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Abstract

The thesis presents results for quadratic linear systems related to two fundamental control

problems, namely controllability and pole assignment under state-feedback. First, the

controllability condition for second orders systems is formulated in low dimensions involving

only a rank condition on a second order matrix pencil. Second, a new necessary and sufficient

condition for complete controllability for symmetric quadratic linear dynamical systems is

derived. The proof is based on the notion of compound matrices and uses the Binet-Cauchy

formula. Next, an algorithmic method is proposed for the solution of the pole assignment

problem, associated with the symmetric quadratic dynamical system which are completely

controllable. This problem is shown to be equivalent to two subproblems, one linear and

the other multilinear. Solutions of the linear problem must be decomposable vectors, i.e.

they must lie in an appropriate projective variety known as the Grassmann variety. The

proposed method computes a reduced and independent set of quadratic Plucker relations with

only three terms, each of which describes completely the specific Grassmann variety. The

advantage of this approach, is that the complete set of feedback solutions is obtained, over

which further optimisation can be carried out, if desired. The method is next extended to

higher-order linear dynamic systems. Next, an alternative approach to the solution of the pole

assignment problem under output feedback is developed, which relies on necessary and sufficient

controllability and observability conditions. A methodology for designing static output feedback

controllers of linear time-invariant systems is presented, so that the control system meets

performance specifications set by the designer. Moreover, a study of the solution space and

the properties of homogeneous and non homogeneous regular generalized linear systems is

developed. The case of both consistent and non-consistent initial conditions is addressed and

solutions exhibiting impulsive behavior are fully analyzed. Following, the solution space and

properties of homogeneous and non homogeneous generalized linear discrete-time systems is

presented. Using strict equivalence transformations, the form of these systems is simplified and

the resulting solution is easier to obtain. It is shown that under the assumption of regularity

of the corresponding matrix pencils, the solution of the system is unique. The theoretical

results presented in the work are illustrated by several numerical examples based on concrete

linear-algebraic algorithms which have been developed and analyzed.
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Chapter 1: Introduction

The thesis presents new results on pole assignment for a wide class of systems, including matrix

second-order systems, higher-order linear systems and descriptor (singular) systems described

by mixed differential and algebraic equations. The work is based on methods of algebraic

geometry and linear varieties and extends existing results applicable to linear state-space models

to the more general classes of problems stated above. The proposed pole-placement algorithm

produces a reduced set of quadratic Plucker relations (RSQPR) [27,28], which up to now has

been applied only to linear state-space systems. The main advantage of the proposed approach

is that it produces a complete parametrisation of the solution sets in terms of the optimal

state-feedback matrices which can be subsequently used for further optimization purposes if the

satisfaction of additional design objectives is desirable. More specifically, the main objectives

of this research are as follows:

� To derive new controllability conditions for matrix second-order and higher-order systems

which are easier to use compared to existing conditions.

� To develop a methodology based on algebraic geometry and multilinear algebra for solving

pole assignment problems of matrix second-order and higher-order systems under state

feedback which captures the entire family of solutions and allows further optimisation to

be carried out, if desired, or further constraints to be imposed (e.g. sparsity, decentralised

control structures, etc).

� To extend the pole-assignment results from state-space models to descriptor (singular)

second-order and higher order systems.

� To obtain a partial solution to the output feedback problem of matrix second order and

higher order systems by combining these results with convex optimization techniques (e.g.

Linear Matrix Inequalities).

� To develop a systematic approach for solving descriptor (singular) homogenous and

non-homogenous systems in continuous and discrete-time and characterize clearly

potential impulsive relation and sets of compatible and incompatible conditions in the

corresponding initial value problems.

� To develop effective software tools for solving the problems listed above.

� To demonstrate the effectiveness of the proposed methods via a number of examples

related to mechanical, electrical or economic models.

Chapter 3 presents results of second-order matrix systems related to a fundamental control

problem, namely pole assignment under state feedback. First, the class of systems which are

considered is clearly defined. Then, the problem is transformed by state-augmentation to

the standard first-order form. It is well known that for systems of this type (x′ = Ax + Bu)
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controllability of the pair (A,B) guarantees that the eigenvalues of the closed-loop system can be

assigned to arbitrary locations in the complex plane (subject to conjugate symmetry constraints

when matrices A and B are real-valued). This is a very strong result, which effectively says

that in the absence of constraints on the control input or uncertainty in the model, the dynamic

characteristics of the closed loop system can be arbitrarily manipulated.

In Chapter 3 it is shown that this result carries over to second-order matrix systems. This

is perhaps not surprising, given the equivalence between the two representations (in first and

second-order form), however the proposed analysis offers a number of advantages. First, the

controllability condition is formulated in low dimensions and involves a rank condition on a

second-order matrix pencil (rather than a rank condition of a dilated first-order pencil). This

result has already appeared in the literature but its proof is presented for completeness as it is

extensively used in the sequel.

In this regard, a new necessary and sufficient condition for complete controllability for

symmetric quadratic dynamical systems is proposed. The importance of the suggested result is

that it involves a rank condition of a suitably-defined (constant) matrix, i.e. a condition which

is independent of the Laplace variable s. The derivation of this result is based on the notion of

compound matrices and uses the Binet-Cauchy formula [18,19].

Next, an algorithmic method is proposed for the solution of the pole assignment problem which

is associated with a symmetric quadratic dynamical system, when this is complete controllable.

The overall problem is proved to be equivalent to two separate subproblems, one linear and the

other multilinear. Solutions of the linear problem must be decomposable vectors, i.e. they must

lie in an appropriate projective variety known as the Grassmann variety [23]. The proposed

method computes a reduced and independent set of quadratic Plucker relations with only three

terms, each of which describes completely the specific Grassmann variety [10,26]. From these

relations one can solve the multilinear problem and consequently calculate the feedback matrices

which give a solution to the pole assignment problem. Finally, an illustrative example of the

proposed algorithmic procedure is given.

The advantage of the proposed method relative to existing ones is that it gives the whole

family of feedback matrices, instead of providing only one solution as other methods typically

do. In this research the extension of the above method to higher order linear dynamical systems

has also been considered, by generalizing the results obtained for second order systems. As a

consequence, extensions of the method to higher-order systems, numerical examples illustrating

the main results, future research plans and background material are also included in the report.

This thesis extends the theory of state-feedback problems in various directions. One of the main

objectives is to derive new controllability conditions for second order systems which are easy to

apply. Moreover, apart from state-feedback, the more challenging problem of pole assignment by

output-feedback for second order systems is also studied. The parametrization of all solutions,

whenever possible, is another topic of investigation. An additional objective is the further
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extension of the obtained results to second order and higher order descriptor systems. A final

objective of the work is to derive concrete algorithmic procedures and apply the theoretical

results to applications in mechanical and electrical engineering via several examples.

Based on the general theory of matrix pencils, a number of important algebraic system-theoretic

tools were developed. The extension of this theory to singular differential and discrete-time sys-

tems is one of the main objectives of the thesis. Especially, in the case of regular linear sys-

tems, the overall problem is decomposed to two separate problems, corresponding to two sub-

systems. The first subsystem is of regular type while the other is shown to have a unique

zero solution. The dimension of the solution space is derived and both cases of consis-

tent and non-consistent initial conditions are analyzed. Moreover, the state transition ma-

trix is obtained, through which the unique solution of the problem is derived. This is ini-

tially obtained for continuous-time systems and subsequently extended to the discrete-time case,

both for homogeneous and non-homogeneous problems. For homogeneous problems the spec-

tral representation of the solution is defined. This is very important for subsequent analy-

sis as it involves the representation of the solution via eigenvalues and eigenvectors which al-

lows the study of stability and other system properties, e.g. the modal decomposition of the sys-

tem and the asymptotic analysis of the solution.

The structure of the thesis is as follows: In Chapter 3 a new necessary and sufficient

controllability condition is presented for quadratic (matrix second-order) linear systems, which

is then applied to the solution of the state-feedback problem for this class of systems. To

help with the exposition, several background results on Compound matrices and the Binet-

Cauchy Theorem are also included in this Chapter. Chapter 4 presents an algorithmic method

for the solution of the pole-assignment problem of symmetric matrix second-order systems.

The method decomposes the overall problem to a linear and a multilinear problem and leads

to the parametrisation of all solutions, which is useful if optimisation over the solution set

is required. Again, to help with the exposition, background results related to the quadratic

Plucker relations, presented in the context of the problem under consideration. To reduce the

dimensionality of the problem care is taken to eliminate the redundant Plucker relations which

can be expressed as linear combinations of the remaining minimal set. The results are illustrated

with a numerical example which can be solved via symbolic and numerical computations. In

Chapter 5, the results of Chapter 3 and Chapter 4 related to controllability and pole assignment

of matrix second-order systems are extended to linear matrix systems of arbitrarily high order.

Again, the results of the Chapter are illustrated by means of a numerical example. Note that

at this stage, all results apply to systems which are reducible to the classical state-space form,

i.e. the leading matrix coefficient is assumed non-singular.

Chapter 6 presents an alternative approach for the solution of the pole-assignment problem with

output feedback which also relies on the above-mentioned necessary and sufficient controllability

and observability conditions related to the solution of the problem via state feedback and the

relation between the applied feedback and the output or input matrix, respectively. Multilinear
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algebra and algebraic geometry as well as the theory of generalized inverse matrices are used

for the study of the pole assignment problem under output feedback. The advantage of this

approach is that it avoids the use of transfer functions. Two cases with system matrix pairs are

considered. The first involves the state matrix and input matrix and examines the controllability

properties, and the other pair involves the state matrix and output matrix and examines the

observability properties. It is shown that the sets of output feedback matrices produced with

either method are identical. Extensions to singular (descriptor-type) systems is presented in

Chapter 7 which studies the solution for homogeneous and non-homogeneous singular linear

systems using the method of matrix pencils. Applying a transformation, the system is divided

again, into two subsystems. A solution methodology is again presented in the case of consistent

and non-consistent initial conditions. In the second case, the system has impulsive behavior and

the Dirac functions with its derivatives appear in its solution. A derivation of the state transition

matrix for both homogeneous and non-homogeneous problems is presented, and a numerical

example illustrates the results. Chapter 8 extends the results of Chapter 7 to regular discrete

time systems but now the study focuses on the case of consistent initial conditions. Chapter 9

gives a number of definitions and properties regarding the stabilization of a system under state

feedback and the construction of the state feedback matrix which transfers the finite poles of

the system to the desired locations. This is followed by a numerical example which illustrates

the method. Finally, Chapter 10 contains the main conclusions of the thesis and Chapter 11

gives the list of references. In the Appendix at the end of the thesis, some background material

on Algebraic Geometry is presented, along with a summary of the algorithmic implementation

of the main algorithms presented in the thesis and a numerical analysis of their performance.

The main contribution of the work can be summarized as follows:

� A novel necessary and sufficient criterion for the controllability of second-order quadratic

systems is derived. This involves a rank test of a low-dimensional constant matrix and is

easy to apply, as it does not require the computation of eigenvalues, which is a common

feature of existing tests available in the literature.

� An eigenvalue-assignment method for symmetric quadratic systems under state-feedback

is developed using techniques from algebraic geometry and multi-linear algebra. It is

shown that the problem decomposes to two independent sub-problems, one linear and the

other multi-linear. The main advantage of this approach is that the complete family of

solutions can be obtained in this way and can be subsequently used to optimize additional

criteria, if needed, within the optimal solution set of state-feedback matrices achieving

the required eigenvalue assignment.

� The eigenvalue-assignment method initially developed for quadratic systems is extended

to systems of arbitrary high order using a similar methodology. Care has been taken to

reduce the complexity of certain computationally-demanding aspects of the algorithm (e.g.

reduction of number of active quadratic Plucker relations) which for high-dimensional

problems may be significant.
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� The pole-assignment method is successfully extended to systems with static output

feedback. Except from the tools from algebraic geometry and multilinear algebra, the

theory of generalized inverses is also employed in this part of the work. The main

advantage of the approach is again the ability of the method to generate all optimal

solutions to the problem.

� A systematic method is proposed for generating the solution of linear singular (descriptor)

systems corresponding to regular pencils, both in the continuous and discrete-time cases.

The solution is first obtained for the homogenous (unforced) system and subsequently

extended to the non-homogenous (non-zero input) case. The method proceeds by

transforming the pencil to its canonical Weierstrass form, using the pencil’s finite and

infinite elementary divisors which are constructed from the ranks of a finite sequence of

matrices. By decomposing the system in two subsystems, it is possible to characterize

the sets of all consistent and non-consistent initial conditions and associate the second

set with an impulsive-type response. In addition, the state-transition matrices of the

system are obtained in all cases (continuous or discrete-time dynamics, homogenous or

non-homogenous problem) and uniqueness of the solution to the initial value problem is

proved.

� A spectral representation of solutions is obtained for the problem involving linear singular

systems corresponding to regular pencils. This expresses the solution in terms of finite

and infinite eigenvalues of the pencil and the corresponding left and right eigenvectors.

� The results obtained in this work are illustrated via several examples. The algorithms

presented in the thesis are implemented via concrete linear algebraic routines,some of

which are included in the Appendix.

Specifically, regarding the Examples, it is mentioned that:

(i) Example 3.2 (page 27) is a generic example of a second-order controlled mechanical system

consisting of a mass, damping and stiffness matrix (e.g. a vibration control system). The

purpose of the example is purely illustrative of a theoretical result and for this purpose

it is kept as simple as possible.

(ii) Example in section 4.3 (page 36) is also based on a second order control mechanical

system and its purpose is to illustrate the pole-placement algorithm presented in Chapter

4. The example demonstrates how the minimum number of Quadratic Plucker Relations

is computed and how state-feedback matrices are constructed using this information. The

example demonstrates that the algorithm is effective in placing the closed-loop eigenvalues

of the system at the required locations with minimal error and thus that the proposed

method has both theoretical and practical utility.

(iii) The purpose of the example 5.4 (page 49) is similar and demonstrates that the pole

placement algorithm presented in the thesis can be applied effectively to higher-order
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systems as well (not only matrix second-order systems). In addition, the degrees of

freedom and the accuracy of the algorithm for this class of systems is also clearly

demonstrated.

(iv) The example in section 6.6 (page 66) is generic and demonstrates the algorithm for

solving output-feedback problems by extending the method based on the solution of two

sub-problems, combined with the theory of generalized inverses. Again, the example

demonstrates the degrees of freedom characterizing the solution set under controllability

conditions.

(v) The example presented in page 81 involves an electrical circuit, whose model cannot

be described in state-space form (but instead via a mixture of differential and algebraic

equations, i.e. a model of a singular or descriptor system). The techniques of the thesis

can be used to simulate effectively systems of this type which is important since they can

exhibit impulsive behavior.

(vi) The numerical example 8.6 (page 101) is generic and serves a similar purpose but applies

to the solution of a discrete-time system (rather than a continuous-time system as in the

example of page 80).

(vii) Example 9.4 (page 109) is also generic (i.e. applies in general) and illustrates how

controllability and pole-placement algorithms developed earlier can be extended to

singular (descriptor) systems. The characterization of the degrees of freedom of the

solution set and the success of placing the poles at the required locations is also clearly

shown.

(viii) The case study of section 9.5.2 involves a discrete-time economic model and illustrates

its stability region in parameter space.

It is mentioned that the notations presented in the following table 1, are used in the entire

thesis.

Symbol Explanation

’ derivative

xt transpose matrix of x

Table 1: Symbols and explanations

The derivation of the new necessary and sufficient controllability condition of second-order

systems and its extension to higher order systems have been presented in ”Numerical Analysis

and Scientific Computing with Applications (NASCA23)” which has taken place on July 2023

at National and Kapodistrian University of Athens. As a result of this work, the following

journal and conference papers have been published:
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� S. Pantazopoulou, M. Tomas-Rodriguez, G. Halikias, G. Kalogeropoulos, Pole Assignment

for Symmetric Quadratic Dynamical Systems: An Algorithmic Method, WSEAS

Transactions on Systems and Control, Vol. 19, 2024, 227-233.

� S. Pantazopoulou, M. Tomas-Rodriguez, G. Halikias, G. Kalogeropoulos, Pole Assignment

with Static Output Feedback using Algebrogeometric Methods, WSEAS Transactions on

Systems and Control, Vol. 20, 2025, 64-71.
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Chapter 2: Literature Survey

This chapter presents a survey of literature of the main topics related to the presented work.

To simplify the exposition the survey is split into a number of sections. These are: (1) Descrip-

tor (Implicit) Systems, (2) Pole assignment of state-space models by state and output feed-

back, (3) Pole assignment of descriptor systems under state and output feedback, and (4) Ma-

trix second-order and higher-order systems. Additional review material is included in subse-

quent chapters to provide a link with the results presented there. A brief mathematical back-

ground on Algebraic Geometry (in the context of the problems addressed in this work) is in-

cluded in an Appendix at the end of the thesis.

The work presented in the thesis relies on the theory of matrix polynomials, controllability

measures, state and derivative feedback of linear systems. The main results are obtained

by applying methods based on linear algebra, exterior algebra and algebraic geometry. N.

Karcanias [12,13,25,26], C. Giannakopoulos [10,13], G. Kalogeropoulos [25,26,27], H. Kimura

[16], C.F. Martin, R. Hermann [21,22], D. Kytagias [27,28], J. Leventides [29], have studied and

applied this method to first order systems.

1. Descriptor Systems

Descriptor (Implicit) systems are widely employed in Systems and Control to model and

simulate dynamical systems with constraints, e.g. systems described by mixed differential

and algebraic equations. They have a wide range of applications, such as in mechanical

multi-body systems, electrical circuits, chemical (process) engineering, control theory,

fluid dynamics and many others. The methods can be extended to non-linear systems

and can be used to solve a wide range of related initial-value and boundary value problems.

Descriptor systems can exhibit a rich behaviour (including, for example, non-causal

or impulsive/distributional time-responses) and classical notions of controllability and

observability need to be refined. To classify and study all these complex behaviours,

descriptor systems are often studied after they have been transformed to canonical

forms (Kronecker, Weierstrass). Further theoretical issues that can be addressed by

descriptor systems include the solutions of certain classes of Control problems, generalized

inverses of differential-algebraic operators, generalized solutions of differential equations

and mixed algebraic/differenttial equations defined on manifolds. The theory is supported

by specialized numerical methods which have been developed, e.g. Runge-Kutta and

Backward Differentiation methods [31].

The general theory of matrix pencils, including elementary divisors (finite and infinite),

the Weierstrass and Kronecker canonical forms, as well as row and column minimal indices

for singular pencils, has been extensively studied in [70–75]. The present work builds upon

this theoretical foundation, adopting the matrix pencil framework and further developing

a rigorous mathematical theory for the analysis and solution of singular linear systems.
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Some of the advantages offered by implicit systems for modelling and control design

purposes are summarised below. See [32] for a more detailed discussion:

The first advantage is Generality and Versatility: Mathematically, the set of implicit

models is closed under a large class of important algebraic and system-theoretic

operations. Implicit models may contain variables which do not correspond to either

input, output, or state variables as these are defined in the classical state-space framework.

This can offer versatility to the modelling process, especially for chemical processes

[33]. Further, the output of an implicit system is not necessarily totally defined by its

inputs and initial conditions. Implicit systems share many of these characteristics with

the behavioural modelling approach which has received considerable interest in recent

years and can be applied effectively to modelling problems in systems with complex

interconnections [34].

The second advantage offered by implicit systems is the simplicity in formulating

and presenting several important system-theoretic concepts, such as the notions of

multivariable zeros, characteristic gains/frequencies, or generalized inverses of systems.

These are clearer and more transparent in this framework compared others (e.g., state-

space or matrix-fraction description models).

The third advantage is feasibility: Implicit linear models often arise from the linearization

of implicit non-linear algebraic and differential equations, e.g. Jacobian matrices

evaluated at an equilibrium point of a non-linear state-space model. The relationship

between the coordinates and parameters of the linearised and the non-linear system is

typically direct and the correspondence between the two models is clear. Further, the

computer manipulations needed for solving control design problems are straightforward

and can be performed simply and economically via a small set of numerically stable

algorithms, in contrast to other modelling frameworks, e.g. matrix polynomial

representations.

2. Pole assignment of state-space models by state and output feedback

The problem of pole assignment of state-space models by state feedback is well studied

and can be considered to be solved, at least in its main conceptual aspects. The problem

is intimately linked to the property of controllability and it is well known that for single-

input controllable systems defined by the matrix pair (A,B), in which A is the state-

matrix and B is the input matrix, the solution is unique and can be easily obtained via

various methods (transformation of the system to controllable canonical form, Ackerman’s

formula, solution of an optimal Linear Quadratic Regulator (LQR) problem, etc). A

review of these methods, along with explicit expressions for the feedback gain matrix as

well as the eigenvector matrix of the closed-loop system is presented in [35]. Numerical

properties of the proposed algorithms are also presented, in particular the conditioning

of the problem in terms of perturbations in the data and its dependence on the condition
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number of the closed loop eigenvector matrix, the norm of the feedback vector and

the distance of the pair (A,B) to uncontrollability. The results of the authors are

extended to the multi-input case [36]. Explicit formulas are derived for the subspace

from which the feedback gain matrix can be chosen and for the feedback gain as well

as the eigenvector matrix of the closed-loop system. The conditioning of the problem

in terms of perturbations in the data and other numerical properties of the proposed

algorithm are also studied.

Reference [37] obtains a solution to the problem using a Geometric Control approach.

Work with a numerical analysis flavour is reported in references [38,39,40,41].

The pole assignment problem by output feedback is much harder than that of state

feedback and, in a sense, still remains essentially unsolved. Consider a state-space system

(A,B,C) in which A is the state-matrix, B the input matrix and C the output matrix.

In [42] it is shown than for a minimal realization (A,B,C) with B and C of full rank,

then max(m, p) poles are assignable, a result which was later extended to the generic

assignability of min(n,m + p − 1) poles (i.e. for almost all B and C), see [43,44]. This

translates into the sufficient condition for generic pole assignability that m+ p >= n+1,

which can be restrictive in practice.

In [45] a necessary and sufficient condition for pole assignability was established as

mp ≥ n, but this requires the gain feedback matrix to be complex and so its usefulness

in practice is limited (a counterexample shows that when the gain matrix is restricted

to be real the condition is only necessary). For the real gain-matrix problem, the results

have been strengthened in [46] by including an additional condition related to the rank

of a Plucker matrix related to the problem. The framework of this paper will be used

extensively in the present work. A summary of the mathematical background on algebraic

geometry on which this technique is based is included in the Appendix at the end of the

report.

Various results have also been obtained for the more general problem of eigen-structure

assignment by output feedback. This requires the assignment of both the dominant

set of eigenvalues and eigenvectors by a constant output feedback matrix. Reference

[47] presents an algorithm which assigns the eigenvalues arbitrarily close to the desired

locations in the complex plane for the single-input problem in the case m + p > n using

a transformation of the state matrix to Hessenberg form. Similar results are obtained in

reference [48] in which max(m, p) poles can be assigned. A typical limitation of partial

assignment methods is that, if condition m + p ≥ n + 1, fails to hold, no guarantees

normally exist for the location of the remaining eigenvalues, which may even end up in

the unstable region of the complex plane invalidating the design.

The approach followed here is mainly based on the work of N. Karcanias, C.

Giannakopoulos, G. Kalogeropoulos, J. Leventides, D. Kytagias, C.F. Martin and R.
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Hermann listed in the references who introduced the research on pole assignment of first-

order systems by state and output feedback by using multilinear algebra and algebraic

geometry. They have shown that this problem is equivalent to two subproblems involving

the intersection of two varieties. They have also proved that in order for this problem

to have a solution, this intersection has to be non-empty. General conditions have also

been obtained for the solvability of the problem in the first-order case. Early research on

higher order dynamical systems using multilinear and methods of algebraic geometry has

been carried out by Professor G. Kalogeropoulos and his academic team (P. Psarrakos,

D. Papachristopoulos, A. Pantelous), see [25,26,27,28,29].

3. Pole assignment of descriptor systems under state and output feedback

Pole assignment of descriptor systems via state and output feedback extends parallel

results of state-space models.

Paper [49] applies Geometric Control theory to the problem based on the concept of

controllability subspaces, as developed by Wonham and co-workers [15]. The work

establishes necessary and sufficient conditions for the assignability of a pre-specified eigen-

structure to the closed-loop system, including the so-called infinite eigen-structure.

Paper [50] applies the idea of deflation by unitary transformations to eigen-assignment

problems of descriptor systems using state feedback. The system is initially decomposed

into its controllable and uncontrollable parts by extending Kalman’s decomposition of

state-space models to descriptor systems. The uncontrollable sub-system part is discarded

and the assignment is carried out on the controllable part, thus avoiding potential

numerical problems due to ill-conditioning. The use of unitary transformations also

enhances the numerical stability of the algorithm, which is demonstrated theoretically

and also via a concrete numerical example.

In reference [51] several numerical algorithms are analysed for stabilising descriptor

systems under state feedback. The main contribution of the paper is that the presented

methods apply with or without the elimination of possible impulsive behaviour. Two

main algorithms are discussed. The first extends stabilisation methods of classical state-

space systems, while the second relies on the recursive generalisation of Schur’s algorithm

for pole assignment. Both algorithms result in robust numerical procedures and software

implementations.

Paper [52] considers the problem of pole assignment by state feedback in singular linear

systems which have regular and non-defective solution. Robust conditions are obtained,

in the sense that the assigned closed-loop poles are insensitive to perturbations in the

system’s data. It is shown that these conditions are also sufficient for the existence of a

feedback which assigns the maximum possible number of finite poles with regularity. The

method is illustrated with numerical examples and a concrete algorithmic implementation.
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An important structural property of descriptor systems is that of regularity, which

guarantees existence and uniqueness of solutions. An important problem related to pole

assignment is whether the closed-loop system can be regularised under feedback. In

[53] the authors establish algebraic conditions under which the feedback system becomes

regular under proportional and/or derivative feedback. The results are obtained with the

system defined in canonical form. It is shown that the feedback matrices can be selected

so that the closed-loop system is strongly controllable and observable, has index at most

one, and is optimally conditioned. In [54] the results are extended to descriptor systems

with (time) varying coefficients. Again, position or derivative feedback is used, along

with equivalence transformations to establish conditions on whether a uniquely solvable

closed-loop system can be obtained. Other references on the topic of regularity under

feedback and the related problem of index reduction include [55,56,57].

For the study of the descriptor systems and their structural properties, matrix pencil

theory is the key tool for the study. The approach taken in this work relies mainly

on the work of N. Karcanias, C. Giannakopoulos, G. Kalogeropoulos, J. Leventides

and D. Kytagias listed in the references [7,11,65]. The results are extended to higher

order systems by dilating the problem to higher dimensions. The transformed problem is

equivalent to that of a first order system and can be solved by determining the intersection

of two varieties, one linear and the other multilineal, known as the Grassmann variety.

This allows us to determine the family of all solutions of the problem. Further, necessary

and sufficient conditions are derived for the solvability of the problem.

The contribution of the main papers on matrix and second order systems is summarised

below.

4. Matrix second-order and higher-order systems

Matrix second order and higher order systems extend the state-space model description by

including derivatives of higher-order vector terms (up to second for second-order systems),

each pre-multiplied by a square matrix coefficient. The systems can be formally converted

into a state-space or descriptor model, depending on whether the leading matrix coefficient

is non-singular or singular, respectively. Despite this transformation, higher order systems

are often studied separately from state-space or descriptor models, as they arise naturally

in many applications and are associated with distinct properties.

Paper [58] considers eigen-structure assignment in matrix second-order descriptor linear

systems via proportional plus derivative feedback. Two general parametric solutions are

established for the matrix equations associated with the problem. Both solutions result

in simple parametric expressions for the feedback gains and the resulting closed-loop

eigenvector matrices. The first relies on a series of singular value matrix decompositions,

and is numerically simple and reliable, while the second solution relies on optimization
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procedures to minimize the distance from the desired closed-loop eigenvalues of the

system.

Reference [59] applies an LMI (Linear Matrix Inequality) optimization techniques to

assign the closed-loop poles of matrix second order systems inside specified regions of

the complex plane, despite the presence of polytropic or norm-bounded uncertainty in

the model. The stability results are based on sufficient stability conditions of polynomial

matrices and can, therefore, be conservative in certain cases.

Reference [60] proposes several numerical algorithms associated for the solution of the

quadratic eigenvalue problems which define the spectrum of a matrix second order system.

Special emphasis is placed on the numerical analysis of large-scale systems (i.e. systems

involving large matrices) which arise often in areas such vibration analysis of structures,

dynamics of robots with flexible joints or links and micro-electromechanical systems.

Systems of this type are often modelled initially as infinite-dimensional (distributed)

systems via systems of partial differential equations and subsequently approximated

by finite-dimensional models (retaining a finite number of modes) to simplify their

identification and control.

A subspace approximation approach for solving the quadratic eigenvalue problem is

reported in [61]. The proposed method uses perturbation techniques for block eigenvector

matrices to reduce the original problem to a sequence of problems of smaller dimension.

The method is shown to converge at least as fast as the corresponding Taylor series

and can be accelerated further by applying a block generalization of the quadratically

convergent Rayleigh quotient iteration.

Reference [62] proposes an efficient updating scheme of eigenvalues and eigenvectors of

the quadratic eigenvalue problem which can be extended to higher-order systems. In Ref-

erence [63] an algorithm is proposed for solving efficiently the quadratic matrix equa-

tion. The algorithm is shown to be relatively inexpensive, to have good numerical proper-

ties and to improve the global convergence properties of the solution. Extensions of the so-

lution of the quadratic eigenvalue problem and its numerical analysis to higher-order sys-

tems can be found in [64].

17



Chapter 3: A necessary and sufficient condition for

complete controllability for quadratic linear systems

The equation of motion for a mechanical matrix second-order system, e.g. a structural system

with viscus damping and without externally applying forces is expressed as follows:

Mq′′(t) +Dq′(t) +Kq(t) = 0 (1)

Here, M , D, K are the n × n mass, damping and stiffness matrices respectively. Also q(t) is

the displacement vector, q′(t) the velocity vector and q′′(t) the acceleration vector. In most

applications M , D and K are symmetric matrices. Furthermore, M is positive definite and D,

K are positive semi-definite or positive definite.

Separation of variables q(t) = eλtc where c is a constant vector gives rise to the quadratic

eigenvalue problem:

P (λj)cj = 0, j = 1, 2, . . . , 2n

in which P (λ) denotes the quadratic matrix pencil: P (λ) = λ2M + λD +K. The eigenvalues

and eigenvectors of the pencil govern the free response of the system. The model can be used

to identify poorly damped oscillations and resonance phenomena, which can be avoided by the

appropriate selection of the matrix parameters.

When a control force is applied the model described by the above equations becomes:

Mq′′(t) +Dq′(t) +Kq(t) = F (t), F (t) = Bu(t) (2)

where u(t) is the m× 1 control input vector and B is an n×m input matrix.

One of the major concerns for the control engineer is to ensure stability of the control system.

Thus, the behaviour of the system is usually modified by applying state feedback control to

relocate the troublesome eigenvalues in the complex plane. If the system is stable, it may be

desirable to maintain some degree of relative stability and robustness margins, i.e. ensure that

stability is maintained under realistic uncertainty conditions.

Suppose that the control input has been chosen as:

u(t) = −F1q(t)− F2q
′(t)

where F1 and F2 are real m × n constant feedback matrices. The effect of control is therefore

to modify the stiffness and damping parameters so that the unstable system becomes stable.

The problem of stabilizing a control system this way is called “State-feedback stabilization”.

When the control signal is applied to the system (2), then:

Mq′′(t) + (D +BF2)q
′(t) + (K +BF1)q(t) = 0 (3)
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Mathematically the problem is then to choose matrices F1 and F2 such that the quadratic

matrix pencil corresponding to the closed-loop system:

Pc(λ) = λ2M + λ(D +BF2) + (K +BF1)

has a desirable set of eigenvalues.

A usual approach to solve the problem is to use an existing first-order eigenvalue assignment

method applied to the standard first-order realization by setting x1 = q and x2 = x′1 = q′ so

that equation (2) is transformed to:[
I 0

0 M

][
x′1
x′2

]
+

[
0 −I
K D

][
x1

x2

]
=

[
0

B

]
u(t)

where u(t) ∈ Rm. This can be written compactly as

Ex′(t) + Ax(t) = B1u(t)

where

E =

[
I 0

0 M

]
, A =

[
0 −I
K D

]
, B1 =

[
0

B

]
and x(t) =

[
x1

x2

]
=

[
q(t)

q′(t)

]

When the mass matrix M is non-singular this is equivalent to a state-space system, otherwise

to a singular or descriptor system.

3.1 Preliminaries: Compound matrices and Controllability

First the theory of Controllability and the theory of Compound Matrices are reviewed. Lets

consider the state equation of the general form a linear system :

x′(t) = Ax(t) + Bu(t) (4)

where A ∈ Rn×n, B ∈ Rn×m.

Definition 3.1 ([8]): A state x0 is controllable if for some finite tf > 0 there exists an input

u(t), t ∈ [0, tf ] that transfers the state x(t) from the initial state x(0) = x0 to a final state

x(tf ) = 0.

Definition 3.2 ([8]): The system (4) is completely state controllable if every state x0 in its

state-space is controllable.

Theorem 3.1 ([8]): The system (4) is completely state controllable if and only if

rank([B AB A2B . . . An−1B]) = n
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Theorem 3.2 ([2],[8]): The system (4) is completely state controllable if and only if

rank([sIn − A | B]) = n

for every s ∈ C.

In the sequel the notion of compound matrices and their properties is presented [11]. First, the

following notation which is useful to the applied algebrogeometric methods is introduced:

(i) The binomial coefficient
(
n
r

)
with n, r ∈ N, n ≥ r, denotes the number of combinations of

r things at a time, chosen from a set on n things.

(ii) Tn := {k ∈ N, 1 ≤ k ≤ n} denotes the set of the first n natural numbers (e.g. T3 = 1, 2, 3).

(iii) Tm,n := {(i1, i2, . . . , im) : ij ∈ Tn, 1 ≤ j ≤ m} ⊆ Nm denotes the set of all possible

subsequences of m (not necessarily different) elements from Tn. The number of all the

elements of Tm,n equals nm. For example,

T2,3 = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3)}

(iv) T̄m,n := {(i1, i2, . . . , im) ∈ Tm,n : ik ̸= iµ when k ̸= µ} ⊆ Tm,n. This denotes the set

of all possible subsequences of m different elements from Tn which is a subset of Tm,n.

The number of all the elements of T̄m,n equals n(n − 1) · · · (n − m + 1). For example,

T̄2,3 = {(1, 2), (1, 3), (2, 1), (2, 3), (3, 1), (3, 2)}.

(v) Qn,m := {(i1, i2, ..., im) ∈ T̄m,n : ik ̸= iµ when k ̸= µ} ⊆ T̄m,n. This denotes the

set of elements (sequences) from T̄m,n, where the elements of every sequence are in

strictly increasing order. The number of all the elements of Qm,n equals
(
n
m

)
, e.g.

Q2,3 = {(1, 2), (1, 3), (2, 3)}.

The set Qm,n is equipped with a total ordering relation called lexicographical ordering,

is denoted by the symbol ≺ and defined as follows: For different (i1, i2, . . . , im) and

(j1, j2, . . . , jm) ∈ Qm,n that (i1, i2, . . . , im) precedes (j1, j2, . . . , jm), it can be written as

(i1, i2, . . . , im) ≺ (j1, j2, . . . , jm), if and only if the first non-zero integer in the sequence

i1 − j1, i2 − j2, ..., im − jm is negative.

The relation ≺ defined above is a total ordering relation which means it is reflexive,

antisymmetric and transitive and it describes the lexicographical ordering of sequences of the

set Qm,n. For example, it stands that (1, 2) ≺ (1, 3), (1, 3) ≺ (2, 3) in the set Q2,3.

Furthermore, consider A = (ai,j) ∈ Rm×n, lets k and p positive integers such that: 1 ≤ k ≤ m,

1 ≤ p ≤ n and lets (i1, i2, . . . , ik) ∈ Qm,n and (j1, j2, . . . , jp) ∈ Qp,n. Then, A
(i1,i2,...,ik)
(j1,j2,...,jp)

∈ Rk×p

denotes the following submatrix of A:

A
(i1,i2,...,ik)
(j1,j2,...,jp)

=


ai1,j1 ai1,j2 ... ai1,jp
ai2,j1 ai2,j2 ... ai2,jp
...

