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1 Introduction

The quantum spectral curve (QSC) is a powerful method to compute physical quantities
in integrable gauge theories [1, 2]. In the case of 𝒩 = 4 super Yang-Mills (SYM) in the
planar limit, one can use the QSC to interpolate between weak ’t Hooft coupling, λ = g2

YMN ,
where perturbation theory is relevant, to strong coupling, where one can compare with
predictions from the dual string theory. In fact, the quantum spectral curve is the best
available tool for doing perturbative calculations in planar 𝒩 = 4, where twenty orders in
perturbation theory are often reached [3].

Unfortunately, at strong coupling it is only known how to extract numerical results
from the QSC [4, 5]. Nevertheless, using some partial results and good guesses, it is often
possible to find the analytic coefficients for the perturbative expansion in terms of 1/

√
λ,

even though deriving the same results from a direct string world-sheet computation seems
impossible with the present limitations. On the other hand, the QSC can provide clues on
what to look for in the string world-sheet computation, so it is fruitful to use it in order
to investigate various scenarios.

One such application uses the QSC to find the Hagedorn temperature, TH , for planar
𝒩 = 4 SYM on S3 as a function of λ. The value of TH at λ = 0 was first computed by
Sundborg [6], where he further showed that TH equals the de-confinement temperature. This
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was independently shown in [7]. The first perturbative correction to TH was found in [8], but
to go beyond one should exploit the underlying integrability of the planar gauge theory.

This was first done in a remarkable set of papers by Harmark and Wilhelm [9–11], which
culminated in the seven-loop perturbative correction to TH , as well as a numerical result
for TH valid for all values of the coupling which matches on to the perturbative result. At
strong coupling they showed that TH scales as λ1/4 with a coefficient that is consistent
with the AdS/CFT correspondence [11]. Furthermore, their numerical result for the first
sub-leading coefficient was later shown to be consistent with the leading correction coming
from a winding string in thermal AdS [12, 13].

Subsequently, the authors of this paper improved the numerics in the QSC calculation to
conjecture the next two terms in the strong coupling expansion [14]. At second order the
coefficient depends on a non-trivial contribution to the world-sheet zero-point shift. The
form of this shift was assumed to be similar to a corresponding shift found when computing
TH in the plane-wave background, which is known exactly. Furthermore, the form taken by
the shift did not affect the third-order coefficient, which was consistent with the numerical
results. Finally, the calculation of TH was also done for ABJM [15] using the corresponding
QSC, where the form of the zero-point shift was shown to be consistent with the leading
terms in the strong coupling expansion [16].

While these results are encouraging, the implementation of the zero-point correction was
somewhat ad hoc. Recently, Harmark put this on firmer ground by arguing that the correction
to the zero-point shift must be covariant with an overall coefficient [17]. This coefficient
is then determined from TH of the plane-wave limit and leads to the conjectured form for
the second-order correction in [14, 16].1 However, this covariant term adds an additional
term to the third-order correction that needs to be canceled [17]. Harmark found a term
that does the trick, but this term is zero for the plane-wave, hence the overall coefficient
cannot be directly determined from it.

It would be useful to have other situations where one can test the conjectures in [17] for
the strong-coupling regime. One way to do this is to add chemical potentials that couple to
the R-charges or the spins of the operators. From the QSC point of view, this corresponds to
putting additional twists on the Q-functions [11]. One particular case that will play a large
role in this paper is where there is one nonzero chemical potential µ that couples to a U(1)
subgroup of the SO(6) R-symmetry group. The partition function then takes the form

𝒵 =
∑

states
e−(∆−Qµ)/T , (1.1)

where BPS-states with ∆ = Q dominate (1.1) as µ approaches 1. Consequently, the Hagedorn
temperature approaches zero in this limit for any value of λ. For µ > 1 the partition function
is clearly divergent and a Hagedorn temperature does not exist. For this same reason, if we
consider states with ∆ ∼ N2, then this divergence is directly linked to the instability of black
holes with µ > 1 [19]. A similar partition function with an imaginary chemical potential
coupled to a diagonal U(1) subgroup of the SO(6) R-symmetry was used in [20] to study the
temperature of (partial) confinement transitions in 𝒩 = 4 SYM at large N .

1For another argument that leads to the conjectured form see [18].
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The Hagedorn temperature as a function of µ, TH(µ), is found by assuming that (1.1)
is dominated by products of single trace operators. At λ = 0 TH(µ) satisfies a known
equation, where one can expand about either small µ or µ → 1 [21, 22]. In [22] it was
also shown how to generalize the procedure in [8] to find a functional equation for the
one-loop correction to TH(µ).

In this paper we will use the AdS/CFT correspondence to make predictions for TH(µ), up
to order 1/λ1/2 in the strong-coupling expansion. We make use of the conjectures in [17] to
find the expansion coefficients at order 1/λ1/4 and 1/λ1/2. Using the QSC we then connect the
weak- to the strong-coupling behavior numerically, where we show that the 1/λ1/4 coefficient
is within the error bars of the prediction. Unfortunately, the numerics are currently not
stable enough to meaningfully compare with the prediction for the 1/λ1/2 coefficient.

One can also consider twists of the spins, where the partition function takes the form

𝒵 =
∑

states
e−(∆−Ω1S1−Ω2S2)/T , (1.2)

where S1 and S2 are the two SO(4) spins and Ω1 and Ω2 are the corresponding chemical
potentials. The case for one chemical potential but for a general d conformal field theory
was recently considered in [23] where they found the leading correction to the flat space
limit for the Hagedorn temperature. Here, we make predictions for the next two coefficients
in the 1/λ expansion for TH(Ω1,Ω2) using the criteria in [17]. However, the numerics for
the QSC are much less stable than for the R-charge chemical potential, so we are not yet
able to verify the coefficients.

The rest of the paper is structured as follows: In section 2 we review known results
and also present new results at weak-coupling for TH(µ) and TH(Ω1,Ω2). In section 3 we
compute TH(µ) and TH(Ω1,Ω2) at strong-coupling using the string theory dual. In section 4
we describe the QSC and the results derived from it for TH(µ). In section 5 we present
some brief conclusions.

In a pair of files in the Supplementary material we provide the numerical QSC data
presented in section 4 and a Mathematica notebook to visualize them.

2 The twisted Hagedorn temperature at weak coupling

This section follows the paper by Sundborg [6], modified to account for one or more nonzero
chemical potentials. The case for nonzero chemical potentials coupled to the R-charges
was first considered in [21, 22].

We consider 𝒩 = 4 SYM on R× S3, where we set the radius of the S3 to unity. Under
the conformal transformation R4 → R× S3 the dilation operator ∆ maps to the Hamiltonian
H , while local operators 𝒪 map to states in the Hilbert space on S3. In the large-N limit we
need only consider single-trace operators, where at zero ’t Hooft coupling their dimensions
equal their bare dimensions.

