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ABSTRACT

The study of problems and structural properties of regular and extended
state space theory may be reduced to a study of first-order linear differen-

tial equations

S(F,G): Fx(t) = Gx(t), F, G e3RIXII

Matrix pencil theory is the key tool for the study of S(F,G) differential sy-
stems. The developement of a general theory for S(F,G) systems, and thus the
developement of a unifying theory for linear systems, necessitates the further
enrichment of the classical theory of strict equivalenve for matrix pencils.
To cover the needs of linear systems, a matrix pencil theory has to be ge-
neral enough and should have a geometric, dynamic, topological, invariant
theory and computational dimension. This thesis aspires to contribute in the
developement of the matrix pencil theory along the above lines and thus con-
tribute in the foundations of a matrix pencil based unifying theory for 1i-

near systems.

The theory of strict equivalence is detached from its algebraic context
and it is presented as a theory of ordered pairs (F,G). The strict equiva-
lence invariants are defined in a number theoretic way, by the properties
of appropriate Peicewise Arithmetic progression sequences defined on a pair
(F,G). This new characterisation of strict equivalence invariants allows the
derivation of new procedures for computing the Kronecker canonical form, for
constructing minimal bases, and provides the means for the establishment of
the geometric theory of strict equivalence invariants. The subspaces of the
domain of (F,G) are classified in terms of the invariants of the restriction
pencil. A variety of notions of invariant subspaces emerges, such as (F.G)- ,
(G,F)-, complete-(F,G)-invariant subspaces and extended-(F.,G)-, (G.,F)-, com-

plete- (F.G)-invariant subspaces. These notions of invariant subspaces are



the counterparts of the standard notions of invariant subspaces of the geo-
metric theory. The properties of the solution space of S(F,G) differential
systems are studied and the different norions of invariant subspaces are cha-
racterised dynamically in terms of the properties of C00 distributional-hol-
dability and COO—, distributional reachability. Once more, these dynamic pro-
perties are generalisations of the fundamental notions of geometric theory.
The theory of invatiants of matrix pencils, or ordered pairs, is enriched by
the study of invariants under Bilinear strict equivalence; a complete set of
invariants is defined under this equivalence. This study leads to a ’’space
frequency” relativistic classification of the dynamic and geometric proper-
ties of S(F,G) systems and their invariant subspaces; furthermore, it pro-
vides the means for a systematic study of dual systems and problems in linear
systems. The further developement of the theory of invariant forced realisa-
tions, allows the translation of results and properties derived on S(F,G)
back to linear systems theory. Finally, the problem of defining appropriate
topological settings for the study of properties of pencils under under un-
certainty in their description is examined. New metric topologies are intro-
duced and their links to. known results of the perturbation theory of the ge-

neralised eigenvalue-ecigenvector problem are established.
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NOTATION AND ABBREVIATIONS

Throughout this thesis, the following notation and abbreviations will be

used:

ZM
Et[s]

Kn,i:n,IRr‘(s)

PGL(1,C)

IC<F,G)
Ir(F>G)
eh

£h-b
Eh (F,G)

PKEF,G)
C1

Nk
a

Sa(F,G),Wa(F,G)

Ep(H)
lei

\V4 %
\V4

the field of real, complex numbers and rational functions,
respectively

the set of integers and natural numbers, respectively
the ring of polynomials over IR

the n-dimensional vector spaces over ]R,C,]R(s)

the set of mxn matrices with elements from the field T
the general projective group on the projective straight
line of CU {<»}

the set of zero, infinite and a elementary divisors,
respectively

the set of column minimal indices of sF-sG

the set of row minimal indices of sF-sG

the strict equivalence

the bilinear-strict equivalence

the strict equivalence class of L = (F,G)

the a-Toeplitz matrices which are specified by a and
the pair (F.G)

denote a nested basis matrix of M]; :Nr{PI;(F,G)}

the Segre, Weyr characteristics of sF-G at s«a, re-
spectively

the projective equivalence class of f(s,s)
ie{l.2,.__,r}

the (E-t)-(JR-it) basis matrix of f(s,s), respectively
the complex list of f(s.s)

the real list of f(s.s)



Ec Er
eh’ eh

APV

%.n

a.A... =atA

Cp(A)

*r

L(V;W)
c.-(F,G)-1i.s.

(F.G)-i.s.
M1

* 0

SagF,G)
Wa(F,G)
Ea(F,G)
Le(s,s)

(33

r

Pk[(s,s);NkJ
°1  °1

W=+(Nk)

«x(F,G)
L
m,n

APR

APS
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(it—it 1)-basis matrix of f(s,s)

the complex-real Hermite equivalence, respectively

the p-th exterior power of the wvector space I/

the set of lexicographically ordered, strictly increasing
sequences of m integers from 1.2.,....n

the exterior product of the vectors ™,....,3"™ of an n-di-

mensional vector space V where y = (1J,---,1im) €0 0Ty
—ITi

the p-th compound matrix of AeF™TM_  p<min(m,n)

the set of quadruples

the set of r-prime PlUcker vectors of T

the set of all linear mappings from V into W
complete-(F,G)-invariant subspace

(F,G)-invariant subspace

i-th generalised null space of (F,G) at s=a
maximal generalised null space of (F,G) at s=a

the Segre characteristic of (F,G) at s=a

the Weyr characteristic of (F,G) at s=a

normal complete prime set of chains of (F,G) at s=a
the standard c.m.i. block associated with £

right Weyr sequence of (F,G)

N~ -right annihilating set of sF-sG

IR[s ]-, 1IR[s]-, -right annihilating modules of (F,G)
respectively

ith supporting space of

right set of singularity of (F,G)

the set: {(F.G): F~e™RI™11}

arithmetic progression relationship

arithmetic progression sequence



BE

BSEG

BSE

BEG
(C,UES)
c.i.v.
d.g.s.
d.s.t.
e.d.
e.r.o.’s

e.c.0.’s

e.e.r.s.
e.e.r.r.
f.e.d.
g.c.d.
G.R.D.
G*L*D-
G.C.R.D.
G.C.L.D.
G.L.M.P.
g.s.
(K-a-(F.G) T.M.)
L.D.

M.F.D.
m.r.fii.r.

m.r.i.r.

bilinear equivalence

bilinear strict equivalence group
bilinear strict equivalence
bilinear equivalence group
complex unique factorisation set
consistent initial vector

dual generalised state
distributional state trajectory
elementary divisor

elementary row operations
elementary column operations
entirely left singular

entirely right singular

extended entirely right singular
extended entirely right regular
finite elementary divisors
greatest common divisor

greatest right divisor

greatest left divisor

greatest common right divisor
greatest common left divisor
general linear mapping problem
generalised state

K-th order a-(F,G)-Toeplitz matrices
left divisor

matrix fraction description
minimal regular forced invariant realisation

minimal regular invariant realisation
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(NI.PAPS)
n.K.o.
n.B.o.
n.s.t.
O.I.M.
PAPS
PAPSD
p.r.fii.r.
RPAPS
(BR-UFS)

r.f.i.r.

SEG
TVS
UFS
WSD

z.e.d.
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non-increasing PAPS

natural KrBnecker orbit

natural Brunovsky orbit

normal state trajectory

orthogonal invariant metric

piecewise arithmetic progression sequence
piecewise arithmetic progression diagram
proper regular invariant realisations
right piecewise arithmetic progression sequence
real unique factorisation set

regular forced invariant realisation
regular invariant realisation

strict equivalence group

topological vector space

unique factorisation set

Weyr sequence diagram

zero clementary divisors
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CHAPTER 1: INTRODUCTION

The theory that will be presented in this thesis falls within an area of
research that is referred to as "matrix pencil approach" to the geometric
theory of linear systems. The two fundamental parts of this approach are the
geometric theory of linear systems and the algebraic theory of matrix pencils.
The work presented here is an attempt to unify the geometric, algebraic and
dynamic aspects of linear system problems, which may be reduced to the study

of properties of generalised autonomous differential systems S(F,G):fx=Gx,

F, GelRI0XII.

The basic philosophy underlying the geometric approach to linear systems,
is that a system is an entity defined by a number of mappings defined on ab-
stract linear spaces (the input, the state and the output space); several
relevant structural features of the system are therefore determined by the
way in which these mappings interwine in their domains and codomains. These
structural features can be expressed in terms of the geometrical properties
of different types of subspaces connected with these mappings. Questions in-
volving the existence and synthesis of controllers may be reduced to problems
concerning the interelationships of certain subspaces and the existence of
mappings with given properties. Of key importance to this approach is the
characterisation and properties of various different types of invariant sub-

spaces. The basic references for the geometric approach may be found in [Won.

1L, [Will. -11.

The matrix pencil approach to geometric theory [Was. & Eck. -1],[MacF. &
Kar. -1].[Kar. -1].[jaf. & Kar. #I] has been motivated by the need to simpli-
fy the characterisation of the basic concepts and the solution of problems
of the geometric theory, by introducing an algebraic dimension to them. The

characterisation of subspaces of the state space is based on the strict equi-



valence invariants of a special pencil, called the 'restriction pencil of
the subspace. This approach has provided the means for a better understanding
of the structural aspects of linear systems and it has reduced the problem
of computations to the study of a generalised eigenvalue-eigenvector problem.
The present research is motivated by the results of the standard matrix pen-
cil approach. It aspires to contribute in the developement of a matrix pencil
approach for a broader class of linear systems, that includes both regular
and extended state space systems. Of crucial importance for such an attempt
is the developement of a geometric and dynamic theory of matrix pencils, or
of autonomous generalised differential systems. The main emphasis of the pre-

sent work is on the developement of a general theory of S(F,G) systems.

The geometric approach for linear regular state space systems is a theory
developed for first order non-singular differential equations. The intimate
link of general first order linear differential equations with matrix pencil
operators, suggests that the matrix pencil theory is the natural setting for
the developement of the geometric, algebraic, dynamic and computational as-
pects of broad classes of linear dynamical systems; within the families of
linear systems that may be studied in terms of matrix pencils, we distinguish
the singular, or extended state space systems, regular state space systems
and systems with uncertainty in their parameters. In the attempt to generali-
se the standard geometric theory to singular systems we face a number of dif-
ficulties; these are due to the lack of a geometric theory of matrix pencils
and to the obstacles in the interpretation of strict equivalence transforma-
tions as meaning full feedback operations on the system. Extending the stan-
dard theory to linear systems with uncertainty in the description of the ba-
sic maps, becomes a more difficult problem; apart from results on the pertur-
bation theory of eigenvalues, there is no general theory of topological pro-

perties of the S.E. invariants and associated subspaces for matrix pencils.



A special case of "uncertain” descriptions is the family of singularly per-

turbed systems; for this case, the natural operator becomes the ’matrix com-

ic
binant", or "matrix net", I X.F , F.&R™ |], X. indeterminates. A theory for
1«1 1 1 1

such operators has not been developed yet. The algebraic theory of S.E. of
matrix pencils is also inadequate in dealing with problems involving '"space-
frequency" transformations on matrix pencils and which arise in the study of
dual systems and problems [Kar. & Hay. -1,3], in the "space-frequency rela-
tivistic" classification of system properties, as well as in the conditioning

of the generalised eigenvalue-eigenvector problem [Kubl. -1]7.

It is evident, that a prerequisite of the developement of a general theory
for linear systems is the further enrichment of matrix pencil theory beyond

the classifical theory of S.E. and the recent numerical analysis advances

[Kag. & Ruh. -1]. The aim of the present work is to contribute in the deve-

lopement of those aspects of matrix pencil theory, which primarily concern
linear systems theory. The main topis discussed are:

(1) Number theoretic aspects of S.E. invariants.

(2) Geometric theory of matrix pencils.

(3) Bilinear-Strict equivalence of matrix pencils.

(4) Dynamic aspects of S(F,G) differential systems.

(5) Framework for the study of topological properties of matrix pencils.
These topics are of key importance for the developement of a general theory
of generalised autonomous differential systems that encompasses the algebraic,
geometric, dynamic, "'relativistic'", topological and computational aspects.
A general theory for such differential systems, may provide the means for a
unifying and general approach for linear systems of the regular and extended

state space type.

The standard eigenvalue-eigenvactor problem defined on a matrix AeiRI"™M

has algebraic, geometric and number theoretic aspects. The algebraic pro-



perties are defined by the S.E. invariants of the pencil sI-A, the geometric
properties are connected with the structural aspects of generalised null spa-
ces (elementary A-invariant subspaces) and the number theoretic properties
are implicit in the Segr&, Weyr characteristic theory [Tur. & Ait. -1]. Note
that each one of the above properties, and quite independently from the others,
may lf)e used for the computation of the Jordan form and thus for defining the
structure of the eigenvalue-eigenvector problem. This implies that the theo-

ry of the eigenvalue-eigenvector problem may be presented on the pair (I,A)

without using the algebraic structure of the pencil slI-A.

Generalising the geometric and number theoretic properties from sI-A to the
general sF-G case, implies also a detachment of the theory of S.E. inwvariants
from its purely algebraic basis (Smith form, theory of minimal bases [For.
“1D> this is equivalent to presenting the theory on the ordered pairs (F,G)
without resorting to the algebraic notion of the matrix pencil. A theory of
S.E. presented on (F,G) has a number of important advantages from the conce-
ptual and computational points of view. In fact, similarly to the (I,A) simple
case, the number theoretic properties, expressed by an extended Segrfe-Weyr
theory, may be used for the definition of the set of S.E. invariants of (F,G)
and thus for the computation of the Kronecker form. The computational advan-
tages, within the framework of the new definitions, stem from that standard
numerical linear algebra techniques may be deployed. Extending the geometric
properties from (IL,A) to the general (F,G) case, it is expected that a va-
riety of new notions of invariant subspaces, rich in dynamic properties will
emerge; the standard matrix pencil approach and geometric theory indicate
the existence of such subspaces, which are rich in dynamic properties and
thus may describe a number of important properties in linear systems. Final-
ly, we should point out, that a S.E. theory presented on pairs (F,G) provi-
des a more convenient setting for generalisations of the theory, when it is

compared with the algebraic approach based on sF-G.



Frequency domain transformations of the bilinear type, have been used in
the study of wvarious problems of linear systems theory, as well as in nume-
rical analysis. In the context of linear systems, special bilinear transfor-
mations have been deployed for the definition of infinite zeros of a ratio-
nal matrix [Verg. —1], for the computation of finite and infinite zeros of
a rational matrix [Kouv. & Edm. -1] and the definition and study of proper-
ties of the "integrator-differentiator” type of duality [Kar. & Hay. -1,3].
In the context of numerical analysis, special bilinear transformations have
been used for improving the bad-conditioning of the generalised ecigenvalue-
eigenvector problem [Kubl. -1]. The need for a general theory ’’space-frequen-

cy” domain transformations is apparent.

The origins of Bilinear-Strict Equivalence (B.S.E.) go back to the classi-
cal theory of matrix pencils [Tur. & Ait. -1]. However, apart from some pre-
liminary results, there is no general theory of invariants under B.S.E. Gi-
ven that B.S.E. expresses coordinate transformations in the space (domain
and codomain of a pair (F,G)) and frequency (coordinate transformations on

the Riemann sphere) domains, such a theory has a ''relativistic’’,, space-fre-

f
quency dimension. From the theoretical viewpoint, a general theory of in-
variants under B.S.E. is a prerequisite for the developement of a theory of
dual problems, as well as for the '"'relativistic” classification of important
linear systems concepts. Thus, such a theory may provide the means for a
"relativistic" classification of system theoretic notions, such as stabili-
ty, controllability, observability, (A,B)-invariance e.t.c,, according to
their properties to vary, or remain invariant under 'space-frequency” trans-
formations. From the numerical analysis viewpoint, it is believed that such
a theory is necessary for the “optimal" conditioning of the generalised ei-

genvalue-eigenvector problem. The basic idea behind the latter problem, is

the definition of a suitable equivalent problem, with "nice" computational



properties; the computations may then be carried out on the equivalent pro-
blem and the results are then interpreted back to the original badly conditio-

ned problem.

The importance of the study of dynamic aspects of the autonomous genralised
differential system S(F,G), stems from its links to the study of motions, which
are restricted in a given subspace of the state space of a linear regular, or
singular system. This study, provides the means for a dynamic characterisation
of the various types of invariant subspaces of the domain of (F,G); it is the-
refore, instrumental in generalising the fundamental notions of (A,B)-invariant,
almost controllability subspaces of linear systems, to the case of S(F,G) dif-
ferential systems. By establishing an expression for these fundamental dyna-
mical concepts, on the more abstract level of S(F,G) descriptions, the problem

of their translation to particular cases, such extended state space systems, be-

comes much easier.

There are certain conceptual difficulties associated with the S(F,G) differen-
tial systems. In fact, in the general case, there exist certain initial condi-
tions for which the uniqueness property of the solution does not hold true;
thus, S(F,G) descriptions do not always represent a dynamical system. To over-
come these conceptual obstacles, a theory is needed to parametrise the solutions
and explain the arbitrariness in a meaningfull system theoretic way. The theory
of invariant forced realisations” of the S(F,G) differential systems [Kar. &
Hay. -2], has been introduced to serve that purpose. In fact, it allows the
parametrisation of trajectories in a family of a given initial condition, in
terms of external control inputs; furthermore, it allows the interpretation of
S(F.G) as a ’feedback free” description of a control problem defined on an or-

bit of linear systems.

The necessity for an appropriate topological framework for studying the pro-

perties of a pair (F,G), or the pencil sF-G needs hardly to be emphasised. The



uncertainty in the exact values of parameters of real life linear models is in-
herent; two of the main reasons are inaccuracies in the experimental data and
rounding off errors in computations. Implicit on the study of robustness of the
algebraic and geometric properties of a pair (F,G), is the setting up of an ap-
propriate topological framework; for a topological framework to be suitable for
the study of robustness it must have the following properties: It must be na-
tural, as far as describing the origins of uncertainty, should be related to

the fundamental properties-of (F,G), and must be strong enough for the deri-

vation of strong robustness results.

The origins of the theory presented in this thesis, come from the work of Kar-
canias [Kar. & Hay. -1,2].[Kar. -5] on the theory of generalised autonomous dif-
ferential systems S(F,G). This thesis aspires to contribute in the developement
of the proper foundations of a general theory of S(F,G) type differential sy-
stems; such a theory is considered as a prerequisite of a metric pencil approach

for broader families of linear systems. The material presented here is structu-

red in the following way.

The second chapter of this thesis provides a selective summary of concepts
results, and tools from the mathematical topics which are essential for the de-
velopement of the results in the following chapters. The range of topics dis-
cussed there are from: the theory of invariants, polynomial matrices and ratio-
nal vector spaces theory, the classical theory of matrix pencils, the Segrfe-
Weyr characteristic theory of the eigenvalue-eigenvector problem, Exterior al-

gebra and Compound matrix theory, and finally, the essential topological notions.

The third chapter "set the scene" for the theory that will be developed in the

following chapters. Section (3.2) provides a brief summary of the fundamental

concepts of geometric theory, as they have been developed [Won. -1],[Will. -1]»

The emphasis is on the dynamic and geometric characterisation of (A,B)-invariant,



almost (A.B)-invariant, controllability, almost controllability subspaces. In
the same section, a brief summary of the matrix pencil approach to geometric
theory [Kar. -1],[Jaf & Kar. -1] is also given; the emphasis there is on the
algebraic characterisation of the fundamental invariant subspaces. Section (3.3)
shows how matrix pencil theory and the generalised autonomous differential sy-
stems S(F,G), arise in the context of regular and extended state space systems.
It is there, where the S(F,G) description emerges as the unifying object for
the study of structural properties of linear systems. In section (3.4) the no-
tions of duality and dual problems, arising from the S(F,G) description are

examined. This topic provides the motivation for the material in chapter (6).

The fourth chapter generalises the Segr*-Weyr characteristic theory and the
generalised null spaces results from the standard eigenvalue-eigenvector pro-
blem defined by a regular pencil. For every generalised eigenvalue (|XF-G|=0),
a special sequence of the "Piecewise Arithmentic Progression" (PAP) type is
defined; the analysis of PAP sequences, leads to the derivation of the Segr&
characteristic of (F,G) at s=X, which in turn, provides a number theoretic
definition of e.d., independetly from the algebraic one. A method for construct-
ing the Weierstrass canonical form is suggested, which makes use of Ferrer’s
diagrams for the analysis of PAP sequences and avoids the use of special trans-
formations. The geometry of a regular pencil is investigated by defining the
notion of the generalised null space at s=X and then by investigating its struc-
tural properties. The structure of basis matrices for the null space of Toe-
plitz matrices reveals the complete geometric dimension of e.d.; a systematic
procedure for computing independent Jordan type chains is given, which in turn
provides an alternative technique for computing the Weierstrass form. The re-
sults of the chapter reveal the complete geometric and number theoretic dimen-

sion of e.d. and provide alternative means for their definition/computation.



Chapter (5) is an extension of the Segrfe-Weyr theory to the case of singu-
lar pencils. It is shown that the number theoretic and geometric results de-
veloped for regular pencils may extended for the case of column, row minimal
indices (c.m.i.), (r.m.i.) of a singular pencil. In fact, the set of c.m.i.
(r.-m.i.) may be defined by analysing the properties of appropriate piecewise
Arithmetic Progression sequences; these results demonstrate the unity between
the S.E. invariants and provide the number theoretic dimension of c.m.i. (r-m.
i.) 1is associated with the structure of the maximal annihilating spaces defi-
ned on a pair (F,G). The module structures of the pair (F,G) are examined and
a systematic procedure for constructing minimal polynomial bases, based on
standard linear algebra, is suggested. The results provide a thorough descrip-
tion of the number theoretic, geometric and algebraic properties of c.m.i.,

r.m.i.

The sixth chapter develops a general theory of algebraic invariants of ma-
trix pencils, or ordered pairs, under Bilinear Strict Equivalence (B.S.E).
Starting from the invariance property of c.m.i., r.m.i. and the covariance
property of e.d. a complete set of invariants under B.S.E. is defined. These
invariants are defined by the real, complex lists (degrees of all e.d., or all
Segr& characteristics) and vectors defined as PlUcker vectors and canonical
Grassmann vectors. A fundamental part of the analysis is the determination of
a complete set of invariants of homogeneous binary polynomials under projec-
tive equivalence; this problem is shown to be equivalent to the general linear
mapping problem on a Riemann sphere. Finally, the effect of B.E. on stability
of e.d. is examined and the role of B.E. transformations on assigning diffe-
rent properties to matrix pencils is discussed. These results in this chapter
provide the tools for the relativistic classification of system properties,
construction of dual problems and investigating the existence of pencils with

"good" numerical analysis characteristics.
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Chapter (7) deals with the number theoretic, geometric and dynamic apsects
of a general pencil and it is derived into four main parts. Section (7.2) ex-
tends the theory of PAP sequences characterising the sets of elementary divi-
sors (e.d.) to the general case of singular pencils. These results together
with the PAP sequences characterisation of c.m.i. and r.m.i. provide the means
for a number theoretic definition of the set of S.E, invariants on the pair
(F,G), as well as a procedure for finding the Kronecker form without use of
special transformations. The basic element of the procedure is the singular
value decomposition which is used for the computation of the different types
of PAP sequences. Section (7.3) deals with the geometric properties of the
subspaces of the domain of (F,G). The key tool is the restriction pencil (F,G)/V
with set of S.E. invariants. The geometry of simple invariant subspaces (cha-
racterised by one type only of S.E. invariants) is examined first; the stuc-
ture of such subspaces leads to the definition of (F.G)-, (G,F)-, and comple-
te (F,G)-invariant subspaces. A detailed account of the structure of such sub-
spaces is given and these notions of invariant subspaces are extended to those
of partitioned-(F,G)-invariant subspaces (p.-(F,G)-i.s.), extended (F,G)-, (G.,F)-,
complete-(F,G)-invariant subspaces. The geometry and spectrum properties of
such subspaces are examined in detail. Finally, the relationships of abstract
subspace algorithms defined on (F,G) pair with the different notions of inva-
riant subspaces is discussed. This latter study leads to a characterisation and
computation of the various types of supremal invariant subspaces of the domain
of (F,G). The results of this section establish a complete geometric theory for

matrix pencils, which may be presented on ordered pairs (F,G) and independently
from the underlying algebra.
In section (7.4) the theory of invariant realisations [Kar. & Hay. -1.,2] is

further developed. The theory is presented on ordered triples (F,G;V), where

is a subspace of the domain of (F,G); these results allow the interpretation
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of the geometric and dynamic results derived on S(F,G) descriptions, or matrix

pencils, back to the theory of linear systems. The essence of the theory is
the definition of another triple (F'.G':V?’), where & is entirely right
singular (characterised only by c.m.i.), such that the restriction pencils
F,G)YV, G Y/ V'are S.E. The final section (7.5), deals with the properties
of the solution space of the S(F,G) descriptions and the dynamic characterisa-
tion of the invariant subspaces of (F,G). The solution space is characterised
by defining the initial and redundancy spaces of S(F,G); the initial space is
further characterised by defining the regular (uniqueness of solutions) and

non regular (no uniqueness of solutions) subspaces. A further classification

of the regular initial space is given in terms of the C , distributional natu
re of the solutions. These notions of initial subspaces are related to the in-
variant subspaces of the pair (F,G). The dynamic characterisation of invariant
subspaces is done in terms of two fundamental properties; the holdability and
the reachability properties. According to the nature of solutions we distin-
guish the familes of COO distributionally-holding subspaces and COO— , distn-
butionally reachability subspaces; these notions, defined on S(F,G) systems,

are extensions of the notions of (A.,B)-invariant, almost (A,B)-invariant, con-
trollability, almost controllability subspaces of the geometric theory. The dif-
ferent types of invariant subspaces of (F,G) are classified according to the a-

bove four properties. Finally, the parametrisation of the solution is discussed;

this is achieved by using the notion of invariant forced realisation.

Chapter (8) provides a framework for discussing the topological (properties
under uncertainty) aspects of pairs (F,G) and a '"space-frequency” relativistic
classification of the geometric and dynamic properties of S(F,G) systems.
Different types of convinient (as far as description of uncertainty) metric
topologies are introduced. The new metrics are related to already known ones;

thus, the links with standard perturbation results are established. The notion
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of deflating subspace [Stew. -1], which plays an important role in perturba-
tion theory, is shown to be equivalent to the notion of elementary divisor ty-
pe subspace discussed in section (7.3). Finally, the results of chapter (6)
are used to classify the geometric and dynamic properties of S(F,G) systems
to those which depend on frequency coordinate transformations and those which
are invariant under such transformations. The conclusions and future research

extensions of this work are given in chapter (9).



CHAPTER 2:

Mathematical Background
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CHAPTER 2: MATHEMATICAL BACKGROUND

In this chapter we give a brief account of some important mathematical to-
pics which form an essential background to the topics discussed in the folow-
ing Chapters.

In Section (2.1) we review some of the fundamental concepts and results on
invariants and canonical forms defined on equivalence classes. In Section
(2.2) a brief account of results from the theory of polynomial matrices and
rational vector spaces is given. Particular emphasis is given to the theory
of polynomial minimal bases, which in the context of matrix pencils plays a
crucial role, especially in Chapter (5). The background on Exterior algebra
is needed for the developement of the theory of invariants of matrix pencils
under Bilinear strict equivalence, presented in Chapter (6), as well as for
the developement of a new angle metric for ordered pairs (F,G), or matrix
pencils given in the last Chapter. In Section (2.4) a brief review of the
results on Segr& characteristics of the standard eigenvalue problem is
given; this review is needed as a background to Chapters (4) and (5), where
the Segre theory is extended to the generalised eigenvalue-eigenvector pro-
blem. A brief account of the classical matrix pencil theory is given in
Section (2.5). Finally, a summary of essential topological notions is given

in Section (2.6).

2.1 Equivalence Relations, Invariants and Canonical forms [Bir. & Macl>. -1]
We shall begin by introducing some definitions and results which will be

used later in this thesis.
Definition (2.1): A relation from a set X to a set / is a subset of Xx/

where XxV is the set of all ordered pairs of the form (x,y) where x€X, y€/.

Definition (2.2): A relation R on X (RCXxX) is called an equivalence rela-

tion if it satisfies the following three conditions
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) ¥ x€X, (x,x)eR (reflexive)
(i1) If (x,x’)eR then (x7,x)6R (symmetric)

(111) If (x,x”)eR and (x’,x77)eR then (x,x””)eR (transitive)

Definition (2.3): Let X be a set WO0) and E be an equivalence relation on X
Let xeX ; then the equivalence class or orbit of x is befined by.

E&)=»{y: yeX and (x,y)eE} , 2.1

The set of all equivalence classes is called the quotient set or orbit set

and i1t is denoted by X/E

Theorem (2.1): If R is an equivalence relation on X, then the family of all

equivalence classes form a partition of X, i.e.
X=R(X1)UR(x 2)U. . .UR(xi)U... R(x1)QR(xj)=0

Definition (2.4): A system of distrinct representatives for R, is a set T,

TcX that contains precisely one element from each of the equivalence classes.

Definition (2.5): Let X,T are sets, E an equivalence relation defined on X.

A function M:X+T is called an invariant of E, when xEy implies £(x)="(¥).
X is called a complete invariant for E, when £(x)="(y) implies xEy.
*(A complete invariant defines a one to one correspondence between the equi-

valence classes E(x) and the image of ™).

Definition (2.6): A set of invariants ~sX+T. 1i=1,2,....k} is a complete

set for E, if the map defined by:
(2.2)

is a complete invariant for E on X.

Let £X> x LL is a complete invariant for E on X. Then ™(x), i=1,2,....k
i=1

characterise uniquely E(x). If we specialize the invariant such that its

image TcX we define a canonical element or a canonical form.



15

Definiition (2.7): A set of canonical forms for E equivalence on X is a sub-

set C of X such that ¥ xeX there exists a unique ceC for which xEc.

Indeed, if £ is a complete invariant and N(X)“C, then for any xeX and Cp
c26C, xEcl and xEc2 implies [{(x)-<(cl)-<(c™-c”™c”™c by the invariance pro-
perty. By completeness, we have that for any ceC, if &(X]|) and Nx2)-c,

then x"Exp
Thus, c«™(x) 1s a unique member of E(x) ¥ xeX.

The values ™(x) are often called a complete set of invariants.

2.2. Polynomial matrices, Rational Vector Spaces and Smith form

2.2.1.IR[s]-unimodular equivalence, Smith form. [Gant. 1]

Let IR"Xq[s] the set of pxq matrices from !R[s]; an equivalence relation on

this set may be defined as follows:

Definition (2.8): Let M1(s),M2(s) JRpXq[sJ. M1(s),M2(s) are said to be IR[s]-
equivalent if

M2(s )-R(s ) M1(s)Q(s ), 2.3)
where R(s) €IRpxp[s], Q(s)elR gxq[s], |R(s)|, |Q(s)| 6 JR-{0}.

The matrices R(s), Q(s) with detemrinants in 1R-{O} are known as !R[s]-uni-
modular matrices. If R(s)=Ip and Q(s) IR (s)-unimodular, then M~"(s), M2(s) are
called IR [s]-right-equivalent and if Q(s)=Iq, and R(s) JR [s]-unimodular, then
they are called IR [s]-left-equivalent. It is well known that the relations
defined above are equivalence relations and a complete set of invariants may
be defined, as well as canonical forms. The IR[s]-equivalence class of M(s)e

IRpXq[s] will be denoted by and the right, left IR[s]-equivalence

classes by /\r[’\(l\/[), ]%’\’V\M) respectively.
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Theorem (2.1): Let M(s)elRpXq[s].

(1) There exist unimodular matrices L(s)e3RP * [s] (obtained by e.r.o. s.)

and R(s)elRgqxq[s] (obtained by e.c.o.’s.) such that

Xi(s) i
o
1
Xi(s) [ 0 r
1
L(s)M(s)R(s)-S(s) 0 | e IRpXq[s] (2.4
X1 (s)'1
_________ H-
%
0 I 0 p-r
r q-r

where S(s) is called the Smith form of M(s) and

(a) r=max {rank M(s)} £ min (p,q)
s€R

(b) the polynomials X7(s)elR[s], ier called invariant polynomials of M(s),

are monic, uniquely defined by M(s) and satisty the division property

(i1) The set (X~Cs), ier} of invariantpolynomials defined above forms a comple-
te set of invariants for -equivalence and S(s) is a canonical form
fOr "R[s] (M) *
Moreover, consider the polynomials Ai(s)eiR[s], i=O.,l,....,r given by
&0(s)sl» AN(s):=the monic g.c.d. of all ixi minors of M(s).

These polynomials are called the determinantal divisors of M(s). They are

related to the invariant polynomials of M(s) by the Smith algorithm.

A.(s)
i.e. X. (s) - - > 1Gr 2.5
() A1-1(s) @-5)
If X4(s)=(s-si v (s=s1™)0II™, ier is the unique factorisation over
C of Xi(s), where si k eC and a™, ¢ ?? Jaik’€z+* then’ the elements

of the set {(s-s™a™» j=1.2,.. k*, i=1,2,....k} are called the elementary

divisors of M(s). An elementary divisor is said to be linear or non linear

according as aij=l or a.jj>1
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Remark (2.1): Some different eclementary divisors may contain the same polyno-

mial (s—SoA (this happens, for example, in case 1™(s)““li+"(s) for some 1).

The total number of elementary divisors of M(s) is therefore E

i=1 1 D
r ki
Remark (2.2): Let M(s)eRnxn[s] and detM(s)*O. Then the sum E E at4 of
i“Ij=1 3
degrees of its elementary divisors {®" coincides with the degree of

detM(s).

Note that the knowledge of the elementary divisors of M(s) and of the number
r of invariant polynomials (8),.--,17™(8) 1is sufficient to construct 1™(s),
eee=>AN(s). In this construction we use the fact that A”s) is divisible A™ 7(s).

Let SpS2.,....,sp be all the different numbers from z which appear in the ele-

mentary divisors, and let that (s-sp0ll’1,.+*,(s-s-t)®1°k1i, (iep) be the ecle-

mentary divisors containing the number s, and ordered in the descending order
of the degrees Clearly, the number r of invariant polynomials

must be greater than equal to max {k4,...,kP}.
i

Under this condition, the invariant polynomials AN(s),-....,Ar(s) are given

by the formulas:

where we put (s-si)ai»j=l for j>ki

272.2. Rational matrices, M.F.Ds, coprimeness[Kail., 1]

Consider the rational matrix G(s) e IR™Cs), rank”™ {G(s)}=min{m,£}. It is

then well known that G(s) can always be factored (in a non-unique way) as

G(s) = D'I(s)NL(s) = NR(s)DRI1(s) .7
where NL(s), NR(s) e [ s1, ™(s)e ™"<[s], DR(s) e [ s] with det Dj/s),

det DR(s) 6 The pair {dr (s), NR(s)} ({D"(s), N*(s)}) is called a right

(left) matrix fraction description (MFD) of the rational matrix G(s).
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The above definition, and the other results to be described later, show that
matrix fraction descriptions provide a natural generalisation of the scalar

rational function representation of a scalar rational function.

Furthermore, descriptions (2.7) establish the links between rational matrix

theory and polynomial matrix theory.

Definition (2.9): A square polynomial matrix Q(s)€ IRqXq[s] is said to be a
right divisor (R.D.) of a polynomial matrix M(s)€IRpXq[s], with {> it and

only if there exists a polynomial matrix Mj(s) 6 1Rpxq[s], such that

M(s) = M1(s)Q(s) (2.8)

Let G(s) be a R.D. of M(s). Then Qq(s) is said to be a greatest right divi-

sor (G.R.D.) of M(s) if and only if deg{det("s)} £ deg{detQ(s)} for every R.D.

Q(s) of M(s)i
[

Remark (2.3): Greatest right divisors of polynomial matrices are not unique.

They differ only by unimodular (left) factors.

2ef-inition (2.10); A polynomial matrix M(s) e RpXq[s], . tankR(s) {M(s)}=q
is said to ke Arreducible or least degree if and only if one of the following
equivalent conditions is satisfied:

@ all the GR.D. of M(s) are unimodular matrices;

(ii) the Smith form of M(s) is [*ql;

(iii) the greatest common divisor of all g-order minors of M(s) is 1;

@av) rankj”g) <M(s) }=q, for every s€C.

Definition (2.11): A square polynomial matrix Q(s) € IRgqxq[s] is said to be

a greatest common right divisor (G.C.R.D.) of the two polynomial matrices

Mi(s) £ IRP gq[s], "2(3) € R q[s] if and only if Q(s) satisfies the following

properties:
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(1) Q(s) is a common right divisor of M”(s) and M2(s):
(11) 1f Q°(s) 6 IRgxq[s] 1s any other common right divisor of M”(s) and M2(s),
then Q’(s) 1is a right divisor of Q(s), or in other words deg{det{Q(s)

deg{det{Q'(s);}}.

Remark (2.4): Greatest common right divisors of two polynomial matrices are

not unique. They differ only by unimodular (left) factors.

[

Definition (2.12): Two polynomial matrices M”s) e RpXq[s], M2(s) e rf~ts]

With rankIR(s) are said to be relatively right prime or right
coprime 1if and only of one of the following equivalent conditions is satis-
fied:

1) all the G.C.R.D. of MI(s) and M2(s) are unimodular matrices;

(ii) the Smith form of +S NONS

(1i1) the greatest common divisor of all g-order minors of

(v) rank|R(s) {[M2(s)]}=q  fOr every sSC-

Remark (2.5). Left divisors (L.D.), Greatest left divisors (G.L.D) and Grea-
test common left divisors (G.C.L.D.) can be defined with the obvious changes.

For convinience, we shall henceforth talk onlv of right divisors.
O

Remark (2.6): A right MFD (left MFD) <DR(s), NR(s)}(<DL(s), NL(s)}) of a
transfer function matrix G(s) is called a right coprime MFD (a left coprime
MFD) if and only if the matrixes DR(s), NR(s) (DL(s), N”(s)) are tight co-
prime (left coprime).

Let now M(s) e Rpxq[s], p~q be a polynomial matrix with rankfc(s){M(s)}=q

and let us write it in terms of its q column polynomial vectors as
M(s) = [mA(s).---,mq(s)] (2.9a)

where

m”s) = [mxjfs) ,... mpi(s)] i=1,....gq (2.9b)
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Definition (2.13): The degree of the polynomial vector mj(s) is the highest

degree occuring among the degrees of its polynomial elements mj-j/s), i.e.

i=1,....q (2.10)

Definition (2.14) [Rosenbrock -17: The complexity of M(s) is the sum of the

degrees of its column polynomial vectors, i.e.

q
c = Z deg(ml(s)} 2.11)

Definition (2.15) [Rosenbrock -17]: The degree d of M(s) is the highest degree
occuring among the degrees of all its g-order minors.

Since a g-order minor of M(s) is a sum of products of polynomials one from

each column, the maximum degree occuring among all the g-order minors of M(s),

i.e. its degree d cannot exceed its complexity c, i.e. we have [Rosenbrock -1]

c-d. Let now that gi=degmi(s), ¥....qg. and write

(2.12)
k=0
Then M(s) can be written as
0
M(s) -[mI(s),....m (s)] = [m*1....,m"q] + M~s) (2.13)
0
where e 3RpXC (c= E gi), and
1
s
0
Z(s) = (2.14)
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The matrix [m”™,... ,m[1]!'SMa e IRpX" is called the highest (column) degree

cocfficient matrix_of M(s) .

D

Definition (2.16): A polynomial matrix M(s) 6 B?X~[s] is said to be column

PrOPer °r column reduced if the matrix Ma has full rank q.

Proposition (2.1): A polynomial matrix M(s) e IRpX*[s] is a column reduced if

its complexity ¢ is equal to its degree d.

Proposition (272): Let M(s) e 3RpX<*[s] be a polynomial matrix which is not co-
lumn reduced. Then there always exists a unimodular matrix U(s) elRgX<I[s],
det{U(s)} e such that the polynomial matrix M (s)®M(s)U(s) is column

reduced.

[

J-~MSENLalE 2LEL2LLHEL-2£-S£Li2S£]l, Vector Spaces

Let G(s) elR-H™Ms], m"f, rank”™" (G(s) }=f£ be a transfer function matrix.
Let us also denote by V the set of all linear combinations of the columns
of G(s) with multipliers in IR(s), i.e.

if G(s) = [gl(s).....g"(s)], then UG - span™ {gl (s).... .g"(s)} (2.15)

Clearly is a linear vector space over 3R(s) and dimU”*Z, and it is called

thie Xati®nal vector space generated by G(s).

From any rational basis G(s) of (/G we can generate a polynomial basis of
by means of a right MFD of G(s), i.e. if G(s)=N(s)D~I1(s) with N(s) elR"~ts],
D(s) e IR [s], det{D(s)}"0, then clearly the columns of N(s) define a polyno-

mial basis of VG. More precisely, if N(s)-{nl(s),--.-.n"(s)] then
SpailR(s) {~1 THrEy ] =

and (2.16)

sPan]R(s){n1(s),....,nL(s)} =
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where denotes the set of all linear combinations of the columns of N(s)

with multipliers in IR[s]. The set is a free !'R[s]-module [Bir. -1] and it

is called the polynomial module generated by N(s).

Proposition (2.3): Let be the polynomial modules generated by the poly-
nomial matrices N”™s), N2(s) eB"™s]., with rank]"(s){Nt (s) }=rank]R(s)(N2(s) }-£.

If N1(s)-N2(s)Q(s), where Q(s) elR"™Cs], det{Q(s)}"0, then

(2.17)

Proposition (2.4). Let N™s), N2(s) e IR [s] be two polynomial bases of the

same polynomial module M . Then, there exists a unimodular matrix Q(s)e UN[s],
N

det{Q(s)}=c eIR-{0} such that
Nx(s) = N2(s)Q(s) (2.18)

Thus unimodular matrices represent coordinate transformations of a polynomial

module.

., . /\
Proposition (2.5). Let N(s) € IRMMS] (o Gis of the polynomial module
Then the degree of N(s) is an invariant of or in other words if
N/\ N 3
s) e [s1 is any other basis of then deg{N(s)}=deg{N1(s)}.
Prpposition (2.6): Let N”™s), N2(s) e rankIR(s){N1(s)}=£,

rankIR(s){N2(s)}=Z and let dl=deg{N1(s)}, d2=deg{N2(s)}. If

Nt(s) = N2(:)Q(s), Q(s)eK£xZ[s], deg{detQ(s)} - g>l1 (2.19)
then

() dl=4d2+gq (2.20)

(i1) MNI ¢ 2.21)
where are the polynomial modules generated by the polynomial matri-

ces N (s), N2(s), respectively.
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Clearly, Eqn. (2.19) represents the extraction of a right divisor Q(s) of

the polynomial matrix N”s). This observation leads us to the following con-

clusions:
Let N”™s) e rank”™"™ (N(s) >£ be a polynomial matrix which can
be written in terms of its column%as ) In™(8),---.n£(s)J. Let us assume

that N~(s) is not irreducible and let

V - span™ fa (s).... .n|(s)}, span™ ™ {nJ (8),... ,n"(s)  (2.22)
be the rational vector space (/ and the polynomial module spanned by its
columns. Then if Qi(s), i«l,2.... are right divisors of N"s), i.e.
Nx(s) « Ni+1(s)Qi(s), i»1,2,... (2.23)
and the deg{detQi(s)}=qi>1 are such that {**q"-q» we will have that
(2.24)
deg(N"(s)) > deg(N2(s)) > deg(N"(s)) £ ... (2.25)

Moreover, if QG(s) is a greatest right divisor of N7(s) so that N"s)#

N(s)Qg (s), then

Mo C Mn and  deg(N1(s)) > deg(N(s)) (2.26)

The polynomial module is the maximal submodule of the rational vector (/
and all its polynomial bases are least degree or irreducible polynomial ma-
trices. In other words, if we consider the set of all polynomial vectors in
(/ then this set coincides with the module defined above.

Clearly, although the ascending chain of modules which is defines by Eqn.

(2.24) 1is not unique (it depends on the choice of Q”(s)) the maximal module

is uniquely defined.



Definition (2.17) [For. -11: A polynomial matrix N(s) 6 m>£ and

rank”™"™ (N(s) }*£ is said to be a minimal basis of the rational vector space

V spanned by the columns of a polynomial matrix N*s) € ™“~[s], mi£,

Ffank~Nfe™s) " ifand only if NI1(s)=N(s)Q(.(s) where GG<s) is a greatest

right divisor of N”s) and N(s) has the following properties:

(1) N(s) is least degree;

(i1) N(s) is column reduced.

Remark (2.7): Let NA(s) ¢ ran”™tN"s) . If N(), ®) <

T ~ts] are two minimal bases of the rational vector space V spanned by the

columns of N(s), then
NG W)Q(s) 227

where Q(s) e is a unimodular matrix.

O

Remark (2.8): Let x.(s) be a polynomial vector of the rational vector space

V spanned by the columns of N*(s) € [ s]. m>£, rank3R(s){N1(s)}«£ and let

N(s) be a minimal basis of (/. Then x(s) can be expressed as a polynomial

combination of the columns of N(s).

Given in general, a G(s) e IB"Cs], m>£, rank™" (G(s) }»£, then Forney -
describes a way of computing a minimal basis for the rational vector space
spanned by its columns(i.e. U”). He then shows that the column degrees <5'=
degni(s), 1i=1,...,£ of a minimal basis N(s)=[nl(s),....n"(s)] are the same
(i.e. invariant) for every minimal basis of /G 1.e. 61» 1=1.....,£ characte-

rise UG. Forney calls these degrees the "invariant dynamic indices" of VG

and their sum

£
6 » E <54 (2.28)
i»l x

the "invariant dynamic order" of UG- Clearly, the invariant dynamical order
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is the complexity of N(s) and since N(s) is a minimal basis it is equal to
the degree of N(s). We have to note that the invariant dynamical indices and
the invariant dynamical order do not characterise (/G uniquely, i.e. they are

not complete invariants.

2.3.. Background from Exterior Algebra [Gre, -1]

Let V be an arbitrary vector space and p>2 be an integer. Then a vector

space AP(/ together with a skew symmetric p-linear map
P

Ap : xV  APU (2.29)
1

is called a p-th exterior power of (/ if the following conditions are satisfied:

) The vectors AP(X",...,xp) generate APV.

P
(i1) If ip is any skew symmetric p-linear map of xV into an arbitrary vector
1
space U, then there exists a linear map f:Ap(/-4/ such that <p=foAP.

It is proved that conditions (i) and (ii1) are equivalent to the follow-
ing condition
(111) If ip is any skew symmetric p-linear map of xl/ into a vector space U,

then there exists a unique linear map f:AP(+U such that ip=foAP.

The elements of APU are called p-vectors. A p-vector of the form Ap(xX.,---.,X )

is called decomposable, and it is denoted by x™.-.AXp. Condition (i) states

that Apl/ is generated by its decomposable eclements.
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The skew symmetric property of the p-linear map AP implies that for every

permutation a es
Bo(DAPAN(p)  ““ signer ... AXDp (2.30)

Now suppose that ---,xp are linearly dependent vectors. Then the skew sym-

metry of Ap implies that

2C°A. . Ax =0 (2.31)
Conversely, p vectors which satisfy (2.31) are linearly dependent.

The results and definitions given above for general vector spaces will be

specialised and discussed in more detail for the case of finite dimensional

vector spaces.

Suppose that |/ is a vector space of dimension u over the field F. Then the

p-th exterior power of (/, Ap(/ may always be defined ; APV is a vector sub-
space of the p-th tensorial power of V. The pair (AP(/,AP) is uniquely defined

up to an isomorphism. If e”, i=»1,....n is a basis of (/then the products
(2.32)

span the vector space AP(Z. There are § choises of distinct indices 1l...._1p
from | to n, and they can be arranged uniquely in increasing order. It can be
proved that the elements definec above, e™A.. .Aeip are linearly independent

and thus form a basis for APV. Clearly then

dim Apl/ = (M), =0,1,....n
p @, p (2.33)

and Apl/=0 for p>n.
An arbitrary vector of AP(/ is called a p—vector and an element of the form

x"A,..AXp where 288p € U is called decomposable. Every p-vector u of (/

can be uniquely represented in the form

2.,34)
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where the symbol < indicates that the indices (il>..._ip) are ordered lexico-

graphically (Uil<i2<...<<ipSn). The coefficients aili2-..ip are called the co-

ordinates of the p-vector u with respect to the basis {e”, 1“l,.»..n} of U.

2.3.1. Exterior powers of linear maps

Theorem (2.2) [Bir, -1]: Let (» U be finite dimensional vector spaces over
a field F, and let Hi(/- be a linear map. Then, there is a unique homomorphis,

h: AI+AU of the exterior algebras such that h(x)»h(x) for any x in (/. Notice

that h maps AP( to APU for all p.

The homomorphism h is a linear map. The above gty means the fol-
lowing: If h is a linear map of a vector space (/ into a vector space U over

P
F, then to (xp....xp) ¢ x(/ we may correspond the element h(x™) a...a h(xp)

1 p
of APU. This defines an alternating multilinear map of xy into APY By the

1 - P
definition of the exterior product there exists a unique linear map h of A (/

into APU (APU is a vector space) such that

b(2£p +++.Xp) = h(x") a...a h(xp) (2.35)

identically. The following commutative diagram describes the construction

procedure for h

where we write APh for h and we call it the p-th exterior power of linear

map h. We have
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APh(x1,*++,Xp) * h(xp ... h(Xp) (2.36)

Egn. (2.36) defines the linear map APh of APU into APU. An important property

of the map Aph are summarised below [Mar. -1].

Corollary (2.1): Let f:IMI1 and gLMV be linear maps of finite dimensional

vector spaces over the field F. Set h=gof. Then for the maps APh, APf, APg

we have

Ap(gof) = Aph - Aph o Apf (2.37)

2.3.2. Representation theory of exterior powers of linear maps [Kar. -4]

Definitions and basic results [Ma. ~I™ GreA -1]

Let V be an m-dimensional vector space over the field F and let APU, p"m

be the p-th exterior power of U. If (v™» 1=1,....m} is a basis of V, then

APU is spanned by the vectors of the basis w=(p ... ,1p), 1™ <...<ip’m,
vAV-il1AvVI2 A?A Vi Every vector ve APV pay be written as y*“Za"v”.
P zZmx w

Let rp be the map of APU into h pJ defined by

rv<v) * [-77%°04) eee] (2.38)
Then rp is linear and it is called the representation map of AP/ associated

with the basis i=l,....m}. It can be seen that there is such a map asso-
ciated to every basis of U. The image of APV under this map is called the

representation of APU relative to the basis {v*, i=l,....m} of V. The follow-

ing result can be easily wverified.

(]
Proposition (2.7). The representations of the p-th exterior power of an m-

dimensional vector space (/ over f, are isomorphisms of APU onto F"p\

Let I/, U be two vector spaces over the field f of dimensions m, n, respec-

tively and let h be a linear map of (/ into U. The linear map h can be repre-

sented with respect to the bases Bvs3“Zi» and Bu={uf, i=l,....n}
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of V and U by a matrix Hu which is defined by the following commutative dia-

gram

Figure (2.3)

where r™, ™ are the representation maps of V and U onto Fm and Fn respecti-
vely. Because U, U are isomorphic to Fm, Fn respectively, F0l, Fn may be used
to represent (/, U and gthe matrix to represent the linear map h.
Let AMNU, A?U be the p-th exterior powers of V, U respectively, where p<min{m,n}.

Then h:l/->U implies the existence of a linear map A”h of AU into A"U. If we de-

note by r, the representation maps of AU, A4?U with respect to the bases

-

z and i=1,....n} of V, U respectively, then applying
the representation result for linear maps, which has been discussed above, we

have the following commutative diagram.

Figure (2.4)
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and thus the matrix APHV is defined by the equation
u

(2.39)

The description of ApHV in terms of the HV will be defined below and that
u u

will establish the links between the present subject and the compound matrix

theory.

Let i-1,. .. m}» bu={llf» isal»»»“»n} be bases of V and U respectively

and let APBv=("v™a...Ayip, a)«(i,..._ ip), l£il<...<ip<m}, APBu«{up-UjlA...AUjp,

PO1» +++jp), 13 .. .<jp<nJ be the jnduced bases ©Of AP( and APU respectively.

Let
i L Ifeeefm Hu « Ceij] (2.40)
Then for all basis vectors v» € we have
APh(v a...av ) = h(v. ) ... h(v, )
1 xp li :r.ip
n
(ECi ju)d ALA ( C ju,) (2.41)
j-1 1 J j»l p 3

But we know that

V',A % HlpeeesKp ] ooo% (2.42)

Also by the theory of determinants

Cilh ' °Cipjl

JI» e dp Jb>  «’jPx

H, = E sign
S Ip gy vap hh IpAP (2743)

C. ...C.
11jp Mp
Hence we have
J I»e ==>jp

APh(V- Aoy ) = E H, o ALA T (2.44)
— P l<jl<..<jprn ‘1" P P
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Clearly, the quantities of the Eqn. (2.43) are the entries of the matrix,

AV which represents the linear map with respect to the bases

ApB , APB .
\4 u

2.3.3. Compound matrices and Grassman products [Mar. & Min. -1]

The results of the section 2.3.2. may be simplified by introducing some

useful notation and definitions on the sequences of integers and on subma-

trices of a given matrix.

¢
()

(b)

(©

Notation

denotes the set of strictly increasing sequences of p integers
("p<n) chosen from 1,....n, e.g. Q2 ™={(1,2), (1.,3), (2.,3)}. Thus, the

number of the sequences which belong to Q is (n).
p.n p

>

If ot,B € Qp a We say that a precedes 0 (ct<&), if there exists an integer

t (I<t<p) for which otj*Bp > art<”™t’ where ai» denote the

elements of a, 6 respectively, e.g. in the set Q% 0(3,5.,8)<(4,5.6). This
,O

describes the lexicographic ordering of the elements of Q . The set of

>

sequences Qp,n from now on will be assumed with its sequences lexicogra-

phically ordered and the elements of the ordered set Q will be denoted
p.n

by Qp>n(t), *(p) or simply by uj.
If cp...,cn are elements of the field F and w=(l ,12>_.. _ip) is a se-

quence in QP W’ I<p<n, then the product c. céiz - ecip wiH be designated

>

Suppose A=[a..] e ,.(F), where ,, denotes the set of mxn matrices
1j m,n m,n

over the field F; let k, p be positive integers satisfying 1"kf£m, ISp<n
and let a-(il.....1k) e Qk>m and B=(x.......... Jjp) ¢ Qp>n. Then A[a|B] Mk>p(F)
denotes the submatrix of A which contains the rows 1i|,....,1" and the

columns HFp. We use the notation A(al8)] to designate the submatrix
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of A which excludes rows 11 1= and includes columns J:F_ :-’.jp. The

submatrices Afalg) and A(alO) can be defined similarly.

[

(11) Compound matrices

Let A ean(F) and p_min{m,n} , then the p-th compound matrix or p-th adju-
Bgate A is the (m) x (n) matrix whose entries are det{Afa|$]}, a ¢ Q 1,
P P P.m
e Qp>n “ranged lexicographically in a and 0. This matrix will be designated

by Cp(A). For example if A 6 M"F) and p«2, then Qf 3«={(1,2), (1,3), (2.,3)}

and
det{A[(1,2)|(1,2)]} det{A[.2)|(1,3)]} det{A[.2)[(2,3)]}

c2(a) = det{A[(L3)[(1.2)]} det{A[(1,3)[(1.3)]} det{A[(L3)[(2.3)]} (2.45)

det{A[(2.3)|(1,2)]} det{A[(2,3)[(1,3)]} det{A[(2,3)[(2.3)]}

O
Properties of compound matrices
(a) If A € Mn(F), 1"p"-n and also A is non-singular
1 Cp(A)]°1 = Cp(A_1
(1) [Cp(A)] P(A_1) 2.46)
(i1) Cp(A) = [Cp(A)] , where A 1s the conjugate transpose (2.47)
of A(F=£)
(1i1) Cp(A ) = [Cp(A)T , where A" is the transpose of A (2.48)
(Iv) Cp(A) = Cp(A), where A is the conjugate of A(F=f£) (2.49)
v C (kA) = kPC (A), for any k e F
W kA) LA y 2.50)
(vi) Cd)=1In
p n () (2.51)
.. (p-D
(vii) det{Cp(A)} = {detA}H Sylvester-Franke Theorem (2.52)

(b) If A £ n(F) and B e MF) and l-pmin{m,n.,k}, then

Cp_(AB) = CP‘(A)CP(B) Binet-Cauchy Theorem (2.53)
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(¢) If A e JU? n(F) and the p rows of A are denoted by . ,apt in succes-

sion (1"p™n), then Cp(A) is an (p)-tuple and it is called the Grassmann
product or skew symmetric product of the vectors _t,---,aﬁt for reasons

which will become apparent later on. The usual notation for this (")-tuple

of subdeterminants of A is a®A.e.A a C and it {genotes a row vector. The
71 7p °

Grassmann product of the columns of a matrix A € Mn

B

p(F) (I"p”™n) may be

defined in a similar manner; the product in this case, however, will be

an (n)-column vector. If a.,...,a are the columns of A, in this case, then
P ”1 “P

this (p)-tuple of subdeterminants of A will be denoted by a,iA.«»«Aap« By

properties of determinants, if creSP (where SP denotes the totality of permuta-

tions of (1....,p)), then

—?[{I}A' A _a<J£p§ signer a”A.. A a (2.54)

23

If B e Mn(F)’ Ae Mlnp(F), then by the Binet-Cauchy theorem it follows

>

that

cp(B)*A _..A ap » Ba®A...A Bap (2.55)

Grassmann products suitably deployed may greatly reduce the complexity of

the expressions in compound matrices. Thus, let A e M (F) and l£p£min{m,n}.
m,n

>

The matrix A may be written in terms of its rows or columns respectively as

A or A= [a_|,*=.,aj|J (2.56)
-t
*m
Let e ip) € Qpm an<* £°(Gl>+++>jp) e Qp,n and let us denote by a™
-t -t .
the Grassmann product aj ... a. and by a® the Grassmann product e yh.

The p-th compound matrix of A may then be expressed in either of the following

forms

bl

Cp(A) + " e Qpm or C(p(A) — Ce=.,an,eer] (2.57)
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which will be referred to as row, columns representations of Cp(A) respecti-

vely.
[

2.3.4. Compound matrices and exterior algebra [Kar.--4], [Gian. -1]

We may now return to the Eqn. (2.44). We first note that the matrix HZ
defined by (2.40) or by

cllc21’>’cml

cl2c22”>’cm2
[hTvp.-h™),... )] = [*=>212

(2.58)

CInCEn o 'cmn

is the matrix representation of h:IMI with respect to the bases Bv, Bu of

U respectively. Note that

Jt «Jp
H.

k)

o 00 ’_ip
P) 6 Qp.m’
A hCXfc/O ~ [ee- ¢+ h"A, p e Qp.,n (2.59)
Given that the relationship holds for all 4 e Qp>m’ {v™a, « e Qp m} ;g5 4

basis of A (/ and {upa, p e Qp,n" a basis of APl/» we may write

[... APh(v A). - - [...,UpA,...] [--..jh"NjA,...] = APBuAPH* = APB~Cp(Hv)

(2.60)
where APH" = Cp(H") is the matrix representation of Aph with respect to the

bases APBv> APBu, and it is defined that by the p-th compound matrix of H”.

These considerations lead to the following result.
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Theorem (2.3): Let U, U be two vector spaces over F, with dim(/=m, dimll”“n and

let h:<Ml be a linear map of V into U. Let Bvivp i«l,....m}>» B*=fu", j=1,....n}
be bases of V, U respectively and let be the matrix representation of h with
repsect to the bases B”, B”. If APh:APA P™» 1"pmin(m,n}, is the p-th exterior
power of h, then APh may be represented with respect to the induced bases

w € Qp APBu={u”a, P € Qp n) of APV, APU repsectively, by the

matrix APHV=C (Hv) where C (HV) is the p-th compound matrix of h\
u p u p u u

The above result can be represented by the following commutative diagram

BV.IZ h B ApBv.Apy A PU.APBu
r! : p p
v " v u

Y% .
Fm v CP(<) F<P>
Figure (2.5)

It has been shown that the pairs of the vectors spaces (ApV,F"Pb and
(A U,F P") are isomorphic. In fact, every basis By of V and Bu of U induces
a decomposable basis for Ap(/, APU and the corresponding representation maps
rP, rP define isomorphisms between APU, F(p) and APU, F”p). The linear map
APH"=Cp(H") j FQ"FQO is induced by the map H™":Fmf n and it is a representa-
tion of the linear map APh:ApX- PU. Thus, it is clear that, as any pair of
vector spaces U, U of finite dimension and their linear map h can be discus-

sed by means of m-tuples, n-tuples and matrices, their p-th exterior powers

APU, APU and their linear map APh may be discussed in terms of (T™)-tuples,

(n)-tuples and compound matrices.

Let L(V,U) be the vector space of linear maps of the m-dimensional vector

space |/ into the n-dimensional vector space U, both spaces being defined
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over the field F. Let M

be the set of nxm matrices over F; then each ma-
tt,m

trix representation of an element of L(V,U) is an eclement of ¥s "n0WTI

that the map which is defined by matrix representation is an isomorphism of

L(V,U) onto M [Bir. -1].
n,m

>

In diagramatic terms we may represent the above

discussion as follows.

Proposition (2.8) [Kar. -4]: Let ¢/, U be two vector spaces over the field F,
dim(/=m, dimU=n and let BV, Bu be bases of (/, U repsectively.

(1) The set ,APU) of linear maps of APU into APU is a vector gpace.

(i1) The map r* that associates every map APh with its matrix representation

C (HV) is an isomorphism of L (API/,APU) onto the set of matrices M n m .
P ou P (PXp)

In diagramatic terms we may represent this result as follows:

Figure (2.7)
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Using the above results, it can be readily shown [Kar. -4] that the Binet-

Cauchy Theorem, in its compound matrix form expressed the composition law of

the exterior powers of linear maps, when matrix representations are considered.

[

2.3.5. PlUcker coordinates and decomposability [Mar. -1],[Gre. -1],[Hod.& Bed, -

Let V be an m-dimensional subspace of an n-dimensional vector space U over
a field F. The map defined by f(x)=x, x e (/ is linear and by theorem

2.2 there is a unique homomorphism ANV- associated with f. Since dim(/=m,

.tn -, _ 3 A
A U is a one-dimensional space and it is mapped by f onto a one-dimensional

subspace of AmU. This if i-1,....m} is a basis of (/ then Am(/ is span-

ned by the element v a...a vm an” maps this element onto
(2.61)

in A U The vectors v”®, i=l,...,m are linearly independent and so v%a...a ™

is a non-zero eclement of AmU. In fact the injection map £ - defined by
f(x)=x, x e (/ induces an injection map Amf ——= defined by Amf{xa )=xa ,

.m,f m
xa e A V. The vector VjA.-.av  spans a one-dimensional subspace of A U which

depends only on V. Now let Bu={uj, j=I,....n} be a basis of U then ysing ma-
trix representations we have the following commutative diagram

f

\Y A=FV
F- u SF”

Figure (2.8)

where A=F" is the matrix representation of f with respect to B and B . In
u r v u

fact if

(2.62)
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The column span of A is a subspace of Fn and it is the representation of f((/)

with respect to the bases B”, B”. The representation of with respect

to the bases AmBu> A" is defined by the commutative diagram

Amf

A®B’§/ ,LAmlA *A“(J,AmBu
m m
T r
v u
C A
p=pkm'_ mu m (A) >F1fzﬁ’1)

Figure (2.9)

Thus

“1A"" ATH = SacA)A ° ) 0 @ .onie Qo (2.63)

and hence the matrix

(m(A) “ (m(IO ° a.A.“Aa
gll( ) % O " a \a a G (2.64)

is the "matrix” representation of Amf with respect to AmB , AmB . Tpe Q_
’ v

u

tuple (....,a”™,...) are the coordinates of the one-dimensional subspace Amf(AmV)
with respect to the two given bases. If B"b", i=l,....m} and B T={v|, i=l,

....m} are two bases of V and Bu is a fixed basis of U, then the matrix re-

presentations of f with respect to those two bases B”, B”, are related by the

coordinate transformation QV.
v

F:'>F>FHXIH. (2.65)

and thus

(m(Fu>> = Cm(Fu)CX'"= - Cfi(F=— e F-{0}
(2.66)
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The two vectors ¥| a...av ", ¥ VA .«Ay" are related by

q - <l (2.67)

or

(2.68)
l

Definition (2.18): The scalars a of Eqn. (2.64) are called Plttcker coordina-

tes of the subspace relative to the bases Bv of I/ and of U

Egn. (2.68) shows that any two sets of PlUcker coordinates of V, which cor-
respond to two different bases of V, with respect to the fixed basis B" of U
differ by a non-zero scalar factor. Hence the ratios of a™’s are the same as
the corresponding ratios of a”™'s (a”™=qa' a™-qaj”™ and so a™J a™-a™J a™).
Therefore, the ratios are uniquely determined by U. Sometimes, the ratios of
the a”, rather that the themselves, are called the Plllcker coordinates of
V.

Consider now the vector space of (p+D-tuples x=(x0,2" >eeeyxp)> x4 € F
Let us call two such vectors x and y equivalent if they are both non-zero
and if 23qy f°r s°nie q e F-{0}. This equivalence relation splits the non-
zero vectors in into equivalence classes, and clearly each equivalence
class consists of all non-zero elements in a one-dimensional subspace of

Thus the equivalence classes are in one-to-one correspondence with the

lines through the origin o

[

Definition (2.19): The set of all equivalence classes of non-zero vectors in
as defined above, is called the projective space of dimension p over F,

denoted by IPp(F). Each equivalence class defines a point of this projective
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space. If Q is any point in 3RP(F) and if x«(xQ,.<<.,Xp) is any vector of the

equivalence class which defines Q, then the x”s are called homogeneous coordi-
nates of Q.

If we set p=(")-I=dimAmU-1, then we can easily see that the Pllicker coordi-
nates, of V, enumerated in lexicographic order, may be considered as the homo-
geneous coordinates of a point in IPP(F). However, every point in 3Pp(f) does
not represent an m-dimensional subspace of U Elements of AmU of the type
"ViA . Nav N where Vp - - - _are linearly independent vectors of U and q e F-{0}
are called simple or decomposable m-vectors. Decomposable multivectors unique-

ly define m-dimensional subspaces of U as Zz is shown below.

Proposition (2.9); Let U be an n-dimensional vector space over F and let

X =XiAe=’"Xm’ — = be two decomposable non-zero elements of AmU and

let us denote by (/ ssspan{yl ,...,v } and |/ =span{z .,...,z } the subspaces of

U defines by yA and za respectively. Necessary and sufficients condition for
is
VA «2xa = qzlA...Azm = qza |, q € F-{0} (2.69)

[

29.fX111 ion (2.20);, Let U be a vector space over a field F with diml/=n. The
GrassmannianJ,™ is defined as the set of m-dimensional subspaces V of U;
G(m,U) actually admits the structure of an analytic manifold which is known

as t-he Grassmann manifold.

It is clear that the mapping f:G(m,U)-H}(I,AmU) expresses a natural injecti-

ve correspondence between G(m,U) and the set of one-dimensional subspaces of

AmU (d.e. G(,AmU)).
(-

XxamPle (2.1): To demonstrate that every vector of AmU does not define an
m-dimensional subspace 1/ of U, we consider the simple case of dimlf=n=4,

diml/=m=2. Let be a basis of (/. Then, as ir is well known, we can
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extend B to B :{‘\é,l ,V,,,\jo,\‘ll.} which i1s a basis of U. Thus the induced basis
u —_— i~

of A2U is A2Bu={v1Av2,v1Ay3,vI1Ay4»y2Ay3.,y2Ay4,v3AV4} and so

v = V]Ay2 “ 2.
YT 1nisis4 Cijni o (2.70)

where ¢ 1<i<j<4 is a set of PlUcker coordinates of I/. It can be shown that

1]
V is 'decomposable [Mar. -1] if and only if

C12C34 - C13C24 + C14C23 * ° U ’

Clearly, the above condition is a necessary condition for the general 6-tuple
"C12°C13.c14.,c23,C24°C34"~ tO be the Pl~cker coordinates of a 2-dimensional
subspace (/, or in other words to be the coordinates of a decomposable vector.

This condition may also be proved sifficient.

Such a condition is knows as a Quadratic PlUcker Relationship. This Quadra-

tic PlUcker Relationship defines a hypersurface in the 5-dimensional projec-

tive space IP 5(f), which is known as the Grassmann variety of this projective

space.

In general, those points of IPP(F), p=(")-1 which correspond to m-dimensio-
nal subspaces V of the n-dimensional vector space U must satisfy a set of

quadratic relationships of the type (2.71). It will be seen that this set of

relationship defines an algebraic variety of the projective space IPP (F)

which is known as the Grassmann wvariety of IPp ).

By associating to every V e G(m,U) its PlUcker coordinates (....,a ,...),
0)

0) ¢ Qm n the map g:G(m,U)->IPP(F) is defined, and this is known as the PlUcker
embedding of G(m,U) in the projective space IPP(F). The PlUcker image of

G(m,U) in IPP(F) the above defined Grassmann variety if IPP(F) [Hod. -1].

Finally if (/ is any m-dimensional subspace of the n-dimensional vector spa-
ce U then any non-zero decomposable multivector y™A...av * with v~e U, 1=1,2.

....m 1is called a Grassmann representative of (/. We have already seen that
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all the Grassmann representatives differ only by non-zero scalar factors so

that we shall denote any one of them simply by g(U).

O

2.4. Segre characteristic of AelR"Il, Ferrer's diagram, Jordan form [Tur. &
Ait. -1]
2 «4.1. Generalized Nullspace and Range of an operator

Let WJA be a linear operator on an n-dimensional vector space (/ and let

A the nxn matrix representation of T.

If we define: (T1), i=L2.... ¢hen this sequence of subspaces is non-
decreasing, because ¥ 1 €IN and because U is finite dimensional there
exist the supremal element, i.e., € IN. such that N =N +1
9 q
of T is the
M (T An =M (Tq
g q r 2.72)

The power q of T required for maximum annihilation is called the jhdex of

annihilation of T.

(2.73)

then both N (T) and R (T) are T-invariant subspaces and IM (T)®R (T)
g g g g

2.4.2. Generalised Eigenspaces

Let A be an nxn matrix with the characteristic polynomial, <p(X)=det(XI -A)=

X-Xp 1(X-X2)T2...(X-Xp)Tp, where X+l4X* and Tj+Tp-.. .+Tp=n.
Define, Uf A Ng(A-Xil) - Nr{(A-XiDDqi} A Ng(A,X1) 2.74)

where q* is the index of annihilation of A-Xp, then will be called the

generalised eigenspace of A at X" and of course is the largest subspace of

(or In) annihilated by powers of A-Xfl.
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Properties of generalised eigenspaces
1) M (A,X1<)AO it Xi € o(A)
g
(11) If UMMgCA.Xi), X1€G(A), them dimUi=Ti=algebraic multiplicity of XX.

(111) &gA tXi), ™ 6 P(A), i=p} are linearly independent <=> Uifl( E .7j)

p J
={0} and IRn (or Cn)=O© Z U
i-1 1

[

2.4.3. Generalised Eigenvectors and chains of Generalised Eigenvectors

Definition (2.22): is called a generalised eigenvector of A of rank k for
xt 1iff (A-Xp"Uj-O and (A-X IT™u"™O.
Thus eigenvectors of A for X" are generalised eigenvectors of A for X" of

rank 1.



A chain is said to be a maximal chain if its elements cannot be considered a

proper subset of another chain.

Maximal chains must exist since the vectors that make up a chain are linear-
ly independent and the generalised eigenspace in which they lie is of finite

dimension.

Note that the index of annihilation g* is the largest rank of any genera-
lised eigenvector in U” also there may be more than one maximal chains in
consisting of vectors and there may be maximal chains in consisting of

fewer than q" vectors.

It can be seen that if qi is the index of annihilation then IL is kernel
of (Every element of this kernel is a generalised eigenvector cor-
responding to X* and every generalised eigenvector is an eclement of this ker-
nel) .

a 3
Theorem (2.6): Assume u”, u” generalised eigenvectors of A for X of ranks k,

Z and the corresponding chains

i 1.2,....k} (2.75)

Jj-1.2, (2.76)

linearly independent.

number of independent eigenvectors.
In order to find the number of elements in each of the independent chains
we can use the Weyr characteristic and the Ferrer’s diagram [Tur. & Ait. -1].
Let A € R , <pX)=| XI-A* (X-X7) o (XXMT1 ... (X-Xp)'P. For X=X"* compu-

te:
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rk=rank(A-X.Dk, k-0,1.2,...,qi» where g+’index of annihilation of A-X~".

Note that r?=n, r°-rh=d=geomentric multiplicity of X".

We define as Weyr characteristic the following set

! 2 2.77
i* i i il ( )

By using the Weyr characteristic we can construct the following Ferrer’s

diagram. In each row of this diagram we put as many asterisks as the numbers

o 1 12
ri‘‘rin as indicated bellow:

(2.78)

D+
Dr—

The set {6, .0 ... .0, .,0,% A J which is the set of numbers of asteriscs
1= d-1" d

in the columns of the Ferrer’s diagram is the Segrfe characteristic.
The Segr& characteristic {0,1,02,...,0(1} defines the dimensions of each of the

d independent chains.

2.4.4. Jordan canonical form

Let T e L(Cn). Then [Hir. & Smale -1] there are unique operators S, N

on Cn such that T=S+N, where SN=NS and S is diagonalizable (semisimple) and
N is nilpotent. In the case where a(T)={X} we have S=XI and hence T=XI+N.

We start with an operator T e L(Cn) that has only one eigenvalue X, (a(T)=

{X}); in that case T=XI+N with N nilpotent. Also there is a basis

that 8ives N a matrix representation in nilpotent canonical
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form A. That means that A is composed of diagonal blocks, each of which is

an elementary nilpotent matrix 1P So,we have:
[Tlg « XIntA % tlock diag. {XI™+Hkp ¢+ »XIlkp+"kp}

The blocks making up XIntA are called elementary Jordan matrices, or elemen-

tary. X-block. A matrix of the form (2.79) is called a Jordan matrix belonging

to X, or briefly, a Jordan X-block.

Consider next an operator T:Cn"Cn whose distinct eigenvalues are X", X2>««
X ; Then Cn=® E IL, where Ui=Ne(T,X1) is the generalised Xk-eigenspace,
k=1,2......... m. Wé:llnow that T/Uk=XkI+Nk, k«l1,2,....m with Nk nilpotent. We give
Ufe a basis B. which gives T/Uk a Jordan matrix belonging to Xk. The basis

k
B= U B. of Cn gives T a matrix representation of the form:

(2.80)

where each is a Jordan matrix belonging to X*. Thus C is composed of dia-
gonal blocks, each of which is an elementary Jordan matrix C» The matrix C

is called the Jordan form of T.

It is easy to prove that similar operators have the same Jordan forms (per-

sed X-eigenspace of To isomorphically onto the generalised X-ecigenspace of

Tp hence the Jordan X-blocks are the same for To and

Note that the Jordan canonical form may be constructed from the set of Se-
gr& characteristics which correspond to all distrinct eigenvalues. In fact,
every number, k, in the Segrfe characteristic S(X) of the eigenvalue X defines

a kxk elementary Jordan matrix that corresponds to the eigenvalue X.

2.5. Matrix pencils

Let (F,G) e IRM™IRIIXI and (s,s) be a pair of indeterminates. The polyno-

mial matrix sF-sG e RmXn[s,s] is defined as the homogeneous matrix pencil
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of the pair (F,G). Clearly, sF-sG is a matrix over the ring ®£s,§] (polyno-
mials in (s,s) with coefficients from B), but it may be also viewed as a ma-

trix over the rings R(s)[s], &%)[s]. On the set LL°/s.S) we may define

the following notions of equivalence.

Definition (2.23): Let sF-sG, sF'-sG' elm>n(s,s) and let R(s,3) e uf™“(s,S),

Q(s,8) e Knxn(s>s) 1R(s.s)|-cl(s,8)!°0, |Q(s,8)|=c2(s,§)i‘0 for which
R(s,S){sF-sG}Q(s,s) - sF'-sG’ (2.81)

1) If R(s,s), Q(s,s) are defined over 11(3)[s] (R(s)[3j) and cl1(s,3),
c2(s,s) 6 IR(s)-{0} QR(s)-{0}), then sF-sG, sF’-sG' are said to be
IR(s) [sj-equivalent (IR(s) [s]-equivalent) and shall be denoted by
(sF-sG)Er —_-sF'- sG") ((sF-§G)ER(s)[g]1(sF’-§G’)).

(11) If R(s,s), Q(s,s) are defined over JR[s,s]and c”™(s,s), C2(s,s) ¢ >-{0}
then sF-sG, §F'-s.G are said to be >[s,s]-equivalent and shall be de-
noted by (sF-sG)E"g gj(sF'-sG”).

(111) If R(s,s), Q(s,s) are defined over IR and Cp € 1R-{0}, then sF-sG,

sF’-sG’are called strict equivalent [Gan. -1] and shall be denoted by

(sF—sG)ES (sF’-sGl).

It is readily shown that the above relations are equivalence relations.
The symbols ER(g)[s]» “R(s)[a]» "R][s,§]and Es will be used for these equiva-

lence relations.

Definition (2.24): The Smith form over 1R[s,s] of the pencil sF-sG e L (s.s)
— e — ‘ — m,n

1s defined as the matrix

S*(s,s) | O
S(s,s) (2.82a)
0 i 0

P n-p
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kx {sF-sG} and &,s)=diag.{f . (s,s), iec p} € MPxf>[s,8§]; the
s.§) 1 -
f-i/s.s) are the invariant polynomials over IR[s.,s] of sF-sG. If (di(s.s), 1-0,

dQ(s.s)=1} is the set of deterninantal divisors of sF-sG (di(s.s) is
the g.c.d. of all minors of order i), then the invariant polynomials f"~(s,s)

may be defined by the standard Smith algorithm [Tur. & Ait. -1] as follows.

fi(s,g) - di(s,s)/di _1(s,s), i=l,....p, do(s.,s)=1 (2.82b)

The polynomials f~(s,8) are monic over IR[s,s] and it can shown that

N(3,8) divides fit+1(s,s) (fi(s,s)/fi+1(s,s)) for ¥ i"p-1.

[

The Smith form Ss(s.,s) overJR(s)[s] (Smith form SS(s.,s) over 3R(s)[§]) of

sF-sG has the same form as S(s,s) in (2.82a) except that the invariant poly-
nomials are defined in terms of the determinantal divisors which are monic
over R(s)[s] GR(s)[s]). Some interesting observations on the relationships
between the wvarious Smith forms have led to the introduction of the motion

of dual pencils [Kar. & Hay -1,2,3]. This topic will be discussed in following

chapter. In the following we give a summary of the well known results of ma-

trix pencil theory under strict equivalence [Gan. -1][Tur. & Ait. -1].

Definition (2.23): The pencil sF-sG is said to be regular if F, Ge RnXn and
p=rank”~z g\{sF~sG}=n; in all other cases, i.e. m=n and p<n, m<n or m>n, it

will be called singular.

O

Note that the terms given for the pencils, will be also used for the pairs
(F,G) which "generate” the pencil sF-sG. In the following the single varia-
ble pencil sF-G is used; the summary of the results is based on the treatment

given in [Gan. -1].

By factorising the invariant polynomials fi(s.s) of S(s,s) into powers of

homogeneous polynomials irreducible over I, we obtain the set of elementary

divisors (e.d.) of the pencil sF-sG; these are of the following type: s?, sq,
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and pairs of complex conjugate e.d. (s-as)T, (s-as)T, a,a 6 C. For the pencil
sF-G we define: e.d. of the type sQ are called infinite elementary divisors
(i.e.d.), e.d. of the type s are called zero elementary divisors (z.e.d.),
and e.d. of the type (s-a)T are called non zero finite elementary divisors
(nz.f.e.d.). Whenever, there is no distinction between the e.d. of the type
s”™, (s-a)T, a™0O, they will be referred to as as finite elementary divisors
(f.e.d.). The sat of all i.e.d., z.e.d., nz.f.e.d. and f.e.d. of sF-G will

be denoted in short by {i.e.d.}., {z.e.d.}, {nz.f.e.d.}, {f.e.d.} respective-
ly. whenever there is no ambiguity about the pencil sF-G on which these sets
are defined. In the following L; o L;S’nn shall denote the sets of regular,
singular pencils of dimensions m,m, mxr’l respectively. An element sF-G, of the
above sets, will be denoted in short by L. Note that strict equivalence have
been defined over the real s; however it may also be defined over the complex
numbers. The real strict equivalence will be denoted by E$ and the complex

strict equivalence by E?; of course E" is defined over sets of complex pencils,
0 s

By EJR(L), E%(L) we shall denote the corresponding equivalence classes.

The classical theory of matrix pencils deals with the study of invariant

and canonical forms of the strict equivalence classes E”~(L), Eg(L), when

LeiIIT-pn or L e ]ISD 0 The results are presented below for single variable
r
pencils sF-G; for homogeneous pencils sF-sG, the results are similar (homo-

genise the results stated for sF-QG).

Theorem (2.7): The map {f.e.d.}x{i.e.d.} 1is a complete invariant for

<(L)> I e £n.

O

Note that for E?~equivalence the invariant polynomials are factorised gver
0

IR and thus {f.e.d.} is made up from irreducible over M e.d. of the type

(s-a)T ,a e K, (s™-gs-y)", a,(J,ye 3R. The existence of a complete set of in-
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“ diag. {... jsHq-Iqj++* Jeed (2.83)

where sI™-j~(X) 1s the Jordan canonical block associated with the f.e.d.

(s-X) and sH -I is a canonical block associated with an i.e.d. sq (H is
q q q

an elementary qxq nilpotent matrix, whose elements in the first superdiago-

nal are one , whereas the remaining clements are all zero).

