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ABSTRACT

The seriousness of the rotor vibration problem demands a reasonably accurate
knowledge of natural frequencies and their mode shapes at the design stage.
This thesis is concerned with the vibrational characteristics of rotor blades of
complex geometrical configurations. A discreteelement method is developed
to study the vibrational characteristics of both rotating and non-rotating rotor
blades, which includes complexities such as pretwist angle, shear centre being
off-set from centroid, variable mass densities and abrupt changes in blade

geometry like sweep back.

The blade is idealised into a number of discreteelements and the theory is
developed along the engineering beam theory. Both flapping loads and centrifugal
loads are taken into consideration. The unit load method is used in developing

the flexibility matrix. The loads are assembled to form an eigenvalue problem.
A programme called VTRI was written in Fortran IV language and this programme
makes use of the library subroutines for establishing the eigenvalues and eigen -
vectors of the dynamic matrix. On the University ICL 1905 computer the
programme uses 46K of core storage. A maximum run time of 3 minutes and

34 seconds was needed for a ten element idealisation.

In total 62 different cases were run on the computer to include as many variations as
possible and the natural modes of vibration and the mode shapes established.
Comparison with known exact solutions and other investigators’ results, where
available, shows the accuracy to be good, especially for the lower modes. A
considerable increase in accuracy of results has been achieved when the number of
elements was increased to 20. The accuracy of the technique with respect to
frequency and mode shapes and the results obtained have been encouraging. A

few concluding remarks have been presented and certain suggestions were indicated

for future work.
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INTRODUCTION

Helicopter blades are subject to numerous vibration and flutter problems. Turbine
and compressor blades fail frequently because of some vibration phenomena. The
failure of rotor blades due to fatigue has led to an increased interest in the study
of the vibrations of these blades. The seriousness of the rotor vibration problem
necessitates a fairly accurate knowledge of the natural frequencies of vibration at
the design stage. It is,consequently, desirable that efficient means be available
for the estimation of these frequencies. There is, therefore, much interest in the
development of deformation theory which is fundamental in the structural and

dynamical analysis of these problems.

Two main areas of helicopter rotor dynamical research concern forced response

of the blades to time varying loads, and the aeromechanical stability of the aircraft.
Both these problem areas show an unusual degree of sensitivity of the analysis to
ﬁha structural assumptions and indicate that greater attention must be paid to the
analysis of the normal modes of the system. Present design trends of high speed
aireraft have created a number of difficult fundamental structural problems for the
engineers in aeroelasticity and structural dynamics. The chief problem in this
category is to predict for a given elastic structure, a comprehensive set of load-
deflection relations which can serve as structural basis for dynamic load

caleulations and theoretical analysis of elastic effects on stability.

Propeller blades have become larger and thinner particularly in connection with
aircraft designed for vertical short take-off and landing and as a consequence are
more and more susceptible to vibration and flutter problems. Solution of the
structural and aeroelastic problems associated with such blades requires
understanding of their dynamic behaviour in the very high centrifugal force field.
The structural problems of these blades have become more acute in almost every

phase of aeronautical engineering application.

Turbines and compressors also face identical problems offering a wide range of
challenging research work. Turbine and compressor blade design, like helicopter
blade design, covers a large scope of engineering knowledge involving the

co-operative efforts of engineers in several scientific fields such as fluid flow,

heat transfer, structures, strength of materials and vibration.
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In a theoretical study it is customary to consider the rotor blades as cantilever
beams. The determination of the theoretical vibrational characteristics of straight
arbitrary shaped cantilever beams, and in particular rectangular cross section
cantilever beams, has been extensively investigated. In simple cases like
rectangular cross section cantilever beams, it is usual to assume that flapwise,

chordwise and torsional deformations are mechanically decoupled.

However, the type of blades used in practice have initial pretwist, variable stiffness,
variable mass per unit length, centre of shear being off-set from centre of gravity,
and sweep back at the tip. The blades are also subject to centrifugal forces, shear
deformation, coriolis forces etc. Although many theories on blade deformation
exist, these theories either neglect some of the factors of concern or treat them

only approximately.

The determination of natural frequencies of pretwisted cantilever beams has received
increasing interest in recent years due to the direct application to aircraft propellers.
The comparitively recent development of the gas turbine has necessitated the use of
pretwisted blading in the turbo-compressor and the turbine unit. The analysis of

a twisted beam poses certain added complications over that of an untwisted beam due
to the geometry of the structure. It has also introduced new aerodynamical and
structural problems demanding the attention of engineers. When a beam is twisted,
vibrations in flapwise and chordwise directions no longer take place independently.
They hecome\ coupled together and give rise to complex modes and execute

simultaneous vibration about both principal axes (bending-bending coupled vibration).

For example, a blade of rectangular cross section without any pretwist has two
different flexural rigidities about principal axes. When the blade is twisted the
flexural rigidity in one direction increases while the flexural rigidity in the other
direction decreases. This results in an increase in the frequency of vibration when
the predominating component of the mode shape is in the stiffened direction; and a
decrease in the frequency when the predominating component of mode shape is in the
weakened direction. Thus the frequencies of the two modes tend fo approach each
other as the rate of pretwist with length increases.

It should be also remarked that the inclusion of torsional deformation complicates
the effects of pretwist and rotation considerably. There may be a sizeable steady
state or 'pseudo static' torsional deformation of the rotating blade. This is due to
the centrifugal twisting moment which,in the case of a pretwisted blade, tends to

n
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twist the blade negatively; and this is also due to the twisting moment associated
with tensile siress in the longitudinal fibres. (This phenomenon is sometimes called
the centrifugal untwisting moment). These two effects oppose each other in the
normal case. The extent to which one or the other predominates depends primarily
upon the amount of pretwist of the blade. As the normal modes of motion and
associated natural frequencies of vibration depend on the magnitude of the pretwist
angle, the theoretical analysis of pretwisted beams is, therefore, of considerable

importance.

Recently the swept back wing and rotor has become popular with aireraft designers.
It is generally recognised that in a swept back rotor, the interaction between bending
and torsion may greatly affect the modes and frequencies of vibration. The problem
is further complicated if pretwist is also present in the swept back structures; and

careful examination is, therefore, essential.

Generally, in the case of complicated structures there are three types of coupling
that need to be considered:

(a) coupling between bending and torsion;

(h) coupling between bending in two directions;

(e) coupling between bending in two directions and torsion.

The importance of the inclusion of other aspects such as offset of shear centre from
centre of gravity, Coriolis forces, shear deformation, variable mass per unit length
is well known. It is remarked that the inclusion of these factors complicates the

theoretical analysis of natural frequencies and their mode shapes.

The purpose of the present work is to study the vibrational characteristics, by
developing a discrete element method which would include both rotating and non-
rotating cases of rotor blades and to investigate the effects of pretwist; sweep bacls;
offset of shear centre from centre of gravity; variable stiffness and mass densities

per unit length.

A review of previous works and the scope of the present investigation is presented
in Section 2. The theoretical anlaysis is carried out in Section 3. This section is

subdivided in to eight groups as follows:

(a) general conventions
(b) direction cosines
(c) flexibility matrix

(d) flapping loads
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(e} centrifugal loads
(f) unit loads
(g) eigenvalue problem, and

(h) programming.

Section 4 deals with the discussion of results. Several known results were compared
with the computed results. Conclusions are presented in Section 5 followed by

certain indications for future work in the last section.
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REVIEW OF PREVIOUS WORKS AND SCOPE OF PRESENT INVESTIGATION

The seriousness of rotor vibration has led to considerable interest in the analysis

of helicopter, turbine and compressor blade vibrational characteristics. Many
research scholars concentrated on the geometrical shape of the cross sectional area
of the rotor blade, such as rectangular, circular, aerofoil, cubical -oval, etc,

Some other authors carried out extensive research work on imposed geometrical
conditions such as pretwist, taper, offset shear centre, variable second moment

of area, sweep back, etc. Their investigations included one or some of the dynamical
load characteristics such as flapping loads, centrifugal loads, Coriolis forces, shear
deformation, aerodynamic loads, ete. Different theoretical processes available for
a designer, include Rayleigh's method, Rayleigh-Ritz method, Ritz-Galerkin,
Holzer, Stodola, Myklestad, Prohl, Finite difference, Finite element, Matrix
iteration, Transformation and Numerical methods, amongst others. The choice of a
particular method or a combination of different methods, depends upon the load

conditions and knowledge and experience of the designer in these methods.

A bibliography is presented, arranged alphabetically by authors. Any references to
the authors in the discussions are indicated by the author's name and or serial

number in the bibliography.

The effect of pretwist on rotor blade vibration, received by far the most attention of
many authors. In the case of a straight rectangular cross section beam, the bending
vibrations in the two perpendicular principal planes occur independently as well as an
independent torsional vibration. Initial pretwist of a rectangular cross section beam
causes the two independent bending vibrations to couple together resulting in a
vibration of the bending-bending type, but the torsional vibration remains uncoupled.
When a straight beam of asymmetrical aerofoil cross section, is subjected to
vibrating movement the motion consists of simultaneous displacements in two
perpendicular directions coupled with torsion. This is referred to as bending-
bending-torsion vibration and each normal mode consists of simultaneous bending
displacements in two perpendicular directions together with torsional movement.

The initial pretwist of beams of asymmetrical aerofoil cross section will affect the
values of the natural frequencies but the vibration will still be of the bending-bending-
torsion type.



Many investigators have worked on the vibrations of pretwisted beams of rectangular
cross section, whereas others concentrated on pretwisted beams of aerofoil cross
section. Some scholars have done work on the effect of pretwist on tapered beams,
and on dynamical effects like shear deformation, Coriolis forces, ete. Bogdanoff
and Horner (2) presented an account of how the torsional vibration of rotating bars
are influenced by the angular velocity - the amount of this influence being dependent
upon the base setting angle, the radius of the base and the pretwist. In this brief
note they presented numerical results on the influence of rotation on the first three
natural frequencies of a uniform fixed-free bar having different base setting angles
and constant pretwist rates. They have also given an approximate formula for the
fundamental frequency of such bars and the total pretwist does not exceed 450.
Although this work treated pretwist cases, the main concentration was on the base
setting angle and is applicable only to torsional vibration cases, up to 459 pretwist

angle.

Carnegie, (6) and (7), developed a static bending theory of pretwisted cantilever
blading. This has been done by the application of calculus of variation, equations
have been established, fulfilling the requirements for stationary values of potential
energy and hence for equilibrium of pretwisted cantilever blades subjected to either
single concentrated or uniformly distributed lateral loading. He treated cases where
the pretwist is up to 909, He extended his static bending theory to develop equations
for vibrations of pretwisted cantilever blading, the object being mainly to study

the effect of pretwist on the natural frequencies. He used two theoretical approaches,
the first one involving a direct solution of differential equations of motion and the
second one based on the well known Rayleigh's principle. However, he used the second
approach to derive the fundamental mode of lateral motion of rectangular and aerofoil
cross section cantilever bladings. He also carried out an extensive analysis of the
effect of pretwist on torsional stiffness and torsional frequencies. He justified the
use of Rayleigh's approach by conducting practical tests on rectangular and aerofoil
c¢ross section beams. For the modes of motion where theoretical solutions are
provided, reasonable agreement was shown to exist, between the calculated and
corresponding measured frequencies. Higher modes of theoretical frequencies on

the torsion side have been derived.

While analysing the coupling effects he has included the effects due to offset shear
centre although this effect has been shown as negligible. On examining his

experimental frequency curves of pretwisted rectangular cross section beams, the
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influence of pretwist is well appreciated. The second coupled frequency values

reduce with the increase in pretwist. A frequency doubling effect is shown to occur

on higher overtones as would be expected in a coupled system. The theoretical

and experimental torsional frequencies of rectangular cross section blades has been

analysed in some detail and established that the increase in stiffness of a system

without alteration of mass raises the frequency of vibration. He also spotted
frequeney doubling effects on third overtone beyond 60° pretwist angle. He has
presented a similar analysis on aerofoil cross section beams and his coneclusions
were as follows:

(a) the measured fundamental frequencies of transverse vibration of uniform
cantilever blades, both rectangular and aerofoil cross section, pretwisted
within the range of 0 to 90° show a slight increase of frequency.

(b) the experimentally determined higher overtone lateral frequencies of blades,
with both types of cross section, can be considerably affected by pretwist,
Certain modes show frequency doubling with the increase of pretwist.

(c) all the measured torsional frequencies, for blades of both cross sections,

show an increase with the increase of pretwist.

Carnegie and others (9) developed differential equations of motion for cantilever

beam having linear taper, offset shear centre and pretwist. They used a finite
difference approach in solving the problem, and compared their theoretical results
with experimental results. Although pretwist is also included in this work, their main

concentration was on the effects of taper on the vibrational characteristics.

Dawson (10) and (11) carried out research work on the vibrational characteristics

of straight and pretwisted cantilever beams of uniform rectangular and aerofoil

cross section. He developed a method known as transformation method to solve

the equations of motion. In short the method involves the reduction of the coupled
higher order differential equations to a set of simultaneous first order equations., A
set of simultaneous solutions of these equations is then obtained by Runge-Kutta

step by step integration. The process is an iteration type which relies on the repeated
assumptions of the value of normal mode frequency. The actual normal mode
frequency is eventually determined by extrapolation of the results. He used Rayleigh-
Ritz procedure to compare his results. The natural frequencies and mode shapes of
vibration were obtained up to fifth mode by both methods. He has also compared

his results with experimental results for both straight and pretwisted cases. Although

his method has been used by many investigators, prior knowledge of approximate



normal frequency is essential as subsequent iterations are based on the initially

assumed frequency.

Diprima and Handleman (12) set up equations of equilibrium for non-rotating

and rotating pretwisted rotor blades using vector representation of static
equilibrium. They used Rayleigh-Ritz principle to solve the equations using fourth
order polynomials as approximations to the dynamic displacement curves. The
fundamental frequencies only were obtained for a set of pretwisted beams of various
width to thickness ratios with pretwist angle up to 29°, Although they have indicated
another simpler method to derive a general condition for numerical analysis, no

results were produced to prove the same.

Dunholter (14) considered a uniform rectangular cross section cantilever beam with

an initial twist and developed a unique method of caleulating the first two natural
modes of frequencies. Basically he used Rayleigh's energy method and also calculated
the static displacements in the two principal axes directions. Many authors quoted

his method for comparing their results. However, this method is valid only for

small values of the rate of twist angle.

Houbolt and Brooks (18) developed differential equations of motion for the lateral
and torsional deformations of twisted rotating beams for application to helicopter
rotor and propeller blades. Although the motion of the blades of a helicopter has
been modelled before, their work is well appreciated by many authors. Their work
is valuable because, they established a system of linear differential equations of
greater accuracy than before, they chose a system of analysis which is easily
extended and they indicated and demonstrated how the complex analysis can be
verified, Their work formed a basis for many later research scholars. The
extention of their theory found its way not only in helicopter rotors, but also in

turbine and compressor blades and other types of structures.

They treated the coupled bending in two directions and torsion of a twisted rotating
blade where the elastic axes and mass axis are not necessarily coincident, The
development was made along the principles of engineering beam theory (EBT) and
differential equations of motion have been derived for blades under the action of
various loads. They have included Coriolis forces in their analysis but neglected
shear deformation. They developed equation for longitudinal strain at any point

in terms of displacement and internal elastic moments are established. Subsequently

the equilibrium expressions for the moments are derived including the body forces
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and applied loadings. They treated several sub cases of the general theory. Although
they have indieated two methods of solution, one using Galerkin type procedure
and the other Rayleigh-Ritz procedure, they have not produced results to check

their work.

Eisakson and Eisley (20) aimed to develop a simple approximate procedure for the
rapid estimation of natural frequencies of blade vibration. They considered the
effect of twist on the natural frequencies of uniform and tapered non-rotating blades;
and also the effect of twist on the natural frequencies of rotating blades. Both
cantilevers and articulated blades were consider ed. Offset of the root support
from the axis of rotation is also included in the analysis. The Rayleigh-Southwell
procedure for determining the effect of rotation on natural frequencies has been
used with respect to twisted rotating blades and found to provide a useful

approximation, only in certain cases.

However, they have subsequently developed (21) a Holzer- Myklestad type of procedure,
using a matrix formulation, for the determination of the natural frequencies of a
pretwisted rotating blade in coupled bending and torsion. Their study is oriented

on the effect of centrifugal force coupling in bending and torsional vibrations and
non-rotating beams are treated as a special case. They have investigated the effects
of Coriolis forces and the non linear effects of large angular displacements, at length,
They have used Houbolt and Brooks' (18) analysis as a basis for the development of
their work, No comparison is made to prove their theoretical results and mode

shapes were presented only for certain cases.

Jarrett and Warner (22) extended the Myklestad's adoption of Holzer method of
calculating natural frequencies and mode shapes of systems to the case of a twisted-
tapered blade with certain elastic constraints. The details of solution are so
arranged that the bulk of the numerical work could be carried out with basic
mathematical knowledge. This extension makes possible the evaluation of the effect
of rotation of a beam on a radial line, of certain elastic constraints such as the
lashing wires and shrouding used on turbine blades, and of coupling between the
torsional and flexural vibrations. In this paper, however, the effects of coupling
between the torsional and flexural vibrations were not considered. The basic
differential equations were solved by the tabular method due to Holzer. They

calculated frequencies up to third mode and compared with experimental results.
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Mendalson and Gendler (29) developed a method for determining the coupled

modes and frequencies of non uniform twisted cantilever beams with a particular
interest to study the effect of pretwist on the vibrational frequencies. The

method is based on the use of station functions incorporated in which are the
advantages of the contin;ipus—functiou deflections of the Rayleigh-Ritz and Stodola
methods together with the advantages of the finite number of degrees of freedom of
the influence coefficient method. They compared their results with an exact solution
of differential equations of equilibrium of the system. They determined the first
three natural frequencies of a rectangular beam of width to thickness ratio 12:1

for pretwist angles in the range of 0 to 60°. Experimental results were obtained for
the first two natural frequencies and compared to the theoretical results. The
mode shapes of vibration were not, however, presented. Their method has a

disadvantage in that the moments are incorrect for finite rates of pretwist.

Montoya (30) developed differential equations of motion of a large turbine blade

which has the peculiarity of being highly twisted. He treated the blade as a rod and
introduced classic formula for bending and torsional vibrations and considered
interaction between the bending and torsional vibrations. His method included
certain higher order effects and the equations of motion were solved by a method
gimilar to the transformation method developed by Dawson (10). Natural frequencies
were obtained up to seventh mode of vibration for an actual turbine blade of tapered
aerofoil cross section and 72 cms long. The theoretical natural frequencies were
shown to give satisfactory agreement with experimental results, the maximum error
up to fifth mode being 7% at the fifth mode.

In his theory he allowed for offset shear centre, varying cross section and high rate
of pretwist. Unfortunately, neither theoretical or experimental results were

presented for the mode shapes of vibration which limits the value of the work.

Rosard (39) determined the experimental natural frequencies for beams of width to
thickness ratios in the range 4:1 to 12:1 and pretwist angle up to 40°. The results
were compared to the theoretical results determined by Myklestad method.
Caleulated mode shapes were presented for the first three modes of vibration of an
8:1 width to thickness ratio beam with a pretwist angle of 40°%. In his experimental
analysis, the methods of excitation and vibration detection were not very refined and
the accuracy of the experimental results is open to doubt. However, in his analysis
he quoted an interesting definition which states "if two vibrating systems having
nearly equal natural frequencies are coupled together, the resulting system has one
natural frequency below the lower uncoupled frequency and one natural frequency

‘above the higher uncoupled frequency'.
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In the beam vibration problem, the vibrating systems involved are the second
mode vibration in the flexible direction and the first mode vibration in the stiff

direction.

Sobey (41) has examined the motion of flexible helicopter blade in torsion-fluxure
when rotating about a fixed shaft. The influence of pretwist, shear deformation,
rotary inertia (coriolis), taper and coning has been included. He used Houbolt
and Brooks'(18) equations as basis and derived equations for steady coning and

the perturbed motion about steady coning.

An alternative presentation in finite element form has been considered, leading to

a classical linear algebraic eigenvalue problem. However, he has not presented a
solution technique. Although his work includes a number of higher order,terms
which complicated the equations, it does not seem to be suitable for easy solufions,
Moreover, in the absence of any results for comparison, it could be not appreciated
very much, Even though his work is a complex one , it can be considered as a

useful analysis.

The author of the present investigation, in his previous research work (42)
considered the effect of second order terms with particular reference to cubical oval
eross section beams. The differential equations of motion allowing for higher order
terms were derived based on the works of Houbolt and Brooks (18). The differential
equations of motion were solved by transformation method (10). The natural
frequencies of vibration up to third mode have been calculated for beams of equivalent
width to thickness ratios of 15.7:1 and 7.9:1 and pretwist angles in the range 0 to 90°.
The theoretical results both with and without second order terms were compared

with the experimental results obtained on sets of machined cubical oval eross section

pretwisted beams.

In the WADC technical report (46) a corollary analytic theory has been developed,
in order to more fully understand the results of an experimental programme
investigating the dynamic behaviour of propeller blades rotating in vacua. The
method permits the computation of the natural modes and frequencies of twisted
rotating beams and employs a mathematics and symbology easily comprehended by

the average vibration engineer.

The factors affecting the vibrational characteristics of asymmetrical cross section
beams can be well appreciated by studying the equations of motion which normally
contain coupling terms. These coupling terms invariably depend upon the

co-ordinates of shear centre relative to the centre of gravity of the cross section
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of the blade. Complete solution of equations, therefore, requires a knowledge
of shear centre and its co-ordinates. Different terms have been used by different
authors such as centre of shear, flexural centre and centre of flexure, to define

the shear centre. Also different definitions have been given by different authors.

The question of shear centre has been well analysed in various text books.
However, the definition used by Carnegie (8) iz well received and is quoted below:

"When a cantilever blade of elastic material is supported rigidly at the root and
loaded at the free end with a concentrated load normal to the longitudinal axis,

then in general, lateral displacement and twist of normal cross sections relative

to one another will occur. Application of the load at one particular point in the free
end cross section (considered not to distort) will not cause twist and this point is
defined as the shear centre of that cross section. When a blade is subjected to
distributed transverse loads, the shear centre may depend on the load distribution,
but for a long blade the dependence will not be appreciable.

It is usual to assume that for a uniform cantilever beam the locus of the shear centre
is a straight line parallel to the centroidal axis. Some authors considered that

the locus of shear centre need not be a straight line but depends on the load
conditions and load distribution. This locus is also referred to as the shear centre
axis or flexural axis. Many authors have assumed that the shear centre axis and
centroidal axis are coincident mainly because the variation in normal frequencies

is negligible. However, the mode shapes of these frequencies indicate that coupling

takes place between torsional and flexural modes.

In his research works (6) and (7), Carnegie has included the effects of offset between
centroid and shear centre and developed a more general equation, although this

effect has been shown negligible. He also presented (8) a useful work explaining

the experimental determination of the shear centre and torsion centre co-ordinates

of an asymmetrical aerofoil cross section.

Carnegie and others (9) have included the offset effect of the shear centre in their
paper. Although this paper concentrates on the taper of a cantilever blade, the
coupling effects due to the offset distance between shear centre and centroid are well
established.

Dawson (10) concluded that the effect upon the natural frequencies and mode shapes,
of variation in the value of the shear centre co-ordinates is considerable and also
emphasised that the calculation of the natural frequencies and mode shapes of
vibration of asymmetrical beams, neglecting coupling with torsion or with inaccurate
values of shear centre co-ordinates could result in errors. His work (11) on the

vibration of a straight asymmetrical aerofoil section blade also includes the effect
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of shear centre offset.

Duncan, Ellis and Seruton (15) gave a similar definition to that of Carnegie (8)

for shear centre and argued that in an ideal case of rigid cantilever the shear
centre and torsion centre must coincide. If transverse loads are applied to a beam
which has an asymmetric cross section then flexure will occur followed by forsion.
Long ago this torsional problem was assumed to be covered by the theory of

St Venant which predicted the shear stress distribution and the angle of twist of a
beam under torsion. The assumptions were that the torque along the beam was
constant i.e. equal and opposite couples applied at each end; that these couples were
also the resultants of shear stresses distribut ed over every cross section of the
beam, and that the end sections are free to warp. Analysis based on this theory

is known as St Venant's torsion. Duncan and others (15) derived a formula for
shear centre of a blade with one axis of symmetry (cubical oval), based on

St Venant's theory. The accuracy of the above theory is verified by the authors (15)
by experimentally determining the co-ordinates of shear centre of cubical oval

cross section.

In their work Houbolt and Brooks (18) started in their analysis with the assumption
that centroidal axis and shear centre axis are not coincident. Their theory
contributed much towards the coupling effect due to the offset between centroid and

shear centre.

Eisakson and Eisley (20) and (21) also included the offset effect of shear centre in
their semi-matrix approach and used a Holzer-Myklestad type of procedure for

solving.

Montoya (30) has also studied the effect of shear centre offset from c.g and
compared his theoretical results with the experimental ones. D. Morrison (31)
tried to prove logically that shear centre and torsion centre are one and the same.
He argued that for a rational calculation of coupled flexural and torsional vibration
of blades, it is necessary to define a point, characteristic of each blade section
such that a pure twisting couple applied to the blade will cause relative twisting
about the defined point (the torsion centre). By reciprocal theorem, it can be
argued that the application of a shear load with resultant passing through this point

will give no twisting of the blade and the point is, therefore, also the shear centre.

Osgood (35) discussed the relevance of Poisson's ratic in determining the

co-ordinates of shear centre, at length and produced a unique definition for shear
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centre for any cross section, His definition is as follows:

"shear centre may be defined as that point of the cross section (xF - yF} through
which the load must act in order that no twist shall occur along the line

X=Xp ¥= yF'.’
Sobey (41) and the author (of the present investigation) in his previous work (42)

have also analysed the effect of shear centre offset.

Many authors have tried to establish approximate methods of rotating blades.
Although no exact theory is available most of these works contribute in one way or

another towards better approach of a rotating blade.

Bogdanoff and Horner (2) in their brief note presented numerical results on the
influence of rotation on the first three natural frequencies of a uniform fixed-free
bar and constant pretwist rates. However, their work is limited to torsional

vibration only.

Houbolt and Brooks (18) presented a useful analysis wherein centrifugal force
coupling is discussed at length, which formed a useful basis for many authors;

(20), (21), (41), etc. Jarrett and Warner (22) used Holzer-Myklestad type of
caleulating natural frequencies and mode shapes of rotating, twisted tapered beams.
However, they did not consider the effects of coupling between the torsional and

flexural vibrations.

Montoya (30) developed a classical analysis which includes centrifugal force
components amongst other higher order terms. He analysed the effect of centrifugal
force, on a specially designed apparatus. Although he has not produced any results
for comparison he has presented the variation of first two normal frequencies with
the speed of rotation, in the form of graph. However, no mode shapes were
presented which limits the value of the work.

Niblett (33) calculated the lower natural frequencies of a simple rotating beam using
arbitrary modes and established that the frequencies can be obtained accurately using
comparitively few functions. He used two methods: one based on Lagrange and
Galerkin involving arbitrary modes which he thought is not accurate enough; and the
other based on Stodolas method. He compared his results with those for a non-
rotating beam and a rotating chain. However, his analysis has limitations, because

he considered only a case of simple beam of uniform mass and rigidity.

Ormiston and Hodges (34) analysed the stability characteristics of rotor blade flap-
lag oscillations in the hovering flight conditions. Their study is focused on the effects
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of pre-cone, variable elastic coupling, and the aerodynamics of induced flow.
Together with an improved perturbation analysis for deriving the equations,
these factors are shown to significantly influence the flap-lag stability
characteristics of hingeless rotor blades. In order to validate the approximate
rigid blade equations, elastic blade model equations are presented together with

comparitive solutions.

Prohl (37) presented a method for calculating vibration frequency and stresses

of a banded group of turbine blades. His method is an extension of Myklestad's
method. His contention is that blades should be considered in groups rather than

as individual cantilevers. He has also included a procedure for evaluating vibration

amplitude and stress at resonance.

Shulman (40) considered the problem of stability of the transient motion in the
flapping plane of a flexible helicopter rotor blade in forward flight. The

formulation of the problem considers two degrees of freedom, rigid flapping and
elastic bending. A new method of determining the transient stability of the motion
was developed, using the concept of stability number. It was shown that the

results obtained by inclusion of the elastic degree of freedom agree with experimental
results to a much larger extent than was achieved by analysis neglecting blade
flexibility.

Sobey (41) has examined the motion of flexible helicopter blade in torsion-flexure
when rotating about a fixed shaft and included many aspects such as coriolis forces,
plan form variation, conning, etc., in his analysis. However, no results are

shown to appreciate his work.

WADC technical report (46) investigates the dynamical behaviour of propeller
blades in vacua. A complete derivation of the method is given and some numerical
results were presented for cases where experimental comparison can be made, A

high degree of accuracy is indicated.

Weaver and Prohl (47) considered the design of short and medium-height steam
turbine buckets, with reference to the possibility of resonant vibration at the
frequency of passing nozzles. Particular attention has been given to the design
problems involved in marine applications. Calculated results were pre sented and

discussed with relation to their influence on blade design.

Some authors have considered the relevance of taper in a blade, variable mass
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density and variable second moment of area of cross section to the vibrational
characteristics. Carnegie and others (9) derived general equations of dynamic
motion for rectangular cross section blades with pretwist and taper. From

these equations, frequencies and mode shapes for various degrees of taper and
pretwist over a range of 0 to 90° have been calculated using finite difference approach.
They also described a series of experimental investigations on the vibrations of
tapered blades with and without pretwist. Myklestad (32) produced a simple
tabular method of calculating deflections and influence coefficients of beams. In
his later works he extended his method to include vibrational problems of complex
gtructures. His method of finding deflection curves and influence coefficients

can be easily applied to cantilever beams and to simple beams with or without
overhangs . His method assumes that the beam itself is weightless and carries a
finite number of concentrated forces. Although his method is somewhat tedious,
owing to the acceptability many investigators used his approach. Myklestad's
tabular method is perhaps the most successful method of determining the natural
frequencies of non uniform beams. The method is used successfully in the
vibration analysis of airplane wings, fuselages, bridges, critical speeds of shafts,
and so forth, The uniqueness of the method lies in the fact that the shape of the
vibration curve need not be assumed and higher modes of vibration are obtained
readily. The stiffness coefficients for each section of the beam are determined
from the actual stiffness curve of the beam by area moment principle. The
geometric and equilibrium equations are then transformed to a tabular computational
scheme. The tedious calculations in his method can be easily overcome by matrix

methods.

Some authors have included (22), (26), (30), (41), (45) the study of non uniform
beams in their investigations. Some investigators considered the effect of coriolis
forces otherwise known as 'secondary inertia' forces associated with the combined
vibrational and rotational motion which introduces a phase difference between the
bending and torsional vibration. Although the effect is considered negligible,
inclusion of this force in the investigations improves the scope, Houbolt and
Brooks (18), Dawson (10), Montoya (30) and Eisakson and Eisley (21) have
analysed this effect.

Fisakson and Eisley (21) investigated the effects of Coriolis forces and other non
linear effects at length., They constructed a simple model and produced numerical
results to indicate that the coriolis forces may introduce substantial phase
differences between bending and torsional vibration.
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Another effect which is usually omitted is the shear deformation. This is not
very important in the cases of long beams, but should not be ignored for the
shorter and stubby beams. In practice, most of the blades considered for analysis

are thinner and longer.

The papers presented by Argyris (1), Doolin (13) and Hopkin (17) are of general
nature. Argyris reviewed critically on the analysis of complex elastic structures
and stressed upon the importance of matrix methods. His general survey included
some important papers on matrix analysis. Doolin's paper (13) is on the

application of matrix methods to co-ordinate transformations occurring in system
studies involving large motions of aircraft, Although his paper appears to be
complicated, it serves a very good purpose in showing the method and advantages of
matrix algebra in setting up the geometrical aspects of problems of airplane motion.
Hopkin's (17) work in five parts is a very useful general guide for designers in the
aerodynamics field. He produced a scheme of notation and nomenclature for

aircraft dynamics and associated aerodynamics.

Of late the discontinuities and sweep back are gaining some importance amongst
investigators. The analysis of these cases mainly involves estimating the

appropriate influence coefficients.

Levy (25) outlined a general method for computing influence coefficients using
Castiglano's theorem, together with a stress analysis of the airplane structure
based primarily on equilibrium conditions. It has been shown that, this method
is particularly suited to wings having discontinuities, cut-outs and sweep back.

A method is also suggested for the use of influence coefficients in computing by
iteration, the normal modes of vibration of an airplance as a free body in either
symmetric or anti-symmetric motion. Influence coefficients were computed for a
sweep back of 37° with a large cut-out. However, no results of normal modes of

vibration are given.

Targoff (43) developed the associated matrix of the bending vibration of beam. This
is combined with the forsional matrix to obtain an associated matrix of the coupled
vibration. By continued multiplications of the associated matrices of the successive
bheam sections a final matrix equation can be obtained relating the boundary
conditions on both ends of the vibrating beam. His approach could be successfully

used for beams with sweep back and discontinuities.
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7ahorski (50) obtained the frequencies and modes of free vibrations, coupled

in bending and twisting of a free-free, swept back, uniform beam, from the
differential equations of motion. The modes of vibration of a non uniform, swept
back wing were then defermined by Ritz method. The discussion of the methods
and various practical aspects of the analysis are presented irom an engineering

rather than a mathematical point of view,

Leckie and Lindberg (24) investigated the errors involved in using certain lumped
parameter methods for the solution of beam frequencies. They concluded that the
existing methods are not consistent for all boundary conditions. They also

formulated a new dynamic stiffness matrix, which they claim to give consistantly

good results even for a few elements.

Number of text books are available on general elastic and structural analysis,
to name a few, (3), (16), (23) and (44). Similarly scores of books are available on
matrix methods. Some of them are given in the bibliography, (27), (28), (36), (38).

In spite of the wide use of helicopters, the study of helicopter dynamics and
aerodynamics has always occupied a lower place. Only a few text books are available
on the helicopter study. This has been overcome by a recent publication by
Bramwell (4) namely "Helicopter Dynamics", which includes most recent
developments and will be useful not only to students but also to research
establishments.

Wilde (48) derived expressions for determining the blade mode shapes and
frequencies by applying Rayleigh's principle. He used a technique that the behaviour
of a rotating blade approaches that of a flexible chain in the cases of small stiffness,
so that the chain's motion can be exactly expressed by Legendre's differential
equation. He has also indicated a method to include the effect of an offset flapping
hinge and presented specimen calculations. His method converges rapidly and

ig ideal for rotor blades with constant mass and stiffness distribution.

Williams (49) developed a discretc element type of analysis, for a rotating beam.
He represented the actual structure by an idealised model having limited allowable
distributions of stress and strain, and established the bending modes of vibration
of rotating and non rotating beams. He initially restricted the bending moments to
vary linearly between selected nodal positions. Subsequently, to improve the
accuracy of solution a more sophisticated stress and deformation pattern has been

adopted. This has improved the accuracy significantly.
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The frequencies and normal mode shapes of the beam in free vibrations have

been obtained by using eigen value subroutines, similar to the library subroutines
used in the present investigation. He has used the unit load method to establish
the flexibility matrix and the bending deformation. He also considered variations
in his theory to include whether a beam is a built in rotor, hinged rotor, vibrating
beam or a chain. He compared his theoretical results with those of Niblatt (33)
and with standard exact solutions where possible.

The convergence and accuracy of his method is very encouraging, especially with
regard to the internal loading distribution in the beam, and the basic technique
has been adopted for the present work. In (49) the method was limited in its
application to include only bending effects for untwisted, straight beams with a
principal axis in the plane of rotation. The present work has extended the field
of application to the more general case to include the effects of pretwist, shear
centre position being offset from centroid, sweep back, variable mass densities,

ete.

The object of the present work is to study the vibrational characteristics of both

non rotating and rotating rotor blades of different geometrical configurations.

A rotor blade is idealised into a number of discreteelements and each discrete
element is assumed to have a uniform section so that the variations in the mass
distribution and bending stiffness could be approximated by step functions in the
analytical model. The displaced shape of the blade is defined in terms of the
displacements at the tip ends of the defined element lengths. The theory is developed
along the engineering beam theory (EBT) taking into consideration both flapping

loads and centrifugal loads.

