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ABSTRACT: Jordanian deformations offer rare integrable realisations of non-AdS holography,
whose solvability methods differ from conventional AdS/CFT examples. Here we study the
sl(2, R) sector of the Jordanian deformed AdSs x S° string and its weak-coupling spin chain
counterpart: the XXX_;/, model with a non-abelian Jordanian Drinfel’d twist. While the
twist breaks the usual highest-weight structure that underlies conventional Bethe anséitze, we
show that the complete spectrum remains solvable within the Baxter framework. We argue
that the functional form of the T'Q-relation is unchanged, yet the structure of the Q-functions
is nontrivially modified. This allows us to obtain analytic expressions at arbitrary spin chain
length J, which match the deformed string spectrum at the one-loop level and to subleading
order in the large-J expansion, despite the severely reduced symmetry. Our results pro-
vide nontrivial tests of the Jordanian AdS/CFT correspondence and lay the groundwork for
implementing the Separation of Variables program in non-abelian Drinfel’d-twisted models.
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1 Introduction

Integrable spin chains provide one of the most powerful frameworks for studying exactly
solvable quantum systems. Their algebraic structure, built from R-matrices satisfying the
Yang-Baxter equation, encodes entire families of commuting conserved charges and enables
the computation of complete spectra through the Bethe or Baxter approaches. Beyond their
condensed-matter and mathematical applications, a particularly fruitful role has been their
emergence in the planar limit of AV = 4 Super-Yang-Mills (SYM) theory, where the one-loop
dilatation operator coincides with an XXX-type Hamiltonian, whose long-chain limit repro-
duces the classical string dynamics on AdS; x S® [1-4]. This remarkable equivalence has
elevated integrable spin chains from solvable toys to structural tools for Quantum Field The-
ory (QFT), where integrability provides a non-perturbative handle on the (planar) dynamics.

From this perspective, deforming the model while preserving integrability offers a way
to probe new QFTs with exact solvability built in. Deformations can act geometrically, by
modifying the target space of the string sigma-model, and algebraically, by modifying the
Hopf-algebra symmetry of the spin chain. A particularly elegant framework is given by the
Homogeneous Yang-Baxter (HYB) construction [5-7], where the deformation is induced by a
classical r-matrix in such a way that a non-local canonical transformation of the sigma-model
preserves the classically integrable Lax representation while modifying the string boundary
conditions [8-12] in terms of a classical Drinfel’d twist [11, 13]. A key proposal, originating
from [14], is that every HYB deformation is algebraically equivalent to a Drinfel’d twist [15]
of the quasi-triangular Hopf algebra symmetry, which by construction preserves quantum
integrability. This connects string sigma-model deformations with algebraic deformations of
the associated spin chains, providing a controlled way to generate new integrable quantum
systems whose physics can differ drastically from the undeformed model.

When the twist is generated by commuting generators' which are Cartan, the resulting
models preserve the Cartan subalgebra of symmetries, and the Bethe ansétze continue to ap-
ply almost unchanged [22, 24-28]. In contrast, non-Cartan twists, such as the abelian dipole
[23] and the non-abelian Jordanian [13] deformation, modify the algebra in a qualitatively
different way, such that most familiar concepts must be re-examined.? In fact, while they
preserve integrability in terms of R-matrices and commuting transfer matrices, they render
conventional Bethe-ansatz approaches unsuitable to study the full spectrum [13, 23, 31], and
they also obscure the relation to factorised worldsheet scattering [32] (see also [33]). Un-
derstanding the exact solvability of these models is therefore of intrinsic algebraic interest.

'Such twists, also known as abelian twists or Drinfel’d-Reshetikhin (DR) twists [16], are realised on the
sigma-model as TsT-transformations [17]. Famous examples include the S-deformation or Lunin-Maldacena
background [18, 19] and the Schrédinger (dipole) deformation [20, 21], cf. [22] and [23] for their integrability
in terms of DR twists.

2We note that non-Cartan twists have nontrivial effects on the spectrum only on noncompact algebras. See
e.g. [29, 30] for the study of the Jordanian twists on the compact su(2)-invariant spin chain, for which the
spectrum remains invariant.



Holographically, they are also particularly interesting because the corresponding HYB defor-
mations of the AdSs x S® worldsheet realise Schrédinger geometries [23, 34-36], an important
aspect of the non-AdS holography programme. A natural question is thus whether the suc-
cess of AAS/CFT integrability extends when most of its symmetries are broken by these
non-Cartan twists. For the abelian dipole deformation, the nearest-neighbour spin chain
spectrum was obtained via the Baxter approach with intricate asymptotics [23], and was
shown to match the one-loop worldsheet spectrum [37]. In this work, we show that such a
matching extends nontrivially to the Jordanian deformations as well, which is particularly
surprising given its severely reduced symmetry and non-abelian nature.

The starting point for our analysis is the non-abelian Jordanian-twisted s((2, R)-invariant
XXX_1/9 spin chain, following up on the work [13]. There, the algebraic framework underly-
ing its integrability was constructed and clarified, and an initial study of the spectral problem
for the ground state of the length J = 2 chain was performed by direct perturbative diagonal-
isation. It was also shown that the twist-deformation can be recast as an undeformed chain
with twisted boundary conditions determined by a residual root symmetry, which was then
used to verify that the ground state energy of the chain in the classical continuum Landau-
Lifshitz limit reproduces that of the classical vacuum solution of the Jordanian AdSs x S°
string. This provided the first evidence of the correspondence between the string and spin
chain spectrum under non-abelian twists.

The purpose of the present paper is to analyse the complete spectrum of the Jorda-
nian nearest-neighbour chain and to uncover the full analytic structure of its integrability.
We re-examine the approach of [13] and show that each undeformed eigenvalue acquires a
smooth Jordanian deformation. Our main outcome is then that, despite the absence of Bethe
equations, the spectrum is fully solvable through the Baxter framework.

Concretely, we start from the differential-operator realisation of the transfer matrix and
solve its eigenvalue problem for J = 2 and arbitrary spin S, obtaining closed-form expressions
(in S) for both the eigenvalues and eigenfunctions as perturbative series in the deformation
parameter. We then verify explicitly that the twisted Hamiltonian is diagonal on the resulting
S =0 and S = 1 eigenstates and compute their corresponding energies. Building on these
results, we propose a Baxter relation for the Jordanian-twisted chain whose functional form is
the same as that of the undeformed model (cf. also [13]). The deformation enters only through
several fixed coefficients of the transfer matrix. The @-functions cease to be polynomials, and
we propose that regularity in the complex plane replaces polynomiality as the condition
selecting physical solutions. Notably, the asymptotics of the Q-functions are simpler than
in the abelian dipole case [23]. We then show that this framework provides the full J = 2
spectrum very efficiently (including dependence on the spin label S) and in perfect agreement
with the nontrivial direct diagonalisation results. This thus gives compelling evidence for the
validity of the given Baxter framework.

Finally, we exploit the analytic power of the Baxter relation to (i) extend the J = 2



spectrum beyond the perturbative small-deformation regime using numerical methods, and
(ii) derive the S = 0 and S = 1 spectra for arbitrary chain length J. Taking the large-.J
continuum limit, we find that the leading and subleading corrections reproduce the semi-
classical string spectrum, obtained via algebraic curve methods in [36], upon an appropriate
identification of residual charges. This not only provides an additional nontrivial test of the
Baxter approach, but also pushes the Jordanian non-abelian AdS/CFT programme to the
one-loop quantum level.

The paper is organised as follows. Section 2 reviews the relevant spectral objects of
the Jordanian-twisted XXX_;/; chain, and diagonalises the transfer matrix and Hamiltonian
for J = 2 in the small-deformation regime using a Frobenius-based differential analysis.
Section 3 develops the Baxter framework, which reproduces the J = 2 spectrum, and uses
it to extend the spectrum numerically to the large-deformation regime and analytically to
arbitrary length. Section 4 sets up the relevant sl(2, R) sector of the Jordanian worldsheet
model, and compares the spin chain with the semiclassical string spectrum, showing nontrivial
agreement. We conclude in section 5 with conclusions and an outlook.

2 The XXX_,/; Jordanian-twisted spin chain

2.1 Spectral objects

In this subsection, we present the key ingredients for the spectral problem of the Jordanian-
twisted sl(2, R)-invariant XXX _; /5 chain. Further details as well as a construction of these
objects for Drinfel’d twisted chains with arbitrary twists can be found in [13]. We begin by
recalling the untwisted XXX chain in its non-compact spin s = —1/2 representation [2, 38-40)]
(see also [41, 42]), and then present their Jordanian-twisted counterparts.

XXX_i/2 spin chain. We denote the s[(2,R) generators by X = {h,e,f}, satisfying the
following commutation relations

[h,e] =e, [h,f] = —f, [e, f] = —2h. (2.1)

Hence, h is a Cartan generator while e and f are raising and lowering operators respectively.
Each physical site of the chain carries a non-compact s = —1/2 representation of s[(2,R). In
particular, at site j we attach a highest-weight module V; in the discrete series, which we
parametrise by a continuous parameter z; on which the sl(2, R) generators act with differential
operators represented as

1
€ = —8j, hj = —Zjaj - 5, fj = —ijaj - Zj, (2-2)
where we use the notation S; = {h;,e;,f;} for the generators at each site. The full Hilbert

space of the spin chain is H = ®3]:1 Vj, with J its total length, and the total Hamiltonian



reads

J
A
H=5 > hjja, hjj+1 = ¥(Jj 41 +1) —(0), (2.3)
j=1

with periodic boundary conditions on the nearest-neighbour Hamiltonian densities, i.e. hj j41 =
hj1. Here ¢(z) is the digamma function and J is a two-site operator defined implicitly through
J(J+1) = A(X - X) = A(h? — §(ef +fe)), with the dot product defined through the Cartan-
Killing form, and the coproduct A : V; — V; ® V1 the Hopf-algebraic operation extending
the action of algebra generators to more than one tensor site. For the untwisted chain, the
coproduct is canonical, i.e. A(X)=X®1+1® X.

While the Hamiltonian (2.3) is invariant under global s[(2, R) transformations (since each
hjj+1 depends only on the two-site Casimir), its diagonalisation is far from straightforward.
To tackle the spectral problem one can however employ integrability techniques. These intro-
duce an auxiliary space a, typically chosen to be the simplest finite-dimensional representation
of s5l(2,R), i.e. with generators X, acting through standard matrix operations as

110 01 00
273 (o 1) G (0 0> b (1 0) (2.4)

The key object is then the auxiliary-physical R-matrix (also called Lax-transport matrix)

. u+ih; —if;
Rai(u) i=uly; +2iX,-S; = J J 2.5
aj(u) i= ulaj + 2iX, - S; ( ie; u—ihj>’ (2.5)

where u € C is arbitrary and called the spectral parameter. It is used to construct the
main spectral objects of integrability: the monodromy T,(u) and transfer 7(u) matrices,
respectively defined as

Ti(u) := Raj(u) - - Raa(u)Ra1(u), T(u) = TraTh(u). (2.6)
Crucially, the R-matrix satisfies the Yang-Baxter Equation (YBE)
Rap(u — v) Raj(u) Rok(v) = Rok(v) Raj(u) Rab(u — v), (2.7)

with R,p, the auxiliary-auxiliary R-matrix obtained from R,; by replacing S; by Xy,. The YBE
guarantees that the transfer matrix commutes for different values of the spectral parameter

[7(u),7(v)] =0 Vu,v e C, (2.8)

and since the transfer matrix by construction is a polynomial of degree J in u, its expansion
generates J mutually commuting operators. However, when the auxiliary representation
differs from the physical representation, the Hamiltonian itself will not be part of this spectral



expansion. Nevertheless, the commuting operators from the transfer matrix also commute
with the physical Hamiltonian, and thus their spectrum provides J conserved quantities.
Therefore, solving the eigenvalue problem of the transfer matrix will simultaneously yield the
eigenstates of the Hamiltonian as well as the spectrum of conserved charges encoded in 7(u);
for the current model see [41, 43].

