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ABSTRACT

When it is desired to measure the residual effects and

the number of treatmentsis odd, it is recommended that a

combination of at least two Latin-square designs should be used;

an extra refinement is to introduce an extra period in order to

arrive at a design balanced for residual effects. The final

design, therefore, becomes cumbersome and may prove to be a great

hindrance in the practical execution of the experiment.

Here we consider single Latin-squares with the object of

determining the most efficient of these designs, which when

applied on their own produce optimum results.

A number of Latin-square designs having different patterns

have been studied with the assumption that the residual effects

do not persist beyond the following period. A method for the

estimation of parameter effects, iee- Period, Subject, Treatment

direct and Treatment residual effects, including the cases when

residual effects persist beyond the following period, has been

developed. The efficiency of these designs based on minimum

average variance of the differences between two estimates and

minimum variance of linear components of treatment as well as

residual effects has been investigated.

Further study on the optimality of the designs has been

made by applying the D-optimality test, which states that the

mode efficient design has the maximum determinant of xt X, where

X is the matrix of independent variables at which a response is

measured from the model, or equivalently has its generalised

variance determinant | ( xx eS minimum.

The pattern of the most efficient Latin-square design has

been established along with a method to generate such designs.
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Chapter 1

Litrature survey.



1.1 Introduction.

Often we are concerned with the situation that treatments

applied in sequence to a number of subjects produce residual

effects persisting at least for one following period; as in the

cases of feeding effects on cows yielding milk, medicine effects

on patients, chemical effects in dyeing fabrics, fertilizers on

land, intelligence tests on students, etc, etc.

If it is not desired to measure the residual effects it

may be possible to eliminate these effects by widely separating

the periods in which the treatments are applied to the

subjects. For example it may be possible to eliminate the residu
al

or carry-over effects of certain drugs by leaving an interval

between the periods in which the drugs are administerede In the

case when the drugs under investigation are given in close

succession one might expect carry-over effects from the previous

drugs. Similarly in psychological research when subjects are

given a number of treatments successively one may expect the

presence of residual or carry-over effects. Early treatmente may

produce a feeling of anxiety, fear or encouragement in a subject

and such feelings can influence the subjects' performance or

behaviour during subsequent treatments. In such cases it may not

be possible to eliminate residual effects completely even though

there is a long interval between successive treatments.

Therefore we seek such designs which could be highly

efficient in the estimation of treatment as well as residual

effects without becomming cumbersome or complicated from the point

of view of both practicality and analysis.



In 1941 Cochran described certain Latin-square designs

and their analysis for the estimation of residual effects. These

designs require that each treatment be preceded by every other

treatment the same number of times. For example, for three

treatments we require two Latin-squares, to fulfil this condition.

These two designs are to be conducted side by side as follows:-

Subjects

1 2 oS 1 2 3

Periods ie Zs 41 3 41 2

> 1 2 a > 4

This type of balance can be obtained with a minimum number

of two Latin-squares when the number of treatments is odd and

with one Latin-square in the case of an even number of treatments

as shown by Williams (1949).

Williams (1949) has also studied special Latin-square

designs with the aim of estimating residual effects lasting for

more than one period, particularly to carry over into two periods.

Patterson (1952) has published series of incomplete

Latin-squares which are balanced for one period residual effects.

Iucas (1956,57) provided designs, balanced for one period

residual effects, simply by repeating the last row of the Latin-

square design.

Incas also points out that the advantages of the extra-

period designs decrease as the number of treatments is increased,

compared with the regular Latin-square designs. He further mentions

10



that the extra-period designs are less efficient than the Latin-

squares, if residual effects can be assumed not to exist. He

thereby suggests that the Latin-squares might be preferred to the

extra-period designs, even when studying few treatments, when it

can be assumed that the residual effects are negligible.

Berenblut (1964) presented a family of designs in which

direct and residual effects are orthogonal. These designs, for

testing n treatments, require 2n periods and ne subjects.

We notice that the efforts so far made for constructing

balanced designs, for carry-over effects, in which each treatment

follows every other treatment the same number of times, have been

directed towards either combining two or more regular designs

as suggested by Cochran, Williams and Berenblut or by truncating

and then combining the designs as given by Patterson or by

introducing an extra period as by Lucas. These conditions often

become a great hindrance in the practical execution of such

designs.

Therefore, the importance of the study of single Latin-

square designs, which can provide equally good estimates of the

parameter effects when residual effects are assumed to exist, has

led to the search for the most efficient pattern of designs.

11



Chapter 2

Parameter Estimates in the presence of First

Residual Effects and the Variance of the

Estimates.

12



201 Aim.

The designs to be presented are free from the

restrictions mentioned in the introduction such as an extra

period, a combination of two or more designs, etc. The

designs chosen for the study are Latin-square designs.

The analysis has been performed under the assumption

that residual effects exist from one treatment to the next

and persist only for one period.

The effect of the extra assumption on the analysis

of the designs has been investigated.

202 The Design.

The smallest design that can be chosen for the study

is a 4x4 Latin-square design. A single 3x3 Latin-square is

not suitable for estimating, the residual effects as it does

not provide any degree of freedom for the error term in the

analysis of variance and hence cannot provide a test for the

efficiency of the design for estimating the parameter effects.

Similarly a single 2x2 Latin-square is totally unsitable for

this type of study.

2.201 4x4 Latin-square.

Subjects

8, 8, 8, 8,

Py 1 2 4

P, 2 3 4

Periods

Ps 4 4 2

Py 4 1 2 2

13



The assumptions about this design are as follows:-

(a) Treatments are assigned to digits 1,2,3 and 4.

(b) Subjects are placed along columns. Each subject is thus

regarded as a block or column.

(c) The result of one test contains a residual part of the

effect of the previous test.

(a) The effects of the treatments do not persist beyond

one step.

Bed: The Model.

We start with the linear model useful for the analysis

of designs with residual effects limited to the period

immediately following the application of a treatment.

This model is as follows:-

Observation = General mean ( yp )

+ Period effect ( p )

+ Subject effect (s )

+ Treatment direct effect ( t )

+ Treatment residual effect ( r )

+ Error (e ).

Y3 51) = A+R, + 85 + ty +r, + 5 5(c1)

Where

y= General mean

p = Effect due to occasions or periods which occur

along the rows.

s = Effect due to subjects which are placed along

the columns.

44



t = Treatment direct effect.

r = Treatment residual effect----- effect of the previous

treatment.

e = Experimental error.

Each cell of the design is composed of the general

mean, the period effect, the subject effect, the treatment

direct effect, the treatment residual effect ( apart from cells

in the first row ) from the preceding treatment and a random

variable representing experimental error.

The effect of treatment k is defined as the difference

of the mean of the group of observations having treatment k

and the general mean of the population. For example, the effect

of treatment k, ty = Ry - BR where ty stands for the effect

of any single treatment k.

Since the general mean m is also the mean of all the

treatment group means it follows that the sum of all the

treatment effects must be zeroes

n n

ee SS Coen)
k=1 ak

= Tacna

= nope-nyp =O

Similarly we define other parameter effects.

Zt = 28; = 2? = Zr, = 0

i, j, kK andl = 1, 2, 3, 4.

The error term is distributed independently and normally

with mean zero and variance a2,

15



24 Latin-square Designs.

The following four 4x4 Latin-square designs ( Cochran

and Cox page 145 ) have been chosen for detailed study with

respect to residual or carry-over effects. The first design

has a cyclic pattern and thus each treatment has been preceded

by the same treatment on all occasions. The second is the

Williams' design where each treatment has been preceded by

every other treatment once only. The third and fourth designs

have the pattern where each treatment has been preceded twice

by one treatment and once by another.

20461 Columns

1 2 3 4

2 = 4 1

Rows

4 4 2

FU = ny uw

24.2 4 2 3 4

a 4 1 >

Rows

1 4 2

a 2 1

204.5 4 2 iS 4

2 4 4 az

Rows

3 4 2 s

& 5 4 oe

2e4e4 41 2 3 4

2 2
Rows

3 4 1 2

4 2 2 4



2.5 Derivation of the Estimates.

We find the estimates of the parameters by

minimising
y a a a ¢ a 2

Be igda) cP gi ion ck

subject to

Bpy =O, 28, =0, Zt, = 0 22, = 0

The normal equation for any unknown is obtained

by equating the observed total to the expected total over

all units containing the constant.

Therefore the normal equations for estimating the

period, subject, treatment and residual effects of design

2.4.1 are as follows:-

20501 Period effects-----------— placed along rowSe

P, = kash B,

Pa = AA +h By

Pz = 4+ t 3, :

Pi = K+ 4 dB,

2e5e2 Subject effects----------1 measured along columns.
8, = kas 4 &, = Ty

8, = *A+h 6 - 2,

8, = 4h+h 8, - 2,

a
-

w aned 8, -t,

2.503 Treatment direct effects.

= ths bby 3 x,

T= ths to4 3 8,

1, = KA+ 4 f,4 3 8,

he Kah tye 3 8,

2.5.4 Treatment residual effects.

a Bot 4 a a

Rien ee eat em rag et
R, = 3 i +3 ‘+ 3 t5- 83-3

By = Shr 38s 03 ty tye b
Ry =o SR + 5 ty + 3 t4- 5,- Py

17



where

the observations on

the observations on

PS denotes the

period i.

By denotes the

subject j.

Ty, denotes the

Ry denotes the

row total representing the sum of

column total representing the sum of

total of the observations on treatment k.

total of the observations immedie' ely

following the treatment 1 or total of the observations

involving the residual effect of treatment 1.

2.6 Parameter Estimates.

The parameter estimates have been obtained by solving

simultaneously the normal equations given under 2.5.1 to

2.564

2.661

2.6.2

Period effect estimates.

By = r r 46

Ba = : r 46

Bey - 5
a ee
Subject effect estimates.

B, =f 1 +5 8h - B45

b, =f 8245 1-8 T2493 Ps

a, = 3 83, 3 i 2 Pee el P



2 358 1R T ATP, a
5, = 8 en ho 3 Pa Wace G

2.6.3 Treatment direct effect estimates.

apc es es Sea rena ae
8 2 8 8

ae es eee
8 2 8 8

t, = 15 - 2%) Bord eos is
8 2 8 8

ty BER oie see RS Dek aue wcaS it
8 2 8 8

20654 Treatment residual effect estimates.

f,=2R, - 272 ee ere anh
e 2 2

* 37 1P 18
fos 2 Re 235 at Eanes tc

iB Sei 2 2

s 30 1P 18
Pr, =2R, - 274 ao 24 0g oe SHS

3 EME 23 2 2

“ 30 1P 18
yr, 22R Stet be ET ae ea eee

4 4 2 2 ce

a G ‘
B= 4G and G = Grand total.

19
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207

For

let

Ict

Is

Matrix Approach.

Considering 2.4.1 for illustration:

Subjects

Ss, 85 8 S,

Py 1 2 S 4

PS = 3 4 an

Periods

PS > 4 1 2

Py & t 2 5

the model:

YajQer) 722 + Py t 85 + te + FL + %3 501)

4~

period parameters subject to hp = 0

tS eeeee
B

a
ey

" °subject parameters subject to Hs

M eevee
, uP

=

treatment parameters subject to H t=0u cheeese ct
’ 1 &
4

as

residual parameters subject to Hr =0

i eeeee
n

where h is an nx1 vector with all elements = 1

and E(e> ,=0

i °The 5 5(1c1) are mutually ance een with BCs 5 (41)? =

2

ij(kl)

20



Let £ be a permutation matrix ( n x n ) such that

1 a
2 &2

4li |=:
n a,

where Aqy Any cooeee A, are the index numbers of the treatments

in the last row of the Latin-square. For example for this design

the above expression can be given as:

07. Mmm rag 41

1 OuMianOs tall--0

Oye at Oy 40)

‘Oo ueOsauined 0

Note that £4 = ££ = I
oe,

>

rw nN
Let ¥ be the general mean of all n@ observations and

r- 5[xax
n

where

Xu
xX
°

Xs : xX,

u

wea | x

Ya4

21

HK oeeee
ni

%

and similarly Loreceeeee Xn which are column vectors of the

observations.

let P be vector of totals for periods ( rows ) so that

21

Dp Lewes sec essed z



Let S be vector of totals for subjects ( columns ) so that
,

‘ 3 
,

S = [ 22, h Oy -eeeeeeeee ROD | x

& being a column vector with ith element equal to 1 and all

other elements are zero.

Let T be vector of totals for treatments ( entries ) so that

T = [ By ceseseeeeseees Ba | x

where Dy Tos eeecece I are row vectors having element 1 in

the positions of their corresponding treatments and other

elements being zero. For example for design ( 2.4.1 ) under

consideration

2, =[1 070-0 (O10 7 Or 4 OrsGrat 0 2:0 GG o|

Tp =[ OPO 204) cts Oi 02 00!0- 4. ON. Oe 15620: Orn o |

and 50 on.

Let R be vector of totals for observations having residual

effects so that

,

ghar leneIa

where By Bos eccscece Rg, are row vectors having element 1 in

the positions of the treatments having residual effects of

their corresponding treatments while other elements are zeros

For 2.4.1 we have

RB, = [o 4 Ope: 07076 0 C0" .0.-.4 OrO.nt o |

B = [o OPA 10 eae ah 0716.07 16550 Os O--:0 Oat ]

and similarly other vectors.

P, S, and f are totals of n observations for each element

while R is a total of ( n-1 ) observations for each element

since there is no residual effect present at period 1.

22



20701 Least Square Equations.

The least-square equations may be obtained in

different ways. We require the quantities which minimise

,

p= (XY - M@)(E - MB)

There are 4 constraints and 4n + 1 parameters for this

design. Here M is the coefficient matrix and 6 is the

parameter vector.

é 2

ote Dos=e. 2 F (Yijca) > tego)?
2

where Ys 5G) = m+ Dy t+ 85 + ty +7) + 3 4(k1)

end Nazi) = #C %a3ca)?

To minimise D we equate its partial derivatives with respect

to Pye Bae ty and ry to zero.

_2D_ = 0 gives 2Q,, Gy ) =0 where the
OP; Jj ;

summation is over all elements in the ith row and 50 one

We obtain:

26702 @eo Ces) 2 i — oa Ft zno7e pees). = De M4 DD. + ee + +27,

Ae Meine ae ae
aa a n a

= nae Tat = Tao ecceeee ~ T

On
= np

where the index numbers of treatments in the last row are

A1, a2, eecceee ane

The constraints LP = 28, = Zt, =0

> an

but - Ty = oaks ~ Foy - Pap coeeeee* Tan = °

because of the treatments in the last rowe

23



2.703 Ty = mC at Bp)

a

20704 T 5.) = nC a+ 5; )- ty since no carry

over effects from the treatments applied at the last

period are available.

a “ x

20765 T (ee) = n( A+ ty D4 Ty t yp t cocee + hon

where k1 is the treatment applied before treatment k

in colum 1.

k2 is the treatment applied before treatment k

in column 2.

and 50 on.

26706 T.1) = (n-1)( 2 + = )- Py - au + coe + fy peers

he

Sy = Subjects receiving 1th treatment in the last row.

Note: (a) Summation only over rows 2.-.-.n hence 7 Pj; = =Py

’ (b) When a treatment is given at the last period of

the experiment then there is no carry over effect

available.

(ce) k, is the treatment following treatment k in column 1

" " "k5 " " " " jt k 2

and SO One

Now we can express in matrix form all the expressions from

20703 to 2.7.6 and proceed with the solution of normal

equations.



Let [A be an (n x n) matrix indicatig which treatments

precede and follow each other. For example in design 2.4.1

Previous

Treatments

1 2 Zz 4

7 ° ° 0 2

Following 2 a 0 ° °

eal Treatments 3] O 3 0 °

4 ° ° D Oo

and in design 2.4.2

Previous

Treatments

following
oo

Treatments

fA changes with the changing patterns of Latin-square designs.

Thus treatment 2 is preceded three times by treatment 1 in

2.4.1 and only once in 2.4.2. Similarly we can read other

values of the Betas.

Writing Y = 45 Bee so that Def
n’

The least square equations may now be written as:

(1) np =P-nfh from 2.7.3

25



Since
He
al

r.
pee = £¢£ek we have

Tan

(it) as = £28 = 8 = anfh from 2.7.4

(mm) nf +f 2 = 2 - nth from 2.7.5

a a Fa “a

(Iv) (a-1)E - héyp - £8 + Bt

= R - (n-1) fh from 2.726

Here

8, 4 0

E t e

B= \'8 ale: SFr ret jth

s 1 0
n

Writing r _

Pe cia Tn B

Ben ek 2 8
X= 6 =

Z- afk zg

R - (m1) fh z

From I, II, III and IV we get

ni Q io iC

Bg FO et
M =

io) Q ni AB
/

-he, -£ B (n-1) I

26



The least square equations may now be written as:

net OC amo) AO) 2 RB -nfh

ee ni 2 Sb 8 s -nTfh

2 Oe eash B é : g -n¥b
“he, = eh nad) x £ R - (n-1) 2h

where

I is the (n x n ) identity matrix

1 ° ° ° O sccccccee O

° 4 ° ° O seceecoee O

I= fo) ° 4 ° O sececeeee O

Pec e cere cccecccccccccecresessees

eee cece ccccrcserececcccccsesses

° ° ° ° O seceeceee 1

2, is an (n x 1) vector with the first element equal to 1

and other elements equal to zeroes

4% eer OO 2
h is an (nx 1) vector with all the elements equal to 1.

cee asus =k
L is a permutation matrix depending on the treatments in the

last row of the Latin-square.e

lo> " es £o a®+ @: " = IbsSolving the equations M
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20707 Inversion of Matrix M.

in met nt

iml IM] {Ml

-1 _ Adjoint M_

ie juialis aie poo Bn2

IMt ti iMl

Ban Bon Man

IMI {M] bea)

where mj are cofactors of the elements of the ith row of

M and are the elements of the ith column of adjoint M.

Hence we get

o Q 9 0

aie ae one ant

Whe, I+évg -£¥ & néVv

Ma ae acs aes i? A

See PRer 28, SA ets Pep ae

| aie a m4
ats ayty aytg n2 yo

where

Noe) (i n)\ I~ "= BB wag
i 

2

since Lf=1

,

Nem Gn noid) re

The equation for parameter estimates is solved by substitu

ting the values of the inverted matrix given abovee
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20708 Parameter Estimates.

6 = ne! X can now be expressed as:

2 fe 2 2 2 le -nfh

8 dvs, baw’ -sv"6 ag] | 8 -0th

t|-i)euvs, ed par -gy"| | 2-2

£ avn, avy’ ny @’ ny R -(n-1)Th

From the above expression we obtain the parameter estimates.

For design 2.4.1 the estimates will be as follows:

P.

B-1¢p-afhn) i. 5, = g - 498

Rel oP G

ae Ae

and so on for other values of period effects. G= Soe
1

at Cosa Rese 1p_2En)
= ta \ 824 25°82 412 2 0S

s 1
ieee 8, = 8 8, +3 Ry aa G

1 14

£=5(0-32

ieee €, 5

I> " Pe a
~

po '

nor
! 8 + np I + Mp Ita ! Pr “ ig v

ee 3 4 a 4
i.e. r= 2R, as TS +3 Py +3 85 - G

eecceceeeeeeeand Similarly other values of residual

estimates.



For design 2.4.2

or

vee -2 8 -2 -2

-2 -2 8 -2

=2 2 -2 8

and taking the inverse we get

400 200 200 200

v7! 1_| 200 400 200 200
:

200 200 400 200

200 200 200 400

0.2 0.1 0.1 0.1

0.1 0.2 0.1 0.1

0.1 0.1 0.2 0.1

0.1 0.1 0.1 0.2

Hence the parameter estimates for this design are as follows:

B-p-n0fh)

ae Tie a1, 7 -1 “19 -1
a-ifgvnd, e+ a+r Ds-g¢vB2+ kV R

aofa( dv tng + r+ 40 B+ ake)
,

anv Ltn}

which gives

5, = 0.38, + 0.0258, + 0.0258, + 0.0258), - 0.1T,= 0.1T,

-0.1f; - 0.0757, + O.1R,+ 0.1R5+ 0.1R5+ 0.2R,

+ 06125P, - 0.1254
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Similarly we calculate Boy 85 and By.

is 4 4 ; qual 4 ¢
t-2[ -avtae2-Av 48+ G+ar' we

= Av'R- ot -Bv Rg, -AV a+
,

+BW'A-2Bv") pvt}

o72 €, = 0.557, + 0.2757, + 062757, + 062757, - 0-3R, -0.4R,

~Oe4R, =O eH, -04184-0418370018.3-0 00758 1,-06375P4+ 0.125G

7 4

ecoscocccccce and Similarly for tos ts and tye

In> "

gives

r= 0.8R, + Oo4R, +064R +004R, = 0.37, - o.4n, - 0.4,

Se besceessbsesesecseaecisececccescecss Similarly Lor Other

values of the residual effects. Further details of calculations

of parameter estimates will appear in the following chapters.
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2.8 Alternative method for the estimation of Parameter Effects.

The period effect estimates can be obtained directly

and independently from their set of normal equations. For

the subject, treatment and residual effects the normal

equations can be expressed in matrix form as follows:

B a> ' IR Ih> u Ita ' 8 > hs aeeeeeee (Subject Effects)

eceeee--(Treatment Effects)5 Ie +~P Ih> u Is 1 B ¥ Is

x

(n-1) +h t-28 = Iw -nin+ith

oecceeee(Residual Effects)

Aone
where m= =

n

Im> I> Ih>» t, ©, S, 2, R, A and as defined earlier.

Py is the total of observations in the first row.

The above three equations can now be written as:

arg -% 8 S-nab

OF emir B £| = |2-2fh
ae a a P.

-4 BR (n-1) I] | zr R-nfh+sth

giving us
=1 "

5 wis Ota) ag S-nah

cet Se 8 Z-nik
# , rs

E Een eB (n=1) I R-nih+ith

is Fe |
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Now

~1

Peso ie nat) age eee

-Av'p
:

Q nt Palas aie & n(n-1) vo - By"
ae 

dz

-¢v'g
o 4 , ’ -

-£ g ay} faytZ oe gen

Hence we get

:

a) |aatyy? -By"S adv" | |s-ahn
;

-Bv'B

6-(é]-3-gy'g any -ngy)|z-2An
fee

“04
* ml 6G =1 pf 25=1 a P
E ov £ =a Veg on ¥ R -n fh + 51

Since this is the most simplified form of matrix approach towa-

rds the estimation of subject, treatment and residual effects,

it can be followed for any further calculations of parameter

estimatese
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2.9 Computer Program for solving Normal Equationse

In design 2.4.1 each treatment has been preceded

by the same treatment on all occasions. The normal equations

for the estimation of parameters are quite simple in this

case and can be solved simultaneously without much difficulty.

For more complicated forms of Latin-square designs, involving

carry-over effects, it is preferable to put the normal

equations in matrix form and use matrix theory to find

the estimates of the parameters. Matrix methods offer a

straightforward means of solving simultaneous equations which

can be easily adapted for use with calculating machines and

can also be programmed for computers.

As an example the normal equations 2.542, 20563 and

2.564 of design 2.4.1 can be put in matrix form as given

below:

20901 Matix form of the normal equations.

te. SR eet ic] os
kF0 00.10 100.0 SOM OnO O\aalen| limite

040030000000) |t,| | -§

00400300000 0| /|t, 1 -§

00040030000 0| |t 15-5

093.0 F0ies.4 0:20 .0' (0.=1 <0: 6 £, R,-$+qP.

0030030000-1 of |%| |r -G+qRP

OF 01 04508-01300" 00. =1 e| [eR - $+ 5?

300000053-100 0] |%,| |x, -F+EP

000000044000 a, 8,-§

0" 0 02 0)=12'0\ 02 0.0 4.0 0 3, 8-5

0°08 056.057 o4020 6 4&6 5, s, -§

| Oe Os OCS) ORR: ay | 8,-§

eaaesas pat ee



let X be the information matrix representing the

coefficients of the parameters to be estimated, é the column

vector of estimates of parameters representing the treatment

effects, treatment residual effects and subject effects and

Y the column vector of totals of observations on treatments,

treatments with residual effects and subjects along with

other factors brought to the right hand side of the normal

equations while setting them in matrix form.

Period effects have been left out of the matrix since

they can be determined directly from their normal equations

without any complication and thus the matrix size is kept to a

minimum.

re@-¥

. -1

“- 8=x 4

The inversion of the matrices have been performed

by computer using the Fortran language with the programme

as in Appendix I.

2-9-2 The inverted matrix for design 2.4.1 can be seen on

the next page.
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1.37509

0.09000

,09000

-0,00905

Phono

8.00000

9,00900

=1,50000

#0, 37500

O.ddnu0

9,90060

9.00000

20902

0.0000e

i areue

0.09000

0.00000

-1,50000

0,0 0006

9.90900

0.00000

9.00000

oH. 37500

9,c0090

0,09600

6.00000 0.00600 . 00000

0.00000 0.00000 #1,50000

4.37500 0.05000 0,00000

0.60090 1,375%0 %,9v000

0.00060 o.av090 ¢.00000

-4,50000 0.09000 0, 00000

0.09000 =4,5050H 0,0u009

0.00000 0.09000 0,00000

0.90000 0.00000 o.00000

6.90000 0.00¢n0 0, 5u000

“G.37598 G.eorno ¢,00609

0.90095 =0,37506 0,90000

0.00694

0,.600n0

=1.50000

6.90000

0.00090

2.00000

9.60000

0.00096

6.00000

0.05000

0.50000

0.600006

00999

9.90000

60600

-1,509000

0.90000

0.90000

€.99000

0.90000

9.00000

%,90006

9.90000

4.50060

#4.500230

9.00600

0.90000

0.00006

0.00000

0,90000

0.00006

2.90000

0.50000

0,09006

00000

50006

“0.37500 0.90000

eae Saebad

0.9000N 0.00000

9.0v000. 0.00000

0.00000+ 0.50000

0.0000 0.90000

0.00000 0.00000

9.50000 Baneds

9.37500 0.00006

9.060000 0,37590

A.200nn 0.00090

9.00000 O.arno”U

0.90090

6.00000

=0, 37500

ar 0is0.0000

4.90000

0G, $0006

0.00000

0,0nn000

0,00000

9.90000

0.37500

9.90000

0.00000

0.0¢090

9,00000

0.57500

0.00000

0,00000

0.50000 ©

_ 0.00090

0.00000

0.99000

0.00000

0.37500
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2.923 The matrices for the normal equations such as 2.9.1 can

be derived directly from the design pattern without writing down

any normal equations. The general form of such matrices may be

expressed as:

at B Q

Xx = B (n-1) I SL

2 -¢ ni

| é R-nih
8=-|£ EZ 5] Bona h+ 51 b

8 S-nih

Taking for example design 2.4.1 with reference to

2.9.1 sub-matrices of X can be written as below.

peor en 0 20 50h at OVO

0 4 0 ° oO

nis (n-1) I =

0 ° A 0 0 0 3 0

° ° 0 4 ° 0 0 2

n I is a diagonal matrix with each diagonal element equal to n,

the number of treatments in a Latin-square. (n-1) I is also a

diagonal matrix having each diagonal element equal to (n-1),

the number of times each treatment has produced residual

effects present in the design.

