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In this thesis we investigate the Almansi representation
of biharmonic functions in terms of two harmonic functions.
Our results extend a previocus investigation by Bergman and
Schiffer. Also they have an interesting application to
the Papkovich-Neuber representation of linear elastostatic

displacement vectors in terms of harmonic functions.



INTRODUCTION

A biharmonic function x in a damain B is continuous and
differentiable to the fourth order in B and satisfies the
equation

v = Pty =0 (0-1)

in B. It was first demonstrated by Almansi (1897) that a
biharmonic function could always be represented in the terms
of two harmonic functions. Thus, if x is a biharmonic
function of the independent variablesx,y, in a domain B,
then we may write

x=xg+y; V8=0, VY=0, (0-2)

where @,¢ are harmonic functions in B. Similarly we may

write
L - 2. _
X= y@8+i; V=0, V=0, (0~3)

This work was interesting and important, particularly

fram the point of view of possible applications to
tt-:o—dirrens:.ma]l.;c;f -telastic systems. An account of it

was given by Goursat (1959-64). However these

representations became largely ignored, principally because of the
subsequent development of Muskhelishivili's (1953b)

camplex variable approach This approach is extremely



powerful but is limited to damains which can be mapped
analytically onto the unit élajageie It does not work well

for damains which cannot be so mapped. Accordingly,

attention has recently been directed to Almansi's

original approach, in the hope that it might be effective for more
general domains. This field has been particularly

explored since 1965 by Professor M.A. Jaswon and his

colleagues.

A difficulty arises with the representations
(0-2), (0-3) because the harmonic functions &,
are not unique for a given y. Thus the homogenuous

equation

XB+y=0; V=0, V2 =0 (0-4)

has the two independent non-trivial solutions

=1,y ; ¥=-x -xy. (0-5)

This difficulty might not be serious from an analytical
point of view. However it could be a severe limitation
in attempting to achieve numerical solutions of

boundary-value problems. An alternative approach is to

utilise the representation

x=x°g+yv ; v g=0, V% =0 (0-6)

wherer2=x2+y2arﬂ¢:¢' are harmonic functions in B.



The representation (0-6) is essentially equivalent to (0O-1)
or (0-2), but it has the advantage that @,y are unique
for a given x in an important class of domain. Bergman

and Schiffer (1953) gave a simple differential equation,
the Bergman-Schiffer equaticon, for the construction of &
in terms of x. Also they gave a particular solution of
this equation in the form of an integral. However the
Bergman—-Schiffer integral is not always a harmonic
function. In Part I of this thesis we give a camplete
analysis of the 2-dimensional Bergman-Schiffer integral,
and we also examine rigorously the uniqueness of the
representation (0-6). In two dimensions it is possible
to formulate the Bergman-Schiffer equation and the
Bergman—-Schiffer integral by means of camplex variables.
This provides an elegant and powerful method for
constructing the harmonic function g in cases where the

original Bergman-Schiffer integral fails.

Biharmonic function may also exist in three dimensions.
There is no difficulty in proving that x has representaticns

of the form

X= xB+v,yB+v, zg+ (0-7)

where @,V are harmonic functions. As before 4,V are not

unique for a given x. Thus the hamogeneous equation

XB+ =0 ; v2¢=o, v2¢=o (0=8)



has the class of the non-trivial solutions

= nly,z), v ==x nly,z)

where n(y,z) is any two-dimensicnal harmonic function.
The representation

x=r2¢+w : 92¢=0, vzw =0

where r2 = x2 - y2 - 22, and- 4,y are harmonic functions,
is essentially equivalent to the representationg (0~7).
However @,y arétmiqueforagivmxinanmportant
class of damain. This requires a systematic analysis

of the Bergman-Schiffer equation and the Bergman-Schiffer
integral in three dimensions, which we provide in Part II
of the thesis. Three-dimensicnal biharmonic functions
have no direct physical significance. However the
3-dimensional Bergman-Schiffer equation has an important
application to the Papkovich-Neuber (1932, 1934)
representation of linear elastostatic displacement
fields. Briefly this inwvolves a harmonic vector function
and harmonic scalar function. The latter can generally
be ignored, but Eubanks and Strenberg (1956) proved that
its presence is necessary for certain values of Poisson's
ratio in certain domains. An inproved theory of this

appears in Part II.

A given biharmonic function x may sometimes be more

(0-9)

(0-10)



conveniently represented by one representation than by
another. For instance in two dimensions we may see
directly that

2(xlogr+y8
r?

2%Xx logr=r ) + (xlogxr-ye)

.1 -
2y logr=r (ylogg - ) + (ylogr+x8),
r

where the bracketed terms in (0-11), (0-12) are
2-dimensional harmonic functions. However they are

multi-valued, in constrast to the single-valued harmonic

function log r which appears on the left-hand side.

These and other 2-dimensional transformations are discussed
in Chapter 1. Transformations between three-dimensional

representations involve a more difficult theory, which

: appears in Part III. To sumarise, this thesis makes a
clear step forward in the theory of the representation of

bihammonic functions by means of harmonic functions.

(0-11)

(0-12)



PART I

TWO-DIMENSIONAL ANALYSIS
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CHAPTER I
TWO-DIMENSICNAL REPRESENTATIONS

As mentioned in (0-2), an arbitrary harmmonic function x
has the representation

x=xh+v; vh=v> =0, (1-1)

where h, ¥,y are functions of x and y. To determmine h fram y,

we note that
?x = 28 ; ¢n=o. (1=2)
Therefore
el
h = J E_de*'ﬂ(y); X=X(E:Y)r (1~3)
2
where we require
R 2
O0=Vh=v"|9vxd +7 nly), (1-4)
2
2 2
i.e. f‘?n(y) = -¢? r X g . (1-5)
2

It may be verified by direct analysis that the right-hand
side of (1-5) is independent of x. Equation (1-5) for n(y)



always has a solution, and therefore a particular harmonic function
hp always exists. Clearly we may always add to this the camplementary
harmonic solution a + by, where a,b are arbitrary constants. This
makes a contribution x(a + by) to x, which is seen to be a harmonic

function.

Often it is possible to campute hp by direct arguments. For
instance if

vzx = 2r” cos v, 2r’ sin v (1-6)

where v is a given real number, then

hp= v—i-i-rWlCOS(v'i-l)a s vE =1 (1~7)
hp= ;i‘—lrv*'l sin(v+1)6 ; v# -1 (1-8)

respectively, since

(v + 1)r’ cosvs = %’i rv+1 cos(v + 1)8 , (1-9)

(v + 1) sinve = <=1 eintoi+ 1)e . (1-10)

L
3%

respectively. Therefore y always has representatiaons of the form
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] = _1 -\"+2 . _— -
X = xhp - cosé cos(vtl)e ; vE=1 (1-11)
= S 1 V'+'2 ' = 1_12
X_x}b—"ler cosd sin(w#l)s ; v#F-=1 (1-12)

respectively, to which we must generally add harmonic

functions.
As regards the failing cases

sz = Zr_lcose P 2r_l ging ¢ ug =1 (1-13)

of (1-7), (1-8) respectively, we have fram (1-3)

X
h = J o"lcose dg + n(y) = logr + n(y), (1-14)

R -
h = J g 1sine dg + nly) =-8 + n(y), (1~15)

1

respectively, bearing in mind p “cose = 5(52 e yz)_l;

p—l sine = y(E2 + yz)_l. Since vz(logr) = 0,

vze = 0, it follows that we may put n = O in choosing

hp' Accordingly

x= ® =xlogr (1-16)
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respectively, to which we must generally add harmonic
functions.

A similar analysis holds for the representation
x=yh+¥; vh = v2¥=o0.

For instance, given (1-6), we see that

& 1 v+l n . !
hp el =3, s r sin(v+l)8 7 v # 1
——1_ l - -—
hp e r cos(vk 1)8 ; vF~-1

(v + l)rvcosw = g—y rv+l sin(v+l)8
(v + l)rvsinue = - %S; rv+1 sin(v+ 1)8

respectively. Therefore y always has representations

of the form

1 v+2 .
X=th=mr sin 6 sin(v + 1)8 ; v # =1

X=yhp=—;i—jrv+2 sin 6 cos{v + 1)6 ; v # -1

(1-17)

(1-18)

(1-19)

(1-20)

(1-21)

(1-22)

(1-23)

(1-24)
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respectively, amitting harmonic functions. In the failing

cases (1-13),
X = th — ye (1‘25)
x=yh, =ylogr (1:-26)

respectively. These forms can only differ fram (1-16),

(1-17) by harmonic functions, and we note that

vy = x logr + (y8 - xlog r) (1-27)

y logr=-x8 + (y logr + x6 ). _ (1-28)
Conversely

xlogr=y8 + (xlogr-ye) -(1=29)

%6 =ylogr+ (-y logr - x8 ). (1-30)

These transformations between the x-& y - forms are important
in the theory of two-dimensional Volterra dislocations (see

Jaswon & Symm (1977)).

Now x also has a representation of the form

2

x=r@d+y ; VVg= vy =0, (1-31)
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in which case g satisfies the equation

72

X vz(rzsd} + vzw = vz(r?‘ré)

43 + 4(x %g- +y %g-) ; 2 dimensions

)

3y

These are differential equations for @ in terms of
2

(1-32), (1-33) can be transformed to

48 + 4dr 58 o v2x ; 2 dimensions

X,y - r,8 (plane polar co-ordinates) ,

X¥r2>r, 6, v (spherical polar co-ordinates).

It is convenient to replace equations (1-34) and (1-35) by

the more general equation

68 + 4(x—§§ +vy 38 + z %g) ; 3 dimensions.

V“x . Bergman and Schiffer (1953) pointed out that equations

(1-32)

(1-33)

(1-34)

(1-35)
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cg+r L =f ; V€ = 0 (1-36)
where f is a harmonic function and « is any real number.
We refer to equation (1-36) as the Bergman-Schiffer
equation. An immediate particular solution of (1-36)

is the Bergman-Schiffer integral

T £=£(p,08,4) in D
¢p=rnj N - T K (1-37)

f= f(Dfe) in 2D.

