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Abstract

First the classical Taylor problem of fluid rotating

between two concentric cylinders is considered. A method of

approximating to the curve of neutral stability is developed.

Values of the torque for Taylor-vortex flows are calculated

for the radius ratio of 0.95.

The classical Taylor problem of fluid rotating between two

concentric cylinders is then altered by making only the outer

boundary a small and slowly varying function of the vertical

co-ordinate. Modified amplitude equations, both linear and

non-linear are found, and modified critical Taylor numbers are

calculated. For the type of solution found it appears that the

axial wavenumber is uniquely determined and now depends on

both the axial and vertical co-ordinates.
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comparing with A from the parallel wall problem).
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7. General Introduction

1.1 Hydrodynamic stability

The idea of the mathematical theory of hydrodynamic stability

and instability is to give an understanding of how and why laminar

(usually steady) flows become unstable and to give criteria for this.

Once this has been achieved the next step is to try to understand

how turbulence may arise from laminar instability. In most cases

the connection between the different stages of fluid flow will be

quite complicated. In some cases the theoretical results agree, to

a certain extent, with the experimental results, whilst in other

cases there are great disagreements between the laminar flow

instability theory and experimental evidence. °

The subject now has a vast literature and this is not the

place to attempt a historical or critical survey. Rather we

attempt the more modest task of putting the present work in the

context of known work on Taylor—vortex flows and stability of

slowly varying flows.

1.2 The Taylor-vortex_ instability

One of the most famous phenomena associated with instability

is that of the Taylor—vortex problem, which was described with a

great degree of accuracy both mathematically and experimentally

by G. I. Taylor (1), The problem involved the instability of a

fluid between two concentric rotating circular cylinders.

The criterion for this case was first thought of by

16



Siuare of

Rayleigh (2) earlier who stated, "For the fluid to become unstable the

the angular momentum must decrease in an outward radial direction".

This statement indicates that the fluid layers closer to the inner

cylinder become unstable first and possibly propagate outwards.

RB ea eventual\
The inner layer disturbances grow exponentially with time and perhaps. iN

#tew. This stabilization force is due to the fluid viscosity and the

destabilization force is the centrifugal force.

If a certain parameter called the Taylor number T (named

after G. I. Taylor), which is the ratio of the stabilization force to

the destabilizing force and defined by

aay Ry (Rp Ry)
25 ager peers (Cre2 51)

v (Ry + Ro)

is gradually increased theory tndigates that for a given fixed
n= Ry/Ro » the ratio of the radii of the inner cylinder to the

outer cylinder, the flow changes at a certain critical Taylor

number Ne from Couette flow to the Taylor-vortex flow. Here 2

is the angular velocity of the inner cylinder the outer cylinder being

at rest.

The results show that if T is greater than ue then the

destabilizing force overcomes the stabilizing force and instability

sets in, whilst if T is less than Te then the stabilizing force

overcomes the destabilizing force and the fluid is stable and

7



returns to laminar Couette flow.

The flow resulting from the instability consists of the

Couette flow with superimposed toroidal regularly spaced vortices

along the axis of the cylinders, with neighbours having an

opposite sense of rotation.

- In experiments, however, the change from Couette flow to

a Taylor—vortex flow does not occur at precisely T, as given

by the theory but over a small finite range of. 1

Some of the important work on the theory is mentioned

below though we shall not attempt an exhaustive discussion.

As mentioned G. I. Taylor (1) performed initial experimental

and theoretical work. He considered the case when two cylinders

rotate in opposite directions to each other (yu < Oop is the

ratio of the angular velocities of the outer cylinder to the inner

cylinder), and the case with just the outer cylinder at rest

(u = 0). An axisymmetric perturbation (independent of the

cylindrical polar co-ordinate 6 ) was superimposed on the Couette

flow and substituted in the equations of motion which were then

linearized. The perturbation velocities etc., were taken to be

of the form

u=e% uy(r)cos Zz 5 V = e7*v, (r)cos ZW e7*w,(r)sinaz

(1.232)

and uy (1) etc., were expanded as Bessel-Fourier series. This

resulted in an eigenvalue problem for the neutral stability

problem with 879t = 0 (co = 0) and n fixed with dimensionless

18



parameters T, ’ and yu. The resultant equations were solved

subject to the boundary conditions and solutions found for the

linear problem. To illustrate his results the streamlines were

plotted for specific cases of n and u .

Most of the earlier work on the Taylor problem assumed

_ axisymmetric disturbances and the equations of motion were

simplified using the small gap approximation. This assumed that

Ry - Ry is small compared to R, so terms of 0(4/R,) can be

neglected. The linear stability problem on simplification yields

the eigenvalue problem mentioned. The critical value of T and

the corresponding value of A, A, are determined by the condition

that T = T, is a minimum with o = 0. Later work by Roberts (3)

and DiPrima & Eagles (4) studied this problem more fully with

the full linear. equations. The latter authors calculated the

neutral curve, see FIG I, for n = 0.95 and n = 0.5.

Solutions of the non-linear problem were attempted when the

Taylor number T is larger than ee The linear theory predicts

the Taylor-vortex disturbance will grow exponentially with time.

Stuart's (5) investigation of the axisymmetric non-linear problem

used an energy balance integral method to solve the problem

with p = 0 and so obtain the apelatide of the equilibrium steady

Taylor—vortex flow. Work by Davey (6) and Davey, DiPrima &

Stuart (7) considered the non-linear cases when the cylinders

rotate in the same direction (uy > 0) and the case y = 0.

Davey's (6) initial work concerned the small gap problem with

axisymmetric disturbances for n = 0.5 and n = 0.95. He

considered a small amplitude function of time, A(t), that satisfied

19



3

Roo= A+ aya (1.2.3)

where o and a, are constants. Davey's (6) torque results

were related to the past experimental results of G. I. Taylor (8)

and Donnelly (9) and compared with the theoretical results of

Stuart (5) .

Further work on the non-linear problem was .done by Davey,

DiPrima & Stuart (7), They considered the more general case of

non-axisymmetric disturbances therefore a 6 dependence was

brought in. The small gap problem was used , but special care

must be taken when non-dimensionalizing the 6 derivatives, and

the instability of the Taylor-vortex flow was studied. The

critical Taylor number for instability of the Taylor-vortex flow

(not the Couette flow) was found at about 8% above the critical

value for the occurrence of these vortices. This type of

wavy-vortex flow is mentioned briefly in § 1.3.

Eagles (10) used a fifth order amplitude method for studying

axisymmetric and non-axisymmetric disturbances in relation to

the stability of Taylor vortex flow for n = 0.95 and p = 0.

The main difference over the rest of the previous work was the

treatment of the full equations of motion using a matrix

» representation for the latter. This work was continued by

Eagles (11) to involve torque calculations with non-axisymmetric

disturbances in relation to wavy-vortex flow.

Other work involving rotating cylinders was by Krueger,

Gross & DiPrima (12) who showed that for u < 70.8 non-

20



axisymmetric disturbances become unstable at Taylor numbers

slightly lower than the critical for u = 0. Krueger & DiPrima (13)

studied the stability of a viscous fluid with an axial flow to

rotational symmetrical disturbances. This was carried further

by Hughes & Reid (14) who investigated the stability of spiral

flow between rotating cylinders for u> 0.

The study of the stability of the basic flow between

eccentric cylinders to infinitesimal disturbances of the Taylor-

vortex type was done by DiPrima & Stuart (15) A687 The

equations of motion were transformed using a modified bipolar

co-ordinate system. The eccentricity and the clearance ratio

of the cylinders were assumed small. This problem is analogous

to that of a journal bearing. The Taylor-vortex flow that occurs

at supercritical speeds was studied with respect to the effect

on the torque and load carrying capacity of a journal bearing in

both papers. It was found that the first vortices occur at the

site of maximum clearance when the local Taylor number exceeds

a critical value near that calculated in the case of co-axial

cylinders.

Carr-Hill (17) considered the stability of a fluid flow

between a rotating inner wavy cylinder and an outer stationary

concentric cylinder. The inner wavy cylinder was given by

r= R(1 + cos A Z) instead of the normal case with r = R).

Some of the methods of solution of his problem are similar to

those used in this work.

21



1.3 Problems involved in relation between theory and experiment

In the theoretical work results and conclusions are based

on the linear analysis of disturbances to Couette flow, although

weakly non-linear effects are included in later work. This

.theory is only valid near the critical Taylor number and the

cylinder length is usually assumed infinite. The linear theory

predicts the wavelengths of the cells. The wavelength of these

vortices does not vary with the Taylor number as long as the

flow is singly periodic (axisymmetric disturbances only) for

infinite length cylinders. It is generally agreed that the non-

dimensional wavenumber 4 is a property of Taylor vortices and

is not dependent upon boundary layer effects at the ends.

We will only deal with singly periodic flow because un-

symmetrical disturbances are important only at Taylor numbers

larger than those we shall consider. It is noted that at these

larger Taylor numbers the vortices become modified by a waviness

in the azimuthal direction (at typically about a Taylor number

10% higher than te when n = 0.95) and are known as doubly

periodic waves, see Nakaya se) and Eagles ("1 F, Schult? - Grunow
andets Henee nom. Coes Oo

There are various discrepancies between the theoretical and

experimental work. This is to be expected since the cylinders

are of finite length and we must have at least one rotating or

non-rotating end plate to stop the fluid falling out

Possibly due to end effects etc., there are slight discrepancies

between theory and experiment in the wavenumber along the

22



cylindrical tube and the critical Taylor number.

In the present work we allow the radius of the outer surface

to vary in such a way that the vortices die away towards the

end ; thus end effects in experiments may be less important.

1.4 Experimental work

Burkhalter & Koschmieder's (19) experiments involving rotat-

ing solid end plates for the fluid column noted that the end

vortex associated with a rotating end boundary appeared at

Taylor numbers substantially below the critical Taylor number

for n = 0.727 and n= 0.525. This coincided with

Koschmieder's (20) experiments with non-rotating solid end

plates with the Taylor vortices being formed first at the resting

end plates. Bulkhalter & Koschmieder's (21) later work mentioned

the best experimental approximation to the infinite cylinder

case was with a finite fluid column with non-rotating end-plates.

Synder (22) mentions that the end effects are important in

determining the flow near the middle of the fluid column (of

length L) only if L< 10(Ro - Ry). with approximately 5 cells

at each end of the cylinder affected by end effects. In earlier

work Synder (23) states that with a field of 22 vortices (2 end

cells and 20 Taylor cells) it is possible to find the wavelengths

of the Taylor cells have been compressed by.10% as the Taylor

number is increased owing to the expansion of these end cells.

This is probably due to the low stability of the end cells for

ee Burkhalter & Koschmieder (21) do state that variations
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in the end cells have increasingly less bearing on the other cells

if L(R, - Ry) is large.

Burkhalter & Koschmieder (21) emphasize in their introduction

that the wavelength which one measures in a finite cylinder

differs from the wavelength found theoretically for infinitely

long cylinders. Later work (19) showed this by varying the

initial conditions of the flow. Stable axisymmetric vortices with

wavelengths less than the critical can be produced by sudden

starts of the inner cylinder, and longer wavelengths with the

vortices remaining permanent can be produced if the annulus

of the cylinders is filled over its entire length while the

cylinders are rotating. Experimental work by Synder (23) found

the experimentally measured critical Taylor number and wavelength

was 2150 + 4% and 2.04 respectively. The theoretical results

obtained by Roberts (3) were 2084 and 2.003 respectively for
(24)n = 0.727. Donnelly & Schwarz also found an increase

in wavenumber from about 3.2 to 3.35 as T increases from T, to

about 1950 in an apparatus with n = 0.95. Kogelman & DiPrima (25)

however thought that for a given supercritical Taylor number

greater than ie vortices of different sizes or wavelengths can

occur.

It seems important to learn if the wavelength of steady

axisymmetric supercritical Taylor vortices substantially

longer or smaller than those observed so far can be explained.

Also can we explain why the end vortex cells form at Taylor

numbers below the critical ?
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Finally, DiPrima & Eagles (4) remarked, " We know of no

mechanism that would allow the wavenumber of a developed

Taylor-vortex flow between cylinders of infinite length to vary

as T is increased. Shifts in the wavenumber of a developed

Taylor-vortex flow would seem to require a bifurcation from

that flow ".

The joy of any mathematics must be to try to develop any

possible mechanism to explain how experimental results may agree

with theoretical results. As mentioned the wavenumber and

Taylor number which one measures in a finite cylinder do differ

from the wavenumber and Taylor number found theoretically for

infinite cylinders in some cases. The question of how the wave-

number etc of:a Taylor-vortex flow may vary along the axis has

apparently not been considered.

The present work allows the vortices and wavenumber to

vary along the axis and may be amenable to experimental

verification of the theory in a more precise way than the infinite

cylinder theory because although our domain is still infinite

the theoretically obtained vortices become very weak at a

finite distance.

1.5 Slowly varying flows

The subject of slowly varying flows was briefly introduced

by Benney & Rosenblat (26) in which they assumed that x and z

variations are 'slow' compared with y variations and so set

Xess el P=. Ze eS euty, Sis (726.1)
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They ask what sort of modification of the original problem

would this introduce because of these slow varitions. They went

on to recommend the method of multiple scales to find the

stability of slowly varying flows, without doing any detailed

calculations.

Most of the past work on slowly varying flows has concerned

a slow variation with time.

Seminara & Hall (27) introduced the linear stability

problem of slowly varying unsteady flows in a curved channel

due to slowly varying time pressure gradients. In their paper

the asymptotic behaviour of small perturbation waves is determined

and yet allowing the amplitude, transverse structure and

amplification rate to be slowly varying with time. A solution

is sought in the form of an asymptotic expansion in terms of a

small parameter, o , which characterizes the slow variation of

the base flow. From their equations they get solutions of the

type o

u(é,z,t) = | % Uq(Est) [exp i(az - o(t) + c.c.Jda
ari (1.5.2)

where t is the 'slow' time variable and is related to the 'fast'

time variable t by

rt = ot, (2553)

and de/dt is expected to be a function of the slow time

variable + such that

Coen aN (eee (1.5.4)

They then attempt to find asymptotic solutions with o+ 0

such that
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uy (Et) = Jo" un(e.r) (e525)
n=0

to (1.5.2). Upon equating powers of o and solving certain

consistency conditions on higher order equations this leads to

the required amplitude equation

aa + H(t) A(z) = 0. (1.5.6)

Furthermore the order o correction term is also slowly varying

with time.

A similar method of solutions was used by Eagles (28) on

the stability of slowly varying flow between concentric

cylinders. He examines the effect of a slow variation with

time of the Taylor number through values around T, to see if

this has an appreciable effect on the instantaneous Taylor

number at which the growth of vortices is first observed. The

Taylor number T was taken as a function of the slow variable

t* = ct and found that where the growth rate of a disturbance

is small second order effects are important and lead to variations

of up to 20% in the value of T at which growth can appear. As

with Seminara & Hall (27) he assumed the amplitude and amplification

rate to be slowly varying with time and ended up with a similar

amplitude equation as (1.5.6).

Drazin (29) however took the slowly varying flows to be

a function of length. In his model of a slightly divergent flow

in a channel he introduced a 'slow' length variable by

X = ex (1.5.7)
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and tried to solve his resultant equation for the perturbation

u with the following boundary conditions

u 0, y = 0 and y = mh(X) (1.5.8)

Gea Oue Xe = D3

where h(X) represents the width of the channel and is itself

slowly varying. He assumed an asymptotic solution of the form

ws Ug (¥X)d9(xse) exp(st) as « + 0, (1.529)

; e " (36)
and illustrated his theory with two cases of h(X). See also Gaster

and BouthierTM

The stability problem of slowly varying flow in a divergent

channel was studied by Eagles & Weissman (30) | The properties

of the disturbance were assumed to be slowly varying functions

of space. They started with a low order solution of the form

¥(noX) exp [ i(e(&) - Bt) J (1.5.10)

where X is a slow streamwise co-ordinate. The complex phase

function 0, yet to be determined, describes the fast variation

but its derivative, the wavenumber K(X), is assumed to be slowly

varying

= = K(X), (1.5.11)

(compare this with (1.5.4)). The analysis is carried through so

certain boundary conditions and consistency conditions are

satisfied. From these they were able to obtain a differential

equation for ¥ and K(X) to solve at second order. Again a

similar amplitude equation is obtained as in (1.5.6).

28



Some of the ideas mentioned here and in preceding sections

will be used in this thesis.

1.6 The general problem

In the problem we shall tackle the full non-dimensional

Navier-Stokes equations with the matrix notation introduced by

Eagles (10)__ This allows more uniformity of

treatment of the ordinary differential equations and makes the

computi ng easier.

The first problem to tackle is to find the critical value

1G for T and the dimensionless wavenumber .. in the axial

direction for fixed » . This involves linearizing the equations

of motion for small amplitudes of disturbance and finding the

condition for neutral stability. This method of finding the

value of ).» T, or any do» i ak lie on the neutral curve

is discussed in § 2.1.

We will only be concerned with equilibrium flows where all

the velocity functions will be independent of time, that is

3 eS-. 20. (1.6.1)

The velocities will not be éxpanded in powers of an amplitude

function X(t) of time as stuart ‘&t al.

In the main case with our example of Chapter 3 and Chapter

4 we shall choose the outer surface to be both a slowly varying

2

function and also to have a variation of O(c ), the equation

of this outer surface being of the form
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xo ELV ee ey) (1.6.2)

in non-dimensional co-ordinates defined in (2.3.7), and where

ms ef (1.6.3)

We shall start our expansion procedure using a slowly varying

real amplitude function (z*) etc.,; in the same manner as in

(1.5.10).

We hope that as the Taylor number T is increased. there will

be a certain T = TQ34 at which the flow will become unstable.cri

We shall choose our parameters such that the local parallel

wall flow is liable to be more unstable at the centre z* = 0

than at the ends z* = t ». We will therefore perturb about

the most unstable parallel wall case and our analysis is such

that to the first approximation the wavenumber is Ae and

2.

Tow Totty ety. tine (1.6.4)

We are really fixing the wavenumber to first approximation by

requiring T > ve as e+ 0 and therefore we expect the new Terie

to be somewhere near To: We hope that any correction to the

wavenumber will be forced at the next order, if a correction

term exists.

For any position along the z-axis there is a different

local Taylor number Ty and by fixing T and f(z*) in such a way

that we have, near 2*= 0

Tecate (1.6.5)
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where The is the local critical Taylor number from the parallel

wall problem with local values of n and T, and

Wes thy (1.6.6)

as z*+t « at the ends of the cylinders, thus we would

expect the Taylor—vortex type solutions fading away to zero as

|z*| becomes large.

A possible critical mode of disturbance would occur with

U+0 as z*+t o (1.6.7)

and at the ends we would have purely circumferential Couette

flow. It will be shown that any other boundary condition on U

would not give the lowest critical value of T.

The function f(z*) must be chosen such that we do not

get ‘too far' above T as we might then expect wavy vortices.

This is particularly true for the case as n + 1. At the

moment we cannot be too precise about this because the situation

is rather different from the straight walled case.

We assume a solution for U of the type .

aoe ,
Ura. e v (2*) uy (x) + O(c) “+ c.c.

(1.6.8)

where Yq] (x) ‘is determined by a local eigenvalue problem.

The boundary condition on U given by (1.6.7) now becomes

v(z*)+0 as z*ot o (1.6.9)

and (z*) is taken as a real function of the slow variable z*.
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This is an asymptotic representation for the fluid flow which

at this lowest order tends to the parallel wall result as e+ O.

It was found that by choosing y(z*) to be real we forced

the O(c) correction term together with terms which arise from

the slow variation with space of the overall critical

disturbance structure to be completely imaginary with respect

to the first order term. This will exhibit higher order

corrections to the wavenumber of the form

K(z*) ene + e fn (x,2*) (1.6.10)

and each component of U under consideration will have a

different wavenumber which depends on the z* axial co-ordinate

and the radial co-ordinate x.

This correction of the solutions (1.6.8) to (1.6.10) will

be retained in the full non-linear equation for U and so enable

a comparison to be made between the theory of finite amplitude

Taylor-vortex type flow of our theory with experiment.
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2. Parallel Wall Case

2.1 The neutral curve

The equations of motion are linearized for small amplitudes

of disturbance and the condition for neutral stability can be found,

where the growth rate, ays is zero. For given ratios of radii and

angular speeds the condition takes the form of an eigenvalue

relationship between a velocity parameter T, the Taylor number,

and the wave number 4 of the periodic disturbance in the ¢

direction. For a given wave number the disturbance is amplified

if the Taylor number lies above its critical value for that

wave number (i.e. a> 0) and damped if the Taylor number lies

below that value (i.e. a< 0).

Calculating this relationship gives the neutral curve for

this linear stability problem. The procedure is to fix ) ata

particular value with a, at zero and vary T until we obtain the

lowest value of T that makes the disturbance velocities satisfy

the given boundary conditions. This.process is repeated for a

number of different 's and calculations show that this curve

has a minimum point denoted by Aor Ty which are known as

the corresponding critical values. These values are important

since experiments indicate that Taylor vortices appear when

At AQ. See FIG I for a sketch of the neutral curve.

It thus seems of interest to try to calculate an approximation

to the neutral curve which involves just one numerical solution of

the eigenvalue problem. To this end, we suppose 1 o Ty is a
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point calculated such that it is known to lie on the neutral curve

given by a, = 0. We then set

hea, aAGetaS (251/21)

and

2 3

Tete hel seen ona eT3 +... (2.1.2)

with the object of finding T> 1) and T3 such that (2.1.1) and

(2.1.2) comprise a parametric equation of the neutral curve valid

for small _e« . It should be noted that (2.1.1) is exact, and

can be thought of as defining the small parameter ec , and that

values for T)> To> ... etc will be given by certain consistency

conditions defined later. Some results are obtained by the point

on the neutral curve given by A= 3.4 and Ve = 1772.97 which
0

are displayed in TABLE 1.

With this theory a better approximation is found for

dee te from using the fact that if hese and TF = ie the

value of Ty should be zero. The effect of different normalizations

on the functions g 31 [esa 9] (x), ... etc, as defined in

(2.6.13), (2.6.7) with respect to the neutral curve and the fluid

field is also examined.

2.2 Analysis of the base velocities

Let (r,6,z) denote cylindrical polar co-ordinates such’

that the z-axis is chosen to lie along the common axis of two

concentric cylinders. The inner cylinder of radius Ry is rotated
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about its axis with a constant angular veloctity 2 inside the

fixed outer cylinder of radius Ro. The gap between the cylinders

is filled with a fluid of constant density p and kinematic

viscosity v.

If (u, v, w) denote the velocity components and p the pressure

of the basic flow, then the Navier-Stokes and continuity equations

for viscous incompressible axisymmetric flow are given by :

e+ ute wu -- LBs wru-5),

(2.2.1)

e+ utewi+ O = air ), (2.2.2)

Me uM sw - ~- LBs vw, (2.2.3)

we d+ B=. (2.2.4)

Here v= % + i + 2, (2.2.5)

There is a basic steady Couette flow solution of the form

u=0,ve= Vg(r) = Ar+B/r, w=0 (2.2.6)

where 2 2 2
R, a R, Ry 2

ee ee tit (2.2.6a)
Roar Ree

and the pressure, p , is just a known function of r given by

36



22 eee

p = P(r) = efA r /2 + 2AB logr- > B /r +c] .(2.2.7)

Here c is a constant.

2.3 The disturbance equations

We now set

usu, VaeVo e Ye np w=w' 7) P —=Pat Ps

in the Navier-Stokes and continuity equations given by (2.2.1)

to (2.2.4), where the primed variables are functions of r,z,t

are the solutions given by (2.2.6) and (2.2.7) , to

obtain the disturbance equations satisfied by u', v', w', p' :

2
1 1 ' 1 ' 1 2 '

4 sud ew MWe) se avivo 2 Le you 4),
r

(2.3.1)

av! av! BVee Uva ee ae oN!a tui + 2Au' Wala = v(VV -a) (2.322)

' ' ' ' 2

wee we i (2.3.3)

au! u' OW
weet +m = 0 (2.3.4)

Using equation (2.3.4) and differentiating with respect to r, we

can re-arrange (2.3.1) to give

2 2 ‘ ‘< *
aut ea ypoewe sae onus aol een: eUNG opts) Mey (Nh oe
at araz 922 p or Yr r r

' '

w + + u! x i (2.3.5)
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We now define the following constants :

2 2

d = Ro-Ry > Ree (Ry #Ro)/2 a0 d/Ro> a = 8R1/(Ry+Ro) A

(2.3.6)

We also introduce the dimensionless variables defined by

Rv 2
Ieee UU a Savi Bo Oc ut seae SeVRO

RR ae re Pa on We meee. EP. Se Pe

“

r=Ro+dx, z=dz, te. (2.3.7)

in the usual way (see for example Davey, Di-Prima & Stuart 7) and

Eagles (10) es

We also introduce the parameter T, denoting the Taylor number,

given by pee

a Ry 4.

T= — (2.3.8)
VR, z

and?) a <s

a
n = R . : (2.3.9)

We note that the disturbance equations contain the following

dimensionless functions

2 2
2

G(x) = 1/(146x), 9,(x) = - ot — G(x).
I-n (T+n)"(1-n")

(2.3.10)

The dimensionless problem now depends only on the parameter T

and n defined above. Thus we are able to write the disturbance

equations in matrix form as

ic

me -Au-83 L(u)U (2.3.11)
Sh \

38



where AU denotes the matrix product

(io)

6

Jal

Here Following Eagles , here

U = [PrVgsWgsusvewl® »

J Ajj¥j ete.

(2.3.12)

with t denoting the transpose and v,,w, are related to the fluid

velocities v and w by

av

Vor = aX

and

0 0

0 -6G

A=} %/,, . 0

0 0

0 1

0 0

Q

1
ECD ioe

9

and

a

° ax

-%ar

-6G

6G u - W3/9,

vo + SGV

39

37/577

aTGv/2

Wa/9

10

(2.3.13)

-Ta4(x) 0

Is 7s

sg ereeG\ 0

9 “875A
0 “8/5

0 0

0 0

ua/ar

W3/ gr >



0 0 ees ero (2.3.14)

2.4 The expansion procedure I

The equation given by (2.3.11) has to be solved subject to

the physical condition that requires zero disturbance velocities

at the two cylinder walls. It is written as follows for a vector

with six components.

Bp? the last three components to be zero at x = ¢ 1/2. (2.4.1)

°

Let us consider the steady state linear problem,

au
ar 7 AU: Bp. A (2.4.2)

A real solution of (2.4.2) can be‘written as

U = eS u(x) + en TASI(x), (2.4.3)

where , is a real constant, a tilde denotes the complex conjugate

and zero is our eigenvalue with u(x) the corresponding eigenfunction

of the eigenvalue problem for o (see Eagles (10),

We see that the problem for u(x) is

du
xce Au = 0 5 Bo- (2.4.4)

Here we define

cal?) as A with 9/9, replaced by ipa}. (2.4.4a)
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Fixing A at » and solving for T such that the last three

components of u are zero at x = ea/25 gives us a point

; (A927) on the neutral curve for a fixed n. This may be done

(8) rsnumerically (see A. Davey

“ Sane 3

Now replacing A by Aste and T by iA + eT, te TT) +eT3 +

- etc in (2.4.4), we ask what are the conditions on T),

Tos Ts -.. that this perturbation represents the parametric

equations of the neutral curve in the region of(), Te) Thus

equation (2.4.4) becomes

du 7 AQu ~ eC AD + yap w- ALY + Tg -

3 4

Syne uee ole) 2 0e (2.4.5)
where Ser

all) is al) except that i is replaced by Ag and T by

To: (2.4.6)

The expressions for the matrices are

Or iithaaet aeeheeae 0

0 0 0 0 2p 0

Be ep Pe 0,20 oA OF pots

Cae Oe ec0 Ogre O eet

Or 0° 9 Olmerouen

0 70: oe0 Omen O
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Spe. ab 0-9, (x) 0

Cram Oriel m0 haatoee ceo 0

A) = Bp] 0 Tan Ay = On 0 0

0 Q 0 Q

(2.4.7)

s Now. we expand u in powers of « and write
2

ue = uy (x) + uy (x) + © Ug (x) +--- » and when we equate

powers of ec" we obtain a set of ordinary differentjal equations :

2 (u,) = 0, (2.4.8)

Mu.) = (al) +T)Ap)uy> (2.4.9)

{Pu = (al) + T Ap due + (AG) + T Ap uy»
(2.4.10)

uy = al) + Typ Iu 3+(Boo* ToA p)u ot Tz py
(2.4.11)

The present analysis can be continued to higher order ina

straightforward manner even though the algebra and computation

becomes involved. The expansion has been carried out to fourth

order.

Here

4(P) is the operator & - al?) . (2.4.12)
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and each uy (x) must satisfy the boundary condition Bo.

The equations (2.4.8) to (2.4.11) may be solved in

sequence to give the flow field and an approximation to the neutral

curve provided the constants 1), Tg, Tz, ++. etc are chosen

correctly.

We set

uy (x) £11 (x) (2.4.13)

where ee (x)) 0 and £1, jis normalized such that

the second component of fu evaluated at x = -1/2 is equal to 1.

Here y, is an unknown real constant at this stage but will be

found later by a consistency condition. The idea of using

(2.4.13) is if f,, is a solution of (2.4.8) then so is vyf1y

since we are dealing with a linear equation. Thus by fixing fy

in some way, in this case by using the said normalization, we can

use a consistency condition later to find y, and we will then

have the complete solution for u 1 (x). It should be noted that

upon using this and later normalizations in this chapter the

functions given by f4,59o,> --- etc are found to have real

first, second, fourth and fifth components and purely imaginary

third and sixth components.

2.5 The adjoint eigenfunction

To solve equations (2.4.9) to (2.4.11) we need to bring in

the idea of the adjoint eigenfunction, which for this case is the

solution of
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df
et Wet 0 rete (2.5.1)

where the label 8) describes the boundary conditions that the

first three components of f are zero at x = +1/2 and t denotes

the transpose.

Let f? be the solution of (2.5.1) then

sy) = Rs Bo 3 (2.5.2)

has a solution if and only if

[ #°* Rex = Oas (2.5.3)

INTERVAL

The proof of (2.5.3) in conjunction with (2.5.1) and (2.5.2) is

now given.

Let

LM = 0 5 b (2.5.4)

and

L*(v) = 0 3 By (235.5)

where u # Q , v # O- and its & =F ra)®

Then we are required to solve Ky) = R. We start with the

inner product defined by

evt, iy) > = <v' > = f vépdx . (2.5.6)
3

Note that (2.5.6) can also be written as



3J vt le - at) : ax. (2.5.7)
=

When we integrate (2.5.7) by parts.we obtain

: 2 Tayeie, = { E y + veal) yldx. (2.5.8)
“3

Since the integral in (2.5.8) is a constant and not a vector,

it will have the same value as its transpose which is

c

f ly + vt atl) ‘| t dx. (2.5.9)

Upon using the properties that the transpose operation on matrices

satisfy in (2.5.9) then

4 i ie 3

| Ee ye vt) y]* oe | ff Sea te
* -

z<yt, L*(v) > . (2.5.10)

But from (2.5.5), L*(v) = 0, therefore

Rdx = vi vii, (2.5.11)

6

where wt iy denotes the matrix product 2, vaygl’y and

the values of the v's and y;'s are given by the boundary

conditions 8185 respectively. That is

7 =?Vn > Yme3 evaluated at x = 2 1/2 are zero (25.12)
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for m= 1, 2, 3. When we use (2.5.12) we have the result given

by (2.5.3).

If instead the values of Yne3 evaluated at x = 1/2 are

not zero, and Vint the corresponding values of v. Then

+ 5 (2.5.13)
vy’ Rdx = [yg¥q + YeVe + YeVel Ve

Z a ae 55 66" evaluated at x=1/2.

This last condition will be used later in Chapters 3 and

a

It is easy to show that the relation

3
J POLO Ay oete admin at (2.5.14)

SF

is satisfied after a suitable scaling of fs :

2.6 The expansion procedure II

Using (2.4.13), equation (2.4.9) becomes

2 (un) = (A) fy, # TAD yy). (2-6-1)

In fact. we can let

Upatee Sy hOG bier aaa Zens (2.6.2)

Then we obtain

RM (top) = AD tay + Te Err - (2.6.3)

For (2.6.3) to have a solution we use the adjoint condition (2.5.3):
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: grt all) + TAD fy) dx= 0. (2.6.4)

“3

Hence we can find the first perturbation coefficient as

s 1
5 as © A) fie

roe a ee ‘ (2.6.5)

and it is now a known quantity.

