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ABSTRACT

Considerable use of finite element methods is currently

made in obtaining numerical solutions of problems in

mathematics, science and engineering. The computation

is often performed using a software package specially

designed for a class of applications or by using a program,

written in a general purpose high-level language such as

Fortran, for a particular problem.

In an environment of research into finite element methods,

it is often desirable to investigate different algorithms

for solving a problem. To make such investigations one

cannot usually modify any of the programs in a package

and so a large number of Fortran programs have been

developed for such problems. There is, however, an

underlying framework common to finite element methods and

a language such as Fortran does not specifically assist the

programmer in the task.

A language, which is based on Algol 68, has been developed

which facilitates the programming of a wide variety of

finite element methods. A series of extensions to Algol

68, which allow a concise representaion of finite element

solution algorithms, is described in the thesis. Particular

emphasis is given to iterative methods for non-linear problems,

though linear and eigenvalue problems are also considered.

An implementation of the language features is reported.

This utilises a preprocessor written in the general

purpose macro processor ML/1 which converts programs

written in the language into Algol 68.



NOTATION

The following notation is used in the thesis:

Description Examples

Scalar “sx

Column vector x

Transpose of vector yx

Element of vector Vy

Matrix M

Transpose of matrix we

Inverse of matrix ra

Element of matrix my

Summation sum, Y;

sun)? Y;
orca A i

~Partial differentiation 4 Diz

Dz

Iteration number xy"

Numerical comparison it

#



Chapter 1

INTRODUCTION

1.1 Special Purpose Languages

The main topic of this thesis is the design and implementation

of a special purpose programming language with which programs

for solving problems using the Finite Element Methoa'~? may

be written. Before considering the particular requirements

for such a language, however, it would seem appropriate to

review some of the reasons which are generally proposed as

justifications for the development of a special purpose

language®?!,

Many of the application areas of computers result in the

production of programs within which a significant number

of common features are present. A special purpose language

for an area represents an attempt to factor out these features

as special constructs, data types or operations which allow

more compact and readable programs to be produced. Early

examples of this process are Cobol for business applications

and Fortran for scientific work. A language based on

concepts appropriate to an application area can remove much

of the difficulty of programming by allowing a concise

representation of the distinctive facets of a particular

problem. It is to be hoped that a good special purpose



language can effectively both mirror and guide the thoughts

of the programmer. The removal of the tedium and inefficiency

of programming standard housekeeping operations by allowing

them to be performed automatically provides additional

weight for the argument in favour of special purpose

languages when the potential user population and application

area are appropriate.

Two major types of special purpose language may be distinguished.

In the first class may be put those languages which do not

attempt to provide the power of a general purpose programming

language. Instead, a set of commands appropriate to the

intended area of application is provided. This type of

language usually has a simple syntax, often using a verb

driven command structure. apr®, which is used for writing

programs to control machine tools, is a language of this

class. In its most elementary form, this'type of language

may simply be a flexible set of input formats to a program

or package.

The second class of languages contains those which provide

the facilities of a general purpose programming language

in addition to the special application oriented features,

These languages are often in the form of extensions to

existing languages. As an example, Simla? is an extended

version of Algol 60 which is intended for use in writing

programs to perform discrete event simulation. Of course,



10 Go not fall neatly into thismany languages such as Lisp

classification, however, it does provide a useful guide

when a new language is being considered.

11



1.2 Software for the Finite Element Method

j The finite element method is essentially a computational

technique which requires the use of a digital computer

for its application. Suitable software must therefore

be available before the method can be put into practice.

Three possibilities arise when the finite element method

is to be used in the solution of a particular problem.

In the first case, an already existing program is available

which can be used to solve the problem. This may be

either a special purpose program or one of the large

scale general purpose packages. In the second case,

software already exists but it requires some modification

before it can be used to solve the problem, Finally,

a completely new program must be produced. This later

possibility can prove time consuming and inefficient.

There has been a tremendous amount of research into the

finite element method in recent years. Much of the

practical work associated with this activity will have

been concerned with the development: of suitable

computer programs, with much consequent duplication of

effort.

The large scale finite element systems such as aska’t,

4sas'@ and NASTRAN?? have their main motivation in the

solution of structural analysis problems arising in the

aero=-space and civil engineering industries. The

12



facilities provided by them are therefore adapted to

the requirements of these industries, A wide range

of element types are available togther with suites of

programs which aid the production of input data and the

post-processing and presentation of results. These

packages are often very large and complex programming

systems whose developement required considerable effort.

Indeed, the current ASKA system has involved more than

one hundred man years in its production and maintenance '4,

These general purpose systems are very powerful and

provide a wide range of facilities. Solution algorithms

for non-linear and dynamic problems are often available

and some provision for the definition of new element

types may be present. The methods for controlling the

operation of the programs vary. ASAS is designed for

use by engineers with little knowledge of computing and

is driven by its input data. In comparison, the user

of ASKA must provide a Fortran "steering program" which

consists mainly of calls to subroutines of the system.

NASTRAN is controlled by a special command language.

The complexity of these systems, however, can be @

considerable if not impenetrable barrier to a user

wishing to perform an analysis outwith the current

capabilities of the system by modifying the programs.

The language to be described in this thesis represents

an attempt to provide a flexible definition capability



which will allow non-standard finite element solution

algorithms to be easily described and implemented.

It is therefore aimed mainly at a research or teaching

environment, though it is also Ritended that the facility

could provide the basis of a general purpose system.

Two systems designed for use in similar environments are

Finen!> and rinrre’®; These systems, however, are more

concerned with the compact definition of complete problems

than with the description of solution algorithms and

therefore they have different capabilities. Thus, they

provide flexible facilities for defining the mesh and

element types to be used to solve a particular problem.

They also allow the definition of new element types,

but they have essentially fixed solution methods.

The inherent computational complexity of many finite

element solution algorithms dictated that the capabilities

sought for the language could be best provided as an

extension to an existing high level language. Algol 681!

was selected to be the basic language. This choice

was made largely on the grounds of personal preference.

Any of the standard languages suitable for scientific

programming could have been used to provide a similar

basis.



1.3 Implementation Considerations

Three major methods of language implementation may be

identified. These are interpretation, compilation and

preprocessing into another language. Efficiency considerations

tend to rule out an interpretive approach for a language

of the type described in the previous section. Finite

element solutions often involve large computing times.

Though much of this time will be spent in data handling

and in the solution of systems of linear equations, both

of which may not be greatly affected by the method of

implementation since they will be performed by standard

system routines, the calculation of the element stiffness

matrices could involve a considerable overhead if performed

interpretively.

The development of a compiler would have proved excessively

time consuming and would have been essentially unrelated

to the other parts of the work. Preprocessing was

therefore chosen, It is worth noting some of the advantages

and disadvantages of this approach.

Unless full syntax and type checking is performed on the

source program by the preprocessor, errors will be discovered

by the compiler for the target language. Similarly, the

run time error messages generated will be related to the

target code. The provision of software to interpret

15



- these messages and relate them to the source code, though

feasible, would seem somewhat excessive, and therefore,

the intermediate form of the program cannot be hidden

from the user. If the original program was in an extension

of the target language, this should prove no real problem

in practice.

An advantage of preprocessing can be transportability.

If the preprocessor and the other programs and procedures

of the system are written in standard languages, the system

can be moved to any machine on which compilers for these

languages exist.

16



1.4 The Structure of the Thesis

This thesis represents an attempt to produce a small set

of basic ideas within which finite element solution

algorithms may be considered and to show that a programming

system based on these concepts will allow many standard

and non-standard algorithms to be easily implemented.

Of course, methods which are not suitable for implementation

by the system are easily found, however, the aim throughout

the work has been to demonstrate a practical system which

can be used in most contexts rather than attempt an

impracticable universality.

The enormous literature of the finite element method

precludes any really comprehensive treatment of the

computational algorithms which are used and so some

selection has had to be made in the choice of examples

5 be treated. These have been chosen to demonstrate

the utility and scope of the system. Though many of

the examples have been taken from the field of structural

analysis, the solution processes associated with other

application areas are very similar.

Chapter 2 presents a general description of the finite

element method and defines certain design criteria for

a finite element programming language. In the following

chapter, a solution method for the sets simultaneous

47



_ linear equations which arise from finite element

formulations is considered and is shown to be a suitable

method on which to base a flexible system. In Chapter 4,

“a series of extensions to Algol 68 are described which

are intended to satisfy the criteria set ant in Chapter 2,

while the next chapter shows how these features may be

used to solve some standard problems. The specialised

topic of the solution of eigen-problems is considered in

Chapter 6. A suitable solution method is described and

its use is illustrated. Chapter 7 treats the input and

output requirements of a finite element solution system.

The complete solution process as related to structural

design is the concern of Chapter 8 which includes a

discussion of the use of optimisation techniques.

Chapter 9 deals with implementation aspects. Finally,

some conclusions are drawn in Chapter 10 and the scope

for further work is indicated.

Appendices 1 and 2 enlarge on two points discussed in

Chapter 3. A formal syntax of the language is given

in Appendix 3. Examples of complete programs and

their use can be found in Appendices 4-6.

18



Chapter 2

THE FINITE ELEMENT METHOD

2.1 Introduction

The finite element methoa 179 originally arose out of a

generalisation of matrix methods of structural analysis 1®

to problems of elastic continua. The method was later

realised to be equivalent to the application of the

Rayleigh-Ritz method for finding approximate solutions

to variational problems when the basis functions of

the approximation are piecewise continuous functions.

In practice, the approximating functions are often

piecewise polynomials, The method has since been

extended to encompass alternative variational formulations.

5
Norrie and de Vries~ describe how many problems outside

of the field of structural analysis, for example, those

of fluid dynamics or electrostatics, may be given

variational formulations and solved by use of the finite

element method. In addition, non-linear problems

such as elastoplasticity or problems which give rise

to eigenvalue problems such as undamped structural

vibration may now be solved.

In this chapter, the computations involved in solving

finite elements problems on a digital computer are

19



introduced. The assembly process whereby the set of

equations defining the properties of a complete structure

may be formed from the sets of equations defining the

individual components is described in Section 2.2 and is

illustrated using the example of a simple two-dimensional

pin-jointed truss. The basic computational operations

of the complete solution process for a standard finite

element problem are outlined in Section 2.3. Section 2.4

describes the modifications to these operations which are

required for the solution of non-linear or eigenvalue

problems. Lastly, Section 2.5 proposes a framework for

a flexible finite element programming system.

20



2.2 Stiffness Matrices and the Assembly Process

The general pattern of the solution procedure involved

in applying the finite element method may be introduced

by a simple example. The problem to be considered is

the 4 element pin-jointed truss structure illustrated in

Figure 1. Nodes 1 and 4 are fixed and a force P is

being applied at node 3. The structure is treated as

an assemblage of elements of the type illustrated in

Figure 2.

Let the modulus of elasticity and the cross sectional area

of the element of Figure 2 be represented by E and A

respectively and let:

s=sina= (y; - y;) ays (244)

© =cosa= (x; - x,) 7G (2.2)

b= sart ((x5- x4)? + (v;-¥,)?) (2.3)

Then, for small displacements, the nodal displacements

(u,,v,) and (a5+v5) may be related to the nodal forces

(Fj ,6,) and (#5965) by the relationship:

21
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A SIMPLE PIN-JOINTED TRUSS STRUCTURE

Figure 1



A SINGLE MEMBER OF A PIN-JOINTED TRUSS STRUCTURE .

Figure 2
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6 cs ee -cs ess Bg!
| = BA/L 2 ; (2.4)

Fi -c” -cs cs | uy

“5 “cs =-s cs a |¥y

ee]

This may be written as:

£, =X, 4, 
(Ce)

where K, is the element stiffness matrix.

If the element stiffness matrix is written with respect

to the nodal freedoms of a complete structure, the

expanded form of the element stiffness matrix, Ky is

obtained. ‘As an example, for the element from node 2

to node 4 in the structure of Figure 1, where

s=c=1/ sart (2), this matrix is given bys

0150) 40280" 50°" 0 10 o|

OPEOMO pH OuLOI@0 OL

00.1459 0 0 =1 =

}2 0 1 4 0 0-1 -1
K, = EA 

(2.6)
2Us 1.0] 20: (0; 4080)-40% 0 0

S200. O60 Od

0 0-1-1 00141

0 0-1-1001 41



For a complete structure, the force displacement

relations are:

In 0 nw Ie (2570

where K is the structural stiffness matrix and f is

the vector of forces applied to the structure. Kis

formed by summing the expanded element stiffness matrices.

The term assembly is used to describe the formation of

the structural or global stiffness matrix from the

element stiffness matrices. For the example of Figure 1,

this equation is:

at 7
a, | { 2 0-200000 [°]

x, | O==0 7-01-0008 10; 2048100 |
| = Serie hae10 | 20 3540 Oat ay a, |

0 Og,0 21" 3 (0-2) =4 4 5

= EA | (2.8)
0 2L DON. Ole Ors 20-2) 0) e aas |

|

P 0. OmOp=2" 0-120" 0 "5 |

q 0 0-1-1-2 0 3 1 Ot
4 |

r, ORC cea 20". 044) <1 O7

if the value of EA/2L is the same for all the elements.

The reaction forces at the fixed nodes 1 and 4 are

(a,9r,) and (aysr4)-

25



In general, the finite element method is used to solve

a variational problem defined over a continuous region

with certain boundary conditions being appliea??>, The

region is subdivided into wast areas or elements.

Certain points in each element are referred to as nodes.

Within each element, the unknowns of the problem are

expressed in terms of the values of the unknowns at the

nodes by means of interpolation formulae. The elements

of the region are connected together by having nodes in

common, For a structural analysis problem, the unknown

quantities could be the displacements of the points of

the structure and the problem would then be formulated

in terms of the nodal displacements.

If, for example, the variational problem is defined by

a quadratic functional, it may be shown??? that using

a finite element discretisation to obtain an approximate

solution leads to a set of linear equations of the form:

Kxay 
(2.9)

The vector x represents the values of the unknowns of

the problems at the nodes. The global "stiffness"

matrix K may be formed by assembling the element "stiffness"

matrices, If the underlying equations governing the

system are linear, other variational formulations can

also lead to such a set of linear equations.

24



The boundary conditions of the original problem must

be expressed as constraints on the values of the terms

of the vectors x and y which must be satisfied when the

system (2.9) is solved. These constraints may be

similar to the applied force and the fixed nodes of

the pin-jointed truss of Figure 1 or they may take a

more general form. For example, in a structural analysis

problem, a distributed force may be present. This must

be converted to a set of equivalent nodal forces before

it can be appliea! . After the system of equations (2.9)

has been solved, the values of the unknowns within the

elements may be determined. In addition, further secondary

unknowns may now be evaluated. In a structural analysis

problem, these could be the stresses and strains within

the elements which may be determined once the displacement

field is known.

25



2.3 The Basic Solution Process

The main operations which take place in the solution

of a finite element problem giving rise to a system

of equations of the form (2.9) on a digital computer

may be listed as follows:

2.

3.

4.

5

Input the data describing the problem.

This consists of nodal properties,

element properties and nodal connection

data and constraints on the values of the

problem unknowns at the nodes.

Calculate the element stiffness matrices

and assemble the global equations (2.9)

Solve the global equations.

Evaluate the resultant internal states of

the elements.

Output the results.

In practice, some of these operations may take place

concurrently. Thus, items 4 and 5, the calculation

and output of results may proceed together. Indeed,

26



in the solution method for the system of equations (2.9)

which is described in Chapter 3, it will be seen that

the assembly and the solution of the equations are

overlapped. In Sections 2.4 and 2.5, the modifications

to this process which are required for the solution of

non-linear or eigenvalue problems are considered.

The program and data structures used in this solution

process can be described in terms of an abstraction of

a finite element idealisation of a system. The system

is viewed as consisting of a set of nodes at which

certain numerical values are known and at which certain

unknown values are to be determined, and a set of elements

which are defined by numerical @ata, the nodes to which

they are connected and the procedures to perform such

actions as the calculation and assembly of the element

stiffness matrices. This view of the problem illustrated

in Figure 1 is shown in Figure 3 where the nodes of an

element are indicated by arrows.

These data and program structures provide a basis for

performing the 5 steps listed at the start of this section

to which standard facilities for data input and output

and for the solution of the global equations must be

added.

27
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2.4 Additional Computational Features

24.1 Large finite element systems such as aska’’,

ne and NasTRAN?? provide a wide range of optionsASAS

which allow the use of many different element types

and properties in the solution of particular problems.

A structural analysis formulation may make use of such

features as nodal temperatures, or distributed loads

such as surface pressures and centripetal forces.

The framework described in the previous section of

node and element data and element procedures can encompass

this type of facility. The necessary changes to the

set of global linear equations which may be needed to

represent these conditions can be achieved if element

procedures can access the global vectors and matrices

and the nodal data items and if they contain the coding

required to calculate and apply the necessary modifications.

