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Abstract

This. thesis studies subgroup theoretical properties and classes

of groups defined in teriis of subgroup theoretical properties.

After an introductory chapter, containing some definitions and

some general results, two particular subgroup theoretical

properties are examined. These two represent the concepts of

X - and % - centrality, for a class of groups ©, after

Stanley and Arrell. They are generalizations of the more

familiar subgroup theoretical property "is a central subgroup of".

Some connections are established between classes of groups

defined in terms of ¥- and % - centrality, notably that the

classes of groups with ¥-central and £-central series coincide,

and that when € is restricted to be a variety, similar results

hold for ascending and descending series. Some results of Petty

are used to prove certain closure properties for some of the

classes under discussion. In particular, the local closure

of the class of groups with a U-central series, for a variety

Ww , is proved.

A generalization of the class of residually commutable

groups is introduced. Some of Ayoub's results about residually

commutable groups, including her local theorem, are generalized

accordingly.

When € is the class of nilpotent groups, X-centrality is

shown to yield a class of hypercentral groups. The relationships

between this class and other classes of generalized nilpotent

groups are studied. Also, when¥ is the class of soluble



groups, &-centrality gives rise to several new classes of

generalized soluble groups. Taking X to be the class of finite

groups provides a characterization of the class of FC-groups.

This characterization is used to investigate the effect of the

condition of being an FC-group on generalized soluble and

nilpotent groups. In particular, it is proved that residually

central FC-groups are hypercentral, with hypercentral length

not exceeding w.



Notation

If a is an ordinal number we write 5 CG) for the a-th

term of the upper central series of G and ¥,,(8) for the a-th

term of the lower central series of G.

If A is any set and {G5 AeA} is a family of groups,

2k &. and oh & are the direct product and cartesian

product respectively of these groups. Cartesian product is

defined by :

G = CreeG if Gis the set of all functions
Neh 7A

Xeay >, &, such that x(a) e G and (xy)(A) = x(A)y(A).

If L is a normal subgroup of G which can be generated by

finitely many elements of L, together with their conjugates in G,

we write dg(L) for the least number of such elements.

In this section, a is taken to be a non-zero ordinal number.

We denote classes of grcups as follows :

ae the trivial class.

Fos the class of finite groups.

ae the class of finitely generated groups.

= the class of groups satisfying the maximal condition

on subgroups.

sxn the class of groups satisfying the minimal condition

on normal subgroups.

cae the class of cyclic groups.

ot = the class of abelian groups.



ZA
a

ZA

ZD

STs

SE

SUP

SN*

SD

SD

SI,SN

"

the class of nilpotent groups of nilpotency class not

exceeding c, for a postive integer c.

Utes

czl ¢

the class of hypercentral groups of hypercentral

length less than or equal toa .

U ZA.
a

the class of hypocentral groups of hypocentral length

less than or equal to a.

UEZD ass
a

the classes of groups all of whose subgroups are

ascendant, subnormal respectively.

the class of groups with a central series.

the class of soluble groups of derived length not

exceeding d, for a positive integer d.

uot.
del

the class of groups with ascending normal abelian

series of length less than or equal toa.

UST es.
a

the class of subsoluble groups.

the class of groups with ascending abelian series.

the class of hypoabelian group with derived length

less than or equal toa.

ESE ies
a

the classes of groups with normal abelian series,

abelian series repsectively.

the largest subclasses of SI,SN respectively which are

closed with respect to forming homomorphic images

and subgroups.



We use the closure operations defined as follows for a

class of groups %:

GeS% if G is isomorphic to a subgroup of an X-group.

G eSiK if G is isomorphic to a normal subgroup of an X-group.

GeQk if Gis a homomorphic image of an ¥-group.

GeRX if, for each non-trivial element x of G, there exists a

normal subgroupN,depending on x, such that x¢N and G/NeX

GecX if G is isomorphic to a cartesian product of ¥-groups.

GeDX if Gis isomorphic to a direct product of ¥-groups.

GeDR if G is isomorphic to the direct product of finitely

many %-groups.

GeNx% if G can be generated by its subnormal ¥%-subgroups.

Ge nx if G can be generated by its ascendant %-subgroups.

Re Nk if the product of any pair of normal %-subgroups

of any group is an X-group.

GepX if G has a series of finite length in which every factor

is an ¥-group.

GepX, pX, bX if G has a series, an ascending series, a

descending series respectively in which every factor is an

¥X-group.

Geb x if G has an ascending subnormal series in which every

factor is an X-group.

GeL¥€ if every finite subset of G is contained in an

¥-subgroup of G.

In addition, we use the following operations :

Gep,X Bg if G has a normal X-series, an ascending normal

¥-series respectively,



Introduction

Classes of groups can be defined in various ways. For

although all classes are ultimately defined in terms of

relationships between elements of a group, many familiar

‘Classes of groups are best defined in terms of a relationship

between some or all of the subgroups of a group and the group

itself. An example is the class N, of groups all of whose

subgroups are subnormal. Some classes are also defined by

saying that a group G is a member of the class if it has a normal

series Ho sk, 3 oer} of subgroups such that there is a

relationship between each factor group HK, and the corresponding

group G/K, . An example is the class & of nilpotent groups.

Here we say that GeX if there exists a finite normal series

{H., 0 <¢ i <¢ n} , for some integer n, such that H.a qaa/4y Te
central subgroup of G/H, for m= OSL .3. unl).

The first part of this thesis is an attempt to begin to

standardize and study the defining of classes of groups by means

of the concept of a subgroup theoretical property. A subgroup

theuretical property x is a property pertaining to subgroups

when regarded as subgroups of a given group such that 1yG is

true for all groups G and whenever HxG and 9 is an isomorphism

of G with some other group then it follows that 9(H)xe(G).

Robinson [1] observes that it is possible to develop a

theory of closure properties on subgroup theoretical properties.

However, we have found no such theory in the literature and so

10



have begun to do se from scratch. Robinson does mention

certain properties which apply to some subgroup theoretical

properties. Some of these are, in fact, expressible in terms

of such closure properties. An example of this is the property

of being Anhern tad by homomorphic images. We use some of the
properties of Robinson and introduce several more in order to

prove some of our results.

If x ig a subgroup theoretical property, Robinson defines

hyper-x groups and hypo-x groups as groups having ascending

and descending normal series, respectively, each of whose

factors satisfy X in relation to the corresponding factor group

of the group. We extend this to introduce other group theoretical

classes defined in terms of subgroup theoretical properties. As

may be expected, we are able to show that if a subgroup theoretical

property satisfies certain conditions then certain group

theoretical classes defined by it must also have certain

_ properties. This again extends an idea of Robinson.

Chapter I closes with some examples of subgroup theoretical

properties and results concerning some corresponding group

theoretical classes. In particular, we consider the subgroup

theoretical property "is a marginal subgroup of" and use it to

provide an alternative characterization of a class of Hulse

and Lennox [2] »

Stanley [3] made the following generalization of the

concept of the centre of a group : For any <S,D)> -closed

class of groups , define H,(G :¥) to be the set of all elements

x of G for which there exists a normal subgroup N of G,

i



depending on x, such that [x,N] =1 and G/NeX

Stanley calls H(G:%) the %-centre of G and proves it to be a

characteristic subgroup of G. If ¥ is also Q-closed, he

defines the upper €-central series of a group by analogy with

the upper central series and denotes the limit of this series by

H(G:%). It is easy to see that H,(G:1) = 5,(G) and that

H,(G:%) is the FC-subgroup of G. Then if G = H(G:1) then G is

a hypercentral group and if G = H(G:¥) then G is an FC-hypercentral

group.

The idea of a generalization of descending central series

was introduced by Arrell [4] . He defined a descending series

(Ws a<y} to be ¥p-central, for a class of groups ¥ , if for

each a 5 9 [WN] 3N 4G, GNe€} < Nea '

For a group G, he defined the following subgroups ; D(G:¥)=G,

DCG: k) =

D(G: ¥)

Arreil observed that {D,(G:¥ ) 3 aan ordinal} is the lower

ay D,(G:%) if a is a limit ordinal, and

a {(D,_,(G:¥).N] 3.NaG, G/Ne%} otherwise.

¥Xp-central series of a group G, in the sense that if {6.3 a an ordinal}

is a descending ¥p-central series of G then Ge DG: )

for all a

As observed by Stanley and Bhattacharyya [5] , these

notions of %-centrality and ¥p-centrality lend themselves

to the definition of subgroup theoretical properties, as follows :

For any <S,Q,D,> -closed class of groups X , define the subgroup

theoretical properties ox and bx by

H oy G if H< H(G:%)

H vy G if ((({[H,N}s NaG, G/NecX} = 1:.

12



We omit the extra condition required in [5] that H be

a normal subgroup of G in each definition. It is easy %0

see that if G = H(G:%) then G is a hyper-$y group and if

D(G: ¥) = 1 for some ordinal a then G is a hypo-p_ group.

We discuss dy and Vy in Chapter II and use some results

from Chapter I to obtain properties of various classes of groups

determined by by and by + We also prove the equality of several

of these classes, notably that a group has a dy-series if and

only if it has a by “series.

In Chapter III we restrict our attention to W-centrality

and Vp-central ity for varieties %. We prove the equality of

the class of hyper-dys groups and hyper Yagrgroups 5 of hypo-dyy

groups and hypo-yas groups and of groups with gy-series of finite

length and groups with yy -series of finite length.

We use the operations of Petty [6] and a technique of

Mal'cey (see [1], part II, from page 93) to obtain some of

what Petty calls weak homomorphic image closure properties of

some classes defined in terms of oy and yg - We also prove

a local theorem for the class of groups with a dy -series and

- give an alternative proof of the local theorem for the class of

groups denoted in [7] by *, the class of groups G for

which no non-trivial element x of G belongs to the subgroup

pov(6)] of G, where U(G) denotes the verbal subgroup of G.
*

bay >

reserving the notation TM* for the subgroup theoretical property

Notice that in this thesis we denote this class by

“is a marginal subgroup of".

13



Stanley [3] proved that, for any variety VU, the class

\(c) of groups G such that G = HH (G:F) for an integer c, is

a variety. In particular, 1%(1) is a variety. It is easy to

prove that for any variety WU, the U-centre of a group is just

the centralizer of its verbal subgroup. We use this fact to prove

that the (1)-verbal subgroup of a group G is exactly the

commutator subgroup [U(G),G] . We define a condition (XxX)

on a variety V by saying that U satisfies (X) if, for all groups G,

VY (15(G)) < [(G),G] and prove that if U satisfies (X) then

all groups with a normal (1)-factor cover, in the sense of

Durbin [8] , have a normal U-factor cover, We also show that,

for any variety WU , the variety U(1) satisfies (X). This,

together with the easy result that dyrgroups have a normal

\¥(1)-factor cover, enables us to prove that all by1) "groups

have a normal U(1)-factor cover and that if U satisfies (X) then

all by) -9reurs have a normal -factor cover. Varieties

satisfying (X) include the class of nilpotent groups of nilpotency

class less than or equal to c and the class of soluble groups of

derived length less than or equal to d for any positive integers

c and d.

Ayoub [9] - introduced the class of residually commutable

. groups and proved that every SI-group is residually commutable.

In fact, every group with an abelian factor cover is residually

commutable. In Chapter IV, we generalize this idea to the

class [\-] for any variety 1 . We say Ge [Ut] if, for any word

w(x ++2%q) in the set of words determining U and any elementsiD

Gyo+es99Iy of G, not all of which are the identity element, there

exists a normal subgroup of G containing (9, 5+++29,) but

14



not containing all the 9;'S+ Then if Ot is the class of abelian

groups, [ot] is just the class of residually commutable groups.

Ayoub proved the local closure of [ot] and Robinson [1] proves

that a minimal normal subgroup of an [ot]-group is abelian.

We generalize these results to prove that, for any variety

VW. [0] = L[U] and if M is a minimal normal subgroup of a

[UFgroup G then Me and G/M e [\¥] . It follows that

a [\¥]-group satisfying the minimal condition on normal subgroups

possesses an ascending normal W-series, generalizing Robinson's

theorem [1] that a residually commutable group satisfying the

minimal condition on normal subgroups is hyperabelian. We also

prove that [1%] is <S,R>-closed and that every group with a

V-factor cover is a [VU] -group.

We end Chapter IV with another generalization. For

varieties Vise we define the class (Vy s..-5 U,) by

saying that G belongs to (Vys--0s U,) if no non-trivial element

x of G belongs to the corresponding subgroup px, VU, (G)..... U,(G)]-

Then (UW) is just the ciass tik: We are able to prove the

local closure of any of the classes ( Vyoeees VU).

Two classes which are of particular interest are 2€(1), and

Fe o(1), where ov denotes the class of soluble groups. We prove

R(1) to be a class of generalized nilpotent groups. In fact,

if we denote by ZA. the class of hypercentral groups of hypercentral

length less than or equal to y , we are able to prove that

2A, < RQ) < ZR ay . We also prove that 2%(1) is contained

in the class of Fitting groups, the class of all groups in

which every subgroup is descendant and the class of hypocentral

15



groups of hypocentral length not exceeding wt]. This is in

contrast to the class ZA ay s which is contained in none of these

classes.

After studying (1) in Chapter Y, we turn our attention

to generalized soluble groups in Chepter VI. In contrast to

the fact that (2) is not a class of generalized nilpotent

groups, we prove that several new classes of generalized soluble

groups can be defined using the subgroup theoretical property

bge- After proving that 6°(1) properly centainso- and is properly

contained in each of the classes of hyperabelian groups, locally

soluble groups and hypoabelian groups of length less than or

equal to wtl, we prove that hyper-¢,. groups are subsoluble

and groups with finite $,.7series are hypoabelian. We also prove

that groups satisfying these conditions locally are SI- and SN -

groups, respectively. We include various results concerning

related classes, including the fact that by is a class of

generalized soluble groups.

Finally, in Chapter VII, we restrict our discussion to

the class of FC-groups. This is just the class ¥(1), where ¥

denotes the class of finite groups. We prove that if X is a

Q-closed class of generalized nilpotent groups then

Kn F¥(1) < R(1) and if Kis a Q- or S,7Closed class of

generalized soluble groups then XN ¥(1) < of(1). We also

prove that for any variety VU, ny N ¥(1) is contained in

the class of hyper-day groups. It follows that residually

central FC-groups are ZA groups.

16



IT Subgroup Theoretical Properties

The following definition is from [1]

Definition Let x be a property pertaining to subgroups. If

H has the property X when regarded as a subgroup of a group G,

we write HX G. X is a subgroup theoretical property if

‘1x G is always valid and if o(H) x @(G) follows from H x G

whenever @ is an isomorphism from G to some other group.

In this Chapter we present some operations and conditions on

subgroup theoretical properties and obtain a number of results

about certain classes of groups defined in terms of subgroup

theoretical properties. We will need the following proposition

for any subgroup theoretical property x .

Proposition 1:1 If B and N are normal subgroups of a group

Gand if NsB<A«G _ then (A/B) x (G/B)

if and only if Gn, e

Proof In the isomorphism 6 : on — G/B defined

by 0(gN(B/N)) = 9B, it is easy to see that (MM) = A/B.

Thus Car se) if and only if (A/B) x (G/B).

We define a partial ordering on subgroup theoretical

properties as follows :

Definition Let x and x' be subgroup theoretical properties.

Then x < x' if H X G always implies that H x' G.

17;



We define cur first two subgroup theoretical properties

as follows :

Definition Hib G ethe 21 |

Definition H6éG@ if H is a direct factor of G.

Following the concepts of operation and closure operation

on group theoretical classes, we define operations and closure

operations on subgroup theoretical properties as follows :

Definition A function A assigning to each subgroup theoretical

property x a subgroup theoretical property Ax is an operation

on subgroup theoretical properties if Ab = U is always true

and if x <Ax <Ax' whenever x <¢x'. Aisa closure

operation if, in addition, Ax = Ax is always true.

Notice that if x= Ax we may say that x is A-closed.

We define two operations on subgroup theoretical properties.

Definition HS xG@ if H< KX G for some subgroup K of G.

Definition KH XG if there exist groups K, and G, and

_ a homomorphism 9 from G, onto G such that K, x &, and a(K,) = kK,

Notice that x = Hx is equivalent to the statement, as

found in [1] and elsewhere, that x is inherited by homomorphic

images. We may also say that x is inherited by subgroups

if x= Sx

18



Proposition 1-2 S and H are closure operations on subgroup

theoretical properties.

Proof ide il & xG then H < K < L x G for some subgroups K

and Lof G. Thus He LxG@. If K Wx then there exist

groups K,,G,,K, and G, and homomorphisms @, and 6, such ;

that 0,(G,) = G,, 0,(G,) = Gs 0,(K,) = K,, 0,(K,) =K

and kK, xG@ . By letting 6 = 0 e, we see that KH x G.
Lee.

Following Robinson [1] we define the following condition

on subgroup theoretical properties :

Definition x satisfies (*) if, given normal subgroups X, Y

and N of a group G such that Y < X and (X/Y) x (G/Y), it

always follows that ( (NA X)/(N AY) )x(G/N OY).

We define two more such conditions as follows :

Definition x satisfies if, whenever A XH 6 G, it

follows that A x G.

Definition x is persistent if, whenever H x G andH<K< 4G,

then H x K.

The following result will be of use later.

Lemma_1-3 If x satisfies (+) and B is a normal subgroup of G

with B < A <H 6G, such that (A/B) x (H/B), then

(A/B) x (G/B).

Proof Since H 6 G there exists a normal subgroup K of G such

19



that G = Hx K. So G/B = (H x K)/B = (H/B) x (KB/B) which

shows that (A/B) x (H/B) 8 (G/B) . Therefore (A/B) x (G/B).