...
...

...

aik,j1 aik,j2 ... aik,jp


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If the integer r satisfies the inequality 1 ≤ r ≤ min(m,n) then the r-compound matrix

of A is the
(
m
r

)
·
(
n
r

)
matrix whose entries are the r × r minors of det

(
A

(i1,i2,...,ik)
(j1,j2,...,jp)

)
, where

(i1, i2, . . . , ir) ∈ Qr,m, (j1, j2, . . . , jr) ∈ Qr,n and the entries are arranged lexicographically in

(i1, i2, . . . , ir) and (j1, j2, . . . , jr). This matrix is designated by Cr(A). All these definitions are

clarified by the following example.

Example 3.1

Lets

A =

 1 2 1

3 2 0

1 2 4


and r = 2. So, m = n = 3 and

Qr,m = Qr,n = Q2,3 = {(1, 2), (1, 3), (2, 3)}

and

C2(A) =

 detA
(1,2)
(1,2) detA

(1,2)
(1,3) detA

(1,2)
(2,3)

detA
(1,3)
(1,2) detA

(1,3)
(1,3) detA

(1,3)
(2,3)

detA
(2,3)
(1,2) detA

(2,3)
(1,3) detA

(2,3)
(2,3)



Now lets A ∈ Rm×n, n > m. Then if l =
(
n
m

)
the m-compound of matrix A, Cm(A) =

[a1 a2 . . . al], is a row vector such that Cm(A)
t ∈ Rl. Also, if A ∈ Rm×n, m > n, then if

l′ =
(
m
n

)
, it stands that

Cn(A) =


b1

b2
...

bl


which is a column vector belonging to Rl′ . It is also clear that if A ∈ Rn×n, then:

Cn(A) = det [A]

The most important Theorem at this point is the Binet-Cauchy formula.

Theorem: (Binet-Cauchy): Let A ∈ Rm×n, B ∈ Rn×k and p ≤ min(m,n, k). Then:

Cp(AB) = Cp(A)Cp(B).

3.2 Controllability for symmetric quadratic systems

Lets consider the second order dynamical system:

Mq′′(t) +Dq′(t) +Kq(t) = Bu(t) (5)
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where M ∈ Rn×n, M = M t > 0 positive definite and symmetric. Assuming that D = Dt, K =

Kt ∈ Rn×n and B ∈ Rn×m. Further u(t) ∈ Rm and q(t) ∈ Rn are the input (control) vector

and state vector, respectively.

Models of the above form are known as symmetric quadratic systems. These models arise in

a plethora of practical applications to mechanical, civil, thermal and electrical systems. A

considerable number of applications are related to vibrating structures, i.e. bridges, airplanes,

high-rise buildings etc.

Using the following transformation:

x1(t) = q(t) and x2(t) = q′(t) (6)

the problem of the form (1) is reduced to the equivalent system:

x′1(t) = q′(t) = x2(t), Mx′2(t) = −Dx2(t)−Kx1(t) + Bu(t) (7)

By setting

x(t) =

[
x1(t)

x2(t)

]
and using the fact that M is positive definite (and hence nonsingular, i.e. detM ̸= 0), x′1(t)

and x′2(t) can be written:

x′1(t) = x2(t), x′2(t) = −M−1Dx2(t)−M−1Kx1(t) +M−1Bu(t)

which implies that[
x′1(t)

x′2(t)

]
=

[
0 In

−M−1K −M−1D

][
x1(t)

x2(t)

]
+

[
0n,m

M−1B

]
u(t)

By setting:

Â =

[
0 In

−M−1K −M−1D

]
and B̂ =

[
0n,m

M−1B

]
(8)

the following first order system arises:

x′(t) = Âx(t) + B̂u(t) (9)

Here matrix 0 denotes the n × n zero matrix, Â is of dimension 2n × 2n and matrices In, M

and D are all of dimension n×n. Note that equation (9) is the standard first-order realization

of equation (5).

Next, by applying Theorem 3.2 to the above system which involves a controllability criterion

for the symmetric quadratic system of the form (5). Thus, system (5) is completely state

controllable if and only if:

rank([sI2n − Â | B̂]) = 2n for every s ∈ C
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Note that since the pencil [sI2n − Â | B̂] can lose rank only if s ∈ σ(Â), where σ(Â) denotes

the spectrum of Â, the above condition necessary and sufficient controllability condition is

equivalent to

rank([sI2n − Â | B̂]) = 2n for every s ∈ σ(Â)

This is further equivalent to:

rank

([
sIn 0

0 sIn

]
−

[
0 In

−M−1K −M−1D

] ∣∣∣∣∣
[

0n,m

M−1B

])
= 2n for every s ∈ σ(Â)

or

rank

([
sIn −In 0n,m

M−1K sIn +M−1D M−1B

])
= 2n for every s ∈ σ(Â) (10)

Hence the symmetric quadratic system (4) (with M ∈ Rn×n, M = M t > 0, K = Kt and

D = Dt) is completely state controllable if and only if condition (9) holds.

The following Proposition gives an equivalent controllability condition based on a quadratic

matrix pencil of reduced dimension.

Proposition 3.1[9]: The symmetric quadratic system (5) of the form:

Mq′′(t) +Dq′(t) +Kq(t) = Bu(t)

in which M ∈ Rn×n, M =MT > 0, is completely state controllable if and only if:

rank([s2 M + sD +K | B]) = n for every s ∈ C

The following proof is novel and relies exclusively on simple linear-algebraic concepts.

Proof: (⇐):First assume that symmetric quadratic system (5) is not completely state

controllable. Then, it follows from equation (10) that there exists s ∈ C and a vector

[rt1 | rt2M ] ̸= 0, r1 ∈ Cn, r2 ∈ Cn

such that:

[rt1 | rt2] ·

[
sIn −In 0

M−1K sIn +M−1D M−1B

]
= 0t (11)

Equation (11) is now equivalent to:

srt1 + rt2K = 0t, −rt1 + srt2M + rt2D = 0t and rt2B = 0t (12)

From the second equation in (12) above it comes that:

rt1 = rt2(sM +D)

and therefore r2 ̸= 0 (for otherwise r1 = 0 which is impossible by assumption). Substituting

into the first equation in (12),

rt2[s
2M + sD +K] = 0
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Using the third equation in (12) gives:

rt2(s
2M + sD +K | B) = 0

with rt2 ̸= 0 and consequently

rank([s2M + s D +K | B]) < n

(⇒): Conversely assume that there exists an s ∈ C such that

rank([s2 M + sD +K | B]) < n

Then, there exists a ξ ̸= 0 such that

ξT [s2 M + sD +K | B] = 0t ⇒ ξT (s2 M + sD +K) = 0t and ξTB = 0t

Thus

[ξt(sM +D) | ξtM ]

[
sIn −In 0

M−1K sIn +M−1D M−1B

]
=
[
ξt(s2M + sD +K) 0 ξtB

]
= 0t

Since ξ ̸= 0 the symmetric quadratic system (5) is not completely state controllable. □

3.3 State feedback for symmetric quadratic systems

In this section, a new controllability condition is derived for quadratic systems of the form:

Mq′′(t) +Dq′(t) +Kq(t) = Bu(t) (13)

If the input vector u(t) = −F1q(t)−F2q
′(t) is applied to the equation (13) where F1, F2 ∈ Rm×n

are constant feedback matrices, the following closed-loop system results:

Mq′′(t) +Dq′(t) +Kq(t) = Bu(t) ⇒Mq′′(t) +Dq′(t) +Kq(t) = B(−F1q(t)− F2q
′(t))

which can be written also as

Mq′′(t) + (D +BF2)q
′(t) + (K +BF1)q(t) = 0

The characteristic equation of the above closed loop system has the form:

φ̃(s) = det[s2M + s(D +BF2) + (K +BF1)] = 0 (14)

The roots of φ̃(s) determine the behaviour and the stability of the closed-loop system defined

in equation (13). So a desired set of roots of polynomial φ̃(s) needs to be selected, in order to

control the stability and the behaviour of the system. The following proposition is well-known.

Proposition 3.2([3],[8]): The symmetric quadratic system (13) is completely state controllable

if and only if there exist m× n real constant matrices F1 and F2 such that the spectrum of the

closed-loop matrix pencil of second order can be arbitrarily assigned.
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The closed-loop characteristic matrix is:

Pc(s) = s2M + s(D +BF2) + (K +BF1) (15)

This leads us to the so-called pole-placement problem: Choose the constant matrices F1 and

F2, so that the characteristic equation φ̃(s) = 0 has appropriate roots.

Set

et2n(s) = [1 s s2 . . . s2n] (16)

and

at = [a0 a1 a2 . . . a2n−1 1] (17)

Lets f(s) be the arbitrarily monic polynomial of degree 2n:

f(s) = a0 + a1s+ a2s
2 + . . .+ a2n−1s

2n−1 + s2n (18)

By Proposition 3.2 the symmetric quadratic system (13) is completely state controllable if and

only if for a given arbitrarily polynomial f(s) in s of degree 2n with real coefficients, there exist

two m× n real constant matrices F1 and F2 such that:

φ̃(s) = det[s2M + s(D +BF2) + (K +BF1)] = (detM)f(s) (19)

Considering the characteristic polynomial φ̃(s) = detPc(s) (where Pc(s) is defined in equation

(15)) and taking the nth compound matrix of both sides of the equation (19) the following

equality is derived as a consequence of the Binet-Cauchy Theorem:

φ̃(s) = detPc(s) = Cn(Pc(s))

where Cn(·) denotes the compound matrix of its argument, or

φ̃(s) = Cn([s
2M + sD +K | sB | B])Cn


 In

F2

F1


 (20)

Note that:

[s2M + sD +K | sB | B] ∈ Rn×(n+2m)[s]

Consider the compound matrix:

Cn([s
2M + sD +K | sB | B]) = (P1(s), P2(s), . . . , Pν(s)) (21)

where ν =
(
n+2m

n

)
is the number of columns of Cn and Pi(s) with i = 1, 2, . . . , ν are polynomials

in s of degree at most 2n. It is clear that every Pi(s) can be written as:

Pi(s) = et2n(s)ri with ri ∈ R2n+1 (22)

25



So, from the equations (21) and (22) the below relation is valid:

[P1(s), P2(s), . . . , Pν(s)] = et2n(s)[r1 r2 . . . rν ]

or equivalently

Cn(Pc(s)) = Cn([s
2M + sD +K | sB | B])

which implies that

Cn(Pc(s)) = et2n(s)[r1 r2 . . . rν ]

or equivalently,

Cn(Pc(s)) = et2n(s)P (M,D,K,B) (23)

where P (M,D,K,B) belongs to R(2n+1)×ν with ν =
(
n+2m

n

)
.

Next, the last theorem of the section is presented, giving a necessary and sufficient condi-

tion for a symmetric quadratic system to be state controllable. It can be noticed that the new

condition of controllability is easy to apply as it is given in terms of the rank of a constant ma-

trix and is independent of the Laplace variable s.

Theorem 3.3: The symmetric quadratic system (13) with M ∈ Rn,M = M t > 0, D =

Dt, K = Kt is completely state controllable if and only if:

rank([P (M,D,K,B)]) = 2n+ 1 (24)

This proof of the Theorem is based on algebraic geometry methods is a new result.

Proof:

1. Necessity Condition

Assume that the system (13) is completely state controllable. Then:

rank([s2 M + s D +K | sB | B]) = n for every s ∈ C.

Hence, for every monic polynomial f(s) of degree 2n with real coefficients there exist

matrices F1 and F2 ∈ Rm×n such that

φ̃(s) = (det M)f(s)

From equations (13) and (16) it follows that:

Cn([s
2 M + s D +K | sB | B])Cn


 In

F2

F1


 = (det M)et2n(s)a (25)
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In which a ∈ R2n+1 is a fixed vector of the form:

at = [a0 a1 . . . a2n−1 1] (26)

By using equation (23)

Cn(Pc(s)) = et2n(s)P (M,D,K,B)

and by setting

Cn


 In

F2

F1


 = g (27)

it is valid that

et2n(s)P (M,D,K,B)g = (det M) et2n(s) a (28)

and by setting (det M) a = â it comes that

et2n(s)P (M,D,K,B)g = et2n(s)â (29)

For every s ∈ C and for every given â ∈ R2n+1 of the form

ât = [â0 â1 . . . â2n−1 (det M)]

equation (29 holds and is equivalent to

P (M,D,K,B)g = â (30)

The relation (30) corresponds to a linear system with solution for every â of the spe-

cific form ât = [â0 â1 . . . â2n−1 (det M)] ∈ R2n+1

The matrix P (M,D,K,B) has full row rank i.e.

rank([P (M,D,K,B)]) = 2n+ 1 (31)

meaning that for every â there is solution g. □

2. Sufficient Condition

In order to prove that equation (31) is a sufficient condition, lets assume that

rank([P (M,D,K,B)]) = 2n+ 1

but the system is not completely state controllable. This hypothesis means that there

exists s0 ∈ C such that

rank([s20 M + s0 D +K | s0 B | B]) < n
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which means that all n × n minor matrices of the matrix [s20 M + s0 D +K | s0 B | B]

are equal to 0. This is true because all the determinants of the n × n matrices of the

P (M,D,K,B) are 0. Thus, it follows that

Cn([s
2
0 M + s0 D +K | s0 B | B]) = 0

Using equation (23)

Cn(Pc(s)) = et2n(s)P (M,D,K,B)

it turns out that :

et2n(s0)P (M,D,K,B) = 0 (32)

The fact that

et2n(s0) = [1 s0 s
2
0 . . . s2n0 ] ̸= 0 (33)

implies that the 2n+1 rows of the P (M,D,K,B) are linearly dependent, or, equivalently

that

rank([P (M,D,K,B)]) < 2n+ 1

which contradicts the initial hypothesis. Therefore, it turns out that the system is com-

pletely state controllable.

□

The following Example 3.2 illustrates the benefits of the above theorem. This is a direct appli-

cation of Theorems 3.1 and 3.3.

Example 3.2

Let us assume a system of the form Mq′′(t) +Dq′(t) +Kq(t) = Bu(t) where

M = 2I2 =

[
2 0

0 2

]
, K =

[
1 −2

−2 3

]
, D = 02×2, B =

[
1

2

]

First, according to the Proposition 3.1 the controllability condition is examined

rank([s2 M + s D +K | B]) = n, ∀ s ∈ C

Matrices [s2 M + s D +K], [s2 M + s D +K |B] and [s2 M + s D +K | s B | B] have the

following form

[s2 M + s D +K] =

[
2s2 + 1 −2

−2 2s2 + 3

]

[s2 M + s D +K |B] =

[
2s2 + 1 −2 1

−2 2s2 + 3 2

]
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and

[s2 M + s D +K | s B | B] =

[
2s2 + 1 −2 s 1

−2 2s2 + 3 2s 2

]
Consequently rank([s2 M+s D+K | B]) = 2 (n = 2) and according to Proposition 3.1 the sys-

tem is completely controllable.

Next polynomial matrix Q(s), consisting of three submatrices, is introduced. This is used in

Theorem 3.3 to check the controllability of second order systems.

Q(s) := [s2 M + s D +K | s B | B] =

[
2s2 + 1 −2 s 1

−2 2s2 + 3 2s 2

]

SinceQ(s) is a 2×4 matrix, the number of elements of the 2nd Compound C2 is
(
4
2

)
= 4!(4−2)!

2!
= 6.

These elements are symbolized by Ai for i = 1, ..., 6, and so:

C2(Q(s)) = (A1, A2, A3, A4, A5, A6)

where

A1 =

∣∣∣∣∣ 2s2 + 1 −2

−2 2s2 + 3

∣∣∣∣∣ = 4s4 + 8s2 − 1

A2 =

∣∣∣∣∣ 2s2 + 1 s

−2 2s

∣∣∣∣∣ = 4s3 + 4s

A3 =

∣∣∣∣∣ 2s2 + 1 1

−2 2

∣∣∣∣∣ = 4s2 + 4

A4 =

∣∣∣∣∣ −2 s

2s2 + 3 2s

∣∣∣∣∣ = −2s3 − 7s

A5 =

∣∣∣∣∣ −2 1

2s2 + 3 2

∣∣∣∣∣ = −2s2 − 7

A6 =

∣∣∣∣∣ s 1

2s 2

∣∣∣∣∣ = 0

which implies that

C2(Q(s)) = (4s4 + 8s2 − 1, 4s3 + 4s, 4s2 + 4, −2s3 − 7s, −2s2 − 7, 0)

Equivalently, C2(Q(s)) can be written as:

C2(Q(s)) =
[
1 s s2 s3 s4

]


−1 0 4 0 −7 0

0 4 0 −7 0 0

8 0 4 0 −2 0

0 4 0 −2 0 0

4 0 0 0 0 0


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Defining the last matrix in the right-hand side of the above equation as P (M,D,K,B), it holds

that:

C2(Q(s)) =
[
1 s s2 s3 s4

]
P (M,D,K,B)

According to Theorem 3.3, in order for the system to be completely state controllable, the rank

of P (M,D,K,B) should be equal to 2n+1 = 5. So, C5(P (M,D,K,B)) must be nonzero. This

can be verified by computing the first 5× 5 determinant, which is equal to:∣∣∣∣∣∣∣∣∣∣∣∣

−1 0 4 0 −7

0 4 0 −7 0

8 0 4 0 −2

0 4 0 −2 0

4 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣
= 400 ̸= 0

Thus, rank([P (M,D,K,B)]) = 5 and the system is completely state controllable.

Notice that the above method involves no computation of the spectrum s2M + sD + K and

matrix P (M,D,K,B) is independent of s.

3.4 Conclusion

Proposition 3.1 presented in this Chapter provides a necessary and sufficient condition for the

complete state controllability of symmetric quadratic systems through a rank test expressed in

terms of the system matrices, formulated entirely within the framework of linear algebra. This

result yields a practical and conceptually transparent tool for analyzing controllability. Theorem

3.3 advances this framework by establishing an alternative criterion, expressed via the rank of

the structured matrix P (M,D,K,B), whose proof relies on algebraic geometry methods. The

interplay between these two approaches demonstrates both the robustness of linear-algebraic

techniques and the additional depth afforded by algebraic geometry, thereby offering a richer

and more comprehensive understanding of controllability in symmetric quadratic systems.

Beyond their theoretical significance, these results can also be applied in areas such as vibration

control, structural dynamics, and mechanical systems, where ensuring controllability is central

to achieving reliable and efficient designs. In this chapter the notion of controllability has been

presented. A related fundamental notion is pole assignment and it is studied in the following

chapter.
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Chapter 4: Pole Assignment for Linear Dynamical

Systems: An Algorithmic Method

In this chapter an algorithmic method is proposed for the solution of the pole assignment

problem which is associated with a symmetric quadratic dynamical system, in case it is

completely controllable. The above problem is proved to be equivalent to two subproblems, one

linear and the other multilinear. Solutions of the linear problem must be decomposable vectors,

i.e. they must lie in an appropriate Grassmann variety. The proposed method computes a

reduced set of quadratic Plucker relations with only three terms each, which describe completely

the specific Grassmann variety. Using these relations one can solve the multilinear problem

and consequently calculate the feedback matrices which give a solution to the pole assignment

problem. Finally, an illustrative example of the proposed algorithmic procedure is given.

4.1 Mathematical Background

The notion of stabilization is connected with the problem of relocation of troublesome

eigenvalues of a system, otherwise called pole placement. Relocation to chosen conjugate

symmetric locations can always be achieved if the system is completely state controllable.

This means that the real parts of the eigenvalues of the A-matrix must lie in the open left

complex plane, which is equivalent to asymptotic stability of the closed-loop system. In that

case, for any such as choice of conjugate pole pairs, suitable real m×n matrices F1 and F2 can

be found such that under the state feedback of the form:

u(t) = −F1q(t)− F2q
′(t) (34)

the corresponding closed-loop system described by the equation below

Mq′′(t) + (D +BF2)q
′(t) + (K +BF1)q(t) = 0 (35)

has the chosen poles. Equivalently, if

f(s) = a0 + aas+ . . .+ a2n−1s
2n−1 + s2n = et2n(s)ã (36)

is the desired closed loop monic polynomial and et2n(s) = [1 s s2 . . . s2n] and ã =

[a0 a1 a2 . . . a2n−1 1] are vectors, the matrices F1 and F2, have to be computed so as the

characteristic polynomial

φ̃(s) = det(s2M + s(D +BF2) + (K +BF1)) (37)

of the quadratic pencil

Pc := s2M + s(D +B F2) + (K +B F1) (38)
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which is associated with the closed-loop system (35) is equal to f(s) multiplied by det(M), i.e.:

φ̃(s) = (det(M))f(s) (39)

Define next a polynomial matrix Q(s) consisting of three submatrices. According to Theorem

3.3, Q(s) is a matrix that can be used to check the controllability of a second order system

through a rank test given as:

Q(s) := [s2M + sD +K | sB | B] (40)

Define also a matrix V , consisting of three submatrices (row blocks) as shown in the equation

below:

V =


In

. . .

F2

. . .

F1

 (41)

Rewriting equation (38) as

Pc(s) = Q(s)V (42)

using compound matrices and applying the Binet-Cauchy theorem it follows that:

φ̃(s) = det(Pc(s)) ≡ Cn(Pc(s)) = Cn(Q(s)V ) = Cn(Q(s))Cn(V ) (43)

Define matrix P as:

P := P (M,D,K,B) ∈ R(2n+1)×ℓ (44)

Since

Cn(Q(s)) := et2n(s)P (45)

the columns of P are the coefficient vectors of the elements of Cn(Q(s)), which are polynomials

of maximum degree 2n and

g := Cn(V ) = Cn




In

. . .

F2

. . .

F1



 ∈ Rℓ (46)

where ℓ :=
(
n+2m

n

)
. Combining equations (36), (39) and (43), it yields that:

et2n(s)Pg = et2n(s)(det M)ã := et2n(s)a

which is correct. Therefore, it can be written that:

Pg = a (47)
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4.2 The Quadratic Plucker Relations

Before stating the Theorems on which the construction of the algorithm is based, the following

notation and definitions [23,27,28] are cited. The binomial coefficient k is defined as

k :=

(
n

m

)
, n,m ∈ N, n ≥ m

Lets the set of the first n natural numbers be:

Tn := {κ ∈ N∗ : 1 ≤ κ ≤ n}

with N∗ the set of naturals without zero.

Define the set of elements (sequences), where the elements (aj, 1 ≤ j ≤ m) are not necessarily

distinct be:

T n
m := {(a1, . . . , am) : aj ∈ Tn , 1 ≤ j ≤ m}

Define also the set of elements (sequences), where the elements of every sequence are in strictly

increasing order, as:

T̃ n
m := {(a1, . . . , am) ∈ T n

m : aκ ̸= aλ, if κ ̸= λ}

Dn
m denotes all m-tuples < a1, a2, . . . , am > such that (a1, . . . , am) ∈ T̃ n

m and aκ < aλ if κ < λ.

The elements of the set Dn
m can be ordered as follows:

< a1, a2, . . . , am > ≺ < j1, j2, . . . , jm >

if and only if there exists κ ∈ Tn such that aκ < jκ and aλ = jλ for every λ < κ. The above

relation is a total ordering called lexicographical ordering. Using the lexicographical ordering,

the k elements of Dn
m can be characterized by the following equations:

a0 = < 1, 2, . . . ,m− 1,m >

a1 = < 1, 2, . . . ,m− 1,m+ 1 >

...

ak−1 = < n−m+ 1, . . . , n− 1, n >

Note that a0 ≺ a1 ≺ . . . ≺ ak−1. Next, the map

δ : T̃ n
m → N × Dn

m

is defined such that:

(a1, a2, . . . , am)
δ−→ (λ,< a′1, a

′
2, . . . , a

′
m >)

where λ is the number of permutations needed to order the elements of (a1, a2, . . . , am) in

normal ordering < a′1, a
′
2, . . . , a

′
m >.
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If [x0, x1, . . . , xk−1]
T ∈ Pk−1(R), the following maps are defined:

ϕ : Dn
m → [x0, x1, . . . , xk−1]

T

by aκ
ϕ−→ xκ, 0 ≤ κ ≤ k − 1. It is clear from the above definition of ϕ that ϕ−1(xκ) = aκ and

ϕ̃ : N ×Dn
m → R, (λ, aκ)

ϕ̃−→ (−1)λϕ(aκ) = (−1)xκ

Finally, by denoting β := (a1, a2, . . . , am) ∈ T n
m , map:

g : T n
m → R

is defined by

g : T n
m → R : g(β) =

(ϕ̃ ◦ δ)(β), if β ∈ T̃ n
m

0, if β ∈ T n
m − T̃ n

m

Now the Plucker relations can be constructed: For every group of m− 1 indices

< t1, t2, . . . , tm−1 > ∈ T̃ n
m−1

and for every group of m+ 1 indices

< p1, p2, . . . , pm+1 > ∈ T̃ n
m+1

for κ = 1, . . . ,m+ 1, arrays βκ and γκ are defined as:

βκ := (t1, t2, . . . , tm−1, pκ)

and

γκ := (p1, p2, . . . , pκ−1, pκ+1, . . . , pm+1),

for κ = 1, . . . ,m+ 1. The corresponding Plucker relation is:

m+1∑
κ=1

(−1)κg(β)g(γκ) = 0

Next the three Theorems are stated. These extract from the whole set of quadratic Plucker re-

lations a reduced set of relations which have simple form and describe completely the Grass-

mann variety of the corresponding projective space.

Theorem 4.1 [23]: Assume that x = [x0, x1, . . . , xk−1]
t ∈ Ω(m,n) and ϕ−1(xκ) =<

a1, a2, . . . , am > ∈ Dn
m with a2 < n − m + 1. Then, there exists a three-term Plucker rela-

tion σ(xκ, xκ1, xκ2, xκ3, xκ4, xκ5) = 0 where κ < κi, i = 1, 2, . . . , 5.

Theorem 4.2 [23]: Assume that x = [x0, x1, . . . , xk−1]
t ∈ Ω(m,n). The full number of the

coordinates xκ having the property ϕ−1(xκ) =< a1, a2, . . . , am > with a2 < n−m+ 1 is

r :=

(
n

m

)
− (n−m)m− 1

34



Corollary 4.1: For every x = [x0, x1, . . . , xk−1]
t ∈ Ω(m,n), there exists a set S of three-term

quadratic Plucker relations, of the form

σi(xκi, xλi, xµi, xνi, xξi, xρi) = 0

where 1 ≤ i ≤ r with

κi ≤ min(λi, µi, νi, ξi, ρi), for 1 ≤ i ≤ r,

and

κj < κj+1, 1 ≤ i ≤ r − 1.

Theorem 4.3 [23]: The three-term quadratic Plucker relations given by the set S of Corollary

3.1 describe completely the Grassmann variety Ω(m,n) of the projective space P k−1(R).

The following algorithm [3] computes the Reduced Set of Quadratic Plucker Relations

(RSQPR). This algorithm gives the minimum set of Quadratic Plucker Relations which are

linearly independent with each other and is achieved by using a criterion based on the

correspondence between vectors of the Grassmann Variety and lexicographical ordering.

Algorithm RSQPR.

� Step 1: Read the dimensions n,m.

� Step 2: Compute k =
(
n
m

)
.

� Step 3: Repeat for k = 0, 1, . . . , k − 1. a. Find the κ-th order multi-index <

a1, a2, . . . , am >

b. If λ2 < n−m+ 1 then

b1. Find indices j1, j2 ∈ Tn − {a1, a2, . . . , am} such that j1 > a2 and j2 > a2.

b2. Define am+1 := j2, βρ := (a3, . . . , am, j1, aρ) and γρ := (a1, . . . , aρ−1, aρ+1, . . . , am+1).

b3. Type Plucker relation ∑
(−1)ρ · g(βρ) · g(γρ) = 0

� Step 4: End.

Finally, suppose that the coordinates of a decomposable vector, as shown below computed,

have been computed

x = [x0, x1, . . . , xk−1]
t ∈ Ω(m,n)

using the quadratic Plucker relations produced by the above algorithm. The reconstruction of

matrix H ∈ Rn×m which satisfies the property:

Cm(H) = x (48)

is required. To this end, the following Proposition is useful, as it helps to compute the elements

of matrix H such as the equation (48) is valid. Note that column vector x can be written out
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in full as:

x =


x0

x1
...

xk−1


Proposition 4.1[28]: Let x = [x0, x1, . . . , xk−1]

t ∈ Rk be a decomposable vector and xp ̸= 0

for an index p, 1 ≤ p ≤ k − 1, such that

ϕ−1(xp) =< a1, a2, . . . , am >

then, the elements hij of matrix H ∈ Rn×m which satisfies equation (48) are given by

hij = g((a1, a2, . . . , aj−1, i, aj+1, . . . , am)) (49)

for 1 ≤ i ≤ n and 1 ≤ j ≤ m.

4.3 A Numerical Example

The benefits of the proposed algorithmic procedure are clarified by the following example. Let

consider a system of the form

Mq′′(t) +Dq′(t) +Kq(t) = Bu(t)

with matrices M,K,D,B:

M = 10I3, K =

 40 −40 0

−40 80 −40

0 −40 80

 , D = 03×3, B =

 1

3

3


The open-loop e-values are±3.6039i,±2.4940i,±0.8901i. Suppose it is desirable to shift these e-

values, by using the state feedback law (34) where F1, F2 ∈ R1×3, to {−1,−2,−3,−4,−5,−6}.
In this case, the problem consists of finding matrices F1, F2 such that the closed-loop system

(35) has a characteristic polynomial

ϕ̃(s) = (detM)f(s)

where f(s) =
∏6

i=1(s− λi) =
∏6

i=1(s+ i) = (s+ 1)(s+ 2)(s+ 3)(s+ 4)(s+ 5)(s+ 6).

Computing matrix Q(s) according to relation (40), then equation Cn(Q(s)) := et2n(s)P (45) is

valid and so g is given by equation (46)

g := Cn(V ) = Cn




In

. . .

F2

. . .

F1




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The minimum number of Quadratic Plucker Relations is computed by finding the dimensions

of matrix Q(s), see (40), which is 3× 5 so n = 5 and m = 3. Then (see in Appendix A):

neq =

(
n

m

)
− 1−m(n−m) =

(
5

3

)
− 1− 5(5− 3) =

5!

3!2!
− 1− 3 · 2 = 3

Solving the linear system Pg = a gives:

g0 = 1, g1 = 2932.5, g2 = −4318.571, g3 = 3345

g4 = −5737.143, g6 = 1447.5, g7 = −2705.714

Variables g5, g8, g9 can be chosen arbitrarily since they do not appear in equations of the linear

system. So, the solution of the multilinear subproblem requires that elements g0, ...g9 belong

to the Grassmann variety as well, meaning that they have to satisfy the Quadratic Plucker

Relations. In this case, therefore, the multilinear subproblem that needs to be solved, consists

of the following three equations:

g4g6 − g3g7 + g0g9 = 0

−g5g6 + g3g8 − g1g9 = 0

g5g7 − g4g8 + g2g9 = 0

which define the so-called reduced set of Quadratic Plucker Relations. These equations are

generated by the proposed algorithm listed above. Using a symbolic package, e.g. Mathematica,

and substituting the solutions of the linear system to the set of quadratic relations, the following

solutions are obtained:

g5 = −2378500, g8 = −1683375, g9 = −746100

Next, combining equations (46) and (47), together with Proposition 4.1 to compute matrix H,

equation C3(H) = g is satisfied. From the last equation the feedback matrices F1 and F2 are

produced as:

F1 = [g7,−g4, g2] = [−2705.714 , 5737.143 , −4318.571]

and

F2 = [g6,−g3, g1] = [1447.5 , −3345 , 2932.5]

A numerical software package can be used to verify that the closed-loop system (35) has the

following poles:

λ̃1 = −1.000000000047105

λ̃2 = −1.999999999594935

λ̃3 = −3.000000000111104

λ̃4 = −3.999999999929748

λ̃5 = −5.000000000132230

λ̃6 = −6.000000000120886

Note that whatever the starting guess for the approximation of the eigenvalues, the error

|λi − λ̃i|, for i = 1, . . . , 6 , is always smaller than 10−9.
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4.4 Conclusion

An efficient algorithmic framework has been proposed for the solution of the pole-assignment

problem of symmetric quadratic systems. This involves the computation of a reduced set of

quadratic Plucker relations describing completely the Grassmann variety of the corresponding

projective space. The extraction of this reduced set has been achieved by the use of a simple

criterion based on the correspondence between the coordinates of a decomposable vector and

lexicographical orderings. The minimum number of linear independent quadratic Plucker

relations which describe completely the Grassmann variety can be calculated in advance. Each

equation of this reduced set is homogeneous and contains only three terms. It is emphasized

that the proposed algorithm is free from numerical errors because it does not involve numerical

calculation. This fact has beneficial influence on the overall complexity of the solution of the

problem which is mainly due to its non-linearity. The redundant Plucker relations can be

expressed as linear combinations of the remaining minimal set, and hence can be completely

ignored in the subsequent steps of the algorithm, which reduces the complexity of the solution

significantly. An advantage of the proposed method relative to existing ones is that it generates

the whole family of feedback matrices with the specified pole-placement properties; this family

can be subsequently used for further optimization purposes if additional design objectives are

desirable or further constraints are imposed. Another advantage of the approach is that it

can be extended to more general classes of models, including descriptor (implicit) systems and

matrix higher-order models.

In this chapter we have studied the pole-assignment problem of symmetric quadratic systems.

The next chapter will generalize the solution to higher order systems. It is noted that the

proposed method still generates the complete family of feedback matrices with the specified

pole-placement properties.
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Chapter 5: The New Condition For Complete Controlla-

bility And Pole Assignment For Higher Order Linear Sys-

tems

The complexity and dynamic nature of controlled engineering systems has been steadily

increasing over the past decades. The classical notion of Large-Scale Systems (LSS) has

thus evolved into the broader concept of Large-Scale Dynamic Complex Systems (LSDCS), a

notion which captures not only their scale, but also their intricate interdependencies and time-

varying behaviors. Such systems are encountered across a wide range of engineering disciplines,

including power systems, aerospace, manufacturing, construction, civil engineering, energy,

environmental studies, medical systems, transportation, and agriculture. Beyond engineering,

LSDCS are also highly relevant in domains such as finance, business, economics, military

science, psychology, sociology, physiology, political studies, social sciences, and education.

Mathematical modeling of these systems often yields very high-order models, which poses

significant challenges for tasks such as analysis, control design, and optimization. Consequently,

the development of efficient approaches to modeling and control has become a central research

problem. Current methodologies emphasize analytical and computational techniques for model

reduction, performance evaluation, feedback control, and optimization. In addition, advances in

theoretical foundations, numerical algorithms, and interdisciplinary applications have provided

new opportunities to address the challenges associated with LSDCS. The overarching objective

is to design efficient and reliable methods that can be applied across different fields. In this

context, the study of efficient modeling and control of large-scale dynamic complex systems is

of great significance for both theoretical development and practical applications.

Within this perspective, the present chapter investigates the controllability properties of higher-

order linear dynamical systems and introduces an algorithmic approach to address the pole

assignment problem for such systems. The controllability condition established in the previous

chapter is extended to this broader class of systems. The proposed test is formulated in

terms of rank conditions on appropriately defined matrices and is derived using the concepts

of compound matrices in conjunction with the Binet–Cauchy formula.

5.1 Introduction

Consider the higher order time invariant linear system of the form

Aνq
(ν)(t) + Aν−1q

(ν−1)(t) + ...+ A1q
(1)(t) + A0q(t) = Bu(t) (50)

where Ai ∈ Rn×n (for i = 0, 1, 2, ..., ν), t is the time variable, q(t) ∈ Rn is the unknown

vector function, u(t) ∈ Rn is the input vector assumed to be at least piecewise continuous and
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B ∈ Rn×m is the input matrix. The indices on q(t) denote derivatives with respect to t. The

only assumption regarding the matrices Ai is that the leading coefficient matrix Aν must be

invertible i.e. det(Aν) ̸= 0.

