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Abstract: In two recent works, we studied the symmetry resolved Rényi entropies of
quasi-particle excited states in quantum field theory. We found that the entropies display
many model-independent features which we discussed and analytically characterised. In
this paper we extend this line of investigation by providing analytical and numerical ev-
idence that a similar universal behavior arises for the symmetry resolved negativity. In
particular, we compute the ratio of charged moments of the partially transposed reduced
density matrix as an expectation value of twist operators. These are “fused” versions of the
more traditionally used branch point twist fields and were introduced in a previous work.
The use of twist operators allows us to perform the computation in an arbitrary number
of spacial dimensions. We show that, in the large-volume limit, only the commutation
relations between the twist operators and local fields matter, and computations reduce
to a purely combinatorial problem. We address some specific issues regarding fermionic
excitations, whose treatment requires the notion of partial time-reversal transformation,
and we discuss the differences and analogies with their bosonic counterpart. We find that
although the operation of partial transposition requires a redefinition for fermionic theo-
ries, the ratio of the negativity moments between an excited state and the ground state
is universal and identical for fermions and bosons as well as for a large variety of very
different states, ranging from simple qubit states to the excited states of free quantum field
theories. Our predictions are tested numerically on a 1D Fermi chain.
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1 Introduction

Over the past two decades, entanglement measures have been widely studied in the context
of low-dimensional quantum field theory, starting with several seminal works [1–7] which
focused on one measure (the entanglement entropy [8]) and on one type of theory, largely
1D conformal field theory (CFT) and its discrete counterpart, critical spin chains. From
these papers sprang several important ideas and techniques which have been extensively
exploited thereafter. Notable among them are the numerical and analytical observation
that the entanglement entropy exhibits universal properties, i.e. properties that depend
only on the theory’s universality class characterised by the central charge c and, at the
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technical level, that conformal symmetry in 1D is itself a powerful computational tool.
An important idea to emerge from [2, 4] and later reinterpreted and generalised to non-
critical theories in [9] is that entanglement measures can be written in terms of correlation
functions of local fields of the quantum field theory (QFT) under study, or, more precisely,
of a replica version thereof.

One particular development of these ideas has been the proposal and study of new
measures of entanglement, each tailored to capturing particular features of entanglement
and/or of the state whose entanglement is being measured. One such new measure is
the (logarithmic) negativity [10–16] which we now introduce. Let us consider a tripartite
system consisting of subsystems A,B and C. Let us assume that the Hilbert space of
system is factorised as

HA∪B∪C = HA ⊗HB ⊗HC . (1.1)

We may now consider a state in this Hilbert space. This could be a mixed state (such
as a thermal state) or a pure state: in this paper, we will focus on the latter. We now
ask: what is the entanglement of A with respect to B given the presence of C? In other
words: what is the bipartite entanglement between two non-complementary regions of a
quantum system? The answer will depend on the entanglement measure and on the chosen
state. If the state is not factorised, that is, there is entanglement, then the answer will be
non-trivial and can be measured by the (logarithmic) negativity. Let ρA∪B be the reduced
density matrix (RDM) associated with the subsystem A ∪ B, resulting from tracing out
the degrees of freedom of C. If |Ψ〉 is the pure state of the whole system, then

ρA∪B := TrC(|Ψ〉〈Ψ|) . (1.2)

In order to define the logarithmic negativity we first need to introduce the partially trans-
posed version of ρA∪B, denoted by ρTBA∪B, as follows. We first pick a basis {|i〉A}, {|j〉B} for
HA and HB respectively. Then, given the expansion of ρA∪B in that basis

ρA∪B =
∑

iA,i
′
A,jB ,j

′
B

|iA, jB〉〈iA, jB|ρA∪B|i′A, j′B〉〈i′A, j′B| , (1.3)

we require that

ρTBA∪B =
∑

iA,i
′
A,jB ,j

′
B

|iA, j′B〉〈iA, jB|ρA∪B|i′A, j′B〉〈i′A, jB| . (1.4)

It is possible to show that ρTBA∪B has real spectrum, but in general it is not positive semi-
definite. As a matter of fact, the presence of negative eigenvalues is a signal of quantum
entanglement between A and B, which can be quantified by the logarithmic negativity

E ≡ logTr(|ρTBA∪B|) . (1.5)

Here the trace is understood to be over the Hilbert space associated with A ∪ B and
| · | represents the absolute value of an operator (that is |O| ≡

√
O†O). While its direct

evaluation may be hard, it has been pointed out that the moments of ρTBA∪B, written as
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Tr((ρTBA∪B)n) with n ∈ N, have a direct field theoretic description [17, 18] and they are
easier to compute. Then, one can formally recover the logarithmic negativity as

E = lim
ne→1

logTr((ρTBA∪B)ne) , (1.6)

where the limit is over analytically continued moments for ne even.
An interesting issue that is specific to the logarithmic negativity is the fact that the

definitions above apply directly to spin chains or bosonic systems, but are ill-suited to
treat fermionic systems. The reason for this is rather technical and can be explained
in different ways. Unlike for bosons, the (standard) partial transpose of the Gaussian
density matrix of a free fermion state is not Gaussian, which makes the computation of the
negativity spectrum particularly difficult. There have been several proposals as to how to
modify the definition of E in a way that is better adapted to deal with fermionic degrees
of freedom. The first definition of partial transposition, specifically modified for fermionic
states, was introduced in [19]. However, in ([20], appendix A) it was proved that, because
of the anticommuting nature of the fermionic degrees of freedom, two of the standard
requirements of a partial transposition operation, namely that if ρ ≡ ρA∪B:

(ρTA)TB = ρT and ρTA1 ⊗ · · · ⊗ ρ
TA
n = (ρ1 ⊗ · · · ⊗ ρn)TA , (1.7)

with T representing transposition over the total space (here T = TA∪B), may not hold with
the definition given in [19]. On the other hand, these properties are satisfied with the defi-
nition introduced in [20]: this is the time-reversal (or fermionic) negativity, which accounts
for the locality properties of fermions [20, 21] and which we present below. Following [21],
we now choose an occupation-number basis for the Hilbert space

|{nj}A, {nj}B〉 (1.8)

such that all the nj ∈ {0, 1}. Then, given the RDM

ρA∪B =
∑

{nj}A,{nj}B
{n′j}A,{n

′
j}B

|{nj}A, {nj}B〉〈{nj}A, {nj}B|ρA∪B|{n′j}A, {n′j}B〉〈{n′j}A, {n′j}B| ,

(1.9)
we define the fermionic partial transposition as

ρRBA∪B

=
∑

{nj}A,{nj}B
{n′j}A,{n

′
j}B

iφ({nj},{n′j})|{nj}A,{n′j}B〉〈{nj}A,{nj}B|ρA∪B|{n′j}A,{n′j}B〉〈{n′j}A,{nj}B| ,

(1.10)

where φ({nj}, {n′j}) is given by

φ({nj}, {n′j}) = (τB + τ ′B)(mod 2) + 2(τA + τ ′A)(τB + τ ′B) , (1.11)

and τA/B = ∑
j∈A/B nj , τ

′
A/B = ∑

j∈A/B n
′
j are the numbers of occupied states in each

subsystem. Thus, the novelty of the fermionic partial transposition (1.10), as compared
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to (1.4), is the presence of an additional phase shift which depends on the number of
fermions. While in general ρRBA∪B is no longer hermitian for fermionic systems, one can still
define the (fermionic) logarithmic negativity as (1.5) by writing the absolute value as

|ρRBA∪B| =
√

(ρRBA∪B)†ρRBA∪B , (1.12)

and observing that it is a positive semi-definite matrix.
Let us now add the final layer of definitions by introducing symmetry resolved entan-

glement measures. Such measures have become very popular in the past few years and
extend the standard definitions by exploiting the presence of internal symmetries. Some of
the earliest studies (see [22, 23] for the CFT/QFT and quantum spin chain constructions)
focused on the entanglement entropies but more recently also the logarithmic negativity
has been generalised in a similar fashion [24–27]. Let us consider a theory with a global
U(1) symmetry (i.e. a complex free boson/fermion). In that case, a global U(1) charge
QA∪B = QA +QB commutes with the state ρA∪B

[ρA∪B, QA +QB] = 0 . (1.13)

Then, it has been shown [24] that the charge imbalance QA −QB1 commutes with ρTBA∪B

[ρTBA∪B, QA −QB] = 0, (1.14)

and it generates a U(1) symmetry for the (bosonic or fermionic) partial transpose. At this
point, it is natural to consider the charged moments of the partial transpose

Tr
(
(ρTBA∪B)ne2πiα(QA−QB)

)
, α ∈ [−1/2, 1/2] , (1.15)

as measures of the symmetry resolved entanglement negativity, generalising the standard
moments (α = 0). For fermions, the definition above is changed to

Tr
(
|ρRBA∪B|

ne2πiα(QA−QB)
)
, α ∈ [−1/2, 1/2] . (1.16)

The computation of charged moments of the partial transpose was performed in [25] in the
ground and thermal state of massless free fermions in 1+1 dimensions, where the universal
UV divergences were captured by the underlying CFT. They have also been measured in an
experimental set up in ref. [28]. In this work, we are interested in zero-density quasi-particle
states of (massive) QFT, obtained as excitations of the ground state with finite number of
particles at given momenta. We aim to compute the contribution to the charged moments
given by the quasi-particles, which arises in addition to the zero-point fluctuations. These
states are “zero-density” in the sense that they contain a fixed and finite number of quasi-
particle excitations within an infinite volume. The present work applies to the same kind
of excited states considered in [29–32] for the standard entanglement measures and more
recently in [33, 34] for the symmetry resolved entropies.

