan! X" ar xntl

be an arbitrary X-admissible n-exact sequence. Set § = [X*] € E(X"*1, X?). Then s(§) = [X°] implies
§'(Dixn+1,x0)(0)) = [FcX*] € E/(F X" FX°) as .F is n-exangulated. Hence, ZcX* is an X’-admissible
n-exact sequence and we are done.

|

We note here that the notion of an n-exangulated functor is currently being generalised. In ongoing with
J. Haugland and M. H. Sandgy, the authors are considering functors from an n-exangulated category to an
m~exangulated category, which are compatible with the respective structures and where n and m might differ.
See [3].

3. TRANSPORT OF STRUCTURE

In let n > 1 be a positive integer. We show that an equivalence of categories preserves the structures

discussed in In all cases, we will need the following well-known result, which is easily verified.

Theorem 3.1. Let % :C — C’ be an equivalence of categories and suppose C is an additive category. Then
C’ is an additive category and F is an additive equivalence.

For any category A, we will denote the identity functor of A by 1 4; see [5l p. 6].

Setup 3.2. Suppose .Z: C — C’ is an equivalence. Then there exists a quasi-inverse 4: C' — C for Z.
In this situation, the unit ®: 1oy = F ¥ and the counit V: 4% =1, are natural isomorphisms, and the

counit-unit equations (or triangle identities)

9\110(1)9‘:13‘ and \Pgogq):lg, (3.1)
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are satisfied; see [5l Prop. 3.4.1]. The natural transformations .ZU,® 5, Uy and ¥P are obtained from
whiskering; see [2, p. 24].

We will refer to Setup [3.2]in the main results of §§3.1]

3.1. (n + 2)-angulated categories. Recall that if (C,X,T) is a weak (n + 2)-angulated category, then in
this article we only require ¥ to be an autoequivalence of C. Lemma [3.3]is a key ingredient in the proof of
Theorem 3.4

Lemma 3.3. Let (C,X,T) be a weak (pre-)(n + 2)-angulated category and let C' be a category equipped with
an autoequivalence /. Suppose 7 : C — C' is an equivalence and assume that there is a natural isomorphism
0: FY = Y'.F. Let T’ be the collection of (n + 2)-X'-sequences consisting of those isomorphic to any
(n + 2)-X'-sequence of the form

Fd§ Fd Fd Ox0 o Fdiyt
FXO X, 7x! X, X, gxntt X070 i g xo, (3.2)
9 d} d aytt
where X0 —5 X1 2 ... X Xt X5 9X0 s an (n + 2)-angle in C. Then (C',%',T") is a weak

(pre-)(n + 2)-angulated category and F is an (n + 2)-angle equivalence.

Proof. Let us fix the notation as in Setup By Theorem we have that C’ is an additive category and
Z is an additive equivalence. Note that this implies ¥/ is additive (also by Theorem . Suppose (C, %2, T)
is a weak pre-(n + 2)-angulated category, and let us first verify axioms from Definition for
3, 7.

One can easily verify that 7’ is closed under taking finite direct sums and direct summands, using that
Z, ¥ and ¥’ are all additive functors and that 7 satisfies

Let X’ € C’ be arbitrary. Then

gx' 19Xy g x 0 - 0 NG X’

is an (n + 2)-angle in C. Thus,

1 ’
FyxX' 22X gy X 0 0 YI(FGX')
is an (n + 2)-X'-sequence in 7’. Using the natural isomorphism ®: 1/ = FY, we see that

XX xo 0 - 0 S X

is also an (n 4 2)-X'-sequence in 7.
Let d%, : X' — X’! be an arbitrary morphism in C’, and consider the morphism ¥d%,: 4X"° — 4 X'! in
C. Using|(F1){c) for C we obtain an (n + 2)-angle

0 n n—+1
gxn Do gxn By B B e B pgxn,
So, the (n + 2)-X'-sequence
0 n
gagxn T gyxn T gy Th TR gy o siggxn,

belongs to T'. Set a == Ogxo ﬁd}“. Then the diagram

¢ 0 Tz 41 T A2 T AN
F4X'0 % FGX" & F X2 S SN FXrtl ¢ W ggx/0

J{‘bxlo_l
dO

X0 X’ xn

J{‘PX,I_l

J’El@x,o _1
(ZdL)o®yn Fd2 Fd NHoa

F X2 X ... X, gxntl 4> ¥/ X0
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commutes and all the vertical morphisms are isomorphisms, since ® is a natural isomorphism. Thus the
diagram is an isomorphism of (n + 2)-X'-sequences and, hence, holds for (C', %/, T").

