IT City Research Online
UNIVEREIST%( ?qui)NDON

City, University of London Institutional Repository

Citation: Al-Thani, K., Mignacca, D., Fusai, G., Caccioli, F. & Germano, G. (2025).
Inconsistency of the Capital Asset Pricing Model in a Multi-Currency Environment.
International Journal of Finance & Economics, doi: 10.1002/ijfe.70118

This is the published version of the paper.

This version of the publication may differ from the final published version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/36476/

Link to published version: https://doi.org/10.1002/ijfe.70118

Copyright: City Research Online aims to make research outputs of City,
University of London available to a wider audience. Copyright and Moral Rights
remain with the author(s) and/or copyright holders. URLs from City Research
Online may be freely distributed and linked to.

Reuse: Copies of full items can be used for personal research or study,
educational, or not-for-profit purposes without prior permission or charge.
Provided that the authors, title and full bibliographic details are credited, a
hyperlink and/or URL is given for the original metadata page and the content is
not changed in any way.




City Research Online: http://openaccess.city.ac.uk/ publications@city.ac.uk



http://openaccess.city.ac.uk/
mailto:publications@city.ac.uk

International Journal of Finance & Economics

| RESEARCH ARTICLE CEIEED

'.) Check for updates

WILEY

Inconsistency of the Capital Asset Pricing Model in
a Multi-Currency Environment

Khalifa Al-Thani! | Domenico Mignacca? | Gianluca Fusai®* | Fabio Caccioli>® | Guido Germano>¢

Investment Strategy, Qatar Investment Authority, Doha, Qatar | Investment Risk, Qatar Investment Authority, Doha, Qatar | 3Faculty of Finance, Bayes
Business School, City St. George's, University of London, London, UK | “Dipartimento SEI, Universita del Piemonte Orientale, Novara, Italy | SDepartment
of Computer Science, University College London, London, UK | Systemic Risk Centre, London School of Economics and Political Science, London, UK

Correspondence: Gianluca Fusai (gianluca.fusai.l@city.ac.uk)

Received: 11 March 2025 | Revised: 20 July 2025 | Accepted: 10 November 2025

Keywords: CAPM | multi-currency | risk premia

ABSTRACT

The capital asset pricing model (CAPM) is a widely adopted model in asset pricing theory and portfolio construction because of
its intuitive nature. One of its main conclusions is that there exists a global market portfolio that each rational investor should
hold in proportion to the risk-free asset. In this paper, we demonstrate theoretically and through an example that the CAPM can-
not hold in a multi-currency environment. This is because it produces different market risk premia depending on the investor's

base currency unless each exchange rate is uncorrelated with the asset prices in the portfolio.

1 | Introduction

The capital asset pricing model (CAPM) (Sharpe 1964;
Lintner 1965; Mossin 1966) is an easily understandable and
straightforward model that explains the relationship between
risk and expected return in an efficient market and is widely
regarded as the initial and most commonly used asset pricing
model. Together with the Markowitz portfolio selection model
(Markowitz 1952), it is at the foundation of modern financial
theory. Despite numerous proposed advancements over the past
five decades, the original capital asset pricing and Markowitz
models remain the primary tools used by scholars and investors
for asset pricing and allocation (Rubinstein 2002).

The Markowitz (1952) portfolio selection model proposes that
constructing portfolios with minimum variance given an ex-
pected return constraint can generate an efficient frontier,
where each portfolio on the frontier provides either the high-
est expected return for a given level of risk or the lowest risk
for a target return. The CAPM utilises this result by demon-
strating that, under specific assumptions, in equilibrium, the
market portfolio, calculated by dividing each asset's market

capitalization by the total market capitalization of all assets, lies
on the efficient frontier. Consequently, a linear relationship be-
tween the risk premia of the asset and of the market portfolio
can be established. This relationship is captured by the asset's
beta, which is the covariance of the asset return with the mar-
ket portfolio return, standardised by the variance of the market
portfolio.

