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Abstract
In-hospital mortality and length of stay are fundamental metrics for evaluating healthcare 
quality, patient outcomes, and resource utilization. While length of stay reflects hospital 
efficiency and capacity management, mortality provides insights into patient safety and 
the effectiveness of clinical interventions. These outcomes are interdependent, and 
demographic, clinical and laboratory factors simultaneously influence both hospitalization 
duration and mortality. To address this, a copula additive distributional regression 
framework is employed, enabling the joint modelling of these hospital metrics as functions 
of covariate effects. Application to COVID-19 data demonstrates that key predictors, 
including age, oxygenation and inflammation markers, modulate the dependence between 
mortality and hospitalization duration. The joint modelling approach provides a 
probabilistic, patient-level characterization of the interplay between these indicators, 
supporting risk stratification, resource planning and actionable clinical decision-making.
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1 Introduction
In-hospital mortality and length of stay are two critical metrics in healthcare evaluation, widely used 
to assess care quality, hospital performance and patient outcomes (e.g. Han et al., 2022; Lingsma 
et al., 2018; Stone et al., 2022; Wilder et al., 2022; Wu et al., 2022). Length of stay serves as a key indi
cator of resource utilization and hospital efficiency, influencing bed availability, staffing needs and fi
nancial costs. The Organisation for Economic Co-operation and Development notes that shorter stays 
reduce costs and optimize the use of resources (Organisation for Economic Co-operation and 
Development, 2024). Similarly, the Institute for Healthcare Improvement identifies length of stay as 
a well-established measure of hospital efficiency, directly impacting capacity and expenditures 
(Institute for Healthcare Improvement, 2024). Mortality, on the other hand, is a fundamental measure 
of patient safety and the effectiveness of clinical interventions, reflecting both patient risk factors and 
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broader systemic healthcare performance. The World Health Organization reports that approximately 
one in every ten patients is harmed in healthcare settings, with over three million deaths annually at
tributed to unsafe care (World Health Organization, 2024). This highlights the need to monitor mortal
ity rates closely to enhance patient safety and improve the quality of interventions.

The relationship between mortality and hospitalization duration is sophisticated, shaped by various 
aspects. Patients with severe conditions or multiple comorbidities often require extended hospital 
stays due to the complexity of their medical needs. A study on subjects with chronic disabilities found 
that higher comorbidity is associated with both longer stays and increased mortality rates (Rochon 
et al., 1996). Conversely, certain high-risk individuals may deteriorate rapidly, leading to early mortal
ity before an extended length of stay occurs. Research shows that older patients, particularly those 
with multiple chronic conditions, experience significantly longer durations and higher mortality rates 
than younger, healthier individuals (Lee & Park, 2025). Hospital practices also play a crucial role in in
fluencing both metrics. For instance, the intensity of care provided during the early stages of hospital
ization can impact patient outcomes. A study on staffing levels found that increased nursing hours are 
associated with a reduced risk of mortality, highlighting the importance of adequate staffing in im
proving discharge rates (Griffiths et al., 2019). Efficient discharge planning is another key factor in op
timizing hospitalization duration without compromising patient outcomes, with a meta-analysis 
demonstrating a significant reduction in length of stay following such interventions (Hunt-O’Connor 
et al., 2021). Moreover, individualized plans have been linked to shorter stays and lower readmission 
risks (Kim & Covey, 2022). Delays in discharge planning can lead to prolonged hospitalizations and an 
increased risk of adverse events. Yen et al. (2022) found that subjects experiencing unplanned read
missions after discharge have a higher likelihood of mortality, stressing the importance of continuous 
and effective planning services.

This article focuses on in-hospital mortality and length of stay among COVID-19 patients, empha
sizing their joint distribution. These outcomes are interconnected, and demographic, clinical, and 
laboratory factors simultaneously influence both hospitalization duration and mortality. Flexible 
predictive models have recently been applied to address this issue. For example, Chen et al. 
(2023) proposed a nonlinear neural network model to jointly predict length of stay and in-hospital 
mortality from tabular electronic health records. While their approach achieves solid predictive per
formance, it ultimately treats the two outcomes as conditionally independent given covariates. As a 
result, relevant aspects of the joint distribution remain unexplored. To address this, the copula addi
tive distributional regression framework of Marra and Radice (2025) is employed. To our knowledge, 
this is the first study to simultaneously model these hospital metrics, providing a comprehensive 
probabilistic characterization of them at the individual level. Model estimation is carried out using 
a computationally efficient and stable penalized maximum likelihood technique, while inference is 
based on results for models fitted via penalized log-likelihood methods. The framework is imple
mented in the R package GJRM (Marra & Radice, 2026), which provides tools for fitting flexible copula 
regression models and producing intuitive numerical and visual summaries. This makes the ap
proach accessible to healthcare practitioners, facilitating data-driven decision-making and enhan
cing clinical insights.

The copula regression framework provides a detailed understanding of the complex, intertwined 
dynamics of in-hospital mortality and length of stay. The proposed analysis of patients admitted 
with COVID-19 during the first surge of the pandemic in New York City reveals that the probability 
of discharge and hospitalization duration were positively associated, with stronger dependence be
tween lower likelihood of discharge and shorter lengths of stay. Patient characteristics, such as 
age, oxygenation, renal function and inflammation markers, modify this dependence. The method
ology enables clinicians and healthcare planners to assess patient-level risks in a probabilistic and in
terpretable way, identify opportunities for targeted intervention and understand how different patient 
subgroups are likely to progress.

The article is structured as follows. Section 2 introduces the building blocks of the adopted model, 
while Sections 3 and 4 discuss parameter estimation, selected model-based statistics and inferential 
aspects. Section 5 presents a detailed case study of COVID-19 patient data, jointly analysing in- 
hospital mortality and length of stay, and highlighting the practical implications for hospital 
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operations. The analysis illustrates the complex dynamics of these metrics and the clinically meaning
ful insights they provide for patient management, risk stratification and resource planning. Finally, 
Section 6 summarizes the main contributions and outlines directions for future research.

2 The model
Consider a pair of random variables for representing mortality and length of stay: Y1 ∈ {0, 1} and 
Y2 ∈ N0. The mortality indicator follows a Bernoulli distribution, Y1 ∼ Bernoulli(μ1), while the length 
of stay, Y2 ∼ D2(μ2, σ2), is modelled using any of the distributions reported in Table 1. The distribution
al parameters are specified as gμ1

(μ1) = ημ1
(xμ1

; βμ1
), log (μ2) = ημ2

(xμ2
; βμ2

) and log (σ2) = ησ2
(xσ2 ; βσ2

). 
Three options are available for gμ1

(·), each ensuring that μ1 ∈ (0, 1): gμ1
(μ1) = Φ−1(μ1), the inverse of 

Φ(·), the cumulative distribution function (CDF) of the standard Gaussian distribution; 
gμ1

(μ1) = log (μ1/(1 − μ1)), the inverse of the standard logistic CDF; gμ1
(μ1) = log ( − log (1 − μ1)), the 

inverse of the standard Gumbel CDF. These correspond to the probit, logit and cloglog link 
functions.

The joint distribution of (Y1, Y2) can be represented as

P(Y1 = 0, Y2 ≤ y2) = C(F1(0; μ1), F2(y2; μ2, σ2); θ), (1) 

where F1(0; μ1) = P(Y1 = 0), F2(y2; μ2, σ2) denotes the marginal CDF of Y2, C : (0, 1)2
→ (0, 1) is a two- 

place copula function with dependence parameter θ specified as gθ(θ) = ηθ(xθ; βθ), and gθ(·) is a 
known monotonic one-to-one transformation ensuring that θ remains within its valid range. 
Table 2 presents the available choices for specifying the copula. These families capture a wide 
spectrum of dependence patterns, including diverse tail behaviours and strengths of association, 
offering the flexibility needed for a broad range of applications; see Joe (2014) and Nelsen (2006)
for a comprehensive introduction to copula theory. For copulae that only support positive 
dependence (e.g. Clayton and Joe), counter-clockwise rotated versions are obtained as 
follows: C90(u1, u2; θ) = u2 − C(1 − u1, u2; θ), C180(u1, u2; θ) = u1 + u2 − 1 + C(1 − u1, 1 − u2; θ) and 
C270(u1, u2; θ) = u1 − C(u1, 1 − u2; θ), where the subscript of C indicates the degree of rotation, and 
u1 and u2 are the shorthand notations for the marginal CDFs used in equation (1). The additive pre
dictor η·(x·; β·) ∈ R depends on a set of regressors x· and parameter vector β·, allowing for various 
types of covariate effects as detailed in Section 2.1.

