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SYNOPSIS

This work is concerned with thermal stresses and deformations in

structures generally. It is now well known, and is confirmed by

observations of structures, that high stresses can develop due to thermal

effects even at ambient temperature changes. These are usually evidenced

by the appearance of extensive cracking and deflections, and sometimes by

premature deterioration of concrete, In spite of considerable research

into various thermal aspects, the information at present available to a

practising engineer is insufficient, and these effects are therefore

rarely adequately included at the design stage.

In this work, methods of predicting thermal stresses and deformations

in structures, suitable for practical application in office conditions,

are developed, Particular attention is paid to the basic structural forms

used in practice, such as portal frames, multi-storey frames, braced

frames, trusses and box girders, Other forms not discussed here may also

be dealt with in a similar way, based on principles developed for these

basic forms of structures, The effects of axial stresses arising from

temperature changes and the effect of temperature of hydration of cement

combined with early shrinkage of concrete were also investigated.

The validity of the assumptions made in the theoretical formlations

was checked and confirmed by several experiments conducted on micro-

concrete and perspex models,

Experiments were also conducted to investigate the thermal response

and properties of concrete which are required in the analysis,
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1.00 SCOPE AND OBJECTIVES

The main objectives of this work are to develop methods of

predicting thermal stresses and deformations, due to ambient

temperature changes, in structures suitable for office use, and to

verify the validity of the assumptions made in the mathematical

formulations by experimental work. Although a considerable amount

of work has been carried out by other authors to investigate the

effects of ambient temperature changes, such as between day and

night and annual changes etc., it appears that many problems are

still not fully resolved. This work is therefore intended to further

our knowledge of thermal effects on structures.

The main objectives can be categorised as follows:-

(i) To establish thermal response and properties of concrete,

(ii) To investigate the effects of ambient temperature

changes on structures generally,

(iii) To check the assumptions made in the theories of

thermal stresses,

(iv) To check the correlation of theoretical predictions

of thermal stresses and deformations with experimental

results, and

(v) To compare various methods of analysis suitable for

dealing with thermal stresses.

The experimental work was carried out using 'micro-concrete!

models subjected to the effect of temperature changes and on

perspex models using the simulated effect of temperature. Tests

were also conducted on normal and some lightweight concretes to

establish thermal response and to investigate and determine



An investigation was also carried out to assess the effect

of early shrinkage of concrete and the temperature of hydration

of cement on stresses and deformations, as well as to predict

the approximate spacing of the potential cracks.

The force-displacement method is used mostly in this work for

the following reasons:-

(i)

(ii)

(iii)

(iv)

The method is not yet fully explored and therefore this

work serves the dual purpose of its use in the thermal

stress problems and the further exploration of the

method itself.

This method gives directly the values of forces and

. deflections usually required by the designer (unlike the

stiffness method where statical indeterminacy is

expressed in relation to the number of degrees of

freedom of joints).

The method is based on clear, physical interpretation

of the actual response of the structure which is

relatively simple to understand, and this greatly

facilitates the setting out of the matrix and helps

in avoiding errors.

The method is versatile and has already been used by

others to resolve some complex structural problems.

The matrix is usually well conditioned and no serious

problems have so far been encountered in the

computational processes.



1.02 ANTRODUCTI ON

it is well known that temperature variations cause dimensional

changes in structures and these result in high stresses and deformations,

Modern structures are often very slender and are exposed and can therefore

be subjected to the effect of seasonal and daily variations of temperature,

In some parts of the world these variations could be very severe, e.g. in

desert countries the daytime temperatures could rise to say 130°F, while

the night temperatures could be well below freezing point. The problems

created by temperature variations arise mainly because of the continuity

of joints and are now prevalent virtually in all countries and these are

aggravated by central heating and airconditioning, While the temperature

inside the building stays relatively constant, outside members are often

subjected to the effect of considerable temperature differential and tend

to change their dimensions relative to the interior members, If these

dimensional changes could take place completely freely, no stresses would

develop, However, restraints in various forms are usually present and

free dimensional changes cannot take place. This results in high thermal

stresses and deformations and consequent development of cracks, Besides

structural damage, thermal movements can effect architectural components

such as partitions, finishes, services and floor alignments, etc,

The nature of thermal stresses and strains is complicated and still

not fully understood by designers and even by researchers. This is due to

the fact that it is difficult to separate the thermal effects from those

due to creep, shrinkage and humidity and moisture changes. Most codes of

Practices require provisions for thermal stresses in the design of structural

members, but do not give sufficient guidelines to the designers on how these
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This results with the designer either making arbitrary provisions or

no provision at all. The structure then ends up either overdesigned or

underdesigned, neither of which is satisfactory, Therefore, better under-

standing of tne magnitude of thermal stresses and movements may lead to

more economical and rational design, lit is intended to give the designer

a scientific theory on which to base his design.

Theoretically, thermal stresses would not occur in two extreme cases,

(i) aif solids did not conduct heat at all, and (ii) if the heat of

conduction was infinite, i.e, matter would then have constant temperature.

However, since all solids have heat conduction of finite values, dimensional

changes take place and, in the presence of restraints, stresses develop,

The magnitude of these stresses depends on the thermal properties of

materials, on the magnitude and form of the temperature gradient, and on the

mass and size of members,

in a steady state of heat conduction, temperature stresses tend

theoretically to zero over a long period of time because of creep, but few

structures are exposed to a steady state of temperature for a period long

enough to make this effect appreciable, The main sources of temperature

changes are relatively short term and these are:-

(i) Ambient changes between day and night.

(ii) Heat of hydration of cement.

(414) Various heating and airconditioning installations,

(av) Heat generated in nuclear shields of power stations and

other nuclear applications,

(v) The difference in the oil temperatures in the storage

tanks of off-shore drilling platforms to that of the

surrounding sea water, and

(vi) Annual seasonal changes.



it is now known that thermal response of structures depends on

many parameters such as the thermal properties of the particular concrete

used, on time, creep and shrinkage, temperature of hydration of cement, moisture

variations, continuity of joints and even the percentage of steel used. Some of

these parameters are interdependent and are often of unknown form. Because

of these difficulties in practice some simplifications are introduced,

which appear to be adequate for the present requirements, and for

practical purposes, These simplified assumptions are as follows:-

(i) That the temperature variation in the material of the

structural member can be determined independently of

the magnitude of strains and stresses,

(ii) That the deformations are small and the analysis can be

based on the original dimensions and configuration of a

structure,

(iii) That the principle of superposition is valid and the

material obeys Hooke's Law, and

(iv) That the thermal stresses can be evaluated independently

of the effect of creep and shrinkage, and at the time

corresponding with the steady state of stress,

This work aims to investigate the thermal effects on various

structures normally encountered in the design office, Typical examples

of a large number of problems are investigated so as to lay the basis

of some guidelines for the designer to follow in solving the problems of

thermal stresses, [Experimental work aims at verification of the

assumptions made, A comparison with some basic methods of analysis will



This work aims also to investigate thermal properties of materials

and particularly concrete for the purpose of including these parameters

in the matrices,

Not considered in this work is the effects of elevated temperatures

and fire in structures,



1,03 PROGRAMME OF EXPERIMENTAL WORK

(a) Experiments were carried out on micro-concrete models to

determine the following:-

(i) Stresses and deformations induced in a 6-storey shear

wall frame due to the effect of temperature variation

in one column,

(ii) Stresses and deformations induced in a 6-storey shear

wall frame due to the effect of temperature variation

in the roof,

(444) Experimental verifications of thermal response of

concrete due to temperature variation by the

application of heat to a large concrete block.

(iv) The variations of modulus of elasticity of various

concrete mixes due to the effect of temperature

variation in concrete cylinders,

(v) The modulus of elasticity and strain calibration of

a reinforced micro-concrete beam from stresses

induced by elastic loading.

(vi) The coefficient of linear thermal expansion and the

modulus of elasticity from stresses induced by thermal

effects in a reinforced micro-concrete continuous beam,

(vii) The effect on compression strength of concrete cubes

of various mixes due to temperature variation,

(b) Experiments were carried out on perspex models based on

simulated temperature variations to determine the following:-

(viii) Stresses and deformations induced in a 6- storey

perspex shear wall frame due to the simulated effect

of temperature variation in one colum,

(ix) Stresses and deformations induced in a perspex truss

due to the simulated effect of temperature variation

in the top chord,



CHAPTER TWU 8

2.00 REVIEW OF PRESENT STATE OF KNOWLEDGE OF THERMAL EFFECTS ON STRUCTURES

2.01 SHORT REVIEW OF THE THEORY OF HEAT TRANSFER

The thermal properties of concrete and the knowledge of the laws of

heat transfer are required for the analysis of thermal stresses and deformations.

The basic modes of heat transfer are: conduction, convection and radiation of

heat. In structural engineering, however, heat transfer by conduction is the

primary mode with the other two only affecting the boundary conditions,

In a solid body heat is transferred mainly by conduction since the

effects of radiation are negligible (except for transparent materials such

as glass or quartz) and convection is predominant mainly in liquids and

gases,

When heat is applied to a body, it is partly dissipated and partly

absorbed followed by rise of temperature, For heat conduction to occur, a

temperature gradient must exist and then the heat always flows in the direction

of decreasing temperature. The rate of heat conduction is a property unique

to the particular material but depends also on the level of the applied

temperature and moisture content. The Theory of heat conduction is based on

Fourier's Law, which for an isotropic body may be written as:

q = -k oT 2,01, 01

on

in which 4/8n denotes differentiation along the outward-drawn normal to

the surface or more specifically in rectangular co-ordinates,

(ax , ay, qz) = -k g 3 - ‘ *) 2.01.02



Where, the heat flux per unit area, q is in the direction of positive

normal, or positive co-ordinate, The flux of heat across any surface is

defined as the rate at which heat is transferred across any surface 's!

at a point 'p', per unit area per unit time,

'k' is a Thermal Conductivity of a material, which depends on the

chemical composition of material, its physical state and texture, and may

also be a function of the level of temperature, Strictly speaking, the

conductivity 'k' is therefore not constant for the same substance, but

depends upon the level of temperature applied. However, when the range

of temperature is limited, the change in 'k' may be neglected and in most

mathematical theories it is assumed that the conductivity does not vary

with the level of temperature, The units of 'k' are cal/(sec) (cm*)

(°c/em) in the C.G.S. System or Btu/(hr.)(ft®) (°F/ft) as commonly used

by engineers,

When the amount of heat absorbed equals that which is dissipated,

the flow of heat is said to be steady or independent of time. If the

amount of heat absorbed is not equal to the amount dissipated, the flow

is said to be time dependent or unsteady. The transient state is a

special form of unsteady state and describes a definite change between

the two limits,

In practice, the surface temperature of structures does not stay

constant for sufficiently long time to develop a steady state of heat

transfer, but changes periodically with the daily and annual variation

of temperature.

Observations of the response of concrete members to outside

temperature changes show two important phenomena which are relevant to

the design of structures:
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Fig. 2,011 Temperation variation inside a member for sinusoidal

variation of surface temperature.

(a) a time lag, and

(b) attenuation (or damping) of intensity of temperature amplitude

with the distance from the heated face of concrete.

so

®e

Applied temp. Tc. RQ

° Oo? °.4 OG o8 Om,

Distance from heated face

Fig. 2.012 Penetration of applied temperature at various time

intervals for normal density concrete.

The time lag is due to the thermal inertia of concrete in responding

to the temperature change. Fig. 2.012 shows average values of time lag in

the arrival of surface temperature variation at various depths of concrete

members, It can be seen from this diagram that rapid temperature changes

penetrate very little into concrete, and only the amplitudes of slowly
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changing temperatures penetrate deep into the mass of concrete. The lower

the thermal conductivity of concrete, the greater is the time lag and the

attenuation of the temperature variation.

2

2
*

100%

at distance xTemp. appliéct
° o.f Oz 0.3 o-4 0-5,

Distance from heated face

Fig. 2,013 The attenuation of surface temperature amplitudes at

various depths of concrete mass.

The attenuation indicates that the temperature in concrete does not

rapidly reach the value of temperature applied because of the "thermal

inertia" of concrete. Fig. 2.013 shows average values of attenuation of

surface temperature with depth in a normal concrete.



2.02 REVIEW OF THEORY OF THERMAL EFFECTS IN STRUCTURES Ae

2.02.1 Definition of Strain Components

The strain-displacement relations are derived directly from

purely geometrical considerations. The displacements are assumed to

be small and are obtained, based on an initial unstressed condition

at uniform temperature, To. The displacements are assumed not to

effect the geometry of the element or its density (i.e. the thermal

couplings are omitted).

The equations for a rectangular axis system (x,y,z) are:-

ou
ex, = es Byy 2 22 Be

y = Jeg 82 D240]

2 > 3 2ey ete Oe Dee, Nene apy Ot
i Mi kos ie an ss toy? eo be.

Where u,wt, andus are the components of the displacement

vector in the x, y and z directions respectively.

From a physical point of view, the displacements in a simply

connected body must be single-valved and continuous. Certain

restrictions on the strains@y arise to meet this requirement and

these constitute the so-called strain compatibility equations. The

six strains @ij are written in terms of the displacements u ,u@ and

ur and by repeated differentiation and elimination of displacements

the appropriate equations of compatibility are derived which are

valid for both thermal and mechanical loading.

Sem , Mey . Sen , Bey Beer. Mere
DUE cyte | eS Une. a2 Oy Bye

vee a ; ee : 2 vem 5 dies ( dese “ Qexy ¥ oe) 202.102.
Set. bt Eeieee dydz ox By oz ax

2d%yy_ 3 ( amy) eye dezx), 2dezz 3 /deyz , dezx_ dexy
. = ; be ( = i.Bzdx 3y oz ex ay ax dy 3x ay oz



2.02.2 Equations of State 13

The total strains at each point in a heated body may be

considered to consist of two parts, viz. the free thermal expansion

plus the strains dependent upon the stress state in the body. Since

the first part is uniform in all directions at a given point in an

isotropic body it can be deduced that no shear strains result - only

direct strains. Therefore, the usual strain-stress relations of

linear isothermal elasticity are extended for the thermoelastic case

to become

Sxx 2 KT + [a -U(y + Gz)|

Sry) Sat! + {ov - U(ORx + oz) |/e
hye wenenOl at

ez 2 art [Ge - U(dx + Gr) |e

Cry = Oia 4 eye = Oiz/q 3 Cox = Tix fe

Soln. of 2.02.20! gives :-

Gin = (A+ 2m) @xx + A(eyy + C2z)-AT

oy =(A+24) @ + A(ezz +e -AT*¥. ( ) 7%, (ez wx ) -A 2,02,202

Giz = (A+ 2A) Cze + MExx + Cyy)- AT

Oxy = Aery 3 yz = meyz 5 Tex =Uem

Where A and « , the Lame’ elastic constants, are

defined by

s

N= vEAitu)I-20) 5 we = E/2(14U) = Gq and
2.02.203

B= EX/(-2)

Equations 2.02.201 and 2.02.202 are the equations of state

for the elastic regime of an isotropic solid body.

It is to be noted that £, G,U and & (and hence, 1Ahs

and 3 ) are all, in general, functions of temperature.
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If the dilatation@and the sum of the normal stresses ©

are defined by

SG = Cxx + Cry + Szz er 2.02. 204

and = Tax + Try + Gz vee 2.02.205

the following relation is obtained from (2.02.201)

CSA + S/S cee 2.02.206

where K= £/3-20) sibee 2.02.207

2.02.3 Equations of Equilibrium

The components of stress must satisfy the usual equations

of equilibrium throughout the volume, and since these are derived

from purely mechanical considerations they are the same as those

for isothermal elasticity, viz:-

3 ox Gry onz
ox ‘f }éy eee fee)

Dime. Oovy ta OGye.4 Yeates | cease
ox dy ez

ies ly re yO Uaee Ao hG
ox OY oz

with the complementary shear stress components equal,

i.e.

Ovz = Gzy 5 Ozx = Gre +s EB ORe3O2

If inertia effects are to be considered then, for small

displacements, with ( being the mass density

Seplee ey Sw. 2.02.303
PR eee PS EP Sk SE eae

Gravity forces may be included similarly.



2.02.4 Boundary Conditions a

2.02.4.1 Traction Boundary Conditions

Not only must the components of stress satisfy

the equations of equilibrium throughout the volume of the

body but also at all points on the surface, i.e.

Cie + may + noe = Xs

LGiy + MGy + nz = Ys 2.02.4.0!

loys + MOyz + NGz = Zs

Where £, m and n are the direction cosines of the outward

drawn normal.

2.02.4.2 Displacement Boundary Conditions

The components of the displacement vector must

satisfy the conditions below each point, s, on the surface,

Hest (a5 Vi = FAS) en wee Fy

Where f,, f, and 43 are prescribed functions.

2.02.4.3 Mixed Boundary Conditions

In practice, neither the Traction Boundary

Conditions nor the Displacement Boundary Conditions may

apply independently over the entire surface of the body,

and mixed boundary conditions are then involved. To

generalize therefore, at each point on the surface any

three of the six conditions above may be specified provided

that each of the three is related to a different coordinate

direction, e.g. U,V and Zs may be specified but not U,

V and Ys.
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It is also possible to prescribe the condition

whereby a relation exists between a corresponding pair of

displacement and surface force components.

2.02.5 Three Dimensional Thermoelastic Formulations

If the temperature is given at all points in a solid body

the stresses and displacements at the corresponding points can be

determined by the solution of equations 2.02.101, 2.02.202 and

2.02.301 subject to the appropriate boundary conditions. This is,

however, a very difficult problem except in the simplest cases

since the following fifteen equations must be satisfied, viz.

6 strain - displacement relations, equations 2.02.101

6 stress - strain relations, equations 2.02.202

3 equilibrium equations, equations 2.02.301

in order to determine the following fifteen unknown functions

6 stress components 2 Oxy Oxy ++.

6 strain components 2 Oxy... Sxy +

3 displacement components : U, v, Ww

Various simplifications have been formulated for the solution

of complex problems. However, these will not be enumerated here as

these are considered outside the scope of this work.

2.02.6 Two Dimensional Formulations and Solutions

The general three-dimensional thermoelastic problem requires

the determination of 15 quantities, viz. 6 stresses, 6 strains and

3 displacements, when the body forces and the boundary conditions

are known. The problem becomes much simpler if some of the unknown



quantities are zero or insignificant as a result of the particular

geometry or loading. Such is the case for Plane Strain and Plane

Stress problems.

2.02.6.1 Plane Strain Analysis

The condition of plane strain arises when the

displacement component in a given direction is zero and

the other displacement components are independent of this

direction. Therefore, if Win the z-direction is zero,

the conditions which define plane strain are

Ui= Yony) ; V = Vu) 5; WO se. 2.02.60!

It can be shown that this condition occurs in a

prismatic body whose length is large compared with its

cross-sectional dimensions, and for temperatures and loads

which are independent of the zcoordinate; the body force

component z must also be zero.

With these restrictions the general three-

dimensional theory is automatically satisfied, with

Gix = fidyy) > Gy = fir),
2.02. 602

Oxy = &(7) , Giz = Ge =0

and

Giz = fxlxy) , when T = Toxy)

In fact, the third equation 2.02.201 gives

Gzz = U(Gix + G¥y)- EXT = f(x,y) ... 2.02.603

The above equation defines the tractions which

are necessary on the end faces of the body to maintain the

state of plane strain, i.e. @zz= Since these tractions

are not, in general, equal to those required,it is necessary

to add to the plane solution, another solution which will



make the end tractions have their required valve. This 18

secondary solution requires, in general, the analysis of

a non-thermal, but three-dimensional problem. Thus if it

is required that the surface tractions on the end faces

should be zero, i.e.

ies = Ge, = Gx2et0 04. 4i= OF”. 2.02. 604

the secondary solution necessary must satisfy the conditions

Oxz = Gyz =O and Gzz =-4,(%x) on Z= O,L 202.605

with the appropriate boundary conditions on the other faces.

In specifying these conditions due note has been taken of

the fact that in the plane strain solution the end shear

stresses are already zero. In general, the secondary

solution satisfying 2.02.605 is difficult to obtain, but

by invoking Saint-Venant's principle a realistic but

approximate solution is found (as shown in text later) for

bodies whose length is much greater than their cross-

sectional dimensions.

Saint-Venant's principle, which enables modifications

to be made to the boundary conditions of a given problem, states

that, "if the forces acting on a small portion of the

surface of an elastic body are replaced by another

statically equivalent set, only the local stress

distribution is significantly altered; at more

distant points in the body the resultant error is

negligible".
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The approximate secondary solution therefore,

has the form

My X Me ¥.

7 are 2.02. 606
Gry = Gxx = Ory = Gz = Tz =

2.02.6.2 Plane Stress Analysis

aire 2

The condition of plane stress is defined as being

a two-dimensional state of stress, e.g.

Gee me ined ee 2.02.607

Substituting these values into the three-dimensional stress

compatibility equations, with the body forces zero, leads

to the conclusion that the temperature distribution must

satisfy the equation

v* (ar) = F(z,t) a 2.02.608

if a solution to the plane stress problem is also to

satisfy exactly the three-dimensional theory. Therefore,

the assumptions of plane stress are less satisfactory than

those for plane strain since they result in a more restrictive

form of temperature distribution.

2.02.6.3 Summary of The Thermal Stress Equations in Two

Dimensions

For two-dimensional problems of plane stress or

plane strain the three-dimensional equations of thermo-

elasticity can be reduced in the following way.

The strain-stress relations 2.02.201 and the

strain-displacement relations 2.02.101 become, for the

case of plane stress in thin bodies:
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eyy 2b [Gy - UG) + aT = we -2,02.609

one. aioe vEre) = oe Oy, oy +e

These relations also apply to plane strain

problems if the following substitutions are made, Ey» for

E; Uy for U 3 & for & ; where

E. = © a-v?)

U, = U (-u) ote 2.02.610

XK, = X (1+0)

Note that G 2 ( 14+U) = Elio. +U;: ) and remains the

same for both formulations.

The compatibility equations in terms of strains

2.02.102 reduce to,

2

Sem 4, Mev op ee usc aes ch 2.02. 6I
oy? dx? dx dy :

and the equilibrium equations 2.02.301 become,

8 xx - SGxy
ae Sa +X 20

vee 2.02.612.

Big, 20 fey eo
Ox dy

Using the equilibrium equations, the compatibility condition

in terms of stress components becomes,

et ax 2Set SE) (G+ G tare (in) (SE + 2)... 202.608

where for plane strain the constants of equation 2.02.610

must be used.



Therefore the two-dimensional problem reduces to

the determination of the stress and strain components which

satisfy the compatibility equation, 2.02.613, the equilibrium

equations 2.02.612 and the appropriate boundary conditions.

For plain strain @zz = 0 and hence

G2 U Ge + Gyy) - EXT tee 2.02.614

whilst for plane stress Gzz = o and hence

vbCe 2-2 (GR + Gye aT 8 2.02. 615

2.02.7 Analysis of Thermal Stresses in Thin Rectangular Plates

and Beams

One of the causes of initial stresses in a body is non-

uniform heating. With rising temperature the elements of a body

expand. Such an expansion generally cannot proceed freely in a

continuous body, and stresses due to the heating are set up with

only a few exceptions, which are discussed later in the text.

In the following paragraph consideration is given to a

special case of a one-dimensional temperature distribution i.e. if

the temperature variation is the function of one co-ordinate only.

1 2my ATe tare

es

ses

gf
s Pa Lh
\ 5 :

pera!

Fig. 2.0271 Thermal stresses due to symmetrical Temperature

distribution
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2.02.7.1 Symmetrical Temperature Distribution

The following analysis is based on the assumption of

a thin rectangular plate undergoing a temperature variation

which is a function only of the Y co-ordinate and is independent

of the co-ordinates x and z, It is also assumed that the

overall length 2L of the plate is very much greater than either

the width b or the thickness 2h. The longitudinal thermal

strains (XT) can be entirely suppressed by applying to each

element of the plate the longitudinal compressive stress

OK se - ATE 2,02.701

Since the plate is free to expand laterally the application

of the stresses Gx’will not produce any stresses in the

lateral directions, and to maintain the stresses x’ throughout

the plate, it will be necessary to distribute compressive

forces of the magnitude Gx’ at the ends of the plate only.

These compressive forces will completely suppress any

expansion of the plate in the direction of the x-axis due

to the temperature rise Ty. To obtain the thermal stresses

in the plate, which is free from external forces, it is

necessary tO superpose on the stresses Gx the stresses

produced in the plate by tensile forces of intensity «re

distributed at the ends, These forces have the resultant

+h

f , OTE dy

and at a sufficient distance from the ends they will

produce approximately uniformly distributed tensile stresses

of the magnitude
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so that the thermal stresses in the plate with free ends,

at a considerable distance from the ends, will be

KR al XTE.dy - XTE «ss 2.02.702

2.02.7.2 Parabolic Temperature Distribution

Assuming, for example, that the temperature is

distributed parabolically and is given by the equation

z

Ty T (1- )

substituting into equation 2.02.702 and integrating,we obtain

2

Ge = SATE - KBE (IG 2.02.703

The stress distribution given by equation 2.02.703

is shown in Fig. 2.02721 These stresses are self-equilibrating

i.e. equilibrium conditions are satisfied with regard to the

+$are -iwre

et
ox

forces and moments,

temperature distribution

2.02.7.3 Non-symmetrical Temperature Distribution

If the temperature T is not symmetrical with

respect to the x-axis, the strains €x can again be

suppressed by applying stresses Gx’ . In the non-symmetrical

cases these stresses give rise not only to a resultant force



. a4

(Pare de
but also to a resultant couple

th
Vie KTEY dy

and in order to satisfy the conditions of equilibrium we

must superpose on the compressive stresses Ox’ a uniform

tension, determined as before, and bending stresses

nm = y/r

determined from the condition that the moment of the forces

distributed over a cross-section must be zero. Then

cY?dy me ae «
ae ae oe
th

+h

from which of, i lye Ox feet XTEY oly“oh

Then the total stress is

i w-aree de fs arrdys 2% “an wares 2.02.704

Y

.

Fig. 2.0273! Thermal stresses due to non-symmetrical

temperature distribution



The above solution may be related to a plate with 25

dimension b corresponding to its thickness, or to a beam

with 2h corresponding to its thickness (b being its

width).

Equation 2.02.704 can also be written in the form

oz ~ Bor +B Nr PObYMr 2.02.705

in which

th+h

“xe A nd Mr 2 WE TY. di T.dy a T oh Y. dyNr

Where Ny and My have dimensions of force and moment

respectively.

The condition of zero stress at the ends cannot

be satisfied because of insufficient number of constants

of integration in equation 2.02.613. However, according

to St. Venant's principle, any local disturbance has

little effect on sections away from this point.

So far it has been assumed that the plate or beam

was thin in the Z-direction.

Suppose now that the dimension in the Z-direction

is large, this will be equivalent to a plate with XZ-plane

as its middle plane, and a thickness 2h. As before,

letting the temperature T to be independent of x and z,

and so a function of Y only.
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The free thermal expansion of an element of the

plate in the x- and z- directions will be completely

suppressed by applying stresses g%, gz obtained from

equations.

Ex =t{o - (ox +02)}

{% - OCG + Gz)}

G - U(ox + &)}

by putting €x = €z =-XT, Gy = 0, these equations

then give

Gets. tee eee ae 2.02.706
i-v

The thermal stress in the plate,free from external

force,is obtained by superposing on the stresses in eqn.2.02.706,

the stresses due to the application of equal and opposite

distributions of force on the edges. If T is an even

function of Y such that the mean value over the thickness

of the plate is zero, the resultant force per unit run of

edge is zero, and again, by Saint Venant's principle, it

produces no stress except near the edge.

If the mean value of T is not zero, uniform

tensions in the x- and z- directions corresponding to the

resultant force on the edge must be superposed on the

compressive stresses given by equation 2.02.706.

If in addition to this the temperature is not

symmetrical with respect to the xz- plane, the bending

stresses must be added. In this manner, the following



a7
thermal stress equation can be obtained:

th oy +h
XTeE 4G = a5 weed © XTE dd: KIEV dsface 1-v * 2h(eu) i; ve CB) i ay

2.02.707

This equation is analogous to the equation 2.02.704,

obtained before. By using equation 2.02.707, the thermal

stresses in a plate can be calculated, if the distribution

of temperature T over the Thickness of the plate is known.

2.02.7.4 Linear Temperature Distribution

If the surfaces y = th of a plate or beam are

maintained at two different temperatures Ty and To, (see

fig. 2.02741) a steady state of heat flow is established

after a certain time and the temperature is then given by

the linear function

T 2i(h +) + Bets. fh 2.02.708

Substitution in equation 2.02.707 shows that the thermal

stresses are zero, provided the plate or beam is not

restrained. This would be the case in a simply supported

beam or plate.

NY

th |
->

lwo

3 L b

Fig 2.02741 Linear Temperature Distribution in a beam

or plate

If,on the other hand, the edges are perfectly

restrained against expansion and rotation, the stress

induced by the heating is given by equations 2.02.706.



For instance if Tp = -T, then from equation 2.02.708

Tee Tr ay 2.02.709

and equation 2.02.706 gives

ca Y= eae aye ose 2.002.710oTM OE oe at h

The Maximum stress is

(Geran ema OEE Ro at
I-v

If, Tg =0

Fiore hae ie ae 2.02.712 oi 02,712

and again equation 2.02.706 gives

= ee Regree | ate 2-02.71Gree Oe + (i) :

The maximum stress is

eo 60'SCig) ale (Ge ee KET 202.714

It is seen that the stress is proportional to

the coefficient of thermal expansion w , to the temperature

difference T between the two faces of the plate, and to the

modulus of elasticity E. The thickness h of the plate

does not enter into the formula. However, in the case of

a thicker plate a greater difference of temperature between

the two surfaces usually exists. Therefore, it can be

concluded that higher thermal stresses are to be expected

in thick plates than in thin plates.



2.02.7.5 Curvilinear Temperature Distribution ee

If the temperature distribution is curvilinear

(which is probably the most commonly occuring case in reality)

then, for the purpose of the analysis, this can be 'resolved'

into a linear part, and a curvilinear part with zero

temperatures at the extreme fibres.

apd ie

s

atti a eS
Ty ?

Y i
ah ete" (ol 7,24 4 F

tee) |

eee a
Theo

Fig 2.0275! Effect of Curvilinear Temperature Distribution

on beam stresses and deformations

The first part, being a linear temperature, does

not produce any stresses as can be seen by substitution of

the function of the linear part of the temperature

distribution into equation 2.02.704, However, linear

temperature does produce deformations, which can be

calculated as shown elsewhere in the text. The second

part of the temperature (which may not be entirely

symmetrical with respect to the neutral axis) can be

assumed to result only in internal stresses, not affecting

deformations by an appreciable amount. These stresses can

be calculated from equation 2.02.70U2,



2.02.7.6 Effect of Temperature Change over a part of 40

Cross-section of a Member

In practice, a temperature change may occur gradually

over a part of the depth of the member (as specified in CP116).

The partial distribution may be linear or curvilinear.

However, for the purpose of analysis, a linear distribution

over a part of the cross-section is assumed,as shown in Fig.2.027%

Eqn. 2.02.704 cannot be used in this case since the

temperature is not an even function of y. However, the

analysis can be made as follows:-

a 4 aii>

7 ar u me

¥ ¥ x le |= ER %
panes pe Bie ree rele

Tig aS ene Tens,
<

= ‘pcs
Temp. Grad. Compr. Stresses + Uniform 4+ Bending = Resultant

& Suppressed (Sup: Straizs) tensten Stresses Stresses

Strains

Fig 2.02761 Effect of temperature change over a part of

cross-section of a member,

If a simply-supported beam is subjected to a

linear temperature distribution over part of the cross-

section, then, by completely suppressing strains,

compressive stresses are induced of the value:

ig heaton Es Ts Stk 2.02.75

and the resultant force is:

Ce KET). + (h-a)b os 2.02.7/6

This force is now applied in the opposite direction, and

will, therefore, produce an average tension of the value:

a“

Gos
Fe 1aa ten X ET (h-a) as 2.02717
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as well as bending stress Ge which can be calculated from the —

condition of equilibrium of moments as follows, The eccentricity

of the force is:

Ca +% (h-2)=-4 (2h+a) sae eaORe tae

and for equilibrium:

= 4 zM = F.@ =+@sbh {4 (2h)} ine) Rees

from which, by introducing the values of F and e

G& =4En ty (h-9)(zh+@) <0s "@,02.720

and M2 CL Base RO ee

The final stress is therefore:

Oe = Ox + Oe" +

h- aor = - ets wer, how {t+@+8)x} sa, ehO2. 728

The first term in this equation is valid only for the

values of +h> Y> a

From eqn. 2.02,.722

(a) For a=+th, Geo for all values of Y

(b) For a= 0 OK = - WET, ~ CaN’ x a“ ie We Ce +e)

be een(c) For a “o> Res KHE (1+ 30) _ wey

when Yoo, Ty =m and when Y=-h, WET 20

(a), Forse = <h | gis XT (HY )/2n- ery = 0 for all values of ¥

when Y= oy Fy = Ty/s and when Yeh, 2% 2O

mw, Chater), Cheer) 5, ve
nh

& (ier) (xen)

x

=
(-beet)

(a) (b)
Fig. 2.02762 Variation of temperature stresses Vs depth of

temperature penetration

(-%

ae (ay



2,03 REVIEW OF PREVIOUS WORK

A fair amount of theoretical and experimental research on (i) thermal

stresses and deformations and (ii) thermal properties of materials, has been

carried out by various researchers, However, it would appear that a greater

concentration has been made towards the effects of elevated temperatures e.g.

effects of fire. As for the effects of ambient temperature changes e.g.

daily changes, many problems are still not fully resolved,

A cross-section review of some of the recent research work carried

out to investigate the thermal effects which is relevant to this work is

mentioned below: -

2.03.1 D. Campbell-Allen

D. Campbell-Allen (see "thermal Conductivity of Concrete"

UDC 691.32.001:536.21) investigated the thermal conductivity of

concrete made of three types of aggregates containing dolerite,

haematite and barytes, The aim of this investigation was to relate

the absorption and dissipation of heat to thermal conductivity. If

this was known, then stresses and deformations could be determined

analytically. However, this paper is concerned mainly with elevated

temperatures as occur in nuclear power stations in hollow cylindrical

shields, The parameters considered as affecting the thermal

conductivity of concrete are: type of aggregate, moisture content

of concrete, unit proportion, the type of cement used and the

temperature of the concrete. The author has separated his experimental

results into two groups, namely: the first relates the conductivity

of the cement paste to that of the hydrated cement and to the

percentage by volume of free water; the second relates the

conductivity of concrete to the conductivity of the cement paste and

the aggregate, It was shown that for atomic reactors, shielding



concrete should have a conductivity greater than 1 B.t.u./ft.h°F.

It was concluded that although this can be generally achieved, the

concrete must not be allowed to dry out excessively.

2.03.2 HL. Malhotra

H,L. Malhotra (see "The Effect of Temperature on the

Compressive Strength of Concrete" Department of Scientific and

Industrial Research Fire Offices' Committee : Joint Fire Research

Organisation) investigated the effect of temperature on the crushing

strength of concrete using 2 in. diameter by 4 in. long specimens

made with ordinary Portland cement, river sand and gravel aggregate,

having various mix proportions and water/cement ratios. He found

that (1) The effects of temperature on the crushing strength of

concrete is independent of the water/cement ratio within

the range normally used in its manufacture.

(2) The aggregate cement ratio has a significant effect on the

strength of concrete exposed to high temperature, the

proportional reduction being smaller for lean mixes than

for rich mixes,

(3) Concrete under a compressive stress of the order of its

design stress has a smaller proportional decrease in

strength than if the stress were absent.

(4) The residual strength of heated concrete shows still

further reduction in strength on cooling, being approximately

20% less than the corresponding hot strength in the

temperature range 200 to 400°C for 1:4,5 and 1:6 mix

concretes,



2.03.3 N.G. Zoldners 34

N.G. Zoldners (see "Effect of high temperatures on concretes

incorporating different Aggregates" American Society for Testing and

Materials, Vol.60, 1960) investigated the changes in physical

properties of concrete beams and cylinders made with gravel,

sandstone, limestone, and expanded slag aggregates after exposure

to various temperatures ranging from 100 to 800°C.

Within the scope of the investigation, he concluded that

Portland-cement concrete prepared with commercial aggregate

deteriorates on exposure to dry heat at elevated temperatures.

Extended deterioration of concrete is dependent to a large degree

on the type of the aggregate.

Results showed evidence that flexural strength is more

seriously affected by such exposure than compressive strength.

The author summarised his results as follows:-

1) Concrete made with gravel, consisting predominantly

of crystalline igneous and metamorphic rock, deteriorated

more rapidly than limestone concrete, after 400°C

exposure, the residual flexural strength of gravel

concrete was only 26 per cent and the compressive

strength only 85 per cent of the original strength,

2) Sandstone concrete showed a significant compressive

strength gain in the lower temperature ranges, Above

500°C it deteriorated, losing strength rapidly.

3) Limestone concrete performed best of the four concretes

investigated, after being exposed to temperatures up

to 700°C,
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4) Expanded slag concrete was strong in compression,

retaining 71 per cent of its original strength after

exposure at 600°C, but it retained only 16 per cent of

its flexural strength after exposure to 400°C,

2,03.4 Barry P, Hughes

Barry P, Hughes (see "Temperature rises in low-heat cement

concrete", Journal of the Structural Division of American Society

of Civil Engineers) monitored the temperature rise due to the heat

of hydration of cement in the 7'6" thick concrete of the foundation

raft of an office block known as ATV Paradise Centre. The required

crushing strength of concrete was 6,000 psi at 28 days. The raft

was to be concreted in the summer when the ambient temperature could

exceed 24°C, Furthermore, neither an interruption of the concreting

programme nor the installation of cooling water pipes were considered

to be practical propositions because of their cost. in order to

control the temperature rise, the following steps were taken:-

(1) the use of low-heat Portland-cement,

(2) placing of additional reinforcements in the raft,

(3) flooding the surface of each bay with water as soon as

possible after casting,

(4) casting the concrete in two lifts instead of a single

lift, and

(5) dividing the raft into 14 bays and casting alternate

bays.

The author's "most startling observation", even though low-

heat Portland-cement was used, was the rapid temperature rise which

occurred in the first 24 hours after placing the concrete, The
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maximum temperature rise predicted for a conventional low-heat

Portland-cement was about 26°C compared with an actual recorded

value of 47°C, showing that the cement was not quite what it was

claimed to be,

Some of the bays which were concreted in single lifts

developed cracks up to 1.2mm wide and generally about 0.5mm wide,

The two-lift bays also had additional reinforcement which not only

reduced the average widths of the cracks still further, but also

eliminated local slumping of the concrete over large diameter bars,

In spite of all the precautions taken, cracking of concrete

still occurred, However, the excessive temperature rises causing

the excess cracking were reduced. The author is of the opinion that

a better contro] of temperature rise and surface cracking could have

been achieved if a truly low-heat Portland-cement had been used,

2.03.5 AK. Kar

A.K. Kar (see "Thermal Effects in Concrete Members" Ebasco

Services, Inc,, 21 West Street, New York, N.Y. 10006, U.S.A.)

developed a method of analysis for individual concrete members

having uniform capacities along their lengths, and subjected to

differential (different at two faces) temperature, The method of

analysis is consistant with the requirements of ultimate strength

design.

The author states that unlike gravity and some other loadings

for which the use of relative stiffness is adequate, dynamic and

thermal loadings are directly related to the actual member stiffness,

He makes recommendations for determining the average effective

member stiffness, which lies between the stiffness corresponding

to the cracked (i.e, at ultimate condition) and the uncracked sections,
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The author claims that the method of analysis presented

greatly reduces the computational efforts for determining thermal

effects in concrete members,

2.03.6 K.W. Nasser and R,P, Lohtia

K.W, Nasser and R,P, Lohtia (see "Mass Concrete Properties

at High Temperatures") performed tests on mass concrete cylinders

for over 6 months at temperatures of 35 to 450°F, Two types of

initial curing were used: some cylinders were exposed to the

different temperatures at 1 day while others were heated from 14

days onwards, ‘The strength and elastic properties of the concrete

were determined at several intervals during 6 months,

Based on the test results and the available information

related to the subject, Nasser and Lohtia concluded the following:-

1, Strength and elasticity beyond about 2 weeks are

independent of both mass and water curing conditions

in the temperature range of 35 to 205°F (1.7 to 96°C).

2, Both strength and elasticity are lower at 35°F (1.7°C)

than those at 70°F (21.4°C) up to about 6 weeks, but

thereafter they are the same as those at 70 and 160°F

(21.4 and 71°C),

3, Beyond the minimum age of about 2 weeks, strength and

elasticity are independent of temperature of curing

between 70 to about 200°F (21.4 and 93°C).

4, In the temperature range of 200 to 450°F (93 to 232°C),

both strength and elasticity are adversely affected by

temperature and the degree of deterioration increases,

both with temperature and age of curing.
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The effect of temperature on strength and elasticity is

independent of both 1 and 14 day initial curing periods

at 400 and 450°F (205 and 232°C). However, at lower

temperatures, the specimens initially cured for 14 days

show in general better resistance to temperature than

the 1 day cured specimens.

Although strength and elasticity show about the same

temperature dependence, elasticity is more severely

reduced at temperatures beyond about 200°F (93°C).

The deterioration in the properties of mass concrete

at temperatures higher than about 200°F (93°C) is

possibly due to the change of original highly

cementitious tobermorite gel into weak and crystalline

phases of poor cementing qualities.

The loss in strength and elasticity after 6 months

of exposure to 450°F (232°C) is respectively about

50 and 68 per cent.
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8.00 EXPERIMENTAL VERIFICATIONS OF THERMAL RESPONSE AND PROPERTIES OF CONCRET

3.01 INTRODUCTION

In this section, experiments were conducted on (i) a block of

normal grade concrete, (ii) micro-concrete beams and (iii) cubes and

cylinders made from various mixes of concrete.

The objects of these tests were to obtain experimental data related

to the thermal response and properties of concrete such as?

1.

T.

time-temperature relationship

temperature-distance relationship

time lag

attenuation of temperature

the effect of temperature on & value of concrete

the effect on strength of concrete at ambient temperature changes, &

to evaluate the coefficient of linear expansion

These data could then be used in the analysis of a structure i.e. to

predict the distribution of stresses and deformations arising from

temperature changes.

and Poisson's ratio of concrete.
ps2

No effort was made to check thermal conductivity
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3,02 SECTION A: EXPERIMENT ON CONCRETE BLOCK

(Zxperiment 1)

3.02.1 Investigation of Thermal Response of Concrete

To investigate the above-mentioned thermal properties, a concrete

block of dimensions shown in Fig. 3,012 was cast from normal grade 25

mass concrete. Before casting 8 Nos, thermocouples were positioned along

the central axis of the block, The concrete block was cured by keeping

it wet for 14 days, However, the actual experiment was conducted about

24 months after casting. It was considered reasonable to assume that by

this time most of the free water would have evaporated and large propor-

tion of the shrinkage would have taken place,

$.02.1.1 Heat Input

Several methods were considered for applying heat to

the block, namely

(a) internal heating using heating coils built into

the structure,

(b) A purpose-made mat, and

(c) Heating tape

Following preliminary investigations, heating tape

was selected as the means of applying heat to the surface

mainly for reasons of economy and ease of use for the experiment

also it fulfilled the basic requirements (1) that heat output

should be adjustable and (2) that there should be the capacity

for the supply of enough heat to create satisfactory temperature

gradient in the concrete block,

Basically, heating tape is a continuous network of

wires enclosed in knitted flexible threads of fibre glass, heat

output is adjustable according to the length of tape used and

the supply voltage. Variations in heat output could therefore

be obtained by varying the length of tape used and the supply

voltage, either separately or in conjunction with each other,
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Heating tape was applied on one face of the block as

indicated in Fig. 3.012. insulation softboard 12mm thick and

lined with aluminium foil was applied on the outside to stop

heat loss from the tape to the atmosphere. Similarly insulating

softboard lined with aluminium foil was applied to the 4

adjacent faces of the block, The opposite face to the heated

face was left open to the atmosphere so that a flow of heat

could take place from one face to the opposite face.

The heating of the concrete block was provided through

a VARLAC DURATRAK Type V6 HMT INPUT 230V 50 ~ OUTPUT 0 < 270V 3A

(Range O to 268 volts) and an Ampere Meter (reading up to a

maximum of 5 amperes,

3,02.1.2 Thermocouples

The measurement of temperature along the centre of

the concrete block was carried out by means of 8 thermo-

couples embeded in the concrete block and connected to a direct

reading temperature indicator "Resilia" instrument through a

24 station multi-switch. The "Resilia" was also fitted with

a mercury thermometer, A separate alcohol thermometer was

used to compare the room temperature with that shown by the

"Resilia* thermometer.

Thermocouples were used because they offered the best

mode for measurement of internal temperatures. This is due to

the fact that one end can be made as a hot junction and the

other as a cold junction. The connections could be made either

by using copper-constantan wires or iron wires. Using copper-

constantan wires,direct readings could be obtained whereas

calibration was necessary with iron wires, In this case

copper-constantan wires were available,



OoAPPLIED APPLIED AMBIENT THERMOCOUPLE READINGS G
VOLTAGE AMPERAGE Room z

DET EIGE (vOLTS) (amps) TEMP.
(Cc) Tl 72 13 T4 TS T6 17 18

2163.77 10.48 0 0 20.00 20.00 20,00 20.00 20.00 20.00 20.00 20.00 20.00
13.10 100 0.75 20.80 24.50 23.80 22.20 21.80 21.20 20.40 20.20 20.10
15.15 100 0.70 21.00 26.75 24,50 23.00 22.90 21.20 20.50:} 20.20 20.10
15.25 100 0.70 21.20 26.70 24.50 22.80 21.80 21.00 20.50 20.20 20.10
17.05 100 0.70 21.20 27.50 25.50 23.50 21.80 21.50 20.60 20.40 20.20

2263.77 10.10 100 0.70 21.00 34.20 31.50 29.20 27.00 25.20 24.10 23.50 22.20
12.15 100 0.70 21.00 34.20 32.10 29.50 27.00 25.50 24.20 23.50 22.50
14.00 100 0.70 21.20 34.20 32.10 29.50 27.20 25.50 24.20 23.50 22.50
17.00 100 0.70 21.20 34.20 32.10 29.50 27.20 25.50 24.20 23.50 22.50

POWER SWITCHED OFF OVERNIGHT

23.3277 9.50 200 1.20 20.80 21.00 | 21.00 21.00 21.00 20.50 20.00 20.00 19.80
12.25 200 Tet Oy > 21.00 34.50 28.00 23.60 21.80 20.50 20.00 19.80 19.00
14.05 200 1.10 21.00 40.00 32.10 26.20 23.30 21.20 20.20 19.80 19.00
16.25 200 1.10 21.10 44.00 36.00 29.50 25.00 22.00 20.50 19.90 19.00

24.3.77 10.00 200 1.10 21.20 59.50 51.50 44.00 38.00 32.20 28.50 26.00 23.80
12.30 200 1.10 21.20 60.00 52.20 22.80 38.50 32.80 29.00 26.20 23.90
14.30 200 1.10 21.40 60.20 52.80 45.50 38.20 33.50 29.90 26.60 24.00
17.45 200 1.10 21.40 60.80 53.50 46.10 40.00 34.20 30.40 27.50 24.60

250g—77, 10.30 200 1.08 21.40 65.80 58.20 50.80 44.70 38.50 34.20 20.80 27.50
19237 200 1.08 21.60 65.80 58.20 50.80 44.50 38.50 34.20 30.80 27.5014.15 200 1.08 21.70 65.80 58.20 50.20 44,50 38.50 34.20 30.80 27.5016.30 200 1.08 22.00 65.80 58.00 50.50 44.50 38.50 34.00 30.50 27.30

POWER SWITCHED OFF OVER WEEKEND

28.3277 9.50 240 1.30 19.50 21.50 21.70 21.80 21.80 21.50 21.50 21.00 21.50
11.45 240 1.21 19.25 38.00 27.70 24.20 22.70 22.20 21.80 21.50 20.50
13.30 240 1.21 19.50 45.30 34.30 27.50 24.00 22220 21.80 20.50 20.2015.30 240 1.20 19,50 51.00 40.00 32.00 26.80 23.60 22.10 21.00 20.5016.35 240 1.20 19.70 52.80 42.00 33.50 27.80 24.00 22.10 21.00 20.20

29.3.77 10.00 240 1.19 19.30 71.80 61.70 52.20 44.20 37.50 33.20 29.80 26.30
11.45 240 1.19 19.30 72.50 62.40 53.40 45.50 38.30 33.80 30.20 27.20
14.30 240 1.19 18.70 75.90 65.60 56.40 48.50 41.50 36.80 32.80 29.50
16.40 240 1.19 19.00 75.90 65.70 56.50 48.80 41.50 36.80 32.80 29.50

30.3.77 10.00 240 1.18 19.50 80.20 70.00 61.00 53.40 45.80 40.20 36.20 31.90
12.35 240 1.18 19.90 80,40 70.00 61.00 53.40 45.80 40.20 36.00 31.8016.00 240 1.18 20.20 80.50 70.00 60.80 53.20 45.80 | 40.20 36.00 31.60

Table: 300,01
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The initial readings of all the thermocouples and the

ambient room temperature were noted, The voltage was then set

to 100 volts and the current switched on, From this stage

onwards periodic readings, at intervals of 2 to 3 hours, were

taken of all the thermocouples and the time noted, The power

Supply was continued overnight and the following day until the

readings of the thermocouples stabilised, At this stage it was

assumed that "a steady state of heat conduction", i.e. when

the amount of heat absorbed is equal to the amount of heat

dissipated, was reached,

The power was then switched off overnight to allow

the concrete block to cool down to the ambient temperature.