Jordanian twisted chain. We now turn to the Jordanian-twisted XXX_; /5 chain. More
details on the explicit derivations of the expressions below can again be found in [13].

The non-abelian Jordanian twist can be represented by® [30, 46, 47
F=exph®o), o = log(1 + &e), (2.9)

where £ € R will play the role of deformation parameter. One can use it to deform the spin
chain by twisting its coproduct and R-matrix as

AF(X):=FAX)FY, R (u):=F*Ru)F1, (2.10)

with F°r := PFP and P(X ® Y) =Y ® X is a permutation of tensor spaces. Crucially, the
Jordanian twist is a Drinfel’d twist, i.e. it satisfies the cocycle condition [15]

(FRNARL)NF) =1 F)(1a A)(F), (2.11)
which ensures that the twisted R-matrix (2.10) also satisfies the YBE (2.7),
Ry (u —v)RI;(u) Ry}, (v) = R}, (v)RY; (u) Ry (u — ). (2.12)

As such, deforming the chain by a Drinfel’d twist preserves its integrability. The deformed
Hamiltonian is

J
A r .
7= An? Z gt W= Fignhy g, (2.13)
=1

with periodic-boundary conditions hfi Ji1 = hf’ 1> and the deformed monodromy matrix is
T (u) == RI;(u) - - R (u) Ry (). (2.14)
By construction, T3 (u) satisfies a deformed RTT relation with R (u),
Ry (u = o) T () Ty (v) = Ty (0)T5 (u) Rjp (u — ). (2.15)

However, it turns out that Tr, T3 (u) is very cumbersome to work with as it is not manifestly

3In fact, there exists many equivalent expressions for the Jordanian twist, which are related by Hopf algebra
isomorphisms [44, 45].



adapted to the residual global symmetries of the deformed theory. Instead, in [13, 31], it was
shown that a non-local similarity transformation maps the deformed spin chain with periodic
boundary conditions and twisted coproduct to an undeformed spin chain with twisted bound-
ary conditions and canonical coproduct. The latter we call the twisted-boundary picture. In
particular, the similarity transform is realised by the global intertwiner 2 which reads (see
also [48])

Q = Fro(F13Fa3) - (FraFas - Fu-1)J)- (2.16)

The Hamiltonian in the twisted-boundary picture then becomes

\ J-1

H =Q 'H Q= ) Z hj 1+ Bilhj,lB ) (2.17)
j=1

with twisted-boundary conditions hj ji1 = B~th 1B, where B = ]-711(2 [31]. Importantly,
the nontrivial boundary violates the full global s[(2, R) symmetry. In fact, H* is only invariant
under the action of the raising operator

[AT7Y(e), H*] = 0. (2.18)

We denote this global operator by M= AT (e =YY

1€ and it will prove invaluable to

work with its eigenstates when studying the spectral problem of the chain.

In addition, the monodromy matrix and its associated transfer matrix in the twisted-
boundary picture read [13]

TF(u) := QT (u)Q = exp (02 ® AJ_I(h)) T (u) exp (—ha ® log(1 + 5]\7)) , (2.19)

a

and
75 (u) == Tr T (u). (2.20)

Since the global intertwiner €2 only acts on the physical sites, the twisted monodromy satisfies
the same deformed RTT relation as T (u)

R (u — )T (u) Ty (v) = Ty (v) T3 (u) RE, (u — v), (2.21)
see [29, 31] for the full expressions of the algebra. Noteworthily, the commutation relation
for the C'(u) element of the monodromy matrix remains undeformed.

At arbitrary length J, the twisted transfer matrix 7*(u) was shown in [13] to expand as

24+ &M

1+ &M

() = u’ +0x w4 0@ ?), (2.22)



so that the residual symmetry operator M manifestly emerges in its spectral integrability
analysis. In the following, we determine the eigenstates of 7*(u), which will be used to
diagonalise the twisted Hamiltonian (2.17). However, since 7*(u) acts as a differential operator
in J independent variables, its direct diagonalisation quickly becomes impractical for J >
2. We therefore restrict to the solvable J = 2 case, which not only allows for an explicit
computation but also provides a benchmark for the more powerful Baxter T'Q) framework of
section 3, which will in turn give access to arbitrary .J, as well as higher spin and higher-order
results. In particular, here we determine the J = 2 eigenvalue of 7*(u) for arbitrary spin S
and the corresponding Hamiltonian energies for S = 0,1, and we will show that these are
exactly reproduced within the Baxter framework.*

Before starting let us already remark that, although we will label the deformed spectrum
by the spin number S of the undeformed eigenstates, the deformed eigenstates are not eigen-
states of the quadratic Casimir. Rather, we use S only as a book-keeping index labelling
deformations of undeformed states.

2.2 J =2 eigenvalue problem

The first step in computing the J = 2 spectrum is the explicit diagonalisation of the Jorda-
nian transfer matrix (2.20), i.e. we seek eigenfunctions W*(z1, z2) satisfying 7*(u)¥* (21, 22) =
T*(u)¥* (21, z2) with eigenvalue 7*(u). Exploiting the chain’s residual symmetry, we look for
simultaneous eigenfunctions of M and 7*(u) as in [13], which reduces the partial differential
problem in two variables to an effective single-variable Ordinary Differential Equation (ODE).
With the s[(2,R) representation (2.2) and M = ey + e, this means that we start with

U* (21, 20) = e MPg*(2), with z:= Al —; 22, and 2z := 29 — 27, (2.23)

with M the eigenvalue of M and g*(z) a yet unknown function of the relative coordinate z.
Such eigenfunctions were also used in the spectral analysis of the dipole-twisted s[(2,R) spin
chain [23], and they can be interpreted as Barut-Girardello coherent states in the (global)
tensor-product representation, see e.g. [49].

The J = 2 transfer matrix eigenvalue then takes the form

2+ &M
VIt EM

where 75 is determined by the O(u) term of 7*(u)¥* (21, z2) = 7*(u)¥*(21, 22), which gives

T (u) = u? + 73, (2.24)

4This extends the ground-state analysis of [13] to higher spin, and, unlike there, derives the spectrum by
diagonalising the Hamiltonian rather than by inserting the transfer matrix eigenvalue into the Baxter T'Q)
equation.



an ODE for ¢*(2),

p1(2)g*(2) + p2(2)g* (2) + p3(2)g* (2) — 822" (2) =0, (2.25)
which is of third order and has coefficients

p1(z) =4+ M26+ M2(26 — 22+ EM))) + 8/ 1 + EM Y,
p2(2) =282 — 4+ EM=z(4 + M=z)), (2.26)
p3(z) :=42(22 — 6§ + EM z).

This equation coincides with eq. (5.17) of [13]. There, the solution was obtained by the
Frobenius method around the singular point at z = 0, and imposing regularity of the result
in the undeformed limit. This yielded a solution for the deformed ground state, while excited
states appeared absent in this method. Here, we revisit this equation and show that first
performing a perturbative expansion in the deformation parameter £, rather than z = 0,
naturally reveals the deformed spectrum including the excited states. We comment further
on the relationship between these two approaches at the end of this subsection.

In the undeformed & = 0 case, the ODE (2.25) reduces to a second-order equation whose
regular solutions around z = 0 are

g(z) =8SJ <S;—;Mz> , 7'0:—%—5(54—1), (2.27)

with SJ the spherical Bessel function of the first kind and S € N the magnon number (the
number of spin excitations of the state). To incorporate the Jordanian deformation, we expand
both the wavefunction and its eigenvalue in the parameter £M around their undeformed

solutions®

g(z) =g(2) +Y_(EM)q(=), =m0+ (EM)7. (2.28)
=1

I=1
Substituting these ansétze into (2.25) and expanding order by order in M yields a hierarchy
of second-order ODEs for the g;(2).% At each order the equation has a singular point at z = 0,
which is of the “regular” type that allows a Frobenius (regular power-series) expansion in z

_ Lk L
q(z) =2 ljz%gz,ﬂ ) (2.29)

with k; the characteristic exponent, which we demand to be positive to ensure regularity at

5Given the asymptotics of 7* (u) as well as the classical energy of the corresponding string solution, the
spectrum of the Jordanian chain is expected to depend on the deformation parameter only through the com-
bination {M, see also [13]. The deformation of the spectrum is thus nontrivial only for states with a nonzero
M charge.

SExpanding in ¢ effectively restores the order of the undeformed problem: since the ¢ = 0 equation is of
second order, only two linearly independent solutions will admit a regular power-series expansion in £.



z = 0. Plugging this ansatz into the hierarchy of ODEs, we observe that k; = S — [ for
generic S. Now, note that at each order in ¢ a physically irrelevant integration constant
will appear, reflecting the freedom to multiply the eigenstates by an overall, possibly &-
dependent, normalisation. We fix this freedom by observing that the the leading behaviour
of the undeformed solution g(z) around z = 0 is always

S

g(z) ~ 27, z~ 0. (2.30)

In other words, the O(2°) term of g(z) is always nonvanishing, and one can use this fact to
demand that the O(2°) term of g*(z) remains undeformed. Explicitly, given the ansatz (2.28)
and k; = S — [, the coefficient of 2° in ¢g*(z) reads

5 (1 + Z(fM)lgl,z) ; (2.31)

=1

and we thus fix g;; = 0. This prescription simply removes the unphysical overall scaling
freedom in the perturbative expansion, and we have explicitly verified that the transfer matrix
eigenvalue is independent of this choice.”

Solving the equations order by order in z and in £M, we then obtain for the transfer

matrix eigenvalue

252(S +1)% -
645(S +1) — 48

= — % —-S(S+1) - §2M2 (1—&EM)+ O MY, (2.32)

and for the corresponding eigenfunctions: At O(£M)

4=5-1g2  272ASH3) (62 9) 2202

g1(z) = (- z‘zM)sa/%( -

r(sS+3) r(S+?2
92511 (g2 _ 4) 24(Mj 2)2—25—15 (52 ( 6;226)M6 (2.33)
— F(S+Z) — a7 (S—|—9) O(z7)>,
2 2
and at O(£2M?)
(i S_9 — (272573( ) 5’ ) (272573522]\4)
92(2) = (—izM) f<(25—1) TS+ 7) FE1 )
(2.34)
(272577(5? -~ 2)2

M?) 4
(54—%) +O(z ))

In practice, we have computed the eigenvalues 75 and eigenfunctions g*(z) for arbitrary S

"An analogous normalisation condition will appear in section 3, when fixing the normalisation of the Q-
functions.