GeO, &, Ox 20) anus

SerstOet” 0. 9 0 4 <@ -O 2 8

Bytom 5640 © <0 eel ome 4) de anO
a Gi Pee ae S024 set

The elements in B represent the number of times treatments

precede and follow each other. & is a matrix based on the

last row of the design as already explained under 2.7 and 0

is of order (n x n).
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2.10 Parameter Estimates through Inverted Matrix,

With reference to 2.9.2 we can now write down the

estimates of the parameters of design 4.2.1 as follows:

2.10.1 Subject effects.

a

8. +0.375 8S, - 0.375 T, 0.5 Ry + 06125 P,
4

u 0.375 8, = 0.375 TS; +005 Ry + 0.125 P,
2

8, = 0.375 8, - 0.375 Ts + 0.5 Ry + 00125 Py

&, = 0.375 S, - 0.375 Ty + 065 Ry + 00125 P,

2.10.2 Treatment direct effects.

4, = 16375 T, = 165 RB, - 06375 Sy = 06375 Py

$b, = 16375 Ty = 165 Ry - 06375 Sy = 06375 Py

£3 = 16375 Tz - 165 Ry - 06375 85 - 06375 Py

ty = 16375 T, - 165 Ry - 06375 8, ~ 06375 Py

2210.3 Treatment residual effects.

$, = 2 Ry = 165 Te + 065 8, + 065 Py - 00254

b= 2R, - 1.5 Tz + 065 Sz + 0.5 Py - 0.25 G

b= 2R, - 1.5 Ty + 065 Sy + 0.5 Py - 0.256

B= 2R, - 1657, + 0.5 84 + 065 P, - 0.25 G

- 0.125 G

- 0.125 G

- 0.125 G

- 0.125 G

+ 0.125 G

+ 0.125 G

+ 0.125 G

+ 0.125 G@

Period effects are obtained directly from the set of ©

normal equations 2.5.1 and are given under 2.6.1.
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2611 Variance-covariance Matrix.

The parameter estimates are given by:

leyI@> =N
a al = , ae

Then Cov’ 6 @)=M Cov( XX )(M )

From 2678 we know that

p-nfh

x =|S-2fh

Z-nfh

R -(n-1)¥h

Now writing P-nfh =(I-ihe)P =KP

S-nfh =(I-jfnH)S =KS

t-nfh =(I-ZhH)2 =KE

R-(a)P a= (1-5 ad) R-Dne pe
n n

= (K+ hee Sng, 2
n n

where K=I-ahu

Therefore X can now be expressed as follows:

Ege O1e sO se 0 Pp

Ome haw 307-0 8
ae =JX

Vic oom es ee 2 i:
n-=1 1 ,

Fr Biro... - Sees R

Keio. 10

Omak, Or" V0)
J =

= YO aE a0

2 Balig.o- . 401 ky ohh
=4= - = a= =

2 n
n

ae =

ers ag,



2 xX,

s

Sone 2 c= :

R x
fo —_

RP = 2%

S = [es #5] oon a
: 4

fe tay Yay where & f

La |

/ [4]

Bape Sta enerenE-\e2
j “3 |

n

1}

ote By :

a

ae one ale GGG
lige eas fo.

where G@ =

7%
| =n-1

E
G@=];3

Lo ..
, , ;

Zl, eke oma TP, = EL,
a - ij Jj

¢ ,

ah; a anal and 34;

4o

is (n?x 1) vector, where X;

is the jth column.

Treatment in row 1 of column j

" 2 "

Pence cece renee cereseeeecseres

now n n

| " W " n " " cy

Residual in row 1 of column j

" 2" " n " "

eee

" " " " "ps "

0 10 Ans

= diet t 2
: ee

Zn-4 He) n

oe 4) 0

0

qy-1

seccces O

@ = hhG@-nH-s, )

(na1) I
=J



The symbols and expressions from the last page can be

explained by taking one of the designs as an example, say

for 2.4.1, we have the design matrix as below:

ooo- oo-0 or0°0 -oo°o coos

oco-0 O-00 corso COR 0
-oo°o

eoo-

eoor0 0-00 ooo
oo30

o-00oooo0 000 ooo oo+0 "ooo ooo ooo°o oo30 ooo -oo°o oorfo0 OfF00
-0o0°0 oooooo o300

Now we can write down X, in

Ya4
oq
,

Thy

-0o0°0 or0°0 oo0 o.00 orf0°0 oo+-0 o.0°0 -oo0o°o 2000 0003 -o0o°o oor0 2-000 OCOF00 -000 -0o0°0
oo0o0o0 ofF00 0700 000 Peooo COO

3-000 oo0

ooo -oo0o°0 oooo-0°0 oeooo ooo eoo-0 OfF00
be

terms of new values and we get

r z Egeeee canes eo

. / , ¢
3H eH 5 Ho eereeeeeeety H

x. = Troe.
= ’ , ' , =(nTM1)

a S Egrccccccerrers Ze

p. , ’ ,

ay C5 Parerereeeeees Gy

We may write for convenience xX = AL

ae iz r Tastee ced

‘ , ; /

2,8 2h o3 8 ereeeeeee, Bh

A= a ‘ , ,
xy, Lb Ly coccecccee Ly

, a . /

2, by By ateeeeneee B

44



and

i he,

;

i he,

t

erat d hg;

I he1 he,

at hy

hi ai
a

AA =

nH hh

4 ' f

h(h-e, hh-d

/

Cov XX.) = ACov( YY’)

. 2
Ao), =o i,

Hence

Ce hore, Nap VI
=0 =o er as =

ni hy

bh ai
2

T

hh’ hh’
,

h(t-d,) hbk

;

But Cov( XX) = J Cov( xX
ed = =o

he

iy

Ip

eeeee & A
cf
3

Is Ie

In I

(n-1) I

(h-e,) b

a iog Ip 1 In

(n-1) I



Therefore

A

RepeeOr 105-450 nl hh

OMe One Ole al nya ay

2 On Re 0 nH hi

n=1 , 1 7 Pag ‘
- nd, 2 2 Keph Hl! | n(hte’,) hE

n n

ak 2 2 -K

2 nee 0 -K

2 0) ink K

“Kh (

HK=0

1 ze ( ‘ ) ,

wee F Cove XT =

ak 9 9 -Ke,H

2 2k Qg -K¢

ic Q nk K6

Le , / 4 a
h(hee,) -KXK KA (n-1 (Ke “gh hy

Ip Int

Is Ip,

B IH

IK Io
fo

lo lo

Ila lo

lo lA

lo



Hence we get

K oO ° De oh
s 2 Oe ee eat

: 1
° K ° meee

1 ‘ os a ee,
poo e 4

2 io kK a KBE

qi en ee = ae ese

“eK RAK GEAR “pk + “3h n)

A, 4

On On errnea ie

wae

Kg ~ gkek

0 Kk gkax
; pees

tind, Akh ese BST (K+

ae SS)
n7

/

and multiplying the matrix obtained above by ( wets we get the

Variance-covariance matrix of parameter estimates.
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2.12 Precision in Measurements.

The variance of the difference between parameter

estimates provides a means for comparing the relative precision

of two experiments. Similarly we can study how precisely a

certain parameter is measured in relation to another parameter

within an experiment, such as relative efficiency of measuring

treatment estimates over residual estimates in a Latin-squaree

The variance-covariance matrix obtained under 2.11

provides variance-covariance matrices for different parameter

estimates from where the variance of the difference between

parameter estimates can be calculated for knowing the precision

in measurements. This method is a bit cumbersome as it involves

a number of matrices, one of which is to be inverted before

conducting arithmetical operations to obtain the final results.

Since the main interest of this study lies in choosing

the most efficient Latin-square design which provides the

best estimates for treatment as well as residual effects

therefore we shall mostly concentrate on these parameters only.

From the variance-covariance matrices obtained for

different parameters, the variance of the difference between

two parameter estimates are calculated as:

v(t, &) = vi.) + ve.) - 2 cov(t,£,)

V(Rj- F,) = W(F,) + VE) - 2 Cov(?;r,)

V(8;- 8) = v(8,) + VB.) - 2 Cov(6,8,)

where 1 = 1, 2, escoce 2 and utes lp 2eceseeses ne



2612.1 Using the variance-covariance matrix derived under

2.11 we can now write down the variance-covariance matrices

for period, subject, treatment and residual effects for the

designs 2.4.1 to 2.4.4. We can also calculate the variances

of the differences between two parameter estimates, useful

for calculating the efficiency ratio and comparis-on, from

these matrices.

Period effects:

Design 2.4.1

Py 0.1875 = -0.0625

Bo 0.0625 0.1875

v =

bs -0.0625 -0.0625

Py -0.0625 -0.0625

-0.0625

0.0625

0.1875

-0.0625

which gives V(B,) = s+ecceeee = V(By) = 001875 o

V(Bj- By) = V(B,) + VGB,) - 2 Cov(d; By)

-0.0625

-0.0625

Ve
-0.0625

0.1875

V(Bq~ Bo) Heeceeeeee = V(By= By) = 001875 oe 001875 77400125 o

Os5 c=

and for other 4x4 Latin-square designs variance-covariance

matrices for the estimates of period effects are the same as

abovee

Subject effects:

Design 2.4.1 8, 0.328 = -0.047

85 -0.047 0.328
v =

55 0.047 = -0.047

5, -0.047 -0.047

4p

0.047

-0.047

0.328

0.047

-0.047

-0.047

-0.047

0.328



V(By= By) eeeeeseee = ViE5~ 8) = 065282 065280740.097"

Bolo

Design 2.4.2

8, 0.302 0.027 0.027 0.027

> 0.027 0302 0.027 0.027] 5

v = es

5, 0.027 0.027 0.302 0.027

5, 0.027 0.027 0.027 04302

V(By= 8p) Heeeeeeeeeee = V6E3= By) = 0055 oF

Design 2.4.3

iF 54 0.23 0.062 -0.053 0.053

5, -0.062 0.23 -0.053 -0.053] 5

v =

85 0.053 -0.053 0.23 -0.062 | 7

&, 0.053 -0.053 -0.062 0.23

V(By~ 8) = V(B3 ~ 8,) = 0658i oF

V(8,- 85) = W(8,~ 84) = V(8,- 83) = V(8,- ,) = 0.566 ce

Design 2.4.4

= 0.243 -0.082 -0.032 -0.082

55 ~0.082 0.243 -0.082 -0.032
2

v =

5, -0.032 -0.082 0.243 -0.082 cS

&, | | -0.082 -0.032 -0.082 0.243

V(é,- 85) = V(By~ 8,) = V8,= 8) = Vid5- By) = 0.65 <4

W(By= 85) = V(8,- 8) = 0.55
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Treatment effects:

Design 2.4.1
SS

t4 1.453 0.078 0.078 0.078 |

es 0.078 1.453 0.078 0.078

v S

ts 0.078 0.078 12453 0.078

ty 0.078 0.078 0.078 1453
Ee = ates

Design 2.4.2

t, | [0.628 0.353 0435304355 |

€, 0.353 06628 = 06353 06353

v =

ts 0.353 00353 «(0628 0.353

t, |. | 0353 02353 06353 0.628

Design 2.4.3

a or

t, 0.7195 0.262 0353 0.353

% | _| 0.262 0.7195 0.353 0.353

v =

bs 00353 00353 = 07195. (06353

§ 0. Os 0.262 0.7195| ty | 99353 353

Design 2.4.4

t, 0.903 0.078 0.628 0.078 | -

t, 0.078 0.903 0.078 0.628

: ts | 9.628 04078 0.903 0.078

ty, 0.078 0.628 0.078 0.903

4g



Residual effects:

Design 2.4.1

Design 2.4.2

1.688

0.313

70.313

0.09

0.09

0.09

as

0.555

-0.11

0.02

0.02

a

0.888

-0.31

0.49

0.31

-0.313

1.688

-0.313

-0.313

0.09

0.49

0.09

0.09

-0.11

0.555

0.02

0.02

-0.31

0.888

0.31

0.49

-0.313

0.313

1.688

-0.313

0.02

0.02

0.555

-0.11

0.49

-0.31

0.888

-0.31

dn

dn



2.12.2 Variances of the differences between two treatment

and two residual estimates.

Design

Design

Design

204.1

V(t ,- t.

V(E4- P3)

204.3

2) = v(t,) + v(t3) -2 Cov(t,t,)

= 10453 F 4 164532 - 2(0.078) >

= 2.7577

Ren ee a

= V(t5- ty) = eseeeeee = V(t,- ty) = 2075¢

= V(P,) + V(P3) - 2 Cov(#,r,)

= 1068854 1.688 7 = 2(-0.313)7

she

= ceccceecee = VE q~ 8) 2 AS

= 0.628% 4 0.6287 - 2(0.353)7

= 0.550"
nei 2

Besceeceseeeee = V(t5= t,) = 0.555

0049+ Okge= 2(0.09) >

0.80"

nin ot
V(2p~ By) Seeeeeeeeee = 028

0071950 + 0271957°= 2(0.262)7= 0.9157

067195 7+ 0.7195 0-= 2(06353)r= 0.733 5

» * ‘ =

V(t,- t,) Secccccceccee= 00753 T
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V(tz-t,) = 0.9157

V(Eq-By) = 06555a° +0.5557=2(-0.11) 7

a /4eage

V(Ey-25) = 065550406555 ¢ = 2(0.02)""

= 1.075

VP j-By) = V(Pa-Py )eeeeeeee eee 4.077

V(5 ~By)= 163307

Design 2.4.4

V(E,-£5) = 0.9037 40.903 «= 2(0.078) 7

= 1.655"

Vib y=8,) = 04905 740.903 = 2(0.628)7

= 0.550"

vie,-t,) = V(t,—t),) eee neeece e650:

v(t-t,) = 0.5507

V(E4-F5) = 0.888 740.888 7 =2(-0631)*

= 2.4o°

V(Ey#5) = 048880 40,8887 -2(0,49)7

= 0.80"

VCE y=B,) = Vetgaty ecco eeeen2elh om

V(Ey=F,) = 0087"

All the above results can be found more easily by using the

theory of linear functions.



2.13 Variance of Linear Functions.

According to Cochran and Cox 1957 if

Ss 1474 + 1sYoteerereees + Line

is a linear function such that 14+ Ljtecseseeet 1, 20

and ¥19 Vor cececeees +21 Y, are individual observations, then

the variance of any kind of this type of linear function can

as a general rule be given as:

Oleene tea | emo 202
o, = 1,0 + 1,0 Fecccccccceet 1,0

Using the above rule the variance of the difference between

any pair of parameter estimates can be obtained by first expre-

ssing such differences as linear functions of the parameter

estimates. For example the linear function of the difference

between two treatment effects can be written as

z-lf,+18, -%,-+
sf u since 14= 1 and

1j=-1 .

Now writing t,- oA = at, +bT, tecccccce 7

@ and > being coefficients of ith and uth treatment totals,

the variance of the difference

v¢%,-%,) =(a-b ) oF

Similarly the variance of the difference between residual effects

can be found. This is a simpler and a quicker method of finding

the variance of the differences between the estimates of the

parameter effects. By making use of this rule we totally bypass

the variance-covariance matrix of the parameter estimates and

cut down a great deal of arithmetical calculations. Since the

calculations made for the variances of the differences between

parameter effects for designs 2.4.1 to 2.4.4 produce exactly

the same answers we shall continue our calculations by the

latter method.
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The variance of the linear component can be found by

using the same rule as stated on the previous page. Here in

places of las 13 9 Ceecccceee 1, one could use the coefficients

of orthogonal polynomials which will ensure the fulfilment

of the necessary condition of orthogonality of the rule. The

coefficients of the orthogonal polynomial can be readily and

easily consulted from any standard statistical tables such as

Fisher and Yates or Pearson and Hartley.

As an example the variance of the linear component for

treatment effects for a 4x4 Latin-square design can be obtained

by first expressing the four treatment estimates as a linear

function

Zs 1,t, + Into + i,t, + 1,t),

and taking 1, = -3, 1,=-1, 1,=1, and 1, =3,

we get

z= -3€, - t+ €, + 3t,.

By substituting the values of the estimates in terms of treat-

ment totals, etc., the above linear expression becomes

Z= at, + apt, + ast, + AyTytecccccccees

where ays aos as and a, are coefficients of treatment totals

qT, to qT, respectively.

So

Zz
v( -3t, - £ + €, + 38,)

2
( 3a, -a, + a, + 3a, AG

Following the above procedure we can find the variance

of the linear component for treatment as well as residual

effects for any size of the Latin-square under study for the

purpose of comparing and choosing the most efficient design.
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2014 Efficiency Estimation.

The ratio of the reciprocals of the variances of the

treatment differences and the residual differences measures

the efficiency of the measurements of treatment differences

over the measurement of residual differences.

To find the efficiency ratio for design 24.1 we

calculate the variances of the differences between measurements

by using the theory mentioned under 20136

2.14.1 Variance of the difference between two treatment

direct effects:

v(t,-%5) = vf (1.3752, - 165), - 063758, - 06375P,+06125G)

=(1.3751, = 165R, - 0637582 = 06375P, + 061250) f

( 16375 + 10375 ) o7

2.75 07

Similarly v(t, - ¢, ) = ve, - t,) woeeeooaV(E, - £,) = 2675 o*

It can be stated for this design that the variance of the

difference between any two treatment effects is 275 Oke

2.14.2 Variance of the difference between two residual

effects:

VB, - 2) =V (2R, - 165%, + 0658, - 005P, - 0.25G)

-(2R, - 1.51, + 0.58; + 0.5P, - 06256)

Glee0.=

Be Gee

un

a a a ra me 5 2
and vz, - 8) = vie, - #) me svecesce = vee, -¥,) 540

Variance of the difference between any two residual effects

of this design is equal to 4 Gs



-*. Efficiency Ratio ( Treament / Residual ) expressed as

a percentage

i = -uw R .

The efficiency percentage shows that the treatment

differences are measured 45 % more efficiently than the

residual differences as far as this design is concerucd.

It has been pointed out by Yates (1951), Iucas (1957)

and Cochran (1957) that the residual effects are less accurately

determined than the direct effects in the designs of this typee

Approximately equal precision, in the estimation of direct

and residual effects, can be attained by introducing an extra

period to the design.

2015 Variance of Linear Component.

There may be experiments where the treatments take the

form of an ordered variable such as cows after 0, 1, 2 and 3

units of rations or patients after 2, 4, 6 and 8 hours of

diets etc. There could also be cases where treatments consist

of increasing amount of food or increasing amount of dose

of medicine etc.

The variance of the linear component can, therefore,

be investigated for both treatment as well as residual

effects which can later be used for making comparison between

different designs of the same order.

For design 2.4.1, a Latin-square of order 4x4, the

coefficients of orthogonal polynomials (&), available from

the Fisher and Yates tables, are given as:
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Treatment applied 41 2 3 4

&, Siesta! >

&> 41-1 -1 4

§5 -1 3 nse A

2elSFel Variance of linear component of treatment direct effects.

b, = Bt, -t, +t, + 3, = ~#.125 0, -1.375 T, 41-375 Ts

+4125 Tytecceesceceecceceee

VD, )=v(-38,-E485438,,) = V(-3x-4. 1257 ,~1x-1.375T,+121 037575

+3xh e250 terrereeeee)

V(12.37524+1 03757541 03757 34120375, 00+)

= 27.5 0%,

201562 Variance of linear component of treatment residual

effects.

o. = -3ry -Fy +f; +3ry, = -6R, ~2R, +2R, +6R, toccccccccce

vo.) = V(-3r, -F, +8; 43%, ) = V(-3x-6R, -1x-2R, +1x2R,

+3x6R, Hee cscesecece)

V(18R, +2R, +2R, +18R, Heccccce)

= 40.0“.
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2.16 True Effects of Treatments.

In the study of treatment effects on subjects our main

aim is to know the total effect of the treatments and in such

cases the estimates of the residual effects can be used as a

correction to arrive at the true effects of the treatments. For

example, in a dairy farm, when a group of cows are tested with

a number of feeds given on successive occasions, our main aim

is to determine the particular feed which gives the best yield of

milk. The total effect of treatment’ will, therefore, be the sum

of the treatment direct effect and its residual effect & +t,)

where k=l.

2.16.1 Total effects of treatments for design 2.4.1 can be

obtained from 21Q2 and 2.10.3 as below.

4, 42, = 1.3757, -165R, +2R, -1657, -063758, +06125P,

40.58, -0.125G.

a a :
ty +p = 16375E, -165R, +2R, -165T, -0437582 +04125P,

40.58, -0.1250.

t; ‘Tz 5 1637573 W165R, +2R, -1.5T), 0637585 +0.125P,

+0058), 0.12546

a a

ty +0) 163757), =105R; +2R, “1.57, 70.3758), +06125P,

+0258, 0.12566

201602 Variance of the difference between permanent effects

of two treatments of design 204.1 may be given as:

vjd +m) - (% 4%)} = V(1.375T 4-1-3757 2 + 2Ry -2Ro +eee0e)
2

= 6.75 Oise
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Chapter 3

Parameter Estimates when Residual Effects

Persist for Longer Periods.
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3-1 Residual Effects Persisting for Two Successive

Periods.

Let us now assume that the residual effects of the

treatments persist for two successive periods immediately after

their application to the subjects and study the effect of this

assumption on single Latin-square designs.

The terms and notations to be used in the following

study follow from 2.7 and any new term or EtROL used shall be

explained as it appearse

The model under 2e3 is now changed to:

Ts 5(e2) = A+ PD + 85 + ty + Py + 0) + O35 5( 47)

iz First residual effect of 1th treatment.a

Ble

co Second carry-over or residual effect of lth treatment.

ZEy = ze, = 0 and all other assumptions of the model 2.3

are observed by the above model.

3.1.1 he normal equations for the estimation of period,

subject, treatment, first residual and second residual effects

are respectively:

P = nf¥h +2 3

s = nh +2 B- &, z = ( £+4) é

gm = n¥h +2 £ +B, r+ Bo &

R =() Phe tes A b+A 8-2, 8-48

@ = (m2) Pat (m2) s+ Bl+Be-ne 2-1 Gs
a

-(4,+4,)8

C is the vector of totals for observations having second residual

i.e. the element C; is the total of observations receiving the

second residual of the ith treatment.

60



Ba is an (n x n) matrix indicating which treatments precede

and follow each other immediately.

Po is an (n x n) matrix indicating which treatments precede

and follow each other in the second positions.

Bs is an (n x n) matrix indicating which treatments precede

and follow each other immmediately while ignoring the last row

of the design.

£, is a permutation (n x n) matrix of the treatments in the

nth row of the design.

£, is a permutation (n x n) matrix of the treatments in the

(n-1)th row of the design.

, ,

&, and £, are orthogonal matrices. Hence £, £, = & £5 = 5

3-122 Estimation of Parameter Effects.

Period effects being orthogonal with all other effects

can be found directly as:

a G
B= s(P-nfh) = ookBIS

For estimating the other effects their normal equations

can be set out in the matrix form as follows:

Im? 3 IH Io 1 ge 1 a th + in
Le)

LY

b> Io

In? 1 Is Ie = B1= 2 H =

a? 1 ok eo
us

pS n
nN

RS PX T=.Ww - 81nm oy. a

Let 8 =M xX , where é is the column vector of parameter

estimates, M is the normal equations matrix representing the

coefficients of the parameters to be estimated and X is a column

vector of the totals of observations and other known factorse
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Therefore § =

n(n=1)(n=2) WT

sac) Au" A
: B, ua B;

"BoB + Bids

1 -mew'a,
=(n=1) £78

=(n-1) £14,

ut

As+B”

=(no1) Bot” Bo * Boks 5
od ae tnt

Ast Bs + Bok” BS

m(ne2) Ay 4, n(net(n-2)u7"

=(3a-h) 1

yi’
-n BM Bs

= (2-1) Bw

~(n-1) Au"

i: At £8,
+ Bot” £6
+ Bow habs

, ee =

ee 4, pal 45
yo

os L.psit a:

+ B. u's un!25— iho
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,

where W = ( nt = bn? =n? + 2n ) z +{1 i n(a-t)} B f.2

+2nB, +28, - nlm) 6,6, -B1 6. - bi fo

+ 2B BoBsTMBiPohs +faBs + 2Ar -Ai Be + Bs
¢ ,

~ By Bo ~2rin-V Pky do.