The single trace operators have the form Tr(Φj1Φj2 . . .ΦjL), where the fields Φj transform
in the adjoint representation of SU(N). The choices for the Φj are: 1) the three complex scalar
fields Z = 1√

2(ϕ1 + iϕ2), X = 1√
2(ϕ3 + iϕ4) and Y = 1√

2(ϕ5 + iϕ6), their complex conjugates,
and covariant derivatives acting on them; 2) the fermion fields ψa or ψ̄a, a = 1, . . . 4, also
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with covariant derivatives; 3) the field strengths Fµν and their covariant derivatives. The ϕI

have dimension ∆ = 1, the ψa and ψ̄a have dimension ∆ = 3/2, and the Fµν have dimension
∆ = 2. Each derivative acting on the fields increases the dimension by 1. Some combinations
of derivatives acting on the fields are zero and hence do not contribute to the states. These
are ∂2ϕI = /∂ψa = /∂ψ̄a = ∂µFµν = 0 by the equations of motion, and ∂µ ∗ Fµν = 0 by the
Bianchi identity. We first focus on a U(1) subgroup of the SO(6) R-charge, where the Z
field has charge +1, Z̄ has charge −1, ψa has charge +1/2 and ψ̄a has charge −1/2. All
other fields have charge 0.

2.1 R-charge twist at zero coupling

We now assume the system is at a temperature T with a chemical potential µ for the above
U(1) R-charge.2 Therefore, the partition function is

𝒵 =
∑

states
e−(∆−Qµ)/T = exp(𝒵1) (2.1)

where Q is the U(1) R-charge and 𝒵1 is the partition function for single trace states. To count
the single-trace states we treat the different fields inside the trace as “beads on a necklace”.
If we define y = e−

1
2T and the fugacity z = e

µ
2T , then the scalar partition function is [21, 22]

Zϕ(y, z) = (z2 + z−2 + 4)y2

(1 − y2)4 − (z2 + z−2 + 4)y6

(1 − y2)4 = (z2 + z−2 + 4)y2(1 + y2)
(1 − y2)3 , (2.2)

where the denominator in the middle terms accounts for the derivatives in the four possible
directions while the second term is to remove terms that are zero by the equations of motion.
The partition function for the fermionic beads is [21, 22]

Zψ(y, z) = 8(z + z−1)y3

(1 − y2)4 − 8(z + z−1)y5

(1 − y2)4 = 8(z + z−1)y3

(1 − y2)3 , (2.3)

where again the second term in the middle expression removes terms that are zero by the
equations of motion. Finally, the partition function for the field strength bead is

ZF (y) = 6y4

(1 − y2)4 − 8y6

(1 − y2)4 + 2y8

(1 − y2)4 = 2y4(3 − y2)
(1 − y2)3 , (2.4)

where the second term in the middle expression removes terms that are zero by the equations
of motion and the Bianchi identities, while the third term corrects for an over-subtraction.
Hence, the partition function for each bead is

Zbead(y, z) = Zϕ(y, z) + Zψ(y, z) + ZF (y)

= (4 + z2 + z−2)y2 + 8(z + z−1)y3 + (10 + z2 + z−2)y4 − 2y6

(1 − y2)3 . (2.5)

The Hagedorn temperature is determined by the behavior of long operators, in which
case we can approximate the partition function as

𝒵1 ≈
∞∑
L=2

1
L

(Zbead(y, z)))L = −Zbead(y, z) − log (1 − Zbead(y, z)) , (2.6)

2It is straightforward to generalize this to all three R-charges [21, 22], but this will not be necessary for
our purposes.
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Figure 1. The Hagedorn temperature at zero coupling as a function of the chemical potential at zero
coupling [22].

which diverges when Zbead(y, z) = 1. Solving this equation we end up with the relation

cosh
( 1

2TH

)(
cosh

( 1
2TH

)
− cosh

(
µ

2TH

))
= 2 . (2.7)

For µ = 0 this gives the solution TH = 1
2 log(2+

√
3) [6], while in the limit µ→ 1 we find that

TH ≈
(

log 1
1 − µ

)−1
. (2.8)

The Hagedorn temperature as a function of µ over the domain 0 ≤ µ ≤ 1 is shown in figure 1.

2.2 R-charge twist at higher loops

2.2.1 R-charge twist at one loop

Let us now turn to the case of the 1-loop computation of the Hagedorn temperature. In order
to compute this quantity, we follow Spradlin-Volovich [8]. Expanding y = yH + g2δyH + . . .

with yH = exp
(
− 1

2T (0)
H

)
and T

(0)
H solving (2.7), the first correction is fixed as

δyH = −2 log yH
⟨D2(y)⟩
∂yZbead(y)

∣∣∣∣
y=yH

, (2.9)

where ⟨D2(y)⟩ is the expectation value of the 𝒩 = 4 one loop dilation operator which is
known exactly. We will not need the full expression for D2, only the expectation value
which takes the form

⟨D2(x)⟩ =
∞∑
j=0

h(j) Vj(y)
(1 − y)4 (2.10)

where h(j) is the harmonic number and Vj are the characters of the module ℬ
1
4 ,

1
4

[1,0,1] for j = 1
and 𝒞1,1

[0,0,0],( j
2−1, j

2−1)∗
for j ≥ 2, with ∗ prescribing a subtraction of all gauge-degrees of

freedom, these characters are for example collected in [24, 25].
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Figure 2. We display the 1-loop correction to the Hagedorn temperature for µ ∈ [0, 1]. The solid
blue line is the exact analytic expression (2.12) while the red points are from fitting the numerical
QSC data shown in figure 4.

It is straightforward to do all sums, and in our particular case, we find

⟨D2(y, z)⟩ = − y2(y + z)3(yz + 1)3 (2y4z − 2y3 (z2 + 1
)
− 13y2z − 3y

(
z2 + 1

)
+ z

)
(y2 − 1)6 z4

− (Zbead − 1)2 log
(
1 − y2

)
.

(2.11)

Plugging this into (2.9), re-expressing everything in terms of TH = T
(0)
H + g2T

(1)
H + . . . and

finally simplifying using (2.7) we obtain

T
(1)
H = T

32 tanh2
(

1
2T

)
−µ

√
2
(
cosh

(
1
T

)
− 7

)1/2
cosh

(
1

2T

)
+ cosh

(
1
T

)
+ 5

∣∣∣∣
T=T (0)

H

. (2.12)

One quickly verifies that indeed T
(1)
H

∣∣
µ=0 = 2T (0)

H

∣∣
µ=0 as it should be [8]. We compared this

prediction to the numerical QSC results to be presented below, finding excellent agreement
as shown in figure 2.

2.2.2 Higher loops

In order to find the higher loop contributions to the Hagedorn temperature one is practically
forced to use the perturbative QSC. In [11] this was accomplished up to seven loops for the
undeformed Hagedorn temperature. In principle, one can use the same methods to solve the
R-twisted QSC. However, in practice the algorithm is significantly slower if the parameter µ
is kept arbitrary. This is because the intermediate expressions become much more involved
and hence require more computer time to simplify. This is a problem already encountered
for β and γ deformations in [26, 27].

To simplify the problem we set µ = 1
2 , in which case

√
z satisfies a simple polynomial

equation as a consequence of (2.7). Solving the QSC perturbatively we reproduce the
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tree-level and one-loop results and furthermore find

T
(2)
H

∣∣∣∣
µ= 1

2

=T log
(
1 − y2

)(2
(
44y5/2 + 104y3/2 − 4y2 − 57y + 47√y − 21

)
y5/2

)

+
123475y5/2 + 281810y3/2 − 12601y2 − 159501y + 117087√y − 55652

1352y5/2

+ T

(
(−68y3/2+51y2+5y+9√y+1)(−3y5/2−8y3/2+y3+5y2+5y−3√y+1)

169y5

)∣∣∣∣
T=T (0)

H

≃− 4.5913859014992799903 . . . . (2.13)

This result matches our numerical QSC results up to an error of 10−19, cf. the Mathematica
notebook and data file in the Supplementary material.

