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ABSTRACT

Considerable use of finite element methods is currently
made in obtaining numerical solutions of problems in
mathematics, science and engineering. The computation .
is often performed using a software package specially
designed for a class of applications or by using a progranm,
written in a general purpose high-level language such as
Fortran, for a particular problem.

In an environment of research into finite element methods,
it is often desirable to investigate different algorithms
for solving a problem, To make such investigations one
cannot usually modify any of the programs in a package

and so a large number of Fortran programs have been
developed for such problems. There is, however, an
underlying framework common to finite element methods and
a2 language such as Fortran does not specifically assist the
programmer in the task.

A language, which is based on Algol 68, has been developed
which facilitates the programming of a wide variety of

finite element methods. A series of extensions to Algol

68, which allow a concise representaion of finite element
solution algorithms, is described in the thesis. Particular
emphasis is given to iterative methods for non-linear problems,
though linear and eigenvalue problems are also considered.

An implementation of the language features is reported.
This utilises a preprocessor written in the general
purpose macro processor ML/1 which converts prograns
written in the language into Algol 68.



NOTATION

The following notation is used in the thesis:

Description

Scalar

Column vector
Transpose of vector
Element of vector
Matrix

Transpose of matrix
Inverse of matrix
Element of matrix

Summation

_Partial differentiation

Iteration number

Numerical comparison

Examples



Chapter 1
INTRODUCTION

1.1 Special Purpose Languages

The main topic of this thesis is the design and implementation
of a special purpose programming language with which programs
for solving problems using the Finite Element l"Ie’cl'md“'_5 may

be written. Before considering the particular requirements
for such a language, however, it would seem appropriate to
review some of the reasons which are generally proposed as
Justifications for the development of a special purpose

1anguage6’7.

Many of the application areas of computers result in the
production of programs within which a significant number

of common features are present, A special purpose language
for an area represents an attempt to factor out these features
as special constructs, data types or operations which allow
more compact and readable programs to be produced. Early
examples of this process are Cobdl for business applications
and Fortran for scientific work. A language based on
concepts appropriate to an application area can remove much
of the difficulty of programming by allowing a concise
representation of the distinctive facets of a particular

problem. It is to be hoped that a good special purpose



language can effectively both mirror and guide the thoughts

of the programmer. The removal of the tedium and inefficiency
of programming standard housekeeping operations by allowing
them to be performed automaticall} provides additional

weight for the argument in favour of special purpose

languages when the potential user population and application

area are appropriate.

Two major types of special purpose language may be distinguished,
In the first class may be put those languages which do not
attempt to provide the power of a general purpose programming
language. Instead, a set of commands appropriate to the
intended area of application is provided. This type of
language usually has a simple syntax, often using a verb

driven command structure. APTB, which is used for writing
programs to control machine tools, is a language of this

class, In its most elementary form, this'type of language

may simply be a flexible set of input formats to a program

or package.

The second class of languages contains those which provide
the facilities of a general purﬁose programming language
in addition to the special application oriented features.
These languages are often in the form of extensions to
existing languages. As an example, Simula.9 is an extended

version of Algol 60 which is intended for use in writing

programs to perform discrete event simulation, 0f course,



10 40 not fall neatly into this

many languages such as Lisp
classification, however, it does provide a useful guide

when a new language is being considered.

11
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1.2 Software for the Finite Element Method

: The finite element method is essentially a computational
technique which requires the use of a digital computer
for its application, Suitable software must therefore
be available before the method can be put into practice.
Three possibilities arise when the finite element method
is to be used in the solution of a particular problem.

In the first case, an already existing program is available
which can be used to solve the probiem. This may be
either a special purpose program or one of the large
scale general purpose packazes. In the second case,
software already exists but it requires some modification
before it can be used to solve the problem. Finally,

a completely new program must be produced. This later
possibility can prove time consuming and inefficient.
There has been a tremendous amount of research into the
finite element method in recent years. Much of the
practical work associated with this activity will have
been concerned with the development: of suitable

computer programs, with much consequent duplication of

effort,

The large scale finite element systems such as ASKA11,
454512 and NASTRAN'? have their main motivation in the
solution of structural analysis problems arising in the

aero=-space and civil engineering industries. The

12



facilities provided by them are therefore adapted to
the rquirements of these industries., A wide range

of element types are available togther with suites of
programs which aid the productioﬁ of input data and the
post-processing and presentation of results, These
packages are often very large and complex programming
systems whose developement required considerable effort.
Indeed, the current ASKA system has involved more than
one hundred man years in its production and maintenance14.
These general purpose systems are very powerful and
provide a wide range of facilities. Solution algorithms
for non-linear and dynamic problems are often available
and some provision for the definition of new element
types may be present. The methods for controlling the
operation of the programs vary. ASAS is designed for
use by engineers with little knowledge of computing and
is driven by its input data, In comparison, the user
of ASKA must provide a Fortran "steering program" which
consists mainly of calls to subroutines of the system,
NASTRAN is controlled by a special command language.
The complexity of these systems, however, can be =&
considerable if not impenetrablé barrier to a user
wishing to perform an analysis outwith the currgnt

capabilities of the system by modifying the programs,

The language to be described in this thesis represents

an attempt to provide a flexible definition capability



which will allow non-standard finite element solution
algorithms to be easily described and implemented.

It is therefore aimed mainly at a research or teaching
environment, though it is also inténded that the facility
Icould provide the basis of a general purpose system.

Two systems designed for use in similar environments are
FINEL15 and FINITE16; These systems, however, are more
concerned with the compact definition of complete problems
than with the description of solution algorithms and
therefore they have different capabilities. Thus, they
provide flexible facilities for defining the mesh and
element types to be used to solve a particular problem.

They also allow the definition of new element types,

but they have essentially fixed solution methods.

The inherent computational complexity of many finite
element solution algorithms dictated that the capabilities
sought for the language could be best provided as an
extension to an existing high level language. Algol 6817
was selected to be the basic language. This choice

was made largely on the grounds of personal preference.
Any of the standard languages suitable for scientific
programning could have been used to provide a similar

basis.



1.3 Implementation Considerations

Three major methods of language implementation may be
identified. These are interpretation, compilation and
preprocessing into another language. Efficiency considerations
tend to rule out an interpretive approach for a language

of the type described in the previous section. Finite
element solutions often involve large computing times,
Though much of this time will be spent in data handling
and in the solution of systems of linear equations, both

of which may not be greatly affected by the method of

. implementation since they will be performed by standard
system routineg, the calcuiation of the element stiffness
matrices could involve a considerable overhead if performed

interpretively.

The davelopment of a compiler would have proved excessively
time consuming and would have been esseﬁtially unrelated

to the other parts of the work, Preprocessing was

therefore chosen, It is worth noting some of the advantages

and disadvantages of this approach,

Unless full syntax and type checking is performed on the
source program by the preprocessor, errors will be discovered
by the compiler for the target language. Similarly, the
run time error messages generated will be related to the

target code. The provision of software to interpret

15



- these messages and relate them to the source code, though
'feasible, would seem somewhat excessive, and therefore,

the intermediate form of the program cannot be hidden

from the user. If the'original program was in an extension
of the target language, this should prove no real problem

in practice.

An advantage of preprocessing can be transportability.

If the preprocessor and the other programs and procedures
of the system are written in standard languages, the system
can be moved to any machine on which compilers for these

languages exist.

16



1«4 The Structure of the Thesis

This thesis represents an attempt to produce a small set

of basic ideas within which finite element solution
algorithms may be considered and to show ihat a programming
system based on these concepts will allow many standard

and non-standard algorithms to be easily implemented.

Of course, methods which are not suitable for implementation
by the system are easily found, however, the aim throughout
the work has been to demonstrate a practical system which
can be used in most contexts rather than attempt an
impracticable universality.

The enormous literature of the finite element method
precludes any really comprehensive treatment of the
computational algorithms which are used and so some
selection has had to be made in the choice of examples

t§ be treated. These have been chosen to demonstrate

the utility and scope of the system. Though many of

the examples have been taken from the field of structural
analysis, the solution processes associated with other

application areas are very similar,

Chapter 2 presents a general description of the finite
element method and defines certain design criteria for
a finite element programming lanéuage. In the following

chapter, a2 solution method for the sets simultaneous

17



_linear equations which arise from finite element
formulations is considered and is shown to be a suitable
method on which to base a flexible system. In Chapter 4,
' a series of extensions to Algol 68 are described which
are intended to satisfy the criteria set oﬁf in Chapter 2,
while the next chapter shows how these features may be
used to solve some standard problems. The specialised
topic of the solution of eigen-problems is considered in
Chapter 6. A suitable solution method is described and
its use is illustrated. Chapter 7 treats the input and
output requirements of a finite element solution system.
The complete solution process as related to structural
design is the concern of Chapter 8 which includes a
discussion of the use of optimisation technigues.

Chapter 9 deals with implementation aspects. Pinally,
some conclusions are drawn in Chapter 10 and the scope

for further work is indicated.

Appendices 1 and 2 enlarge on two points discussed in
Chapter 3. A formal syntax of the language is given
in Appendix 3. Examples of complete programs and

their use can be found in Appendices 4-6.

18
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Chapter 2

THE FINITE ELEMENT METHOD

2.1 Introduction

The finite element method1-5 originally arose out of a
generalisation of matrix methods of structural analysis18
to problems of elastic continua, The method was later
realised to be equivalent to the application of the
Rayleigh-Ritz method for finding approximate solutions

to variational problems when the basis functions of

the approximation are pieéewise continuous functions.

In practice, the approximating functions are often
piecewise polynomials, The method has since been
extended to encompass alternative variational formulations.

5

Norrie and de Vries” describe how many problems outside
of the field of structural analysis, for example, those
of fluid dynamics or electrostatics, may be given
variational formulations and solved by use_of the finite
element method. In addition, non-=linear problems

such as elastoplasticity or problems which give rise

to eigenvalue problems such as undamped structural

vibration may now be solved.

In this chapter, the computations involved in solving

finite elements problems on a digital computer are

19



introduced. The assembly process whereby the set of
equations defining the properties of a complete structure
may be formed from the sets of egquations defining the
individual components is described in Section 2.2 and is
illustrated using the example of a simple two-dimensional
pin-jointed truss. The basic computational operations
of the complete solution process for a standard finite
element problem are outlined in Section 2.3. Section 2.4
describes the modifications to these operations which are
required for the ﬁolution of non-linear or eigenvalue
problems. Lastly, Section 2.5 proposes a framework for

a flexible finite element programming system.

20



2.2 Stiffness Matrices and the Assembly Process

The general pattern of the solution procedure involved
in applying the finite element method may be introduced
by a simple example. The problem to be considered is
the 4 element pin-jointed truss structure illustfated in
Figure 1. Nodes 1 and 4 are fixed and a force P is
being applied at node 3. The structure is treated as
an assemblage of elements of the type illustrated in

Figure 2.

Let the modulus of elasticity and the cross sectional area
of the element of Figure 2 be represented by E and A

respectively and let:

s = sin a = (yj - yi) ) A (2.1)
C =cos a = (xj - xi) A ' (2.2)
L= gart (x5 - %)%+ G5 -9)%) (2.3)

Then, for small displacements, the nodal displacements
(ui,vi) and (uj,vj) may be related to the nodal forces

(Fi’Gi) and (Fj’Gj) by the relationships

21
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A SINGLE MEMBER OF A PIN=-JOINTED TRUSS STRUCTURE .

Figure 2



F%K? 02 cs —c2 -cs | }u.
1i l 1
Gii cs 52 -CS -szf ]vi
| = EA/L| - (2.4)
F,| =c~ =cs ¢ cs u
Ji [ J
G ~08 =8 o8 g% [ v
J Ly L
= 1 X | et
This may be written as:
ie = Ke g_e (205)

where Ke is the element stiffness matrix.

If the element stiffness matrix is written with respect
to the nodal freedoms of a complete structure, the
expanded form of the element stiffness matrix, Kx’ is
obtained, ‘As an example, for the element from node 2
to node 4 in the structure of Figure 1, where

s=c¢=1/ sqrt (2), this matriy is given by:

oooooooo_!
050 100" 0B 0.0
0 0 14100 0.1 <1
0 0 1 1 0 0«11
K. = EA ! (2.6)
5 = EA
2. 16 0 0 00 9 0. 0
0.9.0.0 000 0 0
0 0-1=-1 0 0 1 1
0 O=1=1 00 1 1
o J




For a complete structure, the force displacement

relations are:

I
n
=

[=7

(207)'

where K is the structural stiffness matrix and f is

the vector of forces applied to the structure. K is
formed by summing the expanded element stiffness matrices.
The term assembly is used to describe the formation of
the structural or global stiffness matrix from the

element stiffness matrices. For the example of Figure 1,

this equation is:

q, | 20-200000—]{0
it 00 0 0 © @ 0 oflo
0 -2 03 10 0-1-1]u,
{
0 0 0 13 0=2-1=1]/w,
= EA (2.8)
0 G [S0 50" 610 80 -2 DRy
P 000-2020 0f v,
a9 0 0-1=1=-2 0 3 1 0 |
|
r 0. 0-1=% 0 0% 1] }lo
4 .
sl 1 s e

if the value of EA/2L is the same for all the elements.

The reaction forces at the fixed nodes 1 and 4 are

(q1'r1) and (q4!r4)¢

23



In general, the finite element method is used to solve
a var§ational problem defined over a continuous region
with certain boundary conditions being applied3’5. The
region is subdivided into smali areas or elements,
Certain points in each element are referred to as nodes.,
Within each element, the unknowns of the problem are
expressed in terms of the values of the unkrowns at the
nodes by means of interpolation formulae, The elements
of the region are connected together by having nodes in
common, For a structural analysis problem, the unknown
quantities could be the displacements of the points of
the structure and the problem would then be formulated

in terms of the nodal displacements.

If, for example, the variational problem is defined by
a quadratic functional, it may be shown??? that using
a finite element discretisation to obtain an approximate

solution leads to a set of linear equations of the form:

K X=Y3 (2-9)

The vector x represents the values of the unknowns of

the problems at the nodes. The global "stiffness"

matrix K may be formed by assembling the element "stiffness"
matrices. If the underlying equations governing the

system are linear, other variational formulations can

also lead to such a set of linear equations,

24



The boundary conditions of the original problem must

be expressed as constraints on the values of the terms

of the vectors x and y which must be satisfied when the
system (2.9) is solved. These constraints may be
similar to the applied force and the fixed nodes of

the pin-jointed truss of Figure 1 or they may take a

more general form. For example, in a structural analysis
problem, a distributed force may be present. This must
be converted to a set of equivalent nodal forces before

it can be applied'! . After the system of equations (2.9)

has been solved, the values of the unknowns within the

elements may be determined. In addition, further secondary

unknowns may now be evaluated. In a structural analysis
problem, these could be the stresses and strains within
the elements which may be determined once the displacement

field is known.,

25
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2.3 The Basic Solution Process

The main operations which take place in the solution

of a finite element problem giving rise to a system

of equations of the form (2.9) on a digital computer

may be listed as follows:

2.

3

4.

De

Input the data describing the problem.
This consists of nodal properties,
element properties and nodal connection
data and constraints on the values of the

problem unknowns at the nodes.

Calculate the element stiffness matrices

and assemble the global equations (2.9)

Solve the global equations.

Evaluate the resultant internal states of

the elements,

Output the results.,

In practice, some of these operations may take place

concurrently. Thus, items 4 and 5, the calculation

and output of results may proceed together. Indeed,

26



in the solution method for the system of equations (2.9)
which is described in Chapter 3, it will be seen that
the assembly and the solution of the equations are
overlapped. In Sections 2.4 and 2.5, the modifications
to this process which are required for the solution of

non=linear or eigenvalue problems are considered.

The program and data structures used in this solution
process can be described in terms of an abstraction of

a finite element idealisation of a system, The system

is viewed as consisting of a set of nodes at which

certain numerical values are known and at which certain
unknown values are to be détermined, and a set of elements
which are defined by numerical  data, the nodes to which
they are connected and the procedures to perform such
actions as the calculation and assembly of the element
stiffness matrices, This view of the problem illustrated
in Figure 1 is shown in Figure 3 where the nodes of an

element are indicated by arrows.

These data and program structures provide a4 basis for
performing the 5 steps listed at the start of this section
to which standard facilities for data input and output

and for the solution of the global equations must be

added,

27
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2.4 Additional Computational Features

2.4+1 Large finite element systems such as ASKA11,

12 and NAS‘I‘RAN13 provide a wide range of options

ASAS
which allow the use of many different element types

and properties in the solution of particular proﬁlems.

A structural analysis formulation may make use of such
features as nodal temperatures, or distributed loads

such as surface pressures and centripetal forces.

The framework described in the previous section of

node and element data and element procedures can encompass
this type of facility. The necessary changes to the

set of global linear equations which may be needed to
represent these conditions can be achieved if element
procedures can access the global vectors and matrices

and the nodal data items and if they contain the coding
requirzd to calculate and apply the necessary modifications.
This point is considered further in Section 5.2.

2.4.2 Undamped structural vibration problems1’2'19 can
lead to formulations where the set of global-eqﬁations

takes the form of the eigenproblem:
Kx=w Mx (2.10)

In this equation, X is the structural stiffness matrix

and M is the structural mass matrix which is formed by

28



assembling element mass matrices in the same manner as
element stiffness matrices are assembled to form K.

The eigenvalues of equation (2.10), (wf, 5 wﬁ), give

the natural frequencies of free vibration of the structure,
(w1, ais wn). The corresponding eigenvectors are the

normal modes of vibration of the structure.

The sequence of operations describéd in Section 2.3 for

the solution of linear static problems requires a slight
modification for the solution of this type of problem.

The only major difference, however, is the global equations
take the form (2.10). Suitable solution methods for

sets of equations of this form are discussed in Chapter 6.

2.4.3 Another structural analysis problem which gives
rise to an eigenproblem is the investigation of structural
stability1'2’19 where for suitable problems a set of equations

of the form:
Ex=1K % (2.11)

where Ks is the "initial stress" matrix can be derived.

Ka is a function of the stressing state of the structure.
The analysis for problems of this form takes place in

two stages. In the first stage, a linear static analysis

of the structure is performed for a given loading pattern.

29



This is used to determine the stressing state of the
elements, The element initial stress matrices are
then calculated and they are assembled to form KB.
The lowest eigenvalue 1 of equation (2.11) is then
determined and this gives the buckling load of the

stucture.