By using suitable (n + 2)-X’-sequence isomorphisms, we need only show the remaining axioms hold for the
defining (n + 2)-X'-sequences of 77, i.e. (n+ 2)-X'-sequences of the form (3.2), namely

FdY Fd} Fdy ©xo0 o Fdy
_—

FXO ——X 5 FX! = £ FX > FZX0
0 Ix, y1 % 9%, ynt1 d5" 0 ; : :
where X X X —— ¥XY is an (n + 2)-angle in C. We may apply |(F2) in C

yielding the (n + 2)-angle

d d2 dn dntl (=1)"dl
X! b.S X2 X X xntt X wx0 - L TX vyl

in C. Then, setting b := (—1)"0O x1.FXd%, the (n + 2)-angle

1 2 mn n—+1

gxt 2, gxr T T, gxnn T, gexo b wgx
is in 7. In the diagram

Fd} Fd2 Fd Fdt
FX —X , 7x? X X FXntl —X>92X0—b>2/fX1

| | H [oxe |

7 41 7 A2 7 n+1 7 A0

gyt T o PR Fd oy OB S GO o

the rightmost square commutes since © is a natural isomorphism. Hence, the diagram above is an (n + 2)-
Y/-sequence isomorphism and the bottom row is in 7’. Thus, we conclude that if an (n + 2)-X'-sequence is
in 77, then its left rotation also lies in 7’. The converse is similar, and so holds for (C', %', T7).

In order to show is satisfied, suppose we are given a commutative diagram

T a ar qn n+1
7 X0 FdY 7 x1 Fd o Fdy FxnH Oxo0 o (FdY) S 7 X0
lfo o lfl . lz' P (33)
ZdY Zdl Fdv Oy0 o (FdyT)
ZYO Y y ZYl Y .. Y Fynrtlt Y LW ZYO,

in which the rows are defining (n + 2)-¥'-sequences in 7’ and f! o .ZdS = (FdY) o f°. Since Z is full,
we have that fO = ¢ and f! = Fg' for some ¢°: X° — Y% and g*: X' — Y. Therefore, the identity
floZd% = (FdY) o fO becomes F(g'd%) = F(d}¢°), and we see that g'd% = d%¢° in C as Z is also
faithful. Hence, by |(F'3)|for C, we obtain a morphism

+1
i B a ay

XO dg( Xl X2 Xn+1 ZXO
lgo o J/gl g2 gntl lzgo (3.4)

0 1 ~ 2 n ~ n+1
Yo oy Yl dy dy . dy ynt+l dy »yo

of (n 4 2)-X-sequences. Applying ¢ and using the natural isomorphism O to adjust the rightmost square,

we have a morphism

7 40 7 41 7 A2 7 n+1
x0T g Th g T Fdy o Ox0F G
lfo \L}cl f2 fn+1 » lszo
Z 40 Tz 41 v T A2 7 v gz AT
Zy0 ZdY, Fy! Zdi, Zy? g, - Fdy Fynil OyoFdY s

of (n + 2)-¥'-sequences in C’, where f':= Zg' for 2<i<n+1,so holds for (C', %, T").
Altogether, we have shown hold for (C’, %', T") whenever these axioms hold for (C, X, 7). That
is, if C is weak pre-(n + 2)-angulated then so too is C’.
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Suppose now that (C,3,7T) also satisfies [(F4)j we will show (C’, %', T’) satisfies |(F4)l To this end, fix
morphisms f°, f! in C’ such that (3.3) commutes. As before, this induces diagram (3.4) in C, and since
holds for C, we may assume that g2, ..., g" ™! were obtained in such a way that the cone C* := C(g)*

n—+1

0 dl dn,
Xlay? <5 X2yl — %5 ... Sy nx0gyntl 4 nxlgny?

lies in 7. Therefore,

Z 40 T AN

FXle FY° 2%, ... 29, gyx0g gyntl _C s gXlgy FY0

Ox1 0 1 [ —Ox1 Fnd% 0
C = gdc = +1 .
0 @yo @yo ﬁZgO @yo yd;ﬂ

One can then check that the diagram

lies in 7', where

Fdo Fdrt
FX'p FYO o, .. c

Fd
FXl g 2y — S ZYX00 ZY"T —C L NWFZX! @Y FYO

Jd
do Fdp:

FZXH @ Fyn —C> YWFZX0q Fyntt ¢ yyazx! @E/g*yo7

O xo 0 Y Zd% 0
d:= and e:= e
0 1lzyntt 2/990 Oy yd?f+

gives an isomorphism of (n + 2)-3'-sequences using the natural isomorphism © for morphisms d())( and ¢°.

7 40 gan—1
Zx1 o FYO ’?dC N ‘/dC

where

Since the top row lies in 77 and the bottom row is precisely the cone C(f)* of the morphism (f°,..., f**!)
in C’, we see C(f)" belongs to 7'. Thus, holds for (C', %', T") whenever it holds for (C, %, 7).