The experiment was continued the following day, but with the

voltage increased to 2U0 volts, The same procedure as with

applied voltage at 100 volts was repeated. However, this

time it took 3 days for steady state of heat conduction to

be achieved,

Once again, the power was switched off overnight to

allow the concrete block to cool down, The experiment was

then continued for the third time with the applied voltage

increased further to 240 volts,

The results of the experiment are shown in Table:

(300,01). From these results, the relationships of (i) Time

against Temperature at any particular point in the concrete

block and (ii) Temperature against Distance within the

concrete block i,e, variation of temperature inside the block

were plotted, These relationships are shown in Figs. 8.0211,

3.0212, 3.0213, 3.0214, 3.0215 and 3.0216,
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From the results of the above experiment a further

relationship of attenuation of surface temperature with depth

in the concrete block was plotted and is shown in Fig. 3,217,

3,02.1.4 Discussion of Experimental Results for Thermal

Response of Concrete

The experiment was conducted for 3 different ranges

of applied heat, so as to assess the thermal response of

concrete,

The first experiment was conducted with a rather low

applied voltage (100 volts) i.e. low applied heat, The maximum

temperature reached just inside the applied face was only

22.50°C as compared to the ambient room temperature of 21.20°C,

Graphs of Fig. 3.0211 show that for low range of applied heat

the temperature variation in the concrete is almost linear,

The graphs (Fig. 5.0214) of "Time" against "Temperature" at any

point in the concrete show that "steady state of heat conduction"

is reached very quickly.

The second experiment was conducted with an applied

voltage of 200 volts. The maximum temperature reached just

inside the applied face was 65.80°C and the minimum

temperature just inside the opposite face was 27,30°C as

compared to ambient room temperature of 22,00°C. The graphs

of "temperature" against “distance from heated surface" :

(Fig. 3.0215) show that the gradients of temperature variation

achieved are considerably pronounced as compared to the first

experiment and the variation is curvilinear, An important

observation that can be made from these graphs is that during

the early ‘part of heat application the variations are very
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much more curvilinear than at a later stage and the conduction

of heat is similar to a case of suddenly applied temperature,

The relationship of "Time" against "Temperature" (Fig. 3.0212)

shows that a "steady state of heat conduction® takes considerably

longer time. These graphs also demonstrate the phenomena of

time lag, i.e. the elapse of time required for the concrete

to respond to the temperature change.

The third experiment was conducted with an applied

voltage of 240 volts. The difference between the heat input

for this case and in the case of the second experiment was

relatively small, The maximum and minimum temperatures reached

were 80,50°C and 31,6°C respectively as compared to an ambient

room temperature of 20,.20°C, As can be expected the results

shown in graphs of Figs, 3.0213 and 3.0216 are similar to

those of the second experiment, confirming that the results

are correct,

The graphs shown in Fig. 3.0217 show “the attenuation

of surface temperature amplitudes at various depths of concrete

mass", The applied temperature at the surface is based on an

approximate assessment deduced from the projections of curves

for “temperature" against "distance from heated surface",

However, in spite of the approximation the attenuation curves

are similar with those obtained by other researchers.
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5.03.1 Thermal Conductivity

Experiments have shown that when the steady state of temperature

has been reached, the quantity of heat 'Q', which flows between two

surfaces in a given time, is proportional to the difference of tempera-

ture at the surfaces and is given by the following relationship:s~

q = x (fo - M1) st

where To and Tl are the temperatures of the lower and upper surfaces

of the solid in °C

s is the cross-sectional area of solid under consideration

t time in seconds for which the flow of heat is considered

d thickness in ems. of solid, and

k is the Thermal Conductivity of the substance, depending

upon the material of which it is made,

Rewriting the above equation, the Thermal Conductivity is given by

Qd

k" Gor Ty =

The units of k are cal/(sec)(cm*)(°C/cm) in the c.g.s.system

or B.t.u./(hr.)(£t®)(°F/ft) in the British system. The reciprocal of

the Thermal Conductivity of a substance is called its Thermal Resistivit;

In the above relationship, the solid is assumed to be homogeneou

and of such a material that, when a point within it is heated, the heat

flows uniformly in all directions. Such a solid is said to be isotropic,

as opposed to crystalline and anisotropic solids, in which certain

directions are more favourable for the conduction of heat than others,

The thermal conductivity of a material is a property of its

atomic structure, and can be deduced from considerations of solid-state

Physics. However, these theories are not directly applicable to

concrete which is heterogeneous. The conductivity of concrete is
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determined by the conductivity of its constituents, and the major factors

influencing the conductivity are:-

the moisture content of the concrete;

the type of aggregate;

the mix proportions;

the type of cement and

the temperature of the concrete.

The actual determination of the Thermal Conductivity of concrete is

outside the scope of this work as its determination is more appropriate to

Physics or Chemistry than to a civil/structural laboratory. However, the

following table, taken from a paper by N.G. Zolders (ref.13), gives the

values of Thermal Conductivity for concretes made from different types of

aggregates,

Ryperee THERMAL CONDUCTIVITY Room-dry | Hean Spec-

Coeffi_ concrete | ific Heat , Heat Dif-
Concrete MEAN TEMPERATURE | cient k, Density, | ®5 to 400°C | fusivity,

Btu in per| 1b per | Btu per lb sq.ft,

Aggregate hr, sq.ft. | cu ft per deg, per hr,
deg.Cent,| deg.Fahr. deg. Fahr, Fahr.

100 212 10,60 0,032

Gravel 164 327 10,60 143.9 0,229

402 756 8.95 0,027

164 327 6.75 142.8 0,236 0,020
Limestone

394 740 8.04 0,024

95 202 15.80 0,050

Sandstone 169 356 15.75 136.9 0,233

406 763 10,64 0,033

Expanded 182 359 5.51 96.5 0.222 0,016

Slag 398 749 5.45
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The Thermal Conductivities of some common materials taken from

(ref.14) are as follows:-

Thermal Conductivity

Material a

B.t.u./ft.h, OF

Basalt U8

Diorite xs

Granite 2.0

Quartzite 1.8 to 3,1

Shale OS

Limestone 0.5 to 1,5

Mercury 3.6

Cast Iron 26

Mild Steel 35

Copper eel

Pure Water 0.35

Impure Water 0.3

Table: 300,03

it is seen from the tables above that the Thermal Conductivity

of various materials differs considerably, and also that the Thermal

Conductivity of concrete depends greatly on the type of aggregate used,

It is therefore reasonable to assume that the level of thermal stresses

induced in any concrete structure will depend very much on the types

of material constituents used,
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3.03.2 Poisson's Ratio

The ratio of the lateral strain to the longitudinal strain is

defined as Poisson's ratio, If a specimen is subjected to a

longitudinal stress there will be a strain in this direction equal

to O/&, There will also be a strain in all directions at right

angles to the stress. It is found that for an elastic material the

lateral strain is proportional to the longitudinal strain, and is

of the opposite type.

The ratio

lateral strain

o longitudinal strain

produced by a single stress is the Poisson's ratio, Although concrete

is not truly elastic, it is usually assumed to be elastic for design

purposes, and the effect of Poisson's ratio is being taken into account

in some forms of structures, This property is assumed to be constant

at ambient temperatures. However, it is not fully resolved whether

the value of Poisson's ratio undergoes any significant change at

various temperature levels, and whether thermal ratio differs from

the values used for loads. The determination of Poisson's ratio

itself and its change with temperature is tedious, and since its

overall effect is considered to be small, a single value is normally

assumed. Further work is required to investigate this property, but

it was considered to be outside the scope of this work.

The value of Poisson's ratio for concrete at ambient temperatures

is assumed to vary from 0.15 to 0,20, In many cases this effect is

ignored, except in the case of slabs spanning in two directions,



3.03.3 Thermal Coefficient of Linear Expansion

Most substances expand when their temperature is raised and contract

when cooled, and for a wide range of temperature this expansion or con-

traction is assumed to be proportional to the temperature change. This

proportionality is expressed by the coefficient of linear thermal

expansion « which is defined as the change in length which a member of

unit length undergoes when its temperature is changed by 1°C.

For concrete: Xe = 0.000 012 per 1°

and for steel: Xs = 0.000 010 per 1°

if expansion or contraction of all fibres of a body is unrestrained,

no stress is caused by the change in temperature, However, in most

structures free expansion or contraction cannot take place, and thermal

stresses take place as a result of these restraints. If these stresses ‘

exceed the materials' tensile or compressive strength, cracking or

erushing of the member or damage to adjacent parts of the structure may

result. However, little guidance is given in Codes of Practice as to the

magnitude of these movements, and a large part of this work is therefore

devoted to these aspects of the response of structures.

The thermal coefficient of linear expansion for some common

rocks and hardened cement paste is shown in the table below (taken from

a paper by Srdan D, Venecanin, ref.36)

Thermal Coefficient of

Rock Type linear expansion

10-8 per

Granite 1.8 to 11.9
Diorite, andesite 4.1 to 10,3

Gabbro, basalt, diabase 3.6 to 9.7

Sandstone 4.3 to 13.9
Dolomite 6.7 to 8.6
Limestone 0.9 to 12.2
Chert 7.4 to 13.1
Marble 1,1 to 16,0
Hardened cement paste 11.0 to 20,0

Table: 300,04
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The coefficient of thermal expansion of concretes made from —~

different aggregates is shown in the table (taken from ref.21)

below,

evans Thermal Expansion (10-© per °C)

Air Storage Wet Storage

Gravel 13,2 12.2

Granite 9.6 8.6

Quartzite 12.7 12.2

Dolerite 9.6 8.4

Sandstone 17 10.1

Limestone We 6.1

Portland Stone 3.8 6.2

Blastfurnace Slag 10.6 931

Foamed Slag 12,0 9.2

Table: 500,05
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5.03.4 Modulus of Slasticity of Concrete ‘Ec!

The modulus of elasticity of concrete ‘Ec! increases with increase

of cement content, age, repetition of stress and other factors such as

type of aggregate, moisture content etc, Actual values lie between 750

and 1500 times the compressive strength. However, the generally accepted

arbitrary value of 'Ec' is taken as 28KN/mn® and is recommended in

C.P.110, This value compensates in part for errors involved in the con~

sideration of reinforced concrete as a theoretically elastic substance

and for the neglect of the tensile resistance of concrete in bending.

in problems of thermal stress analysis, the value of modulus of

elasticity of concrete 'Ec', is normally assumed to remain constant,

However, this is not strictly true. In an attempt to determine the

effect of temperature on the modulus of elasticity of concretes made

from different aggregates, an experiment was conducted on concrete

cylinders made from 3 different mixes.

5.03.4.1 Experiment on Concrete Cylinders

(Experiment II)

Conerete Cylinders 150mm, dia. 300mm, high were made

from 3 different mixes. The cylinders were cured by immersion

in water for at least two to three weeks, Gauge lengths of 200mn,

were marked on each cylinder by fixing studs with epoxy adhesives,

Two cylinders from each mix were tested in compression at ambient

room temperatures, One cylinder from each mix was heated to 60°C

and one to 100°C and Similarly tested in compression. The

cylinders were heated in an electric oven for 24 hours in the

case of 60°C, and over 100 hours in the case of 100°C, it should

be noted that all heated specimens were tested in the hot state A

by applying the test load immediately after removal from the

oven,



RESULTS OF CYLINDER TESTS

(150mm. dia, x 300mm, high)

DEMEC GAUGE (200mm, Gauge Length and 0.096 x 10-4 Strain per div.)
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Temp. of |Test Cale.a eae Cylinder vere are pee Cylinder} Load dans Value of
a No, 5 ; at Test | in ; Modulus 'Ec!Mix Casting |Testing| Days og KN. Reading N/mm?

Micro. 1 21.4.77 |27.5.77 |35days |Ambient 0 | 740.0 | 23,43x109

Cone, 22° 100 | 711.5

Mix 200 | 686.0

300 | 664,5

2 21.4,77 |27.5.77 |35days | Ambient © | 739.0 | 19,02x105

22°C 100 | 701.0

200 | 670.0

500 646.0

3 21.4.77|27.5.77 |35days|Heated © | 780.0 | 25.64x109

for 24 |100 | 757.0

hours 200 | 739.0

60°C 300 | 712.0

4 10.5.77 |27.5.77 |17days |Heated 0 762.0 13.93x10°

for 24 |100 | 713.0

hours 200 | 678.0

60° 300 | 635.0

5 '10.5.77 |31.5.77 |2ldays | Heated 0 | 796.0 | 16,93x105

for 117 |100 | 755.0

hours 200 | 724.5

ios =| 300 | 695.0

6 21.4.77 |351.5.77 |39days| Heated O | 748.0 15, 92x10°

for 117 |100 | 704,5

hours 200 | 672.5

100°C =| 300 | 638.5

Aglite 7. 20,6.77 |18.7.77 |28days| Ambient 0 | 732.0 7.64x105

Mix 21° 45 | 685.0

90 | 650.0

135 | 622.0

180 | 593.0
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"YeR_ot pander] Pap? | Page [M2 loyttnaer fleet | DEBE | vate of
Mix Wee Casting | Testing | Days ie 2H Reading ae me

Aglite 8 20.6,77 | 18.7.77 |28days| ambient] 0] 743.0 | 10.51x103
Mix 21° 4s | 717.0

90 | 693.0

135 | 670.0

180 | 642.0

9 20.6.77 | 2.7.77 | $0days| 60° ©} 734.0 | 121.93x108

45 | 705.0

90 | 681.0

135 | 661.0

180 645.0

10 20,6.77 | 27.7.77 | 37days| 100° O| 752.0 823x105

4S 696.0

90 | 670.0

135 | 645.0

10} 623.0

lytag ll 20.6.77 | 18.7.77 | 28days| ambient| 0] 940.0 | 11,67x103
Mix 21° 85 | 908.0

70 | 985.0

105 | 868.0

140 | 849.0

12 20.6.77 | 18.7.77 |28days| ambient] 0] 685.0 5.25x10°

21°C 35 | 593.0
70 | 547.0

105 | 517.0

140 | 482.0

13 20.6.77 | 20.7.77 | 30days| 60°C o| 735.0 | 12,29x10°

35 | 701.0

70 | 677.0

105 | 658.0

140 | 641.0

14 20.6.77 | 27.7.77 |37days | 100°C 0 | 788.0 7.98x10°

35 | 738.0

70 | 703.0

105 | 679.0

140 | 655.0

Table: 300.06(b)



3.03.4.2 Compression Test Procedure 64

Sach cylinder was placed in a hydraulically controlled

compression machine. Load was applied slowly in a dummy run to

a limit well within the elastic range and then unloaded, No

readings of the change in gauge length was taken. The rate of

increase of applied load was adjusted so that each increment

was applied for the same duration, The cylinder was then loaded

for the second time, also in a dummy run, The purpose of the

dummy runs was to ensure that the load was applied evenly and

to stabilize the behaviour of the concrete.

After twice dummy loading, the cylinder was finally

loaded for the test proper. The load was applied in increments

of 45 KN or 100 KN to a maximum of 140 KN for Lytag, 180 KN for

Aglite and 300 KN for Micro-concrete. For each increment readings

of strain were taken by means of a Demec Gauge. The above experi-

ment was repeated on a total of 14 cylinders made from the 3

different mixes. The results of the experiments on cylinders

are shown on the following sheets,

3.05.4.5 Sample Calculation for the Modulus of Elasticity ‘Ec!

from Cylinder Test Results

Demec Gauge Reading at zero load = 740,0

Demec Gauge Reading at 300 KN load = 664.5

Difference = 95,5

Strain per div. = 0,096x1074

® for 75,5 div. = 0,096x1074x75.5

4na Stresst tesModulus of Elasticity 'Ec Steain

= 300x105x4

1 150*x0, 096x1074%75 ,5
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3,03.4.4 Discussion of Results of Tests on Cylinders

The main aim of tests on cylinders was to determine

and to compare the value of Modulus of Elasticity, Ec, of

different types of concretes, and the change in the value of Ec

due to the thermal effect. A total of 14 cylinders, 6 of Micro-

concrete and 4 each of Aglite and Lytag concrete, were tested,

Because of various practical difficulties, it was not possible

to test all the cylinders at the same age.

Micro-concrete Mix

The results of tests on cylinders of Micro-

concrete show a slightly higher value of Ec at 60°C

in comparison to 22°C at the same age of 35 days,

whereas the value of Ec falls considerably at 100°

and a slightly longer age of 39 days. The following

conclusions are drawn from the results:-

(i) At low or intermediate temperatures there is

no significant change in Ec (the slight

increase being due to normal variations in

cylinder strength).

(ii) at 100°C the value of Ec begins to drop

rather rapidly, (fig. 3.0351)

The above results compare favourably with those

obtained by K.W. Nasser and R.P, Lohtia in their

extensive testing of "Mass Concrete Properties at High

Temperatures", as shown in Table: 300.08.



Aglite Mix He

The results of tests on cylinders of Aglite

concrete show similar behaviour to that shown by

Micro-concrete, the only difference being that

generally the values of Ec for this mix are low in

comparison, A point to note is that both Micro-

concrete and Aglite concrete show slightly higher Ec

values at 60°C, it would appear that heating at low

temperatures and for short durations may be accelerat-

ing the curing process and thus increasing the

compressive strength and the Ec value.

lytag Mix

The results of tests on cylinders of Lytag

concrete also exhibit similar behaviour to that of

Micro-concrete and Aglite concrete, with the exception

of one cylinder tested at ambient temperature which

gives a very low value of Ec. This is probably due to

some imperfections or faults in the making of the

cylinder, resulting in internal voids and consequently

much greater strains,

In view of the limited range of specimens tested,

the results cannot be considered to be completely

conclusive, However, there is sufficient correlation

with results of research by others that it is

reasonable to accept that elasticity of concrete is

adversely affected by temperature, and that the degree

of deterioration increases both with temperature and

age of curing.
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3.03.5 Cube Strength of Concrete

3.03.5.1 Experiment on Concrete Cubes

(Experiment III)

As part of the investigation on the effect of

temperature on various properties of concrete, tests were also

carried out on 100mm cubes to assess the effect on the crushing

strength of concrete made from different mixes.

The procedure of testing was similar to the test on

cylinders except that no dummy loads were applied, The cubes

were tested directly to failure loads,

3,03.5.2 Discussion of Results of Tests on Cubes

The results of compressive tests on 100mm cubes show

that, within the test temperature range, the compressive strength

increases with age and with increase in temperature, This

is shown quite clearly by the Aglite and lytag concretes,fig.3.0351,

whereas the Micro-concrete results for the effect of temperature

are somewhat inconsistent. For comparison, the results obtained

by K.W, Nasser and R,P, Lohtia are shown in Table: 300.07.

Although strength and elasticity show about the same temperature

dependence, elasticity is more severely reduced at temperatures





RATIO OF COMPRESSIVE STRENGTH AT VARIOUS TEMPERATURES AND

AGES TO THE ONS aT 70°F (21.4°C) FOR BOTH CONCRETES A AND B

69

Ratio of compressive strength at

Compressive indicated temperature to that at 70°F (21.4 °C)
strength, psi

Age | (keaf/cm ) at} 35°F |160°F |250°F |300°F |350°F |400°F |450°F
days| 70 °F(21.4°C) |(1.7 °C) | (71°C) | (121 °C) | (149 °C) | (177°C) |(205 °C) |(232 °C)

4/4200 (290) 0.68 WS 1.09 bars 1.20 1.10 1.07

14 | 5300 (372) 0.83 0.97 1.01 0.93 0.95 0.79 0.75

21 | 5810 (408) 1.06 0.97 0.85 0.77 0.69 0.62 0.58

180 | 6080 (427) 1.12 0.97 0.78 0.68 0.59 0.56 0.50

4/5400 (380) - 0.95 0.95 1.07 0.95 0.88 0.80

14 | 5500 (386) - 1.01 1.05 1.02 0.97 0.79 0.75

21 | 5850 (412) - 1.05 1.07 0.87 0.73 0.63 0.59

180 | 6100 (428) - 1.05 1.05 0.80 0.64 0.56 0.53

Table: 300,07

RATIO OF MODULUS OF ELASTICITY AT VARIOUS TEMPERATURES AND

(ref. 16)

AGES TO THE ONE aT 70°F (21.4°C) FOR BOTH CONCRETES A AND B

Modulus of Ratio of Ec at indicated temperatures

elasticity Be to that at 70°F (21.4°C)

10° psi

Type of |Age |(105 oer. 35 F |160°F |250°F |300°F |350°F |400 °F |450 °F

concrete |days|at 70 “F(21.4C)(1.7€)(71t) | (121t) | (149¢) | (177) | (205¢t) | (232%)

A 14 |5.05 (3.55) {0.81 {0.84 |0.80 0.77 {0.58 |0.51 |0.44

pes 28 |5.12 (3.59) 0.86 jo.sc |o.75 |o.72 |0.51 |0.48 |0.40
day of 91 |5.20 (3.66) 0.96 |0.94 |0.68 [0.64 |0.51 |0.42 |0.35

casting) lig9 |5.30 (3.72) 1.04 lo.os |o.64 |o.60 |0.49 |0.39 {0.20

B 14 |5.20 (3.66) - |0.86 |0.86 |0.80 {0.62 |0.51 |0.44

(heated | 28 |5.25 (3.69) - {0.90 |0.86 |0.76 |0.58 |0.46 /0.39

after 14) 9) [5.40 (3.79) - |o.97 |0.88 {0.71 {0.53 |0.41 |0.33
days of

casting |180 |5.50 (3.86) - {1.02 |0.88 |0.67 |0.50 |0.37 |0.28

Table: 300.08 (ref. 16)



Test Cubes

(100mm. Cubes)

70

Type of |Cube|Date of Date of Age Temperature Failure |Compressive

Concrete |No. |casting testing at of Cube Load Strength
Mix. Test lat Test in KN in N/mm*

days

Micro— 1 10.5.77 27.25.77 17 Ambient 22 °C 436.0 43,60
Concrete

Mix

2 10.5.77 27.5.77 17 Ambient 22 °C 447.0 44.70

3 | 21.4.77 | 27.5.77 35 | Ambient 22°C} 539.0 53.90

4 } 21.4.77 | 27.5.77 35 | Ambient 22°C} 595.0 59.50

60 “C

5 21.4.77 27.5.77 35 (heated for 571.0 57.10

24 hours)

60 °C

6 10.5.77 27.25.77 17 (heated for 445.0 44.50

24 hours)

100 T

7 21.4.77 31.5.77 39 (heated for 516.0 51.60

117 hours)
100 °C]:

8 10.25.77 31.5.77 39 (heated for 427.0 42.70
117 hours

Aglite 9 20.6.77 18.7.77 28 Ambient 21°C 270.0 27.00
Mix

10 20.6.77 18.7.77 28 Ambient 21°C 294.0 29.40

11 | 20.6.77 | 20.7.77 30 60°C| 314.0 31.40

12 | 20.6.77 | 22.7.77 32 100°C} 348.0 34.80

Lytag 13 20.6.77 18.7.77 28 Ambient 21 °C 195.0 19.50
Mix

14 20.6.77 18.7.77 28 Ambient 21°C 200.0 20.00

15 | 20.6.77 | 20.7.77 30 60°C} 245.0 24.50

16 | 20.6.77 | 22.7.77 32 100°C} 281.0 28.10

Table: 500,09
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TECHNICAL DATA PERTAINING TO VARTOUS

CONCRETES USED IN EXPERIMENTAL WORK

1. Micro Concrete: Mainly consists of Ordinary Portland Cement

and fine river aggregate (Zone 2 Thames
Valley) normally used for ordinary concrete.

Suitable and mainly used for small experimental

members.

Mix Design: 1.0 cement

2.8 fine aggregate

0.4 w/e

2. Lytag Concrete: A lightweight aggregate concrete made from

Ordinary Portland Cement and sintered

pulverized fuel ash collected from Electric

Power Stations burning pulverized,fuel. It

has a density of 100 to 110 1b/ft” and a
thermal insulation 50% better than normal

dense concrete.

Mix Design: 1.0 cement

4.0 aggregate (in the ratio of

5 fine to 7 coarse)

water/cement ratio to give
medium workability, also,

depending on absorption,

property of aggregate.

3. Aglite Concrete: A lightweight aggregate concrete made from

Ordinary Portland Cement and foamed slag

from pig-iron blast furnaces. It has slightly

better thermal insulation value than normal

dense concrete.

Mix Design: 1.0 cement

4.0 aggregate (in ratio of
5 fine to 7 coarse)

water/cement ratio to give
medium workability.

Table: 300.10
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3.05.6 Experiment to Determine the Elastic Modulus and i3

Strain Calibration of a Continuous Beam

(Experiment 1V)

(Stresses induced by Elastic Loading of a Continuous Beam)

Two reinforced Micro-concrete beams of identical properties as

show in Fig. 3,071 & 2 were cast.

To establish the value of Young's Modulus 'E' and to obtain

the relationship between gauge reading and strains, (and therefore

stresses and bending moments) one Micro-concrete beam was tested in

flexure as shown in Fig. 53.0361.

Proofing Ring

Se Ss

Sy =e : ioe

83mm.

b= G/B mm.
= 909 mm.

Fig. 5.0561 Reinforced Micro-concrete beam, showing

dimensions and instrumentation

For a simply-supported beam, the deflection at any point,

distance 'x' from support A, is given by the expression

mt Aye 2 PO, Px — g)® 4 Bix “Po%e
6L 6 6 6L

when x =a

2peAy = 2a'

7 SESE

where Ay = deflection of beam in direction y

P = point load applied at point C

eo w total length of beam between supports = a + b



|

PLATE: 111 Reinforced micro-concrete beam under test for the determination of elastic modulus and strain calibration

(stresses induced by elastic loading of beam).
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Transposing gives

Pa®b® _ a*b® pp
Bs siily Sik 7 Ay

bd® _ 50 x 120°oe = 7,200,000 mm#12 12 seen a
now iL

a = 909 mm

b = 618 mm

=P 9092 x 61g? P200" x 6180 a lS Bata ser.ay 3 x 7,200,000 x 1527 ~ Ay (9-5678)

where the value of 5 (from graph) = 3557.1688

EB = 3557.1688 x 9.5678 = 34034.28 N/mm® <= 34,000 N/mn®

Relationship between gauge reading and stress is derived from

Pb.

oot. ae
wat (a) = 2769 x 618 x (909 - 59) x 120. g ro4g N/mm?Me Tee 1527 x 7,200,000 x 2 cme

and Max. Tat (b) = 2769 x 909 x (616 - 85) x 120. 7 3459 N/mm?) 527 x 7,200,000 x 2 he
Corresponding strain gauge readings for the above stresses

at location (a) Gp = 83.75 - 10,5 = 73.25

Average = (73.25 + 86..25)5
Gg = 36,.25- 0 = 36.25

= 54.75

at location (b) G, = 149,50 - 10.75 = 138,75

Average = (138.75 + 25.00)4
G3 = 25.00- 0 = 25,00 ‘

81.88

Therefore, stress per division at (a) T= go tase = 0.1484 N/mm®

b) T= 7.5489 - 9 ogg, 2

(6).0s Sra oe
Average stress reading per div, = (0.1484 + 0, 0898)

= 0,1191
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Relationship between gauge reading and Bending Moment

Boa
L

Max, B.M. at point (a) = 2769 x 618 (909 - 39) - 974 970,88 N-mm

Max. B.M, at point (b) = 769 x 909 (618 - 65) - gg),863.94 Nema
1527

Max, B.M, at load point =

Corresponding strain gauge readings for the above Bending Moments

at location (a) Average of Gp and Gy = 54,75

at location (b) Average of G; and Gz; = 61.88

Therefore, B.M. per division at (a) Bid. = weg este = 17,807.69 N-mm

b) BoM, = 981863.94 . 40 770.20 No(o) ~B1.68 go twe! es

Average B.M. per division at (a) & (b) = (17,807.69 + 10,770,20)%

14,288.95 N-mn

Note: the large difference in the strain gauge readings at the two

locations on the beam,

The readings of gauges (2) and (4) are considered faulty. The

correct calibration for the strain gauges then becomes 10,770.20 N-mm

bending moment per division,



FLEXURAL TEST ON A BEAM

DIAL GAUGE DIAL GAUGE oe LOAD IN

READING READING annie
Dy De lb, N

128.80 1,287.00 0 0 0

128.70 1,283.20 10.0 83.009 369.0

128.25 1,279.20 15.0 124.514 554.0

127.80 1,274.00 20.0 166,018 738.0

127.50 1,267.90 25.0 207.523 923.0

125.70 1,256.70 35.0 290,532 1,292.0

125,30 1,246.50 45.0 373,541 1,662.0

124.50 1,235.90 55,0 456,550 2,031.0

124,00 1,225.60 65.0 539.559 2,400.0

123.20 1,208.90 75.0 622,568 2,769.0

UNLOADING

122,20 1,206, 90 65.0 539,559 2,400.0

120,90 1,219.10 55.0 456,550 2,031.0

119,20 1,229.00 45.0 373,541 1,662.0

120,10 1,239.70 35.0 290,552 1,292.0

120,30 1,250.00 25.0 207,523 923.0

121,00 1,257.00 20.0 166,018 738.0

121.70 1,263.10 15.0 124.514 554.0

123.40 1,269.10 10.0 83.009 369.0

125.60 1,281.90 0 0 0

Table: 300,11

LF



2ND EXPERIMENT

$1.5.77

STRAIN GAUGE READINGS APPLIED

LOADING LoaD IN

Gl Ge G3 G4 N,

0272 -0148 -O119 0480

-0273 0147 -0118 -0478 oO

0272 0146 -0118 -0479

-0282 -O153 -0115 0473

-0283 -0152 -O115 -0473 369.0
-0282 ~0153 -0114 ~0473

-0289 -O156 -0113 -0473

-0288 -O156 -0114 -0471 554.0
0289 -0157 -0114 -0472

-0297 -O159 -U114 ~0472

-0298 -O161 -O115 -0471 758.0
~0297 -0160 -0114 -0471

-0306 -0163 -O1le -0468
-0306 -0163 -0114 -0468 925.0
-0306 -0164 -O113 ~0466

-0321 -O170 ~-0109 -0463
-0320 -0171 -0108 -0464 1,292.0
-0320 -0171 -0108 -0464

-0337 -O176 -0106 -0458
-0335 -0177 -0106 -0457 1,662.0
-0335 -0178 ~-0104 -0459

~0355 -0185 -OL00 -0453
-0355 -0184 ~0098 0454 2,031.0
-0357 -0185 -0100 -0453

-0381 -0193 -0097 -0448

-0384 ~0192 -0096 -0449 2,400.0
- 0383 -0193 -0097 0447

-0425 0235 -0093 - 0443
0423 0255 -0091 -0442 2,769.0
-0426 ~0240 ~0092 -0442

Table: 300,12(a)

78



STRAIN GAUGE READINGS APPLIED

UNLOADING Load IN
GL Ge G3 Ge N.

-0415 -0236 -U095 -0447
-0416 ~0255 ~0095 -0447 2,400.0

-0417 0235 -0097 0446

-0404 0228 -0100 0451
~0403 -0227 -0100 0452 2,031.0
~-0404 - 0228 -0099 -0450

-0388 0220 -0102 0455
-0387 -0219 -O105 0455 1,662.0

-0388 -0219 -0103 -0457

-0372 0215 -O107 -0460
0572 -0212 -0107 -0460 1,292.0
03871 -0210 -O106 -0461

0353 0202 -0109 -0466
0355 ~0205 -0110 -0465 923.0
0554 ~0202 -0110 0465

~0344 -0198 -0112 -0467

-0543 -0196 -O112 0467 738.0
~0343 -0198 -O113 -0468

-0333 ~-0195 -O116 ~0472

-0334 -0193 ~0114 -0470 554,0
-0333 -0192 0115 0473

~03525 -0189 -O116 ~0474

0325, -0189 -0117 0473 369,0
0325 -0188 -0117 ~0475

0304 -O178 -0120 -0479
-0302 -0179 -0119 -0480 0

-0304 -0177 -O1l21 -0479,

Table: 300.12(b)
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3.03.6.1 Discussion of Results of Experiment to Determine

The Slastic Modulus and Strain Calibration of a

Continuous Beam

Experiment (1V)

Stresses induced by elastic loading of a continuous

beam.

The value of & = 34,000 N/ma*, obtained for the

reinforced concrete continuous beam, appears, at first sight,

to be on the high side, However, an inspection of the

dimensional and reinforcement details shows that the percentage

of longitudinal steel (2.62%) provided is fairly high.

Therefore, taking into consideration the contribution of

steel to the strength of the composite section, the value of

E obtained can be taken to be reasonable, This result

compares favourably with that obtained in experiment (V)

where the value of BE ( = 31,600 N/mm®) is calculated from

stresses induced by thermal effects in a continuous beam,



3.03.7 Experiment to Determine the Coefficient of Linear Thermal °4

Expansion and the Hodulus of Elasticity

(Experiment V)

(Stresses induced by Thermal Effects in a Continuous Beam)

To establish the value of the coefficient of linear thermal

expansion, &@ , and the modulus of elasticity, B, of reinforced Micro-

concrete, an experiment was conducted’on a beam shown in Fig. 3.0371 & 2.

For the purpose of measurement of temperature, 6 thermocouples,

3 per span per section, were cast into the beam at locations indicated

in the diagram, The thermocouples were connected to a temperature

indicator "Resilia" multi-switch instrument.

For the measurement of strains 4 strain gauges were fixed, 2 at

the top and 2 at the bottom of the beam, at two locations indicated in

the diagram, The strain gauges were connected to a direct reading

data logger,

For the measurement of extension of the beam, a dial gauge was

located at one end while the other end of the beam was placed against a

rigid non-yielding bracket, so that beam extension could only take place

in the direction of the gauge. A roller support was provided at the

dial gauge end to permit free, frictionless movement, A rigid collar was

provided at the middle support to prevent the beam from lifting off.

Heating tape was applied to the top surface of the beam, Then

the beam was insulated on three sides by means of aluminium lined

soft board, The bottom surface of the beam was left open so that heat

could flow from the top surface to the bottom,

Heat was supplied at a fixed voltage until a steady state of

temperature flow was achieved, Headings of thermocouples, strain gauges

and dial gauge were recorded every couple of hours. The results are

shown in Tables: 300.15 and 300,14,
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EXPERIMENT ON TWO-SPAN BEAM FOR THE EFFECT OF LINEAR

TEMPERATURE DISTRIBUTION

Thursday, 26th. May, 1977.

88

DATE TIME STRAIN GAUGE READINGS

26.5.77 10.00 “0181 =-0135 =-~0150 -0527

-0182 -0136 -0151 ~-0528

9180-0136 0150-0528

12,45 -0129 -0099 ~0076 ~-0370

-0128 -0088 -0075 ~0370

0129 -0099 -0076 -0371

0127 -~0099 -0074 ~-0371

14.30 0169 -0129 -0088 0478

0168 4=-0128 -0087 -0477

~0170 -0130 -0088 -0479

15.40 “0167 -0127 -0085 -0473

0169 -0129 -0085 -0474

~0167) -0128 -0085 ~0474

16.40 ~0168 -0129 -0085 -0470

0167 -0129 -0084 -0471

0168 0129 0085 -0472

2765.77 9.30 0153-0117 «0059 +0444

-0153 0118 «=8-0060 -0443

~0153 «0118 0059 84-0442

Table: 300,13



DATE TIME |AMBIENT THERMOcouPLE READINGS APPLIED! APPLIED [Dia

Room TEMP, VOLTAGE] AMPERAGE|GAUGE

} °S Tt Ta 73 T Ts Te READINGS!

26.55.77 10.00 22-00 24-20 24-20 24-20 24-20 24-20 24-20 o ° USE

12-45 22-50 28-00 37-So 44.20 31-00 23-80 42-30 izo 4 1-3 144-8

14-30 22-7¢ | 32-0 42.20 | 46.50 31-80 | 23-60 45-20 120 1-30 150-0 |

15-40 22-80 32-20 43-20 48-00 35.00 24.00 45-80 120 1-30 151°6

16-40 22-90 31-90 43-80 48-00 32-So 23-50 4h. 00 1Zo 1-30 1$2-7 |

| 27-5-77 I-30 22-00 33-00 4720 Sf.00 34-20 23-50 48-00 120 1-30 | Isss
amen

Table: 300.14

prevent

{

or cotter %
beam Liftmg at supper?

Si-0o- 24-20 = 26-BO
4800 - 24-20 © 23-80

——
ES / 47-g0 ~ 24-20 = 25-00
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Fig. 3.0373 Temperature distribution in beam

Tre rigid brecket

68



90

(i) Determination of Coefficient of Linear Expansion,

From Fig. T(average) for span (1) = (26.80+8.80)4 = 17.8 °C

T(average) for span (2) = (23.80+10.00)3 = 16.9 °c

Substituting into the relationship “TL =° extension , cives

\

17.8(909 + 70)%X+ 16.9(1527 ~ 909 + 100)%= 1.555 — 1.327

Xx = oS = 0.00000771 per1C
0

29560.40

(ii) Determination of Modulus of Elasticity, E

At location (a) strain gauge reading, G, = 18.00 1

Average = (88.70-18.00)5
G, = 84.70)

* = 33,35

At location (b) strain gauge reading, G = 28.00 A 1

Average = (91.00~28.00)5
G, 91.00

31.50

Now, from experiment for flexural test on beam

1 div. of strain reading

corresponds to an average bending moment = 10,770.20 N-mn

Bending moment due to temperature

effect at location (a) B.M. = 33.35 x 10,770.20 = 352,186.17 N-mm

339261.30359186.17

Fig. 3.0374 Bending Moment Diagram
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And B.M, at point of application of load = 380,000 N-mm

Now equating this bending moment with that given by the

expression

Moce SELATree gives

= 380,000

$80,000 x 2x 120x lz ‘
eee

Bo $50 x 120 x 0.0000TTL 17.85 ~ 52s568.65 N/mm

= 31,600 N/mn*

3,03.7.1 Discussion of Results of Experiment to determine

the coefficient of linear Thermal Expansion and the

Modulus of Elasticity

Experiment (V)

Stresses induced by Thermal Effects in a continuous

beam,

The results give a value of Coefficient of Linear

Expansion, % = 0,00000771 per 1°C, This value of X is considered

to be slightly on the low side when compared to the values of

Xe * 0,000012 per 1°C for concrete and o&, = 0.000010 per 1%

for steel,

The results of determination of Modulus of Elasticity

give the value of & = 31,600 N/mm? This value of E is considered

satisfactory and compares favourably with the value of

& = 34,000 N/mm* obtained in experiment (IV). The small

discrepancy is attributed to different levels of experimental

errors in the two cases, Thermal experiments, being more

difficult to monitor and perform, can be assumed to have

greater errors,
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PTER FOUR

4.00 REVIEW OF THE PRINCIPLES OF TIle FORCE-DISPLACEMENT METIIOD AS

APPLIED TO THE EFFECT OF TEMPERATURE ON STRUCTURES

4.01 Assumptions

The analysis of thermal stresses is based on the following assumptions:—

(i) that the stresses are proportional to strains, i.e. that the

Hooke's Law applies and the method is generally "linearly

elastic" (although non-linear relationship between stresses

and strains can be taken into account).

(ii) that the deformations are generally small, so that the

equilibrium conditions can be satisfied in the original,

undeformed configuration of a structure (but large

deformations can also be taken into account and this

leads to non-linear matrices).

(iii) that the materials are homogeneous, isotropic and uncracked.

(iv) that the principle of superposition is valid, i.e. that the

various effects can be considered separately in any sequence

of their action, and that these effects are additive.

(v) that the action of loads or effects is static and independent

of time.

The first assumption implies that neither the temperature

variations nor stresses are large when compared with the ultimate.

The second assumption implies that no distinction is needed

between the coordinates of a particle before and after deformation,

and that the displacement gradients are small when compared with

the sizes of members.



The third assumption implies that the material properties are

uniform throughout and that the material responds linearly and

elastically to the applied forces.

The fourth assumption implies that if there are two or more

influences acting together, their effect on stresses and defornations

can be considered as additive in any sequence of their action.

The last assumption is self-explanatory. lowever, the method

of force-displacement can be applied to non-static forces such as

dynamic, wind, waves or earthquake forces, etc.

The analysis of statically indeterminate structures require that

the following three conditions be satisfied simultaneously throughout

the structure:-

(a) the conditions of equilibrium of forces

(») the conditions of compatibility of deformations, and

(c) load-deflection characteristics of all members.

A system of linear homogeneous equations are set, expressing

the conditions of compatibility of deformations and equilibrium of

forces, from which the unknown moments and deflections are calculated

simultaneously. The load=deflection characteristics of members are

used in terms of angular linear or torsional flexibility coefficients.

4,02 Flexibility Coefficients

Before commencing the application of the method, it is

necessary to develop the expressions for angular flexibility

coefficient which will be used in setting out the conditions of

compatibility of deformations for structures in which bending

moments are the predominant forces.
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met

Fig. 4.021

In order to determine the angular flexibility coefficient, a

simply supported beam,as shown in fig. 4.021, is subjected to a unit

bending moment m= 1. The resulting angular deformations at the

ends of the beam are defined as the flexibility coefficients. These

can be calculated either from the differential equation of the

deflected line of a beam or from the Unit Load equation. The latter

is in the general form:
é
M.m.dx8 or As f ET

in which M is the bending moment at any distance x resulting from

the applied system of loading, and my is the moment at any distance x

due to the unit force or moment applied in the direction and at the

place of the required deformation.

For the case shown in fig. 4.021, M is therefore equal to Mm and

é a dx @
x f ex?

Bs EL Ter, 1+) ax 4.02.01

from which

£ 5
X= fu = apy 4.02.02

Similarly, to calculate the angle 8, a unit moment is applied at

2, which gives

e a

AB aff 1G) ax 4.02.08

from which B= fet = a 4.02.04

fi and fay are the flexibility coefficients.



4.03 Load Functions

When loads are applied to a member, the required values in this

method are the angular deformations at the ands of the beam assumed to

be simply supported. Under normal loading conditions, uniformly

distributed loads and point loads are the most commonly dealt with, and

the load functions can be shown based on the unit load method to be as

follows:-

3

Ba = & =v forr U Didieadt 4.03.01
24ET

= Me
oo WS gar ae ’

Ms for pemlt Lead 4.03.02
Ob ait (£+4)

However, for thermal stresses, the load function that would be

required would be the one that would be imposed by the effect of a linear

temperature distribution or a curvilinear temperature distribution in a

member, again assumed to be simply supported

+h

<-h

Fig 4.031 Deformations in ea beam dus to a linear temperature

distribution

When a linear or curvilinear temperature distribution is applied

to a member in the statically determinate condition as shown in fig-

4.031, 4t will cause the member to deflect upwards, and the axial



deformation of an elemant dx as well as bending deformations of the 96

external fibres are equal to:

de =_4~T ex 4.03.03
Zz

and the angular change in an element is:

de =e = on) dx 03.04de = (3) 4 4

from which

@ = f doe = X<Tk 4.03.05
= 2A

since the curvature of the beam is

Lge AO ee eT, 4.03.06
R dy BL a

from which

Rie d 4,093.07

xT

and

M =AhMEL . Z£T8 4.03.08

d 4

Equation 4.03.08 can alternatively be obtained by the force-displacement

method from:

setsM( Soe ) sho me

The deflection A at any point on the beam can be calculated by the Unit

load method, which gives

A = Stab 4.03.09
2a
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where a and b are the distances from left and right to the point

at which deflection is required.

eeIea=b=%5

XK 1h?

84 4.03.10
A max. =

It is interesting to note that where the effect of temperature

is concerned, neither 6 nor A depend on the actual stiffness of the

member, but the equivalent bending moment (constant throughout the

length of the beam) which would produce a similar curvature in a

beam, is: # X WEI

d
"

ise. it depends on the actual stiffness of the beam, but does not

depend on the length of the beam.

4.04 Application of the Force—Displacement Method to the analysis

of structures

4.04.1 Combined linear and constant temperature distribution

in_a column of a single-storey frame

The basic approach to the force-displacement method is to let the

frame deflect to its equilibrium position defined by the unknown

deflection Ao as shown in fig. 4.041

a ae do

=

eer reel. tte te
Qo met

DV

Te

>|>

of

Fig. 4.0411 Assumed bending moments and deformations diagrams

for combined linear and constant temperature

distribution in a column.
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The distribution of bending moments are assumed arbitrarily of any

form, but the rest of the procedure must closely correspond to this

assumption. A negative sign of bending moments or deflections obtained

from the solution will indicate that the original assumption was incorrect

4.04.1,.1 Sign Convention

The sign convention in this mathod is not related to the clockwise

direction or to the hogging or sagging moments. The sign convention

follows from the use of the principle of Virtual Work, so that the

displacement set should correspond to the force set, i.e. the same sign

must be used for both: if a moment is assumed positive, then the

corresponding deformation is also positive. In other words: moments

are positive if their action closes the assumed discontinuity, and

negative if it increases.

The next step is to release all the members from their continuity

at the joints so that each member becomes statically determinate and

stresses are zero. In this released configuration, all the discontinuities

between the respective members meeting at each joint are noted.

Next, statically indeterminate bending moments of such magnitude

as are necessary are re-applied so as to restors the structure to full

compatibility of deformations at all joints simultaneously. This

procedure assures that strains or deflections in the adjoining elements

will become compatible,

The setting out of the conditions of compatibility of deformations

requires a knowledge of the stress-strain or the load-deflection characteristics

of each element (see following page). The number of independent conditions

of compatibility of deformations depend on the number of members meeting

at a joint, e.g. with two members, only one such condition is required

and with three members, two independent conditions are required and so on.
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Referring to Fig.4.041, the compatibility conditions at all joints

are as follows:-

F10 me Bs ao met Be : a = +e

pease afl A Or. + &)-m& = = a ge

Fito mio he - rot! fe is S

In the above equations, ma = {% + (m2-t)L} “gs

u8

The second set of conditions which a structure must satisfy are

(7 - Te

the conditions of equilibrium of forces. This means that ell members

(and the whole structure) must be in equilibrium with the external

forces. In this case only one such condition is required which can be

written as follows:

mie - met mie + mel og
ert" a ee ea

The above five equations can now be arranged in a matrix form

and solved for the unknown bending moments and deflections,
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CHAPTER FIVE

5.00 ANALYSIS OF THERMAL STRESSES AND DEFORMATIONS OF VARIOUS STRUCTURES

5.01 THERMAL STRESSES IN CONTINUOUS BEAMS

5.01.1 Constant temperature distribution in continuous beams

ATL AT (Lite) or (y+boths)

ot ® 7 Ia
af i fe La iF Ls zm |

(a)

WT in

(b)

Fig. 5.0111 The effect of constant temperature distribution

in continuous beams

If a continuous beam, such as shown in fig. 5.0111(a) is subjected

to a constant temperature change T°C and is supported by "ideally

frictionless" bearings, then theoretically it will be free from

stresses but will extend or shorten on fall or rise of temperature by:

AL = &TL

If, on the other extreme, the beam is fully restrained at the far

ends A and D, fig. 5.0111(b), then the horizontal force exerted on the

abutments could be of the value:

Po= (&T) BA
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in which AT is the total strain

& beinn the coefficient of thermal expansion

T the temperature channe

Fie the modulus of plasticity of the material, and

A is the cross-sectinnel ares of beam.

In practice, the structural members are usually monolithic and

continunus and therefore thermal stresses can arcur even with uniform

temperature.