2.3 Generic spin twists at zero coupling

We next assume that we have chemical potentials Ω1 and Ω2 that couple to the two angular
momenta on S3, S1 and S2. The partition function then has the form

𝒵(β) =
∑

states
e−β(∆−Ω1S1−Ω2S2), (2.14)

For λ = 0 we can follow the same route as in section 2.1 to study its radius of convergence.
The different contributions to the single bead partition function now take the form

Zϕ = 6y2(1 − y4)
(1 − y2zw)(1 − y2 z

w )(1 − y2w
z )(1 − y2

zw )
, (2.15)

Zψ =
4y3(1 − y2)(z + 1

z + w + 1
w )

(1 − y2zw)(1 − y2 z
w )(1 − y2w

z )(1 − y2

zw )
, (2.16)

ZF =
y4(z2 + 1 + 1

z2 + w2 + 1 + 1
w2 ) − 2y6(zw + z

w + w
z + 1

zw ) + 2y8

(1 − y2zw)(1 − y2 z
w )(1 − y2w

z )(1 − y2

zw )
, (2.17)

where y is the same as in (2.2), and the fugacities are z = e
Ω1+Ω2

2T and w = e
Ω1−Ω2

2T . As
before, the Hagedorn temperature is obtained by setting the single bead partition function
Zbead = Zϕ + Zψ + ZF equal to 1. We then get the following equation

cosh
( 1

2TH

)(
cosh

( 1
TH

)
− cosh

(Ω1
TH

)
− cosh

(Ω2
TH

)
− 3

)
= 4 cosh

( Ω1
2TH

)
cosh

( Ω2
2TH

)
. (2.18)

We show the solution for 0 ≤ Ω1,Ω2 ≤ 1 in figure 3. Note that the Hagedorn temperature
goes to zero if either Ω1 or Ω2 approaches 1.

2.4 Spin twists at one loop

We can use the same methods as in the case of the R-twist. While it is straightforward to
allow for both Ω1 and Ω2 to be non-zero, the resulting expressions are very messy. We give
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Figure 3. The Hagedorn temperature at zero coupling in 𝒩 = 4 SYM against both chemical
potentials for the spin.

an explicit expression for this general case in appendix A. Here we focus instead on the case
Ω2 = 0 where the expressions simplify significantly. We obtain

T
(1)
H

T
(0)
H

= − 2
𝒟

(
(yz − 1)2(y + z)6 log

(
1 − y2

z2

)
+ (y − z)2(yz + 1)6 log

(
1 − y2z2

)
− 2(y − z)(yz − 1)(yz + 1)3(y + z)3 log

(
1 − y2

))∣∣∣∣
T=T (0)

H

, (2.19)

where

𝒟 = y2
(
z2 − 1

)2 (
Ω1y

(
2
(
y2 − 1

)
z
(
z2 − 1

)
+ y

(
−
(
z2
(
−3y2 + z2 + 4

))
− 1

))
+ 3z2

)
.

(2.20)
Once again QSC techniques can in principle be used to compute perturbative corrections

to the Hagedorn temperature, but for general Ω1,Ω2 computations are slow due to complicated
intermediate expressions. We therefore restrict ourselves to the case Ω1 = 1

2 and Ω2 = 0.
Perturbatively solving the QSC we then find the following

T
(1)
H

∣∣∣∣
Ω1= 1

2 ,Ω2=0
(2.21)

=

(
41y5/2 + 169y3/2 − 111y2 − 280y + 104√y − 88

)
13 log(y)

(
Li1(y) − 2Li1(y2) + Li1(y3)

) ∣∣∣∣
T=T (0)

H

which perfectly reproduces (2.19) specialized to z = 1√
y .

3 The twisted Hagedorn temperature at strong coupling

3.1 R-charge twist at strong coupling

We next consider the Hagedorn temperature at strong coupling in the presence of a chemical
potential for the R-charge. In this case the chemical potential leads to a background gauge
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field in the bulk with the full 10-dimensional metric given by [28]

ds2 = (1 +R2)dτ2 + dR2

1 +R2 +R2dΩ2
3 + (1 − Z2)(Aµdxµ + dψ)2 + dZ2

1 − Z2 + Z2dΩ2
3 . (3.1)

Here we have set the radii of the AdS5 and S5 to 1 and make the identification τ ≡ τ + β.
In particular, for a chemical potential µ the gauge field is given by Aµdx

µ = i µdτ . The
world-sheet fermions have anti-periodic boundary conditions which shifts the zero-point energy
of the string to a nonzero value, C = C0 + ∆C where C0 = −2/α′ is the shift in flat space.

The thermal scalar corresponds to a string that winds once around the τ direction. If β
is tuned appropriately, then this winding mode is very light and we can use the supergravity
approximation. The winding mode is a scalar field χ and its contribution to the action is∫

dd+1X
√
g
(
∇µχ∇µχ+m2(R,Z)χ2

)
, (3.2)

where m2(R,Z) is the radial dependent mass-function

m2(R,Z) = (1 +R2)
(

β

2πα′

)2
− (1 − Z2)

(
βµ

2πα′

)2
+ C . (3.3)

For β properly chosen, χ is massless and so is independent of τ . We also assume that χ
depends only on R and Z, which leads to the equation

−1
2

1
R3

d

dR
R3 d

dR
χ(R,Z)− 1

2
1
Z3

d

dZ
Z3 d

dZ
χ(R,Z)+ 1

2

(
β

2πα′

)2
(R2+µ2Z2)χ(R,Z)+∆Hχ(R,Z)

= −1
2

(
C +

(
β

2πα′

)2
(1 − µ2)

)
χ(R,Z) , (3.4)

where
∆H = ∆H1 + ∆H2 (3.5)

with
∆H1 = −1

2
1
R3

d

dR
R5 d

dR
, ∆H2 = 1

2
1
Z3

d

dZ
Z5 d

dZ
. (3.6)

Clearly, the R and Z variables are separable.

3.1.1 µ ≲ 1

If we assume that µ ≲ 1, then χ(R,Z) falls off exponentially away from Z = 0. With
this assumption, solving (3.4) is equivalent to solving the radial Schrödinger equation for
two perturbed four-dimensional harmonic oscillators with frequencies ω1 = β

2πα′ , ω2 = β µ
2πα′ ,

and energy

E = −1
2

(
C +

(
β

2πα′

)2
(1 − µ2)

)
. (3.7)

As argued in [17], ∆C can depend on the coordinates. In particular, it should have a
covariant form, which to leading order is given by

∆C = log 2
2π2α′RµνV

µV ν , (3.8)
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where Rµν is the Ricci tensor and V µ a time-like Killing vector with V 0 = β, in order
to match the prediction for the Hagedorn temperature for the plane-wave solution, which
is exact. This was then shown to be consistent with the prediction in [14] based on the
numerical integrability calculations.

