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Abstract: We present a novel approach for constructing quasi-isospectral higher-order

Hamiltonians from time-independent Lax pairs by reversing the conventional interpreta-

tion of the Lax pair operators. Instead of treating the typically second-order L-operator

as the Hamiltonian, we take the higher-order M -operator as the starting point and con-

struct a sequence of quasi-isospectral operators via intertwining techniques. This procedure

yields a variety of new higher-order Hamiltonians that are isospectral to each other, ex-

cept for at least one state. We illustrate the approach with explicit examples derived from

the KdV equation and its extensions, discussing the properties of the resulting operators

based on rational, hyperbolic, and elliptic function solutions. In some cases, we present

infinite sequences of quasi-isospectral Hamiltonians, which we generalise to shape-invariant

differential operators capable of generating such sequences. Our framework provides a sys-

tematic mechanism for generating new candidate integrable structures/integrable operator

families associated with known Lax pairs.
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1 Introduction

The exploration of higher-order Hamiltonians has received renewed interest, particularly

in the context of integrable models [1, 2]. These systems exhibit interesting properties in

their own right, but the studies gain additional traction when one makes use of the idea

to exchange space and time [3–8], as in that setting they constitute a large class of higher

time-derivative theories, e.g. [9], which in turn have potential relevance to fundamental

physics, including quantum gravity.

In the conventional approach one usually takes the higher charges as candidates for

higher order Hamiltonians. We recall that the traditional approaches to integrable systems

often revolve around the Lax pair formalism, wherein the second-order Lax operator L is

typically identified as the Hamiltonian. In this work, we present a novel and reversed per-

spective: we treat the higher-order Lax operator M as the primary Hamiltonian and build

a hierarchy of quasi-isospectral systems through intertwining techniques. Some physical

properties of the higher-order Lax operatorsM as conserved charges, which arise naturally

from the Lax equation in time-independent hierarchies, has been explored in various con-

texts. These operators encode spectral information in a simpler and comprehensive manner

compared to the standard second-order Hamiltonians. Features such as degeneracies in

reflectionless and finite-gap systems [10–12], as well as resonances and spectral singulari-

ties [13,14], can be captured by these higher-order charges. This richer structure provides

strong motivation to consider them as Hamiltonians in their own right. The existence of

these conserved charges can be understood from the fact that two quantum Hamiltonians

may be connected by more than one type of intertwining operator with different differen-

tial orders [11–13]. This is not a surprise since it is also known that Hamiltonians can be

factorized in terms of different intertwining operators, see also [15–17].

Our approach here differs from well explored ideas of taking the intertwining operators

to be of higher order, but keeping the Hamiltonian in its standard second order form, see

for instance [10–23].

This reversed Lax pair construction enables the systematic derivation of new families

of quasi-isospectral higher-order Hamiltonians, which differ from each other by at least

one state, commonly the ground state. We demonstrate the method by applying it to

the time-independent Korteweg-de Vries (KdV) equation and its extensions, employing

rational, hyperbolic, and elliptic solutions. Our approach also allows for the generation

of infinite sequences of such Hamiltonians and provides a generalized framework based

on shape-invariant differential operators, offering new avenues for constructing integrable

systems beyond the traditional Lax pair paradigm.

The novelty of the present work lies in three main aspects. First, we formulate a

systematic reversed intertwiner algorithm that exchanges the conventional roles of the L

andM operators in a stationary Lax pair, thereby extending the standard Darboux/SUSY

construction beyond its usual framework. Second, this reversed construction generates

structured families, in some cases infinite sequences, of quasi-isospectral higher-order dif-

ferential operators derived from integrable hierarchies. Third, we demonstrate that these

sequences exhibit higher-order shape-invariant structures, generalising the notion of shape
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invariance beyond second-order Schrödinger operators. In this way, our approach pro-

vides a systematic algebraic mechanism for producing new commuting operator families

associated with known integrable systems.

2 From Lax pairs to quasi-isospectral higher-order Hamiltonians

The central property of a classical integrable system is the existence of a Lax pair [24], as

it facilitates the derivation of all conserved quantities of the model. By definition a Lax

pair requires the existence of two operators L and M satisfying the equations

L̇ = [M,L] , ⇔ Lϕ = λϕ, ϕ̇ =Mϕ, (2.1)

up to the validity of the respective equations of motion. Overdots denote time-derivatives,

ϕ is an auxiliary function and crucially the eigenvalues λ are always time-independent

so that the first equation on the right hand side can be interpreted as an instantaneous

eigenvalue equation. In this sense and further augmented by the fact that L is a second

order differential operator in coordinate space involving a function that can be interpreted

as potential, L is the natural operator to be viewed as Hamiltonian. Moreover, all the

quantities Qk := tr(Lk) are conserved, Q̇k = 0, and in involution {Qi, Qj} = 0, manifesting

the integrable nature of the system. For more detail on integrable systems see e.g. [25].

Here we consider the time-independent scenario and interpret at first the Lax operator

L ≡ H as a Hamiltonian so that in this case (2.1) reduces to

[H,M ] = 0, ⇔ Lϕ = λϕ, H (Mϕ) = λ (Mϕ) . (2.2)

Even thoughM is in general of higher order in x-derivatives, subsequently we also interpret

it as a Hamiltonian and construct a quasi-isospectral operator M̃ for it. Quasi-isospectral

means here that we lose at least one state in the procedure, that is typically the ground

state. Finally, we construct a new Hamiltonian that commutes with M̃ by means of

intertwining techniques. We will now outline the procedure. The starting point is always

the time-independent Lax equation

[L,M ] = 0, (2.3)

and we will address the question of how to construct the relevant intertwining structure

with reversed roles of L and M .

