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We present a detailed analysis of the sixth-order Pais-Uhlenbeck oscillator and construct three-dimensional ghost-
free representations through a Tri-Hamiltonian framework. We identify a six-dimensional Abelian Lie algebra of
the PU model’s dynamical flow and derive a hierarchy of conserved Hamiltonians governed by multiple compat-
ible Poisson structures. These structures enable the realisation of a complete Tri-Hamiltonian formulation that
generates identical dynamical flows. Positive-definite Hamiltonians are constructed, and their relation to the full
Tri-Hamiltonian hierarchy is analysed. Furthermore, we develop a mapping between the PU model and a class

of three-dimensional coupled second-order systems, revealing explicit conditions for ghost-free equivalence. We
also explore the consequences of introducing interaction terms, showing that the multi-Hamiltonian structure is

generally lost in such cases.

1. Introduction

We extend our prior analysis [1] of the Pais-Uhlenbeck (PU) model
[2] in which we proposed an approach that leads to a unified framework
for interpreting and stabilising higher time-derivative dynamics through
a Lie symmetry analysis and the utilisation of a Bi-Hamiltonian struc-
ture. The scheme was applied to the fourth-order PU model. Here we
extend the application to its sixth order variant that requires the use of
a Tri-Hamiltonian structure, see e.g., Oevel and Ragnisco [3], Fordy and
Holm [4], Olver and Rosenau [5]. The sixth-order PU oscillator is of par-
ticular interest as it naturally accommodates three degrees of freedom,
providing an ideal framework for studying three-dimensional represen-
tations of higher-derivative systems.

Our procedure consists of the following steps: i) Identify the Multi-
Hamiltonian structure for the dynamical flow of the higher time-
derivative equation of motion. ii) Identify the autonomous Lie symme-
tries for the vector equation of the dynamical flow. iii) Construct new
dynamical flows from linear combinations of the Poisson bracket tensors
and the multi-Hamiltonians. iv) Use the Lie symmetries to identify the
constraints that preserve the original flow. v) Select all relevant solu-
tions by imposing positive-definiteness on the Hamiltonian. vi) Map the
higher time-derivative theory (HTDT) to coupled lower dimensional the-
ories and identify the viable models in those higher dimensional spaces.

The quantisation of the positive-definite versions with the same dy-
namical flow as the Pais-Uhlenbeck system will lead to a consistent the-
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ory in which the usual deficiencies of HTDT, i.e. possessing unphysi-
cal ghost states that are non-normalisable or lead to unbounded spectra
from below, are absent.

Alternative proposals to address the ghost-state problem have been
made in the past by several authors. One may for instance simply accept
the presence of these states and argue that the effect they cause is not
very severe and in particular that unitarity is restored at the low energies
that now occur in the universe [6]. In an approach that assembles com-
bination of Noether charges constructed from Lie symmetries positive
Hamiltonians were constructed in [7-9]. However, as we have shown
in [1] those combinations have dynamical flows that are different from
the ones in the PU oscillators and therefore describe different physical
systems. Another approach consists of imposing constraints that ensure
the disappearance of the Ostrogradsky instabilities [10-13]. The precise
physical nature and justification of these type of constraints still needs
clarification. Further proposals include the use of Dirac-Pauli quantisa-
tion scheme with an indefinite metric [14], the introduction of so-called
fakeons [15], i.e. additional degrees of freedom that do not belong to the
physical Hilbert space, the non-unitary mapping of the Hermitian Hamil-
tonian to another Hermitian Hamiltonian in which the non-normalisable
sections of the theory become normalisable [16] or the complex exten-
sions of the models to a P7 -symmetric non-Hermitian system [17-19].

Our paper is organised as follows: In Section 2 we begin by analysing
the symmetries of the sixth-order PU model and deriving its correspond-
ing Hamiltonian via Ostrogradsky’s method. We then identify six Lie
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$\cal PT$


$q$


\begin {equation}{\cal L}_{\text {PU}}(q,\dot {q} , \ddot {q }, \dddot {q })=\frac {1}{2} \dddot {q}^2 -\frac {\alpha }{2} \ddot {q}^2 + \frac {\beta }{2} \dot {q}^2 - \frac {\gamma }{2} q^2 , \qquad \alpha ,\beta ,\gamma \in \mathbb {R} . \label {LPU}\end {equation}


${\cal L}_{\text {PU}}(q,\dot {q} , \ddot {q}, \dddot {q })$


\begin {equation}\frac {d^3}{dt^3} \frac { \delta {\cal L}}{\delta \dddot {q}}- \frac {d^2}{dt^2} \frac { \delta {\cal L}}{\delta \ddot {q}} + \frac {d}{dt} \frac {\delta {\cal L} }{\delta \dot {q}} - \frac {\delta {\cal L}}{\delta q} =0, \quad \Rightarrow \quad q_{6t} + \alpha q_{4t} + \beta q_{2t} + \gamma q=0. \label {equm1}\end {equation}


\begin {equation}\alpha = \omega _1^2 + \omega _2^2+ \omega _3^2, \quad \beta = \omega _1^2 \omega _2^2 + \omega _1^2 \omega _3^2 + \omega _2^2 \omega _3^2, \quad \gamma = \omega _1^2 \omega _2^2 \omega _3^2 . \label {param}\end {equation}


$\omega _1 \neq \omega _2 \neq \omega _3$


$\omega _1 =\omega _2 =: \omega $


$\omega _1 =\omega _2=\omega _3 =: \omega $


$q_i$


$\pi _i$


$i=1,2,3$


\begin {equation}{\cal H}_{\text {PU}}(q_1,q_2,q_3,\pi _1,\pi _2,\pi _3)= \pi _1 q_2 + \pi _2 q_3 + \frac {1}{2} \pi _3^2 +\frac {\alpha }{2} q_3^2 - \frac {\beta }{2} q_2^2 + \frac {\gamma }{2} q_1^2 . \label {Xeqn8-10}\end {equation}