Unit load method is used to derive the flexibility matrix. The loads are assembled
to form an eige nvalue problem, and standard library subroutines are used to

golve the eigenva lue problem.

The theory is flexible in the sense so many geometrical configuralions are built into
it, such as pretwist, shear centre being offset from centroid, variable cross section,
variable mass densities, sweep back, and the theory can be easily extended to

include Coriolis forces, shear deformation, ete.

Many investigators have omitted the Coriolis forces as their effect is considered
negligible. In the present work, also, these forces are omitted. In general, the

effects of shear deformation are negligible in comparison with those of bending
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deformation. For example, it can be shown for a rectangular section cantilever
beam of depth d and length 1, the tip deflection produced by a load at the tip is
proportional to 1/d due to shear and it is proportional to ﬂ/d)3 due to bending. For
a very short deep beam with depth equal to length (1/d = 1) the ratio of shear
deflection to bending deflection is 3/4. For a longer beam (say, 1/d = 10) the ratio
of shear deflection to bending deflection is reduced to 3/400. Since, most beams
used in practice are long in comparison to their depth, the shear effects may be
neglected with little loss in accuracy. In the present work also the shear

deformation is neglected, but could be easily included if necessary.

The conventional three deformations are included namely two deformations along
the two principal axes directions and the torsional deformation. Although it is
customary to exclude the deformation along the longitudinal axis, this has been
included in the present analysis (this is also some times called a pogo mode of
vibration).

Many parameters discussed in this section have been studied by different authors
using different approaches, but not all the effects being included in a single research
work., The nearest could be that of Houbolt and Brooks (18) by a differential
equation approach (but without results to check). In the present investigation, an
attempt has been made to include as many parameters as possible. Although

the theory developed in this work is for helicopter blades, this can be used for

turbine and compressor blades also.

The method was checked inttially with simple calculated results and then geometrical
complexities were analysed using the theoretical and practical results of different
authors, (6), (30), (49). A number of variations are considered to check the
results from different view points. (Section 4). The computed results are presented
up to fifth mode. A selected number of mode shape curves is also presented.
(Section 4).
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THEORETICAL CONSIDERATIONS

In continuum structures such as helicopter blades, aireraft wings and bodies,
turbine blades etc., the main design problem lies in the analysis of the
forces. Structural problems encountered in engineering design tend to be
inherently complex in nature. A real structure generally consists of an as semblage
of many parts. Geometry of individual components, as well as geometry of the
overall structure, is usually non uniform and otherwise irregular. As a result,
the true structure must generally be replaced by an idealised approximation, or
model, suitable for mathematical analysis. Many structural systems may be quite
adequately represented by models which can be solved by application of the equations

of static equilibrium.

The uge of matrices allows a systematization and simplification of the calculations
almost impossible under any other scheme. Matrix methods are based on the concept
of replacing the actual continuous structure by a mathematical model made up from
structural elements of finite size (also referred to as discreteelements) having
known elastic and inertial properties that can be expressed in matrix form. The
matrices representing these properties are considered as building blocks, which
when fitted together according to a set of rules derived from the theory of elasticity,
provide the static and dynamic properties of the actual structural system. The
properties of each element are calculated, using the theory of continuous elastic
media while the analysis of the entire structure is carried out for the assembly of

the individual structural elements.

Thus once the initial matrices are assembled the subsequent operations involve
merely elementary matrix algebra. As matrix theory will form the basic frame

of this research work, a collection of matrix expressions and operations is presented
in Appendix 2. What is more important, however, is that matrix formulation is the
ideal 'language' for the electronic digital computer and represents the most powerful
design tool in structural engineering.

Various methods of matrix structural analysis can be grouped into two basic methods
namely flexibility or virtual force method and stiffness or virtual displacement
method. The flexibility method is chosen for the current work. In general, the

flexibility method follows the order of flow mentioned hereunder.
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(a) Assessthe degree of static imdetermipacy of the structure.

(b) Choose the required number of umknown forces and set them to zero.
This pakes the structure statically determinate.

(¢) Calculate the displacements of the statically determinate structure
due to applied loads. AssesSthe errors in compatability and apply
the unknown forces one at a time and find the displacements,

(d) Set up equatioms of compatability in terms of the unknowns and
solve them. The force cistribution for the entire structure can
then be found by application of statics.

(e) Back substitute for displacements i necessary.

Generally the above process will require the influence or the flexibility characteristics
of the structure; that is, its displacements due to virtual or unit applied loads. As
the unit load theorem is widely used in the current work, an account on this theorem
is presented in Appendix 3. The theory flows natu rally from the very simple matrix
of the unit load theorem to an engineering system consisting of an assembly of
olements. The matrix formulation of structural analysis by the flexibility method
starts by setting up four matrices. They are:
(i) a rectangular matrix, the elements of which are stresses, statically
equivalent to unit external forces in the components of the system.
(i) a rectangular matrix, the elements of which are the stresses in the
components per unit static redundancies and zero external forces.
(iii)  a square matrix, the elements of which are the flexibilities of the
unassembled components for the prescribed pattern of stresses.
In dynamic problems with a discrete mass dis tribution there is a square
mass matrix, the elements of which may themselves be submatrices.

(iv) a column matrix of the prescribed displacement.

The theoretical analysis is carried out in the following steps.

{(a) General conventions explaining the definitions, assumptions and idealisation.
(b) Establishing the direction cosines between overall and local axes .

(e) Derivation of flexibility matrix.

(d) Establishing the flapping loads.

(e) Establishing the centrifugal loads.

(f) Establishing the unit loads.

(2) Forming the eige nvalue problem, and

(h) Programming.



3l

GENERAL CONVENTIONS

To start a discussion on force and displacement systems in the form of matrix

presentation, it is necessary to define the co-ordinate systems in which they may

be defined. Two types of rectangular cartesian co-ordinate systems are used mainly:

(a)
(b)

member or local axes co-ordinates (x,y, z) oriented along a member, and

global or overall axes co-ordinates (X, Y, Z) which are fixed with regard

to a specified origin and axis system for the entire structure.

In component notation a right handed co-ordinate convention is used in either case,

and these are presented diagramatically in Figure 1. The words 'loads' (forces)

and 'displacements' are used in a generalised sense to represent not only linear

forces and displacements, but also moments and rotational displacements. Loads

which are specified in local co-ordinates will be denoted by suffices of lower case

type, while the loads in global co-ordinates will be written using suffices in upper

case characters. Vector and matrix notation are used to represent forces and

moments and these are done by a bar (-) above the characters.

3.1.1 Definitions

Some of the basic definitions which are considered essential are presented here.

(a)

(b)

(c)

(d)

The shear force at any section is taken positive if the tip end tends to slide
upwards relative to the root end.
Usually positive bending moment gives tensile stress in the positive quadrant
of the axes.
The pretwist angle is defined by giving the direction of the local y axis (major
principal axis of the cross section). The angle of pretwist is measured in
the plane of the cross section between the local y axis and the line of intersection
of the XY plane with the plane of the cross section.
Location of the local y axis:
(i)  Reference direction y,.
A reference line will be defined by the intersection of the plane of the
cross section with the XY plane. The vector ylwill lie along this line
and have a positive component in the Y axis direction.
(i) The local y axis will be formed by rotating the ¥q vector about the
local x axis through an angle of [ in the positive right hand sense.
Note: to cover exceptional conditions such as the local x axis of a section
lying in the Z axis direction alternative definitions are used. (See
Section 3.2).
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(e) Positive directions are selected for the line through the shear centres and

for the angle of twist such that the rate of twist dB (p'") remains positive.
dx

Other definitions, if any, may be included while considering the individual sections.

3.1.2 Assumptions
The theory is developed on the basis that internal and external forces are in

equilibrium and along the principles of engineering beam theory and the following

assumptions apply:

(i) a linear relationship exists between applied loads and resulting displacements
of the structure so that the principle of superposition is valid.

(it) the material of the structure obeys Hook's law i.e. siress is proportional
to strain and must not be stressed beyond its elastic limit.

(iii} St Venant's principle applies. This is a reasonable assumption as long as
the beam is not too short and deep.

(iv) the maximum cross sectional dimension (e.g. chord) is small in comparigon
to the length of the blade.

(v) the equations of equilibrium are developed using the geometry of the

undeflected structural model assuming that the change in geometry due to
imposed deformation is negligible while considering flapping loads only.

However while considering the centrifugal loads the imposed deformation

is also takem imto account.
(vi) initially plane sections remain plane(applicable for end load stress only)

(vii)  the coriolis forces, so called 'secondary inertia forces' associated with the
combined vibrational and rotational motion introduce a phase difference
between bending and torsion al vibration. However, effects due to Coriolis
forces are assumed small and not included.

(vili) shear deformations other than St Venant's torsion are neglected. This is a

reasonable assumption except for short deep beams.
Other assumptions, if any, may be included while considering the individual sections,

3.1.3 Idealisation of the structure

The idealised blade will consist of a number of discretelengths. Each discrete
element is assumed to have a uniform section so that the variation of bending
stiffness and mass distribution in the actual blade will be approximated by step
functions in the analytical model. While idealising the structure the local x axis is
assumed to lie along the locus of shear centres and local y and z axes directions

are taken as the prineipal axes directions.
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The displaced shape of the blade will be defined in terms of the displacements
at the tip ends of the defined element lengths. The number of such displacements
defines the degrees of freedom. Three lateral displacements and a torsional

displacement are chosen to represent the displacements.

In actual practice, a rotor blade may have some or all of the following characteristics:

(a) pretwist of blade which couples the two bending modes of vibration.

(b) asymmetry of cross section and offset shear centre location with reference
to centre of gravity, which couples bending and torsion modes.

{c) variable cross section which alters the natural frequencies, from those of
uniform cross section.

(d) centrifugal loads which stiffen the blade.

(e) sweep back of blade which couples torsion, bending and longitudinal modes.

(f) steps, abrupt changes, and variable mass densities from one element o

another.
Allowance has been made to include all the above aspects in the present work.

The conditions of overall equilibrium of a structure are:
(a) the vector sum of the forces acting on the structure must be zero.
(b) the vector sum of the moments about any arbitrary point of the forces,

and moments acting on the structure must be zero.

If the forces are Pj (i = 1,2,3...) acting at point a; (X, Y, 2) (i =1,2,3....) and the
moments are Mj (i = 1,2,3...) and the moments are taken about an arbitrary point
b (X, Y, Z) then the following conditions apply:

b e TN OB L e UM R IR 5

F By R BB e iod ¢ oowosilinnasansnilB)

In component notation each of these single conditions becomes three conditions in
X, Y, Z directions as follows:

b 1;[x=o Sl s R e laieles S ebi /e o s Ta ne s A D)

B R P P S ST | 33

S Pio =0 e i en i Ses s s uaalh)
£{§1z(%Y-bY)-Piytsgz-bz)} +£MD; =0 vate vean seas e vias B
E{I_’ix (87 - byl = Bz uts b} + 21"_1_117 P e, (7)
${Piy @ajx - bx) - Pix 8y - by)} + 2N, 0 e SR (8)
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3.2 DIRECTION COSINES

The two systems of axes are defined in Section 3.1. The nodal points are located
with reference to global axes whereas many geometrical properties are defined with
reference to local axes. The built-in pretwist angle is defined in Section 3,1.1. It
is essential that calculations are carried out with reference to one system of axes.
The nodal points, loads and moments have to be resolved with reference to either
one system. In order to carry out this, the direction cosines between two co-ordinate
axes systems must be established. The two systems are presented in Figure 1

and 2a. The properties of the direction cosines between two orthogonal sets of

axes are presented in Appendix 1. The direction cosines of the two orthogonal axes

systems may be defined as follows:

X Y VA
X | 12 m n
y ly my ny ...... P e I A
Z 1; m, n,

However, because of the additional constraint imposed on a pretwisted structure, it
is essential to establish the direction cosines including this effect. This is done by
choosing an intermediate axes system x, y, z such that local ¥1 will lie in the plane
of the cross section and also in the X Y plane. The directions of the local (x,y, 2)
axes are then determined by rotating the intermediate axes about the local x axis

through angle P in the positive sense.

Defining the direction cosines of the intermediate axes for a general case as

| X P Z
x e my iy
¥ lyl myy N1 sibmaineuennanisnyis e L0)
7 17‘1 mzl lel

If two nodal points at element ends say A and B are located by the co-ordinates
Xy, Y1, Z; and Xy, Yy, Zg then the length AB is given by

Lap = [(X- Xp)® + (¥ - Yp)? + (2 - 2, ]* i AN el AL
and
L :(Yl_Yz)/LAB cscsssesssassane s 0 e e e e i e KL

Dy =(Z; - Zy)/Iyg
The reference direction y; is given by
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1x1y1+mxmy1+nxny1=o ..... R ] G, s )

2 % 5. B =
Ly” +myp® + gy Sl SR S o AN

Please see Appendix 1 also for orthogonal conditions.
By definition gy = 0 (in X Y plane) and myy > o

Equations (13) and (14) reduce to
P lyl Fmeme, =0

2
2 myy

1 =1

yl

From the above equations
e I !yl /my

1y12 X Ixz 1y12/mx2 =1
1?2 (@ +LE/mP) =1

This yields

- :m /12 +m 2}

) PR esisnssnnsisaseserine P S L

Sign will be decided by my1> o. In most foreseeable cases 1y will be > o giving
- 2 2
Iyl = =m,/(1,° + my )#
: e T it S iy e e e
myy = L/ (Ix® + m %)
Direction of local z, is orthogonal to x and y; giving
2

lplimy d+n, K £
my Ny
Iy

zZ K=1
I
A O T

| 1
(1x2 + mxz)a (1x2 & mx2}2

Expanding equation 18 and solving, yield the following results

la = -ngly /(5(2 3 mxz)%
1
my = mmy /7 s )
1
n,q - ﬂxz + mx2)§
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A set of direction cosines for the intermediate axes as a general case may, therefore,

be presented as follows:

|- X ¥ 7
X IX mx nx
L i I p
(]1(2 'H:':';'u:z)i ﬂ.xz +n%‘2)% S SR
“ “nyly -n,m, a2 + m&z)é
(lxz +m 2)% (13(2 + mxz)i‘ ]

This general transformation is acceptable for values of n, less than
Unity.There will be always difficulty with the singular case when ng
approaches Unity. From the computational peint of view this could be
stated as a limiting case for values of

( 1§ + mi ) 4 £ 1077 s R Eea A

To allow for the possibility of am exceptional condition such as the
local x axis lying in the Z axis direction ( n, = 1l ) alternative
directions are chosen. For the limiting case the transformation is

i 0 0 1|z
TRl e 1 ol|¢ (Tl et
k -1 0 of |

The best way of getting at this is to follow through a sequence of
local axes transformatioms at each of the noces upto that node at
which difficulty arises and adopt the above transformation for the
limiting case.
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A set of direction cosines for the present case may be written as follows:

X ¥ Z
x 0 0 I
y
1] 1 0
... (22)
z =1 0 0

The direction cosine subroutine is programmed in such a way that a

ppint out will show that an exceptional case has occué%d and alternative
direction cosines are uced.

On establishing the choice of the direction cosines of the intermediate axes, the
actual direction cosines are calculated by a suitable transformation matrix. This
is done by rotating the intermediate axes about the local x axis through angle B

in the positive sense. This rotation is represented in Fgure 2.b. The

transformation matrix is given by

1 o o
0 cos p sin p g e e aieaaeniaie (28]
o -sinp cos B
then
L. m B 1 ] 0 1l m n
X X X X X X
1.m % B 0 cos sil 1 n
y By By p. slap s B BAESORRER IO
1Z mz nz o -sinfs cosp lzl mz1 nzl
or
c - T G Pl EOEs

Thus the direction cosines between overall axes and local axes of any blade scct-
‘on are established. When the pretwist is absent the T matrix will become a unit

matrix.



3.2.1 Programming logic of Direction Cosines

The direction cosines established are used frequently in the calculations and hence
these are programmed profitably as a subroutine called 'COSN'. A call of this
subroutine (CALL COSN(I)) vields the required direction cosines of the member
considered (I). This subroutine is not only used to transfer co-ordinates from one
system of axes to another, but also used to transfer forces and moments from one
axes system to another. A logic of operation of this subroutine is presented in
Figure (3). While programming the matrices referred to in 3.2 (C, T, C,) are

given the following names:

Direction cosine matrix [ C] = [DRMT)
Pre multiplying matrix [T ] = [B™]

Direction cosines w*ithout]
ist effect
pretwist effee [(1]

3.3 DERIVATION OF FLEXIBILITY MATRIX

o]

The fundamental consideration in the matrix force method of analysis is the
determination of the flexibility properties of the structural elements. The
flexihility properties are determined by applying the unit load theorem. If an

elastic element is subject to a set of n forces

P - [p.E,P.ee.p ] Ja e i ]00)
and the corresponding displacements are denoted by
A = [AI. Az, AS........ An] SR T
then
A = TP e P,

where F is known as matrix of deflection influence coefficients otherwise
called as flexibility matrix. According to the unit load theorem

g il
P, A = ja‘Tadv comnwve (29)
v
where P, represents applied unit load matrix, g~ represents the matrix
of statically equivalent stresses due to unit loads and e is the exact strain matrix
due to applied forces F. For a linear system

e = REP i e 0}

where E represents the siress distribution factors.



Applying equation (30) in (29)

A = _f:FTEﬁJv P 11 )
I = v

or A - D e W Lo Ly 38 (32)
where F = [&= T g dyrepresents the flexibility matrix.

The flexibility matrix is derived with reference fo the local body axes dimensions
for a discrete element of uniform section under a constant rate of pretwist dp  ( p' )
The general conventions explained in 3.1 are applicable. In addition,

the following definitions and assumptions also apply:

(a) shear centre is offset fromthe centre of gravity of the cross sectional
area. ay and e, are co-ordinate positions of the c.g referred to local
axis through the shear centre. (Figure 4).

(b) Px is the end load positive tensile (away from the section). EBT will yield
x wise ¢nd load stress 6—x . This is caused by applied end load Px
and applied bending moment My and Mz (about c.g). Positive My and Mz.
will give positive tension in the positive quadrant. Positive Mx twists
the section nose up at tip end.

(c) The moments and end loads will vary linearly along the section so that the
distribution will be defined by giving values at the two ends. Displacements
are assumed small so that small displacement theory could be used.

(d) The resisting torque includes St Venant's type of torsional term which is
the same as would develop if the beam were initially untwisted.

(e) St Venant's shear distribution will balance the applied torque Mx' This
applied torque is about the shear centre.

(f) The torque distribution resulting from the end load distribution and from
the pretwist of the blade will be balanced by St Venant's stresses lo give a
zero resultant torque on the section. This approximation has been used

by many scholars.
(g) vy and z directions are taken as principal axes directions.

(h) Py Myq» Myl,and M
and Px.?' sz, Hyz,
(referted to principal axes at end 1).

21 are the loads at the tip end of an element

sz are the loads at the root end of an element

A typical blade element is shown in Figure (5a) indicating the loads.
The end loads le and sz
moments are about the shear centre.However, the bending moments

are through the c.g positions and x wise

Myl’ Mya, Hzl and Hza are about the c.g positions. A general stress
formula due to end load and applied bending moments is given by
~— - PX/A +Hy .z/Iy +Hz .y/Iz S S (33)
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where A is the cross sectional area and Iy and IZ are the prineipal second moments
of area; and v and z are measured from the c.g position. Asy and z are fo be

measured from shear centre position the stress formula is modified as follows:

e =Eﬂ » MyE-0g) Mu -8y M e (34)
A I 1
Y z

The directions of end load fibres due to pretwist are presented in Figures (ﬁbJand &c)

The slopes of the fibres are given by —g—x"lanﬂ %"’ and the rate of pretwist is given

by S_E = ( ig,' ). From the Flgures(5b)and(‘5c)

¢ = - 7 dB ISR (S35
W = v ds ey a0
UI = - z ds/dx v-----a-o-o(ST)
w! = y dB /dx il el 58

Therefore, the two slopes are given by:

diF ! Aoy o
" Zp a';md':ix =yp e R S |
Assuming that shear loads Sy and Sz act at ¢.s positions and considering a small

elemental area dydz the shear component of end load along fibre direction is given

by:
ds =03 dydz (40)
y u CEE R R R
and  ds, = -0z 4w dydz IO
dx
de =-d3y.z+dsz.y PR PR 1

For the element to be in equilibrium, St Venant's assumptions mentioned in (f)
must apply and compensating St Venants type of shear flows to give a zero overall
torque the following relationship is established:

stv.,. Yf zrdhg‘=o e eaiyesths)
Gl s L

Substituting the value of dMX from (42) in (43)
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or z -—d=m .y

Moy = j[‘ {“dﬁy E  + dsz-} ........ .. (44)
= 954,13?

Substituting the values of ds‘? dsz,__tjl_v » dw 'and.—xfrom equations (40), (41), (39)

and (34), equation (44) can be written as:
'
SR AR ) >
Mxev = 5{Px/A o My(zez) +D;/I-(yey} } z pdy dz

_“'y‘r (=) i]i’,’1+.}% (z—e* +Tzllz @—35)}52 p’ dy dz
Iy ooty fofur e ony i, | g

- pe D Bwa” =
]
s f gp 62+ #)(@-e,) TM, dydz
I h A
+ P(y?d-z?)(yvey')%h&z dydz s s S}
z
Moments of higher order are defined as follows
Bl 3 ”{y2+z?-‘, dydz ey
2 in
B2 = II(.V +z )y dydz SRR e S B
B3 = jj(y2+ z?)zdydz oloviidreine e 0]

Substituting the values of (46) - (48) in (45)

’ i ! i ]
M., = P /ABLP +M/T:(PB3 -gPBL ) +M(pB2 - e BIp). (49)
i.e. X
I i i
Meov = BLP B + P(EI- 4Bl MAEL-oBL M.... (50
Letting C , = BIp',C, = p'(as - eﬁm and C .- p’ ?Bz- ey Bl)
Y 3 Wi i Ty

equation (50) takes a simple form
Misv = C'TPerC'?My + C3Mz T G

The total torque on the section which includes St Venant's terms is as follows

M., =M, +C,P, + C,M, + C M, s a0

where M o is the applied torque.

The degrees of freedom chosen for applied loads (end load, torque and two bending

moments) allow to choose the applied loads as an 8 x 1 column matrix as follows:
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Px‘?

Po suffix 1 represents loads at tip

Note:

|
i

Mx 1 end of an element and suffix 2 represents loads at

M, » root end of an element
My 1

M,

Mz

M S I

22

Letting P, = virtual load or unit load matrix, F = flexibility matrix and A -

A
displacement matrix due to applied loads and applying unit load theorem
R =P
Rl Ay =|F" T PA P R L
o A i
RE By ™ -F-v €, dv
where F'is an 8 x 8 matrix
- L 1 L
T -
c ol A P P s ¥k M M d + (M M &
A xA XV YA v gh zv
8 BA BL BT
o h g o 2
+ [Mwﬂl\dswdx s A e wai o (D)
GJ

In equation (55) the suffices v represent virtual or unit loads and suffices A
represent applied loads and J is the torsional constant of the cross section. It is
to be noted that the above equation also ignores temperature effects and shear

deformations.

The internal forces acting on the cross section at a distance x,  from the tip end

are worked out by linear interpolation. These are given as follows:

Py BB PSR ) Bt T T mwmeens senees(B6)
L
T
M, = Maa® DLW ) ®TCPN i ceaa(BT)
#* Lr
» = Mﬂ - (Mﬂ —M:ﬂ) x.ijr PSP I 15
£ =
s = Mgy w0k ML) X T seataniins (59)
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»* ¥*
The moments M., and M_ do not account for the effects due to pretwist and they
refer to tip end rererence axes moments. Using small angle approximations
cosF:.*a 1 —F:E /2 (x / L, ) and sinP_: Frxr/ L., the moments Pl}r and M,

are calculatec as

= = D ¥ T
N_’[L = M‘? -I-p'xr Mx - x}_ My csssaans ... (B0)
! 215
M = M -px " BREUME L iRl
=z E r 2 > i ]
L 212
iy r

*
Substituting the values of MY and M: from (58) and (59) in (60) and (61) the

internal forces acting on the cross section at a distance of x from the tip end are
b of

given by:
3 = P4(@, -B,) x vos o nennilB)
i
r
My B Me1+(My2 ~Mygq1 ) Xp cessnenass.(63)
T
r
My - My Ol M) 5 ¢ o (M o) %]
r Ll‘ Lr
& 2 M "
- p%; [ pat M, =My x } Sewanaeana )
e Ly
M, = M+ (M, M) W px f«iﬂumﬁ—mﬂ) X }
L L I
r r : 4
Y chevenerens (69
21, L
According to equation (52)
Mgy = Mg+ QR+ CoM + C M st s LBy
Substituting the values of Mx , B, , M, and M, from (62)~(65) in (66)
= M - P -P
oy 1MJH‘F( x2Mx1) xr/‘-r+ © {x1+ (PxQ x1) &

Ly
HC + (Mp-M_q) + i )
2[[,1 et 2] = kel S
¥ x (M v) X
P’ [ 1-5"]}
+C3‘[ﬁz1+ (3»52—51):&1_] __[M HM, M1)x'{
_&_‘::[%1'{* (M, 5-M_ 4) xr]J R AT
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The elements of flexibility matrix F are derived by integrating the equation:55)

(the values of B, , M, M, and M_ from (62) - (67)). Evaluation of these
integrals are presented in Appendix 4. The elements are properly arranged to
form an 8x8 matrix when these are refemed to the elements of AA matrix

as follows:

- 7

T =: b)) F F F F F F F
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Y AP RN M 35 36 a7 38
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81 @ 83 8 & 8 8 8

............ 68
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= Fpp SIS g TR el i o (69)
' 1 3EA
£163]
g?- E,, - Lm + cf o T o e e ik, O (70)
8 e
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36T
e T o i S 2 RS SR L (72)
~%T
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363 3063 1267
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4 1263 367 600G
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467 369 7067
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N 2
By =C, C,pL + CopL + r% L

! [i4j 3060
-cgsz YRS (lIJT),e-’L o innsmnin (OB
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Thus the flexibility matrix is formed.

3.3.1 Programming logic of Flexibility Matrix
As the flexibility matrix is widely used in the present work, it is programmed

ag a subroutine ealled FLEX (I) where the integer I represents the element
considered. A ecall of this subroutine gives the required elements in a flexibility
matrix. The matrix F considered in Section 3.3 is referred as FXMT in the
subroutine FLEX. As the matrix is symmetric only upper triangle elements are
initially formed and the lower triangle elements are fixed by suitable

transformation. A logic of operation of this subroutine is presented in Figure 6.
%.3.2 Increase in torsiomal rigidity due to pretwist
When a blade of thin walled section is pretwisted the torsional
stiffness will increase. This has been proved by previous investigators.
The increase in torsional rigidity is due to the change in length of
fibres away from the axis of twist leading to longitudinal stresses

(assuming that plane sections remain plane).These stresses resiet torque
and reduce the Saint Venant's rotation.In reference (f) a formula for
increased torsional rigicity has been derived for rectangular blades.
Although a straight forward version for aerofoil section is not made,
an equivalent breadth/ depth ratio approximation is used in the above
formula to give the following increased torsional rigidity

e, = &1 + 12 p%/ 1, .2 A B
This increased torsiomal rigidity is incluced in the subroutine FLEX.
3.4 ANALYSIS OF FLAPPING LOADS.
For a rotating blade the forces due i0 small amplitude flapping vibration

consist of two components:
(a) Flapping loads or imertia forces and
(b) Centrifugal loads or rotary forces.
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The term 'flapping ' in this section is used in a general sense to
denote the vibrational effects in the absence of a centrifugal force
field. This term is used elsewhere to refer the displacements in 2 axis

direction.(The term 'drag' is used to indicate the displacements in Y
axis direction) The current section deals with the flapping loads,

Centrifugal loads are considered in section 3.5 i
For inertia calculations the blade is idealized into a numbter of elements
and the assumption is made that the mass is located along the centroidal
axis, One is reminded that the flapping loads are considered with
reference to global axis directions at c.g positions and the flexibility
matrix derived in the section 3.5 is with reference to local axes
directions.(locus of s.c positions is one of the reference axes) It is
therefore,essencial that the flapping loads are also converted to local
axes directions. This involves a number of transformations as follows:
(a) Establish the flapping loadaddue to the arbitrary nodal displacements
(say node J),(Global axes directions at c.g). (b) Transfer the loads
established above to the po~ition where the actual analysis is being
considered(say node JJ). (c¢) Transform these loads into local axes
directions by applying direction cosines. (d) Transfer the loads to s.c¢
position. (e) Add the loads into an 8 x 5 matrix.
Six conventional loads are considered which are defined as follows:

PX = force in X direction

PY = force in Y direction
Pz = force in Z direction
Hx = bending moment about X direction

HY = bending moment about Y direction

Hz = bending moment atout Z direction
The distorsion of the blade is described in ferms of lateral and twisting
deformations as follows: .

g;x = displacement in X direction
sz = displacement in Y direction
AZ = displacement in Z direction
9: = torsional or twisting deformation about local x axis,

Note:

Although four cegrees of freedom in the displacements are sufficient to
establish the conventional loads, an additional degree of freedom in
the twisting deformation is introduced in the current analysis. This is
to study the variation in the vibrational characteristiecs due to change
in direction of the tlade centroidal axis (e.g sweep back)from one
element to another element. This additional ceformation pS is used

on the inboard end of a node, whereas € is used on the outboard end of
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the same node. In practice & and ¢ are one and the same if the change in the
direction of the centroidal axis is absent.

The number of nodal points chosen decides the number of degrees of freedom in
displacement and hence the number of modes of vibration. A simple harmonic
vibration with a frequency (v is assumed. The forces acting on an element JJ are
calculated by adding the effects of loads due to displacements at all nodes J on the
tip side of node J. The node J is varied from 1 to JJ i.e. from tip end to root end,
and while moving from one node to another the total loads are accumulated.

The JJ and J notations are also explained in Figure 8.

When the displacements at J are considered, there are two systems of loads due to

these displacements. They are:

(a) Global axes forces at J due to displacements at J causing inertia forces
on element J-1 and
(b) Global axes forces at J + 1 due to displacements at J causing inertia forces

on elementd.

A diagrammatic representation of the displaced shape (in one of the axes directions)
for inertia calculations is presented in Figure 7. The derivation of the forces is
presented in Appendix 5. A three-dimensional view of an element with the

representation of forces and moments is also shown in Figure 1.

The global axes forces at any nodal point consists of three forces and three moments.

The loads and moments at ends J and J + 1 are derived in Appendix 5 and are as

follows:
P = e 0w’ AR Ll
XJ 31 31 Ay
3 7
P = r (98)
Y3 1® L34 Ay
3 7
4 y ° verees(99)
7.3 €11 Lyq Ay
J
W _p o z)A £ w? o
L Oy Lyq (B54=25) O+ 5 0" Ly, (Fp i
...... (100)

+ ST, Ly 11y (3-1) #3-1
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It has to be noted that torsional moments about x have been resolved into X, Y, Z

directions.

e

and ©;

P

are defined in the beginning of 3.4.

Equations (97)-(108) can be written in matrix form as follows:
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Further treatment of these loads are carried out as follows: firstly (111) and (112)
are combined and the effect transfered to a node where distorsions are desired.
Secondly, these transfered loads are resolved into local body axes directions and

gsubsequently transfered to shear centre position.

3.4.1 Operational logic of A & B
The matrices mentioned in (111) and (112) namely A and ;are programmed as two
subroutines called FLAP (I, K) and FLAB (I, K). A flow of logics of these subroutines

is presented in Figure 9. A call of either one of these subroutines would produce

a 6 x 5 matrix consisting of flapping loads. In the above subroutines, I and K are
the controlling parameters to indicate the nodal position and to control the call of
subroutines( either FLAP or FLAB to be called ). It is programmed to
select FLAP subroutine for K=1 and FLAB subroutine for K=2.

3.4.2 Transformation of Loads

The loads established by A and B are applied forces due to distorsions at out board

end of element J (at node J). When the deflection analysis is carried out at node
JJ, global forces and moments at an inboard end of element JJ (node JJ) due to
forces applied at outboard end of element J, have to be established. This is done by
premultiplying the loads ?.T by a transformation matrix, and the transformation
matrix is programmed as a subroutine called TRAN (I, II)
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The global forces at JJ (inboard) are given by:

re - = '
P
PI 1 0 0 0 0 [ r- 3
Py o 1 o 0 o o PY
Pz o (s} 1 o o o Py
M, | oo ~(zp2y;) (T 1 o 0 My
M o 0 1 M
% (25-257) -(Xy%5y) . b4
Mz |- T5y) KpXgy)  © o E e [
37 J
Sesdina(ils)
or By = TRAP s L

Where TRA represents the above 6 x 6 transformation matrix. It has to be noted
that when J is equal to JJ the transformation matrix becomes a unit matrix and

hence Pr; =P, . Care has also been taken in programming to account for the

value of J greater than JJ. On such cases ?JJ =S 0
Transforming both loads due to A and B mentioned earlier on

Py = TRA B + TRA Py Co e b}
or

P
JJ

I

m2ﬁ?%-n- w2 TRA B EJ s A8

3.4.3 Resolution of Loads to Local Axes Directions

The loads depicted in 3.4,2 are in global axes directions and have to be resolved to

local axes directions, This is done by applying direction cosines as follows:

' T e,
»d Ijt m t:tx o o o Px
p! 1 m n 0 [} o P
¥ Iy y ¥ B
]
P} = 5 ms n_ 0 o 0 ”
ot o o o 1JE m T Mx
X
m! o o o 1, my ny My
_m;_ I—D o o lz m, nz_ .-MZ—
JJ Jd
...... .. (117)
- =
or P13 = EC PJJ wwwse o (LLEY
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The 6 x 6 matrix EC is programmed as a subroutine called RESL (JJ) where JJ

is the controlling index. The appropriate values of1 , m, njete., are taken
X

from the direction cosine subroutine COSN (I).

Substituting the values of -l;;.r from (116) in (118) the value for I}'J can be written as
e <FEC TEEAE 400 THA B Z,  cesomner (119)

3.4.4 Transfer of Loads to Shear Centre Position

The loads formed in Section 3.4.3 are with reference to centre of gravity, However,
further calculations and in fact the flexibility matrix are with reference to shear
centre position. Moreover only end load and three moments are required for
further operation in line with the requirements of flexibility matrix. The transfer

is carried out as follows:

e
e r- Py
Py 1 o o o o o p!
m o e -8 1 0 ol p?
x % z ¥ z
v o o o o 1 o | ™t
m o ) o ) o -1 ™5
EJ m"
L |z
JJ S v
cosvanilB0)
or Pry = STR Pjy wedinana (LB

In equation (120) e, and e, refer to the co-ordinates of c.g with reference to c¢.s.
and a negative sign is introduced at element 4, 6 to adopt structural moments
(positive tension in positive quadrant), This matrix STR is programmed as a
subroutine called STRU (JJ). A call of this subroutine provides the necessary
transfer matrix STR (4 x 6). Substituting the value Ofp_j.a. from equation (119) in (121)

— D o e = - - T
DJJ =W STR EC TRA A 4; +WSTR EC TRA B 4;..(122)

3.4.5 Assembly of Loads
The loads in (122) are assembled info an 8 x 5 matrix depending on which end of the

element JJ is under consideration. This matrix is called I_{ matrix and is
programmed as a subroutine called ASMB (JJ, K). Loads are also added in turn from
tip end to root end. The assembly logic is better presented in Figure 10. A call

of the subroutine ASMB adds the current loads inio the previous appropriate elements

in the matrix R (8 x 5).
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3.5 ANALYSIS OF CENTRIFUGAL LOADS

The centrifugal loads are concerned only with a line distribution of
mass idealised as concentrated along the centroidal axis of the section.
The conventions adopted in Section 3.1 apply. Overall Z axis direction ig chosen as
the axis of rotation. There will be two centrifugal force components in X and Y
directions and there will not be any component in Z axis, this axis being the
rotational axis. However, the moment contributions will be about all the three axes
directions, The blade is assumed to rotate at an angular frequency of SR

The five loads considered are defined as follows:

I;( = force in X direction.
B = force in Y direction.
My = bending moment about X axis.
MY = bending moment about Y axis.
Mg = bending moment about Z axis.

