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 a b s t r a c t

Neural operators have emerged as tools for learning solution operators of partial differential equa-
tions (PDEs). Standard spectral methods based on Fourier transforms struggle with problems in-
volving discontinuous coefficients, because the Gibbs phenomenon limits how well a truncated 
Fourier expansion can represent sharp interfaces. We introduce the Walsh-Hadamard Neural Oper-
ator (WHNO), which uses Walsh-Hadamard transforms in place of Fourier transforms. The Walsh-
Hadamard basis consists of rectangular wave functions, suited to piecewise constant fields, and 
is combined with learnable spectral weights acting on the low-sequency coefficients. We vali-
date WHNO on two problems: heat conduction with discontinuous thermal conductivity, and the 
2D Burgers equation with discontinuous initial conditions. In controlled comparisons against a 
Fourier Neural Operator (FNO) baseline at matched parameter count over 100 independent test 
samples, WHNO obtains lower mean absolute error and lower 𝐻1 (gradient-MSE) error on both 
problems. We then study weighted ensembles of WHNO and FNO; the ensemble weight 𝑤∗ ∈ [0, 1]
is fitted by five-fold cross-validation. Across seven (problem, geometry/IC) configurations evalu-
ated in this paper — four heat geometries (axis-aligned, rotated, disks, Voronoi) and three Burgers 
initial-condition families (block, smooth sinusoidal, oblique fronts) — the cross-validated ensem-
ble has strictly lower test MSE and strictly lower 𝐻1 than both WHNO and FNO alone in every 
case, including the configurations where WHNO alone does not unambiguously beat FNO. The 
two bases are therefore partially complementary, and combining them through a single cross-
validated scalar weight gives a method that improves on the Fourier baseline on every problem 
variant we tested. The cross-validated weights are 𝑤∗ = 0.572 ± 0.016 on axis-aligned heat and 
𝑤∗ = 0.648 ± 0.020 on the Burgers block-IC baseline, with all seven values keeping a substantial 
FNO contribution.

1.  Introduction

Neural operators [1,2] learn mappings between function spaces to approximate solution operators of parametric partial differen-
tial equations (PDEs), enabling rapid surrogate evaluation without repeatedly solving expensive numerical systems. By processing 
inputs as functions rather than fixed-dimensional vectors, they achieve discretisation-invariance and generalise across resolutions. 
The Fourier Neural Operator (FNO) [2,3] exemplifies this approach: by applying learnable transformations to low-frequency Fourier 
modes, it captures global spatial dependencies efficiently in smooth PDE problems.
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Fourier-based spectral methods struggle, however, when physical systems have discontinuous fields. Subsurface flow in porous 
media is one example: impermeable rock layers create abrupt permeability contrasts that control oil reservoir dynamics and ground-
water transport [4]. Another case is thermal management in composites, where sharp conductivity jumps at material interfaces 
(often over 100:1) dictate temperatures in aerospace thermal shields and battery systems [5,6]. In fluid dynamics, shock waves 
and advection-dominated transport exhibit sharp velocity or concentration fronts evolving from discontinuous initial conditions [7]. 
These discontinuities may appear in PDE coefficients (permeability, conductivity), initial conditions (velocity profiles, concentration 
fields), or both. Capturing solution behaviour near discontinuities–like pressure gradients around obstacles or temperature jumps at 
composite boundaries–is critical for design and control.

The Fourier transform employs orthogonal trigonometric basis functions with global support, achieving spectral convergence only 
for infinitely smooth analytic fields. For functions of finite regularity, however, the decay of Fourier coefficients–and, therefore, the 
approximation error–becomes algebraic and dependent on the function’s smoothness. In the presence of discontinuities, convergence 
holds only in the 𝐿2 sense, and is accompanied by the Gibbs phenomenon, resulting in oscillations and slow point-wise convergence 
near sharp interfaces. These limitations are inherited by FNOs, which consequently struggle to represent non-smooth or discontinuous 
fields effectively [8].

To overcome these shortcomings, one can seek spectral representations based on basis functions with compact or piecewise 
support, which preserve orthogonality whilst avoiding oscillatory artifacts near discontinuities. In this framework, Walsh-Hadamard 
transforms [9] offer an appealing alternative: they decompose a signal onto a set of rectangular piecewise constant basis functions 
that can represent step changes exactly and are computationally efficient due to their fast transform algorithm.

Building on this rationale, we introduce the Walsh-Hadamard Neural Operator (WHNO), which replaces the Fourier transforms 
in FNOs with the Walsh-Hadamard transform, a spectral decomposition suited to discontinuous fields. WHNOs represent step dis-
continuities exactly, without oscillatory artefacts. We also study weighted ensemble combinations of WHNO and FNO. With weights 
𝑤∗ fitted by five-fold cross-validation, the ensemble has lower mean-squared error than either WHNO or FNO alone on both heat 
conduction and the Burgers equation. The cross-validated 𝑤∗ retains a substantial FNO contribution on both problems, indicating that 
the two bases capture different aspects of discontinuous solutions: WHNO at sharp interfaces and FNO at smooth regions between 
them.

Our work makes several contributions. We develop the WHNO architecture, which combines Walsh-Hadamard spectral processing 
with learnable weights acting on the low-sequency coefficients. We validate WHNO on two problems featuring discontinuities: heat 
conduction with discontinuous thermal conductivity, and the 2D Burgers equation with discontinuous initial conditions. Controlled 
comparisons against an FNO baseline at matched parameter count show that WHNO obtains lower mean absolute error and lower 
𝐻1 (gradient-MSE) error on both heat conduction and the Burgers equation over 100 independent test samples. We then propose an 
ensemble framework that combines WHNO and FNO predictions through a single scalar weight 𝑤∗ ∈ [0, 1] fitted by five-fold cross-
validation. Across all seven (problem, geometry/IC) configurations evaluated in this paper the cross-validated ensemble has strictly 
lower test MSE and strictly lower 𝐻1 than both WHNO alone and FNO alone — including the configurations where WHNO alone 
does not have a clear edge over FNO at the gradient level. The cross-validated weights all keep a substantial FNO contribution (the 
headline values are 𝑤∗ = 0.572 ± 0.016 on axis-aligned heat and 𝑤∗ = 0.648 ± 0.020 on the Burgers block-IC baseline).

The remainder of the paper is structured as follows. Section 2 provides theoretical background on operator learning and Walsh-
Hadamard transforms. Section 3 formulates the two validation problems. Section 4 describes the WHNO architecture (with an earlier 
validation on Darcy flow in Section 4.1). Section 5 presents results on heat conduction and Burgers equation, including the cross-
validated ensemble. Section 6 discusses implications and limitations. Section 7 concludes.

To provide context for this work and its position within the operator learning literature, we briefly review prior relevant studies. 
The neural operator framework [1,10] extends neural networks from learning finite-dimensional mappings to learning operators 
between function spaces. DeepONet [10] introduced the branch-trunk architecture for approximating nonlinear operators, demon-
strating universal approximation properties. These methods achieve resolution-independence by operating on continuous function 
representations, enabling generalisation across discretisations.

Fourier Neural Operators (FNO) [2,3] make use of the Fast Fourier Transform to process inputs in frequency space, applying 
learnable weights to low-frequency modes. By truncating high-frequency components, FNO achieves parameter efficiency whilst 
capturing global spatial dependencies. Extensions include the Factorised FNO [11] for memory efficiency, Galerkin Transformer [12] 
for adaptive mode selection, and Geo-FNO [13] for general geometries. FNO has achieved state-of-the-art results on Navier-Stokes 
equations, Darcy flow with smooth permeability, weather prediction, and turbulence modelling [14].

Whilst highly effective for smooth PDEs, Fourier-based methods face fundamental limitations with discontinuous coefficients. 
The Gibbs phenomenon, characterised by oscillatory artifacts near discontinuities, appears because sinusoidal basis functions poorly 
represent sharp transitions [15]. Representing a step function requires infinitely many Fourier modes; finite truncation produces 
overshoot and ringing. For neural operators, this implies inefficient representation (many modes needed to approximate piecewise 
constant fields), error localisation (large errors concentrated at material interfaces), and training difficulty (oscillatory gradients may 
impede optimisation). Recent work on physics-informed neural networks (PINNs) [16,17] and neural operators for multiphase flow 
[18] acknowledge these challenges but typically address them through architectural modifications such as adaptive sampling near 
interfaces, rather than changing the spectral basis. This search for a more suitable basis has led to other alternatives; for example, 
Gupta et al. [19] introduced a multiwavelet-based neural operator that leverages the ability of wavelets to efficiently represent 
multi-scale and localised sharp features.

