City Research Online
City St George’s, University of London

ST GEORGE'S

UNIVERSITY OF LONDON

Citation: Eames, K. A. (1980). Hydrodynamic stability of slowly varying flows.
(Unpublished Doctoral thesis, The City University, London)

This is the accepted version of the paper.

This version of the publication may differ from the final published version. To cite
this item please consult the publisher's version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/37518/

Copyright and Reuse: Copyright and Moral Rights remain with the author(s) and/or
copyright holders. Copies of full items can be used for personal research or study,
educational, or not-for-profit purposes without prior permission or charge, unless otherwise
indicated, provided that the authors, title and full bibliographic details are credited, a
hyperlink and/or URL is given for the original metadata page and the content is not changed
in any way. For full details of reuse please refer to City Research Online policy.

City Research Online: http://openaccess.city.ac.uk/ publications@citystgeorges.ac.uk



https://openaccess.city.ac.uk/policies.html
mailto:publications@citystgeorges.ac.uk
http://openaccess.city.ac.uk/

HYDRODYNAMIC STABILITY OF SLOWLY VARYING FLOWS

by

Keith Alan Eames

A thesis submitted for the Degree of
Doctor of Philosophy

Department of Mathematics
The City University, London

May, 1980.



Title

CONTENTS

List of contents

List of tables

List of illustrations

Acknowlédgements and declaration

Abstract

List of abbreviations

Chapter I : General Introduction

1.1
|
13

Chapter
2.1

2.2

Ced
2.4
2.5

2.6

2.7

2.8

I1

Hydrodynamic stability

The Taylor-vortex instability

Page No.

(o) BN A ]

13
14

16
16

Problems involved in relation between theory 22

and experiment
Experimental work
Slowly varying flows

The general problem *

: Parallel Wall Case

The neutral curve

Analysis of the base velocities

The disturbance equations

The expansion procedure I

The adjoint eigenfunction

The expansion procedure II

The forms of solution for U with different
normalizations

The approximation to the neutral curve

23
25
29

33
35
37
40
43
46
49

57



2

210

2

Chapter 3 :

35

&/ W™

w W w w

39

12

1

.10

3.11

S s

Introduction to the non-linear problem with
respect to torque calculations

Expansion of the non-linear equation for small
amplitudes

Consistency conditions and formula for Taylor-
vortex torque

Results of torque calculations

Non-parallel Wall Case

Introduction to the non-parallel wall linear case
Assumptions made about the outer stationary surface
Analysis of the base flow

Solutions of the equations with the given

boundary conditions |

The disturbance equations and non-dimensionalizing
the base velocities

Explanation of the séability problem and expansion
procedure

Solutions of the disturbance equations

The amplitude equation for y(z*)

Solution of the disturbance equations II

The amplitude equation for S(z*) and effects of
normalization

The solutions for U and the Stokes Streamfunction ¢

The observed or physical wavenumbers

Page No.
62

64

68

73

76
78
79
83

90 -

94

102
107
110
115

120
125



3.13

3.15
3.16

Suld

Chapter 4 :

4.1
4.2
4.3

4.4
4.4a
4.4b
4.5
4.6a
4.6b

Chapter 5 :

5.
5.2
5.3

The renormalization technique for the solutions
for U , @ and the observed or physical wavenumbers
Introduction to the non-linear, non-parallel wall
problem

Solution of the non-linear disturbance equations
Solution of the disturbance equations and the
differential equation for the non-linear amplitude
function wN(z*)

Solution of the disturbance equations (cont) and
the differential equation for the amplitude

function SN(z*)

Solutions For A Specific Case

»
Introduction and brief discussion of the results

The amplitude equation in a special case
Eigenvalues, eigenfunctions and the linear
solutions

Numerical results for the Tinear case

Tﬁe linear case with n= 0.5

The linear case with n= 0.95

Perturbation method for solving $N(z*) and SN(z*)
The non-linear case with n=0.5 and j=1

The non-linear case with n=0.95 and j=1

Slowly Varying Outer Wall With Order One Total
Variation

Introduction

Assumptions made about the outer surface

Equations for the base flow

Page No.
130

133 -

135
140

145

153
157
160

165
165
168
169
17
174

209
210
210



5.4
5.5
5.6
8.7
5.8
5.9
5.10

Chapter 6 :

6.1
0.2
6.3
6.4

6.5

Appendix :

References

Solutions for the base flow

The problem for the Taylor-vortex like flow
Attempt at a solution in terms of z*

The problem in terms of e"iz* : inner series
Solutions of the equations

Matching of inner and outer series

The Tinear case with n= 0.5

Some Miscellaneous Results

Introduction
An attempt at a solution with A = Ao and T
An attempt at a solution near A = Ae and T

The solutions with ¢ and S + constant as

e

Results for 6.4 with n = 0.5

computation and checks

Page No.
212

216
218
220

223
226
227

241
241

243
245

248

251
254



TABLE I
TABLE 1T
TABLE 111
TABLE 1V
TABLE V
TABLE VI
TABLE V11

TABLE VIII

TABLE IX
TABLE X

TABLE XI

TABLE XII

TABLE XIII

TABLE XIV

List of Tables

Variation of T with » for n = 0.95 .
Taylor-vortex torque forn= 0.95.

Wavenumber for maximum torque (At).

Critical values of TLc’ A\lc *

Eigenvalues and eigensolutions for n= 0.5

and fixed j and n.

Eigenvalues for n = 0.95 and fixed j and n.
Summary of results for the velocity components
for n= 0.5 and x = -0.5 to 0.5.

Values of 921,j/u1],j (j = 4,5,6) for n = 0.5

evaluated at x = -0.5 and 0.5.

Values of ¢01(z*) for the case n= 0.5 and j = 1.

Values of ng s TLcrit and M erit for the case
n=05,3=1, e= 0.1 and x = 0.

Values of ng s TLcrit and A erit for the case
n =05,73=1,¢=0.5and x = 0.

Variation in x for wavenumbers of ¢ , U, and U5
for the case n = 0.5, j = 1,e = 0.1 with

z* = 0 and z* = 1.2.

Variation in x for wavenumbers of ¢ , U4 and U5
for the case n=0.5, j =1, ¢ = 0.5 with

z* = 0 and z* = 1.0.

Solutions of Uy, Ug, U6 and ¢, and the

corresponding parallel wall solutions, for the

case n= 0.5, j =1,e=0.1 and x = 0.

Page No.
58

75
75
176
176

176
177

177

178
178

178

179

179

180



Page No.

TABLE XV Solutions of Uy, Ug, Ug and ¢ etc., for the 181
case n=0.5, j=1, ¢ =0.5and x = 0.

TABLE XVI Summary of results for the velocity components 182
forn= 0.95 and x = -0.5 to 0.5.

TABLE XVII Values of 921,j/u11,j (j = 4,5,6) forn= 0.95 182
at x = -0.5 and x = 0.5.

TABLE XVIII Values of wOI(z*) for the case n= 0.95 and j = 1. 183

TABLE XIX Values and A .,.s4 for the case 183

of nps Tierit
. 0.95, j=1,¢e=0.1and x = 0.

TABLE XX Variation in x for wavenumbers of ¢ , U, and 184
U5 forn =0.95, j =1, € = 0.1 with z2* =0
and z* = 1.

TABLE XXI Solutions of U4, US' UB and ¢ , and the 185

corresponding parallel wall solutions,for
n - 0.95, j _
TABLE XXII Results for the velocity components for n = 0.5 186

1, e = 0.1 and x = 0.

]

and x = -0.5 to 0.5.

TABLE XXIII ~ Values of ¢ (z*) obtained by the perturbation 186
" expansion for n = 0.5, j = 1, D = 200, 600 and
1500.
TABLE XXIV  Values of yy(z*) given by the numerical solution 187

of the full equation for n = 0.5, j = 1, D = 200, :
600, 1500, 2000 and 3000.
TABLE XXV Comparison of D and yy(0) from the numerical 187
solution for n = 0.5 and n= 0.95.
TABLE XXVI Non-linear solutions of U,, Ug, Ug and @ ,Ifor 188
‘ the case n =0.5,j=1, e =0.1, x =0,

D = 200 and D = 600.



TABLE XXVII

TABLE XXVIII

TABLE XXIX

TABLE XXX

TABLE XXXI

TABLE XXXII

TABLE XXXIII

TABLE XXXIV

TABLE XXXV

TABLE XXXVI

TABLE XXXVII

Non-Tinear solutions of U, Ug, Ug and ¢ ,

for the case n = 0.5, j =1, € = 0.5, x = 0,

D = 200 and D = 600.

Results for the velocity components for n = 0.95
and x = -0.5 to 0.5.

Non-linear solutions of U,, Ug, U6 and ¢ for
the case n = 0.95, j = 1,e = 0.1, X = 0 and

D = 126.702.

Values of wo(q) for the case n = 025 and n = 0.
Values of s TLcrit and Merit for the case
n=0.5n=0,¢=0.01 and x = 0.

Values of n , TLcrit and ALerit for the case
n=0.5 n=0,e =0.1and x = 0.

Variation in x for wavenumbers of ¢ , U, and
U5 for the case n = 0.5, n = 0,e = 0.01 with
g=0and q = 1.

Variation in x for wavenumbers of & ¢ U4 and
U5 for the case n = 0.5, n = 0,¢= 0.1 with
q=0and q = 0.5.

Solutions of U4, U5, U6 and ¢ , and the
corresponding parallel wall solutions, for the
case n = 0.5, n =0, x = 0 and ¢ = 0.01.
Solutions of Uy, U5, Ug and ¢ , and the
corresponding parallel wall solutions, for the
case n = 0.5, n=0, x =0 and ¢ = 0.1.

Values of TLc’ kLc’ 1 and

Lerit,e chrit,m‘

Page No.
189

190

191

230

230

231

231

232

232

233

250



FIG

FIG

FIG

FIG

FIG

FIG

FIG

FIG

FIG

FIG

FIG

FIG

FIG

FIG

I

Ila

ITb

II1
IV

VI

VII

VIII

IX

Xa

Xb

Xc

XI

List of Il1lustrations

Variation of the Taylor number T with the wavenumber

A
Streamlines for n= 0.5, T = Tc,l - Ac and various
values of c.

Streamlines for n= 0.95, T =T_,A» = Ae and various

c
values of c.

Sketch of TLc’ TLcrit against ng -
D512,

Sketch of wnj(z*) for fixed j and n

Graph of wo](z*) for n = 0.95 and n = 0.5 with j =

Graph of T ., T ..;¢ 3g2inst n forn=0.5, =1
and e= 0.1,

Graph of Aer A for U4, U5 and ¢ against .

Lerit
for n= 0.5, selected x values, ¢ = 0.1 and j = 1.

Variation in ) for U4, U5 and ¢ against x

Lerit
forn=0.5,2*=0, j=1and e= 0.1.

Linear solutions 0% U4 . ng) for n = 0.5, x = 0,

j=1and e = 0.1.

]
P |

Seventh vortex streamlines for n = 0.5, j

and ¢ = 0.1. :

Thirteenth vortex streamlines for n= 0.5, j =1
and ¢ = 0.1.

Nineteenth vortex streamlines for n= 0.5, j = 1
ande= 0.1.

Graph of T

c? % against . for n = 0.5,

L Lerit
j=1and e=0.5.

.

) §%

Page No.
34

56

97

163

192

193

194

195

196

197

198

198

199



FIG

FIG

FIG

F1G

FIG

FIG

FIG

FIG

FIG

FIG
FIG

FIG

FIG

FIG

XII

XIII

XIVa

XIVb

XVI

XVII

XVIII

XIX

XXI

XXII

XXIII

XXIV

Graph of Me® Merit for Ugs U5 and ¢ against L

for n = 0.5, selected x values, j = 1 and e= 0.5.

Linear solutions of U4, ng)for‘n= 0.5, X = D,
j=1and = 0.5.

First and second vortex streamlines for n = 0.5,
j=1and e= 0.5.

Third and fourth vortex streamlines for n = 0.5,
j=1ande= 0.5. '

Graph of TLc’ TLcrit against L for n = 0.95,

j=1and e = 0.1,

Graph of Ao A for Uy, U5 and ¢ against n|,

Lerit

for n = 0.95 , selected x values, j = 1 ande= 0.1.

Graph of numerical solution of wN(z*) forn= 0.5,

j=1,D=200, D=600 and D = 1500.

- Graph of wN(O) against D for n = 0.5 and n = 0.95
with j = 1.
Non-linear solutions for U4 for n = 0.5, x = 0,

j=1,e=05 , D=200 and D = 600.
Graph of wo(q) forn =0.5and n = 0.

Graph of T against n for n = 0.5,

Lec* TLcrit
n=0and £ = 0.01.
Graph of ch, A erit for U4, U5 and ¢ against
n s for n = 0.5, selected x values, n = 0 and

g =0.01.

Linear solutions for U4, U&p)for n =05, x=0,
n=0and £ = 0.01.

Graph of T against n for n = 0.5,

Le® TLcr‘it
n=0and £ =0.1.

10

Page No.
200

201

202

203

204

205

206

207

208

234
235

236

237

238



Page No.

FIG XXV Graph of At Merit for Uy, Ug and ¢ against 239
ng s for n = 0.5, selected x values, n = 0 and
& =0.1.

FIG XXVI  Linear solutions for Uy, USP) for n=0.5, x =0, 240

n=0and ¢ =0.1.

11



Acknowledgement

The author wishes to thank his supervisor, Dr. P. M. Eagles,
for his continued advice, guidance and patience throughout

the course of this work.

Thanks are due to my parents to whom I dedicate this
work and also to the Computer Unit at The City University

for their help.

During the course of this research the author has
been in receipt of a research grant from the SRC Studentship

and this is very gratefully acknowledged.

Finally, considerable thanks are due to [N

for the excellence of her work in typing this manuscript.

Declaration
"I grant powers of discretion to the University Librarian
to allow this thesis to be copied in whole or in part
without further reference to me. This permission covers only
single copies made for study purposes, subject to normal

conditions of acknowledgement”.

12



Abstract

First the classical Taylor problem of fluid rotating
between two concentric cylinders is considered. A method of
approximating to the curve of neufral stability is developed.
Values of the torque for Taylor-vortex flows are calculated

for the radius ratio of 0.95.

The classical Taylor problem of fluid rotating between two
concentric cylinders is then altered by making only the outer
boundary a small and slowly varying function of the vertical
co-ordinate. Modified amplitude equations, both linear and
non-linear are found, and modified critical Taylor numbers are
calculated. For the type of solution found it appears that the
axial wavenumber is uniquely determined and now depends on

both the axial and vertical co-ordinates.
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iy, General Introduction

1.1  Hydrodynamic stability

The idea of tﬁe mathematical theory of hydrodynamic stability
and instability is to give an understanding of how and why laminar
(usually steady) flows become unstable and to give criteria for this.
Once this has been achieved the next step is to try to understand
how turbulence may arise from laminar instability. In most cases
the connection between éhe different stages of fluid flow will be
quite complicated. In some cases the theoretical results agree, to
a certain extent, with the experimental results, whilst in other
cases there are great disagreements between the laminar flow

instability theory and experimental evidence. 4

The subject now has a vast literature and this is not the
place to attempt a historical or critical survey. Rather we
attempt the more modest task of putting the present work in the
context of known work on Taylor—vortex flows and stability of

slowly varying flows.

1.2 The Taylor-vortex instability

One of the most famous phenomena associated with instability
is that of the Taylor-vortex problem, which was described with a
great degree of accuracy both mathematically and experimentally
by G. I. Taylor (1). The problem involved the instability of'a

fluid between two concentric rotating circular cylinders.

The criterion for this case was first thought of by

16



S£ium-e o?

Rayleigh (2) earlier who stated, "For the fluid to become unstable +the

the angular momentum must decrease in an outward radial direction".
This statement indicates that the fluid layers closer to the inner

cylinder become unstable first and possibly propagate outwards.

e\ie-\'\"uQ“

The inner layer disturbances grow exponentially with time and perhaps

dominate the whole fluid for a time but—as—the-Ffluid—ayers—near-

$lew. This stabilization force is due to the fluid viscosity and the

destabilization force is the centrifugal force.

If a certain parameter called the Taylor number T (named
after G. I. Taylor), which is the ratio of the stabilization force to
the destabilizing force and defined by
e 3
s g - g (1.2.1)

is gradually increased theory ind%cates that for a given fixed

n = R1/R2 , the ratio of the radii of the inner cylinder to the

outer cylinder, the flow changes at a certain critical Taylor

number Tc from Couette flow to the Taylor-vortex flow. Here ol

is the angular velocity of the inner cylinder the outer cylinder being

at rest.

The results show that if T is greater than Tc then the
destabilizing force overcomes the stabilizing force and instability
sets in, whilst if T is less than TC then the stabilizing force

overcomes the destabilizing force and the fluid is stable and

17
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returns to laminar Couette flow.

The flow resulting from the instability consists of the
Couette flow with superimposed toroidal regularly spaced vortices
along the axis of the cylinders, with neighbours having an

opposite sense of rotation.

- In experiments, however, the change from Couette flow to
a Taylor-vortex flow does not occur at precisely TC as given

by the theory but over a small finite range of e

Some of the important work on the theory is mentioned

below though we shall not attempt an exhaustive discussion.

As mentioned G. I. Taylor (M performed initial experimental
and theoretical work. He considered the case when two cylinders
rotate in opposite directions to each other (u < O,p is the
ratio of the angular velocities of the outer cylinder to the inner
cylinder), and the case with just the outer cylinder at rest
(p =0). An axisymmetric perturbation (independent of the
cylindrical polar co-ordinate s ) was superimposed on the Couette
flow and substituted in the equations of motion which were then
linearized. The perturbation velocities etc., were taken to be
of the form

u = et u(r)cos Az , v = e°tv1(r)cos AZ, W = e“tw](r)sinaz

(1.2.2)
and u1(r) etc., were expanded as Bessel-Fourier series. This
resulted in an eigenvalue problem for the neutral stability

problem with %3t = 0 (o = 0) and n fixed with dimensionless

18



parameters T, A and u. The resultant equations were solved
subject to the boundary conditions and solutions found for the
linear problem. To illustrate his results the streamlines were

plotted for specific cases of n and wu .

Most of the earlier work on the Taylor problem assumed

_ axisymmetric disturbances and the equations of motion were
simplified using the small gap approximation. This assumed that

R2 - R1 is small compared to R, so terms of O(d/R1) can be
neglected. The linear stability problem on simplification yields
the eigenvalue problem mentioned. The critical value of T and

the corresponding value of 2 , A\, are determined by the condition
that T = Tc is a minimum with o = 0. Later work by Roberts (3)
and DiPrima & Eagles (4) studied this problem more fully with

the full linear equations. The Tatter authors calculated the

neutral curve, see FIG I, for n = 0.95 and n = 0.5.

Solutions of the non-linear problem were attempted when the
Taylor number T is larger than T;. The linear theory predicts
the Taylor-vortex disturbance will grow exponentially with time.
Stuart's () investigation of the axisymmetric non-linear problem
used an energy balance integral method to solve the problem
with u = 0 and so obtain the amplitudé of the equilibrium steady
Taylor—vortex flow. Work by Davey (6) and Davey, DiPrima &
Stuart (7) considered the non-linear cases when the cylinders
rotate in the same direction (u > 0) and the case u = 0.

Davey's (6) initial work concerned the small gap problem with
axisymmetric disturbances for n = 0.5 and n = 0.95. He

considered a small amplitude function of time, A(t), that satisfied

19



3
B = A+ 2 (1.2.3)
where o and a, are constants. Davey's (6) torque results

were related to the past experimental results of G. I. Taylor (8)
and Donnelly (9) and compared with the theoretical results of

Stuart (5).

Further work on the non-linear problem was done by Davey,
DiPrima & Stuart (7). They considered the more general case of
non-axisymmetric disturbances therefore a 6 dependence was
brought in. The small gap problem was used , but special care
must be taken when non-dimensionalizing the & derivatives, and
the instability of the Taylor-vortex flow was studied. The
critical Taylor number for instability of the Taylor-vortex flow
(not the Couette flow) was found at about 8% above the critical
value for the occurrence of these vortices. This type of

wavy-vortex flow is mentioned briefly in § 1.3.

Eagles (10)

used a fifth order amplitude method for studying
axisymmetric and non-axisymmetric disturbances in relation to

the stability of Taylor vortex flow for n = 0.95 and u = 0.

The main difference over the rest of the previous work was the
treatment of the full equations of motion using a matrix

- representation for the latter. This work was continued by

Eagles (11) to involve torque calculations with non-axisymmetric

disturbances in relation to wavy-vortex flow.

Other work involving rotating cylinders was by Krueger,

(12)

Gross & DiPrima who showed that for u < -0.8 non-

20



axisymmetric disturbances become unstable at Taylor numbers
slightly lower than the critical for u = 0. Krueger & DiPrima (13)
studied the stability of a viscous fluid with an axial flow to
rotational symmetrical disturbances. This was carried further

by Hughes & Reid (14) who investigated the stability of spiral

flow between rotating cylinders for u> O.

The study of the stability of the basic flow between
eccentric cylinders to infinitesimal disturbances of the Taylor-
vortex type was done by DiPrima & Stuart (]5)‘4*67. The
equations of motion were tfansformed using a modified bipolar
co-ordinate system. The eccentricity and the clearance ratio
of the cylinders were assumed small. This problem is analogous
to that of a journal bearing. The Taylor-vortex flow that occurs
at supercritical speeds was studied with respect to the effect
on the torque and load carrying capacity of a journal bearing in
both papers. It was found that the first vortices occur at the
site of maximum clearance when éhe local Taylor number exceeds
a critical value near that calculated in the case of co-axial

cylinders.

Carr-Hill (17) considered the stability of a fluid flow
between a rotating inner wavy cylinder and an outer stationary
concentric cylinder. The inner wavy cylinder was given by
r = R](1 + ecos A z) instead of the normal case with r = R,.
Some of the methods of solution of his problem are similar to

those used in this work.

21



1.3 Problems involved in relation between theory and experiment

In the theoretical work results and conclusions are based
on the linear analysis of disturbances to Couette flow, although
weakly non-linear effects are included in later work. This
.theory is only valid near the critical Taylor number and the
cylinder Tength is usually assumed infinite. The linear theory
predicts the wavelengths of the cells. The wavelength of these
vortices does not vary with the Taylor number as Tong as the
flow is singly periodic (axisymmetric disturbances only) for
infinite length cylinders. It is generally agreed that the non-
dimensional wavenumber A is a property of Taylor vortices and

is not dependent upon boundary layer effects at the ends.

We will only deal with singly periodic flow because un-
symmetrical disturbances are important only at Taylor numbers
larger than those we shall consider. It is noted that at these
larger Taylor numbers the vortices become modified by a waviness
in the azimuthal direction (at typically about a Taylor number
10% higher than TC when n = 0.95) and are known as doubly

periodic w v&s, see Nakaya (T?) and Eagles (H), F Schultz - Gruaow
and H. Hein ad D. Coles Ci?

There are various discrepancies between the theoretical and
experimental work. This is to be expected since the cylinders
are of finite length and we must have at least one rotating or
non-rotating end plate to stop the fluid falling out .

Possibly due to end effects etc., there are slight discrepancies

between theory and experiment in the wavenumber along the

22



cylindrical tube and the critical Taylor number.

In the present work we allow the radius of the outer surface
to vary in such a way that the vortices die away towards the

end ; thus end effects in experiments may be Tess important.

1.4 Experimental work

Burkhalter & Koschmieder's (19) experiments involving rotat-
ing solid end plates for the fluid column noted that the end
vortex associated with a rotating end boundary appeared at
Taylor numbers substantially below the critical Taylor number
for n = 0.727 and n = 0.525. This coincided with

Koschmieder's (20)

experiments with non-rotating solid end

plates with the Taylor vortices being formed first at the resting
end plates. Bulkhalter & Koschmieder's (21) Tater work mentioned
the best experimental approximation to the infinite cylinder

case was with a finite fluid column with non-rotating end-plates.

Synder (22)

mentions that the end effects are important in
determining the flow near the middle of the fluid column (of
length L) only if L < 10(R2 = Ry)» with approximately 5 cells

at each end of the cylinder affected by end effects. In earlier
work Synder (23) states that with a field of 22 vortices (2 end
cells and 20 Taylor cells) it is possible to find the wavelengths
of the Taylor cells have been compressed by.10% as the Taylor
number is increased owing to the expansion of these end cells.

This is probably due to the low stability of the end cells for

el Tc' Burkhalter & Koschmieder (21) do state that variations

23



in the end cells have increasingly less bearing on the other cells

if L(Ry = R1) is large.

Burkhalter & Koschmieder (21)

emphasize in their introduction
that the wavelength which one measures in a finite cylinder
differs from the wavelength found theoretically for infinitely
10;9 cylinders. Later work (19) showed this by varying the
initial conditions of the flow. Stable axisymmetric vortices with
wavelengths less than the critical can be produced by sudden
starts of the inner cylinder, and longer wavelengths with the
vortices remaining permanent can be produced if the annulus
of the cylinders is filled over its entire length while the
cylinders are rotating. Experimental work by Synder (23) found
the experimentally measured critical Taylor number and wavelength
was 2150 ¥ 4% and 2.04 respectively. The theoretical results
obtained by Roberts (3) were 2084 and 2.003 respectively for

n = 0.727. Donnelly & Schwarz (24) also found an increase

in wavenumber from about 3.2 to 3.35 as T increases from T to
about 1950 in an apparatus with n = 0.95. Kogelman & DiPrima (25)
however thought that for a given supercritical Taylor number

greater than Tc vortices of different sizes or wavelengths can

occur.

It seems important to learn if the wavelength of steady
axisymmetric supercritical Taylor vortices substantially
Tonger or smaller than those observed so far can be explained.
Also can we explain why the end vortex cells form at Taylor

numbers below the critical ?
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Finally, DiPrima & Eagles (4)

remarked, " We know of no
mechanism that would allow the wavenumber of a developed
Taylor-vortex flow between cylinders of infinite length to vary
as T is increased. Shifts in the wavenumber of a developed
Taylor-vortex flow would seem fo require a bifurcation from

that flow ".

The joy of any mathematics must be to try to develop any
possible mechanism to explain how experimental results may agree
with theoretical results. As mentioned the wavenumber and
Taylor number which one measures in a finite cylinder do differ
from the wavenumber and Taylor number found theoretically for
infinite cylinders in some cases. The question of how the wave-
number etc of ‘a Taylor-vortex flow may vary along the axis has

apparently not been considered.

The present work allows the vortices and wavenumber to
vary along the axis and may be émenab]e to experimental
verification of the theory in a more precise way than the infinite
cylinder theory because although our domain is still infinite
the theoretically obtained vortices become very weak at a

finite distance.

1.5 Slowly varying flows

The subject of slowly varying flows was briefly introduced
by Benney & Rosenblat (26) in which they assumed that x and z
variations are 'slow' compared with y variations and so set

Y= uky L = iy 1 = 3t (e (1.5.1)
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They ask what sort of modification of the original problem
would this introduce because of these slow varitions. They went
on to recommend the method of multiple scales to find the
stability of slowly varying flows, without doing any detailed

calculations.

Most of the past work on slowly varying flows has concerned

a slow variation with time.

Seminara & Hall (27) introduced the linear stability
problem of slowly varying unsteady flows in a curved channel
due to slowly varying time pressure gradients. In their paper
- the asymptotic behaviour of small perturbation waves is determined
and yet allowing the aqplitude, transverse structure and
amplification rate to be slowly varying with time. A solution
is sought in the form of an asymptotic expansion in terms of a
small parameter, o , which characterizes the slow variation of
the base flow. From their equations they get solutions of the
type ®

u(g,z,t) = J %-ua(g,r) [exp i(az = 8(t) + c.c.]da

P (1.5.2)

where t is the 'slow' time variable and is related to the 'fast’
time variable t by

t = gat, (1.5.3)
and de/dt is expected to be a function of the slow time

variable t such that

T T (1.5.4)

They then attempt to find asymptotic solutions with o+ 0
such that
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u_ (£,7) = nzo " u (&,1) (1.5.5)

to (1.5.2). Upon equating powers of ¢ and solving certain
consistency conditions on higher order equations this leads to

the required amplitude equation
gg + H(z) A(x) = O. (1.5.6)

Furthermore the order o correction term is also slowly varying

with time.

A similar method of solutions was used by Eagles (28) on
the stability of slowly varying flow between concentric
cylinders. He examines the effect of a slow variation with
time of the Taylor number through values around T. to see if
 this has an appreciable effect on the instantaneous Taylor
number at which the growth of vortices is first observed. The
Taylor number T was taken as a function of the slow variable
t* = ¢t and found that where the growth rate of a disturbance
is small second order effects are important and lead to variations
of up to 20% in the value of T at which growth can appear. As
with Seminara & Hall (27) he assumed the amplitude and amplification
rate to be slowly varying with time and ended up with a similar

amplitude equation as (1.5.6).

Drazin (29) however took the slowly varying flows to be
a function of length. In his model of a slightly divergent flow

in a channel he introduced a 'slow' length variable by

X = ex (1.5.7)
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and tried to solve his resultant equation for the perturbation

u with the following boundary conditions

u 0 and y = mh(X) (1.5.8)

D,

0,.y
IR TR TR ¢

1+

where wh(X) represents the width of the channel and is itself

slowly varying. He assumed an asymptotic solution of the form

18 Uo(y,X)go(x,e) exp(st) as € = 0, (1.5.9)

and illustrated his theory with two cases of h(X). See also Gagter

oad ‘Bouh\’n‘ergm)
The stability problem of slowly varying flow in a divergent

channel was studied by Eagles & Weissman (30).

The properties
of the disturbance were assumed to be slowly varying functions

of space. They started with a Tow order solution of the form

¥(n,X) exp [ i(e(g) - 8t) ] (1.5.10)

where X is a slow streamwise co-ordinate. The complex phase
function o, yet to be determined, describes the fast variation
but its derivative, the wavenumber K(X), is assumed to be slowly
varying

%% = K(X) , (1.5.11)

(compare this with (1.5.4)). The analysis is carried through so
certain boundary conditions and consistency conditions are
satisfied. From these they were able to obtain a differential
equation for ¥ and K(X) to solve at second order. Againla

similar amplitude equation is obtained as in (1.5.6).
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Some of the ideas mentioned here and in preceding sections

will be used in this thesis.

1.6 The general problem

In the problem we shall tackle the full non-dimensional
Navier-Stokes equations with the matrix notation introduced by
Eagles-(10).. This allows more uniformity of
treatment of the ordinary differential equations and makes the

computing easier.

The first problem to tackle is to find the critical value
L% for T and the dimensionless wavenumber A, in the axial
direction for fixed n . This involves linearizing the equations
of motion for small amplitudes of disturbance and finding the
condition for neutral stability. This method of finding the
value of Ao Tc or any i,» To.that 1ie on the neutral curve

is discussed in §2.1.

We will only be concerned with equilibrium flows where all

the velocity functions will be independent of time, that is

3 5
2 =0, (1.6.1)

The velocities will not be éxpanded in powers of an amplitude

function X(t) of time as Stuart(2% al.

In the main case with our example of Chapter 3 and Chapter
4 we shall choose the outer surface to be both a slowly varying
2
function and also to have a variation of O(c ), the equation

of this outer surface being of the form

29



: 2
x = »L1+ € f(z9) ] (1.6.2)
in non-dimensional co-ordinates defined in (2.3.7), and where

il R (1.6:3)

We shall start our expansion procedure using a slowly varying
real amplitude function ¥(z*) etc.; in the same manner as in

(1.5.10).

We hope that as the Taylor number T is increased.there will

be a certain T =T at which the flow will become unstable.

crit
We shall choose our parameters such that the local parallel
wall flow is liable to be more unstable at the centre z* = 0
than at the ends z* = * «. We will therefore perturb about
the most unstable parallel wall case and our analysis is such

that to the first approximation the wavenumber is Ac and

2_%
T e Toed eT.l +el P amett s (1.6.4)

We are really fixing the wavenumber to first approximation by
requiring T =+ Tc as e + 0 and therefore we expect the new Tcrit
to be somewhere near Tc‘ We hope that any correction to the
wavenumber will be forced at the next order, if a correction

term exists.

For any position along the z-axis there is a different
Tocal Taylor number T and by fixing T and f(z*) in such a way

that we have, near z*= 0

A (1.6.5)
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where Te is the local critical Taylor number from the parallel

wall problem with Tocal values of n and T, and

TL < TLc (1.6.6)
as z¥+ 1t » at the ends of the cylinders, thus we would
expect the Taylor-vortex type solutions fading away to zero as

|z*| becomes large.
A possible critical mode of disturbance would occur with

U+0 as z*+% o (1.6.7)

and at the ends we would have purely circumferential Couette
flow. It will be shown that any other boundary condition on U

would not give the Towest critical value of T.

' The function f(z*) must be chosen such that we do not
get 'too far' above T as we might then expect wavy vortices.
This is particularly true for the case as n -+ 1. At the
moment we cannot be too precise about this because the situation

is rather different from the straight walled case.

We assume a solution for U of the type

'ikic 3 .
U= e v (z%) Yqq (x) + 0(e) + c.c.
(1.6.8)
where YU (x) is determined by a local eigenvalue problem.

The boundary condition on U given by (1.6.7) now becomes

v(z*) >0 as z¢+?! e (1.6.9)

and y(z*) is taken as a real function of the slow variable z*.
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This is an asymptotic representation for the fluid flow which

at this lowest order tends to the parallel wall result as e + 0.

It was found that by choosing ¢ (z*) to be real we forced
the 0(e) correction term together with terms which arise from
the slow variation with space of the overall critical
disturbance structure to be completely imaginary with respect
to the first order term. This will exhibit higher order

corrections to the wavenumber of the form

K(z¥) = A, + e fn(x,2z%) (1.6.10)

and each component of U under consideration will have a
different wavenumber which depends on the z* axial co-ordinate

and the radial co-ordinate x.

This correction of the solutions (1.6.8) to (1.6.10) will
be retained in the full non-linear equation for U and so enable
a comparison to be made between the theory of finite amplitude

Taylor-vortex type flow of our theory with experiment.
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7 Parallel Wall Case

2.1 The neutral curve

The equations of motion are linearized for small amplitudes
of disturbance and the condition for neutral stability can be found,
where the growth rate, a , is zero.l For given ratios of radii aﬁd
angular speeds the condition takes the form of an eigenvalue
relationship between a velocity parameter T, the Taylor number,
and the wave number A of the periodic disturbance in the ¢
direction. For a given wave number the disturbance is amplified
if the Taylor number lies above its critical value for that
wave number (i.e. a, > 0) and damped if the Taylor number lies

below that value (i.e. a < 0).

Calculating this relationship gives the neutral curve for
this linear stability problem. The procedure is to fix A at a

particular value with a_ at zero and vary T until we obtain the

o
lowest value of T that makes the disturbance velocities satisfy
the given boundary conditions. This process is repeated for a

mumber of different A's and calculations show that this curve
has a minimm point denoted by A., T. which are known as

the corresponding critical values. These values are important

since experiments indicate that Taylor vortices appear when

A=\ .. See FIG I for a sketch of the neutral curve.