Thus, for instance, substituting from (1-6) into (1-37)

2
with « = land f = X, we find
rv rv
¢$P= mncosv@, Z—{T)'l'_l) sin v ; v#-1 (l—38)|

from which (amitting harmonic functions)

V2

x=r2¢p= Sy s v 1 vl (1-39)
2 r\.l+2
x=r¢p= msinve ; v#E=-1. (1-40)

The differences between the forms y in (1-11) and (1-39),
and between (1-12) and (1-40), are the harmonic functions
-1 vi2 3L v+ 2

26 +1) ¢ cos(v + 2)8, 377 % sin(v + 2)8  (1-41)

b v+ 1)

respectively. Also the difference between the forms x in
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(1-23) and (1-39), and between (1-24) and (1-40), are the
harmonic functions

2

L v vt2 i vt -
Y = ml)r cos (v+2) , ﬂ—mfc sin(v+2) 8 (1-42)

respectively. As regards the breakdown cases v = =1,
which are the same breakdown cases as previously, it is
necessarytodetemme;ﬁpfrmtheoryofChapterB.

The results are

_ 5 *

g,= Sxlogr+ye), S (ylogr-xs) (1-43
2 1

x=x" @, = 3 (xlogr+ys), (1-44)
2 1

X=r ¢p= 5 (y logr - x8 ), (1-45)

respectively. The difference between the forms y in
(1~-16) and (1-44), and between (1-17) and (1-45), are
harmonic functions and we note that

xlogr=r2(3‘1°9§+ye)+%(xlogr_yg) (1-46)
2r .
ylog'r='r2(ylo;;zr_xe)-!-%(ylogr—xe) (1-47)

as anticipated in (0-11), (0-12).

The results (1-46), (1-47) show that x log r, vy log r
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cannot be conveniently represented in the rz—fom. Conversely
the biharmonic function rzlogr cannot be conveniently expressed in the

x-or y=-forms. Thus, if

X = rz l@ ., (1'48)

sz =.41log r + 4. (1-49)
By aplying (1-3) we cbtain

x .
hp = 2J logp de + 2 X = 2{ (xlogr - YB)-x} + 2x=2 (xlogr - y8) (1-50)

from which, amitting a harmonic function,

X =2x(x logr-ys8 ). (1-51)

The difference between the forms y in (1-51) and (1-48) is
a harmonic function, and we note that

rzlog r=x {2 (dogr - YB)} + {(yz-xz) log r + 2 xye}. (1-52)
Similarly

rzlog r=y {2(xlogr - ye)} + {(xz—yz)logr - 2%y s}. (1-53)
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As before, these transformations are important in the theory of

two-dimensicnal Volterra dislocations.

An elegant and powerful method for evaluating h in (1-3) is
provided by camlex variable thecry. Thus, if vzx, h are the
harmmonic conjugate of sz, h respectively, then (1-3) in the

S *.},W.JJ - {‘A,_,_._,___

complex variable demadin becames

E)

Howih At B Vol P, w19,

Accordingly

1y
hP=ReH=ReU -é-Fdr;}. (1-55)

For example, if

vy =2 logr, then Vo =20 andF = 2 log 2,

fram which

z
H=Jlogc dz=z2locg 2 ~2 (1-56)
hp=ReH=(xlcgr-—yB)—x (1-57)

as utilised in (1-50).
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As a second example, if sz = 2 r"lcose, then

Pt 4wy =g (1-58)
fram which
z

H = J d—g = log z, (1-59)

h = ReH=logr. (1~ 60)
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CHAPTER 2

BERGMAN-SCHIFFER INTEGRAL: NON-FAILING CASES

Given a harmonic function £ in a two dimensions
damain B, we seek a second harmonic function g in B

which satisfies the Bergman-Schiffer equation

28 _ =
g+ T TE . L (2-1)
v&1erer2=x2+y2andxisanycmstant. The choice

k = 1 corresponds to (1-34). Equation (2-1) has
the family of solutions

g=1r “ge) +r " Jro“'lﬁ do (2-2)

where g(8) 'is an arbitrary function of 6. It is
necessary to determine g(8) by the requirement that
% is a harmonic function, i.e. vzgs = 0, fram which

it follows that

vz{ r"‘g(e)} - - 72 {r“‘ F"‘lfap }, (2-3)

i.e. by straightforward manipulations

b 2 P
e (g + 5"——92) = -y {r “Ip‘ lfd.o}, (2-4)
a6 ‘

so that g satisfies the equation
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W,
a<29‘ S ]:"d'2 \72 {_r KJQK-I fdp }.

(2=5)

The expression on the left is only a function of 8 , therefore

the expression on the right must only be a function of 6.
This may be verified by a detailed analysis. Accordingly,

denoting the right-hand side of (2-5) by h(8), we re-write

(2=5) as

2
98

There are now two distinct possibilities for h, i.e.

h=0,h#0., If h=0, we cbtain at ocnce

g(8) = o cos x08+ B sin «6

where a,B8 be arbitrary constants. Accordingly

K-ldp :

i i [
d=1r (¢ coskf + Bsinkd ) + r J fo
This result can also be seen directly, since h =0
correspands with the Bergman-Schiffer integral being a
harmonic function: r—‘g_(e) must then be a harmonic

function and therefore g must have the form (2-7).

(2-6)

(2=7)

(2-8)
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For « > O, the harmonic function r < (acosk® + Bsinks)
becames sinqular at r = O. Accordingly it is inadmissible
in any simply-connected domain which includes r = O.
Therefore the Bergman-Schiffer integral provides a unique hammonic
solution of equation (2-1) in such damains.

Within a ring-shaped ‘damain which excludes r = O,
the functions r_Kcosncﬁ , ¥ since would be quite admissible. For « = 1

it may be verified that ‘these satisfy the hamogeneous
differential equation

]
4¢+4r3§=o (2-9)

Equivalently they provide two independent non-trivial
solutions of the functional equation

Ph+y. =03 VE=voy =0, (2-10)

which are respectively campensated by the harmonic functions

lcose)

e

-r cos 8 —r

} (2-11)

~r2 (r 1ging) = -r sin 6

=
I

—Y‘

This can be seen directly, but our analysis proves that they

are the only possible independent non-trivial soluticns.



Consequently, in order to ensure the uniqueness of the
representation (1-31) within a ring-shaped domain, we
must introduce two side conditions which eliminate the
camponents r Ycose, r -
the problem of covering the biharmonic functions

siné fram 4. There remains

X logr, y logr by the representation (1-31). These
could exist within a ring-shaped domain, but g, v
would then be multi-valued functions as shown by (1-46)
and (1-47). It is necessary to remove multi-valued
functions fram our analysis as far as possible.
Accordingly Jaswon and Symm (1977) introduce the

representation
x=r2¢+¢+axlogr+bylogr (2-12)

inside a ring-shaped domain, where a,b are constants to
be determined and g,y are single-valued harmonic
functions. These two extra unknown coefficients exactly
balance the two side conditions previously mentioned,

so providing a well-posed formulation of the

biharmonic boundary-value problems for such domains.

Within an infinite exterior damain we must introduce

the restriction
x=0(r) as r += ., (2-13)

'Ihisinpli%g5=0(%)asr+m. Also, in two dimensions

it is necessary that ¥ = O(l) as r + = ,
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Accordingly Jaswon and Symm (1977) utilise the representation
X = r°8 + b + ax + by (2-14)

where ¥ is restricted so that v = O(1) as r - » and where
a,b are constants to be determined. The coefficients a,b
are balanced by two side conditions, as previously, which

eliminate the camponents r_lcosa, rLsine from 3.

For « = 0, it follows that r ' (acos «6 + Bsinké ) = constant.
This would be acceptable in any two-dimensiocnal damain . For
k < 0, the harmonic function r “cos k0, r "sin «8 would not be
admissible for infinite exterior damains. Therefore the
Bergman-Schiffer integral provides a unique harmonic solution of
equation (2-1) for such damains.
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CHAPTER 3

BERGMAN-SCHIFFER INTEGRAL: FAILING CASES

The Bergman-Schiffer integral may or may not be a
harmonic function. For example, choosing

f = r’cos v8, for an arbitrary choice of v, (3-1)
we find
o [ i = A
: KJ pKfldp =r KJ pw“ &osvedp - %‘_-; cos vo. (3-2)

Clearly the integral (3-2) is a harmonic function when
v # =« . However the integral is not a harmonic

function when v = =«. In this case we write

f =1 “cosc 6, (3-3)
which yields

B 1 i %

r KJ p lCDSlcadp =r Kcos:-:elog r. (3-4)

Clearly this corresponds to the case h # 0, i.e.
I S —-x=2
V" {r "coskflog rp =-2¢x r cos «6, (3-5)

and therefore from (2-5) we have
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hie) = -r<'2 ¢2 {r_xcos.ce logr} = 2¢ COSkf . (3-6)

Equation (2-6) now becames

2
29 + Py =2 oos xs, (3=7)
20

with the particular solution

gp(_e) = 8 sin «e. : (3-8)

Accordingly equation (2-1) has the particular harmonic

solution
gSP =r "(cosk8 logr + 8 sin «x8) (3-9)

in this case. For « = 1, the expression (3-9) becames

gip = r_l(cosa logr + 8sin 9) = J:-2 (x logr + y6 ) (3-10)

which is one of the bracketed multi-valued functions
(O-11). Similarly, when

£ = r “sin «8, | (3-11)
we have the particular solution

¢P =_r"K (sink® logr — 8 sinkd ) (3=12)

which becares
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2

¢p=r- (y log r - %6 )

when « = 1, in agreement with the second bracketed
multi-valued functions (0-12).

A second example is
f=1logr.

Here the Bergman-Schiffer integral becames
r—gjrfpu_ldo B Jrloqpprldp = %{logr - % } i
«#0,
fram which it follows that
h(e) R 92{%—logr-%2-} =0; «#O.

Therefore equation (2-1) has the particular solution

Pl ]
A=

{logr - } : k# O

in this case. On the other hand, if « = 0, then

r--
Jpllogpdp=%logzr.

(3-13)

(3-14)

(3-15)

(3-16)

(3-17)



h(8) = -rov> {!5 109‘23:} Y

Therefore equation (2-6) becames

Accordingly
g =% (logzr - 8%)

p

is a particular harmonic solution of equation (2-1)

in this case.
We camplete this chapter by proving directly that
o (At
rm'2 72 {r KJ S lfdo }; i.e. h, is independent of r.