Walsh functions, first introduced by Walsh [20], form an orthogonal basis of rectangular waves. Unlike smooth Fourier modes, 
Walsh functions naturally represent piecewise constant signals without oscillations [9,21]. The Fast Walsh-Hadamard Transform 
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(FWHT) computes this decomposition in 𝑂(𝑛 log 𝑛) time [22], matching FFT complexity. Applications include signal processing and 
image compression [23], but neural operators based on Walsh-Hadamard transforms remain largely unexplored. Other kinds of 
operators to achieve similar goals that do not involve spectral representations have their importance in this field. Graph Neural 
Operators [24] and Multipole Graph Neural Operator [25] avoid spectral transforms entirely by operating on graph structures, 
offering flexibility for irregular geometries but sacrificing the efficiency of global spectral processing.

Machine learning for subsurface flow in heterogeneous porous media has focussed on convolutional architectures [26,27] or kernel 
methods [28]. For heat transfer in composite materials, recent work employs PINNs [29] or autoencoder-based surrogate models [30]. 
However, while wavelet-based approaches [19] have been explored for handling multi-scale features, a systematic comparison of the 
foundational Fourier basis against the Walsh-Hadamard basis—a transform arguably better suited for the strictly piecewise-constant 
fields common in discontinuous coefficient PDEs—has not been addressed in the operator learning literature. Our work fills this 
gap by demonstrating that Walsh-Hadamard transforms offer superior spectral efficiency and accuracy for PDEs with discontinuous 
material properties, outperforming the widely-used Fourier Neural Operator on problems where interface accuracy is critical.

2.  Theoretical background

Consider a parametric PDE of the form:
(𝑢; 𝑎) = 𝑓 in Ω, (𝑢) = 𝑔 on 𝜕Ω (1)

where  is a differential operator, 𝑎(𝐱) represents spatially-varying coefficients (e.g., permeability, conductivity), 𝑢(𝐱) is the solution 
field, and  denotes boundary conditions. The solution defines an operator  ∶  →   mapping coefficient functions to solution 
functions:

𝑢 = (𝑎) (2)

where  = 𝐿2(Ω) and  = 𝐻1(Ω) are appropriate function spaces.
Traditional solvers compute (𝑎) by discretising the PDE and solving linear or nonlinear systems, which is costly for repeated 

evaluations. Neural operators approximate  directly: given training pairs {(𝑎𝑖, 𝑢𝑖)}𝑁𝑖=1, learn a parameterised operator 𝜃 such that 
𝜃(𝑎𝑖) ≈ 𝑢𝑖. The key advantage is resolution-invariance: once trained, 𝜃 can evaluate inputs at arbitrary discretisations.

Spectral methods represent functions via orthogonal basis expansions:

𝑎(𝐱) =
∞
∑

𝑘=1
𝑎̂𝑘𝜙𝑘(𝐱) (3)

where {𝜙𝑘} are basis functions and {𝑎̂𝑘} are spectral coefficients. For global dependencies, spectral operators process inputs in the 
transformed domain. The Fourier Neural Operator applies learnable weights 𝑘 to low-frequency Fourier coefficients, exploiting the 
Fast Fourier Transform’s 𝑂(𝑛 log 𝑛) complexity.

However, the choice of basis {𝜙𝑘} profoundly impacts efficiency. For discontinuous coefficient functions 𝑎(𝐱), the Fourier ba-
sis {sin(𝑘𝐱), cos(𝑘𝐱)} with its smooth oscillations poorly approximates step functions and suffers from Gibbs phenomenon causing 
overshoots, whilst the Walsh-Hadamard basis with its rectangular waves naturally encodes piecewise constant structures without 
oscillations.

The Walsh-Hadamard transform (WHT) decomposes signals using an orthonormal basis of rectangular waves. The Hadamard 
matrix of order 𝑛 = 2𝑘 is defined recursively:

𝐻1 = [1], 𝐻2𝑛 =
[

𝐻𝑛 𝐻𝑛
𝐻𝑛 −𝐻𝑛

]

(4)

normalised as 𝐻̃𝑛 = 𝐻𝑛∕
√

𝑛. For a 2D field 𝑢 ∈ ℝℎ×𝑤 (where ℎ,𝑤 are powers of 2), the 2D WHT is:
𝑢̂ =WHT2(𝑢) = 𝐻̃ℎ 𝑢 𝐻̃

𝑇
𝑤 (5)

The inverse transform is identical: WHT−12 =WHT2. The Fast Walsh-Hadamard Transform computes this in 𝑂(ℎ𝑤 log(ℎ𝑤)) time.
Key properties for discontinuous functions include the following. Walsh functions are piecewise constant, naturally matching 

the structure of binary or multi-valued coefficient fields. Step discontinuities are represented exactly by finite Walsh series without 
oscillatory artifacts, eliminating the Gibbs phenomenon.

Piecewise constant functions have rapidly decaying Walsh coefficients, enabling aggressive mode truncation for spectral compact-
ness. The computational efficiency matches FFT with the same 𝑂(𝑛 log 𝑛) complexity. These properties make the WHT ideal for neural 
operators targeting PDEs with discontinuous material properties.

3.  Problem formulation

We evaluate WHNO on two PDE problems featuring discontinuous coefficients or initial conditions. The first, heat conduction with 
discontinuous conductivity (Section 5), is a quasi-steady parabolic diffusion problem with piecewise constant thermal conductivity, 
which tests how well a model handles multi-valued discontinuous coefficients and the steep temperature gradients they induce at 
material boundaries. The second, the 2D Burgers equation with discontinuous initial conditions (Section 5), is a nonlinear advection-
diffusion problem with sharp velocity fronts, which tests shock formation and evolution from discontinuous initial data. An earlier 
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validation on Darcy flow with binary permeability (Section 4.1) gives a third reference point for the architecture, although that earlier 
configuration uses a smaller model and is not part of the controlled WHNOvs. FNO parity comparison.

Our first application considers transient heat diffusion in heterogeneous materials with piecewise constant thermal conductivity. 
The heat equation with spatially-varying conductivity 𝑘(𝐱) is:

𝜕𝑇
𝜕𝑡

= ∇ ⋅ (𝑘(𝐱)∇𝑇 ) (6)

where 𝑇 (𝐱, 𝑡) is temperature. We consider a quasi-steady-state formulation where the solution has relaxed to a near-equilibrium 
configuration. The thermal conductivity consists of a background material with rectangular inclusions of different conductivity:

𝑘(𝐱) =
{

𝑘background in matrix material
𝑘inclusion in rectangular inclusions (7)

This creates sharp interfaces between materials, challenging spectral methods with Gibbs artefacts.
On a square domain [0, 𝐿] × [0, 𝐿] with grid size 64 × 64, the initial condition sets a central square (side length 𝐿∕2) to 𝑇hot whilst 

the rest is at 𝑇cold. The boundary conditions are Dirichlet with 𝑇 = 𝑇cold on all boundaries. After sufficient iterations, the system 
reaches a quasi-steady distribution where temperature gradients are steep at conductivity discontinuities. The operator learning task 
is  ∶ 𝑘 ↦ 𝑇 , mapping conductivity fields to quasi-steady temperature distributions. This problem tests the network’s ability to capture 
sharp solution features induced by material interface discontinuities.

Our second application considers the 2D viscous Burgers equation, a nonlinear PDE combining advection and diffusion that models 
shock formation in fluid dynamics. The governing equation for the velocity field 𝐮(𝐱, 𝑡) is:

𝜕𝐮
𝜕𝑡

+ (𝐮 ⋅ ∇)𝐮 = 𝜈∇2𝐮 (8)

where 𝜈 is the kinematic viscosity. This equation exhibits hyperbolic character (shock formation) balanced by parabolic diffusion, 
providing a challenging test for neural operators. We consider initial velocity fields 𝐮0(𝐱) with sharp discontinuities created by non-
overlapping square blocks:

𝐮0(𝐱) =
{

𝐮block inside square blocks
𝟎 elsewhere

(9)

where 𝐮block is a prescribed velocity vector. Each sample contains 3 randomly placed square blocks of size 0.25𝐿 × 0.25𝐿 on a domain 
[0, 𝐿] × [0, 𝐿] with 𝐿 = 1, creating sharp velocity gradients that evolve into smooth structures through nonlinear advection and viscous 
diffusion.