The deformations of the blade are described in terms of displacements defined
as follows:

A = displacement in X direction.

Ay = displacement in Y direction.

Ny displacement in Z direction.

a
In order to make matrix operations con!‘om}ple. two dummy variables are introduced.

The column vectors associated with these two variables would be given zero values.

The centrifugal loads and moments at the robt end, node J + 1, of element J due
to the centrifugal loading of that element alone are derived in Appendix 6, The

loads and moments as derived, of an element J (Appendix 6) are as follows:

Pxmt _?.-T__..,n? Ly ( Xgh 8Ky 4 Xppq + 8Ky, ) ooveeere- (29
Pyysr = _P;_‘i‘? Ly (TprAY; 4 Yy, 4T3, ) coeceeen(124)
My, = :2_1“3_.0? LJ[( YJ+A‘IJ)%( Zy=Ty.q )
+ (T 005, )%(ZJFZJ-Hﬂ i)
Mygy1 = ﬁ LJ[(XJ -M»XJ)% ( Zy = By )
)

Roidcavealiag)
X5y HAg )-;-(ZJ" 234 ﬂ
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M, = 3T i‘
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2
x 1 Ay xJ+1ﬂ
However, as a general case (as explained in Section 5 .4) J and JJ are used to define

s s nmmnee {120

the nodal points, where JJ represents the node at which distortions are calculated
and J represents the node from which distortions are derived. When an element J
is considered as opposed to node J, then J is treated as the outboard end or tip end
and J + 1 is treated as the root end or inboard end. The same consideration applies
to JJ also.

e =

In the case of flapping loads the load vectors;’; and P were transformed by
premultiplying by a transformation vector EA. to establish the loads at JJ.
However, in the case of centrifugal loads a straightforward transformation is not
applicable. This is because of the fact that the change of internal forces on

element JJ due to the centrifugal forces on element J is somewhat different from the
flapping case. The loads at JJ are established as follows.

3.6.1 Establishing Centrifugal Loads at JJ

There are two effects to be considered in establishing the change of internal forces
at JJ and they are as follows:
(a) change of centrifugal force with unchanged moment arms.

(b) change of moment arms with unchanged centrifugal force.

These changes are associated with displacements zJ s K!J‘ and & 41 each vector
representing X,Y, Z, 6 and # deflections. (Note that © and # are dummy
deflections as explained earlier on).
(a) change of centrifugal force:

1t is obvious from equations (123) and (124) that changes in centrifugal

forces are due to distortions and are as follows:

2
Bisy =1‘:.fl. Ly ( AxJ + 0Ky o) o d e ettt (D8
2
= 2
1;‘” F.'T_n. Ly CAY, +4r..) e Lo9)

2
The moments associated with the above forces are as follows:

2
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Additional moment arm terms containifg JJ co-ordinates are introduced to

add the moment effects at JJ due to changes in centrifugal forces.

(b) change of moment arms:
Three moment arms are assumed to undergo deformations and the effective

changes in each direction are given by:

AXJ. - AxJ+1, AY ..Arm and AzJ ..azJH

These changes in moment arms are multiplied by the unchanged centrifugal
forces to give the additional moments desired. Three additional moment
arms 8Xpq=8Xy; |, A¥p, =AY, and Ay, - A%y

are also introduced in line with Section 3.5.1 (a).

The additional moments due to changes in moment arms are as follows:
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The loads considered above (3.5.

and are as follows:
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The loads represented in equations (136) - (140) are better presented in matrix

form as follows:
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Torces at end JJ + 1 of the member JJ (root end of the member JJ) are obtained

by substituting JJ + 1 for JJ in equation (142). When member J coincides with

member JJ then only substitution for end JJ + 1 is applicable. However, this

equation has to be modified to account for the dummy distorticns & and ¢

It is reminded that these are introduced just for compatibility and no physical



change is done to the equation. Allowing for the above distortions, equation (142)

can be written as follows :
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When the loads at root end of element JJ are required JJ is replaced by JJ + 1
in the above equation. This involves not only replacing distortion vector a 77
by & , but also changing moment arms consisting of JJ terms to JJ + 1,

JI+1
where applicable.

In the equation (144), vectors 51 ’ E»] andaare 5 x 5 matrices and it is reminded
that there is no centrifugal force in overall Z direction. However, the load vector
E_ s has to be resolved to local axes directions and subsequently transf_erred to

shear centre position. To make these operations possible the matrices A1, By
andh(:have to be of size 6 x 5 and, therefore, a dummy row is introduced in each

of those matrices as Z direction loads.
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3.5.2 Logic of Operation of P 17

The matrices A; , Bqand Cqare programmed as subroutines called CENT (JJ, J),
CENF (JJ, J) and CEJJ (37, J) respectively where JJ and J represent control
indices, JJ being the element where deflections are analysed and J being the element
where contributions are derived from, A substitution of JJ +1 or J + 1 instead

of JJ or J would decide the loads at root ends of element JJ or J. A call of any one
of the above subroutines would produce a 6 x 5 matrix. A flow of logic of these

subroutines is presented in Figure 11.

3.5.3 Resolution of Loads to Local Axes Directions

The loads depicted in 3.5.1 are in global axes directions and have to be resolved
to local axes directions. This is done by applying direction cosines as follows:

— ]

p;:‘ 1, m, n ) o o Py
p! 1 m n o ] o P
¥ Y y ¥ Y
p) = i m, n, o o o P,
m 0 o o 1y my Ny My
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m:,r [ o 0 Iv m:'r ::1}r My
o Pt e 0B A
B JJ
or o' =E_"; easessa(l4B
pJJ JJ ( )

As referred in Section 3.4.3, the 6 x 6 matrix EC is programmed as a subroutine
(RESL). Substituting the values .:;r'i:TJJr from (144) in equation (146).

- O - — — . -
= =l e A.IAJ-+EC B.|AJ+1+ EC C, 4 44 ae el dAT)
JI

The loads at root end of element JJ are computed by substituting JJ + 1
in the place of JJ in equation (147).

3.5.4 Transfer of Loads to Shear Centre Position

The loads calculated in 3.5.3 have Lo be transferred to shear centre position. This
is done by premultiplying the equation (147) by the transformation matrix referred
in 3,4.4. Bearing in mind only end load P_ and three moments are required at each

end of an element, the transformation is carried out as follows:
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e zsmd % represent the co-ordinate position of centre of gravity with reference

to shear centre position. As explained in 3.4.4 (-1) is introduced in the matrix
STR at element 4, 6 to adopt structural moments. The matrix STR is programmed
as subroutine STRU.,

Substituting the values of r_a}‘ yfrom equation (147) in (149)

- s EE s SRECH S IR ECTE L. 150

P13 1

3.5.5 Assembly of Loads
The loads calculated in (149) are assembled into a 8 x 5 matrix R depending on

which side of the element JJ is under consideration; i.e. if tip end of the element
is considered then the loads are assembled in rows 1, 3,5 and 7 and if the root end
of the element is considered then the loads are assembled in rows 2,4, 6 and 8,

The subroutine ASMB is used to carry out this operation. The matrix R is renamed
as ﬁ to differentiate from flapping loads. (_I.t represents assembled flapping loads
and RR represents assembled centrifugal loads).

3.6 ANALYSIS OF UNIT LOADS
The deformation of the structure will be evaluated using the unit load method formula.,

i o
B = fﬁ;T*F 7, sian s v (LOE]
Where & represents the deformation vector, T represents the flexibility matrix,

T:"; represents the applied load matrix and F‘, represents the unit load
matrix Section 3.3 deals with the derivation of flexibility matrix and Sections
3.4 and 3.5 deal with matrix P, (flapping loads and centrifugal loads). It is,
therefore, necessary to evaluate unit loads, lfnntrix E:. The sign conventions as

used for flapping loads are applicable here also.
T2



Unit loads are placed on the structure in global axes directions at c.g. positions.
The caleulated bending moments about global axes directions are then transferred

to local axes directions.

Four conventional loads are considered as follows:

Py, =unitor virtual load in X direction.
PYv = unit or virtual load in Y direction.
P, ~ =unitor virtual load in Z direction.
M, = unit or virtual moment about the local x axis direction.

These four unit loads are chosen in line with the four degrees of freedom in
displacements namely AX.AY A 7 and e. However, an additional torsional
displacement degree of freedom (/) has been introduced to consider blades having
a kinked centroidal axis.

It is, therefore, necessary to introduce an additional unit moment also and mxv
the virtual moment in local axis is divided into two components as m, g, and
myd As these moments are in local axis direction they are resolved to global

axes directions and the unit load matrix is defined as follows:

P —‘ 1T o o o o |
Xy
PY‘V . o 1 o (4] o
PZV o o 1 o o
My 0 o 0 lye 1153
Mﬁ_ (] o o mxe My
LME:V_ _o o o n.g nxﬁf_
et e e
or B =  BAB SRR . ! 1.

The direction cosines used in columns 4 and 5 of matrix ﬁ:ﬁs are decided by the
choice of myg or Myg - As in the cases of flapping loads (3.5) as a general case
J and JJ are used to define the nodal points where JJ represents the node at which
distortions are calculated and J represents the node at which distortions are

derived from.

The unit loads are applied at node J and their effects at node JJ are established by
premultiplying the unit loads by the transformation malrix in the same manner
described in 3.4.2., and resolution of these loads to local axis and shifting to

shear centre position follows exact]ﬁg in the same fashion described in 3.4.3 and



3.4.4, The unit loads thus established are

P,y = STRECTRABAB  seesee .+ (154)

where STR, EC and TRA represent the vectors transforming to shear centre
position, resolving to local axis and transferring to JJ position respectively.
The loads calculated in (154) are assembled into an 8 x 5, R matrix as explained
in 3.4.5.

il EIGEN VALUE PROBLEM
The flapping and centrifugal loads are derived in 3.4 and 3.5 respectively ant are
finally assembled in the form of 8 x 5 matrices ( R and RR). In forming the total

loads on the structure in either case an element JJ is considered where
deformation occurs, another element J is considered where the loads are applied
and their effect on JJ is analysed. A blade is divided into N elements. Whilst JJ
is considered from tip end to root end ( | to N), J is considered from tip end to JJ
(1to JJ + 1, plus 1 is to account for either side of an element. However, when
the last element is considered JJ+1 is ignored as only N deflections at tip ends

are required).

When element no.1 is analysed (JJ) loads at position 1 and 2 (J = JJ and J = JJ +1)

are calculated and loads are assembled into 8 x 5 matrices (E if flapping and E—.R

if centrifugal), When element no.2 is analysed loads at position 1, 2, and 3 are
caleulated. Similarly when element no.3 is considered loads at 1,2, 3 and 4 are
considered. In general, when element n is considered loads at 1 ton + 1 are
calculated. Thus the total load matrix would be a lower triangle matrix of size 80 x 50,

for a ten element idealisation.

Similarly the unit load matrix would be a lower triangle matrix of size 80 x 50 and
when it is transposed the same would be an upper triangle matrix of size 50 x 80.
On the other hand, the flexibility matrix would be a diagonal matrix of size 80 x 80.

The flapping loads and centrifugal loads as derived in 3.4 and 3.5 are as follows:

P, = R Z svageoanes (158
P; = RRN2 5 aniiawe v+ 1ERY
where

., W 1-2_-1,1")2 A, ”312“’252 X

i R2,1“’251 +Rgp‘°252 +Rg3“2‘5‘3
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A =[cw +Dn-] x e (160)
This represents an eige nvalue problem. Rearranging equation (160)
2 ....
[I—D.Q.JA A TS b b
z [I-D.n_] or e 4o (162)

In equations (161) and (162) T represents the identity matrix. Equation (162)

could be rearranged as follows:

i - (T-589)'38092 =0 T L

w2
By solving the above equation the frequencies of vibration and the mode shapes

[ N s (f-ﬁ:]?)'1a]£=o cesmeersflady

are sstablished. Standard library routines are used to solve the equation. This is
explained in Section 3.8. It is essential to analyse the formation of € matrix and D'
matrix in the current section as they form the essential part of the eige nvalue

problem.

3.7.1 Formation of C Matrix

The C matrix and D matrix referred to in equation (163) are of size 50 x 50. The

T = —
matrix C is the outcome of the product 'P xF xR (50x 80, 80x 80, 80x 50).
5



This eould be diagrammatieally represented as in Figure 12a. In order to avoid
unnecessary storage of f’vT ,F and E{,T the assembly of C matrix is carr_led out

as follows. The first column in the B, matr[x,Tthe first element in the F matrix and
first row in the R matrix are multiplied. As Pv and R are upper and lower triangle
matrices and F is a diagonal matrix the multiplication is limited to one set as shown
in Figure 12b. The outcome of this multiplication is a 5 x 5 matrix and this will be

stored in the first 5 x 5 position of C matrix as shown in Figure 12c.

The next set of calculations would be the product of second column of the ﬁ»q;nmtrlx

(10 x 5), second diagonal F matrix (5 x 5) and the second row of R matrix (5 x 10),
This is diagrammatically presented in Figure 12 d. The outcome of this product isg

a 10 x 10 matrix. This product is superimposed on the previously stored 5 x 5 matrix.
On superimposition the net result becomes a 10 x 10 matrix. Similarly, on
subsequent superimpositions, the € matrix would develop as 15 x 15, 20 x 20,

25 x 25, ..... until it finally reaches 50 x 50 on the final calculations. This

development process is presented in Figure 12e and analytically represented as

follows:
J I- 2 3 4.-(!!-.‘!0‘10
n n n
1 SPR%. %, EPIy E. T FIRE
i1 vii i i) i1 wii g =2 vii “id 1,3
n n n
2 s # =P = = =T = =
P..F.. R, 3 PR Bl . Bt OR Ris smessans
s jub vai ij il {2 v2i Tij 13 i ‘fz’: ii 1’3
3 - =T= = 2 -7 = = B = =
S PR R P..F,, R s L N
i = 3 L 3’1 1‘1 1'1 j% V3‘1 111 1’3 i-_- V3‘1 111 1)3
4 - - - SRABRRARRERR
10 - . - LR R R RN

— - =
where Ryis the unit load matrix (5 x 8), F is the flexibility matrix (8 x 8) and R
is the applied load matrix (8 x 5).

The C_mntri,x thus established is named as EIGA in programming stage naturally of
size 50 x 50.
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3.7.2 Formation of D Matrix

The formation of D matrix follows exactly the same logic as the formation of C

matrix except RR matrix is used in the place of R matrix. It is reminded that RR
is associated with centrifugal loads and R is associated with flapping loads. The

D matrix is also of size 50 x 50 and this is referred as EIEB in programming.

3.8

PROGRAMMING TECHNIQUE

The programme is written in FORTRAN - IV language for the ICL 1905 computer.

MAXIMOP multi-access system is used which facilitaies a large number of users

to converse directly with the computer through terminals. No use has been made

of magnetic disc or tape storage. The programme has been developed for a 10
element idealisation although this could be extended up to 25 element idealisation

yielding higher accuracy in results. As the computer milling time and core storage

are directly proportional to the square of the number of elements, the choice is

limited to 10 elements, with acceptable accuracy. However, one case of 20 element

idealisation has been run which indicated higher accuracy.

3.8.1 Subroutines

The following subroutines have been developed in order to increase the efficiency of

programming.

(1)

2)

(3)

(4)

(5)

(6)

(7
(8)

(9)

COSN (I) - This subroutine evaluates the direction cosines of element I -
outcome DRMT (3 x 3).

FLEX (I) - This subroutine evaluates the flexibility matrix of element I -
outcome FXMT (8 x B).

MULT - This subroutine calculates two conformable matrices and stores
in a third matrix.

FLAP - This subroutine evaluates global axes forces at J due to
displacements at J (inertia forces on element J-1).

FLAB - This subroutine evaluates global axes forces at J + 1 due to
displacements at J (inertia forces on element J).

TRAN (1, IT) - This subroutine transforms the loads at node I, to node II -
outcome TRA (6 x 6).

RESL (II) - This subroutine resolves global axes vectors to local axes vectors.

STRU (II) - This subroutine shifts the loads at c.g. position to shear centre
position.

ASMBE (II, K) -This subroutine assembles loads in ﬁ (8 x 5) matrix in rows 1,

3,5,7 when K = o and assembles loads in rows 2,4, 6, 8 when

1T



K = 1. On subsequent calls, the previous values are added to the
current values to the respective elements.

(L0) CENT (JJ,J) - This subroutine evaluates centrifugal loads at JJ due to
deflections at J.

(11)  CENF (JJ, J) - This subroutine evaluates centrifugal loads at JJ due to
deflections at J + 1.

(12) CEJJ (JJ) - This subroutine evaluates centrifugal loads at JJ due to
deflections at JJ.

Individual logic of operation of the subroutines, COSN, FLEX, FLAP, FLAB,
ASMB, and a combined operation logic of CENT, CENF and CEJJ are presented
in Sections 3.2 to 3.5. The logics of the subroutines MULT, TRAN, RESL and STRU

are not presented as they are considered simple and self-explanatory.

These subroutines have been developed as modular programmes individually using
MAXIMOP facilities. Hypothetical values were fed in as in.put data and results were
checked by hand calculations. These check results are not presented here as these
are used just to verify that the subroutines evaluate correctly. However, these

modular programmes were checked by the author using several input data.

3.8.2 Library Subroutines
The following library subroutines have been used for the process of establishing the

eig cnvalues and eigenvectors:

(1) FPMGESSOL
(2) FPDIRHESSE
(3) FPQRHESSE

(4) FPQRVS and

(5) FPBACK

3.8.2.1 FPMGESSOL

This library subroutine solves a set of simultaneous linear equations of the form

AX = B using a Gaussian elimination method where Ais an (m x m) matrix and B

is an (m x n) matrix. The call statement is CALL FPMGESSOL (M, N, E, A1), B(1),
W(l), DET, IRANK, NRR) where M, N, TRANK and NRR are integer variables, E

and DET areReal variables and A, B and W are one-dimensional Real arrays of lengths
mm, mn and (m+ 3) /4 respectively. The solution is left in array B. Ess entially,

the equation AX = B is treated in the form X = A 1B and the solved result is left in
array B. This subroutine is profitably used to invert (I - DJ'E) greferred to in

equation (163). (C and D are termed as EIGA and EIGB in programming).
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3.8.2.2 FPDIRHESSE

This library subroutine reduces a real matrix to upper Hessenberg form. The
subroutine, given an (m x m) real mairix A calculates the (m x m) matrices N, H
and P where N is a lower triangle matrix and has a diagonal of 1's and has its first

column vector =

o

e © ©Q

o

H is of upper Hess-en;:herg form and P is a permutation matrix. The arrays N and

H are formed by using a Gauss-like method of direct reduction with pivoting.

The call statement is CALL FPDIRHESSE (M, A(1), INT(1)) where M is an integer
variable, A is a one-dimensional Real array of length m2 and INT is an integer array
of length at least M - 2. In the present case the following values are set M = m,

the order of the matrix A (m2 = elements)

A(k) = Rt where k=1 +m (j=1)(i,j =1.....m).

3.8.2.3 FPQRHESSE
This library subroutine computes the eigenvalues of a Hessenberg matrix by the QR
method, and is taken from a well tested Algol procedure. The eige nvalues are
computed by the QR algorithm method which is basically an algorithm which is
enhanced by a technique of double shifting and the detection of small elements and
pairs of small elements on the subdiagonal of a conveying array. The subroutines
find eig cnvalues

,\k A A i Yk (k=1, .....n)of an n x n upper Hessenberg matrix,
The call statement is CALL FPQRHESSE (M, A(1), ITS(1), X(1), Y(1) AA(1), 1IVS).
where M and IVS are integer variables, A and AA are one-dimensional Real arrays
of length n,2 ITS is an integer array of length at least n and X and Y are Real arrays

of length at least n.

M is set a value n, the order of the matrix (noting n? elements) A (k) =h 14 where
k=1i+n(j-1) (i,j = 1....n) of which only those with subscripts i £ j+1 aI?E relevant
sinee the matrix is assumed to be of Hessenberg form. If IVS = o then AA must not
be equivalent to A and the Hessenberg matrix in A will be preserved to find eigen -

vectors. If IVS ¥ o then AA must be equivalent fo A and the Hessenberg matrix in
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A will be lost. Upon termination of FPQRHESSE Xik) = Xy and Y (k) = /8 are
obtained where x,_ + iy, = )\k the kth eige nvalue.

3.8.2.4 FPQRVS

This library subroutine finds the eige nvectors of an (n x n) Hessenberg matrix
A={( ay;)(1,j=1.....n) whose eige nvalues are known. )\, = x; +1 (k=1....n).

The vectors are found by the method of "inverse iteration' which may be defined hy

Veag . = (A-D I)-Tus' U g4q = Vg4q/max (Vg9 where P isan
approximation to an eigenvalue of A, The matrix (A- pl) is decomposed
triangularly into the product LU using partial pivoting, and then solve the equations
P(A-p Ipe= b where P is a computation matrix, obtained by solving Ly =P,T l; ;
Ux=y.

The call statement is CALL FPQRVS (M, A(1), AA(1), X(1), Y(1), T(1) where M is
an integer variable; A and AA are one-dimensional Real arrays of length o ; X and
Y are one-dimensional Real arrays of length n and T is a one-dimensional Real
array of length n 24 7 n. M is set a value of n, the order of the matrix (noting n?
elements) Adk) = g wherek =i +n (j-1) (i, j=1......n) of which only those with
subscripts satisfylng i € j+1 are relevant, since the matrix is assumed to be of
Hessenberg form. Upon termination of FPQVRS the eigenvectors of the (n x n)

matrix A are recorded in the (n x n) array AA.

3.8.2.5 FPBACK

This library subroutine computes the eige nvectors of the original Real matrix
mentioned in FPDIRHESSE, given the results of the subroutines FPDIRHESSE,
FPQRHESSE and FPQRVS. Knowing the vectors &€, (k=1....n) satisfying the
equations e

=A, e, the eigenvector y L s found which satisfied A s . =\ A

The eall state!};ent is CL:%LL FPBACK (M, A(1), AA(1), Y(1), INT(1)) where M is an
integer variable, A and AA are one-dimensional Real arrays of length n2 , Yisa
one-dimensional Real array of length n and INT is a one-dimensional integer array
of length n-2. M is set a value of n, the order of the matrix, the Real array A

is set at o and the integer array INT is given a value of n-2. The eigenvectors

of the original Real matrix are recorded in the (n x n) array AA.

3.8.3 Input Data Files
The main programme is run by using many DATA files. The use of DATA files

allows a good degree of freedom of varying different parameters. Each data file
would be of the following form:
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FILE NAME

N (oumber of elements)

EG, <L

Al, 1vy, 1Z4, & , By, B, B3, EY,, EZ,, 0,, IP,

A2, IYZ, 122, % 5 Blé, BZQ B32, EY2, EZQ, '("2, IP2

05 Sy dps Ty R i i R
!
i

\ ' i 1 ! '

I
i 1

1
1
i ! 4

] 1 ! 1 1‘ 1 "

I | | . 1 . . x "
Ay T¥y, 12y, Jy Bl , B2y B3y EYy, EZ;, Oy, 1By
Xp Yo 200 Pyp Py
Xo» Yo, Zpy Py Pro

1 Y » z »
: 3 p

3 Y 3 Ppy
\

[}
L]

f

X
)
1
'
‘
X ) y ]

M+1 N+1 N+1' AN41  BN+1

s e,

] - = —
i B et

where the following explanations apply.
N = Number of elements, integer
E Youngs modulus, G = Modulus of rigidity, {1 = Rotational speed.

A = Sectional areas.

Iy = Second moment of area about Y axis.
1Z = Second moment of area about Z axis.
J = Torsional rigidity.

Bl = Higher moment of area 1.

B2 = Higher moment of area 2.

B3 = Higher moment of area 3.

EY, EZ=Shear centre offset co-ordinates.

[P = Mass per unit length.

P = Pitching inertias.

X = c.g. position in X direction.

g = ¢.g. position in Y direction.

Z = ¢.g. position in Z direction.

]3 p = Angleof inclination (pretwist) of y axis with the line of intersection of the

plane of cross section with XY plane, tip end
F—J’ B = Angle of inclination (pretwist) of y axis with the line of intersection of the

plane of cross section with XY plane, root end.
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Various data files have been formed to deal with different blades and variations

in the geometrical phenomena,

3.8.4 Programme VTRL

The main programme is written in FORTRAN - IV and is named as VTRI. This
programme is suitable for 10 and 20 element idealisations. The programme may be
divided into main blocks as follows:

(1) Dimensioning the arrays and declaration of common storage.
(2) Read input data from DATA file.

(3) Set all arrays to zero.

(4) Write all input data.

(5) Start main calculations.

(5.1) JJ block

(a) form direction cosines

(b) form flexibility matrix

(c) form resolution matrix

(d) form transfer matrix
(5.1.1) JS block, Calculation of unit loads,
(5.1.2) J block.

(a) calculate centrifugal loads.

(b) calculate flapping loads.
(5.1.3) Re-set unit loads.
(5.1.4) Form C (EIGA) matrix
(5.1.5) Form D (EIGB) matrix.

(6) Set values of C and D suitable for calling library routines.
(7) Use library subroutines.

(8) Print frequencies and mode shapes.

(9) Subroutines.

A complete logic of the programme is presented in Appendix 9 which forms the basis
of programming, An output of the programme listing is presented in Appendix 7.
The programme uses 46K of core storage. A run time of (maximum) 3 minutes and
34 seconds was needed for a 10 element idealisation. The main features of this
programme are the inclusions of pretwist angle, offset shear centre position from
¢.g. position, abrupt blade geometry changes such as sweep back, increase in

torsional rigidity due to pretwist, allowance for changes in sectional elements such as

taper and steps. Other factors such as Cariolis forces, shear deformations, coning,
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ete., which are neglected in this work could be easily accommodated if necessary.
Increase in accuracy can be obtained by increasing the number of elements.
Further accuracy could be obtained by introducing an assumption that each discrete
blade length deflects into a circular arc and that the blade bending moments in

each short blade varies cubically.

3.8.5 Use of MAXIMOP Facility

The multi access system known as MAXIMOP via terminals can process many jobs
simultaneously. The type of applications most suitable for MAXIMOP are those

in which there is a lot of need for communication between the user and the computer,
Applications where less communication is necessary (production run of large

tested programmes) are most suited to GEORGE runs. Use is made of MAXIMOP
facilities to test the subroutines as modular programmes and other minor programmes,
Due to limitations on the usage of MAXIMOP (core size, efficiency), terminal output

is not possible and the production runs were carried out as GEORGE jobs, but still
using MAXIMOP to request GEORGE runs. This special request facility is called
GEO2. A typical GEO2 request is presented in Appendix 8,
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RESULTS AND DISCUSSION

In total 62 different cases were run to include as many variations as possible.
These cases are in fact the variations of the major blade groups presented in
Tables 3-9. The variations considered for analysis and the blade codes as in DATA
files are presented in Table 2, While presenting the results in tabular form and

in graphical form, these blades are also referred to by their data file codes.

In the initial stages the individual subroutines were checked with numerical values

and subsequently adopted in the main programme, VTRI. The programme uses

46K of core storage and a run time (maximum) of 3 minutes and 34 seconds was needed
for computation. An output of the programme listing is presented in Appendix 7. To

show the output of results, a standard output print is presented in Appendix 10 for
reference. The term '% error' refemer in this chapter is used to indicate

the % difference from one method to another. In certain cases the term
'‘coupled' is used to represent simultaneous displacements in different
directions. The validity of the method is btetter appreciated by comparing
initially the standard cases where classical solutions are possible.

The computed results are compared to the known results in most of the
cases although this comparison was not possible in certain cases. When
the analytical solutions are not available for cases such as sweep back

blades, the argument lies on the strength of the other known cases,

Subsequently,the cases where apnalytical and in certain cases where expe=
rimental results are known, have been considered and the results analysed,

A selection of rotating blades was also consicered and results compared.
This section is subdivided into four groups as follows:

(a) standard cases where classical solutions are possible;
(b) cases where no comparative results are presented;
(e) cases where analytical and (in certain cases) practical results

are available; and

(d) rotating blades where results are available for comparison.

4,1 STANDARD CASES
A straight rectangular uniform blade as in Table 3, laid in overall X axis is

considered as a standard check case. The computed results and exact analytical



solutions are presented up to fifth mode in Tables 10-13, the exact analytical
solutions being obtained using classical formulae. The accuracy of the method is
considered to be very good for the first normal mode frequencies. The % errors
of the first normal mode frequencies are, flap bending mode 0.054%, drag bending
mode 0.075%, torsional 0.205% and longitudinal 0.206%. The accuracy of the
gecond mode frequencies are reasonable the % errors being: flap bending 1.075%,
drag bending 1.079%, torsional 1.857% and longitudinal 1.857%. The third mode
frequencies can be considered satisfactory, the % errors being flap bending 3.59 6%,
drag bending 3.596%, brsional 5.194% and longitudinal 5.194%. The percentage
errors on the fourth and fifth modes are in the increasing trend as can be seen in
Tables 10-13. The decreasing accuracy obtained for the higher modes is

due to the increasing effect of the constraints omn deflected shape
imposed by the finite number of degrees of freedom in the analysis.

The same blade parameters were used and the case has been run as a 20 element
idealised blade. The computed results, results obtained by 10 element idealisation and
the exact analytical solutions are presented in Tables 53-56. The accuracy of the
method increased considerably. The % errors of the first normal mode frequencies
are, flap bending mode 0.00701%, drag bending mode 0.00682%, torsional 0.0514%

and longitudinal 0, 0514%. The % errors of the second mode frequencies are also
reduced considerably, the errors being, flap bending 0.279%, drag bending 0.278%,
torsional 0,463% and longitudinal 0.463%. Similar decrease in errors results on
higher modes also as could be referred to in Tables 53-56. It is, therefore,

concluded that accuracy of the results could be increased if necessary by increasing

the number of elements.

This has also been demonstrated by Williams (49). In his work on a case of 10
element idealisation the % errors were as follows: first mode 0.036%, second
mode 0.363%, third mode 1.501%, fourth mode 4.07% and fifth mode 8. 567%. But
these errors have been reduced to a remarkably low percentage level when he
adopted 25 element idealisation; the percentage errors being, first mode 0.00076%,
second mode 0.0101%, third mode 0,0434%, fourth mode 0.126% and fifth mode
0.290%. It is apparent that the accuracy increases with the increase of number of

elements.

However, running of all the cases on 20 element idealisation is not pursued. In

practice, the consideration of lower modes is more important than the higher modes

and hence it can be concluded that the present method is acceptable especially for
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the lower modes. An error analysis is presented in graphical form in Figure 13
for the cases of 10 element idealisation and 20 element idealisation. The percentage
errors increase in the form of exponential type with the increase of mode numbers.

In the case of 20 element idealisation, however, the curves are flatter, as expected.

The mode shape curves are presented in Figures 14-19. The flapping and drag
bending mode shapes are coincident for all modes. The flap bending mode shapes
depicted by Williams' (49) method, for the present case by 25 element idealisation are
also plotted. The mode shapes compare reasonably well with those of Williams',

No attempt is made to compare the mode shapes obtained by the present 20 element
method for flapping and drag bending cases, as the shapes are too close to bhe
identified. However, the mode shapes obtained for these cases are presented in
Figures 76-78.

The torsional mode shapes are coincident with those of longitudinal modes for all
modes, which follows in the same fashion like flap bending and drag bending modes
shapes. The mode shapes obtained by both 10 element and 20 element idealisation

for torsional and longitudinal modes are presented in Figures 17-19 and the agreement

is considered to be very reasonable.

The frequency ratios, of a straight rectangular blade, between flap bending and drag
bending should be in the ratio of (I / Iy )i, which incidently checks all right for all

modes.
Another check is made by placing the blade positioned at equal angles
to all three global axes as presented in table 4 (blade 2) and also as
represented in figure 5d. In the figure the triangle ARC represents the
plane of cross section. Displacements in flap bending modes would give
rise to displacements in local z direction which has components in
global X,Y,Z directions. The displacements in drag bending modes would
give rise to displacemente in local y directions which has compoments in
global X and Y directions only. The displacements in the longitudinal
mode would give displacements in local x axis directions which has
components in global X,Y,Z directions, The results computed for this
blade are presented in Table 14, All the displacement patterns explained
above agreed with the results obtained. It can be seen that there is
practically no change in the frequency values, It is interesting to note
that the torsional mode shapes are independent irrespective of the
inclination of the plane of cross-section. No attempt is made to present
the mode shapes as the aim was mainly to check that frequencies are
unchanged although the displacements in ¥,Y,Z directions do,
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A case where classical solutions were calculated and run on Williams' programme

is also run on the present programme. The blade in question is blade no.3. This
blade is similar to blade no.1 but with different mass density and Youngs' modulus.
The results obtained by the present method, solutions by classical method and
solutions by Williams are presented in Table 15, {Williams' results are for flap
bending mode frequencies only). The % errors when compared to Williams results
were, first flap bending mode 0.024%, second flap bending mode 1.328%, third flap
bending mode 4.0056%, fourth bending mode 7.979 % and fifth bending mode 12.917%.
The percentage errors when compared to classical results were as follows for
flapping and drag bending modes: first modes 0.062%, 0.061%;: second modes 1.078%;
third modes 3, 596%; fourth modes 7.428% and fifth modes 12.149%. The percentage
errors for torsional and longitudinal modes are the same for all identical modes
which are as follows: first mode 0.206%;second mode 1.857%; third mode 5.194%;
fourth mode 10.284% and fifth mode 17.239%. These errors are of the same order as
in blade no.1. The arguments presented for blade no.1 are applicable for the present

case also.

A blade with shear centre being offset from centroid in one axis only is considered.
This is the blade no.4 with ey = 1.0 inch and e, = 0. Two methods were used to
compare the results; Carnegies (6) method and Willlams" method, (not in reference 49),
Comparison of results is better made by reference to Table 16. The drag bending
mode frequencies are not presented as they were independent (uncoupled) modes,

and the main interest is to study the coupling effects. Although all the flapping modes
are coupled with torsional modes the amount of torsional coupling in the first three
modes are negligible. The calculated frequencies up to 7th mode are presented, the
fifth mode being predominantly torsional. The percentage errors are in the same
order of blades nos. 1 and 3 and can be referred to in Table 16. The mode shapes

up to fifth mode are presented in Figures 20-22. The fourth and fifth mode shapes
show the torsional coupling which is considerable. The fifth mode is that of fourth
mode type of flapping coupled with first mode type of torsional mode shapes. The
percentage error of the fifth mode is only 1.32% which is rather low for the mode
number. But it has to be appreciated that this frequency originally would have been the

first torsional mode in its uncoupled form,

The blades nos. 5 and 6 have been considered to study the variations in frequencies
due to offset shear centre from c.g in y and z directions. ey and e, values for
blade no. 5 being 0.1" and the same for blade no. 6 being 1"'. The frequencies up to
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fifth modes also of corresponding flap, drag and torsional modes in their original
uncoupled forms) are presented in Table 17. The frequency values are virtually
unchanged due to a very small offset considered in blade no.5, (comparing to blade no.1).
On the examination of mode shapes although coupling is present, the coupling is
negligible in smaller modes; in fact, only in the sixth mode any form of appreciable
coupling has been noticed. The frequency values of blade no. 6 show a slight
variation. These changes are presented in Table 17. Once again only in the sixth
mode any form of appreciable coupling has been noticed. Just to show the type of
coupling the mode shape of this sixth mode is presented in Figure 23. (The earllier
mode shapes were not presented due to the negligible coupling). This mode is of
flapping-drag-torsional coupled form. The form of coupling is that of first mode type
of torsion, third mode type of flap bending and fourth mode type of drag bending mode
shapes. It can be concluded that the offset between shear centre and centroid
introduces coupled form of frequencies any appreciable coupling being in the higher

modes.

