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We set up a numerical S-matrix bootstrap problem to rigorously constrain bound-state couplings given
by the residues of poles in elastic amplitudes. We extract upper bounds on these couplings that follow
purely from unitarity, crossing symmetry, and the Roy equations within their proven domain of validity.
First we consider amplitudes with a single spin-0 or spin-2 bound state, both with or without a self-
coupling. Subsequently we investigate amplitudes with the spectrum of bound states corresponding to the
estimated glueball masses of pure SUð3Þ Yang-Mills. In the latter case the “glue-hedron,” the space of
allowed couplings, provides a first-principles constraint for future lattice estimates.

DOI: 10.1103/f46t-xp36

I. INTRODUCTION

Glueballs are the stable, massive and colorless particles
that appear in the spectrum of Yang-Mills theories at long
distances. Describing their physics is extremely challeng-
ing. In the real world all glueballs are unstable, and
isolating them as resonances is very difficult [1] because
they carry the same quantum numbers as neutral mesons.
On the lattice their spectrum has recently been measured in
the SUðNcÞ pure Yang-Mills theories [2,3]. Determining
their interactions is however substantially more difficult,
but see Refs. [4–6] for some attempts.
In this paper we use the S-matrix bootstrap to constrain

three-point couplings between glueballs with a spectrum as
in Table I which should correspond to SUð3Þ Yang-Mills
theory. To demonstrate the general applicability of our
method we will also constrain three-point couplings in
other processes.
Our approach will be to extend the “dual” S-matrix

bootstrap [7,8], first to general elastic 2-to-2 amplitudes
with bound-state poles and then to the GG → GG scatter-
ing amplitude in particular. This leads to rigorous bounds
that follow purely from proven analyticity, crossing sym-
metry and unitarity. This approach should be contrasted
with the “primal” method of [9,10] where approximate
extremal amplitudes are constructed numerically.

To orient the reader we show part of the analytic
structure of the forward GG → GG amplitude in Fig. 1.
Shown are the normal thresholds as well as eight
simple poles associated with the stable glueballs of
Table I. The residues of the poles corresponding to
particle X are proportional to the squared three-point
couplings g2X. It is these couplings that we will bound,
with the allowed region in the three-dimensional space
spanned by ðgG; gH; gG� Þ shown in Fig. 4. Before
discussing these results in detail we will first explain
our method.

TABLE I. Lattice estimates for the spectrum of P;C ¼ þ;þ
stable glueballs [2,3], in units where the lightest glueball has unit
mass.

JPC Mass

G 0þþ 1
H 2þþ 1.437� 0.006
G� 0þþ 1.72� 0.01
H� 2þþ 1.99� 0.01

FIG. 1. Singularity structure of the GG → GG amplitude in
the s-plane at fixed t ¼ 0. In red, we denote the s-channel
poles and cut, in blue the corresponding crossed u-channel
singularities.
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II. SCATTERING AMPLITUDES WITH BOUND
STATES POLES

In this section we review the dual S-matrix bootstrap
technology based on fixed-t dispersion relations. It
was developed in a sequence of papers during the 1970s
[7,11–14] and more recently revisited and extended in
[8,15].1 Consider an amplitude Tðs; tÞ describing the 2 → 2
scattering of the lightest scalar particles in the theory, with
mass m ¼ 1. Suppose the amplitude has several poles
below threshold p∈P associated to stable particles of
different spins. Using the boundedness of the amplitude at
fixed t [23–25],

lim
s→∞

Tðs; t < t�Þ
jsj2 ¼ 0; ð1Þ

where t� is the squared mass of the lightest particle with
spin l ≥ 2, we write the doubly subtracted dispersion
relation:

Tðs; tÞ ¼ Tðs0; t0Þ þ
X
p∈P

g2pRμplp
ðs; t; s0; t0Þ

þ
XZ

l;v

Im flðvÞRvlðs; t; s0; t0Þ; ð2Þ

where the kernel Rvlðs; t; s0; t0Þ is defined as

Rvlðs; t; s0; t0Þ ¼ Pl

�
1þ 2t

v − 4

�
Kðv; s; t; t0Þ

þ Pl

�
1þ 2t0

v − 4

�
Kðv; t; t0; s0Þ; ð3Þ

with K a subtracted and s − u symmetrized Cauchy kernel,

Kðv; s; t; t0Þ ¼
1

v − s
þ 1

v − 4þ sþ t

−
1

v − t0
−

1

v − 4þ tþ t0
:

See the Appendix A for a derivation of the dispersion
relation [26].
We project Eq. (2) onto even spin-J partial waves using

fJðsÞ ¼
N d

2

Z
1

−1
dzð1 − z2Þd−42 PðdÞ

J ðzÞTðs; tsðzÞÞ; ð4Þ

with N 4 ¼ ð16πÞ−1 and tsðzÞ ¼ − 1
2
ðs − 4Þð1 − zÞ. This

produces the Roy equations [26]:

RefJðsÞ ¼
δJ;0

nðdÞ0

Tðs0; t0Þ þ
X
p∈P

g2pR
ðJÞ
μplp

ðs; s0; t0Þ

þ
XZ

l;v

Im flðvÞRðJÞ
vl ðs; s0; t0Þdv; ð5Þ

where we used that PðdÞ
0 ¼ 1 and defined the spin-J

projected kernel as

RðJÞ
vl ðs; s0; t0Þ

≔
2N d

2

Z
1

0

dzð1 − z2Þd−42 PðdÞ
J ðzÞRvlðs; tsðzÞ; s0; t0Þ: ð6Þ

We can restrict the integration range from 0 to 1 because we
take J to be even. For the odd J Roy equations we would
obtain “null constraints” corresponding to the t ↔ u cross-
ing symmetry. We will however replace them with the
alternative constraints obtained by demanding the vanish-
ing of suitable derivative combinations around the crossing
symmetric line given by s ¼ 4 − 2t. For any point tc along
this line we have

n odd∶
�
∂

∂τ

�
n
T ð4 − 2tc; tc þ τÞjτ¼0 ¼ 0; ð7Þ

and we can therefore write

n odd∶ 0 ¼
X
p∈P

g2pR
½n�
μplp

ðtc; s0; t0Þ

þ
XZ

l;v

Im flðvÞR½n�
vlðtc; s0; t0Þ; ð8Þ

where

R½n�
vlðtc;s0;t0Þ≔∂

n
τRvlð4−2tc;tcþτ;s0;t0Þjτ¼0 ð9Þ

is the nth transverse derivative of the kernel at tc.
The unitarity constraint finally reads