2.4.4 For structural analysis problems involving

geometric and/or material nou—linearity20’21'22,

the
governing system of global equations may be expressed

as:
Kd=£f+g(d) (2.12)

where g(d) represents "pseudo-forces" which are present

due to non-linearity. Many different methods have

been suggested for the solution of this set of simultaneous
non-linear equations. A large number of these methods,
however, lead to very similar computational algorithms
which involve iteratively setting up and solving sets

of global linear equations. These methodé are described
in Chapter 5, where it is also shown that problems of

structural reanalysis may be similarly posed.

30
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2.5 Requirements for an Extensible System

Finite element solution methods are naturally described
in terms of operations at two levels. At the first
level are the calculations which are associated with
elements. These include, for example, the formation
and assembly of the element stiffness matrices to form
the global stiffness matrix and the further functions
which may be necessary to deal with the problems described
in the previous section. The second set of operations
performs the global solution algorithms which may be
specified in terms of the element calculations and
operations performed on fhe global data items. For a
simple linear problem, this involves the assembly and
solution of the global stiffness equations and the
determination of the resultant element states. In
contrast, for the iterative algorithms for the solution
of non=linear problems which were discussed in Section
2.4.4, the description of the global solution algorithm
must specify the setting up and solution of the gets of

linear equations and the control of the iterations.

Some desirable features for a language to be used to
describe finite element calculations may now be proposed.
Firstly, it should be possible to define the node and .
element data items and the global quantities, which

were outlined in Section 2.3. Certain of these items

will be required as input data. The language must then

31



allow the element procedures to be described in terms

of these variables and data. Finally, the global
solution algorithm must be specified in termslof the
global data items and the operations performed by the
element procedures. Due to the compleiity of the
operations which may be required to be performed at

the two levels of the solution process, it is desirable
that the power of a high level scientific programming
language be available for describing these calculations.
It is therefore expedient that a system should be provided
in terms of a series of extensions to a standard language.
Features should be included which allow easy and concise
description of the node and elenent data and variables.
Standard rﬁutines and operators should be available

for the manipulation of local and global data items

and to provide an interface between them. Standard
procedures should also be present fof recurrent requirements

such as the solution of sets of global linear equations.
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Chapter 3

THE FRONTAL SOLUTION METHOD

3«1 Introduction

A central feature of any finite element system is the
linear equation solver. A large proportion of the
computing involved in solving a finite element problem
is likely to be absorbed in the solution of sets of
linear equations, and the choice of an efficient
method is very important. A further criterion by
which a solution method must be judged is the ability
to solve fairly large problems, Finite element
formulations frequently require the solutions of
thousands of simultaneous linear equations: this is
‘especially true for three dimensional problems.

This constraint on the selection of a suitable method
makes the use of some form of backing storage mandatory
on present day computers. Surveys of methods which
have been developed can be found in papers by Schrem23

and Meyer24’25.

Of the many different methods of solution which have
been described in the literature of the finite element
method, two major approaches seemed likely to provide

a suitable basis for a finite element system of the
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type which is to be described. These were: partitioned
matrix methods such as the hypermatrix scheme of ASKA26;
or the wavefront methods described initially by IronazT,

28 and Melosh and Bamford2?, It was felt that

Helen
an implementation of the latter, that is the frontal
solution method, could be produced more quickly, and so
this method was finally selected., It will be seen in
Chapters 4 and 5 that this choice was to dictate major
aspects of the syntax of the language and the way in

which programs are written in it.

Section 3.2 contains a description of the basic front
solution algorithm while its implementation is discussed
in section 3.3. It is then shown that the data
structures and data handling techniques required for

the basic method can be extended to provide further
operations which are needed in a general -purpose finite
element system., These include the multiplication and
triangular factorisation operations which are used in

the eigenvalue and eigenvector solution methods

considered in Chapter 6, TFinally, some of the advantages

of wavefront methods are discussed in section 3.7.
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3,2 The Front Solution Algorithm

The frontal technique is based on Gaussian elimination
without pivoting and can be used with well conditioned
positive definite symmetric matricesza. The stiffness

matrices which are produced by most finite element

formulations in current use satisfy these criterea.
To solve a set of simultaneous linear equations:

e b, i=1,n {3.1)

or alternatively:
Ax=50 (3.2)

by the method of Gaussian elimination, the unknowns,
X9 are eliminated one by one. The elimination of
x5 is achieved Sy modifying the coefficient matrix

A and the right hand side vector b according to the

following'rules:

B 1= By = 85385 / a;; Jik=i+1,n
(3.3)
bj 1= bd - ajibi / ayy j = i+1,n

(3.4)



The elimination process results in the nth equation

having the form:

The remaining unknowns can now be determined by back
substitution according to the rule:
i+1,n v
x; i= (bi - sum; aijxj) / a;; 1 =mn-1,1
(3.5)
The substitution process starts with X, and proceeds

backwards through the equations to x The terms

1.
aij and bi correspond to the modified values obtained
by the application of operations (3.3) and (3.4).

If the matrix A is symmetric, (3.3) may be modified,

beconing:

a = a

jk L jk = aijaik / aii J=i+14,n5 k = j+1,n

(3.6)

The matrices produced by a standard finite element
approach are not only positi#e definite and symmetric
but are also sparse. The sparsity is related to the
élement interconnections. Considering the effect of
eliminating x; on the terms a., and bj' two significant

facts can be noted from operations (3.4) and (3.6).
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1« At the time of elimination, ajk and bj
need not be fully assembled provided all

the other terms are.

2. If either aij or a, . equals zero, ajk
will be unaffected by the operation.

Similarly, bj is unchanged if a_ ., is

ji

equal to zero.

The front algorithm takes advantage of these points
by alternating assembly and elimination. A variable
x; is eliminated as soon as all the elements whose

assembly will alter any of the terms a,. or bi-have

ij
been assembled. After the elimination of X9 the

equation:

will play no further part in the elimination process

and so the appropriate terms of A and b do not require

to remain in main memory. This "row" can therefore be
transfered to backing storage; Only the terms corresponding

to "active" variables, that is variables x, for which

J
some a5y OF bj has been affected by assembly but are
not yet ready for elimination, need be kept in main memory.

In the backward substitution phase, the reduced rows of

the matrix with the corresponding terms of b are read



from backing store in the reverse order. The sets of
active variables occur in the reverse order during this
phase, active now indicating that the actual values of

the terms X have now been calculated. The values

of the internal states of the elements can therefore

be calculated in the opposite order to that in which

they were assembled, these calculations being interspersed

with the back substitution,
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5«3 Housekeeping and Data Structures for the Front Algorithm

An n by n symmetric matrix A can be considered as a
vector v of length n(n+1) / 2. The term 35 is

equivalent to v.,. .y where 1 is a function defined as:
1(1,3)

A(5,3) mi(a-1) 1 2 % 3 if i ge
w3 (j=t) /o2 sd " 4F 4 1a 3

In the implementation of the front . algorithm, the
active portion of the coefficient matrix is held in
main memory in a linear work space W of length

b(b+1) / 2 where b is the maximur number of variables
which are active at any point in the calculation, For
each variable x; in the set of equations to be solved
it is necessary to calculate a "destination” di
which determines where the terms associated with the

%ariable will be placed in the work space. The

terms can then be accessed while they are active by

applying the function 1 to their destinations. Thus,

if both Xy and xj are active, the current value corresponding

to a,. will be held in w(l(di,dj)). The destinations

ij
are calculated by preprocessing the elements' nodal

connection data. It is possible for destinations to
be fixed throughout the activation of a variable or to

vary: a comparison of the two approaches is given in

Appendix 1.
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The set of nodes whose associated variables are active
is known as the "front". As the solution process goes
through the elements the number of nodes in the front
can change. Advantage can be taken of this by only
operating on the currently occupied positions within

the work space in main memory,

With this housekeeping and data structure, the elimination

operations (3.4) and (3.6) may be expressed as:

t= &8

sk T 245 ik / a;; Jsk active, £ i
a g 4y

(3.8)

Jjk

j active, £ i
(3.9)

by i=by = a;.b, [ ay,

Similarly, the back substitution operations (3.5)

now become:

i active,#£i
1= (bi - sum, aijxj) f a;;

(3.10)

The calculated values x, are put into positions in

i
a work space for x in main memory corresponding to

their precalculated destinations.
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- 344 _Prescribed Left Hand Sides

~In the solution of the sets of simultaneous linear
equations - A x =D --which arise in the application
of the finite element method, not all the terms x, are
initially unknown. Certain of the terms x4 have
prescribed, usually zero, values which allow the system
to be solved since the initial matrix A is usually
singular, In the case of a structural stiffness

matrix, these constraints remove the.rigid body modes,

During the elimination process, when a prescribed X5
is reached, the following operations are performed

instead of those defined by (3.8) and (3.9):

*
X, j active, # i

b 1= bj - aij i

(3.11)
*
where x4 is the prescribed value for xi. During

the back substitution phase, the operations:

- b, (3.12)

are performed instead of back substitution, where
bi was initialised to zero before the start of

~
elimination. If the value of the unknown bi is not

desired, these operations may be omitted.
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3.5 Multiplication

3¢5¢1 To multiply a vector by a matrix - x = A y -
the matrix A is assembled as described previously.
Instead of elimination, the following operations are

performed, where x has been initialised to zero:

g 1= Xy 4 m?ctiveaijyj (3.13)

X, 1= X, + &,y k active, £ i (3.14)

3+5.2 The Gaussian elimination process is equivalent
to finding two matrices L and U which are upper and
lower triangular respectively such that A = L U,
The diagonal terms of L are equal to 1 and if A is
symmetric 1ij = uy, / U
If the rows of a decomposed matrix are read from backing
store in the order of elimination into a work vector r,
X = U y may be calculated using the operations:

active

x; i= sum, e (3.15)

Similarly for x = L y the operations are:

X 1= X, + Y, / r, k active (3.16)



3.5.3 Operations (3.15) and (3.16) may be combined
allowing the calculation of x = LUy = A y with a
decomposed matrix A, The algorithm used in this
case is:

active

Z t= sum r.Y

b

.
]

X + T2 / A k active (3.17)
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3.6 Further Operations

3.6.1 The solution of sets of linear equations - A x =D
- by Gaussian elimination can be divided into three

stages:

1. Triangular decomposition (3.8) = A =1L T

2, Forward substitution (3.9) = b =1 'b

3. Backward substitution (3.10) = x =T
Forward substitution is thus equivalent to multiplication
of a vector by the inverse of a lower triangular matrix
while backward substitution corresponds to multiplcation

by the inverse of an upper triangular matrix,

The forward substitution algorithm for a previously

decomposed matrix is:

bj i= bj - rjbi / Ty j active, £ i
(3.18)

where the work vector r is being used to hold row i

of U, the upper triangular factor of A.
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3.6.2 A symmetric decomposition = A = L LT - of a
symmetric matrix may be obtained if the further

operations:

aij =2y, / sgrt(aii) J active (3.19)

are performed on row i of A after it has been eliminated,
This factorisation is the same as that obtained by a
Cholesky decomposition. The use of the standard
Cholesky algorithm is not, however, possible with

frontal housekeeping,.

3.6.3 The iterative methoés for solving simultaneous
linear equations of Jacobi and Gauss-Seide130s31 ang

the method of succesive over-relaxation> !?32 may be
implemented by the use of combinations of the previously
described operations. If the set of equations to be
solved is A x = b, the matrix A is decomposed as

follows:
A=L4+D+7T (3.20)

where D is a diagonal matrix, L is a lower triangular

matrix with a2 zero diagonal and U = LT.

The Jacobi iteration is defined as:

2 v (- (e D) ) (3.21)
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This is similar in structure to the'multiplication

operation of (3.13) and (3.14) and may be ‘implemented

n+l | _ O+ active,#i n
X, 1= (bi X, sum aijxf) / a;y
(3.22)
B RY x k active, £ i
k Tt ik'i g
(3.23)
The Gauss=Seidel iteration is:
£ e (b 1T (5 D) (3.24)

This is basically multiplication by an upper triangular
matrix followed by forward substitution with matrix

(D + L). With frontal housekeeping this becomes:

n+1 |, n+1 active,#i n
X = (xi + b, sun , aijxj) / a4
(3.25)
n+1 n+1 n+1 5
= x 0 - a, X, / a4 k active, # i

(3.26)

The method of successive over-relaxation is described by:

2w e e BT W= ) D 5 v UYL 2 4 % B)

(3.27)

46



where w is the relaxation factor, When w = 1, the

method reduces to the Gauss-Seidel iteration, The

algorithm for this method is:

7 il A (xn+1

o
i =0T A wb 4 (1-w) a; %
= Buma.ctive,;éia P) / &
= i373 ii
\ (3.28)
n+1 n+1 n+1 :
e SHEES | Vel b a, k active, £ i
(3.29)
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5.7 Conclusion

The front method for the solution of sets of linear
equations arising from a finite element formulation
has several advantages over a simple band sOlverzT’ga.
The solution process is unaffected by node numbering
pince it is controlled by the element ordering and
interconnections. This allows changes to meshes to
be made easily and lessens the difficulty of joining
sub-meshes. In comparison, a mesh to be input to a
band solver requires careful node numbering to avoid
having an excessively large band width. The front
soluticn algorithm is also beneficial when elements
with midside nodes are used. The elimination of

variables as soon as they are assembled allows a

more efficient solution in this case.

Using the basic front algorithm, there is some danger
when joining sub-meshes that a temporary increase

in the number of active variables may result in zero
rows remaining in the front when the number of active
variables has diminished. The modified front algorithm

described in Appendix 1 avoids this problem.
In contrast to block partitioned matrix schemes, the

front algorithm uses less complex data structures

and manipulation techniques and involves less computational
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overhead. For very large problems where the workspace
for the portion of the global stiffness matrix
corresponding to the active variables cannot fit into
main memory, however, an alternative approach is

required.,

In this chapter the front solution algorithm has been
described. It has been shown that the data structures
and housekeeping needed for an implementation of the
algorithm are compatible with further operations such
as multiplication and aigorithms for performing these
calculations have been given. Together with the
obvious methods for addition, multiplication by scalars
et cetera, these capabilities provide a basis around
which a general purpose finite element system can be

built,
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Chapter 4

THE LANGUAGE FEATURES

4.1 Introduction

In Chapter 2, some requirements for a flexible finite
element system were discussed and it was noted that a
suitable method for providing these capabilities is as

an extension to a high level scientific programming
language. The front solution algorithm for solving the
sets of linear equations arising from finite element
formulations was then described in Chapter 3. A series
of extensions to the basic algorithm were presented which
allow the method to be used as a basis for a general

purpose system.

A series of extensions to Algol 68333 are introduced in
this chapter. These extensions are intended to satisfy
the criteria set out in Chapter 2 and are designed around
the methods 6f Chapter 3. The_syntax of these extensions
is described informally. A more formal definition can be

found in Appendix 3.
Section 4.2 describes the declaration of the global matrices

and vectors which are required in the solution of finite

element problems. Sections 4.3 and 4.4 then cover the
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definition of the properties of elements and nodes. In
Section 4.5 the special clauses which are used with the
frontally based algorithms are considered. Operations
with globdl matrices are the suﬂjects of Sections 4.6
and 4.7 Lastly, the format of a complete program is

given in Section 4.8,



4.2 Sysmats and Sysvecs

Two new basic modes are introduced to hold the matrices
and vectors which are used in tﬂe solution of the sets

of linear equations which arise from finite element
formulations. These are SYSMAT corresponding to the
global matrices and SYSVEC corresponding to the global
vectors. Both sysmats and sysvecs are held using frontal
data structures and they may only be accessed via standard

operators and procedures provided in the extension.

As an example of the use of these modes, the declarations
needed for the pin-jointed truss problem of Section 2.2
may be used. In this case, one matrix corresponding to
the global stiffness and two vectors corresponding to the
nodal force and displacement vectors are required, The

declaration statements would be:

SYSMAT k ;

SYSVEC f, d

Sysmat and sysvec declarations cause space to be allocated
in both main memory and backing storage to hold.their
associated values. The actual sizes of these areas
depend on: the number of nodes in the problem to be
analysed; the number of variables associated with each

nodes the maximum number of variables which are active



at any point during the frontal handling of the matrices
and vectors. The number of variables at each node is
held in a standard system variable "nvar" which is one
of the program options set as described in Section 4.8.
The maximum number of active variables is calculated
during preprocessing of the element nodal connection

data.
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4.3 Type Definitions

Element properties are described using TYPE definitions.
For each kind of element, a type definition defines the
variables and data associated with each element and gives
the number by which elements of this type are to be
identified in the input data. In addition, a type
definition includes a serial clause. This may describe,
for example, the calculation and assembly of the element

stiffness matrix for a particular kind of element. -
The syntax of a type definition is:

TYPE integer = ( parameter list ) 3
BEGIN
serial clause

END

The integer value following the language word TYPE is
the number used to specify the type of an element in the
input data. Further details of the input data are

given in Chapter 7.

4.%3.1- The parameter list describes the data associated
with an element. Within the serial clause of a type
definition, these parameters are used in a similar

manney to that in which the parameters of a procedure
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. are used within the body of a procedure. The items
declared in the parameter list may be of any of the
Algol 68-R modes for which transput is possible. Thus,
b items whose mode definition contains “HEFf_cr "PROC" are
not allowed. A further mode, POINTER, may be used to

identify nodal connection datae.

In addition to the mode, two further attributes may be
given to an item in the parameter list. These attributes,
which precede the mode of the item they qualify, are MEM
which indicates that the item will not occur in the input
data but will be set in the serial clause of the type
definition, and VAR which iﬂdicateq that the item will

be given an initial value in the input data but that it
may be changed. If no attribute is given to an item, it

will be set in-the input data and may not be changed.

As an example of a complete parameter list, a skeleton
type definition for a member of the pin-jointed truss

described in Section 2.2 is:

TYPE 1 = ( [1:2|POINTER node, REAL ea) : (sec)
This indicates that each element is connected to two
nodes and that one real value ea which is the product

of the modulus of elasticity and the cross sectional

area of the element is required.
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If a 2 by 2 real matrix k with attribute VAR were required

in a type definition, its declaration would have the form:

VAR'[1:2,1:2JREAL K

4.3.2 The order in which parameters of a type definition
are declared dictates their order in the input data. For
a particular type of element, it may be desired that not
all the items of data associated with each element appear
together in the input data. For example, the nodal
connection data may have been produced by a mesh generation
program while the other data may have been produced
separately. A further reason could be that most of

the elements have standard material properties and

that only a few differ. In this case, if default

values for these properties can be defined, only those

elements differing from this need be specified.

