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Abstract. In this proceeding contribution, we review a recently proposed method
to compute the minimal form factors (MFFs) of diagonal integrable field theo-
ries perturbed by irrelevant fields of the TT family. Our construction generalizes
standard form factor techniques to deal with the deformed two-body scatter-
ing amplitudes, which are typical in this setting. The results are minimal form
factors which are the product of the undeformed solution and a new function.
This function can be fixed by requiring constant asymptotics for large rapidi-
ties, smoothness in the limit when the perturbation parameters go to zero, and
agreement with standard MFF formulae for particular choices of the perturba-
tion couplings. We observe that, for a certain range of parameters, the new MFF
develops a pole at θ “ 0. By considering several UV-complete theories, we argue
that such poles can emerge naturally from the MFF integral representation and
suggest how they may be eliminated.

1 Introduction
Deformations of 2D quantum field theory (QFT) via irrelevant operators of the TT family [1, 2,
3, 4] have been extensively studied in the literature. TT perturbations preserve integrability and
give rise to models with interesting new properties. For this reason, there are many works on TT
perturbations and their generalizations, particularly in the context of 1+1D integrable quantum
field theory (IQFT) [1, 2, 5, 6, 7, 8] and via the thermodynamic Bethe ansatz (TBA) approach
[9, 10, 11, 12, 13, 14, 3, 4, 15]. There are many other viewpoints which we will not discuss here
due to length restrictions. Our focus will be only on IQFTs where powerful techniques are at our
disposal [16, 1, 17]. In particular, it is well known that TT-like perturbations modify the exact
two-body scattering matrix by a multiplicative (CDD) factor [18]. Throughout this proceeding,
we will consider theories with a single particle spectrum. This means that the scattering matrix
and scattering phase carry no particle indices. Then, the deformed S-matrix is

Sαpθq “ ΦαpθqSpθq , (1)

https://creativecommons.org/licenses/by/4.0/
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where α “ pαsqsPSĂN is a, possibly infinite, vector, Spθq is the two-particle scattering matrix for
a theory with a single particle, and

Φαpθq “ exp

«

´i
ÿ

sPS
αsm

2s sinhpsθq

ff

. (2)

Here m is a fundamental mass scale such that the combination αsm
2s is dimensionless. We will

take m “ 1 for simplicity. S is a set of spin values, typically those of local conserved charges.
Notice that S has to be a subset of the odd integers, otherwise the CDD factor does not satisfy
the crossing equation Φαpiπ´θq “ Φαpθq. Since Φαpθq is a CDD factor, the theory described by
this new S-matrix is still integrable and has the same particle spectrum as the original model.

In our papers [19, 20, 21, 22] we worked on the problem of computing matrix elements of
“local” operators via the form factor bootstrap program [23, 24]. The n-particle form factor of
an operator O between the ground state |0y and an n-particle in-state of paricles of the same
species and distinct rapidities θ1 . . . θn is usually written as,

FO
n pθ1 . . . , θnq :“ x0|Op0q|θ1, . . . θn|0y . (3)

The form factor program is a method for computing these objects as solutions to a set of
consistency equations. In our work [19, 20, 21, 22] we pursued this program and found closed
formulae for the form factors of a large class of fields and theories while also leaving several
open questions. One of the most important open questions relates to the building block of all
form factor solutions, a function known as the minimal form factor (MFF). In this proceeding
contribution, we review the construction of this MFF, following mainly [25]. In the conclusion
and discussion section, we present some new insights into this solution.

2 The Minimal Form Factor
The minimal form factor is a cornerstone of the form factor program and typically the first
non-trivial function one must compute in pursuit of higher particle solutions. It is a minimal
solution (ie. without poles in the physical strip Impθq P r0, πs) of the form factor equation for
two particles (n “ 2). In our notation, this would be FO

n pθ1, θ2q, however, in relativistic models
and for spinless fields, the form factors can only depend on rapidity differences. Therefore, the
two-particle form factor depends on a single rapidity variable. For a perturbed theory, it will
also depend on the parameters α, so we will denote it by Fminpθ;αq. From the form factor
equations that can be found, for example, in [19], we have that

Fminpθ;αq “ SαpθqFminp´θ;αq “ Fminp2πi ´ θ;αq . (4)

The MFF is then an entire solution to these equations. The same equations with Sαpθq replaced
by Spθq are satisfied by the MFF of the undeformed theory, Fminpθq:

Fminpθq “ SpθqFminp´θq “ Fminp2πi ´ θq . (5)

This means that the MFFs Fminpθ;αq and Fminpθq are proportional to each other through a
function Dαpθq which satisfies

Fminpθ;αq “ DαpθqFminpθq ùñ Dαpθq “ ΦαpθqDαp´θq “ Dαp2πi ´ θq . (6)

Note that each of the first equalities in (4)-(6) defines a Riemann-Hilbert problem for the corre-
sponding functions, with Sαpθq, Spθq and Φαpθq playing the role of “jump functions” [26]. This
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can be used to explicitly write the solution as an integral representation involving the logarithm
of the jump function, as we will discuss in the next section. It has been shown that the function
Dαpθq, has the factorised structure [21, 19]

Dαpθq :“ φαpθqCβpθq , (7)

with

φαpθq “ exp

«

θ ´ iπ

2π

ÿ

sPS
αs sinhpsθq

ff

, Cβpθq :“ exp

«

ÿ

nPZ`

βn coshpnθq

ff

. (8)

Here the parameters αs in (8) are those defining the CDD factor Φαpθq (2), while the parameters
βn are, a priori, free and independent of the scattering phase. The existence of this very large
freedom in the choice of the MFF is an ambiguity that was already highlighted in the original
works [20, 19, 21], where we chose βn “ 0 for all n. In a subsequent paper [27], we showed
that the sinh-Gordon theory can also be seen as the Ising model perturbed by infinitely many
irrelevant perturbations with finely-tuned couplings αs (see Eq. (23) in Section 5). Then, its
MFF, which is usually obtained from the integral representations we discuss in Section 3 can
be rewritten in the form (7) where the “free” parameters βn are now fixed in terms of αs. This
generalizes easily to other IQFTs. In these examples, it is clearly seen that the role of the
function Cβpθq is to tame the unphysical asymptotic properties of the function φαpθq whilst
ensuring analyticity, producing a well-defined MFF that is compatible with UV-completeness of
the theory. We will show in Section 3 that the function Cβpθq can also be fully fixed for theories
perturbed by a finite number of irrelevant perturbations.

3 Integral Representations
Given a massive, UV-complete IQFT with S-matrix Spθq it was shown in [28] that the MFF is
uniquely fixed by the combined requirements of analyticity in the physical strip and (at most)
exponential growth for θ large. The integral representation takes a particularly simple form in
terms of the Fourier transform of the S-matrix phase:

iδpθq :“ logSpθq “

ż 8

0

d t

t
gptq sinh

tθ

iπ
(9)

then

ρpθq :“ logFminpθq “

ż 8

0

d t

t

gptq

sinh t
sin2

tpiπ ´ θq

2π
. (10)

The challenge for TT-perturbed theories lies precisely in finding convergent representations of
this type. This is due to the distinct properties of the CDD-factor (2). The difficulties can be
best appreciated and fixed by starting with a different, yet equivalent, version of the integral
representation, given explicitly in terms of logSptq. This kind of representation appeared in [29]:

ρpθq “
1

iπ
cosh2

θ

2

ż 8

0
dt

tanh t
2 lnSptq

cosh t ´ cosh θ
, for 0 ď Impθq ď 2π . (11)

This is equivalent to (10) once we invert the Fourier transform. Consider now Φαpθq as defined
in (2). We have

logDαpθq “
1

iπ
cosh2

θ

2

ż 8

0
dt
tanh t

2 lnΦαptq

cosh t ´ cosh θ
“ ´

1

π
cosh2

θ

2

ÿ

sPS

ż 8

0
dt
αs tanh

t
2 sinh st

cosh t ´ cosh θ
. (12)
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This integral is not convergent because of the asymptotics of the sinhpstq function. We can
easily see this by computing the integral as follows. For |Repθq| ă Reptq the integrand can be
expanded as a long-wave expansion in θ [30, 29] giving

cosh2 θ
2 tanh

t
2

cosh t ´ cosh θ
“

8
ÿ

m“1

“

coshpmθq ` p´1qm`1
‰

e´mt . (13)

Consider next the case of a single perturbation of spin s. We get then

logDαs
pθq “ ´

αs

π

8
ÿ

m“1

“

coshmθ ` p´1qm`1
‰

ż 8

0
dte´mt sinh st . (14)