The solution is computed on a 64 × 64 grid using explicit time-stepping for 𝑛steps = 500 iterations with time step Δ𝑡 = 5 × 10−4

and viscosity 𝜈 = 10−3, so that the final time is 𝑇 = 𝑛steps ⋅ Δ𝑡 = 0.25. Periodic boundary conditions are applied on all boundaries. The 
initial sharp discontinuities evolve into complex velocity patterns with steep gradients and smooth regions. The operator learning 
task is  ∶ 𝐮0 ↦ 𝐮(𝑇 ), mapping discontinuous initial velocity fields to the evolved state at time 𝑇 . This problem challenges networks to 
learn both the nonlinear advection dynamics and the shock smoothing from viscous diffusion, with discontinuous input data stressing 
spectral representations.

4.  Walsh-Hadamard neural operator architecture

The Walsh-Hadamard transform (WHT) is a discrete, orthogonal transformation that decomposes signals into rectangular wave 
components. For dimension 𝑛 = 2𝑘, the Hadamard matrix 𝐻𝑛 is defined recursively according to Eqs. 4 and 5.

The core of WHNO is the spectral layer, which transforms input fields through learnable weights applied in the Walsh-Hadamard 
domain. For an input field 𝑢 ∈ ℝℎ×𝑤×𝑐in , the spectral layer performs the following sequence. First, transform to spectral domain:

𝑢̂ =WHT2(𝑢) = 𝐻̃ℎ 𝑢 𝐻̃
𝑇
𝑤 ∈ ℝℎ×𝑤×𝑐in (10)

Second, extract low-sequency components for spectral compression:
𝑢̂𝑘 = 𝑢̂[0 ∶ 𝑘, 0 ∶ 𝑘, ∶] ∈ ℝ𝑘×𝑘×𝑐in where 𝑘 < min(ℎ,𝑤) (11)

Third, apply channel-mixing weights at each sequency:

[𝑣̂𝑘]𝑖,𝑗,𝑚 =
𝑐in
∑

𝓁=1
𝑊𝑖,𝑗,𝓁,𝑚 ⋅ [𝑢̂𝑘]𝑖,𝑗,𝓁 for 𝑖, 𝑗 ∈ {1,… , 𝑘}, 𝑚 ∈ {1,… , 𝑐out} (12)

where 𝑊 ∈ ℝ𝑘×𝑘×𝑐in×𝑐out  are the learnable spectral weights. Each 𝑊𝑖,𝑗,⋅,⋅ ∈ ℝ𝑐in×𝑐out  is a learnable matrix that transforms the 𝑐in input 
channels to 𝑐out output channels at sequency location (𝑖, 𝑗). Unlike point-wise convolutions that operate locally in spatial domain, 
the spectral weights 𝑊  capture global dependencies by transforming Walsh coefficients. Each weight 𝑊𝑖,𝑗,⋅,⋅ learns how to selectively 
amplify or suppress different rectangular wave patterns in the Walsh decomposition, enabling the network to efficiently represent 
piecewise constant structures across the entire domain. Fourth, restore full spatial size via zero-padding:

𝑣̂[𝑖, 𝑗, ∶] =

{

𝑣̂𝑘[𝑖, 𝑗, ∶] if 𝑖, 𝑗 < 𝑘
0 otherwise

(13)
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Fig. 1. Earlier Darcy-flow validation with the 340K-parameter WHNO configuration on a representative binary-permeability geometry. Left: ground-
truth pressure field. Centre: WHNO prediction. Right: absolute error. Errors concentrate in low-gradient regions. 

Fifth, transform back to spatial domain:
𝑣 =WHT−12 (𝑣̂) ∈ ℝℎ×𝑤×𝑐out (14)

The complete spectral layer operation can be expressed compactly as:
𝑣 = WHT(𝑢;𝑊 ,𝑘) =WHT−12 (𝑘(𝑊 ⊙ 𝑘(WHT2(𝑢)))) (15)

where 𝑘 denotes the truncation and padding operator and ⊙ represents the channel-wise transformation defined above.
Our WHNO architecture processes discontinuous input fields through spectral layers and spatial refinement. The input field 𝑎 ∈

ℝℎ×𝑤 (e.g., conductivity 𝑘(𝐱) for heat conduction, initial velocity 𝑢0(𝐱) for Burgers) is concatenated with a constant channel to form 
a 2-channel input 𝑥0 = [𝑎, 𝟏] ∈ ℝℎ×𝑤×2. Two sequential WHT operator layers process the input:

𝑥1 = WHT(𝑥0;1, 𝑘) ∈ ℝℎ×𝑤×𝑐 (16)

𝑥2 = Conv1×1([𝑥1, 𝑎]) ∈ ℝℎ×𝑤×𝑐 (17)

𝑥3 = WHT(𝑥2;2, 𝑘) + 𝑥1 ∈ ℝℎ×𝑤×𝑐 (18)

where 𝑐 is the number of encoder channels and 𝑘 is the number of sequencies retained. The concatenation with the input field 𝑎
provides explicit conditioning on the discontinuous structure. For heat conduction and Burgers equation, we employ a dilated con-
volutional decoder that efficiently captures multi-scale features whilst maintaining computational efficiency. The decoder processes 
the encoded spectral features 𝑥3 concatenated with the input field 𝑎 to produce the output 𝑢 = DilatedDecoder([𝑥3, 𝑎]; Θdec) ∈ ℝℎ×𝑤, 
where the dilated convolutions use exponentially increasing dilation rates to capture long-range dependencies without parameter 
explosion.

The complete WHNO forward pass is:
𝑥0 = [𝑎, 𝟏] ∈ ℝℎ×𝑤×2 [Input encoding] (19)

𝑥1 = WHT(𝑥0;𝑊1, 𝑘) [Spectral layer 1] (20)

𝑥2 = Conv1×1([𝑥1, 𝑎]; Θconv) [Input field conditioning] (21)

𝑥3 = WHT(𝑥2;𝑊2, 𝑘) + 𝑥1 [Spectral layer 2 with skip] (22)

𝑢 = Decoder(𝑥3, 𝑎; Θdec) [Spatial refinement] (23)

The learnable parameters are 𝜃 = {𝑊1,𝑊2,Θconv,Θdec}, where 𝑊1 ∈ ℝ𝑘×𝑘×2×𝑐 are spectral weights for the first WHT layer, 𝑊2 ∈
ℝ𝑘×𝑘×𝑐×𝑐 are spectral weights for the second WHT layer, Θconv are weights for 1 × 1 convolution, and Θdec are all decoder weights. For 
the heat conduction and Burgers equation configuration (ℎ = 64, 𝑘 = 32, 𝑐 = 24, dilated decoder with 128 hidden channels), the model 
has 1,555,153 total parameters; the spectral weights account for a small fraction of the total count, the bulk being in the decoder. 
Throughout the architecture, we employ the Gaussian Error Linear Unit (GELU) activation function [31] after each spectral layer and 
batch normalisation operation, providing smooth nonlinearity that facilitates gradient flow whilst maintaining differentiability.

This architecture combines global spectral processing (WHT layers capture domain-wide patterns) with local spatial refinement 
(decoder resolves fine-scale features at discontinuities).

4.1.  Earlier validation on darcy flow

An earlier iteration of this architecture was validated on steady-state Darcy flow through heterogeneous porous media with binary 
permeability 𝜅 ∈ {0, 1}, trained on random geometries with 4 rectangular obstacles on a 64 × 64 grid solved by an iterative Jacobi 
solver. That earlier model used 16 sequencies, 16 encoder channels, and a U-Net decoder, totalling 340,249 parameters; it was trained 
for 400 epochs with AdamW and an MSE loss restricted to pore regions, and reaches 0.88% relative error on test geometries (Fig. 1). 
The Walsh-Hadamard basis represents the binary-permeability interfaces well at this smaller scale. The controlled WHNOvs. FNO 
comparison that supports the main claims of this paper uses the larger dilated-convolution architecture described above (1,555,153
parameters at matched count for both models), and is presented in Section 5.
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Fig. 2. Training/validation loss (top row) and per-epoch 𝐻1 error on the validation set (bottom row) for the two main experiments. Left column: 
heat conduction at 𝑚 = 32 parity. Right column: 2D Burgers equation at 𝑚 = 32 parity. WHNO and FNO are overlaid on each panel. The first 20 
epochs are the linear-warmup phase; the cosine decay applies thereafter. 

5.  Neural operator performance on discontinuous PDEs

We now compare WHNO against FNO under matched conditions on two problems with discontinuous structure — heat conduction 
with discontinuous thermal conductivity and the 2D Burgers equation with discontinuous initial conditions — and study weighted 
ensembles of the two models.