1To be precise, the correct relation is [ρTB
A∪B , QA − QTB ] = 0, however, the charge imbalance operator

is basis independent and in the occupation number basis QTB = QB so we can drop the transposition. As
earlier, T represents transposition over the full relevant space, in this case B.
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We will now briefly state the main results of this work. Let us consider a QFT in
d + 1 dimensions carrying a global U(1) symmetry and two non-complementary spacial
regions A and B. We take the vacuum state |0〉, an excited state |k〉 containing k identical
quasi-particle excitations with unit charge, and we construct the associated reduced density
matrices (RDM) over A ∪B as

ρA∪B,0 ≡ TrC(|0〉〈0|), ρA∪B ≡ TrC(|k〉〈k|) with C ≡ A ∪B , (1.17)

for the ground state |0〉 and excited state |k〉, respectively. We consider the limit when the
generalised volume VA, VB, VC of each region goes to infinity while the ratios

rA := VA
V
, rB := VB

V
and r := VC

V
= 1− rA − rB , (1.18)

are finite and V := VA + VB + VC . We then define the ratio of charged moments:

Rnk(rA, rB, r;α) :=
Tr
(
(ρTBA∪B)ne2πiα(QA−QB)

)
Tr
(
(ρTBA∪B,0)ne2πiα(QA−QB)

) . (1.19)

We find this ratio to be universal (UV finite), and for a single particle excitation (k = 1)
given by

Rn1 (rA, rB, r;α) = e2πiαrnA + e−2πiαrnB +
(
r +
√
r2 + 4rArB

2

)n
+
(
r −
√
r2 + 4rArB

2

)n
.

(1.20)
We notice that the last in (1.20) is positive/negative when n is an even/odd integer and
therefore two distinct analytic continuations over the even/odd integers are present. In
particular, the analytic continuation from n even to n = 1 gives

lim
n→ 1

2

R2n
1 (rA, rB, r;α) = e2πiαrA + e−2πiαrB +

√
r2 + 4rArB . (1.21)

Comparing to the α = 0 result found in [31, 32] we see that the phases e±2πiα only enter
some of the factors in (1.20) whereas others remain exactly as for the total negativity. This
provides a useful hint as to how more complicated formulae for multiparticle states will
generalise to the symmetry resolved measure, namely by the substitutions rA 7→ e

2πiα
n rA

and rB 7→ e−
2πiα
n rB. Therefore, we can write:

Rn1 (rA, rB, r;α) = Rn1
(
e

2πiα
n rA, e

− 2πiα
n rB, r; 0

)
. (1.22)

Indeed, the generalisation to states of many distinct quasi-particles is straightforward,
and each particle contributes independently (multiplicatively) to the ratio of charged mo-
ments, similar to the structure found in [33, 34] for the charged Rényi entropies. We high-
light that the results (1.20) are identical for fermions with the definitions (1.12) and (1.16)
when n is even. This is the case we will consider in the following when treating the fermionic
case. For bosonic systems, states of multiple identical excitations can also be considered,
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whose total negativity was obtained in [31, 32]. A similar formula can be derived for the
ratio of moments, giving

Rnk(rA, rB, r;α) =
k∑

p=−k

[n2 (k−p)]∑
q=max(0,−np)

Ap,qrnp+qA rn(k−p)−2qrqB e
2πiαp, (1.23)

where [·] represents the integer part and

Ap,q =
∑

{k1,...,kn}∈σn0 (q)

n∏
j=1

k!
(p+ kj)!(k − p− kj − kj+1)!kj !

(1.24)

are combinatorial factors, with the sum running over all the partitions {k1, . . . , kn} of the
number q into n non-negative integer parts.

We structure the paper as follows. In section 2 we analyse in detail a simplified model
consisting of a state of few qubits. In spite of the simplicity of these states, their symmetry
resolved negativity moments capture the main universal features found in QFT. In section 3
we give a field theoretical formulation of the charged moments of the partially transposed
density matrix, employing the notion of twist operators. The difference between fermionic
and bosonic particles is thoroughly discussed again in this context, and the evaluation of
the moments is shown to reduce to a combinatorial problem which we solve exactly for
single and multiple distinct excitations. We check numerically our predictions on a 1D
Fermi chain in section 4 and find good agreement. We conclude in section 5.

2 Qubit computation

In this section we derive the main formulae for the charged replica negativities by start-
ing with a multi-qubit system. This “toy model” was already employed in [29–31, 33, 34]
following the realisation that even if multi-qubit states are much simpler than the excited
states of a QFT, they both produce the same universal contribution to entanglement en-
tropies and negativities. Hence it is advantageous to obtain such contribution from qubit
states rather than a vastly more involved field-theoretical approach.

The advantage of this picture is that the ground state of a multi-qubit system is
trivial from the point of view of the entanglement content, which means that what is
dubbed “excess of entropy” or “excess of negativity” or, in our case, “ratio of moments”
of an excited state with respect to the ground state effectively reduces to the entropy or
negativity of the excited state and the moments of the excited state, respectively. The
notion of charge imbalance in a qubit setup was introduced in [24] and the notion of
fermionic partial transposition in the same setup was later used in [25].

The main result of this section is to show that equation (1.20) for a state consisting of
a single excitation can be derived employing either the bosonic or the fermionic notion of
partial transposition. Interestingly, even if the intermediate steps of the computation are
different in the two cases, the final result is still the same . For bosonic theories, the result
can be generalised to multiple identical excitations to give (1.23) with (1.24).

– 6 –
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2.1 Single bosonic excitation

Assume that a single bosonic excitation is localised in space according to a uniform proba-
bility distribution, so that rA, rB and r can be regarded as the probabilities for the excita-
tion to be found in regions A, B, C respectively. Then the state in HA∪B∪C representing
a single excitation can be written as

|1〉 = √rA|100〉+√rB|010〉+
√
r|001〉 (2.1)

where the values 0 (1) represent the absence (presence) of the excitation and the coefficients
can be interpreted as probabilities of finding the excitation in a particular region. The RDM
ρA∪B is obtained taking the trace over HC :

ρA∪B = TrC |1〉〈1| = rA|10〉〈10|+ rB|01〉〈01|+√rArB(|01〉〈10|+ |10〉〈01|) + r|00〉〈00| ,

(2.2)

or in matrix form

ρA∪B =


00 01 10 11

00 r 0 0 0
01 0 rB

√
rArB 0

10 0 √rArB rA 0
11 0 0 0 0

 . (2.3)

This matrix has a block-diagonal structure with respect to the number operator in A∪B:

(NA +NB)|iA, jB〉 = (iA + jB)|iA, jB〉 , iA, jB ∈ {0, 1} (2.4)

as indeed we can decompose it as

ρA∪B = (r)N=0 ⊕
(

rB
√
rArB√

rArB rA

)
N=1
⊕ (0)N=2 , (2.5)

where each block corresponds to an eigenspace of N ≡ NA +NB. Let us now come to the
partially transposed matrix ρTBA∪B. From the definition (1.4), it follows:

ρTBA∪B = rA|10〉〈10|+ rB|01〉〈01|+√rArB(|00〉〈11|+ |11〉〈00|) + r|00〉〈00|

=


00 01 10 11

00 r 0 0 √rArB
01 0 rB 0 0
10 0 0 rA 0
11 √rArB 0 0 0

 (2.6)

which is a block-diagonal matrix with respect to the imbalance operator ∆N ≡ NA −NB:

(NA −NB)|iA, jB〉 = (iA − jB)|iA, jB〉 , iA, jB ∈ {0, 1} , (2.7)

– 7 –
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as
ρTBA∪B = (rA)∆N=1 ⊕

(
r

√
rArB√

rArB 0

)
∆N=0

⊕ (rB)∆N=−1 . (2.8)

The spectrum of ρTBA∪B contains four distinct eigenvalues, one of which is negative and
produced by the block ∆N = 0. The eigenvalues are{

rA, rB,
r +
√
r2 + 4rArB

2 ,
r −
√
r2 + 4rArB

2

}
(2.9)

and therefore this system has non-vanishing negativity. The block-diagonal structure of
ρTBA∪B, i.e. the property [ρTBA∪B, NA − NB] = 0, implies that the operator e2πiα(NA−NB)

attaches a phase e2πiα to the ∆N = 1 block, a phase e−2πiα to the ∆N = −1 block and
acts as the identity on the uncharged block. Hence, we finally obtain the expected result:

Tr
(
(ρTBA∪B)ne2πiα(NA−NB)

)
= Rn1 (rA, rB, r;α) , (2.10)

with Rn1 (rA, rB, r;α) given by (1.20). In addition, knowing the eigenvalues allows to com-
pute the negativity from its original definition (1.5), without the need to obtain the mo-
ments first.

2.2 Single fermionic excitation

In this section we will show that the result (1.20) holds for n even also if we adopt the
fermionic definition of partial transposition (1.10). It is important to emphasise beforehand
that by speaking of fermionic excitations in this context we only refer to the prescription
for the partial transposition of the RDM, not to any algebra of the operators that create
and annihilate the qubit states.

