
   

Copyright  and  Reuse:  Copyright  and  Moral  Rights  remain  with  the  author(s)  and/or

copyright  holders.  Copies  of  full  items  can  be  used  for  personal  research  or  study,

educational, or not-for-profit purposes without prior permission or charge, unless otherwise

indicated,  provided  that  the  authors,  title  and  full  bibliographic  details  are  credited,  a

hyperlink and/or URL is given for the original metadata page and the content is not changed

in any way. For full details of reuse please refer to City Research Online policy.

City Research Online:            http://openaccess.city.ac.uk/            publications@citystgeorges.ac.uk

Citation:  Shidfar, A. (1978). The representation of biharmonic functions in terms 
of harmonic functions. (Unpublished Doctoral thesis, The City University, London) 

This is the accepted version of the paper.

This version of the publication may differ from the final published version. To cite 
this item please consult the publisher's version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/37683/

 

City Research Online
City St George’s, University of London

https://openaccess.city.ac.uk/policies.html
mailto:publications@citystgeorges.ac.uk
http://openaccess.city.ac.uk/


The Representation of Biharmonic Functions

in tems of Harmonic Functions

by

Abdullah Shidfar, M.Sc.

A thesis submitted for the Degree of

Doctor of Philosophy

, Department of Mathematics

The City University, London

July, 1978



TITLE

INTRODUCTION

PART I: TWO-DIMENSIONAL ANALYSIS

CHAPTER 1 : TWO-DIMENSIONAL REPRESENTATIONS

CHAPTER 2 : BERGMAN-SCHIFFER INTEGRAL: NON-FAILING CASES

CHAPTER 3 : BERGMAN-SCHIFFER INTEGRAL: FAILING CASES

CHAPTER 4 : BERGMAN-SCHIFFER INTEGRAL: COMPLEX ANALYSIS

CONCLUSION: NON-EXISTENCE OF ¢ (TWO DIMENSIONS)

PART II : THREE-DIMENSIONAL ANALYSIS

CHAPTER 5: THREE DIMENSIONS : GENERAL CASE

CHAPTER 6 : THREE DIMENSIONS : INTEGER FAILING CASE (:=0)

CHAPTER 7 : THREE DIMENSIONS : INTEGER FAILING CASE (21)

CHAPTER 8 ; NON-INTEGER FAILING CASE

CONCLUSION: NON-EXISTENCE OF ¢ (THREE. DIMENSIONS).

PART III : TRANSFORMATION OF REPRESENTATIONS

CHAPTER 9 : TRANSFORMATION OF A BIHARMONIC FUNCTION

FROM r-FORM TO z-FORM AND VICE VERSA

CHAPTER 10; TRANSFORMATION OF A BIHARMONIC FUNCTION

FROM r2-FORM TO x & y-FORMS AND VICE VERSA

10

11

22

27

33

41

42

43

49

58

67

a

78

12

87



APPENDIX I :

APPENDIX II:

APPENDIX III:

APPENDIX Iv:

APPENDIX V:

REDUCTION OF AN INTEGRAL TO A POLYNOMIAL

FOR INTEGER VALUES OF «.

SINGULARITIES OF AN INTEGRAL

TRANSFORMATION OF A BIHARMONIC FUNCTION

FROM r°-FORM TO y-FORM AND VICE VERSA

PAPKOVICH-NEUBER REPRESENTATION

EXISTENCE OF A HARMONIC SOLUTION TO

BERGMAN-SCHIFFER EQUATION

93

Oy

104

106

107



ACKNOWLEDGEMENTS

The author has much pleasure in thanking his superviser,

Professor M.A. Jaswon, for his counsel and guidance.

Thanks are due to   , Department of

Mathematics, The City University, for helpful discussions

and constructive criticism, and also to  ,

for her sustained support and encouragement.

Finally, considerable thanks are due to 

for the excellence of her work in typing the manuscript.



In this thesis we investigate the Almansi representation

of biharmonic functions in terms of two harmonic functions.

Our results extend a previous investigation by Bergman and

Schiffer. Also they have an interesting application to

the Papkovich-Neuber representation of linear elastostatic

displacement vectors in terms of harmonic functions.



A biharmonic function x in a domain B is continuous and

differentiable to the fourth order in B and satisfies the

equation

vy = v2 (72) =O ‘(O-1)

in B. It was first demonstrated by Almansi (1897) that a

biharmonic function could always be represented in the terms

of two harmonic functions. Thus, if x is a biharmonic

function of the independent variablesx,y, in a domain B,

then we may write

y=xdtu; 7h=0, y=0, (0-2)

where ¢g, are harmonic functions in B. Similarly we my

write

= ea 2sX= yD; VP=0, VO. (0-3)

This work was interesting and important, particularly

from the point of view of possible applications to

tvo-dinensicnal,of ‘elastic systems. An account of it
was given by Goursat (1959-64). However these

representations became largely ignored, principally because of the

subsequent develooment of Muskhelishivili's (1953b)

complex variable approach. This approach is extremely



powerful but is limited to damains which can be mapped

analytically onto the wit ee It does not work well
for domains which cannot be so mapped. Accordingly,

attention has recently been directed to Almansi's

original approach, in the hope that it might be effective for more

general domains. This field has been particularly

explored since 1965 by Professor M.A. Jaswon and his

colleagues.

A difficulty arises with the representations

(0-2), (O-3) because the harmonic functions ¢,\

are not unique for a given x. Thus the homogenuous

equation

wt+v=0; 20, vy =0 (4)

has the two independent non-trivial solutions

g=ly +; w=-x, —xy. (0-5)

This difficulty might not be serious from an analytical

point of view. However it could be a severe limitation

in attempting to achieve numerical solutions of

boundary-value problems. An alternative approach is to

utilise the representation

ee eae 7 Wat =10; vy =O (0-6)

where x? = x? + y? and ¢,v are harmonic functions in B.



The representation (0-6) is essentially equivalent to (0-1)

or (0-2), but it has the advantage that ¢,y are unique

for a given x in an important class of domain. Bergman

and Schiffer (1953) gave a simple differential equation,

the Bergman-Schiffer equation, for the construction of ¢

in terms of x. Also they gave a particular solution of

this equation in the form of an integral. However the

Bergman-Schiffer integral is not always a harmonic

function. In Part I of this thesis we give a complete

analysis of the 2-dimensional Bergman-Schiffer integral,

and we also examine rigorously the uniqueness of the

representation (0-6). In two dimensions it is possible

to formulate the Bergman-Schiffer equation and the

Bergman-Schiffer integral by means of complex variables.

This provides an elegant and powerful method for

constructing the harmonic function ¢ in cases where the

original Bergman-Schiffer integral fails.

Biharmonic function may also exist in three dimensions.

There is no difficulty in proving that x has representations

of the form

x= +d, y+, w+y (0-7)

where ¢, are harmonic functions. As before g,¥ are not

unique for a given x. Thus the homogeneous equation

xptyw=0; v7 3=0, vv =0 (058)



has the class of the non-trivial solutions

B= nly,z), v = -x nly,z) (0-9)

where n(y,z) is any two-dimensional harmonic function.

The representation

x= 34 + ; v3 =0, vy =0 (0-10)

where x? = x? + y? + 2, and-¢, are harmonic fimctions,

is essentially equivalent to the representations (0-7).

However g, are unique for a given x in an important

class of domain. This requires a systematic analysis

of the Bergman-Schiffer equation and the Bergman-Schiffer

integral in three dimensions, which we provide in Part II

of the thesis. Three-dimensional biharmonic functions

have no direct physical significance. However the

3-dimensional Bergman-Schiffer equation has an important

application to the Papkovich-Neuber (1932, 1934)

representation of linear elastostatic displacement

fields. Briefly this involves a harmonic vector function

and harmonic scalar function. The latter can generally

be ignored, but Eubanks and Strenberg (1956) proved that

its presence is necessary for certain values of Poisson's

ratio in certain domains. An improved theory of this

appears in Part II.

A given biharmonic function x may sometimes be more



conveniently represented by one representation than by

another. For instance in two dimensions we may see

directly that

de log x = x? (HIBLE FYE) + (x tog x - yo ) (0-11)

ee XO hw x
2 log r=r* ( a )+ Y logr+xe), (0-12)

=

where the bracketed terms in (0-11), (0-12) are

2-dimensional harmonic functions. However they are

multi-valued, in constrast to the single-valued harmonic

function log r which appears on the left-hand side.

These and other 2-dimensional transformations are discussed

in Chapter 1. Transformations between three-dimensional

representations involve a more difficult theory, which

appears in Part III. To summarise, this thesis makes a

clear step forward in the theory of the representation of

biharmonic functions by means of harmonic functions.
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PART I

TWO-DIMENSIONAL ANALYSIS



EE

CHAPTER I

‘TWO-DIMENSIONAL REPRESENTATIONS

As mentioned in (0-2), an arbitrary harmonic function x

has the representation

xX=xht+y; wh = yy =0, (1-1)

where h, ¥,x are functions of x and y. To determine h from yx,

we note that

re = 22 7 Vh=0. (12)

Therefore

eehs j Ux de + nly)? x =x(E,y), (1-3)
2

where we require

2 eee lao 2
O=Vh=97 Wayode + Ve ondy), (1-4)

2

2 2

ie a = -v7 EF TY a. (1-5)
2

It may be verified by direct analysis that the right-hand

side of (1-5) is independent of x. Equation (1-5) for n(y)



always has a solution, and therefore a particular harmonic function

h, always exists. Clearly we may always add to this the camplementary

harmonic solution a + by, where a,b are arbitrary constants. This

makes a contribution x(a + by) to x, which is seen to be a harmonic

function.

Often it is possible to campute h, by direct arguments.

instance if

vx = 2r’ cos ve, 2r” sin ve

where v is a given real number, then

1 vt
= sar cos(v+l)e ; v4 -1l

ate, V4,ho= wrt sinw +e pve -1

respectively, since

(v + 1)r’ cosve = + rl cosiv + 0 ,

(v + 1)r” sinve = + rl inv +e,

respectively. Therefore x always has representations of the form

For

(1-6)

(1-7)

(1-8)

(1-9)

(1-10)



eS

1 _vt2
x = hy = ar & cose cos(vtl)e 7; v#-1 (1-11)

pe te) eet j é a)
x= xh, = yr cose sin(vtl)e ; v#e1 (1-12)

respectively, to which we must generally add harmonic

functions.