The heat conduction problem uses the same WHNO architecture but differs in the PDE physics. The initial condition sets a 
central square (32 × 32 pixels) at 𝑇hot = 1.0 whilst the rest is at 𝑇cold = 0.0. Dirichlet boundary conditions with 𝑇 = 0 are applied 
on all boundaries. The conductivity field consists of a background with 𝑘 = 1.0 and rectangular inclusions at 𝑘 = 5.0 or 𝑘 = 0.2. 
Solutions are computed using explicit time-stepping with harmonic mean at interfaces over 5000 iterations. The operator learning 
task is  ∶ 𝑘 ↦ 𝑇 , mapping conductivity fields to quasi-steady temperature distributions. Both WHNO and FNO models use grid size 
64 × 64 with 24 encoder channels, 32 modes or sequencies, and dilated convolutional decoders with 128 hidden channels, yielding 
1,555,153 parameters each. Training is conducted for 800 epochs with batch size 8 using the AdamW optimiser with MSE loss on 
the entire domain. Training data is generated on-the-fly: each gradient step samples a fresh batch from the synthetic conductivity-
and-temperature distribution, so that over 800 epochs the network sees 800 × 8 = 6400 unique training pairs. The metrics reported in 
Table 1 are computed on an independent test set of 100 samples (seed 999).

Both models use identical decoder structure (dilated convolutions with 128 hidden channels) and retain 32 modes or sequencies 
out of 64 for spectral compression. Each model has exactly 1,555,153 parameters. Training follows an identical protocol on the 
same training and validation splits and test geometries (seed 123 for reproducibility): 800 epochs, batch size 8, MSE loss, AdamW 
optimiser with peak learning rate 1.5 × 10−4 and weight decay 10−4. The learning rate schedule is a linear warmup over the first 20 
epochs followed by quarter-period cosine decay with a floor of 0.04 times the peak rate. The only difference between the two models 
is the spectral basis: Walsh-Hadamard for WHNO versus Fourier for FNO.

Fig. 2 shows the training and validation MSE loss and the 𝐻1 trace per epoch for the heat axis-aligned and Burgers block-IC training 
runs, for both WHNO and FNO at matched parameter count. The validation losses follow the training losses without separating, and 
the 𝐻1 traces are monotone after the warmup phase, indicating that the runs have converged and that the final-epoch metrics reported 
in the tables below are not artifacts of an interrupted optimisation.

We report three error metrics per test sample, all computed on the 64 × 64 grid. Let 𝑢̂ denote the predicted field and 𝑢 the reference 
solution, and let 𝑁 be the number of grid points. The mean absolute error and maximum error are

MAE = 1
𝑁

∑

𝑖,𝑗

|

|

|

𝑢̂𝑖𝑗 − 𝑢𝑖𝑗
|

|

|

, Max = max
𝑖,𝑗

|

|

|

𝑢̂𝑖𝑗 − 𝑢𝑖𝑗
|

|

|

. (24)
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Table 1 
Individual model performance on heat conduction at matched parameter 
count, mean ± standard deviation over 100 independent test samples (seed 
999). Error metrics are defined in the text.
    Method  MAE  Max Error 𝐻1 (gradient-MSE) 
  WHNO 0.01531 ± 0.00097 0.111 ± 0.015 (2.53 ± 0.24) × 10−4  
  FNO 0.01663 ± 0.00183 0.123 ± 0.022 (2.63 ± 0.28) × 10−4  

Fig. 3. Error map comparison between WHNO (top) and FNO (bottom) for heat conduction. WHNO exhibits more uniform errors; FNO shows 
pronounced error peaks at conductivity interfaces (Gibbs phenomenon). 

The 𝐻1 (gradient-MSE) error is the mean-squared error of the spatial gradient, approximated by central differences with grid spacing 
ℎ:

𝐻1 = 1
𝑁

∑

𝑖,𝑗

[

(

𝜕ℎ𝑥 𝑢̂𝑖𝑗 − 𝜕ℎ𝑥𝑢𝑖𝑗
)2 +

(

𝜕ℎ𝑦 𝑢̂𝑖𝑗 − 𝜕ℎ𝑦 𝑢𝑖𝑗
)2
]

, (25)

where 𝜕ℎ𝑥𝑢𝑖𝑗 = (𝑢𝑖+1,𝑗 − 𝑢𝑖−1,𝑗 )∕(2ℎ) and analogously for 𝜕ℎ𝑦 . The 𝐻1 error is the relevant metric whenever the physical quantity of 
interest is a derivative of 𝑢, such as the heat flux 𝐪 = −𝑘∇𝑇  for heat conduction or the velocity gradient for the Burgers equation.

Table 1 summarises individual model performance:
WHNO obtains lower MAE, maximum error, and 𝐻1 than FNO. The 𝐻1 result is the relevant comparison for the heat-flux quantity 

𝐪 = −𝑘∇𝑇 , which is the discontinuous physical quantity rather than 𝑇  itself. Fig. 3 shows that FNO errors concentrate at the material 
boundaries while WHNO errors are spread more evenly across the domain.

Since WHNO excels at discontinuities and FNO focuses on smooth features, which are still relevant in some portions of the 
reproduced field, we investigate weighted ensemble combinations. Fig. 4 illustrates the ensemble approach, where both models 
process the same input independently and their predictions are combined through learned weights:

𝑢ensemble(𝑥;𝑤) = 𝑤 ⋅ 𝑢WHNO(𝑥) + (1 −𝑤) ⋅ 𝑢FNO(𝑥) (26)

We optimise the weight 𝑤 ∈ [0, 1] by minimising MSE on a validation set:
𝑤∗ = arg min

𝑤∈[0,1]
𝔼[(𝑢ensemble(𝑥;𝑤) − 𝑢true(𝑥))2] (27)

For heat conduction the cross-validated optimum is 𝑤∗ = 0.572 ± 0.016 (Fig. 5), i.e. approximately a 57 ∶ 43 WHNO-to-FNO blend. 
Table 2 reports the resulting CV test-set MSE alongside the corresponding WHNO-only and FNO-only baselines (each obtained by 
setting 𝑤 = 1 or 𝑤 = 0 on the same fold).

The ensemble has the lowest test MSE of the three columns. The cross-validated 𝑤∗ ≈ 0.57 is much less WHNO-dominated than a 
single-set fit on the test set would suggest, and gives a larger gap below WHNO-only than the original single-set protocol reported. 
Fig. 6 shows the corresponding error maps; the ensemble combines WHNO at the conductivity interfaces with FNO away from them.

The 2D Burgers equation is solved on a 64 × 64 grid with viscosity 𝜈 = 10−3 and periodic boundary conditions. Initial conditions 
consist of 3 non-overlapping square blocks with prescribed velocity, producing sharp discontinuities. Solutions are computed via 
explicit time-stepping for 500 iterations with Δ𝑡 = 5 × 10−4, reaching final time 𝑇 = 0.25, which yields evolved fields that contain 
residual steep gradients on otherwise smooth backgrounds.
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Fig. 4. Ensemble architecture combining WHNO and FNO predictions. The input field is processed independently by WHNO (using Walsh-Hadamard 
basis ) and FNO (using Fourier basis ). Their predictions are combined through optimised weights 𝛼 and 𝛽 to produce the final ensemble prediction.

Fig. 5. Weight optimisation curves showing test MSE versus WHNO weight 𝑤 for (a) heat conduction and (b) the Burgers equation. The cross-
validated optima are 𝑤∗ = 0.572 ± 0.016 for heat conduction and 𝑤∗ = 0.648 ± 0.020 for the Burgers equation, with the ensemble MSE below both 
single-model baselines on each problem.

Table 2 
Cross-validated ensemble performance on heat conduction: per-fold 𝑤∗

is fitted on a held-out validation set and metrics are evaluated on an 
independent test set, with mean ± standard deviation reported over five 
folds. The ensemble has lower test MSE and lower 𝐻1 than either single-
model baseline.
    Method  Test MSE 𝐻1 (gradient-MSE) 
  WHNO only (𝑤 = 1) 4.71 × 10−4 2.53 × 10−4  
  FNO only (𝑤 = 0) 5.66 × 10−4 2.64 × 10−4  
  Ensemble (𝑤∗ = 0.572) (3.65 ± 0.07) × 10−4 (1.75 ± 0.01) × 10−4  

Both WHNO and FNO use identical architectures (24 encoder channels, 32 sequencies or modes, dilated decoders with 128 hidden 
channels, 1,555,153 parameters) and the same training protocol as the heat experiments above (800 epochs, batch size 8, AdamW 
with peak learning rate 1.5 × 10−4, 20-epoch linear warmup, cosine decay to the 0.04 floor). Unlike the heat case, the Burgers training 
data is pre-generated rather than sampled on-the-fly: 18,000 initial conditions are drawn with random block placements, with 2,000
additional samples held out for validation. The metrics reported below are computed on a separate set of 100 unseen test samples 
(seed 999).