It thus seems of interest to try to calculate an approximation
to the neutral curve which involves just one numerical solution of

the eigenvalue probleﬁ; To this end, we suppose Ag» T0 is a
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FIG I Variation of the Taylor number T with the
wavenumber A .
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point calculated such that it is known to Tie on the neutral curve

given by a, = 0. We then set

SR RS- Rl O (2.1.1)
and

2 3

with the object of findjng T], T, and T3 such that (2.1.1) and
(2.1.2) comprise a pafﬁmetrié equation of the neutral curve valid
for small e . It should be noted that (2.1.1) is exact, and

can be thought of as defining the small parameter ¢ , and that
values for Ty, Tos ... etc will be given by certain consistency
conditions defined later. Some results are obtained by the point
on the neutral curve given by A_= 3.4 and T0 = 1772.97 which

0
are displayed in TABLE 1.

With this theory a better approximation is found for
Ac, Tc from using the fact that if R and T0 = Tc the
value of TI should be zero. The effect of different normalizations
on the functions g 3, (x).% 997 (x) ... etc, as defined in
(2.6.13), (2.6.7) with respect to the neutral curve and the fluid

field is also examined.

2.2 Analysis of the base velocities

Let (r,8,z) denote cylindrical polar co-ordinates such'
that the z-axis is chosen to lie along the common axis of two

concentric cylinders. The inner cylinder of radius Ry is rotated
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about its axis with a constant angular veloctity 2 inside the
fixed outer cylinder of radius Rz. The gap between the cylinders
is filled with a fluid of constant density p and kinematic

viscosity v .

If (u, v, w) denote the velocity components and p the pressure
of the basic flow, then the Navier—Stokes and continuity equations

for viscous incompressible axisymmetric flow are given by :

% +ou T+ ow = - %i = - -% 2 4 w(7'u - ﬁ% )s
(2.2.1)

By B e g3, v(vzv-:\;—,— . (2.2.2)

B o e -_}%ga,wzw, (2.2.3)
%g+§+%;i=o. (2.2.4)
Here vz B 2;5 + -; '%F - %;3 : (2.2.5)

There is a basic steady Couette flow solution of the form

u=0,vs= Vo(r) = Ar +B/r, w=0 (2.2.6)
where 2 2 2
Ry @ Ry R, @
A= - 1 L —1—2—2‘. (2.2.6a)

and the pressure, p , is just a known function of r given by
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22 T L2602
p = po(r) = o[A r /2 + 2AB Iogr‘--z B/r +c] J(2.2.7)

Here ¢ is a constant.

2.3 The disturbance equations

We now set

R* oy NS VL W ST T esp s A

in the Navier-Stokes and continuity equations given by (2.2.1)
to (2.2.4), where the primed variables are functions of r,z,t
and V, p, are the solutions given by (2.2.6) and (2.2.7) , to

obtain the disturbance equationssatisfied by u', v', w', p' :

2
1 3 1 [ "4+ 2v'Y 1 1 2| I
%%— +u %%— +w' gg - ) < N ;-%E—-+ wvu'- %),
r
(2.3:1)
v av' vt vt 2 v'
-Ft— +u' o + 2Au' + w' 3T+ v = U(V v' '—2 ), (2.3.2)
] ] 1] ] 2
g% +u'—g-:— +w'g—:—- = --}}-%%— +v7 W', (2.3.3)
au' u' AT
e i ST 0 (2.3.4)

Using equation (2.3.4) and differentiating with respect to r, we

can re-arrange (2.3.1) to give

2 2 ! 2 2
gl e g ale iy St SNl e DY
3t V 3raz ¥ ao? p r r r

] ]
w' %%— + u' %;— : (2.3:5)
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We now define the following constants :

d = Ry-Ry » Ry = (Ry#Ry)/2 , & = d/Rys o = 8R$/(R1+R2)2.
(2.3.6)
We also introduce the dimensionless variables defined by
P hECm E% > W = - ﬁ% o, El;gi-, p' = - i;ﬂ I
: o
r=R, ¥dx., z= g st 931 . (2.3.7)

in the usual way (see for example Davey, Di-Prima & Stuart (?)and

EagTes(10) %

We also introduce the parameter T, denoting the Taylor number,

given by
2.3
2 RT d
T = —m— {2.3.8)
szD Y
and" #w s
%
n = 'R’z_o b (2.3-9)

We note that the disturbance equations contain the following

dimensionless functions
2 2
2
2n + 8n G (x).

G = 1/(1+8x), Q = =
e P el (it

(2.3.10)

The dimensionless problem now depends only on the parameter T
and n defined above. Thus we are able to write the disturbance

equations in matrix form as

Q2
| i
&

d

n

= -AU -8B LUy , (2.3.11)

T —

(=%}
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where AU denotes the matrix product

o)

6

=1

Hepe Fo\\uw\'n% Eaﬂ\es » kef@.

- t
U [PsVgyaWgsUsVsWl ™ »

) Aij”j etc.

(

2.3.12)

with t denoting the transpose and VoW, are related to the fluid

velocities v and w by

av _ W
b R <l AR
and
0 0 “¥/3¢
0 -5G 0
5= a/ac b= 0 '66
0 0 0
0 1 0
0 0 1
8G u - wa/3,
Q v
0 + 8GV
RIEw
L(H) o -&- No
0
L
and
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aTGv/2

o

(

-Tgo(x)
2 2
-9 /ac2+5

0

ua/a,

Na,ac

2.3.13)

0

2
G 0

2
-3
/32

0
0




™ i
S R
0 R T (2.3.14)
B = N,
|0 o

2.4 The expansion procedure I

The equation given by (2.3.11) has to be solved subject to
the physical condition that requires zero disturbance velocities
at the two cylinder walls. It is written as follows for a vector

with six components.

By : the Tast three components to be zero at x = ¥ 1/2. (2.4.1)

®
Let us consider the steady state linear problem,

3l
= - AU ; B, . (2.4.2)
A real solution of (2.4.2) can be'written as

U = e u(x) + e A5y, (2.4.3)

where ) is a real constant, a tilde denotes the complex conjugate
and zero is our eigenvalue with u(x) the corresponding eigenfunction

of the eigenvalue problem for ¢ (see Eagles (]0)).

We see that the problem for u(x) is

du

= - ANy < 0 5 g, (2.4.4)

Here we define
¢ AP) as A with 3/, replaced by ipxr } . (2.4.4a)

—
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Fixing X at Ad and solving for T such that the last three
components of u are zero at x = * 172, gives us a point
' (AO,TO) on the neutral curve for a fixed n . This may be done

il

numerically (see A. Davey

Now replacing A by A, + e and Tby T, +eTy + e'T, +.;3'r3 +
. etc in (2.4.4), we ask what are the conditions on T],

Tos Tg, ... that this perturbation represents the parametric

equations of the neutral curve in the region of (i, TO). Thus

equation (2.4.4) becomes

du

& - Ay - eal) e maggu- @l v, -

3 L
elA0 + 0fe) = 0, (2.4.5)
where 2= '

5£J) is §F1) except that A is replaced by Ao and T by

T (2.4.6)

The expressions for the matrices are

DRl e B A e

0. 0. 0 0 2p O
(S W S o A B et o

0z 000 D U0 et

0. 0 0 & b A0

0 0 o g 0]
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-1 Ui 0 0 -a,(x) 0

P e 0 g 0 0 0
(R}« & -
Agg =P - Mg - MRS and A, = 0 0 0

0 0 0 0

(2.4.7)
Now.we expand u in powers of ¢ and write
2

u = 9.1(")*'59.2(")"' 953(x)+... , and when we equate

powers of " we obtain a set of ordinary differentjal equations :

1(”(9_1) = 0, (2.4.8)
$Mw,y = @) 1Az, (2.4.9)
$Nwy = @l +1a,, + (A + TRy,
(2.4.10)
iy A+ T dugHA G+ ToR U+ ToAp Uy
(2.4.11)

The present analysis can be continued to higher order in a
straightforward manner even though the algebra and computation
becomes involved. The expansion has been carried out to fourth
order.

Here

alP) | (2.4.12)

j}p) is the operator g; S
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and each.gi (x) must satisfy the boundary condition By-

The equations (2.4.8) to (2.4.11) may be solved in
sequence to give the flow field and an approximation to the neutral
curve provided the constants TI’ Tz, T3, ... etc are chosen

correctly.

We set

uy (x) Y1 £41(x) (2.4.13)

where 1(1)@” (x))

0 and f,, is normalized such that
the second component of_f]] evaluated at x = -1/2 is equal to 1.
Here 1 is an unknown real constant at this stage but will be
found later by a consistency condition. The idea of using
(2.4.13) is if f;; is a solution of (2.4.8) then so is y;f
since we are dealing with a linear equation. Thus by fixing f,,
in some way, in this case by using the said normalization, we can
use a consistency condition later to find g and we will then
have the complete solution for u, (x). It should be noted that
upon using this and later normalizations in this chapter the
functions given by fq175 9575 --- etc are found to have real
first, second, fourth and fifth components and purely imaginary

third and sixth components.

2.5 The adjoint eigenfunction

To solve equations (2.4.9) to (2.4.11) we need to bring'in
the idea of the adjoint eigenfunction, which for this case is the

solution of
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* [B_(J)]tf 0 R (2.5.1)

& S

where the Tlabel 81 describes the boundary conditions that the
first three components of f are zero at x = * 1/2 and t denotes

the transpose.

Let fa be the solution of (2.5.1) then

V) =R ;5 8 ; (2.5.2)
has a solution if and only if

Jfa’t Rdx = 0 . (2.5.3)
INTERVAL

The proof of (2.5.3) in conjunction with (2.5.1) and (2.5.2) is

now given.

Let
1 Nw =0 5 8 (2.5.4)

and
L*(v) = 0 3 By (2.5.5)

where u £ 0 , v # 0 and L*E%k' + [ﬂ(o”]t.

Then we are required to solve 251)(3) = R . We start with the

inner product defined by

< 2 ;_(UQ,) > ey, R = F viRdx . (2.5.6)

-3
Note that (2.5.6) can also be written as



3 .
[ vt [g% - alH) g] dx . (2.5.7)

-3
When we integrate (2.5.7) by parts we obtain
: 3| vt -
[!tyl_a - f [a‘; y + vEAlD) ylax, (2.5.8)
-3

Since the integral in (2.5.8) is a constant and not a vector,

it will have the same value as its transpose which is

3 ldvt
I -y !t ﬁ(o.l)x t dx. (2.5.9)
|
Upon using the properties that the transpose operation on matrices

satisfy in (2.5.9) then

: dv t 1 ' é dv 1
I ['a? Y +-Y-t 5.(0) -‘f]t dx = J -}ft[af"' (ﬁ(o))tlex

-3 -3
ey o *
s ¥y L) {2.5.10)
But from (2.5.5), L*(g) = 0, therefore
3 :
[ofre = wtyl (2.5.11)
-i .
$3 8 ; 3
where [v" y]_ denotes the matrix product [ ] vi¥512; and
i=1
the values of the vj's and yj's are given by the boundary
conditions 8;,8, respectively. That is
: -+
Ve »Ynea evaluated at x = I 1/2 are zero (2.5.12)
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form=1, 2, 3. When we use (2.5.12) we have the result given

by (2.5.3).

If instead the values of y .4 evaluated at x = 1/2 are

not zero, and Va3 the corresponding values of v. Then

} ot (2.5.13)
v© Rdx = [YaVa + YeVe + YeVe] g
%3 . ©4°8 77575 U676 yatuated at x=1/2.

This last condition will be used later in Chapters 3 and

.

It is easy to show that the relation
Lrgmt v A R (2.5.14)
02 =11 % LR

..i .~ v

is satisfied after a suitable scaling of fa :

2.6 The expansion pﬁocedure I1

Using (2.4.13), equation (2.4.9) becomes
1
M) = @l £, + 18, f). (260)

In fact we can let

S PG T o S (2.6.2)

LE

Then we obtain
; .
$Wiey) = A £y + 1Ay £y - (2:63)

For (2.6.3) to have a solution we use the adjoint condition t2.5.3):
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: ot @)+ A, )fq =0, (2.6.4)
-3
Hence we can find the first perturbation coefficient as
i i[fa"t A £q
T, = —2 y (2.6.5)
i[ 8 Ayt & ;
-3

and it is now a known quantity.

We set
for = 397 (¥) # 8f 1 (2.6.6)

where g, is a particular solution satisfying
1 1 ;
1( )(.9.2] s (&(0]) * T]&z )in 5 By (2.6.7)

and is normalized such that the second component of g 21 evaluated

at x = -1/2 is equal to 0. It cah be seen later that different
normalizations do not affect the parametric equations of the neutral
curve or the final solution for U. The solution of (2.6.3) has

an arbitrary additive multiple of the eigenfunctionlf11 and g is a

real unknown constant which will be determined by a consistency condition

later on.

Using (2.6.6), equation (2.4.10) becomes (with u, = v1f a7 ¥

$V (e 50 = A + 1A g+ 8AG + TR £y + (a5 + Ty

(2.6.8)
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For i31 to exist, we use the adjoint condition (2.5.3) to obtain

ayt (1) } a,t : a,t 2
T (Rgr* iAg) gy dx + I £ R pfdx # Ty | €A, 19x=0,
-3 -3 -3

(2.6.9)

: 3
since the value of I fa,t(ﬁ%) + T4A,) f 17 dx is zero from
s
(2.6.4).

Hence we can find the second perturbation coefficient as

3 .t 1 1
e I £ [5(01) 91t A9 % ﬁ(oz) LR
T, - % . (2.6.10)

Re-forming equation (2.6.8) and using (2.6.10) we have

1 1 1
1( Neqp) = [ﬂ(m) 321”15.2321*5(02) i v TA ]

$ 3[50(1]) i +TAEn 0, (2.6.11)

where T2 is now a known constant, and by examining the right hand

side of (2.6.11) we see f 4 may be expressed as

fa1 = 931 * 835 * i (2.6.12)

with g 3] satisfying
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1) o) (1
5! (33) ‘ﬂ(cﬂ 221+T152&21”ﬂoz) FitTohsfq-

(2.6.13)

The function 931 is normalized in the same way as g,y - The solution
of (2.6.11) can yet again Have an arbitrary additive multiple of

the e‘igem"unct*lon__1_"_1.| with @y an unknown real constant determined
later on. The term ' B9 51 has been forced by the multiple Q£11

of the eigenfunction which occurred in;ﬁ21.

The equation for f,; » given by (2.4.11), can be placed in the

form

305400 =1l +Tag0g 4 + (A0) + TA )35 + T g1+

3[(50(1” +*+TAs)d0 * (5-(;2) +ToA2 )] + o [(5(0]1) + 1A -
(2.6.14)

The condition for (2.6.14) to have a solution gives

3

[t ayrg o
! (2.6.15)

2.7 The forms of solution for U with different normalizations

The complete solution for U to 0(53) can be shown to be
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-iA .z 2
0
eyttt gy v E Bty Feevy $124)

where £

LR

i (2.7.2)
Referring to the form of expressing f_21 . £31 defined in (2.6.6)
and (2.6.12) respectively, then substituting fori‘z1 ,;531:1n
(2.7.1) we have

'ik ; 2
U= vie C[fqq+el@p+ 8fqp)+ e (93188 +oafqp)+ o]

¥ €.y

(2:7:3)
where c.c. stands for the complex conjugate of the preceding express-
jons. The functions 9,10 973 satisfy the differential equations
(2.6.7) and (2.6.13).

Since the problem is linear we may use an arbitrary normalization
on U given by Uz(-1/2,0) is equal to 1., that is the second
component of U evaluated at x = -1/2 and at ¢ = 0. We obtain from

(2.7.3) that
2
1 = 2yl +eg+ eapt.cc s 4 (2.7.4)
since the second components of f—ﬂ » 9971 9q7 are 1,0,0

respectively at x = =1/2.

We equate powers of ¢ in (2.7.4) and the coefficients vy,

@y, 8 are given by

vy = 1/2, oy =0, 8=0. (2.7.5)
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Then upon replacing these values in (2.7.3) the solution for U is

i}LOC 2
U = 1/2 (fqy + 9o +edp* Vo] e BLL o kZs7nG)

Since f 115 9575 937 are complex we can separate them into

real and imaginary parts, that is

R0 () PR :
L + 4 T (2.7.1)

where the index (r) and (i) denote the real and imaginary parts
AT
0

of iﬂ respectively. We replace e by cosa,t + i sinxoc

and e by (1 - 1,), and U can be written as

U = f({’]) cosat - f_(]i])simoc + (A=2,) [gz(lr)coszxoc- _5_(211)sinA0E] +
2 =
(- ;\O) [g(;']) COSA,T - 9_(311) sina,C 1+ O(A-Ao)a. (2.7.8)

The idea of writing U as (2.7.8) will be used in later chapters
and to show the form of the real solution for each component of

U.

If 9712973 had a different normalization, we ask would
this effect the form of U or the value of the integrals used to
calculate the constants T-i' We must remember that this is subject
to an overall normalization on U given by Uz(-'|/2,0) = 1. For

simplicity we consider just one other normalization for 99 and

93

Suppose that -6-21 ’ _§_31 are the new solutions of the differential
equations (2.6.7) and (2.6.13), that is
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'&(n(ﬁ.z]) (&%,111 + WA  fqp 5 B (2.7.9)

and

ﬁ])(ﬁsﬂ (-‘5(011) +TyAzlayt (ﬁgz) *Tho0fy 38
(2.7.10)

with their second components evaluated at x = =1/2 and ¢ = 0
being equal to 2. Then comparing the equation for g,; and .im :
we see this forces

Sy = 45 *hig (2.7.11)

since we can also have an arbitrary multiple of the eigenfunction

f 17 » but we must also have

D12 = 1,2t K 2 - (2.7,12)
when we use the normalizing condition. This will give
K = 2. (2.7.13)
We re-arrange (2.7.10) by replacing _5_2-[ by (2.7.11), and see
£ (@q) = ) + Tiag g+ A5 + T £4q+ 21l + Ty,
(2.7.14)

When we compare the right hand side of (2.7.14) with the equation
for g37 » this forces

937 = 937 *299 * Kifqy (2.7.15)
and the normalizing condition will give

Ky = 2. (2,7.16)
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The corresponding solution for U with this second normalization is

i ' ~ 2 A A e
"'".” g'2[ —il) IIPL-9-3" E&Zl a f ]})l ---]iC.C-,

U="e
(2.7.17)

~ where ;1, B are the modified constants a1, 8 due to the different

normalization used. When the same initial normalization on U

is used we obtain
a 2 - A
1. @ ZY][1 +e(2+8)+e(2+28+a)t...] (2.7.18)

since the second components of f .7, 9575 937 are 1,2,2 respectively.

at x = -1/2, &t =0.

When we equate powers of € in (2.7.18) the coefficients y,,

~

o s are

yvy=12, 8=-2, a = 2. (2.7.19)
Thus noting these values in conjunction with (2.7.11) and

(2.7.15) will give the same form for U as in (2.7.6).

If g,y and g4, were replaced by (2.7.11) and (2.7.15) in
the integrals defining T, and T, we see that their values would
remain invariant under the two different normalizations. The
reason for using two different normalizations was for a numerical
check for both the functions 971 » 93 and the value of the
integrals needed to calculate Tps T3

It is noticed that if e = 0, we would be left with the
linear solution corresponding to the linear problem defined in

Eagles (10) for A = 10, T = To which is
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iA. T =i\ C k
(2.7.20)

l=
n
—
~
™~
| oo |
m
o
)
—
—
+
m
o
-h
—
“
—
et

or

t0 comn - 8 sme o (2.7.21)

=
]

At this point it was decided to calculate the streamfunction ¢ ,
- projecked -
for A= ), in order to plot the aetued streamlines.

In the non-dimensional form the streamfunction ¢ is given by

1 30
= = f (x) cosAa.t (2.7.22)
1 +6x 3z 1,4 %
and
1 3% 4
e s WA %) sint” (2.7.23)
1 +6x 23t ¥4 € ; :

where f]1’4 and f]],ﬁ are the fourth and sixth component of_£i1

respectively.

From (2.7.22) we obtain

i .(‘_+Aﬁ)_fn 2(x) sim_z + H(x) (2.7.24)
c 3

where H(x) is obtained from integrating (2.7.,22) with respect to

t only. If we now differentiate (2.7.24) with respect to x, we

have
sina ¢ | df !
ST PR Lot o 8 g b + 20X 5 505
148 x  3x c dx 1 +6x ' 1+ 68X
From the continuity equation we note
df11’4 + §G(x)f = f
i § T T AC 11,6 ° (2,7,26)
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thus when we use (3.7.26) in (3.7.25) we see

H'(x) = 0 (2.7.27)
or

constant. (2.7.28)

H(x)

The value of this constant does not affect any possible streamlines.

Thus the streamfunction is

d. e AESPEL e Stxy win gt (2.7.29)

Ac

The actual streamlines ¢ = constant are given by

L 23%) g 4lx) siox s gie s (2.7.30)
c >

To find the value of ¢ for which (3.7.30) is true, we first fix the

X co-ordinate and solve

l oS | C.lc

: (2.7.31)
c (1 +.¢;><)f”,4

-

where solutions for z exist for the various values of c. The stream-
lines are plotted for various values of c and are shown in
Fle II .

S‘I 8&_
The 4engsh of consecutive vortices is subject to

sin AeE = 0 (2.7.32)
that is
z = i (2.7.33)
A :
c :
This implies every ‘fL in the non-dimensional r co-ordinate contains
c

one vortex. Iq:the dimensional z co-ordinate this becomes
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FIG IIa Streamlines for n=0,5, T = Tc,h.= Ac and
¢c=-0.1,-0.3,-0.6,-1.0,-1.5 and -1.8.
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FIG IIb Streamlines for n=0.95, T = TC, A= 0 and
¢c=-0.1,-0.3,-0.6,-1.0,-1.5,-2.0 and -2.3.
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dr

Ae

1 vortex for every z = units, (2.7.34)

and the number of vortices can be used to check with any experimental

results.

2.8 The approximation to the neutral curve

We hope that the analysis we have just carried out in the
preceding sections of § 2 will give us a close approximation to the
neutral curve over a suitable range of X . We shall compare the
results obtained from using (a) the quadratic, and (b) the cubic
approximation to the neutral curve with the directly calculated
values obtained from solving the eigenvalue problem a number of

times for different 1's. -

The approximation we have found for the neutral curve is

2 3
T =Ty ¥ (A—AO)T1 + (A-AO) T, + (A—xo) T, (2.8.1)

where T,, T, and T, are defined ‘in (2.6.5), (2.6.10) and (2.6.15)

respectively.

The results obtained for TT' T2 and T3 with,
n = 0.95, To = 1772.97 and lo = 3.4 (2.8.2)

were found to be

g 129.0403 , T, =220.113 , T, = -33.0772. (2.8.3)
Further details of the numerical methods are given in the
appendix. We then proceed to form a table as shown in TABLE.I,
to compare the different approximations to the neutral curve with

the corresponding directly calculated values for T'given A.
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A T 1(3) als) 73) o)
2.6803 1812.81 1794.11 18.70 1806.44 6.37
2.9 1769.00 1763.48 5.52 1767.61 1.39
3.1 1755.16 1754.07 1.09 1754.96 0.20
3.127 1754.96 1754.15 0.81 1754.82 0.14
3.15 1755.09 1754.47 0.62 1754.98 0.11
3.2 1756.28 1755.97 0.31 1756.23 0.05
3.458 1758.70 1758.57 0.13 1758.68 0.02
3.3 1762.31 1762.27 0.04 1762.30 0.01
3.4695 1782.98 1783.00 -0.02 1782.99 -0.01
3.6259 | 1812.99 1813.35 -0.36 1812.97 0.02
37 1830.69 1831.49 -0.80 1830.60 0.09

TABLE I Variation of T with A for n =0.95and the cases

- mentioned below.

Here T are the directly calculated values obtained by solving

2)

<(3)

2 3
e( ) and e( ) are the corresponding errors as compared with T.

the eigenvalue problem amd are in good agreement with

those obtained by DiPrima & Eagles

(4).

are the Taylor numbers obtained from the quadratic

approximation to the neutral curve.

are the Taylor numbers obtained from the cubic approximation

to the neutral curve.

We next use the approximation for T, given in (2.8.1), to

calculate an approximation for Acs Tc on the neutral curve. From

(2.8.1)
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 § 2
o = T+ () +3To(A-2) 4 ..., (2.8.4)
hence using the fact that at T = T, and )\ = A the curve has a

minimum we obtain
2

2

to order (Ac - Ae) o

For the cubic approximation to the neutral curve there are
two values given for ).. But only the zero closest to that given

by the quadratic approximation for Ac and T, that is

>
I

Ay = Ty/2T, (2.8.6)

—
"

=
TO - T-I ]‘4T2 ’ (2.8-?)

is useful. The zero of (2.8.5) which is relevant is

Ty + A2 - 3T,
SR D T : (2.8.8)

c 0
3T,

If we take the 1im of (2.8.8) as T3 -+ 0 it can be easily shown we
obtain the result of (2.8.6).
When we use (2.8.8) in (2.8.1) it is easy to obtain the corresponding

critical Taylor number.

The values of A, and Tc obtained from using the quadratic

approximation given by (2.8.6) and (2.8.7) with
n =0.951s . =3.1069 and T = 1754.06 (2.8.9)

and for the cubic approximation given by (3.8.8) with -~
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n = 0.95is A" 3.124 and T_ = 1754.82 . (2.8.10)

We use TABLE 1 and the above points to compare the accuracy
of the approximations to see which is the best approximation to
the neutral curve. In fact it can be seen from TABLE 1 an error of
less than *1 in absolute magnitude the range of A is (3.27, 3.5) for
tﬁe quadratic approximation, and (3.16, 3.7) for-the cubic
appﬁoximat%on. From the two ranges it is seen that the addition
of the e3T3 term does make a sizeable difference to the value
of the Taylor number, and also increases the accuracy for other
values of the Taylor number for a given 1 . This is especially
the case for the approximation to the critical wavenumber Ac
and the critical Taylor number T.. The values of which are
obtained first by solving the eigenvalue problem a number of times
directly, and these points are used to interpolate until a minimum

value for T is obtained.
The values obtained for n = 0.95 using this method are

A\c =3.127 and T_ = 1754.96, (2.8.11)

this compares quite favourably with the cubic approximation.

The values for Ac and 'Tc are quite vital to later work
and we intend to obtain a better approximation for these. We use
(2.8.11) as my new A, and T, and proceed to calculate T,, T,
and T3 and thus obtain a new approximation for Ae and Te- This
procedure is repeated until the value of T1 is approximately
zero to a certain number of specified decimal places. This is

because the condition for
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2 3
T TC i T](A-AC) * Tz(l-xc) + T3(A'lc) T (2.8.]2)

to represent thé neutral curve with a minimum point at 1 = A,
is that T] is equal to zero. After the values for Ae and Tc are
obtained they will be used in all later calculations and T

will be taken to be exactly zero. The reasons why will manifest

themselves in later chapters.

The values obtained for Tl’ TZ’ T3 and the corresponding

approximations to A, and T, are :

1754.96 (2.8.13)

For n= 0.95 and 10 s 3.]2? ’ TO

T, = -0.1806 , T, = 256.567 , T,

-57.9265 , (2.8.14)
and when we use_ (2.8.8) with the above values the new approximation

for lc and Tc are

3.12735 and 1754.96 respectively. (2.8.15)
These values were considered to be the new Ao? To and a closer
approximation was then found with the following values for
Tys T, and T, .

Ty = =0.0011 , 1y = 256.5062 , T, = -57.8862. (2.8.16)

This resulted in the same values for A, and Tc as (2.8.15),

which will be used for future work in the case n = R-[/R2 = 0.95.

The following results were also obtained with n = 0.5
with the same method :

For n=0.5 and i = 3.163, To = 3099.78 (2.8.17)
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i » 0.5140 , T, = 440.108 , T, = -99.8321. (2.8.18)

The first approximation to A, and T_ using (2.8.8) and the above

values are

3.16242 and 3099.78 respectively. (2.8.19)

These values of A and T were considered then to be the new Ao
and T, for n = 0.5. A second closer approximation to A, and

Tc were found using the new calculated values of Ty, Ty and Ty
Ty = 0.0033 , T, = 440.2819 , T3 = -99,9442. (2.8.20)

This resulted in the same values for A, and Tc as (2.8.19) and
for future work will be used as the critical values for the case

a = 0.5

We also used this method in obtaining values of ALc and

TL . for fixed n in the results of Chapter 4.

In later work we shall use the constants T2 and T3 which are
to be interpreted as the final constants obtained above in

equations (2.8.16) and (2.8.20).

2.9 Introduction to the non-linear problem with respect to torque

calculations

\

This chapter is involved with numerical calculations of the
additional torque supplied to the inner cylinder to sustain 5n

equilibrium Taylor-vortex flow of small amplitude between the two
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cylinders. This is the extra torque required to keep the inner

cylinder in motion at a given speed for this particular flow.

We first fix A at a particular value and calculate the lowest
Taylor number that will Tie on the neutral curve. We will have a
point Ag, Ty which Ties on the neutral curve. The general idea is
to keep X fixed at 10 and increase the Taylor number above To’
so the point in the A,T plane is above the neutral curve. We

should then be able to obtain an equilibrium Taylor-vortex flow.

In the method adopted, we set

k. ™R (2.9.1)

(0]
and

2
R o [1+vy] (2.9.2)
2
where y 1is assumed small.

2
The formula for y can be written as
2 T'TO

VS T M | (2.9.3)

To

2
therefore upon specifying the value of T will fix the value of y .
This will enable us to calculate the torque along any line A
(b)
equal toa constant. See _DCW’Q:) .
An attempt was made to numerically calculate the wavenumber

that would give a maximum torque for a given T. The expression

for the torque G will be seen to be

B * e Ry Y R e = o (2.9.4)

2
The general idea is to use y as a small parameter so that we

6
can ignore terms of 0O(y ) etc. The expression obtained for G
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seems correct as the results obtained for G when
T+ T0 , with A fixed , G+ 0 (2.9.5)
is in accordance with what you expect.

The numerical results obtained from using our expansion

procedure for the torque and maximum torque are used to compare

with the results of DiPrima & Eagles.(4)

2.10 Expansion of the non-linear equation for small amplitudes

From the theory for the equilibrium Taylor-vortex flow we
have if
A = A (2.10.1)
then

| i (2.10.2)

will represent a point on the neutral curve.

We shall set
To= T, [+ S (2.10.3)

in the steady state, non-linear equation given by (2.3.11),

we obtain
3y 2 2
% - Aol v TAU =L, (WU +y Tl WL

3 32 (2.70.4)
subject to the boundary condition (2.4.1).

Here

64



0 -& 0
0 0 0 0
L, (V) = 0 0 0 (2.10.5)
0 0

and A, A, are defined in (2.4.7) and (2.3.14) respectively. :

0

2
It is noted that both 50 and _I_._O contain To’ and y will

represent a small amplitude of the disturbance for a given T.

We next expand U in powers of y and write

2 3
y. = '\{U] + YEZ + Y£3 P ’ (2-10;6)

and when we equate powers of y" we obtain a set of partial

differential equations given by

(3/ox = A )u; = 0, (2.10.7)
(a/ox - A Jup, = Lo(updug, (2.10.8)
(3/3x '&0)9—3 = Lo(g] )22*'&0(!2)1‘.1”0529.1 J(2.10.9)
(a/ax =R Juy = Lo(uq)ug+l,(Uplus+t (ug)yy

ko (Uq U+ TALU,, (2.10.10)

1
S
=
1]

(a/ax = AgJug = Lo(uqlug+ty(uyluztl, (Ui,
o (Ug Juq#TL o (g )u+ToLkp (Up Uy

+T°52£3 - (2.10.11)

The boundary condition B, applies to equations (2.10.7) to

(2.10.11), which is the physical condition that requires zero
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disturbance velocities at the two cylinder walls.

A real solution of (2.10.7) can be written as

'IXOC

ys ‘=€

-iAOc
U1 (x) +e -‘-‘-I,-] (x) (2.10.12)

where U1y (x) satisfies (2.4.4) in conjunction with (2.4.4a).

When we use (2.10.12) in the right hand side of (2.70.8) we

see u 2 can be written as

2110; -2110;

u2=e

Yog *Ugg *© Up . - (2.10.13)

The equations and boundary conditions satisfied by Ugps Upg are

(%Ff e 50(2) Yoy * L(J) (9_1] )_l{'” 5 Bo (2.10.14)
T =1 1
(3; -ﬁ( ))220 = L(() )(.Lil.ﬂ )21,-1*'&(0251,_1 )E'I] - Bo
(2.10.15)

The matrix L \P) (u;;) is defined by

1
L(op)(ﬂij )= - =

0 “ij,Z*aG“ij,s iplouij,ﬁ 0
“1j,3 0 1'th01;11.‘].'6
0 0
7 (2.10.16)

5&f) is defined in (2.4.6) and Uij K for k = 1,6 represents

the six components of the vector u...

To simplify equations (2.10.14), (2.10.15) and later equations

1
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we shall use the following notation

2 -
Eos (—f-ij .gkl) = E(os)(iij )g_k o t E(gs)(ﬂkg )i'ij »$=0,2

(2.10.17)
We can now rewrite (2.10.14) and (2.10.15) as
1
1(2)(222) = 3Roo (U115 897) 5 B (2.10.18)
ﬁo)(u ) Rt | u Yo -meh (2.10.19)
=20 =00 ‘=117 =1,-1 BB -10.

The operator $P) is defined in (2.4.12).

When we use (2.10.12) and (2.10.13) in the right hand side of

(2.70.9), we note that u, can be written as

3t c AL -ir .z =3ir
. b 0 0 0o 0
gy vt Sttt S i s Y3,-3-

(2.10.20)

The equations and boundary conditions satisfied by u,5,uq; are
(3) = :
i (-9-33) -EOO (.l.l-]] '222) s 82 (2.]0.21)

(1) " :
J (Ugq) = Rog (Uqqyalipg) ¥ Roo (Uq _1alpp) + TR U 75 B

(2.10.22)

We find that on repeating this procedure we can write u 4 and

Tt
iz 21 ¢ =2iA -4ix ¢
o s il Y Gk T S Hg,2% ¢ Y.yt
(2.10.23)
e ‘35110;&55+ e3ug;£53+ euocgm 5. ! 1.\0525,-1 - 31A0;£5’-3
-5iloc
+e Us .5 (2.10.24)
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We only require the equations for u,,, Yo from (2.10.23)
and the equation for u ., from (2.10.24) in order to use certain

consistency conditions for Ug to have a solution.

The equations and boundary conditions satisfied by u 42 *Y 40

and Ugq are

1(2)(9_42) =Roo(Ugyo¥ap )+ Roo(uq 75833)

To

*Roo (Upp ’320) * R (U7 5817 )

B To 52522 3 By (2.10.25)

(0) r
L7 (ugg) =Rog(Uqys¥g q) + R Uy yuzg)
*Roo(Ugpslip o)+ Rpp(Uqggaty q)
1 :
+7RooWUggligg)* ThAoUsg 5 8 (2.10.26)
(1) & :
£/ (ugy) = Roo(Uqystgg)t R (Uy ysligp)* Rog (Ugp ot q)

¥ E00 (220 2431 5 E00 (HZ,-Z ’3-33) +T0502 (En :9_20)

+TR Uy _psilgy) # TA Uy 5 8y (2.10.27)

2.11 Consistency conditions and formula for Taylor-vortex torque

From the Tinear theory, a solution for u,; (x) can be written as

ugp () = wfiq(x) (2.11.1)

where -f-'l] (x) satisfies (2.4.13) and the given normalization which

follows (2.4.13). Here Ho is an unknown real constant which will
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be determined by a consistency condition on a higher order differen-

tial equation.