To lowest order we set C = −2/α′ and ignore ∆H . The harmonic oscillator ground-state
energy is then

E = 1
2

(
2
α′ −

(
β

2πα′

)2
(1 − µ2)

)
= 4

2(ω1 + ω2) = 4
2

β

2πα′ (1 + µ) . (3.9)

Solving for β we get

β = πα′

1 − µ

(√
8(1 − µ)
α′(1 + µ) + 16 − 4

)
. (3.10)

Inverting this, we find the Hagedorn temperature to leading order is

TH = 1
β

=
√

1 − µ2

2π
√

2α′
+ 1 + µ

2π + . . . . (3.11)

The correction from flat-space with µ = 0 matches [13].
We now compute the next two orders in

√
α′. For this we need up to second order

in perturbation theory for the perturbed oscillators, as well as the correction ∆C in (3.8).
Inserting R00 = −4(1 + R2) − 4µ2(1 − Z2) into (3.8), we have that C is

C = − 2
α′ −

β2

2π2α′ 4 log(2)[(1 + µ2) + (R2 − µ2Z2)] + 𝒪(α′). (3.12)

In the µ = 0 case it was argued in [17] that the effect of the R2 term is canceled out to the
desired order by the inclusion of the kinetic term

α′ log(2)Rµν∇µ∇νχ (3.13)

on the left hand side of (3.4). It is straightforward to check that this same term will also
eliminate the effect of the Z2 term. We will hence drop these terms in (3.12) and assume the
original kinetic term. The first order correction to the energy cancels from the two oscillators
and we are left with the second order term

∆E = −3
4

( 1
ω1

+ 1
ω2

)
= −3πα′

2βµ (1 + µ) . (3.14)

Therefore, (3.9) becomes

1
2

(
2
α′ −

(
β

2πα′

)2
(1 − µ2) + β2

2π2α′ 4 log(2)(1 + µ2)
)

= 2 β

2πα′ (1 + µ) − 3πα′

2βµ (1 + µ) . (3.15)

– 10 –
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This can be solved in a series expansion in α′, and gives the Hagedorn temperature

TH =
√

1 − µ2

2π
√

2α′
+ 1 + µ

2π + (1 + µ)2 − (1 + µ2)4 log(2)
2π
√

2(1 − µ2)
√
α′ − 3(1 − µ2)(1 + µ)

32πµ α′

+ O((α′)3/2). (3.16)

Using the AdS/CFT dictionary, α′ = 1√
λ
, we find

TH =
√

(1 − µ2)√
2π

g1/2 + 1 + µ

2π + (1 + µ)2 − (1 + µ2)4 log(2)
4
√

2π3(1 − µ2)
g−1/2

− 3(1 − µ2)(1 + µ)
128π2µ

g−1 + O((g)−3/2) , (3.17)

where we have defined

g ≡
√
λ

4π . (3.18)

It is interesting that this expression looks simpler than the µ = 0 case. If we let µ→ 1, then
we should consider the effective coupling g̃ = g(1 − µ2),3 in which case we find

TH = 1√
2π
g̃1/2 + 1

π
+ 1 − 2 log(2)√

2π3
g̃−1/2 + O((g̃)−3/2) . (3.19)

3.1.2 µ ≲
√

α′ ≪ 1

When µ is very small the harmonic oscillator approximation breaks down for the wave-function
on S5. In this case one should instead write χ(R,Z) = ψ(R)Y (Z), where

Y (Z) =
∞∑
n=0

anS2n(Z) (3.20)

and the Sn(Z) are the order n spherical harmonic polynomials on S5, which satisfy

− 1
Z3

d

dZ
(1 − Z2)Z3 d

dZ
Sn(Z) = n(n+ 4)Sn(Z) . (3.21)

The Sn(Z) also satisfy the normalization condition∫ ∞

0
dZ Z3 Sn(Z)Sm(Z) = δnm . (3.22)

One can further show that

Z2S2n(Z) =
√

(n+ 1)(n+ 2)
2(2n+ 3) S2n+2(Z) + 2(n+ 1)2

(2n+ 1)(2n+ 3)S2n(Z)

+
√
n(n+ 1)

2(2n+ 1) S2n−2(Z) . (3.23)

3In [22, 29] the authors considered a different rescaling, where T̃ = T
1−µ

and λ̃ = λ
1−µ

, which is appropriate
for two R-charge chemical potentials µ1 = µ2 = µ → 1, and weak ’t Hooft coupling.
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One can then solve for the an in (3.20) order by order in µ2 such that Y (Z) is the lowest
eigenstate of H2, where H2 is given by

H2 = −1
2

1
Z3

d

dZ
(1 − Z2)Z3 d

dZ
+ 1

2

(
µβ

2πα′

)2
Z2 . (3.24)

It is straightforward to show that H2Y (Z) = ℰ(ω2)Y (Z), where

ℰ(ω2) = 1
3ω

2
2 − 1

432ω
4
2 − 1

38880ω
6
2 + 11

44789760ω
8
2 + O(ω10

2 ) , (3.25)

and ω2 has the same definition as above (3.7). This series is convergent if ω2 =
(
µβ

2πα′

)
≲ 5.7,

hence if β ∼
√
α′, then µ ≲

√
α′ for this regime to be valid. Assuming this is the case,

then (3.15) is modified to

1
2

(
2
α′ −

(
β

2πα′

)2
+ ω2

2 + β2

2π2α′ 4 log(2)
)

= 2 β

2πα′ + 3 − 3πα′

2β + ℰ(ω2) , (3.26)

where we dropped the subleading term from the chemical potential contributing to ∆C.
Since ℰ(ω2) ≲ 1, the chemical potential only affects the Hagedorn temperature to order

√
α′.

Hence, to find TH to order α′, it is sufficient to replace β in ω2 with β
(1)
H = 2π(

√
2α′ − 2α′),

which includes the first-order correction to the flat-space limit. This then leads to

TH(α′) ≈ 1
2π

√
2α′

+ 1
2π + 5 + f(µ̃) − 8 log(2)

4
√

2π
√
α′

+ 45 + 16f(µ̃) + 8µ̃f ′(µ̃)
32π α′ + O((α′)3/2) , (3.27)

where µ̃ ≡ µ√
α′ is a rescaled chemical potential and

f(µ̃) = ℰ(
√

2µ̃) − µ̃2 = −1
3 µ̃

2 − 1
108 µ̃

4 − 1
4860 µ̃

6 + 11
2799360 µ̃

8 + O(µ̃10) . (3.28)

The series converges if µ̃ ≲ 4.02.