30123 As an example, the matrix form of the normal equations

of design 25(9.3.1),when residual effects persist for two

successive periods, can be given as:

-1

5, 50000 00000 00001 00 0-1-1 84-026
8, 05000 00000-10000 =10-100 $,-0.2G

BS 00500 00000 00-1000 0-10 0-1 85-0426
Bi, 00050 00000 00-100 0-1-1 0 0 | | 81-0226
85 00005 00000 000-10 -10 0-10 | | S,-0.26

t 00000 50000 01120 00210 | | 14~0.26
£5 00000 0500010102 20001 15-0626
£ 00000 00500 020114 140002 T$-0.2G
He 900000 00050 10201 03000 | | %-0.26
ts 00000 00005 21010 00120) )|T,;-0.26

z, || 0-1000 0}).T Of-s2:-7h\0 0X0 Oram OnAO"220 R,-0.2G+0.2P,
- QyO=160-0) 1 0:2 0:1. 0°40 00," 1-031 O17 R5-002G+062P,
£S 7020-1 01. 1,'0:20-0:0 40 0: 40.4) 0144 RS-022G+0.2P
ai, 0000-1 20101 00040 00201 RY7-002G+022P,
te ed O8O2 070, 0: 347.000 0 0, 42150 0; O Rp-0426+062P,

&, 0=1. 070-1 021400 01002, 30000 C1-042G+022(P,+P,)
&5 0 0-1-10 00030 10101 03000 | |C,-0.26+0.2(P,+P5)
oS =100510 20001 01020 00300 C5 -002G+062(P,+P5)
oi 0-1 00-1 10002 20100 00030 | |0j-0.26+0.2(P,+P5)
cs -10-100 01200 01110 00003 C5-0426+062(P4+P5)

The above matrix can be inverted by computer using the

programme in Appendix I.

Period effects can be found directly as suggested under

esi ee
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3.2 Residual Effects Persisting for Longer Periods.

The process developed under 3.1 can systematically be

extended for extracting the residual effects of treatments,

persisting for any number of periods, beyond their period of

application to the subjects.

By some changes and rearrangements of the symbols, the

system of writing the normal equations matrix, for subjects,

treatments and residual effects for longer periods, can be

expressed as:

n i Q “Ly

Q ni Ba

£, Ba (n=1)z
, ‘ ¢ ‘

£,- £5 Be uy

“i-f-¢, Bs &

£- £6; Bi, b>

ronan nist

=

|

64
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why"ho ~Ly7homhs Aho

Bs noe

& Son tee

oo

(n-3)I Yaa cies

x (n-4)I - = -

donee

Ro -nYnty Pye
1

Ree -n¥nt gC Py + Py Dh

1

Row on Tht gC Pp + Pp + Ps hb

2+ Po + Py )h



£, is a permutation matrix of the nth row of the Latin-square.e

4 mou " " uo (n-1)th " " " .

ds wu " " wom (n-2)th " " is

£1, uu u " nou (n=3)th u n " fe

tee wou " " woof (neiad)th wn " " -
1

Ba is a matrix indicating which treatments precede and fol!ow

each other immediately.

Bo is a matrix indicating which treatments precede and follow

each other by one period.

Bs is a matrix indicating which treatments precede and follow

ach other by two periodse

Bu, is a matrix indicating which treatments precede and follow

each other by three periods.

B; is a matrix indicating which treatments precede and follow

each other by (i-1) periods.

Gq is a matrix indicating which treatments precede and follow

each other in the absence of the nth row.

Le is a.matrix indicating which treatments precede and follow

each other in the absence of the nth and (n-1)th rows.

x is a matrix indicating which treatments precede and follow

each other in the absence of the nth, (n-1)th and (n-2)the rows.

YG is a matrix indicating which treatments precede and follow

each other in. the absence of the (n-i+1)th to nth rows.



g, is a matrix indicating which treatments precede and follow

each other by one period in the absence of the nth rowe

& is a matrix indicating which treatments precede and follow

each other by two periods in the absence of the nth row.

& is a matrix indicating which treatments precede and follow

each other by i periods in the absence of the nth row.

fae is a matrix indicating which treatments precede and fellow

each other by (1+1) periods in the absence of the nth and

(n-1)th rows.

ge is a matrix indicating which treatments precede and follow

each other by (i+1) periods in the absence of the nth and

(n-1)th rows.

Sy. can be used to denote a matrix indicating which treatments

precede and follow each other by three periods in the absence of

the nth, (n-1)th and (n-2)th rows.

Sie. can be used to denote a matrix indicating which treatments

precede and follow each other by (i+2) periods in the absence

of the nth, (n-1)th and (n-2)th rows.

Following the above mentioned system the coefficient

matrix can be written without any complication. The numerical

analysis is then carried out, after inverting the coefficient

matrix on a computer, as suggested earlier.

R. is a vector of the totals of observations containing the

first residual effect of the treatments.

R.. is a vector of the totals of observations containing the

second residual effect of the treatments.

R...-.-(i dots) is a vector of the totals of observations

containing the ith residual effect of the treatments.

Seid, Se &, ana &-. are all (n x n) matrices.
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33 Residual Effect as a fraction of Direct Effect.

It is often convenient to assume that the residual effect

of treatment tas in the following period, is cts, where ¢c is a

fraction ranging between O and and 1.

The normal equations for the parameter estimates then take

the form:

BP =nAh +n8
a a a

S =nGih +nBSB-cht

£ =n a h sn + cB £

a a hd ’ a A

R =nUih +(n-1)c£+ Bt-he a-ds8

Rearranging and simplifying the above equations we get:

-o dt

+efh

a Oe a
(m1) e£+BE-4£8 =R- (nt) The bi n-?

n la> " Ia 1 B “I ip

It? Itn =T-nfh

i P.
=R-nTh+ sth

Period effects being orthogonal to the other effects can be found

directly. P Pian x h

Since there are now only two unknowns, t and s, we further

simplify by adding the last two equations in the above set.

.

ee n Ih Ict>In> -c¢ =S-nfYfh

3/

[ {a + oct} x + Bre ji -£5 =2+R-anth

2=1-H+ au A

The terms and symbols used in this section have already been

defined under 2.7.
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3501 =A poe

8 nt ~c& S-nih

= ee

& ae {n+ e(n1)fr+B +08 T+R-2nTh
2
=1 h

4 mes

,

fa + e(n-1) FT +B + eB of||s-nTh

au
= -

& ni| |z+R-aTh
e

— + ea h

¢ v

where D=n[{n+ cla} x +B +B -ckhkk
,

oF. sine +o nore loatp=to: +Bh+e08

Therefore from 361.1 we get:

,

8 = Do [fad + eat) + B+cB){s-2%3}

3 Psog(2+R-mPn+ i bd)

a 4 is
& =o'[ £¢s-nfh) +n(T+R-aTn+itn)]

and feohecD[SG-atn +n(z+R-atans hind]

3ed02 If c, the residual fraction, varies from treatment to

treatment, that is cy is the residual fraction for ts, then c is

replaced by ¢ when estimating the parameter effects. c is a

diagonal matrix given by

lo

cy 0 Oo O eecceeee O

QO fo 0 O ecccccee 0

° o cz O ecccccee O

0 0 QO QO oeececee C
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wBo matrix form of the normal equations is

a a en a

8 al ~-£e S-nYh

eae / , 2 P

ie -¢ ni+(n-1)c+R+Reo T +R -2n¥h + 51h

and we get

a s

8 al+(nt)eo+A+Ro ge] /S-nih

[=D f P.
£ z ni||@+R-2nfh+ oh

where D = n[{nz+ (n-1) ¢ + A+ Ash-ckig

un lenor + @ =n-—1-)c +nf+nB

Therefore the parameter estimates can now be written as:

a

B-D[{azr+ (mt) +h +B cf e-2 Ty)

A 4

$ep't {4 (s-nfn)+en(2+R-mTn+ itn) }

S-eteoD {£(s-afn)+n(2+R-mTn+ nd}

Similarly it can be assuned that the residual fraction

varies according to treatment as well as period of application.

But for our present study we shall adhere to the usual assumption

of the existance of an unknown quantity of a residual effect

for a treatment.
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Chapter 4

Subjects carrying Residual Effects in the Initial

Period of the Application of Treatments.

22



4d Subjects Prepared for the Experiments.

In certain situations it may be convenient to treat the

subjects in such a way that they carry residual effects of the

treatments to be applied in the nth period, before the actual

experiment is started. This may be done by simply treating the

subjects, in period zero, with the treatments they are to receive

in the nth period. Thus the residual effects which are lost at

the end of the experiment are gained in period one.

Under this assumption the normal equations for the

parameter estimates are:

P =nfh +n8

S =snfih +n8

E=anfih +ni + AE

a a Aas

R=nfih +nk + AE

where Q is an (nxn ) matrix indicating which treatments

precede and follow each other including treatments in period

zeroes

Hence B= P-nfh

& = &5-nYh

and -1

Gia |meteen ele timate

a = Ma
| |X oz] |R-2fn

sa ska] [g-ata

-aTX nat] [R-afn



We obtain

$ ena’ (2-nfh)-ARUR-nTh)

Bena’ (R-nfh)-atA(2-nlh)

4101 As an example taking design 2.4.2 to explain the

numerical calculations of the parameter estimates ( 2 8, g and rp ),

assuming the presence of residual effects in period one, when

prepared subjects have been used for the design.

The period and subject effects are calculated directly

from their normal equations.

B=0.25P-Lh giving Bp, = 0.25 P, -0.0625 G

B, = 0.25 P, -0.0625 G

8, = 0.25 P, -0.0625 G

, = 0-25 P, -0.0625 G

Im> " °feuu un 1 ca Ib a Bi45 a " 0.25 S, -0.0625 &

85 = 0.25 8, -0.0625 G@

8, = 0.25 8, 0.0625 G

&, = 0.25 8, -0.0625 G

For calculating the treatment and residual effects we

solve their normal equations simultaneously as follows:

-1

%, W868) le Sota T, - 0.25 G

t5 On kO..0" 1. (01ee 4: T, - 0.25 G

ts On Ob ONe 1, SHON 1 T, - 0.25 4

ty Ol 0210, / 4h) AAO T, - 0.25 G

8 | Omaths 2 42507"0: 0 R, = 0.25 G

En 12,020 40.0, 24.0°-0) R, - 0.25 G

Fy ee On tae OO: oO R, - 0.25 G

oy 21-4780). 0-10 Os Ry, - 0.25 G

The above matrix can be inverted on a computer by using

the programme in Appendix I.
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42 Variance-covariance Matrix of Parameter Estimates.

Deriving the variance-covariance matrix of the treatment

and residual estimates, when the presence of residual effects

in period 1 is assumed.

a bat

cov( 68) =a

where

& t-nfh BO lea
oe ln a = |

z R-nfh O K ||

-

Kei- 3 h n and h is a column vector of order n having

each element equal to 1.

let X= JX, X,=AL A is a design matrix.

XY is a matrix of observations.

2
X. =

Sheil B

ag

A & = is the matrix form of the normal

,

Xx nt equations.

Ge ,

cov XX) = ACW YY) A = Ako

Therefore

70, |i ane nk OKA

JAK = =
,

mee ae at Me ak

--¢ , , ¢ 7

JAAS =F Cov XX) TS = Cov (XX)

ae KA = £

=o KK=K

Ar a5] 122-5 K<K
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eee nk KD

cue uw lcov(x X)=oo

-aty oa" XK 2K

K Q

2
so

9 K

E60 | | ae eee
4 7

uot cov(x x) M7) = oe
Sand) 4

og) |) see ee

nk AT «xa.
Meee ths

Corl O98) aS

i

da" k nk a"

ae Tite
We obtain vit) =nKATMg* and VE) =n K AG

It shows that the treatment and residual effects are measured with

the same precision.
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Chapter 5

Variance of the Linear Components of

Parameter Estimates for 4x4 Latin-square

Designs.

io



5e1 Other Patterns of 4

In design 2.4.2 each

x 4 Latin-square Design.

treatment has been followed by every

other treatment except by itself. Designs 2.4.3 and 2.4.4 have

treatments preceded twice by one treatment and once by another

treatment.

under

above

5 e161

a

Ty

After obtaining the

2.9, we can easily ca.

mentioned designs.

Treatment direct an

Design 2.4.2.

= 00557 4 +00275T 3 +0027.

-0.1S,-0.1S,-0215.1 2 ao

inverted matrices, as suggested

lculate the parameter effects for the

d Treatment residual effects of

525402751), -043R4~Oo4tRa-OoltR-0 04H,

20758),-00375P)+00125G

= 0.2758 440-557 54002752 54022751 ),-0 oR 4-0 o5R,-Oe R044,

-0218,-0615,-0-0758.,

= 002757 140027574005

70018,-0.0758,-0-15;,

= 0027524 +00275T +002

-0.0758,-0.18,-0.18,.

= 0.82, 4004R,+064R,+0

+001S,+0.15,+0215.4 2 5t0

= O.4R{+0-8R,4064R+0

+022S+0

= O04R +0-4R,+008R,40

+0615,+0.1S,,

+0615, +0628,+0+15,+0

= 0.4R,+004R, 40.440

+0025,,+0+1S,+061S +0
3

On:

0618), -00375P,+00125G

5254042757), ~O44R,-O64R,-045R,=0 04,

0618 ),-00575P4+00125G

7525406557, -044R4—OoltRq—OoitRz-0 6 5Ry,

7001S),-00375P,+00125G

o4Ry 0.37 ,-0-4T,-O-4T 004,

+2S),+005P4-0025G

HR), -004T,-0-3T,-004 0047),

21S), 4+0.5P4-0025G

ohRy-O-4T,-0642,-0.3T,-0 04 Ty,

21S), 4025P4-0025G

282-0047 064-047 0058),

218), +0 05P4-0025G



50102 Treatment direct and Treatment residual effects of

Design 2.4.35

= by 830+ S A atop ensues
3 0.6422 4061831, +0 02757 5+00275Ty, 06253R4-0-567R, Oo4ZIRs

-00267Ry teereeeeeees other terms in S, P, and G.

= 061832, +0.6427+042757 34002752 ,-045672-00253R2-00267R,

MOHZSR teeecceccceescreces sceeceee occ c cece ccc ccccrcccce

= 042757 44022757540 +6427 4001857, -0 02678, -0455R3-00255R5

AOL5S7R tee eercececsecoescrccccrssesereeceessecers Seas

= 0.2757 44022757 34061937 ,+0.6427),-00435R,-0.267R,-02567R;

“OcA2DH), Fecncienoccisnetieccscesercccstecsecesrccrs* canes

= 04933R4#0-267R,+0 04,40 ol42),-042537 ,-025671 5-0-2672,

POLHIZE teas oesieocasceercerssnsarscivncevccrestsccies? See

= 04267R,+0-933R5+004R; +0448), -045672 4-00253T-0 04551 5

026 7T) torrecececccccccccccccccccsccsscccsccrcccoseres

= OH, +004R,+00955R +02267R,,-00433T ,-042671,-0.253T
2

HOs5O7Tteceeeserccccscccccecscccccsscrsssecsscsecoees

= OUR +004R,+0.267R,+00953R),~0 42672-04537 ,-0.5672 5

=0e25DT) Heine s'c0jeis on oie ace vis cite cs sececsasieineoecneicis cette’

Treatment direct and residual effects of Design Zot ot

= 0.8257 +0552 -048R,-067R),-0 01758 4-0 +28..-00575P4 +00 1256
2

= 0-8259+0-557),-0.8R;-047R,-0017583-0028),-00375P4 1001254

= 0.8257 406552 ,-0-8R),-027R-0617583-0028,-00575P4 4061256
3.

= 048259 ,+0.55T,-068R;-067R4-001758),-02285-02575P4 #00125

= 1428, +0.8R,-0.8T ,-06 70), 40428540235), 10457 4-0 «254

= 1,2R5+0.8R,-0.8 j-0679,+0-28 ,+0.383+065P4-04256

= 1.22 #04824 -048T,- 0678 940228),+0-5834005P 406298
2

= 1,2R),+0-8R,-0.87,-0.72 4 +0+28,,40-38,405P 4-0 +256
>

CT?



5-2 Variance of the Difference between two Estimates.

Following the statistical theory of the variance of

linear components, stated under 2.15, we calculate the variances

of the differences between two treatment and two residual effects

for the designs under consideration.

The variance of the differences calculated by this method

produce exactly the same results as by the method mentioned

under 2.12 with an extra advantage of simplicity and ease in

calculations.

522.1 Variances of the differences between two treatment direct

and treatment residual effects of Design 20/2.

a

Garb, = 0655244042757 ,-06275T 4-045 TT oteeeererereerece

a

v(t,- t) u V( 0.2758, - 062757, )

0.55c°

Similarly we find:

WEB) = VE AWE) = VERE) = vet) = Wib,-$,) = 06557

BjcBy = 068R,H0s4R,-O04R,-OeSR teeeeeeererececeeceter

V(B,- Po) = VC 0.4R, - 0.42, )

0.807

and VG,-8,) = VOR =H) = VE-B,) = VE) = VES -H) = 080°

Average vG,-€ 4) = 0.550%

0.80"Average V(25-F5)

The variances calculated above indicate that, for design

2.4.2 ( Williams' Design), the differences of all the pairs of

treatments are measured with the same precision. Similarly we

find that the differences of all the pairs of residuals are

measured with the same precision, though less precisely than

the treatment differences as their variance is higher than the

variance of corresponding treatment differences.
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5 e202 Variances of the differences between two treatment direct

and treatment residual effects of Design 2.4.3.

aan 2 Bes

V(t,-t,) = V(0.4597,-0.4597.,) 0.918 T° = V(%5-t,,)

ao” a = ek
v(t,-t5) = V(0.367T 4005671) = O67354r

rea iets aon 2

v(t,-t,,) = V(t,-t5) = V(t,-t),) = 0.7377

V(B,-B5) = V(0.935R,+0.2672,-0.267R,-0.935R,) = 1433207

VbsB,) = 163520°

VCE 4-85) = VC 04553R,-06555R,) = 1.0677°

V(b,-b,) = VEo-P) = V(F,-8,) = 1.067-°

0.797 7
An ia

Average v(t ,~t 5)

1.155 ox (2,-2,)verage V rity

This design, unlike designs 2.4.1 and 2.4.2, does not

measure the differences of treatment effects or residual effects

with the same precision.

5e2ed Variances of the differences between two treatment direct

and treatment residual effects of Design 2.4.4.

v(é,-€5) = V(0.8257,,-0.8257,) = 1.657%

v(t,-t,) = v(E,-£,) = w(t,-£,) = 4.650-%

as
v(t,-t,)

V(b 4-5) = V(0.8257,+0.557
2

3706557 4-008257) = 0.550-

0.55 aaa

V(E,-B,) = V(142R,-1.2R,) = 2.40%

V(2y-2),) = V(Bo-B;) = V(Bz-1),) = 2. —
Sal 2 AnV(24-23) = V(1.2R,4068R,=1422-0.82,) = 0.8e° = V(P,-F,)

1.28377u

ee

Average v(t,-t,)

Average v(,-2,) = 1.867 7°

This design also does not measure the treatment differences

or residual differences with the same precision.
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505 Variance of Linear Components.

Using orthogonal polynomials, as in 2615, we calculate

the variance of linear component of treatment direct effects as

vell as treatment residual effects for the Latin-square designs

20.2 to 2otele

5oBeol

by

v(o,)

Variance of Linear components of Design 2ete2e

= ~3t,-# +3t,, = =0.8257 ,-0.2751,+0.2751,+0-8257),+ eeeeett

= V(-3x-0 8257 ,-1x-0.275T, +1x0 42759, 432008257), )

= V(24752 4002759 54002757 542 4752), )

= 5.50°

Mea’ a tee

= “BP {-PatPt3Ty, =-1 22R,-044R 404241 e2Ry te iinlateiaaiarleie

= V(-3x-1 2k,

= V(3.6R, +0.4R,+0 R543 06R,,)

a8. Gee

=-1x-0 oR, +1x0 ohR43x1 o2R),)

Variance of Linear components of Design 2.4.36

V(-3x-1 20082, -1x-0 2092T,+1x0 00927 5+3x1 20082,, )

6.25252

= V(-38,-8,+85432),) = V(-3x1 4678 =1x-00155R, +120 0133R

43x104672,) = 9.0680->

Variance of Linear components of Design 2.4.4.

V(~3t4-En+f5438),) = V(=3x=1 29251 4-1x+0.8251,+1x-0.8257,

43x119257,) = 9.9 0°

V(-38,-P+¥,+3P,) = V(8.4Rj=1.2R,-1 628,48 .42),)

Th o
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5 ot Variance of the Difference between Permanent, Effects.

The variance of the difference between two permanent

effects for designs 2.4.2 to 2.4.4 can be derived from the results

obtained under 5e2e

5 ete Variance of the difference between two permanent effects

of Design 204.2.

Let tay = Permanent effect of treatment i.

The variance of the difference between permanent effects

of this design is the same for any pair of treatments.

2 a 4 a 2

Vv {¢ ti + ry ia CR re } a 125515-

© 5 eh .2 Variance of the difference between two permanent effects

of Design 2.4.3-

v {yeh - GotBad} = v{tt,) - bys Bp = 2425 o

Uff )-E,e8 3} = VEE) Eyet he WE e8)-E5e83)} =

VA CE oak) CEy Hy) f= 1.80157

5 etd Variance of the difference between two permanent effects

of Design 2.4.4.

vf qe8,)-Epak df= VE pe -Eyeh fe WE, )- Egat )} =

v{bee8s CE yrb, I} = 4.05 0%

v {Cbq8,) = Gets) = v{Ey8,) - Cyst, )} = 1.350?

Again we find that the differences between two

permanent effects of designs 2.4.3 and 2.4.4 are not measured

with the same precision for different pairs of treatments.

81



50D Efficiency Ratio.

The efficiency of measuring the treatment differences

over residual differences or other such measures, can be calculated

by taking the ratios of the reciprocals of their respective varian-

CeCSe

50501 Efficiency of measuring Treatment Effects over Residual

Effects of Design 2.4.2.

Efficiency ( Differences) = W98T 100 = 145 %
( All Pairs) o.55c>

ae z 8a2
Efficiency ( Linear Effects ) = ----------- x 100 = 145 %

550°

5.52 Efficiency of measuring Treatment Effects over Residual

Effects of Design 2.4.3.

Efficiency (Difference) = ---*<<5-- =-x 100 = 145 %

(Pairs, 1-2, 3-4 ) 00918 T>
2

Efficiency (Differences)= 12067 57, 100 = 145 %

(Pairs ,1-3,1-4,2-3,2—4) 00734 7
2

Efficiency (Difference) = prelet Den 3. 100 = 145 %

(Average) 0.797 r*
2

Efficiency ( Linear Effects ) = coat eee 100 = 145 %
6.2327

5d ed Efficiency of measuring Treatnent Effects over Residual

Effects of Design 2.4.4

2.42 e
Efficiency (Differences) = -S*----x 100 = 145 % = -

(Batre ido qalee-3 32h). 5 106575 0550-7
and1-3,2-4) e

Efficiency (Difference) = 21867775, 100 = 145 %
(Average) 14283 ov .

the
Efficiency ( Linear Effects) = -=----

9.977

145, %



Chapter 6

Variance-covariance Matrix and Efficiency of

Measuring Treatment Effects over Residual

Effects.
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6.1 Variance-covariance Matrix of Parameter Estimates

£ignoring Period ects.

As explained under 2.8 period effects can be calculated

directly and independently of other parameter effectse Estimates

of subject, treatment and residual effects are given by:

-1

At eee te BS eee a we

gx'p
. 4 = os

b-ltlegl-gv7a 9 atest vn By") |2-2Ta
’

-4£y"4
- / =

5 ave -n v7 BY n? yo! R-nYh+ 2th

fete 6 = Hux

Therefore we can now consider the variance-covariance matrix

of parameter estimates ignoring period effectse

oe : ee

cov( 8 6) = 4 cov xX CHD

S-nTh

x= |2-afh

P.
R-nYh+ ih

Writing

s-nfh =(1-Zhh)S=KS
4 t

g-nfh -(I-ghH)E=KE

estes qo apes

Renfh =(L-ghh)R-gheb+ gh eb

=KR

The symbols and the terms used above have already been defined

under 27.
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. i Tes u

1 Cr eel19) JOU IO Seto: lo) Io< Aneto 1o> UIA lo sie [mt fo). Lom Io fo a) a a
lebigk = Xs

where Qo oO Oo Q

Q K S g
dye

bevel soins

2 ig 2 &

Sze P Der ail oes stl

/ ,
je s ‘: 248 Goes seeeeeee HK ss

0s * : 2 hb =(n°x1)
es G Tyrererereeely

, ’ Z

R Pe ceca

or Xo = AY. A is the design matrix.

/ /

nl hH bX (h-g)3

Regen yeh ee ae
,

AA =

Kh. kh ok A

ape , , ¢

nine) HE-< SF Gest jes

¢ / ’ , a

Cov( XX, ) = ACow((XYY)A and Cov( Y¥¥) =I

. f ne
o« CovC XX, ) = AAT
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& ’ 4 4 2

Cov XX) = JCov( XX, ) Jz = JAAUC

Oyo” OO | ne = bee HH (n= 2)))8

FO es oEO 5 O)) ile tae meee neaeraetios H)Ho eke
JAA=

CMa 0) er) || 4 | Shen eeeemgrpct a /2)
ae

9 2 OQ B| jaGre,) whet B (n-1)Z

Q Q Q 2

o « 2 «4

Q 9 nk KB
3 :

Qo «¢ K&B (n-1) K

4 i 7 E #

DJAATe =FCow(X X )T = Covi XX)

Q 2 Q Q OF ONO HO

Q 2 Ke 9kKoQ Q
ie

=o

2 2 nk KB 22k Q
, ,

De ceo Ril KR (a-1) K goog kxK

Hence oa 2 Qo Q

OQ nk oO KEL *.°Kh=0
, Qo «wm o «KE Kh-=0

cove XX) = qe
O. 0 ‘aK Ee KK-K

(n-1) Klo ik ® IA es)
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aelalat {rt vo

nat) YB BY Ss név

? :

wed | -£y"6 n(aet) Wey BY

iz ve L oa va B n- vo

from 2.8

Therefore He Cov( X x) =

nat) v1 five ongv {ing 9 «4
ite

-AYv B

x 7 Sieh (ne1) v7" By" oO Koa RSolo ow B n(n=1) V an BV oO nk KB
,

~£I"k

, et s ,
avg ayig wy lH £ EB (mK

n@(n—1) K v7! 0 °

agkv'g
yaa

AxY 6
2

=£ | 0 n?(n-1) Kv" 2

agkev's

2 AKY'B

Q Q n°(na1) Ky"
a£KV'S
-n YK vy fb
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After simplification we find that

nKVYV Q 2

,

1 apiece - os 1
NW Cov(x xX) =F] 0 mg Vile, 30) =

=1

2 Q oxkyy

, =

and uw? cov( XX CH) =

fda. ¢

Ko g||manyt -gy'¢ net
/

-6y'B
a i A 4 =-1

=| 0°80 | |-4y 8 n(a-1) ¥ a By
;

en ove L

oo K]|zav"é ay yt

Hence Pe

Var-Cov( 68) =

; ;

not) KV BKVB -AkY SL
2 ,

Cm —1 mane a4
= -év'k n(n) KV KV

- 4 ade a

ay'kKé av’ kB

- 88
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K lo
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6.2 Variance of Estimable Function.