A jreal Weierstrass form, sF'-G’, may be constructed by appropriate modifi-

3

cation of the blocks in (2.83), as it will be shown below; &G will be

woW
then a canonical form of the E~(L) class. Thus, let a™o-jw, a=-o+ja) e C and

let q(s)-(s-a) (s—a) =(s -Bs—y)T be the quadratic real elementary divisor

that corresponds to the pair of complex conjugate e.d. (s-a)T, (s-a)T. Using
standard results from [Tur. & Ait. -1], we may construct two different real
Weierstrass forms. Thus, to q(s) we may associate the canonical blocks Ct (B,y),

DT(a,w) of dimensions 2tx 2t where

01 0 0 0 0 0

Yy B 1 0 0 ...0 0

00 0 1 0 ...0 0

00y B I ... 0 0

: Do . Lo (2.84a)
00 0 0 0 ... 0 1

00 0 0 0 ...y o

and
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w X2 0 ¢« 0 O

DT(a,uj) o W= (2.84b)

E7-equivalence, sF-G € Lr may be reduced to

It can be proved that under i

a real canonical form, of the type (2.83), where instead of a pair of blocks
sIT-JT(a), sIT-JT(a), the blocks O0"(8.,y), or DT(a,u)) are used; the first of

those two canonical forms will be referred to as the Real Weierstrass canoni-
cal form, whereas the second will be called the Real spectral Weierstrass ca-

nonical form [Kar. & Hay. -2].

Unlike the case of regular pencils, however, the characterisation of the

ENL) class, L e apart from the set of the determinantal divisors re-

quires the definition of additional sets of invariants, the minimal indices.

Thus assume that m”n and that p=rankK(g) {sF-G}<min{m,n}. Then the equations
- = t(sF-G) - Of
(sF-G)x = 0 , YE(sF-G) ¢ (2.85)
have solutions in x and which are vectors in the rational vector spaces

Wr(s) ’Wr{sF-G} and N£(s)=N£{sF-G} respectively.

Let p=dimA/"(s), t=dimN”(s). It is known [For. -1] that ~"(s) and A/~(s), as

rational vector spaces, are spanned by minimal polynomial bases {~(s), 1 ep}

and (yt(s), jet} correspondingly, of minimal degrees (e =...=e¢ =0<e < £
J ~ 1 g g+r"6
ep} and{Cl=...="g,=0<"g,+1<<...~Ct} respectively. The set of minimal indices

and {~} are known [Gan. -1] as column minimal indices (c.m.i.) and

Xow minimal indices (r.m.i.) of sF-G respectively. Note that if the homoge-

neous pencil, sF—sG, is considered, then the same set of minimal indices is

defined for the two rational vector spaces N_, which are now defined
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over R(s,s) [Tur. & Ait. - ]. The sets of c.m.i., r.m.i. of sF-G will be deno-

ted in short by {c.m.i.}, {r.m.i.} correspondingly.

Theorem (2.9): The map f:£S # {fled.}x{i.ed.}x{c.m.i.}x{r.m.i.} 1is a comple-
m,n

te invariant for E"?(L), E~(L), L € LS
S S m,n

O

. . . . g .
The existence of a complete set of invariants for pencils sF-G e n im-
plies the existence of a canonical form, known as Kronecker canonical form

[Gant. -1].

Theorem (2.10): The equivalence class Eg,(L), L € énn is characterised by a
canonical element, sF*-G?, the complex Kronecker canonical form, defined
by

sFk’Gk m quasi dia8 {°h,g:Leg+l......... Lep:;L"h+1,..., L nt;SFw-Gw} (2.86).

where sFA-G” is the complex Weierstrass canonical form, associated +yith the
f.e.d. and i.e.d. of the pencil, O. is a zero block parametrized py the g
n,g

zero c¢c.m.i. and h zero r.m.i. and and are blocks corresponding to

non zero c.m.i. and r.m.i. respectively, of the type

s -1 0 ... 0 0
0 s -1 . 0 0
a = . ) ) ' : € C=ei or nj (2.87)
0 0 0 ... s -1
CHl - 4

The real Kronecker canonical form, sFA-G”, may be defined by

sFllg“Glli “ <Juasi diag.{O (2.88).

:L
h.g™ egtl

where sF’*G 1is the real Weierstrass form.
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2.6. Topological bankground
The norm for a vector x e ®n will be denoted by |[|x]|| and satisfies the
following relations:

) 1|x|1-° V x e IRn unless x=0
(i1) < || tat||-1k]| * Hill Vket, xe®* (2.89)

Gii)  [xtx]]  [|x]1 +1xll Vx.~ eK”

Also from (ii11) we have | x-j|| x| =y |l | ¥ x,£ SR

We use three vector norms. They are defined by:

1|x|lp = (x1|P+H|x2|P+...+|xn|P)1/p Pr-1.2,-) (2.90)

where x=[x1,x2,...,xn]te 3RU and IJx” is interpreted as max|xi|, 1—1.2,....n.

The norm || x ||2 is the Euclidean length of the vector x. Corresponding to any

vector norm a non-negative quantity, defined by Sup'! —'/| 1 asso"

x~O
dated with any matrix A.

From (ii) of (2.89) we see that this is equivalent to sup I AxI .
Uibf
Also for ||A|| £ sup ™"LV/||x]|| = sup || Ax| we have:
I1"OH ~ Hx11-1 "

FAx | < (FAT - (x|l (2.91)

Matrix and vector norms for which (2.91) is true for all A and x are said to

be compatible.

The matrix norm subordinate to is denoted by

These norms satrisfy the relations

Al = max£|a, .|
iiou
I AHo “ “““Elay | (2.92)

iiaii 2=[wa h)]l/2

2 is called the spectral norm or the bound norm.
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Another norm which is compatible with the Euclidean vector norm is the Fro-

benious or Hilbert-Schmidt norm:

| Alli3 (trace(AHA))1/2 = 1271/2 (2.93)

For any mxn matrix A, with m£n, we have:
2.949)

when A=AH then || A|| 2=max{|Xj|,|X2],---, |Xn| }=spectral radious of A and

i=1 1
The next proposition says that a sequence of unitary transformations cannot

change either norm.

Proposition (2.10): For any A mxn matrix we have PAQ || 2=l Al 2» || PAQ | »

IA| F if and only if P, Q are orhonormal, i.e. P™-PP"I"™, QHOQ H=In.

Definitions 2.24 [Kato -17]: Let X,/ C Cn be subspaces. The gap between X and

V 1is the number:

(2.95)

The gap function is not quite a metric, for it does not satisfy the triangle

inequality, however the neighborhoods A/(X,e), e>0 defined by:

WX,e)™My: Y(X,/))<e} form a basis for a topology on the set of all subspaces

of E

In the case where the norm used in the definition of gap is the 2-norm the

gap function is a metric.

More important for our purposes is the following theorem that relates the

gap between X and / to the projectors onto X and V.
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Theorem (2.11)[Kato -1]; Let P, Py are the orthogonal projectors onto the

subspaces X and / of En. If the 2-norm is used to define the gap in previous

definition then:

y(x,/) - || pxp=z| 2



CHAPTER 3:

Generalised Autonomous Differential
Systems, Matrix Pencils and Linear

Systems
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CHAPTER 3: GENERALISED AUTONOMOUS DIFFERENTIAL SYSTEMS MATRIX PENCILS AND
LINEAR SYSTEMS

3.1 Introduction

The aim of this chapter is to ’set the scene” for the theory that we will
develop in this thesis. It will be shown that problems of regular and exten-
ded state space theory may be described in quite a natural way in terms of
generalised autonomous differential systems. It is because of this unified
description, that matrix pencil theory plays an instrumental role in the stu-
dy of algebraic, geometric and dynamic properties of linear systems. The ge-
neralised autonomous differential systems provide a natural setting for de-
fining different notions of duality; the notion of "integrator-differentia-
tor” type of duality, motivates the study of a new type of equivalence on
matrix pencils, namely the "Bilinear-Strictequivalence”. The link between
the algebraic structure of matrix pencils with the structure of the subspaces
of the domain and codomain of a pair (F,G), motivates the need for the de-
velopement of a geometric theory of matrix pencils; detaching this theory
from 1its algebraic basis is of considerable importance, since extensions of
the theory to pencils of more general operators is easier in a geometric,
rather than an algebraic context. The equivalence between the dynamic, geo-

metric characterisations of invariant subspaces of the geometric theory

[Won. -1], [Will. -1] and the algebraic characterisation provided by the

restriction pencil [Kar. -1], [Jaf. & Kar. -1], indicates that the subspaces

of the domain of (F,G) may be characterised dynamically.

The chapter is structured as follows: In Section (3.2) we will briefly
recall some of the basic concepts from state space theory, in particular
those related to the dynamic, geometric characterisation of subspaces of
tbe state space. In Section (3.3) it is shown how the generalised autonomous

differential systems, and thus matrix pencils, arise in the theory of regular
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and extended state space linear systems. Section (3.4) reviews the fundamen-
tal duality notions on autonomous differential descriptions. Finally, Section
(3.5) explains the motivation behind the theory developed in the subsequent

chapters.

3.2 Background concepts from linear geometric theory

Consider the dynamical system whose evolution in time is modelled by the

linear time invariant differential and algebraic equations

x(t) = Ax(O)+Bu(t) tX) (3.1a)
S(A,B,C,D):

~() Cx(t)+Du(t) (3.1b)

where u(’): R+-"> F( R+X, £(*): R+ and U,X,/ are real linear rector
spaces, with dim O1, dim X=n, dim /=m. Here X is the state space, y the
output space and U the input space. A,B,C,.D are linear mappings defined by
A X, B: K, C: X- D: ¥ and they are referred to as state-, input-state,
state-output, input-output maps respectively. JFu( may be piecewise conti-
nuous, Coo, or distributional; for the study of most properties the piecewise
continuous assumption for Ju( is sufficient. The linear spaces X,l/,/ are
isomorphic to JRn, r \\ Rm and thus A,B,C,D may be represented in terms ma-
trices of R , R , R , R correspondingly. Throughout the thesis
we shall consider the matrix representations of A,B,C,D maps and we shall
use the same notation. It will be also assumed that rank(B)=l and rank(C)=m.
The S(A,B,C,D) model is usually referred as a regular state space model,

to distinguish from a more general model defined subsequently. Whenever the

symbols S(A), S(A.B), S(A,B,C) are used, that means we consider the systems

described by the corresponding maps. A more general than the S(A,B,C,D) model

will be also considered, i.e.

E x(t) = Ax()+Bru(t) t>.0_ (3.2a)
S (E.A'.B"~C'.DI):
6 () = C'x(H)+D'u(t) (3.2b)
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where u(-): x(-): RMRII, *): E"NIR® and E™NelR”™, Bre]Rnxl,

C’elRIlI*Il, D'eJRII”™. Note that E is singular (otherwise, this description may

be reduced to the previous one) and it is known as extended state-space model
[Ros. -2], [Verg. -1], or descriptor type model [Lue. -1]. There are essential
differences between the system models S and S”, the most important one has

to do with the nature of the solutions of S(A) and Se(A) (see [Camp. -1.27).

In the following we shall consider the S(A,B) system and shall give a brief
summary of the important concepts of subspaces developed in the geometric
thoery; for a full exposition see [Won. -1], [Wil. -1].

The system S(A): x(t)=Ax(t) represents a linear flow [Hir. & Sm. -17]. An
important notion in the study of flows is the notion of invariance. A sub-
space l/CX will be said to be dynamically invariant with respect to the flow
S(A), if every initial condition x(o)=xoe(/ gives rise to a trajectory x(t)
that lies entirely in U We will call Ugeometrically invariant, or A-inva-
riant if AI/Cl/. It is clear that the families of dynamically and geometrically
invariant subspaces coincide. Suppose now that it is possible to change the

dynamic behaviour of S(A) by some external mechanism. In particular assume

that our system 1is given by
S(A,B): x(t) = Ax(t)+Bu(t) (3.3)

Under the further assumption that we are allowed to use for u(t) linear
functions of the current state x(t) (accessibility of the states for measu-
rement) we may take u.(t)=Fx(t) in (3.3), where F is a linear map from X into
U, called a state feedback. With this expression for u(t), we may change the
dynamics of (3.3) to

S’(A+BF): x(t) = (A+BF)x(1) 3.4
It is clear that the notions of dynamically invariant and geometrically in-
variant subspaces may be extended to the S(A,B) systems. These observations

have led to the developement of the geometric theory of linear systems
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concepts and results are summarised below.
Consider the system S(A.B), xCo)i"” denote an initial condition and let
u(t) be a control input. The resulting state trajectory is given by

x(t) - eAtx +/te(t_T)Bu(T)dT (3.5
— —0 o

The linear space of all absolutely continuous trajectories will be denoted

by E(A,B) and it is formally defined by

E(A.B) = {x: R>X: x is absolutely continuous

and x.(t)-Ax(t) £ im B a.c.} (3.6)

In the following, if F: X-Hl is a mapping we shall often denote Ay=A+BF. The

space ImBcX shall be denoted by B.

Definition (3.1): (1) A subspace V of X will be called controlled invariant
subspace, if 327E<A’B) such that ™~(0o)="0 and 2£<t)€(/, VteiR".
(i1) A subspace R of X will be called a controllabity subspcace (c.s.) if

xteR, 37>0 and ¥£(A.,B) such that ~"(o)™, xfr)”™ and x(t)eR,

VtelR

i

Controlled invariant subspaces are also called (A,B)-invariant subspaces,
or A(mod B)-invariant subspaces. The classes of all controlled invariant,
controllability subspaces defined on S(A,B) shall be denoted by V(A,B),
R(A,B) respectively. The notion of c.s. is an extension of the standard no-
tion of controllability [Kai. -1]; the meaning of a c.s. is that it is pos-
sible to travel between any two points of the subspace, moving along a tra-
jectory that lies entirely in that subspace. It is clear that c.s. are al-
ways controlled invariant subspaces, and thus R(A,B)c(/(A,B). In the follow-
ing, if 8 1s a subspace of B and F: X+U is a mapping, we will demote
<Ay/8!> < B|+ApB~+.. »+Ay B”. The classes U(A,B), R(A,B) have been characte-
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rised geometrically [Bus. & Mar. -1], [Won. & Mor. -1] by the following re.

suits:

Proposition (3.1): The following statements are equivaltent:

G Ue {(/(AB)},

(i1) ~"F: X-HI such that A"/ cV
(111) Al/cV+B 0

Proposition (3.2): The following statements are equivalent:

()  Re{R(A.B)}

(i1) ~a subspace B' ¢cB and a mapping F: XX/ such that R=<AF/B'>

(1i1) 33 mapping F: XX/ such that R=t<Ap/BnR>

For a proof of these results see [Won. -1], It may be readily proved that the

classes l/(A,B) and R(A,B) are closed under the operation of subspace addition.

Because of this latter property forevery subspace KcX, there is a supremal

(maximal) controlled invariant subspace and a supremal (maximal) c.s. which

are contained in X; these subspaces will be denoted by ) and &) re-

spectively. The subspaces X) and &) may be computed by the following

algorithms (see [Won. -1]).

Controlled invariant subspace algorithm: Let XcX be a subspace. Consider
{
the following sequence of subspaces
<J£ - X, (/£+1 - Kl A 1(™+B) , 14>0
(3.7

This sequence is non increasing and converges to {X), the supremal (A,B)

(or controlled) invariant subspace contained in X
Controllability subspace algorithm: Let XcX be a subspace. Consider the

following sequence of subspaces

R° - 0, DEFl - &K) ) (ARMB) ,  u>0
(3.8)

where {X) is the supremal (A,B)-invariant subspace in X. The above se
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quence is non decreasing and converges to &) the supremal controllability

subspace contained in K, n

The dynamic notions of controlled invariant and controllability subspaces

have been extended by Willems [Will. -1] to the notions of almost controlled

invariant subspace (a.c.i.s.) and almost controllability subspace (a.c.s.).
The essence of the a.c.i.s. is that beginning a motion in it, one can stay
arbitrarily close to it by choosing the input appropriately. In the same way,
an a.c.s. has been defined as a subspace with the property that, starting in

it, one can steer to an arbitrary point in the same subspace while staying

arbitrarily close to that subspace. To formally define these two notions we
need a measure of the distance of a point from a subspace. Thus, assume that
| I norm. If W is a subspace of X and xeX

X is a normed vector space with

we will define the distance of x to W to be

d(x,W) = inf | x-xr || (3.9)

x'e W

We may give the following definition:

Definition (3.2): (i) A subspace CX is said to be an almost controlled
invariant subspace (a.c.i.s.), if ¥Xq e V& and >0, 3x(t) eE(A,B) such
that .x(0)=xq and.d(x(t), Vp.SE, ¥t e IR+.

(i1) A subspace ~cX is said to bean almost controllability subspace (a.c.s.), if

¥x ,x. eR , -]t>0 such that ¥e>0 eE(A.B) with the properties that

x(°2)*x0» 2£(TH=—| an™ d(x(t) »Rp<£> ¥te3R+. |-j

The families of a.c.i.s. and a.c.s. will be denoted by Vq(A.,B), Ra(A,B)
respectively. It is a trivial matter to verify that R(A,B) c V(A,B) c VpA,B)
and R(A,B) cROC (AB) C VCX (A,B). The families ViX (A,B) and Rtx (A,B) are closed

under the operation of subspace addition and thus it may immediately concluded
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Proposition (3.3): (i) 1"™eRjA ™), if and only if there is a mapping F: X-+U
and a chain B3 BNS B”o *e*+ 38" such that

Ra - Bj+AyB~”.. .+A” 1Bk (3.10)
(11) V eVa(A4,B), if and only if there exists Ue U(A,B) and "aeRa(A.B) such

that Va = V+Ra T.

The subspace &) may be computed by a wvariation of the algorithm given
a

for &) [Won. -11. This algorithm is given below [Will. -1].

Almost controllability subspace algorithm: Let KCX be a subspace. Consi-

der the following sequence of subspaces

=0, — kn(ar £+B) ,  u>0 (3.11)

The sequence is non decreasing and converges to R™NK)J the supremal almost

controllability subspace contained in K. q

The families (/~(AjB), "a(A,B) have been also characterised dynamically in

two different ways. The first, due to Willems [Will. -1], [Tren. -1] is ma-
king use of distributional inputs and the second due to Karcanius [Kar. -1],
[MacF. & Kar. -1] is based on the problem of frequency transmission through
subspaces [Kar. & Kouv. -2] of the state space of a linear system. The first
of the above two approaches suggests that the families Ua(A,B), Ra(A,B) may
be viewed as “exact” invariant subspaces when we allow the class of state-
trajectories to include not only absolutely continuous functions, but also
distributions; this is achieved by introducing a convenient class of admis-

siable distributional inputs and thus allowing the definition of state tra-
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jectories satisfying certain initial conditions. It has been shown, that in

order to give a characterisation of the U"A,B), R"A,B) families it is suf-
ficient to consider an even smaller class of inputs, the class of inputs that
are Bohl distributions [Will. -1]. This characterisation is similar to that
given for controlled invariant subspaces and controllability subspaces (Defi-
nition (3.1)) with the only difference that E(A,B) changes to ED<A,B), where
the latter denotes the set of distributional solutions of S(A,B). It is
because of this characterisation and the equivalence of these new definitions
to those given previously, that a ¥ e I"(A,B) is also referred as a distri-
butionally controlled invariant subspace (d.c.i.s.) and an RaeRa(A,B) as a
distributionally controllability subspace (d.c.s.). For a proper exposition
of the topic see [Will. -1], [Tren. -1]. The second approach [Kar. -1] has
been based on the “filter” properties of subspaces (type of frequencies that
may be propagated through them) and was the first effort to extend the stan-

dard notions of the geometric theory. The characterisation of the subspaces

of X was given in algebraic terms, i.e. by the type of invariants of a '"re-

striction” pencil which may be associated with a subspace (/. The matrix pen-
cil approach has provided a simple characterisation of the subspaces of X
and a simple method for the computation of K), (/7('K), R(K), ReX(K) in
terms of the Kronecker canonical form. The equivalence of the subspaces in-
troduced by algebraic means the subspaces defined by Willems [Will. -1] has
been established by Jaffe and Karcanias [Jaf. & Kar. -1], The matrix pencil
approach forms the basis for the treatment given in this thesis and it will
be briefly summarised below. The dynamic problems which lead to the algebraic
[Jaf. &

definitions presented next are discussed in [Kar. & Kouv. -2,3],

Kar. -1]. We define [MacF. & Kar. -1], [Kar. -1].
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Definition (3.3): Let S(A,B) be a linear system, N€IR™n 1”xn be a left an-

nihilator of B and let 1/cXbea subspace.

(a) The pencil (sN-NA)V, where V is a basis matrix of V is called a (/-re-
striction pencil (U-r.p.) and the set of strict equivalence invariants
of (sN-NA)V will be denoted by Iy(A,B).

(b) The subspace (/ will be called:

1) A finite elementary divisor subspace (f.e.d.s.), if Iy(A,B) contains
only f.e.d. and possibly zero r.m.i.

(i1) An infinite elementary divisor subspace (i.e.d.s.), if I"(A,B) contains
only i.e.d. and possibly zero r.m.i.

(111) A colircm minimal indices subspace (c.m.i.s.), if I"(A,B) contains
only c.m.i. and possibly zero r.m.i.

(iv) A row minimal indices subspace (r.m.i.s.), if I"(A,B) contains only

The families of fle.d.s., 1.e.d.s., c.m.i.s., r.m.i.s. will be denoted by
I/£{A,B), l/co(A,B), l/e(A,B), Vn(A,B) respectively. The relationships between
those famil -fand the families 1/(A,B), Ua(A,B), R(A,B), Ra(A,B) are defined

by the following classification theorem [juff. & Kar. -1].

Theorem (3.1): Let S(A,B) be a linear system and let 1/cX be a subspace.

Then,

(i)  Ve. V(A,B), iff 3</feVHA,B) and (£el/£(A,B) such that V - I/f®

(i) VE£(A.B) = R(A,B).

(i1) VeV (A.B), iff 3 e (A>B)»> K»(A,B) and ~e™~fA.B) such that

(tv) VeR (A.B), iff gikelUA.B), l/ge,,e(A»B) such that u



65

Clearly Voo(A,B) CRa(A,B). The subspaces (/« e V«(A,B) and e V(A ,B) have
been called infinite spectrum invariant subspaces, fixed spectrum invariant

subspaces respectively [Kar. -1]. Subspaces such as 1/4, (/,, have been defined
by Willems [Will. -1] and they have been referred to as coasting, sliding
subspaces correspondingly.

The matrix pencil approach leads to a procedure for the computation of the
supremal subspaces ¢K) I &) and &) which are contained in a

given subspace K, by making use of the Kronecher form of (sN-NA)V [Kar. -17,

Ljaff. & Kar. -1].

Corollary (3.1): Let Kbe a subspace of X. There always exist subspaces

Im € (In(A,B), 1/fel/f(A,B), (/a, e UoCAjB) and VL£E(/£(A,B) such that

K= 1n$ IV/f®loo® le 3.12)

Furthermore, we have that
G W = (foOUE, &) = (e

(i) Vatk) = UfOlco®(/£, &) = Voo©(/£ q

3.3 Generalised autonomous differential systems, and matrix pencils in linear

systems theory

The objective of the work presented in this thesis is the study of the
algebraic, geometric and dynamic properties of the set of linear, autonomous,
first-order differential equations.

S(F,G): Fpx(t) = Gx(t), P F.G e IRITM (3.13)

where x(«): (07°,°°) >IRn. Differential systems of the above type are intimately
related with the theory of matrix pencils, since the algebraic, geometric.and
dynamic properties stem from the structure by the associated matrix pencil
sF-sG. In general, S(F,G) systems do not always represent physical dynamical

systems, since as we shall see, for a given initial condition, a solution may
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not be uniquely defined. It is the purpose of this section to show that S(F,G)
type systems are intimately related to problems of linear state space theory
of the regular, or extended state space type; thus, matrix pencil theory will
emerge as the key operator description in the study of linear systems. The
formal unification of linear state space theory by means of S(F,G) descriptions
and the matrix pencil theory, has been initiated by the work in [MacF. & Kar.
-1], [Kar. -1], [Kar. & Kouv. -1], [jJaf. & Kar. -1], [Kar. 4 MacB. -1], [Kar.
& Hay. -1.2], [Apl. -1]; the origins of the "matrix pencil approach®, however,

go back to the work of Rosenbrock [Ros. -1], and Kalman [Kai. -17,

In justification of a study of (3»13) consider the system

E x(t) = A’x(t)+B’u(t) (3.14a)
Se(E,A'.B”,C,D):
X)) = Cx(t)+D’u(t) (3.14b)

B’ €RI™, C €  RmXn, D’ &R™ 1. B’ is assumed to have
where E,A’

full rank, but E may be singular. If E has full rank Se(E,ArB',C ) is
reduced to the standard regular state space description

A’ E_1A>, B = E_IB

x = A Sc(t)+B ti(t) (3.15a)

S(A,B,C,D):
y » Cx(t)+Dii(t) (3.15b)

whereas, if E singular we have the extended state space description
Se(E,A.,B>,C>,D’). A number of equivalent descriptions of Se, or S of the

S(F,G) type may be derived by inspection of (3.14), or (3.15) respectively.

Thus, by defining the composite vectors £(t), £(t) where N()=[x(t)t, u(v)t],

NM(O-[x(fe, u(t)fe, we obtain the following equivalent descriptions

of (3.14) [Kar. & Hay. -1.2].

En O x(t) A B’ x(t) 0
S(r.A.e): + x(t) (3.16)
0 _A@M - c D - u® . vim
A 4 A 49

r = 5(1)
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or

,1 R I o
SR ES e D) 28

- <(t) -1

Implicit in the above descriptions is of course the differentiability of

(3.17)

the u(t), jr(t); this may be guaranteed by appropriate definition of the space

of control inputs. A representation similar in nature to S(r,A.,0) has also

appeared in [Appl. -1], [Ber. -1] and has been termed as an implicit descrip-

tion. Such a description is defined by

“A» > *O B? € ,X(t) 113

En
() = , xX(O + , 0 J (3.18)
o c' rm DJ

The above description has emerged as a natural representation from the
work on non-oriented models [Apl. -2j..

The S($.,Q) description is clearly of the S(F,G) type and its importance
will be emphasized when the problem of dual systems is addressed later on
[Kar. & Hay. -2,3]. The importance of the S(r,A.,0) representation stems from
its links to the dynamic characterisation of finite and infinite zeros [MacF.
& Kar. -27], [Kar. & Hay. -3], as well as to the theory of multivariable Ny-

quist and Root locus [MacF. & Kar. -1], [Kar. & Hay. -1]. Thus, by setting
u(t) =0 (3.16) yields

S(T,A): r £(t) «A £(v) (3.19)
which expresses the general output zeroing problem on
[Kar. & Kouv. -1], [MacF. & Kar. -2], [Kar. & Hay. -3]. The S(T,A) system
has been defined as the output zeroing differential system and its solutions

define the zero structure of SQ.
Variable structureS(F,G) type systems arise in problems such as the Multi-

variable Nyquist and Root locus ([Post. & MacF. -1], [Kouv. & Sha. -1]);
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thus, assume m=£ and let u(t)-ky(t), where k represents a scalar output feed-

back. By substituting in (3.16) and setting g=k~1, we obtain the '"closed-

loop" description

"Er, 0 - “x(t) “ €y’ Bl 1 ()
- (3.20) ,

S(r.A(2)):
oz __i(t). _c  _gl+D'- _u(t)

S(r,A(g)) is a variable structure generalised differential system and has

been defined as the scalar-gain closed-loop differential system [Kar. & Hay.

-1]. The analysis of such systems differes from that of the fixed structure

S(F,G) systems; in fact, the fixed structure case is characterised by the

pencil pF-G (p»d/dt), whereas the wvariable structure is characterised by the

matrix net

pe(p.g) —pr+g—-a=p 3.21)

Pe(P’8> has been defined In [MacF. & Kar. -1] as the closed loop system net:

for the case where E-In, p(p,g) is related to the characteristic gain-frequen

cy algebraic functions [MacF. & Kar. -1] which in turn define the generalised

Nyquist and Root locus ([Post. S MacF. -1], [Smi. -1]). The system S(r,A(g))

may be thought of as the singularly perturbed S(r,4) system; in fact, if gX)
BK asymptotic root locus case), lim S(r,A(g))=S(r,A) which clearly demon-
strates the equivalence between theg-asymptotic root locus and output zeroing
problems [Kar. & Hay. -3].

Alternative generalised autonomous descriptions for Se system problems a-

rise in the matrix pencil characterisation of the various notions of inva-

riant subspaces of the geometric theory ([Kar. -1], [jaf. & Kar. -1]). Such

differential systems are defined next in the more general context of

Se(E,A’,Bf) descriptions. Thus, let us assume £<n and let Nf e¢ IR "n* xn

3’+elR”™xn be matrices such that
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2LL. (3.22)
B+

B,+Bf - and Q =

where N’ is a left annihilator of Bl and BI+ is a left inverse of B’. By pre-

multiplying (3.14a) by Q, the following equivalent conditions is obtained

NrE x(t) = N'A'x(t) (3.23a)
Se(N’E,.N'A"): u(t) = B,+H{E x(t) - A’x(t)} (3.23b)
(3.230)

Zz(t) = C'x(t)+D"u(t)

Clearly, (3.23a) is of the S(F,G) type; for any solution of (3.23a) x(t),

the corresponding ju(t) that generates x(t) and the resulting y(t) are given

by (3.23b.,c). The Se(NrE, N’A’) description has been termed the input-space

restricted state mechanism model [Kar. & Huy. -1]. For S(A,B) systems equations

(3.23a), (3.23b) take the simpler form
Nx () =NAx(1) (3.24a)

S(N,NA): +
u® = B (x-Ax()} (3.24b)

If we now consider the family of systems derived from (A,B) under state

feedback i.e. S(A+BL,B): x(t)=(A+BL)x(t)+Bu(t), then

Nx(t) = N(A+BL)x(t) Nx(t) = NAx(t) (3.25)

The above equation demonstrates that S(N,NA) does not characterise a parti-

cular element of S(A+BL,B) butthe orbit itself; it is for this reason that

S(N,NA) has been termed as a "feedback free" description [Kar. -1].

Differential systems of S(F,G) type also arise in the study of solutions

of Se, or S which are restricted to a given subspace |/ of JRn. This problem

Provides the basis for the dynamic, geometric and algebraic characterisation

of subspaces of 5 or S. Thus, let x(t) eU and write x(t1)=Vv(t), where V is

3 basis matrix for Then eq (3.,23a,b) yield

NrEVS(t) » N'A’Vv(t), x(t) - Vv(t) (3.262)

S (NEV.N’AtV): ut) - B’-’F{E x(t) - A°x(t)} (3.26b)
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The system -§ (N’EV, N’A’V) has been termed as the input and U space restricted
_sltatemechamsmrnode*l of Se . Note that S_ (NfEV, A rV) is the key differential
system for the developement of an algebrogeometric theory of subspaces of
starting from simple dynamic problems; the formulation given above is an ex-
tensipn of the formulation given by Karcanins [Kar. -1] for S(A,B,C) systems
and which have led to the matrix pencil characterisation of the geometric
concepts ([Kar. -1], [jaf. & Kar. -1]).

The autonomous differential systems defined above are intimately related
with matrix pencils in the wvariable p=d/dt, or s, the Laplace variable. A
ginmnary of the various pencils which are important in linear systems is given
in Table (3.1). For the regular state space case, the importance of the va-
rious pencils for linear systems is well established; for the extended state
space theory although some results, similar in nature to the regular case,
are known, but the general theory is not fully developed. Thus, T(p) characte-

rises the pole structure (eigenvalues, eigenspaces). The pencils P(p), Z(p)

characterise the zero structure (zeros, clementary output nulling subspaces)

[MacF. & Kar. -2], [Kar. & Kav. -1]; the relationships between the invariants
of the two pencils are given in [Kar. & MacB. -1]. The pencils C(p), Q(p)

define the controllability properties and the pencils R(p), Y(p) characterise
the observability properties; the relationships between the invariants of the
corresponding pencils is given in [Kar. & MacB; -1]. The system net P(p.,g)

is instrumental in defining the characteristic frequency and characteristic
Sain algebraic functions [MacF. & Kar. -1] and thus it is related to the ge-
neralised Nyquist and Root locus theory [Post. & MacF. -1]. The pencil E(p)
is the key tool in the algebraic characterisation of the various notions of
invariant subspaces of the geometric theory [Kar. -1], [jaf. & Kar. -1].

The theory of invariants and canonical forms in linear systems is based on

the theory of strict equivalence of matrix pencils [Kai. -1], [Ros. -1],
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Table (3.1): Matrix pencils in linear systems theory

Extended state space
Ex » Afx+ B’u
y - Cx+ D\

+ pE-A' Te(p)

[PE-A'.-B'] & Ce(p)

rpE"A' 1 a
* Re(p)
_C'
~ pE_A’ _B’ 2
- pe()
-C' -D
CCPE_A7 _B? 0
= 9e(p)

PN’E-N'A' £ Qe(p)

pEM'-A'M’ = Ye(p)

Regular state space
x = Ax+ Bu

y » Cx+ Du
pI-A = T(p)

[pI-A,-B]  C(p)
> pI—A "

=R(p)
-C

~pl-A -B"
= P(p)
_C CCD _

‘pI-A -B 0

- 0(p)
-C -D-I

pN-NA = Q(p)

pPM-AM = Y(p)

MM : Right annihilateyrs of Cf,C

pN'EM'-N'A'M' = Ze(p)
(D'-0)

PN’EV-N’A’V = 5 (p)

r pE-A’ -Br

= Pe<P.g)

C  gl-D

m=£

pNM-NAM = Z(p)
(D-0)

pNV-NAV » S(p)

"pl-A -B

= P(p,g)
-C gl-D

m=£

Matrix pencil

pF-G, p=d/dt

Pole pencil

Input-state pencil

State-output pencil

Rosenbrock’s
system matrix
pencil

Input-state-
output pencil

Restricted-
input-state pencil

Restricted-
state-output pencil

Zero pencil

(/-restriction
pencil

Closed-loop
system net
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[Thor. -1], [Mor. -1], [Bru. -1], [Kar. & MacB. -1]; the transformation groups

associated with the particular canonical forms are defined by the special
strict equivalence transformations which reduce a pencil from a given class

to a Kronecher canonical form from the same class of pencils.

3.4 Autonomous differential systems, matrix pencils and duality

The generalised autonomous differential system S(F,G) has emerged as a uni-
fying description for the study of properties in linear systems. Their impor-
tance has been further emphasized by their role in defining some important
notions of duality [Kar. & Hay. -1,3]. The notion of "dual configuration"
and of the '"dual problem" originates from Projective geometry [Grun. & Wei.
-1]; the essence of the "dual systems" defined next, is of similar nature to
that of Projective geometry and is defined by the properties of strict equi-
valence invariants of homogeneous matrix penrllr. The importance of the dual
differential systems stems from that a "Principle of Duality" similar to that
of Projective geometry may pe stated for autonomous differential system;

using this principle, if a proposition is true on one system, the dual propo-
sition is true for the dual syst-pm,

. ™ . .
For a pair (F,G) elR x R™ 11, we may always associate with it the diffe-

rential systems [Kar. & Hay. -1]

S(E.G):  F px(t) = G x(t) (3.27)
S(F,G): Ftpx(® = G™x(®) (3.28)
S'(F,G): (3.29)

S(F,G) will be referred to as the prime system, S(F,G) as o transposed dual

and S(F,G) as the proper dual system, or simply dual. The duality between

*S(F,G) and S(F,G) has been termed as transposed duality and the duality bet-
ween S(F,G) and S(F,G) as differentiator-integrator duality, since p is the

derivative operator and p the integrator operator. The following diagram
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summari aas the relationships between the three systems

Given that with S(F,G), §(F,G), S(F,G) we may associate the pencils pF-G,
pFt-Gt, F-pG respectively, it is clear that the essence of the various types
of duality depends on the relationships between the associated pencils. In
the following we shall assume that the indeterminates in the pencils are the

Laplace variables; infact, by taching Laplace transforms of (3.27), (3.28),

(3.29) we have

S(F,G): i (sF-G) x(s) - Fx(O~) (3.30)
S(F,G): &sF t-Gt) x(s) = FCx(0-) (3.31)
S(F,G): -(F-sG)x(S) = Gx(0 ) (3.32)

where x(0 ), x(0 ),.jc(O ) denote the initial conditions at t=0 of the cor-
responding vectors, s, s, s denote the Laplace variable and x(s), xX(s), xX(s)
the Laplace transforms of x(t), x(t), x(t) respectively [Doe. -1]. The study
of duality between S(F,G), S(F,G), S(F,G), is reduced to an investigation of

the links between the pencils sF-G, sFt-Gt, F-sG; it is clear that the homo-

geneous pencil sF-sG is the appropriate tool for the establishment of the

duality relationships.
The notions of duality defined above may be qualified algebraically in

terms of relationships between the strict equivalence invariants of the as-
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sociated pencils. These relationships are summarised below [Kar. & Hay. -1,

2].

Theorem (3.2): The strict equivalence invariants of the pencils sF-G, F-sG

defined on a general pair (F,G) e Rl x Rnixn are related as follows:

(1) ' A z.e.d. sp of sF-G is an i.e.d. of F-sG and vice-versa.

(i) An i.e.d. s™ of SF-G is a z.e.d. of F-sG and vice-versa.

(111) A n.-z.f.e.d. (s-a)T of sF-G defines a n.-z.f.e.d. (s-1/a)T of F-sG
and vice versa.

(v) The sets of c.m.i. and r.m.i. of sF-G and F-sG are equal.

n

Clearly, the dominant characteristic in this type of duality is the "in-
version” of frequency which is defined by the dual role of the different
types of e.d.; since this duality is dominated by the relationships between
the set of e.d., it has been called as elementary divisors type duality
([Kar. & Hay. -1,27). It is worth pointing out that for singular pencils,
not only the degrees but also the real spaces associated with polynomial

vectors in Nxr(sF-G), Nxr(F-sG) (N£(sF-G), N£(F-sG)) are related. Thus, we

have [Kar. & Hay. -2]:

Corollary (3.2): Let x(s) = s+.. .+xns”™ e IRn[s] be such that (sF-G) x(s) 0.

Then 2t(s) “%jc s Mx 13N AN+, e Rn[s] also satisfies (F-sG) x(s) =J0 and wvice

versa. Q
Clearly, the space - spfx”™ Xp ¢ -, characterises both vectors x(s),

jc(s) and thus it is an invariant under this duality. A similar result may be

stated for the genecralised ecigenspaces associated with the various types of

e.d. (finite and infinite). For the duality between sF-G and §Ft-Gt we have

[Kar. & Hay. -1].
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Theorem (3.3): The strict equivalence invariants of the pencils sF-G, §F -G
defined on a general pair (F.G) elR"™x/T™M are related as follows:

1) The sets of z.e.d., n.-z.f.e.d., i.e.d. of sF-G and sFt-Gt are equal

(modulo change of variables s to s).

(1) The set of c.m.i. of sF-G is equal to the set of r.m.i. of §Ft-Gt.

(111) The set of r.m.i. of sF-G is equal to the set of c.m.i. of §Ft-Gt.

i

It is because of the above property that such duality has been referred to

as minimal index type duality. By combining the above two theorems we may ex-

press the duality between sF-G and Ft-sGt as follows:

Theorem (3.4): The strict equivalence invariant of the pencils sF-G, Ft-sGt

defined on a general pair (F,G) e R™M [l x ]R™ || are related as follows:

(1) A z.e.d. sp of sF-G is an i.e.d. of Ft-sGt and vice versa.

(1) An i.e.d. sq of SF-G is a z.e.d. of Ft-sGt and vice versa.

(111) A n.-z.f.e.d. (s-a)T of sF-G defines a n.-z.f.e.d. (s-1/a)T of Ft-sGt
and vice versa.

(v) The set of c.m.i. of sF-G is equal to the set of r.m.i. of Ft-sGt.

v) The set of r.m.i. of sF-G is equal to the set of c.m.i. of Ft-sGt

i

The differential system defined on (F,G) e!RmXnxlRmxn by

3(F,G): FCi(t) = Gtpx(t) (3.33)

will be called the completely dual system of S(F,G) and the duality between
S(F.G), S(F,G) will be referred to as complete duality, or elementary divisor-
minimal index duality. The duality notions discussed here may also be charac-
terised dynamically (in terms of relationships between the basic solutions
associated with each type of invariants); such a property has been used in

[Kar. & Hay. -3] for the characterisation of infinite zeros of state space
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models in terms of standard frequency transmission blocking problems [MacF. &

Kar. -2] on appropriately defined dual system. It is worth noting that in
this case, a uniquely defined impulsive solution (associated with i.e.d.)
becomes the dual of a uniquely defined solution involving step, rump, etc.
functions (associated with a z.e.d.). The various aspects of the duality

notions will be further clarified in the following chapters.

3.5 Conclusions

The differential system S(F,G) has emerged as the unifying description for
the study of properties and problems of regular and extended state space
linear systems. The importance of S(F,G) descriptions is due to its intimate
links to a rather simple in form, but rich in structure linear operator, the
matrix pencil sF-G. The classical theory of matrix pencils deals with the
algebraic structure of sF-G under strict equivalence. Almost all new deve-
lopements in the theory of matrix pencils have been in the area of numerical
analysis [Wilk. -1.,2.3], [Stew. -1,2], [Van Dor. -1,3] etc.; however, until
recently [Kar. & Hay. -1.,2], [Ber. -1] the other aspects of the matrix pencil
theory have not taken any significant attention. From the linear systems
viewpoint, there is a need for further developement of the classical theory
especially in the direction of the geometric aspects of the theory. One of
the major aims of the present work is to contribute in the enrichment of
the classical theory of matrix pencils by exploring the geometric, number
theoretic and more general invariant theory aspects; by transferring the
new results on the differential system description S(F,G) the dynamic and
"relativistic” aspects of the theory also emerge. The intimate link of
S(F,G) descriptions with linear systems theory, indicates that matrix pencil
theory, enriched with new results, may provide a general theory for linear

systems based on the structure and properties of a single linear operator.
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The importance of Segre theory in the study of the standard eigenvalue-
eigenvector problem motivates the study of extending the results from the
context of the simple pencil sI-A to the general case sF-G. A geometric al-
gebraic and dynamic theory of subspaces of the domain of (F,G) is developed.
The characterisation of invariants from the number theoretic viewpoint pro-
vides the means for novel calculations of canonical forms of matrix pencils.
The duality of S(F,G), S(F,G) systems motivates the study of algebraic and
geometric invariants of matrix pencils under Bilinear strict equivalence;
it 1s through this study, that a ’space-frequency relativistic” classifi-
cation of properties of S(F,G) descriptions, and thus of linear systems,

may be given.



CHAPTER 4:

Number Theoretic and Geometric
aspects of the strict equivalence
invariants of Regular Pencils
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CHAPTER 4: NUMBER THEORETIC AND GEOMETRIC ASPECTS OF THE STRICT
EQUIVALENCE INVARIANTS OF REGULAR PENCILS
4.1 Introduction
The aim of this chapter is to provide a detailed study of the number
theoretic and geometric aspects of the strict equivalence invariants of a
regular homogeneous pencil sF-sG. The main idea running throughout this
chapter is the generalisation of the number theoretic and geometric aspects

of the standard eigenvalue-eigenvector problem associated with the regular

pencil sI-A, AelRnXn, to the case of the generalised eigenvalue problem

associated with the regular pencil sF-G, F,GERnXn, with F not necessarily

invertible.

The e.d. structure of the pencil slI-A may be characterised from the num-
ber theoretic point of view by the Segre' and Weyr characteristics of each
distinct eigenvalue of A; the computation of the Jordan form is then re-
duced to a problem of constructing a Ferrer’s diagram [Tur. & Ait- 1]. An
essential part in the computation of a similarity transformation, which
reduces A to its Jordan normal form is the notion of the generalised null
space of A, defined for each distinct eigenvalue of A [Dor. -11; in fact
the selection of linearly independent chains of generalised eigenvectors,
characterising cach Jordan block corresponding to an eigenvalue X”, makes
use of the properties of the generalised nullspace of A. The Segre, Weyr
characteristics provide the number theoretic aspects of sI-A, whereas the
properties of the generalised nullspaces (for the various distinct eigen-
values) provide the basis for the study of the geometric properties of
sI-A, as they are expressed by the chains of generalised eigenvectors.

With every root of an e.d. of sF-sG, finite or infinite, a subspace
spanned by generalised eigenvectors is associated. This, provides the

means for the characterisation of the set of e.d. at s = aeCuf®}, as
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number invariants, defined by the nullspace properties of the a-Toeplitz
matrices PNF,G), K-1.2,..., which are completely specified by a and the
pair (F,G). The notions of Segre, Weyr characteristics, and the Ferrer's
diagram are extended to the case of sF-sG. An alternative way for com-
puting the Segre characteristic at s - a (different than that based on the
Ferrer's diagram) is given; this new approach is based on properties of
sequences defined by a and (F,G), which satisfy the piecewise arithmetic
progression property.

The study of the geometry of the set of e.d. at s =a is based on the
properties of W {Pk(F,G)} = Wk; the key tool in this study is the notion of
a nested basis matrix k of Nk The study of properties of the nested
bases matrices of Ng suggests the way we can select maxaimal ﬁndependent
chains characterising ecach e.d. at s=a and it also provides a third method
for computing the Segre characteristic of (F,G) at s=a. The results
presented here are generalisations and extensions of well-known facts for

sI-A to the more general case of sF-sG. Such a study provides also the

means for an alternative method of constructing the Weierstrass form of a

regular pencil.
4.2 The a-Toeplitz matrices and the k-th generalised nullspace of (F,G):
preliminary results and definitions
In this section, a number of preliminate results are derived which lead
to the definition of the a-Toeplitz matrices associated with the pair (F,G)
and to the definition of the k-th generalised nullspace of (F,G) at s«a.
For the nxn regular pencil sF-sG, the sets of e.d. corresponding to the

same frequency (represented by an ordered pair) shall be denoted by

PCI1,0)

(s l.ieu,pl<...<PW),P(O.,]l) = {s l.,iev,ql<...<q”}

O(l,a) = {(s-as) 1,i€T,aeC-{0},dI™...<dT) or C4.1)

P(a.l) = {(as-s) "NieT,a=l/a€(C-{O},dj<.. .<dT)
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In the case of sF-G the sets P(1,0),1>(0,1),0(1 ,a) will be denoted simply
by P(0) ,P(*9) ,P(*°) and represent the sets of zero, infinite and a e.d.
respectively. For the case of F-sG, the P(1.0).P(0,1),P(S.1) will be
denoted simply by t>(-) ,0(0) ,0(0) correspondingly and represent the sets of
infinite, zero and 1l/a e.d. respectively.

The sets of e.d. P(1,0),P(0.1),P(1 ,a) define the Weierstrass form sFw-sGw

of sF-sG described by

4.2)

= 1 - H -> (3P)
Dp(s.s) SIP s P
6 (s,s) = sH -si > (S
q qa q
}gi/(s,s) - sld-sJd(a) - (s-as)d, g
! (as-s)d
Jd(s,s) = sJd(a)-sld » a1

Note that (4.2) is the Complex Weierstrass form, since the set of e.d. is
considered over (D. The pencil sF-sG is reduced to sF"-sG”™ by complex
transformations (R,Q), where RQ€(Cn><ri and fR][,|Q|

The elementary divisors of sF-sG (finite and infinite) may be associated
with maximal length linearly independent vector chains, as it is shown
next. The case of finite, non-zero e.d. is considered first and then the
results are extended to the 0 and 00 e.d. The existence of the vector

chains 1is established by the following result.

a di
Proposition (4.1): Let sF-sG be an fi regular pencil and let {(s-a) .ier}

dl
be the set of a-e.d. of sF-G and {(s-a) 1.,i€Tt} be the set of a-e.d. of
F-sG.

di
(1) For every (s-a) e.d. there exists a maximal chain of linearly
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independent vectors (x\x1,...,XJj } such that
-1 -Z £

“.4

and with the further property that the set of vectors {xj,....x"

2g»...,Xj } 1s linearly independent.

)

T
(i1'1)) For every (s-a) 1 e.d. there exists a maximal chain of linearly

independent vectors {xX™x",... % } such that

4.5)

and with the further property that the set of vectors {xXj,...,.x"t;...;

%j - ,.,f&pj is linearly independent.
T

Proof
(i) Let (R,Q) be a pair of matrices reducing sF-G to its Weierstrass form
(4.2). Then, all blocks in aFW-GW are nonsingular apart from those J%le(s)

d.
for which a=cn. For, every (s-a) | e.d. the corresponding block becomes

0O 1 0 0
-ald.+Jd.(o) - HA. 0o 0 | 0
1 1 1
I
0 ... 0
d.
By choosing the set of standard basis vectors &) ® JR , then
it is clear that
J (a)e. - al e+I e e -0 4.6)
1 J a1

The set of vectors {e.,jed.} is clearly linearly independent and the chain
is maximal since any attempt to generate more independent vectors using
the (4.6) algorithm fails. Consider now the vectors {ej.....€j } of Rn
which have all their coordinates zero apart from the coordinates of the

vectors {¢€j,...,€” |} at the position of the -sl™ +J* (a) block, i.ec.
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CO0...0,e.t,0...0]t

Then

G e! = aF
w-J

By premultiplying the above by R and using the fact that Q_1-Q*=In we have

RG Q$eX = aRF QS$eX+RF eX ., jed., eX=0
Q J WQ~J W%Q ~’?f~l’

-J -0

or

G{$eh = aF {$eh+F{V _p.
J 3 1

The existence of e.d. guarantees the existence of maximal and linearly
independent chains of vectors which satisfy eqns(4.4) for sF-G, or (4.5)

for F-sG. The inverse problem is considered next.

Proposition (4.2): Let sF-sG be an nxn regular pencil.
(1) If there exists a maximal chain of linearly independent vectors

{ << !>>===such that

Gx. = aFx.+Fx_ . j *o=

then sF-G has an e.d.

(i1) If there exists a maximal chain of linearly independent vectors

A
&j »---,xd»} such that

jed’, (4.8)

then F-sG has an e.d. (s-a)™
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Proof

(i) From (4.7) we have that

(G-aF)Xj X, =0 (4.9)

and thus for j=1 we have that (G-aF)Xj=0; this implies that sF-G loses
rank at s=a and thus sF-G has an e.d. at s=a. We have to show that the
degree of such an e.d. is d. Let (R,Q) be a pair of transformations such
that R(sF-G)Q=sF"-G”*. Premultiply (4.9) by R and define the coordinate

transformation ggj:Qx., jed. Then, (4.9) yields
J ~

(4.10)

d.
Assume that all blocks in G -sF associated with {(s-a) .ier} e.d. are the
wow ~

last blocks in the Weierstrass form. Then

P

Gw“aFw = diag{...;J~ (B.)-alT ~aH (a)-al™ ;
i i Hi Hi | I

...:Jd (a)-ald | 4.11)
t r

Clearly all blocks J (B.)-al , I -aH associated with finite e.d.
T. Ti 1 TiAq.Qi qi
(s-™) 1, and infinite e.d. s i respectively are nonsingular; however,

the blocks J,l(a)——ald_=H,_ for all iex and thus they are singular. Let us
i i~

now partition the vectors x. according to the partitioning of G -aF as in
CGJ W w

4.11), i.e.

(4.12)

w4 ~ .
where Z(‘JF X are the subvectors of ’ZT' corresponding to the nonsingular
i

blocks J (B.)-al , I -aH respectively and x-| 1S the subvector
Ti 1 Ti

corresponding to the singular matrix diag{JQ| (a)—alﬁ | ;...;JdT (.a)—alc,lT 1=

=diag{Hc,11 dT}’ Conditions (4.10) are then reduced to the following

equivalent set of conditions
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/»q

I > jed, xt =0 “4.13)
i
jed, xqgq.=o 4.14)
and
diag{Hd ;...:Hd }x£ = x™"1, jed, x°-0 (4.15)
For j=1, conditions (4.13) and (4.14) have as only possible solution
=0, ¥ =0 respectively since the coefficient matrices are nonsingular;

~T1i <l£
thus all vectors for j>1 in (4.13) and (4.14) are zero and (4.12) yields

X. « [0...0:x™M]t

% L (4.16)

For j=1, eqn(4.15) yields that

-a Ccl1,0...0;:;c1,0...0;...,cJ,0...0] (4.17a)

where cle(E, jet are constants. It is clear that the number of vector
chains which may be generated is equal to the number of Hj blocks, or
i
equal to the number of elementary divisors.
Let us now assume that d =t <d . =..=d =f <..<d N=..=d =
| P] | Pj+l p2 7 pv_I1+l T
be the ordered set of degrees of the e.d. at s=a and let us define the

vectors

(4.17b)

and the subspaces lj=span{ej,... .e™1}, 12s“sPan{e™+1,... €2} £FF

Mpo

I/~"=span {e" , ---»€J +. Furthermore, let us denote by $...8(T

and baz Vl,&,...,i) 141 .®1/V.

For all j<<fj, eqn(4.15) generates vectors x”, which may be readily shown

to have the following general form

(4.17¢)

\
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If NVuo’ but -~'?1) (x* has a nonzero projection on at least one of the

vectors télj,_-_’éﬁ)*}), then by using (4.15) for j=fj+1, it may be readily

. p !'=0 which contradicts the assumption that x"~Vq .
shown that Cjc...~Cj

Thus, if the maximal length of the chain is T]; note that any chain
of length j<f] is not maximal, since it may be completed by selecting

linearly independent vectors up to j—f » ns it is indicated by (4.17c).

if x~Vj) the length of the maximal

Therefore, chain is fj.

| nu| au J «
Assume next that x g\ii, but x a/I/. 1,2) (_)%1 has no projection on

cP1 and has at least a nonzero projection on (e™+\ ...,e™2}).
i§117---7e¥) 3, -1

For all j£f2» the vectors generated by (4.15) have the general form

(4.174d)

If the chain has length greater than f£> then for j~f"+1 it may be readily

shown that «— " _..»cP”«0, which contradicts the assumption that

by x”el/j”; thus, in this case the maximal length is f£. If the chain has

length less than f*, then it cannot be maximal, since (4.17d) may generate

more linearly independent vectors up to f* in number.

Using similar arguments it may be shown that if x"V~" x but
»eee>1/

"""" !f’ (i == th® chain has length f;7, and thus the e.d. has

degree f.+J. The proof of part (it) is similar.

An obvious generalization of the above result is the following

proposition.

Proposition (4.3): Let sF-sG be an nxn regular pencil.

(1) If there exist maximal chains of linearly independent vectors

A

{X]|,....x™ }, ie£, such that
ai

Gx* = aFx!+Fx* ., jed., xL=0 4.18)
"Jy “J  -J-1 ~1 -o

with the vector set .Sld/ } linearly independent, then
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dl dp
sF~G has a set of e.d. {(s-a) .....(s-a) p}.

(i1) If there exist maximal chain of linearly independent vectors

{x£ x1 that

Fx; (4.19)

al Ap” APT

with the vector set ]{ﬁ&*j, a---xd, f} lineariy independent,

then F-sG has a set of e.d. {(§-a)dl...., (s-a)d’p’}.

0

By Propositions (4.1) and (4.2) a characterization of the set of e.d. of

a regular pencil may be derived. Thus, we have:

Theorem (4.,1): (i) The regular pencil sF-G has an e.d (s-a)d, if and only

if there exists a maximal chain of linearly independent vectors

(Xj,£2,...,xd> such that

G}i = aFZ(IJer(l_l, ied, )_(0:(_) 4.20)
or equivalently
G-aF 0
-F  G-aF ..
ied (4.21)
0 0

(i1) The regular pencil F-sG has an e.d. (s-a)d , if and only if there

exists a maximal chain of linearly independent vectors {)I(,,...,Xd} such

that

Fk, = AGk+8. ., dell®, £ =8
-1 “i =1-1 ~ =0 -

or equivalently
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F-aG 0O ... 0
-G F-aG... 0
. . “4.22)
0 0 ... -G
a
By noting that e.d. of the type and sq are special cases of (s-a)®
for a=0 and (s-a)q for a=0 respectively and taking into account the
duality of e.d. established in the previous section we have the
following two results:
Corollary (4.1): The regular pencil sF-G (F-sG) has a zero e.d.
(infinite e.d.) s if and only if there exists a maximal linearly
independent vector chain {x].....x } eRn such that
Gzci = F)—(i—l’ iep, §0:0 “4.23)
or equivalently
G 0 0
-F G 0
4.24)
0 0 G
0 0 -F
i

Corollary (4.2): The regular pencil sF-G (F-sG) has an infinite e.d.

(zero e.d.) sq if and only if there exists a maximal linearly independent

vector chain {xjjX~,... ,x~} eRn such that

FZ(I = G_XI_I, ieq, X 0 4.25)

or equivalently
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0 ... 0
F ... 0
0 ... F
0 ..--G

(4.26)

0

The above results suggest that the finite and infinite e.d. of a regular

pencil may be defined independently of the Smith algorithm originally used

for their definition. In the following, the problem of computing the

degrees of the e.d. as well as of the vector chains associated with them

is examined.

Let sF-G be an nxn regular pencil. For every ael, we may define the

following matrices associated with the pair (F.,G):

| G-aF 0
P (F,G) = G-aF e C p2cf ,g) e a:2nx2n
a F  G-aF
G-aF 0 0 0
) -F  G-aF 0 0 sinxin
a e
0 0 ... GaF 0 i-1,2,...
0 0 F  G-aF

For the case of s=« we define the matrices Po)o((F,G) by

P!(F,G) - F eRnXn, PA(F.G) F 0 cRonxon, ...
" G F
F 0 0 0
-G F 0 0 ¢ Rinxin
0 0 F 0 1,8, ...
0 0 . -G FJ

The rank of the matrix P1(F,G) (P1(F,G)) shall be denoted by
a 00

i
pa

(4.27)

(4.28)
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and the corresponding nullity (rank deficiency) shall be denoted by n3 §n

respectively, note that nl=ni-pl. Matrices of the type P1(F,G), P1(F,G)
c o o 00

shall be referred to as i-th order a-, °°-Toeplitz matrices of (F,G)

respectively; some important notions associated with them are defined next.

Definition (4.1): (1) We define as the index of annihilation of (F,G) at

s=a (s=«>), the smallest integer t (¢t ) for which n a=nTa+l (nT°°=nToo+1).

(i1) Let W=Wxr(PNF.,G)) (a is finite or infinite) and let N*e(En"xna be a

*

. . i
basis matrix for n (a right annihilator of PX(F,G)). Let M16(nXTla be the
o o o

submatrix of N which is made up from the last n rows of n\ The vector

space M3 = col.spanfM3} is defined as the i-th generalized null space of

(F,G) at s=a.

The above notions are natural extensions of the notions of index of
annihilation and generalized nullspace defined on linear operators, to the
case of a pair of linear operators. The spectral analysis of regular
matrix pencils heavily relies on those two notions. We start off by

stating the following preliminary result.

Proposition (4.4): Let sF-G be a nxn regular pencil. The following

properties hold true:

) The i-th generalized nullspaces of (F,G) at s=a, i»1.2>»... is non-
trivial &0}) if and only if G-aF is singular.

(i1) The i-th generalized nullspaces of (F,G) at s=a, i-1,2.... are nested,

L*et 1as1,2,... and the chain has a maximal
a a a a a

4c

element Ma'

Proof

There are two possible cases: G-aF nonsingular and G-aF singular. If
fii-aF| then because of the upper triangular structure of p\f.,QG),

PX(F,G) are nonsingular and thus, W1={0} and M}—{0}. The upper triangular
™ Ct ot

structure of P~NF,G) and the fact that G-aF is on the diagonal guarantees
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that the Nx%0}. In order to show that Mx%0} we apply induction. Thus,
a a

for i=1, P~NF,G)=G-aF and since |G-aF|=0 there exists a right annihilator

N «x!eCllXn<x of G-aF, 1i.e.

a |
[G-aFIx! = o, xj ©
Thus, For i-2, P2(F,G) becomes
G-aF 0
PAF,G)
-F  G-aF

2
Clearly, the nullity of PACFjG) is greater or equal to the nullity of

2
PL\FjG) since the columns of the matrix N , where
a a
a
) O 1 :1
Nﬁ x| 1 1
Xl n

2
are in Starting from Nﬁ W€ may complete the basis of Wc21 and obtain a

right annihilator of P2(F.G) of the form

0 mx! 5
2
N2 o & nXp,a

a Y

Since the columns of X! are li.nearly independent, sp{Cx ]1 ,X%$@} and thus
2 - .
Ma%0}; furthermore, sp{CXj &:spE(IfX} AX-~]}  Assume now that Nx is a right

annihilator of PX(F,G), where

{ X!
. 1
Op
N1 0 i x: e CniXTla
a e
yr i-1
0! x? :-x31!- :
1! .,2: 3i N
Xl ox2 i i X

and M*=sp{[XJ..--> x11MO}. Then we may write that
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-F

0 PA(F,G)

0

and clearly the columns of N”, where

0 n
Sjl I.
N1 ni
a.
*nl*
a
are independent and in W1 L 7.1 then the columns of NI may be
a a
completed to a basis of Nit+l A right annihilator of P*+1(F.G) js then of
the form
ix! 1
0 1+1
Ni+1 N1 f
a a +x?;
1 1+1.
Thus, M"+1=sp{CXJ, and  £M™M Tf n!1t1—4X_  then NI is
a a a a’ a
a right annihilator of P’\+/\€’F,G5 and

Note that M\(Cn and thus there

property

is an upper bound for dim the nesting

%

implies then the existence of a maximal element

The following Corollary is readily established from the above result.

Corollary (4.3): Let sF-G be an

singular for aeCC.

nxn regular pencil and let G-aF be

There exists a basis for A/l of the type

a

(4.29)
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where | is a basis matrix for A/l 1, x! a basis matrix for A/l and the
a a 1 a

columns of x!, j=2,3,...1 are in A?.

J a 0
Remark (4.1); The subspaces i=1,2,... are nontrivial &O0}), if and
only if G-aF is singular; the matrix G-aF, however, is nonsingular if and

only if the regular pencil sF-G has a set of e.d. at s=a. Thus, it

follows that the subspaces A/ (A/) are nontrivial if and only if sF-G has

a set of e.d. at s=a (s}®®).

4.3 Segrez, Weyr characteristics, and the piecewise arithmetic progression
sequences of (F,G) at s=a(°°)

In this section, attention is focussed on the investigation of the links

between the properties of A/ (A/ and the structure of the e.d. set of

sF-G at s=a. The result of the present analysis is the introduction of
two alternative procedures for the computation of the set of degrees of
the e.d. at s=a (s=«>) of sF-sG, rather than the Smith form based
definition of them. The results will be presented for s=ae<E, whereas the
case of s=°1is similar (simply use PO%(F,G) instead of Pi(F.,G)). We start

a
off by giving the following useful result.

LgTO. 14-1) Let H-diaglHj,... ,~1 eRnxn, where

" O | 0 ___O'
0 0 | ...0 A
= SRR C
0 0 0 1
0 0 0...0

dj<d£n.. .<d”, W=Ar(H } and ri*=dim A/. Then, the following properties
hold true:

1) The set of subspaces AL is nested, i.e. ALsAL” and the chain has a
maximal element A/ =IR* where d= .1, d..
1=1 1
(i1) The smallest index t for which is called the index of

annihilation of H and T=max{d.,iev}.
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k 1=1 ni where ni=di k~di and T{‘l«k it k<di._

Proof
It is clear that Hk=diag{Hp ... .H"} for all k=1,2,... Because of the
block-diagonal structure of Hk, 1S {defined as a direct sum of the

null spaces corresponding to the Hlf matrices Note, that if k>d”, then

H"=0 and if k<d ., then

0 ..O | ® ++0
0 ..0 0 |
h]- d.-k (4.30a)
0 0 0 | !
....k
L 0...0 0 0

and thus a basis matrix for WNIH is defined by

Tk

= i i 4.
a Id1 if k>d. and 1 ) if k<d (4.30b)

By inspection of the above it is clear that Nn with equality

1 r i
holding only when k>d”. Since k} may be expressed as a direct sum of
the nullspaces associated with the blocks, it follows that ALcA/.A.

Clearly the smallest index for which ~T=AT+ is T=max{dpi€v}, because

this is minimal value of j for which 1L=0 and thus A =]Rd, where d= .E, d.
T 1=1 1
Because n. =dimN {Hk} « .1 dimN {Hk} and the .
r x— | T 1 special structure of IL, we

have that if k<d., then n%dimM {H"}=k and jf kg£d., then since HA=0
1 i r |1

and dimA/ {H"}=d..
r i i 0

Theorem (4.3): Let sF-G be an nxn regular pencil, let G-aF be singular at
AN

dl d
s=a and let {(s-a) .....(s-a) } be the set of e.d. at s=a. The following

properties hold true:

€)) - dim n”, where n™~d., if k>d. and n"=k, if k<d..
(11) dim = dim A" =n".
a a a
(111) The smallest integer t for which MT [cMT=MT+1#*M , is the index of
a a a a

* V
annihilation o of (F,G) at s=a; tCt=maX{§1.,igv} and dirnM0 =d=1’“.;§*. dn.
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Proof
(1) It is clear that if R,.Qe(EnXn> |R|,!Q'-O, then rank{P1(F,G) } »

=rank {diag{R,. .., R}pi(F,G)diag{Q,...,Q}} and thus, the rank property may

be tested baz usin% the Weierstrass canonical pair (F ,G ). Assume G -aF
wow wow

are non-singular, since 6|*a, and thus we may write

0 H

where T is the block diagonal matrix made up from the non-singular blocks

and H=diag{H .... H }, where H=»Jj , (a)-alj. eRdixdi. Note that
i v 1

k

not“dimA/r<Pk (F ,GW )} and thus ni(t is defined by finding the maximal number

of linearly independent solutions of the equation

\%
~et i=i d™=d and a=n-d. to the partitioning

of Pk(F ,G ) ) o )
a w w W€ have that the following conditions must be satisfied for

every k

A

_ e

It may be readily verified that the above equation is equivalent to the

following two equations
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(4.32a)

and

(4.32b)

Given that T is nonsingular, eqn(4.32a) has as the only solution the

c™uas> na i-s defined by the number of independent solutions

of (4.32b). Eqn(4.32b) is equivalent to

h2j = °> t = HA2°777°~k-1 * ntk (4.320)

or equivalently

hx 2, A2 = * HAK nkk = (4.32d)

Let be a right annihilator of H . Conditions (4.32d) suggest that

matrices *: may be defined by

l

/\_ _ _ > _7 _' >
1 K-2 °~HX=——" K- H> (4.320)
and thus
2]
¢ 4.439)
0 J
where is the submatrix of formed from the last k-j rows.

Clearly the row space of the matrices
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X = . X (4.32¢)

are equal to the row space of X*. X, however, is a right annihilator of

P (F .G ) and thus n —dzvarl\}S is equal to the number of independent rows,

or columns of XA, or otherwise equal to dimNAH.}. Thus, dimM;:n;:

=dimA/r{Hkj and by Lemma (4.1) the proof of part (i) and part (ii) is
established.

If
(111) Since X, as defined by (4.32g), is a right annihilator of Po(F ,Gw)

and ~k is a ~Sht annihilator °of (full rank matrix), N/ and thus Ml
a a

become maximal xvhen W/ fH”lbecomes maximal, By Lemma (4.1) becomes

maximal for k>max{d”,iev}; the smallest integer ta for which

~aa ' cA/Tx=MTa+' 1s clearly t =max(d.,i€v} for which N {HTa {HT(X}=

u a a == m ~ T r

gWr>{H a 1}. For k>max{d",iev}, H"=0 and thus X" =I", di- Thus,

dimM, =d = 1§ e 3
above result establishes the links between the spaces a and

the degrees of the e.d. at s=a and thus provides the pasis for the

definition of the degrees of the e.d. at s=a without resorting to the
*

construction of the Smith form. The maximal subspace ¥ plays an
important role in the determination of the chains of vectors associated
with the set of e.d. and shall be referred to as the maximal generalized
nullspace of (F,G) at s=a. Before we examine the geometry of the e.d.
set of (F,G) at s=a, a number of important results characterising the
e.d. as numerical invariants of the pair (F,G) are given first. Some
useful notation is introduced first. Let §\ be the multiplicity of the

d.
e.d, (s-a) x; the ordered pair (d.,<j\) characterises such e.d. The
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ordered set d~,0™),....(d (7 ),dj<e..<dp} characterises the totality

of the e.d. of sF-G at s=a and shall be referred to as the index set of
(F,G) at s=a.

Corollary (4.4): Let sF-G be a regular pencil, G-aF singular and let
{(dpCTj).,---., (dp,op):dl<...<dp) be the index set of (F,G) at s=a. The
diﬁmensions nk of the subspaces ftk of (F,G) at s=a satisfy the following
properties:

) If dl./\k<(11-9.1.’ then

nk—_Vjdj+k(i+i+---+<ip) (4.33)

j=1 11
and nk’k*al+< -,+ap) k<dl and nk =1i»1 <idi kedp
Cii) For all k=0,1,2,..., then \+Hi‘““\\“af+’>*°“+ap» where (Ti,<<* <Jp are the

multiplicities of the e.d. (s—a) 1 for which k<d”™<...<d” and n0=0. For
kadp’ pkip~o-

Proof

Ci) The proof of part (i) follows immediately from part Ci) of Theorem
C4.3) by adopting the notation introduced before.

Cii) f d1,<...<d_.<...<dP are the degrees of the e.d. at s=a then the

i
following possibilities exist

Ca)  d|-1~k<k+l<di. Then, by C4.33) we have

i-1

nk—+rnk > JHjdj+<k+DNit---+%) - F/jdj-k(ait---+%)

= O.+...+0O
1 P

(b)  {di-1 <k<k+l=d£. Then, by (4.33) we have

‘cr.l

i i
~jdj+di<<ji+l+--—+ - . A<gdF Tedi-De<Ji+"" —4<’
IR TJ17Nydy+di<<i+l ap) - -"<jdj ‘cdi-c<Ji P)

o+ ...+0
1 p

(©) dP£k<k+1, Then, by part (i) we have Hk+1=nk and nk+1>’nk=0.
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(d) k»0. Then, n 30 and n =a,+...+a . Thus, n.-n =o,+...+o
0 11 p 1ol p

The above corollary provides the means for the computation of the e.d.

structure of (F,G) at s=a by using the dimensions of the subspaces

or the nullities of the Pk(F,G) matrices.

Remark (4.2): The differences provide the following information

about the e.d. structure of sF-G at s=a.
(€)) the number of e.d. at s=a.
(i1) The smallest index k for which nk+1¢nki® Sives the index of

, which is also equal to the maximal degree d

annihilation t
a P

(i) The difference 341k defines the number of e.d. with degrees

higher than k.

The computation of the complete set of degrees a5d multiplicities mahs

use of the following result.

Corollary (4.5): For all k-1.,2,..., the numbers satisfy the relationship

nk-1+nk-+l

"k 4 2 (4.34)

in particular, we have that

1) Strict inequality holds if and only if k is the degree of an e.d.

of (F,G) at s=a.
(i1) Equality holds if and only if k is not the degree of an e.d.

Proof

Necessary and sufficient condition for the to be nonzero is that sF-G

has a set of e.d. at s=a. Assume, then that ((d. .cxr_Cd ,o )} be the
11 P p

set of ordered pairs of degrees and multiplicities. We may distinguish
the following cases:

k>dp* Then> by Corollary (4-4) bave nk+1°‘nk$$°3xnk‘‘nk-1 and thus

(4.34) holds with the equality sign.

di—j*Sk—l<k<k+1£dl.. Then, by Corollary C4.4) we have n —nk l:':1selz-~-<*>.+(J
k - 1 0
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and Pk+j-Pk=cr*+.. ,#Op from which the equality sign holds true

(¢) d~ j<k-l1<k=d "<k+Kd™+j. Then, by Corollary (4.4) we have

nk+1r~ < 1i+i+-—-+<JP and thus AN 1>nk+xnk and

the inequality sign holds true.

(d If k:1:d1<2£d?, then p1—13:)>>i.+...+0p and pg—pl.=<19—0—.-.+ap and thus
inequality holds true.

(e) If k:1<2£q., then pl—pc;‘g.—i—...—i—op and pg—pI:q,+.-.+op, from which the
equality sign holds true.

The above analysis proves the necessity of part (i) and (11). The
sufficiency is proved by contradiction. Thus, let us first assume that
inequality holds true for some k and that k is not the degree of an e.d.
Then cases (a), (b), or (e) are the only possibilities for k. Clearly, in
cither of these cases equality holds and this leads to a contradiction.
Similarly, if we assume that equality holds for some k which is the degree
of an e.d., then the only possible cases are (c¢) and (d) which clearly

imply that inequality holds true, thus contradicting our assumption.

The above result results in a very important property of the non-
decreasing sequence of natural numbers pQ.Pj.....p".... For all k integers
which are not degrees of e.d., the numbers pk satisfy the arithmetic
progression relationship (APR) Pk=1/2(Pk_j+Pk+1)» For those wvalues of k
which coincide with degrees of e.d., the arithmetic progression
relationship is violated since pfc>1/2 Cnfc_j+Pk+j). The sequence
iq — ,***»n”™,... 1s partitioned by those values of k which correspond to
the degrees of the e.d. If dj<d2<...<dp are the possible degrees of

elementary divisors, then the numbers p, ,p NS o) P are
. —+ —_
ay g S E I

celements of an arithmetic progression sequence (APS), since

Pk“1/2(Pk_j+Pk+|) for k=d.+l,...,d£+i>’1; this relationship that holds in

the (d™+1,...,d"+j-1) range of k values cannot be continued in the
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(di_]+1,....di«l), or (di+1+1,.._.,d.+2-1) since nd >1/2(nd +1+nd _j)

i i i

and nd >1/2(nd, ii d ). The number «d.-<nd -nd p-Chj -nd )-
1+1 1+11-+1 1 A 1 A A

=2nd -nd +j i-s a measure of discontinuity, or deviation between the

i i i
APR holding in (d~ ~+1,...,d"™-1) and (d™+1,...,dd+j-1) respectively. The

sequence nQ.,hj_ - - _._ . _._. therefore satisfies the arithmetic progression
type relationships in finite sets of successive natural numbers; the only
points where such relationships do not hold (but become inequalities) are
the degrees of the e.d. Such a sequence will be referred to as piecewise
arithmetic progression sequence (PAPS) of (F,G) at s=a; the value of k=d,
where there is a discontinuity in the APR, will be referred to as a

singular point and the number <§d will be called the gap of the sequence

With these observations in mind we can state the following result
relating the PAPS n . of (F,G) at s=a with the index set of (F,G)

at s~a.

Proposition (4.5): Let n ,ri|,... ,n.,..*+ be the PAPS of (F,G) at s=a.

Then

1) An index k:di is a singular point of the sequence, if and only if
di is the degree of an e.d. of sF-G at s=a.

Cii) If k=d1 is a singular point, then the gap <15i' at k=d is equal to

1

the multiplicity ot of the e.d. at s=a with degree dl..
i

Proof
Part (i) follows immediately by Corollary (4.5). Since k=d.1 is the
degree of an e.d., then by Corollary (4.4) we have that

=a.tai+1l+_.__+ap and V xnk=<NWN 7' ’&<Tp and thuS 5d.=(CVWN"1) (nk+xnk)=Ci*
1 IO

By finding the singular points of the PAPS, t]q, .., ... and the

corresponding gaps, the index set of (F,G) at s=a is defined. The analysis
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presented so far leads to the following procedure for the determination of

the degrees of the e.d. at s=a.

Piecewise arithmetic progression sequence diagram (PAPSD): Compute the
numbers L el IETEE with no=0 until we find the first index t for
which no=nL Then, t is the index of annihilation of (F,G) at s=a.
Compute then the gaps of the PAPS, i.e.

< -_n. - 1=1 .- —+i =
51 « 2n11%_11_|_1 for i=1 .2, ot ot i.n 0

and form a table of the following type: For every index 1 there is a
value <570; if 5.=0 a dot is placed below 6. and if 6.>0, then we create
a column with asterisks below 67, with the number of asterisks being equal
to the wvalue of 5». This procedure is illustrated by the following

diagram:

index: [y 2 geeeg A=l , 1, 1+ ...t , t+]
gap : 61<82,....51 1.6.,5i+1,...,3T,6T+1
; .
* L]
. %
%k

Fig.(4.1)

The indices characterised by dots do not correspond to degrees of e.d.,
whereas those characterised by asterisks define the degrees of the e.d.
The number of asterisks in a column gives the multiplicity of the e.d.
whose degree is the corresponding index. Thus for instance, in the above
diagram we have e.d. with degrees 2.i,r; the multiplicities indicated by

this diagram are 2.,4,3 respectively.

The above procedure will be illustrated later on by an example. An
alternative technique, which may be used for determining the index set

of (F,G) at s=a is discussed next. The following procedure is a
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generalisation of the standard procedure used for finding the Jordan blocks
of a square matrix A, which is based on the notions of Weyr and Segre
characteristics and used a Ferrer’s type diagram for the partitioning of
natural numbers CTurn&Ait].

The extensions of the standard notions used in the analysis of the sI-A
pencil to the case of sF-G regular pencil is considered first.
Definition (4.2): Let sF-G be a regular pencil, G-aF singular and let
no.hj.....nL,... be the nullities of PNF,G), i=0,1,...,1_,..., where
P°(F,G)=In. We may define the following:
(1) The Segre' characteristic of (F,G) with respect to a is defined as

the set of the first nonzero differences of the powers to which the scalar

factor (s-ot) occurs in |sF—G|[ and in the H.C.F.s of its minors of

descending order. Clearly, if {CA"™).....(dp,cr); dj<...<d”™} is the
index set at s=a of (F,G), then the Segre characteristic at s=u is

defined by

So(F,G) = {dp C4.35)

(i1) The set of the first nonzero successive differences in n _h|., - - _ _ __
is defined as the Weyr characteristic of (F,G) at s=a and it is denoted by

Va(F,G). Clearly, if t is the index of annihilation of (F,G) at s=a, then
WVa(F.G) = ~1°nl-no,Y2#i 2-nl,....,Y TanT-nT_ 1} (4.36)
The Weyr characteristic contains all the information we need to define

the Segre characteristic, as it is shown by the following result.

Proposition (4.6). Let Sa(F,G) Wa(F,G) be the Segre',Weyr characteristics
respectively of sF-G at s=a, as denoted by (4.35) and (4.36),

correspondingly. Then,
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) Yj~Yj+ for all j=1.2....,T and Yk+f for all k=T,T+l,...
(i1) The strict inequality Y”~Y”i holds true if and only if k=d”, where
d.1 is a Segre index (element of Sa(F,G)). The multiplicity of

d.1 is then defined by ol=yd_l~Yhi+1-‘ a

The above result is an alternative presentation of Proposition (4.6) and
thus its proof is omitted. The proposition suggests a method for computing

Sa(F,G) from Wa.(F,G), which is known as a Ferrer’s diagram [Turn& Ait].

Ferrer’s diagram: Let la(F.G)={Y|,.Y2»=== YT J be the Weyr characteristic
a

of (F,G) at a. For every number y. create a row with asterisks. In each

row we put as many asterisks as the numbers Yj»Y2>»««,Y respectively,

a
Then we count the number of asterisks in each column. This gives us the

elements of the Segre: characteristic Sa(F,G) of (F,G) at s=a. An

illustration of this diagram is shown below:

Yd] +1

02l
Yd2+1

+1 Fig.(4.2)

An example demonstrating the determination of the index set of the

pair (F,G) at s=ct, using both methods discussed before is given next.
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Example (4.1): Let sF-G be a 20x20 regular pencil and let G-2F be rank
d.

deficient. The pencil sF-G has e.d. of the type (s-2) x; the degrees and

numbers of such e.d. may befound as follows: Let the ranks of PACFjG)

and the corresponding nullities be

I
N
i<
~
I

po 15, p2 =30, P3 *47, P4 " 64 p5 =82, p6= 102

n ZO’?’ZS’ =10, nJ()=13, n,4: 16, 5\0=18,r\(1)=18

Since ~=5 we have 5 e.d. and let d}~d"d"<d™d”™ be their corresponding
degrees. The index of annihilation is t=5 and thus d”=5; because ri"=18,
we also have dj+d"+d"+d"+d™18. The prediction of the distinct degrees may
be achieved by using the piecewise arithmetic progression property of the

sequence rigthj,.-., or by using the Ferrer diagram.

nl=5=i/2(mo+n2), n2=io>1/2(ml1+n3)=9, n 3=i 3=1/2 (ti 2+n4)
n4=16>1/2(n3+n5)=31/2, r] 3=18>1/2(n4+n")=17, and

1k=1/2(N\=1"I\+1) for all k=6,7,...

The singular points of the PAPS of (F,G) at s=2 are k=2,4,5 and thus the
possible values of e.d. degrees are 2,4,5. The multiplicities of the
degrees are found by computing the gaps at the singular points k=2,4,5 of

the no,njX*. ,n<,... sequence. Thus,

k=2: )-(n3~n2) =5-3=2=X2

k=4: (4-n3)-(m5-n4) =3-2=1=<"

k=5: (05-n4)-(n6-ris5) = 2-0=2 = <5*

Thus, the degrees of the e.d. are (2,2,4,5,5). The PAPSD may be readily

constructed as follows:
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PAPS diagram:

index: | 2 3 4 5 6

gap @ 6. 62 53 54 S5 S6

and thus the e.d. have degrees {5,5,4.2,2}.

The alternative technique based on the Ferrer's diagram is illustrated
next.

Ferrer’s diagram:
Wa(F,G) - {nl-no-5.,n2-n.,-5,n3-n2-3,n4-n3-3_ n5-n4=2}

The Ferrer's diagram is

* * N R *
\/5
5 * * * * *
Y3=3 * %k *
~3 * * *
Y5-2 * *
1 1 | 1 I
1 f f f f
5 5 4 2 2

and thus 8?, G) ={5.5,4,2,2}.

Remark (4.3): The results presented for the determination of the degrees

of e.d. at s=a may also be applied for finding the degrees of e.d. at s=p.

The only difference, however, is that the matrices P"(F,G) have now to be

used instead of the P"CF,G) matrices. This is a mere consequence of the

fact that an infinite e.d. of sF-G is a zero-e.d. of F-sG.

4.4 The structure of nested basis matrices and the maximal generalised
nullspace of (F,G) at s=a (°°)

The analysis so far has produced two procedures for the determination of
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the Segre characteristics of sF-sG for all values of a (finite, infinite)

for which |aF—g|=0. Our attention is focussed now on the geometric aspects
A . -

of the e.d. set of sF-sG; those aspects are summarised in the structure of

and especially by the properties of the canonical basis matrices

a Vv »
N;l of . fA/ introduced by Corollary C4.3) and which are of the type
T Y
X
n 2
: 0 01 x!
- 5 i 1
! T x2
o1
X Ni 1 4.37)

A/ and N[i—l AM 1. Clearly,

Nl 1s 3 basis matrix of is a basis matrix of

basis matrices of a similar type may be defined for A/\ Such matrices

will be referred to as nested basis matrices of A/l (A/1), because of the
a >

special properties summarised by eqn(4.37).

