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ABSTRACT

The seriousness of the rotor vibration problem demands a reasonably accurate

knowledge of natural frequencies and their mode shapes at the design stage.

‘This thesis is concerned with the vibrational characteristics of rotor blades of

complex geometrical configurations. A discret@element method is developed

to study the vibrational characteristics of both rotating and non-rotating rotor

blades, which includes complexities such as pretwist angle, shear centre being

off-set from centroid, variable mass densities and abrupt changes in blade

geometry like sweep back.

‘The blade is idealised into a number of discreteelements and the theory is

developed along the engineering beam theory. Both flapping loads and centrifugal

loads are taken into consideration. ‘The unit load method is used in developing

the flexibility matrix. ‘The loads are assembled to form an eigenvalue problem.

‘A programme called VTRI was written in Fortran IV language and this programme

makes use of the library subroutines for establishing the eigenvalues and eigen ~

vectors of the dynamic matrix. On the University ICL 1905 computer the

programme uses 46K of core storage. A maximum run time of 3 minutes and

34 seconds was needed for a ten element idealisation.

In total 62 different cases were run on the computer to include as many variations as

possible and the natural modes of vibration and the mode shapes established.

Comparison with known exact solutions and other investigators’ results, where

available, shows the accuracy to be good, especially for the lower modes. A

considerable increase in accuracy of results has been achieved when the number of

elements was increased to 20. The accuracy of the technique with respect to

frequency and mode shapes and the results obtained have been encouraging. A

few concluding remarks have been presented and certain suggestions were indicated

for future work,
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INTRODUCTION

Helicopter blades are subject to numerous vibration and flutter problems. Turbine

and compressor blades fail frequently because of some vibration phenomena. The

failure of rotor blades due to fatigue has led to an increased interest in the study

of the vibrations of these blades. The seriousness of the rotor vibration problem

necessitates a fairly accurate knowledge of the natural frequencies of vibration at

the design stage. It is,consequently, desirable that efficient means be available

for the estimation of these frequencies. There is, therefore, much interest in the

development of deformation theory which is fundamental in the structural and

dynamical analysis of these problems.

Two main areas of helicopter rotor dynamical research concern forced response

of the blades to time varying loads, and the aeromechanical stability of the aircraft.

Both these problem areas show an unusual degree of sensitivity of the analysis to

the structural assumptions and indicate that greater attention must be paid to the

analysis of the normal modes of the system. Present design trends of high speed

aircraft have created a number of difficult fundamental structural problems for the

engineers in aeroelasticity and structural dynamics. The chief problem in this

category is to predict for a given elastic structure, a comprehensive set of load-

deflection relations which can serve as structural basis for dynamic load

calculations and theoretical analysis of elastic effects on stability.

Propeller blades have become larger and thinner particularly in connection with

aircraft designed for vertical short take-off and landing and as a consequence are

more and more susceptible to vibration and flutter problems. Solution of the

structural and aeroelastic problems associated with such blades requires

understanding of their dynamic behaviour in the very high centrifugal force field.

The structural problems of these blades have become more acute in almost every

phase of aeronautical engineering application.

‘Turbines and compressors also face identical problems offering a wide range of

challenging research work. Turbine and compressor blade design, like helicopter

blade design, covers a large scope of engineering knowledge involving the

co-operative efforts of engineers in several scientific fields such as fluid flow,

heat transfer, structures, strength of materials and vibration.
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Ina theoretical study it is customary to consider the rotor blades as cantilever

beams. The determination of the theoretical vibrational characteristics of straight

arbitrary shaped cantilever beams, and in particular rectangular cross section

cantilever beams, has been extensively investigated. In simple cases like

rectangular cross section cantilever beams, it is usual to assume that flapwise,

chordwise and torsional deformations are mechanically decoupled.

However, the type of blades used in practice have initial pretwist, variable stiffness,

variable mass per unit length, centre of shear being off-set from centre of gravity,

and sweep back at the tip. The blades are also subject to centrifugal forces, shear

deformation, Coriolis forces etc. Although many theories on blade deformation

exist, these theories either neglect some of the factors of concern or treat them

only approximately.

The determination of natural frequencies of pretwisted cantilever beams has received

increasing interest in recent years due to the direct application to aircraft propellers.

‘The comparitively recent development of the gas turbine has necessitated the use of

pretwisted blading in the turbo-compressor and the turbine unit. The analysis of

a twisted beam poses certain added complications over that of an untwisted beam due

to the geometry of the structure. It has also introduced new aerodynamical and

structural problems demanding the attention of engineers. When a beam is twisted,

vibrations in flapwise and chordwise directions no longer take place independently.

They become coupled together and give rise to complex modes and execute

simultaneous vibration about both principal axes (bending-bending coupled vibration).

For example, a blade of rectangular cross section without any pretwist has two

different flexural rigidities about principal axes. When the blade is twisted the

flexural rigidity in one direction increases while the flexural rigidity in the other

direction decreases. This results in an increase in the frequency of vibration when

the predominating component of the mode shape is in the stiffened direction; and a

decrease in the frequency when the predominating component of mode shape is in the

weakened direction. Thus the frequencies of the two modes tend to approach each

other as the rate of pretwist with length increases.

It should be also remarked that the inclusion of torsional deformation complicates

the effects of pretwist and rotation considerably. There may be a sizeable steady

state or 'pseudo static’ torsional deformation of the rotating blade. This is due to

the centrifugal twisting moment which, in the case of a pretwisted blade, tends to
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twist the blade negatively; and this is also due to the twisting moment associated

with tensile stress in the longitudinal fibres. (This phenomenon is sometimes called

the centrifugal untwisting moment). These two effects oppose each other in the

normal case. The extent to which one or the other predominates depends primarily

upon the amount of pretwist of the blade. As the normal modes of motion and

associated natural frequencies of vibration depend on the magnitude of the pretwist

angle, the theoretical analysis of pretwisted beams is, therefore, of considerable

importance.

Recently the swept back wing and rotor has become popular with aircraft designers.

It is generally recognised that in a swept back rotor, the interaction between bending

and torsion may greatly affect the modes and frequencies of vibration. The problem

is further complicated if pretwist is also present in the swept back structures; and

careful examination is, therefore, essential.

Generally, in the case of complicated structures there are three types of coupling

that need to be considered:

(a) coupling between bending and torsion;

(b) coupling between bending in two directions;

(c) coupling between bending in two directions and torsion.

‘The importance of the inclusion of other aspects such as offset of shear centre from

centre of gravity, Coriolis forces, shear deformation, variable mass per unit length

is well known. It is remarked that the inclusion of these factors complicates the

theoretical analysis of natural frequencies and their mode shapes.

‘The purpose of the present work is to study the vibrational characteristics, by

developing a discrete element method which would include both rotating and non-

rotating cases of rotor blades and to investigate the effects of pretwist; sweep back;

offset of shear centre from centre of gravity; variable stiffness and mass densities

per unit length.

A review of previous works and the scope of the present investigation is presented

in Section 2, The theoretical anlaysis is carried out in Section 3. This section is

subdivided in to eight groups as follows:

(a) general conventions

(b) direction cosines

(c) flexibility matrix

(a) flapping loads



(e) centrifugal loads

() unit loads

(g) eigenvalue problem, and

(h) programming.

Section 4 deals with the discussion of results. Several known results were compared

with the computed results. Conclusions are presented in Section 5 followed by

certain indications for future work in the last section.



REVIEW OF PREVIOUS WORKS AND SCOPE OF PRESENT INVESTIGATION

‘The seriousness of rotor vibration has led to considerable interest in the analysis

of helicopter, turbine and compressor blade vibrational characteristics. Many

research scholars concentrated on the geometrical shape of the cross sectional area

of the rotor blade, such as rectangular, circular, aerofoil, cubical -oval, etc.

Some other authors carried out extensive research work on imposed geometrical

conditions such as pretwist, taper, offset shear centre, variable second moment

of area, sweep back, etc. Their investigations included one or some of the dynamical

load characteristics such as flapping loads, centrifugal loads, Coriolis forces, shear

deformation, aerodynamic loads, etc. Different theoretical processes available for

a designer, include Rayleigh's method, Rayleigh-Ritz method, Ritz~Galerkin,

Holzer, Stodola, Myklestad, Probl, Finite difference, Finite element, Matrix

iteration, Transformation and Numerical methods, amongst others. The choice of a

particular method or a combination of different methods, depends upon the load

conditions and knowledge and experience of the designer in these methods.

A bibliography is presented, arranged alphabetically by authors. Any references to

the authors in the discussions are indicated by the author's name and or serial

number in the bibliography.

‘The effect of pretwist on rotor blade vibration, received by far the most attention of

many authors. In the case of a straight rectangular cross section beam, the bending

vibrations in the two perpendicular principal planes occur independently as well as an

independent torsional vibration. Initial pretwist of a rectangular cross section beam

causes the two independent bending vibrations to couple together resulting in a

vibration of the bending-bending type, but the torsional vibration remains uncoupled.

When a straight beam of asymmetrical aerofoil cross section, is subjected to

vibrating movement the motion consists of simultaneous displacements in two

perpendicular directions coupled with torsion. This is referred to as bending-

ending-torsion vibration and each normal mode consists of simultaneous bending

displacements in two perpendicular directions together with torsional movement.

The initial pretwist of beams of asymmetrical aerofoil cross section will affect the

values of the natural frequencies but the vibration will still be of the bending-bending-

torsion type.



Many investigators have worked on the vibrations of pretwisted beams of rectangular

cross section, whereas others concentrated on pretwisted beams of aerofoil cross

section. Some scholars have done work on the effect of pretwist on tapered beams,

and on dynamical effects like shear deformation, Coriolis forces, ete. Bogdanoff

and Horner (2) presented an account of how the torsional vibration of rotating bars

are influenced by the angular velocity - the amount of this influence being dependent

upon the base setting angle, the radius of the base and the pretwist. In this brief

note they presented numerical results on the influence of rotation on the first three

natural frequencies of a uniform fixed-free bar having different base setting angles

and constant pretwist rates. They have also given an approximate formula for the

fundamental frequency of such bars and the total pretwist does not exceed 45°.

Although this work treated pretwist cases, the main concentration was on the base

setting angle and is applicable only to torsional vibration cases, up to 45° pretwist

angle.

Carnegie, (6) and (7), developed a static bending theory of pretwisted cantilever

blading. This has been done by the application of calculus of variation, equations

have been established, fulfilling the requirements for stationary values of potential

energy and hence for equilibrium of pretwisted cantilever blades subjected to either

single concentrated or uniformly distributed lateral loading. He treated cases where

the pretwist is up to 90°, He extended his static bending theory to develop equations

for vibrations of pretwisted cantilever blading, the object being mainly to study

the effect of pretwist on the natural frequencies. He used two theoretical approaches,

the first one involving a direct solution of differential equations of motion and the

second one based on the well known Rayleigh's principle. However, he used the second

approach to derive the fundamental mode of lateral motion of rectangular and aerofoil

cross section cantilever bladings. He also carried out an extensive analysis of the

effect of pretwist on torsional stiffness and torsional frequencies. He justified the

use of Rayleigh's approach by conducting practical tests on rectangular and aerofoil

cross section beams. For the modes of motion where theoretical solutions are

provided, reasonable agreement was shown to exist, between the calculated and

corresponding measured frequencies. Higher modes of theoretical frequencies on

the torsion side have been derived.

While analysing the coupling effects he has included the effects due to offset shear

centre although this effect has been shown as negligible. On examining his

experimental frequency curves of pretwisted rectangular cross section beams, the
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influence of pretwist is well appreciated. The second coupled frequency values

reduce with the increase in pretwist. A frequency doubling effect is shown to occur

on higher overtones as would be expected in a coupled system. The theoretical

and experimental torsional frequencies of rectangular cross section blades has been

analysed in some detail and established that the increase in stiffness of a system

without alteration of mass raises the frequency of vibration. He also spotted

frequency doubling effects on third overtone beyond 60° pretwist angle. He has

presented a similar analysis on aerofoil cross section beams and his conclusions

were as follows:

(a) _ the measured fundamental frequencies of transverse vibration of uniform

cantilever blades, both rectangular and aerofoil cross section, pretwisted

within the range of 0 to 90° show a slight increase of frequency.

(b) the experimentally determined higher overtone lateral frequencies of blades,

with both types of cross section, can be considerably affected by pretwist.

Certain modes show frequency doubling with the increase of pretwist.

(c) all the measured torsional frequencies, for blades of both cross sections,

show an increase with the increase of pretwist.

Carnegie and others (9) developed differential equations of motion for cantilever

beam having linear taper, offset shear centre and pretwist. They used a finite

difference approach in solving the problem, and compared their theoretical results

with experimental results. Although pretwist is also included in this work, their main

concentration was on the effects of taper on the vibrational characteristics.

Dawson (10) and (11) carried out research work on the vibrational characteristics

of straight and pretwisted cantilever beams of uniform rectangular and aerofoil

cross section, He developed a method known as transformation method to solve

the equations of motion. In short the method involves the reduction of the coupled

higher order differential equations to a set of simultaneous first order equations. A

set of simultaneous solutions of these equations is then obtained by Runge-Kutta

step by step integration. The process is an iteration type which relies on the repeated

assumptions of the value of normal mode frequency. The actual normal mode

frequency is eventually determined by extrapolation of the results. He used Rayleigh-

Ritz procedure to compare his results. The natural frequencies and mode shapes of

vibration were obtained up to fifth mode by both methods. He has also compared

his results with experimental results for both straight and pretwisted cases. Although

his method has been used by many investigators, prior knowledge of approximate
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normal frequency is essential as subsequent iterations are based on the initially

assumed frequency.

Diprima and Handleman (12) set up equations of equilibrium for non-rotating

and rotating pretwisted rotor blades using vector representation of static

equilibrium. They used Rayleigh-Ritz principle to solve the equations using fourth

order polynomials as approximations to the dynamic displacement curves. The

fundamental frequencies only were obtained for a set of pretwisted beams of various

width to thickness ratios with pretwist angle up to 29°. Although they have indicated

another simpler method to derive a general condition for numerical analysis, no

results were produced to prove the same.

Dunholter (14) considered a uniform rectangular cross section cantilever beam with

an initial twist and developed a unique method of calculating the first two natural

modes of frequencies. Basically he used Rayleigh's energy method and also calculated

the static displacements in the two principal axes directions. Many authors quoted

his method for comparing their results. However, this method is valid only for

small values of the rate of twist angle.

Houbolt and Brooks (18) developed differential equations of motion for the lateral

and torsional deformations of twisted rotating beams for application to helicopter

rotor and propeller blades. Although the motion of the blades of a helicopter has

been modelled before, their work is well appreciated by many authors. Their work

is valuable because, they established a system of linear differential equations of

greater accuracy than before, they chose a system of analysis which is easily

extended and they indicated and demonstrated how the complex analysis can be

verified. Their work formed a basis for many later research scholars. The

extention of their theory found its way not only in helicopter rotors, but also in

turbine and compressor blades and other types of structures.

‘They treated the coupled bending in two directions and torsion of a twisted rotating

blade where the elastic axes and mass axis are not necessarily coincident, The

development was made along the principles of engineering beam theory (EBT) and

differential equations of motion have been derived for blades under the action of

various loads. They have included Coriolis forces in their analysis but neglected

shear deformation. They developed equation for longitudinal strain at any point

in terms of displacement and internal elastic moments are established. Subsequently

the equilibrium expressions for the moments are derived including the body forces
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and applied loadings. They treated several sub cases of the general theory. Although

they have indicated two methods of solution, one using Galerkin type procedure

and the other Rayleigh-Ritz procedure, they have not produced results to check

their work.

Eisakson and Eisley (20) aimed to develop a simple approximate procedure for the

rapid estimation of natural frequencies of blade vibration. They considered the

effect of twist on the natural frequencies of uniform and tapered non-rotating blades;

and also the effect of twist on the natural frequencies of rotating blades. Both

cantilevers and articulated blades were consider ed. Offset of the root support

from the axis of rotation is also included in the analysis, The Rayleigh-Southwell

procedure for determining the effect of rotation on natural frequencies has been

used with respect to twisted rotating blades and found to provide a useful

approximation, only in certain cases.

However, they have subsequently developed (21) a Holzer-Myklestad type of procedure,

using a matrix formulation, for the determination of the natural frequencies of a

pretwisted rotating blade in coupled bending and torsion, Their study is oriented

on the effect of centrifugal force coupling in bending and torsional vibrations and

non-rotating beams are treated as a special case. They have investigated the effects

of Coriolis forces and the non linear effects of large angular displacements, at length.