$\vec {q} = \left (q,\dot {q} , \ddot {q }, \dddot {q },q_{4t},q_{5t} \right )$


\begin {equation}{\cal H}_{1}( \vec {q})= \frac {\dddot {q}^2}{2} -\frac {\alpha }{2} \ddot {q}^2 +\frac {\beta }{2} \dot {q}^2 + \frac {\gamma }{2} q^2 +\alpha \dot {q} \dddot {q}-q_{4 t} \ddot {q}+\dot {q} q_{5 t}, \label {Ham1}\end {equation}


$\vec {v} = ( \dot {q} , \ddot {q} , \dddot {q} , q_{4t} , q_{5t}, - \alpha q_{4t} - \beta \ddot {q} - \gamma q )$


$V$


$C^{\infty }(\mathbb {R}^6)$


$q_i \rightarrow \tilde {q}_i = q_i + \varepsilon \xi _i$


$\varepsilon \ll 1$


\begin {equation}X = \sum _{i=1}^6 \xi _i \partial _{q_i} . \label {Xeqn14-16}\end {equation}


$\xi _i$


$q_i$


$[X_i,X_j]=0$


$i,j=1,\ldots ,6$


${\cal H}_{1}$


$X_1$


$X_2$


$X_3$


$X_1( {\cal H}_{1})=X_2( {\cal H}_{1}) =X_3( {\cal H}_{1}) =0$


$X_1$


$V.$


$X_4$


${\cal H}_{1}$


$X_5$


$X_6$


$X_5( {\cal H}_{1}) =: {\cal H}_{2}$


$X_6( {\cal H}_{1}) =: {\cal H}_{3}$


\begin {equation}J_1 = \left ( \begin {array}{cccccc} 0 & 0 & 0 & 0 & 0 & 1 \\ 0 & 0 & 0 & 0 & -1 & 0 \\ 0 & 0 & 0 & 1 & 0 & -\alpha \\ 0 & 0 & -1 & 0 & \alpha & 0 \\ 0 & 1 & 0 & -\alpha & 0 & \alpha ^2-\beta \\ -1 & 0 & \alpha & 0 & \beta -\alpha ^2 & 0 \\ \end {array} \right ), \label {Xeqn17-25}\end {equation}


\begin {equation}\vec {v} = (\dot {q}, \ddot {q}, \dddot {q} , q_{4t} , q_{5t} , - \left ( \alpha q_{4t} + \beta \ddot {q} + \gamma q \right ))= J_1 \nabla {\cal H}_1 = J_2 \nabla {\cal H}_2 = J_3 \nabla {\cal H}_3 , \label {flow1}\end {equation}


$J_2$


$J_3$


\begin {equation}J_2= \frac {1}{\gamma } \left ( \begin {array}{cccccc} 0 & 0 & 0 & -1 & 0 & \alpha \\ 0 & 0 & 1 & 0 & -\alpha & 0 \\ 0 & -1 & 0 & \alpha & 0 & \beta -\alpha ^2 \\ 1 & 0 & -\alpha & 0 & \alpha ^2-\beta & 0 \\ 0 & \alpha & 0 & \beta -\alpha ^2 & 0 & \delta _1 \\ -\alpha & 0 & \alpha ^2-\beta & 0 & -\delta _1 & 0 \\ \end {array} \right ), \label {Xeqn19-27}\end {equation}


\begin {equation}J_3= \frac {1}{\gamma ^2} \left ( \begin {array}{cccccc} 0 & 1 & 0 & -\alpha & 0 & \alpha ^2-\beta \\ -1 & 0 & \alpha & 0 & \beta -\alpha ^2 & 0 \\ 0 & -\alpha & 0 & \alpha ^2-\beta & 0 & -\delta _1 \\ \alpha & 0 & \beta -\alpha ^2 & 0 & \delta _1 & 0 \\ 0 & \alpha ^2-\beta & 0 & -\delta _1 & 0 & \delta _2 \\ \beta -\alpha ^2 & 0 &\delta _1 & 0 & - \delta _2 & 0 \\ \end {array} \right ) , \label {Xeqn20-28}\end {equation}


$\delta _1 = \alpha ^3-2 \alpha \beta +\gamma $


$\delta _2 = \alpha ^4-3 \alpha ^2 \beta +2 \alpha \gamma +\beta ^2$


\begin {align}L_{V}\left ( J \right ) = V^{k} \partial _k J^{i,j} - \partial _k V^i J^{k,j} - J^{i,k} \partial _k V^j = 0 , \label {Lieder}\end {align}


$V$


$J_{1,2,3}$


$J_{1,2,3}$


$\det J_1 =1$


$\det J_2 =\gamma ^{-4}$


$\det J_3 =\gamma ^{-8}$


$V$


$J^{-1} \vec {v} = \nabla {\cal H}$


$\cal H$


${\cal H}_{2}$


${\cal H}_{3}$


$i \in \mathbb {N}$


${\cal H}_{i}$


$i>3$


\begin {equation}J_3 \nabla {\cal H}_{n+2} = J_2 \nabla {\cal H}_{n+1} = J_1 \nabla {\cal H}_n, \qquad n \in \mathbb {N}, \label {recn}\end {equation}


$d{\cal H}_{i}/dt=0$


$\{ {\cal H}_{i} , {\cal H}_{j} \}_1=\{ {\cal H}_{i} , {\cal H}_{j} \}_2 =\{ {\cal H}_{i} , {\cal H}_{j} \}_3 =0$


$\vec {{\cal H}} = ({\cal H}_1,{\cal H}_2,{\cal H}_3)$


$X_5$


\begin {equation}X_5^k (\vec {{\cal H}}) = M^k (\vec {{\cal H}}), \qquad \text {with} \,\, M=\left ( \begin {array}{ccc} 0 & 1 & 0 \\ 0 & 0 & 1 \\ \gamma ^2 & -\alpha \gamma & \beta \\ \end {array} \right ) . \label {Xeqn23-32}\end {equation}


