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1 Introduction

Symmetries play a crucial role in different areas of modern physics, e.g. they are the key
concept in the formulation of the standard model of fundamental particles. Their interplay
with entanglement properties in the context of extended quantum systems has been however
pointed out just in the last years. Before entering into the core of the subject, we briefly
recall that when a system is described by a pure state, the entanglement content of a
subsystem A may be quantified by the n-th Rényi entropy [1–4]

Sn = 1
1− n log tr (ρnA) , (1.1)
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where n is a positive real number and ρA is the reduced density matrix of the subsystem
A. From those, the von Neumann entropy is obtained by taking the limit n→ 1

S1 ≡ lim
n→1

Sn = −tr (ρA log ρA) . (1.2)

It is worth saying that the knowledge of Sn, for n integer ≥ 2, gives all the information
about the set of eigenvalues of ρA [5, 6].

The idea of the symmetry resolution of entanglement consists in the understanding of
how the internal structure of entanglement is related to a certain symmetry of the state
under analysis. Let us thus consider an internal symmetry generated by an operator Q
and a pure state |Ψ〉 which is symmetric under Q, namely

[|Ψ〉 〈Ψ| , Q] = 0. (1.3)

It is possible to show that also the reduced density matrix ρA is symmetric, meaning that

[ρA, QA] = 0. (1.4)

The latter equation implies that ρA is block-diagonal for each block corresponding to
different eigenvalues of QA. An important consequence is the possibility to decompose
the Rényi and von Neumann entropies according to the symmetry [8]. After introducing
the symmetry resolved partition function

Zn(q) ≡ tr(ρnAΠq), (1.5)

with Πq the projector onto the sector corresponding to the eigenvalue q of QA,1 we define
the symmetry resolved Rényi and von Neumann entropies as follows

Sn(q) ≡ 1
1− n log Zn(q)

Z1(q)n , and S(q) ≡ − d

dn

[ Zn(q)
Z1(q)n

]
n=1

. (1.6)

The calculation of all these symmetry resolved quantities requires in general the simulta-
neous diagonalisation of ρA and QA. An ingenious way to circumvent this difficult path
passes through the charged moments

Zn(α) ≡ tr
(
ρnAe

iαQ
)
, (1.7)

which are related to Zn(q) by Fourier transform and which were already defined before
their connection to symmetry resolution was established [45–51]. From the definition it is
evident that Zn(α) = Zn(α + 2π), meaning that α is identified up to 2π. For continuous
U(1) symmetries the charge q is a generic integer, while for discrete ZN symmetries q can
takes only values q = 0, . . . , N − 1. The relation between the charged moments and the
symmetry resolved partition functions reads as follows

Zn(q) = tr(ρnAΠq) =


π∫
−π

dα
2πZn(α)e−iαq U(1) case ,

1
N

N−1∑
k=0

Zn
(

2πk
N

)
e−i

2πkq
N ZN case ,

(1.8)

1Note that at this stage this q has nothing to do with the q in the q-state Potts model. Unfortunately
both uses are standard in the literature so we have decided to keep the standard notation.
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that is either a continuous Fourier transform (for continuous symmetries) or a discrete
Fourier transform (for discrete symmetries).

The notion of symmetry resolved entanglement, that is, the idea that a certain
“amount” of entanglement can be attributed to individual symmetry sectors of a quan-
tum theory, was introduced in [9] and has since been studied for many systems through
the computation of symmetry resolved entropies (SREs). They have been studied for 1+1
conformal field theories (CFTs) [8, 9, 11–18, 90], free [19, 20] and interacting integrable
quantum field theories (QFTs) [21, 22], holographic settings [23, 24], lattice models [9, 11–
13, 25–33], out-of-equilibrium situations [12, 31, 34–36] and for other systems exhibiting
more exotic types of dynamics [37–43]. Notably, symmetry resolved quantities can be mea-
sured experimentally [34, 44] which provides a leading motivation for their investigation.

In a path integral approach to QFTs, the computation of the charged moments
tr
(
ρnAe

iαQ
)
relies on the evaluation of the partition function of an n-copy QFT with spe-

cific boundary conditions for the fundamental field φj associated to the j-th copy. For 1+1
relativistic QFT, the latter partition function can be equivalently expressed as an expec-
tation value of product of fields, called branch point twist fields (BPTFs), which directly
implement the different boundary conditions. At criticality one can use specific techniques
of CFT to deal with these correlation functions, providing exact results in different sit-
uations [7]. Away from criticality, the exact determination of the correlation functions
is instead known to be an extremely difficult task, except for the case of free theories.
Nevertheless, the form factor bootstrap program is a powerful tool to investigate IQFTs
systematically via the computation of the form factors, namely the amplitudes of local
operators between the vacuum and the multiparticle states [59, 60]. Although all these
amplitudes are in principle computable, the multi-point correlation functions at large dis-
tances are generically dominated by the first few (lower-particle) form factors. For this
reason this technique applies efficiently for the infrared properties of these theories. For
BPTFs this was first shown in [72].

Previous works involving some of the present authors have focused on theories with Z2
symmetry [21], such as the Ising and sinh-Gordon models, and theories with U(1) symme-
try, as is the case of complex free bosons and fermions [20] and sine-Gordon model [22]. In
the current work we take a step further by considering a more complex discrete symmetry,
that is Z3, which is present in the 3-state Potts model. The choice of the model is moti-
vated by the fact that, a part from the Ising model, it is the simplest model displaying an
abelian ZN symmetry; thus it is natural to consider it as a starting point for the investi-
gation of integrable perturbations of ZN parafermionic CFT’s [69]. Thus, the bulk of this
paper is devoted to investigating the explicit construction of form factors via bootstrap
techniques for this model. In doing so, our analysis generalizes what has been already done
in ref. [90], where the authors considered the critical version of this model and compared
CFT predictions with lattice results. The same internal Z3 symmetry present in critical
ground state ensures that eq. (1.4) is satisfied for the off-critical theory.

As mentioned earlier, the SRE can be related to correlators of symmetry resolved
BPTFs whereas standard entanglement measures involve BPTFs. Both types of field are
associated to symmetries, the former to the combined internal (in our case Z3) and cyclic
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permutation symmetry of the theory, the latter only to cyclic permutation symmetry among
replicas. For the q-state Potts model and any values of q, the form factors of neither field
have been studied, thus we devote a small part of our work to considering also the model
with q ≤ 3 and its (total) entanglement entropy. We also refer the reader to [91] for a
numerical study of the Potts spin chains, where the evolution of the entanglement entropy
after a global quench has been considered.

The analysis of three-state Potts has some similarities with earlier studies of free theo-
ries with U(1) symmetry, since in both cases just two species of particles related by charge
conjugation are present; the additional technical difficulty in the present case is the pres-
ence of a non-trivial scattering matrix which makes the theory truly interacting. Our
main result is the computation of the two-particle form factors, which capture the leading
features of all entanglement measures for large connected subsystems.

This paper is organized as follows: in section 2 we review the scattering theory of the
q-state Potts model and focus particularly on the case q = 3. In section 2 we discuss the
various types of twist field that are present in the n-replica 3-state Potts model: the Z3 twist
fields, the cyclic permutation symmetry branch point twist fields Tn, T̃n and the composite
twist fields T ±n , T̃ ±n . For all these fields we discuss their equal-time exchange relations with
local fields and their form factor equations. We solve these equations for one and two par-
ticles and test our solutions against the ∆-sum rule. In section 4 we employ our form factor
solutions for the composite twist fields to compute their two point function, which is related
to the charged moments. These are the building blocks of the symmetry resolved Rényi
and von Neumann entropies. We compute the leading and next-to-leading large distance
correction to the moments and compute the associated entropies. We analyze in detail the
analytic continuation of all quantities in the replica number n. We conclude in section 5.
We have also included several appendices. In appendix A we review some results for the
form factors of branch point twist fields in the regime q ≤ 3 and compute the associated
entanglement entropy. We consider all quantities in the ordered phase of the model, where
the spectrum is described in terms of excitations called kinks. We show that in this regime
the form factors can be obtained as continuous functions of q and test their validity against
the ∆ sum rule. We also show that the next-to-leading order large distance correction to the
entropy is proportional to the number of kinks in the model, q−1. In appendix B we review
the properties of the minimal form factor in the disordered phase. In appendix C we analyze
the asymptotics of the Rényi entropy and symmetry resolved Rényi entropy for n→∞.

2 The q-state Potts model: scattering theory

The scattering matrix of the q-state Potts model was first computed in [52] for 0 < q <

4. For q = 3 the scattering theory is particularly simple and the associated S-matrices
were studied in [55, 56]. On the other hand, for q > 4 the scattering theory becomes
increasingly complicated, particularly the pole structure of the scattering amplitudes so
that demonstrating closure of the bootstrap equations is highly non-trivial [53, 54].