Lastly, we immediately see that % is an (n + 2)-angulated functor by the existence of the natural iso-
morphism ©: .Z% = ¥'.Z and by how we defined the (pre-)(n + 2)-angulation 7. Furthermore, .% is thus
an (n + 2)-angle equivalence.

|

We are now in a position to prove transport of structure for weak (pre-)(n + 2)-angulated categories.

Theorem 3.4. Let (C,X,T) be a weak (pre-)(n + 2)-angulated category and suppose F:C — C' is an

equivalence. Then C' is a weak (pre-)(n + 2)-angulated category and F is an (n + 2)-angle equivalence.

Proof. Let us fix the notation as in Setup [3.2 By Theorem [3.1} we have that C’ is an additive category and
Z is an additive equivalence of categories.

Since ¥ is an autoequivalence of C, there exists a functor ¥_: C — C and natural isomorphisms I': 33 =
lc and A: % = Tle. Set ¥ = #XY and ¥ = FX_%. Then there is a natural isomorphism
'3 = 1¢r given by the composition

—1

yz‘ljz,(ﬁ ﬂrg ﬁ{f P ]l
Cc’-

S = FRGF)S G et FNeS G = FUE_G

Similarly, there is also a natural isomorphism ¥’ ¥’ = 1/, and hence Y/ is an autoequivalence of C’.
Note that there is also a natural isomorphism

Q= X0\ FY = FV, — FXYGT =Y 7.

Then, by Lemma (C',3,T") is a weak (pre-)(n + 2)-angulated category, where 7' is the collection of
(n + 2)-Y/-sequences that are isomorphic to any (n + 2)-X'-sequence of the form

Fdl Fdk Fd,

O 0 0 Fd%!
FX ——F— FX! —

FXH > FXO,
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d0 dl dn n+1
such that X0 %5 X' 2% ... &, X7+l 25 $1X0 s an (n + 2)-angle in C. Furthermore, .7 is a

(n + 2)-angle equivalence by the same result.

3.2. n-exact and n-abelian categories. In we show that whenever a category is equivalent to an
n-exact (respectively, n-abelian) category, it must also be n-exact (respectively, n-abelian). The idea in both
results is that the property of a complex becoming exact under a Hom-functor is preserved by any fully
faithful functor.

Theorem 3.5. Let (C,X) be an n-exact category and suppose F: C — C' is an equivalence. Consider the

class X' consisting of all sequences in C' that are weakly isomorphic to any sequence of the form

Fd°, Fd}, Fd?
FXO X5 gxt 5 ... — & gxntl (3.5)

d9 dt
where X0 »—%5 x1 X

n-exact category and F is an n-exact equivalence.

dn
X X" s an X-admissible n-exact sequence. Then (C', X') forms an

Proof. First, note that X’ does indeed consist of m-exact sequences in C’, because .# is an equivalence
of categories and so gives bijections on morphism sets. Second, by definition X’ is closed under weak
isomorphisms. Now let us show the axioms for an n-exact category are satisfied by the pair (C’, X’).

Since 0 »—» 0 — --- — 0 —» 0 is an X-admissible n-exact sequence and .%# is an additive functor, the
sequence 0 >0 — .-+ -0 — 0isin X, soholds for (C’, X7).

With the use of suitable isomorphisms of n-exact sequences, we are reduced to showing the remaining
axioms for the defining sequences of the form . Thus, suppose we have two composable X’-admissible
monomorphisms Z#d% : FX° — . ZX! and Zd).: FX!' - FY!, where d) and d% are X-admissible mono-
morphisms. Then the morphism d{.d% is an X-admissible monomorphism as (C, X) is an n-exact category.
Hence, ZdY o Fd% = F(d%d%) is an X’-admissible monomorphism and (C’, X’) satisfies [(n-E1)l Dually,
(n-E1°P) is also satisfied.

Suppose we have a defining X’-admissible n-exact sequence of the form and an arbitrary morphism
fO: FX° - Y'in C'. Since .Z is essentially surjective, there exists Y° in C and an isomorphism h: Y’ —
ZY". Then there exists a morphism ¢°: X° — Y° such that .#¢° = hf° as .% is full. Applying in C,

we obtain an n-pushout

n—1
X0 dg( be di{ . dX xn
lgo gt gn (3.6)
Yo » Y1 b > Y™,
ds, dy dy!
such that dY is an X-admissible monomorphism.
Applying % yields a morphism
ag gn—1
Zx0 FdY Zx! Fd o Fdy Zxn
Fg0 = hfol lﬁgl La/\g” (37)
FY? ———— FZY! e FY"
FdY, Fdi Fdy !

of X’-admissible n-exact sequences by definition of X’. We claim that this diagram is an n-pushout in C’.
As (3.6) is an n-pushout, we know that in the mapping cone C* := MC(g)*, the sequence (dg, ... ,dg‘l) is
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an n-cokernel for dal. Thus, for any Z € C, the induced commutative diagram

—od! —o0d? —odS?
0————CcY",2) c .. T Lexteylz) ——2%C (X0, 2)
%nyyn’z lexl@yo’z lexo’z
—oFdy ! — o0 ZdY, Fdg'

00— C(FY", FZ) (T (X 'Y, 72) 7 c(FXO, 72)

in Ab has an exact top row. The vertical homomorphisms are isomorphisms because .% is fully faithful,
which thus implies exactness of the bottom row. As .% is essentially surjective, it follows that the sequence
(d%, ..., d’g‘l) is an n-cokernel for dBl in the mapping cone D* := MC(%cg)*. Hence, is an n-pushout,
as claimed.