We observe that § is persisient and satisfies (t). Two

obvious instances of subgroup theoretical properties are “is a

normal subgroup of" and “is a central subgroup of", It is

easy to prove that both of these properties satisfy (*) and (+)

and are persistent and inherited by homomorphic images and

that the second is also inherited by subgroups.

The following definition is due to Robinson [1]

Definition A normal series {HK 3 oe 5} in a group G

is called a xX-series if, for each cer , (Ho/K,) x (G/K).

We denote the classes of groups with X-series, ascending

X -series, descending xX-series and x-series of finite length

by Xs x . X and 9 » respectively. The classes X and Xx are

sometimes called the classes of hyper-x groups and hypo-x__groups,

respectively.

We use the concept of a subgroup theoretical property to

define two more classes of groups :

Definition Suppose that for each non-trivial element x of a

group G there exists a normal subgroup N of G, depending on x ,

such that x {Nand (xSN/N) x (G/N). Then we say that G is

a residually-x group and we write Ge x.

Definition Suppose that for each non-trivial element x of a

group G there exist normal subgroups M and N of G, depending



on x, such that N <M, xe M-N and (M/N) X (G/N).

Then we say that G has a x-factor covering and we write

GeX.

We establish some connections between x and these two

classes.

Theorem 1:4 (i) x 2 ee

(ii) X <x and if x satisfies (*) or if

x = Sx then x 2X.

* (iii) ee x in general and x < x in general.

Proof (i) This part is trivial.

(ii) Let Ge x and let x be a non-trivial element of

G. Then there exists a normal subgroup N of G such

that x £ Nand (x°N/N) x (G/N) . But N«x'N aG

and X ¢ xoN - N. Therefore 6 eX

Let Ge X and let x be a non-trivial element of G.

Then there exist normal subgroups K and H of G with

K< H such that x e H - K and (H/K) x (G/K).

If x satisfies («) then

(x8K 0 H)/(x2K AK) x (6/(xSK 1 K)).

But xk < H and so

(x®k/K) x (G/K).

Therefore Ge x.

If, on the other hand, x = Sx _ then, since

(x8k/K) < (H/K) x (G/K)

we have

(xSK/K) x (G/K).
7 *

Again, Ge x.

21



(iii) Let X be the subgroup theoretical property "is the

trivial subgroup of or is not a finitely generated subgroup

of" and let G be any FC-group which is not finitely generated.

Clearly G is a X-group because for any non-trivial element

x of G, we have xeG-1 andG/1¢ % . SupposeGe x.

If x is a non-trivial element of G then there exists a normal

subgroup N of G with x £ Nand (x°N/N) x (G/N).

Since x ¢ Nwe have x°N/N ¢ . However xSe Ff

because G is an FC-group, which is a contradiction. There-

fore G¢ x

Let x be the subgroup theoretical property "is a central

subgroup of". An example of Phillips and Roseblade [10]

is a X-group but not a x-group.

We now turn our attention to the subgroup closure of these

classes of groups. We require the following lemma.

Lemma 1-5 Suppose x= Sx and x is persistent.

If B is a normal subgroup of a group G such that

BsA<G and (A/B) x (G/3), then

((H © A)/(H TMB)) x (H/(H 4 B)) for any subgroup H of G.

“Proof Let M=HfM A andN=HNMB. Now MB/B < A/B and so

(MB/B) x (G/B). Also MB/B < HB/B and so (MB/B) x (HB/B).

Define ¢ : HB/B+H/N by 9(hB) = hN forall hed. Then

@ is an isomorphism and ¢(MB/B) = MN/N = M/N. Therefore

(M/N) x (H/N), as required.

22



When X is the subgroup theoretical property “is a central

subgroup of", the classes Xx > x X and Q are the class

of residually central groups, Z, ZA , ZD and at, respectively.

Also, by the S-closure of x and by 1-4 (ii), xX = x.

Each of these classes is S-closed. We may generalize these facts

in the following way.

Theorem 3:6 If x= Sx and x is persistent, then each of

the classes x, x, XX and & is s-closed.

Proof x; Let H be a subgroup of a xX-group G and let x be a

non-trivial element of H. Then there exist normal subgroups M

and N of G with N <¢ M such that xe M-N = and “WWN) x (G/N).
By 1-5 ((H MM) /(H AN)) X (H/(H AN)) and, since

x e(H MM) - (H AN), we have shown that He X.

x 3 Let H be a subgroup of.a X-group G and let

tH ok, : ge} bea x-series in G. Now

He ey ((H MHL) - (HA K,)) » HAHs HONK if

t<o »>HAK aHMH aH and HANK oH for all
oO o oO

oer me BY ih -52( (HEY HO/(H 4 Ko) x (H/(H A K)) and so

{HA HoH nN KB oez} is a x-series in}. Therefore Hex.

x; Let H be a subgroup of a x-group G. There exists

an ascending x-series {Kgs 8 <a} in G. By the preceding

part of this theorem, {Hf Kas B < a} is a x-series in H.

But this is an ascending series so He X

XNvies 4 ; The proof of the s-closure of these classes is

similar to that used for % .
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When X is not S-closed we may be able to use the following

alternative to 1-6:

Theorem 1-7 If x satisfies (*) and is persistent, then each

of the classes x, xX» %» Xx and 2 is S_7Closed.

Proof x3 Let H bea normal subgroup of a x-group G and let

x be a non-trivial element of H. Then there exist novmal subgroups

A and B of G, with B < A, such that xe A - B and (A/B) x (G/B).

By («), ((H MA)/(H mB)) x (G/(H MB)) and, because x is

persistent, ((H MA)/(H AB)) x (H/(HMB)). But

xX « (HMA) - (HB) and so we have proved that He X.

x 3 Let H be a normal subgroup of a X-group G and

let {HK 3 oe} be a x-series in G. Then, as in the

proof of 1-6, {HA Hos H NK, 3 oer} isa X-series in H.

Also ((HA Ho/(H a K)) x (G/(H A Kk) and so

((H N HO/(H QA Ko) x (H/(H A Ko) as required.

£%, 2 3 These follow in exactly the same way as in 1°6.

We now establish some conditions on subgroup theoretical

properties which imply R- and C- closure on the series classes.

A preliminary result is required.

Lemma 1-8 If x satisfies (+) then x, %,X and Q are all

D,-closed.

Proof Let G =H x K where H and K are X-groups. Then

G/H#S Ke x and so we have x-series {A' 2Vi 3 oeS}

and { A" /H» Net 3 te T} in H and G/H respectively.
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We may choose S and T such that SNT =¢.

Let W=SwuT and define a linear ordering in !! such

that every element of S precedes every element of T and the

original orderings in S and T prevail. For each weW define:

he eS A' if weS
w w

A if weT
w

Vv =

o
{\ if weS

wW

vy" if weT
wo

We now prove that {A> V, s weW} is a xX-series in G.

Choose weW. If weT then aA and Ne are normal in

Gand if weS then Ay and Nie are normal in H, which

isa direct factor of G. So, in either case, 4, and Me. are

normal subgroups of G. It is clear that ve < A, for all

we W.

Let x be a non-trivial element of G. If xe H_ then

oe 0 Fea 7 . ;Xe Be ( A), Vin) — Bu, Va) and if x ¢ H then xH is

a non-trivial element of G/H so that xHe (A"'/H) - (vii/H) for

some weT. Then MieAy (se Ve and
, wo wo

won yt ys NU, s
xtc s ve ) wen, Vii ). Therefore

G@-1 = Hee Na les

Now let a, BeW with a <g. If aq and g are both

elements of S_ then Ay = AY < V3 = Vz while if « and g

are both elements of T then A= AY < VR = V, . Finally

if aeS end = eel then A= AY cH eWe T= Vv,
a a 8 B
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Therefore As V, for all a, BeW with a<B

Choose weW. If weS then by 1:3 we have

(A/V) x (G/V_) because V ¢ A <H6SG. If, on the
wW w wo wo wo

other hand, weT then ((a" /H)/(V" /H)) x((G/H)/(V")H)) so

xthat, by 1°1, (,/ v,) x (G /V,)- Therefore x = D)x

A similar proof will show that xX = Dox because if S and

T are well-ordered, the ordering imposed on SUT is also a well-

ordering. Also if S and T are both finite then S UT is finite

Oeand so x = Dex

If we let G=H x K where H and K are X-groups, so that

Me 3a¢eS} and Oe /H 3 teT} are descending x-series

in H and G/H respectively, we can prove G to be a x group as

follows .

Let W=S UT but define a reverse well-ordering of W in

such a way as to make every element of T precede every element

of S and the original orderings in S and T prevail. Define Be

as before. Again Me is normal in G for all weW.

Let x be a non-trivial element of G. If xe H then

- there exists an ordinal « such that Xe Mag - vi so

x ener = Ne . If x ¢H_ then there exists an ordinal number

a such that xHe (Vi,3/H) - (VWi/H) so xe Vi. - Vi.

Choose weW . If weS then, by 1:3,

(Vyy3/ V,) ¥ (6/ V,) and if weT then, by 1-1,

tay ;

Via Va) X (G/ V,)> as required.
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This result enables us to prove the following theorem, the

proof cf which is similar to that of a theorem of Scott and

Sonneborn [11]

Theorem 1-9 . If xX satisfies (+) then x and X are both C-closed
4

and X is D-closed.

Proof Let G = Cr, G where Ge x for eachaecA. By
ee ae. a a

1-8 the theorem is true if A is finite. Thus we may assume

that A is infinite. Let A be well-ordered and let its

ordinal number be y . Then y = +n for some limit ordinal

» and Og n<w. If n>O then

n

G = (Cr G)x(oDr G

0

Again by 1:8 we may assume

asd cs r= ner) ‘

that n= 0. Therefore we may suppose that A = {a 3 a < A}

for some limit ordinal

If 6 <2 let H, consist of all functions x of A such
8

that x(a) =1 if a<B . Then clearly He 4G

for all 8 < A and Heat < He forall 8< dr . AlsoG= Ho.

Let g be a non-zero limit ordinal. Let he H and
8

é< 6 . If a <6 thena<g andso h(a) = 1. Therefore

heH, andso He, < Hy. Let he A, Hee Ite <6

then atl <p andso heH., . Therefore h(a) = 1 so

fe =o nilees If hel,

then h(a) = 1 for all a<2A and so h=1. Therefore

he He . Then we have proved that H

Hy = 1 and we have a descending normal series

G = Hy > Hie Hy Pees Hy ara
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Also, for any B<A , Ho/H ea Geex . Let K be

a term of a x -series between He and Heed . Then K a He 6G

so that K 4G. If A/B is a factor of this x-series then

(A/B) x (H,/8) and,by (+) , we have (A/B) x (G/B). Thus the

union of the x-series between the Ha's is a X-series in G.

Therefore Gex

The result for X is proved in the same way.

Now let GeDX . As above we may suppose that

G= Dr G_ for some limit ordinal a . If B < A we now

a<h

define He to consist of all functions x : A+G_ such that

x(a) =1 if a2. Then, for each g <a, He < G and

He s Hea » and H; = 1 . Then we have anaascending normal

series

Vee ied Hd Hy = G

ott H = x ;Now, for any gB<2d > Hea! 8 &, eX As above

we may prove that each term of a X-series between H, and Hea
8

is normal in G and that every factor A/B of such a series

satisfies (A/B) x (G/B). Therefore Gex

We turn now to the questiun of residual closure.

Theorem 1-10 (i) If x = SX and x is persistent and

satisfies (+), then X and X are R-closed.

(ii) X = RX
* *

Crit) =" RX

Proof (i) Since R < <S,C> , this result follows from 1-6

and 1°9.
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(ii) Let Ge RX and let x be a non-trivial element

of G. Then there exists a normal subgroup N of G such that x ¢ N

and G/Ne X. But xN is a non-trivial element of G/N so there

exist normal subgroups K/N and 1I/N of G/N , with K < H, such

H/N | G/N
K/N * K/N

and, by 1:1 , (H/K) X (G/K). Therefore Ge X.

that xN e(H/N) - (K/N) and Therefore Xe H - K

(iii) Let Ge RX and let x be a non-trivial element

of G. Then there exists a normal subgroup N of G such that

x¢N and G/N eé X . But, since xN is a non-trivial element

of G/N, there exists a normal subgroup M of G with N < M

G/Nsuch that x ¢M and x /NW/N x ae . Now

G/N(xn)°/Nyy = (xSNN).(M/N) = xSM/N. Therefore

G

ae x at and, by 1-1, (xSM/M) x (G/M) and we have

*

proved G ec x.

The proof of our next theorem requires the following

proposition.

Proposition 1.11 Suppose X = Hx. If A,B and C are

rnsubgroups of a group G, with B 2G, C 4G, B<A and

(A/B) X (G/B) , then (AC/BC) x (G/BC).

Proof Define the function ¢ : G/B > G/BC by 9$(gB) gBC

for each g e G. Then ¢ is an epimorphism and 4(A/8) AC/BC.

Therefore (AC/BC) X (G/BC).

Theorem 1.12 If x satisfies (*«) and if M is a minimal normal

subgroup of a X-group G then Mx G. If, in addition,

x= Hx , thenGMeX.
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Proof Let x be a non-trivial element of M. Then there

exists a normal subgroup N of G such that x ¢ N and (xEN/N) X (G/N).

Since X satisifes (x), we have ((MM xON)/(M AN)) x (G/(M ON).

By the minimality of MJ, MAN =1 orM<N. But x ec M and

x ¢ N so the only possibility is that MMN =1. Therefore

G(MA xy) X G. Again by the minimality of M, x° = M_ so that

M1 xn = MN MN=M. Therefore M X G.

Suppose now that X= HX and let xM be a non-trivial

element of G/M. Then we must prove that there exists a normal

subgroup E of G ; with M< E, such that x ¢ E and

(xSE/E) x (G/E) . This is sufficient by 1-1.

Now there exists a normal subgroup K of G such that x ¢ K

- and (x°K/K) x (G/K). By the minimality of M, either Mf) K = 1

orM<K. If M<¢K_ then we may take E = K. So we may

assume that MAK =1.

Since x = HX , we have (x2KM/KM) x (G/KM) .

Therefore if x ¢ KM we may take E = KM. Thus we may assume

further that x « KM.

Suppose x = km, where ke K andmeM. We know that

k#1 because x ¢ M. Therefore there exists a normal sub-

group L of G such that k ¢L and («SL/L) x (G/L)... Let

P=KQL. If x ¢ PM then x = pm', say, where p c P and m' ¢ M.

TeMnKk =1Thus km = pm' and so p tk = m'mTM

Consequently p = k which contradicts the fact that k ¢ L.

Therefore x ¢ PM.
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Since (KSL/L) X (G/L) we have by (x) that

(KoL ms K/L AK) x (G/L KY. But KL AK = K8(LNK), so

that (k&P/P) X (G/P). Therefore, since xX = Hx , we have by

1-11 that (k9eM/Pm) x (G/PM). But x°PM = k°PM. Therefore,

letting E = PM, we have (x°E/E) X (G/E),as required,

We observe that the condition on x in Theorem 1-12 ensures

by 1-4(ii) that the theorem is also true for x-groups.

So far, we have only discussed the classes x X and

the x-series classes. The following definitions provide

further ways of defining classes of groups in terms of

subgroup theoretical properties. In each case x is any subgroup

theoretical property. Several of these definitions are after

Robinson [1]

Definition The X-centre of a group G, denoted by X(G),

is defined by cX(G) = << G3; HX G@

Notice that it follows from the definition of a subgroup

theoretical property that cX(G) q@G is always true.

Definition The upper X-central series of G is the series

{cX(@) 3 a anordinal} defined by cX(G) =1, cX(G) = ¢%(G)

and if = (8) has been defined for all g <q then: if a

is a limit ordinal , 2% (6) e969) , and otherwise

oX(@)/ 2%, (6) oX(G/ X_(G)) «

Definition The limit of the upper x-central series of G,

31



denoted by “CX(G)s is called the xX-hypercentre of G .

Definition If N<G, yX(N,G) = NM{M 4G; M < N,(N/M) x (G/M)}

Definition The lower x-central series of G is the series

C¥,%(4) : aan ordinal} defined by ,*(G) = G end if

if (G) has been defined for all ordinals g <a then: if a is

aa % X% re x :a limit ordinal ¥q(8) = on ¥g(6) > otherwise

X@) = (%_ (6) 56)ie Y UY qoyh9) 28)

Definition The limit of the lower x-central series of G, denoted

by _yX(G), is called the x-hypocentre of G.

Some results concerning these concepts can be found in [1] .

Notice, though, that the definition in this thesis of *(N,G)

does not require N to be normal in G, whereas that in [1] does.

Subgroup theoretical properties can also be defined in

terms of group theoretical functions, as follows.

Definition A group theoretical function a is a function which

assigns to each group Ga subgroup a(G) such that e(a(G)) = a(e(G))

for each isomorphism 9 out of G.

’ Definition If a is a group theoretical function, the subgroup

theoretical property associated with a , also denoted by a , is

defined by saying that H o G if and only if H< a(G).

We also make the following definition of a monotone group

theoretical function.
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Definition A group theoretical function is monotone if L < &

always implies that a(L) < «{G).

Examples of group theoretical functions and associated

subgroup theoretical properties are Vand vw, for a variety U >

and Coane Here HUG if H is contained in the W-verbal

subgroup of G, HU*G if H is a U-marginal subgroup of G and

H &,G if H is a central subgroup of G. Of theseVis monotone

while %* and a are not. Clearly % = Ot*.

The proof of the following lemma is very easy and is omitted.

Lemma 1:13 (i) a is a subgroup theoretical property.

(ji) a = Sa.

(iii) If whenever K < G it follows that

a(G) K < a(K), then a is persistent.

(iv) If a is monotone then Ha K <¢ G implies H a G.

(v) c%(G) = a(G) so that ¢%(G) a G is always

true.