5.01.2 linear temperature distribution in a beam

- €
ERS. Meguiv. or M > KMET

7" <= ar Te v' a

Ce ce =

A

“x aL/2

tT 1

Fig.5.O1@l The effect nf linear temnerature distribution
 in a

simnly sunnorted beam

Since the curvature of the beam i
s:

1. de. Mm ath £ ;

Ride Br od Peat)

from which

Lf?
d xT sj

Bids 3 SP sean aREG, 3 8 s de od (ii)
°

and Meouiv. or me = “ut - = - (iti)

The value of me represents a bendino moment required to prevent the

beam from bending, or an equivalent bending moment required to produce

curvature similar to that due to change of temnerature.
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Similarly, by usinn the unit Inad method, it can be shown that tha

maximum deflection,

Zz

max 4 = Sh 2)

The above equations show that neither 8 nor 4 depend on the actual

stiffness of the member. However, the equivalent bending momant depends

on the actual stiffness of the bram, but does not depend on the length

of the beam,

It is interestino to note, however, that when the temnerature change

is curvilinear throughout the beam depth, then even a simply supported

beam is subjected to the internal stresses which are "self-equilibrating"TM.

This is, however, outside the scone of this work and will not be discussed

Fig, 5.0122 The effect of linear temnerature distribution in

a continuous beam

When statically indeterminate structures are subjected to a temperature

chanoe, stresses and deformations develop irrespective of whether the heat

flow is steady or unsteady, and whether the temperature distribution is

linear or curvilinear.
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The effect of linear temperature change on continuous structures

can be studied using the expression show in equation (ii),and the

compatibility equations can now be written at points B and C. For

a three-span beam these are:

Le xy Ll, 12
at BD Mb (gury + gay) + Me nae Sb + Oho = 35> Car + ap

Le ie _ x0 2,at C Mb Gag + Me Gis here) = @cb + @cd = (4S +=)

from which the bending moments at B and € can be calculated.

It can be seen from the above equations that the statically

indeterminate bending moments arising from temperature do not depend

on the actual spans but on their ratios L1/L2 and L1/L3 and are

directly related to the stiffness of beams EI.
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5.02 THERMAL STRESSES IN A CANTILEVER SHEAR WALL OR COLUMN

SUBJECTED TO A LINSAR TEMPERATURE DISTRIBUTION

In the analysis of thermal stresses in building frames, it is

useful and interesting to find first the deformations of a free

standing solid cantilever as shown in fig. 5.021

Mequie.

Ca) (b)

Fig. 5.021 Cantilever shear walls or columns subjected

to temperature changes

In the case of constant temperature distribution, as shown in

fig. 5.021(a), the cantilever undergoes vertical extension only and

no stresses are introduced. The vertical extension would be:

Ay = KTh

When the cantilever is subjected to a linear temperature distribution,

as shown in fig. 5.021(b), in addition to the dimensional changes @,Ax and

Ay, bending moments are also introduced. These deformations and bending

moments can be calculated by using the force-displacement method as follows:—

h Th

= (ty + gBr) = @ = “aut



Also 6 As

from above a a EI

en8 Ay - Xb

The value of bending moment m represents the bending

moment required to restrain the cantilever from bending.

The radius of curvature can be obtained from the equation (ii)

a

Ty
Ris
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‘5203 ANALYSIS OF A FIXED-END PORTAL FRAME

5.03.1 Introduction

In the analysis of statically indeterminate structures

(e.g. portal frames for lateral forces) by the conventional

flexibility method, the unknown values are forces (i.e. bending

moments or reactions). The term 'force-displacement' or

‘mixed flexibility' is used to describe the procedure in which

calculations include the unknown forces and displacements of

joints simultaneously. This approach is particularly useful

in the analysis of tall frames, shear walls and other inter—

connected structures for primary as well as for secondary

effects, such as the effect of temperature, creep and shrinkage.

The general assumptions on which the analysis is based are

those inherent in all elastic analyses, but can also be extended

beyond these limitations.

When statically indeterminate structures are subjected

to a temperature change, stresses and deformations develop

irrespective of whether the heat flow is steady or unsteady,

and whether the temperature is constant, linear or curvilinear.

In the following analyses, these stresses and deformations are

determined for various framed structures based on the concept

of the force-displacement method. As a first example a simple

portal frame is analysed.
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“ANALYSIS OF A FIXED-END PORTAL FRAME

5.03.2 Constant temperature distribution in the beam

»% 44

i, aoe ae
2 3

1 \ 4
i

r .

Fig. 5.0321 The effect of constant temperature distribution

-on a portal frame beam

For a symmetrical frame, the compatibility of deformations

joints (1) and (2) gives’

h eae

mt2(sera) > *2"Ceere) = ah

h h h 4-mt2(e2) + m2i (Se + Jeb) = oh

in which A= &XTL

from eqns. F.1 and F.2

Ic Ib )

oh + 2b
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age Th
a

ang: 02) Sr van E TE

where ne tb/le

Numerical Example: Numerical examples are used to assess the magnitude of

A forces and displacements arising from changes of

temperature.

In this numerical exemple, e frame of the following dimensions and properties

is analysed. (Dower - = ¢& Sy i as

Les

3

[o-Sornen

b= 28x10 Knee X @ T = 20%.

X= 0.00007 per °c

30a wim x Goo men

T= 20 °C

Ie = Ib = 0.3 x 0.6°/12
= 0.0054 m°

d = 0.6m

A = 0.3 x 0.6 = 0.18m-

Fig.5.0522 .—Example frame showing member sizes and

bending moments

Substituting the numerical values into sqns. (F.1) and (F.2) oives

mi2 = 2 {9.00001 x 20 x 9) 28 10° x o.0054 4 % 1
me =6 3.6 * (1x 3.642% 5)

= 36.75 KN-m

3(0.90001 x 20 9) 2n x 108 0.0054
and m21 = .

3.6 (x 3.6 +2 x 9)

10.50 KN-m

and deflec-

tion <A = (0.00001 x 20 x 9) 10° = 1.8 mn
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5,03,3 Linear temperature Gietributinn in the been

The analysis of stresses end deformations for the effects of linear and

constent temperature distributions cen be carried out simultaneously. Howaver,

thase are done separately in this work in order to demonstrate clearly the

contributions of each type of temperature distrioution.

Resuming the same bending moment diagram as in the cese of the constant

temperature distribution, shown in Fig. 5.0821, the conpatibility of

deformations at joints (1) and (2) for linear temperature distribution

gives:

F.4 m2 (age y- 721 (et)

oe -12 (gre + m2 (sere + an = Fp - 021

in which B= hci

ATL
and 621 = oa

From eqns (F.1) and (F.2)

ieee Abies le eee ib _ 2821 EIb

eae 28h A (ah + 2b) (nh + 2b)

and

SAT ae EIb
m21 = & ~ 4821) [CET ey

where n= Ib/Ie

Example

In the numerical example, the frame show in Fig, 5.0321 is now analysed

for the effect of linear temperature distribution in the beam,

Substituting the numerical values into eens. (F.1) and (F.2) gives

mi? = 2 42%.0.00061 x 20 x 9) 28 x 108 0.0054 | 6.0054
aaa 3.6 3.6 (1x 3.642 = 9)

2(0.00001 x 20 x 9) 28 x an® x Q.n054
(eseeex ts

-2.6250 KN-m



llo

J 4 _(3(4 x 0.00007_x 26 x 9} _ 4(0.09001 x 29:x 9)) 28 x 10° x

a Bas ( 3.6 2x 0.6 OKs +

nt 36.7500 KN-m

3
ead Mon (0.09004 x 20 x 9) 10 a) Oa

The neastive sign indicates that the actual bending moments are of opposite

sign to those assumed. Fic. 5,0331 below shows the resulting bending moment

diagrem for the effect of linear tempersture distribution in the beam.

o.9 mm E Sram,
“Smee.eo} [ox Boks o-9

t 36-75 KN-M T=20C 3675 Kim | a
2 Eee es mer! 3

2+ £25Kn-ie

7

4 fe as 9.0 te 4

Fig.5.0551 Bending moment diagram for the effect of linear

temperature distribution in the besm

5.03.4 Constent tennersture distribution in a column

Fig. 5.0341 Assumed bending moments for the effect of constant

temperature distribution in the colunn
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For the effect of a constant temperature distribution in one column of a

portal frame, the statically indeterminate bending moments and deflections can

be obtained by setting aut the equations of compatibility and equilibrium

as follows:—

4F.4 mgm) + marten) = - 2

F.2 mi2(eto—) + m21( bit) © a34(etes) w 2: ais Ste * Sie an) °°

A Sv2
Ess 021 (Gee) + 34 ger + Feze) - mes(geye) = & -

F.4 ma3(ate) = m3d(o—) = &; ai an) =¢

E.1-4 mi2 = m21 m43 + m34 a

A i" A

In the above equations, | 4= Th , and $v2/A = an .

Putting the above equations into matrix form gives:

1 2 3 4 Swe yy Ie

‘Pate 20 o 0 +2 m2 0

2 ox Ge + =p - on 0 - z m21 - Ae

spo | -de | Ghee to] Be] -2 [Gace oy - 22?

4} o 0 -3 +a | -t m3 Q

5 | \ 1 “4 =4 A op eon
Table: 500,01

The solution of the above matrix gives the bending moments and deflections

in the frame due to the effect of constant temperature distribution in a column.



Example

In the numerical example, the frame shown in Fig, 5.0321 is

analysed for the constant temperature distribution in the column. The resultino

bendina moments and deflections are as follows:-

2:37/8KA-m

Radban
23718 Kot

L=9.0 m4 ] 4

1

Fig. 5.0542 Actual bending moment diagram for the effect of constant

2976 Ki 4 |

temperature distribution in the column.

5.03.5 Linear temperature distribution in a column

@ portal frame column
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The effect of linear temperature distribution affecting one column in a

portal frame can be determined from the followino equations of compatibility

and equilibrium,

F.4 12 (qo y+ m21(ch-) = Bs s + 612

F.2 m2 (ce y+ m21 (gta + sn) - m34 (cee) 7 ere $2

F.3 -021 (zee=) + 34 (gee # or) & na3(ct-) 4 $1 iva

F.4 ma3 (ste) = m34 Ge) &

£614 M2 s n2l _ mS 4 n54

In the above

squations 32 os Se

and 812 = 921 = a

Example

As a numerical example, the frame shown in Fig. 5.0521 is

analysed for the linear temperature distribution in the column. The resulting

bending moments and deflections are as follows:-

mi2 52.3024 KN-m

m21 = 20,8024 KN-m

m34 12,4024 KN-m

m43 = 19.0976 KN-m

4 0.3685 mm



5.03.6 Linear temverature distribution in a column taking into

consideration the secondary effect of axial deformations

($4. fae 8n') a
Ox

are

m2

Ge- fair)wntsa | $a‘

743, —

1

Fig. 5.0361 Assumed stresses due to linear temperature distribution

in a portal frame colum including the effect of axial

deformations

The effect of axial deformations in the analysis of thermal stresses is not

usually very high. However, if the problem warrants it, these can be taken

into account as follows:-

Denoting &v2 = st

Th
12 = 621 = SF

' m23_ + m32 h N12
$n = Shi = SS a AEA a h

The equations of comnatibility of deformations and equilibrium of forces

for this case become:

h h A2xFa mi2(ser=) + m21 (aera) ==

or 2r1 mi? + r1 mi + RAr%x b= SE

+ 612



F.2

or

or

C.23

or

E.2x

or

E.2y

or

E.3x

or

€.3y

or
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h h L : A2x Sv2 | S&na$tn
wi2(eere) + 21 (sere + gers) ~ 54(geqg) = > + 821 - om - Se

Fimt2 + 2(rt +14 P) m2t - (1 - 2p) m3 - R Ar b= sc(4 - 4)

l L h h Asx _Sv2 ént dn
“m2Gere) + TM92(seqp + Gere) - TM3Geqe) @ Re > A

7-(1-2P) m21 + 2(r1 + 1 +P) m34 - r1m43 - R ABx ~ =- =

B a xfl h
ma3(sere) ~ m34(sezz)

re2r1 m43 - ri m34-RA3x > =0

XTh

2

N12 112~ (8v2 + &n) = eee

N34 134
{(-. ——

Sn! = asa E5a
r&! - N34 534 = 0

N23 123
A2x - A3x = AQ3 E23

tr 42x - r 43x - N23 523 = 0

mi2 - m21 = N23

m12 - m21 = h N23 u °

m2i_+ m34

&

m21 + m34 = L N12

= N12

a °

m34 + m43

h

m34 + m43 - h N23

= N23

a °

m34 + m24

L

m34 + m21 - L N34

= N34

a °
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Li2 An En L34 An En, L223 | An En

SN? aap Ei? met «Sa Esa TA hie Ra oe tn

h Ib
in which ri = T Te

re ee where An, En and Ln are oronerties of any member

6EIb

Bee Tee

XC= The Tb
c

6hIb

Pie aie

Based on the above equations, a general overall matrix can now be set out

as shown in Table 500,02.

LORD VectoR

rt 3 c/d

° rXTh/2

Tt

2(r14+14P) 3e(G - D

1

2(r1+1+P) -3 c/d

1

4

10

"1

Table 500,02 General matrix for a single storey portal frama for the

effect of linear temperature distribution in a column taking

into consideration the secondary effect of axial deformations.



boa>

VECTeR

2 0.4 ° ° o 560,000 201.60

iF o |2.801778] o |-28,000 ° -0.99822 56.448

4 ° ° -1 560,000 °o -560,000)

5 o -1 3.6) ° °

6 -9 4 4 °o o

7 -0,99827 2.801778] -28, 000) °

8 3. 6 + ° °

9 41 mq o °

0 -0.4 |-28,000, ©

n ° ° 60,000

Table 500.03 Numerical matrix for a single storey portal frame for t
he

effect of linear temperature distribution in a
 col

into consideration the seconder

Example

In the numerical exemple, the fri

umn taking

y effect of axial deformations.

ame shown in fio. 5.0321 is analysed

for the effect of linear temperature distribution in a column
 taking into consi-

deration the secondary effect of axial deformation
s.

Before a numerical matrix can be set ou
t,

following parameters?-~

it is necessary to work out the

mate We = 3S. Dettee = On

rr. nf 2 Beth x 28 x 10° = 56 x 10° KN/m

ine Es 6x28 x 10° x 0.0088 44200 KN

ai = 11200 x <= = 2A000 KN
h 3.6

C = AKTheIb _ 0.90001 _x on x 3.6 x 28 x 198 x 0.0054 = 12.096 KN-m2
9



3 3.x 12.996
Re gt ee 8 KNa * 0.6 = 60.48 KN-m

EN SM 1 1
—-—) = —— ~ =) = 56.44 i3c(S D = 3 x 12.096 Gaae 3) = 56.448 KN-m

a = -3x 122096 © 4.052 KNem

cts = 56 x a4 x 20 x 0.00901 x a = 201.60 KN

6hIb _ 6 x 3.6 x 0.0054 _ 6
P= ie = ae ea 0.000888R89m

0-379 mer. OBIS mem

4F als
12-2950 kej-vg

+ 3574 mm
22 +B750 tenon

2+ 002635 mntee ee eee { huh

86375 ken a

Te 2% ei

-
*

Dom

ei)

Fig..5.0362 Diagram showing stresses due to the effect of linear

temperature distribution in a column including the

effect of axial deformations

5.03.7 DISCUSSION OF RESULTS OF CONSTANT TEMPERATURE AND LINEAR TEMPERATURE

OISTRIBUTIONS IN THE ROOF BEAM AND COLUMN OF A PORTAL FRAME

An inspection of the results of sections 5.03.2 and 5.03.3 show that the

bending moments in all the members of section 5.03.3 are of Cpposite sign to

those of section 5,03,2 i.e. they have been reversed. in section 5.03.2 tension

occurs at the top or outside fibres of the beam. in the colums, the top portion

of the column has tension on the outside while the bottom portion has tension on

the inside. In section 5.03.3 the reverse take place, It is interesting to

note that for the same maximum temperature rise, the maximm bending moment is

of the same magnitude in either case, althouch it does not occur at the same

location.
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In mast nractiral cases of temperature rises in structural members, the

initial rise can be of linear or curvilinear form. As the temnerature rises,

the distribution will tend towards a combination of constant plus linear or

curvilinear. This raises the possibility that a daily reversal of stresses

takes place. Further, during this reversal process, two distinct stages could

occur in which (1) the bending moment at the joint between the column and

the beam may become zero and (2) the bending moment at the base of the

column may be zero.

These two stages can be represented diagrammatically as follows:-

weye ces eccees coe eens cccces fh woe cee’

es

Fig. 5.0371 Special Stage (1)

Assumed bending moment diagrams due

to the effects of constant and linear temperature

distributions in the beam of a portal frame.

oe bending moment diagram for constant

temperature distribution

eeeeeeees bending moment diagram die Ainaab

temperature distribution

bending moment diagram for a special

Stage (1) of combined constant and

linear distributions when bendina moment

in beam becomes zero.
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Now A2x = 43x symmetrical frame

and 2A = KT + X(12-11)5

x TIL L
= 2 + “XT2 3

. ATIL i
= atoe BQN c= Se 4 OTe

now writing the equations of compatibility of deformations

h h A2x

Est mi2sete ~ "2"GeTo =

h h tL A2x i
F.2 -TM12eere + m21 (sere + Zero) == - 823 where 823 = «(T2-11) 55

when m21 = 0

h Tit XT2L
F.1 becomes mito = Saree

xTIL XT2L (-2t TIL )

and

I; h
F.2 becomes omer ae Sap

2d 2d

From these equations it can be shown that

Ti _ 4h - 3d

72 ~ Gh + 3d :

For a numerical problem as before i.e. L = 9m 3; h = 3.6m 3 d = 0.6m

M= Goeer ax ue.

i.e.

T1 = 0.77777 ‘12

and if T2 = 20°C

T1 = 15.55555 °ca

With the above values of T1 and T2 the bending moment diagrams of constant and

linear portions of the temnerature distributions and also the combined

distributions become as shown below in fio, 5.0372.

BMT kn-m



Pex = 0: B00me0

e
e

\

—_—

peer: a
=

/

/

28-000 knw 4

Fig. 5.0372 (ce)

”

Special Stege (1), actual bendino moment diagram for a constant and

121

linear temperature distributions when bending moment in the beam becomes

zero.

Stage (2) When B.M. at base of columns become zero

Fig.5,0373 Special Stage (2), assumed bending moment diagram for a

constant and linear temperature distributions when bending

moments at the base of the columns become zero.

When mi2=0

h A2x
F.1 becomes -m2 TS =; and

h L A2x
F.2 becomes m21 (Sey) + m21 (ser) = =p" =,.628

It can now be shown that

T1 _ 3Ibhd + 3Icld - 2IbW
72 ~ [3Ibhd - 3icld - 21b>
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For the same numerical pro
blem

11 = 0.066666 2

han. ¥2 = 2086

T1 = 0.066666 x 20 = 4.33333 °C

With the above values of T1 and T2 the bending mome
nt diagrams of constant

of the temperature distributions and elso
 the combined

n fig. 5.0374.
and linear portions

distributions now become as shown
 below i

2-700 Ketwory 
(ion) 2 #7 .

Jeo en

+
aneneee

(a) (bo) *

(c)

Fig.5.0374

bending moment diagram for a con
stant

Special stace (2), actual

and linear temperature distributions when ben
ding moments at base

of columns become zer
o.

The above tuo stages could occur everyday and s
ometimes on several

ame day and may explain several pheno
mena:—

occasions during the 
s
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(a) The reasons why cracks occur at certain odd locations in

a structure which up to now have had no explanation.

(b) Why some cracks are known to have been observed at some

instant and then disappear a short period later even though

the temperature does not appear to have altered.

From the bending moment diagrams, tension first occurs on the inside

of the structure (mainly due to linear distribution), and if severe,

resulting in cracks. The cracks on the columns may not he visible, due

to the large gravity forces opposing and cancelling the tensile forces.

However, the cracks on the underside of the beams should most likely be

visible as the gravity forces will increase tensile stresses at the centre

of the span. In many cases these cracks are also not noticeable as they

are overhead and very often screened from sight by ceilings.

As more and more heat is absorbed by the structure, the tension

reverses to the top surface of the beam. These are the cracks usually

noticed,and also cause the greatest damage due to the penetration of

rainwater causing corrosion of the reinforcement and spalling of concrete.

The bending diagrams of sections 5.034 and 5.035 exhibit similar

behaviour as sections 5.03.2 and 5.03.3, i.e. as temperature in the

column changes from one form to the other, the bending moments reverse

signs at all points. During the transition period from one forn of

temperature to the other, it will pass through 4 distinct stages e.g.

(i) bending moment at base of column one becomes zero, (ii) bending

moment at base of column two becomes zero, (iii) bending moment at top

of column one becomes zero, and (iv) bending moment at top of column

two becomes zero.

It is also interesting to note that if the source of heat is at 45°

to the structure e.g. sun shining at 45°, thermal effects can occur

simultaneously in the roof and the column. The above analysis shows that

a very large number of unusual stages can occur when one form of

temperature changes to another form.
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5.04.1 Introduction

TT

@ we « “1

Fig.5,0411 Some examples of braced frames ©

Braced frames are often used in structural steel buildings and can take

various forms, some of which are shown in fig.5,.0411, The main functions of

bracings ere (i) to increase the lateral stiffness of a structure and reduce

the deflections and (ii) to reduce the bending moments in the columns. Such

‘ bracings in framed structures may be original feature or may bs introduced at

a late stage if it is found that the structure possesses inadequate stiffness.

A structure of this type is specially selected for analysis for the following =

reasons:~

(i) Having analysed simple portal frames in section 5.03 for the effects

of various types of temperature distributions in columns or the

beam, it is considered interesting to analyse a simple braced frame

structure, such as shown in fig5.041(a) for the same thermal effects

and to compare the resulting stresses and contributions of the

braces.



(44) By selecting s structure composed of members of different materials,

it is intended to demonstrate that these structures are no more

difficult to analyse in relation to structures wholly of same

material, and to encourage engineers to the use of composite

structures if there are distinct advantages and the situation

warrants it, and

(ii) To demonstrate how the force-displacement method can be applied :

to these types of structures.

ANALYSIS

5.04.2 Constant temperature distribution in the beam of a single-

storey braced frame

(a): Analysis using the force-displacement method

Ack Ack Asx Asx

Way

by2

Fig. 5.0421: Assumed bending moments and forces in members

Undeformed structure

Smo Deformed structure

Aox, 3x _ horizontal deflections at joints 2 & 3

A2'x, A3'x — suppressed horizontal deflections due to action

of other members

A2y, A3y — vertical deflections at joints 2 & 3
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beceuse of symmetry, A2x = A

A2'x = A3'x

Dox + A2tx = A3x + A3'x = ah.

The conditions of compatibility of deformations and equilibrium of forces

can now be written as follows?-

h h A2x

Fe mi2(gere) - 21 (Gere) = “h
mi2 m21 L

or ai) - ri) - + Ae Keo

h h L : L A2x

Ese -mi2gere) + m2\ (sere + ZeTe) * "54(GETE) = “h

or ori (Gt) + (2r1 + 3) ey -rA2x Kes0 since m21 = m4

NI2_L12

ee A2y = a7 E12

or rA2y - N12 Si2=0

N13 113

C.13 r A3x Cosa - rA3y Sinn = Riz E13

or rA2x Cos - r A2y Sink - N13 S13 =0 since A2y = A3y

N23 123
C.23 A2*x + A3'x = ADS E23

or 2r A2x + N23 $23 = rXTL since A2*tx =A3'x and

A2x + A2*x = AK + ABIx = ot

E.1x mizan2l 4 1 - 13 cosa = 0

mi2\L , pm2yb
( in ‘Fe ( c ye + 1 - N13 Cos& =0

E.ty N13 Sing - NI2=0 by inspection V1 = 0

£.2x met 4 mi? _ n23 + N24 Cos & = 0

24 4

or (hye ba (eye - N23 + N13 Cosx = 0 since N13 = N24
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h Ib Ab Eb

Inthe above equations, rt = T 2 3 r= re ae a

L12___ Ab Eb L13__AbEb

Si2=ai7e12 tb «|? «SS Arseis be?

L23__ AbEb

S23 = oaees 5b

Example As a numerical example, the braced frams shown in fio. 5.0422 is

analysed for the effect of constant tempereture distribution in

the beam.

- mo 3
i PoaeaM Ae eo cdi: :

q 3
x x f

: &
i F 3
8 Sh, TS eerve. « TSea ces eT 3

QJ

mtr

2 4
“— |

1

Fig, 5.0422 Braced frame example

Main frame : concrete

bracings : steel

£ cone = 28 x 10® KN/m2

A conc = 0.3 x 0.6 = 0.18m?

3

I cone = 0.3 x a = 0.0054 m4

Es = 200 x 10° KN/m2

Ae = 1.839 x 107? m=

T = 20°C

“ = 0.00001 per °C
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A numerical matrix is set out as shown in Table 500.04 and based on the

equations of compatibility and enuilibrium derived earlier. However, before

the matrix can be set out, it is necessary to calculate the following parameters?~

h Ib : _ AbED _ 3
maf eo. ¢ or = AER = S60 x 10° KN/m

6 Ib sy see é :kK = Gay = 0.002222 3 kp = 0.005555

12 AbEb _

Siem qagee th
$13 wt 14.7582 3 S23 =1

rOTL = 1,008 KN

The solution of the matrix shown in Table: 500.04 gives direct values

of forces, while bending moments are in terms of @) and the deflections

in terms of rA. A diagram of these values is shown in fig. 5.0423,

(b) Analysis using the stiffness method

The above framework is also analysed by the stiffness method. The application

of the stiffness method is explained in detail in text later.’ Fig.5.0423 shows

results of both the . force-displacement and the stiffness methods. The small

differences in the results can only be accounted for by the degree of errors

resulting “in the numerical analysis, and notby the differences in theoretical

formulations.
O- B644 mm

@- )

0-008042 mntUe. eter )

to-orge enna r
(et) ‘

Fig.5.0423 Actual stresses due to the effect of constant

temperature distribution in the beam



NO.

REF. JTS.
LOAD

NO. VECTOR
REF.EQNS.

-0,005556

3 C.13 0.9285 | 0.3714 0

4 E.1x Qo

5 E.tly 0 |

6 F.2 -0,005556 0

7 6.23 2 1,008

8 E.2x Q 0 ‘|
Comer cere

TABLE: 500.04 Numerical matrix for the effect of constant temperature distribution in the beam of a
breced frame.

Set
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5,04,5 _ Linear temperature distribution in the bream

Assuming the same bending diagram as in the case of the constant temperature

distribution, show in Fig. 5.0421, the equations of compatibility of deforma-

tions and equilibrium of forces can be formulated as follows:~-

A2xF.4 m12(gten) - m21 ed y=

or ar (M2) - r1(B2t) - 1 A2x “e ai

A2xF.2 tere y+ 21 (gta + a) + m2 aL

or Seite ey + Art +1. 5)(@24) - rA2x Ke =- aSiib m21 = m32 symmetry

N13 _L13
C.13 A3x Cos & - A3y Sinx = Mee

or rt A2x Cosa - r A2y Sinx - N13 S13 =0 A2x = Asx )
hoy = Aty ) symmetry

N12 L12

a ACY = Rigel? i
or r A2y - N12 S12 =

N23_L23
0.23 A2'*x + A3'*x = as eas 42'*x = A3'x symmetry

or 2r A2x + N23 $23 = a 42x = A3x symmetry

E.tx mipamt _ 1 + 013 cosx

4or ye + ed may - H1 - N13 Cos = 0

Ely N13 Sin & -N12-VI=0

but Vii =o by inspaction

Therefore N13 Sin & - N12 =0
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€.2 we = N13 Cos « = N23 N13 = N24 symmetry

mi2\b | pm24yb
—_—)— —)— - Saor Cet Ss N13 Cos & + N23 =0

In the above xTL h Ib Ab Eb TL
nae Boley NETID oe. 2 : _ MT

equations A2x + A2'*x = 3 e feey qe i here 3 893 = “5G

6Ib u13 Ab Eb . = Vig GAG LED.
K=age #7 S35 ="Gs eis- 1p OO = Aiea ce

Example

In the numerical example, the frame shown in Fig. 5.0422 is analysed

for the effect of linear temperature distribution in the beam. The following

parameters required in the matrix are first calculated:-

eh Och. “>: x e_BED AOL Kb /wi § Ke = 0.0055555 ;

3 “ER = 16.8 KN/m 3 S13 = 14.7582 3 $12=0.4 and $23=1 3

EAT 2 504 KN :

oO RAGE

— fe 36-79 kn-m
Te toc

Oo HIG rn |

=F

Bom
27SS Ken,

25.5 KN

| 3 Or. o

Fig. 5.0451 Actual stresses due to the effect of linear

temperature distribution in the beam
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5,04,4 Constant temperature distribution in a column

Asx Asx—d ag

b. Ls39.0m.

Fig. 5.0441 Assumed bending moments and forces in members due to

the effect of constant temperature distribution in a

column,

The effect of constant temperature distribution in a column of a breced

portal frame can be determined from the following equations of compatibility of

deformations and equilibrium of forces:-

A2x

ioe mi2sPre) = meer) =

or 2r1 ey - (S24) - r A2x Kt =o

A2x &v2
ee ~i2(gere) + m2NGErs + see) ~ (GEIB) = RE

Yi 4
or -r1 (412) + 2(r1 + ne) - oe ——) ~ r A2x KE +rA2zyk+rdA3y K=

h A3x §v3
Ese ~n2r (ghrp) + m34CSerE + Beye) - MEE) = HE -
or -m21 + 2(r1 + 1) m34 - r1 m43 - 7 A3x KE + rA2y Kk +rd3y K=o

h A3x
F.4 43 (tem y- m34(Eer5) =

or art (AES - r1(S4) - rA3x Ke =o

ty. N12 112

ce Arty = a47 E12

or vr A2y + N12 $12 = r&Th



C.34

or

C.13

or

C.24

or

C.23

or

or

£.2x

or

E.2y

or

E.3x

or

€.3y

or

E.4x«

or

m21_ + m34

134

N34 L34

ASy = Aaa E34

r A3y - N34 S34 = 0

N13 013

A13 £13

r 43x Cos & - r Ady Sine’ - N13 S13-= 0

A3x Cosx - A3y Sink =

N24 124
- A2x Cos K +A2y Sink = Raa ESA

~rA2x Cosx + rA2y Sin® - N24 S24 =0

N23 _L23

A23 S23

r A2x - r A3x - N23 S23 = 0

A2x - A3x =

eu eet at - N13 Cos «

(2 yk + De H1 +.N13 Cos « = 0

m21_+ m12
+ N23 - N24 CosoK =o

a a(AYE + Eye + 123 - 124 Cos x

+ N12 - N24 Sin& =o

(SAL)E + Beek N12 - N24 Sin& =o

meh + m8S _ 23 + N13 Cos & = 0

ye + (Syk - N23 + N13 Cos « = 0

wat - N34 4+ N13 Sin =o

(HE + (tye N34 + N13 Sino = 0

3mes a Sh + Ha - N28 Cos X=o

4
Sb + ey + H4 - N24 CosxK=0
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In the above

equations A2y +A2ty = &TL

7 AN ne gee mebweD
“ite ach

6 Ib
Kea gf Sv2 = Sv3 = A2y + Ady

12 Ab Eb | _ __L3y Ab_Eb

S12 =aaeie te te Ga eda

13 Ab Eb _ 124 Ab Eb

eS i ese Eo i) 524 Scapnceaa: Ub

ae 23 Ab Eb

Aas E2s<> Lb

Example

In the numerical example, the frame shown in Fig. 5.0422 is analysed

for the effect of constant temperature distribution in a column, The numerical

parameters required for setting up the matrix are:-

alrt = 0.4 3 r = 560 x 10° KN/m ; KE = 0.0055555
ow

TOkTH = 40320KN 3 K = 0.002222

$12 = 0.4 3 S34=0.4 3 $13 = 14.7582

S24 = 14.7582 3 S23 = 1

O-1S1S mnt

| P= ) ue

16408 N-o

(642) FT348 KN-»

0-7 (83 ba me (735 )
7183) 2 —_——

= Sogn
yy A503 )

te &

we (geek N
Ts 2o%

v

73364336)

3:783 kn-1m Hy = 4-620 KW 3-453 KN-mt fs 4. Cake!
(3-721) 1 (4-e2 ) ae) ~

Ls 9.0m

1

Fig. 5.0442 Actual stresses due to the effect of constant

temperature distribution in a column



-0.005556

403.7

ae c.13 “14.7582 0.9285 | -0.3714 0

_ 0.9285 e

H u8 | ree 0 0.005556} 0.002222 0.002222 0

T6 | c.2a -14.7582| -0.9285 O

7 |. c.23 9 0
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§.04,5 Linear temperature distribution in | column

of linear temperature distribution in a colum

The effect of linear temperature distribution in a colymn of a braced

frame can be determined from the following equations of compatibility of

deformations and equilibrium of forces:-

A2xF512 m2 (Berm ) + m24 (B=) = mine fet?

wiz) oe xb 3c
or 2G ri(——) + r A2x K. aoe

L A2x v2
i? meer ) + m2 (sire + sepp) - m34(gErp) = FEE + Ge

or rt (BZ) 4 2¢et + 1) 2) - BY) ~ raw ee + Ary K + rd3y K = SE

h h A3x _§v3

ES m2 (ger) + ms4(serg + Sere) - TMS(geye) = EH -
3or aah =<) + 2(r1 + 1) (AS) - r1(TM3) - rA3x Ke +rA2yk+rA3y K=o

h A3xF.4 nas (qo )- m34(<e72) 2

or ?r a(R) - 1123) - r A3x Ksie =o



or

C.13

or

C.23

or

C.24

or

C.34

or

or

E.2x

or

E.2y

or

E.3x

or

E.3y

or

or

mi2 - m21

m34 + m?1

ma3_+ m34

N12 L142
-

A2"y = air eT2

1 A2y +12 $12 = 4h

N13 L413
- A3x Cosx+ Ady Sino= ais ETS

-r A3x Cos%+ r A3y Sink - N13 S13 =0

N23_L23

A23 E23

vr A2x - r A3x - N23 S23 = 0

A2x -A3x =

N24 24
- A2x CosXx+ A2y Sink = aor Ese

-r A2x CosX+ r A2y Sin&- N24 524 =0

_ N34 134

= "A3a E34

r A3y - N34 S34 =0

Asy

- H1 + N13 Cos&=0

,

(ay - AYE - 1 + 13 cosa = 0
L 5

m24 = m2 _ 424 Cos &+N23 = 0

(made . eye = N24 Cos H+ N23=0

elite. N12 - N24 Sin X= 0

ante i Cee - N12 - N24 Sin w= 0

m34 2 m3 _ 23 - N13 Cos & = 0

(eBay 5 eee - N23 - N13 Cos & =

- N34 - N13 Sin & =o

CE + CS L
A L fp 7 N34 = NI3 Sin o¢

- N24 Cos & - H4=0

4

Ek + (Enza Cos K - H4 = 0

a o
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In the above

equations A2y +A2ty = 4KTh

salina 10 W7t" ba, ADVE

aes bee EO

«= oe + S2= Sv3= Ary +Ary

L12__ | Ab Eb L13__ | Ab Eb

SI%= Giana) te. AIS EIS. tb.

L23_ | ADEb __ 124 | Ab Eb

S23 = as pos “tp. «6° «824 = Aas Es ° “Cb

L34__ | Ab Eb

SoM 2 jaa esa 08

CTETbh

Gene

Example

In the numerical example, the frame shown in Fig. 5.0422 is analysed

for the effect of linsar temperature distribution in a column. The numericel

velues required for setting up the matrix are:-

rl = 0.4 r= 560 x 10° KN/m ; KE = 0.0055555 é

EeCTH _ 201.6KN ; K = 0.0022222 ; 2© = 6.72 KN
2 at

S12 = 0.4 ; 513 = 14.7582 ; $23 = 1.0

$24 = 14.7582 ; S34 = 0.4

OIE writ O15 mm

—| [(o-1971) : | kote")

bask

O35 76mm Pe ett Gases 0-003153 mM
(0°3624) 2 ee 3

J 061KN

Mes 140 know t (rosea) —
cei) s tis
Te 20%

F

afa4 , ~

ft S392)

, }e
Ms 4c20e7Kn J Gamay 4 ee

(4-62)

Pig. 5.0452 Actual stresses due to the effect of linear

temperature distribution in a column



EQN.

0.005556

Loan j

vector |
|

“4

|

2 ane 201.6 |

3 ers -14.7582 -0.9288 0 |

4 0.9285 Qo

5 0 -0.005556 | 0.0022224 0.002222 6.72 |
6 C.2y -14,7582 |-0.9285 0.3714 0

7 C23 8 1 0 |

8 E.2x - 0.9285 | 0 0 |

9 E.2y - 0.3714 |

10 F.3 “0 .005556) 0.002222 §

4 0.34

12 E.3x |
13 E.3y

0.005556

Numerical matrix for the effect of Linear Temperature distribution in the column of a braced frame

OVT
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5.04.6 Discussion of results of analysis of braced frames

The results of constant temperature distribution in a beam

of the braced frame show a small reduction in the bending moments,

when compared to the bending moments in the unbraced portal frame.

However, the displacements of the braced frame are oaevenle about

half of those of the unbraced frame.

The results of linear temperature distribution in a beam of

the braced frame show very similar behaviour to that, due to the

constant temperature distribution in the beam.

The results of constant and linear temperature distribution

in a column of a braced frame also exhibit clearly that displace—

ments can be drastically reduced in relation to those in the

unbraced: frames. In this respect there is also a significant

change in the form of bending moments, i-ee. the bending moments

at the top of the column are reduced, while those at the bottom

increased slightly.

As the frames are identical in both cases, with the exception

of the braces, and undergo identical thermal effects, it can be

concluded that the braces reduce the deflections (i.e. the stiffness

of the structure is increased) significantly. This property of the

braces is extremely useful in the design of multi-storey frames.

Although the contribution of braces to the resulting stresses is

not conclusive, in the case of multi-storey frames braces are

often used to reduce bending moments in columns due to lateral

forces, such as the effect of wind and earthquakes.

The analysis also demonstrates that braces of different

material from that of the frame can be used without any problems,

in fact, it is usually advantageous due to the nature of stresses

in these members. For example, steel braces are often used in
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conjunction with either concrete or timber frames.

These examples further demonstrate the use of the force—

displacement method. Whether members are of the same material

or otherwise, the method is equally simple to apply.



§,05 ANALYSIS OF MULTI-STOREY SHEAR WALL FRAMES

5.05.1 The effect of constant temperature distribution in a roof beam

(a) Analysis using the force-displacement method

’fox’ Aox Pe ee rare

ar\ yf

|
14, SS | Is"
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‘oe
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5 A |5’

é PG {

Le o-4Gosm

Fig. 5.0511 The effect of constant temmerature distribution in roof

beam showing reference bending moments assumed in the

setting up of a matrix.
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Notes This analysis includes the effect of axial deformations of

all beams, but excludes the axial deformations of columns,

as these are negligible for this case.

Denoting Sox, Aix, --- , Ao'x, Al'x, --- etc. horizontal displacements at

levels oo’, 11", --- etc.

Box', Aix', ---, Ao'x', Al'x', --- etc. suppressed horizontal dis-

placements at levels oot, 11', etc.

dox + Aox' + Ao'x +40'x! = ATL

Referring to Fig.5.0511 the conditions of compatibility of deformations and

equilibrium of forces can be written as follows:-

(1) Conditions of Compatibility: 24 conditions of compatibility

relating bending moments and displacements at the 12 joints of

the frame can be written as follows:-

h h : Aox - Aix

E3008 nol (sere + Beret) ~ "'° Geter + TM°''" Get = A
or 2(r141) (24) - r1(H2) + Ce oe ————ee) = rAox a +r Aix = =o

h h h h Aox-Aix Aix-(-A2x)

UM omot(gereg) + Mo(erey) + mI 2CseT op) - M21 GeTSp) = SE -

or -r1 (B24) + 2r1 (M12) + 2r 1(412) - ri (2h) - rhox a + 2rA1x Be + PAZ o

' . ok New! K, leasF.211 -n21 (et) + 912 (qo ae (mio m12) (Erp) (mio! mi'2') (Gere)

Aix = (-A2x
- ¢ 7 )

ae r1(@2t) ~ 2(rt + 1)() + 2(mt2) ry

or ~r2 (Stet on ae) 2(r2+1) (2 — a em) ey ~ rot 2b + rAi'x ch =o



Fso*e2°

or

Fe2rttt

or

Similarly

F.123

F.322'

F.234

F.433°

F.345

F.544!°
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h Ao'x-At'x — At'x-(-A2'x)
groin ia) nto ‘ee Q) + mt'2" Gere) = A 4 h
-m2t “(nerles ry oi

iy

wr2(PO) + ar2(Btety + ara(@h2y ~ ro GB) - paar

+ 2r Attx 24 rA2tx Ba o

21° : s x 2m2"1 Gar ts) + mitt gs) (mito! - mit2t GER) (mio - m12) s—— wie

Aitx - (-A2'*x \
= - Alin (ober),

roy ~ 2(r2 + 1A E) ¢ octet) 4 Ate) ~ (EZ) ~ ratty BE
£

- rh2'x Bb 9

r1(212) - art (et) - art (B23) + 71 (S32 - rat eee - rA2x = - rA3x fh 0
L

=r (32) + (eter) (@28) - 22 - 2) G2) y cage Bh

+ rA3x a =O

-r1 (S28) 4 2r1 (22) + 2r 1B) - 1143) + rh2x oe + 2rA3x oh

+ rd4x a = 0

21 GES) ~ 2¢rtat) EB) + 288) + EA) - GEL) ~ asx

- rA4x a =o

id1A) - 2r 128) - 2r 12) + 21 (234) = rh3x BE ~ orddy BE
h

- rasx SE =o

-r1 (4) + 2(ri+1) (HS) - 2(esy - ay a ee) + rhdxeh



F.655!

F.65

Fett2t5?

F.S'2'2

F.2tgrat

Featsts

F.St4est

F.5'4t4

F.4'st6

F.6'S'5

F.S'6*

ri (Ee) -2(r 141) (ES) + 2(PB4y 4 Ges) - (8) - risx 2b =

21(8) = 2r ro) - Asx Pao

r2(B 2) ~ ae2(PNy ~ neo BBS) ¢ ro(@B2Y) _ nan BL - renee o

- rA3"x a, o

~r2(PR2) + 2(r241) (AS) - 2) . ey, CPS) + raat Ob.

+ rA3'x BE =O
A

-r2 (Se ad y+ 2r2(8e ea ) + 2r (a ) - r2(aes ) + rA2"x Bee 2rA3'"x

+ rh4tyx fe =o.

2B) ~ 2(r2e1) (PSA) + (A524) 4 (AB) _ (ABM) - agry ab

- rA4'x a =o

r2( = A’) - 2r2 ca By - 2no(@AeBy 4 ro@Btdty < easix BL. aenarxL L h

~ rAS'x a °
h

=r2(Be) y 2(r2e1) GES) - 2@eiS') _ BS) + FB) + raat
h

+ rA5'x oh moO

2 Gt) + 2r2 cee AY) + 2r2 (ey # r2(BS'8*) + rbdx BE

+ 205! EE 2 o

r2(POPB*) ~ 2(nz41) (BES) 4 2(MStA'y y Cc) - (a8) - ra5'x ao

r2(BSe6') 2r 2 = (=) - rA5'x oe °

446,

For the determination of axial forces in the beams, further 6 conditions

of compatibility of deformations relating to axial forces in the beams are

required and these ere as follows:-

al
h
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Noo! Loot
, =Coo Sox* +Ao'x? Acat Cont

or rhox + rdo'x + Noo' Soo! = rXTL since Aox* +A0'x" =ATL ~Aox -Ao'x

Similerly

ort" rAix + rAi'x - N11 S11" =o

€22* rd2x + r42'*x - N22 $22' = 0

c33' rA3x + rA3*x - N33" $33" = o

C44! rA4x + rd4'x - N44" S44" = o

css5¢ r4Sx + ra5'x - N5S' S55" = o

(41) Conditions of Equilibrium: The 12 required conditions of

; equilibrium can either all be written at the joints or some

at joints and some at levels through the frame. In order

to demonstrate the procedure, the latter approach is followed

here. The 6 conditions of equilibrium at joints on left hand

side of frame are as follous:-

mol + mio
E.ox = Noo!

or mol + mio + = oe PB pox +t “ DB Ao'x = TEXAD h ‘

where Noo! = (TL - Aox - Ao'x) aaa

E.1x a2 # HEM + (Ee ~ =) =n \

or m21 + mi2 + mlo = Mo1 - hN11' =o

Similarly

E.2x m32 + m23 + m21 + m12 - h N22' 2 o

E.3x m43 + m34 + m32 + m23 - h N33! =o

E.4x mS4 + m45 + m43 + m34 - h N44! = o

£.5x m65 + m56 + m54 + m45 - h NSS? = o
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Further 6 conditions of equilibrium at levels through the frame are as

follows:

qt tot
E.oo! a st 18) as ec A = ° hd

qe tor tot qeea! {a2 a) ; ate + el)} - (a2 4 os 2 y+ at 2 a * sf st

1 4 3198 tat 48 toe£.22! (asennad) , + n12)} _ {a 2 mzis') , a <n 2} 29

4 34 352 493t gt 3828 30

a I

wat st ome wae

e.aat (cash seas) , mas msy) _ (easter eats) , esi esl} oo

5 54 4 15e St6t Stat 4158€.55! {(asS 2058) , (fl ents) _ {ees em Sy ,@ +f S)) .

h Ib h Ib
In the above equations, ri = Tet ; ee Tier

_ ABE a

Br ene : Ab L=

Litt Ab Eb | L22' , Ab Eb

SH Sens ba fee. Reet ieeen cle,

L33"_ , Ab Eb i La4' | Ab Eb

S35! aas0 Esa" Lb en” TM naatneaans ale

pees meee eee Ab Eb

A5s' €55' Lb

Example

In the numerical example, a frame of the following dimensions and properties

as shown in fig. 5.0511 is analysed:-

L = Lb = 0.405m; h = 0.30m

Large column SOmm x 120mm; Small column 50mm x 60mm

All beams 50mm x 40mm;

\\
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Act = 0.05 x 0.12 = 0.006m*; Ac2 = 0.05 x 0.06 = 0.003m~

Ab

ol = 0.05 x 0.12°/12 = 7.2 x 10°°m*; 12 = 0.05 x 0062/12 = 9 x 107%m

Ib 0.05 x 0.04°/12 = 2.66667 x 107’m

0.05 x 0.04 = 0.002n"

4

4

9,T = 20% 3; & = 0.00001 per °c

m a 21 x 10° KN /m?

The following parameters required in the matrix are first calculated:-

7
h, Ib _ 0.3 2.66667 x 10

roe Be Rn OR, 2.86867 x I § o.n27aseaa

h Ib 0.3 2.66667 x 107”
B28 tg ete, 2280887 x 10g, 219476074

L Te2 * 0.405 sia

Ab E 0,002 x 21 x 10°
poe ARE O00F ZIAD. 103703.7037 KN/a

6 Ib 6 x 2.66667 x 107”
Po WB = 0.002 x o.a0s2 = *%9-00487731

we, 103703.7037 x _0,00487731 x 0.405 _ geo goorag

A 0.3

reTL = 103703.7037 x 0.00001 x 20 x 0.405 = 8.40

ATEADH = 0.00001 x 20 x 21 x 10° x 0,002 x 0.3 = 2.520

Ab Eh _

.

6

BeOO2 BT AO O28 _ sasttetaty

The conditions of compatibility of deformations and equilibrium of forces

derived above can now be formulated into matrix form as shown in Table: 500.08,

and introducing the above numerical parameters into the genaral matrix, the

numerical matrix shown in Table:500.09 is obtained. The solution of this
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matrix oives the bending moments in all members, deflections at all joints and

axial forces in the beams. Shearing forces can be obtained from the conditions

of static equilibrium. The results are shown in fio. 5.0514.

(b) Analysis using the stiffness method

A two-dimensional stiffness programme written in the Basic Lanquage

was develoned for use on a Hewlett-Packard Model 9830 Computer. The programme

was written for the action of conventional forces on a structure and the

effect of temperature was superimposed as explained in text below (it is not

considered necessary to show the formulations of the stiffness programme, as the

method ie now well . developed and many text books are now available showing

full formulations).

The effect of temperature in any member is to make it expand by the

amount OTL, where is the coefficient of thermal exnansion, T is the temnerature

rise and L is the initial length of the member. However, in indeterminate

structures, free and unobstructed expansion is not possible. This results in

forcesbeing exerted on connectina members by the expanding member. This force

then is the basic cause of stresses in all nther members. The foree is exerted

equally in both directions alnno the axis of the member being heated and can be

calculated as follows:-

Assume that a heated member is fully restrained from expanding

Fig. 5.0512

The force required tn stop the member from expanding can ba Pound

from the strase/strain relationshin as follows:-
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Stress
t feYoung's Modulus, £ = SErain

L/A
i.e. E= Age (1)

where P = force exerted

A = area of cross-section of member

e = extension of member, and

L = initial length of member

but

substituting into equ. (1) and re-arranging gives

) e CTL ERT “(note that P is independent of L)

In order to determine the effect of constant temperature distribution in

the roof beam of the 6-storey frame, equal and opposite forces of magnitude P

are applied along the axis of the roof beam in the direction of the possible

expansion and the frame analysed similar to any conventional applied load by

the stiffness method. The resulting stresses and deformations are correct for

all members except the axial force in the heated roof beam. In order to obtain

the correct value of the axial force, the force obtained by the stiffness

analysis has to be superimposed by a reversed force equal in magnitude to the

originally applied force, P.