We set

Ug ei ta) eat A (2.6.6)

where 9 9] is a particular solution satisfying

U5.) = (AD * Toler 5 8 (2.6.7)

and is normalized such that the second component of 99] evaluated

at x = -1/2 is equal to 0. It can be seen later that different

normalizations do not affect the parametric equations of the neutral

curve or the final solution for U. The solution of (2.6.3) has

an arbitrary additive multiple of the eigenfunction f 1, and g isa

real unknown constant which will be determined by a consistency condition

later on,

Using (2.6.6), equation (2.4.10) becomes (with ug, = ¥4£31 )>

A (£5) = AQ) + TA) Sart (all) + TA) fq) + (a) + TyAa)Fy1-
(2.6.8)
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For £3) to exist, we use the adjoint condition (2.5.3) to obtain

BY oa,t/9(1) a( iat By aa,t
f Roe) Sone i Depots ceats +2 J fg sS ache
a “3 =i

(2.6.9)

; i t/,(1) :
since the value of f sad Gye TiAa) £47 dx is zero from

“t

(2.6.4).

Hence we can find the second perturbation coefficient as

3 1

z J eet cal) gay + TAg dort AUP fy
"ss 1 . (2.6.10)

Re-forming equation (2.6.8) and using (2.6.10) we have

1 1 1

4 Mes) = cA) gait TA da1 t AUD £41 + TA ef ad

< stag? fy, *MA2tn > (2.6.11)

where TT, is now a known constant, and by examining the right hand

side of (2.6.11) we see £3, may be expressed as

f37 = 931 + 8927 + fn > (2.6.12)

with 93) satisfying



(1) = at) (1)
L6'(aa1) = At Sart TA2dert Moz ft TA2En-

(2.6.13)

The function 93, is normalized in the same way as g 5) - The solution

of (2.6.11) can yet again have an arbitrary additive multiple of

the eigenfunction eT with a an unknown real constant determined

later on. The term 8 has been forced by the multiple sf
32) ei

of the eigenfunction which occurred in f 5, -

The equation for fay » given by (2.4.11), can be placed in the

form

Mea ae (all) + T)A2)931 + al +TAo)9o, + 138of 11+

al(A Gg) + TAp doy + (AG? + Top fqn] * oy (AG) + TAQ) q11-

(2.6.14)

The condition for (2.6.14) to have a solution gives

a | tal) +t Ap laa + (AQ) + To 9) Soy] OX
3T34

| - Apt, &
* (2.6.15)

2.7 The forms of solution for U with different normalizations

The complete solution for U to 0(<°) can be shown to be
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oF 2

Use Hoey ef 9] t+efs, feel ee

widgs 2

ye beet ef -1 r €f3.4 Fee] (257-1)

where Imeaj ij (257.2)

Referring to the form of expressing f 5) » £31 defined in (2.6.6)

and (2.6.12) respectively, then substituting for fo,. f 3, “in

(2.7.1) we have

TAgs 2

Us ye (£4, + &(Zart 8f 44) + © (237+ 8991 * ay fq) + +++]

+ C.C,

(2:73)

where c.c. stands for the complex conjugate of the preceding express-

jons. The functions Go1° 931 satisfy the differential equations

(2.6.7) and (2.6.13).

Since the problem is linear we may use an arbitrary normalization

on U given by Up (-1/2,0) is equal to 1., that is the second

component of U evaluated at x = -1/2 and at ¢ = 0. We obtain from

(2.7.3) that

1s %0tetegt..l * (2.7.4)

since the second components of fy > Go, > 93] are 1,0,0

respectively at x = -1/2.

We equate powers of c« in (2.7.4) and the coefficients y,,

ay, 8 are given by

yy = 2, a, = 0, 8 = 0. (2.7.5)
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Then upon replacing these values in (2.7.3) the solution for U is

igs 2

Ui= 1/2e (fy, Fo, + © 937t «1 tec (2.7.6)

Since £4, >90,*>93, are complex we can separate them into

real and imaginary parts, that is

fy oe tel? (2.7.7)

where the index (r) and (i) denote the real and imaginary parts
iat

of fy respectively. We replace e 2 by cosags + i sind,s

and « by (A - 2g)» and U can be written as

ye Dee r A)U= £) COSAS - £Y sinage + (-Ay) tas eosags- a sinacl *

2 j 3

(A= Ag) tat) COSAS - a) sings J+ O(A-Ag) - (2.7.8)

The idea of writing U as (2.7.8) will be used in later chapters

and to show the form of the real solution for each component of

U.

Tf 9o,>93, hada different normalization, we ask would

this effect the form of U or the value of the integrals used to

calculate the constants T;. We must remember that this is subject

to an overall normalization on U given by Up (-1/2,0) = | a ror

simplicity we consider just one other normalization for g 5) and

931°

Suppose that gai : a3] are the new solutions of the differential

equations (2.6.7) and (2.6.13), that is
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2G = Ws Tag) fy 5b (2.7.3)

and

G51) (ac) +1, Ao) do1* (al) + TA) £1] + 82
(2.7.10)

with their second components evaluated at x = -1/2 and = 0

being equal to 2. Then comparing the equation for 92] and 994 >
we see this forces

Go, = Go, tK £4] (2a7 11)

since we can also have an arbitrary multiple of the eigenfunction

fy , but we must also have

994 ota = 99,2 +K fi1,2 ; (2.7 12)

when we use the normalizing condition. This will give

K = 2, (2.7.13)

We re-arrange (2.7.10) by replacing ct by (2.7.11), and see

4° Gay) = DY + TAadg art (AG + Taka) £44 + 2A) + Tag) Fy]

(2.7.14)

When we compare the right hand side of (2.7.14) with the equation

for 931° this forces

“G31 = 931 + 2907 + EY (2.7.15)

and the normalizing condition will give

k= 2 (2,7.16)
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The corresponding solution for U with this second normalization is

GA me a 2a ao in

U= Ye (fy, + (doy #8 £4,)+ © (Qa * 8921 + & Fy)t .-]4C.C.5

(2.7.17)

where a 8 are the modified constants a), 8 due to the different

Normalization used. When the same initial normalization on U

is used we obtain

- 2 a a

l= ay, 01 +e(2 +8) te (2+ 28 +a)+.., J (2.7.18)

since the second components of f 4,» Ge. > den are 1,2,2 respectively.

at x=-1/2, %=0.

When we equate powers of € in (2.7.18) the coefficients y,,

ao ,8 are

y=, feo? , a = 2s (2.7.19)

Thus noting these values in conjunction with (2.7.11) and

(2.7.15) will give the same form for U as in (2.7.6).

If go, and g3, were replaced by (2.7.11) and (2.7.15) in

the integrals defining T, and T3 we see that their values would

remain invariant under the two different normalizations. The

reason for using two different normalizations was for a numerical

check for both the functions Jo, > 93] and the value of the

integrals needed to calculate To: T3.

It is noticed that if e = 0, we would be left with the

linear solution corresponding to the linear problem defined in

Eagles (10) for r+ = Ao? T = T, which is
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(2.7.20). ° °
We le fay a Pe yd

or

Us £0 cosags - £4) Sinhece Sule, (2.7.21)

At this point it was decided to calculate the streamfunction ® ,
. projected

for A= , in order to plot the actvel streamlines.

In the non-dimensional form the streamfunction » is given by

1 ao
— = f. (x) cosa.3 (257722)

1+ 6x ac 8 <

and

1 ao :
— =f (x) sinxete a, (227523)

1+ 6x a peg . 3 -

where Fria and F116 are the fourth and sixth component of fy

respectively.

From (2.7.22) we obtain

Ce tes sim.s + H(x) (2.7.24)
F j

where H(x) is obtained from integrating (2.7,22) with respect to

3 only. If we now differentiate (2.7.24) with respect to x, we

have

sina.c | df. '
ae Se | pet EL e725)
145 xX ax c dx 1 +6x ‘ 1+ 6x

= F176 (*) sim f.

From the continuity equation we note

lees seerpe eer 2.7.26a 1,4ey a \c 116. (2.7.26)
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thus when we use (3.7.26) in (3.7.25) we see

H'(x) 0 (257.27)

or

H(x) constant. (2.7.28)

The value of this constant does not affect any possible streamlines.

Thus the streamfunction is

o 2 ATES) 6) 40) singe (2.7.29)
Ye

The actual streamlines = constant are given by

1 :ae Fa) simkc = C. (2.7.30)

To find the value of ¢ for which (3.7.30) is true, we first fix the

x co-ordinate and solve

Car

71 S (2.7.31)eel en yee
iS (1+, 6x) F114

,

where solutions for ¢ exist for the various values of c. The stream-

lines are plotted for various values of c and are shown in

FIG It.

sige
The +ength of consecutive vortices is subject to

sin Aen 0 (2.7.32);

that is

Se (2:77.33)
ie ‘

This implies every ae in the non-dimensional z co-ordinate contains
c

one vortex. Inthe dimensional z co-ordinate this becomes
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-0.5 -0.3 -0.1 0.1 0.3 0.5

FIG IIa Streamlines for n= 0.5, T = Tes A= ie and

c = -0.1,-0.3,-0.6,-1.0,-1.5 and -1.8.

FIG IIb Streamlines for n= 0.95, T=T.,A= 4 and

c = -0.1,-0.3,-0.6,-1.0,-1.5,-2.0 and -2.3.
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1 vortex for every z= ce units, (2.7.34)
c

and the number of vortices can be used to check with any experimental

results.

2.8 The approximation to the neutral curve

We hope that the analysis we have just carried out in the

preceding sections of § 2 will give us a close approximation to the

neutral curve over a suitable range of » . We shall compare the

results obtained from using (a) the quadratic, and (b) the cubic

approximation to the neutral curve with the directly calculated

values obtained from solving the eigenvalue problem a number of

times for different A's. ~

The approximation we have found for the neutral curve is

* 3.

T= Ty # (ArAg)T] + (A-Xg) Ty + (A-2g) Ty (2.8.1)

where Ty T) and T3 are defined ‘in (2.6.5), (2.6.10) and (2.6.15)

respectively.

The results obtained for T> T) and T3 with,

n = 0.95, T= 1772.97 and , = 3.4 (2.8.2)

were found to be

T, = 129.0403, Tp = 220.113 , T3 = -33.0772. (2.8.3)
1

Further details of the numerical methods are given in the

appendix. We then proceed to form a table as shown in TABLE I,

to compare the different approximations to the neutral curve with

the corresponding directly calculated values for T'given i.

57



a T 7(?) Ae) 7) ah)

2.6803 1812.81 1794.11 18.70 1806.44 6.37

29 1769 .00 1763.48 5.52 1767.61 1.39

Sel 1755.16 1754.07 1.09 1754.96 0.20

3.127 1754.96 1754.15 0.81 1754.82 0.14

3.15 1755.09 1754.47 0.62 1754.98 0.11

Sse 1756.28 1795.97 0.31 1756.23 0.05

3.25: 1758.70 1758.57 0.13 1758.68 0.02

3.3 1762.31 1762.27 0.04 1762.30 0.01

3.4695 1782.98 1783.00 -0.02 1782.99 -0.01

Bs0200. 1812.99 1813.35 -0.36 1812.97 0.02

Sf 1830.69 1831.49 -0.80 1830.60 0.09

TABLE I Variation of T with for n =0.95and the cases

-mentioned below.

Here T are the directly calculated values obtained by solving

(2)

7?)

2 3

el ) and el ) are the corresponding errors as compared with T.

the eigenvalue problem and are in good agreement with

those obtained by DiPrima & Eagles (4).

are the Taylor numbers obtained from the quadratic

approximation to the neutral curve.

are the Taylor numbers obtained from the cubic approximation

to the neutral curve.

We next use the approximation for T, given in (2.8.1), to

calculate an approximation for A-, ae on the neutral curve. From

(2.8.1)
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2

GT's T+ 2Tg(A,) #3 0Ag) tae» (2.8.4)

hence using the fact that at T = i and = de the curve has a

minimum we obtain

2

373 (A, - Ag) + 2T5(AgmAg) +317 = 0 (2.8.5)

to order (A. - Ag)

For the cubic approximation to the neutral curve there are

two values given for ,. But only the zero closest to that given

by the quadratic approximation for Xe and To that is

> f aoa T,/2T, (2.8.6)

Te
" Ty ts /8tps (2.8.7)

is useful. The zero of (2.8.5) which is relevant is

“Ty + 3 = 31473
1 = ’1.+ ——_.. (2.8.8)
c 0

3T3

If we take the lim of (2.8.8) as T3 +0 it can be easily shown we

obtain the result of (2.8.6).

When we use (2.8.8) in (2.8.1) it is easy to obtain the corresponding

critical Taylor number.

The values of A, and Te obtained from using the quadratic

approximation given by (2.8.6) and (2.8.7) with

n = 0.95 is A, = 3.1069 and T, = 1754.06 (2.8.9)

and for the cubic approximation given by (3.8.8) with >
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n= 0.95 is A, = 3.124 and T, = 1754.82. (2.8.10)

We use TABLE 1 and the above points to compare the accuracy

of the approximations to see which is the best approximation to

the neutral curve. In fact it can be seen from TABLE 1 an error of

less than -1 in absolute magnitude the range of \ is (3.27, 3.5) for

the quadratic approximation, and (3.16, 3.7) for the cubic

approximation. From the two ranges it is seen that the addition

of the eT; term does make a sizeable difference to the value

of the Taylor number, and also increases the accuracy for other

values of the Taylor number for a given A . This is especially

the case for the approximation to the critical wavenumber Ae

and the critical Taylor number T.. The values of which are

obtained first by solving the eigenvalue problem a number of times

directly, and these points are used to interpolate until a minimum

value for T is obtained.

The values obtained for n = 0.95 using this method are

es 3.127. and T, = 1754.96, (2.8.11)

this compares quite favourably with the cubic approximation.

The values for A and “i are quite vital to later work

and we intend to obtain a better approximation for these. We use

(2.8.11) as my new A, and Te and proceed to calculate Ty Ty

and T3 and thus obtain a new approximation for Ae and Th This

procedure is repeated until the value of TY) is approximately

zero to a certain number of specified decimal places. This is

because the condition for
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2 3

T= Ty + Ty(A-AQ) + Ta(ArAg) + T3(A-AQ) + eer (2.8.12)

to represent the neutral curve with a minimum point at A = A,

is that Ty is equal to zero. After the values for Ae and Te are

obtained they will be used in all later calculations and Y

will be taken to be exactly zero. The reasons why will manifest

themselves in later chapters.

The values obtained for Ty To> T3 and the corresponding

approximations to A. and T, are :

For n=0.95 and a Sere Tta 1754.96 (2.8.13)

T

-57.9265 , (2.8.14)Ta -0.1806 , Tp = 256.567. ,.-T:
3

and when we use.(2.8.8) with the above values the new approximation

for A. and Ve are

3.12735 and 1754.96 respectively. (2.8.15)

These values were considered to be the new 1), TS and a closer

approximation was then found with the following values for

Ty» Ty and T3 .

T, = -0.0011_ , Ty = 256.5062 , T3 = -57 8862. (2.8.16)

This resulted in the same values for A. and Te aSi(2v6.19)'s

which will be used for future work in the case n = Ry/Ro = 0.95.

The following results were also obtained with n = 0.5

with the same method :

For n= 0.5 and a, = 3.163, T, = 3099.78 (2.8.17)
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Th 0.5140 , Ty = 440.108 , T3 = -99.8321. (2.8.18)

The first approximation to Ae and le using (2.8.8) and the above

values are

3.16242 and 3099.78 respectively. (2.8.19)

These values of 4 and T were considered then to be the new A,

and T for 7 = 0.5. A second closer approximation to Ae and

Te were found using the new calculated values of T), Ty, and T3 5

T= 0.0033 , Ty = 440.2819 , 13 = -99.9442. (2.8.20)

This resulted in the same values for A. and Te as (2.8.19) and

for future work will be used as the critical values for the case

n= 0.5.

We also used this method in obtaining values of Loc and

1 for fixed 7 in the results of Chapter 4.
Lc

In later work we shall use the constants T) and T3 which are

to be interpreted as the final constants obtained above in

equations (2.8.16) and (2.8.20).

2.9 Introduction to the non-linear problem with respect to torque

calculations
,

This chapter is involved with numerical calculations of the

additional torque supplied to the inner cylinder to sustain an

equilibrium Taylor-vortex flow of small amplitude between the two
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cylinders. This is the extra torque required to keep the inner

cylinder in motion at a given speed for this particular flow.

We first fix A at a particular value and calculate the lowest

Taylor number that will lie on the neutral curve. We will have a

point Ag? Ta which lies on the neutral curve. The general idea is

to keep A fixed at Ag and increase the Taylor number above Tos

so the point in the \,T plane is above the neutral curve. .We

should then be able to obtain an equilibrium Taylor-vortex flow.

In the method adopted, we set

hehe (2.9.1)

and

2

T= Toep tty (2.9.2)

2

where y is assumed small.

iz

The formula for y can be written as

2 Ty

oor (2.9.3)

19

2

therefore upon specifying the value of T will fix the value of y .

This will enable us to calculate the torque along any line A
(6)

equal to a constant. See Davey B

An attempt was made to numerically calculate the wavenumber

that would give a maximum torque for a given T. The expression

for the torque G will be seen to be

apg a ea Rae te ae hye nos tee (2.9.4)

2

The general idea is to use y as a small parameter so that we

can ignore terms of Oly’) etc. The expression obtained for G
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seems correct as the results obtained for G when

Telos with A fixed ,G+0 (2.9.5)

is in accordance with what you expect.

The numerical results obtained from using our expansion

procedure for the torque and maximum torque are used to compare

with the results of DiPrima & Eagles."

2.10 Expansion of the non-linear equation for small amplitudes

From the theory for the equilibrium Taylor-vortex flow we

have if

Ssh (2.10.1)

then

ane is (2.10.2)

will represent a point on the neutral curve.

We shall set

2

chet ele fl+ty] (2.10.3)

in the steady state, non-linear equation given by (2.3.11),

we obtain

aU
Be NUL yal

2

ax =o— ola U aL, (UU ty Toh. (WU

3 Bo (2.10.4)

subject to the boundary condition (2.4.1).

Here
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0 (2.10.5)
Ir n >ic " ° °

'

te oe © Noe
yz °

12

and Ap, Re are defined in (2.4.7) and (2.3.14) respectively. ;

2

It is noted that both A and Ly contain Tos and y will

represent a small amplitude of the disturbance for a given T.

We next expand U in powers of y and write

2 3

Uae = yu PT Ug + oy Mig ch ool» (2.10.6)

and when we equate powers of y" we obtain a set of partial

differential equations given by

YT Haas) Saas (2.10.7)

CBee a Eg uns (2.10.8)

(9/ax = Ag )ug = Lg (Wy Wp thg (Ug) Uy AT Agu; .(2-10-9)

(a/ax = Ay )ug = Lo (Uy U3 thy (Up We thol U3)

4T kp (Uy Uy t+ TAgua> (2.10.10)

(a/ax- Agus = Lo (uy Ug thy (Up ug thy (U3 Me

th (Ug Uy Mobs (Uy Ug ATob 2 (U2 Uy

+TjApu3 - (2.10.11)

The boundary condition Bo applies to equations (2.10.7) to

(2.10.11), which is the physical condition that requires zero
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disturbance velocities at the two cylinder walls.

A real solution of (2.10.7) can be written as

igs ane
uy; =e U4] (x) te Utes] (x) (2.10.12)

where 41 (x) satisfies (2.4.4) in conjunction with (2.4.4a).

When we use (2.10.12) in the right hand side of (2.10.8) we

see uy can be written as

2idGs 2s

Up =e Ung +Yog +e Uoi-2 - (2.10.13)

The equations and boundary conditions satisfied by Uy5, Ug are

(iz - Ad?) 422 = uO) (uy ar 5 8 ee)

d 0

Ge =A) ) upg = ESM h,- elu y ean 8
aie

The matrix L(?) (u;;) is defined by

8GU5 5 4-1 QPUi5 6 aT Gus; 5/2 iPrgUay, 4

Pu re-b | 2 “eins Prot 5,6 y
—tj a

Yas,3 0 ipa 015.6

9 Q

(2.10.16)

al?) is defined in (2.4.6) and 454k for k = 1,6 represents

the six components of the vector aj s

To simplify equations (2.10.14), (2.10.15) and later equations
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we shall use the following notation

‘ 
:

Rog (ij Ske) = erate Meat UDig, ay 287052 ,
(2.10.17)

We can now rewrite (2.10.14) and (2.10.15) as

4!uoo) : ¥ Boo (Uyz>4q]) 5 Be (2.10.18)

(Wa) = Rog ype 41,-1) §% 82 - (2.10.19)

The operator 4(P) is defined in (2.4.12).

When we use (2.10.12) and (2.10.13) in the right hand side of

(2.10.9), we note that u3 can be written as

3iA,7 VR -iA.t “310.7
: i. Oo ° oO 0

es Mouse © 3 pe 43,-3°
(2.10.20)

The equations and boundary conditions satisfied by U3 ,U34, are

(3)Lu 33)
1i Yu 31)

Rog (U7 1 22) 3 By (2.10.21)

Ro (U1 17 229) + Rog (Uy ,-1 Hea) + TAs 417 * 82

(2.10.22)

We find that on repeating this procedure we can write Ug and

Us as

4idxc ite e n2iAg “Aid gt

Use nae’ ae aro An ae ine OS Uq-4?
(2.10.23)

Sid SixS D5 -id.c -31A05
= 0 0 0 0 oO

usg=e Us te Usgte uUs)te pete Us 3

“BIA GS

+e Us 5 (2.10.24)
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We only require the equations for Ugo» Yao from (2.10.23)

and the equation for Us] from (2.10.24) in order to use certain

consistency conditions for Us; to have a solution.

The equations and boundary conditions satisfied by Ugo “ag

and us, are

2

$7) (wap) = Rog (U41 31 * Rog (Ht ,-1 33 )
T

oO

+ Rog (U29 tag) + 2 Roo (Yq 11)

+ Ts Aooo 3 Bo (2.10.25)

(0) z
(agg) = Roo 11 435-1) * Roo 1,-1 231)

+ Rog (U29 2,2 )* Rog (qq oH 1,-1)

1 i

+7 Rog (Ug Yat TAgYag 3% Bg (2-10.26)

(1) z ;
D451) = Rog (417 Ha * Roo (1,-1 H42)* Roo (422 H3,-1)

+ Rog Ua 31) + Roo (2, -2 33) oR o2 (L117 420)

+ T Roo (Uy, p22) + TAY, 5 Be (2.10.27)

2.11 Consistency conditions and formula for Taylor-vortex torque

From the linear theory, a solution for uy (x) can be written as

Uy) = gf py (2.11.1)

where fy (x) satisfies (2.4.13) and the given normalization which

follows (2.4.13). Here Uo is an unknown real constant which will
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be determined by a consistency condition on a higher order differen-

tial equation.

When we use (2.11.1), and let

2

Woy = Yo faq > (2-112)

in (2.10.18) and (2.10.19) we then have

(2) eel esFoe) = zRoo (fie fn) § a (2.11.3)

(0) (¢ . ZPlies = Merlin fra te (2.11.4)

Similarly, if we let

3

Ugg = Up £3; (2.11.5)

in (2.10.21) and (2.10.22) then we obtain

(3) “ ri
es) § Bhi! ae (2.11.6)

(1) a
Tifa) = Rog Cir -f 20) * Boo (£),-1 £22)

TApf
oe

+ 2 3 (2.11.7)

Ho

To solve equation (2.11.7), a consistency condition has to be

imposed so that a solution for f, will exist. This involves the

use of the adjoint function mentioned in § 2.5.

For £3, to exist, we use the adjoint condition (2.5.3) and

obtain

3 a,t Tg Bast,
i PT Boo (£77 -f20)* Roo. F22 £74 ydxe 2 ["¢ Ao tay os
“3 Yo +8

(2.11.8)
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2

Hence we can find u, as

2 a t
aes [rt LN Si ies
eee =E (2.11.9)

3 a,t
FP Roo (£47 -£20 + Roo f22 £1, -1 14%

-3

where Ug will be taken as the positive root of (2.11.9) and is now

a known value.

We set

3) =23] + wf 47 (x) (2.11.10)

where e,, is normalized such that the second component of e 31

evaluated at x = -J is equal to zero, and w is a real constant

unknown at this stage.

The function £3] satisfies the differential equation,

(1) = a
£0 (051) = Roo (11 *f.20 I+ Boo (F202 -1,-1* TA2E ri! to 3

89
2 :

and uy is now known. (2510211);

When we use (2.11.10), (2.11.5), (2.11.2) and (2.11.1) in the

right-hand sides of equations (2.10.25) and (2.10.26), and set
# z

Yay = Yo £45 (2.11.12)

and then

fa; = 2q;+ omg; (2211213)

in the left-hand sides of (2.10.25) and (2.10.26), we find the

functions £4j and Ma; satisfy a set of ordinary differential
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equations subject to boundary condition Bp:

(2) te
LO) (e 49) = Rog (£112 231) + Rool £1,-1° £33) + Bool £22* £20) *

To Ree (Eyre + To Apfar! wy + A (2.11.14)

U0 myo) =Roo(fine fn) 5 % (2.11.15)

0 (49) = Roo (E11 *23,-1* Boo (£121 £31)

+ Bog (F22f2,-2)+ 2809 (f20 £20) *

TR o2 (f1y-£1,-0/ 6 + Ty Ao f 2o/ %
3 By (2.11.16)

1) (m 49) = 2 Roo (£44 oFy,-1) asa Bo Z (2.11.17)

From the form of the equations for my, and ma, we can write

Wy = 259 (2.11.18)

and

Wane eta s (2.11.19)

To solve equation (2.10.27), a consistency condition has to

be imposed so that a solution for fs) will exist. This again

involves the use of the adjoint function mentioned in 82.5.

For f5, to exist we use the adjoint condition (2.5.3) and

obtain

4 Tene ,
j fe" Q dx + rg f #72 (£17 £20) + Boal £1,-1°£ 22)
-3 -3 '

3

+ Apes lacs of ot
=3

TR go (£472 M4o) * Roo (£,-19M42)
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+ Ro (F290 £1,-1) * Roo (f20 £11) 1%

3 2
+ aT, | ft A fy, dx/uy = 0 (2.11.20)

-3

where

Q= Rog (£41 2240 )* Roo (£1,-1 242 * Roo (£22 £3,-1)*

R oq (£29 2231) * Roo £2 ,-2°£33) - CMe)

The equation (2.11.20) can be simplified when we use (2.11.18)

(2.11.19) and (2.11.9) to give w as

ape 3

Yo j #°"qdx T,) £7°T ER golf qf 20) *Ro2(f1,-1°£22)*Aze a1 1
w= -3 -3

ar. [Pet ay fay ax (2.11.22)
° s 2-11 oi

“4

Now that the coefficients uy, and w are known we can

calculate the Taylor-vortex torque.

In our approximation, we can calculate the additional torque

due to the vortex motion from the velocity disturbance in terms of

z

y «This is given by

x 4 6

G= yk +t yk) +--- + Oy) (2.11.23)

where ; TT,

y= a> (2.11.24)
oO

and 2 1

Ky = wo fogal- z) (2.11.25)
E
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4 4 1

Ky = Hy &qo,2(- 2 2wy fo 2(- Z) - (2.11.26)

1
Here Fij,2(- z) denotes the second component of fay evaluated

at x = -} » that is the inner boundary. It is mentioned that

the values of the constants K and K, will remain invariant

under whatever sign we had chosen for u, .

From (2.11.23) we can numerically calculate the zero's of

(3G/3A)+ Fixed and obtain the maximum torque, Age To do this we

first find a point 4, T, on the neutral curve and keep these

values fixed, and so compute the coefficients K and Ky. The

Taylor number T was then fixed at a specific value greater than

Ue and the torque calculated from (2.11.23), etc. This

procedure was repeated a number of times for various values of doe

To» which all lie on the neutral curve, but with the Taylor number

T kept fixed at its initial value. The values of 4 = A, and

the resultant values for the torque G are then used to find

numerically the zeros of (3G/3A)7 fixed for a given 4. This value

of i is called the wavenumber for maximum torque A,.

2.12 Results of torque calculations

It was decided to do just the one case, using the full

equations for n = 0.95.

The results for the Taylor-vortex torque G obtained from

(2.11.23) are given in TABLE II. The calculated wavenumber for

maximum torque for T = 1840 and 1920 are given in TABLE III.
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(4)
These results are compared with those of DiPrima & Eagles

for \ = 3.1, 3.2 and 3.3. The results were found to agree

very well for T = 1840 ; for T = 1920 there is a much poorer

agreement. | he dcferenca in results appeos to be of oe’),

The results for the wavenumber of maximum torque were found

to be in poor agreement with that of DiPrima & Eagles (4).

This was probably due to the torque results being too close for

the three values of A chosen, ( \ = 3.1, 3.12725, 3.2), for the

approximate quadratic curve. The wavenumber for maximum torque

was calculated from this curve.
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T-T,

T alee 3 -G -<°

1840 | 0.0401 2.9 0.1094 0.1105

0.0483 3.1 0.1307 0.1317

0.0477 3.2 0.1294 0.1300

0.0441 3.3 0.1206 0.1212

0.0378 3.4 0.1045 ;

0.0485 3.12735] 0.1311

1920} 0.0854 2.9 0.2126 0.2215

0.0939 3.1 0.2359 0.2436

0.0932 32) 0.2363 0.2430

0.0895 3.3 0.2296 0.2353

0.0829 3.4 0.2159

0.0940 3.12735| 0.2367

‘ Taylor-vortex torque results of DiPrima & Eagles (4) -

TABLE II Taylor-vortex torque-for n = 0.95

a
E r tt x

1840 | 3.133 3.164

1920 | 3.156 2197

TABLE III Wavenumber for maximum torque (4) 4
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3. Non-parallel Wall Case

3.1 Introduction to the non-parallel wall linear case

In this chapter we are interested in the hydrodynamic

stability problem associated with the outer wall being of the

form

r= Ry + © (RyRy )F(Z)/2 (3.1.1)

in cylindrical polar co-ordinates (r,e,z). We call this problem

the non-parallel wall problem in order to distinguish it from the

parablel wall problem, where the outer wall is given by r = Ro.

In both cases the inner boundary is r = Ry.

The parameter © defines the slowly varying variable Z, where

Lum REZ (3.1.2)

and also a small variation in the outer wall.

The base velocities and pressure are expanded in powers of ¢

and are functions of r and Z only. We obtain solutions of the form

Ug = Ole')s Ve = Volt) + e'Wp(PsZ) 4 We = © Wg(PoZ) (3.1.3)

and

Ps = Po(t) + e poltsZ) « (3.1.4)

An additional condition for all the above solutions to be true was

UeWer 0 as Ze t= , a: (3.1.5)

because we shall assume a purely (modified) circumferential

Couette flowat Z = to .

The reader should note the assumption made later that F(Z) is

even may be dropped up to s3.10 in this chapter. The expansions

are valid for all F(z) provided (3.1.5) holds. The boundary
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condition (3.1.5) will be seen to force F(Z) to have the following

property

Geis ag. Ee to (3.1.5a)

We introduce the constants and dimensionless variables

defined in (2.3.6) and (2.3.7) along with the slowly varying

dimensionless variable ;

ze = 7d (3.1.6)

into the base velocities and the disturbance equations in the

usual manner. See Eagles (10),

The non-dimensionalizing is done in terms of Rj and Ro. The

Taylor number T is

aR a
Te ees (3.1.7)

2R
2G

We are then able to write the disturbance equations in the matrix

form shown in (3.5.22).

The boundary conditions on U are the physical condition of

zero disturbance velocities at the wall of the inner cylinder

and at the outer surface. An additional condition imposed on U is

S50. Saas) 2k eo. (3.1.8)

With a suitable choice of F(Z) such that the base flow is

locally more stable at Z = + o than near Z = 0 we are able to

find a critical overall Taylor number Tenit in the form

2,

& Te ceats +emits: satlc Stee (35029)

’ which appears to be the lowest Taylor number for which neutral
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solutions exist to the disturbance equations. We are also able

to find higher order corrections to the axial wavenumber, which

is no longer uniquely defined, but varies with the physical

quantity considered and also with x and z*. In the non-linear

case there is also a variation with T.

3.2 Assumptions made about the outer stationary surface

Let (r,6,z) denote cylindrical polar co-ordinates such

that the z-axis is chosen to lie along the axis of a cylinder

radius r = Ry. This cylinder is rotated about its axis with a

constant angular velocity 2 inside a fixed concentric surface

radius 2

ros Re © (Ro-Ry)F(Z)/2 ' (3.2.1)

The gap between the cylinder and the outer surface is filled with

a liquid of Kinematic viscosity v and constant density o

The variable Z is given by ,

“= eZ. (3.2.2)

The parameter < does not only define the slow variable Z but also a

small variation of the outer surface. The constant coefficient of

F(Z), namely (Ro-Ry)/25 was chosen such that the equation of the

outer surface in the non-dimensional co-ordinate x, defined in

(2.3.7), is given by

x = bplte f(z). (3.2.3)

To obtain the function f(z*) we non-dimensionalize Z by

Z = dz (3.2.4)
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and place

F(dz*) = f(z*). (35225)

It can be seen that z* is a dimensionless slow variable when

compared with the dimensionless axial co-ordinate ¢.