Recalling that the marginal probability mass function (PMF) of Y2 can be expressed as 
f2(y2; μ2, σ2) = F2(y2; μ2, σ2) − F2(y2 − 1; μ2, σ2), the joint PMF of (Y1, Y2) is given by

f12(y1, y2; μ1, μ2, σ2, θ) = Q1−y1
1 Qy1

2 , (2) 

Table 1. Definition and key properties of selected count distributions

Distribution f (y; μ, σ) E(Y) V(Y)

Poisson (P) exp (−μ)μy

y!
μ μ

Negative binomial type I (NBI) Γ(y+1/σ)
Γ(1/σ)Γ(y+1) ( σμ

1+σμ )y( 1
1+σμ )1/σ μ μ + σμ2

Negative binomial type II (NBII) Γ(y+μ/σ)σy

Γ(μ/σ)Γ(y+1)(1+σ)y+μ/σ μ (1 + σ)μ

Poisson Inverse Gaussian (PIG) ( 2ϖ
π )0.5 μy exp (1/σ)Υy−0.5(ϖ)

(ϖσ)y y!
μ μ + σμ2

Note. The distributional parameters μ and σ take values in (0, ∞), while y ∈ N0. Since the parameters must be positive, the 

transformation function g·(·) = log (·) is applied in all cases. Γ(·) is the gamma function, ϖ =
�������
1

σ2 + 2μ
σ

􏽱

and 
Υħ(ϖ) = 1

2

􏽒∞
0 xħ−1 exp { − 0.5ϖ(x + x−1)} dx is the modified Bessel function of the third kind. These distributions are 

parametrized as in Stasinopoulos et al. (2017), to which the reader is referred for details.
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where Q1 and Q2 denote the probability contributions for Y2 associated with Y1 = 0 and Y1 = 1, 
respectively. Specifically, Q1 = C(F1(0; μ1), F2(y2; μ2, σ2); θ) − C(F1(0; μ1), F2(y2 − 1; μ2, σ2); θ), and 
Q2 = f2(y2; μ2, σ2) − Q1.

The main practical advantage of copulae is that they allow the construction of a multivariate dis
tribution from arbitrary marginal CDFs and a specified dependence function. Another key benefit is 
that the selection of the marginal distributions and the dependence structure can be treated as sep
arate but related tasks, which aids in model building. A potential challenge arises when the margins 
are not continuous, as this can affect the identifiability of the copula function. However, as noted by 
several authors (e.g. Trivedi & Zimmer, 2007; Yang et al., 2020), this issue is generally not a concern in a 
regression context with one or more continuous covariates: such regressors expand the ranges of 
F1(0; μ1) and F1(y2; μ2, σ2) from discrete points to continuous intervals, ensuring the copula is uniquely 
determined within the region defined by their possible values.

2.1 Additive predictor
For ease of notation, consider an arbitrary ηi. The use of additive predictors provides a flexible mod
elling framework in which different types of covariate effects can be captured and estimated from the 
data, without relying on strong a priori assumptions about their functional relationships (Wood, 2017).

An additive predictor can be generically defined as

ηi = β0 +
􏽘K

k=1
sk(rki), 

Table 2. Definition of various copulae, along with the corresponding parameter range for θ and 
one-to-one transformation function of θ

Copula C(u1, u2; θ) Range of θ gθ(θ)

Ali-Mikhail-Haq (AMH) u1u2
1−θ(1−u1)(1−u2) [ − 1, 1] tanh−1 (θ)

Clayton (C0) (u−θ
1 + u−θ

2 − 1)−1/θ (0, ∞) log (θ)

Farlie-Gumbel-Morgenstern (FGM) u1u2{1 + θ(1 − u1)(1 − u2)} [ − 1, 1] tanh−1 (θ)

Frank (F) −θ−1 log {1 + ( exp { − θu1} − 1) R\{0} −

( exp { − θu2} − 1)/( exp { − θ} − 1)}
Galambos (GAL0) u1u2 exp [{( − log u1)−θ (0, ∞) log (θ)

+( − log u2)−θ}−1/θ]

Gaussian (N) Φ2(Φ−1(u1), Φ−1(u2); θ) [ − 1, 1] tanh−1 (θ)

Gumbel (G0) exp [ − {( − log u1)θ [1, ∞) log (θ − 1)
+( − log u2)θ}1/θ]

Joe (J0) 1 − {(1 − u1)θ + (1 − u2)θ (1, ∞) log (θ − 1)
−(1 − u1)θ(1 − u2)θ}1/θ

Plackett (PL) (O1 −
���
O2
√

)/{2(θ − 1)} (0, ∞) log (θ)
Student’s t (T) t2,φ(t−1

φ (u1), t−1
φ (u2); φ, θ) [ − 1, 1] tanh−1 (θ)

Note. Here, u1 and u2 are the shorthand notations for the marginal CDFs in equation (1), Φ2( · , · ; θ) denotes the CDF of the 
standard bivariate Gaussian distribution with correlation coefficient θ, Φ(·) is the CDF of the standard univariate Gaussian 
distribution, t2,φ( · , · ; φ, θ) represents the CDF of the standard bivariate Student-t distribution with correlation θ and 
φ ∈ (2, ∞) degrees of freedom, tφ(·) is the CDF of the standard univariate Student-t distribution with φ degrees of freedom, 
O1 = 1 + (θ − 1)(u1 + u2) and O2 = O2

1 − 4θ(θ − 1)u1u2.
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where β0 ∈ R is an overall intercept and rki denotes the kth sub-vector of the complete covariate vector 
ri, obtained as the union of xiμ1

, xiμ2
, xiσ2 and xiθ. Each of the K terms is represented as a linear com

bination of Jk basis functions bkjk (rki) and regression coefficients βkjk
∈ R, that is,

sk(rki) =
􏽘Jk

jk=1
βkjk

bkjk (rki).

The vector of evaluations {sk(rk1), . . . , sk(rkn)}T can be written compactly as Rkβk, where 
βk = (βk1, . . . , βkJk

)T and the design matrix Rk has entries Rk[i, jk] = bkjk (rki).
Each sk(·) term is subject to centering constraints, imposed following the approach of Wood (2017). 

To control the structural properties of the kth function, such as smoothness, a quadratic penalty of the 
form λkβT

k Skβk is employed in model fitting, where λk ∈ (0, ∞) is the smoothing parameter regulating 
the trade-off between model fit and parsimony and Sk depends solely on the chosen spline basis. The 
overall penalty can be expressed as βTSλβ, where β = (β0, βT

1 , . . . , βT
K)T , Sλ = 0 ⊕ λ1S1 ⊕ · · ·⊕ λKSK

and λ = (λ1, . . . , λK)T , with ⊕ denoting the direct sum operator.
This formulation accommodates a wide variety of covariate effects, including nonlinear, spatial (e.g. 

Markov random field) and smooth interaction terms. Multiple types of basis functions and penalty 
structures are supported by the GJRM package (Marra & Radice, 2026), which builds upon the frame
work of Wood (2017), to whom the reader is referred for further methodological details. The following 
sections outline the model terms used in the case study.

2.1.1 Effects of binary and factor variables
In such cases, sk(rki) = rT

kiβk, where the design matrix Rk is obtained by stacking all covariate vectors 
rki. These effects are typically unpenalized, so that Sk = 0.

2.1.2 Nonlinear effects
These effects involve continuous covariates, such as age, and can be flexibly estimated from the data 
using the widely adopted penalized regression spline approach. The primary assumption is global 
smoothness, which requires the functions to be sufficiently differentiable. For a continuous variable 
rki, the design matrix Rk contains the evaluations of the Jk known spline bases bkjk (rki) for each obser
vation i. To enforce smoothness, a conventional and theoretically sound choice is 
Sk =

􏽒
mk(rk)mk(rk)T drk, where the jth

k element of mk(rk) is given by ∂2bkjk (rk)/∂r2
k , and the integration 

is performed over the range of rk. This framework accommodates various definitions of basis functions 
and penalty structures, including penalized cubic regression and B-splines.