3.2 Spin twists at strong coupling

We next consider the supergravity dual with spin twists. The case with a single spin twist
was recently considered in [23]. We generalize their method to include a second twist as well
as higher order corrections. Since there is now no R-symmetry twist we will work solely
on AdS5. The metric with the twists has the form

ds2 = (1 +R2)dτ2 + dR2

1 +R2

+R2
[
(1 − Y 2)(A(1)

µ dxµ + dϕ1)2 + dY 2

1 − Y 2 + Y 2(A(2)
µ dxµ + dϕ2)2

]
, (3.29)

where A(1)
µ dxµ= iΩ1dτ and A(2)

µ dxµ= iΩ2dτ . We then choose the new variables x=R
√

1−Y 2

and y = RY , in which case the metric becomes

ds2 = (1 + x2 + y2)dτ2 + dx2 + dy2 − (xdx+ ydy)2

1 + x2 + y2

+ x2(iΩ1dτ + dϕ1)2 + y2(iΩ2dτ + dϕ2)2 . (3.30)
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The equation of motion that follows is now

− 1
2

(1
x

d

dx
x
d

dx
+ 1
y

d

dy
y
d

dy

)
χ(x, y)+ 1

2

(
β

2πα′

)2((
1−Ω2

1

)
x2+

(
1−Ω2

2

)
y2
)
χ(x, y)+∆Hχ(x, y)

= −1
2

(
C +

(
β

2πα′

)2)
χ(x, y) , (3.31)

where the perturbed Hamiltonian is

∆H = −1
2

(
x2 d

2

dx2 + y2 d
2

dy2 + 2xy d
dx

d

dy
+ 5x d

dx
+ 5y d

dy

)
− ∆Hkin . (3.32)

∆Hkin is the contribution of the kinetic term in (3.13), which to the relevant order in α′ is

∆Hkin = −4α′ log(2)
(1
x

d

dx
x
d

dx
+ 1
y

d

dy
y
d

dy

)
. (3.33)

We also have that R00 = −4[1 + (1 − Ω2
1)x2 + (1 − Ω2

2)y2], hence C is given by

C ≡ C(x, y) = − 2
α′ −

β2

2π2α′ 4 log(2)[1 + (1 − Ω2
1)x2 + (1 − Ω2

2)y2] + 𝒪(α′). (3.34)

Like the situation in section 3.1.1, the effect of ∆Hkin cancels off the contribution from the
x2 and y2 terms in (3.34) to order 𝒪(α′), so we drop ∆Hkin and replace C with C(0, 0).

The equation in (3.31) is the radial Schrödinger equation for two two-dimensional
harmonic oscillators with frequencies ωi = β

√
1−Ω2

i
2πα′ , along with a perturbative potential ∆H.

The desired solution then satisfies

ω1 + ω2 + ∆E(1) + ∆E(2) = −1
2

(
C(0, 0) +

(
β

2πα′

)2)
, (3.35)

where ∆E(1) and ∆E(2) are the first and second order perturbative corrections, respectively.
It is straightforward to show that

∆E(1) = 3
∆E(2) = −1

4

( 1
ω1

+ 1
ω2

+ 2
ω1 + ω2

)
. (3.36)

Hence, we find the relation

1
2

(
2
α′ −

(
β

2πα′

)2
+ β2

2π2α′ 4 log(2)
)

= β̃1 + β̃2
2πα′ + 3 − πα′

2

( 1
β̃1

+ 1
β̃2

+ 2
β̃1 + β̃2

)
+ 𝒪(α′) ,

(3.37)

where β̃i ≡ β
√

1 − Ω2
i . Solving (3.37) and using the AdS/CFT dictionary, we find

TH = 1√
2π
g1/2 +

√
1 − Ω2

1 +
√

1 − Ω2
2

4π +
6 +

(√
1 − Ω2

1 +
√

1 − Ω2
2

)2
− 16 log(2)

16
√

2π3
g−1/2

+ 1
128π2

23 − 24Ω2
1√

1 − Ω2
1

+ 23 − 24Ω2
2√

1 − Ω2
2

− 2√
1 − Ω2

1 +
√

1 − Ω2
2

 g−1 + O((g)−3/2) .

(3.38)
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One can easily check that this matches the result in [16] when Ω1 = Ω2 = 0. Also, taking
Ω1 = Ω and Ω2 = 0, the leading two terms reproduce the result of [23].

Unlike the case for the R-charge chemical potential in (3.17), (3.38) smoothly connects
to the Ω1 = Ω2 = 0 result in [16]. One can also see that the perturbative result breaks down
if Ω1 → 1 (and/or Ω2 → 1). One can understand this by examining (3.31) and (3.34), where
we see that the x dependence cancels in the effective potential and the solution de-localizes in
x such that χ(x, y) = χ(y). The effect of this is to replace the right hand side of (3.37) with

β̃2
2πα′ + 2 − 3πα′

2β̃2
.

One then finds the Hagedorn temperature

TH = 1√
2π
g1/2 +

√
1 − Ω2

2

4π + 5 − Ω2
2 − 16 log(2)
16

√
2π3

g−1/2 + 13 − 16Ω2
2

128π2
√

1 − Ω2
2

g−1 + O((g)−3/2) .

(3.39)

which is nonzero for the limiting chemical potential, differing from the zero-coupling behavior.
If we also send Ω2 → 1, then the solution further de-localizes in the y direction and the right
hand side of (3.37) is set to zero. The Hagedorn temperature then becomes

TH = 1√
2π
g1/2 − log(2)√

2π3
g−1/2 + O((g)−3/2) , (3.40)

Notice that the form in (3.40) is similar to that found in (3.19) for the R-charge chemical
potential using an effective coupling.

4 The twisted quantum spectral curve

The quantum spectral curve for AdS5 × S5 was initially developed in [1, 2] to solve the
spectral problem. We start this section by briefly reviewing its important aspects before
discussing how, based on [11], we adapt it for the Hagedorn temperature with one chemical
potential for the R-symmetry.

The main objects of the AdS5 QSC are the 256 Q-functions which all depend on a single
complex variable u, the spectral parameter. Of these 256 functions only 24 are necessary
for our algorithm and we call them Pa-, Qi- and Qa|i-functions. Here a is a fundamental
SU(4)R R-symmetry index and i is a fundamental SU(2, 2) conformal symmetry index.4 The
Q-functions are related by finite difference equations called QQ-relations

Q+
a|i −Q−

a|i = PaQi, Qi = −PaQ+
a|i, (4.1)

where we use the notation f(u)± = f(u ± i
2) and Pa = χabPb with χab = (−1)aδa+b,5. In

addition, the Q-functions satisfy the constraint det
(
Qa|i

)
= 1.

4Note that in [11] and [16] the P-functions carry SU(2, 2) indices while the Q functions carry SU(4) indices.
We have flipped their roles to match the standard convention in the QSC literature.
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The P-functions have a single square-root branch cut along the interval [−2g, 2g] on the
top u-plane Riemann sheet, where the parameter g is the coupling defined in (3.18). The Q-
functions instead have a long square-root branch cut on (−∞,−2g] ∪ [2g,∞). Finally, the Qa|i
have a tower of branch cuts in the lower half-plane [−2g − i2n+1

2 , 2g − i2n+1
2 ] with n ∈ ℤ≥0.

The physical observable we compute enters the quantum spectral curve through the
asymptotics of the Q-functions. The twisted quantum spectral curve for the Hagedorn
temperature was first discussed in [11]. Specializing to the specific scenario with a single
chemical potential for the R-symmetry discussed in section 2, we find the large u asymptotics,

Pa ∼


y−iuµ

u y−iuµ

yiuµ

u yiuµ

 , Qi ∼


(− 1

y )iu

u (− 1
y )iu

(− 1
y )−iu

u (− 1
y )−iu

 , (4.2)

where y = exp
(
− 1

2TH

)
contains the Hagedorn temperature and (−1)iu = eπu.