For a straight uniform rectangular blade, independent vibrations occur in flap and

drag bending directions. With pretwist these vibrations couple together to give
complex modes which are best identified by ascending order of frequency. To consider
the effect of pretwist a set of blades is considered; blade nos.7 fo 12 and 1. The
pretwist angle range being 0% to 80° and the variations in pretwist angles were as
follows: blade no.1 - 0° pretwist, blade no.7 - 0.2 radian (11.46°), blade no.8 -

0.4 radian (22.929), blade no.9 - 0.6 radian (34.380), blade no.10 - 0.8 radian
(45.84%), blade no.11 - 1 radian (57.30°) and blade no.12 - 1,51 radian (90°). The
coupled mode frequencies computed for these cases are presented in Tables 18 and 19,
Carnegies theoretical analysis (6) is used to calculate the first coupled mode frequencies
for the above range of pretwist angles. Comparison of results is better made by
reference to Table 18, Agreement between the computed results and the results
obtained by Carnegies method is very good. The percentage errors being 0. 062%,
0.121%, 0.092%, 0.151%, 0.238%, 0.353% and 0.852% for pretwist angles of 0%
11.46°, 22,92°, 34.38°, 45.84°, 57.30° and 90° respectively. The computed results
of the higher coupled modes, up to fifth mode are presented in Table 19. The

results are presented in graphical form (plotted to a base of pretwist angle) in

Figure 24, It should be noted that the vertical frequency scale is discontinuous and

in addition that its magnitude is adjusted to a suitable value in relation to the curve

being considered, this procedure being adopted for convenience of present ation.
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The first coupled mode is little affected by pretwist angle, With increase in

pretwist angle, a small rise in frequency is apparent which is caused by coupling
between the first flap bending mode frequency and first drag bending mode frequency.
The amount of coupling increases with pretwist angle. Rosard (39) quoted a definition
which states "if two vibrating systems having nearly equal natural frequencies are
coupled together, the resulting system has one natural frequency below the low
uncoupled frequency and one natural frequency above the higher uncoupled frequency".
In pretwisted blade problem the vibrating systems considered are the second mode
vibration in the drag bending plane and the first mode vibration in the flap bending
plane. This is well understood in Figure 24; by the increasing values of first mode
frequencies with the increase of pretwist angle, decreasing values of second mode
frequencies with the increase of pretwist angle, increasing values of third mode
frequencies with the increase of pretwist angle, decreasing values of fourth mode
frequencies with the increase of pretwist angle and increasing values of fifth mode
frequencies with the increase of pretwist angle. No attempt is made to present all
the mode shapes for different pretwist angles as more numbers of pretwisted blades
are analysed. However, the coupled mode shapes up to five modes are presented

for a case of 1 radian (57.30°) pretwist angle (blade no.11) in Figures 25-27.

The first coupled mode shape is of the combination of first flap bending mode shape
type and the first drag bending mode shape type; the contribution of the flap bending
displacement being more than the drag bending displacement. The second coupled
mode shape is also of the combination of first flap bending displacement and first
drag bending displacement, but in this case, drag bending displacement being more
than flap bending displacement. The third coupled mode shape has two predominantly
coupled second bending type mode shapes. The fourth coupled mode shape is a
combination of the third flap bending type of mode shape and second drag bending type
of mode shape. The fifth coupled mode shape consists of a combination of two
second bending type of mode shapes. All these five coupled mode shapes for the

case of 1 radian pretwist angle are presented in Figures 25-27. It has to be remarked
that all the torsional and longitudinal frequencies are in uncoupled form as would be
expected.

4.2 CASES WHERE NO COMPARATIVE RESULTS ARE PRESENTED

In the previous section most of the cases analysed have exact analytical resulis to
compare, However, as the method is developed for a more general case the following
blades were also considered:

89



(a) Pretwisted blade with shear centre offset from c.g. with 1 radian
pretwist - blade no.13.

(b) Swept back blade, the tip element being swept at 90° as prescribed
in blade no.14.

(c) A special case with very large second moment of area about z axis
and 1 radian pretwist angle - blade no.15.

(d) As above with 90° pretwist angle - blade no.16 and

(e) A zig-zag blade as in Table 5, blade no.17.

For these cases, there are no comparative results, but it can be argued that as
the method has been found acceptable, the results computed for the above cases
should be in the same region of accuracy level. The coupled mode frequencies
of blade no,13 are presented in Table 20 and the frequencies are compared to
that of blade no.1 and blade no.12. In fact, very little change is noticed in the
coupled mode frequencies compared to those of blade no.12. This is expected
as the blade no.13 is the same as blade no.12 with a slight shear centre offset
being introduced. (ey = e, = 0.1").

The mode shapes were also similar to those of blade no.12 with negligible torsional
coupling and the mode shapes are, therefore, not presented. However, the
torsional and longitudinal frequencies in their uncoupled form of blades nos. 1 and 12
are compared to the corresponding frequencies in Table 21, It can be stated that
there are litfle changes in the frequency values due to such a small offset value
although there are traces of coupling in the mode shapes.

A blade kinked as in the case of blade 14, could be diagramatically
represented as in figure 5e and the disturbed position for the drag
bending mode could be represented as in figure 5¢ (exaggerated
representation). For this type of blade the drag bending would have

a8 noticiable displacement in X direction also. The flapping displace-
ments would lead to displacements in Z direction coupled with torsional
displacements. The coupled values of frequencies are presented in
Table 22. These frequencies are compared with the freguencies of
blace 1. This can better be appreciated by reference to the mode
shapes plotted in figures 28 - 30. The first mode shape is that of

a combination of flap bending moce shape and torsional mode shape.,
The second mode shape is a combination of drag bending mode shape

and longitudinal mode shape. The third mode shape is a2 combination

of flap bending mode shape coupled with torsional mode shape. The
abrupt change of direction of the tip member causes the kinks that

can be observed in ihe above mode shape curves,The fourth mode
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shape is a combination of flap bending mode shape and torsional mode shape
with the kinking effect being present. The fifth coupling mode shape is that of
drag bending mode shape coupled with longitudinal mode shape with the kinking
effect predominantly present.

The results computed for blades nos. 15 and 16 are presented in Table 23 and
these results are compared with those of blades nos, 11 and 12, It is obvious
that the second moments of area in both cases are very high and naturally the
blade will become stiffer and especially with pretwist being present higher values

in frequencies will result. This has been found so as shown in Table 23.

The computed results of blade no.l7(zig-zag blade) is presented in
Table 24.The interesting fact of this blade is that displacements
occur in X,Y,Z directions in addition to torsional displacements in
all modes, The coupled mode shapes are presented in Figures ie5% ALL
five modes are coupled flap-drag-torsional-longitudinal type.However
for the sake of slarity, where the relative displacements are very

small that particular mode shape is not drawn.

Another interesting factor in the blades 14 & 17 is that there is slight variation in
the additional torsional mode shapes which are associated with ¥ in Section 3.4.
Hitherto, this additional torsional mode shape has been constantly the same as the
torsional mode shapes. But owing to the change of direction in the centroidal axis
although too small to be represented on the graphs, does slightly change this
additional torsional mode shape. This has been represented as 'sweep torsion' in
the computer print outs. This has justified the introduction of two torsional
deformation parameters & and ¥ in Section 3.4.

4.3 CASES WHERE RESULTS BY DIFFERENT APPROACHES ARE KNOWN

Carnegie's (6) rectangular and aerofoil cross section blades and Montoya's (30)
aerofoil eross section blades have been considered in this section. The rectangular
blade considered has geometrical configuration as in Table 6 and is referred to as
blade no.23. The computed natural mode frequency values of flap, drag, torsional
and longitudinal modes up to fifth mode are presented in Tables 35 and 36, The exact
corresponding analytical solutions are also presented in the above Tables for
comparison. The following percentage errors have been noticed. First modes: flap
bending 0.062%, drag bending 0.062%, torsional 0.206%, longitudinal 0.206%;

second modes: flap bending 1,078%, drag bending 1.078%, torsional 1.874%,

longitudinal 1.874%; third mode: flap bending 3.596%, drag bending 3.596%,
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torsional 5.194%, longitudinal 5.194%. The percentage errors are in the
inereasing trend for fourth and fifth modes as can be noticed in Tables 35 and 36.

The percentage errors were in the same order for blade no.1. Once again, this

indicates that the errors increase with increasing mode number.

The effect of pretwist angle on the above blade is analysed by considering the pretwist
angle in the range of 0° to 86°, The blades considered are blades no. 23 to 28

with variations as follows: blade no.23 - 02 pretwist, blade no.24 - 0.3 radian
pretwist (17.19°), blade no.25 - 0.6 radian (34.380) pretwist, blade no.26 - 0.9
radian (51.579) pretwist, blade no.27 - 1.2 radian (68.75°%) pretwist and blade no.28~-
1.5 radian (85.94%) pretwist angle. The coupled mode frequencies computed for
these cases are presented in Tables 37 and 38, and also the results of uncoupled
torsional and longitudinal mode frequencies up to fifth mode for the same range of
pretwist angle are presented in Tables 39 and 40, Comparison of results is better
made by reference to Tables 37 and 38, Agreement between the computed results
and the results obtained by Carnegie's method (6) for the first coupled mode
frequencies is very good. The percentage errors being 0,0617%, 0.0592%, 0.108%,
0.198%, 0.357% and 0.539% for pretwist angles of 0°, 17,199, 34,389, 51.57°,
68.750 and 85.94° respectively.

The computed results of the higher coupled modes up to fifth mode are presented

in Table 38, Carnegie's (6) practical results are also shown on both Tables 37 and 38,
These results are also presented in graphical form in Figures 34 to 36, Itis
remarked that the vertical frequency scale is discontinuous and in addition that

its magnitude is adjusted to a suitable value in relation to the curve being studied.

Reasonable agreement is shown between the two theoretical frequency curves and
also between the Carnegie's experimental results and the present results for the
first coupled mode. Since the theoretical frequencies are greater than experimental
ones, it would appear that stiffnesses of the actual blades are less than the values
used in calculations. Carnegie (6) argued that inclusion of rotary inertia and shear
deformation would reduce the theoretical frequencies. Examination of frequency
curves for the higher coupled modes clearly shows the influence of pretwist and its
associated coupling between flap and drag bending modes. Apart from a change in
frequency values of certain modes, for example, the second coupled mode
frequencies suffer a considerable reduction in frequency with increase in pretwist,
a frequency doubling occurs in the higher modes as would be expected of a coupled
system. This is noticeable in Figure 35, for the third coupled mode frequencies.
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As the doubling effect increases with the increasing number of modes, not all his
practical results are presented here. An attempt is also made to justify this
frequency doubling effect by approximately the third and fourth coupled mode
frequencies obtained by the present analysis, by plotting imaginary doubling effect.
There is coupling, although not very appreciable, between torsional
and longitudinal frequencies. Thie can better be appreciated

from the Tables 39 and 40. It can be concluded that for rectangular blades the first
coupled mode frequencies show a slight increase with the increase of pretwist

angle and the higher coupled mode frequencies are affected considerably by pretwist
and hence coupled flap and drag bending effects. No attempt is made to present mode
shape curves for the cases in blade nos. 23 to 28 as the coupling effect will be
obvious and are observed to be similar to the rectangular blades nos 7-12 considered
in 4.1,

The aerofoil cross section blade considered for a uniform untwisted case has got
geometrical parameters as referred to in blade no.45. The frequencies computed

by the present method and by simple beam theory are presented in Tables 41 and 42,
The flap bending, drag bending, torsional and longitudinal mode frequencies are
uncoupled in this particular case as s.c is assumed to coincide with c.g as a

special case and the pretwist is absent. The following errors are observed for

flap bending and drag bending mode frequencies: first modes: 0.062%, second modes:
1.078%, third modes: 3.596%, fourth modes: 7.428% and fifth modes 12.149%.

The effors for torsional and longitudinal modes are as follows: first modes: 0. 206%,
gecond modes: 1.857%, third modes: 5.194%, fourth modes 10,284% and fifth modes:
17.238%. Once again, this confirms that the method is readily acceptable for lower
modes and the percentage errors increase with mode numbers. To consider the
offset shear centre effect in the above blade another one, blade no. 37, is considered.
The results obtained by computing are compared to those of blade no.45 in Table 43.
The coupling is of flapping-drag-torsional type. The amount of torsional coupling on
the flapping modes is negligible where as torsional-drag bending coupling is

considerable as can be referred to in Table 43.

The following three groups of aerofoil cross section blades are considered for further
analysis.
(a) pretwist effects on blade no.45 in the range 0° to 90°.
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The blade numbers are blade 45 - 00 pretwist angle, blade 46 - 15°
pretwist angle, blade 47 - 30° pretwist angle, blade 48 - 45° pretwist
angle, blade 49 - 1 radian pretwist angle, blade 50 - 60° pretwist angle,
blade 51 - 75° pretwist angle and blade 52 - 90° pretwist angle.

(b) pretwist effects on blade no.37 in the range 0° to 90°%; blades nos. 37 to 44,
the pretwist angles being in the same steps of (a).

(e) pretwist effects on a special case of aerofoil blade including higher moments
of area and shear centre offset from c.g; blades nos 29 to 36 the pretwist
angles being in the same steps of (a).

The computed coupled mode frequencies up to fifth mode for the pretwist angles

in the range of 0% - 90° for the above three cases are presented in Tables 44 to 48,
Carnegie's practical results are also indicated in the above tables. These coupled
forms of frequencies are referred to in graphical form in Figures 37 to 41.

Referring to Figure 37, the first coupled mode frequencies show a slight increase in
frequency with the increase in pretwist angle for the cases (a) and (b). But inclusion
of higher moments of area terms (B1, B2, B3) in the calculation, has a decreasing
effect with the increase in pretwist angle. However, it is observed that the
frequencies of these cases are closer to practical results of Carnegie. In any

case, his theoretical results are closer to the results of cases (a) and (b). In all

the three cases the coupling is of flap-drag-torsional type as is expected of
pretwisted aerofoil cross section blades. Between the cases (a) and (b) the changes
in frequency values are negligible. This shows that offset in shear centre has little
effect on the first coupled modes and the increases in frequency values are mainly

caused by the coupling due to pretwist.

Referring to Figure 38, the second coupled mode frequencies show a steady decline
of frequencies with the increase of pretwist angle. This is applicable to all the three
cases considered and the practical results of Carnegie. All the coupled frequencies
are of flap-drag-torsional coupling form.

The third coupled mode frequencies represented in Figure 39 show a steady increase
in frequency values with the inerease in pretwist angle, this being so for all the

three cases considered and Carnegie's practical results.

One interesting factor noticed in the fourth coupled mode frequencies referred to in
Figure 40 is that the original torsional mode frequency for case (a) is unaffected by



the increase in pretwist angle. This behaviour is like that of a rectangular cross
section. This is because ey and e, are zero for these cases and torsional coupling
is, therefore, absent for all cases considered under this category. However, the
cases considered in (b) and (c) show appreciable form of coupling, as did the
practical results of Carnegie.

Referring to fifth coupled mode frequencies referred to in Figure 41, all theoretical
results show a steady decline of frequency values with the increase in pretwist
angle with the exception of practical results of Carnegie. However, he indicated
frequency doubling at this coupled mode.

It is considered voluminous to present all the mode shapes of the cases of pretwist
angles in (a), (b), and (c). However, the following selected coupled mode shapes
curves are presented for reference:

(1) Five coupled mode shapes of case (a) with a pretwist angle of 1 radian.

(2) Five coupled mode shapes of case (b) with a pretwist angle of 1 radian,

(3) Five coupled mode shapes of case (c) with a pretwist angle of 1 radian,

(4) Five coupled mode shapes of case (c) with a pretwist angle of 30°,

(5) Five coupled mode shapes of case (c) with a pretwist angle of 45° and

(6) Five coupled mode shapes of case (c) with a pretwist angle of 90°.

It is remarked that in all the above cases the longitudinal mode frequencies are
independent and the couplings are flap-drag-torsional type.

The first five mode shapes presented in Figures 42 to 44 refer to aerofoil blade
with 1 radian pretwist with ey =€ = 0 and also Bl = B2 = B3 = 0. Hence the
coupled mode shapes are flap bending-drag bending coupled type. An independent
torsional mode shape is also present. The first coupled mode shape is a
combination of two first mode shape types. (Flap bending and drag bending). The
gecond coupled mode shape consists of a second flap bending type of mode shape
coupled with a second drag bending type mode shape. The third mode shape is an
uncoupled torsional mode shape. The fourth coupled mode is a combination of

two second mode shape types. The fifth coupled mode shape consists of a third
flap bending mode shape coupled with another third drag bending mode shape.

The first five modes presented in Figures 45 to 47, refer to aerofoil blade with
one radian pretwist with offset shear centre effect ineluded but with Bl = B2 = B3 = (.
All mode shapes are coupled flap bending - drag bending - torsional modes.
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However, the torsional coupling on the first coupled mode shape is negligible,
Third and fourth coupled mode shapes are predominantly torsion and on the
fifth coupled mode shape the torsional coupling is not appreciable.

The first five modes presented in Figures 48 to 50, refer to aerofoil blade with
one radian pretwist including the effects of B1, B2, B3, ey and e;. These mode
shapes are similar to the previous case with a main difference that torsional
coupling becomes more significant in all the coupled mode shapes. This is
considered to be mainly due to the introduction of higher moments of area terms
Bil, B2, and B3 in the calculations.

The other fifteen mode shapes (first five modes for three different cases) are
presented in Figures 51 fo 59. The blades in question are the same as in the
previous paragraph but with pretwist angles of 30°, 45° and 90°, Although the
coupling and types of mode number are similar to the previous case one
significant thing noticed is that flap-drag-torsional coupling is stronger at higher
modes especially at the fifth coupled modes.

A blade in reference (30) is found to be of some interest as the author of that work
included higher order moment terms similar to Bl, B2, B3 terms used in the
present work, in his analysis. However, his definition of B1, B2 and B3 is slightly
different from the present work. The blade has geometrical details as in Table 8.
These values are extrapolated values to suit an eight element idealisation. This

is referred to as blade no.53 and the variations considered on this blade are as per
blade nos. 54 and 55. Montoya (30) has presented first seven frequencies with
variations considered as in blades 53, 54 and 55. The computed results of the above
cases are presented in Tables 49, 51 and 52. The agreement is very good for the
blade no.55. This is mainly because there are no coupling terms included in
caleulations. The percentage errors in the other two cases show no real pattern
(e.g. no increase or decrease with mode number), although they are in reasonable
range except in two cases where the errors are found to be 23,77% and 24.78%. It
can be argued that Montoya's treatment of the problem is different and his
geometrical data are not used in exact form in the present work as they were
modified to suit the present analysis. However, the frequencies obtained without
any coupling terms by the present method compare very well with those of

Montoya (Table 51).
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Significance of higher order terms.

Although the inclusion of higher order terms Bl1,B2,B3 are considered
in the previous section in a general sense, it is considered essencial
to make some detailed observations of the importance of these terms.
Referring to table 44 for example, the first coupled mode frequencies
show an increase with the increase of pretwist angle for the cases where
no coupling terms are introduced(case A).There is a very small effect
on frequencies on introducing the s.c. off-set.(case B) There is
considerable reduction in frequencies with the increase of pretwist
angle for the cases where higher order terms are introduced.(case C)
Similar effects are observed on higher mode frequencies also.

The higher orcer terms Bl,B2,B3 are defined in equations 46-48. In the
flexibility matrix these terms are associated with coefficents Cl,C2 &C3
(equations 69-95); where Cl=Bl{('/A, CZ:(B}—ezBl)p'/Iy and C}:(Ba-eyB1¥g/£
It should be appreciated that Cl is affected by variation in pretwist
only(uniform cross section assumed). On the other hand C2 could be aff-
ected by the values of ez,Iy and the pretwist angle. Similarly C3 could
be affected by the values of ey,Iz and pretwist angle. The values of C2
and C3 are extreemly sensitive to the values of Iy and Iz as they are
very small in the present case(.00671%.0001). They are also sensitive

to the s.c. off-set terms as they are multiplied by values of Bl. Note
that the values of Bl are much higher than those of B2 and B3.

A blade with 1 radin pretwist(blade 33 code JNI4) is chosen to consider
the changes in C1,C2 and C3 for the following variations. a)Bl=B2=B3=0
b)B1#0,B2=B3=0 ¢)B1=0,B2#0,B3=0 d)Bl=E2=0,B3£0 and e)Bl,B2,B3#0. The
different values of C1,C2 and C3 are presented in Table 57. Considerable
changes in the values of Cl1,C2 and C3 are obvious for different cases
analysed. In order to show how the values of flexibility matrix are
affected, the flexibility matrices associated with the above 5 cases

are computed and presented in Tables 58-62. The frequencies upto 5 modes
of the above cases are also presented in Table €3.

It is however observed that inclusion of Bl only in the case of rectang-
ular blades had considerable effect on frequencies(blade 23) for increas-
ing pretwist angles. This is because s.c values are zero for rectangular
blades and also E2=B3=0. For the present cases the off-set s.c terms

are coupled with higher order terms resulting in considerable changes

in the flexibility matrix. All the foregoing considerations indicate that
the incusion of Bl,B2,B3 and s.c off-set terms could have considerable
effect on the normal mode fregquencies,
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4.4 ROTATION CASES

A number of rotating cases of blades were also considered. Blades nos, 18 to 22
represent different speeds of rotation of the blade in Table 3. The speeds of
rotation being 3 radians/sec, 6 radians/sec, 10 radians/sec, 15 radians/sec and
20 radians/sec for the blades nos. 18,19, 20, 21 and 22 respectively. These cases
were Tun by the present programme and by Williams programme. The normal
mode flap bending and drag bending frequencies up to fifth mode computed by both
methods are presented in Tables 25-34,

The percentage differences of the first flap bending mode frequencies for different
speeds of rotation are as follows: 3 radians - 0.227%, 6 radians - 0.38%, 10 radians -
0.512%, 15 radians - 0.57%, 20 radians - 0.56%. The percentage differences

of the first drag bending modes for different speeds of rotation are as follows:

3 radians - 0.18%, 6 radians 0.48%, 10 radians - 1.11%, 15 radians - 2.28%

and 20 radians - 3.81%. The agreement between these two methods are remarkably
good for the first mode frequencies. Similar percentage differences, for the second
flap bending modes are 0.598%, 0.32%, 0.19%, 0,156% and 0.17%; and for second
drag bending mode frequencies are 1.0%, 0.83%, 0.625%, 0.45%,0.33%. The

agreement between the two methods on second mode frequencies are also good.

The percentage differences on the third flap bending mode frequencies are 2,91%,
2.19%, 1.82%, 1.76% and 1.76% and the differences in the cases of drag bending
mode frequencies are 3.51%, 3.28%, 2.91% 2.48% and 2.20%. The agreement

in these cases could be considered as reasonable. The errors on the higher mode
frequencies increases with the increase of mode number as can be refer red to in
Tables 25 to 34.

Once again, it can be concluded that William¢  results and the present results

are in good agreement for the lower mode frequencies. Williams' results are
better for higher modes also mainly because his method is a 25 element idealisation
and also he has used sophisticated deflection curve patterns and bending of moments.
However, the present method is in close agreement with those of Williams'results
especially for lower modes. As the percentage errors caused by the present
method for non-rotating cases are in the same region of errors by Williams' 10
element idealisation technique, it can be argued that a 25 element idealisation of

the present method would result in the same sort of accuracy of Williams' for both
rotating and non-rotating cases. In fact, improvement in accuracy has been shown,

by increasing the number of elements fo 20. (See Section 4.1).
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The frequency variations on each mode due to different speeds are better

understood from Figures 60 to 64, The analysis of mode shapes of all these
cases would be voluminous. However, mode shapes of the first five modes of
flap bending and the first five modes of drag bending for one rotation case are
presented (3 radians/sec). These are in Figures 65 to 70, On all these mode
shape curves, the mode shapes obtained by Williams 25 element idealisation are
also indicated. It can be seen from Figures 65 to 70 the mode shapes of all the
flap bending modes and drag bending modes are in very good agreement with those
of Williams,

The mode shapes obtained for torsional and longitudinal modes are also presented,
up to fifth mode in Figures 71 to 73.

Another known case of rotating blade is that of Montoya's (30) which is adopted

for running by the present programme. Although he did not present the calculated
results, the results of his work were read off from the graph (30) and compared with
the present results. The blades used for these runs are referred to as blade nos.

56 to 61. The results obtained for the first mode frequencies for different rotation
speeds are presenfed in Table 50. The results are also presented in Figure 74.
From the above figure it can be seen that the present results are closer to

Montoya's practical results than his theoretical results.

Another known case where computed frequency values and mode shapes are
available, is that of Wilde (48). The blade parameters used in his blade were
idealised into ten elements and run on the present programme. The results obtained
are encouraging. His values of first and second mode frequencies of 3.183 and 8.7 81
compare well with the present values of 3.236 and 8.807. The bending mode shape
presented by him compares very well with the mode shape obtained by the present
method which can be referred to in Figure 75.
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5
CONCLUSIOKS

L discrete element method has been developed for the solution of
normal mcde frequencies and their mode shapes. The method is suitable
for btoth rotating and non rotating blades having complexities such as
pretwist, off-set shear centre from centroid, variable mass per unit
length and abrupt changes in the centrcidal axis. Various checks have
been made for different cases with known standard analytical solutions
and other investigator's results where available., The results obtained
indicate that the method is stable and the accuracy to be good
especially for lower modes,

The accuracy of the method decreases with the increase of mode number.
On the other hand the accuracy of the method increases by increasing
the number cof elements. This has been established bty computing the
results using 20 element idealisation and comparing with those of 10
element idealisation, blade geometrical properties being the same in
either case,

For rectangular cross section blades, the natural frequencies and

mode shapes of vibration obtained by this method gives good agreement
with those obtained by Williams' metod. Similar agreement is shown
with the results of Carnegie's method, The displacements in flap,

drag and longitudinal and torsion are independent for a uniform
rectangular blade. When a blade is positioned at equal inclination

to overall X,Y,Z directions (5&.?? the following displacement patterns
have beem observed. The flap bending displacements have components

in global X,Y,Z directions and drag bending displacements have
components in global X and Y directions. The displacements in the
longitudinal mode have components in global X,Y,Z directions. However
torsional displacements do not form any coupling. In the above cases
the values of normal mode freguencies are not changed from the values
of those laid in one axis. It can be concluded that the natural
frequencies are independent of the position in which the blade is

laid whereas the mode shapes are dspendent on the position of the blade,

For a swept back btade ( as in the case of bade 14 with 90° sweep back)
the flapping displacements would lead to displacements in Z cdirection
coupled with torsional displacements, The drag bending cdisplacements
would lead toc displacements in Y direction coupled with longitudinal
(X) displacements. A kink is noticeable on the mode shapes of this
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blade which is predominent on the higher modes.

L zlg-zag blade ( blade 23 ) causes displacements in X,Y,Z directions
in addition to torsion on all modes of frequencies. The mode shapes
are very copmlex compared to those of normal mode shape curves. It

is concluded that abrupt changes in the centroidal axis causes changes
in the frequency values compared to those of straight blades and the
torsional mode shapes im particular result in complexities.

For rectangular blades with pretwist being present, the flapping

and drag mode frequencies couple together to give complex modes which
are best identified by the ascending corder of frequencies. The inclusion
of the higher order term Bl (B2=B3=0) im a pretwisted rectangular

blade calculation indicated an increasing trend of first mode frequency
with the increase of pretwist angle.

For blades with off-set shear centre from centroid, e.g aerofoil cross
gsection blade, the mode of vibration is that of coupled flap-drag-
torsional type and the longitudinal mode is independent. However the
coupliﬁg is appreciable only in the higher modes. For pretwisted
aerofoil cross section »lades thecoupled modes are predominantly
flap-drag-torsional type. Traces of longitudinal coupling are however
observed on certain mocdes. The complex mode shapes are beiter identi-
fied in the ascending order of frequency.

The introduction of higher order terms B1,B2,B3 in the pretwisted
aerofoil cross section blades results in significant changes in the
flexibility matrix. Considerable changes to the frequency values and
their mode shapes have been observed due to the inclusion of higher
order terms. For example the first normal mode frequencies, show a
decreasing trend with the increase of pretwist angle. This is mainly
because the higher order terms coupled with off-set shear centre
co-ordinates decrease the flexibility. Torsional coupling is more
significant in all the coupled mode shapes for the cases when the
higher order terms B1,B2 and B3 are introduced in the calculations.
1t is concluded that calculation of natural frequencies and mode
shapes of vibration of asymmetrical beams neglecting higher order
terms or with inaccurate values of shear centre co-ordinates could
result in unacceptable values. Therefore cue consideration must be
given in establishing the higher order terms and the s.c position,
during the desigpn stage. It is concluded that natural mode frequencies
and mode shapes can be talculateq using this method at design stage.
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FUTURE WOEK

To improve the accuracy of the method a more sophesticated stress and
deformation pattern could be introduced. For example in calculating
the blade bending moment each discrete blade length could be assumed
to be deflected into a circular arc. In evaluating the displacement
of the blade at the ends of the discrete elements the blade bending
moment in each short blade length could be assumed to vary cubically,
The number of elements could be increased to increase the accuracy

of the method.

The changes in steady state geometry, some times known as centrifugal
untwisting moment, could affect the normal mecde frequencies and the
mode shapes. There may be sizable steady state deformation of the
rotating blades. This could be studied in some detail as a pre-
analysis package. The shear deformation and Coriolis' forces could

be included in the theory to study their effect on normal mode frequ-
encies and mode shapes.

The importance of the inclusion of the higher order terms could be
analysed further to include accurate prediction of the values of the
higher orcer terms and the shear centre locatiocn; and their sensitive-
ness to other terms they are coupled with, The present method could

be extended to establish the bending moment distributions,
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BLADE DESCRIPTIONS TABLE 2

Blade Blade Code

Yo in the Description Of Blade Details
Data Pile

1 KUMN As in Table 3

2 SHRT As in Table 4

3 SUND As in Table 3 ; with B = 10 x 10° 1b/ in® and
P =18 16f/ in; ( To consider variation in /)

4 SHER i in Mekie '3 with changes; J =3 487 & I =2 1bs.sec”
ey =1 in ;3 To consider s.c off-ae?' in y axis

5 CESH As in Table 3 ; with ey = e = 0.1"

6 SHCE As in Table 3 ; with ey = e; = 1.0

7 PTOR As in Table 3 ; with Pretwist angle 0.2 radian

8 PTO4 As in Table 3 j with Pretwist angle 0,4 radian

9 PTO6 As in Table 3 ; with Pretwist angle 0.6 radian

10 PTO8 As in Table 3 ; with Pretwist angle 0.8 radian

1 PTC2 As in Table 3 ; with Pretwist angle 1.0 radian

12 PTCY As in Table 3 ; with Pretwist angle 1.5708(90°) radian

13 PTCS As in Table 3 ; with 1 radien pretwist& ey-eﬁ-o.‘{“

14 KUSP A8 in Table 3 ; with a sweep back of 90° of 1st element

15 HIIZ As in Blade 11 with IZ=10000 (To consider the effect
of large second moment of area)

16 HINZ As in Blade 12 with IZ=10000 (To consider the effect
of large second moment of area)

17 KINK As in Table 5

18 RTO3 As in Table 3 with speed of rotation =3 radians/sec

19 RTO6 As in Table 3 with speed of rotation =6 radians/sec

20 RT10 As in Table 3 with speed of rotation =10 radians/sec

21 RT15 As in Table 3 with speed of rotation =15 radians/sec

22 RT20 As in Table 3 with speed of rotation =20 padians/sec

23 TAMO As in Table 6

24 TAM1 AS in Table 6 with Pretwist angle 0.3 radian
25 TAM2 As in Table 6 with Pretwist angle 0.6 radian
26 TAM? A= in Table 6 with Pretwist angle 0.9 radian
27 TAMA As in Table 6 with Pretwist angle 1.2 radians
28 TAMS As in Table 6 with Pretwist angle 1.5 radians

29 JNTO As in Teble 7
30 JNTA Table 7 with Pretwist angle of 15°

&
)

Contd.