1 ≥ jSlðsÞj ¼ j1þ iρ̃ðsÞflðsÞj; ð10Þ

with ρ̃s ¼
ffiffiffiffiffiffiffiffiffiffi
s − 4

p
=

ffiffiffi
s

p
. It is equivalent to

�
1þ Re½Sl� Im½Sl�
Im½Sl� 1 − Re½Sl�

�

¼
�
2 − ρ̃s Im½fl� ρ̃sRe½fl�
ρ̃sRe½fl� ρ̃s Im½fl�

�
≽0 ð11Þ

for all even l and all s ≥ 4m2. Below physical threshold the
extended unitarity constraint is just

g2p ≥ 0: ð12Þ

1See also [16–19] where theories weakly coupled in the IR
were first constrained using forward dispersion relations. For
generalizations and more references, see Ref. [20]. In particular
we note [21,22] which considered planar gauge theories.
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III. DUALITY

Our primal variables are (the real and imaginary parts
of) flðsÞ for all even l and all s ≥ 4, the squared couplings
g2p, and the subtraction constant Tðs0; t0Þ. They are subject
to the linear constraints (5), (8) and the unitarity inequal-
ities (11) and (12). Within this space we aim to find
maximal allowed values of (some linear combination of)
the squared couplings, an objective which we formulate as

max
X
p

vpg2p ð13Þ

for some fixed vector vp. This is immediately seen to define
a continuum version of a semidefinite program, and in this
section we formulate its dual version.
We introduce the dual variables:

ωJðsÞ; νJðsÞ; αn; ð14Þ

where ωJðsÞ has support wherever the Roy equations
are imposed, νJðsÞ wherever the unitarity inequality is
imposed, and αn is nonzero only for n odd. A simple
exercise in semidefinite progamming duality shows that, if
we impose2

Z
dsω0ðsÞ ¼ 0; ð15Þ

vp þ
XZ

J;s

ωJðsÞRðJÞ
μplp

ðsÞ þ
X
n odd

αnR
½n�
μp;lp

ðtcÞ ≤ 0; ð16Þ

�
νJðsÞ ωJðsÞ=2

ωJðsÞ=2 νJðsÞ − ξJðsÞ

�
≽0; ð17Þ

with

ξJðsÞ ≔
XZ

l;v

ωlðvÞRðlÞ
sJ ðvÞ þ

X
m;n

αm;nR
½n�
sJ ðtcÞ; ð18Þ

then simply combining all the constraints produces

X
p

vpg2p ≤
XZ

J;s

2νJðsÞ
ρ̃s

: ð19Þ

Therefore, any set of dual variables that obeys the con-
straints imposes an upper bound on the primal objective.
This bound remains rigorously valid even if we truncate the
space of dual variables as we will do below. It is however
important that the “dual positivity conditions” (17) be

obeyed for all physical s and J. (Recall that free primal
variables become Lagrange multipliers for dual constraints.
Therefore, forgetting the dual positivity constraints some-
where is tantamount to setting the primal partial waves to
zero there. This would be unphysical).
Of course, outside the support of ωJðsÞ and νJðsÞ the

dual positivity equations reduce to the simple linear
inequality ξJðsÞ ≤ 0. Similarly they reduce to νJðsÞ ≥
maxð0; ξJðsÞÞ whenever νJðsÞ has support but ωJðsÞ does
not. And lastly they imply that it is not meaningful to give
ωJðsÞ support wherever νJðsÞ is set to zero.

IV. IMPLEMENTATION DETAILS

We minimize the right-hand side of Eq. (19) subject to
the constraints given in Eqs. (15), (16), and (17). We use
SDPB [27,28] to solve the semidefinite program numerically
with the following choices for the various functions and
parameters:

(i) The imposition of the Roy equations. We chose
ωlðsÞ to be nonzero only for l ¼ 0; 2; 4;…Lmax and
for 4 ≤ s ≤ μ2. We pick μ2 ¼ 12 since any larger
value runs into difficulties with the dual positivity
constraints at large J. We use a polynomial ansatz of
Pþ 1 terms for ωlðsÞ;

(ii) The imposition of the primal unitarity equations, as
captured in an ansatz for νlðsÞ. We chose νlðsÞ to
again be nonzero only for l ¼ 0; 2; 4;…Lmax, but
now include all 4 ≤ s < ∞. An essentially poly-
nomial ansatz for νlðsÞ for 4 ≤ s ≤ μ2 contains
N þ 1 terms and for μ2 ≤ s < ∞ we include
M þ 1 terms;

(iii) The choice of tc and the number of crossing
equations to impose around it, corresponding to
the number of nonzero αn. We kept only one term,
corresponding to α1, at tc ¼ 2

3
;

(iv) The subtraction point ðs0; t0Þ ¼ ð2; 0Þ.
We emphasize that the bounds we obtain will be fully
rigorous even when ωlðsÞ, νlðsÞ and αn are truncated as
above. In contrast, limits on computational resources also
forces us to choose:

(i) The discretization of the dual positivity equations.
The space of physical s and J splits into three
regions; for low J and s both ωJðsÞ and νJðsÞ have
support, for low J and large s only νJðsÞ has support,
and for high J and any s both are set to zero. We
discretized s in the first two regions with 200 points
and in the third with 400 points and further truncated
spins up to Jmax ¼ 32. We found experimentally that
including a finer grid in s or larger J would not
meaningfully change our bounds.

See Appendixes E and F for more details and an analysis of
dual positivity for large J and for large s. Below we will
plot our results as a function of Lmax. For each fixed Lmax
we increased M, N, and P until the bounds no longer

2We henceforth leave implicit the dependence of the kernels
RðJÞ
μl and R½n�

μl on the subtraction point ðs0; t0Þ.
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depended on them, which turned out to be the case for
M ¼ 40, N ¼ 10, and P ¼ 20.

V. DUAL RIGOROUS BOUNDS

A. Single scalar bound state

First we study the maximum coupling of a single scalar
bound state of mass m2

b. In [10] the primal version of this
problem was introduced, which amounted to scanning the
space of crossing symmetric amplitudes obeying maximal
analyticity. The maximum coupling3 jgmaxj as a function of
m2

b obtained in this way is plotted in Fig. 2 in green. In the
same figure, in shades of red, we plot our new dual upper
bound obtained by minimizing the right-hand side in (19).
For m2

b > 2 we find quantitative agreement, but for lighter
bound states there is a finite region between the two
boundaries. This gap does not seem to disappear by
improving the numerics, since both primal and dual appear
to have converged reasonably well.
This gap is likely due to the different constraints imposed

for the two different methods. The dual bounds obtained
using our algorithm are rigorous but conservative, since
they use only proven analyticity [25]. Moreover, the primal
ansatze of [10] cannot describe amplitudes with growing
cross sections at high energies.
In the Appendix H we compare the extremal amplitudes

saturating the primal bounds against the phase shifts
reconstructed from the dual setup. We in particular
show that the size of the gap is correlated to higher
spin dominance in the region not covered by the Roy
equations.