$M$


$k^{ \text {th}}$


$M$


$\vec {{\cal H}}$


${\cal H}_1$


${\cal H}_2$


${\cal H}_3$


\begin {equation}\bar {J} := c_1 J_1 + c_2 J_2 + c_3 J_3, \qquad \text {and} \qquad \bar {{\cal H}} := c_4 {\cal H}_{1} + c_5 {\cal H}_{2}+ c_6{\cal H}_{3}. \label {barJH}\end {equation}


\begin {equation}\frac {d \vec {q}}{ dt} = \bar {J} \nabla \bar {{\cal H}} = V(\vec {q}). \,\, \label {a1234}\end {equation}


$\bar { {\cal H} }$


$\epsilon _{ijk}$


\begin {equation}{\cal H}_{n}= \sum _{i,j,k=1}^3 \vert \epsilon _{ijk} \vert \frac {\omega _j^{2n-2} \omega _k^{2n-2} }{4 \left (\omega _i ^2 -\omega _j ^2\right ) \left (\omega _i ^2 -\omega _k^2\right )} H_{jk} , \quad \omega _i \neq \omega _j \neq \omega _k .\label {Hnclosed}\end {equation}


${\cal H}_{n}$


$H_{jk}$


${\cal H}_{i}$


${\cal H}_{i}$


\begin {equation}H = H_{12}+ H_{23}+ H_{13} = 2 \left [ (\alpha ^2 - 2\beta ) {\cal H}_{1} + \left (3 - \frac {\alpha \beta }{\gamma }\right ) {\cal H}_{2} + \frac {\alpha }{\gamma }{\cal H}_{3} \right ] . \label {Xeqn33-45}\end {equation}


$\bar {{\cal H}}$


$c_4, c_5, c_6$


$c_1, c_2, c_3$


$\bar {{\cal H}}$


$H_{jk}$


$c_1$


$c_2$


$c_3$


$\omega _1> \omega _2 > \omega _ 3 >0$


$c_1 \rightarrow c_6$


$c_2 \rightarrow c_5$


$c_3 \rightarrow c_4$


${\cal L}(q,\dot {q} , \ddot {q}, \dddot {q})$


$a_i,b_i,g_j\in \mathbb {R}$


$i=x,y,z$


$j=1,2,3$


\begin {equation}x= \mu _0 q + \mu _2 \ddot {q} + \mu _4 q_{4t} , \quad y= \nu _0 q + \nu _2 \ddot {q} + \nu _4 q_{4t}, \quad z= \tau _0 q + \tau _2 \ddot {q} + \tau _4 q_{4t}, \label {pointt}\end {equation}


$\mu _i, \nu _i, \tau _i$


$i=0,2,4$


${\cal L}(x,y,z,\dot {x}, \dot {y},\dot {z})$


\begin {align}\mu _0 & = \frac {1}{2}\left ( 1-\rho _2 -\alpha + 3\beta \right ) +\rho _1 , & \mu _2=0, \,\, \qquad & \mu _4=1, \nonumber \\ b_x & = \frac {1}{2}\left ( \rho _2 +\alpha -\beta \right ) +\rho _1 , \\ \nu _0 & = \rho _2 , \qquad \nu _2=1, \,\, \qquad \nu _4 =1, & b_y = \beta - \rho _2 , \,\, \,\, \quad \qquad \qquad \\ \tau _0 & = \frac {1}{2}\left ( 1-\rho _2 -\alpha + 3\beta \right ) -\rho _1 , & \tau _2=0, \,\, \qquad & \tau _4=1, \nonumber \\ b_z & = \frac {1}{2}\left ( \rho _2 +\alpha -\beta \right ) -\rho _1 ,\end {align}


$\rho _1 =\frac {1}{2}\left [ 2 \alpha ^3 (9 \beta +4)-\alpha ^2 (3 \beta (9 \beta +10)+18 \gamma +8)+4 \alpha (\beta (9 \beta +27 \gamma +8) \right .$


$\left . +12 \gamma +2) -3 \alpha ^4 -3 (\beta +3 \gamma )^2-4 \beta -8 \gamma -1 \right ]^{1/2}$


$\rho _2= \alpha -\alpha ^2+3 \alpha \beta -3 \gamma $


$a_x=a_y=a_z=1$


\begin {equation}g_1=g_2=g_3=0 \label {Xeqn40-58}\end {equation}


\begin {align}\mu _0 & = \frac {\omega _i^2 \omega _j^2}{a_x} , & \mu _2 & = \frac {\omega _i^2 + \omega _j^2}{a_x}, & \mu _4 & =\frac {1}{a_x}, & b_x & = a_x \omega _k^2, \nonumber \\ & i,j,k \in \text {Perm}(1,2,3), \\ \nu _0 & = \frac {\omega _l^2 \omega _m^2}{a_y} , & \nu _2 & = \frac {\omega _l^2 + \omega _m^2}{a_y} , & \nu _4 & = \frac {1}{a_y} , & b_y & = a_y \omega _n^2 \nonumber \\ & l,m,n \in \text {Perm}(1,2,3), \\ \tau _0 & = \frac {\omega _o^2 \omega _r^2}{a_z} , & \tau _2 & = \frac {\omega _o^2 + \omega _r^2}{a_z} , & \tau _4 & = \frac {1}{a_z} , & b_z & = a_z \omega ^2_s \nonumber \\ & o,r,,s \in \text {Perm}(1,2,3) ,\end {align}


$k,n,s \in \text {Perm}(1,2,3).$


$N=3$


\begin {equation}g_1=\frac {\alpha \tau _2-1}{2 \tau _2} , \,\,\,\,\, \quad g_2= -g_3-\tau _2 , \,\,\,\,\, \quad g_3 = \frac {-\tau _2^3\pm \sqrt {-2 \tau _2^2-2 \beta \tau _2^4-\tau _2^6}}{2 \tau _2^2} , \label {Xeqn41-62}\end {equation}