We stress that throughout this work integrability is understood in the Lax sense,

namely the existence of commuting differential operators and associated isospectral struc-

tures. The operators constructed here act on infinite-dimensional function spaces and do

not represent finite-dimensional Liouville-integrable Hamiltonian systems. Rather, their in-

tegrable character derives from their embedding into known integrable hierarchies (such as

the KdV hierarchy), from which they inherit commuting structures and spectral invariants.

In particular, the newly constructed operators possess associated commuting partners, in-

dicating that they naturally fit within the framework of known integrable hierarchies and

may be interpreted as particular stationary configurations within those hierarchies.

2



Quasi-isospectral higher-order Hamiltonians via a reversed Lax pair construction

Although the stationary Lax equation (2.3) does not encode time evolution directly (see

e.g. Goriely [26]), it plays a central role in the theory of commuting differential operators

and stationary integrable hierarchies, particularly in the context of finite-gap integration.

In this setting, commutativity implies the existence of algebraic relations between L and

M (Burchnall–Chaundy theory [27]) and ensures the preservation of spectral data. Our

construction exploits precisely this algebraic integrability structure rather than dynamical

evolution.

The existence of commuting differential operators is also closely related to the stationary

equations of integrable hierarchies. In the algebro-geometric approach to integrable sys-

tems, such commuting operators generate the stationary flows associated with the hierarchy

(see e.g. Gesztesy and Holden [28].

2.1 The standard intertwining operator approach

In order to highlight the difference between the well-known standard intertwining operator

approach and our altered version, we start by reviewing the conventional approach. When

deconstructed to its bare minimum it consists of the following four principal steps:

S1: Find an operator L+ with common ground state ψ0 to L

Lψ0 = 0, L+ψ0 = 0. (2.4)

S2: Use L+ as a left intertwining operator and find a new operator L̃ so that

L+L = L̃L+. (2.5)

S3: Find a second right intertwining operator L− so that

LL− = L−L̃. (2.6)

S4: Identify a new operator M̃ that commutes with L̃[
L̃, M̃

]
= 0. (2.7)

S5: Repeat the steps S1-S4 by starting with L̃ instead of L to find a new operator L̂.

There are two formal solutions to the above scheme:

Sol1:

M̃ = L+L−, M = L−L+, (2.8)

Sol2:

M̃ = L+ML−, L = L−L+, L̃ = L+L−. (2.9)

3



Quasi-isospectral higher-order Hamiltonians via a reversed Lax pair construction

These solutions occur when M and L, in Sol1 and Sol2 respectively, can be factorised

exactly in terms of the intertwining operators. In the general case, such factorisation may

take the form of polynomials PL and PM such that L+L− = PM (M) and L−L+ = PL(L),

respectively. This is particularly relevant because, in the generic setting, there are many

possible choices for L+ and L− as operators with distinct differential order, see for instance

[11–13, 15, 16]. In the standard intertwiner approach one focuses usually on the solution

of type Sol2 where L+ and L− have the same differential order. The factorisation in

terms of the intertwining operators implies that the two Hamiltonians L and L̃ are quasi-

isospectral to each other. In the stationary setting, we use the term “Hamiltonian” in the

spectral-theoretic sense of a differential operator defining an eigenvalue problem, not as

the generator of time evolution.

In the standard intertwiner approach one focuses usually on the solution of type Sol2.

The factorisation in terms of the intertwining operators implies that the two Hamiltonians

L and L̃ are quasi-isospectral to each other. One easily verifies that the two eigenvalue

equations

L̃ϕn = Ẽnϕn, and Lψn = Enψn, (2.10)

are consistently solved with for the eigenfunction and quasi-isospectral energy relations

ϕn+1 =
1√
En

L+ψn, ψn−1 =
1√
Ẽn

L−ϕn, En = Ẽn+1. (2.11)

The last equation makes it clear that we can not match the spectra isospectrally, but in a

quasi-isospectral fashion.

A well-known realisation for the typical second order operators is used in the super-

symmetric analogue of quantum mechanics [29–33] or where they are often referred to as

Darboux-transformations [34–36]. In this case L is a standard Hamiltonian of second order

that can be factorised easily into first order operators

L = −∂2x − u(x) = L−L+, where L± = ±∂x +W (x), (2.12)

when expressing the potential in the form u(x) =W ′(x)−W 2(x). Then, the ground state

ψ0 of L is also annihilated by L+

Lψ0 = 0, L+ψ0 = 0, with ψ0 = exp

[
−
∫ x

W (s)ds

]
. (2.13)

The operator M̃ = L+ML− commutes by construction with L̃.

The factorisation (2.12) is closely related to the Miura transformation [37] linking the

KdV and mKdV equations. In this interpretation the superpotential W (x) plays the role

of the mKdV field and satisfies the stationary mKdV equation, while u(x) satisfies the

stationary KdV equation, the two being related by the Miura map. In the present work,

however, we do not reinterpret the resulting operator as an mKdV Lax operator; instead,

we exchange the L and M roles and generate higher-order quasi-isospectral partners of

the third-order operator M . This distinction is crucial for the novelty of the reversed

construction.
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2.2 A reversed intertwiner operator approach

By exchanging the roles of L and M we can follow the modified procedure:

S1’: Find an operator M+ with common ground state ϕ0 to M

Mϕ0 = 0, M+ϕ0 = 0. (2.14)

S2’: Use M+ as a left intertwining operator and find a new operator M̃ ′ so that

M+M = M̃ ′M+. (2.15)

S3’: Find a second right intertwining operator M− so that

MM− =M−M̃
′. (2.16)

S4’: Identify a new operator L̃′ that commutes with M̃ ′[
L̃′, M̃ ′

]
= 0. (2.17)

S5’: Repeat the steps S1’-S4’ by starting with M̃ ′ instead of M to find a new operator

M ′′.