Thus

- : g R ki o
Vz{rEJpK1fdp}=ac(|c-l)r'<2JoKlfdp

= b4 - ! 6
_rzf_Kr2f+rl§_£_er2Jprclfdp
-2 —c=2 [T =1 3°f
+r f+r Jo ——zdp.
a8

(3-18)

(3-19)

(3-20)

(3.21)
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Since f is harmonic and therefore satisfies the equation

% -0 (3-22)

r — —
2r-K—2JpK-1fdp-rcr f+rl 2—€-
i )
=2 (¥ «=1, 2 3%€ . 3f
-r J [0 (p =y +p—) do . (3-23)
3p dp
Integration by parts yields
e+l 2 r
Jo CH g =r‘+13—f--(x+1)Jp‘3£do, (3-24)
3p or 3p
T S
Jp*‘g—f-dp =r"f-.<J ol a o (3-25)

in which case (3-23) becames



— r — —
Kzrrsz](-lfdp-rcrzf+rl %

1 %% B T erx—lf do - <2 h(o),
" -c=2
= -r h (8) (3-26)

where h(8) arises because of the indefinite integrals in



CHAPTER 4

BERGMAN-SCHIFFER EQUATION: COMPLEX ANALYSIS

In this chapter, we analyse the preceding results by

regard to camplex variable theory.

Given a harmonic function £ in B, suppose equation (1-36)
has a harmonic solution g in B. Taking the conjugate of each

side of this equation we note that (utilising the x,y form)

8 B _
kBHE = +Y 3y e
where E, E are the conjugate functions to £, @ respectively.
Multiplying both sides of (4-1) by i and adding to (1-36) we
find

c¢+13>+x§—x(¢+13>+y§—y @ + if) = £ + if

3% 3¢ _
i.e. kd + o +Yay =F,

w}ie.recb=g$+ig, F=f + if. Writing z = x + iy,
Z = X - iy and noting that ¢(x,y)

"

®(z,Z), it follows that

3¢ _ 9% 32 , 3% 3Z _ 3% , 3%
el o (el e )
). 4 9Z oX dZ oX o2 o2
§2=§_€§E+Eg.53_=i(§.¢__ii)
9y 3z 3y 0Z 3y 3z 32

(4-1)

(4-2)

(4-3)
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Therefore
30 , 30 _ . 20, 29 20 _ 20
x Pty g Grg) tiy GG 7% )
L, 30, =238 - (-
—zaz-lrzaz.. (4=4)

Substituting fram (4-4) into (4-5) yields

K@+Z-§g+_z-a¢

52 A =F . (4-5)

However the analyticity of ¢ implies %:: = 0, so that (4-5)
becames

¢ _ A
x¢+2ﬁ-F. (4-6)

By reference to equation (2-1) and the general solution

(2-2), equation (4-6) has the general solution

4
8(z) =Cz <+ 2z ° J £ rae , . (4-7)

where C is an arbitrary camplex number. We concentrate

upon the particular camplex solution

2
8, 1z) = 20 J £ ryac, (4-8)
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which yields the particular real solution

= Re 4-9
rbp cbp(z) (4-9)
of equation (2-1). This is a particular solution of

equation (2-1), which is harmonic in either the whole or

part of the damain B where £ is harmonic.

Since f is harmonic in B, it follows that F is
analytic in B. However it dcoes not necessarily follow
that QP is analytic in B. For instance, if « = 0 and

f=c, thenF =C (C is a camplex constant) and

z
¢ _(z) = Jci€-=c1cgz (4-10)

which is not amalytic at the origin. It can be seen directly

that the equation z %; C has a particular solution

¢ =C log Z.
D g

As asecond example of (4-9), we note that
f = r’cos v6 , for an arbitrary choice of v. (4-11)
This has the harmonic conjugate E = r’sin v, so that

F=¢£+1Ff =2". (4-12)

Substituting fraom (4-11) into (4-7), we find

o (2) =2

K Jz vi—1 z’
P

13 dg = ek # =k , (4-13)
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So that
v v
& =5l 2 = r

Clearly ép is a harmonic function identical with (1-38).

If v =-¢ , then

de -K

SR
Qp =z J —= =2 log 2z,

12

so that

P

This is identical with (3-9).
Bergman-Schiffer integral provides a harmonic solution
even though the corresponding real integral does not. :

We note that the camplex

A third example of (4-9) is

F = logz,

g = Re-@p = r “(cos x8logr + 8sin «8).

(4-14)

(4-15)

(4-16)

(4-17)

(4-18)
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f=Relogz =1logr (4-19)
implies
¢p=Re ¢p=Re%-{logz-—}=%- {10g—-1=}: k # 0. (4-20)
If « =0, then

¢p=r-]-=g§-5-d£ = % log’z, (4-21)
¢p=%‘-Relogzz=-%'-(log2r—ez). (4-22)
Similarly

£=1Inlogz=6 (4-23)
implies
¢p=m¢p=m%{logz—%} =%(9-%):l<?£0

} (4-24)
=%Imlog22= glog r ; k=0

These examples show that the camplex variable approach

to the Bergman-Schiffer integral provides a more powerful
approach than that of the real variable, since both the
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cases h = 0, h # O are covered by the same fornulae (4-8), (4-9)

As a final example, we choose the analytic function

F(z) = zlogz ; v is any constant. (4-25)

Then
-k 8 k+v—-1 z’ 1

¢>p=z J g lUJEdﬁ:u_'_K U-ng—m); U#—K. (4-26)
Accordingly

f =Re z°logz =r’(cosvé log r - 6sing), (4=27)
implies

r’ X
ﬂfp = Re ¢p s [Qog ¢ - —v-;x—)cosve - 8 sinve]. (4-28)

L]

In the special case v = =¢, i.e. if

F(z) =z "log z, (4-29)
we f£ind
A —
©P=ZKJE_llog£ds= 2_2 logzz. (4-30)
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f=Rez logz=r (cosk8 log r + 8 sinks), (4-31)

implies

8, =ReZ-logz=-5— [cosk6 (log’r - 62)+ 20 sinké log r]. (4-32)

It would be extremely difficult to deduce (4-28) and
(4=32) by real variable methods. Thus substituting from
(4-27) into forrula (2-5), we find

h(8) = -r

r
H?:j:;r KJ pwx-l (cosve logp = 6sinve)dp

N P 1 >
- [-5—_‘_-; (cosve (log r s 8sinve ];v # =«

1
24

v # =k

sy
-'-r&*'2 v2 [% log r (coskblog r + 26 sinkd)];v = = k.

i.e. 2xBsink® - cosk8; v # =c.

Accordingly equation (2-6) becames



32 2
.-.-22 + kg = 0 ; ") f i
08
(4-33)
22 2
—9:2 + kg = 2¢ sinké- coskb;v = -«x.
86
Equations (4-33) have the particular solutions
gp(e) =0 ; v # =k
(4-34)
92
gp(e)="2_r Bttt
Accordingly
r” 1
gsp = e [cosve (log r - g ) = 6sinve]; v # =« (4-35)
r "~ 2 s 92
ggp Fis S (coskblog“r + 26 sinkblog r = 3 cosk8) ;

(4-36)

These solutions are identical with (4-28) and (4-32),

respectively.
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PART I : CONCLUSION

NON-EXISTENCE CF 4 (TWO DIMENSIONS)

Our analysis shows that, for any <, we may always
choose a harmonic function £ so that the Bergman-Schiffer
integral fails to give a harmonic function. The integral
contributes to a particular function ¢ o which satisfies
"the Bergman-Schiffer equation. In this case gSp may not
exist, or may be multi-valued, in same domain B even
though f exists and is single-valued in B. For

instance,

if £ = r “cos «8, then sép =r “(coskd log r + 6 sinkg )

as shown in Chapter 3. If « is a positive integer then f
would be single-valued and ép would be multi-valued in any
ring-shaped domain surrounding r = O. If « is a negative
integertlmfe:dstsbutﬁpdoesnoteﬁstinanydmain
which includes r = 0, e.g. putting « = O above we see
that¢p=logrwhenf=l.
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PART II

THREE~-DIMENSIONAL ANALYSIS
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CHAPTER 5

THREE DIMENSIONS : GENERAL CASE

Given a harmmonic function £ in a three-dimensional
domain B, we seek a second harmonic function g in B which

satisfies the Bergman-Schiffer ecquation

ncg$+r%'f—_=f, (5-1)

wl'1erer2=x2+y2+zzand|<isanyconstant. The

choices « =-% corresponds to equation (1-35) and
2 corresponds to the Papkovich and Neuber
problem menticned in the Introduction (see AppIV).

"4“-'-!(5"

Equation (5-1) has the family of solutions

5 o
g=r “glo,g) +r " J 55 4 o (5-2)

where g(9,y) is an arbitrary function of the angular
variables 9, V. We must restrict g(8,¢) so that g
becames a harmonic function, i.e. vzgj = 0, fram which

it follows that

2y
Vz {r—Kg(B ,tb)} = - ?2 {r-'c J pg_l fd p}. (5-3)

Now the right-hand side of (5-3) always exists in at=least same
domain. Therefore equation (5-3) is a Poisson's equation for

r °g, which always has a solution in this damain. Accordingly
there always exists a harmonic function @ of the form (5-2).
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A direct argument for the existence of g is given in App. V.

Since
2 2
ar2  r or rlsing 38 30 r’sin®s 3y
in spherical polar co-ordinates, we find
72 r—the N R <(c=1)g + L__ 2 (ainp®) &
2 sing 38 38
2
LA 2_2} (5-5)
sin™6 3y
whence, from (5-3), g satisfies the equation
eyaalvy 3 R
k(k=1l)g + — (siné "9:) i -
sin®d 96 30 sin2s  3y?
— r o —
_rﬁZvZ{rxthlfdp}
=h (8,¥). (5-6)

The expression on the right-hand side of (5-6) is at most
a function of 6, ¥, which, following chapters I and II, we
term h(8,y). Accordingly, we write
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2
cle-1)g + == & (uing 29) +—l—§—%—=h (8,9).
sint 298 28 sin2B P31

There are now two distinct possibilities for h: h = O,
h # 0, i.e. the Bergman-Schiffer integral is a harmonic
function or it is not. The first possibility is now

discussed.