To close the QSC equations we supplement the QQ-relations with gluing conditions.
As mentioned above, Qi should have on its first Riemann sheet only a long branch-cut on
(−∞,−2g]∪ [2g,∞). However, it is much easier to first construct another function, Q↓

i , which
is analytic only in the upper half-plane. Then using the parity transformation, u → −u,
we get another function Q↑

i which is analytic in the lower half-plane. Q↓
i and Q↑

i are then
“glued” along u ∈ [−2g, 2g] to give Qi with a long cut. Just like the case for zero chemical
potential [10], the gluing condition is

Q↓
i (u+ i0) = diag(e2πu,−e2πu, e−2πu,−e−2πu)i,jQ↓

j (−u+ i0) , u ∈ (−2g, 2g) . (4.3)

4.1 The zero coupling solution

At zero coupling all Q-functions have the form of an exponential multiplied by a polynomial.
Thus, based on the large u asymptotics, we make the ansatz

Pa =


e

iuµ
2TH A

(0)
1

e
iuµ

2TH

(
A

(0)
2 iu+ c

(0)
2,0

)
e
− iuµ

2TH A
(0)
3

e
− iuµ

2TH

(
A

(0)
4 iu+ c

(0)
4,0

)


, Qi =



e

(
πu+ iu

2TH

)
B1

e

(
πu+ iu

2TH

)
(iuB2 + d

(0)
2,0)

e
−
(
πu+ iu

2TH

)
B3

e
−
(
πu+ iu

2TH

)
(iuB4 + d

(0)
4,0)


. (4.4)

With this it is straightforward to solve the QQ-relations. To fix the gauge freedom, we choose
the leading coefficients of the P- and Q-functions to be

A1 = A3 = A2 = A4 = (1 + y1−µ
0 )(1 + y−1−µ

0 )
(−1 + y−2µ

0 )
,

B3 = B1 = 1, (4.5)

B2 = B4 = (1 + y−1+µ
0 )2(1 + y−1−µ

0 )2

(−1 + y−2
0 )2 ,
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with y0 = exp
(
− 1

2T (0)
H

)
and T (0)

H the Hagedorn temperature at g = 0. The leading coefficients
of the Qa|i are then fixed and take the form

ba|i,0 = −t̃iAaBi
1

√
y0
t̃i+µ + √

y0
−t̃i−µ

, for a = 1, 2, and i = 1, 2, 3, 4, (4.6)

with t̃i = (1, 1,−1,−1). The remaining coefficients are given by the relations in (B.5). To
fix the remaining gauge freedom we choose the parity relations

Pa(−u) = (−1)a−1Pa+2(u), Qi(−u) = (−1)i−1Qi+2(u), (4.7)

for a, i = 1, 2, where the second relation is only valid at zero coupling. We can then impose
the gluing conditions to find the equation

y2
0 +

(
y2

0 + 1
)
y−2µ

0 −
((
y4

0 − 6y2
0 + 1

)
y−µ−1

0

)
+ 1 = 0 . (4.8)

It is easy to check that (4.8) is equivalent to (2.7) and admits a real solution only if µ ≤ 1.

4.2 The numerical solution of the QSC

The numerical algorithm we will employ to solve the QSC was introduced in [30]. It is by now
a standard method and we relegate the details to appendix B. The basic idea is to formulate
the quantum spectral curve as a minimization problem of the gluing equation (4.3).

With an implementation of this algorithm in Mathematica we would expect that comput-
ing the Hagedorn temperature for one value of the chemical potential would take up to one
month, even with the use of a cluster. Thus, we have chosen to follow the example of [4] and
instead implement the algorithm in C++. While our implementation was inspired by the code
of [4] and is also based on the CLN (Class Library for Numbers, https://www.ginac.de/CLN/)
library for high-precision floating point numbers, we have written a new code in an object-
oriented programming style. We estimate that the C++ code gives us at least a 20-fold
speed-up compared to a Mathematica implementation.

We have run the computation for the values µ = sin
(
π n

40
)
, n = 1, . . . , 19. This allows

us to compare the numerical results for the Hagedorn temperature to the known weak
coupling behavior as well as our analytic conjectures at strong coupling, over a broad range
of the chemical potential. In figure 4 we show the results of the computation in the range
0 ≤ g2 ≤ 0.1. At zero coupling the numerical data connect well with the zero coupling
result from equation (2.7) and fit the 1-loop result as can be seen in figure 2. Similarly,
the data at zero twist from [11] fit well into the plot, thus giving us an overall smooth
picture in the weak coupling regime.

For most values of the chemical potential we have run our algorithm beyond √
g = 2.5,

always reaching at least √
g = 2.0. Figure 5 shows our entire range of numerical results.

We estimate the precision of all data to be at least 10 digits. The zero twist data, taken
from [16], fit perfectly into the picture. Going beyond the range of coupling presented
here would require a significant amount of computational time. With a cutoff order of
64 for the series expansion of the P-functions, the duration for a single optimization step
running on a single core is already at the order of 1 hour on a desktop (Intel i7 14700

– 16 –
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Figure 4. In pink we show the numerical solution of the QSC in the range g2 ≤ 0.1. This is a total
of 950 data points. In blue we show again the zero coupling result. In green we show the zero twist
results of [11].

Figure 5. The strong coupling data (1645 points) is shown in blue. In pink we show the weak
coupling data from figure 4 and in green we show the zero twist data from [14].

CPU), respectively 3.5 hours on a cluster (2 Intel Xeon Gold 6248R Processors per node).
In addition, convergence of the optimization is not always fast, requiring for the most part
between 6 and 12 optimization steps. Some help could come from improved extrapolation
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Figure 6. We show the fitted values of the leading order coefficient of the strong coupling fit as a
function of the chemical potential. For large µ ≲ 1 it fits very well to the prediction from the thermal
scalar (red dashed line).

algorithms. To generate initial data for the optimization we use a polynomial extrapolation
from the previous data. This performs poorly for µ close to 0 respectively 1. We leave
improvements to this extrapolation step for future work.

4.3 Fitting the strong coupling data

In this subsection, we extrapolate the numerical solution of the quantum spectral curve to
get a numerical estimate for the large coupling expansion of the Hagedorn temperature. We
will compare this order by order with the result from the thermal scalar at large twist µ ≲ 1
given in (3.17). To this end, we will fit expansions in g−1/2 to the numerical data and then
observe the twist dependence of the fit coefficients. Once we are satisfied that one order
of the numerical result matches the strong coupling computation, we subtract the analytic
result from the numerical data and we perform a new fit to look at the next subleading order.

4.3.1 The leading order

For a fixed value of the chemical potential µ, the leading large g term of the Hagedorn
temperature has the form T

(0)
H g1/2. For the numerical data with √

g ≥ 1.55 we fit a function
of the form a−1g

1/2 + a0 + a1g
−1/2 + a2g

−1 for each value of the chemical potential µ. We
plot the values of a−1 as a function of µ in figure 6 and compare it against the exact large g
result from equation (3.17). To quantitatively compare the results we look at

(√
2π T (0)

H

)2
,

which according to equation (3.17) has the form
(√

2π T (0)
H

)2
= 1 − µ2. We fit a quartic

polynomial in µ to the square of the numerical results in the range 0.7 ≤ µ ≤ 1. This yields(√
2π T (0)

H

)2
≈ 1.006 − 1.009µ2 − 0.007µ4, (4.9)

where we have rounded to 3 decimal digits. We see that the numerical result fits the analytic
result within 0.9 %. Hence, we are confident that they agree.
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Figure 7. We show the approximation of the first derivative of the Hagedorn temperature as a
function of √g for some values of the chemical potential (solid lines). The dashed lines show the value
of the leading term in the large g asymptotic expression of the Hagedorn temperature.