Since h: Y' — .ZY"Y is an isomorphism, we can adjust to get another n-pushout

a 40 a1 m—1
gxo T% gx1 Tk 7, gxn
lfo ,ggl ﬂg”
Y/ oy FYT iy oy FYT
(F7d%)h FdL Fd

where the bottom row is isomorphic to #cY*. In particular, (Zd% )h is an X’-admissible monomorphism.
Thus, holds in (C’, X’). Dually, (n-E2°P) is satisfied.
Hence, (C', X') is an n-exact category. The final claim follows from the definition of X”.
|

Using similar methods as in the proof of Theorem [3.5] one may also show the following result, which we

state without proof.

Theorem 3.6. Let C be an n-abelian category and suppose % : C — C' is an equivalence. Then C' is an

n-abelian category and F is an n-exact equivalence.

3.3. n-exangulated categories. The goal of is to show that one can transport an n-exangulated

structure across an equivalence.

Remark 3.7. We now supplement the discussion after Definition Suppose .Z : C — C’ is a functor and
E: C° x C — Ab and E': C"P x C' — Ab are biadditive functors. In Lemma[3.8 and Theorem [3.9 below, it is
necessary to distinguish between E-extensions and E’-extensions, and describe relationships between them.
This necessity motivates the use of the symbol E in denoting ¥, (5]%, zrd and zF6. Note that these were
denoted &4, 0%, 2.6 and 2*§, respectively in [22] and [35].

Lemma 3.8. Let (C,E,s) be an n-exangulated category and suppose & : C — C' is an equivalence. Fiz the
notation as in Setup [3.2] Define the functor E': C'°P x C' — Ab to be E(¥—,9—). For each A,C € C' and
each 0 e E'(C, A) = E(9C,9A), set s'(0) to be the homotopy equivalence class

A (FdS )P a Zx! FdY Fdy Zxn .o FdYy ]
, A% 1% dy dy e
m , wnere § = ce . en 15 a braaaitive juncior
Klac): wh (0)=[9A X Xxn 9C ). Then E biadditive funct

and s' is an exact realisation of E'.

Proof. Tt is straightforward to show that E’: C’°P x ¢’ — Ab is a biadditive functor. Using that .# is
an equivalence, and in particular that ® and ¥ are natural isomorphisms, one can also check that s’ is a

well-defined assignment.
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Let us show that s’ is a realisation of E'. Let A, B,C, D € C’ and suppose we have extensions ¢ € E'(C, A)
and ¢ € E'(D, B). Suppose

Fd9,)® Fdl FdL1 o, ~lzdn
s0)=[A ()24, 5 x1 X ... X, gxn =< X O
and
Fdo)® Fdl Fdn1 o, ~LFzdn
de) =[BT gy Tl TN gy B0 TRy
where
% dl ay ! dz
5(6)=[9A X! X GC |
and
d® di i dan
se)=[9B V! X ... X yr Y, 9D

Let (a,c¢): 6 — ¢ be a morphism of E’-extensions, where a: A — B and ¢: C'— D are morphisms in C’. Then

we have

(Ga)e(d) =E(9C,Ya)(5)
=E'(C,a)(d)
= a]E/(5
=Fs
—E/(c, B)(¢)
=E(Yc,9B)(e)
= (90)"(e),

which implies (9a,%c): 6 — ¢ is a morphism of E-extensions. Thus, since s is a realisation, there is a
morphism f* = (Za, f1,..., f",9c) of complexes in CZ depicted by

ga B,y By O e B g0
[ga —lr | e (38)
dy o1 dy dy~! dy
4B Y e yn» 4D.
There are commutative squares
DA o
A——— FYA FYC ——— C
la lyga and lf%c lc (3'9)
Qp eyt
B ——— 9B FYD ——— D

from the natural isomorphism ®: 1o = F¥. Thus, applying % to (3.8]) and adjusting the resultant diagram
with the squares in (3.9)), we obtain a commutative diagram

4 (#d%)® Zx1 Fdl - Fdy! P o, Fdy o
‘gfl Ffn l (3.10)
5 (FdY)® 1 Fdl, - Fdy! gyn Po T p LT s
in C'. That is, (a, Zf',..., Zf", c) is a morphism in C% and hence s’ is a realisation of E’.