In this section we focus on the scattering theory and particle content of the model,
closely following the presentation in [63]. In the q-state Potts model, physical states are
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constructed in terms of “kink” operators Kαβ(θ) which represent kinks interpolating be-
tween vacua α, β. The allowed vacua are labeled by indices α = 1, 2, . . . , q. From this
definition it is natural to think of q as an integer. However, it is possible to make sense of
the model for generic q by appealing to its original definition as a lattice theory. In general,
a p-kink state may be written as

|Kα0α1(θ1)Kα1α2(θ2) . . .Kαp−1αp(θp)〉 with αi 6= αi+1 ∀ i = 1, . . . , p, (2.1)

where θi are the rapidity variables. Such a state is “neutral” if α0 = αp and “charged” if
α0 6= αp. Since the model is integrable the scattering theory is fully determined by the two-
particle scattering amplitudes. In addition the permutation symmetry under exchange of
the vacua implies that there are only four independent functions that need to be computed
namely the Zamolodchikov-Faddeev (ZF) [57, 58] algebra may be written as

Kαγ(θ1)Kγβ(θ2) = S0(θ12)
∑
δ 6=γ

Kαδ(θ2)Kδβ(θ1) + S1(θ12)Kαγ(θ2)Kγβ(θ1) α 6= β,

Kαγ(θ1)Kγα(θ2) = S2(θ12)
∑
δ 6=γ

Kαδ(θ2)Kδα(θ1) + S3(θ12)Kαγ(θ2)Kγα(θ1). (2.2)

where, as usual, θij = θi−θj and the first term in the relations above indicates that the scat-
tering is generally non-diagonal. The amplitudes Si(θ) with i = 0, 1, 2, 3 are constrained by
a number of equations related to physical requirements such as unitarity. These equations
can be solved analytically giving

S0(θ) = sinh λθ sinh λ(θ − iπ)
sinh λ

(
θ − 2πi

3

)
sinh λ

(
θ − iπ

3

)S(θ),

S1(θ) =
sin 2πλ

3 sinh λ(θ − iπ)
sin πλ

3 sinh λ
(
θ − 2πi

3

)S(θ),

S2(θ) =
sin 2πλ

3 sinh λθ
sin πλ

3 sinh λ
(
θ − iπ

3

)S(θ),

S3(θ) = sin λπ
sin πλ

3
S(θ), (2.3)

in terms of the variable λ which is related to q as follows,

√
q = 2 sin πλ3 . (2.4)

From this definition it follows that q is only integer for very particular values of λ. For
λ = 3

2 we have q = 4 and the resulting theory has 4 particles and S-matrices which can
be identified with those of the D4-minimal Toda theory. Similarly λ = 1 corresponds to
q = 3, λ = 9/4 to q = 2 and λ = 5/2 to q = 1.

The function S(θ) may be expressed as an infinite product of gamma functions or also
through an integral representation given by

S(θ) =
sinh λ

(
θ − iπ

3

)
sinh λ (θ − iπ) e

A(θ), (2.5)
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with

A(θ) =
∫ ∞

0

dt

t

sinh t
2

(
1− 1

λ

)
− sinh t

2

(
1
λ −

5
3

)
sinh t

2λ cosh t
2

sinh tθ

iπ
. (2.6)

For λ ≤ 1 the function S(θ) has no poles on the physical sheet. However, the amplitudes
S0(θ) and S1(θ) have a pole at θ = 2πi

3 in the direct channel corresponding to the formation
of a bound state, which is itself an elementary kink K with three point coupling

(ΓKKK)2 = 1
λ

sinh 2πλ
3 eA( iπ3 ). (2.7)

Correspondingly, the amplitudes S2(θ) and S3(θ) have a pole in the cross-channel at θ = iπ
3 .

For λ > 1 an additional pole in the direct channel of the amplitudes S2(θ) and S3(θ)
enters the physical strip at

θB = iπ

(
1− 1

λ

)
. (2.8)

This is associated with the formation of a kink-kink bound state B of mass mB =
2m cosh θB

2 and three-point coupling

(ΓBKK)2 = 1
λ

sin 4πλ
3

sin πλ
sin πλ

3
eA(θB). (2.9)

This bound state is a new particle with its own scattering matrix elements. These can be
expressed in terms of fundamental blocks:

(θ)a =
tanh 1

2 (θ + iπa)
tanh 1

2 (θ − iπa)
, (2.10)

as

SKB(θ) = (θ)1− θB
2πi

(θ) 2
3−

θB
2πi
, (2.11)

SBB(θ) = (θ) 2
3
(θ)1− θB

πi

(θ) 2
3−

θB
πi

. (2.12)

For q ≤ 4 or 0 ≤ λ ≤ 3
2 this describes the full particle spectrum of the theory. For q = 3,

the S-matrices reduce simply to [52, 55, 56]

S1(θ) =
sinh 1

2

(
θ + 2πi

3

)
sinh 1

2

(
θ − 2πi

3

) S2(θ) = −
sinh 1

2

(
θ + πi

3

)
sinh 1

2

(
θ − πi

3

) and S3(θ) = 0 . (2.13)

2.1 3-state Potts model

Since much of this paper is devoted to the 3-state Potts model, let us discuss this case in
a bit more detail. The model can be seen as a perturbed CFT [63], with Euclidean action
given by

S = SCFT + τ

∫
d2x ε(x) . (2.14)

– 6 –
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Figure 1. Left: scattering amplitude for real rapidity difference (Im(θ) = 0) in the 3-state Potts
model. When θ = 0 we have SAĀ(θ = 0) = 1 and SAA(θ = 0) = −1, while for |θ| → +∞ the
scattering amplitude goes to a constant. Right: scattering amplitude for imaginary values of the
rapidity difference (Re(θ) = 0) in the 3-state Potts model. The imaginary part is vanishing and the
amplitudes develop dynamical poles associated with the presence of a bound state.

The underlying conformal field theory [67], obtained for τ = 0, is the tricritical 3-state
Potts model, that is the minimal modelM(6, 5), of central charge c = 4/5, and the energy
density field ε(x) is identified with the primary field Φ2,1 with conformal dimensions

(∆ε, ∆̄ε) =
(2

5 ,
2
5

)
. (2.15)

This CFT is also called parafermionic Z3 theory and it was studied in detail in [67]. It is
possible to show that this model is integrable and, depending on the sign of τ , it develops a
paramagnetic or ferromagnetic phase. In our study of the 3-state Potts model we have fo-
cused on the paramagnetic (or disordered) phase (see [65, 66]), in contrast with the analysis
of the ferromagnetic phase (or ordered) of [63] which is the point of view described at the
beginning of this section for more general q. However, the choice of phase for q = 3 makes
little difference, at least in what concerns the scattering theory of the model. Instead it
amounts to a change in the way we identify the fundamental particles of the theory. Typi-
cally, in the paramagnetic phase we consider the particles as fundamental excitations above
a vacuum |0〉 instead of the kinks interpolating different vacua. Multiparticle states are then
constructed in terms of particles belonging to one of two species, say A and Ā. The scatter-
ing is diagonal and the only non-trivial scattering phases are the transmission amplitudes

SAA(θ) ≡ SAAAA(θ) =
sinh 1

2(θ + 2πi
3 )

sinh 1
2(θ − 2πi

3 )
, SAĀ(θ) ≡ SAĀ

AĀ
(θ) = −

sinh 1
2(θ + iπ

3 )
sinh 1

2(θ − iπ
3 )
, (2.16)

where θ is the rapidity difference among the two particles. The latter amplitudes are
related by crossing symmetry SAA(θ) = SAĀ(iπ − θ). Moreover, since the theory is
invariant under charge conjugation and parity symmetry, then SĀĀ(θ) = SAA(θ) and
SAĀ(θ) = SĀA(θ). Note that these amplitudes are identical to (2.13). A dynamical pole
is present for SAA(θ) with associated residue

Res
θ=i2π/3

SAA(θ) = (ΓĀAA)2 = i
√

3 , (2.17)

which corresponds to the bound state formation process

A+A→ Ā . (2.18)

– 7 –
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In figure 1 we plot the S-matrix as a function of the rapidity difference θ along the real
and the imaginary axis respectively. An important feature is that SAA(0) = −1 which
implies fermionic statistics; for this reason we call SAA(θ) a fermionic-type scattering
matrix. Instead SAĀ(0) = 1 and similarly SAĀ(θ) are bosonic-type scattering matrices.

Critical to our analysis of the symmetry resolved entanglement is the fact that an
internal Z3 symmetry is present for this theory. It is generated by the following action on
the particles

A→ e
2πi
3 A, Ā→ e−

2πi
3 Ā. (2.19)

We can then associate a Z3-charge to each particle, which is additive and equals +1 for
species A, and −1 for species Ā. Note that the charge is conserved in the process (2.18),
since

(+1) + (+1) = −1 (mod 3). (2.20)

Similar to the Ising model, in the 3-state Potts model we also find order and disorder fields
which are either local or semi-local w.r.t. the Z3 symmetry. We call them σ1(x), µ1(x)
respectively. While σ1(x) is local w.r.t. the particles and has the meaning of a magnetization
operator, µ1(x) is non-local and acts nontrivially introducing an Aharonov-Bohm flux of
value ei2π/3 for each space point y1 > x1. In other words, µ1(x) is the twist field associated
with Z3 symmetry. The conjugate fields are σ−1(x) and µ−1(x) and the latter gives an
Aharonov-Bohm flux of value e−i2π/3. The two order/disorder operators µ±1, σ±1 share
the same conformal dimensions

(∆σ±1 , ∆̄σ±1) = (∆µ±1 , ∆̄µ±1) =
( 1

15 ,
1
15

)
, (2.21)

which dictate the ultraviolet behaviour of their correlation functions. At criticality, these
fields are identified with the primary field Φ2,3 of the minimal model M(6, 5) [92]. Away
from criticality, one can relate the paramagnetic and ferromagnetic phase via the Kramers-
Wannier duality, which exchanges the role of the order and disorder operators. This last
observation is useful as it implies that we can compare results for the disorder operator
in the paramagnetic phase to those for the order operator in the ferromagnetic phase, as
discussed in [63].

3 Twist fields in the Potts model

Twist fields play an important role in QFT and they are present in conjunction with
internal symmetries of the theory. The best known examples are the σ/µ order/disorder
fields in the Ising model or, as we have just discussed, the fields σ±1/µ±1 in the 3-state
Potts model; these fields are associated with Z2 or Z3 symmetry respectively. Twist fields
are typically non-local or semi-local with respect to other quantum fields in the theory.
This non-locality translates into non-trivial equal-time exchange relations between twist
fields and local fields, which can be easily proven by making twist fields sit at branch points
in space-time, that is at the origin of branch cuts. For our purposes three different types
of twist field have to be considered:

– 8 –
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1) the disorder fields µ±1 associated with Z3 symmetry of the 3-state Potts model in its
disordered phase,

2) the BPTFs, Tn and its conjugate T̃n, associated with cyclic permutation symme-
try among copies in the n-replica q-state Potts model, which play a central role in
computations of the entanglement entropy,

3) for q = 3 the “fusion” of these two classes of fields, as originally described in [78, 80–
82] gives rise to composite twist fields (CTFs) T ±n and T̃ ±n . These fused fields play a
central role in the computation of the symmetry resolved entanglement entropies, as
described in [8].