When we use (2.11.1), and Tlet

2

Ups = ¥o fp5 » (2.11.2)
in (2.10.18) and (2.10.19) we then have
(2) e p 1o
L (£22) = R (112 £11) 5 8 (2.11.3)
(0) > .
P = RS Ty ) Voe (2.11.4)
Similarly, if we let
3
L3 S e u°i3j (2.11.5)
in (2.10.21) and (2.10.22) then we obtain
(3) I ; )
i (£33) =5 B-OO(£11 afzz) ’ 82 (2.]].6)
(1) o
1 (-t31) % Eoo(i1]’£20)+500(i1,_1 ',fzz)
TASf
» =220 3 By (2.11.7)
o

To solve equation (2.11.7), a consistency condition has to be
imposed so that a solution for f 5, will exist. This involves the

use of the adjoint function mentioned in § 2.5.

For"f_31 to exist, we use the adjoint condition (2.5.3) and

obtain
X ot To 2a,t,
I £ R 00 (£17 2520 >+ Roo (£22 »f1,_1 )1dx+ — I s A 5 f 17dx=0.

-3 Yo =}
(2.11.8)
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2
Hence we can find o as

L a,t
e Jf Bali ™
By ¥ = _ (2.11.9)
£ R oo (17 220 )+ Rog (F22 5£1,-1 )19
-4

where Uy will be taken as the positive root of (2.11.9) and is now

a known value.

We set

fa1 =83 *+ mfn(x) (2.11.10)

where e 5, s normalized such that the second component of e 5,
evaluated at x = --% is equal to zero, and y is a real constant

unknown at this stage.

The function e 31 satisfies the differential equation,
(1) i e
{ (831) = Roo (£47 28200+ Roo (B2 55,1 1 T E 9/

B2
2 .

and g is now known. (& 101)

When we use (2.11.10), (2.11.5), (2.11.2) and (2.11.1) in the
right-hand sides of equations (2.10.25) and (2.10.26), and set

. s

Ugi = ¥ £4j (2.11.12)
and then

fa5 = 8q5% vy (2.11.13)

in the left-hand sides of (2.10.25) and (2.10.26), we find the

functions €4 and LPE satisfy a set of ordinary differential
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equations subject to boundary condition By *

12)(e 1) = R oo (F 1102 91) # Roo( £ 1,-1°£33) ¥ R (£90: F5p) +

_Tzqn Ry a1 Vi # T K ol & 5. 58y . F{2118)

3w, ) s R Eo ) - 5 B (2.11.15)

1(e49) = Rop(Eqyoeg,1)* Eoo (i1,-1 231)

+Roo (E22 082,20+ 7 Roo (Fg0f zo)"
ToRo2 (£q1254,-9/ g + To a0/
8 (2.11.16)
20 @, ) = 2RooE11ofy,0) 5 B (2.11.17)
From the form of the equations for m,, and m,, we can write
Mgy = 2f5 (2.11.18)
and

woode Wop (2.11.19)

To solve equation (2.10.27), a consistency condition has to
be imposed so that a solution for 1151 will exist. This again
involves the use of the adjoint function mentioned in §2.5.

For f; to exist we use the adjoint condition (2.5.3) and

obtain

3 s To 3 a,t '
f 8 S S J £ Rz (£17 :£20) ¥ Rop(£1,.1:£22)
-4 -3 =

a’t

3
thyegldx+ “’J f8 Roo (£112Mgg) * Ryo (£1,212M42)

ot
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+ Roo(fopafq 1) +Rog (fgg-fqq) 1dX

H 2
+ T J oEn, fyy dxfuy = O (2.11.20)
-3

where

Q=R,o(F17:840)F Roo (£1,-1°842)* Roo (£22:83,-1 )+

Eog (-1-:-20 € 31 ) +B.oo (I.z ’_2’i33) . (2.10:21) .

The equation (2.11.20) can be simplified when we use (2.11.18) ,
(2.11.19) and (2.11.9) to give w as

2% 3
B I fa'tﬂdx*'ToJ £ R gp(£ 1758 20) Ro2(£1,-1:L 22 A2 511
we= _ -k 3

3 t
2T0I £t p, £, dx (2.11.22)
-3
Now that the coefficients and  are known we can

calculate the Taylor-vortex torque.

In our approximation, we can calculate the additional torque

due to the vortex motion from the velocity disturbance in terms of

2
y .-This is given by

2 L 6
G= yK + v K+ .o +0(y) (2.11.23)
where d T-To
xR e (2.11.24)
0
and 2 .
Ky = #o F20,2(- 7 ) (2.11.25)
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£ L 1
Ky = Wy eg0 o(- P+ 2o, f20,2(- 7) - (2.11.26)

1
Here fij,z("Z) denotes the second component °f.f1j evaluated

at x = - %- , that is the inner boundary. It is mentioned that
the values of the constants K0 and K] will remain invariant

under whatever sign we had chosen for Mo -

From (2.11.23) we can numerically calculate the zero's of

(aG/ax)T fFixed and obtain the maximum torque, A,. To do this we
first find a point 2, T, on the neutral curve and keep these
values fixed, and so compute the coefficients Ko and SE The
Taylor number T was then fixed at a specific value greater than

To and the torque calculated from (2.11.23), etc. This

procedure was repeated a number of times for various values of Ao?
To’ which all lie on the neutral curve, but with the Taylor number
T kept fixed at its initial value. The values of A = Aj and

the resultant values for the torque G are then used to find
numerically the zeros of (aG/ax)T fixed for a given A. This value

of A is called the wavenumber for maximum torque A

2.12 Results of torque calculations

It was decided to do just the one case, using the full

equations for n = 0.95.

The results for the Taylor-vortex torque G obtained from
(2.11.23) are given in TABLE II. The calculated wavenumber for

maximum torque for T = 1840 and 1920 are given in TABLE III.
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(4)

These results are compared with those of DiPrima & Eagles
for A = 3.1, 3.2 and 3.3. The results were found to agree

very well for T = 1840 ; for T = 1920 there is a much poorer

agreement. | he d\-q&ema_ i tesuwlbs  apptor o be oF 0(?3’9

The results for the wavenumber of maximum torque were found
to be in poor agreement with that of DiPrima & Eagles (4).
This was probably due to the torque results being too close for
the three values of A chosen, ( A = 3.1, 3.12725, 3.2), for the
approximate quadratic curve. The wavenumber for maximum torque

was calculated from this curve.
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T-T,
T & . -G -6%
1840 |  0.0401 2.9 0.1094 0.1105
0.0483 3.1 0.1307 0.1317
0.0477 3.2 0.1294 0.1300
0.0441 3.3 0.1206 0.1212
0.0378 3.4 0.1045
0.0085 | 3.12735| 0.1311
1920 |  0.0854 2.9 0.2126 0.2215
0.0939 3.1 0.2359 0.2436
0.0932 3.2 0.2363 0.2430
0.0895 3.3 0.2296 0.2353
0.0829 3.4 0.2159
0.0940 3.12735| 0.2367

a
Taylor-vortex torque results

TABLE II  Taylor-vortex torque:

of DiPrima & Eagles(?)

for n = 0.95
a
E At At
1840 | 3.133 3.164
1920 | 3.156 3.197

TABLE III Wavenumber for maximum torque (At) ;

75




3. Non-parallel Wall Case

3.1 Introduction to the non-parallel wall linear case

In this chapter we are interested in the hydrodynamic

stability problem associated with the outer wall being of the

form
o= Ryt e (RyR)F(2)/2 (3.1.1)

in ¢ylindrical polar co-ordinates (r,0,z). We call this problem
the non-parallel wall problem in order to distinguish it from the
parallel wall problem, where the outer wall is given by r = RZ‘

In both cases the inner boundary is r = RI'

The parameter ¢ defines the slowly varying variable Z, where

Z = 2 (3.1:2)

and also a small variation in the outer wall.

The base velocities and pressure are expanded in powers of ¢

and are functions of r and Z onIy. We obtain solutions of the form
[ 2 3
ug = 0(e )» Ve & Vo(r) + e vz(r,Z) 5 Ns = ¢ w3(r,2) (3.1.3)
and
2 .
An additional condition for all the above solutions to be true was

l.lS ,ws-!-O a8 L T (3:1.5)

because we shall assume a purely (modified) circumferential

Couette flowat Z = T =

The reader should note the assumption made later that F(Z) is
even may be dropped up to §3.10 in this chapter. The expansions

are valid for all F(z) provided (3.1.5) holds. The boundary
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condition (3.1.5) will be seen to force F(Z) to have the following
property

& +0 s Z+te, (3.1.53)

We introduce the constants and dimensionless variables
defined in (2.3.6) and (2.3.7) along with the sIgwa varying
dimensionless variable —

z*x = Z/d (3;1.6)

into the base velocities and the disturbance equations in the

usual manner. See Eagles (10).

The non-dimensionalizing is done in terms of R1 and RZ' The
Taylor number T is
2% 3
2R, d
T = — . (3.1.7)
R
o
We are then able to write the disturbance equations in the matrix

form shown in (3.5.22).

The boundary conditions on U are the physical condition of
zero disturbance velocities at the wall of the inner cylinder

and at the outer surface. An additional condition imposed on U is

U0 a8 ¢elo . (3.1.8)

With a suitable choice of F(Z) such that the base flow is
locally more stable at Z =¥ « than near Z = 0 we are able to

find a critical overall Taylor number Tcrit in the form
2
Tcrit = TC + ¢ T; S eue ¥ (3.1.9)

" which appears to be the lowest Taylor number for which neutral
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solutions exist to the disturbance equations. We are also able
to find higher order corrections to the axial wavenumber, which
is no longer uniquely defined, but varies with the physical

quantity considered and also with x and z*. In the non-Tlinear

case there is also a variation with T.

3.2 Assumptions made about the outer stationary surface

Let (r,8,z) denote cylindrical polar co-ordinates such
that the z-axis is chosen to lie along the axis of a cylinder
radius r = R,. This cylinder is rotated about its axis with a
constant angular velocity 2 inside a fixed concentric surface
radius 2
piies Ry ¥ e'(Rz—R1)F(Z)/2 y (3:2.1)
The gap between the cylinder and the outer surface is filled with

a liquid of Kinematic viscosity v and constant density o

The variable Z is given by |
L. %= gL (3.2.2)

The parameter ¢ does not only define the slow variable Z but also a
small variation of the outer surface. The constant coefficient of
F(Z), namely (RZ-R1)/2, was chosen such that the equation of the
outer surface in the non-dimensional co-ordinate x, defined in

(2.3.7), is given by

x = p[1+e (). (3.2.3)

To obtain the function f(z*) we non-dimensionalize Z by

Z = dz* (3.2.4)
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and place

F(dz*) = f(z*). (3.2.5)

It can be seen that z* is a dimensionless slow variable when

compared with the dimensionless axial co-ordinate ¢ .

To define the problem more the function f(z*) will be given
the following properties :

(). flz*) = f(-2"). (3.2.6)

This ensures that the outer surface is symmetrical about z* = 0

and enables us to solve the problem for just positive z*.

(ii) f(0) = 0. (3.2.7)
This will give that at z* = 0, the outer surface is given by
calbe

(SR lim 2y =, s o (3.2.8)

@
2*%5T

where f_ is a negative constant.

(w)lH&wG%Q =D, (3.2.9)

3.3 Analysis of the base flow

We denote the velocity components of the basic flow by
(us,vs,ws) and the pressure component by p.. The Navier-Stokes
and continuity equations for viscous, incompressible, axisymmetric
steady flow are given by (2.2.1) to (2.2.4) with the partial

derivatives of UgsVgsW with respect to time equated to zero.

s
The boundary conditions on ug,v ,w, are

2
u_ =v_= =0 on r=Ry+e (RZ-R1)F(Z)/2, (3.3.1)

5 S S

W
U 0 and Ve = Q1R1 on r = R,. (3.3:2)
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For steady laminar Couette flow, which is given by € = 0 in the

above, there is a solution of the form

ug = Oov ¥, ® Vo(r) s 0. (3.3.3)
where 2 2
Ry 9 Ry

VO('{') = e T Plim S (3.3.4)

with the corresponding pressure po(r) given by (2.2.7)

For ¢ small but different from zero we shall expand the base

velocities and pressure in powers of ¢ and write

2

us= su1+ su2+...,
2

Ve = Vo(r) +eVy +EVotoaeey (3.3.5)

2
WS - EW-[ +EWZ+ “ee ’

2

ek epo(r) tepp * Pyt ... ’

where the ellipsis dots stand for all terms with powers of .
for which n > 3. The functions L UgaWy V5P for I'= 1,2,3::«¢

will be considered to contain just two variables r and Z.

When we use (3.3.5) and the boundary conditions on the inner
wall (3.3.2), we can see the base velocities must satisfy

Yo Ry on r= Ry » (3.3.6)

s =V =W =0 - on s Ry for f.= 1,2,3, ..s {3.3.7)

2
The boundary conditions on the outer wall, r = R, + ¢ (RZ-R1)F(Z)!2
are obtained by means of a Taylor expansion of the velocities
at r = R,. The base velocity u, must satisfy
2
U 0 on r=R, + ¢ (RZ-R1)F(Z)/2 > (3.3.8)
which from (3.3.5), is the same as
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cup(Ry + ez(Rz-R])F(Z)/z,z)+gﬁt(nz+ gz(Rz-R])F(Z)/2,2)+...
=0 . (3.3.9)

When we use the Taylor expansion about r = R2 for the velocity Ugy

equate powers of " we obtain the following set of boundary

conditions for each ug

Uy (Rps2)=0- 5 (Ry=Ry)F(Z) 0y (Rs2)/2 + ug(Rp,Z) = 0, (3.3.10)

where
au_i ;
U_ir = ? . (3.3..”)

The boundary conditions for the base velocity W, are identical
to those quoted above and the boundary conditions for vg are
Vo(Ry) = 0, (Ry=RyIF(Z)V(Ry)/2+V,(RpsZ) = O,

(3.3.12)
V{(Ry»Z) = 0, (Ry=Ry)F(Z)V;(RyZ)/2+v3(Rp,Z) = O .

From (3.2.2) we notice that any 3/3z in the continuity or Navier-
Stokes equations becomes ¢3/3Z. Thus when we use the form of
expansion given in (3.3.5) for ug and W , the continuity equation
can be rewritten as

au au aw
1 2 2 1
—B-F— + --- +E( + -é-z—')+ vee =0, (3.3.]3)

If we equate powers of ¢ in (3.3.13) we obtain a set of partial

differential equations :

BU-I U-I
==+ = =0, (3.3.14)
au u aw
2 2 1
=tttz =0 (3.3.15)
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au u aw
3 3 s
e 2o =0 (3.3.16)

From the boundary conditions on ul(r,Z), given in (3.3.7) and
(3.3.10) , and the differential equation for u1(r,Z), (3.3.14),

the only solution for u1(r,2) is zero. That is
uy(ry2) = 0. : ' (3.3.17)
Now éubstituting the form of expansion (3.3.5) with u1(r,Z)
equated to zero, in the Navier-Stokes equations and replacing

s/3z by e3/aZ we obtain a set of partial differential equations

upon equating powers of ¢ .

From the first Navier-Stokes equation (2.2.1) we find that

v ap
20 s L LR
0 = 3 - (3.3.18)
2v,V ap
1% = 1] 1
r‘ = E-é-ri.—, (3-3.]9)
sy 2 2
526" +v[?’"2+lff'_§.-f_%]=l.aﬁ (3.3.20)
: ar‘2 rar l,2 p or
2(V_VatVyVy) azu au u 3p
a'3V2"1 +v[23+]Fa_r3'_2]’lTa(3'3'21)
r ar r APl

From the second Navier-Stokes equation (2.2.2) we have

2
dV dv v
0 TU0 L e
2 v g 2 0, (3.3.22)
dr
32V av v
| PR SRRl ST (3.3.23)
e T ar i
u 3 v Vv v
2 d 2 1 2 2
£ S (r¥) = u( PRLEL WLt RS ¢ 1
& dr 0 o1 r ar ot
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2 s

u u v v v v Vv
2 0 3 d 1 3 i 3 1
—= = (rvy) + — (eV) +w =Y — - — - —
T 1 rogrY e 1 3Z oyl rar 2 a7?
(3.3.25)
And finally from the third Navier-Stokes equation (2.2.3)
2
ap 3 W 3w
1 Yo ”( e st ST (3.3.26)
Y 4 ar
p x aw
3 W
lJ.”(f+;ﬁ),- (3.3.27)
iz ar
ap 3W 3w azw W 3w
1 2 O i 1 1 1
e — + — + - u o e .
a7 "(arz rar o .22, 230 oL
(3.3.28)

3.4 Solutions of the equations with the given boundary conditions

[ ]
Solving (3.3.22) and (3.3.18) gives the solution for V,
and p, defined in (2.2.6) and (2.2.7), and since these any

contain functions of r then

1 2Pg
g ¥ el

which implies, from (3.3.26), that

o¥y W

bl
arz +?~-§-r— g (3.4.])

The solution of (3.4.1) is

w1(r,Z) = C1(Z)109r~+ 01(2) (3.4.2)
where C1(Z) and D1(Z) are determined by the boundary conditions
Wy = Qonr = R1 and r = Rz, from which

wy(r,Z) = 0. (3.4.3)
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Upon replacing this in (3.3.15) and we use the boundary conditions

on uz(r,Z) then

u,(rsZ) = 0. (3.4.4)

From equation (3.3;23) we find
vi(r,Z) = C(Z)r + D(Z)/r . (3.4.5)
When we soive for C(Z) and D({) subject to the boundary conditions
given in (3.3.7) and (3.3.12) then
vq(r,Z) = 0. (3.4.6)
From (3.3.19) and (3.4.6), we see py(r,Z) is only a function of

Z. When we use this fact in (3.3.27) and solving for Wy with the
boundary conditions "Z(RZ’Z) = wZ(R],Z) = 0, the solution is

2 2
1 dp ﬁ; + Ry log(r/R,)-R, log(r/Ry)

Wo(ryZ) = ] . (3.4.7)
; i 10g(Ry/R;)

To find the unknown function p1(Z) we use the continuity equation
given by (3.3.16) and substitute the above form for Wy in it. Then

2

dp
Vow 5 iy 1
(R Sty ["

2 2
s R11og(r/R2)-Rzlog(er])J

Tog(RZ/Ri)
(3.4.8)

-

The boundary conditions on u, state that u3(Ry»Z) = 0 and
u3(R2,Z) = 0. From this and (3.4.8) , we solve for Uy as

Ay Ry Tog(r/R,)=Ry Tog(r/R;)
-r'u3(r,2) = -4___J r [,.2 + ar
S 10g(Ry/Ry)

R

1 (3.4.9)

The condition that Us is zero at r = R, implies either
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2

d'p, R2 [2 R log(r/R,)-R3 Tog(r/Ry)
—— =0 or rir + dr
dz Tog(Ry/Rq)

Ry (3.4.10)

Since it can be shown that the integral in (3.4.10) is non-zero,

then
2

d P
dz2

w0 for all Z (34.11)

and therefore the solution for u3(r,Z) is

ug(rZ) = 0. (3.4.12)

From (3.4.11) the expression for w, can be written as

o

2 2
. El [rz - Ry 1og(rfR2) - R 1og(r/R1)

] (3.4.13)
4 10g(Ry/R;)

where b1 is a constant.

It has been assumed that the velocity components u., V., W¢
are just functions of the two vqriab]es r and Z. We assume
that at Z = ¥ « we have purely circumferential Couette flow and

therefore the ug and W velocity components disappear, that is

Wy (rym) = ucrye) = 0. (3.4.14)

The velocity W at «» can be written as

2> 3
ws(r,m) = ¢ wz(r,u) + ¢ ws(r,m) + ... = 0. (3.4.15)
Comparing coefficients of ¢ we see
wz(r,w) =0 and w3(r,w) = 0. (3.4.16)

From (3.4.16) the solution for wz(r,Z) , given in (3.4.13) is

wz(r,Z) = 0, (3.4.17)
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for all r and Z. From which now

py(Z) = constant. (3.4.18)

Since we know uz(r,Z) is zero, we solve for v, in (3.3.24) to give
vz(r,Z) = C(Z)r + D(Z)/r (3.4.19)
with boundary conditions

vz(R1,Z) =0 and vz(Rz,Z) - (RZ-Rl)F(Z)Vor(Rz)IZ =0,
(3.4.19a)
with which we can determine C(Z) and D(Z). The solution for
ki aR. R F(Z) R
vp(r,2) = ——2 L-- 2 J . (3.4.20)

2 2
(Ry = R))(Ry + Ry) i

Similarly, as for vl(r,Z) , we see the equation for v3(r,Z) is

z

3V aVv v
e i g -0, (3.4.21)
2 ar r

ar
with boundary conditions v3(R1,Z) = va(Rz,Z) = 0 and the

only solution with these conditions is given by
va(r,Z) = 0. (3.4.22)

Using the solutions for Vo(r) and vz(r,Z) in (3.3.20) we integrate

the left-hand side with respect to r, then

2 4
02, Ry RHF(Z) [ 5

3
i R R
-r +2(Ry +R, )log r+

pz(r‘.Z) > >

g a2 "

(Ry - R7) (Ry + Ry)
+ C(2). (3.4.23)

We can find a consistent solution by setting
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2 L
021RyRoF (Z)
(Rzz-Rﬁ 'y (Ry*+R;)

2 .2 2 2
C(Z) = [2(R1+R2)b0 - 2(R1+R2)1og RZ]

(3.4.24)
where bo is an unknown constant at this stage. Therefore from

(3.3.28), we see

2
3 d 2 2 2
%%’F(r ) e S 1 o [-r- +2(R1+Rz){'logr-1og R, + bo}

(R2 RT) (Ry*R;) -

2z

RiRs

s ] : (3.4.25)
r

Then b0 is a dimensionless constant depending only on n = RIIRZ'

We shall assume a solution of (3.4.25) of the form
2 4
2.R{R (3)
wy(r,2) = 112 & o) , (3.4.26)
A >

to obtain the following equation

2.2
3) R,R
1&gy o 2 2.2 1%2
L -a-r—_(r-aF ) = -1 + 2(Ry#Ry) (logr - TogRy + ol —=
(3.4.27)
subject to the boundary conditions
W Ry = W3Ry =o. (3.4.28)
: (3) . ¥ LU
The solution for w'°/(r) using (3.4.27) is
(3) u 2 rz
(r) = _g. + (R]+R2)[ Togr- 5 (1 + TogR, - bo)] +
2
R]R2 log r '
—_— %k b]logr‘+ b2 (3.4.29)
2

where bo’ bT’ b2 are constants unknown at this stage, but upon
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- 3
using the boundary conditions (3.4.28) we note é()) can be rewritten

as
" 4 2
, R, log(r/R,)-R,10g(r/Ry)7 R4R

B
(Ry+R,)
" s il

2
R> Tog(r/R,)-R.1 R
(r'z-R?i)log(r'/RZH(bo-'l)(r-z 2 1 og(r 2) 2 Og(r'/ ]) )} :
; Tog(Ry/Ry)

(3.4.30)
To find the constant b, we shall use the continuity equation

1
.Fg_F(ru4) +§Z_ = 0, (3.4.31)

with the boundary conditions

Ug(RpsZ) = ug(RyuZ) = 0. (3.4.32)

When we use the type of solution for w, given in (3.4.26), and

simplify u4(r,Z) by putting

2
Q4R4R 2
T, e i dF 4y (3.4.33)
4 YR dz?
“(RZ'RI) (R2+R1)
the differential equation (3.4.31) can be rewritten as
1d (™) + w3 (r) = 0. (3.4.34)
The solution of this for u(4)(r) can be written as
r
ru(4)(r) =«-I r w(3)(r)dr. (3.4.35)

Ry

L
In our analysis we shall be neglecting powers of e , but we need
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(3.4.35) to determine the constant b0 numerically by solving

23
rw /(r)dr =0, (3.4.36)
‘ R.I
obtained from the end boundary condition that u(4)(R2) = 0.
The constant bo can be shown to depend only on n = R]/R2 by
transforming the integral relationship (3.4.36) using the non-
dimensional co-ordinate x given in (2.3.7). The values obtained

for b0 corresponding to the two cases I have chosen are

b

n

o 0.3358 for q

]

0.5 (3.4.37)

and

%

0.0256 for n =0.95 , (3.4.38)

To satisfy the boundary condition at Y= given by (3.4.16) for
wa(r,Z) , we see that (3.1.5a) must hold.

-

Therefore upon neglecting powers of ¢! for n s 4, the

base velocities are represented by

2 3
Uy = 0, Ve e Vo(r) + e vz(r,Z), We = & w3(r,2), (3.4.39)

where the subscript s indicates that the base velocities are
steady and that Vo(r), vz(r,Z) and w3(r,Z) are given by equations
(3.3.4), (3.4.20) and (3.4.26). The pressure distribution is
given by

Py = Bo(r) + & Py(r,2) (3.4.40)

where po(r), pz(r,Z) are defined in (2.2.7) and (3.4.23).
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3.5 The disturbance equations and non-dimensionalizing the base

velocities

witn W oq- Ols)
Since we are ignoring powers of e" for n > 4,kre suppose

that the basic flow is disturbed such that the velocity field is
of the form

+v' ,w=w_+w

: ’ = » P =pg +p' (3.5.1)

where the primed variables are functions of r, z and t, and
Ver Wes Py are the solutions given by (3.4.39) and (3.4.40).
To obtain the disturbance equations satisfied by u', w', v'
and p', we place (3.5.1) in the Navier-Stokes and continuity

equations given in (2.2.1) to (2.2.4) and obtain

"(v'+#2v,)
au' , du' au' U (v g2 - 1ap°
ey i S e e r ST &
2 1
o(v ' -5, (3.5.2)
r
Vv 3y,  u'v_+u'v'
3V v av! M av! . v’ s S
St a R e SN N P o f
vl
; = WV Vv ==), {3.8.3)
r
aw aw
3w’ . ow' sk aw' . W' T
e T st L gt s T S Y a2
1 3p' .
W v W (3.5.4)
au' u' w'  _
s R e 0. (3.5.5)
2 2 ‘
2
Herev;—a-?+]?i;?+a_2
ar 3z
Using (3.5.5; and differentiating it with respect to r, we can
eliminate from the first momentum equation to form

ar
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' 2 2 2
. L M s Vs oEep. o9 w'o_ L D (v')
at 3oy r p ar arsz az2 r
L} I2 ]
e L NE) g B (3.5.6)
3z r 3z

We now introduce the constants and dimensionless variables
as defined in (2.3.6) , (2.3.7) along with the series representation
of the base velocities into equations (3.5.3) to (3.5.6) and
obtain

- W
ap .. [E_; o T(Qo’s(x,n) + ezf(z*)nz,s(x,n) v -

ax 4 3z
3
crd Wy o(Xsn) A+ :[+39- = -l[-w?-gw sGu +
dz* ’ 14 3T o 14
2
o B, u?i"-] X (3.5.7)
2 9T
av 9 g 2
- [5 G v - 86, + (1-c¢ L fz5))u-¢ & v, (xon)w +
3x (14n) gzx
3
€ T-gi Hs 5'31 - ...] ey ¥ --l[uvo +w LS aeuv],
dz* *= 3z 3t o aC
(3.5.8)
Wy 3 azw 3_ df aw- 3_ df
—a'i—'["E"' ‘SGNO-_2-+€T_ H3S(X,'{])—+€T—'
14 3z s 7 3T dz*
dW
ag® e ] AL AT l-[uwo L ] s (3.5.9)
dx AT a 3z
U L gy e 0, (3.5.10)
ax 3z

It should be remembered that vo,wo are related to the fluid
velocities v and w by :
4 R iy L. AR (3.5.11)

9 ax < ax
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The parameter T is caT]ed the Taylor number and is given by

1"1d
AL i (3.5.12)
vRO .

whilst the dimensionless function G(x) is defined in (2.3.10).

The relationships between the dimensional base velocities

and the dimensionless functions mentioned in (3.5.7) to (3.5.10)

are
2 2V >
ﬂo’s(x,n) + € f(z*)nz’s(x,n)-i- ae or > (3.5.13)
3 df £z i Y g
€ - rid VZ’S(X,T\) . e = W—a-i—- ? (35]4)
2 E3
- .T{z—nh Wit 9—1§d—3 [1 & (rv )] (3.5.15)
0
and
T3y Gt o= S (3.5.16)
Here 5 .
= . 2
a, J(xm) e 2 s B g(x), (3.5.17)
4 (1-n") (14n) (1-n7)
2 Z L 2
Ay ((Xon) = —E—— - N —Glxl, (3.5.18)
: (1-n°)(14n) (14} (1-n")
and 5
G (xon) = ln - a3 (3.5.19)
: (1-n")(T+n)

The function NS s(x,n) contains the dimensionless function
< i
a(x) = s (T=-n)x (3.5.20)

and N3 s(x,n) can now be written as
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2
(14n.)

n 2 2 : 2
(1-n2)2 [21ogn {(U -n )logologn + (b -1)((o -1)Togn

2(1-n)°

2
2
+ (1-n )1090)} +I‘2- logo (logo- logn) -

4 - 4
m%fn {(o’ -1)Togn + (1-n )1090}] . (3:5.21)
The function o(x) is merely the expression of r{RZ.

We are now able to write the disturbance equations in the
following matrix form,

au

o 2 3 df Ll
- * S EeE
X ﬂg - f(Z )_(!:_.l.". +e qzF P“ll E 3t s
= L(UU , (3.5.22)

where U, A, B, L(U) are defined in (2.3.12) and (2.3.14).

Here
0 Tnz,s 0
0 .0 0
T
L = 0 0 0 and
0 0
23 5y e (3.5.23)
[ ™, _(xn)2= 0 0 3
S S SE
3
0 -1".\43’s(x,n)3—C Vz,(sx,n)
D = 0 dW
- - 3,s TR 3
T g 0 Twa’s(x,n)-gz
i U 0 .
B REE (3.5.24)
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The equation (3.5.22) has to be solved subject to the physical
condition that requires zero disturbance velocities at the
cylinder wall and the outer wall. It is written as follows for

a vector with six components,

By : the last three components of U to be zero at x = -1/2 and
2 :
x = [+ e f(2*)] /2. {3.5.25)
An additional boundary condition is imposed,

U+0 as 2z*+1fae . (3.5.26)

The solution of (3.5.22) with the boundary conditions given

above depends on the parameters T, n and ¢ and the function f(z*).

3.6 Explanation of the stability problem and expansion procedure

In the stability problem for the parallel wall case we obtain
a neutral curve for fixed n as explained in §2.1 . We remind
the reader that in FIG I the disturbance velocities are amp1ified.
with respect to time in the unstable area, and Taylor vortices
develop. In the stable area of the graph the disturbance velocities
are damped with respect to time and Taylor vortices do not form.
The curve separating these two cases is called the neutral
curve and the disturbance velocities for values of T and A on this
curve are neither amplified or damped. The stability problem
as it stands for the parallel wall case does not depend on the
axial co-ordinate,z, and we hope to bring into play a dependence

on & in our non-parallel wall case.

We shall impose the boundary condition U + 0 as

z* + + » in our non-parallel wall neutral stability problem.
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This condition makes the disturbance velocities die away from
the centre (z* = 0) and tend to zero at the ends (z* = T =).
The flow at the ends will be a modified Couette flow with the
base velocities u, = W, = 0 and we shall be left with only
the vy component.

We envisage that as the Taylor number T, which is défined
in terms of the radii at z* = 0, is increased with n and f(z*)
fixed there will be a certain T = T .4, for which U + 0 as
2% » ¥ . We define a local Taylor number as

2 2d3
Ry,

T > (3.6.1)

2
v ROL
where
2 2
dL = d;1 +¢ f(z*)/2] and Ry = RO[1+ e &f(z*)/4].
(3.6.2)
2 2
Since Qg and v remain the same irrespective of the position

along the z*-axis we divide (3.6.1) by (3.5.12) and obtain

0+ ezf(z*)leéT . (3.6.3)
[0 + o 6(2%)/4]

For the value of T = Tcrit the value of TL given by replacing
T by Tcrit in (3.6.3) will be defined as

Rl etz

y O - -
Lerit 1+ e sf(z*)/4] crit

(3.6.4)

For values of T > Tcrit the flow will presumably become
unstable and the linearized disturbance velocities will be
amplified with respect to time. At the same time as you proceed
along the z* axis from the centre to the ends the disturbance
velocities are damped with respect to the z* variable. So the

vortices are formed more strongly at the centre but die
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away as |z*| increases. For values of T < T .., the flow will
presumably be stable.

We choose our parameters such that the local parallel wall
flow, that is the local parallel wall problem with local values
of n and T, is 1iable to be more unstable at the centre than

at the ends.

For each value of n there exists different critical Taylor
numbers for the parallel wall problem and these will be denoted
by

Bp s (3.6.5)

We shall say the flow in our non-parallel wall case is 1oca11;
stable or unstable if

T < TL& (3.6.6)
for local stability and

> T (3.6.7)

for local instability.

A possible sketch of TLC’TLcrit against n , with the boundary

condition U+0 as z* -+ t « 4is shown in FIG III.

Other possibilities are that the critical disturbance appears
with the less restrictive conditions that U tends to a constant
(other than zero) or is bounded at £= . However, our work
will ghow that the first type of disturbance (U ~ 0 at
z* ~ t ») is the most critical, that is appears at the 10west value

of T, and we shall consider this in the main.

The advantage of the present problem over the cylinder problem

is that our solutions will show Taylor like vortices appearing
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FIG III  Sketch of TLc’ TLcrit against ng s
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at the centre but not at the ends, where the flow will remain a
purely circumferential Couette flow. This would take care of possible
end effects with respect to experimental evidence. Thus it would
be easier to perform experiments to check the theory. Former
results and conclusions drawn from linear analysis of the
parallel wall case is only valid at or near the critical Taylor-
number and predicts only the wavelength of the vortex cells

which are not close to the end boundaries. With our boundary
condition on U we hope to find the wavenumber of a Taylor-vortex
like flow between surfaces of infinite length to vary as T is
increased, thus more agreement with future experimental work to

coincide with the theory.

This character of the solution will be retained in the non-
linear results of section 3.14, enabling a comparison to be made
between the theory of finite amplitude Taylor-vortex like flow

of our theory with experiments.

We shall first consider the linear stability problem where
the disturbance is assumed to be small enough for linearization to
be a valid approximation. Only the neutral stability case with
aU/3t ' equal to zero will be considered. Now if e =0 or f(z*¥) =0
we recover the Taylor problem for the parallel wall case so
we expect the disturbance to be a perturbation of the parallel

wall case.

