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We study two-dimensional Dirac fermions in a one-dimensional mass superlattice under a perpendicular
magnetic field. Using exact solutions for isolated and finite arrays of domain walls, we demonstrate the per-
sistence of Jackiw-Rebbi modes with a field-dependent renormalized velocity. For the periodic case, we adopt a
gauge-invariant projection method onto magnetic Bloch states, valid for arbitrary fields and mass profiles, which
yields dispersive Landau levels, and confirm its accuracy by comparison with finite arrays spectra. From the
miniband spectra we predict modified quantum Hall plateaus and Weiss-like magnetoconductivity oscillations,
characterized by a strongly reduced amplitude and a π/2 phase shift compared to electrostatic superlattices.

DOI: 10.1103/zwrf-dywf

I. INTRODUCTION

Spatially periodic modulations of key parameters in quan-
tum materials can provide a versatile route to miniband
engineering and transport control. For example, by breaking
translational symmetry on scales exceeding the underlying
atomic crystal lattice constant, one can engineer periodic su-
perlattices [1,2] which in turn give rise to a reconstruction of
the band structure (in particular, the formation of minibands),
unconventional quantum Hall sequences, and/or novel types
of interface states. These periodic structures not only provide
a means to control electronic properties but also serve as a
fertile ground for exploring fundamental physics, including
topological states and commensurability effects.

In this work, we study two-dimensional (2D) Dirac
fermions subject to a constant perpendicular magnetic field
B in the presence of a 1D mass superlattice, where the
Dirac mass m(x) periodically alternates in sign along the
(say) x direction but remains independent of the y coordi-
nate. For B = 0, this problem has been studied in Ref. [3].
Such types of mass superlattices acting on 2D Dirac fermions
may be realized experimentally, for example, in graphene
monolayers [2,4], e.g., by depositing the layer onto a suit-
ably patterned substrate. If the substrate potential oscillates
on the scale of graphene’s lattice constant, then the poten-
tials experienced by the two sublattices of the honeycomb
lattice will differ and one effectively generates a mass term.
Different types of superlattices (in particular, electrostatic
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superlattices) in graphene (both monolayer and multilayer)
and other 2D materials have been studied theoretically [5–29]
and experimentally [30–37]. Similarly, 2D Dirac fermions can
be realized as surface states in three-dimensional topological
insulator slabs [38], where the mass superlattice could be
generated by decorating the surface with ferromagnetic strips
of alternating magnetization direction.

If the mass modulation m(x) corresponds to a finite se-
quence of constant mass regions with alternating sign, i.e.,
a finite-size array structure, then one can obtain the exact
spectra by means of the transfer matrix method. In particular,
we show that the well-known chiral Jackiw-Rebbi interface
mode localized at a single mass kink for B = 0 [39–41] will
persist in a finite magnetic field. However, as a consequence
of the B field, the mode velocity is renormalized to smaller
values when increasing B. We show that this effect is robust
against spatial variations of the precise mass kink profile, i.e.,
the effect occurs both for sharp and smooth mass domain
walls. We also compute the band structure for finite-size array
structures with N kink-antikink configurations by means of
the transfer matrix approach. However, for very large N , this
approach becomes impractical.

For the infinite mass superlattice case, we instead adopt the
gauge-invariant projection method onto magnetic Bloch states
(MBSs) developed in Ref. [42]. Remarkably, in contrast to
2D superlattices where commensurability constraints apply, in
the 1D case this approach is applicable for arbitrary magnetic
fields and arbitrary periodic mass profiles m(x). By compar-
ing the corresponding band structure results to the transfer
matrix results for finite-size array structures with N = 7, we
find already good agreement between both approaches, thus
providing a valuable consistency check. The MBS projection
approach then allows for an efficient computation of the mag-
netic miniband spectrum in the mass superlattice case. We also
formulate a complementary low-energy theory describing the
strong magnetic field regime.

Using these theoretical tools, we then analyze charge trans-
port properties in this system. In particular, we show how the
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mass superlattice modifies the relativistic (half-integer) quan-
tum Hall plateaux [43]. Moreover, we investigate if and how
Weiss oscillations of the longitudinal magnetoconductivity σyy

as a function of 1/B are possible in a mass superlattice. We
recall that for a conventional 2D electron gas subject to a 1D
electrostatic superlattice and a constant magnetic field, com-
mensurability effects give rise to Weiss oscillations [44–49].
Such effects have already been observed in graphene [35,50–
52] and in topological insulators [53]. Compared to the corre-
sponding electrostatic superlattice case for 2D Dirac fermions
[5,54], we find that Weiss oscillations are also present in a
mass superlattice. However, we predict a significant suppres-
sion of the oscillation amplitude together with a characteristic
π/2 phase shift relative to the electrostatic case.

The remainder of this paper is organized as follows. In
Sec. II, we introduce the model and describe its solution for
a single mass kink profile and for an array of mass kinks
and antikinks by means of the transfer matrix technique. In
Sec. III, we construct the magnetic Bloch bands (MBBs)
in mass superlattices by developing and applying the MBS
projection approach. Charge transport observables are then
studied in Sec. IV. Finally, Sec. V offers some concluding re-
marks. Technical details are collected in several Appendices.

II. MODEL AND EXACT SOLUTION

We consider 2D Dirac fermions subjected to a 1D mass su-
perlattice described by a spatially varying profile m(x), which
alternates between positive and negative values with period d
[3,20]. In the presence of a uniform perpendicular magnetic
field B > 0, the system is described by the Hamiltonian

H = vF σ · � + m(x)σz + V (x), (1)

where � = −ih̄∇ + eA is the kinematic momentum, vF is the
Fermi velocity, and σ = (σx, σy) and σz are the standard Pauli
matrices. We focus on the case of a constant electrostatic po-
tential V , which merely shifts the energy and will henceforth
be omitted.

The model (1) encapsulates the low-energy physics of
electronic states in 2D graphene monolayers close to a sin-
gle Dirac node (valley) and for a definite spin polarization.
This approximation is justified if the mass modulation is
smooth on the scale of graphene’s lattice constant [4] and
if the (typically small) Zeeman term is neglected. A peri-
odic mass term may arise from a suitably patterned substrate
that creates a sublattice-symmetry breaking term with domain
walls between regions with different signs of the staggered
on-site energy [41]. By means of proximity screening, recent
experimental progress [55] has shown that disorder effects
can be largely eliminated, resulting in ultraclean graphene
samples. We thus neglect disorder effects in what follows
with the exception of Sec. IV B. Electron-electron interac-
tion effects are suppressed in a natural way by proximity
screening. We therefore also neglect interactions below. In
addition to graphene monolayers, the model (1) describes
the spin-momentum locked and protected surface states in
three-dimensional topological insulators [38,56]. In that case,
the periodic mass term could be engineered by depositing
ferromagnetic stripes with alternating magnetization on the
material surface.

In this section, we work in the Landau gauge A = (0, Bx).
Then translation invariance in the y direction implies that the
wave number ky is conserved and thus the wave function can
be expressed in the form

�(x, y) = eikyy√
Ly

ψ (x), (2)

where Ly is a normalization length and we omit the depen-
dence of ψ (x) on ky for notational simplicity. The Dirac
equation reduces to the 1D problem H(ky)ψ (x) = Eψ (x),
with the Hamiltonian

H(ky) = vF σx p̂x + vF σy(h̄ky + eBx) + m(x)σz, (3)

where p̂x = −ih̄∂x. In the remainder of this section, we
present the solution of this model for particular mass profiles
before turning to the periodic mass superlattice in Sec. III.

