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Abstract
In this paper, we study the risk sharing problem among multiple agents using lambda
value-at-risk as their preference functional, under heterogeneous beliefs, where each
agent’s belief is represented by a probability measure. We obtain semi-explicit for-
mulas for the inf-convolution of multiple lambda value-at-risk measures under het-
erogeneous beliefs and the explicit forms of the corresponding optimal allocations.
To show the impact of belief heterogeneity, we consider three cases: homogeneous
beliefs, conditional beliefs, and general beliefs with two agents. For those cases, we
find more explicit expressions for the inf-convolution, showing the influence of the
relation of the beliefs on the inf-convolution. Moreover, we consider in a two-agent
setting the inf-convolution of one lambda value-at-risk and a general risk measure,
including expected utility, distortion risk measures and lambda value-at-risk as spe-
cial cases, with differing beliefs. The expression of the inf-convolution and the form
of an optimal allocation are obtained. In all above cases, we demonstrate that trivial
outcomes arise when both belief inconsistency and risk tolerance are high. Finally,
we discuss risk sharing for an alternative definition of lambda value-at-risk.
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1 Introduction

The Pareto-optimal risk sharing problem, with the preferences of agents represented
by risk measures, has been studied extensively since the introduction of convex and
coherent risk measures by Artzner et al. [4], Föllmer and Schied [26] and Frittelli and
Rosazza Gianin [28]. For instance, convex risk measures were used in Barrieu and El
Karoui [7], Jouini et al. [36] and Filipović and Svindland [25] to investigate the risk
sharing problem, showing the existence of an optimal allocation which is comono-
tonic under the assumption of law-invariance. Recently, more focus has been placed
on the risk sharing problem for non-convex risk measures, such as quantile-based risk
measures including value-at-risk (VaR) and expected shortfall (ES) as special cases
(e.g. Embrechts et al. [23], Liu et al. [40] and Weber [55]) and distortion riskmetrics
including the inter-quantile range as an example (e.g. Lauzier et al. [38]). In those pa-
pers, it is shown that an optimal allocation is pairwise countermonotonic, as defined
in Lauzier et al. [37].

In the above papers, the agents are assumed to share the same beliefs on the distri-
bution of the future risk. However, in the current regulatory frameworks (e.g. BCBS
Standards [8, Chap. C]), internal models are extensively used, leading to heteroge-
neous views of different agents regarding the same future risk. Moreover, the be-
lief heterogeneity may also stem from the asymmetric information accessed by the
agents. We refer to Embrechts [22] for a discussion of applications of internal models
in banking and insurance and Xiong [57] for a relevant discussion in finance. The
model/belief heterogeneity in the risk sharing problem has been considered by sev-
eral papers in the literature. For instance, under model heterogeneity, risk sharing
between two agents endowed with concave monetary utilities was studied in Acciaio
and Svindland [1], where the random variables were constrained to a finite σ -algebra
and the existence of Pareto optimal allocation was discussed. Risk sharing for VaR
or ES under heterogeneous beliefs was studied in Embrechts et al. [24], who showed
that optimal risk allocations are pairwise countermonotonic with model heterogene-
ity. Liu [42] investigated comonotonic risk sharing with heterogeneous beliefs for
distortion risk measures, and Liebrich [39] studied risk sharing for consistent risk
measures with model heterogeneity, obtaining a sufficient condition for the existence
of optimal allocations under some assumptions on the relation of the beliefs. Model
heterogeneity was also studied in the context of optimal insurance and reinsurance
design; see Amarante et al. [3], Boonen [13], Chi [18], Boonen and Ghossoub [15],
Asimit et al. [5] and the references therein.

In this paper, we use lambda value-at-risk (ΛVaR) to represent the agents’ pref-
erences. As an extension of VaR, ΛVaR was introduced by Frittelli et al. [29] by
changing the fixed probability level to a probability/loss function 1 − Λ. The Λ-
function can be chosen either increasing (relatively risk-averse) or decreasing (rela-
tively risk-seeking), representing decision makers’ individual risk appetite, as shown
in [29]. The choice of a Λ-function based on data was studied in Hitaj et al. [33].
Compared with VaR, one advantage of lambda value-at-risk is its ability to distin-
guish the tail risk for decreasing Λ-functions, in the same spirit as the Loss VaR
proposed in Bignozzi et al. [11]. For increasing Λ-functions, ΛVaR may incorpo-
rate some additional requirement such as a risk manager’s judgement in the process
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of risk management; see Bellini and Peri [9]. Moreover, the recent literature shows
that ΛVaR satisfies other desirable properties. Han et al. [32] showed that ΛVaR
with an increasing Λ-function satisfies quasi-star-shapedness, which is a property
weaker than quasi-convexity and penalising a kind of risk concentration. In addition,
ΛVaR with an increasing Λ-function also satisfies cash-subadditivity, which is use-
ful to measure a future financial loss with stochastic interest rates; see El Karoui and
Ravanelli [21] and Han et al. [32]. We refer to Bellini and Peri [9] for the mono-
tonicity, locality and other properties, and Burzoni et al. [16] for robustness, elic-
itability and consistency. The risk sharing problem for ΛVaR under homogeneous
beliefs was studied in Liu [43] and Xia and Hu [56], where expressions for the inf-
convolution and the forms of an optimal allocation were derived. The ΛVaR was also
applied to optimal reinsurance design with model homogeneity in Balbás et al. [6] and
Boonen et al. [14]. Moreover, the application of ΛVaR to robust portfolio selection
and sensitivity analysis can be found in Han and Liu [31] and Ince et al. [34].

In our study, we put our focus on the risk sharing problem with ΛVaR and be-
lief heterogeneity, extending many results in the literature. In Sect. 3, we study the
inf-convolution of multiple ΛVaR with heterogeneous beliefs, where the beliefs are
represented by a set of probability measures. We obtain a semi-explicit formula for
the inf-convolution and explicit forms for optimal risk allocations, which show that
agents take contingent losses on disjoint sets of the sample space.

The relation between the beliefs plays a crucial role in the risk sharing problem;
see e.g. Chi [18]. To study the impact of belief heterogeneity, we consider three
cases in Sect. 3: homogeneous beliefs, conditional beliefs, and general beliefs with
two agents. For homogeneous beliefs, we show that the inf-convolution of ΛVaR is
still a ΛVaR for general Λ-functions, extending the results in Liu [43] and Xia and
Hu [56] where the monotonicity of the Λ-functions is typically required. In partic-
ular, our results include the case that some ΛVaR have increasing Λ-functions and
others have decreasing Λ-functions, demonstrating that the agents may have differ-
ent risk appetites. The conditional beliefs reflect the asymmetric information avail-
able to the agents, with different agents conditioning on different events or informa-
tion sets. Under this setup, we also obtain an explicit formula for the inf-convolution
of ΛVaR, showing that the inf-convolution of ΛVaR under conditional beliefs is also
a ΛVaR under a new conditional belief. Conditional beliefs are closely related to
the conditional risk measures proposed in the literature to quantify systemic risk,
such as CoVaR (Adrian and Brunnermeier [2] and Girardi and Tolga Ergün [30]) and
CoES (Mainik and Schaanning [45]). The risk sharing problem in this case can be
interpreted as risk sharing with some co-risk measures (CoΛVaR, a new conditional
risk measure proposed in Sect. 3). For the third case, we consider risk sharing be-
tween two agents. With the aid of the Lebesgue decomposition theorem, we find a
more explicit formula for the inf-convolution of ΛVaR with general heterogeneous
beliefs. Note that we also give an explicit expression for the inf-convolution of VaR
with heterogeneous beliefs, which is new to the literature.

In Sect. 4, we study the inf-convolution of one ΛVaR and a general monotone risk
measure with belief heterogeneity. The expression of the inf-convolution and the form
of an optimal allocation are derived. Then we consider concrete examples. For condi-
tional beliefs, we obtain explicit expressions for the inf-convolution of one ΛVaR and
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one distortion risk measure or ΛVaR+. Moreover, for general heterogeneous beliefs,
we find a formula for the inf-convolution of one ΛVaR and one ES or expected utility.
In Sect. 5, we consider the inf-convolution of one ΛVaR+ (an alternative definition of
lambda value-at-risk) and a general monotone risk measure with belief heterogeneity.
We obtain an expression for the inf-convolution, which is complicated, and the form
of an optimal allocation. Our results include the inf-convolution of two ΛVaR+ under
heterogeneous beliefs as a special case. The results here are not explicit and very dif-
ferent from the previous sections, as they involve the shape of the Λ-function and the
best case of risk aggregation under dependence uncertainty. This means that ΛVaR+
is very different from ΛVaR for its application within the risk sharing problem. Some
special cases are considered to illustrate our theory in Sect. 5.

Throughout the paper, the stated results provide conditions for trivial, i.e., infi-
nite, inf-convolutions. We consistently show that these conditions arise when, broadly
speaking, agents’ beliefs are strongly inconsistent and risk tolerances are high. Hence
our contribution illuminates how the entanglement of beliefs and preferences impacts
key features of the risk sharing problem with ΛVaR.

The notation and key definitions are given in Sect. 2, and all proofs are relegated
to the Appendix.

2 Notation and definitions

For a given probability space (Ω,ℱ ,ℙ), let ℒ∞ denote the collection of all bounded
random variables. Moreover, let 𝒳 be a set of random variables containing ℒ∞. We
call 𝒳 unbounded if it contains unbounded random variables. We suppose 𝒳 has good
enough properties to conduct our study, such as 𝒳 = ℒp for some p ≥ 0, where
ℒp represents the set of all random variables with finite pth moments. Through-
out this paper, we consider the random variables themselves, not the corresponding
equivalence classes, because as seen in the sequel, several probability measures are
considered simultaneously.

For any X ∈ 𝒳 , a positive value of X represents a financial loss. For a risk
measure, that is, a mapping ρ : 𝒳 → ℝ, we call ρ monotone if X ≤ Y implies
ρ(X) ≤ ρ(Y ), and cash-additive if ρ(X + c) = ρ(X) + c for X ∈ 𝒳 and c ∈ ℝ. We
call ρ a monetary risk measure if it is monotone and cash-additive. Furthermore, ρ is
law-invariant under a probability measure ℚ if for all X, Y ∈ 𝒳 ,

X
ℚ= Y implies ρ(X) = ρ(Y ),

where
ℚ= stands for equality in distribution under ℚ. Note that ℚ may differ from ℙ.

Throughout this paper, all risk measures used are law-invariant with respect to cer-
tain probability measures, which will be specified later. Hence when evaluating the
risk measure ρ on X, with respect to the measure ℚ, we consistently use the nota-
tion ρℚ(X) for the resulting value. For more details on risk measures, one can refer
to Föllmer and Schied [27, Chap. 4].
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For a probability measure ℚ, the distribution function of X under ℚ is denoted
by F

ℚ
X . For X ∈ 𝒳 , F

ℚ,−1
X represents its left quantile under ℚ, which is defined by

F
ℚ,−1
X (p) = inf{x : F

ℚ
X (x) ≥ p}, p ∈ (0, 1],

with the convention that inf ∅ = ∞. For any X ∈ 𝒳 , if ℚ is atomless, we denote
by U

ℚ
X a uniform random variable on [0, 1] under ℚ such that X = F

ℚ,−1
X (U

ℚ
X )

a.s. under ℚ. The existence of such U
ℚ
X for any random variable X is guaranteed by

e.g. Föllmer and Schied [27, Lemma A.32].
We next define tail risk measures, which are important for our results later. For a

random variable X ∈ 𝒳 , p ∈ (0, 1] and an atomless probability measure ℚ, we call

Xp = (F
ℚ
X )−1(1 − p + pU

ℚ
X )

the tail risk of X beyond its (1−p)-quantile under ℚ. The distribution of Xp under ℚ
is given by

ℚ[Xp ≤ x] = (F
ℚ
X (x) − (1 − p))+

p
, x ∈ ℝ,

where x+ = max(x, 0). We call ρ a p-tail risk measure under ℚ for some p ∈ (0, 1)

if Xp
ℚ= Yp implies ρℚ(X) = ρℚ(Y ) for all X, Y ∈ 𝒳 . One can refer to Liu

and Wang [41] and Liu et al. [40] for more details on the definition, properties and
applications of tail risk measures.

Next, we define the inf-convolution. The random variable X ∈ 𝒳 represents a risk
to be shared between n agents. Then define the set of allocations of X as

𝔸n(X) =
{︃
(X1, . . . , Xn) ∈ 𝒳 n :

n∑︂
i=1

Xi = X

}︃
.

Throughout this paper, we assume that the probability measures ℚ1, . . . ,ℚn

live on (Ω,ℱ) and with the exception of Sect. 3.1, the corresponding probability
spaces are atomless. We suppose the agents may have heterogeneous beliefs, rep-
resented by the probability measures ℚ1, . . . ,ℚn. The inf-convolution of the risk
measures ρ1, . . . , ρn under the respective probability measures ℚ1, . . . ,ℚn is the
mapping □n

i=1 ρ
ℚi

i : 𝒳 → [−∞,∞) defined as

n

□
i=1

ρ
ℚi

i (X) = inf

{︃ n∑︂
i=1

ρ
ℚi

i (Xi) : (X1, . . . , Xn) ∈ 𝔸n(X)

}︃
.

Note that ρi is law-invariant under ℚi , where ℚi represents the belief of the ith agent.
In case of belief heterogeneity, the inf-convolution need not be law-invariant, i.e., if

X
ℚi= Y for all i = 1, . . . , n, then □n

i=1 ρ
ℚi

i (X) ≠ □n
i=1 ρ

ℚi

i (Y ) may hold; see more
details in Remark 3.9 below.

An n-tuple (X1, . . . , Xn) ∈ 𝔸n(X) is called an optimal allocation of X for
ρ1, . . . , ρn under ℚ1, . . . ,ℚn if

∑︁n
i=1 ρ

ℚi

i (Xi) = □n
i=1 ρ

ℚi

i (X). The inf-convolution
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□n
i=1 ρ

ℚi

i (X) can be interpreted as the smallest possible aggregate capital for the to-

tal risk X in the financial system if ρ
ℚi

i (Xi) represents the capital charge for the
ith financial institution to hold the risky position Xi . More economic interpretations
on the inf-convolution can be found in e.g. Delbaen [19, Chap. 9], Rüschendorf [50,
Chap. 10] and Embrechts et al. [23].

For risk measures (ρ1, . . . , ρn) under (ℚ1, . . . ,ℚn) and a total risk X,
an allocation (X1, . . . , Xn) ∈ 𝔸n(X) is Pareto-optimal if for any allocation
(Y1, . . . , Yn) ∈ 𝔸n(X), ρ

ℚi

i (Yi) ≤ ρ
ℚi

i (Xi) for all i = 1, . . . , n implies

ρ
ℚi

i (Yi) = ρ
ℚi

i (Xi) for all i = 1, . . . , n. For finite-valued monetary risk measures,
it is shown in [23] that an allocation is optimal if and only if it is Pareto-optimal.
Note that ΛVaR (defined in (2.1)) does not satisfy cash-additivity; see Frittelli
et al. [29] and Bellini and Peri [9]. Hence it is not a monetary risk measure.
However, one can still show that an optimal allocation of the inf-convolution of
ΛVaR is Pareto-optimal.

Finally, we define the lambda value-at-risk. For Λ : ℝ → [0, 1] and a probability
measure ℚ, the lambda value-at-risk is given by

ΛVaRℚ(X) = inf{x ∈ ℝ : F
ℚ
X (x) ≥ 1 − Λ(x)},

ΛVaR+,ℚ(X) = sup{x ∈ ℝ : F
ℚ
X (x) < 1 − Λ(x)}, (2.1)

where inf ∅ = ∞ and sup ∅ = −∞. Note that ΛVaRℚ(X) = ΛVaR+,ℚ(X) if Λ is
increasing; otherwise, this need not be true, see [9, Proposition 6]. We refer to [9]
for two other definitions of ΛVaR. If Λ ≡ p is constant, then ΛVaRℚ boils down to
VaRℚ, i.e., VaRℚ at level p ∈ [0, 1) which is given by

VaRℚ
p (X) = ΛVaRℚ(X) = F

ℚ,−1
X (1 − p), X ∈ 𝒳 .

