IT City Research Online
UNIVEREIST%( ?qui)NDON

City, University of London Institutional Repository

Citation: Cox, P. R. (1981). Subgroup theoretical properties and some classes of
generalised nilpotent and soluble groups. (Unpublished Doctoral thesis, The City University,
London)

This is the accepted version of the paper.

This version of the publication may differ from the final published version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/36351/

Link to published version:

Copyright: City Research Online aims to make research outputs of City,
University of London available to a wider audience. Copyright and Moral Rights
remain with the author(s) and/or copyright holders. URLs from City Research
Online may be freely distributed and linked to.

Reuse: Copies of full items can be used for personal research or study,
educational, or not-for-profit purposes without prior permission or charge.
Provided that the authors, title and full bibliographic details are credited, a
hyperlink and/or URL is given for the original metadata page and the content is
not changed in any way.




City Research Online: http://openaccess.city.ac.uk/ publications@city.ac.uk



http://openaccess.city.ac.uk/
mailto:publications@city.ac.uk

Subgroup Theoretical Properties and Some

Classes of Generalized Nilpotent and Soluble Groups

P. R, Cox

A thesis submitted for the Degree of

Doctor of Philosophy

The City University, London

Department of Mathematics

1981



~N OO o AW ™

Acknowledgements and Declaration
Abstract
Notation

Introduction

Subgroup Theoretical Properties
X-Centrality and XD—Centrality

¥~ and XD - Centrality for Varieties
The class of groups [U]

The class of groups (1)

Generalized Soluble Groups

FC-groups

References

Page No.

10

17
44
59
78
89
105
117
128



List of Figures

Figure No. Page No.
Figure 1 51
Figure 2 61
Figure 3 . 84
Figure 4 85
Figure 5 92
Figure 6 113



Acknowledgements

Grateful thanks are due to Dr. T. E. Stanley, whose

help, encouragement and suggestions have been invaluable. Also,

to I M o typing and the Science Research

Council for the provision of a grant.

Declaration : At the discretion of the University Librarian,
this thesis may be copied as a whole or in part without

further reference to the author.

P. Cox



"Abstract

This thesis studies subgroup theoretical properties and classes
of groups defined in terms of subgroup theoretical properties.
After an introductory cﬁapter, containing some definitions and
some general results, two particular subgroup theoretical
properties are examined. These two represent the concepts of
X - and EED - centrality, for a class of groups X , after
Stanley and Arrell. They are generalizations of the more

familiar subgroup theoretical property "is a central subgroup of".

Some connections are established between classes of groups
defined in terms of ¥ - and 'Ib - centrality, notably that the
classes of groups with ¥-central and :fn-central series coincide,
and that when X is restricted to be a variety, similar results
hold for ascending and descending series. Some results of Petty
are used to prove certain closure prpperties for some of the
classes under discussion. In particular, the local closure
of the class of groups with a U-central series, for a variety

W , is proved.

A generalization of the class of residually commutable
groups is introduced. Some of Ayoub's results about residually
commutable groups, including her local theorem, are generalized

accordingly.

When ¥ is the class of nilpotent groups, X-centrality is
shown to yield a class of hypercentral groups. The relationships
between this class and other classes of generalized nilpotent

groups are studied. Also, when X is the class of soluble



groups, % -centrality gives rise to several new classes of
generalized soluble groups. Taking X to be the class of finite
groups provides a characterization of the class of FC-groups.
This characterization is used to investigate the effect of the
condition of being an FC-group on generalized soluble and
nilpotent groups. In particu]ar; it is proved that residually
central FC-groups are hypercentral, with hypercentral length

not exceeding w .



Notation

If o is an ordinal number we write Ca(G) for the a-th
term of the upper central series of G and Yu(G) for the a-th

term of the lower central series of G.

If A is any set and {Gx; AeA} is a family of groups,
AER G}L andl fgh Gl are the direct product and cartesian

product respectively of these groups. Cartesian product is

defined by :
G = Cr 6 if G is the set of all functions
AeA A
LA | "x'é’n GA such that x(k)eGk and (xy)(x) = x(a)y(xr).

If L is a normal subgroup of G which can be generated by
finitely many elements of L, together with their conjugates in G,

we write dG(L) for the least number of such elements.

In this section, a« 1is taken to be a non-zero ordinal number.

We denote classes of grcups as follows :

1 = the trivial class.

¥ = the class of finite groups.

Y = the class of finitely generated groups.

3?1 = the class of groups satisfying the maximal condition
on subgroups. ‘

3§Ln= the class of groups satisfying the minimal condition
on normal subgroups.

R o the class of cyclic groups.

ot = the class of abelian groups.



EE = the class of nilpotent groups of nilpotency class not

exceeding ¢, for a postive integer c.

A = U R .
czl
ZAG = the class of hypercentral groups of hypercentral

length less than or equal to o .
ZA = UZA .
o
b = the class of hypocentral groups of hypocentral length
less than or equal to «.
D = Uz .
a
N,N, = the classes of groups all of whose subgroups are
ascendant, subnormal respectively.
Z = the class of groups with a central series.

ol L the class of soluble groups of derived length not

exceeding d, for a positive integer d.

& = U O‘td -
d:1
SIZ = the class of groups with ascending normal abelian

series of length less than or equal to o .

SI* = USI*.
(o]
SJ* = the class of subsoluble groups.
SN* = the class of groups with ascending abelian series.
SDG = the class of hypoabelian aroup with derived length

less than or equal to « .

s =& usb .
a

n

SI,SN the classes of groups with normal abelian series,

abelian series repsectively.

n

§1,5N the largest subclasses of SI,SN respectively which are
closed with respect to forming homomorphic images

and subgroups.



We use the closure operations defined as follows for a
class of groups % :
GeSX if G is isomorphic to a subgroup of an X-group.
G asnae if G is isomorphic to a normal subgroup of an X-group.
GeQX if G is a homomorphic image of an ¥-group.
GeRX if, for each non-trivial element x of G, there exists a
‘normal subgroupN,depending on x, such that x4¢N and G/NeX
GecX 1if G is isomorphic to a cartesian product of ¥-groups.
GeDX if G is isomorphic to a direct product of X-groups.
GeDOQE if G is isomorphic to the direct product of finitely
many X-groups.
GeN¥ 1if G can be generated by its subnormal ¥ -subgroups,
Ge 1*13{ if G can be generated by its ascendant -subgroups.
X = N if the product of any pair of normal %-subgroups
of any group is an X-group.
GepX if G has a series of finite length in which every factor
is an X-group.
GepX, P, P¥  if G has a series, an ascending series, a
descending series respectively in which every factor is an
¥X-group.
Ge f)s';( if G has an ascending subnormal series in which every
factor is an ¥-group.
GeL¥X if every finite subset of G is contained in an

¥-subgroup of G.

In addition, we use the following operations :

Ge ﬁn’i ,E;nx if G has a normal X-series, an ascending normal

X-series respectively,



Introduction

Classes of groups can be defined in various ways. For
although all classes are ultimately defined in terms of
relationships between elements of a group, many familiar
classes of groups are best defined in terms of a relationship
between some or all of the subgroups of a group and the group
ftse1f. An example is the class N, of groups all of whose
subgroups are subnormal. Some classes are also defined by
saying that a group G is a member of the class if it has a norma]
series {HG,K0 3 oel} of subgroups such that there is a
relationship between each factor group HU/KG and the corresponding
group G/Ka . An example is the class? of nilpotent groups.
Here we say that GeX 1if there exists a finite normal series
iy 0% { ¢ n} , for some integer n, such that Hi+1/Hi is a

3
central subgroup of G/Hi for 1= O51,...50=1.

The first part of this thesis is an attempt to hegin to
standardize and study the defining of classes of groupé by means
of the concept of a subgroup theoretical property. A subgroup
theureticaT property x is a property pertaining to subgroups
when regarded as subgroups of a given group such that 1xG is
true for all groups G and whenever Hx G and ¢ is an isomorphism

of G with some other group then it follows that g(H)xe(G).
Robinson [1] observes that it is possible to develop a

theory of closure properties on subgroup theoretical properties.

However, we have found no such theory in the literature and so
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have begun to do sc from scratch. Robinson does mention
certain properties which apply to some subgroup theoretical
properties. Some of these are, in fact, expressible in terms
of such closure properties. An example of this is the property
of being inhérited by homomorphic images. We use some of the
properties of Robinson and introduce several more in order to

prove some of our results.

If X is a subgroup theoretical propert}, Robinson defines
hyper-x groups and hypo-X groups as groups having ascending
and descending normal series, respectively, each of whose
factors satisfy X in relation to the corresponding factor group
of the group. We extend this to introduce other group theoretical
classes defined in terms of subgroup theoretical properties. As
may be expected, we are able to show that if a subgroup theoretical
property satisfies certain conditions then certain group
theoretical classes defined by it must also have certain

~properties. This again extends an idea of Robinson.

Chapter I closes with some examples of subgroup theoretical
properties and results concerning some corresponding group
theoretical classes. In particular, we consider the subgroup
theoretical property "is a marginal subgroup of" and use it to
provide an alternative characterization of a class of Hulse

and Lennox [2] ~

Stanley [3] made the following generalization of the
concept of the centre of a group : For any <S,DO> -closed
class of groups % , define H](G :¥) to be the set of all elements

x of G for which there exists a normal subgroup N of G,

11



depending on x, such that [x,N] =1 and G/NeX

Stanley calls H(G: X ) the ¥%-centre of G and proves it to be a
characteristic subgroup of G. If ¥ is also Q-closed, he

defines the upper %-central series of a group by analogy with

the upper central series and denotes the 1imit of this series by
H(G:%). It is easy to see that H,{(G:1) = z,(G) and that
HI(G:'}') is the FC-subgroup of G. Then if G = H(G:1) then G is

a hypercentral group and if G = H(G: ¥) then G is an FC-hypercentral

group.

The idea of a generalization of descending central series
was introduced by Arrell [4] . He defined a descending series
{wu; @ <y} tobe )ED—centra1, for a class of groups ¥ , if for
each « , ﬂ{[HG,N] i NaG, G/Ne¥X} < Hu+1 g
For a group G, he defined the following subgroups ; Dl(G:?ﬁ) =G,
D, (G: X)
Du(G:I)

Bga DB(G:ZF.) if o is a 1imit ordinal, and

N {0, ,(G:X),N] 5 N<G, G/NeX }  otherwise.

Arrell observed that {Da(Gzi) ; o an ordinal} is the lower
*chentra“l series of a group G, in the sense that if {Ga; o an ordinal}
is a descending ID—centr'a1 series of G then Ga:; Da(G:I)

for all «

As observed by Stanley and Bhattacharyya [5] , these
notions of X-centrality and ID-centr'ath lend themselves
to the definition of subgroup theoretical properties, as follows :
For any <S,Q,D0> -closed class of groups ¥ , define the subgroup
theoretical properties ox and Ux by
' H oy G if Hng(G:I)
HlpI G if ON{[HN] 3 N <G, G/NeX)} =1.

12



We omit the extra condition required in [5] that H be
a normal subgroup of G in each definition. It is easy ‘o0
see that if G = H(G:X) then G is a hyper-¢y  group and if
DuUi:I) = 1 for scme ordinal « then G is a hypo-wk group.

We discuss by and v in Chapter II and use some results
from Chapter I to obtain properties of various classes of groups
determired by ox and Vg . We also prove the equality of several
of these classes, notably that a group has a ¢I-series if and

only if it has a wl-series.

In Chapter III we restrict our attention to W-centrality
and 1>D-centrality for varieties V. We prove fhe equality of
the class of hyper-q,u groups and hyper yag-groups , of hypo-¢qs
groups and hypo~¢\,groups and of groups with ¢,,-series of finite

length and groups with y,, -series of finite length.

We use the operations of Petty [6] and a technique of
Mal'cev (see [1], part II, from page 93) to obtain some of
what Petty calls weak homomorphic image closure properties of
some classes defined in terms of ¢qp and yas . We also prove
a local theorem for the class of groups with a ¢15 ~S€ries and
- give an alternative proof of the local theorem for the class of
groups denoted in [7] by ¥*, the class of groups G for
which no non-trivial element x of G belongs to the subgroup
[ffl}(G)] of G, where 1¥(G) denotes the verbal subgroup of G.
Notice that in this thesis we denote this class by ;l, :
reserving the notation b* for the subgroup theoretical property

"is a marginal subgroup of".

13



Stanley [3] proved that, for any variety U, the class
Y (c) of groups G such that G = HC(G:l}), for an integer c, is

a variety. In particular, 1%4(1) is a variety. It is easy to
prove that for any variety 3, the V-centre of a group is just
the centralizer of its verbal subgroup. We use this fact to prove
that the "V (1)-verbal subgroup of a group G is exactly the
commutator subgroup [V(G),G ] . We define a condition (X)

on a variety \J} by saying that U satisfies (X) if, for all groups G,
W(W(G)) s [(G),G] and prove that if\¥ satisfies (X) then

all groups with a normal "J3(1)-factor cover, in the sense of
Durbin [8] , have a normal U-factor cover, We also show that,
for any variety VU , the variety V(1) satisfies (X). This,
together with the easy result that *Ufgroups have a normal

Y (1)-factor cover, enables us to prove that all ;&K])-groups

have a normal VU(1)-factor cover and that if U satisfies (X) then
all ;U{])-groups have a normal b -factor cover. Varieties
satisfying (X) include the class of nilpotent groups of nilpotency
class less than or equal to ¢ and the class of soluble groups of

derived length less than or equal to d for any positive integers

c and d.