We consider now the generalization of marginal and verbal

subgroups of Hulse and Lennox [2] . For a normal subgroup K of

a group G, they define (K,G) to be the subgroup of G generated

* by all elements of the form

(w(9 s++29q)) ? w(Gy s+ -s9;ks+++29q)

where 9)5.++59, € G, ke K and W(X, o++09%q) © w > Where w is

the set of words defining a variety VU. They also define

o*(K,G) to be the set of all elements k of K such that

w(Gys+-+99_) = w(G)o-++.Djks-.+99,)

whenever W(X seees X,) © Ws Jyeee Gy & G andl <4 <n.
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It may be seen that (K,G) and o*(K,G) are normal sub-

groups of G. Also 4(G,G) = UW(G) and *(G,G) = U*(G), the

usual verbal and marginal subgroups of G, respectively.

Hulse and Lennox go on to define the lower G-#-marginal

series of K to be :

K = 6(K,G) @, (K,G) Sites 2 (KG) era

where, for n > 0, (KG) = 4(6,_,(K,G).G). They define the

upper G-o-marginal series of K to be 3

1= #8 (K,6) < oF(K,G) <eanes on (K,G) <

where, for n> 0, oF (K56) is defined by

OA (KG) /on_ | (KG) = o*(G/or (Ks). K/on_ (KG).

When K = G they obtain the lower and upper ¢-marginal

series of G with terms (6,6) and on (GG), which they abbreviate

to o,(6) and on(G) > respectively.

Hulse and Lennox define a group to be 6-nilpotent if

there exists a series

G.= G. 3G.0 2 aioe Ae G =l1
1 n

where G; 46 and G;_,/G; < W*{G/G;) for i " — s

They denote the class of #-nilpotent groups by x

As mentioned earlier, the subgroup theoretical property

associated with the group theoretical function U* is just the

property "is a W-marginal subgroup of". Some properties of U*

are demonstrated in our next proposition.
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Proposition 1:14 (i) W* is a subgroup theoretical property.

alin We re Sas

(iii) W* is persistent.
Val 9%

(iv) ce (G) = W*(G) and so ¢° (G) W*G

is always true.

(v) “V* satisfies (+).

(vi) U* satisfies (x).

(vii) UWF = HW.

vw CF
(viii) (N/y ~ (N,G))1*(G/y ~ (N.G)) whenever

NaG

Proof Parts (i) to (iv) follow from 1-13.

(v) Suppose G=KxL and HY*K. Since

W*(G) = W(K) x WE(L) we have H < W*(K) < w*(G) .» as

required.

(vi) Suppose X,Y and N are normal subgroups of a group G

with Y < X and (X/Y)U*(G/Y). Let aoe, be elements of G

and suppose that ne NA X and W(Z,s.++9Z,)e W. Since

X/Y < *(G/Y), we have

w(9,Y, .. 9.) = w(9,¥5---995nY, hep 9,.Y)

so that

(w(9,9+++29p))7? w(G,2+++294Ne--esd,) e Y.

i But

(w(9,s-++99,))? w(G,s-+-294Ms--+99,) © 0(N,G)
1 F 1 1 .

and ®(N,G) <N. Therefore

(Fy o--2sDp)(Y AN) = (9, 5-++595Ms---s5,)(¥ AN)

so that n(Y f N) e@*(G/Y MN), and we have proved that V-*
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satisfies («) .

(vii) Suppose N < 1%*(G) and let 6 be a homomorphism out

of G. Let Gyo++-99, & G andneN. Then

0(0(9,)>+++50(95M)+-+28(9,)) = 0(w(9,>++-99;Ms+++ 29.)

8(w(9,5-- +29)

w(0(9,)>--+» 6(9,))-

Therefore o(n) « 1*(e(G)) and so 6(N)1* 6(G) , as required.

i
(viii) Let L =y~ (N,G). That is,

L = N{MsG@3;M<¢N, N/M W*(G/M)} . For all such M, if

ne N, we have

(9, 5+++99),)M = W(G, see 99 5Ms +++ 59,)M.

Therefore

(w(9, 5+++99,))? w(G>++6994Ms --+99,) © M

and so

(w(9,5+++59,))? w(G,o--+995Ms-- rg.) e Le

Thus

W(9) 5-099 ,)L = WG) o e099 pMs- eo ,JL

which implies that nLe W*(G/L) . Therefore (N/L)W*(G/L),

as required.

Part (iv) of the last proposition, together with the next

lemma, shows that we have a characterization of the upper and

lower -marginal series of Hulse and Lennox.

*

Lemma 1:15 (K,G) = yTM (K,6).

Proof Let M be a normal subgroup of G with M < K and

(K/M) 19*(G/M), and let x be a generator of o(K,G), say
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X= (m(92+-299,)) (9, +--+ 294 ko---99p)

where g),...59, € G and ke K. Now kMe * (G/M) and so

w(GsMs ..+s gM) = w(9\M, -.-s g;kM, s+029M).

Therefore

W(Gys+++29p,) = w(Dys-+-2Gsks---29,) (mod M).

a

Thus x eM and (K,G) < y~ (K,G).

But, as cbserved by Hulse and Lennox,

K/o(K,G) < *(G/o(K,G))

= *(G/0(K,G)).

Therefore yo* (K,G) < o(K,G) , as required.

Thus we have proved,

Theorem 1:16 The lower (respectively upper) 4-marginal series

of a group G is identical to the lower (respectively

upper) *-central series of G and x, = Ba,

The following facts about 1%* are direct consequences of

1-4(4i) and 1-12,

Corollary 1:17 (i) ye =

(ii) If M is a minimal normal subgroup of a

‘y* -group G, then M <V*(G) and G/Me W*.

We define the operations Ce and C, on classes of groups as

follows :

Definition Let % be a class of groups. Then Ge Ce¥
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if for each non-trivial element x of G there exist subgroups

Hand K of GwithHsK<sG, xeK-H and K/He® . We

say G has an X-factor covering.

Definition Let & be a class of groups. Ge C,* if for

each non-trivial element x of G there exist normal subgroups

H and K of Gwith H < K, xX eK - Hand K/H eX . We say

G has a normal %-factor covering.

Both these definitions appear in [12] but with different

notation.

We have the following result for any variety U.

«

a

Theorem 1-18 C,U* = CO = CU = CU.

Proof let GeC, \* and let x be a non-trivial element

of G. Then there exist normal subgroups M and N of G such that

Ng M, x eM-N and M/Ne U* . But xN is a non-trivial

element of M/N and so there exist normal subgroups H/N and K/N

of M/N such that K <¢ H, XN e(H/N) - (K/N) and

H/N WAN. EeKN vn) 2 TN. 2 say.

L/N M/N G/N L/N G/N ;
Now gn * KN 7 KN and so XN * KIN which

shows that L <G. Also xeLl and x¢K. But K aL and

Lik = gy eV

We have proved that C, U* < C.U . Since it is

obvious that Ce < c, = 2G it only remainses

to prove that Cov s Co.
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Let x he a non-trivial element of a C, U-group G.

Then there exist subgroups M and N of G such that M<N 4 G,

Xe M-N and M/N eV . Therefore U(M) < N and we have

xe M- V(M). But WM) 4M4aG so U(M) 4G and we have

proved that Ge cu

By taking U to be the class Ot of abelian groups, we see

that the classes U* and Cb are not, in general, Q-closed.

For 0t* is just the subgroup theoretical property "is a central

subgroup of" and so Ot* is the class of groups with a central

factor covering. Also COU is the class of groups with a normal

abelian covering. It is clear that Cot contains the class of

SI-groups and 0t* contains the class of groups with a central

series. Thus both classes contain the class of free groups.

Many of the classes considered here are not Q-closed.

However, we can make use of the homomorphism properties of

Petty [6]

Definition Let A be a non-empty set. A non-empty’set ¥ of

subsets of A is called a filter if ;

(i) oe

(ii) S,,8, e¥ implies that Sn S, ey

(Cilia See and S=T_ implies that T «¥

We order filters naturally by saying aes ae Th Se F,

always implies Se g

Definition A filter is an ultrafilter if it is maximal in

the natural ordering of filters.
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It can be seen that any filter can he enlarged to an ultra-

filter. The following result is in [13] .

‘Lemma A filter ¥ on A is an ultrafilter if and only if given

any subset T of A either Te} orA-TeF

Let {R,3 ae A} be a set of groups and let R = Cr BG
acA

Again we consider R as the set of functions

(KA > WOR 3 x(a) 'c R- for all aeA} . Let
aeA * .

¥ bea filter on A. For elements f and g of R define

fioag) if {a cA 3 F(a) = g(a)} eS . Then ~ is an

equivalence relation. Let I = (HERS fa) eRe

Let R/¥ denote the set of equivalence classes in R determined

DYIG =" 5

‘Definition R/I is a reduced direct product of the Ruts.

Definition If ¥ is an ultrafilter then R/T is an ultraproduct

of the R\'s.
a

If P is a property of group homomorphisms such that all

isomorphisms satisfy P, Petty defines an operation Hy on group

theoretical classes by saying that, for any class & ,

Ge Hoe if there exist an ¥-group K and an epimorphism

h:K-+G with h satisfying P. For any class & such that

ive He he says that P is a weak homomorphic image

closure property of £ . In particular, he defines the

following operations on group theoretical classes.

Definition Ge HE if G is isomorphic to a reduced direct

product of ¥-groups.

Definition Ge HE if G is isomorphic to an ultraproduct
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of %-groups.

Definition Ge He if there exist an ¥-group K and an

epimorphism h:K + G such that the kernel of h is contained in

the limit of the upper U* - central series of K, wherePis the

variety determined by the set of words w.

Notice that Hy < Hp. Notice also that p being a weak

homomorphic image closure property does not necessarily imply

that Hp < Q. However for classes of groups % such that

ome Ch py Hpk » Hy and Hare all contained in Qk

Petty proved the following theorem in [6] .

Theorem For a variety VU, Cc, be ts D,v > pv

and U* are all <Hp oH, > -closed classes.

Petty also defines a generalized local property in the

following way. ,

Definition Let P = KH, 3 aeA} bea set of subgroups of

a group G. P is a local factor system of G if Ko 4 He for all

aeA and if F is a finite subset of G - 1 then there exists

ana in A such that F&2H -K
a a

Definition Ge Lp¥ if G has a local factor system

{K 5H 3 aeA} such that H /K ek for all acA.
a a a a

Petty then proves that L < Le < <S,H > which yields :

Corollary CU, Us, Pv » pU and V* are all

L_-closed classes, and so are all |-closed classes.

These closure properties will be of recurring interest to us.
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Two other subgroup theoretical properties which are of

interest are those of being an %-subgroup and being a normal

R-subgroup, for a class of groups &. We denote these by

My and Ye > respectively. When it is clear which class ¥

is being considered, we omit the suffices.

Obviously v <u and Cx =o vis We also have the

following result.

Proposition 1:19 (i) 4 and v are subgroup theoretical properties.

(11) w = Sp 4f Re. SK. v # Sv

jin general.

(iii) yu and vy are persistent.

(iv) w and y satisfy (x) if ¥= S¥

(v) pp and y satisfy (f).

(vi) If = QE , then p=Hy» and y= Hy.

(vii)If R= Ry then (N/y4(N,G))u(G/yH(N,8)),

and (N/y(N5G)) 1(G/y"(N5G)) whenever N < G.

(viii) ¢¥(G)pG is not true in general.

cY(G)vG if X= NE.

Proof The proof of this proposition is easy except for the

following :

(iv) : Suppose R= S$, and let X,Y and N be normal

subgroups of a group G such that Y <¢ X . If (X/Y)u(G/Y) then

XNN/YON = (XMN)Y/Y oX/YeX « If (X/Y) v (6/Y)

then (X/Y) yp (G/Y) so XM N/YANeX . But XNN/YNNaG/YON,

as required.

(viii): Consider the class & of cyclic groups. If Gee

then clearly Guy Gis not true. But any group is generated by
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its cyclic subgroups soG = sch(G).

On the other hand, if X= NE we have cY(G) e NK =%

so, since (G) is clearly a normal subgroup of G, x%(G) v G.

We observe that c’(G) is just the ¥-radical of G, and that

the upper v-central series of G is just the upper &-series of

G for any group G.

Finally, in this chapter, we have the following corollary,

which is a direct consequence of 1°4 and 1-12.

Corollary 1:22 tyes) pads =)

Cora Ss sé and M is a minimal normal

subgroup of a j-group G then Mek and

G/Miel fe

(iii) If B= SX and M is a minimal normal

subgroup of a 3-group G then Meck and
*

G/Me v.
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II Y%- Centrality and Hy-Centrality

For any < $.Q,D) >-closed class of groups ¥, Stanley

defined , in [3] , the }%-centre of a group G to be the set

of all elements x of G for which there exists a normal subgroup

N of G, depending on x, such that [x,N] = 1 and G/NeK . He

denoted the %-centre of G by H(G:i) and proved H (G:%) to be

a characteristic subgroup of G.

Making a slight generalization of the property 9 , defined

in [5]. we define the subgroup theoretical property oy as

follows :

Definition Let G be a group. If H< H (G: }) we say that H is an

%-central subgroup of G, and write H oy §-

Arrell, in [4] , defined a descending series {K 3 oer}

to be an ¥p-central series if, for each oer 5

NK 5M] 3 N4G,G/NceK¥} < ser

Again generalizing a property in [5] , we define the subgroup

theoretical property vy thus

Definition Let G be a group. If H is a subgroup of G such that

A{TH.N] 3 N«aG, G/Ne%} = 1 , we say that H is an

¥y-central subgroup of G and write H vy &

When it is clear which class % is being considered, we omit

the suffices from by and vy . The next two theorems carry over

from [5]
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Theorem 2-1 (i) $ is a subgroup theoretical property.

(1) ea HS

(iii) ¢ satisfies (x).

(iv) (N/y?(N5G)) @ (@/y#(N,G)) is not true in general.

(v) x°(G) ¢G is always valid.

Theorem 2-2 (i) is a subgroup theoretical property.

(ji) p<Hyp — in general.

(iii) y satisfies (x).

(ivy (N/y?(N3G)) v (G/y"(N,G)) always holds for N < G.

(v) <¥(G) y G is not true in general.

We now add :

Theorem 2:3 (i) $ = S@ and p= Sy

(ii) and p satisfy (fT).

(iii) ¢ is persistent, and y is persistent if R= Sk.

Proof The first part is very easy to prove. That ¢ satisfies

(tT) follows from proposition 3(iii) of [3] which proves that if

K is a direct factor of G then H,(K 2%) = HG :¥) Nk.

Suppose’F pH6éG. Let xe f\ { [F5L] 3 Lb 46, G/Le ® }

and let N be a normal subgroup of H such that H/Ne ¥

_ There exists a normal subgroup K of G such that G = H x K.

Let M = KN. ThenM<G = and G/M © H/Ne ¥

Therefore xe[F,M] . But [F,M] = [F,N] because [H,K] = 1.

We have shown that xe [F,N] for any normal subgroup N of

H such that H/Ne ¥ . But A{ [F,N] ; NH, H/Ne¥} =1

Therefore x =1 , proving that F y G.
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To prove part (iii), suppose first that H <¢ K <¢ Gand H ¢ G.

Then H s HA ( :%) AK. But by proposition 3(i) of [3] ,

H,(G :¥) NK <¢ HA(K :%). Therefore H ¢ K . Suppose now that

H<K<GandHyG. Then ncfh.n] 3 N<G, G/NeX}= 1.

Let xe A { [HM] 3; M<aK, K/MeX} and let N be a normal

subgroup of G such that G/Nek . Now KANN <«K and

K/K (.NS% KN/N © S% and we are assuming that K= Sk

Therefore xe [H,K AN] < [H,N] for all normal subgroups N

of G such that G/NeK . Thus x=1 and soHyK.

As a consequence of some earlier results we have

* x

Theorem 2-4 (i) 9 = wv eo ¥

Girt

Proof (i) follows from 1-4 (ii) and 2-3 and from theorem 3 of

[5] » which states that ; = ie (ii) follows from 1°4(i).

As an immediate consequence of 1-6, we have

Theorem 2:5 4 $5 $5 ds os band ’ are all 5-closed

if Pes eSk

As observed in [5] , the class zg defined in [7] is

identical with the class i . In particular, the class of

residually central groups is just the class + . Also the classes

of groups with a central factor covering and groups with a central

series, Z, are just the classes and $, , res ectively.o) oy pi

Phillips and Roseblade [10] have discovered a "group which

is not a $,-9roup. However, 2°4(i) gives us :
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Corollary 2-6 a oe

It is also observed in [5] that 3 = %, =X >
/ X \

ST eee vere ZA and Py Sige ZD.

We shall now examine some connections between classes of

groups defined in terms of ¢ and w for any <S,Q,D,>-closed

class ¥. The following two lemmas will be helpful.

Lemma 2-7 If A and B are normal subgroups of a group G

and if (A/B) ¢ (G/B) then there exists an

ascending series {G3 from B up to A of

normal subgroups of G , such titat for each

ordinal a,

(6,.4,/6,) ¥ (6/G,) :
Proof Let G)»=B. If G,<A we define a series as

follows : Ifa isa limit ordinal let G = UG. If
a B<a 8B

a-1 exists and if Gy

Ge = xce
a a~

<A choose anxe A-G and let
1 aml

ne It is easy to see that B < & <«G@ for each

ordinal a , and that the series reaches A.

Let a be an ordinal number and let x e Ge . Since

x e A there exists a normal subgroup N of G, with B < N and

G/Ne% , such that px8,Ny < B. Therefore

[G@., .N] = [x%6,.N] <G, . Thus (6.4/6) ¥ (G/G,).
‘atl?