Analysing the same numerical example as was done with the force-displacement

method, the force to be applied is

P = AEXKT

0.002 x 21 x 10° x 0.00001 x 20

8.40 KN
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Fig. 5.0513 The effect of constant temperature distribution in the roof

beam analysed by the stiffness method

The results of the effect of constant temperature distribution in the

roof beam and analysed by the stiffness method are shown in fig. 5.0514,

fo
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Table: 500.09 Numerical matrix for the effect of constant temperature distribution in the roof beam of a frame shear wall.
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Deflections Bend. Mts. Bend. Mts. Def lections(uM) (KN - M) (KN - M) (at)

-5 
=5(4.34x10 D (+0.000518) T=20 ¢ (+0.00856) (+3.65x10 D5—4.6279x10 * +0.00518 ai 0.00881 +3, 3652x10

\ +0.11074 | 7 /
\ Ben on soul) ree a
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=f \ A
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I
Fig. 5.0514 Shows the results of the effect of Constant

Temperature distribution in the roof beam

Unbracketed Figures ~ - - show results by the Force—Displacement Method

Bracketed Figures ae Sha r theshow results } Stiffness Method



5.05.2 The effect of linear temperature distribution in the roof beam 156

(a) Analysis using the force-displacemant mathod

While the analysis for linear and constant temperature distributions

can be done simultaneously, here, these are carried out separately so as to show
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Fig. 5.0521 The effect of linear temperature distribution in roof beam

showing sssumed bending moments for the setting up of the matrix.
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the difference between the effects of the tuo types of temperature distributions.

The following analysis includes the effect of axial deformations of all beams,

but excludes the axial deformations of columns as these are expected to be

negligible for this case.

Denoting

4ox + Aox' + Aotx + Ao'x' ~ 20

Where Aox, Aox', .... etc. are as defined in section 5.05.1,

The conditions of compatibility of deformations and equilibrium of forces

remain identical to those derived for the constant temperature distribution,

except conditions, F,100', F.1'G'6, C.o0', and E.ox, which are modified as

follows:~

h h i Aox - Aix
' = me x 'Fedes mot (sere + 3eoT) - "10 GetaT + ott SEIb ~ 1h a

48

or 2cer41)B2t) ~ 1B) 4 MN) ~ raox SE 4 ratx BE. - SATIETB
L £ h h td

Similarly

h 2 Ao'x - Aitxtot a tot ee oFit B ie SiR" Geter me (setcx + i) 2 601 Geta = A oe
or 72a ci y+ 2(r2+1) (= — te ———) + a - rAo'x os + rAt' x oS - Seb

Noo’ Loot
' ' ty? sooC.00 Dox! +Ao'x' = hoot Foo!

or rAox + rAo'x + Noot Sos! a8

E.ox a = Noo!

or mot + mlo + finn Aox + eee i aeons

In the above equations

Ib h Ib AbE

PSeieie a ipzee nt ee

6Ib ee gee Loot —AbE

P= Woe $a80e fqn = tte e09. Rooted ato

“he
and Noo! = (2a ~ ox - Actx) ==
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By inspection of the above equations, it can be seen that only the

right hand side i.e. the load vector has changed in comparison with the

constant temperature distribution case.

The left hand side remains identical. However, the complete matrix

is shown in Table 500,10for the linear temperature distribution in the

roof beam.

Example

As a numerical example the frame of section 5.05.1 is analysed for a

linear distribution in the roof beam when Ti = 20°C, The numerical matrix

for this example is shown in Table 500,11, The results of this problem are

shown in fig..5,0524.

(b) Analysis using the stiffness mothod

When a simply supported homogeneous member is subjected to a

linear temperature distribution, axial deformations as well as bending

deformations take place. These can be calculated as shown in section

5.01.

It was shown that axial deformation of a beam,

BiowATAVE sexe Ck)

where Tav. = a

and angular change in an element

de Tiy gx
da = Fa CS) =

from unich @= ['/? gee EL) Looe... (it)
2d

and bending moment M = ETI - oedeen( isd)

It will be shown later, that this bending moment is zero, and

represents either the equivalent moment to produce the specified curvature

or a fixed-end bending moment if ends are flexurally restrained.
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When this member forms part of a structure, free and unobstructed

deformations cannot take place. This results in direct axial and bending

forces being exerted on the connecting members. In order to keep this

member in the original configuration a force *P* and a bending moment 'M*

will have to be applied as shown in fig. 5,0522,

o> — F == Ga

Fig. 5.05d2

The magnitudes of the axial force and the bending moment are as

follows:-

pe eax Oh = EAKTav

and M= a riot

Therefore, in order to find the effect of linear temperature distribution

in the roof beam of the 6-storey frame (i) squel and opposite forces of value,

P = EAXTav. are applied slong the axis of the roof beam in the diraction er

the possible expansion and (ii) bending moments of value, M = arieh are

applied at the ends of the member in the direction of the curvature i.e.

causing upward hogging as shown in fig. 5.0523.
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Fig.5.0523 The effect of linear temperature distribution in roof

beam analysed by the Stiffness Method.

The frame is now analysed by the usual stiffness method for the two

sets of forces shown in fig. 5.0523, The resulting stresses and deformations

are correct for all members except the axial force and the bending moments

in the heated roof beam itself. In order to obtain the correct values of

axial force and banding moments in this member, the axial force and bending

moments obtained by the stiffness analysis have to be superimposed by a

reversed force and bending moments i.e. of opposite sign, and both equal

in magnitude to the originally applied force and bending moments.

Analysing the same numerical example as wae done with the force-

displacement method in section 5,05,2(a), the axial force and banding moments

to be applied are
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P = AEXTay = 0.007 x 24 x 10° x O.onno1 x A= 4.2 KW
;

Ao Et ieee oo joer aca & sn eee
5 ge : 0.04

= 0.02800035 KN-m

The results of the effect of linear temperature distribution in the

roof beam and analysed by the stiffness method are shown in fig. 5,0524,



ne 162

Ean.nof1]2|/3/4|)516|7[8 19 fio 14 |20]21|22] 23124] 25126|27/28]29]30]31 [32]33[34/35]36137!38l3q [40] 41 [42] Loa>

REF. Si. Oo ea | 3 { y ss & | vector
No ee v{ wy ye eet Ty qo ee mt 7 my

TM123)N22)A 2x] 62x M32: 3% |N33/A3¥} +3 m4 si m43 INKH IAG /A4X ims: ImS&ImsciNSS| ASx|ASx!m 6S Im 6.7. Git}mo1|mo1|No0| Aox| Aox! miolm: tv] 0x l¢nat}m23lmar

1_ |Ftoo' wo ° ° ° 0.20741

2 |Froo olo °

3 Icoo +1 ° 4:20
4 |Eoo ° o
5 |Eox ° (260

G |For 
o

T |ror2

Rieu

4 leu

lolE x

u [eau

12 |F2v1

13 JF 123)

Ur FI23}

15 |C22

16 [E22

17 |E2Xx

13 |F3:

19 32)

O}F 23)

1 e234

22|C 33

33

3x

43):

43

3k.

~0.-20 741

OQ/Q}/oJ/O}/O/O}a/O OIPsol/OsoOjol/ol/aI]o ojo}|o
2

3

'

BGlolOoO;/Gl/ojo]ojoOjo o °
S

J

° Us ie Ola [O/ofOlololojojo O10 }0 Jolojo}ojo}o]o}o
°8 i olalo}a}olofolo jo P}Olo}ofO9 |919]/0]o

0 0/9 }0/0J/o}o]0 Jo Jo ]0 Jo
GY

O9}/O{Flolo}/O]o]oJlo
OSC 1Olglojlololsjo Of lol%lolololololololololo

o

°

i © fon

Table: 500.11 Numerical matrix for the effect of linear temperature distribution in the roof beam of a 6-storey frame
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General matrix for the effect of linear temperature distribution in the roof beam of a 6-storey frame
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Deflections

(a)

Bend. Mts.

(KN ~ M)

®,

5 (+0.0192004) (+1.03x107”)-3.07x10 +0.029121 =fes? oc T,=20°C +0.019068 +0.864719x10~"
‘ TP 4 a

i 1 Th 2

\ UG
be

aS (40.0155) 7 (+0.00558) ce
(-1.46x107°) +0.015995 +0.005506 (=1.47x10~")

5 mee =~=1.55434x107° 40,014078 +0.006405 -1.56703x107°
(40.0137) | (+0.00640)

ae (40.00311) \ (+c.00311) is
(~0.764x107°) +0.004489 | +0.003183 (-0.797x10°)

=5 t ate “8-0-814084x10" +0.002880 [| A H] +0.001379 —+.847432x10-”
(+0.00262) | 4 Hy} (+0.00136)

K A= | H Hj] (+0.000558) es
(-0.372x107°) \a ‘HL +0-0006008 (-0.367x10 ”)

<5 ee =!—0.396119x10” +0,0028413 | +0.0001546 -0.391377x107>
(+0.00268) l (+0.000165)

ae (+0.00201) 4 (+0.000514) “5
(=0.148x107") +0,0021451 a +0.0005407 (-0.149x10 “)

—5 
5~0.156925x107” +0.0016875 Hy +0.0000916 -~0.158501x10

(+0.00157) | (+0.0000825)

~ (+0.00140) Ht (+0.000279) x
(-0.0347x107") — +0.0014846 +0.0002939 (-0.035x10"”)

ne PTF et cere ont-0.0366376x10” +0.0012858 | +0.0001011 ~0.0370245x10
(40.00120) | (40.0000928)

(+0.00114) (40.000174)
+0.0012036 +0.0001827

Fig. 5.0524 Shows the results of the effect of Linear

yorature tribution in the roof beam

Unbracketed Pigures - show tilts hy the Poree=-Displacement Method

Bracketed Fisures “ she rt the Stiffness Method
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5.05.5 The effect of constant temperature distribution in one column

(a) Analysis using force-disnlacement method
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Fig. 5.0531 The effect of constant temperature distribution in the

column of a 6-storey Frame showing assumed bending moments

for the setting up of the matrix.
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Referring to fio. 5.0531 the conditions of compatibility of deformations

and equilibrium of forces can be written as follows:-

(a) Conditions of Compatibility

h h y t 4ox - Aix §o0!
' os é "

e308 mio geet + "21 (GGeret + erp) ~ TM'"' Gee = L
u L 6en

or ri milo + 2(r1+1) mot - mott! +R Alx = - RAox F = - =

h h h h Aox - Aix Aix ~A2x

R018 ~mot gereq - TM0 ater ~ "12 Serct - "2" Seiad = CT

or rl mol + 2rt mio + 2rt m2 + r1m21- RAKE +A AK E+ ROX Ea Oo

h h y Lt —— —s a ———= . tot or ——Fe201 m2) cercy + TM2 Serer + (m12 = m1o) REID (mi tot + mi'2 SED

(atx - A2x) _ Sit
= A ti

or rt m21 + 2(r141) m2 - 2mto - mito! ~ m1t2! + RA E - RAIx E = oe =

h h L L ox - Aix _ S00!
: as ny, e J f

cape miro? ceren + MO’! Grrcp *serp) >"? Geip oh i

or -r2 mito! + 2(r24+1) mo't! - mot + RAIx E - Rox & = OED

h h h h
tqtor on qe tot = wor qt deFeo" 1*2 mot4 Belted + mito %Elo? mit2 FEIeD + m2'1 Seic2 =

Aox - Aix Aix - A2x
ee tay Se Ade

or =-r2 mo'1'! + 2r2 mito? = 2r2 m1'2' + r2 m2'1* + 2RAIx £ - Rdox =

~ RA2x & = 0

h h L L22a Std) feces yf eceee 198 iit \oomenet cs 2 pa ae
feat M204" cers + mt'2" serey + (mit2? + mito!) sere - (m12 - mio) gerp

t (Ax =A2x) at
A L

or wr? matt" 4 2(r241) mt'2" + 2mito! ~ m12 + m10 + RA E - RAIx E = eon

Similarly

F.123 rt m12 + 2r1 m21 + 2r1 m23 + r1 m32 + RAIx . + RA3x & - 2RA2x £ =o

F.322! r1 m32 + 2(r141) m23 - 2 m21 - m2t1t ~ m2'3t + RASx & ~ RA2x & = fGen)
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F.234 rt m23 + 2r) m3? + Prt m34 + rt mas + RAM E+ RAO E - 2RASK E = 0

F.433! Pt m&3 + 2(r144) m34 - 2 m32 - M312" - m3t4! + RAdx E - RAax E = folio)

L L i
F.345 ri m34 + 2r1 m43 + 277 m45 + m54 + RA3x + RASx ap 2RA4 x =0

F.544! rt m4 4 2(r141) m5 - 2 a3 ~ mat! - mats! + ROSx E - Rbdx E = Solace)

F.456 rt m45 + 2r1 m54 4 2rt mS6 + rt MAS + ROdx & - 2RASK E = o

F.655! 1 m65 + 2(r141) mS6 - 2 m54 - mSt4t - mS'6* - RASx £ e feet

F.56 r1 m56 + 2r1 m65 + RAS = = 0

Fettanae =r2 mit2" + 2r2 m2'1' - 2r2 m2'3" + r2 m3'2" + 2RA2x - - Ratx &
L

- RA3x Rze

Fe3t212 =n? m342" + 2(r241) tS! + 2 met! - M23 4 m21 + RAKE - RAK E
pi 6c(2-n)

v

F.2t314) =p? m2tS! + Ar? m342" = 22 mSNAE + r2 MAIS! + PRAIx E ~ RA E
L

~- RAdx Azo

FAIS! =r? mAt3! + 2(r241) mBtAt + 2 mBI2" ~ mB4 + m32 + RBOx E - RAI E
* 6e(3-n)

L

F.3I415! -r2 m3! + Ar? mat3t - 2r2 mat5! + £2 m5tA" + QRAdx E - Rd E

sRASx ‘ =o

F.51414 rn? MSNA! + 2(r241) mat! + 2 mat3t - md5 + mA3 + RAS E - RAdx E
if 6c0(4-n)
a

F.4'5'6' «= -r2 m4'5* + 2r2 mS'4' - 2r2 m5'6' + r2 m6'S' + 2RdSx £ - R4dx & =o

23 6e(5-n)
F.6°5'5 -r2 m6'5' + 2(r2+1) m5'6' + 2 m5'4! - m56 + m54 - RISx = = cSte:

F.5'6! -r2 m5'6' + 2r2 m6'5' - RASx == 0sir
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(b) Conditions of Equilibrium

E.oo! al 4 a, a

E.1t (Ae - end . (ase) 7” A 5

£.22" ((ReS) = ey = Ce) GRE) es

£233! (Gee) n (2222023)) E (EAE) t (Ey not

E.44t (Geen) - (etsns4) i (eS!) a (EAA) Se

€.55! (Gems) Ca) = ee) s CAE) zh

Example

In the numerical example, the frame shown in fig. 5.0531 is

analysed for the constant temperature effect on a column. This is based

on the following numerical data:-

L = 0.405m ; h = 0.30m $ d = 0.12m

Large Column Size SOmm x 120mm ; small column size 50mm x 60mm

Size of all beams 50mm x 40mm

AC1>= 0.05x0.120 = 0.002m* 3 AC2 = 0.05x0.06 = 0.003m2

Ab = 0.05x0.04 = 0.002m"

IC1 = 0.5x0.12°42 = 7.2x107om* ; Ic2 = 0.05 x 0.0642 = 9x10"74m

Ib = 0.05 x 0.04/49 = 2.6667x107’m*

T= 20°C } X= 0.00001 per C2} E = 21 x 10° KN/m?

rt = 0,02743484

AThHEIb
C= L

3 12 = 0.21947874

= 8.2964 x 107" KN-m?
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6EIb _ 6 x 21 x 10° x 2.6667 x 10
n= SP 3 = 204,849383

aE = 204.849383 x 0.405/0.30 = 276.546667

(4) an = -6 x 8.2964 x 10°" x Saeed = - 0.07374578

(ii) Se = = 6 x 8.2964 x 107° ote = - 0.6145481

(444) oe = 6 x 8.2964 x 107° etl = -0.04916385

(iv) sont = 6 x 8.2964 x 107° sos = - 0.03687289

(v) ed = 6 x 8.2964 x 107° aed = - 0.02458193

(vi) ee = 6 x 8.2964 x 107" cat = - 0.01229096

The equations are now presented in matrix form as shown in Table

500.13 and solved. The bending moments and deflections obtained

from the solution of the abovementioned matrix are shown in fig. 5.0533,

(b) Analysis using the stiffness method

As in the case of constant temperature distribution in the

roof beam, it is only necessary to calculate, the equivalent force that

will be exerted by the heated column if it is not allowed to expand. This

force will be as follows:-

Po = EAXT

2k ix 10° x (0.05 x 0.12) 0.00001 x 20

= 25.2 KN
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Therefore, in order to find the effect of constant temperature

distribution in the column of a 6-storey frame, a force of value P is

applied along the axis of the column in the direction of the possible

expansion, and the frame analysed, similar to any conventional load,

by the stiffness method. The resulting stresses and deformations are

correct for all members except tha axial force in the heated column, In

order to obtain the correct value of the axial force, the force obtained

by the stiffness analysis has to be superimposed by a reversed force

equal in magnitude to the originally applied force, P.

Pz 25:2 KN

9.

ry Te 2o%c

,

“4

lo

Using the same numerical

example as analysed by the

force-displacement method,

the force, P = 25.2 KN is

applied as shown in fig.5.0532,

The results of the effect of

constant temperature distri-

bution in the column as

analysed by the stiffness

method are shown in fig.5,0533,

Fig. 5.0532 The effect of constant temperature distribution in a

column analysed by the stiffness method.
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Table: 500.13 Numerical matrix for the effect of constant temperature distribution in one column of a shear wall frame.
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Deflections Bend. Mts. Bend. Mts. Deflections
(Mt) (KN - M) (at) (KN - i)

(+0.015340) (+66.9540x10_-
+0.01570 +68.3199x10

(+66.8960x10_-) (+0.016880)
+68.3199x10 = +0.01 715

~ (4+0.034568
(+48.0540x10TM") +0.03

+49,0741x10° +0
(+0 1044948

+0.002349) °
+0.002888 (+48.0120x107”)

Le

+0.007608 +49.0741x10~”
{soz007001)

ee eae os
+0.003755 (+31.4460x10 -)

7.009506 +32.1245x107°
(+0.009159)

~ (4+0;0494

(+31.4500x10°”) +0

+32.1245x10" — 40.05625
(+40..055420

ee (+0.058958 (+0.005740) -5

(+17.9550x10 ") [20,06023 +0.0056138 (4+17.9496x10 ~)

+18.2433x10~° [ +0,063756 40.0090456 +18.3433x10~°
(+0.008936).

+0.064230

+0.(+8.0554x107°)

+8.2307x10 ~

5

06746

+0.066070

(+0.007075) Ls
+0.007246 (+8.0524x10 ~)

+0.009087 +8.2307x107°
(+0.008861)

+0.067010)
+06

(+0.007920) we
+0.008069 (+2.0224x10~”)

(+2.0244x107°) 7
-5+2.0685x10 +0.06931 +0.008880 +2.0685x107°

+0.067814 (+0.008702)

+0.068126 (+0.008390)

+0.069599 +0.008592

Fig. 5.0533 Shows the results of the effect of Constant

Temperature Distribution in a column

Unbracketed Figures —- - - show results by the Force—-Displacement Method

Bracketed Figures = = - show results by the Stiffness Method
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5,05.4 The effect of linear temperature distribution in one column

Analysis using the force-displacement method(a)

The analysis for the effects of linear and constant temperature

° Se of
ats

lied

; ei val! h’ lg

4

Aid:

6

2 t L 2s x =
[4 %

Ss

a
a

Ban! Az-43 ‘a
q °

‘ S3 | 1} 3 NU
++ Ss.

sc

s

&

Ls o-fosm

Fig. 5,054] The effect of linear temperature distribution in the column

of a 6-storey frame showing assumed bending moments for the

setting up of the matrix
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distributions in the column of a 6-storsy frame can be done simultaneously.

However, these are carried out separately so as to show the difference

between the effects of the two types of temperature distributions.

Using the force-displacement method, the equations of compatibility of

deformations and equilibrium of forces remain identical to those derived for

constant temperature distribution, except the load vector which is modified.

However, for clarity all the equations are shown below:-

h h L L 4ox - 41x Soo!
.100¢ 1 feta 801 -

melo? Oicreee, (eel sercy cern) Oo eere ee ek

ATIh Soo! _ Tinh
where 8o1 2d and fa OL

hmultiplying the equation by ae and introducing r1 = RB ;

h Ib 6EIb :r= L To? and R = en » equation is re-written as follows:-

r1(m1o) + 2(r1+1)(mo1) - (mo'1t) +R A1x 4B - R Aox & = 3c ¢G - e )

ATMIhEIb
where cc. ———————

uv

Pale! h 4 an h Aox - Aix _

Biot? gNOtr roy a Monet ouanM cselcTae ns GeIGT = Re ze?
- [oeteeeo + 612)

By using a similar process as for equation F.100', the above equation

can be re-written as follows:-

i iy Le Go
r1(mo1) + 2r1(mto) + 2r1(m12) + r1(m21) - 2R Aix FR + Raox 5 + RA2x Ra

Similarly

F.241% r1(m21) + 2(r1+1)(mi2) - 2(m10) - (m1"o") - (m1"2") + R A2x - -R Aix E

3c , 3¢
=a + (1-0)

t L L 6c
F.123 r1(m12) +2r1(m21) + 2r1(m23) + r1(m32) + R Atx re R 3x ns 2R A2x- ar



176

£022" r1(m32) + 2(r14+1)(m23) - 2(m21) - (m2'1") - (m2*3") + ROSE
e 3c 3c

- RA2x ea oh T(2-n)

F.234 r1(m23) + 2r1(m32) + 2r1(m34) + r1(m43) + R A2x = + RAax &
{ 6c

- 2RA3x te

£7455" r1(m43) + 2(214+1)(m34) - 2(m32) - (m3t2') - (m3'4") + RAdx &
x 3c oc

- RA3x Rica t (3-n)

F.345 r1(m34) + 2r1(m43) + 2r1(m45) + r1(m54) + RA3x & + RAS: £
i 6c

- 2R Adx Rod

F.544° r1(m54) + 2(r1+1)(k45) - 2(m43) - (m4'3") - (m4t5') + R ASx =
L 3c 3c

-R Dax = yee r(4-n)

F.456 r1(m45) + 2r1(m54) + 2r1(m56) + r1(m65) + RAdx E - 2R Asx & = Ss

F.655! r1(m65) + 2(r1+#1)(m56) - 2(m54) - (m5'4') - (m5'6') - RAS =

w 28 4 38(6 71)
L

F.56 r1(m56) + 2r1(m65) + RO5x & = <=

oe ' me ' L 1 L 3enF.10to -r2 m1'o8 + 2(r2+1) mo'1' - mol +R Al xe aR Ao!x ial< =

Forte -r2 mo'1" + 2r2 mi'ot - 2r2 mi'2' + r2 m2'1" + 2k Ate -R dotx +

- RAKES 0

Piety =r2 m2'1" + 2(r2+1) m1"2" + 2 mito’ - m12 + mio + RA2'x - -R Ax =

= 32(1-n)
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Fes 272

F2'gtat

F.4'3's

F.3'ats!

F.5'4"4

Fratstge

F.6'S'S

F.5'6!

Example

-r2

~r2

“22

pz

“$2

mi? 2" +

m3*2* +

m2's! +

ma'3' +

m3 4t +

m5'4t +

ma'5' +

2r2 m2*1'

2(r24+1) m2t3t +

2r2 m3'2*

- 2r2

= 262

2(r2+1) m3tat +

2r2 m4'3" = 252

2(r2+1) ma'5! +

2r2 m5'4* - 2r2

m2'3' zs

2 m2'it

m3'4! +

2 m3'2"

matst +

2 m4'3!

m5'6" +

wet

22 m312" + 2RAQKE ~ RAI E

- RABZ*x & =o

L L
= 23 + M21 + R ASX ER ADK E

3c= (2-7)

L t
r2 m4t3! + 2RASt'x ER AQ E

- RA4'x 20

~ m34 +32 +R ADK E — RABIxE

. =£(3-n)

r2 m5'4* + 2R bats & -R 4s'xt

- RAS'x =Oair

- m45 + m43 +R AS tx - RA4'x sir
3= =E(4-n)

r2 n6'5! + 2RASIx E - RAMI E =i

°

m 615! + 2(r241) m5'6' + 2 M5441 - m56 + mS4 - RAStx & = 2E(5-n)

m5'6' + 2r2 m6'S'
L

2 RA5*x S = oO
h

In the numerical example, the frame of section 5.05.3 is analysed for the

linear temperature distribution in the column. However, before the complete

matrix can be set out, it is necessary to calculate the following parameters.



qa) 3%

(2) =

(3) 3 -

(a) 3

- Sh 2 3 x 8.2964 x 107" 1

(oz

0°
= 6 x 8.2964 x T12 = 0.041482

12

Aeleod =-0.00998641

=—- 32(2-n) =-0.00384093

(s) 22. £(3-n) = 40.00230456
d

(6) 38 - 38(4-n)

(7) 35 = E(s-n)

(ity 2380 =sen

(2*) $2(1-n)

(st) 3 =E(2-n)

(at) 28(3-n)

(st) 3 3e(4-n)

(6) 22(5-n)

+0.00845004

+0.01459552

-0.03687289

-0.03072741

-0.02458193

-0.01843644

- 0.01229096

~0.00614548

6

0.405
) = - 0.01613189
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The matrix for this case is shown in Table 500,15. The distribution of

bending moments and deflections obtained by the solution of the abovementioned

matrix is shown in fig. 5.0545.
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(b) Analysis using the stiffness method

As in the case of linear temperature distribution in the roof beam,

it is necessary to calculate (i) the equivalent direct force which will

be exerted by the heated column if it is not allowed to expand and (ii)

bending moments which would be necessary to prevent the column from deforming

into a curved profile due to the linear temperature distribution.

However, in the case of the bending moments, there is a slight difference

from the case of the roof beam. As beams are connected to the column at

floor levels, it would be necessary to apply equal and opposite bending

moments at all joints and in the same direction into which the temperature

is tending to curve the column i.e. as shown in fig. 5.0542,

The’ axial force and bending moments to be applied are

ac Peo 12-6 kn

13 4 13 4
me M cozsemet-

Aah

u te 1
a

a

mt

9 fe 9 fe

{—

ss .
th 7 = 20°C fe T= 20

TM
Yt

7 r 7

wt 8
TM

M.
eh

s ¢ = c

a

M

”
eo

3 4 3 4

we
uM

Mat
a 2 } 2
7 7

(a) (b)

Fig, 5.0542 The effect of linear temperature distribution in a column

analysed by the stiffness method
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p= AE XTay = AEX (0.05 x 0.12) 21 x 10° x 0.00001 x 7°/,

12.6 KN

= 0.00001 x 20 x 21 x 10° x 7.2 x 107°

0.252 KN-m

XTIEIc1
Me re

It is interesting to note that equal and opposite bending moments applied -

at joints 3, 5, 7, 9 and 11 as shown in fig. 5,0542(a) will not really participate

iin the analysis as these will simply cancel each other out. The bending moment

applied at joint 1 also will not participate in the stiffness analysis as this

is a fixed joint. Therefore, the actual forces and bending moments which need

to be applied are at joint 13 only as shown in fig. 5,0542(b).

However, even though the bending moments at joints 3, 5, 7, 9 and 11 do

not participate in the initial stiffness analysis, these moments must be

assumed to be acting as shown since it would be necessary to reverse these to

get correct bending moments at these joints as will be shown later.

Analysing the same numerical example as used in the force-displacement

method, the force, P (= 12.6 KN), and a bending moment, M (= 0.052 KN-m), are

applied at joint 13 as shown in fig,5.0542(b) and the frame analysed by the woieeneee

method. The resulting stresses and deformations are correct for all members,

except (i) the axial force in the heated column, (ii) the bending moments at

joints 1, 3, 5s 7, 9, 11 and 13, and (iii) the axial forces in all beams as a

consequence of the change in bending moments as stated in (ii) above. In order

to obtain the correct value of the axial force in the column, the force obtained

by the stiffness analysis has to be superimposed by a reversed force equal in

magnitude to the originally applied force, P. Similarly, in order to get the

correct values of bending moments, reversed bending moments of equal magnitude

to the applied bending moment, M, have to be superimposed on those obtained

from the stiffness analysis. The correct axial forces in the beams can now be

obtained in the usual way from the corrected bending moments in the columns.

The results of the effect of linear temperature distribution in the column,

by the stiffness method are shown in fig. 5.0543,
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the effect of Linear

the Force—Displacement Method

the Stiffness Method
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§.05.5 Discussion of results of analysis of shear wall frame

The model shear wall frame was analysed for the following

4 different thermal effects:-

(1) Constant temperature distribution in a roof beam

(2) Linear temperature distribution in a roof beam

(3) Constant temperature distribution in one column, and

(4) Linear temperature distribution in one column

Each thermal effect was analysed by using (a) the force -

displacement method and (b) the stiffness method.

The results of constant temperature distribution in the roof

beam show an interesting pattern of bending moments and axial forces.

The highest bending moments occur in the columns at the junction of one

floor below the roof. lowever, these stresses rapidly attenuate in the

lower floors. It is also interesting to note that alternate beams

are subject to axial tension and compression (as well as bending

moments), in other words, tension and compression oscillates from

floor to floor. This explains why, in practice, some floors are

observed to crack while others appear to be immune to cracks.

The stress pattern and the deflected form of the frame appears

to be rather unusual. Also, the level of stress appears at first

sight to be rather low. This is due to the unusual geometric

properties of the model frame. It will be shown later, that for a

frame of practical proportions, very high stresses and deformations

ean develop in the upper floors when the roof is subjected to moderate

ambient temperature changes.

As can be expected, the results of stiffness analysis correspond

very closely to those given by the force—displacement method.

The results of linear temperature distribution in the roof show
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similar stress pattern and deflected form of the frame except that

maximum bending moments now occur at roof level instead of the floor

immediately below. The magnitudes of the bending moments are approx~

imately similar, but the deflections and the axial forces in the beams

are reduced considerably.

The results of constant temperature distribution in the column

of the 6 — storey shear wall frame show that the effect of temperature

change is felt most strongly in the upper floors and in the column

directly exposed to the temperature change. The far side column shows

greatly reduced bending moments. Tensile axial forces occur in the

roof beam and the far side column. All other beams show compressive

forces.

The results of linear temperature distribution in the column

show similar behaviour as for the constant temperature distribution

in the column except (i) the signs of bending moments are reversed

generally with the exception of lower floors of the far side column,

(ii) the magnitudes of the bending moments are increased several

times and (iii) the axial forces in the beams reverse signs alternately.

It is to be noted that in all four cases analysed and shown here,

the magnitude of the temperature differential was assumed the same

2

ive. 20 °C, and a common value of E = 21 x 10° KN/m~ was selected.

However, the frames were also analysed for values of

® ade x 10° KN/m? maa ee 100 KN/m*. The results show that the

deflections are independent of the value of E whereas the values

of bending moments are proportional to E.
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5.06.1 The effect of constant temperature distribution in the roof beam

(a) analysis using the force-displacement_method

In the following, an example of the analysis of a multi-storey frame

of practical proportions is made to assess the order of the

magnitude of stresses and deformations arising from fewserature

changes in real conditions. Included in the analysis is the

effect of axial deformations of beams. The effect of axial

deformations of the columns is neglected as it is expected to be

negligible for this case.

Box! dox Aox Ao'x’
£ symm.

21.6 m.

be9.

Fig.5,0611 The effect of constant Temperature distvibution in roof beam

Showing assumed bending moments for the setting up of the

matrix.
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Denoting Sox + dox' + Aotx + Aotx' = ATL eee ED

where Sox, Aox!, ... etc. are as defined in Section 5.05.1

Also due to symmetry

4ox = Aotx and dox! = Ao'x! sideich Ge):

Equation (1) becomes

2 Aox + 240x' =KTL ; esse. hia)

Now, using the force-displacement method, the conditions of compatibility

of deformations and equilibrium of forces can be written as follows:-

(NOTE: As the frame is symmetrical, only one half of the frame needs to be

analysed).

(a) Conditions of compatibility

h Aox - Ax

ato mol (sete + Bia Melgar) =
or (2r143) (B24) - r1(12) - r dox +r Dix oe =o

Box - Atx _ Atx-(-A2x)F.012 -mot + mio(se + m12 (so Ds n21 (zo) = A hn

or ar (et mot) + 2e1(E2) + 2rr(Bt2) E r1(aet 2 rdox Pe + 2ratx 2b

+ rA2x pe =o
h

z : uae SucbeelyF.2at -m21 (<oem ) + m1 "Gere ) - (mio 12) (seer) = -(

or ~r1 (024) + (2r143) (G 2). 3212) + rd1x mn + rd2x a aN

Similarly

F.123 ~r1 (2 Sn art (fet + ari (es) =r 1(432) + rotyet + 2rA2x ee » rA3x oh =0

F.322" -r1(22) + (2r14 3) (23) - 324) + rox Pe + rds BE = o

F.234 -r1 (23) + art (FBZ) 4 orr(BBy ~ 11 (FBS) + rdox SE + 2rdsx OE

+ rddx ak =o
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r.gzst rt (3) + (2rt43)(24) - 32) + vax Pe rtdx 2 = o
h

pesas rt (284) + ae (MPS) « arr (BES) ~ rr (PP) + asx By aed BE

+ rA5x Be
ho

Fesaat rt (BE4) 4 (artes) (ES) - (ES) + rttx BE + rtsx B= o

F.456 art (BAS) + arr (BBA) + 201 (PBS) ~ rr (PBS) + ratx BL + 2rdsx SE = o

F.655' rt (BES) 4 (20143) (FPS) - 34) + rtsx B= 0

F.56 =r (PES) + arr(AE2) , BERK _

For the determination of axial forces in the beams, further 6 conditions

of compatibility of deformations relating to axial forces in the beams are

required and these are as follows:~

Noot Loot
' t +Aotxt =C.00 hox! + Ao'x Kao’ Cant

or 2rdox + Noo' Soot = rXTL since dox' = Ao'x' and Aox +Aox! = oh

Similarly

Co1t* 2r Aix - N11 S11' = 0

€,22* ar 42x - N22' S22' =o

-

C.33* 2r43x - N33' S33' = 0

C.44! 2rAax - N44! S44! =o 3

C.55! 2rA5x - N55* S55* = o

(b) Conditions of Equilibrium

E.ox (SiS) = Noot
a

or mot + mio + (———=) Aox = ATEAbh
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- ts 'E.1x Cee Nit =o

or m27 + m12 + mio + mot - Hh N11! =o

Similarly F

€.2x m32 + m23 + m21 + m12 - h N22' =o

£.3x m43 + m34 + m32 + m23 - h N33" = 0

E.4x m54 + m45 + m43 + m34 - h N44t = o

£.5x m65 + m56 + m54 + m45 - h N55* = o

h Ib AbE
In the above equations, ri = teat = L ‘

6b. +

p= et

Loo! AbEb 1114, AbEb
t, Soo. eer. ee tee a

S001" Faat-eoo' tb fe ae ANI et Sk

L2ot AbEb U33? AbEb
Ue eee eee of ee

B22 ogy £220 rth) it 07 ASSY E33) LD

L44' AbEb Los? AbEb
' — — : 1 oe aan

Boot SGnaAt E46ti* 0b, $4507 ASST ESSt Le

Example

In the numerical example, a frame of the following dimensions and

properties, as shown in fig. 5.0611, is analysed:-

L=Ltb = 9.0m . h = 3.6m

Columns 300mm x 600mm : All beams 300mm x 600mm

Ac = Ab = 0.3 x 0.6 = 0.18m2 ; Ic = Ib = 0.3 x 0.6°/12 = 0.0054m‘.

T = 20°C ; %= 0.00001 per °C

E = 28 x 10° KN/m?
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The following parameters required in the matrix are first calculated:~

h Ib 3.6
ret: = ae = 0.4

6

p = APE 2 OB x BIO 56 x 10" KN/m

6 6 x 0.0054 ;
p = SIR. Sx 0.008 = 0.002228

r = 56 x 10° x 0.002222 x 9/3.6 = 3111.1080 KN/m

= 4.032 x 10° KNZohn Crone O8l x 40° _ 0.18 - 3.6

QTEAbh = 0.00001 x 20 x 28 x 10° x 0.18 x 3.6 = 3628.8 KN/m

The conditions of compatibility of deformations and equilibrium of

forces derived above can now be formulated into a matrix as shown in Table:

500,16, and introducing the above numerical parameters into the general

matrix, the numerical matrix shown in Table: 500,17 is obtained, The solution

of this matrix gives the bending moments in all members, deflections at all

joints and axial forces in the beams. Shearing forces can be obtained from

the conditions of static equilibrium. The results are shown in fig. 5.0613

(b) Analysis using the stiffness method

In analysing the symmetrical frame of fig.5,0611 by the stiffness

method, exactly the same procedure was followed as in Section 5,05 .1(b).

Therefore the force to be applied in this case is as follows:-

P = EAXT where Ab’ =:0.% x 0.6 = 0018m-

= 1,008 KN € = 28x 10° KN/m?

«= 9.00091

T = 90°C
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6

(Note: The value of E = 28 x 10° KN/m> selected for this problem is approxi-

mately the £ value of Grade 3o reinforced concrete. As mentioned above

the values of parameters selected for the problems associated with the

frame of fig.5,061]1 are such that they are likely to be met in reality).

£ symm

Pa loopKn greet Pe 1008 kN
1s 74

a : re

3 10

7 8

s é

ri 4

1 2

Fig.5,0612 The effect of constant temnerature distribution in roof beam

of a symmetrical frame analysed by the stiffness method.

The results of the effect of constant temperature distribution in the

roof beam of a symmetrical frame and analysed by the stiffness method are

shown in fia. 5,0613.
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500.17 Numerical matrix for the effect of constant temperature distribution in the roof beam of a

symmetrical 6-storey frame.
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Bending Moments Axial

(KN=m)

194

Torces Deflections

(KN) (n)
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Fig. 5.0613 Shows the results of the effect of constant

temperature distribution in the roof beam

Unbracketed figures - - - show results by the force-displacement method

Bracketed figures - - - show results by the stiffness method
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ANALYSIS UF A 6-STUREY FRAME CONT'D

5.06.2 The effect of linear temperature distribution in the roof beam

(a) Analysis using the force-displacement method

Note: This analysis includes the effect of axial deformations of

all beams but excludes the axial deformations of columns

as these are considered negligible for this case.

Denoting ... Aox' + dox +Ao'x + Aotx? Sit e--- (1)

Also because of symmetry

Aox = Ao'x and )

eee)
)4ox' =Ao'x!

«°. 2(40x + Aox!) a annem Lm)

aem.

b= 3.0m.

Fig.5.0621 The effect of linear temperature distribution in roof beam

showing assumed bending moments for the setting up of the

matrix.
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Using the force-displacement method, the conditions of compatibility of

deformations and equilibrium of forces remain identical to those derived for

constant temperature distribution, except equations Fleo', Coo’ and Eox,

which are modified as follows:-

h h L L Aox + A1x' 4 = 140. oe Pe aF.100 molseTs TMogrte + motserE + mo" Stib = h 800

mo} mo pl pl _-3 KTIEIb
or (27143) (F— - a ) - rAox mr rdix neta

' '

Coo! Aox! + Aotx! = sou tte

or 2rAox + Noot Soo! = Ape

mot_+ mio, _ 1
E.ox (are ) = Noo

or mot + mio + a 4ox = See

In the above equations,

Boo! = a 3 mot = mo't!

ol = eri Ul Res Be eben

etre: a Lb

Dae toe ead + Aox' =Ao!x?

Loot AbEb
i. —— =

Sool) xgaiceone eantier 2)

i XTILb _ 2Eb Ab
Noo! = ( 4 Aox) a

As could be expected in the above equations, only the right hand side

i.e. the load vector has changed in comparison with the constant temperature

distribution case. The left hand.side remains identical.

The results of this problem are shown in fig. 5.0422,

(b) Analysis using the stiffness method

As before the magnitudes of the axial force and bending moments

to be applied are as follows:-
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p = Eabk tL = eAboctav = 28 x 10° x 0.18 x 9.00001 x 42 = 504 KN

and n sort S12 = 9.00001 x 20 x 28 x 10° « 2.8084 50.4 KN/m

The results of linear temperature distribution in the roof beam of a

symmetrical frame and analysed by the stiffness method are shown in fig.5. 0622,
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Table: 500.19 Numerical matrix for the effect of linear temperature distribution in the roof beam of a

symmetrical 6-storey frame.
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Fig. 5.0622 Shows the results of the effect

temperature distribution in the
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Unbracketed figures . . . show results by the force-—displacement method

Bracketed figures + + + show results by the stiffness method
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5.06.3 The effect of constant temperature distribution in a column

(a) Analysis using force-displecement_method

° + eee of=p ;

Pe 14
4 | {Uy : rR

| \ :. s

t =

2 2 3at . ew 3

eet ;
u 4,

3 a scl a

x <=

/ 9

* a = 4

Ss Te 5 ,

6 ie }
WW 7

Le 9-0.

Fig. 5.0631 The effect of constant temperature distribution in the

column of a symmetrical 6-storey frame showing assumed

bedding moments for the setting up of the matrix. }

Although the frame iteelf is symmetrical, but in this case the applied

force, i.e. the action of heat on one column, is not symmetrical, therefore

it is necessary to analyse the whole frame.
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As the assumed bending moment diagram is similar to the one used for

the analysis of the shear wall model frame, the conditions of compatibility

of deformations and the equilibrium of forceswill also be of similar form.

Therefore the overall matrix remains the same as in the previous case.

However, the numerical values of the elements of the matrix will be different

as the properties of the frame are different and for this reason, the complete

numerical matrix is shown in Table: 500,21,. The results of the solution of the

abovementioned matrix are shown in fig. 5.0633. -

(b) Analysis Using Stiffness Method

A similar procedure aa in the case of the 6-storey shear wall model

frame was followed. The force to be applied in this case is as follows:~-

P= EACKT

= 28 x 10° x 0.18 x 0.00001 x 20

= 1008 KN

te ke

- B @

s é

3 4

1 2
TIT

Fig.5.0632 The effect of constant temperature distribution in the

column of a symmetrical 6-storey frames analysed by the

Stiffness Method.

The results of the effect of constant temperature distribution in the

column of a symmetrical 6-storey frame and analysed by the stiffnes th8 method

are shown in fig. 5.633. "5
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Shows the results of the effect of constant

temperature distribution in a column

Unbracketed figures.....show results by the force-displacement method

Bracketed figures....e.eshow results by the stiffness method
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5.06.2 The effect of linear temperature distribution in a column

(a) Analysis using force-displacement method

° | o

Yh
nh’

1 || wee

l {
- /2 i Allie :

4 ks oo

Mise i s
4 oe he

ali 3 9
+ — ae e

s)

a

‘ S
+ at — yf 4 .

5 s
4

6 oe
7;

J

Fig. 5.0641 The effect of linear temperature distribution in the

column of a 6-storey symmetrical frame showing assumed

bending momentsfor the setting up of the matrix.
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Although the frame is symmetrical, the applied force i.e. the action

of heat on one column, is not symmetrical. It is therefore necessary to

analyse the whole frama.

Further, since the assumed bending moment diagram is similar to the one

used for the shear wall model frame, the equations of compatibility of

deformations and the equilibrium of forces will also be of similar form.

Therefore, it is not considered necessary to show the derivations of the

equations again. However, the numerical values of the elements of the

matrix will be different as the properties of the frame are different and

for thia reason, the complete numerical matrix is shown in Table: 500.23. The

results of the abovementionsd matrix are shown in fig. 5.0643,

(b) Analysis using the stiffness method

The force and bending moment to bs applied in this case are as

follows:-

P= ERcKTS = EAcXTev = 28 x 10° x 0.18 x 0.00001 x 20/2

= 504 KN

mearie 2 = 0.00001 x 20 x 28 x 10° x 218

= 50.4 KN/m



t P = S04 kel
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Mz 50-qKn-m, ~] 7

“ 2

9 to
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s &

3 4

L 2

TTT TTT

Fig5.0642 The effect of linear tempsrature distribution:in a column

08

of a 6-storey symmetrical frame and analysed by the stiffness

method.

The results of the effect of linear temperature distribution in the

column of 8 symmetrical frame and analysed by the stiffness method are shown

in fig. 5,0643,
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Unbracketed figures....-show results by the force-displacement method

Bracketed figures. «show results by the stiffness method
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§.06.5 Discussion of results of analysis of a symmetrical 6-storey frame

The multi-storey frame of practical proportions was analysed

in order to assess the magnitude and distribution of stresses that

can arise in real structures. As for the shear wall frame, constant

and linear temperature distributions in the roof beam and constant

and linear temperature distributions in one column were analysed.

In each case, the magnitude of temperature differential was assumed

to be 20 °C.

The effect of constant temperature distribution in the roof

beam shows a maximum column bending moment of 20.3 KN — m at the

level of floor below the roof, and a maximum beam bending moment of

8.6 KN ~m in the roof. The maximum horizontal deflection of 0.89 mm.

also occurs at roof level. The distribution of stresses are similar

to the shear wall frame.

The effect of linear temperature distribution in the roof beam

shows a maximum bending moment of 36.4 KN —- m in the column and beam,

both occuring at the roof level, which is an increase of about 75%

over the constant temperature case. However, the maximum horizontal

deflection now is 0.46 mm., i.e. a decrease of about 48%.

The effect of constant temperature distribution in a column

of the frame shows the bending moments to be skew symmetrical.

On one column the tension occurs entirely on the outside while on the

other tension occurs entirely on the inside. The beams show tension

on top on one half while the other half shows tension at the bottom.

Maximum column bending moments of 3.36 KN — m occur at the lowest storey

level and the maximum beam bending moments of 3.55 KN -— m occur

at the roof. The maximum horizontal deflection at roof level

is 5.11 mm.
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The results of linear temperature distribution in a column show

very large bending moments (maximum 52.30 KN - m) in the column

directly exposed to the temperature change. The far side column

shows bending moments greatly reduced except at the uppermost level.

It is interesting to note that the bending moments in the exposed

column are of reversed sign i.e. causing tension on the inside

when compared to the case of constant temperature. In the beams,

the maximum bending moments occur in the roof. The maximum horizontal

deflection in this case is 3.11 mm.

Furthermore, bending moments are considerably greater in each case

of linear temperature change, and the horizontal deflections are greater

in the case of constant temperature changes.
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5.07 ANALYSIS TO DETERMINE THE SECONDARY EFFECT OF AXIAL DEFORMATIONS :

5.07.1 Linear temperature distribution in a column of a shear wall frame

(a) Analysis using the force-displacement method
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Fig.5,0711 The effect of linear temperature distribution in a column

of a shear wall frame showino assumed bendina moments

and deformations for the settino up of the matrix.
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In the following study, the effects of axial deformations in the analysis of ©

thermal stresses for a shear wall shown in fig.5,U7llare investigated. This

structure contains 24 unknown bending moments, 24 displacements and 18 axial

forces. Therefore, 66 independent conditions of compatibility of deformations

and equilibrium of forces are required in the matrix.

The following symbols are used to denote displacements:-

Aoy, Aly, ..+, Ady, Alty, --- etc. Vertical displacements at levels

Oy ty O wee atc.

hboy', Aty', ..., Aoty', Alty' --- etc. Suppressed vertical displacements

at levels 0, 1, 04 etc.

Box, 41x, 22+; Ao'x, Al'x, --=- etc. Horizontal displacements at

levels 0, 1, 0%4- etc.