We assume that n and f(z*) are fixed and expand the disturbance
velocity, U , and look for solutions of the form

) iy 9 -$% .z

g o= © ulx.rhe) ve € u(x,2*,¢) (3.6.8)
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where A, is a real constant and u can be expanded in powers of
¢ later, and a tilde denotes the complex conjugate. We now search
for the eigenvalue T such that U satisfies the boundary conditions

given in (3.5.25) and (3.5.26).

We are led to expand T as

2 ] 3
T =il & @t imie T+ eTf + .. - (3.6.9)

and to use (3.6.8) and (3.6.9) in (3.5.22) with 3U/3t = 0.

We shall find that T? and T§ are then determined by eigenvalue
relationships and that the overall critical Taylor number for

disturbances for our pr6b1em is given by

2
Toore. L Bl #l.E (3.6.10)

We remind the reader that ). and Tc are the critical wavenumber
and Taylor number for the cylinder problem with parameters n and
T. In Chapter 6, we mention the case where we assume the
disturbance can be expanded as

1x.2

U = e O y(x,2%¢) + c.c. (3.6.11)

and

T AT e T s (3.6.12)

0
where (AO,TO) are on the same neutral curve as (AC.TC).

0f course, it is not certain that such a disturbance as (3.6.8)
will exist. For example, other rates of change with respect to
¢ might appear as mentioned in (3.6.11) and (3.6.12). But in
fact we have chosen the form of the outer wall such that the type
of expansion given in (3.6.8) and (3.6.9) does appear to wofk. It
we had chosen the outer wall to be r =R, + ed f(z*) /2 such an

expansion would not be correct.
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When we substitute the trial solution given by (3.6.8) and

(3.6.9) in (3.5.22), then the equation for U becomes
32

u 2

-—-A(])u-eB()—-eT’{A = - e T3 A,u

X az* * g

gU = €8¢ e

2 3 3
pef(z) Cout e plu- Ty R u s o f(2TY

dz* *

£c15 ¥ ovr . Twily (3.6.13)
unere AU) s defined in (2.4.6 ) with (x,T,) r'ep'laced by (AesTe ),
and the expressions for the matrices above are

C0 0 -1 2im, 0 R
: g 0 0 0 -2ima 0
(m) :
By = 1 e« SRR 0 -2im) ,
0 0 -1
\. 0 0 0 0
0 0 * il
1 ' 1
B s 50 0 ay(x,n) O
Boou™ 0 0 -1 O L Sy ™ 0 0 0 0
0 0 -1 0 0 0
0 Q 1 L 0 ‘A8 e
(3.6.14)
- 1m"cTcu3,s 0 “
) .
dw3 :
-Tc - =ima Tcw3 3

e

and C . is C except that T is replaced by T_ and the matrix A,
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is given in (2.4.7).

From the above expressions and comparing some of these matrices
with those defined in the perturbation about (AC,TC) in the

parallel wall case, we see that

) - all) ana g, = Al . (3.6.15).

The equation for u has to be solved subject to

2
uj=0 onx=-;- and x = [1 + ¢ f(z*)]/2

for j = 4,5,6. And (3.6.16)

u+0 as z* >t e

th

where uj denotes the j~ component of u .

Now we expand u in powers of ¢ in (3.6.13) and write

U= up(02%) + e, (x,2%) + el (k,2¥) ooty (3:6.17)

and when we equate powers of en we obtain a set of partial

differential equations :

U
et ST, (3.6.18)
—-c =1
ax
au au
=2 (1) u, = _(c]]) — + TEA,u,, (3.6.19)
ax az*
3u > u
b i (1) =(]) + T*A,u,+B ) e o
” Ao 8a 24 az,, 122227 2272 7 2=
- f(z*)C uq » (3.6.20)
u azl.l
3
=4 _ (1) (1) -2
- = A\ u — + T* u + T% -
TR =4 32* T2pis*Be z*z 2078
FENC Uy + T5Apuy ~F(ET] Cquy - G D0y -
(3.6.21)
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The boundary conditions on the outer wall x = [1 + ezf(z*)lfz,
are obtained by means of a Taylor expansion of the disturbance
velocities about x = 1/2. The disturbance velocity u has its
last three components zero at the two walls. From (3.6.17), we
have for the outer wall that

upg (01 + & F(29)1/2,2%) + sugg(01 + ' F(2%)1/2,2%) + ...

0 for j =4,5,6. (3.6.22)
When we use the Taylor expansion for the disturbance velocities
about x = 1/2 and equate powers of <" we obtain the following

set of boundary conditions for each u; and for j = 4,5,6 :

u1j(1/2,z*) =0, uaj(ljz,z*) B f(z*)u1x’j(1/2,z*)f2 = 0 and

(3.6.23)
uz‘j“/zsz*) =0, u4j“/2.2*) % f(z*)uz’(,j(]/Z,Z*)/z =0,
where g
ou, j Sty
£ 1, - ‘['
Uix,j = 3% gy E;F;-J- . ove gt (3.6.28)

The boundary condition on the inher wall x = -1/2 requires that

up§(-1/2,2%) = 0, up5(-1/2,2%) = 0, ug3(=1/2,2%) = 0,...

(3.6.25)
3.7 Solutions of the disturbance equations
A solution of (3.6.18) can be written as
uq(x,z¥) = y(z¥)uqq (x), (3.7:3)
to give
N =0 3 8y (3.7.2)
Here 1Sp) is the operétor %; - 5&?), and U 44 (x) must

satisfy the boundary condition g, given in (2.4.1) with the same
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" normalization being used as in the parallel wall case.

The first term given in (3.7.1) contains a real amplitude function,
¥(z*), which will be defined by integra1§ of the eigenfunction

un (x) and its adjoint. This function will be determined by an
amplitude equation which arises at a higher order from a solvability

condition imposed at this order. -

The boundary condition on y (z*) is that
»(z*)+0 as z¢s> ta . - (3.7.3)
Using (3.7.1), equation (3.6.19) becomes

au
S R [ T (1) ‘
X ﬂC: -9-2 3 a%* Ec]g]] ¥ l"TT&zH]T’ 82 (3.?.4)

For u, (x,z*) to have a solution, we use the corresponding
adjoint condition given in (2.5.3) :

dy_ (* ca.tp(1) bt g

-

-3 ¢ =
It is emphasized that from the parallel wall case that

} a,to(1)
J £2°48 ) uqqdx = 0. (3.7.6)
-3

this being the value of T] of (2.6.5) when using *c’Tc as the

base point, and since y(z*) and J fa’ngj£]1 are known
“3
not to be equal to zero, then

T =0, (3.7.7)

Therefore using (3.7.7) in (3.7.4), the latter equation can be

replaced by
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P T el e (1)

X LV el e (L (3.7:8)

From the boundary conditions on u, and the right-hand side of

(3.7:8)5 u, may be expressed as

up (2% = gy () + Sy (), (3.7.9)

where 971 satisfies

151)(£ig1) - ‘EELIEI1 3 By (3.7.10)

and is normalized such that the second component evaluated at

x = =1/2 is équa] to zero. The function S(z*) appears since

we can have an arbitrary additive multiple of the eigenfunction u .,
and will be for the moment assumed complex. Then the complex

conjugate iz is given by

iz(x,z*) = %%’—* 92,41 (x) + §(z“")g.|,_1 (x) (3.7.11)
with :

=

i = g3 ¥ 845 7 4,50

Two different norma'lization;s were used for 92](x) in order
to check the results of later integrals involving 91 (x). The
above normalization was used since this allowed us to make use
of the program from the linear parallel wall case. It can be
seen by comparing the equations and boundary conditions for 9_21(1()
that '

gy (1) = ~1gP)(x) (3.7.12)

where the suffix p denotes the corresponding disturbance velocity
from the linear parallel wall case.

Using (3.7.7) and (3.7.9), equation (3.6.20) becomes

L
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au 2
=3 1), _d9 . Ia(l) : ds o(1)
X ﬂc 2" dz*2 Ed 9.21*‘5(;2.‘_’.11 i BZ*ECIEH

subject to the boundary conditions (for j = 4,5,6),
usj(-1/2,z*) s 0, uaj(llz,z*) = -f(z*)y ”11x,j("2)/2' (3.7.14)

For E&B(X’z*) to exist, we use the adjoint condition (2.5.11) to
obtain

= 3
dy a,t| (1) a,t
e [ etfalap e ngun]ecs v [ £y
- -3

- -—

-f(z*)wré £t ug dx = [fa’tu%£ : (3.7.15)
-3

3 _
since the value of B J fa’tB(E) U dx is zero from (3.7.6).
: dz* i

-3

When we use (3.7.14) in (3.7.15), we find that

2 é . ;
dy 3t ull) at
dz*? J O Bo dar" Babyuls =8, J 7 hpuqqdx +

-3

a,t 3 a,t 4
wf(z*)[(f Uy /2 - I £ Ecgndx] =0, (3.7.16)
X= ..i
subject to the boundary conditions that
wz*) =0  as **»Te . (3.7.17)
The amplitude equation (3.7.16) can be simplified by using some

2 2
parallel wall results, namely the integral coefficient of d y /dz*

can be seen to be equal to
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2t ADgB) 4 Al £.0 [dx. Thus when we use (2.6.10)

-

we obtain

3 a,t q(1 t
Jfa (g + Bopuylox = J £ MR U, dx
-3 . -3

Hence (3.7.16) can be rewritten as

T*
—-—"’- + 1;,—2- e tf(z®) 0,
dz*? T,

subject to (3.7.17) and where

3
a,t,1 1 %
& 1oL (?)l‘-nx('z)‘J-;,fa Lol gy X

3
I i tﬂz!n dx
3

(3.7.18)

(3.7.19)

(3.7.20)

Here T2 is the constant in the parallel wall neutral curve equation

2
T-T =Ty(a= a)+ ...

The problem (3.7.19) with (3.7.17) is an eigenvalue problem for T}

since a and T2 are known constants.

2 »

The value of [fa,t u llx] o be found by using the
Erich.

eigenfunction.g]1(x) and its adjoint since

dx

«  fdu dp dv dw
1, _ | =11 _ 0 0 o du t
[ L [R g
X=3

dx dx dx dx
evaluated at x =-% .
fa’t(%) = [0,0,0, fy, fg, fg] and

106



du

ax = =§Gu - W\ W (from the continuity equation).
Therefore
oty @) = [fev, + Fow (3.7.21)
LR B PR 50 * Te¥olx = 3 e
L e = du Ly
since u(z) = w(z) =0 and thus |}y = 0.

3.8 The amplitude equation for y(z*) -

The amplitude equation given by (3.7.19) is identical to
the one dimensional Schrodinger's equation,
2

SaE R [E - U(x)]@ B 0 - (380)

dx h
where U(x) denotes the potential energy of a field and E the energy
levels. The similarity between the two equations (3.8.1) and
: (3.7.19) form a useful comparison, as we can use some results obtained
by Landau & Lifshitz (31) and modify them to fit our equation.
These are
(i) That there exists a discrete spectrum and also a continuous
spectrum of eigenvalues depending on the boundary conditions of

v(z%) (3.8.2)

(ii) That none of the eigenvalues of TE of a discrete spectrum

are degenerate (3.8.3)

(iii) That if f(z*) is symmetrical about z* = 0, then the amplitude -
function must be either even or odd. (3.8.4)

(iv) That if v, and ¢, are two solutions to equation (3.7.19)

for different eigenvalues of TE then

me1¢2dz* £ 0, (3.8.5)
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that is ¥, and ¥, are orthogonal.

The normal orthogonality relationship

[mwzdz* =l (3.8.6)

- 00

does not hold, since U is subject to some overall normalization
on its second component evaluated at z* = 0, x = -1/2 and from

this the arbitrary constant that is multiplied by y(z*) is determined.
For the proofs of (3.8.2) to (3.8.5), see Landau & Lifshitz(3!)

We next find some integral relationships involving y(z*).
When we multiply (3.7.19) by dy/dz* and integrate over

- w< 2Z¥ <o , then we have

*

' T
fm v ydz* = - Iw [;3 S8 f(z*)] vy dz*. (3.8.7)
2 :

Upon integrating by parts we have
1 18 H = . 2
'2[('#') ]-u s -{F +af(z*)1ﬁ} +%Jd_f y dz*
T -

2 2 dz*

(3.8.8)

n

because of the exponential behaviour of y at z* T =, the resulting
integral converges and if
p(z¥) >0 as z¥+t = then

8. 1o aphnde o (3.8.9)
dz*

Therefore from equation (3.8.8)

2
I gf; ydz* = 0 (3.8.10) |
- AZ St
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irrespective of the forms of y or f(z*).

The asymptotic behaviour of ¢ as z* + ¥ = 1is simple, since
f(z*) tends monotonically to a negative constant f_ . Thus at

z* equal to ¥ = , (3.7.19) becomes

2 TE
48 + gL+ af | = 0. (3.8.11)
dz* T2 .
The coefficient of ¥ is a constant and we define
3
o, BuaelB. S s e (3.8.12)
T2
Since v » 0 as z¥ > - = we have
212*
¢ ~ constant x e 5 (3.8.13)

similarly as z*¥ = = the solution is given asymptotically by

-!"IZ*
y =~ constant x e o’ (3.8.14)

From numerical results it has been calculated that a and T2 are
positive. Therefore for y -0 as z*~» * » we have an upper

bound for Tﬁ given by

T§ < aTy(-f,). (3.8.15)

This boundary condition will later (see § 4.2) give the discrete
spectrum of eigenvalues for TE #
If instead the asymptotic behaviour of y is that ¢ » constant

as z* - T » we have
TS = aTy(-f,) (3.8.16)
and TE is positive.

If on the other hand ¢ is bounded as z* + * =, then
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v - A cost,z* + B sink,z* ' (3.8.17)
and we have a Tower bound for T§ given by
5 > aT,(-f,) (3.8.18)

and TE is positive. This boundary condition will later (see § 4.2) give
the continuous spectrum of eigenvalues for T2 . The value of

T.pit is therefore given by

cri 5
Tepgp - " Tc + € T§ (3.8.19)
3
to O(e ). The value of TLcrit defined in (3.6.4) to the same order
is
RN e ey B e e PRt (3.8.20)
Lerit c 2 AR 2 e
upon expanding for small e . Similarly the local eta n, is

defined as the ratio of the ‘inner wall to the outer'and is given by

Ry
. (3.8.21)

Ry + £°d £(2%)/2 g

and for small € this can be writpen as

AR B szn(l - n)f(z*)/2 * e s (3.8.22)

From (3.8.20) we see that if f(z*) is negative then TLcrit
decreases as z* increases by an amount dictated by the choice of

e and f(z*).

3.9 Solution of the disturbance equations II

When (3.7.19) is solved subject to the given boundary condit-
2 2
jons we substitute for d y/dz* in the right hand side of (3.7.13),

whence

Lk S R R

- 1
e e e Byl © bF(2%) (2B 897+ B guqy )+ Coupy
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2

(1) :
i [-B-c19-21 FBoly ~TAzhqy) - (31

By examining the right hand side of (3.9.1) we see U, may be

expressed as
ds
ug(xz*) = ¥Rz h gy (0*vg g (X) + 2-9 (X) + P(z%)u 47(x)
(3.9.2)

and upon equating the functions of z* on either side we have

$(h4p) - el gyt B U ) #C U] s (3.9.3)

i

$ Mg y) B 921+ Bepuqy- TAuq]  (3:94)

th
and g 375 hgy are normalized in the same way as g,;. The
function P(z*) appears since again we can have an arbitrary multiple

of the eigenfunction u,; and is assumed to be complex.

The term g g 51 has been forced by the multiple S(z*)uH
dz* "~ ° y : Ny

of the eigenfunction which occured in u, (x,z*¥). The boundary

conditions on (3.9.3), (3.9.4) are

1 e
hay,5(=7) = 93,5(-72) =0 (3.9.5)

for j = 4,5,6 and

h31.j(’1£) 3 '“11x,j(’1z)"2 ’ 931,3-(35)=0- (3.9.6)

Looking at the equation for 531(x) from the Tinear parallel
wall case and comparing the equations and boundary conditions we

T*
see that 5 (p)

oy (3) =5 s 06) (3.9.7)
T2

The above relationship will not hold if ggg)(x) was normalized

such that its second component is equal to 2 at z* = 0 and x = -<%.
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We reform equation (3.6.21) by using (3.7.9) (3.9.2) and
3 3
replace the term involving d y/dz* by differentiating (3.7.19)

with respect to z* to give

3 T%
LT S RS S T T (3.9.8)
dz*3 T, dz* dz* dz*
and thus the equation for u, (x,z*) becomes
Mg () d's  5(0)
~  tctat et el At 8ginl t3ZNE Al
dpP 1
- S(z*)f(z*)c Ui +d—ilr B(cl) uqgp t vT3 ﬁZHH -
& col1) 52 df
2 B Y g+ T5A,9 B »g5] +¥v— [
g el daT 22282 A 2221 e

(1) -l 3 dv ro(1) S
Beg oy Do gy —a Bl # M) 8oy Bap® Bedon

agcz_Q_Z]] s (3.9.9)
subject to the boundary conditions that

Uggl- 7 = 0 and uyrat) = - (520 gy, 5(7)

* f(Z*)S(z*)unx,j(JZ)I/Z (3.9.10)
for j = 4,5,6. .

For EJ‘(x,z*) to exist, we use the adjoint condition (2.5.13)

to obtain
2 d T* ,
51352 + S(z*) [~# +a f(z*)} = r]f'gﬂ + rzw-gf— +ry L
dz* T2 dz* dz* dz*
T*
Al (3.9.11)
T2
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The boundary conditions on S(z*) are the same as those on
p(z*) , that is

S(z¥) >0 as z*+> 1t (3.9.12)

Here

5 3
(%5, ,xlx 22 + J fa’tlé(J})En L9212 Bp 911

-4
ey .
fa ﬂ. in dx
'i
(3.9.13)
P oat () (1)
J F Ber gt Bt Uy ~ 8 Bl I
N
P 286 (3.9.14)
3
Tz[ P8 Ayl dx
-3
and
a0t (1) 3
£ B9t T34585 - Tchzﬂzﬂd"
-3
L e . (3.9.15)

Ty Jéf Apuqqdx
-3
For (3.9.11) to have a solution we use the adjoint condition
and multiply the right hand side by y(z*), since all second order
differential equations are (or can be put in a ) self adjoint
form, and integrate from -c to c :
Tim [} IE Jc wzdz* +ry Jcrpgﬂ- f(z*)dz* + r, J v 9z +

C T2 dz* dz*
-C -C -C
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[
‘”3{ p 3¢ dz*] « 0. (3.9.16)

*
Zoi ;9%

From (3.8.4) we know that ¢(z*) must be either an odd

or an even function. If y(z*) is an even function, (] is an

dz*
odd function and therefore
c C 2
q,d—@ dz* = wﬂ f(z*)dz* = b af dz* = 0
dz* dz* dz*
-C -C ' -C
(3.9.17)
thus
c 2
Tg Tim [ ¥ dz* = 0. (3.9.18)
Coo
-C
Hence we can find the perturbation coefficient T§ s as
T§ = 0, (3.9.19)
because the integral
m2
J pdz* £ 0. (3.9.20)
o )
If, on the other hand, ¥(z*) is an odd function, », would be
dz*

an even function and repeating the same procedure, we obtain

equation (3.9.19) again.

For different values of the eigenvalue T§ the value of the
integrals given by ™ and ry remain invariant and only the value
of ry changes. To save needlessly computing the values of rs for
different TE we use the identities (3.6.15),(3.7.12) and (3.9.7)
in (3.9.15) and write

[ ) g8 + 1,9 + 4 pufP

its | -
r = Z g
s I fa’t Arluqg dx
23 =y (3.9.21)
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When we look at the equation of the third perturbation coefficient,
about ., Tc’ in the parallel wall case (2.6.15),r3 can be rewritten

as

. i T.T*
ry = B B (3.9.22)

2
Ty

It was found that on calculating " and ry these two also were
purely imaginary and the equation for S(z*) can now be rewritten as

2 (T
ds S [_2 +a f(z*)] = 7 r'h.f(z*) . ] + ros L
dz*z ’ Tz dz* dZ*

] (3.9.23)
| o e I
3i dzJ

where 150 T24 and ry; are real quantities. This equation for

1‘
S(z*) is to be solved subject to (3.9.12).

3.10 The amplitude equation for S(z*) and effects of normalization

The differential equation for S(z*) can be separated into real
and imaginary parts, that is

S{z%). = 5. (z%) * 1 $;(z%) (3.10.1)
We replace S(z*) in (3.9.23) by (3.10.1) and equate real and imaginary

parts to obtain the following differential equations

d’s, T3
e + Sr ;— +a f(z*)] = 0, (3.10.2)
2
and
d&’s T
; - Si Lk a f(z*) = Eey f(z*) o S r21¢g£ + Py . 1 s
dz* TZ dz* daz® dz*
(3.10.3)

the both of which are subject to the following boundary conditions,

115



S.(z%) >0, Si(z*) »0  gs R+t e (3.10.4)

When we calculated the values of 15 T2i and ra; for a fixed
T§ it was found that ™ and ra remain invariant under different
normalizations of h 555 g3 and g, but the value of r, varied.

The reason why this was so is explained now. :

-~

Suppose that _6_21 R _§_31 » h 3, are the new solutions of the
differential equations (3.7.10), (3.9.4), (3.9.3) respectively,

that is
1“)@.21) . E(c]]) 'SP 5 By (3.10.5)
o,y
g - _{g [E(gl)ﬁzﬂ'ﬁczi'-n'Tzﬂzﬁn] b B
: (3.10.6)
and

$M(hg) 'E(E(Jl)ﬁm +Beplqy) + EcEn] -
(3.10.7)

subject to the boundary conditions given in (3.9.5) and (3.9.6).
The functions above are normalized such that their second components
evaluated at x = -1/2 and ¢ = 0 are equal to -2i, 2 and 2
respectively. Then comparing the equation for g ., and _§_21 along
with the normalizing conditions we have _

957 = 997 - 2iUqy- (3.10.8)
If §(z*) is the new multiple of the eigenfunction u 4, in
U, (x,z*) then

§(z¢) = S(z¢) +2i 3 . (3.10.9)
dz* ;

We re-arrange (3.10.6) and (3.10.7) by replacing g,, by (3.10.8)

and 2
Tx 2iT*
()i s 2T ) ! 5 (1)
& M) v Boadatlotn” Watnl = tn
2 2
(3.10.10)
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and
£V = [a(B o) 81+ Bep U Coqg] 228 .
(3.10.11)

When we compare the right hand side of (3.10.10) and (3.10.11)

with the equations for 93 and 53.[ , this forces

"hay = hgy +2iagy +8uy \ (3.10.12)
and 21T}
S31 " &n 3 : 9p1 * ®Uqq- (3.10.13)
2

The addition of Bu,, and «u,, are due to the fact that g 375
_h_31 can have arbitrary multiples of the eigenfunction R and the
normalizing conditions will give

P AT (3.10.14)
The differential equation satisfied by S$(z*) is
2a
43 +S A af(z*)] = r f(z*) Jl - rzwdf + r'3d—lp
dz*? T, dz* dz*

with boundary conditions §(z*) LS0astr+ T . (3.10.15)

Where ;1 ’ ;2 and f'3 are similar to r1s Tps T3 except
that the functions g,q, hapg 4y are replaced by 9,15 h3ys
937+ It can be shown using the identities (3.10.12) , (3.10.13)
that
5 (o and ry = rs. (3.10.16)
But the equation for ;2’ upon substituting for -§-21 etc., becomes

2 a,t (1 ]
I 2% 8 by - 0wy - a8y,
_& -
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3
Ziaj fa’t[B( ) 9oyt BpUuqpldx +2 J fa tB(I) Uqqdx

-3 -3
bat
T, [ £2°% A, U g dx (3.10.17)
-3
When we use (3.7.6) and (3.7.18) in the above, the expression
for ro is
r, = r, - 2ia. ' (3.10.18) .

After we replace F], FZ’ ;3 by their corresponding values

rys o and ro = 2ia, equation (3.10.15) becomes

*
£2 48 [_2 ¥ af(z*)] O O o B L
dz* T dz* dz* dz*

T o (3.10.19)

gl
In equation (3.10.19) , we would expect the right hand side to be
exactly the same as the right hand side of (3.9.11) but due to the
relationship in (3.10.9) this is not the case. When we use (3.10.9)
in (3.10.19) we have

d’ T3 dy . dy (12
_..§2+ S| — +af(z*)]+21[ "’3 2 —+af(z*)]
dz* T2 dz»" dz* T,

e rf(z) W o, B, 8 gy, &

3 - (3.10.20)
dz* dz* dz* dz*

Using equation (3.7.19) and differentiating with respect to z* then

3 T*
dy o v (T2, af(Z*D S LAt (3.10.21)
dz*° 2T, dz* '

Therefore from (3.10.21) we see (3.10.20) will give the same equation

for S(z*) given in (3.9.11),with T§ =0
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It can be seen that the solution for S(z*) does depend on the
normalization chosen but the overall solution for U does not. A1l
the relationships between 3_3] > }l31 , etc., and the value of the
integrals concerned are used as a numerical check on our computer
. programs.

A solution of (3.10.2) is

Sr(z*) = constant . y(z*) (3.10.22)
and of (3.10.3) is
Si(z*) = constant . ¥(z*) + a particular solution,
(3.10.23)

where all the constants are real.

A method of solving (3.10.3) for a particular solution is to
set
5,(z%) = " p(z*)R(z*) (3.10.24)
where y satisfies (3.7.19),and the boundary condition (3.9.12) becomes
YR + 0 as z*+Ie . (3.10.25)

The equation for R(z*) on substituting (3.10.24) in (3.10.3) can be

placed in the form

: :
dz* dz* dz* dz* Tdzx | .

(3.10.26)
We integrate both sides of (3.10.26) with respect to z* until we.can

solve for R(z*). Thus

2 4R zZ* Z* 24f Z* 4y
w-—=r1.J¢f— dz*+r21.[ y — dz*+r31.[¢—~dz*
dz* ! L0 e ) dz*
2 2 (2r :=rqys) (2*
= rs_ L + r]'i l[J f(Z*) + 21 ]1 wz_gf__ dz* <
et 2 2 dz*

(3.10.27)
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5 .
Provided ¥ (z*) does not equal zero for any finite z* we may divide

2
(3.10.27) by ¥ and obtain

(200=es) (2% 2
EE = l[r3_i + r'-l.if(Z*) + _g'}i v gi dz*]'
dz* 2 P dz*
wE (3.10.28)

In equation (3.10.26) if (z*) is assumed to be even, then the left
hand side of (3.10.26) is unchanged when the sign of the co-ordinate

is reversed, but the sign of the right hand side changes. Therefore

R(z*) is odd when p(z*) is even (3.10.29)
and similarly

R(z*) is even when y(z*) is odd. (3.10.30)
We can $till have an arbitrary multiple of the eigenfunction y(z*)

in our solution for S.(z*), which is not contained in R(z*).

3.11 The solutions for.g and the Stokes Streamfunction @

The solution for U to O(e) is given by

it o W R -3 ]gg
e [e gqpre 9-1,-1]"’(2 )“E[e Syt e " Hp,.1ld

=12

5 b
rele CS(z*)uq te  C3(z*)u T R
Yy Ug,-1

where u 11 927 are normalized such that their second component
evaluated at x = -1/2 are 1 and 0 respectively. The functions

given by U4, and g,y are found to be of the form

- — -

R] I
R I
Uqp= I and 9o7 = R > (3. T2}
R I
R I
L IJ -R-L

120



where R refers to a real number and I a purely imaginary number.

When we refer to the expression for S(z*) given in (3.10.1)

and substitute it in (3.11.1) we obtain

b 9 -ir .z i g -iA
Us=re cy_”+e cy_T’_1]zp(z*)+ [e C_g_21+e c_g_z’_1]:—j*+

ixc; -ikcz: . ixc:; -ihcc
ele ujpte y_]’_1]sr(z*) + iefe " uqq-e 1‘-1,-1151‘(1*)

wote ), (3.11.3)
Since the problem is linear we may use an arbitrary initialnormalization
on U given by U?_(- 1/2,0) is equal to 1., that is the second
component of U evamated at x = -1/2 and z = 0. We obtain from

(3.11.3)
3 dy ;
¥ 25(0Y + E D) (dZDZ*=0+ 2¢5,.(0) + ic[0] S;(0) (3.11.4)

because the second component of u 112927 evaluated at x = -1/2 is

equal to 1,0 respectively. We equate powers of ¢ in (3.11.4) then

»(0) = 1/2 and sr(o')=o. (3.11.5)

The only solution for Sr(z*) with Sr(O) as a boundary condition is

S (z%) = 0, (3.11.6)

When we use (3.11.6) in (3.11.3) and separate Y 9712 and
irx.c
e © into real and imaginary parts, the solution for U becomes

U = 2y(z*) [y_(ﬁ)cosxcb 5(111) sinxcc 1+ 2¢ d—‘p*[ _g_(zr'])cosxcc-g_(211)sinxcc]
dz
: 2
- 2e s,z ) sime +ull) cosaa +0(e), (3.11.7)
where the notation g(ﬁ) etc., is explained in (2.7.7).

In (3.11.7) we still have an arbitrary multiple of y(z*)

in Si(z*). If -‘i\té use the symmetry property of our problem and replace
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e by =-¢e in (3.11.7), the solution for U should remain the same

for fixed values of z . Therefore from (3.11.7) we see that

Si(z*) = -Si(-z*) (3.11.8)
and there is now no arbitrary multiple of ¥(z*) in Si(z*). From
the expression of u,, and g,; we know that g({:[) and 9_(;1)
have the form '

[RvoRa 05 Ry R 010 55 (3.11.9)
and _1_1.(111) and 9-(21’.1) have the following form

[0;:0, R, 0, 0,R1. (3.11.10)
If, however, the second normalization is used on 971 then the
corresponding solution will be

. 'ilct; -iAg ixcc, 1A L.
= *
U= [e “uyte _111‘_1] ¥(z*) +e[e " g, te _9_2’4]

ilcc =i\ T % ) [f e

Q ele U *e c51’_]]sr(z*)+is[e Yy *

dz*
-ikcc - 2
e Uy pl Si{z%) +0(e) (3.11.11)
When the same initial normalization is used for ﬁ and noting that
the second components of u,, and _§_2] are 1 and -2i respectively
at x = -1/2 and ¢ = 0, then equating powers of ¢ on either side we
obtain

(0) =1/2 and S (0) = O. (3.11.12)

The solution for §r(z*) is therefore given by (3.11.6) and
the solution ﬁ is identical to that for U when we note the relation-
ships (3.10.8) and (3.10.9). Again the arbitrary multiple of y(z*)
in S,i(z*) is taken to be zero upon using the symmetry property. Thus
we shall use the normalizations for u,;, g, pertaining to the

first case and the solution for U is taken to be (3.11.7).
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We shall use the solution (3.11.7) to plot U1,U4,U5 and Ug
along the z* axis for particular values of Xx,e and compare these
solutions with the parallel wall case. The wavelength of the
vortex cells formed will be established by solving

o = 0 _ {3:.11.33)
where ¢ represents the non-dimensional Stokes Streamfunction defined
in (3.11.22). The vortices can be plotted by using various values
of ¢ = constant.

The solutions for U1, U4 and U5 are written as

'll
" = @ ,C [ wu(r) + E'l _i 9(1) + Ei si(z*)u(r) ] = .05

o=
|

11,k 21,k 1k
(3.11.18)
or
Uy =2 [‘bungk cos Az = esimcz (54 (Z*)u(r) + %f; gé}Zk) ]

: (3.11.15)
for k = 1,4,5.

We shall for the sake of neatness and comparison with the Tinear
parallel wall problem write

ti = o W2 (3.11.16)
The solution for Ug can now be written as

i(Acz+m/2)
Ug =,§[¢u11'6 4 1gg£;) -JE + ieS; (z*)u%})6 ] #igie.. « (3-10.17)
or

= 2[~- q,u%l)s sini.g + eCOSA L (92]) -Jﬂ - S, (z*)u%}zs)]£3.11.18)

The non-dimensional Stokes Streamfunction is given by

1 S0 L #.
TSk sc U, = fourth component of U (3.11.19)
and
1 3 _ _y_ = sixth component of U (3.11.20)
T + 6X oX 6 P - e
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When we use (3.11.14) we have

[wu%¥24 +ei S g£;24 - eiSi(z*)u%;24 1+ c.c.

dz*

1 8% _ e1lc:
[+ 86X 3z

(3.11.21)
thus when we integrate both sides with respect to ¢z and use (3.11.16)

the solution for & is

| 0zw/2) | - '
i ) . ;
o v 80 TET el ot o afily ¢ ettt ¢
eldy ,(r)
le iis H11.4 ] + C.C. (3.11.¢2)
or
2(1 :
'_L'Ti_iil [u%¥24(¢§z*)s1nxcc +acosxc;(u%{24si(z*) +
r
. u .
giiy B+ 12D . (3.11.23)

Ae dz*

In solving (3.11.21), we note the arbitrary function of x given by
ihtegrating this equation with respect to ¢ is just a constant. This
is obtained when we used (3.11.20) and (3.11.22) and compare the
resulting expression with (3.11.17), the expression for Ug does not

contain a function of x separate from z*.

The results (3.11.14), (3.11.17) and (3.11.22) are comparable with

the parallel wall case where

ir.g
b= e s i g e, (3.11.24)
i(a.gtn/2) (1)
UG - ye c u]]’s ' e.C. (3.11.25)
and : )
i(r.g-n/2
o = __—)-(];' 1) B e u%)4 + c.C. (3.11.26)
c - 3

When we solve (3.11.23) subject to (3.11.13) we see that the solution

of this depends on the position in the annulus. We first fix x
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specify € and then vary z* from 0 to a certain value. This will give
a string of values for & and we interpolate between these to obtain
the numerical value of z* that makes & = 0. The obvious values
where (3.11.23) are zero are x =¥ 1/2, 2z =0 and z* =+ » . For
fixed values of ¢ we shall plot the streamlines given by ¢ = constant
and compare the vortex cells formed with the vortex cells formed

in the parallel wall problem for the same values of ¢ = constant.

(See FIGS. II, % and XIV).

3.12 The observed or physical wavenumbers

The solutions (3.11.14), (3.11.17) and (3.11.22) show higher
order corrections to the wavenumber. Let us write the total phase
of Uy given by (3.11.14) as

ph(Uk) = AL +arg( wungk + ei E—;g(1) + €iS; (z*)u(r)k] (3:12.1)

where ph refers to the total phase of Uk and arg as the argument of

the expression in brackets.