Table 3 compares individual model performance on the 100 test samples:
WHNO has lower MAE and lower 𝐻1 than FNO. The two models give identical mean maximum error to three significant figures; the 

maximum error is dominated by samples in which the initial condition produces particularly steep shocks during evolution, which 
both models capture comparably. FNO has larger standard deviations on MAE and 𝐻1, consistent with higher sample-to-sample 
variability.
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Fig. 6. Error comparison for heat conduction. Error maps for WHNO (top), FNO (middle), and ensemble (bottom) predictions on the same test case. 
The ensemble exhibits lower, more uniform errors throughout the domain. 

Table 3 
Individual model performance on the Burgers equation, mean ± standard de-
viation over 100 test samples (seed 999).
    Method  MAE  Max Error 𝐻1 (gradient-MSE) 
  WHNO 0.00642 ± 0.00171 0.100 ± 0.043 (8.07 ± 3.86) × 10−5  
  FNO 0.00843 ± 0.00277 0.100 ± 0.035 (1.01 ± 0.59) × 10−4  

Table 4 
Cross-validated ensemble performance on the Burgers equation. Per-fold 𝑤∗

is fitted on a held-out validation set and metrics are evaluated on an inde-
pendent test set, with mean ± standard deviation reported over five folds. 
The ensemble has lower test MSE and lower 𝐻1 than either single-model 
baseline.
    Method  Test MSE 𝐻1 (gradient-MSE) 
  WHNO only (𝑤 = 1) 9.4 × 10−5 7.30 × 10−5  
  FNO only (𝑤 = 0) 1.59 × 10−4 9.22 × 10−5  
  Ensemble (𝑤∗ = 0.648) (6.6 ± 0.5) × 10−5 (4.79 ± 0.32) × 10−5  

Fig. 7. Burgers equation predictions on a representative test case: ground truth, WHNO, FNO, and ensemble at 𝑤∗ = 0.65. 

Following the ensemble framework from heat conduction, we fit 𝑤∗ ∈ [0, 1] by five-fold cross-validation. For the Burgers equation 
the cross-validated optimum is 𝑤∗ = 0.648 ± 0.020, a 65∶35 WHNO-to-FNO blend.

Table 4 compares ensemble performance:
The ensemble has the lowest test MSE and lowest 𝐻1 of the three rows. The cross-validated 𝑤∗ ≈ 0.65 keeps a non-trivial FNO 

contribution.
Fig. 7 shows prediction comparisons on a representative test case, and Fig. 8 shows the corresponding error maps for WHNO, 

FNO, and the ensemble.
To demonstrate the statistical robustness of the ensemble approach, Fig. 9 shows error distributions across 100 test samples for 

all three error metrics, revealing consistent improvement with reduced variance.
On both problems the WHNO/FNO ensemble at the cross-validated 𝑤∗ has lower test MSE than either single model. The size of the 

gap depends on the problem: on heat conduction the ensemble MSE is 3.65 × 10−4 against 4.71 × 10−4 for WHNO-only and 5.66 × 10−4

for FNO-only; on the Burgers equation the corresponding values are 6.6 × 10−5, 9.4 × 10−5 and 1.59 × 10−4.
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Fig. 8. Error comparison for Burgers equation. Error maps for WHNO, FNO, and ensemble predictions. The ensemble exhibits the lowest and most 
uniform errors throughout the domain. 

Fig. 9. Error distributions across 100 test samples for Burgers equation. (Left) MSE distribution. (Middle) MAE distribution. (Right) Maximum error 
distribution. The ensemble consistently shifts distributions toward lower errors with reduced variance, demonstrating systematic improvement and 
robustness. 

Fig. 10. The four heat-conduction conductivity-field families used in this paper. Left to right: axis-aligned rectangles (baseline), rotated rectangles, 
disks, Voronoi tessellation. Same colour scale across panels. 

The cross-validated 𝑤∗ differs between the two problems. On heat conduction 𝑤∗ = 0.572 ± 0.016, which is close to an equal blend; 
the two models are roughly equally informative on this problem at matched parameter count, and combining them in nearly equal 
proportions yields the largest improvement. On the Burgers equation 𝑤∗ = 0.648 ± 0.020, biased toward WHNO; here WHNO has a 
clearer single-model advantage and the optimal blend leans accordingly.

5.1.  Robustness to off-axis geometries and other initial conditions

The two baseline experiments above use axis-aligned rectangular inclusions (heat) and randomly placed axis-aligned blocks (Burg-
ers). The Walsh-Hadamard cells are themselves axis-aligned, so a natural concern is that the WHNO advantage might be confined 
to discontinuities that align with the basis cells. To test this, we evaluate the WHNO–FNO comparison on three additional heat-
conduction geometries and two additional Burgers initial-condition families, summarised in Fig. 10.

For each new geometry or initial-condition family we trained fresh WHNO and FNO models at the same 𝑚 = 32 parity (1,555,153
parameters each), using the same training protocol as the baseline experiments. Table 5 reports the mean errors over 100 independent 
test samples.

A few patterns emerge. On the three new heat geometries WHNO has lower MAE than FNO in all three cases; the magnitude of the 
gap is smaller than on the axis-aligned baseline, and the 𝐻1 comparison is mixed (WHNO better on rotated rectangles, FNO better 
on disks (Fig. 12) and Voronoi (Fig. 13))). On Burgers, the smooth-IC case (Fig. 14) has the largest WHNO advantage seen in this 
paper for any single-model comparison: the initial condition is a smooth combination of low-frequency sinusoids, but the evolved 
field at 𝑇 = 0.25 contains shock-like structure, and WHNO captures that shock structure with lower MAE and lower 𝐻1 than FNO. The 
oblique-fronts case, designed to produce interacting shocks at non-cardinal angles, is the one configuration in which FNO has a lower 
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Table 5 
Off-axis geometries and other initial conditions at 𝑚 = 32 parity, mean ±
standard deviation over 100 test samples (seed 999). All 𝐻1 values are 
multiplied by 104.

𝐻1

 MAE  Max  (×10−4)
 Heat conduction
 Rotated rectangles, WHNO 0.01494 ± 0.00256 0.138 ± 0.033 2.78 ± 0.77
 Rotated rectangles, FNO 0.01623 ± 0.00242 0.124 ± 0.023 2.99 ± 0.62
 Disks, WHNO 0.01793 ± 0.00120 0.132 ± 0.017 3.64 ± 0.33
 Disks, FNO 0.01821 ± 0.00154 0.134 ± 0.020 3.28 ± 0.32
 Voronoi, WHNO 0.02620 ± 0.00272 0.182 ± 0.045 4.68 ± 0.98
 Voronoi, FNO 0.02844 ± 0.00459 0.194 ± 0.048 4.46 ± 0.89

 Burgers equation
 Smooth sinusoidal IC, WHNO 0.01891 ± 0.00351 0.300 ± 0.095 6.27 ± 2.71
 Smooth sinusoidal IC, FNO 0.02607 ± 0.00593 0.336 ± 0.097 9.66 ± 4.17
 Oblique fronts, WHNO 0.00802 ± 0.00123 0.142 ± 0.049 1.56 ± 0.52
 Oblique fronts, FNO 0.00849 ± 0.00178 0.121 ± 0.031 1.13 ± 0.43

Fig. 11. Heat conduction with rotated-rectangle inclusions: WHNO and FNO predictions and absolute-error maps on a representative test sample. 

𝐻1 than WHNO; this is consistent with the basis-alignment concern, since the steep gradients are at angles to the Walsh-Hadamard 
cell axes. The MAE on oblique fronts is still slightly lower for WHNO.

Figs. 11–15 show prediction and error comparisons on representative samples from each family.

5.2.  Ensemble performance across all configurations

The cross-validated WHNO+FNO ensemble was fitted on each of the seven configurations reported in Sections 5 and 5.1, using 
the same five-fold cross-validation protocol described earlier. Table 6 reports the cross-validated 𝑤∗ and the per-fold mean MSE and 
𝐻1 at 𝑤∗, alongside the WHNO-only and FNO-only baselines evaluated on the same test folds.

The ensemble has strictly lower test MSE and strictly lower 𝐻1 than both single-model baselines in every one of the seven 
configurations. This includes the configurations where WHNO alone does not unambiguously beat FNO at the gradient level: on heat 
with disk inclusions and on Burgers with oblique fronts, FNO has lower single-model 𝐻1 than WHNO, yet the ensemble at the cross-
validated 𝑤∗ has lower 𝐻1 than either model alone. The Walsh-Hadamard and Fourier representations cover partially complementary 
features of the reconstructed field, and combining them through a single cross-validated scalar weight gives an improvement on every 
problem variant we tested.