Moreover, by definition, VaRℚ
1 (X) = −∞. Although VaR has been criticised from

different angles, it has been widely applied in practice for risk management due to its
simplicity and some nice properties; see McNeil et al. [47, Sect. 2.3] and the refer-
ences therein for more detailed discussions on VaR. Compared to VaR, ΛVaR is more
flexible in the choice of Λ-functions; it satisfies cash-subadditivity and quasi-star-
shapedness for increasing Λ, and ΛVaR+ is able to capture the tail risk for decreasing
Λ-functions (see e.g. [29], Hitaj et al. [33] and Han et al. [32]).

We denote by ℋ the collection of all right-continuous functions Λ : ℝ → [0, 1].
Hereafter, for any Λ, we set λ− = infx∈ℝ Λ(x) and λ+ = supx∈ℝ Λ(x). We say that
a constant λ is attainable for Λ if there exists x ∈ ℝ such that Λ(x) = λ.

The interplay among ℚ1, . . . ,ℚn plays an important role in the inf-convolution,
which is our main concern in this paper. This can be seen from the following result.
We call a mapping ρ : 𝒳 → ℝ constant-preserving if ρ(c) = c for all c ∈ ℝ. Note
that both ΛVaRℚ and ΛVaR+,ℚ satisfy this.

Proposition 2.1 Suppose ℚ1 and ℚ2 are mutually singular and ρ2 is constant-
preserving. Then for X ∈ 𝒳 ,

ρ
ℚ1
1 □ ρ

ℚ2
2 (X) = −∞.
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The conclusion in Proposition 2.1 implies that for any two monetary risk mea-
sures ρ1 and ρ2 satisfying ρ1(0) = ρ2(0) = 0, we have ρ

ℚ1
1 □ ρ

ℚ2
2 (X) = −∞ if

ℚ1 and ℚ2 are mutually singular. This means that if the beliefs of agents are too di-
vergent, then each can get an unreasonably good deal by transferring risks between
them. Then the fact that the inf-convolution is −∞ reflects that agents can always
make their position better and hence there is no optimal allocation. In contrast, if
ℚ1 = ℚ2, then ρ

ℚ1
1 □ ρ

ℚ2
2 (X) > −∞ for many monetary risk measures ρ1 and

ρ2; see e.g. Embrechts et al. [23] for quantile-based risk measures and Filipović and
Svindland [25] for convex risk measures. Note that the conclusion in Proposition 2.1
can be easily extended to the case with n agents for n ≥ 3.

3 Inf-convolution of multiple 𝚲VaR

In this section, we investigate the inf-convolution of n ΛVaRs with heterogeneous
beliefs represented by ℚ1, . . . ,ℚn, respectively. Suppose 𝒳 ⊇ ℒ∞. We find an ex-
pression for the inf-convolution and also a corresponding optimal allocation, covering
the results of the inf-convolution of ΛVaR or VaR with homogeneous or heteroge-
neous beliefs in Liu [43], Embrechts et al. [24] and Embrechts et al. [23]. We first
consider general beliefs and then discuss three different cases about the relation of
the beliefs: homogeneous beliefs, conditional beliefs, and general beliefs with two
agents.

3.1 General beliefs

In this subsection only, we assume that ℚ1, . . . ,ℚn are general probability measures
that are not required to be atomless. We first introduce the following notation. Let
Πn(Ω) = {(A1, . . . , An) :⋃︁n

i=i Ai = Ω,Ai ∩Aj = ∅, i ≠ j}. For Λ1, . . . , Λn ∈ ℋ
with 0 < λ−

i ≤ λ+
i < 1, let

ΓΛ1,...,Λn(X) = inf

{︃ n∑︂
j=1

yj : ℚi

[︃{︂
X >

n∑︂
j=1

yj

}︂
∩ Ai

]︃
≤ Λi(yi)

for some (A1, . . . , An) ∈ Πn(Ω)

}︃
.

Note that ΓΛ1,...,Λn(X) ∈ [−∞,∞).

Theorem 3.1 For Λi ∈ ℋ with 0 < λ−
i ≤ λ+

i < 1, we have

n

□
i=1

ΛiVaRℚi (X) = ΓΛ1,...,Λn(X).

Moreover, if a minimiser (y∗
1 , . . . , y∗

n, A∗
1, . . . , A

∗
n) of ΓΛ1,...,Λn(X) exists, then an

optimal allocation is given by

Xi =
(︃

X −
n∑︂

j=1

y∗
j

)︃
1A∗

i
+ y∗

i , i = 1, . . . , n. (3.1)
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The allocation (3.1) can be understood as follows. The ith agent is allocated a
constant loss y∗

i plus a contingent loss, which is the excess of the total risk over
the aggregate cash allocation, restricted to the set A∗

i . The key feature of those sets
is seen by the definition of ΓΛ1,...,Λn(X): for each agent, their joint probability of
(i) the set A∗

i on which they suffer the contingent loss and (ii) the total loss exceeding
the aggregate cash allocation, is restricted by their Λi-function.

Note that Theorem 3.1 is very general, covering [43, Theorems 1, 2, 4] and
[24, Theorem 4] as special cases. Compared with the results in [43], our results in
Theorem 3.1 offer semi-explicit formulas for the inf-convolution. Later, we specify
some special relations of ℚ1, . . . ,ℚn to obtain more explicit formulas for the inf-
convolution. However, it is unclear what the inf-convolution of multiple ΛVaR under
general heterogeneous beliefs is, leaving it as an open problem deserving further
study in the future. Moreover, Theorem 3.1 does not explicitly show when the inf-
convolution is −∞. The discussion on finiteness of ΓΛ1,...,Λn(X) is complicated as it
heavily relies on the properties of Λi-functions and the relationship between the ℚi ;
see [43] and Proposition 2.1. This will be discussed in the next two results. Finally,
note that if all Λi are constant, Theorem 3.1 boils down to [24, Theorem 4] where the
inf-convolution of VaR has been studied with belief heterogeneity.

Next, let us discuss the finiteness of ΓΛ1,...,Λn(X). Let x ∧ y = min(x, y),
x ∨ y = max(x, y),

n⋀︂
i=1

xi = min
i=1,...,n

xi,

n⋁︂
i=1

xi = max
i=1,...,n

xi .

Proposition 3.2 For Λi ∈ ℋ with 0 < λ−
i ≤ λ+

i < 1, the following hold:

(i) If
⋁︁n

i=1
ℚi [Ai ]

λ−
i

≤ 1 for some partition (A1, . . . , An) ∈ Πn(Ω), then we have

ΓΛ1,...,Λn(X) = −∞.
(ii) If inf(A1,...,An)∈Πn(Ω)

⋁︁n
i=1

ℚi [Ai ]
λ+

i

> 1, then ΓΛ1,...,Λn(X) > −∞.

Note that if all Λi are constant and ℚ1 = ℚ2 = · · · = ℚn, then Proposition 3.2
offers a sufficient and necessary condition for the finiteness of the inf-convolution.
In general, due to the complexity of the Λi-functions and the heterogeneity of
probability measures, those conditions are sufficient but not necessary.

As we can see from Proposition 3.2, cases (i) and (ii) cannot cover all scenarios.
The discussion of other cases may require more information on the Λi-functions. We
next consider all monotone Λi-functions in the same direction.

Proposition 3.3 Suppose all Λi ∈ ℋ with 0 < λ−
i ≤ λ+

i < 1 are decreasing. Then
we have the following conclusion:

(i) If inf(A1,...,An)∈Πn(Ω)

⋁︁n
i=1

ℚi [Ai ]
λ+

i

< 1, then ΓΛ1,...,Λn(X) = −∞.

(ii) If inf(A1,...,An)∈Πn(Ω)

⋁︁n
i=1

ℚi [Ai ]
λ+

i

> 1, then ΓΛ1,...,Λn(X) > −∞.

Suppose all Λi ∈ ℋ with 0 < λ−
i ≤ λ+

i < 1 are increasing. Then we have the
following conclusion:
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(i) If inf(A1,...,An)∈Πn(Ω)

⋀︁n
i=1(

ℚi [Ai ]
λ−

i

∨ ⋁︁
j≠i

ℚj [Aj ]
λ+

j

) < 1, then we obtain

ΓΛ1,...,Λn(X) = −∞.

(ii) If inf(A1,...,An)∈Πn(Ω)

⋀︁n
i=1(

ℚi [Ai ]
λ−

i

∨ ⋁︁
j≠i

ℚj [Aj ]
λ+

j

) > 1, then we obtain

ΓΛ1,...,Λn(X) > −∞.

In this more refined result, we see that
⋁︁n

i=1
ℚi [Ai ]

λ+
i

plays a pivotal role when the

Λi-functions are decreasing. We see that in order to guarantee a finite inf-convolution
for decreasing Λi , it is necessary for this quantity to exceed 1. For simplicity, assume
that for all i, λ+

i is attained by Λi . Then the condition in case (ii) of Proposition 3.3
for deceasing Λi is violated when one can find a partition of Ω such that ℚi[Ai] ≤ λ+

i

for all agents. This means that for each agent i, we can find a set Ai on which the risk
is suitably bounded by the largest acceptable probability to the agent of an adverse
tail event. We can consider inf(A1,...,An)∈Πn(Ω)

⋁︁n
i=1

ℚi [Ai ]
λ+

i

as a measure of belief

homogeneity, which also reflects preferences. Consider two extreme cases. First, if
sets A1, . . . , An exist for which we have ℚi[Ai] = 0 for all i, then

⋁︁n
i=1

ℚi [Ai ]
λ+

i

= 0.

The ability to find such sets is of course a case of extremely diverging beliefs. On
the other hand, we can consider belief homogeneity, i.e., ℚ1 = · · · = ℚn = ℙ. If
ℙ is atomless, then inf(A1,...,An)∈Πn(Ω)

⋁︁n
i=1

ℚi [Ai ]
λ+

i

> 1 if and only if
∑︁n

i=1 λ+
i < 1,

which reflects the impact of preferences. Clearly, when
∑︁n

i=1 λ+
i < 1, indicating that

agents accept lower total probabilities of adverse events, the inf-convolution is finite.
In contrast, if

∑︁n
i=1 λ+

i > 1, the increased aggregate tolerance for tail events makes
it possible to construct arbitrarily favourable allocations, leading to an infinite value
of the inf-convolution.

When the λi functions are increasing, the picture is more complicated. Assuming
attainability of all λ−

i , λ+
i , the condition of part (i) is satisfied if we can find a partition

for which, for some i, ℚi[Ai] < λ−
i and ℚj [Aj ] < λ+

j , j ≠ i. Hence the conditions
of Proposition 3.3 compared to those in Proposition 3.2 are weaker for part (i) and
essentially weaker for part (ii), due to the monotonicity assumption on the functions
Λ1, . . . , Λn.

3.2 Homogeneous beliefs

In this section, we focus on the case ℚ1 = · · · = ℚn = ℙ, where all the correspond-
ing probability spaces are assumed to be atomless. We find a more explicit expression
for the inf-convolution. For x ∈ ℝ, let

Λ∗(x) = sup
y1+···+yn=x

(︃
1 ∧

n∑︂
i=1

Λi(yi)

)︃
.

We call Λ∗ attainable if for each x ∈ ℝ, there exists (y1, . . . , yn) ∈ ℝ
n satisfy-

ing
∑︁n

i=1 yi = x such that 1 ∧ ∑︁n
i=1 Λi(yi) = Λ∗(x). For homogeneous beliefs,

Λ∗(x) represents the largest aggregate risk tolerance of the agents to control the tail
event {X > x} in the definition of ΓΛ1,...,Λn(X).
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Theorem 3.4 For Λi ∈ ℋ with 0 < λ−
i ≤ λ+

i < 1, if Λ∗ is attainable, then we have

n

□
i=1

ΛiVaRℙ(X) = Λ∗VaRℙ(X).

Moreover, if additionally x∗ := Λ∗VaRℙ(X) > −∞ and Λ∗ is right-continuous
at x∗, then an optimal allocation is given by (3.1) with (y∗

1 , . . . , y∗
n) and (A∗

1, . . . , A
∗
n)

satisfying 1 ∧∑︁n
i=1 Λi(y

∗
i ) = Λ∗(x∗) and ℙ[{X > x∗} ∩ A∗

i ] ≤ Λi(y
∗
i ) for all i.

Theorem 3.4 shows that the optimal sets (A∗
1, . . . , A

∗
n) need not be unique. Under

the assumption of Theorem 3.4, if (y∗
1 , . . . , y∗

n) satisfies 1∧∑︁n
i=1 Λi(y

∗
i ) = Λ∗(x∗),

optimal sets can be chosen as

A∗
i =

{︃
1 −

i∑︂
j=1

Λj(y
∗
j ) < Uℙ

X ≤ 1 −
i−1∑︂
j=1

Λj(y
∗
j )

}︃
, i = 1, . . . , n − 1,

A∗
n =

{︃(︃
1 −

n∑︂
j=1

Λj(y
∗
j )

)︃
∨ 0 < Uℙ

X ≤ 1 −
n−1∑︂
j=1

Λj(y
∗
j )

}︃
,

with the convention that an empty sum is 0. Moreover, the right-continuity of Λ∗
at x∗ can be removed if all the Λi are decreasing. Given the non-uniqueness of
the allocation and the particular form of the A∗

i , it is clear that agents’ preferences
do not impact which specific part of (the tail of) X they are exposed to at the
optimum. What is, however, impacted is the probability of the contingent events;
specifically, for Λ∗(x∗) < 1, we have ℙ[A∗

i ] = Λi(y
∗
i ), i = 1, . . . , n − 1, and

ℙ[A∗
n] = 1 −∑︁n−1

j=1 Λj(y
∗
j ).

Note that in Theorem 3.4, we do not require any monotonic properties of the
Λi-functions. They are very general with only one requirement on the attainabil-
ity of Λ∗. Hence it extends the results of [43, Theorems 1, 2, 4] which investigate
the inf-convolution of multiple ΛVaR with monotone Λi-functions for homogeneous
beliefs. In particular, Theorem 3.4 covers the case that some ΛVaR have increasing
Λ-functions and others have decreasing Λ-functions, demonstrating that the agents
may have different risk appetites.

We can also remove the assumption on the attainability of Λ∗ in Theorem 3.4 to
obtain an alternative expression. For n ≥ 2, let

Λyn−1(x) =
(︃

Λn(x − yn−1) +
n−1∑︂
i=1

Λi(yi − yi−1)

)︃
∧ 1,

where yn−1 = (y1, . . . , yn−1) and y0 = 0.

Proposition 3.5 For Λi ∈ ℋ with 0 < λ−
i ≤ λ+

i < 1, we have

n

□
i=1

ΛiVaRℙ(X) = inf
yn−1∈ℝn−1

Λyn−1VaRℙ(X).
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Differently from Theorem 3.1, the assumption of the measures being atomless
cannot be removed in Theorem 3.4. This can be seen from the following example.

Example 3.6 For m ≥ 2, suppose there exist distinct ω1, ω2, . . . , ωm ∈ Ω such that
{ω1}, . . . , {ωn} ∈ ℱ and ℙ[{ω1}] = · · · = ℙ[{ωm}] = 1/m. Define a mapping X

with X(ωi) = i, i = 1, . . . , m, and X(ω) = 0 if ω /∈ {ω1, . . . , ωm}. Clearly X is
measurable on (Ω,ℱ). Moreover, suppose Λ1 = Λ2 ≡ 1/(2m). It follows from
Theorem 3.1 that

Λ1VaRℙ□Λ2VaRℙ(X)

= inf
{︁
y ∈ ℝ : ℙ[{X > y} ∩ A] ∨ ℙ[{X > y} ∩ Ac] ≤ 1/(2m) for some A ∈ ℱ

}︁
= m.

On the other hand,

Λ∗VaRℙ(X) = VaRℙ
1/m(X) = m − 1.

Hence Λ1VaRℙ□Λ2VaRℙ(X) ≠ Λ∗VaRℙ(X). This shows that the conclusion in
Theorem 3.4 may fail if the atomless assumption is removed.