Table 2 Continued

Blade Blade Code

No in the Description Of Blade Details

Data File
31 T2 As in Table 7 with a Pretwist angle of 30°
32 JNT3 is in Teble 7 with a Pretwist angle of 45°
1 JNT4 As in Table 7 with a Pretwist angle of 57,30 °(1 radian)
34 JINT5 As in Table 7 with a Pretwist angle of 60°
35 JNT6 As in Table 7 with a Pretwist angle of 75°
36 JNT7 As in Teble 7 with a Pretwist angle of 90°
37 JNTO As in Table 7 with B1 =B2 =B3 =0
38 INT1 As in Blade 37 with a Pretwist angle 15°
19 INT2 As in Blade 37 with a Pretwist angle 30°
40 TNT3 As in Blade 37 with a Pretwist angle 45°
M JNT4 As in Blade 37 with a Pretwist angle 57.30°(1 radian)
42 INTS As in Blade 37 with a Pretwist angle 60°
1 JNT6 As in Blade 37 with a Pretwist angle 75°
44 INTT As in Blade 37 with a Pretwist angle 90°
45 CAMO As in Table 7 with ey = e, = B1 = B2 = B} = 0
46 CAM1 As in Blade 45 with a Pretwist angle 15°
47 CAMZ As in Blade 45 with a Pretwist angle 30°
48 CAM3 As in Blade 45 with a Pretwist angle 45°
49 cAMA As in Blade 45 with a Pretwist angle 57.3°(1 radian)
50 CAMS As in Blade 45 with a Pretwist angle 60°
51 CAMS As in Blade 45 with a Pretwist angle 75°
52 CAMT As in Blade 45 with a Pretwist angle 900
53 MONS As in Table 8
54 Mon1 As in Table B with a pretwist angle of 1.121 radians
55 MON4 As Blade 54 with ey = e, = B1 = B2 = B3 = 0
56 SUB1 As in Table 8; ey-ezaB1nB2uB3-0;Retn.tion 0 repem
57 sSUB4 As in Table 8; ey=e,=B1=B2=B3=0;Rotation 1000 r.p.m
58 SUB5 As in Table 8; ey=e,=B1=B2=B3=0;Rotation 1500 repem
59 SUB6 As in Table 8; ey=e,=B1=B2=B3=0;Rotation 2000 r.p.m
60 SUB7 As in Table 8; ey=e;=B1=B2=B3=0;Rotation 2500 r.p.m
61 StB2 As in Teble B; ey=e,=B1=B2=B3=0;Rotation 3000 r.p.m
62 EWDE As in Table 9 and Speed of rotation = 20 x'a.diemsf sec

BLADE DESCRIPTICHS

TABLE 2



Description of the parameter ShERRR T i l pEah

1 2 3 4 5 6 7 8 9 10
A .iArea sin® 10 10 10 10 10 10 10 10 10 10
I, 1204 noment of area about y exissin? 1 1 . ' 1 . 1 1 1 1
Iz 12nd moment of area about z axistin 10 10 10 10 10 10 10 10 10 10
J 1Torsional stiffness rin? 10 10 10 10 10 10 10 10 10 10
ey 10ff-get between c.sé&c.g tin 0 0 0 0 0 0 0 0 0 0
e, 10ff-set between c.sé&c.g tin 0 0 0 0 0 0 0 0 0 0
B1 sHigher moment 1 :1114 0 0 0 0 0 0 0 0 0 0
B2 :Higher moment 2 tin’ 0 0 0 0 0 0 0 0 0 0
B3 :Higher moment 3 tin’ 0 0 0 0 0 0 0 0 0 0
P iMass per unit length 16£/in 1 1 1 1 1 1 1 1 1 1
I‘P tPitching inertia 1bs aeozfin 10 10 10 10 10 10 10 10 10 10
X :X Co-ordinate of c.g sin 100 90 80 70 60 50 40 30 20 10
Y :Y Co-ordinate of c.g tin 0 0 0 0 0 0 0 0 0 0
72 17 Co-ordinate of c.z tin 0 0 0 0 0 0 0 0 0
E #Young's Nodulus 1 "“’Z 1vt/! i": Short title of the bladetlniform rectangular
¢ sRigidity Modulus 5 x10° 1b£/in STeAL Teth ik sxta
L s:Length 100 in

fp tPretwist angle ~tip to root 0 radian

Blade code s KUMN
BLADE PARAMETERS OF BLADE No 1
TABLE 3




Description of the parameter ELYXNER T NUNBREE S
1 2 3 4 5 3 7 8 9 10

A Area T 10 10 10 10 10 10 10 10 10 | 10

Iy ¢2nd moment of area about y axis=in4 1 1 1 1 1 1 1 1 1 1

1'5 +2nd moment of area about z axis:in4 10 10 10 10 10 10 10 10 10 10

J :Torsional stiffness :in 4 10 10 10 10 10 10 10 10 10 10

ey t0ff-get between c.sic.g sin 0 0 0 0 0 0 0 0 0 0

e, t0ff-set between c.s&c.g tin 0 0 0 0 0 0 0 0 0 0

B1 :Higher moment 1 tin? 0 0 0 0 0 0 0 0 0 0

B2 sHigher moment 2 2in’ 0 0 0 0 0 0 0 0 0 0

B3 sHigher moment 3 sin’ 0 0 0 0 0 0 0 0 0 0

P iMase per unit length 15£/in 1 1 1 1 1 1 1 1 1 1

I, tPitching inertia 1bs sec’/in 10 10 10 10 10 10 10 10 10 10

x X CO-Ordinate of c.g tin 57.735| 51.962| 46.188| 40.415| 34.641| 28.868| 23.094| 17.321 11.547) 5.774

Y Y Co~ordinate of c.g odn 57.735| 51.962| 46.188| 40.415| 34.641| 28,868] 23.094| 17.321 11.547| 5.774
TR AR s 57.735| 51.962| 46.188| 40.415| 34.641| 28.868| 23.094| 17.321] 11.547] 5.774

B :Young's Modulus 11 x10° 1ve/in® Short title of the bladeBlade 1 1aid in 547356

G :Rigidity Modulus 5 1106 1bf/in2 to all three axes, but equivalent

L :length 100 in length of each element=10"

p :Pretwist angle-tip to root 0 radian Blade code 1SHRT

BLADE PARAMETERS OF BLADE No 2

TABLE 4




Description of the parameter EL J: RE¥Z »y + 3 BR

1 2 3 4 5 6 7 8 9 10
A threa $in° 10 10 10 10 10 10 10 10 10 | 10
I, :2nd moment of area sbout y axistin® 1 1 1 1 1 1 1 1 1 1
I, 1204 moment of area about 3 axistin’ 10 10 | 10 10 | 10 | -t 10 10 10 | 10
T tTorsional stiffness rin 10 10 10 10 10 10 10 10 10 | 10
ay 10ff-set between c.s&c.g tin 0 0 0 0 0 0 0 0 0 0
e, 10ff-set between c.sdo.g tin 0 0 0 0 0 0 0 0 0 0
B1 tHigher moment 1 2in? 0 0 0 0 0 0 0 0 0 0
B2 tHigher moment 2 2in’ 0 0 0 0 0 0 0 0 0 0
B3 sHigher moment 3 tin’ 0 0 0 0 0 0 0 0 0 0
P :Mass per unit length 1b£/in 1 1 1 1 1 1 1 1 1 1
I, 1Pitching inertia  1bs sec’/in 10| 10| 10| 1w 0 | 0] w0 10 [ 10 | 10
X X Co-ordinate of c.g zin 100 20 80 70 60 50 40 30 20 10
Y :Y Co-ordinate of c.g 2in 0 10 0 10 0 10 0 10 0 10
2 37 Co-ordinate of c.z tin 0 0 10 0 10 0 10 0 10 0
B tYoung's Modulus 11 x10° 1ve/in’ Short title of the blade:Zig-zag Blade
¢ Rigidity Modulus 5 210° 1b¢/in’
I, :length 166.84 Blade code tKINK
P :Pretwist angle-tip to root 0 radian

BLADE PARAMETERS OF BLADE Fo 17

TABLE 5




Description of the parameter il ]* XTEg . Ui e T

1 2 3 4 5 6 T 8 9 10
A threa sin? | 0,068 | 0.068 | 0.068 | 0.068 | 0.068 | 0.068 | 0.068 | 0.068 | 0.068 | 0.068
1, +2nd moment of area abowt y axissin:sz‘ 0.262 | 0.262 | 0.262 | 0.262 | 0.262 | 0.262 | 0,262 | 0.262 | 0,262 | 0,262
I, t2nd moment of area sbout axis:indxﬂ:r 0.5667| 0.5667| 0.5667| 0.5667| 0.5667| 0.5667| 0,5667| 0.5667| 0.5667| 045667
J sTorsional stiffness +in"x15? 0.1048| 0.1048| 0.1048| 0.1048| 0,1048| 0.1048| 0.1048| 0.1048| 0,1048| 0.1048
o 10ff-get between c.s&c.g 1in 0 () 0 () 0 0 0 | o 0 0
8, 10ff-set between c.pic.g tin 0 0 0 0 0 0 0 |0 0 0
B :Higher moment 1 2in?215% 0.5693| 0.5693| 0.5693| 0.5693| 0.5693| 0.5693| 0.5693 0.5693| 0.5693| 045693
B2 tHigher moment 2 tin 0 0 0 0 o 0 0 | © 0 0
B3 tHigher moment 3 ¢n’ | o 0 0 0 0 0 0 o 0 0
P iMass per unit length (10°4)  1b6/in | 0.4998| 0.4998| 0.4998| 0.4998| 0.4998| 0.4998| 0.4998| 0.4998| 0.4998| 0.4998
I, tPitching inertia Tbe sec/ inx10™] 0.4184| 0.4184| 0.4184| 0,4184| 0,4184| 0.4184| 0.4184  0.4184| 0.4184| 0.4184
% tX Co-ordinate of c.g tin 6 Sed 4.8 4.2 3.6 3 2.4 | 18 1.2 0.6
v tY Co~ordinate of c.g tin 0 0 0 (o] (0] 0 0 0 (4] 0
7 tZ Co-ordinate of c.g tin 0 0 0 0 0 0 0 . 0 0 0
E :Young's Modulus 30:106 lhf'/.’m2 Short title of the blade:Carnegie's rectapguiar
¢ :Rigidity Modulus 11.54 108 1b£/in’ Blade without pretwist
I tLength 6 in PBlade code s TAMO
P tPretwist angle~tip to root 0 radian

BLADE PARAMETERS OF BLADE No 23

TABLE 6



NURBERS

Description of the parameter R RAN

1 2 3 4 5 6 7 8 9 10
A shrea :in®> | 0,0914| 0.0914| 0.0914| 0,0914| 0.0914| 0.0914| 0.0914| 0.0914| 0.0914| 0.0914
Iy 22nd moment of area about y a:n:.'u;tiu‘,l'x‘iﬁ:i 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
T, 12nd moment of area sbout z axistin’z107 0.671 | 0,671 | 0,671 | 0.671 | 0.671 | 0.671 | 0.671 | 0.671 | 0.671 | 0.671
J sToreional stiffness 2int183 0.2708| 0.2708| 0.2708| 0.2708| 0.2708| 0.2708| 0.2708| 0.2708( 0.2708| 0,2708
o, 10Pf-get between 0u8ko.g tin 0.007 | 0.007 | 0.007 | 0.007 | 0,007 | 0,007 | 0.007 | 0.007 | 0.007 | 0.007
8, :0ff-set between c.s&oc.g 1in 0.0469| 0.0469 0.0469| 0.0469 0,0469| 0,0469| 0.0469| 0.0469| 0.0469| 0.0469
B! ;Higher moment 1 2in?218% 0.681 | 0.681 | 0.681 | 0.681 | 0.681 | 0,681 | 0,681 | 0,681 | 0.681 | 0,681
B2 tHigher moment 2 $in%715% 0,106 | 0,106 | 0.106 | 0.106 | 0,106 | 0.106 | 0,106 | 0,106 | 0,106 | 0106
B3 s:Higher moment 3 tin’z180 0.2 | 0.2 | 0.2 |02 [0.2 |0.2 |02 0.2 | 0.2 0.2
P iMass per unit length (x10~%) 1b£/in | 0.6718| 0.6718| 0.6718| 0.6718| 0.6718| 0.6718| 0,6718| 0.6718| 0.6718| 0,671
Tp sPitching inertia 1bs sec’/ing10?| 0,5005| 0.5005 0.5005| 0.5005| 045005| 0.5005| 0.5005| 05005 045005/ 0.500%
X sX Co-ordinate of c.g tin 6 5.4 | 4.8 | 4.2 1,6 3.0 2.4 1.8 1.2 0.6
Y ,¥ Coordinate of c.g tin 0 0 } 0 0 0 0 0 0 0 0
Z 317 Co-ordinate of c.g tin 0 0 | o 0 0 0 0 0 0 0
B :Young's Modulus 31 x 10° 1we/in? o :

2 of the blade:Carnegie's aerofoil

0 :Rigidity Modulus 12 x 10 1bf/in cross section blade without pretwist
L sLength 6 in
P tPretwist angle-tip to root O radien | B 1R

BLADE PARAMETERS OF BLADE No 29

TABLE T



Description of the parameter ELENMENT NU+BER$

1 2 3 4 5 6 7 8
A threa com | 4.68 | 5.451 | 6.451 | 7.854 | 10.26 | 14.16 | 19.24 | 25.19
I, t2nd moment of area about ¥ axiston® | 0,199 | 0.5%07| 1.526 | 3.4 | 7.047 | 13.79 | 24.79 | 39.87
I, t2nd moment of area about z axiasm4 36.1 41.37 | 50.17 | 65.11 | 93.99 | 151.1 | 244.2 | 385.1
I iTorsionmal stiffness con? | 0.3886] 0.6511| 1.02 | 1.694 | 3.263 | 6.573 | 13.04 | 23.98
ey 10ff-set between c.sdc.g zem 0.7206| 0.7702| 0.7447| 0.6155| 0.4715| 0.3971| 0.2382| 0.0152
e, toff-set between c.skc.g tom 0.1847| 0.3787| 0.6449| 0.8924| 1.170 | 1.395 | 1.566 | 1.766
B! tHigher moment 1 son? | 362 | 41,96 | 51.7 | 68.5 | 101 | 164.9 | 268.9 | 424.9
B2 iHigher moment 2 com® | 39.7 | 54.9 | 75.02 | 106.1 | 152.6 | 225.4 | 333.1 | 510.5
B3 tHigher moment 3 son® | 13.7 | 21.9 | 3.4 | 57.6 | 95.1 | 143.2 [ 166.3 | 153.1
P tMass per unit lemgth keff/om x10~% | 0.37 | 0.43 [ 0.51 | 0.62 | 0,81 | 1.1 1.5 | 2.0
I, tPitching inertia kg sec?/om x10~> | 0.29 | 0.33 | 0,41 | 0.54 | 0.8 |13 |21 | 3.4
X X Co—ordinate of c.g tem 71.68 | 62.72 | 53.76 | 44.8 35,84 | 26.88 | 17.92 | 8.96
Y :Y Co~ordinate of c.g som (o] 0 0 0 0 0 0 0
Z 12 Co-ordinate of c.g tem 0 0 0 (] 0 0 0 0
E iYoung's Modulus 2050000 kgf/on’ Short title of the blade:Brown Boveri Blade
¢ tRigidity Modulus 800000 kgf/on”
L tlength 71.68 om
F’o :Pretwist angle-=tip to root 0 radian Blade code sMONS5

BLADE PARAMETERS OF BLADE No 53

TABLE 8




Description of the parameter ELRNER] e !J nES d
1 2 3 ‘4 5 6 1 8 9 10

A threa inZ  17.56 | 7.56 | 7.56 |7.56 |7.56 | 7.56 | 7.56 |7.56 |7.56 | 7.56
Iy :2nd moment of area about y axis:in4 1 1 1 1 1 1 1 1 1 1
Iz :2nd moment of ares about 2 a.:ia:in4 22,68 | 22.68 | 22,68 |22.68 | 22,68 20,68 | 22,68 | 22.68 | 22,68 | 22,68
7 tTorsional stiffness vin? |4 4 4 4 4 4 4 4 4 4
o :0ff-set between c.s&0.g tin 0 0 0 0 0 0 0 0 0 1o}
e, 10ff-set between c.s&c.g tin 0 0 0 0 0 0 0 0 0 0
B1 sHigher moment 1 en? o 0 0 0 0 0 0 0 0 0
B2 tHigher moment 2 ¢n’ |0 0 0 0 0 0 0 0 0 0
B3 sHigher moment 3 ¢in° |0 0 0 0 0 0 0 0 0 0
P iMass per unit length (x10™2)  1bf/in | 0.667 | 0.667 | 0,667 | 0.667 | 0,667 | 0.667 | 0,667 | 0.667 | 0.667 0.667
I, tPitching inertia 1bs sec?/ in 05159 | 0,159 | 0,159 | 04159 | 04159 | 04159 | 0.159 | 04159 | 0.159 | 0,159
X t X Co-ordinate of c.g tin 300 270 240 210 180 150 120 90 60 30
T :Y Co-ordinate of c.g tin 0 0 0 0 0 0 0 o] 0 0
7 17 Co-ordinate of c.g tin 0 0 0 0 0 0 0 0 0 0
B tYoung's Modulus 10 x10° 1v#/in’ At

6 > e of the blade: Wilde's blade laid in X axis
¢ :Rigidity Modulus A x10° 1b£/in
b Hangka WO N Blade code s EWDE
F’ :Pretwist angle=tip to root 0 radian

BLADE PARAMETERS OF BLADE No 62
TABLE 9



Flapping Mode Frequencies In Hz 4 Difference

Frequencies Solution By Exact Analyt— Compared To
Present Analysis ical Solution Present Analysis

First Mode 0.185460 0.185575 0.054
Second Mode 1.175735 1.163061 1.075
Third Mode 3.378427 3.256932 3.596
Fourth Mode 6.894546 6.382427 T.427
Fifth Mode 12,008414 10.549476 12,150

FLAPPING MODE FREQUENCIES OF UNIFORM RECTANGULAR BLADE
BLADE CODE : KUMN

TABLE 10
Drag Mode Frequencies In Hz 4 Difference
Frequencies Solution By Exact Analyt- Compared To

Present Analysis ical Solution Present Analysis

Piret Mode 0.586477 0.586839 0.075
Second Mode 3.718002 3.677922 1.079
Third Mode 10,683523 10.299324 3.596
Fourth Mode 21.802470 20.183005 7.428
Fifth Mode 37.973938 33.360371 12.149

DRAG MODE FREQUENCIES OF UNIFIRM RECTANCULAR BLADE
BLADE CODE : KUMN

TABLE 11




Torsional Mode Frequencies In Hz 4. Difference

Frequencies Solution By Exact Analy- Compared To
Present Analysis tical Solution Present Analysis

Pirst Mode 5.601691 5.590169 0.205
Second Mode 17.087902 16.770506 1.857
Third Mode 29.482156 27.950843 5.194
Fourth Mode 43.616851 39.131180 10.284
Fifth Mode 60.790329 50,311517 17.238

TORSTONAL MODE FREQUENCIES OF UNIFORM RECTANGULAR BLADE
BLADE CODE : KUMN

TABLE 12
Longitudinal Frequencies In Hz ﬁ Difference
Mode Frequencies Solution By Exact Analyt-— Compared To

Present Analysis ical Solution Present Analysis

Firet Mode 26,274261 26.220214 0.206
Second Mode 80.149376 78.660643 1.857
Third Mode 138.283434 131.101072 5194
Fourth Mode 204.580318 183.541501 10,284
Fifth Mode 285.131312 235,981930 17237

LONGITUDINAL MODE FREQUENCIES OF UNIFORM RECTANGULAR BLADE
BLADE CODE : KUMN

TABLE 13




Frequency In Hz Type Of Mode Frequenoy In Hz Type Of Displacement

(k) (xun) (sHRT) (SHRT)
0.185460 Flap 0.185460 X,Y,2
0.586477 Drag 0.586477 X,Y
1.175735 Flap 1.175735 XY, 2
3.378427 Flap 3.378426 XY,z
3.718002 Drag 3.718002 XY
5.601691 Toreion 5.601691 Torsion
6.894546 Flap 6.894546 X,Y,2

10.683523 Drag 10,683523 XF
12,008414 Flap 12.008414 X,Y,2
17.087902 Torsion 17.087901 Torsion
19.035802 Flap 19.035804 X,Y,%
21.802470 Drag 21.802468 X,Y
26.274261 Longitudinal 26,274259 X,¥,z

CHANGES IN MODE SHAPES WHEN A BLADE IS ARRANGED TO LAY IN
(a) x AXIS AND
(b)544736 TNCLINATION TN X,Y,Z DIRECTIONS
BLADE CODES : KUMN,SHRT
NOTE : No Change in frequency values

TABLE 14




4 Difference 9, Difference

Type Of Frequencies In Hz Compay Fr;:e;:ias Coapared
Normal Mode Solution Solption To - To
lg} LB} Present Solg_}.rian Present

Present Analytical
Analysis Method Results Williams  Results

Method

I Flapping 0.041679 0.041705 0,062 0,041666 0.024
IT Flepping 0.264227 0.261375 1.078 0.260712 1.328
ITT Flapping 0.759245 0.731941 3.596 0.728834 4.005
I¥ Flapping 1.549434 1.434344 T7.428 1.425836 T«979
V TFlapping 2.698690 2.370818 12.149 2,353009 12.917
T Drag 0.131801 0.131882 0.061
II Drag 0.835559 0.826552 1.078
IIT Drag 2,400943 2.314601 3.596 - -
IV Dreg 4.899741  4.535793 T.428

Vv Drag 8.534008 7.497186 12.149

I Torsional 5.601691  5.590169 0.206
IT Toreional 17.,087902 16.770506 1.857
IIT Torsional 29,482069 27.950843 50194 - -

IV Torsional 43.616873 39.131180 10.284
Y Torsional 60,791035 50.311517 17.239

I Longitudinal 5.904701  5.892555 0.206
IT TLongitudinal 18,012231 17.677665 1.857
ITT Longitudinal 31.076932 29.462775 5.194 - -
IV longitudinal 45.976102 41.247885 10.284
V lLongitudinal 64.078610 53.032995 17.238

COMPARISION OF NORMAL MODE FREQUENCTIES OF A KNOWN CASE WHERE fu‘lS
BLADE CODE : SUND

TABLE 15



Coupled Fresuencies Solution By Solution By 4 Difference Solution By % Difference
Present” Williams Compared To Carnegie's Compared To
Analysis Method Present Principle Present
Frequencies Frequencies Results Frequencies Results
In Hz In Hz In Hz
Firet . Mode 0,165429 0.19 2,481 0.186313 0.485
Second Mode 1.174325 1.18 0.485 1.167690 0.562
Third Meode 3.368637 3.1 1.751 3.269814 2.933
Fourth Mode 6.766925 6.49 4,092 6.407828 5307
Fifth Mode 6.,961976 6.87 1.320 6.846532 1.658
Sixth Mode 11.913319 10.71 10,100 10.593137 11.081
Seventh Mode 18.821202 15.63 16,955 15.,825130 15.919

COMARISION OF COUPLED MODE FREQUENCIES OF A BLADE WITH OFF-SET S.C IN y DIRECTION ONLY

BLADE CODE

TABLE 16

t SHER




Type Of Straight Blade Blade With Blade With % Variation
Mode Of without s.c s.¢ Off-set s.¢c Off-set in Freguencies
Case (A) Off-set e =e =0,1 e =e =1.0 Between

y = AN Blades (B)
Fregquencies Frequencies Frecuencies a (G)
in Hz in Bz in Hez -
(a) (3) (c)
I Flapping 0.185460 0.185460 0.185451 0,000
II Flapping 1.175735 1175731 1.175308 0.034
III Flapping 3.378427 3.378396 3.375370 0,089

IV Flapping 6.894546 6.894462 6. 886086 0.198
V Plapping 12.008414 12.008107 11.977887 0,253
I Drag 0.586477 0.586474 0,586176 0.051

IT Drag 3, 718002 3.717819 3.699946 0.484

IIT Drag 10.683523 10.682425 10.576465 1.002

IV Drag 21.802470 21.797668 21.355360 2.071
V Drag 37.973938 37.954336 36.430780 4,182
I Torsion 5.601691 5.601867 5.619026 0,305

IT Torsion 17.087%02 17.089012 17.195441 0.619

ITI Torsion 29.482156 29,487066 29.935143 1.497

IV Torsion 43.616851 43.635536 45.076699 3.197

V Torsion 60.790329 61.032468 64.992217 6.093
EFFECT OF VARTATION IN OFF-SET S.C ON FREQUENCIES

BLADE CODES : KUMN

TABLE

: CESH
3 SHCE

17

:NO OFF-SET (A)
te = e =0,1 (B)
:e‘y- e,=1.0 (c)




Pretwist Angle Prequencies In Hz % Difference
Tn Degress Solution By Solution By g;:g:i:d ke
Present Analysis Carnegie's Method Results
0,00 0.185460 0.185575 0.062
11.46 0.185542 0.185766 0.121
22.92 0.185786 0.185957 0.092
34.38 0.186192 0.186474 0.151
45.84 0.186755 0.187200 0.238
57.30 0.187473 0.188134 0.353
90.00 0.190318 0.191940 0.852

FIRST COUPLED MODE FREQUENCIES DUE TO PRETWIST:RECTANGULAR CROSS SECTION

BLADE CODES

PTC2,PTC1

TABLE 18

: KUMN,PTO2,PTO4,PTO6,PTO8,

Pretwist Frecuencies In Hz
Anisle 2nd ‘c;ouplad 3rd Coupled 4%h Coupled 5th Coupled
ode Node Mode Mode
0.00 0.586477 1.175735 3.378427 3. 718002
11.46 0.583202 1.1A82168 3.309239 3.794287
22,92 0.573871 1.201685 3.177293 34947241
34,38 0.559739 1.232172 3.036037 4.123167
45.84 0.542352 1.271866 2.897665 44308650
57430 0.523144 1.318771 2,765683 4.498967
90,00 0.467130 1.476792 2.433323 5.039600

11,1I11,IV,V COUPLED MODE FREQUENCIES DUE TO PRETWIST
RECTANGULAR CROSS SECTION BLADES
BLADE CODES : KUMN,PTO2,PTO4,PTO6,PTOS,

PTC2,PTC1

TABLE 19




Frequencies In Hz  PFregquencies In Hz  Freguencies In Hz

B =0y ey=ez=0 A= ,ey=ez=0 p=1 ey=e==-0. 1
(a) (3) (c)

0.185460 0.187473 0.187473
0.586477 0.523144 0.523142
1,175735 1.318771 1.318757
3.378427 2.765683 2.765663
3.718002 4.498967 4.498706
6.894546 6.457741 6.457678
10.683523 11.226743 11,225750
12.008414 11.617026 11.616636
19.035802 18.633475 18.632824
21,802470 22.185948 22,181766

COMPARISION OF UNCOUPLED AND COUPLED FREQUENCTES
(A) STRAIGHT RECTANGULAR BLADE :UNCOUPLED : BLADE CODE : KUMN
(B) 1 RADIAN PRETWIST, NO S,.C OFF-SET : BLADE CODE : PTC2
(C) 1 RADIAN PRETWIST, S.C OFF-SET INCLUDED : BLADE CODE 3 PTCS
NOTE ¢ (B) aND (C) COUPLED FLAPPING AND DRAG

TABLE 20

Frequencies In Hz  Fregquencies In Hz  Frequencies In Hz

p =0, ay-es-o p=1 ,ey-exuo p =1 'ey'es'0°1
(a) (B) (c)

5.601691 5,601691 5601902 %
17.087902 17.087902 17.088934 #=
29,482156 29.482162 29.486605 7;‘:
43.616851 43.616851 43.632693 7
60.790329 60.790251 60,944683 5
26.274261 26.274261 26.181766
80.149376 80.149373 80.149373 E @

138.283434 138.283645 138,283645 E ;5
204.580318 204580656 204,580656 &
285,131312 285.135616 285.135616 =

COMPARTSTON OF TORSIONAL AND LONGITUDINAL FREQUENCIES
A,B,C ¢+ DETAILS AND BLADE CODES SAME AS TABLE 20
TABLE 21



Freouencies in Hz

Uncoupled Flap Uncoupled Drag

& Torsion Frequencies &Longitudinal Frequencies

Fremuencies Z - Torsion Frequencies Y & X
lacements Displacements

Straight Blade Sweep Back Blade Straight Blade o . 'p.ck Blede

0.185460" 0.190138 0.586477F 0.600798
1.175735" 1.255662 1,718002% 1,936380
3.378427" 3, 607882 10.683523% 11.270022
5,601691" 5.192255 21.802470% 20,980338
6.894546" 7.780935 26,274261% 26.975620
12.008414" 13.117677 37.973938% 36.017098
17.087902" 15.429861 80.149376° 51.360512
29482156 20477351 138.283434° 76786847
43.616851" 24.648670 204.580318° 88. 655404
60,790329" 29.473873 285.131312° 112.537234

+ Uncoupled Flapping Mode Frequencies

#* TUneoupled Torsional Mode Frequencies

x Uncoupled Drag Mode Freguencies
Uncoupled Longitudinal Mode Frequencies

FREQUENCTES OF A SWEEP BACK BLADE: 90° SWEEP BACK IN FIRST(TIP)
ELEMENT

TABLE 22




Frequencies

in Hz

Blade With Blade With Blade With 90° Blade With 90°
[Radtan  (Rallm . pensts  Preonist
IZ = 10 IZ = 10000 IZ= 10 IZ = 10000
0.187473 0.187696 0.190318 0.190870
0.523144 0.863767 0.467130 0.670805
1,318771 2.993376 1.476792 2.642201
2.765683 4,660998 2.433323 3.989742
4.498967 6.608550 5.039600 6.247057
6.457741 11.677828 6.013479 11.158582
11.226743 18.740134 11.076876 17.234562
11,617026 23.416319 11.876742 18.408955
18.633475 28,050114 18.116685 27.511635
22,185948 39.227745 22.610499 38, 606608

FREQUENCIES OF SPECTAL CASES WITH LARGE 1Z (10000 in®)
COMPARED TO PRETWISTED UNIFORM RECTANGULAR BLADE
PRETWIST ANGLES 1 RADIAN AND 90

BLADE CODES  :KUMN,HITZ,HINZ

TABLE 23

Frequency No

Frequencies Type of

in Hs

Displacement

Er. T - T T LY - P

-
o

0.146557
0.316827
0.870757
1,297063
1.807401
2.057154
24555002
3= 6501472
4. 780083

4« 953222

XYZ&

Torsion—

COUPLED FREQUENCIES OF A ZIG -ZAG BLADE
BLADE CODE 2

TABLE

24
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Flapping Mode Solution By Solution By 4 Difference

- i Compared To
Frecsuencies Present Analysis Williams Method Poasers

Frequencies In Hz Freguencies In Hz Results

Pirst Mode 0.540867 0,5420918 0.227
Second Mode 1.691472 1.6813609 0.598
Third Mode 3.941190 3.8262274 2,910
Fourth Mode 7.492762 6.9935720 6. 660
Fifth Mode 12,626227 11.1915300 11.360

FLAPPING MODE FREQUENCTIES OF ROTATING BLADE
SPEED OF ROTATION 3 RADIANS/ SEC
BLADE CODE : RTO3

TABLE 25
Flapping Mode Solution By Solution By % Difference
Compared To
Freruencies  Present Analysis Williams Method Foakert

Frequencies In Hz Frequencies In Hz Results

First Mode 0,620521 0.6216732 0.18
Second Mode 3,882899 3.8441492 1.00
Third Mode 10.865465 10.4841410 .51
Fourth Mode 21.994675 20,3837910 7432
Fifth Mode 38,171298 33.5900270 12,00

DRAG MODE FREQUENCIES OF ROTATING BLADE
SPEED OF ROTATION : 3 RADIANS/ SEC
BLADE CODE :  RTO3

TABLE 26




Flapping Mode Solution By Solution By % Difference
= < il . Compared To
Frecuencies Present Analysis Williams Method B anit

Frecuencies In Hz Frecuencies In Hz Resultg

First Mode 1.010385 1.0141826 0,38
Second Mode 2.688995 2.6802342 0.32
Third Mode 5.252232 51372534 2.19
Fourth Mode 9.026009 8.5325972 5.46
Fifth Mode 14.304657 12.8816340 9.94

FLAPPING MODE FREQUENCIES OF ROTATING BLADE
SPERD OF ROTATION 6 RADIANS/ SEC
BLADE CODE : RTO6

TABLE 27

Flapping Mode Solution By Solution By % Difference
: Compared To
Trecquencies . Present Analysis Williams Method Presant

Frequencies In Hz Freguencies In Hz Results

First Mode 0.699271 0.7026457 0.48
Second Mode 4.340111 4.3039149 0.83
Third Mode 11.392082 11.0174500 3.28
Fourth Mode 22,560294 20,9611600 7.08
Fifth Mode 38.756727 34.1911800 11.78

DRAG MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION : 6 HADIANS/ SEC
BLADE CODE

TABLE

RT06




Fifth Mode

Flapping Mode Solution By Solution By % Difference
Prequencies Present Analysis Williams Method g:2§2§:d To
Fremuencies In Hz Frecuencies In Hz Resultg
First Mode 1.640518 1.6489549 0,512
Second Mode 4.167953 4.1597522 0,190
Third Mode T«425322 T.2898314 1.820
Fourth Mode 11.8128%0 11.2717750 4.580
17.586766 16,0967000 8.470

FLAPPING MODE FREQUENCTES OF ROTATING BLADE
SPEED OF ROTATION 10 RADIANS/ SEC
BLADE CODE :.RTO

TABLE 29

Flapping Mode Solution By Solution By 9. Difference

Compared To

Frequencies Present Analysis Williams Method Sihanant
Frequencies In Hz Freguencies In Hz Results
Firat Mode 0.818518 0.,8276715 1.110
Second Mode 5.264394 5.2314195 0,625
Third Mode 12.543539 12.1780160 2.910
Pouth Mode 23.838875 22.2613210 6.170
Fifth Mode 40,119591 35.5698410 114340

DRAG MODE FREQUENCIES OF ROTATING BLADE
SPEED OF ROTATION : 10 R&DIAN‘B/ SEC
BLADE CODE @ RTO

TABLE 30




Flapping Mode Solution By Solution By 4 Difference
: : T Compared To
Frecuencies Present Analysis Williams Method Present
Frecuencies In Hz Freguencies In Hz Results
First Mode 2.429048 2.4430511 0.570
Second Mode 6.074007 6,0645040 0.156
Third Mode 10.360628 10.1775230 1.760
Fourth Mode 15.761508 15.0976470 4,210
Fifth Mode 22,496212 20,7968340 T550

FLAPPING MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION 15 RADIANS/ SEC

BLADE CODE :.RT 15

TABLE 31
Plepping Mode Solution By Solution By % Difference
Compared To
Frequencies Present Analysis Williams Method Posedent
Frequencies In Hz Frequencies In Hz Results
First Mode 0.952979 0.9747217 2.28
Second Mode 6,698661 6.6681297 0.45
Third Mode 14.502411 14.1419530 2.48
Fourth Mode 26,135481 24.5737660 597
Fifth Mode 42,617097 38.0976680 10,60

DRAG MODE FREQUENCIES CF ROTATING BLADE

SPEED CF ROTATION
BLADE CODE

TABLE

a2

: 15 RADIANS/ SEC
: RT 15




Flapping Mode Solution By Solution By % Difference
e i Compared To
Frecuencies Present Analysis Williams Method Present
Frequencies In Hz Fresuencies In Hz Results
Firet Mode 3.218774 3.2369619 0.56
Second Mode 8.001711 7.9879378 017
Third Mode 13.375840 13.1401940 1.76
Fourth Mode 19.939240 19,0782180 4.31
Fifth Mode 27.759853 25.7852500 711

FLAPPING MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION 20 RADIANS/ SEC

BLADE CODE : RT20

TABLE

33
Flapping Mode Solution By Solution By 9 Difference
Frequencies . Present Analysis Williams Method gz’:;’g:d To
Frequencies In Hz Freguencies In Hz Results
Firat Mode 1.065372 1.1059061 3.81
Second Mode 8.280013 8.2519186 0.33
Third Mode 16.828773 16.4580560 2,20
Fourth Mode 29,030752 27.4352140 5.49
Fifth Mode 45.914430 41,3366700 9.97

DRAG MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION
BLADE CODE

TABLE

20 RADIANS/ SEC

RT 20




Natural Mode

Solution By Exact 9, Difference
Frecuency Present Analysis Analytical Solution Compared to
Prequencies in Hz Frequencies in Hz Present Resulisg
FLAPPING
Pirst MNode 61.597814 61.635824 0.062
Second Mode 390, 502591 386.292993 1.078
Third Mode 1122.092863 1081,740374 3.596
Fourth Mode 2289,918324 2119.825622 T.428
Fifth Mode 3988.411393 3503.8473861 12,149
DR;?T“ Mode 905, 922941 906,481959 0.062
Second Mode 5743.146316 5681.235493 1.078
Third Mode 16502.689891 15909.224115 3.596
Fourth Mode 33677.922672 31176.409538 Te428
Fifth Mode 58658117609 51531.304809 124150

FLAPPING AND DRAG MODE FREQUENCIES OF RECTANGULAR BLADE

BLADE CODE TAMO
TABLE
Natural Mode Solution By Exact % Difference
Freomuency Present Anzlysis Analytical Solution Compared to
Praquencies in Hz  Frequencies in Hz Present Results

TORS TONAL

First Mode 709.856590 708.396415 0.206

Second Mode 2165.410339 2125.189246 1.874

Third Mode 3736.033647 3541.982077 5.194

Fourth Mode 55274207695 4958.774908 10,284

Fifth Mode 7703.452018 6375.567739 17.238
LONGTTUDINAL

First Mode 8435.287139 8417.935716 0.206

Second Mode 25731.765223 25253,807149 1.857

Third Mode 44395.525734 42089.678582 5.194

Fourth Mode 65680.413181 58925. 550014 10.284

Fifth Mode 91540.782268 75761.421449 17.238

TORSTONAL AND LONGITUDINAL MODE FREQUENCIES OF RECTANGULAR BLADE

BLADE CODE

TABLE

TAMO




Pretwist Solution By Solution By % Difference Carnegie's
Anzl Present Analysis Carnegie's Method Compared to Pracdtical
B0 Frequencies in Hz Freguencies in Hz Present Results
in Results Read off

Degrees From Graph
0.00 61,597814 61.635824 0,0617 58.0
17.19 61.665114 61.701646 0.0592 57¢5
34.38 61.866115 61.932853 0.1080 58,0
5157 62,198057 62.320538 0.1980 59.0
68,75 62,656177 62.867192 0.3370 60,0
85.94 63.233473 63,574721 0.5390 61.0

EFFECT OF PRETWIST ON FIRST COUPLED FREQUENCIES OF RECTANGULAR BLADE

BLADE CODES 3

TAMO, TAM1, TAM2 , TAM3 , TAMA , TAMS

TABLE 37

Pretwist Prequencies in Hz

Angle 2nd Coupled 3rd Coupled 4th Coupled 5th Coupled
in Mode Mode Mode Mode
Degrees

0.00 390.502591 905.922941 1122.092863 2289.918324
17.19 374.062628 915, 752045 1116.198910 2280, 160409
34.38 335.869198 932,905865 1101.517120 2251.714268
5157 293.415206 935.607690 1087.639195 2206.903320
68.75 255.679055 912.633779 1084. 178116 2149,140658
85.94 224.780755 870.814826 1089.054390  2080.457661

Carnegie's Practical Results Read Off from

Graph:Frequencies in Hz

0.00
17.19
34.38
51457
68,75
85.94

370
350
315
290
250
210

1050
1000
950
910
900
850

1050
1000
1100
1250
1350
1500

1990
1970
1950
1970
1990
2000

EFFECT OF PRETWIST ANGLES ON FREQUENCTES OF RECTANCULAR BLADE
II,11T,1V & V MODES COMARED TO CARNEGTE'S PRACTICAL RESULTS

BLADE CODES

TABLE 138

TAMO, TAM1, TAM2 , TAM3 , TAMA , TAMS




Pretwist Frequencies in Hz
Angle
in 1st Normal Mode 2nd Normal Mode  3rd Normal Mode

Degrees

0.00 709, 856520 2165.410339 3736.033647
17.19 709,781778 2165,182125 3735.639861
34.38 709.557488 2164.497950 3734.459306
5157 709.184147 2163.359057 3732.494538
68,75 708.662467 2161.767678 3729.748901
85.94 T07.993441 2159.726836 3726.227714