If we adopt the definition (1.10), the matrix ρRBA∪B differs from ρTBA∪B as obtained in the
previous section only because there is now an extra phase in the off-diagonal elements:

(|10〉〈01|)RB = −i|11〉〈00| , (|01〉〈10|)RB = −i|00〉〈11| (2.11)

while the diagonal elements are not modified. It follows that ρRBA∪B is still block-diagonal
with respect to the imbalance operator:

ρRBA∪B = (rA)∆N=1 ⊕
(

r −i√rArB
−i√rArB 0

)
∆N=0

⊕ (rB)∆N=−1 . (2.12)

The eigenvalues of the zero charge sector can now be imaginary, depending on the values of
rA and rB. However, we are eventually interested in the evaluation of the charged moment
Tr
(
|ρRBA∪B|nei2πα(NA−NB)

)
, which requires the knowledge of the eigenvalues of |ρRBA∪B| only.

From the definition (1.12), and making use of the block diagonal decomposition, it is clear
that we need to find the spectrum of the matrix:(

r −i√rArB
−i√rArB 0

)(
r −i√rArB

−i√rArB 0

)†
=
(
r2 + rArB ir

√
rArB

−ir√rArB rArB ,

)
(2.13)
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which is given by

λ± =
(
r ±
√
r2 + 4rArB

2

)2

. (2.14)

The eigenvalues λ± are nothing but the squares of the eigenvalues of |ρRBA∪B| in the sector
with ∆N = 0, while the ones associated to ∆N = ±1 are given by rA, rB respectively.
Since this spectrum was already obtained in the previous section for a bosonic particle,the
result (2.10) is recovered here for n even.

2.3 Multiple distinct excitations

A generic state consisting of k distinct excitations is a linear combination of states of the
form

|i1A . . . ikA , i1B . . . ikB , i1C . . . ikC〉 ≡ ⊗kj=1|i
j
A, i

j
B, i

j
C〉 ∈ (HA∪B∪C)⊗k (2.15)

and for every j = 1, . . . , k

ijA, i
j
B, i

j
C ∈ {0, 1} , ijA + ijB + ijC = 1 . (2.16)

Among these states, let us focus on those which are tensor products of the linear com-
bination (2.1), that is, on states of the form |11 . . .1〉 := |1〉⊗k. For k = 2 we have for
instance

|11〉 = |1〉⊗2 = rA|11, 00, 00〉+ rB|00, 11, 00〉+ r|00, 00, 11〉
+√rArB(|10, 01, 00〉+ |01, 10, 00〉)
+√rAr(|10, 00, 01〉+ |01, 00, 10〉)
+√rBr(|00, 10, 01〉+ |00, 01, 10〉) . (2.17)

For a tensor product state the density matrix is the tensor product of the single-particle
density matrices, and since the trace of a tensor product is the product of the traces, the
RDM is a tensor product itself:

ρ(1,...,1) = (ρ(1))⊗k , ρ
(1,...,1)
A∪B = TrCρ(1,...,1) = (ρ(1)

A∪B)⊗k . (2.18)

Now we can compute the charged replica negativities using the bosonic partial transposi-
tion (1.4):

Tr
((
ρ

(1,...,1) ,TB
A∪B

)n
e2πiα(NA−NB)

)
= Tr

((
(ρ(1) ,TB
A∪B )⊗k

)n
e2πiα(NA−NB)

)
=Tr

(((
ρ

(1) ,TB
A∪B

)n)⊗k
e2πiα(NA−NB)

)
= Tr

((
ρ

(1) ,TB
A∪B

)n
e2πiα(N(1)

A −N
(1)
B )
)⊗k

= (Rn1 (rA, rB, r;α))k , (2.19)

where the operators N (1)
A , N (1)

B act on a single two-qubit state in the obvious way

N
(1)
A |iA, iB〉 = iA|iA, iB〉 , N

(1)
B |iA, iB〉 = iB|iA, iB〉 , iA , iB ∈ {0, 1} . (2.20)
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The result above is not surprising and it is a consequence of the choice of the state: if
the multi-particle state is a tensor product then there is no correlation between different
particles and the total negativity is simply the product of the single particle negativities.
This also holds for the ratio of charged moments. As we shall see below, this is not the
case when the particles are indistinguishable.

2.4 Multiple identical excitations

Consider now a k-particle state consisting of k identical excitations. Its associated qubit
state can be written as:

|k〉 =
∑

{kA,kB ,kC}∈σ3
0(k)

ckA,kB ,kC |kAkBkC〉 , (2.21)

where σ3
0(k) represents the set of integer partitions of k into three non-negative parts and

the coefficients

ckA,kB ,kC :=

√
k!rkAA rkCrkBB
kA!kB!kC ! δkA+kB+kC ,k , (2.22)

are as usual probabilities of finding kA identical particles in region A, kB identical particles
in region B and the remaining particles, kC in region C, weighted with the appropriate
combinatorial factors. As shown in [31, 32], if all vectors |kAkBkC〉 are normalised to one,
then also 〈k|k〉 = 1.

From this expression it is then possible to explicitly construct the matrix elements of
the (bosonic) partially transposed density matrix as:

〈k1
Ak

1
B|ρ

TB
A∪B|k

2
Ak

2
B〉 =

∑
kC∈N0

ck1
Ak

2
BkC

ck2
Ak

1
BkC

, (2.23)

where the sum represents taking the trace over the degrees of freedom in C and the partial
transposition exchanges the indices k1

B and k2
B in the coefficients. The matrix elements of

the nth power can then be simplified to

〈k1
Ak

1
B|
(
ρTBA∪B

)n
|kn+1
A kn+1

B 〉 =
∑

ks
A
,ks
B
∈N0;s=2,...,n

kr
C
∈N0;r∈In

n∏
j=1

c
kjAk

j+1
B kjC

c
kj+1
A kjBk

j
C

(2.24)

=
∑

ks
A
,ks
B
∈N0;s=2,...,n

kr
C
∈N0;r∈In

n∏
j=1

k!rk
j
A
A rk

j
Cr

kjB
B

kjA!kjC !kjB!
δ
kjA+kj+1

B +kjC ,k
δ
kj+1
A +kjB+kjC ,k

,

where In := {1, . . . , n}. This formula follows from multiplying together n copies of (2.23)
with different intermediate states (indices).

While eq. (2.25) was already presented in [31], its symmetry resolved version is new
and can be easily written by introducing phase factors in the sum above. We have

〈k1
Ak

1
B|
(
ρTBA∪B

)n
e2πiα(NA−NB)|kn+1

A kn+1
B 〉

=
∑

ks
A
,ks
B
∈N0;s=2,...,n

kr
C
∈N0;r∈In

n∏
j=1

k!rk
j
A
A rk

j
Cr

kjB
B

kjA!kjC !kjB!
e

2πiα
n

(kjA−k
j
B)δ

kjA+kj+1
B +kjC ,k

δ
kj+1
A +kjB+kjC ,k

.(2.25)
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Starting with this result, the derivation of equations (1.23) and (1.24) is identical to that
presented in [31, 32]. The idea is to employ the various existing constraints on the values
of kjA, k

j
B and kjC in order to reduce the number of terms in the sum and product (2.25).

Several terms in the sum are vanishing due to the two delta-function constraints. Once
those are implemented, only one independent set of variables, say kjA remains. This set
itself is constrained by the fact that each of these numbers can never be larger than k. The
implementation of all these constraints eventually leads to the result (1.23) with (1.24).
Before concluding the section let us analyse the simplest case, k = 1. For a single excitation,
the right-hand side of (1.23) is given by:

A−1,n r
n
B e
−2πiα +A1,0 r

n
A e

2πiα +
[n/2]∑
q=0
A0,q(rArB)qrn−2q .

By looking at the definition (1.24) one immediately gets A−1,n = A1,0 = 1. On the
other hand, A0,q = ∑

{k1,...,kn}∈σn0 (q) 1, where each kj ∈ {0, 1} and whenever kj = 1 then
kj+1 = 0. Counting the number of sequences (k1, . . . , kn) that satisfy these constraints is
a combinatorial problem identical to the one we solve in the next section. This number is
n
n−q

(n−q
n

)
. As we explain in the next section, this result exactly reproduces (1.20).

Looking at the coefficients (1.24) it is clear that the computation has an underlying
combinatorial interpretation. For the α = 0 case this has been established by reinterpreting
the sum (1.23) as a partition function for a certain class of graphs [32]. A combinatorial
picture will emerge again in the next section in a related context: the computation using
twist operators.

3 Twist operator approach

In this section, we provide a field theoretic description of the charged moments of the
partially transposed RDM, valid in principle for any QFT. To do so, we employ the replica
construction, and we define a set of twist operators, which are based on the branch point
twist fields of 1+1D QFT [2, 9, 22, 35]. Branch point twist fields play a prominent role
in entanglement computations in 1+1D QFT and were used also in the context of excited
states in [29–33]. Branch point twist fields sit at branch points from which branch cuts
extend. Twist operators were introduced in a previous work [34], and have very similar
exchange relations with respect to local fields as branch point twist fields, with the difference
that they act on extended regions of space rather than points.