,10,



up to O(6*M*?) included, and the Frobenius expansion of each g;(z) up to O(2°) included.
However, above we only present the truncated solutions for brevity. In principle, the expansion
can be extended to arbitrary order. For the deformations of the lowest excitations S = 0,1,
we obtained compact closed-form expressions in z, which are presented in appendix A.

Some remarks. Setting S = 0 recovers the ground state and corresponding eigenvalue
computed in [13], cf. egs. (5.28-5.30) therein. For future convenience, we recall the latter here

2+EM 5, 1 &M N EMP 667 Mt 307687 MP

*(u) = ———=——u® — = O(€%Mm%).  (2.35
TW=Arart T3 s 48 31560 T 1masp TOEMY). (2:39)

The pattern of the expansion of excited states is also noteworthy, with gamma functions
of the form I'(S + 2"72“) repeatedly appearing, hinting at possible closed-forms for both
eigenfunctions and eigenvalues. Furthermore, the analysis clearly shows that each undeformed
excited eigenstate admits a smoothly deformed counterpart, with a corresponding deformation
of 7*(u), demonstrating that the full undeformed spectrum deforms coherently under the
Jordanian twist. Finally, it is also instructive to compare the present approach, based on a
perturbative expansion in &, with that of [13], where regularity in z was imposed first. The two
approaches appear to be related by a nontrivial treatment of integration constants: allowing
these constants to depend on ¢ effectively interchanges the order of expansions and allows
to find excited states above the deformed vacuum. Indeed, taking the leading integration
constant in eq. (5.22) of [13] to be go = &° for S = 0,1,2 rather than gy = 1 prior to
demanding regularity at & = 0, reproduces precisely the S = 0,1,2 deformed eigenstates
and eigenvalues presented in this section. However, extending this treatment to arbitrary S
remains technically cumbersome, as it would require solving the recurrence relation eq. (5.23)
of [13] in closed form such that the choice of integration constants can be tracked. By contrast,
expanding directly in £ as done above provides a more efficient and systematic solution scheme
for all S.

2.3 J =2 energy spectrum

We now use the eigenstates obtained in the previous subsection to extract the spectrum of
the J = 2 spin chain by directly evaluating the twisted Hamiltonian H* (2.17). To this end,
it is convenient to employ the so-called light-ray representation of the Hamiltonian [50], in
which the local two-site operator hiz in (2.3) acts on arbitrary wavefunctions W(z, z2) as

1 (tdu

12¥(%1,22) = 3 — Z1,%22) — 21,22 —UW221) — 21 T U=21,22)), :
ha¥ (a1, 22) = 5 | 70 (20 (21,22) = U ( )= U (a1 + . (230)
0

— 11 —



with 291 = 29 — z1. This integral representation provides a direct way to evaluate the twisted
Hamiltonian (2.17) on the eigenstates of the transfer matrix. For J = 2, H* explicitly reads

H* = 2 (h12 + Frot ForhioF sy Fia) - (2.37)
Given the structure of the eigenstates and the expectation that the resulting energy should
depend only on €M, we can simplify its evaluation by working in an expansion in M. This
approach has the advantage that, at each fixed order in M, only finitely many coefficients g; ;
contribute. However, even in the undeformed limit the leading behaviour of the eigenfunc-
tions is M*® for arbitrary S, while the undeformed energy starts at O(M?). Consequently,
the O(M™) energy correction receives contributions from the (n + S)-th order in M of the
wavefunction. As a result, this calculation becomes increasingly technical for generic S, and
we therefore restrict our explicit evaluation to the lowest excitations, S = 0, 1.

Explicitly for S = 0, the eigenstate reads

1 1
U _o(21,22) =1— §M (21 + 22) + ﬂM2 (£291 + 427 + 2oz +423) + O(M?),  (2.38)
which is exact in € and in the coordinates z;, zo up to order M 2. The twist operator Fi2 can
likewise be expanded in £ to the same order as the eigenstate in M, since the n-th order in
¢ acting on U* can at most generate n additional powers of M. For instance, at order &2 we

have
2

Fro =1+ ¢hies + %Gﬁe% —hie3) + O(¢%). (2:39)

Although not shown here for brevity, we have worked with WU§_(21, 22) and Fi2 up to orders
O(M®) and O(£5) respectively. Applying the twisted Hamiltonian to U§_ (21, 22) shows that
it is indeed a simultaneous eigenfunction, and the corresponding energy eigenvalue is

A <§2M2 M3 13164 M* 5960 M5 3844165 M6

Eg_og= — M™Y. (240
5=0 24 24 3456 1728 1244160 +0O( )> (2.40)

=07 42
This reproduces exactly the ground state energy computed in [13] from the Baxter T'Q) relation
(cf. eq. (5.41) therein). Although not a formal proof, this constitutes a strong and nontrivial
check of the assumption made in [13] concerning the validity of the Baxter T'Q relation and
of the associated energy formula. It thereby provides compelling support for employing the
T(@ framework later in section 3.

Proceeding analogously for the S = 1 eigenstate, we have

\szl(zl, Zz) = —%iM (2221 — §) + iiMQ (—52 + (21 + 22) (221 — §)) + O(M?’), (2.41)
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which leads to the energy

- by €2M2 €3M3 A
ES:1—47T2<2h(1)+ o0 10 +O(§M)>, (2.42)

with h(1) the first harmonic number. This result will likewise be matched to a TQ-based
computation, once again providing strong support of its usage.

3 The spectrum from the Baxter equation

In this section we present the Baxter equation for the Jordanian deformed spin chain, and
show how it can be used to compute its spectrum. In particular, we will reproduce key results
from the previous section in a considerably more efficient way, as well as obtain many new
results for the spectrum (including at arbitrary length J and spin 5).

3.1 Comments on the deformation structure and usage of Bethe ansatze

Despite the fact that the Jordanian deformed XXX_; /5 spin chain is constructed from the start
as an integrable model, utilising this integrability to actually compute key observables like
the spectrum is a nontrivial task (as illustrated in the previous section). Before introducing
the Baxter approach, let us outline why the most standard integrability method, the Bethe
ansatz, breaks down in this setting, as already noted in [13].

The difficulty originates from the interplay between the Jordanian twist structure and
the requirements of the Bethe ansatz. The twisted monodromy matrix (2.19) contains the

global twist operator 8, = exp (—ha ® log(1 + 51\7 )), which acts nontrivially in the physical

space with the residual symmetry generators M. In fact, to probe the deformed spectrum,
one needs states with nontrivial charge M under this symmetry; however, such states cannot
serve as conventional pseudovacuum reference states on top of which one would normally
apply e.g. the algebraic Bethe ansatz and build magnon excitations.® This feature is quite
similar to what happens in the dipole-deformed model from [23].

Nevertheless, one might hope to remedy this by diagonalising the twists through a simi-
larity transformation. In fact, in contrast to [23], here one has the global twist (,, which is
diagonal in the auxiliary space, on top of the Jordan block-like twist of [23]. One might then
naively expect this contribution to render the overall twist diagonalisable. Indeed, if the twists
were merely numerical 2 x 2 matrices, one could find a global change of basis to diagonalise
them, and the new pseudovacuum would be straightforward to construct (see e.g. [23, 52, 53]).
However, in our case the twist matrices are in fact themselves operator-valued, built from
non-commuting sl(2, R) generators acting on the physical space. These operators cannot be

8See e.g. [51] for a pedagogical discussion of the usual Bethe ansatz including the simplest twisted case.
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simultaneously diagonalised, and consequently no simple diagonal frame exists. As a result,
the usual Bethe ansatz simply cannot be used for our model.

It is also worth noting that these non-Cartan twists have nontrivial effects on the spectrum
only for noncompact algebras, and that Bethe ansatz constructions have been developed for
related Jordanian models in more restrictive setups where the spectrum remains undeformed.
In particular, in the compact s = 4+1/2 chain, the global M operator is a strictly nilpotent
matrix, and therefore there simply do not exist M—eigenstates with M # 0. While one
can initiate the usual Bethe ansatz methods on reference states with M = 0, the resulting
spectrum will be undeformed (see e.g. [29, 30] and references therein). Similarly, in the
non-compact s = —1/2 chain also studied here, the analysis of [31] restricts to subspaces
with a maximum value under A/~!(h), on which effectively M is again nilpotent and the
Hamiltonian is non-diagonalisable. While this again excludes states with nontrivial M, one
can apply Bethe-ansétze treatments (on the same pseudovacuum state as in the undeformed
model), but the resulting spectrum remains undeformed.

In contrast, in the setup we consider here, with the complete highest-weight discrete
module of the s = —1/2 representation of sl(2, R), the operator M is no longer nilpotent and
genuine eigenstates with M # 0 exist. The spectrum will be nontrivially deformed, but now
the issue is that eigenstates of M are not proper reference states for standard Bethe ansétze.
We therefore turn to the alternative Baxter approach, described in detail below.

3.2 Baxter equation and energy formula

A powerful way to solve models without a proper pseudovacuum state is often provided by the
quantum separation of variables (SoV) approach [54, 55]. Its key step is switching to variables
in which the wavefunctions factorise and take the form of a product of building blocks known
as @-functions. These are fixed by solving a functional equation called the Baxter equation,
which then often allows one to compute the spectrum.

For our model we will show that, while the usual Bethe ansatz is rendered inapplicable
in the conventional approach, the Baxter equation instead works perfectly, and truly reveals
its power. Let us first briefly recall how this equation is formulated in the undeformed case.
It reads

(u+1i/2)7Q" + (u—1i/2)'Q " =7Q, (3.1)

where @ is the Q-function while 7 is the transfer matrix eigenvalue, and we used the shorthand
notation

frf=futi/2), = fu+ia/2). (3.2)

In this case, the @Q-function Q(u) is a polynomial built from Bethe roots u,, as

K
Qu) = [ [ (u—un), (3.3)
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with K the number of Bethe roots (magnons). In fact, imposing the Baxter equation and
demanding that Q(u) and 7(u) are polynomials uniquely fixes their form: one obtains a
discrete set of solutions which correspond to the eigenstates of the spin chain. The associated
energy is then computed from

i Qu+1/2)

EF=—0,log ——F——= .
87r26 8 Qu—1/2)|,_o

(3.4)

Let us now discuss how this picture can be adapted to the Jordanian spin chain. Following
the initial observations of [13], we propose that in fact both the Baxter equation (3.1) as well
as the expression (3.4) for the energy retain the same functional form as in the undeformed
case. The only modification is that the Baxter equation now involves the eigenvalue of the
twisted transfer matrix 7*, and the deformation will enter the construction through its fixed
leading coefficient (as we discuss in more detail below). Although supporting evidence for this
proposal was already presented in [13], here we will be able to strengthen it considerably by
showing that the Baxter equation perfectly reproduces the highly nontrivial direct calculations
of the transfer matrix eigenvalues and energies done in section 2. Furthermore, in section 4
we will show that, at large J, the results from the Baxter approach also reproduces both
the classical ground state energy of the corresponding Landau-Lifshitz model [13] and the
semiclassical corrections derived from the algebraic curve analysis of the corresponding string
sigma-model [36]. Together, these finding leave little doubt about the validity of the proposal,
and opens the way for us to efficiently compute the spectrum using the Baxter framework in
a variety of settings.