Now let us show that s’ satisfies [[R1)l Suppose that

Fdo)d Fdl Fdrt o, ~lFdn
5/(5):[14%9)(1 X ... X FZFxn _C X
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d% i iy % . .
where 5(5) = [ YA Xt X" @C |. Let Z € C’' be arbitrary, and consider the
following diagram
d% o — dl o — d? o — CAPY
C@wz,94) —X°" s owzx\) X" . BT L egz,90) —20 L B(9Z,9A)
F47.9A Tz x1 F42,90
O ﬁd& o— Fd%y o —
C'(F9Z, ﬂgA) —> C(FYGZ,FX") C'(F9Z,F4C)
90 gl gn+1
FdO )B4 0 — Fdl o — o, FdY o — %)
'z, 4) “TEIAC Ty g xry Tk LL2e TN ez, 0) £ L E(2,A),
where the upper vertical mapb are those induced by the functor %, and ¢ = ® A_l 0o—o0dy, g =—0dy,
for each i = 1,...,n, and g"*! = <I>C o—o®y. It is easy to check that the whole diagram commutes,

except possibly the far right rectangle. To this end, suppose v: ¥Z — ¢C is arbitrary. As ¢ is full,
there exists u: Z — C such that Yu = v. Since ®: 1o = F¥ is a natural isomorphism, we have that
u=®, ' (FYu)®;. Then we see that

(052" N ( Py z90 () = (05 ) 2(@c " (FGu)D )

Daz(v).

= (9,
Note that all the vertical maps are bijections, because % is fully faithful and ®x- is an isomorphism for all
X' € (. Since s is an exact realisation of E, the top row is exact and hence so is the bottom row.

Similarly, one can show that there is an exact sequence

—o®, Ty —ozdu ! — o (Fd%)D 4 (6%)

c(C,z) —C "X on(F X", 7) A 0NA Z) —E2 'O, 2),
Fd ) Fd Fdy o, 7dYy
and thus ( A%ﬁXl X X FX" £ X C ,6) is an n-exangle.

Lastly, we show that [(R2)|holds for s’. Let A € C’ be arbitrary. Then, as s is an exact realisation of E, we
have

5(galgo) = | 9A 24 g4 0 90 .
Note that the element ¢ 4040 € E(40,4A) is the trivial element 400 in E'(0, A), so by definition s'(40¢) =
§'(44040) =[ A 24, gaga 0 0 ]. Lastly, we see that
§(400) =[ A —45 A 0 0],
using the isomorphism (14,®4,0,...,0) in C? (4,0)" Similarly, one can also show that
5'(604) =[ 0 0 A4

for the trivial element ¢04 € E'(A,0). Therefore, s" is an exact realisation of E'.
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Theorem 3.9. Let (C,E,s) be an n-exangulated category and suppose F:C — C' is an equivalence. Then
there is a biadditive functor E': C'°P x C' — Ab and an ezact realisation s’ of &', such that (C',E' s’) is an

n-exangulated category and F is an n-exangle equivalence.

Proof. Fix the notation as in Setup Let E' = E(¥—,9—): C'°P x C’ — Ab be the functor and s’ the
assignment defined in Lemma [3.8] From Lemma [3.8) we have that s’ is an exact realisation of the biadditive
functor E’. Tt remains to show that the triple (C',E’,s’) satisfies axioms|(n-EA1)| [(n-EA2)|and (n-EA2°P).

For suppose we have morphisms a: A — B and b: B — C in C’ that are s’-inflations. That is,
there are complexes U®, V* in C%, and E’-extensions § € E'(U"*!, A), e € E'(V"™!, B) such that s'(§) = [U*],
§'(e) =[V*], a=d), and b = dY,. Since ¢ is also an E-extension, there is a complex X* in C% with X =% A
and X"t =@Un"*! such that s(§) = [X*]. Thus, we have §'(§) = [W*], where W* is the complex

(Fd%)®a

—1 g.n
A——— FX! T

a gl m—1
Fdx Fdx FXn Pyni U+l

In particular, this implies that the complexes U* and W* are homotopy equivalent in C?A Unt1)s and in turn
implies that 4-U*® and 4cW* are homotopy equivalent in C?g AGUn+L)-
Next we show that the following diagram depicts an isomorphism of complexes ¥cW* — X°.

7 n—1 -1 AN
@A (GFd%)GP A @7 X1 g Fdy - GFdy @ F X" GO (GFdY) Ut
H [0 e (3.11)
m—1 n
YA o X! I e I xn i guntt,
For each ¢ = 0,...,n, the square

l\pxi lq;xi“ (3.12)

commutes since ¥ is a natural isomorphism. This shows that all except possibly the far left and far right
squares in (3.11)) commute. To see the far left square commutes, observe that

Ux1(GFd5)GP A = d3 Vg adD by (3.12)
= dg( olyga using the triangle identities (3.1
=d%.