They have used Houbolt and Brooks' (18) analysis as a basis for the development of

their work. No comparison is made to prove their theoretical results and mode

shapes were presented only for certain cases.

Jarrett and Warner (22) extended the Myklestad's adoption of Holzer method of

calculating natural frequencies and mode shapes of systems to the case of a twisted-

tapered blade with certain elastic constraints. The details of solution are so

arranged that the bulk of the numerical work could be carried out with basic

mathematical knowledge. This extension makes possible the evaluation of the effect

of rotation of a beam on a radial line, of certain elastic constraints such as the

jJashing wires and shrouding used on turbine blades, and of coupling between the

torsional and flexural vibrations. In this paper, however, the effects of coupling

between the torsional and flexural vibrations were not considered. The basic

differential equations were solved by the tabular method due to Holzer. They

calculated frequencies up to third mode and compared with experimental results.
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Mendalson and Gendler (29) developed a method for determining the coupled

modes and frequencies of non uniform twisted cantilever beams with a particular

interest to study the effect of pretwist ou the vibrational frequencies. The

method is based on the use of station functions incorporated in which are the

advantages of the continjous-function deflections of the Rayleigh-Ritz and Stodola

methods together with the advantages of the finite number of degrees of freedom of

the influence coefficient method. They compared their results with an exact solution

of differential equations of equilibrium of the system. They determined the first

three natural frequencies of a rectangular beam of width to thickness ratio 12:1

for pretwist angles in the range of 0 to 60°. Experimental results were obtained for

the first two natural frequencies and compared to the theoretical results. The

mode shapes of vibration were not, however, presented. Their method has a

disadvantage in that the moments are incorrect for finite rates of pretwist.

Montoya (30) developed differential equations of motion of a large turbine blade

which has the peculiarity of being highly twisted. He treated the blade as a rod and

introduced classic formula for bending and torsional vibrations and considered

interaction between the bending and torsional vibrations. His method included

certain higher order effects and the equations of motion were solved by a method

similar to the transformation method developed by Dawson (10). Natural frequencies

were obtained up to seventh mode of vibration for an actual turbine blade of tapered

aerofoil cross section and 72 cms long. The theoretical natural frequencies were

shown to give satisfactory agreement with experimental results, the maximum error

up to fifth mode being 7% at the fifth mode.

In his theory he allowed for offset shear centre, varying cross section and high rate

of pretwist, Unfortunately, neither theoretical or experimental results were

presented for the mode shapes of vibration which limits the value of the work.

Rosard (39) determined the experimental natural frequencies for beams of width to

thickness ratios in the range 4:1 to 12:1 and pretwist angle up to 40°. The results

were compared to the theoretical results determined by Myklestad method.

Calculated mode shapes were presented for the first three modes of vibration of an

8:1 width to thickness ratio beam with a pretwist angle of 40°. In his experimental

analysis, the methods of excitation and vibration detection were not very refined and

the accuracy of the experimental results is open to doubt. However, in his analysis

he quoted an interesting definition which states "if two vibrating systems having

nearly equal natural frequencies are coupled together, the resulting system has one

natural frequency below the lower uncoupled frequency and one natural frequency

above the higher uncoupled frequency".
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In the beam vibration problem, the vibrating systems involved are the second

mode vibration in the flexible direction and the first mode vibration in the stiff

direction,

Sobey (41) has examined the motion of flexible helicopter blade in torsion-fluxure

when rotating about a fixed shaft. The influence of pretwist, shear deformation,

rotary inertia (Coriolis), taper and coning has been included. He used Houbolt

and Brooks'(18) equations as basis and derived equations for steady coning and

the perturbed motion about steady coning.

An alternative presentation in finite element form has been considered, leading to

a classical linear algebraic eigenvalue problem. However, he has not presented a

solution technique. Although his work includes a number of higher order, terms

which complicated the equations, it does not seem to be suitable for easy solutions.

Moreover, in the absence of any results for comparison, it could be not appreciated

very much. Even though his work is a complex one , it can be considered as a

useful analysis.

‘The author of the present investigation, in his previous research work (42)

considered the effect of second order terms with particular reference to cubical oval

cross section beams. The differential equations of motion allowing for higher order

terms were derived based on the works of Houbolt and Brooks (18). The differential

equations of motion were solved by transformation method (10). ‘The natural

frequencies of vibration up to third mode have been calculated for beams of equivalent

width to thickness ratios of 15.7:1 and 7,9:1 and pretwist angles in the range 0 to 90°.

‘The theoretical results both with and without second order terms were compared

with the experimental results obtained on sets of machined cubical oval cross section

pretwisted beams.

In the WADC technical report (46) a corollary analytic theory has been developed,

in order to more fully understand the results of an experimental programme

investigating the dynamic behaviour of propeller blades rotating in vacua. The

method permits the computation of the natural modes and frequencies of twisted

rotating beams and employs a mathematics and symbology easily comprehended by

the average vibration engineer.

The factors affecting the vibrational characteristics of asymmetrical cross section

beams can be well appreciated by studying the equations of motion which normally

contain coupling terms. These coupling terms invariably depend upon the

co-ordinates of shear centre relative to the centre of gravity of the cross section
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of the blade. Complete solution of equations, therefore, requires a knowledge

of shear centre and its co-ordinates. Different terms have been used by different

authors such as centre of shear, flexural centre and centre of flexure, to define

the shear centre. Also different definitions have been given by different authors.

The question of shear centre has been well analysed in various text books.

However, the definition used by Carnegie (8) is well received and is quoted below:

"When a cantilever blade of elastic material is supported rigidly at the root and

loaded at the free end with a concentrated load normal to the longitudinal axis,

then in general, lateral displacement and twist of normal cross sections relative

to one another will occur. Application of the load at one particular point in the free

end cross section (considered not to distort) will not cause twist and this point is

defined as the shear centre of that cross section. When a blade is subjected to

distributed transverse loads, the shear centre may depend on the load distribution,

but for a long blade the dependence will not be appreciable".

It is usual to assume that for a uniform cantilever beam the locus of the shear centre

is a straight line parallel to the centroidal axis. Some authors considered that

the locus of shear centre need not be a straight line but depends on the load

conditions and load distribution. ‘This locus is also referred to as the shear centre

axis or flexural axis. Many authors have assumed that the shear centre axis and

centroidal axis are coincident mainly because the variation in normal frequencies

is negligible. However, the mode shapes of these frequencies indicate that coupling

takes place between torsional and flexural modes.

In his research works (6) and (7), Carnegie has included the effects of offset between

centroid and shear centre and developed a more general equation, although this

effect has been shown negligible. He also presented (8) a useful work explaining

the experimental determination of the shear centre and torsion centre co-ordinates

of an asymmetrical aerofoil cross section.

Carnegie and others (9) have included the offset effect of the shear centre in their

paper. Although this paper concentrates on the taper of a cantilever blade, the

coupling effects due to the offset distance between shear centre and centroid are well

established.

Dawson (10) concluded that the effect upon the natural frequencies and mode shapes,

of variation in the value of the shear centre co-ordinates is considerable and also

emphasised that the calculation of the natural frequencies and mode shapes of

vibration of asymmetrical beams, neglecting coupling with torsion or with inaccurate

values of shear centre co-ordinates could result in errors. His work (11) on the

vibration of a straight asymmetrical aerofoil section blade also includes the effect
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of shear centre offset.

Duncan, Ellis and Scruton (15) gave a similar definition to that of Carnegie (8)

for shear centre and argued that in an ideal case of rigid cantilever the shear

centre and torsion centre must coincide. If transverse loads are applied to a beam

which has an asymmetric cross section then flexure will occur followed by torsion.

Long ago this torsional problem was assumed to be covered by the theory of

St Venant which predicted the shear stress distribution and the angle of twist of a

beam under torsion. The assumptions were that the torque along the beam was

constant i.e. equal and opposite couples applied at each end; that these couples were

also the resultants of shear stresses distribut ed over every cross section of the

beam, and that the end sections are free to warp. Analysis based on this theory

is known as St Venant's torsion. Duncan and others (15) derived a formula for

shear centre of a blade with one axis of symmetry (cubical oval), based on

St Venant's theory. The accuracy of the above theory is verified by the authors (15)

by experimentally determining the co-ordinates of shear centre of cubical oval

cross section,

In their work Houbolt and Brooks (18) started in their analysis with the assumption

that centroidal axis and shear centre axis are not coincident. Their theory

contributed much towards the coupling effect due to the offset between centroid and

shear centre.

Fisakson and Eisley (20) and (21) also included the offset effect of shear centre in

their semi-matrix approach and used a Holzer-Myklestad type of procedure for

solving.

Montoya (30) has also studied the effect of shear centre offset from c.g and

compared his theoretical results with the experimental ones. D. Morrison (31)

tried to prove logically that shear centre and torsion centre are one and the same.

He argued that for a rational calculation of coupled flexural and torsional vibration

of blades, it is necessary to define a point, characteristic of each blade section

such that a pure twisting couple applied to the blade will cause relative twisting

about the defined point (the torsion centre). By reciprocal theorem, it can be

argued that the application of a shear load with resultant passing through this point

will give no twisting of the blade and the point is, therefore, also the shear centre.

Osgood (35) discussed the relevance of Poisson's ratio in determining the

co-ordinates of shear centre, at length and produced a unique definition for shear
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centre for any cross section, His definition is as follows:

‘ghear centre may be defined as that point of the cross section (x,,, y,,) through

which the load must act in order that no twist shall occur along the line

X=Xp, =e

Sobey (41) and the author (of the present investigation) in his previous work (42)

have also analysed the effect of shear centre offset.

Many authors have tried to establish approximate methods of rotating blades.

Although no exact theory is available most of these works contribute in one way or

another towards better approach of a rotating blade.

Bogdanoff and Horner (2) in their brief note presented numerical results on the

influence of rotation on the first three natural frequencies of a uniform fixed-free

bar and constant pretwist rates. However, their work is limited to torsional

vibration only.

Houbolt and Brooks (18) presented a useful analysis wherein centrifugal force

coupling is discussed at length, which formed a useful basis for many authors;

(20), (21), (41), ete. Jarrett and Warner (22) used Holzer-Myklestad type of

calculating natural frequencies and mode shapes of rotating, twisted tapered beams.

However, they did not consider the effects of coupling between the torsional and

flexural vibrations.

Montoya (30) developed a classical analysis which includes centrifugal force

components amongst other higher order terms. He analysed the effect of centrifugal

force, on a specially designed apparatus. Although he has not produced any results

for comparison he has presented the variation of first two normal frequencies with

the speed of rotation, in the form of graph. However, no mode shapes were

presented which limits the value of the work.

Niblett (33) calculated the lower natural frequencies of a simple rotating beam using

arbitrary modes and established that the frequencies can be obtained accurately using

comparitively few functions. He used two methods: one based on Lagrange and

Galerkin involving arbitrary modes which he thought is not accurate enough; and the

other based on Stodolas method. He compared his results with those for a non-

rotating beam and a rotating chain. However, his analysis has limitations, because

he considered only a case of simple beam of uniform mass and rigidity.

Ormiston and Hodges (34) analysed the stability characteristics of rotor blade flap-

lag oscillations in the hovering flight conditions. Their study is focused on the effects
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of pre-cone, variable elastic coupling, and the aerodynamics of induced flow.

Together with an improved perturbation analysis for deriving the equations,

these factors are shown to significantly influence the flap-lag stability

characteristics of hingeless rotor blades. In order to validate the approximate

rigid blade equations, elastic blade model equations are presented together with

comparitive solutions.

Prohl (37) presented a method for calculating vibration frequency and stresses

of a banded group of turbine blades. His method is an extension of Myklestad's

method. His contention is that blades should be considered in groups rather than

as individual cantilevers. He has also included a procedure for evaluating vibration

amplitude and stress at resonance.

Shulman (40) considered the problem of stability of the transient motion in the

flapping plane of a flexible helicopter rotor blade in forward flight. The

formulation of the problem considers two degrees of freedom, rigid flapping and

elastic bending. A new method of determining the transient stability of the motion

was developed, using the concept of stability number. It was shown that the

restilts obtained by inclusion of the elastic degree of freedom agree with experimental

results to a much larger extent than was achieved by analysis neglecting blade

flexibility.

Sobey (41) has examined the motion of flexible helicopter blade in torsion-flexure

when rotating about a fixed shaft and included many aspects such as coriolis forces,

plan form variation, conning, etc., in his analysis. However, no results are

shown to appreciate his work.

WADC technical report (46) investigates the dynamical behaviour of propeller

blades in vacua. A complete derivation of the method is given and some numerical

results were presented for cases where experimental comparison can be made. A

high degree of accuracy is indicated.

Weaver and Prohl (47) considered the design of short and medium-height steam

turbine buckets, with reference to the possibility of resonant vibration at the

frequency of passing nozzles. Particular attention has been given to the design

problems involved in marine applications, Calculated results were pre sented and

discussed with relation to their influence on blade design.

Some authors have considered the relevance of taper in a blade, variable mass



density and variable second moment of area of cross section to the vibrational

characteristics. Carnegie and others (9) derived general equations of dynamic

motion for rectangular cross section blades with pretwist and taper. From

these equations, frequencies and mode shapes for various degrees of taper and

pretwist over a range of 0 to 90° have been calculated using finite difference approach.

‘They also described a series of experimental investigations on the vibrations of

tapered blades with and without pretwist. Myklestad (32) produced a simple

tabular method of calculating deflections and influence coefficients of beams. In

his later works he extended his method to include vibrational problems of complex

structures. His method of finding deflection curves and influence coefficients

can be easily applied to cantilever beams and to simple beams with or without

overhangs. His method assumes that the beam itself is weightless and carries a

finite number of concentrated forces. Although his method is somewhat tedious,

owing to the acceptability many investigators used his approach. Myklestad's

tabular method is perhaps the most successful method of determining the natural

frequencies of non uniform beams. The method is used successfully in the

vibration analysis of airplane wings, fuselages, bridges, critical speeds of shafts,

and so forth. The uniqueness of the method lies in the fact that the shape of the

vibration curve need not be assumed and higher modes of vibration are obtained

readily. The stiffness coefficients for each section of the beam are determined

from the actual stiffness curve of the beam by area moment principle. The

geometric and equilibrium equations are then transformed to a tabular computational

scheme. The tedious calculations in his method can be easily overcome by matrix

methods.

Some authors have included (22), (26), (30), (41), (45) the study of non uniform

beams in their investigations. Some investigators considered the effect of Coriolis

forces otherwise known as ‘secondary inertia’ forces associated with the combined

vibrational and rotational motion which introduces a phase difference between the

bending and torsional vibration. Although the effect is considered negligible,

inclusion of this force in the investigations improves the scope. Houbolt and

Brooks (18), Dawson (10), Montoya (30) and Eisakson and Eisley (21) have

analysed this effect.

Eisakson and Eisley (21) investigated the effects of Coriolis forces and other non

linear effects at length, They constructed a simple model and produced numerical

results to indicate that the Coriolis forces may introduce substantial phase

differences between bending and torsional vibration.
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Another effect which is usually omitted is the shear deformation. This is not

very important in the cases of long beams, but should not be ignored for the

shorter and stubby beams. In practice, most of the blades considered for analysis

are thinner and longer.

‘The papers presented by Argyris (1), Doolin (13) and Hopkin (17) are of general

nature. Argyris reviewed critically on the analysis of complex elastic structures

and stressed upon the importance of matrix methods. His general survey included

some important papers on matrix analysis. Doolin's paper (13) is on the

application of matrix methods to co-ordinate transformations occurring in system

studies involving large motions of aircraft, Although his paper appears to be

complicated, it serves a very good purpose in showing the method and advantages of

matrix algebra in setting up the geometrical aspects of problems of airplane motion.

Hopkin's (17) work in five parts is a very useful general guide for designers in the

aerodynamics field. He produced a scheme of notation and nomenclature for

aircraft dynamics and associated aerodynamics.

Of late the discontinuities and sweep back are gaining some importance amongst

investigators. The analysis of these cases mainly involves estimating the

appropriate influence coefficients.

Levy (25) outlined a general method for computing influence coefficients using

Castiglano's theorem, together with a stress analysis of the airplane structure

based primarily on equilibrium conditions. It has been shown that, this method

is particularly suited to wings having discontinuities, cut-outs and sweep back.