When setting up a smooth term, one must specify the type of spline, the number of basis functions 
Jk and, in most cases, the knot locations. For a one-dimensional smooth, the specific choice of spline 
basis generally has little impact on the results. Moreover, Jk is usually set to 10, which provides suffi
cient flexibility in most applications; however, analyses with larger values can be conducted to assess 
the sensitivity of the estimates to Jk. Knots can be placed evenly across the range of the covariate or 
according to its percentiles. For thin-plate regression splines, as adopted in the case study, only the 
choice of Jk is required (Wood, 2017).

3 Estimation
Given a random sample (yi1, yi2, ri)n

i=1, the parameter estimator β̂ = (β̂T
μ1

, β̂T
μ2

, β̂T
σ2

, β̂T
θ)T is obtained via 

penalized maximum likelihood, as described below.
Based on equation (2), the log-likelihood of the mixed binary and count outcomes copula regression 

model is defined as

ℓ(β) =
􏽘n

i=1
(1 − yi1) log Qi1( ) + yi1 log Qi2( ), 

where Qi1 and Qi2 are the observation-specific versions of Q1 and Q2, with all the parameters indexed 
by i to account for individual outcomes and covariate effects. Due to the flexibility afforded by the 
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modelling framework in specifying the model equations, the log-likelihood is augmented by a quad
ratic penalty. That is,

ℓp(β) = ℓ(β) −
1
2
βTSλβ, (3) 

where Sλ, now defined for all the additive predictors in the model, is given by 
Sλβμ1

⊕ Sλβμ2
⊕ Sλβσ2

⊕ Sλβθ
, and λ collects all the associated smoothing parameter vectors.

Estimation of β and λ is performed using the efficient and stable penalized likelihood approach de
scribed in Marra et al. (2020), which employs a trust-region algorithm with integrated automatic mul
tiple smoothing parameter selection. When provided with the analytical score and Hessian, the 
trust-region method converges super-linearly to a point satisfying the second-order sufficient condi
tions. This approach performs well even for nonconcave problems or functions with nearly flat regions, 
and is generally more stable and faster than in-line search methods (Nocedal & Wright, 2006, Chapter 
4). The computational framework used for the estimation of smoothing parameters also requires the 
availability of analytical first- and second-order derivatives.

The effective degrees of freedom (edf) of a model whose parameters are subject to penalization is 
given by edf = tr[ − H(β̂){ − Hp(β̂)}−1], where tr(·) denotes the trace operator, β̂ is the estimated param
eter vector, H(β̂) is the Hessian of the negative log-likelihood at β̂, and Hp(β̂) = H(β̂) − Sλ is the penal
ized Hessian (e.g. Marra & Radice, 2020). Equivalently, edf = ψ − tr[{ − Hp(β̂)}−1Sλ], where ψ = dim (β). 
From this expression, it is clear that as λ→ 0, edf → ψ, whereas as λ→∞, edf → ψ − ζ , where ζ is 
the total number of model parameters subject to penalization. For intermediate values 0 < λ < ∞, the 
model edf lies in the range [ψ − ζ , ψ]. The edf of a single smooth or penalized component is obtained 
by summing the corresponding trace elements.

3.1 Model-based statistics
The copula-based regression framework allows for the direct estimation of the joint PMF of the out
comes for a given patient profile r̃,

P(Y1 = y1, Y2 = y2; r̃, β), y1 ∈ {0, 1}, y2 ∈ N0.

This is crucial for understanding the co-occurrence and dependencies between mortality (or discharge) 
and length of stay, providing a comprehensive probabilistic characterization of these hospital metrics.

Although not central to the present analysis, natural byproducts of the copula model include ex
pectations, such as E(Y2 ∣ Y1 = 0; r̃, β) = 1

F1(0; μ1)
􏽐∞

y2=1 y2 f12(0, y2; μ1, μ2, σ1, σ2, θ), as well as condition
al probabilities. The infinite sum in the conditional expectations is evaluated numerically by 
sequentially summing over increasing values of y2 until the change between successive partial 
sums becomes negligibly small, for example less than 10−5 times the previous sum. The estimators 
of all these quantities are derived by substituting β for β̂.

4 Inferential aspects
Interval estimation is derived from the framework presented in Wood et al. (2016) for models fitted via 
penalized log-likelihoods of the general form (3). In particular, inference proceeds under the approxi
mation β∼· N (β̂, Vβ), with Vβ = { − Hp(β̂)}−1. The penalty term can be interpreted as favouring smooth
er model estimates, which is equivalent to imposing a Gaussian prior on β of the form 
fβ ∝ exp { − βTSλβ/2}. While a Bayesian parameter estimation approach is not adopted here, this con
nection provides a clear justification for employing Vβ as the covariance matrix. Notably, this formu
lation simultaneously accounts for sampling variability and smoothing bias, producing intervals with 
coverage close to the nominal level (e.g. Marra & Wood, 2012).

For nonlinear functions of the model coefficients, intervals can be conveniently obtained via posterior 
simulation. For example, a (1 − ϑ)100% interval for P(Y1 = y1, Y2 = y2; r̃, β) can be constructed as 
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follows: draw V random vectors βv, v = 1 . . . , V, from the approximate distribution of β; compute the V 
corresponding realizations of the function of interest, P(Y1 = y1, Y2 = y2; r̃, βv); take the (ϑ/2)th and 
(1 − ϑ/2)th empirical quantiles of these values. In practice, ϑ is often set to 0.05, and V = 100 generally 
yields reliable results, although it can be increased if more precision is desired. Note that the resulting 
distribution of a nonlinear function of the model parameters need not be symmetric.

Well-calibrated p-values for the model terms are obtained following the approach described in 
Wood (2017, Section 6.12), which employs Vβ as the covariance matrix.

5 Hospital length of stay and mortality
This study investigates in-hospital length of stay (los) and mortality (death) among patients admit
ted with COVID-19 between March 1 and April 16, 2020, modelled jointly through the copula-based re
gression framework. This period corresponds to the first surge of the COVID-19 pandemic in New York 
City, when hospitals were experiencing unprecedented case volumes, and clinical management strat
egies were still rapidly evolving. The dataset was derived from a large urban healthcare system in the 
Bronx, New York (Montefiore Medical Center and affiliated hospitals), using the Clinical Looking Glass 
platform (Streamline Health, Atlanta, Georgia) and supplemented with primary medical record review, 
as originally described in Altschul et al. (2020). The original dataset is publicly available at https:// 
figshare.com/s/79827c396af7df42b3d7?file=24020852.

The study population consists of hospitalized patients with laboratory-confirmed SARS-CoV-2 infec
tion documented at or prior to admission, reflecting predominantly community-acquired infections. 
Almost all patients tested positive at or before admission, making it unlikely that many acquired 
COVID-19 during their hospital stay. However, systematic screening for hospital-acquired infections 
was not performed, so a small number of nosocomial cases cannot be ruled out. Patient characteris
tics included demographics, comorbidities, vital signs and laboratory values recorded at admission. 
The variable names and their definitions are summarized in Table 3, while the corresponding descrip
tive statistics for the study population (n = 4711) are presented in Table 4. Several laboratory bio
markers, including D-dimer, glucose, interleukin-6 (IL-6), ferritin and procalcitonin, were excluded 
from the statistical analysis because a substantial proportion of their values were missing (ranging 
from approximately 40% to over 70% of observations).

In this cohort, the observed in-hospital mortality rate was approximately 24%, reflecting the high 
severity of illness and limited treatment options during the first wave of the pandemic (notably higher 
than mortality rates observed in later waves, when treatment protocols, vaccination and viral variants 
reduced overall mortality). As the data were collected during the early phase and within a single 
healthcare network serving a predominantly urban population with a high burden of comorbidities, 
the models estimated on this dataset may reflect disease severity, clinical practices and mortality risks 
specific to that period. Therefore, caution is warranted when generalizing findings to later stages of 
the pandemic or to different healthcare settings.