Lemma 2-8 If A and B are normal subgroups of a group G

and if (A/B) » (G/B) then there exists a

descending series {6} from A down to B of
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normal subgroups of G, such that for each

ordinal a , (6/6043) ¢ (G/6,,,)-

Proof Let &, =A If, 6, > B we define a series as follows :

If a is a limit ordinal letG = {\ G . If a-1 exists
a B<a 8B

and if G > B choose anx e G -B. Now xe A-B
fH a-1

and so there exists a normal subgroup N of G with B < N and

G/NeX such that xBé¢ [A/B,N/B] = [A,N]B/B.

Therefore x ¢ BIG, NJ « Let G, = B[G,_, NI iat AS

easy to see that & 4G for all ordinals « and that the series

reaches B.

Let a be an ordinal number. Since there exists a normal

subgroup N of G with B < N and (6, .N] < Gia > we have

(6/641) o (G/G)4,)> as required.

These two lemmas provide the proof of :

Theorem 2:9 6 <% > vs and $ =u

An indication of the size of some of the classes defined in

terms of » and y has been given by Stanley : in [7] he proves

that : < “a < $,(RE) and in [3] he proves that

$8, < & < 8 (RE) and that §, < Sy < $,(R¥).

We now add

”~

n rnTheorem 2:10 $4 by $,(R¥) : $y < by s 9, (RE) and

ts Py 9 (RE).

Proof It is clear that oy < oy : 4 .” o73 cy =o <o
we

tA <0HF
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Let Ge by and let {HK 3 cert bea dgSeries

inG. Let R be the X¥-residual of G and let M, = Hy aR

and N = K_ MR for each cet .« Then M_ and N are
oO oO oO Cc

normal subgroups of R and Ny < Ms for all oer

Let x be a non-trivial element of R. Then for some oex ,

x (HM R) - (KAR) so Ra = UT Mee Ne

Suppose +t <o . Then M. = H. NRe« K NR= Ny

Since by satisfies (*) , (MIN) 5 (G/N) for all oer

Let me M, . Then there exists a normal subgroup P of

G, with Ny <P, such that [m,P] < No and G/Pek

Therefore R < P and so [m,R] < No for all me M,

Thus (M>R] < No so that MIN, < c(R/N)). Therefore

(MN, 3 oe 2} is a central series in R so Red,

and Ge $y (RE).

Now suppose G € by and let {Hy3 o < a} be a descending

by -series inG. Let My = HOA Ro forvally io = o a suadnen

Re $, because {Ms o <a} is a descending central

series. Therefore Ged, (RX).

Suppose now that Ge Vy endwletmetts=; J) <1 ein} 2 be
a3

a finite g-series inG. Now (Hi 74) vy (G/H;) for each

l¢ign so, since [R,H;,,] < ACINHs,,] 3Noa G,G/NeX }

/M,) al = i where Mi =H; AR* H; we have LR/Ms5He

(1 < i<n). Therefore (M; 3 1< ign} is a finite central

series inRand Ge $1 (R¥)-

The following result follows very easily from 1-8 and 1-9
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Corollary 2-11 (i) by e by and dy are all C-closed.

(ii) ty and vy are D-closed,

(iii) + and vy are D,-closed.

(iv) dy is R-closed.

Some of the classes under consideration are shown in Fig. 1.

ae 9We note that by proposition 9 of [3] > y = <S,Q,D> oy

and ty = <S,Q,D> by » and that by theorem A of [4] ,

Oy = <S,D,> Vy and Yy = <S,D,> by . We have improved

the last of these results and proved several of them in a

different manner.

The upper ¥-central series defined in [3] by the rules

HAG > R)/H,_ (6: ¥) = Hy (G/H,_ | (G:% ) :£) if a-1 exists

and H(G: £) = aU H(G: ) if a is a limit ordinal, is

just the upper ¢,-central series. ‘For any ordinal number q ,

we define the class of ¥(a)-groups as follows :

Definition Gek(a) if G= H(G: £).

We continue to use Stanley's notation of H(G: %) for

the og

G = H(G:%).

-hypercentre of G, thus Ge & if and only if

We now include some results about some subclasses of dy .

It is assumed that % andy are <S,Q,D,>-closed classes.

Proposition 2-12 (i) If % < Yj then H(G: £) < HG: y) for

all ordinals a
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(ii) H,(G: Ea )< H (6: ¥ a Hy (G: 4p)

for all ordinals «

(iii) If RsY then Ka) < Wa) for all

orainals a

(iv) (KaY)(e) < Re) 0 WYla)-

(v) HGR ny) = H,(G:%)o H(G:Y).

(vi) (Xow) = FA) a Yo).

(vii) H (G: ¥) e F(a) for all ordinals a.

(viii) R(j+k) < HG) K(k) for any integers

j and k.

(ix) dys (KC). dys PRM),

og CRC) and Gs pCR).

Proof of 2-12 (vii) Proposition 3 of [3] states that if K is

a subgroup of G and a is an ordinal number, then

H(G: R) NK < HACK: ). By putting K = H(G: ¥) we obtain

Hi (G: %) iS Ho(H(G: &): ¥)» as required.

The proof of the rest of 2-12 is very easy and is omitted ,

as is the proof of our next proposition.

Proposition 2-13 mes HIERN X22).

Definition Let { be a class of groups. We say that K is

a good class if, for any group G, G/z, (G) eX always implies

Gek

Examples of good classes include the classes of nilpotent

and soluble groups and, as is shown by 2°16 , the classes of

locally nilpotent and locally soluble groups.
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Lemma_2:14 (i) lf X is a finitely generated subgroup of

H, (G:%) then there exists a normal

subgroup N of G such that NN X < 5, (X)

and G/Ne%

(ii) If Ge Fak) then there exists

a normal subgroup N of G such that

N< ¢,(G) and G/Ne ye

(iii) If ¥ is a good class then ¥(1)N%S <X

prrek_> For each i,

1 <i <n, there exists a normal subgroup Ny of G such that

Proof (i) Suppose X= <x

n

[xjoN;] =1 and G/N;eR . Let N = iy Ny + Then

<[XN] = 1 so thatXNN < ¢,(X) and G/Ne s Dt =k

(ii) follows immediately from (1).

(i1i) TFN ¢¢,(G) and-G/Ne¥ then G/c,(G) « QE =%

so that, if X is a good class, Gek

Lemma 2:15 Let € be a good class such that "FAX < y

for some class YP. Then ey 00k (C) uc aC)

for all integers c.

Proof By 2°14(i71) , RI) = Ra$cYs YI).

Suppose that °$N ¥€(c-1) < ‘Y(c-1) and Tet GeFa Xe).

Then by corollary 6 of [3] , G/H,(G:%)e m E(c-1) ¢ Y(c-1).

Let xe H, (G:& ). Then there exists a normal subgroup N

of G such that [x,N] = 1 and G/Ne¥ . Thus

G/Nehnk < y and we have shown that H (6: ¥ )s H(G:Y).
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+ Therefore G/H (6: )e Q(Y(c-7)) = W(c-1) by proposition 9

of [3] and so, again by corollary 6 of [3] , Ge W(c).

It is well known that if %& = <S,Q,D,>£ then so is

L& . For good classes, the following properties of LK also

follow.

Proposition 2°16 If & is a good class then

(i) LX is a good class,

(ii) HQ) s LE = (LEY) = L(H(1))

Proof (i) | Suppose G/z, (6) e LE and let H be a finitely

generated subgroup of G. Now

He, (G)/¢, (G) = H/H A 5, (6), which is finitely generated and so

He, (G)/z,(G)e & . But Hz (G) < c,(H) and so H/z,(H) « QX = he,

But & is a good class so He& . Therefore Ge LE

(ii) By 2-14, ¥(1) ¢lR . Clearly L&< (L¥)(1).

By 2-15, $A(L¥)(1) < H(1) and so (LE)(1) ¢ L(¥(1))

because each of the classes under consideration is S-closed.

Since ¥(1) < LE , we have L(¥K(1)) ¢ L(LKE) = LE , as

required.

For a good class % , we can obtain another bound on 1)

by means of the following lemma.

Lemma 2-17 If kis a good class and Xe H,(G:¥ ) then

xo eX



Proof Let X= x°. Then X < G, X ¢ H,(G: ¥) and d/(X) < ©

so we have, by lemma 7(ii) of [3] , that G/C,(X) eX

Thus, since X/X N C,(X) = XC, (X)/C,(X) » we have

X/X \Cg(X) « SE = SBS UC aE Cg(X)=c,(X) and so we

have X/z,(X) e Qk = % . Therefore X e¥

“Corollary 2:18 If Kis a good class then (1) < Nx

Proof Let Ge ¥(1) . Then G = H(G:%) Sige 'xe H(G:%)3

eN®.

We also have the following connection between the upper

%-central series of a group and its upper X-series, that is,

its upper vgrcentral series. We write p (G:¥) for
a

“, * (6).

Lemma 2-19 If Kis a good class and k= No then

H(G:¥) < o,(6: ©) for every ordinal number q

Proof For all ordinals a, let H = H(G:£) and

R= p,(@:%). Let xeH, . Then by 2-17 xo .¥

Thus Hy < Ry and the result is true forg=1. Suppose

the result is true for all groups for all ordinals g <a

If a is a limit ordinal then H, = BWA H, < &, R, = R

Otherwise a-] exists. Let xeH so that xH _ cH (G/H ox )e
a asi; 1 a7l

Thus xH_¢ R, (G/H :%) by the casea= 1. Therefore
1

xH belongs to a product of finitely many normal -

subgroups of G/H « Since = Noe » we have that

xH oy is an element of a normal ¥-subgroup N/H of

G/H
Gee

Now x-H /H < NH ck . Therefore
-\ 0-1 an}
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87x80 Ho) ©& . But, by assumption, H | sR, so

G G G,,.G 5
x NH = kiN Roe and so x"/(x"AR__,) 0k =

G G/Rq~1
Thus x"R_/R_, e& so that (xR,_,) ek

Therefore xR & Ri (G/R,_ $2) and'so. x esRe-- 4, as
1 a

required.

We now define a root class of groups. Our definition

follows Robinson [1] . Stanley [3] omits the necessity

of S-closure.

Definition A class of groups ¥ is a root class if

X= S% and whenever we have subgroups G, and G, of a

group G such that 6, «6, 4G, G/G,c% . and G,/G, ¢&

it always follows that there exists a normal subgroup G,

of G such that G, <G, and G/G, eX

We observe that, for <S,Q>-closed classes of groups, the

condition of being a root class is equivalent to p-closure.

We also observe that, since No <0rep.0> eit & = <S,Qsp>k

then = Nok andso £ = Dk

Theorem C of [3] proves that if Kis No-closed and

oO ef .

a root class, then oy and dy are No closed. This may be

perhaps expressed more simply by

Theorem 2:20 If = <S,Q,p>X then : and ‘y are

N,-closed.

Lomma_2+21 If Lis a good <S,Q,p>-closed class of groups,
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then oy 0 ok

Proof If Kis a good class then by 2-14(iii),

H(G:%) e LE. Therefore if GeX(1)N¥ » we have

G = H, (G:%) eL¥ny <¥& . Suppose ¥(c)aAy <k

and let G e ¥(c+1)N 5 ~~ Then G/H, (G: ¥) « Xc)n¥ , by

corollary 6 of [3] , and H,(G:%) e X01) nF by 2:12(vii).

Therefore Ge pX = % . Thus tnt ek . But, by

corollary 7 of [7] » i: Ny = wkny = WENT

By theorem A cf [3] , ee

by ny < %y ny <¢ &

+ . Therefore

Corollary 2-22 If Ris a good <S,Q,p>-closed class of groups,
*

then oy is a class of generalized X%-groups.

Lemma 2:23 If = <S,Q,p>% and N is a normal

¥-subgroup of G with d.(N) <= and

N< H,(G:%), then H(G/N:&) = Hy (G:% )/N.

Proof Let xNe H, (G/N: ). Then there exists a

normal subgroup K of G with N < K such that [x,K] < N and

G/keK . Let C=Cg(N) . Then G/Ce% by lemma 7 of

[3] , so that if L=KAC, we have G/LeX

Define ¢:L+N by (2) = [2.x] for all XeL.

This is a homomorphism because [%,22,x] is easily seen to

be equal to [2, 2X] [22X52 1[2,.x] so that, since

[%,>x] e [Lx] < [K.x] < N, we have

[2, X52] e [N,L] < [N.C] =1 , yielding

$(22p } = [ey Loox] = [£,oX] [2.x] = (2, )4(2,)-

oy,



The kernel of ¢ is Cg (x) NL. Therefore, since Nex we have

L/(C_(x) 0 L) ek . Since Kis a root class there

exists a normal subgroup M of G with M < Cg (x) NL and

G/Me X . Therefore [x,M] =1 and soxe H,(G:%).

Therefore xN cH,(G:%)/N , as required.

Corollary 2-24 If Gedy » Where ¥% = <S,Q,p>% and if

H(G:%)e Fak then Ge FAX

Proof Since H, (G:£) itself satisfies the conditions of

lemma 2-23, we have H,(G/H,(G:£):%) = H,(G:%)/H,(G:%).

Therefore G = H(G:€) = H,(G:%)e Fak

We note that lemma 2-23 does not hold when & is taken to

be the class of nilpotent groups. This is shown by the

infinite dihedral group, G= <x,y 3 x = xy? =1>,

For let X = <x> . Then X 4G and because X and G/X are

abelian, we have X < H, (6:2). Also dg (X) < © because

Xe . But Ge’ and G¢ and so

by 2-16(ii) , GE H(1). That is, H,(G:¥) < G.

Therefore H,(G:¥t)/X < G/X = H (G/X: 9).
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Ill X- and ¥€p -Centrality for Varieties

We now consider U-centrality and ‘Uj-centrality for any

variety \S . We shall prove some weak homomorphic image

closure properties and some generalized local theorems as

introduced in section 1. Hereafter, \* always denotes a variety.

There is a simplification of the general situation in this

case, as is shown by :

‘ ‘ ¢ ¢

Theorem 3-1 yy Fg dy dy a oy = ty. :

Proof Let Ge $4, . Then there exists a descending series

G Spy su Gee es Gia a

in G such that (6/641) og( 6/64.) for each ordinal a < y

Let xe Gq . Then there exists a normal subgroup N of G such

that [x,N] < G and G/Ne U- . Therefore WG) < N

so [x0(6)] < 64,

(G> U(G)] < Gi and so (6/6, 4, my(G/G,,.)- Thus

Ge

+1

for every element x of & . Therefore

dy. The reverse inclusion is by 2-9.

Now let Gebyy so that we have a series

Le Gaus Gs -..0Gy = |G

in G such that (6, 4,/6,)¥ (6/6) for each ordinal « < y

That is, = ALIS ,/G , NG] s (N/G) « (G/G).G/NeV} = 1.

Therefore [G ,./G, > V(S)G/6 = 1 and since G/ Wa)G, ;
atl

,

we have (G,,,/6,)45(6/6,) and so Ge day . The reverse

inclusion is again by 2-9.
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Let 4 be a dgoSeries of finite length in a group G.

Since any series of finite length is obviously both ascending

and descending, 3 isa descending dygseries, and so a

descending y,gseries . But 4 has finite length and so

Ge Pas . We may prove dys oy in the same way.

From some results in section 2 and by 3.1, we have the

inclusions shown in Fig. 2 for any variety VU.

It can be seen, by considering the variety of trivial

groups, that all the inclusions shown are proper. For

es =X, é = ZA, 4 = ZD and, as observed in section 2,

4 = Z and s is the class of residually central groups.

As observed in section 2, there exists a $,-group which is

not a Z-group and it is well known that none of the classes i,

ZA, ZD and Z coincide.

In order to prove our weak homomorphic image closure theorems

and generalized local theorems we use the following method,

as described in [1] .

Let G be any group and let {Ho> K 3 oez} be a series

in G. This series determines a binary relation c¢ on G, defined

by x cy if either x = 1, o0rx#1 and o(x) < o(y) where

o(x) is the unique element of 5 such that Xe Ho(x) = Kotx)"

It may be proved that :

i) xe¢y andycz imply that xc z.

ii) Either xc yory<x_ or both.

iii) xc1 implies that x =1
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iv) x¢y andzey imply that xz y.

v) yor implies that yc x.

If the series is normal, we also have

vi) xX x for all x and y.

If the series is a U-series, we have

vii) given ay (i = 1,...,;n) and wa word in n variables

determining U, it follows that y¢ W(Xy 9-60 9Xp)-

On the other hand, if < is a binary relation, on a group

G, satisfying i) to v) then it determines a series in G. For,

define an equivalence relation ~ on G by x ~y if xc y and

ya x and let £ be the set of all ~-equivalence classes other

than {1} . Define a linear ordering < onx by o<t

if o#+ and there exist an x belonging to o and a y belonging

to + such that xc yy.

Let He = {x eG; xcy for some yeo } and

K = UdH + Then it is not difficult to prove that
oO to 60T

Ss = {HK 3 cet} is a series inG. Also, if<

satisfies vi) then S is a normal series and if ¢ satisfies vii)

then S is a U-series.

Thus there is a one-to-one correspondence between series in

a group G and binary relations on G satisfying i) to v).

We now make the following definition :

Definition Let S be a non-empty set. Then a local system

L on S is a collection of subsets of S such that each finite

subset of S lies within some member of £ .
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Notice that with this definition, @ is a locally-% group

if and only if G has a local system consisting of ¥-groups.

For any set S, we denote by g fn] the set

{(S,.++55,) 3 SpeS for each] s i< n}.

The following lemma is proved in [1] :

Lemma Let L be a local system on a set S, let F be a

finite set and let n be a positive integer. Suppose that

for each He there is a function aj: Hf] . Ff. Then

there is a function a : sll , F such that for every subset

{X, se2-9Xqh OF sl] there is anHed such that
1

Xj € HE") and a(x,) = ay) (X;) for each i = 1,...,m.

We write a = im aye

HoS

Suppose now that 1 is a local system of subgroups of a group

G and that each Hed possesses a series determined by a

binary rejation Son H. Define oy? HZ], {0,1} by:

ayy (XY) = {; if xX yy.