3.3 Conditional beliefs

In this section, we study further how the relationship among ℚ1, . . . ,ℚn can affect
the inf-convolution. In particular, we consider the case where the agents operate with
different information. To model this, consider the case ℚi[ · ] = ℙ[ · |Bi] for some
Bi ∈ ℱ with ℙ[Bi] > 0. If ℙ represents the physical probability and ℚ1, . . . ,ℚn

are the beliefs of the agents, then those ℚi demonstrate that the agents’ may have
different assessments of the occurrence of events due to asymmetric information or
being subject to different regulating agencies with heterogeneous stressing events;
see e.g. Acciaio and Svindland [1]. For B1, . . . , Bn ∈ ℱ and Λ1, . . . , Λn ∈ ℋ, if
ℙ[⋂︁n

i=1 Bi] > 0, let

Λ⋄(x) = sup
y1+···+yn=x

(︃
1 ∧

n∑︂
i=1

ℙ[Bi]Λi(yi)

ℙ[⋂︁n
j=1 Bj ]

)︃

for all x ∈ ℝ. Note that Λ⋄(x) can be viewed as the largest weighted aggregate risk
tolerance of the agents to control the tail event {X > x}.
Theorem 3.7 Suppose ℚi[ · ] = ℙ[ · |Bi] for some Bi ⊆ Ω with ℙ[Bi] > 0 for
i = 1, . . . , n. For Λi ∈ ℋ with 0 < λ−

i ≤ λ+
i < 1, if ℙ[⋂︁n

i=1 Bi] = 0, then

n

□
i=1

ΛiVaRℚi (X) = −∞.

If ℙ[⋂︁n
i=1 Bi] > 0 and Λ⋄ is attainable, then

n

□
i=1

ΛiVaRℚi (X) = Λ⋄VaRℚ(X),
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where ℚ[ · ] = ℙ[ · |⋂︁n
i=1 Bi]. Moreover, if additionally x∗ = Λ⋄VaRℚ(X) > −∞

and Λ⋄ is right-continuous at x∗, then an optimal allocation is given by (3.1) with

(y∗
1 , . . . , y∗

n) satisfying
∑︁n

i=1
ℙ[Bi ]Λi(y

∗
i )

ℙ[⋂︁n
j=1 Bj ] = Λ⋄(x∗) and (A∗

1, . . . , A
∗
n) satisfying

ℙ

[︃{︃
X >

n∑︂
i=1

y∗
i

}︃
∩
(︃ n⋂︂

i=1

Bi

)︃
∩ A∗

j

]︃
≤ ℙ[Bj ]Λj(y

∗
j ).

Theorem 3.7 shows that the optimal sets (A∗
1, . . . , A

∗
n) need not be unique. Under

the assumption of Theorem 3.7, for (y∗
1 , . . . , y∗

n) with
∑︁n

i=1
ℙ[Bi ]Λi(y

∗
i )

ℙ[⋂︁n
j=1 Bj ] = Λ⋄(x∗),

optimal sets can be chosen as

A∗
i =

{︃
1 −

i∑︂
j=1

ℙ[Bj ]Λj(y
∗
j )

ℙ[⋂︁n
k=1 Bk] < U

ℚ
X ≤ 1 −

i−1∑︂
j=1

ℙ[Bj ]Λj(y
∗
j )

ℙ[⋂︁n
k=1 Bk]

}︃
,

i = 1, . . . , n − 1,

A∗
n =

{︃(︃
1 −

n∑︂
j=1

ℙ[Bj ]Λj(y
∗
j )

ℙ[⋂︁n
k=1 Bk]

)︃
∨ 0 < U

ℚ
X ≤ 1 −

n−1∑︂
j=1

ℙ[Bj ]Λj(y
∗
j )

ℙ[⋂︁n
k=1 Bk]

}︃

with ℚ[ · ] = ℙ[ · |⋂︁n
i=1 Bi]. Moreover, the right-continuity of Λ⋄ at x∗ can be re-

moved if all the Λi are decreasing. Now if Λ⋄(x∗) < 1, the probabilities of the
optimal sets under the probability ℚ representing evaluations with respect to the
information set that all agents agree on are given by

ℚ[A∗
i ] = ℙ[Bi]Λi(y

∗
i )

ℙ[⋂︁n
k=1 Bk] , i = 1, . . . , n − 1, ℚ[A∗

n] = 1 −
n−1∑︂
j=1

ℙ[Bj ]Λj(y
∗
j )

ℙ[⋂︁n
k=1 Bk] ,

or equivalently

ℙ

[︃(︃ n⋂︂
k=1

Bk

)︃
∩ A∗

i

]︃
= ℙ[Bi]Λi(y

∗
i ), i = 1, . . . , n − 1,

ℙ[A∗
n] = ℙ

[︃ n⋂︂
k=1

Bk

]︃
−

n−1∑︂
j=1

ℙ[Bj ]Λj(y
∗
j ).

In this special case, the interplay among ℚ1, . . . ,ℚn is characterised by the re-
lationship between the sets B1, . . . , Bn. Following the conclusion in Theorem 3.7,
those sets B1, . . . , Bn appear in the expressions of the inf-convolution and an op-
timal allocation, suggesting the influence of the relation of ℚ1, . . . ,ℚn on the inf-
convolution. In particular, if the agents have a strong disagreement on the interesting
events so that ℙ[⋂︁n

i=1 Bi] = 0, it leads to a trivial case. Note that the crucial differ-
ence to the homogeneous case is that here, in characterising the allocations, we use
the set (

⋂︁n
k=1 Bk) ∩ A∗

i which includes both the set A∗
i on which the contingent loss
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is paid and the conditioning set (information) on which all agents can agree. If all
Λi-functions in Theorem 3.7 are assumed to be constant, we immediately derive the
explicit formulas for the inf-convolution of multiple VaR under conditional beliefs.

Corollary 3.8 Suppose ℚi[ · ] = ℙ[ · |Bi] for some Bi ⊆ Ω with ℙ[Bi] > 0 for
i = 1, . . . , n. For αi ∈ (0, 1), if ℙ[⋂︁n

i=1 Bi] = 0, then

n

□
i=1

VaRℚi
αi

(X) = −∞.

If ℙ[⋂︁n
i=1 Bi] > 0, then

n

□
i=1

VaRℚi
αi

(X) = VaRℚ

1∧∑︁n
i=1

αiℙ[Bi ]
ℙ[⋂︁n

j=1 Bj ]
(X),

where ℚ[ · ] = ℙ[ · |⋂︁n
i=1 Bi].

The results in Corollary 3.8 extend the elegant formula for the inf-convolution
of VaR under homogeneous beliefs to the case with conditional beliefs; see Em-
brechts et al. [23, Corollary 2]. The simplicity of the expressions for VaR allows some
additional insight. We can see that the trivial outcome □n

i=1 VaRℚi
αi

(X) = −∞ is not
only achieved in the case of full disagreement between agents, i.e., ℙ[⋂︁n

i=1 Bi] = 0.
It also occurs under weaker disagreement when

∑︁n
i=1

αiℙ[Bi ]
ℙ[⋂︁n

j=1 Bj ] ≥ 1. This inequality

may be satisfied when ℙ[⋂︁n
j=1 Bj ] is sufficiently small, indicating high – but partial –

disagreement in conditional beliefs, and the levels αi are sufficiently large, indicating
a high level of risk tolerance.

It is worth mentioning that the results in Proposition 3.7 can be explained from
the perspective of co-risk measures. Recently, co-risk measures were introduced in
the context of systemic risk measurement, with reference to conditional VaR (Adrian
and Brunnermeier [2], Girardi and Tolga Ergün [30]) and conditional ES (Mainik and
Schaanning [45]). Let B ∈ ℱ satisfy ℙ[B] > 0. For α ∈ (0, 1), the conditional VaR
(CoVaR) and conditional ES (CoES) are defined respectively as

VaRℙ
α(X|B) = inf{x : ℙ[X ≤ x|B] ≥ 1 − α},

ESℙ
α(X|B) = 1

α

∫︂ α

0
VaRℙ

t (X|B)dt.

Note that if B = Ω, conditional VaR and ES boil down to classical VaR and ES, i.e.,
VaRℙ

α(X) = VaRℙ
α(X|Ω) and ESℙ

α(X) = ESℙ
α(X|Ω). Analogously, the conditional

ΛVaR (CoΛVaR) can be defined as

ΛVaRℙ(X|B) = inf{x : ℙ[X ≤ x|B] ≥ Λ(x)}.
Note that ΛiVaRℚi (X) = ΛiVaRℙ(X|Bi) if ℚi[ · ] = ℙ[ · |Bi]. Hence the results in
Theorem 3.7 can be interpreted as a risk sharing using multiple CoΛVaR to represent
the preference of the agents. In the regulatory context, those Bi could be stressing
test events given by different supervising agencies.
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Remark 3.9 The law-invariance of the inf-convolution for some risk functionals was
discussed in Liu et al. [44], showing that under homogeneous beliefs, it is guaran-
teed by some mild condition on the risk functionals if they are law-invariant. Propo-
sition 3.5 shows that the inf-convolution of ΛVaR under homogeneous beliefs is
law-invariant. However, if the beliefs are heterogeneous, the conclusion need not
hold, which can be seen from Corollary 3.8. Suppose ℚi[ · ] = ℙ[ · |Bi] for some
Bi ⊆ Ω with ℙ[⋂︁n

i=1 Bi] > 0 and αi ∈ (0, 1) satisfying
∑︁n

i=1
αiℙ[Bi ]

ℙ[⋂︁n
j=1 Bj ] < 1. By

Corollary 3.8, we have

n

□
i=1

VaRℚi
αi

(X) = VaRℚ∑︁n
i=1

αiℙ[Bi ]
ℙ[⋂︁n

j=1 Bj ]
(X),

where ℚ[ · ] = ℙ[ · |⋂︁n
i=1 Bi]. One can easily check that X

ℚi= Y for all i = 1, . . . , n

does not imply X
ℚ= Y . Hence □n

i=1 VaRℚi
αi

(X) ≠ □n
i=1 VaRℚi

αi
(Y ) may hold.

3.4 General beliefs with 𝒏 = 2

Next we consider the case n = 2. By Föllmer and Schied [27, Theorem A.17], for
probability measures ℚ1 and ℚ2, we have

ℚ2[B] = 𝔼
ℚ1 [η1B ] + ℚ2[B ∩ N ] for all B ∈ ℱ , (3.2)

where N ∈ ℱ satisfies ℚ1[N ] = 0 and η = dℚ2
dℚ1

1Nc . If ℚ2[N ] = 0, then ℚ2 ≪ ℚ1
on Ω; if ℚ2[N ] > 0, then ℚ2 ≪ ℚ1 on Nc but not on N . In this section, the relation
of ℚ1 and ℚ2 is represented by (3.2).

Theorem 3.10 For Λi ∈ ℋ with 0 < λ−
i ≤ λ+

i < 1, we have

Λ1VaRℚ1 □Λ2VaRℚ2(X)

= inf
{︂
x ∈ ℝ : gx

(︂(︁
1 − F

ℚ1
X (x) − Λ1(y)

)︁+)︂ ≤ Λ2(x − y) for some y ∈ ℝ

}︂
,

where

gx(t) = 𝔼
ℚ1
[︁
η1{X>x}∩{Uℚ1

η ≤xt }
]︁
, t ∈ [0, 1 − F

ℚ1
X (x)],

with xt satisfying ℚ1[{X > x} ∩ {Uℚ1
η ≤ xt }] = t . Moreover, if

x∗ = Λ1VaRℚ1 □Λ2VaRℚ2(X) > −∞
and

gx∗
(︂(︁

1 − F
ℚ1
X (x∗) − Λ1(y

∗)
)︁+)︂ ≤ Λ2(x

∗ − y∗) for some y∗ ∈ ℝ,

then an optimal allocation is given by

X1 = (X − x∗)1Ω\A∗ + y∗, X2 = (X − x∗)1A∗ + x∗ − y∗, (3.3)
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where A∗ = {X > x∗} ∩ {Uℚ1
η ≤ z∗} ∩ Nc with z∗ satisfying

ℚ1[{X > x∗} ∩ {Uℚ1
η ≤ z∗}] = (︁1 − F

ℚ1
X (x∗) − Λ1(y

∗)
)︁+

.

An immediate conclusion from Theorem 3.10 is the following result, showing that
the inf-convolution is −∞ if ℚ2[N ] is large enough.

Corollary 3.11 Under the assumptions of Theorem 3.10, if ℚ2[N ] ≥ 1 − λ−
2 , then

Λ1VaRℚ1 □Λ2VaRℚ2(X) = −∞.

We point out that the idea used in the proof of Theorem 3.10 is not valid for the
case n ≥ 3. That case may require a new method to simplify the main result obtained
in Theorem 3.1.

In Theorem 3.10, we do not obtain explicit formulas as in the previous results. This
is due to the complexity of the relation between ℚ1 and ℚ2, which can be observed
from the expression of gx depending on the joint distribution of (X, η) under ℚ1. Let
us next see some examples of gx and the corresponding A∗ in (3.3).

(i) If X and η are comonotonic, then

gx(t) =
∫︂ F

ℚ1
X (x)+t

F
ℚ1
X (x)

Fℚ1,−1
η (s)ds, t ∈ [0, 1 − F

ℚ1
X (x)],

and A∗ = {X > x∗} ∩ {Uℚ1
η ≤ (1 − Λ1(y

∗)) ∨ F
ℚ1
X (x∗)} ∩ Nc.

(ii) If X and η are countermonotonic, then

gx(t) =
∫︂ t

0
Fℚ1,−1

η (s)ds, t ∈ [0, 1 − F
ℚ1
X (x)],

and A∗ = {X > x∗} ∩ {Uℚ1
η ≤ (1 − F

ℚ1
X (x∗) − Λ1(y

∗))+} ∩ Nc.
(iii) If X and η are independent under ℚ1, then

gx(t) = (1 − F
ℚ1
X (x))

∫︂ t/(1−F
ℚ1
X (x))

0
Fℚ1,−1

η (s)ds, t ∈ [0, 1 − F
ℚ1
X (x)]

with the convention that 0/0 = 0, and

A∗ = {X > x∗} ∩
{︃
Uℚ1

η ≤ (1 − F
ℚ1
X (x∗) − Λ1(y

∗))+

1 − F
ℚ1
X (x∗)

}︃
∩ Nc

with U
ℚ1
η being independent of X under ℚ1.

Note that the optimal sets A∗ in (i) and (ii) have very different structures. To see
this, suppose both X and η are continuous random variables under ℚ1 and N = ∅.
In (i), A∗ can be rewritten as A∗ = {Fℚ1

X (x∗) < U
ℚ1
X < (1 − Λ1(y

∗)) ∨ F
ℚ1
X (x∗)}.

Hence the contingent loss of agent 2 takes place on a set that does not include the full
right tail of X. This is understandable because the comonotonicity of X and η means
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that agent 2 considers the distribution of aggregate losses more risky in first-order
stochastic dominance, i.e., F

ℚ2
X ⪰st F

ℚ1
X (see e.g. Pesenti et al. [48]). In the alterna-

tive case (ii) of comonotonicity, we can write A∗ = {Uℚ1
X > F

ℚ1
X (x∗) + Λ1(y

∗)} so

that agent 2 is exposed to the full tail of X, consistently with F
ℚ1
X ⪰st F

ℚ2
X . Hence

by (3.3), we see that if X and η are comonotonic, a lower contingent loss is allocated
to the second agent; if X and η are countermonotonic, a higher contingent loss is
allocated to the second agent.

Note that Theorem 3.10 can be simplified when the Λ-functions are constants.

Corollary 3.12 For α1, α2 ∈ (0, 1), we have

VaRℚ1
α1 □VaRℚ2

α2
(X) = inf

{︂
x ∈ ℝ : gx

(︂(︁
1 − F

ℚ1
X (x) − α1

)︁+)︂ ≤ α2

}︂
,

where

gx(t) = 𝔼
ℚ1
[︁
η1{X>x,U

ℚ1
η ≤xt }

]︁
, t ∈ [0, 1 − F

ℚ1
X (x)],

with xt satisfying ℚ1[{X > x} ∩ {Uℚ1
η ≤ xt }] = t .

Applying Corollary 3.12, we have the following results.

Corollary 3.13 (i) If X and η are comonotonic, then

VaRℚ1
α1 □VaRℚ2

α2
(X) = inf

{︃
x ∈ ℝ :

∫︂ F
ℚ1
X (x)∨(1−α1)

F
ℚ1
X (x)

Fℚ1,−1
η (s)ds ≤ α2

}︃
.

(ii) If X and η are countermonotonic, then

VaRℚ1
α1 □VaRℚ2

α2
(X) = inf

{︃
x ∈ ℝ :

∫︂ (1−F
ℚ1
X (x)−α1)

+

0
Fℚ1,−1

η (s)ds ≤ α2

}︃
.

(iii) If X and η are independent under ℚ1, then

VaRℚ1
α1 □VaRℚ2

α2
(X)

= inf

{︃
x ∈ ℝ :

∫︂ (1−F
ℚ1
X (x)−α1)

+/(1−F
ℚ1
X (x))

0
Fℚ1,−1

η (s)ds
(︁
1 − F

ℚ1
X (x)

)︁ ≤ α2

}︃
,

with the convention that 0/0 = 0.