We are left with the computation of a simple Laplace transform
ş8

0 dte´mt sinh st “ s
m2´s2 ,

which is only well defined away from the simple pole at m ą s. This means that we need to
regularize the infinite sum in m of (13) by subtracting the pole. To this end, we modify the
Laplace transform to

s

m2 ´ s2
´

m

m2 ´ s2
“ ´

1

m ` s
, (15)

which is equivalent to replacing sinhpstq by ´e´st. This amounts to the regularisation prescrip-
tion

logDαpθq “
1

iπ
cosh2

θ

2

ż 8

0
dt

tanh t
2

cosh t ´ cosh θ

´

lnΦαptq ´ Bt ln Φ̂αptq
¯

, (16)

where
ln Φ̂αpθq “ ´i

ÿ

sP2Z`´1

αs

s
sinhpsθq . (17)

Taking s “ 2n ´ 1 (odd spin), the regularised version reads

logDα2n´1
pθq “

α2n´1

π

8
ÿ

m“1

coshpmθq ` p´1qm`1

m ` 2n ´ 1
. (18)

The sum above can be evaluated exactly (see [25] for the details). Putting everything together:

logDα2n´1
pθq “

θ ´ iπ

2π
α2n´1 sinhpp2n ´ 1qθq `

α2n´1

π
p´ log 2 ` c2n´1q (19)

´
α2n´1

π

2n´2
ÿ

m“1

coshpmθq

2n ´ 1 ´ m
´

α2n´1

2π
coshpp2n ´ 1qθq log

ˆ

´4 sinh2
θ

2

˙

,

where c2n´1 :“
ř2n´2

m“1
p´1qm`1

m . Generalizing to any number of TT perturbations and employing
the standard normalization at θ “ iπ we can write a new general formula without free parameters
for the function Cβpθq defined in (8):

Cβpθq “ Cβpiπq
ź

sP2Z`´1

«

´
1

2
e
cs´

s´1
ř

m“1

coshpmθq

s´m

ˆ

2i sinh
θ

2

˙´ cosh psθq
ff

αs
π

. (20)

and φαpθq is the same function as in (8). It is easy to show that, for |θ| large, this function tends

to e´
αŝ|θ|

2π
eŝ|θ|

with ŝ the largest spin involved in the product. Combining this scaling with that
of the function φαpθq in (8) we see that the function Dαpθq tends to a constant (independent of
θ) for large θ. This means that the scaling of the MFF for large rapidity is the same as for the
unperturbed theory. This “tamed” asymptotics is a nice feature of our solution, which stands in
contrast to the very rapid growth (or suppression, depending on the sign of αŝ) that we found
in our earlier work [19, 21], where we had instead chosen Cβpθq “ 1.
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Figure 1: The modulo square of the
MFF of the Ising field theory per-
turbed by TT for different values of
the coupling α. The black line cor-
respond to α “ 0. Other lines corre-
spond to values π, π{2,˘2π and 3π.
It is important to note that there is
a change at α “ π. For α ą π the
MFF diverges at θ “ 0 whilst for
α ď π it has a zero, just like for the
unperturbed model.

4 Example: The Ising Model Perturbed by TT
In this section we analyze the properties of the new MFF by considering the simplest example
of its construction. We consider the Ising field theory, which has two-body scattering matrix
Spθq “ ´1 and MFF given by [31]

Fminpθq “ ´i sinh
θ

2
. (21)

Therefore, if we perturbed the Ising field theory by a single TT perturbation, corresponding to
spin s “ 1 and coupling α :“ α1, the formula (20) from the previous section, together with (8)
give us the new MFF as

Fminpθ;αq “ p´2q´1´ α

π e
θ´iπ

2π
α sinh θ

ˆ

2i sinh
θ

2

˙1´ α

π
cosh θ

. (22)

In the context of the form factor program, the MFF is a building block for all form factors
and enters the computation of correlation functions through its modulo squared. This is the
function shown in Figure 1. As we see in the figure, and also discuss in the caption, the MFF
has either a zero at θ “ 0, as for the unperturbed Ising model, or a pole, when the power of
sinh θ

2 becomes negative. This happens for α ą π in this case. Therefore, there is a critical
value of α for which there is a qualitative change in the behaviour of the MFF. Since the pole
at θ “ 0 is nonphysical, it is interesting to explore why it is present in some cases. We present
some additional discussion in our final section.