To define the problem more the function f(z*) will be given

the following properties : <

(i) f(z*) = f(-z*). (3.2.6)

This ensures that the outer surface is symmetrical about z* = 0

and enables us to solve the problem for just positive z*.

(ii) (0) = 0. (35220)

This will give that at z* = 0, the outer surface is given by

¥]
xy.

Graeme h(2e)! et ge we (3.2.8)
Zest

Where f. is a negative constant.

(iv) tim, (4%) =0. (3.2.9)
Z¥+t ©

3.3. Analysis of the base flow

We denote the velocity components of the basic flow by

(ug 2V oWg) and the pressure component by p,. The Navier-Stokes

and continuity equations for viscous, incompressible, axisymmetric

steady flow are given by (2.2.1) to (2.2.4) with the partial

derivatives of Us sVo We with respect to time equated to zero.

The boundary conditions on Us »VosWe are

2

u.=V. = =0 on r=Rot+e (Ro-Ry )F(Z)/2, (3.3.61)
s Bek

Ua ee 0 and vor 24Ry on r = Ry. (3322),
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For steady laminar Couette flow, which is given by « = 0 in the

above, there is a solution of the form

us = Ooo Ves= V(r) at We 0 (353.3)

where 2 2 i

-R, 2 RVatr) a i 5 iE es *| (3.3.4)
(Ry - R7) r

with the corresponding pressure P(r) given by (2.2.7)

For ¢ small but different from zero we shall expand the base

velocities and pressure in powers of e« and write

2

Ue ele E Up t eee o

2

Vee V(r) Fev, FEV teers (833.5)

4

Woes eW, te Wo t+ «+e >

2

Poaee eP,(r) + epy) + e Pate ’

where the ellipsis dots stand for all terms with powers of an

for which n 2 3. The functions Ug Wy VG Py FOV =: Ie so eee c

will be considered to contain just two variables r and Z.

When we use (3.3.5) and the boundary conditions on the inner

wall (3.3.2), we can see the base velocities must satisfy

USS 2,R, on = Raa (3.3.6)

Us = V,; =W, = 0° on nek fOrseet 152 so sree, (S2o07)

The boundary conditions on the outer wall, r = Ro + e (RyRy )F(Z)/2

are obtained by means of a Taylor expansion of the velocities

at r= Ro. The base velocity us must satisfy

ue =0 on r=Ry + © (RoRy)F(Z)/2 » (3.3.8)

which from (3.3.5), is the same as
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€Uy(Ry + € (Ry-Ry)F(Z)/2sZ)+e ty(Ryt © (RyRy )F(Z)/2sZ)+.--

=0. (3.3.9)

When we use the Taylor expansion about r = Ro for the velocity Ucs

equate powers of e" we obtain the following set of boundary

conditions for each ust

uy (Rp Z)=0 > (RyRy )F(Z) uy (Rp »Z)/2 + Ug (Ro »Z) 0, (3.3.10)

Up(RysZ)=0 5 (Ro-Ry)F(Z) Upp (RpsZ)/2 + ug(Ry.Z) = 0 »

where

du.

es (3.3.11)us
ir or

The boundary conditions for the base velocity Ww, are identical

to those quoted above and the boundary conditions for Vv, are

Vo (Rp) = 0 5 (Ro-Ry)F(Z)VgA(Rp)/2#¥9(RpsZ) = 0,

(3.3.12)

¥q(RosZ) = 05 (RyRy )F(Z)¥4_(RpsZ)/24V3(Rp»Z) = 0 «

From (3.2.2) we notice that any 2/3z in the continuity or Navier—

Stokes equations becomes ¢3/3Z. Thus when we use the form of

expansion given in (3.3.5) for uy and Wes the continuity equation

can be rewritten as

au uy au. u aw:
1 1 22 2 1 ) mt

ge +e) tee te te) tn no (8.3.18)

If we equate powers of « in (3.3.13) we obtain a set of partial

differential equations :

au, Uy

chat ees (3.3.14)

au, u aw.
iz Zz aea te ee (3.3.15)
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ou 3 us 3W
= aot eae (3.3.16)

From the boundary conditions on uy (1,2). given in (3.3.7) and

(3.3.10) , and the differential equation for uy (1,2) > (3.3.14),

the only solution for uy (152) is zero. That is

u,(r2Z) = 0. : (3.3.17)

Now substituting the form of expansion (3.3.5) with uy (r5Z)

equated to zero, in the Navier-Stokes equations and replacing

3/az by ¢3/aZ we obtain a set of partial differential equations

upon equating powers of « ~-

From the first Navier-Stokes equation (2.2.1) we find that

V ap, _a 3 . : Ob ; (3.3.18)

2viV, apTow-s al 1o-i st, (3.3.19)

2voV +4 *y au. u 3p.
No | - ae a | maleate (8.3, 20)

eae . ar 3 r eo 3

2 nest 2 p

=

2(V_VatVoV7) 3.u au u apBig 2 [ Bel 3. al. 1 Bos.
—— Z ates

2 ar

From the second Navier-Stokes equation (2.2.2) we have

zdv dv v
0 Tinos. Om rea eaten 0, (3.3.22)

dr

av ov: Vv
et te = Wate 0: (3.3.23)
gr? 3 r

u 3CY. eV. Vv.
ee ie 1 2 2oe (rV.) = (= See see +) . (3.3.24)
r dr o ar? rw r2
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z 2

U. U3 av. v av. Vv. av
z 1 3 T5238 3 1
= Pim)+- & mala) an =(—— +2-—-sS+
t 1 1oz are For. hye 572

(3.3.25)

And finally from the third Navier-Stokes equation (2.2.3)»

2

ap aw. aw.
gd So i ny (3.3.26)
rez or’

Pp. - aw,3 Ww.

Tee2Bit “(2 ss pat (3.3.27)
Pougz ar 2

ap. 3 W aw. aw aw. 3.
1 2 Sl oo i 1 1
- —e +—-—+— +® 3Z ng ise DRRa nye oeeual Oe aL aes

(3.3528);

3.4 Solutions of the equations with the given boundary conditions

°

Solving (3.3.22) and (3.3.18) gives the solution for V,

and py defined in (2.2.6) and (2.2.7), and since these only

contain functions of r then

1 2Po 2

pace.

which implies, from (3.3.26), that

er Oy (3.4.1)

The solution of (3.4.1) is

Wy (122) = C,(Z)logr+ D,(Z) (3.4.2)

where C,(Z) and 0, (Z) are determined by the boundary conditions

w, = 0 on r = Ry and r = Ro, from which

wWy(r,Z) = 0. (3.4.3)
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Upon replacing this in (3.3.15) and we use the boundary conditions

on Up (1,2) then

Up(1sZ) = 0. (3.4.4)

From equation (3.3.23) we find

vy(r,Z) = C(Z)r + D(Z)/r . (3.4.5)

When we solve for C(Z) and D(Z) subject to the boundary conditions

given in (3.3.7) and (3.3.12) then

vy(r7,Z) = 0. (3.4.6)

From (3.3.19) and (3.4.6), we see Py (152) is only a function of

Z. When we use this fact in (3.3.27) and solving for Wo with the

boundary conditions Wo (Ro »Z) = Wo(Ry »Z) = 0, the solution is

2 2

dp R, log(r/R,)-R, log(r/R,)Le [* ee i (3.4.7)Wo(r,Z) =2 RI Tog(R,/Rj)

To find the unknown function P,(Z) we use the continuity equation

given by (3.3.16) and substitute the above form for Wo in it. Then

2 2 2

a) d Pr fez Ry 10g(r/Ro)-Rolog( r/R; )
ru) = es Y

log(R5/R; )

(3.4.8)

The boundary conditions on ug state that u3(Ry »Z) = 0 and

u3(Ro»Z) = 0. From this and (3.4.8) , we solve for ug as

1 4) Ry log(r/Rp)-R> 10g(r/Ry)
=r (132) = 4——— ior. [v2 + —————_———_ fdr,

* a? Tog(Rp/Rj)dz

R (3.4.9)
1

The condition that U3 is zero at r = Ro implies either
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dp, Ro 2 RP log(r/Ry)-R3 Tog(r/Ry)
— = 0 oF rir ——_—_———— rg

dz” 1og(R5/R,)
; aa (3.4.10)

1

Since it can be shown that the integral in (3.4.10) is non-zero,

then

— = 0 for all Z (3.4.11)

and therefore the solution for u3(r,Z) is

u,(rsZ) = 0. (3.4.12)

From (3.4.11) the expression for Wo can be written as

b Rea (r/R5) Re 1og(r/R;)= 2: og(r, re og(r,
Wom talk [- eee iaersue 2.0 2 Jes

4 Tog(Ro/R; )

where by is a constant.

It has been assumed that the velocity components Us Ves We

are just functions of the two variables r and Z. We assume

that at Z = t+ © we have purely circumferential Couette flow and

therefore the u. and w. velocity components disappear, that is

We (r,2) = u, (1) = 0. (3.4.14)

The velocity Ws at can be written as

2 3

wW, (Ts) mic Wo (152) +e W3(Tye) +... = 0. (3.4.15)

Comparing coefficients of e we see

Wo (152) =0 and W3(r5~) =, 0. (3.4.16)

From (3.4.16) the solution for Wo (152) » given in (3.4.13) is

Wo(1,Z) = 0, (3.4.17)
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for all r and Z. From which now

p, (Z) = constant. (3.4.18)

Since we know Uy (12) is zero, we solve for vp in (3.3.24) to give

Vo(r.Z) = C(Z)r + D(Z)/r (3.4.19)

with boundary conditions

Vo (Ry »Z) = 0 and Vo (Rp sZ) + (Ry-Ry )F(Z)Von(Rp)/2 = 0,
(3.4.19a)

with which we can determine C(Z) and D(Z). The solution for

‘in aR; RoF(Z) Ree : spel | Ps (6.420)
r

(Rp ~ Ry) (Rp + Ry)

Similarly, as for vz (r,Z) > we see the equation for v3(r, 2) is

2

a. 3V. Vv
= A . ae = tg.” (3.4.21)

or or r

with boundary conditions v3(Rq sh) = V3(Rp5Z) = 0 and the

only solution with these conditions is given by

v3(r52) = 0. (3.4.22)

Using the solutions for V,(r) and Vo(r,Z) in (3.3.20) we integrate

the left-hand side with respect to r, then ies
os,

2 R, RoF(Z) 2 one R,
Pa(isZ) = ost =r + 2(Ry + Ry )logrt > e

(Ry - Ry) (Rp + Ry) F

+ C(Z), (3.4.23)

We can find a consistent solution by setting
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24

21R,RoF(Z) ou Bs 2
c(z) = 14 —_ [2¢Rs +R )b, ~ 2(R}+Rp) 109 Ro]

(R5-R5)” (Ro#Ry )

(3.4.24)

where b) is an unknown constant at this stage. Therefore from

(3.3.28), we see

aw. aR, Ro 2 2 2
22. (r ==) givgaulin [+ +2(Ry +R) {Tog r -log Ry + by}

(Ro-Rq) (Ro#Ry)
pie

Beear | . (3.4.25)
r

Then by is a dimensionless constant depending only on n = Ry/Ro.

We shall assume a solution of (3.4.25) of the form

24

Bae Ie2 ar (3)
Wa (2) ee oe emg de wr) 5 , (3-4-26)

v(RorRq)- (Ro#Ry)

to obtain the following equation

(3) RORS
i oF (" r Mm ) eo + 2(Ry#R>) (og r- TogR, + Belt a »

(3.4.27)

subject to the boundary conditions

w°) (Ry) = wl3) (Rp) = 0. (3.4.28)

The solution for w°) (r) using (3.4.27) is
at ne 2

w) Le -(r) = aes (Ry#R5) [SS logr- 5 (1 + log Ry b,)| +

2

RiRp log r ee
———_ + b, log = bo (3.4.29)

2

where bo» by» bo are constants unknown at this stage, but upon
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(3),
using the boundary conditions (3.4.28) we note w(r (2) can be rewritten

as
4 4

: R, log(r/R,)-Rylog(r/R,)7 RyR
(3) (py dy (ees lemceneee 2 Roe AA leer Ga (e/ R=) 1og(n/ Rs)

1 a
log(Ro/Ry) 2

ne

(Ry +Ro)
peer’ Ry 1 R, “Rp Ry)

[* “Ry )109("/p)+(By -1)(r° __ By Toa(r/p)-Rotog(r/Ry) |
Tog(Ro/R; )

(3.4.30)

To find the’ constant bo» we shall use the continuity equation

te (rug) + oy= = 0 (3.4.31)

with the boundary conditions

ug(RpsZ) = ug(Ry.Z) = 0. : (3.4.32)

When we use the type of solution for wz given in (3.4.26), and

simplify ug(r,Z) by putting

24

QaRIR,ug(sZ) = Seen ul4) (7) (3.4.33)
v(Ry-Ry). (Ry#Ry) az

the differential equation (3.4.31) can be rewritten as

Vd cru) + w)(r) = 0. (3.4.34)

The solution of this for ul) (r) can be written as

ic

rul4) (r) --| r w0?) (r)dr. (3:4.35)

Ry
&

In our analysis we shall be neglecting powers of e¢ , but we need
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(3.4.35) to determine the constant by numerically by solving

R,

ote)rw /(r)dr =0, (3.4.36)

obtained from the end boundary condition that ul4) (Ro) =0.

The constant bo can be shown to depend only onn = Ry/Ro by

transforming the integral relationship (3.4.36) using the non-

dimensional co-ordinate x given in (2.3.7). The values obtained

for by corresponding to the two cases I have chosen are

b 0.3358 for0 n
u 0.5 (3.4.37)

and

bo 0.0256 for n =0.95 . (3.4.38)

To satisfy the boundary condition at *« given by (3.4.16) for

w3(r,Z) » we see that (3.1.5a) must hold.

Therefore upon neglecting powers of <" for n> 4, the

base velocities are represented by

2 3

Ue 0, ‘—- Vg(r) te vo(r,Z), Wem ae w3(7,Z) 5 (3.4.39)

_ Where the subscript s indicates that the base velocities are

steady and that VQ(r)» Vo(r,Z) and W3(r,Z) are given by equations

(3.3.4), (3.4.20) and (3.4.26). The pressure distribution is

given by

Ps = Po(t) + © Pa(r,Z) (3.4.40)

where Py(r)> Po(r,Z) are defined in (2.2.7) and (3.4.23).
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3.5 The disturbance equations and non-dimensionalizing the base

velocities

with ul of Die)

Since we are ignoring powers of e” for n= 4,)we suppose

that the basic flow is disturbed such that the velocity field is

of the form

usu ,VveVo ty’ ,WeWo tw » p= Pp. tp! (3.5.1)

where the primed variables are functions of r, z and t, and

Vo» Wo» Pg are the solutions given by (3.4.39) and (3.4.40).

To obtain the disturbance equations satisfied by u', w', v'

and p', we place (3.5.1) in the Navier-Stokes and continuity

equations given in (2.2.1) to (2.2.4) and obtain

oan

uy yt Uy Bg yi Bu SNEED 8 hap,

at or S$ oz z i. por

2 '

vvul-4), (3.5.2)
r

1 re

ave ame OV sh Trig HeLa gona a ae oY Same sei
at ar or S$ oz az oz "

2 yi

= yvvi-%), (3.5.3)
e

3w, ow,
aw 1 ow! eS aw! 1 ow! i iS

Siar te arae a ore at shazap Oza GOz

1 ap' '
= oz + v7 w', (3.5.4)

SUE eld ereeO 3.5.5
Brae amit Sze Los eee)

2 2 i
2

Here v = 2,4 t2 4 2
ar az

Using (3.5.5) and differentiating it with respect to r, we can

'

eliminate a from the first momentum equation to form
or
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' ' aviv. " 2.) 2 pe
OUP aval ae aa Soyo TMODE Ry aahwl ap Obwe oo (VE)!
at oeaz fo peame> araz (az r

1 1y2 '
yh alld ge MU St BW (3.5.6)

oz ir oz

We now introduce the constants and dimensionless variables

as defined in (2.3.6) , (2.3.7) along with the series representation

of the base velocities into equations (3.5.3) to (3.5.6) and

obtain

3 au _ TM% 2
2. [3 = 2 ~ Tay, g (Xn) +e F(2*)dp, (X00) Vv -
3x a5. iat

3 2

€ 7 af W3 g(%on) 22 + aie = ia sGu +
dzeac° at at a at

TG :ees ut] ; (3.5.7)
2 ac

av, 20 2
0 [s ev - sev, + (1 e —Le(z*)u- FE vy (xan)w +
ax (1+n) dz

3et W,. = | ee - Yu, + w 2% + sow],
dz* Pee Oe ot a at

(3.5.8)

ao a aw, 3. df ow, 3. df
pu) aes soy, - 24 +e TE Wy (xen) Meet S
3x ae ae dz* 3 ie dz*

dW.

eee ute] - Me -1[w, +0 J, (35:9)
dx at a ae

Bue ecu Os (3.5.10)

ax ae

It should be remembered that VooWy are related to the fluid

velocities v and w by

av awRj ae SNR! Tegal OWL ae (3.5.11)

OF eax S ax
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The parameter T is called the Taylor number and is given by

ayRyd
ieee 4 (3.5.12)

vy :

whilst the dimensionless function G(x) is defined in (2.3.10).

The relationships between the dimensional base velocities

and the dimensionless functions mentioned in (3.5.7) to (3.5.10)

are

2 ave :

My g(Xon) + © F(Z*) Qo .(Xon)+ -.. = ar’ (355213)

3 df i 4c av,
Bode Mg USN As eR eae ves

2 3paste, Tie [Ea va] (3.5.15)
0

and

3= 7 $B Wg (Xan) oe fu ‘ (3.5.16)

Here 3 .

-2n 8n 2Q. (xn) = —- + —ES CG (x), (3.5.17)

oe (len) (1#n) “(T-n?)

2n- Bn 2Q (xn) = —————_ -- ——1—— G(x), (3.5.18)

ie (len?)(1#n) (14 (1-n*)

and

% (een) = 1 SA WGA) ES aes (3.5.19)
sue (1-n*)(14n)

The function W3 (Xn) contains the dimensionless function

meatya(x) = —5 + (Inn)x (3.5.20)

and Wy (Xn) can now be written as
>
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(G2 ar + (bp-1)((o" =1)Togn

2+ (I-n oa a. logo (logo- logn) -

Fin at I-n Ne

& &aE {c =1)ogn (len pox} | : (3.5.21)

The function (x) is merely the expression of r/Ro.

We are now able to write the disturbance equations in the

following matrix form,

au— = 3 ae

Fe AU te f(z*)CU te Ge DU -B
aU

ox uv ae + nee

=) NCU) lies (3.5.22)

where U, A, B, L(U) are defined in (2.3.12) and (2.3.14).

Here

0 TQ) 5 0

Q se 0 0
TH

eae 0 0 0 and

Q Q
(5223)

TW, .(x,n)2= 0 0
3,8) 7 40s

3

e -TH3 (Xone ¥ Gon)
D = 0 dW.
= = 30S ' 3

ta 0 “THs, g(Xon)5=

0 0

ar (3.5.24)
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The equation (3.5.22) has to be solved subject to the physical

condition that requires zero disturbance velocities at the

cylinder wall and the outer wall. It is written as follows for

a vector with six components,

83: the last three components of U to be zero at x = -1/2 and

2 :

x = [lt e f(z*)] /2. (3.5.25)

An additional boundary condition is imposed, —

U+O © as ze+te . (3.5.26)

The solution of (3.5.22) with the boundary conditions given

above depends on the parameters T, n and < and the function f(z*).

3.6 Explanation of the stability problem and expansion procedure

In the stability problem for the parallel wall case we obtain

a neutral curve for fixed n as explained in §2.1 . We remind

the reader that in FIG I the disturbance velocities are amplified:
with respect to time in the unstable area, and Taylor vortices

develop. In the stable area of the graph the disturbance velocities

are damped with respect to time and Taylor vortices do not form.

The curve separating these two cases is called the neutral

curve and the disturbance velocities for values of T and 4 on this

curve are neither amplified or damped. The stability problem

as it stands for the parallel wall case does not depend on the

axial co-ordinate,¢, and we hope to bring into play a dependence

on © in our non-parallel wall case.

We shall impose the boundary condition U + 0 as

z* + + jin our non-parallel wall neutral stability problem.
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This condition makes the disturbance velocities die away 
from

the centre (z* = 0) and tend to zero at the ends (z* = to).

The flow at the ends will be a modified Couette flow with
 the

base velocities u. = W. = 0 and we shall be left with only

the Vy component.

We envisage that as the Taylor number T, which is define
d

in terms of the radii at z* = 0, is increased with n and f(z*)

fixed there will be a certain T = Tony for which U + 0 as

z* +o . We define a local Taylor number as

2 2.3

anRyd
Teh

qT a . (3-621)

Paton

where

2 2

4, = d[l +e #(z*)/2] and Ry = Rotlt © 8f(z*)/4].
(3.6.2)

; 2 2 i . ; a

Since 24 and y remain the same irrespective of the position

along the z*-axis we divide (3.6.1) by (3.5.12) and obtai
n

2 3

T= (Lt e #(2*)/2) at Zee) 2s. (3.6.3)
[] + © 6f(z*)/4]

For the value of T = Tenit the value of qT given by replacing

T by Wertt in (3.6.3) will be defined as

(+e f(z*)/2)) 7
iT 

.

Teemerer(Z A aeApe - (3.6.4)

For values of T > Ventts the flow will presumably beco
me

unstable and the linearized disturbance velocities will b
e

amplified with respect to time. At the same time as you proceed

along the z* axis from the centre to the ends the distu
rbance

velocities are damped with respect to the z* variable. So the

vortices are formed more strongly at the centre but die
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away as |z*| increases. For values of T < T the flow will
crit

presumably be stable.

We choose our parameters such that the local parallel wall

flow, that is the local parallel wall problem with local values

of n and T, is liable to be more unstable at the centre than

at the ends.

For each value of 7 there exists different critical Taylor

numbers for the parallel wall problem and these will be denoted

by

Te + (3.625)

We shall say the flow in our non-parallel wall case is locally

stable or unstable if

TL < Tre (3.6.6)

for local stability and

TL >The (3.6.7)

for local instability.

A possible sketch of Tie TL Celt against n> with the boundary

condition U+0O as z*+%-e _ is shown in FIG III.

Other possibilities are that the critical disturbance appears

with the less restrictive conditions that U tends to a constant

(other than zero) or is bounded at to . However, our work

will ‘show that the first type of disturbance (U + 0 at

z* +t) is the most critical, that is appears at the lowest value

of T, and we shall consider this in the main.

The advantage of the present problem over the cylinder problem

is that our solutions will show Taylor like vortices appearing
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at the centre but not at the ends, where the flow will remain a

purely circumferential Couette flow. This would take care of possible

end effects with respect to experimental evidence. Thus it would

be easier to perform experiments to check the theory. Former

results and conclusions drawn from linear analysis of the

parallel wall case is only valid at or near the critical Taylor

number and predicts only the wavelength of the vortex cells

which are not close to the end boundaries. With our boundary

condition on U we hope to find the wavenumber of a Taylor-vortex

like flow between surfaces of infinite length to vary as Tes,

increased, thus more agreement with future experimental work to

coincide with the theory.

This character of the solution will be retained in the non-

linear results of section 3.14, enabling a comparison to be made

between the theory of finite amplitude Taylor-vortex like flow

of our theory with experiments.

We shall first consider the linear stability problem where

the disturbance is assumed to be small enough for linearization to

be a valid approximation. Only the neutral stability case with

aU/at ‘equal to zero will be considered. Now if ¢ =0 or f(z*) = 0

we recover the Taylor problem for the parallel wall case so

we expect the disturbance to be a perturbation of the parallel

wall case.

We assume that n and f(z*) are fixed and expand the disturbance

velocity, U , and look for solutions of the form

it -i0t

vu =e Su(x,z*,e) +e U(x,2*,e) (3.6.8)
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where A. is a real constant and u can be expanded in powers of

e later, and a tilde denotes the complex conjugate. We now search

for the eigenvalue T such that U satisfies the boundary conditions

given in (3.5.25) and (3.5.26).

We are led to expand T as

2 =e
Tos Vea elf + e 15 + e 13 + 2c8 ss (3.6.9)

and to use (3.6.8) and (3.6.9) in (3.5.22) with aU/ar = 0.

We shall find that TF and % are then determined by eigenvalue

relationships and that the overall critical Taylor number for

disturbances for our problem is given by

2,

Torit = Te ae e 13 eet (3.6.10)

We remind the reader that ., and ic are the critical wavenumber

and Taylor number for the cylinder problem with parameters n and

T. In Chapter 6, we mention the case where we assume the

disturbance can be expanded as

igs R

u e U(X,Z*5¢) + C.C. (3.6.11)

and

iT,
=

T,, + ely te Tp +. (3.6.12)

where (AgoTo) are on the same neutral curve as (AgsT¢)+

Of course, it is not certain that such a disturbance as (3.6.8)

will exist. For example, other rates of change with respect to

¢ might appear as mentioned in (3.6.11) and (3.6.12). But in

fact we have chosen the form of the outer wall such that the type

of expansion given in (3.6.8) and (3.6.9) does appear to yore It

we had chosen the outer wall to be r = Ro + ed f(z*) /2 such an

expansion would not be correct.
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When we substitute the trial solution given by (3.6.8) and

(3.6.9) in (3.5.22), then the equation for U becomes
Z

au

4 (1) = ptt ) = ee—- ALU eB Sl Sart Ast € Boo e Ts A
ax ze | Boa.az*?

+e F(2*) Cy ieee ou - eT Ay ut F(T}
dz* =

hee eee: (3.6.13)

(yess 3 ;
Where ay is defined in (2.4.6 ) with (Ag>To) replaced by ( Aerte)s

and the expressions for the matrices above are

0 0 -1 2im, 0 0

0 =O) 0 0 -2im, 0

gM) = -2i
Bay lee Ol OR a0 0 2im,| »

0 0 -1

0 0 0 0

0 0 0

Ta 0 0 (Xen) 0

Bo = 0: One SO |e Omec);

0 0 -1 0 0 0

9 9 Q 9

(3.6.14)

im TW 0 0

(m) . -4
ge c p im TN3 5 Nora

dW.
35S a

ale ia 0 ima TCM | 3

0 0

and C. is C except that T is replaced by T. and the matrix A»
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is given in (2.4.7).

From the above expressions and comparing some of these matrices

with those defined in the perturbation about (AQT .) in the

parallel wall case, we see that

By) z ~ia() and Bop = -all) : (3.6.15).

The equation for u has to be solved subject to

2

u;=0 onx=-> and x= [l +e f(z*)]/2

for j = 4,5,6. And (3.6.16)

u+0 as z*+fo,

th
where uj denotes the j~ component of u .

Now we expand u in powers of ¢ in (3.6.13) and write

Us Uy (x.2*) + ey (X,2*) + e U3 (x.2*) ia -6-17)

and when we equate powers of ee we obtain a set of partial

differential equations :

Qu

eal eee AN sae = 205 (3.6.18)
=c =1

ax

gu gu
=2 (1) LSD:— - A’u = B — + T¥Aou,, (3.6.19)
a =c =2 =cl 3z* 1 =2=1

u gu 3 u3 6 (1) Sal) s=2 te =
ean! u. =B — + TEA,uU5+B + TEA Su
- fe #3 “=cl oe 1 242° =c27 42 2204]

=. f(z*)C uy >» (3.6.20)

u au au ‘i3=F A(T) ee gC) ce? Spe 2cee oe AU eee — +T¥Aju,+B +15 Anus -
ax =c =4 " =cl 3z* 1 =2=3" =c2 az*2 2-2-2

df 1

F(z*)C (Up + TAU ~FEAITY Cou y- Gee uy.
(3.6.21)
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The boundary conditions on the outer wall x = [1 + © f(2*)]/2s
are obtained by means of a Taylor expansion of the disturbance

velocities about x = 1/2. The disturbance velocity u has its

last three components zero at the two walls. From (3.6.17), we

have for the outer wall that

uyg(ll + © FC2*)1/2,24) + eups(( + © F(2#)]/2.2*) + oe

= 0 for j = 4,5,6. (3.6.22)

When we use the Taylor expansion for the disturbance velocities

about x = 1/2 and equate powers of ¢" we obtain the following

set of boundary conditions for each uj; and for j = 4,5,6 :

y(t/2.2*)uy u Ug (1/2,2*) + F(z*)uyy 5(1/2.2*)/2 = 0 and
(3.6.23)

U5 (1/2.2*) =0, ug (1/2.2*) a F(z*)up, | 5(1/2.2*)/2

where

0,

2

ou. a Us
Ec owl ed i,Wing = FE hex — yee ete. (3.6.24)

The boundary condition on the inher wall x = -1/2 requires that

uy 5 (-1/2.2*) =0, Up3(-1/2,2*) = 0, U3 (-1/2,2*) = 0,...

(3.6.25)

3.7. Solutions of the disturbance equations

A solution of (3.6.18) can be written as

uy (xz*) = o(2*)U 4] (X)> (3.7.1)

to give

LUM (uj, (x) = 0 5B (3.7.2)

Here 40?) is the operator ce - ee and uy, must

satisfy the boundary condition 85 given in (2.4.1) with the same
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normalization being used as in the parallel wall case.

The first term given in (3.7.1) contains a real amplitude function,

v(z*), which will be defined by integrals of the eigenfunction

un (x) and its adjoint. This function will be determined by an

amplitude equation which arises at a higher order from a solvability

condition imposed at this order. -

The boundary condition on y(z*) is that

y(z*). +0 as zo te . 2 (337.3)

Using (3.7.1), equation (3.6.19) becomes

22 ay, = M lYu yy + oTAguy,s bp (3-7-4)
ox ce UO eee eeme CT Tl same Toe meee

For uo (x,z*) to have a solution, we use the corresponding

adjoint condition given in (2.5.3) :

ce f fetal) uy) dx + vt : f2>ty uy dx = 0. (3.7.5)
“4 ae

It is emphasized that from the parallel wall case that

2 at, (1)| gta!) wu, dx = 0. (3.7.6)
3

this being the value of Ty of (2.6.5) when using Aeote as the

base point, and since y(z*) and | AUN, are known
-3

not to be equal to zero, then

TF 0, (3.7.7)

Therefore using (3.7.7) in (3.7.4), the latter equation can be

replaced by
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ou
=2 (1) ney G0 ao (1) :
Sc ee deen cme Tee Poe (3.7.8)

From the boundary conditions on Us and the right-hand side of

Sicfes Oe> Uy may be expressed as

up lesz) = Began, (x) + S(z*)U 4] (XD, (3.7.9)

where g 51 satisfies

pg ge Blu eRe (3.7.10)

and is normalized such that the second component evaluated at

x_= -1/2 is equal to zero. The function S(z*) appears since

we can have an arbitrary additive multiple of the eigenfunction uy

and will be for the moment assumed complex. Then the complex

conjugate uy is given by

up (ez) = ego 1 (x) + Stuy 7 OX) (3.7.11)

with

Mig red) Mt Bat i
Two different normal izations were used for 991 (x) in order

to check the results of later integrals involving Gy (x). The

above normalization was used since this allowed us to make use

of the program from the linear parallel wall case. It can be

seen by comparing the equations and boundary conditions for oq (*)

that

oy (x) = ~ig'P) (x) (3.7.12)

where the suffix p denotes the corresponding disturbance velocity

from the linear parallel wall case.

Using (3.7.7) and (3.7.9), equation (3.6.20) becomes

oO
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au 2
=3 _,(1),. -d¥ [_(1) dS. (1)Bees Pa ae as bs Sort Bota} tae Been

dz&

+ VTA 241] - (z*) vO U4] (3.7513)

subject to the boundary conditions (for j = 4,5,6),

Ugg(-1/2,2*) = 0, Ug5(1/2,2*) = -F(2*)¥ Uqqy, 5(1/2)/2. (3.7.14)

For us (x,z*) to exist, we use the adjoint condition (2.5.11) to

obtain

Hee Tes 3
dy (? ,a,t{ 9(1) it

& f [ear + Beourn] & + vTs | f?Apuyy x
3 “4

3 :
- #(z*) | Pte uy dx = [f* uf! : (3.7.15)

=3 -3

3
since the value of Ss | gtg()) U4] dx is zero from (3.7.6).

dz* eee otal

-3

When we use (3.7.14) in (3.7.15), we find that

2

d ate) Bast
zt? | f° Boy Sart BcobyHx + v5 | FP Agus ax +

-3
3

f(z) [(2? 8a 1,72 a f fc uy, &] Ei (367.16)
x=3 3

subject to the boundary conditions that

y(z*) +0 as ze+te . (3.7.17)

The amplitude equation (3.7.16) can be simplified by using some
2 2

parallel wall results, namely the integral coefficient of d y /dz*

can be seen to be equal to
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3
| met jaa’ + all) £1, |x. Thus when we use (2.6.10)

3

we obtain

fre (BP o1+ Beaty 1 3 | fA, uy, ax. (3.7.18)
“3

Hence (3.7.16) can be rewritten as

d oP
Sv + yl + af(z*)] = 0, (3.7.19)
dz* TT,

subject to (3.7.17) and where

at lusts) : frtic uy. dx
ie, D4 r1x (2) > | yf Se4n aoa

Me BatJ fr? Ag uy] ox
3

Here 1) is the constant in the parallel wall neutral curve equation

2

T- We = ThA - Ae) + Sec

The problem (3.7.19) with (3.7.17) is an eigenvalue problem for Tx ,
2

since a and T) are known constants.