4 Inf-convolution of 𝚲VaR and one monotone risk measure with
heterogeneous beliefs

In this section, we investigate the risk sharing problem between two agents, consider-
ing the inf-convolution of ΛVaR and a monotone risk measure ρ under the probability
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measures ℚ1 and ℚ2, where ℚ2 may be different from ℚ1. Note that ρ here is very
general, including many commonly used risk measures as special cases. In our results
below, we consider both the cases 𝒳 = ℒ∞ and unbounded 𝒳 , each with different
assumptions on ρ.

Theorem 4.1 Suppose Λ ∈ ℋ with 0 < λ− ≤ λ+ < 1 and ρ is monotone. If either
(i) 𝒳 = ℒ∞ and ρ is law-invariant under ℚ2 or (ii) 𝒳 is unbounded and ρ is an
ε-tail risk measure under ℚ2 for some ε ∈ (0, 1), then we have

ΛVaRℚ1 □ ρℚ2(X) = inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂
. (4.1)

Moreover, the existence of an optimal allocation for the inf-convolution is equiva-
lent to the existence of a minimiser of (4.1). If (x∗, y∗, B∗) is a minimiser, then one
optimal allocation is given by

X∗
1 = (X − x∗ − y∗)1(B∗)c + x∗, X∗

2 = (X − x∗ − y∗)1B∗ + y∗. (4.2)

The optimal allocation in (4.2) has the same form as in Theorem 3.1: each agent
is allocated a constant risk and a contingent risk, which is the excess of the total risk
over the aggregate cash allocation restricted to some contingent event. Note that the
expression of the inf-convolution in Theorem 4.1 involves an optimisation problem
with three parameters (x, y, B), where B is a set in ℱ . The set B makes this opti-
misation problem complicated. The optimal allocation in (4.2) need not be pairwise
countermonotonic.

Our conclusion in Theorem 4.1 extends the results of Embrechts et al. [24] for the
case n = 2, where the inf-convolution of VaR or ES with heterogeneous beliefs is
considered. If ℚ1 = ℚ2, Theorem 4.1 coincides with Liu [43, Theorem 3]. We notice
that for the scenario that ℚ1 = ℚ2 and Λ is a constant, Theorem 4.1 extends Liu et
al. [40, Theorem 2] (ρ is there considered to be a monetary tail risk measure) and
Wang and Wei [52, Theorem 5.3] (ρ is there a distortion risk measure). The result of
Theorem 4.1 is still new even if ΛVaR is reduced to VaR. Let us now consider the
case ℚi[ · ] = ℙ[ · |Bi] for some Bi ∈ ℱ with ℙ[Bi] > 0, where ℙ is atomless. Under
this setup, the contingent set B in (4.1) is given explicitly.

Proposition 4.2 Suppose ℚi[ · ] = ℙ[ · |Bi] for some Bi ⊆ Ω with ℙ[Bi] > 0,
i = 1, 2. Moreover, suppose Λ ∈ ℋ with 0 < λ− ≤ λ+ < 1 and ρ is mono-
tone. If either (i) 𝒳 = ℒ∞ and ρ is law-invariant under ℚ2 or (ii) 𝒳 is unbounded
and ρ is an ε-tail risk measure under ℚ2 for some ε ∈ (0, 1), then we have

ΛVaRℚ1 □ ρℚ2(X) = inf
x∈ℝ inf

y∈ℝ

(︂
x + ρℚ2

(︁
(X − x)1Ax + y1Ac

x

)︁)︂
, (4.3)

where Ax = ∅ if ℙ[B1 ∩ Bc
2] ≥ (1 − Λ(x))ℙ[B1] and

Ax = (B1 ∩ Bc
2) ∪ (B1 ∩ B2 ∩ {Uℙ

X < αx})
if ℙ[B1 ∩ Bc

2] < (1 − Λ(x))ℙ[B1], with αx satisfying

ℙ[B1 ∩ B2 ∩ {Uℙ
X < αx}] = (︁1 − Λ(x)

)︁
ℙ[B1] − ℙ[B1 ∩ Bc

2].
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Moreover, the existence of an optimal allocation of the inf-convolution is equivalent
to the existence of a minimiser of (4.3). If (x∗, y∗) is a minimiser, then one optimal
allocation is given by

X∗
1 = (X − x∗ − y∗)1Ac

x∗ + x∗, X∗
2 = (X − x∗ − y∗)1Ax∗ + y∗. (4.4)

Note that in an optimal allocation given by (4.4), the contingent event Ax∗ is a fixed
event, making an optimal allocation more concrete than that of Theorem 4.1. We next
interpret an optimal allocation given by (4.4) by focusing on the case Ax∗ = ∅. Note
that the condition for Ax∗ = ∅ can be reformulated as the condition

ℙ[B1 ∩ Bc
2] ≥ (︁1 − Λ(x∗)

)︁
ℙ[B1], i.e.,ℚ1[B2] ≤ Λ(x∗).

Clearly, Ax∗ = ∅ means that all the risk stays with agent 1. Observe that the condition
ℚ1[B2] ≤ Λ(x∗) is satisfied when ℚ1[B2] is small (this means that agent 1 dismisses
the view of agent 2, so that we have more information asymmetry), or when Λ(x∗) is
large (this means that agent 1 has a higher risk tolerance.)

Let 𝒢 be the set of all increasing and left-continuous functions g : [0, 1] → [0, 1]
satisfying g(0) = 0 and g(1) = 1. For g ∈ 𝒢, the distortion risk measure ρg under ℚ
is defined as

ρℚ
g [X] =

∫︂ 1

0
VaRℚ

t (X)dg(t).

Distortion risk measures form a popular class of risk measures applied in insur-
ance pricing, performance evaluation, decision theory and many other topics; see
e.g. Föllmer and Schied [27, Chap. 4.6], Wang [53, 54], Cherny and Madan [17] and
Yaari [58]. Note that if ℚ[ · ] = ℙ[ · |B] for some B ∈ ℱ satisfying ℙ[B] > 0,
then ρ

ℚ
g (X) corresponds to the co-distortion risk measures introduced in Dhaene

et al. [20].
In the next result, let ℚi[ · ] = ℙ[ · |Bi] for some Bi ⊆ Ω with ℙ[B1 ∩ B2] > 0,

indicating that beliefs are not totally incompatible, and ℚ[ · ] = ℙ[ · |B1 ∩ B2], which
in a sense represents the consensus view of the two agents. Applying Proposition 4.2,
we obtain the inf-convolution of ΛVaR and ρg , as well as that of ΛVaR and Λ1VaR+,
under heterogeneous beliefs. In order to simplify the expression, we suppose λ+ is
attainable for Λ, i.e., there is x ∈ ℝ such that Λ(x) = λ+.

Corollary 4.3 Suppose Λ ∈ ℋ with 0 < λ− ≤ λ+ < 1 and λ+ is attainable. Then the

following conclusion holds with β = (1−λ+)ℙ[B1]−ℙ[B1∩Bc
2 ]

ℙ[B2] :
(i) For g ∈ 𝒢 satisfying g(ε) = 1 for some ε ∈ (0, 1), if ℚ1[B2] ≤ λ+, then

ΛVaRℚ1 □ ρℚ2
g (X) = −∞;

if ℚ1[B2] > λ+, then

ΛVaRℚ1 □ ρℚ2
g (X) =

⎧⎨
⎩
∫︁
[0,β)

VaRℚ

1− ℙ[B2](β−t)

ℙ[B1∩B2]
(X)dg(t), g(β) = 1,

−∞, g(β) < 1.
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(ii) For Λ1 ∈ ℋ with 0 < λ−
1 ≤ λ+

1 < 1, if ℚ1[B2] ≤ λ+, then

ΛVaRℚ1 □Λ1VaR+,ℚ2(X) = −∞;
if ℚ1[B2] > λ+, then

ΛVaRℚ1 □Λ1VaR+,ℚ2(X) = inf
x∈ℝΛ

x
VaR+,ℚ(X),

where Λ
x
(z) = ℙ[B1]Λ(x)+ℙ[B2]Λ1(z−x)

ℙ[B1∩B2] ∧ 1.

Note that if we let g(t) = (t/α) ∧ 1 for α ∈ (0, 1), then the distortion risk mea-
sure is the expected shortfall, i.e., ρg = ESα . In that case, part (i) of Corollary 4.3
simplifies to stating that if ℚ1[B2] > λ+, then

ΛVaRℚ1 □ESℚ2
α (X) =

⎧⎨
⎩

1
α

∫︁ α

0 VaRℚ

1− ℙ[B2](β−t)

ℙ[B1∩B2]
(X)dt, α ≤ β,

−∞, α > β.

For all three cases in Corollary 4.3, the condition ℚ1[B2] ≤ λ+, indicating high levels
of belief heterogeneity or a high level of risk tolerance for agent 1, gives a sufficient
condition for the inf-convolution to be infinite. For part (i), we also get an infinite
allocation as long as the quantity β is small enough so that g(β) < 1. Note that in the
special case where ρg is expected shortfall at level α, this means β < α. To interpret
small values of β, we can reformulate this quantity as

β = ℙ[B1]
ℙ[B2] (ℚ1[B2] − λ+).

It is seen that β becomes small if
– λ+ is high, so that agent 1 has a high maximal risk tolerance;
– ℚ1[B2] is low, so we have more belief heterogeneity;
– ℙ[B1]

ℙ[B2] is low, since we are in the case that ℚ1[B2] > λ+. This fraction can be
understood, in some sense, as a comparison of the subjective informativeness of the
conditioning done by the two agents. If a low probability event is observed, one could
claim that more has been learned about the underlying risk. Hence if the ratio is small,
agent 1 has subjectively learned more than agent 2 and is in that sense more confident.

These interpretations indicate that an infinite inf-convolution may arise when be-
liefs are heterogeneous, agent 1 is more risk tolerant, and the observed event is
sufficiently informative to agent 1.

We mention that the results in Corollary 4.3 extend the results in the literature
in the sense that Λ is not constant and the second risk measure is not law-invariant
under ℚ1. For instance, (i) of Corollary 4.3 exactly extends Wang and Wei [52, The-
orem 5.3] (ρ is a distortion risk measure which is law-invariant under ℚ1) in these
two directions. It is worth mentioning that (ii) of Corollary 4.3 is a new result even
for the case ℚ1 = ℚ2.

Next, suppose ℚ1 and ℚ2 have the relation (3.2). For an increasing function u,
the expected utility is defined as 𝔼

ℚ
u : X ↦→ 𝔼

ℚ[u(X)]. Instead of finding a sim-
plified version of Theorem 4.1 for this case, we apply Theorem 4.1 directly to some
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specific ρ. For α ∈ (0, 1), let LESℚ
α (X) = 1

α

∫︁ 1
1−α

VaRℚ
t (X)dt , which represents the

lower conditional tail expectation.

Corollary 4.4 For Λ ∈ ℋ with 0 < λ− ≤ λ+ < 1, we have the following:
(i) For α ∈ (0, 1),

ΛVaRℚ1 □ESℚ2
α (X) = inf

t∈ℝ

(︃
t + 1 − λ+

α
LESℚ1

1−λ+
(︁
η(X − t)+

)︁)︃
.

(ii) For 𝒳 = ℒ∞ and an increasing function u, we have

ΛVaRℚ1 □𝔼
ℚ2
u (X) = inf

x∈ℝ

(︂
x + u(−∞)

(︁
ℚ2[N ] + Λ(x)ESℚ1

Λ(x)(η)
)︁

+ 𝔼
ℚ1
[︁
ηu(X − x)1{Uℚ1

η <1−Λ(x)}
]︁)︂

,

where u(−∞) = limy→−∞ u(y).

Note that in (i) of Corollary 4.4, if Λ is constant, the result coincides with Em-
brechts et al. [24, Theorem 5] for n = 2, where a semi-explicit formula is offered. Us-
ing (3.2), it might be difficult to find a more explicit expression for the inf-convolution
of ΛVaRℚ1 and ρ

ℚ2
g , as well as that of ΛVaRℚ1 and Λ1VaR+,ℚ2 .

5 Inf-convolution of 𝚲VaR+ and a monotone risk measure

The inf-convolution of multiple ΛVaR+ under heterogeneous beliefs is a very chal-
lenging problem even if we suppose the beliefs are homogeneous; see the discussion
for homogeneous beliefs in Liu [43]. One important feature of ΛVaR+ is to distin-
guish the tail risk for decreasing Λ; see Frittelli et al. [29] and Hitaj et al. [33]. In
this section, we focus on the inf-convolution of ΛVaR+ and a monotone risk mea-
sure ρ under ℚ1 and ℚ2, which includes the inf-convolution of two ΛVaR+ as a
special case. For any Λ ∈ ℋ, we set Λx(z) = infx≤t≤z Λ(t), z ≥ x. Then Λx(z) is
decreasing and right-continuous for z ≥ x. If Λ is decreasing and right-continuous,
then Λx(z) = Λ(z), z ≥ x, and if Λ is increasing, then Λx(z) = Λ(x), z ≥ x. The
following result is valid for general Λ ∈ ℋ. We call ρ continuous from above on 𝒳
if Xn ↓ X implies limn→∞ ρ(Xn) = ρ(X) for Xn,X ∈ 𝒳 .

Theorem 5.1 Suppose Λ ∈ ℋ with 0 < λ− ≤ λ+ < 1 and ρ is monotone and law-
invariant under ℚ2. If either (i) 𝒳 = ℒ∞ or (ii) 𝒳 is unbounded and ρ is continuous
from above, then we have

ΛVaR+,ℚ1 □ ρℚ2(X) = inf
x∈ℝ inf

y≥x
inf

U
ℚ1∼𝒰 [0,1]

(︂
x + ρℚ2

(︁
X − Λ−1

x,y(U)
)︁)︂

, (5.1)
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where

Λx,y(z) =

⎧⎪⎨
⎪⎩

0, z < x,

1 − Λx(z), x ≤ z < y,

1, z ≥ y.

Moreover, for case (i), an optimal allocation of the inf-convolution exists if and only if
a minimiser of (5.1) exists. For both cases (i) and (ii), if (x∗, y∗, U∗) is a minimiser,
then one optimal allocation is given by

X∗
1 = Λ−1

x∗,y∗(U∗), X∗
2 = X − Λ−1

x∗,y∗(U∗). (5.2)

In the case of ρ = Λ1VaR+ for Λ1 ∈ ℋ with 0 < λ−
1 ≤ λ+

1 < 1, it follows from
Theorem 5.1 that an optimal risk allocation for risk sharing between ΛVaR+ and
Λ1VaR+ under ℚ1 and ℚ2 has the form (5.2), which is neither comonotonic nor pair-
wise countermonotonic. This means that an optimal risk sharing for multiple ΛVaR+
under heterogeneous beliefs is qualitatively different from the cases with convex risk
measures or quantile-based risk measures in the literature. The expression of the inf-
convolution in (5.1) is an optimisation problem involving three parameters (x, y, U),
where U ∼ 𝒰[0, 1] under ℚ1. Note that the distribution of U under ℚ2 depends on
the relation between ℚ1 and ℚ2. Moreover, the expression in (5.1) and also the op-
timal allocation in (5.2) show that the shape of the Λ-function plays an important
role in both the expression of the inf-convolution and the form of optimal allocations,
which is very different from the results of ΛVaR displayed in Sects. 3 and 4.

For case (ii) of Theorem 5.1, we suppose that ρ is continuous from above. In fact,
many risk functionals satisfy this assumption, such as distortion risk measures ρg

with continuous g (including ESα as a special case), expected utility 𝔼u for con-
tinuous and increasing u, and right quantiles. Later, we define an alternative ΛVaR
measure that also satisfies this assumption.

We are also aware that the conclusion in Theorem 5.1 is complicated in the sense
that it involves inf

U
ℚ1∼𝒰 [0,1]

ρℚ2(X−Λ−1
x,y(U)), which is a very difficult problem even

if ℚ1 = ℚ2. For ℚ1 = ℚ2, inf
U

ℚ1∼𝒰 [0,1]
ρℚ2(X − Λ−1

x,y(U)) corresponds to the prob-

lem of robust risk aggregation with dependence uncertainty, i.e., finding the value of
infX∼F,Y∼G ρ(X + Y), where the marginal distributions are known but the depen-
dence structure is completely unknown. We refer to Wang and Wang [51], Jakob-
sons et al. [35], Blanchet et al. [12], Han and Liu [31] and the references therein for
discussions on robust risk aggregation.