From (3.12.1) the expression containing arg is equal to

dp (1) (r)
a1 e 91k *oeSi(FF Uy

o2

tan

: (3.12.2)

The observed or physical wavenumber for the pressure, U;, and the
two velocity components, U4 and US’ are then the derivatives of the

total phase. In ¢z space they are

*[ 2})k eds (z*)“11 ;l/¢“11 k]

2
1+ _Z_ET_T__ Fﬁh 1) 4 S (z*)u(r) ]
v [U];. k]z dz* elak :
; (3.12.3)

_3 (phU,) _
N;(Uk) T k! = Ao *
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which can be shown to be equal to

i)
N(%)—A+;FR+émk 2 dwﬁ]+ou) (3.12.4)

* r * *
dz u]g’ dz* “Ndz
after expanding for small ¢ .
The total phase of the Stokes Streamfunction ¢ is

ph(s) = 1 - % + arg [¢u§¥z . _ﬂ. (‘) + i, (z*)u(r)

u(r)
PRI R, A (3.12.5)
dz*  Ac

and the term containing arg is equivalent to a similar term given in

(3.12.2). Thus the observed or physical wavenumber for ¢ in g is

(r) .
24 [ Ay dvy 11,4
L[y e sl o 2 TR0l

dz* dz*
N (¢) =2
i ; : 0%t (r) . d Wyl
1 LR
1 +_.......€_ I:"’* 2])4+S (z*)u r4+_dil’.* =
[u(r) z -
v [ug74]
(3.12.6)
and can be simplified on expanding for small e to
3 d dy
N.(2) = N.(Ug) +-—--—- {—- /w] . (3.12.7)
¢ 4 Ac dz* [dz*
The total phase for the velocity component U6 is
ph(UG) = AL +'? + arg [wu( ) - ie gﬁ; gngﬁ + ieSi(z*)ug})s
(3.12.8)
and the physical wavenumber for U6 in ¢ space is
2d [ omu(i) 2 de g(r)N [y ()
dz*[ i 11,6 i+ 921,6)| ¥ “11,6
NC(UG) ol - (3.12.9)
dv ,(r) (1)
1+ —= - gl + S5(z%)u
wfu%jjsli [ dz* 21,6 i 11
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The expression for NC(UG) is kept in the above form for the time

being, see (3.13.16).

The values of g,y o and Upq.p e zero at x
] ]

m=4, 5, 6 and so we are required tocalculate

.Tg
Tim ﬁglgg
vt 172 Y11,m

We use L'Hospital's rule and note that

Aok R ()
tip (RS ) - ZLZ and in | TS0
+ 38 r i'!s

where u%i)3 > g%%)s etc., are evaluated at x

(r)
921,3
|
e ]

¥ 1/2 for

(3.12.10)

¥ 1/2 and can be

found from the computer program used in solving for_gl1 andlgz1.

For m = 4, we know from the expansion procedure and the

continuity equation that

auil, (r) (1)
dx, & esGu”’4 ok L ST 0 (3.12.11)
5, dsgi)y (1) (r) (1)
——E;l— + 56921’4 - Ac921,6 - U6 = {(3.12.12)
aulr) dgli)
Therefore we see that ——%111 and 31'4 are zero at
X X

x = ¥ 1/2. We have to use L'Hospital's rule twice to obtain

(i) d® 1)
e 91,4 i x> 921,
+ (r'j +
X=>_ 1/2 u-”’4 K= 1/ dz u(r)
g b 0

(3.12.13)

When we differentiate (3.12.11) and (3.12.12) again we find that
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(3.12.13) becomes

9%1)4 1 9§3¥)3
Tim 2 = - — + 2 (3.12.14)
" r A i1i
x>~ 1/2 u11’4 c u11,3

From the equations for N; we see that in all cases the physical
wavenumbers depend on the position in the annulus for both the
x and z* co-ordinate. In previous theory there was no such -

variation in the wavenumber.

We want to compare the wavenumbers obtained in (3.12.4) ,
(3.12.?) and (3.12.9) with wavenumbers obtained for the locally
scaled parallel wall problem. To find the relationship between the

two, we define a new ¢ , ¢', to be

gl 2 (3.12.15)
dL -
where d, is the Tocal gap width evaluated at the point z = z . At
this point z, we have local values of n and TL’ and TL'is defined

in terms of local parameters evaluated at z We proceed as if we were

s
calculating the parallel wall problem, we fix nL'and TL and solve for
AL in the normal way with 3/3t = 0. The disturbance velocities
u,v,w are zero at the inner and outer walls, that is in terms of

our Tocal variable x, at x = *1/2 . When we have solved for

AL the disturbance equation can be written as

i;?xL ,
U ='e fn (xL) + . C.C. (3.12.16)
and when we replace ¢' in (3.12.16) by (3.12.15) we have
ix
L
(z = 2,)
U =% Op . (x) +e.ce (3.12.17)

This becomes in terms of ¢ space evaluated at the origin where
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Yo ="ie fn (xL) L0, (3.12.18)

The phase of this disturbance is given by

d Zo
A (g = —) (3.12.19)
L4 d
and therefore the physical or observed wavenumber in g space is
equal to
d -
AL HE . (3.12.20)

This wavenumber is to be compared with N;'s in our non-parallel
wall problem. That is the local wavenumber in the parallel wall case

corresponding to our non-parallel wall wavenumber is given by

ol
b (3.12.21a)
or
4
Ny o RN (3.12.21b)
d

the quantity —I—‘-NC will be known as the locally scaled wavenumber.
d

The physical wavelengths is'defined to be equal to

2r X local channel width (3.12.22)
local scaled wave number
ZTTde M

= = N - (3.12.23)
g

It is noted that the wavenumbers (3.12.4), (3.12.6) and (3.12.9) are
all slowly varying.
Therefore, from (3.12.21b) we see that to compare critical
wavenumbers with the parallel wall theory, we have
ey & E T St/ (3.12.24)
and we shall keep just the ¢ terms and ignore higher order terms.
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This A should not be confused with

Lerit

A (3.12.25)

LC
which is defined to be the critical wavenumber obtained from solving

the parallel wall problem for fixed n .

3.13 The renormalization technique for the solutions for U ,¢ and

the observed or physical Wavenumbers

For the solutions for U, and ¢ mentio?idc1n (3.11.1% and
(3.11.22), we look at the coefficient of e €” and use the renormali-
zation technique originally developed by Rayleigh (32), who used it
to generalize his first scattering from a thin slab to scattering
from many slabs. He obtained an expression

)l
U= e 2 (1% iegx) (3.13.1)

for first scattering from one slab. To obtain a solution valid for
many slabs he recast (3.13.1) into an exponential of the form

1(k0 + cu)X
0 e B . (3.13.2)

This process of summing expansions is called renormalization.

Thus we use this process in (3.11.14)etc., and we have

gli)
U, = pull) expi(arc+ eSi/v +e 21 Kk 98, 3) +c.6c (3.18.9)
k M3k c i o ! .
11 k
or 'I)
1,k
U = 2¢u.(|'{2 cos(A .z + eSs/y +e :%F)-_‘E/ ) (3.13.4)
113 19 3
for k =1, 4 and 5, and for U6 and ¢ we rewrite as

. ‘ ds d
Us -y ¢U%}ZG exp 1 (lcc +'§ + esifw “S'e —%lié = /v ) + c.c.

1
u dz*
110 (3.13.5)
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(1)

g
d --L.I+—6)—(-)-¢ (T‘) exp1()u;- +sS/1b+e—%1?)i+-i1—£lE’- q,l)
4 u cjdz*
11,4
+C.C. (3.13.6)
or
ug = -2pi ] gsinrareSyly - et 2‘ £ 2 fo) (3.13.7)
E dz*
11 6 .
and .
2(1 v ,(r) 1 9'51{)4 d
£ + §X r ' . § 3 4 |dy
% T ujylg SinDE* eS;/v + ¢ * + T dz*/w i
11,4,
(3.13.8)

From (3.13.3), (3.13.5) and (3.13.7), we see quite clearly there is
a different complex phase function for each of the velocity components
and the Stoke's stream function. The complex phase functions are
given by
2, 21 k_Jg ’
ph(Uk) = ;\CC = E‘.S.I/lp 170 ET-)— (3.13.9)

for k =1, 4 and 5 and for U6 and 2

ph(Ug) = Az * -2-+es [y - —%ljﬁ & L . (313.00)

21,4 d
ph(e) = xc;-~}+ Si/v tel T * T Sty .. (3.18.1)
u1],4 c/ dz

The derivatives of these complex phase functions with respect to
r are seen to be slowly varying with a variation in the x co-
ordinate , and for Uk and ¢ are in agreement with (3.12.4) and

(3.12.7) respectively. The wavenumber for the U6 component is

equal to 3
2dR 2'98)5 d d
e N RS L (3.13.12)
z 6 dz* u%'{jﬁ dz* [dz*/ :
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and will be in agreement with (3.12.9) if the latter was expanded for
small € . However difficulties occur with the U6 component which

are explained later in this section.

With the forms given by (3.13.4), (3.13.7) and (3.13.8) we can
more easily find the zeros of the pressure, velocity components and
the Stoke's stream function. For example, the next n zeros, after

z* = 0, for the Stoke's stream function ¢ are given by
o{1)

1,4 1 d
R sSilw + € —%ﬂ— 2 o —w*/tp =N . (3.13.13)
u11’4 Ci dz

The solutions obtained with this method and the method of the

previous section will not be compared.

: 2 ; 2 : §
In our expansion procedure in the previous section the functions
of x and z* are bounded and in fact tend to zero as z*~ ¥ « .

Our expansion procedure therefore appears to be uniformly valid.

In this section however the expansion appears to be
uniformly valid except for the case of the wavenumber and solution

for U6 due to a certain value of the x co-ordinate, x_, say. For

0

i A 5 "
X = Xg u(l%,ﬁ = 0 while 9%?26 # 0 for this value of x and it
seems from (3.13.7) and (3.13.10) that Ug is bounded at this
value and N;(U6}+m as X > X, . But at this value of Xg» the
solution for Uo is given by

ir.z
= o (r)
Ug 2 E:ii* 931 6(%,) (3.13.14)

and the wavenumber of US at this value of Xq is

SNy (3.13.15)

N_(Ug),_
Aol & x—xo c
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When we insert x = X, in the equation for NC(UG) given by

(3.12.9) we see the answer obtained is in agreement with (3:13.15).

It is pointed out that it is the rule rather than the
exception that these expansions break down in regions called
regions of nonuniformity. An estimate of the size of this region
of nonuniformity can sometimes be obtained by assuming two successive
terms to be of the same order. This difficulty is only mentioned
for the sake of completeness and no calculations regarding

N;(UG) will be undertaken.

2
To calculate the ¢ correction term in (3.13.15) for values
2
of X near Xyo We need to calculate all of the ¢ terms. In fact

it can be shown that as x = Xgo

(1) (i) ds ,(r)
' ey e e e
N (Ug) * Ae + €S . (3.13.16)
dz* v (r)
21,6

dz*
The solution of the full linear problem, is according to

these perturbation techniques, represented by the first few terms
of a perturbation expansion and usualiy only the first two terms.
Although these expansions may be divergent, they can be more
useful for a qualitative as_well as a quantitative representation
of the solution than expansions that are uniformly ‘and absolutely
convergent. Nayfeh (33) discusses in great detail perturbation

techniques .

3.14 Introduction to the non-linear, non-parallel wall problem

This section is involved with the solution of the steady

state non-linear equation for U given by
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- : 3 df "
& AU+ cf(ZMEY +e <% DU +0() = LWL (3.14.1)
< b L

The boundary conditions on U are given in (3.5.25) and (3.5.26).

We first fix ) at a particular value and increase the Taylor

number above T so the point in the ,T plane is in the un-

crit
stable region defined by (3.15.4). We should be able to obtain an

equilibrium Taylor-vortex flow for our non-parallel wall case.
In the method adopted, we can only set

X = X (3.14.2)
and

2
T = Tc ¥ e Té s (3.14.3)

A
where ¢ 1is assumed small.

We start with an initial solution for U of the form

i

TA L
U o= eylzle Cf () + ..., (3.14.4)

where wN(z*) is the non-linear real amplitude function and is in

general different from the linear amplitude function ¢(z*).

When the analysis is carried through we obtain a non-linear

differential equation for wN(z*),

2
d lJ”N Té * 3
e ooy ?5- + af(z¥)| + by, =0 (3.14.5)
subject to the boundaryzcondition
W >0 as z* > ¥ = | (3.14.6)

The solution for Py can be obtained for different values of Té

by varying the value of yy at z* = 0.
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In a similar manner a second order linear differential equation

is obtained for the complex amplitude function SN(z*), given by

2

d SN Té (o ~ ) 2

+ S, |— + af(z +  (2S, + Sy)by

dz*> N % N ikt
dy dv 2 dv

() = e ey N, gy 1, e (3.14.7)
dz* dz* dz* dz*

and subject to the boundary condition

Sy *0 as z*~ to. (3.14.8)

It was found that the solution for SN(z*) was completely imaginary.

This was in line with the solution for S(z*) in the linear case.

(32)

From Rayleigh's renormalization technique we found

the observed wavenumber for each component varied from the Tinear
results for the wavenumbers. Though no actual calculations were

attempted, the form of these 'non-linear' wavenumbers in z space

will be o 0 2
NC,N = AC + Efn(x’z*-’c).l.e fn(x,z*,r;). (3.14.9)

3.15 Solution of the non-linear disturbance equations

From the linear theory of the equilibrium Taylor-vortex flow

for the non-parallel wall problem we have if

> SN AC (3.15.1)
then

' 2 u
T, = Tcrit = Tc + ¢ T§ + 0(8.)’ (3.15.2)

where Ac; Tc are the critical wavenumber and Taylor number for the

parallel wall case with the parameters n and T being evaluated at
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z* = 0. The value of TE was an eigenvalue dependent on the
boundary conditions at z¥ = ¥ © of the Tinear amplitude function

y(z*) and the form of the outer surface.

The reader is reminded that in the linear case we said the

flow would be stable if

T < Tcrit (3.15.3)
and unstable if
T > Tcrit . (3.15.4)

In the following non-linear analysis we shall increase the
Taylor number T above Tcrit so that we would be in the unstable

4
region defined by (3.15.4). We shall ignore terms of O(e ) and there-

fore set
2
Rom T owdee I8 (3.15.5) °*
where
T3 >T5 (3.15.6)

in the steady state non-linear eqﬁation for U given by (3.5.22).

The equation for U now becomes,

3U

S _ A U- ST AU+ fEe. U+ S p
& — - - e E E —
o —-Cc— 2 =2— —C— dz* —C—
+ 0(e) = L (WU + eTpL, WU . (3.15.7)

The matrices A, C . and D . are given by(2.4.6),(3.5.23) and (3.5.24)

c
with T replaced by T.. The matrices A, and Lz (U) are given by

(2.4.7) and (2.10.5).

The equation for U has to be solved subject to the boundary

conditions given by (3.5.25) and (3.5.26).
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ir g
We next expand U in powers of e and e €, and write

7 T = o b irz
Y = ee ¥ U9 (xs2*) + ¢ [e e U (x,2z%)+e c Yo (x:Z2%) +
3T 2ix .z

CUog(x,2¥)] + e [e “ugzlxz) + e “ugy(x,2%) +

ilc;
e " Uqg (02%) + Uaqg (R Z*)] s

1mkc;
+ negative powers of e 3 (3.15.8)

in the steady state non-linear equation defined by (3.15.7) .
imA .z
When we equate powers of e"e C” we obtain a set of partial

differential equations,

(L% - Al uy, =o, (3.15.9)
(2 - A%y, = Ly s (3.15.10)
(& - Ay, - ) :‘i” (3.15.11)
(% - Ay - L g dug, o+ LG (g gy (3.15.72)
(& - Ay - LB g ugy + L duyy s (3.15.19)
(% - APy - L) (wqpugy + L g duygy +

E(é) :i—f? + Lg(ugy) :;” s | (3.15.14)

(% -a0ug = LG gt + LG ugy dugg *
2

(2) (-1) b
Lieg (Uq,-108pp *Lg Wap)ly o *8c2 T2 °
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a(1) 221
~—c1

! %20
o o edzintlaley) ok

BUI L

3u au
H —-22
) — +L el (“22) _

Eerlliggd—— * L (Uq
- F(ZE Uy (3.15.15)

) 0
(e s &(c} )4 39

-1 . 1
Lo g g+ Ly gy +

BU 1

L( U(Ll 'I)u & +L(C10) (I.l 'I)UZ'I $ L 1(u.| _-I) s

. g0 20

B (3.15.16)

; (p) (p) thed %
Tt_le matrices A7/, L4 (Eij ) and A, are defined in
(2.4.6 ) , (2.10.16) and (2.4.7) respectively. The matrices

c. 8™ B, and D7) are defined in (3.5.23) and (3.6.14).
Here
] “U{3,6 0 ij,4
| 2 T .
Lep(uyy)= -1 0 0 uts (3.15.17)
0 0
and : :
| 21,-3 Sy (3.15.18)
while Ui,k ° = 1,6, represents the corresponding six components

of the vector Uije

To find a differential equation for the second amplitude

("i
function SN(z*), which is introduced later, it is necessary to
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I i T
have the e e C_gqq(x,z*) term. The partial differential equation

for u,, (x;2*) is

C ) 2 (=1) (1) (0)
(35~ A/ gy =Ligg (Upplup 1+ Lig (Uag)upy+ Lig (Upy )up
(2) (1) (-1)
+LigWg 1 )upp* Lig(uzgluqg+ L (Ugpluy 4 +
(0), (2) 20
Leg(Uylugg *Lgy gz +LgylUp) 77 +
3'U au Bl.!
1 Ly 7,1
Loy (Ugg) o =) Wy,) = e1 (U22) — +
fu
) : 221 _df (1),
B $-T5 Kigtins B D .
=cl 3z 2 =2=21 " =c2 - dz* —¢ %1
F(Z*)C Upy - (3.15.19)

The equations (3.15.10) to (3.15.16) and (3.15.19) will

be simplified when the following notation is used,

Reg(fag0 Gkg) = LY €450y, + L@, 084 B15.20)
and

Rep(Fipo8g) = Kbgy (£45)8, * ileg (9, )fyy - (3.15.21)

The non-linear equation for U has to be solved subject to
the physical condition that requires zero disturbance velocities at
the walls given by (3.5.25). Once again the boundary condition on
the outer surface, x =-% 1+ ezf(z*)] , is obtained by means
of a Taylor expansion of the disturbance ve'locitiesgij 's about

X =-;- . When we use the Taylor expansion about x = ’]Z and equate

= 'Imkca;
powers of ¢ e , we obtain the following set of boundary

conditions for the last three components of each Eij
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1 1
Up1,m(Z22%) = Upp pl7:2%) = Uy ,m(']Z’z*) . uzo,mdz’z*) >0,

1
U3z m(z:2*) = ”32,,“(’]2’2*) = ugo,m(v}.Z*) =0, (3.15.22)

U3y ,m(’]z’z*) + f(z¥)uy, x,m(’}’z*)/ 2=0,uy, ,m(’]z’z*)“f(z*)“m Xy

(3:24)/2 = 0, form = 4,5,6.
The boundary condition on the inner wall, x = - ;—, for each
Uis are 1
uij,m(' 232*)=0, for all i and j. (3.15.23)

A further boundary condition on U was that it tends to zero as

z% »t =, this implies that each u,, must satisfy

Uy (X,2%) 0 as z*+% = | : (3.15.24)

3.16 Solution of the disturbance equations and the differential

equation for the non-linear amplitude function mN(z*)

From the linear theory a solution f°r<5]1 (x,2*) can be

written as

Uqp(xez¥) = ey (2*)F g (%) (3.16.1)
to give

I,m(f_n) =0 S (3.16.2)

The operator j}p) is %;-- 5&?) » and fq, (x) must satisfy
the boundary condition 8,, given in (2.4.1) along with the same
normalization as used in the parallel and non-parallel wall 1%near

case. The first term of (3.16.1) contains a real amplitude
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function wN(z*) which will be determined by a non-linear
differential equation that arises at a higher order from a
solvability condition imposed on that higher order system. It
should be noted that Uy mentioned here will, in general, be

different than that of the amplitude function ¢ of the linear theory.

The boundary condition on Uy is seen to be-

yy(z*) >0 as z* - x

: (3.16.3)

When we use (3.76.1) in*(3.15.10) and-(3.15.12) the solutions for:géz

and 5-20 are of the form

Uy (x,2%) = wﬁizz(x) (3.16.4)

and
2
Uog (%52%) = gy Foq(x), (3.16.5)

where f ., (x) and £20 (x) satisfy

ﬁfz)(izz) s s Ralfefa) 1 B (3.16.6)

and

SEO)@ZO) = ReoEqp:f1,0) 5 By - (3.16.7)

It can be seen that by direct comparison with the non-linear
parallel wall equations (2.11.3) and (2.11.4) the functions f,, ,

ﬁzo are the same in both cases.

Similarly, when we use (3.16.1) in (3.15.11) the equation

becomes 4
(1) o (1)
(%f ¢ 5(: )521 = dz* Bc1 fn 3 Bp - (3.16.8)

For u ,, (x,z*) to have a solution we use the adjoint condition
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(2.5.3) to obtain

dy 3
N Tt (1)
e ot g\ f dx = 0, .16.
o [ f7" Bloy fqqx 0 (3.16.9)
-3
and from the linear theory it was noted that
Pty f g - o (3.16.10
L _C‘I _'i'l - - 3 . - )
-

From the boundary conditions on u 21 and the right-hand side of
(3.16.8) , U,y may be expressed as
dy,, '

Epn kX = -ﬁ 9o (X)) + Sy(z*)f 7 (%), (3.16.11)

where g 5 (x) satisfies (3.7.10) and is identical to the g ,, (x)
mentioned in the Tinear case. The complex function SN(z*) will
in general be different from S(z*) of the linear problem. The

boundary conditions on SN(z*) are

Sy(z) >0 s " * > - (3.16.12)
The complex conjugate u 21 is

= - dwN 2

U,g (x,2%) = o 9g,1 () + Sy(Nf, (%), (3.16.13)
When the form of expressions for u,;, Uyys Uy, etc are substituted

in (3.15.14) and (3.15.16) , the solutions for U, and U4 take

the form
d‘PN :
532("’2*) = wNE £32 1 “‘NSNE32(X) (3.16.14)
and ‘
chpN -
Usg (x,2%) = Uy -(-j; £30 (x) + “’N(SN + SN)E30 {x). (3.16.15)

The equations satisfied by f;,, M4, 5 £55dnd maq are

=30
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2 . 2
38 (35) =R (17 :997) + BE 9+ Rey (£ 2519072,

(3.16.16)
(2)(m W s £..) (3.16.17)
L 232 =B xRy > Syt -16.
(0) =S
$7(E50) = Rg(Eq1»9g,.1) + Reg(Eq, 1 820)*
(0)e -
Rep(fq1ofq.1) +28B' 7 f 505 - (3.16.19)
and
1.(0)(@_30) » B—CO(—fﬂ gﬁ1,_]) N (3.16.19)
all subject to the boundary condition Bp-
When we compare equations (3.16.17) and (3.16.19) with
(3.16.6) and (3.16.7) we have
map () = 2f,5(X) (3.16.20)
and
My (x) = £p4(x). (3.16.21)
When (3.16.1) and (3.16.4) etc., are used in (3.15.15) we
obtain
T UL RN I T I T S R
W ReolLy1sZ207 * Repily,-12522)]
2
ds g d oy
ZWELT) (1)
B\ Y f.. + B ,f; +B 1 +
e =cl =11 7 2 [2ein T i i
T2 Aafqp - yf(z¥)C . fqy (3.16.22)

subject to the boundary conditions (for m = 4, 5, 6)

Uyg (- 22 = 0s Uy 1 o2%) = ~F(2Duyfy, o(z)/2.
(3.16.23)

For'531(x,z*) to exist, we use the adjoint condition (2.5.11)
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to obtain

d2¢N

2 a,t (1
o Jfa’ [B( )ig]+ Boofpldx + yyf(z*) [(fa'ti”’x )/2 -

-3 X=3

g (3 :
oy J £ [Reg(Fagf17) + Reg (£q,.q »Fp)1dx £ 0, (3.16.24)
-1 dsy
since the integral coefficient of —— is zero from (3.7.6).
dz*
The non-linear amplitude equation (3.16.24) can be simplified

by using some Tlinear results , e.g. (3.7.18), to give

2
dy : '
e UN |+ af(z*) +by =0 (3.16.25)

T2
subject to (3.16.3).

The constants a and T, are defined in (3.7.20), (2.6.10)

respectively and 3
o
7" Reg(Fagfqy) + Reg (Fgpfq, g )1
A g . (3.16.26)

3
TZI PR

From the parallel wall non-linear theory this constant b is related
to the given initial amplitude Mo+ When we use (2.11.9) we

find that b is negative and could be rewritten as
Tc .
= - 2 - .
b % Tz (3.16.27)

2
and TC, T2 and u, are all positive.
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3.17 Solution of the disturbance equations (cont) and the

differential equation for the amplitude function SN(z*)

We assume (3.16.25) can be solved subject to the given
2 2
boundary conditions and we substitute for d ¢N/dz* in the right-

hand side of (3.16.22) , whence
3 o AtV S . -
(3% T8 T by Reg(fag2f07) +Reo(Ep081,9) -

T‘l‘
et YR SRR L RS ORI B o
Bet Bor Y 2c2inT N T, Ber 921t Be2fii-TR2I49

S 00 o) I R S Y o T
Sk —cl SIF TN BBy So1* Bepiny ) *LcEin ]
(3.17.1)
By examining the right-hand side of (3.17.1) we see u 5, may
be expressed as
3
Uq (x,z*) = by £3'| (x) + ¥ng 31 (x) + ¢'Nf(z*)b_3] (x) +
i, R (z%)f 17 (x) 2
=% x)  + Py(z*)f 14 (X (3.17.2)
o 92 N2

and upon equating functions of z* on either side of (3.17.1) we
have, 1131(x) satisfies equation (3.9.3) and its boundary

conditions and

3N (E50) sReg g f1,-1) *Reo Egoofyy) -

b(_B.(:]) 91 *B82fny )s ‘(3.17.3)
(1) e o P B T.A, ¢ 3.17.4
) MR ;2‘ By 921 *Bafyy- TAEy1 B.17.4)
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and £31 ’ 331 are normalized such that their second components
evaluated at x = - ’l’ are equal to 0. The function PN(z*)
appears because we can have an arbitrary multiple of the eigen-
function f 11° and is assumed to be complex and different from
the P(z*) mentioned in the linear case. The boundary conditions

on (3.17.3), (3.17.4) are

¥ e T s
a2 "9tz Ty a7l (7= 0,

(3.17.5)

form=4,5, 6.

If we Took at the same equation for g 4, (x) for the linear
parallel wall case and compare the equations and boundary

conditions for g3 We see

I = =gy - (3.17.6)

We reform equation (3.15.19) by using (3.16.1), (3.16.4),
3
(3.16.2) etc., and replace the term involving d wN/dz*3 by
differentiating (3.16.25) with respect to z* to give

3
dy 2 dyy T5 dy dy
r: = -[Bbwﬂ __fi + _2. _N + a]pN ﬁ $ af(z*) _N ]
dz* dz* T2 dz* dz* dz*

(317.7)
and thus the equation for u,, (x,2*) will become
2 duy

1)
B d Al )u .
axX —-c =41 N dz*

Reo(E179£30) * Reg(£3p057,11)

(1) b
+ Reo(fpp:90,1) +Reg(f50:927) + 3By f3

1308 5957 *R(fpps fq) + R (Egp:81,9)
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dy T) : dp
N [ (1) 2 N q(1)
gt P2 R +B LR g $ —= i) g
ox 2723217 21 43 T, Zc2d | o* —¢l <1
s 2t Poll) o gtlle S e g +dﬂf(z*) BDh . -
I e [FeT 231 T2 In =ala T, Loy e

2 =
Celp-2aBagg]+ w25+ 5y [Reo (17 5%20) * Reg

dZSN
; i o -
(£22 %7, ) * T3 STy = SIENE L+ poee
B

[Ed 921 "Eczfn] g S Sl

subject to the boundary conditions
1 1 o G0y 1
Ugy,m= 222%) =0 and ugy o( 72%) = ‘["(z ) 7 921kl 7 )
F(Z*)SN(Z¥)uq 14 m Jz )] 72 (3.17.9)

form =4, 5, 6.

For'gql(x,z*) to exist, we use the adjoint condition (2.5.11) to

obtain
2
d SN Té " 2
mE. * -
E;:E . SN Tz +af(z*)]| + (ZSN - SN)b¢N
dy dy 2 dv
r1f(z*) e A rsz'gf + r3y N, raby B e (3.17.10)
dz* dz* sl dz*

The boundary conditions on SN(z*) are the same as those on wN(z*)
that is
SN(z*) »0 as Z¢wta . (3.17.11)

Here rysrp are defined in (3.9.13), (3.9.14) and
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ray = =2 (3.17.12)

7 e . (3.17.13)

where
Qp =Reg(fq72f39) +Rg (3558 1) +Ro(£52492,1)
+Reo(fp09921) * Ry (Fpgsfy) + Ry (£0p054 9
: 35(:_:]1)f31 iy P ELE (3.17.14)

When we compare the equation for rj with (3.9.22) we note that
- 1 1 2
r‘3.N - e T3 T2 / T2 - (3.17-15)

It was found also on calculating r1s T2 and ra that these
constants were also imaginary. The differential equation for

SN(z*) can be separated into real and imaginary parts,

Sulz®): = 8o (z%) + 1S, (2% . (3.17.16)
N N,r N,i

We replace SN(Z*) by (3.17.16) in (3.17.10) and equate real and

imaginary parts, we obtain the following differential equations

2
d S ! il 2
z ; .
2
and
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(s VAR Ta dy
N,i 4 - 2 o X N
e - SN,i [;; +af(z )] - b¢N SN,i = r]if(z ) E;: +
dy dy
df N 2 7N
Costha — + Fas gy —— + Ppay — (3.17.18)
2i'N jo* 31N 4% AN yx
subject to the following boundary conditions
SN,r(z*) s SN,i(z*) +~0 as z*+t o, (3.17.19)

The constant '3 N is just the imaginafy part of (3.17.15).

We can solve for wN(z*),SN.{z*)andS";iz*) by a small parameter

perturbation method treating
2
Té = TE ['| + & ] (3.]7.20)

where 52 is a small real parameter not related to ¢ . The
solution obtained for SN,r(z*) with the choice of f(z*) given in
(4.2.1) was identically equal to zero. With this choice of f(z*)
we could only find solutions for wN(z*) by direct computation, a
time factor did not allow us to'solve numerically the more complex

case of SN,r(z*) and SN’i(z*).

For the case chosen in Chapter 4 the perturbation and
computation solutions for wN(z*) were in good agreement for small
2
8§ . It was found in both methods the solutions for ¢N(z*)

depended on the values of Té and ¢N(0).

The inclusion of the non-linear terms involving U , namely

L(U)U , served mainly to fix the magnitude of wN(z*) (which was

arbitrary fixed in the linear case). This is similar to the non-
2
linear parallel wall case where the amplitude Mo is fixed by

the integral relationship (2.11.9).
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We obtain the non-linear solutions for the velocity components
U4, US’ U6 and the Stokes stream function ¢ in the same way as
in §3.11. These non-linear solutions include terms identical to
those of the linear case except that all the linear solutions are
pre-multiplied by e, w¥(z*) and S(z*) are replaced by wN(z*)
and SN{gz*) respectively and plus some extra #erms not included

in §3.11.

If we let, for k = 4,5,6, ka and o, represent this
'modified' solution typified by (3.11.14) and Uka and £,
represent the solutions typified by (3.11.15), then the non-

linear solutions for Uk and ¢ are

2 2i) C,' 2 (r)

Hg-u™ €U4x +egée Uy 22 4 +'C.C. (3.17.21)
2ix .z
S R g e U5 .2 fir)
e = EUSX +ce Uy f22,5 +C.C.o+ e Yy 1’20’5 (3.17.22)
) 21k C"‘ 1'2' 2 ( )
Ug = USx +ege Uy f22 g * c-C. (3.17.23)
and
2iA C 1 2
PP RIR RN (5 1) S X et pce. | (3.17.28)
X 23 N'22,4
c
or
' 22
Uy = ely, +2¢ vy f££14 cos 21z (3.17.25)
. e N )
U5 = eUsA + 2¢ N f22,5 cos ZACC + € waZO,S (3.17.26)
2. 2atl4 :
Ug = elUg - 2¢ vy f%%is sin 21t (3.17.27)
and 25
o 2(1 + &xX)e :
B LA - T Uy f22’4s1n ZACC . (3.17.28)
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It was found from our computation of the function_{zo(x) that
fao,4(X) = fpg 6(x) =0 forall x. (3.17.29)

It was decided just to plot the non-linear solutions for
the U4 velocity component for various values of ¢ and

Té in Chapter 4.

The ‘non-1inear wavenumbers X were not plotted in

crit,N
Chapter 4 due to the incomplete and rather complex nature

of the non-linear solutions for Uk and & . This is easily shown
in the case of U,. The solution for Uy given by (3.17.21) can

be rewritten as

5 < ir z (r)
. c (r) c .
Vg = e Wi 114 [1 fioa Lo 23*4 +e L
flia N
dy 9(1) : 2
N 21,4
—_ 3 5. (2% + . AT

If we use the renormalization technique of §3.13 the solution

(3.17.30) can be replaced by

€COSA _Z s
T e RE f%?h . el MX,2,2%) (3.17.31)
where ( ( )
r) i
A = A c + s&bN s1nAc; -(—-)—f22’4 +S —(—)—21 4 dq)N/w ]
114 'Nougyly dz
£ 0te) (3.17.32)

and is a real function.
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The total phase for the ve1ocity component U4 is now given

by A and the physical wavenumber Nc N is given by 3A/3zg

; 2
It can easily be shown that in order to find all the O(e ) terms
2 .
in  3A/3zg we need to include terms of O0(e ) in A , these
terms take the form of sin 2ic; multiplied by functions of x

and z* etc. Therefore no non-linear wavenumbers were calculated.
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4. Solutions For a Specific Case

4.1 Introduction and brief discussion of the results

In this chapter we follow Chapter 3 and calculate numerical
results for some special cases. We chose to consider the cases
n = 0.5 (e =0.1 and 0.5) and n =0.95 ( ¢ = 0.1). Our

choice of f(z*) is given in §4.2,

The linear values of U1 k and 951 .k (k = 4,5 and 6) for-
n =0.5and n = 0.95 are given in TABLE VII and TABLE XVI ;

: . : gl
along with the value of 921,k/u11,k at x = 2 » for each n .

" With the use of these tables and formulae mentioned in this

chapter the reader can find his own linear solutions for various

e, j and n.

The eigenvalues Té and the eigensolutions y(z*) are found
in the Tinear case with j = 1 (see §4.3). It turns out that
w(z*) decays quite rapidly with |[z*| in both cases of n but
fractionally less for n = 0.5 than for n = 0.95 , see FIG V. This
eigensolution y(z*) is identical for all cand fixed n , but
in ¢ co-ordinates the solutions will be different. In fact the
larger the value of ¢ chosen the quicker y - 0 and the vortices

decay away. =

It was shown that the Taylor number TLcrit depends on the
eigenvalue chosen, ¢ and its position along the vertical axis.

The graphs of T and TLc against n for both cases of n shows

Lerit
: * * ' = '
for a particular z* value, z IZE| say, TLcrit > TLc for
* * *x * 4 *
z¥ glzg | and T gy < Ty for 2z* > |z*| . This value of z

increases the smaller the value of & . For the case with
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g e 0.1, ¥ is 0.53% and 0.74% higher than the respective

Lerit
TLc at z* = 0 for n=0.,5and n = 0.95 respectively, and 0.54%
and 0.73% lower than TLc at z* =¥ » . If the value of T c at
infinity was unknown it was found by interpolation using TABLE IV.