,

The normal equation X X é = xY may, for simplicity,

/

be denoted as: ué6 =S where M=XX and S=XI

The essential property of normal equation is

DUIS eae eK

Let C be the inverse of M such that

6 = x"

,

® @ is a linear contrast if gs [| subject to the condition

Then vV( B86) = eace which may be proved as:

te ,

vw £68) =wW ges)

= 6o08)o8

= BOUNCE *.° D8)2o B
27

=> 468

From 2.8

This is the reduced form of & since our main interest lies in

the treatment direct and treatment residual effects.
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The estimable function can now be expressed as:

, 
nate

n(n-1) Vas -Byv'k adv 1
é

i B va

S 8 g1 i st (n=1) v7? 1
68= 62 |-4v BR n(n-1) V -n BY

Oa’

-év'd

: : anee4
av'< -av'B ane

Therefore

a6x4 ae he ae ae eal

: nary -gwtg -By'k adv"
ran ae ey Lat 4

v¢ 68)=Gse -%¢v B n(n-1) Vo -£ V £-uhV g

,

avid yg 22 yo

af

°

2 (s)

fe)

°

6. ! (t) where 1 corresponds to the ith treatment
tray. | 1

Ay 0 and -1 corresponds to the jth treatment.
°

= <r)

°

then

g 6 = %,-¢
Ed ho. eae

°

Note that 9, ie reduced to | 1 | *#® Position
(ij) -1 jth position

0.

90



Therefore

4 a

vg %) =

(ag) ~
#1

Z ,

g, n(awt) ve dv |
“t(45) ee ae aa)

Similarly writing for residual effects as:

°

s (s)

°

°

& = : (t) where 1 corresponds to the ith residual
g.(4J) °

° -1 corresponds to the jth residual.

1
©. <2)

-1

°

We get , a % =

& Oats Pa

G4) sib SS
°

&, is reduced to 1 ith position

Gi) = jth position
°

‘ 2%
Hence VC 2 Sa caa oe sling we? |S

mCi = bus melee d)

Now 6.2.1 can be used to calculate the variance of any linear

function of 6, provided the corresponding linear function in

8, is estimable.
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6.3 Efficiency of measuring Treatment Effects over

Residual Effects.

From the Variance-covariance matrix of the parameter

estimates derived under 6.1 we get:

‘ 2 “11 7%, yl
wid= of fae -igev' <}

The diagonal elements of this matrix represent the variances

of their respective treatments. Therefore the trace of this matrix

provides us with the total variance of the set of treatment effects

given as:
,

Var(Treatments) = oe tr { (n-1) K va - icLk vy x}
,

If P is an orthogonal matrix, Tr( P AP ) = Tr( PP A)

=Tr( A)

Hence Var(Treatments) = (n-1) ¢* Ir( KV ) - = tr( K va! 7

Since Lis orthogonal

= (n-t- 4) of tr Kv)

Again from the Variance-covariance matrix we get:

a 2 =1
v( 2) =q n KV and the trace of this matrix provides us with the

total variance of the set of residual effects in the design.

Var(Residuals) =n Pe tr( K v )

To find the efficiency of measuring the treatment effects

over residual effects we take the inverse ratio of their respective

variances. 
2

no Tr( K Waa)
.°. Efficiency( Treatments/ Residuals) = --~------------------=-"

(aat- 4) o? tr KY")

2
n

where n is the number of treatments or the size of the Latin-square

design used for the experiment.
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Alternatively

Efficiency( Residuals/ Treatments ) u ''1i1 np
n-1

1 = --8-5----

n

For example, when n = 4

Effy(T/R)= 4 = 1645 or 145 %

and Effy( R/T ) = 0.6875 or 69 %.

For n =5

Effy( T/R ) -ig-- = 1.32 or 132 %

and Effy( R/T ) = 0076 or 76 %e.

As n increases the gap between the efficiencies of measuring

treatment effects and residual effects closes as long as residual

effects persist for one period only. This can be visualised from

the graph on the next page.
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6.4 Efficiency Comparison.

For comparing different patterns of Latin-squares we

calculate the relative efficiencies by taking the inverse ratio

of the variances of the two designs or the two parameters as

the case may be.

6.4.1 The table below shows the relative efficiencies

calculated as stated above, for 4x Latin-square designs.

Design 2e4e1 2.4.2 20423 2044

Efficiency %

(Treat ./Res.)

VCE -F /V(E,-t,) 145 145 145 145

Treat ./Treat.(2.4.2)

V(t ,-t,)/V(t,-t5) 20 100 60 33

Vt a-t,)/V(t,-t,) 20 100 UP 3D)

Vt ,-t,)/V(t,-£5) 20 100 75 100

Vit~b, /V(t,-t),) 20. 100 60 33

Res./Res.(2.4.2)

V(r4-P5)/V(f4-F5) 20 100 60 33

V(ro-P5)/V(f,-F5) 20 100 75 33

V(e4-P5)/V(2,-25) 20 100 75 100

V(E5-F,)/V(P5-F,) 20 100 60 33

From the above table we find that the relative

efficiency of measuring treatment as well as residual effects

is the highest for design 2.4.2 and is the lowest for 2.4.1,

Design 2.4.1 is the cyclic design where each treatment follows

the same treatment at all occasions.
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The comparison of the 4x Latin-square designs, with

different patterns for carry-over or residual effects, can now

be made with respect to variance of linear components and averag
e

variance of the differences between two estimates of treatment

direct and treatment residual effects.

6.4.2

Design | Variance of Linear Components Average Variance|Efficiency | _.

Treatment Treatment coneeror aes Ratio

Direct Residual Brest <5 reat eh) pees
Direct |Res. B

Effects Effects Effects |Effects TRE

2ehet | 27.507 0.0 a” 207507 |4 o> 46h5

24-2 556" 8.0 ct 0.55a° 0.802 1.45

20403 | 6.25207 9.0645 2 0.7970>| 1.1550° 1645

2ehet | 9.90% thei? 1.2839°] 1.86702 | 1645

T.D.E = Treatment Dizcot Effect.

T.R.E = Treatment Residual Effect.

Efficiency ratio relates to both Variance of Linear Components

and Average Variance of Differenecese

To choose the most efficient design from the above table

we look for the design with minimun variance of linear Meera

and minimum average variance of differences for treatment as

well as residual effects. Design 2.4.2 has the minimum variances

and design 2.4.1 has the maximum variances, therefore they can

be classified as the most efficient and the most inefficient

designs respectively.
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Chapter 7

Conclusions Derived from the Study of

4xh Latin-square Designs.



Tol Conclusions as to the study of 4x4 Latin-squares.

All the 4x4 Latin-square designs considered under

2.4, irrespective of their pattern, measure the difference

between two treatment direct effects 45% more efficiently

than the difference between two treatment residual effects,

when it is assumed that the residual effects are present for

one period onlye

From table 6.4.2 we find that design 2.4.2 is the

most efficient for measuring both treatment direct and

treatment residual effects. In this design each treatment

was preceded by another treatment only once.

The second best design is 2.4.3 and third in order

of efficiency is 2.4.4. The general pattern of these designs

is the same as in both the designs each treatment was preceded

twice by one treatment and once by another treatment. Though

there is similarity in the general pattern of these designs

yet they do not measure the parameter estimates with the

same precision.

Design 2.4.1 is the most inefficient design for

measuring both treatment direct effects as well as treatment

residual effects. Therefore, designs with each treatment

followed by the same treatment throughtout constitute

inefficient designs and should be avoided for practical use

when the presence of residual effects is suspected.

From the last column of table 6.4.2 we notice that

the variance of the linear component of residual effects

27.



is 1.45 times more than the variance of the linear component

of treatment effects and hence we find again that the treatment

linear effects, for all. 4x4 Latin-square designs, are measured

45% more efficiently than the residual linear effects; exactly

the same degree of efficiency as the treatment differences over

residual differences calculated under ~ 2014 and 5.56

The loss in efficiency in measuring the residual effects is not

purely due to the nature of the designs but also because of the

fact that only z of the number of observations have been used

for extracting residual effects.

Another observation from table 6.4.2 is that the variance

of the linear component of parameters for the most efficient

design 2.4.2 is not widely different from that of 2.4.3 designe

This may lead us to conclude that there could be designs other

than balanced designs which measure treatment or residual

effects equally efficiently and could be worthwhile considering

from the point of view of practical convenience. Design 2.4.2

may be called a balanced design since each treatment in this design

was followed by a different treatment on all occasions though

not by itself on any occasion, but in design 2.4.3 there is

no such balances



Chapter 8

Survey of the Balanced Designs for Odd Number

of Treatments.
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8.1 Balanced Designs.

According to Williams (1949) Latin-square designs can

be balanced for the residual effects, persisting for

only one period, when n the number of treatments

is even and to achieve balance when n the number of

treatments is odd we require 2n replications. In other

words, for an odd number of treatments, we need to conduct

two Latin-squares, of the same size side by side.

Therefore to achieve balance, as suggested by

Williams, for a 5x5 Latin-square design we require at

least ten subjects and the experiment would involve twice

as much work as expected from a single 5x5 Latin-square.

For example, when it is required to test five

treatments over five periods we would require ten subjects

and the design will take the form as below.

Subjects

2 3 8, 85 86 8, S83 8, Sao

ea eon See tye alice Sim Ons, cents

Periods Devs eies | eo erage. 5 | ee a3

In this design each treatment follows every..other

treatment twice.
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The true balance is still incomplete because a

treatment is never preceded by itself as suggested by

Cochran (page 134), Lucas (1957) and Berenblut (1964).

In this design, where we are testing five treatments

over five periods, the condition of ten subjects may

increase the size of the experiment to an unmanageable sizee

Therefore, the advantage one is looking for in the balance

may be lost in the magnitude of the experiment. Just five

observations for five subjects at five time intervals

should be sufficient for testing five treatments.

Lucas (1956) suggests introducing an extra period

by repeating the last row of the design so that each

treatment is preceded by itself as well and the true balance

is completed. For example, a pair of 5x5 Latin-square

designs balanced with an extra period, where each treatment is

preceded by every other treatment and is also preceded by

itself equal number of times, twice in this case, is given

below.

Subjects

8, 8, 8; 8, 8, 86 8, Sg 89 849

Py Aone oi. 5 4g le Dl

Py 5 Res) Oh?) 2s Sint

PS mS EET Ie Geet ove

Periods Py 5 4 2 3 4 5 4 2 ci &

Pee ey denen S Baba lh ae

P6 AS s4 e235 Bio WS 4 we
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Iucas (1956) produced an orthogonal set of four

squares for five treatments to be used as a complete set

for the experiment.

lucas mentions that the advantages of extra-

period designs over the regular Latin-square designs

decrease as the number of treatments is increased. Extra-

period designs are less efficient than the Latin-square

designs if residual effects are assumed not to exist.

The point made by Cochran et al about Williams’

designs and the solution produced by Lucas by introducing an

extra period even does not provide ideal designs for

experiments to be conducted, for example, with dairy-

cattle, agricultural crops, hospital patients, factory

machines etc, where time is an important factor. One may

not be able to find unrestricted number of subjects and

may fail to comply with Williams' condition of balance

for odd number of treatments. This demonstrates the importance of

single Latin-squares,especially when the number of treat-

ments to be tested is odd.
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Chapter 9

Parameter Estimates of 5x5 Latin-square

Designs when Residual Effects Persist for

one Period only.
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91 Aim of studying 5x5 Latin-square Designs.

It is desired to investigate the 5x5 Latin-square

designs which measure highly efficiently the treatment

direct and residual effects, persisting only for one period,

without putting any extra conditions on them. A single

Latin-square design carries a great advantage over the

combination of two or more Latin-squares operated side by

side or by introducing an extra period for the obvious reasons

mentioned earlier.

A 5x5 Latin-square is of special quality and

importance. The number of treatments, subjects and periods

required to conduct such an experiment are very reasonable.

A 3x3 Latin-square is too small and a 7x7 Latin-square is

too big to be of common use. For instance, the typical

working week of five days adds to the importance of this

design if, say, faced with a study of labour output over a

number of days.

The aim of reducing the bulk of the design can be

achieved by constructing balanced incomplete designs by

special arrangement of the sequences as described by

Patterson (1951, 1952).

Such designs, if used, would produce insufficient

balance. To overcome this difficulty Patterson and Lucas (1959)

suggest the use of an extra period in these designs. The

analysis of such designs have produced bias in the estimation

of variances though not of significant magnitude to be of

practical importance.
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9.2 5x5 Latin-square Design. .

As already explained under aol single Latin-square is

not suitable for estimating the residual effects as it will then

fail to provide any degree of freedom for the error term for

making tests of significance. Therefore the simplest single

design for the odd number of treatments we can consider is

a 5x5 Latin-square design.

To investigate the efficiency in measuring the treat-

ment direct and residual effects, in the patterns of 5x5 Latin-

squares, a sample of 31 designs of order 5 given by Fisher

and Yates(1953) has been considered.

For each of the designs listed under 9.3.1 normal

equations for periods, subjects, treatment direct effects

and treatment residual effects were obtained.

The period effects are directly available from their

individual normal equations.

The subject, treatment direct and treatment residual

effects are interdependent, therefore the normal equations

of subjects, treatments and residuals are to be solved

simultaneously to obtain the respective effects. This set

of normal equations amounts to 15 equations and therefore

it is not easy to solve these equations manually. Hence

the normal equations are written in matrix form under 9.5e2e

The coefficient matrices are inverted by computer

using an ICL scientific subroutine in Fortran. For the

programme see Appendix I.
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5x5 Latin-square Designs given by Fisher and9.3

Yates(1953).

9501

Se1.

6.2.

7°3.

4
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oe

10.

ie

12.

136

107



196

20.

21.

22.

236



29. TERM ONe eS ae tes

Be he a Ae Sees,

Si aiestSe- 12 ae

Boh Se On Sue oF

Si Sata 04) Be

30. Mugs at Bs. 5

BiG Roe et Gad

oe i254

Heed 5?) 3

Se a a 2

31. eS FS

gies Pate Same

Sele 5.2

4 Sa

5 ae Ste, 3

This sample of designs covers all possible types of patterns

for 5x5 Latin-squares.
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904 Analysis of 5x5 Latin-square Design.

The design 9.3-1(1) has been chosen to illustrate

the derivation of the normal equations for the estimation

of treatment, residual, subject and period effects of a

5x5 Latin-square design with the extra assumption of residual

effects persisting for one period only.

Subjects

8. Ss.2 Sich ene

Py 4 ie 5 4 a

Py 2 1 5 3 4

Periods PS S 4 1 5 2

Normal equations.

9.4.1 Period effects.

P,=5 A 45D,

Po=5 ft +525

P3=5 ft +5b;

Py=5 A +53,

Po=9 RB +55

A =(Grand total)425 = 38 = 0.04
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9.4.2 subject effects.

8, =5A+ 58, - F,

8, = 5h +58, - 3,

§,=5h +58, - 7,

S,= 5h + 58, - 2,

8, = 5h + 58, - 2,

904.3 Treatment effects.

T,=5 i+ 5t, + Eo+8, +22,

TT =95 B+ st, +3E, +E,

wa u wi rE + sts +28 +E tt,

T,=5 f+ 5st, 42, +25 +8, +8,

8 a ui > + ats ters +2r),

ot ot Residual effects.

A a 4S a so
R, = 4A + bE, +3t, +, 6, -B,

¥ ‘ < ®

R= 4+ bb +b, sat, at, -8, -p,

=4n+4 ies +, +t, +2t,; 8, 3,

Ry = AA+ any, +, +t, +28, -8, Py

a " - §
3 bc ae

+ hee +2t, +, +t, -8, -B,

Capital letters represent the total response and small

letters represent individual effects.
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965 Parameter estimates of the 5x5 Latin-square Design.

Period effects can be estimated

the normal equations for period effects

To estimate the treatment, residual and

solve the normal equations 9.4.2, 9.4.3

After some simplification the fifteen normal equations of the

directly by solving

mentioned under 9.4.1.

subject effects we must

and 9.4.4 simultaneously.

parameters can be put in matrix form and then using matrix

theory we get the parameter estimates.

90501 Estimates of period effects.

by = 0.2 P, = 0.4 G

Bo = 0.2 P, - 04 G

bs = 0.2 Pz - 04 G

By = 0.2 Py = 0.4 G

bs = 0.2 P, - 0.4 G

9e5e2 Matrix form of the normal equations.

500000110200000

050003001000000

005000201100000

000501110100000

000050022000000

03010400000000-1

1021004000000-10

10012004000-1000

011020004000100

2017100000410000

000000000150000

0000000-10005000

00000000-1000500

000000-100000050

Some ton ee.0 87

W112

ae a
Ww> IPI IP ogee ao oe |
> n> 7 m>Pel Ne mu
ow

ui
[

L

T,-0.2G

72-0226

T,-0.2¢

T,-0.2G

T,-0.26

Rj-022G+0.2P,

R3-042G+0.2P,

R5-0-26+062P,

Ry -022G+0.2P,

R,-0.2G+0.2P,

8,-0.2

S,-0.2G

8,-0.2

$,,-0.2G

S.-0.2G
5
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206172

14692

05«33

232k

O5326

22409

C4275

SOLE?

07479

47391

05729

36608

04995

22434

05970

20287

41978

346616

04664

07323

GH932

C3486
041195

O405F

2235S

90,5533

#0,03598

9616524
-0,07176

0.20434
9.5668

0.19487

“0.06103

70,49166

0.94332

0.47992

0.12443

0.19553.

9.95262

-0,29165

9.94995

90.17457

0.06602

=9,03494

9.91320

7003911

0.91952

=0 05433

9.00994

3093598

6122429

= AGREE

9.20846

0.46524

70.09833

0.454693
*=0,93732

0.24361,

=0.95524

0.19437

-0.04103

70,18659
0.14479

"0.35842

0.04332

=0.22089

0.94527

70.26629

0.95729

"0.300746

0.042464

=0.06015

OL,00853

0.04448

O.9ng05

=O. 05326
6.01146

=0,07176

0.90865

2093732
9.22896

0, 20834

0.21341

0.42306

0.19487

"9.27604

“0.28339

“0.27363

"0.24355

"0.232672

0.05734

=0,05473

90,046274

-905648

~0.05524

0.19487

0.19487

0.49487

0.48718

"0.20543

-0.20513

= .35897

-0,35897

=0.20513

-9,94105

-9,97179

-0.07179

-0,04103

~0.04105

=0, 491466

-0,18659

=9,27594

=0,20513

0.72396

9.21664

9.22637

fae

0.21328

9.04266

0.94527

9.08729

0.04332

0.14679

-0.17992

79. 35882

70, 28339

=0.20513

0.21661

0.60713

0.26309

9.24973

9.33010

0.05602

ie ee

-9,19553

7922089

“9,2735463

=0,35897

0,22537

0.26309

0.59892

9.29852

0.27977

9.05595

6.11978

5.05970

ee ae ane

70,29165

-0, 26629

70,35897

0.28645

0.24975

0.29852

0.59892

0.23365

0,04564

0.05970

0.17978

9.94995

0.08729

Me 200710

-0,17457

-0,30074

-0,28672

=0.. 20918

9.21328

G,33010

0.27977

9.23305;

0,61047

9,12209

0.08595

0.04661

0,06602

AL94260

eM eOfacs

=0., 03495

-0,06015

“0, 05754

-0,044103

0.04266

9.06602

0.05595

0.04661

0.12209

0, P7442

0.01499

9,06932

0.01320

0, 908S%

UG EOE

=0 03944

a A

<N u8Ary

=D 07079

0.646527

0,65262

0,11978

0.05970

0, 08508

U.urrig

UL,N40Se

8995S



In matrix notation

and

1@d ux8 -¥

Breyi@>

where X is 15x15 matrix of the coefficients of the parameters to

Te)

1@>

90503

950k

“

t4

>

be estimated.

is the column vector of totals of observations plus

factors G and P.

is the column vector of parameters to be estimated.

Inverted matrix ise. X at page 113.

Estimates of treatment effects.

=0046HT 4061457 40.2367 +0-226T,,+04195T 5-06 174R4 =U -306R,

-0+284R,-0.205R),-0.366R,-0+0738 4040578020415,

-0.0618,,-0.0355, 40.0674 -0.267P,

20.1458 40.5537 3+0+1651, 40-2082), +041957,-06492R,-018R,

-0.2R,-04292R,,-0+175R,-040355-0.0398,-00588.,

-0.036S,,-0.098S,.+0.067G -0.267P.
4 2 41

=0-2362 +0. 165854004571 ,+042131),+0+195T-02187R,-00559R3

-0.221R,-0-266R,-0-501R,,

-0.0728,,-0.0375,+0.067G -0.267P,

~0.068 ,=0.0448,-0405385

20,2267, +0.208T,+0.2137, 40.4240, +041957,-04276R,-04283R,

-0.274R3-0.214Ri,-0.287R5-0.05784-0.05552-0.04383

-0.0575),-0-555,+0.0676 -0.267P,
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9 505

ts =0.195T +061951,+0.195T5+0+195T), +044877,,-04205R,

-0 +205R5-0-359R5-0 2359R,-O« 205R,-0.0!1 s,-0 20728,

-0.072S.3-0-0418, -0.04185#02067G -0.267P,

Estimates of residual effects.

£420.724R, +02217R,+0-226R +04286R,+0.213R,-06174T,
3

-0. 4g2T,-0. 1 872,-0.276T),-0-2051 40.0438, +0-0458,,

-0.057S +0 0455), +0.1458 -06133G +0.335P,
2 2.

£5=0 021 7, +0.607R,+02263R,+0425R,,+0035R.-0+3062 4-0 4 8r,

30.5598 3-06 283T,,-0 +2057, +0.0668,, +020538,,+0 2098,

+0.1218,,+0.0438,sao 1336 +00533P4

r3=0 +226R, +04263R,+0-599R,+0+299R,+0-28R,-0-2842,

-0.1 962,-0.221T,-0.274T,,-0.3597,+020568, +0.128S,

+0.06S_,+0.052S 1,0 204583 -0.133G +00333P,
5

#,=0 +286R, +0-25R,+0 +3R3+00599R),+0-255R,-0 +2037, -0. 292T,

-0.266T. 0.2142, -0.3591,,+0 20475, 40.068, +0+128,
3

+0.05S,,+0.057S -0.133G +0.333P,
5

B,=0 2213R,+0 +35R,+0.28R,+0.233R), +0 261 R,-0.3667, -0.175T,

-0.301T ,-0.287T,, -0.205T_.+021228,+0.0568
4 4 2)3 2

+0.0475. +0.0668),+0.0435,.-0.1334 +0.333P,
3



9.5.6 Subject effects.

545 0.2248 ,+0.011S +0.0095,,+0.0135,,+0.0088,-0.0732,
2

-040357,-0.06T ,-0.0572,-0.0417,,+404045R,+0.066R,

+0.056R,,+0.047Rj,+0+122R,-0.0674 +02067P,

8,=0.0118,+0.2245,+0.012S +0.0115,,+0.0098,-0-0572 4
3

-0.0391,-0. 04 ,-04055T,-0.072T,,+0-045R, +0-053R3

+0. 12R,+0.06R,,+0-056R,-0.0676 +0.067P,

=0..0098 , +0.0128,+02248,,+0-015),40.2255,-0.041T,

-0.0,0582,-0.0531,-0.043T,-0.072T,+0.575R,

85

+0.05R,+0.06R,+0412R,,+0.047R,-0 40676 +0.067P,

6,=0-0158,,+0.0118 +0.015. +0 +2245), +0.0098
a 3

-0.072T.,-0.0572,,-0.0H1T

570-0617 0.0367,

+0-043R,+0.121R +0.053R.
2 3

+0.05R),+0.066R,-0.0674 +0.067P,

2

8,=0.0098 , +0.0098,+020118,+0.0095,, +0.2295,-0.03514

-0,098T,-0.0371,-0.055T,,-0.0%1T5t0-145R4+0-O45R,

+0-045R,,+0.057R,+0+043R,-0.067G +0.067P,

906 Efficiency factor.

90601 Variance of the difference between two treatment effects.

v(t,-t,) un V(O.464T +0.145T 0.1457 ,-0.553T ,+4-+--)

0.7276 =

9.6.2 . Variance of the difference between two residual effects.

v(é,-7,) = V(0.724R, +0.217R,.++++-02217R4 EOueOTRaEtes)

20.897 6°
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V(t5-t,)=V(0.457T 40.1957, o++2700195T,-0.487T 9... +)
5

20.554 6 2

W(E,-€,) =o.lii9 Oe V(b =-§,,)=06561 0 ®

nae 2 s 6

V(t ,-t,) =0.4360 VE ant) 206650"

V(F,-F,) =V(0.599R,+0.28R sore 170e28R,-61Re «e+e +)
5

=0.649 6 2

V(2,-F5) =0.871 e V(E5-F,,)=02706 o?

V(2,-8,) 06751 0? Ve-F) =0.557 o 2

The efficiency ratios of the measurements of the differez-*

between two treatment effects over the difference between two

residual effects for 1&2, 1&3, 1&+, 2&4, 2&5, 3&5, etc. can be

stated in percentages as 123%, 194%, 172%, 126%, 86%, 117%ece

eecccccreesee- -respectivelye

This is due to the fact that the residual effects are

based on four observations only while the treatment effects are

based on five observations. There is no uniformity in the treat-

ments following other treatments, hence variable efficiency

factors for measurements of differences, The efficiecy percentages

vary from 86% to 194% in the above calculations, which shows that

this pattern of Latin-square does not measure all the parameter

effects equally efficiently.
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967 Variance of Linear Components of 5x5 Latin-squares.