We write X ≤icx Y if 𝔼[f (X)] ≤ 𝔼[f (Y )] for all increasing and convex func-
tions f for which the expectations are finite. A mapping ρ : 𝒳 → ℝ is called
SSD-consistent if X ≤icx Y implies ρ(X) ≤ ρ(Y ). Note that here 𝒳 ⊆ ℒ1.

Corollary 5.2 Suppose 𝒳 ⊆ ℒ1. If ℚ1 = ℚ2 = ℚ and ρ is an SSD-consistent risk
measure, then under the assumptions of Theorem 5.1, we have

ΛVaR+,ℚ□ ρℚ(X) = inf
x∈ℝ inf

y≥x

(︂
x + ρℚ

(︁
X − Λ−1

x,y(U
ℚ
X )
)︁)︂

.
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Note that this result coincides with Liu [43, Theorem 5]. In the following corollary,
we consider a risk measure ρ that is not SSD-consistent.

For Λ : ℝ → [0, 1] and an increasing f : ℝ → [0, 1], define

q+
Λ(f ) = inf{x ∈ ℝ : f (x) > 1 − Λ(x)},

where inf ∅ = ∞. Note that if Λ is constant and f is a distribution function, then
q+
Λ(f ) is the right quantile. We refer to Bellini and Peri [9] and Han and Liu [31] for

properties and applications of q+
Λ .

Define an alternative version of ΛVaR by ΛVaR(X) = q+
Λ(FX) for X ∈ 𝒳 .

One can easily show that ΛVaR is continuous from above if Λ ∈ ℋ. Then applying
Theorem 5.1, we have the following result.

Corollary 5.3 Suppose ℚ1 = ℚ2 = ℚ, Λ ∈ ℋ with 0 < λ− ≤ λ+ < 1 is strictly
decreasing and Λ1 ∈ ℋ with 0 < λ−

1 ≤ λ+
1 < 1. Then we have for X ∈ 𝒳 with

continuous F
ℚ,−1
X over (0, 1) that

ΛVaR+,ℚ□Λ1VaR
ℚ
(X) = inf

x∈ℝ inf
y≥x

(︁
x + q+

Λ1
(ℓ−1

x,y)
)︁
,

where

ℓx,y(t) = sup
s∈(0,t]

(︁
F

ℚ,−1
X (s) − Λ−1

x,y(1 − t + s)
)︁
, t ∈ (0, 1)

and ℓ−1
x,y(z) = inf{w ∈ (0, 1) : ℓx,y(w) ≥ z}, z ∈ ℝ, with inf ∅ = 1.

Corollary 5.3 requires that F
ℚ,−1
X is continuous over (0, 1), which is a tech-

nical assumption for the computation of inf
U

ℚ∼𝒰 [0,1] Λ1VaR
ℚ
(X − Λ−1

x,y(U)). Our

computation need not be correct if this assumption is violated.
To simplify (5.1), we consider a special case of Λ-functions. This makes it easier

to find more explicit expressions for the inf-convolution in concrete examples of ρ.

Proposition 5.4 For x1 ∈ ℝ and 0 < λ1 < λ2 < 1, let

Λ(z) = (1 − λ1)1{z<x1} + (1 − λ2)1{z≥x1}.

Under the assumptions of Theorem 5.1, we have

ΛVaR+,ℚ1 □ ρℚ2(X) (5.3)

= inf
x∈ℝ inf

y≥x∨x1
inf

(B1,B2)∈ℬλ1,λ2

(︂
x + ρℚ2

(︁
X − x1B1 − x ∨ x11B2 − y1(B1∪B2)

c

)︁)︂
,

where ℬλ1,λ2 = {(B1, B2) : ℚ1[B1] = λ1,ℚ1[B2] = λ2 − λ1, B1 ∩ B2 = ∅}.
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Note that the optimisation problem in (5.3) is much easier than that in (5.1)
because it only has parameters (x, y, B1, B2). To illustrate Proposition 5.4, we
next consider the example of ρℚ2 = ESℚ2

α . In the following result, we suppose
ℚi[ · ] = ℙ[ · |Di] for some Di ∈ ℱ , i = 1, 2, and ℚ[ · ] = ℙ[ · |D1 ∩ D2] with
ℙ[D1 ∩ D2] > 0.

Corollary 5.5 For x1 ∈ ℝ and 0 < λ1 < λ2 < 1, let

Λ(z) = (1 − λ1)1{z<x1} + (1 − λ2)1{z≥x1}.

Then we have

ΛVaR+,ℚ1 □ESℚ2
α (X) =

{︄
1
α
ℙ[D1∩D2]
ℙ[D2]

∫︁ α1
α0

VaRℚ
t (X)dt, α2 ≥ α,

−∞, otherwise,

where

α0 = 1 − λ1ℙ[D1] − ℙ[D1 ∩ Dc
2]

ℙ[D1 ∩ D2] ,

α1 = 1 − λ1ℙ[D1] − ℙ[D1 ∩ Dc
2] − αℙ[D2]

ℙ[D1 ∩ D2] ,

α2 = λ1ℙ[D1] − ℙ[D1 ∩ Dc
2]

ℙ[D2] .

6 Conclusion

In this paper, we consider the inf-convolution of multiple ΛVaR under heterogeneous
beliefs. We obtain a general expression for the inf-convolution and the correspond-
ing optimal allocations. To study the impact of the relation of the beliefs on the
inf-convolution, we discuss three different cases: i) homogeneous beliefs; ii) con-
ditional beliefs; iii) general beliefs with two agents. For all these cases, we obtain
more explicit expressions for the inf-convolution. In all cases, we demonstrate that
trivial outcomes arise when both belief inconsistency and risk tolerance are high.
The inf-convolution of one ΛVaR or ΛVaR+ and a general risk measure with be-
lief heterogeneity are also discussed. There are still some unsolved problems which
deserve further study, such as what the inf-convolution of multiple ΛVaR under gen-
eral heterogeneous beliefs is, and what the inf-convolution of multiple ΛVaR+ under
heterogeneous beliefs is.

Appendix: Proofs

Proof of Proposition 2.1 Note that there exists A ∈ ℱ such that ℚ1[A] = 0 and
ℚ2[A] = 1. It follows from the law-invariance of ρ1 and ρ2 and the constant-
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preservation of ρ2 that

ρ
ℚ1
1 □ ρ

ℚ2
2 (X) ≤ ρ

ℚ1
1 (X − c1A) + ρ

ℚ2
2 (c1A)

= ρ
ℚ1
1 (X) + ρ

ℚ2
2 (c) = ρ

ℚ1
1 (X) + c −→ −∞

as c → −∞. Hence ρ
ℚ1
1 □ ρ

ℚ2
2 (X) = −∞. □

Proof of Theorem 3.1 We first show □n
i=1 ΛiVaRℚi (X) ≥ ΓΛ1,...,Λn(X). For fixed

(X1, . . . , Xn) ∈ 𝔸n(X), let x = ∑︁n
i=1 ΛiVaRℚi (Xi) and yi = ΛiVaRℚi (Xi). By

definition, 0 < λ−
i ≤ λ+

i < 1 implies yi ∈ ℝ and x ∈ ℝ. It follows from the definition
of ΛiVaR and the right-continuity of Λi that ℚi[Ci] ≤ Λi(yi) with Ci = {Xi > yi}.
We denote Ci ∪ (

⋃︁n
i=1 Ci)

c by Di . Then it follows that

{X > x} =
{︃ n∑︂

i=1

Xi >

n∑︂
i=1

yi

}︃
⊆

n⋃︂
i=1

Ci.

For (A1, . . . , An) ∈ Πn(Ω), let Ai ⊆ Di . Then we have

{X > x} ∩ Ai ⊆ {X > x} ∩ Di = {X > x} ∩ Ci ⊆ Ci.

Using ℚi[Ci] ≤ Λi(yi), we have ℚi[{X > x} ∩ Ai] ≤ Λ(yi). This implies∑︁n
i=1 ΛiVaRℚi (Xi) = x ≥ ΓΛ1,...,Λn(X). Because (X1, . . . , Xn) ∈ 𝔸n(X) is

arbitrary, we have □n
i=1 ΛiVaRℚi (X) ≥ ΓΛ1,...,Λn(X).

Next we show the converse inequality. Suppose there exist (A1, . . . , An) ∈ Πn(Ω)

and yi ∈ ℝ such that ℚi[{X >
∑︁n

j=1 yj } ∩ Ai] ≤ Λi(yi). Let

Xi = (X − x)1Ai
+ yi, i = 1, . . . , n,

where x =∑︁n
i=1 yi . Then (X1, . . . , Xn) ∈ 𝔸n(X). Direct computation gives

ΛiVaRℚi (Xi) = yi + Λ
yi

i VaRℚi
(︁
(X − x)1Ai

)︁
,

where Λ
yi

i (z) = Λi(z + yi) for z ∈ ℝ. Note that

ℚi[(X − x)1Ai
> 0] = ℚi[{X > x} ∩ Ai] ≤ Λi(yi) = Λ

yi

i (0).

By definition, we have Λ
yi

i VaRℚi ((X − x)1Ai
) ≤ 0. Hence

n∑︂
i=1

ΛiVaRℚi (Xi) ≤
n∑︂

i=1

yi = x.

This implies □n
i=1 ΛiVaRℚi (X) ≤ ∑︁n

i=1 ΛiVaRℚi (Xi) ≤ ∑︁n
i=1 yi . Because the yi

are arbitrary, we have □n
i=1 ΛiVaRℚi (X) ≤ ΓΛ1,...,Λn(X). One can directly check

that X∗
i , i = 1, . . . , n, is an optimal allocation. This completes the proof. □
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Proof of Proposition 3.2 (i) Note that the property that
⋁︁n

i=1
ℚi [Ai ]

λ−
i

≤ 1 for some

(A1, . . . , An) ∈ Πn(Ω) implies ℚi[Ai] ≤ λ−
i for all i = 1, . . . , n. Hence for

(y1, . . . , yn) ∈ ℝ
n, it follows that

ℚi

[︃{︃
X >

n∑︂
j=1

yj

}︃
∩ Ai

]︃
≤ ℚi[Ai] ≤ λ−

i ≤ Λi(yi).

Consequently, ΓΛ1,...,Λn(X) = −∞.
(ii) We assume by way of contradiction that ΓΛ1,...,Λn(X) = −∞. By definition,

there exist (y
(m)
1 , . . . , y

(m)
n ) which satisfy limm→∞

∑︁n
i=1 y

(m)
i = −∞ and there exist

(A
(m)
1 , . . . , A

(m)
n ) ∈ Πn(Ω) such that for i = 1, . . . , n,

ℚi

[︃{︃
X >

n∑︂
j=1

y
(m)
j

}︃
∩ A

(m)
i

]︃
≤ Λi(y

(m)
i ).

Moreover, using that inf(A1,...,An)∈Πn(Ω)

⋁︁n
i=1

ℚi [Ai ]
λ+

i

> 1, there exists ε > 0 such

that
⋁︁n

i=1
ℚi [Ai ]

λ+
i

> 1 + ε for any (A1, . . . , An) ∈ Πn(Ω). Therefore there ex-

ists im ∈ {1, 2, . . . , n} such that ℚim [A(m)
im

] > (1 + ε)λ+
im

. For (im)m∈ℕ, we can
find a constant subsequence. Without loss of generality, we assume im = 1 for
all m ∈ ℕ. This means ℚ1[A(m)

1 ] > (1 + ε)λ+
1 . This together with the fact that

limm→∞
∑︁n

i=1 y
(m)
i = −∞ implies for m large enough that

ℚ1

[︃{︃
X >

n∑︂
j=1

y
(m)
j

}︃
∩ A

(m)
1

]︃
= ℚ1[A(m)

1 ] − ℚ1

[︃{︃
X ≤

n∑︂
j=1

y
(m)
j

}︃
∩ A

(m)
1

]︃

> (1 + ε)λ+
1 − ℚ1

[︃
X ≤

n∑︂
j=1

y
(m)
j

]︃

≥ (1 + ε/2)λ+
1 ,

which contradicts ℚ1[{X >
∑︁n

j=1 y
(m)
j } ∩ A

(m)
1 ] ≤ Λ1(y

(m)
1 ) ≤ λ+

1 . Hence we have
ΓΛ1,...,Λn(X) > −∞. □

Proof of Proposition 3.3 We first assume Λi ∈ ℋ is decreasing. If
⋁︁n

i=1
ℚi [Ai ]

λ+
i

< 1

for some (A1, . . . , An) ∈ Πn(Ω), then ℚi[Ai] < λ+
i , i = 1, . . . , n. Note that

limyi→−∞ Λ(yi) = λ+
i . So there is y0

i with Λ(yi) ≥ ℚi[Ai] for yi < y0
i . It follows

that ℚi[{X >
∑︁n

j=1 yj } ∩ Ai] ≤ ℚi[Ai] ≤ Λi(yi) if yi ≤ y0
i , i = 1, . . . , n. This im-

plies ΓΛ1,...,Λn(X) = −∞. If inf(A1,...,An)∈Πn(Ω)

⋁︁n
i=1

ℚi [Ai ]
λ+

i

> 1, the conclusion

follows from part (ii) of Proposition 3.2.
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Next we consider increasing Λi ∈ ℋ. For some (A1, . . . , An) ∈ Πn(Ω), if

n⋀︂
i=1

(︃
ℚi[Ai]

λ−
i

∨
⋁︂
j≠i

ℚj [Aj ]
λ+

j

)︃
< 1,

there exists i ∈ {1, . . . , n} such that ℚi[Ai] < λ−
i and ℚj [Aj ] < λ+

j for j ≠ i. Note

that there exists y0
j ∈ ℝ such that ℚj [Aj ] ≤ Λj(y

0
j ) for all j ≠ i. Moreover, for any

yi ∈ ℝ, it follows that ℚj [{X > yi +∑︁k≠i y0
k }∩Aj ] ≤ ℚj [Aj ] ≤ Λj(y

0
j ) for j ≠ i,

and ℚi[{X > yi +∑︁k≠i y0
k } ∩ Ai] ≤ Λi(yi). It follows from the arbitrariness of yi

that ΓΛ1,...,Λn(X) = −∞.

Finally, suppose inf(A1,...,An)∈Πn(Ω)

⋀︁n
i=1(

ℚi [Ai ]
λ−

i

∨⋁︁j≠i

ℚj [Aj ]
λ+

j

) > 1. Let

1 + ε = inf
(A1,...,An)∈Πn(Ω)

n⋀︂
i=1

(︃
ℚi[Ai]

λ−
i

∨
⋁︂
j≠i

ℚj [Aj ]
λ+

j

)︃

for some ε > 0. Suppose by way of contradiction that ΓΛ1,...,Λn(X) = −∞.

Then there exist y
(m)
1 , . . . , y

(m)
n ∈ ℝ satisfying limm→∞

∑︁n
i=1 y

(m)
i = −∞, and

(A
(m)
1 , . . . , A

(m)
n ) ∈ Πn(Ω) such that ℚi[{X >

∑︁n
j=1 y

(m)
j } ∩ A

(m)
i ] ≤ Λi(y

(m)
i ).

Without loss of generality, we can assume limm→∞ y
(m)
i = yi . Let

E1 = {︁i ∈ {1, . . . , n} : yi = −∞}︁, E2 = {︁i ∈ {1, . . . , n} : yi > −∞}︁.
Note that limm→∞

∑︁n
i=1 y

(m)
i = −∞ implies E1 ≠ ∅. Moreover, for any 0 < η < ε,

there exists m0 > 0 such that ℚi[X ≤ ∑︁n
j=1 y

(m)
j ] < λ−

i η/2 for all m ≥ m0. Hence
we have for all m ≥ m0 that

ℚi[A(m)
i ] ≤ (1 + η/2)Λi(y

(m)
i ).

Note that limm→∞ Λi(y
(m)
i ) = λ−

i for i ∈ E1. Hence for any 0 < η < ε, there exists
m1 ≥ m0 such that

ℚi[A(m)
i ] ≤ λ−

i (1 + η) (A.1)

for all m ≥ m1 and i ∈ E1. Moreover,

ℚi[A(m)
i ] ≤ λ+

i (1 + η) (A.2)

for all m ≥ m1 and i ∈ E2. Combining (A.1) and (A.2) leads to

n⋀︂
i=1

(︃
ℚi[A(m)

i ]
λ−

i

∨
⋁︂
j≠i

ℚj [A(m)
j ]

λ+
j

)︃
≤ 1 + η < 1 + ε

for m > m1, which is a contradiction. Hence ΓΛ1,...,Λn(X) > −∞. □
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Proof of Theorem 3.4 By Theorem 3.1, we have

n

□
i=1

ΛiVaRℙ(X) = inf

{︃ n∑︂
j=1

yj :ℙ
[︃{︂

X >

n∑︂
j=1

yj

}︂
∩ Ai

]︃
≤ Λi(yi)

for some (A1, . . . , An) ∈ Πn(Ω)

}︃
.