The value of feet u nix] ; can be found by using the
YrIx [ye

eigenfunction uy) and its adjoint since

Teese Get | seen ets ieho macho ol du t
Unity @) 2 = Se eS ae 2Vo2Wy

dx iz dx dx dx dx
x=3

Ss
evaluated at x = 7

PQ) = (0. 0, 0, tye tye fg) and
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dux = -6Gu - iA Ww (from the continuity equation).

Therefore

getdyy (h) = [fev + few (3.7.21)
> Mee Ix Ie 5% + FeMolx = 3 ae

since u(y) = w(y) = 0 and thus fl. = 0.

3.8 The amplitude equation ‘for y(z*)_ -

The amplitude equation given by (3.7.19) is identical to

the one dimensional Schrodinger's equation,

2

de, &fe-uwfe =0, (3.8.1)
dx’ h

where U(x) denotes the potential energy of a field and E the energy

levels. The similarity between the two equations (3.8.1) and

: (3.7.19) form a useful comparison, as we can use some results obtained

by Landau & Lifshitz (31) and modify them to fit our equation.

These are

(i) That there exists a discrete spectrum and also a continuous

spectrum of eigenvalues depending on the boundary conditions of

y(z*) (3.8.2)

(ii) That none of the eigenvalues of % of a discrete spectrum

are degenerate (3.8.3)

(iii) That if f(z*) is symmetrical about z* = 0, then the amplitude -

function must be either even or odd. (3.8.4)

(iv) That if vy and vp are two solutions to equation (3.7.19)

for different eigenvalues of TS then

[ vyiaaeTM = 0, (3.8.5)
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that is vy and vp are orthogonal.

The normal orthogonality relationship

[veer = (3.8.6)

does not hold, since U is subject to some overall normalization

on its second component evaluated at z* = 0, x = -1/2 and from

this the arbitrary constant that is multiplied by y(z*) is determined.

For the proofs of (3.8.2) to (3.8.5), see Landau & Lifshitz(3!)

We next find some integral relationships involving y(z*).

When we multiply (3.7.19) by dy/dz* and integrate over

-0<Z* <o , then we have

‘ Ts

[iv ydz* = = i 2 + a f(z*)] wy'dz*. (3.8.7)
eS Stl?

Upon integrating by parts we have

1 a * cx 0) 5

Von - -{[2 +a ren] $f ux
a Ty 2) <2 0z*

(3.8.8)

because of the exponential behaviour of y at z* to, the resulting"

integral converges and if

y(z*) +0 as z*+to then

ay Po as zeae. (3.8.9)
dz*

Therefore from equation (3.8.8)

J as y dz* = 0 (3.8.10)
-«dz* 

©
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irrespective of the forms of y or f(z*).

The asymptotic behaviour of y as z* ++ = is simple, since

f(z*) tends monotonically to a negative constant f_ . Thus at

z* equal to t@ , (3.7.19) becomes

2 Tx

a + 2 + o| a, (3.8.11)
dz Ta ;

G
Stach Toe (3.8.12)

%

Since vy > 0 as z*+ -@ we have
242*

y ~ constant xe > (3.8.13)

similarly as z* + © the solution is given asymptotically by

-2 zs

w ~ constant x e = (3.8.14)

From numerical results it has been calculated that a and T, are

positive. Therefore for y+0O as 2*>+ *t © we have an upper

bound for % given by

T% < aT,(-f,)- (3.8.15)

This boundary condition will later (see 5 4.2) give the discrete

spectrum of eigenvalues for % ‘

If instead the asymptotic behaviour of y is that y+ constant

as z* + t » we have

TE = aTy(-f,) (3.8.16)

and % is positive.

If on the other hand y is bounded as z* + + @, then
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¥ ~ A cost;z* + B sint,z* : (3.8.17)

and we have a lower bound for % given by

T3 > aT5(-f..) (3.8.18)

and % is positive. This boundary condition will later (see § 4.2) give

the continuous spectrum of eigenvalues for % . The value of

Terit is therefore given by
2.

Tee Tee eels (3.8.19)

3

to O(e ). The value of Therit defined in (3.6.4) to the same order

is

TT + ce + 1.02 - Sez) (3.8.20)
Lerit ¢ 2 Caren: » ad

upon expanding for small e¢ . Similarly the local eta ny, is

defined as the ratio of the ‘inner wall to the outer and is given by

s
i (3.8.21)

Ry + end F(z*)/2

and for small « this can be written as

mF a we n(1 = n)t(z)/2 + oe - (3.8.22)

From (3.8.20) we see that if f(z*) is negative then Wontt

decreases as z* increases by an amount dictated by the choice of

e and f(z*).

3.9 Solution of the disturbance equations IT

When (3.7.19) is solved subject to the given boundary condit-

2

jons we substitute for d y/dz* in the right hand side of (3.7.13),

whence

au 1~3 T) 2 dS CY) (1)
x ~ADus= Be Bway vez ey Say + Beta Std
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Tx

2 |_(1) kiTe [ean Pecos TAY]: (21)

By examining the right hand side of (3.9.1) we see wu, may be

expressed as

ug (Kez) = WALZ 3 (XD* 9a gy (H) + Bay (4) + PEAY YC)

(3.9.2)

and upon equating the functions of z* on either side we have

(hay) ~ (28) got Booty) tEery > (3-9-3)
Tk

1 oC

Maa) = - " By Gort Beoti~ TA2tiy (3-9-4)

and 93;>h3, are normalized in the same way aS 9o,~- The

function P(z*) appears since again we can have an arbitrary multiple

of the eigenfunction uy and is assumed to be complex.

The term gs Go] has been forced by the multiple S(z*)u W
lll F ” <i

of the eigenfunction which occured in u4 (x,z*). The boundary

conditions on (3.9.3), (3.9.4) are

tye ln
hgy AG 2) = 93) ac 2) =0 (3.9.5)

for j = 4,5,6 and

eee ] Ts
hay g(a) = ~Yy1x,g°2)/2 > 931,52) = 2 (3-9-6)

Looking at the equation for 931(*) from the linear parallel

wall case and comparing the equations and boundary conditions we

Ts

£0). = aap a) (3.9.7)
1

see that

The above relationship will not hold if 96?) (x) was normalized

such that its second component is equal to 2 at z* = 0 and x = - ye

11



We reform equation (3.6.21) by using (3.7.9) (3.9.2) and

3 3

replace the term involving dyw/dz* by differentiating (3.7.19)

with respect to z* to give

ey
dz*8

*

—~ Ww La £24) * era thet, (3.9.8)
T dz dz*

and thus the equation for Ug (x,2*) becomes

au i
ease ea ( Uy

9x

= S(zt)F(z*)C uy, +& Bll) uy, + yT$ ADU

dz*

1

Dee ery (BO) dort Bea bay] + S(2*)T$ Ap Uy

Ee ee

% df4 1 aes

fe BY ga1* Apdo - SBeednl tv f
Ty dz*

Q) ~ pl) a dy pp (1) ss ce
Bata Be tar Sein) * eB Bon fot

aBepdaq] » (3.9.9)

subject to the boundary conditions that

ugg(- J 024) = 0 and ugs(pez*) = - te) Sorx,§ 2)

- f(2*)S(2*)uy 4, 5(g)1/2 (3.9.10)

for j = 4,5,6. :

For ug (*,2*) to exist, we use the adjoint condition (2.5.13)

to obtain

d as
dz*?

%

+ .5(2°) en [2 +4] eer Gh +rovtar qv
T

2 dz* dz* dz*

Ue
=o ¢ (3.9.11)

1)
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The boundary conditions on S(z*) are the same as those on

w(z*) , that is

S(z*)+0 as z*+to (3.9.12)

Here

= 3at, X= steal
Be Sot he+ | ie Yh 5 ~£ 6991 ~4 B ep 9pq] 4x

|
eee :

a,t

t, | Bee
-

(3.9.13)

eater, (1) (1)
PE ete yp 8 8 cok ei) ee

3
ty = > (3.9.14)

3 t
| f°" Ap uy dx
-3

and

Bayt (1) B
Dee iho eeater = 2 cehodTM

=f 2

ry - . (3.9.15)

V2 f fF Apu yy
3

For (3.9.11) to have a solution we use the adjoint condition

and multiply the right hand side by y(z*), since all second order

differential equations are (or can be put in a ) self adjoint

form, and integrate from -c toc:

lim E f ydz* try fo, F(z*)dz* + ro fe of az* +
izcre | Ty dz*

=—6 -c -c
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Cc

ra y wv | eon (3.9.16)
a

From (3.8.4) we know that y(z*) must be either an odd

or an even function. If w(z*) is an even function, a is an
dz*

odd function and therefore

Cc c c 2
y ih ae = vt f(ze)dz* = vf daze 20

: dz* dz dz*

-c -c -c

(3.9.17)

thus

Cc 2
TS lim f y dz* = 0. (3.9.18)

co
-c

Hence we can find the perturbation coefficient % > as

TZ = 0, (3.9.19)

because the integral

f vdz* #0. (3.9.20)
) ;

If, on the other hand, (z*) is an odd function, ay would be
dz*

an even function and repeating the same procedure, we obtain

equation (3.9.19) again.

For different values of the eigenvalue %S the value of the

integrals given by y and ro remain invariant and only the value

of r3 changes. To save needlessly computing the values of r3 for

different % we use the identities (3.6.15),(3.7.12) and (3.9.7)

in (3.9.15) and write

3 .

stpa(1

its ; frtial) off + Taz alf) + A co.9hh) ex
hee

3 2
T 3
e j fart Ayu, dx

i a (3.9.21)
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When we look at the equation of the third perturbation coefficient,

about he Tos in the parallel wall case (2.6.15), 13 can be rewritten

as
= -i 1315

2

i
r3 (3.9.22)

It was found that on calculating ry and ro these two also were

purely imaginary and the equation for S(z*) can now be rewritten as

2 "Tk

GS 5 [2 ea t(zr) = ifr, fet) Ve ry & +
dz** LT) t dz* °' dz*

dy 3.9.23Tas ode| (3.9.23)

where Mae "oi and 13; are real quantities. This equation for

S(z*) is to be solved subject to (3.9.12).
°

3.10 The amplitude equation for $(z*) and effects of normalization

The differential equation for $(z*) can be separated into real

and imaginary parts, that is

S(z*) = S,.(2*) pt S;(2*) : (3.3051)

We replace $(z*) in (3.9.23) by (3.10.1) and equate real and imaginary

parts to obtain the following differential equations

d's, %
+s |—2 +a f(z*)] = 0, (3.10.2)

dz** 5 Ty
and

d's Ts
t 7S ~2+af(zt)| = 144 f(2*) coe root +13; oer

dz* Ty, dz* Zt dz*

(3.10.3)

the both of which are subject to the following boundary conditions,
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S,(z*) > 0, S,(2*) af . ag: 12* 2 eS, (3.10.4)

When we calculated the values of r);5 19; and r3; for a fixed

i} it was found that r) and r3 remain invariant under different

normalizations of h3,, 93, and go) but the value of ry varied.

The reason why this was so is explained now. :

Suppose that Toy > des > ey are the new solutions of the

differential equations (3.7.10), (3.9.4), (3.9.3) respectively,

that is

4G.) = 3) uy somes (3.10.5)

ie

(Ga) = - [e“Pie* Bcoun- theta] 5 Bp
: (3.10.6)

and

ia) pea» Bee ta) *£.4Un| ,
(3.10.7)

subject to the boundary conditions given in (3.9.5) and (3.9.6).

The functions above are normalized such that their second components

evaluated at x = -1/2 and ¢ = 0 are equal to -2i, 2 and 2

respectively. Then comparing the equation for g 5, and G91 along

with the normalizing conditions we have _

Go, = Sor > 21411 - (3.10.8)

If §(z*) is the new multiple of the eigenfunction u 1, in

Uo (x,z*) then

Size) = s(z*)+2ite . (3.10.9)
dz* x

We re-arrange (3.10.6) and (3.10.7) by replacing ci by (3.10.8)

and ‘
-Tk 2iTk

(1), “BoB or ath) 2 (1)
Reda) = = Bei dar* Beata” Arta t Se en

2 2
(3.10.10)
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and

4 ig) = -pey) Sart Beg Lit SoU] +41 aBu yy.
(3.10.11)

When we compare the right hand side of (3.10.10) and (3.10.11)

with the equations for g,, and h,, , this forces

hg, = hay + 2iago, + Buy, (3.10.12)

ree 2iTs
S323 ee Sle KUj]- (3.10.13)

2

The addition of guj, and «uj, are due to the fact that 93),

hy can have arbitrary multiples of the eigenfunction u 1, and the

normalizing conditions will give

Ke be ae (3.10.14)

The differential equation satisfied by §(z*) is

2+

& +8[Ee aren] =F f(t) & + ryt +r, &
dz*

+1 —

dz*? T, dz* 3 dz*

with boundary conditions §(z*) +0 as z*+to . (3.10.15)

Where ry > Tp and 3 are similar to Py Tos 03 except

ey the functions g 51> h3p93, are replaced by 95)» h3y>

931 . It can be shown using the identities (3.10.12) , (3.10.13)

that

eae Ly and Taqs SP Er5, > (3.10.16)

But the equation for To» upon substituting for 54 etc., becomes

2 a,t [o(1 1
-| fe [a hy D0 uy-a Boda

_ -3 %,

Be ast
Ty | fr Ap uy
=
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ia (teat a(l 3 asta (1
2ial #7 aD 991+ Boo yy lex +2 j fetal) uy a

“4 “4
.

2 atTp i f°" Anus, dx (3.10.17)
“3

When we use (3.7.6) and (3.7.18) in the above, the ‘expression

for ro is

Tp = My - 2ia. ; (3.10.18) .

After we replace a oe r3 by their corresponding values

ry. lo and Pore 2ia, equation (3.10.15) becomes

22 Te

Lo fe sy ee er F(a] = 1) f(z*) ue r3 uN ro ins
dz* % dz* dz* dz*

7a ee (3.10.19)
dz

In equation (3.10.19) , we would expect the right hand side to be

exactly the same as the right hand side of (3.9.11) but due to the

relationship in (3.10.9) this is not the case. When we use (3.10.9)

in (3.10.19) we have

as. + [2 varcen] eel [ses a a at (zt)
daze T, zr dz% Ty

= oryf(zt) @ +r, try - 2iay. (3.10.20)
dz* 3 dz* dz* dz*

Using equation (3.7.19) and differentiating with respect to z* then

3 Tx

dy , W( 2 4 af (z*)) 2 - aye ‘ (3.10.21)
dz*? dz* Ty dz* '

Therefore from (3.10.21) we see (3.10.20) will give the same equation

for S(z*) given in (3.9.11), with 3 =0.
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It can be seen that the solution for $(z*) does depend on
 the

normalization chosen but the overall solution for U does not. All

the relationships between h 3, » hay , etc., and the value of the

integrals concerned are used as a numerical check on our computer

programs.

A solution of (3.10.2) is

S.(2*) = constant . »(z*) (3.10.22)

and of (3.10.3) is

S;(2*) = constant . ¥(2*) +a particular solution,
(3.10.23)

where all the constants are real.

A method of solving (3.10.3) for a particular solution 
is to

set

S;(2*) = = ~ y(z*)R(z*) (3.10.24)

where » satisfies (3.7.19), and the boundary condition (3.9.12) becomes

pR +0 as zt*+teo . (3.10.25)

The equation for R(z*) on substituting (3.10.24) in (3.10.3) can be

placed in the form

a PART = y(zey]ry, F(2*) B+ ryyv oh raoe
dz* dz*| . dz* V" dz* Sta |

(3.10.26)

We integrate both sides of (3.10.26) with respect to z* un
til we.can

solve for R(z*). Thus

2 dR zed z* df a4
y— re) Oe dat + 94 | v— dat + ry, | oth ae

dz* ia Oz Be eet eden ae dz*

2 2 2ros-¥y3) (2%
sie AS yg RE EL (A oom

eo ee 2 dz*
ne (3.10.27)
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5 
;

Provided w (z*) does not equal zero for any finite z* we may divide

2

(3.10.27) by w and obtain

(2ros-ry:) (Z* 2

GR a aq + 044 F(2*) + pe iL A ope SE raze,
2 i i ¥ me

dz* dz

(3.10.28)

In equation (3.10.26) if (z*) is assumed to be even, then the left

hand side of (3.10.26) is unchanged when the sign of the co-ordinate

is reversed, but the sign of the right hand side changes. Therefore

R(z*) is odd when y(z*) is even (3.10.29)

and similarly

R(z*) is even when (z*) is odd. (3.10.30)

We can §till have an arbitrary multiple of the eigenfunction y(z*)

in our solution for S;(2*) > which is not contained in R(z*).

3.11. The Solutions for U and the Stokes Streamfunction

The solution for U to O(c) is given by

gs Sic ; Bs TAs SINC ts

vee E ree uy a1] qe doite ~ S2,-1dax

exer “ide. 2

see sirup te OS(z*\uy 4] + Oe). (3.11.1)

where Uy1+ 997 are normalized such that their second component

evaluated at x = -1/2 are 1 and 0 respectively. The functions

given by uy, and Go are found to be of the form

and » (cle):
le

!

HamawmAH DD
ka n oe PHHABHe
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where R refers to a real number and I a purely imaginary number.

When we refer to the expression for S(z*) given in (3.10.1)

and substitute it in (3.11.1) we obtain

TAGS IAS idgs “iA st

Veste Ut ey zs) + ale = goy4-e

1X-G “ine ; Ags wis
e[e ute 44-7 15,(2*) + jefe uy7e vey 1S; (z*)

a0): (3.11.3)

Since the problem is linear we may use an arbitrary initial normalization

on U given by Us (- 1/2,0) is equal to 1., that is the second

component of U evaluated at x = -1/2 and ¢ = 0. We obtain from

(3.11.3)

1 = 2y(0) + €[0] oe 2eS,(0) + ie[0] $;(0) (3.11.4)

because the second component of U4, °.924 evaluated at x = -1/2 is

equal to 1,0 respectively. We equate powers of < in (3.11.4) then

v(0) = 1/2. and $,.(0) a0 (3.11.5)

The only solution for S.(2*) with S,.(0) as a boundary condition is

S.(z*) = 0, (3.11.6)

When we use (3.11.6) in (3.11.3) and separate U4, > 949 and

ic

e © into real and imaginary parts, the solution for U becomes

U = 2y(z*) tu cosas- ult) sim.¢ ]+ 2e at a cosrc-gh)) sims]

j 2

= 26 S,(2*) (ul) simoc +u4}) cosas] + Oe), (3.11.7)

where the notation ul? etc., is explained in (2.7.7).

In (3.11.7) we still have an arbitrary multiple of y(z*)
oO

in S;(2*). If we use the symmetry property of our problem and replace
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e by -e in (3.11.7), the solution for U should remain the same

for fixed values of ¢ . Therefore from (3.11.7) we see that

S,(z*) = -S,(-z*) (3.11.8)

and there is now no arbitrary multiple of w(z*) in S;(2*). From

the expression of uj, and go, we know that uw) and a)

have the form i

[R, R, 0, R, R, 0] > (3.11.9)

and ult) and a) have the following form

[O;2052R5) 05.05..R J. (3.11.10)

If, however, the second normalization is used on g 5,» then the

corresponding solution will be

a TAS iA io. wid S.

UP Tee ekeattng > Cpl ee (2a) le ae Toy eee So

dy AGS wiAGS a ‘ Ags

rote Oe: Te eRe ee eth
nik GS a 2

eu pl Sy(2*) Ole) (Setl1T)

When the same initial normalization is used for U and noting that

“the second components of uj, and ay are 1 and -2i respectively

at x = -1/2 and ¢ = 0, then equating powers of e« on either side we

obtain

(0) = 1/2 and S(O) = 0. (3.11.12)

The solution for S.(2*) is therefore given by (3.11.6) and

the solution u is identical to that for U when we note the relation-

ships (3.10.8) and (3.10.9). Again the arbitrary multiple of y(z*)

in S;(2*) is taken to be zero upon using the symmetry property. Thus

we shall use the normalizations for uj, + 991 pertaining to the

first case and the solution for U is taken to be (3.11.7).
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We shall use the solution (3.11.7) to plot Uy Uy U5 and U,

along the z* axis for particular values of x,¢ and compare these

solutions with the parallel wall case. The wavelength of the

vortex cells formed will be established by solving

@ = 0 d (313)

where © represents the non-dimensional Stokes Streamfunction defined

in (3.11.22). The vortices can be plotted by using various values

of » = constant.

The solutions for Us Uy and Us are written as

ce flke er t oul), + ee, lie eet s,(z*)ult) ] +¢.c.
921,k 11,k

(3.11.14)

or

U, = 2 tvult), COS Age - esime (S; (zryult), +g ah) oo
(3.11.15)

for k = 1,4,5.

We shall for the sake of neatness and comparison with the linear

parallel wall problem write ;

te 2 E: inf?a (3.11.16)

The solution for U, can now be written as

i(Acstn/2)

Us =-e[Wy1 6 Pe ieaSt)¢ a + ieS; nul) ] tc.c.. . (3.11.17)

or

Ug = a-yult), sim.¢ + eCOSA.t (abt), = - s,(z*)u(}) ,)1 (3.11.18)

The non-dimensional Stokes Streamfunction is given by

] see =Trex 3c 7 Uy = fourth component of U (3.1T.19),

and

qa = Ug = sixth component of U (3.11.20)
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When we use (3.11.14) we have

te wre erie yin At) (r)
eae cee e (vujyig tel gpccie eee 4) cace

(3.11.21)

thus when we integrate both sides with respect to ¢ and use (3.11.16)

the solution for is

4 i(ago-w/2) = i : ;
Dee OE Al, oc Se afl «8 cf

eid ul) 1 gece (3.11.22)
Ngee te

or

a= os Tig vestige tecosige (ult) 4S, (2*) +

r)
(i) a “11,4 dy :g fe US ae (3.11.23)21,4 a NeMaseee

In solving (3.11.21), we note the arbitrary function of x given by

integrating this equation with respect to ¢ is just a constant. This

is obtained when we used (3.11.20) and (3.11.22) and compare the

resulting expression with (3.11.17), the expression for Us does not

contain a function of x separate from z*.

The results (3.11.14), (3.11.17) and (3.11.22) are comparable with

the parallel wall case where
ake

lem eS up fic. (3.11.24)

i(a.ctn/2), (i)Us = ve c Wit.6 + oc (3.1125)

and ( )

i(A.c-n/2
oe = M+ sx) ye c ult), + C.-C. (3.11.26)

a :

When we solve (3.11.23) subject to (3.11.13) we see that the solution

of this depends on the position in the annulus. We first fix x
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specify « and then vary z* from 0 to a certain value. This will give

a string of values for and we interpolate between these to obtain

the numerical value of z* that makes @ = 0. The obvious values

where (3.11.23) are zero are x = t 1/2, z* =O and z*=to . For

fixed values of e we shall plot the streamlines given by ® = constant

and compare the vortex cells formed with the vortex cells formed

in the parallel wall problem for the same values of = constant.

(See FIGS. II, % and XIV).

3.12 The observed or physical wavenumbers

The solutions (3.11.14), (3.11.17) and (3.11.22) show higher

order corrections to the wavenumber. Let us write the total phase

of U, given by (3.11.14) as

ph(U,) = Ags + arg wl?) + ei o 9) % gh), + ei, (z*)ult) 1 (3.12.1)

where ph refers to the total phase of Ue. and arg as the argument of

the expression in brackets.

From (3.12.1) the expression containing arg is equal to

dy (i) (r)i © g. + eS.(z*)u
tan of eee tak) (3.12.2)

v(Z*) UT

The observed or physical wavenumber for the pressure, U,, and the

two velocity components, Uy and Us» are then the derivatives of the

total phase. In ¢ space they are

les 351) «+ Si enu4 vu |
a 2.

Saba Ue i ae (°]1 +r 95q qt $4(Z*)U97 x
, (3.12.3)
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which can be shown to be equal to

i)

N-(U,) = ee aus ath ae # })| #0(e) (3.12.4)
dz* dz*.~dz

after expanding for small ec.

The total phase of the Stokes Streamfunction @ is

ph(») = Necis a + arg wut, tei ooh + ei8,(z*)ul")
’ z , 11,4

u(r)
ee oe es (3.12.5)

dz* %¢

and the term containing arg is equivalent to a similar term given in

(3.12.2). Thus the observed or physical wavenumber for @ in ¢ is

(r)
WT.AG oo oft) + Sy(z* ult), +S AU), 4?

az®

N (9) =
‘ 2 ul?) z

1 Seat ie ats +S. (eral) ge & a4 4]
ee nee ozseles 4)

\ (3.12.6)

and can be simplified on expanding for small e« to

s e qd | dy ZN(@) = N.(Ug) + 5- 1 (* +] (3.12.7)

The total phase for the velocity component Us is

ph(Ug) = Age +5 + arg wl?) ieee Brg + eS, (z*)ulT) 6)
dz*

(3.12.8)

and the ea eek iy U. in ¢ space is

Giza 5 & ltl fo ult)
eA an dz* 21,6, 11,6

N (Ug) =e (Ba12%9)
s) (2

T+ e - wv ght) ri syanu{pdvu) zi dz* 21,6 i aris
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The expression for N_(Ug) is kept in the above form for the time

being, see (3.13.16).

The values of go, _, and uy, ,, are zero at x = 1/2 for
4 ’

m = 4, 5, 6 and so we are required to. calculate

aan 921 om
xot 1/2 "114m

We use L'Hospital's rule and note that

(i) gi) Air) \ fr)

vin (218) = “212 and 1m 921.6). 22153 | (3.12.10)ay, Ge 60
ot V2\ui7 5 “71,2 xt W2\uty’g/ N13

where uf), . aff). etc., are evaluated at x = 1 1/2 and can be

found from the computer program used in solving for uy, and go] - u

For m = 4, we know from the expansion procedure and the

continuity equation that

aT cau(t) (3)SePanSGUIS) ae ae Usa, = 00) (3.12.11)
a 11,4 c 11,6

and dg( )

Sai, scgfi), + rests + uf), = 0. (3.12.12)
eS (r) agi)

Soe 90144
Therefore we see that and are zero at

dx dx

= +1/2. We have to use L'Hospital's rule twice to obtain

gi)
lin 921.4 a (3.12.13)

xet 1/2 i,

When we differentiate (3.12.11) and (3.12.12) again we find that
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(3.12.13) becomes

a4 1 13
lim ry = -|> + Che é (3.12.14)
yor 1/2 lu Y Xe us!

11,4 ale)

From the equations for Ne we see that in all cases the physical

wavenumbers depend on the position in the annulus for both the

x and z* co-ordinate. In previous theory there was no such -

variation in the wavenumber.

We want to compare the wavenumbers obtained in (3.12.4) ,

(3.12.7) and (3.12.9) with wavenumbers obtained for the locally

scaled parallel wall problem. To find the relationship between the

two, we define a new ¢, 6¢', to be

ms Zo

Fane (3212215)
q 2

where dj is the local gap width evaluated at the point z = z,. At

this point z, we have local values of n and TT and TL is defined

in terms of local parameters evaluated at Zo: We proceed as if we were

calculating the parallel wall problem, we fix ny, ‘and tT and solve for

AL in the normal way with 23/at = 0. The disturbance velocities

u,V,W are zero at the inner and outer walls, that is in terms of

our local variable x, at x = * 1/2 . When we have solved for

AL the disturbance equation can be written as

gta, '
Ul =e fy (x) +i CAC. (312.16)

and when we replace c' in (3.12.16) by (3.12.15) we have
Tr

L
(z - z)

Woe eee Oty be) Hate (3.12.17)

This becomes in terms of ¢ space evaluated at the origin where
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Us. =e fy (x) + C.Cc. (3.12.18)

The phase of this disturbance is given by

d Z
d, (c- —) (212319La : )

and therefore the physical or observed wavenumber in ¢ space is

equal to
d 

>

AL q . (3512520)

This wavenumber is to be compared with N.ts in our non-parallel

wall problem. That is the local wavenumber in the parallel wall case

corresponding to our non-parallel wall wavenumber is given by

cae?Ne = aq AL (3.12.21a)

or

a:A oF gels (3.12.21b)

the quantity + N. will be known as the locally scaled wavenumber.
d

The physical wavelengths is‘defined to be equal to

2r__x_ local channel width (3.12.22)

local scaled wave number

and, d 2nd
= = N-¢ (3312.23)

Ge
It is noted that the wavenumbers (3.12.4), (3.12.6) and (3.12.9) are

all slowly varying.

Therefore, from (3.12.21b) we see that to compare critical

wavenumbers with the parallel wall theory, we have

Vee eet : e f(2*)/2) N, (3.12.24)

and we shall keep just the « terms and ignore higher order terms.
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This A should not be confused with
Lerit

Ac (3502.25)

which is defined to be the critical wavenumber obtained from solving

the parallel wall problem for fixed n .

3.13 The renormalization technique for the solutions for U ,o and

the observed or physical Wavenumbers

For the solutions for Uy and» mentioned in (3.11.14 and
id.t

(3.11.22), we look at the coefficient of e e and use the renormali-

zation technique originally developed by Rayleigh (32) | who used it

to generalize his first scattering from a thin slab to scattering

from many slabs. He obtained an expression

ik_x

Wes es GT dey) (3.13.1)

for first scattering from one slab. To obtain a solution valid for

many slabs he recast (3.13.1) into an exponential of the form

i(k, + eu)x
u =e : (3.13.2)

This process of summing expansions is called renormalization.

Thus we use this process in Bee and we have
1

921,k
ult)
11,k

or )

ONT iy) 4 ic.ce 2 (3-13.3)ey AR) ‘
Uc = WUT EXPT (ACE + eSi/y te ee .

S21,k dx = 2wult), coslage + eSi/p +e ath aw! v) (3.13.4)
Tk

for k = 1, 4 and 5, and for Ue and » we rewrite as

r

x (i) ‘ t e e2T6G.Us = wry 'g exPi (Age +5+ eS;/y aC, “+ i Jeb esc.

18 (3.13.5)
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gi)

a= a fv) 4 exp i (AQc- F + eS4/¥ +e 921.4 , 1) do v

ut si dz* )

+ C.C. (3.13.6)

or r

aaa onl es _ 921.6 4Ug = ~2puyy gSiN(accteS;/y oT |) (321337)
11,6 ;

and z

gf201 + sx)y i+ ox ult, sintagt eS4/¥ + tata 2, “4 ca or ie
c c we)

(3.13.8)

From (3.13.3), (3.13.5) and (3.13.7), we see quite clearly there is

a different complex phase function for each of the velocity components

and the Stoke's stream function. The complex phase functions are

given by

h = 94 ak dy /, .
ph(U,) = Acs + eSy/b + ETA (3.13.9)

Uk
for k = 1, 4 and 5 and for Us and @

ph(Ug) = ago + Et aon oe s anh (3.13.10)
Hine dz*;i, 6

ph(s) = rye- Ft eSy/v {te + LE) fy. (3.13.11)
ui154 Cc .

The derivatives of these complex phase functions with respect to

tare seen to be slowly varying with a variation in the x co-

ordinate , and for Uy and » are in agreement with (3.12.4) and

(3.12.7) respectively. The wavenumber for the Us component is

equal to

2dR ie d_ fd
N(Up) = Ap te— te a iy (3.13.12)
age dz* a dz* be ;
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and will be in agreement with (3.12.9) if the latter was expanded for

small © . However difficulties occur with the Ug component which

are explained later in this section.

With the forms given by (3.13.4), (3.13.7) and (3.13.8) we can

more easily find the zeros of the pressure, velocity components and

the Stoke's stream function. For example, the next n zeros, after

z* = 0, for the Stoke's stream function ® are given by

(i)
3 Titled“Age + €S;/¥ + = a se fs = nm. (3.13.13)
uiT4 cc] dz

The solutions obtained with this method and the method of the

previous section will not be compared.

ks ° a ; : Z
In our expansion procedure in the previous section the functions

of x and z* are bounded and in fact tend to zero as z*+ + ».

Our expansion procedure therefore appears to be uniformly valid.

In this section however thé expansion appears to be

uniformly valid except for the case of the wavenumber and solution

for Ue due to a certain value of the x co-ordinate, Xo» Say. For

X= Xp» ut} = 0 while aft) # O for this value of x and it

seems from (3.13.7) and (3.13.10) that Us is bounded at this

value and N (Ug) >< as X +X). But at this value of Xoe the

solution for uy is given by

iat
Z ed (r)Up = e on 9376(%) (3.13.14)

and the wavenumber of Ue at. this value of X is

Nop) xax, oie (3.13.15)
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When we insert x = x, in the equation for N-(Ug) given by

(3.12.9) we see the answer obtained is in agreement with (3.13.15).