The international capital asset pricing model (ICAPM), some-
times also referred to as the global capital asset pricing model
(GCAPM), has been proposed as an extension of the traditional
CAPM to address the challenge of a multi-currency environment
(Solnik 1974; Stulz 1981; Adler and Dumas 1983; Serita 1991;
Wilkie 1997; Thomson et al. 2016). The ICAPM recognizes that
investors are concerned with consumption in their respective
local currency and therefore evaluate portfolio risk, which in-
cludes both market and currency risks, differently based on
their base currency. While the literature on the ICAPM focuses
on taking into consideration currencies as another factor for the
estimation of risk premia, our paper shows that including cur-
rencies that are correlated with the assets produces different risk
premia depending on the base currency.
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The aim of the present study is to contribute to the theoretical
discussion surrounding the CAPM by examining its applicabil-
ity in a multi-currency environment. The question posed here is:
if an investor calculates their implied returns in a base currency,
for example, US Dollar (USD), and converts these returns to an-
other currency, for example, Euro (EUR), will they retrieve the
same implied returns if they convert the asset's price in EUR and
calculate their implied risk premia? In other words, are the im-
plied returns in USD converted to EUR the same as the implied
returns calculated in EUR? As we shall see, these two values
are not equal if asset returns are correlated with the currency
rate, which makes the CAPM inconsistent in a multi-currency
environment: investors operating with different base currencies
may imply different equilibrium risk premia. We prove this in-
consistency and illustrate it with a simple example.

Our findings have significant empirical and practical implica-
tions for the asset-management industry. Empirically, the tra-
ditional CAPM may be untestable in an international context,
as the risk premia obtained differ depending on the investor's
base currency. From a practical perspective, the Black and
Litterman (1992) model, which extends the CAPM to estimate
implied expected returns and incorporate investor views, faces
challenges in this setting. Specifically, our results suggest
that the CAPM used as a neutral starting point in the Black-
Litterman model cannot consistently estimate expected risk pre-
mia for investors with different base currencies.

In their seminal work, Black and Litterman (1992) argued
that incorporating the global CAPM equilibrium improves in-
vestment models, stating: “Consideration of the global CAPM
equilibrium can significantly improve the usefulness of these
models. In particular, equilibrium returns for equities, bonds,
and currencies provide a neutral starting point for estimating
the set of expected excess returns needed to drive the portfo-
lio optimization process. This set of neutral weights can then
be tilted in accordance with the investor's view.” While their re-
sults are presented from a USD perspective, they also suggest
that similar findings would hold for other currencies (Black and
Litterman 1992, 30). However, our analysis indicates that market
risk premia in the Black-Litterman model cannot be uniquely
determined across base currencies. Moreover, the process of de-
riving market-implied views must be reconsidered when asset
and currency correlations are non-zero. Consequently, the neu-
tral starting point for asset allocation in the Black-Litterman
model is inherently dependent on the investor's base currency,
warranting further investigation into its application in an inter-
national context.

Our results emphasise the importance of properly accounting
for currency risk in international markets. If market participants
universally hedged currency risk, the correlations between asset
returns and currencies would vanish, and the CAPM could
hold in its traditional form. However, this is not the case. As
Black (1989) demonstrated, the optimal level of exchange rate
hedging is always less than 100%, and hedging entirely in for-
ward markets is costly. Additionally, full hedging eliminates po-
tential gains from currency returns (Glen and Jorion 1993) and
the natural hedging benefits that currency exposure provides
against underlying asset risks (Campbell et al. 2010).

These considerations underscore that currency risk is priced in
financial markets. For instance, Karolyi and Wu (2022) showed
that the magnitude and significance of currency risk premia are
influenced by firm characteristics, industry sectors, and the de-
gree of internationalisation of the firms, highlighting the com-
plexity of currency risk pricing and its relationship to economic
fundamentals.

While the CAPM remains a valuable framework for asset valu-
ation, our findings highlight the need for careful consideration
when applying it in an international context. Asset risk premia
can vary significantly and even exhibit opposite signs, depend-
ing on the chosen reference currency. This variability under-
scores the necessity of incorporating currency risk into asset
pricing and portfolio optimization models. The more recent lit-
erature has suggested additional risk factors (Brusa et al. 2014;
Opie and Riddiough 2020; Nucera et al. 2023).