0 otherwise

The properties i) to vii) may be stated purely as properties

of the function ty By the lemma, a = gim oy exists. It
HeS

can easily be seen that the properties i) to vii) are hereditary,

that is, they are inherited by a from the ay 'S- Therefore

we obtain a series in G of the same kind as the series in the
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subgroups H.

Lemma 3°2 A series is a V-central series if and only if

the relation ¢ also satisfies xc y # 1 implies

that y ¢ [x,z] for all x,y ¢ G and all ze VG).

Proof, Suppose that G has a U-central series and that

xey#i1 . If x= then [x,z] =1 for all ze WG) so

that y¢[x,z] . If x #1 then o(x) < o(y). Suppose, for

a contradiction, that there exist x,y e G and ze VU(G) such

that y ¢[x,z] . Then of(y) <_ o([X;z])

If either o(x) < ofy) or oly) < o([x,z] ) then

o(x) < o([xX,z]) so that H But Xe Hox) soo(x) © Ko(x.z]) *
[XZ] ¢ Hox) < K5(%2]) > which is a contradiction. Therefore

we may assume that o(x) = o([x,z]) -

It is easy to see that, if (HK, : oer} is a

W-central series in G, then, for each ger 5 [ Hj, X&)] < K

Since o(x) = o([x,z]) we have [x,Z] « (Ho (px.z3)? UC] < Ko(D%21)

which again is a contradiction. Therefore y ¢[x,z] for all

Xs5y eG and z e WG).

Conversely, suppose the condition holds. A generator of

{H,, ¥(6)] has the form [x,z] where Xe He and

Ze WG). Thenx¢y for some yeo . Since y ¢ [x,z] »

we have by property ii) that [x,z] ¢yeo . Therefore

o([X,2]) <o and so [X,Z] « Hoax z}) Kk
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Therefore [H,, U(G)] < K . But 6/1¥(G) eW so that

{H,.K, 3s oer} isa V-central series.

Let G = Cr G, . Then G is the set of all functions

ack

{x: A> U G 3 X(a) G, and (xy)(a)= X(a)¥(a) for each g A}.
aeA

For a particular acA, we may associate &, with the subset

of G consisting of all the functions x(q). We may make similar

associations with subgroups of & defined in terms of group

theoretical functions. We make such associations in our next

‘ proposition.

Proposition 3:3 If G = (Cr G and if ge VUXG) then

aeA

G(a) eV(G,).

Proof Choose an weA and let V = v(G). Let

B= (er As UG 5 x(s)e Gs x(s)y(s) = (xy)(s) and x(q)=1).

Then B a G, Gy NB =1 and G = GB. Now

G/VB = G B/VB
a

= G VB/VB
a

G /(VBNG.)

= Gy v(BNG )

= @G/V
a

mR

Then G/VBcl* so that if ge 1G) thenge VB. Say g= vb

where veV and be B. Then, since b(a) = 1 , we have

g(a) = (vb)(a) = v(a)eV¥(6,)

as required.

Recalling the properties of Petty, discussed in section 1,
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we are now able to prove :

Theorem 3-4 dy = Hey = Leda and so $5 = Loy -

Proof Let Ke Hy op . Then there exists a set {G3 ae A}

of Hy -groups and an ultrafilter Uon A such that K= G/N

where G = Cr Go and N= {xe G3 I(x)e We with
Aae

I(x) = {we As x(a) = 1} for each xe G.

For each acA, there exists a function

feeGs x G + {0,1} defined by
a a a

F (x(a) y(a)) = {; if x(a) % yla)
a

0 otherwise

and oe defines a dyrseries on G 4

For each (x,y) « Gx G, define

T(x;y)) = {aeA3 F (x(a) ,¥(a)) =1}

and define the function f : G/Nx G/N+ {0,1} by

F(xN,yN) = (' if T(x y)eU

0 otherwise .

(Petty, in [6] , proves that this is a function).

The normal series properties are hereditary. For the

\e-centrality, suppose xN and yN are elements of G/N and

ZN ¢ (G/N) . Now (G/N) = U(G)N/N so z = rn for some

re U(G) andne N,
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Suppose f(xN,yN) = 1, then T(x,y)e U

Let ae T(x,y) so that F (x(a) ,y(a)) = 1. Then
x(a) & 6, y(a) and by 3-3, r(a)e WG). Therefore, by

3-2, y(a) €[x(a),r(a)] and so f(y, [x(a).r(a)]) = 0.

Thus a ¢ T(ys[x.r] ).

So T(x,y) € A -T(y,[x,r]) so that, since

T(xy)e Uo, A- Ty, [xr])eU . Therefore, because

o¢U—. Tlys[xr])¢ WA . Sowe have f(yN,[x,r]N) = 0.

Now zN=rN so [x,z]N = [x,r]N. Therefore

f(yN,[x,z]N) = 0.

Thus we have proved that day Hida . But by 2-5,

ae = Soy and so by 4-2 of [6] , oye Ledy .

and since L <¢ Les we have oy = Loy

We can improve this result to include Hp-closure for certain

classes by using the following lemma :

Lemma 3-5 If ¥ is a class of groups such that ¥ = <Hy RoE

then E= Hpk

Proof Let Ke Hpk . Then there exists a set {Gsae A}

of %-groups and a filter ¥ on A such that K = G/N where

Gas Cr Gand N=" fxe G ¢ 1X) c FF . Now Fis

ach *

equal to the intersection of all the ultrafilters WA containing ¥

and soN= {xe G3 I(x)e es . For each WU,
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let My, = {xeG3I(x)eW . Then it is easy to

see that N = oat . Therefore G/N ¢ RH¥ = so

that Ke ¥

Corollary 3:6 oy = Hpdy

As observed in section I, Hy < Hp . Thus in order to prove

Hy - and Hp - closure for a class of groups it is sufficient

to prove the second. The following method can be useful in

certain cases :

Suppose that if G is a group then for each finite subset

F of G there is an associated subgroup S(F) , normal in G,

satisfying :

Tota = {Xp 9-0 9X_} then S(x,Ns..- X_N) < S(F)N/N

for any normal subgroup N of G.

if) Of @ 2 Cr Gand: F = (x. 5...6%,3, then S(F)
ns i n

ae:

Cr $(X,(a)>-+.%,(a))-
ae A

We now consider classes of groups ¥ which can be characterized

by Gek& if and only if for each finite subset F of G,

not all of whose elements are 1, we have F $ S(F).

Lemma 3-7 Any class ¥ defined in the above manner is Hp-closed.

Proof Let Ke Hp& . Then there exists a set {G30 eA}

of %- groups and a filter ¥ on A such that K=G/N where

G = Cr G@ and N= ‘{geG3I(g)e¢¥} , where
acl *
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I(g) = fgeAss gla) calla

Suppose K ¢ X . Then there exists a finite subset

Fos {Xeees x} of G, not all of whose elements belong to

N, such that

{x,Ny.ees x0 < Sx, No. sX AN) <= S(F)N/N .

Therefore , for each i = 1, ...,n, Xie S(F)N. Say X= ¥4n;

where y; € S(F) and Nye N. Since S(F) < Cr S(X, (a) +e +o%q(a)) >

ae

we have y;(a) « S(X, (a) 5+ ++ 9%, (a)) for each i = 1,...,n.

Now for each i = 1,...,n we have I(nj)e¥ and

so fi I(n;)e¥ . Suppose ae f\ I(n,). Then
i=l i=l

nj (a) = 1 for each i =1,...,n and so

Kyla) = yyla) © SX Ca)se0r%q(a))

Therefore

{Xj (a) s+ +2%_(a)} = S(X, (a) s+ 5%, (a))

and so x; (a) =1 for each i = 1,...,n . Therefore ael(x;),

a :

so & I(n;) S1(x;) and so we have I(x,) e¥ for each

Te Vyaincat.

Therefore Xj € N for each i=1,...,n , which is a

contradiction, and we have proved that KeX

We may also consider the classes ¥ characterized by Gek

if and only if for each subset F of G, consisting of exactly
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n elements not all of which are 1 , we have F¢S(F). Note

that 3°7 still holds in this case, In the special case where F

consists of exactly one (non-trivial) element, we have the

following examples : If S(x) = (x8) we have X= cw ;

if S(x) = #(x°,6) then X= VW* and, bya remark in [7] ,

if B(x) << 1x8, W(G)] then ¥ = dy . Thus we have proved

*

Theorem 3-8 Cc, yee Vand ony are all Hp-closed.

By 1.14 and 1.6, W* = SU* and by 2-3 and 1:6,

os. Shs - That CU = SC. is an immediate

consequence of the following proposition :

Proposition 3-9 If = Sk then Ce = SCE

Proof Let H < G where Ge Cu and let x be a non-trivial

element of H. Then there exist normal subgroups M and N of

G with N <M such that xe M-N and M/Nck

Now (H NM)N/N ¢ M/Ne SKE = & and so

(HA M)/(HA Ne & . But HAN and H NM are both normal

subgroups of H and x e (HMM) - (HAN) , as required.

Since, as has already been observed, L < Le g <Hy.S>

we have now proved

Moms

Theorem 3:10 CU ,U* and 4, are all Le-closed and so

L-closed.



The L-closure of ty improves theorem 10 of [7]

which proves L-closure. Our next proposition is useful in

*

proving the Hy-closure of dy +

Proposition 3:11 Let a and g be subgroup theoretical properties

defined by group theoretical functions a and g a

respectively, and suppose that g = Hg . If

{A} is an ascending g-series and {B,} is the upper

g-central series of a group G and if a(G) < g(G)

for all groups G then AY < Be for all ordinals ,

Proof Suppose the result is true for all ordinals y < x

If , is a limit ordinal then A. = UA ¢ UB = B
r NSA ay. <A Y r

Otherwise ,-1 exists and A,/A,-4 < a(G/A, _1)s B(G/A,_,).

That is, (A,/A,_,) 8 (G/A,_|) and so (A Bre Bye? 8 (G/B, _,).

Therefore AY < A,B, 4s Be » as required.

* *

Theorem 3-12 oy = Hy dap:

Proof In order to prove the theorem, we may choose any 4g9roup

G and show that for each normal subgroup N of G with

N < WG) . we have G/Ne ‘a . Since [y*(G),U(G)} = 1

- and H, (G: B) = C.( U(G)) hold for all groups G, we have

\*(G) < HL (G: 1). Therefore , by 3-11, it is sufficient to

prove that G/N ¢ o for eachNaG withN< A(G:). We

prove this in our next proposition.

Proposition 3:13 If Ge * and N is a normal subgroup of G,
ow *

contained in H(G: 1%), then G/N ¢ dy
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Proof For any ordinal a , let He = Hi (G:). We prove by

induction that for each ordinala , if Ge a N<a6 and

N< Hy then G/N e¢ ae The case a = 1 is dealt with in —

lemna 5 of [7] . Suppose the proposition is true for all

ordinals 8 <a.

If a is a limit ordinal, choose an element x of G, not

belonging to N. Then x ¢ Hy ON for every B<a. But

G/(H, NN) e i by assumption and so x¢ Do (GE) (He N)

for each g <a. Therefore x¢ x5, V(S)](H, 9 N) = px®, U(@)IN

so that G/Ne oy R

Otherwise a-1 exists and G/N = (G/N/A He /(N/N n Hae) 2

Let x(NQ Hj) © N/NOH . Thenx eH and so there
an a-1 a

exists a normal subgroup M of G such that Hie es M, G/Me VU
1

But x e N so that [x,M] < Hi. AN,and [x,M] < tee ,
1

*

Therefore N/N Anes ee n He) . Also G/N He & by

by assumption and so G/Ne dy -

We observe that ay Lys i in general because

8, = MeL = Lg, and bt< LD = Lh, . Weare

unable to decide whether Ly = Lis in general.

We also record the following lemma.

Lemma_3-14 a=
oy

Proof lf H U*G_~ then H < U*(G)< H,(G:) so that H 458:
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Consider the symmetric group of degree three, S3

Now S, is metabelian and has trivial centre. The

alternating group of degree three, A, , is a normal subgroup
3

of S, and A, and S./A, are abelian. Therefore

A, <H,(S,:01) but A, ¢1,(S,) = 01*(S,).

This shows that N $e & is true but No0t*G jis not.

We now examine the class U(1) for a variety %. By

theorem B of [3] , U(1) is a variety. The proof of the

following proposition is easy and is omitted.

Proposition 3.15 18(1) is just the variety of central-by-U

groups.

It is well known that if UV, and V, are varieties then

Vs, (6) < V, (4) for all groups G if and only if vy gts

Thus, for any group G, (W(1))(G) < W(G). We can, by means

of the following lemma, identify (1W(1))(G) exactly.

Lemma 3-16 Let be the variety determined by a set of words

Win variables Z, 22 Let W' .=aes

“AIW(Z,s02-92_) Zp Js We WI

Then (1) is precisely the variety determined by W'.

Proof Let Ge U(1) and choose a word w , belonging to W ,

and an element x of G. Suppose w is a word in n variables.

Then there exists a normal subgroup N of G with [N,x] =1

and G/N¢ VU . For any Qys++-G, © & we have W(G,>+++99q) e N



and so [w(g)5++.29,)>x] = 1s

On the other hand, let G be a group such that for any

word w, belonging to W, in n variables and any elements

Gs Iyo++-9G, of G, we have [W(G,5+++59,)99] = 1

Therefore [U(G),g] =1 . Thus U(G)<s 1(G) soGe (1)

by 3-15.

Corollary 3-17 (W(1))(6) = ¥(G),G).

We now introduce a condition that holds for many varieties .

Definition A variety satisfies (X) if for all

groups G, V(W(G)) < [V(G).G ]

Examples of varieties satisfying (X) include x, and oud

for any positive integers c and d. A variety not satisfying (X)

is the trivial class 1, for let G be any non-trivial abelian

group. Then 1(G) =G so 1(1(G)) =G but

[2(G),6) = (G,G] = 1.

Lemma 3-18 If U satisfies (X) then 3(G)/(U(1))(G) eV

" Proof By 3-17 we have 1G)/(18(1))(G) = V(G)/(U(G).G]

Also if U-satisfies (X) then

V9 (G)/ [5 (6) 61) = VOS(G)) [U(G).6]/[19(G) 4] = 1 5

as required.

In theorem 1-18 we proved that Cu = CEU =C = c,v*
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for any variety WU . We may use 3-18 to improve this result

for varieties satisfying (X), as follows :

Theorem 3:19 If Usatisfies (X) then

Ce Ce eC cae = 6 (V1) =

ao

C,18(1)* = CE(9(1)) = ay: (1) *

Proof By 1-18 it is sufficient to prove that

C,(¥(1)) = c,U voket Ge c,(U(1)) and let x be a non-

trivial element of G. Then there exist normal subgroups K and

L of G, with K ¢L, such thatxe L-K and L/K_ V(1).

If x ¢ WL) thenxeL- VU(L) and, since Wl)aq@ L aG,

we have no more to prove . Suppose, then, that x e U(L).

We know that L/K eVW1) so (\9(1)(L) < K and

x eV(L) - (U(1))(L). Also 3-18 shows that W(L)/(1F(1))(L) el .

But ‘(L) and ((1))(L) are both characteristic in L

and so are normal in G, as required.

The following lemma is interesting in that it requires no

condition on the variety abe

Lemma 3-20 For any variety W > the variety U(1)

satisfies (X).

Proof, Let G be a group. Then (W(1))((U(1))(G)) =((1)) [19(6) .4]

[WC MHS).G I). [U(G).G] 1s £(U(G).6] , G]

[ (8(1))(6).6]

75



Lemma 3-21 For any variety VU , bys c. Vd).

Proof Let x be a non-trivial element of a dy -9roup G.

Now oy = diy by 2-4 (i) and so there exist normal

subgroups K and L of G with L < K, such that x e K - L and

K/L < H,(G/L:). But by 2-12 (vii) we have H,(G/L:U) e U(1)

so K/Le (1), as required.

This enables us to prove

Theorem 3-22, (i) For any variety U , +1) < ¢, 01)

*

(ii) If U satisfies (X), then ewcIys che

In particular, if Usatisfies (X) then

Hs CS

Proof By 3-19, 3.20, and 3-21 5 Saycqy ¢ Sq((V(T))(1)) = C,((1)).

By 3:19, if U satisfies (X) then c,(8(1)) = CU so

bya) § Sn

We take as a coroliary :

Corollary 3-23 For all positive integers C, C, Ke = Cot

*

so that Ne < C0

Proof By 3-22 (ii) this is true when C = 1. Suppose that

CyMo.y = Cyt . Then Ca. < Co(Mo_4(1))

CiHcoy = C,0t by 3-19.

We also record :

s

Lemma_3+24 ies ays oes meU

26



** *

Proof We os dy = ty by 3-14 and gy s 4,0

by lemma 1 of [7]. . If x is a non-trivial element of a

+, -group G then there exists a normal subgroup N of G with

x & Nsuch that [x.G] <N. Thus xe x°N-N and
*

xEN/n < c, (G/N) = O1*(G/N). Therefore 4, < Oy.« ‘so

*:

$,0 <OU* UV, as required.

It is an immediate consequence of the definitions that

Pav < Ci . However, pw ¢ cu = cu in general.

This is demonstrated by the construction of non-abelian simple

SN-groups by P. Hall [14] . As is noted in [8] , these

are clearly not Ce04 -groups. We will show, in lemma 6-8 (iv)

that $, $ SN*, Thus §,$ SN* = BOv . Thus we have

that dyt p\} in general.