This point is considered further in Section 5.2.

2.4.2 Undamped structural vibration problems !?2919 can

lead to formulations where the set of global equations

takes the form of the eigenproblem:

Kx=w Mx (2.10)

In this equation, K is the structural stiffness matrix

and M is the structural mass matrix which is formed by

28



assembling element mass matrices in the same manner as

element stiffness matrices are assembled to form K.

The eigenvalues of equation (2.10), (Ww, ate we), give

the natural frequencies of free vibration of the structure,

(wy eee wae The corresponding eigenvectors are the

normal modes of vibration of the structure.

The sequence of operations described in Section 2.3 for

the solution of linear static problems requires a slight

modification for the solution of this type of problem.

The only major difference, however, is the global equations

take the form (2.10). Suitable solution methods for

sets of equations of this form are discussed in Chapter 6.

2.4.3 Another structural analysis problem which gives

rise to an eigenproblem is the investigation of structural

stability !?2919 where for suitable problems a set of equations

of the form:

Kx=1K_x (2614)

where K, is the “initial stress" matrix can be derived.

K, is a function of the stressing state of the structure.

The analysis for problems of this form takes place in

two stages. In the first stage, a linear static analysis

of the structure is performed for a given loading pattern.

29



This is used to determine the stressing state of the

elements. The element initial stress matrices are

then calculated and they are assembled to form K,-

The lowest eigenvalue 1 of equation (2.11) is then

determined and this gives the buckling load of the

stucture.

2.4.4 For structural analysis problems involving

geometric and/or material non-linearity70?21922, the

governing system of global equations may be expressed

ast

Kd=f£+ (4) © (2.12)

where g(a) represents "pseudo-forces" which are present

due to non-linearity. Many different methods have

been suggested for the solution of this set of simultaneous

non-linear equations. A large number of these methods,

however, lead to very similar computational algorithms

which involve iteratively setting up and solving sets

of global linear equations. These methods are described

in Chapter 5, where it is also shown that problems of

structural reanalysis may be similarly posed.

30



2.5 Requirements for an Extensible System

Finite element solution methods are naturally described

in terms of operations at two levels. At the first

level are the calculations which are associated with

elements. These include, for example, the formation

and assembly of the element stiffness matrices to form

the global stiffness matrix and the further functions

which may be necessary to deal with the problems described

in the previous section. The second set of operations

performs the global solution algorithms which may be

specified in terms of the element calculations and

operations performed on the global data items. For a

simple linear problem, this involves the assembly and

solution of the global stiffness equations and the

determination of the resultant element states. In

contrast, for the iterative algorithms for the solution

of non-linear problems which were discussed in Section

2.4.4, the description of the global solution algorithm

must specify the setting up and solution of the sets of

linear equations and the control of the iterations.

Some desirable features for a language to be used to

describe finite element calculations may now be proposed.

Firstly, it should be possible to define the node and

element data items and the global quantities, which

were outlined in Section 2.3. Certain of these items

will be required as input data. The language must then
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allow the element procedures to be described in terms

of these variables and data. Finally, the global

solution algorithm must be specified in terms of the

global data items and the operations performed by the

element procedures. Due to the complexity of the

operations which may be required to be performed at

the two levels of the solution process, it is desirable

that the power of a high level scientific programming

language be available for describing these calculations.

It is therefore expedient that a system should be provided

in terms of a series of extensions to a standard language.

Features should be included which allow easy and concise

description of the node and element data and variables.

Standard routines and operators should be available

for the manipulation of local and global data items

and to provide an interface between them. Standard

procedures should also be present for recurrent requirements

such as the solution of sets of global linear equations.
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Chapter 3

THE FRONTAL SOLUTION METHOD

3.1 Introduction

A central feature of any finite element system is the

linear equation solver. A large proportion of the

computing involved in solving a finite element problem

is likely to be absorbed in the solution of sets of

linear equations, and the choice of an efficient

method is very important. A further criterion by

which a solution method must be judged is the ability

to solve fairly large problems. Finite element

formulations frequently require the solutions of

thousands of simultaneous linear equations: this is

especially true for three dimensional problems.

This constraint on the selection of a suitable method

makes the use of some form of backing storage mandatory

on present day computers. Surveys of methods which

have been developed can be found in papers by Schrem=?

and Meyer?425,

Of the many different methods of solution which have

been described in the literature of the finite element

method, two major approaches seemed likely to provide

a suitable basis for a finite element system of the
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type which is to be described. These were: partitioned

matrix methods such as the hypermatrix scheme of asxa2,

or the wavefront methods described initially by Irons?!,

28 | and Melosh and Bamford2?, It was felt thatHelen

an implementation of the latter, that is the frontal

solution method, could be produced more quickly, and so

this method was finally selected. It will. be seen in

Chapters 4 and 5 that this choice was to dictate major

aspects of the syntax of the language and the way in

which programs are written in it,

Section 3.2 contains a description of the basic front

solution algorithm while its implementation is discussed

in section 3.3. It is then shown that the data

structures and data handling techniques required for

the basic method can be extended to provide further

operations which are needed in a general purpose finite

element system. These include the multiplication and

triangular factorisation operations which are used in

the eigenvalue and eigenvector solution methods

considered in Chapter 6. Finally, some of the advantages

of wavefront methods are discussed in section 3.7.
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3.2 The Front Solution Algorithm

The frontal technique is based on Gaussian elimination

without pivoting and can be used with well conditioned

positive definite symmetric matrices*°. The stiffness

matrices which are produced by most finite element

formulations in current use satisfy these criterea.

To solve a set of simultaneous linear equations:

Xp by Aetn (3.1)

or alternatively:

Azx=b (3-2)

by the method of Gaussian elimination, the unknowns,

Xj» are eliminated one by one. The elimination of

xy is achieved by modifying the coefficient matrix

A and the right hand side vector b according to the

following rules:

a5 t= eae - 557i 7 aay j,k = i+t,n

(3.3)

b; - a sibs / ass j= itt n

(3.4)



The elimination process results in the nth equation

having the form:

x, = oF / aon

The remaining unknowns can now be determined by back

substitution according to the rule:

x, t= (o, - sunt” a5 5*5) ih aj, is n-1,1

(3.5)

The substitution process starts with xy and proceeds

backwards through the equations to X40 The terms

B54 and v5 correspond to the modified values obtained

by the application of operations (3.3) and (3.4).

If the matrix A is symmetric, (3.3) may be modified,

becoming:

Bie P= Ah 7 25 54iK / a;; j= ittyny; k= j+1,n

(3.6)

The matrices produced by a standard finite element

approach are not only mpsttive definite and symmetric

but are also sparse. The sparsity is related to the

element interconnections. Considering the effect of

eliminating x; on the terms ao. and oe two significant

facts can be noted from operations (3.4) and (3.6).



1. .At the time of elimination, and b
ajk j

need not be fully assembled provided all

the other terms are.

2. If either 315 or ay; equals zero, 85x

will be unaffected by the operation.

Similarly, PS is unchanged if ay is

equal to zero.

The front algorithm takes advantage of these points

by alternating assembly and elimination. A variable

Xj is eliminated as soon as all the elements whose

assembly will alter any of the terms s5 or b; have

been assembled. After the elimination of Xie the

equation:

will play no further part in the elimination process

and so the appropriate terms of A and 3b do not require

to remain in main memory. This "row" can therefore be

transfered to backing storage. Only the terms corresponding

to "active" variables, that is variables 4 for which

some ai. or Le has been affected by assembly but are

not yet ready for elimination, need be kept in main memory.

In the backward substitution phase, the reduced rows of

the matrix with the corresponding terms of 3b are read



from backing store in the reverse order. The sets of

active variables occur in the reverse order during this

phase, active now indicating that the actual values of

the terms x; have now been calculated. The values

of the internal states of the elements can therefore

be calculated in the opposite order to that in which

they were assembled, these calculations being interspersed

with the back substitution.
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3.3 Housekeeping and Data Structures for the Front Algorithm

Ann by n symmetric matrix A can be considered as a

vector v of length n(n+1) / 2. The term ai; is

equivalent to Pa ) where 1 is a function defined as:
,

1(i,j) = i(i-1)/2+ 5 if i ge j

= j(j-1) / 241i af i ie 3

In the implementation of the front.algorithm, the

active portion of the coefficient matrix is held in

main memory in a linear work space W of length

b(b+1) / 2 where b is the maximum number of variables

which are active at any point in the calculation. For

each variable x; in the set of equations to be solved

it is necessary to calculate a "destination" 4a;

which determines where the terms associated with the

variable will be placed in the work space. The

terms can then be accessed while they are active by

applying the function 1 to their destinations. Thus,

if both Xi and x5 are active, the current value corresponding

to ay; will be held in wL(4;+45)). The destinations

are calculated by preprocessing the elements' nodal

connection data. It is possible for destinations to

be fixed throughout the activation of a variable or to

vary: a comparison of the two approaches is given in

Appendix 1.
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The set of nodes whose associated variables are active

is known as the "front", As the solution process goes

through the elements the number of nodes in the front

can change. Advantage can be taken of this by only

operating on the currently occupied Popitiona within

the work space in main memory.

With this housekeeping and data structure, the elimination

operations (3.4) and (3.6) may be expressed as:

5c t= 85 7 845 Aix_ if a,; J,k active, 4 i;

a, gt ay,

(3.8)

’; t= d; - 355s / ais j active, Ai

(3.9)

Similarly, the back substitution operations (3.5)

now become:

- active,4i
(Qo, ~ sum, a, 5%5) ip aay

(3.10)

The calculated values x, are put into positions in
z

a work space for x in main memory corresponding to

their precalculated destinations.
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- 3.4 _Prescribed Left Hand Sides

_ In the solution of the sets of simultaneous linear

equations - Ax=)b - which arise in the application

of the finite element method, not all the terms x, are
A

initially unknown. Certain of the terms X5 have

prescribed, usually zero, values which allow the system

to be solved since the initial matrix A is usually

singular. In the case of a structural stiffness

matrix, these constraints remove the rigid body modes.

During the elimination process, when a prescribed x;

is reached, the following operations are performed

instead of those defined by (3.8) and (3.9):

by 3= b; - aot, j active, #i

(3.11)

*

where xy is the prescribed value for Xi° During

the back substitution phase, the operations:

al ee activedb; t= Sum a4 5%5 - by (Gale)

are performed instead of back substitution, where

b; was initialised to zero before the start of

elimination, If the value of the unknown b) is not

desired, these operations may be omitted.
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3.5 Multiplication

3.521 To multiply a vector by a matrix - xs key =

the matrix A is assembled as described previously.

Instead of elimination, the following operations are

performed, where x has been initialised to zero:

active
x, t= x; + sum; i3%5 (3.13)

XH, t= + 8iy; k active, # i (3.14)

3.5.2 The Gaussian elimination process is equivalent

to finding two matrices L and U which are upper and

lower triangular respectively such that A= LU.

The diagonal terms of L are equal to 1. and if A is

symmetric qs = sy } Usae

If the rows of a decomposed matrix are read from backing

store in the order of elimination into a work vector r,

x = Uy may be calculated using the operations:

active
x, ?= sums ry; (3.15)

Similarly for x = Ly the operations are:

x + TY, / zy k active (3.16)
yr
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3.5.3 Operations (3.15) and (3.16) may be combined

allowing the calculation of x= LUy=A y with a

decomposed matrix A. The algorithm used in this

case is:

k active (3.17)



3.6 Further Operations

3.6.1 The solution of sets of linear equations - Ax =)

- by Gaussian elimination can be divided into three

stages:

1 > W e dq1. Triangular decomposition (3.8)

a o2. Forward substitution (3.9) -b

i u a3. Backward substitution (3.10) - x

Forward substitution is thus equivalent to multiplication

of a vector by the inverse of a lower triangular matrix

while backward substitution corresponds to multiplcation

by the inverse of an upper triangular matrix.

The forward substitution algorithm for a previously

decomposed matrix is:

b, t= bs - 75; / ry j active, 4i

(3.18)

where the work vector r is being used to hold row i

of U, the upper triangular factor of A.
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3.6.2 A symmetric decomposition - A = L na -ofa

symmetric matrix may be obtained if the further

operations:

55 t= 855 / sart(a,,) j active (3.19)

are performed on row i of A after it has been eliminated.

This factorisation is the same as that obtained by a

Cholesky decomposition. The use of the standard

Cholesky algorithm is not, however, possible with

frontal housekeeping.

3.6.3 The iterative methods for solving simultaneous

linear equations of Jacobi and Gauss-Seidel?°931 and

the method of succesive over-relaxation?!»22 may be

implemented by the use of combinations of the previously

described operations. If the set of equations to be

solved is Ax =), the matrix A is decomposed as

follows:

A=L+D+U (3.20)

where D is a diagonal matrix, L is a lower triangular

matrix with a zero diagonal and U = te

The Jacobi iteration is defined as:

xT .2 oT (@ - (b+ 0) x") (3.21)
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This is similar in structure to the multiplication

operation of (3.13) and (3.14) and may be ‘implemented

as?

n+1 _ ttt active,fi n
oes a a5 5%) / aay

(3.22)

n+1 n+1 n ; :
x te xy ante k active, £ i

(3.23)

The Gauss-Seidel iteration is:

n+1 -1 n
x z= (D+ LY (B- Ux’) (3.24)

This is basically multiplication by an upper triangular

matrix followed by forward substitution with matrix

(D+ L). With frontal housekeeping this becomes:

n+1 | 7 n+ = active,fi nxp = (x7 + db; sum, 25 5%5) hi ayy

(3.25)

n+1 n+1 n+1 zt= xy ~ 45x vA agg k active, Zi

(3.26)

The method of successive over-relaxation is described bys

n-ott ix Oe wh)n (((1 - w) D-= wt) x" + wd)

(3.27)
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where w is the relaxation factor. When w = 1, the

method reduces to the Gauss-Seidel iteration, The

algorithm for this method is:

n+1 ee Fant? F n<eb se (x; +wb, + (1 = w) ay

ay sun2¢tive, Ai, x") fa
=a iyi di

(3.28)

ane 3= xa -w eee f ass k active, 4 i

(G.29)
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3.7 Conclusion

The front method for the solution of sets of linear

equations arising from a finite element formulation

has several advantages over a simple band solvers! 28,

The solution process is unaffected by node numbering

since it is controlled by the element ordering and

interconnections. This allows changes to meshes to

be made easily and lessens the difficulty of joining

sub-meshes. In comparison, a mesh to be input to a

band solver requires careful node numbering to avoid

having an excessively large band width. The front

soluticn algorithm is also beneficial when elements

with midside nodes are used. The elimination of

variables as soon as they are assembled allows a

more efficient solution in this case.

Using the basic front algorithm, there is some danger

when joining sub-meshes that a temporary increase

in the number of active variables may result in zero

rows remaining in the front when the number of active

variables has diminished. The modified front algorithm

described in Appendix 1 avoids this problem.

In contrast to block partitioned matrix schemes, the

front algorithm uses less complex data structures

and manipulation techniques and involves less computational
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overhead. For very large problems where the workspace

for the portion of the global stiffness matrix

corresponding to the active variables cannot fit into

main memory, however, an alternative approach is

required.

In this chapter the front solution algorithm has been

described. It has been shown that the data structures

and housekeeping needed for an implementation of the

algorithm are compatible with further operations such

as multiplication and aieeettnns for performing these

calculations have been given. Together with the

obvious methods for addition, multiplication by scalars

et cetera, these capabilities provide a basis around

which a general purpose finite element system can be

built.
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Chapter 4

THE LANGUAGE FEATURES

4.1 Introduction

In Chapter 2, some requirements for a flexible finite

element system were discussed and it was noted that a

suitable method for providing these capabilities is as

an extension to a high level scientific programming

language. The front solution algorithm for solving the

sets of linear equations arising from finite element

formulations was then described in Chapter 3. A series

of extensions to the basic algorithm were presented which

allow the method to be used as a basis for a general

purpose system.

A series of extensions to Algol 6eR>? are introduced in

this chapter. These extensions are intended to satisfy

the criteria set out in Chapter 2 and are designed around

the methods of Chapter 3. The syntax of these extensions

is described informally. A more formal definition can be

found in Appendix 3.

Section 4.2 describes the declaration of the global matrices

and vectors which are required in the solution of finite

element problems. Sections 4.3 and 4.4 then cover the
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definition of the properties of elements and nodes. In

Section 4.5 the special clauses which are used with the

frontally based algorithms are considered. Operations

with global matrices are the eEbjeo te of Sections 4.6

and 4.7. Lastly, the format of a complete program is

given in Section 4.8.



4.2 Sysmats and Sysvecs

Two new basic modes are introduced to hold the matrices

and vectors which are used in the solution of the sets

of linear equations which arise from finite element

formulations. These are SYSMAT corresponding to the

global matrices and SYSVEC corresponding to the global

vectors. Both sysmats and sysvecs are held using frontal

data structures and they may only be accessed via standard

operators and procedures provided in the extension.