The remainder of this paper is organised as follows. Section 2
introduces the international CAPM and shows that the CAPM
cannot hold in a multi-currency environment unless the cor-
relations of the assets and exchange rates are zero. Section 3
provides an example showing that the CAPM does not hold in
a multi-currency environment. Finally, Section 4 concludes the
paper and discusses opportunities for future research.

2 | Inconsistency of the CAPM in a
Multi-Currency Environment

To illustrate the inconsistency of the CAPM in a multi-currency
framework, let us consider an investor with base currency k,
for example k = $, €, ..., and let us assume that there is no seg-
mentation of the international capital market, that is, national
capital markets are perfectly integrated. When markets are seg-
mented, expected returns are shaped by country-specific risks
and domestic market conditions. Segmentation leads to differ-
ences in asset pricing relationships across countries, with local
risk factors playing a dominant role (Karolyi and Stulz 2003).
In such cases, investors are exposed to both global and local
sources of risk, and expected returns reflect a combination of
the two. The key theoretical implication is that if a group of in-
vestors does not participate in international markets, the world
market portfolio becomes inefficient. As a result, the traditional
ICAPM must be extended to include an additional factor that
captures the portion of domestic risk which cannot be diversi-
fied internationally due to segmentation. The degree of market
integration determines the importance of this factor: as integra-
tion increases, the premium required for this undiversifiable
domestic risk declines, thereby reducing the international cost
of capital. Quantifying this trade-off explicitly would require
a theoretical framework that models the underlying economic
forces driving the transition from segmentation to integration. A
possible approach is presented in Arouri et al. (2012). However,
as shown in the present paper, the issue of the inconsistency in
the CAPM equation still remains and cannot be resolved intro-
ducing multiple factors.

The single-factor ICAPM states that, if markets are in equilib-
rium, then the risk premia in currency k, that is, the additional
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return that investors demand for taking the risk of holding as-
sets denominated in a foreign currency, are

Ry
r, = o'_k ZkW. (1)

Here, 1, is the vector of risk premia in currency k, whose element
ryk is the risk premium of asseti, i=1, ...,n, in currency k;
Z is the covariance matrix in currency k, whose element o, ;
is the covariance between the prices of assets i and j in cur-
rency k; oy is the volatility of the world market portfolio priced
in currency k, and w is the vector of the asset weights of the
world market portfolio, whose element w; is the weight of asset

J» j=1, ...,n. The Sharpe ratio in currency k,
Tk
R ==,
= @

is the ratio of the risk premium r; of the world portfolio in cur-
rency k and its volatility o;. The risk premium is the difference
Iy = py — Iy between the expected return g and the risk-free
interest rate rg;, both in currency k. The Sharpe ratio divided by
the volatility of the market portfolio, R, / o}, is commonly inter-
preted as the market price of risk.

Equation (1) implies that to calculate the vector of the implied
risk premia, an assumption should be made about the market
portfolio's Sharpe ratio, and the CAPM assumption that all in-
vestors have the same market portfolio regardless of their base
currency should hold. However, as we shall see, this assumption
does not hold unless the returns of the assets in the portfolio and
the exchange rates are uncorrelated.

If an investor wants to calculate the implied risk premium
of asset i in the base currency k, they would use Equation (1)
and get

Ry

n
ik = o Z Cisi kWi = Bijilis 3)
=1

where f, ; is the beta of asset i in currency k,
1 n
Bi=— Z O ik /W ©)
Ok j=1

For instance, an investor with USD as their base currency
would use

Ry

n
Tis = oy Z SissjssWi = BysTs- ®)
j=1

The price S;/¢(t) of an asset i in EUR at time ¢ is obtained from its
price S;5(¢) in USD multiplying the latter by the exchange rate of
1 USD to X ¢(t) EUR,

Siye(t) = S5 (X5 /e (D). ©)

Assuming that both assets and the FX rate follow a log-normal
distribution, the asset price in currency k after a time interval