A more general form of a parameter list has the form:
( GROUPNO integer : parémeter declarations )

The data items declared in each of these sub-lists are

input together and are identified by the group number

given at the start of the list.



The example type definition of Section 4.3.1 could be

amended to:

TYPE 1 = (( GROUPNO 1 : [1:2] POINTER node ),

.

( GROUPNO 2 : REAL ea )) : (sec):

if the nodal connection data for the elements is to be

input separately from the values of ea for each element.

4.3.3 The body of.a type definition describes the actions
to be taken for each element of the particular kind. In
addition to using the parameters of the type definition,
any identifiers which are in scope may be used. This
inc¢ludes nodal values such as nodal coordinates whose

definition is described in Section 4.4.

A special construct, the BLOCK clause, is used to allow
the procedural action taken for each element to be varied,
while allowing all the properties of a type of element to

be described in one place. The syntax of a block clause

is:
BLOCK serial clause
ENEXT serial clausé}
BLOCKEND
where the items enclosed in braces may be repeated as
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many times as may be desired. The serial clauses are
numbered from one in their order of occurrerce in the
block clause. This number relates to the parameter

of PROC(INT) visit which is used to call the appropriate
body of the type definition for each element of the
current problem. Within a block clause, the serial

clause corresponding to the parameter of visit is obeyed.

For example, for a simple element the serial clause of

the type definition could have the form:

BEGIN

BLOCK

calculate and assemble element stiffness matrix
NEXT

calculate and output element stresses

BLOCKEND

END

The first serial clause in the block clause would be
called prior to the solution of the global stiffness

equations and the second clause would be called afterwards.
4.3.4 Communication between the global matrices and

vectors held as sysmats and sysvecs and their element

counterparts is achieved by means of standard procedures.

58



These are:

PROC(REF [, REAL,REF SYSMAT) madd

and PROC(REF[IREAL,REF SYSVEC) vadd, vequ

Madd performs the assembly operation of element matrices
into global matrices while vadd performs the assembly
operation for vectors. Vequ sets the values of a
global vector corresponding to the nodes of an element
in its element vectér parameter. The dimensions of the
element vector and matrix parameters should be nvar
times the number of nodes of the element, that is the
number of variables per node times the number of
POINTER parameters declared for the type of element.

Two "modes", ELVEC and ELMAT, may be used to declare

automatically dimensioned element vectors and matrices.

4.3.5 In addition to the standard Algol 68-R library
of procedures and operators, a further library of
operators taking operands of modes REAL, []REAL and
[{JREAL may be used. These operators allow expressions
involving real vectors and matrices using the standard
monadic and dyadic arithmetic operators together with

a few other operations. These operators, which permit
a compact and readable definition of many calculations

provide run-time checks of compatibility, thus detecting
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certain programming errors. Since they are not implemented
as in-line code, however, their use incurs certain

computational overheads.,

These operations are distinct from the operations_with
global vectors and matrices which are described in
Sections 4.6 and 4.7. Examples of the use of operators
from the library can be found in the programs listed

in Appendices 4-6.
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4.4 Node Definitions

NODE definitions are used to describe the data and

variables associated with nodes. A node declaration

has a similar format to the parameter description portion

of a type definition, this format being:

NODE ( parameter list )

The data defined in a node declaration are assumed to
be Known at all nodes. Different groups of data may
be defined in separate node statements for clarity,
group aumbers being given in the same way as for groups
of element data. Parameters may be of any kind which
may occur in a type definition with the exception of

POINTER.

As an example of a node declaration, the following
statement could be used to define the nodal coordinates

for a two dimensional problem:

NODE ( [1:2]REAL ¢ )

4.4.1 Within the serial clause of a type definition,
it is possible to refer to the numerical quantities

dt the nodes of the element. Internally, the nodes of
an element are numbered from one in the order of their

occurrence in the input data. The nodal data is used
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in the serial clause as if it had been declared with an
additional dimension to that given in the node declaration,
This new dimension becomes the first dimension. Thus,
the nodal coordinates defined above would be used as if

the statement:
B:number of nodes of element, 1:2 REAL x

had occured within the serial clause of the type definition.
For example, the second coordinate of the first node of

the element would be x [1,2].

4.4.2 Since nodal coordinates are a feature of many
problems, a special facility is provided to deal with -
them, A standard system parameter "dim" may be set as
described in Section 4.8. If dim is non-zero, the

following node statement is provided automatically:
NODE ( [1:dim]REAL coords )
Additionally, if dim is between one and three; the

following ascriptions apply within type definitions

as appropriate:

REAL x = coords[,1]
REAL y = coords [,2]
REAL z = coords [,3]
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Additional checks can be provided for coordinate data
such as ensuring that coordinates are given for each

node and cross checking with the element nodal connection

data.
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4.5 Forward and Backward Loops

It has been mentioned in Chapter 3 that the use of the
front method for solving the giobal sets of linear
equations involves the interleaving of assembly and
elimination. Generally, operations on frontally held
data involve a pass through the preprocessed element
nodal connection data element by element, this data
having been augmented with the destinations of variables
in the front areas and other housekeeping information.
This pass may take place either in the order in which
the elements were input or in the opposite direction.
As each element is reached, certain operations may be
performed on the element, nodal or global data. These
operations may include, for example, calling the body
of the type definition for the current element or
performing the operations of elimination on a set of

global linear equations.

Two special unitary clauses are used to pass forwards

and backwards through the elements. Their syntax is:

FORWARD LOOP serial clause POOL

and BACKWARD LOOP serial clause POOQOL

The constructs automatically perform the global control



and data handling required for a pass through the elements.
Within these clauses, operations such as the calling of
the type definitions for the elements or elimination are

performed by the use of special procedures.

The use of these constructs may be illustrated by an
example, It is assumed that a sysmat k and sysvecs d
and f have been declared as in Section 4.2. It is also
assumed that a type definition with a body of the form
illustrated in Section 4.3.3% has been included. The
following lines of program will then perform the solution

of a problem and the output of the results:

FORWARD LOOP
visit(1) ;
eliminate(k,d,f)
POOL 3

BACKWARD LOOP
backwardsubs(k,d,f) ;
visit(2)

POOL

In the forward loop clause, the assembly of the global
stiffness equations is initiated Dby the call of visit.
The elimination operations on the set of equations

K d = f are then performed by the call of procedure

eliminate. In the backward loop, the call of
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backwardsubs is used to perform the backward substitution
to determine the values of the nodal displacements d.

The resultant element stresses are then calculated and
output by the second of the se;ial clauses in the block
clause in the type definition which is activated by the

call of procedure visit with parameter value 2.
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4.6 Vector Operations

When iterative methods for the solution of finite element
problems are used, there is oftén a requirement for
calculations involving sysvecs and scalars, such as the
evaluation of convergence criteria, to be made. A
special unitary clause, within which operators acting

on sysvecs and reals may be used, is available in the

extension. This is the VEC clause which has the syntax:
VEC serial clause CEV

These clauses must be used inside one of the two types
of loop clause. Within a vec clause, the usual arithmetic
operators and asignments of Algol 68-R act between

corresponding terms of sysvecs.

As an example, three sysvecs x, ¥y and z are assumed to
have been previously declared. It is required that the
inner product of x and y be calculated and assigned to
the real variable p. Additionally, z is to be set to
the term by term sum of x and y. The following piece

of program will perform these calculations:

P $= 0.0 3
FORWARD LOOP

VEC



p PLUS x * y ;
z:='x+y
VEC

POOL

An occasional further requirement is access to the terms
of sysvecs corresponding to individual degrees of freedom,
This may be achieved by declaring a real vector of length
nvar which is used inside a vec clause indexed by the
standard system identifier "varno". This practice is

illustrated in Chapter 5.
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4.7 Matrix Operations

A set of procedures to be used within loop clauses in

a similar manﬁér to procedures eliminate and backwardsubs
can be used to perform all the frontal operations described
in Chapter 3. In addition, procedures to perform standard
operations such as saving an undecomposed sysmat_for later
retrieval from backing storage, clearing a sysmat or

copying a sysmat are included.

Each sysmat variable is used to refer to both an active
workspace in main memory and to the space in backing
storage where the inactive rows are stored. The
information on backing storage can only be accessed via
the standard sysmat procedures. These allocate workspace
in main memory to handle the sysmats for the duration

of the current loope.

The provision of a full algebra of sysmats, similar to
that provided for sysvecs by the use of vec clauses, is
both unnecessary and impractical since, for example,

the multiplication of banded matrices does not conserve

bandwidth,
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4.8 The Format of a Complete Program

A complete program in the extension of Algol 68-R has

the format:

START option list
BEGIN

serial clause

END

FINISH

The option list is used to give values to certain global
parameters and to indicate if special features are to be
used., Items in the option list are separated by commas

and are either single keywords or have the form:
keyword = value

Two single keyword parameters are "statistics" which causes
a summary of CPU usuage and I/O transfers caused by certain
standard library procedures to be included as part of the
output and "data" which causes reports on the input data to
be produced. Other parameters may be used if standard
element types are to be included or if special procedure
libraries are to be used, The parameters nvar which was
introduced in Section 4.2 and dim which was described in

Section 4.4.2 are set in the option list,. Another



parameter "name" may be set to the program title.

Programs must satisfy the Algol 68-R requirement that

the declarations of items must preﬁede their use.

-This applies to type and node definitions which are
implicitly used via the procedure visit. A program

will generally start with the declaration of global

items such as sysmats and sysvecs. This will be followed
by node declarations and then type definitions. Finally,
the solution algorithms will be specified using loop
clauses, Of course, further Algol 68-R coding may

be interspersed among these statements.



4.9 Conclusion

In Section 3 of Chapter 2 a conceptual framework for
consideriﬁg'finite element formulations was presented.
A finite element idealisation was seen to consist of a
set of elements each of which is associated with a
number of nodes. Both the nodes and the elements may
have their properties defined by sets of numerical
values. The basic solution method then consists of
setting up sets of linear equations using matrices and
vectors derived from the element and nodal properties
and solving these using appropriate algorithms.
Further calculations may then be performed to evaluate
the solutions of these sets of equations in terms of

the elements and nodes.

In'this chapter a programming system has beén described
in which features have provided which correspond to
these basic ideas. Apart from such specialised topics
as the solution of eigenproblems which is covered in
Chapter 6 or input and output which is described in
Chapter 7, the extensions to Algol 68-R are intended to
provide the basic finite element programming system,

I 1 rémains to be shown in the following chapters that
this system can be used to produce programs for a wide

range of finite element problems,
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Chapter 5

USE OF THE PROGRAMMING SYSTEM

51 Introduction

In Chapter 2 it was mentioned that there are many variations
from the basic linear formulation initially presented.

These vary in complexity from the treatment of body forces
in a linear elastic problem to the non-linearity inherent

in problems of elasto-plasticity or creep. The purpose

of this chapter is to show the way in which many of these
aspects may be treated within the framework of the language

features described in the previous chapter.

The literature of the finite element method is now vast

and so the subjects which can be covered in this chapter
can only be a small sample of those possible, Reference
will be made to survey papers, however, in the hope that
this will increase the generality of the treatment.

Most of the examples are taken from the field of structural
analysis. Essentially similar'program structures arise
from the application of the finite element methqd to

other fields such as the solution of partial differential

equations and flow problems.

Section 5.2 considers the handling of some features which



may be present in a linear problem. The evaluation of
convergence criteria, which are necessary when an iterative
method of solution is used, are considered in Section 5.3.
Iterative methods of solution are then introduced with the

 simple example of structural reanalysis in Section 5.4

while Section 5.5 contains a general discussion of iterative

methods of solution for non-linear problems. . Section 5.6
gives as an example, the use of an iterative technique for
solving the generalised eigenproblem A x = w2 B x.

Acceleration technigues for speeding up iterative processes

are described in Section 5.7.

Further examples of the use of the system can be found in

the appendices. Appendices 4 and 5 give complete programs-

together with sets of input data for two linear problems.
Appendix 6 contains a complete program and solution for

a geometrically non-linear truss problem.



5.2 Variations on the Linear Theme

5¢2.1 The force-displacement equations for an element
to be used in the solution of linear elastic problems

which was given in Chapter 2:

=K d (551)

may be generalised to take account of both distributed
loads acting on the element and of initial strains in

the element! . The equations then take the form:

LRl ed s 2o (5.2)
where ipe represents the nodal force contribution needed
to balance the distributed loads acting on the element and
£se represents the force contributions needed to balance
the initial strains present in the element. The
corresponding global stiffness equations may be written

in the same format. The assembled global stiffness

equations then have the form:

I~
1
~

[ [=1

(5.3)

The contributions from the elements due to the terms gpe

and gse of equation (5.2) must therefore be assembled into

f. This may be achieved easily, however, by including



code in the type definitions to calculate the resultant
forces and then using procedure vadd to perform the

assembly.

5¢2+2 Positionally dependent forces acting on elements
such as pressure as a function of depth or centripetal
force when the structure under consideration is being
rotated are similarly handled, If desired, parameters
controlling the calculation of these effects can be input
using standard Algol 68-R facilities prior to their use
within type definitions to calculate and apply their

consequences.

5¢2.3 The ability to perform calculations in the program |
outside of type definitions and loop clauses provides

a means for handling a large number of special cases.

Orie further example may be cited. In the example problem
using triangular constant strain elements illustrated in
Appendix 5, all the elements are of the same size and

only two different orientations are used, This results

in only two numerically different element stiffness
matrices being produced. In this case, a gain in efficiency
could be achieved if the two different element stiffness
matrices were calculated before the assembly of the global
stiffness equations. The type definition for the elements
would now be needed only to select the appropriate

pre-calculated element stiffness matrix and perform the



assembly using procedure madd. Of course, in practice,
it woulq require the frequent occurrence of problems
having such special characteristics to justify the

production of a special program,.



53 Norms and Convergence Tests

Various norms have been suggeste@ for use in tests for
the converéence of the iterative processes used in the
solution of non-linear problems by the finite element
method. The inner product norms of reference 20 can

be calculated by the method shown in Section 6 of Chapter
4. As an example of the evaluation of the maximum
modulus type of norm, the following coding will determine
the maximum absolute value obtained by any term in the
Sysvec X. This value will be held in the real variable

Nnorme.

norm := 0.0 3
FORWARD LOOP
VEC
IF norm <ABS x
THEN norm := ABS x
FI
CEV

POOL

The modified criteria described by reference 34 are
calbulated by first dividing each element of a vector
by the maximum modulus of the elements of the vector
corresponding to the same degree of freedom. A

conventional norm is then applied to the resulting



vector. Two sets of calculations within separate loop
clauses .are required for the evaluation of these conditions,
In the first loop clause the max.i._mu.m absolute values
obtained b}; the terms for each degree of freedom are
calculated. If the sysvec x is being used as before,

the following code will determine these maxima:

[1:nvar]REAL max ;
CLEAR max 3
FORWARD LOOP
VEC
IF max [varno] < ABS x
THEN max :’__va.rno:[ t= ABS x
FI
VEC

POOL

The row of reals of- length nvar "max" is used with index
varno as described in Section 4.6. When the loop has
been left, max will hold the maximum absolute value for
each degree of freedom. The second loop clause is used
to calculate the norm of the modified vector. If, for
example, it were desired to obtain an inner product norm,

the following coding could be used:
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norm.:= 00 3
"FORWARD LOOP
VEC
o REAL h = x / ma.x[varno] :
norm PLUS h * h
CEV

POOL

In an actual program using these methods, the calculations
would be made inside loop clauses in which other operations
were taking place. These loop clauses could be either
forward or backward loops. Thus, in the above example,
the computation of max could take place at the end of the
loop clause in which the sysvec x is evaluated. The
calculation of the norm could then be made at the start

of the following loop clause to be obeyed.
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5¢4 Structural Reanalysis 7 z

Structural reanalysis is important in the design of
structures_where the design process can involve a series

of analyses which are undertaken in the search for a
structure satisfying certain design criteria. The

target structure may be in some sense Optimumlor may

be simply on satisfying certain constraints. A nunmber

of different methods of reanalysis have been suggested55"38 .
though Kavlie and Powell35 have indicated that unless

the design changes are very small a completely new analysis
is likely to prove more efficient. The techniques used,
however, provide a useful first example of iterative

solution methods for finite element problems.
In structural reanalysis an initial problem:
Kg)=¢ (5.4)
has been solved and the solution of a modified problem:
(K +K') g, =¢ - (5.5)
is desired. The matrix K' represents the changea in
the structural stiffness matrix due to alterations in

the structure. From equation (5.5) the iteration

scheme:
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KdF s=f-K'a4 (5.6)

can be derived., This is the "simple iteration" method

of references 35 - 37. This makes use of the previously
decomposed matrix K. The matrix K' need nefer be formed
explicitly since the contributions due to'it on the right
hand side of (5.6) can be evaluated within the type
definitions of the elements and appiied by use of procedure

vadd.

Under relaxation may be used to improve the convergence

of simple iteration giving the following iteration35=

K a?

o e n-1 . n=-2
dy =L =K' (1877 + (1-1)a7™)

(5.7)
where 1 is the relaxation factor.

The coding techniques required to implement these iterative
algorithms are illustrated in the example program of
Appendix 6 and so they will not be repeated'here. The
important features are the use of a previously decomposed
matrix and the use of vadd to avoid assembling a matrix

which is to be used only for multiplication,
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55 Non-linear Problems

In the formulation of many problems for solution by the
finite element method, the resultant global systems of

equations obtained may be presented in the form:
‘Ky(d) = £ (5.8)
or alternatively as:

Kd=f+ g(d) (5.9)

In equation (5.8), K (d) is the structural stiffness
matrix which is a function of d due to the non-linearity
of the problem. In contrast, the matrix K of equation
(5.9) is constant. In this case, the effects of non-
linearity are encompassed in the term g(d). Thus, the

pseudo-forces g(d) may be given by the equation:

g(d) = (k - k() & (5.10)

Problems which can be described by these equations
include geometric and material non-linearity or a
combination of both 1. Many different algorithms

have been proposed for use in the solution of equations

(5.8) and (5.9)21222:39
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A simple approach which is suggested by the form of
equation (5.9) is the method of "successive approximations"
21’22. In this method, the load is applied incrementally,
as illustrated in the example of Appendix_G, and at each

load increment the following iteration is performed until

satisfactory convergence is obtained:

+ g(a™" (5.11)

B
[=1

I
I~

This iteration is essentially the same as that used in

the "simple iteration" algorithm for structural reanalysis
presented in Section 5.4. A feature of this method is
that the structural stiffness matrix K need be decomposed
only once. Unfortunately, convergence has been found to

be slow if the non-linearity is too great21. Zienkiewicz

and Nayak20’4o

have presented a complete treatment for the
solution of elasto-plastic problems which is based on an
improved version of this algorithm where an acceleration
scheme which is based on the non-linearity of the problem

is adopted.