We define the cyclotron energy εc and the magnetic length
�B as

εc = vF

√
2h̄eB, �B =

√
h̄

eB
, (4)

and use them as units of energy and length, respectively. When
analyzing the dependence on magnetic field, we express all
quantities in terms of the cyclotron energy and the magnetic
length at B = B0 = 1 tesla, denoted by ε̄c and �̄B. With vF =
106 m/s [4], these quantities evaluate to

ε̄c � 36 meV, �̄B � 26 nm. (5)

The rest of this section is organized as follows. In Sec. II A,
we provide the general solution in a region of constant mass.
In Sec. II B, we discuss the solution for a single mass kink
(domain wall), followed by the case of a finite array of kinks
and antikinks in Sec. II C. Finally, in Sec. II D, we outline
a general approach valid for slowly varying mass profiles
and strong magnetic fields. Throughout the paper, we set
h̄ = vF = 1 unless stated otherwise.

A. Uniform mass

The general eigenfunction of the Hamiltonian (3) with
constant mass m(x) = M can be cast in the form [3]

ψ (x) = WM (x)

(
a
b

)
, (6)

where a and b are arbitrary complex coefficients. The matrix
WM (x) is given by

WM (x) =
(E+M

εc
Dp−1(−q) E+M

εc
Dp−1(q)

−iDp(−q) iDp(q)

)
, (7)

where Dp(q) is the parabolic cylinder function [57] with the
definitions

p = E2 − M2

ε2
c

, q =
√

2(x − xc)

�B
, xc = −ky�

2
B. (8)

For a system of infinite extent, the requirement of normal-
izability implies that p in Eq. (8) can only take non-negative
values, which leads to the well-known Landau levels [4]

E0 = −M, En = sn

√
ε2

c |n| + M2, n ∈ Z∗, (9)
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where we define sn = sgn(n) with s0 = 0, and Z∗ the set of
nonzero integers. The 2D normalized eigenstates for M = 0
read

�n,ky (x, y) = Nneikyy√
Ly�B

(
sn	|n|−1( x−xc

�B
)

i	|n|( x−xc
�B

)

)
, (10)

where Nn = (2 − δn,0)−
1
2 . The harmonic oscillator eigenfunc-

tions 	n(x) (n � 0) can be expressed in terms of Hermite
polynomials [57],

	n(x) = 1√
n!

√
π

Dn(
√

2x) = e−x2/2√
2nn!

√
π

Hn(x). (11)

The wave functions (10) will be used in the perturbative ap-
proach of Sec. IV B.

B. Single mass kink

Next we study a mass profile featuring a single domain
wall. Specifically, we consider a sharp kink of the form

m(x) = Msgn(x), M > 0. (12)

Since this profile lacks an intrinsic length scale, the spectrum
depends only on the dimensionless parameter M/εc. In Ap-
pendix A, we present the solution for a smooth kink profile
and show that the spectral properties are only weakly affected
by the smoothness parameter. In the absence of a magnetic
field, a domain wall as defined by Eq. (12) is well known to
host a topologically protected 1D chiral mode, the so-called
Jackiw-Rebbi mode, which propagates unidirectionally along
the y direction [39,41,58,59]. As we show below, this mode
survives the presence of a magnetic field but its group velocity
becomes suppressed.

Taking into account the requirement of normalizability, the
wave function can be written as

ψ (x) =

⎧⎪⎨⎪⎩
W−M (x)

(aL

0
)

for x < 0

WM (x)
( 0
bR

)
for x > 0

, (13)

where aL and bR are complex coefficients. Continuity of the
wave function at the kink position x = 0 requires(

0
bR

)
= �(0)

(
aL

0

)
, (14)

where we define the transfer matrix

�(x) = W −1
M (x)W−M (x). (15)

Equation (14) relates the coefficient bR to aL, which is then
fixed by the overall normalization. A nontrivial solution exists
only if the condition �11(0) = 0 is satisfied. This equation
yields the explicit quantization condition

(E − M )Dp(
√

2ky�B)Dp−1(−√
2ky�B)

(E + M )Dp−1(
√

2ky�B)Dp(−√
2ky�B)

= −1, (16)

with p in Eq. (8). Note the invariance of Eq. (16) under the
transformation (ky, E ) → (−ky,−E ).

Numerical solution of Eq. (16) leads to the spectrum shown
in Fig. 1. We observe that due to the kink in the mass profile,
the Landau levels acquire dispersion. For M � εc, the mass

4 2 0 2 4
3

2

1

0

1

2

3

ky

E

4 2 0 2 4
3

2

1

0

1

2

3

ky

E

4 2 0 2 4
3

2

1

0

1

2

3

ky
E

4 2 0 2 4
3

2

1

0

1

2

3

ky

E

FIG. 1. Evolution of the energy spectrum for the mass pro-
file (12) with a single mass kink, obtained by numerical solution
of Eq. (16) with M = ε̄c, as the magnetic field increases: B =
0.5, 1, 2, 5 T, see panels (a)–(d), respectively. Energy is expressed
in units of ε̄c and ky in units of �̄−1

B ; see Eq. (5). For comparison, we
also plot the linear dispersion of the interface chiral mode at B = 0
(red dashed line).

kink does not play a significant role, and we find almost
perfectly flat Landau levels. For larger and larger M, Landau
levels acquire a stronger dispersion, especially close to ky = 0.
For M � εc, one recovers the usual chiral interface mode with
linear dispersion which exists for B = 0. However, a finite
magnetic field renormalizes the velocity of the interface chiral
Jackiw-Rebbi mode, vF → vr , as we discuss next.

By expanding the quantization condition (16) around
(E , ky) = (0, 0), one can find an analytical expression for the
magnetic-field-dependent velocity of the chiral Jackiw-Rebbi
mode, vr (M/εc), see Eq. (4) for the definition of εc(B). With
ξ = M/εc, we obtain

vr (ξ ) = 23/2−ξ 2√
πξ 
(1 + ξ 2)

×
(

1


2(1/2 + ξ 2/2)
− 1


(ξ 2/2) 
(1 + ξ 2/2)

)
,

(17)

where 
(x) denotes the Gamma function [57]. For M/εc � 1,
corresponding to the large-field limit, the renormalized ve-
locity becomes very small and scales with magnetic field

as vr ∼
√

8
π

M
εc

∝ B− 1
2 . On the other hand, for B → 0, corre-

sponding to M/εc � 1, one finds that vr approaches vF . The
full dependence of vr on the (inverse) magnetic field based on
Eq. (17) is depicted in Fig. 2.
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FIG. 2. Renormalized velocity vr (in units of vF ) of the chiral 1D
Jackiw-Rebbi mode propagating along a single sharp mass kink, see
Eq. (17), vs inverse magnetic field 1/B (with B given in tesla) for
different mass amplitudes: M = 1.5ε̄c (black), M = ε̄c (blue), M =
0.5ε̄c (red), with ε̄c in Eq. (5). The black dashed curves illustrate the
asymptotic B− 1

2 scaling at large field. The black dotted line shows
the Jackiw-Rebbi mode velocity at B = 0.