The aim of the present section is to provide a detailed analysis of the
properties of N nested basis matrices; of special interest are those
properties related to the selection of maximal length, linear independent
vector chains, where each of these chains characterises an e.d. of (F,G)
at s=a. The results will be presented for an s=ae(C, whereas the case of

—00

s=°° is similar (the only difference being that the analysis is based on

the p\r,G) matrices). It will be shown that the maximal generalised
nullspace M of (F,G) at s=a may be decomposed as a direct sum of
clementary subspaces; an alternative procedure for finding the degrees of
the e.d. at s=a will also be given.

We start off by giving a Corollary of Theorem (4.3).
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Corollary (4.6): Let P"l e ((knXrik be a right annihilator of PNF,G) and

let MI; be the submatrix of P1:1 made up from the last n rows of Pl::l. Then
is a basis matrix of the k-th generalised nullspace of (F,G) at s=p.

Proof
From the proof of Theorem (4.3) we have that X is a right annihilator of
Pk\(F/\,GA), and that A has full rank. A basis matrix for N]§ is given by

k£ -J
P* =diag{Q ,...,Q }X, where Q is the right transformation used in the

reduction of (F,G) to its Weierstrass form. Thus, M"=Q 1X* has full rank

ftp

and thus 1t is a basis matrix for M .
a

Clearly, the above result also applies to the case of nested basis

matrices of Wk. Thus, we have the following remark.

Remark (4.4): The submatrix Qxj,X",.._.jX"c ((nXni of in (4.37) has

12 i
rank p,.. The s”ubmatrices XpX’\,.../\/{ have dimensions nxpj 3 -
-.. . nx(n™-ri£ |) correspondingly and their respective ranks are

»n27rl * i ™Mi-l By Corollary (4.5), we also have that

The problem considered next is the establishment of the relationship

between two nested basis matrices of M1; as a result of this study a
a

canonical decomposition of all nested basis matrices will be given.
Proposition (4.7). Let be two basis matrices for NI of the type
a a a

(4.37). Then,

N1 _
- NLP..
. Ly (4.38a)

where

n.xn

pi) = et (4.38b)
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where P'"l are (n.-n. _)x(n.-n. ,) nonsingular matrices and j=1,2_,.._.,1
J B e J"1

(no=0).

Proof
The result is proved by induction. In fact, we prove it for i=1,2,3 and
the generalisation is rather trivial.
i—1:  Clearly, XX, basi i fi G-aF} and th
(a0 1=1: early, )(i(l are basis matrices for Nr{ -aF} and thus

xj'xjpj. pJeeniXn', |pf o.

r
0 |x¢ 0 :x2
x’1Tx’2" ok M

X2
LA 227 L 1! 2j pzlPZ

i rp>
1y

from which

-] 12 ~
x2 =x282° XoB) = 0 (4.392)
-2 12 2 2
Xi X2 = XIP<Z2X2P2 (4.39b)
Since x| are paqis matrices of Wr {G-aF} we have that Xj:X}IA’l}, where
P [€Cni Xril, {Pjl and thus by the first of (4.39b) we have
r—1
p.-p. 0 (4.390)
4
Because [XpX 2] e £nXri2, and by Corollary (4.6) has full rank,
then and H]=pl] and this completes the proof for i=2.

- 3
(c) 1=3: The NAN” basis matrices of N {P (F.G)} are related by
a a r a
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from which

-1
X3P3 m °> X3P3 * ©2X3P3 °°X3 (4.40a)
4P1+X& - > X2P2+X3P3 ° 21’ X1P2+*3 * X3
—2) (4.40b)

l\, X JpAMXAPMA3A3 = X3 (4.400)
first of (4.40¢)

0 (4.40d)

(4.6) has full rank. Thus,

By step (b) we have that %AX_]]I_’_]Z-FX%f%; by substituting into the second

of (4.40c) equations we have

[X17X2 -0 (4.40¢)
and thus Pj2:_132{, P22_P22’ P is readily completed by induction.
0

From the above proof we also have the following Remark.
Remark (4.5): Let N*N” be two nested bases of W (PL(F,G)} and let P.x
---------------------- a a r a i)
be the transformation of the #zype (4.38b) for which If

N1+1,N1+]1 are basis matrices of W {pi+1(F,G)} obtained from NAN” by
a a r a a a

extension as in (4.37), then

a a 1+1) ’
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where

>d. m ..,0,1,0...0] elR \ j=12....d .

J
and

RN ol.d.lxo.
Ed ® X
di’°i v -d. e
°I j~1,2,.=..d"
< > T m—
tP
t °1-1di-1
a.d.
1 1
v
I ai+1di+1
0

With this preliminary notation we may define:

(4.41b)

(4.42a)

(4.42b)

(4.42¢)
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Definition (4.,3): Let {(cr,d") (a]f:fvl]g.idi <...<dP} be the index set of
(F,G) at s=a and let 4>={d For all positive integers
k=1,2, we define as ¢ the ordered set of all integers in ¢ which

are greater or equal to k, 1i.e.

= A~ i
K (di’dIJrll""’dP}’ it dl—l'<k<di
bk = <dl,d2,....dp} , if k<dj
0
We may now state the following result:
Proposition (4.8): Let {(d]f’f’) .......... d ]’S»%)di<'"<d p} be the index set
of (F,G) at s=a and let <p={Jj.d2,... ,dp}. There exists a nested basis
matrix . of Nr(Pf(F,G)} for all k:1,2’,...,’d_ of the following type
Nk = dla‘g{Q""rQ\E_}—j‘K (4'43a)
k
where
I
0 I
1
Ek +u (4.43b)
o 1 El(s)
— 1 Ty
0 i el2) ' E2063) ]
+
' (#D! 2g2) ; ¢3G3) ! -
Proof

Let (R 1,Q !) be the pair of transformations which reduce (F,G) to the

(4.11) type Weierstrass form (the blocks associated with the e.d. at s=a

are the last and they ordered according to the degrees of the e.d.). Then,
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R 1 (G-aF)Q 1j=G -aF , where

w w’
Gw aFw = dia8<T:Hd 4.44)
P °1

The result is proved by induction. Thus consider the cases:

(a) k=£: By inspection of (4.44) it is clear that

e’Oj)

nx(o*'t. e o0_)
Fl Pl | P
LEd|.al” — " Edp,a2 ¢ R

is a right annihilator GW-aFW.

(b) I<k<d”: From the proof of Theorem (4.3) we have that if K is a right
annihilator of M {P1C (F ,G )}, then it may be expressed as
r a w w

X1

eRMVIECRE ke T

' 0 (4.452)
17 Xlﬁ-i

where §k is a right annihilator of Hk, where

(4.45b)
(4.45¢).
If we define by H the matrix
H diag(Ip;H} (4.46a)

then by (4.45c¢) we have that the matrices h=l .. k-1 are related
to )N(]Ig by
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(4.56b)

The problem of defining the structure of is then reduced to a problem

of comput'ing the structure of S(IA(, Since *Kk 1S a ri'ght annihilator of Hk,

it is readily verified that a choice for is given by
2 k > CE' (T >A2"2>>e3(3 ),..' ] (4.460)
. . . * .
which is a riaght annihilator of {S . From the special structure of the

E1(<)") matrices and the compatible special structure of H we may easily
verify the following property

~_0, if p>i

HPEX (<f>) = -/
(4.47)

Ex“p($.), if O0<p<i
From (4.47) and (4.46b) it then follows that is a right annihilator of
PIC(I (FW,GW), when GW—aF is expressed in the (4.44) form. However, with an
appropriate choice of the (R 1,Q pair, G”-aF™ may always be expressed
as in (4.44). It is obvious that if E” is a right annihilator of

k
PlXCF/\jGA), then diag{(),.-. is a right annihilator of Pa(F,G).
k 0

The special structure of the EL(<>j) matrices clearly implies the

following property.
Remark (4.6): If A e!RniXn, A’ e!lRmxn , n’<n, then we shall write Al cCA,

if the columns of A’ 1s a subset of the columns of A. For the matrices

EX(d>J-) in Ek we have that

EY k) ,°© sc ... sc El Cc e‘u?2) sc e'cP

E2(wk) .C E2&-1 ) £C === SC e2(<}3) SC 2% )
. (4.48)
Ek-2¢ n>-~k 2¢ n-1>SCEk"2§-2>

E_k—l ., X CE_k—2 K1 k
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By combining Propositions (4.8) and (4.7) we have the following

characterisation of nested basis matrices of N {P1(F.,G)}.
r a

. k k
Theorem (4.4); Every nested basis matrix Na of Wr(Pa(F,G)} may be

expressed as

0
Nk i di Ek PR
a v | k-2 1ag {,Q,“ '=Q)} ) (4-49)
Lxk Yy Ve
- - k
;xk-2 Lk-1
cor XN XK
1k-1 '+ k
where Qe<EnXn, 4] Pk*e(CnkXnk, jp”™ [0 and with , gt ucture defined by
(4.38b) and the matrix defined by (4.43b).
0
Corollary (4.7); Let Nk be a nested basis matrix of Nk. For every i,
i=I.2.....k and for every wvector ael , 8. the set of vectors
{)('ta,X:c la,... X kot} are linearly independent.
Proof
' I
Assume that the set of vectors (X”ot,.._., X%t} is linearly dependent.
Then, there exist Cj, j=1,2,...,1 not all of them zero such that
cl™i—+ci-1Xf _S+»o»+C|X"a = 0 (4.50a)
x! —qe ct.jpl
X- - Q{E1li_Dpy 1+E2(@#1)Pj}
(4.50b)

>t = QIEIU2)P2+E2U3)Pj+...+EI“2li_ Py | +E1_1(<t>)P?-}

)

xi - Q{E1¢ DP +E2¢ 2JP2E 1-1¢ i DP~ 1+E1(t>)PA
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If we define P"™a-", »e ooy Pj2°2)» then bY (4.50b) we have that

(4.50a) may be expressed as
QfGjE! (p1)ai+c2(El +-
+c. J(E1(*¥2)22+E2¢ 3)23+...+E172%¥ 1 _1)2i i+tE1"I

+ci(E1(dD2[+E2(4'2)S2+" —+E1 " I(#<1 )2i-1+E1(¥ )—i)} =0 (4.50¢)

Because Q is nonsingular (4.50c¢) yields

c.El<))a. = ¢ E (tHa+c?2EMb i FTE ($.)a)+..
X 1 <1 1 X —1 1 * *X | XX

+ci(El (<)Dal+E2(()2)a2+.. +El (4.50d)

By Remark (4.6), it is clear that the right hand side of (4.50d) is a
vector in sp{[E! (| ).E2<2),... ,El 1(#>1_j)3h however, since the left hand

side 1is a wvector in sp{E"c{)")} and that spRE" (<¢¥,... ,El

nspfE1->) }={0} we have that c”a”=0. If a”=0, then p|a=0 which implies
that a=0, since IPMN"™O. Thus, it is shown that c¢c*=0. Set ¢"=0 in (4.50c¢)
and by repeating the same arguments it follows that ¢ j=O etc. Thus,
eventually Cj=c2=...=c”=0, which contradicts the linear dependence

assumption. q

t (V'ni-1i)
If we choose a=£0,...,0,1.0.,...01 eR , then we select a column

of Nk and Corollary (4.7) yields the following important property.

Remark (4.7): The set of nonzero vectors obtained by partitioning every

column of a nested basis matrix N , according to the natural partitioning

of Nk (as in (4.49)) is linearly independent.
a

. (! I
The vector chain {XuXjXf a,....X.a} is by Corollary (4.7) linearly

k
independent, it corresponds to the i-th column block of and it is
parametrised by a; such vector chains we shall denote then by S(i,ot).

The properties of S(i,a) chains are examined next.
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Corollary (4.8): Let k be a nested basis matrix of WI‘(Pk (F,G)} and let

k

S('i,aJ.) be the vector chains associated with the i-th column block of N
- a

and parametrised by the on vectors. The set of vectors S(1)={S(.,aj);.--3
...3S(,a )} is linearly independent if and only if either of the following

equivalent conditions hold true:

@) the set L2 e e ¥s independent.
(i) the set {X !aj FEEX 1-vD in<*ePen<“ent
Proof

Let us assume that the set S(i) is linearly dependent. Then, there exist

constants ¢c®, k«I,...,v, j=1.,2,...,i, not all of them zero such hat

] - i . .
(_£lciTXthj +C 1 cM Ha2+...+(_y c’\c})a =0
i= Z

j=iz 1 =z J \%

This may be rewritten as

A\
*o( [ (4.51a)
k=1

Let us now denote by

_8J el R K and P1~. (4.51b)

By (4.51b) and (4.50b), condition (4.51a) is equivalent to

_j+..+E i-1"+
0 (4.510)
The above condition is similar in nature to (4.50d); thus, by using
similar arguments (based on the properties of EJ kK ) matrices) it follows

that

5i,i= 0= pk =
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Repeating the arguments on the reduced equation (4.51c) (after setting
|3.=0) we have that
v
« I ck-k =0, j=1,2.....1 “.51d)
J k=1
If the vectors (Sj>eee>« I are linearly independent, then (4.51d) conditions
imply that ck=0 for all k=1,2,...v, j=1,2,...1 and thus the assumption that
S() is dependent leads to a contradiction. If the wvectors {_.isl,,_..,e_tv} are
dependent, then at least one of (4.51d) may be satisfied with nonzero
constants and thus S(i) is dependent.
To prove the equivalence of parts (i) and (ii) we notice that if O] are

linearly dependent, then

v
E ca, -0 (4.52a)
j-1 JJ

By the first of (4.50b), x|=QE ("~.)py and thus X

IV % |
X- 2 0= Jc.X.a. (4.52b)
13-1 117 j-1J 117
If the set is independent and (xiupiev} dependent then (4.52b)

and the fact that NYQOE!| (<¢®)}={0}., yields that {cHjjev} is dependent,

which contradicts our assumption. _

There exist subspacesS j, j=1.2.....rj~wWhich characterise the
s : k . .

i-th column block of the given nested basis matrix. By the way nested
basis matrices are constructed, it is clear that the i-th dimensional
subspaces Sj are characteristic of the nested basis, where t 1is the

index of annihilation, and not just of the given N%; such subspaces will



be referred to as i-th order characteristic spaces of (F,G) at s=a.

Corollary (4.8) we

Remark (4.8): The
spaces of (F,G) at

1i=1,2.,....t, where

The relationship

generalised nullspace

result.

Proposition C4.9):

at s=a and

(F,G) at s=a, then

Proof

By definition of the

J1>2,... n.-ri£_j}
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By
have:

set J =2, } of 1i-th order characteristic
s=a are linearly independent for any given i,
t 1s the index of annihilation of (F,G) at s=a.

of the set of Sj subspaces for all i,j to the maximal

of (F,G) at s=a is established by the following

If zs the maximal generalised nullspace of (F,G)

the i-th order characteristic spaces of

} “4.54)
i=1

we have that

ni’ni-I1
y s. = sp{Xb+sP{X: }+...+sp{X->
Jj-i J 1 1 1

and thus

T ™Mo . 9

y | £ = sp{X. }+sp{X “}+.. .+sp{1d}—+.. . +sp{ xb

11 j=1 J z 1 T

+sp{ X21+...+sp{X£ }+..+sp{X > }+...

from which since

By

(4.552)

eqn(4.50b) we have that
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sp{x[} S sptQE! }

sptX?} ¢ $p{Q[E'( ).E2(4>)]}

(4.55b)
spfx }°°’} £ sp(QCe ’(<P2),E2G3)........... E1-1 41) 1}
sptf} £ sp{Q[EL<1).E2G2)._.. )El~1<1_ 1, E1(t1)J}
By Remark (4.6) and conditions (4.55b) it is clear that
sp{xp S spfQEE! (¢]) ,E2U2).... ,Ej (#D) 1}, j=1.2,....i (4.55¢)

and thus
2 S7 = sp(X. }+.. ,+spi{x!- }+sp{X*} c sp{Q(E G.H]}+...
j-1 J - A |

i Sp(Q[E! Gj).....El(4>i)J} ¢ spiQCE! ($j).....El Up]} (4.55d)

Clearly then

T ™M
Z{ 7z ST} c sp{QIE ¢ )1}+...+spQL:E G D.....ET¥|}
i-1 j-1 J T
c spfQCEl GG,),....ETG)]} = ™ (4.55¢)
I T (X
By (4.55a) and (4.55¢) condition (4.54) is established. n
. . £1 ﬁ | | 3. I .
Note that a vector chain S(i,a)={x£a,X o> XraMujU. | . .,uN} is

an independent chain of vectors (not necessarily maximal) which satisfies

conditions (4.4) with a first vector u”-X"a. The above result then implies

the following remark.

Remark (4.9): All generalised eigenvector chains S(i,a) satisfying
conditions (4.4) belong to and is spanned by the set of all chains
S(i,a) defined by any nested basis matrix.

Clearly, this remark generalises the well-known property for the

|
generalised eigenvector chains 04 AcJRIXT
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The problem considered next is the investigation of the conditions under
which wvarious vector chains of the S(,ot) type (corresponding to different
i and a vectors) are linearly independent. The following lemma is useful

in this investigation.

Lemma (4.2): Let T. eRnX'l'c be the submatrices of E, defined by

J k
T. = CO,0....,0,eLE? ... _E~+1""], j=1,2,....k (4.562)
J (mmmmmmmmmm i J  J+¢ k )
j-1
where Ep denotes in short EN$ ), and let z.=/z" . ,z"
t T -l J¥ —J.z ~J,k
j=1,2....k be arbitrary vectors partitioned according to the block
partitioning of Tj in (4.56a). The matrix equation
(4.56b)
implies the following equivalent conditions.
@
E~z. 4+eN\ozq . -+t..+E-lz. . . . =0
1211 1412141 kok-it1.k (4.56¢)
for all 1=1.2.,....k.
(1i1) If we trivially expand the vectors z" £+j, === z" £+1 to vectors
of I by adding zeros on top of them, then
0
_ 0
0 0
i + + 0 +.. =0 (4.564)
-2,i+1 3.i+2 0
-k-i+1.k

for all 1=1,2_.._ k.

Proof
By using the partitioned forms of z. and Tj, it may be readily verified

that (4.56¢) yields

(4.57a)
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where the vectors are given by

(4.57b)
By Remark (4.6), it is clear that €sp{E”} and given that the set of
subspaces (sp{Ej}.--..sp{E”"}} are linearly independent for all i=1,2.....k

it follows that proves part (i) of the lemma.

By Remark (4.6) and the definition of e|, j=1i.....k we have that E" may

be partitioned as

E~ = Ce! . 0,....,E.X . .E1]
1 1,1+1  i+1,i+2’ T k-1.kk
CEx.# 1,Ei+1,i+2°% [Fk-2_ k-1,Ek-13 4.57¢c)

= tEi,1i+1’Ei+1,i+2’Ei+2’'l * CEi,i+1,Ei+13

With this in mind, eqn(4.56c) may be expressed as

0
0

E~z. +CEX . ..E\J +...+CEJ .+i,....ef | 0 =0

1-1,1 1,1+1  1+1

-2,i+1
s Ei . k-it+1.k

given that A/EN}={0}, (4.56d) follows .

The independence of the S(i,a) vector chains, for wvarious indices i and
vectors a is characterised by the following result.
PrOé)osition (4.10): Let N; be a nested bas'is matr'ix of Na’ {‘i[,,---,i } be

\%

a set of indices taking wvalues from {1.2,....k} and let a.,..._a be
(hi -n. j) Cnf -n£ ) %
vectors of (E | | yeeas(£ N V’>?l  respectively.

The set of vector chains SG7™,... .,in)={S(j ,otj) ;... :SG".,a™) } are

linearly independent if and only if the wvectors

X, a.,.X. a ,....X. a }
Xl 2 v

are linearly independent.
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Proof

The necessity of the proposition (the set S(if""’in) independent,

then {x! a.,....x! a } is independent) is obvious.

ij-1 1iv—v r

that 11£18£"'£1V Then there exist coefficients ch,’ P_I’""IJ’

j:ib»---»,i , not all of them zero, such that
A% B-p | 12 1.-p+1 i i prl
> ¢ . X. a, *1c X2 aQ+...+ V¢ . X? a =0 (4.58a)
p-1 P’ il Xl 1 p=1 p-13 Iy _ p=l p,iv i -v

By Theorem (4.4), the vectors in the chains may be computed by taking

the ‘c‘lj linear combinat'ion of the columns of the i.-th column block of Nk

a
k

and then partitioning according to the natural parti'ti'oni.ng of the N
Thus, for the S(iJ.,CIJ.) chain we have

¢
k-i. 0
J

zero blocks 0

x!

1.

J

x2
Xj otfj = diag{Q,... ,Q}Ekg(ij ,oij) (4.58b)

k

where P(iT’?J) is the Cl] linear combination of the columns of the 1.

column block of Pkgc, i.e.
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i
P.J u. J
—J. 1
1.
¥ 532
1. .
P@..,a.) = PJ a = u . 4.58c
cc (J J) lj —J.Xj ( )
0 0
k-i. . .
J 0 0
zero blocks * )
0 0o
Because Qe ((nXn, ()| in the investigation of (4.58a) (he transformation
Q in (4.58b) may be ignored and we can work with the subvectors of
0
0
E.P(1..2) = 1 (4.584d)
K J J. - .
q X
1.
i J
-1 x-
Q XJ
L il

To facilitate the analysis we expand trivially the summations in (4.58a)
by including the zero vectors T. P(ij. 705,.),.‘. T +1’P(ii"aj') with zero
R L <
coefficients as
k ¢cj>.irjP(A1>ai)+ . . . <bcj>ivrjP(vav) =°
z (4.58e)
j-1

where c.. , =0 for J—ic . =0 for j=>i . If we define
J.1] I 1,1 v

(4.58%)

then (4.58e¢) may be rewritten as

riS1+r282+>7-+r A = 2 (4.59a)
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By partitioning z” according to the partitioning of as
/\_[ZX ’t 2 Z A t, then by Lemma (4.2) we have
0
0
0 0
z.1 i + + 0 +...+ 0 (4.59b)
-2 .i+
2.,i+1 0
-3,1+2
-k-i+1.k

for all i«1.2....,k. By (4.58¢c) and (4.58f) we have that

L 2+HCZ,iN2, 2+
(4.59¢0)
i=1,2,...,k
cL£,il-1,k+c£,i2-2 k+
where Uj'»f:O for all f=>1ij, j=1.2,...v. The original problem is thus
reduced to proving that conditions (4.59b).(4.59c) have as the only
solution c, =0 for all £=1.2._...k, P:[i”""i , 1f the wvectors
£’p \%
| .
(x. Ct,.. .’X. a } are independent.
| v
Note that from (4.58d) we have that
E1 31‘ | Do mel TR =ely (4.59d)
a, E_u, ., *x* a =~ ©: - . .
1.0 < - -
fi 1711 1741, 1] v I I 1 2
and by (4.57c) we may write
El e! e! E' B c!
ERUERY) '..,, ..’ . s 1] il+1°
1,2 GULE xi 12 V1 v v
Thus, the vectors X. a,,...»X. a may be expressed as
1.-1 1,.-v
! \
| | 0 | | 0
_ a —e¢ =E
= v IEV, 1 (4.59¢)
N u_ . v
1,1_l —V,IV
here IS & | are (n._-H» Doen-(n, -fl. ,) dimensional t
v %1 VL B B AR Sl R RS vectors
The linear independence offx! a _—X . a } then implies that the vectors

X1 1
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of rij dimension, are linearly independent.

(u peel .}
—1,11 E VR v
In the case where 1 =1, the independence of {E.l ’.’]r,.--,L}V’iV}
implies that ¢c. =0 for all £=1.2.....k, P=i ,...,1 (see Corollary (4.8)).
In the case where at least one strict inequality holds true, the result is

proved for a simple case and the general case follows along similar lines.

12=4 and let the vectors defining the

two chains respectively be aj and % Then, by taking k=4(max{ij ,12}) we
have
P I
e l S pt-z H4.1
p221 3.2 p222 S4.2
P(3.21) 1 P(4,a2) = - 1<j (4.60a)
P3- 3.3 P
| = ‘~ o_| F 8% . 4.4

By (4.59¢) and (4.59b) we obtain the following set of conditions

0 0
+ 0
5 0
¢ 3-3 34c3 4-4 3
c4,4-4.4
(4.60b)
(4.60¢)
0

(4.60d)
1.4-4.4 (4.60¢)

The assumption that X X ‘!la‘,‘- are independent implies that



126

" 3 \J O

3.3
*y , § % 4 * y (4.601)

-3.3
_33,3_ A

The vectors in equations (4.60b-e) are partitioned next in the natural

way implied by the form of these equations. Clearly, since u” 0
(4.60e) implies that c} *=0. By setting Cj "=0 in (4.60b-d) and using

the partitioned form of the wvectors, (4.60d) yields

3 4
= + =
C1,3-3,3 7 0 O JUg FCY qun 4 — O (4.61a)
3
() u 8 (4.61a) implies ¢ 3=0 and =0 from which ¢ "=
(since u™ 0). By setting ¢ ¢ *=Cj =0 into (4.60c) and using the

partitioned form we have

3 4 _
RCTEL T SRR T L T S WL TP (4.61b)

from which ¢2 j=e¢3 ~=0. By substitution in (4.60b) it is readily shown

that cg é):cét 4{:0 and this leads to a contradiction.

.. 3 4
(i) u” 3=0 and U3 34 4: By the second of (4.61a) and (4.60f) we have
that C| 3=c2 4-0 (otherwise the first vectors are dependent). By setting

Ccl,4=¢! 3=C2 4=0 into (4.60c) we have

3 4
Cp 833 =~ 0 Qylhante pUp 4 0 (4.61c)

From the second of the above conditions and the (4.60f) condition we have

C2 3=c3 4=6 Finally, by substituting into the reduced (4.60b) conditions

we have

3
¢3.3-3,3 - 0, c3t373,374,4"4,4 - 0 (4.61d)

by (4.60f) then we have that c¢® 3=04 4=" an” this once more leads to a

contradiction.

The steps and arguments used in the simple case considered above are



127

general; along similar lines it may be shown that the independence of
implies that the only solution of (4.59b) is the
C%p=0 for ¥ £=1 2,... .k, p—1j,- and thus sufficience of the result

is established.

il
The results so far suggest a procedure for selecting linear independent

vector chains of the S(i,a«) type.

Definition (4.4): Let Na be a nested basis matrix of Ma’ as in (4.49),

where t is the index of annihilation of (F,G) at s=a and let Tl”'”’Tl"""TT

be the matrices defined by

Ex' X 1. T—[x"]

Tt-1 TOT T T (4.62)

1 1

X . .
=JXj3,....x];--

and 7 .=sp{T.} for all i=l.....t. A basis B ={x pe-gX -
1 1 a - -W. F
i i . [

c..3x™....x u} for Tj may be defined in the following way:

£]
Ba(i,l):{)_(f ’—’§u)|} is a basis for 7; and il:t. If 19 is the maximal index
12 12
for which 7 =7 b..®7. -c-T , then B (1 )={x. .....x |} 1s a ma-
T 11 i2+1 2 a 2 -1 )
ximal set of independent column vectors in T. which do not belong to 7-
X2

Similarly, let i™ be the maximal index for which 7. =7 =...=T. .c 7.
12 €2+ X3+ x3

then let B (i:g:{x 3.---.X 3} be the maximal set of independent column
a -1 -m3

vectors in T. , which are not in T. . The procedure eventually
x3 x2
terminates for some index i for which we have that R <zT. =
i ] i 2 Si1 T
P Xu . . P P U
T. l:“ :Tl + then Ba(lp):{XI,U,---,X } 1s a maximal set of independent
‘ 7 - r

column vectors 1n T1 which are not in 71. 1
P P

The basis Ba for T1

Ba "Ba(ij):===:Ba(ij):=- *‘;Ba(ip)}
, L x oL 1 'p Lo
(-1 Teee’a >eee>51 e ¥, () -1 Zeee’u) 3 (4.63)
! J P

which has been constructed with the procedure described above, will be

called a normal basis of generators of (F,G) at s=a. The ordered set of
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indices I_=— {lcli,,u)-(iJ- ,J\?\f - (ip LW il=T>i§)>' -,>ij.>.-,>ip} will
y

an 1i.-th order generator of (F,G) ar s=a. Every i™-th order generator
1i; .
)_(kJ in 8a (ij) defines a column in Ni , and by partitioning this column

vector in the natural way implied by the partiti0n<ing of Nt we obtain an
. o .

1. Te 1.
i.—-th length independent chain of vectors S (4 — ,)={X,kJ X J
a j —k —k,
1. 1 ). J
x~Jj=x”1 for which
X i = S
“ aFSkJ ¢m™~2=2 ° =P «"e
i i. i.
“4.64)
J J J
called an iJ.—th or(éler prime chain of (F,G) at s=a and
y S. =sp{x. J.,....x, J.} 1is i.-dimensional and will b

complete prime set of subspaces of (F,G) at s=a.
An obvious property of every 1j°‘th order prime chain, following from the

fact that NT jg5 a basis matrix of the maximal dimension type space is
a

given next.

Every i”.-th order prime chain S/\CipX/VI\) is of maximal
length 1j. The set Ea(F,G) is made up from maximal chains with possible
lengths 11,12,...,1".

With these definitions in mind, we may give the following result

summarising the properties of the SNF,G) and £7F,G). sets.
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Theorem (4.5): Let NT be a nested basis of NT, t 1s the index of
annihilation of (F,G) at s=a, B" a corresponding normal basis of generators,
with an associated list L={Cij,w aNu>N): J=T=12>._ =1}, and let
Sa(F,G) be the corresponding complete prime set of subspaces of (F,G) at
s=a. Then, we have the following properties:

(L) The list L Zs an invariant of all nested basis matrices of NT.
a

(1) If T={ (di’<Ji)””’ (d _,a { g.<...<dp} is the index set of (F,G) at

s=ot, then u=p and the sets I,LL are related as follows:
d D=G_,ui d =Ci 0 ) PO (¢ = 4.65
(A8 =Gy i), (@, er)=Ci 00 Do (dy.a)=G, ) (4.65)

where by (d,cr) = (i,u>) we mean that d=i and o=u).

(111) Any complete prime set of subspaces SNF,G), or any complete prime
set of chains Za(F,G), is linearly independent.

(v) 1If Ma Zs the maximal generalised nullspace of (F,G) at s=a, then Ma
may be expressed in terms of the order prime subspaces Sl.( of any
set S*"CFjG) as

*
M= s <3>...eS\.:[13...&S:1 e...eSty (4.66)
1

a 1 1 'p b

Proof

(1) Let Na”Na be two nested basis matrices of Ma' BJy Proposition (4.7)

ﬁz:N;Pt) and thus the blocks on the mam nonzero diagonal are related b)/* *
X "=X"P», 1=1,2,..., T, where P" are square nonsingular matrices. Then,

X! =
1=1,2,....,T (4.67a)
By (4.67a) and the selection procedure given in Definition (4.4), it is
obvious that the lists of Ba and B‘g1 are the same.
Cii) Since the list is an invariant of any nested basis of we may use

a particular basis for the exploration of the links of L and I. Choose as
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a nested basis the ?*kTiiag{Q, ---,Q}E”. Then we have that

T (4.67b)
where e[ » El ($.) Clearly, the lists computed on TI and Te are the same;
thus, we may use for the computation of the list of any Tj matrix. From

* I _ _ .
the definition of the E1 matrices we have that rank{E”j=rank {E*}=n"~n"_j;

cc

thus for the (ipWj) pair we have that ij=T=dp and u)lt:nt HT 1i=0 . If 12 is
- p

the maximal index for which sp{E:}=sp{Efr 1’}:'":Sp{E;i2+1}csp{Ei2}> then we
have that
Bl «E = fl = el (4.67¢)
T T-1 12+! 12 :
c ., . 1 - . -
where ¢ 1mplies that the columns of are strictly contained in the
|
columns of E. , and that
L2
n_-nT j=n Q—...—m. xl-n. <n. -n. . “4.67d)
T4 T T2 1279 M1 e T M2

By Proposition (4.5) and conditions (4.67d), it follows that i™ is
singular point of the piecewise arithmetic progression sequence

(n .n—.....n

- LP- - 11 } and thus 1?=d .. By condition (4.67c) the
o | i 12 |

PR

maximal number of independent vectors in T.z, which are not in T. 241 is
X X

equal to <% -(n, -n. .)(«- )-2n. -n. .-n. .,=s. , where «. 1is the
z 12 12~ z | z z z | z | X z

gap of the sequence at By Proposition (4.5), we have that

o s =6. =(j2- By repeating the arguments used in the above step, it

p-1 2
follows that u=p and that

©%6-2’ap-2" = Wp"1?

(iii) A complete prime set of chains Ea(F,G) is generated by the vectors

Since the vectors in Bt are linearly independent, then by
o

subspaces S (F,G) is also independent.
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(iv) Since the set Sa(F,G) is linearly independent, in order to prove the

direct sum decomposition (4.66) we have to show that

By Proposition (4.9) it follows that for ¥ ke® and we have that

SLc¥M given that
1k a xk
have that the subspace

are linearly independent for all kejj and jem, we

0) u)

W (4.67¢)
v
and that dmW=J J S. » J i.w.. By part (ii) of the theorem and the
k=13-1 Xk j=1 J J p
last expression for dimG/, we also have that dimW= £ d.o., where (d.,0.)
i=1 p
are the element of I. However, by Corollary (4.4), n = £ d.a=dimW, and

Ti=1 1 1
£ % %k *
since r)t =dimMa, we have dimMa:dir'nf.V. The conditions dimMa:dim(V and WcMa

clearly imply that (V=M . N
a

The above result suggests an alternative procedure for the computation
of the index set I of (F.,G) at s=a; a procedure for finding a set of
linearly independent maximal prime chains of vectors characterising the
set of e.d. at s=a, is also suggested by Theorem (4.5). We may summarise
this procedure as follows:

Nested basis matrix approach: Let t be the index of annihilation of (F,G)

at s=a and let N* be a nested basis matrix for A/A Following the steps

suggested by Definition (4.4) we find:
1) A normal basis for generators B"={B"(j) ;... ;B™~(1j):... jB~d™) },

the associated list of Ba L={ (1 ,uj))
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(i1) By reordering the eclements of L in ascending order of the ij and

renaming them, we obtain I as follows: set p»p and define

(1i1) By reordering the elements of E (F,G) in ascending order of the 1.

and by using 1 for its parametrisation we obtain the set

d dl d
Eo(F,G)-{Sa(dl . =< ] .,so(d].xa );.==:;Sa(dp,x P)

E (F,G) will be referred to as normal complete prime set of chains of (F,G)

d.
at s=a. Every chain S (d..x.x), jeo., is a maximal chain of linearly
a 1 - - d>

independent vectors characterising an e.d. (s-a) X; the chain in E*FjG)

are linearly independent and the associated subspaces provide a direct
* 1

sum decomposition for as in (4.66).

This third approach, based on a nested basis matrix, has the advantage
that apart from the computation of I, also yields the set E"CFjG) of vector
chains characterising the set of e.d. of (F,G) at s=a; thus, on one hand
provides the means for the computation of the Weierstrass canonical form,
and on the other hand indicates the procedure for the derivation of a

. ) R,Q)
transformation pair (R,Q) that reduces (F,G)--—--—--- » (FAG™). We conclude

this section by giving a result that suggests how we can construct a nested

basis matrix of Wa from any basis matrix of Wa.
Proposition (4.11). The column echelon form basis matrix, H”, of which

has its column ordered from right to left, is a canonical nested basis

matrix of MT.

a
Proof
Let "T,NTE(CTnXr'T be two right annihilators of PT(F,G), where t is the
a a a
index of annihilation of (F,G) at s=a, and is a nested basis matrix.

Then there exists TeCnTX1T, 06| such that N~T ., and thus N”,P" are



133

right (column) equivalent and the equivalence class of all right
annihilators of W 1is characterised by a unique column Hermite form
(column echelon form) [Mar & Min - 11. To construct the echelon form we may
start from n\ The standard procedure for the construction of the column
echelon form may be applied on the column blocks of Nq, with the only
difference that we start from the last block, the x-th order and we go
backward to the l—st order block. It is readily verified that every column
operation used does not affect the structure of the nested basis, and thus
the reduction of Na to Ha is achieved by transformations of the t§1pe
(4.38a,b). m]
Remark (4.12); A nested basis matrix Nl? for Tmay be constructed from any
basis matrix of by the type of elementary column operations used for
the reduction of PT to its column echelon form, which has its columns
ordered from right to left.

The analysis so far has been restricted to the case of a single

frequency s=a; clearly, the results are the same for the case of s=®, with

the only difference that the matrices P~NF,G) are now considered instead
of the pi(F.G) matrices. We close this chapter by discussing some
properties of the set of subspaces M& where aeCu{»} and aF-G singular.

The results presented next provide alternative techniques for the

derivation of the Weierstrass canonical form of a regular pencil.

4.5 On the derivation of Weierstrass canonical form of a regular pencil
The key notion for the derivation of the Weierstrass canonical form is
the index set 17, or equivalently the Segre characteristic of (F,G) at
s«a. The computation of the Weierstrass form may be achieved, without
finding the pair of transformations (R,Q) which reduce (F,G) to (Fw>G );
however, in a number of applications it is important to know also a pair

(R,Q), apart from the canonical form itself. In the following, those two

problems are considered.
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Segrez characteristic based approach: For the nxn regular pencil sF-G the
Weierstrass form sFN-G” may be computed without finding a pair (R,Q) for

which R(sF-G)Q=sF"-G”. The suggested procedure is as follows:

(1) Find sF-G »c smt+c _,sm ~+...+c , where m<n, and find the roots of
m m-|

sF-G , with multiplicities included, say the set {(a",7"),..., (a™NiT") },
where a. is a root and w 1is the corresponding algebraic multiplicity of
the root. If m<n, then sF-G loses rank at s=~, and |sF-G| has a root at
s=°° with algebraic multiplicity ir*n-m. The set O, (@™N7) gaaes
ey (et 7)) will be called the root set of (F,G), whereas the set of

distinct roots R={°“_a. ,00 will be called the root range of (F,QG).

Cii) For every ge R compute the matrices P*(F,G) and dimensions of
p

Nr{PB(F’G)}» i-1.,2,..., say n"OF, 1i=1,2.,... From the numbers

{flfir>---, g,OOOﬁnd the Segre characteristic by using the Ferrer’s
diagram, or the Piecewise Arithmetic Progression Sequence diagram. Note
that since the set {ap....,a™} 1is symmetric (the complex numbers are in
complex conjugate pairs), the computations are carried out foroo , the real
elements of R and for only one number of every complex conjugate pair

(a1’ a.).

(111) The set Se(F’G):{%’SM v----$5 }, where Sp is the Segre'
characteristic of (F,G) at s=g, BeR, is called the Segre' characteristic

of (F,G) and defined the Weierstrass form of (F,G). Note if t_is the

index of annihilation of (F,G) at s=g, then n_ »ir

Tg

Remark (4.13): For the derivation of the Weierstrass form with the
procedure suggested above, the set R is needed for the computations, i.c.
the set of distinct complex numbers in for which sF-G loses rank,
and not R. If R is available, then it may be used for the computation- of

since tB will be the index for which n =t

The procedure discussed so far for the computation of (FW,GW) does not
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indicate how a pair (R,Q), such that R(sF-G)Q=sF"-Gv may be computed. To
define such a pair of transformations we have to use the properties of the
nested basis matrices discussed in section (4.4). Before we proceed to
the discussion of an alternative procedure for the derivation of the
Weierstrass form we give the following useful result.

Theorem (4.6): Let R={«.,a,,...,a.} be the root range of (F,G) and let M
na 1 U p

be the maximal generalised nullspace of (F,G) at s=£, BeR. The following

properties hold true:

(1) The set of subspaces of dIn (M M ,....M |} are linearly independent.
0 oij ct
(i1) 1In#EM & ..eM
) a, a
Proof

Let (R,Q) be a pair of transformations which reduce (F,G) to its

Weierstrass form (F .G ), i.e.
wow

R(sF-G)Q=sFW-GW=diagtD O) ;D Cai )s5--- ;D(ap )} (4.68a)
where
D(«»)«diag{l -sH -sH |}
al 4l ar  qp
C6.68b)
DCa. C-diag{slj -J, Cot.)s;... jsIn -Jn (a))}, ieji
1,1 1,1 1’ 1 1’ 1

If we partition Q according to the partitioning of sF*-G” in (.4.68a),
i.e. Q=CQro,Q - - - - - —then clearly the set of subspaces defined by

T col.-spfQ™},t =col.-sp{Q3, ie”™ are linearly independent, since
i
w.Qj,...,Q are column blocks of the full rank matrix Q. We shall show

that + =M =Ma ,iey and thus part Ci) and Cii) of the result will be

» » a,
1

evident. The result will be proved for a general a, whereas the proof

-

for a=°° is similar.

Let I"CCdpOj).,..., Cdp,op).dj<...<dp} be the index set of CF,G) at s=a

and let Q be the column block of Q that corresponds to D(a). The block
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diagonal structure of D(ot) (as in (4.68b)) implies that may be

partitioned as

>d,» 0’141 s BN
% = Qa a - p (4.68¢)
If we now write SVEry column block Q~*,di, ie£ into terms of its
columns, 1.e. Xo--- ,xNX], then by the proof of Proposition (4.1)
i
we have that
(G-al)xj”] (4.684d)

—O0

From the set of linearly independent vectors {x”i,k€d.,j€a.,iegj we can

P ~1 1
construct a matrix Y of dimension nr x £ a, and with the structure of a
a .
a i»l 1

nested basis matrix (eqn(4.37)), where the wvarious blocks are formed in the

following way:

) xj=Cxj°1,...,x" °1; 3XJ.Ps---JX"P,pl, i.e. all vectors X",x

> =5

arranged in increasing order of d~.
(ii) Find all vector chains of length greater or equal to 2, and consider

the set of all ordered pairs (xj *"x771) from these (hains. The matrices

2 1
ANIAD agre thien constructed as

Sees , where d.>2

1

and the columns are arranged in increasing order of d1..

. k k-1 58

(ii11) The set of matrices b X, k=1,...,p are constructed as
follows: Find all vector chains of length greater or equal to k, and

consider the set of all ordered k-tuples (C=<-",X,... ., x"2j.x"NX) from

these chains. Then construct the matrix
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and the columns

The matrix

it
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SB RN B . where d1>k

are arranged in increasing order of d..

constructed with the above procedure has the following

P P
has dimensions nt x £ cr., rank(Y )= £ a. (since the set

properties:
i 1=1 1=1

. |
{x*’ 1,ked.,jeo..ieg,} is linearly independent) and every column of Y
“K 1 0l

is in

'“r*a (F,G)} (by conditions (4.68d)); thus, Y" is a nested basis matrix of

have the same set of columns, arranged in different order; thus
col-spfY! ¥edsp{Q }=t and the result is established. .
r a a r a m]
The problem of finding a pair (R,Q) ,R,Q€(CnXn, [R|, |Q|®, such that
CR,Q)
(F,-G) ---—--—-- 9- (RFQ,-RGQ)=(F"-G”") 1is considered next. This problem may be
expressed in matrix form by the equation
R[F,-G1 0 (4.69)
Q
or equivalently by the matrix equation
CFQ,-GQI = RCFw,-GVvI “4.70)

M 1

where R=R |, (F ,-G ) 1its Weierstrass form and (Q,R)

(F,-G) the given pair,
are the unknown nxn matrices which must be of full rank. The solvability

of this equation is characterised by the following result.

Corollary C4.9): Necessary and sufficient condition for the existence of
a solution pair (R,Q) of eqn(4.70), where R,Q are nxn full rank matrices,

is that Q is expressed as
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Q = CQ~Qa,..... 0h eee’0g | 4.71)
I y

where the columns of Q form a complete prime set of chains of (F,G) at
p

Fw
s=B, for every BeR- If Q is chosen as above and if is a right
Gw
inverse [F :—G ], then R=R | is given by
W w
= +
R = FQF +GQG_ (4.72)

Proof
(Necessity): If (R,Q) reduces (F,G) to (FW,GW), then by the Proof of

Theorem (4.6), the columns of the Qo column blocks of Q, for every BeR,
) T
define a nested basis matrix Y for N {P ®(F,G)}. 1If we now start from Y ,
r p 8

P

it is clear from the conditions (4.68c) and (4.68d) that the columns of Q
p

form a complete prime set of chains of (F,G) at s=B and this proves the

necessity.
(Sufficiency): Assume that Q is selected as in (4.71), where for every

BeR the columns of Qo form a complete prime set of chains of (F,G) at s=B.
P

Because of this property we have that the following conditions hold true:

(1) It then

GQ. = FVn > F&  dia2<Jx <B).....JA (B)> 4.73a
Q, ¢ b (& X ) 5, (B) C )

where {6j,...,60} are the degrees of the e.d. at s=B, J~ (8) denote
i

standard Jordan blocks at B of dimensions d.xfi. and p =16..
11 — 1
(i1) If B=eo, then

FQ" = GQNJ («) = GQ" diag{)] CO),....J CO)} (4.73b)
00 % %

ql

where {c?,,--.,q } are the degrees of the infinite e.d., J . (0) denote
n 1) S

standard Jordan blocks at 0 of dimensions qjxqj and qOOZEqJ..

Before we begin the study of solvability of eqn(4.70) for a given matrix

Q satisfying conditions (4.73a) and (4.73b) we note that both sF-G,sFw-Gw



139

are regular and thus rank [FQ,-GQ]J]=n=rank[F ,-G ]. Thus, if a solution R

exists, then it is a nonsingular matrix. Since T «[F ,-G Je(Cnx2n and has
W w W

rank n, a right inverse Tt g<C2rlxn exists, that is T T=1I . If t is a ri%ht
w WWwW n w
annihilator of T , Tle(E2n n, rankfT1}™ and T T1=0, then it is known that
W W w w W

U=[TANT*e(E2nx2n and has full rank (2n). By multiplying both sides of

% 70) on the right by U we reduce (4.70) to the following equivalent set

of conditions

[FQ,-GQJT" = 0 (4.74a)

R = [FQ-GQIT" (4.74b)

Clearly (4.74a) is necessary and sufficient for the solvability of (4.70),
since if (4.74a) is satisfied, then R is defined by (4.74b).
In order to check (4.74a) we must compute a right annihilator of TW.

From the special structure of T , indicated below,

JqJV')

T = CF ,-G_1 P, (4.752)

1 -J a
P ) (p)

we can construct a matrix A as

Jp/\CaI,)
F Jp  (a)
A=V a P (4.75b)
L Jg (°°) <>
IP
al
IPa
P

Clearly A€(C2nXn, rank{Aj=n and TWA=(; thus, A is a right annihilator of Tw

and in (4.74a) we may set T"=A. With this choice of T". and by writing Q
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as in (4.71), eqn(4.74a) is reduced to the following equivalent set of

conditions

FQoo  GQoolq X p C3)-GQ , ¥ BeU,,... Xy} 4.75¢)
00 g

However, by conditions (4.73a) and (4.73b) it is obvious that conditions

@ 75c) are automatically satisfied and this proves the sufficiency

n F
If we now denote by T\}v Y oa right inverse of Tw’ then by condition
G
u W
(4.74b), eqn(4.72) is derived. 0

The matrices R, defined for a given Q, which satisfies the conditions of
Corollary (4.9), are not uniquely defined, since the right inverse is not
uniquely defined. The parametrisation of the family of the R matrices is
described next. Before we state the result we introduce some useful
notation. Let Q=CQoo,Qa ... ,Q",....Qa 1 be #i nonsingular matrix, where
the columns of QD, V BeR, form a normal complete prime set of chains of

(F,G) at s-0. If Qg is of dimension nxp” and Ig-{(dj.Oj).-.-..(dp,Op);

d,<..<d ! is the index set of (F.G) at s=B, po= 7 d., then we define as
I ¢ 8§ i-1 1

the Jp (B) matrix of Q , for B€ﬂa.,...,ap}, the matrix
p

J diag{J, ();...;Jd (B);...;Jd (B)} (4.762)
PB . 1x ve ' p

) %p

where J a (B) are standard Jordan blocks for B of dimension dl" For the
i
case of B=°°, and if (q >tJ)o---- (@, ) ;q) <.. .<q”} 1is the index set

\Y
of (F,G) at s-«,qw« £«lqgf then

J  (») = diagt) ©0):-..3F (O0);...;T (0)} (4.76b)
1- -al al
t:V

Remark (4.14): For every matrix Q=[Qoo,Qa ,---,Q6_,---,Q 1, where the
| %

columns of Q form a normal complete set of chains of (F,G) at s=B, BeR,

the following properties hold true:
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GQ - FQJ (B) for V Be “4.77a)
p p Pg

FQ,, = 6Q,J,, ()

noo

The family of matrices R is defined by.

Corollary (4.10): Let Q=[Q_,QO) ""’Qﬁ’”"Qap] be any nxn matrix for

V BeR the columns of Q form a normal complete set of chains of (F,G) at
p

s=B. Then,

(1) A particular solution of eqn(4.70) is given by

“4.78)
nxn nxn
(i1) The general family of solutions of eqn(4.70) is defined by
R = Ro+F[Qm,Q J a,)..... QoJ (a)JU+
l ‘Gl u
_GCVq 4.78)
‘ y
where U is an arbitrary nxn matrix.
Proof
(i) By inspection of (4.57a) a right inverse of TW is defined by
F
T+ Y F - diag{0,I G = diag{l .0O,....0} (4.79a)
w G w %o
L w I y

and thus, by (4.72) and the partitioned form of Q (4.78) is established.

(11) It is known ([Ra&Mit - 1]) that a general family of right inverses

for T is given by

T+ U, Ue<EnXn arbitrary (4.79b)
w
F’H
where F ,-G define a particular right inverse (as in (4.79a)) and W
wow -G’
w

is a right annihilator of T». By choosing F",G" as in (4.75b) andIu J

by noting that ~q=FQFw+GQGw, (4.78) 1is established. 0
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With Corollaries (4.9) and (4.10) the problem of defining the pairs
(R,Q) is solved. The general procedure for the construction of the pairs

is summarised below.

Integrated nested basis matrix approach: For the nxn regular pencil sF-G,
the Weierstrass form SFX“Z_GXEZ and the pairs (R,Q) for which R(SF_G)QZSFX‘Z_GXIZ
may be constructed as it is discussed below:

1) As with the Segre characteristic based approach, define the root
range of (F,Q), R={00,a1,---,aP}, the indices of annihilation {0 of (F,G)

T8 -TB
at s=g for V and a right annihilator of P P(F,G), P D of P P(F,G) for

V BeK-

Cii) By the Segre' characteristic based approach, the canonical pair

(Fw>Gw) may be constructed. Alternatively, (Fw,G") may be found as it is

described below; the following approach also yields the pairs (R,Q).

ATe Tg
Ciii) Reduce every matrix P p to a nested basis matrix N , for every
P P

BeR, by elementary column operations.

(iv) Follow the steps of the nested basis matrix approach, described
before to compute a normal complete prime set of chains Ep(F,G) for V BeR.
The procedure generates (F ,G ) in an alternative way.

W) Construct an fi, nonsingular matrix Q, as QACQOO’QOC.I ""’QCt’ul’ where
the columns of every block QS, BeR, are the vectors in the ordered set

E (F.,G). The general family of R=R matrices is then given by (4.78).
P

4.6 Conclusions

Three different approaches for the derivation of the Weierstrass
canonical form of a regular pencil have been presented and a systematic
procedure for the derivation of the pairs of transformations (R,Q) which
reduce a pair (F,G) to its Weierstrass canonical description has been
given. The approaches discussed present the set of strict equivalent

invariants of a regular pencil as numerical invariants of the ordered
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pair (F,G); this provides an alternative interpretation of the e.d. of a
matrix pencil to that originally given in terms of the Smith form. The
advantage of the approach is that it highlights the geometric aspects of
the set of e.d., as these are defined by the properties of the nested basis
matrices and the structure of the maximal generalised nullspaces. The
gerometry of the e.d. will be considered in some more details in Chapter 7;
the results presented here will form the basis for the study of more
general properties of the geometry of matrix pencils. The central feature
of the present approach is that it is based on the rank properties and
nullspaces properties of a-Toeplitz matrices; thus, an efficient singular
value decomposition algorithm for such matrices is the only numerical tool
needed for the computations of OFW,GW) and of the pairs (R,Q). The aim of

the following chapter is to extend the present approach to the case of

singular pencils.



CHAPTER &:

Number Theoretic and Geometric aspects
of the column and row minimal indices
of a Singular Pencil
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CHAPTER 5: NUMBER THEORETIC AND GEOMETRIC ASPECTS OF THE COLUMN
AND ROW MINIMAL INDICES OF A SINGULAR PENCIL

5.1 Introduction

The aim of this chapter is to extend the number theoretic results,
derived in chapter (4) for the characterisation of the e.d. structure of
a regular pencil, to the case of c.m.i. and r.m.i. of a singular pencil
and to provide a detailed study of the geometry of subspaces associated
with the c.m.i., r-m.i. of a singular pencil. The number theoretic
properties of c.m.i. (r.m.i.) are shown to be similar to those of an e.d.
at s=a, but the results are now based on the Toeplitz matrices of the pair
(F,G) and not on the truncated a- («-) Toeplitz matrices used for the e.d.
of a regular pencil. The unifying property between the present treatment
and that of chapter (4) is the use of Piecewise Arithmetic Progression
sequences. The geonetric aspects of c.m.i. (r.m.i.) stem from the
properties of the subspaces associated with the homogeneous polynomial
vectors characterising the set of c.m.i. (r.m.i.). Such vectors are
defined from the vectors in the right (left) nullspaces of the appropriate
Toeplitz matrices and thus their definition is geometric, rather than
algebraic (the classical approach is based on the theory of minimal bases
of rational vector spaces).

The results presented here provide: First, an alternative procedure for
the computation of minimal indices, which is independent from the use of
strict equivalence transformations ([Gant. -1], [Van Do. -1]) and
independent from the algebraic minimal basis approach ([For. -1]). Second,
a purely geometric approach to the minimal basis theory [For. 1] . The
geometric aspects of a singular pencil emerge as byproducts of the
properties of Teoplitz matrices and thus they may be discussed as properties

of the ordered pair (F,G) and independently from the pencil sF-sG.
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5.2 Toeplitz matrices and characteristic spaces of (F,G):
definitions and preliminary results

In this section the notion of right and left Toeplitz matrices which may
be associated with a general pencil sF-sG, or a pair (F,G) is introduced
and some preliminary nature results on the right, left nullspaces
correspondingly are derived. These results form the basis for the
analysis presented in the following section. The pencil sF-sG (or the
pair (F,G)), is assumed to be a general singular pencil (pair).

Let sF-s€ eRmXn[s,s] and let rank™g "{sF-sG}=pmin(m,n). For singular
pencils, a complete set of invariants under strict equivalence is defined
by the set of e. d. (finite and infinite) and the sets of c.m.i. and r.m.i.
[Gan. -1], [Tur. &Ait. -1]. The minimal indices arise because of the
singularity of the pencil, which in turn implies linear dependence amongst
its columns and/or its rows; thus there exist polynomial vectors

x(s,s) €Kn[s,s], v(s.,s) ¢jRm[s,s] such that at least one of the following

conditions is satisfied

{sF-sG }x(s,s)=0 x(.s,s)eN™{ sF-sG} (5.1)

vt(s,s){sF-sG}=0 vit(.s,s)eMlJi{sF-sG} (5.2)

where Nr {sF-sG}, M£ {sF-sG} denote the right, left nullspaces over JR(s,s)
(binary rational vector spaces) respectively of sF-sG. The binary wvectors
x(s,s) and N(SjS) express dependence relationships among the columns

and rows correspondingly of sF-sG; conversely, every such relationship

may be represented by a binary polynomial vector. Given that a non-
homogeneous identity in (s,s) implies that each of its distinct homogeneous
parts is an identity, there is no loss of generality in confining the
discussion to the homogeneous identity of any order; thus, homogeneous

polynomials x(s,s) and yt(s.s) are considered. Nonhomogeneous solutions

may always be expressed in terms of fundamental homogeneous solutions.
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Let Rd[s,s] be the abelian additive group of homogeneous polynomials

with degree d and let Rd[s,s]n be the n-vector (n-tuple) with elements

from Rd[s.s]. If x(s,s) e®d[s.s]n, y(s.s) eR™[s,s], then we may write

x<s.2)=x0,d®d+51.,d-1s’d" 1+ ""—+"~d-1,1sd ” 1S+2d,0sd>Xd5d(s>®) (5-3a)
2 <s+8)-Z0,c C+A_, c-1 SRC_1 & +++&- 1,1sC” S+ZC, 0™ -c (s °S)Yc (5 +3b)
. N r-'k  EK-1 k-1— kit .a . nx(d-+1
where e™(s,s)»[s ,ss oo --5S s,s | . The matrices Xd eR ( ) s

Yc €]JR*c+1"Xm, uniquely characterise the homogeneous binary polynomial
vectors x(s,s), yt(s,s) correspondingly and shall be referred to as basis

matrices of xX(s,s)., yt(s,s) respectively. The real vector spaces

X=col. span:R{zg,} and /=row span_tX{Yc} will be called the supporting spaces
of x(.s,s), ytCs,s) correspondingly. The vector e”(s,s) will be referred

to as the k-th vector of apolarity [Tur. &Ait. -1]. The characterisation
of the binary homogeneous polynomial vectors which satisfy conditions (5.1)
or (5.2) 1is given by the following result.

Proposition (5.1): Let x(s,s)=Xded(s,s) eRd[s.s]n, yt(s.,s)«e™(s,s)Yde

e JRc[s,s]1Xm, where Xd,Yd are defined as in (5.3a).(5.3b).

Ci) The condition {sF-sG}xCs,s)=0 is equivalent to

(5.4a)
or equivalently,
“F 0 ... 00 -d,o
-GF ... 0 0 Sd-1,1 (5.4b)
0 0 ... -G F -1,d-1
0 0 ... 0-G . -o.d

(11) The condition zt(s,S){sF-sG}=0t is equivalent to

(5.5a)
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or equivalently

€0 ’Xc—1, | F -G o o -~ 0OF
0 F 0 0 (5.5b)
0 0 G 0
0 0 F -G

The proof of this result follows by substituting x(s,s).yt(s.s),

expressed as in (5.3a).(5.3b), into (5.1),(5.2) correspondingly and by
equating coefficients of equal powers. Condition (5.4b),(5.5b) imply
that the study of homogeneous binary wvectors in Wr{sF-sG},WJt{sF—sG} may be
reduced to a study of right, left nullspaces of matrices defined from the

ordered pair (F,G). The matrices defined by

F 0 0 o0
O. G
F1 1 - F 0 0
TI(F,G)= ,T,02,G)= -G F -----TKO2GE
-G 0 "G 0 0 ... -G F
) 0 0 ... 0-G
-k
blocks
F -G 0 o f
F -G 0
0 F 0 0 _.k. (5.7
0 F -G blocks
o 0 ... -G O
0 0 ... F -G
k1
blocks
are clearly Toeplitz matrices; T™NF,G) n, T™NF,G) and

shall be called k-th order right—Jeft Toeplitz matrices of (F,G)
respectively. The vector spaces N =NNTNF,G), N *=NNT~NF,G)} will be
referred to as the k-th right-.,left characteristic spaces of (F,G)

. kn fan )
correspondingly; vectors x~eR ’*k € ~r and "k *k e will be called
k-th right- and k-th left-annihilating vectors of (F,G) respectively.

Every k-th right annihilating vector x* and k-th left annihilating vector

may be partitioned as
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Sk" [S5k-l.0’S5k-2.1.......... Shk-a’So.k-J (5.52)

2k 7 fck-1,0°Xk-2,1>"""21,k-2"E0,k-1} (5.5b)

and the binary polynomial vectors defined from x”,y" by

(5.6a)

(5.6b)
will be referred to as the associated k-th right-, left-annihilating
polynomial vectors generated by corresPondingly* The supporting

subspaces X"™)_./") of the annihilating polynomial vectors ™(xX"js.s).

vt(X";s,s) will be referred to as the associated k-th right-, left-
annihilating spaces of x".,y® respectively.

There is an obvious duality between the results concerning the structure

of right and left Toeplitz matrices of (F,G); the basis of this duality

is the fact that TNF.G) t=T™EF.,G). Thus, results concerning T"(F,G) may

be translated into corresponding results for TAN(F,G) and vice-versa. In

the following, the case of right Toeplitz matrices will be considered and

the interpretation of the results to left Toeplitz matrices is rather obvious.
A useful property of annihilating vectors, which readily follows from

Proposition C5.1) is stated below.

Remark (5.1): Let x» be a k-th right annihilating vector of (F.,G). Every

vector derived by a trivial expansion of x* as xr=[Ofc;.._;0t;x";0t;._.0f]

€ JRrmn, where 0 is an n-dimensional zero vector, is an r-th right

annihilating vector of (F,QG).
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The Toeplitz matrices of (F,G) have been used by Gantmacher [Gan. -1]
for the definition of c.m.i. and r.m.i. of a pencil. The procedure
suggested in [Gan. -1] for determining the c.m.i. involves the following
steps: Find the smallest integer e for which then e is the wvalue
of the smallest c.m.i. By strict equivalence transformation reduce sF-sG

to the pencil

L£(s .s) 0
sF’-sG (5.8)

where L (s,s) 1s a standard c.m.i. block associated with e. The pencil
sF-sG 1is considered next and the procedure is repeated. The main
objective here is to study the structure of the Toeplitz matrices and

find the set of c.m.i. without having to resort to the use of strict
equivalence transformations implied in the above procedure. The dominant
idea in the present study is that the set of spaces contains all the
information needed to find the set of c.m.i. Our first step in our study
of the right characteristic spaces is the determination of their dimension.

The following standard result will be used.

Lemma C5.1) [Gan. -I]: Let sF-sG eKmxn[s,s], p=rankR(g "{sF-sG}. There

exists a pair (R,Q) of strict equivalence transformations such that

sF-sG R.Q) R(sF-sG)Q=sF’-sG' where

sF’-sG

i
i syiGr | (5.9

1 "o ce 1

| sA-sB

sA-sB is regular, sFc~sGc is characterised by c.m.i. and sF*-sG” is
characterised by r.m.i. only.
The pencils sA-sB,sFc-sGc,sFr«sGr, defined for a general singular

pencil sF-sG, will be referred to as a regular-, right-, left-restrictions

correspondingly of sF—sG. A singular pencil characterised only by r.m.i.
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will be called entirely left singular; if it is characterised only by
c.m.i., then it will be called entirely right singular. The restrictions
sA—SB,ch—ch ,SFIT—SGIT of a pencil sF-sG are not uniquely defined; the

following property, however, is readily wverified.

Remark (5.2): If {sA-sB,sF -sG ,sF -sG },{sA’-sBf,sF’¥%QG',sF } are
g el ante ame «—<=mwm—

two triples of a regular-, right-, left-strictrictions of sF-sG, then

(sA-sB)E (sA'-sB"), (sF -sG )E (sF'-sG"). (sF -Sg )E (sF’-sG").
S C C S C C B o aa--——S aas o

For regular, entirely left singular, and entirely right singular pencils

we have the following properties:

*
Proposition (5.2): Let sF-sG be a pencil and let I\}Ig__(F,G),an(F,G) be the
corresponding k-th right, left characteristic spaces of (F,G). The

following properties hold true:

Ci) sF-sG is regular if and only if WAF,G)={0} M"CF,G)»{0} for all k,

k-1.2,...
Cii) If sF-sG is entirely left singular, then MMNF,G)={0} for all k,

k=»1,2,...
(1i1) If sF-sG is entirely right singular, then W”(F,G)={0} for all k,

k=1.2.

Proof

(1) If sF-sG is regular, then Nr{sF—sG}={Q},WX {sF-sG}={0} and thus there

1S no nonzero vectors xX(s,s) ¢ MM {sF-sG},yt(s,s) eW"{sF-sG}; these two

conditions imply that the only solutions of equations

T™F.,.G)x” - 0, z'Tfc(F,G) = 0 for all k-1,2,... (5.10)

are ~=0,~=0. Conversely, if C5.10) hold true for all k, then the only

vectors xX(s,s)."(s.s) which may he found such that (5.1) and (5.2) are
satisfied, are the zero vectors. This clearly implies that sF-sG is

regular.



151

(ii) Assume that Y)(F.G) Then, there exists a k-th right annihilating
vector 37 and thus an annihilating polynomial vector x(x”;s,s) such that
(sF-sG)x(x"™;s,8)=0. This condition implies that Wr{fF-sG} and that
sF-sG is characterised also by c.m.i.; this contradicts the assumption

that the pencil is entirely left singular. The proof of part (iii) is

identical.

The importance of entirely right (left) singular pencils in the study of
right (left) characteristic spaces of a general pencil is demonstrated by

the following result.

Proposition (5.3): Let sF-sG eRniXn[s,s] and let sFc~sGc be a right

restriction of sF-sG. If WAF,G),MNF ,G ) are the k-th right
r 1, C ¢

characteristic spaces of (F,G).f c,Gc) correspondingly, then

dim N~F,G) - dim "(F~G”™ for V k, k=1,2,...

Proof

Let Sk e™NF,G) jXMNO, and let us partition x* according to the

partitioning of TNF,G), as x™-1Xj.k,.._,x? k,....x£ k]t, where x* keRn,

Viek. Then Tk(F,0x"™-0O implies that
F-1,k=0,G-1,k"F-2 k"' ,G5k-1L.k"F5k,k’G5k k>*° (51

Let (R,Q) be a pair of strict equivalence transformations which reduce
sF-sG to the decomposition (5.9). By writing x. k=Qx! Viek, and

premultiplying eqn(5.11). by R we obtain the equivalent conditions

(5.12a)

(5.12b)
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By using the partitioning of zg'l K s above, equations (5.12a) are reduced

to the following equivalent set

Mi k“2°Gestk*“M2.K’ < GA -1, k=F X K GA k-2 (5.13a)
™M1 K"GGr-LK7Fr-2.k’ > " "Mk-1 k"FX_ k’Mk, k"2 (5.13b)
. W w . W \ . W W n

ALk K“N2 Kk ..« BSk-i,k=ASk.k’BEK k °2 (5.13¢)

The pencil sFr-sGr is entirely left singular and sA-sB is regular; thus,

by Proposition (5.2) conditions (5.13b) and (5.13c) have as the only

. . . r \4
possible solution the zero vectors, i.e. x. =0,x. =0 for ¥k, k«l,2,...

and Vi, iek. We may thus write that ;g!l K [xﬁ(t ;Qt;Qt]t and it is obvious

that the number of independent vectors in W/(F,G) is equal to the number

of independent vectors in IN=C,GC).

0
This result demonstrates that the study of WHFjG) is reduced to a study
o_f'Nl;(FC,GC), where sFC-sGc is a right restriction of gF-sG and thus an
entirely right singular pencil. An obvious Corollary of the above result
is stated below.
Corollary C5.1): Let sF-sG be an mxn singular pencil and let sF -sGC be
c
A k 1] . 1
an p right restriction of sF-sG. If Nc is a basis matrix of Nlr F .G ),
r c ¢
then there exists a QeRnXn, )| such that a basis matrix for M~*(F,G)
. z ﬁ,k
may be expressed in terms of . 3as
t
X1,k p
vV
4 |
0 o-p X1,k P
ir
¢ t
-k p X2k P
. * , k _ |
- dlag{lQ,._V._-,Q} 0 141-p , where NC = . (5.14)
k .
4 ¢
>=_/ P *k,k P
v
0 ¢
n-
- J v p
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In the following, attention is focussed on the study of properties of
the right characteristic space of entirely right singular matrix pencils.
The derived results form the basis for the study of the right
characteristic spaces of a general pencil. Note that by duality, we may
obtain aim-il ar results for the left characteristic spaces of entirely
left singular pencils, which are essential for the study of left

characteristic spaces of a general pencil.

5.3 The right characteristic spaces of entirely right singular pencils

Let sF-sG e3RmXn[s,s] be an entirely right singular pencil and let
I (F,G)={el=...=£ =0<e <<...£e_} be the set of c.m.i. of sF-sG. The
c™ I g g+1 P

set I CF,G) is a complete set of invariants for the strict equivalence
class of sF-sG; this equivalence class has a canonical element, the

Kronecker form, which is of the following type

L£(s,S) -sL£-sL£, where LE- [J£ ! 0] e, LE=[o 1 I£] | (5.15b)
H+1 E+t-

The canonical pencil L£(s,s)~sL]is]E plays a key role in the study of the
right characteristic space of a general pencil sF-sG; we start off by
giving some preliminary results on the properties of Wlf‘(Le,iJE).

Lemma (5.2): Let L ,L €ReX"et+1" be the matrices defined by (5.15b).
The set of matrix equations
(5.16)

where x. e]Re+1,iek, has always a solution. The general family of solutions

is given By:
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() If k<e+l, then x.=[0O,...,O,al xxa and a. eR arbitrary.

Gii) If k>etl, then x.«[O,... ,O™_... ,a£]C for Vice; for i-c+1.,... .k,
xi‘“‘[a. _e,a. £+1,..__,a.]t with a. eR arbitrary.
The proof of this Lemma follows by inspection of the canonical structure
of the L ,L matrices. Using this Lemma we have:
£ £
Preposition (5.4): Let Nk(Lg,Lg) be the right characteristic space of the

canonical pencil sL -sL. . Nk(L ,L %0} if and only if k£e+l; furthermore,

if k®et+1, then 6 =dim Nk(L ,L )=k-£.
K r £ o

Proof
Let Jt.-[XpX2,....x]te™(1.e,Le), where Xj sR , then the vectors x.

must satisfy the conditions

LeSx0’£eS1-M2’ ¢+ »' ’£eSk-1°L 5°17)

If k<£+1, then by Lemma (.5.2) the general solution of the first k equations
of (5.17) is given by x.«[O,... ,0.,aj,... ,a.]C, Viek and thus &
implies that a™~a”™.. . ~-0O._. This shows that Mk(L£,Lg)«{0} for all k such

that k<e+l. Furthermore, since Mk(L£,L£)={0} it follows that if k<e+l,

then the matrix TNL£L£,L£) has full rank.

If k®e+1, then by Lemma (5.2), the general solution of the first k

equations of (5.17) are given by

,an]t, for i=—e—+l,....k

The last condition L£xk=0, then implies that ak_.e+l=ak-e+2=-* *=ak=0 and

that the first k-e parameters al ,a2»... .3 are arbitrary. The general

expression for the wvector is thus obtained and by inspection it follows

that there are k-e independent vectors in N™CL"™); thus dimN~(Le,Le)-k-e.

If k>e+tl then T (L ,L ) has a right null space; the minimum dimension of
' k £

this null space is dmin=kCe+1)-(k+1)e=k-e= dimMr(L£,£e); this shows that
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Tk(Le’£p has rank.

Remark (5.3): For all e>0, the Toeplitz matrices TK(L£ ,L£) have full rank

for all k=1.2.,...

Remark (5.4): For all k<e+l, then W"(L",LMN={0}.

Note that the vector solutions {Xj,... ,x*} of (5.16) are vector coefficients

of a k-th right annihilating vector x(s,s)-XjSk 1+B2S" 2s+...+xk 1ssk>2+

+ N/ < [Sk’SfC- Iy>ece))
matrix | has a canonical structure, and this is defined by the

following result.

Corollary (5.2): Let k»etl and let x(s,s)=[xk,xfc 1,...,Xjlek J(s,s)=

=Dt e 1(s,s) be a k-th right annihilating polynomial of sL -sL. . The

k,e—k £ £
. -+ - . .
basis matrix Dk . SE(E D has the following canonical structure
al a2 a3 * « « Ve 0 0
0 al a2’ * *%-£-! 0
Dk>e (5.18)
0 al 0
0 . 0 al a2 Sl—e-1 "k-e
where the parameters a”* eR, but otherwise arbitrary. i
Matrices of D type have a canonical Toeplitz structure and shall be

referred to as (k,£)-Toeplitz matrices of sLf£-sLL£. The number of free
parameters is k—e; DK ! defines the total family of k-th right annihilating
vectors of the canonical pencil sL"-sL™.

Remark (5.5): Let L | t'ie Senera’ (arbitrary

parameters) (k,c)-Toeplitz matrix of sL£-sLL£. The linear vector space
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generated by the k-th right annihilating vectors,

has dimension k-e.

We may now state the main result of this section.

Theorem (5.1): Let sF-sG eRmXn[s,s] be an entirely right singular pencil

and let 1 &F.G) e=..=f =0<£ £....£¢ } be the set of c.m.i. If Mk(F,G)
c ’ I g g+l p r *

is .the k-th right characteristic space of sF-sG then the following

properties hold true:
Mk(F,G)ss{0} 1if and only if k<min{fij+l.jeg}.

€))
(1) If k>min{ej+l,jep}, then N &0)5) . In this case the dimension
r
0k of Mk(F,G) is given by
(5.19)
Proof
(1) Let (R,Q) be a pair of strict equivalence transformations which
reduce sF-sG to the Kronecker form (5.15a), i.e. sF-sG R(sF-sG)Q=
“sF~-sG”. If oo >x£] C € WAF,G), x» eJRn, then the vectors x*

must satisfy the conditions
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and that for every eJ., j=g+1,...,P we have the following set of conditions

(5.20d)

zero c.m.i. In fact, if a zero c.m.i. exists, then there is no k for which
~(F Q)«{o} * in the case there are no zero c.m.i. the condition is reduced
to k<min{ej+l,j=g+1,...,pl and thus M*F,G)={0}. This completes the proof
of part (1).

(1i1) The direct sum decomposition of x£, as in (5.20c) implies that if

WAF,G) is nonzero, then its dimension may be found as a sum of the

dimensions of the spaces generated by vectors of the type

X (5.20e)
_£ - J J £ j

J
where j=O,g+1,... ,p. If %+1-k<%+] and the pencil has zero c.m.i., then
we have the following: with the g zero c.m.i. there exist kg arbitrary

vectors x1 eR8 and thus the space generated by xg *[x \....,xg t]has kg

dimension (since there exist kg free parameters in xg ). By Proposition

0
(5.4) the dimension of the space generated by xg , for Vj: j=g+l,...,v,
~ J
is k-E.; by Proposition (5.4), the vectors xg =0 for j: j=v—+I1,....p. If
J .= ~
the pencil has no zero c.m.i., then the dimensions of xg for j=1,....v

J
only are taken into account.

Corollary (5.3): Let sF-sGe¢elR™ n[s,s] be an entirely right singular pencil

and let T (F,G) be the set of c.m.i. Let %+1"<ev+l+l and x(s,s)=

(s,s) be a k-th right annihilating polynomial of sF-sG. There
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always exists a Q eRnXn, !QI® such that the family of basis matrices

may be expressed as

Dk.o.g
- cRnXk (5.21)
Dk.e
. 2-V.
0
where D are the (k,£.)-Toeplitz matrices corresponding to the nonzero
k’Ej J 0Xk

cam.i. £ for j=g+l_ - _ _and D, n o elR& is an arbitrary matrix

associated with the g zero c.m.i.

The proof of this result readily follows from the proof of Theorem (5.1).
It is clear that the dimensions of the Wr(F,G) spaces of an entirely
right singular pencil are functions of the set of c.m.i. only. In the
following, attention is focussed on the problem of determining the set of
c.m.i. from the dimensions of the M*F,G) spaces. From now on, we
shall adopt the following representation for the set of c.m.i. of sF-sG:
T CF,G)={(e -.p.), ie£: O0"e.<...<e , where pi is the multiplicity of e.};
clearly {£.,icjj} denotes the set of distinct values of the c.m.i. of the
general pencil sF-sG and shall be referred to as the right singular set
of sF-sG. The results derived for the case of entirely right singular

pencils are used next to the case of a general matrix pencil.

5.4 (F,G)-Piecewise arithmetic progression sequences and the
minimal indices of a general singular pencil

The study of the dimensions of the Mr(F,G) characteristic spaces of an
entirely right singular pencil reveals that there exist strong similarities
between the present study and that developed in Chapter (4) for the
computation of the Segre' characteristics of a regular pencil. These links

will be further explored in this section and it will be shown that certain
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piecewise arithmetic progression sequences may be used for the computation

of minimal indices. The results developed in the last section for the

readily extended to the case of a general singular pencil; this is due to

Proposition (5.3), which establishes that dim WAF,G) =dim (F ,G ), where
T r ¢ ¢

sF*-sG” is a right restriction of sF-sG. Matrix pencils with a right
restriction will be called right singular, and those with a left
restriction, left singular; clearly a pencil may be both right and left
singular.

Remark (5.6): A singular pencil sF-sG eB.mXn[s,s] is right singular, if
and only if there exists a k, k-1.2,... for which &0.)G) . Similarly,

the pencil is left singular, if and only if there exists a k, k=I,2....

for which YONF,G)

In the following, the case of right singular pencils will be considered;
the results then may be interpreted to the case of left singular pencils
by "transposed duality". A result characterising right (left) singularity

of a pencil is considered first.
Proposition (5.5): Let sF-sG eKmXn[s,s] be a singular pencil. Then,

1) sF-sG is right singular if and only if for some ke{ 1.2.,.. ,0: where
if m<n and o=n if mfn} Wr{BJ3)
Cii) sF-sG is left singular if and only if for some ke{1l.,2,...,p: where

1
p-m, if m<n and $n+l  if m>n}, MIER)G)

The proof of this result is readily established by Remark (5.6) and by
the maximal possible dimension of a c.m.i. (r.m.i.) block of a singular

pencil. For right singular pencils Theorem (5.1) and Proposition (5.3)
yield the following result.

Theorem (5.2): Let sF-sG eKm*n[s,s] be a right singular pencil and let

Ic(F,G)-{(e1,P1), iejj: O7el<...<ep> be the set of c.m.i. If A/NF,G) is the
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k-th characteristic space of sF-sG, then we have:
) WF,G) if and only if £j=0; then 9" =dim M~"F,G)=pj.

Wk(F.G)={0}, and thus 6. =dim Wk(F,G)=0, if and only if
r Kk r

an
k<£j+l=min {£.+1

Giiy NKG) if and only if k>min{£. +1.ieji}. Then 0" «dim Nk(F,G)

is defined by:

N JFlpi(k e1)

() if ej+1<k<ef3r’?_1 (5.22a)
1-1

(b) 9k I Pi(k-el) if k£max{el+1,ie¥}:ep+l (5.22b)
K 1=1

0

Theorem (5.2) may be used to provide a characterisation of the c.m.i. of

a right singular pencil as i1t is shown next. In the following we shall

denote by 0" the dimension of N"QF,G).

Corollary (5.4): Let Ic<F,G)={ (£ppp , i€jj, <..,<£7} be the c.m.i. set

of sF-sG. The following properties hold true:
G oooket- oy ~ir et [ fflf]

Cii) e +1<k
y

(i11)
Proof

The result is proved by distinguishing the following cases:

(a) ett+l<k-l<k<£t+1+1, CS) et+ISk-I<k-et-+1-+l

(r) e +l<k-l<k, (5 k-Hej+I"k, Ce) k-l<k<ej+l
y

Thus, we have:

t t t
(a) ~~ ¥ _ *(k-e.)- Z PjCk-1-e.1-J Pj
J JoogelJ R P23
t+y1 .(k-e.)-J Pj(k-l-e)’Pt+l(ettl+1l-et+1)+TF p =j'p
(el N 9k-i="Lp.
I T =1 J =1 J J=1 7
C y (k-e.)- ! p.(k-1-Ej)>-J Pj
r) I 1 3= J J-11
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S KUK pl (Kel)=PL (£l py
(e) 07=0, 0k&  and thus 9k-"0k i=0

Corollary (5.4) is similar in nature with Corollary (4.4) and thus it
provides the basis for the computation of I (F,G) from the numbers 0, .
We first note that .\1;1 PJ‘ =P =dim N {sF-sG}; for all k>e +1, 0,-0, =p and
thus the smallest iilteger k=£7+1 for which ek‘““ek 1=P may be defined by the
rank tests and shall be referred to as the right index of (F,G). From the

above results, we may deduce the following information about the right

singular pencil.

Remark (5.7): The differences 9k*“9k i are non-decreasing and the following

properties hold true:

1) There is an integer t such that for Vk>T, 9k”9k-1=Sp* T”e “nteSer
p =dim M {sF-sG} and the smallest integer r for which 0.-6, =p is
T«ey+1, the right index of (F,QG).

(ii) The smallest index t’ for which Oo0s0) is +  where
9t t°9t *-1=p | the multiplicity of smallest c.m.i.

(ii11) The difference 9k*9k j defines the total number of c.m.i. with value

less or equal to k-1.

The S€quence C ““(9,: k=-1,0,1,2,..., where 9 _1=9 =0, 0,=dim W*(F,QG), k>1}
f K Y10 IC IT

is defined as the right-(F,G) sequence of sF-sG. The properties of this

sequence are defined by the following result.
Corollary (5.5): For every k=0,1,2,..., the sequence (C? is characterised
by the property

(5.23)

In particular, we have that:
1) Strict inequality holds, if and only if k=e, where e is a c.m.i.