We remark finally that it is easy to prove that

oy < Py (1)) and that similar results hold for the classes

by by and dy. . :
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Iv ‘The Class of Groups [141

Here we offer a generalization of the class of residually

commutable groups introduced in [9] and studied, amongst

other places, in [1]

Definition Let VU be a non-trivial variety determined by

a set of words W. We define the class [\y] by saying that

Ge [WW] if for any W(X) 5+ 5Xp) e Wand any Gy o+++99, € G,

not all trivial, there exists a normal subgroup N of G such

that w(g, o+++99y) e N but at least one 3; ¢N.

It is easy to see that the class of residually commutable

groups is just the class [91] . It is also clear that

Ge[U] if and only if given w(x, as+02%Xq) e Wand

Gy 2+++99, © G not all trivial, then g, ¢ W(9, 9+ +99,)°

for at least one i, lg ign.

We now establish some closure properties of [\}}

Theorem 4°1 [v] = <S,R,L> [19]

Proof, Suppose H is a subgroup of a [\]-group G and

let W(X, +++ 9%q) e Wand hys.seoh, e H such that at

least one hy is non-trivial. Then for some i, 1 < ign,

G “eae H
we have h, ¢ w(h,5--.sh)) and, a fortiori, hy ¢ w(h, .+-sh,) ,

Therefore He [V] andso [WW = S([W.

Let Ge R [UW] 4 W(X) 9+ +5%q) e W and Gyo+++99, © Gs
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not all trivial. Suppose 95 #1 +. Then there exists a

normal subgroup N of G such that 9; ¢ N and G/Ne [1]

So g;N is a non-trivial element of G/N. Therefore there

exists a normal subgroup M of G with N < M,

W(Q,N 5...29,N) e M/N and 95N ¢ M/N for some jf, le j gn.

But w(9,N,...s9,N) = W(y5+++99,)N and so W(9, 5+++99q) e M.

But 95 ¢M andso Ge[U] . Therefore [WW = RW.

To prove the local closure of [\$]we assume that

a¢ 1) "| Then there exists a word W(X 964+ 9Xq)

in W and elements Qyo++ +99, of G, not all trivial, such that

9; € Nige9,)° for all i = hagas Suppose that
“i9, = W(9)>---59,) W(9) »++-9,) Mm where Kayseeokim © Ge

Let K; = {kz yo-+ kyaa and M = <p oe 9G eK 9. + es Ky> é
nv

Then M is finitely generated and 9; € W(g, s+++99,)” for each

i, ls ign. Therefore M¢ [VW] + and so G ¢ LIW]

Thus we have proved that [UJ= L[18]

In general, [UW] is not Q-closed, as is shown by [or]

which contains the class of residually nilpotent groups

and hence all free groups. However, we can prove that

(Vl = HIV) when is determined by a single word by

use of the following proposition, the proof of which is very easy

and is omitted.

Proposition 4-2 If Wis a variety determined by a single

word W(X 945+ 9%q) then a group G is a [1$]-group
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if and only if given Gyo+++9In & G, not all trivial,

{9)5++-9,3 c MG eae,

Theorem 4-3 If Uis a variety determined by a single word

W(X, 5+++5%,)> then [UV] = Hp]

Proof It is easy to see that if N a G then

(w(9,Nooe-sggN))/N = w(gy5...s9,)9N/N and that if

G = Cr G then (w(9,s.-+49,))% ¢ Cr (w(9,(a)s-+-9,(a))) So.
aeA acA :

By letting F = {9,5.-..9,) and S(F) = (w(g,s+++99,))% we

obtain the result by 3-7.

Corollary 4-4 IfU is a variety determined by a single word

then [1¢] = LIV] s

We now give an indication of the size of [\}]

The following theorem shows that, if U satisfies (X), then

[VU] contains all the classes under consideration in the

last section. This resuit, together with a remark in the

previous section, also shows that p,v < [WV] ; a

generalization of the well-known result of Ayoub [9] that

SI-groups are residually commutable.

Theorem 4-5 Cbs 1s]

Proof Let W be the set of words determining 1 . Let

GeCV ; W(X, 50+ +9%q) eW and Gyore+99q & not

all trivial. :

We may assume that W(9,5-++99,) # 1 . Then there
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exist subgroups K and L of G with K«L<¢G_ such that

W(Gys+++29,) ©L- K and L/K € ny; . Suppose that

GQyo+e09_ & Le Then W(9) 5+++:9q) < WL) < K, which is a

contradiction. Therefore at least one 9; does not belong to

L and we have proved Ge [VU]

Hall, in Theorem A of {14] , gives an example of an

SN -group G which is simple and non-abelian. G is not a

residually commutable~ group. To prove this, we take non-

trivial elements x and y of G and suppose Ge [01]

Then there exists a normal subgroup N of G such that

[x,y] « N but at least one of x and y is not an element of N.

But, since G is simple, N=1 and so [x,y] * 1 . This

shows that G is abelian, which is not true. Therefore

G ¢ [or] . Thus SN $ fo] and so SN [ou]

So we have proved that pv £ [VI in general.

In fact, the above example proves more. For suppose

that Ge [or(1)] . Then for all elements x,y and z of G,

not all trivial, there exists a normal subgroup N of G such

that [x,y,z] ¢ N and at least one of x,y and z does not

belong to N. Thus [x,y,z] = 1 and so Ge X, ’

which is a contradiction because G is simple and non-abelian.

Therefore G ¢ [p1(1)] and we have :

Lemma 4-6 pv $ [ W(1)]} in general.

On the other hand, we are able to see the effect of the

minimal condition on normal subgroups by means of the following

lemma.
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Lemma 4:7. If M is a minimal normal subgroup of a [1%]-group

G then MeV and G/Me [1¥]

Proof Suppose M is a minimal normal subgroup of a [\#]-group

G and let W(Xy 5 +++ 9%q) e Wand Gyo+++99q € M , not all

trivial. Suppose W(9y9+++29y) #1 +. Now there exists a

normal subgroup N of G such that W(G)5+++59)) e N and

9; ¢N for some i, 1 ¢ ign. Then W(9,5++-29,) eM AN

and so, by the minimality of M, M< N. Therefore 9; e N for

each i, 1 < i < n, which is a contradiction. Therefore

W(Gy5+++59,) =1 forall W(X) 5 +++ 9%) e W for all

Gy s+++:9, ¢ M. That is, MeV é

To prove the second part of the lemma we again

suppose M is a minimal normal subgroup of Ge [\t] and let

W(X) 5+++9%q) e W. We choose 9M,...59,M e G/M, not all

trivial. Then there exists a normal subgroup N of G such that

W(y9+++99_) eN but g, €N for at least one i, Ws ten.

If Ms N then w(g,M,...sg,M) = w(G)5--.49,)M © N/M

and 9," ¢ N/M so we have finished.

We may suppose. then that MANN =1. If 9; ¢ NM

for some i, 1 < i <n, then since w(g,M,...59,M) e NM/M

again we have finished. Thus we may assume that 9; € NM for

aul tol ser ne

For each i, 1 < i <n, let 9; = nym, where nie N and

m, eM. Then at least one n, is not trivial because 9; eM

for at least one 95- Therefore there exists a normal subgroup
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L of G such that w(ny,....n,) ¢ L but n, ¢L for at least one

Tool? <n.) Let? = NAS: Choose an i for which n; ¢ L

and suppose 9; € PM. Then 9; = Pm, say, where pe P andme M.

Then n,m; = pm so pin, = mm; eNNM =1. Therefore

Ty aee pie L, which is a contradiction.

Thus for some i, 1 < i < n, we have 9; ¢ PM. Now

PM/M 4 G/M and W(9j>+++29y) = w(n,-.9m,)w(m, 5... >m,)

because [M,N] = 1. Therefore w(g)M,...s9,M) =

W(Ny>..+2MQ)M © PM/M 5 while one g.M ¢ PM/M, proving that

G/M c [WV].

The following corollary, which is known when U = 01,

is an immediate consequence of 4-7.

Corollary 4:8 DO Tees A, s b,

Some of the classes discussed in Chapters 3 and 4 have

been proved to have the inclusions shown in Fig. 3 for any

variety U

When VU satisfies (X) we have the simpler diagram

shown in Fig. 4.
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[U(1)]

c(8(1))

$y)



[V-1)] 9

(V]

cb = ¢,01)}

*

$1)
p,((1))
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5 d

As mentioned in [7] a group Gis a Oy group Tf

and only if for each non-trivial element x of G, we have

x¢ ix, {6)] - For varieties ,,...5 a we may

define a new class (W)>---» Ua) in the following way.

Definition A group G is a (U,».-+»U,)-group if, for each

non-trivial element x of G, x ¢ x8, Vi (G) +--+» (6)] ;

For example (VW) = by . Another example is given

by our next lemma.

Lemma _4°9 (Paexs ~ "

o*
*

Proof Suppose Ge Re and let x be a non-trivial element of G.

Then there exists a normal subgroup N of G such that x ¢N

and x°N/N < ¥E(G/N) = t¢(G/N) . Therefore

xN ¢ 5, (G/N).

It may be seen by induction that x € 5(8) if and only if

—
[XCGs-.0sGl) =. 2 for any group G. Thus we have

c c
err ore t —

[XN,G/N,...,G/NJ = 1 so that [x,G,...@] < N.

; c

Therefore x ef REG aGy “

c
fear

On the other hand, suppose Ge (1,...,1) and let

x be a non-trivial element of G and

pel
N. = [xS,6,....4] . Thenx¢N-; Also

c c
a ee

[XN,G/N...,G/N] = [%5G,...,G]N/N = 1

*

Therefore xNe rc(G/N) = 8 ¢(G/N), as required.

oc



The example (1) = $y shows that (Uj >---> Vi)

is not Q-closed in general. However, we do have

Lemma 4-10 (CARS <2, Vey SER (Vo.6> An)
1 n n

The proof of this is very easy and is omitted.

We may prove that (U,>--+5 v,) is L-closed as

follows. This proof is very similar to that of Theorem 10

of [7]

Theorem 4°11 (Vi2--62 U,) = L(V,,-... U,) for any

varieties V),...5 Ue : «

Proof Let Ge L(V,s.--» V,) and let H be a finitely

generated subgroup of G. Then if x is a non-trivial element of H

we have x ¢ wt, Vy (H)s-e+2 UA (H)I . Let I, be the set

of all finite subsets of G containing x, and if S « I, let J(S)

be the set of all finitely generated subgroups of G containing

S.

For Se 1, let K,(S) = f x4 and Jet
e Hed(S)

Bie iGi =n Abn (He Aleontet aoe eae aieake(sye. and
x Hed(S)e. z Seles

(0) a ee LNs) , for i = 1,...4n.

Then we may prove :

(i) SS, € i with S,& S, implies K(Sq) ‘S K (So) and
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Ls) < 1, (s,).

(ii) Ky, and each L,% are subgroups of G.

(iii) Each L,) is a normal subgroup of G.

i (i)(iv) G/L, evi $

G
(v) x isk.

Now suppose that xe x8, Vi(G),.--5 V,(G)]

By (iv) and (v) we have xe [Koby),..., 00). Then

there exist finite subsets A of K, and B, of L,(1) (i = 1,...n)

such that xe [A,B,,..-,B,]

We can obtain an S e I, such that AS K(S) and

B.S LON) ; i=1,...,n in the same way as in Theorem 10

of [7] . Therefore if H « J(S) we have

[A.B .+sBa] & Dx, UYH),..-5 UR(H)] » which yields a

contradiction. Therefore Ge (> +22 Up) :
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v The Class of Groups 3t(1)

As we have already said, an 2(1) group is a group G such

that G= H, (G:>€). It follows immediately that a group G is

an ¥(1)-group if and only if for each element x of G there

exists an integer n, depending on x, such that [Xsv,(6)] el.

We see from 2-16 (ii) that 24{(1) < LY . In fact, X(1)

is a class of hypercentral groups, as is shown by

Theorem 5-1 ZA, < X(1) < ZA,

Proof Let Be ZA, and let x eG. Since G = &,, (4) =

We c,(G) » there exists an integer n such that xe ¢,,(G).

“But it is well-known that, for all groups G and for all integers

ny [¢,,(&)> ¥n(4)] = 1. Therefore [x, ¥n(S)] el) and

we have proved that Ge (1).

To prove that (1) < ZAAaa >» we let Ge (1) and

prove that G' < ¢ (G). Let x and y be elements of G. Thenis

there exist integers h and k such that [Xs¥p4) (4)] =1 and

[Y5¥ p43 (@)] = 1. If h=Oork=0 then xet,(G) or

yet,(G) respectively. In either case [x,y] =1 , and the

result is true. Therefore we may assume that h + k 2 1.

We now need lemma 4-260f [1] which states that if G is

any group, H = Co(Ynay ()) and K = Ca lr yy (6) where h and k

are integers with h + k > 0, then [H,K]< Chek-1 (8) In the

notation of this lemma, xe H and ye K and so

[IXY] € Shape (4)-
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Thus we have proved that G' < %,(G). Therefore

Ge (G), as required.SoH

We will now demonstrate some more inclusions between (1)

and some classes of generalized nilpotent groups. Here, N,

denotes the class of groups in which every subgroup is descendant.

Theorem 5-2 (i) All X(1)-groups are Fitting groups

(Gt) Stl )es D4

(iii) HO) <N,

Proof (i) If Ge X(1) then by 2-17 x9 X for every element

x of G. Therefore G is a Fitting group.

(ii) If x is an element of an ¥(1)-group G then there

exists an integer n such that [xsy,(G)] = 1. Therefore

[xsy,(G)] = 1 forall xeG. Thus y),,(G) = [Gy,(4)] =1.

(iii) Let H be a subgroup of an {(1)-group G. For

integers n=1,2,... let Hy = ¥,(G)H and let I = a Hie

Then G = Hy 2 H, 2 ... 2 1 is a descending series. For, let

xe Ynor(G) and ye y,(6) and let h and h, be elements of H.

Thea [xhayhy} = Dxehy]” pay)! esha thay]

€ Yne1 (G)H = Hea « Therefore [Rag yls He which shows

that Ha 4 Hy HONS Nise se 5

AlsoH «I. For, jet he Hand x e I. Now there exists

an integer k such that {h.y,(6)] = 1. Since x e I we have

xe Hy and so x = Oy hy > say, where k& (4) and hy e H.

oe
g

h

Therefore hTM = = (h{h.g,) * = n'k eH
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Behaviour at the only limit ordinal is correct by the

definition of I and therefore there exists a descending series

Gx] Hest oS cece el & a

of length less than or equal to w+], from G down to H.

Therefore H is descendant in G so Ge Ny

The connections between ¥(1) and some other classes of

generalized nilpotent groups are shown in Fig. 5.

Various questions seem to remain unanswered about the class

No 3 for instance, is every N,-group locally nilpotent ?

is every Nj-group a ZD-group ? And is the class of residually

nilpotent groups included in N, ? However, we do have the following

result.

Theorem 5°3 (i) There exists a ZA 4, “group which is not

an N,-group.

(ii) There exists a Fitting group which is not

an N,-group. :

Proof (i) Let G be the locally dihedral 2-group. That is,

G = <A,t> where A is a 2°-group generated by

: t -1 ‘ :
a (=1), a).a),.... anda; = a; for all integers i and

t? =1. It may easily be seen that® (&) = <a,,....a,>-

Therefore 5 (G) =A and soG = S41 (G)-

94d G
Nowa; = tt and soG= t But if <t> is

descendant in G then there exists a proper normal subgroup of G

containing <t> , which is a contradiction. Therefore G ¢ Ny.
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(ii) The group of Zassenhaus which is studied in [15] ,

beginning on page 86, is a Fitting group (ibid page 114) but

has a non-descendant subgroup (ibid page 89).

Although it is well-known that 4< ZA, » $0 that

<H(1), we have been unable to decide whether there exists an

X(1)-group which is not a ZA -group.

Theorem 5-4 Apart from the case mentioned above, there are

no connections between %(1} and other classes

in the diagram other than those shown.

Proof (i) » We construct a group which is residually nilpotent

and a Fitting group but is not a dyy-group and, in particular,

is not an (1)-group

Let M be the Mclain group M(Z Sore) for any field F.

Although M is not characteristically simple, it does have

trivial centre because Z,, has no last element. While

the proof of Theorem 6-22 of [1] seems to be false, we prove

M to be residually nilpotent in the following way.

We have y, (M) =M= <lt+ a e.;3 ae Fy 30 =k Sebo
j

Suppose ¥p(M) is contained in the subgroup of M generated by

all finite sums of the form

aC +. ae, & * oes faye Bes
1 2 <1 4401 Vd p p/p

ie

sr “for each ns 1....p . “Thenwhere a, ¢ F and 7 = a >
n
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Year (M) = Cy,(M) Ml

wa ees ae M= [2 Ai + 2.4 anes eee ane reeett tae, jsJ-i > Ta

1 pp

Let G= A + a,c; +5... + axe, ©. Then
ris; Plndp

x ee ne[91 + ae;,] = 9 fel ae, ;)9(1 + aes ;)

mega lias
= 9 (g -ae;,9)(1 + ae, 5)

aa! ie
= 9 (9 +a9 ey) - a e59)

because ej g ej = 0. Thus

a =i ©[sso 5 + aes] = 1 +9 “(ag ei aes, g)

Ss 14 ag of

say, where f = g ej > eay g. Now

p
Touee(l) + f 24 585 - 25 ( 1+ t aii)

k=1 k

p

jer ek ipdy 1s 2 a pketdat pap" ims
Thus f may be represented as a sum of the form

where J,-i, 2 r+l.

But g} belongs to v,(M) and so is of the form
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n

1 + L Wes. ty where t,-s, 2 r for each k = Wee site

Therefore

a = "

m

) L be; j
n

(1+) de
KEE Sythe ge ae

Tayacts d ble ex

ade eT zt NE St Tgd

m

be. ‘
yt A 2

Thus ag if may also be represented as a sum of the form

Bees,

(aumaL

where each jy-ip 2% r+1, for some m. Therefore

mn

pele (OCs, = r+ Dies:

i ig! a caren

for some integer m. It is easy to see that conjugation of the

left hand side of this equation will leave the right hand side

in the same form .