In [34] we showed that the analysis of the entanglement entropies of quasi-particle states
relies on few algebraic properties, mainly their exchange relations w.r.t. local fields, while
most of the theory-dependent features are hidden in the zero-point fluctuations (ground
state entanglement). Similar to the previous section we will consider here a single excitation
of either bosonic or fermionic type. In the fermionic case, we discuss the algebra of twist op-
erators and fermionic fields. We both compute the charged moments in a generic fermionic
theory, and, as a byproduct, we perform a simpler derivation valid for free fermions in any
dimension.
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3.1 Single bosonic excitation

We consider now a bosonic QFT, described by its algebra of observables A, acting on the
Hilbert space H, and |0〉 ∈ H is the ground state of the theory. We then consider the replica
version of this theory, consisting of n non-interacting copies of the same model. The algebra
of observables is now denoted by An, so that Zn becomes an internal (global) symmetry,
which includes cyclic permutation symmetry among copies [36–39]. We also assume that
the QFT we start with carries an additional global U(1) symmetry. This procedure allows
us to introduce a set of twist operators, supported on extended spacial regions, which mix
cyclic permutation and internal U(1) symmetries, and generalise the notion of composite
twist fields of 1+1D QFT [22, 35, 40–43].

Let Oj(x) be a generic bosonic field of the j-th replica (j = 1, . . . , n) with U(1) charge
κO. We consider a region A, and we associate to it a twist operator TαA which satisfies [34]

TαAOj(x) =

e2πiκOαδj,nOj+1(x)TαA x ∈ A ,
Oj(x)TαA x /∈ A .

(3.1)

The action of TαA is non-trivial only in the region A and it can be interpreted as a replica
shift j → j+1 followed by the insertion of a U(1) flux among the n-th and the first replica.
Similarly, we define the conjugate twist operator T̃αA so that

T̃αAOj(x) =

e−2πiκOαδj,1Oj−1(x)T̃αA x ∈ A ,
Oj(x)T̃αA x /∈ A,

(3.2)

whose action is the inverse of that of TαA , so we can identify T̃αA = (TαA)†. These operators
will now allow us to develop a field-theoretic formulation of the symmetry-resolved nega-
tivity and its moments. Let A and B be two disconnected regions, |Ψ〉 a state and ρA∪B
its RDM over A ∪ B. Following [20], one can indeed interpret the moments as charged
functions of a n-sheeted Riemann surface with a branch-cut over A and B, connecting the
replicas in two opposite directions. A similar construction in the presence of fluxes has
been proposed in [25]. In analogy with the works above, we establish the following relation
between the charged moments and the twist operators:

Tr
(
(ρTBA∪B)nei2πα(QA−QB)

)
∼ n〈Ψ|TαA T̃αB |Ψ〉n , (3.3)

up to a non-universal proportionality constant, which is irrelevant for our purpose as we
are interested in ratios. Note that |Ψ〉n represents the replicated version of the state |Ψ〉.

Consider once more the simplest case of a one-particle excitation of fixed momentum
p and charge 1, which is created by a field O acting on the ground state as

|1〉 ∝ O(p)|0〉 , (3.4)

up to a normalization constant. Here O(p) is the Fourier transform of O(x)

O(p) =
∫
M
ddxe−ip·xO(x) , (3.5)

– 12 –
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andM is the whole space, which, for simplicity, we take to be a d-dimensional torus. We
note that O†(−p) = [O(p)]† which will be important for later computations. Our aim, as
in the previous section, is to compute the ratio of charged moments, which in this language
becomes

n〈1|TαA T̃αB |1〉n
n〈0|TαA T̃αB |0〉n

. (3.6)

We define the projection of O(p) over a generic region A as the restricted integral

OA(p) =
∫
A
ddxe−ip·xO(x) , (3.7)

then we can write

n〈1|TαA T̃αB |1〉n =
n〈0|(O†)n(−p) . . . (O†)1(−p)TαA T̃αBO1(p) . . .On(p)|0〉n

n〈0|(O†)n(−p) . . . (O†)1(−p)O1(p) . . .On(p)|0〉n . (3.8)

We point out that bosonic creation operators, whether on the same or on different copies,
commute with each other, therefore the order of a string of operators Oj(p) is irrelevant.
We now observe that

Oj(p) = OjA(p) +OjB(p) +OjC(p) , (3.9)

which, when inserted into (3.8), leads to a large numbers of terms both in the numerator
and the denominator. The key idea is that in the infinite volume limit many of these terms
are subleading and the leading contribution can be isolated and shown to be simple. We
now present the details of the calculation.

Employing the exchange relations between twist operators and O, we can bring all the
bosonic fields Oj(p) to the left of TαA T̃αB in (3.8). This gives

n〈0|(O†)n(−p) . . . (O†)1(−p)TαA T̃αBO1(p) . . .On(p)|0〉n =
n〈0|(O†)n(−p) . . . (O†)1(−p)(O2

A(p) +OnB(p)e−2πiα +O1
C(p)) · · · ×

(O1
A(p)e2πiα +On−1

B (p) +OnC(p))TαA T̃αB |0〉n .
(3.10)

So far everything is exact, and no approximation has been made. To proceed further with
the evaluation of the expectation value, we focus on the large volume behavior. In [34] we
argued that the leading terms come from the contractions of fields belonging to the same
replica, which amount to the following formal replacement inside the correlation function:

(O†)jA′(−p)OjA(p)→ 〈0|(O†)jA′(−p)OjA(p)|0〉 ∼ VA∩A′ , (3.11)

with A, A′ ⊆ M generic spacial regions. Proportionality to the volume is valid in the
large volume limit and was shown in [34]. The proportionality constant can in principle be
absorbed in the normalisation of the field O and does not affect the final result. According
to the findings in [34], the accuracy of the approximation 3.11 is supported when the
correlation length or the de Broglie length (represented by |p|−1) are significantly smaller
than the size of the subsystem. This condition is an essential requirement for the excited
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states we aim to describe, and we refer to [34] for additional details. In this regime, the
vacuum expectation value of the twist operators also factors out:

n〈0|(O†)n(−p) . . . (O†)1(−p)(O2
A(p) +OnB(p)e−i2πα +O1

C(p)) · · · ×
(O1

A(p)ei2πα +On−1
B +OnC(p))TαA T̃αB |0〉n '

n〈0|(O†)n(−p) . . . (O†)1(−p)(O2
A(p) +OnB(p)e−2πiα +O1

C(p)) · · · ×
(O1

A(p)e2πiα +On−1
B (p) +OnC(p))|0〉n × n〈0|TαA T̃αB |0〉n ,

(3.12)

which means that the charge moments of the ground state factor out and will subsequently
be cancelled in the ratio (3.6). While the formula above is already a large volume approx-
imation, when the sums are expanded and each individual term considered, many terms
that are subleading for large volume still appear. To make things clear, consider the terms

n〈0|(O†)n(−p) . . . (O†)1(−p)O2
A(p) . . .O1

A(p)|0〉ne2πiα ∼ V n
A e

2πiα , (3.13)

and

n〈0|(O†)n(−p) . . . (O†)1(−p)OnB(p) . . .On−1
B (p)|0〉ne−2πiα ∼ V n

B e
−2πiα . (3.14)

These are the terms that generate the highest powers in the volume of regions A and B

respectively. Among the other terms that are generated, the leading ones at large volume
are those containing a string of operators Oj(p) and their daggered versions all inserted at
different replicas, just as in the examples above. If that is not the case, there is at least a
pair of operators that can not be contracted as in (3.11) and the term is subleading.

We now proceed with the systematic evaluation and counting of all the leading terms
generated in the expansion (3.12). We introduce the following notation to identify each
term

(A1 . . . An) := n〈0|(O†)n(−p) . . . (O†)1(−p)Oj1A1
(p) . . .OjnAn(p)|0〉n, (3.15)

where Ai ∈ {A,B,C} and ji ∈ {1, . . . , n}. We observe that, once the sequence of regions
(A1 . . . An) is identified, the sequence of replica indices (j1 . . . jn) is fixed unambiguously,
as in fact

ji =


i+ 1 , if Ai = A

i , if Ai = C

i− 1 , if Ai = B

, (3.16)

hence the choice of notation above. Moreover, due to the contraction rules discussed
above, only the terms for which (j1 . . . jn) is a permutation of the indices {1, . . . , n} are
non-vanishing. As a consequence, one can show that (See appendix A.1) the only possible
non-vanishing terms fit into one of these two categories:

• Either (A1 . . . An) = (A . . . A) or (A1 . . . An) = (B . . . B), the two cases which have
been already discussed in eqs. (3.13), (3.14),

• Or, whenever A appears in (A1 . . . An), it has to be followed by B. Similarly, if B
appears in (A1 . . . An), then it has to be preceded by A.
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We focus on the second set of terms. It is convenient to split this into two additional
subsets, which we call type-I and type-II

• Type-I: (A1 . . . An) = (B A2 . . . An−1 A) ,

• Type-II: (A1 . . . An) with A1 6= B .

Thus, both types of string contain a number k of pairs AB and n− 2k C’s, and according
to (3.11) each of them will be proportional to (VAVB)kV n−2k

C . Due to the balance of A’s
and B’s there is no phase present in these terms (no α dependence). We now just need to
count how many of each type we have.