\begin {align}\mu _2&=\frac {\alpha \mu _0+g_1 \nu _0+g_2 \tau _0-\gamma }{\mu _0}, \quad & \mu _4=1, \quad \,\, & b_x = \alpha -\frac {\alpha \mu _0+g_1 \nu _0+g_2 \tau _0-\gamma }{\mu _0} , \\ \nu _2&=-g_1, \,\, \qquad & \nu _4 =0, \quad \,\, & b_y = -\frac {g_1 \mu _0+g_3 \tau _0}{\nu _0} , \,\, \,\, \quad \qquad \qquad \\ \tau _2&=-g_2, \,\, \qquad & \tau _4=0, \quad \,\,& b_z = -\frac {g_2 \mu _0+g_3 \nu _0}{\tau _0} ,\end {align}


$a_x=a_y=a_z=1$


$\kappa _1 =\nu _0^2+\tau _0^2$


$\kappa _2 =\mu _0^2+\nu _0^2+\tau _0^2 \kappa = \gamma ^2 \tau _0^2$


$\left \{2 \alpha \gamma ^3 \mu _0-\gamma ^4-\kappa _2 \left (\kappa _1-\beta \mu _0+\mu _0^2\right ){}^2+\alpha \gamma \left [\left (\beta -\mu _0\right ) \mu _0-\kappa _1\right ] \left (\kappa _1+2 \mu _0^2\right ) \right .$


$\left . -\gamma ^2 \left [\alpha ^2 \mu _0^2-3 \kappa _1 \mu _0-2 \mu _0^3+\beta \left (\kappa _1+2 \mu _0^2\right )\right ] \right \}$


$\mu _0, \nu _0, \tau _0$


$p_x = a_x \dot {x}$


$p_y = a_y \dot {y}$


$p_z = a_z \dot {z}$


\begin {equation}{\cal H} (x,y,z,\dot {x}, \dot {y},\dot {z}) = p_x \dot {x} +p_y \dot {y} +p_z \dot {z} - {\cal L}(x,y,z,\dot {x}, \dot {y},\dot {z}) . \label {Legtr}\end {equation}


$c_{4,5,6}$


$c_{1,2,3}$


${\cal H}_{\text {Ta2}}$


$a_x>0$


$a_y>0$


$a_z>0$


${\cal H}_{\text {Tb1}}$


$\omega _{1,2,3}$


${\cal H}_{\text {Ta1}}$


${\cal H}_{\text {Tc1}}$


${\cal H}_{\text {Ta1}}$


${\cal H}_{\text {Tc1}}$


$\mu _0=1$


$\kappa _2 = 2$


\begin {equation}{\cal H}_i^{\text {int}} \left ( q, \dot {q}, \ddot {q} , \dddot {q}, q_{4t}, q_{5t} \right ) = {\cal H}_i \left ( q, \dot {q}, \ddot {q} , \dddot {q} q_{4t}, q_{5t} \right ) + W(q), \qquad i= 1,2,3, \label {Xeqn46-76}\end {equation}


\begin {align}\vec {v}_{\text {int}} = \left (\dot {q},\ddot {q},q_{(3t)},q_{(4t)},q_{(5t)}, - \alpha q_{4t} - \beta \ddot {q} - \gamma q - W'\left ( q \right ) \right ).\end {align}


$J_{1,2,3}$


$L_{ {V}_{\text {int}} } (J_1) = 0$


$L_{ {V}_{\text {int}} } (J_2) \neq 0$


$L_{ {V}_{\text {int}} } (J_3) \neq 0$


${V}_{\text {int}}$


$J_1$


$W(\dot {q})$


$W(\ddot {q})$


$W(\dddot {q})$


$W(q_{4t})$


$W(q_{5t})$


$J_{1,2,3}$


$J_{1,2,3}$


$H_{1,2,3}$


$2N$


$N$


${\cal H}_i$


$H_{ij}$


$H= H_{12}+H_{23}+H_{13}$


$c_1,c_2,c_3$


$J_1$
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symmetries, three of which generate new Hamiltonians in involution,
enabling a Tri-Hamiltonian description of the system. In Sections 3 we
systematically apply these symmetries, deriving an entire hierarchy of
ghost-free Hamiltonians and demonstrate how these can be embedded
into a positive-definite formulation. In Section 4 we explore mappings
to three-dimensional coupled second-order systems, examining condi-
tions under which these alternative representations in terms of standard
canonical variables remain ghost-free. Finally, in Section 5 we analyse
the impact of adding interaction terms to the model, highlighting how
these terms affect the underlying Hamiltonian structure. Our conclu-
sions are stated in Section 6.

2. The sixth order PU model and its Lie symmetries

The sixth order version of the PU model [2] is an especially attractive
version of the series, as it relates to a model in three space dimensions. Its
defining Lagrangian density involves time-derivatives of the coordinate
q up to order three

B .o v
= R. 2.1
it 54 -3 a,f,y € 2.1

We denote partial derivatives either by overdots or explicit subscripts.
The corresponding Euler-Lagrange equation resulting from Lpy (g, 4. 4., §)
is the sixth order PU oscillator equation

Lpy(4q,4,4,9) = q

d_3£_d_2£+i£_£—o = qe; + q. +ﬂq +J/q—0

d 6§ d? éG  dtsq  Sq 6 T T '
(2.2)

When more convenient we frequently use the parametrisation

a= w% + w% + wg, B =w? “’2 + w? 193 +a)§a)§, y = wzwgwg (2.3)

This is the case in the general real solutions that are purely oscillatory
q(t) = ay sin(w;t) + a, cos(w 1) + by sin(w,t) + b, cos(w,t)

+ ¢; sin(wst) + ¢, cos(wst) (2.4)
in the nondegenerate case w; # w, # w3, and oscillatory as well as
asymptotically divergent in the partially degenerate case, when e.g.
W =Wy, = @

q(t) = a, sin(wt) + a, cos(wt) + bt sin(wt) + b,t cos(wt)

+ ¢; sin(wst) + ¢, cos(wst), (2.5)
and the fully degenerate case when v, = w, = w3 =: w
q(t) = c; sin(wt) + ¢, cos(wt) + c3t sin(wt) + ¢4t cos(wt)