In principle, in order to rigorously derive the Baxter equation one would need to fully
implement the SoV approach together with an operatorial construction of the @Q-operator.
While this has been done for a variety of si(2) spin chain models (see e.g. [41, 56-58]), it is
a rather challenging task that we leave for the future. Nevertheless, there are also general
reasons to expect that the resulting Baxter equation remains the same as in the undeformed
model. Indeed, for many different models based on rational SL(2, R)-type R-matrices the
Baxter equation actually has a universal form, and the details of the model typically enter only
through boundary conditions or analytic properties of the @-functions. Concrete examples
include diagonal twist deformations and even the rather drastic dipole deformation described
in [23]. Broadly speaking, this universality is also supported by the general idea that the
Baxter equation should serve as a quantum version of the classical spectral curve of the
integrable system, see e.g. [59, 60].° That said, in our case the Yangian structure itself is also
deformed in the sense that the usual RT'T relations which define the Yangian get replaced
with RFT*T* relations (2.21) (see also [29]),'0 so the fact that the Baxter equation still seems

9See [23] for an example of how this logic helps to actually deduce the Baxter equation in a non-trivially
deformed model.

'OWe point out that the “dipole equivalent” [23] of R T*T* reduces to undeformed RT*T* relations (see also
[51]). In contrast, in the Jordanian case no such simplifications appear possible, and we verified that RT*T*
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Table 1. Comparison of four spin chain models.

Model

Transfer matrix

Q-functions

Undeformed

polynomial

Diagonal twist

exponent times polynomial

Dipole deformation

complicated non-polynomial

Jordanian deformation

2cosp -ul +0-ul"1 4.

complicated non-polynomial

to remain unchanged is far from trivial.

In the next subsection we establish in more detail the key features of Q-functions for the
Jordanian deformed case.

3.3 Asymptotics and regularity of Q)-functions

As mentioned above, although the Baxter equation for the Jordanian model retains the same
functional form as in the original spin chain, the deformation parameter ¢ will now enter
through the modified leading coefficient of the transfer matrix eigenvalue. This seemingly
innocent change in one coefficient in fact leads to drastic changes in the behaviour of the
solutions and gives rise to a nontrivial set of new features.

Asymptotics and comparison. To appreciate the peculiar features arising due to the Jor-
danian deformation, it is instructive to compare it with three other models: the undeformed
spin chain, the diagonally twisted spin chain, and the dipole deformation of [23]. A summary
of their key characteristics is given in table 1. In all cases, the transfer matrix is a polynomial
of degree equal to the spin chain length J. While the functional form of the Baxter equation
remains the same, the models differ in how the first two leading coefficients of the transfer
matrix eigenvalue are fixed. The remaining coefficients are dynamical: they depend nontriv-
ially on the state, and can be determined from the Baxter equation by imposing appropriate
regularity conditions on @ (which select the physical solutions), as we will soon see for our
Jordanian model as well. Let us now briefly review the main features of each model.

e For the undeformed spin chain, the leading coefficient of the transfer matrix is fixed
to 2, while the first subleading one vanishes. This ensures that there exist polynomial
solutions for ), and imposing polynomiality then fixes the remaining coefficients of the
transfer matrix for each state.

e For the diagonally twisted spin chain, the leading coefficient is deformed to 2 cos ¢
where ¢ is the twist angle (see e.g. the review [51] and references therein).!! The

relations would be inconsistent with the s[(2) algebra in the Jordanian case, so that the Yangian structure is
truly deformed.

i 0
"The corresponding twist matrix is (60 e_w).
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physical solutions for @ are then given by the exponent e?* times a polynomial. In this

case, the first subleading coefficient of 7* at O(u’~1)

is not fixed a priori but is instead
determined dynamically, i.e. its value will depend on the state. We indicate this by a
question mark in the table 1. However, importantly, this coefficient is always nonzero —
since, as we will also see later in this section, solutions for @) given by exponents times

polynomials would otherwise be excluded.

e After these two standard cases comes the dipole deformation studied in [23]. Here
the leading coefficient is undeformed (i.e. set to 2), while the first subleading coefficient
B is nonzero and a model-dependent parameter.'? This modification drastically affects
the Q-functions: they are no longer polynomials and their large-u asymptotics is rather
involved. For instance, for J = 2 one finds Q ~ u=3/4¢*V¥ with ¢ a model-dependent
constant.

e Finally, we come to the Jordanian deformation studied in this paper. Here the
situation is, in a sense, reversed compared to the dipole case: the leading coefficient is
now deformed, while the first subleading one remains undeformed (i.e. set to zero) [13].
The resulting @-functions are again non-polynomial, and for instance at J = 2 their
large-u behaviour takes the form Q ~ u~'e™®" with ¢ = %log(l +EM).

To make the latter point more precise, let us consider the large u-asymptotics of the
Jordanian case in general. Expanding the Baxter equation at large u for arbitrary J and
making an ansatz for the asymptotic series of Q(u), one has [13]

oo
Qo ~ ePatiy,—J/2 (1 1 Z Cn;ba> 7 (3.5)
n=1

u
where the subscript a = 1, 2 indicates that the Baxter equation has two independent solutions

with different asymptotics, with exponents ¢1 = ¢, ¢o = —¢. The true physical Q-function
will be a particular linear combination of these two asymptotic series. This behaviour imme-
diately shows that the Jordanian @-functions are neither polynomials nor simple exponentials
times polynomials (as in the diagonally twisted case), but instead have a more complicated
structure. Note however that on the complex curve these asymptotics are much simpler than
in the dipole case.

Finally, looking at table 1, it is natural to ask whether a more general deformation might
exist that renders both leading coefficients of the transfer matrix arbitrary, i.e. effectively
combining the Jordanian and dipole deformations. While we are not immediately aware of a
concrete spin chain realisation of such a generalised model, the corresponding Baxter equation
with these restrictions appears to be well defined, and we discuss it in section 3.6.

12For the dipole case [23], B = M J with € the deformation parameter and M the charge of the global root
generator A7 (e).
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Regularity. The last crucial part of the Baxter equation approach is the regularity con-
ditions to be imposed on the @-functions in order to select the physical solutions. In the
undeformed spin chain, this amounts to requiring polynomiality of @), while in the diago-
nally twisted case one demands that () is an exponential times a polynomial. In both cases,
imposing these analytic conditions fixes the transfer matrix eigenvalue and the Q-function
itself, yielding a discrete set of solutions labelled by quantum numbers corresponding to the
spin chain eigenstates. For the Jordanian model, however, the situation is more subtle: the
Q@-functions can no longer be polynomials (even if multiplied by exponentials) due to their
asymptotic behaviour (3.5). It is therefore a nontrivial question what analytic requirement
should replace polynomiality in order to obtain a quantised, discrete spectrum of physical
states.

The analysis of the following subsections will show that the correct requirement for the
Jordanian model is analytic regularity of @, i.e. that the physical solutions are those with no
singularities for all finite values of u (except possibly at infinity).'® This is a crucial part which
completes our proposal for how the Baxter equation works in the Jordanian model. In fact,
given the special large u asymptotics, it is not even obvious that such solutions exist at all.
Remarkably, as we show below, regular solutions do exist, and imposing this condition indeed
restricts both @ and the transfer matrix eigenvalue to a discrete set of solutions corresponding
to the spin chain eigenstates. This regularity condition coincides with that used for the dipole
deformation, where again the asymptotics exclude any kind of simple function for @) (however
there the asymptotics are far more complex).

3.4 Perturbative solution and spectrum

Having discussed which form of the T'Q-relation and corresponding regularity condition to
demand, we proceed with the explicit computation of the spin chain spectrum perturbatively
in the deformation parameter.

3.4.1 J =2 spectrum

We begin with the J = 2 Jordanian spectrum, which importantly also offers the simplest
nontrivial setting to validate our Baxter approach through a direct comparison with the
results of section 2.

As a warm up, we detail the computation of the deformed ground state energy (S = 0).
From the generic asymptotics of the transfer matrix eigenvalue (2.22), one finds for J = 2

(1) = 2cos ¢ u® + 73, (3.6)

13This can be seen as the minimal analytic requirement compatible both with polynomiality in the unde-
formed limit and with the deformed asymptotics, motivated by similar requirements in [23].
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with )
¢ = %log(l +eM). (3.7)

Rather than determining 73 via the ODE analysis of section 2.2, we now make a generic
perturbative ansatz for 7§ in the deformation object' ¢M

+ > (EM)" 15, (3.8)

n=1

= —

N | =

which reproduces, in the undeformed limit & = 0, the solution for the S = 0 state. The
regularity condition on Q(u) similarly allows for an expansion of the form

Qs=0(u) = 1+ > " ani (M) ", (3.9)

n=0 k=1

Here we fixed the overall normalisation of Q(u) such that at O(u”) the Q-function coincides
with the one of the undeformed J = 2 ground state, i.e. Qgs—g¢—o(u) = 14+O(u). Substituting
these ansitze into the T'Q-relation (3.1) now uniquely fixes all coefficients 75, and gy, . Here,
we show the results until O(¢”M7), with the deformed ground state Q-function given by!'®

2 2 32002 oyt 149u?  ut
3 eV sl g _ 505 —
Qs=o(u) Mo+ &M, =4 8640 1920) T ¢ 4320 960

OV _3905u2+ T13ut WS
124416 = 483840 322560

) +O(E"MT),

(3.10)
while the resulting 7*(u) reproduces precisely the result (2.35) obtained by direct diagonal-
isation of the corresponding differential operator. Then, applying the energy formula (3.4),
we obtain

A (EM? SMP 13164 M*Y 5965 MP 38441€5M©
Es—o= - - + —

- 472 ( 24 24 3456 1728 1244160

+ (’)(57M7)) . (3.11)

which, as announced, matches exactly the ground state energy (2.40) obtained by direct
diagonalisation of the Hamiltonian.

In [13] the same ground state energy was obtained by inserting the transfer matrix eigen-
value derived from the ODE analysis into the Baxter T'Q-equation. Here, by contrast, we
solve the T'Q-equation with generic regular ansétze for both 7* and @, yielding the same
energy in a self-contained and far more efficient manner.

We now proceed analogously for the higher excited states by expanding in the deformation
parameter around the undeformed Baxter pair (7§, Qs). For J = 2, this undeformed solution

14Recall the remarks in footnote 5.
5Note that ¢n g>n = 0 always and the undeformed Q-polynomial is recovered at & = 0.
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reads'®
1 1
75:_5_5(5—’_1)’ QS(U) :3F2({—S,S+1,iu—|—§},{1,1},1), (312)

up to an overall normalisation. Since Qg(u) is a polynomial of degree S for integer S > 0,
i.e. it is always nonvanishing at O(u®), we will fix this freedom by requiring that the coefficient
of ¥ remains unity at all orders in £.!7 For instance, for S = 1 we take the ansitze

5 oo oo o0
=t D (M) G, Qsma(u)=ut )Y ank (EM)F, (3.13)
n=1 n=0 k>0
k#1
where the term w! is fixed to unity by normalisation. Solving the T'Q-relation uniquely fixes
all coefficients, yielding'®

) 7 7
*:—*—72M2 73M3 4M4
= =5 = g M+ M+ O M),
2M2 3M3
Qs—1(u) =u — ’540 ud + 540 u + O MY, (3.14)
_ A §2M2 §3M3 4ad

This reproduces precisely the results (2.32) with S = 1 and (2.42) from the direct diagonal-
isation of 7* and the Hamiltonian. We have also confirmed (2.32) for S = 2,3. Combined,

these findings provide yet another strong confirmation of our Baxter approach.