As regards the failing cases

2 1 ai
vy =2r coed, 2 sing; v# -1 (1-13)

of (1-7), (1-8) respectively, we have fram (1-3)

x

h= { p tcose dé + nly) = logr + nly), (1-14)

Ee

h= f or teine de + nly) =-28 + nly), (1-15)

respectively, bearing in mind otcose = E(E2 + are.

o 2 sine = ye? +y*) 4. since v?(1ogr) = 0,

v6 = 0, it follows that we may put n =O in choosing

h, ip Accordingly

X= xh, = x loge (1-16)
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= xh =-x0
x Pe

respectively, to which we must generally add harmonic

functions.

A similar analysis holds for the representation

x=yh+¥; vh = v=o,

For instance, given (1-6), we see that

eee an ain (GPO aay een el

cos(vt l)e; vA-1

(v + l)r’cosve = os pitt sin(vt1)6

(v + l)r’sinve = - = rt cin(vt De

respectively. Therefore x always has representations

of the form

1 v2 A
CD = ee sin 6 sin(v + 1l)e ; v 4-1

xeyh=- ye sine cosy + Ye 7 v x -1

(2-17)

(1-18)

(1-19)

(1-20)

(1-21)

(1-22)

(1-23)

(1-24)



TS

respectively, omitting harmonic functions. In the failing

cases (1-13),

x = yh, = ye (1-25)

xen YA, = yiloge (1-26)

respectively. These forms can only differ fram (1-16),

(1-17) by harmonic functions, and we note that

ye =x logr + (ye - xlog r) (127)

y log r = -xe + (y logr + x0 ). (1-28)

Conversely

xlogr=yo + (x logr- ye ) (1=29)

“x8 =y logr+ (-y logr- x0). (1=30)

These transformations between the xe& y - forms are important

in the theory of two-dimensional Volterra dislocations (see

Jaswon & Symm (1977)).

Now x also has a representation of the form

2x=rstu 7; p= Wy =0, (1-31)
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in which case g satisfies the equation

vy = V2 (r%6) + oy = v2 OH)

p+ de By By; 2 dimensions (1-32)

3 38 3B), us6g + atx 2 ty ay +z gz) + 3 dimensions. (1-33)TJ

These are differential equations for ¢ in terms of

vox - Bergman and Schiffer (1953) pointed out that equations

(1-32), (1-33) can be transformed to

4p + 4r # = vx + 2 dimensions (1-34)

6+ 4r 32 = vx + 3 dimensions (1-35)

where

x,y > 1,8 (plane polar co-ordinates) rf

*%/Y,Z2> 4, 6, » (spherical polar co-ordinates).

It is convenient to replace equations (1-34) and (1-35) by

the more general equation
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egtr Bat, ve=0 (1-36)
ir

where f is a harmonic function and « is any real number.

We refer to equation (1-36) as the Bergman-Schiffer

equation. An inmediate particular solution of (1-36)

is the Bergman-Schiffer integral

hh !al xr - = £(p,6,¥) in D
4, = { o£ dp: eS (1-37)

hh i= £(p,0) in 2D.

Thus, for instance, substituting from (1-6) into (1-37)
2

with «=landf= %, we find

Vv v
ele es x ‘ ‘ =en Sw Os er Si) sin v8 7 v¥#-1 (1-38)

from which (amitting harmonic functions)

vt2
= = x . - -Kee, Swe os v8 7 vA~o1 (1-39)

vt2

x=rg.= SQFT sin ve Pa eee. (1-40)

The differences between the forms x in (1-11) and (1-39),

and between (1-12) and (1-40), are the harmonic functions

=i vt2= ata 2? cosy + 28, eae sin +28 G4)
‘ 20 + 1)

respectively. Also the difference between the forms x in



(1-23) and (1-39), and between (1-24) and (1-40), are the

harmonic functions

El: vt2 at vi2vee
y= 2a* ‘cos (v+2) , ate sin(y#2)6

respectively. As regards the breakdown cases y = -1,

which are the same breakdown cases as previously, it is

necessary to determine ¢, from theory of Chapter 3.

The results are

-2 -2
6,= =p log rt+ye), = vy log r- xo)

2 1
X= x B= i eo at

ner? d= $Y log r-x0),

respectively. The difference between the forms x in

(1-16) and (1-44), and between (1-17) and (1-45), are

harmonic functions and we note that

x log x =r? (S40 VE) a) x tor - yo )
or :

2 y log r - x0 aley logr= x* ( —— =) +5 ly logr - xe )

as anticipated in (0-11), (0-12).

The results (1-46), (1-47) show that x log r, y log

(1-42)

(1-43)

(1-44)

(1-45)

(1-46)

Q-47)
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cannot be conveniently represented in the r?-form. Conversely

the biharmonic function rlogr cannot be conveniently expressed in the

x-or y-forms. Thus, if

x=r' logy, (1-48)

vx =.4logr+& (1-49)

By aplying (1-3) we obtain

x ‘

hy = af logo dg +2x= a{ Gaoge - ye)-x} + 2x=2(xlogr - ye) (1-50)

from which, omitting a harmonic function,

x = 2x(x logr- ye). (1-51)

The difference between the forms x in (1-51) and (1-48) is

a harmonic function, and we note that

Flog x = x {o (aoge s ve) es { ya?) Aer xs}. (1-52)

Similarly

r*tog r=y {2a0ge = ve) } af {?-y 10g - ny of. (1-5 3)
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As before, these transformations are important in the theory of

two-dimensional Volterra dislocations.

An elegant and powerful method for evaluating h in (1-3) is

provided by camplex variable theory. Thus, if Vx ffare the

hammonic conjugate of Vx, h respectively, then (1-3) in the
Spt

complex variable demain becanes

oat= j dra, (1-54)

where

H=h¢+4h, F = veyt i vey, 2a xt dy.

Accordingly

ny oren=ne {{ dra}. (1-55)

For example, if

y7y =2 log, then v2xy=20 and F = 2 logz,

from which

Z

w= [rose dct=zlogz-2z (1-56)

h,= Re l= (x logr - yo) -x (1-57)

as utilised in (1-50).
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As a second example, if vx =2 ra cose, then

Reiv ye wey mei, (1-58)

from which

z

ae | & ee (1-59)

h_= ReH=logr. (1-60)
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CHAPTER 2

BERGMAN-SCHIFFER INTEGRAL: NON-FAILING CASES

Given a harmonic function f in a two dimensions

domain B, we seek a second harmonic function g in B

which satisfies the Bergman-Schiffer equation

BL 2wc gter ae (2-1)

where r? = x? + y* and « is any constant. The choice

« = 1 corresponds to (1-34). Equation (2-1) has

the family of solutions

g=xr“g(e) +r“ few dp (2-2)

where g(6) is an arbitrary fimcti of 6. It is

necessary to determine g(8) by the requirement that

é is a hammonic function, i.e. vd = 0, fram which

it follows that

2 ac7 rx “a()} =-v? {e c fox leap b (2-3)

i.e. by straightforward manipulations

2h oe aa, 2. (ose (headx (2g 4 E8) = 9? {a [5" tea}, (2-4)
38

so that g satisfies the equation
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aogier

ig eed ee tang fr fo fap i (2-5)

The expression on the left is only a function of 6 , therefore

the expression on the right must only be a function of 6.

This may be verified by a detailed analysis. Accordingly,

denoting the right-hand side of (2-5) by h(8), we re-write

(2-5). as

a 2= + <g =h(6). (2-6)
3

There are now two distinct possibilities for h, i.e.

h=0,h#0. If h =0, we obtain at once

g(8) =a cos k8+ 8 sin «é (2-7)

where a,8 be arbitrary constants. Accordingly

- =e (& ei

d=r “(a coske + gsinkd ) +r a) fo’ tap . (2-8)

This result can also be seen directly, since h = 0

corresponds with the Bergman-Schiffer integral being a

harmonic function: r “g(8) must then be a harmonic

function and therefore g must have the form (2-7).
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For «> 0, the harmonic fumction r “(acosxé + ssinké)

becomes singular at r =0. Accordingly it is inadmissible

in any simply-connected domain which includes r = 0.

Therefore the Bergman-Schiffer integral provides a unique harmonic

solution of equation (2-1) in such domains.

Within a ring-shaped ‘domain which excludes r = 0,

the functions r ‘cosk9 , x ‘sinks would be quite admissible. For « =1

it may be verified that these satisfy the hamogeneous

differential equation

34+ ar B= 0 (2-9)

Equivalently they provide two independent non-trivial

solutions of the functional equation

rp+y =0; vb=v%y =0, (2-10)

which are respectively compensated by the harmonic functions

-r? (7 c088) =-rcos 6 =-x,
} (2-11)

< W

-r? (c sins)<€ u -rsin® =-y.

This can be seen directly, but our analysis proves that they

are the only possible independent non-trivial solutions.



Consequently, in order to ensure the uniqueness of the

representation (1-31) within a ring-shaped domain, we

must introduce two side conditions which eliminate the

components rtcoss, rtsine from g. There remains

the problem of covering the biharmonic functions

x logr, y logr by the representation (1-31). These

could exist within a ring-shaped domain, but ¢, v

would then be multi-valued functions as shown by (1-46)

and (1-47). It is necessary to remove mlti-valued

functions fram our analysis as far as possible.

Accordingly Jaswon and Symm (1977) introduce the

representation

arg + yt axlogr+by lor (2-12)

inside a ring-shaped domain, where a,b are constants to

be determined and g,) are single-valued harmonic

functions. These two extra unknown coefficients exactly

balance the two side conditions previously mentioned,

so providing a well-posed formulation of the

biharmonic boundary-value problems for such domains.