5 Conclusion and Discussion
We have discussed the construction of consistent MFFs for 1+1D IQFTs, summarizing mainly
the results of our recent paper [25]. Our main result is an MFF that has good asymptotic and
reduction properties. By this we mean that, growth with the rapidity variable θ is exponential
at most and dictated by the unperturbed MFF. “Reduction” is meant in two senses. First, that
the perturbed MFF reduces to the unperturbed one when all αs “ 0. Second, which we have
not discussed here, that it reduces to a new functional representation of known MFFs of IQFTs
when the number of αs parameters is infinite and they take precise, theory-dependent values.

In connection to the above, we would like to conclude by adding a short discussion here,
which puts the presence of a zero/pole at θ “ 0 in our MFF in the more general context of
IQFTs. This is a new observation, which has not appeared elsewhere. The presence of a zero at
θ “ 0 is common to many IQFTs with a fermionic S-matrix. We find this also in the sinh-Gordon
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model, for instance [32, 27], since the “Ising factor” sinh θ
2 is also present as a prefactor, even if

the full form factor is much more complicated than (22). As discussed in [27], the S-matrix of
the sinh-Gordon model admits a formal representation of the type (1), with

αs “
4is`1

s
cos

sbπ

2
, with s P 2Z` ´ 1 , (23)

where b is a coupling constant, a characteristic of the model. In this representation, the unper-
turbed theory is the Ising model, with its MFF given above (21). This means that for θ “ 0 the
sinh-Gordon model MFF has a zero of order given by

1 ´
ÿ

sP2Z`´1

4is`1

πs
cos

sbπ

2
“

$

’

’

&

’

’

%

2 for b P R and 0 ă |b| ă 1
1 for b P R and |b| “ 1
0 for b P R and |b| ą 1

fpθ0q for b P C and b “ 2iθ0
π

(24)

These values reveal some interesting properties of standard IQFTs:

• The case 0 ă |b| ă 1 is the natural range of coupling values for the sinh-Gordon model.
There is a zero at θ “ 0, which is well known from the standard MFF representation [32].

• For b “ ˘1 the sinh-Gordon S-matrix reduces to 1, that is, it is the free-boson limit. In
this limit the MFF of the “unperturbed” theory is no longer that of Ising but that of a
free boson, which is also 1. In other words, for b “ ˘1 the power one of sinh θ

2 is absent,
and we have neither a zero nor a pole at θ “ 0.

• For |b| ą 1 we exit the allowed values in the sinh-Gordon theory and enter a regime which
contains in particular the S-matrix of the Lee-Yang model [33]. The latter corresponds
to the choice |b| “ 5{3 and is also a fermionic theory, so the power (25) is present in
the MFF, which is 0 at θ “ 0. The limit θ Ñ 0 is, in fact, a little tricky, giving the
indeterminate 00. The known MFF of the Lee-Yang model [34] contains a modification
that avoids this singularity. In [34] a MFF was proposed which contains an additional
multiplicative factor cosh θ´1

cosh θ´cos π

3

. This has the double effect of canceling the singularity at

θ “ 0 and of introducing a bound state pole, which is necessary in this theory.

• Finally, for imaginary b, we recover the roaming trajectories model, a theory whose RG-flow
is known to visit the vicinity of infinitely many critical points corresponding to the unitary
minimal models of CFT [35]. In this case the cosine in the sum above becomes coshpsθ0q,
giving a divergent sum. We can however, still make sense of (25) if we appeal to a property
of the model, namely symmetry under θ0 ÞÑ ´θ0. Based on this property, we can argue
that we might replace coshpsθ0q ÞÑ e´s|θ0|. A similar kind of argument was also employed
in the form factor calculations presented in [36] and termed CPT symmetrization. This
step allows us to obtain a sum which is convergent and gives power

fpθ0q “

"

2 for |θ0| finite
1 for |θ0| Ñ 8

(25)

Therefore the roaming trajectories model has a MFF with a zero at the origin. The order
of the zero is just 1 in the |θ0| Ñ 8 limit, which corresponds to the Ising field theory.

Equation (25) shows that, for UV-complete fermionic IQFTs, the allowed S-matrices must satisfy
strict constraints leading to positive powers in the absence of bound state poles and zero or
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negative powers in the presence of bound states. It would be interesting to investigate whether
one could start from these constraints and work backwards to systematically classify all UV
complete IQFTs, similar to what was done via thermodynamic Bethe ansatz in [14].
Acknowledgments: Olalla A. Castro-Alvaredo and Fabio Sailis are grateful to the organizers
of the XXIX International Conference on Integrable Systems and Quantum Symmetries, held in
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