Among the strings of type-I, there is always at least one pair AB and there are at most
k − 1 additional pairs AB that can be present. The number of such strings is precisely (a
proof is given in A.2) (

n− k − 1
k − 1

)
for k = 0, . . . [n/2]. (3.17)

Similarly, one can show that the number of type-II strings consisting of k pairs of consec-
utive A and B is (

n− k
k

)
for k = 0, . . . [n/2]. (3.18)

In summary,

n〈0|(O†)n(−p) . . . (O†)1(−p)(O2
A(p) +OnB(p)e−i2πα +O1

C(p)) · · · ×
(O1

A(p)ei2πα +On−1
B (p)ei2πα +OnC(p))|0〉n ∼

V n
A e

2πiα + V n
B e
−2πiα +

dn2 e∑
k=0

n

n− k

(
n− k
k

)
(VAVB)k(VC)n−2k ,

(3.19)

where we used the simple identity(
n− k
k

)
+
(
n− k − 1
k − 1

)
= n

n− k

(
n− k
k

)
. (3.20)

The denominator in (3.8) can be fully contracted and yields V n (up to a non-universal
normalisation constant). Therefore the ratio (3.6) becomes a function of the usual variables
rA, rB and r and we obtain

Rn1 (rA, rB, r;α) = rnAe
2πiα + rnBe

−2πiα +
bn2 c∑
k=0

n

n− k

(
n− k
k

)
(rArB)krn−2k , (3.21)

which is the main result of this section. Note that although this formula looks different
from (1.20), they are in fact equivalent. That is

(
r +
√
r2 + 4rArB

2

)n
+
(
r −
√
r2 + 4rArB

2

)n
=
bn2 c∑
k=0

n

n− k

(
n− k
k

)
(rArB)krn−2k.

(3.22)

– 15 –



J
H
E
P
0
6
(
2
0
2
3
)
0
7
4

This relation was given already in [31, 32] without a proof. The proof is indeed quite in-
volved, and can be performed using properties of the generalised Lucas’ polynomials. This
is presented in appendix B, where we also derive two interesting corollaries. The equal-
ity (3.22) is particularly interesting because it shows that the result is always a polynomial
in integer powers of rA, rB, r for n positive, even or odd. However, its analytic continuation
from n even to n = 1 does contain a square root as seen in (1.21).

3.2 Single fermionic excitation

Let us consider a theory for which the algebra A contains fermionic observables. In other
words, we assume that A is a Z2-graded algebra (superalgebra) generated by bosonic/
fermionic fields, which are even/odd with respect to the Z2 fermionic parity. Here, to
generalise properly the twist operator construction, one must take care of the fermionic
nature of the fields. Indeed, two such fields sitting at distinct points, say Ψ(x) and Ψ(x′)
will now anticommute

Ψ(x)Ψ(x′) = −Ψ(x′)Ψ(x). (3.23)

Moreover, when the replica construction is performed and the replica fields are obtained,
we will require that fermionic fields on distinct replicas also anticommute

Ψj(x)Ψj′(x′) = −Ψj′(x′)Ψj(x). (3.24)

As a result, the algebra of the replica theory An is not a conventional tensor product.
As before, we assume that an additional U(1) symmetry is present in the theory. Let

A be a spacial region, and we associate to it a twist operator TαA which shifts the replica
indices and appends a U(1) flux. While its action for bosonic fields has been already
discussed, we now consider its commutation relation with a generic fermionic field Ψ of
charge κΨ. The natural generalisation is

TαAΨj(x) =

(−1)(n−1)δj,ne2πiκΨαδj,nΨj+1(x)TαA x ∈ A,
Ψj(x)TαA x /∈ A.

(3.25)

We point out that the only difference with respect to (3.1) is the presence of an additional
flux (−1)n−1 between the n-th and the first replica, a factor that was already introduced
in [44] and employed for instance in [9] in the calculation of the vacuum expectation value
(VEV) of the Ising twist field.

For fermionic theories we need to define another twist operator which implements
explicitly the fermionic partial transposition, and from now on we only consider n even,
denoted also by ne. It has been shown in [20] that the effect of the partial transposition
on the fermions gives rise to an additional insertion of a flux (−1) among any pair of
consecutive replicas, in addition to the usual replica shift. To implement this construction,
we define a twist operator T̃αA satisfying

T̃αAΨj(x) =

−(−1)(n−1)δj,1e−2πiκΨαδj,1Ψj−1(x)T̃αA x ∈ A,
Ψj(x)T̃αA x /∈ A.

(3.26)

– 16 –



J
H
E
P
0
6
(
2
0
2
3
)
0
7
4

We are now ready to compute the ratio of charged moments, along the same lines of the
previous computation. Namely, given a fermionic field Ψ(x) with U(1) charge +1, we
consider the state

|1〉 ∼ Ψ(p)|0〉, (3.27)

and its replicated version
|1〉n ∼ Ψ1(p) . . .Ψn(p)|0〉. (3.28)

Given two disconnected regions A and B, we express the ratio of charged moments of the
partial transpose also in this case as

n〈1|TαA T̃αB |1〉n
n〈0|TαA T̃αB |0〉n

, (3.29)

with n an even integer. We expand the expectation value of the twist operators as follows

n〈0|(Ψ†)n(−p) . . . (Ψ†)1(−p)(Ψ2
A(p) + Ψn

B(p)e−2πiα + Ψ1
C(p)) · · · ×

(−Ψ1
A(p)e2πiα −Ψn−1

B (p)e2πiα + Ψn
C(p))TαA T̃αB |0〉n '

n〈0|(Ψ†)n(−p) . . . (Ψ†)1(−p)(Ψ2
A(p) + Ψn

B(p)e−2πiα + Ψ1
C(p)) · · · ×

(−Ψ1
A(p)e2πiα −Ψn−1

B (p) + Ψn
C(p))|0〉n × n〈0|TαA T̃αB |0〉n.

(3.30)

As in the bosonic case, many terms are generated after the sums are expanded and similar
considerations as to which are leading and which are sub-leading for large volume can be
applied. However, since the fermionic fields anticommute, we need to pay attention to the
order of the fields. For example, the term (A A . . . A) can be evaluated to

n〈0|(Ψ†)n(−p) . . . (Ψ†)1(−p)Ψ2
A(p) . . .Ψ1

A(p)|0〉n(−e2πiα) =
n〈0|(Ψ†)n(−p) . . . (Ψ†)1(−p)Ψ1

A(p)Ψ2
A(p) . . .Ψn

A(p)|0〉ne2πiα ∼ e2πiαV n
A ,

(3.31)

where Ψ1
A(p) has been recast in the first position after crossing n− 1 (odd) fermions, thus

acquiring an additional phase −1. Similarly, it is easy to show that

n〈0|(Ψ†)n(−p) . . . (Ψ†)1(−p)Ψn
B(p) . . .Ψn−1

B (p)|0〉n(−e−2πiα) ∼ V n
B e
−2πiα. (3.32)

So far, it should be clear that each term of the expansion is weighted with a proper phase,
which arises from both the commutation relations (between twist operators and fermions)
and the contractions, and this is the crucial difference with respect to the calculation
presented for the boson. We can summarise the total contribution to the phase for a
generic term(A1 ... An

j1 ... jn

)
:= n〈0|(Ψ†)n(−p) . . . (Ψ†)1(−p)Ψj1

A1
(p) . . .Ψjn

An
(p)|0〉n (3.33)

as follows:

• If jn = 1 and An = A there is a −e2πiα phase. Similarly, if j1 = 1, and A1 = B, there
is a contribution of −e−2πiα.
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• In addition to the previous phase, an additional −1 is present for each B which
appears in the string (A2 . . . An). This is due to the fermionic partial transposition
over B.

• Once the contraction is performed, there is a sign coming from the order of the fields.
Given (j1 . . . jn) = (σ(1) . . . σ(n)), with σ a generic permutation of the replica
indices, one can show that the sign appearing after the contraction is sign(σ).

Having suitably modified the definition of the twist operators for the fermion, the phase of
each term appearing in (3.30) is the same as the one for the corresponding term in (3.12),
leading to the same result for fermions and bosons. To see this, let us first analyse a term
of type-I (B A2... A

n j2... 1
)
. (3.34)

The phases coming from the last A and the first B cancel each other. Let Ai+1 = B: then
this must be preceded by Ai = A. The resulting replica indices at the corresponding posi-
tions are ji+1 = i and ji = i+ 1. In other words, there is an exchange of the replica indices
i and i+ 1, which changes the sign of the permutation σ and it contributes as −1 after the
contraction, but it is compensated by the −1 due to the presence of a B. Similar consid-
erations apply straightforwardly to the strings of type-II. Putting everything together, the
same formula (1.20) is obtained again, which is the final result. We emphasise that this
derivation relies on the assumption that n is even, something that was not necessary for a
single bosonic excitation.

3.2.1 Single fermionic excitation via replica diagonalisation

We briefly note that the same result just derived for fermions can also be obtained via
replica diagonalisation in the free case. The key observation is that, as show in ref. [20],
the fermionic partial transpose of a Gaussian state is still Gaussian. This allows to simplify
the analysis of the replica theory, reducing it to a single-replica model in the presence of
proper fluxes. For instance, given a Gaussian state and its RDM, and taking n to be even,
one can show the factorisation [20]

Tr
(
|ρRBA∪B|

ne2πiα(QA−QB)
)

=
n−1

2∏
p=−n−1

2

Tr
(
ρA∪Be

2πi(α+p)
n

(QA−QB)+iπQB
)
. (3.35)

Each term appearing inside the product is nothing but a single copy charged partition
function with given fluxes along A and B, that is the key quantity we aim to evaluate in
this subsection.