(i1) Equality holds, if and only if k is not the value of a c.m.i.
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Proof
The proof of this result follows by using Corollary (5.4) and by

considering all possible cases which may occur. Thus we have:

1 £ =0: 6 -0 . =0<0,-0 =p,
M | o-1 1

(2) et+Uk-l<k<k-+l<e  #!: 8k+x6l'J . pj=9k 9k-1"

J-117J
t+1 t

(3) et+lsk-l<k<k-+l=et+1+1: p3 "9k’ 9k -1
J J

4) et-I1+1 | | <k-+l <et+]—+1: efct] J>’8k-8k_, *

t+1 t
(5) et l+lfk-1<k-et+l<k+l-et+1 +1: @k+r<«k™"~Pj I pj9k-9k-1

3 3

eMtIsk-lI<k<k+1: ek+Il-ek= .~ f NV ik—-1
(6)

y
C7) e ,+1I"k-I<k=£ +l<k+1: 9 -0 = 7 p. -0,
y-1 y k+1 k jXj J k k-1

(8) k-lI<k<k+Ke,+1: ek+1-\V °=9k-9k-1
C9)  k-l<k<k+l-e,+1: ek+]-ek=P|=>>V9k-|

(10) k-l<e]+l=k<k-+l<e2+1: ®k+1-9k—pl=9k~9k—1"

(11) k-Ke~l-~k+1-ej+1: 0k+i 0k=P1+P2>Pi*“8k-8k |

.. 0 >0 - . .
From the above cases, it is clear that Ok+ IQ(IS)( 0K“1 if and only if
k=E, where ¢ is a c.m.i. and that 0Ojct+i'"0Oks=0k*“0k_i if and only if k is

not a c.m.i

Given that Ofc-Ofc [>O for all k=0.,1,2,..., the sequence is non-
decreasing For all integers k which are not values of c.m.i., the
elements 9" satisfy the arithmetic progression relationship
k" "k+1+9k-1"2* F°r those values of k which coincide with a c.m.i.
the arithmetic progression relationship is violated since then
0k<(Ok+1+9fc-1)72. The sequence is thus partitioned by the values of

the c.m.i., i.e. the integers 0<f£j<e2<*ee<ep* For all k in the range
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of values (e".... .£j+1)» starting from k=E"tl and ending with k-e™-1,
the relationship )/2 holds true; this relationship,
however, cannot be continued in the range of values (---,eJ.-l,eJ.), or
since for k=£., 0f <(0f _jt+ee +1>/2 and for k=e;+]»
J J J J J
6 <(0 -1+0 +1)/2. The sequence therefore satisfies the
j+1 £5+1 Ej+1

arithmetic progression property in the range of values (e...._»£«+])
of k, but violates the arithmetic progression property at the boundary
values e,.e. The number «e.-Cee.+J-9e¢.)""(9s.-ece.-1)‘ec¥F +ece.—12ce.

JJF J J J J J J J J
is a measure of deviation from the arithmetic progression type property
at k’Ej; the value k-Ej will be called a singular point of C* and the
number < . will be called the gap of the sequence at k=]%.. The sequence
Cr will be regerred to as the right Piecewise Arithmetic Progression
sequence (RPAPS) of (F,G) and it is clearly of similar nature to the PAPS
of (F,G) at s=a defined on a regular pencil in Chapter (4). We may now

state the following result relating the properties of to the set

Ic(F,G) of the right singular pencil sF-sG.

Proposition (5.6): Let be the RPAPS of (F,G). Then,

(1) Anindex k«f is a singular point of the sequence C», if and only if
e is the value of a c.m.i. of sF-sG. Then, 0£<(0£+j+0£ j)/2.

(11) If k=£ is a singular point, then the gap 6" =0£+i+ef ] “2ee is equal

to the multiplicity p of the c.m.i. with value e.

Proof
Part (i) follows immediately by Corollary (51.5). If k«eC is the value
t t-

of a ©Mm.i., then ev.,-9v= 7 P; and 9k 9k-1= 2 pi (by c°rollary (5.4));
t t-1 * J-1 7] j-11J

thus Zg- - =N'-
L e

By finding the singular points of C and the corresponding gaps, the set
of ccm.i. T (F,G) is thus defined. The analysis presented so far leads to

the following procedure for the determination of Ic(F,G).
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Piecewise Arithmetic Progression sequence diagram (PAPSD): Compute the
numbers ,00>9| »e2’ **’ J60+]’ where 9—~1=90=°" and Q!sm+l, m<n and n=n,

if m>n. Compute then the gaps of RPAPS C», i.e.

Sk " 6k+HIH9k—120K’  k=C."»»2 eceel’

and form a table of the following type: For every index k there is a
value ¢k>0. then we create

a column with asterisks below <5, with the number of asterisks being equal

to the value of 6k' This procredure is illustrated by the following
diagram:
index: 0,1 ,2 ..., k-l , k, ktl
gap: 50,4{1,527°_,"".,4k-1"5k>6k+1°-"" ’ISa,4ort-1
fk. .. . * - - - -
* % *
* ¥ Figure (5.1)

The indices characterised by dots do not correspond to values of c.m.i.,
whereas those characterised by asterisks define values of c.m.i. The
number of asterisks in a column gives the multiplicity of the c.m.i.,
whose value is the corresponding index. Thus, for instance, in the above

diagram we have c.m.i. with values, 0,2, k.

The above procedure will be illustrated later on by an example. An
alternative procedure for the computation of Ic(F,G) is discussed next.
This technique is similar to that presented for the computation of the
Segrez characteristic at s=n of a regular pencil and which has been based
on the notion of Weyr characteristic and Ferrerls type diagram. For the

sequence C we first define the following induced sequence:

s k_O:-l:-Z:"-} (5.24)
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The sequence will be referred to as the right ft/eyr sequence of (F,G)

and its properties are characterised by the following result.

Proposition (5.7): Let W be the right (Veyr sequence of (F,G).

Then,
1) \—Yk+1 for all k=0.1.2,... There always exists an integer t,
. (o=m+l, if m<n, and o=n, if m>n), such that for Vk>T,
AVANE
(1) The strict inequality holds true, if and only if k=e,

where e is the value of a c.m.i. The multiplicity p of e is

then defined by P“Yk+|“Ykq

This result is an alternative statement of the results established
by Corollary (5.5) and Proposition (5.6). Proposition (5.7) suggests

the following alternative procedure for the computation of Ic(F,G).

Weyr sequence diagram (WSD): Let a be the integer defined by a=m+l,
if m<n, and o=n, if m>n. For every k=0,1.2.... ,0 we create a
row in the following way: If Yk=0, the row is filled in with dots

and if y*>0, the row is filled with y” asterisks. The table created

is parametrised by k and has the following general shape:



166

Yo’°
el
Y =0 - * ,
2 . Sl
* *
Yel+1>0
% * *
1+2>0
e2
* *
Y >0 * 1 —
c2 /\2:
* * * * * e e
X >0
* * * * * .
~_42>0 ... 7 Figure (5.2)
* * * *
Ye -—-01>0 - -
\"
€
v * %
Ye >0 l hal * ece000 *
v 6%V_pv
* * * * * % | Tmmmmmmmmmm s
* . * *
O * * * * * * - * *

\%

From the above staircase diagram, the values of c.m.i. are computed as

those integers associated with the different steps; the multiplicities of

the corresponding c.m.i. are defined by the width (gap) 6 =y I—y of
e e

the step.

The following example illustrates the two procedures presented above.

Example (5.1): Let sF-sG be a 24x32 singular pencil and let the
sequences Cr and tilr be given for k—1,0,1,... ,25 (a-25) in the

following tables:
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sequence table

kK ok k 9k ko vk k
-1 0 13 80 0 0 13
0 0 14 88 I 2 14
| 2 15 96 2 2 15
2 4 16 104 3 5 16
3 9 17 112 4 5 17
4 14 18 120 5 5 18
5 19 19 128 6 7 19
6 26 20 136 7 7 20
7 33 21 144 8 7 21
8 40 22 152 9 8 22
9 48 23 160 10 8 23
10 56 24 168 11 8 24
11 64 25 176 12 8 25
12 72 (Figure (5.5))

Yk

From the above tables we may now form the RPAPS diagram and the WS

diagram ; these two diagrams are shown in Figure (5.3) and Figure (5.4)

respectively. The set of c.m.i. Ic(F,G) is then given by

Te (F,G) = {(e|=sO,pj:s2).(e2=2rp2=3),(e3=5,P3=2),(e4=8,p4=1)}

24

4
Note that since £ p.(e.+1)=32, the pencil sF-sG is entirely singular.
j=11
RPAPS Diagram

index: 0 I 2 3 4 5 6 7 8 9 ___.
gap: 2 0 3 0 0 2 0 O I 0 _...

% % . . w . . * . D)

* * *

Figure (5.3)
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WS Diagram
*1 -2
* * . *
*3 =35 A
*4 _ 5 * * * A
eg:s * * * * *
Yg = 5
p3~2
E3 * * * * *
*6 =17 A
3 * * * * £ £
*7 = 7
¢~ *
* * * * * *
*8 = 7 y’
* * * * * * * *
*Q = 8
E3 * * * * * * * -
_ Figure (5.4
%10 = 8 g -4

Note that the integer a used for the evaluation of the first elements
of C , or (V sequences may be rather large. A procedure involving less
computations is suggested by the following result.

Proposition (5.8); Let Icv(F»G) ((£5.Pj).***>»>(£V»PV)"slIc(F,G) be the

subset computed from the elements,9q.,9j....,6£ ,0£ +P of the

u v
sequence of the mxn singular pencil sF-sG. Then,
%
1) ir,G)=1 (F,G) if ir J Pj.Ct+1 )-Cev+l)<O,
c c v 1=1
(11) If ir >0, then at most the clements {0f +2....... 6k+]} are needed for
%

determining the 1 (F,G) set, where k=n-J p.(e.+1)-1=e +1.
u 1=1
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Proof

The proof of the result follows by inspection of the dimension of the
pencil and by taking into account the sum of the dimensions of the
already defined c.m.i. blocks. Thus, if the set I?JV(F,G) has been

defined, an additional block of dimension ex(e+l), where e>e , may

possibly exist if n- £ p.(c.+1)>e +1; otherwise, there is no c.m.i. block
X v

- v oi=1
with e>Ev. If n- £ P<(££+1)>ev+1, and another c.m.i. block ex(e+1)
v il * 0¥
exists with e>e , then its maximal possible dimension is k (k+1), where

v
k+l=n- y p.(e.#+1).
i-1 1 1

This result provides a test for terminating the computation of the
elements of Cr; when an extra c.m.i. is found, then it also indicates the
maximal possible number of additional elements of which are needed for
the computation of Ic(F,G). Note that the results presented in this

section for the set Tc<F,G) may also be interpreted for the set Ix(F,G)

if the pencil sFt-sGt is used as the starting point.

5.5 The annihilating spaces of a singular pencil

In this section, we examine a number of properties of the annihilating
spaces associated with a singular pencil. The case of right annihilating
spaces will be considered; the interpretation of these results to the
case of left annihilating spaces is rather obvious ("transposed duality").

Let xCs,s)«[xo0.k j . Xj. .k 2_ ... %21 ’-k-1 ,o0™-1 (s’ s)==Xk-1-k-I (s’s) be
a k-th right annihilating polynomial, generated by the k-th right

annihilating wvector xk=[xl‘é_j 0o--- ,xc;c k-J] v .

The associated supporting
k-th right annihilating space of xfc, and shall be denoted by RG")).

The properties of RG”",)) stem from the fact that *.eM”CF.G); the analysis
in the previous sections thus provides the rools for the study of the

properties of R(x, ) spaces. Of special interest, is the parametrisation
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of the basis matrices . This analysis leads to the definition of the
maximal right annihilating space of sF-sG and to the introduction of a

minimal dimension direct sum decomposition for this subspace.

Proposition (5.9): Let sF-sG eRmXn[s.,s] be a right singular pencil and

let Ic(F,G)={£1°...=Eg=0<eg+l-™ _ &<p}be the set of c.m.i. Let us also
assume that x(s,s)=XR lek 1(s,s) be a general k-th right annihilating

polynomial of sF-sG. There always exists a Q €RnXn, {¥)| such that e

general family of basis matrices X j is expressed by

k’ o,g al(:oag
Dfc’eg+l Dk’eg+l
VrQ . . 1t %+1sk<%+1+1> &-1 . , if k£eP+1 (5.25)

N ¢ Dk, £

b V - ’_P—
0 0
where Dk are the (k.e.)-Toeplitz matrices corresponding to nonzero
-£]

. £]Rgxk is an arbitrary matrix associated with the
c.m.i. eJ. and °k,o.,g

g zero c.m.i. 0

This result 1S an extension of the basis matrix parametrisation result
for entirely right singular matrices [Kar. -2] and its proof readily
follows by Corollaries (5.1) and (5.3). By assigning arbitrarily the
Earameters in D and D blocks, families of supporting subspaces

k,O.g K.Ej
R(xk) are defined. The properties of supporting subspaces K(xfc) are

examined next.

Let x(s,s)=Xk jek j(a,s) be a right annihilating polynomial vector.
x(s,s) will be called prime, if rankR{Xfe | }-k; then R(xk)=col-span{Xk |}
has dimension k. The polynomial vector x(s,s) will be called non-prime

if rankf”™ j}<k. For non-prime annihilating vectors we have:
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Lemma (5.3): Let x(s.s)=[xq,.x1,....xk]ek(s,s)=Xkek(s,s) be a non-prime
annihilating polynomial and let v be the index for which the vector
chain {xq.,Xj ,--.,xv-J} 1s independent but {x"~"Xj,... x* j x"} 1is

dependent. There exists a prime right annihilating polynomial vector

R, N=[x Ilev_1Ifs,s)=X lev_1(s,s) for which
gpanfx ... X Y=span{xo,x],--- }.
Proof

Since x(s,s)eWr{sF-sG}, we have that

G50=0»GS rF"0,G-2=F-1" " * ,G"k=F-k-1 ,F-k=° (5.26)

,Gxv_,+«2Gxv_2+e e ,Gx]
or
rSu_ 1=V "~-2+a2F£v-3+-+ —+26-1"0
Then, it is clear that

FKO, where /. “x"S—aS~-—a. .- —at™x, (5.27a)

By (5.27a) and (5.26) it follows that

GE 1=Gxv_I-alGxv_2-_._._.-%_1G52

(5.27b)

We may continue the process and define the vectors
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£v-37£\>-3"°l-v-4 - e_av-3-0’ =’ ~T-1 I“iSO’—O:)_(O (5.27¢)

and the vectors &x } .
satisfy the c¢onditions

2’/\*_1.0

(5.27d)

a right annihilating

vector of degree v-1. Note that

fe><.... & ]=[5021°-"=5v-1]

Bl Ayt
0 1 e 040 (5.28
I o
0 (U

* *
Since P has full rank, {xq.....x~_jl are linearly independent ,,4

A A
sph50>S1>eeenxv¥i} SP< O% ... Sv-1

The above Lemma is implicit in the reduction of a pencil to the Kronecker

Proposition (5.10): Let sF-§G celRmXn[s,s] be a right singular )
pencil.

There exists a minimal basis B(s,s)=fxf (s,s), ieg} for N {sF-sG} with
1 r

the following properties:
Ci) The vectors xg (S,S)S:XC»'-CC , (s.s) are prime for ¥ ieg.
1 71

Cii) The set of subspaces R(B)={RE|: R =sp(X }, ig>} is linearly
1 i i

independent.

Proof

i *£-1  Eqt
Let ee(S,Sa)=fé£,é£ : 5SS »S Jq be the e-th grder vector of ¢

polarity, when e>0 is a nonzero c.m.i. and let e£{s,s) when e=0.

The matrix
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defines a minimal basis for A/fsF"-sG*}. If (R,Q) is a pair of strict

equivalence transformations that reduce sF-sG R.Q) R(sF-sG)Q-sFk-sGk,

then the columns of the matrix

(5.30a)

are linearly independent over JR(s,s) and since the degrees are e., ie2’

they define a minimal basis for sF-sG}. If we partition Q as
Q = [)(£‘1 >...§Xe. Se e ;XE ;Qa] (5_30b)
! £
e|+1 e.+1 e +l1
' P

then rankfX }=el.+I a basis matrix for the minimal degree
e i

1
right

€1
dim R
c.
i

The basis matrix E(s,s) clR [s,s] will be referred to as the right-

structure matrix of sF-sG. A set of vectors S(s,s)-{xX"(s,s):

x«(s,s) elRn[s,s], ier} with the vectors x.(s.s) linearly independent

over K(s,s) will be referred to as an r-rank set of Rn[s.s]. If the

vectors of the r-rank set S(s,s) are all prime, then S(s,§) will be

called an r-rank prime set of Rn[s,s]. With every vector xX"(s,s)=

X e (s,s) of S(s,s), we associate the supporting subspace R =sp{X };
Pi Pi i . Pi Pi

the linear vector space Z called the characteristic space

of S(s,s). If S(s,s) is an r-rank prime set and the subspaces {R , 1€r}
A pi ~
are linearly independent, then S(s,s) will be called complete. With a



174

rank r set S(s,s) we may associate two modules; by setting s=1, and s=Il
respectively, we obtain the sets S(s5)=S(s,1)={x"(s): xX™(s)=x"(s, 1) €EHn[s],
ier} and S(s)“S(1.s)» {x"(s): x™(s)=x"(1,s) eRn[s], ier}. The sets S(s),
S(s) have the same characteristic space, which is the space associated
with S(s,s). The finitely generated R[s], R[s] modules defined by the
sets S(s),S(s) respectively shall be denoted by correspondingly and
shall be referred to as the associated modules of S(s,s). An important

property of R" is defined below.

Lemma (5.4): Let S(s,s)={x.(s,s): xX7(s,s)=X ¢ (s,s) eKn[s,s], ier} be
-1 -1 pi’pi
an r-rank set, R" be the corresponding characteristic space and let
be the !R[s]-,3R[s]-associated modules with the set S(s,s). Then,

Ci) R$ is an invariant of both and modules.

Gi) If RP_ are the supporting subspaces of XP_(S,S), then
i -Pi

dim Rnp £ dim R +...+dim R
S P1 Pr

linearly independent.
Proof
(1)
(5.31a)

If R° is the supporting subspace of x!(s), then (5.31a) implies that
Q r
and thus where i-s t'ie characteristic space
aj =1 qj
of Sf(s). Similarly, since S1(s) is a basis of we have

(5.31b)

and thus R
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(1) This part is a straightforward application of a standard result

[God. -1].

The notion of the characteristic space introduced for an r-rank set
S(s,s) is now specialised to the minimal basis sets of WAsF-sG}. We may-

state the following result.

Theorem (5.3): Let B(s,s)={xC£ (s.8): XE£ (s,s) eRn[s,s], iep} be a
Z - a-

minimal basis for sF-sG} and let R be the characteristic space of

B(s,s). Then the following properties hold true:

()

1)
(1i1) The characteristic space R is the maximal right annihilating

space of sF-sG. If Rf is the supporting subspace of a minimal

basis B(s,s), then R may be decomposed as

(5.32)

Proof

1) By Lemma (5.4), all minimal bases of W"fsF-G}, A/*F-sG} have the

*
same characteristic space R , which is the characteristic space of the

R[s.s] minimal basis of AOsF-sG}. By Proposition (5.10), there exists

a complete minimal basis for A/ {sF-sG}. If R__ are ;Ehe supporting sub-
T i

spaces of the xf (s,s) vectors of this basis, then R =Rf ®...eRf and
* E 1 E I P
thus dim R = £ dimR - £ (e-+O°
i=1 i -1
(i1) Consider the complete minimal basis B(s,s):{xG_ (s.8):
-G1
x£>(s,s) elRn[s,s], iej)} and another minimal basis B' (s,s)={x" (s,s):

x£ (s,s) elRn[s,s], ieg}. If Rf are the supporting subspaces
"1 i

associated with the minimal degree gf£ vectors xf£ (s.s), then clearly
i
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pi»dimRe& £(?.—|—1), Vieg; however, by the invariance of the characteristic

1 . * 02
space (part (i)) we have that R = / R and thus
i-1 ei1
dim R 2 (e4+D * ) dimR ! (5.33a)
i«l  x i=1 el a.pl
. " .
since p._;'E(g. 1), 1t follows that
> p. = / dimR - NAN°> dimR (5.33b)
i=l i=l 1 1=1
By (5.33a) and (5.33b) it follows that
dimR = ) (e;+D = ) dimR, (5.330)
=1 1=1 1

By part (i1) of Lemma (5.4) it follows that the subspaces {Rf , iep} are
P P ei

linearly independent; furthermore, since £ (ei+l)= 2 Pl and pl./\(e].L+1)
¢ M (
i=1 1=1

we have that p.=e.+1.¥iep and thus the basis 8T(s,s) is complete.

(111) If B(s.,s) is any minimal basis of A/sF-sG} and x(s.s) 1s an
arbitrary right annihilating polynomial vector, then x(s.,)=x(s) (or

x(1,s)=x(s)) may be expressed as

P
xCs) =X e (s) = £a.(_ s)x (s), a.Cs)eR][s] (5.34)
a-Q i=1 1 e i

* sk
from which sp{X~}cR . This proves that R 1is the maximal right

annihilating space of sF-sG. The direct sum decomposition of R follows
from the fact that any minimal basis is complete.

This result establishes that the characteristic subspace R associated
with a minimal basis of M™sF-sG) is an invariant of the rational vector

space N”™tsF-sG); furthermore, any minimal basis is complete and thus

*
defines a direct sum decomposition for R , which however is not uniquely

defined. The set of supporting subspaces {Rg}={R , iep} associated with
i
a minimal basis 8(s,s) is linearly independent and their dimensions are

minimal; such a set {Rg} will be referred to as the minimal right

annihilating set of B(s.,s). The characteristic space R will be referred
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to as the maximal right annihilating space of sF-sG. R may be computed
without resorting to the computation of a minimal basis; furthermore,
minimal bases may be computed without the use of algebraic tools, but by
using the properties of the k-th right characteristic spaces of (F,G).

Some further properties of the minimal bases are considered first.
Corollary (5.6): Let sF-sG eKmXn[s,s] be a right singular pencil,

B(s,s)«{x£ (s,s): X£ (s,s)“[x\xx,_--,x;; ]e£ (s.,8)=Xs ee (s.,s), ieg} be a
- —% « —0 —1 —f£ e —£* . .
1 1 1 m

1 1 A u |
minimal basis of M {sF-sG} and let R =sp{x .....xpJ and R =sp{x Ve o
r{ ’ £p{o—op h p{-Eji> %EP%}

be the subspaces of R . Then,

1) The subspaces R”R” are i-nvariants tBie rational vector space

Mr<sF-sG}.

*

(ii) Ar(G}nR"=Rf and

(1) Let x(a,s) elRn[s.s]sF-s(G} he a homogeneous polynomial vector of

homogeneous degree k. For s=1, x(s)=x(s,l) may be expressed in terms of
the vectors of the minimal basis B(s,l) as

x(s) » J ¢ (s)x (s) (5.35)
jzEjSk ¢j "ej

k
where c£; (s) eR[s] and deg{c£_. (s)}=kA—el.. If §£s)=§o t)f'S+"'+3f(’S , then

(5.35) implies that XQeR&. If B’(s,s)={x (s,s), ieg} is another minimal
i

basis of W {sF-sG}, then every vector X (s) may be expressed as in (5.35)

and thus x’”eR ; this clearly implies that RJ=sp£>5’l,---,xlp}cR

-0 —0 X,

However, every vector of B(s,I) may be expressed in terms of the basis
Bf(s,1) as in (5.35) and thus R”sR”. BY the conditions R’cR" and R”"cR"
it follows R”=R”, which proves the invariance. The invariance of R” is
proved along similar lines (i.e. set s=l and consider the wvector

x(s)»x(l,s) etc.).

(i1) Clearly NMGIriR #® and R*cR. To prove that we ~ave to sh®°w
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that M §&nR
T

In order to establish the latter condition, it is

%
sufficient to show that the general vector EoeNr {G}nR 1is the constant

coefficient vector of some z(s,s)e/N"¢{sF-sG} homogeneous polynomial vector;

if this is shown then from the proof of part (i) it follows that Eoel%.

Let EoeNr{G}nR and let ¢ 1:- -;qu,x_]i, . °.le ;..-} be the basis for ﬁ
i
defined by the coefficient of minimal basis vectors Xeo (s,s) of B(s,s)
1

Then,
e
ro= At Lfoul) and Gr =0 (5.362)
j=o 17}
Note that
erl e -1 £ €
. _ ¢ fa? ,Gx?
Fz Fx.+ 2 a?Fx? -2_a! .G;§1+ _ (5.36b)
0 =0 J 3Jio J j-i J j-1r J" "

since the vectors {xo,..., £} satisfy conditions (5 4a). If we define the

vector 2 Y a[ xli..+ 2a? X2, then Fz =Gz,

ST ; A ti th
554 3155 ioi 3g o1 e may continue the

process and define wvectors

" f 1 (5.360)
=k 1K
where j_k=0 it k>ei.. The wvectors 7 satisfy the conditions
GEO=O,(_}12=F_ZO, - ,GZ‘£P=F%£P_1-,O=FEEP (5.364)

and thus there exists a homogeneous polynomial vector z(s,s)=zos(GP+

+Zjsep Ist...+z s"PeN {sF-sG} for every zoeNri{GjnR The proof of the

> £P
second statement of part (i1) is similar. i
(5.8): Let x(s,s)=xQsk+XjSk 1Is+. A k

Remark +5|c_iss be a general k-th

right annihilating polynomial vector of sF-sG. Then, xq eR" and

Corollary (5.6):. Let sF-sG e¢!/Rm n[s,s] be a right singular pencil,

B(s.s)={x£ (s,s): x£ (s.s)=[x",Xj,---.x" Jef (5,8)-X e (s,s), ieg} be a
i i i i 1 1
homogeneous minimal basis of sF-sG} and let T _=col-sp{GX B for Viejo.
el ei
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Then:

() The set of vectors {zS Zj«GXj eR™, form a basis for the

subspace 7 , for V iep, for which e.>0.
el 1

(i1) The set of subspaces {T£': for V £).(>O} is linearly independent.
1

(1i1) If {0<€£g+j~...£ep} is the set of nonzero c.m.i., then the subspace

¥ -T

(5.37)
£g+l

is an invariant of sF-sG}.

Proof

(1) Clearly, Gx*=0 and the wvectors {ZJAiGXj, jee”} are nonzero. Assume

that the vectors {z* jee”} are dependent and let Gx* (h£l) be the first

vector in {z",....z",...}+ that is linearly dependent on the preceding

ones and let

NV 4 1 +a2GSh-2++ ¢+ + +°h-1GS|

Following identical steps to those suggested in [Gant. -1] (Vol.2, pp32)

it follows that vectors x” k=x" k~aj5™ k j o> > k=1,...,hh may be

defined for which conditions (5.4a) are satisfied. Clearly, the vector

(s,s)=xh leh | (s5,8)eWr{sF-sG}, splx™}"~ and deglx”™ (s,s)}=h-1<£1.
i
If h-1 <min{£j,jeg}, then the existence of Xji j(s.,s) violates the

minimality assumption for the 1c(F,G) set of indices. If h-1>min{Ej.jeg}
and c, is the maximal minimal index for which El’>h_1>£§’ then the
polynomial vector x” | (s,1)=?h | (s) _P_P (s) may be expressed in
terms of the wvectors of 8(.s,]) as
(5.38a)
J:Ej£h-1 j Jj

where ¢ (s) eR[s] and degfc (s)}"~h-1-E.. The above relationship then
J j J

implies that
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(5.38b)

Given that sp{X* j} is a proper subspace of Rf , the above condition
A
violates the completeness property of the basis B(s,s) and thus leads

to a contradition. Therefore, the VE2&tdr3 @Z}.,je;EA} are independent and

given that they span 77 (Gx1=0), they form a pagis for 7 .
i 55
(1i1) Let Ic(F.G)«{el .. .*“f a0<£ ..~e_}. The subspaces T |,
g gtl P ei
i““g+1»eee>? a”e clearly nontrivial §0}) and for every such subspace
&G[xN,....x  1=G& is a

| 1 basis matrix. Assume that the set of subspaces
€1 (S

{T : £>0} is linearly dependent. Then, there exist vectors c¢

el 1 S1

i=g+1,....,p, not all of them zero such that

GX c +..+GX ¢ =0 (5.39a)
eg+txeg+i N £P
If we define by £-[....ct ...t and X=[...;:X s...], then (5.39a) yields
A ) a * )
GXc=0. Given that X has linearly independent columns, the latter
condition implies that #Xc and Gz=0, or that
zesp{X}=R and zeM"G} (5.39b)

*

Given that iaicR , condi‘gions (5.39b) imply that zeM™MGInR and by

Corollary (5.6), we have that zeRA. The conditions zeft and zeR" imply

A

that RfiR"{0}, since 8. However, by construction, the subspaces R”

and R are linearly independent and thus "“nR"={0} g . . 1 7=0; given
A

that X has full column rank, it follows that c¢=0 which contradicts the

linear dependence assumption.

The subspace T is well defined since the ¢ of subspaces

(1i1)
{T£ : e.1>0} is linearly independent. Given that 7 is the image in Rm

k
of the invariant subspace R , it is also invariant. i

The subspace 7 is the G-image of R and shall be called the maximal

G-right annihilating space of sF-sG. In a similar way we may define the
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subspace W as the F-image of R ; W will be called the maximal F-right

annihilating space of sF-sG and its properties are similar to those of

* *

it
T described by Corollary (5.6). The bases for R and T defined by the

vector coefficients of a minimal basis B(s,s) of sF-sG} by
BA = {eeejxN' [ttt e’ £ - eee jgji} (5+40a)
1
By ={...GXj.Gx",....Gx" Jj=g+lL....p} (5.40b)
J

will be referred to as canonical bases of R and 7 respectively induced

by the minimal basis B(s,s); the corresponding basis matrices defined by
BN a[... ;xNXj,... . xN ie> «=GX[JGXN ==, Gx" :...].

i : " j
j=g+1,....,p will be referred to with the same name. The importance of
such bases in the canonical reduction of a singular pencil is demonstrated
by the following result, which is an extension of a standard result in

[Gant. -1].

Proposition (5.11): Let sF-sG elRmXrl[s,s] be a right singular pencil,

IcCF,G)=_{e]1=.-.=eg=0<eg+1./\..‘<ep} be the set of c.m.i., B(s,s) be a minimal
basis for sF-sG} and let BYy be the canonical basis matrices of
* *

R ,T respectively induced by BCs,s). Then,
Ci) For every pair (R,Q), where BBy €RmXmB=[B" ’] eRnXn,

IR |81 but with B",B' otherwise arbitrary, then

1 £(s.s); sC-sD
L d l
0 I sA-sE
where L Cs,s) has the canonical structure C5.15) and Wr{sA-sE}={0}.

(i1) There always exists a choice of the B’,B" such that for the

resulting (R,Q), we have

R-1(sF-sG)Q = (5.42)
sA-sE
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Proof

For the matrices B=[B* “»[B" ’] we have that

(5.43a)

(5.43b)

where the matrices L, ,LL are defined by L <s,s)=sL.

(0 O_SL

where LCo (s.s)

( (0’

has the canonical structure (5.15). Conditions (5.43) readily follow
from the properties of B”" Clearly then R (sF-sG)Q ha? the (5.41 )
structure. To prove that N~fsA-sEj-fO}, set s=1 in (5.41 ) and note that
the nonzero columns of L£ (s,1)=L£ (s) define a minimal basis for the

g.
maximal JR[s]-module of IR 1(s); thus, we may write
sC-D = Le (s)K(s) (5.44a)

where K(s) is some appropriate matrix with elements from !R[s]. If now
x(s) 1s a nonzero polynomial vector for which (sA-sE)x(s)=0, then a

polynomial vector ~(s) may be defined by

y(s) = -K()x(s)+p(s), g(s)eM (L _(s)} (5.44b)

By conditions (5.44a) and (5.44b), it is readily seen that

L (s) sC-D v(s)
(sF-G)r(s) N (5.44¢)
0 sA-E x(s)

The polynomial vector r'(s)=Q Ir(s)EMr{sF-G} and because &Xs) the

corresponding supporting subspace is independent from R ; clearly, this
k
contradicts the maximality property of R .

(i1) The proof of part (ii) follows along similar lines to those

discussed in [Gant. -1] (Vol.2, pp33-34).
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The above result demonstrates the nature of the matrix Q in the
parametrisation of the basis matrices of right annihilating polynomials
of sF-sG (Proposition (5.9)). Using Proposition (5.11), Proposition (5.9)
may be stated as follows:

Proposition (5.12): Let sF-sG eRmXn[s,s] be a right singular pencil
Ic.(F,G)“{el,:...:£ =0<£ , <...’\£P} be the set of c.m.i., B(s ,s)«{x£- (s.s),

g g+l

ieg} be an ordered minimal basis for sF-sG} and let

1

(5.45)

be the canonical basis matrix of R induced by B(s,s). The basis matrix
of a general k-th right annihilating vector x(s,s)=X" je™ j(s,s) of

sF-sG may be expressed by

Dt
k.,o.g
Dk.e +1
~1 " BR Dk = ®R 8 Be Dy g (5.46)
J 1
o’
K’'E£p
where d? . are k-th dimension row vectors, D, =0 , . 1f k<£.+1
-k.i,0 kK,E. £.+1k 1
(£+1) k 1 1
and K gA e]lR 1 are the canonical blocks of (5.18) if k/\ea.+1.

The above description of the basis matrix may be translated in terms of

the corresponding homogeneous polynomials as follows:

Remark (5.9): Let B(s,s)={x (s.s), iep, deg x (s.s)=e.} be a homogeneous
1 ' -ei 1
minimal basis of sF-sG} and let xts,s)eN"¢sF-sG} be a homogeneous

polynomial vector of degree k-1. Then x(s,s) may be uniquely expressed as

x(s,s) = E a.(s,s)x (s.s) (5.4 7)
i:£.<k-1 1 el

where a.(s,s) €R[s,s] are homogeneous polynomials such that

deg{a,. (s,s) }<k-1-E£. 0
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Every k-th right annihilating polynomial vector x"(s,s) is generated

by a k-th right annihilating vector z eN (T. (F,G) }=A/k; thus, the study
% T k r

of the x"(s,s) vectors, as well as of the associated right annihilating

spaces is intimately related to the study of basis matrices of k

Thus, let us assume that Wk%0} and that €RknX0fc be a basis matrix

for Let us partition as

| 2 ek
S5k-1 k-1 eee’ N1
I 2 »k
Sk-2 *k-2 _... 5k-1
. . ' (5.48)
| 2 x9k
51 ) L
x99k
A | 2
_0 _O e 0 00 _0
and define the set of k-th order right annihilating polynomials
Pk((s,s);Nk]-{x£(s,8): x"(s,s)=x"sk’1+. _ x£ 2ssk~2+ x™ Isk*‘l €Rn[s,s],

ie6k . The set PKk[Cs,s);Nk] will be referred to as N™-right annihilating
set of sF-sG. The K][s]-, IR[s]-modules generated by the polynomial
vectors of Pk(Cs,1);Nk] (.set s=1), P?Cl,s) jN*] (set s=1) will be denoted
by M[Nk], ltA[N ] respectively and shall be referred to as R[s]-, K[s]-

Nk generated modules of (F,G) respectively. In the following the case of

M[NkJ modules will be considered, and the case of M[NkJ modules is similar.

Theorem C5.4): Let sF-sG eRmXn[s,s] be a right singular pencil ;4 et

OI
Oj be the smallest integer for which M 1 ~{o}, dimA/ i=p . Let N be a
a r (Tl
basis matrix for N 1, P [(s,s);N ] be the associated N -right
r -1 A °1 al

annihilating set and M[NOj 1, M[N..] be the corresponding modules. Then,

0j

Ci) The set P 1[Cs,s);N 1] is a p.-rank complete set.
a al

(11) POj [Cs,l);NOj IR POj [G.s);N ] are minimal bases for the pl.—rank

maximal modules M[N l], M[N 1] respectively.
al a

*

o
1. M[N ..] are invariants of er and sF-sG has

Ciii) The modules M[NOI 0
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£2=0"-1 as the smallest minimal index with multiplicity p~.

Proof
To prove the result, it is sufficient, as well as necessary, to prove
it for the P* [(s,1);NN~ ] set. Thus,

(1) Assume that x* (s) be the first vector that is dependent on the

I | h—1| h
receding ones in P s,D:N _ [={x_  (8),-...Xx_ _ (8).,X” (8),...}+. Given
p g o LSDIN L 1=1X L (9o (9DX0 ()03
that Oj is the smallest integer for which it follows that
XN for V jepj (otherwise there would exist a smaller than integer,

I al
say q| for which AMAMO}). Thus all vectors x”~(s) have degree

and thus we may write
h-1
X (8) = 2 “xi <> (5.49a)
_al i-1 1 _al

where a. elR and not all of them zero. By equating coefficients of equal

powers in C5.49a), we have that
a=0, a=[-Q],--. ,1>0 ... 0] (5.49b)

However, N  has linearly independent columns and thus a=0, which
contradicts the linear dependence assumption. Therefore P [(s,1);N" ]

and hence POI [(s,8);:N is linearly independent, and thus it is a

o 1-
Pj-rank set. By Lemma (5.3) and the minimality of <jj, it is readily
shown that all vectors in P [(s,s);N ] are prime. To prove the

al al
completeness we have to show that the set of vectors

¢ .”Xi 1 i > i i
Xo°2 > - -%0j-3720j-1

is linearly independent. Assume that they are linearly dependent; then

there exist a. . eR, not all of them zero such that
picr’
a x»=0 (5.50a)
i-1 j=0

Given that for ¥ iep,, the set {_xc’)\:)l(\ ,)_(Loj_i} satisfies conditions
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(5.4a), then by multiplying (5.50a) by F and using (5.4a) we have that

a vector z" may be defined by

Pl <~

5, = .1

- (5.50b)
1 i=.i jii ®i«] 1J ind g21 0

By deploying steps similar to those used in the proof of part (ii) of

Corollary (5.6), it follows that vectors of the type
pi N\
%k - 7 7 i k=L1,...,a -1 (5.50¢)
K 1-1 j=k ’'maJ KJ l

may be defined which satisty conditions (5.4a) and thus establish the

existence of a Z($kz2+. ..+sQ" ~zn  }eA/NMSF-sG}; clearly, this

violates the minimality assumption for a,. Therefore | is independent
P!

and POj [(s,s);NOj] is a p.-rank complete set.

(i1) The completeness property of P [(S,SA);N&V] implies that the
, -1 i
matrix M(s):[x(l)] () 5--- P)élj ~s)] has independent columns, no finite zeros

and 1t is column reduced (otherwise the set Sw could be dependent,

ul

Therefore P01 [(s,]);NN ] is a minimal basis for M[NO]]. Since M[NO]]

is generated by a minimal basis, it is clearly maximal.

(111) To prove that M[N ] is an invariant of N°*we have to show that it
al r

is independent of the particular basis which has been used to define it.

Thus, let N° be another basis of ngand let P(; [C

corresponding set. Then N(TQI :NQI T,TGKO%XOI pr|
N',1 ,N01 as in (5.48), it may be readily shown that
(5.51a)
where T=[t"]. (5.51a) then yields
5a]l(s) XL (8)o--x IOIT 5 54y

| |

and thus M[N<j] :|=M[Né1 1. Thus M[Na]] is invariant. The rest of the proof

is obvious. D
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The modules M[N ],M[N ] characterise the W | space of (F,G), shall
al °1 r

be denoted simply by and shall be referred to as the R[s]-, JR[s]~

Qpright annihilating modules of (F,G) respectively.

Remark (5.10): Let N' , 1=1,2 be two basis matrices of w and let
i

i . 01 1 i - i
Pl [(s,s):NL | be the basis matrices of the associated sets Pl [(s.,s):;n ].
°1 °1 CTl °1
If-N2 #N T, TeRPI1Xpl, |T|»0, then P2 [(s,s);N2 P [(s,s);N ]T and

<7 Oj 0] C] <l <

vice versa.

A matrix N”eRknX0”, which has been partitioned according to (5.48) will

be referred to as naturally partitioned. With the naturally partitioned
matrix N. we may associate the vector set .11e9N
SN will be referred to as the R -basis set of N* and the subset of SN ,

k k
§ 7{k-1’***¥H o called the i-th R-basis subset of N”.

Ik

Ntk will be called prime if for V ieO, , SXTk is linearly independent and
N

shall be called complete if is linearly independent. Within this

k
terminology, Theorem (5.4) yields:

g
Remark (5.11): If Oj 1s the minimal index for which W %6}and N is a
T al
1
basis matrix for Wf}l, then may be naturally partitioned and it is a

complete matrix.

Note that completeness of N* implies primeness, but not vice versa.
It is worth pointing out that the arguments used in the proof of
Theorem (5.4) are independent from the use of the Kronecker form and
thus may provide the basis for the computation of the Tc(F,G) set as
well as the minimal bases of sF-sG} in geometric terms. Before

proceeding with this study we define the following:

Let z=[x£ j,... ,XpX”"] eRkn be a naturally partitioned vector. The

matrix defined by
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Sk-| 0 . 0
5fc-2  Sk-i 0 .

Sk-3 5k-2 5k-1 .

. . . 0
Tk,n<2> " . . Sk-l eK(kn+i-xi (5.52a)

51 52 3 .
X, st I

0 X St )

_0 L]

. 0 50 J

. 0 . . . 52

. . ' . 51

0 . L] . .

o o Xo g

will be called the i-th Toeplitz matrix of z. If Nk~ -1»eee’f£]>ee. .z Je

€ RknXp £g a naturally partitioned matrix, then wd define as the i-th
Toeplitz matrix of the matrix

i .
eR(kn+i-Dxpi (5.5 2b)

It is clear that for i«l, Kjll(NK):NK and that for Vi, TKJ_ I (l\k) is
naturally partitioned. Note that the definitions given for basis matrix
Nk ’\]i” such as t'ie sets Pk[(s,s**);Nk Jand the modules M[Nfc] ,I:/I[N’\]
generated by PN (s,1);NNL,PAMN(I,s);N”] vector sets respectively, stem
from the natural partitioning of N* and thus hold true for every naturally
partitioned matrix. The only distinguishing feature for the case of basis
matrices of is that the vectors of Pk[(s,s);Nfc] and the modules
M[Nfc],l\éI[Nk] possess the right annihilation property for sF-sG. Of special

. . . k ..
interest here are the basis matrices of Some further definitions

and properties of naturally partitioned matrices are discussed first.

With an Ni( e|RknXp naturally partitioned matrix, we may define the
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following subspaces of JRn: WI(NM=sp{S™ }, ff (N")=sp{SN }, where
. k k

S .S are the i-th IR -basis set and JR"-basis set of N. correspondingly,
k k

U (NN, ff (NY) will be referred to as the i-th supporting space,

supporting space of N, respectively. Clearly, ff (N, )= E ft/l N, ) c]Rrrll.
K k i=l1 k

Some useful properties of general, naturally partitioned matrices are

discussed next.

Lemma (5.5): Let Nk £RknXp be a naturally partitioned matrix,
A={NMN*=NKT, T eKpXp,|T|*0}, T* n(Nk) be the i-th Toeplitz matrix of Nfc.

The following properties hold true:

1) If ff (Nk) 1s the supporting space of N”, then for every N”eA

and every 1, 1=1.,2,...

w (Tk>nNk>) = w Nk> <5.53)

%

(i1) If MINK|,M[Nk] are the IR[s]— KJ[s]- "-generated modules, then

for every N’e¢A and every i, 11,2,...
(5.54)

(111) If Nk is complete, then

(a) Every N%eA is complete.

(b) fank[T (N ]=ip for all i»I1.,2,...
it n K

(¢) The modules M[NkJ,M[NkJ are maximal Noetherian modules.

Proof
1) The proof readily follows from the definition of f/ (Nk) and by

inspection of the special structure of the Toeplitz matrices and the

relationship N*=NRT, T elRpXp, IT|6.

(i1) The proof of M[NkJ=M[Nk], N”eA is identical to that given in
part (ii1) of the proof of Theorem (5.4). Note that in that proof the

arguments used are independent from the completeness property of N
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To complete the proof we have to show that M[N,|=M[T? (N )]. If
K- K,n K

]

1(s,s) ;NN]={xj (s,8) ,je]i, deg Xj (s,s)=k} 1is the N”-polynomial set, then
pk[(s,D;:;NkJ={Xj (s) ,je”, degXj(s)=k} and pk+i((s>]) ; T nNk)]=

a3 {x (8) ,8x. (8),--- ,sxx3. (s) ,jeji). By inspection of the zpgve
two setsf it iereadily seen that MfN"] and M[TX n(Nk)] have the game

rank and that every vector in M[N"] may be expressed in terms of elements

of M[Tk n(Nk)l and vice wversa; thus M(Nk|=M[Tk n(Nk}1

(111) From the definition of completeness and given that NA-NAT we

have that

(5.55)

---» k-1 and that
V (N,)=® sp{X.}= ® sp{X.} with dim W (N )=ku, part (a) is proved.
j=0 J =0 J
Part (b) readily follows from the structure of Toeplitz matrices and the

completeness of N*. The proof of part (c) is identical to that given in

the proof of Theorem (5.4). I

Using the above Lemma we may state the following result.

Corollary (5.7). Let sF-sG ¢ RmXn[s.,s] be a right singular pencil, o" be

the smallest index for which A/“O}, dim A/l=pj, N eJRalnXpl be a basis

Qi k 1
matrix for Mr and let dimA/ T”zOK' ~he following properties hold true:

Ci) For all indices k: k=0j-1+i, i-1,2,..., then 0">pj(k-Oj+1).

Cii) If is t'ie minimal of the indices k: k=Oj+i -1, i=1,2,.. for which

0. >p.(k-0.+1), then the Toeplitz matrices TX (N ) £R"GI+N"1"nXplX,
ki i a..,n a.

k
1€02-0j are basis matrices for k=05 ,J|+1,... ,a2-1.
Gii) basis matrices

P. 1is an
J
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appropriate matrix and T (N ) 1s the corresponding Toeplitz
I’'n |

matrix.

Proof

For k=0j, Ng is a basis matrix and by Remark (5.11) is complete. By

Lemma (5.5), part (1ii)(b), T (N ) has full rank for Vi, 1-1.2,...;
I’'n |
it is readily verified that for Vk: k=o,-1+i the columns of Tl 1 (N l)
I . °1’n a
are in and thus 8§, kp.(k-o.+1)=p,i=#<columns of Tl = (N ). For all
r K i I 1 CTin  Oj

indices k for which O=p(k-o+1)=—pi, the matrices ¥ . (N _ ) are basis
k i i 1 Oj,n" O]

matrices for A/I_ and this completes the proof of parts (i) and (ii). From
the above arguments it follows that for all indices k: k-o™-1+i, i=cr2”’0jtj,

j®1.,2,..., the columns of TI (N ) are linearly independent vectors in
k 01 k

but since 91/<\>pl}(k—o/\+l)=pji, they do not span Ar any more. Therefore,

starting from TI (N ) we may always expand it to a basis matrix of Nk
cFrn’ a Kk r

by finding a matrix Pj, whose columns are in and they are independent

from the columns of Tl (N ); this completes the proof. i
al’n °1

The above result suggests a procedure for computing basis matrices for
Ak with the minimal amount of effort; that is by computing basis matrices
for those spaces which correspond to the singular indices of the RPAPS,
and then by expanding them using the appropriate Toeplitz matrices. This

technique is discussed next, and the suggested procedure leads to a

geometric definition of minimal bases. We first state the following result.
Proposition (5.13): Let sF-sG elRinXn[s,s] be a right singular pencil, A"
be the k-th right characteristic space, 0, =dim”™ , and let Nk be a basis
matrix for AIfA Let us further assume that (o”,p”) be the ordered pairs

of integers defined by

k ai
Oj =min{k: A/"fO}}, = dim
i-1 i1 (5.56)
a.=min{k: OR> £ p.(k-a.+D}, p£=% 2 Pi(Qi“ad+1)
j=1 17 J °i =i J
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For every integer a., there exists a family of naturally partitioned basis

a. * ~ naixOa. ~ no-xn-
matrices N of M 1, N =[N N ] eR 1, where N ell 1 Pl and

i i i i i
complete, W(N ) is the maximal space spanned by all right-annihilating
i
spaces, generated by right annihilating polynomials of maximal degree o"-2

and W(Na )nft/(Na )={0}.
1 ‘1

Proof
The result will be proved by induction. For i=l, N is a naturally

al

partitioned and complete matrix (see Remark (5.11) and Theorem (5.4)). By

Corollary (5.7), it follows that N =TQ2 ql(n ) and that N =
- N  Cl’n °1 °2
=[TG2 al (N );P ]. Clearly TO» 01+ (N ) has full rank and the problem
al’n al I al"n al

is reduced to proving that P* may be chosen to be a complete matrix.

naturally partitioned as in (5.48) and define the matrices

B°1 *51 “‘“Sﬁli_ll (5.57a)

[Gx 1,...Gx'  .5...
-1 -C]-!

v
Q
u><

(5.57b)

By Theorem (5.4) it follows that the vectors of P [(s,s);N ] is the
Ql Gl
subset of the vectors of a minimal basis of sF-sG} which corresponds

to all c.m.i. with value o.-1; thus, by Corollary (5.6) B has full rank.
CTl

We may now define the matrices Q=[B"* ,Bf] eRnXn, R=[B* ,B"]
|QI.|Q|6, where BT,B” are suitable matrices. Using similar arguments to

those of Proposition (5.11), it may be readily established that
R 1CsF-sG)Q=sF-sG, where sF-sG has the form

sk-sG = (5.582)

- pj blocks--------

where L (s,s) =block-diag{L = (s.s),.--.L (s,s)% < |jJ-1 and
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NfsF ;3G°} has no vector in it with homogeneous degree less than

(this

result is a trivial extension of the result stated in [Gant. -1] (Vol.2,

pp33-34)); furthermore,

L

(s,3) ;
el’pl

|
!
[

Using the special (R,Q) pair for which sF-sG is

the matrices B’,B" may be suitably chosen such that

(5.58b)

given by (5.58b), it

follows that N Z(F,G) may be expressed as a direct sum of the null spaces

n°2(1 L ) and N 2(F',G’), where L (s,s)=sL -sL . Let
r ei’pi 1.PI el,pl expl epPj

U be the representation of the basis matrix T al (N ), when it is
G2 Gl’n Gl

restricted to the L (s,s) subpencil and W~ be any basis matrix of

el’pl
n’2(f',g”).

We may partition U W as
a2 G2
W’
G2l
w9
UO W . & 59
p2
W!
0
Then, a basis matrix for defined by
, 1
u i o
II- >
g | WK 7
V1
Z [ .
P2 . ! L]
I
U>0 0
ceqee
0 i W%
By Theorem (5.4) and Remark (5.11), W

complete matrix and thus

matrix. By translating the expression for Z b

we have that if <Q>=diag{Q.,....,Q}, then

n’Plal
n-p-o- (5.59a)
nfpiai

(5.59b)

is naturally partitioned and

is also naturally partitioned and complete

ack to our original frame,
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Clearly N is a basis matrix for M and N elRO"ll p2 anj has fun rank.
a2~ r o2

The matrix N is complete since the columns of
a2

annihilating polynomials of maximal degree «2~2. Finally, for the matrix

(5.59¢)

there are no nonzero vectors a,0 for which P ottR 8=0; therefore
a2~ a2~
WIN n(VIN )={0} and for the step i=2 the result is established. The
a2 a?

generalization for any arbitrary index is identical. The arbitrariness

of the basis matrices Wa implies the existence of a family.

i 0
The set of ordered pairs of integers Kr(F,G)={ (cr’pp :Oj<.. .<ct™<...}
defined by (5.56) will be called the right set of singularity of (F,G)
and every index o” will be referred to as a right singular index of (F.G).
A useful remark that readily follows from the proof of the above result

(expression (5.59¢) etc.) is stated next.

Remark (5.12): Let N =[N N ] €Rnaix0Oai be a basis matrix for N i

ct ct._  ct« r
1 - M

which satisfies the properties of Proposition (5.13). Every other basis

€1
matrix N' of N 1 which is related to N by
°1 T ai

N =|N N =N H= N N I 2
ai ai ai ai L a1 a1l 0 H3
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where HeE |1 1, |hf, has also the properties of the bases defined by

Proposition (5.13).

In the following we investigate the relationship between the sets

K.(F,G) and Ic(F,QG).

Proposition (5.14): Let Krflor) PP -i«l .2,...} and Ic(F,G)={ (e..p!),
iejj} be the right set of singularity and the c.m.i. sets respectively of a
right singular pencil. Then ~(F,G) is finite and its cardinality is y;

furthermore, for Vieji, p.=p! and &<+Il.

Proof
The proof of the result readily follows by Theorem (5.2) and

Proposition (5.6). An alternative proof to this result will be also given

at the end of this section. I

Systematic Procedure for the computation of KNF,G)

The right set of singularity has been defined in Proposition (5.13) and
by Proposition (5.14), it is related to Ic(F,G) in a simple manner and
thus may be used for the computation of Ic(F,G). The systematic procedure

adopted for the computation of KN(F,G) is described below:

(1) Define the set of indices Ij={k: Nllc"{O}, k€g, where o=m+l, 1if m<n
and o=n if m>n}.
(a) If 1j=0, then K"CF,G)-0 and sF-sG is not right singular.

a.
(b) If I?[#O, find o,=_£1in11. and define p1=dim Nr*O

0Oj
Define the number ir I:n—p, Cr.-Cr, .
0 1

If <0, th 1 d K (F.GO)={(@. .p.)}.
(©) t _— en y«l an , (él ’P )}
(d) Ift >0, continue to the following step.

al
(1) Define the set of indices I2={k: 9k>p| +1)» k=Oj+i, icrr™ }.

(a) If 12=0, th®Il Ul and Kr(F,G)={(Oj .p¥ }.

(b) If 128, find o2=min If and define P2=0a "Pj(c™-Oj+1).
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A
Defi th ir =n-
efine e number ir np.o S,

(c) If ¢~ £0, then y»2 and ™(F;jO-CCQOj ,pj), (02,p2) }.

(d) If iT* >0, continue to the following step.
(111) Assume that from the previous steps the subset KNF,G)=

={(pl.,0)),-.--, (ppcrp} of K~NF,G) has been defined as well as the

. Ay .
number i —n—j L/1 P-O;-p- and that ¢ a, >0, otherwise the procedure
could have terminated. Define the set of indices Ti+m{k:
1
e>y P.(k-o.+1) k=O.+p,p€TT }.
Kj-17J J 1 i .
(a) If T"+1=0, then p-i and K"F,G)-KNF.G).

(b) If T.+560, find c*+j=min I.+] and define the numbers

1 A 1+1
-1=0 - 7 p-(o- .-o.+1) and i «n- £ p.o.-a. ..
pitl Vo j—lp( 0P ©j+1 j-1pJ T 1+
(o) It IEO, then p-i+1 and  &KC03)pj) -1, _,1+1}.

(d Ift +3>0, continue to the following step.
i

Note that ito >irO 1 and thus the Erocedure terminates either when
|
for some t, «+ <O, or when It+j=0. Having found the set
T
(F,G)={ ,ie£j, then Ic(F.G)-{ (<K-1 .pp .iqj}. Finally,

note that aP is the right index of (F,G).

existence of basis matrices
singular index; such matrices
they are naturally partitioned,

2) W(NCT) is the maximal space spanned by all right annihilating spaces

generated by vectors of maximal degree of cr.-2, (3) N is complete and

C4) Q/(Na )nW(Na )-{0}. A basis matrix of Wr , where a, is a singular
. . 1
i 1

index, which satisfies the above four properties will be called a.-

0. ~
regular basis matrix of N 1 and the submatrix N £IRcinxPi /11 be
o
referred to as a (oNjp")-regular basis complement of NT The o=

regular basis matrices provide the means for the computation of minimal

bases of sF-sG} and they also reveal a number of important properties
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of N sF-sG as it is shown next. A useful family of basis matrices of

the subspaces is considered first.

Proposition (5.15): Let sF-sG €[RmXn[s,s] be a right singular pencil,
KF,G)“{ (<JpP.) ,i€jj;0Oj <.. ,<0™} be the right set of singularity and let

n(Ax) denote the i-th Toeplitz matrix of the naturally partitioned

matrix elRTnXP. For all , there exist families of basis matrices
{N~: for the sequence of subspaces {W": k"Oj} which are defined as
follows:
(€))
(€39

N )

|
R iai=u
for which M’
r a

For eve k: ko , N =[T |
ii1) ry pr N L opn (NOj
N =TI (N ) e]RaPnXpP is a basis
a a .n a
U Y fot which Nr=r ecol—spr8*1_
a

a T a.
P P I

Proof

(1) By Remark (5.11), any basis matrix, say N<?1 of NOj is complete and by

the part (ii) of Corollary (5.7) this part of the result is established.

* i .
(ii) From part (i) it follows that N =Ta2 <JN ) is a basis of
* -+ 2 | Ca |
The column vectors of N =T°2 N ) are in M 9 and they are linearly
a2 Gl,n al r

independent; furthermore, Z col-sp{N” } is a proper subspace of az
oy

and
thus there always exist nontrivial subspaces (/ such that lr :Za eU .
<2 a2

*
* n — - -
a basis matrix for U then-N" =fN N ] jg clearly a basis
On g% a2 a2 a?

M . We shall prove that N is a O2 reguiar Basis matrix.
r

By Proposition (5.13), there exists a a_-regular basis matrix N02=[N 2,N021
a

of Thus, there exists an M eR [mP  such that



198
(5.60a)

By the construction of the 02“reSular basis matrix (eqns.(5.59a)-
2

(5.59¢)) and Lemma (5.5) 1t follows that col-sp{NN }»col-sp{N } and thus
°2 °2

by (5.60a) it is readily seen that M"=0 (otherwise some columns of

A
could have been linearly dependent on the columns of N ). Since M9=0,
°2 J

then by (5.60a) we have

* M2
N (5.60b)

2 0 M4

%
By Remark (5.12), N belongs to the family of c”-regular basis matrices

a, a2 02
of and thus NQ* is a (O2»p2)“re8ular basis complement of N . By
Lemma (5.5), T Q2+1(n ) has full rank for ¥k>a, and its columns are
0,,,n 0« 2
. k . Z k-oi+] ~
in Nr. From the previous step, To 1’11 (Na ) has full rank for Yk>Oi

| Ik
(Lemma (5.5)), and its columns are also in Mr The columns of

n
*

Nk ) (5.60¢)
are thus in Wr for and they are linearly independent; in fact, if

we assume dependence of the columns of (5.60c) matrix, then it is readily

shown that ft/(T* al+1(N ))n(V(T* C2+\na ¥0} which in turn implies that
* Cj,n Oj a2.,n o 2
W(N 1)rW(N )*{0} and thus Violates the (09,p9)-regular basis complement
a ~2 2

nature of . Thus, rank(N™)=p {(k-Oj+1)+p2(k-O2+1)=dim for ¥k:
2 * k
and the N”, defined by (5.60c), is a basis matrix for N* By

induction (the rest of the steps are similar) the proof of the result is

readily completed. i

Every family (N*: k™o”} of basis matrices for the sequence of subspaces
(F,G)-{A)f*: k™Oj}, constructed as in Proposition (5.15) will be called a
complete family. By the construction procedure, it is clear that a

complete family is uniquely defined, as long as the set of basis matrices
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{I: , 1eji}, for the set of subspaces G={(/ : ieji, V * has been
defilned. The set of subspaces G will be r;ferred tolas a set of
generating subspaces of Sr(F,G) and every set of basis matrices of G,

, ie}i} will be called the set of generators of the complete family
B(A&)={Nk: k£ci,}. Note that the elements of G (apart from (/Oj) are not
uniquely defined; and the family of all sets of generating subspaces of
(F,G) will be denoted by <(F,G)r>. For every Ge<(F,G)r>, there exists a
family of sets of generators which shall be denoted by <A">. If
{N*: k>0Oj} is a sequence of basis matrices for the elements of Sr(F,G)
(clearly, such a sequence is not uniquely defined), then for
Vv we shall denote by P[(s,s);N"] the N”™-right annihilating
set, by MIN.],M[N"] the corresponding R[s]-.IR[s]-N"*-generated modules

and by W(N") the supporting subspace of N*. The main result of this

section 1is stated below.

Theorem (5.5): Let sF-sG eRmXn[s,s] be a right singular pencil 4 let

KF.,G)={(a.,p-).ieu: 0,<...<o } be the right set of singularity,
*1 1 U

B(AM)={N": k>0|} be a complete family of basis matrices of Sx(F,QG),

corresponding to a set of generators ANMN” iey} and let 8={N"™: k>clj}

be a general family of basis matrices of S*CFjG). Then,

(i) For every singular index cL., the matrix NO*e B(Ar) 1s a e%.—regular
O. ~ 1
basis matrix of W 1 and N e A" is a (cr_p-.)-regular basis
T o. b i
ai 1
complement of . Furthermore, for any set A”, the corresponding

set of supporting subspaces W(Ag)={(V(N(, ).iejj} is linearly
i
independent.

G

(5.61)
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iii For eve set of generators A”, then
(1i1) ry g

(a) The set of homogeneous binary polynomials
A A/ y
PAr)-{P [(s.,s): N ], ieji} is complete and of rank p= 7 p..
~ i=l
(b) For every singular index o. the ][R[s]-module M[n ] has

rank p., it is maximal Noetherian and the vectors of

P [(s.]): N ] define a minimal basis for M[n ] . Furthermore,
a. a. a.
the set of KJ[s]-modules defined by M[A/\;’]:{M[nOf] . iejj} is
linearly independent.
Gv) Let Qfc={at,tEv: at€ ai>> = = =and ot<k}. For any basis matrix
N, of Nk, the R[s]-module M[n. ] is an invariant of A/ it is
K T A% k T
maximal Noetherian of £ p. rank and it may be expressed as
t-1 X
(5.62)
1
Proof
is a (J"-regular matrix of
of Proposition (5.15). By
k
N (5.63a)
°1i
i-1 ~
and WIN )nW(N )={0}. By Lemma (5.5) W({l )= £ WN ) and thus
°1 °i j-1 ’j

y WIN HIWIN )={0} for Vigu; the last condition clearly implies the

J=1 J 1
independence of the set W(Ag), as well as that

(5.63b)

k

(ii) Let Nk be any basis matrix and the k-th element of a complete

family of basis matrices. There exists a square, full rank matrix H

such that W_ This relationship5in the natural partitioned form?may

be expressed as
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(5.64a)

FH]..N »

=col-sp{[Nk™ \...,Nv°]diag{H,... ,H}}«W(NV). This condition implies

that: (1) (V(Nfc) is invariant of and (2) that the properties of WQN\")
may be studied by considering a complete basis for “}&
Let Ofc be the set of singular indices for which ct<k. Then, may be

expressed as

(5.64b)

is established.

(111) (a) Since N is a naturally partitioned and complete matrix then
the set PO. [(s,s);l\?’l\ ] is linearly independent and rank p~, since

1
otherwise, the completeness of N is violated. The primeness and the
independence of the characteristi(t subspaces of the wvectors of

PCF [(s.,s):N ] follow immediately from the primeness of NCF . Thus,
-1 —~ —1

PO'< [Cs,s);Nm] is a complete set. The independence of the set of subspaces

B . ~
£V(Ag) established in part (i) and the completeness of every P* [(s,s8);N/ ]
i i
implies that the vectors of P(Ag) are linearly independent (otherwise

the independence of W(Ag) is violated); clearly, the rank of P(A") is

P A~

2 p.. The completeness property of every subset P [(s,5);N” ] of P(AM)
i-1 1 ai ai

and the independence of the set W(Aq) implies that P(A") is complete.
(b) By definition M[n ] 1is generated by P* [(s.1);N” ]; the completeness

of P [(s.1)N ] implies that it is a minimal basis of M[n ] which has
0O<

CT. <7.
1 1 -~ 1

a minimal degree and thus M[N ] is maximal Noetherian and its rank is p..
o 1

i
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The completeness of the set of vectors P(A”), immediately imply the

independence of the M[A" set.

(iv) Let 1= be any two basis matrices of k Then, there exists a

square and invertible H matrix such that N*=N"H. Let (s,.1);N*]=

m{xXj’(S) ,--- ,Xj (s)}, 1=1,2 be the vectors generating the K[s]-modules

l ,M[lec] respectively. Following identical steps as in the Proof of
I

Theorem (5.4), it follows that NZ/\NAH implies that

[x7(Cs)..x” ()] « [XJ(8),....x" (s)]H (5.65a)
k k

%

Note that PM[(s,1);N"J] generates Mﬂ\}/\', i-1,2; given that H is invertible,
(5.65a) implies that l 2 and thus any MtN*] is an invariant of

The invariance of suggests that for the study of its
properties we may select any basis of Let us consider as a basis
matrix for the k-th element of a complete family, say N*. Such a
basis matrix is expressed as in (5.64b) and thus, by Lemma (5.5) it
follows that MCN”], and thus , 1s generated by the vectors

PQ * <P [Cs,D;:N  J:.. P [(s,D:N ]} (5.65b)
| | v A

Corollary C5.8): Let A™»{N* _.iejil be a set of generators of a complete
1
family B(A”), B-fN7zk™Oj) be any sequence of basis matrices of Sr(F,G)

and let ft/CB)={W(Nk) zk>0j} be the corresponding sequence of supporting

subspaces.

) For every pair of integers (i.j) for which either at-i,j<<at+tj,



203

or CT ij, CT =max{K(F,G)}, then WN")=W(Nj).

(i) For every pair of integers (i,j) for which ([t<i<ot+j*CT"<j, then

WNL)CWNG).

(i) If aP is the right index of (F,G), then W(N )=R is the maximal

P
right annihilating space of (F,G) and

(5.66)

The proof of the result is a straightforward consequence of part (ii)

of Theorem (5.5).

Corollary (5.9): Let A fN” _iejji} be a set of generators of a complete

family BGAg), B={N"k>CTj} be any sequence of basis matrices of St (F,G)

and let :k>a”} be the corresponding sequence of R[s]-modules.
1) For every pair of integers (i,j) for which either o™i,j<<ot+J,
or CT"1,j, CT"=max{K(F,G)}, then =M[Nj] .

(1) For every pair of integers (i.j) for which (Tt"<CTt+J "CTp<j, then

rank {M[Np }<rank{M[Nj] } and M[N.]JcM[Nj].

If ¢¢ 1is the right index of (F,G), then M[N ]*M is the maximal

(1i1)
P P
>[s] -Noetherian module which is contained in N"(sF-G).
Gav) For every set of generators A”, the set of polynomial vectors
Pls:Ag]-(P [(s,1):N ]5...;FP [(s-1):Ng ]} (5.67)
1 | p P
defines a minimal basis for M and thus for N"GF-G) with a set
of minimal indices Ic (F,G)«{(c¢.-1 ,p") ,i€}i}.
Proof

Parts (1), (ii1) and (Gii1) follow immediately from part (iv) of

Theorem (5.5). The completeness of P(A”), implies that the set
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P[s»Aq] 1s independent, has no zeros and it is column reduced. Given
that P[s;Ag] is a basis for M , it follows that it is a minimal basis and

its degree set is Ic<F,G)={ (a™-1 ,pp .iejl}

The results stated above for the M[8] sequence of R[s]-modules may be

R['s]-modules. Clearly, Corollary (5.9) provides alternative means for the
construction of minimal bases which are independent from the algebraic
tools, used for their definition. Similarly, Corollary (5.8) provides a
procedure for computing I: . which is also independent from the construction
of a minimal basis. The key tools in both procedures is the construction

of a set Ag of generators of a complete family of basis matrices of

S (F,QG).

Remark (5.13): For any set of generators A”, the set of homogeneous
binary polynomials P(Aq)s{P [(s »s);N”~ 7].ieji} is a, homogeneous minimal
ai ai

basis for (sF-sQG). i

The last problem considered in this section is that of determining the
possible degrees of prime right annihilating vectors; such a problem is
intimately related to the study of possible dimensions of right
annihilating spaces. In the context of linear systems, this problem has
been first studied by Warren and Eckberg [War&Eck-1] in their
investigation of the possible dimensions of controllability subspaces.
Using the properties of the canonical basis matrix or right annihilating
vectors of an entirely right singular pencil, an alternative proof to
the Warren and Eckberg result was given in [Kar - 2]. The proof of the
result stated next is a straightforward generalisation of the proof given

in [Kar-2] for entirely right singular pencils.



205

Theorem (5.6): Let sF-sG eRmXm[s.s] pe a right singular pencil and let

Ic(F,G)-{(e. .p-O"E£j—ec2<...<ey} be the set of c.m.i. Let us assume
that x(s.,s)=X" je”™ j(s,s) be a prime right annihilating vector and that

£V is the maximal c.m.i. for which eV+l<d. Then.

v

1) If ¢ +1"d< J p,(e.+1), there always exists at least one prime
i=1 1 1
vector x(s,s) with degree d-1.
v
i) If d> 2 fe.+1), there exists no prime vector x(s,s) with
i-1 1 1
degree d-1.

Proof

If x(s,8)=X" lek 1(s.,s) e M*sF-sG} then by Proposition (5.9)

D.
k.o.g
Ve *t
V. =0Q g+tl = QDk (5.67a)
0
where {e =...=e =0<f£ <...£e }=1 (F,G) and D, €RMe1t+1™xk 1s the
1 g g+l Pc k,£<
canonical block (5.18) if k>£1.+1 and Dk :0£ -~ if k<1§(.+1. If we
»C o« e e 1
1 1

. . : e c .
partition Q into column blocks according to the partitioning of i.e.

Q=[Q_.Q_ >»<? 5], Q eKn*(ei+1), then (5.67a) yields

8 g+l £P 1
Dk,o,g
Ve | | Dk (5.67b)
/i L o= gt - g+l
D
I((’ip
Clearly, 'm(0} and thus the linear dependence, or independence

properties of the columns of j 1s defined by the dependence, or
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independence properties of the columns of D». The proof of the result

is then reduced to that of Theorem (5) [Kar - 2].

Theorem (5.5) and its Corollaries have established the existence, as
well as the properties of the families of right annihilating spaces (V(B)
and right annihilating modules M[B] (M[B]). The families (V(B),M[B] are
independent from the family of basis matrices B, which have been used for
their definition, and they characterise the pencil sF-sG, or the pair
(F.G). W(@B) will be referred to as the right family of vector spaces of
(F,G) and M[B] as the right family of !R[s]-modules of (F,G) and because
they are independent from the particular family B will be simply denoted
by W(F,G)«{(I/k:k>0j } and M[F,G]={M":k>cr} respectively. Note that both
families W(F,G).M[F,G] are partially ordered by the set K(F,G)={(oi,pi),

i€y, 0<0j<<...<0”} since for W(F,G) we have that

W. - Wj Viej o o V=W Vi (5.68a)

1

and

W c W c c W (5.68b)

°1 2 o

and similarly for M[F,G] we have that

Mi ° Viej e .M, - MJ. Vi.j (5.69a)

and

U M ¢ ... ¢ Ma (5.69b)

02
Yy

By ie[ov,crv+1) we mean that 1 takes values from the set of integers

- that
{oV,ch—l—l,,...,chJr,I, 1). Note a

T
dim W = rank M = £ P«er- (5.70)
°T U o R
- x
Both families W(F.G),M[F.G] are bounded and S'P (V(EGOZV *R and
£ £ . y
sup M[F,GF-M =M . R is the maximal right annihilating space of (F,G)
E3

y
and M 1is the maximal ]R[s]-module in Nr{sF-G}.
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Remark (5.14): The families W(F,G),M(F,G) are invariants of the

equivalence class (F,G)={(F’,G’):Fr=RF,G’=RG,R eRmXm, |r |["0}. Q

The results presented in this chapter for right Toeplitz matrices and
the right annihilating spaces may be readily translated to the case of
left Toeplitz matrices and left annihilating spaces; this is achieved by

considering the pair (Ft,Gt) and then by transposed duality interpreting

the results for (F,QG).

5,6 Conclusions

The results of this chapter extend the number theoretic, geometric and
algebraic results of Chapter 4 for regular pencils to the case of
singular pencils. The sets Ic(F.,G),Ir(F,G) of c.m.i., r.m.i. respectively
of a singular pencil have been defined by the study of discontinuity
properties of Piecewise Arithmetic Progression sequences defined on the
pair (F,G); this definition demonstrates the unity (from the number
theoretic viewpoint) between the minimal indices and the Segre'
characteristics. The computation of Ic(F.G).Ixr(F,G), which is based on
the Piecewise Arithmetic Progression Sequence Diagram, or Weyr Sequence
Diagram, or on the set K(F,G), is independent from the algebraic definition
of those two sets (degrees of a minimal basis); the key numerical tool
involved in such computations is the computation of the rank of real
matrices. An additional advantage of this approach is that the
computation of those two sets is also independent from the Kronecker
canonical form based procedures [Van Door - 1],[Wil - 1]. Apart from the
obvious computational advantages, the present approach allows the
definition of the sets of c.m.i., r-m.i. as functions defined on an ordered
pair (F,G) and independently from the associated pencil.

The study of properties of the Toeplitz matrices of (F,G) has revealed

a number of important aspects of the families of right (left) spaces and
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right (left) modules of the pair (F,G). The families W(F,G) M[F,Gj of
subspaces and modules have been shown to be invariants of the rational
vector space MMsF-G); both families have also been defined geometrically
and independent from their algebraic nature. The study of properties of
&/(F,G) ,M[F,G] families has led to a new procedure for computing minimal
bahses for the rational vector spaces Wr {SF—SG},NX {sF-sG}, which once

more is purely geometric and independent from the algebraic definition of
minimal bases.

One of the key tools in the development of the results of this section
has been the theory of naturally partitioned matrices, also developed in
this chapter. These results are general and they do not depend on the
case of matrix pencils; it is believed that use of these tools to the
general case of polynomial matrices may lead to general results concerning
the properties and the computation of minimal bases of rational vector
spaces. Finally, it is worth pointing out that the results of this
chapter, on the computation of Ic(F,G),1"™CF,G) sets, may be combined with
those of the previous section, on the computation of the Segre:
characteristics, to provide a procedure for the computation of the Kronecker
canonical form of a singular pencil. The key characteristic of this new
procedure is the analysis of the singularities of appropriate Piecewise
Arithmetic Progression sequences, which leads to the derivation of the

Kronecker form without resorting to the use of special transformations.



CHAPTER 6:

Bilinear—Strict Equivalence of
Matrix Pencils
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CHAPTER 6: BILINEAR-STRICT EQUIVALENCE OF MATRIX PENCILS

6.1 Introduction

The study of properties of the matrix pencils sF-G and F-sG, defined from
the homogeneous pencil sF-sAG, or defined on a pair (F,-G), has demonstrated
the existence of an important notion of duality, the so-called "elementary
divisor type duality", or "integrator-differentiator type duality" [Kar. &
Hay- 1,21. The matrix pencils sF-G,F-sG are related by the special type
of bilinear transformation: s, which clearly transforms the points
6,«>,a of the compactified complex plane (Cu{°°}) (or of the Riemann sphere)
to the points ©»,0,1/a correspondingly. The duality notion between sF-G
and F-sG stems from the nature of this special bilinear transformation.

The aim of this chapter is to study the properties of matrix pencils under
the combined action of the general bilinear and strict equivalence groups
acting on a homogeneous matrix pencil sF-sG, or on the ordered pair (F,-G).
A complete set of invariants for matrix pencils under Bilinear-Strict
Equivalence will be defined; this work forms the basis for the study of
various notions of duality defined on linear systems and provides the means
for the development of a unifying approach for the study of properties of
regular and extended state space systems.

The study of the Bilinear-Strict Equivalence of matrix pencils has been
initiated by the work of Turnbull and Aitken (Tur & Ait - 11; in CTur &Ait- 1]
the covariance property of invariant polynomials and the invariance of the
minimal indices is established. The results in this chapter complete the
work in [Tur & Ait - 11 by defining a complete set of invariants for the
Bilinear-Strict Equivalence class of a matrix pencil, or of an ordered pair
(F.G). An essential part in the search for a complete set of invariants
of sF—sAG under Bilinear-Strict Equivalence is the study of invariants of

homogeneous binary polynomials, f(s.,s), under Projective-Equivalence
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transformations; such a study of invariants is reduced to an equivalent
study of invariants of matrices under Extended-Hermite type transformations.
The final result is that set of column, row minimal indices, the set of all
index sets of (F,-G), a set of vectors defined as Pliicker vectors, and a

set of Grassmann-type vectors, emerge as the set of complete and independent
invariants for the Bilinear-Strict Equivalence class of a given matrix
pencil. These results provide the means for the study of properties of
linear state space systems under space and frequency coordinate
transformations. The application of this theory to linear systems is
discussed in Chapter 8.

The chapter is structured as follows: The notion of Bilinear-Strict
Equivalence of homogeneous matrix pencils and an interpretation of this
equivalence as coordinate transformations in the frequency domain is given
in Section (6.2). In Section (6.3), a number of preliminary results are
summarised; the covariance of the Smith form of sF-sG and the invariance
of the column and row minimal indices under Bilinear-Strict Equivalence is
established, and the notion of Projective-Equivalence of binary homogeneous
polynomials is introduced. Section (6.4) is devoted to the study of
Projective-Equivalence (PE) of homogeneous polynomials f(s.s). The
complex and real lists of f(s.,s) are shown to be invariant under PE and the
search for a complete set of invariants under PE is finally reduced to a
study of invariants of matrices under Extended Hermite Equivalence (EHE).
The theory of EHE of matrices is developed in Section (6.5); the set of
r-prime Plucker vectors, and the (x.1]|,i2)-(C-canonical Grassmann vector
are shown to be equivalent complete invariants under complex EHE. For the
case of real EHE, it is proved that the (1.1j ,i£)-1R-canonical Grassmann
vector is a complete invariant. In Section (6.6), a complete set of
invariants for binary polynomials and sets of binary polynomials under PE

is derived. For both cases (a single polynomial and a set of polynomials),
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it is shown that the complete set of invariants is made up from the real
and complex lists and the (r.i"™,12)-]R-canonical Grassmann vectors
(characterising the real Extended Hermite Equivalence). Finally, in
Section (6.7) a complete set of invariants for Bilinear-Strict Equivalence
of matrix pencils is derived by combining the results of Sections (6.3)
and (6.6).
6.2 Definitions, statement of the problem and interpretation of bilinear
transformations

The study of Bilinear-Strict Equivalence is greatly simplified by the

introduction of appropriate notation and definitions. Thus, let

1={L:L=(F,-G) ,F,G elRinXTl} be the set of ordered pairs of mxn matrices and

let 0={0:9=(X,A)} be the set of ordered pairs of indeterminates. For

V L=(F,-G)el and 9=(s,s)e0, the matrix [LI=[F,-G3 eRmX*n will be called a

matrix representation of L and the homogeneous polynomial matrix

L0 - L(s,s) = CF,-G] - sF-sG (6.1)

will be referred to as the 9-matrix pencil of L. We define the following
sets of matrix pencils: Lg = {L*: for a fixed 9=(s,s)e0 and VL=(F,-G)€1},
L(0) = {LO: ¥6=(s,s)e0 and V L=(F,~G)€1}. In the following, three types of
equivalence are defined on L, or equivalently on 1(0). These equivalence
relations are generated by the action of appropriate transformation groups
acting on 1, or 1(0).

Consider first the set K={k:k=(M,N) M eRmXm, NER"nX"n, M|, [N| 6} and a
composition rule § defined on K as follows: ¥ kj=(MMj,Nj),

k2=(M2,N2)¢K, then

= (MI,NIfM 2.N2) = (M|M2,N2N1) (6.2)

It may be readily verified that §K, is a group with identity element
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(Im,I(Z)n). The action of K on L is defined by: 0 KxL- : Vk=(M,N)eK and for

an L*“(F,-G)€l, then

k°L - k»(F,-G) - L' - (F'.-G”)eL: CL'] - M[LIN (6.3a)
or equivalently

CF',-G’] - MCF,-G]N (6.3b)

Such an action defines an equivalence relation E* on L, and E~N(L) denotes
the equivalence class, or orbit, of Lei under K. Three important subgroups

of K, and thus three notions of equivalence on L or L(9) are defined next:

(1) STRICT EQUIVALENCE; The subgroup §H, of K, , where

H = {fa/r=(R,P) ,R elRnXn,P=diag{Q,Q},Q eRnXn, |R|, |Q|6} (6.4a)

is called the Strict-Equivalence Group (SEG). The action of H on L is

defined by VheH and for an L-(F.,-G)el, then
(R,P)o(F,-G) = L' = (F'.-G"Y)el: CL'] - R[F,-G]P (6.4b)
or equivalently:

CF',-G'] = R[F,-G] Q 0 = [RFQ,-RGQ] (6.4¢)
0 Q
The equivalence relation E» defined on L as above, is called Strict-
Equivalence (SE) (CGan-11). Two pencils Lg=sFj-sGj, L0=sF2‘sG2e"0 are
said to be strict equivalent, LbEALg\, iff there exist (F2,-G2)=
="I°(Fl ,-Gj). By EAF,G) we denote the SE class or orbit of LD:sF—sG, or

equivalently of L=(F,-G).
Cii) BILINEAR EQUIVALENCE: The subgroup §B, of #K, , where

al bl a b .
B = {b:b=(I , n n €R2x2,|£|=ad-bc*O} (6.52)
m cl di _c
n n
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is called the Bilinear-Equivalence Group (BEG) CKar&Kal-11. Every beB
is generated by a projective transformation B, the meaning of which will

be discussed later. The action of B on L is defined by:

bOL = bO(F,-G) «L’ = (F’,-G"el: [L’j = imEl Tt ; (6.5b)
or equivalently:
CF™-Gn = ImCF,—Gl alrl bln = CaF-cG,bF-dGl (6.5¢)
cl di
n n

The equivalence relation Eg, defined on L, is called Bilinear-Equivalence
(BE). Two pencils L"sFj-sG” ,Lg "XFz-XGz, 9-(s, s) ,9T=(X,A)e0, are said to
be bilinearly equivalent, Lg%glsg,, “iff there exists a transformation

B: 8.4)) and thus a 6eB, generated by B, such that: (F"-Gp™h© (Fj .-G)).

By Eg(F,G) we denote the BE class of LO0=sF-sG, or equivalently of L=(F,-G).

Note that the composition rule § is not commutative on K; however, the

following property holds true:
Proposition (6.1): For V beB and V heH, then B=h

Proof

" 3 1 \ " 3
B = IR, Q 0 ; l _ aln b n ).(((In, aln bln
0Q ' A '

pr W0 Al bl b*h,

r o Q Cln din

B [
Remark (6.1): Fek, but generally AfB  and BA£fH.
(1i1) BILINEAR-STRICT EQUIVALENCE: The subgroup €H-B, of where
H-B = b, V heH, V beB) (6.6a)

is called the Bilinear-Strict Equivalence Group (BSEG). The action of H-B

on L is defined by °:H-BxL->L: v SieH-B and for an L=(F,-G)et-, then
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/1°L

Bi°(F.-G) 1°{b°(F,-G) } =

60{fo°(F,-G)} = (aRFQ-cRGQ,bRFQ-dRGQ) (6.6b)

The equivalence relation E* g defined on L is called Bilinear-Strict
Equivalence (BSE) [Kar& Kai-1]. Two pencils L(S:SKF}—SGA,LQt:XF2~XG26b(9),
i 1 =
6=»(s,5),0°’=(X,X) are said to be bilinearly-strict equivalent, L"E" gl g,
iff there exists a transformation B: &sX) and thus a beB, as well as
an keH: (F2,-G2p>+Tk (Fj,-Gj). In matrix form the above condition may

be expressed by [LiOCH®BI ol I, or

[F2,-G2] = RCFp-Gji 2 ™ (6.6¢)
cQ dQ
By we shall denote the BSE class of L =sF-sG, or equivalently of

L=(F-G).