It is pointed out that it is the rule rather than the

exception that these expansions break down in regions called

regions of nonuniformity. An estimate of the size of this region

of nonuniformity can sometimes be obtained by assuming two successive

terms to be of the same order. This difficulty is only mentioned

for the sake of completeness and no calculations regarding

N (Ug) will be undertaken.

2

To calculate the « correction term in (3.13.15) for values
2

of x near x., we need to calculate all of the « terms. In fact
0

it can be shown that as x > Xp»

(i) (i) ds ,(r)
aoe A hai Gi tewees aou seme aa2.6

Rog) +4, Fe | ——— | (8-15.16)
dz* dy gh)

dz* 21,

The solution of the full linear problem, is according to

these perturbation techniques, represented by the first few terms

of a perturbation expansion and usually only the first two terms.

Although these expansions may be divergent, they can be more

useful for a qualitative aswell as a quantitative representation

of the solution than expansions that are uniformly ‘and absolutely

convergent. Nayfeh (33) discusses in great detail perturbation

techniques

3.14 Introduction to the non-linear, non-parallel wall problem

This section is involved with the solution of the steady

state non-linear equation for U given by
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i 2 3 df 4
a AU + © f(z*)CU +e ae DU + O(c) = L(U)U. (3.14.1)

z

The boundary conditions on U are given in (3.5.25) and (3.5.26).

We first fix , at a particular value and increase the Taylor

number above T so the point in the .,T plane is in the un-
crit

.stable region defined by (3.15.4). We should be able to obtain an

equilibrium Taylor-vortex flow for our non-parallel wall case.

In the method adopted, we can only set

he =X (3.14.2)

and

2,

fea eT >» (3.14.3)

oo
where « is assumed small.

We start with an initial solution for U of the form

7A,TALS

Uo = ewlz*e SF, (X) +. » (3.14.4)

where by (2*) is the non-linear real amplitude function and is in

general different from the linear amplitude function y(z*).

When the analysis is carried through we obtain a non-linear

differential equation for dy (2*) >

2

oy [2 + af( | by, = 0 (3.14.5)+ — af(z - = ae

dz** *N iB "N
subject to the boundary”condition

Wy 70 as 2* ee es (3.14.6)

The solution for by can be obtained for different values of 1)

‘by varying the value of yy at z* = 0.
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In a similar manner a second order linear differential equation

is obtained for the complex amplitude function Sy(2*) » given by

2

: Sy 1 - es 2
ee + Sy i + af(z*) + (2Sy + Sy) ¥y =

dy, dy, 2 dy

ryflzt) E+ ryt E+ ry Nt ry Wy — tne
dze dz* dz* dz*

and subject to the boundary condition

5. +0 as. ote’, (3.14.8)
N

It was found that the solution for Sy(2*) was completely imaginary.

This was in line with the solution for S(z*) in the linear case.

From Rayleigh's (32) renormalization technique we found

the observed wavenumber for each component varied from the linear

results for the wavenumbers. Though no actual calculations were

attempted, the form of these 'non-linear' wavenumbers in ¢ space

will be 
i

Nyt Xe tefin(x,z#yc)4e fn(xz*,c). — (3-14.9)

3.15 Solution of the non-linear disturbance equations

From the linear theory of the equilibrium Taylor-vortex flow

for the non-parallel wall problem we have if

Me Snes (30551),

then

2 4

T+ Tf + Oe ), (3.15.2)rea: 3
crit

where Xo» De are the critical wavenumber and Taylor number for the

parallel wall case with the parameters n and T being evaluated at
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z* = 0. The value of TS was an eigenvalue dependent on the

boundary conditions at z* = * of the linear amplitude function

v(z*) and the form of the outer surface.

The reader is reminded that in the linear case we said the

flow would be stable if

T.< Toit (B215¢3)

and unstable if

liste Waa (3.15.4)

In the following non-linear analysis we shall increase the

Taylor number T above T t so that we would be in the unstable
cri

4

region defined by (3.15.4). We shall ignore terms of O(c ) and there-

fore set

= 2 °
penal. tae © Tt) > (321555)

where

T > % ’ (3.15.6)

in the steady state non-linear equation for U given by (3.5.22).

The equation for U now becomes,

enue Th ASU + eeF *)C U ot—_- =: ¢ +e T(z te — DUBS —c=— 2 Agu dz* ~c~

4 2

+ Oe) = Lo(WY + eTZL—p(UY . (3.18.7)

The matrices A... and D_. are given by(2.4.6),(3.5.23) and (3.5.24)

with T replaced by T.. The matrices A> and bo (U) are given by

(2.4.7) and (2.10.5).

The equation for U has to be solved subject to the boundary

conditions given by (3.5.25) and (3.5.26).
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Te

We next expand U in powers of « ande c > and write

ids 2 irc igs

= c@ “Uy, (x,2*) + « [e Ugg (Xaz*) +e” U pq (X22*) +
ic

3 3iA,t 2idgs
Up (%2*)] + € fe ~ Ugg (%.z*) + € U 39 (X.2*) +

dot

e “U3, (2*) + Ug (,2") ss

imc

+ negative powers ofe ° , (3.15.8)

in the steady state non-linear equation defined by (3.15.7) .
im.

When we equate powers of als ©” we obtain a set of partial

differential equations,

ee Aug of (3.15.9)

ge ale) acne CL) 3 E
(X NO Mee = Leo (447 441 > (3.15.10)

1) S(T eat
(eA ie ; (3.15.11)

ax =c /=21 =cl 3z*

3 oa (0) se (al)y cee (1)
(2 = BO ag = Leo ay 1 t Leo Ma-1 ery 23-18-12)

gr See (3) =e) Q)
(3, = ME ag = Leg rn Mee + Leg Gee ar (3-15-13)

2 1 1

Ce ae AZ) uy = LQ) (wi ar +) wo ar +
gu 3

Gee ee Eh) sls &. (3.15.14)
3z*

B

=cl aye

t& -AM ug, woo 411 + Our Wao *
z

(2) el(-1)
Lig (1-1 M22 + Eco M22 r,-1 + Bee +oz* H
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ou
1]Eer tag) tka & 2 +L (u ge

= fz*)C uy, > (3.15.15)

CF = AO pus = Quy Wop thd We 4 es
au(-1) (1)

Leo (ay My 1 theg (Hr -1 er tbe U

3u

ree BOO ees eO em (3.15.16)
=cl aye

The matrices A(P) , L(P(u.5) and Ay are defined in

(2.4.6 ) , (2.10.16) and (2.4.7) respectively. The matrices

c. Bt) ,B., and pl!) are defined in (3.5.23) and (3.6.14).

Here

“45,6 o Ya5,4

Z o ii,6 Q

Le ag) - 4 0 On eau (3.15.17)

0 Q

and

uy = lis > (3.15.18)

while Uagyk ? k = 1,6, represents the corresponding six components

of the vector Yaz:

To find a differential equation for the second amplitude
1&5

function Sy(2*) » which is introduced later, it is necessary to
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4 115
have the ce ° Yay (x,z*) term. The partial differential equation

for U4) (kaze) 415

(3 - aug = By uo -1t 2) (w 9g Wor + LG Woy Woo

+ LD uo oy Woot LUD ugg Way + EO) (Ug9 yaa +
(0)¢, (2) 8.20

Log 4 q7 M30 * Leo Hy 1 M32 ther id) ae

uy su au ks

Loy lu oo) GE Wa) eer ha) — tel

A ease eee ay arc fay (live
Ba 92* 2=2=21 ~ =c2 are

F(z*)C uy, - (3.15.19)

The equations (3.15.10) to (3.15.16) and (3.15.19) will

be simplified when the following notation is used,

Reg (figs Sen) = LOG aa) jee tED Gg Mag (3-15-20)
and

Roy (FijDkn) = keer (fig Ske + ther (Dky Fig» (3-15-21)

The non-linear equation for U has to be solved subject to

the physical condition that requires zero disturbance velocities at

the walls given by (3.5.25). Once again the boundary condition on

the outer surface, x =} {l+ < f(z*)] » is obtained by means
of a Taylor expansion of the disturbance velocities Yay "s about

x =} . When we use the Taylor expansion about x = 4 and equate
imA 7

powers of ce c > we obtain the following set of boundary

conditions for the last three components of each Wag
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Unt mO>2*) = op (ps2) = Uy m(Z>2*) = Yay, (Z>2*) = 9»

53 m(P2*) = Yap m(Ze2*) = Y39,m(D02*) = Os (3.15.22)

43] ne?) PZT anlZr2*)/ 2-0 gy nZe2*)¥F(2*) yy xm

(po2*)/2 = 0, for m= 4,5,6.

The boundary condition on the inner wall, x = 5 » for each

ugg are .

Usjjm(- 3»2*)=0, for all i and j. (3515.23)

A further boundary condition on U was that it tends to zero as

z* +t ©, this implies that each u;; must satisfy
j

Yaj (x,z*) +0 as z*+to , F (3.15.24)

3.16 Solution of the disturbance equations and the differential

equation for the non-linear amplitude function by (2*)

From the linear theory a solution for u 1, (x,z*) can be

written as

Uy (%2*) = wyl2*) £47) (3.16.1)

to give

ge) 20 Aina (3.16.2)

The operator 40) is & - al?) > and £1, (x) must satisfy

the boundary condition 85, given in (2.4.1) along with the same

normalization as used in the parallel and non-parallel wall linear

case. The first term of (3.16.1) contains a real amplitude
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function by (2*) which will be determined by a non-linear

differential equation that arises at a higher order from a

solvability condition imposed on that higher order system. It

should be noted that Vy mentioned here will, in general, be

different than that of the amplitude function y of the linear theory.

The boundary condition on vy is seen to be-

a(z*) +0 as zee . (3.16.3
N

When we use (3.16.1) in® (3215.10) -and-(3.15.12)-the solutions for Up»

and Ug are of the form

2

U 99 (x2*) = by £99 (x) (3.16.4)

and

=

Yo (x32") = vy fio (x), (3.16.5)

where f 55 (x) and Foo (x) satisfy

(£29) = Res (Ey pat yy) 3 Bo (3.16.6)

and

Loo) = Reg(fnfie1) Be - Gale)

It can be seen that by direct comparison with the non-linear

parallel wall equations (2.11.3) and (2.11.4) the functions foo»

fo0 are the same in both cases.

Similarly, when we use (3.16.1) in (3.15.11) the equation

becomes a
f

(2 - Ayu - — Bll) s ; (3.16.8)9x =c /=21 dzer cl sil. F h2" oe

For Uo, (x,z*) to have a solution we use the adjoint condition
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(2.5.3) to obtain

dy 3N a,t (1) =a | fr Bay fy; = 0, (3.16.9)

ce

and from the linear theory it was noted that

2 a,t| etal) fax = 0. (2-16.10)

From the boundary conditions on Uo, and the right-hand side of

(3.16.8) , Uo, may be expressed as

dy, !

U7 O24) = Boy (x) + SylZ*)E yy (Xs (3.16.11)

where g 57 (x) satisfies (3.7.10) and is identical to the G1 (x)

mentioned in the linear case. The complex function Sy(2*) will

in general be different from S(z*) of the linear problem. The

boundary conditions on Sy(2*) are

Siz") 0 tases Fa (3.16.12)

The complex conjugate eg is

zk diy s
Woy (X.2*) = oe Goi (*) + Syl2*)Fy 4 (x). (3.16.13)

When the form of expressions for Uj,,U5,,uU etc are substituted
=11? =21° =22

in (3.15.14) and (3.15.16) , the solutions for uz, and uz, take

the form

dy ;

Wg (2) = ty TE Lp (x) + vySyilge (0) (3.16.14)

and ‘
diy fe

U 39 (x.2*) = Nae F359 (x) + Yy(Sy + Sy)M 39 (x). (3-16-15)

The equations satisfied by £45, M395 f39 ‘dnd ms, are
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2 2
MVE 50) = Reo (Eqn Dar) + 2B AE a9 * Req (Enq of11)/2»

(3.16.16)

(2V rem\ tees RO“(Rea ere) (3.16.17)L'(g2) = Reg (fry > £11) 16-

(0) =
Pf 39) = Reo E11» S2,-1) * Reo (£1,-1 -921)*

: (0) ;
Renirpsn tt ci 20e 7 15-18)

and

LO 5g) = Reg (Err £11) » (3.16.19)

all subject to the boundary condition Bo-

When we compare equations (3.16.17) and (3.16.19) with

(3.16.6) and (3.16.7) we have

M(x) = 2F 99 (x) (3.16.20)

and

M39 (x) = fp9(x)- (3.16.21)

When (3.16.1) and (3.16.4) etc., are used in (3.15.15) we

obtain

(2 -ayu,, mp, [Reet eh ERE S(t iso iatWw Beco (£11 £29) * Reo (£1,-1 £2211
2

EN g(1) ¢ oxo fe eB got oe
dz* — =cl -11 dz* =c2-11 cl =21

Ws Rota, ~ PCF 1y (3.16.22)

subject to the boundary conditions (for m = 4, 5, 6)

U31 mo pe) SOs uaT nt Sl -F(2*) nF 1x m(Z)/2-
(3.16.23)

For 434 (x,2*) to exist, we use the adjoint condition (2.5.11)
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to obtain

2

tw f2.a,t -2(1) atae ft (Bey Sart Bea hq] 9X + wyF(2*) LF re

2 at BatEe Cof 41 ox] + WTS fore s, +
~ ‘Cc 2

-3 = -3

oat .
vy | HP TR eq (£29 £11) + Reo (£1,-1 -F9)]4x = 0, (3.16.24)

a2 ds
since the integral coefficient of = is zero from (3.7.6).

iZ

The non-linear amplitude equation (3.16.24) can be simplified

by using some linear results , e.g. (3.7.18), to give

2

d Wy

dz**

Tins
+ owil2es ag(zt)| +by =0 3.16.25)

N

1
subject to (3.16.3).

The constants a and T, are defined in (3.7.20), (2.6.10)

respectively and

c

£ FIR eg (fag 41) + Reo (£22 £4,-1 1
hese -3 . (3.16.26)

heatT, | Eames Tax

From the parallel wall non-linear theory this constant b is related

to the given initial amplitude Ho. When we use (2.11.9) we

find that b is negative and could be rewritten as

T,
T.be (3.16.27)

Wg '2

2

and To T, and ug are all positive.
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3.17. Solution of the disturbance equations (cont) and the

differential equation for the amplitude function Sy(2*)

We assume (3.16.25) can be solved subject to the given
2 2

boundary conditions and we substitute for d vy /dz* in the right-

hand side of (3.16.22) , whence

2 ah. ene & =
ADs, = Yy Boo (£20 £11) + Reo (fee -£1,-1) -

vial gor *Bcofin)) - WN = al YD go1t Beofti~ TA fd

+ SH al) er - ygttz*) si Rheepee fel tn [eCBicr, Sane Weoderete coat

(3.17.1)

By examining the right-hand side of (3.17.1) we see uz, may

be expressed as

3

43] (x,z*) = vN £31 (x) + Vy 31 (x) + dyt (2*)h 34 (x) +

AH gy (8) (2*)£ 41 () 2—_ x + PA(z*)f x (Selde2),
age 22 NIE]

and upon equating functions of z* on either side of (3.17.1) we

have, h3y (x) satisfies equation (3.9.3) and its boundary

conditions and

LF 9) = Reg (Loe £1,-1) + Bea (L20 f11) -

(a) doy +B cof yt)» (3.17.3)

(1) ey
plea (Gran) a (By Sor + Bcofiy- TA fy] (3-17-4)

2
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and #4, 5h, are normalized such that their second components

evaluated at x = -3 are equal to 0. The function Py(z*)

appears because we can have an arbitrary multiple of the eigen-

function fy » and is assumed to be complex and different from

the P(z*) mentioned in the linear case. The boundary conditions

on (3.17.3), (3.17.4) are

1 1 1 1
faym(— 2) 7 93t,m0- Z) * 314m 6 ):* S31,m Cz )=

(3.17.5)

for m = 4, 5, 6.

If we look at the same equation for 93) (x) for the linear

parallel wall case and compare the equations and boundary

conditions for g4, we see

tT

aoe — oy oS (3.17.6)
la

We reform equation (3.15.19) by using (3.16.1), (3.16.4),

3

(3.16.2) etc., and replace the term involving d vy/az*? by

differentiating (3.16.25) with respect to z* to give

3
dy 2 dy, Ty dy, dy,

S = ~[3byy, SX + 2 TN + ayy + af(z*) —N ]
dze dz* TT, dz* dz* dz*

(3.17.7)

and thus the equation for Ug (x,z*) will become

dy,
ee g(t) Sea
Cz 7 Ac’ Mar 7 mH Gy Beo Lit £30) + Reo (32 £1,-1)

(1) bi
+ Reg (Fo9 9 2,-1) + Reo (£29 21) + 38 e7 fay

3B op 901 + Req (faq > £47) + Req (h22 -F1,-11
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dy ny dPN fr (1) 2 ] N g(1)elt! Bh +B -— Bog + — B fae (2 22521° =ct S31 S 2c2921 qe cl =11

dy,
af 7, (1) -oe~e - saath AL) ideaN aa [Ber Ror Oe fi cio a [ayh ar

f :

CeGor- 2 Bey Ia] + vy (25y + Sy) [Reo (£11 +29) + Reo
a°Sy

. in *(fo £7 ,-1 V+ 15 Sof ay - SyPME Fy ea

(1)[a Soy *Beof fy] ae (3.17.8 )

subject to the boundary conditions

(= Foz") = 0 and ug, a $24) = -[ren (h)+vat me metew = 41,m\ 2? > S21x,m\ Z

* * 1
F(Z*)Sy(Z* IU Tm (ZI) 2 (3.17.9)

for m= 4, 5, 6.

For Ug, (x,z*) to exist, we use the adjoint condition (2.5.11) to

obtain

2

d Sy T) a 2

+ Sy = +af(z*)| + (2Sy + Sy) bdy -
dz* 2

dy, dy dy,
ry f(z*) hd baer Tov Cees r3 Ny — ra¥y ene (3.17.10)

dz* dz* dz* dz*

The boundary conditions on Sy(2*) are the same as those on y(2*)

that is

Sy(z*) +0 as we+to . (3.17.11)

Here rj,r) are defined in (3.9.13), (3.9.14) and
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The
part (1) zft [Bet S31 +72 AzSar ~ 1 Sea 421 |

ray 7 2 : (3.17.12)

| fF Apt

3
-{ £ >= dx

"4 a F (3.17.13)

where

Qo = Reg (£17 £30) + Reo £32 £1,-1) + Reo (£22 -22,-1)

* Reg (£29 S21) + Rey (£29 £17) + Rey (£22 -£1,-0

Q)4+ 3B 3bB 9 Soy - (3.17.14)
31

When we compare the equation for rq y with (3.9.22) we note that

s ' 2
Youn! T3 T/T. (3217215)

It was found also on calculating rye and ry that these

constants were also imaginary. The differential equation for

Sy(2*) can be separated into real and imaginary parts,

Sy(2*) = Sy r(2*) < 1 Sy 4 (2*) is (3.17.16)

We replace Sy(2*) by (3.17.16) in (3.17.10) and equate real and

imaginary parts, we obtain the following differential equations

ds T 5

F “ur + Sy fe + atte] + 3bWy Sy, = 0 (3.17.17)
> : ;

2

and
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dese Ts dy,
N,i 2 oe 2 a Nme + Syi = taf (z ] + buy Sui = 14° (2*) ie +

dy, dy,df 2 °°N
sty — + Ogg yp ety — > 3.17515Poi Nea 3i.N Ge aiYN Goa ( )

subject to the following boundary conditions

Sy r(2*) > Sy y(2*) +0 as 2* ste, (3.17.19)

The constant r3; y is just the imaginary part of (3.17.15).

We can solve for Uy (2*) 9Sy, {2*) and Syyl2*) by a small parameter

perturbation method treating

2

lo TE[l +6 ] (3.17.20)

where Be is a small real parameter not related to « . The

solution obtained for Sy r(2*) with the choice of f(z*) given in

(4.2.1) was identically equal to zero. With this choice of f(z*)

we could only find solutions for by (2*) by direct computation, a

time factor did not allow us to‘solve numerically the more complex

case of Syyr(2*) and Sy 4(2*)-

For the case chosen in Chapter 4 the perturbation and

computation solutions for by (2*) were in good agreement for small

2

6 . It was found in both methods the solutions for by (2*)

depended on the values of tT) and vy (0).

The inclusion of the non-linear terms involving U , namely

L(U)U , served mainly to fix the magnitude of dy (2*) (which was

arbitrary fixed in the linear case). This is similar to the non-

2

linear parallel wall case where the amplitude Uy is fixed by

the integral relationship (2.11.9).
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We obtain the non-linear solutions for the velocity components

Ugs Us» Us and the Stokes stream function ® in the same way as

in §3.11. These non-linear solutions include terms identical to

those of the linear case except that all the linear solutions are

pre-multiplied by e, (z*) and S(z*) are replaced by by (2*)

and Sy {2") respectively and plus some extra terms not included

IN, ($30) ls

If we let, for k = 4,5,6, Uy and oy represent this

'modified' solution typified by (3.11.14) and Un and ®,

represent the solutions typified by (3.11.15), then the non-

linear solutions for U, and o are

212 2

Up = yy tee Wy , + c.c. (3.17.21)

210
22k 2 a(n) 22 g(r)Ue) = es, tee vy 50,5 +C.C. + Wy 0,5 (Sal7s22)

2in_ct 5 ;
2 iz 2

Uepee cles + cle Meaty fi), + C.C. (3.17.23)

and

(1+ ox) 2,201 2 (ry
o = eo + ee Uy. + .¢c. (3.17.24)

aan. nf22,4
Cc

or

i 2 12
Up = eUgy + 2e Wy Fh5)q cos ace (3.17.25)

. oar a(R) eet)Us = es, + 22 Wy F505 cos 2\.c + Ynf20,5 (3.17.26)

Uae Un See iycetsl) ereinn zy (3.17.27)
6 "6 © Wy 122.6 5 meena

and 2

2 :
es a + BLA Me yf) ysin 2c - (3.17.28)

c
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It was found from our computation of the function fag (x) that

F50,4(%) = F50,6(%) = 0° for -all.xe (3.17.29)

It was decided just to plot the non-linear solutions for

the Ug velocity component for various values of e and

tT) in Chapter 4.

The ‘non-linear wavenumbers y were not plotted in
crit,

Chapter 4 due to the incomplete and rather complex nature

of the non-linear solutions for Uy and ¢@ . This is easily shown

in the case of Uy. The solution for Uy given by (3.17.21) can

be rewritten as

ia, (r) igs fr)
Ug = ce “anf 4 [i + ce WN 125 a eae

Fr) * TN
find

dy, oft) a 2N 21,4 :fe an, + 5102] + O(e | . (30977.30)

If we use the renormalization technique of §3.13 the solution

(3.17.30) can be replaced by

ecosr.t

U = ee ty “ul, . @tA(xse 524) (3.17.31)

where r (4)

r) ais i) 4fo2044 a 224 SN |
Ko ies + ely sink ct +— Vyin c er i, ult i, dz*

9 0(e5) (3.17.32)

and is a real function.
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The total phase for the velocity component U, is now given

by A and the physical wavenumber NN is given by 2A/az

It can easily be shown that in order to find all the Ole) terms

in 9A/az we need to include terms of 0(e) inn ks; these

terms take the form of sin 2hos multiplied by functions of x

and z* etc. Therefore no non-linear wavenumbers were calculated,
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4. Solutions For a Specific Case

4.1 Introduction and brief discussion of the results

In this chapter we follow Chapter 3 and calculate numerical

results for some special cases. We chose to consider the cases

n = 0.5 (ec = 0.1 and 0.5) and n= 0.95 ( ¢ = 0.1). Our

choice of f(z*) is given in 84.2.

4,5 and 6) for-4The linear values of “14k and 991k (k

n = 0.5 and yn = 0.95 are given in TABLE VII and TABLE XVI ;

“along with the value of 991 «411k at x = =} for each n.

~ With the use of these tables and formulae mentioned in this

chapter the reader can find his own linear solutions for various

e, j and n.

The eigenvalues % and the eigensolutions y(z*) are found

in the linear case with j = 1 (see 84.3). It turns out that

v(z*) decays quite rapidly with |z*| in both cases of n but

fractionally less for n = 0.5 than for n = 0.95 , see FIG V. This

eigensolution y(z*) is identical for all cand fixed n , but

in ¢ co-ordinates the solutions will be different. In fact the

larger the value of « chosen the quicker y +0 and the vortices

decay away. 2

It was shown that the Taylor number ert depends on the

eigenvalue chosen, « and its position along the vertical axis.

The graphs of T, and ie against TL for both cases of n shows
Lerit

for a particular z* value, z* = \z¢] S8Ys Tlonit 2 Ti for

z* ve(ze | and Tce Mp, a tor 2S > |z*| . This value of z*

increases the smaller the value of e« . For the case with

153



e = 0.1, T, is 0.53% and 0.74% higher than the respective
Lerit

Tie at z* = 0 for n= 0.5 and n = 0.95 respectively, and 0.54%

and 0.73% lower than T,. at z* = te. If the value of T,Le Ee a
infinity was unknown it was found by interpolation using TABLE IV.

lene is 3.55% higher than ic at

z* = 0 and 24.82% lower than The at z* = t, These larger figures

For e = 0.5 with n = 0.5, T

were to be expected due to the high value of e« . The graphs

of Vict etc., are given in FIG VI, XI and XV.

Our analysis of the non-parallel wall flow showed that the

various disturbance flow quantities do not possess the same

wavenumber (except at z* = to ), there is a variation in x and z*

of Ole). The variations in the radial direction x have not been

given before. See FIG VII, VIII , XII and XVI for typical results.

We choose to demonstrate some results using ALerit (2) - For

e = 0.1 we found Aterit (2) is between 0.42% - 0.58% higher than

ALe at z* = 0 for n = 0.5 and between 0.24% - 0.41% higher for

n = 0.95. This is typical of all the wavenumbers concerned. It

; =+can be said however that ALerit <ALe at Zo = oe ae KON

e =0.5, n=0.5 ALerit(?) is between 10.53% - 14.43% higher

than Le at z* = 0 and 3.37% lower than at z*=ete . ForALe

each ¢ and yn the wavenumbers all tend to the same value at z* = + a,

see FIG VII, XII and XVI.

All the solutions of Uj» i = 1,6 and ® decay away as

z* +t, For n = 0.5, the way in which this occurs is the same

for e¢ = 0.1 and « = 0.5 because the linear amplitude function

v(z*) is identical for both values of e (in z* co-ordinates).
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The number of times the solutions oscillate depends strongly

on the value of e , the larger the value of ~ the smaller

the number of times they oscillate along the z* axis before

becoming negligible. The reason why is our solutions involve

terms like sind.¢ and coskc 5 and rc = 2*/e. Therefore °

solutions involving € = 0.1 tend to oscillate approximately five

times more often than those of e = 0.5. A comparison: is made

between the non-parallel wall linear solutions and the corresponding

parallel wall linear solutions (where ¢ is replaced by 2z*/e).

In all the non-parallel wall cases considered the initial zero's

of Uy, Us and @ all appeared before the corresponding zero's of

the parallel wall case. This is shown quite well in the case

with n = 0.5 and e¢ = 0.5, see FIG IX and XIII.

Following G.I. Taylonieieniginal work it became of interest

to show the streamlines,o, of n = 0.5 with e« = 0.1 and c = 0.5

to see how they differ from those of the parallel wall case, see

FIG II. It was decided a useful criterion for vortices to be

observed visually might be if |c| 20.1, where c is a constant

given by @ =c. We will only be dealing with the top half of

the cylinders since our problem, by choice, is symmetrical.

For ¢ = 0.1, FIG Xa to Xc show the individual vortex cells along

the z* axis. The cell nearest to the centre is very similar

to the vortex cell found in the parallel wall case. However, the

further we get away from z* = 0 the more the strength of the

vortex cells decay . Our results show by the time z* > 1.88 (c= 0.1)

there are no more cells visible where |c| 0.1, in all there

would be 38 'visible' vortex cells which weaken as z* increases.

A similar result occurs for n = 0.5 and ¢ = 0.5 where no more
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cells with|c|> 0.1 from z* = 2.33, in all there would only be

10 ‘visible’ vortex cells , see FIG XIVa and XIVb.

A note should be made of the boundaries between each vortex

cell, the boundaries start off horizontal but gradually curve

upwards slightly before becoming horizontal again at z*=* o,

A variation like this was expected since ALerit(*) does depend

on x and z*.

We also solved the rather more difficult non-linear case.

The solutions of the non-linear amplitude function by (2*) were

calculated numerically and by the perturbation method of $4.5

for Taylor numbers slightly greater than Werit of the linear

theory. These Taylor numbers were called Therit,N and involved

positive additive corrections of O(c) to Therit? these corrections

were given the letter D and defined in (4.6.3).

The boundary conditions on by (2*) were identical to those

for the linear amplitude function y(z*). It was found the rate

at which by > 0 as z* + twdepends on D and its relationship

with vy (0) > see FIG XVII . For large values of D there were

difficulties in calculating the numerical solution for yy, the

perturbation method not being valid, In the main the non-linear 5

numerical and perturbation solutions for y(2*) agree quite well

for n = 0.5 and n = 0.95 and for D < 800.

For small additions of T above Merit a perturbation method

was used to solve the non-linear function Syj(2*)- With this value

of Syj(2*)» and « and D fixed at specified values, the non-linear
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solutions of Uy for k = 4,5,6 and ¢ were calculated for fixed x

values.

These solutions still decay as z* ++ © but each different

solution has a fixed amplitude depending on the value of y (0) and

D. The non-linear solutions are tabulated in TABLES XXVI, XXVII and

_ XXIX, and drawn for the case n = 0.5, e = 0.5, D = 200 and D = 600

in FIG XIX.

The wavelength of these non-linear solutions are slightly

shorter than the linear case though there is no obvious change in the

number of vortex cells. This implies that the cells near the centre

have a shorter wavelength than at the ends. The larger the value of

D the bigger the initial amplitude of y(2*) and the shorter the -

initial wavelength of the vortex cells near the centre z* = 0.See FIG XIX.

4.2 The amplitude equation in a special case

We illustrate the analysis of Chapter 3 by means of an example :

2 2

f(z*) = - tanh wz* = sech uz*-1, (4.2.1)

where wis a constant.

The function f(z*) satisfies (3.2.6) to (3.2.9) and

from (3.2.8) and (4.2.1) we see

foley (4.2.2)

and also from (3.2.3) we have the outer wall at z* = Tmis

x et eye: (4.2.3)

The amplitude equation (3.7.19) for w(z*) can now be written as
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2 Tk z

ayes [2 -a+asech wz*| =0 (4.2.4)
dz* Ty

with the boundary conditions

v> 0 as z*+to= and (0) = 1/2. (4.2.5)

The last condition of (4.2.5) is obtained from (3.11.5).

Let Tk

Ppt =a (4.2.6)
T.
z

and P, is assumed to be negative. This is because we expect y(z*)
g -242* 242%

to behave like e at z* =o and e at z* =-@ , see

(328213)) to. (3.8715) .

We now make the following substitution in (4.2.4),

y = tanh wz* (4.2.7)

and the differential equation for y in terms of y is

= ([c-¥) a +|4 - bate |}: =0, (4.2.8)
y YI LS wr tl-y’)

with the new boundary conditions of

p70 asy>+itt and (0) = 1/2. (4.2.9)

We introduce the constants

i heal Caled and s(s#1) = a/u2 (4.2.10)

in (4.2.8) and obtain

Ay [ayy & e [ sist) = sal y= 0. ae)

This is the equation for the generalized Legendre polynomials.

We now make a-further substitution
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v = (ey)? wy) (42-12)
and therefore obtain

2 2

&[-v) asl = (ey?) tw? = = 2¢ryy(t-y)"?
y iy

u(y? )H/? — yy? (day? yH/2-1y (4.2.13)
Equation (4.2.11) is now of the form :

:

(1-y’) = ~ 2(1 tudy GE = [5(s4T)-u(utt)qW = 0. (4.2.14)
ly

We can transform the above to the hypergeometric differential

equation by substituting

(I-y)/2 = q : (4.2.15)

and so finally obtain

aw
2.

a(1-a) £3 + (ut) (1-2a) e - (u-s)(u#st1)W = 0. (4.2.16)
iq

This equation is now subject to the boundary conditions that

W is bounded as q + 0 and q +1, W(0) = 1/2. (4.2.17)

The parameters @,b,c, which occur in the general form of the hyper-

geometric equation

x(T-x)y" + [c-(a +b + 1)x]y! - aby =0 (4.2.18)

have in our case the following values :

a= wes > b = yts+] ee 6 oe pth 27 (4.2.19)

The two solutions of equation (4.2.16) which lead respectively to the

even and odd amplitude functions y are of the form

AF) (uess wes 5 utl 5 q) (4.2.20)

= Bq ¥4F,(-s, stl 3 1-8 3 q). (4.2.21)
nN

'
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The solution for (z*) is given by :

y =A sech*wz* Wy, (4.2.22)

where A is a constant.