Ayoub [9] - introduced the class of residually commutable

. groups and proved that every SI-group is residually commutable.

In fact, every group with an abelian factor cover is residually
commutable. In Chapter IV, we generalize this idea to the

class [1%] for any variety 3 . We say Ge [U] if, for any word

w(x ,...,xn) in the set of words determining™V} and any elements

1
PR of G, not all of which are the identity element, there

exists a normal subgroup of G containing m(gl,...,gn) but

14



not containing all the gi‘s. Then if 01 is the class of abelian
groups, [ot] 1is just the class of residually commutable groups.
Ayoub proved the local closure of [ot] and Robinson [1] proves
that a minimal normal subgroup of an [ot]-group is abelian.

We generalize these results to prove that, for any variety

Y, [V] = L[V] and if M is a minimal normal subgroup of a
[U}group G then Me3 and G/M e [\3] . It follows that

a [\$]-group satisfying the minimal condition on normal subgroups
possesses an.asqending normal V-series, generalizing Robinson's
theorem [1] that a residually commutable group satisfying the
minimal condition on normal subgroups is hyperabelian. We also
prove that [\] is <S,R>-closed and that every group with a

\J -factor cover is a [\}] -group.

We end Chapter IV with another generalization. For
varieties Lh,...,x% we define the F]ass (Vyseees U,) by
saying that G belongs to ( Uy,..., I%Q if no non-trivial element
x of G belongs to the corresponding subgroup [xG,I}i(G),...,I}n(G)].
Then (V) is just the ciass ;1,. We are able to prove the

local closure of any of the classes ( Useees 1@0.

Two classes which are of particular interest are 2 (1) and

: ¢*(1), where 0” denotes the class of soluble groups. We prove

R (1) to be a class of generalized nilpotent groups. In fact,

if we denote by ZAY the class of hypercentral groups of hypercentral
Tength less than or equal to y , we are able to prove that

ZA < N(O) < Ao We also prove that A(1) is contained

in the class of Fitting groups, the class of all groups in

which every subgroup is descendant and the class of hypocentral

15



groups of hypocentral length not exceeding w+l1. This is in
contrast to the class ZAw+1 s which is contained in none of these

classes.

After studying M (1) in Chapter YV, we turn our attention
to generalized soluble groups in Chepter VI. In contrast to
the fact that W (2) is not a class of generalized nilpotent
groups, we prove that several new classes of generalized soluble
groups can be defined using the subgroup theoretical property
¢0,. After proving that ©*(1) properly centainsoe” and is properly
contained in each of the classes of hyperabelian groups, locally
soluble groups and hypoabelian groups of length less than or
equal to w+l, we prove that hyper-¢u, groups are subsoluble
and groups with finite ¢c;series are hypoabelian. We also prove
that groups satisfying these conditions locally are SI- and SN -
groups, respectively. We include various results concerning

*
related classes, including the fact that o is a class of

generalized soluble groups.

Finally, in Chapter VII, we restrict our discussion to
the class of FC-groups. This is just the class ¥ (1), where ¥
denotes the class of finite groups. We prove that if X is a
. Q-closed class of generalized nilpotent groups then

¥n %) g V() and if Xis a Q- or S,-closed class of
generalized soluble groups then X n F(1) ¢ o4(1). We also
prove that for any variety U, ;1, n F(1) is contained in
the class of hyper—¢\} groups. It follows that residually

central FC-groups are ZAm~groups.

16



I Subgroup Theoretical Properties

The following definition is from [1]
Definition Let x be a property pertaining to subgroups. If
H has the property x when regarded as a subgroup of a group G,

we write H X G. X 1is a subgroup theoretical property if

1 x G is always valid and if e(H)x o (G) follows from H x G

whenever ¢ is an isomorphism from G to some other group.

In this Chapter we present some operations and conditions on
subgroup theoretical properties and obtain a number of results
about certain classes of groups defined in terms of subgroup
theoretical properties. We will need the following proposition

for any subgroup theoretical property x .

Proposition 1-1 If B and N are normal subgroups of a group

G and if N <B <A <G then (A/B) x (G/B)
if and only if (%%N:) (%éﬁ)

Proof In the isomorphism ¢ : §§E ——> G/B  defined

by e(gN(B/N)) = gB, it is easy to see that G(MN>

Thus (B/N> <G/:D if and only if  (A/B) X (G/B).

We define a partial ordering on subgroup theoretical
properties as follows :
Definition Let x and X' be subgroup theoretical properties.

Then x ¢ x' if H x G always implies that H x' G .

17



We define cur first two subgroup theoretical properties
as follows :
Definition HYya afl = "1,
Definition Hs G if H is a direct factor of G.

Following the concepts of operation and closure operation
on group theoretical classes, we define operations and closure

operations on subgroup theoretical properties as follows :

Definition A function A assigning to each subgroup theoretical
property X a subgroup theoretical property Ax is an operation
on subgroup theoretical properties if AL = L 1is always true

and if x € Ax < Ax' whenever x ¢ X'. A is a closure

n

¢ : . s 2 .
operation if, in addition, Ax A x is always true.

Notice that if x = Ax we may say that x is A-closed.
We define two operations on subgroup theoretical properties.

Definition H S xG if H < K x G for some subgroup K of G.

Definition KHXG if there exist groups K, and G, and

. @ homomorphism ¢ from G, onto G such that K, x G.1 and e(Kl) = K.

Notice that x = Hx is equivalent to the statement, as
found in [1] and elsewhere, that x is inherited by homomorphic

images. We may also say that x is inherited by subgroups

if x= Sy

18



Proposition 1-:2 S and H are closure operations on subgroup

theoretical properties.

Proof If }15? xG then H ¢ K ¢ L x G for some subgroups K
and L of G. Thus H ¢ L x G. If K _H_sz then there exist

groups K,,G,,K, and G, and homomorphisms 6, and ¢, such ‘
that 0,(6,) = G » 0,(G;) = G, 8,(K,)) =K, 8,(K)) =K

and K, x G, . By letting e = 8,6, we see that KHxG.

Following Robinson [1] we define the following condition

on subgroup theoretical properties :

Definition x satisfies (%) if, given normal subgroups X, Y
and N of a group G such that Y ¢ X and (X/Y) x (G/Y), it
always follows that ( (NN X)/(NNY) )x(G/N nY).

We define two more such conditions as follows :

Definition x satisfies (4) if, whenever A x H § G, it

follows that A x G.

Definition X 1is persistent if, whenever H x G and H < K < G,

then H x K.

The following result will be of use later.

Lemma 1-3 If x satisfies (+) and B is a normal subgroup of G
with B < A < H 8§ G, such that (A/B) X (H/B), then
(A/B) x (G/B).

Proof Since H § G there exists a normal subgroup K of G such

19



that G = H x K. So G/B = (H x K)/B = (H/B) x (KB/B) which
shows that (A/B) x (H/B) & (G/B) . Therefore (A/B) X (G/B).

We observe that § is persisient and satisfies (+). Two
obvious instances of subgroup theoretical properties are "is a
normal subgroup of" and "is a central subgroup of". It is
‘easy to prove that both of these properties satisfy (*) and (4)
and are persistent and inherited by homomorphic images and

that the second is also inherited by subgroups.

The following definition is due to Robinson [1]

Definition A normal series {HO,KG s 0el} in a group G

is called a X-series if, for each cezxr , (HG/KO) X (G/Ko).

We denote the classes of groups with X-series, ascending
X -series, descending X-series and X-series of finite length
by i, X, X and 2 , respectively. The classes X and X are

sometimes called the classes of hyper-x groups and hypo-x groups,

respectively.

We use the concept of a subgroup theoretical property to
define two more classes of groups :
Definition Suppose that for each non-trivial element x of a
group G there exists a normal subgroup N of G, depending on x
such that x ¢ N and (xON/N) X (G/N). Then we say that G is

*
a residually-X group and we write G e X.

Definition Suppose that for each non-trivial element x of a

group G there exist normal subgroups M and N of G, depending



on X, such that N <M, xeM~-N and (M/N) X (G/N).

Then we say that G has a X-factor covering and we write

GeX.

We establish some connections between ; and these two

classes.
Theorem 1:4 (i) X s X
(i) ; < X and if x satisfies (%) or if
X = Sx then ;=2(_.
" (i) ; < x in general and X < x in general.
Proof (i) This part is trivial.

(ii) Let G ¢ ; and let x be a non-trivial element of
G. Then there exists a normal subgroup N of G such
that x ¢ N and (xBN/N) X (G/N) . But N ¢ x°N < G

and X ¢ xG

N - N . Therefore G ¢ X.

Let G ¢ X and let x be a non-trivial element of G.
Then there exist normal subgroups K and H of G with
K g H such that x ¢ H - K and (H/K) X (G/K).

If x satisfies (») then |

Gk 0 H)/(x8 nK) x (6/(x8K N K)).

(x
But x%K < H and so
(x8K/K) x (G/K).
Therefore G e §.
If, on the other hand, x = Sx then, since
(x8K/K) < (H/K) % (G/K)
we have
(x®K/K) x (6/K).

o
Again, G £ X.

21



(iii) Let X be the subgroup theoretical property "is the
trivial subgroup of or is not a finitely generated subgroup
of" and let G be any FC-group which is not finitely generated.
Clearly G is a X-group because for any non-trivial element

x of G, we have x ¢ G -1 and G/1 ¢ f} . Suppose G ¢ ;:
If x is a non-trivial element of G then there exists a normal
subgroup N of G with x ¢ N and (xGN/N) X (G/N).

Since x ¢ N we have xON/N ¢ . However xCe¢ *f

because G is an FC-group, which is a contradiction. There-

fore G ¢ X.

Let X be the subgroup theoretical property "is a central
subgroup of". An example of Phillips and Eoseblade [10]

is @ X-group but not a i-group.

We now turn our attention to the subgroup closure of these

classes of groups. We require the following lemma.

Lemma 1-5 Suppose x = Sx and x is persistent.

If B is a normal subgroup of a group G such that
Bs<Ag<G and (A/B) X (G/3), then
((HOA)/(HnB)) x (H/(H N B)) for any subgroup H of G.

Proof Let M=HQN Aand N=HN B. Now MB/B < A/B and so

(MB/B) x (G/B). Also MB/B < HB/B and so (MB/B) x (HB/B).

Define ¢ : HB/B > H/N by ¢(hB) = hN for all h ¢ H. Then

is an isomorphism and ¢(MB/B) = MN/N = M/N. Therefore

(M/N) x (H/N), as required.

22



When X is the subgroup theoretical rroperty "is a central
subgroup of", the classes ;,i . )f, X and Q are the class
of residually central groups, Z , ZA , ZD and ¥, respectively.
Also, by the S-closure of x and by 1.4 (ii), x = ;
Each of these classes is S-closed. We may generalize these facts

in the following way.

Theorem 1:6 If x= Sx and x is persistent, then each of

the classes X, Xs X» X  and 9 s s-closed.

Proof X ; Let H be a subgroup of a X-group G and let x be a
non-trivial element of H. Then there exist normal subgroups M
and N of G with N ¢ M such that x e M - N and ‘(M/N) X (G/N).
By 1-5 ((HaM) /(HNN)) x (H/(HAN)) and, since

x e(HNM) - (HNN), we have shown that H e X .

¥ 3 Let H be a subgroup of a X-group G and let
{HC‘.K':I : oel} be a x-series in G. Now
H-1= M ((HAH)-(HAK)) . HaHs HaK o if
T <o o,HNK «aHNH aH and HAK <«H for all
ag g a
cel . By 1:5 ((H n Hu)/(H n KG)) x (H/(Hn Ko)) and so

(HaH HAK ;S oex) is a x-series in H. Therefore He X .

x/; Let H be a subgroup of a x-group G. There exists
an ascending x-series {KB; 8 < o} in G. By the preceding
part of this theorem, {H n KB; B8 < a} is a x-series in H.

But this is an ascending series so He X
¥ ?( ; The proof of the s-closure of these classes is

similar to that used for % .
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When X is not S-closed we may be able to use the following

alternative to 1:6 :

Theorem 1-7 If x satisfies () and is persistent, then each

of the classes X, §, f, X and ?c is sn-closed.

Proof x ; Let H be a normal subgroup of a x-group G and Tet

x be a non-trivial element of H. Then there exist ncimal subgroups
A and B of G, with B ¢ A, such that x ¢ A - B and (A/B) x (G/B).
By (%), ((H anA)/(H nB)) x (G6/(H nB)) and, because X is
persistent, ((H nA)/(H nB)) x (H/(HnB)). But

xe (HNA) - (HNAB) and so we have proved that He X.

X ; Let H be a normal subgroup of a i-group G and
let {Ha’K»o 3 oel} be a x-series in G. Then, as in the
proof of 1:6 , {HN Hc, H nKG ; oer} is a X-series in H.
Also ((H N Ho)/(H n KG)) X (G/(H n Ko)) and so
((Hn HU)/(H n Kc)) X (H/(H N KU)), as required.

KsXs X 3 These follow in exactly the same way as in 1-6.

We now establish some conditions on subgroup theoretical
properties which imply R- and C- closure on the series classes.

A preliminary result is required.

Lemma 1-8 If x satisfies (4) then Xs % X and ?( are all
Do-c1osed.

Proof Let G = H x K where H and K are %—groups. Then

G/HEX Ke X and so we have x-series {Ac'; sV, 30eS}

and { A" /H_, V"/HT s tel} in H and G/H respectively.
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We may choose S and T such that SNT =4 .