Within an infinite exterior domain we mst introduce

the restriction

xX=O(r) as r +o , (2-13)

This implies 6 =0 (2) asr~=. Also, in two dimensions

it is necessary that ¥ = O(1) asr+o.
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Accordingly Jaswon and Synm (1977) utilise the representation

eer
x=xrpg+ytaxtby (2-14)

where ) is restricted so that » =O(1) as r+ and where

a,b are constants to be determined. The coefficients a,b

are balanced by two side conditions, as previously, which

eliminate the components r cose, rtsine fran ¢.

For k = 0, it follows that r “(acos «@ + 8sink®@ ) = constant.

This would be acceptable in any two-dimensional domain . For

« < 0, the harmonic function r “cos xé, r “sin «@ would not be

admissible for infinite exterior damains. Therefore the

Bergman-Schiffer integral provides a unique harmonic solution of

equation (2-1) for such damains.
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CHAPTER 3

BERGMAN-SCHIFFER INTEGRAL: FAILING CASES

The Bergman-Schiffer integral may or may not be a

harmonic function. For example, choosing

f = r’cos v6, for an arbitrary choice of v, (3-1)

we find

= (ope eye 2 v

x “| oF do =r 5 ara dosvede = = cos ve. (3-2)

Clearly the integral (3-2) is a harmonic function when

vy #-« . However the integral is not a harmonic

" function when v = -«. In this case we write

f=r ‘cox 6, (3-3)

which yields

-e[t =L Lik
xr p “coskédp = r ‘coskélog r. (3-4)

Clearly this corresponds to the case h # 0, i.e.

K—2v2 {x*cosxetoy x} = -2« x“ “cos «8, (3-5)

and therefore from (2-5) we have



Rios apt? (2 {x “coske osx} = 2« coské . (3-6)

Equation (2-6) now becames

an 244, + «xg = 2 xcos «6, (3-7)
36

with the particular solution

gp (2) = 8 sin xo. (3-8)

Accordingly equation (2-1) has the particular harmonic

solution

4, =r “(coské logr + 6 sin «é6) (3-9)

in this case. For « = 1, the expression (3-9) becomes

% = x (cose logr + 6sin 6) = ae (x logr + ye ) (3-10)

which is one of the bracketed multi-valued functions

(0-11). Similarly, when

f=r “sin xo, (3-11)

we have the particular solution

4, =x “(sinc logr - @ sinké )s (3-12)

which becomes



4, = rey log r - xe ) (3-13)

when « = 1, in agreement with the second bracketed

multi-valued functions (0-12).

A second example is

f=logr. (3-14)

Here the Bergman-Schiffer integral becanes

2" ap ree rogpe' hap = 4 toge 2 2 } ;

«FO, (3-15)

fram which it follows that

nfo) == 2? 0 Licgr-4) =0; «#0, (3-16)

Therefore equation (2-1) has the particular solution

=i alts esé=2 {roge ut, eis (3417)

in this case. On the other hand, if « = 0, then

co
[/evthoge de = & 109%



n(e) = -rv? 1, 203°} =-l.

Therefore equation (2-6) becomes

Sec ey (3-18)

with the particular solution

re

q=- 5. (3-19)

Accordingly

fy = (log@x - 62) (3+20)

is a particular harmonic solution of equation (2-1)

in this case.

We camplete this chapter by proving directly that

ay (Rees

ete 7 fr | pf 1 ap }, i.e. h, is independent of r.

Thus

= Cl ee == lyev fee [Forte a of = ele - ux? [ote ap

- = = -—e— xr —
tee reat Ee? [ Leap

Boey aed (x LaePare yr fo —, do. (3520)
367



Je

Since £ is harmonic and therefore satisfies the equation

4 23 =o, (3-22)
=

expression (3-21) becames

‘4

ee j oe fd p= «xre + rt =
x

vera ("e-1, 2 8-£ , af-r j ep (p as p—)d. (3-23)
ap 30

Integration by parts yields

T ctl .2 x

i 2S & olf gen fol aw, (3+24)
30 or 30

rc ee
[Fo* 38 ao = r°t - «| pe f.dip, (3-25)

in which case (3-23) becames



eae (e fe =
ae? [ote to sgien eet =

= = + ee ae wae ems dp - ae h(8),

eerie (3) (3-26)

where h(§) arises because of the indefinite integrals in

(3-24) and (3-25).



CHAPTER 4

BERGMAN-SCHIFFER EQUATION: COMPLEX ANALYSIS

In this chapter, we analyse the preceding results by

regard to complex variable theory.

Given a harmonic function f in B, suppose equation (1-36)

has a harmonic solution g in B. Taking the conjugate of each

side of this equation we note that (utilising the x,y form)

cPtx B +y ad =£,ox by ¢ oo

where £, 2 are the conjugate functions to f, ¢ respectively.

Multiplying both sides of (4-1) by i and adding to (1-36) we

find

(B+ idx G+ i+ y L G+ ip) = £448 (4-2)
me ay

ao ao
1. 7K oe Yay Ee (4-3)

where 6 = ¢ + ig, F=f£+4f. Writing z =x + iy,

Z =x - iy and noting that 4(x,y) = 4(z,Z), it follows that

3d _ 36 Zz, 90 BZ _ 2b , 2d
ax 82 8x =«08Z BX OG oes

Bd _ 30 92, 90 az _ 4 38 3d
ey 32 oy 92 oy az 8
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Therefore

3 80 (eae ae = atNias t Voy eae see, oe az )

However the analyticity of ¢ implies 2 = 0, so that (4-5)

becames

ae

az

By reference to equation (2-1) and the general solution

(2-2), equation (4-6) has the general solution

Z

o(2) =Cz S42 f £7 pleyae ,

where C is an arbitrary camplex number. We concentrate

upon the particular camplex solution

Zz

oy(z) = 2* | ebede,

(4-4)

(4-5)

(4-6)

(4-7)

(4-8)
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which yields the particular real solution

= Re 4-9% 4, (2) (4-9)

of equation (2-1). This is a particular solution of

equation (2-1), which is harmonic in either the whole or

part of the domain B where f is harmonic.

Since f is harmonic in B, it follows that F is

analytic in B. However it does not necessarily follow

that %, is analytic in B. For instance, if « =O and

£ =c, then F =C (C is a complex constant) and

Zz

a, (2) = f c & =C logz (4-10)

which is not analytic at the ‘origin. It can be seen directly

that the equation z - C has a particular solution

@ =C loz.P Og

As asecond example of (4-9), we note that

£ = xr’cos ye, for an arbitrary choice of v. (4-11)

This has the hammonic conjugate F = r’sin v6, so that

Fef+iF=2z’. (4-12)

Substituting from (4-11) into (4-7), we find

ah

ayia) = 2" [et ae ee (4-13)
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So that

2” r
Oem Rea ) vtK

Clearly , is a harmonic function identical with (1-38).

If v=-« , then

P

This is identical with (3-9).

Bergman-Schiffer integral provides. a harmonic solution

even though the corresponding real integral does not. ;

g= re), =r “(cos x@logr + 6sin x8).

We note that the complex

A third. example of (4-9) is

F = logz,

(4-14)

(4-15)

(4-16)

(4-17)

(4-18)
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Alw
a: 1 xfrog 2 - 3} uals) 7« #0

Wl NIr Bl g 1" Olog r ; K=0

(4-19)

+ (4-20)

(4-21)

(4-22)

(4-23)

(4-24)

These examples show that the complex variable approach

to the Bergman-Schiffer integral provides a more powerful

approach than that of the real variable, since both the
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cases h = 0, h # O are covered by the same formulae (4-8), (4-9)

As a final example, we choose the analytic function

F(z) = 2” logz 7 v is any constant. (4-25)

Then

a2 ( eM nogear = 2 tog 2 - oh) ve (4-26)
p vik vio! 2

Accordingly

£ =Re 2’ logz = r’ (cosvé log r - @siné), (4-27)

implies

= el:
eo Ne oo = ore (log x - Fr) sve - 8 sinve]. (4-28)

In the special case v = -«x, i.e. if

F(z) =z “log z, (4-29)

we find

Zz =

a2] ttiggtfdt= 5 log” Zs (4-30)
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£=Re z “log z=2r “(cose log r + © sinké), (4-31)

implies

Ze mo 2 2
$B, = Re => log z = - =>- [Cosk(log'r - 6°)+ 20 sinke log r]. (4-32)

It would be extremely difficult to deduce (4-28) and

(4-32) by real variable methods. Thus substituting from

(4-27) into forma (2-5), we find

=

h(6) = tA oVtl (cosve logo - 6sinvé)dp

eta 2 re 1STON, t= (cosvée (log r - Tre ~esinve liv A#-«

=0;

v#-xK

K

ext? 92 + log r (cosklog r + 26 sinké)]jv =- k.

Lec ll 2«6sink® - cosK6; verk.

Accordingly equation (2-6) becames



a+ =O; v#r-k
a

(4-33)

Pd 224, + «Kg = 2« Sinké- coské;v = -K.
a6

Equations (4-33) have the particular solutions

9, (8) =0 + v#r-kK

(4-34)

2

g,() =~ verk

Accordingly

ny a
%, =" Su [cosvé (log r - She ) - @sinve]; v #-« (4-35)

e* 2 07
g, So os (cosx@log*r + 26 sinxélog r - rT Cosk6) 7

(4-36)

These solutions are identical with (4-28) and (4-32),

respectively.
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PART I: CONCLUSION

NON-EXISTENCE OF ¢ (TWO DIMENSIONS)

Our analysis shows that, for any «, we may always

Choose a harmonic function f so that the Bergman-Schiffer

integral fails to give a harmonic function. The integral

contributes to a particular function ¢ b which satisfies

“the Bergman-Schiffer equation. In this case 4, may not

exist, or may be multi-valued, in some domain B even

though f exists and is single-valued in B. For

instance,

if £ =r “cos «@, then 4 =r “(cose log r + 6 sinké )

as shown in Chapter 3. If « is a positive integer then f

would be single-valued and g, would be multi-valued in any

ring-shaped domain surrounding r=0. If « is a negative

integer then f exists but ¢, does not exist in any domain

which includes r = 0, e.g. putting « = O above we see

that 4, = log r when f = 1.
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PART II

THREE-DIMENSIONAL ANALYSIS
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CHAPTER 5

THREE DIMENSIONS : GENERAL CASE

Given a hamonic function f in a three-dimensional

domain B, we seek a second harmonic function ¢ in B which

satisfies the Bergman-Schiffer equation

Ren oe =, (5-1)
ar

where x? = x? + y* + 2? and « is any constant. The

choices « = corresponds to equation (1-35) and

- 4<«< - 2 corresponds to the Papkovich and Neuber

problem mentioned in the Introduction (see AppIv).