+cst 2 sin(wt) + cﬁt cos(wt). (2.6)

Following Ostrogradsky’s approach [20] to carry out a Legendre
transformation we derive the corresponding Hamiltonian. According to

[20], the canonical coordinates ¢; and momenta r;, i = 1,2, 3 are identi-
fied as

a =4 @GH=4 g =4, 2.7)
gl 0L _dOL LOL
1= oG dt 9§ ar 0!] =pq q+4s;,
L d oL
=2 L0 i—qu 2.8
M=% Tarog T (28)
oL ..
3= — =4q. 2.9
0§
The Hamiltonian then results to
_ 1 B o
Hpu(q1: 92- 93, 71, Ty, 3) = W14y + Trq3 + 2”3 + 2‘]3 ~ 5% + 241

(2.10)

One can easily verify that Hamilton’s relations

H

q; = a—:;? = {Qi’HPU}E’

Physics Letters A 572 (2026) 131332

H

7 = e L {”hHPU}C’

i,j =123,
9g;

{a ;). = 8. (211)
are obtained from this Hamiltonian with the standard canonical Pois-
son bracket relations. Converting to the original PU variables g =
(44, 4.4, 94/ g5,) by means of (2.7)-(2.9) this Hamiltonian acquires the
form

i B >

H = _¢2

1(@) 3 2(1 t30+3

whereby the only non-vanishing Poisson brackets in these variables are

{ij, ‘151} = _{ZII; 44r} =-a,

q +a4q — q4,G + 495 (2.12)

{44;»5151} =a’ - ﬁA (2.13)

2.1. Lie symmetries of the sixth-order PU oscillator equation

The dynamical equations of the PU oscillator can be cast into the
form
dq e
S =Va@, v= Y 0,0, =49, + 40, + G0, + 440y + G50,
i=1
—(@qu, + Bi +74)0,,,»

where U = (4, G, §, 44, 45, —244; — G — vq) and the first-order linear dif-
ferential operator V' acts like a vector field when interpreted as a deriva-
tion on C®(R®).

Next we identify the Lie symmetries of the dynamical system in
(2.14) in the usual way, see e.g. [21]. Infinitesimally transforming
q; — §; = q; + €&;, € < 1, the component version of (2.14) transforms to

(2.14)

dg; ~ - . ~ -
i Vi@ - 6Vi(@), with 6Vi(§) = elX,V1(d
B i v, 0g 215)
= & aq v; aq .
where the Lie algebraic generators are
6
X = Z‘fi"q,- (2.16)
i=1

Using a generic Ansatz for the vector field & as being linear in the coor-
dinates ¢;, we find six linearly independent solutions for the Lie bracket
to vanish

X\ = 40, + G0, + {0y + 4,04 + 45,0, — (ady, + Pi+74)0,, . 217
Xy = (@d+ )0, + (ad +ay,)0 + (o + a5,)0; ~ (Pii + 74)0; (218)
=i+ @), = (vi+ P4s,)9,,-
X, = (ad+ P +a5,)0, — v (49, + 40, + G0y + 0, + 440, ), (2.19)
1 . .
Xy = 3 [a0, +d0, + 40, + 40 + 44,0, + 4519, ] (2:20)
Xs = S [(ad+Pa+ai)o, + (o +Pi+as)0; = v (a0, + 40, +0,, +140,,)].  (2.21)
Xo = {(api—arq+pq—vi+Ppa,)o, + («hi—arq+pq—ri+pas)o, (222)

—7(Ba+ g+ qy,)0; — v (PG + @i + a5, 9; + v*40,, +7%49,, }.

The algebra formed by these generators is Abelian, i.e [X;, X;] =0, for
i,j=1,...,6.

2.2. Tri-Hamiltonians

Next we consider the action of these Lie derivatives on the Hamil-
tonian ;. We compute that X;, X, and X5 are symmetries of the PU
Hamiltonian, that is X,(H,) = X,(H,) = X3(H,) = 0. This is obvious for
X, as it is simply the dynamical vector field V. X, is the Euler sym-
metry operator that maps H; to itself, whereas X5 and X4 define new
operators, Xs(H,) =: H,, X¢(H,) =: H; that we can interpret as new
Hamiltonians generating the same flow with the appropriate Poisson
bracket tensors. Concretely, we obtain
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(@) = 3(at+ P+ as)” + L [50° + 2000 - o +2q0, + & - 24d]. (2.23)
(@) = 3P+ 0+ a5)" + 2{P0 = 2ap) + @i+ paP —vataq+29)  (2:24)
=24[(o® + B)d + ags, ] + 2q4,(a + pa) — 24 (g + q5,) + 3, }-
Casting the Poisson bracket relations (2.13) into a matrix gives
0 0 0 0 0 1
0 0 0 0 -1 0
0 0 0 1 0 —a
=l 0 21 o a o | (225
0 1 0 -—a 0 a?—p
-1 0 «a 0 p-a 0
we can solve the flow equations
0= (4G, 4, Qu 95— (@ay, + B +7q)) = J, VH; = J,VH, = J;VH;,
(2.26)
for the Poisson tensors J, and J;. We find
0 0 0 -1 0 a
0 0 1 0 —a 0
1l 0o -1 0 o 0 p—a?
=- 2.2
I rl 1 0 —a 0 a’—p 0 ’ 227)
0 a 0 p—a? 0 8
-« 0 a2-p 0 -8, 0
and
0 1 0 —-a 0 a®—p
-1 0 a 0 p—a? 0
1 0 —a 0 a’-p 0 -8,
J3== 0 _ 2 ,
y a f—a 0 6 0
0 at—p 0 -6, 0 5y
p-a? 0 8, 0 -6, 0
(2.28)

where we abbreviated §; = a® — 2af +y and 6, = a* — 3?4 + 2ay + f°.
In reverse, we could have constructed all anti-symmetric tensors with
vanishing Lie derivatives

Ly(J)=Vko g™ — o, Vighki — Jikg, vi =0, (2.29)

establishing that V' is a Poisson vector field for the Poisson tensors J , 5.
Since J| , ; are constant and invertible, det J; = 1, det J, = y 4, det J; =
y~8, this implies that V is also a Hamiltonian vector field on simply
connected domains [22,23], so that J~!T = VH can be solved for H.