Let W=SvT and define a linear ordering in ¥ such
that every element of S precedes every element of T and the

original orderings in S and T prevail. For each w ¢ W define :

A R A’ if weS
W w
A" if weT
©
Y = {v' S iges
W )
v if wel
w

We now prove that {A.m,'\fw 5 weW} 1is a x-series in G.

Choose weW. If ueT then JL:, and ‘\r:; are normal in
G and if weS then .n.u" and '\ru: are normal in H, which
is a direcvt factor of G. So, in either case, .:Lw and ‘V‘w are
normal subgroups of G. It is clear that '\fw s A for all

we N-

Let x be a non-trivial element of G. If xe¢ H then

] c | = - : :
Xe (.n.w '\fm) = tilng(.lrx.w 'V‘m) and if x ¢ H then xH is

w‘gs
a nen-trivial element of G/H so that xHe(A;/H) - (V;;XH) for

some weTl. Then X e.n;; - V{L‘ and

" = " <= U »
xe M A 2 ) me“(Aw v ). Therefore
G=-1 = u}éw(ﬂw =Y )

Now let o, BeW with o < g . If o and g are both

elements of S then JLu = o Kb £ Té 'V'B while if ¢ and g

o
are both elements of T then A= _A.; < ‘V’E = "fB . Finally
11" g5 @and gel then A= KA . HgVE = N -,

o o B ]
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Therefore .;';_a < 'V‘B for all o , BeW with o < B
Choose weW. If weS then by 1-3 we have
M/V)X(G/V) because V ¢ A < Hs G . If, on the
w w w w w
other hand, e T then ((JL; /H)/( V{: /H)) X ((G/H)/( WP“;)H)) SO
that, by V1. . (A LV ) X (G Z ). Therefore X = D X
w w w 4]
A similar proof will show that X = DO{ because if S and
T are well-ordered, the ordering imposed on S U T is also a well-
ordering. Also if S and T are both finite then S U T is finite
and so 2 = D 2 v
0
If we let G =H x K where H and K are i—groups, so that
{V‘c', ; oe S} and {"V'"r' /H 3 teT} are descending x-series

in H and G/H respectively, we can prove G to be a P group as

follows .

Let W =S UT but define a reverse well-ordering of W in
such a way as to make every element of T precede every element
of S and the original orderings in S and T prevail. Define ‘Vw

as before. Again Vw is normal in G for all e M.

Let x be a non-trivial element of G. If xe H then
there exists an ordinal g such that xe V;ﬂ - Ve'l S0
X € '\.('m+1 - 'Va . If x ¢ H then there exists an ordinal number

u = m -
o such that xHe (V J/H) - (Vi/H) so xe V., - V .

Choose weW . If weS then, by 1-3 ,

(V,,/V)X(6/V) and if weT then, by 1-1,
33y o, i
(V, .,/ V) X (6/V), as required.
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This result enables us to prove the following theorem, the
proof ¢f which is similar to that of a theorem of Scott and

Sonneborn [11]

Theorem 1-9 - If X satisfies (t+) then x and X are both C-closed

and X is D-closed.

Proof Let G = CrAG where G e x for each aeA. By
7 1o T aEe a a

1-8 the theorem is true if A is finite. Thus we may assume
that A is infinite. Let A be well-ordered and let its

ordinal number be y . Then y = A + n for some limit ordinal
A» and 0 gn<w. Ifn>0 then

Again by 1-8 we may assume

n
G = (.Cr Ga) x (rES GA+P)'

a<A
that n = 0. Therefore we may suppose that A = {a ; a < A}

for some 1imit ordinal A

If B<x let H consist of all functions x of A such

B
that x(a) =1 if a <8 . Then clearly HB a G
for all g < A and HB+l < HB for all < x . Also G = Ho'
Let 8 be a non-zero 1imit ordinal. Let he HB and
§<pBp . If a<6thena<p and so h(a) =1 . Therefore
heHg andso H s ) Hy o Let heGQB ol or If s < 8

then a+l <g andso heH . Therefore h(a) = 1 so

heH, . Thenwe have proved that H = GQB He o If he

B
then h(a) =1 for all a <A and so h =1 . Therefore

HA =1 and we have a descending normal series

G = HD > HID H, »... HA =i
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Mlso, for any §<X , H/H = Gex . LetKbe

a term of a X -series between HB and HB+1 . Then K « HB § G
so that K « 6. If A/B is a factor of this x-series then

(A/B) X (HB/B) and,by (4+) , we have (A/B) x (G/B). Thus the

union of the x-series between the HB's is a X-series in G.
Therefore G ei

The result for X is proved in the same way.
Now let GeDX . As above we may suppose that

G= Dr G for some limit ordinal 2 . If B < A we now
a<)

define HB to consist of all functions x : A+ G such that

X(a) =1 if a3 B . Then, for each g <1, HB < G and

HB < H8+1 , and H; = 1 . Then we have an.ascending normal
series
s TR Hogy® 6
o f W2 X ;
Now, for any g < HB+1/ 8 GBE;X As above

we may prove that each term of a X-series between HB and HB+1

is normal in G and that every factor A/B of such a series

satisfies (A/B) x (G/B). Therefore GeX

We turn now to the questiun of residual closure.

Theorem 1+10 (1) If Xx= SX and X is persistent and

satisfies (4), then X and X are R-closed.

(3d) 'k =eRX
.. X
{(11i) x - = RX
Proof (i) Since R ¢ <S,C> , this result follows from 1:6

and 1+9,
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(ii) Let Ge RX and let x be a non-trivial element
of G. Then there exists a normal subgroup N of G such that x ¢ N
and G/Ne X. But xN is a non-trivial element of G/N so there

exist normal subgroups K/N and !I/N of G/N , with K ¢ H, such

H/N  G/N
K/N X K/N

and, by 11 , (H/K) X (G/K). Therefore Ge X .

that xN ¢ (H/N) - (K/N) and Therefore xe H - K

*
(iii) Let G € Rx and let x be a non-trivial element
of G. Then there exists a normal subgroup N of G such that
x¢ N and G/N ¢ X . But, since xN is a non-trivial element

of G/N, there exists a normal subgroup M of G with N ¢ M

(xN)G/Np/N x G/N
M/N M/N

such that x ¢ M and Now

G/N

)M = OGNy ) = xBM/N . Therefore

G
G/N
xMM/N X Mﬁ and, by 1-1, (xﬁmfm) X (G/M) and we have

*
proved G ¢ X.

The proof of our next theorem requires the following
proposition.

Proposition 1.11 Suppose X = Hx. If A,B and C are

subgroups of a group G, with B « G, C « G, B ¢ A and
(A/B) X (G/B) , then (AC/BC) x (G/BC).

N

Proof Define the function ¢ : G/B -~ G/BC by ¢(gB) = gBC

for each g ¢ G. Then ¢ is an epimorphism and ¢(A/B) AC/BC.
Therefore (AC/BC) X (G/BC).

Theorem 1.12 If x satisfies (x) and if M is a minimal normal

subgroup of a ;-group G then M x G. If, in addition,

%
X= HXx , then G/Me X .
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Proof Let x be a non-trivial element of M. Then there

exists a normal subgroup N of G such that x ¢ N and (XGN/N) X (G/N).
Since X satisifes («), we have ((M N xEN)/(M A N)) X (G/(M A N)).

By the minimality of M, MAN =1 or Mg N. But x ¢ M and

x ¢ N so the only possibility is that MA N =1 . Therefore

G

(M0 x®N) X 6. Again by the minimality of M, x% = M so that

M0 xGN = MnMN =M, Therefore M X G.

Suppose now that X = HX and let xM be a non-trivial
element of G/M. Then we must prove that there exists a normal
subgroup E of G ; with M < E, such that x ¢ E and
(xE/E) X (6/E) . This is sufficient by 1-1.

Now there exists a normal subgroup K of G such that x ¢ K
-and (x®K/K) X (G/K). By the minimality of M, either M n K = 1
or M < K. IfMg K then we may take E = K. So we may

assume that MA K =1 .

Hx , we have (xGKM/KM) X (G/KM).

Since X
Therefore if x ¢ KM we may take E = KM. Thus we may assume

further that x ¢ KM.

Suppose x = km, where k ¢ K and m ¢ M. We know that
k #1 because x ¢ M. Therefore there exists a normal sub-
group L of G such that k ¢ L and (kOL/L) x (G/L). Let
P=KnL. If xeg PM then x = pm', say, where p ¢ P and m' ¢ M.
Thus km = pm' and so p 'k =m'm* ¢ MNK =1 .
Consequently p = k which contradicts the fact that k ¢ L.

Therefore x ¢ PM.
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Since (kOL/L) X (6/L) we have by {x) that
KL n kLK) x (6L nKY. But KeL K = k&L NK), so

that (k%P/P) X (6/P). Therefore, since X
G

Hx , we have by

1-11 that (K8PM/PM) X (G/PM). But x%PM = k®PM. Therefore,

letting E = PM, we have (xGE/E) X (G/E),as required.

We observe that the condition on X in Theorem 1-12 ensures

by 1-4(ii) that the theorem is also true for x-groups.

So far, we have only discussed the classes i, X and
the Xx-series classes. The following definitions provide
further ways of defining classes of groups in terms of
subgroup theoretical properties. In each case x is any subgroup
theoretical property. Several of these definitions are after

Robinson [1]

Definition The X-centre of a group G, denoted by X(G),

is defined by ¢X(G) = <H <G ; H x G>

Notice that it follows from the definition of a subgroup

theoretical property that ¢X(G) (G 1is always true.

Definition The upper X-central series of G is the series

{cX(6) 5 o anordinal} defined by £X(6) =1, ¢¥(G6) = £¥(6G)

and if ;g(s) has been defined for all g <o then : if o

is a limit ordinal , ;E(G) BEL;:(G) , and otherwise

X(6)/ ¢, (6) 6/ ¢X_(6) .

Definition The limit of the upper X-central series of G,
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dencted by -Ef(G), is called the X-hypercentre of G .

Definition If N <G, +X(N,G) = N{M 4 G; M g N,(N/1) x (G/M)}

Definition The lower X-central series of G is the series

{YGX(G) : a an ordinal} defined by v,X(6) =G and if
yé (6) has been defined for all ordinals B < a then : if a is
imi i X = r\l X i
a 1imit ordinal Ya(G) B YB(G) , otherwise
X@ = ¥+*,(6),6)
Yu T Ya...l E] .
Definition The limit of the lower x-central series of G, denoted

by  yX(G), is called the Xx-hypocentre of G.

Some results concerning these concepts can be found in [1] .
Notice, though, that the definition in this thesis of X(N,G)

does not require N to be normal in G, whereas that in [1] does.

Subgroup theoretical properties can also be defined 1in

terms of group theoretical functions, as follows.

Definition A group theoretical function o 1is a function which

assigns to each group G a subgroup «(G) such that e(«(G)) = a(e(G))

for each isomorphism g out of G.

© Definition If « is a group theoretical function, the subgroup

theoretical property associated with « , also denoted by o , is

defined by saying that H o G if and only if H ¢ «(G).

We also make the following definition of a monotone group

theoretical function.
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Definition A aroup theoretical function is monotone if L < G

always implies that a(L) < &(G).

Examples of group theoretical functions and associated
subgroup theoretical properties are \> and \5*, for a variety VY »
and By Here HY G if H is contained in the ¥ -verbal
éubgroup of G, HU*G 1if H is a VY-marginal subgroup of G and
H £; G if H is a central subgroup of G. Of theseUis monotone

while ¥* and 1:1 are not. Clearly & = 0t*,

The proof of the following lemma is very easy and is omitted.
Lemma 1:13 (i) o 1is a subgroup theoretical property.
(i) a = So.
(iii) If whenever K < G it follows that
a(G) N K ¢ a(K), then o is persistent.
(iv) If « is monotone then H o« K < G implies H o G.
(v) *(6) = afG) so that ¢®(G) « G is always

true.

We consider now the generalization of marginal and verbal
subgroups of Hulse and Lennox [2] . For a normal subgroup K of
a group G, they define o(K,G) to be the subgroup of G generated
* by all elements of the form

(0(g s-029)) 7" w(9)se0 095K nnsg))
where 9yse+es9, € G, k ¢ K and m(xl,...,xn)c w s where y is
the set of words defining a variety \}. They also define

¢*(K,G) to be the set of all elements k of K such that

m(gl,...,gn) = ”(91""’gik""'gn)

whenever m(Xl,..., xn)e Wy §is.00s0p € G and 1 £ 1 g n.
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It may be seen that o(K,G) and ¢*(K,G) are normal sub-
groups of G. Also &(G,G) = VW(G) and ¢*(G,G) = U*(G), the

usual verbal and marginal subgroups of G, respectively.

Hulse and Lennox go on to define the lower G-¢-marginal
series of K to be :

K

o(K,G) > ¢1(K,G) > Sk @n(K,G) & ulen
where, for n > 0, ¢ (K,G) = ¢(@n_1(K,G),G). They define the

upper G-¢-marginal series of K to be ;

-~

1 = ¢;(K,G) < ¢¥(K,G) L o £ @E(K,G) <

where, for n > 0, @ﬁ(K,G) is defined by

o*(K,6)/e%_ (Ks6) = o*(G/of_ (K,G)WN K/of_ (K,G).

When K = G they obtain the lower and upper ¢-marginal
series of G with terms ¢n(G,G) and ¢E(G,G), which they abbreviate

to ¢n(G) and ¢;(G) , respectively.