B. Single spin-2 bound state

Next we consider the case of a single spin-2 bound-state
pole in the amplitude. In Fig. 3, in red, we show the
excluded region as a function of the number of Roy
equations Lmax. We see a first kink at m2

b slightly bigger
than 1, for which we unfortunately do not have a good
explanation. The cusp at m2

b slightly smaller than 2 is
reminiscent of a divergence at m2

b ¼ 2 in the analogous
bound in two dimensions [9]. In that case the s- and u-
channel poles overlap perfectly and cancel each other out,
and presumably a similar but imperfect screening [29]
behavior occurs here. The bounds around this cusp near
m2

b ¼ 2 have not yet converged with Lmax nevertheless they
are still rigorous (albeit not optimal). Numerics for higher
Lmax are challenging, especially to ensure that none of the
dual constraints get violated.

C. The glue-hedron

We are now ready to consider the GG → GG amplitude.
Besides allowing for a self-coupling pole at m2 ¼ 1 in the
amplitude, we also include the poles corresponding to the
three other stable particles listed in table I. For simplicity
we fix their masses to the central values and do not take into
account the uncertainty in the lattice determination. Our
analysis is however easily repeated for other masses if this
turns out to be necessary.
In the first row of Table II we report the absolute upper

bound for each of the couplings found at the different poles.

FIG. 2. Bounds on the maximum residue at a scalar bound state
pole of mass m2

b. In green, the primal bound obtained by
constructing maximal analytic, crossing, and unitary amplitudes.
In red, the rigorous dual excluded region.

FIG. 3. Bound on the maximum residue jgmaxj at the spin-2
bound state of mass m2

b. The red region is rigorously excluded.

TABLE II. Upper bounds on glueball three-point couplings,
either with (first row) or without (second row) the H�.

max jgGj max jgHj max jgG� j max jgH� j
213 158 224 2.15
206 156 217 –

3The absolute value sign is necessary because the setup is
insensitive to the sign of the coupling, and more generally only
relative signs like that of g112=g222 are physically meaningful.
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The second row of the table shows the same bounds with
the excited spin-2 glueball H� removed from the set of
bound states. This glueball is very close to threshold and
could in actuality be unstable, but if this is so then the
bounds for the other couplings strengthen, albeit only by a
few percent.
To get an idea of the strength of these bounds, we note

that [4] used lattice results to estimate gG ≈ 50� 7 for
SUð3Þ Yang-Mills theory.4 This interval would partially be
excluded if the G would be the only bound state, see Fig. 2
at m2

b ¼ 1. However the actual bound on jgGj in Table II is
much weaker and easily allows this first lattice estimate.
We can also intuitively explain the relative weakness of this
bound: as shown in Fig. 1 the u-channel pole of G� lies
almost at s ¼ 1 and so the two poles approximately cancel
each other. Below we will indeed see that gG� is maximized
whenever gG is maximized.
In Fig. 4, we show the glue-hedron; the allowed region

in the three-dimensional space spanned by fgG; g�G; gHg.
(It is convex in the space fg2G; g2G� ; g2Hg because the space
of allowed scattering amplitudes is.) To obtain it we left gH�

free and extremized the linear combinations n⃗ ·
fgG; gG� ; gHg for 263 different three-dimensional unit-
norm vectors n⃗. If SUð3Þ Yang-Mills theory obeys (essen-
tially) the Wightman axioms then its glueball couplings
must lie inside the glue-hedron.

We can identify the extremal couplings in Table II with
two points of the glue-hedron as indicated in Fig. 4. There
is one point A that maximizes both gG and gG� for some
finite but nonextremal gH ≈ 65. The maximum of gH is
attained at another point, which we call B. Here gG� ≈ 71
and gG ≈ 61 are both nonextremal.

VI. DISCUSSION AND OUTLOOK

We showed that the dual S-matrix bootstrap method can
be used to rigorously constrain the three-point couplings of
bound state particles of any spin. We first applied the
method for the simple cases of one and two bounds states of
spin-0 and spin-2. Our bounds, which are almost entirely
novel, should be obeyed by any quantum field theory with
the given spectrum. We finally obtained the glue-hedron in
Fig. 4 by bounding the space of three-point couplings in
pure SU(3) Yang-Mills theory. Appendixes C, D and G
shows how we can easily describe the physics of the
extremal amplitudes. We are looking forward to comparing
and possibly supplementing our results with future lattice
estimates.
There are two immediate directions for improvement in

the future. Firstly, we could consider the mixed system of
scattering of the lightest glueball along with one or more of
the heavier glueballs. This would entail dealing with
anomalous thresholds [30] and spinning external particles
[31]. Secondly, we could use additional input from lattice
measurements, for example scattering lengths. Such studies
will further constrain the couplings and lead to extremal
phase shift that more closely resemble the physical ones.

FIG. 4. The glue-hedron. Glueball couplings for SU(3) YM must be contained inside this 3D space. The black lines denote the
boundaries of the glue-hedron on the planes where one of the couplings is zero.

4The quantity G ¼ 155� 45 measured in [4] is related to our
coupling g by G ¼ 3g2=ð16πÞ.
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Our generalization of the dual S-matrix bootstrap to
include bound states allows us to constrain amplitudes in
many different ways for a wide variety of physical systems.
Besides the bound-state couplings, one can constrain other
data such as scattering lengths, effective ranges, or more
generally the low-energy behavior of the partial waves.
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APPENDIX A: DISPERSION RELATION
DERIVATION

We consider the amplitude Tðs; tÞ for the scattering of
scalars of mass m ¼ 1. For a fixed t; t0 we can write

1

2
ðTðs; tÞ − Tðt0; tÞ þ Tð4 − s − t; tÞ − Tð4 − t0 − t; tÞÞ

¼ 1

2

I
C

dv
2πi

Tðv; tÞKðv; s; t; t0Þ; ðA1Þ

with the kernel

Kðv; s; t; t0Þ ¼
1

v − s
þ 1

v − 4þ sþ t
−

1

v − t0

−
1

v − 4þ tþ t0
; ðA2Þ

and with C a contour in the v plane that encircles the four
points fs; t0; 4 − s − t; 4 − t0 − tg but avoids any singular-
ities in Tðv; tÞ. Next we blow up this contour, and since
Kðv; s; t; t0Þ ¼ Oðjvj−3Þ as jvj → ∞we can drop the arcs at
infinity because of Eq. (1) in the main text. Using also
crossing symmetry Tðs; tÞ ¼ Tð4 − s − t; tÞ we get