Applying the Laplace transformation to equation (50) with zero initial conditions at t0 = 0

results in:

P (s)Q(s) := (Aνs
ν + Aν−1s

ν−1 + ...+ A1s+ A0)Q(s) = Bu(s) (51)

where s is the complex variable. It is known from matrix analysis that the characteristic

polynomial of the system (50) is

φ(s) := det(P (s))

Spectral analysis of P (s) leads to solution of system (50). A scalar s0 ∈ C is said to be an eigen-

value of P (s) in equation (51) if the algebraic system P (s0)y = 0 has a non-zero solu-

tion y0 ∈ Cn. This solution y0 is known as an eigenvector of P (s) corresponding to s0 and

σ(P ) = {s ∈ R : P (s) = 0} is the spectrum of P (s).

Because the matrix polynomial P (s) in equation (51) has a non-singular leading coeffi-

cient Aν , P (s) has exactly n × ν roots, counting multiplicities. These roots are the eigen-

values or the poles of the system.

The dynamical system of the equation (50) is equivalent to the first order system

x′(t) = Cpx(t) + B̃u(t) (52)

where

Cp =


0 In 0 . . . 0

0 0 In . . . 0
...

...
...

...
...

0 0 0 . . . In

−A−1
ν A0 −A−1

ν A1 −A−1
ν A2 . . . −A−1

ν Aν−1

 (53)

which is a matrix of dimensions nν × nν and

B̃ =


0

0
...

A−1
ν B

 ∈ Rn·ν×m (54)

with

x(t) =


q(t)

q(1)(t)
...

q(ν−1)(t)

 ∈ Rn·ν (55)
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Matrix Cp is known as the block companion matrix of P (s) and the roots of the characteristic

polynomial define the spectrum σ(P ). The spectrum of Cp coincides with the spectrum σ(P )

and this relation is symbolised as σ(P ) ≡ σ(Cp). The vector x(t) in equation (55) is called

the state vector of the system (52). Then the general solution of equation (50) is given by the

equation below [5]

q(t) = Qre
tCpx0 +Qr

∫ t

0

e(t−s)CpQcBu(s)ds

where

Qr =
[
In, 0, . . . , 0

]
∈ Rn×nν

and

Qc =


0

0
...

A−1
ν


with Qc ∈ Rnν×n.

Controllability of a dynamical system refers to its ability to transfer the state vector x(t) from

one particular point in state-space, i.e. x1, to another point, i.e. x2, within finite time t.

Systems (50) and (52) are called controllable if for every x0, w ∈ Rnν there exists an input

vector u(t) and a real number t0 > 0 such that x(0) = x0 and x(t0) = 0.

5.2 Controllability For Higher Order Systems

The spectral analysis of the matrix polynomial defined previously leads to solutions of the

corresponding linear system. When the modification of the dynamical behaviour of the system

(50) is required, resulting in desirable qualitative features, such as stability or dynamical

performance properties, feedback is applied in order to relocate some or all poles of the system.

Relocation to arbitrary points in the complex plane, subject to conjugate symmetry, can always

be achieved if and only if the system is completely controllable. In that case, for any choice

of ν × n conjugate-symmetric poles, a set of suitable matrices F0, F1, . . . , Fν−1 of dimensions

m× n can be found such that under the state and derivative feedback:

u(t) = −F0q(t)− F1q
′(t)− . . .− Fν−1q

(ν−1)(t) (56)

the corresponding closed-loop system defined by:

Aνq
(ν)(t) + (Aν−1 +BFν−1)q

(ν−1)(t) + ...+ (A1 +BF1)q
(1)(t) + (A0 +BF0)q(t) = 0 (57)

has the chosen set of poles. Equivalently, if

f(s) = a0 + a1s+ . . .+ aνn−1 s
νn−1 + sνn := etνn(s) ã (58)
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where

ã =


a0

a1
...

aνn−1

1


and

eνn(s) =



1

s

s2

...

sνn−1

sνn


is a monic polynomial in s, with degree νn, real coefficients and the desired roots, then matrices

F0, F1, . . . , Fν−1 of dimension m × n have to be computed, so as the closed-loop system (57)

has characteristic polynomial of the form:

φ̃(s) = det(Pc(s))

where

Pc(s) = sνAν + sν−1(Aν−1 +BFν−1) + ...+ s(A1 +BF1) + (A0 +BF0) (59)

satisfies the equation

φ̃(s) = (det Aν)f(s) (60)

The above relation means that the poles of the closed-loop system (57) are exactly the roots of

this monic polynomial f(s) (since detAν) ̸= 0)

It follows that

Pc(s) = Q(s)V (61)

where

Q(s) = [P (s) | sν−1B | sν−2B | . . . | sB | B]

and

V =



In

Fν−1

Fν−2

...

F1

F0


By taking the Grassmann product of relation (61) (or equivalently the n-compound matrices)

it stands that

φ̃(s) = det(Pc(s)) ≡ Cn(Pc(s)) = Cn(Q(s)V ) = Cn(Q(s))Cn(V ) (62)
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where the Binet-Cauchy theorem can be applied.

Consider

Cn(Q(s)) = Cn([P (s), s
ν−1B, . . . , sB,B]) = [P1(s), P2(s), . . . , Pℓ(s)]

where

ℓ =

(
n+ νn

n

)
It is clear that each Pi(s), i = 1, 2, . . . ℓ are polynomials of degree at most n − 1, that can be

written as the product of two vectors, more precisely, the transpose vector of the powers of s

and a column vector ri which consists of the real coefficients of the polynomials Pi(s).

Pi(s) = etνn(s)ri = [1 s s . . . sνn]


a0

a1
...

aνn−1

1


and that the compound matrix is equal to

Cn(Q(s)) = etνn(s)[r1, r2, . . . , rℓ] = etνn(s)P

where P := [r1, r2, . . . , rℓ].

Next, vector g is defined as:

Cn(V ) = Cn





In

Fν−1

Fν−2

...

F1

F0




:= g ∈ Rℓ (63)

From the above equation it follows that:

φ̃(s) = etνn(s)Pg = etνn(s)(detAν)ã

which is valid for every s ∈ C.
Therefore, the following linear system is obtained:

Pg = α (64)

where α = det(Aν)ã. Equation (64) is an high-order algebraic system which depends on the di-

mensions of P, g, α.
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A system of the form (64) gives rise to two subproblems, the linear subproblem and the mul-

tilinear subproblem. The linear subproblem consists of solving the linear algebraic sys-

tem (64) which means that g belongs to a linear variety. In addition, g must be a decompos-

able multi-vector, meaning that g belongs to the Grassmann variety. Thus, g belongs to the in-

tersection of the linear variety and the corresponding Grassmann Variety. The above prerequi-

sites leads to the conclusion that the problem consists of defining the intersection of two vari-

eties, the multilinear subproblem being related to the analysis of multivectors.

A new Theorem is presented below, extending a parallel result of second order systems to sys-

tems of arbitrarily high order. Once again, the new controllability condition is expressed in

terms of the rank of a constant matrix and is therefore easy to apply.

Theorem 5.1: The higher order linear system of the form Pg = α is completely state

controllable if and only if, the matrix P is full row rank,i.e.:

rank(P ) = νn+ 1 (65)

Proof : Necessary Condition: By assuming that the system

Aνq
(ν)(t) + Aν−1q

(ν−1)(t) + ...+ A1q
(1)(t) + A0q(t) = Bu(t)

is completely state controllable, it follows that for every s ∈ C

rank([P (s) | B]) = n

Hence, for every monic polynomial f(s) of degree νn with real coefficients, there exist a set of

real coefficients matrices F0, F1, . . . , Fν−1 ∈ Rm×n such that

φ̃(s) = det(Aν)f(s)

From equations:

f(s) = a0 + a1 s+ . . .+ aν(n−1) s
ν(n−1) + sνn = etνn(s) ã

and

φ̃(s) = Cn([P (s) | sν−1B | sν−2B | . . . | sB | B])Cn(V )

it follows that

Cn([P (s) | sν−1B | sν−2B | . . . | sB | B])Cn(V ) = det(Aν)e
t
νn(s)ã

in which ã ∈ Rνn+1 is a fixed vector of the form

ãt = [a0 a1 . . . aνn−1 1]

By using equation

Cn(Pc(s)) = etνn(s)P
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and setting

Cn(V ) = g

it follows that

etνn(s)Pg = det(Aν)e
t
νn(s)ã

Setting det(Aν)ã = α, it comes that:

etνn(s)Pg = etνn(s)α (66)

for every s ∈ C and every given α ∈ Rνn+1 of the form

αt = [a0 a1 . . . aνn−1 det(Aν)]

Equivalently, equation (66) can be written as

Pg = α (67)

The system of the form (67) has always a solution in g, if it is completely controllable, i.e. it

has solution in g for every α when g is expressed in terms of F0, F1, . . . Fν−1. System (67)

corresponds to a linear system with solution for every α if the matrix P has full row rank,

meaning

rank(P ) = νn+ 1

in which case there is a solution in g for every α.

Sufficient Condition: In order to prove that condition rank(P ) = νn + 1 is sufficient, let us

assume that

rank(P ) = νn+ 1

but the system is not completely state controllable. This hypothesis means that there exists s0

such that

rank([P (s0)| B]) < n

and thus that all the n× n minor matrices of the matrix [P (s0)|B] = 0. The former equation

holds because all the determinants of the n × n matrices of P are equal to 0. Thus it follows

that:

Cn([P (s0) | B]) = 0

and by using equation Cn(Pc(s0)) = etνn(s0)P it follows that

etνn(s0)P = 0t

The fact that

etνn(s0) = [1 s0 s
2
0 . . . sνn0 ] ̸= 0

implies that the νn+ 1 rows of P are linearly dependent or equivalently that

rank(P ) < νn+ 1

which contradicts the hypothesis that rank(P ) = νn + 1. Therefore, it can be concluded that

the system is completely state controllable. □

45



5.3 Pole Assignment for Higher Order Systems

The problem of pole assignment with state feedback and derivative terms of higher order,

expressed in the form:

Aνq
(ν)(t) + Aν−1q

(ν−1)(t) + ...+ A1q
(1)(t) + A0q(t) = Bu(t) (68)

arises when it is necessary to modify the dynamic response of a system in order to achieve

desirable qualitative characteristics, such as stability or improved damping.

To address the pole assignment problem, Algebraic Geometry provides a powerful framework.

The key advantage of this approach lies in its reliance on the analytical description of Grassmann

multiplicity, i.e., a projective space characterized by quadratic Plücker relations. These relations

facilitate the computation of solutions through algorithmic procedures. Furthermore, this

analysis introduces new criteria for determining whether a given pole assignment problem is

solvable.

A central result is that the pole assignment problem can be decomposed into two distinct

subproblems: (i) a linear subproblem, which corresponds to the zero assignment of polynomial

combinations, and (ii) a multilinear subproblem, which is associated with the analysis of

multivectors. This decomposition is particularly significant because it transforms a complex

nonlinear control design problem into two problems of different but manageable structure. The

linear subproblem captures algebraic feasibility, while the multilinear subproblem encodes the

geometric constraints imposed by the Grassmann variety. By solving them in sequence, the

overall problem becomes more tractable, both conceptually and computationally.

The family of solutions of the linear subproblem defines a linear variety VL. For an element of

VL to correspond to a valid controller, it is required that there exists a non-null intersection

between VL and the Grassmann variety Ω(n, n+ νm), where n and m denote the dimensions of

the state and control vectors, respectively, while ν is the order of the system. The Grassmann

variety Ω(n, n+ νm) situated in the projective space P ℓ−1(R) with

ℓ :=

(
n+ νm

n

)
(69)

is an irreducible variety of dimension νmn. Consequently, if the initial system is completely

controllable, it follows that these two varieties always have a non-empty intersection, thereby

ensuring that both subproblems admit a solution.

By solving the linear subproblem, one obtains solutions that simultaneously satisfy the set of

quadratic Plücker relations defining the Grassmann variety Ω(n, n+νm). Importantly, it is not

necessary to compute all such relations. Instead, there always exists a minimum set of linearly

independent quadratic Plücker relations that fully characterize the Grassmann variety. This

minimal set consists of simple homogeneous equations, each involving only three terms. The

set can be extracted through the algorithm R.S.Q.P.R., which is described in detail in Chapter

3.2.
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5.3.1 Mathematical background

Suppose a linear system, of order ν, described by the equation:

Aνq
(ν)(t) + Aν−1q

(ν−1)(t) + ...+ A1q
(1)(t) + A0q(t) = Bu(t) (70)

By using the Laplace transformation, the left-hand-side transforms to the matrix polynomial

P (s) = Aν(s) + Aν−1s
n−1 + ...+ A1s+ A0 (71)

Following the same analysis as in section 2 above the problem takes the form

Pg = a (72)

which is equivalent to two subproblems, the linear subproblem which is analyzed in subsec-

tion 5.3.2 and the multilinear subproblem which is presented in subsection 5.3.3.

5.3.2 The Linear Subproblem

The aim of the linear subproblem, is the calculation of g ∈ Rℓ which satisfies equation (72). In

light of previous result in section 2, system (70) is completely controllable, if and only if the

matrix P has full raw rank, meaning that

rank(P ) = νn+ 1 (73)

In this case, the linear subproblem can be solved by applying the following Proposition.

Proposition 5.1: The solution set of system (72) is an algebraic variety VL of the projec-

tive space of dimension ℓ− 1− νn.

Proof : The matrix P has the form  b̂
... P̂

· · · · · · ·
|Aν |

... 0t

 (74)

where [b̂t | |At
ν |] is the coefficient vector of polynomial φ(s). Separating vectors g and a one

obtains:

g =

 g0

· · ·
ĝ

 , a =

 a0

· · ·
|Aν |


Then, system (72) may be rewritten as:

b̂g0 + P̂ ĝ = â
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|Aν |g0 = |Aν |

which can also be expressed in the form:

[b̂− â | P̂ ]

 1

· · ·
ĝ

 = 0 (75)

From equations (73) and (74) and the initial hypothesis that |Aν | ̸= 0, it can thus be concluded

that:

rank(P̂ ) = νn (76)

This implies that the system

P̂ ĝ = â− b̂

has always a solution.

The solutions of the homogenous system (75) constitute an irreducible algebraic variety of the

projective space P ℓ−1(R) with dimension

dimVL = ℓ− 1− νn

since

rank([b̂− â|P̂ ]) = νn

from equation (75).

5.3.3 The Multilinear Subproblem

The multilinear subproblem consists of the calculation of the m × n matrices F0, F1, . . . , Fν−1

such that,

Cn(V ) = Cn





In

Fν−1

Fν−2

...

F1

F0




= g

Considering that V ∈ R(n+νm)×n is a matrix basis of a n-dimensional subspace of Rn+νm and

that the vector Cn(V ) belongs to Grassmann variety Ω(n, n + νm) of the projective space

P ℓ−1(R), attention is focused on the reduction of the solutions of g of the system (67) that also

belong to the variety Ω(n, n+ νm). It is known that

dimΩ(n, n+ νm) = νmn

and that

dimVL = ℓ− 1− νn
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which follows from Proposition 5.1. Consequently, the following expression is obtained

dimVL + dimΩ = ℓ− 1− νn+ νmn ≥ ℓ− 1 = dimP ℓ−1

using the fact that

νmn ≥ νn

holds for every m,n ≥ 1. The above analysis leads to the conclusion that the two irreducible va-

rieties of VL and Ω(n, n+νm) have always a non-null intersection and hence the multilinear sub-

problem can always be solved.

In order to find matrices F0, F1, ..., Fν−1 that solve the problem of pole assignment, attention is

focused those solutions of system (72) which are simultaneously analyzed vectors, meaning that

they satisfy the quadratic Plucker relations. These relations describe in general the Grassmann

variety Ω(n, n+ νm) and their number is equal to:(
n+ νm

n− 1

)(
n+ νm

n+ 1

)
There is a minimum set of quadratic Plucker relations that can be computed. These relations

are simple as each one of them has only three terms which are enough to describe fully the

specific Grassmann variety. This set is considerably simpler compared to the full set which

consists of: (
n+ νm

n

)
− νmn− 1

relations.

5.4 A Numerical Example

Consider the following third order system of the form:

A3q
′′′
(t) + A2q

′′
(t) + A1q

′
(t) + A0q(t) = Bu(t) (77)

with

A3 = I2, A2 =

[
−2 1

1 −2

]
, A1 =

[
4 0

0 1

]
, A0 =

[
−8 1

4 −2

]
, B =

[
0

1

]

Let us proceed by applying the following transformation to system (77), in order to calculate

its eigenvalues. Set

x1(t) = q(t) ⇒ x′1(t) = q′(t) = x2(t)

x2(t) = q′(t) ⇒ x′2(t) = q′′(t) = x3(t)

x3(t) = q′′(t) ⇒ x′3(t) = q′′′(t)

49



Taking the characteristic equation of system (77) and replacing the variables q′(t), q′′(t) and q′′′(t),

gives:

A3q
′′′
(t) + A2q

′′
(t) + A1q

′
(t) + A0q(t) = 0 ⇒

I2x
′
3(t) + A2x3(t) + A1x2(t) + A0x1(t) = 0 ⇒

x′3(t) = −A0x1(t)− A1x2(t)− A2x3(t)

So, the system in matrix form is: x1

x2

x3


′

=

 0 I2 0

0 0 I2

−A0 −A1 −A2

 ·

 x1

x2

x3


In the case of the present example this is computed as:

A =

 0 I2 0

0 0 I2

−A0 −A1 −A2

 =



0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

8 −1 −4 0 2 −1

−4 2 0 −1 −1 2


The eigenvalues of A are the roots of the characteristic equation:

|sI6 − A| = 0 ⇒

|sI6 − A| = s6 − 4s5 + 8s4 − 20s3 + 19s2 − 16s+ 12 = 0

and are obtained as

{i, −i, 2i, −2i, 1, 3}

Assume that the objective is to assign the e-values of the closed-loop system to

{−1, −2, −3, −4, −5, −6}

by using the state feedback

u(t) = −F0q(t)− F1q
′(t)− F2q

′′(t), F0, F1, F2 ∈ R1×2

Thus, the problem is transformed to the calculation of matrices F0, F1, F2 such that the closed

loop system

A3q
′′′(t) + (A2 +BF2)q

′′(t) + (A1 +BF1)q
′(t) + (A0 +BF0)q(t) = 0

has the characteristic polynomial:

φ̃(s) = (detA3)
6∏

j=1

(s− λj) = (s+ 1)(s+ 2)(s+ 3)(s+ 4)(s+ 5)(s+ 6) =

= s6 + 21s5 + 175s4 + 735s3 + 1624s2 + 1764s+ 720
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The next step is to form the equation:

φ̃(s) = C2(Q(s))C2(V )

where

Q(s) = [s3A3 + s2A2 + sA1 + A0|s2B|sB|B] =

=

[
s3 − 2s2 + 4s− 8 s2 + 1 0 0 0

s2 + 4 s3 − 2s2 + s− 2 s2 s 1

]
and

V =



I2

· · ·
F2

· · ·
F1

· · ·
F0


The term C2(Q(s)) is then calculated as follows:

C2(Q(s)) = [f(s)|f1(s)|f2(s)| · · · |f9(s)]

where

f(s) = s6 − 4s5 + 8s4 − 20s3 + 19s2 − 16s+ 12

f1(s) = s5 − 2s4 + 4s3 − 8s2

f2(s) = s4 − 2s3 + 4s2 − 8s

f3(s) = s3 − 2s2 + 4s− 8

f4(s) = s4 + s2

f5(s) = s3 + s

f6(s) = s2 + 1

f7(s) = f8(s) = f9(s) = 0

Next, the matrix P is defines as:

P =



12 0 0 −8 0 0 1 0 0 0

−16 0 −8 4 0 1 0 0 0 0

19 −8 4 −2 1 0 1 0 0 0

−20 4 −2 1 0 1 0 0 0 0

8 −2 1 0 1 0 0 0 0 0

−4 1 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0


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together with the unknown vector g

g = C2(V ) = [g0, g1, . . . , g9]
t

and the known vector a

a = [720, 1764, 1624, 735, 175, 21, 1]t

Then, the problem reduces to:

Pg = a

whose solution can be found as follows

g0 = 1

g1 = 25

g2 = −91.333

g3 = 192.333

g4 = 308.333

g5 = 280

g6 = 2246.67

The values of the variables g7, g8, g9 can be chosen arbitrarily since they are not involved in

the equations of the linear problem. The multilinear problem is addressed by formulating it in

terms of the minimum set of Plücker relations:

g4g6 − g3g7 + g0g9 = 0

−g5g6 + g3g8 − g1g9 = 0

g5g7 − g4g8 + g2g9 = 0

These fully describe the Grassmann variety Ω(3, 5) and can be extracted by the proposed

algorithm. Using a symbolic package, e.g. Mathematica, and by substituting the solutions of

the linear system into these quadratic relations, gives:

g7 = 3601.67533

g8 = 3270.71057

g9 = 0

By decomposing matrix V , the following feedback matrices are obtained:

F0 = [−g6, g3] = [−2246.67, 192.333]

F1 = [−g5, g2] = [−280, −91.333]

F2 = [−g4, g1] = [−308.333, 25]
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A numerical software package can be used to verify that the closed loop system has e-values at:

λ̃1 = −0.999999999999976

λ̃2 = −2.000000000000650

λ̃3 = −2.999999999995182

λ̃4 = −4.000000000015995

λ̃5 = −4.999999999978803

λ̃6 = −6.000000000009437

Note that the error between the desired and achieved eigenvalues |λi − λ̃i| is always smaller

than 10−10.

5.5 Conclusion

In this chapter, the controllability and pole assignment problems for higher-order linear

dynamical systems of the form

Aνq
(ν)(t) + Aν−1q

(ν−1)(t) + ...+ A1q
(1)(t) + A0q(t) = Bu(t), det(Aν) ̸= 0

have been systematically analyzed. By reformulating the original system into its equivalent

first-order representation with the block companion matrix Cp and augmented input matrix B̃,

the spectral properties of the system were shown to coincide with those of the matrix polynomial

P (s). This equivalence provided the basis for extending controllability results from first- and

second-order systems to general order ν.

A new controllability condition was derived, expressed in terms of the rank of a constant matrix

P constructed via compound matrices and the Binet–Cauchy formula. More precisely, it was

proven that the system is completely controllable if and only if

rank(P ) = νn+ 1

a criterion that is independent of the choice of input and depends solely on algebraic prop-

erties of the associated compound matrix. This condition generalizes earlier results and pro-

vides an easily verifiable algebraic test.

Furthermore, the pole assignment problem was reformulated as the algebraic system, Pg =

a. The previous system naturally decomposes into two subproblems: a linear subproblem

corresponding to the determination of admissible solutions g ∈ Rℓ, and a multilinear subproblem

associated with the construction of the feedback matrices F0, F1, . . . , Fν−1. The geometric

structure of the solution set was analyzed through its embedding in projective space, leading
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to the identification of the linear variety VL and its intersection with the Grassmann variety

Ω(n, n + νm). It was established that, under the controllability condition, these varieties

intersect nontrivially, thereby ensuring the existence of suitable feedback matrices achieving

arbitrary pole assignment. Finally, it was demonstrated that the multilinear subproblem is

equivalent to verifying quadratic Plücker relations that characterize the Grassmann variety.

The existence of a minimal generating set of such relations provides a computationally efficient

method for algorithmic pole placement. In summary, the results of this chapter establish a

complete algebraic and geometric framework for analyzing controllability and solving the pole

assignment problem in higher-order systems. The central outcome is the new rank condition

rank(P ) = νn + 1, which serves both as a necessary and sufficient condition for complete

controllability and as a foundation for constructive pole assignment algorithms.
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Chapter 6: Pole Assignment With Static Output Feed-

back

6.1 Introduction

In this chapter the pole assignment problem with static output feedback will be studied, us-

ing methods of algebraic geometry that have been presented in previous chapters. The static

output feedback problem uses partial information for feedback and hence is a more challeng-

ing problem than the state-feedback problems which have already been addressed. The pro-

posed methodology uses the notion of generalized matrix inverses in order to calculate the whole

family of solutions. The pole-assignment problem with constant output feedback is a funda-

mental problem in control theory, which can be employed to develop design methods of feed-

back systems which guarantee desired dynamic behavior. In these systems only partial infor-

mation (measured outputs) is available for feedback, rather than the full state vector. The chal-

lenge is to design feedback laws that assign the poles of the system in a way that meets per-

formance objectives, despite limited state information. This problem is pivotal in modern con-

trol applications, ranging from robotics to aerospace and involves both analytical and com-

putational approaches for finding effective solutions. This study provides an alternative ap-

proach to the solution of the pole assignment problem with constant output feedback which re-

lies on necessary and sufficient controllability and observability conditions of the initial prob-

lem. Firstly, a general description of the problem is given by assuming that the open loop sys-

tem has the form of: x′(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
for t ≥ t0 (78)

where x(t) ∈ Rn, u(t) ∈ Rl and y(t) ∈ Rm are the state vector, the input vector and the output

vector respectively. It is assumed that l ≤ n and m ≤ n . Also, A ∈ Rn×n, B ∈ Rn×l and

C ∈ Rm×n denote the state matrix, the input matrix and the output matrix, respectively. The

first step is to seek a matrix F ∈ Cl×m, such that under the output feedback of the form:

u(t) = −Fy(t) + v(t) (79)

the closed loop system has the desired poles. Note that here v(t) ∈ Rl denotes the new reference

input vector. The closed loop system can be written as:

x′(t) = (A− BFC)x(t) + Bv(t) (80)

The meaning of the term ”generalized pole placement”, which is used in this study, is that the

desired poles are discrete, i.e. λi ̸= λj if and only if i ̸= j (not multiple), while by the term

”almost”, it is meant that a very small deviation, from the desired pole set is acceptable. More

precisely, this means that the closed-loop poles are allowed to lie within arbitrarily tiny discs
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having at their centers the desired poles. It has been shown [43,44] that a necessary condition

for almost generalized pole placement of a completely controllable and observable system is the

validity of the inequality:

m+ l ≥ n+ 1

So, in this thesis, an attempt is made to solve the problem of pole placement via constant output

feedback, under necessary and sufficient controllability and observability conditions of the initial

system, related to the solution of the problem via state feedback and the relation between the

applied feedback and the output or input matrix, respectively. From the literature survey it

is known that a necessary solvability condition of the general pole-assignment problem is that

the initial system is both controllable and observable. In fact, the condition of controllability

and observability is also sufficient for the problem to be solvable. In this study of the pole-

assignment problem under output feedback relies on multilinear algebra and algebraic geometry,

as well as the theory of generalized inverse matrices; in this way the use of transfer functions

is avoided.

6.2 Mathematical Background of Pole Assignment

Assume having the initial system of the form:x′(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
for t ≥ t0

It is mentioned that the dynamical behaviour of the system is defined by the nature and the

position of the poles of the system, meaning the eigenvalues of the matrix A, which are the

poles of the characteristic polynomial

φ(s) := det(sIn − A) (81)

The aim is to change the dynamical behaviour of the closed-loop system, through the pole

placement, i.e. by transferring the poles to appropriate locations of the complex plane. Thus,

the pole placement problem under constant output feedback can be formally defined as follows:

For a given monic polynomial a(s) of degree n having the desired poles as roots, find a complex

matrix F of dimensions l ×m, such that for an input function of the form: (79)

u(t) = −Fy(t) + v(t)

the corresponding closed loop system

x′(t) = (A− BFC)x(t) + Bv(t)

has the desired poles, i.e. its characteristic polynomial

φCL(s) := det(sIn − A+BFC) = a(s) (82)
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where a(s) is the monic polynomial, a(s) = a0 + a1s + ... + an−1s
n−1 + sn. As it has al-

ready been mentioned, the controllability and the observability of the initial system are the nec-

essary conditions in order the problem to be completely solvable.

Proposition 6.1: If for the system of the form:x′(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
for t ≥ t0

and for every monic polynomial, a(s) = a0+a1s+ ...+an−1s
n−1+sn of degree n, there is a com-

plex matrix F of dimensions l × m, such that det(sIn − A + BFC) = a(s), then the sys-

tem (A,B) is completely controllable and the system (A,C) is completely observable.

Proof : Let us select an arbitrary monic polynomial a(s) of degree n. Then, there is a matrix

F ∈ Cl×m such that equation (82)

φCL(s) := det(sIn − A+BFC) = a(s)

is satisfied.

Setting F̃ := FC shows the existence of a state feedback matrix F̃ such that

φCL(s) := det(sIn − A+BF̃ ) = a(s)

and so the pair (A,B) is completely controllable. Similarly, by setting F̃ := BF , it is concluded

that there exists a matrix F̃ such that

φCL(s) := det(sIn − A+ F̃C) = a(s)

and so the system (A,C) is completely observable.

6.3 Solvability of the problem when the system is controllable

Let us assume that the system (78) is completely controllable, meaning that

rank([sIn − A,B]) = n, ∀s ∈ C

or equivalently

rank([B,AB,A2B, ..., An−1B]) = n

Set:

F̃ := FC (83)
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By using equation (83), equation (82) can be written as:

φCL(s) = det(sIn − A+BF̃ ) = a(s) (84)

and the initial problem leads to the calculation of F̃ ∈ Cl×n which satisfies equation (84)

for a given monic polynomial a(s) and then to the solution of the equation (83) to ob-

tain F .

If

a(s) = a0 + a1s+ ...+ an−1s
n−1 + sn (85)

then by setting

e(s) = [1, s, ..., sn]t, a = [a0, ..., an−1, 1]
t

it follows that

a(s) = [1, s, ..., sn]t ·


a0
...

an−1

1

 = et(s) · a (86)

Moreover, the characteristic polynomial of the closed loop system is written:

φCL(s) := det(sIn − A+BF̃ )

≡ Cn(sIn − A+BF̃ )

= Cn

[sIn − A,B] ·

 In

. . .

F̃




= Cn ([sIn − A,B]) · Cn


 In

. . .

F̃




(87)

In the above equation, the Binet-Cauchy Theorem for complex matrices has been used. Note

that the matrix Cn ([sIn − A,B]) ∈ C1×(n+l
n ) has elements polynomials of degree up to n.

Moreover, the first element of the matrix is the determinant det(sIn − A), in other words the

characteristic polynomial of A. So, there is a matrix P ≡ P (A,B) ∈ C(n+1)×(n+l
n ) such that:

Cn ([sIn − A,B]) = et(s) · P (88)

The columns of matrix P are the coefficients of the polynomials which are the elements of

Cn ([sIn − A,B]). In addition, by setting:

g := Cn


 In

. . .

F̃


 , ∈ C(

n+l
n )×1 (89)
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and combining equations (84), (86), (87), (88) and (89), gives equation et(s)Pg = et(s)a, which

holds for every s ∈ C if and only if:

Pg = a (90)

The linear system (90) is always solvable, meaning that for every a ∈ Cn×1 that corresponds to

a given monic polynomial a(s) of degree n, there exists a vector g which satisfies equation (90)

if and only if the matrix P is full row rank, which is equivalent to the equation rank(P ) = n+1.

It is also known that the last equation is equivalent to the complete controllability of the initial

system: x′(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
for t ≥ t0

In this case, the solutions of the equation (90) consist of an algebraic multiplicity VL of

dimension:

dimVL = k − 1− (n+ 1) = k − n− 2

where k− 1 is the dimension of the projective space Pk−1(R), k =
(
n+l
n

)
, while n+1 is the rank

of the matrix P in the equation (90).

Moreover by comparing equations (89) and (90), it follows that the focus is on solutions of

equation (90) which have the structure of (89), i.e. solutions which can be written in the form

of:

g = Cn


 In

. . .

F̃




for a matrix F̃ . Equivalently, the focus is on these solutions of g, which are simultaneously

decomposable vectors, meaning that they belong to the Grassmann variety Ω(n, n+ l). Since

dimVL + dimΩ(n, n+ l) = k − n− 2 + nl ≥ k − 1 = dimPk−1(R)

for every n, l ≥ 1, the algebraic variety VL and the Grassmann variety Ω(n, n + l) have al-

ways a non empty intersection and consequently there is always a vector g which is the simul-

taneous solution of equations (89) and (90).

In order to calculate the matrices F̃ , which will satisfy equation (89), it is needed to be deter-

mined, among all solutions g of equation (90), only those that belong to the Grassmann vari-

ety Ω(n, n + l), or equivalently those vectors, from the solutions of equation (90) whose co-

ordinates satisfy a set of quadratic Plucker relations which describe the Grassmann va-

riety Ω(n, n + l). In general, the Grassmann variety, as it has been mentioned previ-

ously, is described by several relatively complex equations. However, in this case a mini-

mum set of Plucker relations can be calculated which is significantly limited compared to the ini-

tial set, while each one of these relations is much simpler as it is described by only three
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terms. The whole procedure for determining the Plucker relations and then through them de-

termining the F̃ matrices is the same as has already been described in a previous chap-

ter.

Having determined the F̃ matrices which satisfy equation (84), the problem reduces to

determining matrix F which satisfies equation (83) and so solves the static output feedback

pole placement problem, since equation (82) holds. The system defined in equation (84) with

the unknown matrix F , for the given matrices C ∈ Cm×n and F̃ ∈ Cl×m, has solutions if and

only if

row-span F̃ ⊆ row-span C

This equation has only theoretical interest as a more applicable necessary and sufficient condi-

tion derives from the notion of the {1}-inverse of a matrix [66].

6.4 {1}-Inverse matrices, Moore-Penrose Inverse

Assuming that A ∈ Cm×n, then a matrix X ∈ Cn×m is called the {1}-inverse of matrix A if

AXA = A (91)

It can be shown that there is always at least one {1}-inverse matrix of A ∈ Cm×n. The set of

all {1}-inverse matrices of A can be calculated by using the following proposition.

Proposition 6.2 ([66],[67]): Lets A ∈ Cm×n and lets P and Q be invertible matrices with

P ∈ Cn×n, Q ∈ Cm×m such that

QAP =

 Ir
... 0

. . . · . . .

0
... 0

 (92)

where r = rank(A). Then every {1}-inverse matrix X of A can be written in the form:

X = P

 Ir
... 0

. . . · . . .

0
... L

 ·Q (93)

for an arbitrary matrix L ∈ C(n−r)×(m−r) and P , Q invertible matrices that satisfy equa-

tion (92).

It follows from the Proposition 6.2, that rank(X) = r + rank(L). It is noted that, for

an {1}-inverse matrix of A, the symbolism A(1) is used. The most important applica-

tion of {1}-inverse matrices is the area of systems of linear equations. The following result is de-

rived from the literature [66] and [68].
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Theorem 6.1([69]): Lets assume that A ∈ Cm×n, B ∈ Cp×q, D ∈ Cm×q. Then the following

matrix equation

AXB = D (94)

is consistent, if and only if for some matrices A(1), B(1) it holds that

AA(1)DB(1)B = D (95)

and in this case the general solution is

X = A(1)DB(1) + Y − A(1)AY BB(1) (96)

for an arbitrary matrix Y ∈ Cn×p.

Next, a characterization of the entire set of {1}-inverse matrices of a matrix A, for a given

{1}-inverse matrix of A(1) is stated.

Corollary 6.1 ([69]): Lets A(1) be a {1}-inverse of the matrix A ∈ Cm×n. Then all {1}-inverses
Ā(1) of A are given by:

Ā(1) = A(1) + Z − A(1)AZAA(1) (97)

for Z ∈ Cn×m.

A specific case of the {1}-inverse matrices is the set of the right/left inverse matrices with full

column/row rank, respectively. Lets assume first that A ∈ Cm×n, withm ≥ n and rank(A) = n,

meaning that A is full column rank. Then, it is proven in [66] that the {1}-inverse matri-

ces of A identify with its left inverse matrices A−1
L , i.e. A−1

L A = In.

In this case, if P ∈ Cm×m is an invertible row permutator such that

PA =

 A1

. . .

A2


where A1 ∈ Cn×n with detA1 ̸= 0 and A2 ∈ C(m−n)×n, then all left inverses A−1

L of A are given

by the equation

A−1
L = [A−1

1 − BA2A
−1
1

...B]P (98)

where B ∈ Cn×(m−n) is an arbitrary matrix.

Similarly, if A ∈ Cm×n, it can be shown that the {1}-inverse matrices of A identify with its

right inverses A−1
R for which AA−1

R = In.