Hulse and Lenncx define a group to be @&-nilpatent if
there exists a series
G = G0 > G1 St e % Gn =1
where G; ¢ G and Gi_llﬁi < v (6/G,) for i

1
—
-
"
-
-

They denote the class of @¢-nilpotent groups by ¥

As mentioned earlier, the subgroup theoretical property
associated with the group theoretical functionV* is just the
property "is a $-marginal subgroup of". Some properties of U*

are demonstrated in our next proposition.
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Proposition 1°14 (i) "\%* is a subgroup theoretical property.

AP O = sage
(ii1) ¥* is persistent.
. 1}* .u_*
(iv) r (G) = W¥*(G) and so ¢ (G) ¥W*G
is always true.
(v)  VU* satisfies (+).
(vi) V* satisfies (x).
(vii) v* = HW.
W v
(viii) (N/y © (N,G))\W*(G/y ~ (N,G)) whenever
N « G.

Proof Parts (i) to (iv) follow from 1-13.

(v) Suppose G =K x L and HU*K. Since
W*(G) = W (K) x $*(L) we have H ¢ W*(K) ¢ $*(G) , as
required.

(vi) Suppose X,Y and N are normal subgroups of a group G

with Y ¢ X and (X/Y)UV*(G/Y). Let g, ,...,9,. be elements of G

P
and suppose that neg NN X and w(z ,...,Zr)g W. Since

1
X/Y < 3*(G/Y), we have

aslga Vs g Yy = a0 Yaseva @V voe G.Y)
1 r 1 i r

so that

(@(9,5+++59.)) " wl8senesGiNseensg)e ¥,
But

(m(glsuugr))-l m(gls---sg.irl;-.-sgr.) E q’(N:G)

and ¢(N,G) £ N. Therefore

”(91""’9r)(Y nN) = “(91""’91"""’gr)(Y n N)

so that n(Y n N) eW*(G/Y N N), and we have proved that V-*
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satisfies () .
(vii) Suppose N g 12*(G) and let ¢ be a homomorphism out

of G. Let 9yseees9p € G and n ¢ N. Then
w(6(9;)5-.50(94n)5..50(9,))

e(m(gls.--sgin,---,gr))

e(m(g1""’gr))

"

w(0(9,)s--+5 0(9,))-

Therefore 6(n) € W*(8(G)) and so o(N)\%* 6(G) , as required.

&

(viii) Let L =y° (N,G). That is,
L = N{M<G3;MgcN, N/Mg W*(G/M)} . For all such M, if
n € N, we have

W(gl,---,gr)M = m(gl,...,g_in,...,g M-

)
Therefore

(w(gl$luo)gr))..1 m(gl’-onggin’ ouoggr)s M
and so

-1
(m(gl,...,gr)) “(91""’gi"""’gr)a L.
Thus

”(91""’gr)L = ”(91""’gin""’gr)L

which implies that nLe V*(G/L) . Therefore (N/L)VW*(G/L),

as required.

Part (iv) of the last proposition, together with the next
lemma, shows that we have a characterization of the upper and

lower ¢-marginal series of Hulse and Lennox.

*

Lemma 1-15  o(K,6) = v Y (K.G).

Proof Let M be a normal subgroup of G with M < K and

(K/M) 1¢*(G/M), and let x be a generator of ¢(K,G), say
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K- (”(91"-°’gr))-l“(91"'°'gik""*9r)

where g ,...,9.¢ G and k ¢ K. Now kMe U* (G/M) and so

w(glM, Sl ng) = w(9,Ms cees gikM, ...,ng).

Therefore
“(91'°"=9r) = ”(91'---s91k’---'9r) (mod M).
.\}*
Thus x e M and ¢(K,G) < vy = (K,G).

But, as cbserved by Hulse and Lennox,
K/o(K,G) < ¢*(G/2(K,G))
=V*(6/0(K,G)).

Therefore 71}* (K,G) < ¢(K,G) , as required.
Thus we have proved,

Theorem 1:16  The lower (respectively upper) ¢-marginal series

of a group G is identical to the lower (respectively

upper) U*-central series of G and }{@ = ‘13*.

The following facts about \W* are direct consequences of

1:4(ii) and 1-12.

Corollary 1:17 (i) y* = U

(ii) If M is a minimal normal subgroup of a

\* -group G, then M <U¥*(G) and G/Me U,

We define the operations CF and Cn on classes of groups as
follows :

Definition Let X be a class of groups. Then G ¢ CF!
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if for each non-trivial element x of G there exist subgroups
Hand K of GwithH<K<G, xeK-H andKHek . We

say G has an X -factor covering.

Definition Let X be a class of groups. G e C X if for
each non-trivial element x of G there exist normal subgroups
H and K of Gwith H < K, x e K- Hand K/H X . We say

G has a normal % -factor covering.

Both these definitions appear in [12] but with different

notation.

We have the following result for any variety .

-

N\
Theorem 1-18 C A s ch - cnU = cnv*.

f_mo_f Let Ge C V* and let x be a non-trivial element
of G. Then there exist normal subgroups M and N of G such that
N<M, x eM-N and M/N ¢ U* . But xN is a non-trivial

element of M/N and so there exist normal subgroups H/N and K/N

of M/N such that K ¢ H, xN e(H/N) - (K/N) and
RLN < U*(WN N , say.

Now I—‘éﬂ a ﬂ%—g _G_% and so %:'Ta %—% which

shows that L « G. Also xe L and x ¢ K. But K<L and

L/K = -E—é—ﬁ e U

We have proved that C W* < C\¥ . Since it is
obvious that Cn"& < Cnﬁ* < C ¥* | it only remains
to prove that cFv < Cn‘t} s
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Let x be 2 non-trivial element of a CF'U“-group G .
Then there exist subgroups M and N of G such that M « N « G,
X e M-N and M/N 3 . Therefore WH{M) < N and we have
XeM-M). But H{M) 4«M « G so M) « G and we have
proved that G ¢ Cn\}

By taking ¥ to be the class 0l of abelian groups, we see
that the classes 3* and Cn\} are not, in general, Q-closed.
For 01* 4s just the subgroup theoretical property "is a central
subgroup of" and so Ol* is the class of groups with a central
factor covering. Also CnU‘L is the class of groups with a normal
abelian covering. It is clear that cnm contains the class of
SI-groups and (1* contains the class of groups with a central

series. Thus both classes contain the class of free groups.

Many of the classes considered here are not Q-closed.
However, we can make use of the homomorphism properties of

Petty [6]

Definition Let A be a non-empty set. A non-empty set ¥ of

subsets of A is called a filter if ;

(i) ¢4¢7F
(i1)  S.,5, ¥  implies that S NS, e¥
(iii) Se¥ and ST implies that T ¢¥F

We order filters naturally by saying ¥ <7¥, if Se¥

always implies S ¢ '3’2

" "Definition A filter is an ultrafilter 1if it is maximal in

the natural ordering of filters.
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It can be seen that any filter can be enlarged to an ultra-

filter. The following result is in [13] .

Lemma A filter ¥ on A is an ultrafilter if and only if given

any subset T of A either Te¥ or A-Te¥

Let {R; ae Al be a set of groups and Tet R = Cr R,
ae A

Again we consider R as the set of functions

{x: A= Ra : x(“)eRa for all achA} . Let

aeh

¥ be a filter on A. For elements f and g of R define
f~g if faehA; fla) = 9(a)) eF . Then ~ is an
equivalence relation. Let I = el f~132a R0

Let PB/F denote the set of equivalence classes in R determined

by =~ .
Definition R/T is a reduced direct product of the R 's.
Definition If ¥ is an ultrafilter then R/I is an ultraproduct
of the R 's.

¢4

If P is a property of group homomorphisms such that all
isomorphisms satisfy P, Petty defines an operation Hp bn group
theoretical classes by saying that, for any class X ,

G e le if there exist an ¥X-group K and an epimorphism

h : K> G with h satisfying P. For any class X such that

X = Hp'i he says that P is a weak homomorphic image

closure property of % . In particular, he defines the

following operations on group theoretical classes.
Definition G e HRE if G is isomorphic to a reduced direct
product of ¥-groups.

Dafinition G e Hu?. if G is isomorphic to an ultraproduct
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of %-groups.

Definition G e HWI if there exist an X-group K and an
epimorphism h:K - G such that the kernel of h is contained in
the 1imit of the upper- V¥* - ceniral series of K, where\®is the
variety determined by the set of words w.

Notice that Hu < H Notice also that p being a weak

R
homomorphic image closure property dees not necessarily imply
that Hp ¢ Q. However for classes of groups X such that

T = % HR?E,, H% and Hw]i are all contained in QX

Petty proved the following theorem in [6] .
Theorem For a variety ¥, CUV , V* , BnU , PV

and V*  are all <HR,Hw> -closed classes.

Petty also defines a generalized local property in the
following way.
Definition Let P = {KQ,HG ;s aeA} be a set of subgroups of

a group G. P is a local factor system of G if Ka 4 Ha for all

aeA and if F is a finite subset of G - 1 then there exists

an g in A such that F£€ H - K
o o

Definiticn G e LFE if G has a local factor system
(K ,H 3 aeA} such that H /K % for all acA.
oa o o o

Petty then proves that L ¢ LF < <S,Hu> which yields :

Corollary Ca s BT 5 Bn‘l} , pB and V*  are all

LF—closed classes, and so are all L-closed classes.

These closure properties will be of recurring interest to us.
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Two other subgroup theoretical properties which are of
interest are those of being an % -subgroup and being a normal
X -subgroup, for a class of groups £. We denote these by
ﬁx and Vg respectively. When it is clear which class X

is being considered, we omit the suffices.

Obviously v ¢y and Cﬁl £, 9. We also have the

following result.

Proposition 119 (i) u and v are subgroup theoretical properties.

(11) w = Sp if X= Sk.w # 5
in general.
(iii) pu and y are persistent.
(iv) u and y satisfy (x) if ¥ = Sﬁi
(v) u and y satisfy (1).
(vi) If = Q% , then y=Hy and y = Hy.
(vii)If X= RX , then (N/y"(N,G))u(G/y*(N,8)),
and (N/Yv(N,O))p(G/Y“(N,G)).whenever N < G.
(viii) ¢¥(G)uG is not true in general.

V(6)v6 if ¥= NX.

Pro,f The proof of this proposition is easy except for the
following : |

(iv) : Suppose %= Sk and let X,Y and N be normal
subgroups of a group G such that Y ¢ X . If (X/Y)u(G/Y) then
XNNYQAN S (XNANYY o X/Ye¥ . If (X/Y) v (G/Y)
-then (X/Y) u (G/Y) so XN NYNNcX . ButXNN/YNNaG/YAN,

as required.
(viii): Consider the class % of cyclic groups. If G¢f

then clearly G y G is not true. But any group is generated by
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its cyclic subgroups so G = z"(G).

On the other hand, iF X= NE we have ¢°(6) e NX =%

so, since ¢’(6) is clearly a normal subgroup of G, & (6) v G.

We observe that ¢“(G) is just the ¥-radical of G, and that
the upper v-central series of G is just the upper X -series of

G for any group G.

Finally, in this chapter, we have the following corollary,

which is a direct consequence of 1+4 and 1-12.

*
Corollary 1-22 (1) . = piandEy A 9
(it) " iF X's Sni and M is a minimal normal

subgroup of a ﬁ-group G then MeX and
6Me 1.

(iii) If = s¥X and M is a minimal normal
subgroup of a :-group G then Me¢k and

6/Me v.

43



I1 % - Centrality and %D-Centrality

For any < $,Q,D  >-closed class of groups X , Stanley
defined , in [3] , the ¥%-centre of a group G to be the set
of all elements x of G for which there exists a normal subgroup
N of G, depending on x, such that [x,N] =1 and G/N¢X . He
denoted the X-centre of G by HI(G:}E) and proved HI(G:}E) to be

a characteristic subgroup of G.

Making a slight generalization of the property ¢ , defined
in [5] , we define the subgroup theoretical property ¢* as

follows :

Definition Let G be a group. If H ¢ HI(G: ¥X) we say that H is an
¥-central subgroup of G, and write H ¢IG'

Arrell, in [4] , defined a descending series {KG; oel}

to be an }in-central series if, for each ge: s

N{[K N 5 N < G,G/N eXls K,
Again generalizing a property in [5] , we define the subgroup
theoretical property by thus
Definition Let G be a group. If H is a subgroup of G such that
N{[HN] 3 NG, G/Ne¥} =1 , we say that H is an

_ ‘{D-centrﬂ subgroup of G and write H vy G.
When it is clear which class X is being considered, we omit

the suffices from ‘bi and zp.i . The next two theorems carry over

from [5]
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Theorem 2-1 (i) ¢ 1is a subgroup theoretical property.
(ii) ¢ = H¢ .
(iii) ¢ satisfies (x).
(iv) (N/y¢(N,G)) ) (ny¢(N,G)) is not true in general.

(v) ;¢(G) ¢ G is always valid.

Theorem 2-2 (i) ¢ 1is a subgroup theoretical property.
(ii) w <Hy 1in general.
(i11) y satisfies (x).
Giv)  (NYY(N:G)) w (6/v¥(N,G)) always holds for N ¢ G.

(v) ;¢(G) y G is not true in general.

We now add :

Theorem 2-3 (i) ¢ = S¢ and y = Sy
(i1) ¢ and y satisfy (T).

(iii) ¢ 1is persistent, and y is persistent if %= S¥X .

Proof The first part is very easy to prove. That ¢ satisfiés
(1) follows from proposition 3(iii) of [3] which proves that if
K is a direct factor of G then H (K E e H, (G ¢ %) N K.
Suppose F y H 6 G. Let xe N { [F,L] 3 L 4G, G/Lc¥ }

and let N be a normal subgroup of H such that H/Ne %

: There exists a normal subgroup K of G such that G = H x K,

Let M = KN. Then M <G and G/M = H/Ne ¥

Therefore xe[ F,M] . But [F,M] = [F,N] because [H,K] = 1.