Finally, for generic S, we generalise the ansitze as discussed, i.e.

1 o0 S [e.e] oo
§=—g =SS DAY (M) T Qelw) =uS 4D Jann (€M) g0
n=1 n=0 k>0
k£S
Substituting these into the T'Q-relation and solving for S = 1,---,20 we can identify the S
dependence of the resulting transfer matrix eigenvalue and obtain again perfect agreement
with the closed-form result (2.32). The corresponding energy reads

A A <5(s+1)_1

3272 \45(S +1) — 3> EM? + O M), (3.16)

63ee e.g. [41] for this standard form in the s[(2, R) spin chain. Here 3F5 is the generalised hypergeometric
function, which for integer S > 0 truncates to a polynomial of degree S in u, with S Bethe roots.

"Note that this is very analogous to the normalisation condition used in the ODE analysis of section 2.2,
cf. around eq. (2.31), and similarly reflects the freedom of multiplying the solution by an arbitrary £ dependant
function.

18Similarly as before, one finds gn x>nt+s = 0 always and the undeformed Q-polynomial is recovered at ¢ = 0.
(up to normalisation).
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This expression constitutes the full energy spectrum of the J = 2 Jordanian-twisted spin
chain. Notice that each undeformed level labelled by spin S acquires a distinct deformation.
However, in the deformed theory, let us stress again that S is only a convenient label for the
resulting branches of states rather than a conserved quantum number, since for & # 0 the
Hamiltonian no longer commutes with the two-site Casimir.

3.4.2 J = 2 off-shell solution

It is also instructive to consider the general perturbative solutions of the Baxter equation,
without imposing regularity of the @Q-functions. To solve the Baxter equation as a series in
&M, we can use the versatile iterative method of [61]. The solutions will be written in terms
of n-functions, defined as

o0

U (O EE ! : (3.17)

s T 50 (u+iny)st ... (u+ ing)%k

We find the following two independent solutions to order £2M?

1
a=1+ @EQMQ(—ZUQ + (48755 + )0y ) |

. 3.18)
a 1 (—4u? — 1) (1 + 2iu) (
q2:773_+M2§2 <z (T0’2+48> <77;1—77f:2>+ 96 77;_"‘ 24 .

Because of the n-functions, these solutions generally have poles as functions of u. In fact, ¢s is
manifestly non-regular. Requiring that there exists a solution to order O(£2M?) without any
poles, here necessarily ¢,'? we see that the coefficient of 7; in ¢; must vanish. This condition

would fix 1

*
(RS

exactly as we obtained earlier in (2.35). Consequently, we also see that what remains of the

(3.19)

regular ¢-function is a polynomial in u at each order in £M, just as found before as well.

3.4.3 Results for any J

The T'Q-relation is so powerful that it can also be employed to derive the spectrum of the
twisted spin chain at generic length J. We present here the explicit computation for the
ground state and S = 1 excited states. These quantities are particularly important, as they
allow to verify the string-spin conjecture by comparing to the spectra in the large J limit in
section 4.4.

We consider the generic form for the eigenvalue of the transfer matrix (2.22), which is

19Tn general, the regular solution can be a linear combination of ¢; and gz.
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valid for any J, and now make the following ansatz for the remaining coeflicients

J—2 oo

™(u) =2cos ¢ u’ +0 x u/ 7+ Z Z uk¢”T;7k. (3.20)
k=0 n=0

Here, we have traded the expansion parameter {M for ¢ = %log(l + &M), which turns out
to be more convenient to studying the large J regime.

In practice, we solve the T'Q-relation as described above. To obtain the ground state
energy we expand the Q-function around Q(u) = 1+ O(u,¢"). Doing the calculation for
J=2,---,12, we can identify the general J dependence, giving

u2? P Ju?
QO(U) =1+ 2(J+ 1) T 8(J+ 1)(J+ 3) <U4 * 3(‘]_'_1)>

#° Jut  J(J(J 4 11) + 9)u?

(3.21)
TBUT DU 1315 <“6 L B 1§ > +0(¢°%).

From this result we extract the ground state energy Fy using relation (3.4), giving

D S A s AI+3)
sm2(J +1)"  96m2(J +1)2°  2880m%(J + 1)
A (10(J — 1) +100(J — 1)2 + 345(J — 1) + 408)

48384072 (J + 1)4(J + 3)

EO == 3 ¢6
(3.22)

¢+ 0(¢").

Notably, this result is even in ¢. At large J and fixed &, M and ), it behaves as®’

A
Bp= ———¢? —
0 87T2J¢

AP (=12 + ¢?) + O(¢°)

) L0, (3.23)

where the subleading terms O(J~2) receive contributions from all even powers ¢?" with
n > 1. Interestingly, the leading O(J~!) term is exact in ¢ and reproduces precisely the
classical ground state energy derived in the continuum (Landau-Lifshitz) regime of the spin
chain with twisted boundary condition, cf. eq. (4.26) of [13]. This confirmation thus provides
a nontrivial consistency check between the use of the T'Q-relations and the explicit twisted-
boundary conditions of [13].

To compute the energy of the first excited states for generic J, we can keep the ansatz
(3.20) for 7*(u) and expand the @-function around the undeformed S = 1 one-magnon solu-
tion, i.e.

Qin(u) =u—un+ Z ¢* e+ Z ¢ Z ey, (3.24)
k=1 2

k=0 =

29This expansion shows how the use of ¢ instead of €M is particularly convenient in this regime: it resums
an infinite series of higher-order €M contributions into a compact form, so that the leading O(J ') term is
exact in ¢. This structure would be obscured if one expanded directly in {M.
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where u,, = %cot 7 is the undeformed Bethe root associated with the n-th magnon mode
of momentum p,, = 2”7”, withn =0,1---,J — 1. We however exclude the n = 0 mode, as
it corresponds to a root at infinity with vanishing energy, which decouples from the other
excitations.?! Solving the T'Q system for J = 2,--- ,19 and identifying the J dependence, we

find the Q-function until O(¢?)

u ((J 4 2)u? — (J + 6)uu, — up)
2(J +2)(J +3)

Qin = U — Up + % + O(¢Y), (3.25)

and the corresponding energy until O(¢*)

B = A J+24+4(J+6)u? )
S o d) (11 dud) (T 3)(T 1)
9672(1 + 4u2)(J + 5)(J + 3)3(J + 2)3
(96J (J(J + 20) + 48))uz A 6
N 9671’2(1 +4u%)(J—|—5)(J+3)3(J+2)3¢ +O(¢ )

- ot (3.26)

These expressions reproduce the J = 2 results of section 3.4.1. In section 4 we will match the
continuum limit (J — oo) of the above energies to leading and subleading order in 1/J with
the semiclassical one-loop spectrum of the corresponding string solution (under a particular
identification of the residual momentum charges on both sides) given a highly nontrivial check
of the Baxter framework as well as Jordanian-deformed AdS/CFT.

3.5 Numerical solution for J = 2

The results of the previous sections are all perturbative expansions in the deformation pa-
rameter £ (or, equivalently, ¢) that probe only the small deformation regime. The power
of the Baxter framework can however also be employed to investigate the intermediate and
large deformation regime. In particular, here we will show how to obtain the spectrum of the

J = 2 Jordanian chain numerically by solving the Mellin transform of the Baxter equation.??

Mellin transform of the T'Q-relation. The Mellin transform allows one to convert finite
difference equations into differential ones, making it a very suitable tool to tackle the T'Q-
relation (see e.g. an early discussion in [63]). We follow the conventions of appendix D of [64]
for the Mellin transform, which reads

Qu) = K/OOO dww™ ' Q(~w), K= Im (3.27)

2INote that for J = 2 the only independent physical mode is n = 1 with u; = 0.

220ur regular Q-function has exponential asymptotics with an imaginary twist, which means they grow fast
in both the upper and lower half plane. Therefore simpler methods of numerically solving the Baxter equation,
like [62], seem to be not applicable here.
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It satisfies the following properties,

(u+bi)rQu) = K /000 dww= 0 [zwdi] ' {wa(—w)} , (3.28)
and
(u+bi)" Quti)=K /OOO dww™ WP [iwdﬂ ’ {—wbﬂQ(—w)} , (3.29)

which allow us to convert the T'Q-relation into a differential equation. Taking the J = 2
TQ-relation (3.1) and applying the Mellin transform, together with w — —w, then gives

4w< (—2cos(¢)w + w® + 1)@”(w) + (2w — 2 cos(¢)) Q'(w))
(3.30)
+

A 1
Q(w) <4TO* +w+ w) =0.

This ODE has two regular singular points at w = 0 and w — co. To proceed further, we per-
form the change of variables w = —1%- together with the redefinition Q(z) = V2(1 = 2)¥(2),
such that in total

.. 1
Qu) = LSinhmy / dzz V21 = )T l/2g (), (3.31)
m 0
After these redefinitions, eq. (3.30) gets modified straightforwardly but to a lengthy ODE
which we do not report here for brevity. Importantly, the changes of variables maps the
singular points to z = 0, 1, which makes the ODE more suited to numerical solving.

Numerics. We can now discuss numerical results for the J = 2 spectrum for intermediate
and large deformation regime of the Jordanian chain. The Mellin transformed T'Q-relation
(3.30) (after change of variables) has two singular points at z = 0, 1, which lie at the boundary
of the integration in (3.31). At a given value of ¢, we solve this ODE while imposing regularity
of the solution at these two singular points®?: very explicitly, at ¢ fixed, we sample over values
of 75 and run a numerical solving of the ODE over z € [e,1 — ¢] for each value of 73 in the
sampling, where € acts as a regulator for the singular points. We then numerically impose
regularity at the boundaries,>® which singles out a value for 7. We iterate this procedure
over some range in the deformation parameter ¢, which produces figure 1.

Then, given the numerical solution of (3.30) at fixed ¢ and with corresponding value of
75, we can perform the inverse Mellin transform through a numerical integration to obtain a
numerical solution for the Baxter Q-function at a given value of ¢ . Again we regulate the
singular points at the integration boundaries with . We can then insert this solution into the

ZHeuristically, Q has logarithmic singularities at its singular points, which would be converted by (3.31)
into singularities of @ at u = Zi/2 (see also [23]), which we require vanish.
24n practice, we minimize (€% (¢))? 4 ((1 — €)¥’(1 — €))?, which would guarantee regularity if it vanished.
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Figure 1. The ground state (S = 0) transfer matrix eigenvalue as a function of the deformation
parameter —i¢. The blue points are the numerical results. The purple curve at small ¢ is the 20-th

order small-¢ expansion obtained analytically from solving the T'Q-relation. The green curve is a large

¢ asymptotic approximation, 7§ = f% cos(¢), obtained from a preliminary WKB analysis, the details

of which will be discussed elsewhere.

energy formula (3.4) to obtain the energy, and threading this procedure over several values
of ¢, we obtain figure 2.