The analysis was conducted on 3336 complete cases, obtained after excluding observations with 
missing values. To assess the impact of this exclusion, the outcomes and selected baseline character
istics were compared between the full cohort and the complete-case subset, as reported in Table 5. 
Length of stay and in-hospital mortality are similar across the two cohorts. The distributions of age 
and major clinical severity indicators are broadly comparable, suggesting that restricting the analysis 
to complete cases may not have meaningfully changed the overall composition of the study popula
tion. Nevertheless, because missingness may reflect underlying differences in disease severity or clin
ical care, some degree of selection bias within the complete-case cohort cannot be excluded.

5.1 Model building
As discussed in Section 2, the specification of the marginal models and the dependence structure can 
be treated as separate but related tasks, which provides a coherent framework for the overall mod
elling strategy.

J R Stat Soc Series A: Statistics in Society, 2026, Volume 00, Issue 0                                                                                                                7
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssa/advance-article/doi/10.1093/jrsssa/qnag070/8699851 by guest on 30 June 2026

https://figshare.com/s/79827c396af7df42b3d7?file=24020852
https://figshare.com/s/79827c396af7df42b3d7?file=24020852


Ta
bl

e 
3.

 D
efi

ni
tio

n 
an

d 
co

di
ng

 o
f t

he
 v

ar
ia

bl
es

 u
se

d 
in

 th
e 

ca
se

 s
tu

dy

R
 v

ar
ia

bl
e 

na
m

e
De

sc
ri

pt
io

n
Co

di
ng

U
ni

ts

l
o
s

Le
ng

th
 o

f h
os

pi
ta

l s
ta

y
Di

sc
re

te
 v

ar
ia

bl
e

da
ys

d
e
a
t
h

In
-h

os
pi

ta
l m

or
ta

lit
y

0
=

no
, 1

=
ye

s
–

m
i

H
is

to
ry

 o
f m

yo
ca

rd
ia

l i
nf

ar
ct

io
n

0
=

no
, 1

=
ye

s
–

p
v
d

Pe
rip

he
ra

l v
as

cu
la

r d
is

ea
se

0
=

no
, 1

=
ye

s
–

c
h
f

Co
ng

es
tiv

e 
he

ar
t f

ai
lu

re
0

=
no

, 1
=

ye
s

–
c
v
d

Ca
rd

io
va

sc
ul

ar
 d

is
ea

se
 (o

th
er

 th
an

 m
i
 

or
 c
h
f

)
0

=
no

, 1
=

ye
s

–

d
e
m
e
n
t
i
a

De
m

en
tia

 (a
ny

 c
au

se
)

0
=

no
, 1

=
ye

s
–

c
o
p
d

Ch
ro

ni
c 

ob
st

ru
ct

iv
e 

pu
lm

on
ar

y 
di

se
as

e
0

=
no

, 1
=

ye
s

–
d
m
.
c
o
m
p
l
i
c
a
t
e
d

Di
ab

et
es

 m
el

lit
us

 w
ith

 c
om

pl
ic

at
io

ns
0

=
no

, 1
=

ye
s

–
d
m
.
s
i
m
p
l
e

Di
ab

et
es

 m
el

lit
us

 w
ith

ou
t c

om
pl

ic
at

io
ns

0
=

no
, 1

=
ye

s
–

r
e
n
a
l
.
d
i
s
e
a
s
e

Ch
ro

ni
c 

ki
dn

ey
 d

is
ea

se
0

=
no

, 1
=

ye
s

–
a
l
l
.
c
n
s

An
y 

ce
nt

ra
l n

er
vo

us
 s

ys
te

m
 c

on
di

tio
n

0
=

no
, 1

=
ye

s
–

p
u
r
e
.
c
n
s

Is
ol

at
ed

 c
en

tr
al

 n
er

vo
us

 s
ys

te
m

 d
is

ea
se

0
=

no
, 1

=
ye

s
–

s
t
r
o
k
e

H
is

to
ry

 o
f s

tr
ok

e
0

=
no

, 1
=

ye
s

–
s
e
i
z
u
r
e

H
is

to
ry

 o
f s

ei
zu

re
s

0
=

no
, 1

=
ye

s
–

o
l
d
.
s
y
n
c
o
p
e

H
is

to
ry

 o
f s

yn
co

pe
0

=
no

, 1
=

ye
s

–
o
l
d
.
o
t
h
e
r
.
n
e
u
r
o

O
th

er
 n

eu
ro

lo
gi

ca
l h

is
to

ry
0

=
no

, 1
=

ye
s

–
o
t
h
e
r
.
b
r
a
i
n
.
l
e
s
i
o
n

O
th

er
 b

ra
in

 le
si

on
0

=
no

, 1
=

ye
s

–
a
g
e

Pa
tie

nt
 a

ge
Co

nt
in

uo
us

 v
ar

ia
bl

e
ye

ar
s

m
a
p

M
ea

n 
ar

te
ria

l p
re

ss
ur

e
Lo

w
 (<

65
), 

N
or

m
al

 (6
5–

10
0)

, H
ig

h 
(>

10
0)

m
m

H
g

i
n
r

In
te

rn
at

io
na

l n
or

m
al

iz
ed

 ra
tio

N
or

m
al

 (0
.7

–1
.2

), 
El

ev
at

ed
 (>

1.
2)

–
b
u
n

Bl
oo

d 
ur

ea
 n

itr
og

en
N

or
m

al
 (

≤
20

), 
M

ild
ly

 e
le

va
te

d 
(2

1–
40

), 
Se

ve
re

ly
 e

le
va

te
d 

(>
40

)
m

g/
dL

c
r
e
a
t
i
n
i
n
e

Se
ru

m
 c

re
at

in
in

e
N

or
m

al
 (≤

1.
2)

, M
ild

ly
 e

le
va

te
d 

(1
.3

–2
.0

), 
H

ig
h 

(>
2.

0)
m

g/
dL

s
o
d
i
u
m

Se
ru

m
 s

od
iu

m
H

yp
on

at
re

m
ia

 (<
13

5)
, N

or
m

al
 (1

35
–1

45
), 

H
yp

er
na

tr
em

ia
 (>

14
5)

m
m

ol
/L

a
s
t

As
pa

rt
at

e 
am

in
ot

ra
ns

fe
ra

se
N

or
m

al
 (≤

40
), 

H
ig

h 
(>

40
)

U
/L

a
l
t

Al
an

in
e 

am
in

ot
ra

ns
fe

ra
se

N
or

m
al

 (≤
55

), 
H

ig
h 

(>
55

)
U

/L
w
b
c

W
hi

te
 b

lo
od

 c
el

l c
ou

nt
Lo

w
 (<

4)
, N

or
m

al
 (4

–1
1)

, H
ig

h 
(>

11
)

×1
03 /

μL

(c
on

tin
ue

d)

8                                                                                                                J R Stat Soc Series A: Statistics in Society, 2026, Volume 00, Issue 0
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssa/advance-article/doi/10.1093/jrsssa/qnag070/8699851 by guest on 30 June 2026



Ta
bl

e 
3.

 C
on

tin
ue

d

R
 v

ar
ia

bl
e 

na
m

e
De

sc
ri

pt
io

n
Co

di
ng

U
ni

ts

c
r
p

C-
re

ac
tiv

e 
pr

ot
ei

n
N

or
m

al
 (<

5)
, M

ild
ly

 e
le

va
te

d 
(5

–2
0)

, H
ig

h 
(>

20
)

m
g/

L
t
r
o
p
o
n
i
n

Se
ru

m
 tr

op
on

in
N

or
m

al
 (≤

0.
04

), 
El

ev
at

ed
 (>

0.
04

)
ng

/m
L

r
a
c
e

Ra
ce

 o
r e

th
ni

ci
ty

As
ia

n,
 B

la
ck

, L
at

in
o,

 W
hi

te
–

o
x
y
g
e
n
a
t
i
o
n

O
xy

ge
n 

sa
tu

ra
tio

n 
ca

te
go

ry
N

or
m

al
 (≥

95
%

), 
M

ild
 h

yp
ox

em
ia

 (9
0–

94
%

), 
M

od
er

at
e/

Se
ve

re
 h

yp
ox

em
ia

 
(≤

89
%

)
%

t
e
m
p
e
r
a
t
u
r
e

Bo
dy

 te
m

pe
ra

tu
re

H
yp

ot
he

rm
ia

 (<
36
◦

C)
, N

or
m

al
 (3

6–
37

.9
◦

C)
, F

ev
er

 (≥
38
◦
C)