At the opposite extreme from this method is the use

20,21,22

of the Newton-Raphson technigue This method

involves the calculation and inversion of the tangent

stiffness matrix:

B = Dok (5.12)
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where:

£,=£-Ky(d) 4 (5.13)
£u is the current unbalanced force. The Newton-Raphson

iteration is then:
n n :
"=k £0 4+ 8 (5.14)

This method is used.in the program in Appendix 6. It
is very costly, however, in terms of computer usuage
to decompose a new stiffness matrix at each iteration,
and so some algorithms perform this inversion less

frequently.

The methods described so far attempt to find an "exact"
solution of equations (5.8) and (5.9). An alternative
approach is to apply the load incrementally and at each
increment of the load to calculate a value for the change
in the vector of nodal displacements by using the current
tangent stiffness matrix. The paper by Mafcal and King41
describes the solution of problems in elasto-plasticity
by this method. Further variants including "self

correcting" procedures can be found in references 21

and 22.

It should be possible to describe and hence program all
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of the above mentioned methods using the language features
described in Chapter 4. Vec clauses together with the
sysmat procedures provide the facilities for the necessary
manipulation of global data while the calculation of element
properties can make use of the full power of Algol 68-R

if necessary. All of the communication between element
data and global data falls within the prescribed limits

set by the availability of the procedures vadd, vequ and

madd.
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‘56 A Simple Eigzenproblem

Though the provision of a facility for the efficient
solution of eigenproblemé is the subject of Chapter 6,
the calculation of eigenvalues and eigenvectors using
only the previously described language features provides
a useful illustration of the use of the system. The
inherent complexity of elasto-plastic problems would

be likely to obscure the relative simplicity of algorithm
description which is possible. Thi§ problem gives a
chance to display the use of additional features which
are not required for the example of Appendix 6, such

as procedures save and cholesky.
The problem to be considered is that of undamped structural

vibration. In this case, the governing equation takes

the form?:
Kx=w Mx (5.15)
where K is the structural stiffness matrix, M is the mass

matrix of the structure and w is the frequency of vibration.

The equation may be transformed to the standard form:

Ay=1y (5.16)

If L is- the lower triangular Cholesky factor of K, then:
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bag oy @ty (5.17)

and y = L (5.18)

I+

A simple way to obtain the eigenvalue and eigenvector

of this equation corresponding to the largest value of
30-32

1l is the method of "direct iteration" This
algorithm uses the iterative cycle:
Falt T Bl (5.19)
¥ t=2z" / max(z") (5.20)

If it is assumed that suitable type definitions have
been provided and that the procedure call "visit(1)"
causes the assembly of sysmats k and m, a skeleton

program to use this method is:

SYSMAT k, m ;
SYSVEC yold, ynew, evec 3
REAL h, w, tolerance, norm, max 3

INT maxiter

C
form sysmats m and k
find the cholesky factors of k
initialise the sysvecs

C



FORWARD LOOP
visit(1) 3
save(m) 3

cholesky(k) 3

VEC
ynew := 1.0 ;
yold := 0.0
CEV
POOL ;
(&
the main iteration
C

norm := tolerance + 1.0 3}
max := 1.0 3
TO maxiter WEILE norm > tolerance DO
BEGIN
norm := 0.0 3
BACKWARD LOOP
VEC
ynew DIV max 3
h := ABS (yold - ynew) ;
yold := ynew ;
IF norm < h
THEN norm :=
FI
CEV

backward subs(k, yold, ynew)
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POOL 3

FORWARD LOOP
multiply(ynew, m, yold) ;
forward subs(k, ynew, ynew) j
VEC

h := ABS ynew ;

IF max <h
THEN max :=
FI
CEV
POOL
END 3
c
calculate the unnormalised eigenvector of
equation (5.15) evec and the value of w
C

w := sqrt(1.0 / max) ;
BACKWARD LOOP
backward subs(k, evec, ynew)

POOL

When the above coding has been obeyed, if the iteration
has converged, the lowest fundamental frequency of
vibration of the structure will be held in the real
variable w and the unnormalised mode of vibration will

be held in the sysvec evec. Two features used in the



* coding which may be noted are the use of procedure multiply
to perform the multiplication by the previously saved

mass matrix m and the use of procedures forwardsubs and
backwardsﬁbs to perform the multiplication by the inverses

of the Cholesky factors of the sysmat k.
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57 Acceleration Technigues

57«1 Several techniques for accelerating the convergence
of the iterative processes used in the solution of certain
problems with the finite element method ﬁave been described
40’42’43. The method developed by Zienkiewicz and
Nayak4o_for the solution of problems of elasto-

plastic analysis has already been mentioned in Section 5.5.
The acceleration technique adopted uses the known

value of the non-linear structural stiffness matrix to
calculate a diagonal matrix which is used to modify an
initial estimate of the increment in the nodal displacements
calculated using the initial linear stiffness matrix for
the structure. The computational features needed to

apply this method are the multiplication of sysvecs by

the non-linear stiffness matrix and their manipulation
within vec clauses plus the solution of sets of linear
équations using the previously decomposed linear stiffness
matrix. This process, which can therefore be programmed
by making use of previously decribed coding techniques,
avoids the need to decompose the current structural
stiffness at each iteration while it makes better use of
the available information about the non-linearity of the

problem than the simple iteration technique.

5¢T¢2 Jennings has described a more general technique

for the acceleration of matrix iterative processea42
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which is based on Aitken acceleration30. Jennings

- and Boyle have shown that this method can be useful in
the context of elasto-plastic stress analysis44. The
equations governing the acceleration useq in this study
were:

X=X+ 8 (x* - ;n-1) (5.21)

where s = (;?-2 -2 ;P-1 4 ;n)T (En-1 - zn) /

(En-z S xn-1 4 zn)T (zn—Z 2 5n-1 + !n)

(5.22)

The accleration is applied once every three iterations.

The terms x, ;?-1

and EF-z represent the values of the
basic iterates and x is the modified value. Since
the evaluation of the inner products of sysvecs are
required for the above calculation, two loop clauses

are needed. The essential coding for the application

of this acceleration technique is:

SYSVEC xn, xnm1, xnm2, x 3
REAL s, h, p1, D2 ;
pl1 3= p2 = 0,0
FORWARD LOOP
VEC

h = xnm2 « 2 *¥ xnm1 + xn 3}
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pl PLUS h * (xnm1 = xn) ;
p2 PLUS h * h .
CEV

POOL

and s := p1 / p2 3
. FORWARD LOOP
VEC
x t=xn + s * (xn - xnm1)
CEV

POOL

In the above coding, the sysvecs xn, xnm1, xam2 and x

are used to represent the vectors x , gn-1, 2 and

x of equations (5.21) and (5.22)
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5.8 Conclusion

While it has in no way been possible to prove that the
series of extensions to Algol 68-R described in the
previous chapter can be used to describe succinctly

and comprehensibly a wide range of finite element problems,
this chapter has demonstrated their utility. The

sample programs in the appendices should also aid this
contention. The ultimate test of any programming system,
however, is its adoption and use by others than its
designers when its general applicability can be more

convinecingly shown.
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Chapter 6

EIGENPROBLENMS

6.1 Introduction

It has been noted in Chapter 2 that in addition to
standard linear problems or problems whose solution
algorithm can be formulated in terms of the solution
of a series of linear problems, there is a further
major class of problems whose governing equations take

the form of the eigenproblem:

Ax=1Bx (6.1)

where A and B are symmetric matrices and A is positive
. definite. An important problzm of this class is the

problem of undamped structural vibration.

Section 6.2 compares various methods for the solution
of equation (6.1). Special consideration is given to
two important methods, simultaneous vector iteration
and the determinant search technique, which have been
developed for use when equation (6.1) has arisen from
a finite element formulation and which take advantage
of the sparse structure of matrices A and B. It is

concluded that simultaneous vector iteration is most
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. suited for inclusion in a system based on the front
solution algorithm described in Chapter 3, and the

method is described in detail in Section 6.3. Section 6.4
| defines two standard procedures based on simultaneous
vector iteration. An example illustrating the use of

the procedures is then given in Section 6.5,
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6.2 Some Eigensolution lMethods

6.2.1 The problem of equation (6.1) may be transformed

to give an equivalent standard eigenproblem:
Cx=m1 (612)

where C is a symmetric matrix if:

Cw il LB (LT)‘1 (6.3)
¥y =l x (6.4)

H =4 / 1 e (605)

where L and LT are the Cholesky factors of A. The
standzrd solution algorithm for the problem of equation
(6.2) is Householder reduction followed by QR iteration
to determine the complete set of eigenvalues of A30’45.
The corresponding set of eigenvectors may then be determined
by inverse iteration. This method, however, is not
suitable in this context since it does not take advantage
of the sparsity of matrices A and B which is present

in a finite element formulation. A further reason is
that in many cases the complete set of eigenvalues and
Ieigenvectors is not required. Thus, for the structural

vibration problem governed by equation (2.10) of Chapter 2,
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only the lowest values of w2 may be of interest.
Similarly, for the structural buckling problem described
by equation (2.11), the first buckling load which is
given by the lowest eigenvalue 1 will be_pf greatest

interest.

6.2.2 The method of direct iteration coupled with
orthogonalisation techniques for calculating the eigenvalues
and eigenvectors of equation (6.1) corresponding to

the lowest values of 1 has been used as an illustrative
example in Chapter 5. In the case of closely spaced
eigenvalues, however, the rate of convergence may be

19

very slow. Anderson defelopeﬁ_a complete solution
system which was essentially based on this algorithm
enhanced with acceleration techniques. A further
refinement included the use of the eigenvalue economiser

46,47

technique which reduces the original system of

equations (6.1) to obtain the modified eigenproblem:

where the eigenvalues of equation (6.6) approximate
the low valued eigenvalues of the original system.
This reduction of the order of the equation system
allowed iterations to be carried out completely in
main memory. This approach has now been superseded

by the following two methods to be described.
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' 6.2.3 The basic determinant search technique is described
in reference 48 though other variants exist49’50.

. The basis of the method is the fact that an eigenvalue
1 of equation (6.1) is a root of the characteristic

polynomials
p(z) = det (A - 2z B) (6.7)

This may be evaluated by performing an L U factorisation

of A - z B using Gaussian eliminatibn as described in
Chapter 3. Since the diagonal terms of L are all

equal to 1, the value of the determinant is equal to

the product of the diagonal terms of U. Using the

fact that the leading principal minors of A - 2 B possess
the Sturm sequence proPertyio, various

interpolation techniques and search methods allow

specific eigenvalues to be determined. Once an

eigenvalue 1 has been determined, corresponding eigenvectors

may then be found by inverse iteration:
(A =1B) ;P+1 1= B £° (6.8)

coupled if necessary with orthogonalisation with respect
to previously determined eigenvectors. Further details
of this approach can be found in the references listed

above. In principle, this method could be implemented

as part of the programming system being described.
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6.2.4 Bathe and Wilson in a survey of methods for

the solution of eigenvalue problems arising in structural
mechanics51, recommend that the determinant search
technique is suitable for use in the solgtion of problems
where matrices A and B are of narrow bandwidth and

where the problem can be solved in main memory. For
problems where the solution algorithm makes use of
backing storage, they recommend the simultaneous vector

iteration method which is the topic of the following

section.
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. 6.3 Simultaneous Vector Iteration

Many different versions of simultaneous vector iteration
- exist? 1798, Only one method, that of Hutishauserss,
will be described, The other algorithms differ in
details which do not affect the feasibility of implementing

them within the basic programming system.

The method of . Rutishauser may be used to calculate

the eigenvectors and eigenvalues of:

corresponding to the p largest eigenvalues li, i=1,p

by iterating simultaneously with p trial vectors

) = X. An initial n by p matrix x° such

G 2% ez (6.10)
is used to start the iteration, where I is the p by p
identity matrix. The following operations are then
performed at each stage of the process:

(1) 35 e A X (6.11)

(11) B e (") Z° (6.12)

102



(iii) Calculate the eigenvectors Qk of Bk so that:
(@) 3% &° = (092 (6.13)
(iv) ) Gl T Qk (Dk)-1 (6.14)

The columns of Xk are the current estimates of the
eigenvectors of A and the diagonal terms of the diagonal
matrix Dk are the estimates of the corresponding eigenvalues.
The p by p eigenproblem of operation (iii) above is

usually solved in main memory using the Jacobi method.

A standard modification to the besic sequencé of operations
listed above which improves the efficiency of the solution
process involves performing the following operations before

applying the basic sequence given aboves
(v) . Y5 )™ x* (6.15)
(vi) xF*R ,, yEm gken (6.16)

such that:

(xk+m)T xk+m 2.

I
-

(6.17)

The orthogonalisation operation specified by step (vi)

above is performed by the Schmidt process.
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Further details of simultaneous vector iteration methods,
including the choice of the initial matrix of trial

vectors Xo and convergence tests are given in References

51 - 560
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6e4 Two Standard Procedures

6+.4.1 Two procedures based on the method of simultaneous
vector iteration can usefully be added to the basic
system described in Chapter 4. The firs£ of these

will solve the eigenproblem of equation (6.1) which
often arises from finite element formulations. In

this case, the matrix A may represent a structural
stiffness matrix which will be effectively positive
definite when the constraints are applied as described

in Chapter 3. The procedure is:

PROC (REF SYSMAT, REF SYSMAT, REF[]SYSVEC,

REF[ ]SYSVEC, REF[]REAL, INT) eigen

This procedure automatically performs the operations
necessary to transform (6.1) to the standard form (6.9)
aﬁd then applies the algorithm described in Section 6.3,
The matrix A of equation (6.9) need never be explicitly
formed. It is only used in the multiplication operations
(6.11) and (6.15), which may be performed by the use

of the frontal multiplication, backward substitution

and forward substitution operations defined in Chapter 3.
The parameters of the procedure consist of the two matrices

A and B of (6.1), the trial vectors and a vector workspace

of equal dimension, the calculated eigenvalues and the
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number of eigenvalues and eigenvectors required. Further
parameters could be used in a similar procedure to

provide control over the tolerances for the various

values calculated during the opefation of the procedure,
Two sets of sysvecs are required because the frontal
multiplication algorithm needs separate input and output

vectors.

For fast convergence, it is desirable that the number
of iteration vectors used should be greater than the
number of eigenvalues and eigenvectors required.

Bathe and Wilson56 have used the formula:

q = min (2p, p+8) (6.18)

as an ad hoc method to determine the number of vectors q
which should be used if p eigenvectors are desired.
If the integer parameter of the procedure is set to

zero, this rule can be assumed.

On exit from the procedure, the calculated eigenvalues
are returned in the low numbered positions of the row
of reals parameter and they are given in order of decreasing
magnitude.., The corresponding eigenvectors are given

in the first rows of the sysvecs parameter.

6.4.2 A more flexible procedure which solves the
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eigenproblem (6.9) is:

PROC (PROC (REF [ SYSVEC, REF[ JSYSVEC), REF[]SYSVEC,

REF[]sYSVEC, REF| IREAL, INT) gen eigen

In this case, the transformation of a problem to the
standard form (6.9) must be performed by the user.

In addition, the user must supply a procedure to perform
the multiplication operations which are required by
(6.11) and (6.15). This procedure will place in its
first parameter, the sysvec resulting if its second
parameter is multiplied by the matrix A. The procedure
parame-er replaces the two Eysmat parameters of procedure
eigen. The other parameters have the same meaning for

both procedures.
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6.5 The Standard Procedures in Use

6.5.1 As an example of the use of the two standard
procedures, it will be shown how the problem of structural
vibration, previously treated in Section 5.5, can be solved
using these procedures. The governing equation for this
problem is:

K x = VoM x . (6.19)

For both examples, it will be assumed that the following
declarations have been made, where the number of eigen-

vectors to be calculated is given by nev:

INT nwork := min (nev + 8, 2 * nev) ;
SYSMAT k, m 3
[1: nwork SYSVEC ev1, ev2 ;

ﬁ: nwork]REAL evals 3
6.5.2 The piece of program required to calculate the

first nev vibration modes and frequencies uéing procedure

eigen would then be:

form the sysmats k and m and store

them on backing storage
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FORWARD LOOP

visit(1) ;

save(k) ;

save(m)
POOL ;
c

solve the eigenproblem
c

eigen(k, m, evl, ev2, evals, nev)
It is assumed in the above coding that the call "visit(1)"
performs the assembly of the sysmats k and m. On exit
from procedure eigen, the calcula‘ted eigenvalies and
eigenvectors will be held in the first nev places of

evals and ev1 respectively.

6.5.3 The coding required to use procedure gen eigen

is:

define the procedure to perform the multiplicétion
by matrix A of equation (6.9)
Cc
PROC times = (REF[]SYSVEC v1, v2) :
BEGIN
INT nvec = UPB v1 j

BACKWARD LOOP
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FOR i TO nvec DO
BEGIN
backward subs(k, v2[i], v2[i])
END
POOL ;
FORWARD LOOP
FOR i TO nvec DO
BEGIN
multiply(v1 [i] s m, v2[1]) ;3
forward subs(k, vi[i], v1Til)
END
POOL

END ; '

form sysmats m and k and find the
Cholesky factors of k
C
FORWARD LOOP
visit(1) ;
save(m) ;
cholesky(k)
POOL 3
c
solve the transformed eigenproblem

C

gen eigen(times, ev1, ev2, evals, nev) ;

110



obtain the eigenvectors of the original
problem defined by equation (6.19)
y ]
BACKWARD LOOP
FOR i TO nev DO
BEGIN
backward subs(ev2[i!, k, ev1[i])
END

POOL

Procedure times performs the operation v1 := A * v2,

On exit from the above piece of program, the unnormalised
eigenvectors will be held in the first nev places of

the row of sysvecs ev2., The final loop clause is

needed because procedure gen eigen is used to solve

the transformed eigenproblem (6.2) which is obtained

by the transformations described in Section 6.2.1.