Discussion. In both figure 1 and 2, we find very good agreement between the numerical
solving and the analytic perturbative solution of the T'Q)-relation, which for this analysis was
computed up to O(¢?°). These analytical perturbative expansions stay valid only within the
small deformation range (up to ¢ =~ 3.57), but our numerical results smoothly extend past this
point, demonstrating the power of the Baxter framework across the full deformation range.

In figure 1, we also reported an analytic result for 73 in the large ¢ regime (green curve),
which resulted from a preliminary WKB analysis of (3.30). The numerical trend matches this
analytical behaviour, and in fact, numerical analysis up to ¢ = 4007 confirms this prediction.
We hope to discuss this WKB analysis in more detail elsewhere.

As discussed, the numerical integration associated to the inverse Mellin transform (3.31)
requires regulating the integration boundaries. This turns out to be a numerical bottleneck
for the range of validity in ¢ of the energy computation, as more and more contributions to the
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Figure 2. The ground state (S = 0), J = 2 energy as a function of the deformation parameter —i¢.
The blue points are the numerical results. The purple curve is the 20-th order small-¢ expansion
obtained analytically from solving the T'Q-relation and evaluating the energy formula (3.4).

integral are missed closed to the singular points.?> This explains the restricted range in figure 2
relative to figure 1. However, this bottleneck does not affect the numerical computation of 77,
and in fact, we have computed 73 up to ¢ = 400¢ without observing change in its behaviour,
so that we do not expect a change in behaviour for the energy at larger deformation.

3.6 The most general 2-parameter deformation

In section 3.3 we compared different deformations that correspond to having different non-
trivial coefficients in the transfer matrix. Here we briefly discuss one case not included there;
namely, when the leading and subleading coefficients are both fixed to generic values. While
we do not consider the corresponding deformed spin chain here, we will explore what happens
to the -functions under the analytic regularity condition.

25Gee also [23], section 6.3 for a detailed discussion of a similar situation, with analytical results. There, at
large deformation, the integration was dominated by its endpoints and we expect a similar behaviour to be
relevant here.
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For this “most general” deformation the transfer matrix eigenvalue 7*(u) reads

J—2
™) = (2 + a)u’ + pul 7t + Z mru®, (3.32)
k=0

where «, 8 are arbitrary finite parameters, with a = 8 = 0 giving the undeformed case. The
Jordanian deformation, the dipole deformation, and the diagonal twist deformation®® are all
special cases of this expression (3.32). Let us show explicitly for J = 2 how we can solve the
Baxter equation as an expansion in «, S that we assume to be perturbative small parameters
(with their ratio /S kept fixed). We write

1 (o]
=5+ ™o (3.33)
n=1
with 77 5 ~ o™, and we take, for the deformed vacuum state,
Q=1+4+0(a). (3.34)

Remarkably, demanding that @ is polynomial at each perturbative order again fixes both @
and the transfer matrix uniquely. We get e.g.

2 2 3 2 4 2122 4
N a Q 15} N ri%e af N 1157« Tas 3 15}
N - 7 2o A - 3.35
0= 10 ™20 = 9791 917 30 Tg505 T 1087 740 = 15300000 T 3240 | 172807 530
and
1 u (16508 + 18a2u? + 120aBu? + 34a%u + 1805%u
Q=1- 6u(35 + au) + ( P 2160ﬁ Fu) (3.36)

The fact that a regular solution for @ exists for generic values of «, 5 (and that imposing its
regularity fixes the remaining transfer matrix coefficients) is in principle quite nontrivial. It
can be viewed as a consistency check for this more general deformation, indicating that it
indeed may be possible to realise it at the operatorial spin chain level. In the future it would
be very interesting to understand how this can be done.

4 Matching with the semiclassical string spectrum

The Baxter analysis has provided the complete deformation of the ground and first excited
spin chain states, valid for arbitrary length J. We now turn to the string side of the correspon-
dence to verify how these results emerge from the semiclassical spectrum of the Jordanian-
deformed AdSs x S® string. In particular, we summarise the key features of the Jordanian

26Tn the diagonal twist case § is not actually a free parameter, rather it is fixed by imposing the additional
regularity requirement that @) is an exponent times polynomial.
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worldsheet spectrum in the s[(2, R) sector and demonstrate how it reproduces the spin chain
results in the large J limit, thereby establishing the bridge between the discrete spin chain
picture and the continuous worldsheet counterpart.

4.1 Relevant ingredients of the Jordanian string worldsheet

On the worldsheet, Jordanian deformations are a subclass of Homogeneous Yang-Baxter
(HYB) deformations [5-7, 65, 66] which are known to be on-shell equivalent to the undeformed
string sigma-model with twisted boundary conditions [12]. This is precisely the worldsheet
counterpart of the boundary twist that reorganised the Jordanian XXX _; /5 chain. See [13]
for a review on these aspects with the conventions and definitions used in this paper.

Our setting is the Green-Schwarz string on the supercoset PSU(2,2|4)/(SO(1,4)xSO(5))
deformed as a HYB deformation [5-7, 65, 66] by a rank-2 Jordanian r-matrix generated by

D —Jos

h
2 )

e=po+ps3, (4.1)
with D, J;;, and p; the dilatation, rotation and translation generators of the conformal
S0O(2,4) subgroup of PSU(2,2|4). This is the unique case with support confined to an
s[(2, R) subalgebra through a single parameter and with a constant dilaton configuration
®(x) = ®¢ [13].%7

Because the r-matrix involves only s0(2,4) generators, the deformation acts nontrivially
on the AdSs factor of the spacetime, while it leaves the S® untouched. In global AdSs
coordinates (T, V, P,0, Z) with ranges T,V € (—o0,+00), Z,P € (0,+00) and © € [0,2m)
the deformed metric and B-field read

_ dZ?+dP? 4+ P?d©? — 2dTdV  (4Z* +n*)(Z* + P?)

Iz 425
PdP A dT ( dT >
S —nd ,

ds®

dT? + dsis,
(4.2)

B=n

274 472

where ds%5 is the metric of the round S° and 7 € R is the deformation parameter. It was
shown in [36] that these coordinates are geodesically complete and that the resulting geometry
has Schrodinger-like scaling symmetries (see also [74]). They are furthermore particularly
convenient as they are adapted to the residual commuting s0(2,4) symmetries of the deformed

2"The above r-matrix is however non-unimodular, meaning that the corresponding background solves only
the “modified” supergravity equations [67]. The model does have a unimodular completion, obtained by
extending the r-matrix to include supercharges [68-70], thereby producing a genuine type IIB supergravity
solution (see also [71-73]). Nevertheless, since these additional contributions only affect worldsheet interactions
involving fermions, and the semi-classical spectral curve depends solely on the classical (bosonic) interactions
(dictated by the spacetime metric and NSNS field) there is no need for us to burden the discussion with such
additional details, and we will restrict attention to the purely bosonic truncation.
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sigma-model, given by
to = span{ D + Jo3, ko + k3, po — p3, Ji2, po+p3} = sl(2,R) du(1)> (4.3)

Of these, the maximally commuting subalgebra relevant for the string spectral problem is
generated by [36]

1
HTzi(po—ko—pg—kg), He = Ji2, Hy =e=py+ps, (4.4)

where Hrp is a time-like generator for the above coordinate T' (with conjugate energy E), Hg
generates rotations in the angle © (with spin S) and Hy = e is a null isometry?® along the
coordinate V', whose conjugate charge has the interpretation of null momentum M.’

This structure should be contrasted with the undeformed AdSs x S° case, where the
isometries are large enough to represent the maximally commuting subalgebra by a (diago-
nalisable) Cartan subalgebra. It is generated by two rotations, for instance (Jy2, J34) with
spins (S1, S2), and either the time-translation generator py — kg (energy A) or the dilatation
generator D (relativistic scaling dimension), whose eigenbases are related by the standard
relativistic state—operator map.

4.2 Asymptotics of the twisted algebraic curve

HYB deformations are Lax-integrable [5-7, 77], which in principle enables a study of its semi-
classical spectrum through the algebraic curve associated with the monodromy matrix of the
one-parameter family of flat Lax connections. In practice, however, such an analysis requires
identifying a suitable asymptotic regime of the curve from which the string energy E can be
extracted. This identification is only possible in the undeformed yet twisted formulation of
the sigma-model [12, 36], highlighting again that, just as in the spin chain realisation, the
twisted-boundary formulation is crucial for making the spectral structure of these deforma-
tions explicit.

For comparison, consider first the algebraic spectral curve for strings on undeformed
AdSs x S?, which is characterised by eight quasimomenta { p;,p; ; i = 1,--- ,4} living on an
eight-sheeted Riemann surface parametrised by the complex spectral parameter u € C. The
p; describe the AdS sector, while the p; correspond to the sphere. Their asymptotic large-u
behaviour encodes the global charges associated to the commuting isometries. In particular,
after conjugation to the Cartan subalgebra generated by {po — ko, Ji2, J34} in the AdS sector

28In a compact representation Hy is non-diagonalisable.

2Both He and Hy also commute with D + Jy3, which is a radial-like scaling generator. Its conjugate
has the interpretation of a non-relativistic scaling dimension and its eigenbases is related to that of Hr via a
non-relativistic state-operator map. See e.g. [75, 76] for more details and also [23] for the Schrédinger/dipole
deformation which has the same spectral interpretation of the residual maximally commuting isometry algebra
of AdS.
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and the three commuting rotations in the sphere sector, one finds (see e.g. [78, 79])

P1 —A—-51-5 D1 J1+Jo— J3

D2 2 —A+ 51+ 55 D2 2T Ji—Jo+ J3 _9

~ ~U , B ~N — + O u y 45
D3 uvr | A+ 851 — S D3 u/ | =+ Ja+ Js (™), (45)
D4 A =S+ 5 D4 —J1—Ja—J3

where ) is the 't Hooft coupling and Ji, J3, J3 are the angular momenta on S°.

After the Jordanian twist of the type (4.1), the asymptotic behaviour of the AdS quasi-
momenta is drastically modified [36]

P1 0 -E-S

o i | -Q o S L

T~ + — + O(u™*), 4.6
Pl 2Va| Q w/A| 8 &) (49)
P4 0 E-S

while the p; remain as in the undeformed case. Here Q is a “twist-charge” defining the twisted
boundary conditions of the string." Although Q is not direcly linked to a generator of (4.4)
in a usual (Noether) way, it is conserved [12] and can be understood as being associated to the
null isometry generated by Hy = e.3! In this sense, Q provides the spectral-curve counterpart
of the null momentum charge M. Crucially, the Jordanian twist thus acts nontrivially on the
2-3 pair by introducing a constant u" term in their asymptotics, while p1, p4 retain the usual
u~! behaviour. For the semiclassical spectra on solutions with S = 0, the structure of (4.6)
further indicates that the s[(2, R) polarisations on the string side—expected to map to one-
magnon excitations of the twisted XXX_;/, spin chain—are realised by microscopic cuts
connecting the 2 and 3 sheets, as we will now discuss.