Tðs; tÞ − Tðt0; tÞ ¼
Z

dv
π
Tvðv; tÞKðv; s; t; t0Þ: ðA3Þ

with Tvðv; tÞ ¼ 1
2i ðTðvþ iϵ; tÞ − Tðv − iϵ; tÞÞ. The inte-

gration range covers all values of v where the s-channel
discontinuity is nonzero, which in our case includes some
isolated poles and then the cut with v∈ ½4;∞Þ.
We can add to this the equivalent relation written

for Tðt; t0Þ − Tðs0; t0Þ, and using Tðt; t0Þ ¼ Tðt0; tÞ we
obtain

Tðs; tÞ ¼ Tðs0; t0Þ þ
X
p∈P

g2pRμ2plpðs; t; s0; t0Þ

þ 1

π

Z
∞

4

dv½Tvðv; tÞKðv; s; t; t0Þ

þ Tvðv; t0ÞKðv; t; t0; s0Þ�; ðA4Þ

where

Rμ2lðs;t;s0;t0Þ¼Pl

�
1þ 2t

μ2−4

�
Kðμ2;s;t;t0Þ

þPl

�
1þ 2t0

μ2−4

�
Kðμ2;t;t0;s0Þ ðA5Þ

is the contribution of a pole in the amplitude of the form:

Tðs; tÞ ⊃ −
g2pPl

�
1þ 2t

μ2−4

�
s − μ2

; ðA6Þ

which corresponds a bound-state particle of mass
squared μ and spin l. We introduce the partial wave
decomposition,

Tðs; tÞ ¼
X
l

nðdÞl flðsÞPðdÞ
l

�
1þ 2t

s − 4

�
; ðA7Þ

with l even and nð4Þl ¼ 16πð2lþ 1Þ. This allows us to
write Eq. (2) in the main text, with the shorthand:

XZ

l;v

ΞlðvÞ ¼
1

π

Z
∞

4

dv
X
l

nðdÞl ΞlðvÞ: ðA8Þ

APPENDIX B: DUAL RIGOROUS BOUNDS FOR
TWO POLES

In the main text, we considered the exchange of only a
single nontrivial bound state, corresponding to a pole in the
amplitude only at s; t; u ¼ m2

b. In this appendix we will
include a self-coupling of the external particle, i.e., we
include another pole in the amplitude at s, t, u ¼ 1. We
demand that the residue of this pole is non-negative and
then again bound the maximal coupling to the new bound
state at m2

b.
The results of this study are shown in purple in Fig. 5(a)

for a scalar bound state and in Fig. 5(b) for a spin-2 bound
state. Compared to the results of the main text (in red), the
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bound on the maximal coupling remains unchanged for
m2

b ≲ 2 and becomes weaker for m2
b ≳ 2.

We can qualitatively understand this result by appealing
to the screening phenomenon found and discussed earlier in
[9,29,32]. Consider the amplitude Tðs; tÞ in the forward
limit t ¼ 0. Crossing symmetry becomes Tðs; 0Þ ¼ Tð4 −
s; 0Þ so it suffices to consider the half-plane with
ReðsÞ > 2. Now, for m2

b > 2 the two poles in that half-
plane at s ¼ m2

b and s ¼ 3 and have residues with opposite
signs, allowing for partial cancellation of their effect on the
physical region which sits at s ≥ 4. This is why adding an
extra pole is expected to lead to a strictly weaker bound in
this region. On the other hand, form2

b < 2 their residues are
of the same sign, so extremizing one coupling would
naturally set the other to zero. The bound then reduces
to a single-particle bound, which is what we observe
in Fig. 5.

APPENDIX C: AMPLITUDE
RECONSTRUCTION

One can construct unitarity-saturating partial waves from
the dual variables:

SlðsÞ ¼ 1þ iρ̃sflðsÞ ¼ −
ξlðsÞ þ iωlðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2lðsÞ þ ω2

lðsÞ
q : ðC1Þ

Although this works quite generally, it is also the correct
“extremal” partial wave when both the primal and dual
positive semidefiniteness constraints are saturated. In the
domain where we do not impose the Roy equations we set
ωlðsÞ ¼ 0 and then 1þ iρ̃sflðsÞ ¼ �1. And if we neither
impose the Roy equations nor unitarity then ξlðsÞ ≤ 0
necessarily, so only the plus sign survives.
Given the implementation details in the main text, we

will obtain nontrivial unitarity-saturating partial waves only
for 4 ≤ s ≤ μ2 ¼ 12 and l ¼ 0; 2; 4;…Lmax. This means
that in this region the phase shifts δl defined via

SlðsÞ ¼ e2iδlðsÞ ðC2Þ

are purely real. For s > μ2 and still l < Lmax the phase shifts
can either be 0 or π, and for l > Lmax the phase shifts are all
set to 0. This structure of the extremal solution does not take
away from the fact that our bounds are rigorous and apply to
all scattering amplitudes. Fundamentally this is because we
truncated the dual problem instead of the primal problem.

APPENDIX D: SU(3) GLUEBALL SCATTERING
EXTREMAL AMPLITUDES

In Fig. 6 we plot the phase shifts δl at the A (dashed) and
the B cusp (dotted) for spin 0, 2, and 4. We recall that the
extremal partial waves that we obtain saturate unitarity by
construction, so the phase shifts are real, and that they are
nontrivial only for 4 ≤ s ≤ μ2 ¼ 12.
The spin-0 phase shifts δ0 can be parametrized at

threshold as

ks cot δ0 ¼
1

a0
þ 1

2
r20k

2
s þ � � � ; ðD1Þ

where ks ¼
ffiffiffiffiffiffiffiffiffiffi
s − 4

p
=2, a0 is the scattering length and r0 the

effective range. Using a standard threshold expansion [33]
which involves three free parameters, we can estimate:

A∶ a0 ≈ −5.9; r0 ≈ 3.8; ðD2Þ

B∶ a0 ≈ −3.7; r0 ≈ 2.6; ðD3Þ

Our fits are shown as the gray curves in Fig. 6. Note that the
scattering length are significantly below the minimum
value min a0 ¼ −1.75 that can be reached in the absence
of poles [13].
For the spin-2 phase shift we obtain a good fit with the

expansion:

k3s cot δ2 ¼
1

ã2
þ 1

2
r̃22k

2
s þ…; ðD4Þ

(a)

(b)

FIG. 5. In purple, bound on the residue at the scalar bound state,
panel a), and at the spin-2 bound state, panel b), in presence of
the self-coupling pole with massm ¼ 1. In red, the same bound in
absence of the self-coupling pole given, respectively, in Figs. 2
and in 3 in the main text.
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to obtain

A∶ ã2 ≈ −23; r̃2 ≈ −0.4; ðD5Þ

B∶ ã2 ≈ −10; r̃2 ≈ −0.5; ðD6Þ

Now, however, the coefficients ã2 and r̃2 are not the usual
physical scattering length and effective range. Indeed, the
above expansion corresponds to a partial wave with thresh-
old behavior of the form

f2ðksÞ ¼ k2s

�
fð2Þ2 þ fð4Þ2 k2s þ

i
2
ðfð2Þ2 Þ2k3s þ � � �

�
: ðD7Þ

Such behavior is compatible with unitarity, nevertheless it
would be interesting to find a quantum mechanical poten-
tial to model this behavior.5

In Fig. 6(c) we look at the higher-spin partial wave
l ¼ 4. It is entertaining to compare this with SUð3Þ Yang-
Mills theory, where we would expect a spin-4 resonance
with mass m2

4 ≈ 5 [2,3]. We indeed observe a pretty large
phase shift there for cusp A, but not a clear sign of this
resonance. Of course there is no a priori reason that SUð3Þ
Yang-Mills theory must live at the cusp.