In this case, if Q ∈ Cn×n is an invertible column permutator such that
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AQ = [A3
...A4]

with A3 ∈ Cm×m, detA3 ̸= 0 and A4 ∈ Cm×(n−m), then all right inverses A−1
R of A are given by

the equation

A−1
R = Q

 A−1
3 − A−1

3 A4C

. . .

C

 (99)

for an arbitrary matrix C ∈ C(n−m)×m.

Finally, a special case of {1}-inverses is the Moore-Penrose inverse matrix A(†) of A. This is the

unique {1}-inverse matrix of A which satisfies in addition to equation (91) also the following

equations:

XAX = X, (AX)∗ = AX, (XA)∗ = XA

The Moore-Penrose inverse matrix A(†) of A ∈ Cm×n, for which rank(A) = r, r ≥ 1, can be

determined if matrices F ∈ Cm×r and G ∈ Cr×n such that A = FG, can be obtained. Then,

A(†) is given by:

A(†) = G∗(GG∗)−1(F ∗F )−1F ∗ (100)

At this point, consider again equation (83), i.e. F̃ = FC. According to Theorem 6.1, this

system of linear equations is consistent if and only if

F̃C(1)C = F̃ (101)

for a {1}-inverse matrix C(1) of C. If equation (101) holds for a C(1) matrix, then it is easily

proven using equation (97) that it holds for all of them. So, if C̃(1) is a different {1}-inverse
matrix of C then,

F̃ C̃(1)C = F̃C(1)C + F̃ZC − F̃C(1)CZCC(1)C = F̃C(1)C + F̃ZC − F̃ZC = F̃

For a given matrix F̃ which satisfies equation (101), the solutions F of the static output feedback

pole placement problem are given by the equation:

F = F̃C(1) + Y − Y CC(1) (102)

where Y ∈ Cl×m is an arbitrary matrix. Thus, the following Theorem is obtained.

Theorem 6.2 ([66]): For a system of the formx′(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
for t ≥ t0
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and for a choice of poles corresponding to the monic polynomial a(s) of degree n, the problem

of pole assignment with output feedback of the form (79) has a solution if and only is there is

a matrix F̃ ∈ Cl×n such that the following equations are simultaneously satisfied:

det(sIn − A+BF̃ ) = a(s) (103)

and the equation (101)

F̃C(1)C = F̃

with C(1) being any {1}-inverse matrix of matrix C. In this case, the F solutions of the problem

are given by the equation (102)

F = F̃C(1) + Y − Y CC(1)

Moreover, if the above system is completely controllable, then equation (103) has always a so-

lution for F̃ for every polynomial a(s).

As matrix C ∈ Cm×n is usually full row rank, meaning that m ≤ n and rank(C) = m, the form

of solutions to the problem can be found, if they exist. In this case, a matrix C(1) is a right

inverse of matrix C, meaning that

CC(1) = Im (104)

and correspondingly with the relation (102), it turns out that

F = F̃C(1) + Y − Y Im = F̃C(1) (105)

Corollary 6.2 ([66]): If the matrix C has full row rank, then a solution of the form (105) of

the system x′(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
for t ≥ t0

is independent from the choice of matrix C(1).

Proof : If C̃(1) is a different right inverse matrix of C, then from the relation (97), there exists

a matrix Z ∈ Cnxm such that

C̃(1) = C(1) + Z − C(1)CZCC(1) = C(1) + Z − C(1)CZ

and so,

F̃C(1) = F̃C(1) + F̃Z − F̃C(1)CZ =

F̃C(1) + F̃Z − F̃Z = F̃C(1) = F

In the example at the end of this chapter, a complete application of Theorem 6.2 and Corol-

laries 6.1 and 6.2 is presented.
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6.5 Solution of the problem when the system is observable

Lets assume that the system, of the form as follows, is completely observable,x′(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
for t ≥ t0

meaning that

rank


 sIn − A

. . .

C


 = n, ∀s ∈ C

or equivalently,

rank




C

CA

CA2

. . .

CAn−1



 = n

Setting

F̃ := BF (106)

equation (82) can be written by the form

φCL(s) = det(sIn − A+ F̃C) = a(s) (107)

and the initial problem can be formulated as the problem of finding a matrix F̃ ∈ Cnxm which

satisfies equation (107) for a given polynomial a(s) and then solving equation (106) in order to

find the matrix F . The above problem is dual with the problem, when the system is controllable.

Write:

a(s) = a · et(s) (108)

Moreover,

det(sIn − A+ F̃C) = Cn(sIn − A+ F̃C)

= Cn

[In, F̃ ] ·

 sIn − A

. . .

C




= Cn

(
[In, F̃ ]

)
· Cn


 sIn − A

. . .

C




=: gtP (A,C)e(s)

and consequently (107) holds for every s ∈ C if and only if gtP (A,C) = at, which is equivalent

to:

P t(A,C) · g = a (109)
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The system in (109) always has a solution. More precisely, the system is solvable for any

a ∈ Cn+1 if and only if the matrix P (A,C) is full rank, meaning that rank(P (A,C)) = n + 1.

It is also known that the relation is equivalent to complete observability of the initial system.

In this case, everything regarding the solutions of g and F̃ of equations (109) and (107) follows

from the discussion of a previous section in which the system was assumed to be controllable.

Having calculated the matrices F which satisfy equation (107), it follows that the system of

linear equations F̃ = BF is solvable if and only if

col-spanF̃ ⊆ col-spanB

A more useful necessary and sufficient condition is obtained by using the {1}-inverse matrices

of B. According to Theorem 6.1, the system (106), where matrix B is unknown, is consistent

if and only if

BB(1)F̃ = F̃ (110)

for an {1}-inverse matrix B(1) of B. Equation (110) holds for all {1}-inverse matrices of B,

if it holds for just one of them. So, for a given matrix F̃ which satisfies equation (110), the

solutions for matrix F of the static output feedback pole-assignment problem, are given by:

F = B(1)F̃ +W − B(1)BW (111)

where W ∈ Cl×m is an arbitrary matrix.

As a consequence, the following dual Theorem 6.3 of the Theorem 6.2 is obtained.

Theorem 6.3: Consider a system of the form:x′(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
for t ≥ t0 (112)

and assume that the desired set of closed-loop poles are the roots of the (arbitrary) monic

polynomial a(s) of degree n. Then the static output feedback pole assignment problem with

output feedback of the form (79) has a solution if and only if there exists a matrix F̃ ∈ Cnxm

which satisfies simultaneously the equation (107)

det(sIn − A+ F̃C) = a(s)

and the equation (110)

BB(1)F̃ = F̃

where matrix B(1) is any {1}-inverse of the matrix B. In this case all solutions for matrix F

are given by the equation (111) where

F = B(1)F̃ +W − B(1)BW

with W ∈ Clxm being an arbitrary matrix.
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If the system of the form (112) is completely observable, then the equation (107) is always

solvable for F̃ , for every polynomial a(s).

Usually, matrix B is full column rank which means that l ≤ n and rank(B) = l. Then B(1) is

a left-inverse of the matrix B, i.e.

B(1)B = Im (113)

and the solution for matrix F is given from the equation (111) and it is:

F = B(1)F̃ (114)

In this case also, the solution of system (112), which is given by equation (114), is indepen-

dent of the choice of the matrix B(1).

6.6 A Numerical Example

In order to clarify the proposed method, a numerical example is presented. Consider a system

of the form below x′(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
for t ≥ t0

with matrices A, B and C as follows

A =

 1 0 0

0 2 0

0 0 3

 , B =

 −1 −2

0 −1

0 −1

 , C =

[
1 0 1

0 1 0

]

Suppose the aim is to transfer the set of poles of {1, 2, 3} which are the eigenvalues of the

open-loop system to the set of poles {−1,−2,−3} by using output feedback of the form

u(t) = −Fy(t) + v(t). Then, the problem is reduced to the calculation of a matrix F ∈ C2×2

such that for the closed loop system of the form

x′(t) = (A− BFC)x(t) + Bv(t)

its characteristic polynomial will be

φCL(s) := det(sI3 − A+BFC) = a(s) (115)

with

a(s) = (s+ 1)(s+ 2)(s+ 3) = 6 + 11s+ 6s2 + s3

Recalling that:

e(s) = [1, s, ..., sn]t, a = [a0, ..., an−1, 1]
t

it holds that:

a(s) = (s+ 1)(s+ 2)(s+ 3) = 6 + 11s+ 6s2 + s3 = [1, s, s2, s3] ·


6

11

6

1

 = et(s) · a
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Setting

F̃ = FC (116)

and applying the methodology which corresponds to a controllable initial system, all the

solutions F̃ are calculated by combining equations (115) and (116)

det(sI3 − A+BF̃ ) = a(s)

In order to confirm that the system is controllable, the controllability matrix C is calculated

C = [B AB A2B] =


−1 −2

... −1 −2
... −2 −2

0 −1
... 0 −2

... 0 −4

0 −1
... 0 −3

... 0 −9


By computing the compound matrix of C3, it is concluded that C3(C) ̸= 0̄t, so rank(C) = 3. In

order to calculate matrix F̃ , first has to be calculated the compound matrix C3 of the below

matrix:

C3([sI3 − A
...B]) = C3


s
 1 0 0

0 1 0

0 0 1

−

 1 0 0

0 2 0

0 0 3

 ...

 −1 −2

0 −1

0 −1





= C3


 s− 1 0 0 −1 −2

0 s− 2 0 0 −1

0 0 s− 3 0 −1




Next, by calculating each 3 × 3 minor by taking the columns in lexicographical ordering, it

yields that:

C3([sI3 − A
...B]) = (s3 − 6s2 + 11s− 6, 0, s2 − 3s+ 2, 0,−s2 + 4s− 3,

0, s2 − 5s+ 6, 2s2 − 10s+ 12,−s+ 2, s− 3)

= [1, s, s2, s3] ·


−6 0 2 0 −3 0 6 12 2 −3

11 0 −3 0 4 0 −5 −10 −1 1

−6 0 1 0 −1 0 1 2 0 0

1 0 0 0 0 0 0 0 0 0


= et3(s) · P

Recalling the relation P · g = a, where P is the coefficient matrix, it comes that:

P =


−6 0 −2 0 3 0 −6 −12 2 −3

11 0 3 0 −4 0 5 10 −1 1

−6 0 −1 0 1 0 −1 −2 0 0

1 0 0 0 0 0 0 0 0 0

 and a =


6

11

6

1


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Therefore,the elements of matrix g can be calculated by the solution of matrix equation:


−6 0 −2 0 3 0 −6 −12 2 −3

11 0 3 0 −4 0 5 10 −1 1

−6 0 −1 0 1 0 −1 −2 0 0

1 0 0 0 0 0 0 0 0 0

 ·



g0

g1

g2

g3

g4

g5

g6

g7

g8

g9



=


6

11

6

1



The above matrix equation can be written out in full and gives the following linear system:

g0 = 1

g6 = 12− g2 + g4 − 2g7 (117)

g8 = −120 + 2g2

g9 = −60 + g4

Equation set (117) denotes that only four variables depends on others. Recalling that the

reduced set of quadratic Plucker relations for the Grassmann Variety Ω(3, 5) are:

g4g6 − g3g7 + g0g9 = 0

−g5g6 + g3g8 − g1g9 = 0 (118)

g5g7 − g4g8 + g2g9 = 0

Combining equations (117) and (118), new equations are extracted:

−60 + g4 + g4(12− g2 + g4 − 2g7)− g3g7 = 0

2(−60 + g2)g3 + g1(60− g4) + g5(12 + g2 − g4 + 2g7) = 0

−60g2 + 120g4 − g2g4 + g5g7 = 0

(119)

By solving equation system (119), it yields that:

1. g1 =
30g3 + g5

20
, g2 = 30, g4 = 20, g7 = 0

2. g1 =
24g3 + g5

15
, g2 = 24, g4 = 15, g7 = 0

3. g1 =
20g3 + g5

12
, g2 = 20, g4 = 12, g7 = 0

4. g3 = 60
72− g2 − 2g7

g7
, g4 = 60, g5 = 120

−60 + g2
g7

, g7 ̸= 0

5.
g1 =

−120 + 14g2 − g22 + g2g4 − 2g2g7
g7

, g3 =
−60 + 13g4 − g2g4 + g24 − 2g4g7

g7
,

g5 =
60g2 − 120g4 + g2g4

g7
, g4 ̸= 60, g7 ̸= 0
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The following decomposable vectors occur:

1.
g0 = 1, g1 =

30g3 + g5
20

, g2 = 30, g3 = arbitrary, g4 = 20

g5 = arbitrary, g6 = 2, g7 = 0, g8 = −60, g9 = −40

2.
g0 = 1, g1 =

24g3 + g5
15

, g2 = 24, g3 = arbitrary, g4 = 15

g5 = arbitrary, g6 = 3, g7 = 0, g8 = −72, g9 = −45

3.
g0 = 1, g1 =

20g3 + g5
12

, g2 = 20, g3 = arbitrary, g4 = 12

g5 = arbitrary, g6 = 4, g7 = 0, g8 = −80, g9 = −48

4.

g0 = 1, g1 =
−120 + 74g2 − g22 + 2g2g7

g7
, g2 = arbitrary, g3 = 60

72− g2 − 2g7
g7

,

g4 = 60, g5 = 120
−60 + g2

g7
, g6 = 72− g2 − 2g7, g7 = arbitrary,

g8 = −120− 2g2, g9 = 0, (g7 ̸= 0)

5.

g0 = 1, g1 =
−120 + 14g2 − g22 + g2g4 − 2g2g7

g7
, g2 = arbitrary,

g3 =
−60 + 13g4 − g2g4 + g24 − 2g4g7

g7
, g4 = arbitrary, g5 =

60g2 − 120g+g2g4
g7

,

g6 = 12− g2 + g4 − 2g7, g7 = arbitrary, g8 = −120 + 2g2, g9 = −60 + g4, (g4 ̸= 60, g7 ̸= 0)

Recalling Proposition 4.1, matrix H is formed [29]:

H =


g0 0 0

0 g0 0

0 0 g0

g6 −g3 g1

g7 −g4 g2


and matrix F̃ occurs from the last two lines of matrix H, it comes that:

F̃ =

[
g6 −g3 g1

g7 −g4 g2

]
From the above cases, setting at first case g3 = 0 and g5 = 20 it comes that:

g0 = 1, g1 = 1, g2 = 30, g3 = 0, g4 = 20

g5 = 20, g6 = 2, g7 = 0, g8 = −60, g9 = −40

and matrix F̃ occurs to be equal

F̃ =

[
g6 −g3 g1

g7 −g4 g2

]
=

[
2 0 1

0 −20 30

]

In order to find matrix F which solves equation (116), matrix F̃ has to satisfy:

F̃C−1
R C = F̃ (120)
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where C−1
R is a {1}-inverse of C. Because rank(C) = 2, matrix C is full row rank, so matrix

C−1
R will be one of the right-inverse matrices of C. According to the proposed approach, when

the initial system is controllable a (non-unique) right-inverse of the matrix C can easily be

calculated, e.g.

C−1
R =

 1 0

0 1

0 0


Hence, the initial problem has the following solution:

F = F̃C−1
R =

[
2 0 1

0 −20 30

] 1 0

0 1

0 0

 =

[
2 0

0 −20

]

6.7 Conclusion

The chapter has presented a methodology for designing static output feedback controllers of lin-

ear time-invariant systems. Two dual procedures are presented corresponding to the cases when

the system matrix pairs (A,B) and (A,C) are controllable and observable, respectively. The al-

gorithm relies on multi-linear algebra, algebraic geometry and generalized-inverse matrix the-

ory and avoids altogether the calculation of the transfer function as an intermediate step,

which may be numerically ill-conditioned. An example of a minimal system (both control-

lable and observable) illustrates the proposed approach and shows that in this case, un-

der the assumption of identical closed-loop poles, the two sets of output-feedback matri-

ces, which are obtained when either method is applied (corresponding to the controllabil-

ity of the pair (A,B) or the observability of the pair (A,C)), are identical.
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Chapter 7: Solution for Generalized Linear Systems

7.1 Introduction

The study of previous chapters is extended by considering generalized (descriptor) linear

systems. The analysis relies on the notion of matrix pencils and their Weierstrass Canonical

form. The aim is to derive similar results to those obtained in previous chapters.

Therefore, in this chapter, a systematic way for solving homogenous and non-homogenous

singular (descriptor) systems in continuous time is developed. The case of both consistent and

non-consistent initial conditions is addressed and solutions exhibiting impulsive behavior are

fully analyzed. Using strict equivalence transformations, the form of these systems is simplified

and the resulting solution is easier to obtain. It is shown that under the assumption of regularity

of the corresponding matrix pencils, the solution of the system is unique, despite the non-unique

representation of the left and right generalized eigenframes. The state-transition matrices of

both the homogenous and non-homogenous problem are derived and the results are illustrated

with several numerical examples.

7.2 Solutions for Homogeneous Regular Generalized Systems

Lets assume the generalized system of the form:

C(F,G) : Fx′(t) = Gx(t), t ≥ t0, t0 ∈ R (121)

with F,G ∈ Rnxn, rank(F ) < n meaning that detF = 0 and the pencil sF − G is regu-

lar.

Definition 7.1: Lets assume F,G ∈ Rnxn and x0 ∈ Rn. The vector x0 will be called consistent

initial vector for the C(F,G), if the system has at least one solution. Moreover, the equation

Fx′(t) = Gx(t) will be called ”tractable” if the problem of the initial conditionsFx′(t) = Gx(t)

x(t0) = x0

has unique solution for every consistent initial vector x0.

7.2.1 Solution of homogeneous regular generalized (descriptor) system for consis-

tent initial conditions

Since the pencil sF −G of the system (121) is regular, there will be matrices P,Q ∈ Rn×n with

|P |, |Q| ̸= 0 such that:

PFQ = Fw and PGQ = Gw
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where sFw −Gw is the Weierstrass canonical form of the pencil sF −G.

For every finite elementary divisor of the form (s − ai)
pi , i = 1, 2, ..., ν and for every infinite

elementary divisor of the form ŝqj , j = 1, 2, ..., µ there are corresponding blocks of the

Weierstrass canonical form:

sIpi − Jpi(ai) and sHqj − Iqj

More precisely they are:

� Ipi is the identical pi × pi matrix

� Jpi(ai) is the pi × pi Jordan block of the ai value and

� Hqj =


0 1 0

0 1
. . . . . .

0 1

0 0

 ∈ Rqj×qj is the elementary nilpotent matrix whose elements

of its first superdiagonal are equal to one and the rest of its elements are equal to zero.

The matrices Fw and Gw are of the form:

Fw =

[
Ip 0p,q

0q,p Hq

]
and Gw =

[
Jp 0p,q

0q,p Iq

]
(122)

where:

Hq = blockdiag{Hq1 , Hq2 , ...Hqµ} and Jp = blockdiag{Jp1(a1), ..., Jpν (aν)}
and Σν

i=1pi = p, Σµ
j=1qj = q and p+ q = n.

By applying the transformation x(t) = Qy(t) with t ≥ t0 and by multiplying from the left by

the matrix P , it yileds the system C(F,G) of the form:

C(F,G) : Fx′(t) = Gx(t) ⇄ C(Fw, Gw) : Fwy
′(t) = Gwy(t)

Using equation (122) the system of the form (121) is divided into two equivalent subsystems

S1 and S2 which are given by the following equations.

S1 : y
′
p(t) = Jpyp(t), for t ≥ t0 (123)

S2 : Hqy
′
q(t) = yq(t), for t ≥ t0 (124)

y(t) =

[
yp(t)

yq(t)

]
(125)

72



The system S1 for each initial condition of the form yp(t0) = y0,p ∈ Rp has a unique solution of

the form:

yp(t) = eJp(t−t0)yp(t0), t ≥ t0 (126)

On the other hand, the system S2 has the unique zero solution. The system S2 can equivalently

be described by a number µ of simpler subsystems of the following form:

S∗
j : Hqj

∗
yj(t) =

∗
yj(t), j = 1, 2, ..., µ, t ≥ t0

where

yq(t) =


∗
y1(t)
...

∗
yµ(t)


while each of the S∗

j is of the form:

Hz′(t) = z(t), H ∈ Rl×l, z(t) ∈ Rl

By writing the above equation in the form of matrices, it is obtained that:
0 1 0

0 1
. . . . . .

0 1

0 0




z′1(t)

z′2(t)
...

z′l(t)

 =


z1(t)

z2(t)
...

zl(t)

 , t ≥ t0

Therefore, for each t ≥ t0 the last row becomes

0 · z′l(t) = zl(t) and so zl(t) = 0

It is seen that also z′l(t) = 0.

For the one-but-last row:

z′l(t) = zl−1(t) and so zl−1(t) = 0

Following the same procedure all the above elements can be shown to be zero. Thus, the unique

solution of the system S2 is zero.

Recalling expression (125), replacing the solution of subsystem S1 using equation (126) and

using the zero solution of system S2, it follows that:

y(t) =

[
yp(t)

yq(t)

]
=

[
eJp(t−t0)yp(t0)

0q(t)

]
, t ≥ t0

or equivalently

y(t) =

[
eJp(t−t0) 0p,q

0q,p Iq

]
y(t0) (127)
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and

y(t0) =

[
yp(t0)

0q

]
∈ Rn (128)

Equation

x(t) = Qy(t) for t ≥ t0 (129)

gives:

x(t0) = Qy(t0) =
[
Qn,p Qn,q

] [ yp(t0)

0q

]
= Qn,pyp(t0) (130)

and therefore the solution takes the form:

x(t) = Q

[
eJp(t−t0) 0p,q

0q,p Iq

]
y(t0) = Q

[
eJp(t−t0) 0p,q

0q,p Iq

]
Q−1x(t0) (131)

while equations (128) and (129) show that x(t0) = Qn,pyp(t0) with yp(t0) ∈ Rp. Consequently,

the vector x(t0) necessarily belongs to colspan(Qn,p) and is denoted as:

T0 := {x ∈ Rn : x = Qn,p · w, w ∈ Rp} = colspan(Qn,p)

From the above discussion the following Theorem can be proved.

Theorem 7.1: Consider a homogeneous continuous-time system of the form:

Fx′(t) = Gx(t), t ≥ t0

with x(t0) ∈ T0, F,G ∈ Rn×n and the pencil sF −G is a regular pencil. Then, the solution of

the system for every t ≥ t0 is given by the equation:

x(t) = Q

[
eJp(t−t0) 0p,q

0q,p Iq

]
Q−1x(t0), x(t0) ∈ T0

□

Proposition 7.1: For each consistent initial condition of the form:

x(t0) = Qn,pw, w ∈ Rp

the unique solution of the system:

Fx′(t) = Gx(t) (F,G ∈ Rn×n, t ≥ t0, the pencil sF −G is regular)

is given by equation:

x(t) = Qn,pe
Jp(t−t0)w, t ≥ t0 (132)

Proof : According to Theorem 7.1, the solution of the system has the form:

x(t) = Q

[
eJp(t−t0) 0p,q

0q,p Iq

]
Q−1Qn,pw
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By setting Q−1 =

[
Qp,n

Qq,n

]
it follows that

Q−1 ·Q =

[
Qp,n

Qq,n

] [
Qn,p Qn,q

]
=

[
Ip 0p,q

0q,p Iq

]
Therefore:

Qp,n ·Qn,p = Ip, Qp,n ·Qn,q = 0p,q, Qq,n ·Qn,p = 0q,p, Qq,n ·Qn,q = Iq

and so, the solution can be written as:

x(t) = Qn,p · eJp(t−t0) ·Qp,n ·Qn,p · w +Qn,q ·Qq,n ·Qn,p · w

or equivalently as:

x(t) = Qn,p · eJp(t−t0) · w, t ≥ t0

□

Remark 7.1: Proposition 7.1 simplifies the form of the solution and also shows that both the

initial condition x(t0) and the solution of x(t) of the system (121) belong to colspan(Qn,p). More-

over, the solution of the system, for a given consistent initial condition, is independent of the

choice of Q.

7.2.2 Solution of homogeneous regular generalized (descriptor) system for non-

consistent initial conditions

Next the solution of a system with non-consistent initial condition will be studied. As-

sume that at t = t0 x(t0) /∈ T0, i.e. the initial condition preexists and is not consistent. Con-

sequently, the system has impulsive behavior. In other words, the system tries to be trans-

ferred immediately into a new condition which is consistent. Mathematically, the solu-

tion of the system includes Dirac δ(t− t0) function terms and its derivatives. For t > t0, the be-

havior of the solution is smooth and does not exhibit impulsive behavior any more.

Let us assume a system of the form:

Fx′(t) = Gx(t)

with q∗ = max{qj}, 1 ≤ j ≤ µ, being the annihilation index of Hq. Let us assume further that

x(t0) /∈ T0 = colspan(Qn,p). From equation (130) it follows that:

x(t0) = Qy(t0) =
[
Qn,p Qn,q

] [ yp(t0)

yq(t0)

]
= Qn,pyp(t0) +Qn,qyq(t0)

and assuming that x(t0) /∈ T0 = colspan(Qn,p), it can be seen that

yq(t0) ̸= 0

The following cases are considered:
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� Case 1: All the infinitive elementary divisors of the pencil sF −G are of first degree.

If, ŝqj , j = 1, 2, ..., µ, are the infinite elementary divisors of the pencil F − ŝG, it will

be qj = 1, j = 1, 2, ..., µ, and for each elementary divisor ŝqj , the corresponding 1 × 1

block of the Weierstrass form sFw − Gw of the pencil sF − G will be H1 = J1(0) ≡ [0].

Consequently,

Hq = blockdiag{Hq1 , Hq2 , ..., Hqµ} = 0q

Since yq(t0) ̸= 0, the subsystem S2 has the form:

S2 :

0qy
′
q(t) = yq(t), if t > t0

yq(t0) ̸= 0, if t = t0

or equivalently

S2 :

yq(t) = 0, if t > t0

yq(t0) ̸= 0, if t = t0

or,

S2 : yq(t) = H(t0 − t)yq(t0), if t > t0

where :

H(t0 − t) =

1, if t ≤ t0

0, if t > t0

is the Heaviside function. Note also that the solution of the system S1, as it has been

already indicated in equation (126), has the form:

yp(t) = eJp(t−t0)yp(t0)

Moreover, it holds that:

x(t) = Qy(t) = Q

[
yp(t)

yq(t)

]
= Q

[
eJp(t−t0)yp(t0)

H(t0 − t)yq(t0)

]
=

= Q

[
eJp(t−t0) 0p,q

0q,p H(t0 − t)Iq

]
·

[
yp(t0)

yq(t0)

]
=

= Q

[
eJp(t−t0) 0p,q

0q,p H(t0 − t)Iq

]
Q−1x(t0) =

= Q

[
eJp(t−t0) 0p,q

0q,p Iq

]
Q−1Q

[
Ip 0p,q

0q,p H(t0 − t)Iq

]
Q−1x(t0)

(133)

Setting:

D1(t, t0) = Q

[
Ip 0p,q

0q,p H(t0 − t)Iq

]
Q−1

equation (133) can be written as:

x(t) = Φ(t, t0) ·D1(t, t0) · x(t0), if t ≥ t0
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where

Φ(t, t0) = Q

[
eJp(t−t0) 0p,q

0q,p Iq

]
Q−1

is the state transition matrix which depicts the evolution of the state vector between

times t0 and t under the assumption of consistent initial conditions.

The solution of the form x(t) = Φ(t, t0) ·D1(t, t0) · x(t0), for t ≥ t0 of the system C(F,G)

is applied also in the case of consistent initial condition.

� Case 2: Here we assume that the pencil sF − G has infinite elementary divisors with

grade greater than 1. Denoting q∗ = max{qj} ≥ 2, 1 ≤ j ≤ µ, and carrying out the

following transformation:

(µ) :

τ = t− t0, if t ∈ R

ψ(τ) = yq(t)

system S2 is transformed into:

S ′
2 : Hqψ

′(τ) = ψ(τ), τ ≥ 0, ψ(0) = yq(t0) ̸= 0

If L{ψ′(τ)} = Ψ(s) where L is the Laplace transformation and s ∈ C, then:

L{Hqψ
′(τ)} = L{ψ(τ)} ⇐⇒

Hq(sΨ(s)− ψ(0)) = Ψ(s) ⇐⇒

sHqΨ(s)−Ψ(s) = Hqψ(0) ⇐⇒

(sHq − Iq)Ψ(s) = Hqψ(0)

(134)

sHq is a zero matrix apart form the first upper diagonal where its elements are equal

to s or 0. Consequently, the matrix sHq − Iq is upper triangular with the elements of

its diagonal being equal to −1, which means that it is invertible. The matrix sHq is

nilpotent with annihilation index q∗ ≥ 2, meaning that (sHq)
q∗ = 0q. Consequently, the

series
∑∞

k=0(sHq)
k degenerates the finite series

∑q∗−1
k=0 (sHq)

k and it follows that

(sHq − Iq)
−1 = −

q∗−1∑
k=0

(sHq)
k

From equation (134):

(sHq − Iq)Ψ(s) = Hqψ(0) ⇐⇒

Ψ(s) = (sHq − Iq)
−1Hqψ(0) =

=

(
−

q∗−1∑
k=0

(sHq)
k)

)
Hqψ(0) =

=

(
−

q∗−1∑
k=0

skHk+1
q

)
ψ(0) =

= −(sq
∗−1Hq∗

q + sq
∗−2Hq∗−1

q + ...+ sH2
q +Hq)ψ(0)
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Applying the inverse Laplace transformation gives:

ψ(τ) = L−1
{
−(sq

∗−2Hq∗−1
q + ...+ sH2

q +Hq)ψ(0)
}
=

= −
(
L−1

{
sq

∗−2
}
Hq∗−1

q + ...+ L−1 {s}H2
q + L−1 {1}Hq

)
ψ(0) =

= −
(
δ(q

∗−2)(τ)Hq∗−1
q + ...+ δ(1)(τ)H2

q + δ(τ)Hq

)
ψ(0) =

= −
q∗−2∑
k=0

δ(k)(τ)Hk+1
q ψ(0)

Therefore, from the µ transformation it holds that:

yq(t) = −
q∗−2∑
k=0

δ(k)(t− t0)H
k+1
q yq(t0), for t > t0 (135)

To equation (135), the following term is added:

H(t0 − t)yq(t0) =

yq(t0), if t = t0

0, if t > t0

in the form of:

H(t0 − t)H0
q yq(t0) (136)

Since H(t0 − t) = −H(t− t0) + 1, it is seen that :

H ′(t0 − t) = −δ(t− t0)

Therefore, it holds that:

H(k)(t0 − t) = −δ(k−1)(t− t0) for k = 1, 2, ...

and the solution of the system S2 for t ≥ t0 is given by equations (135) and (136) having the

following form:

yq(t) = −
q∗−2∑
k=0

δ(k)(t− t0)H
k+1
q yq(t0) +H(t0 − t)H0

q yq(t0) =

=

q∗−2∑
k=0

H(k+1)(t0 − t)Hk+1
q yq(t0) +H(t0 − t)H0

q yq(t0) =

=

q∗−1∑
k=0

H(k)(t0 − t)Hk
q yq(t0)

(137)

Recalling that the solution of the system S1 is equal to:

yp(t) = eJp(t−t0)yp(t0), t ≥ t0

it follows that:

78



x(t) = Qy(t) = Q

[
yp(t)

yq(t)

]
= Q

[
eJp(t−t0)yp(t0)∑q∗−1

k=0 H
(k)(t0 − t)Hk

q yq(t0)

]
=

= Q

[
eJp(t−t0) 0p,q

0q,p
∑q∗−1

k=0 H
(k)(t0 − t)Hk

q

]
·

[
yp(t0)

yq(t0)

]
=

= Q

[
eJp(t−t0) 0p,q

0q,p Iq

]
Q−1Q

[
Ip 0p,q

0q,p
∑q∗−1

k=0 H
(k)(t0 − t)Hk

q

]
Q−1x(t0)

(138)

By setting :

D(t, t0) = Q

[
Ip 0p,q

0q,p
∑q∗−1

k=0 H
(k)(t0 − t)Hk

q

]
Q−1

it can be seen that the solution (138) can be written as:

x(t) = Φ(t, t0) ·D(t, t0) · x(t0), t ≥ t0 (139)

□

Remark 7.2: When t ≥ t0, H
(k)(t0 − t) = 0, k ≥ 0 and the solution in both cases is the same

as in the case of consistent initial condition and has the form :

x(t) = Qn,p · eJp(t−t0) · w, w ∈ Rp, t > t0

As the matrix Q is invertible,

colspan(Qn,p)⊕ colspanQn,q = Rn

This equation means that there are unique vectors xp ∈ colspan(Qn,p) and xq ∈ colspan(Qn,q),

such that x(t0) = xp + xq, vectors xp, xq being independent from the choice of the ma-

trix Q.

Finally, the solution of the system C(F,G) for a non-consistent initial condition x(t0) =

xp + xq, xp ∈ T0, xq ∈ colspan(Qn,q), is given by equation:

x(t) = Qn,pe
Jp(t−t0)w, t > t0

where w ∈ Rp such that Qn,pw = xp. The term xp is the consistent component of the non con-

sistent initial condition and it is determined uniquely by the terms x(t0), F and G. In the case

of x(t0) ∈ T0, xq = 0.
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7.3 Solution for Non Homogeneous Regular Linear System

Consider a non homogeneous linear system of the form:

C(F,G,B) : Fx′(t) = Gx(t) + Bu(t) (140)

with F,G ∈ Rn×n, B ∈ Rn×l, detF = 0 and assume that the pencil sF − G is regu-

lar.

Since, sF −G ∈ L′
n,n, there will be matrices P,Q ∈ Rn×n with detP, detQ ̸= 0 such that:

P (sF −G)Q = sFw −Gw (141)

and equation (140) can be written as:

PFQ = Fw =

[
Ip 0p,q

0q,p Hq

]
and PGQ = Gw =

[
Jp 0p,q

0q,p Iq

]

By setting:

x(t) = Qy(t), t ≥ t0 (142)

and by multiplying equation (140) on the left by P , system C(F,G,B) is divided into two

subsystems:

y′p(t) = Jpyp(t) + Bpu(t) (143)

and

Hqy
′
q(t) = yq(t) + Bqu(t) (144)

where

y(t) =

[
yp(t)

yq(t)

]
and PB =

[
Bp(t)

Bq(t)

]
Note that yp(t) and y

′
p(t) ∈ Rp, yq(t) and y

′
q(t) ∈ Rq, Bp ∈ Rp×l, Bq ∈ Rq×l for t ≥ t0.

In order to solve equation (143), variable t is replaced by s and multiplying by eJp(t−s), gives:

eJp(t−s) · y′p(s)− eJp(t−s) · Jp · y′p(s) = eJp(t−s) · Bp · u(s)

The term eJp(t−s) is a linear combination of Ip, Jp, J
2
p , ..., and it is transposed by the Jp.

Therefore,
d

ds

(
eJp(t−s)yp(s)

)
= eJp(t−s)Bpu(s) (145)

Integrating equation (145) from t0 to t gives:

eJp(t−t)yp(t)− eJp(t−t0)yp(t0) =

∫ t

t0

eJp(t−s)Bpu(s)ds, t ≥ t0 ⇐⇒

yp(t) = eJp(t−t0)yp(t0) +

∫ t

t0

eJp(t−s)Bpu(s)ds, t ≥ t0

(146)

80



In order to solve equation (144), differentiation is applied to both sides, followed by

multiplication by Hq on both sides. The procedure is repeated q∗ − 1 times where q∗ is the

annihilation index of the Hq. This gives:

Hqy
′
q(t) = yq(t) + Bqu(t)

H2
q y

′′
q (t) = Hqy

′
q(t) +HqBqu

′(t)

...

Hq∗

q y
(q∗)
q (t) = Hq∗−1

q y(q
∗−1)

q (t) +Hq∗−1
q Bqu

(q∗−1)(t)

Since Hq∗
q = 0, by adding all the above equations it comes:

yq(t) = −
q∗−1∑
k=0

Hk
qBqu

(k)(t), t ≥ t0 (147)

From equations (146), (147) and equation x(t) = Qy(t), it follows that :

x(t) = Q ·

[
eJp(t−t0)yp(t0) +

∫ t

t0
eJp(t−s)Bpu(s)ds

−
∑q∗−1

k=0 H
k
qBqu

(k)(t)

]
(148)

Using the state transition matrix of the form :

Φ(t, t0) = Q ·

[
eJp(t−t0) 0p,q

0q,p Iq

]
·Q−1

equation (148) takes the form :

x(t) = Φ(t, t0)x0 +

∫ t

t0

Φ(t, s)Qn,pBpu(s)ds+Qn,q

q∗−1∑
k=0

Hk
qBq(u

(k)(0)− u(k)(t)) (149)

where Q = [Qn,p
...Qn,q] and x0 ∈ T with:

T = {x ∈ Rn : x = Qn,pw −Qn,q

q∗−1∑
k=0

Hk
qBqu

(k)(t0), w ∈ Rp} (150)

being the space of consistent initial conditions of the system.