Investigating the variance of linear components

of treatment direct and treatment residual effects.

Coefficients of orthogonal polynomials for linearity

for five variables are given by ge

Treatment/ Residual A 2 2 4 5

& 2 -1 ° 4 2

92721 Variance of linear component of treatment direct

effects.

~2t, -t,+0+ tytts =-0-4592,-0.2457,-0,0347,40. 1542,

H0e5ENT terereceecereece

oe V(~2t ,-8 44,428.) = V(-2x-0.4597 ,-1x-0.245T 412061542,

42202584 teeeeeeeeee)

V(0,9182,, 40.2457, 40.1547), +1 »168T,---)

22.485 0°

9.72 Variance of linear component of residual effects.

22-7540 +8, +28 =0953R4=00131R,+00144R +06244R),
5 3

+02697Reteereeeceeree

V(~2P4-F 548, +285) = V(-2x-04955R4= 12-0613 1K +120 -244Ry

+2x00697Rotereeseeee)

= V(1.906R4+0.131R,+0.244R),+1 394. «+ ++)

=3.675 7
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Chapter 10

Comparison of the Variances of Linear Components

of the Treatment and Residual Effects for

5x5 Latin-squares.
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10.1 Comparison of the Variance of Linear Components

of the Parameters.

Following the same procedure of writing up the

normal equations for all the parameters as in 9.4 and

working out the variances of the linear components for

treatment direct and residual effects, we can make the

comparison between the designs both from treatment and

residual point of view. Taking all the thirty one 5x5:

Latin-square designs given under 9.3.1 and consulting

their inverted matrices, the variances of the linear com-

ponents of the parameters are:

Variance of linear component

Design Number, Treatment effects. Residual effects.

1 2.485 02 3.675 07

2 3.543 07 4.072 0

3 2.918 «2 3.392 77

4 8.072 02 4.661 02

5 7ehtk oA 9.961 o@

6 2.771 62 50346 oF

2 2.342 62 2.893 07

208 2.844 o 2 3.796 0°

9 3.099 02 4.661 7?

10 2.750 0° 4.897 0°

“ 2.562 0 3.563 0°

12 2.815 67 36414 oe

13 7.553 02 4.676 07

14 2.703 02 3.375 6?
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Design Number. Variance of linear component

Treatment effects. Residual effects.

15 7.840 6 2 4.799 0?

16 3.550 0 2 9.945 07

17 2.788 6 2 3.274 02

18 3.652 0 2 10.320 oe

19 4.063 0 2 3.645 0 7

20 3.722 0 > 3.625 0 -

21 2.602 6 = 3.705 6 2

22 72567 0 2 9.759 0

23 2.195 0 2 3.092 o 2

2h 3.543 0 2 10.829 o 2

25 2.280 6 2 3.008 o 2

26 2.316 02 3.056 0%

27 12.670 62 16.670 6 2

28 2.476 0 2 3.266 O1*

29ers 2.194 oF 2.886 o>

30 2.476 0 2 3.266 6

31 2.316 6% 3.056 0 =
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102161 Inferences from the study of the variances of the

Linear Components.

Design 9.3.1(27) is the most inefficient design for

estimating both treatment and residual effects as it has the

highest variance of the linear components. This design has the

character of a treatment preceded by the same treatment on all

occasions, in other words it is a design of cyclic pattern.

Therefore, to investigate the parameters of a 5x5 Latin-square,

when the treatments are supposed to have carry-over effects,

a design of this pattern should be avoided at all costs.

Design 9.3.1(29) gives minimum variance of linear

components for both treatment and residual effects and

therefore can be considered as the most efficient design, out

of the sample of 31 designs given under 9.361. In this Latin-

square each treatment has been preceded by two other treatments

exactly twice.

Other designs such as 9e3-1(7, 12, 21, 23, 25, 26, 28,

30 and 31) can also be considered as efficient since their

variances of linear components are not widely different from

that of the most efficient design. It is hard to decide, at this

stage, on the pattern of these designs since they do not follow

any set pattern as in the case of the most efficient design or

the most inefficient design. The patterns of these and other

less efficient designs have treatments preceded by other

treatments once and three times or a mixture of once, twice,

three times and four times. Therefore, a further study would

be needed to accept or reject these designs as efficient or

inefficient.
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Chapter 11

The Most Efficient Design.
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Att Design with Minimum Variance of the Linear

Components.

The most efficient design we selected on the basis of

minimum variance of the linear components for both treatment

direct and treatment residual effects;

Subjects

8, 8, eS 8) 8,

Py 1 2 5 4 2

Ps 2 4 4 3 3

Periods Ps 3 4 5 2 4

Py 4 5 2 3 1

Pe 5 3 4 4 iz

can now be randomised by rows and this gives us 120 new designs.

It is unnecessary to randomise by columns since it does not

change the influence of residual effects in any way. The residual

effects occur along periods and the periods are placed along

rows, hence the rows have been randomised. Subjects once assigned

columns are not changed.

The randomised designs appear on the next few pages.
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The list of 120 new designs formed by randomising11.161

the most efficient design from our original sample of 31 designs.

Design 1 in this list is the parent design.

Mate iyLNA Mo =TANNAtennN  Mt  INS17-6

eT NAMAMetinNSMLAMY  at+tINeT UM
De

INM=t oetINe  NatAte INKSeams  in16

Mate AN

INN  MtTINA YttrinaNM ey
18.TN  ntMorty

NS MINSLAMINA &tine NAN
10.

NM AtN SYMer  NtNate MYTUM2.

Mt INN

INN  ATUNte NN
NM  sty196rutinMer tN

tineINAS wttN11.

IAM  AttHe  UMSMeetingANONTNH3. Mins  =IN=F  NINmnta+r AM
Ne  Mt20.crt  inmMAAN tyNOS MNS

Ne  Nt+tMNE12.

INA MattenaMater INGMat  eyTINNYte

INA Atne  NGNeat IN

Nat  MNTune21.tennNM st  uNNASMTINYMat ine ww
136

NIN  MatvctinastM INGMAb  eyIne  NY5e

LAM UtatANMeMe  utyNt  AMSTNS OM22.

tramNM IntIN teeamNINA
4h.

ANY  otrst  NMtM NH

Mat  ineNe  Ns6. NMtMMo NttineTNS  IN236temaAMINeNAN steHt  ONMat  IN156

ANS mtcstminatM

Ma  int  oWeta7.

WAT tM

te  MNANMat  INNVI otTNs24,

tine ainALIN Ky etINT antcatinmnMat  ine16.

N= NMTMS  INGTtAUMe Y

MINA  =Nt8.

125



TINIANMatingAM ty
INAS  Atenn43.

MINS UtNast MATMNTat NINNNe  stinym34.NNT  SMcataSOA INS

NV ALIN  oe  =IN INN
256 TrHtuMMat  NeAMONNAS YAteMnNNAb,

Mate ay
INGAentter  nmnNM IAN356NHte  syrasttMINAMA NtNe Mt

26. rasinasMAN  muINIAWe MttN NN
w=Nor  atINKY  N otTN NttN  NNNMA36.IN  INvatainetmMiINn|e’ vwMartinwe mast

27. cat NYtO  WNWe tMINTtM
.9°+

tamaNt INTNM stTN NYMo Nt
37-

Ne tOW

TIN  WtataineN
MIN  tOINF MAA

28. MINMIN  owNe  Mab  NYINF  Aate  IANne+

tT  AMNat MNT iN

INN atTINYMert  ing38.Ut INMN  intNahin  hyInM  +IMA296 TM NINMIN  A  etNewentNato  NAtM48,ate  NhAMININA eat

TintonMat A IN39eemtNW  intAte INNM

tun30.

IAM NattNT NNMo st INGNSMTN  INMYSko.ter  ANNIN MY &Ne Nt

crs  nmnMAIN4o.

MIN UoNau sy

TM  INtate  MNAe MIN
316 Nt INtae NMMint  owAT at iN

mnt50.

tr inNMAI Mat ey

INA  MatTiN  mtMt = ING
44,

Mt INAWAS OMTe  INAMSttr UMW

AM  Wt32. INRN  A  ottNT  NGMora IN

ANS  MINSrunt
51.

tMINANWNNNT  MatratMN Se Nt
4a,

mentNiMat owTAM iNINA INAte NM
330

126 .



cata mMnNVA =  intNW syNo  Mt+tMOINA706

tin  INNate INNINMt omTN MAY

NY  LIN61.

Ine  NYtN  NINAN ININN  &  =cat  iNina526 TMA  iNetMing  +  0Net

IN MNaa iINe »
716INA  SINNate MIN

INMt= IntMr  Wat62.

IAT  AtM  NGMAS eK

NINM  Arane536 TMNTMind  vtArtinInt  Aoate726

trumNM Ht
NANTIN  MtMt  LINN63.

iNntae eyate NN

MIN ANT  MINASMIN54. INA  Mttenn

Mate  INAM iNTINA  MA736

TMA  RYINT Mt

netaTahunNA  Nt64.

MINN boNato ueMt  INGtAUMe NH
Ae IN556 IAN SMeton  nNMMat INT

AM  styTANNAThe

team

AM  tyINA NeTAMAMat INN
65-

Mat ININA KsTint  ONtemaAMIN ot566

INA IAtr ANMaMato IN

Mt INents
256

atm  NeNAMNestonramarN IN
66.

mor NtNM =TNS  MOYtOAMAAt iINeg
57-6 INN  watater  MNAHMat  NINMINS  ttTOS  MN76.TINA  MtNate  NANMA ey

INA  Mattena67.

MING wtnto NATMAtNMNSNe Ose
58. INAS  Mtteeming

Mab  A  iNAMINrinstam776

TANSMate UN

Mt ININA MVtennn
68.Nat  a  iNINA mt

Tr intamtermineNNN590

nateato amin

Mat  INANM NtTiny
78.rainAAT at

NN=t  INIng NN

+tMINeN69.

MeusnM  VtTNS  INMFINNSNtIAM60.

127



AINM  A=cat  inaMtN  NNNN iYIneT AMA976tA  MeNe INAInte aeTw MAb ING

RAIN  at88.

MVM INWetanscst MinGaH NU WNAU Mt
798 NWNcata ine

tneMA tNINT  NN98.tur  inyNT At
Nat NerminatMins ©

89.

NA  INIne  NatyvationtM  VININ  Mo  at80. ALIAM  ©crttM  NYMA INne  NSM996

tamingAs inst iynate  mnTv Mt LNMINA et
90.

MAN & iNetIne MatcatatONIN  oe81. Nw  tewrt

tN INSINN IN =fNeston100.TINAMo tingNTONMAtine  aM916

VN  INNet ma

crttO  INSNWN  Sey82. NyeitMoat

Nt  MINENINA+N MN926

mA eI
Ne  NMrtnamtM iNNINMA83. TNsNe Ns

NAMINNS VattI
936AA  tyNe NtctustmINTNASON84,

TNS

Mr  WM  IN=tANtINeTINN  attN
94.

tANet  INMnt  MevTONS INMINT Ut
85. TMAMe HtNate  OWIND  AtN SY956a+tNIN]eENe  tmMmINNt  NATN NtMINd =
86.

TN Mt iNMV INN atNate  IneIA Mab ew

SINAN  INS96.tue  MINAo  MINntae mneiNinstMIN87.

128



Nt  MINSTN iNttINS  NNMetinINIA  ©114.

AN  MINs =Tintontema

Mat  INnae106. NINTMA INGAM
MINN toNate  ue1156 Ne  stNMTMAat NINNMINeg At

Nat Vo1176

Nw at yyMN Nt

atain|e|Mine  =  wN+  NA118. Ne  INSTe  MINStA OW

MintInt  as119.Nase  NMTAM

tNNe  INNNMLids

129



1142 Study of 120 Latin-square Designs.

The study of 120 Latin-square designs of order 5x5

listed under 11.1.1 shows that there are 20 designs where

each treatment is followed by two other treatments exactly

twice. The serial numbers of these designs are 1, 10, 15, 16,

21, 26, 33, 40, 52, 59, 61, 71, 77, 80, 86, 96, 99, 103, 113

and 118.

1103 Matrix form of the Normal Equations of 5x5 Llevin-

Square Designs.

The matrix form of the normal equations relating to

subject, treatment and residual effects can be shown by taking

110121(10), one of the 20 designs mentioned under 11.2.

im cule eee: | iv Bs
500000200200000 %, 1,-0.24

050000022000000 t5 T,-0.2G

005002002000000 t, 1,-0.2G

000502000200000 ty T,-0.2G

000050220000000 ts T,-0.26

002204000000010 7 R,-0-2G+0.2P,

2000204000000 0-1 Po R,-022G+0.2P,

02020004000-1000 #, | =| R,-0.2G+0.2P,

022000004000100 fy R,-022G+0.2P,

200200000410000 fg R,-0-26+0.2P,

000000000-150000 5, $470.24

0000000-10005000 5 8,-0.2

000000001000500 55 $,-0.26

00000-1000000050 5, 8,-0.2G

000000-100000005 5, $,-0.26
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116301 The parameter estimates are obtained as

follows.

[ i, “| | 2,-0.26 ay

os 1,-0.26

t, 15-0426

ty ,-0.26

ts 1,-0.26

4 R,-0.26+0.2P,

tS R,=0426+0.2P,

ts LX R,-0426+042P,

ey, Ry-0226+0.2P,

ts R,-0426+042P,

5, $,-0.26

85 8,-0.26

83 5,-0.26

5, $,,-0.26

be 55 iy ee ee

14.3.2 X71 on page 132. e++--Type I.

11.323 Inverted matrix of type II. Page 1336

We notice that the inverted matrices for the

designs mentioned in 11.2 give only two types of matrices,

one of type 11.3.2 and the other of type 11.3-3-
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11.304 Efficiency in the measurement of treatment

differences over residual differences.

Type I.

V(44-£,) = V(0.5197, +0.1362,-061562 ,-005192 te 2eeeeeeeee)

"

2 a a 4

0.766 O° = V(t,-t.) = V(ta-t),) Seereeeeeeecee

v(t,-t) = V(0.51923+02258T,-0.238T,-06519T st eeererereee)

a

2 a eS 4

0.562 0° = vit,-t,) = v(t,-t5) met eet pee cna

Average of the variances of the differences of the treatment

effects: Av. v(t,-€ ) = 0.664 o-?
j

ee

V(r,4-r5) V(0.682R,,+06179R,=02179R4-0.632R, +. senassssce)

1.00 07 «= V(t,-8,) = V(EaaB,) Seeceeeeeeees

v(z,-#5) = V(0.682R,+0.313R,-0+313R,-06682R,+- svivaneenhy

" 04738 7? = V(FsaHy) = VORya#s) seeeeeeeeeeee

Average of the variances of the differences of the treatment

effects: Ave (2, -F;) = 0.872 o-

Efficiency of estimating differences 2

(Treatment/Residual) = 1.006 OT, 100 = 132 %
0.766 a?

0.738 0-7 100 0.872 07 x 100 = 132 %

0.562 0? 0.664 0?

Type II.

ro 2 a 4 ¢ 2

VCE ,=8) = 06562 T° = V(b,=8,) = eeeeeeee = V(EQ-£,) 206562 7

fs 2 a 4 a ¢ 2
V(t,-t3) = 0.766 0° = V(t-t),) = eecceeee = v(t,-t5) =0.766 O

Ave v(e,-t5) = 0.664
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V(BgaBp) = 06758 O22 WCE qaiy) = eeeeeeee = VOEsrH,) = 06738 7%

ae Su DoE 2
V(E-F 3) = 1.006 0 “= V(z5-Fy) Secs a ane v(z,-F.) = 1.006 0”

Ave v(z,-F,) = 0.872 0°
2

Efty. (Treatment/Residual) = 22228." x 100 = 132 %

For design 92321(27)

v(t,-t5) = V(1.26724- 1.267Tteeeeeeeeee)

= 26534 2 2 Wibanb5) = V(bynb,) =ereeeees 20554 o-?

V(E,-F5) = V(1.667R,-16667R,++-00++++--0)

2 AoA atin 2
3.554 O57 ee V(f5-f5) = V(z,-8,) aa-aniualses5e On

The differences between two direct effects are

measured 32 % more efficiently than the differences between

two residual effects for all the combinations. It is also true

for design 9.3.1(27) since (3.334/2 0534)x100 = 132 %e

All these designs are symmetrical since in type aL

and II designs the residual effect in each treatment has been

drawn twice from two of the other treatments and in design

9.301(27) the residual effect in each treatment has been drawn

from the same treatment on each of the four occasions.

Efficiency factors for non-symmetrical designs have

been discussed under 9.6 where it is shown that, for each

design, they vary from pair to pair depending upon their

design pattern.
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The computer inversion of the twenty matrices

mentioned under11.2 produce two types of inversions, type I

and typeII, as shown underi1.3,2 and 11.3.3 respectively.

11 63.5 Linear component of variance for treatment direct

effects.

Type I.

V(~26 ,-t, +048, +28, )=V(-2x-0.4592 ,~12-06179T 5412061790,

+2x0459T +0ereeeee)

=V (0.9187, +0.1797,+0.179T),+0.9182, +++)

=2.194

Type II.

V(~2¢ ,~€50+£ 426, )=V(-2x-0,8682,-1x-0.4851,+1x0.4857,

+2x0.868T,,4.+++-)

=V(1.7362,+0.971,+0-970,,+1 «7361.6 +20)

=hehbe OF

1140326 Linear component of variance for treatment residual

effects.

Type I.

V(~28-F,+0+8, +8, )=V(~2x-0.604R -1x-0.235R,+0.23521R,

+2x0.604R,«0++-+)

=V(1.208R,,+0.235R,+0.235R,+1-208R,-.-0)
5

=2.886 07



Type II.

V(-22 ,-8,+0+F 4275) = V(-2x-1.14R,-1x-0.637R, +120 06572),

+2x1614Roteceeceee)

V(2.28R,40.637R,+00637R),+2 e28Ro+00e+e+e)

5.834 07

There are ten type I designs giving minimum variance

of linear components for treatment as well as residual effects

and hence can be taken as the most efficient designs. There are

also ten type II designs giving a variance of linear components

for treatment and residual effects which is twice as much as

type I designs.

We are now in a position to separate out the ten most

efficient designs ( type I ) out of the set of twenty Latin-

square designs of order 5x5 and prepare a list for ready

reference. The ten designs ( type II ) can be classified as

inefficient ones along with other designs mentioned under

10.101 A separate list for these designs has also been

prepared in order to avoid the confusion arising from the

pattern of the designs, ise. a treatment preceded by two

other treatments exactly twice, which is the same in both the

typese
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1104 Designs with Minimum Variance of Linear Components.

The set of 5x5 Latin-square designs with minimum

variance of linear components for treatment direct as well as

treatment residual effects, given below, are considered to be

the most efficient designs, under the assumption of carry-over

effects persisting for one period only. Treatments in all

these designs have been preceded twice by other two treatments.

For practical purposes one of the following designs

should be chosen when it is desired to measure the linear

effects of the treatment direct or treatment residual effects

most efficiently.

ej TOPS FID) ee 3.45 2) WS. 2 ha 6) 35) Ws) Sue ee
24153 12345 45231 315-26
315 ok 53412 12345 B50) Si
45231 24153 53412 q ero
535412 45231 Beteore rN thes),

De Wipe Ge. 5 S41 27. 4S 295 Ae B.S apo cal
535412 5 Oca Sih ees, 53 eee
24153 vio ee 5S A712 12345
31524 24153 12345 KBB 3.4
123545 W235 455 31524 24153

925k Seset0s, ao 345
12345 31524
45231 24153
31524 53412

53412 45231

These designs should be used in their original form

and no re-arrangement of rows to periods should be made as this

will upset the balance of the design and may turn into an

inefficient design. In fact there are only two distinct designs

in the above table and the others are their column permutations.

Designs 1 to 5 when written in their reverse order of treatments

in each column produce designs 6 to 10 respectively, Originally

these designs were chosen from the designs obtained by

permuting rows as given under 11.1.
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11.5 Designs with high Variance of Linear Components.

The set of 5x5 Latin-square designs, given below, have

the same general pattern of each treatment preceded by two other

treatments twice but give twice as much variance of linear

components for the parameter estimates as for the most efficient

designs listed under 11-4.

These are inefficient designs for the estimation of

treatment direct or treatment residual effects when carry-over

effects persist for one period only. Therefore these designs

must not be used without any further investigation as there are

many more designs much more efficient than these. These designs

have been listed to avoid confusion about 11.4 designs.

a ee ay 6 423545
241453 53412
45231 45231

53412 24153
12345 31524

a S345 1.2 m4 5251

24153 31524

12345 12345

S15 24h 24153
45231 53412

3y 3 15 2S 8 53412
45231 12345
24153 24153

12345 45231

5 5-172 31524

hy 85 235% 9.0 24455
nor seteS 53412
31524 31524

53412 12345

24153 45231

Se Wess 10. 24153

eo29 1 31524
53412 53412.

Siero 45231
24153 12345
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The most efficient designs grouped under 11.4 have a set

pattern where each design has the same treatment appearing all

along one of the diagonals and other treatments appear symmetri-

cally parallel to the other diagonal which consists of all the

five treatments. It is noticed that the top part of the design

( above the diagonal made up of all the treatments ) is the image

of the bottom part. Another characteristic of these designs

which has already been mentioned in the previous chapters is that

each treatment has been preceded twice by other two treatments.

For 5x5 Latin-squares we can have only ten such designs.

The inefficient designs grouped under 11.5 follow the

same general pattern as explained before, yet lack the symmetry

in the position of the treatments. Both of their diagonals are

made up of all the five different treatments and in no way show

any parallel occurrence or any image of one part to the other

as observed for designs called most efficient.

As a general guide these designs having each treatment

preceded twice by other two treatments have been listed

separately as efficient and inefficient. There are only ten good

designs we have identified so far, a limited number which may

not satisfy the general need. Therefore we must look through

other patterns which are nearly as efficient as 11.4 designs

and see if a general pattern of the most efficient designs can

be established.

Efficient designs of other patterns have been mentioned

under 10.1.1, further study of which may reveal some interesting

results.
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1126 Other Patterns.

For further investigation of designs 7, 12, 21, 23,

25, 26, 28, 30, and 31 as suggested under 10.1.1 the simplest

approach would ‘be to study their relative precision in measuring

the linear effect of treatments as well as residuals along with

the precision in measuring the differences between the estimates

of related parameter effects.

A design or pattern of designs producing optimum precision

for linear effect as well as differences of estimates may be

taken as the most efficient pattern of designs for parameter

estimates when residual effects are assumed to exist.

The most efficient design minimises average variance

for the difference between two treatment as well as resid

estimates. In other words

* 4

Ave V( tS ta.)j Minimun.

aoe Ave V( ry - 5, ) = Minimun.

Secondly, the most efficient design has the smallest

range for the variances of the differences between parameter

estimates. Therefore in this case we are also looking for;

Minimum
a ho

Bs
1 o -

un

‘ R = Range

ae Ryn =F, ) Minimum. ©

Tables 112661 and 116662 have been constructed to compare

the averages of the variances of the differences between estimates

and their ranges.



110601
i

Design 12 ot 23 an 26 28" 29 30" 30

v(tst,)

v(tats)

vitae)

0.5257

Ohohe

0.5307

0.5640

0.5250

004777

0.4770"

0.564¢|

0.538"

Ook ae

Ok 77

0.5257

0.4777

0.525¢

0.538

O45 e

0.5642

0.56h="

Obahe

0.5387!

0.521

0.4787

0.5297

04785

0.5670

0.5670}

0.7670

O.422¢

0.767F

0.666]

lO.564s~

O45

0.538"

004777

0.538

Oke

0.525¢

0.564e

0.877

0.5256

0.5097

O47 Ir

02509F

Ook77F

0.5097

0.477¢|

0.4775"

0.4770

0.5097

025090"

lo.509¢

lo. 77

0.4777

10.509

04770"

0.5097

0.4770

0.5097,

0.509¢

0.47707

0.7667

0.766°

0.562e

0.5620

0.562°

0.7667,

0.5627

0.562"

0.7667

0.7667

lo .k77e |

lo.509%

oe 78

0.5097

0.5097

0.5097

0.5097

00477 |

0.477"

2

0.5097

6.8098

o.so9e

0.47%

0.4778

0.4778:-

0.47977

0.509"

0.509%

O47

0.509%

Average 0.508" 0.5087) 0.5767 0.508 0.495¢} 0.4937 0.664¢ O493e OnkO3r

Range Othe Ook
-

0.345e] O.1ke 0.032¢, 0.0327 0.2040" 0.0327
2

0.0527,

112602

Design 12 21 23 25 26" 28" 29 30" Bi

V(EqP,)

V(tat5)

V(bz8,)

V(Eh.)

V(Ex%5)

V(P5P,)

V(E5h5)

v(bsh),)

V(tst,)

v(2iF5)

0.7097

0.556"

0.7447

0.69%

067k

0.592"

0.6297

0.7097

0.697"

0.6297]

0.590"

0.709" |

0.629"

O.7h10 |

0.7k1e

0.6297

0.709",

0.697

0.5567

0.69%

O64

0.964e"

0.64.4]

0.6340

0.946

0.556¢

0.7716

0.946e

0.717

0.7716

0.690

0.6290"

0.690

0.629"

O.7h1e

0.5560"

0.7087

0.708

0.592 |

067s

00675~

0.628F

0.670

0.628]

0.677"

0.628¢"|

0.628"

0.6287

0.676

0.670

0.677

0.623¢

0.628"

0.675"

0.6287

0.675,

0.628

0.677

0.677

0.628¢|

1.0060"

1.0067"

0.7380

0.738¢

1.006%

0.738"

1.006

0.628"

0.670"

10.6280"

0.7389" |0.677~

0.670"

0.628e,

0.670"

0.730 |0.628¢"|

0.628

4.006|0.670>

0.670 -

0 6.7

0.628",

0.628% -

0.6280.