A method is also suggested for the use of influence coefficients in computing by

iteration, the normal modes of vibration of an airplance as a free body in either

symmetric or anti-symmetric motion. Influence coefficients were computed for a

sweep back of 37° with a large cut-out. However, no results of normal modes of

vibration are given.

Targoff (43) developed the associated matrix of the bending vibration of beam. This

is combined with the rsional matrix to obtain an associated matrix of the coupled

vibration. By continued multiplications of the associated matrices of the successive

beam sections a final matrix equation can be obtained relating the boundary

conditions on both ends of the vibrating beam. His approach could be successfully

used for beams with sweep back and discontinuities.
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Zahorski (50) obtained the frequencies and modes of free vibrations, coupled

in bending and twisting of a free-free, swept back, uniform beam, from the

differential equations of motion. The modes of vibration of a non uniform, swept

back wing were then determined by Ritz method. The discussion of the methods

and various practical aspects of the analysis are presented from an engineering

rather than a mathematical point of view.

Leckie and Lindberg (24) investigated the errors involved in using certain lumped

parameter methods for the solution of beam frequencies. They concluded that the

existing methods are not consistent for all boundary conditions. They also

formulated a new dynamic stiffness matrix, which they claim to give consistantly

good results even for a few elements.

Number of text books are available on general elastic and structural analysis,

to name a few, (3), (16), (23) and (44). Similarly scores of books are available on

matrix methods. Some of them are given in the bibliography, (27), (28), (36), (38).

In spite of the wide use of helicopters, the study of helicopter dynamics and

aerodynamics has always occupied a lower place. Only a few text books are available

on the helicopter study. This has been overcome by a recent publication by

Bramwell (4) namely "Helicopter Dynamics", which includes most recent

developments and will be useful not only to students but also to research

establishments.

Wilde (48) derived expressions for determining the blade mode shapes and

frequencies by applying Rayleigh's principle. He used a technique that the behaviour

of a rotating blade approaches that of a flexible chain in the cases of small stiffness,

so that the chain's motion can be exactly expressed by Legendre's differential

equation. He has also indicated a method to include the effect of an offset flapping

hinge and presented specimen calculations. His method converges rapidly and

is ideal for rotor blades with constant mass and stiffness distribution.

Williams (49) developed a discrete element type of analysis, for a rotating beam.

He represented the actual structure by an idealised model having limited allowable

distributions of stress and strain, and established the bending modes of vibration

of rotating and non rotating beams. He initially restricted the bending moments to

vary linearly between selected nodal positions. Subsequently, to improve the

accuracy of solution a more sophisticated stress and deformation pattern has been

adopted. This has improved the accuracy significantly.
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‘The frequencies and normal mode shapes of the beam in free vibrations have

been obtained by using eigen value subroutines, similar to the library subroutines

used in the present investigation. He has used the unit load method to establish

the flexibility matrix and the bending deformation. He also considered variations

in his theory to include whether a beam is a built in rotor, hinged rotor, vibrating

beam or a chain. He compared his theoretical results with those of Niblett (33)

and with standard exact solutions where possible.

‘The convergence and accuracy of his method is very encouraging, especially with

regard to the internal loading distribution in the beam, and the basic technique

has been adopted for the present work. In (49) the method was limited in its

application to include only bending effects for untwisted, straight beams with a

principal axis in the plane of rotation, The present work has extended the field

of application to the more general case to include the effects of pretwist, shear

centre position being offset from centroid, sweep back, variable mass densities,

etc.

‘The object of the present work is to study the vibrational characteristics of both

non rotating and rotating rotor blades of different geometrical configurations.

‘A rotor blade is idealised into a number of discreteelements and each discrete

element is assumed to have a uniform section so that the variations in the mass

distribution and bending stiffness could be approximated by step functions in the

analytical model. The displaced shape of the blade is defined in terms of the

displacements at the tip ends of the defined element lengths. ‘The theory is developed

along the engineering beam theory (EBT) taking into consideration both flapping

loads and centrifugal loads.

Unit load method is used to derive the flexibility matrix. The loads are assembled

to form an eigenvalue problem, and standard library subroutines are used to

solve the eigenvalue problem.

‘The theory is flexible in the sense so many geometrical configurations are built into

it, such as pretwist, shear centre being offset from centroid, variable cross section,

variable mass densities, sweep back, and the theory can be easily extended to

include Coriolis forces, shear deformation, etc.

Many investigators have omitted the Coriolis forces as their effect is considered

negligible. In the present work, also, these forces are omitted. In general, the

effects of shear deformation are negligible in comparison with those of bending
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deformation. For example, it can be shown for a rectangular section cantilever

beam of depth d and length 1, the tip deflection produced by a load at the tip is

proportional to 1/d due to shear and it is proportional to (1/d)? due to bending. For

a very short deep beam with depth equal to length (1/d = 1) the ratio of shear

deflection to bending deflection is 3/4. For a longer beam (say, 1/d = 10) the ratio

of shear deflection to bending deflection is reduced to 3/400. Since, most beams

used in practice are long in comparison to their depth, the shear effects may be

neglected with little loss in accuracy. In the present work also the shear

deformation is neglected, but could be easily included if necessary.

‘The conventional three deformations are included namely two deformations along

the two principal axes directions and the torsional deformation. Although it is

customary to exclude the deformation along the longitudinal axis, this has been

included in the present analysis (this is also some times called a pogo mode of

vibration).

Many parameters discussed in this section have been studied by different authors

using different approaches, but not all the effects being included in a single research

work. The nearest could be that of Houbolt and Brooks (18) by a differenti al

equation approach (but without results to check). In the present investigation, an

attempt has been made to include as many parameters as possible. Although

the theory developed in this work is for helicopter blades, this can be used for

turbine and compressor blades also.

The method was checked intially with simple calculated results and then geometrical

complexities were analysed using the theoretical and practical results of different

authors, (6), (30), (49). A number of variations are considered to check the

results from different view points. (Section 4). The computed results are presented

up to fifth mode. A selected number of mode shape curves is also presented.

(Section 4).
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THEORETICAL CONSIDERATIONS

In continuum structures such as helicopter blades, aircraft wings and bodies,

turbine blades etc., the main design problem lies in the analysis of the

forces. Structural problems encountered in engineering design tend to be

inherently complex in nature. A real structure generally consists of an assemblage

of many parts. Geometry of individual components, as well as geometry of the

overall structure, is usually non uniform and otherwise irregular. As a result,

the true structure must generally be replaced by an idealised approximation, or

model, suitable for mathematical analysis. Many structural systems may be quite

adequately represented by models which can be solved by application of the equations

of static equilibrium.

‘The use of matrices allows a systematization and simplification of the calculations

almost impossible under any other scheme. Matrix methods are based on the concept

of replacing the actual continuous structure by a mathematical model made up from

structural elements of finite size (also referred to as discreteclements) having

known elastic and inertial properties that can be expressed in matrix form. The

matrices representing these properties are considered as building blocks, which

when fitted together according to a set of rules derived from the theory of elasticity,

provide the static and dynamic properties of the actual structural system. The

properties of each element are calculated, using the theory of continuous elastic

media while the analysis of the entire structure is carried out for the assembly of

the individual structural elements.

Thus once the initial matrices are assembled the subsequent operations involve

merely elementary matrix algebra. As matrix theory will form the basic frame

of this research work, a collection of matrix expressions and operations is presented

in Appendix 2. What is more important, however, is that matrix formulation is the

ideal ‘language! for the electronic digital computer and represents the most powerful

design tool in structural engineering.

Various methods of matrix structural analysis can be grouped into two basic methods

namely flexibility or virtual force method and stiffness or virtual displacement

method. The flexibility method is chosen for the current work. In general, the

flexibility method follows the order of flow mentioned hereunder.
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(a) Assessthe degree of static indeterminacy of the structure.

(») Choose the required number of unknown forces and set them to zero.

This wakes the structure statically determinate.

(c) Calculate the displacements of the statically determinate structure

due to applied loads. Assessthe errors in compatability and apply

the unknown forces one at a time and find the displacements,

(a Set up equations of compatability in terms of the unknowns and

solve them. The force distribution for the entire structure can

then be found by application of statics.

(e) Back substitute for displacements if necessary.

Generally the above process will require the influence or the flexibility characteristics

of the structure; that is, its displacements due to virtual or unit applied loads. As

the unit load theorem is widely used in the current work, an account on this theorem

is presented in Appendix 3, The theory flows naturally from the very simple matrix

of the unit load theorem to an engineering system consisting of an assembly of

elements. The matrix formulation of structural analysis by the flexibility method

starts by setting up four matrices. They are:

() a rectangular matrix, the elements of which are stresses, statically

equivalent to unit external forces in the components of the system.

(ii) a rectangular matrix, the elements of which are the stresses in the

components per unit static redundancies and zero external forces.

(iii) a square matrix, the elements of which are the flexibilities of the

unassembled components for the prescribed pattern of stresses.

In dynamic problems with a discrete mass distribution there is a square

mass matrix, the elements of which may themselves be submatrices.

(iv) 2 column matrix of the prescribed displacement.

‘The theoretical analysis is carried out in the following steps.

(a) General conventions explaining the definitions, assumptions and idealisation.

(0) Establishing the direction cosines between overall and local axes

(c) Derivation of flexibility matrix.

(d) Establishing the flapping loads.

(ce) _ Establishing the centrifugal loads.

() Establishing the unit loads.

(g) Forming the eigenvalue problem, and

(h) Programming.



3.1 GENERAL CONVENTIONS

To start a discussion on force and displacement systems in the form of matrix

presentation, it is necessary to define the co-ordinate systems in which they may

be defined. Two types of rectangular cartesian co-ordinate systems are used mainly:

(a) member or local axes co-ordinates (x,y, z) oriented along a member, and

(b) global or overall axes co-ordinates (X, Y, Z) which are fixed with regard

to a specified origin and axis system for the entire structure.

In component notation a right handed co-ordinate convention is used in either case,

and these are presented diagramatically in Figure 1. The words ‘loads’ (forces)

and ‘displacements’ are used in a generalised sense to represent not only linear

forces and displacements, but also moments and rotational displacements. Loads

which are specified in local co-ordinates will be denoted by suffices of lower case

type, while the loads in global co-ordinates will be written using suffices in upper

case characters. Vector and matrix notation are used to represent forces and

moments and these are done by a bar (-) above the characters.

3.1.1 Definitions

Some of the basic definitions which are considered essential are presented here.

(a) ‘The shear force at any section is taken positive if the tip end tends to slide

upwards relative to the root end.

(b) Usually positive bending moment gives tensile stress in the positive quadrant

of the axes.

(c) The pretwist angle is defined by giving the direction of the local y axis (major

principal axis of the cross section). The angle of pretwist is measured in

the plane of the cross section between the local y axis and the line of intersection

of the XY plane with the plane of the cross section.

(d) Location of the local y axis:

(i) Reference direction y,-

A reference line will be defined by the intersection of the plane of the

cross section with the XY plane. The vector y, will lie along this line

and have a positive component in the Y axis direction.

(ii) The local y axis will be formed by rotating the y, vector about the

local x axis through an angle of (> in the positive right hand sense.

Note: to cover exceptional conditions such as the loca! x axis of a section

lying in the Z axis direction alternative definitions are used. (See

Section 3.2).
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(e) Positive directions are selected for the line through the shear centres and

for the angle of twist such that the rate of twist d® (p') remains positive.
ax

Other definitions, if any, may be included while considering the indi

3.1.2 Assumptions

‘The theory is developed on the basis that internal and external forces are in

equilibrium and along the principles of engineering beam theory and the following

assumptions apply:

(i) a linear relationship exists between applied loads and resulting displacements

of the structure so that the principle of superposition is valid.

(ii) the material of the structure obeys Hook's law i.e. stress is proportional

to strain and must not be stressed beyond its elastic limit.

(iii) St Venant's principle applies. This is a reasonable assumption as long as

the beam is not too short and deep.

(iv) the maximum cross sectional dimension (e.g. chord) is small in comparison

to the length of the blade.

(v) the equations of equilibrium are developed using the geometry of the

undeflected structural model assuming that the change in geometry due to

imposed deformation is negligible while considering flapping loads only.

However while considering the centrifugal loads the imposed deformation

is also taken into account.

(vi) initially plane sections remain plane{applicable for end load stress only)

(vii) the Coriolis forces, so called ‘secondary inertia forces' associated with the

combined vibrational and rotational motion introduce a phase difference

between bending and torsional vibration. However, effects due to Coriolis

forces are assumed small and not included.

(viii) shear deformations other than St Venant's torsion are neglected. This is a

reasonable assumption except for short deep beams.

Other assumptions, if any, may be included while considering the individual sections,

3.1.3 Idealisation of the structure

‘The idealised blade will consist of a number of diseretelengths. Each discrete

element is assumed to have a uniform section so that the variation of bending

stiffness and mass distribution in the actual blade will be approximated by step

functions in the analytical model. While idealising the structure the local x axis is

assumed to lie along the locus of shear centres and local y and z axes directions

are taken as the principal axes directions.
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‘The displaced shape of the blade will be defined in terms of the displacements

at the tip ends of the defined element lengths. The number of such displacements

defines the degrees of freedom. Three lateral displacements and a torsional

displacement are chosen to represent the displacements.

In actual practice, a rotor blade may have some or all of the following characteristics:

(a) pretwist of blade which couples the two bending modes of vibration.

(b) asymmetry of cross section and offset shear centre location with reference

to centre of gravity, which couples bending and torsion modes.

(ec) variable cross section which alters the natural frequencies, from those of

uniform cross section.

(d) centrifugal loads which stiffen the blade.

(e) sweep back of blade which couples torsion, bending and longitudinal modes.

(f) steps, abrupt changes, and variable mass densities from one element to

another.

Allowance has been made to include all the above aspects in the present work.

The conditions of overall equilibrium of a structure are:

(a) the vector sum of the forces acting on the structure must be zero.

(b) the vector sum of the moments about any arbitrary point of the forces,

and moments acting on the structure must be zero.

If the forces are Pj (i= 1,2,3...) acting at point aj (X,Y, Z) (i= 1,2,3....) and the

moments are Mj (i = 1,2,3...) and the moments are taken about an arbitrary point

b (X, Y, Z) then the following conditions apply:

=P =o

2G, - ») B+ EM;

-()

+ (2)

In component notation each of these single conditions becomes three conditions in

X, Y, Z directions as follows:

Sic 6 tessa ean eee ances ascesescewetey (3)

S Diy Oisess cos owemmnentar cos SaaS (4)

SP Ore eee eee ebbuaale ss eas (5)

€ {Biz jy - by - Biy @iz - bz)} +iMx mOleanst eeawesacwele)

S{Pix (Gz - bz) - By @ix- by} + FMy BOs teowaees ces.)

£fPiy @ix- bx - Bix Gy-by} + IM Soe sp etersits ey
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3.2 DIRECTION COSINES

‘The two systems of axes are defined in Section 3.1. The nodal points are located

with reference to global axes whereas many geometrical properties are defined with

reference to local axes. The built-in pretwist angle is defined in Section 3.1.1. It

is essential that calculations are carried out with reference to one system of axes.

‘The nodal points, loads and moments have to be resolved with reference to either

one system. In order to carry out this, the direction cosines between two co-ordinate

axes systems must be established. The two systems are presented in Figure 1

and 2a. The properties of the direction cosines between two orthogonal sets of

axes are presented in Appendix 1. The direction cosines of the two orthogonal axes

systems may be defined as follows:

x Y Zz

x ibe m, ny

y ly m, ay (9)

z 1g m, ny,

However, because of the additional constraint imposed on a pretwisted structure, it

is essential to establish the direction cosines including this effect. This is done by

choosing an intermediate axes system x,y, %,such that local y, will lie in the plane

of the cross section and also in the X Y plane. The directions of the local (x,y, 2)

axes are then determined by rotating the intermediate axes about the local x axis

through angle in the positive sense.

Defining the direction cosines of the intermediate axes for a general case as

+ (10)

If two nodal points at element ends say A and B are located by the co-ordinates

X1, Y1, Z and Xq, Yo, Zo then the length AB is given by

Lap = [O%- Xa)? + (ey - Yq)" + (Zy - Z,)* } ek eeey ee sia sal)

and

kk = & - X)/Lap
my = (Yy - Yp)/Lap

Dy = (Zy - Zy)/Lap

Reieclendbatr erect)

The reference direction y; is given by
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Why * a

2 2 3

Ayy PIR Gae Bon.