Non homogeneous systems are often met in electric circuits, space mechanics, biology,

economics, etc. An example of a system of this type corresponding to an electric circuit is

presented next. It is considered the electric circuit as it is depicted in the figure below. This

system has the form C(F,G,B) : Fx′(t) = Gx(t) + Bu(t), with det(F ) = 0 and u(t) ≡ V (t),

being the input of the system.

Choosing the state vector as:

x(t) =


VC1(t)

VC2(t)

i2(t)

i1(t)


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V(t)

VR(t)

R

VL(t)

L

C1 VC1
(t) C2 VC2

(t)

i2(t)i1(t)

Figure

and applying Kirchoff’s second rule, the following system of equations is obtained:

C1V
′
C1(t) = i1(t)

C2V
′
C2(t) = i2(t)

Li′2(t) + VC2(t) = VC1(t)

VC1(t) + Ri1(t) = V (t)

These can be written in matrix form as:
C1 0 0 0

0 C2 0 0

0 0 −L 0

0 0 0 0

 x′(t) =


0 0 0 1

0 0 1 0

−1 1 0 0

1 0 0 R

 x(t) +


0

0

0

−1

V (t)

where

F =


C1 0 0 0

0 C2 0 0

0 0 −L 0

0 0 0 0

 , G =


0 0 0 1

0 0 1 0

−1 1 0 0

1 0 0 R

 and B =


0

0

0

−1


It is clear that det(F ) = 0.

7.4 Conclusion

In this chapter the set of consistent and non-consistent initial conditions are defined. The state

transition matrix is also defined first for homogeneous systems and then for nonhomogeneous

systems, in which case it contributes to the solution via a convolution integral. The approach

followed in the chapter is based on algebraic theory of matrix pencils and the theory of invariance

and reveals several qualitative properties of the system related to controllability, stability,

existence and uniqueness of solution. Finally, the approach also illustrates the geometric

characteristics of the solution.
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Chapter 8: Solutions of Homogeneous and Non-Homogeneous

Regular Generalized Linear Discrete-Time Systems

8.1 Introduction

Based on the theory of matrices pencils and by applying algebraic geometry, the solution of

generalized linear discrete-time systems is obtained in the homogeneous and non-homogeneous

regular case. Similarly to the previous chapter, a careful distinction is made between the cases

of consistent and non-consistent initial conditions. Thus, the aim of this chapter, is the study of

the solution space and properties of homogeneous and non-homogeneous discrete-time systems,

which have the corresponding forms:

D(F,G) : Fxk+1 = Gxk (151)

and

D(F,G,B) : Fxk+1 = Gxk +Buk (152)

for k,∈ N0 in both forms and the corresponding matrix pencil zF − G is either regu-

lar or singular. In section 8.2, the solution space and the uniqueness of solutions, for sys-

tems of the form (151), under the assumption of consistent initial conditions, are stud-

ied. It is also supposed that the system pencil zF −G is regular. In section 8.3, the state tran-

sition matrix of the system (151) is defined and its solution via the state transition matrix is ex-

pressed. In section 8.4, it is assumed that for a non-homogeneous discrete-time system of the

form (152), its pencil zF − G is regular. Using the Weierstrass canonical form of the pen-

cil zF −G, the solution of the system is expressed under consistent initial conditions by solv-

ing two equivalent subsystems. Finally the expression of the solution using the state transi-

tion matrix as defined above is presented. Finally, the spectral representation of solution for sys-

tems of the form (151) is expressed.

8.2 Homogeneous generalized linear discrete-time systems

We consider the homogeneous system described by the matrix difference equation:

D(F,G) : Fxk+1 = Gxk, k ∈ N0 (153)

where F,G ∈ Rn×n or Cn×n and xk ∈ Rn or Cn. It is also assumed that the corresponding

pencil zF − G is regular. Such a system will be called a generalized regular discrete-time

system. The aim is to study the solutions and solution space of (153). Thus, strict equivalence

transformations are applied, for simplifying the description of D(F,G), leading to a simpler

description study of the system. In the following, the Weierstrass canonical form (Fw, Gw)
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of the pair (F,G) will be used and the results will be finally translated back to the original

description. The following cases are distinguished:

(I) : detF ̸= 0 , (II) : detF = 0

Condition (I) implies that F−1 exists and thus

xk+1 = (F−1G)xk (154)

Hence the solution of (154) is given by

xk = (F−1G)kx0, k ∈ N0 (155)

Definition 8.1: For F,G ∈ Rn×n, given the vector x0 = c ∈ Rn is said to be a consistent

initial vector for the system of the form Fxk+1 = Gxk, if the equation possesses at least one

solution. Equation Fxk+1 = Gxk, is said to be tractable if the initial value problem for x0 = c

has a unique solution for each consistent initial vector c.

□

In the case where detF = 0 there exist P,Q ∈ Rn×n and detP, detQ ̸= 0 such that zF −G is

reduced to its Weierstrass canonical form, i.e.

P (zF −G)Q = zFw −Gw (156)

or equivalently

PFQ = Fw , PGQ = Gw (157)

Using the coordinates transformation

xk = Qyk , k ∈ N0 (158)

and premultiplying by P , it follows the reduction on D(F,G) on equation (153).

D(F,G) : Fxk+1 = Gxk −→ D(Fw, Gw) : Fwyk+1 = Gwyk (159)

Since zF − G is regular its Weierstrass canonical form is characterized by finite and infinite

elementary divisors. Let (z − ai)
pi , i = 1, 2, ..., ν and ẑqj , j = 1, 2, ..., µ be the finite and infinite

elementary divisors of the regular pencil zF − G. It is known that for each finite elementary

divisor (z − ai)
pi the corresponding block of the Weierstrass canonical form zFw − Gw is

zIpi − Jpi(ai) and for each elementary infinite divisor ẑqj the corresponding block is zHqj − Iqj ,

where :

Ipi =


1 0 . . . 0

0 1 . . . 0
...

0 0 . . . 1

 , Jpi(ai) =


ai 1 0 . . . 0

0 ai 1 . . . 0
...

0 0 0 . . . ai

 (Jordan block),
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Hqj =


0 1 0 . . . 0

0 0 1 . . . 0
...

0 0 0 . . . 1

0 0 0 . . . 0


From the above it is clear that,

Fw =

[
Ip 0p,q

0q,p Hq

]
, Gw =

[
Jp 0p,q

0q,p Iq

]
(160)

From the Weierstrass canonical form, it follows that Hq and Jp are block diagonal matrices,

whereHqj correspond to the infinite elementary divisors and Jpi to the finite elementary divisors.

Matrices Hq and Jp can be expressed in full as follows:

Hq = blockdiag{Hq1 , Hq2 , ..., Hqµ} , Jp = blockdiag{Jp1(a1), ..., Jpν (aν)} (161)

ν∑
i=1

pi = p and

µ∑
j=1

qj = q

Moreover, given that the sum of degrees of finite elementary divisors pi is equal to p and the

sum of degrees of infinite elementary divisors is equal to q, it follows that p+ q = n.

Thus, the system is equivalent to the following set of subsystems:

S1 : y
(p)
k+1 = Jpy

(p)
k , (162)

S2 : Hqy
(q)
k+1 = y

(q)
k (163)

where vector yk can be written as:

yk =

[
y
(p)
k

y
(q)
k

]
(164)

with superscript p being the index for coordinates coming from finite elementary divisors and su-

perscript q being the index for coordinates coming from infinite elementary divisors.

The unique solution of the system S1 is given by :

y
(p)
k = Jk

p y
(p)
0 for every y

(p)
0 ∈ Rp

and the unique solution of the system S2 is the zero vector y
(q)
k = 0(q). Therefore, it comes that:

yk =

[
y
(p)
k

y
(q)
k

]
=

[
Jk
p y

(p)
0

0(q)

]
, k ∈ N

or equivalently

yk =

[
Jk
p 0p,q

0q,p Iq

]
y0 , y0 =

[
y
(p)
0

0(q)

]
∈ Rn (165)
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Using equation (158) and observing that

x0 = Qy0 =
[
Qn,p

... Qn,q

]
·

[
y
(p)
0

0(q)

]
= Qn,p · y(p)0

equation (165) takes the final form:

xk = Q

[
Jp 0p,q

0q,p Iq

]k
Q−1 x0 (166)

where

x0 = Qn,p · y(p)0 , y
(p)
0 Rp

The vector space

T0 := {x0 ∈ Rn : x0 = Qn,p c, c ∈ Rp} = col.span Qn,p (167)

will be defined as the subspace of consistent initial conditions for the system (153). The above

analysis, consists the proof of the following Theorem 8.1.

Theorem 8.1: Lets consider the homogeneous discrete-time system of the form: Fxk+1 =

Gxk, k ∈ N0, x0 ∈ T0 where F,G ∈ Rn×n (or Cn×n) and its pencil of the form zF − G being

regular. Then the solution xk for every k ∈ N is given by the form:

xk = Q

[
Jp 0p,q

0q,p Iq

]k
Q−1 x0 , x0 ∈ T0.

It is clear that matrix Qn,p consists from eigenvectors that correspond to the set of finite ele-

mentary divisors of the pencil zF −G. In order to construct matrix Qn,p, the following Theo-

rem is used.

Theorem 8.2([7]): The regular pencil zF −G has an elementary divisor (z − a)d, if and only

if there exists a maximal chain of linearly independent vectors x1, x2, ..., xd such that:

Gxi = aFxi + Fxi−1, i = 1, 2, ..., d, x0 = 0

or equivalently 
G− aF 0 . . . 0 0

−F G− aF . . . 0 0
...

0 0 . . . −F G− aF



x1

x2
...

xd

 = 0

Proposition 8.1: For every initial state x0 = Qn,pc0, c0 ∈ Rp the unique solution of the system

Fxk+1 = Gxk, F,G ∈ Rn×n, k ∈ N0, zF −G : regular pencil is given by:

xk = Qn,p J
k
p c0 , c0 ∈ Rp (168)
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Proof : The solution of the above initial value problem given by (166) has the form:

xk = Q

[
Jp 0p,q

0q,p Iq

]k
Q−1x0 = Q

[
Jk
p 0p,q

0q,p Iq

]
Q−1Qn,pc0

Setting

Q = [Qn,p
...Qn,q] and Q−1 =

[
Q̃p,n

Q̃q,n

]
the above expression of the solution takes the form:

xk = Qn,pJ
k
p Q̃p,nQn,pc0 +Qn,qQ̃q,nQn,pc0 (169)

The relation Q−1Q = In can be written in full as:[
Q̃p,n

Q̃q,n

]
[Qn,p

...Qn,q] =

[
Ip 0p,q

0q,p Iq

]
(170)

which is equivalent to the following relations:

Q̃p,nQn,p = Ip (171)

Q̃p,nQn,q = 0p,q (172)

Q̃q,nQn,p = 0q,p (173)

Q̃q,nQn,q = Iq (174)

Using equations (171) and (173) the solution given by equation (169) takes its final form:

xk = Qn,pJ
k
p c0 , c0 ∈ Rp

□

Expression (166) of the solution of the system (153) it was assumed that the unique so-

lution of the system S2 in (163) is the zero vector. So, it is necessary for complete-

ness to state the following proposition.

Proposition 8.2: The unique consistent solution of the system Hqyk+1 = yk where Hq =

block-diag{Hq1 , Hq2 , ..., Hqµ}, is the zero solution.

Proof : This follows from the fact that matrix Hq, (q =
∑µ

j=1 aj) is nilpotent with index

q∗ = max{q1, q2, ..., qµ}, so Hk
q = 0q,q for k ≥ q∗ □

Starting from the equation Hqyk+1 = yk and premultiplying by Hq at each step, we get after q∗

steps that:

Hqyk+1 = yk ⇒ Hqyk+2 = yk+1

H2
q yk+2 = Hqyk+1 ⇒ H2

q yk+3 = Hqyk+2

H3
q yk+3 = H2

q yk+2 ⇒ H3
q yk+4 = H2

q yk+3

...
...

...

Hq∗

q yk+q∗ = Hq∗−1
q yk+q∗−1
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Adding these equations gives:

Hq∗

q yk+q∗ = yk

which implies that yk = 0 because Hq
q = 0q,q. □

It is known that matrices P,Q transforming a regular pencil zF −G to its Weierstrass canoni-

cal form are not unique. It is also clear that the expression (166) of the solution of the system

(153) depends on the transforming matrix Q. Thus, the question whether this expression is in-

dependent from the choice of Q arises. It will be shown that the answer is yes and the follow-

ing proposition supports to prove this assertion.

Proposition 8.3: Let zF − G a given regular pencil, where F,G ∈ Rn×n (or Cn×n) and

detF = 0. If (P,Q), (P̃ , Q̃) are two different pairs transforming zF −G to its Weierstrass form

P,Q, P̃ , Q̃ ∈ GL(n,C), then:

P̃ =

[
L1 0p,q

0q,p L2

]
P , Q̃ = Q

[
L−1
1 0p,q

0q,p L−1
2

]
(175)

where L1 ∈ GL(p,C), L2 ∈ GL(q,C) and p =
∑ν

i=1 pi, which is the sum of degrees of finite el-

ementary divisors, q =
∑µ

j=1 qj which is the sum of degrees of the infinite elementary divi-

sors, GL(p,C) and GL(q,C) denote the general groups i.e. the set of all matrices of dimen-

sions p× p and respectively q × q with det ̸= 0.

Proof : Let (P,Q) and (P̃ , Q̃) be two different transformation pairs, transforming the pencil

zF−G to its Weierstrass canonical form. Because of the uniqueness of the Weierstrass canonical

form, from equation (160) it follows that:

PFQ = P̃F Q̃ = Fw =

[
Ip 0p,q

0q,p Hq

]
(176)

and

PGQ = P̃GQ̃ = Gw =

[
Jp 0p,q

0q,p Iq

]
(177)

From equations (176) and (177) we get:

P−1FwQ
−1 = P̃−1FwQ̃

−1 = F

P−1GwQ
−1 = P̃−1GwQ̃

−1 = G
(178)

and thus:
P̃P−1Fw = FwQ̃

−1Q

P̃P−1Gw = FGwQ̃−1Q
(179)

By setting

P̃P−1 =


P11

... P12

. . .
... . . .

P21
... P22

 , Q̃−1Q =


Q11

... Q12

. . .
... . . .

Q21
... Q22

 (180)
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where P11, Q11 ∈ Cp×p, P12, Q12 ∈ Cp×q, P21, Q21 ∈ Cq×p and P22, Q22 ∈ Cq×q, it follows from

equations (179) and (180) that: 

P11 = Q11

P12Hq = Q12

P21 = HqQ21

P22Hq = HqQ22

(181)

and 

P11Jp = JpQ11

P12 = JpQ12

P21Jp = Q21

P22 = Q22

(182)

Setting P11 = Q21 = L1 ∈ Cp×p

P22 = Q22 = L2 ∈ Cq×q
(183)

and taking into account equations (181) and (182) gives:

Q21 = P21Jp = HqQ21Jp = HqP21J
2
p = H2

qQ21J
2
p = ... = Hq∗

q Q21J
q∗

p = 0q,p

Using similar arguments, it follows that:

Q12 = 0p,q and P21 = P12 = 0q,p (184)

From equations (180), (183) and (184) we get:

P̃ · P−1 =

[
L1 0p,q

0q,p L2

]
= Q̃−1 ·Q (185)

and consequently

P̃ =

[
L1 0p,q

0q,p L2

]
P , Q̃ = Q

[
L−1
1 0p,q

0q,p L−1
2

]
□

Corollary 8.1: For a given transformation pair (P,Q), transforming the regular pencil zF −G
to its Weierstrass canonical form, the whole family of strict equivalence transformations T is

given by :

T = {(P̃ , Q̃) : P̃ =

[
L1 0p,q

0q,p L2

]
P , Q̃ = Q

[
L−1
1 0p,q

0q,p L−1
2

]
, L1 ∈ GL(p,C), L2 ∈ GL(q,C)}

□
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Remark 8.1

From equation

Q̃ = Q

[
L−1
1 0p,q

0q,p L−1
2

]

and setting Q̃ = [Q̃n,p
... Q̃n,q], Q = [Qn,p

... Qn,q], it follows that:Q̃n,p = Qn,pL
−1
1

Q̃n,q = Qn,qL
−1
2

(186)

Theorem 8.3: The solution of the system D(F,G) : Fxk+1 = Gxk, k ∈ N0, for a given

consistent initial state x0, which is defined by equations

xk = Q

[
Jp 0p,q

0q,p Iq

]k
Q−1 x0 or xk = Qn,p J

k
p c0,

is independent of the choice of Q.

Proof : Let (P,Q), (P̃ , Q̃) be two transformation pairs and x0 a consistent initial state, then

the solution in terms of the first pair (P,Q) is given by

xk = Qn,p J
k
p c0 , k ∈ N, x0 = Qn,p c0 (187)

and the solution in terms of the second pair (P̃ , Q̃) is:

x̃k = Q̃n,p J
k
p c1 , k ∈ N, x0 = Qn,p c1 (188)

It is known from equation (186) that Q̃n,p = Qn,pL
−1
1 and from equations (187) and (188), it

follows that :

c0 = L−1
1 c1 (189)

Therefore,

x̃k = Qn,pL
−1
1 Jk

pL1c0 = Qn,p(L
−1
1 JpL1)

kc0

and using equation (182) (L−1
1 JpL1)

k = Jp, we get:

x̃k = Qn,p J
k
p c0 = xk

□

8.3 State Transition Matrix

The aim of this section is to form a discrete-time state transition matrix, which will represent

the mapping between states defined at different discrete instances. A homogeneous regular

system is assumed of the form:

D(F,G) : Fxk+1 = Gxk
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For a matrix Q, related to the Weierstrass transforming pair, the map (k, j) → Φ(k, j) is

defined, for (k, j) ∈ N. The state transition matrix Φ(k, j) is defined as:

Φ(k, j) = Q

[
Jp 0p,q

0q,p Iq

]k−j

Q−1 , k, j ∈ N0 (190)

Recall that p is the index for coordinates corresponding to finite elementary divisors and q the in-

dex for coordinates corresponding to infinite elementary divisors. The state transition ma-

trix Φ(k, j) has the properties stated in the following Theorem 8.4.

Theorem 8.4: The matrix Φ(k, j) defined above has the following properties:

1. The ”identity property” i.e. for any time index k,Φ(k, k) = In.

2. The ”semigroup property” i.e. for any k,m, j ∈ N0, satisfying j ≤ m ≤ k,Φ(k,m) ·
Φ(m, j) = Φ(k, j)

3. The ”reverse time property” i.e. for any k, j ∈ N0, and when the inverse does exist

Φ−1(k, j) = Φ(j, k).

Proof :

1. Identity property:

Φ(k, k) = Q

[
Jp 0p,q

0q,p Iq

]0
Q−1 = QInQ

−1 = In.

2. Semigroup property:

Φ(k,m)Φ(m, j) = Q

[
Jp 0p,q

0q,p Iq

]k−m

Q−1Q ·

[
Jp 0p,q

0q,p Iq

]m−j

Q−1

= Q

[
Jp 0p,q

0q,p Iq

]k−j

Q−1 = Φ(k, j)

3. Reverse time property: If zero elementary divisors does not exist, then the inverse does

exist and it holds:

Φ−1(k, j) = {Q

[
Jp 0p,q

0q,p Iq

]k−j

Q−1}−1 = Q

[
Jp 0p,q

0q,p Iq

]j−k

Q−1 = Φ−1(j, k).

□

From the above result it follows that Φ(k, j) can be considered as a discrete-time state transi-

tion matrix and represents the mapping of the state at time tj into the state at time tk.

91



Proposition 8.4: The state transition matrix Φ(k, j) can be expressed as:

Φ(k, j) = Qn,p J
k−j
p Q̃p,n +Qn,qQ̃q,n (191)

Proof : Setting again Q = [Qn,p
... Qn,q] and Q

−1 =

[
Q̃p,n

Q̃q,n

]
gives:

Φ(k, j) = Q

[
Jp 0p,q

0q,p Iq

]k−j

Q−1 = [Qn,p
... Qn,q]

[
Jk−j
p 0p,q

0q,p Iq

][
Q̃p,n

Q̃q,n

]

= [Qn,pJ
k−j
p

... Qn,q]

[
Q̃p,n

Q̃q,n

]
= Qn,pJ

k−j
p Q̃p,n +Qn,pQ̃q,n.

□

Proposition 8.5: The state-transition matrix Φ(k, j) of the system (153), as defined by (190)

is independent from choice of Q.

Proof : Setting:

Q̃ = Q

[
L−1
1 0p,q

0q,p L−1
2

]
, Q̃−1 =

[
L1 0p,q

0q,p L2

]
Q−1

in equation (190) gives:

Φ̃(k, j) := Q̃

[
Jk−j
p 0p,q

0q,p Iq

]
Q̃−1

= Q

[
L−1
1 0p,q

0q,p L−1
2

][
Jk−j
p 0p,q

0q,p Iq

][
L1 0p,q

0q,p L2

]
Q−1

= Q

[
L−1
1 Jk−j

p L1 0p,q

0q,p Iq

]
Q−1 = Q

[
(L−1

1 JpL1)
k−j 0p,q

0q,p Iq

]
Q−1

= Q

[
Jk−j
p 0p,q

0q,p Iq

]
Q−1 = Φ(k, j)

□

Remark 8.2

In the proof of the above result, the relations extracted from equation (182) are used, i.e.

L−1
1 Jk−j

p L1 = (L−1
1 JpL1)

k−j (192)

and

(L−1
1 JpL1) = Jp (193)

□
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8.4 Non-homogeneous discrete-time systems

In this section, the non-homogeneous discrete-time system of the following form is studied:

D(F,G,B) : Fxk+1 = Gxk +Buk (194)

where F,G ∈ Rn×n, B ∈ Rn×l, k ∈ N0 and zF −G is the regular pencil. The properties of its

solution space are examined. For such systems, there exists a pair (P,Q) ∈ Cn×n×Cn×n, detP ̸=
0 and detQ ̸= 0 such that:

P (zF −G)Q = zFw −Gw

where Fw, Gw are given by equation (160). Setting xk = Qyk(⇔ xk+1 = Qyk+1) and

premultiplying equation (193) by P gives:

Fwyk+1 = Gwyk + PBuk (195)

The system equations are: Ip
... 0p,q

· · · · · · · · ·
0q,p

... Hq


 y

(p)
k+1

· · ·
y
(q)
k+1

 =

 Jp
... 0p,q

· · · · · · · · ·
0q,p

... Iq


 y

(p)
k

· · ·
y
(q)
k

+

 Bpuk

· · ·
Bquk

 (196)

where y
(p)
k ∈ Rp or (Cp), y

(q)
k ∈ Rq or (Cq), Bp ∈ Rp×l, Bq ∈ Rq×l and P · B =

 Bpuk

· · ·
Bquk

.
Therefore, system (196) is equivalent to the following two subsystems :

y
(p)
k+1 = Jpy

(p)
k +Bpuk (197)

Hqy
(q)
k+1 = y

(q)
k +Bquk (198)

The solution of the regular type system (197) for a given initial state y
(p)
0 is given by equation:

y
(p)
k = Jk

p y
(p)
0 +

k−1∑
j=0

Jk−1−j
p Bpuj (199)

To find the solution of equation (198), the method of premultiplication by Hq in q∗ steps is

used, where q∗ is the index of annihilation of Hq. Thus, the following equations are obtained

by successive premultiplication by Hq.

Hqy
(q)
k+1 = y

(q)
k +Bquk ⇒ Hqy

(q)
k+2 = y

(q)
k+1 +Bquk+1

H2
q y

(q)
k+2 = Hqy

(q)
k+1 +HqBquk+1 ⇒ H2

q y
(q)
k+3 = Hqy

(q)
k+2 +HqBquk+2

H3
q y

(q)
k+3 = H2

q y
(q)
k+2 +H2

qBquk+2 ⇒ · · ·
...

...
...

Hq∗

q y
(q)
k+q∗ = Hq∗−1

q y
(q)
k+q∗−1 +Hqq

∗ − 1Bquk+q∗−1

93



Adding the above equations and taking into account that Hq∗
q = 0 gives:

y
(q)
k = −

q∗−1∑
i=0

H i
qBquk+i (200)

From equations (199) and (200), it follows that:

yk =

 y
(p)
k

· · ·
y
(q)
k

 =

[
Jk
p y

(p)
0 +

∑k−1
j=0 J

k−1−j
p Bpuj

−
∑q∗−1

i=0 H i
qBquk+i

]
=

=

 Ip

· · ·
0q,p

(Jk
p · y(p)0 +

k−1∑
j=0

Jk−1−j
p Bpuj

)
−

 0p,q

· · ·
Iq

(q∗−1∑
i=0

H i
qBquk+i

) (201)

Therefore,

xk = Qyk = Q

 Ip

· · ·
0q,p

(Jk
p y

(p)
0 +

k−1∑
j=0

Jk−1−j
p Bpuj

)
−Q

 0p,q

· · ·
Iq

(q∗−1∑
i=0

H i
qBquk+i

)
(202)

Setting Q = [Qn,p
... Qn,q], it can be observed that:

Q

 Ip

· · ·
0q,p

 =

[
Qn,p

... Qn,q

] Ip

· · ·
0q,p

 = Qn,p

and

Q

 0p,q

· · ·
Iq

 =

[
Qn,p

...Qn,q

] 0p,q

· · ·
Iq

 = Qn,q

and thus the solution is given as:

xk = Qn,p

(
Jk
p y

(p)
0 +

k−1∑
j=0

Jk−1−j
p Bpuj

)
−Qn,q

(
q∗−1∑
i=0

H i
qBquk+i

)
(203)

From the form of the solution, it is evident that in order to determine the substate y
(q)
k (and con-

sequently xk), future inputs uj with k ≤ j ≤ k + q∗ − 1, are needed. The presented analy-

sis leads to the following proposition.

Proposition 8.6: Let the non-homogeneous discrete-time system D(F,G,B) : Fxk+1 =

Gxk + Buk where F,G ∈ Rn×n (or Cn×n ), B ∈ Rn×l, k ∈ N0 and zF − G is a regular

pencil. Then, for every consistent initial condition the solution of the system is:

xk = Qn,p

(
Jk
p y

(p)
0 +

k−1∑
j=0

Jk−1−j
p Bpuj

)
−Qn,q

(
q∗−1∑
i=0

H i
qBquk+i

)
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where y
(p)
0 ∈ Rp (or Cp). □

If x0 ∈ C0, where C0 is the set of the consistent initial conditions, a smooth solution is ob-

tained. Otherwise, if x0 /∈ C0, the solution is not smooth. Taking these facts into considera-

tion the following result can be formulated.

Proposition 8.7: The set C0, of the consistent initial conditions for the system (194) is given

by:

C0 = {x0 ∈ Rn : x0 = Qn,pc
(p)
0 −Qn,q

q∗−1∑
i=0

H i
qBqui, c

(p)
0 ∈ Rp} (204)

Proof : For a given initial condition x0 = Qy0 and setting y0 =

 y
(p)
0

· · ·
y
(q)
0

, it follows from

equations (199) and (200) that y
(p)
0 is an arbitrary vector in Rp but y

(q)
0 satisfies the relation

y
(q)
0 = −

∑q∗−1
i=0 H i

qBqui. Therefore, the set C0 of consistent initial states has the form:

C0 =

{
x0 ∈ Rn : x0 = Q

[
c
(p)
0

−
∑q∗−1

i=0 H i
qBqui

]
, c

(p)
0 ∈ Rp

}

=

{
x0 ∈ Rn : x0 = Qn,pc

(p)
0 −Qn,q

q∗−1∑
i=0

H i
qBqui, c

(p)
0 ∈ Rp

} (205)

The next step is to express the solution of the system (194) in terms of the state transition ma-

trix Φ(k, j) of the corresponding homogeneous systems.

Proposition 8.8: Let the non-homogeneous discrete-time system be given by (194) and Φ(k, j)

be the state transition matrix of the corresponding homogeneous system. Then, for every

consistent initial state x0 the solution xk is given as:

xk = Φ(k, 0)x0 +
k−1∑
j=0

Φ(k, j)Qn,pJ
−1
p Bpuj +

q∗−1∑
i=0

H i
qBq(ui − uk+i)

Proof : For consistent initial state

x0 = Q

[
c
(p)
0

−
∑q∗−1

i=0 H i
qBqui

]
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the solution of (194) is given by

xk = Q

[
Jk
p c

(p)
0 +

∑k−1
j=0 J

k−1−j
p Bpuj

−
∑q∗−1

i=0 H i
qBquk+i

]
=

[
Jk
p c

(p)
0 + Jk

p

∑k−1
j=0 J

−1−j
p Bpuj

−
∑q∗−1

i=0 H i
qBquk+i

]
=

= Q

[
Jk
p 0p,q

0q,p Iq

]
Q−1Q

[
c
(p)
0 +

∑k−1
j=0 J

−1−j
p Bpuj

−
∑q∗−1

i=0 H i
qBqui +

∑q∗−1
i=0 H i

qBquk+i −
∑q∗−1

i=0 H i
qBquk+i

]
=

= Φ(k, 0)

{
Q

[
c
(p)
0

−
∑q∗−1

i=0 H i
qBqui

]
+Q

[ ∑k−1
j=0 J

−1−j
p Bpuj∑q∗−1

i=0 H i
qBq(ui − uk+i)

]}
=

= Φ(k, 0)x0 + Φ(k, 0) ·Q

[ ∑k−1
j=0 J

−1−j
p Bpuj∑q∗−1

i=0 H i
qBq(ui − uk+i)

]
=

= Φ(k, 0)x0 +
[
Qn,pJ

k
p

... Qn,q

] [ ∑k−1
j=0 J

−1−j
p Bpuj∑q∗−1

i=0 H i
qBq(ui − uk+i)

]
=

= Φ(k, 0)x0 +
k−1∑
j=0

Qn,pJ
k−1−j
p Bpuj +

q∗−1∑
i=0

Qn,qH
i
qBq(ui − uk+i) =

= Φ(k, 0)x0 +
k−1∑
j=0

Qn,pJ
k−j
p J−1Bpuj +

q∗−1∑
i=0

Qn,qH
i
qBq(ui − uk+i) =

= Φ(k, 0)x0 +
k−1∑
j=0

Φ(k, j)Qn,pJ
−1
p Bpuj +

q∗−1∑
i=0

H i
qBq(ui − uk+i)

(206)

Proposition 8.9: Using the notation and definitions given above:

Qn,pJ
k−j
p = Φ(k, j)Qn,p

Proof : From equation:

Φ(k, j) = Q

[
Jk−j
p 0p,q

0q,p Iq

]
Q−1 =

[
Qn,pJ

k
p

... Qn,q

] [ Jk−j
p 0p,q

0q,p Iq

][
Q̃p,n

Q̃q,n

]
=

= Qn,pJ
k−j
p Q̃p,n +Qn,qQ̃q,n

and multiplying on the right by Qn,q we get:

Φ(k, j) ·Qn,q = Qn,qJ
k−j
p Q̃p,n +Qn,qQ̃q,nQn,p = Qn,pJ

k−j
p

since Q̃p,nQn,p = Ip (171) and Q̃q,nQn,p = 0q,p (173). □

Proposition 8.10: Let Φ(k, j) be the state transition matrix of the system (153). Then the

following relation is true

Qn,pJ
k−1−j
p = Φ(k − 1, j)Qn,p (207)

Proof : From definition of Φ(k, j) and due to the fact that

Q =
[
Qn,p

... Qn,q

]
and Q−1 =

 Q̃p,n

· · ·
Q̃q,n


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it follows that:

Φ(k − 1, j) = Q

[
= Jk−j

p 0p,q

0q,p Iq

]
Q−1 =

=
[
Qn,p

... Qn,q

] [ = Jk−j
p 0p,q

0q,p Iq

][
Q̃p,n

Q̃q,n

]
=

= Qn,pJ
k−1−j
p Q̃p,n +Qn,qQ̃q,n

Postmultiplying both sides of the last relation by Qn,p, we get:

Φ(k − 1, j)Qn,p = Qn,pJ
k−1−j
p Q̃p,nQn,p +Qn,qQ̃q,nQn,p

Using equations (171) and (173), the desired result is derived. □

Based on Propositions 8.8 and 8.9, the following Theorem 8.5 can be stated.

Theorem 8.5: Let the non-homogeneous discrete-time system given by the equation (191).

Then, for any consistent initial state x0 the solution xk has the form

xk = Φ(k, 0)x0 +
k−1∑
j=0

Φ(k − 1, j)Qn,pBpuj +

q∗−1∑
i=0

Qn,qH
i
qBq(ui − uk+i) (208)

Proof : The above result is a simple consequence of the formula given by Proposition 8.8 using

the result (207) of Proposition 8.9. □

Remark 8.3

Expression (208) is a generalization of a similar expression given for discrete-time normal sys-

tems. Note also that the state, at any time instant k is related to the initial state x0 and past in-

puts, but also on future inputs.

8.5 Spectral representation of solution for homogeneous Discrete-

Time Systems

The solution xk of the system (153) (D(F,G) : Fxk+1 = Gxk) for a given consistent initial

condition x0 = Qn,pc0 is given by the formula :

xk = Qn,pJ
k
p c0, x0 = Qn,pc0, c0 ∈ Rp

The main task of this section is to express the solution in terms of eigenvectors corresponding

to finite eigenvalues of the regular pencil zF − G. Let (z − a1)
τ1 , (z − a2)

τ2 , · · · , (z − aν)
τν

and zp1 , zp2 , · · · , zpµ be the non-zero and zero finite elementary divisors. It is known that for

every non-zero finite elementary divisor (z − ai)
τi there exists a chain {ui1, ui2, · · · , uiτi := Ui}

consisting a of linearly independent generalized eigenvectors corresponding to the eigenvalue

ai. Also for every zero elementary divisor zpj there exists a chain {vj1, vj2, · · · , vjpj := Rj}
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consisting of linearly independent generalized eigenvectors corresponding to zero eigenvalue.

The generalized eigenvectors ui1, ui2, · · · , uiτi are given by equations:

Guik = aiFuik + Fui(k−1), 1 ≤ k ≤ τi, ui0 = 0 (209)

and similarly the generalized eigenvectors vj1, vj2, · · · , vjpj are given by the equations:

Gvjk = Fvj(k−1), 1 ≤ k ≤ pj, vj0 = 0 (210)

If Ui, i = 1, 2, · · · , ν are the chains corresponding to non-zero finite elementary divisors and

Ũi = ui1, ui2, · · · , uiτi ∈ Cn×τi are the matrices having as columns the elements of Ui and Rj,

R̃j are the corresponding chains and matrices for zero eigenvalues. Therefore, it follows that:

Qn,p = [Ũ1
... · · · ... Ũν

... R̃1
... · · · ... R̃µ] (211)

Because Qn,p ∈ Cn×p and rank(Qn,p) = p, there exists (Qn,p)
−1
l (left inverse) such that:

(Qn,p)
−1
l Qn,p = Ip

A left inverse of Qn,p, is given by the formula:

(Qn,p)
−1
l = (Qt

n,pQn,p)
−1Qt

n,p Qt
n,p ∈ Cp×n (212)

Therefore, the solution can be written as:

xk = Qn,pJ
k
p (Qn,p)

−1
l x0, x0 ∈ T0 (213)

By setting

(Qn,p)
−1
l =



V1

· · ·
...

· · ·
Vν

· · ·
...

· · ·
S1

· · ·
...

· · ·
Sµ


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where Vi ∈ Cτi×n, 1 ≥ i ≤ ν and Sj ∈ Cqj×n, 1 ≥ j ≤ µ. The solution will be given by:

xk =

[
Ũ1 · · · Ũν

... R̃1 · · · R̃µ

]


Jk
τ1
(ai)

. . . 0

Jk
τν (aν)

Hk
p1

0
. . .