In order that (4.2.22) should reduce to zero as y + -1, the

hypergeometric function in equation (4.2.20) should reduce to a

polynomial. This condition means for W, that the parameters y-s

or y+ts+] must be a negative or zero integer. The second case can

be discarded since in that case the amplitude function y increases

exponentially as z*+*« . We find, therefore, Fy is a polynomial

of degree n if

ss) =n for m= 0,1,2, ... . (4.2.23)

The eigenvalues for T* are determined from (4.2.23) and are

2

Te = Tol - 4 [ (2m) + J Vs4a/u}"] (42.28)

Furthermore, there are only a finite number of eigenvalues since

he: One 5 (4.2.25)

that is

n<s (4.2.26)

ned [lt 11 + 4a/u4 for n=0,1,2, 2. (4.2.27)

4.3 Eigenvalues, eigenfunctions and the linear solutions

and hence

The corresponding eigenfunction, for each n, is

1-tanhwz* )

2

(4.3.1)

Un(Z*) =A sech>" yz* 2Fy (-n.2s-n+1, 3s-n+15
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It is convenient to have the power of sech wz* in (4.3.1) to be an

integer. Therefore the parameter s must be an integer, this is

2

achieved by choosing the parameter w by setting

s=hpi+ Aedae) = 3 (4.3.2)

where the integer j is greater than zero.

We obtain from (4.3.2) that

2

w = a/[ j(j+1) ] (4.3.3)

forvalloncend:da= 1.23.4...

When we use (4.3.3) in (4.2.24) and (4.2.26) , then

Tee

T = al, [ - (i-n)” (4.3.4)
J(5+1)

and

me dy (4.3.5)

respectively.

The eigenfunctions for each n,and j can now be written as

Sao! a *
Yag2*) = A,gsech” Maz* oFy(-n,2j-n+1; j-n+1; poet)

(4.3.6)

where Ang are constants to be determined later.

The number of eigenvalues and the corresponding eigenfunctions

depend on the relationship given in (4.3.5). It can be seen that for

j = 1 there is only one eigenvalue and eigenfunction given by n = 0,

whilst for j = 2 there are two eigenvalues and eigenfunctions given

by n = 0 and n = 1 and so on for each j.

The eigenvalues and eigenfunctions for n = 0 are
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TE = aTp/(j+1) and ¥q;(2*) = Ap gsech’az* (4.3.7)

for j = 142.3, ... 3

n= 1 are

TS = aTp(3j-1)/5(5+1) and 945 (2*) = Aygsech! Taz tanhwz*
(4.3.8)

for j = 2,3, .. 3

n = 2 are

TS = aTg(5i-1)/G(441) and vp5(2*) = Apgsech) Zuze | FF

sech?uz*| 5

for j= 3,4,...2 3 and so on. (4.3.9)

As j increases then w decreases and the number of discrete

eigenvalues increases. As j += then w +0 and % +0. We then have

2

T = Ne (to order e ) and have recovered the parallel wall case.
crit

In the limit as n + j-1 with j fixed the value of % > aT, and

the graphical solutions for nj are given in FIG IVfor n= 0, 1 and 2.

The number of times Ynj cuts the z*-axis depends on the value of n.

We shall only be concerned with the case given by n = 0

because this gives the lowest value for T at which neutral stability

occurs for a fixed w . Therefore the higher order even functions .

given in (4.3.9) will be ignored. It can be seen that these

higher order even functions will give infinite wavenumbers whenever,

for example,

2j-2

2j-1

in the case with n = 2. co

= sech wz* = 0 (4.3.10)
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eg

Yj (2*)

n=0

aL.
n=1

FIG IV Solutions of ng (2*) for fixed j and n = 0,1,2.

n=2



The values of the constants Aj are given by

Agy = V2 - (4.3.11)

We are now only concerned with the eigenvalues and eigenfunctions

given by n = 0 but the solution of the amplitude equation for S;(2*)

will be done for the general case. When we place the form of solution

“for yoy » given in (4.3.7), in. (3.10.28) we have for all j that

(2raitiry;)
(j+1)o

Hence we can see that the solutions for U, and ® are now given

R(2*) = > [(rggnryg)Z* + tanh wz*]. (4.3.12)

by

Uw = sechYyz* wt cosa. - esim.¢ (R(z#)ult) - wj tanh wz*

a), “ Oe") } ; (4.3.13)

for k = 1,4,5 whilst the solutions for U¢ and ® are given by similar

expressions [from (3.11.18) and (3.11.23)].

The solution for N, has been given in (3.12.4) and (3.12.7) and

can be seen to be

N(U) = rg te PE - uid sech“uz* 21 KU) (4.3.14)
dz un7 K(X)

and

272 2

NA(®) = N,(Uy) - ew d sech uz*/a, (4.3.15)

The local critical wavenumbers, to be compared with wave-Merit °

numbers from the parallel wall case are given by é

2 2

Aerie Ne )- «€ Ae tanh wz*/2 (4.3.16)

where the extra <* term is due to (3.12.24).

The local critical Taylor number and the ratio of the inner
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and outer walls are given by

2 8 2

Tare = tee Oe 1. - #tanh az*] (4.3.17)

and

2: 2
mo = nte n(1-n)tanh wz*/2. (4.3.18)

4.4 Numerical results for the linear Case

The known values of The and Le calculated from the respective

parallel wall case for fixed ny are given in TABLE IV.

4.4a The linear case with n = 0.5

The critical values of the wavenumber and Taylor number used in

this case were

Aq = 3.16242 and “T, = 3099.78. - (4.4.1)

From our computing methods the following constants were found

to be given by

Ty = 440.2819 , a = 7.4918 , T4= -1.4179 , Yo = 1.3302

(4.4.2)

and for the case with j = 1 and n = 0 the value of rz was

13; = 0-8503 , (4.4.3)

this value does depend on the eigenvalue 1S Ss

The values of (4.4.2) are used to calculate the eigenvalues and

the corresponding eigensolutions for each integer value of j and n

described in §4.3. The results are given in TABLE V. F

The linear values of U4] (x) and Joy (x) for n = 0.5 and x = -0.5

to 0.5 are given in TABLE VII. These, in conjunction with the
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constants defined in (4.4.1), (4.4.2) and (4.4.3) , the equations

(4.3.12) to (4.3.18) will enable the reader to plot other solutions

of Ugs Us» Us. o, A, 's etc., for different values of « . In
Lerit

order to obtain the wavenumbers ALcrit We need to find the values

of oq (x) /uyy (x) evaluated at x = sa We use equation (3.12.10)

and (3.12.14), and these values are given in TABLE VIII.

If different. cases of j and n (other than j = 1, n = 0) need

to be considered the solutions can be found in a similar manner..-

The eigenvalues 1S and eigensolutions (z*) can be found using

(4.3.4) and (4.3.6). The new value of 133 ("oq and ry; remain

invariant) can be calculated using (3.9.22). The value of %

will be known and the constants T, and T, are defined in (2.8.20). The

solutions for Ug> Us, Ugs® » ALerit 5 etc., can now be found.

The graph of 49 (2*) » which is the envelope of the solutions for

the Stokes Streamfunction o and U , is plotted in FIG V. A table

of the values of yq;(z*) is given jn TABLE IX.

The values of ¢« considered for the case n = 0.5 are

¢20.l ande=0.5. (4.4.4)

The changing values of nL? T and ALcrit for these values
Lerit

of e¢ , are given in TABLE X and TABLE XI. A graph of 71 against

Tie and T, is plotted for each value of « in FIG VI and FIG XI.
Lerit

These graphs show the difference: in The obtained from.parallel wall

theory, and TLenit: which is obtained from the non-parallel wall theory.

A graph of n against ALe and }, is also plotted in FIG VII
Lerit

and FIG XII. These graphs are concerned with the 4, it of the
Leri
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components Ug» Us and the Streamfunction © . This graph was found to

depend on the x co-ordinate, so only the maximum and minimum value of

Aterit for each component was plotted. These graphs show that

Merit depends on the x co-ordinate and also the difference between

the parallel wall value of Ate

This variation with x of Mott for each component is given

in TABLE XII and TABLE XIII for two fixed z* values. The graph

of this relationship of x against ALcrit for Uys Us and @ are shown

in FIG VIII.

The terminating values of Therit? for all! my and ALcrit

the components mentioned are given at z* = to. These

values for ¢ = 0.1 are

Werit = 3074.94 , ie 0.50125, ALcrit > 3.15795

\ (4.4.5)

and for « = 0.5 are

lngae = 2176.59 , nL = G.San, crits 3.05064. (4.4.6)

The solutions for Uys Us, Us and » are summarised for various

z* values in TABLE XIV for « = 0.1 and TABLE XV for « = 0.5.

These solutions are compared with those from the parallel wall

case ul?), uf?) e u(P) and oP) » $0 we see how quickly these

solutions decay as z* + *.. Since all these solutions depend

also on the x co-ordinate we shall only plot and tabulate for x = 0.

It can be seen from (4.3.13) that at z* = 0 we have

u, = ul?) : (4.4.7)
and
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ae oe (4.4.8)

The graphs of Uy and u{P) against z* are drawn in FIG IX and

FIG XIII. The graphs of @ etc are very similar to those of U,

so they were not plotted.

To show the individual vortices formed it was decided to

plot the streamlines given by ® = const and « = 0.5 in FIG XIV

for various values of this const. The streamlines given by n = 0.5

and ¢ = 0.1 were also plotted for a range of z* and the same

values of the constant and are given in FIG X . Compare these

streamlines with those of the linear parallel wall case given in

FIG Il.

These figures show the individual cell shapes of the vortices

decaying away quite rapidly fore =0.5as z*+to.

4.4b The linear case with n = 0.95

Here the critical values of the wavenumber and Taylor number

were

no 3.12735 and T, = 1754.96 . (4.4.9)

The following constants were found to be

We 256.5062, a = 10.0575, r); = -0.8552, rp; = 0.0180 (4.4.10)

and for the case with j = 1 and n = 0 the value of rr was

34 7 1.1348 . (4.4.11)

The values of (4.4.10) are used to calculate the eigenvalues

and the corresponding eigensolutions. The results are given in
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TABLE VI. The eigensolutions Yj (2*) are the same as in TABLE V

but with a different value for w .

The linear values of Yq and 7) for n = 0.95 and x = -0.5

to 0.5 are given in TABLE XVI, and the values of go) / U4,

evaluated at x = t 7 are given in TABLE XVII. The same procedure

can be followed as in n = 0.5 so that different solutions for

various values of e, j and n can be found.

The graph of qq (2*) for n = 0.95 is plotted in FIGV. A

table of values of Yq (2*) is given in TABLE XVIII.

The value of e considered for n = 0.95 is

e) = 021s (4.4.12)

Similar results to the earlier case are given in TABLES XIX to

XXI and FIGURES XV and XVI .

The terminating values of Therit? aL and Merit for all

components mentioned are

rT, = 1741.76 , nj = 0.9502 , = 3.12166.
Lerit Lerit

(4.4.13)

4.5 Perturbation method for solving by (2*) and Sy(2*)

The equation satisfied by Yy(2*) is now

do by T) 2 33 + wl -ata sech | + buy =0 (42551))
dz* Tp

with boundary conditions

Wy 0 as ze > Be, (4.5.2)
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We first obtain a perturbation series for ¥y assuming that

2

Toe 2 Toa let Set (4.5.3)

and

3 5

vy(Z*) = 8b,(Z*) + 8 v3(Z*) + 6 Ye(z*) + ..., (4.5.4)

where 6 is a small parameter unrelated to ec and % is the eigen-

value of problem (3.7.19) with j = 1.

The procedure is standard, existence conditions at order

gent] 2n-1determines unknown constants in the solution at order 6

so we omit the details. The solution is

4 (2*) = A sech wz* (4.5.5)

and i

: Bye A bialot 21 1 x n
¥3(Z*) = Ere log,2 tz Tog, (sech wz*) | .sechwz*,

: wo

: (4.5.6)

where

2

A = 7313 / 2bT, si (4.5.7)

We next expand

suze) = SQ czey + 9's (3) zm) + (4.5.8)N ' N N eae on

and use the relationship

2

Tain = (1+ 6 )rgy. aoe?)

in equation (3.17.18) and again by standard methods (though in

this case the wark is more complicated) we find i

aCe = SEL ee a, (4.5.10)

and ‘

Sy 7 OU (Z*IR(ZA) + 8 (RQ(Z*)¥, (24) + R(z*V¥4(2*)) +
(4.5.11)

where Sy(2*) = Sy es 7S and R(z*) is given in (4.3.12).
N,i
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The value of Ro(z*) is

2 5
1 A iRo(2*) = 5 [r342* + 35 (rq; > 32 (ro5 > +t ))tanhwz* ].

(4.5.12)

The solutions for Ug> Us» Us > ® Can now be given in the

form of

3 5 2 22 Oe 24

e6 + c6+O0(c6) + cSt €6 ted + Oe 6)

4 0(e 8) etc. (4.5.13)

The non-linear wavenumbers for the velocity components were

not plotted due to the complex nature of the solutions. The non-

linear critical Taylor number, however, is given by

2.2

ereuTh a (4.5.14)
i 2Therit.N Lerit *

where T,Lerit is defined in (4.3.17).

The reader is reminded the analysis of § 4.5 is only valid

for the case with j = 1. A similar procedure can be carried out

for other values of j but the expansion process becomes rather more

complex. It was decided not to proceed any further for other

values of j.

The solutions of the full non-linear equations for ¥ y(2*) were

also obtained numerically for the same values of T) and for

higher values of qT) where the perturbation. technique is not valid.

Due to the time factor and computational difficulties it was

decided not to calculate the numerical solution for Sy (2*) for any

values of D.

4.6a The non-linear case with 1 = 0.5 and j = 1

Here we use the values for \. , Ts T* etc., given in §4.4a .
2
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From our computing methods the following additional constants, defined

in (3.16.26) and by the imaginary part of (3.17.13) , were

b = -13.7061 and Waa 172.4719. (4.6.1)

The values of Fo0,k(%) and Fo K(X) (k = 4,5,6) for n = 0.5 and

x = -0.5 to 0.5 are given in TABLE XXII. The reader is reminded

that

F9,4(%) = F506 (%) = 0 for all x. (4.6.2)

These in conjunction with the values of Uy KO) and 997k (*) given

in TABLE VII, the constants given in (4.6.1) and elsewhere in

§4.4a and the functions 4 (2*) . ¥3(2*)» R(z*) and Ro(2*) defined

in (4.5.5), (4.5.6), (4.3.12) and (4.5.12) respectively, will enable

the reader to find other non-linear solutions of Uy, U;, Us and

6 for various values of « and 6 (with j fixed at 1). These non-

linear solutions are given in (3.17.21) to (3.17.28).

From these constants etc., we calculated solutions for by (2*)

both numerically using the full equation for vy and by the

perturbation method for D = 200, D = 600 and D = 1500, where D is

given by

D= 1-1) - (4.6.3)

These results for by (2*) are given in TABLE XXIII and TABLE XXIV

for the perturbation method and the numerical solution respectively.

In TABLE XXIV there are also additional solutions of by (2*) for

larger values of D. A set of values of the initial condition

yy (0) against D is also given in TABLE XXV for the numerical

solution only.

The graphs of the numerical solutions for y(z*)» ¥y(0)
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against D are given in FIG XVII and FIG XVIII respectively.

The values of « considered for n = 0.5 are

e =0.1 ande = 0.5. : ~ (4.6.4)

At this stage we note that Therit,N is related to eat by

3 2

Therit.n = Therit * © 9 (46.5)

for the numerical and perturbation case. In the perturbation

case D defines 53 $

é= — . (4.6.6)

Using wholly the perturbation method we are able to obtain

results for Therit,N and the non-linear solutions for Ugs Us» Us»

@ with D = 200 and D = 600 for both values of « considered.

These non-linear solutions are summarized for various z* values in

TABLE XXVI for ¢ = 0.1 and TABLE XXVII for e = 0.5. Since all these

solutions depend also on the x co-ordinate we shall plot and

tabulate for x = 0 only.

The graph of the non-linear solutions for Uy is drawn forn= 0.5

and « = 0.5 for two-values of D. These are given in FIG XIX. The

graphs of Uq are not drawn for « = 0.1 due to the more rapid

oscillations of the solutions.

The terminating values of Therit,N? e = 0.1 , D = 200 and

D = 600 are ;

= 3080.94 (4.6.7)T, = 3076.94 and T,
Lerit,N Lerit,N

respectively. The terminating values for <= 0.5 , D = 200 and

D = 600 are

173



Therit,N = 2226.59 and Thcrit,N = 2326.59 (4.6.8)

respectively.

4.6b The non-linear case with n_ = 0.95 and j = 1

The values for A.» Tos % etc are given in 84.4. for n = 0.95.

From our computing methods we find.

b = -2.9013 and ry; = 14.7236 (4.6.9)

with these values we can calculate the solutions for by (2*) both

numerically and by using our’ perturbation expansion.

To save time we can compute solutions for by (2*) using our

previous solutions for by (2*) and n = 0.5. This is done in the

following manner.

If ¥y,0.5(2") ae 40.950) represent the: solutions

for n = 0.5 and n = 0.95 they are given by the following differential

equations

a tT!
Yn ,0.5 2 2 3

ees eeerorrs —— - + h * b; =0
qe 4N,0.5 E GaegseCiInsz a. (ETN OE: 0.5

(4.6.10)

ae

YN,0.95 , y Ps 2 3
dy n,0.95| 2 7a, + ay sech oy + by ,0.957 0)

2
(4.6.11)

where

T, = $+ D and P= PE +d,» (4.6.12)

respectively. i

When we substitute

fhe = w/a and YN ,0.5 = EWN 0.95 (4.6.13)
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in (4.6.10) and compare the two equations we have for ¥y 4 g¢

we have

0 Ise BEe | ——, sme "

a
o cat

ffs on OSE

Therefore given a D and Yy.o.5 We can find D, and Yn 0.95

nm

(4.6.14)

by using (4.6.14) , (4.6.13) and (4.6.12). A table of wy 0.95
a0e

and D, are given in TABLE XXV using this method. The relationship

between by (0) and D is given in FIG XVIII. No graphs or tables of

Yn .0.95 are given due to this relationship.

The reader is reminded the value of e considered here is

© = 0.1, (4.6.15)

The non-linear solutions for Uy» Us, Ugs @ are tabulated

in TABLE XXIX for D, = 126.702 only. Due to the similarity with

the results of n = 0.5 no graphs of these solutions are given.

The non-linear values of Fo97K(X) and Fo K(X) can be found

in TABLE XXVIII; these can be used along with other tables to find

various solutions for different values of ¢ . and 6.

The terminating value of Gert N for e = 0.1 and Dy = 126.702

is.

Therit,N = 1743.03. (4.6.16)
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ui The Me

0.5 3099.78 3.16242

0.51 3034.68 3.1607

0.52 2972.83 3.1591

0.53 2895.02 3.1571

0.65(a) 2383.96 3.1425

0.75(a) 2102.17 3.1355

0.85(4) 1902.40 3.1302

0.95 1754.96 3.12735

(@) results obtained from Roberts (3)

TABLE IV Critical values of Thee Ate:

n wo % ng (2*)

o| 1.9354 | 1649.25 | A sech_z*
2

2 0 1.1174 1099.50 LA sech wz*

1 2748.76 | A sech uZ* tanh wz*

ole 824.63 | A sech yz*

at } 0.7901 | 2199.00 | A sech'wz* tanh w2*
Zz

2 3023.63 | A sech wz*[tanh wz* - 4 ]

TABLE V Eigenvalues and éigensolutions for n= 0.5

and fixed j and n.

j n wo %

1|_0| 2.2425 | 1289.90

zat O:|p) steosazalincoe >
1 2149.83

0 644.95

3} 1] f 0.9155 | 1719.87

2 2364.81

TABLE VI Eigenvalues for n= 0.95 and fixed j and n,
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(r) (r) (i) (i) (i) (r)
EEN alent 5 UHIGG: [oats dele 921,5un| o2156

-0.5 0 0 0 0 0 0

-0.4 -1.1964| 0.0959 | -6.6810 | 0.4627 -0.0006 | -0.3610

-0.3 -3.4104| 0.1811 | -7.8681 | 1.2261 -0.0023 | -0.0665

-0.2 5.2953} 0.2452 | -5.9281 | 1.7787 -0.0033 0.2490

-0.1 -6.2380| 0.2791 | -2.6785 | 1.9711 -0.0026 0.3536

0 -6.1209| 0.2793 0.6161 | 1.8385 -0.0003 0.2456

0.1 -5.1275| 0.2490 3.1792 | 1.4868 0.0026 0.0364

0.2 -3.5975| 0.1961 4.5998 | 1.0289 0.0046 | -0.1357

0.3 | -1.9354} 0.1311 4.6744 | 0.5610 0.0050 | -0.1733

0.4 -0.5758] 0.0637 3.2381 | 0.1743 0.0039 | -0.0760

0.5 0 0 0 0 0 )

TABLE VII Summary of results for the velocity

components for n = 0.5 and x = -0.5 to 0.5.

(i) (r) (4) 7 y(r) (r) (i)
x | 9n4/ “ita | 921,5/ “Wis | 921,6 / “I1,6

-0.5 -0.4178 0 0.1016

0.5 -0.3256 0.0598 0.0094

TABLE VIII Values of Io} oi/11,4 (j = 4,5,6) for n = 0.5

_ evaluated at x = -0.5 and 0.5.
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z Yq (2*) 2 oy (2*)

0 0.5000 1.6 0.0451

0.2 0.4647 1.8 0.0307

0.4 0.3802 2.0 0.0208

0.6 0.2851 a2 0.0141

0.8 0.2034 2.4 0.0096

1.0 0.1414 2.6 0.0065 |~ 2

1.2 0.0971 ~ 2.8 0.0044

1.4 0.0663 3.0 0.0030

TABLE IX Values of qq (2*) for the case n = 0.5

and j =1.

2 alone Trerit | Aterit’®) |ALerie(Ya) | Arent (Ys)

0 0.5 3116.27 3.17627 | 3.18812 3.17690

0.5 0.5007 3093.17 3.16603 | 3.17125 3.16631

1.0 0.5012 3078.25 3.15941 | 3.16036 3.15947

1.5 0.5012 3075.44 3.15817 | 3.15831 3.15818

TABLE X Values of nL? Therit and ALerit 8 given by

equations (4.3.21), (4.3.20) and (4.3.19) for the

case n = 0.5, j = 1, ¢ = 0.1 and x = 0.

za | Trerit | *terit’®) | Merit Ya) | Lorie (Ys)

0 0.5 3209.85 3.50876 | 3.80488 3.52449

0.5} 0.5181 2632.20 3.25265 | 3.38322 3.25959

T.0: |. 0.5305 2259.24 3.08729] 3.11098 3.08855

tee 0.5329 2188.95 3.05612| 3.05966 3.05631

TABLE XI Values of ny > Tvcrit and ALerit 2S given by

the same equations above for the case n= OD5s,

j=1, ¢ = 0.5 and x = 0.

178



z*=0 Ze = 1.2

x} Averiel?)] ALcmit Ua) ALerit (Ys) ALerit(®)] erit Ya) ALerit (Us)

-0.5| 3.18067 3.19252 | 3.17687 3.15881 | 3.15925 3.15866

-0.4| 3.17951 3.19136 | 3.17709 3.15876 | 3.15921 3.15867

-0.3| 3.17849 3.19034 | 3.17734 3.15872 | 3.15917 3.15868

-0.2| 3.17760 3.18945 | 3.17738 3.15869 | 3.15914 3.15868

-0.1| 3.17686 3.18870 | 3.17722 3.15866 | 3.15911 3.15868

0 3.17627 3.18812 | 3.17690 3.15864 | 3.15909 3.15866

0.1} 3.17588 3.18773 | 3.17648 3.15863 | 3.15907 3.15865

0.2) 3.17574 3.18758 | 3.17598 3.15862 | 3.15907 3.15863

0.3] 3.17588 3.18772 | 3.17542 3.15863 | 3.15907 3.15861

0.4] 3.17636 3.18821 | 3.17488 3.15864 | 3.15909 3.15859

OcSinsel/tec 3.18906 | 3.17463 3.15868 | 3.15912 3.15858

TABLE XII Variation in x for wavenumbers of %, Uy and Us

given by equations (4.3.19) and (4.3.17) for

the case n= 0.5, j = 1,e = 0.1 with z* =0 and z*=

125

z* = 0 z* = 1.0

X | Averit(®)| Merit Ya)] revit (Y5)| *Lerit(®)| Merit (Ua) Merit (Us)
-0.5| 3.61873 3.91485 | 3.52361 3.09609 | 3.11977 3.08848

-0.4 | 3.58968 3.88581 | 3.52913 3.09376 |3.11745 3.08892

-0.3 | 3.56417 3.86030 | 3.53530 3.09172 {3.11541 3.08941

-0.2 | 3.54203 3.83816 | 3.53634 3.08995 | 3.11364 3.08949

-0.1 | 3.52339 3.81951 | 3.53231 3.08846 | 3.11215 3.08917

0 3.50876 3.80488 | 3.52449 3.08729 {3.11098 3.08855

0.1 | 3.49902 3.79515 | 3.51397 3.08651 |3.11020 3.08771

0.2 | 3.49532 3.79144 | 3.50144 3.08621 | 3.10990 3.08670

0.3 | 3.49890 3.79503 | 3.48754 3.08650 | 3.11019 3.08559

0.4 | 3.51093 3.80706 | 3.47383 3.08746 | 3.11115 3.08449

0.5 | 3.53240 3.82852 | 3.46765 3.08918 | 3.11287 3.08400

TABLE XIII Variation in x for wavenumbers of ® , Uy and Us

for the case n =

and z* 1.0.
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2* 8 g(P)} oy uP) u u(P) uf?)
4 5 Ug

0 0 0 -6.1209| -6.1209} 0.2793} 0.2793} 0 0

0.05 | -1.9262|-1.9354| 0.1416} 0.0637]-0.0049/ -0.0029|-0.6131| -0.6161

0.1 0.0658| 0.0403] 6.0035} 6.1196]-0.2740| -0.2793] 0.0302] 0.0128

0.15| 1.8546] 1.9346|-0.4062|-0.1912] 0.0142} 0.0087] 0.5899) 0.6158

0.2 | -0.1243]-0.0806}-5.6725|-6.1156] 0.2591] 0.2791|-0.0565| -0.0257

0.25 | -1.7237|-1.9329| 0.6214] 0.3186|-0.0219'-0.0145|-0.5477|-0.6153

1.0 | -0.1806|-0.4002|-1.6277|-5.9886] 0.0752) 0.2733)/-0.0706| -0.1274

1.05 | -0.4726|-1.8894] 0.6359] 1.3279] -0.0251| -0.0606|-0.1478|-0.6014

TA 0.1639} 0.4396] 1.3342! 5.9610|-0.0617|-0.2720} 0.0631) 0.1399

1.15 | 0.3874) 1.8803 |-0.5676|-1.4521| 0.0226} 0.0663} 0.1209} 0.5985

1.2 | -0.1472|-0.4787 |-1.0903|-5.9307| 0.0505} 0.2706 |-0.0560}-0.1524

1.25 | -0.3166 |-1.8703| 0.5025| 1.5756|-0.0202| -0.0719 |-0.0986/ -0.5953

25 0.0231| 0.9629} 0.0668] 5.3098|-0.0032)-0.2423| 0.0080) 0.3065

2.55 | 0.0197} 1.6689 |-0.0721 |-3.1001| 0.0031) 0.1415] 0.0059) 0.5312

2.6 |-0.0197 |-0.9976 |-0.0533 |-5.2452| 0.0025) 0.2394 |-0.0068) -0.3176

2.65 |-0.0158 |-1.6481 | 0.0612] 3.2094|-0.0026|-0.1465 |-0.0047| -0.5246

eh 0.0167 | 1.0320] 0.0423) 5.1784)-0.0020)-0.2363} 0.0058) 0.3285

2.75 | 0.0126 | 1.6266 |-0.0518|-3.3172| 0.0022} 0.1514} 0.0037| 0.5178

TABLE XIV Solutions of Uq> Us» Us and @ , and the corresponding

parallel wall solutions, for the case n = 0.5, j = 1,e = 0.1

and x =0.
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j

of Uq> Us> Us and ® etc., forn= 0.

l,e = 0.5'and x = 0.

181

z $ oP Uy uP) Us ul?) Us y{P)

0 0 0 -6.1209|-6.1209] 0.2793] 0.2793] 0 0

0.1 | -1.2290| -1.1442|-4.3926|-4.9369] 0.2094] 0.2253]-0.4286 |-0.3642

0.2 | -1.7900] -1.8457 |-0.3554|-1.8429] 0.0427] 0.0841} -0.5953 |-0.5875

0.3 | -1.4543|-1.8332| 3.4730| 1.9641]-0.1243|-0.0896| -0.4276 |-0.5835

0.4 | -0.5211]-1.1114] 5.0610} 5.0112|-0.2080|-0.2287] -0.0660|-0.3538

0.5 | 0.4535] 0.0403] 4.0161| 6.1196|-0.1841|-0.2793] 0.2670| 0.0128

1.0 | -0.3670|-0.0806 |-1.6631|-6.1156] 0.0768] 0.2791]-0.1838|-0.0257

1.1 | -0.5271|-1.2082 |-0.2395|-4.7819] 0.0225] 0.2182|-0.2118|-0.3846

1.2 | -0.4358]-1.8684] 0.8879|-1.5982|-0.0256] 0.0729|-0.1510|-0.5947

1.3 | -0.2002|-1.8057] 1.3649] 2.2038]-0.0503|-0.1006] -0.0496|-0.5748

1.4 | 0.0469|-1.0445] 1.1915] 5.1532]-0.0486|-0.2352] 0.0423]-0.3325

1.5 | 0.1415|-0.4859| 0.6172} 6.1090|-0.0297|-0.2788] 0.0736|-0.1547

2.5 | 0.0484] 0.2012| 0.0784! 6.0878]-0.0037|-0.2778] 0.0193) 0.0640

2.6 | 0.0458} 1.3003|-0.0398| 4.5340} 0.0011|-0.2069} 0.0170} 0.4139

2.7 | 0.0270| 1.8963 |-0.1095| 1.2262] 0.0041|-0.0560| 0.0091] 0.6036

2.8 |. 0.0037| 1.7587 |-0.1192|-2.5560| 0.0048] 0.1166] 0.0003} 0.5598

2.9 |. -0.0142| 0.9407 |-0.0828|-5.3494] 0.0035] 0.2441]-0.0061} 0.2994

3.0 | -0.0219 |-0.2412 |-0.0270|-6.0732] 0.0013} 0.2771] -0.0084| -0.0768

TABLE XV Solutions 5,



(r) (r) (i) (i) (i) (r)
a “11,4 i755 “1156 99144 93145 921.6

-0.5} 0 0 0 0 0 0

-0.4| -1.1402 | 0.1003 | -6.3586 | 0.4435 | -0.0006 | -0.3426

-0.3 | -3.4611 | 0.1975 | -7.8949 | 1.2623 | -0.0028 | -0.1119

-0.2 | -5.7094 | 0.2790 | -6.2321 | 1.9693 | -0.0051 | 0.1663

-0.1|-7.1221 | 0.3307 | -2.8419 | 2.3452 | -0.0057 | 0.2811

QO |-7.3688 | 0.3441 | 1.0068 | 2.3430 | -0.0042 | 0.2111

0.1 |-6.4768 | 0.3181 | 4.3089 | 2.0173 } -0.0013 | - 0.0431

0.2 |-4.7423 | 0.2591 | 6.3413 | 1.4734 | 0.0018 | -0.0950

0.3 |-2.6480 | 0.1786 | 6.6026 | 0.8390 | 0.0036 | -0.1040

0.4 |-0.8133 | 0.0892 | 4.6724 | 0.2693 | 0.0030 | 0.0043

0.5] 0 0 0 0 0 0

TABLE XVI Summary of results for the velocity components

for n = 0.95 and x = -0.5 to 0.5.

(i) f(r) (4) py (r) (r) (4)
x | 95754/“4154 991 ,5/“11,5 931,6/"11,6

-0.5 -0.4182 0 0.0985

0.5 -0.3546 0.0402 0.0349

TABLE XVII

at x -0.5 and x

182

0.5.