Having obtained three solutions, we constructed a Tri-Hamiltonian
structure, i.e. three independent Hamiltonians with appropriate Poisson
brackets that reproduce exactly the same flow.

Let us next see how the Lie symmetries act on the Hamiltonians H,
and H;. We find

X{(H) = Xo(H) = X5(H) =0, X4(H) = H;, Xs(H) = H,y,

X¢(MH) = H; s, (2.30)

for i € N, defining in this way the new Hamiltonians H; for i > 3. Simi-
larly to Bi-Hamiltonian systems, see e.g. [24,25], these relations can be
iterated as

LVH, = J,VH, = J,VH,,  neN, (2.31)

thus generating new Tri-Hamiltonian flows. By construction all higher
Hamiltonians are conserved d};/dt =0 and in involution {H;, H;}, =
(M. 1}, = (. H; )5 = 0.

We can use (2.30) to construct the entire hierarchy of Hamiltonians.
Defining the vector H = (H,, H,, H3), we cast the consecutive action X
on the Hamiltonians in matrix form as

0 1 0
xkaty=m*@),  withm=| 0 0 1 (2.32)
voo—ar B
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Diagonalising M, the k™ power of M is easily computed to

1 1

w ”’3 oot odo?

k kypr—1 bl W in
i (A o
1 1 1
w%w% 0 0
D= 0 w%w% 0 (2.33)
0 0 w%wz

Acting on H we obtain the entire hierarchy of Hamiltonians in closed
form

(2.34)

Note that the entire hierarchy can be expressed in linear combinations
of H,, H, and H;.

Next we compute the flow resulting from linear combinations of the
Poisson tensors and Hamiltonians. Defining

Ji=cd +epdy +e3ds, and H :=cyH, + csHy + cgH3.  (2.35)
we compute
P llz—ﬁ a
JVH = y—zc‘;c4 + " (eyeq + e3¢5) + cicq + cyes + e3¢5 | X 1(§) (2.36)
cy¢4 + c5c csc.
[ 0(2c3c4 4245 +yclc6] X, (@) + [% + Bege; + esey + ey | X3(9).

Thus, setting the coefficient factor in the first term to 1 and in the second
and third to 0, we recover the standard flow
— =JVH =V (). (2.37)

We may solve these equations for given Poisson bracket tensor or given
Hamiltonian. Opting for the latter we find the solution

2

_ —ayegey — yCsCq + €5 238

a = 4 4 2 2 4 4 2 2 4 4 2 2 . (2.38)
(c6wlw2 + cswiw; + 64) (c6wlw3 + cswiw; + c4> (0611)2(1)3 + ;w05 + C4)

acyesy + fesegy® + fegcer + 052)/2 (2.39)
¢ = s .
(c6wi'w'§ + Csa)fwg + 64) (c(,w‘l‘w‘]1 + cswfwg + 64) (cﬁw‘z‘w;‘ + cSwgwg + C4)

—Beyeer® + vt — eyesy?
¢ = C . (2.40)

4t 2 2 40t 2 2 4ot 2 2
(c6wlw2 + cswiw; + 04) (c6wlw3 + cswiw; + 04) (06w2w3 + cswyw35 + 04)

We have now many options to choose our coefficient and can potentially
construct combinations for  that are positive-definite.

3. Positive-definite versions of the sixth-order PU model

Just as for the treatment of the fourth order PU model [1], it is useful
to define some positive-definite quantities

2
Hj, = |€,-jk|{ [45, + z;'(wf_ + a)i) + q'a)jz.a)i]

2
+ a)iz [q4, + ij(a)jz. + a)i) + qwjz.wi] } 3.1)
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with ¢;;, denoting the Levi-Civita tensor. These quantities transform un-
der the Lie symmetries as

X\(Hy) = Xp(Hy) = X5(Hj,) =0, (3.2)
Xy(Hy) = Hy,  Xs(Hy) = oi0iHy,  Xo(Hjy) = oo Hy.  (3.3)
We can re-cast the entire sequence of Hamiltonians in a simpler closed

form than (2.34) as
3 w2_n72 2n—2

J k
H, = Z l€ijkl
(o -2 (@ - })

Hy, o #w;# . (3.4)

We notice that we cannot express any of the Hamiltonians #,, in terms
of the positive quantities for the degenerate or partially degenerate the-
ory. Moreover, we observe that while all H;, are positive-definite, we
cannot achieve all its prefactors in the expansion of the H; to be posi-
tive, so that none of the Hamiltonians #; is fully positive-definite when
expressed in terms of these quantities. However, using combinations, a
simple positive-definite Hamiltonian is for instance

H=Hj,+Hy+Hyj =2[(0’2—2ﬁ)7‘11 + (3— g;—ﬂ>H2+ %7—@]. (3.5)

In a more systematic approach we use (3.4), and (2.35) to re-express H
in terms of our positive-definite quantities (3.1) and also (2.38)-(2.40)
to trade the constants ¢y, cs, ¢ for the ¢, ¢y, ¢3

_ 3 <c4 + c5a)12.cuz + cew?wi)
H = Z l€ijil Hy, (3.6)
ijk=1 4(@/2. —wf)(wi —w,.z)
3 oot
= Y leyd L H .
ijk=1 4<c3 + cza)ﬁwi + cm)}‘a}i) (a)f - a)lz) (@} —?)
3.7

Thus H is positive-definite when all three prefactors of H, are posi-
tive. There is no solution for this when any of the ¢, ¢, or ¢; are zero.
Thus we need the entire Tri-Hamiltonian structure to achieve this. For
a particular ordering, say o, > w, > w5 > 0 this boils down to
c3+ czw%a)g + cla)zlta);1 >0 A (3.8)
[c3 + cza)gwg + cla)ga)g >0 A —clwg(a)% +a)§) << —clwg(w% + a)g),
3.9
(a)% +a)§) < < —clwg(wf + w%)].
(3.10)

2

2.2 4.4
V3t o)+ oo, >0 A —cjof

Using the version (3.8) instead of (3.10), the same relations hold with
¢ = ¢g, ¢y = ¢5 and ¢3 — ¢4. In all of the positive-definite versions the
ghost-state problem is expected to be absent.