We have proved that Vp M) is contained in the subgroup

of M generated by all finite sums of the form

l+ae;, +... +a€

aa mm

where each a, ¢ F and j, - i, 2 r+]. It follows that ¥,(M)

is contained in the subgroup of M generated by all finite sums

$241 forallof this form where a, ¢ F and Spots

Keser . This is just the trivial subgroup and so we have
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proved that Me RX

Now, 1 + ae.tin? y, (M) for all ae F for all integers i.

Suppose 1 + a e. iar & y,(M) for all ae F for all integers i.
it

Then 1 + ae; * = TC. as .

i,itrn (eal) Aei stern EY pa, (M)-

Let 1+a eije M with a #0 . Then for all positive integers n,
: 

/ 

.

BD AES sjtnye vy(M) . Now [2 taesj,1 48 e; jin]

2

a ee: es jtn

all positive integers n. Therefore 1 +a ej ¢ H, (G:%)

#1 and so [1 + aes yn] # 1 for

for all ae F forall integers i and j. Thus H (Gi) = 1 by

theorem 6.21 (iii) of | [1] . Therefore Gedy »

This, of course, also proves that (1) < Day . Since

all Mclain groups are Fitting groups, we have also proved that

X(1) is strictly contained in the class of Fitting groups.

(ii) There exists a ZR 4, 9POUP which is not a Baer group,

for example the locally dihedral 2-group. This shows that

XC) < ZA

(iii) There exists an N,-group which is not hypercentral.

For example, Heineken and Mohamed [16] have constructed a

group which has all its subgroups subnormal but has trivial

centre. This shows that Ny $1).

(iv) @luScov {17} proves that the group G = Dr MCP)
n=2

where M(P) is the group of all n x n unitriangular matrices over
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any field P, is a ZA -group and is residually nilpotent. He

Proceeds to show that some factor group of G is a ZA ~group and

a ZD,,,7group but is not residually nilpotent. Thus (1) ¢ RX.

(v) We construct a ZA \-group which is not an N, -group as

follows :

Let A = a c, where c, = <a> with 1a, | a 2s

nt1Jal = 4 and leone leas lanl : ~ 2 » for

; 5 2
n= 2,3,... . Define t > A+A_ by as Ts 48G4 and

ts

a; Ue a; (i #4) fori =1,2,... . Each t, is an

automorphism of A and t; = 1+ 2e; 41 We consider the

group T = <t,.t,, oa

Note that [1+ aesj> 1+ Bey] = 1 + aBeay and

that [1+ aj; 91 + Be,,] = 1 tf j # keand 17:2.

In particular, [1+ Geeta, = at 28h S44

[1 + angsty] mae Wee) coer. pemnerandimaiei maerest | =| 7

ifn#s andn#r-1. Also [tpt] = 1+ 48, 42

“anda iity.st jaeee edt es iferrlgeand@esay nolan Let

S Booae = 1+2 eB (8 > a).

Lemma 5-5 Suppose o 21. Then

(i) qi =o he Bee 20 te)

a0) FM eriiha< Bex" as ))
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Proof (i) Suppose 8 is even, say B = 2k. Then

lag) = 2k". Wehave 2k> 2a +1 sok-azl.

Therefore B-a = 2k-a2 k+1 . Thus

B-a

oe ae for some integer r. But

kti or
ktitr

ae ioe ant
8

Suppose now that g is odd, say g = 2k - 1. Then again

lag ee ett We have 2k-1> 20. +1 so

k-a>1. Therefore g-a = 2k-1-a>k and so

B-a2k+1 =, as before.

(ii) Assuming now that a <6 <¢ 2a + 1, Suppose g

okt
is even, say g = 2k. Then lagl = We have

2k <2 +1 so thatk sa . Thus k<a@+1_ so that

pea k <P ae 1 ey thateiseaker Jas ghmta . Therefore

4 d
la,| > 287" and so. ant®¢ 7

~ |

Suppose that g is odd, say g = 2k +1. Then

lagl = 2k+2. We have 2k+1<¢2, +1 so az k.

Thus g > k- 1 so thatk+1< g +2. Therefore g-k<o +2

d

so that k+2> g-a . Therefore a oB 4 a, > as

required.

Observe now that [4 ,2t,] = deh .

sant ; n -[43 g2t 4] = qaiNg and [4,,2tq] 1 ifn#s

andn# o- 1 . We may now prove :
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Lenma_ 5-6 If lsnga then dq ea-nts € ty(T)-

Proof Let n= 1 so that d oacnie = Coe . Now

(eeeeoh "i tata] ; Ge -
and

(aoa et ena Sele zar teen ore

both by 5-5(i), and (9 oot? tml =] for all other

values of m. Therefore Geek € 5, (7).

Suppose the result is true for all integers 1,2,...,n-1.

Now

td ti) =e ts $y ATL oe
a s2a-nt2” asze-Ntyo ales eg

hi iT
be is oe s2a-Nt2 ? ee ‘i

But

= a

ee reii Caia(a-1)=(n-3 aoe Snap (7)

ifn>2 = and Geen = qe if tees — Dyo-o (1) 5

Also

Cece d Catia) t2 © En (1)

if n> 1 and dont = 1 ifn=t1, by 5-5(i). Therefore

(opens $F jes Genes and so a oath. © tpt).

This yields :
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Corollary 5-7 Ce eee o,(T) fOV T= 25 3scneks

Proof For the case n = 2, we have to prove that ty € c,(T).

Now

T
[t, 7] sit ety) Ba A eee

<[t, >t 1> u

<1l+ 4e,,>! = <d..>

Setting o« = n= 1, we have

q,, = qd. oa-nie e t,,(T) =o).

Therefore t, € c,(T)-

Now suppose that nz 3. We have

t Tgeee hele, Seeded = 1. aces

Rs T i
7 sc denamecneienni

Now

Grea nie” Sneaea(nez)e (nse yee nea)
and

Grey nae esr w Coelea(nen)= (neyo aM:

Therefore t,_, © £,(-

Thus T is a ZA ~group. In order to prove that T is not an

N group, let H = de Sac = 3,252.5 >

We have :

Lemma 5-8 Eran e yTH" for all a
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Proof We consider first the case n= 1. We have

: T
CHT] = <[d, g59tj] 3 1 =1.2,.0.5', But

= el Tepe ed

[4,, atari) Daca? cite eace ool

dee if i=a+2

1 otherwise

Therefore [H,T] = dare > tae eons » as required.

Suppose the result is true forn-1. Ifa < 2n

then q. otonel = 1 by 5-5 (i). Thus we may suppose that

a2 2n. Then d =a,at2nty (4, at2n-1 odat2n-1,a+2ne1! *.

But qs ane © a by hypothesis. Therefore
30

n-1 2 nGa onel e f[ytH ,H] = Yih 6

Corollary 5-9 H is not a subnormal subgroup of T.

Proof Any element of H has the fcrm 1+ k where k is a linear

combination of e55'S- These e,;'s are linearly independent and
J

so k is unique. But for each of these e,5'S> j-i is even.
J

Therefore d =. 1-272n,4nt1 2n,4unti ¢ ue

Thus TH” £H for all n. But it is well-known that; if Xx < Y,v7

X is subnormal in Y if and only if VX < X for some integer i.

This completes the proof of theorem 5-4.
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We also record the following fact about }{(1)-groups.

Lemma 5-10 RI) a R$ < HK

Proof Let G be an X(1)-group and suppose that N is a normal

nilpotent subgroup of G such that G/N is finitely generated.

We proceed by induction on the nilpotency class of N.

Suppose N is abelian. Now G/N e°%F AIL(1) < XH

and so there exists an integer k such that ¥, (6) < N. Also

G = FN, say, where F has a finite number of generators

Fyoeeeof, -

M; of G such that [f;,M;] = 1 and G/M, eX a Ret

For each i(1 <¢ i < n) there exists a normal subgroup

M = M, . Then [F,M] =1 and G/Me SD ear.
i

1 11s
Therefore there exists an integer 2 such that 7, (6) <M.

Thus [F, y,(G)] = 1. Let m= max{k,2} and let

Je Ym (8) + Then g centralizes F and, since N is abelian, g

centralizes N. Therefore g e« z, (6). We have proved that

ym(G) < £,(6) so Gert . Therefore XT) NOLS <X

Suppose that (1) n XY < Ht and let N eX, f

Then N/e, (N) € XR so G/e , (N) eK by hypothesis.

‘Therefore there exists an integer k such that (8) < 4,().

Also G = FN, say , where F is finitely generated. As above,

there exists an integer 2 such that [ F, y, (6) le Hed 3, Let

m= max{k,2} and let ge Yn) « Then g centralizes F and,

since Yn @) < 5, (N), g centralizes N. Therefore g ez, (6).

Thus G/z ,(G) ed and so Ge Xt, as required.

We observed earlier that MW < W(1). However, the
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relationship ¥< ¥(1) does not hold for all classes ¥ of generalized

nilpotent groups, as is shown by the following lemma. The proof

of the lemma is easy and so is omitted . “We note that the classes

of Baer and Gruenberg groups are just NOU and Not 5:

respectively.

Lemma 5:11 Let F denote the class of Fitting groups (temporary

notation). Then F = F(1), NOU = (NOL)(1),

Mov = (NO%)(1), ZA = ZA(1) and LA = (L¥Q)(1).

We note that (2) is not a class of generalized nilpotent

groups, as is shown by the symmetric group of degree 3, S,- This

group is metabelian so, by 2-13, S, « O12) < (2). But S,

is finite and is not nilpotent. We also observe that X¥ < (2)

for each of the classes mentioned in 5-11, since

S, eX(2) < £(2). The group T, constructed in 5-4(v), is not an

Ny-group but Te ZA < R(1)s N,Q). Therefore N, < N,(1)._

Stanley [3] proves that (1) = | <S,Q,D> 3&1).

We can see, however, that (1) < p(W(1)), W(1) < RR(1)) and

(1) < CQR(1)). For X(1) < W(2) < pQ(1)) by 2-12 (ix)

and by 5-4 (i), 4(1) < RQK(1)). But R<C so W(1) < CQL(1)).

For locally nilpotent groups, and so for d&(1)-groups, the

maximal condition on subgroups is equivalent to the condition of

being finitely generated. In contrast, we have :

Lemma 5-12 (2) NYA < 2) nF
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2

Proof Let G = <a) 3 aD = a> . Gis well known

to be metabelian but not to satisfy max. By 2-13,

Ge OU(2) < W(2) and G is finitely generated.

The class )£(2) is not contained in the class of locally

nilpotent groups, but we do have the following result .

Lemma 5-13 oF A M(2) = Fn

Proof By 2-13, 1% < (2). Let Gen W(2). Then

G/H (Gt) e FARA) sK . Therefore there exists an

integer k such that ¥, (6) < H,(G:%). Also, since finitely generated

nilpotent groups are finitely presented, we have by lemma 1-43 of

{1] that da (H, (G:)) <« . Therefore by lemma 7(ii) of [3]

we have G/Cq(H,(G:¥8)) eX + Therefore there exists an

integer 2 such that y,(6) < C,(H, (G:2%)).

Let m = max{k,2} » Then y,(G)' < Cy, ()s yp(G)] = 1

Therefore Ge OVS
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VI Generalized Soluble Groups

We are able to use the subgroup theoretical property ¢

to construct

We begin by c

and some well

Theorem 6:1

Proof

in Chapter 5,

that © <o(1)

ZA, § R(1)s

several new classes of generalized soluble groups.

onsidering the relationship between the class o-(1)

-known classes of generalized soluble groups.

(i) o <o(1)

(ii) (1) < SI*

(i1)0() < Lo

(iv) (1) < $0,

(v) Ro £61)

To prove (i) we prove that the group T, discussed

is not a soluble group. This is sufficient to prove

because we have proved in 5-7 that Te ZA and

6’ (1). We need the following lemma.

Lemma 6-2 y,(T) s <a, $ Bras r>

Proof Let R = <6 3 Bro2Vr>. Nowif gae2zr

we have

if
qd? = AS ifi-=eB dq pltyg2t4] eat ifi-zg

aace tea if i= a-l

d otherwise.
aB

Aso d d 2so Ear e Ran eee eR so qe of for

ts
all i for any a, 8 with g-azr. Similarly ae are Rs

Therefore R a lis
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We now prove that T/Re & It is sufficient to prove
nd

that Ttigesoti J = 1 (mod R) for any ijoeeesipe

But fey assent isseither's ora t 2 e where 6 =a 277:
y ip aB

For, if r= 2,

eee 1 acid 42
ed

1 - i eee

1 otherwise

Suppose the result is true for r-1. Then [ej es--oty =1

z pe Ara Meiersor ese ate [pie=*2 Poti, > Where B-a r-1

+ PST e + P: : Sue
BUCSRD lone Ceo e= ie 2 Caren if dnese6

it ae ye "
iepare erat if at rcaac. =a

at otherwise

Since (8+1)-a = 8-(a-1) = r, this gives the result. Thus

[ty orrety ieee’ (mod R), as required. Therefore
r

Vnchlas Re

Now it is easy to prove by induction that if

8 - a 2r>1 then

B-a
8 dee tazZ eu8

[estoy seeese

d

"

g-1)

© YgegT) § p(T)

so that R< ¥,(7)> as required.

To complete the proof of 6-1 (i) we use the following result :
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Lemma 6-3 7(") ae ¥ aT) &
2

Proof This is clearly true if n= 1. Suppose it is true

for n-1. Take dig where 8 -a > 2". Choose & such that

Geclars Gals Guctars ees and gp -63 2"?

Then

= B-a
dg = 142 eu8

é-c 6-6
[Pe 2 eget t 2 esg J

ely nay (1) Yon-alT)}

= prea), pe), gn).

Therefore y nel) < 7A) . The reverse inclusion is true for
2

any group.

Thus, since T is not nilpotent, we have for ail integers n,

that 7) #1 so that T is not soluble.

We proceed now with the proof of the other parts of theorem

6-1. We prove inclusions first and prove that these inclusions

are strict at the end.

(ii) Let G eS (1). Then by 2-18 we have Ge NO

Therefore if G is non-trivial, G has a non-trivial soluble normal

subgroup, N, say. There exists an integer n such that yon) is

a non-trivial abelian subgroup of N. But

nO) gn gg. so NOg g.

Thus any non-trivial 6“(1)-group has a non-trivial
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normal abelian subgroup. By the Q-closure of O~(1), this

proves that 0-(1)< SI*.

(iti) (1) < LO by 2-16 (ii)

(iv) It is easy to see that Ge 0” (1) if and only if

for each element x of G there exists an integer n, depending on

x, such that [x,6(")) = 1. Therefore, if Ge O~(1),

it follows that G@*) = pelo) gly < pea) = 1.

’ Therefore Ge SDi4y

The rest of theorem 6-1 is a consequence of theorem 8-11

of [1] .~ For Robinson proves the existence of an SI*-group

which is not SD and so is not 0-(1), a locally soluble group

which is not SD and so is not O°(1)..and a residually soluble

(and so S044) group which is not ST and so is not SI* and so

not 0-(1).

Theorem 6-1 shows that no class of generalized soluble

groups known to the author coincides with the class of 6°(1)-groups.

We also have the following information about 0(1)-groups.

Lemma 6:4 (i) O(1) < R(O(1)) < SD

(ii) Lo = (LO-)(1) = L(O(1))

Proof (i) By 6-1 (v), O&(1) < R(O(1)). Also

R(O- (1)) < R(SD) = SD.

(ii) This follows immediately from 2-16 (ii)
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Turning now to groups with ascending 6~-central series,

we have

Lemma 6-5 (i) op < SD

(11) Uys SI

(441) 8) = So*

(iv) Lgys SH

Proof (i) es p(o-(1)) < p(SD) by 6-1 (iv). But

SD= pot so $< ppol = pot = SD

(Hijo eilsDlc LST = st

,

(444) dos PylO“(1)) < Py SI* by 6-1 (44). But
ie ot / at _

SI* < SU* = Pp, so ty § PpPgnh =

(iy) lg < LSd*<L SN = WN

*

We prove in our next theorem that the class by of

residually O° -central groups is a class of generalized soluble

*

groups. We also prove, in contrast, that its subclass oye,

is not.

Theorem 6:6 a is a class of generalized soluble groups but

te is not a class of generalized soluble groups .

Proof As observed in [3] and [7] , ¥ < & < $5

for any <S,Q,D,> -closed class of groups Ky By 22215

by x < o> and so te is a class of generalized

soluble groups.
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*

In order to prove that oy is not a class of generalized

soluble groups, we prove that the symmetric group of degree

*

4, S,, is not a $x -group. Now the only normal subgroups of

3 (3) z (2)the soluble group S, are 1= S, K, = S, > that

is Klein's four group, A, = Si and S, itself.

Now S,/S; = S,/K, #5, and since 54(S,) =1
*

we have S,/S! ¢ RX - Suppose S, e oa and let x = (12)(34).

Then there exist normal subgroups M and N of S, such that

NM, x€N, [XM] ¢N andS,/MeR . Sincex¢N we

have N=1 because Xe si . Also, since $,/MeR > we

have M = S/ orM=S, . Let y = (124). Nowy ¢ A, = Si

and so [x,y] « [x.M} = 1 . But [x,y] = (14)(23) # 1

*

which is a contradiction. Therefore S, ¢ oR

i 0 ‘
This, of course, also proves that ve and dye are not

classes of generalized soluble groups. However, we will show,

in our next lemma, some of the connections between these

classes and some other ciasses of interest.

Lemma 67 (i) 7A < 4 < sI*.

*

(ii) de < he

(if) LR Eb

(iv) by < Lbae

(v) Logs ST

7

Proof (i) Since ZA= 4, it is clear that ZA < vee

As observed in Chapter 5, the symmetric group of degree 3, Ss

is a finite }&(2)-group but is not nilpotent. Thus Sieh

110



but S, ¢ ZA.