Similarly, one can show the far right square of (3.11)) also commutes, and hence (3.11)) is an isomorphism of
complexes in Cly 4 ggrns1)- This implies that §(5) = [X*] = [4cW*] = [4U"], so Fa is an s-inflation.

In the same way, it can be shown that ¢b is also an s-inflation. Since (C,E, s) satisfies axiom we
have that the composition ¢ (ba) = ¥b o a is an s-inflation. Thus, there exist Z"*! € C, ( € E(Z"!, 9 A)
and Z° € Clyy zn+1), such that s(¢) = [Z°], 70 = GA 7' = 9C and dY = 9(ba). As ¥ is essentially
surjective, there is an object T € C’ and an isomorphism h: 4T — Z"t!. Denote by j := h~': Z"t! - @T
the inverse for h. Since ¢ = (1zn+1)%¢ = (hj)E¢ = jERE(, we have a sequence

1 j lya,h
¢ = FE(hEQ) (g a,j) hEC (g a,h) ¢
of morphisms of E-extensions, which may be realised as follows
m—1 n
7 ga 2 go Yo, Y e B
LT b b
D*: GA D! D? e D" 9T
[ I
AL ga 20 go Y2, G AN A
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Note that (D*, hEC) is an n-exangle as s(hE¢) = [D*]. Let E* denote the complex

PR T SN

g4 2 4o 72 zn GT

in C?g AGT)" It is straightforward to verify that (E*, hE¢) is also an n-exangle. Moreover, we have morphisms
(lgAajlw"ajnvlgT) S C?@A,gT)(E.’D.) and (1‘5A7h17"'7hn71‘5T) € C?gA,gT)(D.vE.)'

Thus, by [22, Prop. 2.21], we have that (1g,j!,...,5", lgr) is a homotopy equivalence, and so s(h®¢) =
[D*] = [E®]. Therefore, we have

FGba)d Fd Fd2 Fdr !
S(1E) = [ A TP gy T, g 2 .. % ggn 4 7,

where d := ®,~*.F(jd’). Since there is an isomorphism

(FGba)® 4 F90 Fd, P Fd%, Fdy !
N

J¢Cl
(Zdy)®c Z 72

F I d T

2 g gn—1
A ba gdZZ . gdZ yzn d T

of complexes in C?A,T), we see that ba is indeed an s'-inflation. Dually, s’-deflations are closed under com-
position, and (C’,E',s’) satisfies

Lastly, we show holds for (C',E',s"); (n-EA2°P) can be shown using a similar argument. Thus,
let § € E'(D,A) and ¢: C — D be arbitrary, where A,C,D € C’. Then we may realise ¢®§ = (4¢)Ed
E(¢9C,9A) by a complex

d5 i &2

9A —*5 9B x?2 =X

d'r;(fl pic

xn X, @C

in C} for some B € (', using that ¢ essentially surjective. Since ¢ is also full, we have that d% = Ya for

some a: A — B. Furthermore, 6 € E(¥D,% A) so we may realise this E-extension by a complex

—1 n
@ @ B %

YA y! y? yn ¥YD

in C¢. By for the n-exangulated category (C,E, s), we may realise the morphism (1g 4, %c): (9¢)%6 —
§ of E-extensions by a good lift f* = (1ga, f!, 2, ..., f*,%c). That is, f* is a morphism

d9 dk 2 ayt d

G A 4B X2 X Xxn X s 9C

s b e
d? d i dpt dp

gA —Y Syl Y, y2 yr» —Y s @D

of complexes such that s((d%)gd) = [M*], where M*® = MC(?)' is the mapping cone

a7} d0 a2 g1
9B M, x2qy! M, ... s Xyl M990y 2y 9D

of f: (fY,...,f",9c). As in Definition [2.12] the differentials are d&l = (7‘&), d’j]l = (Yc dy ), and

fl
fir2 @it
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for i € {0,...,n —2}. Then we see that the morphism (14,¢): &6 — & of E/-extensions is realised by the
morphism

A (Fd%)®a 9B Fdk X2 Fd% Fdy Zxn o, A o

J» p Jf e F fn [

A (Fd3)®a vy Fdi, P Fd2 Fdy! Zyn @, Fdy s

of complexes in C’ since ®: 1¢r = .F¥ is a natural isomorphism. Using ® again and that ¥a = d%, we can
adjust the diagram above appropriately to obtain a morphism ¢* := (14, (Z f1)®p, Zf%,...,.Zf", c)

Fdi ) Fd2 Fdit o ~lzan
A a p LB gy SN X L, gxn < "X ¢
jm Jf Jf {
Fd9 )P Fdl Fd? Fdn1 o, ~Lzde
PR AL NP A I e GNP Yo Y, gyn 2o TR

giving another realisation of (14,c¢): Fs-0.
We claim that §'(ag6) = [MC(3)°], where §° = (Zf1)®p, Zf?,...,Z f" c). Since 5((d%)rd) = [M"]
= 5/

and Ya = d%, we have that s'(ag/d) = §'((Ya)gd) ((d%)Ed) is the homotopy equivalence class

Fd§ Fdy® Fdy? o, trdy !
M, ... M Zxre gyt — M g2y9Co Y 2— D).