A preliminary result characterising the effects of H,B H~B on an Let is
stated next.
Proposition (6.2); Let Lel,b€B,keH.
(1) If L—*-b°L=Lb, then E~N(L)EN(LDb) is a bijection.

(i1) If L-> h°L=Lb, then Eg(L) —Eg(Lb) is a bijection.

Proof
Ci) Let L°eEN(Lb), then 3 A.eH:L’=h° (Lb) and since Lb=bol, we have that

Lr=h.o (b<>L)=bo (hoL)=b® (Lb), where Lb=h.°LeE~NL), so 6°CLb)}Lr.

If we assume that 3 Lb eE~NL), such that bo(Lb )=LT, then (< (h’oL)=LI=
ko(boL), or hlo(Lb)=t® (Lb). Let us assume that k= (R,P) ./iT=!(Rr ,P1l), then
R[LbIP=R’[LblP’ implies that (R,“‘IR,PP’"'1)=(Im,I2n) and thus R’=R,P’=P,

or h.=k" The proof of part (i1) follows along similar steps.

Note that the action of Ji=(R,P)eH on the pencil Lg=sF-sG may be

interpreted as
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L
- RfF,-G] ™ °  S'n  * R(F-sG)Q = sF’-sG’ = L (6.7)

o si

: Q. L nJ
and thus SE implies a coordinate transformation in the domain and codomain
of the ordered pair (F,-G), but not a change in the indeterminates (s,s).

The action of bZ(%,Tg) on Lglst—sG, however, may be interpreted as

6®L(s ,s) bl1’1

di XI

n n
= X(aF-cG)-X(-bF+dG) = XF’-XG' = L’ (6.8)

u
which clearly expresses a change in the indeterminates from (s,s) (X,X)
by the bilinear transformation:

where a,b,c,delR and 6=ad-bc (6.9)

Thus, a bilinear transformation expresses a coordinate type transformation
in the indeterminates but not in the domain and codomain of the pair (F,-G).
The action of H=h on a matrix pencil LD:sF—sG has the features of both H
and 8 groups and thus implies a coordinate transformation in the domain and
codomain of (F,-G) and a change of indeterminates from (s,é) to (X,X)
according to eqn(6.9). The nature of the transformation g, that generates
the transformation beB is discussed next.

It is known [Se&Kn- 1J that an n-dimensional projective domain over a
field F, or a projective space IP"CF), is a set of entities (usually called
the points of the space) that admits of a certain class {R} of
representations by homogeneous coordinates (xq,Xj.---.Xj in F; this class
is such that, if Rq is any representation, the whole class {R} consists of
all those representations that can be obtained from R° by nonsingular

linear transformation
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Thus, the representations R of are connected by a group of non-
singular linear transformations. This group is referred to as the general
projective group and it is denoted by PGL(n;F). In our case, n=l,F=(E, the
projective domain IPj (E) is the projective straight line on the compactified
complex plane ((Eu{°°}); the class {R}, is the class of all bilinear

transformations B:(s,s) + (X,X) defined by

6: s=aX+bX, s=cX+dX, a,b,c.de(E, 8d-bc (6.10)

Of particular interest are the subgroups of {R}, the {R.”} for which
a,b,c,de!R. The nature of the homogeneous coordinates of points in a line
and the geometric meaning of B is discussed next.

On a straight line of (Eu{«} (Figure (6.1)), we employ two fixed points A
and B as points of reference. The homogeneous coordinates of a general
point P of the line, is any pair (s.,s) such that s/s=c AP / PB, where c is
a nonzero constant, and the same for all points P, whiile AP,PB are directed
line segments, so that AP=-PA and PB=-BP. We agree to take s=0, if P=B

and s=0 1f P=A.

Figure (6.1)

Given P we have the ratio s/s. Conversely, given the latter ratio, we
have the ratio AP/PB, as well as their sum AP+PB=AB, and hence we can find
AP and therefore locate the point P.

Let us now assume that we wish to express the values of s and s in terms
of the coordinates X and X of the same point P referred to new fixed points

of reference A’B (see Figure (6.2)). By definition, there is a certain
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new constant B, such that X/X=k.A'P/PB”. Since A’P+PB’=A’B’, we may

replace A’P by A’B’*PB and get
PB = kX A’B’/(X+kX)

Let A have the coordinates X°X referred to A’B Then
kX?.A’B* [5:.°¢

X +kX’ (XHKX)(X*#kX )

>

Similarly, if B has the coordinates Xj, Xj referred to 7B , then
(XX -XX ).Pbl-
PB = ——-- Ll —
(X+kX)(X +kX )
Hence, by dividing (6.1 1b),(6.11c) we have
-cNj+kXj5)

£=AP =1 XX -
) ., where — =
S PB q (AXJ 'XXJ ) q X +k X

Since we are concerned only with the ratio s/s, we may set

s = rX°X+rX’X, s = -gXjX+qXjX

Since the location of A and B with reference to A’ and B’ is at our

* *

(6.1 1a)

(6.11b)

(6.11¢)

(6.1id)

(6.lie)

choice, as also the constant c, the values of rX’-rX’, qX* and -qXj are

at our choice. There is, however, the restriction that A”B, hence

A a

X’Xj~XjX?. Thus, a change of reference points and constant multiplier c,

gives rise to a linear transformation:

8: s = aX+bX, s = cX+dX, 6 = ad-bc * 0

which is clearly a coordinate transformation on the straight line.

(6.110)

Conversely, every transformation 8 can be interpreted as the formulae for

a change of reference points and constant multiplier.
The general projective group on the projective straight line of

will be denoted by PGL(1,(C); it is made up from the coordinate

transformations 8 with a,b,c,de(C and 6=ad-bc7<). The subgroup of PLG(1,(C),
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defined by the extra condition that a,b,c,de!R will be referred to as the
R-general projective group on the projective straight line of and
shall be denoted by PGL(1,0/1R). The group PGL(1,C/1R) generates B and
thus plays a crucial role in our study here.

Throughout this chapter the following notation will be adopted for the
points of tCu{*°}, or equivalently of the Riemann sphere. The equivalence
class of ordered pairs (ty.£5), where y,6e(C given 9.6) and te(C-{0},
otherwise arbitrary, defines a point of (Cuil®}, or equivalently a point on
the unit radius Riemann sphere sph(Rie). The pairs (0,1),(1,0)
characterise the origin of I (the south pole of sph(Rie)), the point at
infinity of (Cu{«w} (the north pole of sph(Rie)) respectively. For every
class of pairs (y,t6) the invariant ratios Cy/c5=y/5, if 6 and
ANS/Ny=5/y, 1f 8, are defined as the frequency and the inverse frequency
of the class correspondingly. The inverse frequency of (0,1) is defined
as ® and the frequency of (1,0) also as «.

By defining the reference points (0,1) and (1,0) on sph(Rie), every
class generated by (y.,5), with the only exception the pair (0,0), uniquely
defines a point on sph(Rie); such points are characterised by the
invariants, the frequency and inverse frequency. The action of BePGL(l ,(E)
on a pair (y,6) may thus be interpreted as redescription of the same point
with respect to a pair of new reference points on sph(Rie). In fact the
parameters (a,b,c,d) of B are uniquely defined by the coordinates of the
new reference points (a,b) and (c,d) with respect to the old reference
points (1,0) and 0,1) respectively.

The essence of the BSE notion, defined on matrix pencils (or equivalently
on ordered pairs (F,-G)), is that it represents coordinate transformations
on the domain and codomain of (F,-G) (space coordinate transformations), as
well as coordinate transformations on the sph(Rie) (frequency coordinate

transformations). The study of the invariants of BSE is the main
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objective of this chapter; such a study will be carried out on the sets 1,
or equivalently on 1(0), since transformations on | may be interpreted on
1(0) and wvice-versa. The starting point in this study is the investigation
of the properties of the set of SE invariants of a matrix pencil under BE
transformations. The results discussed in the following section are

based on the work of Turnbull and Aitken [Tur & Ait - 1] and provide the
basis for the derivation of a complete set of invariants of matrix pencils

under BSE.

6.3 The properties of the set of SE invariants under BE
Let L=(F,-G)el, 0=(s,s)e0 and let LD:L(S,S):SF—SG be the associated

matrix pencil in (s.,s); L(s,s) eR[s,s]mXn and assume that rank™g g"{sF-sG}=

ap<min(m,n). The Smith form of L(s,s) over K[s,s] ([Gan-1]) is defined by

S(s,s) = P p.n-p §6.12
0 0
m-p,p m-p,n-p
where S* (s,s)=diag{f] (s.s) .£2(s.s) ,-.--. .,f (s.,s) }, the fL(s,s) €R[s,s] being
the invariant polynomials of L(s,§) over!R[s,sj, and with the property
that fi(s,s) divides f.+J(s,s) for V ie£, with f.(s,s)=0 for i>p. The set

of {f~(s,s).iegj is defined by the standard Smith algorithm ([Gan - 1]) by
fi(s.s) = d.(s,s)/d; |.(s.s), iep and do (s,s)=1 (6.12b)

where d”™(s,s) is the ith-determinantal divisor of L.(s.s), that is the

g.c.d. of all ixi minors of L(s,s). If there are k nonzero trivial
elements in (ﬂ.(s,s),ieg}, i.e. Sp (s,s)=diag{,1,-.-,1,fF(s,s),---,fr‘)_K (s.8)},
then k will be referred to as the power of L(s,s) and the ordered set of
homogeneous invariant polynomials F(F,G)={f£(s,s).iep-k (ordering is
defined by divisibility) will be referred to as the homogeneous invariant

polynomial set of L(s,s).
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It is a well known result (iGan - 11, CTur & Ait - 11) that if Ic(F,G),
Ir(F,G) are the c.m.i., r.m.i. respectively of L(S,g), then the sets
F(F,G) (equivalently the set of homogeneous e.d.), Ic(F,G), Ir<F,G) form a
complete and independent set of invariants for the E~NF,G) equivalence
class. The study of the effect of beB on the set (F(F.,G) .Ic(F,G) . Ir(F.G)}
of'SE invariants is examined next. It will be shown that such a study is
reduced to an investigation of the effects of the projective transformation
BePGL(1 ,C/R.) on homogeneous polynomials. Some preliminary definitions are
given first.

Let RMO} be the set of homogeneous polynomials of degree d with
coefficients from R, in all possible indeterminates 0(=s(s,s)cO. Let
B: (s,s)(X,)(A) be the projective transformation defined by eqn(6.9). The

action of B on f(s,s) eR™"{0} may be defined by
B°f(s,s) = f(X,X) = f(aX+bX,cX+dX) C6.13)

Two polynomials fj (s,s) .f2(\. , X) eRMO} will be said to be projectively
equivalent (PE), and shall be denoted by f}(s.s)Epf2(X.X), if there exists

a BePGL(l ,(C/R) such that B: (s.s)-> (X,X) and a ¢ eR-{0} such that
B®f](s,s) = c.f2(X,X) (6.14)

Clearly, (6.14) defines an equivalence relation Ep, onR”™{0}, which is

called projective equivalence (PE).

Let Fj«{f"~(s,s) eR" {0},icjo}, F2:{fA(X,)2) eR™ {0},i€£} are two ordered
sets of homogeneous plolynomials. Fj . F2 are saicll to Pr°jectively
equivalent, FjEpF2, if and only if f*(s,s)EpfLL (X,)E) for V ieg, and for the

same transformation B. The projective equivalence class of f(s,s)(F)

shall be denoted by Ep(H)(Ep(F)).

Lemma (6.1): Let fj(s.s) eR™ {0}, f2(s.,s) eRd {0} and let g(s,s) eRp{0}
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be their greatest common divisor (gcd). Let B be any transformation in

PGL(1,C/K): (s,8)-" (X,X) and let (X, X)-B°fj(s.s), f2(X.,X)=B°f2(s.,s) and
g2(X.X)=B°g(s,s). Then g(X,X) is a g.c.d. of f}(X.X),f2(X,X).

Proof

Since g(s,s) i1s a g.c.d. of f(s,s).f2<s,s), then 1j(s,s)=hJ(s,.s).g(s.s),
£2°(s, s)=h2(s, s).g(s,s) where h}(s.s),h2<s,s) are homogeneous polynomials.
Clearly, B°fj(s.,s)=(Bohj(s,s))(B°g(s,s))=hj (X.X).g(X,X), B°f2(s.s)=
=(g°h2(s,8))(S°g(s,s))»h2(X,X)g(X,X) and thus g(X,X)[fJ(X,X).g(X,X)|f2(X,X).
If X, X)=gcd{fj(X,X),f 2(X,X)}, then g(X,X)|g»(X,X). By applying the

—J * 3 A -1 M A M A

inverse transformation B :CX,X)** (s,s), then B °gr(X,X)=g(s,s) and
clearly g(s.8)|fj(s.8).2(s,.8)|12(s,s); thus, g(s.s)|g(s,s) and hence
g(s.s)=g(s.s)h(s,s). By applying B, we have B°g(s,s)=(B°g(s,s))(B°h(s.s))=
=g’ (X, X)h(X,X) and hence gl CX,X) | g(X,X). Since g(X,X)|g’(X,X) and

ef (X,X) | g(X,X), then g(X,X) and gT(X,X) are &ssociates n

This property defines the covariance of the g.c.d. under PE transformations
CTur&Ait-1], An immediate consequence of this lemma is the following

result [Tur&Ait-1].

Proposition (6.3): Let (s,8)=sFj-sGj, LELEX,X)=XF2-XG2€L.(0), F(F;j,.Gj)=
={f"(s,s),iepi“kj}, F(F2,G2)»{f.(X,);(),iepZ“k2} be the corresponding
homogeneous invariant polynomial sets of Lj (s,s) ,.L2<X,X), where <Pj.kj),
(p2,k2) are the respective pairs of rank, power, If Lj(s,s)Etf_,g%Z(%(,X) for
some heH, and some 6eB, generated by BePGL(l1 ,(C/K) such that (s,s)—r (X, X),
then

(1) pl=p2=p and kj=k2=k.

(ii) F(f1,g DEpF(£2.,g2).

of

L(s,s) is given next [Tur & Ait -11].
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Proposition (6.4): Let Lj (s,s)=sFJ*“sGl, T = A _=mxaxcl let
Ic(Fj .G)|) .Ic (F2»G2) and 1" (Fj ,Gj) — (F272) be the corresponding sets of

c.m.i., rm.i of Lj (s,s),L2(X,X). If L(s,s)E™ gl.2(X.,X), then

= T1c(F2°G2) and Ir(F1’Gl) °> Ir(F2°G2)

Proof

Let U(s,s) be a homogencous minimal basis for W"fsF-sG} and let u(s.s)
be a minimal degree vector of U(s,s). Note that the linear transformation
6:(s,8) ¢ (X,)z) cannot raise the degree in the transformed wvector
u(X,X)=£°u(s,s), which is in WAXF-XG} (XF-XG is the transformed pencil);
however, this transformation might lend to the lowering of the degree of
u(X,;(), through the cancelling of some common factor in the elements of
the vector. In such a case, however, by transforming uCX,X) by
B | :(X,)A() + (s,s8), a vector u’(s,g) in Nr{sF-sG} is obtained, which
contradicts the hypothesis that u(s,s) is a vector of the minimal basis

U(s,s). By the same reasoning applied to the transposed pencil (sF-sG)t,

the invariance of Ix(F,G) is established.

Propositions (6.3), (6.4) express respectively the covariance property of
the homogeneous invariant polynomials and the invariance property of the
sets of c.m.i. and r.m.i. of L(.s,s) under E* g equivalence. By combining
the above two results, the following criterion for E* g equivalence of

matrix pencils is obtained.

Theorem (6.1): Let Lj Cs,sl-sFj-sGj, L2(X,X)=XF2’XG2eLC0).
Lj(s,s)EN gl 2(X,X) if and only if the following conditions hold true:
1) ~N(Fj ,GD=Ic (F2,G2), Tr(Fj.GD)-Ir(F2,G2).

(ii) F(F1,G1)EpE(F2,G2).

Proof

The necessity of the result follows immediately by combining
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Propositions (6.3) and (6.4). To prove the sufficiency assume that the
conditions in (i) and (ii) hold true. Since F(F;j.Gj)EpF(F2,G2), then
Lj(s,g),LZ(X,)*() have the same rank p (P]=P2=p) and the same power k
(k}=k2=k) and there exists a transformation BePGLG ,I/1R): (X,X)—*(s,s)
for which £of9z’i.(X,;()=c9Z, i.-fQZ’ l.(s,s) \' ieg—k. The transformation

A
6ePGL(I/(C/JR) generates a beB and let boL"XjX"sF"-sS~NL"SjS). Since

L2(s,s)Egl.2(X.X), then “"(F~"WIJF~"Gp"~LjFj .Gj), Ir(F2,G2)=Ir (F2,G2)=
Ir(Fj.Gl|); furthermore, the sets of homogeneous invariant polynomials of
L2(s.s) and Lj(s,s) differ only by scalars (units of jR[s,sj) (8 has been
constructed this way) and thus Lj Cs,s),[.2(s,s) have the same Smith form.
The pencils L2(s.s).L|(s.,s) have therefore the same Smith form over IRCs,sj
(or equivalently the same sets of e.d.) and the same sets of c.m.i. and
r.m.i. and thus L2(s,s)E”Lj Cs,s) CGan-1]. Therefore, there exists an heH
such that Lj (s,s)=A.0L2(s.s); given that L2(s,s)=bolL2(X,X) it follows that

Ejod.s)=(h 2(X,X) and thus Lj(s,s)E™ gl.2(X.X).

The key notion in the characterisation of equivalence of matrix
pencils is thus the notion of Ep equivalence which is defined on the set of
homogeneous invariant polynomials F(F,G) of the pencil sF-sG. By
definition, such a study is reduced to an investigation of the conditions
under which two polynomials fCs,s). f(X,X) eK"{0} are Ep-equivalent; the

*
problem of finding the conditions under which f(s,s)Epf(X,X) is equivalent
to a problem of finding a complete and independent set of invariants for
the orbit Ep(fCs,s)). This problem is considered next.
6.4 Projective equivalence of homogeneous binary polynomials:
preliminary results

The aim of this section is to give a number of preliminary results on the

Ep-equivalence defined on the set R*"{0}, and provide the means for the

definition of a complete set of invariants for the orbit Ep({(s,s)),

f(s,s) eR™"{0}. The origins of Ep-equivalence stem from the classical work
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in CTur - 11 on the algebraic theory of invariants; however, apart from some
preliminary results on the effect of the projective transformation B on the
factorisation properties of f(S,é), no complete set of invariants for
Ep(f) has been defined so far. It will be shown here that finding a
complete set of invariants for Ep-equivalence is equivalent to a classical
problem of algebraic projective geometry [Se&Kn-1] that is: find the
conditions under which two symmetric sets of points of may be
transformed to each other under a projective transformation BePGL(l ,(E/IR).
The latter problem will be expressed in an equivalent form as study of
invariants of matrices under the notion of Extended-Hermite equivalence.

We start off by investigating the effect of PE transformations on the

factorisation properties of f(s,s) eK"{9}.

Lemma (6.2) [Tur- 11: Let f(s,s)=rs +psstqs ,f(X,X)=rX +pXX+qX elR*MG} and
let A=p -4rq,A=p -4rq be their corresponding discriminants. If

f(s,s)E f(X,X), i.e. B°f(s,s)=c.f(X,X), then
r

a=«/c2.a

where 6=ad-bc is the determinant of BePGLtl ,(E/]R).

Proof
A
We may write f(s.s).f(X,X) as

r p/21fs . . . - r p2 V
Cs.s] y =sD)s, fX.X)=[X.XJ A (6.15a)
p/2 q s p/2 q_ X

and obviously |d|=1/4.A, |d|=-1/4.A. Because B: (s.s) > (X,X) we have that

S X a b X
A CBJ & , 6 =]CBll =ad-bc *0 (6.15b)
S. X c d X

and thus

B»f(s,S) - ([BIX)tD(CBIX) = Xt([B]tR[:B])X-x']) (6.15¢)
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By (6.15a) and (6.15c) we have that Cgj~Cgj”c.D and thus <2A=c2A.

Remark (6.1): The condition R%% “implies that the discriminant A is an
invariant of the f(s.,s)=rs +psstqs of weight 2 under PE transformations
[Tur-1j. Furthermore, sign{A}=sign[A} and the reducibility properties
over R of f(s,s) are invariant under Ep-equivalence.

By Lemma (6.2) and its remark we have the following result.

Proposition (6.5): Let p™N(s,MN(y"s-d"s) .,y ,6"e(E, (y,H0) be the
primes over (( of f(s,g) eJRMO}.  If f(X,A) eR™N0} and f(s,s)Epf(X,i(), with
some BePGL(l ,<C/]R), then:

1) Any pair P1(s,s) .pj (s,s) of distinct primes ((-.CY J .<)£e C-{0})
of f(s.,s) is mapped under 6 to a distinct pair of primes of f(X,)z) and wvice-
versa.

Cii) Any pair of complex conjugate primes pCs,s)=s(Ys-ds) ,p(s,s)=(ys-ds)

of f(s,s) is mapped under g to a pair of complex conjugate primes of f(X,)z)
and vice-versa.

(111) Any pair p(s,.s) .p’°(s,s) of repeated primes C(y,<$)=£(y >,d’), ?e(C-{0})
of f(s,s) is mapped under g to a pair of repeated primes of f(X,X) and

vice-versa.

The proof of the above result follows immediately by the way the
projective transformation gePGL(l <E/IR) is applied on the unique
factorisation of f(s,s) and by Lemma (6.2) and its remark.

Let us now consider an f(s,s) eR"{0} and let us denote by

P;Xp(f) {(a-jsl-li-S) \a-;gl- e&(@%'gl-) €p} (6.16)

p. _ p-
Pfl.C <(Y -s-d.s) X,.(y.s-d.s) 1l,y..6.€el, .,6.) *¥(.0,0) ,iev 6.17
va) (11) (yll) Y-rS (yll)( ) yoC )

the sets of real, complex e.d. of f(s,s) over ([ respectively; note that

A Pi
Pg,(f) is symmetric, i.e. 1f (y"s-d”s) eP”ff), then the complex conjugate
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(y"s-57s) eP”™(f). By Proposition (6.5), the Ep-equivalence may be
characterised as an equivalence defined on the sets VJR(f), and P(| (H) in

the following way:

Proposition (6.6): Let f(s,s) .f(X,X) eJRMQ} and let (P-"f) ,Pg,(f)),

(P"~1) ,Pg,(f)) be the corresponding unique factorisation sets defined
ab'ove. f(s,s)Epf(X,)A(), if and only if there exists a BePGL(l1,1/1R) such
that the following conditions hold true:

(1) For V e, (S,s)eI:K_(f), there exists an e:l(X,)z)ePlK () such that
e/\(s,s;‘E.Ep\ej\\(gi,)*(), or equivalently: c/\.e/\(X,s()=B°e.(s,s),c/\ elR—{0} and
vice-versa.

(i1) For V e1!(s,s)eP(k_(f), there exists an el!_(X,)A()ePQi (;) such that
e!(s,s)Epe|(X,)A(), or equivalently: c!.elCX,X)=£oe!(s,s),c™e(C-{0} and vice-

versa. D

This result expresses the covariance property of the sets VK (D’Pu (f) of
f(s.s) under Ep-equivalence and reduces the study of invariants of Ep(f)
to the study of properties of the e.d. sets under a common PE transformation
B. Before we proceed to this study, we note that a real e.d. Cas-Bs)T may
be represented by an ordered triple C«,B;t), where a,BelR and reZ and that
a pair of complex conjugate e.d. (ys-<5s).P, (ys-<5s)P may be represented by an
ordered triple Cy.,5;p), where y,<S5el, peZ; using those two representations
we may define the following sets for an fCs,s) eK"{0}.
Definition (6.1):
(i) We define by B! « {(y]).6] ;p.) ] yjrjettjpreZ, jev”, 97RO ,
V k,Ce<C-{0}}, as the set of all ordered triples corresponding to all
pairs (y}‘s—d/\sg).”.(y.’\s—d’\sgl in P"Cf) with the same degree p£. An

33 33

ordering of the elements of B! is defined by any permutation of its

elements; such a permutation will be denoted by it (B") and the set of all

such permutations by <B!>.
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(i1) B*CY) ={Bj= - — _— _ .<pa) corresponds to the set of all pairs of
complex conjugate e.d. of f(s,sé) and shall be referred to as the complex
unique factorisation set ((D-UFS) of f(s.,s). The set J~N =((Pj,V)) ,---
— (pa,\>a)}» where v£=#B! (the cardinality of Bp, is defined as

the complex list of f(s.,s). Every permutation of B"Cf) of the type

ir(Ba,(H))={'ir(Bp,--- .ir(Bp :ir(Bpe<B!>} defines a normal ordering of BQ,(f)

(iv) For the set P-~(f) we may define in a similar manner the sets

8 ““{(a3°63:;T1):a3’8§3eR’Ti£Z’jeUi1’(*j°83)*?(ak’Sk)’ ¥j*k’

BJR() ={B1.... jBpjtyy<t2<.. .<Tp} and JIR(D) = {(Tl .pp ..... (Tp.pp)}. as well
as the notions of normal ordering and of the matrix representation. The
sets BMN(1).,JN(F) will be referred to as the real unique factorisation set
(1IR-UFS), real list respectively of fCs,s) and the matrix C]%K\,(f)3 defined
as in (6.18a) for some permutation it will be called an (R-")-basis matrix
of f(s.s).

(v) The sets B(f) = {B~() :BN{)} and J(H= {I~(H) ;I } will be called
the unique factorisation set (UFS) and the list of f(s,s) correspondingly.

For every ?T€<BIR(f)> and &<B"(fP a matrix representation of B(f)

according to (& ,-") 1is defined by
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TBA(D) ]

O] = . (6.18b)
rBj’ (D]

Remark (6.2): From the above definitions it is clear that since #B!=v.,

#71=""M thien H#<B”>=u” and thus #<B"NH>=Vj!~"21_ _ _ _
=p Iyo! = !
#<BJR(f)> P, .yg....yp[ and #<B(f)> Y.I---Va 1 o'
With this notation in mind we may state the main result of this section.
Theorem (6.2): Let 1(s,s).f(X.X) eKje) and let (BR().JR(H).B"™)
{BJK (D’Jﬁ((ﬁ’%f(o’i@—(ﬂ} be the corresponding sets associated with
1(s,8).f(X,A). 1(s.s)Epf(X.,X), i1if and only if the following conditions
hold true:
Ci) JACEH) = JK () and Jc(f) = JNCE).
(i1) There exist Tr(B"N(f))e<B-"(1)>,7r(BN(f))e<B-"(H)>,t > (B"N(L) HE<B (H)>,

1 (Bj,(H)e<Ba,(H)>, a 8PGL( ,(E/1IR), ?.eR-{0} and "e(E-{O} such that

EBA(H)] = diagU.KB ~ (f) ][B1 (6.19a)
EBj'(H] = diag{5.}[Bj'(H]CBJ (6.19b)
[

The proof of the above result follows immediately by Propositions (6.5)
and (6.6) and the fact that the pair (y,6) characterising an e.d. is

defined modulo some nonzero constant.

Corollary (6.1): The real and complex lists J™N(E) Jq,(f) of f(s,s) are

invariants of the Ep(f) equivalence class.

Two pairs of sets B()={B"() , B}, BMHO={B~({) ,B"Cf)} for which
JIR(H=JIR(D) ,JL(H=IJ(E(F) and conditions (11) of Theorem (6.2) hold true
for some 8ePGL( ,C/1R) and nonzero constants CpSp will be called

normally projective equivalent (NPE) and shall be denoted by B(H)EpB(f).
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Clearly, this notion of equivalence defined now on the sets B(f) is
equivalent to the Ep-equivalence notion defined onR"{0}. In other words,
Ep-equivalence is nothing else but Ep-equivalence defined on the UFS of
the polynomials inE~{0O}. The advantage of the Ep-equivalence notion is
that the study of invariants of Ep(f) is reduced to a standard matrix
algebra problem, i.e. the study of solvability of condition (6.19a,b).

Before we proceed to the investigation of the conditions for the
solvability of (6.19a),(6.19b), it is worth pointing out that the study of
Ep-equivalence, as it has been expressed by Theorem (6.2), is equivalent
to the following problem of algebraic projective geometry: Given two
symmetric sets of points 5,5 of Cu{°°}, find the necessary and sufficient
conditions for the existence of a projective transformation gePGLCl ,(C/]R)
such that 5 is mapped to 5 under g; this problem will be referred to as
the general linear mapping problem (GLMP) on (Eu{°°}. In our attempt to
characterise Ep(f) by a complete set of invariants, it is. clear that we
have to solve the GLMP. Apart from some general necessary conditions
[Se&Kn-1j, characterising the solvability of GLMP, the set of necessary
and sufficient conditions characterising the solvability of GLMP have not
been worked out before. Central to our attempt to solve the GLMP and
thus find a complete set of invariants for EpCf) is the study of the

notion of extended Hermite equivalence of matrices discussed next.

6,5 Extended Hermite equivalence of matrices
6.5.1 Statement of the problem and background definitions

The central problem in the study of invariants of Ep(f), or the study of
GLMP is the investigation of the solvability of conditions C6.19a,b);
these conditions express a notion of equivalence defined on matrices and
it is studied here.

Let Te!kxz. The matrix T will be called entirely nonsingular if none of
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its 2x2 minors is zero. The set of entirely nonsingular matrices of R

dimensions shall be denoted baz (Crlszg the subset of (§x2 , defined b7y those
matrices T having real elements, will be denoted by JR-lﬁixz. Clearly,

[Bj (OH].CB™N(H)] are entirely nonsingular matrices (complex, real

respectively).

Définition (6.2): Let Tj,T2£<EkX2. Tj,?£ will be called complex extended

C .

Hermite equ«ivalent and shall be denoted by there exist

2x2
CreflC-fOljiek and QeE~ ~, |Q=<5elR-{0} such that
T2 = diag{?i}TIQ (6.20)

Tj, T2 will be called real extended Hermite equivalent, and shall be denoted

by T,E'hT2, iff (6.20) holds true for some QelR" | Q| «6elR-{0}.

Remark (6.3): In the case of E™-equivalence we may always assume that

|a [=<5=1, whereas in the case of E”-equivalence, we may always assume that
Q=6=1, or -1. This is due to the fact' that if &tl), then |<5 may be

incorporated into the parameters 5”.
Clearly, the study of Ep-equivalence of sets B(f) is reduced to an

UL

equivalent study of Er’\—equivalence defined on the corresponding [B

entirely nonsingular matrix. Given that E”-equivalence is a special case

of E£"-equivalence, the more general notion of E”-equivalence is
considered first on the set kx2’ and then the results will be specialised

to the E”-equivalence case.

The main problem considered here is the definition of a complete set of

invariants of Te(C"X* matrices under E”-equivalence first and then under
E~-equivalence. Such a study involves the use of some extra notation and
definitions from exterior algebra.

Definition (6.3): Let A=[aj,.-.-. mm+2<n gnd let g(A)zﬁja "'A—am:

(n)

=(aMe(E be the exterior product of the columns of A (Grassmann
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vector), where a” denote the coordinates of g(A).
(i) [Mar-1] A triangle of Q™, based on* ={i,,i,, A"~ _., W N+a.n’
ie. ij {1.2,.....n}.ij<12<.._ <im<im+j<im+2» is a set of six sequences in

26,n of the following form:

(i2.i3.... im+1 “ Lm-1,1m,1m+2*° ~12,13°° " 3m-1 ,1m, 1m+

(i1) A Pliicker vector of A based on the triangle defined by [ is defined by

a(i2.i3

(111) Let <k>={1,2,....k} be the k~set of positive integers and let re<k>

be a fixed integer. The set of quadrapies
,12,13.,14)€EQ4 .k for which r«<ij ,12,13.,14>}

will be called the set of prime quadrapie of re<k>. For each prime
quadrapie #$r€#r we can consider the corresponding triangle, &Pr, of
sequences of Q2 based on 4”; the set of all triangles based on all prime
quadrapies of r will be called the set of prime triangles of r and shall

be denoted by A”. Thus,

APT = (<§ b1 br={ (ij.i2).(ij.i3).(ij i), C£2»+3) > <i2>id) » ~37°74)
for V ¢r=_>11,12,13,14)e$r}
(iv) If T=[g . t2]e(Ekx2,k>4, g(T)=tjAt2=(a™)e(T 2", co-dj .,12)«Q2 fc, and

re<k> fixed, then we define as the set of r-prime Plucker vectors of T,

3
the set of vectors of E defined by:
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Pr - {p(«*1):P(«*1) .i3)a(i2.i4) ,V 6<j)1_eASr }
Lid)a(i2.,i3)
We may illustrate the above definition by the following examples:
Example (6.1): Let Te(E"X®, and let r=le<5>={1,2,3,4,5}.
(1) The set of prime quadrapies of r=1 is given by:
¢] - {(1.2.3.4).,(1,2.3,5).(1.2,4.,5).,(1.3.4.5)} = {*
where
= 1(1,2),(1.3).(1.4).(2,3).(2,4).(3.D) },
= {(1.2).(1.3).(1.,5).(2.3).(2.5).(3.5)}.,
= {(1.,2).(1.,4).(1,5),(2,4).(2.5).(4.5)},
» {(1.3).(1.4).(1.5).(3.4).(3.5).(4.5)}.
where a is the 2
0)
minor of T that corresponds to the (1 rows of T, then the set of
l-prime vectors is defined by
1 a(d . 2)a3.4) ad.2)a(3.5) a(l,2)a4,5) a(l,3)a(4,5)
p. ={ -a.,3)a2.4) -a(1l.3)a(2.5) —a(l.4H)a(2.5) -a(l.Da(3.5)
. a(l,dHa(2.3). a(l,5)a(2.3) . al.5a2.4). . ad.5)a3.4)
Remark (6.4). Note that a triangle of sequences
the derivation of the three term Quadratic Plucker relationships (QPR),
characterising decomposability of multivectors CMar-11. By construction

g(T) is decomposable, and thus the sum of the coordinates for every

Pliicker vector is equal to zero (a” satisfy the three term QPR), i.e.
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a(l,2)a(3.4)-a(1l,.3)a(2.49)+a(1,4)a(2,3)=0. The term '"Pliicker vectors” has
been used because of the links of these vectors with the set of 3-term

QPR’s.

6.5.2 The Plucker vectors as a complete set of invariants for matrices
under E"™-equivalence

With those preliminary definitions in mind we may proceed to the
investigation of the conditions under which two matrices of <EAX are
Es\—equivalent. This study eventually yields a complete set of invariants
for the equivalence class E(e:A(T), where TelR . We start off with the

following obvious result:

... . kx2 . ...
Proposition (6.7): Let T}jT e® X Necessary and sufficient conditions

for T.Er To are:
1 eh 2

(1) There exist S.eCE—(0} such that
col-span™fT”} = col-span”~tdiagK 3} (6.21)

(11) For at least a set of solutions of (6.21), the following two

conditions hold true:

col—spaan{Re(Tg) b« col—spanJK {Re(diag {jil:' )} (6.22a)
col-span™{ImCT2) } = col-span;R{Im(diag{"}T1)} (6.22b)
i

Part (1) of the above result expresses the necessary and sufficient
conditions for T "ET”. Part (ii) is the extra condition needed to
guarantee the existence of a real Q. In some sense, Proposition (6.7) is
a restatement of the notion of E”™-equivalence. The fact that conditions
(6.21) and (6.22) depend on the set of {£3 does not make this result
particularly useful; however, Proposition (6.7) is the starting point in

the search for a complete set of invariants.
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Q
Remark (6.5): Condition (6.21) is necessary and sufficient for E_ .

AN
equivalence of matrices of (Ck 2. If Tj,T2eRR , then (6.21) is a

3
necessary and sufficient condition for E”-equivalence.

In the following, attention is focussed on E™-equivalence of matrices

of (EIXXZ. By Proposition (6.7) we have:

kx2
Proposition (6.8): Let T}|=Et}, < =»T2~"-21 ’—22e<EnX and “et
-1 1A—12ss(a111?’-21 A-22=(a%?€a‘ (8) »a)€Q2 Kk’ wtiere a\lzv’a\% are t'ie ~x2 minors of

TpTz respectively, which correspond to the w«(ipi2) rows, and let

a2/a’ = E S, 5 e eR-{0} (6.23a)
U) U) w w )

Necessary and sufficient condition for T"EAT” is that there exists a set

of ~eC-1fOljiek, such that

(6.23b)

Proof
By taking the second compound matrix of both sides of (6.20) and by using

the Binet-Cauchy Theorem CMar&Min-1], we have
gCT2) =C2(CT2) =C2(diag{q}TI1Q) = C2(diag{q})g(TI)C2(Q) (6.24a)

Note that C9(Q)=|QI&6 and that C9(diag{£.})=diag{£ }, where £ =£. | £f2’
z z 1 ) 0 X

w>dj ,12)eQ2 fc. Thus, by (6.24a) we have

. |
a’ = diag{£ } a6, E"S. E. .5 £H-{0} (6.24b)

0) 0 « 7YX X2

and the necessity is established. To prove sufficiency, we note that if

7 =¢£. for Vw=(1.,19)eQ9 . and some k parameters E., then
Ci) X«' 1a 1 Z ZiK X

iz 2 |
diag{£.1| C.lz}:diag{£U)}:(Zj,,(diag{;‘.ll.}) and because the multivectors (aCO), (aco)

are decomposable we may write (6.24b) as
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g(T2) - ~N(diagfgDgapS = g(diag{Ci1}TI1)6 (6.24¢)

From the above it follows that T2 and diagf”™1Tj have the same column space

(they are Grassmann representatives of the same space) and thus there

EZXZ

exists a Qg , =6 for which T " diagt™"N T Q. 0

Remark (6.6): Products £/°6 are uniquely defined by eqn(6.23a). For the

case of E”™-equivalence, if & then
T2 - diagfqlTjiQ <= T2 = diagfZjqjTj (Q.|/Zs} (6.252)

where |Q.1/ZT|«1. Thus for E”, 5 may be assumed to be 1. For the case of

3
E~Mfr-equivalence, 1t 5 then
(6.25b)
for Er.:
ch
equivalence, 6 may be assumed to be either 1, or -1. 0
Note that Proposition (6.8) provides the necessary and sufficient
conditions for the existence of complex scalars and a real determinant

complex transformation Q for which T2=diag{?£}TjQ; however, this result
does not guarantee the existence of a real Q. In the case, however, where
Tj and T? are real, then Proposition (6.8) guarantees the existence of a
real Q.

The essence of Proposition (6.8) is that it reduces the study of E

equivalence to a factorisation problem of the set of defined by (6.23a)
into the form E’u) £i2 for all 0)eQ9 ,, in terms of the k-paramecters !

Such a factorisation is necessary and sufficient for the matrix

2 2)Xt2)
diag(CO)aiag{a tO/aCO . 1/6}e(C to be considered as the second order
compound matrix of some diag{£.} matrix. Thus the study of Ec/\—equivalence

may be expressed as a problem of decomposability of linear operators. We

may summarise the discussion as follows:
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Proposition (6.9):

) Necessary condition for Tj;E"T2 is that the set of equations

(6.26a)
have a solution -==_feC-{0}} for 6=1 or 6=-I.
(i’'1) Necessary and sufficient condition for is that the set of
equations
“ o <aal’12) e*2 k (6.26b)
have a solution (Cj ,$2> ¢+ I

Before we examine the conditions under which a solution of (6.26a) and
(6.26b) exists we give a result expressing the uniqueness property of
such solutions.

Proposition (6.10):

) If {£.: £ ¢(C-{0}, iek} and (5!: £! etC-fO), ick} are two solutions of

(6.26a) for 6=1 or 6*—1, then either for V iek or for V i"k.
(1) If ,iek) is a solution of £6.26b), then it is uniquely
defined.

Proof

Since {#£ _._ } _are two solutions, then for any three indices 1ij,i2»ig

we have that

from which it is readily seen that
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2
or that (£ /£. ) #6/6 Similarly, it can be proved that
x2 x2

6/6' for all jek

and since 6=+ the result follows. In the case eqn(6.26b), 6=6’=1 and

from the last expression the result is established.

Remark (6.7) clearly demonstrates that the solutions of (6.26a),(6.26b)
do not possess the properties described by Proposition (6.10), if &.
In the following, it will be assumed that 6=1, in the case of E™-
equivalence, and 6=1 or -1, in the case of E”~~equivalence. The
conditions under which are exam’ne<" next; we start off by

considering the simple cases where k=1,2.3.

I
Proposition (6.11): Let T] ,Tge(E:x , where k=1,2,3. Then TIEZhTQ.

Proof
The proof for k=1,2 is rather obvious and it is omitted. For the case

k=3, conditions (6.26a) may be solved. Thus we have

N = C, < — /D, £ = —vf (6.272)
~2 .3 3 ~2.3 3 Neo2

where 6=1, or -1, and
D <6-27b)

2
Therefore, for all TpTAeV%X , we can always find two solutions (Sp™.,")
and 7. .J"3) where the first corresponds to a Qe(E2X2 with |Q|=! and

the second to a Q with |Q|=-1. n

Remark (6.7): Any set of three distinct real points may be mapped by a

projective transformation 8ePGL(l,E 1IR) to any three real distinct points.

We may now state the main result of this section.
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9]
Theorem (6.3): Let T, ,Toe<EkX2,k™4,g(Tl)«(a/i) .g(Tn)=(a2) e 2 be the
I | n | )<<z ) n

corresponding Grassmann vectors, and a(jOl»%)»a)€Q2 k t'ie resPect’ve Plucker

coordinates. Let us further assume that re<k>, is a fixed integer, $ and
are the sets of prime quadruples and prime triangles of r and that

P}‘,P’2 are the r-prime Plucker vectors of TLT? respsétiwaddjs Necessary and

. .. | |
sufficient condition for TEC.Ti are that for V && eA$ and p (5® HeP ,
[Ten T r r r

E2% r1r>ePr

£2(<541r) = Xjpl C641r) for some X" eC-{0} (6.28)

Proof
We shall prove the result for r=Il, whereas the proof for any general
re<k> is identical. We consider first the cases where k=4 k=5 and by

induction we shall prove the general case. In the following, we shall
2 *

=a /

R

) k=4: Conditions (6.26a) yield

1 A
denote by qu )_aco%id’ for V W—(]ll,Jzo)eQ&’k.

(6.29a)
ANDAZ = A2 3 A2A4 A2 4 AN3AA - A3 4 (6.29b)
Solving (6.29a) for in terms of 6 eR-{0} and e(E-{0} and
substituting into (6.29b), we have the equivalent set
22 " ql.,2/5?21> -~ - ql.3/6S1’ «4 °> *1,4/651 (6.30a)
ql.2ql.3q92.3 “ gql.2ql.4q2.4 = ql.3ql.4q3.4 = 55I (6.30b)
However, (6.30b) is equivalent to the following conditions
ql.2ql.3q92.3 * ql.2ql.4q2.4 <> ql.392.4 = ql.49q2.3 = X C6.30¢)
ql.2ql.3g2,3 = ql.3ql.4q3.4 <= ql.2q3.4 > ql.4g2.3 = X (6.304)



from which

2 2
al,2 a3.4
2 = X
al,3 a2,4 -
2 2
al.4 a2.3

and thus necessity is proved.

of the steps.

(i) k=5:
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1 or >2(1,2,3,4) = Xp“(1.2.3.4)

-1 2 a3.4

—al >3 a2,4
1

al 4 ®2,3

The

There are ten conditions of the (6.26a) type.

first four for "2°73°"4°A5 *n terTns

the following equivalent set is obtained

ql.,2ql.392.,3

ql.3ql.59g3.5

For the set <5>={1,2,3,4,51 the prime quadruples
ﬂ>2,3,5)’Cl,2>4>5)7(1’3’4,5)};

three-term relationship is obtained from (6.31b),

(1,2,3.4)

CL2.3.5) * 41,2q1,392,3 =

a.2.4,5)

" ql,2ql.,4q2.4

ql.2ql.3q2,3

ql.2ql.4q2.4

ql.2ql.5q92.5

ql.2ql.5g2.,5

ql.4ql.5q94.,5

Using similar arguments as

(1.3.4,5) ? 41,39ql1,493.4

ql.2ql.,4q92.4 *

ql.2ql.592.5

ql.3ql.5q93.5

in the case k=4,

2 2 <l |
ai,2a3.4 al,2a3.4

2 2 | |
»al,3a2,4 "Xl al,3a2.4

2 2 | 1
al,4a2,3 al,4a2.,3

(6.30e)

sufficiency follows by a mere reversion

By solving the

and substituting into the rest,

(6.31a)

45l

(6.31b)

of | are {(1.2,3.4),

for each of those prime quadruples a

i.e.

= ql.3ql.4q3.4 < 55| (6.31¢)
" ql.3gql,593,5 < 4ClI (6.31d)
* 2
“ ql,4ql.5q4,5 = 45] (6.31¢)
= ql.4ql.5qg4.5 (6.3110)
the above conditions yield
> 2 2 A A"
al,2a3,5 al,2a3,5
2 2 | |
al,3a2,5 —X2 "ai _3a2.5
2 2 | |
al,5a2,3 al,5a2.3j
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2 2 I 2 2 o
a>,2%65 al ,2%96,5 al,3a4,5 al,3a4.,5
2 2 I 2 2 I
(6.31le) << ga>4a2.5 mal,4a2,5 - (0.31D) << <«z1 4235 =X4 >a1,4a3.5
2 2 I 2 2 I
al,5a2.4j . .5a2.4j al,5a3,4j _al,5a3,4

(6.31g)

Note that (6.31g) is the minimum set of necessary conditions implied from
eqh(6.31b). The sufficiency follows by a mere reversion of the arguments,
(1i1) The general case k™6: Before we proceed with the proof we define
the following: Let <k,1>={2,3,... k and let Q"k-1 t'ie set °f strictly
increasing 2 integers chosen from <k,I> which are lexicographically
ordered. Ve also define by - {(1 ,1] 12> Ci] »12)eQ2"k-1 }cQ3.k; Q37k iS
the subset of k which contain | as an element (L is always first

because of the lexicographic ordering of Q By solving as before the

S,K)'
first k-1 of conditions (6.26a) with respect to g 6 and substituting into

the rest, we have the following set of equivalent conditions
- ql>3/6Sj.,.-... (6.32a)

for all (6.32b)

If is the set of prime quadruples of (1), i.e. $]«{(1JiNJiNJi™):
iNjiNjite-"k,1>,12<<i3<i"}» then for each prime quadrupole (1.i2.,ig.i™), a

three-term relationship is obtained from (6.32b), of the type

(6.32¢)

The set of conditions (6.32c¢), defined for every (1.,i2.,i3>1M)e£j, is the
minimal set of conditions needed for (6.32b) to be true. Following a
similar procedure as in the (1).,(ii) cases, it is readily shown that

(6.32c¢) defined for a given CL,i2»i13»iM)e$] is equivalent to
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(6.32d)

The sufficiency

follows by a mere reversion of the arguments. 0

The result stated above establishes the necessary and sufficient condition
. Elgxz BA .
for matrices of ( Jk>4 to be -equivalent. The property expressed by
eqn(6.28) will be referred to in short as collinearity of the r-prime
[ 12 . -
Plucker vector sets of ~1°"2 resPect’ve*y Some interesting remarks

and a corollary are stated next.

Remark (6.8): The collinearity property of Pll/'»?%‘ implies collinearity of
Pj»Pj for any other je<k>. Thus for testing E”™-equivalence of TAT", it

is enough to check the collinearity of PlpP%.

Corollary (6.2): The set of Plucker vectors P? which correspond to any
fixed index re<k>, forms a complete and independent set of invariants for

the following cases: 0

2

. . 1 .
(1) Matrices TeﬂC:;X k>4, under Ezﬁ -equivalence.

(11) Matrices TglR*x k>4, under E"™-equivalence.

Note that the independence of the set P follows from the proof of
Theorem (6.3); that is, the set P , or equivalently the set of conditions

(6.32¢c) is the minimal set of conditions needed for (6.32b) to be true for

all (1 .1j .12)eQpk. The set of parameters £. and the parameter 6 are

defined by the following result.
Corollary (6.3): Let FpIT"™ 2 (R"x2),k>4, and let the corresponding

l-prime Plucker vectors P} ,Pj2 collinear. The scali.ng parameters and

. . ., ..C 1l
the determinant 6 of the transformation Q for which TjEe"T2 are
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defined by:
O 672 1s given as the common ratio
2 2 a!l
a>,12 i.li2
1 | 5 (6.33a)
. - a.
a..i] alJ,i2 3.
(i1) Using the value of 6~ defined by (6.33a), then
2 /1
q"a 6 for ¥ i=2,3,...k (6.33b)

[

With the choice of 6,~",iek as above, the matrices T£ and diag{S;"}T| have
the same column space (since their Grassmann vectors differ by a scalar)

and thus Q may be defined as the coordinate transformation (Qe(E2X2,

the following:

Remark (6.9): The set of all Pliicker vectors P which correspond to all
indices iek, P=P*"i™u...uP”, is a complete, but dependent set of
invariants of Te (dixz (TeR]’(*2 under EA r e9uivalence. Any sub-
set P. of P, which corresponds to only one index re<k>, provides a complete
and independent set of invariants.

. . . 2
6.5.3 A _complete _set of invariants for matrices of__IQ under E%ﬁ;
equivalence

The task we have originally set was the investigation of the conditions
/\X2 X* sk
under which two matrices T]>T2¢<cn  maY equivalent. For TpT" e |

Proposition (6.11) and Remark (6.7) show that if k<3, then we always have

that T "E~T”"; if k>4, the Corollary (6.2) shows that the set of r-prime

Plucker vectors P* is a complete and independent set of invariants for
~M-_equivalence of matrices of The general case of E™-equivalence

kx2

of matrices of (E is considered here. We first note the following.
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Corollary (6.4); The set of r-prime Plucker vectors P#, re<k> fixed,
defines an independent, but not complete set of invariants for matrices of

x2 T .
, k>4, under E~-equivalence.

The above result is a mere consequence of the fact that a complete and
independent set of invariants for matrices of (E"x2, k™4, under E"-
equivalence, defines necessary conditions for E”-equivalence, but not
sufficient. Our task, therefore, is to define here the extra conditions
needed for the transformation Q with a real determinant to be also real

Q eK2X2). Such a study yields extra conditions and thus an additional

set of invariants for E”~~equivalence. Our study is greatly simplified by

adopting the following notation.

Definition (6.4);
Ci) Let C=vtjwe(C, v,welR. Then, a real matrix representation of

is defined by

cR2x2 (6.34)

(€89 Let (Ex(E={e:e=((j+ju>,“cr’-ju)’) ,a,0'jUljU)l eR}. The operation

C <R2X2 iS deﬁned fOr ¥ e=(a+ju),—0’-ju)’)er(E by

(6.35)
0)

will be referred to as the real matrix representation of e. Every
e=(crtju),-cr’-ja)’)e(Ex(E defines a row vector et=CcF+ju),—cr’—ju)’ ]e<ClX2; the
operation [+ 1 on e is defined in the same way as for the ordered pair
(eqn(6.35)).

(1i11) Let T=C... ,e™,... 2, where e"=Co"™ja)?,-o™-ju)*3. The real

gatrix representation of T is defined by
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(6.36)
a)l, -co!

0

Within this notation, it may be readily verified that for V £=v+jwe(C and

e’ Ccr+tjajj-0’-ju/)eCCx(C, then

C5-e]K " (6.37)

Us.ing the above property we may express lﬂfk-equi‘valence as follows:

2x2
TJEATA, iff there exist £.e(C-{0}, ick, and a Q elR™~, M) such that

Ct 21]r = diag{...,CCi]JR,...} (6.38)

Note that (6.38) is a real representation of E™-equivalence and thus

provides an equivalent definition for E™-equivalence of matrices of (E*

This equivalent definition will be used in the following, for defining the

extra conditions that guarantee a real Q.

kx2
Proposition (6.12): Let T/\>T26®nX and let 7£=x£+Hjy£€E®“{0} with |6|«] be
a solution of (6.26a). Necessary and sufficient condition for is

that either of the following conditions hold true:

Ci) g(CT2]1K) = eg(diag([qllR) e-+l1 (,6.39a>
or
(i) g(CT2]R) = eg(£ diagCC/ 1) CTjlN), e=+l (6.39b).

where E=diag{E,...,E} and E=Cj]IR.

Proof
By Proposition (6.10), if *.eC-{0}, iek, is a solution of C6.26al for
| 6%, then any other solution with |<S/=1 is defined by "N=j"., For

a real Q to exist either of the following conditions must hold true:
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[T2~—= diag™."HT ~Q (6.40a)
or

[T2]™= diagCCjq~CT™Q (6.40b)
Note that [T IR "S1IN]IR=E"pR and thus (6.40b) 1is equivalent to
diag(E,....E)diag([51]]R) [T"™Q (6.40¢)

Necessary and sufficient condition for (6.40a), or (6.40c) to have a

solution for a matrix Q is that

col-span]R{CT2]]R} = col-span”~fdiag (E~]™) [Tj 1} (6.404)

or

col-span]R{CT2]IR} = col-span”™Ediag (EECJ-") ETj 3"} (6.40e)

If either (6.40d), or (6.40e), holds true, then either T2=diag{"}TjQ, or
T2=diag{j”""}TjQ. However, because the ™'s have been chosen with |[61=1,

then #J=£. Conditions (6.40d), or (6.40e), may then be translated in
terms of the Grassmann vectors, by conditions (6.39a), or (6.39b),

respectively.

By combining now Propositions (6.12), (6.9) and (6.10) we obtain the
2
necessary and sufficient conditions for matrices of (CAX to be E

equivalent

.. . kx2 2 .
Proposition (6.13): Let T~],T2€(EnX , k>4, and let be the r-prime
Plucker vectors of TpT2 respectively defined for a fixed re<k>. Necessary

and sufficient conditions for T.E/\I;F,Z, are:
e

1) The sets Pll_ and li are collinear.
(i) If is a solution of (6.26a), with 151=1, as defined by Corollary

(6.3), then at least one of the following two conditions hold true
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g([T2JR) m e g(diag(C"£]-R) e==+l (6.41a)
or
S<CT23R> " E g<dia8(E[?1V (CTI 3K>> e=t] (6.41b)
where E=[jI R and e«=+l. 0
Note that condition (i) guarantees the existence of the | for Ezh—

equivalence, whereas conditions (ii) guarantee that the transformation (

is real. For the case of matrices of n with k=3 we have the following

result.

Corollary (6.5): Let I, .12e7x2 and let g(Tj«[aj 2, a&,3,a£,3}?t’

et2rial 2.0l 3,83 5 910t bl ool 3022 athabat s gl2mal'zR2
ql.3 a11,3/’a21,3’ (-]2,3 a12,3/’a22,3‘ Necessary and sufficient condition for

Tl ehT2 that either of the following conditions hold true:

(i) gOX7™) - Xg(["diag{q2j3.7) 23R CTj ¥, X eR-fO} (6.42a)
or

(ii) g(CT23R)=X’g(ECv5'diag{q2,3.qi,3»qi ,2"]R CTI %jr)’ X' (6.42b)

where E=diag(E,E,E) and E=[j]]R

The proof of the above result follows by a mere substitution of the £.’s,
as they are given by (6.27a) and (6.27b), and by Proposition (6.12) (note
now that |5| is not assumed to be 1). Before we examine the cases k=I,2

we give an example to illustrate the case of k>4.

Example (6.2); Let 4X2, where
1 - 3+ 2
| 2+j 9-2j 7-j
T " T m ) J
2-j 3 14-4; 10—2j
ol b4

In order to check E~-equivalence, we compute first the Grassmann vectors,
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g(TDH«Ca2,a]"3.a™4,a"3. a™, a t=[4j,2+6j,-2+4j,-2,-1+j, 1+3j JII

g(T2)=[a"2.a"~3.a™,a"3,a2"4,a3"4]t=C4+8j ,4+12j ,-6+2j ,-8+4j ,-4+2j ,-4+8j JI

There is only one prime quadruple , <£=(.1,2,3,4), one prime triangle 6,

6<«{ (1,2), (1,3), (1.,4), (2.3), (2,4), (3,4)} and thus each of Tj,T2 has one

Plucker vector. These are

S 22
al,2a3.,4 -12+4) al,2a3,4 -80

p°W I I . 22(6<p) = 2 2 .

) “al,3a2.4 8+4] "al,3a2,4 40+40;

L . 2 2 .

. aMa2,3 4-8j al,4a2,3 40-40j

We can readily see that g2(64>):(6+2j)g1 (<5<f);  thus T~~~ and the set of

ie4 and that a 6 eR-{0} exist. If we take 6=1, then by Corollary (.6.3)
we have that £j=1, £2=2-j, "3=" "M=I1+f To c”ech existence of a real
Q we compute Cdiagispi”™ CT" and then the corresponding

Grassmann vectors. Thus,

30 27 L
| 0 -1
9 7 2 5
-2 -1 , Cdiaga.}!'. 1™ -1 0
14 10 4 6
-4 -2 -2 0
I -1
5 4 ! 3

and it may be readily wverified that g([T21"™) =(1)g(Cdiag(C£}Tj1™); the
. . . 2x2 .. .
latter implies the existence of a Q elR X With 6=|Q|=1 for which T|ErAT/\

The corresponding Q is

and IQ| =6 = |
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Proposition (6.13) gives the necessary and sufficient conditions for
Tj,TZe(EEX2 to be E/\—equivalent. Note, however, that the set of conditions
(11) of the result depend upon the parameters the existence of which
is guaranteed by part (i) of the theorem. Working out necessary and
sufficient conditions which are independent from the solution parameters

is equivalent to the problem of finding extra invariants for fry-
equivalence, which together with the Plucker vectors form an independent
and complete set. Before we proceed to the definition of the extra

invariants we note:

Remark (6.10): If the pair p~a-+juj-o’-ja)’) represents a point Pe(C-IR then

detmK *0
uy "o

A matrix Te(CEX2 for which the ordered pair of the elements of every row
represents a point in (D-IR, will be referred to as purely complex #nd

entirely nonsingular matrix and the set of such matrices will be denoted

-kx2 . . kx2 . .
by (Er1 . Note that matrices in (CnX may have a row representing a point

in JR.

of Te(Ekx2 under Er

The search for some extra invariants of matrices h
n e

equivalence is initiated by considering the simple cases k=l.2.

kx2 . .
Proposition (6.14). Let Tj»T2e Then TIENT2 jg always true in the

following cases:

) Tji.TAC 1x2

Gi) T., T0 e!'Rkx2, where k=1,2_3.
|z n

Giiy TI-T2=2X2 0 Ghere

T and apBpoipgj ¢ IR, a2,B2.,a2,B2 e 1
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Proof
The cases (1).(i1) have been already proved before.

2x2
Giii) Y implies that eR,C2€® and Q eR™~ such that
- CcijjBj], ~2Ea2,B2]Q = [a2»B2] (6.43a)
and by taking real representations we have

— CapBj] (6.43b)

By solving the second of (6.43b) and substituting into the first and then

by rearranging the terms we have

o - ; 1
Cicoi 651 f -°p-' ~ PRI ey o Ty, ) (6.43¢)
(11 (11 N
, | =1 m2 y2 X2
_ [Kj.nil] _ Ck2,m2l

or equivalently

Ckj ,nij ] = [k2,m2] K2X2+m2y?2
(6.43d)

m2x2-k2y?2
Note that (k™,mj).(k2»m2§0,0) and that (6.43d) has a solution if and only
it k%+m%6 <= (k2,m2§0.,0) ; thus, by assuming eR-{0}, arbitrary, we

can find "2=x2+jy?2 solving (.6.43d). The matrix Q is then given by

£

ra; -af“ -1 .X2 —y2— -1 r02 _°2
= (6.43¢)

“I“% v ox2) ow2 we

Proposition (6.15): Let F~NT™ 2, CTM]R= i=1,2, and let

M = (6.442)
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where the parameters in M are defined by
i-1.2 (6.44b)

TIE~T2» 1if and only if |M|=0.

Proof

T|EiehT2 implies that M=x"jy"e(C-{0}, i«l,2 and a Q elR2X2, | such

that if Z1-CC1.2W<> 1°‘1>2, then

S - ZJ:lgq, 1-1,2 (6.452)

By solving the first of (6.45a) and substituting into the second we have

- Zjl’a:})-1 <> A2Z] = Z2A] (6.45b)

If we define by q=Cxj,yj,-X2»y21t, then (6.45b) may be equivalently

expressed as
Mg = 0 (6.45¢)

Clearly, a nonzero vector q exists if and only if |[M|=0. Note that any
vector qeNr(M) has the property that (x..,y.§0,0) , i=1,2. Indeed, assume

that Xj~ypO, then (6.45c) yields

(6.45d)
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ICp",PMNI=0O by pJ]P"=0O then the conditions of Proposition (6.15) may be

expressed by

P DplJ - > 0 <W> P<?DP2 > P2DP? = 0 (6.46)

From the above results we can state the following remark.

Remark (6.11): There always exists a gePGL(l ,(E/IR) that maps:

) A set of one, two, or three real distinct points to any other set

of one, two, or three real distinct points of respectively.

(11) A set made up from a real point and a pair of complex conjugate points
to any other set made up from a real point and a pair of complex conjugate
points of (Cut®}.

Note that two distinct complex points of the (C-plane may not always be
mapped by a BePGL(l ,1/IR) to any two distinct points of the (C-plane. The
condition under which such a mapping exists is defined by the rank
deficiency of the matrix M.

Our attention is focussed next on the cases where k>3. The main idea is
to substitute the expressions of the 3 Ts, as defined by Corollary (6.3),
into the conditions (11) of Theorem (6.4) and thus derive conditions for
the existence of a real Q, which are independent of the £7’s. For the
case of k=3, Corollary (6.5) provides such conditions; however, some
further rearrangement is needed for the definition of new invariants.

The expression of the is given by Corollary (6.3). Note that the

solution parameters in (6.33a) and (6.33b) have been expressed in terms

of and some indices ANOQ™Nk-1" SuCh a Parametrization of the
solution will be referred to as (1 ™ ,!,>)-parametrization of the E"-
equivalence parameters. Clearly, the solution parameters may be
parametrized in terms of any other re<k> and any (pj2)eQ2 k-p thus
leading to an equivalent (x.j,j2)”Parametr*zat*on* For the sake of

simplicity in the following we shall use the (1.,ij"2)“parametrization.
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or Te

Definition (6.5): L€t T"(Ell‘lxz

the coordinates of g(T).

€)) We define as the (1.1’ .ip-standardising matrix of T, the matrix

Sl 1 1 “Cl1 1 dia8{ai 1 /al 1 al 1 >1/al 2°-"""_/a| k} (6.47a)
12 =1=2 "2 L 72 ’ k
where (Aip™"Plk and
(6.47b)
(6.47¢)

(1) If Te(ClrjXZ, then we define as the (1 -1, ,iil)—(C—standard form

T . . =8 . . Te(kx2, F . . =CT . . ] £ R2kx2
11,12 1p12 n 11712 11,12 (6.48)
kx2 .- .
I T , then the (1 .1’ ,12)-]R-standard form of T is defined by the
matrix T, 112 elRl:lX2 given by (6.48).
e . lex 2 A
(1i1) For a magix Tel , the G.rassmann vectors g(T,.,h,h) ~&1°1i>12
and g(F, . . )=g, . . are defined as the (1,1,,in)-C-canonical
1>1p12 1,1P12 2

Grassmann vector ((1.,1}.12)-C-CGV) and (1 .17, ip-]R-canonical Grassmann

vector ((1.,ij .12)-]R-CGV) of T respectively. Similarly, if T ekaz, then

2<Tl £ 1 > ¥S1 i 1S defined as the (1,ipi”)-JR~canonical Grassmann
LiPi2  1°x2
vector ((1.17,ip-]R-CGV) of T. 0

Clearly, similar definitions may be given with respect to any triple

(r,i ,19),re<<k>,(11,19)eQ9 the corresponding g . _ . ,g . . will
| | L | r,1j.12 ., 1J,12

be referred to in short as (r,ij .12)-(C-CGV, &,1i ,ip-]R-CGV respectively.

Note that T . . E°.T and T . . Er,T. The importance of the T,
r,1j,12 ch r,1j,12 ch r 1.1j.,12

FI»lplz matrices and of the corresponding g’l»'i],iz ’g"l»)';]>l2 for Eeh’Eeh

equivalence respectively is discussed next.
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kx? | 2
Theorem (6.4): Let T, ,Tne(E X , k"3 and let g, . . ,g, . . be the
1 n 1,05.,i2 1,ij.i2
corresponding (1, 1j jip-C-CGV of respectively. Necessary and
sufficient condition for TTEeh ) is that
| 2
81,11°12 (6.49)

Proof

Let T A"T2 and let be the set °f parameters expressed by Corollary
(6.3) in the (1jipi™) parametric form. By substituting the C*’s in

T2=diag{£3TjQ we have that

2
2 al 2
T2 * dia8<ss,, | . QE<C2X2, 11 =fielR (6.50a)
al,2 al.k
2 ..
where is given by (6.33a) and thus
1 7
1/«C] = ec. . . /c. . . , e=+l (6.50b)
»Ll ,x2 X1 ,x2
where c-J1 ; I’V >1,2 is the standardising parameter of the Tj matrix.

By (6.50a) and (6.50b), it follows that

.1 2 2
a. a, * a, . 2 2
2 T e | r 11°12 L1] 1,12 a1,2 al k
Lo ci i 1 dia8t—--——--- i ’ s 9---0
L.i].i2 2 J11°12 a .a . a’ Al Al k
X1, X2 11°12 > >
and thus
12 . =~T= .. Q (.6.500)
1,11°12 Joi].12n

By applying the Binet-Cauchy Theorem on (6.50c) it follows that

2 CZ2T! i i ht! i 1 iQi C6.50d)
o S /6 1,1t 12 o *, 1,12

and this proves the necessity. To prove the sufficiency we start from

2 = | . . 2 |

A1, il ORI Then, given that by construction g. . . ,g . .
1°x2 ——_",— 20 2 12

decomposable, (6.50d) implies that there exists a Q'™n with |(/|[»1 such

arc
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that T? . . -t! . . Q’, or that T? . . EC,t! . . . Given that
1,1,,12 eh
TEC3Jzs . . and T Ec, T . . 1t follows that T.EC,TO.
eh 1,1j.,12 eh 1, .7 I eh 2
Corollary (6.6); The (1 ,il.,ig)—(E—CGV g ij.i2 is a complete invariant for
matrices of (Eﬁ , k~3, under E:/\—equivalence 0

Repnark ,(l6r._12_): For all matrices T€<E§X2 the (1,2,3)-CGV gijJf is given by

gl 2 3°°01,1>1]t and thus all matrices of are E™-equivalent. This
provides an alternative proof for Proposition (6.11). For such class of
matrices g, 2 3 *s not an essent®a invariant, since all elements of the

set possess this property.

Remark (6.13); The (1,1,,12)(E-CGV g . . , or any g . . vector,
r,11,12
is an equivalent complete invariant for E”~-equivalence to that defined

by the set of r-prime Plucker vectors P

Theorem (6.5) applies also to the case of E7-equivalence of real matrices.

Thus, we have:

-1
7, k=4, and let g, . . .g, . . be the
n 1°11°1 ,11°12

(1.13.12)~IR-CGV of T,, T2 respectively. Necessary and sufficient condition

Corollary (6.7); Let TJ”TO eJRkX2 52

for T1EehT2 is that

-2 -1
S1.ij~ = £S1.i (6.51)

where (6.51) holds with if and only if T:ErﬁTo with a Q and
i eh z n

such that |Q|>0,IQI<0 correspondingly.

Proof
By following similar arguments as in the proof of Theorem (6.4), we

obtain a modified form of eqn(6.50c) as

(6.52a)

By applying the Binet-Cauchy theorem we have that
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I~
TsT 8i.i (6.25b)

Clearly, if <50 then (6.51) holds with and if 6<0 it holds with
The sufficiency follows by a mere reversion of the arguments as in

Theorem (6.4).

kx2
Remark (6.14): The (1 .,1j ,12)-]R-CGV for matrices of Rn , k£4 is a complete
invariant for E~-equivalence modulo e, where e=+1,-1 if and only if

equivalence 1s defined with |Q|>0,IQI<0 respectively transformations.

The role of the (r.ij.ip-IR-CGV for E”™-equivalence defined on matrices

kx3 .
of (En is examined next. We may state the following:

2 ~ 1
Theorem (6.5): Let T.,,Toe(ElrjX , k>3, and let g,. .. ...g,. . .. be the
AR 1,1).,12° A ,1p1i2
(1.13,1p-JR-CGV of T|»T2 respectively. Necessary and sufficient condition
for TjEeftTz is that either of the following conditions hold true:

~1

1)) (6.53a)
or
(ii) (6.53b)

where E=diag{E,...,E} and E=[j]".

Proof
Assume TI1EehT2- By using similar arguments as in the proof of Theorem

(6.4) we obtain eqn(6.50¢), i.e.

o _ ¢Ji iQ IQIS (6.542)
11712 /6
G) If T;EéﬁT; with [Q[>0, then (6.54a) implies that
— .0 (6.54b)
I,11°12 /s I=117°12
where =T~ . . 1 , i=L2. By the Binet-Cauchy Theorem we have
1,1>>02 1.1pI2 R

that



 F = -1
£ a) (6.54¢)
y

(11) If TjE hT2 with IQI<0, then ZT-jZ-6 and 1/Zd—j/Z~T. Thus, (6.54b)
implies

— EFl . .Q (6.54d)

where E=diagi{E,... ,E}, E’f3]"™. By the Binet-Cauchy Theorem, it follows

that

To prove sufficiency assume that (6.54c) or (6.54e) hold true. Then, by

the decomposability of g. 2f % and C9(E) we have that
(6.54¢) (6.541)
(6.54¢) (6.54g)

However, by translating (6.54f) and (.6.54g) into the complex form we have:

(6.54h)

(6.54k)

. and thus T,Er,Tn.
j.i2 eh | Ieh 2

O

5 2
Both of the above cases 1mply that Tj

.. kx2
Corollary (6.8): The (1 ,1f,1,,—1R——CGV, g’i,ij,iZ’ of Te(En , or any other

., , 1s a complete invariant modulo Iz2k\, or modulo
r.J|»J2 Q2
-C2(E), for E”-equivalence. [In particular:

(r>j>* ’ja)*_lR_CGV g

_ *
() 2% i e 'y ¢ for 8ePGL(I,(C/IR) with [Q|>0

(1) g? . (BE)g! . . for gePGL( ,(C/IR) with |Q]|<0

Remark (6.15): The set of r-prime Plucker vectors P , or equivalently the
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. for Er,-equivalence. Thus, for the characterisation of Er -
“r, 1 I X

en
equivalence we need only one complete invariant, the g . . vector, for
T r,11,12
some re<k> and (1].,12)eQ2 fixed.
Note that the vectors g . . and g . . wuniquely characterise
r,1¥ X2 r,11°x2
families of matrices {T r.ij ,‘iz} and {Fr,il,i2 }"{EFr,iri2} with the
properties:
™ . . =T . .Q 1Ql1, voT ., . €{T . (6.55)
r11'X2 r11°12 r,1l,12
F . . =F . .Q IQ=1, VF . . €{F . .
r’11°12 r’Xl ,x2
(6.56)
F . . -EF .. .Q, |Q—1, VF . . €{EF . .}
r,1j,12 r’1x12 r,11°X2
The vector spaces span {T . . =T . . and span (F . . =F R
P A P 'C{ } r’1]»12 P *( r,ij,i2}
span—{EF . . }=F . . are invariant under E - E -equivalence and
IR mlpl2 eh ’ eh

are defined as the E(’;/\—, and E&—equivalence characteristic spaces of T

respectively. The interpretation of the g . . ,2 . . on the
r’11°x2 r’11°L2

corresponding (r,1j ,12)-(C, -JR-standard forms leads to the following

result, that concludes this section.

VX2
Corollary (6.9): Let Tj,T2e(En k>32 and let {TI . . F

’ ro1l1,12° x_ 11,12

s
T 2

- - R . . } be the (r.1.,19)-(C, R-standard forms of T/ T?
r,l_],i?, rolj,iz zZ

respectively. Then

) T1EehT2’ iff TI . . ECT2 . . with Q| =1

o (right complex equivalent).
r,ixi2 r

(i) TIEehT2' iff F with |Q-1 °r EFl . . Erk2

r_ 11,12 r ».,11.12 r,ij.12 r r,1j.,12

with |Q|=-1 (right real equivalent).

6.6 A complete set of invariants of homogeneous binary polynomials under
projective equivalence

The necessary and sufficient conditions for f(s,s).f(X,X)eR"{0) to be

equivalent, have been given by Theorem (6.2); in this result the notion

of E~-equivalence is of crucial importance. The characterisation of the
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E~N(T), , by a complete set of invariants provides the basis for

defining a complete set of invariants for Ep(f) and thus for Ep(F).
Theorem (6.1) may then be used for the derivation of a complete set of
invariants for the E~ g(F,G) equivalence class. In this section, the cases
Of Ep(f) and Ep(F) equivalence classes are considered here. The original
problem, the study of invariants of E* g(F,G) is examined in the next

section. We first define the following:

Definition (6.6): Let f(s,s) eRjJe}, 8(H«{BJR(f); Bil,(f)} and let
, v=#B"(f) (# denotes the number of elements of the corresponding

set). Let us also assume that 7T€<I?—(D>’ irTe<l%_(ﬁ> and that

. = = 6.57
T1r,7r ’ CBj'ch)] ( )

is the (& ,itt)-basis matrix of f(s,s). We may define:

(1 T =T

. Vire<E|3K’\,(f)>, ¥ ir,e<B\(aL,(f‘)>} as the family of matrix

representations of B(f), or of f(s,s). The ordered pair (p,v) will be

referred to as the order of B(f), or of f(s.s).

(11) If pt+v>3, T NjeTCt), re<y+v>, dj > then the

(r,1, ,i)-]R-CGV of T ., git’? ., is well defined and shall be referred
I 2 1T, it r,1j,in2

to as the .t} —Cr,a,ip-IR-canonical-Grassmann vector ¥E(irijr A2)~

-IR-CGV) of f(s,s). The set of all such vectors

(6.58)

is well defined and shall be called the R-canonical Grassmann vector set

(K-CGVS) of f(s.s) 0

m i

Note that the set is completely defined by an element g In
£

>

r.ij.i2
fact, g >. . defines a family of (xr.,i..19)-standardised matrices
|z
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r>i-J»
(T~ f } which are right equivalent with transformations Q, having |Q|=1.
11’12
From any Te{T" }, we may construct all other elements of G”; this is
why any . may be referred to as a generator of G£.
r’11°L2 *

With the above definitions in mind, we may now state the conditions for

Ep-equivalence of elements of JR*"{0}. The simple cases are examined first.

Proposition (6.16): Let f(s,s) €~{0}, B(H={BIR(H) 8", ()}, JIR(H),JL () be
the sets associated with f(s.s) and let (y,v) be the order of f(s.s). The
sets JR(H),IJ™N(f) and the order (p,v) form a complete set of invariants for

Ep(f) in the following cases:

€Y P.v) = (1,0), (p,v) = (2,0), (y,v) = (3,0)

)  .v) » (O0.1), (y,v) = (1, n

The proof of the above result readily follows by Theorem (6.2) and
Proposition (6.14). For polynomials with (p,v)®(0,2), B(f)=Bg,(f) and

JCEI-J7); thus, if BCMH={ (Y] .6l :p)) . (v2.62:p2) .pj<p2). (O={(pJ. D,

(p2,1)} and if we denote by e.=(Y.,«.). Ce™-Sp and by
A~ £~7 a b EiE a b
- - AT (6.59)
c d c d
then we may define the following characteristic matrices of f:
a b a a b a c
Pa b -a P - b d , Pa _ b -a ’ f)‘lg _ b d (6.60)
c d c -a c d c -a
d -c d -b_ d — .d -b

The above matrices will be referred to as the a-,g-.q-,"-characteristic
. * . 4x2 4x2
matrices of f(s,s) and they are matrices of IR el & = x , then

the property described by [CTj,TA"JI=0 is denoted by TjdT"O. With these

definitions in mind, we may state the following result:
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Proposition (6.17). Let fp~eRMO}, (p,v)=(0,2) and let Jg, (™)={(P .1),
0 q o0

Po.DH} andP .J? . ,P.,P7, i=1,2, be the corresponding complex list and

characteristic matrices of . Necessary and sufficient conditions for

fi"Pf2 are:

«> Jc(£1l) = Jec<f2>-
(i1) (a) If pj <p£> then P® o P° = O.

(B) If p]-P2» then either P®Dp“ =0, or P®DP* = 0.

The proof readily follows by Theorem (6.2) and Proposition (6.15). Our
attention is focussed next on the general case, which is not covered by
Propositions (6.16) and (6.17). A polynomial of R*"{0} for which the order
(p,v) is different from (1,0),(2,0).(3.0).,(0,1),(1,1) and (0,2) will be
referred to as a general order polynomial. For such elements of R*"{0} ve

have the following result:

Theorem (6.6): Let f(s,s) eR*"{0} be a general order polynomial and let
B(Has{B"(f) . BN }, J(OO={I™N(D),Jg,(f)} and be the sets associated with
f(s.s). A complete set of invariants for the Ep(f)-equivalence class is
defined by:

VE)\V/fk

(i1) Gf, or modulo — (E), where E=diag{E,...,E} and E=[j]".

Proof

If 1j.f2eRj{0} are two general order polynomials and f“Epf”, then by

Theorem (6.2) we have that (hj ,Pj)=Mh2»v2), I™N()"JR(L2) | 2~ and
there exist irr (B (£)),t«! (B (£f), i»1,2, such that T2 *=diag{E.} T ,Q,
X K X X L X "n, X n.9n
2x2 X 11
where {0} and QeRR

r
By the last condition (Eeh—equivalence of TIT ,) and by Theorem

| , 1177 Tn, IT

(6.5) it follows that

iTpir! _ 7r, 710
g2 2 =g . . or —Cg(E)g 1. L (6.61)
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Note that eqn(6.61) holds true for all (r.ij.12); furthermore,

Tl fEr, T2 »y implies that for V (<.,*{) we may find a suitable (1'9,ir9)
ITI»7r AL en,n'2,7T2 * 2 7
for which t! ~Er, T? thus, by (6.61), G =G or G =G~ (mod~Co(E)).

irl, ] ah T£,it2 fj f2 f] 2 2

This proves the necessity (invariance). To prove the sufficiency
(completeness) assume J™(f])=JIR(£2), Jffi(fHMItt(£2) and that Gf =Gf , or

"=G (mod-CL(E)). The last condition implies that there exists a one to
ri z2 2

one correspondence between the elements of G "GT which is expressed by
Ti

eqn(6.61) Choose an (r.,ij.12), and pairs (it} .tj), (t2,712) for which the

(6.61) type relations hold true. Then by Theorem (6.5) we have that

T.l . .iE\tz , and by Theorem (6.2) the completeness is established

iTpirj eh 12503 0

Remark (6.16): 1If G l’G'fz are two R-CGVS, g.e:Gf.1 , 5 and either gzzg. ,
T T _

or g9s~C (E)g , then G =G or G =G (mod-C-(E)) respectively. Thus,
2 2 | 2 rl_ 2

two sets Gf ,Gf7 are equal, or mod(-C9(E)) equal, if and only if they have
ri 2 2

a common, or mod(-C2(E)) common point correspondingly. 0

In a manner similar to that described for the construction of G”», we may

construct the set of all (Tjir*-Crji. ,19)-C-CGVS, g71°? . , which shall be

denoted by Gf. For every TI_I_ TTTeT(f), we may also construct the set of all
«7T,71 n7T, 1T . «IT, 1T

. . 7T,
r-prime Plucker vectors, P , by P = 1 " where ¥ is the

i-prime Plucker vector set, where k=ut+v. Then, the set

P U Pir,7r’, for V ue<B (£)>, V Ir'e<B.(H)>

1T, JR a (6.62)

will be called the Plucker-vector set of f(.s,s). For polynomials with real

roots we have the following result:

Corollary (6.10): Let f(s.s) be a general order polynomial with
real roots and let B(H)«B (), J(O=JR(F), G and P" be the sets
associated with f(s.,s). A complete set of invariants for Ep(f)-equivalence

class is defined by:

Cci) JK(D.
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(i1) Gj. modulo *+1, or equivalently P* modulo collinearity of the

corresponding wvectors.
The proof of the above result follows immediately by Theorem (6.2),
Corollary (6.7) and from the equivalence of the set of r-prime Plucker

vectors Pr’ to the (r,ll.,lg)—]R—CGV gr,ij,i2’ established by Corollary (6.6).
Remark (6.17): 1If Ppp2 are two sets of Plucker vector sets, P™M" ePA

PAft and PAIT fP~” collinear, then PpP” are collinear. Thus, PpP"

are equal modulo collinearity of the corresponding vectors, if and only if they

have a common (modulo collinearity of the corresponding wvectors)
_ n7T7r —T, T f
vector set P~ =P * =P~

We may illustrate the notion of Ep-equivalence on R*O} by the following

example.
Example (6.3): Let 1(s,s),f(X,X) e¢]R"{9}, where
f(s,8) = (8-3s8)2(s-2s8)(2s-35)(s-4s)

(X, X) = (4X-11X)2(6X-16X)(15X-39X)(20X-56X)

We shall examine whether f(s,s)Epf(X,X). Given that both polynomials have

real roots, the UFS of f(s,s) and f(X,X) are given by

B() -8_(H = {(1.,2:1).(2,3:1)(1.,4:1):(1.,3:2)}
K (6.63a)

8(H) =BJR(H) = {(6,16;1),(15,39; 1), C20,56; 1), (4,11 ;2)}
and thus
JR(H) = {(3,1).(1,2)} »IK(DH) (6.63b)

Since the first of the two conditions of Corollary (6.10) is satisfied, we

proceed to the checking of the second. Select the following permutations

from 8(f) and B(f):
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7r(B(H) = {(1,2; 1), (1,4;: 1), (2,3; 1); (1,3;2) §

(6.63¢)
ir’(B()) = {(6,16:1),(15,39:;1),(20,56;:1);(4,11 ;2)}
Then,
| 2 6 16'
([ - KB - 4 V- ey PO (6.63d)
2 3 20 56
|3 4 11

Let r=le<4>. Then there exists one quadruple <<—(1,2,3,4) based on | and

so one prime triangle 66<>1»{(1,2),(1,3),(1.,4),(2.,3), (2.4),(3.,4)}. The

corresponding Grassmann vectors for TpriJ are:

g(T?) = [2,-1.1,-5,-1.3]¢, gft"’) = (6.63¢)

and thus the Pliicker vectors for r=1 are

(6.631)

Thus, since P2(<5<t>|) W1» t'ie matrices T|.,t!] are not E™-equivalent.