In this case the formal solutions to the above scheme are:

Sol1:

L̃′ =M+M−, L′ =M−M+, (2.18)

Sol2:

L̃′ =M+LM−, M ′ =M−M+, M̃ ′ =M+M−, (2.19)

where L′ and M ′ commute with M and L, respectively. Using the same reasoning as in

the previous section one can now argue that L̃′ and L′ as well as M̃ ′ and M ′ are quasi-

isospectral to each other. The same comment made after (2.9) applies here, with L and M

interchanged.

2.3 From KdV-M-operators to Hirota-Satsuma Lax operators

We now carry out the modified version of the above procedure for a concrete integrable

system. We commence with the time-independent Lax operators of the KdV equation

L = −∂2x − u+ ρ, M = 4∂3x + 6u∂x + 3ux, (2.20)

where u(x) satisfies the time-independent KdV equation so that (2.3) holds

[L,M ] = 6uux + uxxx = 0. (2.21)
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The arbitrary constant ρ can be adjusted to achieve a particular asymptotic behaviour of

u(x). Next we carry out step S1’. First we note that taking the left intertwining operator

to be a generic first order operator, the ground state is easily identified as

M+ = ∂x − f(x), ϕ0 = e
∫ x f(s)ds, (2.22)

for any arbitrary function f(x). Acting on this state with M we find that ϕ0 is a mutual

zero mode if and only if

4fxx + 6f (2fx + u) + 4f3 + 3ux = 0. (2.23)

Assuming that the constraint (2.23) holds, we can carry out step S2’ and construct the

operator M̃ ′ from the intertwining relation (2.15). We find

M̃ ′ = 4∂3x + (6u+ 12fx)∂x − 6f
(
2f2 + 3u+ 4fx

)
. (2.24)

In step S3’ we solve now the intertwining relation (2.16) for M−. For this purpose we first

integrate the static KdV-equation (2.21) and subsequently the resulting equation when

multiplied by ux. We obtain

(ux)
2 = 2

(
c2 + c1u− u3

)
, (2.25)

where c1, c2 are the two integration constants. Next we use (2.25) to solve (2.23) further

by expressing f in terms of u. A particular set of solutions is easily obtained by splitting

(2.23) into two equations

12ffx + 3ux = 0, and 4f3 + 6fu+ 4fxx = 0. (2.26)

The first equation is easily integrated out and when substituted into the second we obtain

a constraint on the previously introduced integration constants

f(x) =
1√
2

√
α− u, and c2 + c1α− α3 = 0. (2.27)

Here α is a new integration constant and c1, c2 are the constants introduced in (2.25).

With the help of these relations we can now solve for M− in terms of u and its derivatives

M− = ∂3x + f∂2x +
3

2

(
u− ux

2f

)
∂x +

3

4
ux − 3f(f2 + u), (2.28)

where f(x) is of the form in (2.27). As we pointed out in Section 2, it is worth empha-

sising that the differential orders of the intertwining operators M+ and M− are different.

Although typically we find order-three operators such as (2.28) for the case at hand, in the

examples below we will see that a second-order operator can be found when u is taken to

be a rational solution of the KdV equation.

Step S4’ is now easily carried out. Given the fourth order operator of the form

L̃′ =M+M−, (2.29)
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it commutes by construction with M̃ ′ given the intertwining relations. We note that there

is no second order operator L̃′ that commutes with M̃ ′. However, the fourth order operator

(2.29) can be factorised into a product of two second order operators

L̃′ = H1H2 =
(
−∂2x + V1

) (
−∂2x + V2

)
, (2.30)

where the potentials are

V1 =
α

2
− u

2
+

ux

2
√
2
√
α− u

, and V2 = −3

2
u+

3ux

2
√
2
√
α− u

. (2.31)

In this form it remains unclear which system these operators might correspond to, but

introducing the fields

ψ =
α

4
− u+

ux√
2
√
α− u

, and ϕ =
α

4
+
u

2
− ux

2
√
2
√
α− u

, (2.32)

the potentials become V1 = ϕ+ ψ, V2 = ψ − ϕ. In turn, M̃ ′ and L̃′ acquire the forms

M̃ ′ = 4∂3x∂x +

(
3

2
α− 6ψ

)
∂x − 3ψx + 6ϕx, (2.33)

L̃′ = ∂4x − 2ψ∂2x − 2(ψx − ϕx)∂x − ψxx + ϕxx + ψ2 − ϕ2. (2.34)

These two operators commute up to the equations of motion

ψxxx +
3

2
(8ϕϕx − 4ψψx + αψx) = 0, (2.35)

ϕxxx −
3

4
(α+ 4ψ)ϕx = 0, (2.36)

which we identify as the coupled three field Hirota-Satsuma system [38] with two of the

fields being identical. Given (2.18), we also verify that L′ commutes indeed withM . In fact

it is a product of two standard L-operators. Stating the explicit ρ dependence in (2.20),

we have

L′ =M−M+ = L(ρ−)L(ρ+), where ρ± =
1

4

(
α±

√
4c1 − 3α2

)
. (2.37)

The factorisation properties of L′ and L̃′ in terms of the left and right M -intertwining

operators implies that they are quasi-isospectral.