4.3 Curve of the BMN-like solution

The classical vacuum solution of the sigma-model equations of motion, which should corre-
spond to the ground state of the twisted XXX_;/, spin chain, is the “BMN-like” point-like
string with vanishing spin S = 0 and fields propagating as

T=—sr, V=tmr, z=\Z. P=0, =01 (4.7)

where 7 is the worldsheet time coordinate and 1 an angle that parametrises a big circle in
S5. The real parameters &, m, J of the solution determine the non-zero classical charges

E=VXs, M=Vim, J=V\J, (4.8)

30Comparing with [13, 36] and other works note that we have rescaled Q with a factor of VX to treat it on
the same (classical) footing as the other charges E, M, S.
31Explicit expressions clarifying this relation can be found in [13, 36] (see also [73]).
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with J the angular momenta for v that corresponds to the spin chain length [4], following
the notation used in the previous sections. The parameters are related through the Virasoro
constraint as o o

k2= T2+ %, (4.9)

which requires [pm| < 2k and |J| < k to ensure that all charges remain real. Classically, this

2M2
E:,/J2+774 _ (4.10)

For n = 0 this is the BMN/BPS vacuum relation A = J.

implies the off-shell charge relation

Because the BMN-like solution (4.7) is point-like, the Lax connection is independent of
the worldsheet space coordinate and the monodromy matrix can be explicitly diagonalised.
Its resulting AdS and sphere quasimomenta on the full curve are [36]

p1(u) = —pa(u) = - ;
) ) 2 kun/1 — T 2 (4.11)
p2(u) = —pg(U) = 1 — 2 )

which we evaluated on the “physical branch” |u| > 1.32 Matching with (4.6) in the asymptotic
u — oo regime confirms (4.8) with S = 0 and gives the classical relation

Q = 2mVam. (4.12)

which is consistent with the reformulation of the BMN-like point-like solution in the twisted
model, see [36].

The square-root structure of the AdS quasimomenta determines the branch cuts of the
BMN:-like spectral curve. Specifically, the branch points in p; 4 and py 3 are fixed at v = &L=
and u = j:i—;; respectively. With |pm| < 2k, the former lie inside |u| = 1 and the latter
outside. We then adopt the standard algebraic curve convention to connect each real pair of
branch points by a real cut along which the argument of the square root is negative.?> The

nm nm 2k 2K

resulting configuration consists of two cuts Cj 3 = [ 4, -] and C 3 = (—o0, —n—m] U [n—m, 00).

In the algebraic curve description, each cut C carries a filling fraction S, defined as the A-

32The complementary domain |u| < 1 is related to |u| > 1 by the inversion symmetry u — u ™!, which follows

from the underlying psu(2,2|4) structure of the sigma-model and simply relabels the quasimomenta [36, 78].
33This ensures that the quasimomenta become purely imaginary across the cut, such that their associated
densities are real. Note that this choice also avoids crossing the simple poles at u = +1.
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cycle integral encircling C and giving a dimensionless measure of its length. On the spin chain
side, this corresponds to the continuum filling of Bethe roots. A macroscopic (infinite) cut is
then one whose filling fraction diverges and thus represents a classical condensate of Bethe
roots, mapping to a classical sigma-model solution with non-vanishing charges. Microscopic
(infinitesimal) cuts, on the other hand, correspond to one-magnon excitations on top of that
condensate, and are understood to map to semiclassical quantum fluctuations of the sigma-
model solutions. See e.g. [78, 80-82] (and references therein).

In this picture, the BMN-like condensate with m # 0 is thus carried by the macroscopic
C?B cut lying in the fundamental physical region, while Ci,ZL is its mirror, lying in |u| < 1, and
has finite filling fraction. In fact, as we will soon see, the contribution from CQ,S dominates the
vacuum energy in the large J semiclassical regime, while the finite Ci,fl does not contribute
until O(J~2). Consequently, the semiclassical fluctuations above the BMN-like vacuum that
must map to the one-magnon excitations of the twisted XXX_; /5 spin chain at large J should
indeed be realised as microscopic cuts connecting the 2-3 sheets, as mentioned earlier. In other
words, the semiclassical sl(2, R) sector is realised by the curve restricted to 2-3.

Let us now see this explicitly and subsequently match with the spin chain results of
section 3.4.3 in the J — oo limit.

4.4 Semiclassical spectrum and matching

In [36], the semiclassical one-loop spectrum of the BMN-like solution was computed from its
algebraic curve (4.11). We can write the total spectrum as

E.. = Eo+Eq, (413)

where Eg is the vacuum energy of the twisted solution and E; is the sum over the semiclassical
fluctuation modes. The vacuum generally receives both a classical and a semiclassical one-loop
contribution, Ey = E + E,,,,, with the classical E = v/A£ given in (4.9)-(4.10) and

E\ o0 = % O (=), (4.14)

nez ij
while the excited states contribute at one-loop as®*
_ ©j NTLd
Ey =) QN (4.15)
neL

Here N is the occupation number of an excitation connecting sheets ¢ and j with integer
mode number n, while €] are the corresponding fluctuation frequencies. In addition, F;; = 0

34This sum is often denoted as §A, as in [36].
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for bosonic excitations (connecting only AdS sheets 1---4 or sphere sheets I - - - 4) and Fij=1
for fermionic excitations (connecting an AdS with a sphere sheet).

As for the undeformed models, the overlap between the twisted string and nearest-
neigbour spin chain spectra would arise in the large J regime, where the spin chain becomes
infinitely long (the thermodynamic limit) and the string admits the semiclassical description.
However, as in the undeformed case, the nearest-neighbor approximation breaks down be-
yond O(J~3), also known as the three-loop discrepancy, when long-range interactions and
finite-size effects become important [83]. We might thus similarly expect here that the vac-
uum energy Eg of the string maps to the ground-state energy Ej (3.22) of the spin chain,
measured on top of the untwisted BMN/BPS vacuum A = J, i.e.?

Ey ~ A+ E, (4.16)

up to order O(J~2). Furthermore, as argued earlier, in the sl(2, R) sector the string fluctu-
ation energy Ei|53 from the 2-3 sheets should reproduce the spectrum 6F of multi-magnon
excitations of the twisted XXX_; , spin chain above its ground state, again up to 0(J?),
i.e.

2332
3= NBQP ~ SE=)" Ny(Bi, - Eo), (4.17)
nez neZ

E;

with Ej ,, the single-magnon energies given in (3.26). Here we further assume that, at this
order, magnon—magnon interactions are suppressed, so that the total energy is simply the
sum of single-magnon contributions with occupation numbers N,, ~ N23.

The fluctuation frequencies 04 were computed explicitly in [36], and in the large-J ex-

pansion they take the form?3%

i3 _ il 5 _ i An’ -3
i An?
14 _ A0 -3
s MNST2(E F 2m2

02 = n*(n jnm)—i-O(J*g),
aa An 2/ )\(4722 +772m2) (4‘18)
i3 _ o2i _ -3

Q> = Q" (xy,) YE) +0(J ),
i3 _ i i _ o2 An® 3
o - - - An2 4 m2m2

02 = 0% (z,) = OIF = 0Pz, = XTI 4 o)

35We use the symbol ~ to denote mappings between the string and spin chain models.
36In [36] different conventions on overall factors of the r-matrix and notations for the charges were used;
the simplest way to match parameters is at the level of the classical BMN-like solution. The relevant mapping

here is ar = —+x and 8 = T=.
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It is noteworthy that all expressions are even in the deformation parameter 5. After the J-
expansion, one can then calculate the sum E,_,,, simply by using zeta-function regularisation,
similarly as was done in [37]. That is, we use

D ((n+a+pn) = +¢(-21+q) +((-2,1-q) =0,  Vp,q, (4.19)
nez
where ((s,a) == > 7", m Hence, only the contribution from Q?f is nontrivial, which is

consistent with Cs 5 corresponding to the vacuum (macroscopic) cut, while all other fluctua-

tions cancel in the (graded) sum. Notice that Q?f’ vanishes for n = 0 and is even in n. For
completeness, we can therefore write

1 54 iy n?(n? + n?m?2) _
El—loop = 5 Z 91213 == Z 2J2 + O('] 3)7

"<t \ ~ (12 ) (4.20)
v ne(n®+n*m _
E; 53 = Z N, 572 + O(J 3).
nez

Let us now finally compare to the spin chain results. Classically, there is an explicit
overlapping regime known as the Landau-Lifshitz limit, where the classical actions of the
spin chain and the sigma-model coincide at J — co and fixed A = A\J~2 [84, 85]. The only
contribution to the spectrum at the string side comes from the classical vacuum energy

_ 5\J772m2 _ An?m?

E—.J = 4.21
< T (4.21)

Expanding Ej from the spin chain (3.23) when keeping M and n = %f fixed®” gives

772M2
8J

A
Eo:Jilog(l—i-fM)Q—i-"-: 4+ (4.22)

3272

as was also observed in [13]. In the Landau-Lifshitz classical limit we thus have v/ Am ~ M.

Beyond this overlapping classical regime, a consistent mapping of quantum corrections
is done by expanding at the string side in powers of 1/.7, with 7 = J/v/A, and at the spin

3TFixing M and 7 in the classical worldsheet limit ensures that, at large X and fixed charges, the sigma-model

twist reproduces the classical limit of the spin-chain Drinfel’d twist under n = 2—‘/557 see e.g. around eq. (2.18)
in [13].
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chain side in 1/J (see e.g. [83]). For E, ., we get

o0 2 2

1 /n n’m n*m*  n%mb  Hpdmb 10 -2 _3
Eiw = =5 | & — - o o
toloop e (2 T T Tenr T 3aad  asene T O T ) )OI,

n=1
(U)ot @t (- Am® 5Ot
S Jr\ 2 4 16 32 256
B 1 772m2 7T2774m4 7r4176m6 7.‘.67787,n8 10 5 3
_ﬁ(_ s 96 " 2ss0  dsgsa O T ) HOWUT)

(4.23)
where ((s) = ((s,1) while E—.J expands as in (4.21). Note that we have in addition expanded
around 7 = 0, given that the analytic Baxter results from section 3 are similarly obtained
only perturbatively in the deformation parameter. On the spin chain side, on the other hand,
we find it more natural to expand in the variable ¢ = £ log(1+£&M) rather than 5. This gives

Fy = AP <¢2 ¢* ¢° ¢°

- AT - - O(p'?, T2 O(J™3). (4.24
5727 T 72 82 T 962 " 2sson?  dmasamz T 0@ ) | HOUT). (420

We then see that upon the following identification of momentum charges
2rmm ~  log(l+&M), (4.25)
there is a very nontrivial matching (4.16) to O(J~2) of the one-loop ground state energy!
Even more striking is that this agreement extends to the excited states; we have
2 2,2 4,4

1 (n n“m n m _ _
Bilyy = N (Y + Ty o ) + 06T+ 0T,

(4.26)

4
0F = ZNni (712 _r ¢ - > + 05, T2 +0(J73),

which confirms (4.17) to O(J~2) for any mode number n under the same identification (4.25).
This agreement is remarkable considering the highly complex form of the single-magnon
energies 1 ,, given in (3.26) up to O(¢?), where almost every numerical coefficient contributes
to the subleading J 2 correction. In fact, it goes well beyond what one might expect from a
simple lowest-order matching: it persists up to the same order as in undeformed AdS/CFT.
Given the severely reduced residual Noether (super)symmetry, one might expect the three-
loop discrepancy induced by long-range effects [83] to appear much earlier here. That it does
not suggests that the integrable structure itself, rather than the Noether algebra, provides
the essential mechanism stabilising the correspondence at this order.