◦
C

p
l
a
t
e
l
e
t
s

Pl
at

el
et

 c
ou

nt
Lo

w
 (<

15
0)

, N
or

m
al

 (1
50

–4
50

), 
H

ig
h 

(>
45

0)
×1

03 /
μL

l
y
m
p
h
o
c
y
t
e
s

Ly
m

ph
oc

yt
e 

co
un

t
Lo

w
 (<

1.
0)

, N
or

m
al

 (1
.0

–3
.5

), 
hi

gh
 (>

3.
5)

×1
03 /

μL

J R Stat Soc Series A: Statistics in Society, 2026, Volume 00, Issue 0                                                                                                                9
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssa/advance-article/doi/10.1093/jrsssa/qnag070/8699851 by guest on 30 June 2026



Table 4. Descriptive statistics of the outcomes, demographics, vital signs, comorbidities and 
laboratory values in the study population (n = 4711)

Outcomes

los Median [IQR] 5 [3− 9]
Mean (range) 7.16 (0− 56)

death Proportion 24.4%

Demographics and Vitals

age Median [IQR] 65 [54–76] oxygenation Normal 55.5%

Mean (range) 63.4 (18–103) Mild 24.8%

race Asian 3.1% Moderate/Severe 19.7%

Black 44.4% temperature Normal 77.6%

Latino 42.4% Fever 20.0%

White 10.1% Hypothermia 2.4%

map Normal 72.0%

Low 9.8%

High 18.2%

Comorbidities

mi Yes 4.3% dm.complicated Yes 10.5%

pvd Yes 18.0% dm.simple Yes 14.6%

chf Yes 11.5% renal.disease Yes 17.7%

cvd Yes 10.7% all.cns Yes 12.9%

dementia Yes 7.9% pure.cns Yes 10.4%

copd Yes 5.6% stroke Yes 1.2%

old.other.neuro Yes 3.1% seizure Yes 0.8%

other.brain.lesion Yes 0.6% old.syncope Yes 1.9%

Laboratory values

platelets Normal 78.0% creatinine Normal 56.3%

Low 17.8% Mild 20.7%

High 4.2% High 23.0%

inr Normal 80.2% sodium Normal 62.1%

Elevated 19.8% Hyponatremia 27.3%

Hypernatremia 10.6%

bun Normal 53.2% ast Normal 51.3%

Mildly elevated 23.9% High 48.7%

Severely elevated 22.9%

alt Normal 82.0% wbc Normal 70.3%

High 18.0% Low 7.7%

High 22.0%

lymphocytes Normal 52.8% crp Normal 30.2%

Low 45.3% Mild 48.3%

High 1.9% High 21.5%

troponin Normal 79.4% Elevated 20.6%

Note. The variables los and age are summarized as median [IQR] and mean (range). For the remaining variables, 
percentages are shown (absolute counts omitted for compactness). The proportion of missing values in the variables 
shown in this table ranged from 0% to 19.0%.
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All the covariates listed in Table 3 were considered in the modelling of los and death. Their effects 
were specified through additive predictors, incorporating smooth functions for age to flexibly capture 
potential nonlinear associations. Categorical variables were represented using standard dummy (in
dicator) coding, with a separate parameter for each category. To maintain model parsimony and in
terpretability, interaction terms were not included; however, the approach readily accommodates 
them if specific interactions are of scientific interest or merit exploration.

For the binary response, various link functions were evaluated, while for the count outcome, mul
tiple candidate distributions were explored. Model choice was guided by convergence diagnostics, 
information criteria and residual evaluation. Covariate selection then followed. Finally, the associ
ation between the outcomes was investigated using copulae, employing various families and addi
tive predictor configurations to determine the dependence structure with the strongest empirical 
support.

The Akaike Information Criterion (AIC) (Akaike, 1998), here generically defined as 
AIC = −2ℓ(β̂) + 2edf , was used throughout the model-building process. Residual analysis for the mar
ginal models was performed using randomized quantile residuals, defined as eij = Φ−1(uij) for 
i = 1, . . . , n and j = 1, 2, where, for the binary outcome, ui1 was drawn from a uniform distribution 
on [0, F1(0; μ̂i1)] when yi1 = 0 and on [F1(0; μ̂i1), 1] when yi1 = 1, whereas for the count outcome, ui2

was drawn from a uniform on [F2(yi2; μ̂i2, σ̂i2) − f2(yi2; μ̂i2, σ̂i2), F2(yi2; μ̂i2, σ̂i2)] (Dunn & Smyth, 1996). 
Under correct model specification, eij ∼a N (0, 1), assessed via normal Q–Q plots. It should be noted 
that, for binary outcomes, residuals are not very informative (e.g. Collett, 2002), and carrying out a 
sensitivity analysis using alternative link functions is generally preferable, although experience sug
gests that this choice typically does not substantially affect model fit.

Bivariate randomized quantile residuals (e.g. Hohberg et al., 2021) were used to perform an overall 
assessment of the copula regression models. They are defined here as ei = (ei1, ei2∣1)T , where 
ei2∣1 = Φ−1(ui2∣1) represents the conditional residual for the count outcome, with ui2∣1 drawn from a uni
form distribution on

Table 5. Comparison of the outcomes and selected predictors between the full cohort and the 
complete-case subset

Full cohort (n = 4711) Complete cases (n = 3336)

los Median [IQR] 5 [3–9] Median [IQR] 5 [3–10]
Mean 7.16 Mean 7.45

death % 24.4% % 23.5%

age Median [IQR] 65 [54–76] Median [IQR] 65 [55–76]
Mean 63.4 Mean 64.3

oxygenation Normal 55.5% Normal 50.7%

Mild 24.8% Mild 27.2%

Moderate/Severe 19.7% Moderate/Severe 22.1%

map Normal 72.0% Normal 72.6%

Low 9.8% Low 9.9%

High 18.2% High 17.5%

creatinine Normal 56.3% Normal 55.4%

Mild 20.7% Mild 21.0%

High 23.0% High 23.6%

crp Normal 30.2% Normal 29.1%

Mild 48.3% Mild 49.0%

High 21.5% High 21.9%

Note. Length of stay (los) and age are summarized as median [IQR] and mean, whereas mortality is reported as a 
percentage. Other variables are shown as percentages within categories.
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C(F1(0; μ̂i1 ), F2(yi2 ; μ̂i2 , σ̂i2)−f2(yi2 ; μ̂i2 , σ̂i2 ); θ̂i)
F1(0; μ̂i1 ) ,

C(F1(0; μ̂i1), F2(yi2; μ̂i2, σ̂i2 ); θ̂i )
F1(0; μ̂i1 )

⎡

⎣

⎤

⎦, when yi1 = 0 

and

F2(yi2 ; μ̂i2 , σ̂i2 )−f2(yi2 ; μ̂i2 , σ̂i2 )−C(F1(0; μ̂i1 ), F2(yi2 ; μ̂i2 , σ̂i2 )−f2(yi2; μ̂i2, σ̂i2 ); θ̂i)
F1(1; μ̂i1 ) ,

F2(yi2 ; μ̂i2 , σ̂i2 )−C(F1(0; μ̂i1 ), F2(yi2 ; μ̂i2 , σ̂i2 ); θ̂i)
F1(1; μ̂i1 )

⎡

⎣

⎤

⎦, when yi1 = 1.

For a correctly specified joint model, ei approximately follows a bivariate standard normal distribution 
with independent components. Since ei1 ∼a N (0, 1) and ei2∣1 ∼a N (0, 1), it then follows that eT

i ei ∼a χ2(2), 
assessed via a Q–Q plot.

5.1.1 Marginal distributions
For the binary response, representing mortality and modelled using a Bernoulli distribution, the 
probit, logit and cloglog link functions were evaluated. Since all the candidate models yielded 
similar AIC values, the logit link was selected for its interpretability and familiarity among clinicians.

For the length of hospital stay, the distributions in Table 1 were assessed through normal Q–Q plots 
and convergence diagnostics. Overall, all the models except the Poisson exhibited satisfactory conver
gence and residual behaviour, with the Negative Binomial Type I showing the most well-behaved 
residuals.