Values of 994 ifn j (j = 4,5,6) for n= 0.95



Ze ¥qq (2%) 2 Vol (z*)

0 0.5000 10 0.0276

0.2 0.4536 1.8 0.0177

0.4 0.3496 2.0 0.0113

0.6 0.2439 oe 0.0072

0.8 0.1618 2.4 0.0046

1.0 0.1050 2.6 0.0029

12 0.0675 2.8 0.0019

1.4 0.0432 3.0 0.0012

TABLE XVIII Values of qq (2*) for the case n = 0.95

and j = 1.

d a x

TM Tom | Therit | terit(®) | “erie (Ya)| “erie (Us)

0 0.9500} 1767.86 | 3.13516 3.15124 3.13587

0.5 | 0.9502} 1750.82} 3.12635 3.13193 3.12659

1.0 | 0.9502) 1742.91] 3.12226 3.12297 3.12229

1.5 | 0.9502] 1741.88] 3.12173 3.12180 3.12173

TABLE XIX Values. of nL» iene and ALerit for the.

case n= 0.95, j = 1,e = 0.1 and x =
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z* =0 z* = 1.0

x | crit (®)] Merit Ya)] Arcrit(YS)) ALerit®)} ALerit (U4) ALeri dls)

-0.5/3.14020 | 3.15628 3.13525 | 3.12248 |3.12319 | 3.12226

-0.4]3.13873 |3.15481 |3.13556 | 3.12242 |3.12313 | 3.12228

-0.3]3.13751 |3.15359 |3.13598 |3.12236 | 3.12307 |-3.12229

-0.2|3.13652 |3.15260 | 3.13617 |3.12232 |3.12303 | 3.12230

-0.1|3.13573 |3.15181 |3.13612 |3.12228 |3.12299 | 3.12230

o |3.13516 |3.15124 | 3.13887 |3.12226 |3.12297 | 3.12229

0.1/3.13483 }3.15091 } 3.13545 |3.12224 |3.12295 | 3.12227

0.2/3.13480 | 3.15088 | 3.13490 |3:12224 "}3.12295 | 3.12225

0.3/3.13510 |3.15118 | 3.13424 |3.12226 |3.12297 | 3.12222

0.4/3.13582 |3.15190 | 3.13355 |3.12229 |3.12300 | 3.12219

0.5]3.13701 |3.15309 | 3.13323 |3.12234 |3.12305 | 3.12217

TABLE xx

for n=

22 = 1
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Variation in x for wavenumbers of 4, Uy and Us

0.95, j = 1, e« = 0.1 with z* = 0 and



z* é g(P) Uy yf?) Us ul?) Ug u(P)

0 0 0 -7.3688| -7 .3688} 0.3441 3441

0.05} -2.3415| -2.3562) 0.0351|-0.0525| 0.0010} 0.0025) -1.0005) -1.0067

0.1 | -0.0147| -0.0336| 7.1890) 7.3680] -0.3356/-0.3440| 0.0040) -0.0143

0.15) 2.2290} 2.3557}-0.0956| 0.1574] -0.0028/-0.0074| 0.9527) 1.0065

0.2 | 0.0269) 0.0671|-6.6912)-7.3658) 0.3122) 0.3439] -0.0067| 0.0287

0.25| -2.0291| -2.3547| 0.1323|-0.2623| 0.0041| 0.0122] -0.8677| -1.0061

1.0 | 0.0261] 0.3345]=1.5671|-7.2942] 0.0725] 0.3406] 0.0014} 0.1429

1.05] -0.4447| -2.3299] 0.0204|-1.0979| 0.0034) 0.0513) -0.1913|-0.9955

1.1 |-0.0227|-0.3676] 1.2596) 7.2785|-0.0582|-0.3399| -0.0019}-0.1571

1.15] 0.3568) 2.3247|-0.0116| 1.2015|-0.0029|-0.0561) 0.1536) 0.9933

1.2 | 0.0196} 0.4008|-1.0110|-7.2614| 0.0467} 0.3391) 0.0021) 0.1712

1.25}-0.2859|-2.3190| 0.0054 |-1.3050| 0.0025} 0.0609] -0.1232|-0.9908

2.5 |-0.0022|-0.8214| 0.0566| 6.9066 |-0.0026 |-0.3225| -0.0006 |-0.3509

2.55] 0.0158} 2.2025] 0.0029} 2.6178|-0.0003|-0.1222) 0.0069| 0.9411

2.6 | 0.0018) 0.8527 |-0.0454 |-6.8693| 0.0021 -3208] 0.0005} 0.3643

2.65 |-0.0127 |-2.1904 |-0.0025 |-2.7156} 0.0002} 0.1268] -0.0055 |-0.9359

2.7 |-0.0015 |-0.8839 | 0.0364} 6.8306 |-0.0017 |-0.3189] -0.0004 |-0.3777

2.75| 0.0101} 2.1778] 0.0022 | 2.8129 |-0.0002}-0.1313} 0.0044} 0.9305

TABLE XXI Solutions of Ug» Us, Us and @ , and the

corresponding parallel wall solutions for

n = 0.95, j = l,e = 0.1 and x

185

0.



x fa | fh)s fade | thos
-0.5 0 0 0 0
-0.4 -0.8207 | - 0.0367 _-2.3157 | -0.3006

-0.3 -2.4049 | 0.0673 -2.8936 | -0.5053
-0.2 -3.8469 | 0.0843 -2.3143 | -0.5387
-0.1 -4,6349 | 0.0862 -1.1329 | -0.4020
0 -4.6268 | 0.0766 0.1081 -0.1784
0.1 -3.9566 | 0.0603 1.0625 0.0239
0.2 -2.8782 | 0.0420 1.6205 0.1335
0.3 -1.6504 | 0.0251 1.7827 0.1405

0.4 -0.5418 | 0.0111 1.4235 0.0806
0.5 0 0 0 0

TABLE XXII Results for the velocity components for

n = 0.5 and x = -0.5 to 0.5.

°

e Yy(2")=200| Yn(2*) p60 | *n'2*) p=1500

0 0.2222 0.3822 0.5948
0.2 0.2074 0.3600 0.5718
0.4 0.1718 0.3053 - 0.5102
0.6 0.1310 0.2405 0.4282
0.8 0.0953 0.1812 0.3436
1.0 0.0677 0.1332 0.2674
1.2 0.0475 0.0966 0.2039
1.4 0.0331 0.0695 0.1532
1.6 0.0230 0.0497 0.1139
1.8 0.0159 0.0355 0.0840
2.0 0.0110 0.0252 0.0616

TABLE XXIII Values of by (2*) obtained

perturbation expansion for

by the

nie O05;

j = 1, D = 200, 600 and 1500.
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2*1¥y(2*)p-200 | ¥n(2*) p=600|¥n(2*)p=1500] ¥n(2*) p=2000] ¥n'2*) p=3000

0 | 0.2222 0.3820 0.5932 0.6770 0.8076
0.2| 0.2074 0.3595 0.5670 0.6513 0.7830
0.4| 0.1718 0.3046 0.5027 0.5887 0.7237
0.6| 0.1311 0.2406 0.4267 0.5162 0.6570
0.8| 0.0955 0.1827 0.3564 0.4511 0.5999
1.0] 0.0679 0.1361 0.2976 0.3993 0.5572
1.2| 0.0477 0.1005 0.2501 0.3598 0.5277
1.4| 0.0333 0.0739 0.2117 0.3304 0.5079
1.6| 0.0233 0.0542 0.1803 0.3086 0.4951
1.8| 0.0162 0.0397 0.1541 0.2923 0.4869
2.0| 0.0113 0.0290 0.1319 0.2802 0.4816

TABLE XXIV Values of by (2*) given by the numerical

solution of the full equation for n = 0.5,

j= 1, D = 200, 600, 1500, 2000 and 3000.

D ¥9.5(9) Dy ¥.95(0)

100 0.1575 78.21 0.3966
162 0.2 126.70 0.5037
200 0.2222 156.42 0.5596
367 0.3 287.03 0.7555
600 0.382 469.27 0.9620
659 0.4 - 515.41 1.0073
1000 0.4895 782.11 1.2327
1045 0.5 817.31 1.2592
1500 0.5932 1173.17 1.4939
2000 0.6770 1564.22 1.7048
3000 0.8076 2346.33 2.0339
4000 0.9140 3128.44 2.3019
5000 1.0067 3910.55 2.5353

TABLE XXV Comparison of D and by (0) from the numerical

solution for n = 0.5 and n
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D = 200 D = 600

Ze ® Uy Us Us ® Uy Us Ug

0 0.0000} -0.2766] 0.0124} 0.0000] 0.0000)-0.4817| 0.0213) 0.0000

0.05] -0.0856] 0.0109} -0.0005}-0.0272|-0.1472| 0.0354}-0.0016| -0.0469

0.1 | 0.0030) 0.2627}-0.0122} 0.0019} 0.0119) 0.4467|-0.0210) 0.0053

0.15! 0.0827}-0.0141) 0.0009] 0.0263) 0.1428)-0.0493) 0.0027) 0.0453

0.2 | -0.0058|-0.2572| 0.0115}-0.0036 |-0.0228]-0.4497} 0.0199] -0.0098

0.25} -0.0770| 0.0317|-0.0017|-0.0244 |-0.1333| 0.1047] -0.0051|-0.0424

1.0 | -0.0087|-0.0783] 0.0035|-0.0042 |-0.0264|-0.1484} 0.0067|-0.0109

1.05} -0.0227| 0.0306} -0.0016/-0.0069 |-0.0431| 0.0869) -0.0043} -0.0132

1.1 | 0.0079] 0.0644|-0.0029| 0.0037] 0.0234} 0.1231|-0.0056| 0.0097

1.15} 0.0189]-0.0271| 0.0014} 0.0057] 0.0364/-0.0760) 0.0037] 0.0111

1.2 | -0.0072|-0.0535} 0.0024/-0.0033 |-0.0210}-0.1041| 0.0047) -0.0086

1.25] -0.0155} 0.0246] -0.0012|-0.0047 |-0.0303} 0.0681 |-0.0033)-0.0092

2.5 | 0.0013] 0.0038}-0.0002} 0.0005] 0.0035} 0.0083}-0.0004| 0.0013

2.55! 0.0011|-0.0040} 0.0002} 0.0003} 0.0025}-0.0109| 0.0005) 0.0007

2.6 |-0.0011|-0.0030} 0.0001 |-0.0004 |-0.0030] -0.0067} 0.0003] -0.0011

2.65] -0.0009| 0.0034) -0.0002|-0.0002 }-0.0020} 0.0093|-0.0004| -0.0005

2.7 | 0.0009] 0.0024}-0.0001} 0.0004} 0.0026] 0.0054/-0.0002} 0.0010

2.75) 0.0007|-0.0029} 0.0001} 0.0002} 0.0016}-0.0080} 0.0004} 0.0004

TABLE XXVI_ Non-linear solutions of Ug> Us Us and ® ,

for the case n = 0.5, j = le = 0.1, x = 0,

D = 200 and D = 600.
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D = 200 D = 600

Zs o Uy Us Us o Uy Us Us

0 0.0000} -1.4751| 0.0618) 0.0000} 0.0000) -2.6844| 0.1058) 0.0000

0.5 |-0.1698]-1.3513| 0.0563] -0.0604] -0.4031}-2.3592| 0.0923} -0.1300

0.1 |-0.3089|-1.0085| 0.0410|-0.1093| -0.7137|-1.4697| 0.0549) -0.2314

0.15] -0.3948] -0.5228] 0.0191] -0.1379] -0.8674|-0.2427| 0.0023} -0.2829

0.2 |-0.4189} 0.0071|-0.0054] -0.1420]-0.8441} 1.0314|-0.0541}-0.2753|.

0.25]-0.3855| 0.4875| -0.0282| -0.1223] -0.6676| 2.0882|-0.1030|-0.2121

1.0 |-0.0882]-0.4074| 0.0179] -0.0650} -0.4097}-0.7811| 0.0339|-0.1960

1.05}-0.1174| -0.2367| 0.0089} -0.0690} -0.4370]-0.2435) 0.0073}-0.1954

1.1 |-0.1291| -0.0636] 0.0001} -0.0652]-0.4145| 0.2490|-0.0166|-0.1751

1.15|-0.1246] 0.0916|-0.0075] -0.0552]-0.3516| 0.6482 |-0.0356}-0.1399

1.2 |-0.1070| 0.2141|-0.0132] -0.0408] -0.2612| 0.9240|-0.0484)-0.0955

1.25|-0.0804| 0.2954|-0.0167| -0.0243|-0.1571| 1.0654|-0.0546|-0.0477

2.5 | 0.0130] 0.0220|-0.0010} 0.0067} 0.0440] 0.0491|-0.0022) 0.0198

2.55| 0.0135} 0.0049}-0.0001} 0.0064} 0.0433|-0.0024| 0.0004) 0.0186

2.6 | 0.0126}-0.0102} 0.0007} 0.0056} 0.0384|-0.0461} 0.0025) 0.0158

2.65| 0.0105}-0.0219} 0.0012} 0.0043} 0.0303|-0.0788| 0.0041) 0.0119

2.7 | 0.0076|-0.0297| 0.0016} 0.0028} 0.0205)-0.0989} 0.0051} 0.0073

2.75| 0.0044]-0.0333| 0.0017} 0.0012] 0.0100|-0.1062| 0.0053} 0.0028

TABLE XXVII Non-linear solutions of Ug» Us» Us and o,

200 and D = 600.
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for the case n = 0.5, j = l,e = 0.5, x = 0,



4 4 *§)), #0)5
-0.5 0 0
-0.4 -0.3346 .9511 | -0.1198
-0.3 -1.0622 .2979 | -0.2043
-0.2 “1.8457 .1598 | -0.2067
-0.1 -2.4218 6754 | -0.1149
0 .=2.6349 .0387 | 0.0309
0.1 -2.4502 0.5711 | 0.1620
0.2 -1.9266 0.0363 | 0.2222
0.3 -1.1824 0.2699 | 0.1965
0.4 -0.4102 0.0894 | 0.1095
0.5 0 0 0

TABLE XXVIII

= 0.95 and x -0.5 to 0.5.

Results for the velocity components for



for the case n= 0.95, j= 1,€

x = 0 and D = 126.

191

702.

D = 126.702

“ze ® Uy Us Ug

0 0.0000 -0.7561 0.0350 0.0000

0.05 -0.2361 0.0091 -0.0002 | -0.1008

0.1 -0.0060 0.7124 -0.0336 0.0013

0.15 0.2250 0.0239 0.0000 0.0963

0.2 0.0112 -0.6879 0.0319 | -0.0023

0.25 -0.2059 -0.0075 -0.0003 |, -0.0882

1.0 0.0076 -0.1684 | 0.0079 | -0.0008

1.05 -0.0479 -0.0112 0.0001 | -0.0210

Tat * -0.0063 0.1357 -0.0064 0.0006

1.15 0.0387 0.0103 -0.0001 0.0170

T.2 0.0053 -0.1104 0.0052 | -0.0004

1.25 -0.0313 0.0084 0.0001 | -0.0138

2.5 -0.0005 - 0.0069 -0.0003 | -0.0000

2.55 0.0019 0.0009 -0.0000 0.0009

2.6 0.0004 -0.0055 0.0003 0.0000

2.65 -0.0016 -0.0008 0.0000 | -0.0007

27 -0.0003 0.0045 -0.0002 | -0.0000

2.75 0.0013 0.0006 -0.0000 0.0006

TABLE XXIX Non-linear solutions of Ug> Us» Us and ¢
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5. Slowly Varying Outer Wall With Order One Total Variation

5.1 Introduction

We now consider the case where the outer wall has equation

r= ¥(Z) =R, + (Ro-Ry )H(Z)/2 (5.1.1)

with H(0) = 0. Here Ry and Ro are the inner and outer radii at

z* = 0. We shall use Y(Z) as the equation of the outer wall for

convenience. The non-dimensional equation of the outer wall is

x= [14F(2*)]/2 (z* =Z/d). (5.1.2)

To obtain this function F(z*) we put

H(dz*) = F(z*) . 2 (5.123)

We shall first find a steady state series for the flow when

the inner cylinder is rotating and then perturb this to obtain

a Taylor-vortex like flow for linear perturbations.

It seems that the Taylor-vortex like flow is not obtainable

in terms of the variable z*. We shall need to introduce rates of

change with respect to ¢ of 0(c4) to solve the problem (ez = z*).

The function F(z*), exemplified by

F(z*) = - tanh yz* : (5.1.4)

is chosen so that the base flow is locally more unstable near z* = 0

than near z* = * » . We shall find an overall critical Taylor

number Verte which will give the lowest value of T for which neutrally

stable perturbations of the base flow can be found.
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5.2 Assumptions made about the outer surface

The function F(z*) defined in (5.1.3) is taken to have the

following properties :

(i) [F(z*)| <1 for all z* , (5.2.1)

(ity; F(0) =O." (5.2.2)

(iii) lim F(z*) exists, and lim F(z*) exists < ; (5253)
Z¥ 0 Zhao

These properties are all that are required (apart from existence

of derivatives of all orders) to find a base flow . Later we shall

limit F(z*) further by requiring

(iv) F(z*) = F(-z*) > (5.2.4)

(v) F(z*) < 0 for 2* #0 (5.2.5)

for the perturbation problem.

5.3 Equations for the base flow

We again denote the velocity components and pressure of the

base flow by Us Veo We and Ps° Using cylindrical polar co-

ordinates , the boundary conditions are

ig Vines We 0 on r = ¥(Z), (Z=ez) (5.326)

and

ul =v. =:0'.,¥, = 24Ry on r=R (523.2)

where r = Y(Z) is the equation of the stationary outer wall.

For ¢ small we expand
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2

us = eu, +-_¢€ Up Ess.

Vv = Vie te) CVn eee
: One a (5.3.3)

We = ew) ae Wo ee

Ps = Py + EP) $+ oc

All the functions are considered to be functions just of r and Z.

The functions must satisfy

Vv. =u, =v, =W, =0 on r= Y(Z) for i = 1,2,3,... (5.3.4)

and

CRS Ry = Ug We Oonr=R, Toratasil's2 5356604 Oss9)

We note that any 2/3z in the basic equations becomes ¢2/8Z .

Therefore when we substitute (5.3.3) into the steady Navier-Stokes

and continuity equations we obtain the same set of partial differential

equations (3.3.14) to (3.3.16), (3.3.18) to (3.3.21) and (3.3.26)

to (3.3.28). The solution for uy (152) is again

uy (752) =O. (5.3.6)

The second momentum equation gives the new equations

av av, v
+ tL 8- 2 wo, (5.3.7)

or ore r?

anv av v
—i+t- 4-0, (5.3.8)
or roar r

av ie av V. Eu Vv Vv ;
2 Liw)+ wm — = y—e +t—* -2+—2) . (5.3.9)
r or 3z or ror re: 4

We shall also assume that at Z= + = the flow reduces to purely

circumferential flow so that

u; +0 andw;+0 as Tig toe fords: le (5.3.10)
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5.4 Solutions for the base flow

Equation (5.3.7) and boundary conditions give

Vg("2Z) = A(Z)r + B(Z)/r (5.4.1)

where

A(Z Ra B(Z y Z)A(Z 4aie Z =- A ; 
5.4.2

(Z) V(z)-Re (2) (Z)A(Z) ( )

and from (3.3.18) we find

po(sZ) = fA (Z)r°/2 + 2A(Z)B(Z)10g r - 78 (Z)/r + C(Z)) ,

(5.4.3)

where C(Z) is still unknown.

From (5.3.8) and boundary conditions we see

vz(".Z) = 0 (5.4.4)

and from (3.3.19) and (5.4.4) we see that Py is a function of Z

only. The solution of (3.3.27) is therefore

1 Myf 2 Ry Tog(r/¥(Z))=¥°(Z)109( r/R)Wo(15Z) = r+ (5.4.5)
4vp dZ Tog(¥ (Z)/Ry)

Teer
= i — Wo(1Z) > say. (5.4.6)

‘vp

Using (3.3.16) and the fact U3 =O onr = Ri» it was found that

2

1 d Pr yr dp, r aWy
-ru3(r,Z) = — a FW, dr +—— | r—= ar. (5.4.7)

4vp LdZ°. dZ Ey4
R
1

The condition that ug = 0 at r = Y(Z) implies

Ry

dp [n dp [rw eo ee
r—£ dr=0. 

“4.
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Remembering that Wo ( Y(Z),Z ) = 0 this can be written as

rte Y(Z)

— [> ri dr | =0 (5.4.9)
dZ LdZ

RT
and hence

Y(Z) ‘
dp, /dZ- = «/ [ rar | ; (5.4.10)

Ry

where K is a constant.

We require “ +0asZ+t- forall r in the range and

this is only possible (from (5.4.5)) if dp, /dZ +OasZ+to

Since the denominator of (5.4.10) is not infinite at Z = te

therefore K = 0 and dp, /dz = 0 for all Z. Hence

¥5(r,Z) = 0 ; : (5.4.11)
and

u3(1,Z) =0. (5.4.12)

We shall now attempt the more difficult task of solving for

wy (152). We use the differential equation for Wy (r5Z) and the

expression for Pg("sZ) given respectively by (3.3.26) and (5.4.3),

and note er

ap 49, R, Y(Z) 2
inter oy = dC -—1 oY | tue 2y"(Z)1og r= mal <
Beda ada me (Va(Z)aRahae dz\0e ar

2h

4a, R,.Y(Z) 2
tt fogr +L) . (5.4.13)
(Y (Z)-R7) dz ar

The above equation can be re-written as

a &

EM Su) ow
9 az (¥?(Z)-R7)° dz

22

2 2 2 RY (Z)

-r + 2(Y (Z)4R, )log r a +
r

a

213



2("(2)4Ry ) (by(Z) ~ Took) |. (5.4.14)

where for easier analysis we wrote

2

4a, R, Y(Z) 3 D

oe FT © (y’(zysny (6, (Z)-T09R,) (5.4.15)
dZ (Y"(Z)-Ry )” dZ

and b,(Z) is an unknown non-dimensional function at this stage

and depends only on n and Z .

Therefore from (3.3.26) we see

2 4

aw. 2a, Ry Y(Z) 2 2v 2: “). alae soe at. [- 42(Y"(Z)4R} )log r+ RY (2)

r ar (Y7(Z)-Ry ) dZ 2
r

+ 2(Y°(Z)4R} )(b,(Z)=T09Rp) | : (5.4.16)

We shall assume a solution of (5.4.16) of the form

24

2a, Ry Y(Z) ay
(r,z 5.4.17

(¥°(z)-R} 0 dz MES ;
Wy (r5Z) =

and if we follow a similar line of approach as in (3.4.27) onwards

we will eventually obtain

1 4

OS peace SU
g log(¥(Z)/Ry)

(Ry 4¥°(Z)) F Ry TogR, 109(r/¥(Z))-¥"(Z)10g¥(Z)109(r/Ry)
+ ——————__ Ir logr + -

i Tog(¥(Z)/R,)

2 Ry Tog(r/Y(Z))-¥ (Z)Tog(r/R,)
+ (bg(2)-I-loghy)(e° ¢ LOY

Tog(¥(Z)/R,)
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Ry Y (Z)
I Tog(r/R, )1og(r/Y(Z)) . (5.4.18)

To find the function b,(Z) > we shall use the continuity equation

aw.
a 2 (ruy) + Baca ak as g (5.4.19)
rar aZ

and write the solution for up (152) as

3 Ly aw,

rus (52) = - r—dr. (5.4.20)
aZ

1

We can obtain 5, (2) explicitly by solving the following extremely

complicated integral relationship

Y(Z) oy
r—dr = 0. (5.4.21)

: aZ

This is equivalent to solving

¥(Z)

r wy(r,Z)dr = 0 (5.4.22)

1

when the boundary condition Wy > Oas Z+ +. is used.

With the value of b,(Z) known we can find the velocity component

wy (15Z) completely.

In our expansion procedure later we expand 5, (2) as

by(Z) = b,(0) + Zb"(0) + Zb"(0)/2 +... (5.4.23)

of which only the first term will be needed. The value of b,(0)

is seen to be the same value as bo given in (3.4.37) for n = 0.5

and (3.4.38) for n = 0.95, and these values were calculated using

a computer program.
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Therefore upon neglecting powers of e” for n= 2, the base

velocities are represented by

u.=0, v = Vo(rsZ) 5 We = eWy(15Z) (5.4.24)
s

where the subscript s denotes that the base velocities are steady.

The pressure distribution is given by

Pg = Po(?sZ) - (5.4.25)

5.5 The problem for the Taylor-vortex like flow

We look for a steady state perturbation to the base flow

described in §5.4. We first state the problem for the perturbation

in terms of the variable z* = er . Non-dimensionalizing in the

usual way, the problem for the linear perturbation may be written

as

au >
= SA, De + 10(en)) 102 . (5.5.1)
ax dz*

Here 2 2
0 Oe ie 0/de 8a ar) -T98 0

T= 2 2 aan 2 2
0 -8G 0 sy -a /ac +6 G 0

B=
iz 2

A* = a/ag C0 8G 0 0 =3n/ OGRA s

0 0 0 -6G 0 -3/ae

0 1 0 0 0 0

0 0 1 0 0 0

(5.5.2)
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TW 50/85 - 0 0

0 0 ~TWF 2/26 V3

ansDe = =e 0 -TWF - 3/az| (5.5.3)

re ; ax 7

ro) 12

The various functions involved are defined below. We remind the

reader that G(x) is 1/(1+éx) and n = R,/Ry and that

F(z*) is defined by (5.1.3). Then

E(z*) = 1+ (l-n)F(z*)/2 (5.5.4)

4 E : BE” Rie 7 x
O% .(x,z*,n) = —2——, + “ ‘ (5.5.5)
os E2(2*)= m2 (E2(2*)=n-}(14n)?

and

Ten) (14n)E(z* 1 9VB (x.2*sn) = Aten On) E(z") Fass -—, a(n). (5.5.6)
{E(z*)- n} 4G(x) (14+n)

The function Wy é contains the dimensionless function (x) where

a(x) = (T+n)/2 + (I-n)x (5.5.7)

and we have

WE, (X.2*5n)

z= ee 2
* or Zinen E(z*)(I-n [: iE (Ze {te eRe) logio

2(Tan) *€E*(z*)=n°} | 2109(n/E(2*))

2 2 2 2

Tog n+ (E (z*)-c )logE(z*)loga + (n -E (2*))1ogE(z*)Togn +

(B,(2*)=1)((o =n )logalogn + (E'(z*)=a )logE(z*)10g0 +

2.2 G

(o£ Ce Nogete4 05 + a (logo=Togn) (Togo-logE(z*))
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1 ek ey

- ————.__ {(n -o ) logE(z*) + (0 -E (z*))logn +
16 log(n/E(z*) )

4 y

(E (z*)-n )loga } | ; (5.5.8)

where B,(2*) =-b,(Z) . The function o(x) is merely the expression

of r/Ro.

The six-vector U is just the usual extended velocity vector

and the boundary conditions are :

8% : the last 3 components of U are zero at

x=-b andatx= (1+F(z4)}/2, (5.5.9)

and :
U>@omas) 26 >t 0. (5.5.10)

The function F(z*) satisfies the conditions (5.2.1) to (5.2.3) .

It should be explained that °

9 5 (X2*sn) = VO (r,Z)/ ar, (5.5.11)

av. (r,Z)

£ vg (nzen) = At 2" (5.5.12)
dz* 24Roa aZ

and

oF we * eaeT aw: WF (Xz on) F w(r.Z) - . (5.5.13)

5.6 Attempt at a solution in terms of z*

Attempting a formal solution of (5.5.1) with T = Tee elS tee

and with

uy = els {Vg (Xs2*) + eV (x,2*) +... } + C.c. (5.6.1)

where the W.K.B. method suggests :

aS = K(ze) (5.6.2)
dz
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we find the problem for Nee is

av

a ae ee (5.6.3)

where ax) is defined by

ax(1) 2 7 a* with T replaced by T., and (5.6.4)

a/ax replaced by iK(z*)

Thus K(z*) is an eigenvalue, if Te and yn are fixed.

If we perturb the problem (5.6.3) about z* = 0 , expand

MiG = (x) + 2*V 9 (x) +... and write K(z*) = Ag + Ay2* +

“ Agzte +... , it is fairly easy to see by methods which have been

used throughout this work that the consistency condition at order

z*Ieads to

ay = aF*(0)/2 (5.6.5)

where a is defined in (3.7.20) and is positive, while F"(0) is negative.

Thus 4 is purely imaginary near z* = 0 and there are two complex

values of K(z*), which both peciee to A, at.z* = 0.. Also, (5.6.3)
may be transformed into the standard linear perturbation problem

for the parallel wall case (see Eagles (10)) but with T replaced

by
T

3

a + F(2*)/2]_ iT. ai (5.6.6),
[1 + 6F(z*)/4]

n replaced by TL the 'local' ratio of the radii and a replaced by

(d) /d)K(z*) where dy is the local gap width. Hence for sufficiently

large |z*| we have To less than the local parallel wall critical

Taylor number and with 3/at = 0 we will expect complex values of

K(z*) . We assume without proof, then, that there exists one root

K(z*) such that
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K(2*) = A, + iv -aF"(0)/2 .z* for z*+0 (5.67)

and

Im(K(z*)) =.0. for’ ‘z* 2. 0. (5.6.8)

If this is so then, using that root, we can see that since

Zz E

S(z*) = { K(z*)dz*/ (5.6.9)
0.

then lel>| +0 as z*+*e with e fixed, and we can

presumably satisfy the boundary conditions U+Qas z* + Dag

However, substituting (5.6.1) into (5.5.1) we find that

Vg (%2*) = y*(2*)u 4] x52") (5.6.10)

and a consistency condition at O(c) leads to

x) ay* *) ye =24(2*) —— + 2,(z*)y* = 0 ©. (5.6.11)
1 dz* 2

But 2 (0) = 0 by virtue of (3.7.6) and hence the expansion may fail

near z* = 0. This leads us to consider the region near z* = 0 by

using an inner series allowing rates of change with respect to ¢

to be o(e2), instead of O(c) implied by the use of the outer series.

5.7 The problem in terms of <72z* : inner series

By trial it is found that an appropriate 'inner' variable is q

where

e2q = 2 = ef (S2751)

and that we must expand

T=T + eft + elg+... S (5.7.2)

and

ids 3

use {uy (%2q) + €*Uy (xq) + eg (X.q) +... }

CCE (5.7.3)
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All the terms involving z* in (5.5.1) are expanded in terms of q,

using for example

F(z*)

since F(0) = F'(0)

(5.5.1) and equating

of problems for the uj "Ss

2

eF"(0)q +... 5 (5.7.4)

0. By substituting (5.7.2) and (5.7.3) into

powers of 2 we find the following sequence

au

=e eee, (5.7.5)
ax

ou ou

=2 -aQu, = BQ) =)eteanuy, (5.7.6)
ax aq

au ou
ue) a) Ze
— = -Alug =8By —— + TF AGU, t+ TF Agu, +
pe ae ae ae

ae

uUy FM(0) 2
—_>_ - (ae (55757)

=c2 aqe 2 =c=1

au

ets 4 = 30) 23 + Ty Au + TE Aauy +
C ie wu a Poulan 2 Ue

esBoo > FO) Coupe TE Agu, -aF(o)O Vu,
aq

(5.7.8)

The matrix A(1) is defined in (2.4.6 ) and A> is defined in

(2.8.7) while C,+8,(TAnd 8.» are given in (3.5.23)and(3.6.14) ,the suffix

c denoting the substitution T = Te or A= A, as appropriate. Also

(1) is defined in (3.6.14) and contains the constant (0)

through the function Ws S which is identical to Wy ssl? O,n) .

The boundary conditions due to the outer wall are obtained

by expanding about x = 4 and are, for j = 4,5 and 6,

221



Wy Oe U5 0 ;

at x = z for

0 (5.7.9)
all gq

a

ug; + F*(0)q /4
“1x,d

" °o
2

Ugj + F"(0)q Up, 4/4

where UKg denotes the gen component of Uy. The inner wall

conditions are, for j = 4,5 and 6,

Uyg = Yas = 435 = Ugg = Os ateix = 1/2" « (5.77.10)

The analysis is similar to §3.7 and we therefore merely.

summarize the results. A solution of (5.7.5) is

Uy (%q) = v(a)u yy (x) (5.7.11)

where u 4) is the usual linear critical eigenfunction.

Then (5.7.6) gives Ty = 0 and

d,
uy = eft (x) + S(q)u yy (x) (5.7.12)

where is identical with the function used in § 3.7 and satisfiesS21

equation (3.7.10).

Substituting (5.7.12) into (5.7.7) and using the usual

existence condition gives the amplitude equation

2 Tx ‘

Ce ad oe MOT l =0 (5.7.13)
dq i 2

where a and T, are defined in (3.7.20) and (2.6.19 ). We make the

assumption that

+ 0 85 Gs 5 ee. (5.7.13a)¥

When (5.7.7) is solved subject to the given boundary conditions

it can be shown that
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UES 2
u(x.) = ny G hg, (x) +4937 (X) +E aa (x)

+ P(q)u 4, (x), (5.7.14)

where h3, and g3, are the functions defined by equations

(3.9.3) and (3.9.4) and boundary conditions (3.9.5) and (3.9.6).