If h(6,y) = 0, then g satisfies the equation

2
2— 2 (sing Hy+ —=— 29, 4« (- g =0,
siné 286 a8 sin“g oy

which has solutions of the form

g(o,v)

]
l'U
A d
%
0]
[

m
oA imy
= PK_l(cose) e
using standard symbolism (Lebedev, 1972) where P__(cost) is a
Legendre associated function of the first kind,and we restrict
the index m to be a positive or negative integer or zero
subject to the inequalities

Im| < |«] ifcs 0, |m| < |c=1] 4if x> oO.

(5=7)

(5-8)

(5-9)

(5-10)
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The conclusion (5-9) may be seen directly fram (5-2), since
r “g(s,y) must be a harmonic function if the Bergman-Schiffer
integral is a harmonic function. Accordingly equation (5-1)
has harmonic solutions of the form

— — r —
Q =r KP_}:(COSS)em +r < J B 1 £ d4dop. (5-11)

For « > 0, the harmonic function z:_KP_I!?(cose)ejm!J
becames singular at r = 0. Accordingly it would not be
admissible in any finite damain which includes r = O.
Therefore the Bergman-Schiffer integral provides a unique
harmonic solution of equation (5-1) in such a damain.

If « = 0, then r-KP_I:(cosa)em = constant. If k < O,
the function J:-KPEL (cos8) ™ would be acceptable
only for integer values of « in a finite damain which
includes r = O (Rabenstein, 1966); since otherwise

P_I: "(cos8) ™ pecames singulz;.r for 6 = 1 (ie. along
negative z-axis). In an infinite exterior damain which
excludes r = 0, r“P_™(cose)e™ would be acceptable for
« 2 1 and provided that it is an integer.

As a first example of h = O, we choose the harmonic
function
iuy 2

f=r’ Pwu (cost)e 2 V# =K (5-12)

where 1 is a given positive integer or zero and v an
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arbitrary constant, in which case

i H v u
r ‘J p"+"-lPU‘(cose)ei“wdp = ;-_'_r—;Pv (cose)e™™? ; v # —c.

Therefore equation (5-1) has harmonic solutions of the form

v H A
i - m
B = Er; P (oos_e)e Wayp KPK__.L (cos8)e™ ; v # = , (5-13)
subject to the inequalities (5-10) on m. In view of the
restrictions mentioned in the previous paragraph, we may

define the unique harmonic solution

v
Rsp o %Epvp(me)eiuw i x>0, v#F-x, v20
} (5-14)
or a nan-integer k <0
in any finite domain which includes r = O. Also we may
define the unicque harmonic soluticnf(
v u
i 1l
¢p =v_-ri-'1::- P—(v+l) (cos8) e ;i < O, # =x,v £ -1
(5-15)

or a non-integer « : 1,

in any infinite damain which excludes r = O and is

intersected by the negative z-axis. For other choices of «, the
solution would not necessarily be wnique as previously

explained.
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As a more specialised example of h = O, we choose the
function
f = log(r sins). (5-16)

This is a harmonic function which becames singular along
the z-axis.
We find

S | -« [Fe=1 1 1
¥ [fp dp =r Jn log (psing)dp = = [log(r siné )—= I;

« #0 (5-17)

fraom which it follows that

h(e) = -r*2 2 { log(r sino) - 1—2} =03 x#0. (5-18)

Accordingly equation (5-1) has the particular solution

=

g, =i [log(r sine) - —] } k#O (5-19)

in this case.

The failing cases v = =x of (5-14) and « = O of (5-19)
will be examined in the following chapters.



CHAPTER 6

THREE DIMENSIONS: INTEGER FAILING CASE (u = O)

The solution (5-13) clearly breaks down when v = =x.

This is the case where the Bergman-Schiffer integral is not

a harmonic function, i.e. h # 0. Thus, when

£ i

gt .

1} " ip
r P _,(cos8)e™",

v

where ¢ is an arbitrary positive integer or zero, we find

L e - M
r KJ o ]'g _l(cose)eiw dp=r f’_:_.l(cose)eiwlog £

A i 3
72 {r KPK_l (cose)ej‘wlog r} ==(2c - l)r’c sz-l (oose)eiw,

h(e,y) =

Equation

L. 2 (aine 28y 4
sing 36 36

£¥2g2 {r-KPKEI (cos8)e™¥ 1og r}

u
(2¢ - 1)P__, (cose)e™” .

(5=7) now becames

1
sin2s

2%
3&2

H iu
+ «(x=1)g =(2K—1)PK_1(COSG)Q

b

(6-1)

(6-2)

(6-3)

(6-4)

(6-5)
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Putting
gle, ) =w(e)et?, (6-6)
this becares
2 .
22 (sine )+ [c(e-1) - ] w= (¢ -1)P__, (cose).  (6-7)
sine®® 36 sin2s

The simplest possible choice of p in (6-7) is u = O.

In this case equation (6-7) becames

'_o.']st .g.g (sind %-‘e‘l) +e(e=1) w = (2c-1)P__, (cos®). (6-8)

To make further progress we restrict « to be a positive
integer and look for a particular solution of equation

(6~8) of the form

wp(e) = - PK_l(cose)log gind +S(8) ; O<06 <7, (6-9)

where S(8) is a function of 6 to be determined. Substituting
from (6-9) into (6-8), we find

13

3s i = -
Smeaa(sine e)+bc(|<—l)S = 2(x l)P (cose)+2cote 5 P l(cose)

i

= 5m 38 == P _,lcose). | (6-10)
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Equation (6-10) has a polynamial particular solution of the form

o cos® g, (6-11)

I
S(8) =
r=lr

p = == if («-1) is even, p= (K—Ez')— if («=1) is odd

and the coefficients a. satisfy the recurrence formula

1 A (2¢—4) ! T
220-2)! (3)! (2¢=3)
(c=2r+l1) (x=2r) ar_l+2r(2:c-2r*l) a. (6-12)
(2k=2r=2)! T

wol=1yy o
_ 272 (r=1) ! (xk=r-1) ! (x=2r-1)!

as can be verified by substituting (6-11)‘ into (6-10).
It may be remarked that S(8) = O for «x = 1,2. Accordingly

equation (6-5) has the particular solution
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k~2r—1 s

p
9, = -P __;(cos8)log sine + ] a.cos (6-13)
r=1

in the cage ofpositive integer values of «, when u = O.
To the particular solution (6-13) we supperpose camplementary

solutions of the form

g imy

aP__,(cosble T

+b Q_, (cost)e : (6-14)

m
where a,b are arbitrary constants and P(_l (coss) , QT _l(cose)

denote the associated Legendre functions of the first and
second kind respectively. The index m is restricted to be
an arbitrary integer to ensure that the solution remains
single-valued for any circuit around the z-axis. We note

that Pr:_l(cose) =0 for |m| > « = 1 as follows from the

definition of the associated Legendre function.
Accordingly, when u = O, equation (6-5) has solutions

of the form

g(e,¥) = = B,__ (cose)log sins + [aP_, (cose)+b d" p1e™;

(6-15)
R N
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p
g(d,w) = -PK_l(cose)log sing + I a, COS:-Zre
r=1
(6-16)
kS [a.PiLlfcosB) +b dfﬁlﬁaasej] oW e
Therefore equation (5-1) has harmonic solutions of the
form
g=r " gleu) +r " P__; (cose)logr (6=17)
i.e

B - 4 - imp | = {
g=r P‘Q_l(cose)log STap t x [aP‘:_l(cose)q-bQ':_l(cose)]e 2 e w2
(6-18)
- 3 1 P k=2r—-1
=1 P_,(cos8) log o=+ I a_cos e
r=1
; (6-19)

+r “[aP" 1 (cosg) +b d:_l(cose)] s P e 3

<=
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Tt will be seen that the solutions (6-19) have singularitiesalong

the z-axis. Accordingly for any positive integer value of

k, equation (5-1) has no hammonic solutions for the

particular choice f = r-"PK_l(cnse) , inside any damain

which is intersected by the z-axis.

If « = 1, the solution (6-15) reduces to the much

simpler form

g(6,y) = -log sin 8 + aPom(cose)em +b Qom(cose)eim‘”.

Now Pom(cose) =0 form # O, Pootcose) = 1, as follows
from the definition of the associated Legendre functions.

Also

7P 1
+
u2) é:rﬁ[logl-:;] ; u=cos 0 ,

m
20 A
%-Ecl

using Kellogg's symbolism (1954). Accordingly, we cbtain

g(é,y) =logsine +a+b (.}c:ln(cos'::l)ej'm“b -

6=1r2g(,0) +r T logr

4 1 [a+Db Qom(oose)] eim'b 5

r —log (Sﬁ) +r

]

(6-20)

(6-21)

(6-22)

(6-23)
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As before this has singularities along the z-axis. Clearly
therefore when «= 1 equation (5-1) has no harmonic soluticns
for the particular choice £ = r - inside any domain which

is intersected by the z-axis.

For any negative integer or zero value of «, it
may be verified that equation (6-8) has a particular solution

of the form
wP (8) = P_K(cose) log siné + S(8), (6=24)
p -
S(e) = -] a_cos g, (6-25)
r=1
where
= K d (e+1)
Qs % if = iseven, p=--3- if =(«+l) is odd

and the coefficients a 2 satisfy the recurrence formula (6-12)
with - in the place of x. It may be remarked that
S(8) = 0 for « = 0, -1. Therefore equation (6-5) has

solutions of the form

m
g(8,v) = K (cos8)log siné + [a P__ (cos8) + b Q_I:(cose)]em;

k=0, =1 (6-26)
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P
g(e,y) = P_Klog sins - ) a, cos_'c_zre
e (6-27)
+ [aP_(cose) + b 0 T(cose)] & kg =2

where a,b are arbitrary constants. Accordingly equation

(5~1) now has harmonic solutions

g =1r “glo,4) +r P_ (cost)log r (6-28)

ie. #= r_K‘P_K (cos8) log (rsind)+ r'“[aP_I:(cose)+b Q_I:(cosa)] i,

= 0y =1 o - (6-29)
-— - P - _2
@ =r “P_ (cos8)log(rsing) -r 5 a_ cos s
K =
(6-30)
+r “[a P_r:(coss) +Db Q_m(cose)] o 7Kg =2

As before this has singularities along the z-axis. Accordingly
for any negative integer or zero value of «, equation (5-1)
has no harmonic solutions for the particular choice
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£=1r " P_ (cost) inside any finite damain which is intersected
by the z-axis.