APPENDIX E: FUNCTIONAL ANSATZE

In this appendix we discuss the space of functions from
which we sample ωlðsÞ and νlðsÞ. We will take them to be
nonzero only for even l ≤ Lmax. The support of ωlðsÞ is
further restricted to s∈ ½4; μ2� whereas νlðsÞ is allowed to
be nonzero for all s∈ ½4;∞Þ.
We use the maps

sIRðzÞ ¼ μ2 − 4

2
zþ μ2 þ 4

2
;

sUVðzÞ ¼ 2μ2 − σ þ 2ðμ2 − σÞ
sinðπz=2Þ − 1

; ðE1Þ

to parametrize, respectively, the interval ½4; μ2�, and ½μ2;∞Þ
in terms of a variable z∈ ½−1; 1�, where we chose σ ¼ 20.
We then use the ansatz

�
dsIRðzÞ
dz

�
ωlðzÞ ¼

XP
p¼0

cðμÞlpTpðzÞ ðE2Þ

with TpðcosðθÞÞ ≔ cosðpθÞ the Chebyshev polynomials of
the first kind. The derivative on the left-hand side facilitates
integration over s, although here it is merely a constant
term. For νlðsÞ at high energies we will use

s∈ ½μ2;∞�∶
�
dsUVðzÞ

dz

�
νlðzÞ ¼

XM
m¼0

cðνÞUVlm TmðzÞ; ðE3Þ

and for low energies our ansatz reads,

s∈ ½4; μ2�∶
�
dsIRðzÞ
dz

�
νlðzÞ

¼ c̃ðνÞ0 δl;0ffiffiffiffiffiffiffiffiffiffiffi
xþ 1

p þ
XN
n¼0

cðνÞ IRln TnðzÞ; ðE4Þ

with an extra term c̃0 which allows for the extremal partial
wave to have a threshold scalar bound state.
Altogether we have a discrete set of degrees of freedom

spanned by the coefficients

cðμÞlp ; cðνÞ ÞUVlm ; cðνÞ IRlm ; c̃ðνÞ0 ; ðE5Þ

which makes the problem suitable for a numerical
approach. Our results can only improve if we increase

(a)

(b)

(c)

FIG. 6. Phase shifts for the extremal cusps A (dashed) and B
(dotted). The different shadings correspond to different Lmax,
from 6 (lightest) to 8 and then to 10 (darkest). The gray curves are
polynomial fits to estimate the low-energy data.

5Spin-2 partial amplitudes usually behave as f2ðksÞ ∼ k4s , as
ks → 0.
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the parameters P, M, N and the maximal spin Lmax for
which we take ωlðsÞ and νlðsÞ to be nonzero.

APPENDIX F: ASYMPTOTICS

In this appendix we verify that the dual positivity
conditions can be satisfied for very large J and s even
with a finite-dimensional ansatz.
In the following we will make essential use of our choice

of t0 ¼ 0 as the subtraction point of the dispersion relation,
and likewise we will suppose that we check crossing
symmetry by taking derivatives around a point such
that tc ∈ ð0; 2Þ.

1. Large spin

For very large J we are outside the support of ωJðsÞ and
νJðsÞ so the dual positivity constraint (17) reduces to

0 ≥ ξJðsÞ ¼
XZ

l;v

ωlðvÞRðlÞ
sJ ðvÞ þ

X
n¼1;3;5;…nmax

αnR
½n�
sJ ðtcÞ;

ðF1Þ

where we recalled the definition of ξJðsÞ given in the main

text. The large J asymptotics of the two Rð·Þ
sJ are easily

determined from the asymptotic behavior of the Legendre
polynomials. In d ¼ 4 we have, for θ > 0,

PJðcoshðθÞÞ ¼
eJθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

πJð1 − e−2θÞ
p ð1þOðJ−1ÞÞ: ðF2Þ

Below we will use this to write

d
dθ

PJðcoshðθÞÞ¼JPJðcoshðθÞÞð1þOð1=JÞÞ;
Z

θ
dθ0PJðcoshðθ0ÞÞ¼

1

J
PJðcoshðθÞÞð1þOð1=JÞÞ; ðF3Þ

which is valid in any dimension. Since we chose the
subtraction point such that t0 ¼ 0, we find

R½n�
sJ ðtcÞ ¼ Kðs; 4 − 2tc; tc; 0ÞPJ

�
1þ 2tc

s − 4

�

× Jn
�

8tc
ðs − 4Þ3

�
1þ 2tc

s − 4

��
n=2

ð1þOð1=JÞÞ:

ðF4Þ

For 0 < tc < 2 the kernel Kðs; 4 − 2tc; tc; 0Þ is smooth and
negative for all s ≥ 4. All the other factors in the above
expression are manifestly positive, which is good news;
provided no further exponentially growing terms occur (see
however below), the simple constraint

αnmax
> 0 ðF5Þ

would suffice to ensure dual positivity for all s ≥ 4 in the
asymptotically large J regime.
For RðlÞ

sJ ðvÞ we find that the large J behavior
is dominated by the behavior of the integral as z
approaches 0 and v approaches its maximal value μ2. It
takes the form:

XZ

l;v

ωlðvÞRðlÞ
sJ ðvÞ¼Kðs;μ2;−ðμ2−4Þ=2;0Þ

×
μ2þ4−2s

πJ2
PJ

�
1−

μ2−4

s−4

�

×
X
l

ð2lþ1Þωlðμ2ÞPlð0Þð1þOð1=JÞÞ;

ðF6Þ

provided the argument of the Legendre polynomial on the
second line is sufficiently large and negative. This term
dominates over the exponential contribution of the cross-
ing symmetry equation whenever

0 < s − 4 <
1

2
ðμ2 − 4Þ − tc; ðF7Þ

where the left inequality simply follows from the need to
impose dual positivity only for physical kinematics.
The problem with this asymptotic term is however that

the kernel Kðs; μ2;−ðμ2 − 4Þ=2; 0Þ can have a sign flip in
the interval (F7), and if that happens then dual positivity
would necessarily be violated on one side of it. Avoiding
the sign flip forces us to choose

μ2 ≤ 12: ðF8Þ

It would be interesting to see whether a better parametriza-
tion of the dual variables can lift this upper bound, but for
this work we simply picked μ2 ¼ 12. To obey the dual
positivity constraints at large J for 4 < s < 8 − tc it then
suffices to impose

X
l

ð2lþ 1Þωlðμ2ÞPlð0Þ < 0; ðF9Þ

whereas for larger values of s we need to impose (F5).