Below µ = 0.6 we observe deviations of the numerical results from the large g analytic
result for the leading term of the Hagedorn temperature. This can be understood as the
first derivative of the Hagedorn temperature ∂TH

∂
√
g is not monotonic. In figure 7 we show the

approximation of this derivative from our numerical data using a finite-difference quotient.
For µ = 0, this derivative increases monotonically as it asymptotes to T (0)

H . For µ > 0 the
derivative still asymptotes to T (0)

H but we see from the data that it first reaches a maximum
before approaching the asymptotic value from above. For µ ≈ 0.233 the maximum of the
derivative is not reached in the range of couplings we consider. This makes it difficult to
determine the correct asymptotic behavior of the Hagedorn temperature from the fitted
function. For µ ≈ 0.522, the derivative of the Hagedorn temperature is decreasing beyond
√
g = 1.5 but the inflection point where it starts flattening out again is barely, if at all, visible

and thus it is easy to underestimate the asymptotic value.

4.3.2 The first subleading term

The first subleading term in (3.17) is T (1)
H = 1+µ

2π , which is independent of g. To compare this
with the numerical data, we start by subtracting the leading term in (3.17) from the data.
We then fit a function of the form

∑3
i=0 aig

−i/2 to the data for √
g ≥ 1.55. The results for

the constant term are shown in figure 8. For 0.64 < µ < 0.97 we find that the relative errors
between the numeric and analytic result, T

(1),n
H −T (1),a

H

T
(1),a
H

are all below 1.9 %, with most being
well below 1.0 %. Fitting a linear function on this same range of data 0.64 < µ < 0.97, we find

T
(1)
H ≈ 1

2π (1.017 + 0.973µ), (4.10)

where we have rounded to 3 decimal digits. This agrees with the analytic result within 2.7 %.
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Figure 8. We show the coefficient of the first subleading order of the strong coupling fit as a function
of the chemical potential. This fits very well to the prediction from the thermal scalar (red dashed line).

0.2 0.4 0.6 0.8 1.0
μ

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0.0

T
H

(2)

Figure 9. We show the coefficient of the second subleading order of the strong coupling fit as a
function of the chemical potential. This fits very well to the prediction from the thermal scalar (red
dashed line).

4.3.3 The second subleading order

The second subleading term in (3.17) is the first order at which the conjecture in [17] plays a
role, so the numerical results serve as an important check. Subtracting the first two orders
in (3.17) from the numerical data, we can estimate the second subleading order by fitting
a function of the form

∑4
i=1 aig

−i/2 for √
g ≥ 1.55. The results are shown in figure 9. The

analytic result for this term in (3.17) is more involved. Visually, this agrees very well with
the numerical data. To quantify this agreement, we compute the relative difference between
the numerical and analytical results and plot it in figure 10. This is below 6.2 % for the
range 0.7 < µ < 0.98. In this same range we can also fit a quadratic polynomial in µ to the
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Figure 10. The relative difference of the second subleading term of the Hagedorn temperature.

rescaled second subleading term,
√

1 − µ2T
(2)
H . The result is

4
√

2π3
√

1 − µ2T
(2)
H ≈ −1.758 + 1.861µ− 1.705µ2 (4.11)

= (1 + µ)2 − 4(1 + µ2) log(2) + 0.015 − 0.139µ+ 0.068µ2,

where we have rounded to 3 decimal digits. We observe that this fit is very close to the
analytic result and gives us confidence that the terms agree.

4.3.4 Final remarks on the numerics

Unfortunately, our current data are too noisy to study higher order corrections. Figure 11
shows an attempted fit to the third sub-leading order in (3.17), which not only shows that
the fluctuations are much larger than the predicted value for almost the entire range of µ, but
there is also a large tail as µ→ 1. We will need results at much stronger couplings for the
entire range of the twists to confidently fit the data at this order and beyond. A large part
of the problem is that the prediction for T (3)

H in (3.17) is two orders of magnitude smaller
than the first three terms over most of the twist range. To compare with figures 6, 8 and 9,
we observe that −0.0055 < T

(3)
H ≤ 0 for 0.5 ≤ µ ≤ 1.

We have also excluded the µ ≈ 0.997 results from our comparisons at strong coupling. As
argued at the end of section 3.1.1, when µ approaches 1 it is appropriate to use the rescaled
coupling g̃ = g(1 − µ2). This coupling only reaches

√
g̃ ≈ 0.1569 at µ ≈ 0.997 in our current

data set. Thus, we have not yet reached the true strong coupling regime for high twist.
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Figure 11. We show the coefficient of the third subleading order of the strong coupling fit as a
function of the chemical potential. This doesn’t fit well to the prediction from the thermal scalar (red
dashed line).

5 Conclusions

In this paper we have generalized the QSC to find the Hagedorn temperature in the presence
of a nonzero chemical potential coupled to one of the R-charges. The QSC results match
the previously known weak coupling results, as well as predictions at strong coupling using a
string wrapped on the thermal circle in AdS5 and localized near a great circle of S5. The
numerical results give further credence to the conjecture in [17] for the structure of the
zero-point shift on the string world-sheet.

There are several further directions that can be explored. One possibility is to use the
ideas of [5] to compute the Hagedorn temperature at much higher values of the coupling.
This will lead to more precision for the subleading terms of the Hagedorn temperature and
thus reveal important information about higher order corrections in string theory.

Another direction is to consider the limiting behavior of the chemical potentials. In [31] it
was shown that the QSC can be expanded for small spin around BPS operators, enabling one
to find the so-called slope and curvature functions for any value of the coupling. It is tempting
to look for a similar simplification in our case by tuning the twist µ. Indeed, we observed
that by first twisting all P-function so that one considers the Witten index and then sending
µ→ 1 the QSC simplifies considerably. It would be interesting to explore this regime further.

It would also be interesting to use the QSC to numerically compute the Hagedorn
temperature at strong coupling for nontrivial chemical potentials coupled to the spins. This
will require improved solving techniques, since twisting the exponential asymptotics of the
Qi -functions with the spin-twists leads to numerical instabilities using the current algorithm.
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A The one loop spin twisted Hagedorn temperature

In this appendix we collect the relevant expressions for the spin twisted Hagedorn temperature.
The expectation value of the 𝒩 = 4 dilation operator is

⟨D2⟩
(
1 − y2wz

)(
1 − y2w

z

)(
1 − y2 z

w

)(
1 − y2 1

wz

)
=
[
w(y+z)4(4yz3(w2y2+y4−1)+z2((w4−6)y2−w2+y6)+6y4z4−y4−4y3z)

(w2−1)z3(z2−1)(wz−y2) log
(
1 − y2

wz

)
+ (y+z)4(w6(−y4)−4w4y3z+4yz3(w2y4+y2−1)+z2(w4y6+(1−6w2)y2−1)+6y4z4)

(w2−1)z3(z2−1)(wy2−z) log
(
1 − wy2

z

)
− w(yz+1)4(y2(w4+y4−y2)−z2(w2−6y4+6y2)+4y3z(w2+y2−1)−4yz3)

(w2−1)z2(z2−1)(w−y2z) log
(
1 − y2w

z

)
+ (yz+1)4(y4(w6−6z2)−w4y6+4(w4−1)y3z−4w2y5z+y2(6w2z2−1)+4yz3+z2)

(w2−1)z2(z2−1)(wy2z−1) log
(
1 − y2wz

)]
.