TORSTONAL MODE FREQUENCIES OF RECTANGULAR PRETWISTED BLADES
BLADE CODES : 'TAMO,TAM1,TAM2,TAM3,TAMA, TAMS

TABLE 39

Pretwist Frequencies in Hz
Angle

in 18t Normal Mode 2nd Normal Mode 3rd Normal Mode
Degrees
0.00 8435.287139 25731.765223 44395.525734
1719 8436.176286 25734.470835 44400,333503
34.38 8438.842925 25742,605569 A44414.302073
51.57 8443.285346 25756. 157646 44437.083841
68.75 8449.503154 25775.118101 444704365131
85.94 8457.485766 25799.473301 44511.923877

LONGITUDINAL MODE FREQUENCIES OF RECTANGULAR PRETWISTED BLADES

BLADE CODES

TABLE 40

TAMO, TAM1, TAM2 , TAM3 , TAMA , TAMS




Natural Mode Frequencies in Hz 4 Difference
Compared to
Solution By Solution By Present
Present Analysis Analytical Method Results
FLAPPING
First 105.514707 105.579817 0,062
Second 668.916054 661.705175 1.078
Third 1922, 102307 1852.980032 3.596
Fourth 3922, 542821 3631.180487 T«428
Fifth 6831.996632 6001.956985 12,149
DRAG
First 864.319392 864.852738 0.062
Second 5479,398423 5420,330787 1.078
Third 15744.821698 15178. 609894 3.596
Fourth 32131.344323 29744.666042 7.428
Fifth 55064.048506 49164.784365 12,149

FREQUENCIES OF AEROFOIL CROSS SECTION BLADE

FLAPPING AND DRAG MODES : o = e = 0
BLADE CODE : CAMO :

TABLE 4
Natural Mode Frequencies in Hz 4, Difference
Compared to
Solution By Solution By Present
Present Analysis Analytical Method Results
TORSIONAL
First 1063.887785 1061.699369 0.206
Second 3245.378916 3185.098107 1.857
Third 5599.328962 5308.496845 5.194
Fourth 8283.826394 7431.895583 10.284
Fifth 11545.442595 9555.294321 17.238
LONGITUDINAL
Pirst B8574.659001 8557.020889 0.206
Second 26156.914569 25671.062665 1.857
Third 45129.103520 42785,104443 5.194
Fourth 66765.497299 59899,146220 10.284
Fifth 93053.259686 77013.187998 17.238

FREQUENCIES OF AEROFOIL CROSS SECTION BLADE
TORSIONAL AND LONGITUDINAL MODES : e_=e =0

¥ z
BLADE CCDE H CAMO

TABIE 42




Frecuencies in Hz Type of Normal Mode Frecuencies in Hz Type of Normal Mode
Shear Centre Off-set Shear Centre Off-set
Neglected Included
105.514707 I Flapping 105.514387
668.916054 IT Flapping 668,896989
864.319392 I Drag 844,004342 8
1063,887785 I Torsion 1088.077344 E ¥
1922,102307 III Flapping 1921.989672 E" ]
3245.378916 IT Torsion 3184.764705 £ §
1922, 542821 IV Flapping 3922,059854 é
5479.398423 IT Drag 5362.977383 E

COMPARTSION OF FREQUENCTES OF AFROFOTL CROSS SECTTON BLADE WITH AND WITHOUT SHEAR CENTRE OFF-SET EFFECT
BLADE CODES ¢  CAMO , JNTO

TABLE 3



Pretwist Angle (1) (B) (c)
n Blade without Blade With Shear Carnegie's Blade With Shear Carnegie's
Coupling Terms Centre Off-set Practical Centre Off-set Analytical
Degrees ey-ezu'B‘l-BQ B=3=0 But B1=B2=B3=0 H?:u%:a And B1,B2,B3 Terms Solution
Frecquencies In Hz Frequencies In Hz From Graph Frequencies In Hz Frequencies In Hz
0,00 105.514707 105, 514387 94.00 105.514387 105.579817
15.00 105, 600806 105.600538 93.00 105.452548 105.661825
30.00 105.858192 105.857871 96,00 105.292434 105,963788
45,00 106,284094 106.283613 95,00 105.036849 106.467461
57.30 106,767944 106.767250 96.50 104.746104 107.036040
60,00 106.873786 106,873038 97.00 104.689945 107.178986
75.00 107.,620405 107.619283 97.00 104.256647 108,099261
90,00 108.514748 108.513148 98,00 103.741984 109.229192

COMPARISION OF FIRST

(A) PRETWISTED BLADES WITHOUT COUPLING TERMS
(B) PRETWISTED BLADES WITH S,C EFFECT BUT WITHOUT B1,B2,B3 TERMS:JNTO,JNT1,JNT2,JNT3,JND4,JNT5,INTE, INTT

(C) PRETWISTED BLADES WITH S.C AND B1,B2,B3 TERMS INCLUDED

BLADE CODES

COUPLED FREQUENCIES OF PRETWISTED AEROFOIL CROSS-SECTION BLADES

:CAMO, CAM1 , CAN2 , CAM3, CAN4,, CAMS, CAMG, CAMT

TABLE 44

$JN10,JNI1,JINI2,INT3,INI4,INI5, INT6,INTT




Pretwist Angle (2) (B) (c)
Tn Elade without Blade With Shear Carnegie's Blade With Shear
Coupling Terms Centre Off-set Practical Centre Off-sel
Degrees ey=ez=B1=B2 B=3=0 ! But B1=B2=B3=0 Rggu;gs And B1,B2,B3 Terms
Frecuencies In Hz Fregquencies In Hz From Graph Frequencies In Hz
0.00° 668,916054 668,896989 590 668.896989
15400 631.578239 630,772082 560 629,275307
30.00 564.815214 I 563,734887 510 559.876411
45.00 500. 361764 499.450417 450 492.952567
57430 452 .891940 452,164221 400 443.330667
60,00 444.527536 443.833506 390 . 434.452188
75.00 397.801432 397.285847 350 384.856612
90,00 359,198469 358.815157 310 343.257821
L

COMPARISION OF SECOND COUPLED FREQUENCIES OF PRETWISTED AEROFOIL CROSS—SECTION BLADES
BLADE CODES
(A) PRETWISTED BLADES WITHOUT COUPLING TERMS $CAMO, CAM1, CAM2 , CAM3, CAM4 , CAMS , CAM6, CAMT
(B) PRETWISTED BLADES WITH S,C EFFECT BUT WITHOUT B1,B2,B3 TERMS:JNTO,JNT1,JNT2,JNT3,JINT4,JINTS5,INT6,INTT
~ (C) PRETWISTED BLADES WITH S.C AND B1,B2,B3 TERMS INCLUDED $JNI0,JNI1,JNI2,JNI3,JNI4,INIS,INI6,INIT
{

TABLE A5



Pretwist Angle (1) () (c)
s Blade_without Blade With Shear Carnegie's Blade With Shear
Coupling Terms Centre Off-set Practical Centre Off-set
Degrees ey:azuB‘lsBE B=3=0 But B1=B2=B3=0 Rggu%;a And B1,B2,B3 Terms
Fremquencies In Bz Frequencies In Hz From Graph Frequencies In Hz
0,00 | 864.319392 844.004342 790 844.004342
15,00 909.817314 886,002575 820 888.339015
30,00 999,292018 959.781829 920 967.914863
45,00 1096, 345034 1014.147899 1010 1033.809248
5730 1173,104298 1034.883646 1150 1064, 188554
60,00 1188,.328547 1037.387801 1160 1068.591375
75.00 1266.802480 1046.357995 1190 1089,026183
90.00 1319.636922 1050.457746 1150 1106,528961

COMPARISION OF THIRD COUPLED FREQUENCIES OF PRETWISTED AEROFOIL CROSS~SECTION BLADES
BLADE CODES
(A) PRETWISTED BLADES WITHOUT COUPLING TERMS :CAMO, CAM1 , CAN2 , CAM3, CAMA , CANS , CANG, CAMT
(B) PRETWISTED BLADES WITH S.C EFFECT BUT WITHOUT B1,B2,B3 TERMS:JNTO,JNT1,JINT2,JNT3,JNT4,JNTS5,JNTE, INTT
_ (¢) PRETWISTED BLADES WITH S.C AND B1,B2,B3 TERMS INCLUDED :JNT0,JNI1,JNI2,JN13,INI4 , JNI5, INI6, INIT
;

TABLE A6



Pretwist Angle (1) (B) (c)
s Blade without Blade With Shear Carnegie's Blade With Shear
Coupling Terms Centre Off-set Practical Centre Off-set
Degrees ey:azw'B‘!xBZ B=3=0 But B1=B2=B3=0 Rgsu%[;s And B1,B2,B3 Terms
Frequencies In Fz FPrequencies In Hz F‘xl-gm Graph Frequencies In Hz
0.00 . 1063.887785 1088.077344 1100 1088.077344
15,00 1063.887785 1092,472948 1100 1091,889210
30,00 1063.887785 \ 1108.465496 1120 1105.497414
45.00 1063,887785 1150,944806 1130 1140,424629
57,30 1063.887785 1206,707636 1140 1189.515580
£0.00 1063.887785 1219,383278 1150 1200,696334
75.00 1063.887785 1288,456752 1200 " 1258, 564200
90,00 1063.887785 1335.916533 1250 1284.047035
o Note:Torsiona Modg -0
b uncoupled as ¥ z

COMPARISION OF FOURTH COUPLED FREQUENCIES OF PRETWISTED AEROFOIL CROSS-SECTICON BLADES

() PRETWISTED BLADES WITHOUT COUPLING TERMS
(B) PRETWISTED BLADES WITH S,C EFFECT BUT WITHOUT B1,32,B3 TERMS:JNTO,JNT1,JNT2,JNT3,JNT4,INTS5,JNT6,INTT
_ (C) PRETWISTED BLADES WITH S.C AND B1,B2,B3 TERMS INCLUDED

BLADE CODES

TABLE a1

:CAMO, CAM1 , CAM2 , CAM3 , CAM4,, CAMS,, CAM6 , CAMT *

+ JNTO, INT1,INI2,INT3,JNI4 , JNI5, INI6 ,INTT
/




Pretwist Angle (1) (3) (c)
" 1In Blade‘without Blzde With Shear Carnegie's Blade With Shear
Coupling Terms Centre Off-set Practical Centre Off-set
Degrees ey:-ex=B1=BE B=3=0 But B1=B2=B3=0 R::u%_:s And B1,B2,B3 Terms
Frecuencies In Hz Frequencies In Hz From Graph Frequencies In Hz
0.00 . 1922, 102307 1921,989672 1640 1921.989672
15.00 1906.711868 1906, 537807 1630 1902.375751
30.00 1863.184189 1862, 681622 1590 1847.455171
45,00 1798,546027 1797.637027 1580 1767.090047
57.30 1738.462621 1737.276862 1510 1693,325938
60.00 1722.310979 1721.087528 1510 1673.846150
75.00 1645.681223 1644.417181 1510 1582,331643
90,00 1584.499263 1584. 174367 1620 1514.770320
b

COMPARISION OF FIFTH COUPLED FREQUENCIES CF PRETWISTED AEROFOIL CROSS-SECTICON BLADES

(A) PRETWISTED BLADES WITHOUT COUPLING TERMS
(B) PRETWISTED BLADES WITH S,C EFFECT BUT WITHOUT B1,B2,B3 TERMS:JNTO,JNT1,JNT2,JNT3,JNT4,JINT5, NT6,INTT
~ (C) PRETWISTED BLADES WITH S,C AND B1,B2,B3 TERMS INCLUDED

BLADE CODES

TABLE A8

:CAMO, CAM1,CAN2 , CAM3,, CAM4,, CAMS , CAME, CAMT

:JNTO, JNT1,JNI2,JNT3,INI4, INIS, INI6 ,INTT
{




Fresuency Solution By Solution By 4 Difference
Present Analysis ¥ontoya's Analysis Compared to

flo Fregquencies in Hz Prequencies in Hz  Present Results
1 89.528641 93.45 4,38
2 267.092727 203.60 23.77
3 288,582727 299.40 3.75
4 372.601963 443.80 19. 11
5 610,591330 606,10 0.74
6 663.070198 618.20 6.77
7 958.353367 883.30 7.83

FREQUENCTES OF BROWN BOVERT BLADE : SHEAR CENTRE OFF-SET EFFECT AND
COUPLING TERMS INCLUDED: PRETWIST ANGLE = O
BLADE CODE : MONS

TABLE 49
Speed in r.p.m Frecuencies in Hz
Solution By Montoya's Solution Montoya's
Present Analysis From Graph Practical
Resulte
From Graph
0 89.730921 23 83
1000 91.265521 96 87
1500 93.061146 100 91
2000 95.372024 106 99
2500 98,042602 113 105
3000 97.886275 121 114

T MODE FREQUENCIES OF BROWN BOVERI BLADE : ROTATING CASES
STRAIGHT BLADES WITHOUT PRETWIST AND COUPLING TERMS
BLADE CODES : SUB1,SUB4,SUBS5,SUB6,SUBT,SUB2

TABLE 50




Freguency Frequencies in Hz 4 difference MNontoya's

- Solution By “Solution By Compared to Practieal
» Present Analysis Montoya's °~  Present Results
Analysis Results Frequencies

In Hz

1 93,142100 91,58 0.47 83.4

2 202.077973 206.90 2.39 184.80

3 307.479445 303.50 1.29 344,30

4 435.539816 441,22 1.30 399,70

5 608.226766 621.70 1.04 500,00

6 645.269708 626,70 2.88 655,00

7 1021.607226 928,80 9.08 84000

* :Torsion

FREQUENCTES OF BROWN BOVERI BLADE:PRETWISTED WITHOUT COUPLING TERMS
BLADE CODE : MON4

TABLE 51
Frequency Frequencies in Hz 4, Difference
Yo Compared to
Solution By Solution By Present
Present Analysis Montoya's Results
Analysis
1 89.801832 80.3 10.58
2 193.957733 185.5 4,36
4 452,885400 410.3 9.40
5 572.590820 535.7 6.44
6 677.693448 T24.3 6.88
T 943,446994 847.1 10.21

FREQUENCTIES OF BROWN BOVERI BLADE INCLUDING COUPLING TERMS AND PRETWIST
BLADE CODE : MNMON1

TABLE 52



Fresuencies in Hg 4 Difference % Difference

Compared to Compared 1o

Results By Results By Exact 10 Element 20 Element
10 Element 20 Element Analytical

Tdealisation Tdealisation Seolution Tdealisation Tdealisation
0.185460 0.185562 0.185575 0.054 0.00701
1.175735 1.166312 1.163061 1.075 0.27900
3,378427 3.287718 3.256932 3.596 0,93600
6.894546 6.512889 6.382427 T.427 2,00300
12,.008414 10.926156 10.549476 12.150 31.44700

COMPARISION OF FREQUENCIES AND ERRORS
10 ELEMENT AND 20 ELEMENT IDEALISATIONS
FLAPPING MODE FREQUENCIES; BLADE CODE : KUMN

TABLE 53

Frequencies in Hz % Difference % Difference

Results By Results By Exact Compared to Compared 1o
10 Tlement 20 Element Analytical 10 Element 10 Element

Tdealisation Tdealisation Solution Idealisation Tdealisation
0.586477 0.586799 0.586839 0.075 0.00682
3.718002 3.688202 3.677922 1.079 0.27800
10,683523 10.396676 10.299324 3.596 0.93600
21.802470 20.595566 20, 183005 T.428 2.00300
37.973938 34.551537 33.360371 12,149 3.44700

COMPARISION OF FREQUENCIES AND ERRORS
10 ELEMENT AND 20 ELEMENT IDEALISATIONS
DRAC MODE FREQUENCIES : BLADE CODE : KUMN

TABLE 54




Frequencies in Hz 4 Difference % Difference
Compared to Compared to

Results By Results By Exact 10 Element 20 lement
10 Flement 20 Element Analytical Idealisation Idealisation
Tdealisation Tdealisation Solution

5.601691 54593044 5.590169 0.205 0.0514
17.087902 16.848525 16, 770506 1.857 0.4630
29,482156 28,315663 27.950843 5.194 1.2880
43,616851 40,147544 39.131180 10,284 2.5310
60,790329 52.516641 504311517 17.238 4.1990

COMPARISION OF FREQUENCIES AND ERRORS
10 ELEMENT AND 20 ELEMENT IDEALISATIONS
TORSIONAL MODE FREQUENCIES ; BLADE CODE : KUMN

TABLE 55
Freguencies in Hz o Difference % Difference
Compared to  Compared to
Results By Results By Exact 10 Element
10 Blement 20 Element  Anmalytical p..... ... 0. F5] Gwan 3
Tdealisation Tdealisation Solutien €al18a%10N  T4enlisation
26.274261 26.233701 26.220214 0.206 0,0514
80.149376 79.026704 78,660643 1.857 0.4630
138,283434 132,811269 131.101072 5,194 1.2880
204.580318 188.307614 183.541501 10.284 2.5310
285.131312 246.331155 235.981930 17.237 4.2010

COMPARISION OF FREQUENCIES AND ERRORS
10 ELEMENT AND 20 ELEMENT IDEALISATION
LONGITUDINAL = MODE FREQUENCIES ; BIADE CODE : KUMN

TABLE 56




|_Cases cl c2 c3 Details of variations

—Casea €] (o} 0 Bl =B2=8B5=0
Case b =0.0124 0.5322 0.0019 Bl £#0, B2 =83 =0
Case ¢ O 0 -0.0003 Bl =0, B2 £0, B3 =0
Case d O -0.3333 0 Pl =B2 =0, B3 £0
Case e -0.0124 0.1988 0.0009 B1,B2,B3 # 0

I

Blade Code JNIL
VARIATIONS IN C1,C2 AND C3 FOR DIFFERENT CASES

TABLE 57
0.0706 0.0353 O 0 0 0 0 0
0.0353 0.0706 O 0 0 0 0 0
0 0 61.5460 30.7730 O 0 0 0
1076[0 0 30.7730 61.5460 O 0 0 0
0 0 0 0 64.5161 32,2581 O 0
0 0 0 0 32,2581 64.51€1 © 0
0 0 0 0 0 0 0.9615  0.4807
0 0 0 0 0 0 0.4807 0.9615
e FLEXIBILITY MATRIX FOR CASE (a) IN TABLE 57
TAELE 58
0.0795 0.0397 -0.7153 -0.3577 -0.3806 -0.1901 0.0087  0.0091
0.0397 0.0795 -0.3577 -0.7153 -0.1901 =0,379? 0.0091  0.0277
LG50, 7153 =0.3577 57.6049 28.8024 30.6503 15.3107 -0.6784 -0.7325
_0.3577 -0.7153 28.8024 57.6049 15,3107 30.5771 =0.7325 -2.2318
~0.3807 =0.1901 30,6503 15.3107 80.7607 40.3015 =2.0333 -1.9989
_0.1901 -0.3797 15.3017 30.5771 40.3015 80.3652 -1.9989 -5.9549
0.0087 0,0091 -0.6984 -0.7325 -2.0333 -1.9989 1.0396 0.5988
| 0.0091 0.0277 -0.7325 2.2318 -1.9989 =5.9549 0.5988  1.4354)
FLEXIBILITY MATRIX FOR CASE (b) IN TAELE 57
TABLE 59
B:ovos 0.0353 © 0 0 0 0 0
0.0353 0,0706 © 0 0 0 o 0
o 0 57.6049 28.8024 =0.0004 -0.0004 =0,0152 =0.0076
1060 0 28.802L 57.6049 -0.0004 -0.0011 -0.0076 =0.0151
) 0 ~0.0004 -0.0004 64.4526 32.1627 -1.5889 -1.5889
o 0 -0.0004 -0.0011 32,1627 6€4.1348 -1.5887 -4.7666
o] (0] -0.0152 -0.0076 -1.5889 -1.5889 1.0251 0.5761
& (6] -0.0076 -0.0151 -1.5889 -4.7666 0.5761  1.3428]

FLEXIBILITY MATRIX FOR CASE (c¢) IN TABLE 57

TABLE

60




10

10

To.0706 ©0.0353 © 0 0 0 ) 0 -1
6.0353 0.0706 © ) 0 0 0 0
0 0 57.6049 28.8024 -19.1920 -9.5864  0.4800 0.4800
-6| © 0 28.8024 57.6049 -9.5864 ~19.1440 0.4800  1.4401
0 0 -19.1920 =-9.5864 70.84€7 35.3534 -1.7489 -1.7489
0 0 -9.5864 =19.1440 35.3534 70.4969 -1.7489 ~5.2467
o] 0 0.4800 0.4800 -1.7489 =-1.7489 1.0315 0.5857
LP 0 0.4800 1.4401 -1.7489 =5.2466 0.5857 1.3812
FLEXIBILITY MATRIX FOR CASE (d) IN TAELE 57
TABLE 61
0.0745 0.0397 =0.7153 =0.3577 -0.1425 -0.0711 0.0029 0.0032
0.0397 0.0795 =0.3577 =-0.7153 =-0.0711 =-0.1420 0.0032 0.0100
-0.7153 =-0.3577 57.6049 28.8024 11.4579 5.7239 -0.2335 =0.2601
~0.3577 =0.7153 28.8024 57.6049 5.7239 11.4319 -0.2601 -0.8068
-0.1423 =0,0711 11.4579 5.7239 66.7316 33.3002 -1.6565 -1.6L464
-0.0711 ~0.1420 5.7239 11.4319 33.3002 €6.4035 -1.6464 =4.9272
0.0029 0.0032 =0.2335 =0.2601 =1.6565 =1.6464 1.0269 0.5790
|_0.0032 0.0100 -0.2601 =0.8068 -1.6464 =-4.9272 0.5790 1.3550
FLEXIBILITY MATRIX FOR CASE (e) IN TABLE 57
TABLE 62
Frequencies in Hz
Mode Case a Case b Case ¢ Case d Cace e
No Bl=B2=B3=0 Bl#0,B2=B3=0 E1=0,B2£0,B3=0 B1=B2=0,B3£0 El1,B2,B3#0
1 106.76794k  95.233870  106.767239 101.546098  104.746104
2 452.891940  407.099304 452.141697 436.047833 443.330667
3 1173.104298 1124.406143  1034.323398 1042.509220 1064,188554
L 1063.887785 1236.740521 1207.427629 1229.8520965 1189.515580
5 1738.462621 1532.540186  1737.270241 1662.759445 1693.3%25938

FREQUENCIES UPTO FIFTH MODE CF CASES (a) TO (e) IN TAELE 57

TAELE 63
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X,Y,Z =OVERALL AXES
x,¥y2 —LOCAL AXES

2 = Axis of Rotation

RIGHT HANDED SIGN CONVENTION

REPRESENTATION OF OVERALL AND LOCAL AXES SYSTEMS

FIGURE 1
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POSITION OF THE INTERMEDIATE AXES oy, & oz,

The positions of oy and oz are established by rotating
the intermediate axes oy, and oz, thro' angle B about
the loecal x axis in the positive sense

¥ = y,co8p ¥ z1sinp s 2z == y1sinp o+ s1cosﬁ

FIGURE 2b
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Form TM Matrix (Pretwist effect)
0 0
0 Cosp Sinf
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L Calculate 1_
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Calculate
Direction Cosines
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Form DC Matrix

DIRECTION
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Calculate
Direction Cosines
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Direction cosine

routine is used

{

T =

DRMT 2

Established

W . IT

Direction Cosines

FIGURE 3
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REPRESENATION OF A BLADE WITH C.S OFF-SET FROM C.G

FIGURE 4

A DISCRETE ELEMENT INDICATING THE DIRECTIONS OF POSITIVE LOADS

FIGURE 5a
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END LOAD FIBRES:EFFECT DUE TO
PRETWIST

FIGURE 5b
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SIGN CONVENTION FOR POSITIVE MOMENTS
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Drag bending distorsion
of a kinked blade
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Calculate Section Constants

i
12 C2 » C3 ynvolving B

Calculate increased Torsional Rigidity

2
It pretwist is present SW = GJ(1+Ip'%)

*T)-,T

Calculate variables 11 - 111;

A

Form upper triangle Matrix of FXMT

Form lower triangle Matrix

R ﬂﬁ’fJ'I

FXMT Established

FIMT

FLEXIBILITY MATRIX SUBROUTINE FLEX(I) LOGIC

FIGURE 6



J+1

A B c
Node J+1 Node J Node J-1

ASSUMED SHAPE OF ELEMENTS J AND J-1 TUE TO FORCES
CAUSED BY DISPLACEMENT AT J
BD - Assumed displacement at node J
AD - Assumed shape of element AB( element J )
CD - Assumed shape of element BC( element J-1)

FIGURE 7

Node JJ
b Element J

Node JJ+1

Element JJ

J AND JJ NOTATIONS

AB -~ Element J
A - Node J
B - Node J+1
CD = Element JJ
C = Node JJ
D = Node JJ+1

FICURE 8
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Direction Cosines
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Establish
Direction Cosines

IyrPyrBy

Form moment arms
(XJ-l -xJ)1/3

(Y54 -Y)1/3

(Zy_y ~201/3

Y

\

Read Pitching
Inertia IP

Form Matrix

FLA (8x5)

Form moment arms

(YJ =Y. .)2/3

J+1

(By ~35,1)2/3

Y

Read Pitching

Inertia Ip

Y

Form Matrix
FLA (8x5)

End

LOGIC OF SUEROUTINES FLAF AND FLAB

FIGURE 9
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JJ Tip end

Establish Contributions
are from J or J+1

Y

Call CENT; Form Ii

v

Call CENF; Form B

JJ+1 Root end

'

Establish Contributions
are from J or J+l

3

Call CENT; Form A

k

Call CENF; Form §1

1
Is ={ call CEJJ Call CEJJ
Jd = JJ Form C Form C
1 1
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No "
C, =0 >
Y
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APFEEDIX 1
PROPERTIES OF DIRECTION COSINES EETWEEN CRTHOGONAL SETS OF AXES

The two reference axes are referred as Global or Overall axes and

Local member axes which are represented in Figure Al.

> x,1

LOCAL MEMBER AXES
X,I

GLOBAL SET OF AXES
FIGURE Al

Unit vectors in the direction of the local axes x, ¥, 2 are denoted
by 1, §, K whilet unit vectors in the overall axes directions X, ¥, 2
are denoted by T, 3. K. The direction cosines between the pogitive

axeg direciions are given by

Overall axes

X g4 Z

x 1x mx Ty

local axes ¥ ly - ¥y ny
% lz mz nz

The rowa of the table represent the projection of unit wvectors in

the local axes directions on to the overall axes.

1xI+TﬂxJ +nx T T L Ty

TOTST B T St P o inr N 2
¥
¥

Thus

Al el wi
I

B e T e

=1T +md 4 K
% z z



The columns of the table give the projection of unit wveciors in

the overall axes directions onto the local axes.

Thus SAxl 1y + Lok i shanniinile AL

s +mJJ M e aeaaieey B
_n.*

F'#I el Hl

FL . FRARTBE o sesansiasravsvs A0

Relationships between the direction cosines can be derived by using

the properties of the scalar and vector products.

Scalar Products

Ve Stle L B S L e mannsmanses AT

3.3 = !Ey +m2y +“2y e ek ek es s abans AS

Pl g e Dele S i L e unsessansassssss AD

s VS L B LS e I UURERR (o

. umzx +m2y +m22=1 Neinialeian win W g e e AL
1

"’y + “2y + 1% =

= lply 4T BBy = 0 cenvesesncacacsees A13
m byly $MOL 400, 2 0 ceveeensecesssness A14

cssssssssssssssassass A12

e e BT
T T Ay By R R B A R B
n

E- =] 1 +ﬂ.m -+ nznx"'o BessansamE SRR s e A15
.I'- =1m +1}m3'|' lzmz=0 Besssssnasnsasnsns Al6
i. =mxnx+my“y+ m,n,= 0 cecerennasnncanees Al
K.I=n1 +nyly+ Nl = 0 cevenaniacanannans 418

Vector Products
TR F=k Tnxk=1, EAI=T

From the above vectorial product relationships considering IiA 3 =k

4y o K
- fy g| =1,T+mJT+yK .0 M9
ly Ty 3

Expanding equation A19

(myry — my o )T + (nx'ly - 1xnyﬁ + (1xmy - 1}}2? =1,T+mJ +5k



® y— ¥ X = lzo.--..a-o-o-o-o-o----oca .&20
Y= mz..-a-.-.-------vooo»aoo- A21

x :(-' ¥ox & nz N Az?

Similarly expanding the vector products 3 A K= andk A T =7
the following relationships are obtained.

mznx -mxnz = ly s R s e nanasessanase RO
nzlx-lznx

1me -mzlx - n} ssssensssasesesasansanes A25

- Y tsesssssscsssssnsssnnnne ﬁ.24

{11 o — SEssEsEBENBIRERIEREREREES A26
Pynz nymz lx ;
nylz —lynz =mx i A ey e oy S YWy - £

n R R T A.28

1:anz —lwn& =
The vector products I A T= f, —.].'-1\1?:-1. and Eh-f:fwill yield the

same relationships as that of equations A20-A28.



APPENDIX 2

MATRIX EXPRESSIONS AND OPERATIORS

The different types of matrices which would occur in struciural
analysis are described in addition to the fundamental matrix
coperations comprising addition, subiraction, transpositicn,
multiplication and inversion. 4 matrix is defined ag a rectangular
array of symbols arranged in rows and columns, If there are

m rows and n columns the matrix can be represented by

— =

S e n

521 a22 323 sassssane 8.2n

331. 9.32 333 sesssssan a.3n ...-..u(AZB)

12 513 ssssssnss 2

=]
I

am1 &me Em3 sesssnaan am

A typical element a . has two subpcripts, of which the first

1, 3
denotes the ith row and the second one denotes the jth column,

A matrix with m rowe and n columns is defined as a mxn matrix.
Row and Column Matrices:
If m = 1 the matrix in (ﬁ.29) reduces to a single row.

= (aﬁ Bip Byy ererenes am) essssss (A30) which is called a row

matrix. Similarly if n = 1 the matrix X reduces to a single columm,

[ %43
%59

a3 e abarhare b (A

=1
1]

which is called a columm matrix.



Tull Matrix:

When all the elements of a matrix are egual to zero, the mairix

is ¢alled rull matrix and is indicated by 0.
Square Matrix:

If m = n, the matrix X in (A29) reduces to a square array

11 a12 313 ssasas a.1n

321 322 &23 sesnan azn

£ = Mg Soass | Py sedEwesBag il ¥ L ssiaesss. ((832)
. ‘ &
i)'ﬂ E-nz Bn3 sesman B.nn

—

which ig called a square matrix.
Diagonal Matrix:

A diagonal matrix is one which has zero elements everywhere outside
the principal diagonal. Tt follows therefore that for a diagonal
matrix 84 = 0 when i :f.—. j and not all a,, are zero. A typical
diagonal matrix may be given by:

8, 0] 0 Seess O
0 a5, 0 sesens O

TR (0] Q 833 serens O Saskaiatase (R3AY
0 (o] (o} &

Identity Matrix:

An identity matrix is one which has unit elements on the principal
diagenal and zero elsewhere It is usually dencied by symbol T
A unit matrix of order 4 x 4 can be written as

cessisemema (A34)

2 O D =
a0 - O
O = O o
C N < R o



Triangular Matrix:

If all the elements on one side of the principal diagonal of a
square matrix are gero, the mairix is called a iriangular mairix,
There are two types of triangular matrices: an upper triangle matrix
whose elements below the principal diagonzal are gero and a lower
triangle matrix whose elements above diagonal are zerc. A typical
upper and lower triangle matrices can be written as follows:

Upper Triangle Matrix = Lower Triangle Mairix

e ] 0 0 (TR (R o—]

8.11 312 a13 e a1n 311

0 8y a?a cees By 25 a5, C 3 ISR A ¢ T

0 (6] 533 anis e a.3n a31 a32 3.33 oI L 8]

0

0 0 0 a¢n 2
841 %n2 O3 &nn

e o C 0 O apl |

Addition end Subtraction of Mairices

If the corresponding elements in matrices % and ']'3', of the same order,
are added algebraically, the resulting elements form a third

matrix, which is the sum of the first two, that is

§ %

Similarly if the elements in matrices X and B are algebraically

A + B = C where ¢,

subtracted, the resulting elements form a third matrix which is
the difference of the first two, that is

I-ﬁ-ﬁ'whereci =%

[ o R ©
Matrix Transposition

The transposed matrix is formed from the matrix A by interchanging
all rews for the corresponding columns. The transposition of

a matrix will be denoted by the superscripi T. Thus ..A.T represents
the transpose of i, TFor example if

211 12 23 G
F=|%1 %2 %3] theni'z|%2 %2
%3 %23



Matrix Multiplication

To matrices & and B can be mitiplied together in crder iB only when
the rumber of columns in A is equal to the number of rows in B,

When this condition is satisfied, the & and B are said to be
confirmable for muliiplication. The product of iwo conformatle
matrices A ard B of order mxp and pxn, respectively, is defined as
matrix C of order mxn whose elements are calculated from

P
cij - 351 airbrj 3 s Plecerye M s 15002 chmevel B! seenslAin

where &,  and hrj are the elements of & and P respectively.

Matrix Inversion

The inverse of a square matrix A is written as & SIS s defived
as the matrix when multiplied by the original matrix & results in
the identity metrix. The inverse is always a square matrix of the
pame order as the original metrix itself and only a sguare matrix
has an inverse. The relationship between a matrix and its inverse

is given by

= =1

Kﬁ. =K- I=T R R R R (ﬁ36)
Matrix Partitioning; Submatrices
The array of the elements in a matrix may be divided into smaller

arrays by horizontal and vertical lines. Such a matrrix is refered

to as a paritioned matrix and the smaller arrays are called submatrices.
For example a square matrix of order 3> may be partitionmed into four
submatrices as follows:

1

-_h a I a -W +
11 12 | "13 Iil i,
e = |
A 3.21 322 | ae3 = i i TS R B
| 21 22
g e e
l—s‘31 232 : 233 1
Where - » A% # %o T e i a
11 . . T ’ gy =] Sy 32
21 22 23

and Ly
flag » [%3%1
Provided the general rules for matrix operation (addition,subtraction

etc) are observed, the submatrices can be treated as if they were

ordinary matrix elements. &



APPENDIX 3
UNIT-LOAD METHOD

The unit—load method can be used noi only for simple structures
like beams and trusses, but alse for very complicated siructures
having many members. Furthermore, the unit load method is suitable
for finding all types of displacements, including the deflection of
a point in the siructure, the rotation of the axis of the member
and the relative displacement betwsen iwo points., This method is
also known as the method of virtual work, the dummy-load method

and the Maxwell-Mchr method. Two systemsg of loading that act upon
the structure must be considered when using the unit load method

a) The first system consists of the structure subjected
to the actual loads; and

b) The second system consists of a unit load acting alone

on the structure.

The unit load is a fictitious or dummy load that is introduced
golely for the purpose of calculating a displacement, say A ,

of the structure due to the actual loads., The term "displacement"
ig used here in a generalised sense; thus the displacement A

may be a translation, a rotation or a relative displacement. The
ynit load acting on the structure, produces rcactions at the
gupport and stress resultants within the members. These stress
resultants are designated by symbols Fv, M\r, Vy and Ty (axial stress,
moments, shear stress, and Torsion). Theee quantities, in combina-
tion with the unit load and the reactions, constitute a force
gystem which is in eguilibrium.

Acoording te the principle of virtual work, if the structure is
given a small virtual deformation then the virtual work of the
external forces is equal to the wvirtual woerk of the internal

forces.

Wm = win‘t SAassssTREIsIsTERREIRERRES S (A_}?)