If ¥ = 0, the solution (6-26) reduces to

log sint +a +b Q™ (cost)e ™. (6-31)

Il

q(e;lb)

Accordingly equation (5-1) now has harmonic solutions of
the form

d=g(9,y) +log r,

= log(r sind) +a + b O (coso)e™ : (6-32)

As before this has singularities along the z-axis. Clearly
therefore when « = O, equation (5-1) has no harmonic
solutions for the particular choice f = constant inside

any finite domain which is intersected by the z-axis.
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CHAPTER 7

THREE DIMENSIONS: INTEGER FAILING CASE (u 2 1)

For any integer value of u 2 1 , we divide the discussion
into (a) positive integer values of « and (b) zero and

negative intege.r values of «.

A, positive integer value of «

In this case we lock for a particular solution of equation

(6=7) of the form

u
Wp (8) =~ Px_ltcose)log siné + S(8) ; 0O0<#8 < (7-1)

where S(8) is a function of 6 to be determined. Substituting

fram (7-1) into (6-7), we find y

3

2
siné == (sing %} + [k (c=1)-1°] 8

A H 2 I -
= 2(m—l)PK_l(ccse)sin 8 + sin 26 =7 P__, (cosé). (7-2)

This equation does not generally have a finite polynamial
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solution, but closed—-form solutions can be achieved in same
special cases. For instance, if u = 1, equation (7-2)
beccmes

sine & (sins 33 + [<(c-1)sin®e - 1] S

1
y 2 3 .
= 2(k=1)sin"6 PK_ltcosej +sin 26 =P _; (cos9) . (7-3)

Choosing « = 1, the expression on the right-hand side of equation
(7-3) vanishes, since B_*(cose) = O, in which case (7-3) has

the particular solution sp(e) =0. If so

ot Sx L
wp(e) = P_ (cose)log sind + sp(e) =0, (7-4)
= iw = -—
% (8,9) wp(e)e o, (7-5)
¢P(r,6.w) = r_lg(e.w)+r'lPol(cose)log r = 0. (7-6)

Here equation (5-1) becames

6 +r %‘f—_ = r-l Pml (oose)em =3C) (7=7)



with the harmonic solution g = ¢ r_l, where ¢ is an arbitrary

constant. This solution arises entirely fram the camplementary
solution, and it is seen to be a particular case of the

general camplementary solution (5-9), i.e.

m .
& imy_ m imy _
gle,y) =cP _, e c P (cose)e c

since Poo(cose) =1, Pom (cosB) = 0 form # O,

#(r,8,0) =r Yg(e,) =cr L. (7-8)

Choosing « = 2, equation (7-3) becames

sine 2= (sins %%-) + (2 gin%e ~1) =2 sin o , (7-9)

which has the particular solution

sp(e) = (sine)"l. (7-10)

Accordingly

I

31 -
Wp(e) -Pl (cosé)log sin 8 + Sp(s)

]

- sind log sing + (sine) T, (7-11)
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9, (81} = wp(s)ei“’

= [~sin® log siné + (sine)-l] et ;

ﬁfp(r;ew) r_zgf.erlb)‘i'r_z Pll(cose) log r

r2 [siné log sine + (sine)-l] eV,

Wenotethatsiné log sin6 + Oas 6+ Oor m,
but a singularity arises fram (sine)_l. Choosing

k = 3, equaticn (7-3) has the particular soluticn

Sp (8) = cots ,

and therefore

Wp(e) = -gind log siné + cotsé ,

[-siné log sin® + cots] eiw,

gp(e rw)

r 3 [ sine log-s-—n{—e- + cots ] Y

]

ﬁp (x,0,¥)

It will be seen that g has a singularity of O(sing) T

8 - O-

as

(7-12)

(7-13)

(7-14)

(7-15)

(7-16)

(7=17)
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Equation (7-2), for u = 2, becames

sing 2= (sing 28 + [c(c-Dsin®s - 4] s

2 2 '
- o <5 =l 3
= 2(-1)P _; (cose)sin®e + sin 26:= P __, (cos6). (7-18)

choosing « = 1, 2, the expression on the right-hand side of
ecuation (7-18) vanishes, since Poztcose) =0, Plz(cosa) = 0,
in which case (7-18) has the particular solution Sp(e) = 0.

If so

Wp (8) = o, gp (erw) = 0, ¢p(rra:‘b) =0

following fram (7-4), (7-5) and (7-6). Here equation (5-1)

becames (x = 2)

26 +r 2 =r?p2(cos0)e® =0 (7-19)
with solution @ = gr-z, where g is an arbitrary functions of

6,9. We may always choose g such that g is a harmonic

function. This solution of equation (7-19) is a particular

case of the general camwplemtary solution (5-10), i.e.

iy

W _ coss + singe ’ (7-20)

g(e,y) = PKIfl(cose)emw = le(cose)e

since Plotcose) = cos8, Pll(cose) = ging, le(ccse) = 0 for

ms 2,
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g(x,o,y) = 2 (cosg + sing ei“’) (7-21)
Choosing ¢« = 3, equation (7-18) becames

sing 2= (sing %%) + (6 sing - 4) S = 12 sing (7-22)

which has the particular soluticn

858) =2 sin"%s + 2. (7-23)
Accordingly
2 -2
wpte) = =3sin“8logsing + _2sin 8+ 2 (7-24)

2

[3sin®0logsine + 2sin 28 + 2] &2, (7-25)

I

gp(er‘b)

29 42] 21V, (7-26)

g, (x,0,4) = r 2[-3sin%8logsing + 2sin”
As before it will be seen that gSp has a singularity of

ocsina)“2 as. 8" » 0.

For any positive integer value of « and any integer value

l==0:i_nthiscase. For

any positive integer value of « and any integer value of

of u >|<—l,weseethatf=Osince.¥E

u s x— 1, we may prove (App. II) that the solution of equation
(7-3) has a singularity 6f O(sinfi)'_'ic as 8 » 0O. =
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Same examples have already been given in this Chapter.

B. zero and negative integer values of «

In this case we seek a particular solution of equation (6-7) of
the form

W, (8) = P_" (cose) log sine + S(s), (7-27)

where S(8) is a function of 6 to be determined. Substituting
fram (7-27) into (5-6), we find

siné %'é' (sind %%-) + [)c(nc—l)sinze - u2 18

- “ 5 2_puH i
= 2«P__(cos8) - sin 26 =5 E_l(cose)_ (7-28)

As before this equation does not generally have a finite
polynamial soluticn, but closed-form solutions can be
achieved in same special cases. For instance, if y =1,
equation (7-28) becames

sine 2= (sino 25) + [<(c-1)sin’e - 1] s

= chP_]K'(cose)sinze - sin29§—e P_i‘ (cos8) . (7-29)
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Choosing « = O, the expression on the right-hand side of
equation (6-29) vanishes, since Pol(cosa) = 0, in which

case (7-29) has the particular solution sp(e) = 0. If so
WP(B) = 0, gp(arw) =0, ﬂsp(r:ef‘«l’) =0 (7-30)

following fram (7-4), (7-5) and (7-6).
(5-1) becares

Here equation

- RN N R .
rsg = p_'(cose) =0 (7-31)

with the harmonic solution g = cons. This solution arises

entirely from the camplementary solution, and it is seen

to be a particular case of the general camplementary
solution (5-9), i.e.

g(o,v) =cP_I:eim =cheim =cP°(cose) =C

o] o]

5?5(1';6:11!) = g(Bsw)

I
4

(7-32)

Choosing « = -1, equation (7-29) has the particular
solution

sp(e) = —(sine)"l 5 (7-33)
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Accordingly
wp(e) = singlog sing = (Sine)—l (7-34)
gp(a,zp) = [sin® log sine = (sine)-l] o> (7-35)
g, (x,0,0) = r [siné log(r sine) - (sine) ™) &Y. (7-36)

It will be seen that gSp has a singularity of O(Sine)-l as

e - OI

For any zero or negative integer value of « and any
integer value of u > —x,weseethatf=051nceP_E=O
in this case. For any zero or negative integer value of
x and any integer value u < =-«k, the solution of equation
(7-3) has a singularity of O(sins) ~ as 8 - O. Scme
examples have already been given in this Chapter.
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CHAPTER 8

THREE DIMENSIONS : NON-INTEGER FATLING CASE

Now we look for a solution of equation (6-7) for any
positive real number «, of the form

u
w(8) = w(e) PK_l(cose); u is any positive integer or zero,

where W(8) is a function of 8 to be determined. Substituting
from (8-1) into (6-7), we find

(cosg) —, + [2 2op IJ(cose') + coté P u(cosa)] <
392 20 k=1 k=1 36

: M
= (2c - 1)P__, (cosé).

This equation can be written in the form

1 £ W3 _
-1lcos8)] + 53

"
siné | {c0s6)

3 W
36 [sine 30 P

= 2x = 1) PK_;(EDSGL

(8-1)

(8-2)

(8-3)



68

u
multiplying both sides of this by sin® Px—l (cos8), and

putting

H

U = siné g—g By (cos8) , (8-4)

gives
3 WP _lcost)] = (2¢-1) [P (cose)]? sine, (8-5)

il.e.
2
: - 1 i 8-6)
UP,_,(cost) = f2¢-1) | [P __,(cosy)]” sin y dy. (

Substituting from (8-6) into (8-4) yields

Il

sinA[P__} (cos))] -

d A
: u 12
simi\ [P__ (cosA) ]

¥ A u 2 |
(2&-1)} J [Pm—lcmsﬂ] siny dy. (8=7)

Accordingly equation (6-7) has a particular solution
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a "
. 2
sinA[P__} (cosA) ]

u 0

wp(e) = (ZK-l)PK_l(GDSG) J
A u 2

i J [Pn_l(oasy)] sin ydy.