2. Large energy

At very large s, the two terms in (18) have the following
behavior:
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XZ

l;v

ωlðvÞRðlÞ
sJ ðvÞ ∼

1

s3
;

X
n¼1;3;5;…nmax

αnR
½n�
sJ ðtcÞ ∼

1

s5
; ðF10Þ

Therefore neglecting the second term, we have the follow-
ing large-energy asymptotics

ξJðsÞ ∼
2J þ 1

15πs3

Z
dvω0ðvÞð8 − 16vþ 5v2Þ

þ 5ω2ðvÞð−4þ vÞ2: ðF11Þ

Thus the large-energy constraint is independent of J and it
follows from ξJðsÞ ≤ 0 that

Z
dvω0ðvÞð8 − 16vþ 5v2Þ þ 5ω2ðvÞð−4þ vÞ2 ≤ 0:

ðF12Þ

While we did not impose these constraints in our numerics,
we did check that they were satisfied by the dual solutions
that we obtain.

APPENDIX G: SPIN-2 BOUND STATE
PHENOMENOLOGY FROM DUAL

In this Appendix, we study the physics of the extremal
dual amplitudes saturating the bound in Fig. 3 in the main
text with a single spin-2 bound state. The three kinks divide
the plot in four regions. In the region 0 < m2

b ≲ 0.6, the
bound has a strong dependence on the number of Roy
equations Lmax imposed. Our conjecture is that in this
(unphysical) region it is not possible to have a bound state
singularity. The region m2

b ≳ 2 is the most stable numeri-
cally and easier to study. The two regions belowm2

b ≲ 2 are
separated by a kink around mb ≃ 1. In both regions the
phase shifts have a singular threshold behavior that makes
convergence harder.
Let us also comment on the higher-spin resonances that

we observed in the extremal amplitudes. We estimated the
masses of these resonances for spin l ¼ 4, 6 by plotting the
location where the phase shift δlðm2Þ ¼ π=2 and depicted
the results in Fig. 7. Each color corresponds to a particular
choice of m2

b, which in the figure is just the value at l ¼ 2.
We observe that particles in the same amplitude organize

into nearly linear Regge trajectories. (It is unclear to us
whether the nonlinearity is physical or rather a numerical
artifact.) We also see that the spin-4 particle approaches the
threshold as the spin-2 bound-state mass approaches m2

b ¼
2 from above. This gives a partial explanation for the kink
observed there; if we continue the trend then the spin-4
resonance would become stable and show up as a

singularity in the physical sheet, but this is forbidden by
our working hypothesis.
In Fig. 8 we plot the phase shifts for l ¼ 0;…; 6 of two

typical amplitudes in the two regions, for m2
b ¼ 2.5

and m2
b ¼ 1.6.

1. Extremal amplitudes with m2
b ≳ 2

We now consider the easy region m2
b ≳ 2, for which the

top row in Fig. 8 is a representative example. For l ¼ 0 the
phase shifts start at threshold as δ0ðksÞ ∼ ks, whereas for
l ¼ 2 the threshold expansion is well-described by
δ2ðksÞ ∼ k3s . The corresponding threshold expansion of
the lowest-spin partial amplitudes takes the form,

f0ðksÞ¼fð0Þ0 þ i
2
ðfð0Þ0 Þ2ksþfð2Þ0 k2s

þ i
8
fð0Þ0 ððfð0Þ0 Þ3−2fð0Þ0 þ8fð2Þ0 Þk3sþfð4Þ0 k4sþ…;

ðG1Þ

f2ðksÞ ¼ k4s

�
fð0Þ2 þ fð2Þ2 k2s þ fð2Þ2 k4s þ i

ðfð0Þ2 Þ2
2

k5s þ…

�
:

ðG2Þ

Generalizing definition in Eq. (D1) to

k2lþ1
s cot δlðksÞ ¼

1

al
þ 1

2
rlk2s þ… ðG3Þ

and using the fact that e2iδlðksÞ ¼ 1þ i ksffiffiffiffiffiffiffiffi
1þk2s

p flðksÞ, we
obtain, for the l ¼ 0 wave,

FIG. 7. Mass of the resonance m2 as a function of the spin J
extracted from the extremal amplitudes in Fig. 3 in the main text
for m2

b > 2. Resonances extracted from the same amplitude are
denoted with the same color. Dashed lines delimitate the window
where we impose Roy equations and extract the resonances.
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a0 ¼
fð0Þ0

2
;

r0 ¼
2 − ðfð0Þ0 Þ2

fð0Þ0

− 4
fð2Þ0

ðfð0Þ0 Þ2
; ðG4Þ

and similarly for l ¼ 2. Fitting the phase shifts with the
ansatz (G1) and (G2) we can extract scattering length and
effective range parameters as a function of the spin-2
bound-state position of the pole. The results are in Fig. 9.
Interestingly, we find that as m2

b → 4, both scattering
lengths a0 and a2 as well as the effective range r0 tend to
the values extracted from the amplitude that minimizes the
quartic coupling in absence of poles (studied for instance in
[8,10,14,34]). The quartic coupling is defined as
32πλ ¼ Tðs ¼ t ¼ u ¼ 4=3Þ, and in the absence of poles
it must take values in the interval [8]

−8.1 < λ < 2.72: ðG5Þ

From a primal perspective, it is hard to make the opti-
mization problem converge, see Ref. [34] for a recent
attempt to improve the convergence. The triple coincidence
in Fig. 9 leads us to the conjecture that the theory saturating
the minimum bound on the quartic coupling is obtained by
continuing the spin-2 pole up to the threshold s ¼ 4m2. It
would be interesting to develop a primal ansatz featuring a
spin-2 pole singularity following the attempt in [35].
The absolute minimum on the s-wave scattering length

found in [13] is slightly stronger a0 ≥ −1.75 than the one
extracted from the dual amplitude minimizing the quartic
coupling, which is a0 ≃ −1.84. A natural conjecture would
have been that the theory with most negative quartic

FIG. 8. Phase shifts for the amplitude that maximizes the residue at the spin-2 bound for two different masses,m2
b ¼ 2.5 andm2

b ¼ 1.6.
Different colors correspond to different cutoffs Lmax: blue Lmax ¼ 6, purple Lmax ¼ 8, and red Lmax ¼ 10.