During the wvirtusl deformation the only external virtual work is
by the unit load. This virtual work is the product of the unid
load and the displacement A through which it moves; thus

Wext = 12D ceveeevacconascscsenss (438)

1



where A Tepresents the desired displacement of the -siracture due
to actial loads,

The internal virtual work is the work performed by the stress
resulfants Pv,“v, Ve and Tv when the elements of the structure are
deformed virtually. However, the virtual deformations are chosen %o
be the same as actual deformations that ocour in the structure
supporting the real loads, Denoting these deformations by a8
d® , d\ and d¢  the equation for internal work can be written

Wint = fl’vdi + _ﬁ%o + ﬁvdh + ﬁvdfﬁ esnese (A39)

By equeting external and internal work (Bguations A38 and A39)
the fundamental equation of the unit load method is obtained

A = |Pvi6  + f‘vde + J-vvd.\ - fTvd.d esssss (A40)

In the above equation A represents the displacement to be calculated,
(translation, rotation or a relative displacement); the stress
resultants Pv, My, Vv and Ty represent the axial force, bending
moment, shear force end twisting couple caused by the unit lond; and
s , de , dA and dg represent deformations caused by the
actual loads, The fundamental equation of the unit load methed
(440) is quite general and is not subjected to any restrictions
concerning linear behaviour of the material or the structure.
However, when the material of the structure follows Hook's law and
the structure behaves linearly, the expressions for the deformations
& ,d® ,d\ and df ocan be readily cbtained, If the stress
resultants in the structure due to real loads are denoted as Pﬁ, K&,
Vyand T, then the deformations are given by

ds = J"- sesssssssssanBsR RS (M1)
de = Ti- SEsssEsEERERERRER RS (-&42)
AN =i i shessbenEnasanaTEE (MB)

d¢ - "'T ssssssesmsnasasEnuEs (m)

Substituting these four expressions into equation A40 gives the
equation of the unit lead method in the following form

P P.dx llvl!d:x V.V dx T T dx
VA — e “Hzé A s
A?_- w4 . O-—-—-EI + GA + ~GJ ssssanes (MB)



Each integral in the above emuation represents tle contribution of
one type of deformation to the total displacement, The procedure
for caloulating a displacement by means of the aumit load method
using equation (A45) may be summarised as follows:

a) determine the stress resultants P, M, V, and T, in the
structure caused by the actual loads.

b) place a unit load on the structure corresponding to the
displacement A that is to be found.

¢) determine the stress resultants Py, Mg, Voand Ty
caused by the unit load.

d) form the terms shown in A45 and integrate each term for

the entire structure; and
e) sum the results to obtain the displacement A,

Depending upon the type of structure, it can be anticipated that
pome of the terms in equation (A45) will not be needed. For
example, if a truss with pinned joints has loads scting only at the
joints, then there will be no flexural, shearing or torsional
deformations and only first term in equation (845) is required.
Similarly only flexural deformations are ept to be important in
the case of a beam, Individual unit load equations depending on
the load oonditions can be givem as follows:

Tor deformation due to axial loads only

- . _PAPV?.: [EEEEERE R RN RN NN RN
A f (a46)

For flexural deformation, only due to bending

A fFA:vd’ eissssssstesnnyas AT

For shear deformations due to shear loads only

A J sssssesssnasnEnann (MB)



and twisting dsformation, only due to twisting couples

A':‘ TA‘T‘F&I SsaESsIERTRSIRSIRERIRERIRNSS (549)
GJ

Tn general, it is possible to calculate displacemenis of structures
by using any combination of equations (446 - £49), deperding upon
the type of structure.
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= clc§[§1’ Movt |Pxa * =50 FZL sz?. L P
269 30 _23

;F’ZL"av [_% 'ch Mev2 [r

22 iy
~Cs P LMy | My t Mo \-CpL N, *"_z_g_
2Gd 30 20 260 5

e ae s e s B

Elements of flexibility matrix are thus formed. Equations
A60, A6l, A62 and A63 are rearramged and tabulated as

ghown in Table 1.
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APPENDIX 5
ESTABLISHING FLAPPING LOADS DUE TO DISPLACEMENTS AT A NOIE J

Digplacements: The gemeral conventions including idealisation are
explained in 3,1, The following additional definitions apply. (Bee
figure A2). An element J is identified by its nodes nemely J and

J 4 14 J being at the tip/end and J + 1 being at the roct end,
Similarly an element J-1 is identified by its nodes J-1 and Jj and
an element J+1 is identified by its nodes J+1 and J+2, A node J

is defined by ite coordinates th YJ, Z.; whereas its displacements

J

are defined by AXy, AY 1y AZ.. A node J-1 is defined by its
coordinates XJ_1, Ty qe ZJ_1 end the corresponding dieplacement is

defined by AX, ., AY; , AZ The same argument follows
= iy

for other nodes, The twisting degm‘l‘matim GJ ig described with
reference to local exes, However when a blade has sweep back, the
twisting deformation at node J is described by two twisting
deformations ¢J.-1 and @ (Figure A3). When the sweep back is
aboent the two twisting deformations are one and the same,

Loadss Due to the displacemente et node J ( AX;, AY;, &Z;,

BxJ} there are two sets of globel axes forces. They are
1) Forces at J cousing inertia forces on element J-1.
at
2) Forcesh.]'q-‘t causing inertia forces on élement J,.

and the moments calculated at any node will be moments applied to
the inboard section by inertia forces on the element., The moments
will be about global axes. The forces due to the displacements

it node J are depicted in Figure A4, These are (assuming a simple
harmonic vibration with frequency @)

XJ ’%-1'21:]-1 Aﬁ IEEREE RS R R R ER] h64
2

PYJ =QJ“1.2LJ_1 AYJ' ssssenssnsnanES A65
2

5!!-1"21:]'—1 AZJ R R R AS&
2



and b)

PxJ+1 =’;I°2LJ£J/2 oco-..utl.AST
- L AT oo--o-oc..AGg

PYJ+1 CJLSZ /

P JuzL .......-..Aﬁg

Z141 =g JAZJ 2

Momenta @
Similar to the load considerations two sete of moments are
applicable., They are ( See figure A5 ) :
a) Momente about X,Y,Z axes due to displacements at J
causing inertia forces on element J-1 and
b) Moments about X,Y,Z axes due to displacements at J
causing inertia forces on element J
The following moments are applicable on element J-1
Taking moments about X axis

2
Yy = ~_ FLy (B4 20) ATy ey 0oLy (Y5 =Ty ez,
i i 2 3

2
+ H IPIIJ_1 1:(3—1)¢J—1 .a-llon-ﬁ?o
- 2
where '; {JL b’!'J and QJ a0 LJ_1AZJ repregent the forces in Y and

2 2
7 directions respectively and 1/3 (ZJ_1~ZJ) and 1/3 (YJ_1- J) represent

the moment arms. sz‘PLJ-‘I '(5 J_1repreaents the torsional moment about

the local x axis. Blaase note that this moment is resclved into overall
axes directions by applying direction cosines, Accordingly the moment

2
component from this to the overall X axis direction is 1 &' I L; P, ..

Hence the total bending moment about X axis is 2
W -¢ WLy (B =2 )BT 4 %) PL (T, Y )A7
3 = J=1 J=1""J=1 J-1 "I J
—p— "'"""K"""'

2
* Wy g1y () Pam seeeeeAT
2

Similarly tzking moments sbout Y and Z directions




2y
My =+ "‘21' (25 =Xy =R &Ly (X ~X;)az;

+w IP 2 | I(J 1)PJ_1 shssessnstsesh(L
b T ‘f.r-.*l“?l'.r-'! (25 _1=Zp)8%; + '3_1‘"2 Ly 1 (X5 =X )07,
S i

2
+ @ IPLJ_1”;(J_1)¢J-1 sesssssvsssnssild
2

Similar arguements hold for the moments on element J and these are
given byt ( Please see figure 7 also for A  distribution diagram)

Merer ™ - P12z, 8T, + QL (YrY, )87,
3 3

+PT L 1 o8,

e

...l..‘....l.a?4

By =% ?sz 1By By )8y = RFL(F X, )0,

3 3
o+ (02 AT5
%LJ' uxJ fJ Saasasnssnn
2

o R q’J“’z Ly(Yy-Tr,q) 8X; + € “QLJ("J"XJH )8y
3 3

2
+ w IPLJ n!J pJ --a.oo----.ﬁ’l’ﬁ
2

Thus the loads and moments due to displacements at a node J causing
inrtia forces on element J-1 and element J are established,



Nodes
J42 J41 J J=1 J=2

= § i | 1 | 1 —
J+2 J+1 J n tsJ—-1 J-2 J=3 Tip
REPRESENTATION OF NODES AND ELEMENTS
FICURE 42
,9’3_1 t Twisting deformation at the outboard end
GJ : Twisting deformation at the inboard end
{ When the sweep~back is absent }3:__1 =8, )
TORSTIONAL DISPLACEMENTS OF A SWEEP-BACK ELEMENT
- FIGURE A3
2
€01 A7 ¢S, Az
2 2
2
QW ppAY Ly AY
o 2 2
J+1 i

- (:al\ 3=1
1,58
S by %

\
2
{'szfx/z oL, Ax/2
INERTIA FORCES CAUSED ON ELEMENTS J-1 AND J DUE TO

DISPLACEMENTS AT NODE J
FIGURE A4

MOMENTS APPLIED TO INBOARD SECTION BY INERTIA FORCES ON THE ELEMENT

FICURE A5
4



APPENDIX 6
DERIVATION OF CENTRIFUGAL LOADS
The assumptions and definitions made in 3.1 are applicable. A rotary
blede is assumed to revolve at an angulasr fremuency offlradians about
7 saxis and a simple harmonic vibrational freguency is assumed. [is the
mass density. The totzl mass of an element of length L is therefore
given by PL. Considering the centrifugal foree in X direction only of
an element whose X co-ordinates are X1 and Xa. See Pigure A6, The co-
ordinates 11 and X.z are assumed to undergo distorsions M1m Axa&bovo
steady state geomejry in X direction. The elongeted X co~ordinates are
now given by x1+ax1 and x2+ax2
S the new length in X direction -(x,wg) = xz-mxa)
cesseanseshT]
The mass per unit length in X direction fx =
B/ {(xﬁ“ﬂ"(xz“xz)}
sessssenssAB
Centrifugal force at a distance X is given by QXI-Q.? ax
(X1+Ax )

3

Total centrifugel force = ?x X0- ax sssnssssssd]l

(X, +8%5)
. (’xne[_gﬁ ]
T,

=0y {‘xﬂ“ 17 = ()

2

x1+ax1

...C...OIABD

Substituting the value for fx from A78 in A80

- b2 I‘sﬂxﬁ 2 XAX, - X§ - 4% "2)(2“21
2( X=X, HAX,~AX, )

Ignoring the higher order terms

S e
2(x,X, ( x,-%;) J




2(c2 2
%o lﬁ(l_ xZ}_(xfxz)mxl-Axa) +2X, AX, -2X 8K,
a(xl-xz) i

2
- {Lﬂ.{xl-xz)(xfxz) +(x1-x2)(4x1+ax2}}
2(x1-x2)

2
= Egg} Exl+ 22 +ax1+ax2 } e ey a3

Similarly the total centrifugal force of an element in Y direction
can be derived. Without going into the details of integration
process the force is given by

= QL {!1* : 7 *‘5’1"“2\5 Rt e AR

2
It is to be noted that there won't be any centrifugal load compo=-
nent in Z direction,
Moments due to centrifugal forces:
The centrifugal forces of an element in X and Y directions are
given by the equations A81 and A22, If an arbitrary element J is
chosen the forces in X and Y directions may be written as follows:

Py =€ FL (X +AX) +X; 0 48X, ) soaanesaiABS
2

P ¢ 5 + Y_ . +AY 8

v = GAL (T +AY, + Yo +8Y (0 L..i.......A84
2

These loads are represented in figures A7 and A8, The moments are
refered to the inboard end of element J which is denoted by J+l.

Figure 7 for e.g. could be represented as shown in figure A9.
Taking moments about Y axis ( for Px loads )

A — ‘ ST
ﬁYJ+1 =gﬁ1LJ(xJ+AxJ) x Moment arm in Z direction
2

+eJ§LJ(xJ.',1 +AX;,7) x Moment arm in 2 dire;tion
2 Yt 1]



The moment arms are given by 2/3(2,-%,,) and 1/3(%5-%,,)

Substituting these moments in ABS

=€

J.O_z'LJ(XJ+AKJ) 2/3(B -2y ,1) +

HYJ+1

2
?ﬁl%ﬂhfuﬁﬂlﬂwr%ﬂ) il r R A Py
e
Taking moments about Z axis

Moger ™ =€ 081§ (X 08 )2/50Y T g )+ (X g 4854 I1/3
z

-(YJ- J+1) S b e el D
Similar moments can be given for loads in Y direction aswell

Moment about X axis:

2
Mysar = =S Ly (Y +8Y )2/3(B 525 g )+ (Y 5 1 +8Y 1 4)1/3
RO

-(zJ-zJ*l)} divie s n et s AOD

Moments about Z axis

]

M = 2
2J+1 ﬂ}fl L; (YJ+AXJ)2/3(XJ- XJ+1)+(YJ+1+AYJ+1)1/3

2
-(xJ-xJﬂ)} Siaigaata s LAY



CENTRIFUGAL LOADS IK AN ELEMENT

X DIRECTIOR
hr-.__
z X
FIGURE A6
Z z
A A
I en(x,, ax,) g
2
§05 (Y +AY ;)
J+1
J+l
2
e Xy, +4X;,,) (’.rff‘f“l +8Y; )
> ~
CENTRIFUGAL FORCES IN CENTRFUGAL FORCES IN
X DIRECTION Y DIRECTION
OF AN ELEMENT J OF AN ELEMENT J

FIGUKE A7 FIGURE A8

CENTRIFUGAL FORCES IN X DIRECTICN OF AN ELEMENT J
DIVIDED INTO TWO COMPONENTS

FIGURE A9
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MPLLATION Bv AXFAT HK 6a  DPATE 06710777 TIME 17,44.49

APPENDIX 7

L . - iy I“TIHG OF THE _PROGRAMME VTRT
=St ~  WORK(ED)y — e :
= - SENK TO(GEOSQEH‘rUMH)
e — SEMICOMPTLED (SUSGROURPIANY,.SUBRO XFIQLP)
Y " LISy dLP)
S : LIBRARY (ED,SUBGLOUPFSCES
e PRURRAMIROTRY

S INPUT 1=CRO - =
_ -4 QUTPUT 2=LPg . =L s L winy RN
_:::-'-'- TR"CE n == = — —— = — = =
END e e P Tl -

C pPROGRAMME STARTS
MASTER FIGN
i REAL LG,IYe17ed5Velp
PIMENSTON XS¢110.Y5:¢11),25011) ¢ GCY0)Y,
“RHOCY0) ,BETAZ11:.DRIUT(3,3)+CONCE5) . kS(R:5),
ACTI0Y IV EN10) 32000, JSVIT0),R1(190) rR2C106) 4 B3C10),CNT(EH,5)
EYCq10rE2CT 10 e PLFLEAL5) ,PLFOCBS) s TRALK, 6D rECCH.6215TRCL 6D,
TEXMY(Bs8Y 9 BETB(I1) ,E1GA(S0,50) BHC50) »FRC(A,5) 1 RES(&.5),
DC83,3),pNC3. 30  EIGR(50,50) ,R(B,5) P(6s6)sSChIO) TTLEIB),
STEMP(B+5) +FLACK.524iPC10)/R3(B,5) 1 RL(Br5) RR(BrS)
CENCAHS) JTARP B, S s l14) LCRT(H,SY4CUNCE,B) 0
AKC2500) , FSMODC2500, . INT(48),1T8(50),FSR(50),
BAB(6,5) ,BUNCAG)Y 1 FL1(50),8YOD(2500),.T(2850)
C DECLARATION NnF ¢nMMON STORAGE VAPIABLES
CUMMON/DATA/vS S +«25:,LG.PHO,BETA,DRMTEY,EZ,
ADCrpMsCNT e OHFGA.FAMT A1V, 1Z4,4d5v.81,02,03:E,G,
1BETBEIGAEIGB, TEI4P+ TRA(EC,STR.FRC,RES.FLA.IP,
*BAB,BUN TAMp .R3.R6,PR,CEN,CON,BH,.CFT,CJIN,R5,p,S,TT
_C INPUT DATA-THESF AR FED FROM SEPARATE DATA FILES
- READ(1¢110Tn — :
! 4401 FORMAT(In) - _ =
== — “READCi+10013FG. sli6, OHEGA——— === == ==
4601 FORMAT(12F0.0)
D0 § I=1,N
5 READC1-10C2) A0y Ivel), 12010 dSVCI) JEYCTDeEZCT) BI1CT),
: sR201),B3c1Y,0HO Y P01 Y)
i 4002 FORMATC(12F0,0)
PO & 1%1,N+;
6 READ(1+¢1003) "AS. 1),¥S(1),25¢1)BETA(1)+BETB(1))
ie03 FORMATC(42F0_ 02

C 'HPUT DATA VIA paTA FILES COMPLETED
€ sTART CLEARING AT-RAYS )



SR T I I 5 T = L : . LT .
p10] 17 J=1,5
17 BAB¢I.dy, FLArKpJ\.RCQ(l.J)oan(:.J)zo
BABCT V), BAB72,2)¢BAR(3,3)=1.0
po 93 1=4.,8 : = s
D0 13 J=%.5 ==
: _ PLFOCI Y)Y, PLELCT 4) , TEMP (], J3=0 L w1 BN N
= 13 RRCT 40, TAMP 1 r.id70 - :
——— 00 13‘ Iﬂ1'6 — —— et = ===
: pO 14 g=1,6 - =
16 ECUR.J) pTRACIPIILPE,-J),8CT,40), TT(I'J) 0 TR osto e oS
= (1] 16 Isa r6 e =
— e TRACL ] Y, 0 : S ——— e =
e——— p0 18 1=9,4 = e s
= Do 13 Jz1.45 — it - e e . -
18- FRCO(T:d)=l.0 — - = = = = =
s PO 25 lsqeb e o - e
== —=--D0 25 J=21,;6 — = == :
P _STREU,d3=0,0
== ) 105 1m1,3
SR |« (0 . =1, W |
19 pCC1.d2,nH{1.4d), nRMrtl;J)so
nG 20 I=1.8
I‘\Cl zn J“!B
20 FAMT (L0320 =
pG 21 I=1:50
D0 21 J=1.50
21 FIGACTI JY EIGBCT,d)=0
po 41 I21,6
DO 11 J=21,5
CENCT, ), CPT Y irsCIN(T,J)=0.0
11 eNT¢r,d)=0
G ALL ARRAYS ARE IMITLALISED
no 15 I=1.N
RAEXS(I)=XS (%1
AEIYS(I)mYS T+
RCS28{1)=ZS (1%,
L"‘!‘ 'iQPT([J“'B L#BBORB“BC'BC\
15 cOUNYINUE
¢ PRINT OUT ALt InNoUT DATA
WRITE(Z2,110Z N
1102 FURMATC///15w0NUMBER OF MEMBERS/50(10/))
NP\'ITE‘Z,110&;EO'-:S'\‘!
1906 FORMATC///LGHOELASTICITY MOD  RIGIBITY MOD  POISONS RATIO/
S0C3FEi5,6/))
pO g 1%9.N
. WRITEC2.1106) (i ALY TI=1,N)
$106 FURMATC,7/1740AREAS OF MEMBERS/SO(7(4(14,ET12 4)/)))
_ WRIFECZ, 110231, IYC1IY e 110N
4107 FORMATC(/ 77254011 MOUFENT OF AREA Y AXIS/SOC7(4(14.,E12.42/)))
WMRITECZ,1105 (T, 120 021514 N)
5108 pORMATC(///728u01] MONENT OF AREA 7 AXIS/SO0CT(4(I4,E12.4)/%))
= WRITELZ, 1106 (L, ISV {1),1=1,:%)
— 4109 FORMAT(///26u08" VENANTS SECTION CONSTANTS/So(7(4(14,E12.4)/2))
L HREYEGC AT e Y121 N) =t
— 411" pORMAT(/ /773200y AXI; CO-ORDIMATE OF CS WRT CG/50(7C4(I4, 612 4)/))
_ WRIFE(Z2,MTIa0C IP L Y, =1 ,N;
110 FORMAT(///45H0P [ TCHING INERTIAS/S50(7¢4(14+E12.437)))
o WRITE(Z,1112Y (L. F20. Yo 1=14 )
—111e¢ FORpMAT (/32402 AX1: CO-nRDINATE OF €S WRT CG/S0¢7C4cld, E12. 43/
WRITELZ2,17115 ¢, RIC (Y, 1=1,N)
1415 PORMATCO/f//25u0Hi6HER HOMENTS OF AREA 1/50(7(4Cl4,E12.4)/3))
URITEC(Z2,1116) (1. R0V e I=1.N2
1196 FORMATC/ 2725000 GHER NOHMFNTS OF AREA 2/S5C(7(4(14.E12,4)/)))
WRITE(Z,1117: (1 R3I(1Y,1=4,N)
1197 FORMATC7/25"0H 6HFl MONFNTS OF AREA 3/S0C7(L4C14.E12.4)7y))
-

-



1203

WRITE(Z, s113 (1,RHO: l).]:!.u!

FURMAT (/7 7/27n0MASS5. DENSITIES OF sECTIONsiSD(?(£(16 E12, 4;;)))

CONYTHUE

hO ¢ I=1,H+1

WRITEC(Z2,+1200C1,.X5(1)+1=1sN+q)
FORMAT(///20H0X cU gRDINATE OF ¢GS OVERALL/50(7(4(14,E12,4)/))

WRITE(2,11212 €1, vSt1),1=1,N=1)

FORMAT(,7/20H0Y 0 ORDINATE OF ¢GS OVERALL/SO(7C4tI4,E12 4)/))

WRITE(2,11220C1.2501)+1=1,N+1)

EORMATC///29107 ¢0 uRDINATE OF cGS OVFRALL150(7t&(l¢.E12 43 /%)

WRITF(Z2,1123 (1, RETACI) 151, ,N+1)

CORMATC///21H0B-TA PRETWIST ANGLES/SO0(T(&CI4,E12.4)/)))
WRITE(Z,11243 (1 ,RETH(I), 151, ,N+1)

FORHAT‘IIIZ?“UBLTB PRETUIST ANGLE1!50&?(L(I¢.E12 4)73))
CONTINUE = -

WRITE(2,1203 0NEGA S .
FORMATC///28H0ALGULAR V!LOCIYV IN RADIA&SISO(E15 6/1) -

€ PRIHT QuUT OfF INpilT DATA COMPLETED

205

C UNIT

oDy D

501

502

503
500

UN1Y LOADS ARmE STORgp IH THE HATIX YRUN® ==

WRITE(2,1205 (1.LG(1Y,1=1/N,; —_
FORMATC///1RHOSECETINAL LENGTH%}WO(?(#(Ik E12; ﬂ)i)!) -

¢ ELEMENT JJ CALCULAT(NNS STARTS

nO 850 JJ=1.N = -
CALL FLE¥(Jy) = e — —
CAkL COsNCJy = — :
CALL RESL(J4D ——-
CALL STRUGI Y
LOAD CALCULATIONS STARTS
p0 500 Js=1,.14J
nO 801 1=1:d
PO 501 M=1.5
R(I,M)=0,0
BAB(4,4)=(X87JS =XS(IS+43)/LAaJS)
BAB(5,4)=(Ygrd5 . =YSCIS5+1))/La(ds)
BAB(6,4)=(25¢dS i =28 ¢dS+1))/LACIS)
KK=0
IFCJs.En, 1) Kr=1
BAB(4)5)e(Xs JS-1+KK)I=XS(JS+KK))/LG(JS=1+KK)
BAB(S5,59)=(Yg S~ +K{ ) =YS(JS+KK) ) /LG (IS~ 1+KK)
BAB(H,5)=(25¢JS8- 12K =25 (JS+KKI)/LG(IS~1+KK)
no 502 Kk=1,2
CALL TRANCJS JJ=KK=9)
CALL MULT(TRArBAR(CUNI6.6+5)
GALL MULT(EL.CON+RES+64645)
CALL MULT(STD+R:ESIFREA,6,53
CALL ASHR(Jy.KK-1) o Pt
p0 503 1=1,8 == = =
pO 503 H=1.5 - =
BUNCAG* (JS=q 3 #Bx(H=i )21 =R(1 . M) - - —
CONTINUE

ELEMENT J CALCULATIONS STARTS

CEN"

510

455

‘REFUGAL LOAp CA-CULATIONS STARTS
b0 51 Jdat,d4=1 o == eE viaer
DO 510 1= 1!3 = --..T ————— = s = e
n0 510 N=1.5 e — - -
RCI,M)=0.0 = — ——— —_— -
TFCJ.EQ u*1; GO YO 51 =

n0 145 I=1,6 :

DO 145 M=1.45

CEN(I My=0 =

1FC) EQ_gJd#1: Gu TO 123
TFC)-EQ _ad) n0 TO- V=3

cALL CENT(Jg.4)

CALL MULTI(EC.CE:.RE5.6,6,5)
CALL HULT(STPIQEQ!Fwﬂ:Q.GiS)

CALL ASHRCJ,.0) a



113

=23

110

116

CALL CENT(Jg»1:2) e e =
CALL MULT(Eg,CE}} REs. r695)

CALL MULT(STRr(R: R:Fhf:4.615)

CALL ASHB(JL. 1)

1FCY . EQ. 1) g0 To 114 I

CALL CEMFCJa.d=3) = s

CALL HULT(EI’:.CE:J-RESJﬁrﬁoS’ -
CALL MULT(STR RES/FHb 4. 645) —=
CALL ASHACJY.0) e
CALL CENFCIJ+T1ry=1) —
CALL MULTC(EG.CEN.RES:64+6,5) .
CALL NULT(STDtR'SJch;a,5,S) =
CALL ASMRCd Y. o5 i
IF(J EG.1. Aun J“ EQ. 1) 00 NE =
TFCY.LT . Jd) a0 T0 122 : ——

!F(J.ﬁn.JJ$1! Gp TO 425 e

bl 416 1=1,6 L I —
D0 1106 N=1.5 T e
EFT(I:H)EU - S ==

PO 117 y1=1,1=1 - =" ==

CALL CEygJ Iy = — s -
ho 118 I=1|h = e S
p0 418 H=7.5 e

118 CFT(T1,/M)= CFT'I’H¥*€JN(I H)
117 RONTINUE

125
19

121
120

calL nuLTcEc,CF?.Res.B.a,S)
CALL MULT(ST=rR:StFRECr&:625)
CALL ASnupidy.0)

1FCY.EQ, JJ) a0 0 122

nd 419 1=146

DO 119 M=1.5

CFT(¢1,My=0

b0 120 J1=1,24d

CALL CEJuCII

U 421 I=140

ho 121 M=1.:5

CPT(T,My=CFTel, 113+CYN(TI, M)
cONTINUE

CALL MULT(FC.CF7+REL,60005)
CALL MULT(STU RS FRkGsh, 6¢5)
CALL ASHRCJa.1) -

122 80 126 (wies,

Do 128 H=1,5

128 RRUI,.M)ariI, M)

12

0o 42 1=1,8
B0 42 Mzs1.,5
R4CT. M) Rr5CT. M) . R3¢, M) ,RCED,M)=0.0

£ cCENTRIFUGAL 1LOAp CALCULATIONS COMPLETED
C FLAUPING LOAD CALCU_ATIUNS STARTS

87

&0
61

Lo

nl 55 K=1,2

00 57 Mz4rb i

FLA(M  K+3)=0 0

DO 86 KK=1.2

TE 4K, GT.JJ42.0R. 42K, LY. 3) GO TO 56
1F(K,EQ,2) Gp Ty 60 -

cALL FLgP(J K) =

G0 TO 61 A

CALL FLARCJ,K?

IFCJ+K™1.GT Jd*5K~1. GO TO 54

CALL TRAN(J+v=1, 0diK=1)
CALL MULT{TRAsFLA:CUN,H.6:5)
CALL NULY(E[‘:-CU?;.REQ!{}11105)
CALL MULT(STOrR SrFilrb.6+¢5)
CALL ASHR(Jy . .KK=1)

CONT1KUE



3

S i AT Sb rONtthE s e
£ rLAERING LOAD Car CUL ntluns rnMPLFTFD

C FORIATIgN
nQ 79

n0 79

- sUMz0

oot SUN=D
p0d ah

0¢g EIGeN YALUE PROBLEHM STARTS
I1=1.:8
M=z1.5

K=1 38

SUMcFRMY (1K *R- KoM eSUn = —
QUN:FKHTtI:n"vaK,n)*sun == z
e 80 CONTINUE 5 Pyl = o
= TEMpP L1013 =5 N - _— e =

_______ = TAMP (LY =SUN e 110 R —
__:.'...." : = ‘.9 CONTINUE = .- 3 — = =
T RECALL UNIT LOApSs FROM STORAGE 3=

= : no 53 J'-'.'::'Ii,]l = - = ==

4 ) pO 504 121¢8 — -
== = p0O 504 M=1:5 '
. 504 PLFLOEeMY=BUNILS -{J¢-1)+8*(H-1)$!)
= no B3 M=1.,5 ==
. p0 81 MM=1:5 : = =
KIB(J5=1)*54M
KeZ (A1) whsyn :
SUMI=ETGACKY . K2 = = =
SUM2=E1GR (K K2, - -
p0 87 Kz1.8 = .
SUMq=PLEL (K, M) *TEHP cK MY +SUMY
SUMR=pLELCK, M) %~ AHP (K MHI+SUM2
82 CONTINUE
EIGA (KT  k2)=5UM"
EIGRIKT , kdIssUMy
81 CcONYINUE
63 CONTINUE
5% CONTINUE
€ ELGIN VALUE pROpIEM 15 SET SUITABLE FOR LIBRARY
€ sUBROUTINE CALLS
- 51 cONTINUE
¢ ELEMENT J CALCULATIUNS COMPLETED
50 CUNTINUE
€ FLEMENT 3y calCui ATIONS nOMPLETED
WRIYF(2,1200
7200 FORHAT(' POt TIdN CHECK41/)
N1=EN*5
noh 150 1=1,N*
150 E1GR(],1)=F16B{;,1)+1 - —
po 15% 1=1.N1
pd {5% J=1.N2
= ARCI+N o= I=ETGB T ed)
- 451 FSMODSTeNI* (=1 VFETGALT L)
= : WHITE(Z,1204
1?u1 FG“HAT(' POSITIuN CHECK2'/)
c LIBRARY SUBROUTIMES OPE-ATION STARTS

CALL FPHGESOL(N,.N1.0,0G0005 AKC1)FSHODCTI, W(A),

“pET, TRANK,NRV?
L : WRITELZ,1125: NRY -
== '1145 FORMAT( /¢ /15HUNIMBER OF RANKING/500(10/))
=y WRITF(Z2,1125 IR MK
1126 FOHHAT(/!I1aHOHIHBEﬁ OF RANKTWO/S50CTO/))
B! 1VS=0
CALL FPDIRHE=SE NT,FSMODC1),INT(1))

CALL FPQRHESZE(HY+F, uonr1)-17ﬂ<13.FSP(1),FSI(1) sVOne1?,

11VS)
WkiITeE(2,1202"
4202 FORMAT(' PO31TIuN CHFCK3'/)
CALL FPQRVS(n1+:SH05¢1),8V0DCT) ,FSR(1)4FSITL
CALL FPRACK (2% SMO5CT),8VODC1) ,FSTe1)INTC
5

1
i



£ CALCULATION=AHALYSIn OF FREQUEHC!ES AND MODE SHAPES
p0 300 J=1,H1
300 ph{pi=fFgeil)
pd 381 1=%rlt
¥31 =
po 302 g=2.u° : = = S
- 102 TF(RHLJY 6T RHIKY) i=d 4 el A e —
e 1T5¢11=K - == == == =
s 3yt pH(KY==1000520 e S — = e
' === DO 303 1=1,m* : = —= = ==
== . BHC1)Y=FSpCITsCT) —— — = —
- Ti1Y=FSY(ITsfl) - : ——
ot B0 303 g=1eNt - e 2o
%03 ARCCT~TY N1 =sv0D € ITS (D) - 1)-u1oJ) ="
DO 304 I=9 N7 - —_—— —_— - -— ——
FSR(IIspH(TY : = S
e ESTCIIETCL) ST
s PO 304 J=lent == =
304 syOpr (It whisd =AK, tl-1)tH}¢Jﬁ = . —
— ph 200 1=4,N7 - —
s . i 1FCEert).LE 0.0 G TO 306 — - 1
R F=0.1591560 70QRTCFS- (1)) = '
HITF(Z 12081 er
1208 FURMﬁTf7HUR}<UL 18 ‘OHhFREu"ENCYiF13.6,11“ cyCLES/SEC)
112 allarNiat) :
PO 200 Kal.5
1FCK.EQ,1) a0 To 350
TFCK.EQ,2) ¢n Tu 359
1F(K.EQ,3) GO Tu 352
1F(g EQ,.4) wn Yo 353
1F(K_EQ_5) 60 Ta 354
250 WRITE(2,1206y K
1209 FORMATC(15,230HHOpE SHAPE LONGITUDINAL)

60 TO 370
% 2519 WRITE(2,1210: K
1240 FORMAT(15,23HMOLE SiAPE DRAG BENDING)
60 70 37¢C

152 uuirrc2,1211\ K
1291 FORMAY(15,23HMODE SHAPE FLAP BENDING)
GU TO 370
253 WRITF(2,1212y K
1292 FORMAT(1Ss18HMOE SHAPE TORSTON)
G0 t0 370
356 URITE(Z2,1213y K
1213 FDRHnT(;%.z,lﬂn‘c SHAPE SWEEP TQRSION)
370 K1ZK+11m4
HRITE(2,121u“(S"OD(E1+5«(J-1)).J=1rN)
4214 FORMAT(10FY2 8)
60 1O 4n6
- 306 VFCESR(IY.Eq. 0.5y GO TO 307 =
: WRITE(Z 1215 1
FSR(1)==1.0
1215 FORMATCEMRESULT . 15, 3HNEGATIVE ROOT)
= GO yo <Zon
- 307 WRITF(Z,1216 1 e
e L O :ORHAT(ﬁuEEnuLT 1S:§HZERO ROOT) ———
T 200 cONTINUE !
WRITF(2,12075¢1,FSE 1) ,1=1,N1)
1207 FORPATC///16H0TE AGY'ARY n0075150<10<5t14.515 M)
s10p
END 3 i bl =

GMEN+, LENGTH 24R0: NAME  E(GN



GMENT,

C FND
€ cOS§

Lls

1312

480

LENGT

0F CALCIILATIONS
it SURROUTTINE LCALRULATION OF DIRFECTION COSINES

SUBROUTINE ¢noSNoT) i

REAL LG, 1Y s 7edsVelp

DIMENSION X57115,YS:011),28¢11).,L6¢C10) .
ARHOC10) ,ETACTY),DRIIT(3,3),C0N(4,5).R5(8,5),

AACTOY Iy e10),012¢40),0SVi10),R89¢10),p2C10),B3¢10),CNT(6,5),
TEYC11) r 7214 e PLELCGE.5) ,PLFO(B8) y TRACE,A) 1 EC(6,6)sSTR(L,6),
1FXMT (8o 3) o BETB(11) , L1GACSO,S50) »pHES) W FRCCA,S5)rRES(6,3),
AnCC3,3),nt1€5.3) ,FIGL(50,50),R(B,5)¢P(6+6):S(646):TT (616,
ATEMPCBs6Y v FILAGG, 87, PCI0YsR5(8B.5),R4A(8,5) ,RR(8¢8)»
ACENCH6¢5) . TAPCB,8) 11614 . CFTtH.,5Y,CANCE,5)
1ARC2500) , FSnD (2800, - INY(48) ,1TS(50).,FSrR(50),
“BAB(A,S) ,BUNCLLOYrF5TC(50)SVYNNC2500),T(2850)

COMMON/ DATA; ¥SsVSeZ.,+LG.RHO,BETA.DRNT,EY,EZ,

ADCepDMeCHT OMEGA, FAMT A IV 12,485V .B1.B2/83/E,G,.
1BETB, EIGAE1GDR. TENP+TRAVEC,STR,FRC,RES,FLA,IP,
“BAB,BUN, TAMP K3, R4, RReCENsCON/BH.CFT,CIN,R5,P,S,TT
R4=gINCRFTA(T))

BO5%C0S(RETACY))

0”(1 '1)31 .0

pli¢2,2),pH(3,3)=R2 -

pM(2,3)=p4

pH(3,2)=~b4

BBEIq=XS(1)=xs(l+«1) ==

BBI2=YS(1)=ys (1)

BEI3Z=2S(1)=;sq(141)

Bo=pBl1 /LG (1)

R7=pBl2/s1G(1)