4. Three-dimensional first-order representations

Next we reformulate the theories from the previous discussion to a
more conventional setting in terms of canonical variables. This can be
achieved by exploring systematically some specific maps of the equa-
tions of motion resulting from the Lagrangian density £L(q, 4, G, §) in (2.1)
to those arising from a three-dimensional Lagrangian involving at most
first-order time derivatives

a a a b b b
E”’.’.’A=X.2+ y.2+ z.2_x2_y2_22
(x,y,2,%,9,2) —2x —2y —2z —2x —2y —2z

—81XY = £2XZ — &Y%, 4.1

with a;, b, g, €R for i = x,y,z, j = 1,2,3. The transformations are as-

sumed to be of the linear form

Z =104 + 12§ + 744y,
(4.2)

X = poq + Mo+ Hadys Y = Vod + Vod + Vady,

with real constants ;,v;, 7;, i = 0,2,4 that need to be determined. With-
out loss of generality we have already taken into account that terms
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with odd order time-derivatives are forced to vanish. Being three-
dimensional, the Lagrangian density L(x,y, z, X,y,z) will give rise to
three coupled second-order equations of motion

af+bx+gy+gz=0 aj+by+gx+gz=0,

a,z+b,z+ gyx+g3y=0. (4.3)

Next we make contact with the PU sixth-order equation of motion in
(2.2). While it is in principle possible to follow the procedure in [1]
and classify all viable linear maps between the sixth-order Eq. (2.1)
and the three second-order Eq. (4.3), the generic expressions become
extremely cumbersome to present. We will therefore confine ourselves
here to some simplified cases with specified constants. We distinguish
between three different scenarios Ta when all three equation in (4.3)
transform individually into the PU-equation, Tb when two equations
transform into the PU-equation with the remaining one vanishing triv-
ially and Tc when only one equation transforms into the PU-equation
with the remaining two vanishing trivially. We find the following solu-
tions:

Tal:
1 1
g1=5(m-l+a=p)=p, e=5+0-n
1
g3=§(l’2—1+0‘—ﬁ)+l’1, (4.49)
1
ﬂo=5(1—p2—a+3ﬁ)+p1, Hy =0, Uy =1,
1
b, = E(p2+a—ﬂ) + 9, (4.5)
Vo = Pas vy =1, vy =1, b, =P —ps, (4.6)
1
T():E(I—Pz—a+3ﬁ)—/71, 7, =0, =1
1
bzzz(p2+a—ﬂ)—p1, “4.7)

with p, = % [203(98 + 4) — a>(3A(9f + 10) + 18y + 8) + 4a(B(9P + 27y + 8)
+12y +2) =30 =38+ 3y —4p—8y —1]"%, py=a—o? +3ap -3y,

ay=a,=a; =1

This solution is evident rather involved. Easier solutions for the same
scenario can be found by setting all coupling constants to zero. For in-

stance, we find

Ta2:
s =8=8=0 (4.8)
w2 0 +o? .
= , = —, =—, b ,=a.w],
Ho a, Ha a, Hy a, X x%k
i,j,k € Perm(l,2,3), (4.9)
2 2 2 2
_ ;@ _ w; +w, _ 1 _ )
Vo= —, V) = ——, V= —, b, = a,w;,
ay ay ay
I,m,n € Perm(1,2,3), (4.10)
2 2 2 2
7= 2o PR/ L
0 a, s 2 a, ) 4 aZ’ z z¥s
o,r,,s € Perm(1,2,3), (4.11)

k,n,s € Perm(1,2,3). Notice that the corresponding coordinates in this
case are those already used in [2] for the case N = 3 in there. In the next
solution the first two equations in (4.3) convert into the Pais-Uhlenbeck
equation, whereas the last equation vanishes trivially.

Tb1:

, 8 =783~ 8 = 3 s
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-2.4
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w3

4t

Fig. 1. Sample regions in parameter space for which Hr,; (panel a) and Hy,, with y, = 1, x, = 2 (panel b) are positive-definite.

(4.12)
1+ar
Hy = B+75(8; +"2), Hy =0, e =1, b, = 2z 2 (4.13)
2
1+
Vo = f— 370 v=0,  v=1, b= 2:”2 (4.14)
2
1+4/148a(—apf +
7, =1, r2=%, =0, bz:rz(ﬁ+2g§+2g312+‘r22), (4.15)

Finally, we present a solution for which only the first equation in (4.3)
converts into the Pais-Uhlenbeck equation, whereas the other two van-
ish trivially.

Tel:

r[r? = (ar + ) o + Bud] vy — x

r[r? = (ar + 1) o + Br] 72 + kv
&= ,

&1 = 2

77K r2K 7o
o = V[Kl(Kz_ﬁﬂo)_2/40(}’2—(a}""’fz)ﬂo"'ﬂﬂg)]‘/o’[g+Kﬂ0(fg_Vg) (4.16)
3= X
72K1270
apy+ g 1vo+ 87 —Y apy+ g vy + &7t — v
M2=M, ug=1, b, = 0 To1RTo20 T (4.17)
Ho Ho

+ 837

v, =—g;, vy =0, byz_My (4.18)
Yo

82Hp t+ &3V

=8, 7, =0, b, =—%, (4.19)

0

with a, =a,=a;= 1, Kk =v2+‘r2, Ky =,ug+vg+r§l<=y2r2,
{2a73ﬂo -yt - Kz(Kl = Puy + ”(2))2 + aY[(ﬁ - llo)Mo - K]] (K| + 2#%)
—y? [a2;4(2) = 3K 4y — 2;4(3) +B(x + 2;4(2))] }. In this transformation