Note that ℙ[{X >
∑︁n

j=1 yj } ∩ Ai] ≤ Λi(yi) for some (A1, . . . , An) ∈ Πn(Ω) if and
only if ℙ[X >

∑︁n
i=1 yi] ≤∑︁n

i=1 Λi(yi). Hence we have

n

□
i=1

ΛiVaRℙ(X) = inf

{︃ n∑︂
i=1

yi : (y1, . . . , yn) ∈ ℝ
n,ℙ

[︃
X >

n∑︂
i=1

yi

]︃
≤

n∑︂
i=1

Λi(yi)

}︃

= inf

{︃
x ∈ ℝ :

n∑︂
i=1

yi = x,ℙ[X > x] ≤
n∑︂

i=1

Λi(yi)

}︃

= inf

{︃
x ∈ ℝ : ℙ[X > x] ≤ Λ∗(x)

}︃
= Λ∗VaRℙ(X). (A.3)

Next we focus on optimal allocations. Note that the right-continuity of Λ∗ at x∗
implies ℙ[X > x∗] ≤ Λ∗(x∗). Moreover, there exist (y∗

1 , . . . , y∗
n) and (A∗

1, . . . , A
∗
n)

with

1
⋀︂ n∑︂

i=1

Λi(y
∗
i ) = Λ∗(x∗) and ℙ[{X > x∗} ∩ A∗

i ] ≤ Λi(y
∗
i ).

Hence (y∗
1 , . . . , y∗

n, A∗
1, . . . , A

∗
n) is a minimiser of ΓΛ1,...,Λn(X). Using Theorem 3.1,

the claimed allocation is an optimal allocation. □

Proof of Proposition 3.5 In view of (A.3), we have

n

□
i=1

ΛiVaRℙ(X) = inf

{︃
x ∈ ℝ :

n∑︂
i=1

yi = x,ℙ[X > x] ≤
n∑︂

i=1

Λi(yi)

}︃

= inf
yn−1∈ℝn−1

Λyn−1VaRℙ(X). □

Proof of Theorem 3.7 By Theorem 3.1, we have

n

□
i=1

ΛiVaRℚi (X) = inf

{︃ n∑︂
j=1

yj :ℙ
[︃{︂

X >

n∑︂
j=1

yj

}︂
∩ Bi ∩ Ai

]︃
≤ ℙ[Bi]Λi(yi)

for some (A1, . . . , An) ∈ Πn(Ω)

}︃
.

Let 𝒩n = {{i1, . . . , im} ⊆ {1, . . . , n} : m = 1, 2, . . . , n − 1}. For any
{i1, . . . , im} ∈ 𝒩n, we set C{i1,...,im} = (

⋂︁
i∈{i1,...,im} Bi) \ (

⋃︁
i∈{1,...,n}\{i1,...,im} Bi).
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Then for two sets {i1, . . . , im}, {i′1, . . . , i′m′ } ∈ 𝒩n, we have C{i1,...,im}∩C{i′1,...,i′m′ } = ∅
if {i1, . . . , im} ≠ {i′1, . . . , i′m′ }. Moreover, it follows that

⋃︂
{i1,...,im}∈𝒩n

C{i1,...,im} =
(︃ n⋃︂

i=1

Bi

)︃
\
(︃ n⋂︂

i=1

Bi

)︃
.

Next, for each (A1, . . . , An) ∈ Πn(Ω), we do some operations on it. We fix
{i1, . . . , im} ∈ 𝒩n. For each i ∈ {i1, . . . , im}, we do the operations

Ai ↦→ Ai \ C{i1,...,im}, Aj ↦→ Aj ∪ (Ai ∩ C{i1,...,im}),

where j = min({1, . . . , n} \ {i1, . . . , im}). The new sets after the operations are de-
noted by (A′

1, . . . , A
′
n). Clearly, (A′

1, . . . , A
′
n) ∈ Πn(Ω) and Bi ∩ A′

i ⊆ Bi ∩ Ai for
all i = 1, . . . , n, and A′

i ∩ C{i1,...,im} = ∅ for all i ∈ {i1, . . . , im}. Those opera-
tions are done for all {i1, . . . , im} ∈ 𝒩n. The final sets are denoted by (A′′

1, . . . , A
′′
n).

Clearly, (A′′
1, . . . , A

′′
n) ∈ Πn(Ω) and Bi ∩ A′′

i ⊆ Bi ∩ Ai . Moreover, we have
A′′

i ∩ C{i1,...,im} = ∅ for all {i1, . . . , im} ∈ 𝒩n satisfying i ∈ {i1, . . . , im}. This im-
plies Bi ∩ A′′

i = (
⋂︁n

i=1 Bi) ∩ A′′
i for all i = 1, . . . , n. By the construction of

A′′
i , it follows that (

⋂︁n
i=1 Bi) ∩ Ai ⊆ Bi ∩ A′′

i , which together with the fact that
Bi ∩ A′′

i ⊆ Bi ∩ Ai implies
(︃ n⋂︂

i=1

Bi

)︃
∩ Ai =

(︃ n⋂︂
i=1

Bi

)︃
∩ A′′

i = Bi ∩ A′′
i .

Hence we have

inf

{︃ n∑︂
j=1

yj : ℙ
[︃{︂

X >

n∑︂
j=1

yj

}︂
∩ Bi ∩ Ai

]︃
≤ ℙ[Bi]Λi(yi)

for some (A1, . . . , An) ∈ Πn(Ω)

}︃

≤ inf

{︃ n∑︂
j=1

yj : ℙ
[︃{︂

X >

n∑︂
j=1

yj

}︂
∩
(︃ n⋂︂

j=1

Bj

)︃
∩ Ai

]︃
≤ ℙ[Bi]Λi(yi)

for some (A1, . . . , An) ∈ Πn(Ω)

}︃
.

Note that the converse inequality is trivial. Hence we have
n

□
i=1

ΛiVaRℚi [X]

= inf

{︃ n∑︂
j=1

yj : ℙ
[︃{︂

X >

n∑︂
j=1

yj

}︂
∩
(︃ n⋂︂

j=1

Bj

)︃
∩ Ai

]︃
≤ ℙ[Bi]Λi(yi)

for some (A1, . . . , An) ∈ Πn(Ω)

}︃
.

Clearly, □n
i=1 ΛiVaRℚi (X) = −∞ if ℙ[⋂︁n

i=1 Bi] = 0.
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Next we focus on the case ℙ[⋂︁n
i=1 Bi] > 0. Clearly, having

ℙ

[︃{︃
X >

n∑︂
j=1

yj

}︃
∩
(︃ n⋂︂

j=1

Bj

)︃
∩ Ai

]︃
≤ ℙ[Bi]Λi(yi)

for some (A1, . . . , An) ∈ Πn(Ω) and some (y1, . . . , yn) ∈ ℝ
n is equivalent to

ℙ

[︃{︃
X >

n∑︂
j=1

yj

}︃
∩
(︃ n⋂︂

j=1

Bj

)︃]︃
≤

n∑︂
i=1

ℙ[Bi]Λi(yi)

for some (y1, . . . , yn) ∈ ℝ
n. Using this and the attainability of Λ⋄, we have

n

□
i=1

ΛiVaRℚi (X)

= inf

{︃
x : x =

n∑︂
i=1

yi,ℙ

[︃
{X > x} ∩

(︃ n⋂︂
j=1

Bj

)︃]︃
≤

n∑︂
i=1

ℙ[Bi]Λi(yi)

}︃

= inf

{︃
x : x =

n∑︂
i=1

yi,ℚ[X > x] ≤
n∑︂

i=1

ℙ[Bi]Λi(yi)

ℙ[⋂︁n
j=1 Bj ]

}︃

= inf

{︃
x : ℚ[X > x] ≤ Λ⋄(x)

}︃
= Λ⋄VaRℚ(X).

One can easily check that the claimed allocation is optimal. □

Proof of Theorem 3.10 Using Theorem 3.1, we have

Λ1VaRℚ1 □Λ2VaRℚ2(X)

= inf
{︁
x ∈ ℝ : ℚ1[{X > x} ∩ Ac] ≤ Λ1(y),ℚ2[{X > x} ∩ A] ≤ Λ2(x − y)

for some y ∈ ℝ, A ∈ ℱ
}︁

= inf
{︁
x ∈ ℝ : ℚ1[{X > x} ∩ Ac] ≤ Λ1(y) and

𝔼
ℚ1[η1{X>x}∩A] + ℚ2[{X > x} ∩ A ∩ N ] ≤ Λ2(x − y)

for some y ∈ ℝ, A ∈ ℱ
}︁
.

Let A′ = A ∩ Nc. Using that ℚ1[N ] = 0, we have

ℚ1[{X > x} ∩ (A′)c] = ℚ1[{X > x} ∩ Ac],
𝔼
ℚ1[η1{X>x}∩A′ ] = 𝔼

ℚ1 [η1{X>x}∩A],
ℚ2[{X > x} ∩ A′ ∩ N ] = 0.
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Hence the inf-convolution can be simplified to

Λ1VaRℚ1 □Λ2VaRℚ2(X)

= inf
{︁
x ∈ ℝ : ℚ1[{X > x} ∩ Ac] ≤ Λ1(y) and 𝔼

ℚ1[η1{X>x}∩A] ≤ Λ2(x − y)

for some y ∈ ℝ, A ∈ ℱ
}︁
.

Let f (t) = ℚ1[{X > x} ∩ {Uℚ1
η ≤ t}], t ∈ [0, 1]. Clearly f is increasing and

continuous. Let f −1 denote its left quantile. Define Ax,t = {Uℚ1
η ≤ f −1(t)} for

t ∈ [0, 1 − F
ℚ1
X (x)]. Let t0 = ℚ1[{X > x} ∩ A]. Then it follows that

ℚ1[{X > x} ∩ Ax,t0 ] = ℚ1[{X > x} ∩ A],
𝔼
ℚ1[η1{X>x}∩Ax,t0

] = 𝔼
ℚ1[Fℚ1,−1

η (Uℚ1
η )1{X>x}∩Ax,t0

] ≤ 𝔼
ℚ1[η1{X>x}∩A].

Consequently, we have

Λ1VaRℚ1 □Λ2VaRℚ2(X)

= inf
{︁
x ∈ ℝ : ℚ1[{X > x} ∩ Ac

x,t ] ≤ Λ1(y),𝔼ℚ1 [η1{X>x}∩Ax,t ] ≤ Λ2(x − y)

for some y ∈ ℝ, t ∈ [0, 1 − F
ℚ1
X (x)]}︁

= inf{x ∈ ℝ : 1 − F
ℚ1
X (x) − t ≤ Λ1(y), gx(t) ≤ Λ2(x − y)

for some y ∈ ℝ, t ∈ [0, 1 − F
ℚ1
X (x)]}

= inf
{︂
x ∈ ℝ : gx

(︂(︁
1 − F

ℚ1
X (x) − Λ1(y)

)︁+)︂ ≤ Λ2(x − y) for some y ∈ ℝ

}︂
.

Next we show that (X1, X2) given by (3.3) is an optimal allocation. Note that

ℚ1[X1 > y∗] = ℚ1[{X > x∗} ∩ (Ω \ A∗)]
= ℚ1[X > x∗] − ℚ1[{X > x∗} ∩ A∗]
= 1 − F

ℚ1
X (x∗) − (︁1 − F

ℚ1
X (x∗) − Λ1(y

∗)
)︁+ ≤ Λ1(y

∗),

ℚ2[X2 > x∗ − y∗] = ℚ2[{X > x∗} ∩ A∗] = 𝔼
ℚ1
[︁
η1{X>x∗}∩{Uℚ1

η ≤z∗}
]︁

= gx∗
(︂(︁

1 − F
ℚ1
X (x∗) − Λ1(y

∗)
)︁+)︂ ≤ Λ2(x

∗ − y∗).

Hence we have Λ1VaRℚ1(X1) ≤ y∗ and Λ2VaRℚ2(X2) ≤ x∗ − y∗, which implies

Λ1VaRℚ1(X1) + Λ2VaRℚ2(X2) ≤ Λ1VaRℚ1 □Λ2VaRℚ2(X).

By the definition of the inf-convolution, (X1, X2) is an optimal allocation. This
completes the proof. □
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Proof of Corollary 3.11 Note that ℚ2[N ] ≥ 1 − λ−
2 implies

gx(t) ≤ 1 − ℚ2[N ] ≤ λ−
2 ≤ Λ2(x − y)

for all x, y ∈ ℝ. Hence the inf-convolution is −∞. □

Proof of Theorem 4.1 For any x, y and B satisfying ℚ1[B] = 1 − Λ(x), let

X1 = x1B + (X − y)1Bc .

Direct calculation gives

ΛVaRℚ1(X1) + ρℚ2(X − X1) ≤ x + ρℚ2(X − X1) = x + ρℚ2
(︁
(X − x)1B + y1Bc

)︁
.

This implies ΛVaRℚ1 □ ρℚ2(X) ≤ x +ρℚ2((X−x)1B +y1Bc). By the arbitrariness
of x, y and B satisfying ℚ1[B] = 1 − Λ(x), we have

ΛVaRℚ1 □ ρℚ2(X) ≤ inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂
.

To show the converse inequality, for any X1 ∈ 𝒳 , let x1 = ΛVaRℚ1(X1). Note
that X1 = F

ℚ1,−1
X1

(U
ℚ1
X1

) a.s. under ℚ1. For m > m0 (m0 to be specified later), set

Y1 = x11{Uℚ1
X1

≤1−Λ(x1)} + (X + m)1{Uℚ1
X1

>1−Λ(x1)}.

Note that U
ℚ1
X1

can be chosen such that {Uℚ1
X1

≤ t} ⊆ {X1 ≤ F
ℚ1,−1
X1

(t)} holds for
all t ∈ (0, 1). Moreover, by the definition of ΛVaR and the right-continuity of Λ,
we have F

ℚ1
X1

(x1) ≥ 1 − Λ(x1), which implies x1 ≥ F
ℚ1,−1
X1

(1 − Λ(x1)). Hence

X1(ω) ≤ x1 for all ω ∈ {Uℚ1
X1

≤ 1 − Λ(x1)}.
For the case 𝒳 = ℒ∞, let

m0 = (x1 − ess infℚ1X) ∨ (ess supℚ1 |X| + ess supℚ2 |X1| + |x1|),

where ess infℚi and ess supℚi represent the ess inf and ess sup under ℚi , i = 1, 2.
Then we have X1 ≤ Y1 a.s. under ℚ2, which further implies X − X1 ≥ X − Y1 a.s.
under ℚ2. By the monotonicity of ρ, we have

ΛVaRℚ1(X1) + ρℚ2(X − X1)

≥ ρℚ2(X − Y1) + x1

= ρℚ2
(︁
(X − x1)1{Uℚ1

X1
≤1−Λ(x1)} − m1{Uℚ1

X1
>1−Λ(x1)}

)︁+ x1

≥ inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂
.
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For the case that ρ is an ε-tail risk measure, let m0 = −VaRℚ2
ε (X − X1). Then we

have for x ≥ VaRℚ2
ε (X − X1) that

ℚ2[X − X1 ≤ x]
= ℚ2[{X − X1 ≤ x} ∩ {Uℚ1

X1
≤ 1 − Λ(x1)}]

+ ℚ2[{X − X1 ≤ x} ∩ {Uℚ1
X1

> 1 − Λ(x1)}]
≤ ℚ2[{X − x1 ≤ x} ∩ {Uℚ1

X1
≤ 1 − Λ(x1)} + ℚ2[Uℚ1

X1
> 1 − Λ(x1)]

= ℚ2[X − Y1 ≤ x],

which implies

(F
ℚ2
X−X1

(x) − (1 − ε))+

ε
≤ (F

ℚ2
X−Y1

(x) − (1 − ε))+

ε
, x ∈ ℝ.

By the monotonicity of ρ and the fact that ρ is an ε-tail risk measure, we have

ΛVaRℚ1(X1) + ρℚ2(X − X1)

≥ ρℚ2(X − Y1) + x1

= ρℚ2
(︁
(X − x1)1{Uℚ1

X1
≤1−Λ(x1)} − m1{Uℚ1

X1
>1−Λ(x1)}

)︁+ x1

≥ inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂
.