As an example of the use of these modes, the declarations

needed for the pin-jointed truss problem of Section 2.2

may be used. In this case, one matrix corresponding to

the global stiffness and two vectors corresponding to the

nodal force and displacement vectors are required. The

declaration statements would be:

SYSMAT k 3

SYSVEC f, d

Sysmat and sysvec declarations cause space to be allocated

in both main memory and backing storage to hold their

associated values. The actual sizes of these areas

depend on: the number of nodes in the problem to be

analysed; the number of variables associated with each

node; the maximum number of variables which are active



at any point during the frontal handling of the matrices

and vectors. The number of variables at each node is

held in a standard system variable "nvar" which is one

of the program options set as described in Section 4.8.

The maximum number of active variables is calculated

during preprocessing of the element nodal connection

data.
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4.3 Type Definitions

Element properties are described using TYPE definitions.

For each kind of element, a type definition defines the

variables and data associated with each element and gives

the number by which elements of this type are to be

identified in the input data. In addition, a type

definition includes a serial clause. This may describe,

for example, the calculation and assembly of the element

stiffness matrix for a particular kind of element.

The syntax of a type definition is:

TYPE integer = ( parameter list ) :

BEGIN

serial clause

END

The integer value following the language word TYPE is

the number used to specify the type of an element in the

input data. Further details of the input data are

given in Chapter 7.

4.3.1. The parameter list describes the data associated

with an element. Within the serial clause of a type

definition, these parameters are used in a similar

manner to that in which the parameters of a procedure
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. are used within the body of a procedure. The items

declared in the parameter list may be of any of the

Algol 68-R modes for which transput is possible. Thus,

items whose mode definition contains "REF" or "PROC" are

not allowed. A further mode, POINTER, may be used to

identify nodal connection data.

In addition to the mode, two further attributes may be

given to an item in the parameter list. These attributes,

which precede the mode of the item they qualify, are MEM

which indicates that the item will not occur in the input

data but will be set in the serial clause of the type

definition, and VAR which indicates that the item will

be given an initial value in the input data but that it

may be changed. If no attribute is given to an item, it

will be set in-the input data and may not be changed.

As an example of a complete parameter list, a skeleton

type definition for a member of the pin-jointed truss

described in Section 2.2 is:

TYPE 1 = ([4:2|POINTER node, REAL ea) : (sec)

This indicates that each element is connected to two

nodes and that one real value ea which is the product

of the modulus of elasticity and the cross sectional

area of the element is required.
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If a 2 by 2 real matrix k with attribute VAR were required

in a type definition, its declaration would have the form:

vak [122,122] REAL k

4.3.2 The order in which parameters of a type definition

are declared dictates their order in the input data. For

a particular type of element, it may be desired that not

all the items of data associated with each element appear

together in the input data. For example, the nodal

connection data may have been produced by a mesh generation

program while the other data may have been produced

separately. A further reason could be that most of

the elements have standard material properties and

that only a few differ. In this case, if default

values for these properties can be defined, only those

elements differing from this need be specified.

A more general form of a parameter list has the form:

( GROUPNO integer : parameter declarations )

The data items declared in each of these sub-lists are

input together and are identified by the group number

given at the start of the list.



The example type definition of Section 4.3.1 could be

amended to:

TYPE 1 = (( GROUPNO 1: [1:2]POINTER node ),

( GROUPNO 2 : REAL ea )) : (sec)

if the nodal connection data for the elements is to be

input separately from the values of ea for each element.

4.3.3 The body of a type definition describes the actions

to be taken for each element of the particular kind. In

addition to using the parameters of the type definition,

any identifiers which are in scope may be used. This

inéludes nodal values such as nodal coordinates whose

definition is described in Section 4.4.

A special construct, the BLOCK clause, is used to allow

the procedural action taken for each element to be varied,

while allowing all the properties of a type of element to

be described in one place. The syntax of a block clause

is:

BLOCK serial clause

$uexr serial clause?

BLOCKEND

where the items enclosed in braces may be repeated as
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many times as may be desired. The serial clauses are

numbered from one in their order of occurrerice in the

block clause. This number relates to the parameter

of PROC(INT) visit which is used to call the appropriate

body of the type definition for each element of the

current problem, Within a block clause, the serial

clause corresponding to the parameter of visit is obeyed.

For example, for a simple element the serial clause of

the type definition could have the form:

BEGIN

BLOCK

calculate and assemble element stiffness matrix

NEXT

calculate and output element stresses

BLOCKEND

END

The first serial clause in the block clause would be

called prior to the solution of the global stiffness

equations and the second clause would be called afterwards.

4.3.4 Communication between the Blobal matrices and

vectors held as sysmats and sysvecs and their element

counterparts is achieved by means of standard procedures.
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These are:

PROC(REF[,|REAL,REF SYSMAT) mada

and PROC(REF[JREAL,REF SYSVEC) vadd, vequ

Madd performs the assembly operation of element matrices

into global matrices while vadd performs the assembly

operation for vectors. Vequ sets the values of a

global vector corresponding to the nodes of an element

in its element vector parameter. The dimensions of the

element vector and matrix parameters should be nvar

times the number of nodes of the element, that is the

number of variables per node times the number of

POINTER parameters declared for the type of element.

Two "modes", ELVEC and ELMAT, may be used to declare

automatically dimensioned element vectors and matrices.

4.3.5 In addition to the standard Algol 68-R library

of procedures and operators, a further library of

operators taking operands of modes REAL, [REAL and

[,] REAL may be used. These operators allow expressions

involving real vectors and matrices using the standard

monadic and dyadic arithmetic operators together with

a few other operations. These operators, which permit

a compact and readable definition of many calculations

provide run-time checks of compatibility, thus detecting
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certain programming errors. Since they are not implemented ~

as in-line code, however, their use incurs certain

computational overheads.

These operations are distinct from the operations with

global vectors and matrices which are described in

Sections 4.6 and 4.7. Examples of the use of operators

from the library can be found in the programs listed

in Appendices 4-6.
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4.4 Node Definitions

NODE definitions are used to describe the data and

variables associated with nodes. A node declaration

has a similar format to the parameter description portion

of a type definition, this format being:

NODE ( parameter list )

The data defined in a node declaration are assumed to

be Known at all nodes, Different groups of data may

be defined in separate node statements for clarity,

group numbers being given tn the same way as for groups

of element data. Parameters may be of any kind which

may occur in a type definition with the exception of

POINTER.

As an example of a node declaration, the following

statement could be used to define the nodal coordinates

for a two dimensional problem:

REAL c )

4.4.1 Within the serial clause of a type definition,

it is possible to refer to the numerical quantities

at the nodes of the element. Internally, the nodes of

an element are numbered from one in the order of their

occurrence in the input data. The nodal data is used

61



in the serial clause as if it had been declared with an

additional dimension to that given in the node declaration.

This new dimension becomes the first dimension. Thus,

the nodal coordinates defined above would be used as if

the statement:

[1:number of nodes of element, 432, REAL x

had occured within the serial clause of the type definition.

For example, the second coordinate of the first node of

the element would be x [1,2].

4.4.% Since nodal coordinates are a feature of many

problems, a special facility is provided to deal with ~

them. A standard system parameter "dim" may be set as

described in Section 4.8. If dim is non-zero, the

following node statement is provided automatically:

NODE ( [1:dim]REAL coords )

Additionally, if dim is between one and three, the

following ascriptions apply within type definitions

as appropriate:

REAL x = coords [, 1]

REAL y = coords [,2]

REAL z = coords [3]
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Additional checks can be provided for coordinate data

such as ensuring that coordinates are given for each

node and cross checking with the element nodal connection

data.
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4.5 Forward and Backward Loops

It has been mentioned in Chapter 3 that the use of the

front method for solving the plobal sets of linear

equations involves the interleaving of assembly and

elimination. Generally, operations on frontally held

data involve a pass through the preprocessed element

nodal connection data element by element, this data

having been augmented with the destinations of variables

in the front areas and other housekeeping information.

This pass may take place either in the order in which

the elements were input or in the opposite direction.

As each element is reached, certain operations may be

performed on the element, nodal or global data. These

operations may include, for example, calling the body

of the type definition for the current element or

performing the operations of elimination on a set of

global linear equations.

Two special unitary clauses are used to pass forwards

and backwards through the elements. Their syntax is:

FORWARD LOOP serial clause POOL

and BACKWARD LOOP serial clause POOL

The constructs automatically perform the global control



and data handling required for a pass through the elements.

Within these clauses, operations such as the calling of

the type definitions for the elements or elimination are

performed by the use of special procedures.

The use of these constructs may be illustrated by an

example. It is assumed that a sysmat k and sysvecs d

and f have been declared as in Section 4.2. It is also

assumed that a type definition with a body of the form

illustrated in Section 4.3.3 has been included. The

following lines of program will then perform the solution

of a problem and the output of the results:

FORWARD LOOP

visit(1) ;

eliminate(k,d,f)

POOL ;

BACKWARD LOOP

backwardsubs(k,d,f) ;

visit(2)

POOL

In the forward loop clause, the assembly of the global

stiffness equations is initiated by the call of visit.

The elimination operations on the set of equations

K d = f are then performed by the call of procedure

eliminate. In the backward loop, the call of

65



backwardsubs is used to perform the backward substitution

to determine the values of the nodal displacements d.

The resultant element stresses are then calculated and

output by the second of the fertal clauses in the block

clause in the type definition which is activated by the

eall of procedure visit with parameter value 2.
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4.6 Vector Operations

When iterative methods for the solution of finite element

problems are used, there is orton a requirement for

calculations involving sysvecs and scalars, such as the

evaluation of convergence criteria, to be made. A

special unitary clause, within which operators acting

on sysvecs and reals may be used, is available in the

extension. This is the VEC clause which has the syntax:

VEC serial clause CEV

These clauses must be used inside one of the two types

of loop clause. Within a vec clause, the usual arithmetic

operators and asignments of Algol 68-R act between

corresponding terms of sysvecs.

As an example, three sysvecs x, y and z are assumed to

have been previously declared. It is required that the

inner product of x and y be calculated and assigned to

the real variable p. Additionally, z is to be set to

the term by term sum of x and y. The following piece

of program will perform these calculations:

p s= 0.0 3

FORWARD LOOP

VEC



p PLUS x * y ;

Zsa x+y

VEC

POOL

An occasional further requirement is access to the terms

of sysvecs corresponding to individual degrees of freedom.

This may be achieved by declaring a real vector of length

nvar which is used inside a vec clause indexed by the

standard system identifier "varno". This practice is

illustrated in Chapter 5.
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4.7 Matrix Operations

A set of procedures to be used within loop clauses in

a similar manner to procedures eliminate and backwardsubs

can be used to perform all the frontal operations described

in Chapter 3. In addition, procedures to perform standard

operations such as saving an undecomposed sysmat for later

retrieval from backing storage, clearing a sysmat or

copying a sysmat are included.

Each sysmat variable is used to refer to both an active

workspace in main memory and to the space in backing

storage where the inactive rows are stored. The

information on backing storage can only be accessed via

the standard sysmat procedures. These allocate workspace

in main memory to handle the sysmats for the duration

of the current loop.

The provision of a full algebra of sysmats, similar to

that provided for sysvecs by the use of vec clauses, is

both unnecessary and impractical since, for example,

the multiplication of banded matrices does not conserve

bandwidth.
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4.8 The Format of a Complete Program

A complete program in the extension of Algol 68-R has

the format:

START option list

BEGIN

serial clause

END

FINISH

The option list is used to give values to certain global

parameters and to indicate if special features are to be

used. Items in the option list are separated by commas

and are either single keywords or have the form:

keyword = value

Two single keyword parameters are "statistics" which causes

a summary of CPU usuage and I/O transfers caused by certain

standard library procedures to be included as part of the

output and "data" which causes reports on the input data to

be produced. Other parameters may be used if standard

element types are to be included or if special procedure

libraries are to be used. The parameters nvar which was

introduced in Section 4.2 and dim which was described in

Section 4.4.2 are set in the option list. Another



parameter "name" may be set to the program title.

Programs must satisfy the Algol 68-R requirement that

the declarations of items must precede their use.

This applies to type and node definitions which are

implicitly used via the procedure visit. A program

will generally start with the declaration of global

items such as sysmats and sysvecs. This will be followed

by node declarations and then type definitions. Finally,

the solution algorithms will be specified using loop

clauses. Of course, further Algol 68-R coding may

be interspersed among these statements.



4.9 Conclusion

In Section 3 of Chapter 2 a conceptual framework for

conaiaerine fiiite element formulations was presented.
A finite element idealisation was seen to consist of a

set of elements each of which is associated with a

number of nodes. Both the nodes and the elements may

have their properties defined by sets of numerical

values. The basic solution method then consists of

setting up sets of linear equations using matrices and

vectors derived from the element and nodal properties

and solving these using appropriate algorithms.

Further calculations may then be performed to evaluate

the solutions of these sets of equations in terms of

the elements and nodes.

In this chapter a programming system has been described

in which features have provided which correspond to

these basic ideas. Apart from such specialised topics

as the solution of eigenproblems which is covered in

Chapter 6 or input and output which is described in

Chapter 7, the extensions to Algol 68-R are intended to

provide the basic finite element programming system.

It remains to be shown in the following chapters that

this system can be used to produce programs for a wide

range of finite element problems.
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Chapter 5

USE OF THE PROGRAMMING SYSTEM

5-1 Introduction

In Chapter 2 it was mentioned that there are many variations

from the basic linear formulation initially presented.

These vary in complexity from the treatment of body forces

in a linear elastic problem to the non-linearity inherent

in problems of elasto-plasticity or creep. The purpose

of this chapter is to show the way in which many of these

aspects may be treated within the framework of the language

features described in the previous chapter.

The literature of the finite element method is now vast

and so the subjects which can be covered in this chapter

ean only be a small sample of those possible. Reference

will be made to survey papers, however, in the hope that

this will increase the generality of the treatment.

Most of the examples are taken from the field of structural

analysis. Essentially similar program structures arise

from the application of the finite element method to

other fields such as the solution of partial differential

equations and flow problems.

Section 5.2 considers the handling of some features which



may be present. in a linear problem. The evaluation of

convergence criteria, which are necessary when an iterative

method of solution is used, are considered in Section 5.3.

Iterative methods of solution are then introduced with the

’ simple example of structural reanalysis in Section 5.4

while Section 5.5 contains a general discussion of iterative

methods of solution for non-linear problems. Section 5.6

gives as an example, the use of an iterative technique for

solving the generalised eigenproblem A x = w Bx.

Acceleration techniques for speeding up iterative processes

are described in Section 5.7.

Further examples of the use of the system can be found in

the appendices. Appendices 4 and 5 give complete programs

together with sets of input data for two linear problems.

Appendix 6 contains a complete program and solution for

a geometrically non-linear truss problem.



5.2 Variations on the Linear Theme

52.1 The force-displacement equations for an element

to be used in the solution of linear elastic problems

which was given in Chapter 2:

£. =k va (541)

may be generalised to take account of both distributed

loads acting on the element and of initial strains in

the element! ° The equations then take the form:

£,=%, 4. + foe + Lue (5-2)

where foe represents the nodal force contribution needed

to balance the distributed loads acting on the element and

fy 5 represents the force contributions needed to balance

the initial strains present in the element. The

corresponding global stiffness equations may be written

in the same format. The assembled global stiffness

equations then have the form:

f=oKa (5.3)

The contributions from the elements due to the terms fre

and £5 of equation (5.2) must therefore be assembled into

ts This may be achieved easily, however, by including



code in the type definitions to calculate the resultant

forces and then using procedure vadd to perform the

assembly.

5.2.2 Positionally dependent forces acting on elements

such as pressure as a function of depth or centripetal

force when the structure under consideration is being

rotated are similarly handled. If desired, parameters

controlling the calculation of these effects can be input

using standard Algol 68-R facilities prior to their use

within type definitions to calculate and apply their

consequences.

52.3 The ability to perform calculations in the program

outside of type definitions and loop clauses provides

a means for handling a large number of special cases.

One further example may be cited. In the’ example problem

using triangular constant strain elements illustrated in

Appendix 5, all the elements are of the same size and

only two different orientations are used. This results

in only two numerically different element stiffness

matrices being produced. In this case, a gain in efficiency

could be achieved if the two different element stiffness

matrices were calculated before the assembly of the global

stiffness equations. The type definition for the elements

would now be needed only to select the appropriate

pre-calculated element stiffness matrix and perform the



assembly using procedure madd. Of course, in practice,

it would require the frequent occurrence of problems

having such special characteristics to justify the

production of a special program.