At =t; —t, (assumed to be the time horizon of market partici-
pants, or the duration between portfolio readjustments) is

1
Si(tr) =Siic(to) exp [(ri/k ek~ Qg — 5‘71-2/;( )At+6i/k£i/k \% At] ;
k=3$,¢€,
)

where g,/ is the convenience (e.g., dividend) yield of asset i in
currency k that for simplicity in the following we will set to 0,
o/, 1s the volatility of asset i in currency k, and €, ;. is a standard
normal random variable. In the same manner, the FX rate after
a time interval At = t; — t,is

1
X$/€(tl) =X$/€(t0) exp[(r$/€ + Fyye = Tyys — Eo§/€>At + a$€/s$/€\/At],

®

where rg ¢ is the risk premium of the FX rate, o is the volatility
of the FX rate, and &g/ is a standard normal random variable.
From Equations (6-8) we get

Si/$<t1)X$/e(t1) :Si/s(to)Xwe(to)
1 1
xexp[(r,-/$ +rpe— E"iz/s +rge— Ea§/€)At+ (01515 +0se€57¢) V At],
©)
which must be equal to
1 o
Sl/é(tl) = Sl/%(to) eXp[(ri/€ + rf/€ - 5612/€>At + o—i/€6i/€ At] .
(10)
In the following, we set without loss of generality At = 1 units of
time. Therefore, we must have

1, 1, 1,
ri/g—iai/€=ri/$—50'1./$+r$/€—§0'$/€ (11)

and

Oi/e€ije = Oi/5€iss + 05 eE5 ¢ 12)
This is possible if and only if

2 _ 2 2
Oije = Oiys T 05/ 20i/55/¢01/50s /65 13)

where p;/55/¢ is the correlation of the price of asset i in USD
and the FX rate Xg /. Replacing this condition in Equation (11),
we have

Fise = Yis + Tsse + Piss.5/€0i/50 5 /6 14)

All quantities in Equation (14) are known, except the FX risk
premium rg . Although we know that rg/ should be the same
across all assets i for a given currency pair, we now show that
this condition can only hold if p; 55 /e = 0 for all i.

Equation (12) involves, in the RHS, the innovation ¢,  affecting
the return of asset i in €, and €; /¢ and &g, that is, the innova-
tions affecting the return of the same asset expressed in $ and
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the one entering the currency rate § /€, For the equality to be
valid in law, we need to assume that the innovations distribution
belongs to the elliptical class, the well-known sufficient condi-
tion that guarantees the validity of the domestic CAPM (Owen
and Rabinovitch 1983). If innovations are not elliptical, there is
no guarantee that the distribution of the sum of the random vari-
ables in the LHS belong to the same class as the distribution of
the random variables in the RHS. Here, we have made the much
simpler assumption of normality in order to reduce the complex-
ity of the calculations and of the illustrative example.

The estimation is conducted on the log of the exchange rate,
whose increments are assumed to be i.i.d., thereby satisfying
the stationarity requirement for the statistical properties (mean,
variance, and covariances) used in our analysis. We acknowl-
edge that assuming a non-stationary foreign exchange rate
process may not be the best choice. However, this assumption
is quite common for pricing currency options, where exchange
rates are typically modelled as lognormal non-stationary pro-
cesses, starting from the classic Garman and Kohlhagen (1983)
paper and continuing with the Heston (1993) model. If the in-
vestment horizon is relatively short, from a month to a year,
which is standard in empirical CAPM tests, the implications of
non-stationarity in the currency rate are limited and do not pose
a significant concern.

The determination of the implied risk premia in EUR requires
the corresponding covariance matrix in Euro. This can be ob-
tained by using Equation (9) for assets i and j and then by com-
puting the covariance between the log-returns of the two assets.
It turns out that (Fusai et al. 2024)

Sifeife = Oiysiss + Oussse + Oiyssze + g e 15)
where 6,5/ is the covariance of asset i in USD with the FX
currency rate. In Appendix A we also illustrate how to imple-
ment the transformation of the covariance from one currency to
another via a simple matrix multiplication as illustrated in Fusai
et al. (2024).