Equation (5-1) has the family of solutions

=

barge) +2% [oe ap (5-2)

where g(9,~) is an arbitrary function of the angular

variables 6, ). We must restrict g(®,)) so that g

becomes a harmonic function, i.e. v3 = 0, from which

it follows that

=

v fr*g(e wo} mays es j peel of. (5-3)

Now the right-hand side of (5-3) always exists in-at=keast same

domain. Therefore equation (5-3) is a Poisson's equation for

rg, which always has a solution in this damain. Accordingly

there always exists a harmonic fumction ¢ of the form (5-2).
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A direct argument for the existence of ¢ is given in App. Vv.

Since

2 2
qos espe Oar fo Lwimty)+ $$, 4; (5-4)

or2 ror r’sine 36 36 r“sin’e ay’

in spherical polar co-ordinates, we find

ah -—K—v7 fr gto} =-r * {eles + a on (sinezZ) +

2
a ai (5-5)

sinTMé oy

whence, from (5-3), g satisfies the equation

: 2

a eet ae eel
sind 36 26 sin2s ay?

r= pht2y2 ee f ow Fao }

zh (6,). (5-6)

The expression on the right-hand side of (5-6) is at most

a fumction of 6, ~, which, following chapters I and II, we

term h(é,). Accordingly, we write
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2

elerlg +—— © (sins +425 =n (6,y). (5-7)
sind 36 36 sin’8 3y

There are now two distinct possibilities for h: h = 0,

h #0, i.e. the Bergman-Schiffer integral is a harmonic

function or it is not. The first possibility is now

discussed.

If h(6,¥) = 0, then g satisfies the equation

2

13 (sing 29)+ = 2S + Kler 1g =0, (5-8)
sin® 36 36 = sine av

which has solutions of the form

g(0,v) = P_TM (cose) ef

(5-9)

m

mb: (cosé) em

using standard symbolism (Lebedev, 1972) where P_| (cose) is a

Legendre associated function of the first kind,and we restrict

the index m to be a positive or negative integer or zero

subject to the inequalities

|m| < |x| aif« <¢ 0, [ml < |e -1] if «> Oo. (5-10)
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The conclusion (5-9) may be seen directly fram (5-2), since

rx g(e,y) must be a harmonic function if the Bergman-Schiffer

integral is a harmonic function. Accordingly equation (5-1)

has harmonic solutions of the form

= = r —_gear *p_TM(cose)e4TM +r | ees (5-11)

For « > 0, the harmonic function xP TM(cose)eTM

becomes singular at r=0. Accordingly it would not be

admissible in any finite damain which includes r = 0.

Therefore the Bergman-Schiffer integral provides a unique

harmonic solution of equation (5-1) in such a damin.

If « = 0, then rTM*P_TM(coss)e"TM = constant. If«< 0,

the function r“PTM (coss) e"TM would be acceptable

only for integer values of « in a finite domain which

includes r = O (Rabenstein, 1966); since otherwise

PTM (cose) eTM becames singular for @ =" (ie. along

negative z-axis). In an infinite exterior domain which

excludes r = 0, r“P_TM(cose)e"TM would be acceptable for

« 3 1 and provided that it is an integer.

As a first example of h = O, we choose the harmonic

function

f=r" Bee (cose) ett? 7 vA-k (5-12)

where 1 is a given positive integer or zero and v an
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arbitrary constant, in which case

ee y ; ey a

x ‘| oXtIp © (cosa)e"¥ap = = oe (cose)et*? ; y # -«.

Therefore equation (5-1) has harmonic solutions of the form

rt in), -«, m imy
g= SEG (cose)e" "+x Pay (cosé) e pvFA#-%K, (5-13)

subject to the inequalities (5-10) on m. In view of the

restrictions mentioned in the previous paragraph, we may

define the unique harmonic solution

v
a:og = Sez P, (coss)e ny ;‘b Kk >0O, v#-K, v2.0

} (5-14)
or a non-integer Ras 0)

in any finite domain which includes r=0. Also we may

define the unique hamonic solutiong

sd Ens on iu
, rc P_yel) (cos@) e y

#*< 0,0 4 -K,v ¢ -1

} (5-15)

or anon-integer «21,

in any infinite damain which excludes r = O and is

intersected by the negative z-axis. For other choices of «, the

solution would not necessarily be unique as previously

explained.
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As a more specialised example of h = O, we choose the

function

£ = log(r sing). (5-16)

This is a harmonic fumction which becomes singular along

the z-axis.

We find

a [to Nap =x“ fotos osins) do = + [togix sins )-+ 1;

«#0 (5-17)

from which it follows that

n(e) = -r<*? 9? ° i rast sins) - a =O; «#0. (5-18)
K

Accordingly equation (5-1) has the particular solution

ma= = [log(r sine) - 2) eck iO) (5-19)
*

in this case.

The failing cases v =-« of (5-14) and « = 0 of (5-19)

will be examined in the following chapters.



CHAPTER 6

THREE DIMENSIONS: INTEGER FAILING CASE (u = 0)

The solution (5-13) clearly breaks down when v = -x.

This is the case where the Bergman-Schiffer integral is not

a harmonic function, i.e. h #0. Thus, when

er ae iny
£f=r Pj (cossje"",

where » is an arbitrary positive integer or zero, we find

me eeatee -«
xr a p tp 1 (coset? do =x B _, (coss)e"Y10g ay

= u Ko ¥fe een (cos)etY 10g r} =-(2« - ee 2p _ (coss)eTMTM¥,

un(e,v) = x29? fe," (coss)et? log r}

u

(2e - WP,” (coss)e"”* .

Equation (5-7) now becomes

2 u
A Dyeing 28 +4 BS 4 clertyg =(2x-1P__, (cose)eTM”
sind 36 36 = sin2e- ay

(6-1)

(6-2)

(6-3)

(6-4)

(6-5)
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Putting

glory) = weer,

this becomes

Tae aw u2 u
Sn an (sind: —)+ [eel = ——— w= x -1)P 3 (cos8) .
sino? 38 sin2¢ 7

The simplest possible choice of y in (6-7) is y =0.

In this case equation (6-7) becanes

ates oy (cine 3) +(e) w= (2-1)P__, (cos8).

To make further progress we restrict « to be a positive

integer and look for a particular solution of equation

(6-8) of the form

Wp (®) =- Pos (cos@)log sine +S(6) 7; O<O<T7,
aL

where S(6) is a fumction of 6 to be determined. Substituting

from (6-9) into (6-8), we find

eS
siné9e

as. * = a.
(sine 59) TK (« 1S = 2(«: 1)P__, (coss)+2cote 7) P__; (cosé)

(6-6)

(6-7)

(6-8)

(6-9)

(6-10)
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Equation (6-10) has a polynomial particular solution of the form

= -2
sie) = |] cos “a, (6-11)

rl

p= 55 if (cl) is even, p= 45) if (el) is odd

and the coefficients a, satisfy the recurrence formula

a, ee (2«-4) $ ; eo

2? (eH2) 1 (e-3)! (2K-3)

(«-2x+1) («-2r) ay t2r (2x-2r-1) a, (6-12)

(2-2-2) ! Ales

SOC ae aes
25? (e-1) $ (eee) § (x-2r-1) !

as can be verified by substituting (6-11) into (6-10).

It may be remarked that S(8) =O for «x = 1,2. Accordingly

equation (6-5) has the particular solution
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Sreies. 6
PB

= -P__,(cosé)log sine + } a, cos (6-13)
rl

in the cage cfpositive integer values of «, when u = 0.

To the particular solution (6-13) we supperpose complementary

solutions of the form

ou im) m im) 6-14)a P._, (cost)e + b Q._, (cos8)e , (

m

where a,b are arbitrary constants and P._, (cosé) ; gh, (cos)

denote the associated Legendre functions of the first and

second kind respectively. The index m is restricted to be

an arbitrary integer to ensure that the solution remains

single-valued for any circuit around the z-axis. We note

that FT, (coss) = 0 for |m| > « - 1 as follows from the

definition of the associated Legendre function.

Accordingly, when u = 0, equation (6-5) has solutions

of the form

g(8/¥) =~ B._, (c0s8) log sine + [API (coss)+b fie;

(6-15)

m YS) 2
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Pp

g(8,¥) =-P_, (cose)log sine + ) a, cos 25
rl

(6-16)

+ fam (cose) +b @TM (coss)] e@TM eee oh
Fail Ku1

Therefore equation (5-1) has harmonic solutions of the

form

d=xr* gle) +r“ P__ (cos®) logr (6-17)

i.e

sie 2 oie imp , a
r“P_, (cose) log Se + x “[apil, (cosé)+bg (cose)JeTM 7 « = 1,2.a i]

(6-18)

Bean = i Kner a
g=xr P__ (coss) log Sag + F oy a, cos e

(6-19)

+2 “fa PE (cose) +b OM, (cose)] ent fe Rae 3
ce.
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It will be seen that the solutions (6-19) have singularities along

the z-axis. Accordingly for any positive integer value of

«, equation (5-1) has no harmonic solutions for the

particular choice f = oe (cose), inside any damain

which is intersected by the z-axis.

If «=1, the solution (6-15) reduces to the mich

simpler form

g (8,9) = -log sin @ + aPTM(coss)eTM +b 9.TM(coss)e"TM. (6-20)

Now P5"(cosé) = 0 form #0, P.,° (cose) = 1, as follows

fram the definition of the associated Legendre functions.

Also

1

Oe Raw? SR pug tt)5 = aid 7 u=cosé, (6-21)

using Kellogg's symbolism (1954). Accordingly, we obtain

g(6,¥) = log sine t+at+b 9. (cose) © (6-22)

d=r gy) +x loge

re
W log (sey) +o? [a +b OTMcos8)] es (6-23)
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As before this has singularities along the z-axis. Clearly

therefore when «= 1 equation (5-1) has no harmonic solutions

1
for the particular choice f =r inside any domain which

is intersected by the z-axis.