We can also identify each term inside the product (3.35) as a ratio of correlators of
twist operators, as done in 3.6. The only difference is the flux α in TαA , which needs to be
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shifted in accordance with the form of the trace inside the product. We then have that

Rn1 (rA, rB, r;α) =
n−1

2∏
p=−n−1

2

Tr
(
ρA∪Be

2πi(α+p)
n

(QA−QB)+iπQB
)

Tr
(
ρA∪B,0e

2πi(α+p)
n

(QA−QB)+iπQB
)

=
n−1

2∏
p=−n−1

2

〈1|Tα+p
A T

−α−p+ 1
2

B |1〉

〈0|Tα+p
A T

−α−p+ 1
2

B |0〉
,

(3.36)

where the twist operators are defined by eq. (3.25) with n = 1. A similar calculation as in
the previous sections gives

〈1|TαAT
−α+ 1

2
B |1〉 = 〈0|Ψ

†(p)TαAT
−α+ 1

2
B Ψ(p)|0〉

〈0|Ψ†(p)Ψ(p)|0〉 =

〈0|Ψ†(p)(ΨA(p)e2πiα −ΨB(p)e−2πiα + ΨC(p))TαAT
−α+ 1

2
B |0〉

〈0|Ψ†(p)Ψ(p)|0〉 '

〈0|TαAT
−α+ 1

2
B |0〉(rAe2πiα − rBe−2πiα + r).

(3.37)

so that
n−1

2∏
p=−n−1

2

〈1|Tα+p
A T

−α−p+ 1
2

B |1〉

〈0|Tα+p
A T

−α−p+ 1
2

B |0〉
=

n−1
2∏

p=−n−1
2

(rAe
2πi(α+p)

n − rBe−
2πi(α+p)

n + r) . (3.38)

This product can be shown yet again to be equal to (1.20), though the proof requires some
mathematical identities that we present in appendix (C).

3.3 Bosonic state with multiple distinct excitations

Consider now a k-particle bosonic state where all particles have the same (unitary) charge
and momentum p. In order to ensure the presence of U(1) symmetry we consider the
complex free boson, described by a field O which satisfies Wick’s theorem in the vacuum
state. We thus describe the excited state as

|k〉 ∼ (O(p))k |0〉. (3.39)

Before entering the core of the computation in the replica model it is convenient, for
computational reasons, to slightly modify the definition (3.1) of the twist operators as
follows

TαAOj(x) =

e
2πiα
n Oj+1(x)TαA x ∈ A,

Oj(x)TαA x /∈ A.
(3.40)

This amounts to distributing the total flux e2πiα among all copies, rather than inserting
it between the n-th and the first replica only. While this operator is different from what
we used before, one can show that the final result obtained as expectation value is not
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modified, as a consequence of replica and U(1) symmetry. An analogous fractionalisation
will be considered for T̃αA . We can now evaluate

n〈k|TαA T̃αB |k〉n =
n〈0|

(
(O†)n(−p)

)k
. . .
(
(O†)1(−p)

)k
TαA T̃

α
B

(
O1(p)

)k
. . . (On(p))k |0〉n

n〈0| ((O†)n(−p))k . . . ((O†)1(−p))k (O1(p))k . . . (On(p))k |0〉n
.

(3.41)

The denominator, required to ensure the normalisation of the state, can be computed using
Wick’s theorem, which gives the expectation value as a sum over the possible contractions:

n〈0|
(
(O†)n(−p)

)k
. . .
(
(O†)1(−p)

)k (
O1(p)

)k
. . . (On(p))k |0〉n =

[〈0|
(
(O†)(−p)

)k
(O(p))k |0〉

]n ∼ V nk(k!)n.
(3.42)

The numerator in (3.41) can be manipulated similarly to the previous sections, now
using the exchange relation (3.40):

n〈0|
(
(O†)n(−p)

)k
. . .
(
(O†)1(−p)

)k
TαA T̃

α
B

(
O1(p)

)k
. . . (On(p))k |0〉n =

n〈0|
(
(O†)n(−p)

)k
. . .
(
(O†)1(−p)

)k (
O2
A(p)e

2πiα
n +OnB(p)e−

2πiα
n +O1

C(p)
)k
· · · ×(

O1
A(p)e

2πiα
n +On−1

B (p)e−
2πiα
n +OnC(p)

)k
TαA T̃

α
B |0〉n '

n〈0|
(
(O†)n(−p)

)k
. . .
(
(O†)1(−p)

)k (
O2
A(p)e

2πα
n +OnB(p)e−

2πiα
n +O1

C(p)
)k
· · · ×(

O1
A(p)e

2πiα
n +On−1

B (p)e−
2πiα
n +OnC(p)

)k
|0〉n × n〈0|TαA T̃αB |0〉n.

(3.43)

The generic evaluation of the previous expression is combinatorially-speaking rather in-
volved, however many crucial features are already apparent. Namely, it is clear that 3nk
terms are generated simply by expanding the product over sums. Each resulting term can
then be evaluated via Wick’s theorem and will give rise to many contractions, as there are
many possible ways to contract OjAi(p) with (O†)j(−p). Any of these contractions can be
recovered via the permutation of the operators (O†)j(−p) living in the same replica, giving
a factor (k!)n which precisely cancels the normalisation of the state (the denominator in
eq. (3.41)). Moreover, whenever the restriction of O1

A(p) over the region A appears, a
factor VAe

2πiα
n is present after the Wick contraction; similarly, a factor VBe−

2πiα
n appears

with every B and a factor VC for every C. Putting everything together, we can infer the
general structure

n〈0|
(
(O†)n(−p)

)k
. . .
(
(O†)1(−p)

)k (
O2
A(p)e2πiα/n +OnB(p)e−2πiα/n +O1

C(p)
)k
· · · ×(

O1
A(p)e2πiα/n +On−1

B (p)e−2πiα/n +OnC(p)
)k
|0〉n =

(k!)n
∑
kA,kB

CkA,kBV
kA
A V kB

B (VC)nk−kA−kBe
2πiα(kA−kB)

n ,

(3.44)
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so that the expectation value is a homogeneous polynomial of degree nk in VA, VB, VC , and
CkA,kB is a natural number of combinatorial nature. Using the expression eq. (3.6), we get
the ratio of charged moments as

Rnk(rA, rB, r;α) =
n〈1|TαA T̃αB |1〉n
n〈0|TαA T̃αB |0〉n

=
∑
kA,kB

CkA,kBrA
kArB

kBrnk−kA−kBe
2πiα(kA−kB)

n , (3.45)

valid, as usual, in the infinite volume limit. The closed formula for the combinatorial
coefficient CkA,kB at any k and n is difficult to obtain by this method, but has been obtained
ealier for simpler qubit states. The coefficients CkA,kB are nothing but the coefficients Ap,q
given in (1.24).

3.4 An example: k = n = 2

Let us consider the example n = 2 and k = 2 to get an idea of how the combinatorics
of (3.44) works in this case. Define the symbol(A1 ... Ank

j1 ... jnk

)
, (3.46)

which represents to the insertion of a string Oj1A1
(p) . . .OjnkAnk

(p) inside the correlation func-
tion. Among the strings which are generated, we only keep those for which any replica
index j appears exactly k times among (j1 . . . jnk), as all others will vanish after Wick
contractions. For n = k = 2 the length of the strings above is nk = 4. For any given string,
there are others that can be obtained via the following permutations of the Ai indices:

(A1 A2 A3 A4)→ (A2 A1 A3 A4), (A1 A2 A3 A4)→ (A1 A2 A4 A3),
(A1 A2 A3 A4)→ (A3 A4 A1 A2)

(3.47)

and these contribute equally. This allows us to slightly simplify the combinatorial counting,
and we only list the strings up to the transformations generated by eq. (3.47), taking care
of the degeneracy for each representative distinct string. These are

• (A A A A): it yields (rAe
2πiα

2 )4.

• (B B B B): it yields (rBe−
2πiα

2 )4.

• (A A B B) and (A B A B): they yield 6r2
Ar

2
B.

• (B A A A): it yields 4(rAe
2πiα

2 )3(rBe−
2πiα

2 ).

• (A B B B): it yields 4(rBe−2πiα/2)3(rAe2πiα/2).

• (A C B C): it yields 8rArBr2.

• (C C C C): it yields r4.

• (A C A C): it yields 4r2(rAe
2πiα

2 )2.

• (B C B C): it yields 4r2(rBe−
2πiα

2 )2.
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Putting all these pieces together, we obtain

R2
2(rA, rB, r;α) = r4

Ae
4πiα + r4

Be
−4πiα + 6r2

Ar
2
B + 4r3

ArBe
2πiα + 4r3

BrAe
−2πiα+

8rArBr2 + r4 + 4r2
Ar

2e2πiα + 4r2
Br

2e−2πiα.
(3.48)

This result is consistent with the one obtained from a direct evaluation of the right hand
side of (1.23) for n = 2, k = 2.

4 Numerics

In this section, we present numerical results for a 1D lattice Fermi gas. In particular, we
consider the ground state at half-filling, which is a Fermi sea and has critical features. This
Fermi sea is then excited through the insertion of an additional particle above the Fermi
energy at large momentum. We aim to compute the ratio of charged moments for a state
of a single excitation and show the validity of result (1.20) numerically. Agreement with
the latter confirms the claim made earlier in this paper and in previous works, namely that
while the ground state exhibits theory-dependent, highly non-trivial behavior (in this case,
captured by a free fermion CFT [25]), the contribution given by the excitation is universal.