If we knew the value of the FX risk premium r; /6 then, using
Equation (14), we could calculate the Sharpe ratio of the EUR
portfolio,

Re = <"$/€ ZW s T ZW /$$/€> 16)

where >, w;o;/55/¢ is the covariance of the portfolio in USD
and the FX return. Equation (16) is valid assuming that the port-
folio is continuously rebalanced (Merton 1990, 127), that is, if
the time interval At shrinks to zero. Substituting Equation (16)
into Equation (1) with k = € gives the risk premium in EUR of
asset i,

Tise = Bise <V$/e Z w;tys + Z Wi /s, $/€) a7)
j=1

Combining Equations (14) and (17), we solve for the FX risk pre-
mium, and we obtain

n
Tiss + Pisss/e01/50s /e — ﬁl/e<r$ + z W;ojs, $/€>]

oo = 1
$/€ =
/ ﬁi/€ j=1

(18)

We prove now that the CAPM holds onlyif piss/e =0, i=1, ...,n,
Indeed, with this assumption Equation (18) becomes

ri6 — s
/$ $Pi/e
Ty = —(————- (19)
/ Bije—1
Moreover, using the zero-correlation assumption and converting
the covariances from EUR to USD using Equation (15), we have

2
$/€

2
$/€

2

$

Biye=—= Z WiCiseje = — Z Wioisgis + —5 = Biss— o2
€

€
(20)

Under the assumption of zero correlation, using (13), we

have o2 e =0 /$ + a$ Je and then at portfolio level it must hold
alsoo} = a + 0'$ e In this way, we rewrite Equation (20) as
o
Biye =1=(Biys = 1), (3))
O¢

and a simple formula to transform the asset beta from one cur-
rency to another, which is valid only assuming a zero correlation
with the exchange rates. Inserting Equations (3) and (21) into
Equation (19), we get

oy Biss — Bise
=t ——— 22
(Bys =1) 72

o
Ty =Ts\ — ~1 (23)
$

that is, when the correlation between the price of asset i and
an exchange rate is zero, the FX risk premium is the same for
all assets. However, if the zero correlation assumption is not
satisfied this is not guaranteed. Indeed, we illustrate in the
next section with a numerical example that distinct FX equilib-
rium risk premia exist for each asset. This finding renders the
CAPM inconsistent. An additional remark can be made regard-
ing Equation (23): even if the assets are uncorrelated with the
currency rates, the FX risk premium can be either positive or
negative, depending on the ratio of the variances of the market
portfolio expressed in the two currencies. This implies that the
forward currency rate is a biased predictor of the future spot
currency rate, providing a theoretical foundation for the empiri-
cal findings of Sarno et al. (2012).

and finally

This observation is related to the Siegel (1972) paradox, which
involves the expected value of the reciprocal of the exchange
rate. By applying Jensen's inequality, Siegel showed that the for-
ward exchange rate is a biased predictor of the future spot rate.
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However, it is important to emphasize that our result pertains to
asset risk premia rather than currency risk premia. Moreover,
the expression in Equation (14) involves the expected value of
the product of two random variables: the asset price in one cur-
rency and the corresponding exchange rate. Unlike the Siegel
paradox, where the bias arises from the convexity of the recipro-
cal function, our setting considers a product, whose expectation
can be either greater or smaller than the product of t.

Our conclusion immediately extends to multi-factor models, for
example, the Fama and French (1992) three-factor model. Using
the latter, the risk premium of asset i in dollars is

Yis = Bis fis + Bos fos + Biss fis) (24)

where f; ¢ are the factor loadings of asset i in dollars with re-
spect to factor f;4. For the multi-factor model to hold whatever
the currency, each asset must be uncorrelated with the exchange
rate. The argument is as follows.

Let us now consider so-called mimicking portfolios, that is, port-
folios constructed to have exposure to a single factor while hav-
ing zero exposure to the remaining factors. In this way, the risk
premia of these portfolios in a given currency can be expressed
in terms of a single factor, as in the univariate CAPM.