Hos Vo> Tp Temain free parameters.
4.1. Transformed Hamiltonians

Next we carry out a Legendre transformation to obtain the corre-
sponding Hamiltonians for the viable Lagrangians obtained in the pre-

vious section. With p, = a,%, p, = a,y, p, = a,Z as momenta we compute
H(x,y,2,%, 9, 2) = pxX + pyy + p,2 = L(X, y, 2, X, , 2). (4.20)

Using the expressions for the three Hamiltonians in (2.12), (2.23), (2.25)
we identify

-3 -
My = (1-2a+3a?)H, + <3+ 4 yaﬂ>H2+ a1y (4.21)
(o eh et 1@ +® P+l @+l
Hpgp = [ =+ =2+ = |H, — = + + H, (4.22)
a, ay a, Y a, a} a,
1o o o
LY i A T (4.23)
v\ 4 a, a;

Hyy = (20 +22)H, +2<1 - "y—ﬂ>H2 + 27aH3, (4.24)
a(K, — By Blay + Kk, — By
My = [az—ﬂ+uo+¥]7-zl + [1— % M, (4.25)
+ p—
ay T K ﬂﬂo H;.
r? ’

Reading off the coefficients ¢, 5, from these expressions, we can use
(2.38)—(2.40) to determine the constants c, , ; and thus the correspond-
ing Poisson tensors.

The key question is which of these transformations yield positive-
definite Hamiltonians, as can be verified by inspecting the signs of the
coefficients in (3.6). It turns out that Hy,, is always positive-definite
when a, >0, a,>0, a, >0, whereas Hry,; is never positive for any
choice of the w, ;3. The transformed Hamiltonians Hry,; and My, are
positive-definite only in a specific region in parameter space, as depicted
for a sample set of frequencies in Fig. 1.

5. Sixth-order PU model with interaction terms

We finish with some remarks on the effects of adding a generic in-
teraction term to the system, similarly as was investigated for the fourth
order version of the PU model [2]. We therefore consider systems with
an added potential

H™ (4,46, 4, Qu- 95) = Hi(4- 6. G, G440 95,) + W(@),  i=1,2,3, (5.1)
the vector field will change to
Bint = (4> 4> 430> deany> A5y —@ar — Bl — 74 = W' (@)). (5.2)

Verifying whether the Lie derivative (2.29) vanishes for this field with
Jipzwefindthat Ly, (J) =0, Ly, (J5) #0, Ly, (J3) #0,i.e Vi isonly
a Poisson vector field for J;. Adding interaction terms of the form W (4),
W (&), W (@), W44, W (gs;) leads to vector fields that are not Poissonian
for any of the J; , ;. Thus similarly as in the fourth order case, the multi-
Hamiltonian structure ceases to exist in the presence of potentials.

6. Conclusion

We have shown that the sixth-order PU oscillator admits a full Tri-
Hamiltonian formulation supported by a six-dimensional Abelian Lie al-
gebra of dynamical symmetries. Within this framework, three mutually
compatible Poisson tensors J| , 3 together with their associated Hamilto-
nians H, , ; generate identical flows, and the Lie-derivative action itera-
tively builds an infinite hierarchy of conserved quantities in involution.
This multi-Hamiltonian picture systematises the construction of ghost-
free representatives and clarifies how symmetry, integrability, and sta-
bility intertwine for HTDT. In comparison to our previous analysis in
[1], where a Bi-Hamiltonian structure was utilised for the fourth-order
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system, we require here the full Tri-Hamiltonian structure. This may sug-
gest that for the PU system of order 2N one requires an N-Hamiltonian
structure.

We identified conditions under which the models are ghost-free. In
particular, while no single H; is positive-definite, when expanded in
the positive-definite building blocks H;;, suitable combinations, such as
H = H,, + Hy; + H 3, yield positive-definite energies without altering
the flow. The resulting positivity regions in parameter demand the full
Tri-Hamiltonian data with non-vanishing ¢, c,,c; and are encoded by
simple frequency-ordered inequalities (3.8), (3.10), providing a prac-
tical recipe for selecting physically viable representatives. The Hamil-
tonians for the degenerate and partially degenerate cases cannot be ex-
pressed in terms of positive-definite quantities. This regime requires fur-
ther investigations.

Building on the structures above, we explicitly derived three-
dimensional first-order representations that are dynamically equivalent
to the PU model. This was achieved by mapping the sixth-order equa-
tion to families of coupled second-order systems and exhibited concrete
parameter sets realizing one-to-one, two-to-one, and three-to-one em-
beddings, together with their Hamiltonians. These constructions expose
a broad class of lower-order models that inherit the PU dynamics and,
when the above positivity criteria are met, remain ghost-free. Finally,
we assessed the effect of interactions and found that generic potentials
spoil the multi-Hamiltonian structure-leaving only J; as a viable Pois-
son tensor-thus pinpointing the structural fragility of integrability and
positivity under deformations. Further investigations are needed to iden-
tify possible interaction terms (or deformations) that preserve at least a
weakened multi-Hamiltonian structure.

While our treatment is purely classical, we have provided numer-
ous candidates that are likely to yield a consistent, ghost-free quantum
theory. It is clear which classical Hamiltonians inevitably lead to non-
physical quantum systems. Promising candidates include all positive-
definite versions; however, uniqueness is lost, since all of them describe
the same classical dynamics. An interesting problem for future investi-
gation is to unravel the precise properties of these quantum theories,
returning to an old question posed by Wigner [26]: “Do the equations
of motion determine the quantum mechanical commutation relations?”
In principle, several outcomes are possible: the quantum versions may
still coincide in some sense [27], they may be inequivalent [28,29], or
certain quantised versions may turn out to be inconsistent [29]. General
frameworks to address this problem have been developed [30-32], that
we will explore in future work [33].
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