The exchange relations for standard BPTFs in a replica QFT can be written as [72]

Oi(y)Tn(x) = Tn(x)Oi+1(y) for y1 > x1 , (3.1)
= Tn(x)Oi(y) for x1 > y1 , (3.2)

with respect to quantum fields Oi living on the i-th replica. Similarly, if T̃n(x) is the
hermitian conjugate of Tn(x) it is then associated with the inverse cyclic permutation, and
we can also define T̃n with exchange relations

Oi(y)T̃n(x) = T̃n(x)Oi−1(y) for y1 > x1 , (3.3)
= T̃n(x)Oi(y) for x1 > y1 . (3.4)

Let us now consider the local operator Vα(x) which introduces an Aharonov-Bohm flux in
the region y1 > x1. For the moment, one can even assume that α is a continuous parameter
for simplicity. Doing so, the generator of the symmetry eiαQA of the subsystem A = [0, `]
can be identified by

eiαQA ∼ Vα(0)(Vα)†(`). (3.5)

The mutual locality between Vα and an another operator O is identified by the relation

O(y, t′)Vα(x, t) = eiκOαVα(x, t)O(y, t′), (3.6)

or, when using the radial quantisation picture,

O(0, 0)Vα(e−i2πz, ei2π z̄) = eiκOαO(0, 0)Vα(z, z̄). (3.7)

We refer to κO as the charge of the operator O for the symmetries under consideration.
The fusion between the standard twist field Tn and Vα gives rise to the so-called composite
twist fields which can be defined very precisely in CFT [78, 80, 81]

:Tn Vα : (y) := n2∆α−1 lim
x→y
|x− y|2∆α(1− 1

n
)
n∑
j=1
Tn(y)Vα,j(x) , (3.8)

where Vα,j(x) is the copy of field Vα(x) living in replica j, : • : represents normal ordering
and the power law involves the conformal dimension ∆α of the field Vα (for spinless fields,
this is half of the scaling dimension hα given earlier).
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For the Z3-symmetry of the Potts model we just need to identify Vα for the values
α = 0,±2π/3. V0 is the identity operator by definition, while, as pointed out in section 2.1,
for the other values of the flux one has

V±2π/3 = µ±1. (3.9)

We then define the fields T τn (x), T̃ τn (x) with τ = ±, 0 as

T ±n (x) := :Tn µ±1 : (x) and T 0
n (x) := Tn(x) ,

T̃ ∓n (x) := : T̃n µ±1 : (x) and T̃ 0
n (x) := T̃n(x) . (3.10)

The definition (3.8) is valid in the UV CFT in a strict sense, but the off-critical version of
the composite operator can as usual be interpreted as the operator (3.8) flows to under the
massive perturbation (2.14). In particular, the off-critical fields of interest in the replica
Potts model are characterised by equal time exchange relations

Oi(y)T τn (x) = e
iκOτ2π

3 T τn (x)Oi+1(y) for y1 > x1 and i = n , (3.11)
= T τn (x)Oi(y) otherwise , (3.12)

for any quantum field Oi living on the ith replica and possessing a definite Z3 charge
κ = ±1, 0. Similarly, as T̃n(x) is the hermitian conjugate of Tn(x) associated with the
inverse cyclic permutation, we can also define T̃n

τ with exchange relations

Oi(y)T̃n
τ (x) = e−

iκOτ2π
3 T̃n

τ (x)Oi−1(y) for y1 > x1 and i = n , (3.13)
= T̃n

τ (x)Oi(y) otherwise . (3.14)

Note that the exchange relations for T τn reduce to those for Tn when τ = 0, in accordance
with the identifications in (3.10).

3.1 Form factors of branch point twist fields

With the exchange relations (3.1) at hand, one can formulate BPTF form factor equations
in integrable QFTs (IQFTs) [73–79, 83–89], which generalize the standard form factor
programme for local fields [59, 60]. These equations were first given in [72] for diagonal
theories and then in [71] for non-diagonal ones. Although the FF bootstrap equations
for the Potts model have been studied in [63], to the best of our knowledge these studies
focuss on the ordered phase of the model. Our main goal here is to study the symmetry
resolved fields or CTFs in the disordered phase. To this end it is well justified to specify
the bootstrap equations for the standard BPTF in the disordered phase and briefly discuss
their solutions as well. The FFs of the BPTF in the ordered phase can be constructed very
much along the lines of [63] and a computation for q ≤ 3 is presented in appendix A. These
equations and their solutions are an important reference point for our later investigations
as they allow us to conveniently introduce some elements of IQFT as well as our notations.

The most important objects are the form factors (FF), which are matrix elements of
(semi-)local operators O(x, t) between the vacuum and asymptotic state, i.e.,

FOγ1...γk(θ1, . . . , θk) = 〈0|O(0, 0)|θ1, . . . θk〉γ1...γk . (3.15)
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In massive field theories like the Potts model, the asymptotic states are spanned by
multi-particle excitations whose dispersion relation can be parametrised as (E, p) =
(mγi cosh θ,mγi sinh θ), where γi indicates the particle species (A or Ā for us) and θ is
the rapidity of the particle. In such models, any multi-particle state can be constructed
from the vacuum state |0〉 as

|θ1, θ2, . . . , θk〉γ1...γk = Z†γ1(θ1)Z†γ2(θ2) . . . .Z†γk(θk)|0〉 , (3.16)

where Z†s are particle creation operators; in particular the operator Z†γi(θi) creates a
particle of species γi with rapidity θi. In an IQFT with factorised scattering, the creation
and annihilation operators Z†γi(θ) and Zγi(θ) satisfy the ZF algebra [57, 58] which in the
diagonal case reads

Z†γi(θi)Z
†
γj (θj) = Sγiγj (θij)Z†γj (θj)Z

†
γi(θi) ,

Zγi(θi)Zγj (θj) = Sγi,γj (θij)Zγj (θj)Zγi(θi) ,
Zγi(θi)Z†γj (θj) = Sγiγj (θji)Z†γj (θj)Zγi(θi) + δγi,γj2πδ(θi − θj), (3.17)

where Sγiγj (θij) denotes the two-body S-matrices of the theory as function of rapidity dif-
ferences. In the n-replica IQFT, the above algebra is understood as follows: the scattering
between particles in different and in the same copies is described as

S(γi,νi)(γj ,νj)(θ) =

Sγiγj (θ) νi = νj

1 νi 6= νj
(3.18)

where we introduced the replica index νi which takes values from 1 to n and it is identified
up νi ∼ νi + n. To make our notations easier we introduce the multi-index, following [72]

ai = (γi, νi) , (3.19)

together with
āi = (γ̄i, νi), âi = (γi, νi + 1), (3.20)

where γ̄i denotes the anti-particle of γi. Denoting the FFs of Tn by Fa(θ, n), the bootstrap
equations can be formulated as

Fa(θ,n) = Saiai+1(θi,i+1)F...ai−1ai+1aiai+2...(. . .θi+1,θi, . . . ,n), (3.21)
Fa(θ1 +2πi,θ2, . . . ,θk,n) = Fa2a3...akâ1(θ2, . . . ,θk,θ1,n), (3.22)

−i Res
θ′0=θ0+iπ

Fā0a0a(θ′0,θ0,θ,n) = Fa(θ,n), (3.23)

−i Res
θ′0=θ0+iπ

Fā0â0a(θ′0,θ0,θ,n) = −
k∏
l=1

Sâ0al(θ0l)Fa(θ,n),

−i Res
θ′0=θ0+iūγ̄γγ

F(γ,ν0)(γ,ν′0)a(θ′0,θ0,θ,n) = δν0,ν′0
Γγ̄γγF(γ̄,ν0)a(θ0,θ,n), (3.24)

where θ and a are shorthands for θ1, θ2, . . . , θk and (γ1, ν1)(γ2, ν2) . . . .(γk, νk) respectively,
where γ = A, Ā and ¯̄A = A.
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In the 3-state Potts model two particles of type A can form bound state Ā or the other
way round and this is encoded in the bound state kinematic equation (3.24) which links
FFs with total particle numbers k and k−1. It is easy to see, however, that the one-particle
FFs of BPTF as well as for the composite twist field are vanishing. The reason is that both
fields are neutral w.r.t. Z3 charge. This implies that only FFs with an equal number of
particles and anti-particles mod 3 are non-vanishing and consequently the one-particle FFs
are zero. Relativistic invariance has implications on FFs of BPTFs according to

Fa(θ1 + Λ, . . . , θk + Λ) = eΣΛFa(θ), (3.25)

with the Lorentz spin Σ = 0 since the BPTF is spinless. It follows then that the two-
particle FFs depend only on one rapidity variable, that is the rapidity difference. Following
ref. [72] it is easy to write down the two-particle FF of the BPTF Tn for particles in the
same copy (say 1), which reads as follows

F(A,1)(Ā,1)(θ, n) =
〈Tn〉 sin π

n

2n sinh iπ+θ
2n sinh iπ−θ

2n

h(θ, n)
h(iπ, n) , (3.26)

where 〈Tn〉 is the vacuum expectation value (VEV) of Tn and h(θ, n) is an entire function
known as the minimal form factor which we present in appendix B. From F(A,1)(Ā,1)(θ, n)
we obtain F(A,j)(Ā,k)(θ, n) as

F(A,j)(Ā,k)(θ, n) =

F(A,1)(Ā,1)(2πi(k − j)− θ, n) if k > j,

F(A,1)(Ā,1)(2πi(j − k) + θ, n) otherwise,
(3.27)

and
F(A,j)(Ā,k)(θ, n) = F(Ā,j)(A,k)(θ, n) (3.28)

The FFs of the other field T̃n denoted by F̃ can be simply obtained from those of Tn [72]
through the relation

F̃(A,j)(Ā,k)(θ, n) = F(A,n−j)(Ā,n−k)(θ, n) . (3.29)

3.2 Form factors of the disorder operator µ1

In this subsection we consider the form factor equations for the field µ1, the disorder
operator associated to the flux ei2π/3. This can be seen as a particular case of the composite
twist field T µ1

n when just a single replica is present (n = 1). As mentioned before, we provide
results for the disordered phase of the model, which are related to those in the ordered
phase under the exchange µ1 ↔ σ1 [63].