Please see Appendix 1 also for orthogonal conditions.

By definition ny = 0 (in X ¥ plane) and my; > 0

Equations (13) and (14) reduce to

Ic lyi + memy, =o

2Ie + myy

From the above equations

my, =~ Ly ly “My

ys? +2 tys Aang = 2
ly? + 1,2/m,2) =1

This yields

ly, = = my/2 + m,2)4
BN cna dtoabsns waeeweas tenes Peamediess (18)

28
and

a 2
my, =t1, /0 + my

Sign will be decided by my? o. In most foreseeable cases 1x will be > o giving

yi -m,/Q,? + m,2)
So Pe setae tT)

my = 1y/ x” + m,?)

Direction of local z, is orthogonal to x and y, giving

Ii L+ mg J+.) E> 3 x

a 3 ny

1, °

aoe r m,2)2 a e m,2)?

Expanding equation 18 and solving, yield the following results

al = onl, /0,2 + m,2)2
;

my, = “By 2 + m,2)*

ny =x +m,2)4
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A set of direction cosines for the intermediate axes as a general case may, therefore,

be presented as follows:

x y Zz

x ie my a,

My Ms é

a? +m,2)8 jel rh)

AY. “nym az + m2?

a2 +mey

—

This general transformation is acceptable for values of ny less t
han

Unity.There will be always difficulty with the singular case when
 n,

approaches Unity. From the computational point of view this could be

stated as a limiting case for values of

cae tod)? £297 sa siser esque aeg(20)

fo allow for the possibility of an exceptional condition such as the

local x axis lying in the Z axis direction C age 1 ) alternative

directions are chosen. For the limiting case the transformation is

i ° ° alt

ere ry 1 o}|z fi (21)
k a ) o| |x

The best way of getting at this is to follow through a sequence of

local axes transformations at each of the nodes upto that node at

which difficulty arises and adopt the above transformation for the

limiting case.
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A set of direction cosines for the present case may be written as follows:

x x Zz

x 0 0 1

¥
0 1 0

++ 6 (22)

z -! 0 0

The direction cosine subroutine is programmed in such a way that a

print out will show that an exceptional case has occured and alternative
direction cosines are used.

On establishing the choice of the direction cosines of the intermediate axes, the

actual direction cosines are calculated by a suitable transformation matrix. This

is done by rotating the intermediate axes about the local x axis through angle &

in the positive sense. This rotation is represented in Hgure 2.b, The

transformation matrix is given by

1 ° °

° cos p sin pB PCE ECT MAE)

o -sinp cos B

then

mn 1 ° ° 1 mn
Res oe ok

1 om n., ° co: sin aly, By By sp B YL Tay lany le |iedss chiswesesw (28)

a mo, ° -sinB cosp la mt

or

C = Ty c, « (25)

‘Thus the direction cosines between overall axes and local axes of any blade sect-

jon. are established. When the pretwist is absent the T matrix will become a unit

matrix.
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3.2.1 Programming logic of Direction Cosines

‘The direction cosines established are used frequently in the calculations and hence

these are programmed profitably as a subroutine called 'COSN'. A call of this

subroutine (CALL COSN()) yields the required direction cosines of the member

considered (I). This subroutine is not only used to transfer co-ordinates from one

system of axes to another, but also used to transfer forces and moments from one

axes system to another. A logic of operation of this subroutine is presented in

Figure (3). While programming the matrices referred to in 3.2 (C, T, €,) are

given the following names:

" [pant]

(mm)

Direction cosine matrix [ ¢]

Pre multiplying matrix [T ]

Direction cosines without

pretwist effect J = [pe]

3.3 DERIVATION OF FLEXIBILITY MATRIX

‘The fundamental consideration in the matrix force method of analysis is the

determination of the flexibility properties of the structural elements. The

flexibility properties are determined by applying the unit load theorem. If an

elastic element is subject to a set of n forces

Bo = [Py Py, Py eeeeeee Py] aan ae)

and the corresponding displacements are denoted by

= [4, 4, By eeeeeeee AL] seav erie)

then

A= FP sau owen (ae)

where F is known as matrix of deflection influence coefficients otherwise

called as flexibility matrix. According to the unit load theorem

+ (29)
= Ts atsAe f e's av ‘

v

where P, represents applied unit load matrix, @ represents the matrix

of statically equivalent stresses due to unit loads and @ is the exact strain matrix

due to applied forces F. For a linear system

é = EP se Garcatee (80)

where E represents the stress distribution factors.
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Applying equation (30) in (29)

= ake

A = lrtpdy eeeeee ete)
v

or A= F P = Senet (32)

where F = if & "gdvrepresents the flexibility matrix.

The flexibility matrix is derived with reference to the local body axes dimensions

for a discretc element of uniform section under a constant rate of pretwist dB ( p! )

The general conventions explained in 3.1 are applicable. In addition,

the following definitions and assumptions also apply:

(a) shear centre is offset fromthe centre of gravity of the cross sectional

area. & and e, are co-ordinate positions of the c.g referred to local

axis through the shear centre. (Figure 4).

(b) P,, is the end load positive tensile (away from the section). EBT will yield

x wise cnd load stress o-x . This is caused by applied end load P,

and applied bending moment M, and M, (about c.g). Positive M, and M,

will give positive tension in the positive quadrant. Positive M, twists

the section nose up at tip end.

(c) The moments and end loads will vary linearly along the section so that the

distribution will be defined by giving values at the two ends. Displacements

are assumed small so that small displacement theory could be used.

(4) ‘The resisting torque includes St Venant's type of torsional term which is

the same as would develop if the beam were initially untwisted.

(e) St Venant's shear distribution will balance the applied torque M.. This

applied torque is about the shear centre.

(f) The torque distribution resulting from the end load distribution and from

the pretwist of the blade will be balanced by St Venant's stresses to give a

zero resultant torque on the section. ‘This approximation has been used

by many scholars.

(g) y and z directions are taken as principal axes directions.

(h) Pyar Mops Myq and Mey

and Py5, Mos Myas Mzp are the loads at the root end of an element

(referred to principal axes at end 1).

are the loads at the tip end of an element

A typical blade element is shown in Figure (5a) indicating the loads.

The end loads Pa and Pye are through the c.g positions and x wise

moments are about the shear centre.However, the bending moments

Maas Myo, &,
ya? Myo? Mea

formula due to end load and applied bending moments is given by

and Moo are about the c.g positions. A general stress

=, = P, /A as 2/1, io ele wi Pea (33)
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where A is the cross sectional area and x and ir are the principal second moments

of area; and y and z are measured from the c.g position. As y and z are to be

measured from shear centre position the stress formula is modified as follows:

Pp

Cee ee ah (34)
a

"The directions of end load fibres due to pretwist are presented in Figures(5h)and 6c.)

‘The slopes of the fibres are given by $2ana a and the rate of pretwist is given

by $B = (p! ). From the Figures(sb)andc)

Gee ds Pease cabo (9)

uw = y ds Ieosendeenatee)

y= 5 d8/ax Dee anemaeee (OT).

wis y dB /dx piaeee swan (05):

‘Therefore, the two slopes are given by:

dee dw _ at

mR anda =yP Gaeonesaeeg(Se)

Assuming that shear loads 8, and S, act at c.s positions and considering a small

elemental area dy, the shear component of end load along fibre direction is given

by:

z dv
dsy =-oxG dydz a - (40)

and ds, =-0;9 dydz Suwabs tees AL)
2 eee

dx

aM, aida, tiayey oat ge ieee cues + (42)

For the element to be in equilibrium, St Venant's assumptions mentioned in (f)

must apply and compensating St Venants type of shear flows to give a zero overall

torque the following relationship is established:

Mee J iiteese eessesesae (48)

oF Magy =~ fe

Substituting the value of dM, from (42) in (43)
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Mosy cdf ee day yt fosssas<o0(4d)
or +z +

Substituting the a of ds,, ds,, dv , dy ande~ from equations (40), (41), (29)
and (34), equation (44) can be written as:

Mxsv = J Jen ee M, (z-e2) +M/T{9-) qe pa dz
yO [etan, (ee) + 7M eye p dy dz

LS po? +22) {Eyart pa (ee) 4M, (ey f ay de
Spore 2) Be avae” 1,

<
Ff P y+ Fyare TM, dydz+

+ SL y+? ore} M, dydz «(45)

Moments of higher order are defined as follows

BL = ffo?+2) ayaz pirereteeeri4en
Lele:

B2 4 Sf +z) y dydz SR Co

BS = SSo?+ 252 evar Sas .5a (48)

Substituting the values of (46) - (48) in (45)

a a i ‘ 1

Moy = P,/\-BiP + M/Ty( PBS -¢,PBL ) + M_,(PB2 - e,BIp). (49)

ive. i
' ‘ 1

May = BL p = a p Ba eBl) M+ B =_@yB1) M,.... (50)

’ 2

Letting C , = Bip',Cy = pwBs- e2B1) and C yp (B2- ey Bl)
A iy iz

equation (50) takes a simple form

Mesv > iP 1 Get. + C3M, ery eer 4:

The total torque on the section which includes St Venant's terms is as follows

Moy =M,+C,F_ + c, My * eo eovccccvces (52)

where M | is the applied torque.

‘The degrees of freedom chosen for applied loads (end load, torque and two bending

moments) allow to choose the applied loads as an 8 x 1 column matrix as follows:
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Lay Note:

Bye suffix 1 represents loads at tip

M,, end of an element and suffix 2 represents loads at

M, 2 root end of an element

My 4

Me

Met ’

Mio Noes eurh see (08)

Letting B, = virtual load or unit load matrix, F’= flexibility matrix and A -

displacement matrix due to applied loads and applying unit load theorem

ek

Bree eeor PL A F ec. dy

where Fis an 8 x 8 matrix

ee By

Co RF Ee Dig aerasts sie (DR)

.

tL

4A, = (oe pices er (i eee lar autre
ae yA yw zh ZV

é EA os ET, etc

* tz wot eaeans cunedes4bB)
os

In equation (55) the suffices v represent virtual or unit loads and suffices A

represent applied loads and J is the torsional constant of the cross section. It is

to be noted that the above equation also ignores temperature effects and shear

deformations.

‘The internal forces acting on the cross section at a distance x, from the tip end

are worked out by linear interpolation. These are given as follows:

Py = & + @g-Bi) »& aoa soenere (86)

M, = My + (Myo-M,) fig eyieseeee (57)

*

= My + Ot -M) tah «dye antB8)

*

: = My, + My -M,) 4 / tp pasteaeaesss (59)
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* *

The moments M, and M, do not account for the effects due to pretwist and they

refer to + end retaranve axes moments. Using small angle approximations

cos fies 1 -¢ /2 (x,/ 1, )? ana sin Pi bx,/ L, , the moments M, and M,

are calculated as

M = ee

*

; ie pee pass ms) aes +++ (60)

i 2k
= ie a 2.2 *

M, = M? x Mw Box? ME ceeeeseees(61)
Z

L, 2

*

Substituting the values of M, and Me from (58) and (59) in (60) and (61) the

internal forces acting on the cross section at a distance of x_ from the tip end are
r

given by:

E = BiG. - 3a) : (62)
L

ir

My = — Meth(Mxo -Mx1 ) Xr seeeeeee ee + (63)
L
r

My = Myf Myo My) s+ BX {MY Oa *s|
L L L,
r p

9.2- Bx fits * My -M,) j heat goreree (GA),

2 >
ate

uy 7M te MA. 7 Be fia * MoMyy x
ania
r p

B& fist Oe Mt} eee)

21, y
According to equation (52)

Mey = M+ OR + 0; M+ CM, ‘ (66)

Substituting the values of Mx , P, , M, and M, from (62)-(65) in (66)

nee Se) Sh : @ oo et ae ce
Ts

2 {pe Qyo-My1) al BX, [Mey Maz) |
22 u, er ze
a * Ps +O -M., ) = -J}}

ssf one Man! Be “Mer “Ws

- per QL,2-M,1) J}
2 5

= (67)



‘The elements of flexibility matrix F are derived by integrating the equation,55)

(the values of R. , M,, M, and M_ from (62) - (67). Evaluation of these

integrals are presented in Appendix 4. The elements are properly arranged to i

form an 8x8 matrix when these are referred to the elements of A, matrix

as follows:

= E F F FE EF F F F
La i vB M4 15 p W 18

By Foo F3 By Fos Fp %7 Pop
EF F F. F F F F F

we ne i > eo Ff ae
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my Fe Ma Ma 5 he Mr Me
E, F, F, E F F F
81 & 8 & 8 8 8 8&8
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“Fo HCl - GFL - CPL | sestssvannve (81)
u sar G0Gs “207
E=F.£F , =F, = ct - Cf - C.pL reese eenen (aR):
36°63°45 54 2 3

De ae “Cas 400s 720d
Le Opeirar yy Same eeegasy Aeses 83
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‘Thus the flexibility matrix is formed.

3.3.1 Programming logic of Flexibility Matrix

‘As the flexibility matrix is widely used in the present work, it is programmed

as a subroutine called FLEX (I) where the integer I represents the element

considered. A call of this subroutine gives the required elements in a flexibility

matrix. ‘The matrix F considered in Section 3.3 is referred as FXMT in the

subroutine FLEX. As the matrix is symmetric only upper triangle elements are

initially formed and the lower triangle elements are fixed by suitable

transformation. A logic of operation of this subroutine is presented in Figure 6.

3.3.2 Increase in torsional rigidity due to pretwist

When a blade of thin walled section is pretwisted the torsional

stiffness will increase. This has been proved by previous investigators.

The increase in torsional rigidity is due to the change in length of

fibres away from the axis of twist leading to longitudinal stresses

(assuming that plane sections remain plane).These stresses resist torque

and reduce the Saint Venant's rotation.In reference (6) a formule for

increased torsional rigidity has been derived for rectangular vlades.

Although a straight forward version for aerofoil section is not made,

an equivalent breadth/ depth ratio approximation is used in the above

formula to give the following increased torsional rigidity

a, = os f2 +12 g'°/ 1, -28 Voeexenanhse0t6)
his increased torsional rigidity is included in the subroutine FLEX.

3.h ANALYSIS OF FLAPPING LOADS.

For a rotating blade the forces due to small amplitude flapping vibration

consist of two components:

(a) Flapping loads or inertia forces and

(b) Centrifugal loads or rotary forces.
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The term ‘flapping ' in this section is used in a general sense to

denote the vibrational effects in the absence of a centrifugal force

field. This term is used elsewhere to refer the displacements in Z axis

direction.(The term 'drag' is used to indicate the displacements in Y

axis direction) The current section deals with the flapping loads.

Centrifugal loads are considered in section 3.5 =

For inertia calculations the blade is idealized into a number of elements

and the assumption is made that the mass is located along the centroidal

axis. One is reminded that the flapping loads are considered with

reference to global axis directions at c.g positions and the flexibility

matrix derived in the section 3.5 is with reference to local axes

directions.(locus of s.c positions is one of the reference axes) It is

therefore,essencial that the flapping loads are also converted to local

axes directions. This involves a number of transformations as follows:

(a) Establish the flapping loads due to the arbitrary nodal displacements

(say node J),(Global axes directions at c.g). (b) Transfer the loads

established above to the povition where the actual analysis is bein,
considered(say node JJ). (c) Transform these loads into local axes

directions by applying cirection cosines. (d) Transfer the loads to s.c

position. (e) Add the loads into an 8 x 5 matrix.

Six conventional loais are considered which are defined as follows:

Py = force in X direction

Py = force in Y direction

Py = force in Z direction

My = bending moment about X direction

My = bending moment about Y direction

My = bending moment about Z direction

The distorsion of the blade is described in terms of lateral and twisting

deformations as follows: *

Ay = displacement in X direction

Ay = displacement in Y direction

Ay, = displacement in Z direction

6, = torsional or twisting deformation about local x axis.

Note:

Although four cegrees of freedom in the displacements are sufficient to

establish the conventional loads, an additional degree of freedom in

the twisting deformation is introduced in the current analysis. This is

to study the variation in the vibrational characteristics due to change

in direction of the blade centroidal axis (e.g sweep back)from one

element to another element. This additiondl ceformation gp is used

on the inboard end.of a node, whereas @ is used on the outboard end of
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the same node. In practice @ and g are one and the same if the change in the

direction of the centroidal axis is absent.