This allows us to repeat the same argument presented in
Section 2 and show that the risk premia of these mimicking
portfolios can vary across currencies and may even change sign
unless the correlation between the return of the mimicking
portfolio and the exchange rate is zero.

Note that for the CAPM to hold, it is not sufficient for the mar-
ket portfolio to be uncorrelated with the exchange rate. In fact,
the covariance between an individual asset and the exchange
rate will be zero only if both the covariance between the mar-
ket portfolio and the exchange rate, and the covariance between
the asset's idiosyncratic (residual) risk and the exchange rate
are zero.

3 | A Simple Example Illustrating the
Inconsistency of the International CAPM

To demonstrate the inadequacy of the CAPM in a multi-currency
environment, we present an example that highlights the diver-
gence in equilibrium risk premia obtained when moving from
one currency to another. Without loss of generality, we assume
that the risk-free rates in the three currencies are identical in
this example.

Let us consider a scenario where an investor holds a portfolio
consisting of three assets: Apple (AAPL), Volkswagen (VOW),
and Unilever (ULVR), each denominated in a different currency
(USD, EUR, and British Pound [GBP]). To analyse this portfo-
lio, we use the monthly time series in USD of the three assets,
spanning from 29 January 2010 to 30 September 2022. We also
incorporate the time series for the EUR/USD and GBP/USD
exchange rates over the same period to obtain the covariance
matrix presented in Table 1. For instance, the covariance be-
tween the log-returns of AAPL and VOW is 2.31. We use this

TABLE1 | Covariance matrix in USD.

AAPL/ VOW/ ULVR/
USD USD USD USD/EUR
AAPL/USD 6.04 2.31 0.98 -0.25
VOW/USD 2.31 10.39 1.34 -0.97
ULVR/USD 0.98 1.34 2.37 —0.48
EUR/USD -0.25 -0.97 —0.48 0.62

Note: The covariance matrix of assets in USD and USD/EUR exchange rate with
values multiplied by 1000.

covariance matrix Xg as a starting point to derive the implied
equilibrium risk premia in EUR.

With X as a starting point, we assume a Sharpe ratio of Rg = 0.5
for the US market portfolio to derive the equilibrium risk premia
in USD, as shown in Equation (5). This choice of the Sharpe ratio
is somewhat arbitrary, but it does not materially affect the pa-
per's results. The value is reasonable, as it reflects moderate risk-
adjusted performance—consistency with traditional portfolios
(e.g., a 60/40 equity-bond mix). For instance, it can be justified
by assuming an annualised volatility of 20% and an excess mar-
ket return of 10%, both of which are empirically plausible fig-
ures. We also assume that the world market portfolio is equally
weighted, as indicated in column 2 of Table 2. The volatility of
the market portfolio in USD is 65 = /W' Zgw = 5.585%. The co-
variances of each asset with the market portfolio are Xgw = 3.11
(AAPL), 4.68 (VOW) and 1.56 (ULVR). The resulting USD risk
premia are calculated by applying Equation (1) and are pre-
sented in column 3 of Table 2. For instance, the risk premium in
USD for AAPL is 2.79%.

To convert the implied equilibrium risk premia from USD to
EUR, we first need to determine the risk premium of the USD/
EUR exchange rate. Assuming that the covariances between
the assets denominated in USD and the USD/EUR exchange
rate are as shown in Table 1, we use Equation (18) to determine
the USD/EUR risk premium required to make the converted
implied returns from USD to EUR equivalent to the risk pre-
mia calculated directly in EUR. For Apple, this risk premium
is found to be — 2.52%. Using this value and Equation (14), we
obtain the fourth column of Table 2, which presents the risk pre-
mia in EUR for VOW and ULVR. For instance, the risk premia
in Euros for VOW and ULVR are calculated to be 1.573% and
—1.170%, respectively. We can now compute the risk premium
in EUR of the market portfolio using the average of the EUR
risk premia in column 4 of Table 2, which results in a value of
0.214%. We also need to determine the covariances in EUR of
each asset with the market portfolio. To accomplish this, we
convert the USD covariance matrix to EUR using Equation (15).