Denoting Soy + doy! = 4&qnh where n = no. of storeys

Aty + Aty! = 4 a0(n-1)h

7etes

Referring to Fig. 5.0711 the conditions of compatibility of deformations *

and equilibrium of forces can be written as follows:-

h h o t. 4ox - Aix Soo"
' E 140 5 oe1. F100 onic + mol (ser + EID) mo'1 SEIb = ( = + 801 c )

Snot + Sno'1!

i

or r1 mlo + (2r1 + 2 + B+) mot - (1-8-0) mo'1! - Rdéox & + Rarx &

41 n
= 3e(5 - 7)

NOTE: All symbols used are specified at the end of this section,

h h h Ao - Aj
2. F012 -mo1 - mio 3FIei 7 m2 Sie ~ m21 SEtet = ( 7 - 810)

-A~ (eee n eo 812)

or -rimo1 - 2rimlo - 2r1mi2 - r1m21 - R Aox & + 2R A1x £ - Rd2x &



5. Fe201*

or

Similarly

Soy (F.123

5S. F.322!

6. F.234

We mr etio®

8. F.345

9. F544

10. F.456
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m2 <P + mt2 = + (12 - mio) se
u

BETe1 Sec ~ (mitot +om1'2') Gereae
eb1eee Baty _ $no1 + So01M _ $012 Sni'2'(ote ~ A2x

h

rim21 + (2r1 + 2 +B +0) m2 - (2+8+Q) mio - (1 - B - 0) mi'o!

- (1-8-0) m1#2" + (840) mot + (B+Q) mo'1' - R41x & + RA2% =
3c

d

3c
oy (1-n)

{ L Lrim12 + 2r1m21 + 2r1m23 + r1m32 + Rd1x hak RA3x ee 2RA2 R* fe

(B+) mot + (B+0) mo't! - (B+0) mio + (B+Q) mi'ot + (B+Q) m12 +

(B+0) mi'2" = (2+5+0) m21 - ae m2'a! + (2r1 + 2 +840) m23

= (1-8-0) m2t3t + rtm32 + RO3x b - Rb E = 324 SE (2-n)

r1m23 + 2r1m32 + 2rim34 + rim43 + RA2%X & + RAdx - = 2RO3x f= =

(B+0) mot + (B40) mo'1! - (B+0) mio + (B+) mito! + (B+0) m12 +

(B40) m1!2" - (B+9) m21 + (B49) m2'1' + (B+0) m23 + (B+0) m2t3t -

(24840) m32 - (1-B-0) m3'2! + (2r14+24+B+0) m34 - (1-B-0) m3'4" +

L u 3c =
rima3 + Rb4x F - RA3x measrT) (3-n)

i 2 s
2RA3x in heca‘rim34 + 2r1m43 + 2r1m45 + r1m54 + RA3x . + RASx &

(B+0) mot + (8+0) mot1! - (B+0) mio + (B+0) mito! + (B+0) m12 +

(B40) mi'2t = (B+) m21 + (B+) m2'1! + (B40) m23 + (B40) m2'3! ~

(B40) m32 + (B40) m3'2" + (B40) m34 + (B+) m3'4" - (24840) m43 -

(4-8-0) m4'3! + (271 +24+84+0) m45 - (1-B-0) ma'S' + r1m54 +

L . 3c, 3c
ROSx F - RO4x P= 4 T (4-n)

6c
rimaS + 2rimS4 + 2rtmS6 + rim65 + RAdx & = 2RO5x E = Sesie



ll.

12.

13.

14,

15.

16.

17.

18.

F.655"

F.1'0'o

Foer1'2*

Fe2ties

FeAt2ts?

Reat2'2

Pe2istgs
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(B+0) mo1 + (B49) mo'1? - (B+0) m1o + (B+0) mito! + (B+0) m12 +

(B40) m1'2" ~ (B+0) m21 + (B+Q) m2'1' + (B+) m23 + (B+0) m2'3' -

(840) m32 + (B+0) m3'2' + (B+0) m34 + (B+0) m3'4' - (B40) m43 +

(B40) m4t3' + (B+0) m45 + (B40) m4'St - (24840) m54 - (1-8-0) m5%4!

+ (271424840) m56 - (1-8-0) mS'6! + rm65 - RO5Sx . = = + = (5-n)

rim56 + 2r1 m65 + RA5x _
3c

h d

=r2 mito! + (272424840) mo'1! = (1-8-0) mot + RAI'x E ~ Rdotx &
-3c

-r2 mo'1! + 2r2 mito! - 2r2 mi'2" + r2 m2'1' + 2RA1'x £ - Rdo'x =

=o

(B+0) mo'1" + (B+0) mo1 + (2+8+9) mito! + (1-B-0) m1o +

(2724+2+8+0) m1'2! - (1-8-0) m12 - r2 m2'1' + RAZ! x £ -

L 3c)
ty = = = (1-1RAI'x AL (1-n)

ar2 mit2! 4 2r2 M2048 = Qe? m2t3" + x2 m3'2" + DRA" E - RAT’ E

L
- ' 4RA3'x Rz°

(B+) mo'1! + (B+9) mot + (B+9) mio! - (B+9) mio + (B+0) mi'2' +

(B+) m12 + (24B+0) m2'1" + (1-B-0) m21 + (2r2+2+8+0) m2'3' ~

(4-8-0) m23 = 12 m3t2" + RA3'x & = RA2tx 4 = 3S (22m)
A hE

=r2 m2'3' + 2r2 m3'2' - 2r2 m3'4' + r2 m4'3' + 2RA3'x £ -

RB2'x & - RAMI E = 0



2g

19, F.493'3 (B+) mo't" + (B+9) mot + (8+0) mito' - (B40) mio + (B+0) m1'2' +

(B+0) m12 + (B+0) m2'1' - (B+0) m21 + (B+Q) m2'3' + (B+0) m23 +

(24+B+0) m3'2' + (1-B-0) m34 + (2r2+2+8+0) m3'4! - (1-B-Q) m34 -

r2 mat3t + Root E - RABtx b = SE (3-n)L
h

20. F.3'4'5! -r2 m3'4! + 2r2 m4'3! - 2r2 m4t5' + r2 mS'4' + 2RA4'x &

L L
- {yxy = =RO3'x F RO5'x R=?

21. F.5'4'4 (B40) mott" + (B40) mot + (B+9) mi'o! = (B+0) mio + (B+0) mi'2' +

(B+Q) m12 + (B40) m2'1t - (B40) m21 + (B40) m2'3' + (B+) m23 +

(B40) m3'2' - (B+0) m32 + (B40) m3'4! + (B+Q) m34 + (24+B+Q) mata! +

(1-B-Q) m43 + (2r2+2+B+0) m4'S' - (1-B-@) m45 - r2 mS'4" +

Rostx b - Rast E = 3S (4-n)

22. F.4'5t6! -=r2 ma4'5' + 2r2 m5'4" - 2r2 mS'6' + r2 m6'S' + 2R45'x & - RA4'x

Ds Site
23. F.68'S (B+9) mott! + (B+0) mo1 + (8+0) mito! ~ (B+) mio + (B+Q) mit2t +

(B+0) m12 + (B40) m2*1t - (B+0) m21 + (B+0 m2'3" + (B+0) m23 +

(B+0) m3'2! - (B+9) m32 + (B+0) m3'4! + (B+0) m34 + (B+0) mat3t -

(B+0) m43 + (B+0) m4'S! + (8+9) m45 + (2+B+0) m5'4! + (1-B-0) m54 +

(272+24B+0) m5'6" - (1-8-0) m56 - r2 m6'S' - RAS'x 5 = ze (5-n)

24, F.S'6' =n? mS'G! + 2r? m6IS! - RASIx = = 0

25. C.oo! 4ox ~ Ao'x = Nook teat
. Aoo' Eoo!

or rdox - rdo'x - Noo! Soo! = 0 since doy! = ae - Aoy

and iy =< (n-1) - Aty

Similarly

26. cat rAix — rAi'x - N11" $11" =o

27. €.22* r42x — rd2!*x - N22" $22! =i °



28.

29.

32.

3.

34,

35.

36.

37.

38.

39.

40.

41.

42.

€.d3!

C.44'

c.55'

€.21

or

C.32

or

C.43

or

c.65

or

C,1*o*

Cuz

Cad*2!

C.4tst

C.584*

cC.6'S!

rA3x — rd3*x - N33! S33! = 0

rhdx — rda'x - N46" S44" = o

rdSx - r45'x - N55' S55" = 0

rdoy' - rdty' - N1o S10 = 9

retinrAoy - rAty + N10 S10 = >

rdty! - r42y' - N21 $21 = 0

réty = ré2y + N21 527 = SUR

rA2y' - rd3y' - N32 532 =o

rO2y - rA3y + N32 $32 =

rd3y' - rd4y' - N43 S43 = 0

rA3y - rAdy + N43 $43 =

rd4y' - rd5y! - N54 S54 = 0

rA4y - ré5y + N54 $54 = —>—

rA5y! - N65 S65 = 0

TAey: +065 SES: = ane (aes)

rdoty - rAtty - Nitfo' Sito =o

rAity - rd2ty = N2'1* S241! =o

rA2ty - rA3ty - N3*2* S$ 3'2' = o

rA3'y - rdaty - N 4'3' S4'3' =o

rA4ty = rASty - N5'4' S5t4t =o

rASty - N6'5' S6*5' =o
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since Aoy + doy! = +&1nh

-w-- etc.
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43. Evox 212 = RE! = Noo!
h

or mio - mo? - h Noo! = 0

Similarly

44, ES 1x m21,- m12 = mio + mol - Hh N11! =o

4G. 62x m32 - m23 - m21 + mi2 - h N22' =o

46. E.3x m43 - m34 - m32 + m23 - h N33' = 0

47, E.4x m54 - m45 - m43 + m34 - h N44' = oO

48. E.5Sx m65 - m56 - mS4 - m45 - h N55! =o

‘ Nio h h mot + mo!1!

ees SRY Ecr act = Fer acy )

or mo1 + mo'1' =~ LN1to = 0

N2th h (mo1_+ mo'1! mi2 - mio mito! + mi'2t )

epee Es'y —c1 Act ~ Ec1 Act ( T Pate Leap ete L y

or mot + mof1! = mio + mito! + m12 + m1'2! - LN21 =o

Similarly

51. E.2y mot + mo't! = mlo + mio! + m12 + m1'2! + m23 = m21 + m2'1t +

m2'3' = LN32 = 0 ~

52. E.3y mot + mo't! = mio + mito! + m12 + m1'2! + m23 - m24 + m2tit +

m2'3! + m34 - m32 + m3'2' + m3'4' - LN43 =o

53. Es4y mot + mott! = mlo + mito! + m12 + m1#2' + m23 - m21 + m2ttt +

m2'3* + m34 = m32 + m3'2! + m3'4t + m45 - m43 + m4'3! + mats! -

LN5S4 = 0

54, EsSy mot + mott! = mlo + mitot + m12 + m1'2" + m23 = m21 + m2"1" +

m2'3" + m34 - m32 + m3'2! + m3'4" + m45 - m43 + m4'3! + mats! +

m56 - m54 + m5'4' + m5'6* - LN6S = 0

55. E.o'y mot1' + mo1 - LN1'o' = 0.

56. E.1ty mo'1! + mot + mito! + mi'2' + m12 - mio - LN2"1' =o
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Bye, 1 E2ty mo'1! + mol + mito! + m1'2! + m12 - mio + m2'1! + m2'3' + m23

m21 - LN3S'2' = 0

58. E.3ty mo'4! + mot + mito! + m1'2t + m12 - mito + m2"1! + m2'3' + m23

m21 + m3'2 + m3t4! + m34 - m32 - LN4'3' =o

59. . Esdty mo'1" + mot + mito! + mit2! + m12 - mio + m2'1! + m2'3" + m23

21 + m3"2" + mBt4" + m34 - m32 + mat3' + m4'5! + m45 - m43 -

LNS!68" = ‘0

60. €&.S*y mo't! + mo1 + mito! + m1'2! + m12 - mio + m291! + m2'3" + m23

m21 + m3'2" + m3'4! + m34 - m32 + ma'3! + m4'S' + m45 - m43 +

m5'4' + m5'6' + m56 - m54 - LN6B'S' =o

mo'i! + mito!mn mo1_- mio =_
61, Eo-o tsa spina ) + ¢ F =

or mot - mio + mo'1! + mito! =o

Similarly

62. E.1-18 m21 = m12 = mlo + mot = m2'1" - mi'2' + m1'o' + mo'1! = o

63. E/2=2¢ m32 - m23 - m21 + m12 - m3'2" - m2'3' + m2'1' + m1'2' = o

64. €,3-3' m43 - m34 - m32 + m23 - m4'3! = m3'4! + m3'2' + m2'3' =o

65. E.4-4' m54 = m45 - m43 + m34 - m5'4' - ma'5!' + m4'3!' + m3'4t =o

66. E.5-5! m65 - m56 - m54 + m45 - m6'5' - m5'6' + m5'4' + m4'5' =o

In the above equations, the following parameters are used:-

h Ib h Ib

Play ote Peg he) Se ere

a a SEbIb . og) 2 SeGbEbIb

L2 ; Saat

a = Sibh oe ome. f16h

= To Act ; = [3 acz

8 «Th
G01 = 610 = 612 ---- etc, = <4

Tino
' :foot = 4 i - Suta
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Gogh Pome ete. = SH Gn) eave.

_ AbEb

SP Tl

Loo! AbEb uit AbEb

Sogti= Gaal cual Lbiet Goat kagatceta" LG

22" AbEb
$22" etc. a Root Epot cin etc.

iene + Snot") 6EbIb _ (aot + moti) h . SEbIb " gn + moi)
Ac Ce Le €C7 AC? L 12

GE FE a Meant + (80) 0

mt 4191enol + &no'1 ) SEbIb | (S012 + §n1'2 ) 6EbIb _ (ein) wor + CBSd) moat

L L L c
+ (B+0) m12 + (B+) mit2!

Similarly for

& 14". 6E &n23 +62'3', 6EbIb(Boats Santity Dale, eee + (SPS ASS) SEbTP

(B+9) mo? + 2. + cee + woe + (B40) m23 + «22. ete.

Based on the above equations, a matrix can now be set out for the

shear wall shown in fig. 5.0711.

Example

The following numerical example is used to illustrate the procedure.

Referring to fig, 5.0711 the following numerical values required in the

matrix are first evaluated:-

2 2
0.0006m" ; AC2 0.95 x 0.06 = 0.003m

Ab = 0.05 x 0.04 = 0.0022 3 €C1

11 = 0.05 x 0.129/12 = 7.2 x 107 'm® ; 12 = 0.05 x 0.06°/12 = 9 x 10" 'm*

AC1 = 0.05 x 0,12 a a

£C2 = Eb = 21 x 10° KN/m?

Ib = 0,05 x 0.04°/12 = 2.6666 x 107m’ ; & = 0.00001 per °C
-7

9, 0.3 2.6667 x 10

Tse 28& fe?) 2 oc40e 7.2 x 10" = 0.027435

0.3. , 2.6667 x 107"
Dios 2 3 nee
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_ GETb _ 6x21x10°x2.6667x10-”
p= SED - SPO oe erat = ona. aag3e

L 0.405
RE = 204.849383 x “AEE - 276.506667

om nih = (0.00001 x 20 x 0.3 x 21 x 10° x 2.6667 x 107")/0.405 = 8.2964
x 407“ Km?

-7
4 3g = SUbh _ $22.6667010770.5 _ 9, ogr2naz9

Lact 0.405°x0.006

-7

ae Sih = $22.866710700.5 _ 9 oppanase

uac2 sg. ans x 0.003

Loo! AbEb 0.405
Ra ' — 9s Page ae Tele PS ol éSoo $11! = $22 $33 544" = S5S! = 7 Faat te DronexD1n405

0.002%21%10°
0.405 =

6
eo AE L10_ AbEb_ i | 0.002x21%10

Ble oR? Wiehe gaa? See ee. = ig eig a une OsO06x21x10> 0.405

= 0.24691358

Lito! AbEb
fot = Sorat .S3ipt = s4egr — A Se PR EUG ict ey SoSito! = $244! = S312! = S4t3t = S5t4t = Sots! = — LEO, ABER

6
0.3 Z SEAS = 0,49382716

0.003x21x10 Se
AbEb

p = ABED _ 0.00 2x71x00" — 103703.7037

ao = (103703.7037 x 0.00001 x 20 x 0.3)/2 = 3.11113

3c 3cn 3
qa) #-% = -0,01613189

(ese = 0.04148200
d

(3) = + 2(1-n) = -0.00998641

(4) a + #£(2-n) = -0,00384093

ae: Sc
(5) ect T(3-n) = 0,00230456

(6) = + £(4-n) = 0,00845004

(7) oa + #£(5-n) = 0.01459552

(at) =n = -0.03687289

(at) 320 = -0,03072741
r



(3')

(4')

(5')

(6!)

3c(2-n)
= -0,0;L 0, 02458193

Sc(3-n) = _0,01843644ee) . 018436

5e(4on) = ~0, 01229096

ees = -0,00614548

The complete numerical matrix is shown in Table: 500,24,

The results of the analysis of this problem are shown in fig. 5.0712.

(b) Analysis using the stiffness method

The above problem was also analysed using the stiffness method,

The results obtained by this method are also shown in fig. 5.0712.
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05687289
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=0-0/613/89

~0.0099864)

= 0-03072741

204/42

0: 0028045t

0-01 BFL

200845004

01229096

004/482

0. 01659552

0:00 64543

2.02074
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a column of a shear wall frame taking into consideration the secondary effect of axial deformations.

Nxo'| Atx [Arn

2

Nio

°

2) Nay”

o | o°

it12

mito | met

°

Table: 500.24 Numerical matrix for the effect of linear temperature distribut.
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ANALYSIS TO DETERMINE THE SECONDARY EFFECT OF AXLAL DEFORMATIONS CONT!D

5,07,2 Linear temperature distribution in a column of a 6-storey

frame

A bow

LT

| ee
Wt

the “A
aj28 =

“ Spe heNi eee Neeee 2h6
oF ©

> | > >= x\ \2.0 , ap ope Taex = aay Asyaie Solio eet Gh-(6x3-6) =
=. :
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i ii TA torah piles atsbal
7

pe | o ’

Le 90m

Fig. 5.0721 The effect of linear temperature distribution in one

column of a 6-storey symmetrical frame showing assumed

bendino moments and deformations for the setting up of

the matrix.
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In the following study, the effects of axial deformations in the

analysis of thermal stresses due to a linear temperature distribution

in one column of a symmetrical frame are investigated. Although the

frame is symmetrical, the applied force i.e. the action of heat on

one column, is not synmetrical. It is, therefore, necessary to

analyse hie whole frame. As in the case of the analysis of a shear

wall, the structure contains 24 unknown bending moments, 24 displace-

ments and 18 axial forces. Therefore, 66 independent conditions of

compatibility of deformations and equilibrium of forces are required

in the matrix.

Assuming a similar bending moment diagram as in the case of the

shear wall, the conditions of compatibility and equilibrium would

also be of similar form. Therefore, it is not considered necessary

to show the derivations of the equations again. However, the

numerical values of the elements of the matrix will be different as

the properties of the frame are different and for this reason, the

complete numerical matrix is shown in Table 500.25

The results of the analysis using the Stiffness Method are

shown in the same figure.
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of a 6-storey symmetrical frame taking into consideration the secondary effect of axial deformations.‘Table: 500.25 Numerical matrix for the effect of linear temperature 4
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Horiz. Bend. Axial Axial Axial Bend. Horiz.

Deflect. Momts. Forces Forces Forces Momts.e Deflect.

(mm) (KN=-m) (KN) (KN) (xy) (KN=m) (mm)

~s 22-1000 13.0389 ¥
+ 313-401 x0 —_-
(eBiB.0 xis) (22°78)

+ BIZ 18 x1

(13.20) (t3/7-0 xro*)

(48. 54) en) Veos
48-5719 a, : Lis

4192-953 x16* : +194- Sexo
S$) St 74¥6 | 74238 (4198-0 xis)

(+ 197 © x16 (57-25) 
(7-43)

no

Ne ma)

(46-25) an (2-03
° +4 11-9808 =

‘46-3056 x» Laigeaynree
19.295x15%

ieee 141652 (+ 1a1-0x 10S)
+122. S$) 47,5522 - é

( 0 xte (ean T1=202¢ = 7)

3 S

(4e-53) oe GG Gane
48-5938 2 eases + 66-188 % 10S

+ cos2exio*! 19194 (rer SxroS)
s 48-7995"(+ onsxie%) (48.80) sae sp (H-92)

(48:54) ee $5 79)
48.6021 wa ~ 17220 ue

+ 29-327xi0" = — + Hen
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48-7020 on 17130 ue

+ 7.33cxie 
* gee

= 48. 6941 17/82 4 7. SI K 10”
PSI US(+ 7:51 x0a*) (48:70) ty (

(48.62) (p77)
48-6853 17094

Fig. 5.0722 Shows the results of the effect of linear temperature

distribution in a column taking into consideration

the secondary effect of axial deformations. a

Unbracketed figures..+..show results by the force—displacement method

Bracketed figures.......show results by the stiffness method
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5.07.3 Discussion of results of the effect of linear temperature

distribution in a shear wall and a symmetrical 6-storey

frame, taking into consideration the secondary effect of

axial deformations

The results show that the effect of axial deformations in

the analysis of thermal stresses is not very high. lowever, if

required, the effect of axial deformations can be taken into

account by the force-displacement method. Although the formulation

of the equations (i.e. the matrix) is fairly easy and straight-

forward, the size of the matrix grows so fast that not only does

it become very cumbersome and easy to make mistakes, but large

computer storage capacity would be required for its solution.

Under normal circumstances, the difference between the accuracies

of results, with or without consideration of axial deformations,

is so small that the extra effort and expense required does not

justify the inclusion of the effect of axial deformations.



6.00 THERMAL STRESSES IN TRUSSES

6,01 Introduction

Thermal stresses and deformations can occur in all structures.

So far this work has mainly dealt with framed structures, which

are primarily subjected to bending stresses. Trusses, in contrast

to frames, are subjected mainly to axial forces and deformations.

However, bending stresses are nearly citae Seale in trusses

due to Vee factors, but these are seldom evaluated in practice

and are usually considered secondary and small. The evaluation of

these secondary stresses involves a large amount of work and time

in relation to their importance. For this same reason, some

simple forms of trusses are analysed for axial forces and

deformations in this work, using the force—displacement method.

The analysis is based on the usual assumptions, e.g.

(i) that the response of members is linearly elastic

(ii) that the deformations are sufficiently small for equilibrium

to be satisfied in the original configuration of the structure

(iii) that the principle of superposition is valid

( However, it should be pointed out, that these limitations can

be by-passed and high order effects arising from this can be taken

into account.)

232
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6,02 Application of the force displacement method ‘

The application of the force displacement method to the analysis of

forces and displacements in trusses is, in principle, similar to the analysis

of frames, In this method matrices are set out by expressing the conditions

of compatibility of deformation and equilibrium of forces at joints. The load-

deflection characteristics of members are used in the form of linear

flexibility coefficients resulting from a unit axial force. These

provide the relationship between the applied load and deformations of

an element. However, before the compatibility conditions can be written,

it is necessary to davelop a relationship between the displacements of

one joint in a triangulated truss with respect to another joint.

go X

Vy
Fig. 6.021

Referring to fig.6.02l and assuming that a member 1-2 in a truss

is subjected to an axial force N12, displacements Ais and Aiy at

Joint 1, 42» and 427 at joint 2, and also a rotation Piz» it can be
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seen that for deformations to be compatible the following relationship ~

must be satisfied:

rA2 8:2 = (41x -A2x) cos + (Azy — Ary ) sin of

or (Aix — Dax) cose + (Aay- 4IY) Sino — Biz = 0 --- (a)

the angle of rotation f is of no relevance when the joints are hinged, but

for trusses with rigid joints this angle is tne source of secondary bending

moments. For most trusses these moments are known to be small, but in

some cases they can be very high e.g. in masts or in cable-stayed

bridges.

Compatibility condition C.12 can now be re-arranged by multiplying

throughout by En An and substituting Si2 = N12 £12 (or a similar
Ln Ew Ag

linear or non-linear relationship) and becomes

C12 En An (Atx é A2x) cas 0 + En An (A2y— dry) Sirol — Nia te En dn 20
2 an Ez An 2n

or ¥(A1x - Aox) CoSK 4 v(Azy- Ay) Sm 0 Niz. Sia) Sto: Bae (b)

where = ErncAy ana Siz = Ag fn An: Ea (C))
ee E12 Aye a,

in the above relationship, En, An and Qn are the reference properties

of any member which can be arbitrarily selected.

In the last term of equation, the lack of fit'p’ of a member can also

be included as follows:-

c.12 r(drx -Aax) Cosog + ¥ (Azy~ Aty) Sin ¢— Nie Si2 + P = © ---(d)

When a member is either horizontal or vertical the compatibility

equation reduces to very simple expressions which are extremely useful

in the analysis of trusses with horizontal and vertical members.
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For a horizontel member, angle & = 0° and the compatibility ;

equation C.12 reduces to

(Asx E Aax) - Nz Siz =0 ---- (e)

and, for the vertical member, angle o& = 90° and the compatibility equation

C.12 reduces to

r(Aay - Ay) —NizSiz <0 ---- (f)

The above relationship have been derived on the assumptions that point

1' in Fig, 6.021 moves along the tangent instead of along a circular

path. More accurate relationships can be obtained, based on the actual

circular rotation of the member 12 with respect to point 1', as follows:~

From Fig. 6,021 and assuming circular rotation, it can be written

that [= - (Ge Cosh + An)] + {y (Ria Sink 44) a (42 a oo és

Introducing the boundary conditions for the displacements of the

point 1" i.e. for x =An, y = Ary

expression (g) becomes

a 2

[Atx — Ge Cosodt2 — dex] +(ary = Gia Stinky, —Azy] = (Go+ Ss] (hn)

The expression (h) is more accurate than (b), but it leads

to more complicated non-linear analysis.



6.03 Analysis of statically determinate trusses for thermal stresse
s

Fig. 6,031 The effect of constant temperature distribution in the top

chord of a statically determinate truss

A2x 3 a4x actual horizontal displacements at joints 2 and 4

A2x, A4'x suppressed " ” " " Ry an tt

Ary 7 Ary actual vertical displacements at joints 2 and 4

Denoting Ne REORAg XK. aoc "nas sta
2

Sag eAae C= KT (8)

By inspection of the truss, it can be seen that whichever type of

force is assumed in the member, the equilibrium of all joints cannot be

satisfied unless the forces in all members are zero, e.g. for the assumed

forces shown by arrows, joint 5 is not in equilibrium. This happens in

all statically determinate trusses indicating that in statically determinate

trusses, temperature changes result only in displacements of joints

without any stresses in members.

The displacement of members can be determined from the conditions

of compatibility of deformations as shown below:
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Referring to fig. 6,031

A2t*x = A4'x=6 Since force in member 2-4 is zero.

therefore from eqns. (1) and (2)

Arx = Sat and Adx = F6TL

The conditions of compatibility of deformations can now be written as

follows:-

C.12 Aix cos & + A2x cos% +A2y Sin&k = 0

C.13 -Aix + A3x = 0

C.23 A2x cos« + A3x cos - A2y Sinx- A3y Sink=a

C.34 43x cos - A4x cosx + A3y Sinx - Ady Sink = 0

°

C.35 -A3x * ASx= 0 (due to symmetry A5x = 0)
°

c.45 Adx cos Xt Asx 05 x + A4y Sinx - A5y Sinx= a

From eqn. C.35 A3x =0

substituting into eqn. C.13 gives

Aix=so (This is only true if the change

in angle % is very small. A

non-linear analysis would yield

a more accurate solution).

cos%
from eqn. C.12 A2y = A2x Sina

3 cosa
2-5 OTL Sine (by subst. for A2x)

substitutina into eqn. C.23 gives

a 3 cos &
ZAXTL cosx - (- gall Sino * Sinx) - 43y SinX= 0
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i.e. 3AKTL cos x - Ady Sinx =o

cos &
or A3y = 3QTL seo

Substituting into eqn. C.34 gives

pole com ede eTL Soe). Since Ady Sink = o
Sine

i.e. Zam cos@- Ady Sinx = 0

5 cos x
or Aty = 7 XT Sine

substituting into eqn. €.45 gives

TL 5 cos &
3 cos M+ 5 XTL Sin © Sine ~ Asy Sint =0

i.e. SQL cos XK -A5y Sin&=0

or Asy = 3X1. S28
Sin x
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6,04 Analysis of statically indeterminate trusses for thermal stresses ;

6,04,1 Example (1) Effect of temperature in the top chord of a

simple statically indeterminate truss

€ symm.

Ark Azx ! Asx A3k
I

l 2 Te ag fr)
ee 3

ea ESS SSS === a ye
\ wes ( set eg /

= t re !

\ Daten ae |
\ = I

\ ce 1 SS |
\ ee ' ee i

1 4

iE
_o|

Fig. 6,0411 Effect of temperature in the top chord of a simple

statically indeterminate truss

Denoting

A2x, A3x_ ss __s ___ horizontal displacements at joints 2 & 3

A2y, A3y__-___ ___ vertical displacements at joints 2 & 3

A2ty,A3'x__ __ _. suppressed horizontal displacements at

joints 2&3

By making use of the symmetry, only half the truss needs to be

analysed,

The necessary conditions of compatibility of deformations and

equilibrium of forces are as follows:-

Denoting A2x +A2tx = FAKTL

N12 112

eo A2y = a7 E12

or rA2y - N12 S12 =0 Ee)
AIT2 LAZ Ln

An En
and _ ih
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+ N13 113
C373 A3x cos X% - A3y Sink = SES

; 13 An_En
S c m os eter 6 eeeor r Asx cos X - rd3y Sink Nt3,S13 = 0 where $13 = Ris 113 ia

ty _ N23-L23/2
C.23 2X = R23 £23

$23 23) . An En
or rA 2x + N23 == = $rXTL where 823 = 75353 7

E£.1x H1 =~ N13 cos X =o

E.2x N23 - N24 cos & = 0

or N23 - N13 cosxXx =0 since N24 = N13

E,2y N12 - N2y Sinn =o

or N12 - N13 SinX=o0

The general matrix for

in the truss shown in fig. 6.

the analysis of the effect of temperature change

0411 can now be formulated as follows:-

No,

LOAD

VECTOR

Table 600,00. General matrix for the analysis of thermal stresses in

the truss shown in fig. 6.0411
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Taking = soy L = Ly and assuming that the cross-sectional area A

is constant throughout, the forces and displacements derived are shown in

fig. 6.0412. The forces are in terms of r TL and the displacemants in

terms of TL.

A2x = O-3169KTL |

Ks 30%i) ere te
//\

IleUgileif|
| | | | | |

\
\

v on)

H = 0-183) rare 4

L. lo

by: _{
2-06 10K!

f a

a
bk

x
s

N

$
$

a

Fig. 6.0412 Showing stresses and deformations due to the

temperature distribution in the top chord.
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6.04.2 Example (2) Analysis of thermal stresses in a colum of a simple

statically indeterminate truss shown in fig. 6.0421

The conditions of compatability of deformations and equilibrium

of forces are formulated in 2 similar way as shown above, but in this

case symmetry cannot be used and a matrix for the whole truss has to be

set out as shown in Table 600,02.

Taking X= 30°, L = Ln and cross-sectional area A, constant

throughout, the forces and displacements derived are shown in fig. 6.0421,

The forces are again in terms of r & TL and the displacements in terms

of TL.

bax ~ o-2o40KTL Aax = o-1293KTL

A2y © 0-SS24KTL ets Thre aste ee 3.

t ‘ 0.0747 RTL oe n Frenne ovoatnun,
ey | a
KI] | See |

| Sere x |
27) es {I

eel} os |!
3h : Sy!
8

1 4

; seis 1

Fig. 6,0421 Showing stresses and deformations due to

the temperature distribution in one column,



EON. NO. 1 1 2 3 4 5 6 z 8 9 10 41 |
LOAD

ie REF .JOINT 4 2 - 4 VECTOR

REF. EQN, | 12 45> 1.|~ 24 23 | rAd2x | rdA2y) 34 | rA3x|rA3y | H4

41 Cet? S35 ° rXTh

2 C.13 ° S14 ° cos « | -Sinx 0

3 E.1x ° cos X | -1 0

4 C.24 -S24 ° -cos« | Sinx 0

5 C.23 ° -$23 4 ° -1 0

6 E.2x cos * =A ° ° 0

7 E.2y at Sin « ° ° o 0

8 C.34 -S34 oO 4 0

9 E.3x cos x -1 0 ° ° 0

10 E.3y sin -1 ° ° 0

11 £.4x cos & -1 0

Table 600.02 General matrix for the analysis of the effect of temperature changes in the column

of a truss shown in fia. 6.0421

ere
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6.04.5 Example (3) Analysis of thermal stresses in a cross-braced truss

due to the effect of temperature variation in the top

chord shown in fig. 6.0451

aux bax Ax Asx dix bb dex sax

Hoan
Fie Te 6 Te

t 2 eo ee } a
Ay < = 7 tJ my

i‘ LX | Zhy
=. aNGheesae Z \ = | sy Z |

\ ~ | 7 I
~

ie \ es > i Gao OX |
\ a a G > a

a = lee? Stale
4 ¥v. eee een oe ae ee eee 7

ots Sa 5

oe
|

Fig. 6,0431

Denoting 44x + Adx' + A6x +A6x' = ATL =— wenn (i)

42x + 42x' +A8x +ABX' = 3KTL = = ae (ii)

B2x + A2x! +A6x + A6x' = 2KTL —— wee (444)

Max + bax' + ABx + ABxt = 2KTL — www (iv)

In view of the support conditions, symmetry cannot be assumed and

the equations of compatibility of deformations and equilibrium of forces

have to be formulated for the whole structure as follows:-

N24 L24
Na ieee cereC.24 A2x A4'x = B24 FDA

or rA4x - rA2x - N24 S24 = -raXTL

N46 L46
1 {eeeC.46 A4x' + A5x! = ha6 £46

or r A4x + r A6x + N46 S46 = rXTL
,

N68 L68
C.68 A8x -46x' = ee 668

or rA6x - rA8x - N68 S68 = -rQXTL

using the above relationships



C.12 A2y = Bia

or rA2y - N12 S12=0

Similarly

C,12 r Aix - rA3x = N13 S13 = 0

C.14 -r A1lx cos X - r 44x cosa + rAdy Sind - N14 S14 = 0

C.23: r 42x cosx+ r 43x cosKk - rA3y Sink - rA42y Sink - N23 S23 = 0

C.34 rA3y - rAdy - N34 S34 =0

C.35 r A3x - r A5x - N35 S35 = 0

C.36 ~r A3x cos & - r A3y Sink + r 46x cos% + rA6by Sin& ~ N36 S36 =a

C.45 r A4x cos « + r A4y Sin + rA5x cosX -rASy Sint N45 $45 = 0

C.56 rASy - rA6y - N56 S56 = 0

0,57 r ASx - N57 S57 = 0

c.58 -r A5x cos - rAS5y Sink + r 48x cosx- rA8y SinX® - N58 S58 = o

C.67 -r 46x cosx + rA6y Sin® - N67 S67 = 0

C.78 r A8y - N78 S78 =a

E.1x N13 - N14 cos% =o

E.ty N12 - N14 Sin & - R1=0

£.2x N24 - N23 cosx=0

E.2y N12 - N23 Sinn =o

E.3x N13 - N35 - N23 cos “ + N36 cos X= 0

E.3y N34 - N23 Sin X - N36 Sinx =o

E.4x N24 - N46 + N45 cos % - N14 cos X= 0

E.4y N34 - N14 Sine - N45 Sinx =o

E.Sx N35 - N57 - N4S cosx+ NS8 cos% = 0

E.Sy N56 - N45 Sin « - NSB Sinx =o

£.6x N46 - N68 - N36 cos %+ N67 cosX%=0

E.6y N56 - N36 Sinx- N67 Sinx =o



E.7x N57 - N67 cos % - H7 = 0

E.7y N78 - N67 Sin X - R7 =0

E.8x N68 - NS8 cos X= 0 .

€.By N78 - NS8 Sinx=o0

The overall general matrix is shown in Table 600.03,

Assuming that = 30°, | = La = 2000mm, A = 2.409 x 10°mm? throughout,

£ = 200 KN/mm?, the forces and displacements obtained are shown in fig. 6.0432

T = 10°C

z#
30x10. TM

eee 4am seers xa, 13s4nie (3.0 xia)
(9s xe, igh Was xe)

3: stg y1ete” * 3 2estnre” »
=o, Gagne) —e zane)Vex sty ep Fs big xia

dort 2, sort m 67 re (0% durawres)
& BsareKm 7, Ni eacsnn 2 a 85276 Ke 77 ¥
VEN = me as i I
\ x Y ee ET] lake |

Se. Lo8 i

8 a ey!
a3 "DN ly
+s a

7

4 B-5272 en 3 Brey 8 es
(853) 6 95ihm (823) sae (ss)

Loren we (55% xpe5)
5 .

V049 xc a
(ies x to-%) BL = 3x20 2 6-0 mM.

P

Fig. 6.0432 Showing stresses and deformations in a cross-

braced truss due to the temperature distribution

in the entire top chord as shown.
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6,05 Analysis of thermal stresses due to temperature distribution

in individual members of statically indeterminate trusses

6.05.1 Example (4) Stresses due to temperature distribution

in_end segment of top chord

bux Sex Aa bax!

| TE an ane PRE ont! e *
z See yao sid

oe K —ii- 7 a Py . 7h i

oa

\ nN | We \ ae 7 |
\ By a \ Se ea |

a 
as

ZY sS \ S I
oes 7 i \ OTS. }

\ e Se Aare Sh ae”
a Zz o

1D oS Ee 7
3 <

Si

on ee

Fig.6,05l1lAnalysis of thermal stresses due to temperature distribution

in one member as shown,

Denoting 42x, 44x - actual Horizontal displacements at joints 2 & 4

A2x', 44x! = suppressed horizontal displacements at joints 2 & 4

A2x + A2xt + Adx + d4x! = ATL

The conditions of compatibility of deformations and equilibrium of

forces can now be set out as before. Assuming that o = 30° and L13 = Ln =

2000mm, A = 2.409 x 10°mm throughout, € = 200 KN/mm?, X= 0.00001 per °C and

T = 10°C, the numerical matrix is shown in Table 600,04,

The results of the solution of the matrix in Table 600,04 are shown

in fio. 6.0512.
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Table: 600.04 Numerical matrix for the analysis of the effect of temperature change in end segment of top chord of

@ cross-braced truss as shown in fig. 6.0511



2-000013/44

caleeoaan rt Ia
(esate) |

0-000033258"

(e-*602 309)

4

©. 000034648 TM

250

@- eo0a000/(TM

2209)freee), tyes cea Aa

Fo OR Naa ee 7

\ o.= el we

z\ OG, ob
5 A i Ge, 88

ae ios) fo Sea
4a issn SS fe ae)

1 7

3 wae

Pig. 6.0512

2-000 00/34.TM

_] essed

3h 23x20

Showing stresses and deformations in a cross—

braced truss due to the temperature distribution
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in one member as shown.
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6.05.2 Example (5) Stresses due to temperature distribution in the

middle segment of top chord

aH Set

4 @

Se we i ee ee
\ 7 ~~ VA) |
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3. +

3k
>

Fig.6.0521 Analysis of thermal stresses due to temperature change

in one member only

Denoting 44x, 46x - horizontal displacements at joints 4 & 6

44x", 46x' - suppressed horizontal displacements at joints 4 & 6

Dax + 44x! + A6x +A6x' = ATL

For a truss of similar properties as in example (3) the numerical matrix

is shown in Table 600.US and the resulting forces and displacements are

indicated in fig. 6.0522.

1S (ohare Ser 0-06460TMTM" + 0-O9871 htm, Pee

i‘ 2: Mbrs{£ 2 & i ee > 4-00043)"TM.
Pe-coossimed Osiz Kn F \ 86309 i 2-313 Ke i 8

x j3
IS aN |! ES OR ee, I.

q eS Ly EN go a 1g

S\ eo Bis ‘ 8s 4 AE Rea ies ge Ie
01793 “a es: RJ g Ay o-t7931 7

he BUS Kw 3 8.8388 KN 5, a Bie ny
meet | we,o3qy At 2: 035398 0001293ae it

Fig. 6.0522 Showing stresses and deformations due to temperature distribution

in one member as shown,
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6,06 Discussion of results of thermal stress analysis of trusses

The results of this section show that stresses and deformations

caused by thermal changes in members of trusses can also be analysed

with equal ease by the method of force-displacement. In this

method, the load-deflection characteristics of members are used

in the form of the linear flexibility coefficients and these

provide an analytical link between the geometry of structure,

system of loading, compatibility of deformations and equilibrium

of forces. In contrast to the traditional methods, the force—

displacement method shows one distinct superiority, that is, the

ease with which deflections, whether due to thermal stresses or

gravity loads, can be calculated.

The analysis of a statically determinate truss for thermal

stresses shows a very interesting phenowenont That tn alatically

determinate trusses, temperature changes result only in displace

ments of joints without any stresses in the members. This result

can be concluded by a mere inspection of the structure without

having to do any calculations.

The analysis of displacements of joints show that the

displacements are proportional to the length of members, the

coefficient of extension and the temperature change. The cross—~

sectional areas of members, or the modulus of elasticity of the

material, has no bearing on the magnitude of the displacements.

The analysis of statically indeterminate trusses for thermal

stresses show that in addition to displacements of joints, members

are also subject to axial forces and deformations. It has been

shown, that even for a small temperature change of 10°C large

stresses and deformations can take place. An inspection of the

results of examples (3), (4) and (5) confirm the validity of the

principle of superposition, which is adequate for practical

purposes.
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As in the case of statically determinate trusses, the displace-

ments are proportional to the length of members, the coefficient

of extension and the temperature change. lWowever, the stresses

in the members are not only proportional to the above parameters,

but also to the modulus of clasticity of the material. This aspect

is of great importance in practical application in the design.
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7,00 THERMAL STRESSES IN BRIDGES

7,01 Introduction

Observations show, that temperature variations in bridge decks can

cause high stresses and even cracks, For this reason, it is a requirement

of the code of practice, that all bridges should be designed for the effects

of differential temperature, The draft code gives the minimum and maximum

temperatures and the range of temperatures to be considered as affecting

the structure, These are based on Transport & Road Research Laboratory

Report LR 765, "Temperature differentials in bridges", The effective

minimum and maximum temperatures are dependent on the depth of surfacing

and the type of construction. The chart on the following sheet gives the

recommended "Temperature Differences for Different Types of Construction",

In the following sections, an attempt is made to develop an approximate

method of analysing the stresses in different forms of bridge decks due to

the effects of differential temperatures.
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“PERATURE DIFFERENCES FOR DIFFERENT TYPES OF CONSTRUCTION

QOUP TYPE OF CONSTRUCTION

Steel deck on steel

box girders

40mm surfacing

TEMPERATURE DIFFERENCE °C

hy= 0.1 met

hp=O02met

tes

res

h3=0-3 metres

Steel deck on steel truss or

plate girders

' Concrete deck on steel box,

Use differences as for Group|

truss or plate girders

50mm surfacing

SS th

5Qmm surfacing
eae ae

eee fh Ree

Be

hy= 0.75h

he O-4metres

aes

h, = OS metres

4 Concrete slab or concrete

deck on concrete beams
or box girders

50mm.surfacing =

Ny

he

hoe

hye

hye

h

metres

+0:2m

0-4(h-hy) + 0.3m

0-4(h-h,) + 0-1m

hel hyhgh) + 0.2m

O6h

a das

“centigrade

Te

02

O4

06

08

2039

95,05

13-5 |075| 05

15-0}10

16-0 |1-75) 1

160}20]1

05

2:5

40

50

50

hy

he

h

hy

a My

hye O-4h +0:2m

hye O-3h +0-3m

het O-4(h-h) +0. 1m

hy he{ hehgh) + O-2m

h Ty Th + h%

metre s *centi grade

02] 35| 05/025) 75

04 | 65 j075)0 5135

06 | 85]10}15 150

08 |100j15j25 |65

209 |105/2.0135 |70
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7.02 General formulations for the effects of differential temperature

on any structural member

So far, the effect of temperature changes on prismatic members with

rectangular cross-sections have been considered, and in each case the

problem has been treated as a specific individual case and not as a

general solution. However, in practice one very often encounters problems

of members of any cross-section subjected to complex temperature

differentials, e.g. various forms of bridge structures, some of which

will be dealt with later in the text.

In the following section, general formulations are developed for the

effects of differential temperature on any structural element.

The element to be considered, as shown in fig. 7.021(a), is divided

into horizontal segments such that the temperature distribution across

any segment is linear. If the member is fully restrained from expanding,

the force required would be P = AEKT

As Y bed KR = EXT:

er

fee see

g kK

i‘ y; TT Te = ExT,

(a) (b) strain (c) stress
diagram diagram

Pig. 7.021

and the magnitude of stress, Total = EXT

and the stress at any level, = EXTb a) + EXTt 2)

For the section under consideration, the stress diagram is as shown

in Fig. 7.021(c).
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If now the restraint is removed, a condition of plane strain is set up with

the resultant localised stresses whose nst moment and axial force on the section

are zero. In order to define this plane strain condition, it is necessary to

equate the released moment and the axial force, with the moment and axial

force due to the original stress in the restrained condition.

7,021 Effect of linear temperature distribution on a fully restrained

gection

Consider the effect of temperature on a small element, dy of a

segment of thickness qd

(i) Axial force on segment,

2 a Bo b.g: dy

u

d

J b.em(t (1 - 2) + Tt 4) ay

a
Z d

See Werte ‘ren +B OL vy. ay]
: 

4
= ent b.dy {Tb (4.4 deve ayy 4 u Js eevee |

b: dy SS b.dy
E.K.A {1 (a -2 +7

a E.QX.A.Tav.

+’. Total axial force on section

for n segments 4 (E.K.Ai.Tav.i)

(ii) Moment on segment about its awn centroid

m= iG b.c. (y-y) dy

ie b. £0 {Tb (1 -d)4 tt. Shy - 9) wy

= £06. Tb ie > Le FT'ey - 4 6" by (y-7) oy) +e.

fo by Fay}
4 Ba

but if b(y-y) dy =o i.e. the moment of arsa about its

own centroid is zero
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4 4 a =ems e.K(- Be bey (y-y) dy ons, b.y (y-y) dy
fa a ue ln =?cnet HSI b (y-¥) "dy + ¥ f b be 77ey}

Tt-Tb
EX ( zr 1

EXKI a where AT = Tt-Tb

Now, if the height of the centroid of segment above the bottom

of section is given by y', then the moment about the base is

given by:-

M = moment of forces on segment about its own centroid

+ Axial force on segment x y*

a Est. s + EKA Tev.y!

*, The total moment of a fully restrained section about the

F = 2 TL
bottom of the section, M = =, (E.K.1i “Fr + E.X. Ai Taved y'i)

7.02.2 For plane strain release

Level of Gab.

of Section

1

E.é,

(a) Plane Strain (b) Stress released

by Plane Strain

Rig 1 O22)

By similar argument as for the effect of temperature above,

Total axial force on section

Pps = E.A.€av.

and total moment at bottom of section

meer SS+ ea. eav. ¥

where J€= €t -€b)
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Now equating the axial forces and moments for the two conditions

considered above gives

0

Axial Fores > (E.K.Ai. Tav.i) = £.A,€av.

i.e.

Moment

i.e.

int

sf a(Ai.Tav.i) = A€av. PSCC UN 09)
i=1

= (e.0¢. 150 + E.KA.Taved yti) = er SE + E.Acav.7
iz

went ah + Ai, Tav.i.y'i) = TI as + A€av.y --- (2)

The equations (1) and (2) can now be used as simultaneous equations

in€bandeée (the strains at the bottom and top of the section).
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EXAMPLES

Tefal Section

Properiies

L,A,g

Fig. 7,031

Equating the axial forces in the fully restrained section to the axial force

released by allowing plane strain gives

[at {ny + 12(1- Hy} + A2.T2. 2) + A3.T3(1-3S ¥3) x

na { 134) + 14144} = nf{én-4) + et} (Q)

By equating the bending moment about the bottom of the slab in the fully

restrained section to the moment released by allowing plane strain we obtain |

T1-12) . yt y1x (Get) 11+ at {1Q5) + 120.-45)} yt" + 35 12 + a2. 12% Z)yat

+B I3 + A3.T3 (1- By Bly (13-14) 14 + Aa {73(34) +

4 (€t- Eb) € ¥ yc
ra(1ay} yar] = SES) os aferayy seedy ----- (2)

If di = 200mm

d2 = 300mm

d3 = 200mm

d4 = 100mm

od = 1000mm



For a section 10m wide

Ree io 052 seme ee ie an & Ose
12

A2= 10% 0.3 = 3m; 12 510 x

AS = 10x 0.25 2m : I3= 10x we

Ha stigey 44 = intact ad ee 40.x eee
12

3
2 1

= = : 4 iorA = 10% 1 49m? : I nx a5

Ot 16 °c

2%
os

bee

Oz
Se

OF Ss Fe

Fig. 7.032

9.0067m*

9.0225m4

9.00667m*

0. annaam®

1.93333m4

262

0.05m

0.50m



Area of Lever arm, La, from | Temp. Tav.°C at Axial Force in Temp. gradient | Bending Moment at
fencer heated zone centre of heated centroid of section due to across heated base of section =
sili of gieb zone to base of heated zone Temp., F= ALE Tav. zone in C/m. Fela + TLE AT&/d

) Slab in (m)

A 2 0.900 9 18 EX 70.00 16.6690 EK

B 3 0.650 i 3 Ex 6.6667 2.1000 Ex

c 2 60.400 Q 0 Q 0

dD 2 0.200 0.75 1.5 £& -7.50 0.2500 Ex

E 2 0.050 3,25 3.25 E« -35.00 0.1335 Ex

Table: 700.01 = 25.75 Ex = 19.1525 Ex

£93
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Plane Strain

€e

Strain at any point is given by

the expression

Eav. da F zi
= €b(1-% foe& b-See eta)

a

€p

Fig. 7,033
4Axial Force raleased, f = A.f.e= roe {en(1-42) +€r(24}

= nF {0.5 €b + 0.5 €t}

Bending moment " , M=A.F.€.d + ILE =>.