Hk
pµ





V1
...

Vν
...

S1

...

Sµ


x0 =

=
ν∑

i=1

ŨiJ
k
τi
(ai)Vix0 +

µ∑
j=1

R̃jH
k
pj
Sjx0

(214)

Remark 8.4

If k ≥ max(p1, p2, · · · , pµ), it follows that Hk
pj

= 0 and the solution is formed as follows:

xk =
ν∑

i=1

ŨiJ
k
τi
(ai)Vix0

Using the above notation, he following Proposition can be stated.

Proposition 8.11: For the homogeneous discrete-time system of the form (153) and for a

given consistent initial state x0, the spectral representation of the solution xk for every k ∈ N
is given by:

xk =
ν∑

i=1

{
τi∑

ρ=1

(
k

τi − ρ

)
ak−τi+ρ
i < νi(τi + 1− ρ), x0 >

}
ui1+

+
ν∑

i=1

{
τi∑

ρ=2

(
k

τi − ρ

)
ak−τi+ρ
i < νi(τi + 2− ρ), x0 >}ui2 + · · ·+

+
ν∑

i=1

aki < νiτi, x0 > ·uiτi +
µ∑

j=1

ρj−k∑
ρ=1

< Sj, k + ρ, x0 > νjρ

(215)

Proof : From equation (214), every term of the form ŨiJ
k
τi
(ai)Vix0 can be written step by step
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as follows:

ŨiJ
k
τi
(ai)Vix0 =

[
ui1

...ui2
... · · · ...uiτi

]
aki kak−1

i · · ·
(

k
τi−1

)
ak−τi+1
i

0 aki · · ·
(

k
τi−2

)
ak−τi+2
i

...
... · · · ...

0 0 · · · aki



νti1
νti2
...

νtiτi

 x0 =
=

[
aki ui1

...kak−1
i ui1

... · · · ...

(
k

τi − 1

)
ak−τi+1
i ui1 +

(
k

τi − 2

)
ak−τi+2
i ui2 + · · ·+ aki uiτi

]
·

< νi1 , x0 >

< νi2 , x0 >
...

< νitaui
, x0 >

 =

= aki < νi1 , x0 > ui1 + kak−1
i < νi2 , x0 > ui1 + aki < νi2 , x0 > ui2 + · · ·+

+

(
k

τi − 1

)
ak−τi+1
i < νiτi , x0 > ui1 +

(
k

τi − 2

)
ak−τi+2
i < νiτi , x0 > ui2 + · · ·+

+ aki < νiτi , x0 > uiτi =

=

{
aki < νi1 , x0 > +kak−1

i < νi2 , x0 > +
... +

(
k

τi − 1

)
ak−τi+1
i < νiτi , x0 >

}
ui1+

+

{
aki < νi2 , x0 > + · · ·+

(
k

τi − 2

)
ak−τi+2
i < νiτi , x0 >

}
ui2 + · · ·+

+ aki < νiτi , x0 > uiτi =

=

{
τi∑

ρ=1

(
k

τi − ρ

)
ak−τi+ρ
i < νi(τi + 1− ρ), x0 >

}
ui1+

+

{
τi∑

ρ=2

(
k

τi − ρ

)
ak−τi+ρ
i < νi(τi + 2− ρ), x0 >

}
ui2 + · · ·+ aki < νiτi , x0 > uiτi

(216)

In order to evaluate the term
∑µ

j=1 R̃jH
k
pj
Sjx0, of equation (214), it is necessary first to compute

the term Hk
pj
. It is known that

Hpj =


0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

0 0 0 · · · 1

0 0 0 · · · 0


Therefore, it is clear that

� if k ≥ pj then H
k
pj

= 0pj

� if 1 < k < pj then H
k
pj

= [hij]
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with h1,1+k = h2,2+k = · · · = hpj−k,pj = 1 and hij = 0, in every other position. The exact form

of Hk
pj

is:

Hk
pj

=


0 0 · · · 1 0 · · · 0

0 0 · · · 0 1 · · · 0
...

...
...

0 0 · · · 0 0 · · · 1

0 0 · · · 0 0 · · · 0

 (217)

Using the above expression of Hk
pj
, every term of the form R̃jH

k
pj
Sjx0 can be transformed as

follows:

R̃jH
k
pj
Sjx0 =

[
Vj1

...Vj2
... Vjpj

]
·



0 0 · · · 1 0 · · · 0

0 0 · · · 0 1 · · · 0
...

...
...

0 0 · · · 0 0 · · · 1

0 0 · · · 0 0 · · · 0
...

...
...

0 0 · · · 0 0 · · · 0


·


St
j1

St
j2
...

St
jpj

 · x0 =

= [0, 0, · · · , Vj1
...Vj2

... Vjpj−k] ·


< Sj1, x0 >

< Sj2, x0 >
...

< Sjpj , x0 >

 =

=< Sj,k+1, x0 > Vj1+ < Sj,k+2, x0 > Vj2 + · · ·+ < Sjpj , x0 > Vjpj−k =

=

ρj−k∑
ρ=1

< Sj,k+ρ, x0 > Vjρ

(218)

Taking into account equations (216) and (218), the spectral representation (215) of the solution

is derived. □

8.6 A Numerical Example

Consider the system:

FYk+1 = GYk + Vk

with matrices

F =


1 0 −1 −1 1

0 −2 0 1 1

−2 −2 2 2 0

0 2 1 0 −2

0 0 0 0 0

 , G =


−1 0 1 1 0

−4 −2 5 5 −2

−2 −2 2 2 0

4 2 −4 −4 1

0 0 0 0 0


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and

Vk =


1

1

1

0

0


Since det |sF − G| = (s − 2)(s − 1), the finite elementary divisors are the elements s − 2 and

s− 1, while the infinite elementary divisors are ŝ3. Then, there are invertible matrices

P =


0 1 0 1 0

0 0 −1 0 0

1 0 0 0 −1

1 0 1 1 0

0 0 0 0 1

 , Q =


1 0 0 1 0

0 1 1 0 1

0 0 0 1 1

1 0 1 0 0

0 0 1 1 1


such that

PFQ = Fw =

[
I2 02,3

03,2 H3

]
, Gw =

[
Jp 02,3

03,2 I3

]
(219)

Using the transformation Yk = QZk gives

FYk+1 = GYk + Vk ⇒ PFQZk+1 = PGQZk + PVk ⇒ FwZk+1 = GwZk + PVk

The annihilation index of the matrix H3 is q∗ = 3, so H3
3 = 0. Using also the Theorem 8.5 for

k ≥ k0 the solution of each initial condition is given by equation:

Yk = Qp(J
k−k0
p Zkp0

+
k−1∑
i=k0

Jk−i−1
p P1Vi)−Qq

2∑
i=0

H i
3P2Vk+i (220)

Moreover, recall that for k ≥ k0 and for each non consistent initial condition the solution is

given by equation:

Yk = Hk−k0−1(Qp(J
k−k0
p C +

k−1∑
i=k0

Jk−i−1
p P1Vi)−Qq

2∑
i=0

H i
3P2Vk+i) + δk−k0Yk0 (221)

where

Jp =

[
1 0

0 2

]
and Jk

p =

[
1 0

0 2k

]
while

H3 =

 0 1 0

0 0 1

0 0 0


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The columns of matrix Qp are linearly independent eigenvectors corresponding to the

eigenvalues 1, 2 and

Qp =


1 0

0 1

0 0

1 0

0 0


Assume that the initial conditions of the problem, defined at time-instant k0 = 0 are:

Y0 =


−1

−1

−2

−2

−5


Then, Y0 ∈ colspan(Qp + QD0). Due to the fact that initial conditions are consistent, the

solution of the system is given by the equation:

Yk =


1 0

0 2k

0 0

1 0

0 0

Z
p
0 +


k

2k+1 − 1

0

k

0

−


2

1

2

3

5


By calculating the constant Zp

0 , it follows that:

Y0 =


1 0

0 1

0 0

1 0

0 0

Z
p
0 −


2

1

2

3

5


or equivalently,

Zp
0 =

[
1

0

]
Consequently, the solution of the system has the form:

Yk =


k − 1

2k+1 − 2

−2

k − 2

−5


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Now assume that the initial conditions are:

Y0 =


0

0

0

1

1


Then Y0 /∈ colspan(Qp + QD0). So, the initial conditions are non-consistent and the solution

of the system is:

Yk = Hk−1




1 0

0 2k

0 0

1 0

0 0

C +


k − 2

2k+1 − 2

−2

k − 3

−5



+ δ


0

0

0

1

1


with

C =

[
c1

c2

]
being an arbitrary constant vector. Thus the dimension of the solution space is equal to 2.

8.7 Conclusion

In this chapter, the solution space of the discrete-time system of the form:

D(F,G) : Fxk+1
= Gxk

(222)

and

D(F,G,B) : Fxk+1
= Gxk

+Buk (223)

has been studied. It has been shown that under the assumption of regularity of the

corresponding matrix pencil zF − G of (222), there exists a uniquely solution. Moreover, the

solution of the system has been given in terms of the state transition matrix which has been

defined. In addition, an extension of these results has been presented for non-homogeneous

systems of the form (223) along with the set of consistent initial conditions. Finally, in the last

section, the spectral representation of solution for homogeneous systems of the form (222) has

been given which is useful for analyzing the system’s stability properties, which is the topic of

next Chapter.
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Chapter 9: Stabilization for Singular Non-Homogeneous

Systems

9.1 Introduction

In previous chapters the solution of homogeneous and non-homogeneous descriptor systems

has been presented in the continuous and discrete-time case. In this chapter, the concept of

stability is analyzed, which is the most important characteristic for systems of both types. The

stabilization problem for singular non-homogeneous systems is studied in this chapter. First,

a necessary and sufficient condition is given for the system to be stabilizable, followed by the

solution to the problem under state feedback. The methods used to solve the stabilization

problem for singular non-homogeneous systems are based on algebraic geometry and is similar

to the approach which has been applied to regular systems in this thesis. Moreover, the problem

of stability of a national economy of a country using Samuelson’s economic model is also studied.

The presented approach uses a reformulation of the problem, based on the main points and

philosophy of the original Samuelson’s model.

Definition 9.1([24]): A singular system of the form

S(F,G,B,C) :

Fx′(t) = Gx(t) + Bu(t)

y = Cx(t)
(224)

with F,G ∈ Rn×n, B ∈ Rl×n, C ∈ Rm×n, det(F ) = 0 is stable if there exist a, b ∈ R+ such that

if u(t) ≡ 0 for t > 0, then x(t) satisfies the relation

∥x(t)∥2 ≤ ae−bt∥x(0)∥2, t > 0 (225)

Recall that the polynomial f(s) = det(sF −G) is the characteristic polynomial of system (224).

The finite values of s which are the roots of f(s), i.e. the roots of the equation det(sF −G) = 0

are the finite poles of the system. Because det(F ) = 0, the number of the finite poles of a

singular system of the form (224) is always less than n. The term σ(F,G) is used to symbolize

the set of the finite poles of the system, which means that:

σ(F,G) := {s ∈ C, s <∞ : det(sF −G) = 0}

From this, the special case

σ(In, G) = σ(G)

follows, where σ(G) is the spectrum of matrix G.

Theorem 9.1: The system (224) is stable if and only if σ(F,G) ⊂ C− where:

C− := {s ∈ C : Res < 0}
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denotes the open left-half complex plane.

Proof : Consider system

Fx′(t) = Gx(t), x(0) = x0 (226)

with u(t) ≡ 0 for t > 0 and initial condition x(0) = x0. Assume that P,Q ∈
Rnx×n, det(P ), det(Q) ̸= 0 are the appropriate matrices so that:

PFQ = Fw =

[
Ip 0p,q

0q,p Hq

]
and PGQ = Gw =

[
Jp 0p,q

0q,p Iq

]
Using the transformation x(t) = Qy(t), system (226) is divided into two subsystems of the

form:

S1 : y
′
1(t) = Jpy1(t) , y1(0) = y1,0 ∈ Rp (227)

and

S2 : Hq · y′2(t) = y2(t) , y2(0) = y2,0 ∈ Rq (228)

Write also:

y0 =

[
y1,0

y2,0

]
and note that y′1, y

′
2 are the first derivatives of y1 and y2 respectively. Solving the two subsystems

(227) and (228) gives:

y1(t) = eJp(t)y1,0, y2(t) = 0, t > 0

Inequality (225) is valid if and only if

∥y(t)∥2 ≤ ae−bt∥y(0)∥2, a, b ∈ R+, t > 0

where

y(t) =

 y1(t)

· · ·
y2(t)


Because y2(t) = 0 we have that:

∥y1(t)∥2 ≤ a · e−bt · ∥y(0)∥2, a, b ∈ R+, t > 0

which is equivalent to σ(Jp) ⊂ C−. It is also valid that:

S(F,G) = {s : det(sF −G) = 0} = {s : det(s(PFQ)− (PGQ)) = 0}

= {s : det(sFw −Gw) = 0}

=

{
s : det

(
s ·

[
Ip 0p,q

0q,p Hq

]
−

[
Jp 0p,q

0q,p Iq

])
= 0

}

=

{
s : det

([
sIp − Jp 0p,q

0q,p sHq − Iq

])
= 0

}
= {s : det(sIp − Jp) = 0} = σ(Jp)

Consequently, the system is stable if and only if σ(F,G) ⊂ C−. □
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9.2 Stabilization with state feedback

Definition 9.2: The singular system of the form

Fx′(t) = Gx(t) + Bu(t) (229)

is called stabilizable if and only if there is a state feedback of the form

u(t) = −F1x(t) + v(t) (230)

where F1 is a constant matrix of dimensions l×n, such that the closed-loop system of the form:

Fx′(t) = (G− BF1)x(t) + Bv(t) (231)

is stable. The following Theorem is valid [65].

Theorem 9.2: The singular system of the form (229) is stabilizable if and only if

rank

(
[sF −G

...B]

)
= n, ∀s ∈ C, s ̸= ∞ (232)

□

Proposition 9.1([24]): The singular system of the form (229) is stabilizable, if and only if the

subsystem S1 of equation (227) is stabilizable.

Proof : As the matrix pencil sF −G of the system is regular, there are matrices P,Q ∈ Cn×n

with detP ̸= 0, detQ ̸= 0 such that :

PFQ = Fw =

[
Ip 0p,q

0q,p Hq

]
and PGQ = Gw =

[
Jp 0p,q

0q,p Iq

]

Applying the transformation x(t) = Qy(t) and multiplying on the left by P the system is

divided into two subsystems S1 and S2 of the form:

S1 : y
′
p(t) = Jpyp(t) + Bpu(t) (233)

S2 : Hq · y′q(t) = yq(t) + Bqu(t), with PB =

 Bp

· · ·
Bq

 (234)

According to the Theorem 9.2, system (229) is stabilizable if and only if rank([sF −G
... B]) =

n, ∀s ∈ C, s ̸= ∞.
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Consequently it follows that :

n = rank

([
sF −G

...B

])
= rank

([
P (sF −G)Q

...PB

])
= rank

([
sPFQ− PGQ

...PB

])
=

= rank

([
s ·

[
Ip 0p,q

0q,p Hq

]
−

[
Jp 0p,q

0q,p Iq

]
...

[
Bp

Bq

]])

= rank

([
sIp − Jp 0p,q Bp

0q,p sHq − Iq Bq

])

= rank

([
sIp − Jp Bp 0p,q

0q,p Bq sHq − Iq

])

= rank

([
sIp − Jp

...Bp

])
+ rank

([
sHq − Iq

...Bq

])
= rank

([
sIp − Jp

...Bp

])
+ q

since det(sHq − Iq) = (−1)q ̸= 0. Therefore, the system is stabilizable if and only if

rank([sIp − Jp
...Bp]) = p, ∀s ∈ C, s ̸= ∞

which is a necessary and sufficient condition for stabilizability of S1. □

9.3 Construction of the feedback matrix

Assume that rank([sF − G
...B]) = n ∀s ∈ C, s ̸= ∞. Then, system Fx′(t) = Gx(t) + Bu(t) is

stabilizable and there is a matrix F1, of dimensions l × n, such that σ(F,G − BF1) ⊂ C−. It

will be shown that the state matrix F1 can be defined, so that the finite poles of the system are

transferred to the desired poles in C−. From Proposition 9.1 the subsystem S1 is stabilizable,

so there is a suitable state feedback matrix F1 with dimensions l × n, that transfers the poles

of the system S1 to the desired poles in C−. Moreover, algorithms have been developed for

the calculation of the matrices Jp, Bp, Bq, Hq, P,Q. For the system Fx′(t) = Gx(t) + Bu(t),

considering a matrix F1 of the form F1 = [F̄1
...0l,q] ·Q−1 and supposing that the state feedback

u(t) has the form of u(t) = −F1x(t) + v(t), we conclude that the poles can be transferred to

the desired poles’ set, since

σ(F,G− B.F1) = {s ∈ C− {∞} : |sF − (G− BF1)| = 0}

= {s ∈ C− {∞} : |s(PFQ)− P (G− BF1)Q| = 0} =

=

{
s ∈ C− {∞} :

∣∣∣∣∣s
[

Ip 0p,q

0q,p Hq

]
−

[
Jp 0p,q

0q,p Iq

]
+

[
Bp

Bq

]
· [F̄1

...0l,q] ·Q ·Q−1

∣∣∣∣∣ = 0

}

=

{
s ∈ C− {∞} :

∣∣∣∣∣
[
sIp − (Jp − Bp · F̄1) 0p,q

Bq · F̄1 sHq − Iq

]∣∣∣∣∣ = 0

}
=
{
s ∈ C− {∞} :

∣∣sIp − (Jp − Bp · F̄1)Q
∣∣ = 0

}
= σ(Jp − Bp · F̄1) ⊂ C−

The last line of the equation is correct because of the choice of matrix F̄1.
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9.4 A Numerical Example

A stabilization example of a singular system is presented. Assume a state feedback of the form:

u(t) = −F1x(t) + v(t)

and a singular system of the form:

Fx′(t) = Gx(t) + Bu(t) (235)

with

n = 5, l = 2, F =


0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

1 −1 0 0 0

0 0 0 0 0

 , G =


0 0 0 1 1

0 0 0 1 0

0 0 2 0 0

0 1 0 0 0

1 −1 0 0 0

 , B =


1 −2

0 −1

0 −1

0 0

0 0


The system is singular because det(F ) = 0 and the pencil sF −G is regular because :

det(sF −G) =

∣∣∣∣∣∣∣∣∣∣∣∣


0 0 0 −1 s− 1

0 0 0 s− 1 0

0 0 s− 2 0 0

0 −(s+ 1) 0 0 0

−1 1 0 0 0



∣∣∣∣∣∣∣∣∣∣∣∣
= s3 − 4s2 + 5s− 2 ̸= 0

Since det(sF −G) ̸= 0 it follows from the equation above that there are matrices P,Q ∈ C5×5

with det(P ) ̸= 0 and det(Q) ̸= 0, such that multiplying the pencil from the left by P and from

the right by Q, gives the strict equivalent pencil in Weierstrass canonical form.

For the computation of the matrices P,Q, relevant algorithms, that have been developed, are

used. A pair of such matrices is the following:

P =


1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

 , Q =


0 0 0 1 1

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

 ⇒ Q−1 =


0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

1 −1 0 0 0


So,

PFQ = Fw =



1 0
... 0 0 0

0 1
... 0 0 0

· · · · · · · · ·
0 0

... 1
... 0 0

· · · · · · · · ·
0 0 0

... 0 1

0 0 0
... 0 0


,

109



and

PGQ = Gw =



1 1
... 0 0 0

0 1
... 0 0 0

· · · · · · · · ·
0 0

... 2
... 0 0

· · · · · · · · ·
0 0 0

... 1 0

0 0 0
... 0 1


From the indicated matrix partitioning it follows that the finite elementary divisors of the pencil

sF − G are (s − 1)2, (s − 2) and the infinite elementary divisors are ŝ2. So, the poles of the

pencil are:

� 1 with multiplicity 2

� 2 with multiplicity 1

� ∞ with multiplicity 2

and σ(F,G) = {1, 2} which are the finite eigenvalues. So, the system is not stable. Accord-

ing to Theorem 9.2, the system is stabilizable if and only if rank([sF − G
...B]) = 5 for ev-

ery s ∈ C, s ̸= ∞.

Forming the matrix [sF −G
...B] we get:

[
sF −G

...B

]
=



0 0 0 −1 s− 1 1 −2

0 0 0 s− 1 0 0 −1

0 0 s− 2 0 0 0 −1

s −(s+ 1) 0 0 0 0 0

0 0 0
... 1 0

−1 1 0 0 0 0 0


and

C5

([
sF −G

...B

])
=
[
s3 − 4s2 + 5s− 2, s2 − 3s+ 2, −2s2 + 5s− 2, 0,

s2 − 3s+ 2, s− 2, 0, −s2 + 2s− 1, s− 1, 0, 0, 0, 0,

0, 0, 0, 0, 0, 0, 0, 0
]

As all polynomials in the above complex matrix, C5([sF − G
...B]) do not have the same pole,

the rank of the matrix is, rank([sF −G...B]) = 5 for every s. So the system (235) is stabilizable.

From the matrices Fw, Gw and P,B, it follows that

p = 3, q = 2, Jp =

 1 1 0

0 1 0

0 0 2

 , Hq =

[
0 1

0 0

]
, Bp =

 1 −2

0 −1

0 1

 , Bq =

[
0 0

0 0

]
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Finally, two independent subsystems are formed:

S1 : y
′
p(t) = Jpyp(t) + Bpu(t) (236)

S2 : Hqy
′
q(t) = yq(t) + Bqu(t) (237)

Recalling that matrix F1:

F1 =
[
F̄1

... 01,q

]
·Q−1 (238)

stabilizes Fx′(t) = Gx(t) + Bu(t), where matrix F̄1 stabilizes system S1.

Next, matrix F̄1 is calculated. This matrix transfers the poles of the regular system (236) to

the desired poles set through a state-feedback of the form:

u(t) = −F̄1yp(t) + v(t) (239)

Assume that, the desired pole set is {−1,−2,−3}. These are the roots of the polynomial

p(s) = 6 + 11s+ 6s2 + s3 whose coefficients are :

ā = [6, 11, 6, 1]t

Stabilizing regular systems with state feedback relies on matrix:

P (Jp, Bp) =


−2 0 −1 0 2 0 2 −2 −1 2

5 0 2 0 −3 0 −3 5 1 −1

−4 0 −1 0 1 0 1 −2 0 0

1 0 0 0 0 0 0 0 0 0


Here,

P (Jp, Bp)k = ā, k = [k0, · · · , k9]

Therefore, the solution is: 

k0 = 1

k2 = −60 + k8

k4 = −2− k6 + k8 − 2k9

k7 = 24− k9

(240)

By replacing the solutions obtained from equation (240) to the system of Plucker relations leads

to the set of equations:

24k3 + 2k6 + k26 − k6k8 − k9 − k3k9 + 2k6k9 = 0

−k5k6 + k3k8 − k1k9 = 0

k5 − 2k8 − k6k8 + k28 + 60k9 + k5k9 − 3k8k9 = 0

k7 = 24− k9

(241)
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By setting k3 = k5 = 0, the system of equations (241) gives k1 = 0, k6 = 2, k8 = 40 and k9 = 24,

while the system of equations (240) gives k0 = 1, k2 = −20, k4 = −12 and k7 = 0. Equa-

tion F̄1 gives

F̄1 =

[
k6 −k3 k1

k7 −k4 k2

]
=

[
2 0 0

0 12 −20

]
Thus, from relation (238), matrix F1 is formed as follows:

F1 =
[
F̄1

... 01,q

]
Q−1 =

[
2 0 0 0 0

0 12 −20 0 0

]
Q−1 =

=

[
2 0 0 0 0

0 12 −20 0 0

]


0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

1 −1 0 0 0

 =

[
0 0 0 0 2

0 0 −20 12 0

]

Finally, it can also be confirmed that:

det([sF − (G− BF1)]) = det(
[
sIp − (Jp − BpF̄1)

]
) = 6 + 11s+ 6s2 + s3

which is the polynomial with the desired roots {−1,−2,−3}.

9.5 New version of Samuelson’s national economical model

This section revisits the classical Samuelson multiplier–accelerator model of national income

and proposes a reformulated version that incorporates delayed information and memory effects.

Samuelson’s economic model (sometimes called multiplier accelerator model) is just one of

many macroeconomic models used to study how a national economy behaves. The general

solution of the revised model is derived by combining homogeneous and particular components.

Moreover, analysis of its stability is performed by using algebraic conditions on the characteristic

roots. Results show that under mild restrictions on the consumption parameters, the national

income converges asymptotically to a moving equilibrium path that increases linearly with time

when investments are positive. The model captures oscillatory, stable, or divergent dynamics

depending on parameter values, thus offering a richer framework for studying business cycles

and long-term equilibrium behavior.

9.5.1 The original Samuelson’s model

The original version of Samuelson’s multiplier-accelerator model is based on some basic assump-

tions. Consumption depends only on the previous year’s income, while investment is driven

by changes in consumption and government expenditure is assumed constant. This yields
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a second-order linear difference equation for income. The assumptions of the original ver-

sion of Samuelson’s model are presented below [76,77,78,79,80].

Assumption 1. The national income Tk at time k, equals to the sum of three elements:

consumption Ck, private investment Ik and governmental expenditure Gk. These three elements

compose the relation:

Tk = Ck + Ik +Gk (242)

Assumption 2. The consumption Ck at time k, depends on past income but only on last year’s

value and on marginal tendency to consume, modeled with multiplied parameter a, also called

the accelerator factor, where 0 < a < 1,

Ck = aTk−1 (243)

Assumption 3. Private investment at time k, depends on consumption changes and on the

accelerator factor b, where b > 0. Consequently, private investment Ik depends on national

income changes,

Ik = b(Ck − Ck−1) = ab(Tk−1 − Tk−2) (244)

Assumption 4. Governmental expenditure Gk at time k, remains constant

Gk = Ḡ (245)

Hence, the national income is determined via the following second-order linear difference

equation

Tk+2 − a(1 + b)Tk+1 + abTk = Ḡ (246)

9.5.2 The reformulated model

Motivated by empirical and theoretical considerations, including delays in national accounts,

the persistence of consumer and investor behavior, and the explanatory power of higher-order

dynamics, the framework is extended by allowing consumption to depend on the two preceding

periods and by modeling investment to increase steadily over time. First, some practical

justification for the new assumptions of the proposed reformulated model are provided. These

are based on the following arguments:

1. The delayed model (or memory model) is quite interesting from mathematical point

of view. The higher order polynomials (greater than second order) produce oscillatory

trajectories for the solutions of the system and consequently also for the national economy

according to the assumptions which have been made.
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2. The ”delay” concept has been also suggested in previous studies. A typical reference is

the one from Chow (1985), who suggests the delayed information as a tool to explain and

support the statistical data of Chinese economy for the years 1932-1982.

3. The national accounts of main countries are closing with substantial time delay after the

calendar year end. So, the information used in next year’s accounts are estimates or

closed values from the past years.

4. Delayed information may be used in financial projections of national accounts.

5. Consumption may depend not only on current year’s expenditure but also on previous

years. Customers remember the level of their income not only of the current year but

also from previous years. So, they adjust their behavior accordingly.

6. Private investment may also consider the level of national economy of previous years. An

investor keeps in mind not only the current level of economy but the time sequence and

the corresponding trajectory of national economy of all recent years.

Starting with the classical Samuelson’s model of national economy [76,81], the following assump-

tions, relating national income Tk, total consumption (private and government) Ck and invest-

ment Ik are made, all for period k.

Assumption 1: Income equals consumption plus investment:

Tk = Ck + Ik (247)

Assumption 2: Consumption in any period is a linear function of the incomes of the two

preceding periods, i.e.

Ck = c1Tk−1 + c2Tk−2 + g (248)

where c1, c2, g are constants and 0 < c1 < 1, 0 < c2 < 1 (in most cases 0 < c1 + c2 < 1) and g

is the governmental expenditure which is considered fixed each year.

Assumption 3: Investment increases by a fixed amount p each period, i.e.

Ik+1 = Ik + p, or Ik = I0 + kp (249)

Combining these relations, the following difference equation is obtained for the income function.

Tk = c1Tk−1 + c2Tk−2 + g + I0 + kp (250)

Writing equation (250) in the equivalent form, it holds that:

Tk+2 − c1Tk+1 − c2Tk = kp+ A (251)

where A = g + I0 + 2p, all being constants. Equation (251) is a linear, second order, non-

homogeneous difference equation with constant coefficients.
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It is known that the general solution, of such a discrete equation as (251), is the sum of the

general solution T
(h)
k of the corresponding homogeneous equation plus any particular solution

T ∗
k of the non-homogeneous equation, i.e.

Tk = T
(h)
k + T ∗

k (252)

A particular solution of the non-homogeneous equation (251) can be found by the method of un-

determined coefficients.

By substituting a solution of the form:

T ∗
k = γ + δk, γ, δ ∈ R (253)

into equation (251), as the second part of the relation (kp+A) is of first degree and its solution

is of the form above, then it can be seen that equation (253) satisfies equation (251) if and only

if:

γ =
A(1− c1 − c2) + p(c1 − 2)

(1− c1 − c2)2
, δ =

p

(1− c1 − c2)
(254)

Next, the general solution T
(h)
k , of the corresponding homogeneous equation, is expressed.

Tk+2 − c1Tk+1 − c2Tk = 0 (255)

The characteristic equation of relation (255) is:

x2 − c1x− c2 = 0 (256)

The discriminant of equation (256) is equal to D = c21 + 4c2. Thus, the following cases

[82,83,84,85] are considered:

i) If c21 + 4c2 > 0, then both roots r1, r2 of equation x2 − c1x− c2 = 0 are real and different

each other, and the general solution of equation (255) has the form:

T
(h)
k = λ1r

k
1 + λ2r

k
2 , λ1, λ2 ∈ R (257)

In this case the general solution of equation Tk+2 − c1Tk+1 − c2Tk = kp + A is given by

the form:

Tk = λ1r
k
1 + λ2r

k
2 +

A(1− c1 − c2) + p(c1 − 2)

(1− c1 − c2)2
+

p

(1− c1 − c2)
k (258)

ii) If c21 +4c2 = 0, then equation x2 − c1x− c2 = 0, has a real double root r0 and the general

solution of (255) has the form:

T
(h)
k = (λ1 + λ2k)r

k
0 , λ1, λ2 ∈ R (259)

and the general solution of equation Tk+2 − c1Tk+1 − c2Tk = kp+A is given by the form:

Tk = (λ1 + λ2k)r
k
0 +

A(1− c1 − c2) + p(c1 − 2)

(1− c1 − c2)2
+

p

(1− c1 − c2)
k (260)
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iii) If c21 + 4c2 < 0, then the equation x2 − c1x − c2 = 0, has two complex conjugate roots

r1, r2, with trigonometric form ρ(cosθ ± isinθ), where ρ is the modulus of the roots and

θ ∈ (0, 2π] their argument (phase). Then the general solution of equation (255) can be

written in the form:

T
(h)
k = k1ρ

kcos(kθ + k2) (261)

where k1 and k2 are arbitrary real constants. In this case, the general solution of equation

Tk+2 − c1Tk+1 − c2Tk = kp+ A is given by the form:

Tk = k1ρ
kcos(kθ + k2) +

A(1− c1 − c2) + p(c1 − 2)

(1− c1 − c2)2
+

p

(1− c1 − c2)
k (262)

Therefor, the general solution of equation Tk+2−c1Tk+1−c2Tk = kp+A has been obtained for all

cases. However, just solving an equation is not enough. From the point of view of applications,

it is crucial to study the solution in order to gather information about the family of functions

which satisfy the difference equation for various values of parameters (λ1, λ2, c1, c2, k1, k2).

Powers rk change faster than the linear function (of the form ak, a ∈ R). On the limit, as

k → ∞, rk → ∞ or rk → 0 depending on whether r > 1 or r < 1. Therefore, the knowl-

edge of whether the roots of characteristic equation Tk+2 − c1Tk+1 − c2Tk = 0 have abso-

lute value or modulus (in case of complex roots) less than 1, is prerequisite for the study of be-

havior of the national income Tk after a sufficiently large number of time periods (k).

The following algebraic theorems give the necessary and sufficient conditions for the study of

the stability of the system.

Theorem 9.3: Consider the equation (ϵ) : x2 + a1x+ a2 = 0, a1, a2 ∈ R then:

i) Equation (ϵ) has two roots r1, r2 ∈ (−1, 1), if and only if D = a21 − 4a2 > 0, |a1| < 2 and

1± a1 + a2 > 0.

ii) Equation (ϵ) has a double root r ∈ (−1, 1), if and only if D = a21 − 4a2 = 0 and |a1| < 2.

iii) Equation (ϵ) has two complex conjugate roots r1, r2 = r̄1 with |r1| = |r2| < 1, if and only

if D = a21 − 4a2 < 0 and a2 < 1.

Proof: Let r1, r2 be real roots of equation (ϵ) with r1 < r2 and r1, r2 ∈ (−1, 1). In this

case, it holds that, a21 − 4a2 > 0, f(−1) > 0, −1 < r1+r2
2
, f(1) > 0 and 1 > r1+r2

2
where

f(x) = x2 + a1x+ a2. This relation can be written equivalently as follows:

a21 − 4a2 > 0, 1− a1 + a2 > 0, 1 + a1 + a2 > 0 and |a1| < 2 (263)

Now, let assume that equation (ϵ) has a real double root r ∈ R with r ∈ (−1, 1). Then, since

r = −a1
2
, the necessary and sufficient conditions are a21 − 4a2 = 0 and |a1| < 2.

Now, if the roots r1, r2 of the equation (ϵ) are complex conjugate, then r2 = r̄1, r1 · r2 =
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a2, |a2| = |r1| · |r2| = |r1| · |r̄1| = |r1|2 and a21 − 4a2 < 0. Finally, it yields from the inequal-

ity 4a2 > a21 > 0, that a2 > 0 and a2 < 1 since a2 = |r1|2 and |r1| = |r2| < 1.

Using the above Theorem 9.3, it can be easily proven the following useful Theorem, too.

Theorem 9.4: Equation (ϵ) : x2 + a1x + a2 = 0, a1, a2 ∈ R has real or complex roots with

absolute value or modules less than 1 if and only if:

1± a1 + a2 > 0 and a2 < 1

Proof: Recalling equations (258), (260), (262) and by using the results from the above

Theorems, it comes that:

i) If c21 + 4c2 > 0, |c1| < 2 and 1± c1 − c2 > 0 then

lim
k−→∞

rk1 = lim
k−→∞

rk2 = 0

Consequently, from equation (258), it yields that for sufficient large k, moving equilibrium

is equal to

ek =
A(1− c1 − c2) + p(c1 − 2)

(1− c1 − c2)2
+

p

(1− c1 − c2)
k

ii) If c21 + 4c2 = 0 and |c1| < 2 from equation (260), it holds that:

lim
k−→∞

(λ1 + kλ2)r
k
0 = 0

Therefor, it yields that for sufficient large k, moving equilibrium ek is equal to

ek =
A(1− c1 − c2) + p(c1 − 2)

(1− c1 − c2)2
+

p

(1− c1 − c2)
k

and the economy is asymptotically stable along with the same moving equilibrium.

iii) If c21 + 4c2 < 0 and |c2| > −1 from equation (262), it holds that

lim
k−→∞

[(k1ρ
k cos(kθ + k2)] = 0

As a product of two sequences, ρk tends to zero since |ρ| < 1 and cos(kθ+k2) is bounded.

Therefore, national economy is asymptotically stable keeping the same form of moving

equilibrium.

ek =
A(1− c1 − c2) + p(c1 − 2)

(1− c1 − c2)2
+

p

(1− c1 − c2)
k

This equilibrium point is increasing when the investments are positive (p > 0) for each

period and c1 + c2 < 1.
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Remark: Assume that coefficients c1, c2 of equation Ck = c1Tk−1 + c2Tk−2 + g (248) sat-

isfy the more general relation: |c1|+ |c2| < 1 for the same economy model.