By the arbitrariness of X1, we obtain

ΛVaRℚ1 □ ρℚ2(X) ≥ inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂
.

Combining the above gives (4.1).
We next show that existence of an optimal allocation implies existence of a

minimiser of (4.1). Suppose there exists X1 ∈ 𝒳 such that

ΛVaRℚ1(X1) + ρℚ2(X − X1) = ΛVaRℚ1 □ ρℚ2(X).

Following the same argument as above, let x1 = ΛVaRℚ1(X1) and

Y1 = x11{Uℚ1
X1

≤1−Λ(x1)} + (X + m)1{Uℚ1
X1

>1−Λ(x1)}

with some m > m0 such that X1 ≤ Y1 a.s. under ℚ2 if 𝒳 = ℒ∞, and

(︁
F

ℚ2
X−X1

(x) − (1 − ε)
)︁+ ≤ (︁Fℚ2

X−Y1
(x) − (1 − ε)

)︁+
, x ∈ ℝ,
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if 𝒳 is unbounded and ρ is an ε-tail risk measure. We have

ΛVaRℚ1(X1) + ρℚ2(X − X1)

≥ ρℚ2(X − Y1) + ΛVaRℚ1(Y1)

= ρℚ2
(︁
(X − x1)1{Uℚ1

X1
≤1−Λ(x1)} − m1{Uℚ1

X1
>1−Λ(x1)}

)︁+ x1

≥ inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂
.

Using ΛVaRℚ1(X1) + ρℚ2(X − X1) = ΛVaRℚ1 □ ρℚ2(X) and (4.1) gives

x1 + ρℚ2
(︁
(X − x1)1{Uℚ1

X1
≤1−Λ(x1)} − m1{Uℚ1

X1
>1−Λ(x1)}

)︁

= inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂
.

This implies that (x1,−m, {Uℚ1
X1

≤ 1 − Λ(x1)}) is a minimiser of (4.1).
Now suppose (x∗, y∗, B∗) is a minimiser of (4.1). We check that (X∗

1, X∗
2) given

in (4.2) is an optimal allocation. Indeed,

ΛVaRℚ1(X∗
1) + ρℚ2(X∗

2) ≤ x∗ + ρℚ2
(︁
(X − x∗)1B∗ + y∗1(B∗)c

)︁

= inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂

= ΛVaRℚ1 □ ρℚ2(X).

Consequently ΛVaRℚ1(X∗
1) + ρℚ2(X∗

2) = ΛVaRℚ1 □ ρℚ2(X) and (X∗
1, X∗

2) is an
optimal allocation. This completes the proof. □

Proof of Proposition 4.2 In view of Theorem 4.1, we have

ΛVaRℚ1 □ ρℚ2(X) = inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂
.

If ℙ[B1 ∩ Bc
2] ≥ (1 − Λ(x))ℙ[B1], there exists D ∈ ℱ such that D ⊆ B1 ∩ Bc

2 and
ℚ1[D] = 1 − Λ(x). Using the law-invariance of ρ under ℚ2, we have

inf
y∈ℝ inf

ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂

≤ inf
y∈ℝ

(︂
x + ρℚ2

(︁
(X − x)1D + y1Dc

)︁)︂

= inf
y∈ℝ{x + ρℚ2(y)}.

If 𝒳 = ℒ∞, for y < ess infℚ2(X − x), we have (X − x)1B + y1Bc ≥ y a.s.
under ℚ2. It follows from the monotonicity and law-invariance of ρ that

ρℚ2
(︁
(X − x)1B + y1Bc

)︁ ≥ ρℚ2(y).
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Using the monotonicity of ρ again, we have

inf
y∈ℝ inf

ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂ ≥ inf
y∈ℝ

(︁
x + ρℚ2(y)

)︁
.

If ρ is an ε-tail risk measure, for y < VaRℚ2
ε (X − x), we have for z ≥ y that

ℚ2[(X − x)1B + y1Bc ≤ z] = ℚ2[{X − x ≤ z} ∩ B] + ℚ2[Bc] ≤ 1 = ℚ2[y ≤ z].
Moreover, ℚ2[(X − x)1B + y1Bc < y] = ℚ2[{X − x < y} ∩ B] < 1 − ε. Hence we
have VaRℚ2

ε ((X − x)1B + y1Bc) ≥ y and

(ℚ2[(X − x)1B + y1Bc ≤ z] − (1 − ε))+

ε
≤ (1[y,∞)](z) − (1 − ε))+

ε
, z ∈ ℝ.

Using the monotonicity of ρ and that ρ is an ε-tail risk measure under ℚ2 gives

inf
y∈ℝ inf

ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂ ≥ inf
y∈ℝ

(︁
x + ρℚ2(y)

)︁
.

Consequently,

inf
y∈ℝ inf

ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂ = inf
y∈ℝ

(︁
x + ρℚ2(y)

)︁
.

Next we consider the case ℙ[B1 ∩ Bc
2] < (1 − Λ(x))ℙ[B1]. Let

Ax = (B1 ∩ Bc
2) ∪ (B1 ∩ B2 ∩ {Uℙ

X < αx})
with αx satisfying ℙ[B1 ∩ B2 ∩ {Uℙ

X < αx}] = (1 − Λ(x))ℙ[B1] − ℙ[B1 ∩ Bc
2]. For

any B ∈ ℱ with ℚ1[B] = 1 − Λ(x) and z ≥ y, we have

ℚ2[(X − x)1B + y1Bc ≤ z] = ℙ[{X ≤ z + x} ∩ B ∩ B2] + ℙ[Bc ∩ B2]
ℙ[B2]

= 1 − ℙ[{X > z + x} ∩ B ∩ B2]
ℙ[B2] .

Observe that

ℙ[{X > z + x} ∩ Ax ∩ B2] = ℙ[{X > z + x} ∩ B1 ∩ B2 ∩ {Uℙ
X ≤ αx}]

≤ ℙ[{X > z + x} ∩ B1 ∩ B2 ∩ B3]
for any B3 ∈ ℱ such that ℙ[B1 ∩ B2 ∩ B3] ≥ (1 − Λ(x))ℙ[B1] − ℙ[B1 ∩ Bc

2]. Note
that ℚ1[B] = 1 − Λ(x) implies ℙ[B1 ∩ B2 ∩ B] ≥ (1 − Λ(x))ℙ[B1] − ℙ[B1 ∩ Bc

2].
Hence we have

ℙ[{X > z+x}∩Ax ∩B2] ≤ ℙ[{X > z+x}∩B1∩B2∩B] ≤ ℙ[{X > z+x}∩B∩B2].
This implies

ℚ2[(X − x)1B + y1Bc ≤ z] ≤ ℚ2[(X − x)1Ax + y1Ac
x

≤ z], z ≥ y.
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For 𝒳 = ℒ∞, let y < ess infℚ2(X − x). Then for z < y, we have

ℚ2[(X − x)1B + y1Bc ≤ z] = ℚ2[(X − x)1Ax + y1Ac
x

≤ z] = 0.

By the law-invariance and monotonicity of ρ, for B ∈ ℱ satisfying ℚ1[B] = 1−Λ(x)

and y < ess infℚ2(X − x), we have

ρℚ2
(︁
(X − x)1Ax + y1Ac

x

)︁ ≤ ρℚ2
(︁
(X − x)1B + y1Bc

)︁
.

If ρ is an ε-tail risk measure, let y < VaRℚ2
ε (X − x). Then for z < y,

ℚ2[(X − x)1B + y1Bc ≤ z] < 1 − ε,

which implies VaRℚ2
ε ((X − x)1B + y1Bc ) ≥ y. Combining the above yields,

for z ∈ ℝ,

(ℚ2[(X − x)1B + y1Bc ≤ z] − (1 − ε))+

ε

≤ (ℚ2[(X − x)1Ax + y1Ac
x

≤ z] − (1 − ε))+

ε
.

Using the monotonicity of ρ and the fact that ρ is an ε-tail risk measure, we have for
B ∈ ℱ satisfying ℚ1[B] = 1 − Λ(x) and y < VaRℚ2

ε (X − x) that

ρℚ2
(︁
(X − x)1Ax + y1Ac

x

)︁ ≤ ρℚ2
(︁
(X − x)1B + y1Bc

)︁
.

Consequently

inf
y∈ℝ inf

ℚ1[B]=1−Λ(x)

(︂
x + ρℚ2

(︁
(X − x)1B + y1Bc

)︁)︂

= inf
y∈ℝ

(︂
x + ρℚ2

(︁
(X − x)1Ax + y1Ac

x

)︁)︂
.

Hence (4.3) holds. The existence and characterisation of an optimal allocation follow
from the same arguments as in the proof of Theorem 4.1. The details are omitted. □

Proof of Corollary 4.3 (i) Note that

x + ρℚ2
g

(︁
(X − x)1Ax + y1Ac

x

)︁ = ρℚ2
g

(︁
X1Ax + (x + y)1Ac

x

)︁
.

If ℚ1[B2] ≤ λ+, there exists x ∈ ℝ such that ℙ[B1 ∩Bc
2] ≥ (1 −Λ(x))ℙ[B1]. Hence

Ax = ∅. By Proposition 4.2, we have

ΛVaRℚ1 □ ρℚ2
g (X) = inf

x,y∈ℝ ρℚ2
g (x + y) = −∞.
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Next we consider the case ℚ1[B2] > λ+. Suppose y < VaRℚ2
ε (X) − x. Then for

z ≥ x + y, we have

ℚ2[X1Ax + (x + y)1Ac
x

≤ z]

= ℙ[Ac
x ∩ B2] + ℙ[{X ≤ z} ∩ Ax ∩ B2]

ℙ[B2]

= 1 − βx + ℙ[{X ≤ z} ∩ B1 ∩ B2 ∩ {Uℙ
X ≤ αx}]

ℙ[B2] , (A.4)

where βx = (1−Λ(x))ℙ[B1]−ℙ[B1∩Bc
2 ]

ℙ[B2] . Moreover, ℚ2[X1Ax + (x + y)1Ac
x

≤ z] < ε

for all z < x + y. If g(β) < 1, there exists x ∈ ℝ such that g(βx) < 1. By (A.4), we
have ℚ2[X1Ax + (x + y)1Ac

x
≤ z] ≥ 1 − βx for all z ≥ x + y, which implies

VaRℚ2
t

(︁
X1Ax + (x + y)1Ac

x

)︁ ≤ x + y −→ −∞ as y → −∞

for all t ∈ [βx, 1). Hence for x ∈ ℝ with βx = β, we have

inf
y∈ℝ ρℚ2

g

(︁
X1Ax +(x+y)1Ac

x

)︁ ≤ lim
y→−∞

∫︂ 1

0
VaRℚ2

t

(︁
X1Ax +(x+y)1Ac

x

)︁
dg(t) = −∞.

Now we assume g(β) = 1. Direct computation shows that for 0 < t < βx ∧ ε,

VaRℚ2
t

(︁
X1Ax + (x + y)1Ac

x

)︁

= inf

{︃
z ≥ x + y : 1 − βx + ℙ[{X ≤ z} ∩ B1 ∩ B2 ∩ {Uℙ

X ≤ αx}]
ℙ[B2] ≥ 1 − t

}︃

= VaRℚ

1− ℙ[B2](βx−t)

ℙ[B1∩B2]
(X).

Hence we have

ΛVaRℚ1 □ ρℚ2
g (X) = inf

x∈ℝ inf
y∈ℝ

∫︂
[0,βx∧ε)

VaRℚ2
t

(︁
X1Ax + (x + y)1Ac

x

)︁
dg(t)

= inf
x∈ℝ

∫︂
[0,βx∧ε)

VaRℚ

1− ℙ[B2](βx−t)

ℙ[B1∩B2]
(X)dg(t)

=
∫︂

[0,β)

VaRℚ

1− ℙ[B2](β−t)

ℙ[B1∩B2]
(X)dg(t).

(ii) Similarly as above, if ℚ1[B2] ≤ λ+, then by Proposition 4.2, we have
ΛVaRℚ1 □Λ1VaR+,ℚ2(X) = infx,y∈ℝ(x + y) = −∞.
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Now consider the case ℚ1[B2] > λ+. In view of Proposition 4.2 and (A.4),
we have

ΛVaRℚ1 □Λ1VaR+,ℚ2(X)

= inf
x∈ℝ lim

y→−∞

(︃
x + sup

{︃
z ≥ y :1 − βx + ℙ[{X ≤ x + z} ∩ B1 ∩ B2 ∩ {Uℙ

X ≤ αx}]
ℙ[B2]

< 1 − Λ1(z)

}︃)︃

= inf
x∈ℝ lim

y→−∞ sup

{︃
z ≥ y + x : 1 − βx + ℙ[{X ≤ z} ∩ B1 ∩ B2 ∩ {Uℙ

X < αx}]
ℙ[B2]

< 1 − Λ1(z − x)

}︃

= inf
x∈ℝ sup

{︃
z ∈ ℝ : 1 − βx + ℙ[{X ≤ z} ∩ B1 ∩ B2]

ℙ[B2] < 1 − Λ1(z − x)

}︃

= inf
x∈ℝ sup

{︃
z ∈ ℝ : ℙ[{X ≤ z} ∩ B1 ∩ B2]

ℙ[B2] < βx − Λ1(z − x)

}︃

= inf
x∈ℝ sup

{︃
z ∈ ℝ : ℙ[{X ≤ z} ∩ B1 ∩ B2]

ℙ[B1 ∩ B2]

< 1 − ℙ[B1]Λ(x) + ℙ[B2]Λ1(z − x)

ℙ[B1 ∩ B2]
}︃

= inf
x∈ℝ sup

{︃
z ∈ ℝ : F

ℚ
X (z) < 1 − ℙ[B1]Λ(x) + ℙ[B2]Λ1(z − x)

ℙ[B1 ∩ B2]
}︃

= inf
x∈ℝΛ

x
VaR+,ℚ(X),

where Λ
x
(z) = ℙ[B1]Λ(x)+ℙ[B2]Λ1(z−x)

ℙ[B1∩B2]
⋀︁

1. This completes the proof. □

Proof of Corollary 4.4 (i) In view of Theorem 4.1, we have

ΛVaRℚ1 □ESℚ2
α (X) = inf

x∈ℝ inf
y∈ℝ inf

ℚ1[B]=1−Λ(x)

(︂
x + ESℚ2

α

(︁
(X − x)1B + y1Bc

)︁)︂

= inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
ESℚ2

α

(︁
X1B + (x + y)1Bc

)︁)︂
.

It is shown in Rockafellar and Uryasev [49] that

ESℚ2
α (X) = inf

t∈ℝ

(︃
t + 1

α
𝔼
ℚ2[(X − t)+]

)︃
.
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Hence we have

ΛVaRℚ1 □ESℚ2
α (X)

= inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

(︂
ESℚ2

α

(︁
X1B + (x + y)1Bc

)︁)︂

= inf
x∈ℝ inf

y∈ℝ inf
ℚ1[B]=1−Λ(x)

inf
t∈ℝ

(︃
t + 1

α
𝔼
ℚ2 [(X − t)+1B ] + 1

α
𝔼
ℚ2[(x + y − t)+1Bc ]

)︃

= inf
x∈ℝ inf

ℚ1[B]=1−Λ(x)
inf
t∈ℝ

(︃
t + 1

α
𝔼
ℚ2[(X − t)+1B ]

)︃

= inf
x∈ℝ inf

t∈ℝ inf
ℚ1[B]=1−Λ(x)

(︃
t + 1

α
𝔼
ℚ1[η(X − t)+1B ] + 1

α
𝔼
ℚ2 [(X − t)+1B∩N ]

)︃

= inf
x∈ℝ inf

t∈ℝ inf
ℚ1[B]=1−Λ(x)

(︃
t + 1

α
𝔼
ℚ1[η(X − t)+1B ]

)︃

= inf
x∈ℝ inf

t∈ℝ

(︃
t + 1

α

∫︂ 1

Λ(x)

VaRℚ1
s

(︁
η(X − t)+

)︁
ds

)︃

= inf
t∈ℝ

(︃
t + 1

α

∫︂ 1

λ+
VaRℚ1

s

(︁
η(X − t)+

)︁
ds

)︃
.