FIG. 9. Threshold parameters of the extremal amplitudes
saturating the maximum spin-2 residue as a function of the
position of the pole m2

b > 2.
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coupling is also the theory with the most negative threshold
behavior. It might be interesting to look more in detail at
this discrepancy and find an explanation for it. Moreover, to
the best of our knowledge there exist no rigorous bound on
the effective range. Here we estimate r0 ≃ 1.3 in absence of
bound state poles. By analogy, we might guess that this
value is also close to being extremal. We have a similar
situation for the a2 scattering length.
Scattering lengths for higher spins al≥4 are positive, and

the corresponding phase shifts show the typical resonant
behavior jumping by π around the resonance position, see
Fig. 8. In the narrow-width approximation the resonance
mass can be found at the point where the phase passes
through π=2. For simplicity, here we extract approximately
the resonance by solving the equation δlðm2Þ ¼ π=2 for all
points where the phase grows enough. The results are
summarized in Fig. 4 in the main text.

2. Extremal amplitudes with m2
b ≲ 2

When m2
b ≲ 2, the amplitudes that maximize the residue

at the pole have a singular threshold behavior. This is
evident in the l ¼ 0 wave where the δ0 phase shifts start at
π=2 as in the example in Fig. 9 for m2

b ¼ 1.6. The most
general threshold expansion of the partial amplitude com-
patible with unitarity takes the form

f0ðksÞ ¼
2i
ks

þ fð0Þ0 þ i
2
ð2 − ðfð0Þ0 Þ2Þks þ fð2Þ0 k2s

þ −
i
8
ððfð0Þ0 Þ4 − 2ðfð0Þ0 Þ2 þ 2 − 32fð0Þ0 fð2Þ0 Þk3s

þ fð4Þ0 k4s þ…: ðG6Þ

We can formally define a scattering length and an effective
range using the expansion

1

ks
cot δ0ðksÞ ¼

1

ã0
þ 1

2
r̃0k2s þ � � � : ðG7Þ

Less clear from the figure is the threshold behavior of the
δ2 wave. We have numerically found that the best fit is
given by an ansatz of the form

f2ðksÞ ¼ k2sðfð0Þ2 þ fð2Þ2 k2s þ
i
2
ðfð0Þ2 Þ2k3s þ fð4Þ2 k4s þ � � �Þ:

ðG8Þ

The above expression is not arbitrary. It is the most general
expansion compatible with elastic unitarity and the least
singular behavior compared to the regular expansion (G2).
In Fig. 10, we summarize the information extracted from

fitting the singular threshold expansions in this region. We
extract the threshold parameters ã0 and ã2 in the mass range
0.6 ≤ m2

b ≤ 2. We find that the second kink in Fig. 3 in the

main text is indeed correlated to a change in behavior of ã2
where it attains its minimum value.
Higher spins have a regular threshold expansion. In the

same Fig. 10 we also plot the spin-4 a4 scattering length. In
between the first and the second kink it is positive, then
rapidly becomes negative. Although the phase shift
becomes large, we do not observe the typical resonant
behavior. Starting with l ¼ 6 we do observe a resonance,
and we plot its mass as a function of m2

b.

APPENDIX H: SCALAR BOUND STATE
PHENOMENOLOGY FROM PRIMAL

In this appendix we study in detail the physics of the
extremal amplitudes that maximize the residue of the single
scalar bound state extracted using the primal S-matrix
bootstrap in Fig. 2 in the main text.
The primal amplitude is parametrized using the wavelet

ansatz introduced in [34]. Such an ansatz trivially satisfies
crossing and maximal analyticity, but not unitarity. We
impose unitarity by projecting the ansatz in partial waves
and demanding that jSlj2 ≤ 1 for any l and for any s > 4.
In practice, we impose unitarity up to a maximal spin, Lmax,
and on a finite grid in s. To control the higher-spin tail
l > Lmax, we also impose fixed t positivity constraints of
the form ImTðs; 0 < t < 4Þ ≥ 0 for s > 4.

FIG. 10. Threshold parameters of the extremal amplitudes
saturating the maximum spin-2 residue as a function of the
position of the pole m2

b < 2.
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The primal ansatz also contains threshold singularity
terms of the form,

Tðs; tÞ ⊃ αth

�
1

ρ4=3ðsÞ − 1
þ 1

ρ4=3ðtÞ − 1
þ 1

ρ4=3ðuÞ − 1

�
;

ðH1Þ

where

ρs0ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
4 − s0

p
−

ffiffiffiffiffiffiffiffiffiffi
4 − s

p
ffiffiffiffiffiffiffiffiffiffiffiffi
4 − s0

p þ ffiffiffiffiffiffiffiffiffiffi
4 − s

p : ðH2Þ

These terms are permitted by unitarity, and the allowed
values for the residue −64π

ffiffiffiffiffiffiffiffi
3=2

p
≤ αth ≤ 0 are a conse-

quence of unitarity at threshold.
In the plot in Fig. 2 in the main text we can identify two

special points. First, we have the maximum allowed residue
for a scalar bound state which is attained at m2

b ¼ 2. This
situation is reminiscent of what happens in 1þ 1 dimen-
sions; in that case, the maximum allowed value is also
attained at m2

b ¼ 2, but it is infinite because of the exact
cancellation between the s and t-channel poles both sitting
at m2

b ¼ 4 −m2
b ¼ 2 with opposite residues. In 3þ 1

dimensions the t-channel pole is smeared into a log-
singularity after partial wave projection, preventing exact
cancellation. Second, we have a kink at m2

b ≃ 0.6, at
approximately the same position as in the spin-2 bound
state (Fig. 3 in the main text). As in that case, we believe
below this point it is impossible to have a bound-state pole
with finite residue. Our belief is supported by the fact that
the primal bound has a strong spin cutoff dependence.
In what follows we will correlate the kinks in the residue

plot with features of the extremal amplitudes that will help
us to shed a light on their physical content. In Fig. 11, we
start a first characterization. In the plot on the left, we have
the value of S0ð4Þ as a function of m2

b. It saturates
alternatively the unitarity inequality with two jumps that
happen at the two cusps in Fig. 2 in the main text. The

threshold singularity determines the value of the spin-0 S-
matrix at s ¼ 4; S0ð4Þ ¼ 1 when αth ¼ 0, while S0ð4Þ ¼
−1 when αth ¼ −64π

ffiffiffiffiffiffiffiffi
3=2

p
.