The disorder operators µ±1 are Z3 invariant, so the form factors Fµ±AA(θ) Fµ±
ĀĀ

(θ) van-
ish by symmetry; from now on we focus one the particle-antiparticle form factors. The
monodromy equation is

Fµ1
AĀ

(θ + 2πi) = e
2πi
3 Fµ1

ĀA
(−θ), (3.30)

since a mutual locality index eiα = ei2π/3 among A and µ1 is present. The unitarity
equation is

Fµ1
ĀA

(−θ)SAĀ(θ) = Fµ1
AĀ

(θ) (3.31)

– 12 –



J
H
E
P
0
5
(
2
0
2
2
)
1
1
3

A kinematical residue is present at θ = iπ and it is related to the VEV 〈µ1〉 via

Res
θ=iπ

Fµ1
AĀ

(θ) = i(1− e
2πi
3 ) 〈µ1〉 , (3.32)

while no dynamical poles are present.2 Similar equations hold if one exchanges A ↔ Ā,
keeping in mind that the only difference would be the mutual locality index e−i2π/3 between
Ā and µ1. A solution to these equations is given by3

Fµ1
AĀ

(θ) = −〈µ1〉 sin
π

3
e−

θ
6

cosh θ
2

h(θ, 1)
h(iπ, 1) , (3.33)

Fµ1
ĀA

(θ) = −〈µ1〉 sin
π

3
e
θ
6

cosh θ
2

h(θ, 1)
h(iπ, 1) , (3.34)

where the minimal form factor h(θ, 1) is the n = 1 case of the function analysed in ap-
pendix B.

The structure of this solution can be easily justified: the minimal form factor solves
the equations

h(θ, 1) = S(θ)h(−θ, 1) = h(2πi− θ, 1) , (3.35)

that is, the form factor equations in the absence of the semi-locality phase e
2πi
3 . The factors

r±(θ) := e∓
θ
6

cosh θ
2
then account for this phase by satisfying

r±(θ) = r∓(−θ) = e±
2πi
3 r∓(2πi− θ) , (3.36)

and finally the denominator cosh θ
2 ensures the presence of a kinematic pole at θ = iπ

whilst the constant factors ensure the correct normalisation of the residue at the pole.
For θ → +∞ it is possible to show that

h(θ, 1) ∼ e
|θ|
3 , |θ| → +∞ (3.37)

thus, our solution has the following asymptotics

lim
θ→−∞

Fµ1
AĀ

(θ) = const. (3.38)

This observation is in complete agreement with results of [63, 68] and the general form
of the momentum space cluster property. In [63], it was shown that the FFs of the order
operator satisfy the following cluster property in the ordered phase:

lim
θ→∞

|F σ1 (θ)| = (FµK)2

〈σ〉
, (3.39)

2Note that this equation is different from the corresponding equation for BPTFs, where instead there are
two separate kinematic residue equations. For local and semi-local fields though there is a single equation
as explained for instance in [93].

3This solution is inspired from the solutions available for U(1) fields in complex non-compact free boson,
which is discussed in [87].
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where K refers to a 1-kink excitation and F σ1 is a particular component of a 2-kink FF of
the order operator. Using [68] and identifying the Z3 parafermion CFT with the 3-state
scaling Potts model, one can easily show that the above limit in (3.38) is proportional
to the one-particle FF of the order operator in the disodered phase. Given the results
of [63, 68] and making use of the Kramers-Wannier duality, one can infer that

lim
θ→∞

∣∣∣Fµ1
AĀ

(θ)
∣∣∣ =

∣∣∣F σ1
Ā

∣∣∣2
〈µ1〉

. (3.40)

The other FF F σ1
A is vanishing due to the transformation properties of the field σ1 and the

particles A, Ā under the Z3 symmetry.
For the other disorder operator µ−1 similar considerations apply. A way to get easily

the form factors of µ−1 is exploiting the charge-conjugation symmetry, meaning that µ−1 is
the charge-conjugated field of µ1 and so its form factors can be obtained by interchanging
A ↔ Ā in the previous formula. Similarly to the previous disorder field, the momentum
space clustering can now be written as

lim
θ→∞

∣∣∣Fµ−1
AĀ

(θ)
∣∣∣ =

∣∣F σ−1
A

∣∣2
〈µ−1〉

. (3.41)

In general, solutions to the bootstrap equations are not unique, since a CDD ambiguity is
present. However, in our case, thanks to clustering, we have enough constraints as to fix all
parts of the form factor. It is still interesting though to employ the ∆-theorem to test these
solutions for consistency, using the ultraviolet features of the field µ1 under consideration.
We will do this for the replica theory and the CTF T +

n , noting that the standard disorder
operator is recovered for n = 1.

3.3 Form factor equations for composite branch point twist fields

Relying on the exchange properties of the disorder CTFs (3.11) and also on earlier
works [20–22] we can easily write down the bootstrap equations for the novel composte
twist fields. Importantly, these equations include the non trivial phase ei2π/3 in the mon-
odromy properties corresponding the Aharonov-Bohm flux. Unlike for continuous U(1)
symmetries discussed in [20, 22], now we cannot divide the phase 2π/3 by n and distribute
the flux uniformly on all the levels of the Riemann surface, as the division of phase is no
longer compatible with the properties of the Z3 disorder fields. We can proceed in two
possible ways. We either insert the same flux corresponding to the phase ei2π/3 on all the
levels. This approach was applied in [21], but in our current case, it is only legitimate for
specific replica numbers n = 1, 4, 7, 10, . . . where ein2π/3 = ei2π/3 clearly holds. The other
approach consist of introducing the flux in such a way, that the phase ei2π/3 appears only
when a particles moves from the n-th sheet to the 1-th one. This choice introduces a slight
asymmetry between the replicas, but it is applicable for any positive number n. In this
work, we follow this latter approach. Denoting the FFs of T τn by F τa (θ, n), the bootstrap
equations can be formulated accordingly as

F τa (θ,n) = Saiai+1(θi,i+1)F τ...ai−1ai+1aiai+2...,n(...θi+1,θi,...,n), (3.42)

F τa (θ1+2πi,θ2,...,θk,n) = F τa2a3...akâ1
(θ2,...,θk,θ1,n)×

{
eiκ1τ2π/3 ν1=n
1 otherwise

, (3.43)
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−i Res
θ′0=θ0+iπ

F τā0a0a(θ′0,θ0,θ,n) = F τa (θ,n), (3.44)

−i Res
θ′0=θ0+iπ

F τā0â0a(θ′0,θ0,θ,n) = −
k∏
l=1
Sâ0al(θ0l)F τa (θ,n)×

{
eiκ0τ2π/3 ν0=n
1 otherwise

,

−i Res
θ′0=θ0+iūγ̄γγ

F τ(γ,ν0)(γ,ν′0)a(θ′0,θ0,θ,n) = δν0,ν′0
Γγ̄γγF τ(γ̄,ν0)a(θ0,θ,n), (3.45)

recall that all notations are as for the BPTF discussed earlier. The Lorentz spin Σ = 0 as
the CTF is a spinless field too, moreover its Z3 charge is zero as well. The index κ in the
phase factors corresponds to the Z3 charge of the corresponding particle, that is,

κi =

1 γi = A

−1 γi = Ā .
(3.46)

The one-particle FFs are again vanishing, and the two-particle FFs depend on the rapidity
difference only. Like for the BPTF, the novel CTF is neutral in relation to Z3 symmetry,
which implies the vanishing of any twist field FFs involving a different number of particles
and anti-particles mod 3.

Under these considerations, Watson’s equations (3.42), (3.43) for non-vanishing two-
particle form factors and particles in the same copy can be summarised as

F τaiaj (θ, n) = Saiaj (θ)F τajai(−θ, n) = eiκiτ2π/3F τajai(2πin− θ, n) . (3.47)

The kinematic residue equations (3.44) are

− iRes
θ=iπ

F τaiai(θ, n) = 〈T τn 〉 (3.48)

where 〈T τn 〉 is the vacuum expectation value of the CTF in the ground state of the replica
theory. Finally we stress that the two-particle FFs with arbitrary replica indices can be
straightforwardly obtained form the above quantities (corresponding to particles on the 1st
replica only) as

F τ(A,j)(Ā,k)(θ, n) =

F
τ
(Ā,1)(A,1)(2πi(k − j)− θ, n) if k > j,

F τ(A,1)(Ā,1)(2πi(j − k) + θ, n) otherwise,
(3.49)

and similarly for A↔ Ā, together with the important relation

F τ(A,1)(Ā,1)(θ, n) = F−τ(Ā,1)(A,1)(θ, n) . (3.50)

The FFs of the other field T̃ τn denoted by F̃ τa (θ, n) can be simply written as [20]

F̃ τ(γ,j)(γ̄,k)(θ, n) = F−τ(γ,n−j)(γ̄,n−k)(θ, n) , (3.51)

where γ = A, Ā and ¯̄A = A.
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3.4 Two-particle form factors of the composite twist fields

In this section we provide a solution to Watson’s equations for the CTFs T τn and the two-
particle form factors. We assume explicitly that n, the number of replicas, is greater than
1 in what follows; nevertheless, the solutions we obtain are such that they converge to
eqs. (3.33) and (3.34) when analytically continued to n→ 1.

Let us start with the form factor F+
(A,1)(Ā,1)(θ, n), from which the other FFs can be

easily obtained exploiting symmetries. Specifying the bootstrap equations to the two-
particle form factors, one has

F+
(A,1)(Ā,1)(θ+2iπn,n) =F+

(Ā,1)(A,1)(−θ,n)e2iπ/3, F+
(Ā,1)(A,1)(−θ,n)SAĀ(θ) =F+

(A,1)(Ā,1)(θ,n), (3.52)
Res
θ=iπ

F+
(A,1)(Ā,1)(θ,n) = i〈T +

n 〉, Res
θ=2inπ−iπ

F+
(A,1)(Ā,1)(θ,n) =−ie2iπ/3〈T +

n 〉. (3.53)

A solution to these equations is given by

F+
(A,1)(Ā,1)(θ,n) =−i〈T +

n 〉
e−

θ
6n

2nsinh θ+iπ
2n sinh θ−iπ

2n

(
e
iπ
6n sinh θ− iπ2n −(c.c.)