6.5.4 An example of a situation when the use of procedure
gen eigen would be advantageous is when the problem

of equation (6.19) is formulated using a lumped mass
matrix instead of a consistent mass matrix1’2,

In this case, the diagonal mass matrix M may be held

as a sysvec. The multiplication by M can then be

performed by multiplying the corresponding terms of
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the sysvecs. In addition to the benefits in storage
requirement and efficiency associated with the mass
matrix M, there is the added gain that two sets of trial

vectors are no longer necessary since sysmat multiplication

is not used.
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Chapter 7

INPUT AND OUTPUT

T.1 Introduction

A finite element system of the type which is being

proposed should have flexible input énd output capabilities
which can be adapted to the needs of particular problem
areas. The input data should be easily related to the
basic language constructs while also allowing a natural

grouping of data items by the user of a specific program,

The-basic data regquirements of a program are implicit in
the use of the special features of the extension of Algol
68-R and their input need not be explicitly programmed.

Any further data required can c¢f course be read using the
standard input facilities of Algol 68-R. The data .
associated with the various constructs has already been
discussed in general terms in Chapter 4. In the current
chapter, a more detailed description of the actual input
formats is given and these are related to the corresponding

language features.

Data preprocessors and postprocessors are much used in

finite element analysis to ease the effort needed for
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data preparation and checking or needed to present the
results produced to the user in a suitable form. These
facilities will be considered in Chapter 8. It is a
requirement of any system that it should be compatible

or easily interfaced with such programs.

In contrast, directly produced data is likely to be
used in many applications. In this case, the ability
to give default values to items is a useful feature.
It is also valuable-if suitable vetting of the data can

be performed.

Some desirable features for the input and output abilities
of a finite element system have been listed above, This
chapter contains a description of a possible set of

input formats and output procedures tb be used with the
systern being described which is an attempt to satisfy
these criteria. In Section 7.2 the general format for
all sets of input data is outlined. Element and node
data is then covered in Section 7.3. Sysvec data is
discussed in Section 7.4. This is used tolinput prescribed
or initial values for sysvecs, for example, prescribed
nodal displacements for use in the solution of the
force-displacement egquations of a structure. Finally,
some standard output utilities are described in Section
Ts5e Examples of complete input data sets can be found

in Appendices 4-6,’
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T«2 The General Format of the Input Data

Each géoup of data is preceded by a header card. This
card identifies the data which is to follow. Thus, it
may indicate e.g. element data group number two.

Some additional parameters may be given on a header

card indicating that certain options will apply to the
following group of data. For example, a choice may be
made between identifying sets of data by numbers or by
the order of presentation, Other parameters control

the checks that are to be performed on the data or select
input formats other than the standard free format. Each

group of data is terminated by an "END" card.

If the default option is selected, the default values
are given first in the input group. Following this
come the values for those data items which differ from

the default.

A set of global data is the first input group. This
is used to provide a run title and to initialise certain
global values such as the numbéer of elements or nodes in

the current run,
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T«3 Element and Node Data

The relationship between node and type declarations and
their input data is best illustrated by a-simple example.
It is assumed that only one element type is defined ‘in

the program and that the type definition header is:

TYPE 3 = ((GROUPNO 1 : 1:3 POINTER p),

(GROUPNO 2 : REAL e, v))

This type header, which defines two input data groups,
is similar in structure to the example described in
Section 4.3.2., Only one node definition is present.

This uses the standard input group number zero and is:
NODE (REAL temp)

indicating that one real value temp is to be input for
each node. The input data is to be for sixty-six nodes
and one hundred elements. The input data for the nodes
and elements, where explicit numerical valﬁes have been
given and free format input is being used, could then

be:

ELEMENTS(GROUPNO=1,NUMBERED)

1 5 4 &3
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2y 3 2% 5

100 3 55 65 66
END

ELEMENTS(GROUPNO=2 ,DEFAULT )
DEFAULT 3 10.0 0.25
31 3 8.0 0.3
52 3 8.0 0.3

END

NODES(DEFAULT)
DEFAULT 20.0
10 25.0
11 25.0
12 25.0

END

In the above input data, the first ELEMENTS input group
is used to provide the element nodal connection data
which was specified as element data group one in the
type definition. The option "NUMBERED"™ indicates that
the set of data for each element is to be preceded by
the number of the element. The data for each element
is given one element per line. The first item in each

line is the number of the element. This is followed
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by a number giving the element type: this is 3 corresponding
to the number given in the type definition in the program.
Finally, the three nodal pointers for each element are

given.

The second ELEMENTS data group shows the use of defaulf
values. In this case, only elements 31 and 52 have
values of e and v differing from 10.0 and 0.25. The

use of the default facility is indicated by the parameter
"DEFAULT" in the header card. The first data card in’
the group then gives the default values of e and v for
element tyﬁe 3o The following two cards give the values

for elzments 31 and 52.

In the third data group, the values of the nodal data
for the standard input group are given. Again, the
default option is used. The default value for temp is
20,0 with nodes 10, 11 and 12 having a value of 25.0

for temp.
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T«4 Sysvec Data

Sysvecs are used in the solution of sets of linear equations

having the form:
KE:I (7-1)

In a structural analysis problem x would represent nodal
displacements and y would represent nodal forces.

Since the basic systems of equations arising from standard
finite element formulations involve a singular matrix

K, it is usual to impose constraints on the values of some
terms of the left hand sid; vector x which allow a solution
to fe obtained. This usually involves prescribing that
certain terms of x have a value of zero, though non-zero

values may also be used,

To reflect the essential difference between left hand

side or "displacement" constraints and right hand side

or "force" values, two distinct input groups are used.
These are LHS and RHS. A further group ZEROLHS may

also be used for values constrained to zero. A parameter
"DEGREENO" is used if values for only a particular degree
of freedom are to be input. In this way, a nodal
displacement may be constrained in one direction only.
Different data groups having the same group number are

permitted, the values being treated internally as if
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they originated from a single group.

In order to allow simple problems to be expressed easily,
the input values corresponding to the unnumbered or zero
input groups are automatically applied by the appropriate
sysmat procedures such as eliminate and backwardsubs.

The other input groups must be invoked explicitly by
using further Opfions of these procedures which allow

scalar multiples of these values be applied.

RES input groups may be used independently of the sysmat
procedures to input sysvecs. Two procedures provide

the interface., These are:
PROC(REF SYSVEC, INT, REAL) vec plus, vec equal

which add or assign the data values to the sysvec parameter.
The integer parameter gives the number of the RHS input
group to be used and the real parameter gives the scalar

multiple of the values to applied.
The input of sysvec data is illustrated in Appendices

4=6. In particular, the program in Appendix 6 shows

the use of procedure vec plus to apply a load incrementally.
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7.5 Output

Though the basic reporting of results can be achieved

by use of the standard output procedures of Algol 68-R,
the provision of certain utility procedures is useful.

It may be desired, for example, to group together results
and data for post processing such as graph plotting or

for other forms of report generation.
A helpful procedure is:
PROC(REF CHARPUT, | _INT) output

Standard system identifiers have been ascribed unique
integer values in the standard system prelude and these
identifiers are used in the row of integers parameter of
the above procedure to select the output to be obtained.
The identifiers include "nodes", "elements" and "sysvecs"
which cause the output of all the node, element and
sysvec data respectively. Two further identifiers
"printer" and "punch" are used to indicate the type of
output which is desired., If the option "punch" is

used, the output will be in 80 column card format suitable
for input to a further program,. if the option "printer"
is used, the output will be formatted for output on a

line printer and suitable headings will be included.
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In the case of element output, all the data items declared
in the parameter list of the type definition‘will be listed.
Any calculated values pertaining to elements for which
output is desired should therefore be declared as MEM

variables in the type definition of the element.

Further outputs which can prove usefgl when debugging a
program or a set of data are some snapshots which can be
produced as a program runs by the standard system procedures.
These include listiﬁg the sets of element or node data or
the current values of the sysvecs as the execution of a
loop clause proceeds or the values of any element matrices
or vectors which are being assembled by procedures madd

or vadd. These snapshots are controlled by the global
options of the input data. Of course, a certain restraint
must be applied in their use since such facilities are
inevitably lavish in their use of output media, especially

when iterative solution methods are being considered.
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7.6 Conclusion

While éarely being the most exciting aspect of system
design, the input and output faéilities are often one

of the most important features and can prove to be the

crux of system viability since it is this aspect which

will ultimately affect the user of any programs produced
most. The capabilities described here are adequate for
small/medium problems and they can interface satisfactorily
with the more complex data presentation and preparation

methods for large problems.
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Chapter 8

STRUCTURAL DESIGN - THE COMPLETE SOLUTION PROCESS

8.1 Introduction

Much of the initial impetus for the development of

the finite element method came from the field of structural
analysis. Though the method is now used in many diverse
fields, this remains one of the most important application
areas. So far, the discussion of the finite element method
has been mainly restricted to the actual solution algorithms
involved while the ancillaéy operations which are
ineiitably associated with the complete solution process
have not been treated in any detail. Structural design
provides a useful context in which these matters may

_be . considered.

The design of structures is usually an iterative process
involving repeated analyses in an attempt to obtain an
improved designe. This can be carried out in batch

mode or interactively, the analyst examining the results
of each solution, deciding on some possible improvements
and submitting the altered design for reanalysis.
Alternatively, the process of design may be partially
automated with many iterations taking place without

interference from the designer.

124



This chapter contains a brief look at the subject of
structural design as it relates to the finite element
programming language described in the previous chapters,
Section 8.2 indicates the basic operations involved in
solving a structural design problem using a étandard_
finite element system and shows how the language may

be used to provide comparable facilities. In Section 8.3,
the use of interactive methods is c&nsidered and some
limitations of the current system are indicated.
Finally, the relatibnship between the techniques of
optimum structural design and the language features

is covered in Section 8.4.
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8.2 The Basic Design Process

B.2.1 Users of proprietry finite element solution

11 nastran'® or asas??

systems such as ASKA are provided
with a range of elements with which a structure may

be modelled. A finite element idealisation of a structure
to be analysed is created using a compatible collection
of these elements. The preparation of the data defining
the problem may be performed entirely by hand, or it

may be aided by a meéh generation program like that

of Zienkiewicz and Phillip357 or by a program written
specially for the current problem. Ilost designs are
analysed under several loading conditions and so data
describing these must also be produced. The complete
set of data is then assembled in the standard format

of the system being used and the resulting job is then
submitted to the computer. For the ASKA system, it

is also reguired that the user prepare a short control
program which calls the standard subroutines of the
gsystem. The results obtained may simply be in the form
of tables. A graphic output device such aé a Qraph
plot%er may provide an alternative form of output.

At this point, the user may decide that the current

design is capable of improvement and the a2bove process

can be repeated for the modified structure.

8.2.2 No major change in this sequence of operations
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should be necessary if the language being described

is used. Standard element definitions can be easily
prepared and utilities for maintaining a library of
these would be part of a full system. Type definitions
could then be linked into a particular prograﬁ via

the option list at its head. These element types
would be defined in terms of standard global variables
declared in the system prelude incluaed in all programs.
Indeed, for the solution of a basic linear problem,

a complete program could be:

START option list including element types
to be used

BEGIN

solve problem

END

FINISH

where "solve problem" is a standard procedure which
will perform the operations necessary for the solution

of the problem.

8.2.3 One point which requires further mention is the
handling of multiple load cases since the number of
these should be determined at run time by the problem
and should not be a feature of the program. A further

parameter, SIZE, on the header cards of data input
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groups gives the number of load cases if multiple load
cases are used. Corresponding to this in the program
is a monadic operator, SIZE, which takes an integer
parameter, the group number, and returns the number

of load cases set in the input data. This pérmits
both rows of sysvecs and the parameters of elements
and nodes to have the evaluation of their bounds delayed
to run time. It is, however, conveﬁient to insist
that the use of this operator to determine the size

of an array be explicit with the application of the
operator taking place within the bounds part of a
declaration. This allows the actual dimensions to

be calculated in the "active prelude" of the program

which is described in Chapteéer 9.
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8.3 Interactive Facilities

Varioﬁs parts of the design process can usefully be
performed interactively for certain applicatiqns, the
designer communicating directly with the computer via

an interactive terminal. This often consists of some

form of computer graphics terminal. The portion

of the process which is done interactively can vary

from a completely interactive system which can be used

for small problems, to the use of the interactive capability
to aid the preparation and checking of data or the

examination of results.

The basic system described in Chapter 4 is well suited

to providing the solution module of a semi-interactive
system. In this mode of operation, a separate program
would be _used to examine the results of an analysis

and set up the input data for a modified problem,
Communication between the programs would be achieved

by use of the standard input file described in Chapter 7
and a suitably formatted output file. The‘gloﬁal

control of the suite of programs would be provided

by the job control language of the computer system.

0f course, some delay would be likely between the definition
of a modified structure and the examination of the .

results.
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-The language described in Chapter 4 is not designed

to be used to implement fully interactive systems with
_which the effects of changes to the idealisation or
loading of simple structures may be quickly investigated.
This type of operation is better suited by the use

of a solution algorithm which operates entirely in

main memory. The system organisation described in
Chapter 9 makes use of backing storage to hold both

the problem description in terms of the nodes, elements
and loading, and the inactive rows of the structural
stiffness matrix and the elements of its associated
vectors. A further problem is that the orgzanisation
required by the front solutién algerithm means-that

any change-in the mesh defining the element inter-
connections necessitates the recalculation of the nodal
destinations, and this will affect the structure of

the basic data files. Of course, this does not preclude
the possibility of developing a system providing a
similar user interface but designed for interactive

applications.
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. 8,4 Optimum Structural Design

8.4.1 In recent years, a large amount of research in
the field of optimum structural design has taken place.
and many different optimisation techniques have been

applied58’59.

It seems possible, however, to divide

the methods into two distinct classes with respect

to the computational algorithms involved, In the

first class may be included the stress ratio method

of fully stressed design60 and the optimality criteria
method561. With these techniques, the design improvement
algorithm proceeds by local considerations which can

be made at an element level; In contrast, the second

class contains those methods where global considerations

are used to determine the current set of design changes.

These methods often require the evaluation of the gradients

of the constraints with respect to the design variables.

8.4.2 The stress ratio technique of fully stressed
design may be used to illustrate the type of operation
which is involved in applying a method of the first
class. A fully stressed design is one in which each
member reaches its limiting stress under at least one
of the applied loading conditions. The resulting
design may not be optimal, however, the algorithm has
good convergence properties and produces a good design

in most cases. A simple example is given by the design
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of a pin-jointed truss with the design variables being

the cross-sectional areas of the members. I.f a? represents
the cross-sectional area of element i at iteratiom k,

a new value for the area is given by the stress ratio

formula:

Kk *
a; = a; Dax, (sil / ai) A (8.1)

*
In the above, S5

i and 5?1 represents the stress in element i at design

represents the limiting stress in element
stage k if loading case 1 is applied.

This type of algorithm is suited to being implemented
as a single program. The member cross—-sectional areas
would be declared with the VAR attribute defined in

Section 4.3.

8.4.3 With problems of structural continua, the requirements
of inter-element continuity can prevent each element

from having its own design variable. This type of

problem often involves much fewer design variébléa.
Zienkiewicz and Ca.mpbe1162 give an example of a hollow
gravity dam specified by three variables defining its
geometrical configuration. In this case, the relationship
between the individual element properties and the values

of the design variables is no longer so simply defined.

A different organisation for the optimisation process

132



is therefore required. The following sequence of

operations is often adopted:

1.

2.

3-

Assign initial values to the design_variables.

Produce the input data to the structural
analysis program corresponding to the

current values of the design variables.

Analyse the current structure. If desired,
calculate the derivatives of the constraints
with respect to the design variables.
Evaluate the results of step 2. If the
current design is satisfactory, stop.

Otherwise, calculate a new set of values

for the design variables and return to

step 1.

Steps 1, 2 and 3 of the above can conveniently be performed

by separate programse. Step 1 can be highly problem

dependent.

Steps 2 and 3, however, may be performed

by standard programs, the structural analysis system

being used for step 2, with different programs corresponding

to different design tools being employed for step 3

" For example, Zienkiewicz and Campbell62 describe how
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ﬁhe technique of approximation programming may be used. -
Using this approach, the derivatives of the constraints
and the problem objective function with repect to the
ﬁesign variables are used to create a sequence of linear
programming problems. Suitable bounds on aﬁy changes

in the design variables are set, and then the solution

of the linear programming problem is used to predict

a set of new trial values. Other optimisation algorithms

may be used in a similar manner.

Be4.4 An important feature of the structural analyéis
package used in step 2 of the sequence of operations
proposed in Section 8.4.3 is the cavability to evaluate
the derivatives of the constraint functions with respect
to the design variables, In a finite element formulation
of a structural analysis problem, the fundamental unknowns
are usually the nodal displacements and éo the basic
opefation is the calculation of the derivatives of the
nodal displacements with respect to the design variables.
The further derivatives needed can then be expressed

in terms of these quantities.
If the basic problem is:
Kd=1£ (8.2)

then, partially differentiating with respect to the
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design variable x gives:

(8.43)

The change in the nodal displacements d with respect

to a change in x may therefore be expressed as:
-1
Dd=K (DI_I_‘-DxKg) (8.4)

This method of calculation avoids the need for the complete
solution of a linear system of the form (8.2) for each
design variable, which would be necessary if the derivatives
were estimated by a finite difference method. “The

quantity in brackets in equation (8.4) is known as the.
force derivative. It can be evaluated using the methods

described in Reference 62.

The calculations to determine the derivatives ng of
equation (8.4) may be organised in two ways. In the
first of these, the structural analysis package is
entered twice, An initial analysis of the problem
(8.2) is performed and then another program is used

to calculate the force derivatives. The structural
analysis program is then entered to perform a reanalysis
using the previously decomposed structural stiffness
matrix K and treating the force derivatives as a set

of multiple loading cases.
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An alternative approach could be adopted if the language
described in Chapter 4 were used. to develop the analysis
package, In this case, the program could be designed
fo accept initial input data describing the affect on
the basic problem of changes in the design vériables.
For example, this data could specify the changes in

the nodal coordinates resulting from a change in the
design. The number of design variables and hence

the number of sets of data would be indicated using

the SIZE feature described in Section 8.2.3. This
organisation would allow the program used to generate
the input data for the structural analysis program

to have a much ;impler construction since it would

not need to take account of the internal characteristics

of the elements used to model the structure.