C. Finite array of alternating domain walls

Next we consider an array of N mass kinks and antikinks,
with interkink spacing d , assuming that the mass is constant
outside a finite interval, see Fig. 3,

m(x) =
⎧⎨⎩

−M x < 0 and x > Nd,

+M 0 < x − jd < d
2 ,

−M d
2 < x − jd < d,

(18)

with j = 0, 1, 2, . . . , N − 1. The wave function can be writ-
ten as

ψ (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

W−M (x)
(a0

b0

)
x < 0

W+M (x)
(a2 j+1

b2 j+1

)
0 < x − jd < d

2

W−M (x)
(a2 j+2

b2 j+2

)
d
2 < x − jd < d

W−M (x)
(a2N

b2N

)
Nd < x

. (19)

To ensure that it is normalizable, we impose the boundary
conditions (

a0

b0

)
=

(
aL

0

)
,

(
a2N

b2N

)
=

(
0
bR

)
, (20)

where bR is related to aL by the continuity requirement, see
Eq. (22) below, and aL is then fixed by normalization. The
continuity conditions at the position of the kinks and antikinks

FIG. 3. Mass profile m(x) for a finite array of N kinks and an-
tikinks with width L = (N − 1

2 )d .

read

W−M ( jd )

(
a2 j

b2 j

)
= W+M ( jd )

(
a2 j+1

b2 j+1

)
,

W+M

(
jd + d

2

)(
a2 j+1

b2 j+1

)
= W−M

(
jd + d

2

)(
a2 j+2

b2 j+2

)
. (21)

Using these equations recursively, we obtain a relation
between the coefficients on the right and left sides,(

0
bR

)
= �(N )

(
aL

0

)
. (22)

The transfer matrix for the array, �(N ), reads

�(N ) = �−1

(
Nd − d

2

)
�(Nd − d ) · · · �−1

(
d

2

)
�(0),

(23)

with �(x) in Eq. (15). The quantization condition is then
given by

�
(N )
11 = 0. (24)

For symmetry reasons, it is convenient to move the center
of the array to the origin. This amounts to replacing m(x) →
m̃(x) = m(x − L/2), where L = Nd − d

2 is the array width.
The relation m̃(−x) = m̃(x) then implies that the Hamiltonian
H(x, ky) enjoys inversion symmetry,

σzH(x, ky)σz = H(−x,−ky), (25)

which means that the spectrum is symmetric under ky → −ky,
i.e., E (−ky) = E (ky). Moreover, the quantity xc = −ky�

2
B in

Eq. (8) corresponds to the position of the guiding center
relative to the center of the array. Since the wave functions
are localized on the scale of the magnetic length �B, they are
insensitive to the array boundaries as long as both �B � L and
|ky�

2
B| � L

2 . As a result, for sufficiently large N and strong
magnetic field, the energy spectrum of the finite array closely
approximates that of the periodic system. Indeed, when an-
alyzing the periodic case, we find excellent agreement, see
Fig. 6 below.

Numerical solution of Eq. (24) results in the spectra shown
in Fig. 4 for two different array sizes N and various values
of the interkink spacing d . As expected from the inversion
symmetry (25), the spectra are symmetric under ky → −ky. In
Figs. 4(a) and 4(b), corresponding to the largest separation
d , the kinks are far away from each other. As a result, a
wave function centered at xc = −ky�

2
B has only a small overlap

with both the nearest kink and antikink configurations. Indeed,
once the separation between kinks and antikinks exceeds the
magnetic length, energy levels are dispersive with only small
band gaps. In this regime, Jackiw-Rebbi states are clearly
visible as linearly dispersive modes near zero energy. For an
array with N kink-antikink pairs, there are N right-moving
and N left-moving Jackiw-Rebbi modes. In addition, for N =
7, the band closest to zero energy exhibits oscillations in
ky with period d/�2

B. The amplitude of these energy band
oscillations is of order ∼M, reflecting the underlying mass
modulation. Next, Figs. 4(c) and 4(d) and Figs. 4(e) and 4(f)
show numerical results for smaller values of d . In that case,
the wave function at a given ky overlaps both the nearest kink
and antikink configurations. Since the effects of kinks and
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FIG. 4. Energy spectra for finite-length kink-antikink arrays with
the mass profile in Eq. (18) for M = ε̄c. We set B = 1 T and use ε̄c

and �̄−1
B in Eq. (5) as units for energy and ky, respectively. The mass

profiles m(x) for the left and right columns are indicated schemati-
cally on top of the figure. Results are shown for N = 1 (indigo) and
N = 7 (orange curves) kink-antikink pairs and different values of the
interkink spacing d . Panels (a) and (b) are for d = 5�̄B. Panels (c) and
(d) are for d = 2�̄B. Panels (e) and (f) are for d = �̄B.

antikinks then tend to average out, one arrives at rather flat en-
ergy bands separated by large gaps. This feature is especially
pronounced for N = 7, where nearly flat bands appear close
to zero energy over a range of ky corresponding to guiding
centers located inside the array. Within this region, the energy
levels exhibit oscillations as function of ky with period d/�2

B.
While the oscillation amplitude is too small to be visible on
the shown scales in Fig. 4(f), they are clearly observable, e.g.,
in Fig. 4(d). For small d , we conclude that the putative Jackiw-
Rebbi states localized near individual kinks or antikinks are
strongly hybridized and do not fully develop into distinct
modes.

This behavior is illustrated in Fig. 5, where, using Eq. (19),
we show how the real-space probability density profile of a
state in the “zero-energy” band at given ky evolves with d . The
profile for d = 5�̄B features a single, relatively narrow peak,
corresponding to a Jackiw-Rebbi state localized at a kink.
As d decreases, the profile broadens and develops multiple
peaks, illustrating that the state arises from the hybridization
of several adjacent Jackiw-Rebbi states.

FIG. 5. Probability density profile for the state in the “zero-
energy” band at ky = 1.25�̄−1

B for B = 1 T, N = 7 and different d
values; see Figs. 4(b), 4(d), and 4(e). The corresponding energies are
E = 0, 0.081784ε̄c, and 0.000221ε̄c for d/�B = 5, 2, 1, respectively.

It is worth pointing out that we have also studied other
related mass profiles for finite-size arrays. One variant cor-
responds to the configuration shown in Fig. 3 but with the
mass vanishing outside the array. Another starts with a kink
at x = 0 and ends with a kink at x = Nd − d , resulting in
a mass term with opposite sign at x → ±∞. In both cases,
the energy spectra were found qualitatively similar to those
discussed above.

D. Strong magnetic fields

In the limit of strong magnetic fields, one can derive an
approximate analytical expression for the dispersive Landau
levels associated with the Hamiltonian in Eq. (3), valid for
an arbitrary smooth mass profile m(x). This approximation
is valid as long as the characteristic length scale over which
m(x) changes is much larger than the magnetic length �B.
Additionally, we assume that the cyclotron energy εc is much
larger than the typical amplitude M of the mass modulation.

In this regime, wave functions are strongly localized at
the guiding center, xc = −ky�

2
B, and are sensitive only to the

local value m(xc) and to the slope m′(xc) of the mass profile
at that point. Effectively, the problem then reduces to one
with a linear mass profile, with both the constant term and
the slope determined by ky since xc depends on ky. Under the
above conditions, this approach provides a good approxima-
tion to the energy spectrum and, for a periodic mass profile, to
the low-energy band structure across the entire 1D Brillouin
zone.

Anticipating that the wave functions are strongly localized
at x = xc, we make the change of variable x → x̃ = x − xc

and expand the mass term around x̃ = 0 to linear order. We
thus approximate H(ky) ≈ Hlin(ky) with

Hlin(ky) = σx p̂x̃ + eBx̃σy + [m(xc) + m′(xc)x̃]σz, (26)

where m′(xc) = ∂xm|xc . Using the results of Appendix B, we
obtain the dispersive Landau levels

E0(ky) = −m(xc) cos α,

En(ky) = sn

√
2eB̃|n| + m2(xc) cos2 α, n ∈ Z∗, (27)
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where we define

B̃(ky) =
√

B2 + (m′(xc)/e)2, cos α = B

B̃(ky)
. (28)

We recall that sn = sgn(n) with s0 = 0 and Z∗ is the set of
nonzero integers; see the line below Eq. (9). As expected, the
energy levels depend on the local value of the mass, while
the local slope of the mass profile renormalizes the value of
the magnetic field B → B̃. For a periodic mass profile with
period d , the spectrum is explicitly periodic in ky, with the
period d/�2

B inherited from the mass superlattice. We note that
this approximation is self-consistent, as the resulting eigen-
states are localized on the scale �̃B = 1/

√
eB̃, which is shorter

than �B.