)
h(θ,n)
h(iπ,n) , (3.54)

which, apart from the different pole structure, is very much reminiscent of the solu-
tion (3.33). Here h(θ, n) is the minimal form factor discussed in appendix B.

Let us now comment briefly on the structure of the solution. The factor e
θ

3nh(θ, n)
ensures the right monodromy properties under θ → θ + 2πin. The remaining factors, are
invariant under θ → θ + 2πin and introduce two poles in the extended physical strip at
θ = iπ, 2inπ − iπ, whose residues are i〈T +

n 〉 and −ie2iπ/3〈T +
n 〉.

Similar conclusions hold for the form factor F+
(Ā,1)(A,1)(θ, n) except for the kinematical

residue value at θ = 2inπ − iπ which is given by

Res
θ=2inπ−iπ

F+
(Ā,1)(A,1)(θ, n) = −ie−2iπ/3〈T +

n 〉. (3.55)

A solution of the bootstrap equation for F+
(Ā,1)(A,1)(θ, n) is

F+
(Ā,1)(A,1)(θ,n) = i〈T +

n 〉
e
θ

6n

2nsinh θ+iπ
2n sinh θ−iπ

2n

(
e−

iπ
6n sinh θ+ iπ

2n +(c.c.)
)
h(θ,n)
h(iπ,n) . (3.56)

In the limit n → 1 the poles at θ = iπ, 2iπ − inπ of the form factors F+
(A,1)(Ā,1)(θ, n) and

F+
(Ā,1)(A,1)(θ, n), defined by eqs. (3.54) and (3.56), combine to produce a single pole with

residue given by the sum of the two residues present for n 6= 1. As expected, the FFs
Fµ1

(A,1)(Ā,1)(θ), F
µ1
(Ā,1)(A,1)(θ) found above (see eqs. (3.33), (3.34)) are recovered.

In figures 2 and 3 we show the behaviour of the two-particle form factor for the BPTF
and CTF respectively as a function of θ for n = 2; our plots are normalized by the VEV
of the twist fields. While for the BPTFs the correspondent FF is vanishing in the limit
θ → ±∞, the FF of CTFs takes a non-zero asymptotic value as expected from clustering.

3.5 Checks via ∆-sum rule

In this subsection we check the compatibility of our CTF FFs with the predictions of the
∆-theorem. We recall that the bootstrap equations generally admit many solutions, so
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Figure 2. Two-particle form factors of the standard twist field Tn for n = 2 replicas. This figure
shows the real and the imaginary parts of the AĀ form factor, which equal those of the ĀA FF, for
real values of the rapidity difference θ. They both go to zero when θ → ±∞.

Figure 3. Two-particle form factors of the composite twist field T +
n for n = 2 replicas. This figure

shows the AĀ and ĀA form factors, which are different, for real values of the rapidity difference θ.
They converge to a non-zero constant as θ → ∓∞ respectively.

some additional information is generally needed to identify a particular solution with a
particular field. For this purpose, the ∆-theorem [64] gives a non-trivial constraint which
typically rules out unwanted solutions. It states that for any spinless operator O which is
mutually local w.r.t. the trace of the stress-energy tensor Θ we have

∆O = − 1
4π〈O〉

∫
d2x〈Θ(x)O(0)〉conn., (3.57)

with ∆O the conformal dimension of the field O and 〈Θ(x)O(0)〉conn. the connected corre-
lation function between Θ and O. In principle on can expand 〈Θ(x)O(0)〉conn. as an infinite
sum over the quasiparticle basis, and the knowledge of the infinitely many form factors of O
and Θ should be needed to reconstruct the correlation function. This is an extremely diffi-
cult task which has been performed explicitly only for free theories. There is however strong
evidence from numerous works that the sum is quickly converging and the first terms thus
provide the main contribution to the result (see e.g. [72] for the BPTF of the sinh-Gordon
model). We report here just the contribution coming from the two-particle FF, since the
vacuum contribution is subtracted in the connected correlation function is considered and
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one-particle form factors of both fields vanish. We further assume, as is the case for the
3-state Potts model, that all the particles have the same mass m so that we can write

∆O ' −
1

32π2 〈O〉m2

∫ ∞
−∞

dθ
1

cosh2 θ/2
∑
a,a′

FΘ
a;a′(θ)F̄Oa;a′(θ). (3.58)

The latter sum runs over the set of particles, labeled by internal indices a, a′. Eq. (3.58)
straighforwardly generalizes to the replicated model, so that additional replica indices
appear. One can thus apply the ∆-theorem to the composite twist field T τn , obtaining

∆τ
n ' −

n

32π2 〈T τn 〉m2

∫ ∞
−∞

dθ
1

cosh2 θ/2
∑
γ,γ′

FΘ
(γ,1)(γ′,1)(θ)F̄

τ
(γ,1)(γ′,1)(θ, n), (3.59)

where we used the fact that the two-particle FFs of Θ vanish for different replica indices
as all copies are independent [72]. Let us now focus on the 3-state Potts model. First, we
just have to consider two species of particles A, Ā with the same mass m, related by charge
conjugation. The only non-vanishing two-particle FFs of the stress-energy tensor are

FΘ
(A,1)(Ā,1)(θ) = FΘ

(Ā,1)(A,1)(θ) = 2πm2 h(θ, 1)
h(iπ, 1) (3.60)

and they are normalised such that FΘ
(A,1)(Ā,1)(iπ) = 2πm2. Thus, the ∆-theorem gives

∆τ
n'−

n

32π2m2〈T τn 〉

∫ ∞
−∞

dθ
1

cosh2θ/2
(FΘ

(A,1)(Ā,1)(θ)F̄
τ
(A,1)(Ā,1)(θ,n)+FΘ

(Ā,1)(A,1)(θ)F̄
τ
(Ā,1)(A,1)(θ,n)).

(3.61)
This result has to be compared with the CFT prediction, which reads as follows [8, 81]

∆τ
n = ∆n + ∆τ

n
with ∆n = c

24

(
n− 1

n

)
, (3.62)

where ∆n and ∆τ are the conformal dimensions of the BPTF [61, 62] and of µτ , respectively.
For the 3-state Potts model the value of the central charge is c = 4/5 and the dimen-

sions

∆τ =


1
15 τ = ±1,
0 τ = 0,

(3.63)

where we remind ourselves that the CTFs can be associated with the specific values α =
τ2π/3 of the Aharonov-Bohm flux. Figures 4 and 5 show this comparison for standard
and composite twist fields respectively, where the integral appearing in eq. (3.61) has been
performed numerically. The data are very close to the CFT value, but discrepancies are
expected to be present since we are neglecting higher particle form factors.

4 Z3 charged moments

In this section we analyze the long-distance behaviour of the correlation function of CTFs
using our predictions related to their two-particle FFs. The latter quantity is strictly related
to the one interval symmetry resolved Rényi entropy, which is the main focus of our work.
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Figure 4. Conformal dimension of the BPTF Tn as obtained from the ∆-theorem (red dots)
compared to the exact CFT formula (blue dots).

Figure 5. Conformal dimension of the CTF T τn as obtained from the ∆-theorem (red dots)
compared to the exact CFT formula (blue dots).

For now, we keep the values of α generic and only at the end specify what happens for
the Z3 resolution. To do so, first of all we have to identify the scaling limit of the charged
moments (defined by eq. (1.7)) which is

Zn(α) ≡ tr
(
ρnAe

iαQ
)

= ε4∆τ
n〈T τn (0)T̃ τn (`)〉 with α = 2πτ

3 , (4.1)

for the subsystem [0, `]. The constant ε plays the role of UV regulator, and we suppose
that `,m−1 � ε so that the scaling limit is reached. Secondly, we expand the correlation
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function 〈T τn (0)T̃ τn (`)〉 in the quasiparticle basis keeping only the two-particle contribution

〈T τn (0)T̃ τn (`)〉 ' 〈T τn 〉2 +
n∑

j,k=1

∫ ∞
−∞

dθ1dθ2
(2π)22! |F

τ
(A,j)(Ā,k)(θ1 − θ2, n)|2e−`m(cosh θ1+cosh θ2)

+
n∑

j,k=1

∫ ∞
−∞

dθ1dθ2
(2π)22! |F

τ
(Ā,j)(A,k)(θ1 − θ2, n)|2e−`m(cosh θ1+cosh θ2) (4.2)

= 〈T τn 〉2
1 + n

4π2

∑
γ,γ′=A,Ā

∫ ∞
−∞

dθfγγ′(θ, n, τ)K0 (2mγ` cosh (θ/2))

 .

Above, K0(z) is the modified Bessel function and the functions fγγ′(θ, n, τ) are implicitly
defined as

fAĀ(θ, n, τ)〈T τn 〉2 =
n∑
j=1
|F τ(A,1)(Ā,j)(θ, n)|2 =

n−1∑
j=0
|F τ(A,1)(Ā,1)(θ − 2iπj, n)|2 , (4.3)

and similarly for fĀA(θ, n, τ). By symmetry in the current theory fAA(θ, n, τ) =
fĀĀ(θ, n, τ) = 0. Note that for the 3-state Potts model mA = mĀ = m. Then, expanding
the integral in eq. (4.2) at leading order in the limit m`→∞ we get

〈T τn (0)T̃ τn (`)〉 ' 〈T τn 〉2
(

1 + n

2πfAĀ(0, n, τ)e
−2m`

m`

)
. (4.4)

where we used the fact that fAĀ(0, n, τ) = fĀA(0, n, τ). For n = 1 and τ = α = 0 the
twist field becomes the identity operator and fAĀ(θ, 1, 0) = fĀA(θ, 1, 0) = 0. However, for
τ 6= 0 we have that fAĀ(θ, 1,±1) 6= 0, including for θ = 0. Thus it is this contribution
which dictates the leading behaviour of the correlation function for the Potts model. Had
we chosen a different convention for the flux insertion, as explained in section 3.3, the form
factors F τ(A,i)(Ā,j)(θ, n) would have differed by the presence of a phase for i 6= j. Indeed
the relation (3.49) would have been modified, due to an additional phase coming from the
monodromy among distinct replicas (see [20, 21] for further details ). Nevertheless, since
here we are only interested in the squares of the form factors, the presence of this additional
phase is irrelevant.