While the Lax pair of the Hirota-Satsuma system is known [39], here it emerges sys-

tematically from the reversed intertwiner construction applied to the stationary KdV oper-

ator. This derivation provides an alternative structural link between the KdV and Hirota-

Satsuma hierarchies.

The generation of quasi-isospectral operators is of independent interest in spectral theory

and supersymmetric quantum mechanics, as it allows controlled manipulation of bound

states, Jordan states, and spectral singularities while preserving the essential scattering

data. In the present higher-order setting, this mechanism extends beyond second-order

Schrödinger operators.
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2.4 Explicit solutions for the KdV-M-operators

Next we consider concrete solutions for the function u(x) and also return to step S5’

attempting to consecutively construct moreM -operators. We specify some of the solutions

u in a systematic fashion. In view of equation (2.25) we define the third order polynomial

function in u

P (u) =
2

λ

(
c2 + c1u− u3

)
, (2.38)

involving a constant λ. Separating variables a solution u is then obtained from (2.25) by

solving

±
√
λ(x− x0) =

∫
du

1√
P (u)

, (2.39)

for u after the integration of the right hand side has been carried out. Making particular

assumptions about P (u) the integral on the right hand side can be computed in a controlled

manner and we obtain the well-known one-soliton solutions of the KdV equation in terms

of rational, hyperbolic and elliptic functions.

To achieve that we make some concrete assumptions on P (u) to solve (2.39) for u and

hence (2.26), or more generally (2.23), for f .

2.4.1 The rational function solution, infinite quasi-isospectral sequences

Assuming that P (u) = (u−A)3 for some constant A, the solution resulting from (2.39) is

u(x) = A+
4

λ (x− x0)
2 . (2.40)

The only possibility to match P (u) with the polynomial in (2.38) is to take λ = −2 and

A = c1 = c2 = 0, so that

u(x) = − 2

(x− x0)
2 . (2.41)

Consequently equation (2.27) yields α = 0 and therefore f(x) = 1/(x− x0). Then the new

Hamiltonian (2.24) acquires the form

M̃ ′ = 4

[
∂3x −

6

(x− x0)2
∂x +

12

(x− x0)3

]
. (2.42)

Notice that ψ0 = x − x0, resulting from (2.22), is not an eigenstate of L, but is a Jordan

state satisfying L2ψ0 = 0 for ρ = 0. The zero modes of M are not unique. Further

solutions are ψ1
0 = (x − x0)

−1 and ψ3
0 = (x − x0)

3, which are also zero modes for L and

L3, respectively. Using these states in S1’ of the construction procedure produces different

intertwining operators and therefore also different M̃ ′-operators. This process may be

continued to the next level and in principle ad infinitum. Denoting M = M0, M̃ = M1,

etc., we have in general the following expressions when iterating from

Mn = 4∂3x +
an

(x− x0)2
∂x +

bn
(x− x0)3

, (2.43)

to the next level

Mn+1 = 4∂3x +
an+1

(x− x0)2
∂x +

bn+1

(x− x0)3
, (2.44)

8
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with coefficients an, bn, an+1, bn+1 ∈ Z and n ∈ N0. Assuming the zero mode of Mn to be

of the form ψn
0 = (x − x0)

k, the intertwining operator results to Mn
+ = ∂x − fn(x) where

fn = [ln(ψn
0 )]x = k/(x− x0). The intertwining relation

Mn
+Mn =Mn+1M

n
+, n ∈ N0, (2.45)

holds when

0 = kan + bn + 4k(k − 1)(k − 2), (2.46)

an+1 = an − 12k, (2.47)

bn+1 = bn − 2an − 12k(k − 2). (2.48)

where the coefficients (an, bn), (an+1, bn+1) are introduced in (2.43), (2.44). Thus, for given

(an, bn) we may solve (2.46) for k and compute (an+1, bn+1) from (2.47), (2.48). Noting

that (2.46) will always give three solutions for k we generate in this way the sequence

M0
ki−→M i

1

kj−→M ij
2

kk−→M ijk
3

kℓ−→M ijkℓ
4

km−−→M ijkℓm
5 → . . . i, j, k, ℓ,m ∈ {1, 2, 3}. (2.49)

Using the abbreviated notation Mn(an, bn) for the operator in (2.43), we find

M0(−12, 12) :
−1−−→ M1

1 (0, 0),
1−→M2

1 (−24, 48)
3−→M3

1 (−48, 0),

M1
1 (0, 0) :

0−→ M11
2 =M1

1 ,
1−→M12

2 =M0
2−→M13

2 (−24, 0) :

M2
1 (−24, 48) :

−2−−→ M21
2 =M1

1 ,
2−→M22

2 (−48, 96),
3−→M23

2 (−60, 60),

M3
1 (−48, 0) :

−2−−→ M31
2 =M13

2 ,
0−→M32

2 =M22
2 ,

5−→M33
2 (−108,−84),

M13
2 (−24, 0) :

−1−−→ M131
3 =M0,

0−→M132
3 =M2

1 ,
4−→M133

3 (−72,−48),

M22
2 (−48, 96) :

−3−−→ M221
3 =M0,

2−→M222
3 (−72, 192),

4−→M223
3 (−96, 96),

M23
2 (−60, 60) :