It will be noted that this approach yields Y (6) directly
without introducing S(8), in contrast to (6-9) where we

write

wp(ﬁ) = - PK_l(cosB)log sin 8 + S(9) ; 0< 8 < n}.
p=0

By virtue of (6-6), it follows that

iuwja dx &

i
(6,0) = (2«=1)P ., (cos8)e
- i =1 sim [p__¥ (cos1) 1

A " 2
x [PK__l(cosw)] sin ydy ,

fram which we arrive at the particular solution

(8-8)

(8-9)

(8-10)



Wy = S5 (coss) et { log r +

: 8 s
(ZK-l)J d A > j [PK_; (cosy)]zsiny dy }; A
simi [P _] (cos) ]

For zero or negative real values of «, the corresponding
particular solution is

o
¢p =r KP_K (c:c:e:‘.e)ezj‘w’j {1ogr -

] da AN o 5
(2¢=1) J ) J [P__ (cosy)]“sin y dy }: k £0
s:i.m[P_:IcosA)] K

For u = 0, and integer values of «, we recover the
results of Chapter 6. Thus, if « is any positive integer,
the solution (8-11) reduces to the solutions (6-18), (6-19)
with a =b = 0, as is proved in App. I. Similarly if
« is zero or any negative integer, the solution (8-12) reduces
to the solutions (6-29), (6-30) with a =b =0, as is proved
in App. T. It is interesting to verify these reductions for
same special choices of «. Thus, putting «x = 0 in (8-12),
we find

(8-11)

(8~-12)
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] A
g =P °(coss) {logr— J d.A J P °(cos )]zsinde;
pr O smA[POO(oosA)JZ 5 |

ed}\ A
={logr-J -fjsin Yd\r} = log (r sin 8) , (8-13)

is essential agreement with (6-32) with a = b = 0. Also

putting « = 1 in (8~11), we find

B = L {log r - log si.ne} =zl

. log === (8-14)

is essential agreement with (6-23).

When y = 1, the solutions (8-11) and (8-12) respectively
became

- l
- iy
gﬁp =r Px_l (cos8)e {log r+

“r

2 e AL -1 2
(2x-1) J 1 5 J [P _; (cosy)]” sin vy dy} ; k>0, (8-15)
sinA[P__] (cosA)]

- ¥ iy
aﬁp =r P_ (cos8)e { log r +

B an x 1 2
(2¢ -1) J T 3 J [P_K(cosy)] sin vydy }; e 0. (8~16)
sini[P_ (cosir)]
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For certain specialised integer values of x, these yield explicit
results already cbtained in Chapter 7. Thus, putting « = O in
(8-16) gives gsp = 0, since Pol(,cose) = 0. Similarly, putting

= 1 in (8-15) gives gSp = 0 since Pol(cose) = 0. Also

putting « = 2 in (8-15), the solution (8-15) beccmes

G A
=r ?'P (cose)e {log r+3[ d :\l 5 J [Pl]'(cosﬂ]zsin Ydy},
sian[Pl (cosi) ]
oo 4y Boray i ah s
= r "sinée {1ogr+3J 3 J’sinydy},
sin™\

= £ ging eV {log r + sin 28 - log sj.ne}

r"2 {smﬁ log E?n'a + (sine)-l } eiw 7 (8-17)

Il

which identically equals (7-13). For « = 3, the soluticn

(8=15) becames
g =1 [sind log Z— + cots] e, (8-18)

which identically equals (7-17). Finally putting « = -1 in

(8-16) gives
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e A
¢P=rsina{logr—3J d;[ sin3~rdy}
sin~)

=r {sin 8 log(r sing) - (sine)-l} eiw, (8-19)

which identically equals (7-3%).

Similarly for u = 2; ¥ = 0,1,2,3 we recover the
e:qnlicit results of Chapter 7.
For any choice of
<, the solutions (8-11), (8-12) have a singularity of the

form O(sine) "as 6 = 0; u =1,2,... and of the form

O(log sinf) as 6 =+ O; u = O. Thus, fram the definition
§ _
of P __;(cos8),

By L ot
[PK_l(COSS)] = gin™ @ [g";'

16}

P_ (1% ; u =coso, (8-20)

i
where [El—P_ltx)] _1750 : u=0,,2,¢e. . Therefore
auu K K=

the constant term in the Taylor's expansion of this function
around u = 1 is non-zero. It follows that the solution (8-11)
includes a term of the form
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U 8 A -
r ‘P _.l(cossfa)eiw"r 22 > J sma‘yd-l dy. (8-21)
k Jsim [PK_E (cosr) ]

This expression includes a term of the form

o 6 A
r “PK_;(cose)ein % t % J sinyd vy,
sin) [P l(cnsk)]
e
- gr iy 6 cos A d A
==-r PK_l(ccse)e J ' (8-22)

sin [PK_‘]J_ (cos)) ] 2

as can be seen by writing sinzuy as a polynamial in cos €.

Now the integral on the right-hand side of (8-22) includes

a term of the form

(5]
-K_ U iuy cos A d A I =z M =2y _iuy
r P __.(cose)e J P m ey R Sy (0OB8)@in gTe Ty
=1 ain2Vi" 20 k=1
=r “O(sing) Mas 8 » 0; u = 1,2,... (8-23)

8
- cosl e . .
r PK_l(cose)I Y d\ =r t‘:___.‘_(c’:x-:.e).log' sind as 8 - O; y = 0O, (8-24)

§0 proving the theorem stated above. It may be noted that these
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results hold for any real value of «, integer or non-integer.

The behaviour (8-23), (8-24) hold as 6 - n , for
integer values of «. For non-integer values of «, f£ is not

defined.

The analysis of Chapters 5-8 can be applied to negative

integer values u by virtue of the relation

T (v+u+ 1)

H A
Pv(cose)-(l) T T

pv“‘ (coss) (8-25)

As a final example we consider the special harmonic function
(5-16), i.e. £ = log(r siné), which proved to be a failing
case of the Bergman-Schiffer integralforx=0 . This

integral becomes
= 1
J p “log(psing)dp = 3 log r (log r + 2]log sing), (8-26)
fram which it follows that
% k=1

h(s,y) = =<t2y2 J o “fdo »

- g {%logzr + log r log sins } = -1-log sins. (8-27)
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Accordingly equation (5-7) becames

2

1. 2 3g I SSgterr = :
— (sin —= ) 4+ —— = -1 = log sin®é (8-28)
sin 90 a6 5-1._]_’.2e awZ
with the particular solution
9, (8¥) = 1 (log%sins - log’tan ). (8-29)

Therefore equation (5-1) has the particular harmonic

solution

-K - rx-l
¢p=r g(e,y) +r Jp £fdo

=% {1og2(r sing) - 1092 tan %}

2

= log (2r cos? $) log(ar sin® ) (8-30)
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PART IT : CONCLUSION

NON-EXISTENCE COF @ (THREE DIMENSIONS)

Our analysis shows that, for any «, we may always
choose a harmonic function £ so that the Bergman-Schiffer
integral fails to give a harmonic function. The integral
contributes to a particular harmonic function gSP which
satisfies the Bergman-Schiffer equation. In this case
ﬁpnaynotexistjnsmedmainBeventrmghfexists

in B. For instance,

L e
it f=r PK_l(cose) '

A
then gsp =r Pn_l(cose) { log r +

d A
sini [P _; (cosi) ] 2

6 A 2
(2x=1) J J [PK_l(OOS'r)] sin y dy}.

Assbmminc&zaptersarxiduapter&éphasa

singularity along the z-axis and it therefore does not

exist in any damain B which is intersected by the z-axis.

oOn the other hand, for any positive integer value of «,

f exists in any domain B which excludes r = O; also

for zero or any negative integer value of «, f exists in

any finite damain which includes r = O. For instance, putting
|c=0abcveweseeﬂ1atg$p=log(rsine)wtmf=l,therefore
# does not exist in any damain which is intersected by the

zZ=axis.
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PART IIT

TRANSFORMATION COF REPRESENTATIONS
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CHAPTER 9

TRANSFORMATION OF A BIHARMONIC FUNCTION

FRCM rz—FORM TO z-FORM AND VICE VERSA

As mentioned in (0-7), an arbitrary biharmonic function x

has the representation
x=zh+VY ; Vzh = v2¥ = 0.
To determine h fram x, we note that
T - S -
Vx—?.az,vzh 0.

Therefore

z v2
h =J —X dar +nxy),x=x&y.z).

AL
o=v2h=v2[ YXar +. 9% nixy)

z
lee 2 e v) = - 2 J g2 o

(9-1)

(9-2)

(9-3)

(9-4)

(9-5)



It may be verified by direct analysis that the right-hand side
of (9-5) is independent of z. Equation (9-5) is a Poisson's
equation for n(x,y) to which a solution always exists, and
therefore the harmonic function h always exists. Often it is
possible to campute h by direct arguments.

For instance, if

vzx = 2r° PU“(cose)cos uy, (9-6)
where v is a given real number and uy is a positive integer

or zero, then

= 1 v+l M 5 & if
h—W Pwl(CCBB)COSHW i v+u#-=-l (9-7)

since (Hobson, 1965)

d r\H-l

= Pu:t-l (cos8)cos uy = (viu +1)r° P\J11 (cose)cosuy ;

v+u #F-1. (9-8)

Therefore y always has a representation of the form

H
1 r“+2 cosf P ltcose)cosuw : v+py #-1 (9-9)

B S viu+l V4

to which we must generally add a harmonic function.
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Since , is an integer, a failing case of (9-7) arises
if v is an integer. In this case, putting v =-p - 1 in

(9-6) , we must make use of (9-3), i.e.

Z —(utl) 5w
h = J P P‘J (cose)cos uy dz + n(x,y). (9-10)
Notice that the indefinite integral on the right-hand
side (9-10) can be camputed by reference to the polynamial
expansions of Pu“(cos'e)'cosuw in terms of cosf, sinf® and

cos . Accordingly x has the representaticn

2 (1)
o zj o~ 0+ ¥ (coss)cos uids + 2 (), (9-11)

in this case, to which we may add an arbitrary harmonic

function. For instance, if

2

7% =2r‘2

Pll(cose) P = (9-12)

we find fram (9-10) that

X2

h = _2‘—'2""‘—'4' n(x,y) . n(x,y) =0, (9-13)
r(x"¥")
where n(x,y) = O since v2 _x;_z_ = 0. Accordingly, in
r(x“+y°)

this case



In the special failing case u = O of (9-17), i.e.

sz = 21:_1 Po (coss)

82

= 2r-l'

we cbtain from (9-10) that

z —
h= J p ldp + n(x,y) = log(z+r) + n(x,y)

where n(x,y) = O since V210g(z+r) = 0. Accordingly

x = zh = 2 log (2+r)

No additional analysis is required to cover negative

integer values 1, in view of the relation

P, " (cost) = (-1)"

For instance, if

T (v+p+l)

T (v—p+ D)

pv'“ (cos8) .