06287.

0.670"

0.670

0.6287

0.677>

Average 0.6690 0.6697 0.7594 0.6680 0.6498 0.6499 0.8720" 0.649¢7] 0.649

Range 0.1857 0.185¢, 0.2154 0.1857) 0.0427 0.0K 0.2687 ]0.0429| 0.042
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Taking account of the variances of the differences

along with the variances of the linear components we find that

though the variances of linear components of designs 7, 23 and

29 do not differ widely from the variances of linear components

of designs 12, 21, 25, 26, 28, 30 and 31, yet we notice from

tables 11.6.1 and 11.6.2 that they lack uniformity in the

magnitude of variances of.the differences between different

pairs of treatment as well as residual estimates.

Now looking at the averages of the variances of the

differences and ranges of the variances of the differences we

find that designs 7, 23 and 29 carry higher values than other

designs in the tables 11.6.1 and 1126.2. Therefore we conclude

that designs 7, 23 and 29 measure the differences less precisely

than other designs mentioned in the tables, for both treatment

and residual effects.

Similarly we find that designs 9.3.1( 3, 8, 11, 14 and 17)

carry smaller variances of linear components, yet have higher

values for their averages and ranges of the variances of the

differences and therefore can be classified, along with designs

7, 23 and 29, as designs of less precision.

Considering the average or range of the variances of

the differences between two estimates, designs 12, 21, 25, 26,

28, 30 and 31 can be grouped into two separate groups:

Group A: Designs 12, 21 and 25.

Group B: Designs 26, 28, 30 and 31.

Group B designs are slightly better than designs of group A,

though they may not be so when considering the variance of the

linear component.
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Finding that a wide variation exists in the precision of

measurements of the differences between treatment as well as

residual effects for designs 7, 23 and 29, we can exclude these

designs from our list of most efficient designs.

The slight difference between the precision of group A and

and group B designs is due to the fact that group B designs have

treatments distributed symmetrically around a diagonal made up of

whole set of treatments. In group A designs the symmetry in the

distribution of treatments does not exist. Therefore group B

designs have the advantage of having slightly better precision

in the estimation of parameter differences than the designs in

group A.

Since the general pattern of the designs of both the groups

is the same and there is no significant difference in the overall

precision of parameter estimates, we can safely classify all the

designs of these two groups, as the most efficient designs and

the pattern of these designs shall be taken as a pattern of the

most efficient design. In these designs each treatment hasiueen
followed twice by one treatment and once by other two treatments.

These designs can be used in addition to the designs

grouped under 11.4 which are the most efficient designs based on

the test of minimum variance of linear component. 11.4 designs

are of less value, when the interest lies in the differences of

the estimates, than these new designs.

11.4 designs are limited in number and designs of type 12,

21, 25, etc can be generated to a good number which will be

discussed in the later precterss Further tests will be made to

confirm the above results regarding the pattern of designs giving

optimum precision in the estimation of parameter effects.
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1167 Numerical Study of the Most Efficient Design.

Taking design 923.1(25), one of the most efficient

designs, for numerical illustrations.

It is a 5x5 Latin-square and its design pattern is

given belowe

116701 Subjects

8, S5 85 S, a5

Py 41 2 3 4 5

Py e 5 4 at 3

Periods PS iS 4 4 5 2

Treatments are assigned to the digits in the tabic.

The observations of the above table can be set out as

follows:

Ct es Subjects
8, 8, 8, S), 8, Totals

EA) cate tee ease ala 45 [mea

FZ ale iode tenh wees ce oh. on) eee als

Periods PO tah Hy. Fes eee re .

Caleta hom tse Su aeaoel ge aiey

Eoin "55,\eu 5

motels | YH Ts Ta Ys] Yoa

Yj denotes the observation in the ith row and the jth column.

Y , denotes the total for jth subject but S
ej j
ce ais uw " " ith period nn PS W w" W ”

has been used instead e
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11.7.3

oooo°o.- ooosn°o oor 00 6) a.8' 0 +O - Oo OO 8 ooo°7o- ooos 0 oor 0°90 Ors 5 Owe ses o0o°0 0
SO: NOVO sO. OOF O-oo0o00 =oO 0 'o. Oo = ooo0o°0-}- Oo O'S Os oooo°o-A oooere°o oooeo9o0 oooeso oooeso oo os 0

oooco-= ooo 0 oor 900 oO. 2 OO 4D "= Oo O90 8 ooos 0 - Oo O90 0 or7fF OO 9 oor 00 ooere00 ore 00 C0
Qa Ct Oo. © oO 8-0) =.oO. 8.0) 6. .o oO. & OF © is oooes 0 oost 00 orn 000 o 6.96 o © oooe$d - oO 0 0ope O00 o GG. 0-60 oOoa8 6 0ore 0900

oor oo o0ncncoe st 0 oor0°0

The design matrix of

oor 0 8

ooo°o-

114701

0.0% 4

00 0

oo Oo

10 0

Ort 9

0.00

0: 0-20

Bait ae

OO

00 0

00 0

o1 0

00 0

O70

170-0

oO £0

00 Oo

00 0

00 0

o1 0

can

ose ooo o0 80 4S 980 o8 6 6 Oo 5 oO + 0.9 ope 000 oO =O 0 6

om ooo oo 08 O'S
bo COL ne)

= oO OOo oO oO 00% 0 ooo- 0 ooeses00oo 0 5.2

be written

ose000 = of 0 O70 ooo°o-. oO OO" 206Co Oo a6 4D
- o090 090 - oO 0 8 - o0o0 0 8
Pe oOo °0 CO oof 00 ooos. 90 oooo°os- ore 090 80
O'S On SS - OF 00 o,0° Oo 9.6 oooso ooo°o =

&

Ato Oo: SO. 8 Ane! Oo A OOS ©
- ooo 8

The left hand side matrix is the design matrix and on the right

hand side is the column vector of observations.
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11.7.4 The coefficient matrix of the normal equations of para-

neter estimates of the design under study

vectors of totals and parameter estimates

as:

— > acne

Dy 5 50000 00000

By 5 05000 00000

P, 5 00500 00000

Py 5 00050 00000

Pe 5 00005 00000

8, 5 00000 50000

S5 5 00000 05000

8,;|/=|5 00000 00500

S, 5 00000 00050

8, 5 00000 00005

2 5 00000 00000

a 5 00000 00000

Ts 5 00000 00000

Ty 5 00000 00000

2, 5 00000 00000

Ry 4 00000 01000

Ry 4 00000 00100

Ry 4 00000 000-10

Ry 4 00000 00001

Re 4 00000-10000

Oo oO

°

o oO
oo °o

along with column

can now be written

00 00000

00 00000

00 00-1000

00 00-100

00 000-10

°o °o ny ox = eS°

5100s Oee Ord

025) 2E1 O10:

12 40000

01 04000

20 00400

01 00040

10 00004

o>
nN

2

%

Sy.

mn?

ch? ch? ck? ck? Fr Ww tw =

Tt, is the total of observations on treatment i and Ry is the

total of observations containing the residual effect of the

uth treatment.
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For this design —_

0 0 0 0 4

1 oO ° ° 0

Ro 0 1 0 0 0

° 0 1 0 0

0 ° oO 1 0

and fo aie

0 4 4 2 0

4 0 1 ° 2

oO 2 ° 1 1

(he 4 ° 2 0 1

| 2 1 0 4 0

Normal equations for period effects are simple, therefore the

estimates of period effects can be derived directly from

these equations. We get

Dy = 042 Py = 0.04 G

Bo = 002 Py = 0,04 G

Bs = 062 Pz = 0,04 G

By = 062 Py = 0.04 G

Py = 0.2 Py - 0.04 G
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110705 Normal equations for period effects have already

been used for estimating period effects. The coefficient matrix

is therefore rearranged to a convenient form for matrix inversion

and estimation. of other parameter effects.

fi ac 
—=) — eat

t4 5.00 010 0 442:0-00000 T, - 0.26

& 05000 10102 00000 T, - 0.26

ts 0.5.0.0 ,0) 2-0/4" 1..50-020 0-0 1, - 0.26

by 00050 10201 00000 T, - 0.24

ts 00005 21010 00000 Ts o.2¢

i, 010/12 4.00 00 0-1.06.0.0 R, ~ 0.2 G + 0.2 Py

b. 10201 04000 00-100 Ry - 062 G + 0.2 P,

b, |-]}11020 00400 00010 Rz - 002 G + 0.2 P,

by 20101 00040 000 0—1 Ry, = 062 G + 0.2 P,

£, 02110 0000410000 R, = 002 G + 0.2 P,

5, 00000 0000 50000 8, - 0.2G

&5 00000-10000 05000 8, - 0.24

5, 00000 01000 00500 8; - 0.26

Sy, 00000 00-100 00050 S$, - 0.2 G

&, 00000 000-10 00005 S. = 0.24> | 5

Here G = = Grand total of the observations.

The matrix has been inverted by computer using the programme given

in appendix I.

The computer readings have been recorded to the nearest six

decimal places but for calculations of results only three

decimal places have been considered.
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Ureew

0

"0.

. 49563

U5964

-47626

05934

- 23137

207144

.4 8872
- 65856

21469

.05763

220024

02085

29818

242499

26561

+ 04658

SO Cie

06555

+ 29332

49956

04056

- 00993

+ 04931
01017

705964

122422

05512

. 09928

0/7144

-01597

Ow ere

0,17624

0605312

0.46044

20605944

0.18872

0664965

0.24R34

0007144

0.19322

-0.64181

-0,20814

0.9565

0.19655

0.04638

-9,29618

001199"

-0.19328

0.94965

70435719
0.689

=0.'7144

0.01218

-0,05763
0.0493"

0.13931

0.90928

-9.95964

0.22398

-0.°3866

0.20993

0.24457
-0.07444

0.18872

-0.03866

0.45563

-0-05964

0517626

=0.03904

0.21449

-0.05743

-0.2°9:.4

0.05085

-0.35799

0.06555

“0.29332

0.04956

-0..29878

a.12459

-0-26551

0.54658

“9.04404

0.01017

“0.07444

0.913'7

0.04066

LgiGure veers

024834 0.99322

417626 0.21469

246094 0.49322

oyr93e2 0.45085

mo, 26844 “0.33898

#6 ,19328 “0,28814

#35719 -0,20904

#419655 70,28814

0129848 70,20904

6.95904 —0.04484

26195763 70,06780

6465866 “0.05763

=0.%7144 70,04184

O.nhoos

-0.059¢4

U.22422

5 ,03981 "0.05763

ne

0.26814

0.20904

0.26814

70.33898

0.59322

0.25424

0.28249

0,25424

0,28249

0.05650

0.14864

0.05085

0.05650

0.05085

0619655

0.35719

=0+19328

0.28814

0.25424

0-60545

0.23192

0.32676

0+24834

0+04966

0.05085

0+12109

0.04638

0.06535

-9.29°18

=n. 20332

=0.35719

-7.20'04

0.28249

0.23192

1.59052

0.24°34

0.30444

0.06089

0.05650

0.94638

0.11990

0.44566

-0.19328

-0.29818

-0.49655

-0,28814

0,25424

0.32676

0.24831

0.69545

0.23192

0.04638

0.05085

0.06535

0.04966

0.1249

-0-35749

-0+26564

0.29618

<a<aboes

0.28249

0-24834

0.30444

0-23192

G.59952

G-11990

0.05550

9.04966

6.06089

6-04638

=0.07444

=0,053"2

=0.05964

#0004461

0.05650

0.04966

0.06089

0.04638

0.11990

0.223°8

0.014430

1.00088

0.01218

0.00928

0.05763

0.04484

-0.05763

-0,06780

0.44864

0.05085

0.08650

0.05085

0.05650

0.04430

0.22373

0.04047

0.04130

0.04017



110707 Using inverted matrix 11.7.6 we calculate paraneter

effects as follows:

;

t4

b>

He

>

= 004562 4400176240 2231T 5400 1897, 4002157 5-0 4210R4 0.298R,

-0.266R,-0 23578, -0 2205R,5-0 240784 -0 204285-04065;-0 20538 p,
3

5

2001767, +00462 4061892540 02480), 4041957-06288R, -02197R,

-0.071S.+0.067G -0.267P,

~0.298R,-06195R},-06357Rg=0 60718 4 -0405883-0+03983-0 0068),

-0.039S.+0.067G -0.267P,,
3

2042312, 4061891 ,40.45615+001762), +0 22157,-04209R4-02357Rp

-0.203R 062988), -0«266R,=0 40538 1-0404285-0.07185-040418),
2

=0.065,+0.0676 -0.267P,
a

041897 40.2482, +061762 5+ 00467), +06193T,-04288R,-04195R5un

700357R,=001 97Ry,-0e298R,-0 068, -0 0588-0 2035985,

-0.071S),-0.039S.+0.067G -0.267P.
4 5 nl

= 0.2157, +001 93T3+00215T5+00195T),+0 oh51T..-06339R, -0.288R,

=0.209R3.

5

-04288R),-06209R,,

+0.067G -0.267P,

0 4168 1-0 0688 ,-0.0588,-0.0428),

-0.058S

= -0.209T,,-0.288T,-0 +2097 .-0.288T),-0 033975 +0 0593R4 +0 2254R,

+0 +282R5+0.254R), 40.2822, 4000566544001 a 985+02051 854020578),

+0 20518,-061 3G +00333P,

= -0 22982, 0601 9725-005572,-0 o1 937-0 +2887,,+0 o254R, +0.605R,

$0232Rz+00327R),+0248R, +0058, +0.0555+001 218.340.0468),

040658041336 +0.333P,

= -0.2668 -04298T,-0.203T 5=043577),-0 2209, +0 4282, +00252R,

+026R,+04248Rj,+0.304R, +000618 , 4000578400468; +0128 y

+0.058,-04153G +0.333P,
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>

o>

o>
iy

me
Ut

a5

0435724061937 5002987061971), 002887, +0e254R4 +0052 7R>

+04248R,+0.605R,, 1002328, +0+0468 40405185 +0.06585+04058y

+001218,-0.1336 +00333P,

=042037 ,-0 63577-02677 5-02298T),-0 42097 +04282R 440 4248R5

+0o304R,+0o252R),+006R5+06128 ,+0405755+040583+000618y,

+020465,,-061356 +003335P,

-000412 40.0717 ,-060537,-0 067), -0-042T +0 057R4 +0005R5

+0.2061R +0 .046R),+0.12R,
> 3

+020095,.-0.0676 +0.067P,

002248 ,+0.0115,+0.0185+0.0128),

-0.0427 ,-0.058T,-0.042T =0058T),-04068T,+06119R4+02051R,
3

+000572 +0 60518), +0057; 4040118 44+062248540.0185+0-0118),

+04015,-0.0676 +0.067P,

-0 2068 1 -0.0392 ,-04071 5-0 60392 ,-04058T;+00051R4+00121R,

+00046R+040652),+0005R +0 0098 ,+0.0185+02224540.009Sy,
Ss

+0-0138,-0.0676 +0.067P,,

-0.0532,-0.067,-0.041T 040712 ,-0 20427. +04057R4=02046R,
3

+0212R. +0.012S+0005), +0-061R +020118,+0200955+0.2248),
3 2: 4

+042245,.-0.0676 +0.067P,

040717 ,-00397-0 2061 ,=0 40591 y-04058T,,+04051R,+06065R,

+0205R,+00121R),+0.046R, +0.0098 +0 401854020138 5+00018,

402248 ,.-0.067G +0.067P,
5
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AWe7e8 Variance of the difference between two parameter

estimates.

= v(0.28T,= 0.2847.)

= V(0.225T,-

= V(0.2672,-

= V(0.2H17 =

= V(0.2717,-

= V(0.212T,-

= V(0.2672,-

= v(0.28r, -

= V(0.2H12.—

= V(0.267T,,~

= V(0.359R,-

= V(0.311R,-

= V(0.359R,-

= V(0.3112,-

cS V(0.373R,-

= V(0.278R,-=

= V(0.357R5-

= V(0.352R.—
5

= V(0.296R,—

= V(0.373R),—

153

0.22575)

0.2712,,)

0.2367.)
5

0.2672)

0.2127, )

0.258T,.)
5

0.2842, )

0.236,)

0.2587.)

0.351R,)

0.318R,)
3

0.3512,).

0.318R,)

0.368R,)

0.278R,,)

043522.)

043572))

0.296R,)

0.368R,)

u"

"

0.592 ¢°

0.5640 =

O45 o 2

06477 o@

oBaeee

a

Os525o

06564 o*

06477 o@

0.525 ee

2

0.629 ¢°

e

0.629 of

0.741 ce

0.556 0°

0.709 ¢*

0.709 oe

2

0.744 go



114769 Efficiency of measuring treatment differences over

residual differences.

(i) Brey. (t,- £,) / (2y- $) = 0.69 / 0.564 =

(41) Brty. (€,- £5) / (B4- a) = 0.629/ 0645 =

(444) Exty. (€,- %,) / (2y- 2,) = 0.69 / 06538 =

uw(iv) Effy. (¢,- £5) / (4-85) = 04629/ 06477

(vw) Erfy. (¢,- £5) / (25- F3) = 067417 0.538 =
2 3

(vi) Baty. (b,- $,) / (Bo- #4) = 045567 00422 =

(vii) Bety. (t,- £5) / (By- Fg) = 06709/ 04525 =

(vidi Effy. (t5- 7) 7. (25= ,) = 02709/ 0.564 =

(ix) Effy. (> £5) / (5-85) = 04592/ 0.477 =

(x) Bfty. (%,- £5) / (Fy £5) = 0741/ 0.525 =

The overall efficiecy of measuring treatment

over residual effects is

2

ee De a6

ee n-1 a9

1.55 =

16257 =

1.241 =

134441 .=

effects

= 132 %

122 %

140 45

The average of the above ten efficiency factors is equal

to 132 %, as expected, since these ten efficiency factors

relate to all the possible pairs of treatment as well as resi-

dual effects in this design.

The efficiency percentages vary from 122 % to 141 %,

which is a smaller range than any other pattern of designs

of Latin-squares of order 5x5. This means that this pattern of

designs provides better uniformity in measuring parameter

effects than any other pattern.
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11.7210 Variance of linear component of treatment effects,

using coefficients of orthogonal polynomials for linearity.

v¢ ~at ,-t,s0b +f ,12b, ) = V(-2x-0.4699,-12-0.1787, + 0 +

104227), +2x0.4727,)

(0.938 +0.173 +0.22 +0.944) o*

2.2807

Variance of linear component of residual effects.

v¢ Wer ,-Pot0rs+hy,+2r5 = V(-22-0.622R,,=1x—0629R,+ O+

1x0 o254R), +220 622.)

(10244 40029 400254 +1224 )o*

3.008 +>

Efficiency ratio of measuring linear component of

treatment effects over residual effects is

3.008 / 2.28

12519

132.%

The variances of linear components for both treat-

ment and residual effects are smaller than any other design

pattern of Latin-squares of the same order.
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eve Permanent effects of treatments are calculated

ass

b> KD
pike

Vw
+ D>

uw

1107012

effects of

= 042h 72 4-041127,+0.0227,=0-099T,=061242.+0058524

00442, +0.016R,=00105Rj,+0079R,=003518 4+040778>

i 56 4

=02009S.+0.00!15),=0 e028,,-040006 +0.066P,

= 70.1227,

+0 oH08R,=0066R+06154R),-02 1098,

+0.0828,-0.0148,,+00268,0 20666 +0.066P,

4022631,,~001689;+0 6055T},-0 0958,,-0 «054R,

-0.021S,-0.0088,,

= -0,0352,,—021098)+025357 52001810), +0 200615 +0-075R4

-04125R5+00397R3=0 2058), +0 038K, #0000884 40401585

-0.0258. +020798),-04015,,-0.0666 +0.066P,,
3

= 041682, +0.05525-0.1227 , #022632 4-04095T,-0 205484

404134R,~06109R;+0sH408R,,-04066R,-00148,-020078,

+0.0268,~0.0218), +0.0825,.-0.0666 +0.066P,

= 000127, -0.1642,,-020527 061057), +00242T 0 057K
2 3 y 5 4

4

=0 ,01R, +04095R,—0 + 056Ry +0439 1R,=0 02968 4-0-0118

-0.008S 4+020198),-0.012S3 -0 00666 +0.066P,
5

Variance of the difference between two permanent

treatments.

v {Gt - Gyetpt erat + Gt}

Therefore from 11.728 we get

v {cb ys8,) - arb) } = (04564 + 0469) #° = 125k 0°

v {é,+2,) (E85) } = (Ont5 + 04629) a? = 1.079 o

v (Gysb,) ~ Gysty) } = (0.538 +0669 ) o? = 1,228 0°

V (Eyer) - Egat) } = (00477 40.629) 7? = 1.106 o®

156



v [ Cys) - Esty) } = (0.538 + 0.741 0? = 1.27907

V { Carty) = Cyst) } = (0.422 + 06556 0? = 0,978 2?

V { Ceyet5) = (gee) } = (0.525 + 06709 )o? = 1.23407

V { Cts) - Cgsg) } = (06565 + 0.709 7? = 1.2730°

Vv { &,e,) ~ ChgtB) f= (04477 + 06592 )o? = 1.069 0%

Average of the variances of the differences between two treatment

effects. Av. W(E,-£5) = 0.508 o

Average of the variances of the differences between two residual

effects. Ave v(ej-F 5) = 0.668 o*

Average of the variances of the differences between two permanent

effects of treatments = 1.176 o,

45° 9 314, 2], 350% and5
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Chapter 12

D-optimality Test and Structure of Beta (BR )

for the Most Efficient Design.
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1261 D-optimality.

T.J.Mitchell (1973) and V.V.Fedorov (1972) suggest

that for looking for the most efficient design in a series of

designs one should look for the design with D-optimality which

means that the determinant | mx should be maximum or
“yo 2

equivalently the generalised variance determinant | (X X) Ros

of the estimated coefficients should be minimum.

,

By maximising |x x |. we in fact are minimising the

generalised variance of the set of all parameters involved in

the model.

Mitchell (1973) further suggests that we may minimise

the generalised variance of the parameters of interest only

rather than all the parameters introduced in the design.

This can be achieved by partitioning the generalised variance

matrix as follows.

“1

: h

x, X ro

(xx)"s
i ;

aad pe

Any Ayo

Pal ‘ 0A A |x: “~ |
Aay Aap and | A | i

=11 ,

x a”
X is the matrix of independent variables at which a response

is measured from the model. xx is the (m x m) matrix of normal

equations where m is the number of parameters to be estimated.



In the partitioned form X has been written as [ x, x]

where X, is associated with the variables of the parameters
1

of interest.

X> is associated with the variables of the parameters of

less interest or nuisance parameters.

Therefore, the design measuring the parameters of interest,

most efficiently, can now be obtained simply by the minimisation

of | Ana | only.

Ata)2

Xx

,

7

means that maximisation of | xX |
Ibs

is in fact minimisation of the generalised variance of the

parameters of interest. Moreover, for calculation purposes it

is better to base conclusions on the basis of maximisation of

| xx| rather than minimisation of on o? | or|A,,|ete-,

as this will cut down lot of calculations.

For the linear model of 2.3

Y45(«2) = pP+P + 85 + ty +7) + °55(K1)

where all possible combinations of treatments and blocks have

been applied, Mitchell (1973) suggests that D-optimal design

ieee |xx| maximum, is a sufficient condition for efficiency.

The efficiency of an experiment depends upon its

magnitude of dispersion. The bigger the value of dispersion

the smaller will be the degree of efficiency and vice versa.

Our aim is to find a design or pattern of designs which gives

us smaller dispersion.
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aco Determinant values of (x x) Matrices and Dispersion

Matrices.

Design Number | xx | Kes xa |

4 0.365 E9 0.274 E-8

2 0.680 58 0.147 E-7

3 0.402 E9 0.249 E-8

4 0.680 £8 0.147 E=-7

5 0.680 E8 0.147 E-7

6 0.104 E9 0.959 E-8

Z 0.389 E9 0.257 E-8

8 0.365 E9 0.274 E-8

9 0.680 £8 0.147 E-7

10 0.765 ES 0.131 E-7

11 0.365 E9 0.274 E-8

12 0.506 E9 0.198 E-8 = *

13 0.680 58 0.147 E-7

14 0.365 EQ 0.274 E-8

15 0.765 58 0.131 E-7

16 04680 £8 06147 E-7

17 0.365 E9 0.274 E-8

18 0.765 E8 0.131 E-7

19 0.104 EQ 0.959 E-8

20 0.765 E8 0.131 E-7
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Design Number, | x | |x" |

2) 0.506 E9 0.198 E-8 = *

22 0.680 E8 0.147 E-7

23 0.347 EQ 0.289 E-8

24 0.680 E8 0.147 E-7

25 0.506 £9 0.198 E-8 = *

26 0.536 EQ 0.187 E-8 ’

27 0.759 E6 0.132 E-5

28 0.536 EQ 0.187 E-8 = *

29 0.208 E9 0.480 E-8

30 0.536 E9 0.187 E-8 =

31 0.536 E9 0.187 E-8 = *

* indicates maximum determinant of xx and minimum determinant

on(ex)e ve

As explained on pages 143 and 144 we again notice

from the above list that the numerical value of group A designs

(12, 21 and 25) slightly differ from group B designs(26, 28, 30

and 31). The difference arises due to the fact that group B

designs are symmetrical designs and group A designs are non-

symmetrical. This difference is quite small and does not introduce

sufficient error to reduce materially the efficiency of the

designs in group A as compared with group B designs. Therefore

we shall consider all these designs of equal importance and the

difference in the numerical values for [x x| and

ignored for any discussion.
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From the list under 12.2 we find that designs 12, 21,

25, 26, 28, 30 and 31 have maximum determinant values of their

nye matrices and minimum values of their dispersion matrices.

Therefore, by the D-optimality test, we can classify these

designs as the most efficient ones. In all of these designs

each treatment was preceded twice by one treatment, once by

two other treatments and was never preceded by itself or the

fourth treatment.