If the design constraints take the form of limiting
strésaes within elements or groups of elements, the
derivatives of the constraint functions can then be
evaluated in terms of the previously calculated derivatives
of the nodal displacements with respect to the design
variables. The effects of design changes on the value

of the objective function can usually be determined

directly.
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Chapter 9

IMPLEMENTATION DETAILS

9.1 Introduction

A preliminary implementation of some of the language
features described in Chapter 4 has been produced.

This realisation of the system is a pilot version which

can indicate the feasibility and utility of such a system,
Thus, while the criteria of efficiency or ease of use have
not been ignored, there are many details which would require
further attention in the development  of a production

version.

Though reference to this initial work will be made, the
main purpose of this chapter is not to detail this
existing system. The aim is to show how the constructs
and data types of Chapter 4 may be mapped into Algol 68-R
by means of a preprocessor and also to describe the

ancillary programs and modules which are required.

Section 9.2 gives a general introduction to the programs
of the system., Section 9.3 then discusses the file
structures used for the frontally held data. The
program preprocessor is described in Section 9.4. The

mappings from the extension into Algol 68-R for sysvecs
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and sysmats, type and node definitions, and loop and vec
clauses are given in Sections 9.5, 9.6 and 9.7 respectively.
Section 9.8 describes the procedure visit and block clauses.
The actual Algol 68-R programs produced by the current
preprocessor for the example programs of Appendices 4 - 6

are included in these appendices.
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9.2 An Outline of the Current System

The present implementation involves the use of three
separate programs together with a set of precompiled
segments which are loaded with the final Algol 68-R
program produced. A diagrammatic representation of

the operation of the system can be found in Figure 4.

The first program to be invoked is the preprocessor
which transforms the source program which is written

in the extension of Algol 68~R described in Chapter 4
into an Algol 68-R program. The preprocessor is written
in the language ML/163’64. The preprocessor also
produces a description of the types, nodes and other
features which are used in the source program,

Ideally, the preprocessor would be written in Algol 68~R
and would perform full syntax and mode checking on the
Bource progralis With the present configuration, most
of these errors will not be detected until the output

of the preprocessor has been processed by the Algol 68«R

compiler.

The second output of the preprocessor is used by the data
checking program which operates on the input data of the
system. If the tests applied by this program are
satisfied, it produces an output file containing the

input data in direct access format for use by the data
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assembling program, The data assembler then sets up

a file containing the data in a suitable format for

use by the Algol 68~R program output by the preprocessor.
This formatting relates to the frontal algorithms and
housekeeping used, and it will be described in Section
9434 The prefrontal operations are performed by this

program,

Finally, the Algol 68-R program output by the preprocessor
is compiled and loaded together with any of the precompiled
segments required. These segments contain the basic
run-time procedures of the system such as the equation
solving routines and the data housekeeping routines
together with any special operator or procedure libraries

which may be used.
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93 Frontal Data Handling

In Chapter 3, it was described how the nodes of a finite
element idealisation may be divided into three classes
at each stage during a pass over the elements. These

classes are:

1. The nodes which have been completely
processed. All the elements in which

these nodes occur have been reached,

2. The active nodes. These nodes have
occurred in elements which have been
processed and which will recur in elements

which have yet to be processed,

3« The nodes which only occur in elements

which have yet to be processed.

Thus, if the operations being performed are the assembly
and elimination of a set of global stiffness equations,
the rows of the matrix and the terms of the vectors
corresponding to nodes in class 1 have been fully
assembled and have been eliminated and written to backing
storage; the rows corresponding to nodes in class 2 are
currently being assembled and are held in main memory;

the rows corresponding to nodes in class % have yet to
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have assembly into them commence. During the backward
substitution phase, the same sets of nodes exist when
the same element is being processed. In this case,

the sets of nodes in classes 1 and 3 are reversed.

For backward substitution, however, it is only necessary
to have one row of the decomposed matrix in main memory
at any stage since no assembly or elimination is taking

pla.ce.

Access to all sysmat, sysvec and node data is governed

by these sets. FPor node and sysvec data, all the values
corresponding to the active nodes are held in main memory.
For a sysmat, either all the active rows or only one row
may be needed in main memory, depending on the operations

being performed on the sysmat in the current loop clause.

The data can be arranged in direct access storage so that
during a forward pass through the elements it is either
read or written sequentially. BEach group of data
corresponding to a particular node contains a backwards
pointer giving the start position in the file of the
previous groupe. This is used during a backward pass
through the elements. In the current implementation,
data corresponding to node statements is read sequentially
during a forward pass, having been preformatted by the
data assembly program, while matrix and vector data is
written sequentially. The use of backward pointers

allows groups to differ in size while it is economical
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in the use of space on backing storage. This is particularly
relevant to rows of sysmats since the current front width

can vary considerably.

In the present implementation, space is always allocated
in main memory to hold the values of the node and sysvec
data for the active nodes. Space for sysmats is allocated
by the standard sysmat procedures used in the current loop

clause and is released on exit from the loop.
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9.4 The Preprocessor

The present preprocessor program functions as a series of
macros which transform the new language features of
Chapter 4 into Algol 68-R. The general purpose macro

63,64

processor ML/1 was ideally suited to producing a
preliminary implementation of this program. Of course,
if more extensive checks were to be performed on the
source program, this method of implementation would
prove innappropriate. The preprocessor also generates
descriptions of the type and node definitions occurring

in the source program for use by the data inputting

and vetting program.

The program output by the preprocessor is compiled by
the Algol 68-R compiler and is loaded together with an
"active prelude" segment in addition to the standard
prelude and library segments. This segment initialises
the files used by the program and performs some initial
data input. The active prelude also contains the
declarations of the basic global variables of the system
onto which the preprocessor maps the local variables

of the element types and the nodes, and the sysmat

and sysvec variables. The global variables are used
for data transput by the standard procedures of the

system,
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The use of global variables will become more apparent

when the detailed descriptions of the mappings of the
individual constructs are given. For clarity, the
representatibns used will not be the actual ones used

in the current implementation of the system, but they

will resemble them in all essential details. Descriptive
variable and procedure names will be used, avoiding the
need for the explicit definition of all the names included.
E?amples of the mappings produced by the present system

can be found in Appendices 4 and T.
Two particular variables meriting special mention are:
[1=max number of nodegleT pointers, destinations

which are used to hold the nodal pointers and destinations
for the current element. In line with the standard
convention27’2? the sign bits of the nodal pointers are
used to indicate the last occurrences of nodes during a
forward pass through the elements. Similarly, a negative
destination indicates the first occurrence of a node
during a forward pass or the last occurrence during a
backward pass. These indications are used to control

the data transput procedures and the operations in vec

clauses.,
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The various mappings will be illustrated by example.
A completely general description would of necessity be
of excessive length while a formal definition would
require a descriptive tool of the same order as IML/1

itself.
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9.5 Sysvecs and Svsmats

9.5.1 Each sysvec requires a work area in main memory
of sufficient size to hold the terms for the maximum
number of variables which can be simultaneously active.
Also needed is an area of backing storage to hold the
inactive values. The preprocessor is used to count the
number of sysvecs defined in the source program while
the data assembler calculates the size of work area which
is necessary for each sysvec. The following declaration
is made in tﬁe active prelude segment:

[1:no of sysvecs, 1:max no of active variablesj

REAL sysvecs
Then, for example, on encountering the declarations:

SYSVEC a, b ;

[1:10]sysvEC ¢ ;

in the source program, the preprocessor replaces them

withs

REF[ |REAL a = sysvecs[1,] 3

REF| JREAL b

L}

i
sysvecs 2, 3

REF[,|REAL ¢ = sysvees[3:12,] ;
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Transput is performed for all sysvecs together by standard

procedures called automatically from within loop clauses.

9.5.2 Sysmats are organised differently. A new mode
is defined in the active prelude. This is a structure
which will contain the addresses of the limits of the
currently assigned work area in main memory and of the
area in backing storage allocated to hold the rows of
the matrix. Also included are various other items of
status information for the sysmat. After preprocessing,

for example, the declaration:

SYSMAT e, f ;

would become:

SYSMAT e, £ 3

initialise sysmat((e,f))

-

The procedure "initialise sysmat" takes a single parameter
of mode [ JREF SYSMAT and it is used to initialise the
status information for sysmats. The transput of sysmats
is not performed automatically, but is invoked via the
standard sysmat routines such as eliminate which outputs
the rows of the decomposed matrix to backing storage, or

backwardsubs which reads in the decomposed rows.
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9.6 Type and Node Definitions

9.6.1 As described in Section 4.3, the header of a type
definition gives the order and nature of the dzta to be
read or simply held for each element of the particular
type. This information is collected by the preprocessor
and is passed on to the data input and checking program

in a suitably coded form.

The macro expansion associated with a type definition

may be illustrated by:

TYPE 1 = ([1:3]REAL a, REAL b, INT ¢, d,
[1:3]POINTER p ) &
BEGIN
serial clause

END
which becomes:

type procedure[}] t= VOID 3
BEGIN
HEFiEREAL a = type reals 1:3] ;
REF REAL b = type reals[4] ;
REF INT c = type integers[{} $

REF INT d& = type integers[2] j

149



REF[ JINT p = pointers 1:3 ;
the statements of the serial clause

END

9.6.,2 DNode definitions are processed in a similar manner
to type definitions. In order to allow the simple
naming convention for nodal values, two data areas are
associated with nodal quantities. The first holds the
nodal values for all the active nodes while the second
holds the values for the nodes of the current element.
The names declared in the node declaration are ascribed
to the second of the two data areas. The appropriate
data is copied to these variables before any element

processing is performed.

As an example, the node declaration:
NODE( [1:4 |REAL e, INT f)

would become after preprocessing:

REF[,-}REAL e = node real vars[‘i:ﬁ,,] 3

REF[ |INT f = node int vars[1,! ;
The extra dimension used in comparison with the treatment

of the parameters of a type definition corresponds to the

naming of the values for each of the nodes of the element.
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9.7 Loop and Vec Clauses

9.7«1 Loop clauses are used to perform the inscribed
statements for each element in turn. They also perform

the transput for element, node and sysvec data.

A forward loop:

FORWARD LOCP

serial clause

POOL

becomes after preprocessing:

initialise loop ;

forwards := TRUE ;

FOR elno TO number of elements DO
BEGIN
INT dummy variable 3

element number := elno ;

input from backing store ;

the statements of the serial clause

output to backing store

END

Backward loops are treated similarly, The procedure

"input from backing store" is used to input the element
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data for the current element and any node or sysvec

data for nodes which have become active, It also copies
the node data to the element storage area. The procedure
"output to backing store" is used to copy to backing store
any information which may have been changed, that is

sysvec data and any MEM or VAR data for nodes or elements.
The nodally based data is copied when the nodes cease to

be active after the current element. The boolean variable
"forwards" allows coding obeyed within a loop clause %o

be dependent on whether the clause is a forwards or

backwards loop.

9.7.2 Vec clauses are used to perform arithmetic operations
between corresponding terms of sysvecs and between sysvecs
and scalars. The operations for the variables of a node
are applied during the processing of the element containing
the last occurrence of the node. The results of the

sysmat procedures become available at this stage and so

this allows a natural sequencing of operations within

loop clauses.

A vec clause:

VEC

serial clause

CEV
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becomes after macro expansion by the preprocessor:

FOR nodeno T0 number of nodes DO

IF (forwards AND pointers[nodeno] < 0) OR

(NOT forwards AND destinations Enodeno} <0)
THEN INT index := (ABS destina.tions:nodeno] - 1)
* number of variables per node j

FOR ivar TO number of variables per node DO

BEGIN

INT varno i= ivar j

index PLUS 1 ;

the processed serial clause

END

FI

The condition of the IF statement in the above coding

based on the signs of the elements of the arrays pointers
and destinations is used so that the operations on the
terms of the sysvecs take place when the node is making

its last appearance in an element. The processing of

the serial clause within a vec clause involves the addition
of a first subscript "index" to all occurrences of sysvecs.
For example, if [ﬁ:j]SYSVEC a and SYSVEC b occurred in a

vec clause in the form:

b is= b ¥ a[i; H
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this line would be replaced with:

=~ 1 =
b[index| := b[index * a|index,3_ ;
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9.8 The Procedure Visit and Block Clauses

The procedure visit is used to call the type procedure
appropriate to the current element. Visit is defined

asi

PROC visit = (INT i) :
BEGIN
block number := i

type procedure{}ype numbexr

END

A .block clause is simply replaced by a CASE statement

branching on the global variable "block number".
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9.9 Conclusion

This chapter has contained a description of an initial
implementation of the language features described in
earlier chapters. This consisted of an outline of
the functions of the main computer programs involved.
The source program preprocessor was treated in greater
detail since it is a less standard piece of software.
Not all aspects of the treatment of specific language
features has been covered. Full documentation for a
system of this nature would be excessively lengthly in
this context. One essential point is the collection
of certain items of information by the preprocessor
for use by the other programs of the system. This
allows the housekeeping associated with data input and
storage to be hidden from the user while still permitting

a fairly natural representation of problems,
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Chapter 10

CONCLUSION

10.1 Some Limitations of the Current System

It would not seem amiss to indicate some constraints
imposed by the approach adopted, especially with
respect to the method of solution of linear equations
used, that is Irons' frontal method. The constructs
described in Chapter 4 severly restrict the patterns
of access to the global vectors and matrices. It has
been sﬁown in Chapter 5, however, that the allowable
methods are adequate for many algorithms, Indeed,
this restriction may be easily construed as having
distinet advantages, since it helps to guide the
programmer to the production of fairly efficient code,
whereas free access to vectors and matrices held largely
on backing storage could cause large overheads to be

incurred inadvertently.

There is one particular class of problems which cannot

be solved using the current programs, Some formulations
require the solution of sets of linear equations with

a non-symmetric matrix, For these, a variant of the

65

front algorithm developed by Hood could be incorporated

into a modified system.
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The use of substructures is another operation which
is not possible with the basic system. For structures
which are composed of repeated components, substructuring
techniques can lead to an increase in the efficiency of
the solution process for linear static and dynamic

68'69. A further advantage is that substructuring

analyses
can prove to be a natural way for users to model a

complex structure since the specification and node

numbering of the individual components can proceed

largely independently. Much of this flexibility,

however, can be provided by a suitably powerful data
pPreprocessor. Some investigation was made into the
feasibility of adding a multi-level substructuring
capability to the basic system described in Chapters 4 and 7.
It was quickly realised that a considerable increase

in the complexity of the system would be necessary due to

the additional data handling operations required and

that implementation of these facilities would be impossible
in the time available, A further justification for

not including substructuring in the system is that the
technique has little advantage for non-linear analyses

of the type described in Section 5.5. Indeed, the

method can lead to a loss of efficiency for problems of

this type since it can force constrazints on the order of
elimination of variables in the solution of sets of

linear equations which can result in a larger bandwidth.
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10.2 Final Remarks

In the finite element method,as in many other fields
of the application of computers, the development

of new techniques has far outstripped their utilisation
by the majority of practitioners.and this trend seems
destined to continue. Proprietary systems, while
providing many features, cannot hope to be exhaustive.
A prospective user of a new technique is therefore
forced to make a choice between modifying existing
software; producing a completely new program; or
attempting to solve his problem by a method for which
facilities are already available, The large size

of general systems makes them relatively inaccessible
to programmers other than their initial designers and
implementers while the production of completely new
programs\can be a lengthy process which can only serve
to sidetrack those whose central interests and
occupations are not directly concerned with computer
programming, Though many new techniques will turn
out to be of little general interest or will be .
superseded later by more powerful approaches, it

would seem to be a useful exercise to attempt to
increase the speed and ease with which new algorithms
can be implemented. This can apply to both active
researchers and analysts interested in obtaining

beter results.
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It has been the aim of the work described herein to

show that a flexible environment within which many
algorithms may be imbedded can be provided. A particular
system has been implemented and its main features have
been described. There would seem to be no reason,
however, why such a capability could not be based on

an existing finite element system since many of the
basic features are common to all standard packages,
Since most of these are written in FORTRAN, a preprocessor
could be used to provide an interface between programs
writen in an extended FORTRAN and the basic subroutines
and functions of the system. This, together with a
more general method of data input, could provide the
user of such a system with greater freedom than
presently while the cost necessary to provide this type
of facility could be a relatively minor portion of

that involved in producing the basic system. For
example, the ASKA linear elastic-static analysis system
consisted of approximately 160,000 FORTRAN 5tatements14.
In comparison, the implementation described here was
achieved in just over 6,000 lines of program, of
course these figures do not give an entirely unbiased
picture since there is a considerable difference between
a prototype and a "user-proofed" production system,
however, they would seem to indicate that the effort
required to provide a considerable degree of flexibility

need not be prohibitive,
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Appendix 1

A VMODIFIED FRONT SOLUTION ALGORITHM

Al.1 Introduction

The standard front solution algorithm has been described
in Chapter 3. It has been noted by Irons and KanTo

that changes in the front width can lead to the occurrence
of zero rows within the front area in memory causing
inefficiency in the solution process. This is a
consequence of variables allocated destinations at the
extreﬁities of the area outliving variables assigned
interior destinations,

71

Yeo has presented a strategy for the allocation of

destinations by longlevity considerations wheré short
lived nodes are given the higher order destinations,
This results in an improvement in efficiency but still
does not completely prevent zero rows from occurring.
It is shown here that a further gain in efficiency can

be achieved by moving the extreme rows to fill any zero

rows arising.
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A1,2 Dynamic Destinations

The effect of eliminating row k of a matrix M on the

term Mij is described by the expression:

Mij t= Mij - M, Mkj f M (A1.1)

Thus Mij is only altered if both Hik and Mkj are non
ZETro, The front method takes advantage of the fact

that only Mik’ Mkj and Mkk need be fully summed,

allowing the elimination of row k as soon as all the
elements affecting it have been assembled, The

element sequencing normally used with the front algorithm
is such that fill-in is almost complete within the

active portions of the front.