We can make a close analogy between the behavior of
the spin-0 S-matrix in 3þ 1 dimensions and the CDD pole
factors in 1þ 1 dimensions. CDD pole factors saturate the
bound on the maximum residue of a bound state in 1þ 1
dimensions. Their analytic expression is

SCDD ¼ ð−1Þθð2−m2
bÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

bð4 −m2
bÞ

q
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sð4 − sÞp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

bð4 −m2
bÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð4 − sÞp ; ðH3Þ

where the sign is fixed such that the residue of the s-
channel pole is positive. Indeed, this implies that
SCDDð4Þ ¼ 1 when m2

b > 2, and SCDDð4Þ ¼ −1 for
m2

b < 2. In 3þ 1 dimensions, the mechanism to obtain a
negative spin-0 S-matrix at threshold is to introduce a
threshold singularity.
To check the importance of higher spins to the physics of

the extremal amplitudes it is useful to study the spin-0
dominance. For instance, we consider the following dis-
persive integral,

c2 ¼
X∞
l¼0

cðlÞ2 ¼
Z

∞

4

ds
s3

X∞
l¼0

16πð2lþ 1Þ Im flðsÞ ≥ 0:

ðH4Þ

The parameter is positive and can be interpreted as an
integral of the total cross section Im Tðs; 0Þ=s3 ≡ σtot=s2. It
can also be related to the second derivative of the amplitude
c2 ≡ ∂

2
sTðs; 0Þjs¼0. In Fig. 11, on the right, we plot the ratio

cð0Þ2 =c2, where c
ðlÞ
2 is defined to be the spin-l contribution

to the above sum rule. The different colors correspond to
different Nmax, ranging from Nmax ¼ 7 (with 94 free
parameters in the ansatz) in blue to Nmax ¼ 11 (286 free
parameters) in red. In the range 2 ≤ m2

b < 4 this ratio is

FIG. 11. On the left, the value of S0ð4Þ as a function of the position of the scalar polem2
b. On the right, the ratio c

ð0Þ
2 =c2 as a function of

m2
b. Different colors correspond to different values of Nmax, ranging from 7 (blue) to 11 (red).
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smooth and well-converged in Nmax. As the bound state
moves from the threshold to the cusp at m2

b ¼ 2, this ratio
decreases, signaling that the higher spins become important
and eventually dominate the cross section. For m2

b < 2

convergence in Nmax is significantly slower, and the higher
spins dominate. This slower convergence seems related to
an important feature of the extremal amplitudes with
m2

b < 2: the presence of a threshold singularity in the
spin-2. This behavior is similar to the one encountered in
Appendix G 2 where the spin-2 amplitude behaves at
threshold as f2ðsÞ ∼Oðs − 4Þ. We believe to have better
convergence it is crucial to write a primal ansatz admitting
such behavior.
To better understand the physics of higher spins, we

should look at the spectrum of resonances. In Fig. 12 we
plot the spectrum of resonances in the complex s-plane. We
denote resonances of different spins and belonging to
different trajectories with different plot markers.
However, points with the same color belong to the same
amplitude. We also connect with dashed and dotted lines

the resonances belonging to the same trajectory. We focus
on the region m2

b > 2.
We observe two different kind of trajectories. The one we

call “leading” contains resonances that, as we move m2
b

from 2 to 4, have a different physical interpretation. When
m2

b ∼ 2, they can be described as weakly coupled light
resonances. When m2

b ∼ 3, they acquire a large imaginary
part and become highly unstable. As m2

b → 4, they
approach the left-cut region, and we are not sure of their
interpretation. To better follow these highly curved trajec-
tories we use the Froissart-Gribov representation and
continue our ansatz to complex spins using the formula,

flðsÞ ¼
1

32π

Z
∞

4

dt
8

πðs − 4ÞQl

�
1þ 2t

s − 4

�
Ttðs; tÞ;

ðH5Þ

valid for Re l > 0. While it is difficult to prove it,
numerical results do suggest that the spin-0 bound-state
poles also belong to the various trajectories.

FIG. 12. Spectrum of resonances in the complex s-plane of the extremal amplitudes as a function of the mass of the scalar bound sate
m2

b. Each color corresponds to a different amplitude. We connect with lines the resonances we believe belong to the same trajectory;
dashed for what we call “leading,” dotted for the “subleading.” Physical spins are indicated by larger markers. In the two bottom right
panels we show the Chew-Frautschi plots for the leading and subleading trajectories. For the leading one we have tentatively
extrapolated up to spin-0. It would be interesting to see whether this is correct, as we do not have sufficient resolution with the current
numerics.
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Beyond the leading, we also observe nearly linear
“subleading” trajectories. Resonances in this case nicely
align as shown in the Chew-Frautschi plot in the bottom
right panel of Fig. 12.

1. Comparing primal and dual phase shifts

In this subsection we compare in detail primal and dual
phase shifts in the interval 4 < s < 12. In Fig. 13 we plot
primal (in green) and dual (in red) phase shifts for l ¼ 0, 2,
4 at three benchmark points. The points are chosen as
representatives of the different regions along the boundary
in Fig. 2 in the main text. We immediately observe a
correlation between the duality gap and the discrepancy
between the phase shifts obtained using the two methods.
In the region 2 ≪ m2

b < 4, there is a quantitative agreement
of the phase shifts up to the endpoint of the window s ¼ 12
where the dual problem stops converging. In the region
close to m2

b ¼ 2, but slightly above, the dual phase shifts
depend strongly on the number of Roy equations Lmax, and
the gap between primal and dual phase shifts is non-
negligible. Despite the gap, however, qualitatively the
phase shifts have the same behavior, and as we increase
Lmax they seem to agree better. For m2

b < 2 the gap is
indeed large, up to 20% of the total bound. This is

FIG. 13. Phase shifts of the extremal amplitudes maximizing the residue at the scalar bound state pole extracted from primal (in green)
and dual (in red). We plot in red shades different values of Lmax ranging from 4 to 10. The light gray line is the inelasticity 1 − jSlðsÞj2
extracted from primal. When 1 − jSlðsÞj2 ¼ 0 means that primal phase shifts are well-converged.

FIG. 14. Threshold parameters extracted from the primal (in
green) for Nmax ¼ 11, and from the dual (in red) for Lmax ¼ 10.
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somehow expected due to the high-spin dominance shown
in Fig. 11. Phase shifts, except for the spin-0 wave look
quite different.
We conclude this subsection by comparing the primal

and dual estimate of the threshold coefficients. By looking
at Fig. 11, we can already assume that they will agree better.
In Fig. 14 we check this is the case for both δ0, and δ2 by
extracting respectively in the region m2

b > 2 the scattering
lengths a0 and a2, and in the regionm2

b < 2, the anomalous
scattering lengths ã0 and ã2. Threshold parameters for the
l ¼ 0 wave agree in both regions. The biggest discrepancy

comes from the l ¼ 2 parameters and in the regionm2
b < 2.

It would be interesting to understand this discrepancy and
close the gap. From the primal side it would be important to
design an ansatz with a threshold behavior general enough
to account for a singular phase shift as the one in (G8). From
the dual side, it would be crucial to extend the integration
domain of the dispersion relations and access to a larger
region in s to better describe the higher-spin physics. Of
course, even then some discrepancy may still remain due to
the assumption of maximal analyticity on the primal side
versus rigorously proven analyticity on the dual side.
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