III. MASS SUPERLATTICE

In this section, we turn to the case of a periodic mass term.
To make contact with the previous section, we focus on a
profile featuring sharp kinks and antikinks, given by

m(x) =
{+M, |x − jd| < d

4 ,

−M, d
4 � |x − jd| � d

2 ,
j ∈ Z. (29)

However, the approach presented below can be applied to an
arbitrary 1D mass superlattice.

The transfer matrix method described in Sec. II, which
works very efficiently for the case of finite arrays with N kinks
and antikinks, becomes impractical as N → ∞. Moreover, it
relies on a specific gauge choice and on the existence of an
exact solution, which is available only for very specific mass
profiles. In what follows, we therefore adopt the alternative
approach of Ref. [42], which is conceptually transparent and
proceeds in two steps, briefly summarized below in order to
keep the paper self-contained. First, a basis of MBSs respect-
ing the periodicity of the mass superlattice is constructed from
the Landau eigenstates obtained in the absence of a mass
term. Second, the full Hamiltonian is projected onto this basis,
resulting in an infinite-dimensional matrix representation that
can be truncated and diagonalized numerically. This approach
allows one to calculate the magnetic band structure and the
corresponding eigenstates to the desired level of accuracy,
limited only by the available computational resources. This
approach has the advantage of being explicitly gauge invariant
and applicable to arbitrary periodic mass terms.

In its original implementation [42], the method was de-
veloped for twisted bilayer graphene, where massless Dirac
electrons experience a 2D moiré potential. In that geometry,
the approach works only at commensurate magnetic fields,
i.e., when the magnetic flux through the superlattice unit cell
in units of the elementary flux quantum 	0 = h/e, denoted
as φ/2π , is an integer. In particular, the case φ = 2π was
examined in detail in Ref. [42]. In contrast, no such restriction
arises for our 1D mass superlattice, since the system remains
translationally invariant in the y direction. One can therefore
introduce a fictitious periodicity along this direction such that,
for any given magnetic field B, the magnetic flux through the
corresponding rectangular unit cell is exactly 	0.

Let us then consider the Hamiltonian (1), which we write
as H = H0 + m(x)σz. The mass term, viewed as a function of
the 2D coordinate r, is invariant under discrete translations by

the superlattice vectors

R = R1a1 + R2a2, (30)

where Ri ∈ Z and the primitive lattice vectors are given by
a1 = (d, 0) and a2 = (0, dy). For now, dy is an arbitrary but
fixed period along the y direction, and the area of the superlat-
tice unit cell is A = |a1 × a2| = ddy. The reciprocal lattice is
spanned by the vectors 2πG with

G = G1b1 + G2b2, (31)

where Gi ∈ Z and the basis vectors b1 = (1/d, 0) and b2 =
(0, 1/dy ) satisfy the orthogonality relation ai · b j = δi j . We
formally recover a 2D superlattice problem analogous to the
one studied in Ref. [42], and hence we can apply their analysis
to our system.

In the remainder of this section, we first recall the gauge-
invariant formulation of Landau states, see Sec. III A. We then
construct the basis of MBSs without mass term in Sec. III B,
and finally compute the MBBs by numerically diagonalizing
the truncated Hamiltonian matrix in Sec. III C.

A. Gauge-invariant formulation

We start by introducing the kinematic momenta �μ and the
guiding center momenta Qμ (μ = x, y = 1, 2),

�μ = −i∂μ + eAμ,

Qμ = −i∂μ + eAμ + eBεμνxν, (32)

where εμν is the antisymmetric Levi-Civita symbol with ε12 =
1. These operators satisfy the commutation relations

[�μ,�ν] = −[Qμ, Qν] = −ieBεμν, [�μ, Qν] = 0. (33)

We next define two independent sets of ladder operators,

a† = �x + i�y√
2eB

, a = �x − i�y√
2eB

,

b† = (a1 − ia2) · Q√
2φ

, b = (a1 + ia2) · Q√
2φ

, (34)

which satisfy the canonical bosonic algebra, [a, a†] =
[b, b†] = 1, with all other commutators vanishing. In Eq. (34),
we have introduced the magnetic flux φ through the superlat-
tice unit cell (in units of 	0/2π ),

φ = eBA = eBddy. (35)

In terms of ladder operators, the kinetic part of the Hamilto-
nian takes the form

H0 = εc

(
0 a
a† 0

)
, (36)

whose eigenstates are given by

|ψn,k〉 = Nn

(
sn||n| − 1, k〉

||n|, k〉
)

. (37)

For ñ, k ∈ N0, the states |ñ, k〉 appearing in Eq. (37) are con-
structed as

|ñ, k〉 = a†ñ

√
ñ!

b†k

√
k!

|0, 0〉, (38)
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with the vacuum state defined by a|0, 0〉 = b|0, 0〉 = 0. The
corresponding eigenvalues are En = sn

√
2|n|eB with n ∈ Z,

see Eq. (9) for M = 0. They are highly degenerate since they
do not depend on the quantum number k. We now exploit
this degeneracy to construct MBSs adapted to the superlattice
periodicity.

B. Magnetic Bloch states

It is well known that in the presence of the vector potential,
the Hamiltonian (1) does not commute with ordinary transla-
tions operators [60]. Instead, one needs to introduce magnetic
translation operators [61],

Tai = exp(iai · Q). (39)

One easily checks that these operators commute with the
kinetic Hamiltonian H0 in Eq. (36) and with any function
of position having the superlattice periodicity, and thus with
the full Hamiltonian H. Moreover, using the Baker-Campbell-
Hausdorff identity, one finds

Ta1 Ta2 = e−iφTa2 Ta1 . (40)

As a consequence, magnetic translation operators commute
with one another only if φ is an integer multiple of 2π .
In a 2D superlattice, this condition is met only for discrete
values of the magnetic field B, where the magnetic translation
operators can be simultaneously diagonalized. In contrast, for
our 1D mass superlattice, it is always possible, for an arbitrary
magnetic field B, to choose the transverse lattice spacing as

dy = 2π

eBd
, (41)

which ensures φ = 2π . In this case, all magnetic translation
operators commute, and one can explicitly construct a basis
of states that diagonalizes both H0 and all Tai simultane-
ously. These are the MBSs associated with the superlattice
periodicity in the absence of the mass modulation. With a
normalization factor N and the 2D quasimomentum k, we
find

|k, n〉 = 1√
N (k)

∑
R

e−ik·RT R·b1
a1

T R·b2
a2

|ψn,0〉, (42)

with the superlattice vectors R in Eq. (30) and the Landau
states |ψn,0〉 in Eq. (37). Notice that the quantities R · bi = Ri

are integers. The states |k, n〉 in Eq. (42) are eigenvectors of
the magnetic translation operators,

Tai |k, n〉 = eik·ai |k, n〉. (43)

The quasimomentum k = k1b1 + k2b2 is defined in the first
superlattice Brillouin zone with −π � ki < π , where we re-
call that b2 = (0, 1/dy) depends on the magnetic field. The
normalization constant N (k) is specified in Appendix C, see
Eq. (C8). Finally, one can check that the MBSs in Eq. (42)
satisfy the orthonormality condition [42]

〈k′, n′|k, n〉 = (2π )2δn′nδ(k′ − k). (44)

C. Projection on MBSs

We now project the full Hamiltonian H onto the basis of
MBSs given in Eq. (42). Since H commutes with the magnetic

translation operators, its matrix elements in this basis are
diagonal in the quasimomentum. Specifically,

〈k′, n′|H|k, n〉 = 〈k′, n′|T †
ai
HTai |k, n〉,

= ei(k−k′ )·ai〈k′, n′|H|k, n〉, (45)

which implies 〈k′, n′|H|k, n〉 = 0 unless ki − k′
i = 0 mod 2π .