6.  Discussion

Walsh-Hadamard and Fourier representations are complementary rather than competitive. WHNO has lower MAE and lower 𝐻1

than FNO at matched parameter count on both problems; weighted ensembles of WHNO and FNO have lower MSE still on both 
problems.

This complementarity follows from the spectral basis properties. The Walsh-Hadamard basis handles discontinuities directly be-
cause its rectangular wave functions are piecewise constant: they represent step discontinuities exactly without Gibbs ringing, allow 
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Fig. 12. Heat conduction with disk inclusions: WHNO and FNO predictions and absolute-error maps on a representative test sample. 

Fig. 13. Heat conduction with Voronoi-tessellated conductivity: WHNO and FNO predictions and absolute-error maps on a representative test 
sample. 

Table 6 
Cross-validated WHNO+FNO ensemble performance across all seven (problem, geometry/IC) configurations 
evaluated in this paper. For each configuration 𝑤∗ is fitted on a held-out validation fold and metrics are computed 
on an independent test fold, repeated over five folds; the reported numbers are means over the five folds (standard 
deviations omitted for compactness; full per-fold detail is given in the supplementary CV outputs). In bold are the 
ensemble values, which are lower than both the WHNO-only and FNO-only entries in every row for both MSE and 
𝐻1.

 Test MSE 𝐻1 (gradient-MSE)
 Configuration 𝑤∗  WHNO only  FNO only  Ensemble  WHNO only  FNO only  Ensemble
 Heat axis-aligned 0.572 ± 0.016 4.71 × 10−4 5.66 × 10−4 𝟑.𝟔𝟓 × 𝟏𝟎−𝟒 2.53 × 10−4 2.64 × 10−4 𝟏.𝟕𝟓 × 𝟏𝟎−𝟒
 Heat rotated 0.540 ± 0.013 4.96 × 10−4 5.54 × 10−4 𝟑.𝟓𝟑 × 𝟏𝟎−𝟒 2.87 × 10−4 3.07 × 10−4 𝟏.𝟖𝟗 × 𝟏𝟎−𝟒
 Heat circle 0.524 ± 0.015 6.52 × 10−4 6.72 × 10−4 𝟒.𝟕𝟔 × 𝟏𝟎−𝟒 3.66 × 10−4 3.32 × 10−4 𝟐.𝟑𝟔 × 𝟏𝟎−𝟒
 Heat Voronoi 0.632 ± 0.037 1.28 × 10−3 1.59 × 10−3 𝟏.𝟏𝟑 × 𝟏𝟎−𝟑 4.54 × 10−4 4.34 × 10−4 𝟑.𝟐𝟎 × 𝟏𝟎−𝟒
 Burgers block 0.648 ± 0.020 9.4 × 10−5 1.59 × 10−4 𝟔.𝟔 × 𝟏𝟎−𝟓 7.30 × 10−5 9.22 × 10−5 𝟒.𝟕𝟗 × 𝟏𝟎−𝟓
 Burgers smooth 0.744 ± 0.008 8.57 × 10−4 1.44 × 10−3 𝟕.𝟖𝟏 × 𝟏𝟎−𝟒 5.55 × 10−4 8.58 × 10−4 𝟓.𝟏𝟒 × 𝟏𝟎−𝟒
 Burgers oblique 0.520 ± 0.013 1.66 × 10−4 1.78 × 10−4 𝟏.𝟎𝟑 × 𝟏𝟎−𝟒 1.53 × 10−4 1.11 × 10−4 𝟖.𝟒𝟐 × 𝟏𝟎−𝟓

aggressive spectral compression for piecewise constant fields, and align with multi-valued coefficient structures. The Fourier ba-
sis is more efficient on smooth variations, because sinusoidal functions capture gradual spatial transitions in few modes and have 
well-established convergence properties for differentiable functions.

In the PDE solutions considered here, both kinds of structure coexist. Heat conduction has sharp interfaces in the conductivity 
field but a smooth temperature field between them; the Burgers solutions have shocks but also large mostly-smooth regions. Weighted 
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Fig. 14. 2D Burgers equation with smooth sinusoidal initial conditions: WHNO and FNO predictions and absolute-error maps. The smooth initial 
condition (left) develops shock-like structure during evolution (centre); WHNO has lower error at those shocks. 

Fig. 15. 2D Burgers equation with oblique-front initial conditions (interacting shocks at non-cardinal angles): WHNO and FNO predictions and 
absolute-error maps. 

ensembles use both bases, and the cross-validated weight indicates how the two contribute on a given problem: 𝑤∗ = 0.572 for heat 
conduction, 𝑤∗ = 0.648 for the Burgers equation.

How much an ensemble improves over the better of the two single models depends on how informative the second basis is 
relative to the first. There is an empirical pattern across the seven configurations in Table 6: configurations in which the WHNO-only 
and FNO-only test MSEs are similar tend to gain more from ensembling than configurations in which one of the two pure methods 
clearly dominates. Quantitatively, the four configurations whose single-model MSE ratio min(WHNO,FNO)∕max(WHNO,FNO) lies in 
[0.83, 0.97] (i.e. the two single models are within roughly 20% of each other) have a mean ensemble improvement over the better single 
model of 29%, while the three configurations whose ratio lies in [0.59, 0.80] have a mean improvement of 17%. The rank correlation 

Journal of Computational Physics 563 (2026) 115124 

13 



G.M. Cavallazzi, M. Pérez Cuadrado and A. Pinelli

Fig. 16. Validation MSE as a function of WHNO weight 𝑤 for each of the seven (problem, geometry/IC) pairs. Dashed line: WHNO-only baseline; 
dotted line: FNO-only baseline; red marker: argmin 𝑤∗. The location of 𝑤∗ tracks the relative single-model performance. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

between similarity and ensemble gain across the seven configurations is positive but moderate (Spearman 𝜌 ≈ 0.32), and there is at 
least one clear counter-example: on the Burgers block-IC case WHNO has a ∼ 70% lower MSE than FNO, yet the ensemble still reduces 
MSE by a further 30% over WHNO alone. The pattern is therefore a trend, not a strict rule.

A useful intuition is that the two bases recover partially complementary features of the reconstructed field. When the two single 
models have comparable accuracy on a given configuration the second basis tends to contribute non-trivially in regions where the 
first basis is weak, so a near-equal blend (𝑤∗ ≈ 0.5) closes a larger fraction of the residual error. When one single model is already 
much better than the other, the second basis can still help, but the room left to gain is smaller and 𝑤∗ shifts accordingly. We do not 
have a closed-form prediction for 𝑤∗ in advance of the cross-validation; the present data is consistent with 𝑤∗ shifting in the direction 
of the better single model, but a single-seed campaign on two problems is not enough to make this prediction quantitative.

Fig. 16 shows the MSE-versus-𝑤 sweep on a validation set for each of the seven (problem, geometry/IC) pairs reported in this paper. 
The location of 𝑤∗ moves with the relative single-model performance: pairs in which WHNO and FNO are close on the validation 
MSE (heat axis-aligned, rotated, circle, and Burgers oblique) have 𝑤∗ near 0.5; pairs in which WHNO has a clear single-model edge 
(Burgers smooth, Burgers block-IC, heat Voronoi) have 𝑤∗ shifted toward WHNO.

WHNO, FNO, and their ensembles all have 𝑂(𝑛 log 𝑛) computational complexity. The Fast Walsh-Hadamard Transform matches 
FFT efficiency, so WHNO has the same per-pass cost as FNO. Ensembles require two forward passes (WHNO+FNO) at inference time, 
doubling inference cost relative to a single model but requiring no additional training. Practical deployment can cache both model 
predictions for multiple downstream analyses.

Our findings on heat conduction and the Burgers equation suggest when to use each approach. WHNO alone is appropriate when 
the coefficients are predominantly discontinuous (binary permeability, sharp conductivity contrasts), when only a single forward 
pass can be afforded at inference, or when training two models is not practical. The WHNO+FNO ensemble is appropriate when the 
application can tolerate the doubled inference cost, when both discontinuous and smooth structure are present, and when a held-out 
validation set is available for fitting 𝑤∗. FNO alone is appropriate when the coefficients are smooth and continuous, when problems 
lack sharp interfaces, or when an FNO implementation is already deployed.