−3−−→ M231
3 =M13

2 ,
1−→M232

3 =M222
3 ,

5−→M233
3 (−120, 0),

M33
2 (−108,−84) :

−3−−→ M331
3 =M133

3 ,
1−→M332

3 =M223
3 ,

7−→M333
3 (−192,−288),

M133
3 (−72,−48) :

−2−−→ M1331
4 =M3

1 ,
−1−−→M1332

4 =M23
2 ,

6−→M1333
4 (−144,−192),

M222
3 (−72, 192) :

−4−−→ M2221
4 =M2

1 ,
3−→M2222

4 (−108, 300),
4−→M2223

4 (−120, 240),

M223
3 (−96, 96) :

−4−−→ M2231
4 =M3

1 ,
1−→M2232

4 =M2222
4 ,

6−→M2233
4 (−168, 0),

M233
3 (−120, 0) :

−4−−→ M2331
4 =M133

3 ,
0−→M2332

4 =M2223
4 ,

7−→M2333
4 (−204,−180),

M333
3 (−192,−288) :

−4−−→ M3331
4 =M1333

4 ,
−2−−→M3332

4 =M2233
4 ,

9−→M3333
4 (−300,−660),

... .

As indicated in (2.49), by constructing intertwining operators from various zero modes,

we can generate a diverse array of sequences that bifurcate at each level. Some of the

sequences are finite, meaning that the iteration will eventually return back to the original

M -operator, such as for instance

M0
−1−−→M1

1
2−→M13

2
0−→M22

2
−3−−→M0. (2.50)
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However, there are other sequences that are infinite and can even be expressed in a closed

form. We identify

M0
−1−−→
L

M1
1

2−→
L2

M13
2

4−→
L3

M133
3

6−→
L4

M1333
4 . . .⇒ Mn

[
−12(n− 1)n,−8(2n− 3n2 + n3)

]
,

M0
1−→
L2

M2
1

3−→
L3

M23
2

5−→
L4

M233
3

7−→
L5

M2333
4 . . .⇒ Mn

[
−12(1 + n2), 4(3 + 8n+ 3n2 − 2n3)

]
,

M0
3−→
L3

M3
1

5−→
L4

M33
2

7−→
L5

M333
3

9−→
L6

M3333
4 . . .⇒ Mn

[
−12(1 + n)2, 4(3 + 2n− 3n2 − 2n3)

]
,

for n = 1, 2, . . .. At each level we have to decide which particular zero mode of the

possible three we are taking to continue the sequence. Our choice is guides by selecting

the states as being Jordan zero modes of increasing powers of L. Below the arrow we

have written the operator for this is the case, i.e. whose zero mode is also a zero mode

of Mn. The states are easily identified by using the fact that Ln(ρ = 0)(x − x0)
k = 0 for

k = −1, 1, 2, . . . , 2n− 3, 2n− 2, 2n. Generating these sequences leads to Hamiltonians that

are all isospectral to each other, up to the ground state that we lose each time we proceed

to the next level.

In summary, we have the three infinite sequences as solution to the intertwining relation

(2.45) in step S2’

Mn = 4

[
∂3x −

3(n− 1)n

(x− x0)2
∂x −

2(2n− 3n2 + n3)

(x− x0)3

]
, Mn

+ = ∂x −
2n

(x− x0)
, (2.51)

Mn = 4

[
∂3x −

3(1 + n2)

(x− x0)2
∂x +

3 + 8n+ 3n2 − 2n3

(x− x0)3

]
, Mn

+ = ∂x −
1 + 2n

(x− x0)
, (2.52)

Mn = 4

[
∂3x −

3(1 + n)2

(x− x0)2
∂x +

3 + 2n− 3n2 − 2n3

(x− x0)3

]
, Mn

+ = ∂x −
3 + 2n

(x− x0)
. (2.53)

Next we try to find Mn
− from the intertwining relation (2.17) in S4’. Insisting on third

order operators, it turns out that this can only be achieved for specific values of n, but

not the entire infinite series. However, we will see that a second order operators are valid

solutions for the entire infinite series. We find the following particular solutions together

with the corresponding L̃′ when we consider third order operators asMn
−. We use the same

conventions to introduce graded L-operators. For the series (2.51) we find

M−1
− = ∂3x − 2f∂2x − u∂x, L−1 =M−1

+ M−1
− = ∂4x, (2.54)

M0
− = ∂3x, L0 =M0

+M
0
− = ∂4x, (2.55)

M1
− = ∂3x + 2f∂2x + u∂x, L1 =M1

+M
1
− = ∂4x + 4u∂2x + 2ux∂x. (2.56)

For the series (2.52) we find the solutions

M−2
− = ∂3x − 3f∂2x + u∂x +

5

2
ux, L−2 =M−2

+ M−2
− = ∂4x + 4u∂2x + 2ux∂x, (2.57)

M−1
− = ∂3x − f∂2x + 2u∂x + ux, L−1 =M−1

+ M−1
− = ∂4x + 2u∂2x + 2ux∂x +

2

3
uxx, (2.58)

M0
− = ∂3x + f∂2x + 3u∂x +

3

2
ux, L0 =M0

+M
0
− = ∂4x + 4u∂2x + 6ux∂x + 2uxx, (2.59)

M1
− = ∂3x + 3f∂2x + 4u∂x, L1 =M1

+M
1
− = ∂4x + 10u∂2x + 10ux∂x, (2.60)
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and for the series (2.53) the only solutions are