‘The number of nodal points chosen decides the number of degrees of freedom in

displacement and hence the number of modes of vibration. A simple harmonic

vibration with a frequency 4) is assumed. The forces acting on an element JJ are

calculated by adding the effects of loads due to displacements at all nodes J on the

tip side of node J. The node J is varied from 1 to JJ i.e. from tip end to root end,

and while moving from one node to another the total loads are accumulated.

‘The JJ and J notations are also explained in Figure 8.

When the displacements at J are considered, there are two systems of loads due to

these displacements. They are:

(a) Global axes forces at J due to displacements at J causing inertia forces

on element J-1 and

(b) Global axes forces at J + 1 due to displacements at J causing inertia forces

on elementJ.

A diagrammatic representation of the displaced shape (in one of the axes directions)

for inertia calculations is presented in Figure 7. The derivation of the forces is

presented in Appendix 5. A three-dimensional view of an element with the

representation of forces and moments is also shown in Figure 1.

‘The global axes forces at any nodal point consists of three forces and three moments.

‘The loads and moments at ends J and J +1 are derived in Appendix 5 and are as

follows:

Py SamestOt

P. = seen eeevy (98)

P = 2 Re sie0( 08)

aa SO Bay Ag
2 J

x ~e ww -2.)4 € oF es
as iP Egg By yn By) ty + EO By ptseet Stet

ba -(100)
tte(st) Ara+i h

pa
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oo Te By (ge1) 2a
2

Mey S a 2
~ ty Oey) ty + Gay OP By Oey ATs

eins OB,

2

+ Te yy (get) Pot
cena 1 ie aeere ca (108)

ce u, 4x3 /2

P = 27 O: seeee'as (LOE
YH Co? by Ara /2 al

P = 2, 4A ieee o (LOB!
ZH Se 1, A2d/ 2 ore)

2 2 A
ae GoF by (25 Byy4) AY, + COP by (Fy F344) 425

+4 a =

2 fvtnenn (108)
Oe s'4 5
ee

= 2 4 A
Mise CW Ly (5 2544) 2Xy - GO? bs Oy yyy) 425

3

¥ Daren aS 8; Lis, LOG

wet

M = 4 2 “
244 = OOF by (ty yyy) ky + GOP by Oy yyy) Ky

a 3
eevee (108)

2
ie tb by ny ®5

2

It has to be noted that torsional moments about x have been resolved into X,Y, Z

directions. fz, and ©; are defined in the beginning of 3.4.

Equations (97)-(108) can be written in matrix form as follows:

ise Chay ° ° ° ° i;

Py ° G4 ° ° ° AY

Pyg| = Ly, ce ce cat i hee

ee et patterns 5 Patel fs
Z. 3 ° ree °Mrz i ~ A Oy X)/3 Tr (ga1f lI

° °

My Spa t/3 Gp *)/3 Ty (3-4
Gesuwaes (109)
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PxoH f x if
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e;

Baa eee . % i
My 544 ~ ° = g (23-2344) 2507 544)

Myse 26 y25,4) oe 250%.)
°Mog44 - 2 CTX 544) 2 GOs%5,,)

wares « (200)

Or

P = wi a Fema ati)
x I

= See

Te, = o BE, ranieae 12)

Further treatment of these loads are carried out as follows: firstly (111) and (112)

are combined and the effect transfered to a node where distorsions are desired.

Secondly, these transfered loads are resolved into local body axes directions and

subsequently transfered to shear centre position.

3.4.1 Operational logic of A_& B

‘The matrices mentioned in (111) and (112) namely A and B are programmed as two

subroutines called FLAP (I,K) and FLAB (I,K). A flow of logies of these subroutines

is presented in Figure 9. A call of either one of these subroutines would produce

a 6 x 5 matrix consisting of flapping loads. In the above subroutines, I and K are

the controlling parameters to indicate the nodal position and to control the call of

subroutines( either FLAP or FLAB to be called ). It is programmed to

select FLAP subroutine for K=1 and FLAB subroutine for K=2.

3.4.2 Transformation of Loads

‘The loads established by A and B are applied forces due to distorsions at out board

end of element J (at node J). When the deflection analysis is carried out at node

JJ, global forces and moments at an inboard end of element JJ (node JJ) due to

forces applied at outboard end of element J, have to be established. This is done by

premultiplying the loads P by a transformation matrix, and the transformation

matrix is programmed as a subroutine called TRAN (I, II).



The global forces at JJ (inboard) are given by:

P 1 ° ° ° ° P
x x

Py ° 1 ° ° ° PY

Py ° ° 1 ° ° Py

M, “| @ ~(27-2;5 ) (x-¥55) 1 ° Me

M ° ° 1 M.
a (25-255) 55) y

¥ eta . : m4
ad I

menace (tle)

or yz = AP, sagenaee (lla)

Where TRA represents the above 6 x 6 transformation matrix. It has to be noted

that when J is equal to JJ the transformation matrix becomes a unit matrix and

hence Pr; =P; . Care has also been taken in programming to account for the

value of J greater than JJ, Onsuch cases Pry = 0.

Transforming both loads due to A and B mentioned earlier on

‘Pyx = TRA B + TRA Pry Pete cves (1b)

or

+ (116)
a 0 I

3.4.3 Resolution of Loads to Local Axes Directions

‘The loads depicted in 3.4.2 are in global axes directions and have to be resolved to

local axes directions. This is done by applying direction cosines as follows:

Py A m, ny ° ° [Py

’ 1 m n ° ° PB

Z i , >,
Pg - z ee m 2 Zz
mt ° ° ° Is m My

= ° ° ° iy my My
! :

ae ° ° ° i m, M,
:

JJ JD

saptics .- (117)
bee eee

or PSs EC P,, bess)



The 6 x 6 matrix EC is programmed as a subroutine called RESL (JJ) where JJ

is the controlling index. The appropriate values of1 , my, n,etc., are taken
x

from the direction cosine subroutine COSN (I).

Substituting the values of a from (116) in (118) the value for a can be written as

Pr, =WPEC TRA AZ, WEC TRA BZ owe. (119)

3.4.4 Transfer of Loads to Shear Centre Position

‘The loads formed in Section 3.4.3 are with reference to centre of gravity. However,

further calculations and in fact the flexibility matrix are with reference to shear

centre position. Moreover only end load and three moments are required for

further operation in line with the requirements of flexibility matrix. ‘The transfer

is carried out as follows:

Py 1 ° ° ° °

ee ° se -e °

° ° ° ° £
y

° ° ° ° °
2

Jt

(120)

or Psy = STR Piz ees se (LL)

In equation (120) e, and e,, refer to the co-ordinates of o.g with reference to c.s,

and a negative sign is introduced at element 4,6 to adopt structural moments

(positive tension in positive quadrant), This matrix STR is programmed as a

subroutine called STRU (JJ). A call of this subroutine provides the necessary

transfer matrix STR (4x 6). Substituting the value oft, from equation (119) in (121)

— Dimes! mem roo os a

Poy =@STR EC TRA A 4; +0 STR EC TRA B Ay. . (122)

3.4.5 Assembly of Loads

‘The loads in (122) are assembled into an 8 x 5 matrix depending on which end of the

element JJ is under consideration, This matrix is called R matrix and is

programmed as a subroutine called ASMB (JJ, K). Loads are also added in turn from

tip end to root end. The assembly logic is better presented in Figure 10. A call

of the subroutine ASMB adds the current loads into the previous appropriate elements

in the matrix R (8 x 5).
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3.5 ANALYSIS OF CENTRIFUGAL LOADS

The centrifugal loads are concerned only with a line distribution of

mass idealised as concentrated along the centroidal axis of the section.

‘The conventions adopted in Section 3.1 apply. Overall Z axis direction is chosen as

the axis of rotation. There will be two centrifugal force components in X and Y

directions and there will not be any component in Z axis, this axis being the

rotational axis. However, the moment contributions will be about all the three axes

directions. The blade is assumed to rotate at an angular frequency of 1.

The five loads considered are defined as follows:

z = force in X direction.

z = force in Y direction.

My = bending moment about X axis.

M, = bending moment about Y axis.

Mz = bending moment about Z axis.

‘The deformations of the blade are described in terms of displacements defined

as follows:

a = displacement in X direction.

aye) displacement in Y direction.

4, = displacement in Z direction.

a,

In order to make matrix operations conformple, two dummy variables are introduced.

‘The column vectors associated with these two variables would be given zero values.

‘The centrifugal loads and moments at the root end, node J +1, of element J due

to the centrifugal loading of that element alone are derived in Appendix 6. The

loads and moments as derived, of an element J (Appendix 6) are as follows:

P = @ oF Peet einae (Lae)
naar Sp OF By ( Ky Oy + X54 + Ky ) oe

2
Py * ee Ly ( Yt AY; +Y;,, +4¥5,4 ) seides dais (124)
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Mae = nf Tsterslet 25-2544 )
3
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However, as a general ease (as explained in Section 3.4) J and JJ are used to define

Mose

= (127)

the nodal points, where JJ represents the node at which distortions are calculated

and J represents the node from which distortions are derived. When an element J

is considered as opposed to node J, then J is treated as the outboard end or tip end

and J +1 is treated as the root end or inboard end. The same consideration applies

to JJ also.

In the case of flapping loads the load vectorsP, and P,, were transformed by

premultiplying by a transformation vector TRA, to establish the loads at JJ.

However, in the case of centrifugal loads a straightforward transformation is not

applicable. This is because of the fact that the change of internal forces on

element JJ due to the centrifugal forces on element J is somewhat different from the

flapping case. The loads at JJ are established as follows.

3.5.1 Establishing Centrifugal Loads at JJ

‘There are two effects to be considered in establishing the change of internal forces

at JJ and they are as follows:

(a) change of centrifugal force with unchanged moment arms.

(b) change of moment arms with unchanged centrifugal force.

These changes are associated with displacements &, 5 Bs and By? each vector

representing X,Y, Z, @ and g deflections. (Note that @ and # are dummy

deflections as explained earlier on).

(a) _ change of centrifugal force:

It is obvious from equations (123) and (124) that changes in centrifugal

forces are due to distortions and are as follows:

2

Ros (2 ty (Ax, + 4K5,,) rs 7028)
2

. 2a we i, (AY, AY.) Go vaeh dane (120).

‘The moments associated With the above forces are as follows:

2

Moy = piss a [Peete *AT gh (2y25,4)

+r 4Y;,,) (2544-830) Shey os TOD)
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Additional moment arm terms containing JJ co-ordinates are introduced to

add the moment effects at JJ due to changes in centrifugal forces.

(b) change of moment arms:

Three moment arms are assumed to undergo deformations and the effective

changes in each direction are given by:

AX, - OX5,49 4Y, -~A4Y;,, and 42, -425,,

‘These changes in moment arms are multiplied by the unchanged centrifugal

forces to give the additional moments desired. Three additional moment

arms AX5,,-4% 53, 4¥s44 ~A¥3z —, and A%3,4 — A253
are also introduced in line with Section 3.5.1 (a).

The additional moments due to changes in moment arms are as follows:

i eS ef Ly | 2¥z (62 -825,4) + yom (425-475,4)
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Mysy = ba y [Fs (425-42 544) + Hm (425-42,,4)

+; 44) O25, 1-A25) | pani iavae es)

Mya = Se ey By |B (AY AY S,4) + Hou (4¥ 49 5,4)
£ + (x50 )|_ 544) Ol 544-A% 35) (135)+ 0,0 1, jax; Ct an) ° Bo (at, -aK 5,4) wont aaiee

3 3+(Z, #¥5,4) (AS, ax i
‘The loads considered above (3. Bf (a) Rhu (ty ake!added To get the combined effect
and are as follows:
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£3
Pp = 0, @ Ly ( AY; + ATy, ) a (137)
YT oe
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+ C0 taf Orn jor, OPS IT 541 Hay ytdy 544)
Ee x(X.,,-X,,)

TH) IT42Y5 (OX j- 45,4) Bis ya + Mie 440)

HEAT 544) XG, M55)
‘The loads represented in equations (136) - (140) are better presented in matrix

form as follows:
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The above equation reduces to:
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Forces at end JJ + 1 of the member JJ (root end of the member JJ) are obtained

by substituting JJ + 1 for JJ in equation (142), When member J coincides with

member JJ then only substitution for end JJ + 1 is applicable. However, this

equation has to be modified to account for the dummy distortions © and g

It is reminded that these are introduced just for compatibility and no physical
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change is done to the equation. Allowing for the above distortions, equation (142)

can be written as follows :

Pes 1 ° ° ° “o| hg =

P ° 1 ° ° °

: ‘ p ‘-

”~ 2 PrP Sri oz,
° °

My 33 2B yHIZy,4-Zy5 0 2K HX, e
Mt .*% de ° o| | B
ea + x o

be tas ie a Bee oo

Ps 6 ° om Stel ia a

+0071, | 0 1 ° ° elles
J+

2 ° A p22 pte <1 2F. ° °Peas. roa ss : Az
z..0

ys 35 Py S au ¥
S505 sa eats

x. x La
Lt ‘aI

ie ° ° ° | r a
2. 4X55

+50 Ly | o ° ° ° ° bts

2
° ° ° °

(ry%544) Azsy
° ° ~ (%5%5,4) ° ° 3

|| ° ° °
(yy) yy) ee ae |

sass ss OB}

or

Pry = AA, +B, AL + CAs errttas)

When the loads at root end of element JJ are required JJ is replaced by JJ +1

in the above equation. This involves not only replacing distortion vector a. IT

by 3,,,, > but also changing moment arms consisting of JJ terms to JJ +1,
Fe

where applicable.

In the equation (144), vectors Ay, By and Care 5 x 5 matrices and it is reminded

that there is no centrifugal force in overall Z direction. However, the load vector

By has to be resolved to local axes directions and subsequently transferred to

shear centre position. To make these operations possible the matrices A;, By

and G have to be of size 6x 5 and, therefore, a dummy row is introduced in each

of those matrices as Z direction loads.
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3.5.2 Logic of Operation of P ,,

The matrices A; , Byand Cyare programmed as subroutines called CENT (JJ, J),

CENF (JJ, J) and CEJJ (JJ, J) respectively where JJ and J represent control

indices, JJ being the element where deflections are analysed and J being the clement

where contributions are derived from. A substitution of JJ +1 or J +1 instead

of JJ or J would decide the loads at root ends of element JJ or J. A call of any one

of the above subroutines would produce a 6 x 5 matrix. A flow of logic of these

subroutines is presented in Figure 11.

3.5.3 Resolution of Loads to Local Axes Directions

The loads depicted in 3.5.1 are in global axes directions and have to be resolved

to local axes directions. ‘This is done by applying direction cosines as follows:

Teafetgote me ie. 0-28 Py

1 m n ° ° P
g v pd x

ieee een ey 8 Py
° ° ° = my Mx

° ° ° 1 m My
y y

° ° Oo etd Wy M,

ad

or =EC P. caeee ee (146
Pog Js Ce)

As referred in Section 3.4.3, the 6 x 6 matrix EC is programmed as a subroutine

(RESL). Substituting the values orP from (144) in equation (146).

Ns reo ae cree es

7 =f £C A 4; + EC BAs,, + EC a II

JI

‘The loads at root end of element JJ are computed by substituting JJ +1

«eee (AT)

in the place of JJ in equation (147).

3.5.4 Transfer of Loads to Shear Centre Position

‘The loads calculated in 3.5.3 have to be transferred to shear centre position. This

is done by premultiplying the equation (147) by the transformation matrix referred

in 3.4.4. Bearing in mind only end load P, and three moments are required at each

end of an element, the transformation is carried out as follows:
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x

1 ° e -e 1 °
| 2 y

a, ° ° ° ° 1

m, oO oo ° oO °

Is

on Pyy = STE Py

e ,and e represent the co-ordinate position of centre of gravity with reference

to shear centre position. As explained in 3.4.4 (-1) is introduced in the matrix

STR at element 4,6 to adopt structural moments. The matrix STR is programmed

as subroutine STRU.

Substituting the values of D},from equation (147) in (149)

p = of |STR HC A.A + STR EC HD, + STR EC OA I.......(150)
JJ as +1 ans

3.5.5 Assembly of Loads

‘The loads calculated in (149) are assembled into a 8 x 5 matrix Rt depending on

which side of the element JJ is under consideration; i.e. if tip end of the element

is considered then the loads are assembled in rows 1,3, 5 and 7 and if the root end

of the element is considered then the loads are assembled in rows 2, 4,6 and 8,

‘The subroutine ASMB is used to carry out this operation. The matrix R is renamed

as RR to differentiate from flapping loads. (R represents assembled flapping loads

and RR represents assembled centrifugal loads).