Fd7H®
[ B FhiP8 5 x2 ¢ gyt

Note that there is an isomorphism

(Fdop FdY, Fdy? Fdy?

BZMIE zx2q ZY! M FX eyt M L cegyr ¢ 4D
= ((I)UC 1903/71)
Fd o FdO Fdv3 Fd? o “lagnt
T8 zx2 6 gy M, DM gxXng gyl M, 290 FYr 22 M, D

of complexes, where e := (¢ @Dflﬁdﬁ ), in which the top row is precisely MC(g)*. Hence, we see that the
E’-extension ap/d is realised by MC(g)®, and ¢* is a good lift of (14,¢). Thus, [(n-EA2)|holds for (C’,E’,s")
and we are done.

Remark 3.10. In Theorem the n-exangulated structure possessed by a category C is transported across
an equivalence .#: C — C’, so that C' becomes an n-exangulated category and .# becomes an n-exangle
equivalence. We remark here that the n-exangulated structure acquired by C’ is unique up to n-exangle
equivalence. Analogous statements also hold for the settings of Theorems and

Remark 3.11. Suppose .Z: C — C' and ¢4: C' — C are functors such that (%#,¥) and (¢,.%) are both adjoint
pairs. Recall that this holds whenever .# is an equivalence and ¢ is a quasi-inverse for %, but that the
converse is false in general!. We note here that our proof of Theorem cannot be directly generalised to
this setting: we rely on the assumption that .% and ¢ are equivalences, so that the unit and counit are both
natural isomorphisms. This is needed in Lemma to check that the assignment s’ is well-defined, as well

as in both Lemma [3.8 and Theorem [3.9] to produce several isomorphisms between complexes.

We refer the reader to an example provided by user ‘Hanno’ on an online forum; see https://math.stackexchange.com/q/
1095196.


https://math.stackexchange.com/q/1095196
https://math.stackexchange.com/q/1095196
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4. SPECIAL CASE: SKELETAL CATEGORIES

Suppose C’ is a skeletal category equivalent to a weak (pre-)(n + 2)-angulated category. Then we know C’
is also weak (pre-)(n + 2)-angulated by Theorem The goal of §4lis to show that the induced (n + 2)-
suspension functor of C’ is actually an automorphism, not just an autoequivalence, thereby showing C’ is
what we call a strong (pre-)(n + 2)-angulated category.

First, let us recall what it means for a category to be skeletal and how a skeleton of a category is defined.

Definition 4.1. [32] §IV.4] A category A is said to be skeletal if X # Y implies X is not isomorphic to Y’
in A for all X,Y € A.

Definition 4.2. [32] §IV 4] Let A be a category. A skeleton of A is a full, skeletal subcategory B of A such
that the (fully faithful) canonical inclusion % : B — A is essentially surjective.

Remark 4.3. Note that A may have many skeletons, but they are all isomorphic; see [32, Exer. IV.4.1].

The following proposition is a key tool in the proof of the main result of §4 We include the details for the

convenience of the reader.

Proposition 4.4. [I7, §I, 1.364]% Suppose A and B are both skeletal categories and that F: A — B is an

equivalence of categories. Then F is an isomorphism of categories.

Proof. We need to define a functor ¢4: B — A such that 4% = 14 and ¥ = 1. In order to do this, we
first show that .% is bijective on objects. Let X € B be arbitrary. As .% is an equivalence, .Z is essentially
surjective and so there exists A € A such that #A = X. Since B is skeletal, we must have .# A = X. Thus,
F is surjective on objects. Now suppose we have A, B € A such that A = X = % B in B. Consider the
identity morphism 1x € B(FA,.ZB) = B(% B,.% A). Since .# is full, there exist morphisms f: A — B and
g: B — A such that #f = 1x and #g = 1x. Then F(g9f) = 1x = F(1a) and Z(fg) = 1x = Z(1B),
whence gf = 14 and fg = 1 as & is faithful. Thus, A = B and we have A = B as A is skeletal. Hence, .#
is injective on objects also.

Now define ¥: B — A as follows. For an object X € B, there is precisely one object A € A such that
FA =X (as & is bijective on objects). In this case, put 4(X) = A. Let f: X — Y be an arbitrary
morphism in B. Then X =.Z A and Y = .Z B for some uniquely determined A, B € A, so f € B(Z A, #B).
As Z is fully faithful, there is a unique morphism a € A(A, B) such that .#a = f. Thus, set 4(f) = a.