We have shown that x ¢ [F,N] for any normal subgroup N of

H such that H/Ne % . But N{ [F,N] ; Na<aH, H/Ne¥} =1

Therefore x =1 , proving that F y G.
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To prove part (iii), suppose first that H < K < G and H ¢ G.
Then H < H,(G : %) N K. But by proposition 3(i) of [3] ,
Hy(G : %) NK < H(K:X). Therefore H ¢ K . Suppose now that
HsKgGand Hy G. Then N{HN ; N<G, G/NeX}= 1.
Let xe N {[H,M] 3 M<K, KMecX} and let N be a normal
subgroup of G such that G/NeX . Now KnN <K and
K/K AN== KN/N € S¥ and we are assuming that X= S¥X
Therefore xe [H,K A N] < [H,N] for all normal subgroups N

of G such that G/NeX . Thus x =1 and so H y K.

As a consequence of some earlier results we have

! * *
‘Theorem 2-4 (i) ¢ = ¥ = ¢ = ¢

(i) ¢<¢

Proof (i) follows from 1-4 (ii) and 2-3 and from theorem 3 of

[6] » which states that ; = ; . (ii) follows from 1-4(i).

As an immediate consequence of 1:6, we have
’ 5\

Theorem 2:5 45 ¢s s & ¢, 3 and p are all S-closed
1F & Sk

As observed in [5] , the class f: defined in [7] s
identical with the class ;* S particu?a:, the class of
residually central groups is just the class ¢, - Also the classes
of groups with a central factor covering and groups with a central

series, Z, are just the classes ¢, and ;1 , respectively.

Phillips and Roseblade [10] have discovered a gl—gr'oup which

is not a $1~gmup. However, 2-4(i) gives us :
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*

Corollary 26 ¢ = &

It is also observed in [5] that 31 = 31 =R,

/ \

/ A
by = ¥y = 7A and § = 3§ = .

We shall now examine some connections between classes of
groups defined in terms of ¢ and ¥ for any <S,Q,Do>-c105ed

class ¥ . The following two lemmas will be helpful.

Lemma 2-7 If A and B are ncrmal subgroups of a group G
and if (A/B) ¢ (G/B) then there exists an
ascending series {Gu} from B up to A of
normal subgroups of G , such tkat for each
ordinal «a,

(644,/8,) ¥ (6/6) .

Proof Let Gog=8B . If Gy < A we define a series as

a+l

follows : If a is a 1limit ordinal let 6 = VU g . If
a B<u B

a-1 exists and if G,., <A choose an x ¢ A - G,., andlet

Ga = xGG . It is easy to see that B ¢ Ga 4 G for each

o=l

ordinal « , and that the series reaches A.

Let « be an ordinal number and let x ¢ Gm+1 . Since
x ¢ A there exists a normal subgroup N of G, with B ¢ N and
G/NeX , such that [x®,N] < B. Therefore

G
[GyyoN = [X6,N] <G, . Thus (G, /G )y (6/G).

atl

Lemma 28 If A and B are normal subgroups of a group G
and if (A/B) ¢ (G/B) then there exists a

descending series {Ga} from A down to B of
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normal subgroups of G, such that for each

ordinal a , (G /G,;) ¢ (6/G_, ).

a+l

Proof Let Go = A If G0 > B we define a series as follows :

If « is a limit ordinal let G = () G . If a-1 exists
o B<a B

> B choose an x ¢ Ga_ - B, Now xeA -8B

and if G
o= 1

1
and so there exists a normal subgroup N of G with B ¢ N and
G/Ne¥ such that xB¢ [A/B,N/B] = [A,N]B/B.

N] . It is

Therefore x ¢ B[G,_,sN] . LetG, = B[G

1 a=-1?

easy to see that Ga 4 G for all ordinals « and that the series

reaches B,

Let o« be an ordinal number. Since there exists a normal
subgroup N of G with B < N and [Ga,N] < Gc‘+1 » We have

(Ga/Gu+1) ) (G/Gu+1). as required,

These two lemmas provide the proof of :

’

Theorem 2:9 ¢ < ¢ » U gé and ¢ =y

An indication of the size of some of the classes defined in
terms of ¢ and ¢ has been given by Stanley : in [7] he proves
* * *
that o, S 9y € ¢1(RfE) and in [3] he proves that
”~ ~ -~
8¢ %« $,(RE) and that §, <& s & (RE).
We now add

-~

Theorem 2:10 ¢, s ¢y s 4,(RX) » &; ¥ s ¥;(R¥) and

IA

Vs Vg s 9 (RE).

-~

L

-7
ot
A
o7
H
o
-
Q.
<=0
—
FA
=0
-

Proof It is clear that @1 <
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Let Ge E"f. and let {Hg*Kg $ o} bea diseries
in G. Let R be the ¥-residual of G and let Mo - HU n R
and N = K N R for each ocel . Then M and N are
g ag o C
normal subgroups of R and N0 < Mc for all oel
Let x be a non-trivial element of R. Then for some oceX ,
x e (H 0 R) - (K A R) sorz-1=clélz M -N
‘Suppose T <@ . Then MT - HT n R g Ko NR = Ncr

Since by satisfies (*) , (Mo/Nc)¢1 (G/No) for all geg

Let m ¢ Mo . Then there exists a normal subgroup P of
G, with N_ < P, such that [m,P] < N and G/P eX
Therefore R < P and so  [m,R] g ch for all m ¢ Mo
Thus [MO,R] < No so that MU/NG < ;l(R/Nc). Therefore
{Mc’Na 3 oel} is a central series in R so Rg;&l

and G ¢ ;1 (RX).

Now suppose G ¢ E’}L and Tet {H; o <o}  bea descending
¢I -series in G. Let M0 = Hon R forall g sa . Then
R e 31 because (M : o £ a} is a descending central
series. Therefore Ggﬁ;l (R%). .

Suppose now that G e $‘£ and let {Hi s V2161  be

L

. . = . L} \ ' £
a finite series in G. Now (H1‘+1/hi) vy (G{Hl.) for each

V%
1<ign so, since [R,H; < n{[N’Hiﬂ] ;N a G,G/NeX }

j+]
H, we have [R/Mi,HiﬂfM‘.] =1 , where Mi = H1. n R

A

(1 £ 1 ¢ n). Therefore {Mi ; 1 < 1gn}y s a finite central

- < -

series in Rand Ge gl(R{).

The following result follows very easily from 1.8 and 1-9
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Corollary 2:11 (1) ;i " E’i and IB% are all C-closed.

(ii) “”I-. and ‘4’,1 are D-closed.
b ) )
(iii) oy and yp are D,-closed.

(iv) by is R-closed.

Some of the classes under consideration are shown in Fig. 1.

We note that by proposition 9 of [3] 3* = <5,0,D; 3*
and ¢'§ = <S5,Q,D> E’I-. , and that by theorem A of [4] |,
gi = <S,D> 3{ and Jy = <S.Dp>Vy . We have improved
the last of these results and proved several of them in a

different manner.

The upper ¥X-central series defined in [3] by the rules
H, (G :I)/Ha_l(s:i) = H (G/H__ (6:X ) : X ) if o1 exists
e 2 U | . . . | . . .
and H_(G: %) ) HA(G.K) if o is a limit ordinal, is
Jjust the upper ¢I-centra1 series. .For any ordinal number o ,

we define the class of X(a)-groups as follows :

Definition Ge X («) if G = Ha(G:'f.).

We continue to use Stanley's notation of H(G: X) for

the -hypercentre of G, thus G ¢ (;Yi if and only if

%
G = H(G:X).

We now include some results about some subclasses of by -

1t is assumed that ¥ and'\* are <S,Q,DO>-closed classes.

Proposition 2-12 (i) If X <1} then HG(G:K) < Ha(G:\}) for

all ordinals «
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Fig. 1
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(i1) R (6:Ea\)s H (G:X)nH (G:Y)
for all ordinals «

(iii) If X £\ then ¥(a) s Y(a) for all
orcinals «

(iv) (R AQ)(a) ¢ Re) 0 Yla).

(v)  H(GXAY) = H(GX)0H (G:Y).

(vi) (xa)ll) = (1) n g,

(vii) Ha(G:?E,) ¢ ¥(a) for all ordinals q.

(viii) k(3+k) ¢ WJ) X(k) for any integers
J and k.

(ix) g PR, & < BLXM),
bg < P(R(1)) and s p(X(N).

Proof of 2+12 (vii) Proposition 3 of [3] states that if K is

a subgroup of G and a is an ordinal number, then
HG(G:':E) nNK HG(K:I). By putting K = Hu(sz) we obtain
Hu(G:'i) < Ha(Ha(G:X):I), as required.

The proof of the rest of 2:12 is very easy and is omitted ,

as is the proof of our next proposition.

Proposition 2-13 LY = KVE.N X2).

Definiticn Let % be a class of groups. We say that % is
a good class if, for any group G, G/cl(G) eX always implies
GeX

Examples of good classes include the classes of nilpotent
and soluble groups and, as is shown by 2-16 , the classes of

locally nilpotent and locally soluble groups.
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Lemma 2-14 (1) 1f X is a finitely generated subgroup of
H (6:%) then there exists a normal
subgroup N of G such that N n X g cl(X)
and 6/Ne¥

(ii) If Ge "FaX (1) then there exists
a normal subgroup N of G such that

N < z,(6) and G/Ne X

(iii) If X is a good class then %(1)n°%f <X

Proof (i) Suppose X = K seeesXp> o For each i,

1 ¢ 1 ¢ n, there exists a normal subgroup N, of G such that
n

[X;5N;1 =1 and  G/N, eX . Let N = iQ) N, . Then

S

[X,N] = 1 sothat XAN < g (X) and G/N¢ sno’£ =%

(ii) follows immediately from (1).

(iii) If N < ¢ (G) and-G/N ¥ then G/cl(e)gohi
so that, if X is a good class, Ge¥X

Lemma 2-15 Let ¥ be a good class such that *§n¥X ¢ \}
for some class J . Then °fn ¥(c) ¢ Ye)

for all integers c.

Proof By 2-14(iii) , X(1)n®% = ¥n°} <Y< YO).
Suppose that °§n ¥X(c-1) g Y(c-1) and Tet Gef 0 X(c).
Then by corollary 6 of [3] , G/H (G:¥) e n ¥(c-1) < l}(c—]).

Let x ¢ HI(G:}\). Then there exists a normal subgroup N

of G such that [x,N] = 1 and G/Nc¥ . Thus
’, of . . -
G/Ne®fnX < '\§ and we have shown that HI(G.ﬁ )< HI(G.'LX.).
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+ Therefore G/Hy(G:\)e Q(Y(c-1)) = Y(c-1) by proposition 9
of [3] and so, again by corollary 6 of [3] , Ge (c).

It is well known that if % = <S,Q,Do>'£ then so is
LX . For good classes, the following properties of LX also

follow,

Proposition 2:16 If X is a good class then

(i) LX s a good class.
(i1) 1) < & =" (R3O0 = LeEQY

Proof (i)  Suppose G/;I(G) e LY and let H be a finitely
generated subgroup of G. Now

H;I(G)/cl(G)f—E H/H o ;I(G), which is finitely generated and so
Hz (6)/z (6) e X . But Hog (6) <z, (H) and so H/z (H) e 0% =%,
But X is a good class so HeX . Therefore G ¢ LX

(ii) By 2:14, %(1) <X . Clearly LX< (LX)(1).
By 2:15, 4 n(L¥)(1) ¢ ®(1) andso (LX)(1) < L(X(1))
because each of the classes under consideration is S-closed.
Since X(1) < LX , we have L(%X(1)) < L(LX) =LX , as

required.

For a good class X , we can obtain another bound on ¥(1)

by means of the following lemma.

Lemma 2-17 If £ is a good class and X ¢ H (G:¥) then

XGE}E
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Proof Let X = xG.

Then X < G, X < H,(G: %) and deo(X) < =
so we have, by Temma 7(ii) of [3] , that G/Cy(X)eX

Thus, since X/X n Co(X) = XCG(X)/CG(X) , we have

X/X 0 Ce(X) e SX
have X/z,(X) e Q¥

% . Bit X6 CG(X)=;1(X) and so we
X . Therefore X ¢ %

‘Corollary 2:18 If % is a good class then X(1) ¢ NX

Proof Let Ge X(1) . Then G = HI(G:K) = “{xG:xE HI(G:I)}
e N¥%.

We also have the following connection between the upper
% -central series of a group and its upper X-series, that is,
its upper v.i-central series. We write , (G:X) for
a

;n\’* (6).

Lemma 2-19 If ¥ is a good class and X = NO* then
Hu(G:'-!':) < pa(G:i) for every ordinal number 4

Proof For all ordinals « , TetH = Hu(G:i) and

R = p (6:%). Let xcH . Then by 2:17 x& ¥

Thus H1 < R. and the result is true for o = 1 . Supbose

1
the result is true for all groups for all ordinals g < o

If « is a limit ordinal then H = B\é}a H, Bkéla RB =R
Otherwise o-1 exists. Let xeH so that xH H (G/H _:%).

o i G | a~1

Thus xH e Rl(G/Hu_1 : %) by the case o= 1. Therefore

xHa_l belongs to a product of finitely many normal ¥%-
subgroups of G/H _ . Since % = No'i"c , we have that

xH _ is an element of a normal X-subgroup NH _ - of

G/H

s

Now xH /H < N/Hu_lg'i . Therefore

3 G (U ¢ 1=z S
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xG/(xGr\HUF}) ¢¥ . But, by assumption, H &R $0
G G G, G .
X NH _. s X"AR,_, and so xI/(x nRa_1)e:Q'3£ -¥
G GfRa-l
Thus x R‘J‘_I/Rm_1 ek so that (xRa_l) ek

Therefore xR e R (G/R_ -:X) andso xeR , as
a-1 1 o= o

1
required.