(A.1)

Using this expression the correction to the Hagedorn temperature can then be readily
computed through equation (2.9).

B The algorithm for the numerical solution of the QSC

The numerics algorithm is based on an ansatz for the Q-functions truncated to finite order
at large x and u respectively:

Pa =



e
iuµ

2TH

(
A1 +

∑N+1
n=1

c1,ngn

(ix)n

)
e

iuµ
2TH (ixg)

(
A2 + c2,0(ixg)−1 +

∑N
n=1

c2,ngn−1

(ix)n+1

)
e
− iuµ

2TH

(
A3 +

∑N+1
n=1

c3,ngn

(ix)n

)
e
− iuµ

2TH (ixg)
(
A4 + c4,0(ixg)−1 +

∑N
n=1

c4,ngn−1

(ix)n+1

)


= yiuµta

N+1−sa∑
n=−sa

ca,n

(
g

ix

)n
(B.1)

Qa|i = iyiu(µta+t̃i)eπut̃i
N∑
n=0

ba|i,n(iu)sa+s̃i−n, Qi = eπut̃iyiut̃i(iu)s̃i(Bi + 𝒪(u−1)). (B.2)

Here we use ta = t̃i = (1, 1,−1,−1), sa = s̃i = (0, 1, 0, 1) and the Zhukovsky variable
x = 1

2g (u+
√
u2 − 4g2). To fix the gauge we choose equations (4.5) and (4.6) to hold for all

values of coupling, i.e. with y0 replaced by y = exp
(

1
2TH

)
.

The numerical problem is much simplified by symmetry relations for the P- and Q-
functions:

Pa(−x) = (−1)a−1Pa+2(x), Q↑
i (−u) = (−1)i−1Q↓

i+2(u), (B.3)
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for a = 1, 2 respectively i = 1, 2, and similar relations for a, i = 3, 4. For the Q-functions this
symmetry relates the lower half-plane analytic function Q↑

i to the upper half-plane analytic
function Q↓

i . For the coefficients of the P-functions this symmetry translates into the relations

c4,n = (−1)n+1c2,n, c3,n = (−1)nc1,n, (B.4)

and for the coefficients of the Qa|i we get the relations

b4|1,n = (−1)n+1b2|3,n, b4|2,n = (−1)n+1b2|4,n,

b4|3,n = (−1)n+1b2|1,n, b4|4,n = (−1)n+1b2|2,n,

b3|1,n = (−1)n+1b1|3,n, b3|2,n = (−1)n+1b1|4,n, (B.5)
b3|3,n = (−1)n+1b1|1,n, b3|4,n = (−1)n+1b1|2,n.

This symmetry thus halves the number of coefficients that need to be fixed.
With the ansatz fixed we look at the QQ-relation

Q+
a|i −Q−

a|i = −PaPbQ+
b|i . (B.6)

This can be seen as a linear system of equations for the coefficients ba|i,n of the Qa|i in terms of
the coefficients ca|n of the Pa. In more detail, these relations can be expanded to take the form

sa+s̃i∑
m=−∞

(iu)m
−m+sa+s̃i∑

l=0

(
−l + sa + s̃i

−l −m+ sa + s̃i

)

×
(
(−1)−l−m+sa+s̃i − (−1)t̃iy(taµ+t̃i)

)
2l+m−sa−s̃iba|i,l

(B.7)

= −y
1
2µ(ta−tb)

sa+sb∑
m=−∞

∑−m+sb

k=−sa
ca,k c

b
,−m−k

g2m

sb+s̃i∑
n=−∞

(iu)n+m

×
−n+sb+s̃i∑

p=0

(
−p+ sb + s̃i

−p− n+ sb + s̃i

)
(−2)n+p−sb−s̃ibb|i,p

∞∑
l=0

(4g2)l

(iu)2l dm,l,

with

dn,l =
l∑

m=0

1
2m

(
n

m

)
m∑
k=0

(−1)m−k
(
m

k

)(
k
2
l

)
.

In table 1 we show for given values of a, i at which orders in u we solve the QQ-relation (B.7)
and count the number of equations that this provides. From the order u2 term of the
constraint Qa|iQb|i = −δba, we also get the equation

−b2|2,0b2|1,1 + b2|1,0b2|2,1 − b2|4,0b2|3,1 + b2|3,0b2|4,1 = 0, (B.8)

which is linear in the subleading terms ba|i,1 of Qa|i. In total we have 8N equations and
thus we can solve this linear system to compute the first N subleading orders of the large
u expansion of the Qa|i. Given a set of values for ca,n and y, this solution can be found
numerically. The QQ-relation also fixes c2,0 and c2,1 in terms of the other ca,n and y. Thus
we have in total (2(N + 1) + 1) − 2 = 2N + 1 parameters that need to be fixed.
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a i highest order lowest order # of equations
2 2,4 2 −N + 3 2N

1,3 1 −N + 2 2N
4 2 1 −N + 2 N

1 0 −N + 1 N
1 2 −4 −N − 2 N − 1

1 −4 −N − 3 N

Table 1. The orders of u for which we solve the QQ-relation (B.7) for various values of a, i. These
provide 8N − 1 linear equations for the coefficients ba|i,n.

We choose the set of points I = {−2g cos
(

2n+1
2K π

)
}0≤n≤K−1 for K = 2N + 2. For a given

set of values of ca,n and y we wish to test the gluing condition (4.3) at these points. To this
end we start by evaluating Qa|i at the points ũ+ i(U + 1

2) for ũ ∈ I and U a large integer
using its large u expansion. Then we can iterate the QQ-relation in the form

Q−
a|i = (δba + PaPb)Q+

a|i , (B.9)

to get the values of Q+
a|i at all the points in I. Finally, being careful in evaluating Pa(u+ i0)

on the branch cut, we can use Qi = −PaQ+
a|i to get the values Q↓

i (ũ + i0) for ũ ∈ I. For
an exact solution of the quantum spectral curve, the function

F (y, {ca,n}) =
∑
ũ∈I

4∑
i=1

∣∣∣∣∣ Q↓
i (ũ+ i0)

(−1)s̃iet̃iπuQ↓
i (−ũ+ i0)

− 1
∣∣∣∣∣
2

(B.10)

is identically zero due to the gluing condition (4.3).
The aim of the numerical algorithm is to find values of y and {ca,n} such that F is

approximately zero. To find this approximate zero we use a damped Newton algorithm. At
low values of the coupling we initialize the algorithm with random values for {ca,n} and
the zero coupling value of y. For stronger coupling we use extrapolation to generate initial
data for the optimization algorithm.
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