Hence the Hamiltonian is block-diagonal in quasimomentum,
and we may work at fixed k = k1b1 + k2b2, with −π � ki <

π in the first Brillouin zone of the 2D superlattice.
Eigenstates of the full Hamiltonian H can now be ex-

panded in the MBS basis as

|�l (k)〉 =
∑
n∈Z

c(l )
n (k)|k, n〉, (46)

where the sum runs only over the Landau level index n. The
label l ∈ Z denotes the band index, distinguishing the exact
eigenstates (Bloch bands) at a given quasimomentum k. The
diagonalization problem reduces to solving the linear system∑

n∈Z
Hn′n(k) c(l )

n (k) = εl (k) c(l )
n′ (k), (47)

where the matrix elements Hn′n(k) are defined by

〈k, n′|H|k, n〉 = (2π )2δ(0)Hn′n(k), (48)

and εl (k) denotes the exact MBBs. The matrix elements of the
kinetic term are straightforward to evaluate,

〈k, n′|H0|k, n〉 = (2π )2δ(0)Enδn′n, (49)

where En = sn
√

2|n|eB are the M = 0 Landau level energies.
In contrast, the periodic mass term induces interlevel scatter-
ing between different Landau levels, resulting in off-diagonal
contributions in the index n. The calculation of these matrix
elements closely follows Ref. [42] and is summarized in Ap-
pendix C. Here we only outline the key steps.

We begin by expressing the spatially modulated mass pro-
file m(r), viewed as a function of the 2D coordinate r, as a
Fourier series,

m(r) =
∑

G

AGe−2π iG·r, (50)

where the sum runs over reciprocal lattice vectors G, see
Eq. (31), and the coefficients AG encode the modulation pro-
file. Next, we rewrite the position operator r in terms of
magnetic ladder operators a and b; see Eq. (34). The factor
e−2π iG·r then takes the form

e−2π iG·r = exp

[
−2π (Gb† − Gb)√

2φ

]
exp

[
i(γ a† + γ a)√

2φ

]
,

(51)
where G = G1 + iG2 and G is the complex conjugate quan-
tity. With the summation convention, we also define for a wave
vector q the quantity

γq = −εi jqiz j, (52)

where qi = q · ai and zi = A−1/2(x̂ + iŷ) · ai. The parameter
γ in Eq. (51) is then given by γ = γ2πG. The factorization in
Eq. (51) allows for analytical progress. Indeed, as shown in
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Appendix C, we obtain

〈k, n′|σze
−2π iG·r|k, n〉

= (2π )2δ(0) eiπG1G2−i(k1G2−k2G1 ) F (1)
n′n (2πG), (53)

where the form factor is given by

F (1)
n′n (2πG) = Nn′Nn

[
sgn(n′n)H2πG

|n′|−1,|n|−1 − H2πG
|n′|,|n|

]
, (54)

with the matrix elements [42]

Hq
n′n = 〈n′, 0|exp

[
i(γ qa† + γqa)√

2φ

]
|n, 0〉

=

⎧⎪⎨⎪⎩
e− γ qγq

4φ

√
n′!
n!

( iγq√
2φ

)n−n′
L(n−n′ )

n′
( γ qγq

2φ

)
, n � n′,

e− γ qγq
4φ

√
n!
n′!

( iγ q√
2φ

)n′−n
L(n′−n)

n

( γ qγq

2φ

)
, n < n′.

(55)

Here L(n′ )
n (x) are associated Laguerre polynomials [57]. Col-

lecting the kinetic energy and mass terms, we thus arrive
at the Bloch Hamiltonian matrix H, whose elements are
given by

Hn′n(k) = Enδn′n +
∑

G

AGeiπG1G2−i(k1G2−k2G1 ) F (1)
n′n (2πG).

(56)

After truncation in Landau level space and Fourier space,
numerical diagonalization of H yields the exact MBBs εl (k)
as well as the expansion coefficients c(l )

n (k) in Eq. (46). We
note that for a 1D superlattice potential (independent of the y
coordinate), the Fourier components satisfy AG ∝ δG2,0. Then
the matrix elements (56) depend on k2 only and the MBBs are
completely flat along the periodic modulation direction (kx).

Let us now apply this approach to the mass profile (29),
which has the Fourier components

AG = M
(
1 − δG1,0

)
δG2,0

sin(G1π/2)

G1π/2
. (57)

We first verify the consistency between the spectrum obtained
from exact diagonalization of the truncated Hamiltonian and
that of a finite array of N kinks and antikinks with sufficiently
large N ; see Sec. II C. As illustrated in Fig. 6, the energy
spectra obtained for a finite-length array with N = 7 units
(red curves) match remarkably well to those obtained using
the truncated MBS projection approach (black dots), thereby
confirming the validity of the approach (at least for the param-
eters in Fig. 5).

Figure 7 then tracks how the miniband structure evolves
with magnetic field, highlighting the progressive narrowing
of spectral gaps with decreasing field. The MBBs obey the
symmetry relation

εl (k2 ± π ) = −ε−l (k2), (58)

which follows directly from the property m(x + d/2) =
−m(x). Combined with the inversion symmetry εl (−k2) =
εl (k2), this enforces the l = 0 level to cross zero exactly at
k2 = π/2. We note that the apparent steepening of the chiral
branches at larger B is not physical but results from the widen-
ing of the Brillouin zone along the ky direction. The plotted
interval |k2| < π in fact maps to the interval |ky| < π/dy,

FIG. 6. MBBs vs k2 = kydy ∈ [−π, π ) for the periodic mass pro-
file (29) with M = ε̄c and d = 5�̄B at B = 1 T. Energy is expressed in
units of ε̄c. Black dots were obtained by numerical diagonalization of
the truncated Bloch Hamiltonian matrix (56), keeping the 21 Landau
states closest to zero energy and the first 200 terms in the Fourier
series of m(x). Red curves show the energy levels of the N = 7 array,
see Sec. II C, for the same values of B, M, and d , matching those used
in Fig. 4(f).

which broadens as B increases. This effect causes the slope
of the chiral mode dispersions near zero energy in Fig. 7 to
appear steeper with increasing B, although the magnetic field
actually suppresses the mode velocity, as discussed in see
Sec. II B.

FIG. 7. MBBs vs k2 = kydy ∈ [−π, π ) (with energy shown in
units of ε̄c) for the mass superlattice (29) with M = ε̄c, d = 5�̄B, and
several magnetic field values: (a) B = 0.5 T (indigo), (b) B = 1 T
(purple), (c) B = 3 T (orange), and (d) B = 9 T (black curves).
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IV. TRANSPORT OBSERVABLES

Using the results of Secs. II and III, we now investigate
the transport signatures of Dirac fermions subject to a mass
superlattice and a uniform magnetic field. In Sec. IV A, we
study the Hall conductivity, and in Sec. IV B, we discuss
Weiss-like magnetoconductivity oscillations induced by the
mass modulation.

A. Hall conductivity

Within linear response theory, the Hall conductivity fol-
lows from the Kubo formula as [62,63]

σxy = e2h̄
∑
l,l ′
l �=l ′

∫
dk

(2π )2
[ f (εl (k)) − f (εl ′ (k))] �

xy
l,l ′ (k) (59)

with the Berry curvature

�
xy
l,l ′ (k) = Im

〈�l (k)|vx|�l ′ (k)〉〈�l ′ (k)|vy|�l (k)〉
[εl (k) − εl ′ (k)]2

. (60)

Here |�l (k)〉 and εl (k) are the exact MBSs and MBBs in
Eqs. (46) and (47), respectively, f (ε) is the Fermi distribu-
tion function, and vx,y = vF σx,y are velocity operators. For
a 1D mass superlattice, the Bloch Hamiltonian matrix (56)
and the resulting MBBs are independent of the wave-vector
component kx along the superlattice direction, and thus the
k dependence appears only via ky. Consequently, Eq. (59)
reduces to an integral over ky, which we evaluate numerically
using the MBS projection approach in Sec. III C.