Then 1± a1 + a2 = 1± c1 − c2 and a2 = −c2. In this case, the following conditions stand:

� |c1 + c2| ≤ |c1|+ |c2| < 1, so c1 + c2 < 1 and 1 + a1 + a2 > 0

� |c1 − c2| ≤ |c1|+ |c2| < 1, so c1 − c2 > −1 and 1− a1 + a2 > 0

� |c2| ≤ |c1|+ |c2| < 1, so c2 > −1 and a2 < 1

Taking into account the above three conditions and Theorem 9.4, it yields that the roots of

the characteristic algebraic equation are real or complex with modulus less than 1 and the na-

tional economy is asymptotically stable with the same moving equilibrium state defined above.

The conclusions from the study of the above model can be interpreted also graphically (see fig-

ure).
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Figure

For all pairs (c1, c2) that lie in region R1 (apart from the points on the boundary), the

roots of the characteristic equation are real and distinct and there is asymptotic stabil-

ity . For the points on the parabolic arc BC but without points B and C, the roots are equal

and real and there is asymptotic stability. Finally, for the points of region R2, the roots are com-

plex and asymptotic stability is achieved.
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In general, it is be clear that the validity of the conclusions obtained from a particular model

depend directly on how close to reality the prescribed assumptions are.

9.6 Conclusion

In this chapter the stabilization problem of singular linear system has been studied. By applying

state feedback of the form of equation (230), the closed-loop system is stabilized. The algebro-

geometric methods presented in Chapter 4 have been applied to solve the static version of the

problem, i.e. the construction of a constant feedback matrix F1 which results in closed-loop

stability and assigns the eigenvalues of the closed-loop state matrix at appropriate locations

to guarantee the desired transient behavior. Moreover, the national economy of a country

following Samuelson’s economical model under new realistic assumptions has been studied.

Specifically, consumption is a linear function of the incomes of the two preceding years with

the governmental expenditures fixed for these two years. Also, it is assumed that investment

increases by a fixed amount. By combining these assumptions a linear, discrete-time second-

order, non-homogeneous equation with real coefficients is produced. After solving this equation

and examining the location of its roots, it a new type of equilibrium is proposed (moving

equilibrium). The results are summarized by means of a graph, illustrating the behavior of

national economy and the region of stability of the model.
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Chapter 10: Conclusion

The proposed new necessary and sufficient condition of complete controllability are useful in

deciding whether a symmetric quadratic dynamical system is state controllable. The same

necessary and sufficient condition of complete controllability has been extended and has proved

to be applicable to higher order linear systems. This rank condition for a suitably defined matrix

is completely independent of the Laplace variable s. However, since the need to modify the

behaviour of the system often occurs, by applying state feedback control, in order to relocate the

troublesome eigenvalues in the complex plane, an efficient algorithmic framework is proposed

for the computation of a reduced set of quadratic Plucker relations describing completely the

Grassmann variety of the corresponding projective space. The extraction of this reduced set

has been achieved, by the use of a simple criterion based on the correspondence between the

coordinates of a decomposable vector and lexicographical orderings. As it has been presented,

the minimum number of the linear independent quadratic Plucker relations which describe

completely the Grassmann variety, is

Veq =

(
n

m

)
−m(n−m)− 1

Moreover, it has been observed that each equation of this reduced set is homogeneous and

contains only three terms. This fact has beneficial influence on the overall complexity of the

problem which is mainly due to its non linearity. Finally this method can be seen as basis for

accommodating the solution of other problems of control theory having a similar multilinear

nature.

This work has successfully extended the pole-assignment method, initially developed for state-

space models, to more general classes of systems using state-feedback and static output

feedback. By incorporating techniques from algebraic geometry, multi-linear algebra, and the

theory of generalized inverses, a comprehensive framework has been developed that not only

identify one solution but also generated the complete set of optimal solutions. This significantly

enhances the flexibility and robustness of the method and allows the selection of an optimal

solution which satisfies additional design criteria apart from the location of the eigenvalues of

the closed-loop state matrix.

A structured approach was introduced for solving linear singular (descriptor) systems associated

with regular matrix pencils. The solution process begins with the homogeneous case and is

subsequently adapted to handle systems with external inputs. By transforming the matrix

pencil into its Weierstrass canonical form and analyzing its finite and infinite elementary

divisors, the system is effectively decomposed into simpler subsystems. This decomposition

allows for a clear distinction between consistent and inconsistent initial conditions, the latter

leading to impulsive responses. The corresponding state-transition matrices were also derived

for both continuous and discrete-time cases, and the uniqueness of the resulting solution

was rigorously established. Additionally, a spectral solution representation was derived,
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expressing the system’s behavior in terms of its eigenvalues, both finite and infinite and their

associated eigenvectors. This perspective offers valuable insight into the dynamics of singular

systems (stability, modal decomposition, asymptotic behavior, etc.). Finally, the theoretical

developments were supported by various detailed examples. The proposed algorithms were

implemented using concrete linear algebraic techniques. These validate the results of the thesis

and demonstrate the practical applicability of the methods proposed in this work.

The approach presented in the thesis could be extended to generalized classes of linear singular

systems by using the Kronecker canonical form as the most suitable instrument. These can

be divided into five subsystems corresponding to the invariance of the related matrix pencils.

The solution of the subsystems will determine necessary and sufficient conditions in order the

overall system to have either a unique solution, or an infinite number of solutions, or no solution.

This approach could apply both to singular systems defined in continuous-time as well as in

discrete-time. An important class of problems that could be studied using the theory of matrix

pencils (Weierstrass and Kronecker canonical form) involves systems with time-delays of the

form Ex′(t) = Ax(t− r)+Bu(t), x(t0) = x0 where t ≥ t0 and r > 0. Systems of this type arise

often in many different kinds of problems in Control Theory (e.g. Process Control) and model

systems arise in real life.

121



Chapter 11: References

[1] B.N. Datta, Numerical Linear Algebra and Applications, Brooks/Call Publishing

Company, 1963

[2] B.N. Datta, Numerical methods for Linear Control Systems Design and Analysis, Elsevier

Academic Press, 2004

[3] B.N. Datta and F. Rinconi, Feedback stabilization of a second-order system: a nonmodal

approach, Lin. Alg. Appl., 188/189, (1993), 135-161

[4] B.N. Datta, E. Elhay and Y. Ram, Orthogonality and Partial multi-input pole assignment

of a second-order control system, Proc. IEEE Conf. Dec. Contr. 1996, 2025-2029

[5] I. Gohberg, P. Lancaster, L. Rodman, Matrix Polynomials, Academic Press, New York,

1982

[6] T. Williams and A. Laub, Orthogonal Canonical forms for Second-order Systems, IEEE

Trans. Aut. Control, 37, (1992), 1050-1052

[7] G. Kalogeropoulos, Matrix Pencils and Linear Systems Theory, Ph.D Thesis, City

University, London, U.K., 1985

[8] T. Kailath, Linear Systems, Prentice Hall, New Jersey, 1980

[9] R.E. Skelton, Dynamic Systems Control, Linear Systems Analysis and Synthesis, John

Wiley and Sons, Inc. N.Y., 1985

[10] Ch. Giannakopoulos, Frequency Assignment Problems of Linear Multivariable Problems:

An Exterior Algebra and Algebraic Geometry Based Approach, Ph.D. Thesis, City

University, London, U.K., 1984

[11] F.R. Gantmacher, The Theory of Matrices, Vol. I, II, Chelsea, N.Y., 1959

[12] N. Karcanias, Ch. Giannakopoulos, Grassmann invariants, almost zeros and the

determinantal zero, pole assignment problems of linear systems, Int. J. Control, Vol.

40, 1984, 673-689

[13] N. Karcanias, Ch. Giannakopoulos, Grassmann matrices, decomposability of multivectors

and the determinantal assignment problem, in Linear circuits, Systems and Signal

Processing: Theory and Applications, C. I. Byrnes et al.(eds.), North Holland, 1988,

307-312

[14] N. Karcanias, Ch. Giannakopoulos, Necessary and sufficient conditions for zero

assignment by constant squaring down, Linear Algebra Apl., Special Issue on Control

Theory, Vols. 122/123/124, 1989, 415-446

122



[15] Wonham W.M., On pole assignment in multi-input controllable linear systems, IEEE

Trans. Automn. Control, Vol.AC-12, 1967, 660-665

[16] Kimura H., Pole assignment by gain output feedback, IEEE Trans., Autom. Control, Vol

AC-20, 1975, 509-516

[17] Kailah T., Linear Systems, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1980

[18] Marcus M., Finite Dimensional Multilinear Algebra , Marcel Dekker, New York, 1973

[19] Greub W. H., Multilinear Algebra, Springer Verlag, New York, 1967

[20] Sain M. K., Seshadri V., Pole assignment and a theorem from Exterior Algebra, Proc.

20th IEEE CDC, San Diego, CA, 1981

[21] Martin C. F., Hermann R., Applications of Algebraic Geometry to systems theory: The

McMillan degree and Kronecker indices, SIAM J. Control Optim., Vol. 16, 1978

[22] Hermann R., Martin C. F., Applications of Algebraic Geometry to system theory-Part I,

IEEE. Trans. Autom. Control, Vol. AC-22, 1977, 19-25

[23] Hodge W.V.D., Pedoe D., Methods of Algebraic Geometry, Cambridge University Press,

Boston, 1952

[24] Dai L., Lecture Notes in Control and Information Sciences, No 118, Springer-Verlang,

1989

[25] C. Giannakopoulos, N. Karcanias, G. Kalogeropoulos, The theory of polynomial

combinants in the context of linear systems, Multivariable Control New concept and

tools, S.G. Tzafestas, D. Reidel Co., 1984, 27-41

[26] C. Giannakopoulos, G. Kalogeropoulos, N. Karcanias, The Grassmann variety of non

dynamic compensators, the determinantal assignment problem of Linear Systems, Bull of

the Greek Mathematical Society, Vol. 24, 1983, 33-57

[27] G. Kalogeropoulos, D, Kytagias, K. G. Arvanitis, On the Computation of a reduced set of

quadratic Plucker Relations and their use in the solutions of the determinantal assignment

problem, Systems Science, Vol. 26, 2000

[28] D. Kytagias, Algorithm of computation of the plucker relations and its application in

feedback problems of regular and singular systems, PhD Thesis, University of Athens,

1993

[29] J. Leventides, Algebrogeometric and topological methods in control theory, PhD Thesis,

City University, 1993

123



[30] G. Kalogeropoulos, P. Psarrakos, N. Karkanias, On the Jordan Canonical form of regular

matrix Polynomials, Proceedings of Messini-Greece conference, entitled Influence of

traditional mathematics and mechanics of modern science and technology, May 24-26

2004, pp 211-216

[31] P. Kunkel, V. Mehrmann, Differential-Algebraic Equations, Analysis and Numerical

Solution, European Mathematical Society, 2006

[32] Aplevich, J.D., Implicit Linear Systems, Heidelberg, Springer Verlag, Notes in Control

and Information Sciences, Volume 152, 1991

[33] N. Karcanias, Global process instrumentation, Issues and problems of a system and

control theory framework, Volume 14, Issue 1, September 1994 Pages 103-113

[34] Willems, The Behavioural Approach to Open and Interconnected Systems, IEEE Control

Systems Magazine, Vol. 27, Issue: 6, December 2007

[35] V. Mehrmann, H. Xu, An analysis of the pole placement problem: I. The single-input

case, Electronic Transactions on Numerical Analysis, Vol.4, pp. 89-105, ISSN 1068-9613,

Sept. 1996

[36] V. Mehrmann, H. Xu, An analysis of the pole placement problem. II. The multi-input

case, Electronic Transactions on Numerical Analysis, Vol.5, pp. 77-97, ISSN 1068-9613,

Sept. 1997

[37] W.M. Wonham, On pole assignment in multi input controllable linear systems, IEEE

Trans. Automat. Control, AC-12, pp.660 - 665, 1967

[38] P. Van Dooren, The generalized eigenstructure problem in linear system theory, IEEE

Trans. Automat. Control, AC-26, pp. 111 - 129, 1981

[39] A. Varga, A Schur method for pole assignment IEEE Trans. Automat. Control, AC-26,

pp. 517 - 519, 1981

[40] P.H. Petkov, N.D. Christov, M.M. Konstantinov, A computational algorithm for pole

assignment of linear multi input systems IEEE Trans. Automat. Control, AC-31, pp.

1044 - 1047, 1986

[41] J. Kautsky, N. K. Nichols, P. Van Dooren, Robust pole assignment in linear state feedback,

Internat. J. Control, pp. 1129 - 1155, 1985

[42] E. Davison, S. Chow, An algorithm for the assignment of closed-loop poles using output

feedback in large linear multivariable systems, IEEE Trans. Automat. Control, pp. 74-75,

1973

[43] E. Davison, S. Wang, On pole assignment in linear multivariable systems using output

feedback, IEEE, Trans. Automat. Control, pp. 516-518, 1975

124



[44] H. Kimura, On pole assignment by output feedback, Int. Journal of Control, pp. 11-22,

1978

[45] R. Herman, C. Martin, Applications of algebraic geometry to systems theory: Part l,

IEEE Trans. Automat. Control, pp. 19-25, 1977

[46] C. Giannakopoulos, N. Karcanias, Pole assignment of strictly proper and proper linear

systems by constant output feedback, Int. Journal of Control, pp. 543-565, 1985

[47] P. Misra, R. Patel, Numerical algorithms for eigenvalue assignment by constant and

dynamic output feedback, IEEE Trans. Automat. Control, pp. 579 - 588, 1989

[48] G. Miminis, A direct algorithm for pole assignment of time invariant linear systems using

output feedback, Proc. IEEE Conf. on Dec. and Control, pp. 541 - 547,1985

[49] L. R. Fletcher, Pole assignment and controllability subspaces in descriptor systems, Int.

J. Control, Vol 66, No 5, pp. 677-709, 1997

[50] G. Miminis, Deflation in Eigenvalue Assignment of Descriptor Systems Using State

Feedback, IEEE Trans. Auto. Control, Vol. 38, No 9, Sept. 1993

[51] A. Varga, On stabilization methods of descriptor systems, Systems and Control Letters,

1995

[52] J. Kautsky, N. K. Nichols, E. K. W. Chu, Robust Pole Assignment in Singular Control

Systems, Linear Algebra and its Applications, 121:9-37, 1989

[53] A. Bunse-Gerstner, V. Mehrmann, N. K. Nichols, Regularization of descriptor systems

by output feedback. IEEE Trans. Automat. Control, 39:1742-1748, 1994

[54] R. Byers, P. Kunkel, V. Mehrmann, Regularization of linear descriptor systems with

variable coefficients, SIAM J. Cont., 35:117-133, 1997

[55] A. Bunse-Gerstner, R. Byers, V. Mehrmann, N. K. Nichols, Numerical computation of

an analytic singular value decomposition of a matrix valued function, Numer. Math.,

60:1-40, 1991,

[56] J. D. Cobb, On the solutions of linear differential equations with singular coefficients, J.

Di. Equations, 46:310-323, 1982

[57] P. Kunkel, V. Mehrmann, Differential-Algebraic Equations, Analysis and Numerical

Solution, European Mathematical Society, 2006

[58] G.R. Duan, Parametric Eigenstructure Assignment in Second-Order Descriptor Linear

Systems, IEEE Trans. Auto. Control, Vol. 49, No. 10, Oct 2004

[59] Didier Henrion, Michael Sebek, Vladimr Kucera, Robust pole placement for second-order

systems: an LMI approach, 2002

125



[60] F. Tisseur, K. Meerbergen, The quadratic eigenvalue problems, SIAM review, Vol. 32,

No 2, pp. 235-286, 2001

[61] U. B. Holz, G. H. Golub, K. H. Law, A Subspace approximation method for the quadratic

eigenvalue problem, SIAM Journal on Matrix Analysis and Applications, 26(2), Jan 2005

[62] P. Lancaster, Model-updating for symmetric quadratic eigenvalue problems, 2006

[63] N.J. Higham, H-M Kim, Solving quadratic matrix equation by Newton’s method with

inexact line searches, SIAM J. Matrix Anal. Appl., Vol. 23, No. 2, pp. 303-316, 2001

[64] M. Berhanu, The Polynomial Eigenvalue Problem, PhD thesis, University of Manchester,

MIMS EPrint: 2006.358, Manchester Institute for Mathematical Sciences, School of

Mathematics, The University of Manchester, August 2005

[65] L. Dai, Singular Control Systems, Springer-Velrag, 1989

[66] A. Ben-Israel, T.N.E. Greville, Generalized inverses: Theory and Applications, John

Wiley and Sons, Inc. New York, 1974

[67] P. Lancaster, M. Tismenetsky, The Theory of Matrices, Second Edition, Academic Press,

Orlando, FL, 1985

[68] R. Penrose, A generalized inverse for matrices, Proc. Cambridge Philos. Soc., Vol. 51,

1955, pp. 406-413

[69] A. Bjerhammar, A generalized matrix algebra, Kungl. Tekn. Högsk. Handl., 124, 1968,
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Appendices

Appendix A: Elements from Algebraic Geometry

Assuming that m < n, the Grassmannian is defined as follows:

Gr(m,Rn) = {V ⊂ Rn, subspace with dimV = m}

If V ∈ Gr(m,Rn) and v1, v2, . . . , vm is a basis of V and V = [v1, v2, . . . , vm] ∈ Rn×m is a ba-

sis matrix of V .

Let v′1, v
′
2, . . . , v

′
m is a different basis of vector space V and V ′ = [v′1, v

′
2, . . . , v

′
m] is the corre-

sponding basis matrix of V , it is known from linear Algebra that there is a matrix Q with di-

mensions m×m, invertible (i.e. detQ ̸= 0) such that V’ = V Q.

The following map is defined:

φ : Gr(m,Rn) → P(
n
m)−1 : V → φ(V) = Cm(V )

where P(
n
m)−1 is the projective space with dimension

(
n
m

)
− 1.

If V ′ is a different basis of V from V ′ = V Q then it can be written

Cm(V
′) = Cm(V Q) = Cm(V )Cm(Q) = Cm(V )det(Q) = λCm(V )

where λ := det(V ). The vectors Cm(V ) and λCm(V ) with λ ̸= 0 coincide on the projec-

tive space P(
n
m)−1. So the map φ is well defined on the projective space.

Furthermore, it holds that

φ(Gr(m,Rn)) ⊂ P(
n
m)−1

Below, an example is presented in order to clarify the above result. Let us assume that

m = 2 and n = 4, so that (
n

m

)
=

(
4

2

)
= 6

It is chosen the vector

ā =



1

0

0

0

0

1


∈ P5(R)

it can be proved that there is no V =< v1, v2 >∈ Gr(2,R4) such that φ(V) = ā
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If

v1 = h11e1 + h12e2 + h13e3 + h14e4

and

v2 = h21e1 + h22e2 + h23e3 + h24e4

then

V =


h11 h21

h12 h22

h13 h23

h14 h24


and

φ(V) = C2(V ) =



h11h22 − h12h21

h11h23 − h13h21

h11h24 − h14h21

h12h1 − h13h22

h12h24 − h14h22

h13h24 − h14h23


=



1

0

0

0

0

1


and so,

h11h22 − h12h21 = 1

h11h23 − h13h21 = 0

h11h24 − h14h21 = 0

h12h1 − h13h22 = 0

h12h24 − h14h22 = 0

h13h24 − h14h23 = 1

From the above equations, it yields that h11 = 0 and h21 = 0 which contradicts the first equa-

tion h11h22 − h12h21 = 1. This means that there is no V ∈ Gr(2,R4) such that φ(V) = bara.

The map φ embeds the Grassmannian into the projected space P (
n
m)−1, as a projected vari-

ety which is defined by the second order Plucker relations. The map φ permits the examina-

tion of the problem by using Algebraic Geometry.

By setting for example m = 2, n = 4 and x =



x0

x1

x2

x3

x4

x5


∈ P 5

there is V ∈ Gr(2,R4) such that φ(V) = C2(V ) = x if and only if x0x5 − x1x4 + x2x3 = 0.
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The equation x0x5 − x1x4 + x2x3 = 0 is the second order Plucker relation which is de-

fined within P 5(R).

Definition 1: If P n(F) is a projective space, over R or C, then all of the elements that belong

to P n(F) whose coordinates satisfy the homogenous polynomial equations of the form:

fi(x0, x1, . . . , xn) = 0

for i = 1, 2, . . . t define a projective variety.

For example, the equation x2 + xy − y2 = 0 that belongs to the projective space of P 2(C) is a
projective variety.

The minimum number of independent parameters through which a projective variety may be de-

fined, is called dimension of the variety. For example, the variety of {(x, y, z) : x+ y + z = 0}
has dimension equal to 2, because two out of three parameters can be arbitrary chosen.

Moreover, if P n(F) is a projective space with dimension equal to n and V is the variety of the

projective space with dimension equal to d then the following equation applies

d+ neq = n

where neq is the minimum number of the equations that describe the variety V . Consequently,

neq = n− d

is the minimum number of equations that describe the variety V . The following proposi-

tion holds [23].

Proposition 1: If V1 and V2 are two varieties of the projective space P n(F) with dimen-

sions d1 and d2 respectively then, if d1 + d2 ≥ n the intersection of the varieties V1 and V2 is

not empty V1

⋂
V2 ̸= 0.

The map φ(Gr(m,Fn)) in the projective space is the Grassmann Variety and it is de-

fined through a set of second order relations which are called ”Plucker Relations”.

The dimension of Grassmann Variety Ω(m,n) of the projective space P k(F) with k =
(
n
m

)
− 1

is

dimΩ(m,n) = m(n−m)

The total number of Plucker Relations which define the Grassmann Variety, it can be proved

[29] that it is equal to: (
n

m− 1

)(
n

m+ 1

)
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The minimum number of equations neq that describe a variety is

neq = dimP − dimV

In this case, dimP =
(
n
m

)
− 1 and dimV = m(n − m), so the minimum number of equations

that describe the Grassmann variety is

neq =

(
n

m

)
− 1−m(n−m)

For example, if m = 2 and n = 4 then neq =
(
4
2

)
− 1− 2(4− 2) = 1. So the Grassmannian va-

riety Ω(2, 4) is described by only one equation which is the same as the one mentioned be-

fore i.e. x0x5 − x1x4 + x2x3 = 0.

In this report an algorithm is proposed which among the set of
(

n
m−1

)(
n

m+1

)
equations that de-

scribe the Grassmann Variety, it defines the exact minimum number of equations equal to

neq =
(
n
m

)
− 1−m(n−m) that define the Grassmann variety. Moreover, it is shown that each

of these equation consists of three terms.

Mathematical Background for Matrix Pencils

Consider (F,G) ∈ Rm×n ×Rm×n (or Cm×n ×Cm×n). The polynomial matrix sF −G is defined

as matrix pencil which is produced by the ordered pair (F,G).

The set of all the m×n real matrix pencils is determined by the term Lm,n and it has the form:

Lm,n := {sF −G : F,G ∈ Rm×n, s ∈ C} (264)

Definition 2: The pencil sF −G ∈ Lm,n is called regular pencil if and only if :

i)m = n

ii)det(sF −G) ̸= 0 (different than zero polynomial)

If m ̸= n or (m = n and det(sF −G) ≡ 0) then the pencil is called singular.

Let assume that from now on by Lr
n,n will define the set of regular matrix pencils while by Ls

m,n

will define the set of singular matrix pencils.

Next, suitable equivalence relations on the set Lr
n,n, L

s
m,n are defined, in order to define canon-

ical forms through a complete set of invariants from the corresponding Smith form.

Smith Canonical Form

Definition 3: Let assume that L1(s) = sF1−G1 ∈ Lm,n and L2(s) = sF2−G2 ∈ Lm,n are two

matrix pencils. The matrix pencils L1(s) and L2(s) are called R[s]− equivalent if and only if

L2(s) = R(s) · L1(s) ·Q(s) (265)
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where R(s) ∈ Rm×m[s], Q(s) ∈ Rn×n[s] and detR(s), detQ(s) ∈ R− {0}

The matrices R(s), Q(s) with determinants different than zero and independent of s are called

unimodular.

Equation (265) defines on the set of Lm,n an equivalence relation and a complete set of invari-

ant through which the Smith canonical form is defined.

Theorem 1: Let assume that L(s) = sF −G ∈ Lm,n, then

1. There are unimodular matrices P (s) ∈ Rm×m[s], Q(s) ∈ Rn×n[s] such that :

P (s) · L1(s) ·Q(s) = S(s) =


f1(s) . . . 0 0

0 . . . . . . 0

0 . . . fp(s) 0

0 0 0 0

 ∈ Rm×n[s] (266)

where S(s) is called the Smith canonical form of the pencil sF −G and

(a) p = max{rank(L(s))} ≤ min(m,n) with s ∈ R

(b) The polynomials fi(s) ∈ R[s] with i = 1, ..., p are called invariant polynomials

of the pencil L(s) and they have one as coefficients of the maximum power of

the polynomials, they are uniquely defined and they satisfy the division property,

meaning that fi(s) divides fi+1(s).

fi(s)/fi+1(s), i = 1, ..., p− 1 (267)

2. The set of fi(s) ∈ R[s] with i = 1, ..., p of the invariant polynomials is the com-

plete set of invariants, of the equivalence class ER[s](L(s)) that is defined by equa-

tion (265) and S(s) is the regular form.

The factorization of the invariant polynomials fi(s) into powers of monic polynomials of the

first degree of s, which ∈ C, leads to the elementary divisors of the pencil sF −G that has one

of the following forms:

1. sp, p ∈ N, these divisors are called zero elementary divisors.

2. (s− a)r, a ∈ C− {0}, r ∈ N, these divisors are called non zero finite elementary divisors.

3. Infinite elementary divisors, as a matrix pencil apart from the finite elementary divisors

may has also elementary divisors to infinity.
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Definition 4: Infinite elementary divisor of the matrix pencil sF − G is called every zero

elementary divisor of the matrix pencil F − ŝG, meaning every divisor of the form ŝq.

Another proposition and its proof are presented below.

Proposition 2: Let assume a regular matrix pencil of the form sF −G ∈ Rn×n[s]. Then there

are c1, c2 ∈ R− {0} such that:

|sF −G| = c1 · c2 ·
n∏

i=1

fi(s) (268)

where fi(s) are the invariant polynomials of the pencil.

Proof : From the definition of the regular form, it is concluded that |sF−G| ̸= 0, meaning that

the pencil is not equal to the zero polynomial, so its rank will be equal to rankR(s)(sF−G) = n.

According to the Theorem 1, it may be concluded that there are unimodular matrices

R(s) ∈ Rm×m[s], Q(s) ∈ Rn×n[s] and c1, c2 ∈ R − {0} such that |R(s)| = 1/c1, |Q(s)| = 1/c2

and they have the following property:

R(s) · (sF −G) ·Q(s) = S(s) =

 f1(s) 0

f2(s)

0 fn(s)

 (269)

where fi(s) are the invariant polynomials of the pencil.

From the equation (269) and by calculating the determinants of both sided of the equation it

takes that:

|P (s)| · |sF −G| · |Q(s)| = |S(s)| =
n∏

i=1

fi(s) (270)

and then

|sF −G| = c1 · c2 ·
n∏

i=1

fi(s) (271)

Notice: Let assume that sF −G ∈ Rn×n[s] is a regular matrix pencil.

If fi(s) = (s − ai,l)
τi,l ...(s − ai,k)

τi,ki , i = 1, 2, .., n is the uniquely factorization on C of the

invariant polynomial of the pencil, then according to the proposition is evident that the sum
n∑

i=1

ki∑
j=1

aij of the degrees of the elementary divisors (s − aij)
τij will be equal to the degree of

the polynomial |sF −G|, meaning that

rank(|sF −G|) =
n∑

i=1

ki∑
j=1

aij (272)

Next, the results of the theory of matrix pencils under the transformation of Strict equiva-

lence are briefly presented.
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Strict Equivalence

Let assume the following set∑
= {(P,Q) : P ∈ Cm×m, Q ∈ Cn×n, |P |, |Q| ̸= 0} (273)

It is defined an action (∗) as follows:

(∗) :
∑

×
∑

→
∑

: ((P1, Q1), (P2, Q2) → (P1, Q1) ∗ (P2, Q2) := (P1P2, Q2Q1) (274)

Then the set of (
∑
, ∗) has the structure of a group with an identity element e∑ = (Im, In) and

as the reverse element of (P,Q) being equal to (P−1, Q−1).

Then, it is defined action ”o” of the group (
∑
, ∗) on the set of Lm,n as follows:

(o) :
∑

×Lm,n → Lm,n : ((P,Q), (sF −G)) → (P,Q)o(sF −G) := P · (sF −G) ·Q (275)

The action of (o) has the properties:

1. (e∑o(sF −G) = sF −G

2. ((P1, Q1)o[(P2, Q2)o(sF −G)] = [(P1, Q1) ∗ (P2, Q2)]o(sF −G)

The action of the group (
∑
, ∗) over the set of Lm,n defines among the elements an equivalence

relation which is called strict equivalence relation and it is symbolized by εΣ.

More precisely regarding this equivalence, it holds that:

If sF1 −G1, sF2 −G2 ∈ Lm,n then it holds that: sF1 −G1εΣsF2 −G2 if and only if there are

(P,Q) ∈ (
∑

, ∗) : P · sF1 −G1 ·Q = sF2 −G2

The action of the group (
∑
, ∗) over the set of the single element sF −G produces the

corresponding equivalent class which it is denoted by εΣ(sF −G) and it comes that:

(
∑

, ∗)o{sF −G} := εΣ(sF −G) (276)

The following theorem applies:

Theorem 2: Let assume a matrix pencil of the form sF − G ∈ Lr
n,n. Then the fi-

nite and infinite divisors of the matrix pencils consist a complete and independent set of in-

variant of the equivalent class εΣ(sF −G).

Weierstrass canonical Form

The existence of the whole and independent set of invariant polynomials implies the existence

of a uniquely defined canonical form which is called Weierstrass canonical form of the pencil.
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Theorem 3: The class of equivalence εΣ(sF − G), sF − G ∈ Lr
n,n can be characterized by a

regular element:sFw−Gw which is the complex Weierstrass regular form which has the following

form:

sFw −Gw = block − diag{...; sHq − Iq; ...; sIτ − Jτ (a); ...} (277)

where

sIτ − Jτ (a) is the Jordan block which corresponds to the elementary divisor (s− a)τ and

sHq − Iq is the regular block which corresponds to the infinite elementary divisor ŝq.

It is mentioned that Hq is the q × q nilpotent matrix whose elements of the super-diagonal are

equal to one, while all the rest of its elements are equal to zero.

The real Weierstrass regular form can be produced by an appropriate transformation of the

blocks of the form of the (277).

If (s− a)τ is a basic divisor with a = −σ− iω ∈ C then and the (s− ā)τ is also elementary di-

visor with ā = −σ + iω.

Let assume that (s − a)τ (s − ā)τ = (s2 − βs − γ)τ = q(s) is the second order real elementary

divisor (β, γ ∈ R) which corresponds to the pair of the complex conjugates elementary divisors

(s− a)τ , (s− ā)τ .

Then it is proved that the corresponding real Weierstrass canonical form sF ′
w −G′

w comes from

(277) by replacing the pair of blocks: sIτJτ (a) and sIτJτ (â) from the block:

cτ (β, γ) =



0 1 0 0 0 . . . 0 0

γ β 1 0 0 . . . 0 0

0 0 0 1 0 . . . 0 0

0 0 γ β 1 . . . 0 0
...

...
...

...
...

...
...

...

0 0 0 0 0 . . . 0 1

0 0 0 0 0 . . . γ β


∈ R2τ×2τ (278)

or from the block:

Dτ =


W I2 0 . . . 0 0

0 W I2 . . . 0 0
...

...
...

...
...

...

0 0 0 . . . W I2

0 0 0 . . . 0 W

 ∈ R2τ×2τ (279)

where :

W =

[
σ ω

−ω σ

]
(280)

It is mentioned that for the matrix pencil sF −G ∈ Lr
n,n its class of equivalence εΣ(sF −G) has

a full set and independent set of invariant which is defined by the finite and infinite elemen-

tary divisors of the pencil sF −G. In case of a singular pencil, meaning that sF −G ∈ Ls
m,n ,
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then the set of invariant is increased by other invariants such that the pencil to become com-

plete and independent.

Kronecker Canonical Form

Let assume that rankR(s)(sF −G) = r < min(m,n) then the subspaces:

N r
R(s)(sF −G) := {x̄(s) ∈ Rn(s) : (sF −G) · x̄(s) = 0̄}

and

N l
R(s)(sF −G) := {ȳ(s) ∈ Rm(s) : ȳ(s)(sF −G) = 0̄t}

are non trivial vector subspaces of the Rn(s),Rm(s) correspondingly.

Let assume that p = dimN r
R(s) and t = dimN l

R(s). It is known that the vector subspaces N r
R(s)

and N l
R(s) are produced by the minimum polynomial basses {x̄i(s), i − 1, 2, ..., p}, {ȳj(s), i −

1, 2, ..., t} correspondingly with minimum degrees: {ε1 = ... = εp = 0 < εq+1 ≤ ... ≤ εp} and

{ζ1 = ... = ζq′ = 0 < ζq′+1 ≤ ... ≤ ζt} correspondingly.

The sets of these minimum indices {εi, i = 1, ..., p} and {ζj, j = 1, ..., t} are known as the col-

umn and the row minimal indices. The following theorem stands.

Theorem 4: Let assume the matrix pencils sF −G ∈ Ls
m,n. Then the finite and the infinite el-

ementary divisors as well as the column and the row minimal indices of the pencil sF −G con-

sists a complete and independent set of invariants of the equivalence class εΣ(sF −G).

The existence of the complete and independent set of invariants reassures the existence

of a unique representative in the class εΣ(sF − G) which is called the Kronecker canoni-

cal form and it will be symbolised by sFk −Gk.

Theorem 5: The equivalence class εΣ(sF − G), (sF − G) ∈ Ls
m,n is characterized by a regu-

lar element sFk −Gk the Kronecker canonical form which is as follows:

sFk −Gk := quasi− diag{0h,q;Lεq+1 , ..., Lεp ;L
t
ηq+1

, ..., Lt
ηt ; sFw −Gw} (281)

where:

sFw − Gw is the Weierstrass canonical form which corresponds to the finite and infinite basic

divisors

0h,q is a zero block which is defined by the q zero column indices and the h zero row indices and

Lεi , Lηj are the blocks which correspond to non-zero minimum column and row indices

accordingly and they have the form of:
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Lξ =


s −1 0 . . . 0 0

0 s −1 . . . 0 0
...

...
... . . .

...
...

0 0 0 . . . s −1

 (282)

where ξ = εi or ξ = ηj and the block Lξ has the dimensions ξ × ξ + 1

If the part of sFw − Gw is replaced by the corresponding one of sF ′
w − G′

w of the real Weier-

strass canonical form, then we take the corresponding sF ′
k − G′

k real Kronecker canoni-

cal form of the singular matrix pencils sF −G.

Control of Regularity of a Pencil

Let assume a pencil of the form sF − G, F,G ∈ Rn×n or Cn×n. This pencil is a regular pen-

cil, if and only if, |sF −G| ̸= 0.

The pencil sF −G can be written as follows:

sF −G = [F
...G] ·

[
sIn

−In

]
If |F | ̸= 0 then the pencil sF −G is regular.

If |F | = 0 and assuming that p = rank(F ) < n, then there is a suitable matrix P ∈ Rn×n with

|P | ̸= 0 such that:

P · [F ...G] =


F1

... G1

. . .
... . . .

O(n−p),n
... G2


where F1 ∈ Rp×n, G1 ∈ Rp×n, G2 ∈ Rn−p×n.

Let assume a n× n matrix of the form:[
Ip 0p,n−p

O(n−p),n −sIn−p

]
then det(P1(s)) = (−1)n−psn−p ̸= 0

As a consequence it stands that:

sF −G regular ⇔ P1(s) · P · P (sF −G) regular (283)

However, it holds that

P1(s) · P · P (sF −G) =

[
Ip 0p,n−p

O(n−p),n −sIn−p

]
· P · [F,G] ·

[
sIn

−In

]
=
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=

[
Ip 0p,n−p

O(n−p),n −sIn−p

]
·


F1

... G1

. . .
... . . .

O(n−p),n
... G2

 ·

[
sIn

−In

]
=

= s ·

 F1

. . .

G2

−

 G1

. . .

O(n−p),n



If

∣∣∣∣∣∣∣
 F1

. . .