Let us now discuss several important aspects of the matching we have found.

o [dentifying momentum charges from matching the algebraic curve and the Q-functions.
Let us recall the classical relation (4.12) found from the spectral curve of the BMN-
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like string. In [36] it was shown that Q does not receive any semiclassical corrections,
implying that Q = 27nv/Am also holds semiclassically. Together with the identification
(4.25) we can thus conclude that the string twist charge Q relates to the spin chain
parameter through log(14+£M). This identification is physically well-motivated: Firstly,
at the classical level it reduces to vV Am ~ M, as we found in the Landau-Lifshitz limit,
when identifying n = %5 (exactly as was needed when mapping the string and spin
chain Drinfel’d twist, cf. footnote 37). At the quantum level, one can understand the
logarithmic structure as reflecting the non-abelian nature of the Jordanian twist. In
particular, this should be contrasted with abelian twists such as the dipole/Schrédinger
deformation where the momentum charges map also at the quantum level simply as
VAm ~ M [23, 37].

A posteriori, the identification (4.25) is also consistent with the structural relationship
between spectral curves and Baxter ()-functions. In fact, semiclassically, the quasimo-
menta of the algebraic curve are connected to the Q-functions through the so-called
resolvent G(u) [82]. In the undeformed case the latter is defined on the spin chain side
as G(u) = >, (u—wuy,) ! for a discrete set of Bethe roots {u,}, and Q(u) is as in (3.3).
On the string side, the classical spectral curve likewise defines a resolvent through the
quasimomenta as G(u) = p(u) + £, + {=;, where the latter terms remove the pole
structure from p(u).?® The undeformed correspondence thus identifies

D+ =
—_—t —  ~ ), 1 . .
plu) + 7+ T dulog Q(u) (4.27)

For the Jordanian-twisted case, neither the @-functions nor the spectral curve retain
their undeformed structure: the twisted sl(2, R) @-functions are non-polynomial with
exponential asymptotics (3.5), while the ps(u) and p3(u) quasimomenta in the sl(2, R)
sector acquire a constant twist term (4.6). It is therefore not obvious whether the
structural relation (4.27) between resolvents, Q-functions, and quasimomenta should
persist. Nevertheless, if one assumes this relation continues to hold, then taking its
large-u asymptotics reproduces precisely

Q. log(1+4 &M, (4.28)

VA
up to an ambiguous assignment of signs. The fact that this assumption correctly repro-
duces the nontrivial spectral matching (4.16) and (4.17) up to O(J~2) provides strong
evidence that the relation (4.27) indeed persists as a structural feature of the integrable
correspondence between strings and spins, even under non-abelian deformations that
drastically modify the analytic properties of both Q-functions and quasimomenta.

e Ordering of J-expansion and resummation.

38Note that this string relation is more general and not restricted to the undeformed case.

— 36 —



In [36], the one-loop correction E,,., was obtained by converting the discrete mode

sum to an integral under the assumption of a large energy density k = \% Expanding
their re-summed result around large J then gives, in our conventions,
SMS
Eiy = L+ O3, (4.29)

6V \J2

which does not coincide with the O(J~2) term of (4.24). By contrast, our computation
expands the fluctuation frequencies at large J prior to resummation (performed via
zeta-function regularisation). These two limits need not commute, given that x need
not be large in the worldsheet semiclassical regime, which may alter results. The match-
ing found here suggests that the large-J expansion prior to resummation provides the
physically appropriate regularisation scheme for the comparison. It would nevertheless
be valuable to clarify this order-of-limits ambiguity by explicitly analysing possible £~!
corrections in the procedure of [36].

A related subtlety concerns the inclusion of fermionic (super-)modes. Performing the
resummation first, as in [36], implicitly incorporates the complete set of fluctuations,
while our large-.J expansion effectively isolates the bosonic sl(2, R) sector prior to super-
symmetric completion. This distinction may be meaningful, as the bosonic Jordanian
r-matrix by itself does not yield a genuine type IIB supergravity background, which
only emerges once the r-matrix is extended by supercharges [68-70]. It is thus also pos-
sible that the apparent sensitivity to the order of expansion and resummation reflects
this difference between the purely bosonic and complete realisation of the deformation
within the AdS/CFT context, which could be clarified by extending the comparison to
the full super-spin chain framework.

5 Conclusions

In this work, we have established the solvability of the Jordanian-twisted XXX_; /5 spin chain
through the Baxter framework, extending previous results to higher excitations and arbitrary
spin chain length, and providing compelling evidence for a non-abelian, Jordanian-twisted,
AdS/CFT correspondence. Building on [13], we attacked this from two complementary ap-
proaches: direct diagonalisation of the J = 2 nearest-neighbour Hamiltonian (perturbative
in the deformation parameter) and the Baxter T'Q-relation. As a result we can efficiently
compute the full deformed spectrum of this spin chain.

We proposed a Baxter framework for the Jordanian deformation with intriguing and
fully novel structural features compared to previously known cases in the literature (as sum-
marised in section 3.3). In particular, despite the fact that the Yangian (RTT) structure is
deformed, we propose that the functional form of the T'Q-relation and its energy formula
remain undeformed. The deformation enters only through fixed coefficients in the transfer
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matrix, resulting in non-polynomial Q-functions with exponential asymptotics. An additional
crucial ingredient is that analytic regularity in the complex plane replaces the polynomiality
requirement of undeformed chains in order to select spectral @-functions, similar as in [23].
This proposal is supported by several highly non-trivial tests. The direct computation of
the J = 2 spectrum from the Hamiltonian provides a first crucial validation, as it perfectly
matches the spectral results from Baxter across higher spin sectors. We also show more gen-
erally that imposing regularity of the @Q-function fixes the transfer matrix eigenvalue (and
the Q-function itself). In fact it is non-trivial that a regular solution for the @Q-function
exists at all, further providing strong evidence in favour of our proposal. Importantly, this
also supports the expectation that the functional form of the T'Q)-relation is universal for all
models based on rational R-matrices, as commented on in [13, 23], even when the underlying
algebraic structure is substantially modified.? In the future it would be highly interesting
to rigorously derive the Baxter equation and the regularity condition from a full operatorial
construction of @-functions, e.g. along the lines of [58-60] or [41, 56].

The compatibility between the analyticity conditions for the @-functions of the Jordanian
and dipole deformation [23] led us further to consider a more general model, combining in
spirit both deformations (yet whose physical realisation we leave open). We illustrated for
J =2 and S = 0 that its spectrum can also be solved with the Baxter equation.

With the Baxter framework provided for the Jordanian chain, we efficiently computed
the spectrum to arbitrary length J for the ground and first excited states. This enabled com-
parison with the string worldsheet theory, conjectured via the work of [14] to be the Jordanian
HYB-deformation in the sl(2, R) sector. In particular, the spectrum of the (nearest-neighbour)
twisted chain in the large-J limit matches rather fascinatingly with the semiclassical string
spectrum [36] from the algebraic curve to order O(J~2) included—exactly the same order at
which the correspondence holds as in undeformed AdS/CFT before long-range interactions
trigger discrepancies [83]. This is particularly striking given that the Jordanian model has
very little Noether (super)symmetry. The agreement despite this symmetry reduction sug-
gests that integrability itself appears sufficient to stabilise the correspondence at this order.

The spectral agreement furthermore required a particular identification of the twist
charges % ~ log(1 + €M), which we discussed in detail at the end of section 4. Impor-
tantly, this identification is supported from matching the asymptotics of both the algebraic
curve and @Q-functions, providing a compelling consistency check of the entire framework.

Looking forward, several important directions remain open:

Hilbert space. While energy eigenvalues deform smoothly from their undeformed values,
understanding the underlying Hilbert space structure remains subtle. In particular, explicit

39 Another potentially useful argument is the observation that Drinfel’d twists reduce to the identity in
one-dimensional representations. This fact is relevant because the form of the T'Q relation (its (u + i/2)’
coefficients) is expected to be fixed by transfer matrices with one-dimensional auxiliary spaces (see [58] or
[86]), in which the Drinfel’d twist would never appear, even for a Drinfel’d twisted R-matrix/RTT algebra.
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mapping of the sl(2, R) highest-weight module to eigenstates of its root generator would
help clarify relations to factorised worldsheet scattering [32] and the generalised eigenstates
discussed in [31].

Separation of Variables (SoV). Our results provide the foundation for a full SoV treat-
ment. In recent years, much attention has been brought to this programme (notably in the
context of AdS/CFT correlators) with numerous novel developments for new classes of spin
chains as well as field theories (see e.g. [87-89] and the review [90]). Given the intriguing
features of the Jordanian chain, performing the full SoV programme would be valuable. In
particular, an operatorial construction of the T'Q-relation and determination of the separated
variable bases would yield additional structural insights, including on the structure of the
Hilbert space.

Beyond semiclassical matching. The O(J~2) agreement with string theory opens several
exciting directions: (i) formulating the full Quantum Spectral Curve (proposed for unde-
formed ' = 4 SYM in [91]) in order to extend the correspondence beyond O(J~2) and
one-loop, thereby incorporating finite-size effects. This is particularly promising given the
relatively simple asymptotic behaviour of the Q-functions as well as the undeformed func-
tional forms of the Baxter T'Q-relation and the identification of string quasimomenta with
Q-functions; (i) understanding the robustness of the twist identification % ~ log(1+&M)
under finite-size corrections; and (ii) extending the analysis to the full psu(2,2]4) super-
chain, which would require including fermionic modes and unimodular contributions to the
Jordanian (Drinfel’d) twist.

Gauge theory construction. The successful one-loop matching between the string and
spin chain spectrum strongly motivates constructing a Jordanian deformation of N' = 4
SYM. Since the Jordanian r-matrix affects the so(2,4) isometries, the gauge theory will have
a non-commutative spacetime. Recent progress in such non-commutative deformations [28,
92, 93] offers a useful foundation. It would enable field-theoretic computations of observables,
important for non-AdS holography in general, and provide a complete picture of Jordanian
AdS/CFT across all three corners of the correspondence.
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A Closed-form J = 2 eigenstates for S = 0,1

For deformations of the lowest excitations S = 0,1, and upon appropriate normalisation as
explained in the main text, one can directly solve the ODEs in the lowest orders in £ without
having to perform a Frobenius analysis. This thus gives compact analytic expressions for the
J = 2 eigenfunctions in the relative coordinate z. For S = 0, they read

2sinh (%) , (h (%) sinh (%“))

Mz 2z M=z2

gs=o(z) =
(A1)

Mz(2Mz + 9) + 24) sinh (X2 3Mz + 8) cosh (Mz
+52<< A )+ s () _ (3048 o <2>>+O<£3M3),

which is exact in z up to order O(£3M?3) while for S = 1, we find

gs=1(z) =SJ (1. MZ) —f( _ SiSJ(_25M§[Z) sinh(M z) N SSY(—2;M§[Z) cosh(M z)

2 M?223 M?223
N i (3M?2% 4 16) SJ(=2;"4%) cosh(M2)  (3M?2° +16) SY(=2;"5%) sinh(Mz)
2M3z4 N34
i (M*2% +10M22% — 32) SJ(—2;42)  3SY(—2;4]
+ —

2 29 2
4M3B A 2z ) +OEM),

(A.2)

with SJ and SY the spherical Bessel function of the first and second kind respectively, and
exact in z up to order O(£2M?).
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