The marginal models were then refined. In the μ1 equation, the smooth term of age was replaced by 
a linear effect, as its edf equalled 1. In the μ2 and σ2 equations, the smooth terms of age displayed 
nonlinear patterns and were therefore retained. Backward selection based on p-values, using a 5% 
significance level, was then applied to remove covariates showing little statistical support. Figure 1
generally corroborates the chosen count distribution, despite some lack of fit in the upper tail.

Figure 1. Normal Q–Q plot of randomized quantile residuals for the count outcome, derived from a Clayton copula 
additive distributional regression model with Bernoulli (logit link) and NBI margins fitted to COVID-19 hospital 
data. Shaded bands correspond to 95% pointwise reference intervals obtained from 1000 repeated samples from the 
standard normal distribution.
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5.1.2 Copula selection
The dependence between the chosen marginals was captured using the families listed in Table 2. A 
Gaussian copula was initially considered, with the correlation parameter expressed as a function of co
variate effects. Since the estimated relationship was consistently positive across observations, the sub
sequent search was restricted to copulae permitting only positive dependence, including the Clayton 
and its 180-degree rotation, AMH, FGM, Frank, Joe and its 180-degree rotation, Plackett, and Student’s 
t copula with degrees of freedom ranging from 3 to 6 (chosen as a representative range for the application 
considered). Given that the overall estimated correlation was weak to moderate, with a value of 0.29, the 
Gumbel and Galambos copulae were not considered, not for theoretical reasons, but because at this level 
of dependence they exhibit patterns very similar to those of the Clayton and Joe; including them would 
have added little new information while increasing the number of candidate models and the computa
tional burden. The reduced set was deemed sufficient to capture the form of dependence in the case 
study; however, in applications demonstrating stronger association, the Gumbel and Galambos may offer 
additional insight. As for the Student’s t, the lack of empirical support made it unnecessary to consider 
additional degrees of freedom. Once the copula most supported by the data was determined, the cova
riates for the dependence parameter were selected via backward elimination using p-values and a 5% 
significance level. Following a reviewer’s suggestion, a simpler specification in which the dependence par
ameter was assumed constant, i.e. modelled using an intercept only, was also evaluated.

Copula selection was guided primarily by the AIC, which, as summarized by Czado (2019, Section 
8.1), is widely recommended for establishing the copula family. Following the discussion in Czado
(2019, Section 9.3), the Vuong test (Vuong, 1989) was also applied, which compares two competing 
models by computing the difference in their log-likelihoods, standardized by the corresponding stand
ard error. Under the null hypothesis that two models are observationally equivalent, the resulting stat
istic follows a standard normal distribution.

Table 6 indicates that the Clayton (C0) with a varying dependence parameter provided the best fit 
according to the AIC. The alternative J180 produced a virtually identical fit, which was expected given 
the level of association between the marginals and the fact that both C0 and J180 capture similar asym
metric dependence. This suggested that the substantive conclusions of the analysis were unlikely to be 
affected by the choice of asymmetric copula. The Vuong test, computed as the number of pairwise wins 
across all comparisons, broadly supported this conclusion. For the models with a constant dependence 

Table 6. Comparison of copula models in terms of AIC and Vuong wins

Copula AIC 
(covariate-dependent)

Vuong 
(covariate-dependent)

AIC 
(constant)

Vuong 
(constant)

C0 22,738.18 8 22,773.75 7
J180 22,738.87 8 22,777.75 6
F 22,740.59 8 22,784.63 5
N 22,740.40 7 22,767.80 10
PL 22,740.45 7 22,784.94 6
C180 22,770.54 3 22,789.09 3
T6 22,770.67 3 22,791.19 3
AMH 22759.38 2 22,784.27 4
T5 22,778.29 2 22,798.03 2
FGM 22762.10 1 22,783.69 5
J0 22,782.11 1 22,802.15 1
T4 22,790.15 1 22,808.88 1
T3 22,810.48 0 22,827.89 0

Note. Columns 2–3 report the AIC and number of Vuong wins for the models in which the dependence parameter is allowed 
to vary with covariate effects (covariate-dependent specification), whereas columns 4–5 report the same statistics for the 
simpler specification in which the dependence parameter is constant.
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parameter, the situation differed: the N copula achieved the lowest AIC and highest number of Vuong 
wins, followed by C0. Nevertheless, the covariate-dependent specification was generally preferred, 
both based on the AIC and for substantive interpretation, as it allowed for a richer understanding of 
how dependence varies with covariate effects, providing more detailed insights into the structure of 
the joint distribution. The overall adequacy of the copula models was assessed using Q–Q plots of the 
sum of squared bivariate randomized quantile residuals, with Figure 2 supporting the selected model.

5.2 The final model
The chosen model is based on a Clayton copula combining a Bernoulli distribution with a logit link 
and a Negative Binomial Type I, where the model parameters are specified as Φ−1(μ1) = ημ1

(xμ1
; βμ1

), 
log (μ2) = ημ2

(xμ2
; βμ2

), log (σ2) = ησ2
(xσ2 ; βσ2

) and log (θ) = ηθ(xθ; βθ), with additive predictors given by

ημ1
xμ1

; βμ1

􏼐 􏼑
= β0μ1

+ β1μ1
pure.cnsYes + β2μ1

age + β3μ1
oxygenationMild + β4μ1

oxygenationMod/Sev

+ β5μ1
temperatureHypothermia + β6μ1

temperatureFever + β7μ1
mapLow + β8μ1

mapHigh

+ β9μ1
creatinineMild + β10μ1

creatinineHigh + β11μ1
astHigh + β12μ1

lymphocytesLow

+ β13μ1
lymphocytesHigh + β14μ1

crpMild + β15μ1
crpHigh + β16μ1

troponinElevated,

ημ2
xμ2

; βμ2

􏼐 􏼑
= β0μ2

+ β1μ2
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Figure 2. Q–Q plot of the sum of squared bivariate randomized quantile residuals against the χ2(2) distribution, 
derived from a Clayton copula additive distributional regression model with Bernoulli (logit link) and NBI margins 
fitted to COVID-19 hospital data. Shaded bands correspond to 95% pointwise reference intervals obtained from 1000 
repeated samples from the χ2(2) distribution.
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and

ηθ xθ; βθ
( 􏼁

= β0θ + β1θage + β2θoxygenationMild + β3θoxygenationMod/Sev

+ β4θmapLow + β5θmapHigh + β6θcreatinineMild + β7θcreatinineHigh

+ β8θcrpMild + β9θcrpHigh.

Model convergence was satisfactory, with the maximum absolute gradient effectively equal to zero 
and a positive definite observed information matrix.

5.2.1 Model fitting in R
The copula modelling framework is available in the R package GJRM (Marra & Radice, 2026), which 
facilitates model estimation and inference, and provides easily interpretable numerical and graphical 
summaries. The model can be implemented using the following code 

library(GJRM)
eqmu1 <- death ∼ pure.cns + age + oxygenation + temperature + map +  

creatinine + ast + lymphocytes + crp + troponin
eqmu2 <- los   ∼ pure.cns + s(age) + oxygenation + temperature + map + 

creatinine + sodium + lymphocytes + crp
eqsi2 <-    ∼ s(age) + oxygenation + map + sodium + lymphocytes
eqthe <-     ∼ age + oxygenation + map + creatinine + crp 

outC0 <- gjrm(list(eqmu1, eqmu2, eqsi2, eqthe), data = hosp,
margins = c(“logit”, “NBI”), copula = “C0”, model = “B”)

where the various equations have the obvious interpretations, the data argument indicates the 
dataset used, margins defines the marginal distributions, copula specifies the copula function 
adopted to model the dependence between the responses and model = “B” indicates that a bivariate 
model is being fitted. Post-estimation functions such as conv.check(), copula.prob(), 
vuong.test(), summary() and plot() can be employed to check for convergence, perform 
model comparisons and extract numerical and visual summaries.