Let Ge by . Then G = HCG: %) for some ordinal a

Therefore , by 2-19, G <p, (G23) so that Ge SI*. The

Mclain group M(Z OF), discussed i Chapter 5, is a Fitting

group and so an SI*-group, but is not a by ~group.

(ii),(iii) and (iv) The Mclain group M(Z,F) isa

Fitting group, and so is in the class oy and is locally

nilpotent and so is a Lb,p -group. But it is not a by -group,

by the proof of 5-4(i).

(v) Lye < LsI* < UST = ST

We include here some results concerning other relevant classes.

Lemma 6-8 (i) $y < [07

(ii) og ans

(iti) by #90

(iv) 3 SNe

Proof (4) and (44) By 3.22 and 4-5, S.< COL < [OU]

But the group S,, discussed in the proof of 6-6, is soluble,

and so is an [0\]-group, but is not a dy -9roUP and so is tot

a ty -9POUP- Se

(iii) The Mclain group M(Q,F) , for any field F,

is locally nilpotent and LM < ¢, < dp, But M(Q,F) is

characteristically simple and is not abelian. Therefore M(Q,F)

is perfect and so is not an SD-group.

(iv) Robinson [1] gives an example of a group

G which is locally nilpotent and has trivial Gruenberg radical.



Therefore Ge LR < 6, but G ¢ SNF.

Lemma 6-9

Proof

2

soGe OU

(i) ot) sot < OW)

(ii) © = p(oi(1))

(ili) Rs ert = ROL

(ive ZA ede = ZADL
ou

nN

(i) Let Ge OL(1). Then by 3-15 G' < ¢,,(G)

We have ou < OU2) by 2-13.

(ii) This follows from (i).

(iii) and (iv) These follow from theorem A of [3] .

Some inclusions are shown in Fig. 6.

We will now show the effects of some finiteness conditions

on some of the classes under discussion.

Lemma_6-10

Proof

(i) A SLye “JPOP satisfying the minimal condition

on subgroups is a soluble Cernikov group.

ok Vv,

(i) by 9 WH, < sI*

*

(iii) A $g--group satisfying the minimal condition

on subnormal subgroups is a soluble Cernikov group.

(i) By 2-16 (ii), Sys p((L%&)(1)) = pLR .
.# v y,

By the <S,Q> -closure of % we have pLRAM < p(L¥enayiet).

But it is well-known that locally nilpotent groups satisfying
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y

the minimal condition are Cernikoy groups (see, for example,

theorem 3°16 of [1]). Therefore

be a Yt < pF a LR) < ©

and the result follows from the p-closure of the class of

Cernikov groups.

(ii) By Corollary 7 of [7] ; bp 1 < ZAO~ < SI*.

(iii) By Theorem 3-12 of [1] , an SI*-group satisfying

the minimal condition on subnormal subgroups is a soluble Cernikov

group.

A

Lemma 6:11 by NK < pt

Proof By a corollary to Theorem A Of ele les

nyt <m”ron YR

< (ANH AYR

= avityp < pt

t

*y

*

ae oO =: 4 a

Lemma 6-12 For locally finite groups, Loy = Lévy dy

for any variety VU.

Proof By lemma 1 of [7] ; and Theorem A of [3],

ay Qh F «UL @ UF)
e LOU erih.s

* *

Also dy = L dps as required.

*

Corollary 6-13 oo \ F< p&

14s, *



Proof its = Lb OLE

s Ln) <b pe.

The question may be asked whether periodic ég-groups

are locally finite. The answer is negative as can be seen

from an example of Golod [19] which is periodic, finitely

generated, infinite and residually nilpotent but is not

nilpotent. This is, of course, a $,-group but it is not locally

finite.

This shows that, in general, the equivalence of the

conditions "periodic" and "locally finite" for a class of groups ¥

does not imply their equivalence for the class ty . Since

‘ < “2 for all <S,Q,D,>-closed classes ¥ , we have shown

that for all <S,Q,D,>-closed classes £ , there exists a

periodic ‘y -group which is not locally finite.

We do, however, have the following weaker result.

Lemma 6-14 If every periodic X-group is locally finite, then

every periodic $y -group is locally finite.

Proof Suppose the condition is true for a class of groups

% . Let G be a periodic ¥(1)-group and let F = Ko ee Xp?

be a finitely generated subgroup of G. Then F is also a

periodic ¥(1)-group. Therefore for each i, 1 < i < n, there

exists a normal subgroup N of F such that (x; Na] =]
n

and G/N, e& . let N = 0 N, . Then F/N can be
isl

115



embedded in the direct product of a finite number of periodic

¥%-groups. By the <S,D,>-closure of ¥ and the class of

periodic groups, we have that F/N is a periodic X-group

and so is locally finite, by assumption. But F is finitely

generated and so F/N is finite. This implies that N is

finitely generated. But N < o, (F) and c, (F) is a periodic,

abelian group and so is locally finite. Therefore N is

locally finite and, since L¥ = pL¥ , F is locally

finite. But F is finitely generated so F is finite and G is

locally finite, ‘as required.

Now te < p(£(1)) so by the <S,Q> -closure of the

class of periodic groups, the class of periodic by -groups is

contained in the class p ts = LF
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VIL FC-Groups

When we restrict our discussion by considering only

FC-groups we are able to prove that many of the classes under

discussion are equivalent. First we observe that the

class of FC-groups is just the class %¥(1).

We have the following preliminary result.

Proposition 7:1 Let ¥ be an <S,Q,D,>-closed class of groups.

Then LE A ¥(1) < ¥X(1) AF(1), with equality

if Kis a good class.

Proof It is clear that LE NF(1) < (LE)(1)NF(1),

which is equal to (LE \ ¥ )(1) by 2-12 (vi). Since LENT <k

we have by 2-12 (iii) that LE A F(1) < ¥(1).

On the other hand, if ¥ is a good class then €(1) < lk

by 2:16 (ii).

Taking ¥ =F shows that LE A ¥(1) is not equal to

¥ 1) N ¥(1) in generat.

The proof of our next proposition is very easy and is

omitted.

Proposition 7:2 Let € be a Q-closed class of generalized

/nilpotent groups or of generalized soluble groups.

Then ¥AF(1) < RM) or Kat) < 01),

respectively.

7



Recall that a group is Baer-nilpotent if every finite

section of the group is nilpotent. The class of Baer-nilpotent

groups is obviously Q-closed and so we have :

Corollary 7-3 Every Baer-nilpotent FC-group is an (1)-group.

Theorem 7:4 If Kis an S,closed class of generalized soluble

groups, then ¥% N¥(1) < O(1).

Proof Let Ge % A (1). It is well-known that a group

G is an FC-group if and only if xe e3% for every element x

of G (see, for example, Corollary 3 to Theorem 4-32 of [1] ).

Therefore for each element x of G there exists a subgroup N

of G, normal in x°, such that x°/Nc6 and Ne FANE Oe

G
Thus x” ¢6& for all elements x of G.

Let F = {Xp o++02Xq) be a finite subset of G. Now for each

1 = Vye2 ans Xj € ue and a e OF . Therefore

Fs x, eNO” = O- . Therefore Ge Lov . But
1 1nasi

Lo~ A ¥(1) = 0 (1) by 7-1.

We are unable as yet to answer the question "does every

S,7closed (or even S-closed) class ¥ of generalized nilpotent

groups satisfy A F(1)< X(1)?". However, we shall

prove that + > the class of residually central groups,

satisfies 4, we (1) ZA (recall that ZA < ¥(1)). We

shall obtain this result as a consequence of some more general

results.
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The following definition of a local system is due to Kurosh.

We shall refer to such local systems as Kurosh-local systems

to avoid confusion with the definition in Chapter 3.

Definition A Kurosh-local system of a group G is a set a of

subgroups of G such that :

(i) If g « G then there exists an L ed such that

gel.

(ii) If L; and L, belong tod then there exists

an L belonging to 3 such that Lut, Se.

Definition Ge Le if G has a Kurosh-local system of

x -subgroups.

Definition Ge L® if every finitely generated subgroup

of Gis an £-group.

With these definitions and the usual definition of the

closure operation L, that is the one found in our list of

notation, it is easy to see that LE < LE < LK for any

class of groups £ , with equalities if E= sk

Lemma 7-5 Let X and 3 be classes of groups. Suppose a

group’G has a Kurosh-local system L such that for

each Leg there exists a normal subgroup R(L)

of L with R(L) eX and L/R(L) e% and such

that whenever Ly < Ly it follows that

R(L,) < R(L,) . Then Ge (LE )(L Q z DE
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Proof Let H = ‘U_R(L). If a and b are elements
Le

of H then a e R(L,) and be R(L,) for some L, and L, belonging

to i . Therefore there exists anLeX such that L,U L,=L

and so a and b belong to R(L). Therefore ab) e R(L)SH,

proving that H < G. Now let ae HandgeG. Then

ae R(L,) andgel, for some L, and L, belonging to ae

Therefore there exists an L belonging to i such that Lv L, G
t

so ae R(L) and ge L. Therefore a2 « R(L) < H and we have

proved that H a G.

Let {h>---sh,} be a finite set of elements of H. Then

hy € R(L;)> say, for i = 1,....N. There exists an L belonging
n

to Lsuch that L;SLandso hy c R(L) for each
i=l

i= 1,...9n. But R(L) eX and soHe LE

Let {9,Ho+ ++ 59) 4} be a finite subset of G/H. Then

Gj © Ly > say, for each i = 1,..-5n. Again, there exists an
n

L belonging to LQ such tnat U C= Land so (9)o++-G_hS us
isl

Now R(L) ¢ LAH. Thus LH/H = L/(L NH) « Q a . Therefore ;

since {9 Hy .-+ 99,4} < LH/H, we have proved that

G/H e LOX » completing the proof of the Jemma.

This result yields several corollaries. For example, we

may use it to derive the following result of Gardiner, Hartley

and Tompkinson [20] about formations :

Definition Let x be a class of groups. A class ¥ (temporary

notation) is a £ -formation 1f 2 Os
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¥ = Q¥ and tn RF=¥

Corollary 7-6 Let 2 =QSE and let ¥ be an S-closed

x-formation. Suppose £ = Sk and ¥F<exr

Then LS) < (LE)(L¥).

Proof Let G ¢ L(X%) and take 1 to be the set of all

finitely generated subgroups of G. Then J is a Kurosh-local

system of G. Since ¥¥ ¢z and ¥,F andy are all

S-closed we have, for each Led pele dor enter

Take R(L) to be *(L:¥). Then R(L) e SK =k.

Also L/R(L) ez A RY = ¥ . The S-closure of ¥ implies

that if L, <b then R(L,) < R(L,) . For if NaL,
2

with L,/Ne ¥ then L/(L, 9 N) SL,N/N ¢ L,/N so

R(L,) ¢ L, AN EN.

Therefore G satisfies the conditions of 7.5. The

result follows by the Q-closure of F

When we consider z to be the class of all groups, it is

easy to see that any variety is a xy -formation. Thus

the next corollary follows from 7:6.

Corollary 7-7 If € = Sk andV-is a variety then

L(KW) = (LEO

In general, L(KW) < (LEY . For example, the

corollary to theorem 6-25 of [1] proves that there exists
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a (L3%)€ -group G which is not a LO -group. Thus Ge (Ldt)0t

but G ¢ L(t). We may now prove :

by
Proof Let Ge gy M ¥(1) and let H = H(G:¥), the

Theorem 7-8 If Wis a variety then +5) Nn F(1)<

limit of the upper W-central series of G. By theorem 6 of [7]

G/H ¢ ‘a nF (1). Now ¢,(G/H) < H,(G/H:V) = 1 and so,

by theorem 4-32 (ii) of [1] »G/HeL®

Therefore, G/He dy ALF < LC ty 0%). But, by

Jemma 1 of [7] 5 1; < ie and so G/He L(G. ay)

< LQ) < (LR) by 7:7. But G/H ¢ ¥(1) so by 7-1
/

we have G/H ¢ (LX AF(1))U < QR) < ZA shys

by theorem A of [3]. Therefore G=H and so Ge ¢yy

We take as a corollary our result about residually central

groups.

Corollary 7:9 + n¥(1) ZA, .

Proof By 7-8, +, A F(1) < ZA. But ZA< LX and by

Tenma 4 of [21] , L& A¥(1) < ZA.

This result, together with 7-3, shows that all classes & of

generalized nilpotent groups, known to the author, satisfy

En F) < A,

In contrast to this, we shall prove that (1) A ¥(1) ¢ Ne

For the group T, defined in Chapter 5, is an (1)-group but
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is not an N, group, as proved in 5-4. We shall now prove

that T e ¥(1). We start with :

Lemma 7:10 (i) For alit, ltl < ©

(ii) For all a. with a<B > Idol <0

t.

Proof (i) Recall a, Joa; if i#4. Suppose i

is even, say i = 2n. Now

ntl

nt1 (n+1)+1

aueee S_), Bale(aeny year a, (a é =a
an an**2ntl an\©2(n+1)-1 2n*

Suppose i is odd, say i = 2n-1. Now

2n

n nti
aNiels = ae 2 "

9 on-1 ayn-1(4on) ayn-1(4on) 9on-1

(ii) Suppose g is even, say g = 2n. We may

assume, by 5+5(i) that 2n ¢ 24 +1 which implies that

a- nO. Now

a Nt+2eon 22N-ato-Nt2-1 2nti
a -

a

= a (aon) = a (aon) = a

Suppose g is odd, say g = 2n-1. Again, we may assume that

2n-1 ¢ 24 + 1 which implies that o-n 2-1. Now

-nt+goont3 22N-1-qta-Nt3-1
a as2n-1 = a(a

a a 2n-1

ont

= ata Seaatone a
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Lemma 7:11 For all dT, we have a} ee
aB

Proof By 5-5 (i), if g > 20 +2 then at a

for all q . Suppose that for alla, d 4 € We
asatr

T e
prove that Ce e +

Now (4, gerey 2 = [tae eats] Scilly 2 pcse

me ee Ti iT;
3 eve 24a gtr? rs deat? a-l,atV-1

So, by hypothesis, [d T) e¢ NSS = F . But
asatr-1?

asatl=1 iS SO ratT Ey : iG grev Tl nd

a

4, tray?! cS oan

Therefore, since [oe areal < © » we have

u / {d Tye Fd and so
asath=] asatr-3”

tT

q soth=1 . ¥

T

Corollary 7-12 For each tre T, we have t; es

Proof since t.) = [etes) I> and<noot i feliz)

= ae digs u
[t,>7] = <[tjots] 3 3 = 1,2;.5.> = <d fqedian aate

d J d T 2 ¥ by 7-11 , we may complete the proof
15142. is15 142
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in the same way as in 7-11.

This yields :

Corollary 7°13 T is a periodic FC-group.

Proof We have proved that every generator of T is an

FC-element of T. But it is well-known that the FC-elements of

any group form a subgroup. Therefore T - ¥(1).

We have also proved, in 7-10 (i), that every generator

of T is periodic. But, because T is an FC-group, we have,

by a result of Neumann [22] , that T is periodic.

Thus we have proved the existence of a periodic

(XM nF )(1)-group which is not an N,-group. We also have the

following result, which contrasts with the fact that

(x NF)(1) <A.

Theorem 7-14 (AF )(1) $2, .

Proof The group of GluScov [17] , G= Dr MA(P)
n=2

where MCP) is the group of all n x n unitriangular matrices

over a field P, was observed, in section 5, to give rise to a

factor group which is an $€(1)-group but is not a ZD> group.

Now, if P is the Galois field of p” elements, then

n

[MP1 2 = pla) mM and so G, being a direct product of finite



groups, is an FC-group. Thus the factor group is an

(MR a )(1)-group.

Finally, we consider the effect of FC-conditions on some

larger classes.

‘3

Theorem 7-15 (i) ey NF) SIs

(ii) Gy OF) cb ps

Proof (i) Let Ge ag FU). By lemma 1 of [7]

and 7-9, we have

*

Ge 4,(RM) a ¥(1)

*

s (4, 0 F(1))(RR a ¥(1))

* 2

< (4,9 ¥0))

< 7K, < SIx,

* : s

(ii) Now oo is an S, closed class of generalized

soluble groups by 2-4, 2-5 and 6-6. Therefore by 7-4,

to DF) ¢ (1).

Let Ge FM og A¥(1). Then

Ge fF AT()NF)

erp Osan (1)

sony a Fa)

Fanon (A) ices pt

by 6-1 (iii) and lemma 2-1 of [23] , as required.
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Lemma 7:16 If & = <S,Q,D,> & then

Cate SS te ay

Proof By 7-1, LE A¥(1) < (KAY )(1), Suppose that

LH AE(c) < (KN ¥)(c) and let Ge LR NF (ctl).

Let xe H (G5). Then there exists a normal subgroup N of G

such that [x,N] = 1 and GNce SA QE ¢ FAK

Therefore H,(G:%) = H(G:% AX) and so

* G/H,(G: RAB) = G/H,(G:K) e LE n F(c)

by corollary 6 of [3] . Therefore

G/H, (6: VF) e LEN Fc) ¢ (RNF )(c)

by hypothesis. Again by corollary 6 of [3] , we have

Ge (K n¥)(c), as required.

Theorem 7°17 LY A bag < Sent < Lptn bey

Proof Lemma 7-16 proves that Lt A bey < ee

Let Ge (XH AF)(c) N*} « ThenG e Fc) a*y« ¥(c) WYN
by theorem 1 of [23] . Therefore Ge (FA) En VR < (pt)¥
by theorem 3 of [23] . Thus

Gc (PEF nN Wc) ¢ P&(FarwW(c))

pb(F ndt1))°

p&(¥ ndt)° = pb

in

nn

as required.
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