The ensemble weight 𝑤 is tuned via cross-validation: 𝑤∗ is fitted on a held-out validation fold and the metrics reported in Tables 2 
and 4 are computed on an independent test fold, with the procedure repeated over five folds. We find 𝑤∗ = 0.572 ± 0.016 for heat 
conduction and 𝑤∗ = 0.648 ± 0.020 for the Burgers equation.

Our work supports two principles for neural operator design. First, the spectral basis matters at matched parameter count: replacing 
Fourier with Walsh-Hadamard reduces MAE and 𝐻1 on the two baseline problems considered here, at the same per-pass cost. Second, 
and we view this as the central practical contribution of the paper: combining the two bases through a cross-validated scalar weight 
gives an improvement over both WHNO alone and FNO alone on every configuration we evaluated (four heat geometries and three 
Burgers initial-condition families; Table 6). This includes the configurations where WHNO alone does not have a clear single-model 
edge over FNO at the gradient level, such as heat with disk inclusions or Burgers with oblique fronts. The Walsh-Hadamard and 
Fourier bases recover partially complementary features of the reconstructed field, and ensembling them produces a method that 
improves on a Fourier-only baseline irrespective of which single basis happens to dominate on a given configuration.
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6.1.  Limitations and scope

We acknowledge the following limitations, which also delimit the regime in which WHNO is the right tool.
Dyadic grid restriction. The Fast Walsh-Hadamard Transform requires both spatial dimensions to be powers of two; consequently 

WHNO is structurally tied to regular Cartesian grids at power-of-two resolution. Extension to non-dyadic grids requires either in-
terpolation (which loses geometric fidelity at material boundaries) or a fundamentally different transform, such as graph wavelets. 
This is a deliberate design choice that reflects the trade-off implicit in choosing a structured spectral basis; for fully unstructured or 
irregular geometries we recommend the graph-based neural operators of [24,25] as more natural alternatives.

Sensitivity to basis–geometry alignment. The discontinuities in our baseline experiments (axis-aligned rectangular inclusions in heat 
conduction and axis-aligned blocks in Burgers) align with the Walsh-Hadamard basis cell boundaries, which is a configuration 
favourable to WHNO. The robustness experiments in Section 5.1 show that the WHNO advantage on 𝐿𝑝 metrics carries over to 
rotated rectangles, disk inclusions, Voronoi tessellations, smooth sinusoidal initial conditions, and oblique-front initial conditions, 
but with reduced magnitude on the non-aligned cases; on the 𝐻1 metric the comparison is mixed, with FNO ahead of WHNO on 
disks, on Voronoi, and on oblique-front Burgers. The Walsh-Hadamard advantage is therefore real but configuration-dependent: it is 
largest when the discontinuity structure can be expressed compactly in the basis, and shrinks (or reverses, at the gradient level) when 
it cannot.

Comparison scope. Our controlled comparison is specifically between WHNO and FNO with all non-spectral architectural compo-
nents held fixed, which isolates the contribution of the spectral basis itself. Comparison against other operator-learning architectures 
with different decoders or attention mechanisms—U-shaped Neural Operators (UNO) [32], Galerkin Transformer [12], hierarchical 
or multi-wavelet operators [19]—would conflate spectral-basis effects with decoder-architecture effects, and we leave such broader 
benchmarking to future work. Physics-informed neural networks [16] address a different problem regime (per-instance optimisation 
rather than operator learning) and are not directly comparable as drop-in surrogates.

The Wavelet Neural Operator (WNO) [33] is closer to WHNO both ideologically and structurally: both replace the Fourier transform 
with a basis built from step-like or locally supported functions, and both operate on truncated spectral coefficients. The wavelet 
construction, however, introduces several modelling choices that the Walsh-Hadamard transform does not have:

• Wavelet family — Haar, Daubechies-𝑁 , Symlets, Coiflets, biorthogonal pairs, with qualitatively different localisation, smoothness, 
and vanishing-moment properties.

• Number of decomposition levels — how deep the wavelet tree goes, controlling which scales are explicitly represented versus 
collapsed into the coarsest-level coefficients.

• Boundary handling — periodic, symmetric, reflective, or zero-padded extension, with non-trivial effects near grid boundaries.
• Filter length — longer filters give more vanishing moments at the cost of locality.
The Walsh-Hadamard transform has none of these knobs: a single canonical basis (modulo coefficient ordering, which leaves the 

truncation rule invariant) with one cutoff parameter 𝑘, structurally identical to FNO’s mode count. A WNO implementation must 
commit to a family-and-levels combination before training, and the appropriate choice depends on assumptions about the regularity 
of the target operator that may not be known a priori.

To put the closest WNO analog side by side with WHNO at matched conditions we ran a controlled experiment with single-
level Haar wavelets — the multi-scale cousin of the Walsh basis, since both are built from rectangular step functions — with 𝑘 = 32
chosen so the spectral compression matches WHNO’s sequency truncation exactly, identical encoder/decoder structure, and identical 
parameter count (1,555,153). On the four heat-conduction geometries the Haar-WNO outperforms WHNO at the single-model level 
(−15% to −27% MAE) and the FNO+Haar-WNO cross-validated ensemble beats the FNO+WHNO ensemble of Table 6 (−30% to −43%
MSE). On the three Burgers configurations the picture inverts: Haar-WNO is markedly worse than WHNO at the single-model level 
(+27% to +67% MAE) and the FNO+Haar-WNO ensemble loses to FNO+WHNO (+34% to +87% MSE). The split has a clean structural 
explanation: the heat solution is determined locally by the conductivity neighbourhood, which fits the local support of a single-level 
Haar basis well; the Burgers solution at 𝑇 = 0.25 depends on initial-condition information from a region whose radius grows with the 
500 advection time steps, and the global support of the Walsh basis encodes that long-range dependence in low-sequency coefficients 
that a single-scale local wavelet has no mechanism to express. A multi-level Haar tree (or a Daubechies-𝑁 family with longer filter 
support) would likely close part of the Burgers gap, but tuning the family-and-levels pair to recover that depends on prior knowledge of 
the target operator’s regularity — the same modelling degree of freedom that WHNO removes. Full numerical detail is in Appendix A.

7.  Conclusion

We introduced the Walsh-Hadamard Neural Operator (WHNO), a neural operator architecture that uses Walsh-Hadamard trans-
forms. These rectangular wave basis functions are well-suited for discontinuous coefficients and are combined with learnable spectral 
weights that capture global dependencies. Beyond showing WHNO’s effectiveness, our key finding is that weighted ensembles of 
WHNO and FNO achieve improvements over either model alone, which reveals a systematic complementarity between their spectral 
representations.

On heat conduction with discontinuous conductivity, WHNO at matched parameter count has lower MAE than FNO (0.0153 vs. 
0.0166 over 100 test samples) and lower 𝐻1 error. On the 2D Burgers equation with discontinuous initial conditions, WHNO again 
has lower MAE than FNO (0.0064 vs. 0.0084) and lower 𝐻1 error. In both cases the FNO errors are concentrated more sharply at the 
discontinuities, consistent with Gibbs-type behaviour, while the WHNO errors are spread more evenly across the domain.
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Weighted ensembles of WHNO and FNO improve upon both single models on both problems. The ensemble framework is straight-
forward: train WHNO and FNO independently, then fit 𝑤∗ ∈ [0, 1] on held-out validation data so as to minimise 𝔼[(𝑤 ⋅ 𝑢WHNO + (1 −
𝑤) ⋅ 𝑢FNO − 𝑢true)2]. Under five-fold cross-validation we find 𝑤∗ = 0.572 ± 0.016 for heat conduction and 𝑤∗ = 0.648 ± 0.020 for the 
Burgers equation; both values keep a non-trivial FNO contribution. Ensembling doubles inference cost but requires no additional 
training.

Our work supports two principles. First, the spectral basis matters at matched parameter count: replacing Fourier with Walsh-
Hadamard reduces MAE and 𝐻1 on the two baseline problems, at the same per-pass cost. Second, and we view this as the most useful 
practical message of the paper: combining the two bases through a single cross-validated scalar weight gives strictly lower test MSE 
and strictly lower 𝐻1 than both WHNO alone and FNO alone on every one of the seven (problem, geometry/IC) configurations we 
evaluated, including the configurations where WHNO alone does not unambiguously beat FNO. The cross-validated weight tracks the 
relative single-model performance of the two bases on a given configuration, and the ensemble improvement is consistent across all 
seven cases. A practitioner who already has a Fourier-only baseline therefore has, in WHNO+FNO ensembling, a low-risk method 
to obtain a measurable accuracy improvement on PDE problems with discontinuous structure.