(9-14)

(9-15)

(9--16)

(9-17)

(9-18)
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7% = 2"l P_u”(cose) cos uy; TR 3 2 (9-19)
we may write
sz = (-1)* (-gu T gl P:E (cosb)cos uwp ; =-u > O (9-20)

Now x also has a representation of the form

2 2

X=rB+v; VB = V3 =0, (9-21)

where, given (9-6), @ may be determined fram the Bergman—Schiffer

equation (5-1) with

2
i % andf:—%—x-. By virtue of (5-}4)
r’ u 3
gjp: 53 P, (cosb)cosuy ; v#-3, v 20 (9-22)

from which (apart fram a harmonic function)
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2 rv+2 Y 3
X=r¢=m—Pv (cos8) cos uy  ; \Jié-i. (9-23)

The difference between the forms of x in (9-9) and (9-23) is
the hammonic function

v+2

2, r H 3
¥y = o D 2or3) sz(cose)cosuw s v+t FE-l, v#- 3 (9-24)
which does not apply in the failing cases v + p = -1,
v = -% of (9-9), (9-22) respectively.
The choice
v R o o MR
V'x = 2r Pu (cos8) cosuy , (9-25)
corresponding to the failing case v +u = -1 of (9-7),
yields
p it "
Sﬁp — b R e Pu (cos )cos uy , (9-26)

by an application of (9-22). If so, x has the representation

2 gt M
X T 0 ey 5 P (cos8)cos wy. (9-27)

The difference between the forms of x in (9-27) and (9-11)

must necessarily be hammonic function. Clearly a failing
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case of (9-9) is more conveniently represented by (9-27)
than by (9-11).

In the special failing casegv= -1,,v = =2, corresponding to
(9-15), (9-12) respectively, we have

=3

. —573~ Polcose) = r %, <r2sins cosy (9-28)
2 -1

X =r°r "=r, -sind cosy (9-29)

As a corollary, the difference between the forms of ¥
in (9-17), (9-14) and (9-29), are the harmonic functions.

¥=2log (z+1x) -xr, cosy (sine)-l respectively. (9-30)
The choice

5 "3

vx=2r ZP_,"(cose) (9-31)

corresponding to the failing case v = - % of (9—2.2) , yields

S Sl s
i gesey P_%(cose)cos uy, (9-32)

by an application of (9-7). If so, x has the representation
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zr% i
x = zh = TR e cosé P_% (cos8)cos uy.

The difference between the forms of y is (9-33) and (9-21)
must necessarily be harmonic function. Clearly a failing
case of (9-23) is more conviently represented by (9-33)

that by (9-21), as can be seen by putting « = 3 in (8-11).

(9-33)
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CHAPTER 10

TRANSFORMATION OF A BIHARMONIC FUNCTION

Mrz—mmx&y-msmwczm

As mentioned in (0-7), an arbitrary harmonic function

has the representation

from which

vy =238 , o,

2
h—‘*J)(E'i‘x‘dE +1'L(Y;z)- X=X (Erer)

We require

X _2
0 = 7% = 72 J%de + Vzu(y,z),

X 2
. Valy,z) =- vzj, XXoae,

and it may be verified by direct analysis that the right-hand

(10-1)

(10-2)

(10-3)

(10-4)

(10-5)
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side (10-5) is independent of x. Equation (10-5) is a
Poisson's equation for n(y,z), to which a solution always
exists,and therefore the harmonic function h always
exists. Often it is possible to campute h by direct

arquments. Thus it can be shown that

(v+u+l) (\,w-i-x.\+2)1.‘\'}Puu (cos8)cosuy = 2 %—i

r“"'lPl::_ll (cos8)cos (u+1) ¥

+ r\’l?\f‘l +2 (cosb)cos (u+2) ¥

where v is a given real number and p is a positive integer
or zero. This result is essentially in Bateman (1932) for

integer values of v. We re-write relation (10-6) as
(vu+l) (viut+2)r’ P H(coss)cosuy = 2 s [r""""'P“"'l (cos8)cos (u+l) Y
v Ix v+l
=y +2
+ EJ o P (cos) cos (1+2)yag ],

Accordingly, if for instance

7oy = 2r’ PujJ (cos8)cos u,

(10~6)

(10-7)

(10-8)
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_ T'(vutl) v+l u+1

T T (vAut3) (2=

(Cose)cosw*'l)‘l’ ¥ ﬁ;\} .Pvu+2 (cos8)cos (u+2) YvdE] ;

vEg-—pu=1, =upu=- 2 (10-9)

Where s m B2 4P 4 2% , PP mit + Y% 485, Tiv) = vriv).

By successive applications of (10-9), we cbtain the harmonic
function

vl & T (vptl) p+25+1 : .
h= 21' :1=O W) P\.H'l (CXDSB) GDS('LH'ZJ'!'].)UJ ;

vE=pn; n=1,2,.., (10-10)
which is a finite sumation for integer values of ¥.

For y=0, v=1, i.e. sz = 2rPl(cose), formula (10-10)

gives h = r_3 le(cose)cosw =

as expected. Also foru =1, v=1, i.e. vzx = 2r Pll(cose) cosy,

formula (10-10) gives

= -]:;: 1'?'J? Z(COSB)COSZUJ

1 ;.2 2
g & ey)

as expected. A similar analysis holds for

2 - =
vy = & PV" (coss) sin py (10-11)



and we cbtain
© + 3 " '
h = 2rv+l R %%:j—%-%m P\,szﬂ (coss) sin (u+23+1)y ;
3=0 :
v # g - S n= 1,2,-.. . (10-12)

Foru=1, v=1, i.e. sz = 2rPll(cosB)sinw, formula (10-12)

gives
h = %r rszz(cose)sin 2y =yx
as expected.

Since 1 is an integer, a failing case of (10-10) arises if
v is a negative integer. In this case, putting v = = u- n;

n=12,... in (10-8), we must make use of (10-3), i.e.

X )
h= | om0y L (coss)oosus &5 + nty,2). (10-13)

Notice that the indefinite integral on the right-hand side of
(10-13) can be computed by reference to the polynomial expansion

of Pﬁ_'_n_l(cose)cosuw in terms of cosf, siné and cosy . For

instance, if

Voy - 2r_2Pl(cose) Y iy, i D (10~14)
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we find from (10-13) that

>, 4
h= J P 2pl(oose)d£ + nly,2) = ——23:2—2 + n(y.z), (10-15)
r(y™+z")

where nl(y,z) = O since Vz -—%}ET=O.

In the special failing case » =0, n=1, i.e. v2x=2r_lof

formula (10-10), we cbtain the harmonic function
h = log (x+r) (10-16)
by analogy with (9-16).

A simplification occurs for

x = 'n'anltcose)cosw ; u=1l, v=-n-l (10-17)

which also forms a failing case of (10-10), where n = L2 ypnne e

This is because (10-6) now takes the form
r J'Pn (cos8)cosy = = T npn—l (coss) (10~18)
as can be readily verified, fram which we obtain

=13

h=-r Pn_l(coss) . (10-19)
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In particular, for n =1, i.e. sz = Zr-ZPll(cose)cosw,
formula (10-19) gives

h=-r" (10-20)
as expected.
No additional analysis is required to cover negative
integer value of 1 in view of the relation
m _ poasit T (vimil) -m
P (coss) = (-1) WPU (cos$) . (10-21)
For instance, if
v = 25 p Hcose) cosy (10-22)
we cbtain fram (10-19) and (10-21) that
&R
h = P1 (cose) . (10-23)
n(n+l)
There is no difficulty in adapting the preceding analysis
to the problem of determining h from
vy =238, dAi=o. . (10-24)

3y

Details are provided in App. IIT.
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APPENDIX I : REDUCTION OF AN INTEGRAL TO A
POLYNOMTAL FOR INTEGER VALUES OF «

The following functions are essentially equal:

d A
2
sinmA\[P__, (cosi) ]

A
G(s) = (2;<-l)PK_]_(coasa)J6 J [PK_l(cosy)lzsin vy d v;

i =8 lr2f3;.--c (Al-l)

g(e) ==P _,(cosf)log sin 6 ; « =1,2

Kk=2r

P
g(e) =-P . (cosf)log siné + I_ a cos § : k2.3 (Al-2)
lC""‘l r=l p =3

W

where « is a positive integer and the coefficients a. satisfy
the recurrence formula (6-12).

By mathematical induction, we have

2

i St 2 2 2
(2x=1) [PK_I(E)] dg =u(P ;)" + 2u { (P))"+(P,)" + et (B o)

=2(P,P+P,P k.. 4D P (A1-3)

L2523 nc—l)'

Since (Hobson 1965)

u

(2\t+1){ 7, (6)1% - (2¢-1) J" [p,_, (£)1% = u { )2+, ) 2}
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Therefore the expression on the right-hand side of (Al-1)

becanes

U
s 12 2]
53 (P,) “He k(P L) l_'(P PoteeotB P o)
-PK_l(cose)logsine - ZPK__l(cose)J  Eaal K=2 12 k=2 k=1 des
2

2
a-z) @,
u=cosd , ¢ =cos A (A1-5)
If we write

s(8) = G(8) + PK_l(cose)log sine , (A1-6)

then s(g) is a particular solution of equation (6-10), i.e. of the

equation
S (sind 38 ) + k(k=1)S = = 1 P (cos8) (A1-7)
singé 36 a8 sing 368 k=2

Since, substituting (Al-6) into left-hand side (Al-7) and using
(6-5) with u = 0, we find

3P . (u) 3P__, (u) )
2[(K“1)PK_1(U) - E( 1 1+ i.E?‘—a'ﬁ'K 1 i.e. szm ﬁrc 1 (cos8) .
Accordingly
s(8) = AQK__l(cose)+ B PK_l(cosa)+S(8) ' (A1-8)

where S(6) is a particular solution of (Al-7), defined by (6-11),
and the coefficients A,B are constants to be determined. Our argument
now proceeds as follows. Substituting for G(8) in (Al-6), we note

that
u

2 2
— ;{(P ) +ooa+(P ) } _(P P +..-+P P i )
s(8) = ZPK_]_(OOSS) 1 k=2 12 k=2 k=1 3 (A1-9)
2

-4 @ )

where (Whittaker and Watson 1973)
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2 {@1) R Him ) Y = ‘P1P2+"'+P.<—2Px-1)}

2 2
v’ @ _,)

1
X PlPl + L.t /K_l P _o AL

’ (A1-10)
2
(Y

which shows that there are no singularities in s(8) at 6 = O,m.