In figure 6 we plot fAĀ(0, n, τ) + fĀA(0, n, τ) = 2fAĀ(0, n, τ) as a function of n, for
n integer, for both τ = 0 and τ = ±1 (which are identical). From the figure it is evident
that fAĀ(0, n, τ) converges to a τ -independent constant when n → ∞. We were able to
compute analytically this constant (see appendix C for the details). The result is

2fAĀ(0,∞, τ) = 16
π2

Γ2 (5/6)Γ2 (2/3)
Γ2 (4/3)Γ2 (1/6)

(
5F4

[
−1/2,−1/2,5/6,5/6,1;1

1/2,1/2,3/2,3/2

]
−1/2

)
' 0.575153 ,

(4.5)
and the derivation is very similar to the sinh-Gordon analysis presented in [72].

4.1 Analytic continuation n→ 1

The analytic continuation of fAĀ(θ, n, τ) for non-integer values of n, needed for the com-
putation of the symmetry resolved von Neumann entropy, is a nontrivial task. In this
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Figure 6. 2fAĀ(0, n, τ) is shown as a function of n both for the standard (τ = 0) and CTFs
(τ = ±1). As expected, its asymptotic value in the limit n→∞ does not depend on τ .

subsection we discuss its universal features for n→ 1 for a generic IQFT. We specialize our
results to the 3-state Potts model at the end of the subsection. A careful analysis of the
Ising and sinh-Gordon model has been performed in [72, 75] in absence of flux (τ = α = 0),
while the dependence on α for non-interacting U(1) free theories was discussed in [20]. The
main subtlety is occurrence of singularities in the limit n→ 1, coming from the collision of
kinematical poles leading to non-uniform convergence and a derivative d

dnfAĀ(θ, n, τ)|n=1
which becomes singular. It has been shown that for any 1+1D QFT the following limit
holds in absence of flux

lim
n→1

d

dn
fγγ̄(θ, n, 0) = π2

2 δ(θ). (4.6)

An important feature of the previous expression is the independence on the precise form
of the S-matrix and the presence of the δ-singularity, not shared for other values of n.
When the flux is present one expects d

dnfγγ̄(θ, n, τ)|n=1 to consist of a δ-like term, singular
for θ = 0, and a smooth θ-dependent term. For example, for free fermionic/bosonic U(1)
theories, carefully studied in [20], where two species of particles (γ, γ̄) related by charge
conjugation are present it has been found that

lim
n→1

d

dn
fγγ̄(θ, n, τ) = π2

2 cosα δ(θ) + (smooth θ-dependent part) , (4.7)

where α is the U(1) charge. The smooth θ-dependent term is different for bosons and
fermions while the singular part is the same for both theories. We now show that the same
general mechanism occurs also for interacting theories with discrete symmetries. Let us
consider again the function fγγ′(θ, n, τ) in an interacting IQFT, which is defined as before

fγγ′(θ, n, τ)〈T τn 〉2 =
n∑
j=1
|F τ(γ,1)(γ′,j)(θ, n)|2 =

n−1∑
j=0
|F τ(γ,1)(γ′,1)(θ − 2iπj, n)|2, (4.8)
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we claim that

lim
n→1

d

dn
fγγ′(θ, n, τ) = π2

2 cosαγ δ(θ)δγ′γ̄ + (smooth θ-dependent part). (4.9)

Here eiαγ is the Aharonov-Bohm phase of species γ introduced by the CTF T τn . The proof
goes in the same way as for U(1) free theories in [20]. For instance, one writes fγγ′(θ, n, τ) as

fγγ′(0, n, τ)〈T τn 〉2 =
n−1∑
j=0
|F τ(γ,1)(γ′,1)(θ − 2iπj, n)|2 =

n−1∑
j=0

sγγ′(θ, j, τ), (4.10)

which implicitly defines sγγ′(θ, j, τ). Then, the sum over j is performed by considering the
following contour integral

1
2πi

∮
C
dzπ cot (πz) sγγ′(θ, z, τ), (4.11)

where the contour is a rectangle with vertices (−ε− iL, n− ε− iL, n− ε+ iL,−ε+ iL). The
integral can be computed by residue theorem; it has poles at z = 0, 1, . . . , n − 1, present
for any pair (γ, γ′), and at z = 1

2 ±
θ

2πi and z = n − 1
2 ±

θ
2πi , coming from the kinematic

poles of the particle-antiparticle form factors (that is, from terms with γ′ = γ̄). Using the
explicit values of the residues, we end up with

1
2πi

∮
C
dz π cot (πz) sγγ′(θ, z, τ) = fγγ′(θ, n, τ)〈T τn 〉2 (4.12)

+
tanh2 θ

2
〈T τn 〉

2 Im
(
F τ(γ,1)(γ̄,1)(iπ − 2θ, n)− e−iαγF τ(γ,1)(γ̄,1)(iπ(2n− 1)− 2θ, n)

)
δγ′γ̄ .

The integral is in general hard to compute, but if we just focus on the singular limit n→ 1
for which the kinematic poles collide, then we get

fγγ′(θ,n,τ) = −
tanh2 θ

2
〈T τn 〉

2
∑
γ

Im
(
F τ(γ,1)(γ̄,1)(iπ−2θ,n)−e−iαγF τ(γ,1)(γ̄,1)(iπ(2n−1)−2θ,n)

)
δγ′γ̄

+(reg. terms). (4.13)

Taking the derivative in n of the previous expression and then the limit n → 1, the
expression in eq. (4.9) is finally obtained. If one specializes this prediction to the 3-state
Potts model, where just 2 species of particles A and Ā are present, then for the nontrivial
values of the flux α = ±2π/3, that is τ = ±1

lim
n→1

d

dn
fAĀ(θ, n,±1) = π2

2 cos 2π
3 δ(θ) + (smooth θ-dependent part). (4.14)

A remark on eq. (4.9) is probably needed. As we stated before, it encodes the contribution
of the two-particle form factors only and its singular behaviour does not really depend on
the details of the S-matrix. Assuming no one-particle contributions one would conclude,
after inserting eq. (4.9) in eq. (4.2)

lim
n→1

d

dn
〈T τn (0)T̃ τn (`)〉 ' 1

8
∑
γ

cosαγ K0(2mγ`) + (`− indep. terms) + . . . , (4.15)
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with mγ being the mass of particle γ. However, in generic QFTs there can also be
one-particle contributions, which would be leading for large distances. In the presence
of nonzero flux typically survive also in the limit n → 1 and so they really dictate the
dominant behaviour of the symmetry resolved von Neumann entropy. An explicit example
for this mechanism has been carefully discussed in the sine-Gordon model in ref. [22].

4.2 Z3 symmetry resolved entropies

In this subsection we analyze the scaling limit of the Z3 symmetry resolved Rényi entropy
in the 3-state Potts model, using the correlation function among twist fields. We mention
that similar analysis has been already performed [90] for the same model in the critical
regime, which correponds to the limit of vanishing mass m → 0. Here we instead are
interested in the long distance behaviour, for instance the limit of m` → ∞ with m kept
fixed. To perform the calculation we express the symmetry resolved partition function
Zn(q), defined by eq. (1.5) as

Zn(q) ≡ tr (ρnAΠq) = 1
3

1∑
j=−1

e−iq2πj/3Zn

(2πj
3

)
, q = 0,±1. (4.16)

Inserting eq. (4.1), which relates composite twist fields and charged moments, one obtains

Zn(q) = 1
3ε

4∆τ
n

(〈
Tn(0)T̃n(`)

〉
+ 2 cos

(2π
3 q

)
ε

4
n

∆+
〈
T +
n (0)T̃ +

n (`)
〉)

, (4.17)

since by charge conjugation symmetry of the state Zn(2π/3) = Zn(−2π/3). If one keeps
only the leading term in the definition of Zn(q) in the limit ε → 0, the term coming from
Zn(0), then we can approximate

Zn(q) ' 1
3Zn(0). (4.18)

At this order of analysis, the symmetry resolved entropies becomes

Sn(q) ' Sn − log 3, (4.19)

and the equipartition of the charge is recovered, meaning that there is no explicit de-
pendence on the charge for the different charge sectors. Beyond this approximation, a
dependence on q is found. Now we investigate the first corrections to eq. (4.19) coming
from the lowest powers of the regulator ε. For n > 1 we obtain the following

Sn(q) = Sn − log 3 + 1
1− n2 cos 2πq

3 ε
4
n

∆+

〈
T +
n (0)T̃ +

n (`)
〉

〈
Tn(0)T̃n(`)

〉 + o(ε
4
n

∆+). (4.20)

The case n→ 1 has to be analyzed carefully, since logarithmic corrections appear. Let us
thus expand S1(q), keeping just the correction of order O(ε4∆+) and O(ε4∆+ log ε)

S1(q) = −∂nlogZn(q)|n=1+logZ1(q)

= S1−log3−2cos2πq
3 ε4∆+〈µ1(0)µ−1(`)〉 (4.21)

×
(
−4∆+logε+∂nlog

〈
T +
n (0)T̃ +

n (`)
〉
|n=1−∂nlog

〈
Tn(0)T̃n(`)

〉
|n=1−1

)
+o(ε4∆+).
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Although in the previous expression enters the normalization constants of the fields, which
have not been fixed, they contribute just as `-independent constant. Moreover since we are
mostly interested in the large m` limit, we can just keep

∂n log
〈
T +
n (0)T̃ +

n (`)
〉
|n=1 − ∂n log

〈
Tn(0)T̃n(`)

〉
|n=1 , (4.22)

as the only `-dependent term; the reason is that the next-to-leading order large ` correction
to 〈µ1(0)µ−1(`)〉 is of order

〈µ1(0)µ−1(`)〉 ' 〈µ1〉2 +O

(
e−2m`

m`

)
. (4.23)

whereas the contributions from (4.22) are proportional to K0(2m`) ≈ e−2m`
√
m`

. Therefore, at
leading and next-to-leading order for large ` we can write

S1(q) = S1 − log 3− 2 cos 2πq
3 ε4∆+ | 〈µ1〉 |2 (4.24)

×
(
−4∆+ log ε+ 1

4

(
cos 2π

3 − 1
)
K0(2m`) + (`− indep. terms)

)
+ o

(
ε4∆+ ,

e−2m`
√
m`

)
.