M−2
− = ∂3x − f∂2x, L−2 =M−2

+ M−2
− = ∂4x, (2.61)

M−1
− = ∂3x + f∂2x + u∂x +

1

2
ux, L−1 =M−1

+ M−1
− = ∂4x + 2u∂2x + 2ux∂x +

2

3
uxx. (2.62)

Given the breakdown of the factorization property in terms of a third-order intertwin-

ing operator Mn
− along the entire series, one can naturally address two related questions

simultaneously: (i) whether a generic operator Mn
− can be defined for a given order, and

(ii) whether it is possible to construct shape-invariant differential operators that factorize

consistently for the entire infinite series. Here we extend the notion of shape invariant

potentials, see e.g. [40], to differential operators, that is we consider operators of the same

functional form with different values for the constants involved. The answer is positive in

both cases: We define the operator

Mn,m,µ = 4

[
∂3x −

µ2 +m2 +m+ 3n2 − 3n+ µ(m+ 3n− 1)

x2
∂x (2.63)

+
(m− n+ 2)(µ+ 2n)(µ+m+ n− 1)

x3

]
,

depending on three parameters n,m and µ, that we interpret as a third order Hamiltonian.

Evidently Mn,m,µ is of the same functional form as the operators Mn in (2.51)-(2.53) with

x0 = 0 for simplicity. It turns out this operator can be factorised into left and right

intertwining operators

Mn,m,µ = 4M−
n,m,µM

+
n,m,µ, (2.64)

with

M−
n,m,µ = ∂2x +

2n+ µ

x
∂x +

(n−m− 1)(m+ n+ µ)

x2
, M+

n,m,µ = ∂x −
2n+ µ

x
, (2.65)

satisfying the intertwining relations (2.15) and (2.16) in the form

M+
n,m,µMn,m,µ =Mn+1,m,µM

+
n,m,µ, Mn,m,µM

−
n,m,µ =M−

n,m,µMn+1,m,µ. (2.66)

The previous cases (2.51), (2.52) and (2.53) are recovered for (m,µ) = {(0, 0), (1, 1), (−1, 3)}.

2.4.2 The hyperbolic function solution

Assuming next that P (u) = (u − A)2(u − B) for some constants A and B, the solution

resulting from (2.39) is

u(x) = B + (A−B) tanh2
[
1

2

√
λ
√
A−B(x− x0)

]
. (2.67)

Matching P (u) with the polynomial in (2.38) we obtain λ = −2, A = −κ, B = 2κ, c1 = 3κ2,

c2 = 2κ3, where the constant κ is related to the asymptotic value of u as −κ := lim|x|→∞ u.

With the constants identified as specified the solution (2.67) reduces to

u(x) = 2κ− 3κ tanh2

[√
3

2

√
κ(x− x0)

]
. (2.68)
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Here we wish to focus on the hyperbolic case and therefore make the convenient choice

κ = 2/3 for the asymptotic value. For simplicity we also set x0 = 0 in what follows, but

evidently this constant may be re-introduce by a simple shift x → x− x0. In this case we

obtain

u(x) = −2

3
+ 2 sech2 x. (2.69)

The auxiliary functions f are now computed to

fs = 2 csch(2x), fb(x) = − tanhx, fn(x) = tanhx, (2.70)

where fs is a direct solution of (2.23) and fb, fn are computed from the stronger constraint

(2.27). The corresponding zero modes (2.22) of M are therefore

ψ0
s(x) = tanhx, ψ0

b (x) = sechx, ψ0
n(x) = coshx. (2.71)

Interestingly, ψ0
s is one of the scattering states ψ±

k (x) = (tanhx∓ ik) e±ikx of the reflec-

tionless potential, ψ0
b (x) is the zero mode bound state of the L-operator for ρ = 1/3 and

ψ0
n is a Jordan state for the same value of ρ, i.e.

Lψ±
k (x) = (1 + k2)ψ±

k (x), Lψ0
b (x) = 0, L2ψ0

n = 0. (2.72)

Acting with the asymptotic expression of the operator M∞ := lim|x|→∞M = 4∂3x − 4∂x on

the asymptotic state lim|x|→∞ ψ±
k (x) ∼ (1∓ ik)e±ikx it is then easily verified that

Mψ±
k (x) = ∓4i(k + k3)ψ±

k (x). (2.73)

The left intertwining operators M+
i for i = s, b, n are trivially obtained from (2.22) with

f(x) taken in the form (2.71), and from (2.24) the three quasi-isospectral Hamiltonians are

computed to

M̃ ′
s = 4∂3x − 4

(
1 + 3csch2x

)
∂x + 12 cothx csch2x, (2.74)

M̃ ′
b = 4∂3x − 4∂x =M∞, (2.75)

M̃ ′
n = 4∂3x − 4

(
1− 6 sech2 x

)
∂x − 48 tanhx sech2 x. (2.76)

The right intertwining operators are obtained as

M−
s = ∂3x + 2 csch(2x)∂2x − 2 csch2 x∂x + 2 tanhx

(
coth4 x− 1

)
, (2.77)

M−
b = ∂3x − tanhx∂2x − ∂x + tanhx, (2.78)

M−
n = ∂3x + tanhx∂2x +

(
6 sech2 x− 1

)
∂x −

[
tanhx

(
6sech2x+ 1

)]
. (2.79)

Here M−
b and M−

n are directly obtained from (2.24), whereas M−
s needed to be computed

from scratch as fs does not satisfy (2.27). We verify that the factorised operator L̃′
i =