5.2.2 Covariate effects on μ1
Several clinical and laboratory variables as well as age had an impact on in-hospital mortality. The 
related estimated coefficients, standard errors and p-values are presented in Table 7. Specifically, 
age was a strong predictor, with each additional year increasing the odds of death (OR) by approxi
mately 4%, consistent with the fact that older patients face higher COVID-19 mortality. Patients with 
neurological involvement (pure.cns) also had a higher risk of death (OR = 1.45), reflecting the im
pact of central nervous system complications such as stroke or encephalopathy. Respiratory status 
was a key determinant of the outcome: moderate to severe hypoxemia nearly doubled the OR, where
as mild hypoxemia did not significantly alter the risk, aligning with clinical expectations that severe 
hypoxemia is linked with extensive lung injury. Hemodynamic instability emerged as a strong predict
or: map <65 mmHg was associated with more than an eleven-fold higher OR, while elevated map was 
not linked to an increased risk. Renal dysfunction was also associated with mortality. Both mild and 
severe creatinine elevations increased the odds of death (OR = 1.73 and OR = 1.86, respectively), 
in line with medical evidence that acute kidney injury signals severe disease. Elevated ast conferred a 
modest increase in the risk (OR = 1.25), suggesting hepatic involvement or systemic stress. 
Inflammatory markers exhibited a dose-response relationship with mortality. Mildly elevated crp in
creased the odds of death 1.75 times, whereas crp >20 mg/L nearly tripled the odds (OR = 2.76), con
sistent with the role of systemic inflammation in adverse outcomes. Lymphopenia (<1 × 103/μL) also 
influenced mortality (OR = 1.30), whereas lymphocytosis (>3.5 × 103/μL) was rare and not associated 
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with the probability of death. Finally, myocardial injury, indicated by elevated troponin, was linked 
with a 31% increase in the OR, corroborating the prognostic relevance of cardiac involvement in hos
pitalized patients.

5.2.3 Covariate effects on μ2 and σ2

A number of patient characteristics were associated with the expected duration of hospitalization, as 
captured by the μ2 parameter (see Table 8). Patients with neurological complications had an expected 
29% longer stay, consistent with the need for more prolonged care in this subgroup. Respiratory status 
also influenced los: moderate to severe hypoxemia resulted in a 20% longer duration, whereas mild 
hypoxemia increased the expected length by about 8%. Abnormalities in temperature had more 
modest effects. Fever corresponded to an estimated 10% longer expected stay, while hypothermia 
tended toward shorter admissions (-18%). Hemodynamic extremes also contributed: hypotension in
creased the expected stay by approximately 12%, whereas elevated map was associated with a non
significant trend toward shorter hospitalization. Among laboratory markers, severe renal dysfunction 
was linked with an 18% longer duration, whereas mild elevations did not significantly alter the out
come. Electrolyte disturbances had smaller effects: hyponatremia modestly increased the expected 
stay by 7%, while hypernatremia had no significant impact. Inflammatory and immune markers 
were important predictors: both mildly elevated and high crp were linked with roughly 22% longer 
hospitalizations, reflecting the contribution of systemic inflammation to prolonged care. 
Lymphopenia was associated with an 8% increase in the expected stay, whereas the effect of lympho
cytosis was rare and not significant.

The variability of los, captured by the σ2 parameter, was influenced by a few covariates, in different 
directions (see Table 9). Mild hypoxemia led to reduced variability, suggesting that patients with mo
dest oxygen deficits had more predictable hospital courses. A similar pattern was observed for high 
map. Conversely, lymphopenia increased variability, and extreme lymphocytosis was associated 
with markedly greater uncertainty, possibly reflecting heterogeneous responses in this subset of pa
tients. Other factors, including hyponatremia and severe hypoxemia, did not significantly alter this 
parameter.

Table 7. Estimated coefficients for μ1, based on a Clayton copula additive distributional regression 
model with Bernoulli (logit link) and NBI margins fitted to COVID-19 hospital data

Death model - μ1 parameter
Parameter Estimate Std. error p-value

(Intercept) -5.794 0.294 <0.001
pure.cnsYes 0.375 0.147 0.011
age 0.042 0.004 <0.001
oxygenationModerate/Severe hypoxemia (< = 89%) 0.686 0.120 <0.001
oxygenationMild hypoxemia (90–94%) 0.034 0.121 0.776
temperatureHypothermia (<36◦C) 0.057 0.304 0.852
temperatureFever (> = 38◦C) 0.221 0.117 0.059
mapLow (<65 mmHg) 2.438 0.151 <0.001
mapHigh (>100 mmHg) 0.066 0.130 0.611
creatinineMildly elevated (1.3–2.0 mg/dL) 0.548 0.119 <0.001
creatinineHigh (>2.0 mg/dL) 0.618 0.132 <0.001
astHigh (>40 U/L) 0.222 0.098 0.024
lymphocytesLow (<1 x103/μL) 0.265 0.098 0.007
lymphocytesHigh (>3.5 x103/μL) 0.077 0.426 0.857
crpMildly elevated (5–20 mg/L) 0.558 0.135 <0.001
crpHigh (>20 mg/L) 1.017 0.152 <0.001
troponinElevated (>0.04 ng/mL) 0.267 0.130 0.039
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Figure 3 reveals nonlinear relationships with length of stay and its variability. For the expected dur
ation, the effect of age followed an inverted-U shape: the expected stay increased with age up to ap
proximately 50 years, after which it gradually declined. This pattern is plausible for COVID-19 
hospitalizations, as middle-aged patients may experience a combination of comorbidities and disease 
severity that prolongs stay, whereas very young patients generally recover quickly and older patients 
may have higher early mortality, effectively shortening hospitalization. Regarding the σ2 parameter, 
age above 50 years was associated with a modest decrease in the variability of the outcome, possibly 
suggesting that, among older patients, the course of illness and its management were more homoge
neous. Overall, these nonlinear effects are consistent with clinical and epidemiological knowledge, 
demonstrating that age influences both the expected duration and the heterogeneity of hospital 
stay in a complex but interpretable manner.

Table 8. Estimated coefficients for μ2, based on a Clayton copula additive distributional regression 
model with Bernoulli (logit link) and NBI margins fitted to COVID-19 hospital data

Length of stay model - μ2 parameter
Parameter Estimate Std. error p-value

(Intercept) 1.655 0.038 <0.001
pure.cnsYes 0.258 0.049 <0.001
oxygenationModerate/Severe hypoxemia (<=89%) 0.179 0.041 <0.001
oxygenationMild hypoxemia (90–94%) 0.076 0.035 0.032
temperatureHypothermia (<36◦C) -0.199 0.105 0.058
temperatureFever (> = 38◦C) 0.097 0.038 0.010
mapLow (<65 mmHg) 0.111 0.050 0.027
mapHigh (>100 mmHg) -0.071 0.039 0.065
creatinineMildly elevated (1.3–2.0 mg/dL) -0.007 0.039 0.847
creatinineHigh (>2.0 mg/dL) 0.163 0.038 <0.001
sodiumHyponatremia (<135 mmol/L) 0.068 0.034 0.045
sodiumHypernatremia (>145 mmol/L) 0.020 0.053 0.703
lymphocytesLow (<1 x103/μL) 0.073 0.031 0.018
lymphocytesHigh (>3.5 x103/μL) −0.075 0.181 0.679
crpMildly elevated (5–20 mg/L) 0.198 0.037 <0.001
crpHigh (>20 mg/L) 0.197 0.046 <0.001

Table 9. Estimated coefficients for σ2, based on a Clayton copula additive distributional regression 
model with Bernoulli (logit link) and NBI margins fitted to COVID-19 hospital data

Length of stay model - σ2 parameter
Parameter Estimate Std. Error p-value

(Intercept) −0.491 0.060 <0.001
oxygenationModerate/Severe hypoxemia (< = 89%) 0.007 0.079 0.926
oxygenationMild hypoxemia (90–94%) −0.208 0.074 0.005
mapLow (<65 mmHg) −0.131 0.103 0.203
mapHigh (>100 mmHg) −0.241 0.087 0.005
sodiumHyponatremia (<135 mmol/L) 0.027 0.069 0.694
sodiumHypernatremia (>145 mmol/L) 0.200 0.104 0.054
lymphocytesLow (<1 x103/μL) 0.158 0.063 0.012
lymphocytesHigh (>3.5 x103/μL) 0.957 0.232 <0.001
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5.2.4 Covariate effects on θ
The relationship between the responses was modelled using a Clayton copula with a covariate- 
dependent θ. The overall parameter was θ̂ = 1.13, with a 95% interval of (0.556, 2.33). This indicates 
that the probability of discharge and length of stay were positively associated, with stronger depend
ence between lower likelihood of discharge and shorter lengths of stay. Equivalently, if the focus is on 
the probability of death and length of stay, the copula structure corresponds to a 90-degree rotated 
Clayton, implying a negative dependence between them, with stronger association between higher 
mortality risk and shorter hospitalizations and a weaker link between lower likelihood of death and 
longer stays.