In this last result we explicitly use our universal prediction, valid for large m` in the
two-particle approximation

d

dn


〈
T +
n (0)T̃ +

n (`)
〉

〈
T +
n

〉2


n=1

' 1
4 cos 2π

3 K0(2m`). (4.25)

5 Conclusions

In this work we apply the form factor bootstrap approach to computing the two-particle
form factors of composite branch point twist fields in the 3-state Potts model, an integrable
quantum field theory with diagonal scattering. Although the 3-state Potts model in the
disordered phase is the main focus of our work, we also provide some results for the q-state
Potts model in the ordered phase with q ≤ 4, focusing on the (more standard) branch point
twist field.

Our main analytical result is an expression for the leading and next-to-leading large-
distance behaviour of the symmetry resolved Rényi and von Neumann entropies. The
same technique has been applied in ref. [21] to the Ising model and the sinh-Gordon model,
generalized to U(1) free theories in ref. [20] and to sine-Gordon in ref. [22]. The 3-state
Potts model is arguably the simplest interacting model displaying a non-trivial Z3 internal
symmetry and therefore of particular interest in the context of symmetry resolved entan-
glement. Despite the presence of interaction, many technical details are still shared with
simpler integrable theories, such as diagonal scattering or the vanishing of one-particle form
factors for composite twist fields.

Even if the main goal of this work was the symmetry resolved entropy, the standard
Rényi entropy had also not been previously studied for the continuum 3-state (or more
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generally q-state) Potts model, although some recent results have been derived for the
Potts chain [91]. This is the reason why in appendix A we also provided explicitly the
form factors of the standard branch point twist field and some standard results for the
entanglement entropy. In this context, perhaps the main result is the observation that the
next-to-leading order correction to the von Neumann entropy of a large region ` is, as for
other models, given universally in terms of a modified Bessel function K0(2m`), where m
is the mass of the q − 1 lightest particles (kinks, in the ordered phase) in the theory. The
coefficient of this Bessel function is indeed proportional to q − 1.

All our form factor solutions have been tested for consistency, employing the standard
∆-theorem (or ∆ sum rule) and the limit n→∞, as well as the analytical continuation to
n→ 1, have been considered. In this manner, we were able to also show that the next-to-
leading term of the symmetry resolved von Neumann entropy does not really depend on
the details of the S-matrix. Indeed, as for the total entropy, it is proportional to a modified
Bessel function K0(2m`) with a coefficient that is dictated by the internal symmetry and
particle content. The result is easily generalizable to other theories with vanishing one-
particle form factors and discrete internal symmetries.

Our form factor solutions for the standard branch point twist field may be helpful to
justify a conjecture of [91] concerning the relaxation rates (and their q-dependence) of the
Rényi entropies after certain quenches, which is an interesting subject for further studies.
And last but not least, it is worth mentioning that the symmetry resolved Rényi entropy
of the critical 3-state Potts has been studied in ref. [90], employing conformal field theory
techniques. Our approach is complementary, since it gives access to the properties of the
model away from criticality. Moreover, despite focussing only on the one-interval geometry
in the large-size limit, in principle at least, the knowledge of all the higher-particle form
factors (which remains an open problem) would give access to all possible geometries of
the subsystem. This is indeed another possible subject for further investigations. One
could also apply these techniques to investigate the role of the internal symmetry in other
entanglement measurements, e.g. the negativity or the relative entropy. As already men-
tioned, our analysis can be slightly adapted to deal with other integrable models displaying
internal symmetries as the integrable perturbations of the parafermionic ZN theories [69].
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A Form factors and entanglement entropy in the ordered phase

In [63] the two-particle form factors of the stress-energy tensor and order and disorder
fields in the ordered phase were computed. Although in order to consider BPTFs we must
first work on a replica version of the model, in essence the solution procedure follows very
closely the work of Delfino and Cardy for the stress-energy tensor as the twist field is also
a “neutral” operator with respect to the internal symmetry of the model. Thus, the only
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non-vanishing for factors would be those corresponding to neutral states, as defined in the
Introduction. Let K(α,i)(β,i)(θ) represent a kink traveling between vacuum α and vacuum β

in copy i of the replica theory. The two-particle form factor associated to two kinks living
on copy 1 of the theory is the object

F (θ1 − θ2, n) = 〈0α|Tn(0)|K(α,1)(β,1)(θ1)K(β,1)(α,1)(θ2)〉. (A.1)

Due to the permutation symmetry under vacua exchange in the original model, the form
factors will not depend on α, β as long as α 6= β. The form factor above will share many
properties with its counterpart for the stress-energy tensor, but also has some differences:
first, it is now a function of n and, second, contrary to the stress-energy tensor, it must have
kinematic residue poles which are specified by the twist field form factor equations (3.21)–
(3.24). As usual, a minimal solution for g(θ, n) can be obtained by solving the unitarity
and crossing conditions:

g(θ, n) = Λ(θ)g(−θ, n) = g(−θ + 2πin, n). (A.2)

where
Λ(θ) = (q − 2)S2(θ) + S3(θ) = − exp

(∫ ∞
0

dt

t
f(t) sinh tθ

iπ

)
, (A.3)

with

f(t) = 2
sinh t

2λ

sinh t
( 1

2λ − 1
)

+
sinh t

3 cosh t
2

(
1
3 −

1
λ

)
cosh t

2

 . (A.4)

A minimal solution is given by

g(θ, n) = −i sinh θ

2n exp
(∫ ∞

0

dt

t sinh(nt)f(t) sin2
(
it

2

(
n+ iθ

π

)))
, (A.5)

It is interesting to notice that for λ = 1

f(t) = 2
(
−1 +

sinh 2t
3

sinh t

)
, (A.6)

and then (A.5) coincides with the solution (B.3) for the minimal form factor in the disor-
dered phase at q = 3. This is because

− i sinh θ

2n = exp
(

2
∫ ∞

0

dt

t sinh(nt) sin2
(
it

2

(
n+ iθ

π

)))
, (A.7)

which means that the −1 term in f(t) effectively cancels the factor −i sinh θ
2n in (A.5).

A.1 Form factors and ∆-sum rule for λ < 1 (q < 3)

For the BPTF it makes sense to consider values of q that are not necessarily integer. In
this section we compute FF solutions for q < 3 in the ordered phase. In this case there
are q < 3 kinks with identical scattering matrices and form factors. There are no bound
states. The minimal form factor is given above and the full two-particle form factor is then
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determined by the kinematic requirement of having poles at θ = iπ and θ = iπ(2n − 1).
This gives

F (θ, n) =
〈Tn〉 sin π

n

2n sin iπ−θ
2n sin iπ+θ

2n

g(θ, n)
g(iπ, n) . (A.8)

Form factors involving other copies can be obtained from this by the usual identities pre-
sented earlier in the paper. This FF solution can be checked against the ∆-sum rule as we
show below. Recall first of all that the conformal dimension of the BPTF was given in (3.62)
and that, in the Potts model the UV central charge c is a function of q (or λ) given by

c = 1− 6
t(t+ 1) with 2λ

3 = t− 1
t+ 1 . (A.9)

Note that for λ < 1
2 the central charges are negative.

The two-particle form factor of Θ was computed in [63] and in our notation it is simply
given by

G(θ) = 〈0α|Θ(0)|K(α,1)(β,1)(θ1)K(β,1)(α,1)(θ2)〉 = 2πm2 g(θ, 1)
g(iπ, 1) . (A.10)

We may expand the two-point function above and truncate the expansion at the level of
the two-particle form factors. This is generally quite simple but in this case we must take
care to consider the fact that we are now working with n copies of the Potts model (this
will result on a factor n) and that we must also sum over intermediate states (this will
result on a factor q − 1), after simplification we obtain

∆n ≈ −
n(q − 1)

8m2(2π)2〈Tn〉

∫ ∞
−∞

dx
F (x, n)G(x)∗

cosh2 x
2

. (A.11)

A numerical evaluation of this integral is presented in figure 7. Despite the approximation,
agreement with the exact formula (3.62) is extremely good for all values of λ, including
λ = 1.

We note the appearance of a factor q−1 in the formula above. Such a factor, resulting
from the particle content of the theory, was also observed in the study of a different but
related problem, namely the out-of-equilibrium dynamics of entanglement of the Potts
model [91]. Indeed, even if our work and [91] address different problems, the fact that
both can be recast in terms of branch point twist field correlators, gives rise to formulae
exhibiting a similar dependence on q and n.

A.2 Form factors for 1 < λ ≤ 3
2

As noted earlier, for λ > 1 the minimal form factor g(θ, n) must be analytically continued
and in addition account must be taken of the presence of the additional bound state pole
at θB (2.8). The solution involves a new minimal form factor

g̃(θ, n) = −ia(θ, n) sinh θ

2n exp
(∫ ∞

0

dt

t sinh(nt) f̃(t) sin2
(
it

2

(
n+ iθ

π

)))
, (A.12)

where a(θ, n) encodes the bound state pole

a(θ, n) =
cosh2 θB

2n
cosh θB

n − cosh θ
n

, (A.13)
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Figure 7. ∆-sum rule in the two-particle approximation (red dots) compared to the exact formula
(solid blue line) for n = 2, 5, 10, 20 and 1

2 ≤ λ ≤ 1.

at θ = θB and

f̃(t) = 2
sinh t

2λ

sinh t
( 3

2λ − 1
)

+
sinh t

3 cosh t
2

(
1
3 −

1
λ

)
cosh t

2

 . (A.14)

It is interesting to analyse what happens to these formulae at λ = 1. For λ = 1 we have
that θB = 0 and so a(θ, n) = (1− cosh θ

n)−1 gives a pole at θ = 0. Overall

a(θ, n) sinh θ

2n 7→
1

sinh θ
2n
. (A.15)

This pole is however cancelled by the minimal form factor. This is due once more to the
relation (A.7) and the fact that this precise integral results from the contribution of the
term sinh t

(
3

2λ − 1
)
in f̃(t) for λ = 1. Thus, g(θ, n) = g̃(θ, n) for λ = 1 and they both

coincide with (B.3), the minimal form factor in the disordered phase which is discussed in
appendix B.