For ¢ =0.,5withn=0.5,T is 3.55% higher than TLc at

Lerit
z* = 0 and 24,82% Tower than T _ at z* = * », These larger figures
were to be expected due to the high value of e . The graphs

of TLcrit etc., are given in FIG VI, XI and XV.

Qur analysis of the non-parallel wall flow showed that the
various disturbance flow quantities do not possess the same
wavenumber (except at z* = ¥ = ), there is a variation in x and z*
of 0(52). The variations in the radial direction x have not been

given before. See FIG VII, VIII , XII and XvVI for typical results.

We choose to demonstrate some results using iLcrit(°) o L FOP
e = 0.1 we found ALcrit(°) is between 0.42% - 0.58% higher than
ALe 3t z* = 0 for pn = 0.5 and between 0.24% - 0.41% higher for
n = 0.95. This is typical of all the wavenumbers concerned. It
can be said however that A . <. atz*¥=1w . For
e =0.9 n=0.5 XLcrit(°) is between 10.53% - 14.43% higher
than A . at z* = 0 and 3.37% lower than  _at z* = tw . For

each ¢ and n the wavenumbers all tend to the same value at z* = ¥ o

see FIG VII, XII and XVI.

A1l the solutions of Ui' i =1,6 and ¢ decay away as
z* Y », For n = 0.5, the way in which this occurs is the same
for ¢ = 0.1 and ¢ = 0.5 because the Tinear amplitude function

p(z*) is identical for both values of & (in z* co-ordinates).
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The number of times the solutions oscillate depends strongly

on the value of ¢ , the larger the value of . the smaller

the number of times they oscillate along the z* axis before
becoming negligible. The reason why is our solutions involve
terms 1ike sini .z and cosr .z 3 and ¢ = z*¥/e¢. Therefore °
solutions involving € = 0.1 tend to oscillate approximately five
times more often than those of ¢ = 0.5. A comparison-is made
between the non-parallel wall linear solutions and the corresponding
parallel wall linear solutions (where ¢ is replaced by z*/e).
In all the non-parallel wall cases considered the initial zero's
of Uy U5 and ¢ all appeared before the corresponding zero's of
the parallel wall case. This is shown quite well in the case

with n =0.5and ¢ = 0.5, see FIG IX and XIII.

Following G.I. Tay]or'glgrigina1 work it became of interest
to show the streamlines,®, of n = 0.5 with ¢ = 0.1 and € = 0.5
to see how they differ from those.of the parallel wall case, see
FIG II. It was decided a useful criterion for vortices to be
observed visually might be if |c| 2 0.1, where ¢ is a constant
given by ¢ = c. We will only be dealing with the top half of
the cylinders since our problem, by choice, is symmetrical.
For ¢ = 0.1, FIG Xa to Xc show the individual vortex cells along
the z* axis. The cell nearest to the centre is very similar
to the vortex cell found in the parallel wall case. However, the
further we get away from z* = 0 the more the strength of the
vortex cells decay . Our results show by the time z* > 1,88 fe= 0.1)
there are no more cells visible where |c| ; 0.1, in all there
would be 38 'visible' vortex cells which weaken as z* increases.

A similar result occurs for n = 0.5 and = 0.5 where no more
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cells with|c| > 0.1 from z* = 2.33, in all there would only be

10 'visible' vortex cells , see FIG XIVa and XIVb.,

A note should be made of the boundaries between each vortex
cell, the boundaries start off horizontal but gradually curve
upwards slightly before becoming horizontal again at z* = T o,
A variation like this was expected since ALcrit(¢) does depend

on x and z*.

We also solved the rather more difficult non-linear case.
The solutions of the non-linear amplitude function wN(z*) were
calculated numerically and by the perturbation method of 54.5
for Taylor numbers slightly greater than TLcrit of the linear
theory. These Taylor numbers were called T ... y and involved
positive additive corrections of 0(52) to TLcrit’-these corrections

were given the letter D and defined in (4.6.3).

The boundary conditions on _wN(z?) were identical to those
for the linear amplitude function y(z*). It was found the rate
at which yy ~ 0 as z* t.depends on D and its relationship
with wN(O), see FIG XVII . For large values of D there were
difficulties in calculating the numerical solution for yy, the
perturbation method not being valid. In the main the non-1inear
numerical and perturbation solutions for ¢N(z*) agree quite well

for n = 0.5 and n = 0.95 and for D < 800.

For small additions of T above TLcrit a perturbation method
was used to solve the non-linear function SNJ(Z*)' With this value

of SNJ(Z*)’ and ¢ and D fixed at specified values, the non-linear
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solutions of Uk for k = 4,5,6 and ¢ were calculated for fixed x

values.

These solutions still decay as z* + ¥ = but each different
solution has a fixed amplitude depending on the value of wN(O) and
D. The non-linear solutions are tabulated in TABLES XXVI, XXVII and
* XXIX, and drawn for the case n = 0.5, ¢ = 0.5, D = 200 and D = 600
in FIG XIX.

The wavelength of these non-linear solutions are slightly
shorter than the linear case thoﬁgh there is no obvious change in the
number of vortex cells. This implies that the cells near the centre
have a shorter wavelength than at the ends. The larger the value of
D the bigger the initial amplitude of mN(z*) and the shorter the -

initial wavelength of the vortex cells near the centre z* = 0.See FIG XIX.

4.2 The amplitude equation in a special case
We illustrate the analysis of Chapter 3 by means of an example :

2 2 ;
f(z*¥) = - tanh wz* = sech wz*-1, (4.2.1)

where wis a constant.

The function f(z*) satisfies (3.2.6) to (3.2.9) and

from (3.2.8) and (4.2.1) we see
P =7, (4.2.2)

and also from (3.2.3) we have the outer wall at z* = Y=is

x = [1-é&y2. '(4.2.3)

The amplitude equation (3.7.19) for ¢(z*) can now be written as
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dv + rp[-g - a +asech wz*| =0 (4.2.4)
*
dz T2

with the boundary conditions

v+ 0 as zx+*~ and v(0) = 1/2. (4.2.5)

The last condition of (4.2.5) is obtained from (3.11.5).

Let T*
P, = £ - a (4.2.6)
T
2
and P, is assumed to be negative. This is because we expect y(z*)
2 "2'12* 2'1 Z*

to behave like e at z¥ = = and e at z*¥ = -» , see

(3.8.13) to (3.8.15).

We now make the following substitution in (4.2.4),

y = tanh oz* (4.2.7)
and the differential equation for y in terms of y is
= [(1-y2).g£] +-{J%. R __EZ;_q_l v =0, (4.2.8)
S il W0y
with the new boundary conditions of
p+0 asy-%1 and (0) =1/2. (4.2.9)
We introduce the constants

wo= HPo/’ and s(s+1) = a/w’ (4.2.10)
in (4.2.8) and obtain

%j [(1'y2) {%ﬂ - [s(s+1) - ;%;5] v = 0. .(4.2'11)

This is the equation for the generalized Legendre polynomials.

We now make a -further substitution
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v o= =y )2 wiy) ' (8.2.12)

and therefore obtain

d o2y dv] 2 Tey/2 d° dW u/2 dw
ay'[(T ¥ ) ] (1=y) r¥: - 2(1+)y(1-y%) &
uN[(1-y2)“(2 2 ks B (4.2.13)

Equation (4.2.11) is now of the form

2, d N
dy”

(T-y - 2(1 +)y gg - [s(s+1)=u(u1)]W = 0. (4.2.14)

We can transform the above to the hypergeometric differential

equation by substituting

- (1=y)/2 = q : (4.2.15)

and so finally obtain

q(1-q) f}lﬂ + (u+1)(1-2q) Er‘ - (u=s) (utsH1)W = (4.2.16)

e,
This equation is now subject to the boundary conditions that

W is bounded as q -~ 0 and q » 1, W(0) =-1/2. (4.2.17)

The parameters @,b,c, which occur in the general form of the hyper-
geometric equation

Xx(1-x)y" + [c=(a + b + 1)x]y' - aby =0 (4.2.18)
have in our case the following values :

~

a = p-s : b = up+s+l s C = p+l . (4.2.19)

The two solutions of equation (4.2.16) which lead respectively to the

even and odd amplitude functions y are of the form

w1 = AZFT (u=s, pts+l ; u+l 5 q) , (4.2.20)

=
[}

2 Bq’“zFl(-s, s+l. 1 1=5 3 q). (4.2.21)
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The solution for ¥(z*) is given by :

v = A sech"uz* W, (4.2.22)

where A is a constant.

In order that (4.2.22) should reduce to zero as y » -1, the
hypergeometric function in equation (4.2.20) should reduce to a
polynomial. This condition means for w1 that the parameters u-s
or u+s+l must be a negative or zero integer. The second case can
be discarded since in that case the amplitude function y increases

exponentially as z* ~ ¥ = . We find, therefore, o1 is a polynomial

of degree n if

s=y =n forn=0,1,2, ... . (4.2.23)

The eigenvalues for T* are determined from (4.2.23) and are

2

% =-T2[ -8 [ (2n#1) +/1+4a/u2]21 . - 4.2.28)

Furthermore, there are only a finite number of eigenvalues since

e | gL (4.2.25)
that is
n<s (4.2.26)

n <,} -1 + /1 + 42/, forn=0,1.2, ..... (4.2.27)

and hence

4.3 Eigenvalues, eigenfunctions and the linear solutions

The corresponding eigenfunction, for each n, is

1-tanhyz* )
2
(4.3.1)

¢n(z*) = A sech®™" wZ* 2F1 (-n,2s=n+1 ;s-n+1;
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It is convenient to have the power of sech wz* in (4.3.1) to be an
integer. Therefore the parameter s must be an integer, this is .

& -
achieved by choosing the parameter w by setting

s = 31+ A+das) =3 (4.3.2)

where'the integer j is greater than zero.

-

We obtain from (4.3.2) that

2
w

a/[ j(3+1) 1] (4.3.3)
(B e TR

for all n and j

When we use (4.3.3) in (4.2.24) and (4.2.26) , then

. 2
T5 = aT, [1 - {-n) (4.3.4)
J(J+1)
and
n < .j s (4.3.5)

respectively.

The eigenfunctions for each n.and j can now be written as

j = > 8 1= *
wnj(zf) . AnjsechJ Nuz* oF1(=n,2§-n+13 j-n+1; tanhwz )

(4.3.6)

where Anj are constants to be determined later.

The number of eigenvalues and the corresponding eigenfunctions
depend on the relationship given in (4.3.5). It can be seen that for
J =1 there is only one eigenvalue and eigenfunction given by n = 0,
whilst for j = 2 there are two eigenvalues and eigenfunctions given

by n=0and n =1 and so on for each j.

The eigenvalues and eigenfunctions for n = 0 are
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TE = aTZ/(j+1) and woj(z*) = Aojsechiuz* (4.3.7)
for J = 1,2:35 csa 3
n=1 are

T§ = aT,(3j-1)/3(j+1) and ¢1j(z*) = Aljsechj'1wzf tanhwz*

(4.3.8)
farey & 2330 o aeid
n=2are
TS = aTy(55-1)/3(3+1) and vys(2¥) = Ayssech Zuze [H2 -
sechzmzf]. _
for j = 3,4, ... 3 and so on. (4.3.9)

As j increases then w decreases and the number of discrete
eigenvalues increases. As j +« then w >0 and T3 ~ 0. We then have

2
Topge ™ Te (to order ¢ ) and have recovered the parallel wall case.

In the 1imit as n + j-1 with j fixed the value of T§ - aT2 and

the graphical solutions for *nj are given in FIG IVfor n=0, 1 and 2.

The number of times v _. cuts the z*-axis depends on the value of n.

nj
We shall only be concerned with the case given by n = 0

because this gives the lowest value for T at which neutral stability

occurs for a fixed w . Therefore the higher order even functions .

given in (4.3.9) will be ignored. It can be seen that these

higher order even functions will give infinite wavenumbers whenever,

for example,

2j=2
2j-1
in the case with n = 2. oS

2
- sech wz* = 0 (4.3.10)
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FIG IV Solutions of

¢nj(z*) for fixed j and n =

0,1,2.
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The values of the constants AOj are given by

Ags = 172 . (4.3.11)

We are now only concerned with the eigenvalues and eigenfunctions
given by n = 0 but the solution of the amplitude equation for Si(z*)
will be done for the general case. When we place the form of solution
- for Voj ° given in (4.3.7), in (3.10.28) wé have for all j that

R(z*) = %-[(rai—r]i)z* + EEIEiriZlil tanh mZ;]. (4.3.12)

(§j+1)w

Hence we can see that the solutions for Uy and ¢ are now given

by

Uk = sechjwz* [u%¥ik COSA.L - gsinxc; (R(z*)umk - wj tanh wz*

ggjzk i Oﬁaz) ] : (4.3.13)

for k = 1,4,5 whilst the solutions for Ug and ¢ are given by similar

expressions [from (3.11.18) and (3.11.23)].

The solution for Nc has been given in (3.12.4) and (3.12.7) and

can be seen to be

2[R 2 2 951)
N;(Uk) = A g R J sech wz* r’ (4.3.14)
i ug1,k(X)
and
2% 2
Nc(¢) = NC(U4) - ewJj sech wz*/lc . (4.3.15)

The Tocal critical wavenumbers, to be compared with wave-

Merit
numbers from the parallel wall case are given by .
2 2
= - *
Mepie = N;( ) e A, tanh wz /2 (4.3.16)

where the extra ¢> term is due to (3.12.24).

The local critical Taylor number and the ratio of the inner
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and outer walls are given by
T = T + ez[T* al ] (3 - 6)tanh2 | | (4.3.17)
Lerit oty R e 3 v
and

2 2
N 8- A B n(1-n)tanh wz*/2. (4.3.18)

4.4 Numerical results for the linear Case

The known values of TLC and ALc calculated from the respective

parallel wall case for fixed n_ are given in TABLE IV.

4.43 The linear case with n = 0.5

The critical values of the wavenumber and Taylor number used in
this case were

Ao = 3.16282 and T_ = 3099.78. . (4.4.1)

From our computing methods the following constants were found
to be given by
T2 = 440.2819 , a = 7.4918 , Pig = -1.4179 , roq = 1.3302
(4.4.2)

and for the case with j=1and n =0 the value of ry was

ry; = 0.8503 , (4.4.3)

this value does depend on the eigenvalue T2 -

The values of (4.4.2) are used tb calculate the eigenvalues and
the corresponding eigensolutions for each integer value of j and n
described in §4.3. The results are given in TABLE V.
The Tinear values of u ., (x) and 90 (x) for n = 0.5 and x = -0.5

to 0.5 are given in TABLE VII. These, in conjunction with the
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constants defined in (4.4.1), (4.4.2) and (4.4.3) , the equations
(4.3.12) to (4.3.18) will enable the reader to plot other solutions

of U4, U5, U6’ &, A 's etc., for different values of ¢ . In

Lerit
order to obtain the wavenumbers chrit we need to find the values
of 901 (x) /y_n (x) evaluated at x = t;‘. We use equation (3.12.10)

and (3.12.14), and these values are given in TABLE VIII.

f% different cases of j and n (other than j = 1, n = 0) need
to be considered the solutions can be found in a similar manner..
The eigenva]ues-T§ and eigensolutions (z*) can be found using
(4.3.4) and (4.3.6). The new value of r3i(r21 and r,. remain
invariant) can be calculated using (3.9.22). The value of T§
will be known and the constants T2 and T, are defined in (2 .8.20). The

solutions for U4, U5, Us,é 5 ALcrit s etc., can now be found.

The graph of ¢0](z*) , which is the envelope of the solutions for
the Stokes Streamfunction & and U , is plotted in FIG V. A table

of the values of yy;(z*) is given in TABLE IX.

The values of ¢ considered for the case n = 0.5 are

e=0.1and ¢ = 0.5 . (4.4.4)

The changing values of ng s TLcrit and Merit for these values
of ¢ , are given in TABLE X and TABLE XI. A graph of ) against
TLc and TLcrit is plotted for each value of ¢ in FIG VI and FIG XI.
These graphs show the difference in T c» Obtained from parallel wall

theory, and TLcrit.which is obtained from the non-parallel wall theory.

A graph of n against e and ALcrit is also plotted in FIG VII

and FIG XII. These graphs are concerned with the ) it of the

Leri
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components U4, U5 and the Streamfunction ¢ . This graph was found to
depend on the x co-ordinate, so only the maximum and minimum value of |
kLcritfor each component was plotted. These graphs show that

Moyt depends on the x co-ordinate and also the difference between

the parallel wall value of ALee

This variation with x of A epit for each component is given
in TABLE XII and TABLE XIII for two fixed z* values. The graph
of this relationship of x against ALerit for U4, U5 and ¢ are shown

in FIG VIII.

The terminating values of TLcrit’ for all

_ L and A cpit
the components mentioned are given at z* = f & . These

values for ¢ = 0.1 are

-

3074.94 ,

; (4.4.5)
and for ¢ = 0.5 are
TLcrit = 2176.59 , n = 0.53 , Aorte ™ 3.05064. (4.4.6)

The solutions for Ugs U5, U6 and ¢ are summarised for various
z* values in TABLE XIV for ¢ = 0.1 and TABLE XV for ¢ = 0.5.
These solutions are compared with those from the parallel wall
case U&p), ng) ? Uép) and a(P) | so we see how quickly these
solutions decay as z* » ¥ = . Since all these solutions depend

also on the x co-ordinate we shall only plot and tabulate for x = 0.
It can be seen from (4.3.13) that at z* = 0 we have
U, = ulP | (4.4.7)

and
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IR | (4.4.8)

The graphs of U, and Uép) against z* are drawn in FIG IX and
FIG XIII. The graphs of ¢ etc are very similar to those of U,
so they were not plotted.

To show the individual vortices formed it was decided to
plot the streamlines given by ¢ = coﬁst and ¢ = 0.5 in FIG XIV
for various values of this const. The streamlines given by n = 0.5
and ¢ = 0.1 were also plotted for a range of z* and the same
values of the constant and are given in FIG X . Compare these
streamlines with those of the linear parallel wall case given in

FIG II.

These figures show the individual cell shapes of the vortices

decaying away quite rapidly for ¢ =0.5as z*+ % = .

4.4b The linear case with n = 0.95

Here the critical values of the wavenumber and Taylor number

were

Ap = 3.12735 and T ™ 1754.96 . (4.4.9)

The following constants were found to be

T2 = 256.5062, a = 10.0575, ig ™ -0.8552, o; = 0.0180 (4.4.10)
and for the case with j =1 and n = 0 the value of ry was

rgq = 1.1348 . (4.4.11)

The values of (4.4.10) are used to calculate the eigenvalues

and the corresponding eigensolutions. The results are given in
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TABLE VI. The eigensolutions wnj(z*) are the same as in TABLE V

but with a different value for w .

The Tinear values of U4, and 99 for n = 0.95 and x = -0.5
to 0.5 are given in TABLE XVI, and the values of g,;/ Uy,
evaluated at x = f '; are given in TABLE XVII. The same procedure
can be followed as in n = 0.5 so that different solutions for

various values of e, j and n can be found.

-The graph of w01(z*) for n = 0.95 is plotted in FIG V. A
table of values of ¢01(z*) is given in TABLE XVIII.

The value of ¢ considered for n = 0.95 is

e =0.1. (4.4.12)

Similar results to the earlier case are given in TABLES XIX to

XXI and FIGURES XV and XVL .

The terminating values of TLcrit’ L and M erit for all

components mentioned are

T = 1741.76 , = 0.9502 , A = 3.12166.

(4.4.13)

Lerit L Lerit

4,5 Perturbation method for solving wN(z*) and SN(z*)

The equation satisfied by wN(z*) is now

2

d vy T5 2 5
. #oggl ===+ sech wz*| + wa =0 (4.5.1)
dz* ¥2 |
with boundary conditions
oy >0 as z* - ¥ e, (4.5.2)
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We first obtain a perturbation series for ¥y assuming that

2
Ty . s Tikes] (4.5.3)
and
3 5
(%) = suq(z*) + s wg(z*) + & yg(z*) + ..., (4.5.4)

where § is a small parameter unrelated to ¢ and T§ is the eigen-

value of problem (3.7.19) with j = 1.

The procedure is standard, existence conditions at order

62n+1 2n-1

determines unknown constants in the solution at order &

so we omit the details. The solution is

¢1(z*) = A sech wz* (4.5.5)
and | : _
I s E 3 I e 1 > >
¢3(z ) = = e Iogez + 1oge(sech wz*) | .sechwz*,
w
‘ (4.5.6)
where
2
R = —3T§ / Zsz o (4.5.7)
We next expand
3
Sy(z¥) = Gsél)(z*) 18 s§3)(z*) *oees  (8.5:8)
and use the relationship
2

in equation (3.17.18) and again by standard methods (thoubh in
this case the wark is more complicated) we find

1 3
- o

N = 0. (4.5.10)

and

S, = S(ZIR(Z) + 8 (Ry(z*)uy(2) + R(z%)y3(2%)) + ...
(4.5.11)

where SN(Z*) = SN o 7§ and R(z*) is given in (4.3.12).
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The value of Rz(z*) is

2 r
n A i 8 11
RZ(z*) = 2y [raiz* + 5 (r4i 535 (rZi pegyes ) )tanhwz* ].
(4.5.12)
The solutions for U4, Ugs U6 , ® can now be given in the
form of
3 5 2 2.9 2 3 2 4
e+ e +0(es )+ e66+ €66 +ed6 + 0(es)

: 3 i
+ 0(e 8) etc. (4.5.13)

 The non-linear wavenumbers for the velocity components were
not plotted due to the complex nature of the solutions. The non-

Tinear critical Taylor number, however, is given by

| =T

2 2
Ler e c6TE (4.5.14)

Lerit 3

where TLcrit is defined in (4.3.17).

The reader is reminded the analysis of § 4.5 is only valid
for the case with j = I. A similar procedure can be carried out
for other values of j but the expénsion process becomes rather more
complex. It was decided not to proceed any further for other

values of j.

The solutions of the full non-linear equations forrpN(z*) were
also obtained numerically for the same values of Té and for
higher values of Té where the perturbation technique is not valid.
Due to the time factor and computational difficulties it was
decided not to calculate the numerical solution for SN;(Z*) for any

values of D.

4.6a The non-linear case with n= 0.5 and j = 1

Here we use the values for A. , Tc’ TE etc., given in § 4.4a |
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From our computing methods the following additional constants, defined
in (3.16.26) and by the imaginary part of (3.17.13) , were
b = -13.7061 and raq = 172.4719. (4.6.1)

The values of fzo,k(x) and f22,k(x) (k = 4,5,6) forn = 0.5 and
x = =0.5 to 0.5 are given in TABLE XXII. The reader is reminded
that

f20’4(x) e f20,6(x) = 0 for all x. (4.6.2)

These in conjunction with the values of u11,k(x) and 921,k(x) given

in TABLE VII, the constants given in (4.6.1) and elsewhere in

s4.4a and the functions wl(z*) z ws(z*), R(z*) and Rz(z*) defined
in (4.5.5), (4.5.6), (4.3.12) and (4.5.12) respectively, will enable
the reader to find other non-linear solutions of U, Ug, Ug and

o for various values of ¢ and & (with j fixed at 1). These non-

linear solutions are given in (3.17.21) to (3.17.28).

From these constants etc., we calculated solutions for wN(z*)
both numerically using the full equation for Uy and by the
perturbation method for D = 260, D = 600 and D = 1500, where D is
given by

p. = T5- T8 . (4.6.3)
These results for wN(z*) are given in TABLE XXIII and TABLE XXIV
for the perturbation method and the numerical solution respectively.
In TABLE XXIV there are also additional solutions of ¢N(z*) for
Targer values of D. A set of values of the initial condition
vy(0) against D is also given in TABLE XXV for the numerical

solution only.

The graphs of the numerical solutions for wN(z*), ¢N(0)
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against D are given in FIG XVII and FIG XVIII respectively.

The values of ¢ considered for n = 0.5 are

e =0.lande =0.5. _ " (4.6.4)

At this stage we note that TLcrit,N is related to TLcrit by
3 2
Tierit,N = TLerit ¥ ¢ D (4.6.5)

for the numerical and perturbation case. In the perturbation

: 2
case D defines 5

e o (4.6.6)

Using wholly the perturbation method we are able to obtain
results for TLcrit,N and the non-linear solutions for Ugs Ugs Ugs
¢ with D = 200 and D = 600 for both values of ¢ considered.
These non-linear solutions are summarized for various z* values in
TABLE XXVI for ¢ = 0.1 and TABLE XXVII for ¢ = 0.5. Since all these
solutions depend also on the x co-ordinate we shall plot and

tabulate for x = 0 only.

The graph of the non-linear solutions for U4 is drawn forn= 0.5
and ¢ = 0.5 for two values of D. These are given in FIG XIX. The
graphs of Uy are not drawn for ¢ = 0.1 due to the more rapid

oscillations of the solutions.

The terminating va]ues of TLcrit,N' e =0.1,D =200 and
D = 600 are

T = 3076.94 and T = 3080.94 (4.6.7)

Lerit,N Lerit,N
respectively. The terminating values for ¢= 0.5 , D = 200 and

D = 600 are
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T = 2226.59 and TLcrit,N = 2326.59 (4.6.8)

Lerit,N
respectively.

4.6b The non-linear case with n = 0.95 and j =1

The values for A_, Tc’ TE etc are given in §4.4p for n = 0.95.
From our computing methods we find

-

b =-2.9013 and r,. = 14.7236 (4.6.9)

with these values we can calculate the solutions for wN(z*) both

numerically and by using our”perturbation expansion.

To save time we can compute solutions for wN(z*) using our
previous solutions for ¢N(z*) and n = 0.5. This is done in the

following manner.

If vy 5(2*) and gy g 95(y) represent the- solutions

for n = 0.5 and n = 0.95 they are given by the following differential

equations
2 :
dy T
N,0.5 2 2 1 3
—_— ) —£ - a+a sechwz* | + by =0
dz*z N’O's [Tz N’O.S
' (4.6.10)
d2
¥N,0.95 , P 2 3
2
(4.6.11)
where
| )V = D
T2 - TE +D and P2 = P2 - 01 . (4.6.12)
respectively.
When we substitute
Z* == u.'qyfm al'ld lIJN’O.S = EwN,O.gs (4.6-]3)
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in (4.6.10) and compare the two equations we have for ¥\ 4 g¢

we have
2

S IARLX o S e :
(mi) g (w_‘)?% . ;2. (_’) bE = by.

2 w
(4.6.14)

™~

Therefore given a D and wN,O.S we can find D1 and wN,O.QS

by using (4.6.14) , (4.6.13) and (4.6.12). A table of ¥N,0.95

and D1 are given in TABLE XXV using this method. The relationship
between wN(O) and D is given in FIG XVIII. No graphs or tables of

¥y,0.95 are given due to this relationship.

The reader is reminded the value of e considered here is

e = 0.1 , (4.6.15)

The non-linear solutions for U4, U5, Us, ® are tabulated
in TABLE XXIX for D1 = 126.702 only. Due to the similarity with

the results of n = 0.5 no graphs of these solutions are given.

The non-linear values of fzo;k(x) and fzz'k(x) can be found
in TABLE XXVIII; these can be used along with other tables to find

various solutions for different values of € and 6 .

The terminating value of TLcrit N for € = 0.1 and D] = 126.702
is.

Teeritn - = 1743.08. 7, (4.6.16)
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" TLe Me
0.5 3099.78 3.16242
0.51 3034.68 3.1607
0.52 2972.83 3.1591
0.53 2895.02 3.1571
0.65(a) 2383.96 3.1425
0.75(2) 2102.17 3.1355
0.85(2) 1902.40 3.1302
0.95 1754.96 3.12735
(a)Resu1ts obtained from Roberts (3)

TABLE IV

Critical val

ues of TLc' ALc'

176

n w TE ‘Pnj(z*)
0 1.9354 | 1649.25 A sech z*
2
5 1.0 } 1 1174 | 1099.50 | A sech uz*
1 2748.76 A sech wz* tanh wz*
0 » 824.63 A gechamz*
T } 0.7901 | 2199.00 | A sech wz* tanh wz*
pd
2 3023.63 | A sech wz*[tanh wz* - & ]
TABLE V Eigenvalues and eigensolutions for n= 0.5
and fixed j and n.
J n w TE
1 0 2.2425 | 1289.90
2| O } 1.2947 | 859.93
1 2149.83
0 644 .95
3 1 0.9155 | 1719.87
2 2364 .81
TABLE VI Eigenvalues for n= 0.95 and fixed j and n,



| oDy | ofis | uiids | ol | shils | 9

-0.5 0 0 0 0 0 0
-0.4 -1.1964| 0.0959 | -6.6810 | 0.4627 -0.0006 | -0.3610
-0.3 -3.4104| 0.1811 | -7.8681 | 1.2261 -0.0023 | -0.0665
-0.2 -5.2953| 0.2452 | -5.9281 | 1.7787 -0.0033 0.2490
-0.1 -6.2380| 0.2791 | -2.6785 | 1.9711 -0.0026 0.3536
0 -6.1209 | 0.2793 0.6161 | 1.8385 -0.0003 0.2456
0.1 -5.1275| 0.2490 3.1792 | 1.4868 0.0026 0.0364
0.2 -3.5975| 0.1961 4,5998 | 1.0289 0.0046 | -0.1357
0.3 | -1.9354| 0.1311 4.6744 | 0.5610 0.0050 | -0.1733
0.4 -0.5758| 0.0637 3.2381 | 0.1743 0.0039 | -0.0760

0.5 0 0 0 0 0 0

TABLE VII Summary of results for the velocity

components for n = 0.5 and x = -0.5 to 0.5.

(1) (r)
X | 921,87 Y14

(r (1)
91,6 / 11,6

9%%25/ ”%?25

-0.5 -0.4178 0 0.1016
0.5 -0.3256 0.0598 0.0094
TABLE VIII Values of g,, j/"11 i (j = 4,5,6) for n = 0.5

~evaluated at x = -0.5 and 0.5.
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z* wﬂ](z*) Z* l‘po‘l (z*)
0 0.5000 1.6 0.0451
0.2 0.4647 1.8 0.0307
0.4 0.3802 2.0 0.0208
0.6 0.2851 Rk 0.0141
0.8 0.2034 2.4 0.0096
1.0 0.1414 2.6 0.0065 |- \
E.2 0.0971 2.8 0.0044
1.4 0.0663 3.0 0.0030

TABLE IX Values of wcl(z*) for the case n = 0.5

and j = 1.
z¢ | onp Tierit | Aerit®® [Merit(Ua) | AeritYs)
0 0.5 3116.27 3.17627 | 3.18812 3.17690
0.5 0.5007 3093.17 3.16603 | 3.17125 3.16631
1D 0.5012 3078.25 3.15941 3.16036 3.15947
1.5 0.5012 3075.44 3.15817 | 3.15831 3.15818
TABLE X Values of UK TLcrit and A cpit 28 given by

equations (4.3.21), (4.3.20) and (4.3.19) for the

case n=0.5,j=1, ¢ =0.1 and x = 0.

z* | o Tierit | Merit® | *Lerit(Va) | Mrerit(Vs)
0 0.5 3209.85 3.50876 | 3.80488 3.50449
0.5 | 0.5181 | 2632.20 3.25065| 3.38322 3.25959
1.0 | 0.5305 | 2259.24 3.08729| 3.11098 3.08855
1.5 | 0.5320 | 2188.95 3.05612| 3.05966 3.05631

TABLE XI Values of n, , H cntt and Merit 28 given by

the same equations above for the case n= 0.5,
j=1,e=0.5and x = 0.
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z* =0 = 1,2
X | A eritl®] Aerit(Ua) Aerit(Us) Acrit(®)| Acrit(Va)] ALerit(Ys)
-0.5| 3.18067 3.19252 | 3.17687 3.15881 |3.15925 3.15866
-0.4| 3.17951 3.19136 | 3.17709 3.15876 |3.15921 3.15867
-0.3| 3.17849 3.19034 | 3.17734 3.15872 |3.15917 3.15868
-0.2| 3.17760 3.18945 | 3.17738 3.15869 |[3.15914 3.15868
-0.1| 3.17686 3.18870 | 3.17722 3.15866 |3.15911 3.15868
0 3.17627 3.18812 | 3.17690 3.15864 |3.15909 3.15866
0.1] 3.17588 3.18773 | 3.17648 3.15863 |3.15907 3.15865
0.2| 3.17574 3.18758 | 3.17598 3.15862 |3.15907 3.15863
0.3| 3.17588 3.18772 | 3.17542 3.15863 |3.15907 3.15861
0.4| 3.17636 3.18821 | 3.17488 3.15864 | 3.15909 3.15859
0.5] 3.17722 3.18906 | 3.17463 3.15868 |3.15912 3.15858
TABLE XII Variation in x for wavenumbers of ¢, U4 and U5
given by equations (4.3.19) and (4.3.17) for
the casen= 0.5, j = 1,e = 0.1 with z* =0 and z*=
Bls
z* =0 z* = 1.0
Merit® Merit(Va)] Merit(Vs) Merit(®)] Aerit(Ya)] Aerit(VYs)
-0.5] 3.61873 3.91485 | 3.52361 3.09609 |[3.11977 3.08848
-0.4 | 3.58968 3.88581 |3.52913 3.09376 3.11?45 3.08892
-0.3 | 3.56417 3.86030 | 3.53530 3.09172 |3.11541 3.08941
-0.2 | 3.54203 3.83816 |3.53634 3.08995 |[3.11364 3.08949
-0.11 3.52339 3.81951 |3.53231 3.08846 |[3.11215 3.08917
0 3.50876 3.80488 | 3.52449 3.08729 [3.11098 | 3.08855
0.1 3.49902 3.79515 | 3.51397 3.08651 |3.11020 3.08771
0.2 | 3.49532 3.79144 |3.50144 3.08621 |3.10990 3.08670
0.3 ] 3.49890 3.79503 | 3.48754 3.08650 [3.11019 3.08559
0.4 3.51093 3.80706 | 3.47383 3.08746 |3.11115 3.08449
0.5 3.53240 3.82852 | 3.46765 3.08918 |3.11287 3.08400
TABLE XIII Variation in x for wavenumbers of & , U4 and U5

for the case n = 0.5, j = 1,6 = 0.5 with z* =0

and z* = 1.0.
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U(p)

(p) (p)
z* 3 [} U4 5 U5 UG 6

ulP | v

0 0 0 -6.1209|-6.1209| 0.2793| 0.2793| 0 0

0.05| -1.9262|-1.9354| 0.1416{ 0.0637|-0.0049|-0.0029(-0.6131(-0.6161
0.1 0.0658| 0.0403| 6.0035| 6.1196|-0.2740(-0.2793| 0.0302| 0.0128
0.15| 1.8546| 1.9346|-0.4062|-0.1912| 0.0142| 0.0087| 0.5899| 0.6158
0.2 |-0.1243|-0.0806|-5.6725|-6.1156| 0.2591| 0.2791|-0.0565|-0.0257
0.25 | -1.7237|-1.9329| 0.6214| 0.3186(-0.0219r-0.01451-0.5477|-0.6153

1.0 |-0.1806/-0.4002|-1.6277|-5.9886| 0.0752| 0.2733(-0.0706(-0.1274
1.05 | -0.4726|-1.8894| 0.6359| 1.3279|-0.0251|-0.0606|-0.1478|-0.6014
Tl 0.1639| 0.4396| 1.3342| 5.9610|{-0.0617|-0.2720| 0.0631| 0.1399
1.15 | 0.3874| 1.8803|-0.5676|-1.4521] 0.0226| 0.0663| 0.1209| 0.5985
1.2 |-0.1472|-0.4787|-1.0903 |-5.9307| 0.0505| 0.2706|-0.0560|-0.1524
1.25 | -0.3166|-1.8703| 0.5025| 1.5756|-0.0202(-0.0719 (-0.0986|-0.5953

2.3 0.0231| 0.9629| 0.0668| 5.3098(-0.0032|-0.2423| 0.0080| 0.3065
2.55 | 0.0197| 1.6689|-0.0721|-3.1001| 0.0031| 0.1415| 0.0059| 0.5312
2.6 |-0.0197 |-0.9976 |-0.0533 |-5.2452| 0.0025| 0.2394|-0.0068|-0.3176
2.65 |-0.0158 |-1.6481| 0.0612| 3.2094|-0.0026|-0.1465|-0.0047|-0.5246
4 0.0167 | 1.0320 | 0.0423| 5.1784|-0.0020{-0.2363 | 0.0058| 0.3285
2.75 | 0.0126 | 1.6266 |-0.0518|-3.3172| 0.0022| 0.1514| 0.0037| 0.5178

TABLE XIV Solutions of Ugs U5, U6 and ¢ , and the corresponding
parallel wall solutions, for the case n = 0.5, j = 1,e = 0.1
and x = 0,
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7% % ¢(p U4 ng) U5 Uép) UG Uép)
0 0 0 -6.1209(-6.1209| 0.2793| 0.2793]| O 0

0.1 | -1.2290|-1.1442|-4.3926|-4.9369| 0.2094| 0.2253|-0.4286 |-0.3642
0.2 | =1.7900|-1.8457{-0.3554(-1.8429| 0.0427| 0.0841|-0.5953|-0.5875
0.3 | -1.4543|-1.8332| 3.4730| 1.9641|-0.1243|-0.0896|-0.4276|-0.5835
0.4 | -0.5211|-1.1114| 5.0610| 5.0112|-0.2080|-0.2287|-0.0660 |-0.3538
0.5 0.4535| 0.0403| 4.0161| 6.1196|-0.1841|-0.2793{ 0.2670| 0.0128
1.0 | -0.3670|-0.0806 |-1.6631/-6.1156| 0.0768| 0.2791|-0.1838|-0.0257
1.1 | -0.5271|-1.2082|-0.2395|-4.7819| 0.0225| 0.2182|-0.2118|-0.3846
1.2 | -0.4358(-1.8684| 0.8879|-1.5982|-0.0256| 0.0729{-0.1510|-0.5947
1.3 | -0.2002(-1.8057| 1.3649| 2.2038(-0.0503(-0.1006(-0.0496|-0.5748
1.4 0.0469|-1.0445| 1.1915| 5.1532|-0.0486|-0.2352| 0.0423|-0.3325
otk 0.1415]-0.4859| 0.6172| 6.1090(-0.0297|-0.2788| 0.0736(-0.1547
2.5 0.0484| 0.2012| 0.0784| 6.0878|-0.0037|-0.2778| 0.0193| 0.0640
2.6 0.0453| 1.3003 (-0.0398| 4.5340| 0.0011|-0.2069| 0.0170| 0.4139
Y 0.0270| 1.8963 [-0.1095| 1.2262| 0.0041|-0.0560| 0.0091| 0.6036
2.8 |. 0.0037| 1.7587 |-0.1192|-2.5560| 0.0048| 0.1166| 0.0003] 0.5598
2.9 | -0.0142 | 0.9407 |-0.0828|-5.3494| 0.0035| 0.2441(-0.0061| 0.2994
3.0 | -0.0219 |-0.2412 |-0.0270|-6.0732| 0.0013| 0.2771|-0.0084|-0.0768

TABLE XV Solutions of U4, U5, U6 and ¢ etc., forn= 0.5,
j=1,e =0.5'and x = 0.