Several covariates influenced the copula parameter (see Table 10). In particular, the magnitude of θ 
decreased progressively with age, indicating that the link between the probability of discharge and 
hospitalization duration diminished in older individuals. Similarly, moderate to severe hypoxemia 

Figure 3. Estimated smooth effects (with associated 95% intervals) of age on the scale of the additive predictors of μ2

and σ2, respectively, derived from a Clayton copula additive distributional regression model with Bernoulli (logit 
link) and NBI margins fitted to COVID-19 hospital data.

Table 10. Estimated coefficients for the copula parameter, based on a Clayton copula additive 
distributional regression model with Bernoulli (logit link) and NBI margins fitted to COVID-19 
hospital data

Copula dependence parameter θ
Parameter Estimate Std. Error p-value

(Intercept) 3.229 0.586 <0.001
age -0.039 0.008 <0.001
oxygenationModerate/Severe hypoxemia (<=89%) -1.277 0.360 <0.001
oxygenationMild hypoxemia (90-94%) -0.640 0.305 0.036
mapLow (<65 mmHg) 0.532 0.294 0.070
mapHigh (>100 mmHg) -1.129 0.538 0.036
creatinineMildly elevated (1.3-2.0 mg/dL) -0.213 0.295 0.470
creatinineHigh (>2.0 mg/dL) -0.926 0.328 0.005
crpMildly elevated (5-20 mg/L) -0.347 0.282 0.218
crpHigh (>20 mg/L) -0.705 0.352 0.045
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markedly reduced dependence, and mild hypoxemia had a smaller but significant effect. Severe renal 
dysfunction and markedly elevated crp also decreased θ, indicating weaker coupling between hos
pital stay and the likelihood of discharge in these subgroups. In contrast, hypotension exhibited a posi
tive, although marginally significant, impact.

5.3 Joint probabilities
Figures 4 and 5 illustrate the joint probabilities of in-hospital death and los, as well as discharge and 
los, for two contrasting patient profiles evaluated at ages 18, 30, 60 and 90 years. These profiles were 
constructed to represent clinically interpretable and realistic subject scenarios within the observed 
cohort.

The low-risk profile represents a clinically stable patient without central nervous system involve
ment and with physiological and biochemical measurements within normal clinical ranges. 
Covariates were fixed at reference values, including oxygen saturation (≥ 95%), temperature (36– 
37.9◦C), mean arterial pressure (65–100 mmHg), creatinine (≤ 1.2 mg/dL), AST (≤ 40 U/L), lymphocyte 
count (1–3.5 ×103/μL), CRP (<5 mg/L), troponin (≤ 0.04 ng/mL) and sodium (135–145 mmol/L).

The high-risk profile corresponds to a clinically severe but realistic COVID-19 presentation, character
ized by the presence of at least three adverse features commonly observed among critically ill patients in 
the cohort. Specifically, this profile includes moderate to severe hypoxemia (<90%), fever (≥ 38◦C), ele
vated creatinine (>2.0 mg/dL) and markedly elevated CRP (>20 mg/L), while other covariates are set to 
typical values. Approximately 6% of individuals in the complete-case sample exhibited this combination 
of three or more risk features, supporting the clinical plausibility of the profile.

Figure 4. Joint probability estimates of death and los by age and patient profile, with 95% pointwise intervals, 
based on a Clayton copula additive distributional regression model with Bernoulli (logit link) and NBI margins 
fitted to COVID-19 hospital data.
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For low-risk subjects, the joint probability of death and los remained consistently low across 
varying lengths of stay, indicating that fatal outcomes and extended admissions rarely coincided with
in this group. A modest increase occurred from approximately age 60, reaching a peak at 90 for a los 
of around four days: 0.014 with 95% interval (0.010, 0.019). Conversely, high-risk patients displayed 
substantially higher joint probabilities overall, with values increasing progressively with age. Among 
this cohort, death and length of stay were more likely to co-occur at shorter durations, with the highest 
estimated joint probability observed for individuals aged 90 and a los of approximately five days: 
0.047 (0.037, 0.057).

With respect to discharge, joint probabilities for high-risk patients were highest at younger ages and 
very short hospitalization durations. For example, at age 18 and los = 2 days, the estimated joint 
probability was 0.081 (0.058, 0.105), whereas for an otherwise comparable subject aged 90 years it 
decreased to 0.025 (0.017, 0.037). Younger low-risk individuals exhibited substantially higher joint 
probabilities of discharge, particularly for minimal lengths of stay. At age 18 and los = 2, the joint 
probability for a low-risk patient, estimated at 0.130 (0.109,0.141), was notably higher than that of 
the corresponding high-risk one. As los increased, joint discharge probabilities declined for both pro
files, and the differences between low- and high-risk subjects became progressively smaller.

5.3.1 Practical insights
The joint probability estimates highlight clear differences in how the outcomes co-occurred across pa
tient profiles and ages. Among high-risk individuals, particularly at advanced ages, the joint probabil
ity of in-hospital death and length of stay was concentrated at short to moderate hospitalization 

Figure 5. Joint probability estimates of discharge and los by age and patient profile, with 95% pointwise intervals, 
based on a Clayton copula additive distributional regression model with Bernoulli (logit link) and NBI margins 
fitted to COVID-19 hospital data.
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durations, peaking at around five days for patients aged 90. This indicates that fatal outcomes in this 
group were mainly observed early during admission, emphasizing the importance of intensifying mon
itoring and timely intervention soon after hospital entry. In contrast, low-risk subjects exhibited con
sistently low joint probabilities of death across all durations, with only modest increases at older ages. 
Extended hospitalizations in this group rarely coincided with fatal outcomes, suggesting that pro
longed stays were more likely driven by nonlethal complications or nonclinical factors. These patterns 
suggest that intensive resources might have been prioritized for patients whose risk was highest early 
in admission.

Joint probabilities of discharge and hospitalization duration were highest at very short stays, par
ticularly among younger low-risk patients. For example, at age 18 with a two-day stay, low-risk sub
jects were substantially more likely to be discharged than comparable high-risk individuals. As length 
of stay increased, discharge probabilities declined for both profiles, and the differences between 
groups narrowed. Operationally, these findings indicate that early discharge pathways could have 
been implemented for low-risk patients, with front-loaded allocation of critical care resources for old
er, high-risk individuals.

6 Conclusions and future directions
This paper employed a copula additive distributional regression framework to jointly model in- 
hospital mortality and length of stay, capturing the complex dependencies between these key health
care metrics. By allowing all the parameters of the bivariate distribution to be modelled through addi
tive predictors, the approach provided a nuanced understanding of how patient characteristics and 
clinical measurements shaped the joint behaviour of mortality (or discharge) and hospitalization dur
ation among patients admitted with COVID-19 during the first surge of the pandemic in New York City. 
All model fitting and subsequent analyses were conducted using the GJRM package in R. Despite the 
underlying complexity of the methodology, the package streamlines estimation and interpretation, 
enabling applied researchers and healthcare professionals to derive interpretable and practically rele
vant results.

From a methodological perspective, the framework can be extended to jointly examine additional 
outcomes such as ICU admission, readmission and other clinical endpoints. Incorporating ICU admis
sions would offer deeper insights into disease severity and critical resource utilization, while modelling 
readmissions would improve the understanding of post-discharge risk and continuity of care.

Beyond the hospital setting, the proposed framework can be employed in several operational con
texts where multiple outcomes are connected. In chronic disease management, the model may be 
used to characterize the dependencies among treatment adherence, disease progression and health
care utilization, informing long-term care strategies. In public health, it can quantify the intercon
nected dynamics of infection rates, vaccination uptake and hospitalization, supporting more 
effective intervention planning and resource allocation.

Finally, future work will explore the development of predictive validation tools, such as 
out-of-sample scoring procedures, to assess the performance and reliability of copula regression mod
els in evolving clinical populations. In addition, further methodological research could investigate 
multiple-comparison correction procedures specifically tailored to penalized copula additive regres
sion models, where classical approaches may not be directly applicable.
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