Specifically, we expand |�l (k)〉 using the complex-valued
MBS expansion coefficients c(l )

n (k) in Eq. (46) and compute
the expectation values of the velocity operators. After some
algebra, including a change of integration variables from
(kx, ky) → (k1, k2) with ki = k · ai and an integration over k1,
we arrive at

σxy = e2B

4πhB0

∫ π

−π

dk2

∑
l �=l ′

[ f (εl (k2)) − f (εl ′ (k2))]�̃xy
l,l ′ (k2),

(61)
where B0 = 1 tesla. The dimensionless Berry curvature is

�̃
xy
l,l ′ (k2) = −

Re
∑

n1,n2,
n3,n4

c(l ) ∗
n1

c(l ′ )
n2

c(l ′ ) ∗
n3

c(l )
n4

F+(n1, n2)F−(n3, n4)

[εl (k2) − εl ′ (k2)]2/ε̄2
c

,

(62)

where a k2 dependence also appears via the coefficients c(l )
n .

With Nn in Eq. (10), the functions F±(na, nb) are given by

F± = NnaNnb[sgn(na)δ|na|−1,|nb| ± sgn(nb)δ|na|,|nb|−1]. (63)

Assuming the specific steplike form in Eq. (29) for the 1D
mass superlattice, with amplitude M and period d , we evaluate
the above expressions numerically. We show the resulting
T = 0 Hall conductivity for d/�B = 5 as function of the
chemical potential μ in Fig. 8. For very strong fields, M � εc,
MBBs basically reduce to flat Landau levels with εl (k2) ≈
slvF

√
2h̄|l|B and c(l )

n ≈ δn,l . For chemical potentials with
0 < |μ| < εc, we then recover from Eqs. (61) and (62) the
well-known half-integer massless graphene sequence (without

FIG. 8. Zero-temperature Hall conductivity (in units of e2/h) vs
chemical potential μ (in units of εc) for Dirac fermions in the mass
superlattice (29) at B = 1 tesla. We use the lattice period d = 5�̄B,
and the superlattice amplitudes (a) M = 0.1ε̄c (in blue), and (b) M =
0.5ε̄c (in red).

spin-valley degeneracy) [43], σxy = −sgn(μ) e2

2h , consistent
with the small-M result in Fig. 8.

For larger values of M/εc, however, the mass superlattice
hybridizes the Landau levels and reshapes the spectral mini-
gaps. While quantized Hall plateaus still persist, see Fig. 8,
they become narrower in width (with respect to the chemical
potential) since the Landau-level mixing by the superlattice
reduces the spectral gaps between different MBBs and en-
hances the band dispersion; see Fig. 7. Such effects are clear
manifestations of the mass superlattice in the Hall conductiv-
ity, destroying the half-integer quantization of σxy for certain
chemical potential regimes.

B. Weiss oscillations

Next, we turn to Weiss oscillations, which are commen-
surability oscillations of the 2D magnetoconductivity. In a
semiclassical picture, such oscillations arise from the inter-
play between the cyclotron motion (at the Fermi energy) and
a weak spatially periodic potential modulation [44–49]. In
graphene and other Dirac systems, Weiss oscillations have
been predicted and observed for electrostatic superlattices
[35,50–54], with an amplitude enhancement compared to
the conventional case of a 2D electron gas. The character-
istic periodicity in 1/B is set by the superlattice period d
and the Fermi wave number kF via the commensurability
condition [44]:

2Rc = (
λ − 1

4

)
d, λ = 1, 2, 3, . . . , (64)

where Rc = h̄kF
eB is the cyclotron radius.

Below we show that a weak-amplitude mass superlat-
tice m(x) will also cause Weiss-like magnetoconductivity
oscillations in σyy for 2D Dirac fermions. Compared to the
corresponding electrostatic case [5,54], we predict a strongly
reduced oscillation amplitude with a robust phase shift π/2.
We follow the standard semiclassical Drude-Boltzmann ap-
proach [54]. To that end, we first obtain the energy shifts of the
Landau levels using first-order perturbation theory in m(x). In
the second step, we insert the resulting group velocities into
the semiclassical expression for σyy.
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Assuming that the mass profile m(x) is even in x, we start
by expanding it as a cosine series,

m(x) =
∞∑
j=1

mj cos

(
2π jx

d

)
. (65)

Applying first-order perturbation theory in m(x), the correc-
tion to the Landau level energies En [given by Eq. (9) for
M = 0] takes the form (see Appendix D)

�En,ky = 〈
�n,ky

∣∣m(x)σz

∣∣�n,ky

〉
= N 2

n

∑
j

m j cos( jkydy)e− 1
2 j2u

× [(1 − δn,0)L|n|−1( j2u) − L|n|( j2u)], (66)

with the Landau spinors |�n,ky〉 defined in Eq. (10) and Ln(x)
the Laguerre polynomials [57]. We again use dy = 2π�2

B/d ,
see Eq. (41), and employ the dimensionless variable u =
d2

y

2�2
B

= 2π2 BW
B , where BW = h̄

ed2 is the magnetic field at which
the magnetic length �B equals the superlattice period d . The
drift velocity along the y direction is then given by

v
n,ky
y = 1

h̄

∂

∂ky
�En,ky

= −N 2
n

h̄

∑
j

jdymj sin( jkydy)

×e− 1
2 j2u[(1 − δn,0)L|n|−1( j2u) − L|n|( j2u)]. (67)

The diffusive longitudinal conductivity is given by [54]

σyy = e2β

LxLy

∑
ζ

f (Eζ )[1 − f (Eζ )]τ (Eζ )
(
vζ

y

)2
, (68)

where ζ runs over all quantum numbers and β = 1/kBT .
Let us now focus on a simple cosine mass profile, where

mj = m1δ j,1. Assuming a smooth energy dependence of the
electron relaxation time τ (E ) ≈ τ (EF ) = τ due to electron-
impurity scattering processes (not explicitly included in our
model), see Ref. [54], and carrying out the ky integration, we
arrive at

σyy = σ0	, σ0 = e2

h

m2
1βτ

h̄
, (69)

with the dimensionless conductivity

	 = ue−u
+∞∑

n=−∞

N 4
n [(1 − δn,0)L|n|−1(u) − L|n|(u)]2

4 cosh2[β(En − μ)/2]
. (70)

For the generalization to mass profiles containing many
Fourier components, see Appendix D.

Equation (70) is the mass-modulation analog of the electro-
static case considered in Ref. [54]. The only structural change
is the relative minus sign between the Laguerre polynomials
in Eq. (70), which ultimately originates from the opposite
coupling of the two spinor components to m(x)σz. This minus
sign implies a strongly reduced amplitude and a phase dif-
ference of π/2 for Weiss oscillations in a mass superlattice
as compared to the electrostatic case [54]. Specifically, in
the semiclassical limit of high Landau indices |n| � 1 and

0.1 0.2 0.3 0.4 0.5

BW
B

0.02

0.04

0.06

0.08

0.10

0.12

0.14

Φ

FIG. 9. Weiss oscillations of the magnetoconductivity for 2D
Dirac fermions. We show the dimensionless magnetoconductivity,
	 = σyy/σ0, see Eqs. (69) and (70), as function of the inverse mag-
netic field for a weak mass superlattice m(x) = m1 cos(2πx/d ). The
magnetic field BW = h̄

ed2 is defined after Eq. (66). The result is
shown as blue curve and scaled up by a factor 150 for visibility. The
orange curve illustrates the corresponding results for an electrostatic
superlattice with the same amplitude and period [54]. We employ the
parameters T = 6 K, ne = 1.5 × 1011cm−2, and d = 350 nm. The
Fermi energy for the quoted electron density ne is 90 meV.

moderate values of u ∝ 1/B, the asymptotic behavior of the
Laguerre polynomials [57] implies

e− u
2 (L|n|−1(u) − L|n|(u)) ∼ u√

π (nu)
3
4

sin

(
2
√

nu − π

4

)
,

(71)
whereas for the electrostatic case [54] featuring the sum of
both terms, one finds

e− u
2 (L|n|−1(u) + L|n|(u)) ∼ 2√

π (nu)
1
4

cos

(
2
√

nu − π

4

)
.