(r) (r) (i) (i) (1) (r)
t U11,4 11,5 U11,6 921,4 921,5 921,6
-0.5| 0 0 0 0 0 0
-0.4|-1.1402 | 0.1003 | -6.3586 | 0.4435 | -0.0006 | -0.3426
-0.3|-3.4611 | 0.1975 | -7.8949 | 1.2623 | -0.0028 | -0.1119
-0.2 | -5.7094 | 0.2790 | -6.2321 | 1.9693 | -0.0051 | 0.1663
-0.1|-7.1221 | 0.3307 | -2.8419 | 2.3452 | -0.0057 | 0.2811
0 |-7.3688 | 0.3441 | 1.0068 | 2.3430 | -0.0042 | 0.2111
0.1|-6.4768 | 0.3181 | 4.3089 [ 2.0173 | -0.0013 | _0.043]
0.2 |-4.7423 | 0.2591 | 6.3413 | 1.4734 | 0.0018 | -0.0950
0.3|-2.6480 | 0.1786 | 6.6026 | 0.8390 | 0.0036 | -0.1040
0.4 |-0.8133 | 0.0892 | 4.6724 | 0.2693 | 0.0030 | 0.0043
0.5| 0 0 0 0 0 0
TABLE XVI Summary of results for the velocity components
for n = 0.95 and x = -0.5 to 0.5.
(i) /,(r) (i) ,,(r) (r) ,,(i)
X 1921,4/Y11,4 931,57411,5 931,67Y11,6
-0.5 -0.4182 0 0.0985
0.5 -0.3546 0.0402 0.0349
TABLE XVII Values of 921,5/“11,j (j = 4,5,6) for n= 0.95

at x = -0.5 and x = 0.5.
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z* | vy (2¥) z* ¥01(2%)
0 0.5000 1.6 0.0276
0.2 0.4536 1.8 0.0177
0.4 0.3496 2.0 0.0113
0.6 0.2439 2.2 0.0072
0.8 0.1618 2.4 0.0046
1.0 | 0.1050 2.6 0.0029
¥.2 0.0675 2.8 0.0019
1.4 0.0432 3.0 0.0012
TABLE XVIII Values of ¢01(z*) for the case n = 0.95
and j = 1.
p ! A A
z* W TLcrit Lcrit(¢) Lcrit(U4) Lcrit(US)
0 0.9500| 1767.86 | 3.13516 3.15124 3.13587
0.5 | 0.9502| 1750.82 | 3.12635 3.13193 3.12659
1.0 | 0.9502| 1742.91 | 3.12226 3.12297 3.12229
1.5 | 0.9502| 1741.88 | 3.12173 3.12180 3.12173
TABLE XIX Values of nLs TLcrit and ALerit for the
case n =0.95, j =1,e =0.1 and x = 0.
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2% = 0 z* = 1.0

X 1 erit®)] Aerit(Ya)] Aerit(Ys)] Aerit(®)] Acrit(Ya)] ALeridls)
-0.5/3.14020 | 3.15628 3.13525 3.12248 |3.12319 3.12226
-0.4/3.13873 | 3.15481 3.13556 3.12242 |3.12313 3.12228
-0.3/3.13751 | 3.15359 3.13598 3.12236 |3.12307 |-3.12229
-0.2|3.13652 | 3.15260 3.13617 3.12232 |3.12303 3.12230
-0.1(3.13573 | 3.15181 3.13612 3.12228 |3.12299 3.12230
0 |3.13516 |3.15124 3.13587 3.12226 |3.12297 3.12229
0.1/3.13483 |3.15091 3.13545 3.12224 |3.12295 3.12227
0.2/3.13480 |3.15088 3.13490 3.12224 | 3.12295 3.12225
0.3/ 3.13510 |3.15118 3.13424 3.12226 |3.12297 3.12222
0.4/3.13582 |3.15190 3.13355 3.12229 |3.12300 3.12219
0.5/ 3.13701 |3.15309 3.13323 3.12234 |[3.12305 3.12217

TABLE XX Variation in x for wavenumbers of ¢, U4 and U5

for n=0.95, =1, ¢ = 0.1 with z¥ = 0 and

I®== 1.
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7% ® ¢,(p) U4 ng) US Uép) U5 Uép)
0 0 0 -7.3688|-7.3688| 0.3441| 0.3441

0.05|-2.3415| -2.3562| 0.0351|-0.0525| 0.0010| 0.0025(~-1.0005|~1.0067
0.1 |-0.0147|-0.0336( 7.1890| 7.3680|-0.3356|-0.3440| 0.0040(-0.0143
0.15| 2.2290| 2.3557|-0.0956( 0.1574|-0.0028|-0.0074| 0.9527| 1.0065
0.2 | 0.0269| 0.0671|-6.6912|-7.3658| 0.3122| 0.3439|-0.0067| 0.0287
0.25|-2.0291|-2.3547| 0.1323|-0.2623| 0.0041| 0.0122|-0.8677|-1.0061
1.0 | 0.0267| 0.3345|-1.5671|-7.2942| 0.0725| 0.3406| 0.0014| 0.1429
1.05|-0.4447|-2.3299| 0.0204|-1.0979| 0.0034| 0.0513(-0.1913|-0.9955
1.1 |-0.0227|-0.3676| 1.2596| 7.2785|-0.0582|-0.3399(-0.0019{~0.1571
1.15| 0.3568| 2.3247|-0.0116| 1.2015|-0.0029|-0.0561| 0.1536| 0.9933
1.2 | 0.0196| 0.4008|-1.0110{-7.2614| 0.0467| 0.3391| 0.0021| 0.1712
1.25(-0.2859|-2.3190| 0.0054 {-1.3050]| 0.0025| 0.0609|-0.1232|-0.9908
2.5 [-0.0022|-0.8214| 0.0566| 6.9066 (-0.0026 |-0.3225|-0.0006 |-0.3509
2.55| 0.0158| 2.2025| 0.0029| 2.6178|-0.0003|-0.1222| 0.0069| 0.9411
2.6 | 0.0018| 0.8527 |-0.0454 |-6.8693| 0.0021| 0.3208| 0.0005| 0.3643
2.65(-0.0127 |-2.1904 {-0.0025 {-2.7156| 0.0002| 0.1268|-0.0055 [-0.9359
2.7 |-0.0015|-0.8839| 0.0364 | 6.8306(-0.0017 |{~0.3189|-0.0004 |-0.3777
2.75| 0.0101| 2.1778 | 0.0022 | 2.8129|-0.0002|-0.1313| 0.0044 | 0.9305

TABLE XXI Solutions of U4, U5, U6 and @ , and the

corresponding parallel wall solutions for

n -

0.95, J
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% f§524 22,5 fééls féEZs

-0.5 0 0 0

-0.4 -0.8207 |- 0.0367 -2.3157 -0.3006

-0.3 -2.4049 | 0.0673 -2.8936 -0.5053

-0.2 -3.8469 | 0.0843 -2.3143 -0.5387

-0.1 -4.6349 | 0.0862 -1.1329 -0.4020

0 -4.6268 | 0.0766 0.1081 -0.1784

0.1 -3.9566 | 0.0603 1.0625 0.0239

0.2 -2.8782 | 0.0420 1.6205 0.1335

0.3 -1.6504 | 0.0251 1.7827 0.1405

0.4 -0.5418 | 0.0111 1.4235 0.0806

0.5 0 0 0

TABLE XXII Results for the velocity components for
n=0.5and x = -0.5 to 0.5.
®

il (Z*)p=200| ¥n(Z*) p=600 | ¥(Z") D=1500

0 0.2222 0.3822 0.5948

0.2 0.2074 0.3600 0.5718

0.4 0.1718 0.3053 0.5102

0.6 0.1310 0.2405 0.4282

0.8 0.0953 0.1812 0.3436

1.0 0.0677 0.1332 0.2674

1.2 0.0475 0.0966 0.2039

1.4 0.0331 0.0695 0.1532
.6 0.0230 0.0497 0.1139

1.8 0.0159 0.0355 0.0840

2.0 0.0110 0.0252 0.0616

TABLE XXIII
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Values of wN(z*) obtained

perturbation expansion for

by the
n = 0.5,

j=1, D =200, 600 and 1500.



2% 1un (2%)pogo | Un(Z*)p=600 | *N(Z*)D=1500] “N Z*) D=2000] N Z*) D=3000
0 | 0.2222 0.3820 0.5932 0.6770 0.8076
0.2| 0.2074 0.3595 0.5670 0.6513 0.7830
0.4| 0.1718 0.3046 0.5027 0.5887 0.7237
0.6 0.1311 0.2406 0.4267 0.5162 0.6570
0.8| 0.0955 0.1827 0.3564 0.4511 0.5999
1.0| 0.0679 0.1361 0.2976 0.3993 0.5572
1.2| 0.0477 0.1005 0.2501 0.3598 0.5277
1.4| 0.0333 0.0739 0.2117 0.3304 0.5079
1.6 0.0233 0.0542 0.1803 0.3086 0.4951
1.8 0.0162 0.0397 0.1541 0.2923 0.4869
2.0} 0.0113 0.0290 0.1319 0.2802 0.4816

TABLE XXIV Values of wN(z*) given by the numerical
solution of the full equation for n = 0.5,
j =1, D =200, 600, 1500, 2000 and 3000.
D ¥9.5(0) D, ¥g.95(0)
100 0.1575 78.21 0.3966
162 0.2 126.70 0.5037
200 0.2222 156.42 0.5596
367 0.3 287.03 0.7555
600 0.382 469.27 0.9620
659 0.4 - 515.41 1.0073

1000 0.4895 782.11 ' 1.2327

1045 0.5 817.31 1.2592

1500 0.5932 1173.17 1.4939

2000 0.6770 1564.22 1.7048

3000 0.8076 2346.33 2.0339

4000 0.9140 3128.44 2.3019

5000 1.0067 3910.55 2.5353

TABLE XXV Comparison of D and wN(O) from the numerical

solution for n = 0.5 and n = 0.95.
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D = 200 D = 600

Z* ® U4 U5 U6 ) U4 U5 U6

0 | 0.0000{-0.2766| 0.0124| 0.0000| 0.0000{-0.4817| 0.0213| 0.0000
0.05| -0.0856| 0.0109|-0.0005(-0.0272(-0.1472| 0.0354|-0.0016|-0.0469
0.1} 0.0030| 0.2627|-0.0122| 0.0019| 0.0119| 0.4467|-0.0210| 0.0053
0.15 0.0827|-0.0141| 0.0009| 0.0263| 0.1428|-0.0493| 0.0027| 0.0453
0.2 | -0.0058|-0.2572| 0.0115|-0.0036|-0.0228(-0.4497| 0.0199|-0.0098
0.25| -0.0770| 0.0317/-0.0017|-0.0244 {-0.1333| 0.1047]-0.0051-0.0424
1.0 | -0.0087|-0.0783| 0.0035|-0.0042|-0.0264|-0.1484| 0.0067|-0.0109
1.05| -0.0227| 0.0306|-0.0016|-0.0069 |-0.0431| 0.0869|-0.0043|-0.0132
1.1 | 0.0079| 0.0644|-0.0029| 0.0037| 0.0234| 0.1231|-0.0056| 0.0097
1.15| 0.0189|-0.0271| 0.0014| 0.0057 | 0.0364|-0.0760| 0.0037| 0.0111
1.2 |-0.0072|-0.0535| 0.0024{-0.0033|-0.0210{-0.1041| 0.0047|-0.0086
1.25|-0.0155| 0.0246|-0.0012|-0.0047 |-0.0303| 0.0681|-0.0033|~-0.0092
2.5 | 0.0013| 0.0038(-0.0002| 0.0005| 0.0035( 0.0083|-0.0004{ 0.0013
2.55| 0.0011{-0.0040| 0.0002| 0.0003| 0.0025|-0.0109| 0.0005| 0.0007
2.6 |-0.0011(-0.0030{ 0.0001|-0.0004 |-0.0030(-0.0067| 0.0003|-0.0011
2.65(-0.0009| 0.0034|-0.0002|-0.0002 |-0.0020| 0.0093|-0.0004|-0.0005
2.7 | 0.0009| 0.0024{-0.0001| 0.0004 | 0.0026| 0.0054(-0.0002| 0.0010
2.75| 0.0007|-0.0029| 0.0001| 0.0002| 0.0016|{-0.0080| 0.0004| 0.0004

TABLE XXVI  Non-linear solutions of U4, US’ U6 and ¢ ,
for the case n = 0.5, j = 1,6 = 0.1, x =0,

D = 200 and D = 600.
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D = 200 D = 600

z* ¢ Uy Ug Ug o Ug Ug Ug

0 0.0000(-1.4751| 0.0618| 0.0000{ 0.0000{-2.6844| 0.1058| 0.0000
0.5 |-0.1698|-1.3513| 0.0563|-0.0604|-0.4031|-2.3592| 0.0923|-0.1300
0.1 |-0.3089|-1.0085| 0.0410{-0.1093 -0.7137|-1.4697| 0.0549|-0.2314
0.15|-0.3948(-0.5228| 0.0191|-0.1379|-0.8674|-0.2427 | 0.0023|-0.2829
0.2 |-0.4189| 0.0071|-0.0054|-0.1420|-0.8441| 1.0314|-0.0541|-0.2753 |
0.25|-0.3855| 0.4875|-0.0282|-0.1223|-0.6676| 2.0882|-0.1030|-0.2121]
1.0 |-0.0882|-0.4074| 0.0179|-0.0650|-0.4097|-0.7811| 0.0339|-0.1960
1.05(-0.1174|-0.2367| 0.0089|-0.0690|-0.4370{-0.2435| 0.0073|-0.1954
1.1 |-0.1291|-0.0636| 0.0001|-0.0652|-0.4145| 0.2490(-0.0166|-0.1751
1.15|-0.1246| 0.0916|-0.0075|-0.0552|-0.3516| 0.6482|-0.0356|-0.1399
1.2 |-0.1070| 0.2141|-0.0132|-0.0408(-0.2612| 0.9240-0.0484|-0.0955
1.25(-0.0804| 0.2954|-0.0167|-0.0243|-0.1571| 1.0654|-0.0546|-0.0477
2.5 | 0.0130| 0.0220|-0.0010{ 0.0067| 0.0440| 0.0491|-0.0022| 0.0198
2.55| 0.0135| 0.0049(-0.0001| 0.0064| 0.0433|-0.0024| 0.0004| 0.0186
2.6 | 0.0126{-0.0102| 0.0007| 0.0056( 0.0384(-0.0461( 0.0025| 0.0158
2.65| 0.0105|-0.0219| 0.0012| 0.0043| 0.0303(-0.0788| 0.0041| 0.0119
2.7 | 0.0076|-0.0297| 0.0016| 0.0028| 0.0205{-0.0989| 0.0051| 0.0073
2.75| 0.0044|-0.0333| 0.0017| 0.0012| 0.0100|-0.1062| 0.0053| 0.0028

TABLE XXVII  Non-linear solutions of U4, U5, U6 and ¢ ,

200 and D = 600.
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for the case n = 0.5, j = 1,6 = 0.5, x =0, D =



X égh '%EE '%;k 'égk
-0.5 0 0 0 0

-0.4 -0.3346 0.0179 -0.9511 | -0.1198
-0.3 -1.0622 '0.0347 -1.2979 | -0.2043
-0.2 -1.8457 0.0459 -1.1598 | -0.2067
-0.1 -2.4218 0.0492 | -0.6754 | -0.1149
0 -2.6349 0.0453 -0.0387 0.0309
0.1 -2.4502 0.0367 |  0.5711 0.1620
0.2 -1.9266 0.0261 0.0363 0.2222
0.3 -1.1824 0.0157 0.2699 0.1965
0.4 -0.4102 0.0071 0.0894 0.1095
0.5 0 0 0 0

TABLE XXVIII

Results for the
n = 0.95 and x
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velocity components for

= -0.5 to 0.5.




x =0and D = 126.
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702.

D = 126.702

i 4 ® U4 U5 UG

0 0.0000 -0.7561 0.0350 0.0000
0.05 -0.2361 0.0091 -0.0002 -0.1008
0.1 -0.0060 0.7124 -0.0336 0.0013
0.15 0.2250 0.0239 0.0000 0.0963
0.2 0.0112 -0.6879 0.0319 -0.0023
0.25 -0.2059 -0.0075 -0.0003 -0.0882
1.0 0.0076 -0.1684 0.0079 -0.0008
1.05 -0.0479 -0.0112 0.0001 -0.0210
Tl * -0.0063 0.1357 -0.0064 0.0006
1:15 0.0387 0.0103 -0.0001 0.0170
T2 0.0053 -0.1104 0.0052 -0.0004
1.25 -0.0313 0.0084 0.0001 -0.0138
2.5 -0.0005 - 0.0069 -0.0003 -0.0000
2.55 0.0019 0.0009 -0.0000 0.0009
2.6 0.0004 -0.0055 0.0003 0.0000
2.65 -0.0016 -0.0008 0.0000 -0.0007
.l -0.0003 0.0045 -0.0002 -0.0000
2.75 0.0013 0.0006 -0.0000 0.0006

TABLE XXIX Non-linear solutions of U,, U5, U6 and ¢
for the case n= 0.95: . 3=, =01,
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5. Slowly Varying Outer Wall With Order One Total Variation

5.1 Introduction

We now consider the case where the outer wall has equation

rim ¥(Z) = R, + (RZ-R1)H(Z)I2 (5.1.1)

with H(0) = 0. Here R, and R, are the inner and outer radii at
z*¥ = 0., We shall use Y(Z) as the equation of the outer wall for

convenience. The non-dimensional equation of the outer wall is
x = [1+F(z*)1/2 (z* a.Z/d). . (5.1.2)

To obtain this function F(z*) we put

H(dz*) = F(z*) . - - (5.1.3)

We shall first find a steady state series for the flow when
the inner cylinder is rotating and then perturb this to obtain

a Taylor-vortex like flow for Tinear perturbations.

It seems that the Taylor-vortex like flow is not obtainable
in terms of the variable z*. We shall need to introduce rates of

change with respect to g of 0(35) to solve the problem (ez = z*).

The function F(z*), exemplified by

F(z¥) = - tanh uz* , (5.1.4)
is chosen so that the base flow is locally more unstable near z* = 0
than near z* = £ = . We shall find an overall critical Taylor
number Tcrit which will give the Towest value of T for which neutrally

stable perturbations of the base flow can be found.
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5.2 Assumptions made about the outer surface

The function F(z*) defined in (5.1.3) is taken to have the

following properties :

()i IFlem ] = ¥ - forall 2% ;5 (5.2.1)

(1) F(0) =0 , (5.2.2)

(iii) T1im F(z*) exists, and 1im F(z*) exists . : (5.2.3)
z*-m z*-)—cn

These properties are all that are required (apart from existence
of derivatives of all orders) to find a base flow . Later we shall

limit F(z*) further by requiring
(fv) v F(z*) = E(-2*). » (5.2.4)
(v) F(z¥%) < 0 for 2% £ 0 (5:2.5)

for the perturbatien problem.

5.3 Equations for the base flow

We again denote the velocity components and pressure of the

base flow by Ugs Vs W and P - Using cylindrical polar co-

st -
ordinates , the boundary conditions are

By & Vs W, = Oonr=Y(Z), (Z=c2) (5.3.1)
and

u, ='v. =20 5, Vv

S

where r = Y(Z) is the equation of the stationary outer wall.

For ¢ small we expand
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2
u = 901 et u2 e

-
i

Vo de e¥a P Lo,
£ o) (5.3.3)
EW] e wz P s

=
"

ps = p0 & ep] s

A1l the functions are considered to be functions just of r and Z.
The functions must satisfy

v, =y, =y, =W, =0 on r=Y(Z) for § = 1,2,3,:.. (5.3.4)
and |

= R]R] e Bl Rl 0onr =R, ford = 1,2,35s e (5.3.5)

We note that any 3/3z in the basic equations becomes €3/9Z .
Therefore when we substitute (5.3.3) into the steady Navier-Stokes
and continuity equations we obtain the same set of partial differential
equations (3.3.14) to (3.3.16), (3.3.18) to (3.3.21) and (3.3.26) .
to (3.3.28). The solution for u1(r,Z) is again

ul(r,Z) =0 . (5.3.6)
The second momentum equation givesithe new equations
32V av v
L +l._£-.% B (5.3.7)
ar e r
32v 3V v
21+ l_i-.% - (5.3.8)
ar r ar r
3V 32 32v v :
u v 3 Vv :
2 3 (rvo) oW T iy 22 sl oEy. £, 2° v (9:3.9)
roiar 3z ar o P . a7

We shall also assume that at Z = ¥ = the flow reduces to purely
circumferential flow so that

u; >0 and ws ~0 as Z 5. Y, fords T, (5.3.10)

211



5.4 Solutions for the base flow

Equation (5.3.7) and boundary conditéons give

Vo(rsZ) = A2)r + B(Z)/r - (5.4.1)
whére
R 29’ 2
MZ) = -1, B(2)=-Y(DAD) , (5.4.2)
vi(2)-R,

and from (3.3.18) we find

po(rsZ) = oA (Z2)r°/2 + 2A(Z)B(Z)Tog r - 2B+,
(5.4.3)

where C(Z) is still unknown.

From (5.3.8) and boundary conditions we see
vi(r,Z) = 0 (5.4.4)
and from (3.3.19) and (5.4.4) we see that P1 is a function of Z
only. The solution of (3.3.27) is therefore

L 2
1 9py| 2 Ry Tog(r/Y(Z))-Y (Z)1og(r/Ry)
wz(r‘,Z) = —_— —r + (5.4.5)
bvo dZ Tog(Y(Z)/R,)
1 dp
= == = Wy(r,Z) , say. (5.4.6)
4yp

Using (3.3.16) and the fact u; = O on r = Ry it was found that

2
1 d Pr (T cI|:n.I r aNz
-r'u3(r,Z) = — [_2_ P, dr b — r—-——dr]. (5.4.7)
4y LdZ° 5 dz R 3z
1 1
The condition that Uy = 0 at r = Y(Z) implies
dzp Y(Z) dp, Y(ZgH
—L | rhydr + —L | r 2 g = o, (5.4.8)
dz? dz 3Z

Ry Ry
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Remembering that Hz( Y(Z),Z ) = 0 this can be written as

4 [ Y(Z)
— [—— rwzdr] =0 (5.4.9)
gz L dZ
: 5
and hence

Y(Z -
dp1/dz. = K// [J ; )rwzdr'] : (5.4.10)

i

where K 1is a constant.

We require ¥, >0 as Z » * » for all r in the range and
this is only possible (from (5.4.5)) if dp,/dZ ~0 as Z » o
Since the denominator of (5.4.10) is not infinite at Z = ¥ =
therefore K = 0 and dp1/dz = 0 for all Z. Hence
W (r,Z) = 0 j eI
and

u3(r,Z) = 0. (5.4.12)

We shall now attempt the more difficult task of solving for
w](r,Z). We use the differential equation for w1(r,2) and the
expression for po(r,Z) given respectively by (3.3.26) and (5.4.3),

and note

2k
ap 4q; R, Y(2) 2 3
l _0 = EIE ---—_...I 1 d_Y r_ - 2Y2(Z)1ogr_ __(_ZY E_

o 9 dZ  (Y*(2)-R})® dz\2 2r
40> R, Y(Z) 2
_1—]—2 zd—Y logr +i—£-§)- ; (5.4.13)
(Y?(2)-R})%dz 2r

The above equation can be re-written as
2. 2
By Y L)

5 +
r

2
o 3 (Y*(2)-R])® dz

2
r + 2(Y2(2)+R] )logr +
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20" (2)4R; ) (b,(2) - 1ogR2)], (5.4.14)

where for easier analysis we wrote

2 _ b

' 49, R, Y(2Z) 2 2

Lo 1 L (@) )b, (2)-TogR,) (5.4.15)
dz (Y (Z)-Ry )™ dZ

and bo(Z) is an unknown nonfdiménsional function at this stage

and depends only on n and Z .

Therefore from (3.3.26) we see

2z
aw 22, Ry Y(2) 2 2 2
o (r ar]) = 11 . 3<91 [-r +2(Y (Z)+Ry )logr+

g =
Ry Y (2)
(v"(‘Z)-R1 ) dz

2
r

2 2
=" EY (Z)+R] )(bo(Z)-long) ]. (5.4.16)
[ ] '
We shall assume a solution of (5.4.16) of the form
2 4

o M e,z 5.4.17
(YZ(Z)-R% V% dz K ) ( )

w](r,Z) =

and if we follow a similar line of approach as in (3.4.27) onwards

we will eventually obtain

1 [ o Ry Tog(r/¥(Z) - Y (Z)Tog(r/R;) ]
i 4

w2y = - X
: . 16 1og(Y(Z)/R])

(Ry +°(2)) [2 Ry TogR, Tog(r/¥(2))-Y"(2)ogY (Z)Tog(r/R,)
+ ————— Irlogr +

; Tog(¥(Z)/Ry)

2 Ry Tog(r/Y(Z))-Y (2)Tog(r/R;)
+ (bO(Z)-1-TogR2)(r - 4

Tog(Y(Z)/R;)
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Y 12)

R ;
1og(r/R])1og(r/Y(Z)) v (5.4.18)

1

To find the function bO(Z), we shall use the continuity equation

T .3 Wy
- -—-—(ruz) + — =0 (5.4.19)
r.ar ol

and write the solution for uz(r,Z) as

r aw.l
e AP (5.4.20)

’z 28 e
ruz(r ) l i

1
We can obtain bo(Z) explicitly by solving the following extremely

complicated integral relationship

Y(Z) o, |
r—-—dr = 0. (5.4.21)
: 32

This is equivalent to solving

Y(2)
rwy(r,Z)dr = 0 (5.4.22)

1
when the boundary condition Wy > 0as Z+ T = is used.

With the value of bO(Z) known we can find the velocity component

w1(r,2) completely.
In our expansion procedure later we expand bo(Z) as

b,(Z) = b (0) +7b*(0) + 26(0)/2 * ... (5.4.23)

of which only the first term will be needed. The value of bQ(O)
is seen to be the same value as bo given in (3.4.37) for n = 0.5
and (3.4.38) for n = 0.95, and these values were calculated using

a computer program.
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Therefore upon neglecting powers of e for n 3 2, the base

velocities are represented by

e ® 0, ¥ ¥ vo(r,Z) AR ewj(r,Z) (5.4.24)

where the subscript s denotes that the base velocities are steady.

The pressure distribution is given by

Pg = PylrsZ) . | (5.4.25Y

'5.5 The problem for the Taylor-vortex 1ike flow

We Took for a steady state perturbation to the base flow
described in §5.4. We first state the problem for the perturbation
in terms of the variable z* = ¢z . Non-dimensionalizing in the

usual way, the problem for the linear perturbation may be written

as
3y 2
St ﬁ*[_j. +eg.|:-.... E*H + 0(¢ ) = 0. . (5.5.1)
ax dz*
Here 2 2 .
0 QO =8l - 8 ifet -Tng,s 0
. 1. 2 S
0 -4G 0 2"2 -3 /3c+86G 0
B
Bl 2
A* = afaz O -G 0 0 -3 /3g | »
0 1 0 0 0 0
0. W0 1 0 0 By Lol
(5.5.2)
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- S
TH? sa/ac : 0 0
0 0 -wa’sa/ag VE
aﬂ? X

D* = T 2 0 TWT 2 3/9z|(5.5.3)
— ax 3

0 0 d

X% ] i

The various functions involved are defined below. We remind the
reader that G(x) is 1/(1+sx) and n =Ry/R, and that
F(z*) is defined by (5.1.3). Then

E(z*) ‘= T+ (1=-n)F(z*)/2 , (5.5.4)
% 8E” (2*)n G- (x)
+* : *' A ' n 5.5.5
go’s(x F) Ez(z*)- n’ : {Ez(z*)-nz}(1+n)2 ; )
'and
(1-n") (Vn)E(z%) [ 1 3

VX (X,2%,q) = =2 o b G{X) 1. (5.5.6
ISt (E3(z*)- 0%} [;G(x) (14n)° (x)] Soda

The function w¢ . contains the dimensionless function &(x) where

a(x) (T+n)/2 + (1=-n)x (5.5.7)

and we have

i 2 2
W o (x,z%en) = £(2%)(1-1) [“ + E (1) {(cz-nz)logc

2(1-n) *(E%(2*)-n%} | 210g(n/E(z*))
2 2 g -3
~logn+ (E (z*)-o )1ogE(z*)Togo + (n -E (z*))1ogE(z*)Togn +

(By(2%)-1)((o"=n )ogalogn + (E"(z*)-c )TogE(z*)logs +

b ;
tnz-EZ(z*))1ogs(z*)1ogn§} + ﬂ~5—§3fl (10go-Togn) (10go-10gE(z*))
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e Rl
16 log(n/E(z*))

4 (N
(E (2*)-n )logo } ] ’ (5.5.8)

b 4 .
{(n =0 )logE(z*) + (o -E (z*))logn +

where Bo(z*) =-b0(2) . The function o(x) is merely the expression

of r/Rz.

The six-vector U is just the usual extended velocity vector
and the boundary conditions are
By : the last 3 components of U are zero at

“ --i and at x = {1 + F(z%)}/2 , (5.5.9)
and
U+0 as zv+} e (5.5.10)

The function F(z*) satisfies the conditions (5.2.1) to (5.2.3) .

It should be explained that 4
96’5 (x52%,n) o zvo(r,;)/ Q,r (5.5.11)
av_(r,Z)
G vy (xiz*m) = L1 0O , (5.5.12)
dz* R 32
0
and
dF d
; oA I N N N 5.5.13
dz* L v 4 : ;

5.6 Attempt at a solution in terms of z*

Attempting a formal solution of (5.5.1) with T = T * €T§ e
and with

U = e, (x,2%) + eVy(x.2%) + ... } +c.c. (5.6.1)
where the W.K.B. method suggests .

$ L gz (5.6.2)
dz :
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we find the problem for V =~ 1is

aV
-0 (1) i -
; B X =0y oy (5.6.3)

where 5:}1) is defined by

a(D) = ca* with T replaced by T, and (5.6.4)
3/3z replaced by iK(z*)

Thus K(z*) is an eigenvalue, if Tc and n are fixed.

n

If we perturb the problem (5.6.3) about z* = 0 , expand

Vo = ¥q(x) +2%,(x) + ... and write K(z¥)

At A]zf +
lzz*z + ... , it is fairly easy to see by methods which have been
used throughout this work that the consistency condition at order
z*2leads to '

o= aF'(0)/2 (5.6.5)
where a is defined in (3.7.20) and is positive, while F"(0) is negative.
Thus M is purely imaginary near z* = 0 and there are two complex
values of K(z*), which both reducé to A, at z* = 0. Also, (5.6.3)
may be transformed into the standard linear perturbation problem

for the parallel wall case (see Eagles (10)) but with T replaced

by
-

0+FE9/2 ;e

5.6.6
[1 + sF(z*)/4] © ( )

L,0

n replaced by L the 'local' ratio of the radii and A replaced by
(dL/d)K(z*) where dL is the local gap width. Hence for sufficiently
large |z*| we have TL,O less than the Tocal parallel wall critical
Taylor number and with 3/3t = 0 we will expect complex values of
K(z*) . We assume without proof, then, that there exists one root

K(z*) such that

219



K(z%) ~ 3 + i ¥ ~aF"(0)/2 . z* for z*¥+0 (5.6.7)
and

Im(K(z*)) 2 0 for z*2 O. (5.6.8)

If this is so then, using that root, we can see that since

z* .
S(z*) = I K(z*)dz*/ ¢ (5.6.9)
0.

then |eisl >0 as z*+'e with e fixed, and we can

presumably satisfy the boundary conditions U -~ 0 as z* » Ta.