Practitioners should use WHNO alone when computational budget is tight and strong discontinuities are present. The WHNO+FNO 
ensemble is appropriate when the application can afford a doubled inference cost and a held-out validation set is available for fitting 
𝑤∗.

Future work could explore several directions: extension to three-dimensional geometries and realistic microstructures; adaptive 
ensemble weighting (learning 𝑤(𝐱) spatially rather than as a scalar); a theoretical analysis of approximation rates for Walsh-based 
operators and of ensemble generalisation bounds; and ways to reduce inference time, for example by sharing intermediate features 
between the two models.

In conclusion, the Walsh-Hadamard Neural Operator and its ensemble with FNO demonstrate that the choice of spectral basis is a 
useful design axis for neural operators on PDEs with discontinuous coefficients or initial conditions, and that cross-validated weighted 
combinations of complementary bases can further improve accuracy at predictable additional cost.
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Appendix A.  Wavelet neural operator comparison

This appendix records the controlled WHNO vs. Haar-WNO comparison summarised in the Comparison scope subsection of
Section 6.1.

Haar-WNO architecture

The Haar-WNO model used here is the closest direct analog of WHNO: the only architectural change relative to WHNO is the 
spectral transform inside the encoder. Specifically, the encoder applies a single-level 2D orthonormal Haar wavelet decomposition 
to the input, keeps the LL (low-pass) band, multiplies it by a learnable spectral weight tensor of shape 𝑘 × 𝑘 × 𝑐in × 𝑐out identical to 
the WHNO encoder, zeros the LH, HL, and HH detail bands at the output channel count, and applies the inverse Haar DWT. With 
input height 𝐻 = 64 and 𝑘 = 𝐻∕2 = 32, the LL band size matches WHNO’s sequency truncation exactly. All non-spectral components 
(dilated-convolution decoder, residual structure, input-field re-injection, GELU activations, batch normalisation, training protocol) 
are identical to the WHNO models reported in Section 5. The total parameter count is 1,555,153 at the configuration used for the heat 
and Burgers experiments, identical to WHNO.

Single-model three-way comparison

Table A.1 reports mean absolute, maximum, mean-squared, and 𝐻1 errors for WHNO, FNO, and Haar-WNO on 100 independent 
test samples (seed 999) for each of the seven (problem, geometry/IC) configurations of Section 5.
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Table A.1 
Single-model three-way comparison at matched parameter count (1,555,153
per model) on 100 independent test samples (seed 999). Bold entries mark 
the lowest value in each metric column within each configuration. Haar-
WNO wins on every heat configuration; WHNO wins on every Burgers con-
figuration.

 Configuration  Model  MAE  Max  MSE 𝐻1

Heat axis-aligned
 WHNO 0.01525 0.154 4.63 × 10−4 2.50 × 10−4

 FNO 0.01656 0.165 5.57 × 10−4 2.62 × 10−4

 Haar-WNO 𝟎.𝟎𝟏𝟐𝟗𝟎 0.170 𝟑.𝟒𝟖 × 𝟏𝟎−𝟒 𝟐.𝟑𝟏 × 𝟏𝟎−𝟒

Heat rotated
 WHNO 0.01543 0.235 5.20 × 10−4 2.94 × 10−4

 FNO 0.01671 0.192 5.83 × 10−4 3.11 × 10−4

 Haar-WNO 𝟎.𝟎𝟏𝟏𝟐𝟎 𝟎.𝟏𝟕𝟕 𝟑.𝟏𝟏 × 𝟏𝟎−𝟒 𝟐.𝟎𝟐 × 𝟏𝟎−𝟒

Heat circle
 WHNO 0.01823 0.208 6.79 × 10−4 3.71 × 10−4

 FNO 0.01864 0.196 7.11 × 10−4 3.39 × 10−4

 Haar-WNO 𝟎.𝟎𝟏𝟒𝟔𝟎 𝟎.𝟏𝟕𝟔 𝟒.𝟕𝟎 × 𝟏𝟎−𝟒 𝟐.𝟔𝟖 × 𝟏𝟎−𝟒

Heat Voronoi
 WHNO 0.02575 0.295 1.30 × 10−3 4.57 × 10−4

 FNO 0.02781 0.305 1.56 × 10−3 4.35 × 10−4

 Haar-WNO 𝟎.𝟎𝟏𝟖𝟕𝟒 0.321 𝟕.𝟎𝟎 × 𝟏𝟎−𝟒 𝟑.𝟗𝟎 × 𝟏𝟎−𝟒

Burgers block-IC
 WHNO 𝟎.𝟎𝟎𝟔𝟔𝟏 𝟎.𝟏𝟗𝟎 𝟏.𝟎𝟓 × 𝟏𝟎−𝟒 𝟖.𝟐𝟖 × 𝟏𝟎−𝟓
 FNO 0.00878 0.183 1.86 × 10−4 1.07 × 10−4

 Haar-WNO 0.01103 0.315 3.47 × 10−4 2.79 × 10−4

Burgers smooth
 WHNO 𝟎.𝟎𝟏𝟗𝟎𝟗 𝟎.𝟔𝟒𝟖 𝟏.𝟎𝟏 × 𝟏𝟎−𝟑 𝟔.𝟎𝟕 × 𝟏𝟎−𝟒
 FNO 0.02533 0.651 1.61 × 10−3 9.08 × 10−4

 Haar-WNO 0.02863 0.693 2.02 × 10−3 1.27 × 10−3

Burgers oblique
 WHNO 𝟎.𝟎𝟎𝟖𝟏𝟐 0.272 𝟏.𝟔𝟕 × 𝟏𝟎−𝟒 1.54 × 10−4

 FNO 0.00845 𝟎.𝟐𝟒𝟓 1.77 × 10−4 𝟏.𝟏𝟎 × 𝟏𝟎−𝟒
 Haar-WNO 0.01035 0.347 3.02 × 10−4 2.66 × 10−4

Table A.2 
Five-fold cross-validated FNO+Haar-WNO ensemble versus the FNO+WHNO en-
semble of Table 6 at matched parameter count. All test-MSE values are multiplied 
by 104. The optimum weight 𝑤∗ shifts toward the better single model on each 
configuration: toward Haar on heat (weights 0.62–0.80), toward FNO on Burg-
ers (weights 0.32–0.35). The Δ MSE column reports the relative change of the 
FNO+Haar ensemble against the FNO+WHNO ensemble.

 FNO + Haar-WNO  FNO + WHNO (Table 6) Δ MSE
 test MSE  test MSE  (Haar vs.

 Configuration 𝑤∗
Haar  (×10−4) 𝑤∗

WHNO  (×10−4)  WHNO)
 Heat axis-aligned 0.644 ± 0.015 2.57 0.572 ± 0.016 3.65 −𝟑𝟎%
 Heat rotated 0.672 ± 0.010 2.29 0.540 ± 0.013 3.53 −𝟑𝟓%
 Heat circle 0.624 ± 0.008 3.13 0.524 ± 0.015 4.76 −𝟑𝟒%
 Heat Voronoi 0.800 ± 0.013 6.41 0.632 ± 0.037 11.32 −𝟒𝟑%
 Burgers block-IC 0.320 ± 0.013 1.24 0.648 ± 0.020 0.66 +87%
 Burgers smooth 0.348 ± 0.020 13.44 0.744 ± 0.008 7.81 +72%
 Burgers oblique 0.344 ± 0.008 1.38 0.520 ± 0.013 1.03 +34%

Cross-validated FNO ensemble comparison

Table A.2 reports the cross-validated FNO+Haar-WNO ensemble alongside the FNO+WHNO ensemble from Table 6 of the main 
text, using the same five-fold protocol.

Interpretation

Across the seven configurations the result splits strictly along the static-versus-dynamic axis. The Haar wavelet basis wins on 
every heat-conduction geometry, where the quasi-steady temperature is determined locally by the conductivity neighbourhood; the 
Walsh-Hadamard basis wins on every Burgers configuration, where the 500-step advective evolution couples distant regions of the 
domain and benefits from globally supported basis functions. The single-level Haar transform was deliberately chosen to give the 
closest WHNO analog (matched coefficient grid, matched parameter count, matched encoder/decoder structure), but it represents 
a particular point in the wavelet design space; a multi-level Haar decomposition or a Daubechies family with longer filters might 
shift the static-vs.-dynamic balance, at the cost of adding hyperparameters that WHNO does not have. The takeaway is consistent 
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with the discussion in Section 6.1: spectral-basis choice matters, the right wavelet construction depends on the structure of the target 
operator, and WHNO is the basis-choice-free option whose performance is competitive across both regimes either alone or in the FNO 
ensemble. 
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