(72)
The sin versus cos dependence makes the π/2 phase
shift explicit, while the extra factor

√
u/4n suppresses

the mass-case amplitude compared to the electrostatic re-
sult. After squaring and summing over thermally broad-
ened Landau levels in Eq. (70), we obtain oscillations in
	(1/B) which are shifted by π/2 and strongly reduced
in amplitude for the mass modulation case, as illustrated
in Fig. 9.

Finally, for a multiharmonic mass superlattice, e.g., the
one in Eq. (29), each Fourier component mj generates an
oscillatory contribution of the same form as Eq. (70) with
u → j2u. The superposition of these components produces
beating and/or aperiodic patterns in 	(1/B), in particular
when several mj are of comparable size, see Appendix D for
details.

V. CONCLUSIONS

In this paper, we have combined exact solutions based on
the transfer matrix technique, a low-energy formulation, and
a gauge-invariant MBS projection approach in order to study
2D Dirac fermions in a 1D periodic mass potential m(x) under
the influence of a perpendicular magnetic field B. For isolated
domain walls in the mass profile, we find that the magnetic
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field renormalizes the velocity of chiral Jackiw-Rebbi modes
confined to the mass kink and unidirectionally propagating
along the y direction. In arrays of N kink-antikink pairs, the
coupling between these interface states produces dispersive
minibands whose structure depends sensitively on the kink-
kink distance relative to the magnetic length. For the infinite
periodic mass superlattice case, the MBS projection method
is more efficient and yields the full miniband spectrum for
arbitrary periodic mass profile m(x). We already find excel-
lent agreement between the results of the MBS projection
approach and those of finite-size array calculations for N = 7
and otherwise identical parameters. From these spectra we
conclude that mass superlattices modify the width of quan-
tum Hall plateaus and, using a complementary perturbative
treatment, that they give rise to Weiss-type magnetoconduc-
tivity oscillations. Compared with the standard electrostatic
superlattice case, these oscillations exhibit a strongly reduced
amplitude and a distinct π/2 phase shift.

Our theoretical results demonstrate how periodic mass
modulations can reshape the interplay between magnetic
quantization and Dirac fermion dynamics. Such modulations
offer a general framework for miniband engineering of Dirac
materials, in particular, for graphene monolayers or the sur-
face states in topological insulators. Based on the results
reported above, one may design superlattice-based devices
that exploit magnetic miniband engineering. For instance, one
can prepare chiral 1D Jackiw-Rebbi modes with arbitrary
velocity (below the Fermi velocity). We expect many of the
qualitative findings reported here to carry over to multilayer
graphene systems. Given the current interest in such setups, a
detailed investigation of this case remains a promising direc-
tion for future research.

We hope our work will motivate further theoretical and
experimental studies along these lines.
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APPENDIX A: SMOOTH MASS KINK

Here we calculate the spectrum of the Hamiltonian (1) for
an extended (smooth) mass kink profile with a characteristic
length scale �. To keep the problem exactly solvable, we

consider a piecewise linear mass profile,

m(x) =
⎧⎨⎩−M, x < −�

Mx/�, |x| � �

+M, x > �

. (A1)

For |x| > �, the wave function reads

ψ (x) =

⎧⎪⎨⎪⎩
W−M (x)

(aL

0
)

for x < −�,

WM (x)
( 0
bR

)
for x > �,

(A2)

with WM (x) in Eq. (7). For |x| � �, the slope of the mass
profile effectively renormalizes the magnetic field. Using
the results of Appendix B, with m0 = 0 and m′ = M/� in
Eq. (B1), the wave function reads

ψ (x) = U −1 W�(x)

(
c1

c2

)
, (A3)

where the unitary matrix U and the corresponding angle α are
defined in Appendix B. Moreover, the matrix W�(x) is given
by

W�(x) =
(

(E−ky sin α)
ε̃c

Dp̃−1(−q̃) (E−ky sin α)
ε̃c

Dp̃−1(q̃)
−iDp̃(−q̃) iDp̃(q̃)

)
,

(A4)
with the quantities

p̃ = E2 − k2
y sin2 α

ε̃c
, q̃ =

√
2(x + ky cos α)

�̃B
,

where ε̃c =
√

2eB̃ and �̃B = 1/
√

eB̃, see Eq. (B2) for the
definition of α and B̃. Since the region of linear mass extends
from −� to �, we impose continuity of the wave function at
x = ±�,

W−M (−�)

(
aL

0

)
= U −1W�(−�)

(
c1

c2

)
,

U −1W�(�)

(
c1

c2

)
= WM (�)

(
0
bR

)
. (A5)

We then find the relation ( 0
bR

) = �(aL
0 ), with the transfer

matrix

� = W −1
M (�)U −1 W�(�)W −1

� (−�)U W−M (−�). (A6)

The spectrum follows from the condition �11 = 0 and is
shown in Fig. 10. While the smooth domain wall introduces an
additional length scale �, the resulting energy levels retain the
same qualitative features as those obtained for the sharp-kink
profile in Sec. II B.

APPENDIX B: LINEAR MASS PROFILE

We here provide the exact solution of the 2D Dirac equa-
tion with the linear mass profile

m(x) = m0 + m′x, (B1)

in a constant magnetic field. The corresponding problem of
a linear mass profile with a constant electric field has been
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FIG. 10. Energy spectra of 2D Dirac fermions in a magnetic field
B = 1 T for a piecewise linear mass kink profile with length scale
� [see Eq. (A1), blue curves] and for a sharp kink profile [� = 0,
see Eq. (12), red curves]. We study two cases: (a) � = 0.1�̄B and
(b) � = �̄B. Energies and wave vectors are given in units of ε̄c and
�̄−1

B , respectively, see Eq. (5).

solved in Ref. [65]; see also Ref. [66]. Those results are used
in Sec. II D and in Appendix A.

To diagonalize H(ky) in Eq. (1) for a linear mass profile,
we first apply a unitary transformation, U = ei α

2 σx , with

cos α = B

B̃
, sin α = m′

eB̃
, eB̃ =

√
(eB)2 + m′2. (B2)

Using U (eBσy + m′σz )U −1 = eB̃σy, the transformed Hamil-
tonian H̃(ky) = UH(ky)U −1 reads

H̃(ky) = σx p̂x + (eB̃x + k̃y)σy + m̃0σz, (B3)

where we have defined

k̃y = ky cos α + m0 sin α,

m̃0 = −ky sin α + m0 cos α. (B4)

Equation (B3) is a standard massive Dirac Hamiltonian in a
perpendicular magnetic field, where the strength of the field
is renormalized by the finite slope m′ of the mass profile. The
energy levels are thus given by

E0(ky) = −m̃0, En(ky) = sn

√
2eB̃|n| + m̃2

0, n ∈ Z∗.
(B5)

These energy levels are dispersive because m̃0 depends on ky;
see Eq. (B4)

APPENDIX C: MATRIX ELEMENTS

Here we summarize the key steps in the calculation of the
matrix elements (53); see Ref. [42] for an in-depth discussion.
We first recall that our construction is based on an expansion
in Landau states, as implicitly considered in Ref. [42] as well.
Using the magnetic translation operators Tai = exp(iai · Q),
the MBSs (42) can be cast in the form

|k, n〉 = 1√
N (k)

∑
R

e−ik·R+i φ

2 R1R2 eiR·Q|ψn,0〉.

We want to evaluate the matrix elements

〈k, n′|σze
−2π iG·r|k, n〉

= 1

N (k)