For any negative integer or zero value of «, it

may be verified that equation (6-8) has a particular solution

of the form

Wo (8) = P__ (cose) log sing + S(6), (6-24)

es —Kmac,
s(e) = - J a, cos iy (6-25)

rl

where

K (+1)
pass if -« is even, p = - 3" if -(ct+1) is odd

and the coefficients a e satisfy the recurrence forma (6-12)

with -k in the place of x. It may be remarked that

S(6) =O for « =0, -1. Therefore equation (6-5) has

solutions of the form

m

g(0,v) = P_, (cost) log sins + [a P_, (cos8) + b OTM(coss)]eTM;

ck =0, -1 (6-26)
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P

g(6,y) =P_log sing - } a, cos “7%

rae (6-27)

+ [a Py (cose) + b 0 TM(cos8)] ew pene Sia

where a,b are arbitrary constants. Accordingly equation

(5-1) now has harmonic solutions

g=r “g(0,v) + r “P__ (cosé) log xr (6-28)

= - m

i.e, B= x “P_ (cos) log(rsine)+ r “[aP__(cos8)+b QI(coss) J em,

«k= 0, -1 3 (6-29)

Z ata a2
g =r "P_ (cose)log(rsins) -r “ } a, cos“ 5

5 rl

(6-30)

+x “[a P_TM(coss) +b a TM(coss)] 22TM

As before this has singularities along the z-axis. Accordingly

for any negative integer or zero value of k, equation (5-1)

has no harmonic solutions for the particular choice
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£ =r“ P__(cos®) inside any finite domain which is intersected

by the z-axis.

If « W O, the solution (6-26) reduces to

g(8,¥) log sinfg t+a+t+b 9 TM(coss)eTM. (6-31)

Accordingly equation (5-1) now has harmonic solutions of

the form

G=9(8,¥) tlogr,

imp
= log(r sind) +a+bQ (cossje . J (6-32)

As before this has singularities along the z-axis. Clearly

therefore,when « = 0, equation (5-1) has no harmonic

solutions for the particular choice f = constant inside

any finite domain which is intersected by the z-axis.
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CHAPTER 7

THREE DIMENSIONS: INTEGER FAILING CASE (yu 2 1)

For any integer value of » = 1 , we divide the discussion

into (a) positive integer values of « and (b) zero and

negative integer values of x.

A. positive integer value of «

In this case we look for a particular solution of equation

(6-7) of the form

uy

W, (8) =- P_} (cos®) log sind +S(0); O<6<m7T (7-1)

where S(6) is a function of 6 to be determined. Substituting

from (7-1) into (6-7), we find 3

a 3S. Zz
siné => (sind =) + [k (k-1)-u°] Ss

a u 2 awe
= 2(k-1)P__, (cosé)sin 8 + sin 20 30 P__, (cos®) z (7-2)

This equation does not generally have a finite polynanial
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solution, but closed-form solutions can be achieved in sane

special cases. For instance, if » = 1, equation (7-2)

becomes

sin? 25 (sine 8) + [k(k-l)sin*e - 1] S

AI,

z Chey a 2= 2(x-1)sin’6 Py (coss) + sin 29 55 Py (cose) . (7-3)

Choosing « = 1, the expression on the right-hand side of equation

(7-3) vanishes, since P,*(cos®) = 0, in which case (7-3) has

the particular solution S, (0) =O. If so

1W (6) =P (cos8)log sind + S, (9) =0, (7-4)

g_ (8,9) =w(e)er” =0, (7-5)
Pp PB

6 (r8,¥) = x 1g(e,y)4x'P," (cos8) log r = 0. (7-6)

Here equation (5-1) becomes

p+r Bar pl coss)e = 0, (7-7)



with the harmonic solution g = c ous where c is an arbitrary

constant. This solution arises entirely from the camplementary

solution, and it is seen to be a particular case of the

general complementary solution (5-9), i.e.

m n 4

gle,y) =e Py Ma ¢ P, (coss)eTM =

since P,° (cos8) leg Ee (cosé) = O for m# 0,

d(c,2,¥) =r tgle,¥) =er?. (7-8)

Choosing « = 2, equation (7-3) becames

sind 2, (sins 3) + 2 sin’e -1)=2sine, (7-9)

which has the particular solution

S,(0) = (sine) 2. (7-10)

Accordingly

a
W, (8) “Py (cos8) log sin @ + S,, (6)

= siné log sino + (sins) 7, (7-11)W
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Jy (8r¥) = W, (ever?

[-sine log sine + (sine) 4} oan ;

B,(erory) rg (e,y)+e- P," (cose) log r

rx? [sine log an + (sine)4] et.

We note that sind log sind + Oas@>+ Oor 7,

but a singularity arises fran (sine). Choosing

« = 3, equation (7-3) has the particular solution

8, (8) = cote ,

and therefore

W, (@) = -sine log sine + cote ,

Fp (80¥)
i

[-sine log sind + cote] e’,

r> [ sine log aaW + cote] e
xr

A, (1078) mind

Tt will be seen that 4, has a singularity of O(sine)~> as

oe Os

(7-12)

(7-13)

(7-14)

(7-15)

(7-16)

(7-17)
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Equation (7-2), for yu = 2, becares

3 3s 2
sine 77 (sine a0 ) + [e(k-lsinve = 4] S

2 Z
eevee, MED. een re
= 2c DP (coss)sin“e + sin 205 P _} (cos8). (7-18)

choosing « = 1, 2, the expression on the right-hand side of

equation (7-18) vanishes, since P,? (cos8) =0, P,? (cose) =0,

in which case (7-18) has the particular solution S, (9) =0.

If so

Wy (8) =0, Sp (8,v) = 0, 8 (£181) =0

following from (7-4), (7-5) and (7-6). Here equation (5-1)

becomes (« = 2)

26 + x 2B = 2? p?(coss)e¥ = 0 (7-19)

with solution ¢ = a’, where g is an arbitrary functions of

8,w. We may always choose g such that ¢ is a harmonic

function. This solution of equation (7-19) is a particular

case of the general camplemtary solution (5-10), i.e.

iy3m _ cose + sinse*’, (7-20)g(e,v) = PM (cose)eTM = P,"(cosé)e

since P,° (cose) = cosé, P, (cos) = sine, P," (cose) = 0 for

m2 2,
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d(r,o,y) = re (cose + sing et) (7-21)

Choosing « = 3, equation (7-18) becomes

sing 2 (sing 38) + (6 sin’s - 4) S = 12 sin’ (7-22)

which has the particular solution

a =2
S,() = 2 sin “9 + 2. (7-23)

Accordingly

4 2 =?
w, (8) = ~3sin"élogsinéd + 2sin “e + 2 (7-24)

Gp (8r¥) = [-3sin2elogsine + 2sin“e + 2] e@!¥, (7-25)

A (r10,¥) = r “[-3sin2elogsins + 2sin 6 +2] e72, (7-26)

As before it will be seen that 2, has a singularity of

O(sine)"2 as @ + 0.

For any positive integer value of « and any integer value

Of u > «cl, we see that £ = 0 since P'= 0 in this case. For

any positive integer value of « and any integer value of

ug «> 1, we may prove (App. II) that the solution of equation

(7-3) has a singularity of O(sins)“ as 6 + 0. Z
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Some examples have already been given in this Chapter.

B. zero and negative integer values of «

In this case we seek a particular solution of equation (6-7) of

the form

Ww, (8) = P_Y (cose) log sine + S(8), (7-27)

where S(6) is a function of 6 to be determined. Substituting

from (7-27) into (5-6), we find

sins 25 (sin 38) + [x(eI)sin’s - y? Js

= E 2 a pu= 2xP__(cosé) - sin 26 0 B_j (cose), (7-28)

As before this equation does not generally have a finite

polynomial solution, but closed-form solutions can be

achieved in some special cases. For instance, if » =1,

equation (7-28) becames

sine 2, (sine 28) + [x («-1)sin*s - 1) s

= 2<2_} (cose) sin?e - sin2es; P_} (cose). (7-29)
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Choosing « = 0, the expression on the right-hand side of

equation (6-29) vanishes, since P, (cos8) = 0, in which

case (7-29) has the particular solution s, (8) =O. If so

wp (8) = Or g,(8/4) =O, d,(r,8,¥) = 0 (7-30)

following fran (7-4), (7-5) and (7-6). Here equation

(5-1) becomes

xB =P (coss) =0 (7-31)

with the harmonic solution g = cons. This solution arises

entirely from the camplementary solution, and it is seen

to be a particular case of the general complementary

solution (5-9), i.e.

g(8,v) =cp tem =cmeTM = e P,° (cose) =c

B(r,8,¥) =g9(8,¥) =\ 9 (7-32)

Choosing « = -1, equation (7-29) has the particular

solution

s,(8) = -(sine) + . (7-33)
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Accordingly

wy (8) = sinolog sine - (sine)? (7-34)

dy(@rv) = [sine log sine - (sine)"4y et (7-35)

4,(,8,y) = x [sine log(r sine) - (sine) 2] 2”. (7-36)

It will be seen that , has a singularity of o(sine) > as

6 2 0;

For any zero or negative integer value of « and any

integer value of u > =e, we see that £ = 0 since P= 0

in this case. For any zero or negative integer value of

« and any integer value u < -«, the solution of equation

(7-3) has a singularity of O(sins)"“ as 6+ 0. Some

examples have already been given in this Chapter.
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CHAPTER 8

THREE DIMENSIONS : NON-INTEGER FAILING CASE

Now we look for a solution of equation (6-7) for any

positive real number «x, of the form

uy

w(8) = W(8) P__, (cos®); u is any positive integer or zero,

where W(6) is a fumction of 6 to be determined. Substituting

from (8-1) into (6-7), we find

2(cose) ee [2 ap _ (cose) + cote P_ 1 (cos8)] x
30

Bat

. yu

= (2x - 1)P__, (cos).

This equation can be written in the form

(8-1)

(8-2).