Eqn(6.63f), however, suggests that there may exist a different permutation

on 8(f) for which Er, may be established. Thus, let us take
en

ir"(B(H)) = {(6,15:1),(20,56;1),(15,39-1):(4,11:2)} (6.63g)

Then,

—= = Cir"CB = Tj") = [16,-6,2,-60,-4,91
ir )] and gCTj") [16,-6,2,-60,-4.91s (6.63h)

and thus
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(6.63k)

The above condition establishes the collinearity for the ordered pair

T r 77 a ~
(ir,7r") of permutations; thus Tj"ejlT2 and f(s,s)Epf(X,X). e

The characterisation of the Ep(f)-equivalence class by a complete set of
invariants, provides also a solution to the general linear mapping
problem. In fact, the UFS B(f) of an f(s) eR"{0} defines a general
symmetric set points ¢ of where the list J(f) defines the
corresponding multiplicities of the distinct points of £. Because of this

observation we have:

Remark (6.12): The general linear mapping problem is equivalent to the
study of complete invariants of polynomials of under Ep-equivalence.
The necessary and sufficient conditions for "Epf®, {j,f" elR"{0}, are also
necessary and sufficient conditions for the solution of the GLMP, since

every symmetric point set 5 may be considered as the UFS of some feRé{O}.

g

The results obtained so far for Ep-equivalence of an f(s,s) elR"{0} are
extended next to the case of a set of polynomials. Of special interest are
sets of binary polynomials ordered by the divisibility property. The study
of Ep-equivalence on such sets allows the connection of the results of
Section (6.3) with those of (6.5) and thus yield a complete set of

invariants of matrix pencils under

V iep-1. The set of all Smith-type p-tuples F of IRj {0} will be called a

J-Smith family and shall be denoted bySJRj{0}. For every F eSKj.{0} we can
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define the set of elementary divisors of F by factorising over (( (R) every
f~(s,s) of F; the set of e.d. of F over E will be denoted by Pp, and it is

clearly a symmetric set (e.d. appear in complex conjugate pairs).

Lemma (6.3); (Gant - 11 Let F eSKj{0} and let Pp be the set of e.d. of F
over (C. The set Pp uniquely defines the elements of modulo scaling by

nonzero constants. 0

This standard result provides a representation for F by the set Pp. The

following result emphasises the importance of the set Pp.

Proposition (6.18): Let FpF"eSKjfO} and let Pp ,Pp be the corresponding
e.d. sets. an<* on™ there exists an ordering of the elements

of Pp ,Pp , denoted by Pp. .Pp,, such that for this ordering Pp EpPp,.
P, PP y Pp; P, g P EpPp,.

The proof of this proposition readily follows by Lemma (6.3) and
Proposition (6.6). Thus, Ep-equivalence on Smith-type tuples F may be
reduced to an equivalent problem of Ep-equivalence on sets of e.d. over I.
The notion of the ordering of pp sets is important for our study and shall
be discussed next. Note that if F is not a Smith-type tuple, then Pp does
not define uniquely the set F.

The symmetric set Pp may be written as Pp=(Pp ;Pp}, where Pp , Pp denote

respectively the sets of real, complex e.d. in Pp. The sets p™.,Pp and

thus Pp may be ordered as it is explained next. Let us denote by

1 ={d?id"11"cZZ ,ieo ,dT<...<dT } be an ordered set of integers and let

T ~r | oT

— {(YT's-6j'S)k,(Y]'s-«j's)k,kelT,;jeVT,,Y].5j'e<C,

(6.64)

(6.65)
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be the sets of all pairs of complex conjugate e.d., real e.d., whichhavethe

same set of degrees respectively (or the same Segrez characteristics
respectively). The index sets IT(ITt) may be ordered as follows:

For two sets 1MN17° with 64, we say that strictly precedes 17, written

if o.<an; if o_=on, then we say that I precedes written 7/ <Tn,
ofc P oc p ot p —06— p <X 8

if-there exists an integer t (l£t£o =0-), for which #@=d", .dd £ - 8
Clp TV T8 dtadr

Thus, (3.,4)<<(1,2.,3) and (1,3.,4)<(1.,3.5). This notion of ordering for sets

. . . . E R
of integers, implies an ordering for ﬂpPJ\ , and thus for Pp. Thus, let

R JR Q JR
Pp be either P, or Pp, then we may order P* as

Pl =i . ).eesPA )} (6.66)
| P Bl q | wr
where a =...=0 <a =...=a <...<a =0 and T  ,<...<I
° “p BI Bq < u ail a BI
. r JR (£ P
.<I ..., <..<I™ . Such an ordering for P" , P~ according to the
.q ‘Cl ‘Cr
ordering of the corresponding index sets will be referred to as
JR ] JR

natural ordering. The set P"={Pp ;Pp} for which P and Pp have been
ordered as above will be called naturally ordered. Note that this ordering
JR

is not complete since the elements of the constituent subsets P (IT),P (IT.)

have not been ordered yet. We may now extend Definition (6.1) to the case
of Smith-type tuples.

.. . IR .
Definition (6.7): Let FeSRj{0} and let Pp={Pp ; P"} be the associated set

of e.d. of F over I, which is assumed to be naturally ordered.

Ci) For every P(E (I’\/\ePg we define the set B °d™)),

B°d.) - €« <« » = &T,:IT.—{df.....df }} (6.67)
T J J T T T 1

E JR o
as the representation of P( (T"f). Similarly, for every P (I"ePp we

define by

(6.68)

as the representation of P (I
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(i1) A permutation irB(17.),t *B* (1) of the elements of 8(1 ) .,8(1 t)
respectively defines an ordering of the corresponding sets; the set of all
possible permutations defined on 8(17),B’(1%,) respectively will be denoted

by <B(T)>,<8f(IT,)>.

(111) The naturally ordered sets defined from P%P*R by

Bb(F) = )} (6.69)
| P =

Br(F) = (B - BA( )3 BT 0o BAY ) (6.70)
T

p I
characterise the sets of real and complex conjugate e.d. of P* and shall be
called the complex, real unique factorisation sets of F respectively. The
sets of integers characterising the possible sets of degrees and the

corresponding multiplicities, of e.d. J(| (F) ,JgKF), where

are defined as the complex list, real list of F respectively. The sets
B(F) = {B]JR(F) ; B"CF)} and J(F) = % (F); (F)} are defined as the unique

factorisation set <UFS) and the list of F correspondingly.

Civ) Every permutation of the elements of 8(F) defined by

ir(B(F)) = {irBA  )),....irc(BA  N:;ir'B'd .)),....icr'(B'A , )} (6.73)
661 CCr 6‘1 “f

where it (B(It ))€<B(Ti.)>,7ti (Bl (It ,))€<Bt (I"T)> defines a complete natural

ordering of 8(F); the set of all such permutations will be denoted by <B(F)>

Cv) Let ir(B(F))={ ... .t (B(Tt)) . Lir’CB'(17™))), ... }£<BCF)>, where
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ir(BAT)) - (cJ 8 jlp le<BUT)> (6.74)
T T
»2(8°(I ) = ((Y — — 1 ,))e<B'(T ,)> (6.75)

<ri -rT

A matrix representation of ir(B(F)) may be defined by

T T’

| vi <]

,CBIr(IT [ B,Tr'
rF b J'(F)] i aTa)>

CBlt'(It,)] T e (T
Vit «{/

(6.76)

CBr(IT)]

The matrices Tl‘g m ,'T;lgé will be referred to as a

Ct ,7T¥ — (JR,7r)-, ((E,it ¥ -basis matrix of F respectively. 0

From the above definition it is clear that the results presented for Ep-
equivalence of a single polynomial may be naturally extended to the case of
Ep-equivalence defined on Smith-type tuples. In the following it will be

assumed that F is naturally ordered.

Proposition (6.19): Let F1 ’F’Z

J(Fi):{JlTIQ(Fl') ;JW(Fl')}’ i»1,2, be the associated UFS and list of F1

eSJRJT{O} and let B(Fi )={B{E(F1.) ;B(an(Fl.)},

Necessary and sufficient condition for "jBpF2 are that the following

conditions hold true:

Ci) J(F,)-J(F2) <-> Jk (F,) - Jk CF2) and JA"CFp~CF.,) .

(i1) There exist permutations err™(B(F£))=(n"~(B]RCF")) , Tr|(Ba,CF")))e<B(F£)>,
i=1,2, such that for the corresponding (jr,. ,7rl)-basis matrices Tpl ¥
770,71 T ir! moLir 1 f

\ we TF. EehTF. . O
The proof of this result is similar to that given for Ep-equivalence
defined onR™MO}. The importance of Proposition (6.19) is that it

demonstrates the fact that all results derived for Ep-equivalence on 1R"{0}

also carry out to the case of Ep-equivalence defined on the set SIRj{0}.
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Bg,(F)} and J(F)={J~(F) ;JNF)} are defined in a more general way by
Definition (6.7), rather than Definition (6.1) used for 8(f) and J(f). The
invariants of Ep(F) are the same with those of Ep(f) and thus the same
definition and names will be used.

With the study of Ep-equivalence on SRj{0} completed, we may now proceed
to the solution of the original problem, i.e. the study of complete
invariants of the E* g(F,G) orbit.

6.7 A complete set of invariants of matrix pencils under bilinear strict
equivalence

The starting point in our attempt to characterise E” g-equivalence of
matrix pencils is Theorem (6.1); by this theorem the sets of c.m.i. and
rm.i., Ic(F,G),1MF,G) of sF-sG are invariant; and the extra invariants
needed to form a complete set are provided by the invariants of the set
F(F,G), of homogeneous invariant polynomials of sF-sG, under Ep-equivalence.
Mote that F(F,G) eS!Rj{0}, and thus the results of the previous section
carry over naturally to the case of F(F,G). Before we state the main
result of this section we introduce some notation.

For the set of homogeneous invariant polynomials F(F,G) of L(s,s)=sF-sG
we shall denote by P(F,G) the symmetric set of e.d. over ((, and by
B(F,.G)={B]R(F,G) ; B "F.,G)}, J(F.G)={JK(F.G);J(r(F,G)} the UFS and the list of
F(F,G) and thus of L.(s,s). The set B(F,G) will be assumed to be naturally
ordered and if t B(F,G)=("B]JR(F,QG) , t ’B*"CFjG))e<B(F,G)>, then the (r,ir’)-
basis matrix will be designated by T* and T(F,G) will denote the family
of matrix representations of B(F,G) and thus of L.(s.,s). If p=#BJK(F,G) ,
v«#Bq,(F,G), then (u,v) will be called the order of L.(s.s). Following
Definition (6.6), we have that if y+v>3, then for V T _eT(F,G),re<ptv>,

(ar’i2)e(Cut+v-1 ir’i’,i2wilU den®te the <r.11.12)-1R-CCT of Tir,ir’ and

shall be called the (it ,irr)-(r.1} ,i2)-1R-canonical Grassmann vector of L.(s,s);
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the set of all such vectors (eqn(6.58)), is designated by G(F,G) and we

shall call it the IR-canonical Grassmann vector set of L.(s,s). For every

T ,eT(F,G) we shall denote by (F.G) (F,G) and by &.G) the

IT, 7T m

set of (ir.ir’)-r-prime Plucker vectors (re<u+v>) of the set of all

r-prime Plucker vectors of T , and the PluTclger vector set of T(F,G) and

o 7t
thus of L(s,s) (see eqn(6.62)). If (p,v)=(0,2), the a-, g-, a-, §-
characteristic matrices of L(s,s) are defined as for the case of polynomials
(eqn(6.59),(6.60)). Finally, L(s,s)el(9) will be called a general order
pencil if &p.v) (1.0).(2.0).(3,0).(0,1).(1,1).(0,2)}. We may now state

the main result of this chapter.

Theorem (6.7): Let L(s,s)=sF-sGel.(0) be a general order matrix pencil and
let B(F,.G).J(F.G)={JRF,G) ; JEF,G)}.G(F,.G).Ic(F.G).Ir(F,G) be the sets
associated with L.(s,s). A complete set of invariants for the eh-b(f’g)
equivalence class is defined by:

Ci) Ic(F.QG).Ir(F,G).

(1) J(F,G)={JIR(F.G) ; JC(F,G)}.

(ii1), G(F,G), or G(F,G) modulo —G2(E), where E=diag{E,...,E},E=Cj]]R. n

The proof of this result readily follows from Theorems (6.1),(6.6) and

Proposition (6.19). E* g-equivalence for a number of special type matrix

pencils is treated by the following corollaries.

Corollary (6.11): Let L(s,s)=sF-sGel(0) and let the order (p,v) of L(s,s)
take wvalues from the set {(1,0),(2.,0),(3.0),(0,1),(1,1)}. A complete set
of invariants for the E~ g(F,G) orbit is defined by the sets: Ic(F,QG),

Ir(F.G), and J(F.G)={J™F.QG) , Ji,(F.G) }.

Corollary (6.12): Let Lj(s,s)=sF1-sGj,L2(X,X)€1(0) be two pencils of order

(U,v)-(0,2). Let J&(F..Gp-f .D, UT.. D), {P*,P2,P*,P?}IC(F. .G.) _ ,

Ir(F~,G.), 1=1»2) be tbe corresponding lists, characteristic matrices and
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minimal indices sets respectively of the two pencils. Lj(s,s)E™ gl2(X,X),
if and only if the following conditions hold true:

()  Ic(F1,GD-Ic(F2,G2).Ir(F1,G)=Ir(F2,G2).Ja,(F1,G1)=Ja;(F2,G2).

(i) (a) If 1 <, or <1 ,, then P"DP? =0.

Tl Tl | Z
B) If I =1 , then either P?DP9 =0, or P"DP9 =0.
T Tl 1= 12 [

9

Corollary (6.13): Let L(s,s)=sF-sGel(0) and let (y,v)=(k,0).k™4. Let
Ic(F.G),Ir(F,G),J(F,G)=JIR(F,G) , &.G),G(F.G) be the sets associated with
A
IL.(s,s). A complete set of invariants for the E* g(F,G)-equivalence class
is defined by:
Ci) Ic(F,G) .Ir(F.G) ., JR(F.G).
£

Cii) G(F,G) modulo *+1, or equivalently P (F,G) modulo collinearity of the

corresponding vectors. n

These corollaries follow immediately by Theorem (6.1), Proposition (6.19)
and the corresponding results for binary polynomials stated in the previous
section. The properties of the invariant sets G(F,G), or &,G), have
been studied in detail in Section (6.5), where E™-equivalence was
discussed. The set G(F,G) is gencrated by a single element (in the sense
discussed before) and thus the elements in G(F,G) are not independent
invariants but dependent; however, the whole set G(F,G) (or P (F,G)) is
used in the above results, to avoid the use of permutations. Finally, we

should note that two sets G(Fj,Gj),G(F2,G2) are equal if and only if

there exist g(1)J. ° eGCF.jGj and g2) 2. 2. eG(F9,G9) such that
9. ir’ t oo Tri »7ri
§C2)q j 4 =gOrf i > or = -C2(B)g() 11 6.77)
q.Jj.J2 r_ij.12 X r_ij.,12

Similarly, two sets P (Fj,Gj).,P (F2,G2) are equal if and only if there
T, 1. * Tt 7T1 *
exist PA (FpGj)eP (Fj,Gj) and P» (F2»G2)eP (F2,G2) such that

IT

p (6.78)
r



272

where ”//'' stands for collinearity of the corresponding vector sets. The
last two conditions express the property described by Remarks (6.16),(6.17)
respectively as "equality of a pair of representative points'.

Remark (6.19): If L(s,s)=sF-sG e/RmXnfs,s],m is a generic pencil (L(s,s)
full rank and S (s,s) has no nontrivial elements, i.e. F(F,G)=0), then a
complete set of invariants under E” g-equivalence is defined by:

1) Ic(F.G), if m<n.

(i) Ir(F.G), if m>n

for both types of equivalence the same set is a complete invariant. Thus,

if we keep the same pair of indeterminates (s.s), then E* g(F,G)=E~(F,G).

For regular pencils the notions of E* g and E” equivalence are quite

distinct, since there is no special case where the two notions may coincide.

=XF2-XG-2eL is an elaborate procedure, since finally the sets G(F*,G"}, or
*
P (F.,G.) have to be computed. Note that the rank p of a pencil and the

set of indices J={d":iegjd"deg f"(s.s) ,f"Cs,s)EECF,G)} are invariants

steps:

@)) Find the ranks P />P2 Cs,s) ,L2(AX). If F2 we st°P, since

Lj (s.s)™ gLl.2(AX) .

(11) If pj=P2, ttie sets of deSrees ~]’*2 of F(F_.,G.), i=1,2. If
stop, since then Lj(s,s)f\_gL2()(,3().

Ciii) If comPute 1i=1.,2« 'f KFj GIFF 2,G2) stop, since

then Lj(s,s;E/\igLZ(X,X).

(v) If J(Fj .Gj)-J(F2,G2), compute ,G.}, 1=1,2. If

o .
IC (‘FI.,G].) C(:FZO,%)), or Ir(F,1 ,Glj‘ r(Fz'.’G!.) stop, since then
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Lj(s,s)F" gl 2(X,X).
V) If "C(F|>Gj¥ ¢ ((F2,G2) and (F|,Gj)=Ir(F2>G2) then compute the UFS
8(F..G)={SIR(F.,.G.);B{((F..G.)J, x-L 2. The sets "(PpG.) (F.,G.) charac-
terise the sets or real and complex e.d. Njr (FE»GE) respectively
and thus define sets of homogeneous polynomials FJ/|\<(FH ’Gi )eSRJT {0},
F (F.,G.)ES» £0}. If Fr ~"1,G1)V1IR"2’G2) or VFI . .GI"pND"F2’G2"’
then stop, since ECF™G™p (F2,G2) and thus Lj(s.s)" ’
(vi) If F~CFj ,G1)EpF;R(F2,G2) and FA(F2,G2)Ep(F2,G2), then proceed to the
computation of GCFpG”), i-1.,2, or the special cases tests for checking
the E”equivalence of F(F",G.), i-1,2.

The E~ g(F,G) equivalence class has been characterised by a complete set
of invariants; this set of invariants is common to all pencils Ly_,Ly~e
eE” g(F.,G), but there exist a number of other functions, defined on a
pencil, which are not E” g invariant and thus generally they take different
values on the elements LML~ of the class. In a number of cases, it is
desirable to find a matrix pencil L"eE" g with a prescribed set of charac-
teristics; such a problem may be of interest in the study of numerical

analysis aspects, or system theoretic applications of the matrix pencil

theory. The following problem then arises:

Problem: Let LO=sF-sGeL(0), E~ g(F,G) the corresponding equivalence class,
R the set of complete invariants of E~ g(F,G) (invariant functions defined
on ¥ L°teE” g(F,G)) and let K be a set of functions defined on

V L’,eE" g(F,G) for which KnR-0 . Let us further denote by KCF'jGI) the
set of values of K on the pencil EGA-XE'_XG Find whether there exist
beB and &.cH, such that B)=(f] °Lg=XF—Xg has a prescribed set of values

K(F,G)=A0. This problem will be referred to as a K-characteristics E%_é

pencil assignment problem, and shall be denoted in short by K-E* g-PA.

The nature of the particular K-E~ g-PA problem depends on the type of
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characteristic functions K we specify. We close this chapter by discussing

a special type of K-E* problem related to the stability of the e.d.

of the pencil.

Definition (6.8): Let f(s.s) eR"MO}. {(s,s) will be said to be stable if
the polynomials f(s,1) and f(l.s) have no roots in the closed right-half
(C-plane. A pencil Lq=sF-sG will be called stable if the set F(F,G) is

stable.

A stable polynomial f(s.,s) has no e.d. of the type s”,s™ and all of the
finite nonzero roots are in the open right half (E-plane. The problem

considered next may be stated as follows:

Stabilizability of e.d. problem (SEPP): Determine whether there exists
L~=(XF-XG)g(F,G), such that Lg is stable. For this problem the set K
is the F(F,G) and the prescribed property is the stability of the elements

of F(F,G).

Before we proceed with the study of solvability of SEDP we define the
following subset of PGL(1,(E/R):
s a b X
PGL+(1,(C/R) = (B+: ,a,b,c,d>0, #d-cb } (6.79)
s c d X
Projective transformations of the type 0+, defined as above, will be
called positive-real projective transformations and the transformations

6+eB induced by a BcPGL+(1,1/R) will be referred with the same name. The

subset of B containing all positive real transformations will be denoted

by B+.
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Proposition (6.20): Let f(s,s)=(as-6s)\ g(s,s)=(rs™t+pss+qs™)T be two
irreducible over R binary polynomials.

(1) If f(s.s).,g(s,s) are stable, then for V BePGL+ (1,(C/1R) the polynomials
8°1(s,5)=1(X,X),Bog(s,s)=g(X,X) are stable.
(i1) (a) If f(s,s) is unstable, then necessary and sufficient condition for

, B°f (s,s)=f(X,X) ,BePGL+(1 ,(C/[R) to be stable is that
a/B > max{c/a,d/b} (6.80)

(b) If g(s,s) is unstable, then necessary and sufficient condition for

B°g(s,8)=g(X,X),6ePGL+(1,I/]R) to be stable is that

-p/r < 2ab/(ad+cb) + q/r.2cd/(ad+cb) (6.81)

Proof

(1) The coefficients of f(X,X),g(X,X) are defined by

(6.82a)

(6.82b)

Clearly, if a.,-g.,r,p.q=>0, then the resulting coefficients a,-g.,r,p.q of
f(™">M),g(X,X) are positive, if a,b,c,d>0, i.e. f(X,X),g(X,X) are stable.
(i1) (a) For f(X,X) to be stable aa-Bc>0 and ab-$d>0. Since £>0, and
a,b>0, then, a/B>c/a and a/B>b/d and (6.80) follows. The sufficiency is
established by a mere reversion of the arguments.

(b) Since g(s,s) is irreducible, A=p -4rq<0 for all gePGL(l ,<E/]R);

thus, if r>0, automatically q is also positive. For stabilization, we '

should have

p = 2rab+p(ad+bc)+2qcd>0
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Since r.a,b,c,d>0, then the above condition yields (6.81). The sufficiency
follows by reversing the steps. n

Remark (6.21): Every positive real transformation g stabilizes e.d. of

the type sl and s”.

The abcve result shows that positive real projective transformations
preserve stability of stable e.d. and under the conditions (6.80), (6.81)
may be used to stabilize unstable e.d. Condition (6.81) is rather

difficult to handle; a simpler condition is established by the following

result.
Corollary (6.14): Let g(s,s)=(rs +psstqs )T be an unstable binary

quadratic(r,p> 0,p”0) . A transformation BePGL+(1 ,(C/IR) exists such that

Bog(s,s)=g(X,X) is stable, if either of the following conditions hold true:

-p/r < 2ab/(ad+bc) (6.83a)
or
-p/q < 2cd/(ad+bc) (6.83b)
0

The sufficiency conditions presented by (6.83a), or (6.83b) readily
follow from condition (6.81). Proposition (6.20) and its corollary may be
used to establish the conditions for stabilizability of F(F,G) under a
positive real projective transformation. For the set F(F,G) of homogeneous
invariant polynomials of Lu:sF—g\G, we shall denote by £’Mq the sets
unstable linear, quadratic e.d. over K respectively, which exclude e.d. of

the type sP.44. 1If

k.
M = {(ot.s-8.s) 1,a.$.>0.,i€ji.k. eZ}
£ X X X X X

M
q

then the numbers defined from by
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Xm'rn = min{al/?i.lieqk} (6.84a)

(6.84b)

will be referred to as the instability indices of F(F,G). Using the

1=

P we may state the following result for

instabilit§f indices Xm. max P max

in"P
stabilizability of Lo under positive real projective transformations.
u

| 2

Theorem (6.8): Let (X max P max

————————————————————— min’

P ) be the instability indices of

LO=sF-sG. There exists a positive real transformation 6eB+ such that
6°Lq=XF-XG 1is stable, if there exist a,b,c,d>0 such that either of the

following two conditions are satisfied:

Ci) X . >max{c/a,d/b) and p! <2ab/(ad+cb),
mm max

or

.. 2
(i1) Xm'rn >max{c/a,d/b} and pmaX<2ab/(ad+cb)

Proof
By Proposition (6.20) and Remark (6.21) a positive real projective

transformation preserves stability of stable e.d., stabilizes e.d. of the

type sp.sq and stabilizes unstable e.d. of the type (as-Bs)k,(rs™+pss+qs)T,

if conditions (6.80), (6.83a) or (6.83b) hold true. If Xm.m>max(c/a,d/b},

all e.d. of the type (as-Bs)" are stabilized. Similarly, by Corollary
(6.14), if p. , or [t <2ab/(adtcb) then all e.d. (rs>+psitqs?)' are

. 5 P ax’ Phax -d. pssTq
stabilized. n
Corollary (6.15). There always exist a beB+ such that the pencil
b°LQ=XF-XGEE" g(F,G) is stable. The parameters (a,b,c,d) of a positive

real projective transformation B that induces 6 are determined by

c/at+d/b < min{X . ,2/pl }

mm max (6-85)

Proof

By condition (6.85) we have that
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c/atd/b < X . and c/at+d/b < 2/pl (6.86)
min max

However, max{c/a,d/b}<c/a+d/b<Xm.m and thus the first of conditions of
Theorem (6.8) is satisfied. The second of conditions (6.86) is equivalent
to the second of the conditions of Theorem (6.8) and this completes the

proof. q

Corollary (6.15) shows that SEDP has always a solution and it also
indicates how the parameters of a positive real projective transformation
may be chosen. The family of PGL+(1,(C/K) has been chosen in this
investigation because of its property to preserve stability of stable e.d.
The importance of SEDP for linear systems is a topic discussed in a

following section.

6.8 Conclusions

The notion of bilinear-strict equivalence of matrix pencils has been
introduced and a complete set of invariants for the E~ g(F,G) orbit has
been defined. This work extends the classical results of the Weierstrass-
Kronecker theory of strict equivalence and poses a number of new questions
for matrix pencil theory such as the study of different types of K-E* g-PA
problems and the search for a canonical form under E® g-equivalence. Of
particular importance, from the numerical viewpoint, is the search for
LgeE” g(F,G) which are "well conditioned" in some sense for computations.
The study of SEDP provides a partial answer to this problem, since for the
case of regular pencils L—=XAF—XGeE’\_g(F,G) may be found with fF|,|G]|
(no zero and infinite e.d.). The most important,from the numerical point
of view, problem is of course the assignment of the condition number. This
problem is one of the topics left for future research.

The ~-"-equivalence of matrix pencils provides the means for the

classification of the system theoretic properties into two classes: those
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which are frequency-space transformation invariant, and those which are
frequency transformation dependent. It is clear from the results of this
section, that system properties associated with the sets IC(F’G)’Ir (F.G),
J(F,G) are frequency-space independent, whereas those depending on the
nature of the roots of the e.d. are frequency dependent. The complete
study of this '"'relativistic” classification of system properties will be
presented in the following section. g-equivalence also provides us
with the tools for defining suitable system duals, which may be used for
the investigation of various system theoretic properties.

The definition of a canonical form for the equivalence class E™ g(F,G)
and the search for a complete set of invariants under Eg-equivalence, are
problems still open for future research. An important by-product of the
work in this chapter is the solution of the general linear mapping problem
and the study of the E~N-equivalence. It seems that E~-equivalence,
appropriately generalized over rings, could be important in the study of

problems such as the simultaneous stabilization TSaeSMur-1H.



CHAPTER 7:

Geometric and Dynamic aspects of the

Linear Generalised Autonomous
Differential Systems
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CHAPTER 7: GEOMETRIC AND DYNAMIC ASPECTS OF THE LINEAR GENERALISED
AUTONOMOUS DIFFERENTIAL SYSTEMS

7.1 Introduction

The generalised autonomous differential system S(F.G): Fx=Gx, F,G eRmXn

has emerged as the unifying description to which problems of the regular,
ex'tended state space theory of linear systems may be reduced [Kar. & Hay. -1).
The central problem of linear geometric theory [Won. -1], [Will. -1] of
regular state space geometric theory is the dynamic and geometric character-
isation of the subspaces of the state space; the algebrization of the
fundamental tools of regular state space geometric theory in terms of matrix
pencils [Kar. -1], [Jaf.&Kar. -1] has demonstrated that the algebraic
structure of the restriction pencil (expressed in terms of the strict
equivalence invariants) is the key tool from which the geometric and dynamic
aspects of regular state space theory may be deduced. The aim of this
chapter is to extend the treatment given in [Kar. -1], [Jaf.&Kar. -1] for
regular state space systems to the case of S(F,G); such a study provides the
means for a unifying treatment of the geometric and dynamic properties of
regular and extended state space theory. The algebraic and number theoretic
properties of matrix pencils developed in Chapters (4) and (5) provide the
basis for the study of the geometry of the subspaces of the domain of (F,G)
as well as the foundations of an algorithm, based on the properties of PAPS,
for the computation of the Kronecker canonical form. The notion of the
invariant forced realization [Kar. & Hay. -1,2] is further developed and it
is shown to be of crucial importance for the dynamic characterisation of
the subspaces of the domain of (F,G). In fact, it is shown that problems
defined on S(F,G) may be reduced to equivalent problems of the regular
state space theory.

The chapter is structured as follows: In section (7.2) we introduce some

notation and we give some results extending the theory of PAPS developed
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for regular pencils to the general case of singular pencils. These results
yvield a procedure for the computation of the Kronecker canonical form which
is based on two types of PAPS. Section (7.3) deals with the geometry of the
subspaces of the pair (F,G). The notion of the restriction pencil (F,G)/U,
of a given subspace U of the domain of (F,G) is introduced and the various
subspaces V are classified in terms of the invariants of the pencil (F,G)/(/.
Subsequently, the different types of subspaces are characterised in terms of
geometric and number theoretic conditions and the notions of (F,G)-invariant,
(G,F)-invariant, and (F,G)-completely invariant subspaces are introduced.
The new notions introduced to this section are natural extensions of the
standard geometric notions, of (A,B)-invariance, almost (A,B)-invariance,
of controllability and almost controllability subspaces. In Section (.7.4)
the notion of invariant forced realizations of S(F,G) [Kar. &Hay. -2] is
discussed and some further results are derived; these results demonstrate
that problems of characterisation of subspaces of extended state space
systems may always be reduced to equivalent problems of regular state space
theory. In Section (7.4) the family of solutions of S(F,G) for a given
initial condition is derived and its properties are discussed. These
results demonstrate that a general (non-square) differential system,
although it does not define a dynamical system, is closely associated with
a dynamical system. In the case where there is no uniqueness of solution,
for a given initial condition, the family of solutions is parametrized in
terms of external functions of an invariant forced realization. Finally,
the various types of subspaces introduced in Section (7.3) are characterised
dynamically and the notions of reachability, and system description

redundancy for S(F,G) are defined.
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7.2 The Piecewise Arithmetic Progression Sequences (PAPS) of a
general pencil and the Kronecker canonical form

Let sF-sG e!Rm n[s.s], rankJK( a. {sF-sG}=p"min(m,n) be a general pencil
(s,
t*"CF.G) the sets of c.m.i., rm.i., zero-e.d., infinite-e.d. and a-e.d.,
of the pencil sF-sG respectively. Throughout this chapter we shall

adopt the following two equivalent descriptions for the above sets:

I (F = =_...=£ =0< E£..<
C( ,G) {e1 £g 0 egﬂ, £ ep}
OR = {(e..p.),iejijO%. <.. .<e ,p= £ p.} (7.1a)
11 y i=l x
Ir(F,G) = = +
A U
OR = {(".,71r1),i€}1°,0<?1<<...<"_,t=T ir..} (7.1b)
vV (F,G) £ {sPi,0<Pl<...<p }
To \
A ©—
OR = {(0:p..0.).i€v ,0<Pj<...<pv .tq= 7 oi) (7.10)
o i=l1
P/F™) - {s 1,0<ql<qg2<...<qT }
00 D
OR = {(»:q. ,5.) ,ievo,0<q]<.. .<q .T,« £ $.} (7.1d)
00 £=1
A dk
P (F,G) = {(s-as) 1l,ae(C-{0},0<dl<...<d }
a | Ta v
a
OR = {(a:d.,a.),i6Va, 0<dl<...«iv .Ta=J <"1l (7.1e)

The second of the above descriptions will be referred to as the index set
description of the corresponding invariant. For an aecC-K we shall denote
by P #F,G) the complex conjugate set of Pa(F,G) and by P~(F,G) the inverse
set of P"CFjG), i.e. the set of e.d. (ots-s) < , a=l/a obtained from Pa(F,G).
The set of all distinct numbers $(F,G)={a£;a"e(Cu{ooFja™ ,leu} for which
rank(cuF-G}<p will be referred to as the root range of sF-sG and every

will be called a root representative. Clearly, <£>(F,G) is the set of

distinct numbers (including infinity) which are associated with all possible



283

e.d. of sF-sG. The set #(F,G)-{(a.,t ),i€u}, where t is the algebraic
1 1
multiplicity of a.?$(F,G) in V<i‘ (F.G) will be referred to as the root set of

(F,G). The set #(F,G) is clearly symmetric (i.e. if a”eC-IR and a”e$(F,G),
then a”e<I>(F,G)) and the maximal subset of $(F,G) defined by £°(F,G)=
#{Vate$(F,G):a. will be called the half root range of (F,G). Finally,
<_P(F,G)>:uPcil (F,G) for all af:4>(F,G) denotes the set of all e.d. of sF-sG.
For the pair (F,G), or with the pencil sF-sG we shall denote by T"(F,G),
Tfc(F,G) the k-th order right-, left-Toeplitz matrices of (F,G) (see eqns.
(5.6),(5.7)) and by the right-, left-null spaces of T"(F.G),T™F.G)
correspondingly; if 0"=dim k and <8“/\=di.m k then by (F,G)={0":k=-1,0,1,
2,...,0 j=0q=0} and CNF,G)={0":k=-1,0,1.2,...,0 j=0q=0} we shall denote
the right-, left-(F,G) sequences of (F,G) respectively (see Chapter 5).
The sequences C (F,G),CO(F,G) are Piecewise Arithmetic Progression sequences

(PAPS) and their properties are characterised by Corollary (5.5), i.e.

0 +0
°k > " 'T12 ' * > N 90 =0 ’ Vk = -1,0.1.,... (7'2)

The sequence CANF,G) (CNF,G)) will be called neutral, if for ¥k, 07-0, and
shall be called simple, if its only singular point is k=0; clearly, if
Cr(F,G) (CjC (F,G)) is neutral, then Mr {sF-sG}={0} (W"{sF-sG}={0}) and if it
simple, then sF-sG has only zero c.m.i. (zero r.m.i.). Because of the sign
of the inequality (7.2), the sequences Cr(F,G) and C*> (F,G) will be referred
to as Nonincreasing P.A.P.S. (NI.P.A.P.S.). For the sequence C”"CFjQG)

CCL£(f.g)) we have the following properties.

Proposition (7.1): Let sF-sG be a general pencil and let ae(C. Then, the

following properties hold true:

Cr(F,G) = C*G.F) = Cr(F,G-txF) = Cr(F-aG,G) C7.3)
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Proof
By Theorem (5.2), it is clear that C"FjG) is uniquely defined by Ic<F,G);

thus, to prove the result we have to show the equivalent condition, i.e.
I (F.G) =1 (G,F) = IVJ (F,G-aF) - IG (F-aG,G) (7.4)

To prove (7.4), it is sufficient to show that the corresponding ordered
pairs are Eg-equivalent (see Proposition (6.4)). It is obvious that

(F.G)Eg(G.F). If we define the projective transformation O:

aefl (7.5a)

then for the induced transformation beB we have
b°(F,G) = (F,G-aF) (7.5b)

and thus (F,G)Eg(F,G—aF). Note that the invariance of IC(F,G) under
bilinear equivalence, is a general property under real, or complex

projective transformations and this completes the proof.

The above result provides the means to extend the notion of Piecewise
Arithmetic Progression sequences, characterising the root representatives
of a regular pencil (and thus the Segre characteristics) to the case of

singular pencils.
Definition (7.1): Let sF-sG 6JRmXn[s,s], rank™"g {sF-sG}=p<min{m,n}.

For Va, ae(E we define:

(1) For V k=1,2,... the matrices

G-aF 0o -_-- 0 0

-F G-aF . . . O 0
P~NF.G) - G-aF,...,Pk(F,G) = ' . . Ekmxkn ¢7 6a§
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F-aG 0O « ¢+« ¢« 0 0
-G F-aG+ ¢« ¢« 0 0
P’ (GF) = F-aG...PNG.F) = | ' Lo (7.6b)
L] . e [} .
0 0+« F-aG 0
0 o¢* e+ + -G F-aG

as the k-th order a-(F,G)-Toeplitz matrices (k-a-(F,G)-T.M.) and k-th order

a-(G,F)-Toeplitz matrices (k-a-(G,F)-T.M.) of the pencil respectively. For
a=0, we set PNG,F)=PNF,G) and PNF.,G) shall be referred to as k-th order

°°-(F,G)-Toeplitz matrices (k-°°-(F,G)-T.M.) of the pencil.

r.a r

The sequences defined by
IMNF,G) = {nf£ : n““}=n"=0, nf=dim k>1} (7.7a)
Ja(G,F) = {n": naj=n"=0, n"=dim <0* a: k"l} (7.7b)

will be referred to as the right-a-(F,G)-, right-a-(G,F)-sequences of the

pencil respectively. For a=0, we set JN(G,F)=I"F,G)={n"} and JNF.,G) will

be called the right-00-(F,G)-sequence of the pencil. In a similar manner we

may define the left-q-(F.G)-, left-a-(G.F)-sequences j \f,G) ,Ja(G,F), as

well as J (F,G) for the given pencil.

Remark (7.1): If sF-sG is regular, then:

(1) For Va,a such that a,a/$(F,G), the sequences JNF,G),Ja(G,F) are zero

sequences (all their elements are zero).

(i1) For Va,a such that a,ae$(F,G), the sequences J™NF,G).Ja(G,F) are non-
trivial (they have at least one nonzero element); furthermore,
Ja(F,G),JMNG,F) are Piecewise Arithmetic Progression Sequences at

s=a,s=a respectively.
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The sequences J™NF,G).J*(G.F) which are defined on a regular pencil sF-sG

shall be denoted by J™NF.,G),Ja(G,F) and the piecewise arithmetic progression

property is expressed by the relationship

a a

(7.8)
Because of the sign of the inequality (7.8), J~F,G).JNG,F) will be
referred to as Nondecreasing P.A.P.S. (ND.P.A.P.S.). The sequences J"(F,G),
Ja (G,F) play an important role in the study of the geometry of S(F,G)

systems and their properties are examined next.

Lemma (7.1): Let by

"\=dim NE£,a>

Proof
Consider the pencils sF-sG =s(L -alL )-&L and sF.-sG”sL -s(L -cxL );
| I e e e - —
clearly, (Fj,Gj)Eg(L£,L£) and (F2»G2)Eg(Le.£e)* Since sL£-sL£ has as the
only strict equivalence invariant the c.m.i. e, then by Remark (6.19) we
also have that (Fj,Gj)ENL£,L£) and (F2,G2)ENL£,L£). The investigation

of the values of n™,n™ is equivalent to a study of solutions of the matrix

equations

Fx}=0, G.x}-F.x".._,

which because (Fi’Gi)E’f’(LE’LE) are equivalent to the set of equations (5.16).
»

By Lemma (5.2), it is clear that for Vk the dimension of the solution space
a a aa
is k and thus nf£=nf=k. The property mk=mk=0 follows from the linear

independence of the rows of (FpG.) for i=D2* |

In the following we shall study the properties of the sequences JNF,G),
ING,F) ,JJNF,G) JNG,F). The root range $(F,G)={~,0,ai&E-{0}.a. will be

referred to the pencil sF-G, while <HG,F)={0,°,5"=" o) will be
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referred to as the inverse root range, or as the root range of F-sG (the
dual pencil). The results will be presented for the right sequences of the
pencil sF-G (i.e. Ja(F.G).Joo(F,G)), whereas the case of left sequences may
be treated by invoking '"transposed duality" and the case of F-sG by using

"elementary divisor type duality".

Proposition (7.2): Let sF-G ¢lRmXn[s], p=dim W {sF-G}, <>(F,G) be (e root

k a’ k
range of sF-G and let n=dim W , n=dim N__a be the associated integers
k T,a k T,a
defined for some a,ae(Cu{«>}.
A
(a) For Yaae(Cu{<»}, such that (F.G) ,a/$(G,F), then nf£=n"=pk.

(b) Let aeC,ae$(F,G) and let Pa(F.G)«{ (a;d.,a.) ,iev(x,O<dI<...<d™ ,

a a
t = 7 cr.} be the e.d. set of sF-G associated with a. The dimensions n?
a i=1 X

satisfy the following properties:

€)) It diAk<d*+l’ then

4 a
n? - pk + ad. + k £
K =1 17 j=i+1 ]

(i) If k<dj, then n”=pk+k 7 a..
-- Jjit J
a V<K o o
(ii1) If k>d , then r-pk+J~.d..
Va
(c) Let ®e<I>(F,G) and let PjF.GM (»:q.,a.) .ievy,0<ql<.. .<q -t = £ a.} be
AO 00 1=1

the infinite e.d. set of sF-G. Thexi, “ A0 and n~ satisfy the following
properties:
(€)) If gq~k<<ii+i’ then
%
00
k=¥ = pk+ F. qibi vk I s
j-i j—i+1 J
A T
(i) If keqr then n"=R=pk+k £ &..
317

Voo
% A A
(iii) If k>q~ , then nlgzn%:p’k+JY q’cy
00 j=

Proof
A

It is clear that the numbers n™n” are invariant under strict equivalence
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A
transformations applied on sF-G; thus, the properties of n”™,n™ may be

studied on any element of the orbit E~NF,G). Let (R,Q) be a pair of E*

transformations which reduce sF-G to
sF’-Gl = R(sF-G)Q = block-diag{sFc-Gc;sFr~Gr;sF-G} (7.9a)

where sF-G,sFc-Gc,sFr-Gr are regular-, right-, left-restrictions
correspondingly of sF-G. By the block-diagonal decomposition of sF’-Gr it
follows that the null spaces of P"CF1,G’),P"(G’,F’) may be expressed as

direct sums of the corresponding null spaces of the matrices defined on

sF-G; thus, if nlc{n,n’k,,nk K n"k

,n ) and
a c,a’ r,a’ a

the subpencils SFc_Gc’SFr_Gi“’

nA,n" ,n" £.nr are t'ie numbers defined for a and aeC on the pencils

sF-G,sF1-G1,sFc-Gc,sF*-G™,sF-G correspondingly then

k — Exs
pf = mk =nk o+ k4 nvk C7.9b)
a a c.a a
Ak Apk Ak Ak Ank
nd = "R = ne& + ns. Vk (7.9¢)

Note that sFc-Gc,sFA-G” may always be considered in the Kronecker form and

thus by Lemma (7.1) it is readily shown that

k Ak
n

k nk a = 0 ¥k
ne,« c. C7.9d)

A
a = Pk, n
a r,a r.a

The properties of the numbers n™k,n"k are described by Corollary (4.4) and

the result is readily established. 0

f

Remark (7.2): If n”,n~ and n”k,n”k are the numbers defined on the pencils

sF-G and sF-G, where sF-G is a regular restriction of sF-G, then

nh < pk + 0% VacE, Vk=12,... (7.10a)

Awk
ha

nA = pk + Vael, Vk=1,2,... (7.10b)
a
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The above remark allows the extension of the results derived for the
Piecewise Arithmetic Progression Sequences of a regular pair (F,G) at s=a,

to the case of singular pairs.

Proposition (7.3): The sequences JNF,G),Ja(G,F) defined for some
ae$(F,G).ac$(G.F),a,ac(E on a general pencil sF-G are ND.P.A.P.S. and for

all k=1,2,... satisfy the properties:

k-1 k+l Ak-1 Ak+l
.k
n £ (7.11)

In particular, we have that:

1) Strict inequality holds if and only if k is the degree of an e.d. of
sF-G,F-sG at s=a,s=a correspondingly.

(i1) Inequality holds if and only if k is not the degree of an e.d. of

sF-G,F-sG at s=a,s=a correspondingly.

Proof
By noting that nct’n” |=p+n”™-n" “,na and us”™n” Corollary (4.5)
the result follows. i

If sF-G denotes any regular restriction of sF-G,Ip=»{n™:n_I=no=0,n"»pk,k>1},

then Remark (7.2) implies that

Jr(F,G) = 1 + Jr(F,G) Vael (7.12a)
a =
Ja(G,F) = + Ja(G,F) VaelE (7.12b)

Clearly, J:(i:,(_}),Jg(E},l:“) are neutral (all elements zero) 1if aZ<[>(F,G),
a™(G,F); otherwise they are nontrivial and their properties (singularities
and corresponding gaps) characterise the e.d. structure (Segre characteristic)
of sF-G,F-sG at the corresponding root representative. To define the
sequences {F.G) .Ja(G,F) from the sequences Ja(F,G).Ja(G,F) correspondingly

we do not have to work out a regular restriction of sF-G but merely the
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number p which uniquely defines the sequence I . The number p=dim W"fsF-G}

may be readily defined by the following results.

Proposition (7.4); Let sF-G be a general pencil, p=dim W"IsF-G) and

C~NF,G) the corresponding sequence associated with the pencil. The number p

may be defined by either of the following two methods:

(1) Let t be an integer such that for Vk*r, 0"=(0"+j+0" _j)/2. Then
P-\WNT~r

Cii) Let ote(C be a number such that a/£(F,G), then p=dim Wr(G-aF}=

=dim N/fF-aG}.

Proof
Part Ci) follows from Remark (5.7), whereas part (ii) follows by

inspection of the Kronecker form.

Clearly by selecting a few random numbers and computing
minldim W”IG-a"F)} we may compute p. Then the sequences #F.G) .ING.F)

may be found by

Jr(F,G) = Jr(F,G) -1 , Vocel (7.13a)
a a p

Ja(G,F) = JANG.F)-Ip , VaeB (7.13b)

If J’((F,(}),Jg (G,F) are non-neutral, then the procedures described in
Chapter C4) may be used for the computation of the Segre characteristic
for Yae<I>(F,G). A combination of the procedures described in Chapter (4)
and Chapter (5) for the computation of the Weierstrass canonical form of
a regular pencil and for the computation of the sets Tc(F,G),1™NF,G) of a
singular pencil correspondingly readily yields a procedure for computing
the Kronecker form of a pencil without resorting to the use of

transformations. A summary of this procedure is given below.
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The Piecewise Arithmetic Progression Sequences Approach for the
computation of the Kronecker canonical form

Let sF-G elRmXn[s] be a general pencil. The Kronecker form of sF-G may

be computed without using strict equivalence transformations as follows:

Stepnl(ll,): Compute the sequences Cr—(F’G)’CIc’(F’G) associated with the
pencil and by use of the PAPSD of Chapter (5) compute the sets Ic(F,G),
I (F,G), as well as the numbers p=dim N {sF-G} and t=dim W {sF-G}. Then
the rank ~(s){sF-G}=p is defined by p=m-t=m-n+p if m<n and p=n-m-+t=n-p

1f m>n.

Step (2): The root range $(F,G) is computed as follows:
(a) If dim Wxr(F)>p, then °°£$(F,G); otherwise °°/$(F,G).
Cb) If dim Wr<G)>p, then Oe$(F,G); otherwise O0"$(F,G).

(¢) Let sFP-Gp denote the pxp subpencils of sF-G, which correspond to an

{a} p-set of columns and a (b) p-set of columns of sF-G. There exists at

least one subpencil sFP-GP for which Cxr(FP,GP) is neutral (and thus

CAN(FP GP) is also neutral); such subpencils will be referred to as p~regular
subpencils. If sFP-GP is a p-regular subpencil find det(sFP-GP)-a(s) and
let cr(FP,Gp) be the distinct roots of a(s). For ¥Beo(Fp,Gp) compute G-6F.
If dim Wr(G-BF)>p, then ge$(F,G), otherwise "S(F,G). The procedure

yields the set $(F,G).

Step (3): For Vae$(F,G),acC, compute the sequence J"CFjG) and by (7.13a)

the sequence JNF,G). Similarly for a=®e$(F,G) compute the sequence

Jq(G,F) and thus by (7.13b) the sequence JN(G,F). From the sequences
~NF.G),JINMGLF) compute the Segre" characteristics for aeC, or ot=° by using
either of the methods described in Chapter (4). The procedure yields the
sets Pw(F,G) ,Pa(F,G) of the pencil which together with the sets Ic(F,G),

~rCF,G) define the Kronecker form.

The sequences C (F,G),COF,G) and JNF.G), for Vae$(F,G) uniquely

r X, a
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characterise the strict equivalence orbit E”(F,G); this characterisation

is summarised by the following result.

Theorem (7.1); Let sF-G eRmXn[s] be a general pencil and let #(F.G)=
jCtrelEul00},iev} be the root range of sF-G. The set $(F,G) and the

sequences J(f(F,G) Haet(F,G) ’CIT (F,G3),C (F,G) form a complete set of

invariants for the strict equivalence class E~NF,QG).

By interpreting the strict equivalence invariants of ENF,G) in terms of
the corresponding sequences a unification of the different notions of
invariants is achieved, since each one of them is characterised by the
properties of a Piecewise Arithmetic Progression Sequence. The Kronecker
form may then be interpreted as a canonical form describing the singular

points and associated gaps of the corresponding PAPS.

7.3 The geometry of the subspaces of the domain of (F,G)
7.3.1 Introduction: Background notation and definitions

The algebraic, number theoretic and frequency-space relativistic
properties of matrix pencils have a natural geometric interpretation; it
is the aim of the present section to study these properties and to
demonstrate that the geometric properties may be naturally derived as a
byproduct of the underlying algebraic and number theoretic aspects. The
effect of frequency-space transformations on the geometric properties will
be examined in the following chapter. Central to our study is the
classification of geometric properties of the subspaces of the domain of
the pair (F,G).

Let U and W be vector spaces over a common field F (in our present study
F«]R) and let L(IW) denote the set of all linear mappings from U into (V.

The set L(I/;W) is a linear vector space under addition and scalar
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multiplication. 1f EG)EDU; W) , then the pencil of linear operators
st$-sg defined on the pair (4,9) is a mapping of U into (V. For a definite
choice of bases B”,B” in these spaces the pencil of operators s4-~sg
corresponds to a pencil of rectangular matrices sF-sG (of dimension mxn,

m=dim W, n=dim U); the representation is illustrated by the following

commutative diagram

Figure (7.1)

where are the representation maps of with respect to the given
bases B”,B”. Thus sF-sG 1is a matrix representation of sfi-sg with respect
to B”,B” and under a change of bases in U)W, the new matrix representation
of sfi-sg becomes R(sF-sG)Q where R,Q are square nonsingular matrices
expressing the coordinate transformations in the domain and codomain of
s™-sg. Clearly, strict equivalence of matrix pencils is equivalent to a
study of the pencil of linear operators sfi-sg and the set of strict
equivalence invariants characterise uniquely the pencil of operators. It
is therefore expected that the geometric properties of the subspaces of

U under the (4.g)-pair mapping to be intimately related to the set of strict
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equivalence invariants which characterise s”™-sg. In the following it will
be assumed that 1/=]Rn, W=]Rm and thus sF-sG is the pencil of interest which
is associated with the ordered pair (F,G) elRmXnx]RmXrl. If V is a subspace
of JRn and (F(/,Gl/) denotes the ordered pair of the images of (/ under (F,G),
then the fundamental geometric questions which have to be examined are
those revolving around the relationships between the subspaces F1/,Gl/

represented in Figure (7.2).

Figure (7.2)

The key tool in our study is the notion of the {/-restricted ordered pair,
or alternatively of the (/-restricted matrix pencil. The notion of the (/-
restricted ordered pair of maps is an extension of the standard notion
defined on linear maps. Thus, let be a linear map, (/cl/ be a subspace
with insertion map n: V-4l Let 87,8" be a basis for 1/(V respectively and
let F and V be the matrix representations of and a correspondingly with
respect to 87,8”. The restriction of to V is the map H/A/:(/- defined
by and the matrix representation of ~/(/ with respect to the bases

8™, 8" defined by

[6/1/] = [d] [V] = FV (7.14)

where by [¢] denote the operation of matrix representation. This notion
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may be readily extended to ordered pairs (F,G) (or (t$,g)) and thus to

matrix pencils as follows:

Definition (7.2): Let (F,G) €ERmXnxKmXn, (/c]JRn be a subspace of Rn and
V a basis matrix of V (relative to the standard basis of JRn). The pair
(FV,GV) will be called a (/-restricted ordered pair; the associated pencils
sFV-GV,FV-sGV will be termed (F,G)-, (G,F)-I/ restriction pencils and shall

be denoted by (F.G)/I/, (G,F)/(/ respectively.

Note that for a given U, (FV,GV), or the pencil sFV-sGV is not uniquely
defined since the definition involves a particular choice of basis matrix
for (/; 1t is clear, however, that for a given (/ all restriction pencils are
strict equivalent and thus they are characterised by the same set of strict
equivalent invariants. It is due to this fact that the algebraic structure
of U with respect to the pair (F,G) is independent of the particular choice
of basis. Furthermore, we note that (F,G)/(Z and (G,F)/U are dual pencils
(.elementary divisor type of duality) and thus the properties of (/ with
respect to (F,G) may be studied either in terms of sFV-GV, or in terms of
FV-sGV. The uniqueness of the characterisation of (/ with respect to (F,QG),
in terms of the strict equivalence of (F,G)/(/, or (G,F)/U has led to the
algebraic characterisation of I/ [Kar. 1]. Before we introduce this
characterisation we give some useful notation.

The sets of invariants defined by eqns.(7.1) will be denoted by Ic(F.QG),
IrCF,G),Pq (F,G)j VACFj G) Va(FfG), when they are referred to the (F,G) pair,
or the pencil sF-G (s=1) and by T CG,F),I (G,F),P (G,F).,P (G,F),Pa(G,F),
when they are referred to the pair CG,F), or the pencil F-sG (s=1).
Whenever there is no ambiguity about the pair (F,G), or (G,F), the types

of invariants of sF-G will be denoted in short by Ic,lr,PS PiVs and those

AA A . 0 (X
of F-sG by I ,1 ,PS,PS,PS Ca=a” ). A set of the above type (i.e. T ,1 ,
7 ¢ ¥ 0 O a ¢ T

be called Prime contains only one element (i.e. one
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c.m.i., or r.m.i., or one e.d. respectively). The root range of a pair
(F,G) will be denoted in short by $, whenever there is no ambiguity about
the pair; the inverse root range of (F,G), or the root range of (G,F)
shall be denoted by % The root range <f, or the corresponding pair (F,G)
shall be called "-proper, o-proper and shall be denoted by

respectively, if correspondingly; if ¢ is both "-proper and
O-proper, then it will be referred to as proper and shall be denoted by $
Clearly, by the e.d. type of duality, if $ is o-proper, "-proper, proper,
then § is "-proper, o-proper, proper respectively. The root range will be
called simple, if $§ contains one real element (the point at is also

treated this way), or a pair of complex conjugate eclements. Finally, a

set of r.m.i. with all its elements zero will be denoted by 1°.

Definition (7.3) [Kar. -1]: Let (F,G) ¢/RmXlIx]RmXn, (/c]Rn be a subspace,

be the set of strict equivalence invaraints of (F,G)/V and let $§ be the
root range of (F,G)/U. The subspace (/ will be called:
(a) $-(F,G)-elementary divisor subspace (4>-(F.G)-e.d.s.), if

S ,Va.€$ and possibly IQ,}. If § is o-proper, ‘“-proper, proper, then

i
I/ will be called respectively o-proper, “-proper, proper, 3-(F,G)-e.d.s.

and shall be denoted by $0,—(F,G)—e.d.s., $. .-(F.G)-e.d.s., $p —~(F,G)-e.d.s.

00
correspondingly. If the set $§ is simple, then the corresponding subspaces
subspaces will be referred to as simple; if $=— { O } <ct,a e]R-{0}} or,
£aa- {0} }, then the corresponding subspaces will be denoted by
O-(F.,G)-e.d.s., "-(F.,G)-e.d.s., a-(F.,G)-e.d.s., {a(btG)-e.d.s.

respectively. If $ is simple and the corresponding set of e.d. is prime,

then U will be called prime <j>-(F,G)-e.d.s.

(b) Ic~(F,G)-column minimal index subspace (Ic-(F,G)-c.m.i.s.) if

I"«{I™ and possibly 1°}. If Prime an™ "~c="e"> then (/ will be called

prime and shall be denoted by e-(F,G)-c.m.i.s.
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(¢) Ir-(F,G)-row minimal index subspace (T"-(F,G)-c.m.1.s.), if I"={1~J

If Ir contains at least one nonzero element, then it will be called

nonreduced, otherwise (17=1°) it will be referred to as reduced.
By the e.d. type duality we have the following obvious result.
Proposition (7.5): Let (F,G) eRmXnx]RmXn, (/c]JRn be a subspace (F,G)/U,

((?,F)/U be the associated restriction pencils and let be the

corresponding root ranges of the two pencils. The pencils (F.G)/(/, (G,F)/U

are dual, $ is the inverse root range of $ and the following properties

hold true:

Ci) Uis o/7-(F.G)-e.d.s., iff it is $00,-CG.F)~e.d.s.

)]

Gi) Ui

is \/-(F.G)-e.d.s.. iff it is $p.-(G,F)-e.d.s.

S -(F.Gr-e.d.s.. iff it is $0.-(G.F)-e.d.s.

=

Ciii) |

Civ) |

=

is V—(F,G)—c.m.i.s., iff it is Ic,-CG.F)-c.m.i.s.

Cv) I/ is V—CF,G)—r.m.i.s., iff it is Ic,-(G,F)-r.m.i.s.

Remark (7.3): If U is simple #-(F,G)-e.d.s. and the corresponding e.d. set

is {pS}.{pS}.{ps,a e¢jR _{o}}, or, EEFsPOlot,a }, then (/ is also simple
N N AN — A A :

$-(G.F)-e.d.s. with an e.d. set {PS}_.{PS}_{t?A,a=a }, or, {PA,t?L,a=a |,
00 o a a a

#a 1} respectively.

Any subspace Uc]Rn is characterised by the set 1" which is associated
with (F,G)/|/. The block diagonal decomposition of the Kronecker canonical
form of (F,G)/|/, clearly suggests that V may be decomposed into a direct
sum of prime o-(F,G)-e.d.s., °°-(F,G)“e.d.s., a-(F.,G)-e.d.s., ccelR-fO},
K, a)-c.d.s. , 8€@-{O} , e-(F,G)-c.m.i.s. and nonreduced £-(F,G)-
r.m.i.s. Subspaces of the above type will be referred to in short as
prime invariant subspaces of the pair (F,G) and their study is of crucial

importance in our attempt to classify the subspaces of the domain of (F,G).
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7.3.2 The structure of simple invariant subspaces of (F,G)

Our aim in this section is to derive a set of geometric and number
theoretic conditions which characterise the prime (simple) invariant sub-
spaces of (F,G). The results derived here provide the means for the

classification of the subspaces V of the domain of (F,G).

Theorem (7.2). Let (F,G) eEmXnxKmXIl, 1/<<Rn be a subspace and let

dim|/=d. Necessary and sufficient conditions for |/ to be a prime a-(F,G)-

e.d.s., aclR-{0} and thus a prime a-(G.F)-e.d.s., a=a | are:

Ci)  M_(F)n(/=0 and M_(G)nIM).

Cii) There exist bases M {x.,i(-d}, B fxpied} and a eR-{0} such that

Gx. =aFx.+ ied, xq=0 (7.15a)
Fa. -kt &k .. led, % =0, A=~ C715b)

Proof

If V is a basis matrix for 17, then the pair (FV,GV) is characterised by
an e.d. Cs-ot)d and possibly 1°. By inspection of the Kronecker form it
follows that N"CFV)-N"CGV)=0 and thus Wxr(F)n(/=0 and Wxr(G)n|/=0. By
Proposition (4.1), the existence of the bases {x.,ied} and {x.,ied} for
which conditions (7.15a),(7.15b) are satisfied is established; this proves
the necessity. The sufficiency is established as follows: Conditions Ci)
imply that for every basis matrix V of U, (FV)=Nxr(GV)=0 and thus the
pencil (F,G)/(Z has no c.m.i. and no zero, infinite e.d. By Proposition
C4.2) the existence of the basis {x".,ied}.(x"ied) satisfying the chain
conditions (7.15a), 07.15b) respectively imply the existence of an e.d.

Cs-a)d for CF,G)/V, or Cs-a>d for CG,F)/(/. By inspection of the dimensions

of CF,G)/V, it follows that if there are r.m.i., then all of them must be

ZEero. I



299

Prime §aCk.G)-e.d.s. may be characterised by a similar result as it
is stated below. Note, that since #eafafeE, such subspaces may

also be denoted as (a,0))-(F.G)-e.d.s.

Corollary (7.1): Let (F,G) eRmXnx]JRniXn, 1'cKn be a subspace and let

diml/=2d. Necessary and sufficient conditions for 1/ to be a prime

(a,m)-(F,G)-e.d.s. and thus a (o.m)-(G,F)-e.d.s., where otjw=(crtju)) | are:

(i) Nr(F)nl/=0 and Wr(G)n(/=0.

1i There exist bases B ={(a.,b.),ied}, Ba a a.,6.).ied} and
(11) CJj O) ‘Cl ! Vl ) (i"l H“l

. -1 A A
a=otju)e(E-]JR, a=a =o+jo) such that

CQGa, Ffersu-cob£} + ~j_p’ a =
¥ a
(7.16a)
,Gbj  Ffaiatabr} + 1_)0:9
fAA AA
Gtcran-cobr} + G2i-1’ %0:—
o (7.16b)
G{u% +c1‘r% + GNi-1 6 =0
_O —_—
i

The proof of the above Corollary follows along similar lines to those of
Theorem (7.2), the only difference is that the real Kronecker canonical
form is used for the establishment of the bases in part (ii). By slight
modification of the conditions of Theorem (7.2) we have the following

Corollaries.

Corollary (7.2):. Let (F,G) eK"™"xJR"Il, (/<<Rn be a subspace and let

dimU=d. Necessary and sufficient conditions for |/ to be a prime o-(F,G)-
e.d.s. and thus a prime °°-(G,F)-e.d.s. are:
) Mr ®@)nl/ and Mr (F)n(/=0

Cii) There exists a basis Bo={x7?,i€d} such that

Gzor = F§1_1; ied, §0 0 (7-17)
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Proof

From the proof of Theorem (7.2) we have that Wr(F)nl/=0 excludes the
existence of c.m.i. for (FV,GV) pair, as well as the existence of infinite
e.d. By setting a=0 into (7.15a) and using Proposition (4.2), the result
follows.

<
Corollary (7.3): Let (F,G) eKmXnx]RmXn, 1/eEn be a subspace and let

dim(/=d. Necessary and sufficient conditions for 1/ to be a prime
°°-(F,G)-e.d. s. and thus a prime o-(G.F)-e.d.s. are:
Ci) Mr F)n(/ and Mr (G)nl/=0.

Cii) There exists a basis SOOZL;;.;ic%} such that
FZ(I = G_XI_I., ied, X =0 (7.18)

The bases Sof(Bz)’Bo,u)(B%,&) 30,800 defined in the above results
characterise the various types of prime (F,G) elementary divisor subspaces
and shall be referred to as characteristic bases. The above results
clearly depend on the notion of a characteristic basis and in the following
our attention is focussed on "basis free'" characterisation of the prime,
or simple, CF,G)-e.d.s.; some useful definitions and properties of special

type pencils are considered first.

Definition (7.4): Let CF,G) e]RmXnx]RmXri. The pair (F,G) will be called
right nonsingular, (left nonsingular) if C"CF.G), CC"CF,G)) is neutral.
If (F,G) is right (left) nonsingular and C CF,G) (C (F,G)) is either
neutral, or simple, then CF,G) will becalled extended right regular

Cextended left regular).

Clearly, if (F,G) is right nonsingular, then sF-G has no c.m.i. and if
(F,G) is extended right regular, then it has no c.m.i. and no nonzero

r.m.i.
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Remark (7.4): If sF-G e!RmXn[s] is an extended right regular pencil, then

m>n and there exists an ReRmXni, {R] such that

R(sF-G)
sF-G

where sF-G is a regular restriction of sF-G.

Proposition (7.6): Let sF-G e/lRmXn[s] be a right nonsingular pencil and let

sF-G be a regular restriction. Then, for Va,ae(C we have that

INF,G) - JNF,G) and j£(G,F) = j£(G,F)

Furthermore, if (F,G) is extended right regular and then also for Vk

N(PA(F,G)) = NrCPAF,G)), N.(PNG,F)) = N.(p£(G.F))

The latter result readily follows from the definitions, eqns(7.12) and
Remark (7.4). Proposition (7.6) implies that all definitions, properties
of right null spaces of Pa(F,G).P"(G,F) and structure of basis matrices for
these null spaces derived in Chapter C4) for regular pencils also carry
over to the case of right nonsingular pencils. Thus, notions such as the
index of annihilation t , the k-th generalised null space and of the
sequences J*CFjG), defined for a regular pair (F,G) at s=a may also be used
in exactly the same way for the case of right nonsingular pencils.

For a given pair (F,G) €[ RmXnx]RmAn, any subspace c]Rn is characterised

by the invariants of CF,G)/V. Theorem (7.1) implies that the sequences

J(FV,GV), JINGV,FV), VaSe<C as well as C (FV,GV), C (FV,GV), where V is a
oi oi T it

basis of V, are independent from the particular choice of the basis V and
depend only on thus, these sequences will be denoted by Ja(F,G;U),

JXCG,F;|)),C (F.,G;|/),C (F.G;l/) and the root range by S(F,G; Note that
0C 17 Ar

if V is $-(F,G)-e.d.s., or ,a],e$(F,G; U) and possibly T7}, then



302

(F.G)/U is extended right regular, or right nonsingular respectively and the
notions of the k-th generalised null space of (F,G)/U at s=a (Definition
(4.1)) and thus of the maximal generalised null space of (F,G)/V at s=a are
well defined; in such cases, the dimension of the maximal generalised null
space of (F,G)/U is independent of the particular choice of (/, it will be
denoted by d"FjG:;!/), and shall be called the a-(F.,G)-order of (/. A sub-
space V for which (F,G)/I/ is right nonsingular will be referred to as an

extended-(F,G)-right regular subspace (e-(F,G)-r.r.s.).

Proposition (7.7): Let (F,G) eKmXnx]Rmxn, and (/c]Rn be a subspace.

(a) The subspace 1/ is e-(F,G)-r.r.s. if and only if the sequence
Cr(F,G;U) is neutral.

(b) The subspace (/ is <I>-(F,G)-e.d.s. if and only if Cr(F,G;U) is neutral
and C~NF,G;U) is either neutral, or simple.

(¢) A sufficient condition for I/ to be e-(F,G)-r.r.s. is that ecither

Wr(F)nl/=0 and/or N"™(G)nl/=0.

The proof is rather obvious and it is omitted. For simple #-(F,G)-e.d.s.

we have the following result.

Theorem (7.3): Let (F,G) e/RmXnx]RmXn, (/cRn be a subspace, 8(F,G;V)

be the root range of (/ and let diml/=d.
(a) U is a simple a-(F.,G)-e.d.s., ae<E-{0}, if and only if ae$(F,G;U) and
1) Wr(F)n(/=0 and ~NG)nl/=0.
(i1) If aelR, then da(F,G;U)=d. If ael-IR, then d is even and
da(F,G;(/)=d/2.
Cb) (/ is a simple °°-(F,G)-e.d.s., if and only if
() WrOF)n(/ and N,(G)n(/=0.
(11) oe#(G,F;l/) and dQ(G.,F;U)=d.

(C) (/ is a simple o-(F.,G)-e.d.s., if and only if
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(i)  Wr(F)nU=0 and N~G)A(/

(11) o0e$(F,G;(/) and dQ(F,G;U)=d.

Proof

(a) By Proposition (7.7), and conditions (i) it follows that U is
e-(F.G)-r.r.s. and by Theorem (7.2) has no zero and infinite e.d. The
pencil (F,G)/(/ is extended right nonsingular and thus since ae$(G,F;U),
JNF,G;V) is not neutral. If Ta(U)={(dpopiegj is the index set of
(F,G)/(/ at s=a, then da(F,G;1/)=Ed"o"=d implies that (F,G)/U has only finite
e.d. at s=a and possibly zero r.m.i. and thus sufficiency is established.
The necessity of part (a) is obvious. The proof of the other parts is

similar.

The above result provides a basis free characterisation of simple
$-(F.G)-e.d.s.; such a characterisation clearly depends on the properties

of the JNF,G;U) sequences, which in turn define da(F,G;(/).

Corollary (7.4). If VU is an e-(F,G)-r.r.s., ae$(F,G;(Z), Ia(F.G;(/)H)=
={(d§ip1),i§p,d.<.-.<dp +is the index set of (F,G)/V at s=a, and dimU=d,

d (F.G;U)= 7 o.d..
c1g > ) 1:>1?i

1) If otelRufll}, then da(F,G;(/)<d and equality holds, if and only if (/ is

i

a simple a-(F,G)-e.d.s.

(i1) If aefli-IR, then da(F,G;1/)<d/2 and equality holds, if and only if (/ is

a simple fJetEaG)-e.d.s.

For the case of e-(F,G)-r.r.s. U, it is clear that Definition (4.4) and
Theorem (4.5) also apply for (F,G)/U. In fact, if V is any basis matrix
of I/, and TIa(F,G; V)«{ (dptp ,i€gj is the index set of (FV,GV) at s=a

(aeluf®}), then the notion of a complete prime set of chains § (FV,GV)=
d d d d a

.......... isa<di>Yal):-—-;Sa(dp.YIP)........Sa(dp™aP) ’ where
1 p
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d d d V )
B (FV.GV)={v ' ....v P-- _..,v 7j is a normal basis of generators of
| "1 P d.
(FV,GV) at s=a, is well defined, Every d”-th order prime chain Sa(d”,v"1)
d. d. d. d.

Ak d -k 1"k satisfies conditions (7.15a) or (7.15b) if
ae(E-{0}, conditions (7.17) 1if a=0 and conditions (7.18) if a=°°. Note that
d.
egery cgain S (dl-jval) of (FV.GV) defines a chain of vectors in (/, if we set
. . a -« d.

J- jecI:; these chains of vectors in (/ will be denoted by S~Nx™ ; U),
the set of such chains by E“ (F,G;U) and the corresponding set of generators
by BCl (F,G;U). The sets B01 (F,G:U), S01 (x. ;(;10 and E01 (F,G;(/) are not uniquely
defined, even for a given choice of basis matrix V and shall be referred to
as an a-normal basis of generators in (/, an (ot,d")-prime chain in V and an
ot-complete prime set of chains in (/ of (F,G) respectively. For a given

choice of V basis matrix, the "Nested basis matrix approach’, described in

the notion of maximal generalised nullspace at s=a. Thus, if V is a basis
matrix, the notion of the maximal generalised nullspace of (FV,GV) at s=a
is well defined, in a similar way to that of the regular case. Such a sub-
space, clearly depends on the choice of V and shall be denoted by MA(V); if
Xy is a basis matrix of Ma(V), then Na(V)=sp{VXy} is a subspace of (/ and
shall be called an (a,V)-maximal generalised nullspace in 1|/ of (F,G) at s=a

and its properties are discussed below.

Proposition (7.8): Let 1/ be an e-(F,G)-r.r.s., diml/=d, $(F,G;l/) be the

root range, la(F,G; (/)={(d..0") ,ieg,} be the index set of I/ at s=a and let



305

V,V' be two basis matrices of (/. The following properties hold true:

1) For any ae$(F,G;U), then any set Ea(F,G;U) and thus any set of sub-
spaces La(F,G;U) is linearly independent.

(i) Let ae$(F,G;U), L (F,G;I/):{Vd‘ €L k€a.} be an a-complete prime set

of subspaces derived for a given V and let ~(V) be the corresponding

(a,V)-maximal generalised nullspace in (/. Then,

. d. d, d d
N (v) =V, s...eV p (7.19)
a 1 o,l | ch

and dim W (V)=d (F%G;*U)= 7 o.d..
x x a 1=1 11
Ciii) Let Wa(V),Wa(V’) be the maximal generalised nullspaces that

* *
correspond to two different basis matrices V,Vf. Then Wa(V)=Wa(V1l).
Proof

Part (i) and Part (ii) are straightforward consequences of Theorem (4.5).

Let N™N'k be two nested basis matrices of M (PNFV,GV)}, A {PNFV' ,GV)}
a ot r a ’ " r a

=<3

respectively and let V=V’Q,Q€(C B;01 it may be readily verified that
Na :diag{,Q,-.QQ}N;. If ¢t is the index of annihilation of (FV,GV) and thus

""" k
of (FV’,GV’) at s=a then

x; - [ =<3 X:T] =Q[xJ,....x] = gxt

where Xt X are the last blocks of the naturally partitioned matrices

NT,N,T. Then
a a

W) - sp{VXT} = sp{V'QQ"x"} - sp{v'x’} = W)
This result demonstrates that W) is uniquely defined, and it is

independent of the particular choice of V used for its definition; this

subspace will be denoted by &) and from now on shall be referred to as

the a-maximal-(F,G)-generalised nullspace in U. The above definitions and

result clearly apply to the case of $-(F.,G)-e.d.s.; for the case of simple
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$-(F.,G)-e.d.s. we may combine the characterisations provided by Theorem (7.3)

and Proposition (7.8) to derive alternative criteria for such subspaces. In

the following, if Wc¢(En is a d-dimensional subspace, then by Re span (V we

shall denote the subspace of JRn which is spanned by the real and imaginary

parts of the vectors in W, clearly dim JRe spanW=2d.

Corollary (7.5). Let (F,G) €3RmXnx]RmXn, 1/<Rn be a subspace and let dim(/=d.

Then,
(a) 1/ is a simple a-(F,G)-e.d.s., acIR-{0}, if and only if
1) Mxr(F)nU=0 and Nx(G)n(/=0.
1) (D=
(b) (/ is a simple Fa(k,G)-e.d.s. , ae(E-IR, 1if and only if
1) N (F)n(/-0 and Mxr(G)n(/-0.
(i1) JRe span (H=(.
(¢) 1/ i1s a simple o-(F,G)-e.d.s., if and only if
(1) Nr(F)nV=0 and Nr 0G)nV
i) W)=V,
0
(d (/ is a simple °°-(F,G)-e.d.s., if and only if

Ci  W_(F)n(=0 and W_(G)n(/=0.
cii) #)=(. D

The above result is a straightforward consequence of Theorem (7.3),
Proposition (7.8) and the definitions. An alternative characterisation of
simple #-(F,G)-e.d.s. may be obtained by combining Corollary (7.5) and the

decomposition result established by eqn.(7.19) of Proposition (7.8).

Corollary (7,6):. Let (F,G) €IRmXnx]RmXll, 1/cRn be a subspace and let diml/=d.
(a) 1/ is a simple a-(F.G)-e.d.s., or fa(k,G)-e.d.s ., aeE-{0}, if and
only if

1) Wr(F)n(/=0 and N.(G)nlM).



307

d .
(1) If La(F.G:;1/)=((/a £ jiep~jkeo™ is an a-complete prime set of

subspaces in (/, then

d
V =Re span V “x® (7.20a)
* iep .kea

or a,i

(b) 1/ is a simple o-(F.,G)-e.d.s., if and only if

(1) Mxr(F)n(/=0 and Ax@&)nU
r do 1

(11) If Lq(F,G;1H)={(/q £ .iepo,kecro 3 1is a o-complete prime set of
subspaces in (/, then

d .
(/ =V <1 © (7.20b)

<’ iep .ke
fo*Po,4
(¢) V is a simple °°-(F,G)-e.d.s., if and only if

) Nx&)n(/ and NNG)al/=0.
do i

0
3 . — *
Gy If L (F.G: )={Uy ;

3

,Jiep ,kev%o 1.} is an ‘““-complete prime set of

subspaces in (/, then
C (7.20¢)

iep .kecr _ .

51 D
Remark (7.5): Let 1/J be an (a,d)-prime subspace in (/ of (F,G). If
aclRufll}, then (/* is a prime ot-(F,G)-e.d.s. and dim I/"=d. If ae(C-{0},

then Re span 1/J is a prime §a(k,G)-e.d.s. and dim Re span (/= 2d.

Furthermore we have:

1) If ae]R-{0}, there exist (a,d)-, and (a,d)-prime chains of vectors

MG U)={xN; 1ied}, Sa(xj ; (H)={x.-;1ied}, a=a | and Xj-X]|, which define

bases for /] and satisfy conditions (7.15a), (7.15b) respectively.

(11) If a=o0t+jo)e(C-R, there exist (a,d)- and (a,d)-prime chains of vectors

SNCxj; U)={x"=atjbj.,ied}, Sa (x";U)={x"=a™tjfi",ied}, ct=o+Hju)=a | and
Xj=Xp such that {(a..b.),ied}, {(a™,”) ,ied} define bases for

IRe span 1/* and satisfy conditions (7.16a), (7.16b) correspondingly.
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(ii1) If a=0, there exists a (o,d)-prime chain of vectors Sq (X ; U)={xj,;
ied), which defines a basis for and satisfies conditions (7.17)
(v) If ot=<», there exists an (°°,d)-prime chain of vectors S_(x ;(/)={x;;

ied}, which defines a basis for  and satisfies conditions (7.18).

a

By Corollary (7.6) and the above Remark it is clear that the notion of
the characteristic basis for a simple a-, or fettaG)-e.d.s. is well
defined; such a basis is defined as the direct sum of the characteristic

bases associated with the (a,d)-prime subspaces of the given a-, or §a.,a

Next, the case of Ic—(F,G)-c.m.i.s. and Ir-(F,G)-r.m.i.s. is examined.
We first note that the definitions and results stated for the sequence
Cr(F,G), the right index of (F,G), a”, and the maximal right annihilating
space of (F,G), which were stated in Chapter (5) also apply to the case of
the restriction pencil (F,G)/U. Thus let Cxr(F,G;U) be the sequence
associated with (F.G)/U, (V) the right index of (F,G)/(/, V a basis matrix
of V and let ﬁijc (V) be the maximal right annihilating space of (FV,GV). If
Ry is a basis matrix of R (V), then the subspace Ry=sp(VRy) will be called
a V-maximal right annihilating space of (F ,G) in U  Clearly, Cxr(F,G;U) and

*

c’(U) are uniquely determined by U; the uniqueness of Ry is defined by the

following result.

Proposition (7.9): Let (F,G) 6RmXnx]RniXn, 1/<=|Rkn be a subspace and let V be

a basis matrix of (/. If Ry is the V-maximal right annihilating space of

£
(F.G) in (/, then Ry is uniquely defined and it is independent from the

particular choice of the basis matrix V.

Proof

Let a be the right index of (F,G)/U and let be a basis matrix of
U * W
Wr{TO/ (FV,GV)}. By Corollary (5.8), WN )=R (V) (No/ is naturally
0 0
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partitioned) and Tg (FV,GV)Ng =0. If V=V’Q, where Q eRdxd, ()| d=dim U,
P °P
then the last condition implies that Tg @&Mg{ Q,..-,Q}Ng =0.

P % y
Clearly, then N’ :diag{Q,.Q .,Q}NQj is a basis matrix for Wr {T<j (FV°iGV
cl ., ===

g d % P
and thus W(Ng )=R (V’). From the definition of W(N*) subspace (see
Chapter (5)), it is readily shown that if IL ,IL , are basis matrices for

R’(V),R §V  respectively, then and thus

= sp{VRy} = spfV'QQ-’Ry,} - sp{V'-Ry,} = R",

This result demonstrates that R” is uniquely defined by V and it is

independent from the particular choice of basis matrix V used for its
definition; this subspace will be denoted by R (U) and from now on shall
be referred to as the maximal right annihilating space of (F.,G) in (/.
Corollary (5.8) describes the properties of R ((/) and establishes a
procedure for its computation in terms of the properties of the naturally
partitioned basis matrices N > of Wr {T% (FV,GV)}. The characterisation of

Ic—(F,G)-c.m.i.s. is given by the following result.

Theorem (7.4): Let (F,G) eRmXnx]JRmXn, |[7c]Rn be a subspace, dim|/=d,
Kr(F,G; U)={ (a. ,pp ,ieji} be the right set of singularity of (F,G)/U and let
R (/) be the maximal right annihilating space of (F,G) in (/. (/ is an
Ic*“(F.,G)-c.m.i.s., if and only if one of the following equivalent

conditions hold true:

€Y
(€2))
(1i1) There exists a basis matrix V=[X]j, ... ,x*] of (/ such that
(7.21)
(v) The subspace 1/ may be written as

(7.22)
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where dim R~ =o. ¥jep. and every R* is a prime (o™-1)-(F,G)-c.m.i.s.
°1 1 1 i 1 m]

This result is readily established by Proposition (7.9) and the results
given in Chapter (5) for right singular pencils; in particular the subspaces
R” are defined by Corollary (5.8). The number cr(F,G;U) is defined for
every subspace (/ and every pair (F,G), it is an invariant of |/ with respect
to (F,G) and shall be called the right-(F,G)--order of (/; cr(F,G;U) is
readily computed from the sequence Cxr(F,G;(/), or the set KNF,G;”). In a
similar manner we may introduce the sequence C/(F,G;U), the left set of
singularity K] (F,G;(/)Z{(Cll‘!,pl.),ieji’} of (F,G)/U and the number CI(F,G;V):

y
~ 1 (nl!—l)p%; the number cj,(F,G;V) will be called the left-(F.,G)-order of V.
' I

1=1
The number c"(F,G;(Z) may be computed from K*F,G;(/) in a similar manner to

that given in Chapter (5). We close this section by giving a result

characterising Ir-(F.,G)-r.m.i.s.