5-3 Norms and Convergence Tests

Various norms have been suggested for use in tests for

the convergence of the iterative processes used in the

solution of non-linear problems by the finite element

method. The inner product norms of reference 20 can

be calculated by the method shown in Section 6 of Chapter

4. As an example of the evaluation of the maximum

modulus type of norm, the following coding will determine

the maximum absolute value obtained by any term in the

sysvec X. This value will be held in the real variable

norme

norm := 0.0 3;

FORWARD LOOP

VEC

IF norm <ABS x

THEN norm := ABS x

FI

CEV

POOL

The modified criteria described by reference 34 are

ealculated by first dividing each element of a vector

by the maximum modulus of the elements of the vector

corresponding to the same degree of freedom, A

conventional norm is then applied to the resulting



vector. Two sets of calculations within separate loop

clauses are required for the evaluation of these conditions.

In the first loop clause the maximum absolute values

obtained by the terms for each degree of freedom are

calculated. If the sysvec x is being used as before,

the following code will determine these maxima:

[[:nvar]REAL max ;

CLEAR max ;

FORWARD LOOP

VEC

IF max [varno! < aBS x

THEN max fvarno] s= ABS x

FI

VEC

POOL

The row of reals of- length nvar "max" is used with index

varno as described in Section 4.6. When the loop has

been left, max will hold the maximum absolute value for

each degree of freedom. The second loop clause is used

to calculate the norm of the modified vector. If, for

example, it were desired to obtain an inner product norm,

the following coding could be used:

19



norm := 0.0 3;

‘FORWARD LOOP

VEC

; REAL h = x / max [varno] ;

norm PLUS h * h

CEV

POOL

In an actual program using these methods, the calculations

would be made inside loop clauses in which other operations

were taking place. These loop clauses could be either

forward or backward loops. Thus, in the above example,

the computation of max could take place at the end of the

loop clause in which the sysvec x is evaluated. The

calculation of the norm could then be made at the start

of the following loop clause to be obeyed.
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5-4 Structural Reanalysis ’ .

Structural reanalysis is important in the design of

structures where the design process can involve a series

of analyses which are undertaken in the search for a

structure satisfying certain design criteria. The

target structure may be in some sense optimum or may

be simply on satisfying certain constraints. A number

of different methods of reanalysis have been suggested? 98 ’

though Kavlie and Powell”? have indicated that unless

the design changes are very small a completely new analysis

is likely to prove more efficient. The techniques used,

however, provide a useful first example of iterative

solution methods for finite element problems.

In structural reanalysis an initial problem:

Ka,=f (5.4)

has been solved and the solution of a modified problem:

(K+K') a, =£ (5.5)

is desired. The matrix K' represents the changes in

the structural stiffness matrix due to alterations in

the structure. From equation (5.5) the iteration

scheme:
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Ka se f-XK' @ (5.6)

can be derived. This is the "simple iteration" method

of references 35 - 37. This makes use of the previously

decomposed matrix K. The matrix K' need never be formed

explicitly since the contributions due to it on the right

hand side of (5.6) can be evaluated within the type

definitions of the elements and applied by use of procedure

vadd.

Under relaxation may be used to improve the convergence

of simple iteration giving the following iteration? ’:

Bo)Ka" sf -Xk! (2. at Ga = Dae
S

(5.7)

where 1 is the relaxation factor.

The coding techniques required to implement these iterative

algorithms are illustrated in the example program of

Appendix 6 and so they will not be repeated here. The

important features are the use of a previously decomposed

matrix and the use of vadd to avoid assembling a matrix

which is to be used only for multiplication.
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5.5 Non-linear Problems

In the formulation of many problems for solution by the

finite element method, the resultant global systems of

equations obtained may be presented in the form:

Ky(a) a= £ (5.8)

or alternatively as:

Kdad=f+ g(a) (5.9)

In equation (5.8), k, (4) is the structural stiffness

matrix which is a function of d@ due to the non-linearity

of the problem, In contrast, the matrix K of equation

(5.9) is constant. In this case, the effects of non-

linearity are encompassed in the term g(a). Thus, the

pseudo-forces g(d) may be given by the equation:

a(4) = (K - Ky(a)) @ (5.10)

Problems which can be described by these equations

include geometric and material non-linearity or a

combination of both un Many different algorithms

have been proposed for use in the solution of equations

(5.8) and (5.9)21922239,
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A simple approach which is suggested by the form of

equation (5.9) is the method of "successive approximations"

einer In this method, the load is applied incrementally,

as illustrated in the example of Appendix 6, and at each

load increment the following iteration is performed until

satisfactory convergence is obtained:

K a =f + g(a") (5.11)

This iteration is essentially the same as that used in

the "simple iteration" algorithm for structural reanalysis

presented in Section 5.4. A feature of this method is

that the structural stiffness matrix K need be decomposed

only once. Unfortunately, convergence has been found to

be slow if the non-linearity is too great’', Zienkiewicz

and Nayakoor 7° have presented a complete treatment for the

solution of elasto-plastic problems which is based on an

improved version of this algorithm where an acceleration

scheme which is based on the non-linearity of the problem

is adopted.

At the opposite extreme from this method is the use

20,21,22
of the Newton-Raphson technique This method

involves the calculation and inversion of the tangent

stiffness matrix:

Boe ata (5.12)
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where:

£,=£-k,(a) 2 (5.13)

£, is the current unbalanced force. The Newton-Raphson

iteration is then:

n

a =k, £f, +4 (5.14)

This method is used in the program in Appendix 6. It

is very costly, however, in terms of computer usuage

to decompose a new stiffness matrix at each iteration,

and so some algorithms perform this inversion less

frequently.

The methods described so far attempt to find an "exact"

solution of equations (5.8) and (5.9). An alternative

approach is to apply the load incrementally and at each

increment of the load to calculate a value for the change

in the vector of nodal displacements by using the current

tangent stiffness matrix. The paper by Marcal and King*?

describes the solution of problems in elasto-plasticity

by this method. Further variants including "self

correcting" procedures can be found in references 21

and 22.

It should be possible to describe and hence program all
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of the above mentioned methods using the language features

described in Chapter 4. Vec clauses together with the

sysmat procedures provide the facilities for the necessary

manipulation of global data while the calculation of element

properties can make use of the full power of Algol 68-R

if necessary. All of the communication between element

data and global data falls within the prescribed limits

set by the availability of the nti oeottnes vadd, vequ and
madd.
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5.6 A Simple Eigenproblem

‘Though the provision of a facility for the efficient

solution of eigenproblems is the subject of Chapter 6,

the calculation of eigenvalues and eigenvectors using

only the previously described language features provides

a useful illustration of the use of the system. The

inherent complexity of elasto-plastic problems would

be likely to obscure the relative simplicity of algorithm

description which is possible. This problem gives a

chance to display the use of additional features which

are not required for the example of Appendix 6, such

as procedures save and cholesky.

The problem to be considered is that of undamped structural

vibration. In this case, the governing equation takes

the form!:

KExew Mx (5.15)

where K is the structural stiffness matrix, M is the mass

matrix of the structure and w is the frequency of vibration.

The equation may be transformed to the standard form:

Ay=ly (5.16)

If L is- the lower triangular Cholesky factor of K, then:
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Te em Gin) (5.17)> "

and y (5.18)" o I

A simple way to obtain the eigenvalue and eigenvector

of this equation corresponding to the largest value of

1 is the method of "direct iteration"?°~>2, This

algorithm uses the iterative cycle:

ZB isa va! (5-19)

x" t= 2" / max(z2") (5.20)

If it is assumed that suitable type definitions have

been provided and that the procedure call "visit(1)"

causes the assembly of sysmats k and m, a skeleton

program to use this method is:

SYSMAT k, m ;

SYSVEC yold, ynew, evec 3

REAL h, w, tolerance, norm, max

INT maxiter ;

Cc

form sysmats m and k

find the cholesky factors of k

initialise the sysvecs

c



FORWARD LOOP

visit(1) ;

save(m) ;

cholesky(k) ;

VEC

ynew := 1.0 ;

yold := 0.0

CEV

POOL ;

c

the main iteration

c

norm := tolerance + 1.0 3;

max t= 1.0 3

TO maxiter WHILE norm > tolerance DO

BEGIN

norm := 0.0 3;

BACKWARD LOOP

VEC

ynew DIV max ;

hs: ABS (yold = ynew) ;

yold := ynew 3;

IF norm<h

THEN norm

FI

CEV ;

backward subs(k, yold, ynew)
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POOL ;

FORWARD LOOP

multiply(ynew, m, yold) ;

forward subs(k, ynew, ynew) ;

VEC

:= ABS ynew 35

IF max <h

THEN max :=

FI

CEV

POOL

END 3;

c

calculate the unnormalised eigenvector of

equation (5.15) evec and the value of w

Cc

w t= sqrt(1.0 / max) ;

BACKWARD LOOP

backward subs(k, evec, ynew)

POOL

When the above coding has been obeyed, if the iteration

has converged, the lowest fundamental frequency of

vibration of the structure will be held in the real

variable w and the unnormalised mode of vibration will

be held in the sysvec evec. Two features used in the

ei 90



* eoding which may be noted are the use of procedure multiply

to perform the multiplication by the previously saved

mass matrix m and the use of procedures forwardsubs and

backwardsubs to perform the multiplication by the inverses

of the Cholesky factors of the sysmat k.
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5e7 Acceleration Techniques

57.1 Several techniques for accelerating the convergence

of the iterative processes used in the solution of certain

problems with the finite element method nave been described

40742545) The method developed by Zienkiewicz and

Nayak? for the solution of problems of elasto-

plastic analysis has already been mentioned in Section 5.5.

The acceleration technique adopted uses the known

value of the non-linear structural stiffness matrix to

calculate a diagonal matrix which is used to modify an

initial estimate of the increment in the nodal displacements

calculated using the initial linear stiffness matrix for

the structure. The computational features needed to

apply this method are the multiplication of sysvecs by

the non-linear stiffness matrix and their manipulation

within vec clauses plus the solution of sets of linear

aanattons using the previously decomposed linear stiffness

matrix. This process, which can therefore be programmed

by making use of previously decribed coding techniques,

avoids the need to decompose the current structural

stiffness at each iteration while it makes better use of

the available information about the non-linearity of the

problem than the simple iteration technique.

57-2 Jennings has described a more general technique

for the acceleration of matrix iterative processes?
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30
which is based on Aitken acceleration’ . Jennings

and Boyle have shown that this method can be useful in

the context of elasto-plastic stress analysis’*. The

equations governing the acceleration used in this study

were:

x =x" +s (xTM - x71) , (5.21)

where s = (Gane 2 xo! + ye @2 -x") /

(Gaz 2 n=1 Byt Gus 2 n=1 re x")

(5.22)

The accleration is applied once every three iterations.

The terms x", xr! and mnie represent the values of the

basic iterates and x is the modified value. Since

the evaluation of the inner products of sysvecs are

required for the above calculation, two loop clauses

are needed. The essential coding for the application

of this acceleration technique is:

SYSVEC xn, xnm1, xnm2, x 3;

REAL s, h, pt, p2 3

pl se p2 s= 0.0 3

FORWARD LOOP

VEC

h t= xnm2 = 2 * xnm1 + xn 3
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pi PLUS h * (xnm1 = xn) ;

p2 PLUS h *h

CEV

POOL

and s := p1/ p2 3

FORWARD LOOP

VEC

x t= xn + s * (xn = xnm1)

CEV

POOL

In the above coding, the sysvecs xn, xnm1, xmm2 and x

are used to represent the vectors x", noes tee and

x of equations (5.21) and (5.22)
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5.8 Conclusion

While it has in no way been possible to prove that the

series of extensions to Algol 68-R described in the

previous chapter can be used to describe succinctly

and comprehensibly a wide range of finite element problems,

this chapter has demonstrated their utility. The

sample programs in the appendices should also aid this

contention. The ultimate test of any programming system,

however, is its adoption and use by others than its

designers when its general applicability can be more

convincingly shown.
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Chapter 6

EIGENPROBLEMS

6.1 Introduction

It has been noted in Chapter 2 that in addition to

standard linear problems or problems whose solution

algorithm can be formulated in terms of the solution

of a series of linear problems, there is a further

major class of problems whose governing equations take

the form of the eigenproblem:

Ax=1Bx (6.1)

where A and B are symmetric matrices and A is positive

_ definite. An important problem of this class is the

problem of undamped structural vibration.

Section 6.2 compares various methods for the solution

of equation (6.1). Special consideration is given to

two important methods, simultaneous vector iteration

and the determinant search technique, which have been

developed for use when equation (6.1) has arisen from

a finite element formulation and which take advantage

of the sparse structure of matrices A and B. boy Le

concluded that simultaneous vector iteration is most

96



_ suited for inclusion in a system based on the front

solution algorithm described in Chapter 3, and the

method is described in detail in Section 6.3. Section 6.4

defines two standard procedures based on simultaneous

vector iteration. An example illustrating the use of

the procedures is then given in Section 6.5.
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6.2 Some Kigensolution Methods

6.2.1 The problem of equation (6.1) may be transformed

to give an equivalent standard eigenproblem:

Cy=my (6.2)

where C is a symmetric matrix if:

Ciweba len. (Le )mt (6.3)

ye x (6.4)

m=1/1 ae (6.5)

where L and a are the Cholesky factors of A. The

standerd solution algorithm for the problem of equation

(6.2) is Householder reduction followed by QR iteration

to determine the complete set of eigenvalues of 420245,

The corresponding set of eigenvectors may then be determined

by inverse iteration. This method, however, is not

suitable in this context since it does not take advantage

of the sparsity of matrices A and B which is present

in a finite element formulation. A further reason is

that in many cases the complete set of eigenvalues and

eigenvectors is not required. Thus, for the structural

vibration problem governed by equation (2.10) of Chapter 2,
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only the lowest values of a may be of interest.

Similarly, for the structural buckling problem described

by equation (2.11), the first buckling load which is

given by the lowest eigenvalue 1 will be of greatest

interest.

6.2.2 The method of direct iteration coupled with

orthogonalisation techniques for calculating the eigenvalues

and eigenvectors of equation (6.1) corresponding to

the lowest values of 1 has been used as an illustrative

example in Chapter 5. In the case of closely spaced

eigenvalues, however, the rate of convergence may be

19
very slow. Anderson developed a complete’ solution

system which was essentially based on this algorithm

enhanced with acceleration techniques. A further

refinement included the use of the eigenvalue economiser

46,47
technique which reduces the original system of

equations (6.1) to obtain the modified eigenproblem:

A zoel Bg (6.6)

where the eigenvalues of equation (6.6) approximate

the low valued eigenvalues of the original system.

This reduction of the order of the equation system

allowed iterations to be carried out completely in

main memory. This approach has now been superseded

by the following two methods to be described.
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° 6.2.3 The basic determinant search technique is described

in reference 48 though other variants exist???

_ The basis of the method is the fact that an eigenvalue

1 of equation (6.1) is a root of the characteristic

polynomial:

‘p(z) = det (A - 2 B) (6.7)

This may be evaluated by performing an LU factorisation

of A - z B using Gaussian elimination as described in

Chapter 3. Since the diagonal terms of L are all

equal to 1, the value of the determinant is equal to

the product of the diagonal terms of U. Using the

fact that the leading principal minors of A - 2 B possess

the Sturm sequence weoperty various

interpolation techniques and search methods allow

specific eigenvalues to be determined. Once an

eigenvalue 1 has been determined, corresponding eigenvectors

may then be found by inverse iteration:

(Sen) a ee (6.8)

coupled if necessary with orthogonalisation with respect

to previously determined eigenvectors. Further details

of this approach can be found in the references listed

above. In principle, this method could be implemented

as part of the programming system being described.
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6.2.4 Bathe and Wilson in a survey of methods for

the solution of eigenvalue problems arising in structural

mechanics?’, recommend that the determinant search

technique is suitable for use in the solution of problems

where matrices A and B are of narrow bandwidth and

where the problem can be solved in main memory. For

problems. where the solution algorithm makes use of

backing storage, they recommend the simultaneous vector

iteration method which is the topic of the following

section.
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. 6.3 Simultaneous Vector Iteration

Many different versions of simultaneous vector iteration

exists. Only one method, that of Rutishauser”’,

will be described. The other algorithms differ in

details which do not affect the feasibility of implementing

them within the basic programming system.

The method of “Rutishauser may be used to calculate

the eigenvectors and eigenvalues of:

Axelzx (6.9)

corresponding to the p largest eigenvalues lis i= 1,p

by iterating simultaneously with p trial vectors

) =X. An initial n by p matrix x° such

(°F x2 et (6.10)

is used to start the iteration, where I is the p by p

identity matrix. The following operations are then

performed at each stage of the process:

(i) Tete kX (6.11)

(ii) Be is (z¥)? 2X (6.12)
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(iii) Calculate the eigenvectors ais of Bh tao that:

(a¥)? Bk ok = (nk)? (6.13)

(Gy) Perea sck1as)-! (6.14)

The columns of x* are the current estimates of the

eigenvectors of A and the diagonal terms of the diagonal

matrix a are the estimates of the corresponding eigenvalues.

The p by p eigenproblem of operation (iii) above is

usually solved in main memory using the Jacobi method.