However, substituting (5.6.1) into (5.5.1) we find that

io(x,z*) = w*(z*)g” (x,2%) (5.6.10)

and a consistency condition at 0(e) Teads to

w) du* *\u® =

zl(z ) — + zz(z o* = 0 . (5.6.11)
dz*

But £1(0) = 0 by virtue of (3.7.6) and hence the expansion may fail
near z* = 0. This leads us to consider the region near z* = 0 by
using an inner series allowing rates of change with respect to ¢

to be O(Ei), instead of O(c) implied by the use of the outer series.

5.7 The problem in terms of e'iz* : inner series

By trial it is found that an appropriate 'inner' variable is g

where

dg = ¢ o (5.7.1)
and that we must expand

T=T_+ T + cT§+ ... - (5.7.2)
and

ikcc 3

U:r="e {u, (x,q) + egz(x,q) - ggs(x,q) # oo}
+ G o (5.7.3)
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A1l the terms involving z* in (5.5.1) are expanded in terms of q,

using for example

F(z*)
since F(0) = F'(0)

2
eF0)g  *oeer 3 (5.7.4)
0. By substituting (5.7.2) and (5.7.3) into

(5.5.1) and equating powers of eé we find the following seqﬁence

of problems for the_y_j Al

au
e S T A S e (5.7.5)
X X
3u 3u
=2 (1) (B =
= A iusr s R + TE R U7, (5.7.6)
4% c =2 cl 3q 1=2-1
au au
-3 (1) (1) °=2
— =A''u, =B — A TE Ry + TE A U *
3% —-c =3 =cl 3q 1=2=2 2 =2-1
3z
u
=1 Fr(0) _#
B - g C_ Uqs (5757}
c2 aqz ? =c-1
3u 3u
= 1) (1) °=3
-—-A(u =B —_— +T¢¥Au, +T5A, U, +
5% —c =4 " =cl 3q 1 =2=3 2 =22
azu ;
=2 _F"(0) .2 —ar*(0)p1)
Es-f.:2 aq2 : 2 q Ec£2+T§52£J qF(mgc S

(5.7.8)

The matrix AL} is defined in (2.4.6) and A, is defined in
2 1 . 3
(2.8.7) while C_, 8 {"hnd B , are given in (3.5.23)and(3.6.14) the suffix
¢ denoting the substitution T = Tc or A =\, as dppropriate. Also
g&:) is defined in (3.6.14) and contains the constant bo(O)

through the function W, ¢ which is identical to W} ((x,0,n) .

The boundary conditions due to the outer wall are obtained

by expanding about x =-% and are, for j = 4,5 and 6,
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uij 1 u2j =0

ab = % for
0 (5.7.9)
all q

/4

2
Us; + F"(0)q Uiy,

]
o

2
Ugj + F"(0)q "2x,jl4

where qu denotes the jth component of Up- The inner wall
conditions are, for j = 4,5 and 6,
Upj = Upy = Ugg = Ugg = 0 at x = -1/2 . (5.7.10)

The analysis is similar to §3.7 and we therefore mere]y'

summarize the results. A solution of (5.7.5) is

uq () = w(q)uqq (x) (5.7.11)

' where U is the usual Tinear critical eigenfunction.
Then (5.7.6) gives T{ = 0 and
d
u, = Eq\kg_m (x) + S(q)u 17 (x) (5.7.12)

where 90 is identical with the fynction used in s 3.7 and satisfies

equation (3.7.10).

Substituting (5.7.12) into (5.7.7) and using the usual

existence condition gives the amplitude equation

2 T* . 1
2_% + 2 , a0 qz ] =0 (5.7.13)
dq T2 2

where a and T, are defined in (3.7.20) and (2.6.10 ) . We make the
assumption that

v >0 asq-+F o . . (5.7.13a)

When (5.7.7) is solved subject to the given boundary conditions

it can be shown that
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]‘pF“ 0 2 !
uy(x,q) = O Fha () +ug g (0 + S g, ()
2 dq

+ P(q)gn (x), (5.7.14)
where h 5, and g4, are the functions defined by equations

(3.9.3) and (3.9.4) and boundary conditions (3.9.5) and (3.9.6).

We substitute (5.7.11), (5.7.12) and (5.7.14) into the right
hand side of (5.7.8) and use the derivative of (5.7.13) to eliminate

d?wqu3 , and by applying the existence condition we find

gs +scq)[z tin =g ] rp 0 g &

dg? Ty 2 2 dq
dus g
+rF"(0)qy + ry L -y (5.7.15)
2 gy
and where we assume 2 :
S,0 asq+ta . (5.7.15a)

The values rqy, ry and ry are defined in (3.9.13), (3.9.14) and

(3.9.22) and are purely imaginary constants.

5.8 Solutions of the equations

In the amplitude equation (5.7.13) we know that a > 0 and also

F"(0) < 0. Introducing the variable

2
E= q ¢E; » (ay = -aF"(0)/2) (5.8.1)
we find
2 T* i
dy +¢P£ ..52] 2 g (5.8.2)
d Toa
3 2°0
and

p~0 as g+f

® . (5.8.2a)

This is a well known problem (see e.g. Landau & Lifschitz (1))
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with solutions only when TE takes the values TX* where

2,n
50 = 2T, (5.8.3)
and
e { =aF"(0)/2 . » (5.8.4)

for n = 0,1,2,... . Then the appropriate solutions are
5 :
v =y =const. e /2 (¢) (5.8.5)

where Hn(g) is the Hermite polynomial of order n. In terms of q
these are equivalent to

2
-a.q /2
y, = const. e © H (q Vag)- (5.8.6)

Since the physically most likely flow is given by the Towest
eigenvalue we consider the detailed solutions only for n = 0,

though other values may be solved.

With the overall normalization Uz(- %-, 0) = 1 and with

u11’2(--%, 0) = 1 as usual, we have y(0) = ;-and

2
1 "%d /2
lbo = Vi e (5.8.7)
and by considering the equation (5.7.15) for S(q) in the same manner
as in §3.9 etc., we find T§ = 0 and S(q) is purely imaginary

with differential equation

2
dS T
i F*(0) 2 "(0) .2 :
2, 51,[_2 o o RO} ] N () R

dq v B 2 2 dq !
vorg S (5.8.8)
i dq
The method of solution is to let _
S;(@) = w(a)R(q) » (5.8.9)

+ to obtain
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R _ 1
ao s Tt 3t

dq

. 2 F*0)(2r,-ri) [T 2
F"(0 i : o g By q ¥ dg
2 ¥ (q)

7 (5.8.10)

from which we can find Si(q)'

The solutions for Ul’ U4 and U5 are now written as

= Zw(q)u%.l k COSA T - Zsl’smx M [S (q)u(r) + e gé}) ](5 8.11)
for K = 1,4,5.

The solutions for U6 and the non-dimensional Stokes Stream

function ¢ are

Ug = -2p(a)ul]l sim g + 2ctcosy ¢ [gg'{)ﬁ & Si(q)uﬂzs] (5.8.12)

and

Eiliiil [ %¥)4 v(q)sim g + ecosh X (u%r) S;(q) +

d “1(;)4 d
E})4 Bt ] (5.8.13)
dq c . dq

We can use these solutions to plot the various velocity components

along the g-axis for particular values of x and «e.

For the value of T =T for which we obtain a neutral

crit *
solution such that y + 0 as q +F = , there is a local critical

Taylor number. This is given by

* S8 ra g 2 '
Tierit=Tc * e3¢+ > % = Z)q ] (5.8.14)

The observed or physical wavenumbers for the velocity components Us

and the Stokes Stream function are

|

g .

No(Uy) = A + e[ﬁﬁ ¥ . Llak.rd d—“’lw)] (5.8.15)
dq (r) ~dq “dq

- Y11,k
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for k = 1,4,5 and

= B4 /0
Ne(®) = Ne(Ug) + & il ] f) ; (5.8.16)

The 'local' wavenumber in the parallel wall case that is comparable
with our non-parallel wall wavenumber. as a correction term
" 2 :
: 1+£(21€|)N
4

(5.8.17)

Merit z

from which only terms of O(e) are found and kept,all higher terms

are ignored.

The 'local' value of n is

3 (5.8.18)
1+(1-n)F(z*)/2

which on expansion is equal to

=0 e(ln)aF"(0)a /8 +0(c)) (5.8.19)

5.9 Matching of inner and outer Series

We can only show the plausibility of the matching here since

we have not obtained enough details of the outer series.

We first note that the outer series has a factor

Z*
- J Ky (2%)dz*/ (5.9.1)
e o]
and for ¢ -~ 0 with z* fixed this is exponentially small if we assume
(5.6.8). Also the inner series written in terms of z* has a factor

'uoz*zfze
e (5.9.2)

and so this series has the correct behaviour for ¢+0 with z* fixed.
To perform a proper matching we would need to write the inner

series to order gn in terms of an appropriate intermediate
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variable q where

eaa . w ol feax %- (5.93.3)

and the outer series to order ¢" in terms of the same variable a
and show that the modulus of the difference as € + 0 with a fixed

was O(Sn).

Using the inner series to order ¢ we see that since

exp {—aoeza'1 62/2 } is a factor this is exponentially small as

e +~0 with a fixed. Also using (5.6.2) and (5.6.7) we see that the
expression (5.9.1) ~ exp {-aoeza'] a2/2 } , so that both series have
the same exponentially small factor and it is plausible that they
match. But to complete the argument we would need to examine in
more detail the behaviour of y*(z*) and Uy (%X,2*) as z* + 0
(see (5.6.10)). In fact, to complete a formal matching in the over-
lapping sense as described above with n = 0 one needs to prove only
iy l i JZ*K(Z*)dz*/e

e © v*(z*)

+ 0 ase~>0withq fixed. (5.9.4)

5.10 The linear case with n = 0.5

The function F(z*) is given in (5.1.4) and the value of w

is chosen with the value given in TABLE V for j=1 and n=0.

We shall only consider the cases with n = 0.5 ,e = 0.1 and
e = 0.01 for small q, since the inner solutions are only valid

near z* = 0 and not for large q.

The values of Acs Tc etc., are given in §4.4a in the
appropriate sections, only the value of ra; is different since

this depends on the eigenvalue Tﬁ.yet to be chosen.
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The eigenvalue and eigenfunction for n = 0 are

T§ = a T2 /2/2 = 2332.40 (5.10.1)
and
2
1 -2,
slof = et G (5.10.2)
The value of r3; in this case is now
Pag ® 1.2025 . (5.10.3)

The graph of wé(q) is plotted in FIG XX and the table
of values is given in TABLE XXX. The changing values of nLs TLcrit
and Xcpit * given by (5.8.14), (5.8.17) and (5.8.19) , between .
q=0and q =1 for both values of ¢ are in TABLE XXXI and TABLE XXXII.
A graph of L against TLc and TLcrit is plotted for each case in
FIG XXI . and FIG " XXIV'. These graphs are similar to those of

Chapter 4 (see FIGVI and FIG XI).

A similar graph of ng against AL and Aerit is also
plotted in FIG XXIIand FIG XXV . There is once again a dependence
on the x-co-ordinate , so only the ‘maximum and minimum values of
H*Lcrit for each component are plotted. MNone of the ALcrit's converge
as in FIGVII and FIG XII, due to the presence of q2 in the formulae
and therefore we have no lower bound for our solutions. In fact,
the distance between Merit,max and Merit,min is constant for
all n 5 this can be seen in FIGXXII and FIG XXV where the lines
are\para]]e] to each other. The reason why these lines are

parallel is due to - <—d—‘ﬁ ¢,) being a constant.
dg “\dgqg

The variation with x of Nerit for each component is given in
TABLE XXXIII and TABLE XXXIV for two fixed walues of qg. The graphs
)

of this variation are not plotted since these are similar to those
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of FIG VIIL for all values of q.

The solutions for U,, Ug, Ug and ¢ are summarized for
various q values in TABLE XXXV for ¢ = 001and TABLE XXXVI
for ¢ =0.1 . These solutions are compared with those of the
appropriate parallel wall case. Since all these solutions depend
on the x-co-ordinate we shall only plot and tabulate for x = g
The gréphs of U4 are drawn in FIG XXIII and XXVI for each
value of € . The reader should note the similarity with those

of FIG IX and FIG XIII.

The reader can find other solutions and results using the
appropriate formulae and tables of this chapter and the previous

-chapter.
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q ¥(a) q vo(a)
0 0.5000 1.1 0.0203
0.1 0.4869 1.2 0.0110
0.2 0.4497 1.3 0.0057
0.3 0.3939 1.4 0.0028
0.4 0.3273 1.5 0.0013
0.5 0.2579 1.6 0.0006
0:6 0.1927 1.7 0.0002
0.7 0.1366 1.8 0.0001
0.8 0.0918 1.9 0.0000
0.9 0.0585 2.0 0.0000
1.0 0.0354

TABLE XXX Values of wo(q) for the case
n=0.5and n = 0.

q n Teerit | Merit®] Acrit(Vs) | Lerit(Ys)
0 0.5000 | 3123.10 | 3.18201 | 3.19876 3.18290
0.1 0.5000 | 3121.56 | 3.18169 | 3.19844 3.18258
0.2 0.5002 | 3116.91 | 3.18070 | 3.19746 3.18160
0.3 0.5004 | 3109.17 |. 3.17907 | 3.19582 3.17996
0.4 0.5007 | 3098.33 | 3.17678 | 3.19354 3.17767
0.5 0.5012 | 3084.40 | 3.17384 | 3.19059 3.17473
0.6 0.5017 | 3067.37 | 3.17025 | 3.18700 3.17114
0.7 0.5023 | 3047.24 | 3.16600 | 3.18275 3.16689
lo.8 0.5030 | 3024.02 | 3.16110 | 3.17785 3.16199
0.9 0.5038 | 2997.70 | 3.15555 | 3.17230 3.15644
1.0 0.5047 | 2968.28 | 3.14934 | 3.16609 3.15023

TABLE XXXI  Values of nps TLcrit and A crit 2S given by
equations (5.8.19), (5.8.14) and (5.8.17) for
the case n = 0.5, n = 0, ¢ = 0.01 and x = 0. \
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q n Tierit | Merit(® | Merit(Ya)| Aerit(Ys)
0 0.5000 | 3333.02 | 3.35834 | 3.52585 3.36724
0.1 0.5005 | 3317.54 | 3.35507 | 3.52258 3.36397
0.2 0.5019 | 3271.09 | 3.38527 | 3.51278 3.35417
0.3 0.5042 | 3193.68 | 3.32893 | 3.49644 3.33783
0.4 0.5075 | 3085.31 | 3.30606 | 3.47357 3.31496
0.5 0.5117 | 2945.97 | 3.27665 | 3.44417 3.28555
0.6 0.5160 | 2775.67 | 3.28071 | 3.40822 3.24961
0.7 0.5229 | 2574.41 | 3.19823 | 3.36575 3.20714
0.8 0.5300 | 2342.18 | 3.14922 | 3.31674 3.15812
0.9 0.5379 | 2078.98 | 3.09368 | 3.26119 3.10258
1.0 0.5468 | 1784.83 | 3.03159 | 3.19911 3.04050
TABLE XXXII Values of ns TLcrit and ALcrit as given by

0.

the same equations as in TABLE XXXI for the
case n= 0.5, n = 0,e = 0.1 and x

q=20 q=1
i chrit(o) kLcrit(U4]kLcrit(US)ALcrit(°) ALcrit(U4)ALcrit(U5]
-0.5| 3.18823 | 3.20498 [3.18285 |3.15556 3.17231 |3.15018
-0.4| 3.18659 | 3.20334 |3.18316 (3.15392 |3.17067 |3.15049
-0.3| 3.18515 |3.20190 [3.18351 [3.15247 |3.16922 |3.15084
-0.2| 3.18389 |3.20065 |[3.18357 [3.15122 |3.16797 |3.15090
<0.1.| 3.18284 |3.19959 |3.18334 [3.15017 |3.16692 |3.15067
0 3.18201 |[3.19876 |[3.18290 3.14934 |3.16609 |3.15023
0.1| 3.18146 |3.19821 |3.18231 |3.14879 |[3.16554 [3.14963
0.2 | 3.18125 |3.19800 [3.18160 |3.14858 |[3.16533 [3.14892
0.3| 3.18145 |[3.19821 (3.18081 [3.14878 |3.16553 [3.14814
0.4 | 3.18213 |3.19889 |3.18004 |3.14946 |3.16621 |3.14736
0.5| 3.18335 |3.20010 [3.17969 [3.15067 [3.16743 |3.14701

TABLE XXXIII

Variation in x for wavenumbers of @, U4-and U5
given by equations (5.8.15) and (5.8.17) for
the case n = 0.5, n = 0, e= 0.01 withq=20
and q = 1.
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q=0

q= 0.5

KLcrit(¢

N Aerit(Va)] ALerit(Vs)

kLcrit(Q)

Merit(Vs)

Merit(Us)

-0.5
-0.4
-0.3
-0.2

- |=0.1

0

0.1
0.2
0.3
0.4
0.5

3.42055
3.40412
3.89690
3.37716
.36661
.35834
.35283
.35074
.35276
. 35957
3.37171

W W W Ww w w

.58806 3.36674
.57163 3.36986
.55720 3.37335
.54468 3.37394
.53413 .37166
.52585 .36724
.52034 .36129
.51825 .35420
.52028 .34634
.52708 .33858
.53922 .33508

W W W W wwwwwww

W W W w w w w

W W W wwwww w ww

.33886
.32243
.30800
.29548
.28493
.27665
27114
.26905
.27108
.27788
.29002

3.50637
3.48995
3.47551
3.46299
3.45244
3.44417
3.43866
3.43656
3.43859
3.44540
3.45754

3.28505
3.28817
~3.29167
3.29225
3.28998
3.28555
3.27960
3.27251
3.26465
3.25689
3.25340

TABLE XXXIV Variation in x for wavenumbers of

for the case n = 0.5, n

q=0.5,

o , U4 and U5

= 0,e = 0.1 with g = 0 and

¢

¢(D) U U4(p)

4

5

Us(p)

Ug

Us

(p)

—_ —- —- 0O O O 0O 0O 0O o o o o] o

l.‘\}.-'CD&OCﬂ‘-lG‘Im-P(AJN-—l

0.0000
0.0763
-0.1419
0.1883
-0.2115
0.2120
-0.1941
0.1644
-0.1297
0.0958
-0.0664
0.0433
-0.0266

0.0000|-6.1209| -6.1209
0.0403| 5.9551| 6.1196
-0.0806|-5.4840 -6.1156
0.1209| 4.7797| 6.1090
-0.1611(-3.9422| -6.0997
0.2012| 3.0763| 6.0877
-0.2412|-2.2707|-6.0732
0.2812| 1.5848| 6.0560
-0.3210|-1.0454|-6.0361
0.3607| 0.6514| 6.0137
-0.4002 |-0.3832|-5.9886
0.4396| 0.2126| 5.9610
-0.4787 (-0.1111|-5.9307

2793
.2718
.2506
.2188
.1809
.1416
.1049
.0735
.0488
.0306
.0181
.0102
.0054

0

.2793
.2793
.2791
.2788
.2783
.2778
2771
.2764
.2755
.2744
.2733
.2720
.2706

0.0000
0.0375
-0.0695
0.0919
-0.1026
0.1022
-0.0928
0.0779
-0.0609
0.0445
-0.0305
0.0197
-0.0119

.0000
.0128
.0257
.0385
.0513
.0640
.0768
.0895
.1022
.1148
L1274
.1399
. 1524

TABLE XXXV Solutions of U4, U5, U6 and ¢ , and the corresponding
parallel wall solutions, for the case n= 0.5, n'= 0,

Xx =0 and ¢ = 0.01,

232




corresponding parallel wall solutions, for

the case n = 0.5, n=0, x =0 and ¢

233

q ® Q(P) U4 U.:g.p) US Uép) UG Uép)
0 0.0000| 0.0000{-6.1209|-6.1209| 0.2793| 0.2793| 0.0000| 0.0000
0.11-1.6495| -1.6287|~-2.6426|-3.3069| 0.1321| 0.1509|-0.5476|-0.5185
0.2(-1.4916| -1.7599| 3.4534| 2.5477|-0.1347|-0.1163|-0.4428|-0.5602
0.3| 0.0770| -0.2729| 5.0140| 6.0598|-0.2241|-0.2765| 0.1246(-0.0869

|0.4| 1.1790| 1.4650| 1.1698| 4.0001|-0.0811|-0.1825| 0.4485| 0.4663
0.5| 0.8594| 1.8559(-2.7413(-1.7376| 0.0905| 0.0793| 0.2423| 0.5908
0.6]|-0.1013| 0.5403|-2.7589|-5.8776| 0.1169| 0.2682|-0.1272| 0.1720
0.7|-0.5584| -1.2721|-0.2706|-4.6133| 0.0300({ 0.2105{-0.2394|-0.4049
0.8|-0.3184| -1.9148| 1.3452| 0.8928|-0.0410|-0.0407|-0.0922|-0.6095
0.9] 0.0639( -0.7969} 1.0179| 5.5780(-0.0404(-0.2545| 0.0614(-0.2537
1.0 0.1778]| 1.0537| 0.0263| 5.1344|-0.0066|~0.2343| 0.0820( 0.3354
1.1 0.0781| 1.9355|-0.4076{-0.0301| 0.0123| 0.0014| 0.0248| 0.6161
1.2{-0.0213| 1.0377|-0.2488|-5.1669| 0.0094| 0.2358(-0.0163| 0.3303

TABLE XXXVI Solutions of U4, U5, U6 and ¢ , and the
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FIG XXII Graph of Aer Merit for U4, Uz and ¢ against np
for n = 0.5, selected x values, n = 0 and ¢ = 0.01.

See FIG VII .
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5 and ¢ against s forn= 0.5,

various x values, n = 0 and ¢ = 0.1. See FIG VII.
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6. Some Miscellaneous Results

6.1 Introduction

This chapter involves trying to explain some anomalies that
arose in the previous chapters. These being :-

(1) Why no solutions could be found if we took A = Aq and T = T0

initially in the expansion procedure with y+0 as z* S

(2) Why no solutions could be found near i = A. and T = TC with

p+>0as zx>t e

(3) Also the solutions of the amplitude equations for y(z*) and
S(z*) with the boundary condition, y and S - A(constant)

as z* ~ ¥ = are found.

6.2 An attempt- at a solution with A=A, and T = TO

We again assume that n and f(z*) are fixed and expand the
disturbance velocity U , and look for solutions of the form

'EAO; G -thOC-
U = & ° u(x,z%e) + e u(x,z*,e) (6.2.1)

where Ao is a real constant. We now search for the eigenvalue T
such that U satisfies the boundary conditions (3.5.25) and
(3.5.26).

We are led to expand T as
5 ;
o P elf + ¢ TE - R (6.2.2)

remembering that (10,T°) 1ie on the neutral curve for a fixed n .

Following the same sort of procedure as in Chapter 3 we

attempt to find a solution for_g] (x,2*) as
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uq(x:2%) = (z*)u 4y (x) ' (6.2.3)

where U q4 (x) 1is the eigensolution of the parallel wall
problem with parameters n , T0 and Ao+ The boundary condition
on y(z*) is

p(z*¥) »0 as zx+1s ., (6.2.4)

The reader is reminded that any matrix mentioned in Chapter 3
containing_kc, Tc is now replaced by Ag» T0 respectively. -
These 'new' matrices will be denoted by ﬁ({;]) . 5_(01) etc.

We find that for u, (x,z*) to have a solution we must

satisfy
d }oaLt (1)
jzk* J £2°° Bl uppdx + 9Ty fa A ,u g dx=0, (6.2.5)
-3 -}
where from the parallel wall case we know
x 1
J 2t 8 ugdx 0. (6.2.6)
-é e

If we use the result of (3.6.15) and the following parallel

wall result

3
Jf’a ALY £ dx +T1J o, fi dx =0, (6.2.7)

-3 -3
equation (6.2.5) can be simplified to give
T*
(L S L P ) (6.2.8)
dz* T1

The solution of (6.2.8) is
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i
1 %
11-1— Z

Y(z*¥) = Ae (6.2.9)
and the solution which satisfies our boundary condition (6.2.4)

can be seen to be given by

p(z*) = 0 for all z* , (6.2.10)
~ which in turn implies we obtain the trivial solution of
U=0 (6.2.11)

for our problem.

This result implies we can only obtain a solution with
U~+0as z*~» T = if the parameters chosen from the local neutral

curve for fixed n are AC, Tc.

This result however eliminates the problem of which 1 to
choose given a particular T, remembering that for any value of T,

except for T = T_ , there exists two values of A which Tie on

c
the neutral curve.

6.3 An attempt at a solution near A = A and T = Te

Following the result of §6.2 it was thought that if we

modify the form of expansion (3.6.8) and use

U '= e u(x,z*,e,q) + c.c. (6.3.1)

with a wavenumber A ¥ 9 close to Ae (small g) we would obtain
a solution with U > 0 as z* » I = close to the one already
obtained in Chapter 3, and a value of T close to Tcrit =

2 :
TC + e T; , and thus we would obtain other solutions close to
our first solution by varying q. However this attempt Teads to

an inconsistency.
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We expand T as

2 2
=1 +el +q Tq +e Lo + £q Téq +q qu+ vost (Do)

and the velocity vector u as

Z 2
_l.l. s E'l * EEE +q..u_q +e..t£gg * quaq +q£qq+ vt

(6.3.3)
and substitute these equations along with (6.3.1) into (3.5.22) .
When we equate powers of enqm we obtain a set of partial

differential equations.

4,5,6,

]

The boundary conditions on u _ are, for j

u = -f(z*)u1x,j/2 and u_. 0 (6.3.4)

EEQJ. !j

on the outer and inner wall respectively, o g denoting the jth
]

component of u__ . The boundary conditions on the rest of the

vectors are given by :P) defined in (2.4.1).

LY

The analysis is similar to 's2.6 and §3.7 and we therefore

only summarize the results.

From our equations we find that

uq = m(z*1511 (x) (6.3.5)

where U ¢ (x) satisfies (3.7.2) . The existence conditions on

the partial differential equations at 0(c) and 0(q) lead to

TE = Tq =), (6.3.6)

We find the equations at 0(c) and 0(q) can be solved subject

to the boundary conditions g, and written as
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—EE

u = :—‘2* 991 (x) + SE(z"’)g].I (x) (6.3.7)

and

Eg © iW(z*)g 5q +Sq(z*)£1'| (6.3.8)
where g, (x) satisfies (3.7.10).

The equation at order eq now becomes

3u
=eq . alT) ! . dy. db. o)
fiaiced.. ﬂc u. -¢T8q§25”+21—- B ,us,+2i — B 91

ax 555 dz*x — ¢ = dz* — €1
P 0 A S T ) S
e ol ML S RS Sy s e

The existence condition for u - to have a solution leads to

2iT, ﬁl"-* £ YT =0 - (6.3.10)
or F ‘

2 T \2

dp.» (Eq)w =07 (6.3.10a)

dz* 2T2

- 2
where T2 is defined in (2.6.10). Proceeding to the term of O(e )
we found the amplitude equation (3.7.19) is obtained without

alteration. But this is inconsistent with (6.3.10a).

6.4 The solutions with v and S -~ constant as z* -+ t o

In Chapters 3 and 4 we considered the case with U +~ 0 as
~z* >t « . This boundary condition forced the discrete spectrum
of eigenvalues for TE in the amplitude equation for y(z*) to

have an upper-bound , given by

TS5 < a Ty(-f) (6.4.1)

245



- where f_ = 1im f(z*) which in our case is negative.
z* - @

If however we choose
TE B aTZ('fu) | (6.4.2)
this implies that the asymptotic behaviour of y is

sk, B trate (6.4.3)

where A is a real constant, see §3.8.

These solutions for y with the eigenvalue given by (6.4.2)

lead to different solutions for TLcrit and e These

1+

numerical results were of some interest when evaluated at z*

though the propesed theoretical answer was not proved.

We look for solutions pf (3.7.19) with f(z*) and T3 replaced by

2

f(z*) = sech wz* - 1 (6.4.4)
and

T§ = a T2 ’ (6.4.5)
respectively in (3.7.19). The equation for y becomes

d 2

_‘E.z + aysech wz* = 0 (6.4.6)

dz*

subject to the boundary condition given in (6.4.3).

We can look for a series solution of (6.4.6) in the form
v = A+ J ¢ sech*luz* (6.4.7)
k=1

The analysis that would follow shows for even values of J

defined in (4.3.2) and (4.3.3) the series terminates.

For example for j = 2, the solution is
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2
v = A[l - %-sech wZ* ] (6.4.8)

while for j

= 4, the solution is
<
o= A1+ sech’yz* - 5 sechwz*] . . (6.8.9)
8

The solutions for y for odd values of j show the series

does not terminate but remains a series of the form
S e 2 e
vy = + kz1 Cop-1 SeCh™ wz*. : (6.4.10)

For example for j = 1, the solution can be written as

.3 r(k-3) sech2k wZ® . (6.4.11)
2/r k=1 r(k+1)

@

p = A -

The amplitude equation for Si(z*) with T§ = al, is given by

-2
-gzég +5;2 sechzmz* = ry;f(z%) %t; * rosb gf; + ray ﬁﬁ;
(6.4.12)
subject to the boundary condition
PSS T S 4 .m, . (6.4.13)

i
with y given in (6.4.11), f(z*) given in (6.4.4) and ra; dependent

on the eigenvalue T2 .

The solution for 51(2*3 is found by placing S = R and we

obtain
z*

2P = ; x
drR = \}31 + r1.f(z*) + Lzll .4,2-(—1--1i dz* ]
dz* 2 L ¥ dz*

- (6.4.14)
We are only interested in the value of Merit evaluated at

z* = T 5 and so able to write
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j 2 g 2
B i Eﬁ +tlah 21 k o < A tanh “’z*]}
g 2%+t z* u(r) dz* 2

(6.4.15)
see §4.3.
When we use the form of ar given in (6.4.14) and
dz*
evaluate this at z*¥ = «» it can be shown that
[EL- (] / éﬂ +0 .as z*¥» ¥ w, and we note
azre Sdr%
Merite = A * 5 [f31 - My - Ad (G18)

2

irrespective of the velocity components Ui and o . The integrand

¢2 9f s odd and therefore when integrated over (-=,») its value

dz*

is zZero.

Using the formula for TLcrit given in (4.3.17) evaluated at

z*= Y ., with T§ =aT, we hayve

2
N R T LR - - (6.4.17)

The numerical results seem to indicate given an ¢ and

therefore fixing n at 2z* = t .«  to be L m that

ahd. T .. Y : (6.4.18)

kLcrit,;£= ALc,o Lerit,» 'Lcyo

However, no proof of this is given as the theory is extremely

difficult and was not completed.

6.5 Results for §6.4 with 5 = 0.5

From our computing methods the following constants were found
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TS5 = 3298.51 and ry. = 1.7006. (6.5.1)

We carefully choose = given by

2 2(“[.—") .
€ = n (6.5.2)
T]L =N

This equation is obtainable from (3.8.21). We are able, by

selecting ¢, to fix n at z* = = to be any value we choose.

With our fixed value for M o and ¢ we can calculate

and T given in (6.4.16) and (6.4.17),

Merit,=
and so compare these values with those of ALe and TLc evaluated

Lerit,» ?

from the parallel wall case with n= n .

The results are given in TABLE XXXVII .
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LN, LIt Me 5 Tierit,e | MLerit,e
0.5 3099.78 3.1624 - : - -
0.51 3034.68 3.1607 0.0784 3034.32 3.1607
0.52 2972.83 3.1591 0.1538 2971.39 3.1590
0.53 2895.02 3.1571 0.2500 2891.15 3.1569
TABLE XXXVII.  Values of s Me TLcrit,m and MAritie
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AEEendix

Computation and checks

The eigenvalue problem of (2.4.4) was solved using the

(10). In solving for the eigen-

method fully explained by Eagles
function of (2.4.8) and later similar differential equations the
method of Eagles (10) was used, except that his adjoint eigenfunction
f, is replaced by fa in this thesis. The nan-homogeneous

differential equations were also solved using the method of

Eagles (]0).

It should be noted that equations containing I$0)( )
on the left hand side of a differential equation, for example
(2.11.4) and (3.16.18), require special treatment because there
exists an eigenfunction with its first components = constant and
all the other components equal to zero. The solutions for I-ZO (x),
_330(x) etc., may be taken as normalized with the first component
equal to zero at x = =1/2. Any other normalization does not alter
subsequent functions because the column vectors_ﬂo S

do not contain any first component of iZU 5 9 39 (x) etc.

Computing checks were made by varying the normalization of the
functions 971 (x) and 93 (x), see §2.7. We verified the equations
(2.7.11) and (2.7.15) were true and that the values of T;,T,,T,,...
remain invariant under different normalizations.

The results of Chapter 2 concerning the neutral curve and the

torque calculations agree with those of Di Prima & Eagles (4).
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In Chapter 3 the constant bo’ given by solving the relation-
ship (3.4.36) was calculated both by specifying values of R.I and
R2 separately, and also by integrating with respect to the non-
dimensional x variable where the integrand contains just n.

The results in both cases agreed to four decimal places.

A number of comparisons were made between Chapter 2 and |
Chapter 3 whith gave indirect checks on tﬁe calculations and
computing, for example (3.7.12) and (3.9.7). We knew the
results of Chapter 2 were more or less accurate because these were :

compared with those of Eagles & Di Prima (4).

An unexpected result was that a different normalization of
907 (x) etc., in Chapter 3 gave 'a different numerical value
for only the integral o given in (3.9.14), for a fixed value of
T2' However, the resultant theory showed why, see (3.10.18). All
the relationships between 11_31 o _ﬁ_31 etc., in Chapter 3, see
(3.10.8), (3.10.12) and (3.10.13), along with further integral
checks (changing the value of Tg to verify (3.9.22)) were all
used as numerical checks for the computing. Similar checks were

carried out for the non-linear theory of Chapter 3, see (3.16.27),

(3.17.6) and (3.17.15).

In Chapter 4 the analytic and numerical solutions for the
slowly varying linear amplitude function y(z*) agreed for a fixed
value of T2. The numericalsolution was obtained using a Runga

Kutta routine. The program was then modified to solve the non-

“Tlinear function wN(z*) by first fixing Té , and by a trial and

error process found wN(O) such that wN(z*) +0as z¥x > 1 =,

L
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Although we have not emphasised the computing side of the work,
and it is theoretically easy, the details and checking of results
have consituted a considerable task. Since this thesis is already
Tong- enough we do not give any further details, except to say
the programming was done in Fortran, usihg the maximop terminal
system with the help of the City University Computer advisory

service.
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