M+
i M

−
i commutes with M̃ ′

i , for i = s, b, n. By construction the new operators L̃′′
i =

M−
i M

+
i are quasi-isospectral to L̃′

i.
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2.4.3 The Jacobi elliptic function solution

Proceeding as in the previous sections, we solve now (2.39) with the assumption P (u) =

(u−A)(u−B)(u−C), with constants A, B and C. This ansatz leads to a general solution

of the form

u(x) =
2

3
(m− 2)c2 + 2c2dn2 (cx|m), (2.80)

where c is a free parameter and 0 ≤ m ≤ 1 denotes the elliptic modulus. A convenient

choice to fix the free parameter c is to demand that we recover the previous solution in the

hyperbolic limit. Thus, we take from now one c = 1 and note that with limm→1 dn (x|m) =

sechx we recover precisely the solution in (2.69) for m→ 1. The auxiliary functions f are

now computed to

fs =
cn (x|m)dn (x|m)

sn (x|m)
, fb(x) = −dn (x|m)sn (x|m)

cn (x|m)
, fn(x) =

√
m sn (x|m), (2.81)

where all fi for i = s, b, n are solutions of (2.23), but only fs satisfies the stronger constraint

(2.27). The zero modes of M are directly calculated from (2.22) to

ϕ0s(x) = sn (x|m), ϕ0b(x) = cn (x|m), ϕ0n(x) =
1√

1−m

[
dn (x|m)−

√
mcn (x|m)

]
(2.82)

In the limit m→ 1, we recover the expression for fi in (2.70) from the hyperbolic solutions

in a straightforward manner. Also limm→1 ϕ
0
s = ψ0

s and limm→1 ϕ
0
b = ψ0

b are computed in

a straightforward manner. The limit limm→1 ϕ
0
n is more subtle and can not be computed

directly from the expression in (2.82). The reason is that in the integrals used in (2.22) the

integration and the limit do not commute, i.e. limm→1

(∫ x
fndx

)
̸=

∫ x
(limm→1 fn) dx. The

left intertwining operators M+
i for i = s, b, n are trivially obtained from (2.22) with f(x)

taken in the form (2.81), and from (2.24) the three isospectral Hamiltonians are computed

to

M̃ ′
s = 4∂3x + 4

(
1 +m− 3

sn(x|m)2

)
∂x + 12

cn(x|m)dn(x|m)

sn(x|m)3
, (2.83)

M̃ ′
b = 4∂3x + 4

(
1− 2m+ 3

m− 1

cn(x|m)2

)
∂x + 12(m− 1)

dn(x|m)sn(x|m)

cn(x|m)3
, (2.84)

M̃ ′
n = 4∂3x + 4

(
3dn(x|m)

(√
mcn(x|m) + dn(x|m)

)
+m− 2

)
∂x (2.85)

−12
√
msn(x|m)

(
2dn(x|m)

(√
mcn(x|m) + dn(x|m)

)
+m− 1

)
. (2.86)

Since the fn-function satisfies (2.27), we directly apply (2.24) to compute the corre-

sponding right intertwining operatorsM−
i . For the other two cases we obtain the operators

by direct computation

M−
s = ∂3x + fs∂

2
x −

2

sn(x|m)2
∂x +

2cn(x|m)dn(x|m)

sn(x|m)3
, (2.87)

M−
b = ∂3x + fb∂

2
x +

2m− 2

cn(x|m)2
∂x +

2(m− 1)dn(x|m)sn(x|m)

cn(x|m)3
, (2.88)

M−
n = ∂3x + fn∂

2
x +

[
3dn(x|m)

(√
mcn(x|m) + dn(x|m)

)
+m− 2

]
∂x (2.89)

−
√
msn(x|m)

[
3dn(x|m)

(√
mcn(x|m) + dn(x|m)

)
+ 2m− 1

]
.
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We verify that the factorised operator L̃′
i = M+

i M
−
i commutes with M̃ ′

i , for i = s, b, s.

Once more, by construction the new operators L̃′′
i = M−

i M
+
i are quasi-isospectral to L̃′

i.

All expressions in this section give the same expressions from the previous section in the

limit m→ 1.

3 Conclusions

We have introduced a reversed Lax pair construction as a novel method for generating

quasi-isospectral higher-order Hamiltonians. By designating the higher-order M -operator

as the starting point, we systematically constructed new Hamiltonians through intertwining

techniques, demonstrating that these operators are quasi-isospectral to each other with

spectra differing by at least one eigenstate.

This reversed perspective provides a new structural understanding of integrable sys-

tems and opens up a new class of higher-order differential operators with explicitly com-

putable spectral data inherited from integrable hierarchies characterised by higher-order

dynamics. The methodology was exemplified through explicit constructions based on the

time-independent KdV system and its extensions, revealing novel quasi-isospectral partners

for the rational, hyperbolic, and elliptic solutions. Particularly striking is the demonstra-

tion of infinite sequences of such Hamiltonians, which were shown to exhibit shape-invariant

structures and satisfy consistency conditions via higher-order intertwining relations.

Our analysis supports the broader utility of higher-order conserved charges, usually

overlooked as candidates for Hamiltonians, in capturing rich spectral phenomena including

degeneracies, spectral singularities, and resonances.