R3=gRIZ/LG (1Y

pCt1,7)=R6

pC(q,2)=R7

BO=5QRT(RO*w2+B7w%2 )

B1U=gQRY (B7 .2+ iB%e2)

Bi1=SURT (BBeul*ih*w )

I1F (B8.GT.0.099G) GO TO 475

pCC2,1) = =K7/8B0C
pCe2,2) = pk/BG
pC(2,3) = ¢
pC(3,1) = =pA*Bs/BO
pC(3,2) = =RpR*B?/BO
pC¢3,3) = 3o

60 10 480 .
pCC1,1),nC(1,2):0
pClx,3) =1
pc€2,1),pC(2,3)=n
nC(2,2) =1
pC(3,1) zwl

pC(3,2),nC(%,3)=0

WRITE(2,1312) Ju

FORMATCIS ¢ L HALTERN TIVE DIRECTION cOSINE USFD REF THESIS)
60 1O 480

CALL MULTDH,.PC,NRMT,3,3.3

RETURN ]

END

W 227+ NAME CosN



C FLEXIBILITY MATg1X CALCULAT | ONS

C SUBROUTINE FoRMING FLEXIRILITY HATRIX
SUBROUTINE EFLEX: 1) >
REAL LG,1Ys12sdsvelp s
DIMENSTON XS611).¥YSc 1), 28011, 1LGCI1)
TRACC10) , BETACY9)  DRITC3, 3} s 6nN(K,5) ,R5(8,5),
TALTOY ATV (10) . 1Z2:°10) .SV i10),R1€10),02C10),83¢10),CNT(6.5),
15?(11)-Ez(11m;PLrL(a,S},nLrnta-qﬁ'Trn(é.a)’gntﬁ.ﬁi.nTR(4.6>.
1;xMTcg.3):Bgfu(q1J.trﬁn.so.sn).nu(Sn)arkcté,szrnES(n.S).
'IDC(3-.5).nH(5..51 _-FIGII(SD- so)ln(8l5>‘pf6'{1)’s(ﬁlﬁ) '77!6'6] o
1TEHptac5!;FLn(s.sJ.;p(1u).Rsraasl.nacs.si.Rafaasi.
ACENCH/5) , TAMPCB, 8) 10 14) ,CFTC6,5) s CaNCH,5),
TAKC2500) , FSLoD (2500, , INT €485 ,1T5¢50) ,FSRp(50y,
TBAB(6+5) , BUNT44L)Y (F51(50),8v0P(2500),T(2850)
CU””O“I[],\TA{}(‘SJ‘-‘S!Z‘J:LG.QHO-R&T;‘:DQ“TJEYOEZa ‘
10CrpMs CNT OMEGA, FAMT A, 1Y+ 12,08V, B1,B2,63,E,G,
ARETR EIGA/ETGO/1-TEIP+TRA/EC,STR.FROLRES,FLALIP,
1RAB,nUN,TAHp.RS.n“auﬂrCEN-Cuu:BH-CFT-CJN:RS-P:s:TT
BTISa(BETRC(I ) =BETACT M/ LG(CI)

BET=RETR/1)wpET (1)

CI1=R1(I) BT /ALY

res BTS+ (B3 V)mEZ(I)«BICI))/IY(T)
£3= BYSw (B2 (0 )=V Iy#BYCI))/12(C1)
SVI =G ISV (T )wC1aTZ( Y ™wpudTswn2/ (1Y (1) %2¢AC1)))

Al =LGCLY /8w,
AMTaAT 1 wn) =
AV 2ELG 1Y/ (EwACTY)
A2=A12+4411
A3201 %A1
A= 2wAY
ASECZwAY
AGEATwCD
AT=AZwC3
AB=A4wC3 e
APELGCIY JCERTY (I 4GP neD oA
A0l Iy /(EwIZ (1)) uf3enphAs
) ATz AG*BET*RET
Al AT*RET*LET
AT SaAG*prTw T
ATGaAS*RETwLET
FXMT (Te4) e FXnT(2.2)=2/5
FAMT (10222706
FAMT (10 3) o FYnT (2. 6Y=A3/3
FAMT (I 0 4) o FXMT( . 3)Y2A3 /s
FAMY (1 05)586/3-A7/1,.«BET=A11/60
FXHT{1:ﬁﬁ-FAMTfg,5):46!h-A?f12-351.a11;‘n
FXMY (e 2YSAT/ 3+ AA/ 1 2+ BETAT2/ 60
FRANT T h8Y s FXMT(2.7) A7/ 4A6/12«RFET=A12/40
FANTY (2,656 /3=A7/4.RET-A11/10
FAMT (2o 5y =AP 5+ A6/ L-RET=212/10
FAMT (30 3Y 4 FXnT (4, 4) A1/
FAMY (30 4)=A976 —
FAMT(3,8)=A4/3~\5/12+BET=A13/60
FXMY (3063 s FyNT (4L.5)=A4/6=A5/12+nET=A13/40
FAMT (3.2 v=A5 /344471 2«BET=A14/60
FAMT(S e 8) 1 FXNT (L. 7D =AS5/neAdy 12*RET=A14/40
FAMY C Qe 6YSAL/ 3= 48/ L<RET~A13/10
FAMY (6 3)SA5 /34 04/4-RET~_14/10
FAMT (5,5)=A0 3+ AT10-A%) /30 +LFTww?~AB/64RET
FXMT (516)=A0 /6% (A10-A9) /20%BET %P =AR/6%RET
FXHrtﬁc?m=Ao}1EwnET~41nl12*5:?-gais-asf55.5;7*-;
FAMT (52 3) 0 FXMT (oo P)=A9/ < PR BET= A0/ 124 BET ¢ AB/ A+BET=AR/ 10+ RET w2
FXMY (G, 6)SAC 75+ (ATN.A9) /S*BET*«2=AB/2+BfT
FAMT (64 0)Y=AG /64wnFT=210/4«BFT+AB/3-AR/2, 5+RET 042
FAMY ¢ Fe?ySA90/ S— tA9-AT0,/30-RETw+2+AR/6=BET
b

a2



FAMY (7:3)=A10/6-(A9=A10) /20=BETw*2+AR/6«BET

FAMT (8, 8)= A1n!3xtA9.A1O\;5*351-.?+A3!2*BET

DO 3 K=2,8 :

DO 3 J=q.K=4

FXMT (K. J\=FXHT(I.K) Rt ¥ o

3 CONYINUE . —

: RETURN LT W A TR = =
S END : =——

EGMENT, LENGTH 680+ NAME FLEX

SUBROUTINE MULT:P,S,TT,HNMNH, KK)
pIMERSTON Pcuh.na>.qrﬂn.rx>.?1(nN.KK)
DO 4 I=4.NN _ ] R4
b0 9 11=1,KK '
—Srh. 1 77C(3.11)=0__ i ) i _ g
s = PO 2 I=4,NN =

DO 2 Ilx1,MM s

p0 2 K=1q,KK
2 1101 =7TCp K wp(T,11)%8(11,K)
RETURN
END
JEGMENT, L ENGTH 110+ NAME M T

SUBRNUTINE FiLAP T,k

REAL LG, 1Yrled Vilp

pIMENSTON x§r11-,st11).28t11).L6<1n)-

.  RHO(10) ,BETA’91.-DRIT(3,3)+CONCE,5),R5(8:5),
“ACI0Y e IYC10) . Iz 10),d8V¢ 10).31f1n>-a?(1u>.33(10).CHT(6.S>.
“EYC11) sE2¢112 ¢ PLELCA,5) ,PLFOCBS) 1 TRAC6,6) 1ECC6,6)45TR(4,6).
CFXNT(8:3)BETB(1),c1GA(50,50) +RH(53),FRC(4,5)RES(6,5),
1pC(3,3),0M¢35.3) ,F1Ga¢50,50),n0(8,5),p(0,6):8(6,6).TT(6:+6),
STEMP(B,5),FLA(6.5),:P(10)Y.R3¢8,5),R4(8,5),RR(8:5),
CENCAS) , TANP(8.5) U143 ,CFT¢645):CIN(6,5)
s AKC2500) . FSHODC(2500 ) A INTC4L8) ,1TS(50),FSrR(50),
NS BAB(6:5) .BUNAG) eF51(50),SYND(2500),T(Z850)
COHHQNIDATAIXSr?S'ZS'LGl““OlRETAODRHT!EYIEZ!
DCeDM,CNT/OMFGA.FXM ,A,1Y,12,d8v.B1,B2,83,E,G,
~BETR.ETGA,E1GB. 2, TEHP,TRA,EC.STR. FRr RES, FLA 1P,
BAB,oUN, TAMp,R3 . Rées iRy CEN.CUN.BH.CFT.CJN.RS PsS,TT

SUNzRHO(r=1)wlG . 1~1:/2.0
FLA([:1).FLﬂ 23D }lFLA(S 3"5”"
FLACS, d)_—Sun*ftﬁ\l 1)=z28(1))/3_0
FLA(A,3)= SUN*(Vs(T1-1)=vs(]))/3.0
FLA(CL,5)= Ipc¢l=")»(AS(1=1)=XS(1))/2.0
FLA(S,1)=-F1A(4,2)
FLACS:3)==SUN* {3 8{1-1)exs(1))/3.0 - -
ELACS«S)=  1p(Jet)w ¥S(1=1)=yS(13)/2,0
FLA(A,1)y==FACL, 3]
FLA(K,2)==FLAC5,3)
FLACG Sy =lP =1 0. 25¢l=7)=25¢1)y/2.0

420 RETURHN
END

-

SEGMENT. LENGT. 106+ NAME F_AP



EGHENT:

=GMENT,

SUBROUTINE r1AB.1,K;

REAL LG, IYrg2edsvelp

DIMENSION X511 .¥YS(11).,25(11),1.6C10) .,
ARMOC10)? ,BRETAC11.,DRi1T(3.3)+CONCS.5) ,R5(8,5),
TACI0Y IV e10y .12 10),08Ve10),B1¢10)/82C10)+B3¢10).,CNT¢6:+5)
EYC910 0 E2C11  oPLFLE3:5) ., PLFOC8:5)/TRACE6,6)rEC(E,6)1STRC4L,6).,

-~ FXHTY8:8)BETB(11),£1GAS0,50) »RH(50),FRC(L,5)RES(5,5),

<DCC%.3),pM(%5,3) . EIGR(50,50).RC8,5)/P(616)+5(6.,6),TT(6:16),
ETEHP{G?S)rFLﬁ(6:S)J19(1”1:“3(8:5‘:RLf8r5)fRR(SlS}l
TCENCH,5) , TAUDP(8.5) ,1(14) ,CFT(6.,5)Y,CIN(6,5) ¢

“AK(2500) , FSMND (2500, INT(48),1T5(50),FSR(50),

1BAB(6,5) ,BUNCALLEY s F5T(50),85V0OD(2500),T(2850) 3

" COMMON/DATA/XS ¢ ¥Sr25. LG, RHO,RETADRMTEY,EZ,

_4DCepM,CHTOMFGA, FAMT A, 1Y, 12,48V,B1,B2/B3,E,G,

“BETRETGA+EIGD 2, TEMP+TRA+EC.STR.FRC,RES,FLA,IP,
BAB,BUN, TAMp . R3. R4 RR/CENsCUN+BH+CFT,CIN+RS:,P.S,TT
SUNz RHOCI)w1G(1Y/2.0n

FLACT 1) FLAC2: )1 FLA(3,3)=5UN

FLACA,2)==SUN* (28(T1;=28(1+1))%2 0/3 0

FLA(A,S3)y= SUN*{vS(l,=YS(1+1)3%2 0/3. 0

FLACA b)Yz Tpely<(XS{1)mXSC141))/2,0

FLACS ¢ 1)=~FLA(G,2) ;

FLACS ) 3)==Sun* (s (1, =XSc1+1))%2 0/3,0

FLA(CS,64)= Ipcl)weYscT)m=yg(l+1))/2,0
FLA(6,1)y==FLA(L.3)

FLA(6,2)==FLA(5,.3)

FLA(6,6)= Tprl)wt2ZSc1)=28(1+4))/2,0

485 RETURMN

END

LENGTH 158 NAME F_AB

SUBROUTINE yRAN T, ID)

REAL LG, IY I2ed5Malp

DIMENSION X591 YS¢11),25C¢11).,0L6¢€10),

RHOC10) ,RETA11 -DRNTC3.3):,CONCGE,5),.R5(8,5),
CACI0Y IV C10) .12 .40).0SV(10),81€10).82(10)+B3(10),CNT(6,5),
'EY(11):E?(11:apucltﬁ.ﬁ),DLFOra.S).TﬁA(&.ﬁ)uEC(é,b).STR(&.ﬁ).
AFXMY (8+8Y4BETB(- 1) ,L16A:50+50)BH(S50)FRC(4,5)RES(6L.5),
DCC3.3),pM(5.3Y FIGL(50,50),R(B,5)eP(616)1S(6:16),TT(616),

ATEMP(Es8Y FLACO,. 5 [PC10YIRZ(B,5)/RL(B8/5)/RR(BIS)

A

CENCG+5) . TAMPKCB .87 10146 ,CFTCA:5Y,CINCE,5)
AK{2500) ,FSMODC( 2500 » INTC4LB8 . 1TS(50)FSR(50) .,
BAB(6,5) ,BUNcbL Y, FST(50),SVOD(2500),T(2850)
COHMMON/DATA/ XS+ vS125.LG,PHQ,RETA.DRMT,EY.EZ,
DCeDM CNTOMFGA, FAMTArIYe12,J5V.B1,B2/33+E,G,
BETR.ETGA+EIGB+K.TEMP,TRA/EC,STR.FRC/RES,FLA,1IP,
.BAB,BUN,TAMP . R3.P4 i ReCENtCON/BH/CFT,CJNsR5+P,S,TT
TRA(L:2)=m(25 1 ,=28:11))

TRACL.3)= Ys(1)-v§(1T)

TRA(S:1)==TgA(L,2)

TRA(S :3)==(xa(l. . ~XS 11))

TRA(0,1)=~TRa(46.3)

TRA(A2)==TxAa(5.3)

RETURN

END

LenGTH 75: MAME TiAN

10



QUBROUTINE rESL.II)Y
REAL LG,1Yr12ed5Vels
DIMENSION XS611:,Y8¢11).28C11),01GC10)
— ‘RHOC10) ,BETAYT1::DRHT(3.3) ¢ CON(6.5),rR5(8:5),
Mo NS LE - A("O)fIY"\U)cIZ 10);.!51.’\10).ﬂ1f1n):n2(10);33(10).CNT{6:5).
e : EYCq10 g2 (14 e P FLCE5) . PLFOCR,§) s TRACGE,6) rECC(H,6) rSTRCL,6) .
.~ FXMy¢8,8),BEvB(.1),ET1GA(50,50),BH(50),FRC(4,5) RES(4,S5),
e —— 06(3-5):[]”(3»3).FIG:}(SO:SO):R(S,S)rp(D!(J):stﬁiﬁ)lTTfﬁgs),
e “TEMPIB/5) FLACE. 52, IPC13)¢R3(8:5)+R4A(B+5) /RR(B1S) ¢
e CENCorS) s TAUP(B .87 s W14) ,CFT(E+5)sCINCE,5) s
» ARy “AK(2500) ,FSMAD (2500, ,INT(48) ., 1T§¢50),FSR(50),

' “BAB(O5) . BUNLLY ,F51(50),SVOD(2500),T(2850)
COMMAON/DATA/¥S,»¥8¢Z,+LG,rHO,BETA.DRMT,EY,EZ,
:DC/DM, CNT,OHFGA, FXMT,A,1V,12,dSv,B1,82,63,E,6G,
BETB ETGA/EIGB 2, TEHP I TRAVEC.STR,FRC,RES.FLA,1IP,
“BAB,BUN, TAHPp,R3, R4+ 5ReCEN/CON+BH CFT,CJN.RS5,P,S,TT
nO 405 M=1.3 . . L
PO 405 MM=1,3
EC(M-MM)=DRHT (M, MM)

ECCH+3 pM*3)=DRUT(M, MM)
405 CONTINUE

RETURN

END

SEGMEN", LENGTH 63: NAME RESL = —— =

SUBROUTINE STRU:1ID)
REAL LG, IYel2ed3Velp
DIMENSION Xsf11:.Y8:11),25C11).LGC10) .
SRHOC10) ,RETA14 . ,DRYT(3.3)sCONCE.5).R5C8,5),
“AC10Y IYCY0),12010),4SVi10),81¢10)82C106)B3¢10),CNT(645),
TEYC110 0 E2€11 P FLC3.5) . DLFOCB15) 1 TRACE.6)1EC(E,6) 15TRCL,6) .
“FXMycB8,8),BerB(-4),E16A.50,50) «BH(5,),FRC(4,5),RES(6,5),
sDCC3,3),nM(%.3)  EIGH¢50.50).R(B,5)¢P(6416)s5(646):TT(616),
{TEMp (8,5, FLA(H,5),iPC10),R3¢8,5),Re(8,5),RR(8:5),
_1CEN(6,5)  TALP(B,5) U143 ,CFT7¢6,5),CIN(6,5)
TAK(2500) ,FSHNDC2SU0, .INT(48),1T5(50; ,FSR(50),
BAB(6:5) ,BUNG4L Y, F51(50),Sv0DP2500),T(2850)
- COHHUN{')ATA/.‘.S r"f‘S ’ z:1 L] LGIH"O! HE?A .DRI}?.EY.EZ [
. DCrpM/CNTOHEGA . FAM A 1Y 12Z,JSV,B1,B2/83,E,G,
e ~ —— “BETB.EIGA,FIGB, . TEHP,TRAL,EC,STR,.FRC,RES,FLA,IP,
~ .BAB,BUN,TANpP .R3 R4s<RsCEN/CON/BH.CFT,CINIR5,P,S,TT
STRC1¢1).STri¢2ecVeSTR(3,5)=1.0
STR{4:6)==1.0
STR(¢?,2)=E2¢11)
STR(2,3)==Eyrll, 2
= RETURN
END

SEGMENT, LzNGTH 43¢ NAME SiteU
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SUBROUTINE A MB_TI, )
| REAL LG,I?J]}:J V!!P
e _ DIMENSION X5/11:.Y8:191),28S(91).LGC10), e ey T
e <RHO(107 ,BETACTY .DRIT(3,3)sCONCG, 5),R5(84+5),
I : CCACYOY Ty e10) .02 100 ,05Vi10),81710) .B2C10) +B3¢10),CNT(6,5),
= TEYUq 1l g7z Q11 o P FL(S.5) ,PLFO(8:8),TRACH.6) rECC(H6,6)1STR(L,.6).,
[LE DG, i CFAMT(E:8)BE-BC 12, :1G6GA.50,50) .BH(56) ,FRC(4,5)RFES(4,5),
e =pCC3,35) ,pN(3.3) . FIGBCS0,50) ,R(8,5)¢p(6+6)1S(6,+6),TTL6:16),
= “TEMp(Br5Y ) FLACE.S) o 1PC1G)+R3(B,5)RL(B:5), RR(S!S‘!
- SCENCO:5) , TAIAP (8,572,114 ,CFTC6.:5),CUN(B,5), Zi
. “AK(2500) . FSMnD (2800 ,INT(48),1Tg(50),FSR(50). =
= A RAB(6:5) . BUNZGL Y F51(S50)SYNDC2500),T(2850) e e
COMMON/DATA/%S:'S¢25,LG,RHO.RETA.DRNT,EYJEZ, < —
cnCrpMe CHT«OHEGA . FXMT A 1Y 12.08V.61,82/82+E,G, ==
s . “BETR.EIGA+E(GB+rTE{P,TRAVEC.STR.+FRC,RES,FLA,IP, =
e sBAB,pUN,TAMp .R3, R4+ RRsCEN,CONBHCFT,CJIN,R5,P,S,TT =
BN : DO 410 n=1,5 :
= RET4K MY =RO1 <K MY*FRE(T, M) -
RC54K/M)=R(3-KsMI*FRO(2,M4) el I -
R{(P+K/M)sR{GaK:IND*FRC(3, M) - ===
: RC7eK e MYZREVKJIND*FRE(4,M)
410 CONYINUE
RETURN e i, N
EWD = =

EGMENT., LeNOTH 134, nAHEf ASMB (8

SUBROUTINE CFNTJJ )

REAL LG,IYrg7edevelp

DIMENSION X5711:-YS(11),25¢11):LGC10)Y,
RH0{1U3.RET&€ﬁ1..DRHT(3;3)fCﬂNfbis).PS(ﬂrS):

SACTO) L IYC105.02.10),08V10).R1(10),82(10),B3(10),CNT(6,5),
TEYC91 02014 o PLFL(3:5),PLFO(B5) ¢ TRAC6,0)1EC(6,6)1STR(L,6),
TEXMY (B B8YBETBC1),ETGA 50,50 BH(50)FRC(4,5)RES(6,5),
zDC(g.S?,nH(3.3‘,EIGB(SOJSO).R(E.S)er6-ﬁ)aS(6.6)cTT(6f6),
STEMP(B+5) +FLACH, S5/ e:PCIn)eRI(B,5),RL(EB,5YRR(GrE)

TCENCH D), TAMDPC(B.8) €14, ,CFT(6,5),CUN(E,5)

AKC2500) ,FSpoD( 2S00 INT(48),1Ts(50),FSR(50),

RAB(6H+5) BUNt4& Y e F5T(S50)SYNDC(2500) . T(2850)
COHHONIDATAI?Sl“Qbe'LG:RHO:BET‘:DRHTJEYlEZJ
DCrpMrCHTOMEGA, FAMT ;ArIYe12,J8SV,B1.,8B2/,83/E,G,
BETB:bIGA:EIGBlHcTE”PITR‘rEC:S?R.FRc!RESlFLAf!pr
1BAB,BUN,TAH9,R3,erﬁﬂICENICON!aHtCFTtCJNJRSopcs!TT
C5=mRHO(J) *OMEG, wOMEGA* LG(J) /2

CEN‘111)oCENfzc£)=1.0*CS

CEN(CL:s2)=(="2 0/ . 0e28(J)=1.0/3.0%2S5CJ+1)+2S(¢JJ))CS
CEN(CL.3)=(=2 0/ _Uu*/SCJ;=1,0/3.0*YS(J+1))+Cs
CEN(S,T)y==CEn(é&,?)
CEN(S,3)=(2 n/35 0*X5tJ)+1,0/3.0exXS(y+1))+CS
CEN(A,1)=YS(1J)<CS

CEN(H,2)==XS7dl ) «CS

RETUEN

END

L

-

GMENY, LENGTH 146+ NAME CENT
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SUBROUTINE cENFZad 0 =xz =

RKEAL LG, 1Y r17edVrip

pIMENSToN X511 .Y8011),2580119).L6010)

<pHOCI0)  RETACG 45 -DRUT(Z, 3D ocONCE.5),R5(R.,5),

TAC10Y Tyr10,.12 10) . 4sv.10),81010),82¢10),B3¢10),CNT(6,5),

= VEY (11, ,E2(14%,PLFLEE,5) ,PLFO¢B,5),TRA(6,6) 4EC(6,6) ,STR(4,06),
= _PAMY(B:3) i BETBCI10,, TGA(50,50) pH(50)sFRECL,5)IRES(6,5),
pE(3,3),nM(3.3) EIGu(50.50),r(B,5)rP(6:4),5C6,6):TT(616),
CTEMPLB5) s FLaC6,S) 4 1P(10)+R3(B:5)+R4L(Bs5)/RRIBrSI
{CENCH,5) , TAHo(B.5),u6145 ,CFT(6,5),CiN(6,5),

“AK(2500) ,FSMnD 2500, ,INT(¢48; ,1T5¢50),F5R(50),

_ RAB(6,5),BUN/L4 1Y F51(50),SVOD(2500),T(2850)

it 29 COMMON/DATA/ XS 78+ 255 LG.RHO,RETADRMTEY.EZ,

== = < pCrpMICHTONEGAL FAMT -Av 1V 12,J5V.B1.B2/B3/E,G,

_ Wi 3 : ,BETSfﬂ‘GAJElﬁaiH-TE"PJTRA‘EC;STR'FRClRESJFL&IIpr

Sae L RAB,RUN, TAMP .R3,R4sKRsCENICON BH,CFT.CIN/R5,P,8,TT
Co=2mRHO(JI*OMEG % ON GA*1LG(J, /2 —

CEN{A /1) CENCZ242)50,0%CS

CeNCh,2)alm1 0/3.0928C01=2,0/3.0w2SC0+1)+28(J0))#CS
CEN(A,3y=(=1 0/3 0+vS(J)=2,0/3,0+YS(J*1))#Cs
CEN(S,1)==CEN(L, )
CENCS3)=(1. 075, 0%X5¢0)+2,0/3.0X50J+1))4C5
CEN(ne1)=YSc0d) =S |

CEN(Ks2)==Xs JJd;eCS : - - =

RETURN -
END

SEGMENT, LENGTI 146+ NAWE CgnF

SUBROUTINE (EdJ o)

REAL LG, IYr1ZedSVelIp

pIMpNSION XS411:.Y8§¢11),25011),L6C10),

RHOC10) ,RETA "11: ., DRHT(3,3)+CONCE5) . R5C(8,5),

CACIOY P IV C10) 12900, JSVET10).B1040),R2010),8B3¢10),CNT(E45),
SEYCq120E72€11 4P LFL(G.5) ,PLFOCE:S) s TRA(E,6) EC(6,6) 4 STR(L,6),
SEXNTBsR)BETBC:4)  L1GACSO,50) +BH(SA) ,FROCAL,S) P RES(6,5),
spCC3,5),pHE3.3)  FI1G(50,50) ,R(B,5)sp(6s6),SC6,6).TT(616),
1TEMPe8+5) ,FLALG,5),:P(10),R3¢8.5),R4C8.5),RR(8:5),

TEENCHS) , TAMP(E, 872U E14) JCFTe645)CUNCE,5)0

“AKC(2500) ,FSMaDC2500, ,INT(48) . 1T8(50),FSR(50),

“BAB(O,3) ,BUNIGG Y, F51(50),SVOD(2500),T(2850)

CUMMON/ DATA/¥S+8§1 25 LG. RHO, RETA.DRMT+EYLEZ,
'UCJDH:CNTronﬁﬁﬂ_Ffonﬂ:IVilzoJSV!a1032!35|Eaﬁo
“RETB,EIGA,E16B, ¢, TEMP, TRA,EC,STR.FRC ,RES,FLA,IP,
 RAB,BUN,TAMPp R3, R4, aR)CENICONIBH - CFT,CUNIR5,P,S5,TT

Co=mRHOCII*OMEG »OMLGA*LG(J) /2

CUN(L 3)=(Y¥g7J)av5( +1))#(S
CUN(S 3)=(myuld =X§iJ*T1:1%C5
CIN(h,1y==Cun(s, 3)

CdN¢h, 2y==Cyn(5,3;

RETURN
END

SEGMENT, LENOTYH 77¢ NAME CigJd

FINISH

COMPIL,TION = NO ERARORS e



APPENDIX

PRINT OUT SHOWING 'GEO2' REQUEST

oEC2
CP
GEC2 MARK 1A READY
TYPE MODE
«CARD
«JOB JNTO,AEP240,SUBRAMANTAN
«SECONDS 300
«LINES 3000
~CFORTRAN ,,,PD, 50000
«RFORTRAN ,,290
P
«DOC PROG
+HVTRI
PR
«DOC DATA
.-%J'N'I‘o
eI
«FINISH
oK
17=32-01 « LOGO
CONNECTED FOR 8 MINS
MILL TIME USED 12 SECS
SESSION COST 1.82



APPENDIX 9
LOGIC OF PROGRANMME VTRI

art

Declare Real Variables
in the Range I-N

¥
| Peclare Dimensions of Arrays|

| Deciare COMMON Storage Variables]

Read Ineger Varible N
Number of Discrete Elements

¥

Read E,G,0; Elasticity Modulus,
Rigidity Modulus & Rotational Speed

I=1

A

Read Blade Constants of Discrete Elements; A(I),TY(I),
12(1),J(1),B1(T1),B2(1),B3(T),RHO(T), TP(1) ,EY (1), B2(1)

Read X(I),Y(I),2(I) the c.g Positions in
Global Axis; Read BETA(T),BETB(I) Pretwist
Angles at Tip end and Root end., Angle between
the Line of Intersection of the Plane of A
Cross-section with XY Plane and the Local y Axis

Is

Ia)+i>—00

[
i

P— Jes
[ Initialice all dimensioned arrays to zero |

Cont.




IT=1

Caleculate Sectional lengths
16(1) = ((Rp=Xp41)? +(¥1-Y141)2 +(ZI-31+1)2)

Yes

Print
Print

out
out

the value of N. Number of Discrete Elements
values of E znd G

[Print

out

Y
N values of A — Sectional Areas|

[Print

out

¥ values of 1Y Second moments of areas about y axis|

| Print

out

¥ values of IZ Second moments of areas about z axis|

|Print

out

N values of J Torsion Constants of Sections |

Y

| Print

out

N values of EY Local s.c off-set from C.g y axis|

[Print

out

N values of EZ Local 8.c off-set from c.g 2z axis|

Y

|Print

out

N values of B1 Higher Moments of Area 1 |

)

| Print

out

N values of B2 Higher Moments of Area 2|

Y

| Print

out

N values of B} Higher Moments of Area 3 |

Y

[ Print

out

N values of IP Pitching Inertia;i

Print

out

N values of RHO Mass/unit length|

[ Print

out

N+1 values of X Global c.g position X Axig]

| Print

out

N+1 values of Y Global c.g position Y Axis|

y

| Print

out

N+1 values of 7 Global c.g position Z Axis|

Y

l?rint

cut

N+1 values of BETA Pretwist Angle Tip end |

| Print

out

N+1 values of BETB Pretwist Angle Root end |

| Print

out

Speed Rotation in Radians|

| Print

out

N values of Sectional Lengths|

‘r Cont.




| Start Calculations|

JJ =1

- IJII-JJ+1[

A

i 3 bt Gstlne vl |
Cal1l Subroutine FLEX(JJ)
Establish Plexibility Matrix

I

Call Subroutine COSN(JJ)
Establish Direction Cosines

Call Subroutine RESL(JJ)
Establish EC for resolving to local axis directions

Y

Call Subroutine STRU(JT)
Establish STR the Transformation Matrix
To shift loads to shear centre positions

Y

[==1]

Start Unit Load Cales

[crear ® Matrix (8x5): T g]

4

[Fix values in BAB(4,4),B48(5,4) & BaB(6,4) ]

Y

Fix values in
BAB(4,5) ,BAB(5,5) & BAB(6,5)

Y Cont.

n~



_ Which
Root End end of the element ip End
is considered

€all Subroutine m{m,nn} Call Subroutine TRAN(JS,JT)
Egtablish Transfered Loads to Establish Transfered Loads to
JJ+1 position; TRA formed JJ position; TRA formed

¢ ']
Multiply _ TRA x BAB and Multiply _ TRA x BAB and
Store in CON Store in CON

Y

Multiply FC x CON and store in Multiply EC x CON and store in RES
Multiply STR x RES and store in PRC| |Multiply STR x RES and store in FRC

3

Call ASMB(JJ,1) Call ASMB(JJ,0) _
Assemble Ioads in R rows 2,4,6,8 Assemble loads in R rows 1 3,2,
and add to current values in R and add to current values in

Y ¥

Store R(I,M); _&8?:5)
in the single row Matrix BUN in the position

BUN(40(J5~1)43(M-1)+T)

Is
< e JS = 17

Yes

Unit Load Calculations Gompletedl

v Cont.




A

l Start Centrifugal Load Ca.lcula‘tional

Y

N

Yes

A

Yes

Yes

A~

| ca11 subroutine cENT(37,7); outcome Eﬁ]

Y

[Hultiply TG x CEN and store in w

L i

Lbfultiply STR x RES and store in

Y

Call Subroutine ASMB(JJ,0)

Loads added in R rows 1,3,5,7

Y

.
o

Cont.




A

Call Subroutine CENT(JJT+1,J)
outcome CEN

Multiply EC x CEN and store in RES

W

Multiply STR x RES and store in FRC

Call Subroutine ASMB(JJ,1)
Loads added in R rows 2,4,6,8

Yes Is

J=1

No

Call Su‘broutigg_cm(.?.l',d'-ﬂ
outcome CEN

Multiply EC x CEN and store in RES

Multiply STR x RES and store in FRC

Call Subroutine ASMB(JJ,0)
Loads added in R rows 1,3,5,7

Y Cont.




A

1

-

0211 Subroutine CENF(JT+1,7-1)

outcome

Multiply EC x

CTEN and store in RES

Multiply STR x RES and store in FRC

Call Subroutine ASMB(JJ,1)
Loads added in R rows 2,4,6,8

Clear

CFT (6x5)

Y Cont.

A



Call Subroutine CEJJ J-1 times
and 2dd in CFT

[Mn1tiply TC x TFF and store in Tm?'_]

Y

Multiply STR x RES and store in FRC

Y

Call Subroutine ASMB(JJ,0)
Loads added in R rows 1,3,5,7

Yes Te J7

N

Clear CFT (6x5)

Y

Call Subroutine CEJJ JJ times
and add in CFT

Y

Imtiply FC x CFT and store in AES

n

llultiply STR x RES and store in m]

Y

Call Subroutine ASMB(JJ,1)
Loads added in R rows 2,4,6,8

A

Trensfer R values to RR

Centrifugsl loads formed

”

L4

[End of Centrifugel losd calculations]
Cont,

A
8




I C1l _% & Start Flapping Load Galculatinna]
_{: e
Clear FLA
KK = 1
¥
| Kx=KK+1
>

Cell Subroutine FLAP(J,K)| |[Call Subroutine FLAB(JT,K)

outcome

outcome FLA

Yes

Is

+K=1 P JT+KK~1

Call Subroutine TRAN(J+K=1,JJ+KK~1)
Transfer loads to JJ node in

[mniply TRA x FLA and store in cw]

|D!u1tip1y EC x CON and store in WI

——

[Multiply STR x RES and store in FRC|

Y

Gall Subroutine ASWB(JJ,KK-1)
Loads sdded in R rows 1,3,5,7 for KkK=1

rows 2,4,6,8 for KK=2

Cont.



Hultiply FXMT x R and 244 to
TEMP (Flapping 1loads)

Y

Multiply FXMT x RR and add to
TAMP (Centrifugal Loads)

i |
s e

Take values from BUN storage and
Assemble in PLFL y
PLFL(TI,M) = BUN(40(Js-1) +8(M-1)+I)

Y

Ki = (J5-1)5 + M
[omnest]  |x2 = (3-1)5 + [ = ¥ }—
1
1

BIGA(K1,K2) = PiFL x TP ( T Matrix)
7
ETCB(K1,K2) = PLFL x TAWP ( D Matrix)

Yo No

(-
L

M

Cont.,




,

EIGB(1,1) = EIGB(I,1) + 1
Add Unity to all diagnal Elements of EIGB

No

<
%

T e

Ak(1450(3-1)) = EIGB(I,J)
FSMOD(T+50(J-1)) = EIGA(T,JT) Yo

No Yen

A

Call Library Subroutine FPMUESSOL

Call Library Subroutine FPDIRHESSE

FSR = BH Call Library Subroutine FPGRHESSE
( Call Library Subroutine FPGRVS
I=1 Call Library Subroutine FPBACK

1f BH(J)> BH(K)|
K=2J

Y
b




;

v

[Br(1) = Psr(rrs(1))|

Y

|x(1) = sa(ams(n))|

svop ((1=1)50 + J) = AK((T=1)50 + J)

b §

Y = I=T4+1

A




+

F - 1/ (err(esn(n)))®

¥

[Print Integer I and Frequency value F in Hz|
¥

[£=1]

Print K and Mode |Yes Is
Shape Longitudinal =1
o
Print K and Mode |Yes Is
Shape Drag Bendi A
No
Print K and Mode |Yes /' Ts
Shape Flap Bending K =
No
Print K and Node| Yes Is
Shape Torsion | Print Print
o Zero Root Negative Root
Print K and Mode 1es / Is No V¥ s
Shape Sweep Torsion K =5
5 —y—
! Is No 4 L
I=50 Ca
Yes

Print all Imeaginary Roots FSI
Ckeck all Imaginary Roots = O

1!

Stop
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