The resulting EUR covariance matrix X is given in Table A1l in
Appendix A. This matrix is used to calculate the betas in EUR
for each asset, which are presented in column 5 of Table 2. Using
Equation (1) with k = €, we compute the implied risk premia in
EUR and report them in column 6 of the same table.

However, our calculations reveal that the implied risk premia in
EUR differ from the equilibrium risk premia in USD converted
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TABLE 2 | Calculation of risk premia in EUR when the correlation is not zero.

EUR implied risk
USD implied EUR risk premia, premiar;,; from
Asset Weights w; risk premiar; 4 Equation (17) EUR beta §; Equation (1)
AAPL 0.333 2.79% 0.239% 1.118 0.239%
VOwW 0.333 4.19% 1.573% 1.444 0.309%
ULVR 0.333 1.40% -1.170% 0.439 0.094%

Note: The calculation of EUR asset risk premia assuming non-zero correlation among assets and currency rates. The table allows the comparison between the
EUR risk premia (column 4) derived from the implied USD risk premia (column 3) and the implied EUR risk premia (column 6). To illustrate, the Apple EUR risk
premium ryspy ¢ 0f 0.239% in column 4 is calculated using Equation (14): Faaprje = Faaprss + Fse + Oanp/ss/e = 2.79% — 2.52% — 0.025% = 0.239 % . Similarly,
for VOW, we obtain rygw /e = 4.19% — 2.52% — 0.097% = 1.573%. The beta in EUR of each asset (column 5) is obtained by converting the USD covariance
matrix Zg to EUR (Z¢), as shown in Table Al in Appendix A, and then computing Z.w / (WT2€W). With these betas and the portfolio risk premium in EUR
(0.239% +1.573% —1.170%) / 3 = 0.214 %, we use Equation (1) to derive the implied risk premia of each asset that are reported in column 6.

TABLE 3 | Calculation of risk premia in EUR when the correlation is zero.

EUR implied risk
USD implied Currency risk r; ¢ from premiar;,. from
Asset risk premiar; 4 premium rg Equation (17) EUR beta §; Equation (1)
AAPL 2.79% 0.56% 3.343% 0.998 3.343%
VOW 4.19% 0.56% 4.748% 1.417 4.748%
ULVR 1.40% 0.56% 1.956% 0.584 1.956%

Note: EUR asset risk premia assuming zero correlation among assets and currency rates. Column 2 contains the USD risk premia r;/g from column 3 in Table 2; column

3 gives the FX risk premium rg ¢ computed according to Equation (18) where we set p; 5 s/¢ = 0;5.5/¢ = 0, or equivalently Equation (23); column 4 gives the EUR risk
premia computed from USD risk premia applying Equation (14); column 5 gives the beta of asset i in EUR f; ¢ computed by converting the USD covariance matrix to

EUR in Table A3 in Appendix A and then computing X.w / (WTZ€W); the last column reports the implied EUR risk premia from Equation (1), using the betas in EUR

and the EUR portfolio risk premium of3.349% = (3.343% + 4.748% + 1.956 %) / 3.

to EUR using Equation (14). These two sets of risk premia are
only equivalent, by construction, for AAPL. For the CAPM to
be valid, they should be equivalent for all assets. In fact, as we
proved, the risk premia presented in columns 4 and 6 of Table 2
are only consistent when the covariances between the asset
prices and the EUR/USD exchange rate are zero.

Let us assume a zero-covariance between the assets and the cur-
rency rates. We then use Equation (18) to determine the equi-
librium FX risk premium, which is found to be rg, = 0.56 % for
all assets. We can now apply Equation (14) to convert the USD
risk premia to EUR risk premia, which are reported in column
4 of Table 3 and give a risk premium of the EUR portfolio equal
to 3.349%. We can also convert the USD covariance matrix X
of Table A2 to EUR. The EUR covariance matrix X, is given in
Table A3 in Appendix A and can be used to calculate the betas
in EUR for each asset. They are reported in column 5 of Table 3.
With the EUR portfolio risk premium and the EUR betas, we
use Equation (1) to calculate the implied risk premium in EUR
for each asset. The final result is presented in the last column of
Table 3, and we obtain the same risk premia as in column 4 of
the same table. This confirms that the implied EUR risk premia
are equal only when the correlation between the assets and the
USD/EUR exchange rate is zero.