ét-<= lof {0.s€b + 9.5€t} 0.5 + oasssae {St<2}

= {1.66667€b + 3.33353€t} &

-’. Equating Forces gives

soe{0.5€b + 0.5€t} = 25.758 = -~=--- (1)

£{1.66667€b + 3.33333€t}= 19,1525£« ------ (2)

From (1) €b = {25.75 « - S€t} > cata (1a)

Substituting into (2) gives

1.66667 (75.75% - sét)t + 3.33333€t = 19.1525%

1.66666€t = 19.1525 - 8.58335%

we Et 10.56915

1.66666
XH = 6.34152 0%

Substituting into (1a)

mn o it= =9,19152 "cc
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63415208 r/n6-34152

£

£

INOS 2c 1 19tS206E Nfraet

(a) Strain Diagram (b) Stress Diagram

C34isan eK GS 341S20¢€ M/unt 16KE ni /ane
¥
fn

ES
aK f

0

6

k
bf
6

uf

bow 
8

3i aH
—1191SO% Sal HIDIS2AE Mg SOE Hak

(c) Primary strain due to

temperature distribution

Pig. 7,034

(d) Primary stress due to

temperature distribution

Final primary stresses and strains due to the

effect of temperature distribution.



7.04THERMAL  STRESSES  IN  BOX  GIRDER  BRIDGES
Fig. 7.041
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7,04,1 Cantilevered box bridges type (a)

t Acsasm be 3-som Oos2se s

| te = 0-0 m Be 0.243TM

f SS aa ‘i

Me
Ze IR

Fige 7.0411

1 Properties of top deck slab

area of stab (top) A, = 10 x 0.16 = 126 at

= 0.08 m

= 3 4.I, = 10 x 0.16 fy3 = 0.0034133 m

2 Properties of total bridge section

area stab (top) = 10 x 0.16 = 1.6 ma

aie2 Babs + bapyow + ( (2.50 + 0.81 x 2) + (2.662 + 0.496 x 2) ) 1.34slab

~ (2.338 + (2.662 + 0.496 x 2 ~ 213.15 x 2) ) $«

(1.50 - 0.16 = 0.14)

= 4.01464 - 3.33942 = 2.27522 me

*. Total area, ZA = 1.6 + 0.67522 = 2.27522 m@

Taking moments about base of bottom sleb gives :

AY = 1.6 (1.5 ~ 0.08) + (2.5 + 0.81 x 2+ 0,496 x 2)

1.347
. ee (2.338 x 1.2 (0.6 + 0.14) + 0.44485 x

12x $x 2% x 1.2 + 0.14) + 0.496 (1.5 = 0.16)

4x 2x 1/3 (1.5 - 0.16) )
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a 2.272 + 3.281 - 2.076 - 0.502 - 0.297 = 2.678

ER “22676

sees peayaga ss Ur ee

= 10 x 0.162/12 + 1.6(1.5 - 1.177 - 0.08)? +

3.654 x 1.34/12 + (3.654 x 1.34) (1.34/2 - 1.177)?

~ {2.338 x 1.29/12 + (2.338 x 1.2)(0.6 + 0.14 - 1.177)7}

-7 f0.aaaas « 1.25/36 + 0.48805 % 1.2/2 (2/3 x 142 + 0414-1.77)4}

-2 {0.498 x 4.34/36 + 0.496 x 1.34/2 (1/3 x 1.34 = 4.177)7}

= (0.00341333 + 0.0944784) + (0.73265867 + 1.25860444)

(0.336672 + 0.53578262 - 2(0.02135280 + 0.01499207)

-2(0.03315077 + 0.17725509)

= 0.72319976m"

Now eccentricity of heated section from centre of area of total section,

e= 1,5 «= 1.177 = 0.98 = 0.243m,

T1 = Tt

T2 = Tb

x

E

a

15°C

5°c

0.000012 per 1°C

28 KN/mm?



Rese oteteated Lever arm from Temp. Tav.°C at | Axial Force in Section wens Rrackene Bending Moment at

aati tune ot Slab centre of heated centroid of due to Temp. effect ee Giatad base of section
in? Zone to base Heated Zone F = A,E.& .Tav Zone °C/m Ni Fale reAl®

of Section La (m) °C in KN a d

Top Slab 1.6 1.42 10 5376 62.50 7705.60

d a 1.177 1.177
: 4 e+€ -S)+etSe€ -= eatTable tile 02 ei Sh <tG BxXi = ye Cte

= 0,21533€&b + 0.78467 <t

F = AEE = 2,27522 x 28 x 10° (0.21533 &b + 0.78467 et)

€b M = AEE La + IE #S22.27522 x 28 x 10° x 1.177 (0.21533 €b + 0.78467 €t)
Et aw

Me ee + 0.72519876 x 28 x 10° (= =® oo

Fig. 7.0412

from eqn. (

i.e.

u

tt 2,646,196.24 €b + 72335954.08 <t

2.27822 x 28 x 10° (0.21533 €b + 0.78467 €t) = 5376 ---------- Qa)

2646196.24€b + 72335954.08 €t 7705560 ese (2)

5376 1
€b= - ie

1) <b = Grepmaenns ~ 0°78487 €t) pi sa5

Eb = 0,00039190 - 3.64403474 €t --

16,145,906.43 €b + 58936243,89 €t + 13499710.19 <t - 13,499,710,19€b

69z
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Subst. into eqn. (2) gives

2646196.24 {0.00039190 - 3.64403474€t } + 72335954 08 = 7705.60

1037.044306 - 9642831.027€H 72335954.08t = 7705.60

62693123.05& = 7705.60 - 1037.044306

, €t = 9668.555694

62693123.05

= 0.00010637

-'. €b = 0.0003919 - 3,64403474 (0.00010637)

= 0,0003919 - 0,00038761

= -0,00000429

9.00010637 2.97836 N/mm?

T es

‘e ‘

0.00000429 0.12012 lant

(a) Strain Diaoram (b) Stress Diagram

0°0001087° o.c00/g Sogo Nfatm 2-976 n/n

e @BIs W/o

©-ecoee r fae 3-360 rt £5649 H/ iment

oF

+

e ‘

Ceo oa Fey +120 Mawes

(d) Primary stresses due to temp. distribution

(c) Primary strain due

2:62 Wine
to temp. distribution a ——

Dea foal OS green cee Cea

ss

e120 mem”

Fio. 7.0413



Flexural stresses in the longitudinal direction due to the effect of

temperature distribution

Assuming a bridge of 2 x 30m spans as shown below:
4

eae TT ist

me a
A Ta = Se B Mest

3oTM som

6\s

Me

Fig. 7,0414

Bending Moment at Centroid of Section, M = Fe + I1F

1306.368 + 71.679

1378.047 KN-m

mL _ 1378.047 x L

Ve oE = EI

mn, ee = 1378-047 xb

BSE ~ ua

«ie MM, = 1378,047 x 3/2 = 2067.071 KN-m

I (Total) = 0.72320 m*

eee a, 2067.00 _ 923.208 KN/m?
a 2uP 0.72320/0.323 ~ (0.9232 N/mm?)

2067.071 _ 3364.135 KN/m”
Gg bottom = 9779320712177 ~ (3.364 N/mm)

Al x
d

5376 x 0.243 + 0.0034133 x 28 x 10° x 0.900012 x 62.5

an
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2062 Ht : 6925 H/saae 2-985 cfoumt
Eo MEL Ts ea q 7 = aan TUBE Ha = Taek

Bei Had ey OT sehen(996 dle #- 50h hee 2-452 Hed
1.422 rfinid TF petted’ = ategafunt {7

0.913 m[mat Gere 2848 W/nd

0. 307 Maat 2-649 Has 36086 rine
Sonne ye Sia fr 3108 Hat

€ Ole Yoant 8-366 1 ensae” 2244 W/mot ,

Fio.7,0415 Final stress diagram in the longitudinal direction

due to the effect of temperature distribution



tl
¥

273

Stresses in transverse direction

bessTM ke

5.9979 30 <6 |
\ Tee 5%

968429 Kevin

Fig. 7.0416 fa2sTM

d = 1.5 = 0.16/2 = 0.14/2 = 1.35 m,

2 x 0.160

«(T1- a 5) 3.5Bba = Tate = 9-000042 (15-5)3-5 _ 99913125 ved.
t

rs 2
aS §-5)3eo 5 o(T1-T2)b — 0.000012 (15-5)3.5 = 0,0011484

Bt, 8 x 0.16

ly =apx1x 0.16° = 0.0003413 m@

I, =ax1* 0.2° = 0.0006667 mé

Ig =apx 1x 0.149 = 0.0002287 m°

« . 5-5)3.5ao oe Bee 9.000012 ae 5)3.5 _ 9.000210

Writing the compatibility of deformation equations:-

b d d a

ALB OM, (Gety- + Sera) ~ "© Gera = Pb8 - 3G
d d f 4

ALC -M, eetg + Me (seqp + ders) = 20

Mb 3.5 1.35 Mc 1.35 0.00021
© (saaoisais ¢ Gmoetooeser” “er Gepcpunsen7 7 OS" Baas

dos 1ese, 26 oe mel pat ssseea 2.6 0 yx Os0neZ

© exo.noneee? * © ‘Fup.angsee7 * Px0.0002287 ~ 2x1.35



Subst.
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5902.42011 22 - 357.48315 = = 0.0012347

° Me fe
274M, = (00012347 + 337.48313 ) ane. ao0Tt

-337,48313 2 + 6140,64181 ms = 0.00007778

from above

-337.48313 x y, (0.0012347 + 337.48313 TE yeha02.42011 + 6140,6418108

= 0,00007778

Me Mc
-0.00007181 - 19.62886=- + 6140.64181 == = 0.00007778

Me
6121.01296 = * 0.00014959

Pentel QO014950 sf eee
15s ‘athe 6121.01296

= 2.438765 x 10°F

= 0.68429 KN-m

Mb = 2.142194 x 107"E

= 5.99793 KN-m
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Stresses due to continuity at abutments or end diaphragm

abet Se, [ae idee
+

\ \ wm /
; eae soe pr

\ Soa ae ie ee ereScere :

\ yf
; ae BA /
Ne eS ee See

Toe

Fio. 7.0417

Angular deformation @ results only because of bending stresses. Since

the curvature is constant, we can write:

8 ML

2ET otal

where M=Fe + IE AT x = $KE(114+12) (Zab) t,.0

+ IE (11-12) &

ive. M =(Force on Segment) .@ + Moment about its own centroid.
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Fio. 7.0418

Writing the equations of compatibility of deformations at £ & H gives

A d d
Wee me Gory + ger) -", cera ~ O°

+ ate) =d d

AEH Me gery +", (SeTa

If the value of {1 and § can be found, the magnitude of moments at E£

and H can be found.

Assuming i = j§ = $ = = 0.675m

Me (0.675 i 1.35 )-% 1.35 _ 1378.047xL

— ‘3x0.0003413 ~ 3x(7.35x0.2°/12) E 6x1.35x0.29/12 — 2ET

_ Me 1335 + Me ( 1535. fel 875 yea
E 6x1.35x0.2°/12 E °3x1.35x0.29/12 ~ 3x0.0002287" ~

Me My _ 1378.047x30
1159.24 [i= 250.00 b= aaa

Me mn
-250 = + 983.82 = = 0



28582.28 TM £
feeaeeaeee ne 5 SEES caer
( oa 2500 ie ) 4159.24i

" 24.6561 + 0.2160 Mh

Substituting into (2) gives

=250 {24.6561 + 0.2160 mn] ¢ + 983,82 SP = 0

54.0250 ~ 54, 3_ 6164.0250 0078 My , 983,82 My
E E ae 9

929.8122 Mn _ 6164.0250

E FE

eh = 6.6293 KN=m

a Me = 24,6561 + 0.2160 x 6.6293

26,0880 KN-m.
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Fig. 7.0419 (d) LoN@iTuDINAL SECTION AT THE CENTRE
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7,04.2 Cantilevered box bridges type (b)

fi 36m 2-38” | som |

ee | |zt : etion, Ele %
ee 3 : : ——— ef ee ge ee

” rs... oe: eo. ty, 2—£2-,. se ¥ . x
r $ =| eae, 2

3 ies

3 S Joon
nw = ete:

t

Fig. 7.0421

1. Properties of Top Deck Slab

Z
Area Al = 0.160 x 10 = 1.6m

y? = 0.08 m

11 = 10x 0.16°/12 = 0.0034133 m°

2. Properties of Total Section

Calculation of the position of neutral axis:

Area of Slab (top) : 10mx0.160m = 1.6 m@

Webs : 2x 1.2 mx 0.20 m = 0.48 m2

Slab (bott.) : 3 mx 0.140 m = 0.42 ae

=A = 2.50 m2

. Taking moments about the base of bottom Slab gives:

AY = 1.6 (1.5 - 0.08) + 0.48 (0,6 + 0,14) + 0,42 (0.07)

= 2.6566

y = 2.6566 = 1.063 m
2.50
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I of Total Section = 10 x 0,16°/12 + 1,6(0.0437 ~ 0,08)? + 3.0 x 0.149/12

+ 0.42(1.063 - 0.07)2 + .,0.2 x 1.25
a 12

+ 0,48(1.063 ~ 0.6 ~ 0.14)?

= 0,0034133 + 0.2039184 + 0.000686 + 0.41414058

+ 0.0576 + 0,05007792

= 0.72983623m°>

Ti = Tt = 15°

12: = Gib. Be -6°C

ar = 0.000012 per 1°

28 KN/s mennm a



7 7 7 7

| Area of fee see ere eay from | Temp. Tav.°C at Axial Force in Temp. Gradient) Bending Moment atheated Zone Centre of heated | || Member | Centroid of Section due to across heated | base of Section =
| a genes eee | heated Zone: |Teapy, Foal ee tavern meenekin ch ATox| m Slab in(m) feat Pas eos m | Fela + IE J

|

| | |
| 1.6 1.42 i 10 5376 62.50 7705.60

|

|

Table: 700.03

& x a

a a 1.063 1.063(ZS -s etl s2€ =Seen cece b( —e00) *<¢* F505

= 0.29133 €b + 0.70867 €t

Fo = AEE = 2.5 x 28 x 10° (0.29133 €b + 0.70867 €t)
<

Assumed Strain Ae 6

Diagram M = AEE€lLa + IE “> = 2.5 x 28 x 10° x 1,063 (0.29133 €b + 0.70867 <t) + 0.72983623a

Fig. 7.0422 een
6

CR ORE A Coreen

= 21,677,865.3€b + 52732134.7€t + 13623609.63€t - 13623609.63€b

= 6,054,255.67€b + 66355744.33€

2.5 x 28 x 10°(0.29133€b + 0.70867€t) Bao7 eee (A)

8054255.67€b + 66355744.33et 7705.60 ------ (2)

183
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From eqn (1)

5376 6
. 

= 
#

0,29133€b + 0.70867Et 25 x 26 x 10

+’. €b = .(0.0000768 - 0.70867€t) Ss

. = 0,00026362 - 2.43253355 €t

Substituting into eqn (2) gives

8054255.67(0.00026362 - 2.43253355€t) + 66355744.33Et = 7705.60

2123.26288 - 19592247.14€t + 66355744.33€t = 7705.60

46763497.19€t = 5592.34

€t = 1,1937382 x 107* = 0.00011937382

€b = -0,.00002676

0-000 11937 3.342444 N/mm

+

3
=

© C000 276 ©-74928 oe ag*

(a) Strain Diagram (b) Stress Diagram
¥ SS

rooey, _so-e0018 < Sete Nant ¥ 3-332 N/muw

°ea556 = paps chaise Seay 3.36 n[aet —— —

re

A singe
2 Ov002ty 

9-749 K/rande
{c) Primary strain due (d) Primary stresses due

to temp. distribution to temp. distribution

1-708 n [mo fd 0-0 934m,
ez

Ly 28969 N/mm

Pig. 7.0423 =

Final primary stresses and

strains due to the effect of

7 3 fom matemperature distribution. oes eae
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Flexural stresses in the longitudinal direction due to the effect

of temperature distribution

Assuming a bridge of 2 x 30 m spans as shown below:-

we ws

s Ste

A 3e.0TM _ 300 <

Ms
Fig. 7.0424

Bending Moment at Centroid of Section, M = F.e + IE AT x

a

= 5376 x (0.357) + 0.0034133 x 28 x 10° x 0.000012 x 62.5

1919.232 + 71.679

u 1990,911 KH-TM

are ML _ 990.914 x L

eres an eT

Nose = 1990.911«4
2EL

+o My = ST AS 2 2986.367 KN - m

Now I (total) = 0.72984 m*

, 2986.367 2
ad, top = 0,72984/0.437 = 1788.121 KN/m8 0.72984/0-437 ~ (4 785494 N/na?)

2986.367 2
Gy dott. = Fa5s5a7z oes = 4349-594 KN/m iS

(4.3495 N/mm )
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<

0+ THN fon sad 4-350 Nf

3:49¢0/eue
me

VROT Naga

sass n/m

3-b00 Afro

Fig. 7.0425 Final stress diagram in the longitudinal direction
due to the effect of temperature distribution
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Stresses in transverse direction /

Maly
ibe 28m % a4 7

i? se

/
4

ee ett /

% S-B264 tenon oe
\ f
\ “7

\ 7

4

I

2: S4SB Kai c

$ -'2-3m

Fig. 7.0426

J 0.14ie 1.5 ~ S218 _ Delt a5 on

Oba = eC aay aoe Beare ecuuutet SS) aon = P2.8 « o,ooios?*?

o «(11 = T2)b* _ 0.000012 (15 - 5) 2.87Sao” = a = ae 0.000735 m

1 4Mo= xa x 0.169 = 0.003413 m

aes 3 x 1x 0.2% = 0.0006667 m¢ ,

4ote ot x 1x 0.14" = 0,0002287 m

eee eee 0.000168
2

= 0.000012 x (15 - 5) x 2.8 =

2

Writing the equations of compatibility of deformations gives

b d d

Bie MsGerr. * sere) ~ "9 Gere = 88 = 9G

vat f 4
es gers +e. Gaets + Re = 3

Mb 2.8 T5355: Mc 456 |S 0.000168
€ ‘Sa.0003a73 * 3x0.0006667) ~ E 6x0,0006667 = 9°00105 - “ome

_Mb 1.35 4 Me (1.35 pase ) = 2.000168

“E 6x0.0006667 * € ‘3x0.0006667 * 2x0.0002287" = 2 x 1.38
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4776.92933 2 > 337.48313 io = 0,0909877A8

Mc E-'. Mb = (0.00098778 + 337.48313 eo aa 7asoass.

Subst. inte. (2)

-337.48313

E

SsMe
(0.00098778 + 337.48313 E ) W76.90553

+ 6796.52288 = = 0.00006222

~ 0,00006979 - 23.84269 BE + 6796.522A8 ££ = 0.00006222

6772.68019 £2 = 0,90013201

2’. Mc = 0.54576 KN-m

Mb = 5.82844 KN-m



7.04.3 Voided slab bridaes
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oq

ars | | oss us

KC Vordsa.75 dia.

Ct

o57

Fig. 7.0431

i. Considering Area 'A'

Section Properties

Area A = 11.000 x 0.200

A

Centroid of area from base of

26 Considering Area 'B!

Section Properties

Area B = 11,000 x 0.300 - (2.750 x

0.01644m*= u

Centroid from base of section = (0.300 - 0.123 + 1.000) = 1.177m

= 2.200m"

I, = 14.000 x 0.200°/12 = 0.00733m*"

2200,

2

section = 1.500 - 0.1 = 1.400m.

2 - 0.09454 x 3

3.300 - 0.550 - 0.2836 = 2.4664m>

tee e
z oie

ae os"

07"

nse one
oe

ca
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7.PL

Date 2nd February 1976 2nd February 1976 2nd February 1976 2nd February 1976

Thermocouple Wewmoe |e nue Sees le true qUeTaC ST erie SHerto= TrueNo. Tima Couple Temp.°c Time Couple Téep.°C Time Couple Temp.°C Time Couple Temp.°C
Readino Reading Reading Reading

Voltage Applied = 190 Volts Volt age 00 Volts O00 Volts Voltage Applied = 150 Volts

IT 10.06 150: 16.5 11.40 24.0 27.50 13.37 58.50 45.50

T2 10.06 15.5 16.5 11,40 21.50. 24.25 13.38 50.10 39.75

1s 10.06 75.5 16.5 11,405 18.25 20.50 13.39 39.00 32.25

T4 10.06 15.5 16.5 11.405 17.50 47.25 13.40 17.40 17.80

TS 10.06 Wos5 16.5 97.41 17.50 W225 13.41 17.40 17.80

T6 10.06 15.5 16.5 14,41 17.50 947.25 13.42 17.50 47.78

Tt 10.06 15.5 16.5 11.415 17.50 17.425 13,42 17.50 Tote

Ta 10.06 15.5 16.5 11.415 23.50 27.00 13.43 59.25 46.00

9 10.06 15.5 16.5 11,42 20.25 23.25 13.44 48.05 38.25

T10 10.06 15.5 16.5 11.42 18.25 20.25 13.45 39.40 32.50

11 10.06 18.5 16.5 413425 17.25 16.75 13.46 16.25 17.25

T12 10.06 15.5 16.5 14.425 17.28 16.75 13.47 16.25 17,00

713 10.06 75.5 16.5 11,43 1725 16,75 13.47 16.60 17,30

T14 10.06 75.5 16.5 11.43 16.75 16.75 13.48 17.00 4250

tS 10.06 15.5 16.5 11.435 23.50 27.00 13.48 56.10 43.75

716 10.06 15.5 16.5 11.435 19.75 22.25 13.49 44.0 35.75

T17 10.06 15.5 16.5 17,44 17.75 20.00 413.50 36.10 30.25

T18 10.06 15.5 16.5 11,44 16.50 16.50 13.51 15.50 16.50

T19 10.06 98.5 16.5 14,445 16.50 16.50 13.52 15.50 16.50

T20 10.06 15.5 16.5 17,445 16.50 16.50 13.52 15.60 16.50

T21 10.06 45.5 16.5 19.45 16.50 16.50 13.52 16,00 16.75

Table: 800.01(a)
TEMPERATURE EFFECT ON A MULTI-STOREY FRAME COLUMN
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1900

SS00

Fig. 7.0432

Seament. Arex ¥ (from top) I

| A | 22€5 mm? 100 mm | 73333E5 mm*

foe j 2 a
8 | 24.66E5 mm 4123 mm | 164400E5 mm

c 26.14E5 mm- 383 mm 428000065 mm*
f

ie 9.72E5 mm- 99 mm | 32397E5 mm?
f | 2 a

ee 4.765 mm 50 mm 39S0E5 mm

” 2 “) > 4
BR = 87.26€5 mm y= 605 mm T = 1.91642 mm

Table: 700.04

683



Assume Base Line at the Top of Section

Segment Area v yo Any

A 200%5500x2=2200E3 700 100 220000F3

Cc 5500+4940 en 700(2*4940+5500)
> 700=3654E3 3(a9Ane S500 =344 | 500+344 | 308397663

4780+4940 200(2%4780+4940oO > 200=972E3 Sere 99) 1200+99 | 126262863

4700+4780) 100(2%4700+4780
£ > 10N=474E3 3(4700+478 =50 1400+50 | 687300F3

290

“p [dx mx7s07=132663 TO 75 3004375 | s9sosne3

81 |100x11000=110083 50 2no4so | 27S0003

(5500+11000)x200 | 200(2«5500411000)
82 ; Sn ee Nay =89 | a9+300 | 64ras6e3

EA = 872463 EAYo = 527570463

ye = 5275704/8724 = 605mm

Table: 700.05
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AreaSegment I y

whole |11,000x1500=16565 43*11000x1500"~30937500€5 2 = 750

ey pe 275043150)1000 9-6] 5, 1000°%(2750744x2750x31 5043150") | 1900(2%275043150)
2 eae 36x (275043150)=4909134E5 3(27504+3150)=489

3

x2 | aA MATEO srses A200 1222985 200 = 67

7507 750°x3 [SD 3, 2565 eS assoases Center

4

Table: 700.06

= 3093750065 + 165E5 x (750 - 605)?

- 465948€5 - 13.25€5 x (675 - 605)*

= 1222265 - 5.5E5 x (605 - 433)”

4.907E12mm*

1.907"

4909134E5 - 59ES x (1011 - 605)?

au



Area of Lever arm, la, from 1 tev°’c at Axial force in 1 Gsadtent Banding Moment at

Menbex heated centre of heated Zone ae a ae Section ern pon base of Section
Zone of slab | to base of slab in aah i tone due to Temp. See 26 /m em =F tal TEST

m (m) : F = AlEKTav, | “°° = d

18.180E®x 1,.44+0.00733x70.0EKA 2.200 1,400 9 18,180Ex% 70.0 = 25, 9651E«

2.9104EK x1.1774+

8 2.4664 1,177 1.18 1,.9104EK 6.6667 0.01644x6,6667E«

= 3.5351E«

¢ 2.6129 0.617 o 0 Go 0

0.7217E « x 0.201 +
D 6.9720 0,201 0.7425 O.7217EK% -7.50 0.0032397 x (-7.50)E«

= 0,1208ExK

1.5405E« x 0.050 +

E 0.474 0.050 3.250 1,5405E« ~35.00 0,0003950 x (-35.00) Ex

= 0,.0632E«

Table: 700.07 =X 23.3526EK = 29,6842EK
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Plane Strain

ee Strain at any point is given by

the expression

Ea. a Z

€ d evs
€ =€b (1--) + €t(S)

s a a
a

&,
Fig. 7.0433

Axial force released, F
Deb 3e) et (B-835)}

€ <are = 8.72536 {Eb (1 a En

— (3.5192€b + 5.2061€t]

Ee AE
AE Ed + IE aBending Moment, M

et sey€ [3.5192 €b + 5.2061 €t] 0.995 + 1.907 (=> =

€ (3.1497 €b + 4.6595 €t + 1.27913€t - 1.2713€b]

E (1.8784 €b + 5.9308 €t]

+". Equating Forces gives

€ (3.5192 €b + 5.2061 €tJ] = 23.3526FK (1)

€ (1.8784€b+ 5.9308 <t] = 29.68429FK ------ (2)

from (1) €b = (23.3526«% - 5.2061 €t) oueyas ees (4a)

Subst, into (2)

1.8784 (23.3526 K - 5.2061 €t) cose + 5.9308 €t = 29.68420~

12.4646% - 2.7788 €t + 5.9308 €t = 29,.6842K«

3.1520 €t = 17.2196%

. 17.2196K
Caees Ct = 3.4590 = 5.4631%

Subst. into(1a) gives

1

€b = (23.3526 - 5.2061 x 5.4631%) over

= -1,4460 «
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SABI of S AGS KE Nf oro
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1 44bo of PA4GOKE Hind,

(a) Strain diagram (b) Stress diagram

(One SACI KE (9°SS Ime

= Sere a i= ae tiae.
an€ +. 4 S419KE
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a 2731508 -
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rae 3 aoe 2484946
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(c) Stress diagram (primary stresses due to temperature distribution)

Fig. 7.0434



Flexural stresses in the longitudinal direction due to the effect #95

of temperature distribution.

we

ave

A 8 a
3e wm 30m a

Mg

Fig. 7.0435

Bending Moment in section due to temperature distribution, M = EI Se

Sek

where te = 5.4631 + 1.4460 = 6.9091%

9097. M = 28 x.10° x 4.907 x 0.000012 inet

EAN b0

2951.35 KN-m

Fig. 7.0436

@ AL 2951.35. 1475.675L

2ET 2E1 EI

L 1475.675L

Pe aeq et

o's MB = 4427,025 KN-m

4427.025 1404.48 KN/m2
SB top = 775597605 = (1.4045 N/mm?)

2427.025 2077.71 KN/m
GB bott. = 3795570808 = (2.0777 N/mm?)
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5 1842 [moe
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e
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Fig. 7.0437

9445 Aaa

3369 w/t

Final stress diagram in the longitudinal direction

due to the effect of temperature diatribution.
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7,05 Discussion of results of thermal stresses in bridges

The first part of this section on Thermal Stresses in bridges shows

that general equations can be formulated for all shapes of bridge cross-

sections and for any form of temperature differential. Although the

equations look very formidable at first sight, in reality they are very

simple and easy to apply, This simplicity of application is demonstrated

amply by solving several types of bridge forms for various temperature

differentials in the second part of this section. The same general

principles can be applied for the solution of thermal stresses in other

structures,

The four examples of bridge decks analysed show similar thermal

stress distributions. it is interesting to note that the deck surface

undergoes high compressive stresses whereas the rest of the structure

undergoes tensile stresses. This is quite contrary to what one would

expect. However, this explains why bridge structures are known to

deteriorate rapidly from underneath. The situation is further aggrevated

by the fact that the majority of bridges span over waterways which cause

steep temperature differentials by keeping the underside cool. The

rising water vapour due to evaporation accelerates the deterioration even

more, This situation is not much different even in the case of bridges

which do not cross waterways, e.g. flyovers over roadways. The underside

usually remains cool due to its own shading and trees and bushes planted

alongside,

The results show that the thermal stresses are greater in the case

of bridge decks where the structural thicknesses are greater,

From the results it follows that prestressing of beam bridges would

be advantageous over conventional r.c, members, not only that greater Spans

can be designed, but also for providing better resistance against thermal

stresses,



8.00

8,01

298

EXPERIMENTAL VERIFICATIONS OF Ti ANALYSIS UF THERMAL STRESSES AND

DEFORMATIONS

EXPERIMENTS ON 6-STORSY CONCRETE MODEL SHEAR WALL FRAME

8.01.1 Introduction

Two experiments were conducted on the Micro-concrete frame

detailed in Fig. 8.001, 2& 3. The first experiment was to determine the

response of the frame due to the effect of temperature variation on the

larger column, The second experiment was carried out to observe the

response of the frame due to the effect of temperature variation in the

roof beam,

The objectives of these experiments were (a) to check and to

correlate theoretical predictions of thermal stresses and deformations

with the experimental results, and (b) to check the validity of the

assumptions made in the analytical formulation,

8.01.2 Model Frame

A 6-storey iMicro-concrete model frame made by a previous researcher

was available in good condition. it was therefore decided to use this
‘

model rather than make a new one, The dimensions and reinforcement details

of the model frame are shown in figs. 8.001 and 8,002 respectively,

8.01.5 Temperature Measurement

For the purpose of measurement of temperature, 21 thermocouples

had been cast into the frame at suitable locations (as shown in fig. 8.003)

during the manufacture of the model, (As has been mentioned elsewhere,

the measurement of temperature was carried out by the use of thermocouples

because they offer the most reliable way of measuring internal temperatures).
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SECTION B=B
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8.01.4 Strain deasurenent

For the purpose of measurement of strains, demee studs (of the

cast-in-socket type) at 36 locations (as shown in fig. 8.003) had been

cast into the frame during its manufacture. For the measurement of

strains caused by heat, demec gauges are considered superior to strain

gauges as the latter has to be compensated for temperature and can give

very misleading results if this is not done, in the case of demec

gauges, only the studs are in contact with the heated member and the

demec gauge itself is therefore not effected by the heat.

8.01.5 Deflection Measurement

For the purpose of direct measurement of deflections, dial gauges

were used at various suitable locations as shown in. fig. 8.003. The model

frame was placed inside a larger steel frame as shown in Plate Vi so as to

fix the model in a stable position and allow the fixing of dial gauges.

8.01.6 Heat Input

Heating tapes were used for the purpose of heat input. For the

first experiment, i.e. effect of temperature distribution in a Shing

heating tapes were applied on one face of the member to be heated,

Insulation softboard, lem thick and lined with aluminium foil, was

applied on the outside to stop heat loss from the tape to the atmosphere,

Similarly insulating softboard lined with aluminium foil was applied to

the 2 adjacent faces of the member. The opposite face to the heated face

was left open to the atmosphere so that a flow of heat could take place

from one face to the opposite face, thus giving a linear (or curvilinear)

temperature distribution,
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For the second experiment, i.e, effect of temperature distribution

in the roof beam, the heating tap was wrapped round the entire beam and

insulated on all sides with aluminium foil lined softboard, This was done

in order to try and obtain a constant temperature distribution in the

member,

8.01.7 Experiment No.1 - The effect of temperature distribution in the

larger column of a 6-storey frame

It was decided to test the model frame in a vertical position so

as to be as near reality as possible. The thermocouples were connected

to a temperature indicator "Resilia" instrument through a 24 station

multi-switch. (As the thermocouples were made of iron and the "Resilia"

was a direct reading instrument for copper constantan thermocouples, it

had to be calibrated before use in the experiment, This was done

separately and the calibration results are shown in Appendix: B. The

"Resilia" was also fitted with a mercury thermometer. A separate alcohol

thermometer was used to compare the room temperature with that shown by

the "Resilia* thermometer,

The heating tape was connected to a power supply through a VARLAC

DURATRACK Type V6 HMT INPUT 230V OUTPUT 270V 3A (Range O to 268 volts)

and an ampere Meter (reading up to a max, of 5 amperes).

The dial gauges were positioned at locations as shown in

fig. 8.003,

Before switching on the electric power supply, the initial

readings of (i) all the thermocouples and the ambient room temperature,

(ii) all demec gauges, and (iii) all dial gauges were noted and recorded.

The voltage was then set to 100 volts and the current switched on, From
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this stage onwards periodic readings, at intervals of 1 to 2 hours, were

taken of all the instruments and the time noted. As the temperature

rise was small and slow, it was decided to raise the voltage to 15U volts

after about 2 hours of heating. The power supply was then continued for

the rest of the day, Readings of all instruments were recorded at

regular intervals. The power supply was switched off overnight at 5.U0 pm,

The power supply was again switched on at 9,00 am, the following

day and the experiment continued recordings of all instruments at regular

intervals throughout the day. The experiment was finally concluded at

5.00 pm. of the second day.

The results of the experiment are shown in Table 800.01, From

these results, at least two actual temperature distributions throughout

all the members were determined and are shown in figs. 8.0171 and 8.0172,

Other temperature distributions (8 nos.) are available, but it was

considered that 2 distributions were adequate to determine the effect of

temperature distribution in a column, From the two temperature

distributions selected, stresses and deflections were calculated, ‘he

stresses calculated from the demec gauges and the deflections shown by

the dial gauges were compared with those obtained from the analysis,



Date 2nd February 1976 2nd February 1976 2nd February 1976 2nd February 1976

Thermocouple eee Ser rue z area ectcue Beene tere. EnSEnO= Truedor, Tima Couple Temo.°c Time Couple Temo.°C Time Couple vine. Time Couple Temo.°¢
Readino Reading Reading Reading

pnlied = 100 Volts Voltage Applied = 100 Volts O00 Volts §Voltage Applied = 150 Volts

9 15.5 16.5 14.40 26.5 24.0 27.50 13237 58.50 45.50

2 95.5: 16.5 11,40 23.0 21.50 24.25 13.38 50.10 39.75

TS 45.5 AG<o 11.405 18.0 18.25 20.50 43.39 39.00 32,25

T4 7oeD: 16.5 11.405 17.0 17.50 47.25 13.40 17.40 17.80

TS 15.5 16.5 91,41 17.0 17.50 17.25 13.41 17.40 17.80

T6 15.5 16.5 11.41 17.0 17550 17.28 13.42 17.50 49.75

7 15.5 16.5 14.415 17.0 17.50 17.25 13.42 17.50 47675

T8 1565 16.5 11.415 26.0 23.50 27.00 13.43 $9225 46.00

T9 ARS25 16.5 14.42 21.0 20.25 23.25 13,44 48.05 38.25

T10 15.5 16.5 11.42 18.0 18.25 20.25 13.45 39.40 32.50

11 19.5 16.5 11.425 16.5; 17,25 16.75 13.46 16.25 47.25

TA2 45.5 16.5 11.425 16.5 17.25 16.75 13.47 16.25 17,00

713 15.5 16.5 11,43 16.5 17.25 165.75 13.47 16.60 17.30

T14 15.5 16.5 14.43 16.0 16.75 16.75 13.48 17.00 17.50.

T45 7545 16.5 11.435 26.0 23.50 27.00 13.48 56.10 43.75

T16 15.5 16.5 11.435 20.0 19.75 22.25 13.49 44.0 35.75

T17 18.5 16.5 17,44 17.5 Vet 20.00 13.50 36.10 30.25

T18 18.5 16.5 11,44 15.0 16.50 16.50 13.51 15.50 16.50

1719 15.5 16.5 14.445 15.0 16.50 16.50 13.52 15.50 16.50

720 15,5 16.5 41,445 15.0 16.50 16.50 13.52 15.60 16.50

721 15.5 16.5 14.45 15.0 16.50 16.50 13.52 16.00 16.75

Table: 800.01(a)
TEMPERATURE EFFECT ON A MULTI-STOREY FRAME COLUMN

ano



Date 2nd February 1976 2nd February 1976 2nd February 1976 3rd February 1976

Thermocouple anor True ‘ Peres. True gle True Tpernog Trueers Time couple Rens, Time couple Temp.°C Time couple Temp. °C Time couple Temp.°C
Readina Readino Reading Reading

50 Volts 50 Volts J Voltage Applied = 150 Volts 50 Volts

1 52.00 57.00 16.51 81.00 60.75 13.43 81.00 60.75

T2 46.50 51.50 16.51 72.00 54.75 13.44 72.50 §5.00

Ts 38.25 43.90 16.51 60.00 46.50 13.45 60.09 46.50

T4 47.375 17,50 16.52 17.50 VL7S 13.46 17.50 tev ol

TS T7678 17.50 16.52 17.50 V7. 78 13.47 17.50 47.75
T6 18.25 19.25 16253) 20.00 19.75 13.47 | 20.50 20.00

7 
18.25 19.25 46.53 20.00 19.75 43.47 20.50 20.00

8 §2.00 57.00 16.53 81,00 60.75 13.48 82,50 64.75

ass) 46.75 50.90 16.54 70,00 53.25 13.48 71.00 $4.00

710 38.25 43.00 16.54 60.00 46.50 43.48 61.00 47.25
BO 16.75 16.75 16.55 16.00 16.75 13.49 17.00 17.50

T12 16.75 16.75 16.55 16.00 16.75 13.49 17.00 17.50

TiS 18.25 19.00 16.55 20.00 49.25 13,49 20.50 20.00

114 18.25 19,00 16.55 20.00 1975 13.50) 21,00 20.25

T15 47,25 49.50 16.56 66.50 51.00 13.50 67.50 52575

T16 39.75 42.00 16.57 55.50 43.50 73.54 56.00 43.75
TH 34.50 36.75 16.57 47.50 38.00 13,51 48.00 38.50

18 16.50 16.75 16.58 15.50 16.50 13.52 45.00 16.50

T19 16.50 16.75 16.58 45.56; 16.50 13.52 15.00 16.50

T20 16.75 17.25 16.58 17.00 17.50 43.52 17.50 VTS

T21 16.75 16.79 16.58 16.00 16.75 ABeoe: 18.00 18.25

Table: 800.01(b)

Loe



Date "rd Pebruary 1576 3rd February 1976 ard February 1076

Thermocouple <a ee True, time | ea True
No. Readinihe Temb.7c eR a

Voltage Applied=150 Volts| Voltace Applied =150 Volts! \oltaae Applied =150 Wits

1 15.40 86.50 | 64.50 [f17,05 | on.o0 | 66.75 fi9o.0a | 16.50 | 17.25
T2 25.40 | 78.20 | 58.725 ff17.06 | an.60 | 60.25 fo.na | 16.50 | 17,95

3 15.40 64.50 | 49.50 [117.07 | 67.30 | 51.75 | 9.04 | 16.50 | 17.25
Té 15.41 | 17.80 | 18.00 §[17.08 | 18.50 | 18.75 J 9.04 | 16,50 | 17525

| 1 t 1
TS 15.41 | 17.50 17.75 17.09 {> t8.s0", | } 6.5m 97275

Te 21.00 | 20.25 | 47.95
1? | 24.00 | 20.25 |

18 | 97.50 65.00

T9 15.42 75.50 | 57.00

T10 15.43 | 65.00 | So.no

m4 15.44 16.50 | 17.25
1? 15.44 16.25 | 17.00

13 15.45 21.50 | 20.50
T14 15.45 | 22.00 | 20.75
118 15.46 68.00 | 52.00

116 15,47 57.00 | 44.50

17 15.48 48.80 | 38.75

118 15.48 15.00 16.50

119 15.45 15.00 | 16.50

120 15.49 17.50 | 17.75

121 15.50 15.00 | 16.50

Table: 800.01(c)

TEMPERATURE EFFECT ON A MULTI-STOREY FRAME COLUMN B0E



TEMPERATURE EFFECT ON A

MULTI-STOREY FRAME COLUMN

SHEET 3

DEMWC GAUGE READINGS

309

Date 3rd February 1976 3rd February 1976 3rd February 1976

Demec Demec |Chein Demec jCh.in Denoc Change
Gauge Time | Gauge DemecTM Time Gauge Deme c} Gauge in Demac

Reading Readin i

4 15.58 611 49
2 15.56 625 15

oi 15.58 395 39
4 15.55 1044 - 42

5 15.55 528 - 8

6 15.54 2193 93
7 15.55 718 - 18
8 15.54 1540 oe

ie 15.55 1458 5
10 15.57 564 9

1 15.55 818 17
12 18.57 679 ll
13) 15.58 1643 12
16 15.56 1114 9

15 15.54 2084 - 16
16 15.54 954 36
qv 15.58 1460 47
18 15.59 1560 14
ae 15.59 1470 gl

20 15.59 602 - 9
21 

E =, ‘

22 16.00 718 12
23 46.00 877 2
24 15,59 577 = N¢

25 16.00 505 28
26 16.00 834 82
27 16.01 528 Shinn TR
28 - =

29 16.01 667 wy 2
30 16.02 1164 2
31 16.01 601 20
32 16.01 1470 - 30

33 16.02 | 2118 22
34 16.02 661 20

35 16.02 2116 16
36 16.01 1950 0

Table 800, 02(a)



TEMPERATURE EFFECT ON A

MULTI-STOREY FRAME COLUMN

DEMEC No.846 310

DIAL No.242758

RESEARCH & DEVELOPMENT

DIVISION

ONE OIV. REPRESENTS A

STRAIN OF 2.47x107°

Reading Readinao

66929 0

30 1162 0

31 581 0
32 1500 0
33 1096 0

34 641 0

35 2100 0
36 1950 0

Date 2nd February 1976 2nd February 1976 2nd February 1976

Demec Demec {Ch.in Demec /jCh.ir Demec Change in
Gauge Time Gauge Demecg Tima Gauge Demeqy Time Gauge Demec

Reading

661 - 8

1164 - 1

579 - 2

1460 = 40
2110 14

668 27

2113 13

1932 ~ 18

Table: 800.02 (b)



TEMPERATURE EFFECT ON A a 311
MULTI-STOREY FRAME COLUMN

SHEET 2 cae

| Date 2nd February 1976 2nd February 1976
Demec Demec hein Demec Change in
Gauge Time Gauge Demé c Time Gauge Demec

Reading Mead, Readino Reading j

4

2

5

4

5

6

ot

8

9

10

14

12

1S

14

15

16

17

18

49

20

21

<2

23,

24

25 5 
2

26 14.54 914 162 17.06 891 139 |
at 14,54 536 =- 6 17.05 532 - 10
28 14557 17.07
29 14,54 652 -17 17.05 658 - Il
30 14,57 1158 - 4 17.08 1149 - 13
oF 14.52 588 tT 17.05 589 8
32 14,51 1465 - 35 17.04 1494 - 6
33 14.55 17.06 2114 18
34 

17,07 663 22
35 

17.08 2117 Le
36 

17.04 1925 - 25

Table: 800.02 (c)



Date 3rd February 1976

Demec Demec Ch. in

Gauge Time Gauge Deme-c
No. Reading Read.

1 16.48 603 41

2 16.49 816 6

3 16.48 391 35
4 16.49 1043 - 40

5 16.50 537 ze

6 16.50 2185 85

7 16.50 712 - 24

8 16.51 1547 0

9 16.49 1453 0

10 16.52 568 13

a 16.50 826 25

12 16.52 677 - 9

13 16.49 1644 13
14 16.52 1085 - 20

15 16.51 1098 - 2
16 16.51 920 2
17 16.52 1464 51

18 16.53 1557 il

19 16.53 1469 80

20 16.53 605 - 6

21 Sy i
22 26.55 714 8
23 16.54 859 - 16

24 16.53 571 - 16

25 16.55 501 24

26 16.55 829 17

27 16.54 529 - 138

28 - -

29 16.54 666 - 8

30 16.56 1147 - 15

31 16.54 595 14
32 16.50 1493 = 7

33 16.55 2113 17.

34 16.56 648 7

35 16.54 2112 12

36 16.53 1955 5

Table: 800.02 (da)



Date 2nd February, 1976 2nd February 1976

4

2nd February, 1976— 2nd February, 1976

Dial

Gauge

Position

& no.

Time

Dial

Gauge

Reading

Displace-

ments in

mm.

Time

Dial

Gauge

Reading

Displace-

ments in

‘mm.

Time

Dial

Gauge

Reading

Dieplace-

ments in

mm.

Time

Oial

Gauge

Reading

Displace-

ments in

mm.

let Fl.

Level

o1 10,06 0.67 11,23 0.67 11.43 12,05 0.675 0.005

2nd Fl.

Level

02 10.06 0.55 11,23 -0.01 11.43 0.55 12.05 0.56 0.01

Srd Fl.

Level

03 10.96 1,21 11.23 1.22 11,43 1.235 0.025 12.05 1.265 0,055

4th Fl.

Level

04 10.06 2.36 11.23 2.40 0.04 11,43 1.44 0,08 12,05 1.495 0.135

Sth Fl.

Level

D5 10.06 11.23 0.625 0.065 11.43 0.69 0.13 °12,05 0.78 0.220

6th Fl.

Level

06 10,06 + 1.46 11.23 1.57 0.11 11,43 1,68 0.22 12.05 1,82 9.360

Roof

Level

07 10.06 5.06 o 11,23 5.06 0 11,43 5.065 0,005 12.05 0.050

Table: 800.03(a) TEMPERATURE EFFECT ON A MULTI-STOREY FRAME COLUMN

DIAL GAUGE READINGS (0.01 mm. per DIVISION)

ere



Date 2nd February 1976 2nd February 1976 2nd February 1976 2nd February 1976

2 Dial _—_—| Displace- Dial _‘| Displace- Diel | Displace- Dial ‘| Displace-auge _ 7 ‘ +position Time | Gauge ments in Time | Gauge ments in Time | Gauge ments in Time Gauge ments in
& No Reading mm Reading mm Reading mm Reading mm

2.5025

5.344 16.49

Table: 800.03(b)

vie



Date 3rd Februar 1976 3rd February 1976 3rd Februar 1976 3rd Februar 1976

Dial

Gauge
a ite Time

Position

Dial

Gauge

Reading

Displace-

ments in

mm

Time

Dial

Gauge

Reading

Displace-

ments in

mm

Time

Displace-

ments in

mm

Time

Dial

Gauge

Reading

Displace-

ments in

mm

Table: 800.03(c)
TEMPERATURE EFFECT ON A MULTI-STOREY FRAME COLUMN

DIAL GAUGE READINGS (0.0lmm PER DIVISION)

Sie



316

1esS2

19.95 [Yo 75eS
te

bouts

jSe

a8

xs

Corrs | Ayes
TT 4 42.50 9%

ae t

jose dress SS EY? bed a

Se
+8

fs ate Pn Actual temp.
recorded by

loose res thermocouples.
ib sSe t iss i. +

LJ Estimated temp.

ers

(ese

19.78
55-99 | A8\x

I~ 42-25
ers ny

16.59 16-501e-So b= 4-46-50

Sivas
7.50

to.S016.50

Fig. 8.0171 Temperature distribution in all members of the frame
due to heating of the larger column. CASE (1)

(All temperatures shown are in °c)



317

Ae

a)

an
' ag

$a

I

cere

Ipe7s

tess lee 50

66-42

$208
83

: tose Sh feet bhdig-ae
fe-$e wets 8A LP 16-50

; coos [Soe Emmy \ctuel ton.
recorded by

82 ee thermocouples.
f=--4iese sa sh 

ae

a L-—1 Estinated temp.