(ii) It follows from Theorem 4.1 that

ΛVaRℚ1 □𝔼
ℚ2
u [X] = inf

x∈ℝ inf
y∈ℝ inf

ℚ1[B]=1−Λ(x)

(︁
x + 𝔼

ℚ2 [u(X − x)1B + u(y)1Bc ])︁

= inf
x∈ℝ inf

ℚ1[B]=1−Λ(x)

(︁
x + 𝔼

ℚ2[u(X − x)1B + u(−∞)1Bc ])︁.

Note that u(−∞) ≤ u(X − x). Hence we have

ΛVaRℚ1 □𝔼
ℚ2
u [X]

= inf
x∈ℝ inf

ℚ1[B]=1−Λ(x)

(︁
x + 𝔼

ℚ1[ηu(X − x)1B ] + u(−∞)𝔼ℚ1 [η1Bc ]

+ 𝔼
ℚ2 [u(X − x)1B∩N ] + u(−∞)𝔼ℚ2 [1Bc∩N ])︁

= inf
x∈ℝ

(︃
x + 𝔼

ℚ1
[︁
ηu(X − x)1{Uℚ1

η <1−Λ(x)}
]︁

+ u(−∞)

(︃
ℚ2[N ] +

∫︂ Λ(x)

0
VaRℚ1

t (η)dt

)︃)︃
. □

Proof of Theorem 5.1 For x ∈ ℝ, y ≥ x and U
ℚ1∼ 𝒰[0, 1], we have

ΛVaR+,ℚ1
(︁
Λ−1

x,y(U)
)︁ = x.
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Hence we have

ΛVaR+,ℚ1 □ ρ(X) ≤ ΛVaR+,ℚ1
(︁
Λ−1

x,y(U)
)︁+ ρℚ2

(︁
X − Λ−1

x,y(U)
)︁

= x + ρℚ2
(︁
X − Λ−1

x,y(U)
)︁
.

Using the arbitrariness of x ∈ ℝ, y ≥ x and U
ℚ1∼ 𝒰[0, 1] gives

ΛVaR+,ℚ1 □ ρℚ2(X) ≤ inf
x∈ℝ inf

y≥x
inf

U
ℚ1∼𝒰 [0,1]

(︂
x + ρ

(︁
X − Λ−1

x,y(U)
)︁)︂

.

To show the converse inequality, for X1 ∈ 𝒳 , we let x1 = ΛVaR+,ℚ1(X1). We
choose U

ℚ1
X1

such that {Uℚ1
X1

≤ t} ⊆ {X1 ≤ F
ℚ1,−1
X1

(t)} for all t ∈ (0, 1). This implies

{Fℚ1,−1
X1

(U
ℚ1
X1

) ≤ x} = {Uℚ1
X1

≤ F
ℚ1
X1

(x)} ⊆ {︁X1 ≤ F
ℚ1,−1
X1

(︁
F

ℚ1
X1

(x)
)︁}︁ ⊆ {X1 ≤ x}

for all x ∈ ℝ. Hence X1(ω) ≤ F
ℚ1,−1
X1

(U
ℚ1
X1

) for all ω ∈ Ω. By definition,

F
ℚ1
X1

(x) ≥ 1 − Λ(x) for all x ≥ x1. This implies F
ℚ1
X1

(x) ≥ Λx1,y(x) for x1 ≤ x ≤ y.

Suppose ess supℚ1X1 < ∞. If y ≥ ess supℚ1X1, then F
ℚ1
X1

(x) = 1 ≥ Λx1,y(x) for

x ≥ y. Hence if y ≥ ess supℚ1X1, then for all x ∈ ℝ, we have F
ℚ1
X1

(x) ≥ Λx1,y(x).

Combining all the above results, we have X1 ≤ F
ℚ1,−1
X1

(U
ℚ1
X1

) ≤ Λ−1
x1,y

(U
ℚ1
X1

) if

y ≥ ess supℚ1X1. Therefore for y ≥ ess supℚ1X1, we have

ΛVaR+,ℚ1(X1) + ρℚ2(X − X1) ≥ x1 + ρℚ2
(︁
X − Λ−1

x1,y
(U

ℚ1
X1

)
)︁

≥ inf
x∈ℝ inf

y≥x̂
inf

U
ℚ1∼𝒰 [0,1]

(︂
x + ρℚ2

(︁
X − Λ−1

x,y(U)
)︁)︂

= inf
x∈ℝ inf

y≥x
inf

U
ℚ1∼𝒰 [0,1]

(︂
x + ρℚ2

(︁
X − Λ−1

x,y(U)
)︁)︂

,

where x̂ = x ∨ ess supℚ1X1. If ess supℚ1X1 = ∞, then let Xm = X1 ∧m for m ≥ 2.
Using the above conclusion, we have

ΛVaR+,ℚ1(Xm) + ρℚ2(X − Xm) ≥ inf
x∈ℝ inf

y≥x
inf

U
ℚ1∼𝒰 [0,1]

(︂
x + ρℚ2

(︁
X − Λ−1

x,y(U)
)︁)︂

.

Direct computation gives limm→∞ ΛVaR+,ℚ1(Xm) = ΛVaR+,ℚ1(X1). Note that

X − Xm ↓ X − X1 as m → ∞.

Using the fact that ρ is continuous from above, we have

lim
m→∞ ρℚ2(X − Xm) = ρℚ2(X − X1).



P. Liu et al.

Hence letting m → ∞, we obtain

ΛVaR+,ℚ1(X1) + ρℚ2(X − X1) ≥ inf
x∈ℝ inf

y≥x
inf

U
ℚ1∼𝒰 [0,1]

(︂
x + ρℚ2

(︁
X − Λ−1

x,y(U)
)︁)︂

.

By the arbitrariness of X1, we have

ΛVaR+,ℚ1 □ ρℚ2(X) ≥ inf
x∈ℝ inf

y≥x
inf

U
ℚ1∼𝒰 [0,1]

(︂
x + ρℚ2

(︁
X − Λ−1

x,y(U)
)︁)︂

.

Hence we obtain (5.1).
Next we show for 𝒳 = ℒ∞ that an optimal allocation of the inf-convolution

exists if and only if a minimiser of (5.1) exists. Suppose (X1, X − X1) is an optimal
allocation of the inf-convolution. Then we have

ΛVaR+,ℚ1(X1) + ρℚ2(X − X1) = ΛVaR+,ℚ1□ρℚ2(X).

Let x1 = ΛVaR+,ℚ1(X1) and y1 > x1 ∨ ess supℚ1X1. Moreover, we choose U
ℚ1
X1

such that X1(ω) ≤ F
ℚ1,−1
X1

(U
ℚ1
X1

) for all ω ∈ Ω. Using the above argument, we can

conclude that F
ℚ1,−1
X1

(U
ℚ1
X1

) ≤ Λ−1
x1,y1

(U
ℚ1
X1

). By the monotonicity of ρ, we have

ΛVaR+,ℚ1(X1) + ρℚ2(X − X1) ≥ x1 + ρℚ2
(︁
X − Λ−1

x1,y1
(U

ℚ1
X1

)
)︁
.

This implies

x1 + ρℚ2
(︁
X − Λ−1

x1,y1
(U

ℚ1
X1

)
)︁ = inf

x∈ℝ inf
y≥x

inf
U

ℚ1∼𝒰 [0,1]

(︂
x + ρℚ2

(︁
X − Λ−1

x,y(U)
)︁)︂

.

Hence (x1, y1, U
ℚ1
X1

) is a minimiser of (5.1). Conversely, if (x1, y1, U) is a minimiser

of (5.1), one can easily check that (Λ−1
x1,y1

(U),X−Λ−1
x1,y1

(U)) is an optimal allocation
of the inf-convolution. This completes the proof. □

Proof of Corollary 5.3 In view of Theorem 5.1, we have

ΛVaR+,ℚ□Λ1VaR
ℚ
(X) = inf

x∈ℝ inf
y≥x

inf
U

ℚ∼𝒰 [0,1]

(︂
x + Λ1VaR

ℚ(︁
X − Λ−1

x,y(U)
)︁)︂

.

Let F̂x,y(z) = {Fℚ

X−Λ−1
x,y(U)

(z) : U
ℚ∼ 𝒰[0, 1]} for z ∈ ℝ and VaR

ℚ

β represent

Λ1VaR
ℚ

for Λ1 = β ∈ (0, 1). This means that VaR
ℚ

β is the right VaR. By Han
and Liu [31, Theorem 1], we have

inf
U

ℚ∼𝒰 [0,1]
Λ1VaR

ℚ(︁
X − Λ−1

x,y(U)
)︁ = q+

Λ1
(F̂x,y).

It follows from [31, Corollary 1] that for α ∈ (0, 1),

q+
α (F̂x,y) = inf

U
ℚ∼𝒰 [0,1]

VaR
ℚ

α

(︁
X − Λ−1

x,y(U)
)︁
,
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where q+
α is q+

Λ1
with Λ1 = α. Direct computation shows that

inf
U

ℚ∼𝒰 [0,1]
VaR

ℚ

α

(︁
X − Λ−1

x,y(U)
)︁ = − sup

U
ℚ∼𝒰 [0,1]

VaRℚ
1−α

(︁− X + Λ−1
x,y(U)

)︁
.

In view of Bernard et al. [10, Lemma 4.3] and the result in Makarov [46], we have

sup

Y
ℚ∼F

ℚ
X ,U

ℚ∼𝒰 [0,1]
VaR

ℚ

1−α

(︁− Y + Λ−1
x,y(U)

)︁ = VaR
ℚ

1−α

(︁− X + Λ−1
x,y(V )

)︁

≤ sup

U
ℚ∼𝒰 [0,1]

VaR
ℚ

1−α

(︁− X + Λ−1
x,y(U)

)︁
,

where V = U
ℚ
−X1{Uℚ

−X≤α} + (1 + α − U
ℚ
−X)1{Uℚ

−X>α}, which implies

sup

U
ℚ∼𝒰 [0,1]

VaR
ℚ

1−α

(︁− X + Λ−1
x,y(U)

)︁ = sup

Y
ℚ∼F

ℚ
X ,U

ℚ∼𝒰 [0,1]
VaR

ℚ

1−α

(︁− Y + Λ−1
x,y(U)

)︁

= VaR
ℚ

1−α

(︁− X + Λ−1
x,y(V )

)︁
.

Using the above conclusion and the continuity of Λ−1
x,y and F

ℚ,−1
X , applying [10,

Lemma 4.4] gives

sup

U
ℚ∼𝒰 [0,1]

VaRℚ
1−α

(︁− X + Λ−1
x,y(U)

)︁ = sup

U
ℚ∼𝒰 [0,1]

VaR
ℚ

1−α

(︁− X + Λ−1
x,y(U)

)︁
.

Hence

q+
α (F̂x,y) = −VaR

ℚ

1−α

(︁− X + Λ−1
x,y(V )

)︁ = ℓx,y(1 − α),

where ℓx,y(t) = sups∈(0,t](F
ℚ,−1
X (s)−Λ−1

x,y(1−t+s)), t ∈ (0, 1). Direct computation

shows that F̂x,y(z) = ℓ−1
x,y(z) on ℝ except in a countable number of points.

Next we show that q+
Λ1

(ℓ−1
x,y) = q+

Λ1
(F̂x,y). Let z0 = q+

Λ1
(F̂x,y). Clearly z0 ∈ ℝ.

By definition, there exist zn ↓ z0 such that F̂x,y(zn) > 1 − Λ1(zn). It fol-
lows from the right-continuity of Λ1 and the monotonicity of F̂x,y that there exist
0 < εn < 1/n such that F̂x,y(z) > 1 − Λ1(z) for z ∈ (zn, zn + εn). Then there
exist wn ∈ (zn, zn + εn) such that ℓ−1

x,y(wn) = F̂x,y(wn) > 1 − Λ1(wn). Hence

q+
Λ1

(ℓ−1
x,y) ≤ wn → z0 = q+

Λ1
(F̂x,y). We can similarly show the converse inequality.

Hence q+
Λ1

(ℓ−1
x,y) = q+

Λ1
(F̂x,y). This completes the proof. □

Proof of Proposition 5.4 Direct calculation shows that if x < x1, then

Λx,y(z) = λ11{x≤z<x1} + λ21{x1≤z<y} + 1{z≥y},
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and if x ≥ x1, then

Λx,y(z) = λ21{x≤z<y} + 1{z≥y}.

Hence we have Λ−1
x,y(t) = x1{0<t≤λ1} + x ∨ x11{λ1<t≤λ2} + y1{λ2<t<1}. For any

uniform random variable U
ℚ1∼ 𝒰[0, 1], it follows that

Λ−1
x,y(U) = x1{0<U≤λ1} + x ∨ x11{λ1<U≤λ2} + y1{λ2<U<1}.

Note that ℚ1[0 < U ≤ λ1] = λ1, ℚ1[λ1 < U ≤ λ2] = λ2 − λ1 and
ℚ1[λ2 < U < 1] = 1 − λ2, and those three sets are disjoint. Consequently, in view
of Theorem 5.1, we have

ΛVaR+,ℚ1 □ ρℚ2(X)

= inf
x∈ℝ inf

y≥x
inf

U
ℚ1∼𝒰 [0,1]

(︂
x + ρℚ2

(︁
X − Λ−1

x,y(U)
)︁)︂

= inf
x∈ℝ inf

y≥x∨x1
inf

(B1,B2)∈ℬλ1,λ2

(︁
x + ρℚ2(X − x1B1 − x ∨ x11B2 − y1(B1∪B2)

c )
)︁
. □

Proof of Corollary 5.5 In view of Proposition 5.4, we have

ΛVaR+,ℚ1 □ESℚ2
α (X)

= inf
x∈ℝ inf

y≥x∨x1
inf

(B1,B2)∈ℬλ1,λ2

(︁
x + ESℚ2

α (X − x1B1 − x ∨ x11B2 − y1(B1∪B2)
c )
)︁

= inf
x∈ℝ inf

y≥x∨x1
inf

(B1,B2)∈ℬλ1,λ2

ESℚ2
α

(︁
X + 0 ∧ (x − x1)1B2 + (x − y)1(B1∪B2)

c

)︁

= inf
(B1,B2)∈ℬλ1,λ2

lim
y→∞ ESℚ2

α (X − y1Bc
1
).

From the above expression, we should choose B1 to get ℚ2[B1] as small as possible.
Hence if λ1ℙ[D1] − ℙ[D1 ∩ Dc

2] ≥ αℙ[D2], the optimal way to choose B1 is to set

B1 = (D1 ∩ Dc
2) ∪ ({Uℙ

X < t+} ∩ D1 ∩ D2)

with ℙ[{Uℙ
X < t+} ∩ D1 ∩ D2] = λ1ℙ[D1] − ℙ[D1 ∩ Dc

2]. Then we have

ΛVaR+,ℚ1 □ESℚ2
α (X) = lim

y→∞ ESℚ2
α (X − y1Bc

1
) = 1

α
𝔼
ℚ2 [X1{t−<Uℙ

X<t+}∩D1∩D2
]

with ℙ[{t− < Uℙ
X < t+} ∩ D1 ∩ D2] = αℙ[D2]. Note that dℚ2

dℚ
= ℙ[D1∩D2]

ℙ[D2]
on D1 ∩ D2. Hence we have

𝔼
ℚ2[X1{t−<Uℙ

X<t+}∩D1∩D2
] = ℙ[D1 ∩ D2]

ℙ[D2] 𝔼
ℚ[X1{t−<Uℙ

X<t+}∩D1∩D2
]

= ℙ[D1 ∩ D2]
ℙ[D2]

∫︂ α1

α0

VaRℚ
t (X)dt
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with α0 = 1 − λ1ℙ[D1]−ℙ[D1∩Dc
2]

ℙ[D1∩D2] and α1 = 1 − λ1ℙ[D1]−ℙ[D1∩Dc
2]−αℙ[D2]

ℙ[D1∩D2] , which
implies the desired result.

If λ1ℙ[D1] − ℙ[D1 ∩ Dc
2] ≤ 0, we choose B1 ⊆ D1 ∩ Dc

2. Then ℚ2[Bc
1] = 1,

which implies ΛVaRℚ1 □ESℚ2
α (X) = −∞.

If 0 < λ1ℙ[D1] − ℙ[D1 ∩ Dc
2] < αℙ[D2], then we choose

B1 = (D1 ∩ Dc
2) ∪ ({Uℙ

X < t+} ∩ D1 ∩ D2),

where t+ is defined above. Direct computation shows ℚ2[B1] < α, which implies

ΛVaR+,ℚ1 □ESℚ2
α (X) = lim

y→∞ ESℚ2
α (X − y1Bc

1
) = −∞.

This completes the proof. □
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