∑
R,R′

e−ik·(R−R′ )e−i φ

2 R′
1R′

2+i φ

2 R1R2

× 〈ψn′,0|σze
−2π iG·re−iR′ ·QeiR·Q|ψn,0〉, (C1)

where e−2π iG·r commutes with the magnetic translation oper-
ators. To simplify G · r, we represent the position operator in
terms of the ladder operators b and a in Eq. (34),

b1 · r = − 1√
2φ

[i(b† − b) − (z2a + z2a†)],

b2 · r = 1√
2φ

[(b† + b) − (z1a + z1a†)],

with zi = A−1/2(x̂ + iŷ) · ai. As a result, we arrive at Eq. (51).
To proceed further, we also write R · Q in terms of b,

eiR·Q = e− φ

4 RR ei
√

φ

2 Rb†
ei
√

φ

2 Rb, (C2)

where R = R1 + iR2. Note that [R′ · Q, R · Q] = iφ(R′
1R2 −

R′
2R1). Using the Baker-Campbell-Hausdorff formula and

Eqs. (51) and (C2), we obtain

〈ψn′,0|σze
−2π iG·reiR·Q|ψn,0〉

= e− (2π )2

4φ
GG− φ

4 RR+iπGR〈ψn′,0|σz e
i√
2φ

(γ a†+γ a) |ψn,0〉.
Next, using the matrix elements

〈ψn′,0|σz e
i√
2φ

(γ a†+γ a)|ψn,0〉
= NnNn′

[
sgn(nn′)〈|n′| − 1, 0| e

i√
2φ

(γ a†+γ a)||n| − 1, 0〉
−〈|n′|, 0|e i√

2φ
(γ a†+γ a)||n|, 0〉]

and Eq. (55) together with the form factor F (1)
n′n (2πG) in

Eq. (54), we find

〈ψn′,0|σze
−2π iG·reiR·Q|ψn,0〉 = e− (2π )2

4φ
GG− φ

4 RR+iπGRF (1)
n′n (2πG).

(C3)

We next evaluate the term

〈ψn′,0|σze
−2π iG·re−iR′ ·QeiR·Q|ψn,0〉

= e− 1
2 [R′ ·Q,R·Q]〈ψn′,0|σze

−2π iG·rei(R−R′ )·Q|ψn,0〉, (C4)

which appears in the matrix elements in Eq. (C1). Using the
above relations, they are expressed in the form

〈k, n′|σze
−2π iG·r|k, n〉

= 1

N (k)

∑
R,R′

e−ik·(R−R′ )−i φ

2 R′
1R′

2+i φ

2 R1R2−i φ

2 (R′
1R2−R′

2R1 )

×e− (2π )2

4φ
GG− φ

4 (R−R
′
)(R−R′ )+iπG(R−R′ )F (1)

n′n (2πG).

Performing the summations over R and R′, and defining the
matrix

M = iφ

4π

(
1 i
i 1

)
, (C5)
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the matrix elements (C1) follow as

〈k, n′|σze
−2π iG·r|k, n〉

= (2π )2δ(0)

N (k)
e− (2π )2

4φ
GG

ϑ

(
(k1 − πG, k2 − iπG)

2π

∣∣∣∣M)
×F (1)

n′n (2πG), (C6)

where ϑ (z|B) is the Riemann Theta function for a two-
dimensional vector z = (z1, z2) and a symmetric 2 × 2 matrix
B [57,67].

Putting G = 0 and substituting σz with the identity, we
obtain

〈k, n′|k, n〉 = (2π )2δ(0)

N (k)
ϑ

(
(k1, k2)

2π

∣∣∣∣M)
F (2)

n′n (0), (C7)

where we define the function

F (2)
n′n (2πG) = NnNn′

[
sgn(n′n)H2πG

|n′|−1,|n|−1 + H2πG
|n′|,|n|

]
.

With H0
|n′|,|n| = δ|n′|,|n|, we get F (2)

nn (0) = 1, and using the
orthonormality condition (44), the normalization constant fol-
lows as [42]

N (k) = ϑ

(
(k1, k2)

2π

∣∣∣∣M)
. (C8)

Finally, from Eq. (C6), by exploiting properties of the
Riemann Theta function,

ϑ
( (k1−πG,k2−iπG)

2π

∣∣M)
ϑ

( (k1,k2 )
2π

∣∣M) = e
π
2 GG+iπG1G2−i(k1G2−k2G1 ), (C9)

we arrive at Eq. (54).

APPENDIX D: ON WEISS OSCILLATIONS

We here provide additional details on Sec. IV B. Using
the wave functions (10) and X = (x − xc)/�B, the first-order
correction to the energy due to a periodic mass term m(x) is
given by

�En,ky = N 2
n

∫ +∞

−∞
dX m(�BX + xc)

× [
(1 − δn,0)	2

|n|−1(X ) − 	2
|n|(X )

]
. (D1)

Expanding m(x), which is assumed to be even in x, as a
Fourier series with coefficients mj , see Eq. (65), we then arrive

at Eq. (66) for �En(ky) and Eq. (67) for the velocity v
n,ky
y .

The longitudinal conductivity σyy then follows from Eq. (68),
where the sum over ζ includes a summation over the Landau
level index n ∈ Z and an integration over ky. Plugging Eq. (67)
into Eq. (68), we obtain

σyy = e2βτ

2πLx

(
2ud

h

)2 +∞∑
n=−∞

N 4
n

4 cosh2[β(En − μ)/2]

×
∑

j,l

Pn
j (u)Pn

l (u)
∫ Lx/�

2
B

0
dky sin( jkydy) sin(lkydy),

(D2)
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FIG. 11. Dimensionless longitudinal conductivity 	 = σyy/σ0 vs
inverse magnetic 1/B, see Eq. (D6), for the mass superlattice (29).
We use T = 6 K, ne = 1.5 × 1011 cm−2, and d = 5�̄B � 128 nm.
The corresponding Fermi energy is 90 meV. B is expressed in units
of BW = h̄

ed2 . Purple, blue, and cyan curves display the separate
contributions of the Fourier components mj with j = 1, 3, 5, respec-
tively. The orange curve is obtained by retaining the first 15 Fourier
coefficients mj in Eq. (D6), sufficient to capture all significant terms.

with the auxiliary functions

Pn
j (u) = jm je

− 1
2 j2u[(1 − δn,0)L|n|−1( j2u) − L|n|( j2u)]. (D3)

Next, we perform the ky integration using the identity

∫ Lx/�
2
B

0
dky sin( jkydy) sin( j′kydy) = Lx

2�2
B

δ j, j′ , (D4)

which holds for Lx � �2
B/dy. We thus arrive at

σyy = e2uβτ

2π h̄2

+∞∑
n=−∞

N 4
n

4 cosh2
(

β

2 (En − μ)
) ∞∑

j=1

[
Pn

j (u)
]2

.

(D5)
For the steplike periodic mass profile (29), the expan-

sion coefficients mj follow from Eq. (57) with mj = 2A( j
d ,0).

We then obtain the dimensionless magnetoconductivity 	 =
σyy/σ0, see Eq. (69), in the form

	 =
+∞∑

n=−∞

N 4
n u

4 cosh2[β(En − μ)/2]

∞∑
j=1

e− j2u sin2

(
π j

2

)
× [(1 − δn,0)L|n|−1( j2u) − L|n|( j2u)]2, (D6)

where each Fourier component mj gives an oscillatory
contribution with argument j2u and weight ∝ j2e− j2um2

j .
The individual contributions of the first few harmonics
are illustrated in Fig. 11. The superposition of different j
then produces aperiodic beating patterns in 	(1/B) as ob-
served in Fig. 11. We note that the Fourier terms mj with
small j dominate the conductivity because of the envelope
factor e− j2u.
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