38
‘ Sa

ess

tessa tage

2

i 43
ot 

5623 [S450 
$3

pm Fes '
1416,50 L—toct ibs. ieee RS os

S200

18-25
le.se ‘mae ee

Fig. 8.0172 Tomperature distribution in all members of the frane

due to heating of the larger column. CASE (2)

(All temperatures shown are in 96)



318

1.690 (1 -908"") en
(1.884"") ..b

1,185 (i, S08) as
(1,288)...

i
< 0.685" = (0.820"")..a
5 man
u (0.808"")..b
+

$

=

wv

5
4 0.360" (te ee
* (0.444TM"). ob
t

=

os

.

x
4

;

oe

alas sy (0 208 aw
COL ene

0.0407" (0.0479°") ..a
(0.0472"")..b’

Fig. 8.0173 Shows deflection of a frame subjected to

temperature changes affecting one colum

only (CASE 1)

Unbracketed Figures show experimental results

Bracketed Figures---— show (a) theoretical primary results

(») theoretical results including secondary

effects.



319

Actuat Heated Length of Column

1.814" (2.0097) va
(1.898"") ..b

2a. (League
(1.30073) ae

} ; | #,) o.742TM “(o.g68"") ca
pny

— 

| E 

(0.821 oeb

a

0.385"" = (0.483"") 60
(0.4577) «6b

—,) Gri68 TA 06238) nae
(0.204"") ..b

ee |+-_{5,) 0.042" (0.0537) «+a
(0.047 —9),.5:

Fig. 8.0174 ie deflection ofa frame subjected to
temperature changes affecting one colum_

only (CASE 2)

Unbracketed Figures———- show experimental results

Bracketed Figures show (a) theoretical primary results

(b) theoretical results including secondary

effects



9

16

I—— Readings not possible at

oss positions not indicated

|-7 due to faulty studs,

Fig. 8.0175 Summary of net change in readings

recorded at demec gauge positions

320



8.01.8 kxperiment No. 2 — The effect of temperature variation in

the roof beam of a 6-storey frame.

The second experiment was carried out exactly in the same way

as the first experiment. This experiment was conducted continuously

over a period of 3 days. For the control and measurement of

temperature in the heated beam, a set of 6 additional thermocouples

was fixed to the roof beam. For the measurement of direct defkctions,

6 dial gauges were repositioned as shown in figs. 8.0183 and 8.0184.

The readings of all the instruments were taken at suitable

intervals of time and are shown in Tables 800.4, 5 & 6. From these

readings, once again two actual temperature distributions throughout

all the members were determined and are shown in figs. 8.0182 and

8.0182. Further temperature distributions are available, but it

was considered that 2 distributions were adequate to determine the

effect of temperature distribution in the roof beam. From the two

temperature distributions selected, stresses and deflections were

then calculated, and compared with those obtained by the analysis.



TEMPERATURE EFFECT ON A MULTI-STOREY FRAME ROOF BEAM

Date 9th February 1976 10th February 1976 10th February 1976 10th February 1976

Thermocouple Thermo- True Thermo~ True Thermo- True Thermo~ True
No Time couple Temp. Time couple Temp. Time couple Temp. Time couple Temp.

2 Readings oC Readings oC Readings ee Readings oC
v1 10.08 13.90 15.25 14.06 16.50 17.25 15.38 16.50 17.25 17.02 20.20 19.80
T2 10.08 13.90 15.25 14.06 16.50 17.25 15.38 16.50 17.25 17.03 20.10 19.80
73 10.08 13.90 15.25 14,06 16.50 17.25 15.38 16.50 17.25 17.03 20.20 19.80
T4 10.08 13.90 15.25 14.06 16.50 17.25 15.38 20.00 19.75 17.04 23.80 22.00

5 10.05 13.90 15.25 14.06 16.50 17.25 15.38 20.00 19.75 17.05 23.80 22.00
Té 10.05 13.90 15.25 | 14.06 16.50 17.25 [15.39 15.00 19.00 [17.05 20.00 | 19.75
17 10.05 | 13.90 15.25 | 14.06 [16.50 17.25 | 15.39 | 16.00 18.25 [17.06 [19.80 19.50
TS 10.05 13.90 15.25 14.06 17.25 15.39 16.50 17.25 17.06 16.50 17.25
Io 10.05 13.90 15.25 14.06 17.25 15.39 16.20 17.10 17.07 16.30 17.20
110 10.05 13.90 15.25 14.06 17.25 16.40 16.10 17.00 17.07 16,30 W220
T1l 10,05 13.90 15.25 14.06 17.25_j{ 16.40 16.10 17.00 17.98 16.30 17.20

Tae 10.05 13.90 15.25 14.06 17.25 16.46 16.10 17.00 17.08 16.30 17.20

T13 10.06 13.90. 15.25 14.07 17.25 16.40 16.10 17.00 17.08 16.30 17.20
T14 10.06 13.90 15.25 14,07 17.25 16.40 16.10 17.00 17.08 16.30 17.20

T15 10.06 13.90 15.25 14.07 16.50 17.25 16.40 16.00 16.75 17.09 16.10 17.90

T16 10.06 13.90 15.25 14.07 16.00 16.75 16.40 16.00 16.75 17.09 16.05 17.00
T17 10.06 13.90 15.25 14.08 16.00 16.75 16.41 15.90 16.90 17.09 16.00 16.75
718 10.06 13.90 15.25 14.08 17.50 17.75 16.41 17.00 17.50 17.10 16.30 17.20

719 10.06 13.90 15.25 14,08 16.90 16.75 16.41 16.00 16.75 17.10 16.20 17.10
720 10.06 13.90 15.25 14,08 16.00 16.75 16.41 16.00 16.75 17.10 16.20 17.10
T21 10.05 13.90 15.25 146,08 17.90 17.50 | 16.41 17.00 17,50 17.11 16.50 17.25
C1 10.05 13.90 15.25 14.03 18.00 18.00 15.27 67.00 67.00 16.46 79.00 79.00
C2 10.05 13.90 15.25 14.03 18.00 18.00 15.28 74.00 74.00 16.58 86.00 86.00
C3 10.05 13.90 15.25 14.03 18.00 18.00 15.29 55.80 §5.80 16.59 65.20 65.20

c4 10.05 13.90 15.25 14,03 18.00 18.00 15.30 52.50 52.50 17.00 61.50 61.50
c5 10.05 15.90 15.25 14.03 17.80 17.80 15.26 138.50 138.50 16.45 164.00 164.00
c6 10.05 13.90 15.25 14.03 17.80 17.80 15.24 141.80 141.80 16.44 171,00 171.00

Table: 800.04(a)



TEMPERATURE EFFECT ON A _MULTI-STOREY FRAME ROOF BEAM

Date llth February 1976 llth February 1976 llth February 1976

Thermocouple Thermo- True Thermo- True Thermo- True

No Time couple Temp. Time couple Temp. Time couple Temp.
< Readings oC Readings oC Readings o¢

TL 9.38 25.50 23.25 13.47 27.00 24.25 16.36 25.00 23.00
12 9.38 25.00 23.00 13.48 26.50 23.88 16.36 25.00 23.00

3 9.38 25.50 23.25 13.48 27.00 24.25 16.37 25.50 23.25

14 9.39 26.00 23.50 | 13.48 26.50 23.88 16.37, 25.50 23.25
5 9.39 25.90 23.50 13.48 26.90 23.50 16.37 25.50 23.25
T6 9.39 22.00 20.75 13.49 22.00 20.75 16.37 21.00 20.25

17 9.39 21.00 20.25 13.49 22.00 20.75 16.37 21.00 20.25

Ta 9.40 18.00 18.25 13.49 19,50 19.25 16.38 17.00 17.50

19 9.40 18,00 18.25 13.49 19.50 19.25 16.38 17.00 17.50,

710 9.40 17.90 18.10 13.50 18.00 18.25 16.38 17.900 17.50
Til 9.40 17.90 18.10 | 13.50 18.00 18.25 16.38 17.00 17.50

Te 9.40 17.50 17,75 13.50 18.00 18.25 16.38 17.00 17.50
713 9.40 17.50 17.75 13.50 18.00 18.25 16.38 17.00 17.50

T14 9.40 17.50 Visto 13.51 17.50 17.75 16.38 17.90 17.50

T15 9.40 16.50 17.25 13.52 17.50 17.75 16.38 16.50 17.25

T16 9.41 16.00 16.75 13.92 17.50 Tete 16.38 16.00 16.75

TL 9.41 16.00 16.75 13.52 17.50 17.75 16.39 16.00 16.75

T18 9.41 17.00 17.50 13.52 18.00 18.25 16.39 18.00 18.25

119 9.41 17,00 17.50 13.52 17.50 17.75 16.39 17.00 17.50

720 9.43 16.50 17.25 13.53 17,00 17.50 16.39 17.00 17.50

72): 9.43 17.50 17.75 13.53 17.50 17.75 16.39 17.00 17,50

Cl 9.34 86.30 86.30 13.43 87.80 87.80 16.35 87.50 87.50

c2 9.35 92.30 $2.30 13.44 95.00 95.00 16.34 94.00 94.00

c3 9.36 70.39 70.30 13.41 72.50 72.50 16.34 70.50 70.50

c4 9.37 66.50 66.50 13.45 68.00 68.00 16.33 66.00 66.00

cS 9.30 181.50 181.50 13.46 182.00 182.00 16.33 183.50 183.50

C6 9.29 189.00 189.00 13.42 190.00 190.00 16.32 190.50 190.50

Table: 800.04(b)

ese



TEMPORARY EFFECT ON A 324

MULTI-STOREY FRAME ROOF

Sheet 1

DEMSC GAUGE READINGS

Data 9th February 1076 Uth February 1976 Toth February [976
Dome c Demec Change Demec Change Demec | Change

Gauge | Time Gauge in Demec| Time Gauge in Demec] Time Gauge in Demeg

No. Reading} Reading Reading | Reading Reading | Reading

a 9.53 $55 9 11.31 547 - 8 13.51 $51 4
2 - - = = 0 <j

3 9.53 400 9 11.31 358 = 42 13.51 445 45

4 9,54 1038 0 11.30 1036 = 2 13.52 1023 - 1S
5 rs é - ae a a

6 10.05 2157 0 11.23 2135 - 22 13,54 2131 - 26

7 9.56 728 0 11.30 737 9 13.53 724 - 4

8 10.05 | 1553 0 11.23 | 1532 - 21 | 13.55 | 1560 1

7 9.53 1453 0 11.30 1456 3. #18682 1454 1
10 9.57 554 0 11.39 520 - 34 113.54 482 - 28

ll 9.53 823 0 11.30 795 - 28 | 13.52 823 Q

12 9.57 682 0 11.28 675 - 7 13.54 644 - 38

13 9.44 1594 0 11.32 1598 4 13.52 1607 is

14 9.56 982 0 11.29 1011 20: 13.53 1034 52

15 9.56 }- 2098 Oo 11.29 2081 - 17 13.53 2100 2

16 10.05 903 QO 11.24 864 - 39 13.55 877 S 26

17 9.58 1447 Q 11.26 1455 8 13.55 1463 16

18 9.58 1541 0 11.26 1547 6 13.56 1544 $

19 9.59 1482 Q 11.28 1459 - 23 13.56 1511 29

20 9.59 604 9 11.24 613 3 13.56 608 4

21 a = = = cst -

ae 10.03 703 G 11.26 710 7 13.58 700 - 3

23 9559 876 0 11.28 870 - 6 13.56 858 - 18

24 > - = = - -

25 10.02 474 0 11.26 474 Q 13.59 482 8

26 10.03 881 Qo 11.27 818 = 63 13.58 990 e 9

27 10.01 536 0 11.27 536 0 13.57 538 2

28 - - - - - -

29 10.01 670 0 11.27 668 - 2 13.57 666 - 4

30 10.04 763 0 11.25 1148 385 14,00 847 84

ob 9.59 597 0 11.27 606 9 13.56 598 1

32 10,00 1493 0 11.24 1555 52 13.56 1450 es 43
33 10.02 2090 9 11.26 2092 2 413.59 2100 10

34 10.02 636 0 11.25 644 8 } 13.59 665 29

35 10.01 2031 0 11.24 2155 124 13.57 2109 78

36 10.01 375 a 11.24 420 45 | 13,57 520 145

Table: 800.05(a)
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PERATURE EFFECT ON A

MULTI-STOREY FRAME ROOF

SHEET 2

DEMES GAUGE READINGS

Date 10th. February 1976 10th. February 1976 10th. February 1976

Demec Demec | Change Demec | Change Demec |Change

Gauge| Time Gauge | in Dem4 Time Gauge |in Dem4 Time Gauge |in Den,

No. Read. | Read. Read. |Read. Read. |Read.
1 15.42 550 | —- 5 | 16.44 48 | — 7 9.45 553 | — ©
2 z es a = = Ss

3 15.43 440 40 16.44 356 - 44 9.49 361 - 39

4 15.43 1035 - 3 16.42 1045 7 9.44 1040 2
5 =- - - - -

6 15.45 2125 - 32 16.43 2125 - 32 9.47 2146 = 11

7 15.44 756 28 16.42 728 0 9.45 773 45

8 15.45 1532 - 21 16.43 1509 - 44 9.48 1515 - 38

9 15.44 1460 7 16.42 1463 10 9.44 1460 +

10 15.46 516 - 38 16.45 519 = 35 9.50 570 16

ED 15.44 809 - 14 16.42 829 6 9.44 831 8

12 15.46 680 - 2 16.45 680 - 2 9.50 680 -~ 2

13 15.43 1605 ll 16.45 1599 5 9.49 1598 4

14 15.44 1065 83 16.43 1047 65 9.46 1082 100
15 15.44 2102 4 16.43 2094 - 4 9.46 2114 16
16 15.45 886 -17 16.44 875 - 28 9.48 858 - 45

LT 15.46 1461 14 16.45 1455 8 9.50 1464 17

18 15.47 1546 5 16.46 1542 1 9.50 1546 5

19 15.47 1515 33 16.46 1474 = 8 9.51 1509 27

20 15.47 593 = il 16.46 612 8 9.51 608 4

21 = - - - - -

22 15.48 706 3 16.49 705 2 9.53 707 4

23 15.47 836 40 | 16.46 873 | - 3 9.51 860 | — 16
24 - - - - - ~

25 15.48 474 0 16.49 8 9.53 473 - 1

26 15.48 885 4 16.48 = 6l 9.52 834 - 47

27 15.48 533 2 16.47 3 9.52 5387 1
28 15.48 = - - - =

29 15.48 668 - 2 16.50 665 - 5 9.52 654 - 16

30 15.49 852 89 16.48 867 104 9.55 854 91

31 15.47 599 2 16447 599 2 9.52 600 3

32 15.50 1354 -139 16.50 1360 | =133 9.55 1825 -168

33 15.49 2092 2 16.49 2100 10 9.54 2087 - 8

34 15.49 667 31 16.48 660 24 9.54 650 14

35 15.49 2116 85 16.48 2114 83 9.54 2112 141

36 15.50 406 31 | 16.47 533 158 9.55 555 180

Table: 800.05 (b)



Date llth. February 1976 llth. February 1976
Demec Demec Change Demec Change
Gauge Time Gauge in Demec Time Gauge in Demec

No. Reading Reading Reading Reading

1 14.00 549 ~- 6 16.46 544 -11
2 s as = =

3 14.00 358 - 42 16.46 358 - 42

4 14.00 1041 3 16.44 1038 0
5 - - a =

6 14.02 2138 - 19 16.42 2135 - 22

7 14.01 758 30 16.43 740 12

8 14.03 1520 - 33 16.42 1513 - 40
9 14.01 1463 10 16.44 1460 i

10 14.03 528 - 26 16.45 532 - 22

Xt 14.01 833 10 16.43 832 9

12 14.04 670 - 12 16.46 697 - 8

13 14.00 1597 3 16.47 1594 0

14 14.01 1065 83 16.45 1030 48
15 14.02 2117 19 16.44 2104 6

16 14.03 874 - 29 16.43 873 ~ 30

aT 14.04 1458 Ay 16.47 1460 13

18 14.05 1540 - 1 16.47 1550 9

19 14.07 1476 i 16.48 1518 36

20 14.07 608 4 16.48 623 19

21 14.07 = a os

22 14.05 703 0 16.50 709 6

23 14.07 874 - 2 16.48 861 - 15

24 - - ss -

25 14.04 484 10 16.50 484 10

26 14.06 901 20 16.49 740 -141

27 14.06 543 7 16.49 535 - 1

28 - = ~ of

29 14.06 673 3 16.49 675 5

30 14,09 849 86 16.51 858 95

31 14.06 598 1 504 - 3

32 14.10 1331 ~162 1363 -130

33 14.04 2100 10 2097 7

34 14.09 641 5 640 4
35 14.07 2109 18 2130 99
36 14.07 510 135 16.50 602 227

Table: 800.05 (c)



3827

Actsal Heatet

bensth of beac

1S.

poy eee
aig ae 43

3.00
dears

1S.a8 S25

23
ees

es

. aulve ‘

Ate ae 39
22 esse] aos

sas dipas SS hese bd cae

Pr
23

oS

fea Actual temp.

3 19}83_| 19.90 re recorded by

ero re JS geben sare y thermocouples.

Iss as 8S gast bias ac}
: : i! Estimated temp.

33
as

tars Se se

(8:43, 2s 1625

ns
Who 4] 12S0

as was) ise

mas Se Ilse

Is.as 16.28 15a

777

Pig. 8.0181 Temperature distribution in all members of the frame

due to heating of the roof beam. CASE (1)

s oO

(Al1 temperatures shown are in C)



Actual
eng thy

8 6

be we 23
He :28 es 8

\ ytbo ty 32 Sty.
ait 2s as

3 es as
a os

‘9 Bo

19-80 22-00

18-28 isias fig

1g.o8 1893 3S govel | 20-40
sas aejp pe — IS ae ae. Wat oe

(Sia r = ae

ta
as

tato [Met | ig. :187 > bel + -| (8-0

Wee leat sas Ge yeas LS cea ine
wea

ines te
(§-2s wae

ts -

18ae ie ee:

Iheo Ite

Hee 
ies

WT 4 T1117 i

members
ige 8.0182 Temperature distribution in all

due to heating of the roof bean.

(ALL temperatures shown are in

Actual temp.

recorded by

thermocouples.

Estimated temp.

of the frame

CASE (2)



329

Isa My-00
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\ aamm acim(-0.391°"")-0.48 By Ex 0.33 (0.289"TM)
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(-0.186"")-0 —0.30"" (-0.168"TM")I ®
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Fig. 6.0183 Shows deflection of a frame subjected. to

temperature changes affecting roof beam

Only (CASE 1)

Unbracketed Fizures——— show experimental results

Bracketed Figures show theoretical primary results
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Fig. 8,0164 Shows deflection of a frame subjected to

temperature changes affecting roof beam _

only (CASE 2)

Unbracketed Figures——— show experimental results

Bracketed Figures show theoretical primary results
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TEMPERATURE EFFECT ON A MULTI — STOREY ROOF BEAM

DIAL GAUGE READINGS & DISPLACEMENTS

Date 9th. February, 1976 Oth. February, 1976 flOth. February, 1976 [l0th. Fobruary, 1976

Dial Time Dial Displacg Time |Dial *Displacel Time | Dial Displacel Time | Dinl Displace
Gauge Gauge |ments in Gauge jments in Gauge jments i Gauge ments in

Position Reading mm. Reading mm. Reading mm. Reading mm.

& No.

6th Floor

Level 10.42 4,71 0 13.49 | 4.67 ~ 0.04 | 15.36] 4.89 0.18 | 16.41) 4.923 0-213
Dy

6th Floor

Level 10.43 0.37 0 13.49] 0.41 0.04 | 15.36) 0.737 0.367 16.41! 0,847 0.477

De

Sth Floor

Level 10.43 4.20 0 13.49] 4.05 ~ 0.15] 15.36] 3.914] — 0.286 16.42) 3.888] - 0.312

D3

5th Floor

Level 10.43 0.87 0 13.49] 0.85 - 0.02 | 15.37] 1.050 0.18 | 16,42) 1.153 0.283

Dy

4th Floor

Level 10.43 2.93 0 13.49} 2,93 0 15.37) 2.832} — 0.099 16.42} 2.831] = 0.099

Ds

4th Floor

Level 10.44 0.84 0 13.50} 0.84 0 15.37} 1.09 0.25] 16.42) 1,118 0.268

De

Table: 800.06(a) eee



TEMPERATURE EFFECT ON A MULTI — STOREY ROOF BEAM

DIAL GAUGE READINGS & DISPLACEMENTS

Date llth. February, 1976 Ilth. February, 1976 llth. |Febrnary, 1976

Dial Time | Dial Displace |Time Dial Displace|Time Dial Displace
Gauge Gauge fments in Gauge jments in Gauge jments in
Position Reading mm. Reading mm. Reading) mm.
x No.

6th Floor

Level 9.26 5.059 0.349 | 14.00] 5.06 0.35 17.00} 5.04 0.33
Ds

6th Floor

Level 9.26 0.820 0.45 14.00] 0.78 0.41 17.00] 0.85 0.48
D2

Sth Floor «
Level 9.226 3.916} — 0.284] 14.00] 3.92 ~ 0.28 17.00] 3.90 ~ 0.30

Ds

5th Floor

Level 9.26 | 1.132] 0.262] 14.00] 1.06 0.19 | 17.00] 1.16 0.29
De

4th Floor

Level 9.27 2.834] - 0.096] 14.00] 2.85 - 0.08 17.00} 2.83 - 0.10
Ds

4th Floor

Level 9.27 1.111 0.271} 14.00] 1.02 0.18 17.00] 1.14 0.30
De

Table: °00.06(b) eee
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8.01.9 Discussion of results of Experiment No.1

The effect of temperature variation in the larger column

of a 6-storey frame

The results of deflections as given by dial gauges are very

satisfactory when compared with the theoretical results of heating of

the larger column only, i.e. assuming no change of temperature occurs

in any other member. However, as can be seen from figs. 8.0171 and

8.0172 a considerable amount of heat was observed to have dissipated

by conduction into other members, The additional deflections due to

the effect of this change in temperature in other members are also

considered, The final deflections, taking into consideration the effect

of change of temperature in all members, compared even more satisfactorily

with the theoretical results,

However, the calculations of experimental bending moments from

the results of Demec Gauges presented some problems as these were

found to be erratic and did not correlate well,

For this reason, simulated temperature experiments were carried out

On perspex models, in attempts to achieve even better results as shown

in section, 8.02.

Thermal experiments are known to be difficult to perform for

many reasons, some of which are as follows:-

Zs Heating and Thermocouples

Theoretically,it is normally assumed that any one member is

heated in relation to the others which are assumed to be unheated,

Practically, this is impossible to achieve. Heat travels by

conduction into adjoining members. While it is possible to

consider some effect of secondary heat, as is done in these

experiments, it would be extremely difficult or almost impossible
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to consider full effect e.g. at junctions of members, where

complex heat changes occur.

A linear distribution of temperature is assumed in the

derivation of theoretical values, but this is not the case in

experimental work, The distributions so obtained are taken to

be approximately linear in the derivation of experimental results,

More accurate results might have been obtained based on the

curvilinear temperature distribution. However, this was not

pursued.

The measure of temperature is also a factor which contributes

towards inaccuracy. Past experiences have shown that the

measurement of surface temperature with thermocouples is unlikely

co give a realistic indication of the surface temperature, due to

the unstable conditions which exist at the air-concrete boundary,

The thermocouples require to have their hot junctions surrounded

by one material. In order to overcome this problem, hot junctions

of thermocouples were fixed under the surface by drilling holes in

the concrete, However, inaccuracies still occurred due to the .

rapid dissipation of heat to the atmosphere at surfaces,

2. Demec-Ganges

Although demec gauges were considered superior for measurement

of strains caused by heat in relation to strain gauges, as the

latterhave to be compensated for temperature, the former did not

fulfil the expectations, It is to be noted that several other

researchers experienced similar difficulties with demec gauges,

as well as difficulties with ordinary strain gauges. However,

the results given in fig.8.0175 show. (as can be expected)

that the large colum suffered appreciably more strain than the

smaller one,
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Ss, Axial Forces and Extensions

In experimental thermal stress analysis two components of

axial effects take place, i.e. the first effect is the "free"

extension of a member due to the applied heat, and the second

effect is the extension or compression induced by the presance

of axial forces, generated because of continuity of members.

Difficulties were encountered in separating these two effects

by the instrumentation used, particularly that for the temperature

changes obtained experimentally. The effect of axial forces is

usually small, whereas direct extensions can be very much larger

than the latter.

Discussion of results of Experiment No.2

The effect of temperature variation in the roof beam of a

6-storey frame

The results of deflection as measured by the dial gauges are

satisfactory, but not quite as good as in the case of Experiment No.1.

The evaluation of experimental bending moments from the results of Demec

Gauges did not correlate well, However, the deflected shape of the frame

as shown in figs. 8.0185 and 8,0184 resembles closely that predicted by

theoretical analysis.

The causes of discrepancies are similar to those in Experiment No.1,
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8.02 EXPERIMENT ON THE SFFSCT OF SIMULATED TEMPERATURE IN THE COLUMN OF

A SIX-STORSY PEXSPSX S: mn WALL

6,02,1 Introduction

To overcome the difficulties associated with the heating of Micro-

concrete models,it was decided to carry out some experiments on the effect

of simulated temperature on perspex models, 1t was hoped that this

simulated effect may produce an overall effect in a structure of similar

form as that of temperature change!

8.02.2 Model Frame

A 6-storey perspex model frame, similar in dimensions in every

respect except the thickness to the Micro-concrete frame, was made, The

dimensions and instrumentation details of the model frame are shown in

fig. 8.021. Clear transparent perspex was used for the model,

8.02.3 Strain Measurement

For the purpose of measurement of strains, 36 Nos. strain gauges

of F-8 type, each 8mm long, were used, These were fixed at various

locations (in areas of expected maximum strain) as shown in fig. 8.021

The strain gauges were then connected via four junction boxes to a voltage

measuring instrument (Dynameo 6600) which gave a digital display of strain

gauge voltage as well as a printed record, Four ‘dummy! gauges attached

to separate perspex beams were also connected to the voltage measuring

instrument.

8.02.4 Deflection Measurement

For the purpose of direct measurement of deflections, ten dial

Gauges were positioned at the junctions, as shown in fig. 8.021,
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8.02.5 Theoretical Philosophy of Heat Simulation

it has been expected that the effect of temperature in any member

can be simalated by the effect of gravity forces acting on the same

member, The effect of heat on any member is to make the member expand

by an amount ATL, (where is the coefficient of thermal expansion, T

is the temperature rise and Lis the initial length of the member). If the

member is free to expand, there will be no stresses due to the heat,

However, in an indeterminate structure, free and unobstructed expansion

cannot take place, resulting in a force being exerted by the expanding

member on all connecting members, This force is exerted equally in both

directions along the axis of the member being heated and can be related

to the applied temperature as follows:-

It is well known and it has been shown earlier in the text that

if a heated member is fully restrained from expanding, the force required

to stop the member from expanding can be found from the stress/strain

relationship, which is

XTL = Zaxt~~ re

ig) ate
or T Ex

The above relationship shows therefore that analytically the

force Fyexerted on an element,can be interchanged with T, the applied

temperature, Thus in a simulated experiment, the effect of temperature

variation can be replaced by an equivalent force P to give the same

effect, i.e. the resulting stresses will be the same,

8.02.6 The Experiment

The purpose of the experiment was to check stresses and deformations

in the frame arising from the effect of simulated temperature change in

the larger colum, and to compare these with the analytical values, At
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first, the model was fixed in a vertical position and instead of heat,

loads were applied vertically along the axis of the colum through a

system of pulleys attached to a supporting steel frame, it was soon

realised that this method had several flaws, The major flaws were

(i) the pulleys generated a certain amount of friction and (ii) the wire

rope restricted the deflections of the frame from the vertical position,

It was then decided to hang the model upside down from the top

beam of the supporting steel frame. This allowed the loads to be applied

directly without passing through any pulleys, The frame was then free to

deflect in any direction, For each increment of applied load, readings

of dial gauges and strain gauges were taken, The applied loads were

increased in suitable increments until deflections of a discernible

magnitude (but still within the elastic range) were obtained, Then the

applied loads were decreased step by step (the decrements being equal to

the increments), each time recording the readings of dial Gauges and

strain gauges, For the calculations of deflections and bending moments,

average of the loading and unloading readings was taken,

The results of the experiment are shown on the following sheets,

Fig. 8.0261 shows the deflected form of the frame as measured by dial

gauges. For comparison purposes, the theoretical deflections are also

shown,

For the calculation of stresses, a calibration perspex beam was

tested in flexure (Appendix 'C'), The resulting stresses from loading of

the test model were analysed by equating the frame stresses to those

resulting from the calibration beam test. Typical calculations are shown

in Table 800.09. Fig. 8.0262 shows the bending moments due to the applied

load (or equivalent temperature). Also shown for comparison are the

theoretical bending moments.



340



aE eee

p SECTION 4-4

e 6

341a
i

a 323 x

Ore © &
SU s, saz gt Nsee

z
Q

9
TM

i :
es St S10 Sel Bee at

ee Da) ood
s! Sn Sot] | WWse >

f
o

8

a

|

| 3

= w £

© LJ+cs
i

3 I 1
49 4 A ;

o
es

@4 te ,) eet:
Sof ‘Sis sad V say

$
Q

a |
| ‘

| v

sb sre Sal) | iss. *

Bo eu.
{
i

te

a sh isa Sal] | Hts, =
i
;

A

:

JE ee ai) Sec Seay | [psu

i.
é

IS cue. | Lem. Gem] Sem.
36-5 cme

ELEVATION

Fig. 8.021 Shows perspex model of a 6-storey frame for the

simulated temperature effect on the larger column.

$l to S36..Strain gauges

Dl to DI0..Dial gauges



SIMULATED TEMPERATURE EFFECT
MULTI- STOREY FRAME

DIAL GAUGE READINGS (0-Otmm. PER Division)

CoLuMN

ON A

| Ds De »D, Dg Ds Djo

. 
= iaiaeeemanmateeten sera

oN 10-465 7-482 4°942 3. bes | 7-245 B-Sto 12-214. 8-182 6-189 &-$08
|too n,| 10.537 1-356 4-842 3-577 | 7-428 8-530 12-860 8-273 6-232 8-547

4oo y, | 12:520 7-224 4.745 3-Sor | 7-206 8-539 13-010 8-380 6-302 8-S7g5 

j

Goo KN. lo. 644 7-066 | 8-542 13.170 | S00 6-302 8-622

7177.92. N| 10.725 6.919 | este | 13.332 | 8.599 6-438 | B.céel
+ | | I

255-8¢K] 10-797 C781 | & See 13.485 | 8.711 6-513 8-204

en fo. Bes ces | a-sos | 13-605 | $02 65k 3-730
t 

7
1310-68 A 10.934 b526 | 8.596 13-743 $900 6.427 8762= ps, : |

33-768 10-878 6.632 4332 3.2/0 7. obo S595 | 43.443 £86 S591 | 8735
= ne ae it a) Los i =ISS-B4 Hf 10-812 6-751 4.389 3.263 7-090 8-582 | 13.519 8.740 6-$33 B10

ap 
é 

oe 

1

T7792N4 [0.757 6-891 | 4490 3-338 7-130 | 8.584 13-378 | BOs 6478 8-673
boo KI fo-7os Petes ||) 4-s92 3-412 Tt 8.518 3-222 8-529 6.406 Bék0

|

4oo N. 10.652 7.144 4.692 S462 | 7785 8-578 13.loo B43 6.348 8.609

2eo N $e. sg2 7330 | 42s 35 | 7-232 8. tz 12-917 8-325 6-280 8. Sto

Oo ON, fo.S4z 7-482 4919 3-632 T2S2 BSR 12-274 8.125 6-223 8-25a 

> 
|

* | ]oN, fo. £27 7-499 | 4-942 3-650 | Les2 lt (2.7858 e191 6.795 B-s(z

% Readings taken affe- half hear fakruod

Table: 800.07
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SD TEMPERATURE IN THE LARGER COLUMN

THURSDAY, 26TH MAY, 1977

LOADING LOADING LOADING LOADING

LOAD 00 N

-0707 +0242 +0349 +0761 -O0900 +0242 +0059 +0173 +0517 +0168

-0410 -0198 -0268 -0165 +0021 -0012 -0319 -0488 -0476 -0487

0207 -0825 -0619 -0063 -0178 -1289 -0996 -0725 -0758 -0157

0345 -0269 -0654 -0599 -0655 -0494

-0708 +0242 +0349 +0760 -0899 +0241 +0059 +0172 +0517 +0168

0408 0268 -0164 +0022 -0013 -0319 -0487 -0476 -0487

~0208 -0619 -0063 -0178 -1290 -0994 -0725 -0757 -O157
-0344- -0269 -0652 -0599 -0654 -0493

LOAD 200 N

-0709 +0234 +0342 +0753 -0907 +0237 +0051 +0165 +0514 +0161

0414 -0203 -0274 -0171 +0017 -0018 -0318 -0487 -0478 °° -0488

-0208 -0826 -0621 -0063 -0179 -1289 -0993 -0725 -0758 ~-0157

-0343 -0268 -0652 -0599 -0656 -0492

0710 +0233 +0340 +0753 -0908 +0236 +0051 +0164 +0513 +0161

0414 -0204 -0274 -0170 +0017, -0017 -0318 -0488 ~-0477 -0488

-0210 -0827 -0621 -0064 -0180 ~-1290 -0994 -0725 -0757 -0159

0342 -0268 -0652 -~0600 -0655 -0492

LOAD 400 N

0714 +0227 +0335 +0746 -0914 +0230 +0044 +0156 +0511 +0154

-0421 -0210 -0281 -0178 +0011 -0023 -03820 -0489 -0479 0489

~0211 +0827 ~-0621 -0064 -0180 -1290 -0994 ~-0725 -0757 -0158

-0341 0267 -0651 -0601 -0657 -0494

-0714 +022 +0333 +0744 -0916 +0230 +0043 +0155 +0511 +0153

0421 -0211 -0281 -0177 +0012 -0023 -0320 -0489 -0479 -0489

-0211 -0828 -0623 -0065 -0i8l -1289 -0993 -0725 -0756 -0158

0343 -0268 -0651 -0602 -0657 -0493

LOAD 600 N

-0713 +0224 +0332 +0743 -0919 +022 +0040 +0153 +0514 +0152

0427 -0217 -0286 -0184 +0007 -0028 -0321 -0489 -0480 -0488

0213 -0829 -0624 -0066 -0181 -1289 -0992 -0724 -0754 -0157

0341 -0269 -0651 -0604 -0657 0493 :

-O712 +0223 +0331 +0742 -0920 +0228 +0040 +0152 +0513 +0152

0427 -0215 -0284 -0183 +0008 -0027 -0319 -0487 -0479 -0488

-0214 -0829 -0623 -0065 -0182 -1288 -0993 -0723 -0753 -0158

-0342 -0270 -0651 -0603 -0658 -0494

Table: 800.08 (a)



LOAD 600 N + 40 Lb

0716 +0216 +0324 +0735 -0926 +0223

0432 1 -0291 -0191 +0003 -0032
0214 -0830 -0624 -0066 -0183 -1289

-0341 -0269 -0651 -0604 -0659 -0495

+0146 +0511 +0146

0489 -0480 —-0488

-0724 -0754 -0158

~O716 +0215 +0324 +0784 -O0120 +0223 +0083 +0145 +0510 +0146

0452 1 -0288 -0190 +0004 -0031 -0321 -0489 -0480 -0488

~0216 -0831 -0625 -0067 -0184 -1l28 -0992 --0724 -0752 -0158

“0342 -0268 -0652 -0607 -0661 04°06

LOAD 600 N + 80 Lb

-O718 +0209 +0318 +0728 -0084 +0217

0488 -0227 -0295 -0196 ~-0000 -0037

+0216 -0832 ~-0626 -0065 -0184 -1288

0340 -0270 -0651 -0607 -0660 -0405

-O718 +0208 +0318 +0728 -0933 +0217 +0025 +0138 +0509 +0139

0489 -0227 -0206 -0196 -0001 -0036 -0322 -0489 -0482 -0489

0216 -0833 -0625 -0066 -0183 1289 -0990 -0723 -0750 -0158

0341 -0270 -0652 -0606 -0662 -0495

+0138 +0508 +0140

0489 -0482 -0488

“0724 -0751 -0158

LOAD 600 N + 120 Lb

0720 +0204 +0313 +0721 -0940 +0213 +0019 +0132 40506 +0134

0442 -0232 -0289 -0202 -0005 -0041 -0321 -0489 -0481 -0480

-0217 -0832 -0627 -0066 -0184 -1289 -0¢01 -0722 -0751 -0157

-~0340 -0271 -0650 -0608 -0663 -0495

~0720 +0312 +0721 -0940 +0213 +0019 +0131 +0505 +0183

0445 -0301 -02038 -0006 -0043 -03824 -0490 -0482 -0400

0217 -0627 -0067 -0184 -l2ese -0901 -0723 -0751 -0158

-0340 -0650 -0607 -0661 -0494

LOAD 600 N + 160 Lb

0723 +0306 +0715 -0947 +0206 +0012 +0125 +0505 +0128

-0449 -0307 -0209 -O0011 -0048 -0325 -0491 -0483 -0491

0217 -0628 -0065 -0184 -1289 -0991 -0742 -0750 -0157

0339 0650 -0608 -0661 -0405

0724 +0306 +0716 -0947 +0207 +0012 +0124 +0505 +0128

-0450 -0306 -0208 -0010 -0047 -03825 -0491 -0483 -0400
0218 -0627 -0066 -0185 -1289 -0991 -0722 -0750 -0158

03388 -0649 -0609 -0660 -0494

LOAD UNLOADING UNLOADING UNLOADING

LOAD 600 N + 120 Lb

-0720 +0204 +0311 +0722 -0042 +0212 +0019 +0130 +0507 +0133

0445 -0233 -0302 -0203 -0007 -0042 -0324 -0490 -0482 ~-0490

0217 -0833 -0627 -0067 -0184 -1289 -0990 -0724 -0750 -0158

-0340 -0271 -0651 -0608 -0662 -0495

-0721 +0203 +0312 +0720 -0842 +0212 +0619 +0131 +0505 +0182

-0445 -0234 -0304 -0204 -0006 -0043 -0324 -0491 -0483 0460

-0218 -0832 -0647 -00G7 -0185 -1289 -0992 -0722 +0750 -0158

-0341 -0270 -0650 -0609 -0661 -0496

fable: 800.08 (b)



LOAD GOO N + 80 Lb

-O719 +0209

0440 = -0230

0218 -0832

-03841 ~-0270

0718 +0207

-0440 -0228

-0216 -0833

0342 -0270

LOAD 600 N +

-O717 +0215

0434 -0224

0216 -0834

-03843 -0270

~OT17 +0215

-0434 -0224

0218 -0833

-0341 -0270

LOAD 600 N

“O715 +0221

0430 -0219

~0216 -0832

-0343 -0271

~O715 +022

~O04u9 -0218

“0217 =-0832

0342 -—0271

LOAD 400 N

“0712 +0226

0423-0213

-0216 -0832

0344 -0269

0714 +022

0424 -0212

O217 -0831

~0342 -0270

LOAD 200 N

“OT1L §=+02383

0412 -0207

“0214 -0832

0845 -0270

-O712 +0233

0417 -0205

0216 -0831

0345 -0270

Table:

+0329

-0288

-0625

-0655

+0331

0287

0625

-0655.

+0336

0283

0624

-0656

-0655

+0342

0276

0624

0656

+0342

0275

0623

0657

800.08 (c)

+0723

~0197

—0067

0607

+0726

-0198

0068

-0607

+0733

-0190

0068

-0607

+0732

-O191

0067

-0608

+0740

0183

0068

-0606

+0746

-0177

-0068

-0604

+0746

-0178

-0068

-0604

+0752

-0171

-0069

-0604

+0753

-0169

0070

-0604

0936

0002

-0186

-0662

-0935

-0003

-0185

—0661

-0929

-0003

0186

-0661

—0630

+0003

-0186

-0660

-0823

+0006

-0186

-0662

0923

+0008

0186

-0661

0816

+0011

0188

-0661

-0915

+0012

-0188

-0662

-0£09

+0016

0187

-066L

0808

—O0LT

-0188

-0663

+0217

-0058

-1269

0495

+0216

-0038

-1290

0496

+0137 +0507

=0991

+0025

0324

-0992

+0082

-0321

=—0¢92

-0029

-1288

-0498

+0239

-0018

-1288

-0498

+0037

0321

—0991

+0039

0321

=09¢3

+0044

0322

096

+0046

0321

0992

+0053

—0321

0993

+0054

0321

-0993

0723

+0136

0489

0723

+0142

0490

0721

+0144

-0490

0721

+0150

—0488

~0722

+0152

0489

-0722

+0158

—0489

0722

+0157

-0490

0722

+0165

-0489

0723

+0165

~0490

0721

-0750

+0508

0483

-0750

+0509

—0480

0751

+0509

0482

-0749

+0512

-481

-0750

+0512

—0480

0749

+0513.

-0480

0749

+0512

-0481

-0750

+0513

0481

0749

+0514

-0481

-0750

+0139

0489

0158

+0137

0490

-0158

+0145

-0488

-0159

+0143

-0488

-0159

+0149

0488

-0158

+0148

-0489

-0158

+0154

-0489

+0159

+0155

-0489

0159

+0160

0488

-0159

845
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LOAD 00 N

~0710 +0240 +0348 +0759 -0902 +0244 +0060 +0173 +0525 +0167

0411 -0202 -0270 -0163 +0022 -0014 -0321 —0490 -0478 0488

-0216 -0830 -0621 -0070 -0189 -1288 -0993 0722 -0751 -0160

~03844 -0270 -0658 -0603 -0661 -0498

-0709 +0239 +0348 +0761 -0902 +0245

=0412 -0202 -0269 -0164 +0020 -0014

0216 -0831 -0621 -0072 -0186 -1288

~0846 -0269 -0658 -0604 -0662 -0498

+0173 +0517 +0167

—0489 -0481 -0167

-0721 -0751L 0159

0711 +0240 +0348 +0760 -0902 +0244 +0059 +0173 +0517 «+0168

=0408 -0198 -0268 -0162 +0023 -0013 -0319 -0488 -0478 -0487

-0216 -0832 -0621 0069 -0189 -1285 -0991 -0720 -0748 -0160

0345 -0269 -0656 -0602 -0659 -0494

Table: 800.08 (a)
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Fig. 8.0261 Shows deflection of frame due to the effect of

simulated temperature in the larger column of

a 6-storey frame.

Unbracketed figures.....Show theoreti cal results.

Bracketed figures.....+-Show experimental results.
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4, CALCULATIONS OF FRAME BENDING MOMENTS

Applied [Strain |Strain |Strain |Dirr. | Experimental Bending Theo-

Lond Gauge |Gauge |Gauge | betweeu| Moments retical

in Locat— | Av. Reading| Strain | Bending

IN. ion Zero for Gauge Moments
Reading| applied] Read—

Load ings

+

1311.68 1 |Fos7s|-728.80|14.78 | (a4.78°2 11.67)4 x 0.02432] 892.88
3 2

297

9 | +516.67|+505.00}11.67 |x 13 x +22 = 1168.53 N—mm| N—mm
= | —

2 | +240.83|+197.00/43.83 | (43.83 - 39.67)4 x 0.02432) 1860.15
2

:;

10 | 167.67] +128.00] 39.67 |x 13 x ie = 1578.27 N-mm| Nam

3 | +848.50/+306.00) 42.50 | (42.50 - 39.83)4 x 0.02482| 2411.62
2

11 | ~409.67| -449.50]39.83 |x 13 x 2a = 1012.98 N-mm| Nm

4 | +760.25/+715.50| 44.75 | (44.75 - 39.67)4 x 0.02432) 2612.12
2

12 | -199.33]-239.00| 39.67 |x 18 x 422 = 1927.31 N-mm| Nom

5 900.75) -947.00) 46.25 | (46.25 - 38.00)4 x 0.02432] 3318.55
ele

2

13 | -268.50|~306.50| 38.00 | x 13 x 422 = 129,98 N-mm| N-mm

6 | +242.92| +206.50| 36.42 | (36.42 - 44.75)4 x 0.02432| 3412.24
| iponG ae

14 | -163.75| -208.50| 44.75 | x 13 x “22° = 3160.34 N-mm) N-mm

7 | + 50.17|+ 12.00/47.17 | (47.17 - 32.08) x 0.02432] 3607.12
2

+s

15 | + 21.58}- 10.50) 32.08 | x 18 x 2° = 5725.03 N-mm| N—mm

g | +172.75| 4124.50) 48.25 | (48.25 - 34.42)4 x 0.02432] 9622.17
sim

.

16 | ~ 13.08] ~ 47.50] 34.42 | x 13 x 222 = 5246.99 N-mm| N-mm

17 | -819.83|-25.00] 5.17 | (5.17 - 1.25)5 x 0.02432 | 877.55
2

25 | ~183.25]-184.50] 1.25 | x 13 x S2- = 371.80 N-wm | N-mm

18 | 488.25] -191.00) 2.75 | (2.75 - 0.75)4 x 0.02432 | 149,87
| 2

26 12288.25+1289.00| 0.75 | x 13 x oe = 189.70 Nemm | N-mm

Table: 800.09 (a)
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CALCULATIONS OF FRAME BENDING MOMENTS

Applied |Strain| Strain |Strain |Diff. | Experimental Bending Theo~

Load Gauge | Gauge Gauge between| Moments retical

fin Locat-| Av. Reading |Strain Bending
IN. ion Zero for Gauge Moments

Reading| applied |Read-

Load ings

1311.68 19 ~477.50|-483.00] 5.50 | (5.50 - 2.83)4 x 0.02432 | 396.54
| 2

27 | -993.83|-091.00] 2.83 |x 13 x S0- = 253,24 Nam | N-mm

20 —487.67|-490.50] 2.83 | (2.83 - 1.00) x 0.02432 | 195.07

2

28 -723.00|-722.00] 1.00 |x 13 x a = 173.57 N—mm | N—mm

21 -211.75|-217.50| 5.75 | (5.75 - 3.75)5 x 0.02482 | 471.64
2

29 ~753.75|-750.00| 3.75 |x 13 x ae = 189.70 N—mm | N—mm

22 827.75] 833.00} 0.83 | (5.25 - 0.83) x 0.0243 377.01
2

30 | -158.33]-157.50/ 0.83 | x 13 x S0- = 419,23 N-mm | Num

23 620.00] -627.50} 7.50 | (7.50 - 6.25)4 x 0.02482 | 462.27
2

31 | 344.75] 398.50) 6.25 |x 13 x 92 = 118.56 Num | N-mm

24 - 66.67|- 65.50} 1.17 | (1.17 - 1.83)4 x 0.02432 | 447.10

32 | -269.17|-271.00] 1.83 | x 13 x 92 = 62.60 N—mm | N-um

33 ~655.17| 649.50} 5.67 | (5.67 - 2.92)5 x 0.02432 | 877.55
2

35 | -657.58]-649.50| 2.02 | x 13 x 92 = 260,83 Num) N-um

34 601.00} -609.00} 8.00 | (8.00 - 0.58)5 x 0.02432] 892.88
2

36 4195.08] 194.50] 0.58 | x 13 x ae = 703.77 N=mm| N—mm

Table: 800,09 (b)

Applied Max. Load = 1311.68 N.

Z.CALCULATIONS OF EQUIVALENT TEMPERATURE

Subst. into T aw where E = 3,000 N/an”
A = 13 x 120

K = 7.3 x 10°
‘ 1311.68 SS ae

3,000 x 13 x 120 x 7.38 x 10”
saya 4 26
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Shows bending moments due to the applied vertical

load (simulated temperature effect on the larger

column of a 6-storey frame).

method. (Unbracketed figures)
Theoretical bending moments by the force-displacement

Experimental bending moments. (Bracketed figures)
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8.02.7 Discussion of results of experiment of simulated temperature

in_a column of a six-storey perspex shear wall

The displacement results, as given by dial gauges, show very good

correlation with the theoretical displacements, Some of the displacements

are correct to within * 2%, while the majority are correct to within t Sy

Only one location shows a greater discrepancy. This is at the top of the

unheated column, showing a reduction in length caused by the compressive

stress and induced by the simulated heating (applied tension) of the other

colum, It has been mentioned elsewhere in the text that members under-

going compressive stresses do not generally show good results. The main

reason for this discrepancy is believed to be due to the tendency of the

perspex to buckle,

The calculations of bending moments from the readings of strain

Gauges show reasonable correlation with the theoretical results,

Generally, better accuracy is attained at points of maximum displacements,

This would indicate that the level of experimental stress was perhaps not

high enough.