We now define a root class of groups. Our definition
follows Robinson [1] . Stanley [3] omits the necessity

of S-closure.

Definition A class of groups ¥ is a root class if

%= S% and whenever we have subgroups G, and G; of a
group G such that G, < 6, <4 G, G/G, eX and G,/G, eX
it always follows that there exists a normal subgroup G,

of G such that 6, < G, and G/G, ¥

2
We observe that, for <S,Q>-closed classes of groups, the

condition of being a root class is equivalent to p-closure.

We also observe that, since N < <p,Q> , if X = <S,Q,p>%

then '£=N0i and so X = Do'ﬁ

Theorem C of [3] proves that if % is N,-closed and
0 ’ :
a root class, then o and ¢y are No closed. This may be

perhaps expressed more simply by

Theorem 2-20 If X =  <5,0,p>% then g{ and qf.k are

No-c1osed.

Lemma 2-21 1f £ is a good <S,Q,p>-closed class of groups,
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then g.&a'}‘ S

Proof If Xis a good class then by 2-14(iii),

H(G:X) e LX . Therefore if GeX (1)0¥ , we have
G=H(GX)e L¥a¥ <X . Suppose ¥(c)n¥F <X
and let G ¢ X(c+1)AT . Then G/H (G:X)e X(c)nYF , by
‘corollary 6 of [3] , and H (6:X)e X(1)nF by 2-12(vii).
Therefore G ¢ pX =X . Thus gy&n'}' s X . But, by
corollary 7 of [7] . :* A Y - a%xnT = REXAY
By theorem A cf [3] , RE <
332 ny < gxn'}' ¢

0
. Therefore
¢& or

Corollary 2.22 1If X is a good <S,Q,p>-closed class of groups,

%
then by is a class of generalized X-groups.
Lemma 2:23 If %= <S5,Q,p>¥ and N is a normal
¥-subgroup of G with di(N) <=  and

NgH(6:%), then H (G/N:X) = Hl(s:i )/N.

Proof Let xN e Hl(G/N:.‘x' ). Then there exists a

normal subgroup K of G with N ¢ K such that [x,K] < N and
6/xeX . LetC=Cg(N) . Then G/Cc¥ by lemma 7 of
[3] , so that if L = KNC, we have G/LeX

Define ¢ : L>N by ¢(2) = [2,x] for all gel.
This is a homomorphism because [2,2,,X] is easily seen to
be equal to [2,5X] [2,:Xs%, 102,,x] so that, since
[zl,x] e [L,x] £ [K,X] £ N, we have
[zl,x,zz] e [N,L] £ [N,C] =1 , yielding

A

02,0, 7 = [0 22:X] = [25X] [2,5X1 = ¢(2,)¢(,).
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The kernel of ¢ is C.(x) NL. Therefore, since NeX  we have
L/(Ce(x) 0 L) ek . Since X is a root class there
exists a normal subgroup M of G with M < CG(x) n L and

G/Me X . Therefore [x,M] =1 and so x e H (G:X).

Therefore xN eH,(G:%X)/N , as required.

Corollary 2.-24 If Gec[;{ , where ¥ = <5,Q,p>% and if
H(G:k)e ok then Ge °§ N X

Proof Since Hl(G:{) itself satisfies the conditions of
lemma 2.23, we have H (G/H (G:X):X) = H (G:X)/H (G:%).
Therefore G = H(G:X) = H (6G:%X)e "§ nk

We note that lemma 2.23 does not hold when X is taken to
be the class of nilpotent groups. This is shown by the
infinite dihedral group, G = <x,y ; x’ = x'l,yz =15,
For Tet X = <x> . Then X « G and because X and G/X are

abelian, we have X g HI(G:YL). Also dG(X) < o because

Xe °} . But Ge'} and G¢ X and so
by 2:16(ii) , G¢ X(1). That is, HI(G:){) <45,
Therefore H (G:W)/X < G/X = HI(G/X:K).
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111 ¥- and ¥p -Centrality for Varieties

We now consider V-centrality and 'UB-centrality for any
variety 3 . We shall prove some weak homomorphic image
closure properties and some generalized local theorems as

introduced in section 1. Hereafter,\} always denotes a variety.

There is a simplification of the general situation in this

case, as is shown by :

hY N 4 ’
Theorem 3-1 ¢5} =g 9= Ny and 81} = 31} :
Proof Let Ge }1} . Then there exists a descending series
BB R 26 o» G =1
e S Y

in G such that (Gu/Ga+1)¢1£G/Gu+1) for each ordinal o < y
Let X ¢ Ga . Then there exists a normal subgroup N of G such
that [x,N] < G, and G/Ne - . Therefore 1¥4G) ¢ N
so  [Xx,\XG)]
6, V(6)] <

3 Ga+1 for every element x of Ga . Therefore
Ga+1 and so (Ga/Ga+1)mU£G/Ga+l). Thus

Ge &l} The reverse inclusion is by 2-9.
Now let Ge;ﬁi} so that we have a series
1=Gosﬁlg...GY=G

in G such that (Ga+l/Ga)¢l;
That is, NCG, /G » NG 5 (N6 ) < (6/G),6/NeVY = 1.
/G, » V(6)6 /G ] =1 and since G/ V(G)G ey ,

G/GG) for each ordinal « < y

Therefore [G.m+1
we have (Ga+1/Ga)¢U£G/Ga) and so Ge 18 . The reverse

inclusion is again by 2-9.
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Let A be a au;series of finite length in a group G.
Since any series of finite length is obviously both ascending
and descending, 3 isa descending ¢1¢series, and so a
descending ysseries . But 3 has finite length and so

G e 3\} . We may prove 31}5 31} in the same way.

From some results in section 2 and by 3.1, we have the

inclusions shown in Fig. 2 for any variety J .

It can be seen, by considering the variety of trivial
groups, that all the inclusions shown are proper. For
31 = X, Si = ZA, $1 = ZD and, as observed in section 2,
31 = 7 and ;1 is the class of residually centyal groups.
As observed in section 2, there exists a gl-group which is
not a Z-group and it is well known that ncne of the classes 3 ,

ZA, ZD and Z coincide.

In order to prove our weak homomorphic image closure theorems
and generalized local theorems we use the following method,

as described in [1] .

Let G be any group and let {Ho, KU ;s ek} be a series
*in G. This series determines a binary relation < on G, defined

by x ¢y if either x =1 , or x # 1 and o(x) 5 o(y) where

o(x) is the unique element of § such that x ¢ Hc(x) - Kc(x)'

It may be proved that :

i) xecy andycz imply that x c z.

ii) Either x c y or y € x or both,

iii) xe1l implies that x =1
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iv) x<y and z<cy imply that xz2™' < y.

¥}, ¥E xY implies that y < x.
If the series is normal, we also have
vi) xYc x  for all x and v.
If the series is a J}-series, we have
vii) given Xs &y (i =1,...,n) and w a word in n variables

determining J, it follows that y 4 W(XpseousX ).

On the other hand, if <« is a binary relation, on a group
G, satisfying i) to v) then it determines a series in G. For,
define an equivalence relation ~ on G by x ~y if xe y and
Yyc x and let & be the set of all -~ -equivalence classes other
than {1} . Define a linear ordering < ong by o <1
if o# 1t and there exist an x belonging to ¢ and a y belonging

to t such that x ¢ y,.

Let H0 = {XegG; xcy for some yeg} and
K = VU H . Then it is not difficult to prove that
o <0 T
S = {HG,KU s 0ell is a series in G. Also, if ¢

satisfies vi) then S is a normal series and if < satisfies vii)

then S is a V-series.

Thus there is a one-to-one correspondence between series in

a group G and binary -relations on G satisfying i) to v).

We now make the following definition :

Definition Let S be a non-empty set. Then a local system

1 on S is a collection of subsets of S such that each finite

subset of S 1ies within some member of §. .
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Notice that with this definition, G is a locally-X group

if and only if G has a local system consisting of X-groups.

For any set S, we denote by S["] the set

{(51""’Sn) 3 Si eS foreach 1l gign}.
The following lemma is proved in [1] :
Lemma Let § be a local system on a set S, let F be a

finite set and let n be a positive integer. Suppose that

for each Hed there is a function oy pins F. Then
there is a function « : S["] » F such that for every subset
{X seensk ) OF s["  there is an Hel  such that

1
X; € WM and u(xi) B “H(xi) for each i = 1,...,m.

We write o = 2im ay -
H»>S

Suppose now that & is a local system of subgroups of a group
G and that each H ed. possesses a series determined by a

binary velation ey on H. Define a : W2l 5 (0,13 by:

aH(x,y) - {1 % Sy Y-

0 otherwise

The properties i) to vii) may be stated purely as properties

of the function oy By the Temma, o = gim ay exists., It
H-»S

can easily be seen that the properties i) to vii) are hereditary,
that is, they are inherited by o from the aH's. Therefore

we obtain a series in G of the same kind as the series in the
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subgroups H.

Lemma 3°2 A sewries 1is a VU-central series if and only if
the relation < also satisfies xe y # 1 1implies

that y ¢ [x,z] for all x,y ¢ G and all ze ¥G).

Proof Suppose that G has a VU-central series and that
Xxcy#1 . Ifx=1 then [x;2] =1 for all ze WYG) so
that y¢[x,z] . Ifx#1 then o(x) s o(y). Suppose, for
a contradiction, that there exist x,y ¢ G and ze HG) such

that y e [x,z2] . Then o(y) s o([Xs2])

If either o(x) < ofly) or o(y) <o([X,2] ) then

But x ¢ H o}

a(x) < o([xs2]) so that Hc(x) < Ko([x,z]) . o(X)
[X,2] ¢ Ho(x) < Ko([x,z]) , which is a contradiction. Therefore

we may assume that o(x) = o([X,2]) .

It is easy to see that, if {HU,K0 2 oeld is a
U -central series in G, then, for each gez , | Ha,lf(G)] < K0
Since o(x) = o([x,2]) we have [X,Z] e [Ho([x’z]),l}(a)] < Kg([x,z]T
which again is a contradiction. Therefore y ¢ [x,z] for all

X,y ¢ 6 and z ¢ \{G).

Conversely, suppose the condition holds. A generator of

[Hc,l}(G)] nas the form [x,z] where X ¢ Ha and

z e \{G). Thenx<y for some ye o . Since y ¢ [x,2] »
we have by property ii) that [x,z2] € ye o . Therefore
o([%s2]) < o and so  [x,zZ] ¢ Ho([x 2]) K
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Therefore [H , U(G)] s K . But G/ \¥(G) e so that

{H,K 3;o0ez}  is a V-central series.

Let G = Cr Ga .. Then G is the set of all functions
ach .
{x: A =+ ;gA G, 3 x(a) e G and (xy)(a)= X(a)y(a) for each qcAj.
For a particular aeA, we may associate Ga with the subset
of G consisting of all the functions x(q). We may make similar
associations with subgroups of Ga defined in terms of group

theoretical functions. We make such associations in our next

- proposition.

Proposition 3-:3 If G = Cr Ga and if g \XG) then

CI'.QA

9(a) e V(G,).-

Proof Choose an q¢A and let V = U(Gu). Let

B o= (x:A> LG 5 x(8)e 6 5 x(p)y(s) = (xy)(g) and x(a)=1}.

Then B « G, Ga NB=1 and G = GGB. Now
G/VB

G B/VR
a

6, VB/V8
= G /(VBNG )
6,/ V(BNG )
G /V

o

Then G/VB ¢ so that if g ¢ W{G) then g¢ VB. Say g = vb
where veV and be B. Then, since b(q) = 1 , we have
g(a) = (vb)(a) = v(a) E\}(Ga)

as required,

Recalling the properties of Petty, discussed in section 1,
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we are now able to prove :

Theorem 3-4 by = Hw = Ledns and so ¢y = Loy -
Proof Let K e H, $1} . Then there exists a set {Ga; ae A}
of ;U-groups and an ultrafilter Won A such that K= G/N

where G = Cr Ga and N= {xe G; I(x)e UL} with
A
e

I(x) = {ach; X(a) = 1a} for each x ¢ G.

For each a«e A, there exists a function

s g xGm + {0,1} defined by

o o

f (x(a):y(a)) = {1 if x(a) G ¥(a)
o
0 otherwise

and fa defines a ¢y-Series on Ga .

For each (x,y) € G x G, define
TEX.Y) = { aehA; fa(x(a),y(a)) =11}
and define the function f : G/N x G/N > {0,1} by

f(xN,yN) = {1 if T(xy)eW
0 otherwise .

(Petty, in [6] , proves that this is a function).

The normal series properties are hereditary. For the
Y-centrality, suppose xN and yN are elements of G/N and
zZN ¢ W(G/N) . Now G/N) = W(G)N/N so z = rn for some
re U(G) and ne N.
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Suppose f(xN,yN) = 1 , then T(x,y)e W
Let oe T(x,y) so that f (x(a)s¥(a)) = 1. Then
x(a) & 5 y(a) and by 3:3 , r(a)e \}(G“). Therefore, by
3:2, y(a) ¢ [x(a),r(a)] and so f (y . [x(a),r(a)]) = 0.
Thus  « ¢ T(y,[x,r] ).