3.6 ANALYSIS OF UNIT LOADS

The deformation of the structure will be evaluated using the unit load method formula,

na = (at B weeoaeen(LOly
Where J represents the deformation vector, F represents the flexibility matrix,

B_represents the applied load matrix and P,, represents the unit load

matrix Section 3.3 deals with the derivation of flexibility matrix and Sections

3.4 and 3,5 deal with matrix P, (flapping loads and centrifugal loads). It is,

therefore, necessary to evaluate unit loads, matrix P- The sign conventions as

used for flapping loads are applicable here also.
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Unit loads are placed on the structure in global axes directions at c.g. positions.

‘The calculated bending moments about global axes directions are then transferred

to local axes directions.

Four conventional loads are considered as follows:

Py, = unit or virtual load in X direction.

P\ = unit or virtual load in ¥ direction.

Py, = unit or virtual load in Z direction.

M, = unit or virtual moment about the local x axis direction.

‘These four unit loads are chosen in line with the four degrees of freedom in

displacements namely Ay 4y » A, and @. However, an additional torsional

displacement degree of freedom (f’) has been introduced to consider blades having

a kinked centroidal axis.

It is, therefore, necessary to introduce an additional unit moment also and m__

the virtual moment in local axis is divided into two components as mg, and

TMm yy + A8 these moments are in local axis direction they are resolved to global

axes directions and the unit load matrix is defined as follows:

: y ° °o o °
Xv

Pry] 1 ° ° °

By ° 1 ° °

My ° ° lye lig

My, ° ° mx mxp

M ° ° ie ng

degen eeealheey

or = = BAB (153)

‘The direction cosines used in columns 4 and 5 of matrix BAB are decided by the

choice of mz or mzg . As in the cases of flapping loads (3.5) as a general case

J and JJ are used to define the nodal points where JJ represents the node at which

distortions are calculated and J represents the node at which distortions are

derived from.

The unit loads are applied at node J and their effects at node JJ are established by

premultiplying the unit loads by the transformation matrix in the same manner

described in 3.4.2., and resolution of these loads to local axis and shifting to

shear centre position follows omeey in the same fashion described in 3.4.3 and



3.4.4, The unit loads thus established are

Pyjz = STREC TRA BAB pegeeenie (154)

where STR, EC and TRA represent the vectors transforming to shear centre

position, resolving to local axis and transferring to JJ position respectively.

‘The loads calculated in (154) are assembled into an 8 x 5, R matrix as explained

in 3.4.5.

3.7 EIGEN VALUE PROBLEM

‘The flapping and centrifugal loads are derived in 3.4 and 3.5 respectively anfl are

finally assembled in the form of 8 x 5 matrices (Rand RR). In forming the total

loads on the structure in either case an element JJ is considered where

deformation occurs, another element J is considered where the loads are applied

and thetr effect on JJ is analysed. A blade is divided into N elements. Whilst JJ

is considered from tip end to root end ( 1to N), Jis considered from tip end to JJ

(1 to JJ +1, plus 1 is to account for either side of an element. However, when

the last element is considered JJ+1_ is ignored as only N deflections at tip ends

are required).

When element no.1 is analysed (JJ) loads at position 1 and 2 (J = JJ and J = JJ +1)

are calculated and loads are assembled into 8 x 5 matrices (R if flapping and RR

if centrifugal). When clement no.2 is analysed loads at position 1,2, and 3 are

calculated. Similarly when element no.3 is considered loads at 1,2, and 4 are

considered. In general, when element n is considered loads at 1 ton +1 are

calculated. Thus the total load matrix would be a lower triangle matrix of size 80 x 50,

for a ten element idealisation.

Similarly the unit load matrix would be a lower triangle matrix of size 80 x 50 and

when it is transposed the same would be an upper triangle matrix of size 50 x 80.

On the other hand, the flexibility matrix would be a diagonal matrix of size 80 x 80.

The flapping loads and centrifugal loads as derived in 3.4 and 3.5 are as follows:

PR Ro = wetcsnewa (LBB)

Pe RRLZE demigeatees (166)

where

P R,~2A, +R, w2h
Rl sit eigcie come 5
B R +R, 0°, +8 A
Fe pg A, * BWA, +R wW Ay
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similarly

ro = RR, 2028, +RR, od,
“ot " e 1 Peat ae
Poo = m! At iRp 4 > +R, 4, "
Po3 = RRs, a By + RRyp A, 2 +A A, +RR a 4a,
8c 045 “A of a, +RR 024

mn ott nH

Total load

PB aetesses AST)

y applying unit loads

& alee e stl DE),

Substituting By from (157)
=f -[—- 2 —.2a F [Rw -mn’| & Pinney (00),

or

x ee a4a “ee tpn zm 4. ange (160)

+ (161)

(162)

Dis

OA

In equations (161) and (162)T represents the identity matrix. Equation (162)

could be rearranged as follows:

= Sy eee 2 aete (7-502) Ga] a -o seenesea(163)

a - (F-detytg ] 4-0 eee eH)
we

By aolving the above equation the frequencies of vibration and the mode shapes

are established. Standard library routines are used to solve the equation. Thi

explained in Section 3.8. It is essential to analyse the formation of C matrix and D

matrix in the current section as they form the essential part of the eige nvalue

problem.

3.7.1 Formation of C Matrix

The C matrix and D matrix referred to in equation (163) are of size 50x 50. The

- 2 - -
matrix C is the outcome of the product 1 xF xR (50x 80, 80x 80, 80x 50).
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This could be diagrammatically represented as in Figure 12a. In order to avoid

unnecessary storage of B, , F and R, the assembly of C matrix is carried out
as follows. The first column in the By matrix,,the first element in the ¥ matrix and

first row in the R matrix are multiplied. As Py and R are upper and lower triangle

matrices and F is a diagonal matrix the multiplication is limited to one set as shown

in Figure 12b. The outcome of this multiplication is a 5 x 5 matrix and this will be

stored in the first 5 x 5 position of C matrix as shown in Figure 12c.

‘The next set of calculations would be the product of second column of the Bane
(10 x 5), second diagonal F matrix (5 x 5) and the second row of R matrix (5 x 10).

‘This is diagrammatically presented in Figure 12 d. ‘he outcome of this product is

a 10x10 matrix. This product is superimposed on the previously stored 5 x 5 matrix.

On superimposition the net result becomes a 10 x 10 matrix. Similarly, on

subsequent superimpositions, the © matrix would develop as 15 x 15, 20 x 20,

25x 25,..... until it finally reaches 50 x 50 on the final calculations. This

development process is presented in Figure 12e and analytically represented as

follows:

Jd 1 2 3 4ecesceeeeee lO

rt

2

Jd *
3 =:

; Rey cosccceee
43

4 
aoe

v6 : . . paceeeceeee

_7 bs e
where Ryis the unit load matrix (5 x 8), F is the flexibility matrix (8 x 8) and R

is the applied load matrix (8 x 5).

The C matrix thus established is named as EIGA in programming stage naturally of

size 50 x 50.
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3.7.2 Formation of D Matrix

‘The formation of D matrix follows exactly the same logic as the formation of C

matrix except RR matrix is used in the place of R matrix. It is reminded that RR

is associated with centrifugal loads and"R is associated with flapping loads. The

‘Dmatrix is also of size 50 x 50 and this is referred as EIGB in programming.

3.8 PROGRAMMING TECHNIQUE

The programme is written in FORTRAN - IV language for the ICL 1905 computer.

MAXIMOP multi-access system is used which facilitates a large number of users

to converse directly with the computer through terminals. No use has been made

of magnetic disc or tape storage. The programme has been developed for a 10

element idealisation although this could be extended up to 25 element idealisation

yielding higher accuracy in results. As the computer milling time and core storage

are directly proportional to the square of the number of elements, the choice is

limited to 10 elements, with acceptable accuracy. However, one case of 20 element

idealisation has been run which indicated higher accuracy.

3.8.1 Subroutines

The following subroutines have been developed in order to increase the efficiency of

programming.

(1) COSN (I) - This subroutine evaluates the direction cosines of element I -

outcome DRMT (3 x 3).

(2) FLEX (I) - This subroutine evaluates the flexibility matrix of element I -

outcome FXMT (8 x 8).

(3) MULT = This subroutine calculates two conformable matrices and stores

in a third matrix.

(4) FLAP ~ This subroutine evaluates global axes forces at J due to

displacements at J (inertia forces on element J-1).

(5) -FLAB - This subroutine evaluates global axes forces at J +1 due to

displacements at J (inertia forces on element J).

(6) | TRAN (1, 11)- This subroutine transforms the loads at node I, to node II -

outcome TRA (6 x 6).

(7) RESL (1) - This subroutine resolves global axes vectors to local axes vectors.

(8) | STRU (II) - This subroutine shifts the loads at c.g. position to shear centre

position.

(9) ASMB (II, K)-This subroutine assembles loads in R(x 5) matrix in rows 1,

3,5, 7 when K = 0 and assembles loads in rows 2,4, 6,8 when
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K =1. On subsequent calls, the previous values are added to the

current values to the respective elements.

(10) CENT (JJ, J) - This subroutine evaluates centrifugal loads at JJ due to

deflections at J.

(11) CENF (JJ, J) - This subroutine evaluates centrifugal loads at JJ due to

deflections at J +1.

(12) CEJJ(JJ) - This subroutine evaluates centrifugal loads at JJ due to

deflections at JJ.

Individual logic of operation of the subroutines, COSN, FLEX, FLAP, FLAB,

ASMB, and a combined operation logic of CENT, CENF and CEJJ are presented

in Sections 3.2 to 3.5. The logics of the subroutines MULT, TRAN, RESL and STRU

are not presented as they are considered simple and self-explanatory.

‘These subroutines have been developed as modular programmes individually using

MAXIMOP facilities. Hypothetical values were fed in as input data and results were

checked by hand calculations. These check results are not presented here as these

are used just to verify that the subroutines evaluate correctly. However, these

modular programmes were checked by the author using several input data.

3.8.2 Library Subroutines

The following library subroutines have been used for the process of establishing the

eigenvalues and eigenvectors:

(1) FPMGESSOL

(2) FPDIRHESSE

(3) FPQRHESSE

(4) FPQRVS and

(5) FPBACK

3.8.2.1 EPMGESSOL

‘This library subroutine solves a set of simultaneous linear equations of the form

‘AX = Busing a Gaussian elimination method where A is an (m x m) matrix and B

is an (m xn) matrix. The call statement is CALL FPMGESSOL (M,N, E, A(1), B(1),

W(1), DET, IRANK, NRR) where M,N, IRANK and NRR are integer variables, E

and DET are Real variables and A, B and W are one-dimensional Real arrays of lengths

mm, mn and (m+ 3) /4 respectively. The molnioas is left in array B. Essentially,

the equation AX = B is treated in the form X= A "5 and the solved result is left in

array B. This subroutine is profitably used to invert f - DSL) |referred to in

equation (163). (C and D are termed as EIGA and EIGB in programming).
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3.8.2.2 EPDIRHESSE

This library subroutine reduces a real matrix to upper Hessenberg form. The

subroutine, given an (m x m) real matrix A calculates the (m x m) matrices N,H

and P where N is a lower triangle matrix and has a diagonal of 1's and has its first

column vector =

-

°

H is of upper Hessenberg form and P is a permutation matrix. The arrays N and

Hare formed by using a Gauss-like method of direct reduction with pivoting.

The call statement is CALL FPDIRHESSE (M, A(1), INT(1)) where M is an integer

variable, A is a one-dimensional Real array of length m’ and INT is an integer array

of length at least M - 2. In the present case the following values are set M =m,

the order of the matrix A (m° = elements)

A(k) = a, , where k=i+m (j-1)(,j=1.....m).

3,8,2,3 FPQRHESSE

This library subroutine computes the eigenvalues of a Hessenberg matrix by the QR

method, and is taken from a well tested Algol procedure. The eigenvalues are

computed by the QR algorithm method which is basically an algorithm which is

enhanced by a technique of double shifting and the detection of small elements and

pairs of small elements on the subdiagonal of a conveying array. The subroutines

find eigenvalues

A. ae AE (k=1, .....n) of ann x n upper Hessenberg matrix.

The call statement is CALL FPQRHESSE (M, A(1), ITS(1), X(1), Y(1) AA(1), IVS).

where M and IVS are integer variables, A and AA are one-dimensional Real arrays

of length n? ITS is an integer array of length at least n and X and Y are Real arrays

of length at least n.

Mis set a value n, the order of the matrix (noting n@elements) A (k)=h __ where

k=i+n (j-1) (i,j =1...-n) of which only those with subscripts i < j+1 ate relevant
since the matrix is assumed to be of Hessenberg form. If IVS =o then AA must not

be equivalent to A and the Hessenberg matrix in A will be preserved to find eigen -

yectors. If IVS + o then AA must be equivalent to A and the Hessenberg matrix in
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Awill be lost. Upon termination of FPQRHESSE X(k) = x, and ¥ (k) = y, are

obtained where x, + iy, = A, the kth eigenvalue.

3.8.2.4 FPQRVS

This library subroutine finds the eige nvectors of an (n x n) Hessenberg matrix

A=( 243) G,j=1..--+m) whose eigenvalues are known. y= Xj + 0), (K=1....m).

The vectors are found by the method of "inverse iteration" which may be defined by

You = (AHP TD Ug, tt gat = %qqq/max (V4) where P is an
approximation to an eigenvalue of A. The matrix (A- pI) is decomposed

triangularly into the product LU using partial pivoting, and then solve the equations

P(A-p I= b where P is a computation matrix, obtained by solving L¥ ay Be
uxey.

‘The call statement is CALL FPQRVS (M, A(1), AA(1), X(1), Y(1), T(1) where M is

an integer variable; A and AA are one-dimensional Real arrays of length 1; X and

Y are one-dimensional Real arrays of length n and T is a one-dimensional Real

array of lengthn®+7 n, Mis set a value of n, the order of the matrix (noting n®

elements) A(k) = ay; where k =i +n (j-1) (L,j-1.....+n) of which only those with

subscripts satisfying i ¢ j+1 are relevant, since the matrix is assumed to be of

Hessenberg form. Upon termination of FPQVRS the eigenvectors of the (nx n)

matrix A are recorded in the (n x n) array AA.

3.8.2.5 FPBACK

‘This library subroutine computes the eigenvectors of the original Real matrix

mentioned in FPDIRHESSE, given the results of the subroutines FPDIRHESSE,

FPQRHESSE and FPQRVS. Knowing the vectors °C), (k=1....n) satisfying the

equations He, =A, oc, the eigenvector B ,, $8 found which satisfied A 4 x ad, Se

‘The call statement is CALL FPBACK (M, A(1), AA(1), Y(1), INT(1)) where Mis an

integer variable, A and AA are one-dimensional Real arrays of length = > Yisa

one-dimensional Real array of length n and INT is a one-dimensional integer array

of length n-2. M is set a value of n, the order of the matrix, the Real array A

is set at n@ and the integer array INT is given a value of n-2. The eigenvectors

of the original Real matrix are recorded in the (n x n) array AA.

3.8.3 Input Data Files

The main programme is run by using many DATA files. The use of DATA files

allows a good degree of freedom of varying different parameters. Each data file

would be of the following form:
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FILE NAME

N_ (number of elements)

EG,

Al, TY, 1Z4, 4, Bl, BY, BS, EY4, EZ,, °,, IP,

A2, TY, IZ, J, BL, B2, BY, EY, EZ, ©, IP,

A3, 1%, IZ, Ja, a 4 Bay Boy EY, BZ, Oprtes
t

ie ee

rot yy, ot

'

i

'

‘ <4

' ‘ } ' '

1 ' ! { 1Pee

1 ! i ‘ t :

Bip Bigs Wg Up Bhs Ely BS yp Ey, B%, Cy. I,

Ky ye Ze Pap Po
Xp Yor Zor Pao Pro

vik Aus :
ry) 3 ag Pos

\

\

'

pete

eeei Me cet ata Pomssea
where the following explanations apply.

N = Number of elements, integer

E = Youngs modulus, G = Modulus of rigidity, 2 = Rotational speed.