(8-3)
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uy

multiplying both sides of this by siné P_y (cosé) , and

putting

he oWes. Le
U = sind 5; P._, (cosé),

gives

u

35 [U Py (cos8)] = (2 - 1) [p__} (cose) ]” sins,

8
u

U est (cos8) = (2-1) j Po (cosy) ]? sin y dy.

Substituting fram (8-6) into (8-4) yields

6
UdiWw. (8) -|

P sin\[P_} (cosh)] e

A u 2 K-1
sind Pet: (cosa) ]

Accordingly equation (6-7) has a particular solution

8 x F
2a) | = [P_"(eosy)]2siny ay.

(8-4)

(8-5)

(8-6)

(8-7)
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a a

F Y 2
sin) ei (cosa) ]

u 8

wp (8) = (2c-)P,_ (cose) {

x yu 2

se j [P,_, (cosy) ]7sin yar. (8-8)

It will be noted that this approach yields Wp () directly

without introducing $(@), in contrast to (6-9) where we

write

wp) =- P._1 (cos?) log sin 8 + S(8) ; o<e< 43 (8-9)

p=o

By virtue of (6-6), it follows that

uw 8

gy (rv) = (24-1), (cos0)e4¥/ —___, a
sim Pt (cosa) ]

Pau anxf [p,q (oe) 1?sin var , (8-10)

from which we arrive at the particular solution



as = cp (coss)e*#Y { log r+

: : ;

en) | ae [p__} (cosy) ]7siny ay }; E> One (ea1t)
sin) [eee (cos) ] c

For zero or negative real values of «, the corresponding

particular solution is

ea

4, =r poe (cose) et#Y {oge +

8 an Ne su 2 y

(Qcs1) | Sa are [P_, (cosy)]“sin y dy }; Kk <0 (8-12)
sin [P_{cos)] ‘i

For yu = 0, and integer values of «, we recover the

results of Chapter 6. Thus, if « is any positive integer,

the solution (8-11) reduces to the solutions (6-18), (6-19)

with a =b =0, as is proved in App. fr. Similarly if

« is zero or any negative integer, the solution (8-12) reduces

to the solutions (6-29), (6-30) with a = b =0, as is proved

in App. ~. It is interesting to verify these reductions for

some special choices of «. Thus, putting x =O in (8-12),

we find
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8 x

d =P °(cose) {10g r- | a | [P, ° (cosy) }?sin y dy,
Bess sin [P (cosa) ]* is

6 a t

= {103 c -| a | sin ydy } = log (xr sin 6) , (8-13)

is essential agreement with (6-32) witha=b=0. Also

putting « = 1 in (8-11), we find

d= ri {og r- log sins} =rts log aaa (8-14)

is essential agreement with (6-23).

When » = 1, the solutions (8-11) and (8-12) respectively

becane

Berka ae iya =r Poy (cosé) e’ log r +

ras Aged 2(2«-1) j a See i [P._, (cosy)]” sin y ar} 7«> 0, (8-15)
sin\[P_) (cosa)]

aS iva, = nara (cosé) e log r+

1

ee. _(cosy)]? sin yay i; Ree On #1 (6-16)ii f
(eee en aD

: sina[P_t(cosx)]? 7
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For certain specialised integer values of x, these yield explicit

results already obtained in Chapter 7. Thus, putting «x =O in

(S16) gives 4, = 0, since p,)(coss) = 0, Similarly, putting

« = 1 in (8-15) gives 4, = 0 since P* (cose) =6. Also

putting « = 2 in (8-15), the solution (8-15) becames

6 ny

fi = ies (cose) et” {10g m3] oe - z { P,* (cosy) ]?sin var},
P sini [P, (cosi) ]

W

ie 8 a
a 2sineet {0g y+ 3 j = j sin? ydy } ’

sin“)

2x2 sine eY {tog r+ sin “6 ~ log sins}

Be { sine log + (siné) > } et (8-17)i

which identically equals (7-13). For « = 3, the solution

(8-15) becomes

A, = x [sind log <E, + cote] at (8-18)

which identically equals (7-17). Finally putting « = -1 in

(8-16) gives
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8 r4, =x sine { 1oy x - 3 2 | sin? y ay }
sin~A

=r {sin 8 log(r sing) - (sino)*} ee (8-19)

which identically equals (7-36).

Similarly for u = 2; « = 0,1,2,3 we recover the

explicit results of Chapter 7.

For any choice of

«, the solutions (8-11), (8-12) have a singularity of the

form O(sins) "as 6 + O; y =1,2,... and of the form

O(log sin?) as 8 + O; » =O. Thus, from the definition

y

of P._; (cos8),

2 at 2[P__ (cose)] = sin?"e Cx Pik]? ; = cos0 , (8-20)

ey

where [2—P_j(c)], _) #0 7 u=0r1,2/-.. . Therefore
ey K es,

the constant term in the Taylor's expansion of this function

around u = 1 is non-zero. It follows that the solution (8-11)

includes a term of the form
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Ke ve 8

Case (cosa)! | di ? sin2**

sin) Pt (cosa) 2
ve dys (8-21)

This expression includes a term of the form

= 8
x *P,_} (coss)e| aan

a

eee MIRE. (in | sinydy,
sind Pay (cos) ]

=a 8ae Ss *P_j (coss)e'" i SEE aE F (8-22)
sina[P _" (cos\)]

Kone

as can be seen by writing sin?*y as a polynamial in cos 6.

Now the integral on the right-hand side of (8-22) includes

a term of the form

6 ;
-K, ou inp cos } di Ll. =x, } =2y inpxr °P__, (cosé)e fmage- i: P _, (cos6)sin ge" ",

ea sine“ 2u Red:

=r ‘o(sind) “as 6 + 0; u = 1,2,... (8-23)

6
Si cosh “>te p__(coss) | gm =r >. (cos8) log sine as 6 +0; p =O, (8-24)

gO proving the theorem stated above. It may be noted that these
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results hold for any real value of «, integer or non-integer.

The behaviour (8-23), (8-24) hold as6+7 , for

integer values of «. For non-integer values of x, f is not

defined.

The analysis of Chapters 5-8 can be applied to negative

integer values » by virtue of the relation

Tivit Up TM (cosa) (8-25)u aye
P (cos8) = (-1) POSED

As a final example we consider the special harmonic function

(5-16), i.e. £ = log(r siné), which proved to be a failing

case of the Bergman-Schiffer integralfore«= 0. This

integral becomes

xr

J o og (osins)dp =F log r (log r+ 2log sins), (8-26)

from which it follows that

42.2 (* «1h(0,v) = =r%*y | po eaoee

(8-27)
f= -ry? {ples + log r log siné } = -l-log siné.
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Accordingly equation (5-7) becomes

2
1 3 ag a ag _ \

= (sin )+—_ =-1- log sine
sin 38 36 a 25 aye

with the particular solution

2 2 8Fp (8-9) =$ (leg"siné - log’tan 5).

Therefore equation (5-1) has the particular harmonic

solution

z.

d= 2 *g(ev) +2 fot sap

" Nir { tog? te sins) - log” tan $}

2= log (2r cos” = ) log(2r sin’ )No

(8-28)

(8-29)

(8-30)
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PART II : CONCLUSION

NON-EXISTENCE OF ¢ (THREE DIMENSIONS)

Our analysis shows that, for any «, we may always

choose a harmonic function f so that the Bergman-Schiffer

integral fails to give a harmonic function. The integral

contributes to a particular harmonic function B, which

satisfies the Bergman-Schiffer equation. ‘In this case

#, mey not exist in sane danain B even though £ exists

in B. For instance,

if f= r “P _, (cose) ,

eaethen %, =r P_3 (coss) { log r+

(2 e ar z 2
Keo) na ee COS) |g San or ny.

sin\[P__, (cos\)]

As shown in Chapter 6 and Chapter 8, ¢, has a

singularity along the z-axis and it therefore does not

exist in any domain B which is intersected by the z-axis.

On the other hand, for any positive integer value of «,

f exists in any domain B which excludes r =0; also

for zero or any negative integer value of «, f exists in

any finite domain which includes r= 0. For instance, putting

« = 0 above we see that ¢, = log(r sins) when f = 1, therefore

g¢ does not exist in any domain which is intersected by the

z-axis.
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PART IIT

TRANSFORMATION OF REPRESENTATIONS
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CHAPTER 9

TRANSFORMATION OF A BIHARMONIC FUNCTION

FROM r°-FORM TO z-FORM AND VICE VERSA

As mentioned in (0-7), an arbitrary biharmonic function x

has the representation

X=EZh+t VY 3 vh = vy =0. (9-1)

To determine h from x, we note that

vy =2 ; thao. (9-2)

Therefore

Zz v2.
h -| Te ae + nbey)s x = xberyes)- (9-3)

where we require

Zee,

o=vhev" j Thar +. 07 nbey) (9-4)

amine
ee Oey Se ac. (9-5)



It may be verified by direct analysis that the right-hand side

of (9-5) is independent of z. Equation (9-5) is a Poisson's

equation for (x,y) to which a solution always exists, and

therefore the harmonic function h always exists. Often it is

possible to campute h by direct arguments.

For instance, if

vy = 2r’ P|" (cose) cos uv,

where v is a given real number and u is a positive integer

or zero, then

1 vtl u

Bais P. 1 (cos8) cos uy poy vr pe ME

since (Hobson, 1965)

2. vel= p¥ (cose) cos py = (viv +1)r” Bi (cosé)cosu) 7

vtu #-1.

Therefore x always has a representation of the fom

1 _yt2 ¥ F
vanT® cosé P. 41 (0088) cosuy PAN fom Lx =2h=

to which we must generally add a harmonic function.

(9-6)

(9-7)

(9-8)

(9-9)
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Since , is an integer, a failing case of (9-7) arises

if v is an integer. In this case, putting v=-»y -lin

(9-6), we must make use of (9-3), i.e.