For example, for design 12 the lay-out of the design

pattern is as:

Preceding

Treatment

1 (A) 2 (B) 3 (c) 4 (D) 5 (E)

1 (A) ° 2 oO 1 1

2 (B) t ° 4 0 2

Following

3 (c) 0 1 0 2 4
Treatment

4 (D) i 4 3 ° °

5 (E) 1 ° 2 a oO

There is a similar pattern for the other designs, i.e. 21,

25, 26, 28, 30 and 31. The only change in the patterns is the

position of the numbers 0, 1 and 2.

The numbers 0, 1 and 2 in the above table indicate the

number of times a treatment has been preceded by another

treatment in the design.
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12.3 Test based on Parameters of interest only.

Now considering the reduced form of the matrices

obtained by partitioning the design matrices as suggested

under 12.1. Since we are mainly interested in the study of

treatment direct and treatment residual effects we may use

only that part of the design matrix which is associated with

these parameters only.

'

The matrix (X X) may be partitioned as fol7ows:

‘ ‘

xk, X, Xo

(EA) =
; >

a LS Ee

¢

where ( X, X,) can be taken as associated with the parameters

of interest ise. treatment direct and treatment residual effects.

For example the partitions for design 93.1 (1) can be shown

as below.
Eos ae

Adela Se 00.0 05100» 4.°4).0 2 0000 0
0.56.8 8 30.0 4-0 00000

GC). O15 eee O20 14 0.08 01, OF £0

OnLO Ome Sin Os cA: Sat) OF ot O70 6. 0-0

0) “OR OmIOn 5 E1Ou Oty een 0 (Oi: 09" 0'-.0 0

0) 3 O88 Ori 02 Or -00 000 0-1

Nee Se 4E0n 10 4k. O20 0 00-1 0

AE On Ook On OlsigO: 10 0-1 000

0. 4. Meola 0. 0.0 00-100

20.4 4.0.6. 0-0 Ou e.t 44.60 0.6

000000 0 0-1 5-0, OF OO

0.000" 01:0: Ow 0; =1 ° On Si00 10

00000 0.0 0-1 0 00500

0 00:0 00-41 000 00050

00000-+1 0000 0000 5

L- —



120302 The partitioned matrix of normal equations, based

on the parameters of interest and other parameters, can be

expressed as:

Therefore for determining the efficiency of the

designs under consideration we need to apply the D-optimality

test only to the top left hand corner of the above partitioned

matrix.

ni B

,

XX ?

B (n-1) I

Under the D-optimality test this matrix ( x Xx, )

should have maximum determinant or equivalently minimum

determinant for its inverse ( x xX, )71 tor the most efficient

design.

(m1) ut =A, Ue

, -1
(x%,0%%

-Au" ag”

where U = n(n-1) I - BR

Here we notice that B is the most important unit in

the formation of a design. Therefore if we can control 3 we

can produce the most efficient design of any order. Parameters

of interest in this case are the treatment and residual effectso
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12.343 Now looking at the determinants of the matrices considered

under 126302.

We know that

A g | = jal|p - pate
B 2

Therefore

nT &

,

x,x,| =
!

Bi (n-1) I

«|nz|[@nz-ga@n"6|

Jaan) x - AA
According to Graybill(1961) if Ay and A> are symmetric and Ag is

positive definite and if (A- A>) is positive semidefinite ( or

positive definite ) then |A,|—7|A>|, implying that Jaq) -lAal 7060

¢ xX, X, ) ana ( BB ) are positive definite as every

principal minor of these matrices is positive. We get the determinant

x, x,| = lar | -[Z A> 0

Hence to maximise [zyx al = |n(n-1) Z| - |b | we minimise

Keeping to the assumptions regarding B ’ as| 6 2|> minimum

|x, x\> maximum.

Expressing the determinant of x xX, as;

Ix, x] = lal la@-0 2] -[2| [4
we notice that to maximise [as 4 | ve simply minimise |B le

Alternatively, the determinant of ( ie X, )71 is minimum for the

most efficient design, therefore, we may also study the effect of

A -1[Blom [C x, x, |.
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‘

In this case maximum denominator ( |n(n-1) I - BB |) produces

f -1minimm |( xX, X,)~'|.

, , -1 ;As | n(a=1) a -BB| > maximm, \« xX, X,) |= minimum. Following

the earlier argument about determinant we find that as BB > minimum

|n(n-1) Er -Bal> maximum and hence | ¢ x x )71|> minimum.
1
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12.0304 The results under 1263-3 have been obtained from

submatrices of parameters of interest only. The determinants of

these matrices produce the same results as the determinants of the

main matrices xx and ( =x 2 as shown below.

[xz| - | B @mzr -¢

Q -& al

(er -¢ A -€

=|» 2 -|A| +[o|
-¢ ni Q ni

=|nz| Jatt) r-£4| -|Al [28 |

=|) 2- £4 | - [=p |

=|n°(n-1) I-21 | -|2pA| as ers

; and |B a(= [allel
“s|aG@®- a - 1) x | - |2BB |

Here again as | AB | — 0 |xx — >» maximun.

(xx | :
- 

:

For minimum | (peo ¢ jz! | we should have minimum

since it is the only variable quantity. Once n, the size of the

design, has been decided, it cannot be changed.
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120305 The left hand corner of the partitioned matrix 12.361

is the matrix associated with treatment direct and treatment

residual effects only. Likewise, reducing the size of the other

designs and using the computer program in Appendix II, we get

their determinant values as undere

Design Number | xis | |< eae |

1 0.207 E6 0.483 E-5

2 0.487 ES 0.205 E=4

3 0.207 E6 0.483 E-5

4 0.487 B5 0.205 E-4

D 0.487 E5 0.205 E-4

6 0.717 ES 0.139 E=-4

7 0.198 E6 0.505 E-5

8 0.207 E6 0.483 E-5

9 0.487 E5 0.205 E-4

10 0.538 E5 0.186 E=4

1 0.207 E6 0.483 E-5

12 0.280 E6 0.358 E-5 7

13 0.487 ES 0.205 E-4

ah 0.207 E6 0.483 E-5

15 0.538 E5 0.186 E-4

16 0.487 E5 0.205 E-4

17 0.207 E6 0.483 E-5

18 0.683 E5 0.146. E-4

19 0.717 E5 0.139. E-4

20 0.538 E5 0.186 E-4
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Design Number | < X, | ¢ x4 X je!

21 0.280 E6 0.358 E-5 *

22 0.487 E5 0.205 E=4

23 0.198 E6 0.505 E-5

2h 0.487 E5 0.205 E=4

25 0.280 E6 0.358 E-5 *

26 0.294 E6 0.340 E-5 *

27 0.102 EY 0.977 E-3

28 0.294 E6 0.340 E-5 *

29 0.124 £6 0.807 E-5

30 0.294 E6 0.340 E-5 *

31 0.294 E6 0.340 E-5 *

* Most efficient design.

Studying the determinant values given above and applying

the D-optimality test we find that designs 12, 21, 25, 26, 28, 30

and 31 are the most efficient designs, which are the same as

found under 12.2 and 11.6. Hence it confirms the efficiency of

the designs and also the fact that the matrices restricted to

parameters of interest only produce the same results as the

design and dispersion matrices based on all the information.
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12.4 Determinants of aon for 4x4 Latin-squares.

Determinants of xx and dispersion matrices of 4x4

latin-square designs considered under 2.4 are:

Design Number |x x Ic xm ae |

4 0.410 E4 0.244 E-3

2 0.512 E6 0.195 E-5

3 0.184 E6 0.543 E-5

4 0.102 E6 0.977 E-5

Determinants of the above mentioned matrices when

reduced to parameters of interest only i.e. treatment direct

and treatment residual effects only.

Design Number 4 3, | |< xaxaela

1 0.810 E2 0.123 E-1

2 06399 El 0.250 E-3

5 0.162 E4 0.618 E-3

4 06109 E4 0.918 E-3

From the above two tables of determinants we notice that

design 2 has maximum value for its determinant |x x| and minimum

value for its dispersion determinant c xe | which is the

necessary condition of the D-optimality test for the most

efficient design. Hence we find that design 2.4.2, classified as

the most efficient peeenn of 4x4 Latin-square designs, under the

previous tests, is also classified as the most efficient design

under the D-optimality test.

The above tables also show that design 1 is the most

inefficient since it has minimum value of its determinant |x’x|

and maximum value of its dispersion determinant which is in line

with our findings under the previous tests.
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The study of 4x4 Latin-square designs leads us to the

conclusion that the structure of the most efficient design

is based on the fact that each treatment is followed by every

other treatment once only, which may be stated that each

treatment is preceded by every other treatment, apart from

itself, once only. This conclusion is based on the condition

of minimum variance of linear components of parameters and the

D-optimality test.

Following the same basis of study as for the hixh

Latin-square designs we found that the most efficient designs

among 5x5 Latin-squares are those where each treatment was

preceded twice by any other two treatments. Further study of

the designs of this pattern disclosed that there are twenty

such designs of order 5x5. Ten of these designs (11.4) are the

most efficient and the other ten (11.5) are 50 % less efficient

as based on the condition of minimum variance of linear

components. Therefore, we cannot adopt this pattern as a general

pattern for the purpose of describing a most efficient design

from among the 5x5 Latin-square designs available for measuring

the treatment direct and treatment residual.effects.

This then leads us to the application of D-optimality

test (12.1) and brings us to the conclusion that for the 5x5.

Latin-square designs, the most efficient has the pattern of

each treatment preceded twice by one of the treatments and

once by other two tratments (12.2.1). Again this brings us

much closer to our conclusion about 4x4 Latin-square (2.4.2)

as the most efficient design for measuring treatment direct

as well as treatment residual effects.
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From the set of 5x5 Latin-square designs there is no

design where each treatment is preceded by every other treatmente

Next to this pattern is the pattern where a treatment is

preceded twice by one treatment and once by other two treatments

and this is now accepted as a general pattern for the most

efficient design of Latin-square of order 5x5. The average of

the variances of the differences between two parameter effects

of the most efficient design is smaller than the designs of

other patterns as can be seen under 11.601 and 114642.

The most inefficient design is one where each treatment

was preceded by the same treatment on all occasions and has

been classified as such by the methods of variance of linear

components, average variance of the differences and D-optimality.

The determinant values of designs 11.4 and 11.5 are the

same and therefore, D-optimality test does not make any

distinction between the two sets of designs.
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1205 Beta cB) Structure for the Most Efficient Designs.

Let

bay Bio Dygecerereeeban

B54 Boo Bogeecereeeebon

bay dio DagecseeeeeeDan

The elements bay indicate the number of times treatments

follow and precede each other.

12.561 When n the number of treatments is even

bay =0O for i=j diagonal elements are 0.

and bay =1 fori#j off-diagonal elements are 1.

n n

such that } b,, = Z bz, = n=1
seqets gate

12562 When n the number of treatments is odd

sy = 0 for inj ise by, = Bon = ccccee oe °

and by Gaees.) © once in each row and once in each column.

S: " " " " " " " " "
u

1 for the rest of n=3 places in each row and

each columne

n n

such that Z b,,= Z2.»d = nel

at 23 gay 1S

For ‘example for Latin-square designs of order 5 x 5 and 6 x 6 Beta

structures are respectively:

Caen esta Omen ds eteknt: hart

2020 lea 0) Aer Opie re ee

Aa DLO 5 Oe Ange eyed |s acne Oleg 1 Stet

eteey Ol dae nee: 4 oie Ot elie

Onis c2 etn 50 dace dee 1 Oa
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For further study of Beta structure writing

11 C45 CazecerecceeeCy,

Coq G55 Soseswscccnsetay

BR u

Bee cc eee r eee cece rereccee

c cC4 n2 n3** sieweeeC ry

, f /
Since § = [>s5] and § = (*s5]

= /
hence e355 a2 Pints

12.505 For n odd

oa5 = n+1 when i = j
,

and the trace of BAR =n( n+1). The trace of other designs

classified as inefficient is always greater than n( n+1 )e

12.504 For n even

a5 =n = 1 iee. all diagonal elements are equal

(is9) F to n=1.

The trace of Bb = n(.n+1 ) and this is greater than n( n= 1 )

for all other designs known as inefficient.

'

As an example for Betas mentioned under 12.5.2 the f Adiagonals

and traces are as follows.

n=5 n= 6

Gib eS Se Oe eto Sao Beep sete by sh

Berornial tS 5.65 Lap eh. WAL SSIY AaALRY sna 8

ees (gO ea tee HSI oe nukes ie

Be sis 6.2 hha $54 hep

So 30. eure hs6 ip pete te 5 a te

1S hele lt ek teas

Trace = 5 x 6 = 30 Trace = 6 x 5 = 30
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12.6 Design Matrixe

Each row of the design matrix X represents a

combination of factors at which a response is measured and

the expected response is assumed to have a linear function

of the factor variables.

Rao ( 1973 ) explains that if X is the design

matrix then the dispersion matrix of least square estimator

“1, We choose X to make ( xz'x 77 as small6 is (xXF'x )

as possible. Therefore by choosing the factor values in an

unlimited range the values of ( KRIS 77 can be made as

small as required. For example by choosing X as aX the

dispersion matrix becomes ama ee jet tending to zero

as a tends to infinity.We limit the ranges to small rerions

of interest only within which we have measurements of the

response function.

Taking XjF"x, = 08x, Goi VyeyececeeeeeNe

where Xx is the column vector of X representing the n levels of

the ith factor used in an experiment.We choose the combinations

of the factor values which lead to 8 estimators with the

least variance.

According to Rao (1973) let X be a design matrix

and é be the least square estimator of Oe; then under the

above conditions on X, :

(i) v¢ 8) Dy . and the minimum is attained

when ee =0 ie Tectia, ste te Lely ecesene

(ii) The optimum choice of combinations (rows of X)

4

is when 2555 = 0, that is, the columns of X are orthogonale



12.6.1 Considering the submatrix under 126302

ni &

1 ,

6 (n-1) I
x

Under condition (i) of 12.6 minimum variance is attained

when B= Q , that is, by 4= O for i# j in B stated under

12.5. This is contrary to the basic assumption of this study.

Hence a Latin-square design having Bb = 9 does not in any wey

exist, Following the assumption of residual effects persisting

for one period only, condition (i) can be modified accordingly

by stating that:

(441) V0 6) % Qis> and the minimum is attained

ie i
when XZ z, = 1 for fj = 1,2,ee-eeeinly Lt1,eeeeeene

According to this condition (iii) bay = 1 when i # je it is to

be noted that for this study of residual effects the. 4

maximum value of bis when i 4#jisn-1.

Observing the modified condition (iii) we can

choose B which determines the most efficient Latin-square

design when n the number of treatments is even. For example,

Mem ou Agices cdots bs ot '2n-

4 Ob een tis este acco cineauied

2 GeO 1) Wess sce cseleg et

A arn los 1 Are Once caine saceus “ai

:

an 4 4 4 0

2n = Even number of treatments.

VW.



12.602 As already explained, Latin-square designs for odd

nunber of treatments, having A with elements b35 = 1 when i # Jj,
J

do not exist. To construct B for n odd we have to further modify

condition (ii) as:

(iv) v¢ 8, es 4, and the minimum is attained
ce
1

a 1,

if Ez xy a O for one position only.

=1 for n-3 positions.

= 2 for one vosition onlye

when Jj = 14 24 eecccecee inmly Ltly eoececeee Ne

Therefore under this condition (iv) ba; set of values

for each i and each j when i # j is a combination of 0, 1, and 2

n

such that > b.
n

. = Db,, = n-1. O and 2 appearing only once in

er jer 24

each row and each column. bij =O foris= j.

For. example, when n = 7

Preceding Treatment

A 35 Cc D E ene Aa

A ° ok a a a ° 4

B

Following

Treatment C Oe Oi St ad

= »d

i °o 1 2 4 + Oo

ay °o a ° eS nN esas

ES

E

¥o|-2 feet OLA 30

roe qe tOr de es

Higher order BR can be constructed by extending the

rows with digits in relation to the diagonal pattern.
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427, Choice of (3.

To study the character of BR for the most efficient

design we observe the following restrictions.

(i) Elements of B are made up by the number of times a treatment

follows another treatment in a Latin-square.

(ii) Combination of row and column elements is the same for all

rows and columns of /3.

(iii) Rows and columns are the permutations of numbers under

restriction (i).

(iv) Sum of each row and column elements = n-1.

(v) An element inf varies from 0 to n-1.

(vi) Diagonal elements of & are zero as a treatment dees not

follow itself.

(vii) The most efficient design has BB minimum as proved

under 1263036

126761 Tet B (ma) ha [od [oar
For simplicity let bay = z5 for j = 1, 2,eecee0 Ne Z4

Mp o Nany
ie ie 2Cis =2b;; bay and C4q = 24 + Zp teceeee + ZL =

nrace( fi ) “2 Cas
=1

Lf 255 n=1 then oF = O for j = 1, 2, eeceeinl, i+1, oo-- ne

c u es

oe
Therefore 2 25

j=1

Oren aeer ese anna) 0 Fores +108

n(n=2) +1 --

The maximum value 25 can take is (n-1) according to restriction

(v) above.

If 2; = n-2, z,=1 and ES ee et ona

n

Then = 2 (G2) e410 eee eeeie

jai J
n(n-4) +5 2o---------- II

We find that II <I.
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Again if z.=n-3, 25 2 and 24 20: for 7) a tyke

Or y= 1, Z4= 1 and z = O otherwise.

n

Then > 2 (n-3 ie oe OTe ee nae EO

ft ebro enh Cen = Gu) peeisy cea I

or (Wie aelee) Agel ceo geen. peek O
r ite

n(@n-=-6)+11 -------- II. Hence II<I

Similarly if we go on splitting 2 into smaller and smaller

components we get closer and closer to the smallest possible

+ 2
value of C4, oF are

jai 2

120701 In general let:

(a) z= (n-1-x) 4 2,5 x, 25-0 for j #k

(b) or 2s =(n-1-x), 2, =(x-1), 245 ip mae for j # k,l.

(c) or Zs =(n=1-x) ,2),=2,2)=1,0++00-(x-2) terms of 2.=1

=(n=1- HTeecsece £ 2.=(a) or = 2, =(n=1-x),2,=1 x terns of 2, 4

otherwise’ 220 for all the above
CaseSe

(n=1-x)? rae
n

Therefore ZF a + O toecececeet Oc
i=)

(a) = n(n=2x=2) + (2x7 + 2x +1)

(8) or = n(n-2xq2) + (2x7 +3)

(¢) or = n(n-2x-2) + (x? + 3x + 3)

(a) or = n(n=2x-2) + (x? + 3x 4°1)0

Similarly we get other terns of Cis for i= 2,3,-++...n.,following

.conditions ( ii ) and ( iii ).

(c) and (a) derived above are suitable for Latin-square designs

when n is odd and even respectively.
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Here x denotes the number of elements in a row or a column

in B having value equal to 1 and O<x <(n-1).

120701(d) is due to maximum value of x and 12.7.1(c) has

second maximum value of Xe

Ms
4

12.702 tr( AR) = = Es
be uh

,

120701(¢) and (a) are respectively diagonal elements of eae

for n odd and even.

,

BR is symmetric since it is a square matrix and

According to Scheffe (1961) and Rao (1973) when A

and B are symmetric and B is positive definite and ifA-B

is positive semidefinite or positive definite, then:

(i) Trace A W Trace B

eno Ct): lee Et

According to Graybill(1961) a necessary and sufficient condition

that the matrix A be positive definite, where

aa4 Bjpecccccsescesas

854 Annecccccccecceda,

Nee A Wes saneins oo sccmen oes

a. 1 SB pecceinesspecee
mn

is that the following inequalities hold:

B44 Bjae ses 2048.

344 42 th
A447 Or: TWO0yeercescrvee Any Appeeeses eon | 7°

Sant shop: ese :

a4

For positive semidefinite we change the above inequalities. -

to Fe



For the most efficient design, when n the number of
’

treatments is even, the trace of BB is expressed as

: 2 2
120703 Tr( AR) = no(n-2e-2) +n( x + 3x41)

For n odd the most efficient design has

120704 tr(P RB) Penaten sion = 2b) en x +3x+1)

By decreasing the value of x we increase Tr( BA) and hence

increase determinant of BB. The traces 12e7e3 and 12.7.4 are

minimum for Latin-square designs of order n, subject to n being

even and odd respectively.

According to (i) and (ii) under 12.7.2 minimum trace

implies minimum determinant and the ninimun| B Al indicates

maximum | xXx lor minimum | ( ne oul » & necessary

condition for the most efficient design.

Therefore we conclude that for studying the residuai

effects in Latin-square designs, persisting for one period only

we choose such a Latin-square which produces 6 so that 12.7.1(c)

is satisfied when n is odd and 12.7.1(d) is satisfied when

n is even. Numerical examples of such Beta structures have

already been cited under 1254

It can be stated that # is non-singular and has rank ne

BB is positive definite as every principal minor of it is

positive and its rank is ne
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Chapter 13

Construction of the Most Efficient Latin-

square Design for the Estimation of Residual

Effects.
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13.1 Derivation of Designs.

Williams (1948) has given methods of deriving the

balanced designs for even and odd number of treatments. For an

even number of treatments there are single designs which

according to Williams are balanced for the estimation of

residual effects but for an odd number of treatments a singie

Latin-square design is not possible.

For even number of treatments the initial rows of

balanced or most efficient Latin-squares can be derived from:

OMe nat 2 nae |S lesa tecacccles essence

and the successive differences between rows can be given by

1 ned 3 mek 5 2-6 coccccccccce

1301.21 For n=4 a balanced or in our language a most effi-

cient Latin-square can be written as:

0 1 a ve initial row.

Teeter cS initial row +1

se O— (2a second row +(2=n-2)

2 Za 41 O° third row +3

Other designs of this pattern can be obtained by

simply adding an arbitrary digit to each of the design digits

representing treatments. For example by adding 1 we get another

most efficient design

7 227 Bea3

2 oe toe

Oeste eS

318 Ogee: oF

and 60 Ones
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The columns can be arranged at random without

altering the character of the design and this in fact is the

same thing as adding an arbitrary number to the design digits.

Similarly when n=6 the initial row is:

OL iS Bers hes

or O52: Wa as by random arrangement.

and 50 on.

For most efficient designs, when n is even, it

is unnecessary to devise any structure of the initial row. Any

order, random or not random, of design digits will form the

initial row. It is important to know the successive differences

without which it is difficult to lay the pattern of the most

efficient design.

13.0142 n Even

Number of treatments(n) Successive differences

4 Tee

Whe s SS

8 16 3 5 eae

10 418 3 6. 4 7

2 9

12 1103.8) 52687

hi 922) Ae
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1302 Designs for Odd Number of Treatments.

When we are dealing with an odd number of treatments the

pattern of the most efficient design can be obtained by first

writing the initial row either as given under 1301 or in the

natural order of digits or simply by putting the design digits

in a random order, since the assumption is that the residual

effects are placed along columns, and then adding the appropr-

iate successive differences to the rowSe

13.2.1 When n=5 the most efficient design can be written as:

(a) o 1 4 2 3 += £initial row.

T2204 3 8 " " 41 Successive difference.

Bales 2) 0 ah 2nd sore, a Mi

DF acho Om nd ft) pak an "

(aT yates, ig bearer Mi comune Tt "

Or

(bo) O 1 2 3 4 initial row.

4) 2 Se 20 ae "+ 1 Successive difference.

34 \OF Ay 2 2nd a 2 © a

Bak sr ee Oi Bra " "

eiomn soars kth 2 " "

Both (a) and (b) are equally good provided we stick

to the assumption about residual effects arising along columns.

. If by any chance it is required to estimate residual effects

supposed 16 be arising along rows then the above two designs

or any other design based on the addition of an arbitrary

number to these design digits would be rendered as the most

inefficient designs. Change of assumption regarding the exist-

ance of residual effects would change the pattern of the .

design based on the initial assumption.
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12.242: For n=7 the Latin-square may be derived as:

Successive

© 16 2 5 3 4 initial row. difference.

Ql 2-0 On Sano 5 Bn ate +1

h 5° 326 72014 enna st +3

2 <5 4 te 0.85. 56 ra) lt +5

GO eS Tash 205. 4th on +4

576 4. O38. 1S Sth +6

FLSA) 1G. 10 6th +5

Other designs of this nature can be obtained either by adding

an arbitrary number or using other series of successive differ-

ences given in the table 13.3.

13.2.3 9x9 Latin-square can also be shown as:

Gants 6 wer 72656 455) initial row. S.D.

tne. 58 4 7-5 6 2 7 + 1

Castor TAS etme. \0);"4 and HT ot ee

SP ies oe 6. 0: 7.8 3rd 2 ae

Gn 0 7426 coer: 3. kth Bee g

P06 Op 5est ae 2 5 5th we + 8

4s 3 6 2 24 Bo 6th © +4 6

67 5 8h 200 5n.1. 2 Phe = Wi geo

2 Bat hos 6ur7 8th " + 5

Similarly designs of higher order of odd values of n can be

derived by an initial row and series of successive differences.
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13.036 Successive Differences.

n Odd

Number of

Treatments

Coa)

Successive Differences

Successive Rows

(i) a, dy cd,

(ii) 4a, 2a, a,

(iii) d, 2d, 4a,

(iv) 24a, 4a, 24,

4a.

d.

ade

de

(i): a, 2a, 3a,

(ii) a, 2a, 3a,

(iii) ad, 34, 5a,

(iv) a, 3a, 2a,

(vw) a, 4d, 4a,

(wi) 4, 5d, 3d,

(wii) a, 5d, 4a,

(vidi)d, 5d, 4a,

(ix) 5d, 6d, 4a,

(x) 3a, 6a, 4a,

(xi) 3a, 6a, 2a,

(xii) 2d, 6a, 2a,

(xiii)6a, 3a, 64,

(xiv) 54, 6d, 2a,

64,

5a,

ha,

ha,

2a,

2a,

6a,

2a,

5d,

2a,

4a,

ha, 2d.

ad, 4a.

6d, 5a.

6a, 3a.

6a, 3d.