Theorem (7.5): 'Let (F,G) nx]RmXn, 1/cJRn be a subspace, dim(/=d,

KANF,G; 1)={ (cr! ,p D) jiejdl} be the left set of singularity of (F,G)/I/ and let

c, (F,G;U) be the left-(F.,G)-order of (/. V is an IIT—(F,G)—r.m.i.S. if and

only if one of the following equivalent conditions hold true:

1) c£(F,G;l/)=d.

(1) Wr(F)nU=0, Mxr(G)n(/=0 and there is no proper subspace Ul of I/ for
which either Gl/°cF1/ and/or F1/°cGU”’.

Ciii) The set ly={(cr!-lLpp,iejp }.

Proof

Part (i) follows by inspection of the Kronecker form of (F,G)/lI/ and from
the definition of c¢~NF,G;U). The conditions Wr(F)n(/=0 and Wxr(G)nU=0
exclude the presence of c.m.i., o-e.d. and °°-e.d. from 17; thus, if those
two conditions are satisfied, then contains possibly finite nonzero e.d.

and r.-m.i. If there is a finite nonzero e.d., then by Theorem (7.2) and
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Corollary (7.1), there exists a proper subspace V' of V for which GV’cf ¥
and thus contradicts the other assumption. The sufficiency of part (ii1)

is obvious. Part (ii11) is readily established from the definitions.

]

The characterisations provided in this section provide the means for the
introduction of some more general notions of invariant subspaces of the
domain of (F,G), which will be considered next.

7.3.3. Classification of the subspaces of the domain of (F,G)

The properties of the characteristic bases associated with #-(F.G)-e.d.s.
and the existence of the special bases characterising Ic-(F,G)-c.m.i.s.
(Theorem (7.4) parts (ii1) and (iv)) potivate the following definition for
subspaces of the domain of (F,G).

Definition (7.5): Let (F,G) elRmxnxJRmxn, Vc]Rn be a subspace and let
dim V =d.
Ci) V will be called a (G,F)-invariant subspace (CG,F)-i.s.) if
GV ¢ FV C7.23a)
or equivalently, for any basis matrix V of V, there exists an
A el_ﬁ»dXd such that
GV = FVA (7.23b)
(11) V will be called an (F,G)-invariant subspace ((F.,G)-i.s.) if
FV ¢ GV (7.24a)

or equivalently, for any basis matrix V of V, there exists an

AeRdxd such that

FV = GVA (7.24b)
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(111) I/ will be called a complete-(F,G)-invariant subspace (c-(F.,G)-1.s.)
if

FU = G( (7.25a)

or equivalently for any basis matrix V of |/ there exists a pair of

a
matrices A,A eK such that

GV = FVA and FV = GVA (7.25b)

]
The matrices A, A will be referred to as the V-(G.F)-, V-(F,G)-restrictions

of the (G.F)-i.s., (F.G)-i.s. respectively and shall be denoted by

CG,F;())/V, (F,G;(/)/V correspondingly. The set of eigenvalues of AA will

be denoted by cr(G,F;V), o(F,G;V) respectively and shall be referred to as

the V-CG,F)-, V-(F,G)-spectrum of the CG,F)-i.s., (F,G)-i.s. correspondingly.
Using the notions of (G,F)-, (F,G)-invariance and complete (F,G)-

invariance introduced above we may give the following geometric

characterisations of the subspaces defined algebraically in Section (7.3.1).

Theorem (7.6): Let (F,G) e!RmXnx]RmXn, I/cRn be a subspace and let diml/=d.
(a) (/ is an "-proper, $00,-CF,G)-e.d.s., if and only if
Ci) Mx-CF)nl/=0.
Cii) Gl/cFV.
Cb) I/ is an o-proper,4> Q.-(F,G)-e.d.s., if and only if
Ci) Mx(G)nl/=0.
Cii) FIl/SGV.
Ce) V is a proper, $p-CF.G)-e.d.s., if and only if
Ci) MrCF)n(/=O and Nr CG)n(/=0.

Cii) FV»GV.



313

Proof

(a) The necessity of the conditions (i) and (i1) follows by inspection of
the Kronecker form of (F,G)/U, Theorem (7.2) and Corollaries (7.1) and (7.2).
The sufficiency may be argued as follows: condition (i) excludes the
existence of °°-e.d. and c.m.i. in 1%; thus, the pencil (F,G)/U is right
nonsingular and (/ is e-(F,G)-r.r.s. By condition (ii) we have that GV=FVA
and thus if A=QJQ | is the Jordan decomposition of A, then GVQ=FVQJ and the
vectors of VC:VQ define a characteristic basis for (/. Because (F,G)/U is
right nonsingular, Proposition (4.3) applies for every ae$(F,G;(/) and Zy
contains finite e.d., the degrees of which are defined by the dimensions of
the Jordan blocks in J. Clearly, the sum of the degrees of all e.d. is
equal to d, the dimension of U and by inspection of the Kronecker form it
follows that has no nonzero r.m.i. The proofs of parts (b) and (¢)

follow along similar lines. q

It is evident from the above result that <o,-(F.,G)-e.d.s., #o0,-(F.G)-e.d.s.
and $P ,-(F,G)-e.d.s. are special cases of (G,F)-i.s., (F,G)-i.s. and
complete-(F,G)-i.s. respectively; the important characteristic for such sub-

spaces 1is the uniqueness of the spectrum which is discussed next.

Corollary (7.7): Let (F,G) 6)RmXnx]RmXn, Vc]Rn be a subspace and let V be a

basis matrix of U. Then,

(a) If y is a $00,-(F.,G)-e.d.s., then for any V, cr(G,F;V) is uniquely
defined.

(b) If y is a $0.-(F.G)-e.d.s., then for any V, o(F,G:;V) is uniquely
defined.

Co) If y is a $p.-(F,G)-e.d.s., then for any V of the spectra a( G,F;V)

and a(F.G;V) are uniquely defined. Furthermore, if A=(G,F;U)/V,

A=(F,G;(/)/V, then A=A 1 and o(G,F;V) 1is the inverse of o(G,F;V).
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Proof
(a) If (/ is —(F,G)-e.d.s. and V.,V are two basis matrices, then GV=FVA,
GV’=FV’A’. 1If V’=VQ,Qe]Rd d.IQ|6, d=dim U, then from the last three

_ E—— —  — -1
relationships we have that GV=FVA=FVQA’Q and thus FV(A-QA Q )=0. Since
Mr-(F)n(/=O it follows that Wr(FV)=0 and thus the last condition implies

A=QA !q the similarity of A,Al proves the result. Parts (b) and (c) are

proved along similar lines.

Because of the above property the subspaces of the "—(FjO-i.s.,
$0>>CF.,G)-i.s., #p.-(F.G)-i.s. type will be referred to as fixed spectrum
invariant subspaces. Some interesting classes of assignable spectrum and
partly fixed spectrum invariant subspaces will be introduced in the
following. We first give some alternative characterisations of simple

o—~(F,G)-e.d.s., and °°-(F,G)-e.d.s.

Corollary (7.8): Let (F,G) eRmXnx]RmXn and let U be a subspace of IRn.
(a) I/ is a simple o-(F,G)-e.d.s., if and only if

Ci) Wr(F)n(/«0 and Gl/gFU.

(i1) There 1is no proper subspace #(/ for which F(/’=GUT.
(b) (/ is a simple °°-(F,G)-e.d.s., if and only if

Ci) WxrCG)nl/=O and Fl/cGU.

Cii) There is no proper subspace for which F1/°=Gl/>.

Proof

(a) By conditions Ci), U is a $(£.,0-1.5. and thus is characterised
by finite e.d. and possibly zero r.m.i. If there exist nonzero finite e.d,
in 17, then by the direct sum decomposition of I/ implied by the Kronecker

canonical form and Theorem (7.6), there exists a proper subspace €V for

which F1/°-Gl/l and this contradicts assumption Cii); this proves the

sufficiency. The necessity is obvious. Part (b) of the proof follows
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along similar lines.

The notions of (F,G)-, (G,F)-invariance are also involved in the

characterisation of Ic-(F.,G)-c.m.i.s. as it is shown below.

Proposition (7.10): Let (F,G) €RmXnx]RmXn and let 1/c][Rn be a subspace with
dimU»d. (/ is an Ic-(F,G)-c.m.i.s., if and only if

1) Gl/=FV.

(i) There exists a basis matrix VC of (/ such that (G,F;(/)/VC is a lower

d-nillpotent and (F,G;U)/VC an upper d-nillpotent

Proof
By Theorem (7.4), part (iii), there exists a basis matrix Ve»[xj,x2, .. .,xd]

such that conditions (7.21) are satisfied; clearly, eqns.(7.21) imply

GY =FV A and FV = GV A (7.26a)
c co c c-0
where

0 0 0 O o I 0 0 0

I 0 0 O 0 0 0 0
A o I ... 0 O . A 6Rdxd (7.26b)

0 . —0
o 0 0 0 0 |1
0o 0 ... I O 0o 0 O 0 O

Conditions (7.26a) imply that FU=GV and the matrices écc)l ,Aq are clearly
d-nillpotent. The sufficiency is established by a mere reversion of the

arguments.

Next we examine the characterisation of (F.,G)-i.s., (G,F)-i.s. and
proper-(F,G)-i.s. in terms of the invariants of the restriction pencil.

We first give the following result.
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Proposition (7.11); Let (F,G) eRm nx]Rm n and let UeR.n be a subspace.

(a) If V is an Ir—(F.G)-r.m.i.s. thien thel7’6 exist vectors v,v’el/
such that Gv/F U and Fv’/G(/.

(b) If ¥V is a simple «>-(F,G)-e.d.s., then F(/cGl/; that is there exist
vectors ve(/ such that Gv/FU.

(¢c) If I/ is a simple o-(F,G)-e.d.s., then G(<=FU, that is there exist

vectors ve(/ such that Fv/GU.

Proof

(a) There always exists a basis matrix of U and anR£RmXm, R(

such that (RFVKRGVk)=(FVfe,GVfc) is the Kronecker form. For the sake of

simplicity let us assume that

"0 0 0 "0 o 0
100 o o !0
(WK,CTK) = 0 (0o , 10 10 (7.27a)

|

0 0 0 0 110
| 1

0 0 N 0 0 !0
. > J

o o O. 0 0

t_el.cU, where S is the first standard basis vector of IR .

Choose a vector Y:Vk
By inspection of (7.27a), it is clear that the vector FV”ej/sp(GV"}; given

that the columns of GV* are linearly independent, the last condition

implies that [FV”e"GV”] has full rank and thus also the matrix
R _1[FVke],CT] = [FVN.CTJ (7.27b)

has full rank. Condition (7.27b) implies that FV7e"GU. Similarly, it can

be proved that GV”e2?sp(FV”} and thus GV7e™FU. The proof of parts (b)

and (c) follows along similar lines. r
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Theorem (7.7): Let (F,G) nfR m n, U<Rn be a subspace and let 1~ be

the set of strict equivalence invariants of (F,G)/U.

(a) If U is (G,F)-i.s., then the possible sets of invariants in are:

1

(b) If I/ is (F.G)-i.s., then the possible sets of invariants in 1" are:
i
(¢c) If I/ is a complete-(F,G)-i.s., then the possible sets of invariants

in are:

Proof
Let us assume that (F,G)/(/ has in 7y every possible type of strict

equivalence invariant. There always exists an R eRmXm, {R| and a special
basis matrix of U such that (RFVARGVMN=(FVA,GV?) is in Kronecker form.
The Kronecker form implies a partitioning for as V]|e3B[VA,V£,Voo,Vo,Va],
where V,V |V |V |V are the submatrices corresponding to the Kronecker
blocks associated with r.m.i., c.m.i., °°--e.d., o-e.d. and finite nonzero
e.d. respectively; this partitioning also implies a direct sum decomposion

for |/ as

I = 1 ou_el o, (7.28a)

«

where |/.=sp{V,} and i1 is any index from the set {£,£,0,°°,a}=A. An obvious

implication of the Kronecker canonical decomposition of (FV~"GV") is that

if for some ieA and some a.,a’ elR®, d=dim V, FV*a/G(/* and GV”al/FV\, then

PV1.a/\GU and F\q.a’/F(/, correspondingly. If we now denote by (GVk) and
sets linearly independent columns of GV* and FV” respectively (in

this case the nonzero columns of GV* and FV"), then we have the

relationships
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FV1.a i GV <= [FV.a,(GVk)J full rank (7.28b)

GV.a' i FV <= [GV.a(FVIO] full rank (7.28¢)

By multiplying the right hand side matrices on the left by R | we have that

[FV.a,(GVK)J , [GV*a, (FVR)] full rank (7.28¢)

This analysis leads to the following conclusions:
(1) If for some ieA and some veV”, Fv*GVp then also Fv/GV.

(1i1) If for some ieA and some v’eV”, GV FV”, then also GV/FV.

Using the above two conclusions we may proceed with the proof of the result.
Thus,

(a) Assume that V is (G,F)-i.s., all types of strict equivalence
invariants are present and that V is decomposed as in (7.28a). If there
exist nonzero r.m.i. in 12, then by Proposition (7.11) there exists a

vector veV such that GVAFVQ; by the second of the above conclusions it

follows that Gv/FV" also implies Gv/FV and this clearly violates the
(G,F)-invariance property of V. Thus, has nonzero r.m.i. Similarly,
using Proposition (7.11) (part (b)) and the second conclusion, it may be

proved that /y has no infinite e.d. The proofs of parts (b) and (c)

follows along similar lines.

From the proof of Theorem (7.7) we have a decomposition result for a
general subspace V c]Rn with respect to the pair (F,G). For a given subspace

we shall denote by Ic(V).,Tr (V) ,PQ(V)jP™V) ,Pa(V) ,ae(C-{0} the sets of
c.m.i., r.m.i., zero-e.d., ®-e.d., all finite nonzero e.d. of (F,G)/V
respectively. The general decomposition result may be stated as follows

[Kar. -117.
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Proposition (7.12): Let (F,G) €ERmXnx]Rmxn, (/c [JRn be a subspace and let
;Ir(U) jPANV) ;Pq (U) ;Pa((/) }. The subspace 1|/ may be expressed as
I/ = Ve®(/5®V®®(/O©(/a (7.29a)

where for every of the subspaces in the decomposition we have the following

properties:
= {Ic(U):;Ir} TV = {IrW}
e 5 (7.29b)
/2 T/ =
« o a ]

From Theorem (7.7) and the decomposition result stated above we have the
following decomposition of the (F.G)-i.s., (G.F)-i.s., and complete-

(F,G)“l. s.

Corollary (7.9). Let (F,G) nx]Rm n, 1/c]Rn be a subspace and let
I"={Ic(U) ; I™((/) jP*Cl/)) ;Pq ((/) jP*CU) } be the set of strict equivalence
invariants of (F,G)/V.

(a) If Gl/cFl/, then T™={I((/);P°((/) >PaCV) ;I°} an<® V may be decomposed as

(/= (/e®(ZO®Ua (7.30)
where are subspaces characterised by the (7.29b) properties.
(b) If F(/cGU, then —— ((/) ;Pqp ((/) ;P™()); and (/ may be decomposed as
U = ye®Uoo®Ua )g7.3 1)
where are subspaces characterised by the (7.29b) properties.

(c) If G(=F(, then I"={Ic((/);Pa(V);1°} and 1/ may be decomposed as

y = Ue®(/a (7.32)

where l/e, Ua are subspaces characterised by the (7.29b) properties.
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The decomposition result given above provides the means for the
characterisation of the invariant subspaces in terms of the associated
spectra. Note that in the following the spectrum will be considered as the
set of roots of the polynomials det{XI-(G,F;1/)/V}, if (/ is (G,F)-invariant

and det{XI-CF,G; I/)YV} 1if U is (F,G)-invariant.

Proposition (7.13): Let (F,G) €ERmXnx]Rmxn, {/ cRn be a subspace and let

dim(/=d. (/ is an Ic-(F,G)-c.m.i.s. if and only if the following conditions
hold true:

) G(/=FV/.

(i1) If A is a symmetric set of d-complex numbers, then there exists a

basis matrix of 1/ such that o(G.,F;V™M)=A.

Proof
If U is Ic-(F.G)-c.m.i.s., then by Proposition (7.10) G(/=FV. Furthermore,
there exists a polynomial vector xCs)=[x"x" }.... ,X£X]| e Cs)=X"e”(s),

where Xd is a basis matrix of U such that
(sF-G}Xded(s) = 0 for Vscdl (7.33a)

Assume first that ANMX7%jied} is distinct symmetric set. Then
EjCA)=[edCX1)....,edCXd)] has full rank (Vomdermode matrix) and thus

XdEd"A) has also full rank; furthermore, we have that

CXF-GyKegp-QP) = 0. VXeA (7.33b)

and this proves the necessity in the case of distinct spectrum.
Note that in the case where A is not distinct, we may define a modified

matrix Ed(A), where now for repeated frequencies, we may define vectors

—=F £d(s) . o
k=0, 1 _ - - -where v is the multiplicity of X~
ds s=X-j_ t
Once more the corresponding matrix Ed(A) has full rank and the result

readily follows.



321

The sufficiency may be argued as follows. By condition F(/=GU and
Corollary (7.9), thus i1f we choose a basis matrix for V as

V:[;V ,V | where V |V are basis matrices for (/ , 1 respectively, then
&’ or e a e a

GV£ = FVCA (7.34a)
and because both and ¥ are (G,F)-invariant we have that
A = diag{Ae ’Aa} (7.34b)

and thus o(G,F;V)={a(Af),a(Aa)}. By Corollary (7.7), c(A") 1is fixed and
thus if © the d-A spectrum cannot be assigned. Clearly, this

contradicts assumption (ii) and the result is established. r

Corollary (7.10). Let (F,G) elRmXn, Uc IRn be a subspace, diml/=d, R ((/) be
the maximal right annihilating space of (F,G) in I/ and let cxr(F,G:l/)=y be
the corresponding order.

(a) Vis a (G.F)-i.s., if and only if there exists a direct sum

decomposition

(= R)®(/ f (7.34)

where |/f is (G,F)-i.s. and o(G,F;Vf)=Af is a (d-p)-fixed spectrum
for any basis matrix of
(h) |/ is an (F,G)-i.s., if and only if there exists a direct sum

decomposition
U=R)®) °

where ' is an (F.G)-i.s., and cr(F,G;Vrﬂ:Af is a (d-p)-fixed spectrum

» s
for any basis matrix of v

The proof is rather obvious and it is omitted. The determination of

maximal dimension (G,F)-, (F,G)-invariant subspaces in a given subspace
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V of Rn is considered next. The case where U=]JRn is examined first and the

results will be specialised next to the case of a general U We first

define:

Definition (7.6): Let (F,G) €EKmXnx]RmXn. We may define the following two

sequences of subspaces of JRn:
P(G,F) = {T°=IRn, Tk+1-G_1(FTk).ksO} (7.35)

P(F,G) = {J°=JRn, Jk+I=F 1(Gjk).k>0} (7.36)

Note that in the (7.35),(7.36) sequences, G and F are considered as maps

and thus if ft/c Rm is a subspace, then

G’1" = {xe]Rn: Gxeft/} (7.37)

The sequences P(G.F),P(F,G) will be called (G,F)-, (F.,G)-invariance
generating sequences respectively and the terms used will be clarified by
the study of their properties. Note that P(G,F) is a specialised form of
a sequence of subspaces introduced recently by Bernhard [Ber. -1] and
Aplevich [Apl. -1], whereas P(F,G) is the ’dual"” (swapping of the F,G maps)
of the P(G,F); thus, the properties of P(F,G),P(G,F) readily follow from
the results in [Apl. -1] (Theorems (11) and (.12)). We may summarise those

results in our present framework as follows:

Theorem (7.8): Let (F.G) €RmXnx]RmXn and P(G.F) and P(F.G) pe the

sequences of subspaces of IRn defined by (7.35) and (7.36).
%

(a) The sequence P(G.F) is non-increasing and converges to an element T

in at most n steps. T 1is the maximal (G,F)-invariant subspace in IRn.

(b) The sequence P(F,G) is non-increasing and converges to an element ¥

J 1s the maximal (F,G)-invariant ;
m at most n steps. ( ) subspace in |Rn.

0
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This result establishes the existence, the uniqueness and an iterative
procedure for the computation of the subspaces 7' and J of JRA. =V
will be referred to as the maximal (G.F)-,(F,G)-invariant subspaces of the
pair (F,G) respectively. The link of 7 ,J with the subspaces of a Kronecker
decomposition of [Rn defined by Proposition (7.12) is examined next. e
first note that if I(F,G):{Il? (F,G);IC (F.G) ;VO (F,G);P(X (F.G) ,ae(C-{0} ;V (F.G)}
are the strict equivalence invariants of the pencil sF- G, then a

decomposition of [Rn defined by Proposition (7.12) by setting V=IRn

w (7.38a)
where for the subspaces involved we have the properties
= {Ir(F.G);1°}, {Ic(F.G):1°}
4 € (7.38b)
- (P.CF.G);!®}, * {Po(F,G);I°}, = (Po(F,G),;I°)
00 ] a

will be referred to as a Kronecker decomposition of U with respect to (F,G)

((F,G)-k.d.). If a general subspace I/ of Rn is considered, then the above

decomposition, defined by the Kronecker form of (F,G)/U will be also

referred to as (F,G)-k.d. of I/.

Corollary (7.11). Let (F.G) €JRmXnx]RmXn, I(F,G) the set of invariants of

sF-G and let

Rn |/5®(/e ®U0®Ua®U00 (7.39a)
n *
be a Kronecker decomposition of R . If tT is the maximal (QG,F)-invariant
*

subspace, J the maximal (F.,G)-invariant subspace and R the maximal right

annihilating space, then we have the following:
(€)) (7.39b)

Gi) T = (/£°(/oe|/m (7.39¢)
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Giii) F o» VOV RV (7.39d)
(& « a

£ £ £
(av) The subspace defined by W ¥ n/ 1is the maximal complete (F,G)-

invariant subspace in 3Rn and may be expressed as

W - ﬁj = V ®V (7.396)
e a
Proof
Part (i) has already been established in Chapter (5). Let 7-"®"®".

%k
and assyme that T *=7. We may choose a basis matrix T for 7 of the type
BFHT where T’ is a pasis matrix for 7>. By the (G.,F)-invariance

x
property of Tl and 7 we have that

G[T.$] = F[T>.$] (7.40)

Since this is nonzero, the eigenvalues of 4?7 are either fixed or assignable

(appropriate choice of £); it is readily shown however that both cases

contradict the assumption about the invariants of sF-G, implicit in the

(7.39a) decomposition. Thus, 7’%7 The proof of the other parts is

similar.

g
The subspace & defined above will be referred to as the maximal complete
(F,G)-invariant subspace of the pair (F,G). Given that R.”=(/e and (Vit are
uniquely defined the subspace { maY be computed in the following way:
*

Computation of la: Construct a basis matrix W for W as: W=[R,P] where

%
R is a basis matrix of R —Ve. Then,

G[R,P] = F[R,P] (7.41a)
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Then a(A2)=a(G,F;¥ and a basis matrix for may- be constructed as

follows: Let Q be real similarity transformation such that

Ai | Ai2 ma. 0w Q11 | QI2
- | Q' - i (7.41b)

i
L 0 Ay 0 .o Q22

By (7.41a) and (7.41b) it follows that, if W=WQ=[RQjj,RQj2+PQ2J]=[Rf, V],

then
A 1O
G[R',V] = F[R’,V] ! i (7.41¢)
and V=RQj2+PQ2; a ~as”s matrix for a subspace.
The computation of the subspaces .17~ independently from the Kronecker

form reduction is examined next. We first note that there are certain
similarities between the subspaces (“o>"£) and #U); in fact by
comparing conditions (7.17) and (7.21) first and then (7.18) and (7.21)

it is clear that there exist common eclements between the properties of the

basis vectors of (VO’VE) pair and of the (UOO,(/£) pair. This observation

the following definition of sequences of subspaces of |JRn.

Definition (7.7): Let (F,G) £]RmXn xRmXn, We may define the following two

sequences of subspaces of Rn:
Q(F,G) © {K°=0,K k+1=F_ 1(GKk),kaO) (7.42)

2(G,F) = (L°=0, Lk+1=G"1(FLk),k>0} (7.43)

where again in (7.42) and (7.43) sequences, G and F are considered as maps

and thus the symbols involved are interpreted as in (7.37).

The sequence Q(F,G) has also been discussed in [Ber.-1] and [Apl.-1];
Q(G,F) is the dual sequence defined on the pair (G,F). The properties of

Q.(F,G) have been studied in [Apl.-1]; these properties are summarised below.
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Theorem (7.9): Let (F,G) elRmXn x]Rm><n and Q(F,G) and £(G,F) be the

sequences of subspaces of IRn defined by (7.42) and (7.43).

(a) The sequence 2.(F,G) is nondecreasing and converges to a subspace K
in at most n steps.
(b) The sequence 2.(G,F) is nondecreasing and converges to a subspace L

in at most n steps.

* + ES
Corollary (7.12): Let (K ) (L )1 be the orthogonal complements of the

itk
subspaces K ,L respectively of the pair (F,G)

&
(a) K has the following properties:

* *
(G) FK cGK
(11) NNF)n(K )I1=0, or in other words: F has full column rank on K 7,

and K zs the largest subspace satisfying (7.42).

*
(b) L has the following properties:

(i) GL*CFL*

L
(11) NNG)n(L )‘:O, or in other words: G has full column rank on L ,

and L 1s the largest subspace satisfying (7.43). 0

Parts (a) of Theorem (7.9) and Corollary (7.12) have been established
in [Apl.-1], whereas parts (b) are the corresponding dual statements on

the pair (G,F). The relationship of the subspaces K and L to the

Kronecker decomposition of [Rn is established by the following result.

Corollary (7.13): Let (F,G) elR™ n xjRm n, I(F,G) the set of invariants

of sF-G, R the maximal right annihilating space of (F,G) and let K ,L

be the maximal subspaces of the sequences 2.(F,G) ,Q(G,F) respectively. If
IRn = (/ ©(/ el/ el/ el/ (7.44a)
5 e o a (0

is a Kronecker decomposition ofJRn, then we have the following properties:
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(€)) K = ¢ 4 (7.44b)
G L = Uz, (7.44¢)
(iii) R - v, =K nL (7.44d)

0

Part (i) of the Corollary has been recently established by Loiseau
[Loi.-1]; by using duality arguments on the pair (G,F), part (ii) follows.
Part (i1) 1s an obvious consequence of (i) and (i1). The (F,G)-invariance
of K and the (G,F)-invariance of L suggest that the procedure suggested
for the computation of ¥V may also be applied (after appropriate
modification) for the computation of and In fact, for the case of

construct a basis matrix K for K as K=[R,M], where R is a basis matrix
for K. and then use (F,G)-invariance and repeat the procedure as for {/

The procedure for computing U0 is dual.

s/

The subspace K will be referred to as the maximal almost-(F,G)-right-
annihilating space of (F,G) (m.a.-(F,G)-r.a.s.) and L as the maximal
almost-(G,F)-right annihilating space of (F,G) (m.a.-(G,F)-r.a.s.).

These definitions are motivated by the similarities between the condition
((7.18), (7.21)) describing (1°(7") and thus K , and the conditions
((7.17),(7.21)) describing (Uq,Up and thus L . The importance of such
subspaces will be further clarified in the following sections. The

analysis so far reveals the following properties of the subspaces of the

Kronecker decomposition of Rn:

Remark (7.6):. The maximal subspaces of TRn which are defined on the pair

*

(F.G), R T ,L are uniquely defined and they are related as
follows:
-~ * * *
() T =1 eUa and J =K e(Za (7.45)
* * * * * % *

Gii) R =Tnk =JnL =K nL (7.46)
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Furthermore, the e.d. subspaces VO are not uniquely defined.

By combining Remark (7.6) and the spectrum characterisation of the

subspaces we have:

Xn

* *
Proposition (7.14). Let (F,G) eJR T XR'™" and let K ,L be the maximal

subspaces of the sequences 2.(F,G) ,Q.(G,F) respectively.
(1) K is the maximal (F.,G)-invariant subspace of [Rn for which for some

appropriate basis matrix K, a(F,G;K)={0,...,0).

(11) L 1is the maximal (G,F)-invariant subspace of JRn for which for some

appropriate basis matrix K, o(G,F;L)={0,...,0}.

The results established for the sequences P(F,G) .P(G,F) ,2.(F,G) ,Q.(G,F)
of R and the corresponding maximal elements J ,T ,K ,L may be readily
extended to the case of sequences of subspaces and corresponding maximal
elements contained in a subspace V of IRn. The essential tool for such
an extension is clearly the U-restricted ordered pair of maps ([{/V]

or equivalently the pair of matrices (FV,GV), where V is a basis
matrix of (/. If dimV=d, then the sequences P(FV,GV) P(GV,FV) £FV.,GV),
Q.(GV,FV) are subspaces of clearly then every such subspace M with
a basis matrix M defines a subspace M=sp<VM}c(/. In the following the
above sequences will be denoted by P~NF,G),Py(G,F),Q"F,G),Q"NG,F) and

ik - * *
the corresponding maximal elements by JJ W, T (M), K W, (V). Al

results stated for IRn, also hold true for the general V.

We close this section by introducing some general families of invariant
subspaces other than those of the (G,F)-, and/or (F,G)-invariant type.
The following definitions also extend the key notion of spectrum. In
the following, if 4 1is a symmetric set of (E (which might denote the
spectrum of an invariant subspace), then 4 denotes the inverse set; the

inverse set 4 is defined in a similar manner to that of the inverse root
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range and its values in general are from (Eu{«»}-{0}.

Definition (7.8): Let (F,G) elRmXn xRmXn and let /cKn be a subspace.

We may define the following:

€y

(€2))

Giii)

(/will be called a (IV,U)-partitioned invariant subspace
aAV.,1/)-p.i.s.), if there exists a pair of subspaces (IV,U) such

that

U = (VSU where GWcFW and FUsg U (7.47)

Let us assume that I/ is a ((V,U)-p.i.s. If GUfFU, then U will be
called an extended-(G,F)-invariant subspace (e-(G.F)-i.s.), and

it FCV/GIV, then (/ will be called an extended-(F,G)-invariant sub-
space (e-(F.,G)-i.s.). If V is both e-(G,F)-i.s. and e-(F.,G)-i.s.
(i.e. GU'FU and F(V*G(V), then it will be called an extended complete-
(F,G)-invariant subspace (e.c.—(F,G)-i.s.).

Let I/ be a (W,U)-p.1.s. and let W,U,V=[W,U] be basis matrices for
(V,U,l/ respectively. Let us also denote by cr(G,F;W) ,o(F,G;U) and

a(G,F;W) ,a(F,G;U) the W-,U-spectra of (V,I/ correspondingly. Then,

a[(G.F);W(W),UU)] - g(G,F;W)H5(F,G;U) (7.48)

is defined as the ((V(W),U(U))-(G,F)-spectrum of (7 and

cr[(F,G) ;W(W) ,UU)] - a(G.F;W)ua(F,G;U) (7.49)

is defined as the ((UU),U(U))-(F ,G)-spectrum of (/.

Note that in the above definitions, either (V and/or U may be the zero

subspace; in this case we define as the spectrum of 0, o(0), and the

inverse spectrum, o(0), to be the empty set 0. In either of the (7.48),

or (7.49) we shall adopt the following meaning for U: Ouf=£. The

families of (G.,F)-i.s., (F,G)-i.s. are clearly contained in the general
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family of (QJ,U)-p.i.s. and thus the definition of spectrum given above is
a natural extension of the definitions given before. Using Theorem (7.7)
and Corollary (7.9) we may classify the (W,U)-p.i.s. family by the

following results.

Remark (7.7): If U is a (W.,U)-p.i.s. with respect to the pair (F,G), then

the possible sets of strict equivalence invariants of (F,G)/V are:
ri/ * (7-50a)
Furthermore, U may be decomposed as

V=V e el (7.50b)

where , 1/Q, are t'ie subspaces defined by Proposition (7.12).

Corollary (7.14): Let (F,G) eJRmXn x]RmXn, 1/c]JRn be a subspace and let

Iy={Ic((/) ; I*_(U) ;P00(Vr) »af) denote the set of possible strict
equivalence invariants of (F,G)/U.
(a) I/ is an e-(G,F)-i.s., if and only if always contains a set

t?oo (I/) and 1/ has a decomposition

I - wel (7.51)

where W is (G.,F)-i.s., 6 and Zy ={1™ (U); 1°}.

(b) (¢ 1is an e-(F,G)-1.s., if and only if always contains a set

V ((/) and 1/ has a decomposition
0
vy = \VqU (7.52)

where U is (F,G)-1.s., Q6 and Zy =t"o(V),Ir).
wv) ( is an e.c.-(F,G)-i.s., if and only if /y always contains sets

and has a decomposition

(7=1/ ®T&(, (7.53)
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Note that in the above result the subspaces W,U,T are not necessarily

different from the zero subspace; thus, we may state the following remark.

Remark (7.8): For the families of (G,F)-i.s. and/or (F,G)-i.s. we have

the following properties:

(a) If U is (G,F)-i.s., then V is an e-(F.,G)-i.s., 1if and only if
contains a set VQ(V)

(b) If (/ is (F.,G)-i.s., then |/ is an e-(G,F)-i.s., if and only if

contains a set Vy((/) .

The distinguishing feature of the families of e-(G,F)-i.s., e-(F.G)-i.s.,
and e.c.-(F.G)-i.s. is that the spectrum contains infinite frequencies;

this is clarified by the following remark.

Remark (7.9). Let (/ be a (W,U)-p.i.s.

(a) If ¥V is an e-(G.F)-i.s., then for any choice of a basis matrix V
of (/, the (WW),UU))-(G,F)-spectrum of (/ always contains infinite
frequencies.

(b) If (/ is an e-(F.,G)-i.s., then for any choice of a basis matrix V
of (/, the (W(W),UU))-(F,G)-spectrum of (/ always contains infinite
frequencies.

(¢) If (/ 1s an e.c.-(F.G)-i.s., then for any choice of a basis matrix V
of U, the (W(W),UU))-(G,F)-spectrum and the (WW) ,U(U))-(F,G)-

spectrum always contains infinite frequencies.

The number of infinite frequencies in the above spectra is defined by
the dimensions of the subspaces Voo’ (/O and (VO ,(/00) in the decompositions

(7.51), (7.52) and (7.53) respectively.
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The presence of infinite frequencies in the spectra of e-(G.F)-i.s.,
e-(F,G)-1.s. and e.c.-(F.G)-1i.s. may be further clarified by studying the
asymptotic properties of appropriate (G,F)-, (F.,G)-invariant subspaces.
These results are based on the work of Jaffe and Karcanias [Jaf. & Kar.-1]
on asymptotic transmission subspaces of linear systems; the key tool for
the development of the asymptotic characterisation of e-(F.,G)-i.s. and/or
e-(G.F)-i.s. is the notion of a “canonical regular triple” which may be
associated with any triple (F,G;U), where (/c]JRn; this new notion will be
developed in the following section and allows the reduction of many
problems of analysis referred to the triple (F,G;U) to standard problems
of regular state space theory, which may be discussed on special type

triples (F’jG’jV [Jaf & Kar.-1].

7.4 Canonical regular invariant realizations of (F,G;U) triples

The algebraic, geometric and dynamic aspects of regular state space
theory have been studied in terms of the matrix pencil theory [Kar.-1],
[Jaf.& Kar.-1], [Kar.&MacB.-1] etc,; the particular characteristic of
regular state space theory is that the pencil sF-G is entirely right
singular, if the system is controllable [Kar.-2] and it is characterised
by finite e.d. and c.m.i., if the system is uncontrollable [Kar. &MacB.-1].

The problem considered in this section is the investigation of the links

between the properties of the general triple (F.G;l/), where sF-Ge]Rm nl[s]
is a general pencil, U<Rn is a subspace with dimU=d and the standard
theory of regular state space systems described by the triple of maps
S(A,B,C) describing a linear system. The results discussed in this
section provide the basis for the study of dynamic aspects of autonomous
generalized differential systems presented in the final section of this

chapter. We first define:
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Definition (7.9):. Let (F,G;U) be a triple, where (F,G) ¢lR™ n x]JRmXn)

I/c]Rn be a subspace and diml/=d.

@

G

A triple (F,G;U), where (F,G) e]RmXn x]RmXn, Vc]Rn is a subspace with
dimU=d, will be called a regular invariant realization (r.i.r.) of
the triple (F,G:;U), if sF-G is characterised by c.m.i. and possibly
finite e.d. and the restriction pencils (F,G)/U, (F,G)/V are strict
equivalent. If (F,G;(/) is a r.i.r. and sF-G is entirely right
singular, then it will be called a proper regular invariant
realization (p.r.i.r.); finally, if (F,G;U) is a r.i.r. and n is
minimal, then it will be called a minimal regular invariant

realization (m.r.i.r.).

Let S(A,B) ={x=Ax+Bu,A eIlRn n,B eJRnX\£<n, rankB=£} be a linear

system, X =IRn be the state space of S(A.,B), Ve!Rn be a subspace

with dim V=d and let sN-NA eJR"n n[s] be the restricted input-

state pencil of S(A,B). The pair of the system S(A,B) and the
subspace (/, (S(A,B),U), will be called a regular forced invariant
realization (r.f.i.r.) of (F,G;U) and shall be denoted by

(A,B,U), if (N,NA;U) is a r.i.r. of (F,G;U). If (N,NA;() 1is
p-r.i.r., or m.r.i.r., then S. (A,B,U) will be called respectively
a proper regular forced invariant realization (p.r.f.i.r.), or
minimal regular forced invariant realization (m.r.f.1i.r.)

respectively of (F,G;U).
N

The existence of regular invariant realizations (F,G;U) and regular

forced invariant realizations Sx-r-(A’B’U) is examined next; we first

state the following result, which is used in our present study.

Lemma (7.2): Let S(A,B,C)={x=Ax+Bu,y=Cx,A dRnXn,B eKnXS',CelRIl1Xn,JI,m<n,

rankB=£, rank C=m} be a linear system, P(s) be the Rosenbrock's system

matrix pencil, Z(s)=sNM-NAM be the zero pencil and E"(A,B,C) be the
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Kronecker orbit of S(A,B,C).

1) If E(Z(s)) is the zet of zero pencils which correspond to systems
S48 €Ek (A,B.C), then E(Z(s)) is a strict equivalence class.

(i1) It (s-Xp .i€£L:s 1,ie]),q™M2; e">0,iep;n">0,i€t} is the set of
strict equivalence invariants of P(s), then the corresponding set

of strict equivalence invaraints of E(Z(s)) is

Ti A
fz = {(s-XN 1,ieL;s

Nn!'-n.-l,ieL} (7.54)
where in those q! for which q!=0 are omitted. n

The above result has been established in [Kar. &§ MacBIl1] and describes
the '"plus two” property for the i.e.d. and the "plus one" property for
the c.m.i. and r.m.i. of the pencils P(s) and Z(s) associated with
S(A,B.C); a proof of this result is given in[Kar.&Hay.,2 ] . Before we
proceed with the study of r.i.r. of an (F,G;(/) triple we note that if
U=Rn, the domain of (F,G), then the r.i.r. of (F,G;Kn) will be simply
referred to as r.i.r. of the pair (F,G). Using Lemma (7.2) we may state

the following result.

Theorem (7.10): Let (F,G) e]RmXn x>m n, sF-G the associated pencil,

I(F,.G)={(s-Xp .i€£;s 1l,ie)j:e i€L;n",iet} the set of strict

equivalence invariants of sF-G and let n = £ t», n = q., n = . and
t 1 =1 “i=1 1 e i=1 X

n «V q..

q i—-11

) There exists a Kronecker orbit E"(A,B,C) of S(A,B,C) systems with

an associated strict equivalence class of zero pencils E(Z(s))
for which sF-GeE(Z(s)).
(i) If S(A.B,C)€ENA,B,C) and P(s) is the system matrix pencil of

S(A,B,C), then the set of strict equivalence invariants of P(s)
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is given by

Ty AN - -
¥p « {(s-Xp .i€£:;s ieji,qi=qit2;ei=e.+] ,ieg;

(7.55)
(111) If nf=nf n™nj-y, nf=nL£+p, n™n
A eﬂ%,nxn’ B eﬂ%nx£, C eRmxn’ where
is the minimal dimension of
S(A.,B,C) systems for which parts (i) and (ii) hold true 0

The proof of the above result follows immediately from Lemma (5.2) by
a mere reversion of the steps of the proof given in Appendix (I). The
existence and construction of r.i.r. of a pair (F,G) and of triples
CF,G;(/) may now be examined using the results provided by Theorem (7.10).
The orbit E~(A,B,C) established by the previous result will be called the
natural Kronecker orbit (n.k.o.) of the pair (F,G). The orbit E~A,B,C)
of (F,G) is characterised by a canonical element, the Kronecker canonical

form, [Th.-1].[Mor.-17],[Kar. &MacB.-1], and it is defined next.

Corollary (7.15). The natural Kronecker orbit ENA,B,C) of the pair
(F,G) 1is characterised by a canonical triple, (A"jB”jCp, the Kronecker

canonical form, which is defined by

B, 0
0c 0 0 o o
AK=diag{Ae,An,A>>,Af}, CR= n , (7.56a)
0 o . 0 0 B00
0 0
n xn n xn
Af=diag {H(Ei) ,i€g} eR £ £, A =diag{H(n.),iet} eR n n
n 1 -~
n XxXn
elR © °°, Af=diag{J(Xi,Ti) .,ie£}
nexP n«Xp (7.56Db)

B =block-diag{w(£.) ,ie£} eR , Buw=block-diag{w(q") ,ie"} eR

t™=n

. . t ~ X100
~=block-diag{vtCr]f) ,i"t} eR C~block-diagfv (g™ .iejj} e]Rp
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where J(X,t) is a txt Jordan block that corresponds to s=X, H(f)=J(O,f)
and w(k)=[0,...,0,17t, vt(k’)=[1.,0,... ,0], where w(k) tRk><l and

a
Remark (7.10): Let (A%B?®C?) be the Kronecker form of the natural
Exr(A,B,C) may be expressed as
a » t {ak +bkl +kc k)t 1, b = t-1bkr, C = GCr T (7.57)
where T eRnXn, ReR"X\ G e/RmXm, |[t]|, |r ]|, |20, otherwise arbitrary, and
£xn fxm ..
L elR , Ke arbitrary. 0
The number n=nf+n®+ne+nn defined in Theorem (7.10) will be called the
Kronecker order of the pair (F,G).
Corollary (7.16): Let (F,G) elR"I xJRmXn, sF-G the associated pencil and
let I(F,G) have the general form.of Theorem (7.10). For any S(A,B,C)e
eENA,B,C) we have that:
1) If N is a left annihilator of B and (M/xr(C), then the triple
(N,NA;U) is a m.r.i.r. of (F,G) and Sl'r (A,B,|/) 1s a m.r.f.i.r.
of (F.G).
(1) There exist elements S(A’,B’,C’)EE"A,B,C) with (A’°,B’)
controllable pairs such that the corresponding triples
N AU define proper minimal regular invariant relaizations
(p-m.r.i.r.) of (F,G) and SX T tA ,B’ ;(7f) proper minimal regular
forced invariant realizations (p.m.r.f.i.r.) of (F,QG). 0

The second part of the above result follows from the fact that the use
of output injection (matrix K in (7.57)) affects the controllability
properties of (A+KC,B) pair ([Kar. &MacB.-1]). An interesting special

case arises when the pencil sF-G has no r.m.i. and no 1i.e.d.; then the
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orbit ENA,B,C) is characterised by the property that C=0 and thus
U=]Rn. A pencil characterised by c.m.i. and possibly f.e.d. will be
referred to as a prime pencil and the associate pair will also be called

prime. For such pencils we have the following simplified result.

Corollary (7.17): Let (F,G) elRmXn xKm n be a prime pair and let

TF,.G)»{(s-X.) l,i€L:;e.,i€g}.

1) There exists a Kronecker orbit ENA,B) of S(A,B) systems with an
associated strict equivalence class of restricted input-state
pencils E(S.(s)) for which sF-GeECS”Cs)).

(i1) If S(A.B)eE"(A,B) and C(s)=[sl-A,-B] is the input-state pencil,

then the set of strict equivalence invariants of C(s) is given by

¥c = {(s-X.)T,ie£;eci=eitl,icg} (7.58)
(i1) Ifnf= £ TH¥ n = E.+p, n=nF+n , £=p, then for every
1=1 nxn nx£ ~
S(A,B)eE™MAL,B), AcelR , BeR and n is the minimal dimension

of S(A,B) systems for which parts (i) and (ii) hold true.
(v) Let S(A.B)eENA,B) and N be a left annihilator of B. The triple

(N,NA;JRn) 1is a m.r.i.r. of the prime pair (F,G) and Si (A,B;]Rn)
.r'

is a m.r.f.i.r. of (F,G).

The Kronecker orbit E~(A,B), derived under input, state coordinate
transformations and state feedback, is known as the Brunovsky orbit of
the pair (A,B); E~(A,B) will thus be called the natural Brunovsky orbit
(n.B.o.) of the prime pair (F,G). The orbit E~A,B) of (F,G) is
characterised by a canonical element, the generalised Brunovsky

canonical form [Kar. &MacB.-1] which is defined next.

Remark (7.11): The natural Brunovsky orbit E"(A,B) of the prime pair
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Brunovsky canonical form, which is defined by

B
AR = diag{A£Af}, BR = °© (7.59)
0
where are defined by I(F,G) as shown by Corollary (7.15).

Note that the n.B.o. is also parametrised as in Remark (7.10) if we

set K=0, CK=0, G=0. The results given above for the r.i.r. of (F,G;]Rn),

or (F,G), may be readily extended to the more general case of r.i.r. of

(F,G:1I/), UeRn, as shown by the following result.

Proposition (7.15): Let (F,G) € RmXn xRmXn and let (N,NA;P) be a m.r.i.r.
of (F,G;IRn), or (F,G). For every subspace UclRn, dimV=d, there exists

a subspace 1/°<=P, dim I/l =d, such that the triple IN,NA;I/ is a m.r.i.r.

of (F,G;U). 0

The above results establish the existence of m.r.i.r., as well as
m.r.fli.r., and provide the means for their construction. Clearly, for
a given pair (F,G), or a triple (F,G;U), such realizations are not
uniquely defined; in fact an orbit of m.r.i.r. is defined for every
given pair (F,G), or a triple (F,G;U). Nonminimal r.i.r. may be readily
defined by an appropriate augmentation of the blocks in the triple
(A,B,C) which corresponds to a m.r.f.i.r. of (F,G). For the case of
prime pencils the Kronecker order of (F,G) will be referred to as the
Brunovsky order of the prime pair. For the case of entirely right

singular pencils we have:

Remark (7.12): Let (F,G) e!RmXn xJRm n be an entirely right singular pair
(sF-G 1s entirely right singular). The n.B.o. of (F,G), E"(A.B), is
made up from controllable pairs (A.,B). Furthermore, E"A,B) is

characterised by a canonical element, the Brunovsky canonical form which
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is defined by (A”B”), where A"=A£, BR=Bf and A£,Bf are defined by I(F.,G)

as shown by Corollary (7.15).

The essence of the m.r.i.r. of a triple (F,G;(/) is that it reduces the
study of properties of (/ with respect to (F,G) (expressed by the
algebraic, geometric structure of (F,G)/I/) to an equivalent problem
defined on a minimal triple (N,NA;U) for which the pair (N,NA) is prime,
or entirely right singular. The Kronecker order of a m.r.i.r. is defined
by the set of strict equivalence invariants I(F,G) of (F,G) as shown by
Theorem (7.10). Note that if (F,G) €RmXn x]Rmxn, n>n and equality holds
if and only if (F,G) is prime. Finally, note that using the notion of a
m.r.i.r. we may provide an asymptotic characterisation for e-(F.,G)-i.e.,
e-(G,F)-1.s. and e.c.-(F.,G)-1.s. In fact, if V is a simple («}-(F,G)-
e.d.s., then we may always construct a m.r.i.r., (N,NA;(/), of (F.,G;(7), where
(N,NA) is entirely right singular. Given that sN-NA may be considered as
the restricted input state pencil of a controllable pair (A.,B), then V is
an infinite e.d. subspace of the system S(A,B) and the asymptotic results
of Jaffe and Karcanias, 1981, [Jaf & Kar.-1] apply for the characterisation
of I/ and thus of U We should point out however that the basis tools used
in this characterisation, i.e. the sequences of generalised B-spaces {(/S}
with B-value s, are subspaces of Rn and not of JRn. The notion of r.i.r.
and r.f.i.r. of a triple (F,G;U) plays an important role in the study of
the solution space of autonomous generalised differential systems S(F,G)

as will be shown next.

7.5 The solutions of the differential system S(F,G) and the dynamics
of the fundamental invariant subspaces
7.5.1 Introduction
The aim of this section is the study of properties of the solution

space of the differential systems
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S(F.G): Fx(t)«Gx(t)<->(pF-G)x(t)=0 (7.60a)

£(F,G): Fx(t)=Gx(t)<==(F-pG)x(t)=0 (7.60b)

associated with the pair (F,G) €JRmXn xKmXn. Note that p=d/dt is the
derivative operator and ¥&( &+->Rn, are called respectively the

generalised state (g.s.), dual generalised state (d.g.s.) of the pair

(F,G); the space Kn will be referred to as the state domain of the pair
(F,G3). The differential systems S(F,G),~(F,G) are assumed to be excited

by arbitrary initial conditions x(0 ),x(O ) elRn. The assumption of

arbitrariness of initial conditions is essential to our analysis, since
by making it we may also treat the important case of inconsistent initial
conditions [Verg.-1].[Cam.-1]. An implicit assumption in the study of
solutions of general differential systems describing dynamical systems is
that ’the dynamical systems have existed for a period prior to t=0 also”.
Under this condition the initial values at t=0 , which determine the
system solution, are themselves constrained to satisfy the system
[Ros.-1]. The resulting constraints then guarantee that no impulsive
behaviour occurs at t=0, since in effect any impulses are moved back in
time to the instant of formation of the system. By considering
unconstraint initial values, we may treat the case of systems formed at
t=0, for which the initial values at t=0 satisfy the differential
equations of a different dynamical system (see the behaviour of electric
networks at '"short-circuit" conditions etc. [Verg.-1]).

Differential systems of the type

D(p)*Ct) = N(p)u(t) t>0 (7.61)

where D(p) e!R[p]VX\\ N(p) elRXJXf, D(p) nonsingular, have been studied by

Vergese [Verg.-1] and Callier & Desoer [(h 1. & Des.-1] etc. The emphasis
in [Cal. &Des.-1] is on consistent initial conditions, whereas in

[Verg.-1] both consistent and inconsistent initial conditions are
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examined. Differential systems of the type

Ax()+Bx(t) « (1) t"O (7.62)

where A,BelRVXV, f(t) input vector, have been studied by Campbell [Cam.-1],
Vergese [Verg.-1], Wilkinson [Wil.-2] etc.; in [Cam.-I] and [Verg.-1] the
case of both consistent and inconsistent initial conditions is considered.
The differential systems S(F,G) ,<§(F,G) arise in the study of linear systems
and in a sense are more general than those defined in (7.61) and (7.62),
since the pencil sF-sG is allowed to be singular. It will be shown that in
general systems of the S(F,G) type do not define dynamical systems, but
they are related to dynamical systems in a specific way. The distinguishing
feature of <S(F,G) differential systems, when they are compared to those
described by (7.61),(7.62), are the nonuniqueness of the solutions and the
redundancy in the description of the state vector; the behaviour to
consistent and inconsistent initial conditions is common to those described
by (7.61),(7.62).

The type of solution of the differential system S(F,G) C§(F,G)) depends
on the type of functions over which the differential system is studied.
In the following we shall consider the class of C00 (infinitely
differentiable functions) and the class Db of Bohl distributions. Note
that the class of time functions, whose Laplace transform is a strictly

00
proper rational vector, is precisely the class of C -functions on t>0,

k
that are sums of exponential polynomials in t of the type IB (a, tK)exp(Xt),
=0 k

distribution k=0
Vt>0 . By definition, a BohlYu"may be expressed as u=u, 4 where
K imp ‘reg’
u =7 a.<57t) and u is a Coo—function; thus ueDg, if and only if
mp 1 reg

its Laplace transform is a rational function. Clearly, D]’) contains as a

co a R .
subset the C class, which in this context are referred to as regular

Bohl distributions, or Bohl functions; note that ueD” is called impulsive

. 00
if uregzo' The imIportance of the extension of the class C to the
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distributions to the D]’) distributions is that it allows the handling of
the difficult situations associated with nonconsistent initial conditions.
Finally note that the class of scalar Bohl distributions Dg forms a

field with convolution as multiplication.

In the following we shall consider the differential system

S(F,G): Fx(H)=Gx(t), (F,G) ¢JRmXn xKmXn (7.63)

and the results may be readily translated for the £(F.,G), by using the

properties of the e.d. type of duality.

Definition (7.10): Let (F,G) e]RmXn xKmXn, tQ elR and c elRn.

(€)) The vector c is said to be a consistent initial vector (c.i.v.)
of S(F,G) at t , if (7.63) possesses at least one solution from
the space of Coo—functions, or the space of Dﬁ—distributions, with
)_((to):S. If the solution is from COO;’Db spaces, then c will be
referred to more specifically as (”-consistent initial vector

00
(C -c.1.v.), Dj-comnsistent initial vector (D’-c.i.v.)

respectively. The vector ¢ will be called an inconsistent initial
vector (1.i.v.) of S(F,G), if (7.63) has no solution from the
space of D[’)—distributions, when ;,((to)=c. The space of 1i.i.wv.

will be denoted by € and shall be referred to as the redundancy
space of S(F,G). The space of c.i.v. will be denoted by C and
shall be referred to as the initial space of S(F.QG).

(i1) A vector set ceC will be called regular, if the initial value
problem (7.63) with x(tQ)=c has a unique solution; otherwise,
i.e. the solution is not uniquely defined, it will be called
nonregular. The subsets of C of regular, nonregular c.i.v. will
be denoted by r respectively.

£
(111) The differential system S(F,G) will be called regular if C =0 and
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every c.i.v. ¢ is regular, or equivalently, when C=Cr=]Rn ;

otherwise, 1.e. C 6, or C =0 and 6, the differential

system S(F,G) will be called singular.

The above definition extends the notion of consistent initial condition
defined by Campbell [Cam.-2], since the notion of consistency is extended
to the case where a solution exists in the space of Dg distributions.

In the literature, [Verg.-1].[Cam.-1,2], the term "inconsistent initial
condition" is used for S(F,G) systems, described by regular pencils, for
which the initial value problem has no solution from the C00 space
(although a solution from the Dg space exists). Here, the term
"inconsistent initial vector" is reserved for the general case, where
the initial value problem has no solution even from larger space of

D]’) distributions. The terms '"regular", 'singular", used for the
differential system S(F,G) will be shown to be in exact correspondence
to the characterisation of S(F,G) based on the nature (regular,singular)

of the associated matrix pencil.

We define as a normal state trajectory (n.s.t.) of S(F,G) any Co-
solution x(«): (0°°,«)->IRn of (pF-G)x(t)=0, t>0; hence by definition
x(0~)=x(0+). Similarly, we define as a distributional state trajectory
(d.s.t.)) of S(F,G) any Dg-solution ¥( (0 ,°°) >JRn of (pF-G)x(1)=0, t=>O0.
In general, for the latter case, x(0-X(0 +). By an impulsive state
trajectory (i.s.t.) we mean a d.s.t., x(t)eDgn, which is expressed as
x(t)= %/(o x.6X(t), x. e!lRn. The set of solutions of S(F,G) which

i-0_1 -1
correspond to all £€<Sr will be denoted by X and will be called the

regular solution space of S(F,G). Let us denote by C%,C(Ii' the subsets of

Cr which yield C°°,Dg but not C* solutions respectively, and by X*,X”* the

subsets of Xr which correspond to C/,C* respectively. XAX" will be

called the C°°-regular solution space, Dg-regular solution space
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correspondingly and Xr=X%X”". The set of solutions of S(F,G), which

correspond to all ceC will be denoted by X and will be called
the nonregular solution space of S(F,G). The set of solutions which
correspond to all ceC will be called the solution space of S(F,G) and
shall be denoted by X; clearly, Xeran. - Note that Xn-r- may have

00
elements from the D1’5 space and/or from the C space.

In this section we shall concentrate on the study of the X solution
space and theC initial space, which generates X. Of special interest is
the characterisation of the corresponding subsets of X,C defined before.
Such a study is intimately related to the nature of the set I(F,G) of
strict equivalence invariants of the pencil sF-G associated with S(F,G).
It will be shown that each distinct type of invariant characterises a
distinct dynamic property of S(F,G) and leads to a characterisation of
the subsets of X,C. The results derived, provide the means for the
dynamic characterisation of the various types of invariant subspaces of
the domain of (F,G). In the following, unless it is specifically
mentioned, it will be assumed that I(F,G)={Ic(F.G);Ir(F,G);Pq (F,G);
VOO(F,G);Pa (F,G)} where the individual types of invariants have the
general expression given in (7.1); a differential system with such a

structure of invariants will be referred to as a general differential

7.5.2 The differential system S(F,G) and strict equivalence
transformations

We start off by examining the effects of strict equivalence

*
transformations on the spaces X, C and C . We examine first the nature

of X and then the effect of left, right, left-right strict equivalence

£
transformations on the spaces X,C of the differential system S(F,QG).
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Proposition (7.16): The solution space X of a general S(F,G)

differential system is an R-vector space. j-

The proof of this result is rather obvious. In fact, if X](t),X£(t)
are solutions of (7.63), then by observing that the real matrices and
the differential operator are linear it follows that a”Xj(t)+a2x2(t)eX,

Note, that the above arguments hold true for any Xj(t),X£(t)

stimulated by any initial conditions in C.
Proposition (7.17): Let (F.G).(F¥ G’) eRmXn x]Rmxn, R eRmXm, |R|®, and
let F'=RF, G’=RG. Consider the differential systems

(PF-G)x(1)=0, t=0, (pF’-G’)x’(t)-0, t>0 (7.64)

with solution spaces X,XI and redundancy spaces C ,C respectively.

Then, X=X’ and C =C

Once more the proof is rather straightforward and it is omitted. For
the case of right strict equivalence we have.
Proposition (7.18): Let (F.QG), (F,G) e/RmXn x]Rmxn, QeRnxn, |QxO and let

F=FQ, G=GQ. Consider the differential systems
(7.65)

with solution spaces X,X and redundancy spaces C ,C respectively. The

maps f: X+4X: x(D)eX->f(x(1))=0Qx(t)=x(t)eX and ¥ & . ceC >f (¢)=Qc=ceC
are linear bijections (isomorphisms) from X onto X and C onto C

correspondingly. 0

The proof is obvious and it is omitted. By combining the last two

propositions we have.
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Theorem (7.11): Let (F,G), (F”.,G") € I R"xIR”™ 1, Reffi™, Qel™, |r |,]|q|#O

and let F"=RFQ, G"=RGQ. Consider the differential systems
(PF-G)x(t)»0, t"O (pF"-G)x"(t)=0, t=0 (7.66)

with solution spaces X, X" and redundancy spaces & € ” respectively. The
maps't: X"»X: x"(t) eX" +f(x"(t)) & Qx"(t) = x(t)e X and F&EC c"6 €
f(c") = Qc"= £ ¢ € are linear bijections (isomorphisms) from X" onto X and

€ ” onto € correspondingly.

Theorem (7.11) implies that if x'"(t) is a solution of S(F<,G"), then
Qx’(H)=x(t) is a solution of S(F,G) and vice versa. Thus, strict equivalence
transformations may be used for simplifying the description of S(F,G) and then
studying the properties of the solution space on a simpler description. In
the following the Kronecker canonical form, (F~,G”), of the pair (F,G) will

be used and the results will be finally translated back to the original des-

cription. Thus, let (R,Q), R € IRIXlI, QeJRnxn, |r]|,|q|"0 such that

R.,Q)
(F,G) '(I'K_\I/,—Q—_—l)i(RFQ,RGQ) = (. G) (7.67a)

Fk = block-diag. (FN;F£;FfjFj-, Gk = block-diag. {G;G£;GfjG"}  (7.67b)

The pairs (F ,G ), (F .G ), (Ffr,G-), (F ,G ) are associated with the canoni-
cal blocks of the Kronecker form characterising the sets of r.m.i., c.m.i.,

f.e.d., i.e.d. respectively. Clearly, the pair (R,Q) is not uniquely defined.
The reduction to Kronecker canonical form of (F,G) implies the following re-

duction on S(F,G)

R.Q)
S(F.G): Fx=Gx--------------- > S(Fk’Gk): FRx'= Gkx’>, x=QXx (7.67¢c)
(R-1,Q-1)
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The g.s. x’°Ct) S(Fk,Gk) wi™ ca”™ed the Kronecker generalised state.
The spaces X, £ associated with S(F",G”) will be referred to as the
Kronecker solution space, Kronecker redundancy space, Kronecker initial space
respectively of the differential system S(F,G) and they characrerise the strict

equivalence orbit of S(F,G) systems and not the invividual S(F,G).

The precise relationship of Xk> £ Ck to the spaces X, £ C of S(F,G) is
defined by the isomorphism introduced by the matrix Q. If we now partition
x’(t) according to the partitioning of (Fk,Gk) i.e.

¥ (O =[x"OtxL£(OtxE(OxG()t]t, then S(Fk,Gk) is equivalent to the fol-

lowing set of subsystems

S(F? ’GC):FeR/(t):Gcg(S (€3 (7.68)
S(F ,G ):F x (1)=G x (1) (7.69)
S(Fk,Gk) :Fx' ()=Gx* (t) <> e e ok e—e
S(F£,GH):FIxf(t)=Gtxf(t) (7.70)
S(Foo’Goo):F;CTZ-(oo (t):Gom)ioo(t) (7.71)

By studying the properties of the subsystems S(F*,G"), S(F*,G™), S(FNGM),
S(Foo’Goo) the results may be transferred to S(F.K,GK) and thus finally to the
original description S(F,G). In the following we shall examine the case of
pencils characterised by only one type of invariants and possibly zero r.m.i.;
the results are then used to provide a dynamic characterisation of the sub-
spaces V of the domain of a general pair (F,G) for which (F,G)/V is characte-
rised by only one type of invariants. The basis for the dynamic characterisa-
tion of subspaces is the nature of the solutions of the general system S(F.G)
which are restricted in the given subspace (/ for initial conditions taken from
(/; such solutions are defined by the solutions of the (/-restricted differen-
tial system S(FV,GV). Finally, the solution space properties of a general sy-
stem S(F,G) are examined and the dynamic properties of the various types of

invariant subspaces is given.
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7.5.3. Entirely left singular differential systems

Let {F,G)Eli xmm and S(F,G) be the associated differential system.

S(F,G) will be called entirely left singular (e.l.s.) if (F,G), or the asso-

ciated pencil sF-C is entirely left singular. For e.l.s. pairs (F,G), I(F,G)=
Irfrlg}-{clc...-;g,-ﬂ, us-:z;gﬂs...sct} and thus the Kronecker form (Fk,Gk}*

(F‘:,G;}. Thus, (7.67c) may be written as

(R,Q)
» Thar . v = = 1.72
S(F,G) :Fx=Gx ? SEFI;,G;] Pk =G X,  XQ. ( a)
@ 1,Q7h
where
. =. r -
DE:H ng!n
r =T T
F,= | L ’ 0 s ) en) 5 gie (7.72b)
g o ¢ Sgr+l
L]
_.-..-._-——-.‘“ ———————— L“
Ty N
0 "L 0 '
L H t;t_ s ' ‘:t_.
and
I ot
L, '8 5 |e o=t ft - | = | e gGTUXL (7.72¢)
ot 1
o [

For a general differential system having an e.l.s. part we have the follow-

ing result [Kar. & Hay. -2].

Proposition (7.19): Let (F,G) e R™PxR™" S(F,G) be the associated differential

t

system and let n_= L Ty be the number associated with the set of r.m.i., Ir{F,G}
i=1

of (F,G).

(1) The system S(F,G) is e.l.s. if and only if o=n_. Then, m=n_+t (t=number
of r.m.1.).

(i1) 1If ny=n, i.e. S(F,G) is e.l.s., then the only solution of S(F,G) (over

the DE} distributions space) is x(t)=0, t20.
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(111) If O0<n”<n, i.e. S(F,.G) is a general differential system, then there is

Proof

€)
an

Giii)

a number n™ of independent linear relations among the coordinates of the

generalised state vector 2<(t) of S(F,QG).

The first part follows by inspection of the Kronecker form

By (7.72) and if xr=[x" . » then for the non zero pjocks we
c V+l At

have:

L x -L 2~ j=g'+1,....t (7.73a)

B

Because of the (7.72c¢) structure of (L ,L ) blocks, it is readily shown
that the only solution of (7.73a) for V j=g’+1,....t is the zero solu-
tion. Since x=0" and Q invertible we have that 2c(t)=£, t£0.

If O<nr<n, then S(F,G) is a general differential system. Let (R,Q) be

a pair of strict equivalence transformations thae reduces (F,G) to the
Kronecker form (Fk»G]P’ We maY write (Fk»G”™)=(block diag.{F",F},

block diag.{G",G}), where (F,G) corresponds to all other invariants apart

from r.m.i. By partitioning X, accordingly, i.e. x =fxg,§i 6, S(FV,.GJ
K K. K K
is reduced to the following two subsystems:
and Fx = Gx (7.73b)
By part (i1) >=x(t)=0, t>0 is the only solution of S(F ,G ) and thus
A -1
Q=Q
from which
Qxx = 0 QM IRIIA and x = Qfx (7.73¢)
the first of the above conditions expresses the existence of n”" linear

relationships (Q* has full rank) among the coordinates of x.
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From the above result it follows that if S(F,G) is e.l.s. the C={0} and

the redundancy space €IR n-{0}. For a general differential system with nr>0

the above result demonstrates that the coordinates of generalised state vec-
tor are not independent, but they satisfy n” linear relations. The index n"

has been previously defined as the left-(F,G)-order of IRn, CNF,G;]Rn); be-

cause it expresses a number of independent relationships amongst the coordi-
nates of x(t) it will be also referred to as the reduncancy index of S(F,QG).
If =0 (i.e. (F,G) has only zero r.m.i.) depence relationships of the type
described above do not exist amongst the coordinates of x(t). The investiga-
tion of whether there exist other depence relationships, which of course is

connected with the nature of the € space, cannot be answered unless we exa-
mine the solvability of the other subsystems (7.69), (7.70), (7.71); however

we may state the following remark.

Remark (7.13): The redundancy space & of a general differential system S(F,G)

is a nonempty set if the left-(F.,G)-order of JRn, C/(F,G; ]JRn)>0. Furthermore,

if the domain IRn is expressed as in (7.38a) i.e.
JRn=v $V ev eV ev (7.74)

where ={I (F,G):;I°}, then every c € VQ, C"_, is also a vector in the €
r r

space of S(F,G) .

O

The above results enable us to give the following important dynamic proper-

ty of the subspaces of the domain of a general pair (F,G).

Preposition (7.20): Let (F.G) € [1IXIl, Vc3Rn be a subspace and let
dimV=d. If the left-(F,G)-order of V, CAF,G;V)>0, then there exist initial
vectors x(0) eV such that trajectories of S(F,G) starting from x(0), leave

the subspace V.
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Proof

To show that for some x(0) 6 U there exist trajectories that leave |/ we ha-
ve to show that the restricted differential system S(FV,GV), V is a basis ma-
trix of U, has no solution for some initial vectors v(0); equivalently, we
have'to show that the € of (FV,GV) is nonempty. By Remark (7.13) and CAF,G;(/)>Q
the result is established.

O

7.5.4. Entirely right singular differential systems
Let (F,G) e IRMHxIRIIXII and S(F,G) be the associated differential system.

S(F,G) will be called entirely right singular (e.r.s.) if (F,G), or the asso-
ciated pensil sF-G is entirely right singular. An extension of the notion of
e.r.s. differential systems may be introduced by allowing in I(F,G) also a
set of zero r.m.i.; differential systems of this type will be referred to

as extended entirely right singular (e.e.r.s.).

Remark (7.14): Let 5(F,G) :Fx(t) =Gx(t) be an e.e.r.s™ differential system. There
always exist transformations R e JRmxm, RJ~O, such that

(R.D
S(F,G) T--- > S(F”,G (7.75)

where S(F,G):Fx(1):Gx(t) is e.r.s. Clearly, if X, X are the solution spaces

of S(F.G), S(F,G) respectively, then X=X.

O

From the above remark it is clear that the study of e.e.r.s. is identical
to the study of equivalent e.r.s. systems and this in the following we shall
consider the case of e.r.s. systems. For e.r.s. pairs (F,G), I(F,G)=ICF.G)=

{£1=...=£ =0<£ _,,—...—£ } and thus the Kronecker form (F.K ,G.K)-(F£ ,G£). Thus
g p - K

gl

(7.67c) may be written as
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S(F,G):Fx())=Gx(t) < — S<Fe-Ge> =Fexe(t)=Gexe(t) (7.76a)
(R-1,Q-1)
where

T ; 0

: PoogH;

FE - o j | (7.76b)
m,g —_—
t o IO
f
i |
: A

e jRex<e+1) emex(et+l) (7.76¢)

For an e.r.s. differential system we may state the following result [Kar.

& Hay. -21].

Proposition #.21) ; Let (F,G) e IRB*I™JRIIXI be an e.r.s. pair, S(F,G) be the
associated differential system and let I(F,G)=Ir(F,G)={c1, iep}.
(1) For all x(0 )e IRn, there exists a family of solutions £(x(0 )) of

S(F,G) which is nontrivial (contains at least one non zero elelment).

(i1) There are p independent linear combinations of the coordinates of the

g.s.v. x(b) which may be arbitrarily assigned for ¥ x(0 ) e IRn.

Proof

We seek solutions over the space of generalised functions which have Lapla-
ce transforms. We start from the canonical description (7.76); by taking La-
place transforms [Doe. -1] with x (0 ) (the transformed to the new frame ini-
tial condition) we have

(F -G )X () = F x (0" (7,772)

where x (s) = £{x (t)}. If we now write
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1
s -1 0 ... 070
f
0 s -1 ... 040
1
sL_-L , = [Te(s), (7.77b)
£ £ t
f
\
0 0 0 s
and partition jL(s) as
£ <s) 4 (s)t]t (7.77¢)
p
‘ 71 )
xN(8) =[X[(8),..-.X" (8), X, FI(S)]t=[x E(t); ()IL, j=g+L.....P then
j j j 3+1

(7.77a) yields the equivalent system of equations

Omg*f g(O ) (7.78a)
Tl (s)1 0 «1 () ° *I+1 +1(s)
es+i | g+l - o;\' L eg+l
| C
t
A i h H +
0 ¢ (s) «1 (S) ° Xe==—(S)
L ; ~P S
- (7.78b)

where x (0 ) is the part of x (0 ) that corresponds to the non zero blocks

¢
of F£; F£ is the part of F£ that excludes the zero block. Clearly, for all
XO (0 ) and all admissible functions (7.78a) is trivially satisfied. Since
diag{T (s), j=g+l,...,p} has full rank over JR(s), a family of solutions
of (7.78b) exists over the space of admissible functions for arbitrary x£ )
and arbitrary choice of (s),...,>'('/A\P .(s)} (from the space of admissible

£g+1
functions). By transforming the result buck to the original frame (S(F,G) sy-

0

The above result establishes the existence of a family of solutions E(x(0 ))

stem) the result is established.

for V x(0 ) e Rn if S(F,G) is e.r.s., or e.e.r.s. The monuniqueness of the
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solution, clearly implies that the differential system S(F,G) does not defi-
ne a dynamical system; however, it is related to forced dynamical systems.

This relationship will be investigated next, and the elements of the E(x/0 ))
family will be parametrised in terms of external inputs of an equivalent sy-

stem. Of crucial importance in this investigation is the notion of m.r.fii.r.

of the pair (F,G) or of the triple (F.G:;3Rn). It is worth pointing out that
the family of solutions E(x(0 )) is defined over the space d£, where DL is
the space of distributions with a Laplace transform [Doe. -17]; this family
will be denoted by £~(x(0 )), in short. A subset of are the Bohl distri-

butions DB (distributions with a rational Laplace transform); the subset of

ED(X(O ), defined over DBn will be denoted by EU(X(O )). For the study of

holdability properties of trajectories in a subspace, it will be shown that

the E (x(0 )) family is sufficient for our investigation.

Remark (7.15): For every x(0 ) e ]JRn, the families ED(X(O ), EB,(X(O )) of

the e.r.s. differential system S(F,G) are ]R-vector spaces.

O

By Corollary (7.16) we have:

Proposition (7.22): Let (F,G) e IRMIRIIXI be an e.r.s. pair, I(F,G)=Ir(F,G)=
iep} and let ENA,B) be the n.B.o. of (F,G).
(1) The E™A,B) orbit is controllable and it is characterised by the set
{<IN<I™en+1, 1€p} of controllability indices.
(1i1) Let S(A,B)e E~(A,B) where
S(A,B): x(t) = Ax(t)+Bu(t), x€IRn, ue!Rp (7.79a)
sN-NA e IRraxn[s] be the corresponding restricted input-state pencil and let

sF-G=R(sN-NA)Q, RCJRIIXI, Qe]Rnxn, |R|, |Q|#O.

If E&’B(;c(O“) is the family of solutions of S(A.B), that correspond to

hte given x(0 ) and all u(t) eDE and EGI(X(O )) the family of solutions of
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S(F,G) which correspond to x(0 )=Qx(0 ), then EA,B(x(0 )) and ED(O )) are

isomorphic. Furthermore, the family E*CxCO )) is given by

x(t) = Q{eAtx(0°) + ¥ teA(t“T)Bu(T)dT} VGMHEL£D? (7.79b)
o~ L

Part (i) follows from Corollary (7.16). For any S(A,B) eE"(A,B) we have

that

S (A,B): x=Ax+Bu<=>Nx=NAx, u=B+(x-Ax) (7.80)
where N,B+are left annihilators, inverse of B. Furthermore, the pencil sN-NA

and sF-G are strict equivalent and thus, their solution spaces are isomorphic
i.e. every solution of S(F,G) defines a solutionof S(N,NA)and vice versa. The diffe-
rentiability, in the distributional sense of the elements of E~N(x(0 )) is

essential for the definition of u (t) in the equivalence defined by (7.80).
L

[]

The above result demonstrates that the solution space X of the e.r.s. sy-
stem S(F,G) is isomorphic to the solution space of a proper m.r.f.r. descri-
bed by the S(A,B): x=Ax+Bu forced linear system with (A,B) controllable; thus

we may state

Remark (7.16): The properties of the solution space £x(0 ) of an e.r.s.
differential system S(F,G) are completely described by the properties of the

solution space of a controllable forced linear system S(A,B) which corresponds

to a given initial condition x(0 ) and any control input ti(t) eDIj‘. Further-
i
more, every solution .x(t) €EU_(X(O )) may be parametrised by a u(t) eOi\ de-
fined by
u(t) = B+H{x()-Ax(t)} (7.81)

[

From the above results, it is obvious that the controllability properties

°f the standard linear theory may be transferred to the case of autonomous
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differential systems. This topic will be examined next. Before we proceed,
it is worth pointing out that the ED(X(O )) family of solutions contains as
a subset those solutions which are defined from the space of C00 functions
(functions with a strictly proper rational Laplace transform). This subfami-

ly will be denoted by Ec(x(O )).

Proposition (7.23): Let (F,G) G IRIIKXIl be an e.r.s. pair, S(F,G) the associated

differential system; £p c¢” e 3Rn and let Eg(c”™), Ec(Cj) be the families of
solutions of S(F,G) which correspond to x(0 )=£p

(1) For V (cl.,c_z) pair, there exists a distributional trajectory x(t)GE}l)J(Ell)

such that x (0+J=£2

(i1) For ¥ (Cp”™) Pain there exists a normal state trajectory x(t)eEc(£")

such that x(to)*“C2 {°r soma to£0.

This result follows immediately be Remark (7.16) and the standard results
on reachability of linear systems (see [Won. -1],[Kai. -1]). Part (i) expres-

ses the property that any two points in the space IRn may be connected by a
distributional trajectory in "zero time” [Kar. & Kour. -27.[Kai. -1], while
part (i1) expresses the standard notion of reachability [Kai. -1]. The above

property motivates the following definition.

Definition (7.11): Let (F,G) G IRMIRIIXII be a general pair, S(F,G) the as-

sociated differential system, and C the initial space of S(F,G). For a c”eC,

we shall denote by Efi(£p, E~N(£p the families Dg-distributional, C°°-trajec-

tories of S(F,G) which are excited by x(0 )=£p We define:

1) A pair (CpC~eCxIR will be said to be D™-reachable, C -reachable,

if there exists x(t)eEg(cl), x’(t)eEc(cl) respectively and to”0 such

that (x(0°)=£p x(tg)=c2), (x°(0 )=£p corresP°ndinS1y’
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(11) The set of wvectors £€IRn for which (0,c¢) is DD’—reachable, COO—reachable

will be denoted by RDA’ respectively; R&, Rc will be called theilB’:

L

complementary ©f RD_, RU respectively with respect to IRn will be refer-

00
red to as the D’-nonreachable-, C -nonreachable-set of S(F,G) correspon-

dingly.
. 00
(111) If every pair eCxIRn is D’_reachable, C -reachable then the

00
system (F,G) will be called I_)ﬁ—reachable, C —lre_achable respectively.

Because of the linearity we may state the following:

Remark (7.17): S(F,G) is Dj,-reachable, C -reachable if every pair (0O,c), celRn
e — |

00
is Dé—reachable, C -reachable respectively.

Clearly, this remark simplifies the study of reachability. For the sets

Rnr’ Rc_, linearity implies the following property.

Remark (7.18): The sets Ry, R of a general system S(F,G) are 1R-linear vec-
00
tor spaces. Furthermore, S(F,G) is D]S—reachable, C -reachable if and only if

R =IRn, R =IRn respectively.
B C

By Proposition (7.23) and Remark (7.14) we have:

Remark (7.19): If S(F,G) ia an e.e.r.s. differential system, then it is D”-

00
reachable and C -reachable.

The converse of the latter result will be studied in the last section. Our
attention is focused next on subspaces of the domain of a general pair (F,G).
Motivated by the standard results of the geometric theory [Won. -1], [Bas. &

Mar. -1], [Will. -1] we give the following definition for S(F,G) systems.

Definition (7.12): Let (F,G) elRM™IRIIKXI be a general pair, S(F,G) the asso-

ciated differential system, E&(c), Ee,(ﬂ) the DB—distributional—, Ce°-families
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of trajectories for a x(0 )=c.€JRn and let Ve]R be a subspace.

00 00
(1) The subspace U will be called a C -holding subspace (C -h.s.), if for
V x(0 e(/, Jx(t)eEc(c) such that x(t)e(/ , V te3R
(i1) The subspace V will be called a D™-distributionally holding subspace

' (Dl-h.s.), if for ¥ x(0 )=ce(/ , 3 X(t)e£F(C) such that x(t)el/, V telR+.
B

co 00
(111) The subspace V will be called a C -reachability subspace (C -r.s.), 1if

(iv) The subspace V will be called a D"™-distributionally reachability sub-

space (Dg-r.s.), if for ¥ 3= and x(t)eZB(cl), such that
x(0 )=cly x(fy)=£2 and x(t)e(/, ¥ te!R+.

[

We will denote by V%_(F,G), W_(F,G), KC_(F,G), Kd (F,G) the families of all
C -h.s., DI;—h.s., C -r.s., E];.s., respectively defined on a pair (F,G). From

the definition, the following properties may be readily verified.

Remark (7.20): The families of subspaces G HB’ KC’ defined on a general

B

differential system S(F,G) satisty the properties.

O

0
To show the above properties take ¢2=— in the definition of C -r.s., D&-

r.s. The families of subspaces defined above are extensions os the standard
notions of the geometric theory to thecase of S(F,G) differential systems. The
links between the standard dynamic notions and those defined here, will be
explored in the last section by using the notion of m.r.f.i.r. of (F,G;U)»
The properties of subspaces mentioned above may be checked by investigating

the properties of solution space of differential systems associated with (/.

Definition (7.13): Let (F,G)€IRniXnxIRIlIXIl be a general pair, S(F.G) :Fx(t)=

Gx(t), be the associated differential system, l/cIRn be a subspace and Va
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basis matrix of V. We define
S(FV,GV):FVy(t)=GVv(t), x()=Vv(t) (7.82)

as the (/-restricted differential system of S(F,G). The initial, redundancy
space of S(FV,GV) shall be denoted by C*, respectively. The subset of

*

00
consisting of all oeC” for which there exists at least one C -trajectory will
be denoted by C». Clearly, if dimU=d, then Cy, Cj, are subsets of ]JRd. All
other definitions given for S(F,G) carry over in a natural way the case of

S(FV,GV).

By definitions (7.12), (7.13) and Proposition (7.20) we have:

Proposition (7.24): Let (F,G)elRmXnxIRIlIXIl be a general pair, l/cIRn be a sub-
space, dim(/=d, C~F,G;(/) the left-(F,G)-order of (/ and let S(FV,GV) be the

(/-restricted differential system of S(F,G).

€)) Necessary and sufficient conditions for I/ to be @ D”™-h.s., is that |

00
(ii) Necessary and sufficient condition for (/ to be a C -h.s., is that C=

00
(i11) Necessary and sufficient condition for V to be a C -r.s. are thar

and S(FV,GV) is C°°-reachable.
(iv) Necessary and sufficient conditions for 7V to be a D”™-r.s. are that V&'
and S(FV,GV) is ]%l—reachable.
00

00
(v) Necessary condition for U to be C -r.s._, D'D—h.s., C -r.s., or D'D—r.s.

is that Cp(F,G;l/)=0.