A standard modification to the besic sequencé of operations

listed above which improves the efficiency of the solution

process involves performing the following operations before

applying the basic sequence given aboves

Gr ee ee Rn (6.15)

(vi). xt yom pe (6.16)

such that:

Gea ans (6.17)

The orthogonalisation operation specified by step (vi)

above is performed by the Schmidt process.
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Further details of simultaneous vector iteration methods,

including the choice of the initial matrix of trial

vectors xo and convergence tests are given in References

51 - 56.
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6.4 Two Standard Procedures

6.4.1 Two procedures based on the method of simultaneous

vector iteration can usefully be added to the basic

system described in Chapter 4. The first of these

will solve the eigenproblem of equation (6.1) which

often arises from finite element formulations. In

this case, the matrix A may represent a structural

stiffness matrix which will be effectively positive

definite when the constraints are applied as described

in Chapter 3. The procedure is:

PROC (REF SYSMAT, REF SYSMAT, REF[]SYSVEC,

REF[]SYSVEC, REF[]REAL, INT) eigen

This procedure automatically performs the operations

necessary to transform (6.1) to the standard form (6.9)

andl then applies the algorithm described in Section 6.3.

The matrix A of equation (6.9) need never be explicitly

formed. It is only used in the multiplication operations

(6.11) and (6.15), which may be performed by the use

of the frontal multiplication, backward substitution

and forward substitution operations defined in Chapter 3.

The parameters of the procedure consist of the two matrices

A and B of (6.1), the trial vectors and a vector workspace

of equal dimension, the calculated eigenvalues and the
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number of eigenvalues and eigenvectors required. Further

parameters could be used in a similar procedure to

provide control over the tolerances for the various

values calculated during the operation of the procedure.

Two sets of sysvecs are required because the frontal

multiplication algorithm needs separate input and output

vectors.

For fast convergence, it is desirable that the number

of iteration vectors used should be greater than the

number of eigenvalues and eigenvectors required.

Bathe and Wilson?’ have used the formulas

q = min (2p, p+8) (6.18) .

as an ad hoc method to determine the number of vectors q

which should be used if p eigenvectors are desired.

If the integer parameter of the procedure is set to

zero, this rule can be assumed.

On exit from the procedure, the calculated eigenvalues

are returned in the low numbered positions of the row

of reals parameter and they are given in order of decreasing

magnitude... The corresponding eigenvectors are given

in the first rows of the sysvecs parameter.

6.4.2 A more flexible procedure which solves the
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eigenproblem (6.9) is:

PROC (PROC (REF[|SYSVEC, REF ]SYSVEC), REF" ]SYSVEC,

REF[JSYSVEC, REFC]REAL, INT) gen eigen

In this case, the transformation of a problem to the

standard form (6.9) must be performed by the user.

In addition, the user must supply a procedure to perform

the multiplication operations which are required by

(6.11) and (6.15). This procedure will place in its

first parameter, the sysvec resulting if its second

parameter is multiplied by the matrix A. The procedure

parameser replaces the two ‘sysmat parameters of procedure

eigen. The other parameters have the same meaning for

both procedures.
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6.5 The Standard Procedures in Use

6.5.1 As an example of the use of the two standard

procedures, it will be shown how the problem of structural

vibration, previously treated in Section 5.6, can be solved

using these procedures. The governing equation for this

problem is:

Kx=w Mx (6.19)

For both examples, it will be assumed that the following

declarations have been made, where the number of eigen-

vectors to be calculated is given by nev:

INT nwork := min (nev + 8, 2 * nev) ;

SYSMAT k, m ¢

fi: nwork! SYSVEC ev1, ev2 3

fi: nwork|REAL evals 3

625-2 The piece of program required to calculate the

first nev vibration modes and frequencies using procedure

eigen would then be:

form the sysmats k and m and store

them on backing storage
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FORWARD LOOP

visit(1) ;

save(k) ;

save(m)

POOL ;

c

solve the eigenproblem

c

eigen(k, m, ev1, ev2, evals, nev)

It is assumed in the above coding that the call "visit(1)"

performs the assembly of the sysmats k and m. On exit

from procedure eigen, the calculated eigenvalues and

eigenvectors will be held in the first nev places of

evals and ev1 respectively.

6.5.3 The coding required to use procedure gen eigen

is:

define the procedure to perform the multiplication

by matrix A of equation (6.9)

c

PROC times = (RSF[]SYSVEC v1, v2) :

BEGIN

INT nvec = UPB vi 3;

BACKWARD LOOP

109



FOR i TO nvec DO

BEGIN

backward subs(k, v2[i], v2 [i] )

END

POOL ;

FORWARD LOOP

FOR i TO nvee DO

BEGIN

multiply(vi{i], m, v2[i}) ;

forward subs(k, v1 fi], v1[il)

END

POOL

END ;

form sysmats m and k and find the

Cholesky factors of k

Cc

FORWARD LOOP

visit(1) ;

save(m) ;

cholesky(k)

POOL ;

c

solve the transformed eigenproblem

c

gen eigen(times, ev1, ev2, evals, nev) ;
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obtain the eigenvectors of the original

problem defined by equation (6.19)

c

BACKWARD LOOP

FOR i TO nev DO

BEGIN

backward subs(ev2[i!, k, ev1[i])

END

POOL

Procedure times performs the operation v1 := A * v2.

On exit from the above piece of program, the unnormalised

eigenvectors will be held in the first nev places of

the row of sysvecs ev2. The final loop clause is

needed because procedure gen eigen is used to solve

‘the transformed eigenproblem (6.2) which is obtained

by the transformations described in Section 6.2.1.

6.54 An example of a situation when the use of procedure

gen eigen would be advantageous is when the problem

of equation (6.19) is formulated using a lumped mass

matrix instead of a consistent mass matrix!??,

In this case, the diagonal mass matrix M may be hela

as a sysvece The multiplication by M can then be

performed by multiplying the corresponding terms of



the sysvecs. In addition to the benefits in storage

requirement and efficiency associated with the mass

matrix M, there is the added gain that two sets of trial

vectors are no longer necessary since sysmat multiplication

is not used.
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Chapter 7

INPUT AND OUTPUT

7e1 Introduction

A finite element system of the type which is being

proposed should have flexible input and output capabilities

which can be adapted to the needs of particular problem

areas. The input data should be easily related to the

basic language constructs while also allowing a natural

grouping of data items by the user of a specific program.

The-basic data requirements of a program are implicit in

the use of the special features of the extension of Algol

68-R and their input need not be explicitly programmed.

Any further data required can cf course be read using the

standard input facilities of Algol 68-R. The data :

associated with the various constructs has already been

discussed in general terms in Chapter 4. In the current

chapter, a more detailed description of the actual input

formats is given and these are related to the corresponding

language features.

Data preprocessors and postprocessors are much used in

finite element analysis to ease the effort needed for
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data preparation and checking or needed to present the

results produced to the user in a suitable form. These

facilities will be considered in Chapter 8. It isa

requirement of any system that it should be compatible

or easily interfaced with such programs.

In contrast, directly produced data is likely to be

used in many applications. In this case, the ability

to give default values to items is a useful feature.

It is also valuable if suitable vetting of the data can

be performed.

Some desirable features for the input and output abilities

of a finite element system have been listed above. This

chapter contains a description of a possible set of

input formats and output procedures to be used with the

system being described which is an attempt to satisfy

these criteria. In Section 7.2 the general format for

all sets of input data is outlined. Element and node

data is then covered in Section 7.3. Sysvec data is

discussed in Section 7.4. This is used to input prescribed

or initial values for sysvecs, for example, prescribed

nodal displacements for use in the solution of the

force-displacement equations of a structure. Finally,

some standard output utilities are described in Section

TeSe Examples of complete input data sets can be found

in Appendices 4-6.
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7-2 The General Format of the Input Data

Each genes of data is preceded by a header card. This

ecard identifies the data which is to follow. Thus, it

may indicate e.g. element data group number two.

Some additional parameters may be given on a header

ecard indicating that certain options will apply to the

following group of data. For example, a choice may be

made between identifying sets of data by numbers or by

the order of presentation. Other parameters control

the checks that are to be performed on the data or select

input formats other than the standard free format. Each

group of data is terminated by an "END" card.

If the default option is selected, the default values

are given first in the input group. Following this

come the values for those data items which differ from

the default.

A set of global data is the first input group. This

is used to provide a run title and to initialise certain

global values such as the number of elements or nodes in

the current run.
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7-3 Element and

The relationship between node and type declarations and

their input data is best illustrated by a-simple example.

It is assumed that only one element type is defined in

the program and that the type definition header is:

TYPE 3 = ((GROUPNO 1: 1:3 POINTER p),

(GROUPNO 2 : REAL e, v))

This type header, which defines two input data groups,

is similar in structure to the example described in

Section 4.3.2. Only one node definition is present.

This uses the standard input group number zero and is:

NODE: (REAL temp)

indicating that one real value temp is to be input for

each node. The input data is to be for sixty-six nodes

and one hundred elements. The input data for the nodes

and elements, where explicit numerical values have been

given and free format input is being used, could then

bes

ELEMENTS (GROUPNO=1 , NUMBERED)

ee ly
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Oe 2 ey A

100 3 55 65 66

END

ELEMENTS (GROUPNO=2, DEFAULT)

DEFAULT 3 10.0 0.25

31 3 8.0 0.3

52 3 8.0 0.3

END

NODES(DEFAULT )

DEFAULT 20.0

10° 25.0

11 25.0

12 25.0

END

In the above input data, the first ELEMENTS input group

is used to provide the element nodal connection data

which was specified as element data group one in the

type definition. The option "NUMBERED" indicates that

the set of data for each element is to be preceded by

the number of the element. The data for each element

is given one element per line. The first item in each

line is the number of the element. This is followed
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by a number giving the element type: this is 3 corresponding

to the number given in the type definition in the program.

Finally, the three nodal pointers for each element are

given.

The second ELEMENTS data group shows the use of default

values. In this case, only elements 31 and 52 have

values of e and v differing from 10.0 and 0.25. The

use of the default facility is indicated by the parameter

"DEFAULT" in the header card. The first data card in

the group then gives the default values of e and v for

element type 3. The following two cards give the values

for elements 31 and 52.

In the third data group, the values of the nodal data

for the standard input group are given. Again, the

default option is used. The default value for temp. is

20.0 with nodes 10, 11 and 12 having a value of 25.0

for temp.



7.4 Sysvec Data

Sysvecs are used in the solution of sets of linear equations

having the form:

Kx=y (7.1)

In a structural analysis problem x would represent nodal

displacements and y would represent nodal forces.

Since the basic systems of equations arising from standard

finite element formulations involve a singular matrix

K, it is usual to impose constraints on the values of some

terms of the left hand aice vector x which allow a solution

to be obtained. This usually involves prescribing that

certain terms of x have a value of zero, though non-zero

values may also be used.

To reflect the essential difference between left hand

side or "displacement" constraints and right hand side

or "force" values, two distinct input groups are used.

These are LHS and RHS. A further group ZEROLHS may

also be used for values constrained to zero. A parameter

"DEGREENO" is used if values for only a particular degree

of freedom are to be input. In this way, a nodal

displacement may be constrained in one direction only.

Different data groups having the same group number are

permitted, the values being treated internally as if
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they originated from a single group.

In order to allow simple problems to be expressed easily,

the input values corresponding to the unnumbered or zero

input groups are automatically applied by the appropriate

sysmat procedures such as eliminate and backwardsubs.

The other input groups must be invoked explicitly by

using further options of these procedures which allow

scalar multiples of these values be applied.

RHS input groups may be used independently of the sysmat

procedures to input sysvecs. Two procedures provide

the interface. These are:

PROC(REF SYSVEC, INT, REAL) vec plus, vec equal

which add or assign the data values to the sysvec parameter.

The integer parameter gives the number of the RHS input

group to be used and the real parameter gives the scalar

multiple of the values to applied.

The input of sysvec data is illustrated in Appendices

4-6. In particular, the program in Appendix 6 shows

the use of procedure vec plus to apply a load incrementally.
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7-5 Output

Though the basic reporting of results can be achieved

by use of the standard output procedures of Algol 68-R,

the provision of certain utility procedures is useful.

It may be desired, for example, to group together results

and data for post processing such as graph plotting or

for other forms of report generation.

A helpful procedure is:

PROC(REF CHARPUT,[ INT) output

Standard system identifiers have been ascribed unique

integer values in the standard system prelude and these

identifiers are used in the row of integers parameter of

the above procedure to select the output to be obtained.

The identifiers include "nodes", "elements" and "sysvecs"

which cause the output of all the node, element and

sysvec data respectively. Two further identifiers

“printer” and "punch" are used to indicate the type of

output which is desired. If the option "punch" is

used, the output will be in 80 column card format suitable

for input to a further program. if the option "printer"

is used, the output will be formatted for output on a

line printer and suitable headings will be included.
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In the case of element output, all the data items declared

in the parameter list of the type definition’will be listed.

Any calculated values pertaining to elements for which

output is desired should therefore be declared as MEM

variables in the type definition of the element.

Further outputs which can prove useful when debugging a

program or a set of data are some snapshots which can be

produced as a program runs by the standard system procedures.

These include listing the sets of element or node data or

the current values of the sysvecs as the execution of a

loop clause proceeds or the values of any element matrices

or vectors which are being assembled by procedures madd

or vadd. These snapshots are controlled by the global

options of the input data. Of course, a certain restraint

must be applied in their use since such facilities are

inevitably lavish in their use of output media, especially

when iterative solution methods are being considered.
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7-6 Conclusion

While pete being the most exciting aspect of system

design, the input and output facilities are often one

of the most important features and can prove to be the

crux of system viability since it is this aspect which

will ultimately affect the user of any programs produced

most. The capabilities described here are adequate for

small/medium problems and they can interface satisfactorily

with the more complex data presentation and preparation

methods for large problems.
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Chapter 8

STRUCTURAL DESIGN - THE COMPLETE SOLUTION PROCESS

8.1 Introduction

Much of the initial impetus for the development of

the finite element method came from the field of structural

analysis. Though the method is now used in many diverse

fields, this remains one of the most important application

areas. So far, the discussion of the finite element eect

has been mainly restricted to the actual solution algorithms

involved while the anoiiiacy, operations which are

inevitably associated with the complete solution process

have not been treated in any detail. Structural design

provides a useful context in which these matters may

--be-considered.

The design of structures is usually an iterative process

involving repeated analyses in an attempt to obtain an

improved design. This can be carried out in batch

mode or interactively, the analyst examining the results

of each solution, deciding on some possible improvements

and submitting the altered design for reanalysis.

Alternatively, the process of design may be partially

automated with many iterations taking place without

interference from the designer.
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This chapter contains a brief look at the subject of

structural design as it relates to the finite element

programming language described in the previous chapters.

Section 8.2 indicates the basic operations involved in

solving a structural design problem using a standard

finite element system and shows how the language may

be used to provide comparable facilities. In Section 8.3,

the use of interactive methods is considered and some

limitations of the current system are indicated.

Finally, the relationship between the techniques of

optimum structural design and the language features

is covered in Section 8.4.
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8.2 The Basic Design Process

8.2.1 Users of proprietry finite element solution

13 or asas 12 are providedsystems such as aska’’, NASTRAN

with a range of elements with which a structure may

be modelled. A finite element idealisation of a structure

to be analysed is created using a compatible collection

of these elements. The preparation of the data defining

the problem may be performed entirely by hand, or it

may be aided by a mesh generation program like that

of Zienkiewicz and Phillips”! or by a program written

specially for the current problem. Most designs are

analysed under several loading conditions and so data

describing these must also be produced. The complete

set of data is then assembled in the standard format

of the system being used and the resulting job is then

submitted to the computer. For the ASKA system, it

is also required that the user prepare a short control

program which calls the standard subroutines of the

system. The results obtained may simply be in the form

of tables. A graphic output device such as a graph

plotter may provide an alternative form of output.

At this point, the user may decide that the current

design is capable of improvement and the above process

can be repeated for the modified structure.

8.2.2 No major change in this sequence of operations
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should be necessary if the language being described

is used. Standard element definitions can be easily

prepared and utilities for maintaining a library of

these would be part of a full system. Type definitions

could then be linked into a particular program via

the option list at its head. These element types

would be defined in terms of standard global variables

declared in the system prelude included in all programs.

Indeed, for the solution of a basic linear problem,

a complete program could be:

START option list including element types

to be used

BEGIN

solve problem

END

PINISH

where "solve problem" is a standard procedure which

will perform the operations necessary for the solution

of the problem.