G2


∣∣∣∣∣∣∣ ̸= 0 then the pencil is regular, otherwise it is followed the same process.

It is proven that the algorithm is set to an end in one of the following cases:

1. The n× n matrix which is produced by the n left columns is reversible and so the pencil

is regular.

2. At least one row of the matrix


F1

... G1

. . .
... . . .

O(n−p),n
... G2

 is zero, so the pencil is singular.

Appendix B: Algorithmic implementation

The purpose of this section is to implement some of the main algorithms presented in this

work and to test them numerically. Appendix B concentrates on the following topics: Testing

pencil regularity, construction of compound matrices and construction of elementary divisors

of a pencil (finite and infinite), Smith form and Weierstrass canonical form of a regular pencil.

All code is written and tested with Matlab (Mathworks) software. Appendix B describes

the computational techniques developed in the work (using Matlab code) for the purpose

of testing/validating the main results and producing the numerical examples included in the

thesis. Each subsection includes: (a) Problem definition, (b) Background theory on which each

algorithm is based, (c) Matlab code (with comments) and (d) Numerical example illustrating

the validity of the Matlab routine.

Specifically, Appendix B1 presents a recursive algorithm (Shuffle algorithm) for determin-

ing whether an arbitrary matrix pencil is regular. The algorithm terminates in a fi-

nite number of steps and relies exclusively on straightforward linear-algebraic transforma-

tions. Since the thesis analyses exclusively state-space or regular descriptor systems, the algo-

rithm can be used to determine the applicability of the proposed methods to the class of prob-

lems which is considered.
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Appendix B2 contains (i) an algorithm for constructing compound matrices and, (ii) a lexico-

graphic ordering routine. These are low-level functions used as subroutines of several compu-

tations performed at a higher level based on algebraic geometry. The validity of the code is

tested with a numerical example verifying the Cauchy-Binet theorem.

Appendix B.3 constructs elementary divisors (finite and infinite), the Smith form and

Weierstrass canonical form of regular matrix pencils. Construction of the Smith form of

polynomial matrices and (generalized) eigenvalue calculations rely on standard (existing)

Matlab code. The construction of the Weierstrass canonical form of a regular pencil uses

the Piecewise Arithmetic Progression Sequence algorithm (PAPS) described in the work. The

Weierstass canonical form is used to solve homogenous and inhomogenous initial value problems

of singular (descriptor) systems corresponding to discrete and continuous-time systems and

other related computations.

B.1 Testing pencil regularity: Let E,A ∈ Rn×n (or Cn×n). The pencil sE − A is called

regular if det(sE − A) is not (identically) equal to zero. Although this can be tested directly

by expanding the determinant, the complexity of the calculation increases significantly as the

dimension of the pencil n increases and, therefore, an alternative algorithm has been derived

as an alternative (Shuffle algorithm, Luenberg 1978):

To implement the algorithm first the matrix [E A] ∈ Rn×2n is constructed. If matrix E is

nonsingular, the pencil is regular and the algorithm stops. If E is singular, we transform the

pencil into the form [
E A

]
∼

[
E1 A1

0 A2

]
using equivalent transformations, in which E1 ∈ Rq×n and q = rank(E). Next we mix the

second block of rows of the last matrix, resulting in the matrix:[
E1 A1

A2 0

]

Matrix [ET
1 | AT

2 ] is square. If it is also non-singular, the pencil sE − A is regular and the

algorithm terminates, else it is continued. It can be shown that the algorithm terminates if one

of the following two conditions is satisfied: (i) The matrix constructed from the n left columns

is non-singular, in which case the pencil sE − A is regular, or (ii) matrix[
E1 A1

A2 0

]

contains at least one zero row, in which case the pencil sE − A is not regular.

The matlab code developed to implement the algorithm is listed below:
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% function flag_regular=regular_pencil1(e,a)

% function flag_regular=regular_pencil1(e,a)

% determines if pencil [s*e,a] is regular

% flag_regular=1 means [s*e-a] is regular, else flag_regular=0

%e=[0 1 1; 1 1 0 ; -1 0 1];

%a=[1 0 1; 0 2 0; -1 0 1];

%

if size(a,1) ~= size(a,2) | size(e,1) ~= size(e,2) | size(e,1) ~= size(a,2)

disp(’error input data’)

flag_regular=[];

return

end

%

n=size(a,1);

r=rank(e);

if r==n

flag_regular=1;

return

end

flag_regular=0;

niter=10;

iter=1;

%

while iter < niter

s=rref([e a], 1e-8);

e1=s(1:r,1:n);

a1=s(1:r,n+1:2*n);

a2=s(r+1:n,n+1:2*n);

s1=[e1 a1; a2 zeros(n-r,n)];

if rank([e1;a2],1e-8) == n;

flag_regular=1;

return

end

%

if norm(s1(n,:))<1e-8

flag_regular=0;

return

end

%

iter=iter+1;

s=s1;

end

%

%--------------------- end of regular_pencil1.m --------------------------
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Example: Consider the pencil sE − A, where

E =

 0 1 1

1 1 0

−1 0 1

 , and A =

 1 0 1

0 2 0

−1 0 1


Then: [

E A
]
=

 0 1 1 1 0 1

1 1 0 0 2 0

−1 0 1 −1 0 1


in which matrix E is singular. Adding the second row to the third row and subtracting the

first gives: [
E A

]
∼

 0 1 1 1 0 1

1 1 0 0 2 0

0 0 0 −2 2 0


The rank of the matrix formed by the first 3 columns is q = 2. Resufling:

[
E A

]
∼

 0 1 1 1 0 1

1 1 0 0 2 0

−2 2 0 0 0 0


The matrix formed by the first three columns is non-singular. Hence the pencil is regular and

the algorithm stops.

B.2 Construction of r-compound matrix

The code for constructing the r-compound matrix of a n × n (square) matrix is included

below. This calls as subroutine the function lexicographic which produces a sequence of

lexicographically ordered sequences.

function comp=compoundr(a,r)

% function comp=compoundr(a,r)

% contructs the r-compound matrix of a nxn (square) matrix a

%

[nrows,n]=size(a);

if nrows ~= n

disp(’Error in compoundr: Input matrix must be square’);

comp=[];

return

end

%

if r~=2 & r~=3 & r~=4

disp(’Error in compoundr: r=2,3,4’);

comp=[];

return

end

%
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if r>n

disp(’Error in compoundr: r<=n’);

comp=[];

return

end

%

% construct lexicographic order array

%

array_lex=lexicographic(n,r);

m=nchoosek(n,r);

comp=zeros(m,m); % initialize compound array

%

for i=1:m

row_indexes=array_lex(i,:);

for j=1:m

column_indexes=array_lex(j,:);

a_temp=a(row_indexes,column_indexes);

comp(i,j)=det(a_temp);

end

end

%

%comp

%

%--------------------- end of compoundr.m --------------------------------

The following function is a subroutine of compoundr.m which creates a list of lexicographically

ordered integer sequences

function array_out=lexicographic(n,r)

%function array_out=lexicographic3(n,r)

% creates lexicographic order of integers [1:n]^r

% r=2,3,4, 1<=r<=n

if r~=2 & r~= 3 & r~=4

disp(’error in lexicographic’)

array_out=[];

return

end

%

if r>n

disp(’error in lexicographic’)

array_out=[];

return

end

%

if r==1

array_out=1:n;
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return

end

%

array_out=[];

if r==2

for i1=1:n-1

for i2=i1+1:n

array_out=[array_out ; i1 i2];

end

end

return

end

%

if r==3

for i1=1:n-2

for i2=i1+1:n-1

for i3=i2+1:n

array_out=[array_out ; i1 i2 i3];

end

end

end

return

end

%

if r==4

for i1=1:n-3

for i2=i1+1:n-2

for i3=i2+1:n-1

for i4=i3+1:n

array_out=[array_out ; i1 i2 i3 i4];

end

end

end

end

end

%

%------------------- end lexicographic.m ---------------------------------

Example: To test the code we first create to random 5×5 real matrices using matlab’s randn.m

function. The elements of the matrices are statistically independent and normally distributed

(with mean 0 and variance 1):

a=randn(5,5);b=randn(5,5);

%

a = 0.5377 -1.3077 -1.3499 -0.2050 0.6715

1.8339 -0.4336 3.0349 -0.1241 -1.2075

-2.2588 0.3426 0.7254 1.4897 0.7172

0.8622 3.5784 -0.0631 1.4090 1.6302
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0.3188 2.7694 0.7147 1.4172 0.4889

%

b = 1.0347 0.8884 1.4384 -0.1022 -0.0301

0.7269 -1.1471 0.3252 -0.2414 -0.1649

-0.3034 -1.0689 -0.7549 0.3192 0.6277

0.2939 -0.8095 1.3703 0.3129 1.0933

-0.7873 -2.9443 -1.7115 -0.8649 1.1093

Next, we generate the compound matrices of a and b using function compoundr.m. The results

produced are as follows:

ca=compoundr(a,3); >> cb=compoundr(b,3);

ca =

10.4501 2.9534 -2.0272 4.1107 5.2317 2.2760 -6.5669 -4.7627 -2.6199 1.4141

-18.7605 2.0077 11.8717 6.4876 6.2256 3.4392 -3.5865 -8.7661 -1.3314 1.8413

-11.2792 2.2355 6.8630 5.8516 3.2222 2.9219 -4.3196 -4.6930 -1.6982 1.2007

9.2711 -6.7310 -12.3299 -5.3311 -5.4698 -3.1188 -7.4672 -6.0737 -5.5212 -0.9130

5.2298 -5.4597 -6.9951 -4.6037 -3.1237 -2.8966 -4.5041 -3.4332 -2.4403 0.3319

0.6178 1.3834 -0.7778 0.3231 -0.3483 -0.3731 2.4519 -0.3342 2.3386 1.2074

-30.4374 -9.7874 4.5696 15.6642 15.8876 7.4605 14.5542 8.7222 4.9898 3.1082

-23.3525 -7.4792 3.7721 11.3184 5.9844 3.7449 11.2822 7.7186 4.2945 -0.8498

9.0713 2.3241 -6.6198 -4.4349 -2.6639 -3.9189 -3.4117 5.6121 -1.0518 -3.7456

-5.4852 -1.0477 7.1746 2.8641 3.2292 4.3631 2.8465 3.5559 4.4025 -0.1809

%

cb =

0.0373 -0.6719 -1.2544 -0.2635 -0.4884 -0.0656 0.7041 1.3235 -0.1608 -0.1318

-2.5155 -0.8129 -2.1771 -0.0736 -0.6382 -0.1425 1.3154 2.5517 -0.3139 -0.2590

-0.4775 1.3295 -2.3284 0.5601 -0.8621 -0.3309 -1.3201 2.5105 -0.5528 -0.5615

-1.1704 0.0318 -0.2416 -0.4057 -0.9956 0.1108 -0.2769 -0.4850 0.0703 0.0674

-0.2657 1.4672 0.5439 0.5096 0.0207 0.9288 -1.5759 -0.7306 0.8086 1.2784

2.9352 1.8381 1.3924 -0.7198 1.7846 1.4590 -3.4633 -0.4886 1.3369 2.2255

-1.5493 -0.4069 -1.1645 -0.3814 -1.0253 0.0174 1.2986 2.4904 -0.3220 -0.2463

-0.3551 1.9319 0.6537 0.7228 0.1333 0.6053 -1.8869 -0.4223 -1.1763 0.1512

4.1117 1.5322 3.2960 -0.6087 1.9842 1.2274 -1.0906 -5.5383 -1.1896 1.3462

0.1052 -0.9800 -0.3790 0.3750 0.2283 -0.7760 3.6485 1.5296 -1.1048 -2.4661

Function compoundr.m calls internally function lexicographic. In the context of this example

this produces the following 10 lexicographically ordered sequences:

array_out=lexicographic(5,3)

%

array_out =

1 2 3

1 2 4

1 2 5
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1 3 4

1 3 5

1 4 5

2 3 4

2 3 5

2 4 5

3 4 5

%

To test the Cauchy-Binet theorem with the above matrices the following two matrices were

calculated:

ca*cb =

-4.3502 -12.0562 -14.4352 -3.5593 -3.9408 0.8893 5.1294 11.6792 15.3471 4.9092

-7.1826 23.0982 -8.5124 6.0441 -2.2594 0.1029 -29.7040 5.6832 16.9272 4.5616

-6.9468 14.0826 -6.3808 3.5567 -1.6718 0.1222 -21.3991 3.8525 11.8458 3.1775

12.6312 -47.3381 12.5762 -5.7568 5.7093 -15.6650 39.3017 -14.6028 15.5966 -11.1089

13.1832 -27.2936 11.8249 -1.6870 5.7046 -10.2971 26.4653 -14.3848 6.0428 -9.6111

1.5963 -3.0034 1.4141 -2.8878 0.8486 0.9616 10.7021 -2.1828 -5.3735 -1.7404

15.8445 87.5327 68.1180 6.5541 12.0696 38.5011 -87.2100 -66.9537 5.0453 38.7369

9.6450 60.5434 48.9147 2.9229 6.2525 24.4245 -64.4921 -52.4592 -2.2240 25.9101

-9.3771 -13.7489 -1.2654 1.5859 -1.5356 -2.4655 9.6423 -3.4415 -6.3472 -0.9970

20.0115 39.5591 13.1851 1.6210 8.4132 15.5634 -44.1790 -16.8731 -4.2467 17.2069

compoundr(a*b,3) =

-4.3502 -12.0562 -14.4352 -3.5593 -3.9408 0.8893 5.1294 11.6792 15.3471 4.9092

-7.1826 23.0982 -8.5124 6.0441 -2.2594 0.1029 -29.7040 5.6832 16.9272 4.5616

-6.9468 14.0826 -6.3808 3.5567 -1.6718 0.1222 -21.3991 3.8525 11.8458 3.1775

12.6312 -47.3381 12.5762 -5.7568 5.7093 -15.6650 39.3017 -14.6028 15.5966 -11.1089

13.1832 -27.2936 11.8249 -1.6870 5.7046 -10.2971 26.4653 -14.3848 6.0428 -9.6111

1.5963 -3.0034 1.4141 -2.8878 0.8486 0.9616 10.7021 -2.1828 -5.3735 -1.7404

15.8445 87.5327 68.1180 6.5541 12.0696 38.5011 -87.2100 -66.9537 5.0453 38.7369

9.6450 60.5434 48.9147 2.9229 6.2525 24.4245 -64.4921 -52.4592 -2.2240 25.9101

-9.3771 -13.7489 -1.2654 1.5859 -1.5356 -2.4655 9.6423 -3.4415 -6.3472 -0.9970

20.0115 39.5591 13.1851 1.6210 8.4132 15.5634 -44.1790 -16.8731 -4.2467 17.2069

This results in (numerical) equality. The norm of the difference of the two matrices is obtained
as:

norm(ca*cb-compoundr(a*b,3)) = 6.0629e-14

B.3 Elementary divisors, Smith form and Weierstrass canonical form of regular

matrix pencil

Consider the differential system S(E,A) : Ex′(t) = Ax(t), E,A ∈ Rn×n. We assume that the

matrix pencil sE − A is regular and construct the Weierstrass canonical form of the pencil
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sEw − Aw using the Piecewise Arithmetic Progression Sequence algorithm (PAPS) described

in this work. This proceeds by calculating finite and infinite elementary divisors of the pencil

using only the numerical rank and nullity of a sequence of matrices constructed from E and A.

As a by-product we obtain also the determinant of the pencil and its Smith form.

First we calculate the root range of sE − A (including the roots at infinity) by solving the

corresponding generalised eigenvalue problem (matlab’s function eig(A,B) is appropriate for

this task). Distinct eigenvalues λi are grouped together as a single multiple eigenvalue according

by comparing the absolute value of their difference to a pre-specified small tolerance level. A

similar approach is followed to identify the multiplicity of the eigenvalue at infinity, using a test

of the form |λi| > 1/ϵ, where λ us a finite eigenvalue and ϵ a prespecified small tolerance. The

multiplicity of the root at infinity of the pencil sE−A may be calculated from the multiplicity

of the zero generalized eigenvalue of the dual pencil ŝA− E.

For each α ∈ C belonging in the root range of sE −A, we calculate the elementary divisors of

sE − A as follows:

For each finite α ∈ C we define the following sequence of matrices P
(i)
α , i ∈ N, associated with

sE − A:

P (1)
α (E,A) = A− sE ∈ Cn×n, P (2)

α (E,A) =

[
A− αE 0n,n

−E A− αE

]
∈ C2n×2n, . . . ,

and in general

P (i)
α (E,A) =


A− αE 0 . . . 0 0

−E A− αE . . . 0 0
...

...
...

...

0 0 . . . A− αE 0

0 0 . . . −E A− αE

 ∈ Cin×in

Similarly, if α = ∞, we define the matrix sequence P
(i)
∞ (E,A), i ∈ N as:

P (1)
∞ (E,A) = E ∈ Cn×n, P (2)

∞ (E,A) =

[
E 0n,n

−A E

]
∈ C2n×2n, . . . ,

and in general

P (i)
∞ (E,A) =


E 0 . . . 0 0

−A E . . . 0 0
...

...
...

...

0 0 . . . E 0

0 0 . . . −A E

 ∈ Cin×in

Let ρ
(i)
α the rank of P

(i)
α (E,A) and ρ

(i)
∞ the rank of P

(i)
∞ (E,A). We also denote the corresponding

nullities of P
(i)
α (E,A) and P

(i)
∞ (E,A) as n

(i)
α and n

(i)
∞ , respectively. Note that for numerical
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purposes, the rank of a matrix can be determined from the index of the smallest singular value

of the matrix which is larger than a small positive tolerance, e.g. using matlab’s svd function.

Define the ordered set Iα corresponding to α ∈ C as:

Iα = {(d1, σ1), (d2σ2), . . . , (dp, σp) : d1 < d2 < . . . < dp}

where σi bis the multiplicity of the elementary divisor (s − α)di . The index set of the root of

the pencil sE − A at infinity is defined similarly as I∞ = {(di, σi)}, where the σi’s are now

the multiplicities of the elementary divisor ŝdi of the dual pencil ŝA − E. The index sets Iα,

α ∈ C∪{∞}, characterise completely the structure of the finite and infinite elementary devisors

of sE − A, and are referred to as the finite and infinite index sets of the pencil sE − A.

Let nk(α) be the nullity of P
(k)
α (E,A), α ∈ C∪{∞} with n0(α) = 0. The numbers nk(α) satisfy

the relations:

nk(α) ≥
nk−1(α) + nk+1(α)

2

with strict inequality holding if and only if k is the degree of an elementary divisor of sE−A at

s = α. The sequence (nk(α))k≥0 is referred to as the piecewise arithmetic progression sequence

(PAPS) of the pencil sE − A at the root s = α. The value of index k(α) = d(α) where

there is a discontinuity in the arithmetic progression is referred to as a singular point and the

corresponding number δd(α) := 2nd(α) − nd−1(α) − nd+1(α) is called the gap of the sequence

at k(α) = d(α). Thus, for each α:

(i) An index k(α) = di(α( is a singular point of the sequence (nk(α))k≥0 if and only if di(α)

is a degree of an elementary divisor of sE − A at s = α.

(ii) If k(α) = di(α) is a singular point, then the gap δdi(α) at k(α) = di(α) is equal to the

multiplicity σdi(α) of the elementary divisor at s = α with degree di(α).

The matlab code which has been developed to implement the above algorithm is given next.

The input to the programme consists of two square matrices a and e of the same dimension.

The output consists of the PARS sequences and the structure of the elementary divisors. For

comparison, the Smith form of the pencil is also calculated.

% PAPS: The program constructs the elementary divisors of matrix pencil sE-A

% Input: Square matrices e and a

% Output: PAPS arrays

%

eps1=1e-6; % numerical tolerance

%

[e1,a2,rank1,flag_regular]=regular_pencil(e,a); % check whether pencil s*e-a is regulsr

flag_regular % flag_regular=1 means pencil is regulat

eig_ae=eig(a,e); % calculate generalised e-values of pencil (matlab routine)

eig_ae=round(eig_ae,8); % e-values considered identical if they agree in at least 8 decimal places
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%

index_finite=isfinite(eig_ae); % logical array for finite evalues

no_finite=sum(index_finite); % no of finite evalues

index_inf=isinf(eig_ae); % logical array of infinite evalues

no_inf=sum(index_inf); % no of infinite evalues

eig_ae_fin=eig_ae(index_finite); % finite evalues with multiplicities

eig_ae_inf=eig_ae(index_inf); % infinite evalues with multiplicities

%

tmp1=[]; % store finite evalues (no multiplicities)

for i=1:size(eig_ae_fin,1)

if all(tmp1 ~= eig_ae_fin(i)) % new non-repeated finite e-value

tmp1=[tmp1 ; eig_ae_fin(i)]; % add it to array tmp1

end

end

eig_ae_fin1=tmp1; % finite e-values without multiplicities

size_ae_fin1=size(eig_ae_fin1,1); % no of distinct finite evalues

%

mult_eig_ae_fin1=0*eig_ae_fin1; % finite e-values multiplicities array

for i=1:size(mult_eig_ae_fin1,1)

mult_eig_fin1(i)=sum(eig_ae_fin==eig_ae_fin1(i)); % no of e-values equal to eig_ae_fin(i)

end

%

tmp2=[]; % store non-repeated infinite e-values

for i=1:size(eig_ae_inf,1)

if all(tmp2 ~= eig_ae_inf(i)) % logical array

tmp2=[tmp2 ; eig_ae_inf(i)]; % append with infinite e-value

end

end

eig_ae_inf=tmp2;

%

% Smith form of pencil - Symbolic pencil data

syms s % define symbolic variable s

pencil1=s*e-a; % pencil for finite ed’s

pencil2=s*a-e; % pencil for infinite ed’s

%

sm_1=smithForm(pencil1); % smith form of pencil1

sm_2=smithForm(pencil2); % smith form of pencil2

%

% Smith form diagonal polynomials pencil 1 (finite)

for i=1:size(sm_1,1)

eval([’sm_1_’,int2str(i),int2str(i),’=sym2poly(sm_1(’,int2str(i),’,’,int2str(i),’));’]);

end

%

% Smith form diagonal polynomials pencil 2 (infinite)

for i=1:size(sm_2,1)

eval([’sm_2_’,int2str(i),int2str(i),’=sym2poly(sm_2(’,int2str(i),’,’,int2str(i),’));’]);

end

%

size_ae=size(a,1); % no of rows of a
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% size_ae_fin=size(eig_ae_fin,1); % no of finite e-values

no_blocks=8; % go up to P_alpha^(8)(e,a)

ranks_fin=zeros(size_ae_fin1,no_blocks); % array to store ranks

nullities_fin=zeros(size_ae_fin1,no_blocks); % array to store nullities

%

for i=1:size_ae_fin1 % finite eigenvalue index

p_tmp=[];

for j=1:no_blocks

if j==1 % first block

p_tmp=a-eig_ae_fin1(i)*e;

ranks_fin(i,j)=rank(p_tmp); % store rank

nullities_fin(i,j)=size(p_tmp,1)-ranks_fin(i,j); % store nullity

else

p_tmp=[p_tmp zeros(size_ae*(j-1),size_ae) ;

zeros(size_ae,size_ae*(j-2)) -e a-eig_ae_fin1(i)*e];

ranks_fin(i,j)=rank(p_tmp); % store rank

nullities_fin(i,j)=size(p_tmp,1)-ranks_fin(i,j); % store nullity

end

end

end

%

nullities_fin % display nullity array for finite e-values

%

delta=zeros(size_ae_fin1,no_blocks-1); % delta array for PAPS

for i=1:size_ae_fin1

for j=1:no_blocks-1

if j==1

delta(i,j)= 2*nullities_fin(i,j)-nullities_fin(i,j+1);

else

delta(i,j)= 2*nullities_fin(i,j)-nullities_fin(i,j-1)-nullities_fin(i,j+1);

end

end

end

%

for i=1:size_ae_fin1

delta_tmp=delta(i,:);

ind1=(delta_tmp~=0);

ind2=1:size(delta_tmp,2);

ind3=ind2(ind1);

delta_tmp1=delta_tmp(ind3);

disp(’---------------------------------’)

disp([’evalue: ’,num2str(eig_ae_fin1(i))])

for k=1:size(ind3,2);

disp([’Exponent: ’,int2str(ind3(k)), ’ Multiplicity=’,num2str(delta_tmp1(k))])

end

end

%

size_ae_inf=size(eig_ae_inf,1);

no_blocks=8;
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ranks_inf=zeros(size_ae_inf,no_blocks);

nullities_inf=zeros(size_ae_inf,no_blocks);

%

for i=1:size_ae_inf % infinite eigenvalue index

p_tmp=[];

for j=1:no_blocks

if j==1

p_tmp=e;

ranks_inf(i,j)=rank(p_tmp);

nullities_inf(i,j)=size(p_tmp,1)-ranks_inf(i,j);

else

p_tmp=[p_tmp zeros(size_ae*(j-1),size_ae) ;

zeros(size_ae,size_ae*(j-2)) -a e];

ranks_inf(i,j)=rank(p_tmp);

nullities_inf(i,j)=size(p_tmp,1)-ranks_inf(i,j);

end

end

end

%

nullities_inf % display nullity array for infinite e-values

%

%-------------------------------- end of paps.m ---------------------------------------

Example 1: The first example involves a state-space model with E = I6 and

A =



1 0 0 1 −1 0

0 1 −2 3 −3 0

0 0 −1 2 −2 0

1 −1 1 0 1 0

1 −1 1 −1 2 0

0 0 0 0 0 0


The Smith form of the pencil was calculated as

sE − A ∼ diag(1, 1, 1, 1, (s− 1)2, s(s− 1)2(s+ 1))

Thus the index set for α = 1 is

I1 = {(4, 0), (4, 0), (4, 0), (4, 0), (2, 2), (2, 2)}

corresponding to two elementary divisors with root α = 1: (s− 1)2 and (s− 1)2. The sequence

of nullities corresponding to root α = 1 (calculated with a tolerance ϵ = 10−10 is: Hence note

that the following conditions are satisfied as predicted by PAPS theory:

� n1 − n0 = 2: Number of elementary divisors at α = 1.

� k = 2: Smallest k for which nk+1 − nk = 0 - index of annihilation τ2 = 2 =

maximum degree dp.
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n0 n1 n2 n3 n4

0 2 4 4 4

Table 2: nullities sequence: α = 1

� n1 − n0 = 2 = number of elementary divisors with degree > 0.

� n2 − n1 = 2 = number of elementary divisors with degree > 1.

� n3 − n2 = 0 = number of elementary divisors with degree > 2.

Further

� n1 = 2 = n0+n2

2
= 2: 1 is not degree of an elementary divisor.

� n2 = 4 > n1+n3

2
= 3: 2 is degree of an elementary divisor.

� n3 = 4 = n2+n4

2
= 4: 3 is not degree of an elementary divisor.

Similar conditions apply for the other two e-values of the pencil sE − A at s = 0 and s = −1.

The Weirstrass canonical form of the pencil is

sE − A ∼



s+ 1 0 0 0 0 0

0 s 0 0 0 0

0 0 s− 1 −1 0 0

0 0 0 s− 1 0 0

0 0 0 0 s− 1 −1

0 0 0 0 0 s− 1


Example 2: In this example matrices E and A are taken as:

E =


1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 0

 and A =


0 1 1 0 −1

0 0 0 1 0

0 0 1 0 0

0 0 0 2 0

−1 0 −1 0 0


It can easily be verified that the pencil sE − A is regular. The Smith form of sE − A and

ŝA− E was calculated as:

sE − A ∼

[
I4 0

0 s(s− 1)(s− 2)

]
and ŝA− E ∼

[
I4 0

0 ŝ2(ŝ− 1)(ŝ− 1
2
)

]
respectively. Thus sE − A has three finite roots at s = 0, s = 1, s = 2. Note that the finite

non-zero roots of sE − A (s = 1 and s = 2) are the inverses of the finite non-zero roots of

ŝA − E (ŝ = 1 and ŝ = 1
2
, respectively). Further, ŝA − E has a double zero-root at ŝ = 0

indicating that sE−A has a double root at ∞. The sequence of nullities corresponding to root

α = ∞ (calculated with a tolerance ϵ = 10−10 is: Hence note that the following conditions are

satisfied as predicted by PAPS theory:
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n0 n1 n2 n3 n4

0 1 2 2 2

Table 3: nullities sequence: α = ∞

� n1 − n0 = 1: Number of elementary divisors at α = ∞.

� k = 2: Smallest k for which nk+1 − nk = 0 - index of annihilation τ2 = 2 =

maximum degree of ŝdp .

� n1 − n0 = 1 = number of elementary divisors with degree > 0.

� n2 − n1 = 1 = number of elementary divisors with degree > 1.

� n3 − n2 = 0 = number of elementary divisors with degree > 2.

Further

� n1 = 1 = n0+n2

2
= 1: 1 is not degree of an elementary divisor.

� n2 = 2 > n1+n3

2
= 3

2
: 2 is degree of an elementary divisor.

� n3 = 2 = n2+n4

2
= 2: 3 is not degree of an elementary divisor.

Similar conditions apply for the finite e-values of the pencil sE −A at s = 0, s = 1 and s = 3.

The Weirstrass canonican form of the pencil sE − A is:

sE − A ∼


s 0 0 0 0

0 s− 1 0 0 0

0 0 s− 2 0 0

0 0 0 −1 s

0 0 0 0 −1



B.4 Response of autonomous singular system (continuous-time)

Consider the autonomous singular (descriptor) system Ex′ = Ax corresponding to a regular

pencil sE − A. Using the techniques presented earlier in the thesis, the system can be

transformed into Weierstrass canonical form using a transformation of the form:

Ex′(t) = Ax(t) ⇄ Ewy
′(t) = Awy(t)

where the two pencils are linked via nonsingular matrices P and Q so that P (sE − A)Q =

sEw − Aw, or equivalently PEQ = Ew and PAQ = Aw. Matrices Ew and Aw have the

following structure:

Ew =

[
Iρ 0ρ,q

0q,ρ Hq

]
, Aw =

[
Jρ 0ρ,q

0q,ρ Iq

]
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in which Iρ is a unit matrix of dimension ρ, Jρ a block-diagonal matrix of dimension ρ consisting

of Jordan blocks (one block for each finite elementary divisor) and Hq a nilpotent matrix of

dimension q. In particular, for each finite elementary divisor (s− ai)
ρi , i = 1, 2, . . . , ν, we have

a Jordan block:

sIρi − Jρi(ai) and Jρ = block-diag{Jρ1(a1), . . . , Jρ1(aν)},
ν∑

i=1

ρi = ρ

and for each infinite elementary divisor ŝqj , j = 1, 2, . . . , µ, we have a block sHqj − Iqj where

Hqj is the elementary nilpotent matrix which consists of 1’s above the main diagonal and has

all other elements equal to zero. Then:

Hq = block-diag{Hq1 , Hq2 , . . . , Hqµ},
µ∑

j=1

qj = q

Moreover, ρ+ q = n, where n is the dimension of the pencil.

The solution can be first obtained in the transformed coordinates (in which pencil is in

Weierstrass form) and then transformed back in the original coordinates. It has been shown

that the solution can be written as:

x(t) = Q

[
eJρ(t−t0) 0ρ,q

0q,ρ Iq

]
Q−1x(t0), x(t0) = Qn,ρyρ(t0), yρ(t0) ∈ Rρ

where we have partitioned matrix Q as Q = [Qn,ρ | Qn,q]. Thus, the column span of Qn,ρ defines

the subspace of compatible initial conditions to the Initial Value Problem: Ex′(t) = Ax(t),

x(t0) ∈ col-span(Qn,ρ) generating all feasible solutions (other than impulsive-type solutions).

The following code can be used to obtain all compatible solutions of an autonomous singular

continuous-system in symbolic form. The function assumes that the pencil is in Weierstrass

canonical form and can be used an intermediate step to generate the solutions of an arbitrary

regular pencil.

function [yall, ew, aw]=weier_free_resp(a,p,q)

%function [yall, ew, aw]=weier_free_resp(a,p,q)

%

% Free response of system ew*y’=aw*y where pencil [ew aw] is regular)

% and in Weierstass canonical form

%

% Inputs:

% -------

% a: row vector of finite elementary divisors

% p: row vector, multiplicities of finite elementary devisors

% q: row vector, multiplicities if infinite elementary divisors

%

% Outputs:

% -------

% ew, aw: pencil matrices in Weierstrass canonical form
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% yall: symbolic matrix; linear combination of its columns via sum(p)

% IC’s gives free response of system

% a=[-1, -2, -3]; %finite elementary divisors

% p=[2 2 1]; % multiplicities of finite elementary divisors

% q=[1 2]; % multiplicities of infinite elementary divisors

n_p=size(p,2); % no of finite divisors

n_q=size(q,2); % no of infinite divisors

sum_p=sum(p); % size of jordan block

sum_q=sum(q); % size of nilpotent block

%

jord1=[]; % initialise jordan block

for i=1:n_p

tmp=make_jordan(a(i),p(i));

jord1=blkdiag(jord1,tmp);

end

%

nillp1=[]; % initialise nilpotent block

for i=1:n_q

tmp=make_jordan(0,q(i));

nillp1=blkdiag(nillp1,tmp);

end

%

% form pencil matrices

ew=blkdiag(eye(sum_p,sum_p),nillp1);

aw=blkdiag(jord1,eye(sum_q,sum_q));

%

t=sym("t");

% response is linear combination of columns of yall through initial

% condition vector y_p(0)

yall=[expm(jord1*t) ; zeros(sum_q,sum_p)];

%

%------------------------------- end weier_free_resp.m --------------------------------

Example: Consider the pencil:

sE − A =


s+ 1 3s+ 3 6s+ 7 7s+ 9 4s+ 12

−1 2s+ 4 2s+ 5 2s+ 3 6s+ 7

−1 s+ 2 1 −1 3s− 3

s− 1 4s+ 5 4s+ 5 5s+ 3 7s+ 8

−1 s+ 3 2s+ 5 2s+ 3 5s+ 4


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corresponding to the singular regular system: Ex′ = Ax where,

E =


1 3 6 7 4

0 2 2 2 6

0 1 0 0 3

1 4 4 5 7

0 1 2 2 5

 and A =


−1 −3 −7 −9 −12

1 −4 −5 −3 −7

1 −2 −1 1 3

1 −5 −5 −3 −8

1 −3 −5 −3 −4


Let

P =
1

6


−1 −11 −3 7 6

1 5 3 −1 −6

2 4 0 −2 0

−3 −3 −3 3 6

1 −1 3 −1 0

 and Q =
1

4


8 −2 10 −4 16

0 4 0 0 −2

4 −4 −4 −4 8

−4 2 6 4 −10

0 0 0 0 2


Since det(P ) = −1

6
and detQ = 1

4
both matrices are nonsingular. Using the transformation

P (sE − A)Q = sEw − Aw we obtain:

sE − A ∼ sEw − Aw =


s 0 0 0 0

0 s+ 1 0 0 0

0 0 s+ 2 0 0

0 0 0 −1 s

0 0 0 0 −1

 := s

[
I3 03,2

02,3 H2

]
−

[
J3 03,2

02,3 I2

]

which is the Weierstrass canonical form of the pencil. The set of compatible initial conditions

(here defined at time t0 = 0 without loss of generality) is obtained from the span of the first

three columns of matrix Q as:

X0 = {Q5,3θ : θ ∈ R3} =




8 −2 10

0 4 0

4 −4 −4

−4 2 6

0 0 0


 θ1

θ2

θ3

 : θ1, θ2, θ3 ∈ R


The numerical solution to the initial value problem was obtained by executing the following

matlab code:

[yall,ew,aw]=weier_free_resp([0 -1 -2],[1 1 1],2);

syms theta1 theta2 theta3

yy=[yall [zeros(3,2) ; eye(2)]];

yresp=q*yy*inv(q)*q(:,1:3)*[theta1 ; theta 2 ; theta3];
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All non-impulsive solutions (corresponding to compatible initial conditions) are obtained as:

x(t) =




2θ1 − θ2

2
e−t − 5θ3

2
e−2t

θ2e
−t

θ1 − θ2e
−t − θ3e

−2t

θ2
2
e−t − θ1 +

3θ3
2
e−2t

0

 : θ1, θ2, θ3 ∈ R


and are expressed in terms of three arbitrary real parameters.
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