So T(x,y) € A -T(y,[x,r]) so that, since
T(xsy)e WK 5, A= T(y,[%xsr]) e L\ . Therefore, because

$¢ N\, T(y,[xr])¢ A . So we have f(yN,[x,r]N) = 0.
Now zN =rN so [x,z]N = [x,r]N. Therefore
f(yN,[x,z]N) = 0.

Thus we have proved that :];U_: Hu&;\,, . But by 2-5,

$‘d = 5‘?"\} and so by 4.2 of [6] , ‘?’1}= LF$1} >
and since L g Lgs we have $u = L;\}

We can improve this result to include Hy-closure for certain

classes by using the following lemma :

Lemma 3:5 If X is a class of groups such that ¥ = <Hu,k>'£
then ¥ = HX 3

Proof Let K ¢ HeX . Then there exists a set (G jaec A)

of X-groups and a filter ¥ on A such that K= G/N where

G = Cr 6 and N= fxeG:I(x)e¥} . Now ¥ is
ach ©

equal to the intersection of all the ultrafilters \A containing ¥
and so N = {xeG; I(x)e &'UL} . For each W,
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let M., = {xeB; I(xX)e W . Then it is easy to

see that N = N M Therefore G/N ¢ RHYX =% so
A Y

that Ke X

Corollary 36 ;1} = HR$X>

As observed in section I, Hu < HR . Thus in order to prove
Hu - and Hp - closure for a class of groups it is sufficient
to prove the second. The following method can be useful in

certain cases :

Suppose that if G is a group then for each finite subset
F of G there is an associated subgroup S(F) , normal in G,
satisfying :
i) If F=  {Xs.e00X)} then S(x,N,...,x N) ¢ S(F)N/N

for any normal subgroup N of G.

1) @ .= Cr G and F= {x,...,%}) then S{F)
A o 1 n
[+ 44

Cr S(Xl(a),..z,xn(u)).

e

We now consider classes of groups X which can be characterized
by Ge¥ if and only if for each finite subset F of G,

not all of whose elements are 1 , we have F s S(F).

Lemma 3-7 Any class X defined in the above manner is Hp-closed.

Proof Let K¢ HRTE . Then there exists a set {6 ; a cA}
of %- groups and a filter¥ on A such that K= G/N where
Gis gr G and K= {geG;I(g)e¥ } , where

aeh
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i{g) . = {acA;g(a) =113},

Suppose K ¢ X . Then there exists a finite subset

F' = {xl...

N, such that

" xn} of G, not all of whose elements belong to

{xlN,..., an} < S(xlN,...,an) < S(F)N/N .

Therefore , for each i = 1, ...,n, X; € S(F)N. Say X5 = Y;n;

where y; e S(F) and n; ¢ N. Since S(F) ¢ Cr S(x (a)s..s%p(a))s
e
we have y.(a) e S(xl(u),...,xn(u)) for each i = 1,...,n.

Now for each i = 1,...,n we have I(ni)g'}' and

Ilb:

0] H I(ni)g’}' . Suppose qe I(ni). Then
i=1 1

i

"i(“) =1 for each i = 1,...,n and so

Xi(u) = yi(a) € S(xl(a)a---axn(a)) .

Therefore

{x-i(“)’” % ,xn(a)} c S(xl(a), Lo ,xn(a))

and so xi(“) =1 for each i =1,...,n . Therefore aaI(Xi),
n _
S0 1'Ql I(n,i) < I(xi) and so we have I(xi) ¥ for each

175 Vol na0.

Tseicantlr & WHICH 1S &

Therefore X; € N for each 1

contradiction, and we have proved that K¢ X

We may also consider the classes X characterized by Ge*

if and only if for each subset F of G, consisting of exactly
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n elements not all of which are 1 , we have F ¢ S(F). Note
that 37 still holds in this case, In the special case where F
consists of exactly one (non-trivial) element, we have the
following examples : If S(x) = 1}(xG) we have X = C,\Y%

if S(x) = o(x%6) then X= V* and, by a remerk in [7] ,

if S(x) [xG, $(G)] then X = Thus we have proved

*
d -

Theorem 3-8 COF A% and

%
A n 2% ok ¢15 are all HR-c]osed.

By 1.14 and 1.6, WY* = SU* and by 23 and 1-6,
;1} w S :1} .+ “That Unl} = S CnIF is an immediate

consequence of the following proposition :

Proposition 3:9 If ¥X= SX  then C¥ = sckX

Proof Let H < G where G ¢ Cnl} and let x be a non-trivial
element of H. Then there exist normal subgroups M and N of

G with N ¢ M such that x ¢ M - N and M/Ne¥

Now (H nM)N/N < M/Ne Sk = X and so
(HaM/(HAN)eX . But Hn N and H n M are both normal

subcroups of H and x ¢ (HN M) = (H N N) , as required.

Since, as has already been observed, L ¢ LF g <HysS>

we have now proved

S
Theorem 3-10 €V , V*  and ¢, are all Lc-closed and so

L-closed.



The LF~closure of ;1; improves theorem 10 of [7]
which proves L-closure. Our next proposition is useful in

- r *
proving the Hw-c1osure of 45 -

Proposition 3-11 Let « and g be subgroup theoretical properties

defined by group theoretical functions « and g ¥
respectively, and suppose that g = I{g o If

{Ax} is an ascending q-sem'es and {BA} is the uppen
g-central series of a group G and if «(G) < g(6)

for 211 groups G then JE\)L < BA for all ordinals )

Proof Suppose the result is true for all ordinals y < )
If x» is a 1imit ordinal then A, = U A ¢ UB = B
A TEART & Y<A Y A

Otherwise a-1 exists and Alfo—l < Q(G/Ax-1)s 3(G/A1_1).

That is, (A/A _) g (G/A,_ ) and so (AB, /B _)g (6/B, ).

Therefore Ax < AXBA-ls Bx , as required.

* *
Theorem 3-12 byy = Hy ¢4

Proof In order to prove the theorem, we may choose any zsgroup
G and show that for each normal subgroup N of G with

N ¢ ¥ (G) , we have G/N ¢ ;i} . Since [¥*(G), W(G)]
. and Hl(G:I}) = CG(W}(G)) held for all groups G, we have

]
e

W*(G) ¢ HI(G:\}). Therefore , by 3-11, it is sufficient to
prove that G/N ¢ ;i} for each N « G with N ¢ H(G:V). We

prove this in our next proposition.

*
Proposition 3:13 If G ¢ b1y and N is a normal subgroup of G,

iz *
contained in H(G:13), then G/N e ¢, .
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Proof For any ordinal « , let Ha = HG(G:T}). We prove by
induction that for each ordinal « , if Ge ;1}, N <G and
N < Hu then G/N e ;1}. The case o = 1 is dealt with in
lemma 5 of [7] . Suppose the proposition is true for all

ordinals B8 < a.

If o is a 1imit ordinal, choose an element x of G, not
belonging to N. Then x ¢ HB n N for every B < a . But
* . G
G/(HB nN) e ¢y by assumption and so x¢ [xs V(G)] (HB(\ N)
for each B <a . Therefore x¢ [xG,I}(G)](Hu nN) = [xG,W}(G)]N
*
so that G/N ¢ b1y -

Otherwise a-1 exists and G/N = (G/N n Ha 1--}/(N/N n Hu_l) g

Let x(N n Ha_l) e N/Nn Ha_ Then X ¢ Hu and so there

; 5
exists a normal subgroup M of G such that Hu_1 <M, G/MeV

and [x,M] < Hu_ But x ¢ N so that [x,M] < Ha_lr\N.

1

*
Therefore N/N nH _ < Hl(GiN n Ha_l;i}) . Also G/Nn Hm__1 e by
by assumption and so G/N ¢ dy
We observe that 3 < L0 2 in general because
pt Loy S Ry
0
81 =R< LR = Ly, and LR< LZD = L$1 . We are

unable to decide whether Lgl} = Lék} in general.
We also record the following lemma.
‘Lemma 3-14 u*: %

a0

Proof  If H U*G then H ¢ W*(G)s H (G:\}) so that H b, 6

72



Consider the symmetric group of degree three, S,
Now S, is metabelian and has trivial centre. The

alternating group of degree three, A, , is a normal subgroup

3
of 53 and As and 53/A3 are abelian. Therefore

R, s H.(S,:00) but A4 L (S) =0*(S,).

This shows that N ¢orG is true but N01*G 1is not.

We now examine the class (1) for a variety \% . By
theorem B of [3] , V(1) is a variety. The proof of the

following proposition is easy and is omitted.

‘Proposition 3.15 \$(1) is just the variety of central-by-\}

groups.

It is well known that if lﬁ and'UE are varieties then

Y, (G) s_\}l(G) for all groups G if and only if 1}1 g .V
Thus, for any group G, (VY (1))(G) ¢ 3(G). We can, by means

of the following lemma, identify (\}(1))(G) exactly.

Lemma 3-16 Let \)be the variety determined by a set of words

W in variables Z, »2Z Let W' =

g 3 see s
.{[w(zl"”’zn)’zn-{-l]}; We W}

Then \}(1) is precisely the variety determined by W'.

‘Proof Let Ge V(1) and choose a word w , belonging to W ,

and an element x of G. Suppose w is a word in n variables.
Then there exists a normal subgroup N of G with [N,x] =1

and G/N ¢\F . For any 9ys-e28p € G we have w(gl,...,gn) e N



and so [w(gl,...,gn),x] = 1173

On the other hand, let G be a group such that for any
word w, belonging to W, in n variables and any elements
95 9y5...59, of G, we have [w(g,,...,9.),9] =1
Therefore [\}(6),9] =1 . Thus W(G)s I (G) so Ge V(1)
by 3-15,

Corollary 3-17  (W(1))(G) = [1V(G),.G].

We now introduce a condition that holds for many varieties .
Definition A variety \*satisfies (X) if for all
groups G, V(V(G)) s [V(G),6 ]

Examples of varieties satisfying (X) include }{t and 09
for any positive integers c and d. ﬁ variety not satisfying (X)
is the trivial class 1 , for let G be any non-trivial abelian
group. Then 1(G) =G so 1(1(G)) = G but

[1(6),6] = [G,6] = 1.

Lemma 3-18 If U satisfies (X) then MG)/(3(1))(G) ¢\}

~ Proof By 3-17 we have \XG)/(\3(1))(G) = V{(G)/[\HE),6] -
Also if Usatisfies (X) then

V(B (6)/[¥(6),6]) = V(B(G)) [WE),61/[V(6),6] =1,

as required.

In theorem 1-18 we proved that Cnli* = CEU =C = c B
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for any variety V- . We may use 3-18 to improve this result

for varieties satisfying (X), as follows :

Theorem 3-19  If Wsatisfies (X) then

C,V*= 0 & €V = G = € (1)) =
Pt 3
* - =5
Cn13(1) = CF(\B(I)) = C',l AF(1)* .
Proof By 1-18 it is sufficient to prove that

L (A¥(1)) = Cn13 . Let Ge C (W¥(1)) and let x be a non-
trivial element of G. Then there exist normal subgroups K and

L of G, with K ¢ L, such that x ¢ L - K and L/K ¢ V(1).

If x ¢ L) then x ¢ L - V(L) and, since {L)ag L « G,
we have no more to prove . Suppose, then, that x eUY(L).
We know that L/K e 1) so (W (1))(L) = K and
x eWB(L) - (%(1))(L). Also 3-18 shows that VH(L)/(W(1))(L) el .
But \¥(L) and (\%(1))(L) are both characteristic in L

and so are normal in G, as required.

The following lemma 1is interesting in that it requires no

condition on the variety v

Lemma 3-20 For any variety * , the variety (1)
satisfies (X).
Proof Let G be a group. Then (U (1))((\(1))(6)) =((1)) [1%(G) ,6]

]

[G(WHE) G Is [B(6):G] ] [[V(G),6] , G]
[ (V(1))(6),6]
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Lemma 3-21 For any variety U , ;&}5 c, b(1).

Proof Let x be a non-trivial element of a ;1}-group G.

Now ;1} = LAY by 2-4 (i) and so there exist normal
subgroups K and L of G with L £ K, such that x ¢ K - L and

K/L < H,(G/L:\}). But by 2.12 (vii) we have H,(G/L:U)e V(1)
so K/Le \3(1), as required.

This enables us to prove

Theorem 3-22 (i) For any variety  , :1}(1) < € U(1)

*
(ii) If ¥ satisfies (X), then $13(1) c.U
In particular, if>satisfies (X) then
*
Proof By 3-19, 3.20, and 3-21 , ¢1}(1) < Cn((l}(1))(])) = Cn(l}(1)).
By 3-19, if ¥ satisfies (X) then C,(B(1)) = c S0

%*
by(1) < Ea?

We take as a coroliary :

Corollary 3-23 For all positive integers C, C_ }{C = C 0t
*
so that ¢}{C ¢ C0
l Proof By 3:22 (ii) this is true when C = 1, Suppose that

C,Rep = C0t . Then C¥ € C (R (1) =

Cn)".(’_] = Cnm by 3’]9.

We also record :

* *
Lemma 3-24 VY s g o Ut
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*

Proof  W* s 4y = e by 3 and gc 50
by lemma 1 of [7] . _E x is a non-trivial e1gment of a

I’;l -group G then there exists a normal subgroup N of G with
x ¢ N such that [x,G] £ N. Thus xe x®% - N and

xGN/N < cl(G/N) = (1*(G/N). Therefore ;1 s 0*  so

*
¢, s 01*\3 , as required.