8.2.3 One point which requires further mention is the

handling of multiple load cases since the number of

these should be determined at run time by the problem

and should not be a feature of the program. A further

parameter, SIZE, on the header cards of data input
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groups gives the number of load cases if multiple load

cases are used. Corresponding to this in the program

is a monadic operator, SIZE, which takes an integer

parameter, the group number, and returns the number

of load cases set in the input data. This’ permits

both rows of sysvecs and the parameters of elements

and nodes to have the evaluation of their bounds delayed

to run time. It is, however, Convenient to insist

that the use of this operator to determine the size

of an array be explicit with the application of the

operator taking place within the bounds part of a

declaration. This allows the actual dimensions to

be calculated in the "active prelude" of the program

which is described in Chapter 9.
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8.3 Interactive Facilities

Various parts of the design process can usefully be

performed interactively for certain applications, the

designer communicating directly with the computer via

an interactive terminal. This often consists of some

form of computer graphics terminal. ~ The portion

of the process which is done interactively can vary

from a completely interactive system which can be used

for small problems, to the use of the interactive capability

to aid the preparation and checking of data or the

examination of results.

The basic system described in Chapter 4 is well suited

to providing the solution module of a semi-interactive

system. In this mode of operation, a separate program

would be_used to examine the results of an analysis

and set up the input data for a modified problem.

Communication between the programs would be achieved

by use of the standard input file described in Chapter 7

and a suitably formatted output file. The ‘global

control of the suite of programs would be provided

by the job control language of the computer system.

Of course, some delay would be likely between the definition

of a modified structure and the examination of the

results.
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-The language described in Chapter 4 is not designed

to be used to implement fully interactive systems with

_which the effects of changes to the idealisation or

loading of simple structures may be quickly investigated.

This type of operation is better suited by the use

of a solution algorithm which operates entirely in

main memory. The system organisation described in

Chapter 9 makes use of backing storage to hold both

the problem description in terms of the nodes, elements

and loading, and the inactive rows of the structural

stiffness matrix and the elements of its associated

vectors. A further problem is that the organisation

required by the front olution algorithm means that

any change in the mesh defining the element inter-

connections necessitates the recalculation of the nodal

destinations, and this will affect the structure of

the basic data files. Of course, this does not preclude

the possibility of developing a system providing a

similar user interface but designed for interactive

applications.
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. 8.4 Optimum Structural Design

8.4.1 In recent years, a large amount of research in

, the field of optimum structural design has taken place.

and many different optimisation techniques have been

applied??99, It seems possible, however, to divide

the methods into two distinct classes with respect

to the computational algorithms involved. In the

first class may be included the stress ratio method

of fully stressed designee and the optimality criteria

metiods’ With these techniques, the design improvement

algorithm proceeds by local considerations which can

be made at an element level. In contrast, the second

class contains those methods where global considerations

are used to determine the current set of design changes.

These methods often require the evaluation of the gradients

of the constraints with respect to the design variables.

8.4.2 The stress ratio technique of fully stressed

design may be used to illustrate the type of operation

which is involved in applying a method of the first

class. A fully stressed design is one in which each

member reaches its limiting stress under at least one

of the applied loading conditions. The resulting

design may not be optimal, however, the algorithm has

goad convergence properties and produces a good design

in most cases. A simple example is given by the design
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of a pin-jointed truss with the design variables being

the cross-sectional areas of the memberse Lf at represents

the cross-sectional area of element i at iteration k,

a new value for the area is given by the stress ratio

formula:

k+1 k k *
a5 t= a; max) (s3) i ce) ; (8.1)

*

In the above, 85 represents the limiting stress in element

i and of represents the stress in element i at design

stage k if loading case 1 is applied.

This type of algorithm is suited to being implemented

as a single program. The member cross-sectional areas

would be declared with the VAR attribute defined in

Section 4.3.

8.4.3 With problems of structural continua, the requirements

of inter-element continuity can prevent each element

from having its own design variable. This type of

problem often involves much fewer design aevteh less

Zienkiewicz and Campbe11°2 give an example of a hollow

gravity dam specified by three variables defining its

geometrical configuration. In this case, the relationship

between the individual element properties and the values

of the design variables is no longer so simply defined.

A different organisation for the optimisation process
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is therefore required. The following sequence of

operations is often adopted:

Oo.

2.

3e

Assign initial values to the design variables.

Produce the input data to the structural

analysis program corresponding to the

current values of the design variables.

Analyse the current structure. If desired,

calculate the derivatives of the constraints

with respect to the design variables.

Evaluate the results of step 2. If the

current design is satisfactory, stop.

Otherwise, calculate a new set of values

for the-design variables and return to

step 1.

Steps 1, 2 and 3 of the above can conveniently be performed

by separate programs. Step 1 can be highly problem

dependent. Steps 2 and 3, however, may be performed

by standard programs, the structural analysis system

being used for step 2, with different programs corresponding

to different design tools being employed for step 3.

For example, Zienkiewicz and Campbe11°2 describe how
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the technique of approximation programming may be used.

Using this approach, the derivatives of the constraints

and the problem objective function with repect to the

design variables are used to create a sequence of linear

programming problems. Suitable bounds on any changes

in the design variables are set, and then the solution

of the linear programming problem is used to predict

a set of new trial values. Other optimisation algorithms

may be used in a similar manner.

8.4.4 An important feature of the structural enalyers

package used in step 2 of the sequence of operations

proposed in Section 8.4.3 is the cavability to evaluate

the derivatives of the constraint functions with respect

to the design variables. In a finite element formulation

of a structural analysis problem, the fundamental unknowns

are usually the nodal displacements and so the basic

operation is the calculation of the derivatives of the
nodal displacements with respect to the design variables.

The further derivatives needed can then be expressed

in terms of these quantities.

If the basic problem is:

Ka=f (8.2)

then, partially differentiating with respect to the
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design variable x gives:

(8.3)

The change in the nodal displacements d with respect

to a change in x may therefore be expressed as:

-1Da=K (D,f - DK a) (8.4)

This method of calculation avoids the ‘need for the complete

solution of a linear system of the form (8.2) for each

design variable, which would be necessary if the derivatives

were estimated by a finite difference method. ‘The

quantity in brackets in equation (8.4) is known as the.

force derivative. It can be evaluated using the methods

described in Reference 62.

The calculations to determine the derivatives Did of

equation (8.4) may be organised in two ways. In the

first of these, the structural analysis package is

entered twice. An initial analysis of the problem

(8.2) is performed and then another program is used

to calculate the force derivatives. The structural

analysis program is then entered to perform a reanalysis

using the previously decomposed structural stiffness

matrix K and treating the force derivatives as a set

of multiple loading cases.
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An alternative approach could be adopted if the language

described in Chapter 4 were used. to develop the analysis

package. In this case, the program could be designed

to accept initial input data describing the affect on

the basic problem of changes in the design variables.

For example, this data could specify the changes in

the nodal coordinates resulting from a change in the

design. The number of design variables and hence

the number of sets of data would be indicated using

the SIZE feature described in Section 8.2.3. This

organisation would allow the program used to generate

the input data for the structural analysis program

to have a much simpler construction since it would

not need to take account of the internal characteristics

of the elements used to model the structure.

If the design constraints take the form of limiting

Agile within elements or groups of elements, the

derivatives of the constraint functions can then be

evaluated in terms of the previously calculated derivatives

of the nodal displacements with respect to the design

variables. The effects of design changes on the value

of the objective function can usually be determined

directly.
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Chapter 9

IMPLEMENTATION DETAILS

9-1 Introduction

A preliminary implementation of some of the language

features described in Chapter 4 has been produced.

This realisation of the system is a pilot version which

can indicate the feasibility and utility of such a system.

Thus, while the criteria of efficiency or ease of use have

not been ignored, there are many details which would require

further attention in the development - of a production

version.

Though reference to this initial work will be made, the

main purpose of this chapter is not to detail this

existing system. The aim is to show how the constructs

and data types of Chapter 4 may be mapped into Algol 68-R

by means of a preprocessor and also to describe the

ancillary programs and modules which are required.

Section 9.2 gives a general introduction to the programs

of the system, Section 9.3 then discusses the file

structures used for the frontally held data. The

program preprocessor is described in Section 9.4. The

mappings from the extension into Algol 68-R for sysvecs
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and sysmats, type and node definitions, and loop and vec

clauses are given in Sections 9.5, 9.6 and 9.7 respectively.

Section 9.8 describes the procedure visit and block clauses.

The actual Algol 68-R programs produced by the current

preprocessor for the example programs of Appendices 4 - 6

are included in these appendices.
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9.2 An Outline of the Current System

The present implementation involves the use of three

separate programs together with a set of precompiled

segments which are loaded with the final Algol 68-R

program produced. A diagrammatic representation of

the operation of the system can be found in Figure 4.

The first program to be invoked is the preprocessor

which transforms the source program which is written

in the extension of Algol 68-R described in Chapter 4

into an Algol 68-R program. The preprocessor is written

in the language mn/192 964, The preprocessor also

produces a description of the types, nodes and other

features which are used in the source program.

Ideally, the preprocessor would be written in Algol 68=R

and would perform full syntax and mode checking on the

source program. With the present configuration, most

of these errors will not be detected until the output

of the preprocessor has been processed by the Algol 68-R

compiler.

The second output of the preprocessor is used by the data

checking program which operates on the input data of the

system. If the tests applied by this program are

satisfied, it produces an output file containing the

input data in direct access format for use by the data
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assembling program. The data assembler then sets up

a file containing the data in a suitable format for

use by the Algol 68-R program output by the preprocessor.

This formatting relates to the frontal algorithms and

housekeeping used, and it will be described in Section

Qed The prefrontal operations are performed by this

programe

Finally, the Algol 68-R program output by the preprocessor

is compiled and loaded together with any of the precompiled

segments required. These segments contain the basic

run-time procedures of the system such as the equation

solving routines and the data housekeeping routines

together with any special operator or procedure libraries

which may be used.
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9.3 Frontal Data Handling

In Chapter 3, it was described how the nodes of a finite

element idealisation may be divided into three classes

at each stage during a pass over the elements. These

classes are:

1. The nodes which have been completely

processed. All the elements in which

these nodes occur have been reached.

2. The active nodes. These nodes have

occurred in elements which have been

processed and which will recur in elements

which have yet to be processed.

3. The nodes which only occur in elements

which have yet to be processed.

Thus, if the operations being performed are the assembly

and elimination of a set of global stiffness equations,

the rows of the matrix and the terms of the vectors

corresponding to nodes in class 1 have been fully

assembled and have been eliminated and written to backing

storage; the rows corresponding to nodes in class 2 are

currently being assembled and are held in main memory;

the rows corresponding to nodes in class 3 have yet to
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have assembly into them commence. During the backward

substitution phase, the same sets of nodes exist when

the same element is being processed. In this case,

the sets of nodes in classes 1 and 3 are reversed.

For backward substitution, however, it is only necessary

to have one row of the decomposed matrix in main memory

at any stage since no assembly or elimination is taking

place.

Access to all sysmat, sysvec and node data is governed

by these sets. For node and sysvec data, all the values

corresponding to the active nodes are held in main memory.

Por a sysmat, either all the active rows or only one row

may be needed in main memory, depending on the operations

being performed on the sysmat in the current loop clause.

The data can be arranged in direct access storage so that

during a forward pass through the elements it is either

read or written sequentially. Each group of data

corresponding to a particular node contains a backwards

pointer giving the start position in the file of the

previous groupe This is used during a backward pass

through the elements. In the current implementation,

data corresponding to node statements is read sequentially

during a forward pass, having been preformatted by the

data assembly program, while matrix and vector data is

written sequentially. The use of backward pointers

allows groups to differ in size while it is economical
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in the use of space on backing storage. This is particularly

relevant to rows of sysmats since the current front width

can vary considerably.

In the present implementation, space is always allocated

in main memory to hold the values of the node and sysvec

data for the active nodes. Space for sysmats is allocated

by the standard sysmat procedures used in the current loop

clause and is released on exit from the loop.
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9.4 The Preprocessor

The present preprocessor program functions as a series of

macros which transform the new language features of

Chapter 4 into Algol 68-R. The general purpose macro

processor 110/163 964 was ideally suited to producing a

preliminary implementation of this program. Of course,

if more extensive checks were to be performed on the

source program, this method of implementation would

prove innappropriate. The preprocessor also generates

descriptions of the type and node definitions occurring

in the source program for use by the data inputting

and vetting program.

The program output by the preprocessor is compiled by

the Algol 68-R compiler and is loaded together with an

“active prelude" segment in addition to the standard

prelude and library segments. This segment initialises

the files used by the program and performs some initial

data input. The active prelude also contains the

declarations of the basic global variables of the system

onto which the preprocessor maps the local variables

of the element types and the nodes, and the sysmat

and sysvec variables. The global variables are used

for data transput by the standard procedures of the

system.
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The use of global variables will become more apparent

when the detailed descriptions of the mappings of the

individual constructs are given. For clarity, the

representations used will not be the actual ones used

in the current implementation of the system, but they

will resemble them in all essential details. Descriptive

variable and procedure names will be used, avoiding the

need for the explicit definition of all the names included.

Examples of the mappings produced by the present system

can be found in Appendices 4 and 7.

Two particular variables meriting special mention are:

[1:max number of nodes| INT pointers, destinations

which are used to hold the nodal pointers and destinations

for the current element. In line with the standard

Sonventions (2o the sign bits of the nodal pointers are

used to indicate the last occurrences of nodes during a

forward pass through the elements. Similarly, a negative

destination indicates the first occurrence of a node

during a forward pass or the last occurrence during a

backward passe These indications are used to control

the data transput procedures and the operations in vec

clauses.
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The various mappings will be illustrated by example.

A completely general description would of necessity be

of excessive length while a formal definition would

require a descriptive tool of the same order as ML/1

itself.
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9.5 Sysvecs and Sysmats

95.1 Each sysvec requires a work area in main memory

of sufficient size to hold the terms for the maximum

number of variables which can be simultaneously active.

Also needed is an area of backing storage to hold the

inactive values. The preprocessor is used to count the

number of sysvecs defined in the source program while

the data assembler calculates the size of work area which

is necessary for each sysvec. The following declaration

is made in the active prelude segment:

[1:no of sysvecs, i:max no of active variables |

REAL sysvecs

Then, for example, on encountering the declarations:

SYSVEC a, b ¢

[1:10] SYSVEC c ;

in the source program, the preprocessor replaces them

with:

REF | |REAL as sysvecs|1 Gil 3

REF[ JREAL b = sysvecs(2,| ;

REF [,|REAL Cn sysvecs[ 3:12, | ;
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Transput is performed for all sysvecs together by standard

procedures called automatically from within loop clauses.

9.5.2 Sysmats are organised differently. A new mode

is defined in the active prelude. This is a structure

which will contain the addresses of the limits of the

currently assigned work area in main memory and of the

area in backing storage allocated to hold the rows of

the matrix. Also included are various other items of

status information for the sysmat. After preprocessing,

for example, the declaration:

SYSMAT e, f 3

would become:

SYSMAT e, f ;

initialise sysmat((e,f))

The procedure "initialise sysmat" takes a single parameter

of mode []REF SYSMAT and it is used to initialise the

status information for sysmats. The transput of sysmats

is not performed automatically, but is invoked via the

standard sysmat routines such as eliminate which outputs

the rows of the decomposed matrix to backing storage, or

backwardsubs which reads in the decomposed rows.
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9.6 Type and Node Definitions

9.6.1 As described in Section 4.3, the header of a type

definition gives the order and nature of the data to be

read or simply held for each element of the particular

type. This information is collected by the preprocessor

and is passed on to the data input and checking program

in a suitably coded form.

The macro expansion associated with a type definition

may be illustrated by:

TYPE 1 = ([4:3]REAL a, REAL b, INT c, a,

[1:3] POINTER p ) +

BEGIN

serial clause

END

which becomes:

type procedure fa] se VOLD: is

BEGIN

REF_|REAL a = type reals 1:3] ;

REF REAL b = type reals[4! ;

REF INT c = type integers[1} 3

REF INT a = type integers|[2] ;

149



REF{JINT p = pointers [1:3_ +

the statements of the serial clause

END

9.6.2 Node definitions are processed in a similar manner

to type definitions. In order to allow the simple

naming convention for nodal values, two data areas are

associated with nodal quantities. The first holds the

nodal values for all the active nodes while the second

holds the values for the nodes of the current element.

The names declared in the node declaration are ascribed

to the second of the two data areas. The appropriate

data is copied to these variables before any element

processing is performed.

As an example, the node declarations

nopg( (4:4 |REAL e, INT f)

would become after preprocessing:

rer[, |REAL e = node real vars [1:4, | 3

REF[ JIN? f = node int vars /1,! 3

The extra dimension used in comparison with the treatment

of the parameters of a type definition corresponds to the

naming of the values for each of the nodes of the element.
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9.7 Loop and Vec Clauses

9.7.1 Loop clauses are used to perform the inscribed

statements for each element in turn. They also perform

the transput for element, node and sysvec data.