The redundant operations which arise during the
elimination of a row due to the presence of p zero

rows in a front of width n may now be considered.

Tests for the presence of zero terms are made in the

outer loop of the procedure for eliminating a row.

If q is the average number of zero items occuring

in a row which are not due to the presence of zero

rows, an approximate value for the number of redundant

operations is given by:

N g¥@-p-a=-1)(p+q)/ 2 (a1.2)
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In comparison, the number of terms which would have
to be moved if rows at the edge of the front were to
be moved to fill the zeroc rows prior to elimination

Ny=(2n=p+1)p/2 (A1.3)

The number of redundant operations during elimination
after compression of the front area may be estimated

as:
Npo & (n=-q=1)q/ 2 (A1.4)

Hence, an approximate value for the number of operations

avoided is:

€(n-p=-2¢~-1)p/ 2 (A1.5)

It can easily be seen, without a detailed examination of
the machine operations implied, that the computing
required to remove zero rows is likely to be cancelled

out during the first elimination,
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A1.3 Implementation Considerations

If dynamic allocation of destinations is to be implemented
a choicé must be made between moving a row after each
elimination or moving rows on an element basis, A
consideration of relations (A1.3) and (A1.5) indicates
that there would be little to choose between the two
methods on the grounds of efficiency since the major
objective is to avoid the continued presence of zero

TOVWS e

Calculation of the moves by element is less complex

and allows program modularity to be more easily
maintained, The actual calculation of moves is

made in the prefront routine. A move is only required
if a space will remain in the front after the assembly
of the next element containing the last occurrence of

a variable,
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Appendix 2

AN ALTERKATIVE DATA STRUCTURE FOR MATRICES

A2.1 Introduction

A basic data structure for matrices which are to be

treated by frontal algorithms has been described in
Chapter 3. Bach row of a matrix is held for the complete.
active portion of the front. This structure is used in
both the main memory of the computer and backing storage.
If a matrix is to be decomposed by the Gaussian elimination
space must be left in the row for the terms which will
become non-zero due to fill-in, In contrast, if a

matrix is not to be decomposed, many zero terms may
remain once the assembly is complete and hence many
redundant operations will occur if, for example, the
"matrix is used for multiplication of a vector. When
repeated multiplication by a matrix occurs as in the
Simultaneous Vector Iteration algorithm described in
Chapter 6; this is likely to prove expensive in terms of

computer usuage.
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A2.2 An Alternative Data Structure

A suitable data structure for these matrices holds each
term as a pair of numbers., The first number is the
numerical value of the term; the second number holds
the destination of the term in the current row. The
computing operations to apply the basic algorithms of
Chapter 3 require little modification to use this data
structure, the standard routines having two modes of
operation dependent on which form of matrix is being

used.,

While in principle the maximum number of non-zero terms
occurring in each row can be calculated at the prefrontal
stage allowing assembly to take place into the packed data
structure, a simpler approach would seem to be advantageous,
A new procedure "compress" which reconfigures a matrix

can be applied after a matrix has been assembled. This
method will take advantage of zero terms which would be
included if the organisation of the packed data were

precalculated,
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Appendix 3

THE SYNTAX OF THE EXTENSION TO ALGOL 68-R

A%3.1 Introduction

An informal description ot the extension to Algol 68-R
has been given in Chapter 4. In this appendix, the
syntax is presented using the same conventions as are
used in Appendix 3 of the Algol 68-R Users Guidess.

If these rules are added to those of Algol 68-R and

if the production for "segment" is deleted, a complete
gsyntax for the extended language will be obtained.

It should be noted, however, that although these rules
are defined in the usual recursive manner, only certain
expansions will be meaningful, The name "optionlist"
is not expanded but it has already been described in

Chapter 4.
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A%3.2 New Modes

Five new basic modes are defined. These are:

SYSMAT
SYSVEC
ELMAT
ELVEC

POINTER
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A3.3 The Syntax Rules

rogram

START optionlist (sec) FINISH

primary
FORWARD LOOP sec POOL

BACKWARD LOOP sec POOL
VEC sec CEV

BLOCK sec {NEXT sec etc] BLOCKEND

declaration

TYPE posint = typedenotation

NODE ({GROUPNO posint :} paramtype identifier-,etc--,etc)

tyvpedenotation

(paramtype identifier-,etc--,etc):(sec)

((GROUPNO posint : paramtype identifier-,etc--,etc)-,ete):(sec)

posint
digit fdigit etc}

paramiype
mode §

MEM mode §

VAR mode §
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Appendix 4

A RESISTIVE NETWORK PROGRAM

A4.1 Introduction

Zienkiewicz1 ﬁsed the example of a resistive network
as a simple introduction to some of the computational
aspects of the finite element method., This problem
similarly provides a useful first example to show the

use of the programming system.

The voltages and the currents entering at the ends of

a resistive element are related by the formula:

i | 1111
11J=1/R!_1 1i;’; (44.1)
- 1.
AT
= k® €}1T
2]

Using the fact that, for a complete resistive network,
the total current entering the system at each node
must be equal to the sum of the currents entering

the elements connected to the node, the formula:

(24.2)

1=
i
=

i<
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may be derived, where K is formed by assembling the

element "stiffness" matrices K° as described in Chapter 2.

In this appendix a program and input data to solve a
simple resistive network problem are given, Slight
differences can be found between the representations

- described in Chapters 4, 7 and 9, and the actual formats
used in the programs and data in this appendix and in
Appendices 5 and 6, This is simply due to small details
of the initial implementation. Section A4.2 contains a
description of the program, The actual program is listed
in Section A4.3. The input data for the example problem
is given in Section A4.4. [Finally, the Algol 68<R
program vhich results after the preprocessing of the

program of Section A4.% is listed in Section A4.5.
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A4.2 A Description of the Program

The first line of the program gives the program options,

It indicates that nvar = 1, dim = 0 and that operations
between real matrices, vectors and scalars are to be

used. Following this, the sysmat and sysvec declarations
define the global matrix K and the global vectors I and V.
The type definition for the resistive element indicates
that each element has two nodes and that one real value,
the element resistance R, is used to define its properties.
A block clause is used to give two sets of operations for
the element. The first set describes ‘the calculation and
assembly of the element matrix EK. The second set performs
the calculation and output of the current through the
element, Finally, there are two loop clauses, The

first performs the assembly and elimination of the global
equation (A4.2). The second loop clause performs the
backward substitution and the calculation of the resultant

currents.
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A4.3 The Resistive Network Program

YSTANTY 1,0, MATOES
VPRGN " .

Y SYEMATY K 3

' SYSURC' 1,V 3

, YTYPEY 1 =CL1:23'POINTER' Ns “HEAL' 1)
© 'REGIN' .
" OYHLOCK1' 'FLVAT' FX 3
: FLe=(C1,=1),C=1,1)) 3
Ee=FK#:C1/L) 3 .
MADIC Fif, ¥ - o 8
'PLOCK2' *ELVFC' EV 3 ;
VERUC U, V) 5
'RFAL' C 3 5
C:=CEUL1I-FULLII/E 3 deoa A 3|
PRINTC(NEWL INF, NFULINE, : G5
UFLEMENT NO"> ELEUENT NO,NEULINE,
= UEFREOM'sNC13," 0", NL21,NEWLINE,
: _ ot 7 NEULINEs "CURRENT': C))
' FLOCKEN D! ; '

VoegNpe 3
" FORVARD! *1,00P"
Yo VISITCL) 3

- FLIMINATECK, Us I)
L POOLY 3 :

"PACKVWARD' 'LOOP'
PACKWAEDSURS(K, Us I) 3
7 VISITC2) o . #21
Y POOL " S : ' > : ;

CEND'
CFINISH?
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Ad.4 A Set of Input Data for the Program

A4.4.1 The resistive network illustrated in Figure 5 is
described by the input data given in Section A4.4.2. The
first data card is a comment which is followed by a caxrd
giving the number of elements in the problem, the number
of nodes and the maximum node number to be used. The
individual resistive elements are then defined. Since
only one type of element has been defined in the program,
the option NOTYPENOS is used allowing the type number field
of an element definition to be omitted. The boundary
conditions are defined in the LHS input group. These

are analogous to constrained displacements and fix the

voltages at nodes 2 and 4 at 5V and OV respectively.
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A4.4.2 The input data is as foliows:

-—

FRESITIVE NETUOEH DATA R
INITIALISEINFLEMEN TS=5, MM0OLES=4, MAXNQOLEND=4)
FLEMPNTECOEDEEEL NOTYPENOS
/1 1.0
4 3. 0
4 5.0 e
AL o ' . :
LHSCNTIMBEEREDRD ) - N =

2 5.0 \ (A

4 C. 0
ALL
S5TOP |,

N L D e

="
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B

e A

© CURKENT

I TUELEMENT
: FrOY +1
CURRENT

| M43 The following output is obtaineds R
”?J:'ELEMFNT ﬁO . %'ﬁLvi_ =
O FxLy =2 TO =4 o e
T CUSRENT #1.000008+0 B
- e -, EL:‘:FEEP}T NO *‘t‘ o7 e e
Frem =1 Tu +4 - s
Citvwr el 4]1,000005+0 TR 5 i :
ELEMENT MO +3 : .
FruM =3 Tu +a =t st e i e e
SR OE N e GROU IR o T R R e R
ELEMENT NO +2 SR s R ki
FHUM +2 TO +3 - e e e =, 1

+2.000004+0 e e R

WO +1
T0 +2 . TSRS
-llonnuu&‘_o e Do Sl

.« T P gt S i B s Sl - - - aa s ma e e ———e - S g
T e e e e .- R o ATl A=




A4.5 The Algol 68-R Resistive Network Program

PWITH' PEFL 5 MATOPS *FROM' PANALALGOL 6B
'REG TV -
L SY sutaTs K o3
START 'Qr' K:=0
SYSMATSC13:=K ;

e
-

'EEF'CI'REALY T » V¥
1 SYSUFCSC1)
v SY SUECSE 21

e e W
..

LU
uon

FLEMENT PEOCEDURECLT s= *UQID' ¢ :
CYPEGINY ‘ . e
'‘REF*CIYINT' "N = POINTERS (1:2 *AT* 11 3 T
"REFY'REAL' ‘R = TYPE REAL CSTS (13 3

YOV kdekdekk BLOCKL1 xokdekkk "(CF Tl 1y
YCASE' ¥.OCKNO 'IN! e ;
E1: ESTZFy 1S ESTIZEI? RFALY EX 3
. FRe=((ls=-1)>C-1512) : T
EK:=FXe(1/8) 3 ' - -
 MADICFE4sX)

VY skkeckdoxk FPLOCKZ2  skdekksksk V(OO ’
CC[1:ESIZEI'REAL' EV 3 ) _
VFEUC FU, U) 3 B £t
JVREALY €. . :
Ce=CFVL11=-FVL21)/E 3
PRINTCC(UEYLINT, NEVLINE, ’
: . YFLEMENT NO'", FLESENT NOs NEWLINE,
X St CEROM'™,NC12, "  TO"s WL, NEWLINEs
d NFULINEs "CULRENT"s €))

]

- *QUT' FAULTCERR1)
vYESAC! T
VCY solesksekk  PILLOCKEND  skskkkk *C0

CENDY. 3 : i TR

YOV descieckde FORVALD LOOP skdedkeksk 'CF
START LOOVCFOREWY 3 .

TRORY FNO 'TOY NO OF FLEMS FOUND 'DO!
YBEGIN® . -

-1?8,



FLIVEIT N0 2
LOOF IMFUT 3

VISITCY :
FLIMIANT RO, Us 1) e

3. LONE DUTELT

VRN T

VO mkkkk POOL meewsws 100

L
o

VO kekikkkk  RACKUATT LOOP  kkmsmx 1(CY
STAET LNOFPCPACK) 3 R S :
*FOR' "ENQ *FROM' NO OF ELEMS FOUND 'BY' -1 *TO' 1 *DO"
'EEGIN' . '

'IMTY PRFLANETARY 3 ‘ w

FLFEAFNT #0z=1490 3 : i
CLOOE INEUT ;
PACKYARTDISURSC(K, Us 1) 3
DT STTCE)
3 LOOP OUTFUY
DAL . ol
S0 G skkdokkk  POOL,  Rkkdkn VCY
RN DY y
*FINTSHY
i (]
]
1 [} Y
~ /
{
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Appendix 5

A TRIANGULAR CONSTANT STRAIN ELEMENT PROGRAM

A5.1 Introduction

The triangular constant strain element was one of

the first elements to be used with the finite element
method. The derivation of the element stiffness
matrix is described by Zienkiewicz in Chapter 4 of
Reference 1. Section A5.3 contains a program for
solving plane stress problems using this element.
This program is described in Section A5.2. A set

of input data which corresponds to the problem given
in pages 467-471 of Reference 1 is listed in

Section A5.4. Lastly, the Algol 68-R program produced
by the preprocessor from the program of Section A5.3

is listed in Section A5.5.
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A5.,2 A Description of the Program

The first line of the program indicates that nvar = 2,
that dim = 0 and that matrix and vector operations are
to be used. The global stiffness matrix X and the
global displacement and force vectors D and F are then
declared. "he type definition header indicates that a
three noded element requifing three real values, E the
modulus of elasticity, V Poisson's ratio and T the thickness,
is to be described. The following code upto the block
clause is used to calculate items which are used in both
the formation of the element stiffness matrix and in the
calculation of the element stress after the solution of
the global stiffness eguations. These are the matrix B,
which relates strain in the element to the nodal
displacements and the elasticity matrix DM, which relates
stress to strain, Also calculated is A which is twice
the area of the element. The system variables X and Y
hold the coordinates of the nodes of the element. The
first serial clause in the block clause calculates and
assembles the element stiffness matrix EX, The second
clause determines the element nodal displacements U and
uses this to calculate and output the resultant stress
components within the element, The operator 'T'
performs the transposition of a matrix. Finally, the
two loop clauses perform the assembly and solution of

the global stiffness equation and activate the elements

to obtain the listing of the results.
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A5.3 The Triangular Constant Strain Element Program

' STARTY 25, 2sMATOFS

*EEGINT

' ST SMATY K 3

'SYSVEDY Bak

"TYPEY @ = ([1:33*FOINTEE" Ns»"EEAL" E>VWsT) 3
YREGEN®

*EFALY A, Bl P9, FP3, Cls €2 €3 3

;>
€183, 1:61"REQALY P 3
L1123, 1: 30 EWALY DM 3
Bly=YL2]1=-YL 3] 3 d
R2:=YL 31-YL1]) ;
Bls=¥[{11=-YL 2] ;
Cle=XL31=£L2] 3
CersxXil1-~%EE] 3
£3:2=KL23=-XC17 3 3
Ar='DFET'(C1,X011,YC11), '

CYeEC20: XL2%Y =
C1,XC31,Y0'31)) ;3
B:=((El,05 P2 0s P35 05
((:J Cl: (s (-- b L: CJ)J
<€ ClaBI».C8s B2y CEH BIY) 5

s BErmEE(1/8) 3 ' #2
i‘3=((1:‘0“):(11:130):(0:0:("'\a)/’)) 3
WSS =TMECF/C1=-Utr2)) 3 ]

'RLOCKY® *ELMAT' EK 5

: L EXe =" TV TR ERCTRA/2) 3
MADIC B, ) :

*FLOCK2" (13 3)*REFaL' STHESS 3 .

; VELUEC! U 5 aif

VECUCU, D) 3
STEES "‘—I“\ fe Teell 3
FPHRINTCONEULINE, "FLEMEN T, FLENFN TNO»
% NFVL.INE, "E.JI‘ ESS5=Y, STEF ..._ﬂ))
*ELOCKFND* =~ B
YEFNDY : :

S FORWAED' 'LOOP? - g P gz
VISITCEy- 3 . S : :
FLIMINATECK, Dy F)

YPOOL® 3 :

'RACKWAEFD' 'LOOZ!
: RACKUARDEUNS(Ks Dy F) 5

oo Ve ST, o 20 T 1, 1 ; )
|I:001" - . - i .
' RUDY
"FINISH

i
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A5.4 A Set of Input Data for the Program

A5.4.1 The set of input data given in Section A5.4.2
corresponds to the plane stress problem illustrated in
Figure 6. All the elements are of unit thickness

and have a modulus of elasticity of 1.0 and a Poisson's
ratio of 0.25. The coordinate input group gives the
coordinates for nodes 1 to 10. Following this, the
nine elements of the problem are defined. The nodes
congtrained to zero displacement are given in the HELD
input group. All data input is in free format, allowing
the two node numbers, 1 and 4, to be input on the same
line. The last input group defines the force of 10
units which is applied to node 10 in the Y coordinate

direction.
It should be noted that HELD and FORCES are synonyms

for ZEROLHS and RHS respectively. In addition,

DISPLACEMENTS may be used in place of LHS.
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A5.4.3 The following output is

ELEMENT
STHESS=
ELEMEMT
STRESS=
ELEMENT
SIHESS=
ELFMENT
STHFESS=
EL MENT
STRESS=
ELEMENT
STPESS=
Fi_c MENT
SIrESS=
ELEMENT
STHESS=
FLEMENT
STHESS=

+Q
+]1.A794254+0
+8 '
=2.949154&~-1
+7 b
+ l 08077‘)'&“0
+6
+1BITTS%H+0
+5
+9,503174~1
+4
+9.503]17A=1
+3

+1.4902358+0

*2
=7.39923a~1
+1
+1.490238+0
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obtained:

+le00000N+]

+2.1026684+0

+3.948674+0
+ 3244875+ 0

+5,189424~1

+h.189420=]

+3. 772708410

+1.416725+0

+3.772704+0

thea832676-11
+5,820774~11
=1«3H4504+0

+]3RGE0A*)

-6.733334~1

+he133334-1
~34113658+0
+9.8964208]1

+3.113658+0
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A5.5 The Algol 68-R Constant Strain Element Program

AWTETHY PERL, » Eét‘-'i'OPfi, YIEOMY BANALALGOLES
i PFEIV?

' SYSMOATY K ; . bk : .