With regards to future extensions, this framework paves the way for several promising

research directions. One avenue includes exploring its extension to non-Hermitian/PT -

symmetric quantum systems, where quasi-isospectrality may interact in subtle ways with

complex and even real spectral structures. In a reversed space-time setting these newly

proposed systems may serve a candidates for higher time-derivative theories as indicated

in the introduction. We have explored the first non-trivial example of a third-order Lax

operator M , built upon the KdV hierarchy and relating it to a particular case of the

Hirota-Satsuma one. A natural next step is to consider higher-order Lax operators and/or

their higher-order intertwining operators as initial step. Clearly, this idea extends beyond

the KdV hierarchy and can also be applied to other nonlinear hierarchies, such as the

reductions of the Ablowitz–Kaup–Newell–Segur (AKNS) hierarchy. These insights might

reveal connections with established and yet unexplored integrable hierarchies. A natural

question concerns the prolongation of the stationary constructions to full non-stationary

Lax flows. Such a prolongation requires compatibility with the hierarchy generating the

original pair, ensuring that the newly constructed operator participates in a consistent zero-

curvature formulation. Establishing these conditions in general remains an open problem

and will be addressed in future work.

In summary, the reversed Lax pair approach offers a fertile ground for further discover-

ies in the theory of integrable systems and offers new possibilities for constructing explicitly
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tractable spectral models/explicitly solvable spectral problems in quantum mechanics and

field theory.
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[17] Y. C. Acar, L. Acevedo, and Ş. Kuru, Unusual isospectral factorizations of shape invariant

Hamiltonians with Scarf II potential, Phys. Scr. 98(12), 125229 (2023).

[18] A. A. Andrianov, F. Cannata, M. Ioffe, and D. Nishnianidze, Matrix Hamiltonians: SUSY

approach to hidden symmetries, J. Phys. A: Math. Gen. 30(14), 5037 (1997).

[19] J. F. Carinena, A. M. Perelomov, and M. F. Ranada, Isochronous classical systems and

quantum systems with equally spaced spectra, in J. of Phys.: Conf. Series, 87,012007 (2007).

[20] R. Roychoudhury and B. Roy, Pseudo-supersymmetry and third order intertwining operator,

Phys. Lett. A 372(7), 997–1000 (2008).

[21] B. Bagchi and T. Tanaka, Existence of different intermediate Hamiltonians in type A N-fold

supersymmetry, Ann. of Phys. 324(11), 2438–2451 (2009).

[22] L. Inzunza and M. S. Plyushchay, Conformal bridge transformation and PT-symmetry, in J.

of Phys.: Conf. Series 87, 012014 (2021).

[23] V. Hussin, I. Marquette, and K. Zelaya, Third-order ladder operators, generalized Okamoto

and exceptional orthogonal polynomials, J. Phys. A: Math. Theor. 55(4), 045205 (2022).

[24] P. Lax, Integrals of nonlinear equations and solitary waves, Commun. Pure Appl. Math. 21,

467–490 (1968).

[25] M. A. Olshanetsky and A. M. Perelomov, Classical integrable finite dimensional systems

related to Lie algebras, Phys. Rep. 71, 313–400 (1981).

[26] A. Goriely, Integrability and Nonintegrability of Dynamical Systems, World Scientific, 2001.

[27] J. L.. Burchnall and T. W. Chaundy, Commutative ordinary differential operators, Proc.

Royal Soc. London A 118(780), 557–583 (1928).

[28] F. Gesztesy and H. Holden, Soliton Equations and Their Algebro-Geometric Solutions, Vol.

1, Cambridge University Press, 2003.

[29] E. Witten, Dynamical breaking of supersymmetry, Nucl. Phys. B 188, 513 (1981).

[30] F. Cooper and B. Freedman, Aspects of Supersymmetric Quantum Mechanics, Ann. of

Phys. 146, 262 (1983).

[31] E. Witten, Constraints on supersymmetry breaking, Nucl. Phys. B 202, 253 (1982).

[32] F. Cooper, A. Khare, and U. Sukhatme, Supersymmetry and quantum mechanics, Phys.

Rep. 251, 267–385 (1995).

[33] B. K. Bagchi, Supersymmetry in quantum and classical mechanics, CRC Press, 2000.

[34] G. Darboux, On a proposition relative to linear equations, physics/9908003, Comptes

Rendus Acad. Sci. Paris 94, 1456–59 (1882).

16



Quasi-isospectral higher-order Hamiltonians via a reversed Lax pair construction

[35] M. M. Crum, Associated Sturm-Liouville systems, Quarterly J.of Math. 6(1), 121–127

(1955).

[36] V. B. Matveev and M. A. Salle, Darboux transformation and solitons, (Springer, Berlin)

(1991).

[37] R. M. Miura, Korteweg-de Vries equation and generalizations. I. A remarkable explicit

nonlinear transformation J. Math. Phys. 9, 1202–1204 (1968).

[38] R. Hirota and J. Satsuma, Soliton solutions of a coupled Korteweg-de Vries equation, Phys.

Lett. A 85, 407–408 (1981).

[39] R. Dodd and A. Fordy, On the integrability of a system of coupled KdV equations, Phys.

Lett. A 89, 168–170 (1982).

[40] G. Levai, A search for shape invariant sovable potentials, J. Phys. A 22, 689–702 (1989).

17


	Introduction
	From Lax pairs to quasi-isospectral higher-order Hamiltonians
	The standard intertwining operator approach
	 A reversed intertwiner operator approach
	From KdV-M-operators to Hirota-Satsuma Lax operators
	Explicit solutions for the KdV-M-operators
	The rational function solution, infinite quasi-isospectral sequences
	The hyperbolic function solution
	The Jacobi elliptic function solution


	Conclusions