A = Sectional areas.

IY = Second moment of area about Y axis.

IZ = Second moment of area about Z axis.

J = Torsional rigidity.

Bl = Higher moment of area 1.

B2 = Higher moment of area 2.

B3 = Higher moment of area 3.

EY, EZ=Shear centre offset co-ordinates.

- = Mass per unit length.

IP = Pitching inertias.

= c.g. position in X direction.

= c.g. position in ¥ direction.

Z = c.g. position in Z direction.

2, = Angle of inclination (pretwist) of y axis with the line of intersection of the

plane of cross section with XY plane, tip end

(3 = Angle of inclination (pretwist) of y axis with the line of intersection of the

plane of cross section with XY plane, root end.
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Various data files have been formed to deal with different blades and variations

in the geometrical phenomena.

3.8.4 Programme yTRI

The main programme is written in FORTRAN - IV and is named as VTRI. This

programme is suitable for 10 and 20 element idealisations. The programme may be

divided into main blocks as follows:

a Dimensioning the arrays and declaration of common storage.

(2) Read input data from DATA file.

(3) Set all arrays to zero.

(4) Write all input data.

(5) Start main calculations.

(5.1) JJ block

(a) form direction cosines

(b) form flexibility matrix

(c) form resolution matrix

(d) form transfer matrix

(5.1.1) JS block. Calculation of unit loads.

(5.1.2) J block.

(a) calculate centrifugal loads.

(b) calculate flapping loads.

(5.1.3) Re-set unit loads.

(5.1.4) Form G (BIGA) matrix

(5.1.5) Form D (EIGB) matrix.

(6) Set values of C and D suitable for calling library routines.

(7) Use library subroutines.

(8) Print frequencies and mode shapes.

(9) Subroutines.

‘A complete logic of the programme is presented in Appendix 9 which forms the basis

of programming, An output of the programme listing is presented in Appendix 7.

‘The programme uses 46K of core storage. A run time of (maximum) 3 minutes and

34 seconds was needed for a 10 element idealisation. The main features of this

programme are the inclusions of pretwist angle, offset shear centre position from

c.g. position, abrupt blade geometry changes such as sweep back, increase in

torsional rigidity due to pretwist, allowance for changes in sectional elements such as

taper and steps. Other factors such as Coriolis forces, shear deformations, coning,
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etc., which are neglected in this work could be easily accommodated if necessary.

Increase in accuracy can be obtained by increasing the number of elements.

Further accuracy could be obtained by introducing an assumption that each discrete

blade length deflects into a circular arc and that the blade bending moments in

each short blade varies cubically.

3.8.5 Use of MAXIMOP Facility

The multi access system known as MAXIMOP via terminals can process many jobs

simultaneously. The type of applications most suitable for MAXIMOP are those

in which there is a lot of need for communication between the user and the computer.

Applications where less communication is necessary (production run of large

tested programmes) are most suited to GEORGE runs. Use is made of MAXIMOP

facilities to test the subroutines as modular programmes and other minor programmes,

Due to limitations on the usage of MAXIMOP (core size, efficiency), terminal output

is not possible and the production runs were carried out as GEORGE jobs, but still

using MAXIMOP to request GEORGE runs. This special request facility is called

GEO2. A typical GEO2 request is presented in Appendix 8.
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RESULTS AND DISCUSSION

In total 62 different cases were run to include as many variations as possible.

‘These cases are in fact the variations of the major blade groups presented in

Tables 3-9. The variations considered for analysis and the blade codes as in DATA

files are presented in Table 2. While presenting the results in tabular form and

in graphical form, these blades are also referred to by their data file codes.

In the initial stages the individual subroutines were checked with numerical values

and subsequently adopted in the main programme, VTRI. The programme uses

46K of core storage and a run time (maximum) of 3 minutes and 34 seconds was needed

for computation. An output of the programme listing is presented in Appendix 7. To

show the output of results, a standard output print is presented in Appendix 10 for

reference. The term '% error’ referec in this chapter is used to indicate”

the % difference from one method to another. In certain cases the term

‘coupled' is used to represent simultaneous displacements in different

directions. The validity of the method is better appreciated by comparing

initially the standard cases where classical solutions are possible.

The computed results are compared to the known results in most of the

cases although this comparison was not possible in certain cases. When

the analytical solutions are not available for cases such ag sweep back

blades, the argument lies on the strength of the other known cases,

Subsequently, the cases where analytical and in certain cases where expe~

rimental results are known, have been considered and the results analysed.

A selection of rotating blades was also consicered and results compared.

This section is subdivided into four groups as follows:

(a) standard cases where classical solutions are possible;

(b) cases where no comparative results are presented;

(ce) cases where analytical and (in certain cases) practical results

are available; and

(d) rotating blades where results are available for comparison.

4.1 STANDARD CASES

A straight rectangular uniform blade as in Table 3, laid in overall X axis is

considered as a standard check case. The computed results and exact analytical



solutions are presented up to fifth mode in Tables 10-13, the exact analytical

solutions being obtained using classical formulae. The accu racy of the method is

considered to be very good for the first normal mode frequencies. The % errors

of the first normal mode frequencies are, flap bending mode 0.054%, drag bending

mode 0.075%, torsional 0.205% and longitudinal 0.206%. The accuracy of the

second mode frequencies are reasonable the % errors being: flap bending 1.075%,

drag bending 1.079%, torsional 1.857% and longitudinal 1.857%. The third mode

frequencies can be considered satisfactory, the % errors being flap bending 3.596%,

drag bending 3. 596%, torsional 5.194% and longitudinal 5. 194%. The percentage

errors on the fourth and fifth modes are in the increasing trend as can be seen in

Tables 10-13. The decreasing accuracy obtained for the higher modes is

due to the increasing effect of the constraints on deflected shape

imposed by the finite number of degrees of freedom in the analysis.

The same blade parameters were used and the case has been run as a 20 element

idealised blade. The computed results, results obtained by 10 element idealisation and

the exact analytical solutions are presented in Tables 53-56. The accuracy of the

method increased considerably. The % errors of the first normal mode frequencies

are, flap bending mode 0.00701%, drag bending mode 0.00682%, torsional 0. 0514%

and longitudinal 0,0514%. The % errors of the second mode frequencies are also

reduced considerably, the errors being, flap bending 0.279%, drag bending 0.278%,

torsional 0.463% and longitudinal 0.463%. Similar decrease in errors results on

higher modes also as could be referred to in Tables 53-56, It is, therefore,

concluded that accuracy of the results could be increased if necessary by increasing

the number of elements.

‘This has also been demonstrated by Williams (49). In his work on a case of 10

element idealisation the % errors were as follows: first mode 0.036%, second

mode 0.363%, third mode 1.501%, fourth mode 4.07% and fifth mode 8.567%. But

these errors have been reduced to a remarkably low percentage level when he

adopted 25 element idealisation; the percentage errors being, first mode 0.00076%,

second mode 0.0101%, third mode 0.0434%, fourth mode 0.126% and fifth mode

0.290%. It pparent that the accuracy increases with the increase of number of

elements.

However, running of all the cases on 20 element idealisation is not pursued. In

practice, the consideration of lower modes is more important than the higher modes

and hence it can be concluded that the present method is acceptable especially for
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the lower modes. An error analysis is presented in graphical form in Figure 13

for the cases of 10 element idealisation and 20 element idealisation. The percentage

errors increase in the form of exponential type with the increase of mode numbers.

In the case of 20 element idealisation, however, the curves are flatter, as expected.

‘The mode shape curves are presented in Figures 14-19. The flapping and drag

bending mode shapes are coincident for all modes. The flap bending mode shapes

depicted by Williams (49) method, for the present case by 25 element idealisation are

also plotted. The mode shapes compare reasonably well with those of Williams.

No attempt is made to compare the mode shapes obtained by the present 20 element

method for flapping and drag bending cases, as the shapes are too close to be

identified. However, the mode shapes obtained for these cases are presented in

Figures 76-78.

The torsional mode shapes are coincident with those of longitudinal modes for all

modes, which follows in the same fashion like flap bending and drag bending modes

shapes. The mode shapes obtained by both 10 element and 20 element idealisation

for torsional and longitudinal modes are presented in Figures 17-19 and the agreement

is considered to be very reasonable.

The frequency ratios, of a straight rectangular blade, between flap bending and drag

bending should be in the ratio of (Iz /Iy y3, which incidently checks all right for all

modes.

Another check is made by placing the blade positioned at equal angles

to all three global axes as presented in table 4 (blade 2) and also as

represented in figure 5d. In the figure the triangle ABC represents the

plane of cross section. Displacements in flap bending modes would give

rise to displacements in local z direction which has components in

global X,Y,Z directions. The displacements in drag bending modes would

give rise to displacements in local y directions which has components in

global X and Y directions only. The displacements in the longitudinal

mode would give displacements in local x axis directions which has

components in global X,Y,Z directions. The results computed for this

blade are presented in Table 1h. All the displacement patterns explained

above agreed with the results obtained. It can be seen that there is

practically no change in the frequency values. It is interesting to note

that the torsional mode shapes are independent irrespective of the y

inclination of the plane of cross-section. No attempt is made to present

the mode shapes as the aim was mainly to check that frequencies are

unchanged although the displacements in X,Y,Z directions do.
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A case where classical solutions were calculated and run on Williams’ programme

is also run on the present programme. The blade in question is blade no.3. This

blade is similar to blade no.1 but with different mass density and Youngs’ modulus.

The results obtained by the present method, solutions by classical method and

solutions by Williams are presented in Table 15, (Williams results are for flap

bending mode frequencies only). The % errors when compared to Williams results

were, first flap bending mode 0.024%, second flap bending mode 1.328%, third flap

bending mode 4.005%, fourth bending mode 7.979 % and fifth bending mode 12.917%.

The percentage errors when compared to classical results were as follows for

flapping and drag bending modes: first modes 0.062%, 0.061%; second modes 1.078%

third modes 3.596%; fourth modes 7.428% and fifth modes 12.149%, The percentage

errors for torsional and longitudinal modes are the same for all identical modes

which are as follows: first mode 0.206%;second mode 1.857%; third mode 5, 194%;

fourth mode 10.284% and fifth mode 17.239%. These errors are of the same order as

in blade no.1, The arguments presented for blade no.1 are applicable for the present

case also.

A blade with shear centre being offset from centroid in one axis only is considered.

This is the blade no.4 with ey = 1.0 inch and e, = 0. Two methods were used to

compare the results; Carnegies (6) method and Williams method, (not in reference 49),

Comparison of results is better made by reference to Table 16, The drag bending

mode frequencies are not presented as they were independent (uncoupled) modes,

and the main interest is to study the coupling effects. Although all the flapping modes

are coupled with torsional modes the amount of torsional coupling in the first three

modes are negligible. The calculated frequencies up to 7th mode are presented, the

fifth mode being predominantly torsional. The percentage errors are in the same

order of blades nos. 1 and 3 and can be referred to in Table 16. The mode shapes

up to fifth mode are presented in Figures 20-22. The fourth and fifth mode shapes

show the torsional coupling which is considerable. The fifth mode is that of fourth

mode type of flapping coupled with first mode type of torsional mode shapes. The

percentage error of the fifth mode is only 1.32% which is rather low for the mode

number. But it has to be appreciated that this frequency originally would have been the

first torsional mode in its uncoupled form.

The blades nos. 5 and 6 have been considered to study the variations in frequencies

due to offset shear centre from c.g in y and z directions. &y and e, values for

blade no.5 being 0.1" and the same for blade no.6 being 1". The frequencies up to
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fifth modes also of corresponding flap, drag and torsional modes in their original

uncoupled forms) are presented in Table 17. The frequency values are virtually

unchanged due to a very small offset considered in blade no. 5, (comparing to blade no. 1).

On the examination of mode shapes although coupling is present, the coupling is

negligible in smaller modes; in fact, only in the sixth mode any form of appreciable

coupling has been noticed. The frequency values of blade no. 6 show a slight

variation. These changes are presented in Table 17. Once again only in the sixth

mode any form of appreciable coupling has been noticed. Just to show the type of

coupling the mode shape of this sixth mode is presented in Figure 23. (The earlier

mode shapes were not presented due to the negligible coupling). This mode is of

flapping-drag-torsional coupled form. The form of coupling is that of first mode type

of torsion, third mode type of flap bending and fourth mode type of drag bending mode

shapes. It can be concluded that the offset between shear centre and centroid

introduces coupled form of frequencies any appreciable coupling being in the higher

modes.

For a straight uniform rectangular blade, independent vibrations occur in flap and

drag bending directions. With pretwist these vibrations couple together to give

complex modes which are best identified by ascending order of frequency. To consider

the effect of pretwist a set of blades is considered; blade nos.7 to 12 and1. The

pretwist angle range being 0° to 90° and the variations in pretwist angles were as

follows: blade no,1 - 0° pretwist, blade no.7 - 0.2 radian (11.46°), blade no. 8 -

0.4 radian (22.92°), blade no.9 - 0.6 radian (34.389), blade no.10 - 0.8 radian

(45,84°), blade no.11 - 1 radian (57.30) and blade no.12 - 1.51 radian (90°). The

coupled mode frequencies computed for these cases are presented in Tables 18 and 19,

Carnegies theoretical analysis (6) is used to calculate the first coupled mode frequencies

for the above range of pretwist angles. Comparison of results is better made by

reference to Table 18. Agreement between the computed results and the results

obtained by Carnegies method is very good. The percentage errors being 0.062%,

0.121%, 0.092%, 0.151%, 0.238%, 0.353% and 0, 852% for pretwist angles of 0°,

11,46°, 22.92, 34.38°, 45.84°, 57.30° and 90° respectively. The computed results

of the higher coupled modes, up to fifth mode are presented in Table 19. The

results are presented in graphical form (plotted to a base of pretwist angle) in

Figure 24. It should be noted that the vertical frequency scale is discontinuous and

in addition that its magnitude is adjusted to a suitable value in relation to the curve

being considered, this procedure being adopted for convenience of present ation.

88



The first coupled mode is little affected by pretwist angle. With increase in

pretwist angle, a small rise in frequency is apparent which is caused by coupling

between the first flap bending mode frequency and first drag bending mode frequency.

‘The amount of coupling increases with pretwist angle. Rosard (39) quoted a definition

which states "if two vibrating systems having nearly equal natural frequencies are

coupled together, the resulting system has one natural frequency below the low

uncoupled frequency and one natural frequency above the higher uncoupled frequency".

In pretwisted blade problem the vibrating systems considered are the second mode

vibration in the drag bending plane and the first mode vibration in the flap bending

plane. This is well understood in Figure 24; by the increasing values of first mode

frequencies with the increase of pretwist angle, decreasing values of second mode

frequencies with the increase of pretwist angle, increasing values of third mode

frequencies with the increase of pretwist angle, decreasing values of fourth mode

frequencies with the increase of pretwist angle and increasing values of fifth mode

frequencies with the increase of pretwist angle. No attempt is made to present all

the mode shapes for different pretwist angles as more numbers of pretwisted blades

are analysed. However, the coupled mode shapes up to five modes are presented

for a case of 1 radian (57.30°) pretwist angle (blade no.11) in Figures 25-27.

‘The first coupled mode shape is of the combination of first flap bending mode shape

type and the first drag bending mode shape type; the contribution of the flap bending

displacement being more than the drag bending displacement. The second coupled

mode shape is also of the combination of first flap bending displacement and first

drag bending displacement, but in this case, drag bending displacement being more

than flap bending displacement. The third coupled mode shape has two predominantly

coupled second bending type mode shapes. The fourth coupled mode shape is a

combination of the third flap bending type of mode shape and second drag bending type

of mode shape. The fifth coupled mode shape consists of a combination of two

second bending type of mode shapes. All these five coupled mode shapes for the

case of 1 radian pretwist angle are presented in Figures 25-27. It has to be remarked

that all the torsional and longitudinal frequencies are in uncoupled form as would be

expected.

4.2 CASES WHERE NO COMPARATIVE RESULTS ARE PRESENTED

In the previous section most of the cases analysed have exact analytical results to

compare. However, as the method is developed for a more general case the following

blades were also considered:
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(a) _ Pretwisted blade with shear centre offset from c.g. with 1 radian

pretwist - blade no. 13.

(b) ‘Swept back blade, the tip element being swept at 90° as prescribed

in blade no. 14.