4.1 The method

Let us consider a Fermi chain of length L described by the fermionic operators {fj , f †j }j=1,...,L
satisfying the standard anticommutation relations

{fj , fj′} = {f †j , f
†
j′} = 0, {fj , f †j′} = δjj′ . (4.1)

We choose a Gaussian state with a given number of particles and consider its correlation
matrix, denoted by

C(j, j′) = 〈f †j fj′〉, j, j′ = 1, . . . , L. (4.2)

Let us further define the L× L covariance matrix

Γ = 1− 2C . (4.3)

Given any two disjoint spacial subsystems A and B, of length `A, `B respectively, the
restriction of Γ over A ∪B is a (`A + `B)× (`A + `B) matrix defined by

ΓA∪B =
(

ΓAA ΓAB
ΓBA ΓBB

)
, (4.4)

Following ref. [45] one can show that, if ρA∪B is the RDM for this system, the fermionic
partial transposition ρRBA∪B is Gaussian. Moreover, since in general ρRBA∪B is not hermitian,
it is convenient to introduce a matrix ρ× defined as

ρ× = (ρRBA∪B)(ρRBA∪B)†
Tr(ρ2

A∪B) . (4.5)
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From the definition of partial time-reversal transposition, it is possible to show [46] that
ρ× has unit trace. If one interprets ρ× as an unphysical mixed state of A∪B, its associated
covariance matrix is2 (See [45])

Γ×A∪B ≡
2

1 + Γ2
A∪B

(
ΓAA 0

0 −ΓBB

)
. (4.6)

One can then express the even charged moments of the partially transposed RDM as (See
also ref. [25])

logTr
(
|ρRBA∪B|

ne2πiα(QA−QB)
)

= Tr log

(1− Γ×A∪B
2

)n
2

e2πiα +
(

1 + Γ×A∪B
2

)n
2


+ n

2Tr log
((1 + ΓA∪B

2

)2
+
(1− ΓA∪B

2

)2
)
.

(4.7)

We stress that eq. (4.7) makes sense also if n is not an even integer, and it naturally
provides the analytic continuation over n for the even charged moments.

4.2 Lattice Fermi gas

For our numerics we take the Hamiltonian of a lattice free Fermi gas on a ring of length L

H = −1
2
∑
j

f †j+1fj + f †j fj+1 . (4.8)

Its ground state is a Fermi sea, with Fermi momentum kF = π/2, and its correlation
matrix is

C0(j, j′) ≡ 〈f †j fj′〉0 = sin kF (j − j′)
L sin π(j−j′)

L

. (4.9)

We then consider the excited state obtained via the insertion of a particle at momentum

k = kF + π

2 −
π

L
(4.10)

above the Fermi sea, whose correlation matrix is

C(j, j′) = C0(j, j′) + 1
L
e−i(kF+π

2−
π
L

)(j−j′) . (4.11)

While the specific choice of k is irrelevant for our purpose, it is important to require k−kF
finite in the thermodynamic limit3

We consider the following subsystems

A = {1, . . . , `A}, B = {`A + 1, . . . , `A + `B}, (4.12)
2Strictly speaking, the correlation matrix is unitarily equivalent to the one in eq. (4.6), as shown in

ref. [46]. However, this is not important for our purpose, as we are interested on its spectrum only.
3We mention that in ref. [47] the case k − kF ∼ 1/L, which is a low-lying state, was considered, and its

symmetry resolved entanglement was computed.
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Figure 1. Difference of (uncharged, α = 0) Rényi negativities for the one-particle state at n =
0.5, 1, 2. Note that although we derived our predictions (1.20) for n even via the replica approach,
we can analytically continue them to any value of n (and they are shown with dashed lines).

and we fix the size of A ∪B to be half the subsystem size:

`A + `B
L

= 1
2 . (4.13)

We finally evaluate numerically the difference of charged Rényi negativities

En(α)− En,0(α) ≡ log
Tr
(
|ρRBA∪B|ne2πiα(QA−QB)

)
Tr
(
|ρRBA∪B,0|ne2πiα(QA−QB)

) , (4.14)

for some values of the flux α as a function of rA = `A/L, and we compare it with the
prediction (1.20) (with rB ≡ `B/L = 1/2− rA). In figures 1 and 2 we show the results for
a chain of length L = 400 and given values of n and α, while varying the value of rA from
0 to 1/2. We consider also non-even values of n, and we compare the numerics with the
analytical continuation (over the even integers) of our predictions.

The general agreement is good: even if there are small discrepancies for small values
of `A or `B, corresponding to rA ' 0 and rA ' 0.5, these are expected to be finite-size
effects which vanish in the large-volume limit.

5 Conclusions and outlook

This work is Part III of a series of papers, starting with [33, 34] where we have investigated
the universal properties of symmetry resolved quantities in zero-density excited states.
Zero-density here means that volume is taken to infinity, while the number of excitations
above the ground state (which may be trivial, as for a qubit state, or highly non-trivial as in
QFT) is kept fixed and finite. These papers in turn extend work on entanglement measures
for zero-density excited states carried out in [29–32]. Other important contributions to this
study are [48–54]

In line with the results of [33, 34] for the Rényi entropies, also here we expected
and indeed found that the contribution of a finite number of excitations to the symmetry

– 24 –



J
H
E
P
0
6
(
2
0
2
3
)
0
7
4

Figure 2. Difference of charged Rényi negativities for the one-particle state at flux α =
0.1, 0.2, 0.3, 0.4 and n = 1, 2 evaluated numerically (dots) versus the analytical predictions (1.20)
(dashed lines). The left/right panels show the real/imaginary part of En(α)− En,0(α). The size of
the chain is L = 400, and we plot the results as functions of rA ∈ (0, 1/2). Note that although
we have insisted that n must be even, once a formula with n even has been obtained, n can be
analytically continued to other values, hence our choices for the numerics.

resolved (logarithmic) negativity is given by a simple formula, a polynomial on the variables
rA, rB and r = 1− rA − rB, which represent the relative sizes of two subsystems A and B
and their complement, respectively. For the symmetry resolved moments of the negativity,
this polynomial will also depend on a parameter related to the internal symmetry of the
theory, which in this paper we take to be U(1). We called this parameter α. The formulae
that we obtained generalise the results of [31, 32] in a simple way and are consistent with
numerical results. However, some of the methods that we have employed to obtain these
results are quite new and have potential for further use.

The method of twist operators, closely related to the derivation in [32] for d-dimensional
free bosonic theories, was introduced in [34] and the present paper provides a very non-
trivial check of its validity. From this method alone, we can claim that our formulae should
be valid in any dimensionality. Compared to a computation based on branch point twist
fields for free QFT, as performed for the negativity in [31], the use of twist operators, at
least for free theories, captures the same universal result through a significantly simpler
computation.

A further application of twist operators and one of the most interesting and novel
results of this paper is the fact that twist operators can be easily adapted to treat particles
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with both fermionic and bosonic statistics. In particular, it has been known for some time
that the negativity of fermionic theories requires a slight redefinition of the operation of
partial transposition [19, 20]. Here we find that, first, this redefinition is easy to implement
in the context of twist operators, and, second, that once implemented it leads to a result
which is the same as for bosons (even if the intermediate steps and starting point of the
computation are different). This ties in well with the idea that the universal part of the
entanglement associated with these types of excitation has a semiclassical interpretation
(as recently explored in [54]), thus the statistics of excitations plays no role, even if it
does play an important role for non-universal contributions, which are non-trivial when we
consider excited states of QFT.

Looking ahead, there are many interesting questions to explore in relation to the role of
different kinds of symmetries in the context of entanglement as well as the entanglement of
excited states in different limits and for different types of particle statistics. For example, a
notion of anyonic partial transposition was introduced in [55] which we could easily adapt
to some of the models considered here, such as qubit states. There have also been recent
studies of the symmetry resolved entanglement for non-invertible symmetries [56] which
could equally be extended to excited states. In connection to twist operators, any new
measures of charged entanglement should be computable by a suitable redefinition of the
operators.

Also related to this and previous work is the investigation of the crossover from low
to high energy states in CFT, from the model-dependent predictions of [57] to the sort
of universal results obtained in [29–34] and here. The results of [57] apply to low-lying
excited states of CFT, whereas the universal formulae obtained for zero-density excited
states apply for large momentum/energy. There must be a crossover between these two
behaviours that one can understand from CFT arguments and it would be very interesting
to do so.

Finally, twist operators seem to be a promising approach to computing entanglement
measures in limiting cases where many details of the interaction can be neglected, i.e. semi-
classical limit. A possible field where these ideas could be applied are out-of-equilibrium
protocols [58, 59]. It would be interesting to try to characterise entanglement growth for
free/interacting theories in any dimension through this approach. For some protocols (i.e.
global quench), we expect that the linear growth of entanglement may be captured by a
semiclassical approximation of correlation functions, similar to what we have done here.

We very much hope to tackle some of these problems in future work.
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A Combinatorics

A.1 Non-vanishing strings

Here, we count explicitly the terms in (3.12) that give rise to non-vanishing contractions.
In the following, we will make use of the notation introduced in (3.15). Let us consider
a string containing the symbol A at a certain position, say the first one, without loss of
generality: (A A2 ... An

2 j2 ... jn

)
. (A.1)

Then, the replica index 1 should appear exactly once among j2, . . . , jn, as each of the
replica indices 1, . . . , n has to be present if the corresponding term is non-vanishing. By
inspecting (3.16), one realises that there are only two possible cases:

• jn = 1, and then An = A,

• j2 = 1, which implies A2 = B.