6a, 2a.

3d, 6a.

6a, 5d.

Bd, de



Number of

Treatments Successive Differences for Successive Rows

(OSes 9

9 (i) a, 3d, 4a, 6d, 2a, Sd, Sa, 4a.

(ii) 4a, 8a, Sa, 2d, 6a, 4d, 3d, de

(441) a, 4a, 7a, 5d, 8a, 6d, 2a, 5a

(iv) 5a, 2d, 6a, Sa, 5d, 7a, 4d, a

(v) d, 4d, 6d, 2d, 3a, 5d, 5d, 706

(vi) 7d, 5a, 5a, 3d, 2d, 6d, 4d, de

(vii) 24, 3d, 5d, 6a, Sd, 2a, 4d, a.

(viii) d, 4a, 2a, 8a, 6d, 5a, 5a, 20

(ix) dy 2d, 3d, 5d, 2d, 4d, 8a, 7d.

(x) 7a, 8d, 4a, 2a, Sd, 3d, 2d, de

1 (4) a, 2a, 4a, 6d, 8a, 10a, 7d, 3d, 9d, Ode

(ii) 9d, 94, 3d, 7d, 10d, Sd, 6a, 4d, 2d, ae

(4ii) 2a, 4a, 6d, 84, 10d, 7a, d, 9d, 4d, Fae

(iv) 3d, 4d, 9d, a, 7d, 10a, Sd, 6d, 4d, 2d.

d can take any values from 1 to n-1. 1<4< (n-1)

Series of successive differences can be generated

such that no more than two differences of the same magnitude

should occur in the same series Bacheten used for successive

rows must produce a Latin-square.e
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Most Efficient Designs of Order (5x5 )e13,4.

Using the initial row ( 1, 2, 3, 4, 5 ) and the successive

for d carrying values from 1 to 4,differences given under 13.36,

we get the following set of the most efficient designs of

order (5x5 )-

492 2 Sets

5

23 hand

5A oA

3eTomes eS 25, pL conor nD

ese k 5 se a5) 1

B05

1.

2:5
4

21

2
4

2

Sater 203, ve

4

4

Ares5V2; | Sh2

4 25 sc5Ageo tab,

ao aieFe S415 Gem: =A

Se 2S 26,

2S) tk et

Sut 5

4

el ee Se1

5

4

422:3. +a

2op ea

42 ae>24
4

2

22s 45

arch 402 °324

2S ay.

as Hs
4

4255-4 5 Some oe Suk 5 9. 1

aaa aoe

7°

44

2
4

Ate 8

4

52 Bie te
4

a

5

35. 4Sete)

54S

2 en

2 3-45dees! <t5

23. eSReed 8D 12. 1

ed 12 3

11.dtrewo) 45

eke 5 4 2

Queso 5. 4

10.

5 ive shee:

3.455

4

2

2/3

1A235

aU SS

Bini

5
4

?V2: 3 4%2

25 aS2
4

3 ne  mt+N He

Nt  re  aaM  IN  +TN tO M15.

Nntae  mwtM  NNNNW  tieNr  st OWTr NM NU
14,

Nar  MmRee  Ey.  MattyMN  te  ANeto  neTN  Nt136
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16.

vunu - 3 UFau DN FUN AY wsun + aM FWY
By permuting the columns we get 120 new most efficient designs

for each of the above 16 designs and hence a set of 1,920 most

efficient designs of order (5x5 ) can be written down.

To serve as an example and for practical use a table cf the

most efficient Latin-squares, appearing under 13.5, has been

constructed by simply taking five permutations of the columns for

each of the 16 designs. This table also includes the most efficient

Latin-square designs of order ( 7 x 7 ) derived by using the initial

row (1, 2, 3, 4, 5, 6, 7 ) and successive differences 13.3.(7i)

for d ranging from 1 to 6.
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Latin-squares Table.13.56

The (5x5 ) Latin-squares

gS & 94.2

4

3e123 45 os 8) ove 4

Boas asian SLs

5 4.5

1.

A eres5a

2-3

4

542 25k

23) Aes)

4

Ae. Sine)

524

14 2.03; 4%5

2.35.8 102 (Sie4

5

Gel hte es ere

2. on

2eM iat Sek oe AS

4) 2, 5

25 OD

Site 5

4

2

1

4

2eye

23) Saesed

4

541 235i 16

kLer5

SaaS

2

425 Se eS2
4

Qesaihose 1

9.2Qast, 5 A oe 34 5. 4

He el ees |S

7.

Sh

Ze oat

4

5 teva S3 veh

2), 35 5 me

4

1oe re 54

2 2 Sch eSAte 3 bee23.44

Bee 17 BA 28S2Ae>2

2345 4

Setereo We a2) Satomi ate.

BPS eS 4

k

10.

Ameen eee

Sato

+ “2s 55

2
4

4ee

ped ee)

Vea >5

he 5 A enaeo13 oy ee

12 es 5 23 4 2 ae13

6 A238Soak 1 AOS De

23 4 5 ae 94
136

21Beg Doty

be SEAR! 3

Se dehe Sut

es at 5.

1

io oy ReinersS 2S

1) 253-455

34 5

2 oa.

4 Ay Lakaa24

258 oes A85 3° 5 24176
4

16.

a Ses

feet o

i eV de Diath 2)3° 4544

5 A42) tual

sau,

k

2S) ee

21Zed R54

Sie it Altes ak52
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fi) Dt srateed

Sot 255 he

2S

Sith, 35

k

AEs ee 21651

ke

20.ter 5 ae 5,

oa oak

196

ei

4

152

42BASS2 Sek, Dat

AS. Beek. abo Se GS

25.255 a3 § 54

2

Aer eo.54

loge Coeges) Oued ahe. B52 Tneas

Be

2s te 522.

21au 3) 425442D eo

Sree d

4

5 Cie aie

4 -2)oseihe 5

2.3 F554

je >5

4

21

2x3. 4b

Bo 45

5

1

ie ee54

Fite 25 at

23 45 20. . 249 5 94

234 26.5425.

123 ee5Ve. DS5:k

4

4

2.3) 4.5 Se S102

2 ats Ouest

a

25. Ee

5 et (a ee

123 4

ese unS) A

2

Bs. Wt we

5h 5: 1 teen 29 S51 2 Ss ie S00 re Aen ee28.

2

4

oa os 3, oeWee 3 les,

Sat Pes

Sh been

451 7-2 05

275 4

4

1

Cpe ete,

5 eco

1

4 oes

2.5) 5 4U. 5

oS2

Sir eee “Spite

23% & 1 3 Sa Sate

4

2

4; 25 Ano E e526

ates

31.

Ve ear ee

2 oat theeo

2

1

4

fae2

1

zeae

2
4

2a at

Ric ZirSD22reset o> 4

41205 te23 4 Tee eo) 5t5

2325.5

23 “he Siam

Be Oka A ter B52 Poel os Le 36-

Zo tarD

Bhe

12.36 feo

2, 5 85 4 5. tio. Sak

4

54-5 412

1225219, po4125%

3 oe oe

5

5 AG AC teHae)eS2
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eee5

1

2 39. 4

5

Bee

5) Pod

k

38.25 eee

&Bik 5

37

Qo sore1-255

a

4

a23 ee 52 Ace rnten

25. 4 3S2a ta

Ste ao

12°55

Sea

2

eo hae
4

23

4

oS ato42.

Brie

aoe

2 sis 5 4

4

4

4 isin 1 hale

2: Seas

pe ar

3.4 5

5

1

40.
4

4 esha

5 1

42. 3:4

5Toatea

2 325-4 Son24

Ae Son5a eae

We. >5

4

4

5

Te 4h

a)

Sa43.

255 ees

ys

enna 4

eS ee Lae

45

2

4

128 5 no4

2 Fees

4

qo 38S

Seer oo)

22a

25> aed

4

1201332

22. Sie Sereno 5 Ai SASS 5. a5) 4

ore

446.

20 5k3ze4

4oe o2.3 ¥OSmaa

qRe Sik. 51-2 3a

5

5

4

2 Files

2.5% a) 2) on ee45rote)4

Cie S aoeSe Omen ono eg le |

oy 3 4

2er oct49.

2 on tae

5. Al 255.

Shei tee

22575 Seat

4

2 Bk4

23k >

De A oan

5Zuo4

1

2

FT eS

5. est 2

Shh 5) ged)203 G88 53. 3451252.

55k 1544

sat

a St 8S

2 15C Neo

4

1

5

2s. &

2930 5

38 Go 42

k

15

a

4

oA 285:

2 5e%

5

4

23.4

12 G52 88:Fare5
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57s 20 oa nin2c se

Bae Waeos te

2S

4

4Eales 566pt556

Cuppa s
4

uD

2

2

ene

2s ele 53 al

coe iS

rile)

et

4

2
4

toons Be

Site bid

5s

242558S

Fe eeAe) 60,5" 1

3

4

2459Sigh58.

2oy oD4

2a 7.

2.3. sat

OL aoe

Cre eL ens,

ae, aD

4

4) 2 ait

enon nies

5

a ie4

a eee,44 23> 4%5Te 2res5

Mees hk 5 2 6eew2 3) We 5k Aue 105s. 5) Peale

Bor

61.

23 4

5 Repeal

&

4

4

iS2Zt oO23 aS

2 GND

20S aad

4

Ae ews

eee tae

5

4

TT 2. >

Sa 2k

2

29 a
4

5

ie 5 285 Ob. moet 2 5 665

em tan

64.

23%4

5 oa

4

ens, a>4

eo12 Se

3% 5

2

2. SS

4

a42 Sat ost

a eS qe 2-3322
4

Veveare:tea23 4 5 1 68e0 Sere Ss 4 2 69.

eee less falter) 23 4 5

67-

Sb. Stee1

25 3) sind1

2

23 4

4

23. hal 5

4

2

5

4

4

2o-o.uP

23.45

23 1a1Ben S

Ae See5

2s OLees 3 455 726

2D oS Sa haes=1

2a See 71.S98206

24

23 4

oS hao,

1

5.

g
4

HS dee SD2) 5 eee 4s

we 2, 35 4

Dat oat

i)2753, ed

See. 32!422
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Deel Sead oe Wie 5 th 23 56-15 1 2-53

fol ae oD Sit 2 sik 123 4

7.2 35.5-'5 2°34. 54 a hee 4

ee Ort oa Ss Se Se hes a 2

Pile Pare ta: TAO StekS Pees

A ots he a S975 2: Stale Sa 3 % 5A

25. ee 5) A520) Seat 123 4

5 iieuaies, ©l, V2 eS lars lee

3. ae nae ye bBo els. 54.23

2345 1 3 eS tae Sr tice

eS S492 3). 80, 5 tear se

Qiimete 5 Sy ro tae

Suthers 4) 2 EB 5. 4, 205

fae ancbee 2 5 wHeb et

Samiti aes, Seek, 10 2°55405

The ( 7 x 7 ) Latin-squares

4254567 (2.4 1.2.54 5s6i7u 5. 12.5 4 51607

25 a7 A 54567172 4567123

hS 67 1325 Ta 2 3 ho G 3456712

7 A235 4 5:6 6.74 2.3. 4&5 5671234

6712345 4567123 2345671

3456712 5671234 7123456

Dr6.7i 125% 203 WIG. 7.9 6712345

4.2 5:45 6. Jou Ge. 125.45 6:7 6s. 1 2.5:45.6.7

5671234 6712345 7123456

Onvadhes 51417 2345671 5671234

4567123 3456712 2345671

2 dee 5th 5.6 56712354 3456712

203 5,647.04 567123 6712345

3456712 7123456 #669123
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Balanced designs for an odd number of treatments given

by Williams (1943), Extra-period change-over designs produced

by Patterson and Lucas (1959), Tied-double-change-over designs

suggested by Federer and Atkinson (1964) and Symmetrical

balanced designs developed by Berenblut (1968) are less likely

to be required in practice because too many periods and subjects

are required to apply the treatments. The construction and

analysis of these designs is more complex than single Latin-

squares. Williams (1948) and Ferris (1957) have shown that one

Latin-square is sufficient to estimate treatment direct and

treatment residual effects when n the number of treatments is

even and the pattern of these designs has already been elaborated

under 13e1e1.

The construction of Latin-square designs for estimating

residual and direct effects, when n the number of treatments is

odd and can be used as single designs, has been demonstrated

under 11.2. The rows are to be used for successive periods of

application of treatments, while the columns are to represent

the subjects under treatments.

The Latin-square designs suggested under 13.2 are suitable

for residual effects coming from immediately preceding treatments

only.
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Chapter 14

The Analysis of Variance.
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14.1 Analysis of variance table for single Latin-squares

where the treatments are assumed to produce residual effects.

Source of Degrees Sum of Mean

of ¥

Variation Freedon Squares Square

Periods n=1 DB,P; =B,P, 2

n-1

Subjects (Residuals ne1 4 %sf-c = bs5-C .F.
ignored) ce

n-1

e 2
Treatment direct effects n=1 <30, C.F. Ps HC Fe

(Unadjusted) ee
n=1

Treatment residual n=1 rene edad -

effects (Adjusted) n=1

Error (n-1) (n=3) By Diff- | EMS

erence

2
Total n=1 TSS

a ae ;
TSS = Yay Seas Yi is the value of the observation in the

ni

ith row and jth colum.

G is the grand total of observed values.

P, S, T, and R are the totals for each period, subject, treatment

and residual respectively.
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Ds 6s , and f are individual effects of periods, subjects,

treatments and residuals respectively.

F = (M.S.) = (EMS)

Residual effects are entangled with the treatment direct and

subject effects, therefore it is necessary to adjust their sum

of squares to add up crrectly to the total sum of squares.

***** Residual Sum of Squares (adjusted for subjects and

treatments) = zr, Ry + 28, 55 - SSS + xt. - TSS« Tk

where SSS is the subject sum of squares and TSS is the treatment

sum of squares.

Dik lotyoeece ese deere

As a check:

Direct effects(unadjusted) + Residual effects(adjusted)

= Direct effects(adjusted) + Residual effects(unadjusted).

Similarly for subjects and residuals.

EMS = TSS -Zp, P; - 28, 8, - 2b, emery Ey
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Chapter 15

Conclusions as to the Study of Single Latin-

square Designs in Change-over Experiments.
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1501 Conclusion.

Though this study concentrates on 4x4 and 5x5

Latin-square designs with residual effects existing for one

period only, the methods developed for the estimation of

parameter effects can be extended to Latin-squares of higher

order with residual effects persisting for any number of

periods.

The investigation of the Latin-square designs reveals

that the most efficient design for an even number of treatments

has a form where each treatment is preceded by a different

treatment on different occasions. (3, for such designs is a

matrix with diagonal elements equal to zero and off-diagonal

elements equal to 1.

For an odd number of treatments the pattern of the

most efficient design takes a form where each treatment is

preceded twice by one treatment, not at all by another

treatment and once by the remaining n-3 treatments (n being

the number of treatments). Due to the basic property of the

Latin-squares no treatment is followed by itself. (> for these

designs is a matrix with the diagonal elements equal to zero

and off-diagonal elements equal to O in one position, 4 an

n-3 positions and 2 in one position in each row and each column.

The dimension of (3 isnxne

The optimum or the most efficient design satisfies most of

the following conditions simultaneously.

(i) Minimum average variance of the differences between

two parameter estimates.
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(ii) Minimum variance of the linear components of the

parameter estimates.

(iii) Minimum generalised variance

,

(iv) Moximum determinant of X X.

The Latin-square designs where each treatment is

preceded by the same treatment on all occasions, known as

cyclic designs, are the most inefficient designs for measuring

both the residual and the treatment effects for all purposes.

The efficiency ratio of measuring the treatment effects

over residual effects existing for one period only has been

S

found to be equal to -5"
no=

-, which is dependent on n, the size
4

of the design. The ratio is equal to 1 when the existence

of the residual effects in period one is also included in the

basic assumption about residual effects in an experiment.
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402

enutqUoo

0014

oor2

0013

0014

0015

0016

0017

0018

0019

0020

0024

“0022

‘0023

0024

002s

0026

0027

0028

0ne9d

0030

0034

0052

0033

0034

0055

0036

0037

0038

0039

0040

0041

MASTER JUDE

DIMENSION A(576),W(576),R(576),C(576)

e-MATRICES OF VARIOUS DIMENSIONS ARE TO BE INVERTED

wenn THIS IS DONE USING AN ICL SCTENTEFIC SUBROUTINE, NAMELY,

Commences weno oF PMGEIN

CocwewwewnrneTHE ORIGINAL MATRIX 1S TO BE PRINTED AS TS THE INVERTED

Comm mwwwmrer mmm MATRIX

c

c

Cemwemern-READ IN THE NUMBER OF MATRICES TO BE INVERTED AND WRITE THE

Commwmoemnere ANSWER

READ(1,100) ntim

100 FORMAT(10)

WRITEC2, 200) NUM

200 FORMAT(1HO,SAHTHE NUMBER OF MATRICES TO BE INVERTED=, 12)

c

c

Cc

Coeree -FOR EACH MATRIX READ JN AND WRITE THE MATKEX NUMBER AS A

‘Coa mmm e HEADING

CoewewerseALSO READ IN AND WRITE THE DIMENSTON OF EACH MATRIX

Ce enwenALSO READ AND PKINT THE MATRICES BEFORE INVERSION

pO 30 L=1,NuM

WRITE (2,500)L

300 FORMATCAH4 esp SOK THMATRIX 4 12,/,50X,9HSzEBSSEES)

c

xtpueddy
z



goe

enutzu0o

onbe

0043

00646

0045

0046

00467

ON48

0049

0050

0054

0052

WARNING 193

0053

0054

0055

COMMENT 178

0056

0057

0058

0059

0060

0064

0062

0063

0064

0065

0066

0067

0068

0069

0070

READ(1,400)N,K

400 FORMAT(210)

WRITEC2,500)N,K

500 FORMAT(1HO,3IHTHE MATRIX TO BE INVERTED IS A cIHlelee1HeeT201H))

JJENWK

WRITE(2,700)

700 FORMAT(CTVHOs/ 1OX+23HMATRIX BEFORE INVERSION, / 10K sp 25He emer enw wn wnn
Yee nesennenn-,)

REDUNDANT COMMA TGNORED AT ABUIIT COLUMN 18, LINE 0052

00 20 Js1,N

READ(1,600) (ACI) + 15d edden)

600 FORMAT(1900F0,0)

1S THIS LARGE A REPEAT COUNT INTENDED AT ABNUT COLUMN 16, LINE 0055

20 © WRITEC2],800) (ACT) ,13d,d4,N)

600 FORMAT(1H ,26F5,1)

WRITE(2,900)

900 FORMAT(1H0)

c

c

QaemewnweeeWRITE OUT THE HEADING FUR THE INVERTED MATRIX

Cc.

c

WRITEC2,1000)

1000 FORMATCVHO./s1OX+ I SHINVERTED MATRIX, /,10K¢1 7Hewrwnennnmmnmm meme)

c

c

Comes SET N,E& AND A BEFORE CALLING ROUTINE

c AND CALL SUBROUTINE FPMGEIN



602

0071 ¢

0072 ER1E=5
0073 WRITEC2, 809)

0074 ¢

0075 CALL FPMGEIN(N, EAGT) .WO4) oT, IRANK/NRRD
0076 c

0077 Commmmnnn-CHECK FOR SINGULAR MATRIX

0078 TECNRR, EQ, 12R) WRITE C!Y,1100)
0079 1100 FORMAT(1H +S5SH#.N.B. THIS MATRIX IS SINGULAR,IT CAN NOT BE INVERTE

0080 2p #)

0081 TECNRR,NE,128)60 TO 1
0082 : 60 10 30

0083 ¢
0084 ¢

0085 ComeeweennWRITE OUT INVERTED MATRIX

0086 c

0087 1 DO 40N=1+N

0088 60) WRITEC2, 1200) CACTI LBD ed eND

0089 1200 FORMATCAHO,12F9.5/1Ke12F9.5)
0090 30 CONTINUE

0094 STOP

0092 END

END OF SEGMENT, LENGTH 218, NAME JUDE = WARNINGS



oLle

enutzu0o

0011

0012

0013

0014

0045

0016

0017

0018

0019

0020

0021

0022

0023

0024

0025

0026

0027

0028

9029

0030

0031

0032

0033

0034

0035

0036

0037

0038

0039

0040

MASTFR JUDE

DIMENSTON A(576) W576) BC 576) »RFINT(S76)

aon
(C-e---------MATRICES OF VARTOUS DIMENSIONS ARE TO BE 

INVERTED

c

Cone nn ene nnn---THIS 1S PONE USING AN ICL SCTENTIFIC SURROUTINE. NAMELYe
ween ene FPMGFIN

fi baae

c

(ccac-sncn=-THE ORIGINAL MATRIX IS TO BE PRINTED AS TS THE INVERTED
Conner nn -- MATRIX

c

c

(eene-----READ IN THE NUMBER OF MATRICFS TO RE INVERTED AND WRITE THE

Conner nnn ANSWER

READ(1.100)NUM

400 FORMATCTO)

WRITE (2,200) NIM

200 FORMAT(1HO,38HTHF NUMBER OF MATRICES TO BF INVERTFD=,12)
c

c

c

Co-------- FOR FACH MATRIX RFAD IN AND WRITE THE MATRIX NUMRBFR AS A

c= an ---- HEADING

C= =-ALSO READ IN AND WRITE THE DIMENSTON OF FACH MATRIX

(C---------ALSO READ AND PRINT THE MATRICES BFEFORF INVFRSTON
po 30 L=1,NUM

WRITE (22300)L

300 . FORMAT(1H1¢/¢59Xs 7HMATRIX 1201+ 50X,9HF=

II xppueddy



LL2

enuytzU0o

0041

0042

0043

0044

0045

0046

0047

0048

0049

0050

0051

0052

0053

WARNING

WARNING

0054

9055

9056

0057

COMMENT

WARNING

0058

0059

0060

0061

0062

9063

0064

0065

193

24

178

24

400

500

700

READ(1,400)N.K

FORMAT(210)

WRITE(2,500)N.K

FORMAT(1H0,31HTHE MATRIX TO BF INVERTED IS A ,1H6,T2¢1HeeT2e1H))

JJSSNeK

WRITE(2,700)

FORMAT(1HOe/410X+23HMATRIX BEFORE INVERSION, /,10Ks25Hm mmm wnnnnnnnn

REDUNDANT COMMA TGNORFD AT ABOUT COLUMN 18, LINF 0052

REDUNDANT COMMA IGNORED AT ABOUT COLUMN 18, LINF 0052

SUPERFLUOUS CHARACTER(S) IGNORED AT ABOUT COLUMN 19, LINF 0052

600

po 20 J=1eN

RFAD(1,600) CACTI ,THJ edd eND

FORMAT(1000F0.0)

1S THIS LARGE A REPFAT COUNT TNTENDED AT ABOUT COLUMN 16, LINE 9055

1S THIS LARGE A REPFAT COUNT INTENDED AT ABOUT COLUMN 16, LINF 9056

SUPERFLUOUS CHARACTER(S) TGNORFD AT ABOUT COLUMN 21, LINE 0056

20

800 |

900

¢

50

WRITE(2,800) CACTI), THdedIeN)

FORMAT(1H 424F5.1)

WRITF(2,900)

FORMAT(1HO0)

DO 50 T =1eJdd

B(I) = ACT)

CONTINUE



ele

enutTquoS

0066

0067

0068

0069

0070

0071

0072

0073

0074

0075

0076

0077

0078

0079

0080

0081

0082:

0083

0084

0085

0086

0087

0088

0089

0090

0091

0092

0093

0094

0095

CALL F4DETCBsNs JJeD, IN, REINTCIT)

IFCIT.£Q.9)GO TO 2

WRITE(2,1300)

1300 FORMATC(1H «91H® NB. THIS MATRIX IS SINGULAR.TTS DETERMINANT CAN N

10T BF CALCULATED NOR CAN TT BE INVERTED)

GO TO 30

2 DFTB = D * 2.0 ** ID

_ WRITE (241400) DETB

1400 FORMAT(1H +» 37HDETERMINANT OF ORIGINAL MATRIX TS = 24F11.5¢/438(4H=

4))

c

Coeeneen--WRITE OUT THE HEADING FOR THE INVERTED MATRIX

c

C

WRITFE(2,1000)

1000 FORMAT(1HO,/-610X,15HINVERTED MATRIX 6 /610X 01 THewnmnmnen nen nnnennn)
c

ic

Cees SFT NeF AND A BFFORF CALLING ROUTINE

c AND CALL SUBROUTINE FPMGFIN

c

FETe-5

VRITE(2,800)

c

CALL FPMGFINCON,F6A(1),W(1) eDETs TRANK/NRR)

fc

C---------CHECK FOR SINGULAR MATRIX

TFONRRL EQ, 128)WRITEC2,1100)

1100 FORMAT(1H «5S5H®.N.B. THIS MATRIX TS SINGULAR. TT CAN NOT BF INVERTF

2n *)



ere

0096"

0097

0098

0099

0100

0101

0102

0103

0104

0105

0106

0107

- 0108

0109

0110

0111

0112

0113

0114

0115

0116

0117

FND OF SEGMENT,

IFCNRR.NF.128)GO TO 1

60 TO 30

c

c

Cae-e-----WRITE OUT INVERTED MATRIX

c

1 DO 40J=1.N

40 WRITE( 2.1200) (ACT) Tadeo dd aNd

4200 FORMAT(1H0,12F9.5/1X412F9.5)

CALL F4DETCA Ne JJ eDeTDeREINTSIT)
IFCIT.FQ.09GO TO 3

WRITE(2,1500)

1500 FORMAT(1H ,68H*® NB. THIS MATRIX TS SINGULAR.-TTS

i 4.0T BF CALCULATED)

GO TO 30

3 DETB = 0 * 2.0 ** IN

WRITE(2,1600)NFTR

1600 FORMAT(1H0,.37HDETFRMINANT OF INVERTED MATRIX TS =

1))

30 - CONTINUE

stop

END

LENGTH 332, NAME JUDE = WARNINGS

DETERMINANT CAN N

teF11. See SRCVHE