STAET .*OF*' Ke=0 3 : : ;
SYSMATSC1)s=K 3

YREF'[]'EFALTY 1 L F 3

D 3= SYSURCSC1] 3

F 1= SYSURECSL2] ;5

-

FLFMFNT PEOCELUERL1] = *UQIDY
'*RECINY ; £ :
'EEFYCIYINT' N = POINTFES C1:3 'AT' 113 3
*REFYRALY R TYPE LFAL GSTS C13
‘REF'YREALY U TYPE FEAL CSTS C£2)
"REF' ' HRFALY T TYPF, RFAL CSTS C3)

e s e

. e

*REAL' A, Fl, B2, B3, -Cls €2 C3 3
C1:3,1:6]" LiEAL" RS -
[1.?.1 31'LEAL*IV3 ¢

=YL 21-YCL3) 3

‘ : PP =Y(331-YC1) 3 :
P3:=Y(11-Y(2) ;
Cl3eXE30-X027 3 :
C2:=XC11-XC[3) 3 : _
C3:=£L21-%01] 3 . (T, A
A:='DET'CC>XC11,YC11), e :

CIsXE2T,XL2YY 5 ‘ o S5

¢ XC B YL 33)) 3
Re=((Fl, 0, R2, 0, P2 0)>»
(0, CIJO, C:)-’ 0, CS)) i
(Cls R1> C2, B2, C3,B3)) 3
Fe=PuCl/08) 3 .
18200l V05 CUs 15, 0)5€05 05 C1-U)/2))
DM:=D4$(F/(1-U72)) 5 ;

OO skkddoks FLOCKD  gekkskx 0V

*CAST.' FLOCKNO 'IN?

El EETIZEs 12 ESIZF1Y RERALY FX 3
FA:=" 1T 'R xRk TEA/2) 3
MA DD FK K)

VO skxkk® FLOCKS  swkkdx 'CY
(1231 EFEAL Y STRESSS
: EIsESIZEI'PEALTY D
VFQUCH, D). 3
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STEESSt=I¥=r2l 3

PRINTC (N FUL TN, “FLEMFNT®
NFULINF "STERES=

S OUT' FATLICERED)

L ESACe .

YO kst PLOCKEND  kekskokkk ' C*

A BRI oS

VEY sk FORWAED LOOP  dokxdsrns v Q0 : '
STAFT LOOPCFOEY) 3 : i
*FOR' ¥NO *TO' NO OF ELFYS FOUND 'TO°

PRRETN A : : '

CINT! ERESTING 3
FLEMENT N0 5= N0 3
L= I.‘.T'_'-"!Tj 3

VISTTECYY 3 :
FLIMTUATECK, s F) TEu ¥
3 LOOP OUTHUT ) '
VENL' 3 .
YO ckdckokiek  FOOL,  kkkkkk '(Cf

. i)
»

VG kkkkkk TACKUARD LOOP. kkkkkk *(C°
START 1.OYCRACK)Y 3. 3

CFOR' FNO 'FROM' N0 NF TLEMS FOUND 'RY' =1 *1qQ°

‘. h}."q I -I L}

'INTY'ERMLANETARY 3.

.. FLEMENT N0O:=¥ND 3
LOOP INFUT 3 4

PACKUARDSURSCX, By F) 3 R S

VISITC2) L _ L
3 LOOF OUTeUT v _ ;
CENDY _ e — S :
VO Riigkk POOL kkskokpsk -V GO ‘ :

LR NS AL
PRINTSH
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Appendix 6

A GEOMETRICALLY NON-LINEAR PLANE FRAME PROGRAM

A6.1 Introduction

The solution of geometrically non-linear plane frame
problems provides a simple example of the implementation
of an iterative solution method. The element properties
used are described by JenningaTz. The method of solution
used is to apply the load incrementally and to perform
Newton-Raphson iterations at each loading stage until

convergence is obtained. The iteration at loading

stage i is thus:

knga™! =2t - g7 (16.1)
g-n+1 ia gn +S-Qn+1 (A6.2)

where li is the applied load at stage i, £n represents

the total force applied by the elements in their current

étate of deformation and g? represents the nodal displacements,
This method requires the calculation of the tangent étiffness
matrix K; and the solution of equation (26.1) at each

iteration.

The computer program is described in Section A6,2 and it
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is listed in Section A6,3. In Section A6.4 a set of
input data for the solution of a simple toggle problem
using two elements is given and the results obtained
are presented. Finally, the Algol 68-R progranm

generated by the preprocessor is listed in Section A6.5.
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A6.2 A Description of the Program

Line one of the program listed in Section A6,% indicates
that there three degrees of freedom at each node and

that each node has two coordinates, These freedoms

at nodes are the displacements in the X and Y axes and

the joint rotations at each node. The tangent stiffness
matrix of the structure K is then declared followed by

the three sysvecs D, F and DELTAD representing the

nodal displacements, forces and increments in displacement.

These sysvecs correspond to the terms g?**, li

- ™ and

s d in equations (A6.1) and (A6.2) respectively.

The integer variable NINC is used to hold the number
of load increments to be applied. This number is read

from the auxiliary input file.

The type definition is for an element of the kind
illustrated in Figure .7, with three displacements

u,v and t at each node and with three corresponding
components of force. Two real values, EI the product

of the modulus of elasticity and the second moment of
inertia of the element cross section and, EA the product
of the modulus of elasticity and the cross sectional area
of the element are required to define the properties

of an element. In addition, the nodal coordinates
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X and Y for the element in its initial undeformed
condition and the nodal displacements XD are needed

to evaluate its current state.

The operations within the first clause of the block
clause in the type definition are used to calculate

two items, These are the tangent stiffness matrix for
the element, LEK and the nodal forces of the element in
in its current state of deformation, EF. These are
calculated by transforming the nodal displaceménts to
local coordinates which reflect the deformation of the
element giving the vector EU and by using the elastic
properties of the element defined by the matrix EK,

The nodal forces, EF, are assembled into the global
force vector, F and the tangent stiffness matrix, LEK,
is assembled into the global tangent stiffness matrix,

Ke

The second clause of the block clause in the type
definition is used to print out the nodal displacements
for each element after convergence has been obtained at

each loading stage.

The DO clause in the coding defining the global solution
algorithm loops over the increments of applied force.
At each loading level, the Newton-Rlaphson iteration

defined by equations (A6.1) and (46.2) is performed
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until NORM, the maximum absolute value of any change

in nodal displacement, DELTAD, for any degree of

freedom, is less than 0,001, BEach iteration is performed
by two loop clauses. The first clause applies the
current load, assembles the element nodal forces into

the sysvec F, assembles fhe tangent stifiness matrix K
and then performs the elimination operations on equation
(A641)s The second loop clause then performs the
backward substitution operations to determine the change
in the nodal displacements. The vec clause is used to
update the nodal displacement vector, D, and to calculate
NORM. . The sysvecs ¥ and DELTAD are then initialised

for the next iteration. The final loop clause is used
to print out the nodal displacements for each element

once the iteration has converged.
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Initial position AB

Displaced position A'B!

A SINCLE MEMBER OF A PLANE FRAME STRUCTURE
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A6.3 The Geometrically Non-Linear Plane Frame Program

VSTAET® - 3, 2, MATOFS
'IPFEGINY ' :
VSYSHMAT K 3 :
USYSYRCY: D, ¥s» DELTAD 3
'RFALY NOLas 3

YINTY NINGs COUNT:3 _ -
REATXNINEGY 3 s : - i

"TYPE' 3'= ([1:21'POINTFK® PS,'RFAL® EI,EA) ¢
TREGINY . ol 2 e
'FIO["/I' Els24, 1:6]'ERALY T '
(12351241 EFAL'. ATAR. .
[l1s4) 7L U 3 7,
Cl:61'1i¥0L, " ED, EF y
£1:3)'ERALY EU, ER
t1:3>1231"EEAL W 3
SEledi TeAJYREALY T 3
L1365 126]1"FALY LEX 3
M EEALY P : X -
cee  "REALE AL = XKT23-XC1)s YL = YLE2Y3=-Y¥[13 ;
'HFAL' L = SQHT(XLxXL+YL*YL)s COSA = XL /L,

-e

.
a

Ll

-

A SINA = YL/ 3 ’ iy
= WEOUCED: Y 3
; T_!"(‘("f‘rj' =5INA> 0> COEA, SINA 0D

€51 ‘H':"'(")“ ln(‘r-bI\Q: Cd M1y U)o
(0505 15,0,0,0), :
(C0,0,0,051)) 3
Us=T%ED 3
APAL:=((1,1L2]1 /L, 050)s
(0>=-1/L5150)5
(OJ‘l/L:CJl)) 3 + ’ iy
Fls=CUL1I+UL 2% UL 21 7C £xL.)s UL 3I-UL 2] /e
' . UL4l-UL2l/L) 3 . '
FR:=C(EA/Ls 05 0),-
COs 2RI /L £:FT /1),
(O:BFYI/L:l""‘I/L)) 3
FREFL 3
ErC 13 -
= 1'l";"?‘-' T'"ATVAT4ER 3
EFsF) ;
(00,0,
T COs P/7Ls 05 0)
(00,00, _ : :
o CD D GY Y 3 . 3 =
LFEK:="T1"10( ' T'ATAF < EK*AFAR+ D) % | ;
MADDCL ¥, 1)

. !

o ol R v e |

25373
QO tj'll n H
o= o

Eallial

'FLOCKZ' [1:61'REALY ED 3
VEQUCEDL, 1) 3 : ’ '
ERINTCONEVL INE NFULINEF, "ELESMENT NOY, FLEMENT NO»
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'

NFULINE, "OIEG", FS, NEVL INE,
“"DEFLECTIONS™s EE) )
LD CHIN DS
rENDY 3

"FOR' I YTO' NING 'DO*
. 'REGIN®
COUNT:=0 3
- YWHILE' NOEM:=0 3
, . COUNT 'FLU'S' 1 3 /
C VFOEWAED''LOOP?
VEC FLUS FOECE(F, 1, I/NINC) 3
VISITC1Y 3 :
' FLIMINATECK, DVL TADs F)
_'POOL* 2l
. *RACKYAED' 'LOOP' i
g5 _ '\ . BACKUARD SUES(X, DEL1AL»F) 3
CUEC' Di=D+DRELTADN
*IF' NOEML'ARS? LELTAD
i3t * THEN' NORM:='ARS' DELIAD .
vELr 3 :
F: =DFL TAD: =0
' CFU!
'POOL" 3
"NOFM>0. 001 :
*PO* ' SKIPY AHE AP

YTO' 5 'DOY NEWLINRCSTANDOUT) 3

PRINTCCYLOAD INCHIMENT NO', I, NFEULINES

"NO OF ITEREATIONS', COUNTY) 3

'ENRUVARD' 'LONPY

1 VISITC2) )
TPOOL*

YEND'

-

VEKIPY b 4 APTTe)
*IND* ' 3 ; gk
"FINISH! ) o :
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A6.,4 An Example of the Use of the Program

A6.,4.1 The toggle problem illustrated in Figure 8
was chosen as an example since published results were
available. The load deflection characteristics for
for the toggle using two elements are presented in
Figure 9, This graph agrees well with the results

72

obtained by Jennings' .

The input data used is listed in Section A4.6.2. The
GROUPNO parameter set in the header card for the FORCES
input group is used so that the values given may be
identified in the call of procedure VEC EQ FORCE in
the program which applies the load at each stage of

the calculations.
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A6.4.2 The input data is as follows:

-

#TOCGLY PROPLFM
INTTIALI STCNMLEMEN T8= 2, INODRE= R MAXIODLEN0= &)
COOFRECORPEDEM '
a0
'3 0. 32
26 10
0L { &
FLEXFENTSCOUDRERD, NOTYPENDS)
‘1 2 9.2723 1.88526
8 3 98783 1.88526
FALL T
HFLINUXPEERD)
TR A LA '
BLL. ‘ :
FORCESCGEOUPND=1, YUY FELED)
2 0 =120 O
ALL - :
STOF : 7 i Tk
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EA 1.885 x 10" 1lb

EI 9.27 x 103 1b per sq in

A TOGGLE COIMPOSED OF TWO MEMBERS

Figure 8
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THE LOAD DEFLECTION CHARACTERISTICS OF
THE TOGGLE OF FIGURE 8
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46,5 The Algol 68-R Geometrically Non-Linear Frame Program

TWITHY STFL o MATOES ' FLOM? rnxpLﬂr(oucg

. CEREINY . :
*SYSMATY K 3 : . Ty
STALT *OF' %:=0 3 . ‘ / : :
SYSMOTSC 1 )s=K 3
YRFF'LI'EFALY D , F » DFELTAD 3
D {ﬂ'SYbb RCECLY s N e
Fg= SYSU cftﬂ] 3
DFLTAD

HE U‘"C‘*Cd] ;

CYREFALY NOFM i=
YINT' NINGs COUNT 3 PR
RFADCTING) 3 ;

FLFEMENT PEOCERUFERC1] &= ivorm' K R
'PREIN Y , '

OREF'CICINTY  PS = - POINTERS.C1: 2 "ATY 4T 1% ;
*REF''EFAL®* EU = TYPE RFAL P“l& i e : :
*REF**NELL' EA = TYFE REAL CSTS CL2) 3
YOY okkkik  TLOCK]  skkkksk 'Cf ' '
'CASE' FLOCKNO 'IN? : *
(124,12 6)"ERAL" T3
C123:1:4)EFALYAFALS
Cl:4)ERAL'US -
C1:6)' REAL *EDs BF3
(12 3]1'EFAL ' EUs BLS
C1:3, 12 31 ERAL" FX3
C1l:ds 12240 ERAL DV2
(126, 1261 7AL *L 303
j *BEEAL* P 3
v 'REAL' XL = X023-XC13, YL = Y[&1-Y[1] 3
' - 'REAL' L = SORTCAL*XL+YL%YL)s COSA = XL/L,
: SING = YL/L 3 - - :
VEQUCED, 1) 3 J
:(( COSNA, -SINA, 0, COEA, STNA, ),
CSINAs - C0SA> 0s -SINA, COSA5 0),
(Cs0515050,0)> .
C0,0,0,05,051)) 3
Ue=T*+FED 3
'npnh.utcl,vt?J/L,o,o),

(0s=1/1.515,0),
CON=1/L5s0s1)) 3
EUs =CU( 1]+UL 23::UC 2170 2¢¥L)Ys UL 3)=UL 21 7L»
U[’—”-UE{'}]/L) 2= '
FK:=CCEA/L, 05 0,
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COs 4:¥1 /L, 22K /L), ' yo
COs BT /L, &RIZLY) 3 :

ER: =R+ EU 3
Pr=FRC1] 3
FFsi =" Py [0 TrARARREH 3 :
VALRCKF, F) 3 ' :
DMr=CC0s0: 050, . R
COs /L Us50),
L €050, 05 0)s ; . ;
€(0,0,0,0)) 3 : J,
‘ LFK'“'i'1+('1'&RA}*“11HFA}+§‘)'1 3
' MADDCLE® K : LT
.. » .’ LS '.l ol
*CY kkkdkk  FLOCK2 skkkkk 'CV e ‘ A

di i GJ"PﬁL'FL'
VEGUCFD, D) 3
Pllvu(vrﬂllHuﬂF14aLu%Lbn“n NO"s FELEMENT NO»
3 + NFWELINW "NOLFS'", PS, NRUL INE, :
S U"DFFLECTIONS", ED))

*OUT' ‘FAULTCEEED) _
' ESAC! . - :
! CY kdokkkk | PLOCKEND | kkskseksx (O

'FNDY 3 Rl

*FOR* T 'TO' NINC 'EO°
: ' PREGIN .
COUNTS = ; ,
"WHILFE' NOEMs=0 3
couu: "RLUSY 1 3

PO smdkxkk  FOEWAED LOOD  skstokkx ¢ (00

. START LOOPCFOFRY) 3 . e | e

"FOE' FNO '90' NO OF FLFMS FOUND *10° e %
T YREGIN® : . ' :

CINTY FEFSTING 3 X

FLEMFNT NN t= FNO 3 .

LOOF INPUT 3

N VEC FLUS FODCW(E, 1, I/NING) 3
2 VISITC1)Y 3 _
' ELIMINATECK, DL 5T, #) :
3 LOO# QUTEDT : :

T FN DY : P ;

L %:'k‘-!:*-‘!:"f:. I"ﬂ’}-’_. mkskditide T (00
2
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MG mExskkk PACIUAED LOOP  wxksxg 10

START LODECT2CH) 3 ' AR

CEOR' ENO 'FREOMY. NO OF ¥LFME FOUND 'RY' -1 'TO' 1 'fO°
CAPRETN 4 Aa
VINT' FPILANETALY 3 :

FLIMENT NQO:=EY0 3 _ < .

LDOP INPUT 3

PACKUALL SUPS(Ks DELTADs F) 3.

CCY sk VR ks 100
*FOR' IVEC 'TOY NNADES "10O° .
L VIFY CFOREARDS *ANMDY POINTELSLIVECI<O) 'OR!
i CRACKUAREDRS "AND' DESTSCIVECI<O)
YTHENY vIMTe INIK:=('ABS? DESTSLIVECI=1)2NVAK 3
YFOR®Y JUFC "D NVAR TDHO! ‘
'REGIN' . - 7 =
"INT' VARYO = JUFC 3 ‘ T
INDE 'PLUSY 1 3 - - ‘

DCINDLI:=DCINDX 1+ DIL TADL INDXD 3 ;
' - *IFY NOINM<'APRS'DEL TADC INDX)
: *THEN' NOHM:='ARS* LELTADLINDK]
o 15 'FI' ' ‘
iy - FOINDZ1:=DELTADCINDSI:=0

'FN D!
46 7 .
'C' kkxkkk:  CEU. kkkkokk . 'Cf

: 3 LOOP OUTFUT
TEND! : :
'O ckseoxeksk PODL skkkskekok 'CT .
3 ' : TR ,
‘ NOEM>0.001 N
SD0 Y N SH Pt _ »

*TO0* 5 'DNY NEULINECSTANDOUT) 3
PEINTCC"LOAD INCHEMFNT MNO", I, NEULINE,
"0 OF ITFRATIONSY, COUNT)Y) 3

'C' kkkkkk  FORVARD LOOP  kuigss (0
- START LOOPCFOLRW) 3 , ; :
*FOK' ENO *TO* NO OF FLEMS FOUND 'DOY
'PEGIN?Y _ '
YINTYERFSTING 3
ELEMENT NO 2= FNO 3
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LOOP INFUT 3

YEND
*OY dokkokskok
VENDY

SRl
vYEND
TFINISH?

VISITC(2)
3 LOOP OUTPUT

POOL, sk 0"

.
>
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