4 | Conclusion

The CAPM is an intuitive model and a useful starting point
in asset allocation and portfolio construction. However, as we

have shown in this study, it not only fails to hold empirically in
a single-currency world, but it also provides inconsistent results
in a multi-currency world. We expect that in any portfolio con-
struction exercise, investors will find that all currencies will be
correlated with asset classes in one way or another. Thus, each
base currency will imply different asset risk premia and there-
fore lead to different optimal allocations. This is inconsistent
with the traditional ICAPM result that the asset risk premia are
equal regardless of the base currency.

The same inconsistency also applies to multi-factor asset pric-
ing models in an international context, independently of the
number of factors. This has a significant implication for inves-
tors and asset managers, as they rely heavily on the Black and
Litterman (1992) model for asset allocation decisions. The model
uses a global market portfolio as a starting point, where it is as-
sumed that all investors should hold the same portfolio regard-
less of their base currency. We have shown that this is not the
case, as investors with different base currencies will estimate
different risk premia.

Our findings raise concerns about the meaningfulness of empir-
ical tests of the CAPM in an international setting. According to
our results, the asset risk premia can vary significantly depend-
ing on the sign of the covariance between the asset return and
the exchange rate, as well as on the choice of reference currency.
As a consequence, an estimated asset risk premium cannot be
assigned a clear or consistent interpretation across different cur-
rency perspectives. Karolyi and Wu (2022) pointed to the limita-
tions of models with internationally perfect financial markets
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in explaining portfolio holdings and their time variations. Their
results could potentially be due to the inconsistency illustrated
in the present paper.

The raised inconsistency of the ICAPM opens the door for future
research on asset pricing and allocation, specifically on how to
estimate the risk premia in a multi-currency portfolio and how
to use them in portfolio construction (Lustig et al. 2011; Corte
et al. 2016).
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Appendix A
Converting a Covariance Matrix Among Currencies

In order to convert a covariance matrix for assets whose prices are all in
the same currency, for example, USD, to another currency, for example,
EUR, we perform the calculation (Fusai et al. 2024)

T =BTXB. (A1)

In our example, involving three assets and the currency rate EUR/USD,
the matrix B is

1 0 O
01 0
B= (A2)
0 0 1
1 1 1

while Xg is in Table 1. By performing the above product, we obtain the
covariance matrix in EUR Z in Table Al. This matrix is then used to
compute the beta of each asset in EUR by computing Lew / (W' Zw).
The betas expressed in EUR for each asset are reported in the first col-
umn of Table 3. Let us now assume that the covariance between the
different assets in USD and the currency rate USD/EUR is zero: to do
so, we modify the last column and the last row of the covariance matrix
in Table 1 as in Table A2.

The resulting covariance matrix X in EUR is finally presented in
Table A3.

TABLE Al | EUR covariance matrix converted from the USD
covariance matrix in Table 1.

AAPL/EUR VOW/EUR ULVR/EUR
AAPL/EUR 6.17 1.72 0.88
VOW/EUR 1.72 9.08 0.52
ULVR/EUR 0.88 0.52 2.04

TABLE A2 | USD covariance matrix assuming zero covariance
between asset and FX returns.

TABLE A3 | Covariance matrix in EUR converted from the
covariance matrix in USD assuming zero correlation among assets and
FX returns.

AAPL/EUR VOW/EUR ULVR/EUR
AAPL/EUR 6.66 2.93 1.61
VOW/EUR 2.93 11.01 1.96
ULVR/EUR 1.61 1.96 2.99

AAPL/ ULVR/ USD/
USD VOW/USD USD EUR
AAPL/ 6.04 2.31 0.98 0.00
USD
VOwW/ 2.31 10.39 1.34 0.00
USD
ULVR/ 0.98 1.34 2.37 0.00
USD
UsSD/ 0.00 0.00 0.00 0.62
EUR
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