Therefore A = O and equation (A1—8) becames

s(8) =B PK_l(cose) + S(8). (A1-11)

k-1 a b :
Suppose I [
j= [-c_-?l;+ —(c—_ﬁ?-z] is the partial fraction

corresponding the integrand on the right-hand side (A1-9) where

uy § 3= 1,..., = 1 are the zeros of PK__l(u),then

k=1

b
s() =2 Begleose) T [ayloglamay)- F‘{?]} : (A1-12)

The coefficients aj must vanish, since these cannot be singularity

at u, by virtue of (Al-11) and (6-11). Accordingly we may write

K=1 b
s(9) = -2 __; (cose) o2y ﬁf—— ; (A1-13)

which is a polyncmial of degree («<-2). However by (Al-11) s(8)
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is of degree (k-1) which implies B = O. Accordingly

s(8) = S(8), i.e. g(8) = G(8). Therefore the solution (8-11)

reduces to the solutions (618), (§-19) witha=b=0. As a

corollary we can assert that (Al-2) is a primitive integral of
(Aa1-1).

The above analysis can be used for negative integer
or zero value of ¢, byusingtheequalityPK_1=P_K to show
that the solution (8-12) reduces to the solutions {6-29),
(6~30) with a =b = 0.
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APPENDIX II : SINGULARITIES OF AN INTEGRAL

The equation
sine 2-(sins 22 ) + [« (c=1)8in%6 - 2] S
= 2(c-1)__" (cos8)sin’s + sin2s =P (cost) , (A2-1)

where « is a positive integer and u is a positive integer or
zero, has a solution with a singularity of the form O(sins) "

as 6+ 0; p=0,1,... . To find a solution of equation (A2-1),

we put
u
S(8) =s(8) P__, (cosd) (A2-2)

where s(8) is a function of 6 to be determined. Substituting
fram (A2-2) into (A2-1), we find

_ (cose) --—2 +[2 3= l(cose)+cot8 P l(cosa)] .gi=
26

H
2(x-1)P__ tcose) + 2 cote PK_l(cosB); (A2-3)
which can be written in the form

s
sin6 38

as _l(coss)] +~§-§-B—P (cose) =

[sine 73 36 236

u
2(x-1)P__] (cos6) + 2 cots =P __, (coso). (a2-4)
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multiplying both sides of equation (A2-4) by sinePK_; (coss) ,
and putting

U = siné 22 P _*(cose), (a2-5)
gives
u
U Pm_l (cost) =
8 H 3 H H
(2 (""l)P;c-l {cose)+2oot95-§- P_1 (c.ose)] sinéP _; (cos®) . (A2-6)

Substituting from (A2-6) into (A2-5) yields

4 d A

A
s(8) =J J [2(:—1)PK_;(OOSY)+200'th—Y PK_;J_(cosv)] X

U 2
[Pz—l (coskl sin)
x sinyPK_; (cosy)dy . (A2-7)

Accordingly equation (A2-1) has the solution

8

A H U
s (8) @K_;(cosa)J d A I[Z(K—l)PK_l(cosnrHZcotyg—Y P _, (cosy)] x

[PK_; (oose)]Zsm
u
x siny ST (cosy)dy, (A2-8)

with a singularity of the form

-u
O(siné) as 6> 0; wu=0,1,2,... . Thus, fram the
; (8~20)
definition of P;c-l (cos8) , in (8-26), the second integrand on
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the right-hand side (A2-8) includes a tem of the form

sinzl'l“-,;L : U =1,2,000 Therefore (A2-8) includes a tem

of the form

A
H cos X A
PK_l (cos8) J d e TR I SRR

[p__% (cose)] %sim

As mentioned in Chapter 8, this has a singularity of

O (sing) " as 8 > O0; u = 1,2,... . In the case y = O the
solution (A2-7) identically equals the function (Al-1), which
essentially equals (Al-2). Accordingly s(6) is a finite
polynanial in this case.



100

APPENDIX III : TRANSFORMATION CFF A BIHARMONIC

EUNCI‘ICNFKMIZ-WTOy‘EmMANDVICEVERSA

As mentioned in (0-7), an arbitrary harmonic function

x has the representation

x=yh+¥¢; Th=vY¥ =0,

fram which
VZ'J(=2 %-}l : V2h=0,
y ’
vZ
h=fy—§2ﬁde + n(x,2); x = x(x,8,2).
We require
2
0= v%h = v2J Ei"ﬂ’nda + n(x,2z),
2 (F2
i-e- v n(x,Z) = =7 J_zld B,

and it may be verified by direct analysis that the right-hand
side of (A3-5) is independent of y. Equation (A3-5) is a

(A3-1)

(A3-2)

(A3-3)

(A3-4)

(A3-5)

Poisson's equation for n(y,z),to which a solution always exists,

and therefore the harmonic function h always exists. Often it
is possible to campute h by direct arguments. Thus it can be
shown that
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(vhutl) (vhuk2) e’ ¥ (cose) sinuy = -2 g—yr"*'lpﬁﬁ (cos) cas (wHl) ¥

- r"Pt"'2 (cos6) sin (u+2) @ (A3-6)

where v is a given real number and u is a positive integer. We

re-write (A3-6) as

(v+u+l) (\:~4-u+2)r\’Pvu (cos8)sinuy = =2 -g-}-; [rWvaiIl (cos8) cos (u+l) §

y
+% J 0Vp ¥*? (cos) sin (1+2) v ds]. (A3-7)

Accordingly, if for instance

oy = 2’ P ¥ (cose) sinuy (A3-8)

h s —(—yg %iﬁi? [-Zr““'Pﬂﬁ (cos8)cos (u+l)y - F(lcs"P“‘*'2 (cos®) sin (u+2) VdB] ;-

VE=pu=-1 =-u-=-2, (A3~9)

By successive applications of (A3-9), we obtain the harmonic

function
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vl o : (-1) [(whptl)  ou+2i+l

b et =0 T (vHu+2i+3)

(cosg)cos (p+2#1l)y  ;

V#- = N7 n=l,2,... (A3—10)

which is a finite sumation for integer values of v.

Form =1, v =1 1.a, vzx = 2r Pi(cose)sinw, formula

(A3-9) gives

= %. rzp (cos8)cos 2y =% y* - %)

as expected. A similar analysis holds for

sz = 2r’ P\Ju (cos8) cosuy (A3-11)
and we abtain
h = 2" jgo('l)j %—E-ﬁ——‘;—g%ﬁ-)- PHYa0*L (cose) sin (w23 +1) ¥ ;
VFep=n g n= 1,2 .00 (A3-12)

Since u is an integer, a failing case of (A3-10) arises
if v is a negative integer. In this case, putting v =-u - n,
n=1,2,... in (A3-8), we must make use of (A3-3), i.e.

p fegs
h = J (”m)Pu;_l(cose)sinude + n(x,2). (A3-13)

In the special failing case u =0, n=1, i.e. vzx = 2r_l of
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formula (A3-1l1), we cbtain the harmonic function
h = log(y+r). (A3-14)
by analogy with (9-16).

A simplification occurs for

2

vy = Zr—n_l

Pn]'(cose) ain 5 AT e o (A3-15)

which also forms a failing case of (A3-10), wheren =1,2,... .
This is because (A3-6) now takes the form

r ™1 1 (cose)siny = - %-1-; B__, (cos6) (A3-16)

as can be verified, fron which we cbtain

h=-r P, (coss).
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APPENDIX IV: PAPKOVICH-NEUBER REPRESENTATION
Papkovich (1932) and Neuber (1934) proved that an
arbitrary elastostatic displacement vector g always has
the representation

() =h - k7 (p.h+6); Th(p) = O, TE(p) = O, (Ad-1)

vmeréhisahammicvectorandfisahanmicscalar.
Also

k-l=4(1-v); 0<vg

o=

1 1 2
r74'<k$§°. (A42)

This vector autamatically satisfies the Cauchy -Navier

equation
w728 + ()7 (9.9) = O, (a4-3)
i.e. Vzgﬁ - _Cl.l-_Zv) v(v.gs) =0 ; v = T(AATU)' (Ad-4)

7
where u, A are Lame's elastic constants. FEubanks and
Sternberg (1956) have examined whether the scalar harmonic
function £ in (A4-1) is necessary. An alternative investigation

has been given by Jaswon and Symm (1977), who suggested writing

—kVf = h - kV(p.h); V°h = 0, V°£ =0 (Ad-5)

where h must be determined in terms of £. If h exists, then

clearly it may be written in the form h = VS where S is a
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scalar harmonic function. Substituting for h in (A4-5)

we find

-kVE = VS - kV(p.VS) = V(s—kg.vsl,

where the expressions in brackets are harmonic functions.

Accordingly S satisfies the equation

which becames

~ 3S
L — =
KD + X 3r

using the equality p. VS=rg—-§ and writing

K == k_l ; ~4<c ¢ =2.

This is the Bergman-Schiffer equation (5-1). According

to Part II: Conclusion, we see that S, and therefore h = ys,

does not exist in any finite damain intersected by the
z-axis if

PI
f = r;PP(cose); 2 s < 4.

This means that the scalar harmonic fimction (A4-10) cannot

be eliminated fram the representation (24-1).

(A4-6)

(Ad-7)

(a4-8)

(Ad4-9)

(A4-10)
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APPENDIX V: EXISTENCE OF A HARMONIC SOLUTION TO
BERGMAN-SCHIFFER EQUATION

Operating by 72 upon both sides of the Bergman-Schiffer

equation

: 38 _
K¢$+r§%—f,

3z L

3 d o, _
Y.e. K¢+(x3§+y3§+z—'e—‘)—f

we cbtain
2 8 3 3\ o2 a_zé 22 a_zg
Vg + (xiory itz Ve EE, + 18428 o,
9x oy 0z
3 3 Searet
Using x§§+y3§+zﬁ—r-§, this gives

(+2)7%g + £ L (7% = o,

which has the family of solutions

v2¢ - Dr_ (K+‘2)

where D is an arbitrary function of 8,¢. The choice D =0

in (A5-5) irr@lies the existence of at least one solution of

the Bergman—-Schiffer equation which is a harmonic function.
If 4 stands for Bergman-Schiffer integral introduced in
Chapters 2,5 then we may identify D = h.

(A5-1)

(A5-2)

(A5-3)

(A5-4)

(A5-5)
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