We substitute (5.7.11), (5.7.12) and (5.7.14) into the right

hand side of (5.7.8) and use the derivative of (5.7.13) to eliminate

ay /dq? ; and by applying the existence condition we find

T ‘ :
£3 + 5[4 +a) ¢ | rg &
dq Ty 2 2 dq

a3+ roF*(O)qy + 13 Fe hi (5.7.15)

and where we assume 2 fs

Si20--asig: > tien. (5.7.15a)

The values ry, lp and r3 are defined in (3.9.13), (3.9.14) and

(3.9.22) and are purely imaginary constants.

5.8 Solutions of the equations

In the amplitude equation (5.7.13) we know that a > 0 and also

F"(0) <0. Introducing the variable

2

&= q va,» (a) = -aF"(0)/2) (5.8.1)

we find

2 Te 2 9

dy +o[2 oe een (5.8.2)
de TM

and

per Ok has eect ae 2 (5:8.2a)

This is a well known problem (see e.g. Landau & Lifschitz 2 )
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with solutions only when 1% takes the values % i where
: >

Tn = .a,(2n+1)T, (5.8.3)

and

Ce Gear ¥ -aF"(0)/2 > (5.8.4)

for n = 0,1,2,... . Then the appropriate solutions are

- 212 .
v = = const. @© /°H(e) (5.8.5)

where H,(e) is the Hermite polynomial of order n. In terms of q

these are equivalent to 2

-ag /2
bq = const. e “o Ha Ya) (5.8.6)

Since the physically most likely flow is given by the lowest

eigenvalue we consider the detailed solutions only for n = 0,

though other values may be solved.

With the overall normalization Up(- J > 0) = 1 and with

Uyy ,2l- bs 0) = 1 as usual, we have y(0) = : and
a

Pat “O99 /2
Y= ze (6.8.7)

and by considering the equation (5.7.15) for S(q) in the same manner

as in §3.9 etc., we find 1 = 0 and S(q) is purely imaginary

with differential equation

2

dS, Ts
i 2 i) F"(0) -2 d *pel [2 + aX, | - ra st Teg PCO

dq T, : 2 2

ry, St (5.8.8)
7 dq

The method of solution is to let ,

S;(q) = v(q)R(q) » (5.8.9)

» to obtain
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dR ]
— Poo Res

dq 2 3i li

i 2 F"(0)(2r5:-r,,) [7 2
ES(O)aeeee aii ay Gg

2 v (q)

(5.8.10)
from which we can find S;(q)-

The solutions for Uy» Uy and Us are now written as

Uy = 2v(qyult) cosa,t ~ 2e4sina_c ionf, + # + bof) Is. 8.11)

for K = 1,4,5.

The solutions for Ug and the non-dimensional Stokes Stream

function ¢ are

Ug = -2y(aul), simer + 2ebcosice bane dy saul, | (5.8.12)

and

oF wee [: ult), v(q)sinagc + ecosage cul), S;(q) +

a ADs daf, & ee le |. (5.8.13)
a9 cy dg

We can use these solutions to nical the various velocity components

along the q-axis for particular values of x and e.

For the value of T = T for which we obtain a neutral
crits

solution such that ¥ +0 as q+ * =, there is a local critical

Taylor number. This is given by

T.F"(0)

Tue tee [+ Ae Sa |: (5.8.14)

The observed or physical wavenumbers for the velocity components Uy

and the Stokes Stream function are

g.Ne(U,) =A, + [8 + 22k a a “|»)| (5.8.15)
dq u(t), dg

113k
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for k = 1,4,5 and

3 ed 7Ne(#) = Ne(Uq) + 5 sas | ’) 5 (5.8.16)

The 'local' wavenumber in the parallel wall case that is comparable

with our non-parallel wall wavenumber as a correction term

a 2= ( + Fins N (5.8.17)
4Merit t

from which only terms of O(c) are found and kept,all higher terms

are ignored.

The 'local' value of n is

m = — (5.8.18)
1+(1-n)F(z*)/2

which on expansion is equal to

i aise hs e(1-n) nF"(0)q°/4 + O(c) A (5.8.19)

5.9 Matching of inner and outer Series

We can only show the plausibility of the matching here since

we have not obtained enough details of the outer series.

We first note that the outer series has a factor

ze

~ [Ky e*)de*/e (5.9.1)
e °

‘and for « + 0 with z* fixed this is exponentially small if we assume

(5.6.8). Also the inner series written in terms of z* has a factor

-az*’/2e
e 4)

and so this series has the correct behaviour for «+0 with z* fixed.

To perform a proper matching we would need to write the inner

series to order a in terms of an appropriate intermediate
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variable q where

eq = 27 = ee (55923)

and the outer series to order <” in terms of the same variable q

and show that the modulus of the difference as « + 0 with q fixed

was 0(e").

Using the inner series to order c« we see that since

2a-1 *2
exp f-ape q /2 } is a factor this is exponentially small as

e +0 with q fixed. Also using (5.6.2) and (5.6.7) we see that the

expression (5.9.1) ~ exp fae"! q°/2 } , so that both series have

the same exponentially small factor and it is plausible that they

match. But to complete the argument we would need to examine in

more detail the behaviour of y*(z*) and uy (x,z*) as z* +0

(see (5.6.10)). In fact, to complete a formal matching in the over-

lapping sense as described above with n = 0 one needs to prove only

ze

that | ; | K(z*)dz*/e
e 0 y*(z*)| + 0 ase+O with q fixed. (5.9.4)

5.10 The linear case with n = 0.5

The function F(z*) is given in (5.1.4) and the value of w

is chosen with the value given in TABLE V for j=1 and n=0.

We shall only consider the cases with n = 0.5 yc = 0.1 and

e = 0.01 for small q, since the inner solutions are only valid

near z* = 0 and not for large q.

The values of i.» ee etc., are given in s4.4a in the

appropriate sections, only the value of 133 is different since

this depends on the eigenvalue 3 ‘yet to be chosen.
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The eigenvalue and eigenfunction for n = 0 are

TE = aT, v2/2 = 2332.40 (5.10.1)

and

2
1,-2.6y(G) tm og excrete, (5.10.2)

The value of 13; in this case is now

3, = 1.2025 . (5.10.3)

The graph of ¥g(4) is plotted in FIG XX and the table

of values is given in TABLE XXX. The changing values of n> Tieeie

and ALcrit ° given by (5.8.14), (5.8.17) and (5.8.19) , between .

q = 0 and q = 1 for both values of ¢ are in TABLE XXXI and TABLE XXXII.

A graph of 71 against Vite and Therit is plotted for each case in

FIG XXI. and FIG ~XXIV*. These graphs are similar to those of

Chapter 4 (see FIGVI and FIG XI).

A similar graph of aL against ALe and ALerit is also

plotted in FIG XXIland FIG XXV . There is once again a dependence

on the x-co-ordinate , so only the maximum and minimum values of

“ALerit for each component are plotted. None of the ALcrit'S converge

as in FIGVII and FIG XII, due to the presence of q° in the formulae

and therefore we have no lower bound for our solutions. In fact,

the distance between ALcrit max and Merit,min is constant for

all n, 3 this can be seen in FIGXXII and FIG XXV where the lines

are parallel to each other. The reason why these lines are

parallel is due to os (@ *) being a constant.
dq \dq ;

The variation with x of ALcrit for each component is given in

TABLE XXXIII and TABLE XXXIV for two fixed wlues of q. The graphs
a

of this variation are not plotted since these are similar to those
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of FIG VIIL for all values of q.

The solutions for Uy, Us, U, and 6 are summarized for

various q values in TABLE XXXV for ce = 001 and TABLE XXXVI

for e¢=0.T . These solutions are compared with those of the

appropriate parallel wall case. Since all these solutions depend

on the x-co-ordinate we shall only plot and tabulate for x = 0. :

The graphs of Uy are drawn in FIG XXIII and XXVI for each

value of « . The reader should note the similarity with those

of FIG IX and FIG XIII.

The reader can find other solutions and results using the

appropriate formulae and tables of this chapter and the previous

chapter.
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q ¥,(4) q 4, (4)

0 0.5000 Tal 0.0203

0.1 0.4869 lez 0.0110
0.2 0.4497 153 0.0057
0.3 0.3939 1.4 0.0028

0.4 0.3273 1.5 0.0013

0.5 0.2579 1.6 0.0006
0:6 0.1927 1.7 0.0002

0.7 0.1366 1.8 0.0001
0.8 0.0918 1.9 0.0000

0.9 0.0585 2.0 0.0000

1.0 0.0354

TABLE XXX Values of (9) for the case

n= 0.5 and n= 0.

q 1 Therit | ALerit®)! rLerit(4a) | Lerit (Ys)

0 0.5000 | 3123.10 | 3.18201 | 3.19876 3.18290

0.1 0.5000 | 3121.56 | 3.18169 | 3.19844 3.18258
0.2 0.5002 | 3116.91 | 3.18070 | 3.19746 3.18160
0.3 0.5004 | 3109.17 |. 3.17907 | 3.19582 3.17996
0.4 0.5007 | 3098.33 | 3.17678 | 3.19354 3.17767
0.5 0.5012 | 3084.40 | 3.17384 | 3.19059 3.17473
0.6 0.5017 | 3067.37 | 3.17025 | 3.18700 3.17114
0.7 0.5023 | 3047.24 | 3.16600 | 3.18275 3.16689
0.8 0.5030 | 3024.02 | 3.16110 | 3.17785 3.16199
0.9 0.5038 | 2997.70 | 3.15555 | 3.17230 3.15644
1.0 0.5047 | 2968.28 | 3.14934 | 3.16609 3.15023

TABLE XXXI Values of nL? Worit and Merit 25 given by

equations (5.8.19), (5.8.14) and (5.8.17) for

the case n = 0.5, n= 0, ¢ = 0.01 and x = 0. ©
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q aL Therit | *terit(®)] ALerit(Yq)| *Lerit Us)

0 0.5000 | 3333.02 | 3.35834 | 3.52585 3.36724

0.1 0.5005 | 3317.54 | 3.35507 | 3.52258 | 3.36397
0.2 0.5019 | 3271.09 | 3.34527 | 3.51278 | 3.35417
0.3 | 0.5042 | 3193.68 | 3.32893 | 3.49644 ‘| 3.33783

0.4 0.5075 | 3085.31 | 3.30606 | 3.47357 | 3.31496
0.5 0.5117 | 2945.97 | 3.27665 | 3.44417 3.28555
0.6 0.5169 | 2775.67 | 3.24071 | 3.40822 | 3.24961
0.7 0.5229 | 2574.41 | 3.19823 | 3.36575 | 3.20714
0.8 0.5300 | 2342.18 | 3.14922 | 3.31674 3.15812
0.9 0.5379 | 2078.98 | 3.09368 | 3.26119 3.10258
1.0 0.5468 | 1784.83 | 3.03159 | 3.19911 3.04050

TABLE XXXII Values of ny) 5 Micrit and Ar crit 2S given by

the same equations as in TABLE XXXI for the

case n= 0.5, n = 0,e = 0.1 and x = 0.

g=0 q: an

x | Aerit(?)| Atcrit Ya Prerit Us renit(®)| rerit Ua Prcmit Us
-0.5| 3.18823 | 3.20498 |3.1e2e5 [3.15556 3.17231 [3.15018

-0.4| 3.18659 | 3.20334 |3.18316 [3.15392 |3.17067 [3.15049

-0.3| 3.18515 |3.20190 |3.18351 [3.15247 |3.16922 [3.15084

-0.2| 3.18389 | 3.20065 [3.19357 [3.15122 |3.16797 [3.15090

0.1.) 3.18284 | 3.19959 |3.18334 [3.15017 |3.16692 [3.15067

o | 3.18201 |3.19876 [3.18290 [3.14934 |3.16609 [3.15023

0.1| 3.18146 |3.19821 [3.18231 [3.14879 |3.16554 [3.14963

0.2| 3.18125 |3.19800 [3.18160 [3.14858 |3.16533 {3.14892

0.3| 3.18145 |3.19821 [3.18081 [3.14878 |3.16553 {3.14814

0.4| 3.18213 |3.19889 [3.18004 [3.14946 |3.16621 [3.14736

0.5| 3.18335 |3.20010 [3.17969 _|3.15067_|3.16743 [3.14701

TABLE XXXIII Variation in x for wavenumbers of %, Uy and U,

given by equations (5.8.15) and (5.8.17) for

the case n = 0.5, n = 0, c= 0.01 with q = 0

and q = 1.

231



q=0 q=0.5

x Dreriel®)) Merit Yq)! revit Ys)| ALcrit’®)| erit(Ua)} Levit (Us)

-0.5| 3.42055 | 3.58806 3.36674 3.33886 | 3.50637 3.28505

-0.4| 3.40412 | 3.57163 3.36986 3.32243 | 3.48995 3.28817

-0.3) 3.89690 | 3.55720 3.37335 3.30800 | 3.47551 | 3.29167

-0.2] 3.37716 | 3.54468 3.37394 3.29548 | 3.46299 3.29225

}-0.1| 3.36661 | 3.53413 3.37166 3.28493 | 3.45244 3.28998

0 | 3.35834 | 3.52585 | 3.36724 | 3.27665] 3.44417 | 3.28555

0.1} 3.35283 | 3.52034 3.36129 3.27114 | 3.43866 3.27960

0.2] 3.35074 | 3.51825 3.35420 3.26905 | 3.43656 3.27251

0.3) 3.35276 | 3.52028 3.34634 3.27108 | 3.43859 3.26465

0.4] 3.35957 | 3.52708 | 3.33858 | 3.27788| 3.44540 | 3.25689

0.5] 3.37171 | 3.53922 3.33508 3.29002 | 3.45754 3.25340

TABLE XXXIV Variation in x for wavenumbers of @ , Uy and Us

for the case n = 0.5, n = 0,e = 0.1 with q = 0 and

g= 0.5

q 6 o(P) Us u,{?) Ug u,(P) Us u,(?)

0 0.0000] 0.0000}-6.1209| -6.1209} 0.2793] 0.2793) 0.0000} 0.0000

0.1 | 0.0763] 0.0403] 5.9551} 6.1196|-0.2718]-0.2793) 0.0375) 0.0128)

0.2 |-0.1419|-0.0806|-5.4840 ~6.1156 0.2506] 0.2791] -0.0695) -0.0257

0.3 | 0.1883] 0.1209] 4.7797] 6.1090}-0.2188]-0.2788] 0.0919) 0.0385

0.4 |-0.2115|-0.1611|-3.9422] -6.0997) 0.1809] 0.2783] -0.1026) -0.0513

0.5 | 0.2120] 0.2012] 3.0763] 6.0877|-0.1416|-0.2778] 0.1022) 0.0640

0.6 |-0.1941|-0.2412|-2.2707| -6.0732| 0.1049] 0.2771) -0.0928) -0.0768

0.7 | 0.1644] 0.2812] 1.5848} 6.0560|-0.0735|-0.2764| 0.0779} 0.0895

0.8 |-0.1297|-0.3210|-1.0454/-6.0361} 0.0488] 0.2755) -0.0609) -0.1022

0.9 | 0.0958) 0.3607) 0.6514) 6.0137 |-0.0306|-0.2744| 0.0445} 0.1148

1.0 |-0.0664|-0.4002 |-0.3832|-5.9886) 0.0181} 0.2733]-0.0305| -0.1274

1.1 | 0.0433] 0.4396] 0.2126} 5.9610/-0.0102|-0.2720| 0.0197) 0.1399

1.2 |-0.0266]-0.4787 |-0.1111|-5.9307| 0.0054] 0.2706|-0.0119) -0.1524

TABLE XXXV Solutions of Ugs Us» Us and @ , and the corresponding

parallel wall solutions, for the case n= 0.5, n=

x = 0 and e = 0.01,
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q . g(P) Us uf?) Us ul?) Us uf?)

0 0.0000} 0.0000} -6.1209] -6.1209) 0.2793] 0.2793} 0.0000) 0.0000

0.1|-1.6495| -1.6287| -2.6426| -3.3069| 0.1321} 0.1509] -0.5476) -0.5185

0.2|-1.4916] -1.7599| 3.4534) 2.5477] -0.1347] -0.1163]-0.4428] -0.5602

0.3] 0.0770} -0.2729} 5.0140) 6.0598] -0.2241] -0.2765| 0.1246) -0.0869

0.4) 1.1790] 1.4650} 1.1698) 4.0001} -0.0811}-0.1825| 0.4485) 0.4663

0.5] 0.8594] 1.8559}-2.7413)-1.7376] 0.0905} 0.0793) 0.2423] 0.5908

0.6|-0.1013} 0.5403}-2.7589)-5.8776} 0.1169) 0.2682|-0.1272| 0.1720

0.7 |-0.5584| -1.2721}-0.2706|-4.6133) 0.0300} 0.2105|-0.2394/-0.4049

0.8}-0.3184} -1.9148) 1.3452} 0.8928] -0.0410] -0.0407 |-0.0922|-0.6095

0.9] 0.0639} -0.7969} 1.0179) 5.5780] -0.0404] -0.2545|) 0.0614|-0.2537

1.0] 0.1778] 1.0537} 0.0263) 5.1344] -0.0066 -0.2343) 0.0820] 0.3354

1.1] 0.0781] 1.9355}-0.4076|-0.0301] 0.0123) 0.0014} 0.0248] 0.6161

1.2 |-0.0213] 1.0377|-0.2488|-5.1669} 0.0094) 0.2358/-0.0163} 0.3303

TABLE XXXVI. Solutions of Ug> Us» Us and @ , and the

corresponding parallel wall solutions, for

the case n = 0.5, n= 0, x =O andec
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6. Some Miscellaneous Results

6.1 Introduction

This chapter involves trying to explain some anomalies that

arose in the previous chapters. These being :-

(1) Why no solutions could be found if we took A = do and T = VG

initially in the expansion procedure with y+0 as z* eo wis

(2) Why no solutions could be found near A= A, and T = a with

prO0as z*>+to

(3) Also the solutions of the amplitude equations for y(z*) and

S(z*) with the boundary condition, y and S + A(constant)

as z*+*. are found.

6.2 An attempt at a solution with A= Yo and T = TS

We again assume that n and f(z*) are fixed and expand the

disturbance velocity U , and look for solutions of the form

idgt See OAR
0

o.

Un = ,.S4U(x,z* ce), ty > u(x,2*,€) (6.2.1)

where ve is a real constant. We now search for the eigenvalue T

such that U satisfies the boundary conditions (3.5.25) and

(3.5526):

We are led to expand T as
A :

T= 1, + ely + eT3+ oes 8 (6.2.2)

remembering that (Ag>To) lie on the neutral curve for a fixed n .

Following the same sort of procedure as in Chapter 3 we

attempt to find a solution for uy (x,z*) as
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uy (%52*) = v(2*)u 44 (x) T6323)

where U1 (x) is the eigensolution of the parallel wall

problem with parameters n , i and Ag: The boundary condition

on p(z*) is

y(z*) +0 as z*oteo. (6.2.4)

The reader is reminded that any matrix mentioned in Chapter 3

containing AV» ite

These 'new' matrices will be denoted by atl) , a) etc.

is now replaced by Ag? v3 respectively.

We find that for un (x,z*) to have a solution we must

satisfy

3 3
d at a(I ee ce2 | e BY) uy, 4x + wy fe ‘Ap U 77 dx=0, (6.2.5)

-h =

where from the parallel wall case we know

4

| ft al) uidx x0. (6.2.6)

If we use the result of (3.6.15) and the following parallel

wall result

na ‘Ayfy,dx=0, (6.2.7)

4 =F

equation (6.2.5) can be simplified to give

’

ie ay) tia +7, I feta of

dei eg Os (6.2.8)
dz* Ty

The solution of (6.2.8) is
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ut
or Ze

¥(z*). = Ae (6.2.9)

and the solution which satisfies our boundary condition (6.2.4)

can be seen to be given by

v(z*) = 0 forall z , (6.2.10)

which in turn implies we obtain the trivial solution of

U=0 (6.2.11)

for our problem.

This result implies we can only obtain a solution with

U+0O as 2* + to if the parameters chosen from the local neutral

curve for fixed n are A., Ty.

This result however eliminates the problem of which i to

choose given a particular T, remembering that for any value of T,

except for T = vo » there exists two values of A which lie on

the neutral curve.

6.3 An attempt at a solution near ’ = Ae and T = ie

Following the result of §6.2 it was thought that if we

modify the form of expansion (3.6.8) and use

i(noes cts
Uu(X,Z*,e5q) + C.C. (6.3.1)

with a wavenumber Ag tq close to A, (small q) we would obtain

a solution with U+0 as z* + » close to the one already

obtained in Chapter 3, and a value of T close to Werte =
2 

‘

Ve te % » and thus we would obtain other solutions close to

our first solution by varying q. However this attempt leads to

an inconsistency.
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We expand T as

z 2

T=T, +eT, +qT, eT + eq t+ qt 4 °..« (6.32)
q &q a9

and the velocity vector u as

2 2

ee + eu. FU, teu. + EWU Ag Pauioge cons

(6.3.3)

and substitute these equations along with (6.3.1) into (3.5.22),

When we equate powers of eq” we obtain a set of partial

differential equations.

The boundary conditions on u__ are, for j = 4,5,6,

= ~F(z*)uyy 5/2 and u 0 (6.3.4)u 5 .

€esJ €€5J

on the outer and inner wall respectively, Us j denoting the gth
>

component of ulee The boundary conditions on the rest of the

vectors are given by Bo defined in (2.4.1).

The analysis is similar to ‘s2.6 and §3.7 and we therefore

only summarize the results.

From our equations we find that

uy = o(z*)u 4, (x) (6.3.5)

where uy (x) satisfies (3.7.2) . The existence conditions on

the partial differential equations at O(c) and 0(q) lead to

Wie. eet = Oe (6.3.6)

We find the equations at O(c) and 0(q) can be solved subject

to the boundary conditions 85 and written as
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u_= odor) + S.(2*)u qq (x) (6.3.7)
—cee

and

vos 1¥(2*)g 94 +S, (2")u Ty (6.3.8)

where go, (x) satisfies (3.7.10).

The equation at order eq now becomes

ou

4 - AD ug = Teg Anan t 2 # Bounta® Ban
ax 4 dz* —¢ dz* ~

dS
(1) i (1) yi Bay U4 * 1S_(2*)B Gy U7 38g- (6-3-9)

The existence condition for eq to have a solution leads to

2iT, oe + v1.4 70 * (6.3.10)

or 3 ‘
2 T im

aie (=), = 0; (6.3.10a)
dz* 27)

: 2

where TT) is defined in (2.6.10). Proceeding to the term of O(e )

we found the amplitude equation (3.7.19) is obtained without

alteration. But this is inconsistent with (6.3.10a).

6.4 The solutions with ¥ and S > constant as z* + te

In Chapters 3 and 4 we considered the case with U + 0 as

_ zt +t . This boundary condition forced the discrete spectrum

of eigenvalues for S in the amplitude equation for y(z*) to

have an upper-bound , given by

HE <a TA(-f.) (6.4.1)
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- where f, = Tim f(z*) which in our case is negative.
zt +t «

If however we choose

TS ==, alg(-fz) (6.4.2)

this implies that the asymptotic behaviour of y is

yp asi ee (6.4.3)

where A-is a real constant, see §3.8.

These solutions for y with the eigenvalue given by (6.4.2)

lead to different solutions for Therit and ALcrit ° These

numerical results were of some interest when evaluated at z* = to,

though the propesed theoretical answer was not proved.

We look for solutions gf (3.7.19) with f(z*) and % replaced by

2

f(z*) = sech wz* - 1 (6.4.4)

and

Tp gee aT, , (6.4.5)

respectively in (3.7.19). The equation for y becomes

2
2

eo + aysech wz* = 0 (6.4.6)

subject to the boundary condition given in (6.4.3).

We can look for a series solution of (6.4.6) in the form

vp = At cy sech**!,2* . (6.4.7)
k=1

The analysis that would follow shows for even values of j

defined in (4.3.2) and (4.3.3) the series terminates.

For example for j = 2, the solution is
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2

y = Atl -3sech uz* J (6.4.8)
ero

while for j = 4, the solution is

y = Atl +35 sech’yz* - 5 sech wz) - (6.4.9)
8

The solutions for y for odd values of j show the series

does not terminate but remains a series of the form

yp FA + 2 coy sechyz*, ' (6.4.10)
k=1

For example for j = 1, the solution can be written as

ete a owe Ve ESE) coches ures: (6.4.11)
Qe k=l (ke)

The amplitude equation for S;(2*) with % = aly is given by

- 2

— +S. a sech w2* = 14 4F(2*) os + row sf +13; ma

(6.4.12)

subject to the boundary condition

Sey Abe asa yz eo - (6.4.13)
t

with y given in (6.4.11), f(z*) given in (6.4.4) and 13; dependent

on the eigenvalue %

The solution for S;(z*) is found by placing S = yR and we

obtain f =

eral ys Z 5
a 1 ls + 11 4F(z*) eee Mi yh dz* |
dee a Lt 4 dz*v

a (6.4.14)

We are only interested in the value of Acrit evaluated at

z* = t ~ and so able to write
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2 af 2ete Ti Oss [# + 21, & d (s/s 1, an a
’ ztot z* of), dz* 2)

(6.4.15)

see 54.3.

When we use the form of aR given in (6.4.14) and
dz*

evaluate this at z* = @ it can be shown that

[% #/ 9) +0 .as z* +7, and we note
dz Sdzm

ALcritye * 4c oe 0734 - UG 7 Ac (6.4.16)

irrespective of the velocity components U. and @. The integrand

ie af is odd and therefore when integrated over (-»,#) its value
dz*

is zero.

Using the formula for Tort given in (4.3.17) evaluated at

Bias ask WITH Tg = aT, we have

Tite ee e(at)-T(s- $1. (6.4.17)

The numerical results seem to indicate given an « and

therefore fixing n, at z* = + » _ to be TL eo that

and T, (6.4.18)
“~

ALeritye> *Leye Lerit,e ‘Le,

However, no proof of this is given as the theory is extremely

difficult and was not completed.

6.5 Results for 56.4 with n = 0.5

From our computing methods the following constants were found

248



to be

Tees 3298.51 and 3; = 1.7006. (6.5.1)

We carefully choose e given by

2 2(n, -n) :

e = é: (6.5.2)
n(T=n

This equation is obtainable from (3.8.21). We are able, by

selecting e, to fix n at z* = to be any value we choose.

With our fixed value for TL and e« we can calculate
5

x and T,
Lerit,« Lerit,= ”

and so compare these values with those of A). and te evaluated

given in (6.4.16) and (6.4.17),

from the parallel wall case with n= n, +

The results are given in, TABLE XXXVII .
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2

mL e| Tbe Ae 5 Therit,e | *Lerit,«

0.5 3099.78 3.1624 - - -

0.51 3034.68 3.1607 0.0784 3034.32 3.1607

Q.52 2972.83 3.1591 0.1538 2971.39 3.1590

0.53 2895.02 3.1571 0.2500 2891.15 3.1569

TABLE XXXVII. Values Of Tr, s Ale » Tlepit,e and ii critye
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Appendix

Computation and checks

The eigenvalue problem of (2.4.4) was solved using the

(10)" In solving for the eigen-method fully explained by Eagles

function of (2.4.8) and later similar differential equations the

method of Eagles (10) was used, except that his adjoint eigenfunction

f, is replaced by be in this thesis. The nan-homogeneous

differential equations were also solved using the method of

Eagles (10),

It should be noted that equations containing 0) (re)

on the left hand side of a differential equation, for example

(2.11.4) and (3.16.18), require special treatment because there

exists an eigenfunction with its first components = constant and

all the other components equal to zero. The solutions for foo (x)s

439 (x) etc., may be taken as normalized with the first component

equal to zero at x = -1/2. Any other normalization does not alter

subsequent functions because the column vectors Re Ge4

do not contain any first component of fo (Dees 439 (x) etc.

Computing checks were made by varying the normalization of the

functions Gay (x) and 931 (x), see §2.7. We verified the equations

(2.7.11) and (2.7.15) were true and that the values of T,,T,,13,---

remain invariant under different normalizations.

The results of Chapter 2 concerning the neutral curve and the

torque calculations agree with those of Di Prima & Eagles ‘a
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In Chapter 3 the constant bo» given by solving the relation-

ship (3.4.36) was calculated both by specifying values of Ry and

Ro separately, and also by integrating with respect to the non-

dimensional x variable where the integrand contains just n.

The results in both cases agreed to four decimal places.

A number of comparisons were made between Chapter 2 and

Chapter 3 which gave indirect checks on the calculations and

computing, for example (3.7.12) and (3.9.7). We knew the

results of Chapter 2 were more or less accurate because these were :

compared with those of Eagles & Di Prima (4),

An unexpected result was that a different normalization of

991 (x) etc., in Chapter 3 gave a different numerical value

for only the integral los given in (3.9.14), for a fixed value of

3. However, the resultant’ theory showed why, see (3.10.18). All

the relationships between hy, fey etc., in Chapter 3, see

(3.10.8), (3.10.12) and (3.10.13), along with further integral

checks (changing the value of ie to verify (3.9.22)) were all

used as numerical checks for the computing. Similar checks were

carried out for the non-linear theory of Chapter 3, see (3.16.27),

(3.17.6) and (3.17.15).

In Chapter 4 the analytic and numerical solutions for the

slowly varying linear amplitude function y(z*) agreed for a fixed

value of 3. The numericalsolution was obtained using a Runga

Kutta routine. The program was then modified to solve the non-

linear function dy (2*) by first fixing TS » and by a trial and

error process found by (0) such that by (2*) +Oas z*+t o@,

oS
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Although we have not emphasised the computing side of the work,

and it is theoretically easy, the details and checking of results

have consituted a considerable task. Since this thesis is already

long: enough we do not give any further details, except to say

the programming was done in Fortran, using the maximop terminal

system with the help of the City University Computer advisory

service.

253



10.

Ae

12.

13.

14,

15.

16.

TW

18.

os

20.

2h

References

Taylor G. I. 1923 Phil. Trans. Roy. Soc A 223, 289.

Rayleigh Lord 1916 Proc. Roy. Soc. A 93, 148.

Roberts P. H. 1965 Appendix Proc. Roy. Soc. A. 283, 550.

DiPrima R. C. & Eagles P. M. 1977 Phys. Fluids 20, 171.

Stuart J. T. 1958 J. Fluid. Mech. 4,1.

Davey A. 1962 J. Fluid Mech. 14, 336.

Davey A, DiPrima R. C. & Stuart J. T. 1968 J. Fluid. Mech.

3Tsl7-

Taylor G. I. 1936 Proc. Roy. Soc. A 157, 546.

“Donnelly R. J. 1958 Proc. Roy. Soc. A 246, 312.

Eagles P.M. 1971 J. Fluid.Mech. 49, 529.

Eagles P. M. 1974 J. Fluid. Mech. 6251s

Krueger E. R., Gross A. G. & DiPrima R. C. 1966 J. Fluid.

Mech. 24, 521.

Krueger E. R. & Di Prima R.,C. 1964 J. Fluid Mech. 19, 528.

Hughes T. H. & Reid W. H. 1968 Phil. Trans. Roy. Soc A

263, 57.

DiPrima R. C. & Stuart J. T. 1974 Trans. A.S.M.E. F 94, 28.

DiPrima R. C. & Stuart J. T. 1975 J. Fluid Mech. 67, 85.

Carr-Hill G. A. 1967 Ph.D. Thesis Manchester Univ.

Nakaya C. 1975 J. Phys. Jap. 38, 576.

Burkhalter J. E. & Koschmieder E. L. 1974 Phys. Fluids 17,

19292

Koschmieder E. L. 1975 Phys. Fluids 18, 499.

Burkhalter J. E. & Koschmieder E. L. 1973 J. Fluid. Mech.

58, 547.

254



22.

23.

24.

25.

26.

or.

28.

29%

30.

31.

32.

33.

3h.

35-

36.

37.

Synder H. A. 1970 Int. J. Non-lin. Mech. 5, 659.

Synder H. A. 1969 J. Fluid. Mech. 35, 273.

Donnelly R. J. & Schwarz K. W. 1965 Proc. Roy. Soc. A 258,

531.

Kogelman S. & DiPrima R. C. 1970 Phys. Fluids 13,1.

Benney D. J. & Rosenblat S. 1964 Phys. Fluids 7, 1385.

Seminara G. & Hall P. 1975 Proc. Roy. Soc. A 346, 279.

Eagles P. M. 1977 Proc. Roy. Soc. A 355, 209.

Drazin P. G. 1974 Quart. J. Mech. Appl. Math. 27, 69.

Eagles P. M. & Weissman M. A. 1975 J. Fluid Mech. 69, 241.

Landau L. D. & Lifshitz E. M. 1958 Quantum Mechanics.

Pergamon.

Rayleigh Lord 1917 Proc. Roy. Soc. A 93, 565.

Nayfeh A. H. 1973 Perturbation Methods. Wiley.

Shult - Gtunovo , F & Hen. 1966 2. Flugwrss. 4, 28.

Gles D \465 JT Fluid Mech, LI, 385.

Gaster M 19% YF Fluid Mec. 66, 465.

Bouthier M 1973 T Mécomqua 1, 1S.

255