A forward loop:

FORWARD LOOP

serial clause

POOL

becomes after preprocessing:

initialise loop ;

forwards := TRUE ;

FOR elno TO number of elements DO

BEGIN

INT dummy variable 3;

element number := elno 3;

input from backing store ;

the statements of the serial clause ;

output to backing store

END

Backward loops are treated similarly. The procedure

“input from backing store" is used to input the element
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data for the current element and any node or sysvec

data for nodes which have become active. It also copies

the node data to the element storage area. The procedure

"output to backing store" is used to copy to backing store

any information which may have been changed, that is

sysvec data and any MEM or VAR data for nodes or elements.

The nodally based data is copied when the nodes cease to

be active after the current element. The boolean variable

"forwards" allows coding obeyed within a loop clause to

be dependent on whether the clause is a forwards or

backwards loop.

9.7.2 Vec clauses are used to perform arithmetic operations

between corresponding terms of sysvecs and between sysvecs

and scalars. The operations for the variables of a node

are applied during the processing of the element containing

the last occurrence of the node. The results of the

sysmat procedures become available at this stage and so

this allows a natural sequencing of operations within

loop clauses.

A vec clause:

VEC

serial clause

CEV
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becomes after macro expansion by the preprocessor:

FOR nodeno T0 number of nodes DO

IF (forwards AND pointers/nodeno| <0) oR

(Not forwards AND destinations{nodeno} <0)

THEN INT index := (ABS destinations /nodeno] - 1)

* number of variables per node ;

FOR ivar TO number of variables per node DO

BEGIN

INT varno := ivar 3

index PLUS 1 ;

the processed serial clause

END

FI

The condition of the IF statement in the above coding

based on the signs of the elements of the arrays pointers

and destinations is used so that the operations on the

terms of the sysvecs take place when the node is making

its last appearance in an element. The processing of

the serial clause within a vec clause involves the addition

of a first subscript "index" to all occurrences of sysvecs.

For example, if [1:3] s¥svEc a and SYSVEC b occurred in a

vee clause in the form:

bos= ba* a[3) ;
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this line would be replaced with:

b [index] t= v [index | * a lindex,3 | 3
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9.8 The Procedure Visit and Block Clauses

The procedure visit is used to call the type procedure

appropriate to the current element. Visit is defined

as:

PROC visit = (INT i):

BEGIN

block number := i 3

type procedure [type number

END

A.block clause is simply replaced by a CASE statement

branching on the global variable "block number".
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9.9 Conclusion

This chapter has contained a description of an initial

implementation of the language features described in

earlier chapters. This consisted of an outline of

the functions of the main computer programs involved.

The source program preprocessor was treated in greater

detail since it is a less standard piece of software.

Not all aspects of the treatment of specific language

features has been covered. Full documentation for a

system of this nature would be excessively lengthly in

this context. One essential point is the collection

of certain items of information by the preprocessor

for use by the other programs of the system. This

allows the housekeeping associated with data input and

storage to be hidden from the user while still permitting

a fairly natural representation of problems,
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Chapter 10

CONCLUSION

10.1 Some Limitations of the Current System

It would not seem amiss to indicate some constraints

imposed by the approach adopted, especially with

respect to the method of solution of linear equations

used, that is Irons' frontal method. The constructs

described in Chapter 4 severly restrict the patterns

of access to the global vectors and matrices. It has

been shown in Chapter 5, however, that the allowable

methods are adequate for many algorithms. Indeed,

this restriction may be easily construed as having

distinct advantages, since it helps to guide the

programmer to the production of fairly efficient code,

whereas free access to vectors and matrices held largely

on backing storage could cause large overheads to be

incurred inadvertently.

There is one particular class of problems which cannot

be solved using the current programs. Some formulations

require the solution of sets of linear equations with

@ non-symmetric matrix. For these, a variant of the

65front algorithm developed by Hood could be incorporated

into a modified system.
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66,67
The use of substructures is another operation which

is not possible with the basic system. For structures

which are composed of repeated components, substructuring

techniques can lead to an increase in the efficiency of

the solution process for linear static and dynamic

ee io7s A further advantage is that substructuringanalyses

can prove to be a natural way for users to model a

complex structure since the specification and node

numbering of the individual components can proceed

largely independently. Much of this flexibility,

however, can be provided by a suitably powerful data

preprocessore Some investigation was made into the

feasibility of adding a multi-level substructuring

capability to the basic system described in Chapters 4 and 7.

It was quickly realised that a considerable increase

in the complexity of the system would be necessary due to

the additional data handling operations required and

that implementation of these facilities would be impossible

in the time available. A further justification for

not including substructuring in the system is that the

technique has little advantage for non-linear analyses

of the type described in Section 5.5. Indeed, the

method can lead to a loss of efficiency for problems of

this type since it can force constraints on the order of

elimination of variables in the solution of sets of

linear equations which can result in a larger bandwidth.
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10.2 Final Remarks

In the finite element method,as in many other fields

of the application of computers, the development

of new techniques has far outstripped their utilisation

by the majority of practitioners.and this trend seems

destined to continue. Proprietary systems, while

providing many features, cannot hope to be exhaustive.

A prospective user of a new technique is therefore

forced to make a choice between modifying existing

software; producing a completely new program; or

attempting to solve his problem by a method for which

facilities are already available. The large size

of general systems makes them relatively inaccessible

to programmers other than their initial designers and

implementers while the production of completely new

programs can be a lengthy process which can only serve

to sidetrack those whose central interests and

occupations are not directly concerned with computer

programming. Though many new techniques will turn

out to be of little general interest or will be --

superseded later by more powerful approaches, it

would seem to be a useful exercise to attempt to

increase the speed and ease with which new algorithms

can be implemented. This can apply to both active

researchers and analysts interested in obtaining

beter results.
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It has been the aim of the work described herein to

show that a flexible environment within which many

algorithms may be imbedded can be provided, A particular

system has been implemented and its main features have

been described. There would seem to be no reason,

however, why such a capability could not be based on

an existing finite element system since many of the

basic features are common to all standard packages.

Since most of these are written in FORTRAN, a preprocessor

could be used to provide an interface between programs

writen. in an extended FORTRAN and the basic subroutines

and functions of the system. This, together with a

more general method of data input, could provide the

user of such a system with greater freedom than

presently while the cost necessary to provide this type

of facility could be a relatively minor portion of

that involved in producing the basic system. For

example, the ASKA linear elastic-static analysis system

consisted of approximately 160,000 FORTRAN statements '4,

In comparison, the implementation described here was

achieved in just over 6,000 lines of program. of

course these figures do not give an entirely unbiased

picture since there is a considerable difference between

a prototype and a "user=proofed" production system,

however, they would seem to indicate that the effort

required to provide a considerable degree of flexibility

need not be prohibitive.

160



APPENDICES

161



Appendix 1

A MODIFIED FRONT SOLUTION ALGORITHM

A1.1 Introduction

The standard front solution algorithm has been described

in Chapter 3. It has been noted by Irons and Kan!

that changes in the front width can lead to the occurrence

of zero rows within the front area in memory causing

inefficiency in the solution process. This is a

consequence of variables allocated destinations at the

extremities of the area outliving variables assigned

interior destinations.

Yeo! has presented a strategy for the allocation of

destinations by longlevity considerations eee short

lived nodes are given the higher order destinations.

This results in an improvement in efficiency but still

does not completely prevent zero rows from occurring.

It is shown here that a further gain in efficiency can

be achieved by moving the extreme rows to fill any zero

rows arising.
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A1.2 Dynamic Destinations

The effect of eliminating row k of a matrix M on the

term ee is described by the expression:

M5 t= M5 Ma Mey 7 Tha (41.1)

Thus My is only altered if both My and nS are non

ZL. The front method takes advantage of the fact

that only Nyy Mi and Mac need be fully summed,

allowing the elimination of row k as soon as all the

elements affecting it have been assembled. The

element sequencing normally used with the front algorithm

is such that fill-in is almost complete within the

active portions of the front.

The redundant operations which arise during the

elimination of a row due to the presence of p zero

rows in a front of width n may now be considered.

Tests for the presence of zero terms are made in the

outer loop of the procedure for eliminating a row.

If q is the average number of zero items occuring

in a row which are not due to the presence of zero

rows, an approximate value for the number of redundant

operations is given by:

N, = (n-p-a-1) (p+a)/2 (41.2)



In comparison, the number of terms which would have

to be moved if rows at the edge of the front were to

be moved to fill the zero rows prior to elimination

is:

My = (2n-p+1)p/2 (41.3)

The number of redundant operations during elimination

after compression of the front area may be estimated

as:

We Y¥(n-a-1)a/2 (A1.4)

Hence, an approximate value for the number of operations

avoided is:

#(n-p-2a-1)p/2 (41.5)

It can easily be seen, without a detailed examination of

the machine operations implied, that the computing

required to remove zero rows is likely to be cancelled

out during the first elimination.
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A1.3 Implementation Considerations

If dynamic allocation of destinations is to be implemented

a choice must be made between moving a row after each

elimination or moving rows on an element basis. A

consideration of relations (A1.3) and (A1.5) indicates

that there would be little to choose between the two

methods on the grounds of efficiency since the major

objective is to avoid the continued presence of zero

TOWSe

Calculation of the moves by element is less complex

and allows program modularity to be more easily

maintained, The actual calculation of moves is

made in the prefront routine. A move is only required

if a space will remain in the front after the assembly

of the next element containing the last occurrence of

a variable,
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Appendix 2

AN ALTERNATIVE DATA STRUCTURE FOR MATRICES

A2.1 Introduction

A basic data structure for matrices which are to be

treated by frontal algorithms has been described in

Chapter 3. Each row of a matrix is held for the complete.

active portion of the front. This structure is used in

both the main memory of the computer and backing storage.

If a matrix is to be decomposed by the Gaussian elimination

space must be left in the row for the terms which will

become non-zero due to fill-in, In contrast, if a

matrix is not to be decomposed, many zero terms may

remain once the assembly is complete and hence many

redundant operations will occur if, for example, the

matrix is used for multiplication of a vector. When

repeated multiplication by a matrix occurs as in the

Simultaneous Vector Iteration algorithm described in

Chapter thts is likely to prove expensive in terms of

computer usuage.
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A2.2 An Alternative Data Structure

A suitable data structure for these matrices holds each

term as a pair of numbers. The first number is the

numerical value of the term; the second number holds

the destination of the term in the current row. The

computing operations to apply the basic algorithms of

Chapter 3 require little modification to use this data

structure, the standard routines having two modes of

operation dependent on which form of matrix is being

used.

While in principle the maximum number of non-zero terms

occurring in each row can be calculated at the prefrontal

stage allowing assembly to take place into the packed data

structure, a simpler approach would seem to be advantageous.

A new procedure "compress" which reconfigures a matrix

can be applied after a matrix has been assembled. This

method will take advantage of zero terms which would be

included if the organisation of the packed data were

precalculated.
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Appendix 3

THE SYNTAX OF THE EXTENSION TO ALGOL 68-R

A3.1 Introduction

An informal description ot the extension to Algol 68-R

has been given in Chapter 4. In this appendix, the

syntax is presented using the same conventions as are

used in Appendix 3 of the Algol 68-R Users Guide.

If these rules are added to those of Algol 68-R and

if the production for "segment" is deleted, a complete

syntax for the extended language will be obtained.

It should be noted, however, that although these rules

are defined in the usual recursive manner, only certain

expansions will be meaningful. The name “optionlist"

is not expanded but it has already been described in

Chapter 4.
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A3.2 New Modes

Five new basic modes are defined. These are:

SYSMAT

SYSVEC

ELMAT

ELVEC

POINTER
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A3.3 The Syntax Rules

rogram

START optionlist (sec) FINISH

primary

FORWARD LOOP sec POOL

BACKWARD LOOP sec POOL

VEC sec CEV

BLOCK sec {NEXT sec etc} BLOCKEND

declaration

TYPE posint = typedenotation

NODE ({GROUPNO posint :} paramtype identifier-,etc--,etc)

typedenotation

(paramtype identifier-,etc--,etc): (sec)

((GROUPNO posint : paramtype identifier-,etc--,etc)-,etc):(sec
:

posint

digit {digit etc}

paramtype

mode §

MEM mode &

VAR mode &
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Appendix 4

A RESISTIVE NETWORK PROGRAM

44.1 Introduction

Zienkiewicz | used the example of a resistive network

as a simple introduction to some of the computational

aspects of the finite element method. This problem

similarly provides a useful first example to show the

use of the programming system.

The voltages and the currents entering at the ends of

a resistive element are related by the formula:

(44.1)u =y laeith, el

Using the fact that, for a complete resistive network,

the total current entering the system at each node

must be equal to the sum of the currents entering

the elements connected to the node, the formula:

Ib u a I< (A4.2)
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may be derived, where K is formed by assembling the

element "stiffness" matrices K° as described in Chapter 2.

In this appendix a program and input data to solve a

simple resistive network problem are given. Slight

differences can be found between the representations

described in Chapters 4, 7 and 9, and the actual formats

used in the programs and data in this appendix and in

Appendices 5 and 6. This is simply due to small details

of the initial implementation. Section A4.2 contains a

description of the program. The actual program is listed

in Section A4.3. The input data for the example problem

is given in Section A4.4. Finally, the Algol 68-R

program which results after the preprocessing of the

program of Section A4.3 is listed in Section A4.5.
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A4.2 A Description of the Program

The first line of the program gives the program options.

It indicates that nvar = 1, dim = 0 and that operations

between real matrices, vectors and scalars are to be

used. Following this, the sysmat and sysvec declarations

define the global matrix K and the global vectors I and V.

The type definition for the resistive element indicates

that each element has two nodes and that one real value,

the element resistance R, is used to define its properties.

A block clause is used to give two sets of operations for

the element. The first set describes ‘the calculation and

assembly of the element matrix EK. The second set performs

the calculation and output of the current through the

element, Finally, there are two loop clauses. The

first performs the assembly and elimination of the global

equation (A4.2). The second loop clause performs the

backward substitution and the calculation of the resultant

currents.
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A4.3 The Resistive Network Program

"STAET" 15 0sMATO

"TYPE? 1 =€C1s23"POINTER’ No BR)?

"REGIN'. :

"RLOCKI" "FLAT? EX 5 4

: COVS= 195 C= '15.1,) “5

CIsK) 3

2K) ‘ .

"PLOCK2"' "ELVFC' EV 3

VEQUCEV.V) 3°

AL' C3

tECEVCII

"ELEMENT NO" E

as Sky 2NC1I,"

Ser 2 NEWLINEs "CUK

‘PLOCKEND!

S “ene 3

“UFORVARD' '100P"
aeVISTTC1) 3

ELIMINATECKs Vs 1)

-*POOL* 3 - K

*PACKY
PAC I

\ VISIICe) d a fay
"POOL * ; ain S : :

‘AND! |

"FINISH!

414



A4.4 A Set of Input Data for the Program

A4.4.1 The resistive network illustrated in Figure 5 is

described by the input data given in Section A4.4.2. The

first data card is a comment which is followed by a card

giving the number of elements in the problem, the number

of nodes and the maximum node number to be used. The

individual resistive elements are then defined. Since

only one type of element has been defined in the program,

the option NOTYPENOS is used allowing the type number field

of an element definition to be omitted. The boundary

conditions are defined in the LHS input group. These

are analogous to constrained displacements and fix the

voltages at nodes 2 and 4 at 5V and OV respectively.
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A SIMPLE RESISTIVE NETWORK

Figure 5
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FRUM +1 TO +2 .

CURRENT -1.000008+0



A4.5 The Algol 68-R Resistive Network Program

we wee

ELEMENT PROCEDURELIT := "VOID"
'PEGIN \

‘REF'CININT? N= 3 ji

'R 'REAL' - R=

'

PLOCKL “semtebee TCH sg Soap

CKNO ‘IN* -

Ci:ESIZE, 1: ESIZEJ' RFRAL" EK 3

‘ Clo-1)2¢-1,19) 5 3 Pre

C1/R): 3 : '

_ MADDCFXs kK) ;

Ge FLOCK2 eek ECT. »

<C18 J" REAL' s

3 ae

i RVUL@ID/R 3
LINES 4

y NO", FL T NOSNE

on {sNCLIZ" TO"sNC2IIN

“eOUT! FAULTCERRL)
'rsact :

"C! xk RLOCKEND *x8keke 8 CT

NFULINEs "CURRENT", C))

‘PND! 5 ' ma pio

"Ch deka FORVAND LOOP ¥#k%e% 'CT

START LOOFCFORY) >$

"FOH' FNO 'TO' NO OF FLEMS FOUND 'DO'

'RBEGIN' :

NBs;



y L0.0P

PACK ONDSUPSCKs Vs Td

YTStTCA)

Loop ovTPRt

POOL +4

"FND!

* PINT SH*

seks

179

eK mor

3 oe ‘

NO OF FLEMS FouND 'RY' -1 "TO" 1 'pOT!



Appendix 5

A TRIANGULAR CONSTANT STRAIN ELEMENT PROGRAM

A5.1 Introduction

The triangular constant strain element was one of

the first elements to be used with the finite element

method. The derivation of the element stiffness

matrix is described by Zienkiewicz in Chapter 4 of

Reference 1. Section A5.3 contains a program for

solving plane stress problems using this element.