O

This result will be extensively used throughout the rest of this chapter.
We close this section by investigating the properties of IC—(F,G)—c.m.i.s. in

the context of the above definitions.

~Theorem (7.12): Let (F,G)clR™x®IlXIl be a general pair and let UclRn be a
subspace. If (/ is an Ic~(F,G)-c.m.i.s. then,

(1) (/ 1s a C -h.s., as well as a I)Dl—h.s.
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(i1) (/ is a C°°-r.s., as well as a Dl-r.s.
B

The proof of the result follows from the fact that S(FV,GV) is an e.e.r.s.
differential system; then by Remark (7.14), Propositions (7.23) and (7.24)

Cco
and Definition (7.13) the results follows. The families of C -, D”-solutions

defined for V jc(O )=c€U will be denoted by E~NX(0 )), Sg(x(0 )) and they may

be parametrised as it is indicated by Proposition (7.22) and Remark (7.16).

7.5.5. Regular differential systems
Let (F,G)1RmXnxIRIlXIl and S(F,G) be the associated differential system.

S (F,G) will be called extended entirely right regular (e.e.r.r.), if (F,Q),

or the associated pensil sF-G is right nonsingular and the left-(F.,G)-order

of IRn C£(F,G; IRn)=0. Clearly, S(F,G) is e.e.r.r. if sF-G is characterised

by e.d. and possible zero r.m.i.; for e.e.r.r. systems we have that m”n. If
m=n and S(F,G) is e.e.r.r., then it will be called entirely regular (e.r.)

For e.r. differential systems we have that sF-G is a regular pencil.

Remark (7.21): Let S(F,G) be an e.e.r.r. differential system. There always

exist transformations RelRIlNI, |r |[/O, such that
(R.D 0 0
S(F.G) Fx(t)=Gx(t) ----------- »S(F’.G’). — x(t)= —— (7.83)
R_1.D F G

where S(F,G):Fx(t)°Gx(t) is e.r. Clearly, if X, X are the solution spaces of

S(F.G), S(F,G) respectively, then X=X

From the above remark it follows that the study of e.e.r.r. systems is

identical to that of e.r. systems and thus, in the following we shall con-
centrate on e.r. S(F,G) systems. Let (F,G)elRnxnx]Rnxn, (F,G) regular,

~NF,G)4{sqi, iey! the set of i.e.d., Pf(F,G) {(s-Xi)di, ier} the set of all

P T~

finite e.d. of (F,G); we shall denote by OOO= Elq. and Of= Eld. and thus
i=1 1 i=1 1
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©‘n-O”. There exists pairs (R,Q) of strict equivalence transformations (real,

or complex) that reduce (F,G) to the Weierstrass form (real, or complex)(FW,GW)

and thus
R.Q)
S(F,G):Fx(H)=Gx(t) i ) S(FW,C\}NJ :Fw§w(t)zc%v—>\§/ () (7.84a)
(R-"Q-1)
where
FrdiagfH™; 107}, \/dia8{le ; cf} (7.84b)

H =diag{H , iep}elR®°0Xd", H, the q.xq. standard nilpotent block and C,el™
~ qi 1 1 f

is the Jordan form, or real canonical form associated with the set P~(F,QG).

By partitioning the state vector X according to the (7.84b) partitioning, 1i.ec.

XW=[%X"; (7.84a) is reduced to the following system of differential sy-
stems
(7.85a)
(7.85b)

The numbers 0y, 0. defined above, characterise the dimensions of the sub-
systems in (7.85a), (7.85b) and shall be referred to as the infinite order,

finite order of the e.r. S(F.G), as well as of any e.e.r.r. system. For a

regular initial space we have defined the subsets CH, which correspond

00
-regular solutions, D’-regular but not C -solutions respectively. The
6

subset of which yield purely impulsive solutions will be denoted by C

00
to C

r r
and the corresponding solution space will be denoted by X°; X° will be re-

ferred to as the purely impulsive regular solution space. Clearly, CcCcC

and X/\chcXA. For an e.r. (F,G) system we have:

Theorem (7.13); Let (F,G)elRnxnxlRnxn be an e.r. pair, 000, 0£ be the infinite,
finite order of (F.,G), S(F,G) the associated differential system and let C,

X be the initial space, solution space of S(F,G) respectively.
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¥ ce]Rn is a consistent, regular initial vector and thus C=Cr=3Rn and

X=X .
r
The subsets C°, C(S are ]R-linear vector spaces, dim€® =6,., dim&—6 and
r r r f r 00
Cd-Kn-Cc.
r r

X=X" is an JR-linear vector space and dimX=n. Furthermore the subsets

. . .0
X, Xi of X* are ]R-linear vector spaces; dlmX(I::O/\, dimX (p=

g
number of i.e.d.), X=X"GX and dimX=n-p.

Solving S(F,G) :Fx(t)=Gx(t) by the Laplace transformm method, for arbitrary

initial values of x.(t) at t=0 [Doe. -1].[Kai. -1] we get the equation:
(sF-G)x(s)=Fx(0 ) (7.86a)
where jc(s)=L {x(t)} is the Laplace transform from 0 of x(t). Since (sF-G)
is regular (invertible over IR(s)) we have that
x(s)=(sF-G) "Fx(0 ) (7.86b)
Equation (7.86b) gives the solution 2£(t)SL "{x(s)} of S(F,G) for all

x(0 )e]Rn. Clearly, for ¥ jx(O )=celRn a solution exists and it is uni-

quely defined; furthermore, since (sF-G) “Fe]Rnxn(s), x(t)eD’n (belongs

the space of Bohl distributions). Thus, C=Cr=IRn and X is regular, 1i.e.

Let (R,Q) be a pair such that (F,G)=(RF Q, RG Q), &R 1, Q=Q 1 and

x§ =08w(’)*+ Then,

(((S):Q {(SFW—GW) > IFW} XW(O—), X(O"):QXW(O") (7- 860)

Using (7.84b), the above expression yields
‘N e >1h- 0

00

0 <slef-cf) 1

x(s)»Q

Vo) (7.86d)



(i)

-

363

x (07) may now be considered as an arbitrary initial vector of IRn (since
—w
x(0?)=Q2Sw(0?), QeJRnxn, |Q|™0). By partitioning )>=£ as £=[c", £7]

and Q=EQ00, %J according to the (7.84b) partitioning, eqn. (7.86) yields

i(s)=Qoo(SHl-19 ) 1HKex>+Q£(SI0 -C£) lcf (7.87)
(0 f
Note that (sH”"-Ig )’1HooelR0ooXeoo[s] polynomial, since sH"™-Ig 1is IR[s]-

unimodular and (SOIOQ —C_)_i elRefXOf(s) strictly proper. Thus for ¥ x(0 )e
sp(Q£}, x(s)e]Rn(s) fstrictly proper and for ¥jX(O_)esp{Q00}, X(s)eRn[s]

polynomial; furthermore, if x(0 ) has non zero projection on both spfQ”™},
sp{Qf} subspaces, the x(s)e]Rn(s) is a general rational vector with

non zero polynomial and non zero strictly proper part. Clearly C =sp{Q"}
and C6/\spr/\} are IR-vector spaces and since Q7 have full rank we

have that dimC”=rank(Qoo)=600, dimC”=rank(Q")=9". For all £€1Rn such that

£ £sp{Qf} the solution has always an impulsive part and thus C"=]Rn-C*.

6
Equation (7.87) clearly demonstrates that X, and X* are IR-linear

vector spaces. If we define ?(s)=[$"(s), ™~(s)]. where

T£(s)=Q (S10 -C ) 1elRnx0f(s), $oo(s)=Qai(sHco-I0 ) 1HooeffinX0[s] (7.88)
' 00
then, rankjR™Mf(s)=0f, and it is readily shown that rank” (Sj$oo(s)ss

OOO—u. Every column in Af‘,(s), $CO(S) defines a C°°-solution, purely impul-
sive solution respectively. Every C°°-solution may be uniquely expressed
in terms of the solutions defined by the columns of $7(s) and every pu-
rely impulsive solution may be uniquely expressed in terms of the solu-
tions corresponding to the non zero columns of $00(s). Thus the columns

of $I_(s) and the non zero columns in $ (s) are the Laplace transforms
00

Q T c
of solutions which form basis sets for Xr> X° respectively. Thus, dimXr=

0 , dimX"=6 -p and clearly (from (7.87)), X =XC®X". Obviously, dimX -n-p.
f r 00 r r r r

[
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From the analysis of Chapter (4) (see Corollary (4.9)) we have that the ma-
trix Q which is used in the reduction of (F,G) to the Weierstrass form (complex)

may be expressed as
= coo> 7.89
g £%oo”xal i ’Qai > Q p] ( 2)

where the columns of form a complete prime set of chains of (F,G) at
s™eR , (R »{«,a™, ... ,q~} 1s the root range of (F,G)).

Let Q =[...;xX" =eee]e every pair of complex conjugate (a.,at) wvalues,
i i B B 1 1
we may substitute the pair of block (Q , Q ¥ in (7.89a) by a single real
i i
block
Qa = [...;:Re(x£ );Im(x£ (7.89b)
i i i

The matrix defined by

(7.89¢)
1 i \%
where Qg =Qa if a”elRUf)0)) may then be used for the reduction of (F,G) to the
real spegctraill form. We shall denote by MS the maximal generalised null space
of (F,G) at s=£e]R, £E€3RU{*°}. For a pair of complex conjugate IR we de-

fine as the {a.a maximal generalised null space of (F,G) the space M

defined by
M#.,a * sPK {Re<f)> v (7.89d)
Clearly, (as defined by (7.89b)) is a characteristic basis matrix of
Mia with respect to the real spectral form. Similarly Qp:Qp' (as defined

in (7.89a)) is a characteristic basis matrix with respect to the real spectral
form if BelRUf)0}. The basis matrixes QI?, BelRIK00}, Qa’ ge(D-]IR , defined above
will be referred to as £-, fegepl spectral characteristic basis matrix
of the subspaces Mp M, * respectively. The matrix Q in (7.89¢) may be ex-

4.9

pressed as
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Q - [Qw,Qf],  Qf - [++*>Qct »e*=]> a.e3R-{°°} (7.90a)
and IRn may be written in a direct sum form as

- M &M, (7.90b)

. o~

where MtJ is the direct sum of all l\l/g , Nét oix SPaces defined for [3eR, ftelR-f00} and
aeR,ae(C-IR. M ¥ will be called the maximal generalised null space of (F,G)
at {°°}, <C-{q} respectively; Q" are characteristic real spectral basis ma-

trices of M MJ correspondingly. The index of annihilation of (F,G) at s=°°

(maximal order of i.e.d. of (F,G)) shall be denoted by q~.

Corollary (7.18): Let (F,G)elRnXnxIRnXn be an e.r. pair, M ¥ the maximal

generalised null spaces of (F,G) at {<»}, and let Q7 be characteri-
stic real spectral basis matrices for M MJ correspondingly. Then,

() &=M and Cc*M
r co r f

(i1) Define the matrices fT(t) -£jt) . ¥(t) - [¥f(t) tiO—, by
¥ (1)-Q e, f00(t)=Qu'1? 26(1)()4+1

(7.91)
1-0

(a) H'f(t) is a basis matrix for X£. The non zero vectors in Y/"Ct), ™(t)
define basis vectors sets for X , X respectively.

(b) If x(0 )=xo0e!Rn, the general Ei)olution of S(F,G) may be written as

x(t,x0) = PEHQLX(0 )-"1/00(t)Qoox(0~) (7.92a)

where Q ; Qy are 9 £, 9coxn matrices defined by

—A -
P

Q = [Qf.Q.]1° i (7.92b)

O

The analysis of the e.r. differential system and the study of its solutions
has also appeared in the literature in many different forms, Campbell [Camp.

~1,2] has examined the problems using the Drazin inverses and the solution
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for the homogeneous case is similar to that given here (eqn. (7.92)). A ju-

stification for the solution of S(F,G) was given by Cobb [Cob. -1]. Cobb’s
reasoning is important since it explains the distributional solution as the
limit of solutions of systems with Finvertible. We consider here the simpler

system (unforced) and of the type

SCH,, I ): Hi(t) - x(1), N >>nxn (7.93a)

a>

For any x(0 )=xoelRn, the formal solution of (7.93a) is

D°~2 =z ._k -,
x(t,xo) B - % ?2(HH c (7.93b)
i=0

Following Cobb we define:

Definition (7.14): The distributional vector x(t) is a limiting solution of

H*x"-x with initial condition Xq, if there exist sequences {H.}cjIRnxn, {xn. }clRn,
3

with H3 invertible, such that HJ->H00, _xcp3.->xq and the solution of Igggj.:g%.,

(0 )=Xoj converges to jc.
Theorem (7.14)[Cob. —1]: For every Xo£IRn, there exists a limiting solution
of H"x=j< with initial condition The limiting solution is unique and it

is x(t,x0) in (7.93b). D

Francic [Fra. -1] has also examined the problem and he gives sufficient
conditions for convergence in a distributional sence. We should point out that
the work of Willems [Will. -1], Trentelman [Tren. -1] on distributionally con-
trolled invariant subspaces (almost controlled invariant subspaces) and di-
stributionally controllability subspaces (almost controllability subspaces)
is intimately related to the present study; in fact the work of Karvanias
[Kar. -1], Jaffe and Karcanias [Juf. & Kar. -1] has established the links be-
tween Willems characterisation and the matrix pencil characterisation of gene-

ralised invariant subspaces. It is through this equivalence and the notion
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of invariant forced realisation that the dynamic (distributional) characteri-
sation in [Will. -1], [Tren. -1] may be transferred to our present study.
Next, we give some results related to the dynamic characterisation of sub-

spaces .

Remark (7.22): Let (F,G)elR™MIRIIXII be a general pair, 1/c]Rn, be a subspace

dim(/=d and let (N,NA;U), S  (A,B;P) be a p.m.r.i.r., pm.r.fiir. of (F,G;()
ier.

respectively. The solution space of S(FV,GV) is equivalent to the solution

space of S1 - (A.B) in V, 1i.e. every solution of Si r (A,B) in V yields a

solution of S(FV,GV) and vice versa.

This remark shows that the results in [Will. -1],[Tren. -1] may be inter-
preted to equivalent results on S(F,G) systems, as long as the restricted

differential systems S(FV,GV), S(NV,NAV) are strict equivalent.

Theorem (7.15): Let (F,G)£]RniXnx]RIlXIl be a general pair, Uc]Rn be a subspace

and let be the root range of (F,G)/U.

) If U is a #-(F.G)-e.d.s., then it is a DB—h.s.
(i1) If U is a "—-(FjO-e.d.s., (<»-proper, or f.e.d), then it is also a
C’-h.s.

(111) If 7V is a simple {<»}-(F,G)-e.d.s., then it is a I%—h.s. and a DB—r.s.

[

Part (i) and (1i1) follow immediately from Corollary (7.18). Note that if
/' is a simple {«>}-(F.G)-e.d.s., then in a p.m.r.fli.r. S.1 (A,B;U), the sub-
lrl
space V is a sliding subspace [Juf. & Kar. -1]. A rigorous proof for the di-

stributional reachability property of sliding subspaces is given in [Tren. -1].

By combining part (iii) of Theorem (7.15) and Theorem (7.12) we have:

Corollary (7.19). Let ( F _ <) <lllXll be a general pair, (/C]JRn be a subspa-

ce. If (F,G)/(/ is characterised by c.m.i., i.e.d. and possibly zero r.m.i.,

then U is a EB.S. and also a DB—r.s.
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We close this section by noting that the general solution x(t,xo) in (7.92a)

is for t>0+ a C°°-trajectory which is contained in M for all xoe!Rn. Thus,

we may state:

Remark (7.23): Let (F,G)elRnXnx]Rnxn be an e.r. pair. For V initial vector

Xoe]R? the general trajectory x(t,Xo) is for v t"O+ a C°°-trajectory which is

contained in M space of (F,G). The space M has thus a strong attractivity

property for all trajectories initiated by V XqCIRII.

O
7.5.6. Dynamic characterisation of the generalised invariant subspaces of a
general pair (F,G)

In the study of the geometry of subspaces of the domain of a general pair
(F,G)elRniXnxIRniXn, a number of important notions of invariance have been in-
troduced i.e. the notions of (G.F)-i.s., (F.G)-i.s., c-(F.G)-i.s., (W, U)-p.i.s.,
e-(F.G)-1.s., e-(G,F)-i.s., c.e.-(G,F)-i.s. and right-(F,G)-annihilating spa-
ces. These subspaces have been characterised in terms of the set of strict equi-
valence invariants of (F,G)/U and thus in terms of decompositions of the type
(7.38a); such decompositions, together with the results of the previous sec-
tion yield the following dynamic characterisation of the wvarious types of ge-

neralised invariant subspaces.

Theorem (7.16): Let (F,G)elR™MIRIIXI be a general pair, (/cIRn a subspace and

S(F,G), S(F,G) be the differential systems associated with (F,G). Then,
) If IZ is a (G,F)-i.s., then for S(F,G) is a C°°-h.s., and for S(F,G) a

Dfi-h-s.

(11) If 7V is a (F,G)-i.s., then for S(F,G) is a q]—h.s. and for S(F,G) a
CUO—h.s.

(1i1) If I/ is a c-(F.G)-1.s., then for both S(F,G), S(F,G) it is a C -h.s.

(v) If I/ is a (W,U)-p.i.s., then for both S(F,G), S(F,G) it is a D‘s—h.s.
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The proof of the above result follows from the decomposition properties of
the subspaces involved, in terms of the fundamental subspaces of the type VQ,

\Y v from the duality of the pencils (F,G)/V, (G,F)/(/ and from the

01> “o0” "£°
characterisation of the elementary subspaces V , V _(/.(/ 1in terms of the
solutigpns restricted to them. Similar arguments may be used to provide a dy-

namic characterisation of the maximal subspaces R K E JF w defined

before. We summarise as follows:

Theorem (7.17): Let (F,G)e3RmXnxIRIlIXIl be a general pair, I(F,G) the set of
strict equivalence invariance and let

IRn =1 eV eV eV &V (7.94)
£ £ 6] a o0

be a decomposition of IRn implied by the set I(F,G).

) The maximal right annihilating space RV £ is the maximal Coo—r.s. for
both systems S(F,G), S(F,QG).

(i1) The maximal (G.,F)-invatiant subspace ¥V £ OeVOt is the maximal C°°-h.s.
for S(F,G).

(iii1) The maximal (F,G)-invariant subspace J 3V £eVOOeV(X is the maximal
Ce°-h.s. for S(F,G).

(iv) The maximal almost (F,G)-right annihilating space K, KV £eVUU, is
the maximal %.s. of S(F,QG).

V) The maximal almost (G,F)-right annihilating space E , EV £eV0, is
the maximal DB—r.s. of S(F,QG).

(vi) The maximal complete (F,G)-invariant subspace W , BV £eVa, is the ma-
ximal C -h.s. for both systems S(F,G), S(F,G).

(vii) The subspace 2T is the maximal (W,U)-p.i.s.; ® 1is also the ma-

ximal DB’—h.s. for both systems S(F,G), S(F,G) and may be expressed as

Ev 009V£ev(Xev0 :
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The proof is readily established from the previous results. We may now use
Theorem (7.17) to characterise the properties of the spaces C, € associated
with a differential system S(F,G).

Corollary (7.20): Let (F,G)eclR™MIRINII, S(F,G), S(F,G) be the associated
differential systems and let C, C and & € be the initial spaces and redun-
dancy spaces of S(F,G), S(F.G) respectively. Then,

€)) €=C=Q

(i) &R n*Q

(iii) ¥ is the maximal space of C -c.i.v. for S(F,G) and #C  is the ma-

ximal space of Coo—c.i.v. for S(F.,G).

X
The properties of the S(F,G), S(F.G) defined by the terms regular, singular

C -reachable, D’-reachable may now be characterised in terms of the set of
D

invariants of (F,G), or equivalently in terms of maximal invariant subspaces

as!

Corollary (7.21): Let (F,G)eclR™MIRIXII, S(F,G), S(F,G) be the associated sy-

stems, I(F,G)={Ir;IC;VOjVa,V«} the set of strict equivalence invariants of

sF-sG. Then,

1) S(F.G), S(F.G) are regular, iff either of the following equivalent con-

ditions hold true.
(a) I =1° (a set of zero r.m.i., or 0) and I =0.
r r c
(b) ®R n and R{0}.
(1) SF.G), S(F.,G) are C -reachable, iff either of the following equiva-
lent conditions hold true.

(a) I =1° and V -6, V =6, V =0.
r r 0 a »

(b) RIR n
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(ii1) S(F,G) is D’-reachable, iff either of the following equivalent conditions
hold true.
(a) Ir=I°, PQ-0, Pa=0

(b) XKIR n

(iv) * S(F,G) is D’-reachable , iff either of the following equivalent conditions

hold true.
(a) T -1°, V=0, V
r r a 00

(b)

The expression i.e. i-n the above result means that the set I(F,G) has

no Va subset in 1it.

7.6. Conclusions

The aim of this chapter was to provide a treatment of the subspaces of the
domain of a general pair (F,G) from the geometric, algebraic and dynamic view-
point. The basis for this work has been the characterisation of subspaces V
in terms of the strict equivalence invariants of (F,G)/U restriction pencil.
The motivation for this study has been the desire to detach the well developed
geometric theory of regular state space systems [Won. -1J,[Will. -1] e.t.c.
from the specific content of regular state space systems and thus make it ap-
plicable to more general descriptions, such as the family of extended state

Space systems.

The notion of regular invariant realisations allows the translation of the
results derived for S(F,G) systems, back to the framework of regular state
space theory. In fact the notions of (F,G) is right annihilating spaces, are
equivalent to the standard notions of (A,B)-invariant subspaces, controlla-

bility subspaces respectively.
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The notion of (W,U)-p.i.s. corresponds to the standard notion of almost
(A,B)-invariant subspace, while the almost (F,G)-right annihilating spaces

correspond to the almost controllability subspace notion.

The treatment given here is by no means complete; although the almost con-
trolled invariance" and "almost reachability" properties with smooth trajecto-
ries may be transferred as a characterisation on the p.m.r.i.r. (N,NA;U),
which corresponds to a triple (F,G;U), the trajectories do not belong to the
domain of (F,G). It is an open question whether such important norions may be
transferred on a general S(F,G) description. It seems that they are related

to the specific property that (F,G) is entirely right singular.

The extension of the piecewise arithmetic progression sequences to the case
of singular pair (F,G) provides the means for the computation of the Kronecker
form by inspection. It is believed that the results of chapter (4) and (5)
may provide a systematic procedure for the computation of K » F along similar

lines to those given for R
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CHAPTER 8: TOPOLOGICAL AND RELATIVISTIC ASPECTS OF MATRIX PENCILS AND S(F,G)
SYSTEMS
8.1 Introduction

In the previous chapters a detailed exposition of the algebraic, geometric
and dynamic aspects of the subspaces of the domain of a pair (F,G), or of
the associated differential system S(F,G) has been given. An implicit as-
sumption in this study has been that the pair (F,G) is fixed. However, an-
certainty in the parameters of (F,G) is always inherent, whenever (F,G)
emerges as the pair describing the differential equations of linear systems
problem, or whenever it is the result of some previous stage of compuatations.
Thus, the need for the study of perturbation properties of the pair (F,G)
is of considerable importance and deserves special attention.

A vast amount of literature exists on the perturbation theory of the ge-
neralised eigenvalue-eigenvector problem (see for instance [Wilk. -1]7,
[Ste.-1,2] etc.). Most of these results deal with the perturbation proper-
ties of the root range $ of (F,G); this area of research is still open in
the direction of obtaining stronger bounds and extending the existing re-
sults to singular pairs. The robustness problem of the complete set of in-
variants of (F,G), as well as the study of perturbation properties of the
generalised invariant subspaces is also open. On the perturbation aspects
of generalised invariant subspaces very few results are known with the
noticable exception of the work of Stewart[Ste. -1,2] and Van Dooren [Van
Do. -3] on deflating subspaces. The study of the generic properties of
the pair (F,G) is also open; the results in this area are few with the
exception on those dealing with the generic values of the root range $

[Hir. & Sm. -1] and those given in [Won. -1] on the generic values of

c.m.i., r.m.i. on entirely right, left singular pairs.
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The study of properties of a general pair & ’) in a ball centered at
some nominal pair (F,G), is the subject of the perturbation theory. A simi-
lar in the formulation, but of entirely different nature problem, is the
study of properties (that stem from the set of strict equivalence invariants)
of a regular pair (F,G) in the bilinear orbit Eg(F,G) of a given pair (F,QG).
Given that the strict equivalence invariants are '"space invariants" (inva-
riant under coordinate transformations in the domain and codomain of (F,G)
and bilinear transformations express transformations in the frequency do-
main (coordinate transformations on the Riemann sphere), this study may be
termed as '"space-frequency relativistic'. This study is of theorectical im-
portance, since it provides a classification of the geometric and dynamic
aspects of (F,G) to those which are "space-frequency invariant'", and those
which are ''relativistic'" i.e. deppend on the frequency coordinate frame.
Apart from its theoretical importance, from the conceptual viewpoint, this
study provides the means for the constraction of '"convenient dual problems"
in linear systems, and as it has been discussed in Chapter (6) may also
yield "convenient descriptions'" from the computational viewpoint (see pro-
blem of assignment of condition number).

The chapter is divided into two parts. The first deals with the topologi-
cal aspects and the second with the '"'relativistic'". The topological results
are of a preliminary nature and aims at two directions: first to provide a
unifying framework for the study of perturbation aspects by introducing dif-
ferent metric topologies on the pairs (F,G) and second to establish the
links between the new metrics and the already known results. The angle me-
tric is connected with the work of Sun Ji-guang [Sun J.g. -1], and the de-
flating subspaces of Stewart are shown to be equivalent to the notion of
e.d. subspace examined previously. The second part of the chapter deals

with the classification of the geometric notions of invariant subspaces of
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(F,G), as well as the classification of their dynamic counterparts. The re-
sults in this latter part are based on the theory of equivalence deve-

loped in Chapter (6).

8.2 Classification of pairs, Characteristic spaces
We start off by giving some useful definitions and notation. We shall de-

-'ni
note by 1 = R™M 5 g
m,n

>

Definition (8.1): For a given pair L=(F,G)elmyn we define:

[L]f = [FJ-G] emmx2n

1) A flat matrix representation of L: CS.1)

(i1) A sharp matrix representation of L: [L]s e *}gmxn (8.2)

i

Definition (8.2): Let L= (F.G) eLmn, then L will be called nondegenerate

r-rank [L]f = m, if m<n
(8.3)

i

Remark (8.1): Degeneracy, in the case of flat description implied zero row

L-rank [1 ]'s =n, if

minimal indices, whereas in the case of sharp description implies zero co-

lumn minimal indices.

Remark (8.2): If m=n, then nondegeneracy implies that L is a regular pair.
By using these definitions we can express the notion of strict equivalence

as follows:

Definition (8.3): Let LI elm 0

s

(a) E,L will be called strict equivalent (LEf/L*), iff 3Q e !RnXn, R € JRIN™,

|P|.|Q| £ O, such that:

(8.4)
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or equivalently

R 0
Gi) [L1SQ (8.5)
0 R

(b) E,L will be called left strict equivalent, LE&L S iff

(8.6)

and shall be called right strict equivalent, LE"L', iff

[1']s - [L]ISQ, q € iRnxn, [a] 7/ O (8.7)

0

For the pair L = (F,G) elmn we can define four vector spaces as follows:

>

4<a A rowspanIR[L]f , X™NL) = colspan]R[L]f ,
(8.8)

XNL) A rowspan~CLjg 0 Xg(L) colspanlIR[L]s

Then it is clear, that:

¥ L, L' etm>n: LEML' xJ(L) = xJ(L”) and x£(L) = XML

4(1 ) are invariant for Ej“-equivalence, but

which means that
}g C . . EIi .
f(L), Xg(L) are not always invariant for E”-equivalence.

Also, ¥ L.Lrel : LE’L' xS(L) = xS(L") and X°(L) = XC(L") which 4140
r r S S

m,n n
means that ){:’\(L), )§ (L) are invariant under EjJ-equivalence, but

XJ(L), X*(L) are not always invariant under E”-equivalence. D
X s

Next we shall give a classification of the pairs, according to their
dimensions, and we shall examine the invariants properties of the four
vector spaces which are defined on each pair of the corresponding class.

Let L= (F,G) eLm,n' The following classification is a simple consequen-
ce of the definitions and observations, so far.

Table (8.1) demonstrates the type of subspace, with invariant properties,

we have to chose according to the dimensionality (relationship between m

and n) of the particular family of pairs L.
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Definition (8.4): For a non-degenerate pair L= (F, G) eLm o We define the

normal-characteristic space, Xn<L), as follows:

£

@ L) - x£(L), 1f which is invariant

(ii) Xij(L) - Xg(L), if m>n, which is E7-invariant 0

A straight consequence of (i) is that for regular pairs L=(F.G) ei , We

njn
have that X~(L)=X"L). Furthermore, note that:

XMNL) =rowspan[L]f = colspan[L]f, and Xg(L) =colspan[L]g =rowspan][1 ™, (8.9)

Let L=(F, G) €L, m<n non degenerate pair, then rank[L]f=m and
in, xi

X~L) = X™NL) =rowspan[L]f and thus dim ~(L) =m. Therefore, we can identify
X~L) with a point of the Grassmann Manifold G (m,]Rzﬂ). Note that if LAE"%L,

then represents the same point on G(m,JR ) as X~(L).

i

Let n be the set of regular pairs. ¥ L= (F, G) € 1™ n tbe equivalent

class e£(L) = {L, e . [L.] =r[1 L, RelRnXn, |[r| / 0} can be considered
n i n,n it t

as representing a point on G(n,3R2a); this point may be identified with a

Xjjdp, L|SE~N(L). Note that each point of G(m,]RZB) does not represent a

pair, but a left-equivalent calss of pairs. We shall denote by E" the set

of all distinct generalised eigenvalues (finite and infinite) of the pair

Le and by E” the set of normalized genecralised eigenvectors (Jordan

vectors included) defined ¥ X €E~.

Let 0 - {(ENE«: ¥ Fei | }, we define the function,
1 z n,n

f: 1?7 ,, —» Q: L-f(L) = (S™zh e<£ (8.10)
n,n 1 =z

It is obvious that f “"({(E"E"™)}) = E%j(), which means that f is E”j-invariant,
thus from the eigenvalue-eigenvector point of view, it is reasonable to
identify the hole class E’r”(L) as a point of the Grassmann manifold. The
study of Topological properties of ordered regular pairs is intimaterly

related with the generalised eigenvalue problem. The analysis above demon-
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strates that such properties may be studied on the appropriate Grasmann ma-
nifold. We may introduce a metric topology on the manifold in different ways.

One such new metric is discussed next.

8.3 The angle metric

In the following we shall consider Grassmann manifolds which may be asso-

ciated with elements of- L . In the case where m<n, the manifold G(m,]R2n)
m n

is considered, whereas in the case of m”n the manifold G(n,]JR"m) is the sub-

ject of examination. The metric defined in this section on the above mani-
folds, clearly covers the regular case. The relationship of the two Grass-

mann manifolds with pairs of Lmn is clarified by the following remark.

>

Remark (8.3): (1) Let UeG(mJI™n). There exists an Ejfj-equivalence class

from Lmn (m<n), represented by an L=(F,G) eLmn nondegenerate, such that

> >

U=rowspan[l J. (@i1) Let (/eGn,IR m). There exists an E”-equivalence

class from L : (m>n), represented by an L=(F,G) ,el m,nnondegenerate,

such that V= colspan[L] .
S

Definition (8.5): A real valued function: d(e=,*): G2 (m,IR2n)+IKg, (m<n) is
called an orthogonal invariant metric (O.I.M.). If ¥ Uj __ e G(m,IRZn) (we
may assume that A2=XN(L2)’ V3=XN(L3)’ L16 Lm,n’ 1=1’2"3 and

non degenerate) it satisfies the following properties:

Q) d(XN(L1),XN(L2)) =0 iff LxE"L2

(1) AXN(L1),XN(L2))=d(XN(L2),XN(L1))
(i1) AN’ S(L2))—d(XN(L1)Y XN(L3))+d<XN(L3)>XN<L2))
Giv) <i(colspan | [Lj]™J , colspanjjl<2]jUJ) = d(colspan[L"]", colspanCINJY)

where U GIR™M0Il is an orthogonal matrix.

O

Similarly we can define an orthogonal invariant metric on G(n,IR%m). First

we summarise some already known metrics for G(mJR n), m<n, and then we in-
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troduce a new metric, the angle metric. Finally the relationship between the

new metric and the previously defined ones are examined.

Theorem (8.1): [Sun J.G. -1]. For any two points €G(m,]R"n), such that

(/j = XNL™) » colspanEINA, = colspanEI"If we define

X1<<([LIfIL1]1H_1/2-[L1]t, X2-([L2]*[L2]1H)°1/2-[L2]f, then

£("1(/2) - arccosfdet XjX "xJ]172 (8.11)

and

“ sin (8.12)

are O.I.M. on GfajIR"1)

[

These metrics have been used by Ji-G-Sun on his work on perturbation analy-
sis for the generalised eigenvalue-eigenvector problem. The above metrics
have also been related [Sun. J.g. -1,2] to the other metrics on the Grass-
mann manifold (e.g. ’gap" between subspaces, sin6(X,Y)). Let’s denote by
él,n = {L= (F, Q) €1m,n’ m<n, L nondegenerate} and by “%h,n /E[.I the quotient
E(')/\—orbit we have seen that there is an one to one map ¢ defined by:

<p(EA(L)) “*“~(L) =4(L) I/LeG(m’JR2n)  (8,13)

. . . 2n .
withy every m-dimensional subspace of IR we may always associate an

one-dimensional subspace of the vector space Am(IR2n) [Mar. -1], or in other
words a point on the Grassmann variety Q(m,2n) of the projective space IPV(IR),
N (2")-1.

These one-dimensional subspaces of Am(]JR”n) consist of decomposable multi-

vectors, they are called Grassmann representatives of the corresponding sub-

space (/" and they are denoted by £(UL) It is known that if eAm(JR"n)'

are two Grassmann representatives of U then, V = Xj, where XeR-{0}.

D
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Definition (8.6): Let L= (F, G) €§€1 and VL eG(m,]R n) be the linear sub-

..................... .

space of IR*n which corresponds to the equivalent class EjJ(L). If X e Am(JR"n)
is a Grassmann representative of and x = [xq.x",...xvJt, v=("J1)-1, then
we define as the normal Grassmann representative of the decomposable multi-

vectpr x which is given by:

sign(xy) if Xy/0
(8.14)
sign(xj) . .
F 2 if xv=0, x+ is the first non zero component of x
if x>0
where sign(xi)
if X£<0 0
Proposition (8.1). The normal Grassmann representative x of a subspace
ULeG(m,JR ) 1is unique and [[x]|£=1. (||’l2 denotes the FEuclidean norm).
Proof
ni 211 .
Let x>eA (IR ) be another Grassmann representative of Then clearly

x' = Xx, XelIR-{0} and x/ (the normal Gr. representative of 2¢’) is given by:

I

SIZn(XV) L i Xy = Xxv 0

v ¥ “Xxv 0 and x* = Xx" is the first non zero component of x'

Agi3°Asign(Xy) . x> 1f
PN

x 1f x,=0 andxj the first non zero component of X.
"W

T 11J2
(because 4A7_ D),
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So x 1s a unique representative of the class of all Grassmann representati-

ves of the subspace (/. The property Hx]" “ 1 is obvious. o)

Definition (8.7): Let £ G(m,]JR"n), then we" can define an angle

between them as follows:

* arccos |<x1,x2>| (8.15)
where Xp Xg are the normal Grassmann representatives of (/L™ respecti-
vely and <e,»> denotes inner product. P

Proposition (8.2): The angle defined above is an orthogonal invariant me-

tric on the Grassmann manifold GfajlR"1).

Proof
Properties (1), (ii) follow readily, property (iii) follows from the cor-
responding inequality for angles between vectors, which is a consequence

of the A-inequality on the unit sphere.

To prove (1v), let = colspan[L1i]|, 1=1,2 and U an mxm non singular
matrix with |u|=X. Then (“"([L™NU) = "~([™T ¥ |u| - X-~(Jul¥y, 1-1.2,
which means that “([LjJjU, [12]£u) =* , [127]), 1if we suppose that U
is orthogonal then clearly it is an orthogonal invariant metric.

This metric angle on G(m,JR n) is related to the standard metrics (8.11),

(8.12) as it is shown below.

Proposition (8.3): ¥ , 1/"? e G(m, IR"n) we have
<a> KUL.,I/19) - 7 (UL (L )
1= 1= (8.16)

(b) sin{«((/L ,UL )} - d£(UL ,I/L )
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Proof
By using the Binet-Cauchy theorem [Mar. & Min. -1], we have that
dettX"Xj3jXj] - (m[XI1X*x2xJ] - (m(Xx) ™) (m(X2) C/xJ) =

= C (X.)-CM(X0) C (Xo0)-Ct(X.). From theorem (8.1) we also have,
mi m /" m z mi

Cm(x1) = tCm([Li]OHCm([Li™NE£D *Cm~"Li-'f) =||&UL1)||[2 =e ® e=£X» 1 =172
Thus,
detfXj" X" "xJ] 2 2—1 = {<x1,x2>}2, given that

(det[xiX2X2Xil)1/2 - |<X1,X2>|, then

(1) arccos (det[XjX2X2>XX3 ])= arccos I<Xj,x2>|, or

(ii) sin{<(VLLI/L2)} = sinldij.Vjj) = dA(

Remark (8.4): When m=n this angle metric is suitable for the perturbation

analysis for the genecralised eigenvalue-cigenvector problem.

8.4 The chordal distance and perturbation results

In the study of sensitivity of eigenvalues a standard metric (expressing
distance between eigenvalues (finite and infinite)) is used, that is the
chordal-distance, between points of the Riemann sphere. Because of its im-
portance in the perturbation theory, a proper treatment of this distance
is given first and some new properties are established. Using the chordal
distance and some ideas from the work of Stewart [Ste. -1] a new perturba-
tion result for a singe eigenvalue of a regular pair is derived.

The formula expressing the coordinates of the point A(z) of the Riemann
sphere, in terms of the coordinates of the point z of the plane is exami-

ned first.
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Proposition (8.4); The point z =X+jy under stereographic projection cor-

responds to the point A(z), of the sphere £2+p2+(£—1/2)2 =1/4, with coordi-
nates, £=%1/2 X"zI/1+z|2, p=1W2 y'Z1/1+|z|2, £='Z" /1+|z]|2

Proof
Since the projection of the point A lies on the line 0Z then, £ =Xx,

p = Xy, where X is some real constant. We shall find in terms of |=z|.
Let’s consider the cross section of the sphere cut by the plane passing

through the points, O, P and Z (Fig. 8.1).

Figure (8.1)

The right triangles OPZ and OAZ are similar, the altitude of the triangle
OAZ is equal to £ and its hypotenuse is |=z|. The segment 0A is a leg of
the triangle OAZ and the altitute of the triangle OPZ.

From the similarity of the triangles OPZ and OAZ we have

5/6a = 6a/0OP, C/OZ=OA/PZ, OZ=|z1, OP=1, PZ=/1+|z|2 (8.17)
from which we find £=|z|2/1+|z|2.
With the aid of the equation of the sphere it is easy to determine the va-

lue of X*1/2 1z|/1+|z|2 and after that that C and p.

1

Remark (8.5): We denote the distance between the points A(s) and A(s’)
by K(s,s’). With the aid of the formula of the previous proposition we can

easily show that:



The quantity K(s.s’) is called the chordal distance between the points s
and s’. In order to define a distance, which is suitable without making any
distinction between finite and infinite eigenvalues, we shall identify the

eigenvalue s=a/|3 with the point in the projective complex line defined by:
[a,.B] = ((a,.B) + (0,0) : a/B=s} (8.19)
Also we define on the projective complex line the metric K defined by:

¥ s=a/B, s’-a’/B' = K([a,B],[a'.B'D-K(a/B,a'/B”) -
= |aB'-a' B|Alal2+|B[2 * ja’|2+|B’'|z (8.20)

So the number K([a, ft], [a’, (31 ]) is the chordal distance between the points
s=a/ft, s’ =a’/ft' when they are projected in the usual way onto the Riemann

sphere. q

Proposition (8.5): For any two points s.,s’ el U {°°} we have that

K(s,s”) = K(1/s.,1/58%).

Proof
Let s=a/6, s’ =a’/ft’ then:
K(s,s’) = K([a,ft],[ot’,ft’]) = |otBe-ot»61/M0il12+]1 012 + Nax |2+ |2 (8.21)

K /s, 1/sH-K([B.al.[B'.a']) = |[Ba'-aB1l/Z[B| 2+|a| 2 1 ZB "| 2-+|a"| 2 <8-22)

So from (8.21), (8.22) we have K(s,s’) =K (1/s,1/5”) aq

Proposition (8.6): K is invariant under orthogonal bilinear transformation.

Proof

We have to prove that, if
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then K([a,B].[a’,B']) - K([S,B].[S’.B'D.

From (8.23) we have:a - cci-dB, B=datcB, a' =ca'-dB'» B' ““da't+cfi', so

K([aaB] > [a'aB'])_
-1(¢S-dB)(dfi'+cB")-(ca'-dB*)(da+cfi)|/,/|ca-dB|2+|dfi+cB|2-,/|ca.-dB' |2+]|d& +c§' |2

The numerator of (8.24) after some simplifications can be written as

(8.25)

Also, it is known that ¥ ZpZ"™t = |Zx+Z£ 12=|Zx 124-1 Z£ 124+2Re (ZXZ2) (8.26)

c2|a|2+d2|B|2-2Re(cdaB)+d2|S|2+c2|B|2+2Re(dcaB) = |d|2+|B|2.
» 12 &t 12+1 fi' |2, thus

K([a.fi].[a".B”]) =K([a,B]. [S*.§'D.

|

Next we derive a result for the sensitivity of a single eigenvalue of a
regular pair (F,g). This result is based on the work by Stewart [Ste. -1]

and provides a strong perturbation bound for the eigenvalues.
Let F,GelRnXIl such that the pencil sF-G is regular. Let sQ be a single

eigenvalue (multiplicity one) with Xq and yj normalised (11xjj£ =11z"12 ~

right and left eigenvectors correspondingly, then (soF-G)2Cq =0 and

~(sqF-G) =0. Also so(y"F2co) ~"Gx” and if we put =ot» =8 the

Point sQ =a/$ can identified with the point [a,8] of the projective line.

Proposition (8.7) [Ste, ~1]: Let the regular pair (F,G) eZ/1 . Let s =a/8
n,n 0

be a single eigenvalue for the pair (F,G) with x*, normalised right and
left eigenvectors correspondingly. For sufficiently small G’ € IRnxn

there is an eigenvalue s” for the pair F+F ,-(G-1-G)) that can be identified
with the point [at+y"F’x”", B+y"G’x"] of the projective line, except for terms

of order |[F’||2, |lg']|2.

[

(8.
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Remark (8.6): According to this result, the sensitivity of sq to perturba-

tions in G and F will be measured in terms of the chordal distance by:

d(so>so) = BNG'xJ) =
i (8.27)
= |0"G,2=0-B"F'xO|//|a|]2+|B|2 =~a+"F'xJ"B+"G’xJ2

By using the previous definitions, remarks and propositions we can state

the following proposition.

Proposition (8.8): Let the regular pair (F,G) e Let sq-a/0 be a

single eigenvalue for the pair (F,G) with x*, y* normalized right and left
eigenvectors correspondingly. Then for sufficiently small F'jG' e RnXn is

an eigenvalue 50 for the pair &+F *(G+G )) such that

d(sQ,s”™) AsinQ + BcosO/v-E, where 0 =tan |a/0l, A= B 3 Iy"F’x~ 1>

v ="laj2+ 012 and E = B2+A2.

Proof

From (8.27) we can take,
d(so,s:;)<|a|-|"G'xo|+|B|-|"F'xo|//|al|2 |fi]2 * /|]a+"F'xo|i+| B+x"G'xJ2 (8.28)
If we put 8 - tan-1 |a/B|, V=/]|a|]2+|B|2, A= 1"G'xJ, B-1lyVx,|,
and E = "B"A2, then we can easily seen that sinO = |ct|/v, cosO = |O|/v and

(8.28) becomes

d (sq .s™M"vsin0OA+vcosOBA>+ /1a+B |*+1 0+A12=Asin0+BcosO//1a+tB  -1-|~0+A]2 (8.29)

By using the inequality,

Aa+BI2+1 0+A2 = /]a|2+| O]2 - ABrA2, (A,B10) (8.30)

(8.29) gives:

d(sQ.s™) £ Asin© +BcosO/v-E (8.31)
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Remark (8.7): This last inequality in the framework of numerical analysis,

says that 1/v is a condition number for the eigenvalue sQ. rr

Remark (8.8): In the case 9=0, then sin9 =0 and a=0 or equivalentrly
sq = 0. Thus the matrix G is singular; the disappearance of the term AsinO

in (8:31) says that perturbations in F cannot affect the singularity of G.

8.5 Relationships between $-(F.,G)-e.d.s., deflating subspaces and perturba-
tion results for entirely right regular pairs (F,G)

In the study of perturbation theory of the generalised eigenvalue-eigen-
vector problem defined on an entirely regular pair (F.G) e(rjl,n a key notion
has emerged, the notion of the deflating subspace introduced by Stewart
[Ste. -2]. The aim of this section is to establish the links between the
invariant subspaces, introduced in the previous chapters and the notion of
deflating subspaces. By doing that, the perturbation results established

by Stewart for this case may be transferred to the invariant subspaces which

have been defined in chapter (7).

Definition (8.7) [Ste. -2]: Let (F,G) eerjrr and U be a d-dimensional sub-

space of JRn. 1/ is a deflating subspace for (F,G) iff dim(F(/+Gl/)= dim(/=d.

i

Before we examine the exact relationship of a deflating subspace and the

invariant subspaces defined before we state the following result.

Let (F.G) e E and JVcIRn be a d-dimensional subspace.

Proposition (8.9): nhn

The restriction pencil (F,G)/(/ has no c.m.i. in its set Iy of strict equi-
valence invariants.
Proof

Let (sF-G)V, V a basis matrix of (/, and let WAsFV-GV} / {0}. Then,

3v(s) elRn[s], v(s) N0, such that (sF-G)V v(s) =£. Define x(s) =Vv(s);
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since V has full rank and v(s) 0% then (sF-G) x(s) ~P. and thus sF-G is

singular, Q.E.D. fos

From the above result, it is clear that /y may contain f.e.d., i.e.d. and

r.m.i. This observation will be used next.

r

I/ is a deflating subspace iff (/ is a $-(F.G)-e.d.s. (i.e. [y is characteri-

sed by e.d. and possibly zero r.m.i.).

Proof

First note that dim(F(/+G(/) = rank”™ [FV}GV], where V is any basis matrix of
U. Clearly, if ReJRnxn, |[r| ™0, then rank” [RFV,RGV] =rank” [FV,GV]. We
can always choose a special basis V and an R such that (RFV,RGV) is in the
Kronecker form.

By proposition (8.9), the possible set of invariants are e.d. and r.m.i.

The typical blocks in (RFV,RGV) are:

Vvﬁt v

Because of the block diagonal structure in (8.32) the independent columns

in [RFV,RGV] may be found block by block. Thus, by inspection:
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i ; o*
) has £+1 independent columns for ¥ € IN.
t
W ) has t independent columns for act, t eIN.
(111) has q independent columns for ¥ q e IN.

and the rank of [RFV,RGV] =rank[FV,GV] is equal to dim(F(/+Gl/), where

t p y
dim(FU+F(/) - £ (C+D+ Z T.+ E q. (8.33)
i-1 i«l i=1
However,
t p y
d =dmU= E £+ E T.+ E ¢q (8.34)

i=1 i-1 1 1=1 1
By (8.33) and (8.34) we have that
dim(Fl/+G(/) = diml/ = d (8.35)

and equality holds if and only if there are no non zero r.m.i. in (zero
r.m.i. do not affect the above inequality).

Now if V is deflating, then for dim(Fl/+G(/) =d all r.m.i. must be zero and
thus V is a $-(F,G)-e.d.s. Conversely, if 1/ is £-(F,G)-e.d.s., then all

are zero and (8.35) holds with equality, i.e. |/ is deflating subspace.

n

Remark (8.9); Let (F,G) ¢k and 7 CIRn be a d-?dimensional subspace. Then

n,n
dim(FU/+Gl) £ diml/ = d (8.36)
equality holds true iff I/ is a $-(F,G)-e.d. s. i

The above remark demonstrates that in the definition of deflating subspa-

ces given by Stewart the equality sign should be used instead of since

there 1is no subspace of IRn for which strict inequality of the <" holds

true.



391

Given that deflating subspaces of an e.r. pair (F,G) may be also expressed

for $>-(F,G)-e.d.s. Thus, following the results of Stewarts [Ste. -2] we may

state:

Proposition (8.10): Let I/ be a <J>-(F,G)-e.d.s. Then there are orthogonal

matrices K and L such that the first d columns of L span V and

Gll1 G112 F11 F12

KCGL . KCFL
0 G22 0 F22

where G and F” are dxd matrices.

Proof

Let L = [Li;:L2], where L" e IRnxd with orthonormal columns such that

colspanL|=U and L2 € lkﬁ]&&}_%} such tat L=[L"jL2J be orthogonal. Also, let

12 dRnX(n have orthonormal columns lying in the orthogonal complement
of FIHGU ((F(/+G()'S and € IRnX" be choosen such that K= is ortho-
gonal.

Since colspan =U colspan(GLj) £GV£fU+GU and because i® lying in

the orthogonal complement of FU+GV we have that K|(GLp=0. Following the

same arguments we have that KjjCFLj) =0.

So,
El J1j
g j ] KjGLx KkJgl 2 Gl GI2
t and
K2 _ K2GL1 K2GL2 0 G22
F11  FI12 . “FI1 F12” G GI2"
, thus K (sF-G)L = s -
° F22 0 F22 0 G22

[

Also if X€O(F|j,G"1) with corresponding eigenvector”™, then Xeo(F,G)

with corresponding eigenvector LI z e U.
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Next we shall define an operator which plays an important role in deriving

the error bounds in the perturbation analysis discussed next.

Definition (8.8)([Ste. -2], [Kato. -1]): Let &pFjCIR 5 and G2,F26I1Rinxm

are fixed matrices. For any X = [P}Q] e RI™2", PjQelR™ we define the ope-
i

rator T on as follows:

T: 3Rmx2)™ Rmx2": V X- [PjQ] 6 Rmx28'->-T(X) = [PG.-G,Q ;PF.-F.Q] e B."®24 (8.37)
] i

Lemma (8.1): The operator T is linear.

Proof
Let Xj - [pi:ql], X27°[P2!Q2]elRI, x22,X eB, then
)

XXX+X2 - [XP1+P2;>Q1+Q2J and TCXXj+Xj) =
- [(XP1+P2)G1-G2(XQ1+Q2)j(XP1+P2)F1-F2(XQI-K!2)] =

- [X(plgl-g2q 1)tp2g1-g2q2!X(plf1-f2qi)+p2fl-f2q2] =

= X[P1G1-G2Qi ;PIF1-F2Q1] + [P2G1-G2Q2;p2F1-F2Q2]-XT(X1)+T(X2), so T is

linear. q

Lemma (8.2) [Ste. -2]: The operator T is non singular if and only if:
a(F1,GHfi a(F2,G2) = 0 (8.38)

(The spectrum above is defined on the associated pencils sF-Gp sF-G” in

the usual maner).

Remark (8.10): T is non singular is equivalent that,

V [r »Ts] = YelRmx2£ 3 X = [prq] e Rmx2£ such that:

TX) = Y <=0 (PG4+G0Q =R and PF Q= S) (8.39)
R /AR V) 0

Later on we shall need estimates of the size of the solutions of (8.40).

2
In order to do this we define two norms on 1RmX as follows:
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Definition (8.9) [Ste. -2]: ¥ R=[p[q] e where PjOelR”™ we define

lIr[I2 = max {[|p|[2>]|la[|2) and [|r|I'f =max {|[P|[F»[|Q||?} (8.40)

We can easily seen that ||r||2,||r||/f are norms on

As we have seen before the operator T is determined by the fixed matrices

(
FpGl> F2»G2 Let

dIf(F,.G.;F,.G,) = inf TX)| (8.41)

1122 = F

Then dif (FpGpF~"Gp =0 iff T non singular, that is, if and only if
aCFpGp n<7(F2,G2) =0 [Ste. -2].
Also if T is non singular and T(X) =Y, then

lI<F < ||YHF/4if(F1,G1;F2,G2) (8.42)

The topic examined next is the study of perturbation properties of
<£>-(F,G)-e.d.s., when there is uncertainty in the parameters of the pair
(F,G). The following analysis is based on the work of Stewart for delfating
subspaces.

Let L=[1"J1 2] and K=[KpK2] be orthogonal matrices with LpKjGIR

Then 1f F21=K"FLx=0 and G21 « kJjGLj =0, the columns of Lx span an £-(F,G)-

e.d.s. for sF-G. If F21 and are small but not exactly zero, it is rea-
|

sonable to ask whether there exist orthogonal matrices K’ = [KpKZ] and
. t t
L' =11 ”LZ] near K and L respectively, such that K2 FL| = GL| =O0.

t t » *
We select K' = eStfXpK~”™) and L’ = [L|J1 £] 6S([1 111 2)) in the form

K{ - (KI+K2P)(I+PtP) 1/2, Kl = &K -K*P 1) (I+Ppt)°1/2
2 2 (8.43)

= a.1+L.2Q)(I-K}tQ)_1/2, L2 = (L2"L1Qt)(I™~Qt)”71/2
where P, QclR"™x\ It is easy shown that K’,I.’ are orthogonal.
By setting G__ - K"GLj, F~ =K*FLj, ¥ i1,j=1.2, then conditions

K”~FLj * KMGLj » 0 leads to the following system.
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{PGixG22Q = G2rPGi2Q ppixrF22Q=p21pp2iQ} (8-44)

1 |
If we define as before T([plq]) = pGra_G22~’PF11°F22" the system (8.44)

becomes:

T(P;Q1) = £G2rPG12Q:F21°PF12QJ <8.45)

Thus the problem of perturbing K,L into the (deflating) matrices K
is reduced to the following equivalent problem, determine under what condi-
tions the non linear equation (8.45) has a solution. Such conditions are

given next.

Proposition (8.11) [Stew. -2]: Let K= , L=[L %L 9] be orthogonal

matrices with K.l,,L.1 elR . Let also G..,F,, be defined as before. Let us
1

also define
Y =1|fG21;F21]||FF n"|[G12iF1272’ 5=dif(FU’G11;F22°G22) (8*46)
If = y/(f>2<1/4, then there are orthogonal matrices P,QelR"n

satisfying || [P»Q]||«¥/6 (1+k) =vy/6° (I+v/1-4k|y {-2kj+»/1-4kj)<2Y/6, such that

colspan(L"H™Q) is a deflating and thus a $-(F,G)-e.d.s. for the regular

pencil sF-G. q

v - m
Proposition (8.12): If FpGpEpE! e¢IR , F2>G2>E2>E2 6 K > then

dif (G|+Ej, Fj+E};G2+Ej , FAEp >dif (Gj ,F ;G2, Fp-max{|| Ejl 2+ EjH 2;|| E’|  E’|| 2}.

Proof
By definition, dif(Gj+EpF "EpG"E "F"Ep =
= inf]|[p(GI1+E1)-(G2+E2)Q,P(FI+Ep-(F2+EpQ]||".

[p:q1l|5-i

f
Let the infimum be obtained for X= [P’q], then |[|p||f»|q]|f = *
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Hence dif(Gj+Ej .Fj+EpG~"Ej.Fj+Ep -|| [p(GI+E1)-(G2+E2)Q,P(F1+E {)-(F2+EpQ]||*, =

max {|[P(G1+E1)-(G2+E2)Q||F,||[P(F1+E {)-(F2+EpQ||F} >

A\

maX{||PG1-G2Q||FH|E11|2H|E2I|2,||PF1-F2Q|[FH|E{||2H|E~2} >
£ »ax{|[PG1-G2Q||F,||PF1-F2Q||F} - maxfll EjI2H|c2H2,||Ej||E£]|2} i

i dtf(Gj.FpG.j.Fp -maX{||E1||2-H[E2||2;||E {|[24]|E~2}. e

The question that arises is to investigate whether there exists a V’
(F )-e.d.s. of the perturbed pair F ,GT) = (F+EpG+Ej) which is close
to I/. Of course the essential question is how close such a subspace may be
found with respect to the given perturbation (EpE|). The answer to this is

given next.

Theorem (8.3); Let K=[KpK2], L= [LpL2] be orthogonal matrices with
KpL" e Rnx”, GN =kJglj, F,, = v 1=>j = 1,2 and suppose that G*j = F2X = 0.

(in that case (/= colspan is an £-(F,G)-e.d.s. of the pair (F,G)). Assume
that Ex,E[€]Rnxn and E” =EK|L;, E =K~L"™ V 1, =1,2,

£ij =maxMEijilF>lIEijl1F*

Let us also assume that Y =21’ n=-~Gi2°Fi2~2+¢ci2’ =dif"G11,F11;G22,F22" »

(n-£)x£

2 . .
“”ell " et2 YB/<5 <1/4 then, there are matrices P,QelR satysfying

I[PjQ]llp 2y/6 such that colspan (Lj+L2Q) is a #-(F.,G)-e.d.s. for

s(F+E1)-(G+E)).

Proof

We will give the proof by using the previous proposition to the problem
stated on s(F+Ex)-(G+E|). If we now denote by (LpF” it has been denoted
by G”, F_ in the proposition (8.11), then

Gij " <#(G+E1)Lj ” KiGLj +KiElLj * Glj +Eij -|

- i =12 (8.47)
Fy ““K"F+EpL —kJfL +<ElLj =Fij +Eij -
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dif(G11°F11;G22°F22) *’£11 >’et2

If we set now:
Y “e21’ “H-GI2JFI2MI2 £12° d= G11,F11 °G22,F22~ " ell #~12°
then we have (y=Y> rNji<.r|» 25-><$) =>yti~/62<yr]/62, so if we suppose now that
YT|/62<1/4 then ¥<S N2<1/4 and the theorem (8.3) is valid for the pencil
s(F+Ep-(G+E|); that means that there are matrices P,Q ¢ IR"n such that
the subspace U/f =colspan (Lj+I"Q) is a $-(F,G)-e.d.s. for s(F+E1)-(G+E)),
which of course is a subspace close to the £-(F,G)-e.d.s. V=colspan L.

The closeness can be measured by the gap ((/,(/°) = gap (colspan L",colspan

(1 x+12q)). &

A hint about the possibility of establishing the above result in the case
of deflating subspaces was given in [Ste. -2], but no proof was given. The
notion of deflating subspaces has been recently extended for general pairs
(F,G) by [Van Dor. -3]. The link of this generalised notion of deflating
subspaces to the invariant subspaces notions defined in Chapter (7) is

still question and it is left to future research.
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8.6 The space Lm>n as topological vector space (T.V.S.)

The formal analysis of the perturbation properties of matrix pencils, im-
plies the need for the definition of topologies on the set of ordered pairs
(F,G). Of course the main question when searching for topologies is to exa-
mine which of them is the most suitable for the study of the particular pro-
perty of the pair (F,G) we would like to examine. Another important factor
in determining the suitability of a topology is whether it is related to
a natural way to the modelling of the "uncertainty” in the set which is
under study. This section serves as an introduction to the study of pro-
perties of pairs (F,G) under uncertainty in the parameters of (F,G). We in-
troduce two metric topologies, which are related in a rather natural manner

to the modelling of uncertainty on (F,G); in fact it is shown, that the set

of pairs & under these two metrics becomes a topological vector space
(T.V.S)).
Let Lmn = {L: L=(F.G), F,Ge . Under the standard operations of

>

addition of pairs i.e. Lj+L2 = (FpGp+(F£72) = (FA"Hd"Gi-H") an”™ scalar

multiplication i.e. XL = X(F,G) = (XF,XG), XelR, Lmn becomes an IR-vector

>

space. It is readily shown that L
m,n

>

under those operations is a finite

dimensional vector space.

Definition (3510Q: Qn the set L we define the functions:
* R+ ((F,G), (F7.G)) -= d((F.G), F ,G”)) -

() d: [ E

m,n m,n o
- Hf -f 'IHlg-g'll

i) a8 L X — o, (F.G).(F.G"Y — dF.G) .(F’.G"Y) =
m,n m,n

- max{ [[F-F'||,|| G-G'[| }

where || ’|| 1s any matrix norm.

Proposition (8.13); The functions 8,d defined on Lm q are metrics.
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Proof
We shall prove the result for d, whereas the proof for d& is similar.
In fact, d is a metric on 1 because:
m,n
1) ¥ (F.G),(F'.G"Y elmn obviously d((F,G).(F?,G’))"0 and
d((F.G),(F°,G))=0«>||F-F,|-H|G-G,|| = 0«==F»F’ and G =Gf <=
<=8 (F.G) - (F'.G"Y

(11) ¥ (F,G).(F.G" elinjii we have d((F,G).(F'.G”)) =||f-F'|H|G-G’|| =

£ "-fH|G'-<4| = d((F'.G"),(F,G)).

(i) ¥ (F.G).(F.G",(F".G") eL_  we have that d((F.G).(FI1,G")) =

>

= [lf="THIg—g'|| =[| (f=£")-C£"=f")H]| (g-g")-(g"-e"I 1

i IIF-F"||+|| F’-F"H|G-G"||-HIG’-G"|| = d((F,G), (F" ,G")+d((F',G'"), (F",G")).
So (lm’n;d) and (lm’n}fd are metric spaces. i
By using these metrics, the neighborhoods S™N((F.G).e), ((F.G).e)

¥ (F’G)elmn defined by Sa((F,G),e) = {(F',G’)eLm,n: d((F’,G"), (F.G))<e},

>

&F.G).e) = {(F’,G’)elmn: afF °,G7), (F,G)) <£} form a basis for the

i 1
metric topology on the set m.n

s . = (F~ : i i
Definition (8.11): A sequence Ln (Fn,Gn) e ([r‘rr,n ;d), nelIN is said to

converge in (L ;d) iff there exist L= (F,G) e (L ;:d) such that, ¥ £>0An eJN:
m,n m,n u

>

¥ n=n = (F n’GJ eSd, ((F,G).,£) (or equivalently: d(Ln ,L)-H) as n-*). We then

write lim(F ,G ) - (F,G)
n-w n n n

Remark (8.11): It is readily shown that lim(Fn,Gn) = (F,G) iff lian =F

n-x» n-x»

and IImG =G.
n-x» n H

Proposition (8.14); If (F™) (F,G) and (FA,G?) > (F»,GT), then in the

metric space dmn;d), d((Fn>Gn>’(Fn,GA)) * d((F»G)°(F —™
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Proof

Let us assume that L= (Fn,Gn), Mn=(F"G"), L=(F.G), M=(F'.G"), ne».
So we have to prove that: If Ln->-L, MnM then d(Ln ,Mn) +d(L,M).

For every x.,y.z,u elm,n by using the triangle inequality we can see that
|[d(x»y)-d(z,w)| = d(x,2)+d(y,w).

Thus by setting x =Ly y=Mn> z=L, u=M we have
l[d( M )-d(L.M)| = d(L .L)+dM ,M). From the assumptions L >L and M ->M

n n n n n n

it follows that d(Ln,L)-K) and d(Mn>M)-H) and thus d(Ln,Mn)-d(L,M)+O <"=£>

<~>d(Ln,Mn)-d(L,M). p

Remark (8.12): We can derive the same results by using the metric & on

L instead of d.
m,n D

Remark (8.13): From the obvious fact that max{||F-Ff] ,||G-G'|| } £||F-Ff]|+||G-G’||

we have that &F.G) .(F1.GDN) =d((F.G).(F*.G*)) V (F.G).(F*.G*) eL

5

that means that the metric topology induced by @ on L is stronger than
m,n

the metric topology induced by d. -1

Remark (8.14): We can easily seen that the functions,
+: Lm,nXLm,n~"Lm,n: <<F1°G1>’<F2°G2>» — N2 = ¥
® N1n- Lm,n <X°<F>G>> G
¢

are continuous for the topologies induced by d.d respectively on

Thus, (1 ;d), (L d are topological vector spaces (T.V.S.).

8.7 The "space-frequency relativistic" properties of S(F,G) and duality

In Chapter (6) the notion of Bilinear strict equivalence E” g on the set
Lm n has been introduced and a complete set of invariants of homogeneous
matrix pencils under this equivalence has been defined. The motivation

behind this study has been our desire to provide the theory that can high-
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light the further aspects of duality existing between the differential sy-
stems S(F,G) and g(F,G) which are related in terms of a rather simple bi-
linear transformation [Kar. & Hay. -1]. In this final section, our effort

is focused on the classification of subspaces of the domain of (F,G), as
well,as of the dynamic properties of S(F,G) in terms of their invariance, or
dependence on E” g transformations. Such a classification may be referred

to as a ’’space-frequency relativistic” classification, since E" g trans-
formations express coordinate transformations in the domain and codomain of
(F,G) and coordinate transformations of the points of the Riemann sphere.
The results presented here provide the means for defining “convenient”" dual
formulations of problems of linear system theory; the term convenient may
be referred to the computational, or the conceptual aspects of the consi-
dered problem. The duality aspects between the S(F,G) and S(F,G) differential
systems have been already extensively discussed in the previous chapters;

the general case of bilinear transformations is examined next.

Definition (8.12): LetL=s(F.G). L' = (F .G*) e Lrrl n andS(F,G): Fx=Gx,
S(F’°,G): Fx' =Gx’ be the corresponding systems. S(F,G), XGF ’) will be

called Eft g-dual, Eft-dual, if LE® gL, LE"L’ respectively.

All pairs in L have as a common domain the space JRn. The problem con-
m,n

sidered next is the study of the nature of a given subspace Vc ]Rn with

respect to different pairs (F,G) of a bilinear orbit Eg(F,G). By L"=(F,G)/U,

L = (F.G) elmn we shall denote in short the homogeneous restriction pencil.

>

Furthermore, by Hm L Ve shall denote the strict equivalence group defined

]

on L
m,n

Proposition (8.15): LetL=(F.,QG), ¥ <F'G’) € Lm,n, (/c JRn be a subspace
and let diml/=d. If for some b eB, LI =boL, then there exist heHmé. such

that « B°Ly.
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Proof
If L~"L’ » (F°,G*), where F’ =aFV-cGV, Gl =dGV-bFV, then L(/+Ly =
= X(aFV-cGV)-p(dGV-bFV) =XF’V-pG’V=Ly. Given that V is not uniquely defined,

the result follows. IT

Remark (8.15); Proposition (8.15) also holds true, if we consider the more
general case of E~ g equivalence where is the left strict equivalence

subgroull)r of Hmn (i.e. transformations defined py pair (R,In)). 0

For a given subspace V of the domain of Lm,n in general there is no re-
lationship between the strict equivalence invariants of LA,Lj, for general
L,L» eL However, if LEgL’>, or more generally EE~.gl. , the last result
shows that L(/*j glLp and thus certain relationships hold true between the
E~-invariants of LMLy These relationships are defined by the properties
of E/ -invariants under Eg-transformations and according to the nature of
Ly, the geometric and dynamic properties of V with respect to different
pairs LeEg(F,G), the Eg-orbit of a given pair, may remain invariant, or
vary. The real, complex list and root range of a subspace VcIRn with re-
spect to a pair L = (F,G), are defined on Ly= (F,G)/V and shall be denoted
by Jlr (L(P° respectively. In the following the properties of

the different types of invariant subspaces under Eg-equivalence are exami-

ned, identical results may be given for the E~—g-equivalence case.

Proposition (8.16): Let L=(F,G)elmn, (/e IRn be a subspace and let

>

cNF,G;(Z) be the corresponding left (F,G) order of 7.
i) c£(F,G;(/) 1s invariant for ¥ L>= (F’,G”;(/) eEg(F,G).
(1) If 7V is a (W,U)-p.i.s. with respect to (F,G) then it is also a

((V,ID)-p.i.s. with respect any (Ff,Gr) € Eg(F,G) .
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Proof
cMF,G;U) 1is devined by the set of r.m.i. and thus it is invariant under
Eg-equivalence, which proves (1). The subspace U is a (W, U)-p.i.s., iff

cNF,G;U) =0. By part (i) the result follows. -

The property of 1/ to be a (W,1/)-p.i.s. is invariant under Eg-equivalence
and thus it is a property of the orbit Eg(F,G) and not only of the particu-
lar LeEg(F,G). The family of all possible (W.,l/)-p.i.s. defined on (F,G)
shall be denoted by Zp i The above result also implies that for specific
subfamilies of Zp. | their more specific characterising property always
varies within the set of properties characterising subfamilies of Zp-l- under

Eg-equivalence. The Eg-invariance property of more specific subfamilies of

Z i is considered next,

Theorem (8.4): Let L=(F.,G)et  .,UclRn be a c.-(F,G)-1i.s. and let
’ injn

J (LU) be the corresponding real list. Necessary and sufficient condition

for (/ to be a c.-(F’,Gr)-1.s. for V (F'.G’) eEg(F,G), is that J*CL") = 0.

Proof
Since V is a c.-(F.G)-i.s., then it may be decomposed as (/=(/ ell where
IR, 1 (£ ]
may be expressed as V = N Yo, are finite non zero e.d.s.

which correspond to real, complex e.d. respectively.

If J-~CLy)= 0, then the invariance of c.m.i. implies that will be a
c.m.i. subspace for every (F’,Gf) eEg(F,G). Similarly, because a pair of
complex conjugate e.d. is always mapped under any bgB to a pair of complex
conjugate e.d., it follows that under any b gB becomes also a
subspace which is c.-(F.,G)-i.s.. Therefore, if JACL"™)=0, then V is c.-
(F,G)-1i.s. for V LeEg(F,G). The necessity is proved by contradiction.

R

Assume that JMCLy) O0- Then there exist a real non zero e.d.s. in ¥V ’



402

IR . .
say , associated with a frequency AelR-{0O}. We can always define a beB

such that A may be mapped either at zero, or infinity; Under such transfor-
. IR ] . . .
mations will behave either as a zero e.d.s., or as an infinite e.d.s.

Clearly, for some appropriate beB the c.-(F.,G)-i.s. property is viola-

ted—

A c.-(F,G)-i.s. I/ with JNLy) will be referred to as a strong complete-
-(F,G)-Invariant subspace (s.c.-(F,(G)-1i.s.) and the family of all such sub-
spaces defined on (F,G) will be denoted by /s‘c~' The property of a subspace
to be a c.-(F,G)-1.s. is clearly invariant for subspaces of the Ys-c- under
Eg-equivalence. Two important subfamilies of Yg ¢ are: the family P ? of
all T -(F,G)-c.m.i.s. and the family F . of #-(F.,G)-e.d.s. with J (L,,)= 0;

a subspace Y e F* will be called a strong-$-(F,G)-e.d.s. (s.-$-(F,G)-e.d.s.).

From Theorem (8.4) we have:

Corollary (_2_3_.__1__): Let L=(F,G)el and let YcIRn be a subspace.

1) If V is an Ic*“(F.,G)-c.i.s., then for V (F’,GT) eEg(F,G) Y is also an
N~(F~"GN-c.i.s.

(1)) If Y is a s.-#-(F.G)-e.d.s. with list JNL"), then for ¥ (F’,GT) e

Eg(F,G) Y is also a s.-<J>'-(F,G)-e.d.s. with list J~"Ly) =Jg,(Ly)."

Note that under Eg-equivalence the lists J~NDL"), Jj, (L") are invariant,

but not the root range.

Corollary (8,2): Let (F,G) €Lm n> Eg(F,G) its Eg-orbit and let Y cJRn be

a subspace. If ¥ is e.-(G.F)-i.s., or e.-(F.G3)-i.s.,, or e.c.-(F.G3)-1i.s.,

then 3 (F’,GT) eEg(F,G) such that Y is a c.-(F’,Gf)-1.s.

The proof of the above result follows along similar lines to that of
Theorem (8.4). From the above two corollaries we may give a classification
of the dynamic properties of a subspace Y under Eg-equivalence transforma-

tions.
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Corollary (8.3): Let (F.G)e Lin9ii’ E(<)<(F,G) its E(l}—orbit and let I/C]JRn be

a subspace.

(1) If 1/ is a C°°-r.s. with respect to (F,G), then for ¥ (FJjG € Eg(F.G)
Vis a C -r.s.

(i1)' If V is a D”-h.s. with respect to (F,G), then for ¥ (F.,G)eEg(F,G)
U is a Dg-h.s.. There exist, however, (F',G’)Eg(F,G) such that
is C -h.s. with respect to (F’,G”).

(111) If V is a Dg-r.s. with respect to (F,G), there exist §F'.G eEg(F,G)

such that V is not a Dg-r.s. with respect to & 1).

From the above result it follows that the C°°-reachability and Dg-holdabi-
lity are ’’strong” properties since they hold true with respect to any pair
in fg(F,G) and any general subspace |/ having the above properties. Contrary
to that, the C°°-holdability and Dg-reachability are "weak" properties since
for a general subspace V either of the above properties may depend on the

particular (Ff,G’) €Eg((F.QG).

8.8 Conclusions

The topological results given in this chapter, are of a preliminary na-
ture. In fact, they connect some of the known results on the perturbation
theory of the generalised-eigenvalue eigenvector problem with the geometric
concepts which have been developed in the previous section. The means by
which these links have been achieved is via the new metrics which have been
defined. The importance of these new metrics in the study of properties of
pencils under uncertainty has yet to be proved; however, the links with the
standard theory, their "easy" from the computational viewpoint nature and

their intuitively simple forms, as means to measure uncertainty are encou-

raging indicators.
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The application of the Bilinear Strict equivalence theory for the classi-
fication of the geometric and dynamic properties of the various types of in-
variant subspaces, under Eg-equivalence, provide a ’relativistic” classifi-
cation of these properties. Thus, the notions of Coc—reachability and Dg-hol-
dability have emerged as “strong” properties, whereas those of Dg-reachabi-
lity and Coo—holdability as "weak’. The results on Eg-equivalence may be used
for the definition of convenient dual systems in the standard, or extended
state space theory. In the standard linear system thoery, the above ''rela-
tivistic” classification implies that controllability, observability, and
almost (A,B)-invariance are ''strong” properties, whereas those of almost
controllability and (A.,B)-invariance are '"weak"; furthermore it is worth
pointing out that in this context, the property of stability is also weak,

since it depends on the particular transformation b eB.



CHAPTER 9:

Conclusions
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CHAPTER 9; CONCLUSION, FUTURE RESEARCH

The main objective of the thesis was to develope further a number of im-
portant aspects of matrix pencil theory which are relevance to linear systems
thoery. By creating an enriched matrix pencil theory it is believed that a
unifying, matrix pencil based approach to the study of regular and extended
state space systems may be established. The results in this thesis aim at
this direction. In fact, they establish a complete number theoretic treatment
of the S.E.invariants, develope further the geometric theory of matrix pen-
cils and the dynamic theory of S(F,G) systems, produce a framework for the
study of stability of invariants (robustness) and develope a theory of inva-
riants under B.S.E. transformations.

The essence of the number theoretic characterisation of the S.E. invariants
is that it is based on the study of Piecewise Arithmetic Progression type
sequences defined on an ordered pair (F,G), without using the underlying al-
gebraic notions. Given that all types of invariants are characterised in a
similar manner, the approach is unifying. For the computation of the sequen-
ces it is assumed that the root range of (F,G) is known; a singular value
decomposition may then be used to compute the ranks of appropriate sequences
of matrices, and from those ranks the sequences. The analysis of disconti-
nuity properties may be carried out by Ferrer’s type diagrams. These results
lead to a method for computing the Kronecher form without using special type
transformations. The only inherent computational difficulty of the method
is defining the root range of (F,G).

The study of geometry of matrix pencils presented here has two interela-
ted parts. The first deals with the geometry of the different types of
strict equivalence invariants and it is manifested by the structure of ge-
neralised null spaces (the case of e.d.) an annihilating spaces (case of

c.m.i., r.m.i.). This part is intimately connected with the P.A.P.S. theory
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and defines the structure of bases of the eclementary invariant subspaces
(i.e. those characterised by one type of S.E, invariants). The properties

of the special basis matrices indicate the nature of the abstract subspace
algorithms developed in geometric theory; in fact, it is believed, that it
is possible to develope these abstract algorithms using the properties of
the basis matrices itself. An additional gain out of this study is the un-
derstanding of the module structure of the right and left null spaces of a
pencil; these result culminate in a purely geometric construction of the mi-
nimal bases. It is believed that the minimal bases results, derived on matrix
pencils may be extended to the case of a general polynomial matrix, thus pro-
viding a geometric theory of minimal bases with obvious computational advan-
tages.

The second part of the geometry study revolves around the restriction pen-
cil of a given subspace. The notions of (F.G)-, (G,F)-, complete (F.,Gain-
variant subspaces, extended (F,G)-, (G.,F)-, complete (F,G)-invariant sub-
spaces and (F,G)-right annihilating spaces generalise the standard notions
of invariant subspaces of the geometric theory, since first they extend
them to the case of a general pair (F,G) (in the standard geometric theory
(F,G) is entirely right singular) and second because they also imply the
duals of the standard geometric theory invariant subspaces. The advantage
of the new notions is due to the generality of the pair, their close links
with the number theoretic and computational aspects of (F,G), as well as
with the underlying algebra. The asymptotic properties of infinite spectrum
invariant subspaces may be established by using the notion of invariant re-
gular realizations (F,G;(/) of the triple (F,G; (/); this approach enlarges
the domain and the sequences of subspaces are from the domain of (F,G). It
is questionable whether an asymptotic characterisation of infinite spectrum

subspaces may be achieved with sequences from the domain of (F,G).
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The theory of invariant regular realizations of a triple (F,G;U) may be
extended to the case where the realization (F,G;P) has (F,G) not entirely
right singular; in fact, (F,G) may be characterised by c.m.i. and i.e.d.
Such an invariant theory allows the bridging of the general theory, presen-
ted on (F,G), with extended state space linear systems thory. There are how-
ever, a number of problems which have to be resolved here; especially those
related to the interpretation of S.E. transformations with meaningful notions
of feedback.

The dynamic propertis of S(F,G), i.e. the properties of the solution spa-
ce, have demonstrated that the S.E. invariants are essential in the charac-
terisation of the redundancy space, the initial space and solution space of
the differential system. They have emphasised that system theoretic proper-
ties such as controllability, almost controllability have a deeper meaning,
since they are also wvalid for S(F,G) representations; in fact, for the lat-
ter case they take the form of COO—, distributional reachability. The diffe-
rent families of invariant subspaces have been classified according to the
properties of C°°-, distributional holdability and C°°-, distributional rea-
chability; these properties are the counterparts of (A,B)-invariance, al-
most (A,B)-invariance and controllability, almost controllability. As with
the asymptotic characterisation of infinite spectrum invariant subspaces,
it is really questionable, whether distributional holdability, reachabili-
ty may be interpreted as almost C°°-holdability, reachability properties
(in the sense defined by Willems in standard geometric theory) with trajec-
tories in the domain of (F,G). Using the regular invariant realization,
however, the almost C°°-holdability, reachability property may be establi-

shed for the subspace V of the realization (F,G;U) of the triple (F,G;V).

Investigating the asymptotic characterisation of infinite spectrum invariant

subspaces and the almost C°°-holdability, reachability properties of distri-
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tonally holding, reachability subspaces of (F,G), on (F,G) itself without
expanding the domain with an invariant regular realization, is a problem
that deserves further investigation.

The importance of the perturbation properties of S.E. invariants and in-
variant subspaces of a pair (F,G) needs hardly to be emphasized. The link
of the metric topologies defined in Chapter (8) with standard results of
the perturbation theory of the generalised eigenvalue eigenvector problem
is encouraging; the richness of the theory of topological vector spaces pro-
vides a fruther encouragement for trying to develope the robustness aspects
of the invariants of (F,G) along these lines. The type of results we are
interested in, are a general theory of robustness of invariant subspaces
(along lines similar to those given for the deflating subspaces of a regu-
lar pair) and a systematic study of the generic properties of a pair (F,G).
It is believed that the general notion of deflating subspaces of a general
pair (F,G) [Van Do. -3] is related to a specific way to the invariant sub-
spaces discussed in this thesis. The exact determination of this characte-
risation is one of the first priorities in a future research.

The theory of invariants of matrix pencils under B.S.E. transformations
provides the means for the ’space-frequency” relativistic classification
of geometric and dynamic properties of (F,G). Applying the theory to the
case of constructing convenient dual problems in linear systems is consi-
dered as an important area for future research. The question of defining
a canonical form for B.S.E., seems to be a rather hard one; it is a theore-
tical one and it is connected with the construction of canonical dual pro-
blem, 1i.e. selection of appropriate ’space-frequency" setting, which de-
monstrates the invariant structure of (F,G) and thus of the associated
problem. Specialising the various types of B.S.E. invariants to the set

of ordered pairs (F,G) (a necessary step in the definition of canonical
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blocks) is rather difficult, because of the hard nature of B.S.E. invariants.
However, it is still an interesting areca that deserves further consideration.
The work of Kublanovskaya [Kubl. -1] on the conditioning of the generalised
eigenvalue-eigenvector problem with simple bilinear transformations suggests
that B.S.E. is of immense importance from the numerical analysis viewpoint.
Defining an "optimal” bilinear transformation, that will create the best
conditioning for computations is of crucial importance and it is one of the
problems we consider for future research. The condition number of (F,G)

does not belong to the set of B.S.E. invariants and thus its assignment in
an optimal way may be possible.

Presenting the theory of S.E. on the pair (F,G) in terms of the number
theoretic properties of sequences is a more natural way for extending the
theory to cases where the elements of F,G are not from IR or 0(, but for more
general fields, or possibly rings. Such a theory does not exist at the mo-
ment. Developing a theory of strict equivalence for more general case pair
(F,G) is a prerequisite for expanding the matrix pencil theory to linear
time varying systems and singularly perturbed systems. The underlying moti-
vation behind such an approach, is that the ordered pair operator description
is a natural representation of first order linear differential equations,
thus, time varying and singularly perturbed linear systems may be treated

with a generalised matrix pencil theory, if such a theory is available.
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