Based on the above, it is concluded that the Calculated stresses

and deformations correlate reasonably well with those obtained fron

Simulated experiments, The discrepancy range from + 2% to * S%is

accepted as being the result of approximate assumptions made in the

analysis as well as inevitable imperfections of laboratory work, This

experiment, however, has demonstrated adequately that simulated temperature

experiments can yield more accurate results than experiments based on actual

heating.



8.03 EXPERIMENTAL ANALYSIS OF A SIMULATED TEMPERATURE EFFECT ON A

PERSPEX TRUSS

8.08.1 Introduction

in order to compare the theoretical results of thermal stress

analysis of trusses, an experiment was carried out on the effect of

simulated temperature on a perspex truss,

The dimensions and instrumentation details of the model truss

are shown in fig. 8,031, For practical reasons, such as most readily

available and suitable leboratory equipment and facilities, it was

decided to hang the truss by one of the short sides and to test for the

effect of temperature in one of the longer sides, Although this is not

a common position in which one would use a truss of this type, it is

adequate to demonstrate the simulated temperature effect on one of the

chords.

As in the case of the perspex frame, strain gauges were used to

measure the strains in all members, and dial gauges were used to measure

deflections at joints,

8.05.2 The Experiment

The purpose of the experiment was to find, in a simulated

experiment, the axial forces and deflections of all members of the

truss due to the effect of temperature in one chord, it has been shown

earlier in the text that if a heated member is fully restrained from

expanding, the force required to stop the member fron expanding can be

found from the stress/strain relationship,

P = # ot = EAGT

P

oe 1 ea
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The perspex truss was fixed in a vertical position as shown in

fig. 6.031 and instead of heat, loads were applied vertically along the

axis of one chord. For each increment of applied load, readings of dial

gauges and strain gauges were taken, The applied loads were increased

in suitable increments until deflections and strain reading of a

discernible magnitude were obtained. Then the applied loads were

decreased by similar steps, each time recording the readings of dial

gauges and strain gauges. For the calculations of deflections and

axial forces, average of the loading and unloading readings was taken,

The results of the experiment are shown on the following sheets,

Fig. 8.0321 shows the deflected form of the truss as measured by dial

gauges. For comparison purposes, the theoretical deflections are also

shown,

For the calculations of axial forces, a calibration perspex

Piece was tested in tension (Appendix 'D'), The resulting axial forces

from the loading of the test model were analysed by equating the truss

forces to those resulting from the calibration piece, Typical calculations

are shown on Table 600,12, Also shown in fig. 8.0321 is the equivalent.

temperature for the case of maximum applied load, For comparison, the

theoretical axial forces are also shown.
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| SIMULATED TEMPERATURE EFFECT ON _A Unbracklad figures indiente

Experimental detedins
| CHORD OF A TRUSS

| yee Bracketed figuras indieste
DIAL GAUGE READINGS (0-O01mm. PER Division) et oe i eee

D, Dz D3 ~~

e 8

Oo Nfl0-6s6 | 3-494 | 32785 | 0-760) £774 | 10-838 | [0-908 3 eee
Cs y
: A

200 = N-}il-ozq¢ | 3-887 | 4-507 | so.789 | 4-8/7 | Jo. 41g | 10.751 a

400 N-Niei27 | 4.249 | 3/7 | f0.gis | 4-067 | fe.087 | 10.639 (>) Ae
-0-S84 mm E ~ 0-583 met

(0-335) Cee)
600 = N.| y.282 | 4-116 | 6-102 | Jo-m2g | 3-492 | 9-677 | 10.502

177-92 N} f.3¢8 | 4-987 | €-7/13 | jo-g32 | 2-516 | 9-401 | fo.405

955-84 W) 11-477 | S325 | 7-338 | 10-850 | 78/9 | 9-730 | 10-296

UNLOADING | |

-1oSomm

crest )
~t732TM

T7792 NI If 420 | S160 | 6.895 | Jo-829 | 2-319 | 9-292 | 10.367 ae

600) HA 1.317 | 4797 | b.287 | Jo-8/9 | 2990 | 9-02 | fo.470

4oo0 N.} 11.199 | 4-SS0 | 5-557 | J0.8/7 | 3-788 | 9-95¢ | 10.552

200 NJ} Il-077 | 4.048 | 4.797 | fo-g17 | 4-594 |10-309 | Jo-706

O N.} 40.930 13-692 | 3-964 | Jo.8/3 | 5.484 | 10.721 | Jo.gso 3-464 am,

Table: 800.10 Pig. 8.0321



REPEAT OF EXPERIMENT ON SINULATED EFFECT OF TEVPERATURE ON A TRUSS

SRD JUNE, 1977

LOADING LOADING LOADING LOADING

LOAD 00 N

+0295 +0157 +0412 +0306 +0350 +0117 -0001 +0051 +0004 +0062

0263 -0127 +0016 +0196 +0059 —0u25

+0295 +0159 +0412 +0305 +0350 +0117 -0002 +0050 +0004 +0062

0265 -0128 +0015 +0195 +0058 -0025

+0295 +0159 +0411 +0305 +0350 +0117 -O00L +0051 +0004 +0061

~0265 -0128 +0014 +0195 +0058 -0025

IAD 200 N

+0296 +0145 +0404 +0302 +0296 +0122 -0008 +0048 +0006 +0016

-0262 -0132 +0010 +0194 -0000 -0024

+0296 +0147 +0404 +0301 +0296 +0120 -0008 +0049 +0006 +0017

-0261 -0130 +0010 +0194 +0001 -0023

+0206 +0149 +0404 +0300 +0300 +0122 ~-0007 +0048 +0003 +0017

0262 -0133 +0009 +0193 -0000 -0022

LOAD 400 N

+0296 +0139 +0399 +0298 +0255 +0124 -0010 +0049 +0007 -0021

0258 -O131 +0012 +0195 -0045 -0017

+0206 +0140 +0399 +0297 +0255 +0125 -0009 +0048 +0007 -0022

-0258 -01383 +0009 +0194 -0047 -0019

40296 +0140 +0400 +0298 +0253 +0125 -0009 +0050 +0007 -0022

0258 -0132 +0009 +0194 -0047 -0019

LOAD 600 N

+0297 +0130 +0399 +0298 +0209 +0124 -0011 +0052 +0010 -0061

0257 -01382 +0013 +0196 -0090 -0015

+0297 +0132 +0397 +0298 +0208 +0145 -0011 +0052 +0010 -0062

0255 -01383 +0011 +0197 -0092 -0016

+0207 +0130 +0396 +0297 +0206 +0125 -O0012 +0050 +0010 -0062

0254 -0182 +0011 +0195 -00982 -0014

OAD 600 N + 40 Lb

+0206 +0127 +0393 +0294 +0173 +0131 -0014 +0051 +0010 -0099

~0249 -0130 +0012 +0197 -0133 -0009

+0297 +0125 +0394 +0204 +0171 +0131 -0013 +0051 +0011 -0099

0248 -0132 +0013 +0196 -0134 -0009

+0207 +0126 +0392 +0205 +0171 +0131 -0013 +0051 +0011 -0099

0248 +0131 +0012 +0198 -0135 ~-0007

LOAD 600 N + 80 Lb

+0207 +0121 +0389 +0291 +0135 +0185 -0015 +0052 +0010 -01383

0244 -0131 +0011 +0197 -OL74 -0003

+0206 +0121 +0389 +0291 +0134 +0135 -0015 +0052 +0010 -0135

0244 -0132 +0010 +0197 -0176 00038

+0296 +0121 +0390 +0291 +0134 +0135 -0015 +0052 +0009 -0135

“0244 -0131 +0011 +0158 -0176 -0003

Table: 800.11 (a)



UNLOADING

LOAD 600 N + 40 Lb

+0267

0252

+0126

-O131

LOAD 600 N +

+0297

0255

+0297

0257

+0206.

0257

+0131

-0132

+0131

-0132

+0131

-0133

LOAD 400 N

+0208

0260

+0298

0260

+0296

0276

+0136

~0132

+0136

-0133

+0136

-0123

LOAD 200 N

+0301

0241

+0301

0242

+0300

~0240

+0146

-0109

+0145

-O1L1

+0145

-O1LLO

LOAD 00 N

+029

~0 ao

Table:

+0151

-o112

+0564

+0012

0 Lb

+0398

+0012

+0397

+0011

+0307

+0012

+0400

+0012

+0401

+0012

+0400

+0019

+0407

+0034

+0406

+0083

+0404

+0034

+0408

+0086

800.11 (b)

UNLOADING

+0204

+0197

+0200"

+0107

+0297

+0196

+0298

+0195

+0208

+0195

+0298

+0195

+0297

+0205

+0304

+0216

+0803

+0214

+0302

+0216

+0303

+0217

+0165

—0137

+0199

-0098

+0202

-00°9

+0200

0009

+0242

0054

+0243

-0053

+0242

0027

+0286

+0014

+0288

+0014

+0286

+0017

+0334

+0072

+0127

-0010

+0124

-0014

+0124

-0015

+0123

-0014

+0119

-0019

+0119

-0018

+0118

+0013

+0120

-0000

+0118

-0000

+0117

+0001

+0111

-0005

MINLOADING

0014

0011

-0012

0012

-0011

~O0O1L

—0012

-0007

-0008

-0009

0008

+0052

_ 70051

+0050

+0050

+0048

+0048

+0047

+0051

+0048

+0048

+0044

+0011

+0010

+0009

+0008

+0009

+0008

+0006

+0009

+0007

+0006

+0002

UNLOADING

0103

0069

0069

-0069

0031

-0031

-00382

+0011

+0010

+0010

+0052
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1. CALCULATION OF FORCES IN TRUSS MEMBERS

Applied|Strain |Strain Strain Diff. Experimental Theoretical
Load Gauge Gauge Gauge between Force in each Force in
in N- Location|Average |Reading |Strain Member each Member

Zero for App. |Gauge in N. in N.
Reading | Load Readings

955.34 1 +297.00 | +296.33 0.67 0.67 * 0.015449 0
(25 * 6) = 1,55

2 +154.67 |+121.00 33.67 33.67 * 0.015449 |108.0
(25*6*2)=156.05

3 +409.83 | +389.33 20.50 20.50 * 0.015449 |124.0
(25 «6) = 47,51

4 +304.17 |+291.00 13.17 13.17 *0.015449 [124.0

(25*6) = 30.52

5 +342.00 |+ 134,33 [207.67 207.67%0.015449 |849.0

(25x62) =962.49

6 +114.00 |+135.00 21.00 21.00 «0.015449 |119.0
(25% 6) = 49.66

7 + 5.17 |+ 15.00 9.83 9.83 * 0.05449 98.1

(25*67+2)=45.56

8 + 47.33 |+ 52.00 4.67 4.67* 0.015449 113.0

(25*6) = 10,82

9 + 3.00 |+ 9.67 6.67 6.67 * 0.015449 {113.0
(25*6) = 15.46

10 + 56.83 |-134.33 [191.16 191.16x0.015449 |858.0

(25x62) =885.97

11 254.67 |-244.00 10.67 10.67 * 0.015449 {116.0

(25 » 6) = 24.73

12 119.83 | ~131.33 11.50 11.50 «0.015449 |103.0

(25x62) =53.30

13 + 25.50 |+ 10.67 14.83 14,83 x 0.015449 {119.0

(25 x6) = 34,37

14 +206.17 |+197.33 8.84 8.84 *0.015449 119.0

(25 x6) = 20.49

15 + 65.17 |-175.33 {240.50 240.50x0.015449 |853.0

(25*6«2)=1114.65

16 - 14.67 |- 3.00 11.67 11.67 «0.015449 | 59.2
(25*6) = 27.04

Table: 800.1
Bae 2. CALCULATION OF EQUIVALENT TEMPERATURE

Applied Max. Load = 955.84N

Subst. into T

i

oho gives
Ean

955.84/3000 (2%*25x6) Gander. |
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8.03.3 Discussion of results of experiment of simulated temperature on

a perspex truss

The displacement results as given by the dial gauges show reasonable

correlation with the theoretical displacements, At nodes showing maximum

displacements the discrepancy is only of the order of 5%. Greater discre-

pancies occur at other joints where the displacements are small. Similarly,

the axial forces in the members show good correlation for members with

maximum forces, and greater discrepancies for members with small forces,

The reasons for the discrepancies are attributed to the following

factors:-

1. The grade of perspex selected for the truss model was too

strong. A weaker (or thinner) perspex would have given greater

displacements at all points and consequently better results.

2. The bolted connections of the truss members, assumed to be

pin-connected, showed considerable friction. It was found

that the truss could be given an arbitrary displacement by

simply moving it by hand, and it would remain in the displaced’

position, In view of this, an arbitrary small load (not taken

into account) was applied to remove initial kinks etc, at

the joints.

5. The members in compression always showeda tendency’ to buckle,

thus indicating that perspex is not a suitable material for

model members having large compressive forces.

However, in spite of the above factors, the results show that

simulated experiments can be carried out to assess thermal stresses in
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CHAPTER NINE 361

THE EFFECT OF TEMPERATURE OF HYDRATION OF CEMENT AND EARLY SHRINKAGE

OF CONCRETE IN STRUCTURES

INTRODUCTION

It is well known that the chemical reaction of cement with water

appears to continue in concrete over a period of many years, However, this

reaction is the most vigorous during the first 7 to 14 days, During this

period, while the constituents of concrete i.e, cement, sand, gravel and

water are undergoing complex chemical changes, two very important and

observable aspects are also taking place, First, the chemical reaction

generates a great quantity of heat of hydration. In large concrete pours,

this heat of hydration can raise the temperature of setting concrete to

such an extent that concrete can become too hot to touch with a bare hand,

Second, shrinkage of concrete is taking place and is at its highest rate

at this early age of hydration of concrete,

Theoretically, if a mass of concrete could shrink uniformly without

any internal or external restraints, then no internal stresses would be

induced in the concrete, This however seldom happens in practice, since

usually any free movement of concrete is restricted internally by

reinforcement and aggregate embedded in the concrete, and often externally

by other members, /

When concrete in a reinforced beam or slab shrinks, tension stresses

develop in concrete and compression in steel, The latter takes place through

the bond stress (and mechanical anchorage) along the surface of reinf orcement

In the following, an attempt is made to assess the effect of

shrinkage and temperature of hydration on stresses and deformations as

well as to predict the approximate spacing of the potential cracks.



362

Observation shows that concrete members can davelop severe cracks

evenat a very early stage within one to seven days after casting. At

this stage concrete is usually fully supported by formwork so that no

stresses and deformations take place from own weight. The cracks are

attributed therefore to the effect of temperature of hydration,

shrinkage of concrete and possibly creep.

Concrete strength and particularly tensile strength is very low

within the first few days after casting and if tension develops in

concrete, it can result in cracks, often very wide. To minimise this

effect, concrete is often "cured" for a period of 7 to 14 days, various

moisture-retaining paints are used or concrete is specified with low

shrinkage and heat of hydration.

In the following, an effort is made to assess the magnitude of

these stresses by analytical method. However, no experimental work is

carried out because this warrants a separate study on a large scale.

In the following analysis, it is assumed that:~-

() the principle of superposition can be applied, so

that the effect of shrinkage can be added to the

effect of temperature of hydration.

(ii) that shrinkage strains are linearly disposed

through the depth of the concrete member.

(iii) shrinkage stresses are proportional to strains

and that :

(iv) the temperature of hydration can be represented

by a mathematical expression to facilitate the

solution.
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9.02 The effect of shrinkage on Rectangular Concrete Members:

Ect

| Get st

Est ee

=

Csb, Asb

(eae

Unit Length

Fig. 9,021 shows a simply-supported beam of unit length which is

subjected to a potential shrinkage ‘s' of a plain concrete. If rein-

forcement is present (Asb and Ast) then the full amount of this

shrinkage cannot take place and external fibres of the beam will be

subjected to tensile strains €cb and €ct, these strains will produce

tensile stresses Geb and Get with an overall tensile force Tc. for

equilibrium, steel will be subjected to compression Csb and Cst

respectively.

To calculate these stresses in concrete and in steel the required

values are the strains €cb and € ct, these can be calculated using the

conditions of equilibrium of forces and moments:

Te = Csb + Cst seeeeeee 902,01

and Te.@= Csb.@; - Cst.c2 oe +» 9.02.02

By expressing the values of forces in terms of stresses or strains

we obtain:
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Te = (Geb +Cct) Ac = $ AcEcEcb +e ct)

Csb = Asb.£s.€sb

Cst = Ast.Es,ést

- ; 

oe sewees 9,00,05

€eb = § - (S++ )ewn ei ot

eg aa eb CG ES) eee ines = 9:08.04e F 
+02,

est = s+ (-tyen - (B+ tec
Denoting:

_ Ac. Ee — Ast

Me 7 Ae eee Ace
ete = eeAt = and Ala 3

we obtain from 9,02.01 and 9.02.02

[s+ At + Ks (4 oo) ey Ech +

(S- + +Kst +4 )] Ech = S(Ks+1) Salesian LO OAOS

[Kot i (ee bdo Kee (As-4)} ese

[& $A (Ae =) Kee Cas +)} Ect = S(41- Ks yu)
tecdieses 9202.08

Equations 9.02.03 and 9.02.04 can be solved in general form if the following

abbreviations are used:

A= Kam ans $-Ad+E

o= Kee Ay a ksh +e) ot

C =1+ Ks

D= Bt a (ar +d) + Kspe (n2-2b)

B= ean) + Ks ee (per et)

Fa Ay - Ksip2

Equations 9.02.05 and 9.02.06 can now be re-written in the form:

hy Ce Bl est 2 C.s teeseees 9,02,07

Ooty oe Feet = F.s seeeeees 9.02.08

from which:

Eob= BE*CE
AE+t BD

ee Spa Ae i 
seeeeeee 9,02,10

sveeeeice 902,00

u w
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the strains in the steel can now be determined from eqns, 9.02.03 and 9,02,04.

For a beam with symmetrical reinforcement at the top and bottom

Ast = Asb and 21 = S

Equations 9.02.09 and 9.02.10 reduce to

Eceb= Ect = = seeeceee, 9.02.11

sand €sb= Est = (1-1) seceeeee 902,12
A

Since in this case Ks = 1, the value of A reduces to

a=Ker Rsaseaeoueeels

Eqns 9,02,11 and 9,02,12 show that the strains in concrete and in steel in

symmetrically reinforced members are independent of the position of

the steel, but depend on the magnitude of the reinforcement used.

If the centre of gravity of the steel area is denoted be '¢?

then Gch ws Soe eae es ey ee ee here BS og _AE + BD K+ 124244 cig 90a. 14

en aes ep AES tes ee GAT LE sy ere ne auld + 9.02.15
AE+BD K+ 124*4+1

4

and Ge, = 6. tcede ee - eer is aiarscegea 9.02.16
K+ 12407 41

which, for @ = 0, and ks = 1 reduces to eqn, 9.02.11

9.03 The Effect of Temperature of Hydration of Cement:

Fig. 9,031

It is well known that when a beam is subjected to a variable

temperature change throughout the depth, then the stress at any

distance 'y' from the neutral axis can be expressed as:

ale ay ot
Gn OE [-% coe sete l Ty. ¥. tr } Sevacess BLOB LOL
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in which Ty must be an even function of y.

If the temperature of hydration is assumed to be parabolic with

the maximum To at the neutral axis, then at any distance y the

Temperature Ty can be expressed as:

2Ty = no[s-eef] seeeees 9.03.02

Introducing eqns. 9.03.02 and 9.05.01 we obtain:

2

Tx = KET, (4) =|
h 3

from which for y = 0 ’ G, = ae XE Ts
3

5

and fory=-h ; G2242 KET.

These stresses are "self- equilibrating" i.e. the sum of all

forces and their moments with respect to any point are zero.

9.04 Resultant Stresses:

Tansion

taxer

9.041

When shrinkage and temperature of hydration are taking place

simultaneously then the combined stresses can be of the form as

shown in Fig. 9.041. Tensile stresses can be at their maximum at

or near the neutral axis and are the sum of the two effects. These

stresses can diminish towards the extreme fibres and can change

into compressive stresses at the top surface.

If tensile resistance of concrete at this stage of its maturity

is less than this stress, then cracks may develop at spacings, as

shown in text later.
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9,05 EXAMPLES

The following examples are used to illustrate the changing pattern

of stresses and their magnitude with the changing pattern of reinforcement

for the combined effect of Temperature of hydration and early shrinkage of

concrete.

9.05.1 Example 1

3 3-8976 x16 TKN) mor

5 ee =
2 SE we IS KN (Comyee Te = 7IKN Comp.) Gh)

88 ;

Te = 106 KN (Tens.

425 = Csb = 85 kn Gens.)

Si 300 1 S0178 x10? kent ment

Fig. 9.0511 Reinforced concrete section and stress

distribution due to shrinkage

2 ?
Asb = 1,962.5 mm Ast = 276.08 mm

? ?
Ac = 177,879.42 mm Fo = 14 KN/mm

ae 2fs) = 210 KN/mm Ss = 9.9n03

The reinforced concrete section shown in fin. 9.0511 and having the

properties shown above is analysed as follows:

First, the following parameters are evaluated:-

K = 6.0403 Ks = Ua yioe

dy = ig = 260 = 0.4
600

A = 6.0403 + 0.4 + 0.1152 (k - 0.4) +4 = 3.93162

2

B = 6.0403 - 0.4 + 9.1152 (4 + 0.4) +4 = 3.13162

2

Cos 1 Daisies 1.17152

O = 6.0403 + 0.4 (0.4 + 4) + 0.1157 x 0.4 (0.4 = 4) = 0.858750

12

— = 6.0403 + 0.4 (0.4 - +) + 0.1152 x 0.4 (0.4 + 4) = 0.504830

12

Fo = 0.4 ~.0.1152'+ 0.4 =

and from eqns 9.02.01, 02, 03 and 04,



€eb

€ct

€sb
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$.13162 x 0.35392 + 1.1152 x 0,504830

ner = 9.0003 x 3793162 x 0.504830 + 3.13162 x 0.858750

0.00010727

Coue RE
S oes ap = ~0.00002786

- ea + 4) eb + (81 - 4) Ect

ae d

o.o003 - (242 , 3) o.00010727 + (249 ~ 3)(~0. 00002784)seat 600 :
0.00020624

ey ci €cb - ("2 + $) Ect
d

240

600

240
0.0003 + (+— éo00 *- 4) 0.00010727 - (2— + $)(-0.00002784)

0.00031433

The stresses are now calculated, based on the assumed moduli of

elasticity, as follows:-

Teb

Tet

Gsb

Gst

1.50178 * 107° KN/mm?

-3.8976 x 107° KN/mm?

0.0433104 KN /mm?

0.066093 KN /rim?

The resulting forces in concrete and steel are:-

Te(tension) = $(0.00150178) x (476.3674 x 300 - 1962.50)

= 105.8362 KN

Te{Comp.) = 4(9.00038976) (123.6326 x 300 - 226.08)

= 7.1840 KN

Csb = Asb.Fs €sb = 1962.50 x 210 x 0.00020624 = 84.9967 KN

Ast.£s Est = 226.08 x 210 x 0.00031433 = 14.9234 KN
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In this example, it is assumed that the heat of hydration of

0 n

cement generates a temperature of Tg = 10 fF, at the neutral axis and

that no temperature changes take place at the external fibres, so that

T1 = 12 = O87, The stress distribution is as shown in fig. 9.0512.

a 205 b> 9.3333 x 1074 kN/mnt

. . - =-4

Tg = 10°C Se. TAIT = 4.6667 x 10 KNJmmTM

»

0 273 KET, = 9.3333 x 1077 KN)

Fig. 9,0512Stress distribution due to temnerature of

hydration of Cement

The stress distributions shown in figs, 9.0511 and 9.0512 for shrinkage

and temperature of hydration can occur simultaneously during the early

stage of casting.

The combined stress distribution is shown in fig. 9.0513,

- 2 =

3.8976 x15 ten /memet 9-3333x10 Sheed” 13-2309 x10 Sen /mar,
a
——

Te sho eats Ske,

A+33330 19 Keyaar 996445 16 te Joe nt”

Te = /08 len

CTaasion)

(S-0178 x 10° tem//meen 9:3333x10 K/min Sehgasurst 1H | mo

Fig. 9,0513 Stress distribution due to the combined effect

of temperature of hydration and early shrinkage

of concrete
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9.05.2 Example 2

If the same beam is reinforced symmetrically with 2 Y 12 bars top and

bottom (fig. 9.0521) or with 4 g 25 bars (fig. 9.0522) the tensile stresses

in concrete due to shrinkage and heat of hydration of cement are as follows:

9.3383 «101 Kn Jim ns” 76045 «16 * HJ iet,
als

29 12

4.666745 KN |r =f 6.1955%16 "n/m

2H

S288 x45 4 en/mm 9333315 TKN met 7.8095 x40 % Kn) mm,

Fig. 9.0521

¥ a4 is

10.5252x16 ‘en fren 9-3333x19 Kn) rom 41919 x10 Homo

——

4625 Cst < 93 cw

4 6667 x 10° Ka ace 15-9919 x10 Kal/med
& 7 =

4g2s Cst = 33 kn
a Sa s

11919. «10 kn )mmn.9-3333%10 7 KN/mint

Pig. 9.0522

If only bottom reinforcement is used with 4% 25 bars as in

(fig. 9.0523) then the tensile stress in concrete is as follows:

= - - . +6.5562 x10 * kwon 9-3333% 107 Kn /mad 15.8895% 10* KN] mint

————

Te 247 kw

(Compr)

4. 6667%19 tn ust 9:3504 x18 eN/ernt,
a

Csb = 93kn.
ee

42s

. = + -4 215.9236 x10%Ko/mnt, 9.8333 x10 tame 6.5903" 107 Kcri)ment

Fig. 9.0523



9.06 APPROXIMATE ANALYSIS OF DISTRIBUTION OF POTENTIAL CRACKS iN

REINFORCED CONCRETE

In the following, an attempt is made to assess the effect of

shrinkage and temperature of hydration on stresses and deformations as

well as to predict the spacing and the size of the potential cracks.

Observations indicate that large tensile stresses can develop in

the concrete due to the combined effect of temperature of hydration and

shrinkage, and when the magnitude of these tensile stresses exceed the

modulus of rupture of concrete,cracks can develop in concrete.

Although temperature and shrinkage cracks in concrete mambers

occur frequently, not all members crack. Ouring the setting period

both the magnitude of temperature, shrinkage and the modulus of rupture

of concrete vary with time and curing period. If the latter is suffi-

ciently long, concrete strength,its modulus of alasticity and particularly

the tensile strength may reach a higher value than the shrinkage stresses,

and cracks will not form. This is shown diagrammatically in fig. 9,U61,

Modulus of elasticity .

Crushing StrengthPotential Creexs

Caleulated StressE,U,R, S$ and & Modulus of rupture

Actual Stress

: Shrinkage StrainsFunctions |
Time

Curing riod

Fig.9.061 Formation of cracks in beams or slabs
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If, however, temperature and shrinkage stresses increase at a

higher rate than the increase of modulus of rupture, a time may be

reached when the latter value is exceeded and cracks may develop.

Based on the analysis shown in section 9.02 the theoretical

distribution of potential cracks can be approximately assessed as follows:-

R R R Ast

Fig. 9.062

Fig. 9.062 shows a beam assumed to crack at distances 'a' apart under the

effect of temperature and shrinkane stresses only. At the crack

longitudinal stress > must vanish, and then build up by bond to a full

value of the modulus of rupture of concrete at a particular time. In

certain cases, this full value of the modulus of rupture may not be

reached at all and cracks will not form. However, assuming that the full

value of modulus of rupture is developed by bond, and a stage is reached

where cracks are just developing, then, for equilibrium the following

equation must hold:-

from which as 2s

RP

or substituting values from Eqns. 9.02.04, 9.02.14, 15 and 16

a = 28 AsEs Kk + 12s%+ 1-By

RP K + 124% 1
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in which:

Cs = is total compression in steel

R= modulus of rupture of concrete at a

time considered

K :. AcEc > A=e

AsEs qd

p - Perimeter of steel

From the above equation, it can be seen that the spacing of the

potential cracks depends only marginally on the position of steel in

the cross-section (4), but depends to a considerable extent on the

ratio of steel to concrete area, on the modular ration Es/fc and is

inversely proportional to the modulus of rupture of concrete and the

perimeter of steel used. This confirms the well known fact that the

smaller the diameters of bars, for the same overall area of steel,

the smaller and more closely spaced are the cracks.

The average values of the modulus of rupture related to 28 days

cube strength are given by Prof. Evans as follows:-

Cube Strength Tensile Strength of concrete

N/mm? ( Ib/in?) N/mm? ( eas)

6.9 1,009 1,4 200

13.8 2,000 2.0 290

20.7 3,000 2.5 360

27.6 4,000 2.8 410

41.4 6,000 3.4 soo



9,068.1 Example (3)

oS

2H 12 R eS R

°
8

9

4p2s

300 ee

Fig. 9.0611

Cop = 84.9967 KN R = 2.75 N/mm?

and Pp = 319.02 mm

a = 2x 84,9967 x 199 = 193.77 mm

2.75 x 319,02

374
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9,07 DISCUSSION ON THE EFFECT OF TEMPERATURS OF HYDRATION OF CEMENT AND

EARLY SHRINKAGE OF CONCRETE IN STRUCTURES

The results of the investigation confirm that very high stresses and

deformations can be introduced in structures by the combined effect of the

temperature of hydration of cement and the early shrinkage of concrete.

Barry P, Hughes (ref, 12) states that even with the use of low-heat

portland cement for a foundation raft structure, a temperature rise of 47°C

was recorded during the first 24 hours after placing the concrete, te spite

of several other precautions taken, such as addition of extra reinforcement

and flooding the surface, cracking of concrete still occurred, This shows

that neither reinforcement nor better curing can fully control these stresses,

and other means must be found to reduce these stresses and the development

of cracks,

It is also shown that in reinforced concrete members shrinkage generally

produces tension in concrete and compression in steel, and these are additive to

stresses produced by gravity, wind loads, prestressing, creep and temperature,

Shrinkage strains and stresses in concrete and in steel in symmetrically reinforced

members are independent of the position of the steel, but depend on the magnitude

of the reinforcement used. Also, the greater the magnitude of reinforcement, the

greater are the stresses and strains in the concrete,

On the assumption of parabolic temperature of hydration of cement, a beam

is subjected to compressive stresses near the surface, and tensile stresses at

the centre, which is additive to the tensile stresses produced by shrinkage of

concrete,

An approximate method of calculating the theoretical spacing of potential

cracks in beams is also presented, However, they depend in a complex way on

the relative magnitude of the shrinkage of concrete, its modulus of elasticity,

modulus of rupture and bond, The parameters change continuously throughout the

life of concrete and particularly at early stages after Casting.
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CHAPTER TEN :

10,00 DISCUSSIONS AND CONCLUSIONS

10,01 DISCUSSION AND COMPARISON OF ANALYTICAL SOLUTIONS

.

The force-displacement method of analysis was mainly used in this

work, However, a large number of problems were also analysed by the

stiffness method, so that a comparison could be made between the two

methods. As both methods are based on “energy principles", it is not

surprising that the results correspond very closely in the two cases,

There is, therefore, not much to choose between the methods. Each method

has its own merits and demerits. While the stiffness method is now very

well developed, the force~ displacement method, being new, requires

further development, before it is possible to say whether one is superior

to the other, It may be conjectured, however, that it is a matter of

time before it is postulated that certain problems may be more suited

to one method than the other, At this stage, it would appear that the

force-displacement method may appeal more to the engineer for the

following two features:-

(1) The method gives directly the values of statically

indeterminate bending moments and deflections, which

are usually of prime interest to the designer.

(2) The philosophy of the method is easier to understand

as it is based on the clear, physical interpretation

of the actual response of the structure.
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10,02 COMPARISON OF ANALYTICAL AND EXPERIMENTAL RESULTS :

It may be justifiably claimed that a reasonable degree of correlation

was obtained between the theoretical and experimental results. Various

difficulties associated with heating of models, as indicated in the text,

were anticipated from the outset of this work, It re therefore, not

surprising that inspite of very careful and repeated experimentation, based

on actual heating, calculations of stresses (i.e. bending moments) were not

satisfactory in the case of multi-storey frame, although quite satisfactory

in the case of a continuous beam. However, this was more than made up by

the accuracy of deflections and the general behaviour of the frame.

In the case of experiments based on the effect of "simulated temperature"

On perspex models, the results were even more encouraging. The multi-storey

frame shows some deflections correct to within * 2%, while the majority are

correct to within t 5%. In the case of bending moments, reasonable correlation

was Obtained at points of maximum displacements. The inaccuracies in the

bending moments are mainly attributed to low level of applied experimental stress

Similarly, the results of an experiment on the effect of simulated

temperature on a truss show good accuracy (+ 5%) in deflections and axial

forces at points of maximum displacements, These results of simulated

temperature effects justify and show encouraging prospects of future

experimentation on improved models, and have provided future researchers

with a new approach to thermal problems,

Based on the above facts, that calculated stresses and deformations

correlate reasonably well with those obtained from experiments, it is

concluded that the assumptions made in the theories of thermal stresses

are valid,

Furthermore, the experimental work on (i) the concrete block, (ii)

cylinder and cubes of various mixes, and (iii) micro-concrete beams, has

established the thermal response and properties of concrete.
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10,03 SUMMARY AND CONCLUSIONS

The results of this work have fulfilled the objectives in all aspects,

from acceptable to excellent degree of accuracies, The results are discussed

in detail at the end of each section.

Within the scope of this work, the following conclusions can be drawn,

Q)

(2)

(3)

(4)

(5)

(6)

(7)

the response of concrete to the outside temperature changes is

subject to two important phenomena:

(a) atime lag At, i.e. concrete does not respond instantaneously

to the temperature change and

(b) attenuation of temperature, i.e. the temperature in concrete

does not rapidly reach the value of the temperature applied,

at low or intermediate temperatures, there is no significant change

in the modulus of elasticity, Ec, of concrete,

at 100°C the value of 'Ec'! begins to drop rather rapidly.

concretes made from other types of aggregates, such as Aglite and

lytag Mixes, also exhibit similar properties.

within the test temperature range (up to 100°¢) compressive

strength of concrete increases with age and increase in temperature,

although strength and elasticity (=) show about the same

temperature dependence, elasticity is more severely reduced

at temperatures of 100°C.

high stresses, but without any strains, can be induced in a beam,

restrained at the ends, when subjected to a constant temperature

change.



(8)

(9)

(10)

(11)

(12)
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on the other hand, large deformation strains, but without any

stress, can be induced in a beam, simply supported at the ends,

when subjected to a linear temperature change.

in statically determinate beams, subjected to a linear temperature

change, the slope and deflection are independent of the stiffness

BI (where slope @ = XT,L/2d and deflection &= « T,1%/ed). On

the other hand, the equivalent bending moment, M = & T\EI/a

producing a curvature similar to the effect of temperature, is

independent of the span.

in continuous beams, the statically indeterminate bending moments

from temperature do not depend on the actual spans but their

ratios 1y/L2 and Iy/L3, and are directly related to the stiffness

of beams El, However, the reactions depend on the actual lengths

of beams, This is contrary to the case of gravity loads, where

bending moments depend on the actual lengths of the beams and

only on the ratio of their stiffnesses,

points of contraflexure due to temperature changes need not

coincide with the zero bending moments, as in the case of gravity

loads,

if a cantilever shear wall or column is subjected to a linear

temperature variation, the bending moment, M = &T,EI/d, required

to restrain the cantilever from bending, is independent of the

height. The deflections in the x and y directions (where

&x = XTh®/2d and Sy = &Th/2) are independent. of the cantilever

stiffness El.



(13)

(14)

(15)

(16)

(17)

(18)

(9)
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in framed structures, due to temperature variations, stress

reversals take place daily and sometimes on several occasions

on the same day. This would indicate that structures could

eventually fail due to fatigue, even at low stresses. Since

concrete is not known to suffer from fatigue, it follows that

in regions where temperature variations are large or very

frequent, steel structures are likely to deteriorate at a

much faster rate.

tensile stresses can occur at many odd locations, which explains

the reasons for cracks for which, up to now, there was either

no explanation or it was erroneously attributed to shrinkage.

bracing of framed structures reduces deflections due to

temperature effects, significantly.

in multi-storey buildings, the effect of temperature changes

in the roof and/or side of the building is felt most strongly

in the upper two to three floors, and in the columns directly

exposed to the temperature change.

temperature changes in the roof cause alternate floors to be

subjected to axial tension and compression in addition to

bending moments, i.e, tension and compression oscillates from

floor to floor, This explains why, in practice, some floors

are observed to crack while others appear to be immune to cracks,

linear temperature changes cause greater bending moments in

relation to constant temperature changes, whereas the latter

cause greater deflections, predominantly at the top of the

structure.

the secondary effect of axial forces in the analysis of thermal

stresses in frames is small.



(20)

(21)

(22)

(23)

(24)

(25)

38)

in statically determinate trusses, temperature changes result

only in displacements of joints without any stresses in members,

5
in statically indeterminate trusses, temperature changes result

not only in displacementsof joints, but members are also

subjected to axial forces and deformations,

in both determinate and indeterminate trusses, the displacements

are independent of cross-sectional areas of members and the

modulus of elasticity of the material, depending only on the

length of members, the coefficient of extension and the

temperature change, However, in indeterminate trusses the

forces in the members, in addition to the above properties,

are also proportional to the cross-sectional areas of members

and the modulus of elasticity of the material.

in reinforced concrete members, shrinkage generally produces

tension in concrete and compression in steel, in addition to

stresses produced by gravity, wind loads, prestressing, creep

and temperature.

shrinkage strains and stresses in concrete and in steel in

symmetrically reinforced members are independent of the position

of the steel, but depend on the magnitude of the reinforcement

used, Also, the greater the magnitude of reinforcement, the

greater are the stresses and strains in the concrete.

temperature of hydration of cement causes compressive stresses

near the surface and tensile stresses at the centre of a beam

which are additive to other stresses,

high stresses and deformations can develop in reinforced concrete

beams due to the combined effect of temperature of hydration and

shrinkage, and these stresses cannot be fully controlled by

either extra reinforcement or better curing.
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(27) the theoretical spacing of potential cracks can be approximately

evaluated. However, they depend in a complex way on the

relative magnitude of the shrinkage of concrete, its modulus

of elasticity, modulus of rupture and bond,

In summarising this work it is fair to claim that, for the first time,

a comprehensive method of analysis of thermal stresses and deformations in

structures is presented, This project has demonstrated that thermal changes,

even at ambient temperatures, can create high stresses and deformations in

full-size structures (as shown in the analysis of a 6-storey symmetrical

frame. During the author's extensive research into past papers and literature,

he was surprised to discover that relatively little information was available

on the effect of ambient temperature changes in relation to the effect of

elevated temperature or fire. This was particularly evident in the case of

'analysis' for thermal effects. Most efforts appear to have been concentrated

on the effect of temperature on individual isolated members of a structure

or on the changes in the material properties. The result has been that the

designer was no wiser in how to deal with a complete structure. This topic

is, however, beginning to receive its due attention, especially in view of

the rapid development of the Middle East Countries.

Due to the lack of proven information, Engineers in the past had to

depend very often on their rational powers of reasoning. This has sometimes

resulted in serious problems, Une particular aspect of interest is the

belief that concretes made from aggregates of low coefficient of expansion

(e.g. limestone aggregate) would be most suitable for building in areas

where temperature changes are-large, This has now been proved wrong

(ref. 36) in the Middle East and some Mediterranean Countries where limestone

is predominantly used as an aggregate for concrete. 1t has now been shown

that the relative difference in the coefficients of expansion of the

constituent materials is more important than the common coefficient of the
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finished product. Rapid deterioration of structures made from limestone

aggregate concrete has taken place in the Middle East. This is attributed

to the relative differences of coefficients of expansion of aggregates,

hardened cement paste and reinforcing steel.

This work covers a very wide spectrum of structural problems most’:

frequently encountered in a design office. Other forms not discussed 3

here may also be dealt with in a similar way, based on the principles

developed for the basic forms, However, like all other topics, there is

plenty of scope for future research. From the designers point of view,

perhaps the most urgent need is to formulate simple guidelines on the

methods of design for thermal stresses for incorporation into the Code

of Practice, One area which is still not fully resolved is ‘how and how

much of the thermal stresses should be taken care of by reinforcement or

by other means, such as insulations'! clearly, to try and provide

reinforcement for the full thermal stress could not only make the structure

very expensive, but may also not be altogether effective (as mentioned in

the section on temperature of hydration of cement and shrinkage). A

further study is necessary to investigate the properties and comparative

costs of the available insulators before an effective and economic

combination can be recommended, This, however, is outside the scope of

this work,
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10,04 APPENDIX A: DETERMINATION OF ELASTIC MODULUS AND STRAIN

CALIBRATION OF MODEL MATERIALS

This appendix gives the details of the experimental determination

of Young's Modulus of Elasticity for micro-concrete used in the test

models. Also included are the calibration data relating strain to

data logger output for the model materials.

Flexural test on concrete cantilever representative

of concrete used in experimental work on 6 ~ storey Frame

For a simple cantilever, the deflection at the free end is given

by the well known relationship?

4
pr?

* ‘BEI

Where P = point load applied to the free end.

L = length of cantilever

pi?
Transposing gives E «= Sar

To establish E and also obtain the relationship between gauge

reading and stress, a model cantilever of micro-concrete was

manufactured and strain gauges applied as shown in Fige!0.04/.

48-Bem.

Oxi

ve Se

a-8em. | 40.0 cm. [aden
| Pp

3
bd 1 3

From T= cer Ie ry *26% 39° = 128524.5 mm

3
P 488 

Pp

E=5 3 {5054.5 7 A 301.4063
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11.50-0.55
Where the value of (i) P/a from Graph Exp(1) = O:548-0 008 = 36.745

11.00-0.35

0846-0004 = eo(ii) PA" " Exp(2) =

Average value of P/A = (36.745 + 34.800) : = 35.773

Therefore E = 301.4063 x 35.773 = 10782,21 N/an?

This is rounded up to E& = 11000 War

Further, from the data logger print, load increment of P = 10 N

resulted in a strain gauge reading of 4.5 divisions i.e.

4.5 divisions = M = 10%400 = 4000 N-mm

ieee Moe 8 = 888.89 N-mm per division

Relationship between gauge reading and stress is derived from

MY PLY
Ce 2

5 I

12 x 488 x 39 2

Mex Q(plion) “ [2e604.5% 7 98885 N/mm

Corresponding strain gauge reading for this load, G, = 4.33
1

Gy = 6.67

(from Fig. 10.043)

Average for G) and G, = (4.33 + 6.67) 3 = 5.50
1

0.8885 2
S597 «(e615 N/mmTherefore Stress per division =



EXPEXIMENT 1

; sd Strain Headings

Load in N. Dial Gauge from Data Logger
Readings Bottom Gauge Top Gauge

0 10,86 46.67 272.67

2 10.85 45.50 274,00

4 10,75 44,00 274,00

6 10.70 44.U0 278.00

8 10,635 45.00 276.00

10 10.57 41,50 276.50

le 10,50 40,00 277,00

10 10,535 41,00 276,00

8 10.58 435,00 276.00

6 10,625 43.50 275,00

4 10,68 44.50 275.00

2 10,735 46.00 273.50

oO 10,79 46.33 272,33

Table: 1000,1

EXPERIMENT 2

Dial Gauge
Strain Headings

Load in N, Readings ; fron Data Logger
Bottom Gauge Top Gauge J

0 12,40 66,00 293.50

2 12,34 64,50 294,00

4 12.275 63.50 295,00

6 12,215 62.50 296.00

8 12.16 61,00 296,50

10 ae 60,00 297,00

ares 12,04 59.50 298.00

10 12,06 60.00 297,00

8 esa 61.00 297,00

6 12.16 62,00 296,00

4 12,225 64.00 295.00

ie 12.285 65,00 294,00

0 12.37 66.00 294,00

Table: 1000.2
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10.05 APPENDIX B: CALIBRATION OF FOSTER

RESILIA GAUGE

FOR IRON THERMOCOUPLES

Thermometer Gauge Remarks
Readings Readings

in (Foster Resilia
ag Serial No. 163537)

18 82 Room Temperature

16 18 Water Temperature

20 20.5

30 36

40.5 51

50 65

61 80

70 94.5

80 110.5

90 125.5

98.5 139

Table: 1000.3

391



160

140

120

100

80

60

40

20

20

CALIBRATION OF FOSTER '"RESILIA' GAUGE

FOR_IRON THERMOCOUPLES

80 100 120 140

39:



393

10, 06 APPENDIX C: CALIBRATION BEAM TEST FOR PERSPEX MODEL

S0-S oye) 240 mm.
T

s

t ieiey i
; Ps

VW
Fig. 10,061 25-4 mn,

A, = Cross-sectional area of beam

Ap = Cross-sectional area of frame member

M. = Beam bending moment

M = Frame member bending moment

ay = Beam section modulus

Ze = Frame member section modulus

(DLR) | = Frame Data Logger readings for bending

(DLR), = Frame Data Logger readings for axial loads

From Data Logger, average readings for applied load (W=12N) = 165.5

Beam bending stress, oB,

1(DLR) |

Now Frame bending stress,

and Frame direct stresses,0F

Frame axial forces,

M.
B

=> = 165.5

25

; My 240 * 126
dive = 165.52, * 165.5 *25.4 = 1a"

FE Ma (pur 1 2880 x 6(DLR):
hee 165.5 “ 165.5 * 25.419"

M,, = 0.02432346 (DLR),

My (DLR) .

~ %, 1165.8)



CALIBRATION TEST ON A CANTILEVER BEAM (PERSPEX)

LOADING

Load 00 N

+0269 +0864

Load 2.N

+0242 = +0890

Load 4N

+0216 +0918

Load 6 N

+0188 +0943

Load 8 N

+0158 +0973

Load 10 N

+0131 +1002

Load 12 N

+0100 +1031

UNLOADING

Load 10 N+0127 +1006

Load 8N

+0154 +0980

Load GN

+0181 +0951

Load 4 N+0210 +0924

Load 2N

+0238 +0897

Load 00 N

+0265 +0870

Table: 1000.4
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10,07 APPENDIX D: CALIBRATION OF A PERSPEX MEMBER FOR AXIAL LOADS

App = Cross Sectional Area of Test Piece

] Ap = Cross Sectional Area of Truss

AL eee Member = bxd

°

=

| Ppp = Force in Test Piece

1

Fp = Force in Truss Member

F,

f2\Tmsns « Test Piece direct Stress = ae (Bee)
Arp

o Se rere,
12 7 oman. £, F,

ql F Truss direct Stress, oe ake {D-L-Re),
Ap App 613

F,
tr D.L.R.

Truss direct Force, F,, = —— A
t Ap 613 a

700 (D.L.R.) Ay

12.7 * 5.82 613

= 0.015449.
Fig, 10,071 *



CALIBRATION OF STRAIN GAUGE IN TENSION

8TH JUNE, 1977.

LOADING --- LOADING

LOAD OO N

-0244 -9999

~0246 -9999

-0244 -9999

LOAD 200 N

-0410 -9999

-0411 -9999

-0412 -9999

LOAD 400 N

-0591 ~9999

-0592 -9999

-0592 +9999

LOAD 400 N + 20 Lb

-0672 -9999

-0672 -9999

-0672 -9999

LOAD 400 N + 40 Lb

0745 -9999

-0745 -9999

-0745 -9999

LOAD 400 N + 60 Lb

-0825 -9999

0827 9999

0826 -9999

Table: 1000.5

307

UNLOADING

LOAD 400 N + 40 Lb

-0756 -9999

-0756 -9999

-0757 -9999

LOAD 400 N + 20 Lb

-0682 =9999

-0681 =-9999

~0679 -9999

LOAD 400 N

-0603 ~9999

-0602 -9999

-0602 -9999

LOAD 200 N

0425 -9999

-0424 -9999

-0426 -9999

LOAD OO N

-0256 -9999

-0255 -9999

-0254 -9999



STRAIN GAUGE READINGS (DIVIS/ONS) Increament of Joon. gives Strain reading

+ Force per div. Fo = Zoo 2 S42 N.
“is

foo

Fig. 10.072
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