A.2.1 Entanglement entropy

As we have seen, the focus of this paper is the computation of the symmetry resolved
entanglement entropy. Here we present a very brief summary of the main properties of the
total entropy for the Potts model with q ≤ 3 as would follow from the form factor above.
Similar to the study of sinh-Gordon and Ising presented in [72], the next-to-leading order
correction to saturation of both the Rényi entropy associated to a parameter n ∈ Z+ and

– 28 –



J
H
E
P
0
5
(
2
0
2
2
)
1
1
3

the von Neumann entropy are given by the two-particle form factor contribution to the
expansion of the two-point function of BPTFs. For the von Neumann entropy, the result
can be written straight away as it follows from the general results of [70, 72]. We have that

S(`) = c

3 log
(
m−1ε

)
+ U − q − 1

8 K0(2m`) + · · · (A.16)

where m is the mass of the q − 1 kinks present in the model (assuming they all have the
same mass), ` is the size of the interval, U is a constant related to the expectation value of
the twist field and ε is a non-universal short distance cut-off which is chosen so that at the
critical point the entanglement entropy scales as S(r) = c

3 log `
ε and there are no further

constant corrections. An interesting feature, which is particular to the Potts model is that
the number of kinks q emerges as a prefactor of the Bessel function. Thus the entanglement
entropy encodes basic information about the particle content of the theory.

The Rényi entropy Sn(`) will also acquire exponentially decaying corrections on the
size of the sub-system but they will take a less universal form and depend on the details
of the two-particle form factor. By definition, we have that

Sn(`) = 1
1− n log

(
Anε

−4∆n〈Tn(0)T̃n(`)〉
)
. (A.17)

An is a non-universal constant with the property A1 = 1, ∆n is the conformal dimension
of the twist fields given earlier and the two-point function now can be expanded in terms
of the form factors we have computed before. Employing the relationships between form
factors of particles living of different replicas we obtain

log〈Tn(0)T̃n(`)〉 ≈ n(q−1)
2(2π)2

∫ ∞
−∞

∫ ∞
−∞

dθ1dθ2e
−`m(coshθ1+coshθ2)

n−1∑
j=0
|F 11(θ2−θ1+2πij,n)|2

= n(q−1)
(2π)2

∫ ∞
−∞

dx
n−1∑
j=0
|F 11(−x+2πij,n)|2K0

(
2m`coshx2

)
:=s(`,n). (A.18)

Then, the Rényi entropy may be written as

Sn(`) = n+ 1
6n log

(
m−1ε

)
+ Un + s(`, n)

1− n + · · · (A.19)

where we have parameterized 〈Tn〉2 = m4∆nvn so that Un = log(vnAn)
1−n . The function s(`, n)

can be easily evaluated numerically for integer n or otherwise analytically continued to real
values of n along the lines of [72].

B Minimal form factor in the disordered phase

In this appendix we analyize the behavior of the minimal form factor h(θ, n) in the replica
3-state Potts model. As in the previous appendix and following closely [72], we start with
an integral representation of the S-matrix

SAĀ(θ) = −
sinh

(
θ
2 + iπ6

)
sinh

(
θ
2 − i

π
6

) = exp

∫ ∞
0

dt

t
sinh tθ

iπ

2 sinh
(

2
3 t
)

sinh t

 . (B.1)
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Then, the only solution (up to a multiplication constant) which does not have zeros or
poles in the region Imθ ∈ (0, 2πn) and satisfies the bootstrap axioms

h(θ + 2πin, n) = h(−θ, n), h(−θ, n)SAĀ(θ) = h(θ, n) , (B.2)

is given by

h(θ, n) = exp
[∫ ∞

0

dt

t sinh(nt)
2 sinh 2t

3
sinh t sin2

(
it

2

(
n+ iθ

π

))]
. (B.3)

It is easy to prove that for real θ the integral is convergent, since the for t → ∞ it scales
as t−1e−t/3 and no singularity is present in the limit t → ∞. However, for θ = −i|θ|
the integrand goes as t−1e−t/3+t|θ|/π for large t, that is, it is no longer convergent for
Im(θ) ≤ π/3.

For real θ in the limit θ → +∞ a more careful but standard estimate of the integral
gives

∫ ∞
0

dt

t sinh(nt)
2 sinh

(
2
3 t
)

sinh t sin2
(
it

2

(
n+ iθ

π

))
' 4

3n

∫ ∞
0

dt

t2
sin2 tθ

π
= θ

3n. (B.4)

The approximate equality holds at order O(θ), and so the asymptotic growth of the minimal
form factor is

h(θ, n) ∼ e
θ

3n , θ → +∞. (B.5)

Finally, we would like to present the mixed product representation of h(θ, n) that we have
used in our numerical work. Expanding4 1/ sinh t as

1
sinh t = 2e−t

N−1∑
n=0

e−2nt + e−2Nt

sinh t (B.6)

and using the integral representation of the Γ-function

Γ(z) = exp
(∫ ∞

0

dt

t

(
e−tz − e−t

1− e−t + (z − 1)e−t
))

, (B.7)

the integral (B.3) gives, after a lengthy but straightforward calculation

h(θ, n) =
N∏

m=0

Γ
(

2m+n+ 1
3

2n

)2
Γ
(

2m− iθ
π

+ 5
3

2n

)
Γ
(

2m+2n+ iθ
π

+ 5
3

2n

)
Γ
(

2m+n+ 5
3

2n

)2
Γ
(

2m− iθ
π

+ 1
3

2n

)
Γ
(

2m+2n+ iθ
π

+ 1
3

2n

) (B.8)

× exp

∫ ∞
0

dt

t sinh(nt)e
−2t(N+1)

2 sinh
(

2
3 t
)

sinh t sin2
(
it

2

(
n+ iθ

π

)) . (B.9)

For real rapidity difference θ the integral representation (B.3) converges, as we commented
before, so the mixed-product form is not really needed. However, for numerical work,
eq. (B.9) is really useful since the integral factor in (B.9) becomes exponentially suppressed
for large N .

4We can also choose to expand the factor 1/ sinh(nt), leading to an equivalent representation.
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Figure 8. Plot of the minimal form factor in the n-th replicated theory for imaginary values of the
rapidity. For different values of n (n = 1, 2, 3) the real and the imaginary part, which is vanishing,
are shown.

C Computation of fAĀ(0,∞, 0)

We present here an analytic computation of the value of the function fAĀ(θ, n, τ) at θ = 0,
n =∞ and τ = 0 in the 3-state Potts model. As seen in figure 6 the result is independent of
τ , so we simply choose the simplest case τ = 0 and follow closely the calculation presented
in [72] for the sinh-Gordon model. We start from the definition

fAĀ(0, n, 0) = fĀA(0, n, 0) = 1
〈Tn〉2

n−1∑
j=0
|F(A,1)(Ā,1)(2iπj, n)|2 (C.1)

where the form factor F(A,1)(Ā,1)(θ) is given by

F(A,1)(Ā,1)(θ, n) = 〈Tn〉
sin π

n

2n sinh θ−iπ
2n sinh θ+iπ

2n

h(θ, n)
h(iπ, n) . (C.2)

Note that this is identical to (A.8) except for the minimal form factors, which only coincide
at q = 3.

In the sum (C.1), the j-th and (n−j)-th terms are identical by periodicity. This means
that, in the large n limit, one can replace the sum by

fAĀ(0, n, 0) ' 1
| 〈Tn〉 |2

2
bn2 c−1∑
j=0

|F(A,1)(Ā,1)(2iπj, n)|2 − |F(A,1)(Ā,1)(0, n)|2
 (C.3)

= 1
| 〈T∞〉 |2

2
∞∑
j=0

lim
n→∞

(
|F(A,1)(Ā,1)(2iπj, n)|2 − |F(A,1)(Ā,1)(0, n)|2

) .
The limit inside the sum above can be easily computed. Let us consider the different factors
involved in F(A,1)(Ā,1)(θ, n). We have

sin π
n

2n sinh θ−iπ
2n sinh θ+iπ

2n
→ − 2π

(2iπj − iπ) (2iπj + iπ) , (C.4)
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and

h(2iπj, n)
h(iπ, n) →

exp
(
−1

2
∫∞

0
dt
t

2 sinh( 2t
3 )

sinh t e−2tj
)

exp
(
−1

2
∫∞

0
dt
t

2 sinh( 2t
3 )

sinh t e−t
) =

Γ
(

5
6 + j

)
Γ (2/3)

Γ
(

1
6 + j

)
Γ(4/3)

. (C.5)

Putting all the pieces together, we get

fAĀ(0,∞, 0) = 8
π2

∞∑
j=0

1
(2j − 1)2(2j + 1)2

Γ2
(

5
6 + j

)
Γ2
(

3
2

)
Γ2
(

1
6 + j

)
Γ2
(

4
3

) − 4
π2

Γ2
(

5
6

)
Γ2
(

3
2

)
Γ2
(

1
6

)
Γ2
(

4
3

) . (C.6)

The result is given in terms generalized hypergeometric functions defined as

pFq

[
a1, a2, . . . , ap; z
b1, b2, . . . , bq

]
=
∞∑
k=0

(a1)k(a2)k . . . (ap)k
(b1)k(b2)k . . . (bq)k

zk

k! , (C.7)

where (a)k ≡ Γ(a+k)
Γ(a) is the Pochhammer symbol. The sum of both particle orderings

fAĀ(0,∞, 0) + fĀA(0,∞, 0) = 2fAĀ(0,∞, 0) then gives

2fAĀ(0,∞,0) = 16
π2

Γ2 (5/6)Γ2 (2/3)
Γ2 (4/3)Γ2 (1/6)

(
5F4

[
−1/2,−1/2,5/6,5/6,1;1

1/2,1/2,3/2,3/2

]
−1/2

)
' 0.575153

(C.8)
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