If the first condition holds, one can apply the previous considerations to An = A and deduce
An−1 = A; this argument can be iterated, and one concludes that (A1 . . . An) = (A A . . . A).
In contrast, if the second condition holds, then

(A1 A2 ... An
j1 j2 ... jn

)
=
(A B ... An

1 2 ... jn

)
.

So far, as the choice of the first position was arbitrary (by cyclic permutation symme-
try), we proved that whenever A is present, either it is followed by B or the whole string is
(A A . . . A). Using the same argument, one can prove that whenever B is present, either
it is preceded by A or (A1 A2 . . . An) = (B B . . . B).

A.2 Combinatorial counting of strings

In this subsection we count the number of non-vanishing strings

(A1 . . . An) (A.2)

containing k pairs of consecutive A’s and B’s. We first focus on the type-I strings

(B A2 . . . . . . An−1 A). (A.3)

The number of strings that satisfy the constraints derived above is given by all the possible
ways one can insert sequences of C’s among any pair of A and B. In other words, the
generic string will look like

(B C C . . . C A B C C . . . . . . C A), (A.4)

where k sequences of C’s of length {xi}i=1,...,k are present, and xi ≥ 0 are integer numbers.
As the length of the total string is n, the {xi}i=1,...,k satisfy the following constraint

x1 + · · ·+ xk = n− 2k. (A.5)
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We now make use of a remarkable mathematical result, namely that the number of non-
negative integer solutions of x1 + · · ·+ xk = n, that is the number of non-negative integer
partitions of n into k parts is

(n+k−1
n

)
[60]. As a consequence, the number of type-I strings

satisfying the previous constraints is (
n− k − 1
k − 1

)
. (A.6)

Similarly, we consider now the type-II strings, having the following structure

(C C . . . C A B C C . . . . . . C). (A.7)

In this case, there are k + 1 sequences of consecutive C’s, as the difference with respect to
the previous case is that there is now also a sequence that precedes the first pair of A and
B. Thus, we now have to count the number of non-negative integer solutions of

x1 + · · ·+ xk+1 = n− 2k, (A.8)

which is (
n− k
k

)
. (A.9)

Summing up the contribution of both type of strings, we get precisely(
n− k − 1
k − 1

)
+
(
n− k
k

)
(A.10)

as the number of strings containing k pairs of consecutive A’s and B’s.
As a last technical remark, we observe that there is at least one pair of consecutive A

and B in the type-I strings, given by An = A and A1 = B. Then, if k = 0 there are no
strings satisfying the constraints, and this is compatible with the convention(

n− 1
−1

)
= 0. (A.11)

B Generalised Lucas polynomials and a proof of eq. (3.22)

The generalised Lucas polynomials (in two variables) are defined via the recurrence rela-
tion [61, 62]:

Vn+2(x, y) = xVn+1(x, y) + yVn(x, y) , n ∈ N0 (B.1)

the first few polynomials are V0(x, y) = 2, V1(x, y) = x, V2(x, y) = x2 + 2y. The proof
of (3.22) is based on the fact that the two sides of the equation are precisely two equivalent
closed formulae for the n-th Lucas polynomial, with x = r, y = rArB. In fact, we will now
prove the following two statements:
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1. For all integers n ≥ 0, one has a generalised Binet formula

Vn(x, y) = αn + βn , α = x+
√
x2 + 4y
2 , β = x−

√
x2 + 4y
2 . (B.2)

This is immediate to prove, as (B.1) holds by inspection for n = 0, n = 1 and
furthermore α2 = xα+ y, β2 = xβ + y, which implies that αn+2 = xαn+1 + yαn and
βn+2 = xβn+1 + yβn. This means that αn + βn satisfies the relation (B.1) for all
n ≥ 0.

2. For all integers n ≥ 1 another explicit formula for Vn(x, y) is given by

Vn(x, y) =
cn/2b∑
k=0

n

n− k

(
n− k
k

)
xn−2kyk . (B.3)

We prove this by showing again that the recurrence relation is satisfied. For n = 1,
n = 2 it is immediate to see that this reproduces the correct polynomials. For n ≥ 3,
we can make use of the identity

n

n− k

(
n− k
k

)
= n− 1
n− k − 1

(
n− k − 1

k

)
+ n− 2
n− k − 1

(
n− k − 1
k − 1

)
(B.4)

and we adopt the convention that
(n
k

)
= 0 if k > n or k < 0. It is convenient to

split the two cases n = 2m and n = 2m + 1, as the floor function yields different
values. Let us consider the case n = 2m, the other case being completely analogous.
If n = 2m, bn/2c = m, b(n− 1)/2c = b(n− 2)/2c = m− 1. From (B.3) and (B.4) we
have

Vn(x, y) =
m∑
k=0

2m
2m− k

(
2m− k
k

)
x2m−2kyk

= x
m∑
k=0

2m− 1
2m− 1− k

(
2m− 1− k

k

)
x2m−1−2kyk

+ y
m∑
k=0

2m− 2
2m− 1− k

(
2m− 1− k
k − 1

)
x2m−2kyk−1 (B.5)

the first sum in the right-hand side vanishes if k = m, so that this term is xVn−1(x, y).
The second sum on the other hand vanishes if k = 0, so we can shift the summation
variable and we see that this term reproduces yVn−2(x, y). Hence the recurrence
relation is proved.

Equation (3.22) follows from these two statements. This equation has (at least) two in-
teresting implications. The first one comes from a direct expansion of the Binet formula

– 29 –



J
H
E
P
0
6
(
2
0
2
3
)
0
7
4

using the binomial theorem:(
x−

√
x2 + 4y
2

)n
+
(
x+

√
x2 + 4y
2

)n

= 1
2n

n∑
j=0

[
(−1)k

(
n

j

)
xn−j(x2 + 4y)j/2 +

(
n

j

)
xn−j(x2 + 4y)j/2

]

= 21−n
bn/2c∑
j=0

[(
n

2j

)
xn−2j(x2 + 4y)j

]

= 21−n
bn/2c∑
j=0

(
n

2j

)
xn−2j

j∑
k=0

(
j

k

)
x2j−2k22kyk = 21−n

bn/2c∑
j=0

j∑
k=0

(
n

2j

)(
j

k

)
xn−2k22kyk

= 21−n
bn/2c∑
k=0

xn−2k22kyk
bn/2c∑
j=k

(
n

2j

)(
j

k

)
=
bn/2c∑
k=0

21−n+2k
bn/2c∑
j=k

(
n

2j

)(
j

k

)xn−2kyk ,

(B.6)

where in the last line we rearranged the sums over j and k. This quantity equals (B.3),
which implies the non-trivial combinatorial identity:

n

n− k

(
n− k
k

)
= 21−n+2k

bn/2c∑
j=k

(
n

2j

)(
j

k

)
(B.7)

As far as we know, this identity was only proved for n odd in [61].
The other interesting implication is obtained for x = y = 1. In this case, the Lucas

polynomials (B.1) reduce to the Lucas numbers:

Ln = Ln−1 + Ln−2 , n ≥ 2 (B.8)

with L0 = 2, L1 = 1. The recurrence formula is the same defining the Fibonacci sequence,
except for the different initial values. Equation (B.2) with x = y = 1 gives a closed formula
for the Lucas numbers, and thus we have, for n ≥ 1:

cn/2b∑
k=0

n

n− k

(
n− k
k

)
=
(

1 +
√

5
2

)n
+
(

1−
√

5
2

)n
(B.9)

the quantity on the right-hand side is φn+(1−φ)n, with φ the golden ratio, and it is always
a positive integer. On the other hand, the quantity on the left hand side is the number of
non-vanishing strings of type-I and type-II (out of a total of 3n possible strings) obtained
via the contraction methods discussed in section 3.

C Mathematical identities

Here we point out two useful identities which are employed to obtain the free fermion result
in subsection 3.2.1. The first relation is

n−1
2∏

p=−n−1
2

(x+ e
2πip
n y) = xn + yn, n ∈ N (C.1)
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where the product is performed over p integer/semi-integer when n is odd/even. An im-
mediate consequence of this identity is

n−1
2∏

p=−n−1
2

(xe
2πip
n + ye−

2πip
n + z)

= xn

n−1
2∏

p=−n−1
2

[
1 + z −

√
z2 − 4yx
2x e−

2πip
n

] [
1 + z +

√
z2 − 4yx
2x e−

2πip
n

]

= xn
[
1 +

(
z −

√
z2 − 4yx
2x

)n] [
1 +

(
z +

√
z2 − 4yx
2x

)n]

= xn + yn +
(
z −

√
z2 − 4yx
2

)n
+
(
z +

√
z2 − 4yx
2

)n
.

The latter equation can finally be employed to evaluate
n−1

2∏
p=−n−1

2

(rAe
2πi
n

(α+p) − rBe−
2πi
n

(α+p) + r)

= e2πiαrnA + e−2πiαrnB +
(
r +
√
r2 + 4rArB

2

)n
+
(
−r +

√
r2 + 4rArB
2

)n
, (C.2)

valid if n an even integer.4
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