Let us show that ¢ is indeed a functor. Let X € B be arbitrary and consider the identity morphism
1x. Then X = A for some A € Aand 1x = F(1a), so 9(1x) = 14 = lgx is the identity morphism.
Now suppose we have morphisms f: X — Y and g: Y — Z in B. Then f = Fa: X = FA > FB =Y
and g = Fb:Y = FB — #C = Z, where A,B,C and a,b are all uniquely determined. Note that
gf = (Fb)(Fa) = F(ba), so Y(gf) =ba = (9g)(4f) and ¥ respects composition.

Lastly, let us show that .# and ¢ are mutually inverse functors. Let A € A be arbitrary. By definition
of ¢, the object ¥(Z A) in A is the object A’ € A such that FA' = ZA. Since & is injective on objects,
we must have A’ = A and 4(FA) = A. Now let a: A — B be an arbitrary morphism in A, and consider
Fa: FA— FB. Then 9(Fa) is the unique morphism a’: A — B such that #a' = Fa. Using that .Z is
faithful, we obtain ¢’ = a and ¥4(%a) = a. Hence, we have shown ¥4.% = 1 4. Similarly, one can also show
FY = 1g.

|

We are now in a position to improve Theorem when transporting a weak (pre-)(n + 2)-angulated
structure to a skeletal category.

2Although this result is stated in [17], we would like to acknowledge that user ‘Eric Wofsey’ provides the idea behind our proof
on an online forum; see https://math.stackexchange.com/q/1658991.


https://math.stackexchange.com/q/1658991
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Theorem 4.5. Let (C,3,T) be a weak (pre-)(n + 2)-angulated category and let C' be any skeletal category.
Suppose F : C — C' is an equivalence. Then C' is a strong (pre-)(n + 2)-angulated category and F is an

(n + 2)-angle equivalence.

Proof. An application of Theorem shows that C’ has the structure of a weak (n + 2)-angulated category,
for some (n + 2)-suspension functor ¥': ¢’ — C’ that is an autoequivalence, and that .# is an (n + 2)-angle
equivalence. Since Y’ is an equivalence between skeletal categories, we have that ¥’ is actually an isomorphism
of categories by Proposition That is, the (n + 2)-suspension functor ¥’ of C’ is an automorphism and C’
is a strong (pre-)(n + 2)-angulated category.

|

As an immediate consequence, we have the following.

Corollary 4.6. Let (C,%,T) be a weak (pre-)(n + 2)-angulated category. Then any skeleton C*°' of C is a
strong (pre-)(n + 2)-angulated category.

Proof. Let Z: C%%¢! < C be the inclusion functor associated to a skeleton C%¢! of C. Then .Z is an equivalence
of categories, and we may apply Theorem with ¢’ = Cskel,
|

We conclude §4] by clarifying some details involved in the construction of the cluster category, a certain
orbit category which was first defined in [8]. Let A be an additive category and suppose ¢ is an automorphism
of A. The orbit category A/¥ has the same objects as A, and for X, Y € A/¥ we set

(W/9)(X,Y) = [[A@ X, V),
i€z
see [12], Def. 2.3], [26] §1]. Note that in order to have well-defined composition of morphisms in A/¥4, we

need ¢ to be an automorphism.

Example 4.7. Let k be a field and let A be a finite-dimensional, hereditary k-algebra. Let D := D’(A —mod)
denote the bounded derived category of finite-dimensional left A-modules. Then D is a triangulated (=(142)-
angulated) category (see [39, Prop. 3.5.40]) and denote its suspension functor by [1]. In addition, D has
Auslander-Reiten triangles (see [21, Thm. 1.4.6]), and let 7! denote a quasi-inverse for the Auslander-
Reiten translation (see [2I, p. 42]). Note that 7—! is an autoequivalence of D, so the composite endofunctor
Z =710 [1] is also an autoequivalence of D.

The cluster category of A is defined to be the orbit category Cp = D/ (see [8, p. 576]). Recall that
for an orbit category A/¥, the functor ¢ is required be to an automorphism. However, % is only an
autoequivalence, and not an automorphism, of D. Thus, the definition of Cy just stated masks some details
that we now discuss. We first take a skeleton D®*¢! of D. Then .% induces an autoequivalence .%’ of D**°! and,
by Proposition Z' is actually an automorphism. (This is the ‘standard construction’ alluded to in [26],
§1].) Hence, we may consider the cluster category of A to be the orbit category D%k¢!/.%#’. Moreover, D! is
triangulated by Corollary and we may thus apply [26, Thm. 1] to conclude D%k¢!/.Z’ is triangulated.
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