It is an immediate consequence of the definitions that
f)n‘\j- s €\ . However, Pl ¢ CnU = CF'U in general,
This is demor‘wstr.'ated by the construction of non-abelian simple
SN-groups by P. Hall [14] . As is noted in [8] , these
are clearly not CFM -groups. We will show, in lemma 6.8 (iv)
that ;1 § SN*. Thus 301* SN* = pOl . Thus we have

* 7 .
that ¢'l}* p\+ in general.

We remark finally that it is easy to prove that

c‘];“_ < ﬁn(l}(l)) and that similar results hold for the classes

1?.\}, E:\} and 8\} A
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IV ‘The Class of Groups [+

Here we offer a generalization of the class of residually
commutable groups introduced in [9] and studied, amongst

other places, in [1]

Definition Let \} be a non-trivial variety determined by

a set of words W. We define the class [\#] by saying that

Ge [\3] if for any w(xl,...,xn) e W and any Gys-ees9, € G,
not all trivial, there exists a normal subgroup N of G such

that  w(g, ,...,gn) ¢ N but at least one 9, ¢ N.

It is easy to see that the class of residually commutable
groups is just the class [g1] . It is also clear that

Ge[\y] if and only if given w(x ,....x )eW and

)G

1

gyseee29, € 6 not all trivial, then g, ¢ w(gl,.'..,gn

for at least one i, 1 ¢ 1 g n.
We now establish some closure properties of [\}]

Theorem 4-1 [B] = <S.R.L> V]

Proof Suppose H is a subgroup of a [1}]-group G and
let w(xl,...,xn) e W and h1"“’hn e H such that at
least one h.i is non-trivial. Then for some i, 1 < i g n,

G * S
we have h, ¢ w(hl,...,hn) and, a fertiori, hi ¢ w(hl,...,hn) ;

Therefore He [V] and so [\ = S[V] .

Let G e R [1}]. 2 w(xl,...,xn) e W and 9ys+-e29, € G,

/8
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not all trivial. Suppose 95 # 1 . Then there exists a

normal subgroup N of G such that g. ¢ N and G/Ne[y] .

So giN is a non-trivial element of G/N. Therefore there

exists a normal subgroup M of G with N < M,

w(g,N see0s9 N) € M/N and ng ¢ M/N for some j, 1 g j < n.

But w(g,N,....q N) = w(gl,...,gn)N and so w(gl,...,gn) e M.
But g, ¢ M and so Ge[\¥] . Therefore [\ = R[\].

To prove the local closure of [\3]we assume that
G¢ [V " . Then there exists a word W(XysenasXy)
in W and elements 9yse-es9) of G, not all trivial, such that
g; € w(gl,...,gn)G for all i = 1,...,2. Suppose that

il i
g5 = W(9ys...59,) Sésr MEQ, i) M where KiyseesKip € G

Let K‘I = {k.il’...,k,im} and M = <gl,o-oggn,K1'cnv"Kh> .
Then M is finitely generated and 9; € w(gl,...,gn)M for each

i, 1 £ 1 ¢ n. Therefore M ¢ [\¥] - and so0 G ¢ L[\3)
Thus we have proved that [U]= L[\8]

In general, [1#] 1is not Q-closed, as is shown by [gt]
which contains the class of residually nilpotent groups
and hence all free groups. However, we can prove that
(V] = H[V] when > is determined by a single word by
use of the following proposition, the proof of which is very easy

and is omitted.

" 'Proposition 4-2 If Bis a variety determined by a single

word w(xl,...,xn) then a group G is a [1}]-group
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if and only if given yseees9y, € G, not all trivial,

T E B B

" "Theorem 4-3 If Uis a variety determined by a single word
'W(xl,-.-:xn)s then [U] = HR[U]
‘Proof It is easy to see that if N a G then
'(W(glN,....gnN))G’N = W(gl,...,gn)GN/N and that if
6 = Cr 6 then (w(g.....g )% < Cr (w(g,(a)s.. ., (a))) % .
a 1 n 1 n
aeh Qe .
By letting F = {gl,...,gn} and S(F) = (w(gl,...,gn))G we

obtain the result by 3-7.

Corollary 4-4 IfJ} is a variety determined by a single word

then [\}] = LF[U] -

We now give an indication of the size of [\}] .
The following theorem shows that, if} satisfies (X), then
[\J] contains all the classes under consideration in the
last section. This resuit, together with a remark in the
previous section, also shows that ﬁnl} <[] . 5
generalization of the well-known result of Ayoub [9] that

SI-groups are residually commutable.

‘Theorem 4-5 Cé\}s 5]

Proof Let W be the set of words determining 1} . Let
G e CF\} . w(xl,...,xn) e W and g s-es9p € G, not
all trivial. ‘

We may assume that w(gl,...,gn) # 1 . Then there
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exist subgroups K and L of G with K < L « G such that
W(g;s.--»9.) € L - K and L/K e J . Suppose that
yseeesl, € L. Then w(gl,...,gn) < \XL) 5 K, which is a
contradiction. Therefore at least one 9; does not belong to

L and we have proved Ge [\U]

Hall, in Theorem A of [14] , gives an example of an
SN -group G which is simple and non-abelian. G is not a
residually commutable group. To prove this, we take non-
trivial elements x and y of G and suppose Ge [07]
Then there exists a normal subgroup N of G such that
[x,y] € N but at least one of x and y is not an element of N.
But, since G is simple, N=1 and so [x,y] = 1 . This
shows that G is abelian, which is not true. Therefore
G ¢ [0] . Thus SN % [0] and so SN ¢ w1]-
So we have proved that BI} $ ] in general.

In fact, the above example proves more. For suppose
that G ¢ [0t(1)] . Then for all elements x,y and z of G,
not all trivial, there exists a normal subgroup N of G such
that [x,¥,z] ¢ N and at Teast one of x,y and z does not
belong to N. Thus [X,¥,z] = 1 and so Ge ¥, ;
which is a contradiction because G is simple and non-abelian.

Therefore G ¢ [L(1)] and we have :
Lemma 4:6 p\ ¢ [\}(1)] in general.

On the other hand, we are able to see the effect of the
minimal condition on normal subgroups by means of the following

Temma .
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Lemma 4-7 If M is a minimal normal subgroup of a [\}]-group

G then Me\}> and G/M e [\3]

Proof Suppose M is a minimal normal subgroup of a [1}]-group
G and let w(xl,...,xn) e W and 9ys+-39, € M, not all
trivial. Suppose w(gl,...,gn) #1 . Now there exists a

normal subgroup N of G such that w(gl,...,gn) e N and

9; ¢ N for some i, 1 £ i ¢ n. Then w(g,s...59,) e MAN

and so, by the minimality of M, M < N . Therefore g; € N for

each i, 1 € i ¢ n, which is a contradiction. Therefore

W(gys..259,)
gl,...,gnam. That 'iS, MEU

1 for all w(x ,...,x ) e W for all

-

To prove the second part of the Temma we again
suppose M is a minimal normal subgroup of Gg¢ [\$] and let
w(xl,...,xn) e W . We choose glM,...,gnM e G/M , not all
trivial. Then there exists a normal subgroup N of G such that
w(gl,...,gn) e N but g, ¢ N for at least one i% 1zt zn.
If M < N then w(g,M,...,g M) = W(g,,...,g,)M & N/M

and g.M ¢ N/M so we have finished.

We may suppose then that MNN =1 . If 9; ¢ NM
for some i, 1 < i < n, then since w(glM,...,gnM} e NM/M
again we have finished. Thus we may assume that 9; € NM for

all %o )2 % e .

For each i, 1 < i £ n, let g; = n;my where n; e N and
m; e M. Then at Teast one n, is not trivial because 9 ¢ M

for at least one 95 Therefore there exists a normal subgroup
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L of G such that w(n;,...,n ) e L but n, ¢ L for at least one
i,1sisn Llet P=NAL. Choosean i for which n, ¢ L
and suppose g; e PM. Then g; = pm, say, where p ¢ P and m ¢ M.
Then n.m; = pm so p'lni = mmiﬁle;N NM =1 . Therefore

n. = pel, which is a contradiction.

i

Thus for some i, 1 < i < n, we have g; ¢ PM. Now
PM/M 4 G/M  and ”(91’°"’9n) = w(nl,...,nn)w(ml,...,mn)
because [M,N] = 1 . Therefore w(glM,...,gnM) =
W(n, ,...,n )M e PH/M , while one g;M ¢ PM/M, proving that
G/M e [V].

The following corollary, which is known when U = 0,

is an immediate consequence of 4-7.

v

Corollary 4-8 ] n M

o < p.\¥

n

Some of the classes discussed in Chapters 3 and 4 have
been proved to have the inclusions shown in Fig. 3 for any

variety U

When \J satisfies (X) we have the simpler diagram

shown in Fig. 4.
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Fig. 3
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*
As mentioned in [7] a group G is a ¢1}-group if
and only if for each non-trivial element x of G, we have
X ¢ [xG,T}(G)] . For varieties \3,..., 1}n we may

define a new class 0}1,...,])h) in the following way.

Definition A group G is a 0}1,...,1}n)-group if, for each
non-trivial element x of G, x ¢ [xG,\31(G),...,\5h(G)] e

For example () = ;1} . Another example is given

by our next lemma.

C
Fbe
Lemma 4-9 (Tvnnsl) = E

Proof Suppose G e }QE and let x be a non-trivial element of G.

Then there exists a normal subgroup N of G such that x ¢ N
and xN/N < XE(G/N) =t (6/N) . Therefore
xN ch(G/N).

It may be seen by induction that x e CC(G) if and only if

PR
Xl anatl @ = 1 for any group G. Thus we have
¢ C
Aoy . )
[XN,G/N,...,G/N] =1 so that [X,6G5...8] g N,
e

Therefore X ¢[ xG,G,..,G] é

C
iy

On the other hand, suppose G ¢ (1,...,1) and let

x be a non-trivial element of G and

o
N =  [x°,65...,6] - Thenx ¢ N . Also
c c
A S, . | i |
[XN,G/N...,G/N] = [X5Gy...,GIN/N = 1

*
Therefore xNe zo(6/N) = Y (6/N), as required.
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The example (\}) = ;1} shows that (Ui,...,lin)

is not Q-closed in general. However, we do have

Lemma 4-10 (& ,...,l}h) = <S,R> (151,..., i)

1 n

The proof of this is very easy and is omitted.
We may prove that (lh,..., 1%1) is L-closed as
follows. This proof is very similar to that of Theorem 10

of [7]

Theorem 4+11 (Viseees V) = L(Vy,..., B)  for any

varieties Vi,..., U, . A .
Proof Let Ge L(,..., V) and let H be a finitely

generated subgroup of G. Then if x is a non-trivial element of H
we have x ¢ [xH, W (H)see 1}n(H)] . Llet I, be the set
of all finite subsets of G containing x, and if S ¢ I, let J(S)

be the set of all finitely generated subgroups of G containing

S,
For S eI, TetK(S) = N X and tet
Hed(S)
LS = N V). Alsotet K= U K (S) and
& Hed (S) Sel,
i i P
Lx( ) ;glx Lx(1)(5) . er 1= 5o,

Then we may prove :

(1) $,5S, € Ix with §, & S, implies KX(S1) < Kx(Sz) and
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LO)s)) <L (‘)(52).

(i) Ky and each Lx(” are subgroups of G.

(iii) Each Lx(i) is a normal subgroup of G.
; (i)
(iv) G/Lx 3\9% -

G

) R e
Now suppose that xe [xG, VY, (6)5.... U, (6)]

By (iv) and (v) we have Xe [KX,LX(I),..., Lx(")] . Then

there exist finite subsets A of K _and B of L1 (i =1,...,n)

such that xe [A,Bl,...,Bn]

We can obtain an S e I, such that A< Kx(S) and
BiQ Lx(i)(S) , i=1,...,n in the same way as in Theorem 10
of [7] . Therefore if H ¢ J(S) we have
(A8 ,....B ] < [, UH),..., Y (H)] , which yields a

contradiction. Therefore G e (Ul,...,Un) :
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v The Class of Groups X (1)

As we have already said, an (1) group is a group G such
that G = HI(G:){). It follows immediately that a group G is
an Y (1)-group if and only if for each element x of G there
exists an integer n, depending on x, such that [x,yn(G)] =] .
We see from 2-16 (ii) that X (1) ¢ LY . 1In fact, X (1)

is a class of hypercentral groups, as is shown by

Theorem 5-1 ZA < K1) A
Proof Let G eZA and let x ¢ G. Since G = ;w(G) =
Agu ¢, (G) , there exists an integer n such that x e g (6).
"‘But it is well-known that, for all groups G and for all integers
-0y [g.(6)s v,(G)] = 1. Therefore [x,y,(6)] = 1 and
we have proved that Ge ¥ (1).

To prove that X (1) ¢ ZA

Nt , we let Ge ¥ (1) and

prove that G' < t (G). Let x and y be elements of &. Then
there exist integers h and k such that [x,yh+l(G)] = 1 and
[y,yk+1(G)] = 1. Ifh=0ork=0 then Xe cl(G) or
yet,(G) respectively. In either case ([x,y] =1 , and the

result is true. Therefore we may assume that h + k > 1.

We now need Temma 4-260f [1] which states that if G is
any group, H = CG(yh+1(G)) and K = CG(Tk+1(G)) where h and k
are integers with h + k > 0, then [H,K]g Ch+k-1(G)‘ In the

notation of this lemma, xe H and ye K and so

[Xs¥] € ;h'I'k"l(G)'
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Thus we 