This program is described in Section A5.2. A set

of input data which corresponds to the problem given

in pages 467-471 of Reference 1 is listed in

Section A5.4. Lastly, the Algol 68-R program produced

by the preprocessor from the program of Section A5.3

is listed in Section A5.5.



A5.2 A Description of the Program

The first line of the program indicates that nvar = 2,

that dim = 0 and that matrix and vector operations are

to be used. The global stiffness matrix K and the

global displacement and force vectors D and F are then

declared. The type definition header indicates that a

three noded element requiring three real values, E the

modulus of elasticity, V Poisson's ratio and T the thickness,

is to be described. The following code upto the block

clause is used to calculate items which are used in both

the formation of the element stiffness matrix and in the

ealculation of the element stress after the solution of

the global stiffness equations. These are the matrix B,

which relates strain in the element to the nodal

displacements and the elasticity matrix DM, which relates

stress to strain. Also calculated is A which is twice

the area of the element. The system variables X and Y

hold the coordinates of the nodes of the element. The

first serial clause in the block clause calculates and

assembles the element stiffness matrix EK, The second

clause determines the element nodal displacements U and

uses this to calculate and output the resultant stress

components within the element. The operator 'T!

performs the transposition of a matrix. Finally, the

two loop clauses perform the assembly and solution of

the global stiffness equation and activate the elements

to obtain the listing of the results.
fl
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A5.3 The Triangular Constant Strain Element Program

"START" 2, 2,MATOFS

"BEGIN® ~

'SYSMAT® K $3

"SYSVFC! DsF 3

‘TYPE 2 CC1:33*FOINTER' Net Eo, TY 2

Bls P28, P3, Cl» C2, CS 3

Rs :

T'CC1,XC19,Y011),5

C1sXC21,YC2}) >

C1,XC31,Y031)) 3

Br=(CPls 0s P2s 0s PSs O)5

COs Cis Os CPs Os C3)5

- CCl, Fl, C8, FS, C4,E3)) ;

C170) 3 : ~ :

CLs V2 Os CVs 129)2 60203 61-0972)) F

F/C1-Ut2)) $

'ELMAT' 3 ;

‘FLOCKEND? 4 -

‘END! 3

FORYVAED' 'LOOP? : ee

: 182



A5.4 A Set of Input Data for the Program

A5.4.1 The set of input data given in Section A5.4.2

corresponds to the plane stress problem illustrated in

Figure 6. All the elements are of unit thickness

and have a modulus of elasticity of 1.0 and a Poisson's

ratio of 0.25. The coordinate input group gives the

coordinates for nodes 1 to 10. Following this, the

nine elements of the problem are defined. The nodes

constrained to zero displacement are given in the HELD

input group. All data input is in free format, allowing

the two node numbers, 1 and 4, to be input on the same

line. The last input group defines the force of 10

units which is applied to node 10 in the Y coordinate

direction.

It should be noted that HELD and FORCES are synonyms

for ZEROLHS and RHS respectively. In addition,

DISPLACEMENTS may be used in place of LHS.
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A5.4.3 The following output is

ELEMENT

STRESS=

ELEMENT

STRESS=

ELEVENT

+Q is

+1.67942N+0

+8

720949158=-1

+7 "

+1.807754+0

+6

+1 BOT TS 449

+5

+9,5031 74-1

+4

+9.5031 74-1

+3

+1649023840

+2

-7.39925a-1]

+1

41.4902 3840

185

obtained;

+1Levd0008+)

+2.1926608+0

+3.94867440

+30 D4457TS40

#90159426-1

#50189428-])

+3e772708+0

41041672840

+3.772708+0

+60832676-11

+5.820774-11

1384504840

+) .3R4564+0

"62733338-1

+66733334%-1

-3.113658+0

490896426711

+3.113658+0



A PLANE STRESS PROBLEM USING TRIANGULAR ELEMENTS

Figure 6



A5.5 The Algol 68-R Constant Strain Element Program

BANSLALGOL 68*WETH?

“REGIY!

"SYSMAT' K 3 : " , ,

START ..0OF* K £ :

ELFWENT PROCEDURECLI := "VOID! ¢ :

{BEGIN |” ; ‘ :

*REP*CICINT® “N= POINTERS £123 "AT* 13 3

F= TYPE REAL a Cae 3

Vez C2) 3

Ta G3i cso!

Cl, Cs C3

Cis 3.1332"

C2QI-K£17 3°. : ae
DET'C(sX0135Y011)5 b 1

CisxCO7,¥0239-50 2 : he

Mle XCSISYCSI9) § ms

=CCR1s Os PAs Os PSs 05

€0sC1s0,C2,0,63), '

CCl, Rls C&s B2s C3, B3)) §
C1ZA) $

Cis Ur Os CVs 1,025 C02 0561-0) 728)) §

MECE/CI-Vte)) Z

BLOCK] xxxxee 'C!

FLOCKNO ‘'IN?®

IZEs 1S ESIZFI"REAL*

EK: Ee

MADIN FK> K)

3

PeCT#A/2) 3

« FLOCK2 eee

‘REAL’ STRFSS3

CItESIZEI'REAL' U 3

VEQUCU, D). 3
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te

STA LOOP:

ENO

START L997

* FOR? ENO *
‘prapgye

"IN:

NOs

LUMEN TNOs

39)

’

(FO i
'TO" NO OF ELEMS FOUND "por.

3

;

FOOL #kRER "CH Re aati sy

ACKYARD LOOP. xk 'C!

HK) 5S ‘ 7

FhOM' YO OF SLEMS FOUND "Ry' -1 "to" y+ bor

“RFLANETARY 3-

NO 3

; Pe

3 LOOY 1

BEND? : a sf

2 Ot POOL «#xkkex-' Ct «

. ,

‘ : ;

; ‘1
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Appendix 6

A GEOMETRICALLY NON-LINEAR PLANE FRANE PROGRAM

A6.1 Introduction

The solution of geometrically non-linear plane frame

problems provides a simple example of the implementation

of an iterative solution method. The element properties

used are described by Jennings |, The method of solution

used is to apply the load incrementally and to perform

Newton-Raphson iterations at each loading stage until

convergence is obtained. The iteration at loading

stage i is thus:

mga! ss es (46.1)

ane a a" a gait ‘ (46.2)

where ie is the applied load at stage i, ou represents

the total force applied by the elements in their current

penta of deformation and a represents the nodal displacements.

This method requires the calculation of the tangent stiffness

matrix Kn and the solution of equation (46.1) at each

iteration.

The computer program is described in Section A6.2 and it
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is listed in Section A6.3. In Section A6.4 a set of

input data for the solution of a simple toggle problem

using two elements is given and the results obtained

are presented. Finally, the Algol 68-R program

generated by the preprocessor is listed in Section A6.5.
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A6.2 A Description of the Program

Line one of the program listed in Section A6.3 indicates

that there three degrees of freedom at each node and

that each node has two coordinates. These freedoms

at nodes are the displacements in the X and Y axes and

the joint rotations at each node. The tangent stiffness

matrix of the structure K is then declared followed by

the three sysvecs D, F and DELTAD representing the

nodal displacements, forces and increments in displacement,

n+1 a+ anThese sysvecs correspond to the terms d - ree and

car! in equations (A6.1) and (A6.2) respectively.

The integer variable NINC is used to hold the number

of load increments to be applied. This number is read

from the auxiliary input file.

The type definition is for an element of the kind

illustrated in Figure .7, with three displacements

u,v and t at each node and with three corresponding

components of force. Two real values, EI the product

of the modulus of elasticity and the second moment of

inertia of the element cross section and, EA the product

of the modulus of elasticity and the cross sectional area

of the element are required to define the properties

of an element. In addition, the nodal coordinates
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X and Y for the element in its initial undeformed

condition and the nodal displacements ED are needed

to evaluate its current state.

The operations within the first clause of the block

clause in the type definition are used to calculate

two items. These are the tangent stiffness matrix for

the element, LEK and the nodal forces of the element in

in its current state of deformation, EF. These are

calculated by transforming the nodal digplacenents to

local coordinates which reflect the deformation of the

element giving the vector EU and by using the elastic

properties of the element defined by the matrix EK.

The nodal forces, EF, are assembled into the global

force vector, F and the tangent stiffness matrix, LEK,

is assembled into the global tangent stiffness matrix,

Ke

The second clause of the block clause in the type

definition is used to print out the nodal displacements

for each element after convergence has been obtained at

each loading stage.

The DO clause in the coding defining the global solution

algorithm loops over the increments of applied force.

At each loading level, the Newton-Raphson iteration

defined by equations (A6.1) and (A6.2) is performed
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until NORM, the maximum absolute value of any change

in nodal displacement, DELTAD, for any degree of

freedom, is less than 0.001. Each iteration is performed

by two loop clauses. The first clause applies the

current load, assembles the element nodal forces into

the sysvec F, assembles the tangent stiffness matrix K

and then performs the elimination operations on equation

(46.1). The second loop clause then performs the

backward substitution operations to determine the change

in the nodal displacements. The vec clause is used to

update the nodal displacement vector, D, and to calculate

NORM, ‘The sysvecs ¥ and DELTAD are then initialised

for the next iteration. The final loop clause is used

to print out the nodal displacements for each element

once the iteration has converged.
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Displaced position A'B'

A SINGLE MEMBER OF A PLANE FRAME STRUCTURE

Figure



A6.3 The Geometrically Non-Linear Plane Frame Program

START’ .3, 2sMATOPS

'PFGIN' ; ;

SYSMAT' K 3 :

Dy Fs DELTAD 3

hie 3

2 COUNT. 3

3 z ‘ i! ‘
RFADC

'TYPE' 3°= (C1:2]"POINTFH' PS," RRAL* FI,EA) 3
*BEGIN' : i * :
"BLOCKI"': £124,126)"

Cilsaje

C1:61"

Cis33¢

C133, 1:37

“Cl34, 124)

my . ah

WK ‘

- "REAL

"REAL!

XCQI-XC1I- YL = YC22=-yC12

SQHTCXL#XL+YL* YL), COSA = XL/Ls

YL/E 3 aie

L

SINA

VEQUCEDs DD $

T2=(C-COS&s - SINAs Os COSAs SINAs 0)

CSINA, - COSA» 0,-SINAs COSAs U)>
COs Os 45 0s.050)5

C0505 0,050.19) 3
U

APAI

:

CCL UL2IALs 02 095,

€Os-1/Ls 1s 025

C0s-1/L,031)) 3 sxe A
EUrSCUCII+UC@I#UL2I1/C Se), UL3I-UL21A,>

UL4I-UL2I/L) 3 ;

FKESCCEA/Ls 0s 0)5-

3

E 3
’ s VADDC

TM: =¢€¢€ 02020, 0),

¥ es C0, P/Ls 0s 0),

€0302030)5

€05030,0)) 3 fs St

LEKt= "7" eC * TVAPAFSEKe AFAR DM) &T 3
MADDCL EK s %) :

“FLOCK@* C126)" REAL" ED 3

VEOQUC HDs Ds . 2 ‘
FRINTCC\ sINEs NIVLINEs "ELEMENT NO", ELEMENY NO,

1
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,

SsNEVLINEs

‘"RLOCKEND*

"END! 3

PORSe ret TOY ONISG DO

=0 3

BUSY le 3:

AED! *LOOP?®

VEC PLUS FORCECFs ls I/NINC) 3

i VISITC1) 3
!FLIMINATECKs DHL TAD: F)

"Poo. 3 :

" RACKWAR ae
e oa i j SUFRSCK, DELIADs F) 3

SVE T+ DEL‘

"IF" NO st Tan

<2> THEN ="ARS* DEL TAD

"FI" 3

F: =DFL TAD: =0

: "CEU!

ae : : "POOL! 3

ae “NOFM> 0.001

'po’ "SKIP! 3 ; Boe "

"TO" 5 "DO! NEWLINECSTANDOUT) 3

NT NO"s I>

"NO'OF IT IONS", COUNT) 3

; VISITC2) i

"POOL"

‘END! 3

‘SKIP! ; a ;

'rvpt ; 4 re

"FINISH" - : ; ‘
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A6.4 An Example of the Use of the Program

A6.4.1 The toggle problem illustrated in Figure 8

was chosen as an example since published results were

available. The load deflection characteristics for

for the toggle using two elements are presented in

Figure 9. This graph agrees well with the results

obtained by Jennings! 2,

The input data used is listed in Section A4.6.2. The

GROUPNO parameter set in the header card for the FORCES

input group is used so that the values given may be

identified in the call of procedure VEC EQ FORCE in

the program which applies the load at each stage of

the calculations,
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46.4.2 The input data is as follows:

‘

#TOCGLY PFOML s
INTTIALI SECNFLEY @

coorns¢os ;

ue

13° 0-32

26 0

AL $ - ;

j ITSCORDEREDs NOTY! Ff

‘1 2 90723. 1.88526

2 3 968783 1.88586

CG HOUPNO= 1, VUMPERED?

2 0 -120 0

ALL ; : s

sToP ‘ 3 ae oe i

j :
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EA n

EI = 9.27 x 10° lb per sq in

A TOGGLE COMPOSED OF TWO MEMBERS

Figure 8



420 | .

100 | 2

80 | ,

60 | :

40 | °

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 inches

Central Deflection

THE LOAD DEFLECTION CHARACTERISTICS OF

THE TOGGLE OF FIGURE 8

Figure



46.5 The ‘Algol 68-R Geometrically Non-Linear Frame Program

‘WITH? SYFL » MATOPS '¥FOM' PANALALGOL 68

START ‘OF!
SYSMATSCLIs=

"

“oO

F ,DELTAD 3
acewt

'REF'C'ERAL' Dy
SYSVECEC1] 5,

cals

SY SVE: ROSES]. 3

TERAL' NC
HINT! NING, COUNT 3 ute ees
RFADCNING) 3 :

"VOID : ‘

S.C122 ‘aT’ 17 3
Ching z ‘

e703

. ’ i 4
‘cr * PLOCK1 sxe CF f
"CASE" FLO :

Clt4s1:63'RE

‘ 'REAL' XL = XC@I-KC13, YL = YCe)-yYC17 3
; ( PREAL' L = SORTCAL#XL+YL#YL)s COSA = XL/L»

. SINA = YL/L 3 - :

VEQUCED, D> 5 ‘
Ts'=(€-COSAs = SIVAs Os COLAs SINAs 0)5

CSINAs ~ COSA, Os - SIVA, COSA, 0)»
€0s Os 15 0s 03 095

COs 05 0,0,0519) $

TED 3

(C1, UC2I/Ls 0, 05

COs-1/i2 15005

€Os-1/L50519) 5

FULSCUC1I+UC 23%UC2I7C2tL)s UL3I-UL2I/L>
UL4I-UCeI/L 5 ‘
(CEA 0s 09,EK

: : : “197



COs 03 020)5

€0s P/Ls 02005

. €02 0s 03 0),

t LEK: =

‘out! ‘FAULTCREREL)
' RSAC?

(02020209) 3

'T'TeC' T Anan APAK+ DM) T

INK, NEUL

IN¥> "NODES

"DEFLECTIONS!

“'C! sdekeik PLOCKEND —&

"END! 3 ‘
‘ '

'FOR' T 'TO' NING’ ' rot

i 'PEGIN' ‘

COUNT! =0 3 ; 5

"WHILE! 3
a

'C FORE ‘cr
ST LOOPCFORY) 3. hae

'F FO "70" NO OF ELEMS FoUND "por

NT'ERESTING 3 ‘

FNO 3

VISITC1

ELIMINA

$ LOOP Oi

VEC PLUS FORCYCK 1s IZNINGD

Hidokwea 6 OF



.L00P xekeee TCH

NO OF 3 FOUND "BY! -1 "To" 1 ‘por

SCs DELTADs F) 3 ara)

IVECI<0) ‘OK

CIVECI<0)

DESTSEIVECI-

JVEC YtOR
EGIN'

‘INT! var = JVFC
-INDA *"PLUS* 1 $5

="ABS* DEL TADCINI DXI

"REND! tb eh eee, ¥
‘FI : ;
"C! Kee CEU eek. ECT

3 Loop oureur . ;
"END! : : C
'C! #eeeee POOL tI § CT

3 : ‘

NORM> 0-001

"pot "SKIP' 3 >

"TO’ 5 "DO! NEYLINECSTANDOUT) 3

PRINTCCTMLOAD INC MO", 1,NEWLINES

; "NO OF ITFRATIONS", COUNT)? 3

tc “kk FORWARD LOOP ee eC!

START LOOPCE =23

NO OF FLEMS FOUND "DO"
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LOOP-INPUT 3

VISITC2)

3 LOOP ovTPUT

'RND! a Z
"C! *xeeae* POOL * wk TCP

"END! 3

‘FINISH'
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