2 (uel) aoeh= | ° PB (cosé)cos up dz + n (x,y). (9-10)

Notice that the indefinite integral on the right-hand

side (9-10) can be computed by reference to the polynamial

expansions of P." (cos8)cosuy in terms of cosé, siné and

cos ~. Accordingly x has the representation

Z

x = zh = 2| 0 OY M (coss)oos wide + zn bey), (9-11)

in this case, to which we may add an arbitrary harmonic

function. For instance, if

vy = 2x? P)*(coss) ; w= 1 (9-12)

we find from (9-10) that

h= —25—+ ney), —nlery) =0, (9-13)
xr(x“+y*)

where n(x,y) =O since ? 3 =0. Accordingly, in
r(x“+y*)

this case
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x 2
xX =zh= x (x74y") (9-14)

In the special failing case u = O of (9-17), i.e.

v7, = 2x P (cose) = 2, (9-15)

we obtain from (9-10) that

2-1h= f pe dp +n(x,y) = log(ztr) + n(x,y) (9-16)

where n(xy) =O since Vlog(ztr) = 0. Accordingly

x = zh=Z log (zr) (9-17)

No additional analysis is required to cover negative

integer values u, in view of the relation

u arpa T(vtytl) u =Ps (cosé) = (-1) Tol) 28 (cosé) . (9-18)

For instance, if
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vx = ol P_," (cose) cos uy; Bes. (0; (9-19)

we may write

ey ned) a 7 pol Bi (cos8)cos uy ; -u > O (9-20)

Now x also has a representation of the form

xard+y; vp = vy =0, (9-21)

where, given (9-6), ¢ may be determined fram the Bergman-Schiffer

equation (5-1) with

2

re 3 and f= 3%. By virtue of (5-]4)

res H 3A= Bur Py (cose)cosny ; vA-Fr v 20 (9-22)

from which (apart from a harmonic function)
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2 ave u 3
x=" = sop P, (cose) cos uy ? YASS (9-23)

The difference between the forms of x in (9-9) and (9-23) is

the harmonic function

ra u 
:

Y= ae Tyas) Pug ioselocswy pvt ttn ve- 5, (S24)

which does not apply in the failing cases v + u =-l,

Nee -3 of (9-9), (9-22) respectively.

The choice

vy = ae P (cose) cosuy , (9-25)

corresponding to the failing case v tu = -l of (9-7),

yields

suede

ed oe Pe (cos )cos ny , (9-26)

by an application of (9-22). If so, x has the representation

2 pet u

x=rge= Tana PY (cosé)cos uy. (9-27)

The difference between the forms of x in (9-27) and (9-11)

must necessarily be harmonic function. Clearly a failing
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case of (9-9) is more conveniently represented by (9-27)

than by (9-11).

In the special failing cases.v= -l,,v =.-2, corresponding to

(9-15), (9-12) respectively, we have

salle

P
a= =a Po(cos8) = rt, <x sine cosy

As a corollary, the difference between the forms of x

in (9-17), (9-14) and (9-29), are the harmonic functions.

Y=zlog (2+4r) -2r, cosy (sine) + respectively.

The choice

2 ae

vx = 2r 2 Pie (cosé)

corresponding to the failing

2r

nS Pye

by an application of (9-7).

case v =- 3 of (9-22), yields

Py (cos8)cos uv,

If so, x has the representation

(9-28)

(9-29)

(9-30)

(9-31)

(9=32)
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5
= cosé zy (cosé)cos uy. (9-33)

‘1 8
1

The difference between the forms of x is (9-33) and (9-21)

tTMmust necessarily be harmonic function. Clearly a failing

case of (9-23) is more conviently represented by (9-33)

that by (9-21), as can be seen by putting « = 3 in (8-11).
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CHAPTER 10

TRANSFORMATION OF A BIHARMONIC FUNCTION

FROM r°-FORM TO x & y-FORMS AND VICE VERSA

As mentioned in (0-7), an arbitrary harmonic fimction

has the representation

x=exhey¥ ; vn = vy =0,

from which

vy =22 ; va=0,
x

2

h=| Sdae +nlyz). x= x Ey,2)

We require

X_2

o= Prev {Dhags vnty,2),

xe.

tee. Ynly,z) =- 7 f & asi,

and it may be verified by direct analysis that the right-hand

(10-1)

(10-2)

(10-3)

(10-4)

(10-5)
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side (10-5) is independent of x. Equation (10-5) isa

Poisson's equation for n(y,z), to which a solution always

exists,and therefore the harmonic function h always

exists. Often it is possible to campute h by direct

arguments. Thus it can be shown that

(vtutL) (viet2)r"P Y (cosé)cosup = 2 = od (cose) cos (u+1) p

+ 2'P 2 (coss) cos (u#2)¥ (10-6)

where v is a given real number and » is a positive integer

or zero. This result is essentially in Bateman (1932) for

integer values of v. We re-write relation (10-6) as

tl
St] (C088) cos (u+1) p(vbutl) (vtt2)2” PY (coss)cosuy = 2 2 [xp

ky +2
+4) p P'” (cosé) cos (u+2)yde], (10-7)

Accordingly, if for instance

vx = 2r” po (cosé)cos ub, (10-8)
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T(vtutl vtl yutl
h (ace Bis“oes (cose)eos (uty + [6 », (cose) cos (u+2) 446]

v#-u-l, -u- 2 (10-9)

where p? = E74 y* + 2? 7 ex ty +2, T(vtl) = vr(v).

By successive applications of (10-9), we obtain the harmonic

function

_ oo Vtl 2 PT (vitl) pt23+1 A r
h = 2r 320 Tina) Pel (cose) cos(u+2j+1)y ;

Deem ie 1 pe NH Layee. (10-10)

which is a finite summation for integer values of ¥.

For uv =0, v=1, i.e. vx = 2rP, (cosé) , formila (10-10)
vs. x? ey

gives h = =z Py (cos8) cosy 2x

as expected. Also for u=1, v=1, i.e. vay = 2r P," (cos) cos),

formula (10-10) gives

h= ¥, 2°,” (cos8) cos2y =4 oe = y)

as expected. A similar analysis holds for

Dae :
vx = 2" PTM (cose) sin wy (10-11)



and we obtain

neovtl § Lviv). ut2j+1
Tore Pu (cose) sin (u+25+1)) ;

j-0 ;

yh Nee ETM Apes. « (10-12)

For p=1, v =1, i.e. vx = 2x," (cos8) sind, formula (10-12)

gives

h= tr x,” (cosd)sin 2) = yx

as expected.

Since u is an integer, a failing case of (10-10) arises if

v is a negative integer. In this case, putting v = - u- n;

n=1,2,... in (10-8), we mst make use of (10-3), i.e.

x
a yuine j - tp ae (0058) Cosuy de + nly,z). (10-13)

Notice that the indefinite integral on the right-hand side of

(10-13) can be computed by reference to the polynomial expansion

of Ph ene] (C088) cosuiy in terms of cosé, siné and cosy . For

instance, if

vy = 2r*P, (cos8) ; =v = 0, n= 2 (10-14)
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we find fram (10-13) that

(10-15)\ te Si @&
* 2h= | p “Py (cose)de + nlyrz) = — Zz

where n(y,z) = 0 since v Spo os

In the special failing case u = 0, n=1, i.e. vy = 2x} of

formula (10-10), we obtain the harmonic function

h = log(x+r) (10-16)

by analogy with (9-16).

A simplification occurs for

Py = aly Meoss)cosy + ued, vs-n-l (10-17)

which also forms a failing case of (10-10), where n = ye pees. ¢

This is because (10-6) now takes the form

rtp t(cose)cosy = -2 rp, (cos) (10-18)

as can be readily verified, fram which we obtain

imh=-r P-1 (cos®) - (10-19)
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In particular, for n =1, i.e. woK = 2x *P, (cose) cost,

formula (10-19) gives

heer (10-20)

as expected.

No additional analysis is required to cover negative

integer value of » in view of the relation

m = e1ym Evel) =m
PY (cos6) = (=1) Tiveantl aes (cosé). (10-21)

For instance, if

vy = 2c Pp “) (coss)cosy , (10-22)

we obtain fram (10-19) and (10-21) that

rm

h= P-1 (cos®) - (10-23)
n(n+1)

There is no difficulty in adapting the preceding analysis

to the problem of determining h from

vy «222; vhe=o. : (10-24)
ay '

Details are provided in App. III.
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APPENDIX I : REDUCTION OF AN INTEGRAL TO A

POLYNOMIAL FOR INTEGER VALUES OF «

The following functions are essentially equal:

»

G(e) = (2x-1)P cose) f —2 = | [P _, (cosy) }sin yd
sind = 1 (cos) 1?

k = 1,2,3,.... (Al-1)

g(8) =P _, (cos®) log sind; «=1,2

P K=2r
g(@) = -P__, (cos#)log sin + Z| aycos’s 3 «23, (Al-2)

“1 =)

where « is a positive integer and the coefficients a. satisfy

the recurrence formula (6-12).

By mathematical induction, we have

2i oe 2aev| a (€ dé = ue > + 2u {e) +(P5) + ++-+(P_o) }

~2 (P,P 1PaP at. PoP), (Al-3)

Since (Hobson 1965)

a

ake f op eye - an fp, oa =a {e)e,_.)7}

-2P Py: (al-4)
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Therefore the expression on the right-hand side of (Al-1)

becomes

=(P)Pot.. 4B oP
soe (cosé) logsing + Pia (cose)

" A

F (P,)“+...4+(P 5) 2

a=?) ey)?

u=cosé, ¢ =cosi (A1-5)

If we write

s(@) =G(e) + P _1 (cosé) log sino , (Al-6)

then s(9) is a particular solution of equation (6-10), i.e. of the

equation

Le pS 3s mai. Bi. me

Sind 36 (Sine gg) + K(k-DS = ce 36 P,.-2 (cose) ey)

Since, substituting (Al-6) into left-hand side (Al-7) and using

(6-5) with u = 0, we find

aP__, (u) 3P__, (u) oP

2Ee-DP_, tw) - ug? 1, derg tie. Zo = (c0s0).

Accordingly

s(8) = AQ. _, (cosé)+ B P__, (cos8)+5(8), (Al-8)

where S(6) is a particular solution of (Al-7), defined by (6-11),

and the coefficients A,B are constants to be determined. Our argument

now proceeds as follows. Substituting for G(@) in (Al-6), we note

that

uu

2 2

s(8) = 2P __, (cos8) of @) +.0.4(P oy) } ~(PyP5t...
2

+P__oP_,)
(sav’4 ol ar (a1-9)

as?) (_,)

where (Whittaker and Watson 1973)
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u {e740 )? = OPAPP}

2. 2
(-u) @_,)

Beene,SP Py pes ees
, (Al-10)

2
@ 4)

which shows that there are no singularities in s(@) at 6 = 0,7.

Therefore A = O and equation (At-8) becames

s(8) =B P _, (cos8) + S(8). (Al-11)

«ol a b ;
Suppose |= .

j= (=a + Taye | is the partial fraction

corresponding the integrand on the right-hand side (Al-9) where

% t j= 1,..., «- 1 are the zeros of P_, (a), then

Kol b

s(e) = 2 P.; (cosa) f [ajlog(u-a,)- why} : (al-12)

The coefficients ay must vanish, since these cannot be singularity

at uy by virtue of {Al-11) and (6-11). Accordingly we may write

K-1 b

s(2) = -2P,_;(cos8) = , (a1-13)

which is a polynomial of degree (x-2). However by (Al-11) s(8)
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is of degree (x-l) which implies B=0. Accordingly

s(6) =S(6), i.e. g(8) = G(8). Therefore the solution (8-11)

reduces to the solutions (6-18), (§-19) witha=b=0. Asa

corollary we can assert that (Al-2) is a primitive integral of

@l-1).

The above analysis can be used for negative integer

or zero value of «, by using the equality P._, = P_. to show

that the solution (8-12) reduces to the solutions (6-29),

(6-30) with a=b=0.
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APPENDIX II : SINGULARITIES OF AN INTEGRAL

The equation

sine (sine 38 ) + [k(k-1)sin*e - v2] 5

= 2(c-1)P__} (cos8) sin” 3 u
@ + sin2e Py (cosé) , (A2-1)

where « is a positive integer and u is a positive integer or

zero, has a solution with a singularity of the form O(sins) »

as 0+ 0; u =0,1,... . To find a solution of equation (A2-1),

we put

(8) = (6) P__ (cose) (a2-2)

where s(6) is a fumction of 6 to be determined. Substituting

fram (A2-2) into (A2-1), we find

2 ‘

# a“s a u u ds _
P_1 (cos) To + [2 5 P._, (coss) +cots P._j (cosé)] aaa

u 3 u
2(«1)P_, (cosé) + 2 cote 70 Pj (cosé) , (A2-3)

which can be written in the form

at oe
sind 36

as
308

U3 as 3 u =
P _; (cose) ] + 50 Peay (0089) =[sine 30 36

yu

2(k-1)P__1 (cos8) + 2 cote 3, P__, (cose). (a2-4)
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multiplying both sides of equation (A2-4) by sineP _} (cose),

and putting

U = sind 3 P__j (cos8) , (A2-5)

gives

y

U P_; (coss) =

*ratene “4 e—DaN ,[2(k-L)P__, (cose) +2cote=— Ptcosae sinéP__, (cosé). (A2-6)

Substituting from (A2-6) into (A2-5) yields

8 u

Sell

ada
r

s (9) -| | [2(x-L)P,_} (cosy) +2o0ty3— Ps (cosy) ] x
Peay (cosa J sina

x simP 1 (cosy)dy « (2-7)

Accordingly equation (A2-1) has the solution

8 rathu(8) =P _ (cose) | —Z*
a pay (cosé)’sin’

r u d u
[te (DP (cosy) +2cotya> Digi (cosy) ] x

u

x siny Py (cosy) dy, (A2-8)

with a singularity of the form

=u

O(siné) as @+ O; w=O0,1,2,... . Thus, from the

u (8-20)
definition of P _1 (cos) y in (8-20), the second integrand on
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the right-hand side (A2-8) includes a tem of the form

eincte ¢ p=1,2,-0- © Therefore (A2-8) includes a term

of the form

a r

Poy (cost) { SSA SA, ya ,2, 2.
[P__} (cosé)] ‘sind

As mentioned in Chapter 8, this has a singularity of

© (sing) as 6 +0; » =1,2,... . In the case u =O the

solution (A2-7) identically equals the function (Al-1), which

essentially equals (Al-2). Accordingly s(6) is a finite

polynomial in this case.
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APPENDIX III : TRANSFORMATION C& A BIHARMONIC

FUNCTION FROM x°-FORM TO y-FORM AND VICE VERSA

As mentioned in (0-7), an arbitrary harmonic function

x has the representation

e=yh+¥; Vvh=v¥ =o,

from which

yy= 2 2h ? v7h = 0,
ey

v2

n= f' Shas + n(xyz)7 x = x (8,2).

We require

eine.
Om ayn = af Tas + nte,2),

Y 2
i.e. v n(x,z) =- v7 j ta 8,

and it may be verified by direct analysis that the right-hand

side of (A3-5) is independent of y. Equation (A3-5) is a

(A3-1)

(A3-2)

(A3-3)

(A3-4)

(A3-5)

Poisson's equation for n(y,z),to which a solution always exists,

and therefore the harmonic function h always exists. Often it

is possible to compute h by direct arguments. Thus it can be

shown that
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eee(vin#1) (viut2)2°P # (cose) simuy = -2 2 7 (cosé) cos (+1) v

~ rp? (cose) sin (u+2)¢ (3-6)

where v is a given real number and » is a positive integer. We

re-write (A3-6) as

(vhutL) (viut2) 2°" (cose) sinuy = -2 2 [x*tp 8 (cose) cos (y+) ¥

Vises
ae fro o'P ¥*? (cose) sin (u42)) as]. (a3-7)

Accordingly, if for instance

vy = 2x” PH (coss)siniy , (a3+8)

hs ea E ae (cosé) cos (u+1)y - floveet? (cosé) sin (u+2) ¥d8] ;-

Vata tap = = 2. (A3-9)

By successive applications of (A3-9), we obtain the harmonic

function
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we opVth © ogy HL Revit) pyt2541
or fe 4) T (vtut2543) “vtl (cos) cos (ut2j+1)y

vem =A. N= 12,00 (A3-10)

which is a finite summation for integer values of v.

For'p = 1, -v = 1, ie. vx =2r Pi (coss) sinv, formula

(A3-9) gives

h=- + xP,” (cos6) cos 2y =$ (y? - #)

as expected. A similar analysis holds for

vx = 2r” P," (cos8) cosuy (A3-11)

and we obtain

b= 2r%tt Zvi FORTE Peng? (cose) sin (we2s+L)y 7

Vm 2? ft 2 pe sels (A3-12)

Since » is an integer, a failing case of (A3-10) arises

if v.is a negative integer. In this case, putting v=-u-n,

n=1,2,... in (A3-8), we must make use of (A3-3), i.e.

yo
h= f (win) p (cose) simuyds + n(x,z). (a3+13)

In the special failing case » = 0, n=1, i.e. voy = ort of
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formula (A3-11), we obtain the harmonic function

h = log(ytr). (A3-14)

by analogy with (9-16).

A simplification occurs for

2 —vx = 2r p (cos) sin); p=l, ve-n-1 (A3-15)

which also forms a failing case of (A3-10), where n=1,2,... .

This is because (A3-6) now takes the fom

rly} (cosé)siny = - “ P._ (cose) (A3+16)

as can be verified, fron which we obtain

= -r"P__, (cos8) .
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APPENDIX IV: PAPKOVICH-NEUBER REPRESENTATION

Papkovich (1932) and Neuber (1934) proved that an

arbitrary elastostatic displacement vector ¢ always has

the representation

Bip) =h - kv(p.hte); Vp) = 0, VE(p) = 0, (a4-1)

where h is a harmonic vector and f is a harmonic scalar.

Also

Ks 4G); O<ve FH G<ksg. (ad-2)

This vector automatically satisfies the Cauchy -Navier

equation

207d + (tu) 9 (V.4) = 0, (a4-3)

ie. VS + wom 1-8 =07 v= at, (ad-4)

where u, A are Lane's elastic constants. Eubanks and

Stermberg (1956) have examined whether the scalar harmonic

function f in (A4-1) is necessary. An alternative investigation

has been given by Jaswon and Symm (1977), who suggested writing

2.-kVE =h - kv(p.h); V-h = 0, v7E =0 (a4-5)

where h must be determined in terms of f. If h exists, then

clearly it may be written in the formh= VS where S isa
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scalar harmonic function. Substituting for h in (A4-5)

we find

-kV£ = VS - kV(p.VS) = v(S-kp.vS),

where the expressions in brackets are harmonic functions.

Accordingly S satisfies the equation

S-kp.VS =-kf,

which becomes

cd as _
Kotrg et

using the equality p. ws =r 38 and writing

c=e-k; w4<k <¢ 3-2.

This is the Bergman-Schiffer equation (5-1). According

to Part II: Conclusion, we see that S, and therefore h = ys,

does not exist in any finite domain intersected by the

z-axis if

£ = mB, (cos); 2eu<4.

This means that the scalar harmonic function (A4-10) cannot

be eliminated fram the representation (A4-1).

(A4-6)

(A4-7)

(A4-8)

(A4-9)

(a4-10)
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APPENDIX V: EXISTENCE OF A HARMONIC SOLUTION TO

BERGMAN-SCHIFFER EQUATION

Operating by 7 upon both sides of the Bergman-Schiffer

equation

gp + v 28or fr

OS ee aS | 7 8B) =ie. 6 +(x ax + Y ay + 2 92) =f,

we obtain

2 a a al eo! | aap petieg maeKVP + (x+y Gt 25) Vs @4 +2842 <0.
Y 2 ax? ay? az’

Using ree a ae ek this gives
ox Y by 32 or g

(et2) 078 + xX (774) = 0,

which has the family of solutions

9? = pr +2)

where D is an arbitrary function of 6,¥. The choice D =O

in (A5-5) implies the existence of at least one solution of

the Bergman-Schiffer equation which is a harmonic function.

If g stands for Bergman-Schiffer integral introduced in

Chapters 2,5 then we may identify D = h.

(A5-1)

(A5-2)

(A5-3)

(A5-4)

(A5-5)
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