(e) A special case with very large second moment of area about z axis

and 1 radian pretwist angle - blade no.15.

(a) As above with 90° pretwist angle - blade no.16 and

(e) A zig-zag blade as in Table 5, blade no.17.

For these cases, there are no comparative results, but it can be argued that as

the method has been found acceptable, the results computed for the above cases

should be in the same region of accuracy level. The coupled mode frequencies

of blade no. 13 are presented in Table 20 and the frequencies are compared to

that of blade no,1 and blade no.12. In fact, very little change is noticed in the

coupled mode frequencies compared to those of blade no.12. This is expected

as the blade no.13 is the same as blade no. 12 with a slight shear centre offset

being introduced. (ey = e, = 0.1").

‘The mode shapes were also similar to those of blade no.12 with negligible torsional

coupling and the mode shapes are, therefore, not presented. However, the

torsional and longitudinal frequencies in their uncoupled form of blades nos. 1 and 12

are compared to the corresponding frequencies in Table 21. It can be stated that

there are little changes in the frequency values due to such a small offset value

although there are traces of coupling in the mode shapes.

A blade kinked as in the case of blade 14, could be diagramatically

represented as in figure 5e and the disturbed position for the drag

bending mode could be represented as in figure 5f (exaggerated

representation). For this type of blade the drag bending would have

a noticiable displacement in X direction also. The flapping displace-

ments would lead to displacements in Z direction coupled with torsional

displacements. The coupled values of frequencies are presented in

Table 22, These frequencies are compared with the frequencies of

blace 1. This can better be appreciated by reference to the mode

Shapes plotted in figures 28 - 30. The first mode shape is that of

a combination of flap bending mode shape and torsional mode shape.

The second mode shape is a combination of drag bending mode shape

and longitudinal mode shape. The third mode shape is a combination

of flap bending mode shape coupled with torsional mode shape. The

abrupt change of direction of the tip member causes the kinks that

can be observed in the above mode shape curves.The fourth mode
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shape is a combination of flap bending mode shape and torsional mode shape

with the kinking effect being present. The fifth coupling mode shape is that of

drag bending mode shape coupled with longitudinal mode shape with the kinking

effect predominantly present.

The results computed for blades nos. 15 and 16 are presented in Table 23 and

these results are compared with those of blades nos. 11 and 12. It is obvious

that the second moments of area in both cases are very high and naturally the

blade will become stiffer and especially with pretwist being present higher values

in freauencies will result. This has been found so as shown in Table 23.

The computed results of blade no.17(zig-zag blade) is presented in

Table 24.The interesting fact of this blade is that displacements

occur in X,Y,Z directions in addition to torsional displacements in

all modes. The coupled mode shapes are presented in Figures 31-33. All

five modes are coupled flap-drag-torsional-longitudinal type.However

for the sake of clarity, where the relative displacements are very

small that particular mode shape is not drawn.

Another interesting factor in the blades 14&17 is that there is slight variation in

the additional torsional mode shapes which are associated with @ in Section 3.4.

Hitherto, this additional torsional mode shape has been constantly the same as the

torsional mode shapes. But owing to the change of direction in the centroidal axis

although too small to be represented on the graphs, does slightly change this

additional torsional mode shape. This has been represented as 'sweep torsion’ in

the computer print outs. This has justified the introduction of two torsional

deformation parameters © and @ in Section 3.4.

4.3 CASES WHERE RESULTS BY DIFFERENT APPROACHES ARE KNOWN,

Carnegie's (6) rectangular and aerofoil cross section blades and Montoya's (30)

aerofoil cross section blades have been considered in this section. The rectangular

blade considered has geometrical configuration as in Table 6 and is referred to as

blade no.23. The computed natural mode frequency values of flap, drag, torsional

and longitudinal modes up to fifth mode are presented in Tables 35 and 36, The exact

corresponding analytical solutions are also presented in the above Tables for

comparison. The following percentage errors have been noticed. First modes: flap

bending 0.062%, drag bending 0.062%, torsional 0.206%, longitudinal 0.206%;

second modes: flap bending 1.078%, drag bending 1.078%, torsional 1.874%,

longitudinal 1.874%; third mode: flap bending 3.596%, drag bending 3.596%,
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torsional 5.194%, longitudinal 5.194%. The percentage errors are in the

increasing trend for fourth and fifth modes as can be noticed in Tables 35 and 36.

‘The percentage errors were in the same order for blade no.1. Once again, this

indicates that the errors increase with increasing mode number.

The effect of pretwist angle on the above blade is analysed by considering the pretwist

angle in the range of 0° to 86°, The blades considered are blades no, 23 to 28

with variations as follows: blade no. 23 -0° pretwist, blade no, 24 - 0.3 radian

pretwist (17.199), blade no.25 ~ 0.6 radian (34.389) pretwist, blade no. 26 - 0.9

radian (51.579) pretwist, blade no.27 - 1.2 radian (68.75°) pretwist and blade no. 28 -

1.5 radian (85. 94°) pretwist angle. The coupled mode frequencies computed for

these cases are presented in Tables 37 and 38, and also the results of uncoupled

torsional and longitudinal mode frequencies up to fifth mode for the same range of

pretwist angle are presented in Tables 39 and 40. Comparison of results is better

made by reference to Tables 37 and 38, Agreement between the computed results

and the results obtained by Carnegie's method (6) for the first coupled mode

frequencies is very good. The percentage errors being 0.0617%, 0.0592%, 0.108%,

0.198%, 0.357% and 0.539% for pretwist angles of 0°, 17.199, 34,389, 51.57°,

68.75° and 85. 94° respectively.

‘The computed results of the higher coupled modes up to fifth mode are presented

in Table 38. Carnegie's (6) practical results are also shown on both Tables 37 and 38.

‘These results are also presented in graphical form in Figures 34 to 36, It is

remarked that the vertical frequency scale is discontinuous and in addition that

its magnitude is adjusted to a suitable value in relation to the curve being studied.

Reasonable agreement is shown between the two theoretical frequency curves and

also between the Carnegie's experimental results and the present results for the

first coupled mode. Since the theoretical frequencies are greater than experimental

ones, it would appear that stiffnesses of the actual blades are less than the values

used in calculations. Carnegie (6) argued that inclusion of rotary inertia and shear

deformation would reduce the theoretical frequencies. Examination of frequency

curves for the higher coupled modes clearly shows the influence of pretwist and its

associated coupling between flap and drag bending modes. Apart from a change in

frequency values of certain modes, for example, the second coupled mode

frequencies suffer a considerable reduction in frequency with increase in pretwist,

a frequency doubling occurs in the higher modes as would be expected of a coupled

system. This is noticeable in Figure 35, for the third coupled mode frequencies.
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‘As the doubling effect increases with the increasing number of modes, not all his

practical results are presented here. An attempt is also made to justify this

frequency doubling effect by approximately the third and fourth coupled mode

frequencies obtained by the present analysis, by plotting imaginary doubling effect.

There is coupling, although not very appreciable, between torsional

and longitudinal frequencies. This can better be appreciated

from the Tables 39 and 40. It can be concluded that for rectangular blades the first

coupled mode frequencies show a slight increase with the increase of pretwist

angle and the higher coupled mode frequencies are affected considerably by pretwist

and hence coupled flap and drag bending effects. No attempt is made to present mode

shape curves for the cases in blade nos, 23 to 28 as the coupling effect will be

obvious and are observed to be similar to the rectangular blades nos 7-12 considered

in 4.1.

‘The aerofoil cross section blade considered for a uniform untwisted case has got

geometrical parameters as referred to in blade no.45. The frequencies computed

by the present method and by simple beam theory are presented in Tables 41 and 42.

‘The flap bending, drag bending, torsional and longitudinal mode frequencies are

uncoupled in this particular case as s.c is assumed to coincide with c.g as a

special case and the pretwist is absent. The following errors are observed for

flap bending and drag bending mode frequencies: first modes: 0.062%, second modes:

1.078%, third modes: 3.596%, fourth modes: 7.428% and fifth modes 12. 149%.

‘The effors for torsional and longitudinal modes are as follows: first modes: 0.206%,

second modes: 1.857%, third modes: 5.194%, fourth modes 10, 284% and fifth modes:

17.238%. Once again, this confirms that the method is readily acceptable for lower

modes and the percentage errors increase with mode numbers. To consider the

offset shear centre effect in the above blade another one, blade no, 37, is considered.

‘The results obtained by computing are compared to those of blade no.45 in Table 43.

‘The coupling is of flapping-drag-torsional type. The amount of torsional coupling on

the flapping modes is negligible where as torsional-drag bending coupling is

considerable as can be referred to in Table 43,

The following three groups of aerofoil cross section blades are considered for further

analysis.

(a) _pretwist effects on blade no.45 in the range 0° to 90°.
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‘The blade numbers are blade 45 - 0° pretwist angle, blade 46 - 15°

pretwist angle, blade 47 - 30° pretwist angle, blade 48 - 45° pretwist

angle, blade 49 - 1 radian pretwist angle, blade 50 - 60° pretwist angle,

blade 51 - 75° pretwist angle and blade 52 - 90° pretwist angle.

(b) _pretwist effects on blade no.37 in the range 0° to 90°; blades nos. 37 to 44,

the pretwist angles being in the same steps of (a).

(ce) pretwist effects on a special case of aerofoil blade including higher moments

of area and shear centre offset from c.g; blades nos 29 to 36 the pretwist

angles being in the same steps of (a).

The computed coupled mode frequencies up to fifth mode for the pretwist angles

in the range of 0° - 90° for the above three cases are presented in Tables 44 to 48,

Carnegie's practical results are also indicated in the above tables. These coupled

forms of frequencies are referred to in graphical form in Figures 37 to 41.

Referring to Figure 37, the first coupled mode frequencies show a slight increase in

frequency with the increase in pretwist angle for the cases (a) and (b). But inclusion

of higher moments of area terms (B1, B2, B3) in the calculation, has a decreasing

effect with the increase in pretwist angle. However, it is observed that the

frequencies of these cases are closer to practical results of Carnegie. In any

case, his theoretical results are closer to the results of cases (a) and (b). In all

the three cases the coupling is of flap-drag-torsional type as is expected of

pretwisted aerofoil cross section blades. Between the cases (a) and (b) the changes

in frequency values are negligible. This shows that offset in shear centre has little

effect on the first coupled modes and the increases in frequency values are mainly

caused by the coupling due to pretwist.

Referring to Figure 38, the second coupled mode frequencies show a steady decline

of frequencies with the increase of pretwist angle. This is applicable to all the three

cases considered and the practical results of Carnegie. All the coupled frequencies

are of flap-drag-torsional coupling form.

The third coupled mode frequencies represented in Figure 39 show a steady increase

in frequency values with the increase in pretwist angle, this being so for all the

three cases considered and Carnegie's practical results.

One interesting factor noticed in the fourth coupled mode frequencies referred to in

Figure 40 is that the original torsional mode frequency for case (a) is unaffected by



the increase in pretwist angle. This behaviour is like that of a rectangular cross

section. This is because ey and e, are zero for these cases and torsional coupling

is, therefore, absent for all cases considered under this category. However, the

cases considered in (b) and (c) show appreciable form of coupling, as did the

practical results of Carnegie.

Referring to fifth coupled mode frequencies referred to in Figure 41, all theoretical

results show a steady decline of frequency values with the increase in pretwist

angle with the exception of practical results of Carnegie. However, he indicated

frequency doubling at this coupled mode.

It is considered voluminous to present all the mode shapes of the cases of pretwi

angles in (a), (b), and (c). However, the following selected coupled mode shapes

curves are presented for reference:

(1) __ Five coupled mode shapes of case (a) with a pretwist angle of 1 radian.

(2) Five coupled mode shapes of case (b) with a pretwist angle of 1 radian.

(3) Five coupled mode shapes of case (c) with a pretwist angle of 1 radian,

(4) Five coupled mode shapes of case (c) with a pretwist angle of 30°.

(5) Five coupled mode shapes of case (¢) with a pretwist angle of 45° and

(6) Five coupled mode shapes of case (c) with a pretwist angle of 90°.

It is remarked that in all the above cases the longitudinal mode frequencies are

independent and the couplings are flap-drag-torsional type.

‘The first five mode shapes presented in Figures 42 to 44 refer to aerofoil blade

with 1 radian pretwist with ey =e, = 0 and also BI = B2 = B3 = 0. Hence the

coupled mode shapes are flap bending-drag bending coupled type. An independent

torsional mode shape is also present. The first coupled mode shape is a

combination of two first mode shape types. (Flap bending and drag bending). ‘The

second coupled mode shape consists of a second flap bending type of mode shape

coupled with a second drag bending type mode shape. The third mode shape is an

uncoupled torsional mode shape. The fourth coupled mode is a combination of

two second mode shape types. The fifth coupled mode shape consists of a third

flap bending mode shape coupled with another third drag bending mode shape.

The first five modes presented in Figures 45 to 47, refer to aerofoil blade with

one radian pretwist with offset shear centre effect included but with Bl = B2 = B3 = 0.

‘All mode shapes are coupled flap bending - drag bending - torsional modes.
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However, the torsional coupling on the first coupled mode shape is negligible.

‘Third and fourth coupled mode shapes are predominantly torsion and on the

fifth coupled mode shape the torsional coupling is not appreciable.

The first five modes presented in Figures 48 to 50, refer to aerofoil blade with

one radian pretwist including the effects of Bl, B2, B3, ey ande,. These mode

shapes are similar to the previous case with a main difference that torsional

coupling becomes more significant in all the coupled mode shapes. This is

considered to be mainly due to the introduction of higher moments of area terms

Bl, B2, and B3 in the calculations.

‘The other fifteen mode shapes (first five modes for three different cases) are

presented in Figures 51 to 59. The blades in question are the same as in the

previous paragraph but with pretwist angles of 30°, 45° and 90°, Although the

coupling and types of mode number are similar to the previous case one

significant thing noticed is that flap-drag-torsional coupling is stronger at higher

modes especially at the fifth coupled modes.

A blade in reference (30) is found to be of some interest as the author of that work

included higher order moment terms similar to Bl, B2, B3 terms used in the

present work, in his analysis. However, his definition of B1, B2 and B3 is slightly

different from the present work. The blade has geometrical details as in Table 8.

These values are extrapolated values to suit an eight element idealisation. This

is referred to as blade no. 53 and the variations considered on this blade are as per

blade nos. 54 and 55. Montoya (30) has presented first seven frequencies with

variations considered as in blades 53,54 and 55. The computed results of the above

cases are presented in Tables 49, 51 and 52. The agreement is very good for the

blade no.55. This is mainly because there are no coupling terms included in

calculations, The percentage errors in the other two cases show no real pattern

(e.g. no increase or decrease with mode number), although they are in reasonable

range except in two cases where the errors are found to be 23.77% and 24.78%. It

can be argued that Montoya's treatment of the problem is different and his

geometrical data are not used in exact form in the present work as they were

modified to suit the present analysis. However, the frequencies obtained without

any coupling terms by the present method compare very well with those of

Montoya (Table 51).
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Significance of higher order terms.

Although the inclusion of higher order terms B1,B2,B3 are considered

in the previous section im a general sense, it is considered essencial

to make some detailed observations of the importance of these terms.

Referring to table 44 for example, the first coupled mode frequencies

show an increase with the increase of pretwist angle for the cases where

no coupling terms are introduced(case A).There is a very small effect

on frequencies on introducing the s.c. off-set.(case B) There is

considerable reduction in frequencies with the increase of pretwist

angle for the cases where higher order terms are introduced.(case C)

Similar effects are observed on higher mode frequencies also.

The higher orcer terms B1,B2,B3 are defined in equations 46-48. In the

flexibility matrix these terms are associated with coefficents C1,C2 &C3

(equations 69-95); where Cl=Bl f' 7A, C2=(B3-e Bl y p a and C3=( B2-e BL /T

It should be appreciated that Cl is affected by variation in pretwist

only(uniform cross section assumed). On the other hand C2 could be aff-

ected by the values of e,ty and the pretwist angle. Similarly C3 could

be affected by the values of yt, and pretwist angle. The values of C2

and C3 are extreemly sensitive to the values of Ty and I, as they are

very small in the present case(.00671&.0001). They are also sensitive

to the s.c. off-set terms as they are multiplied by values of Bl. Note

that the values of Bl are much higher than those of B2 and B3.

A blade with 1 radin pretwist(blade 33 code JNI4) is chosen to consider

the changes in Cl,C2 and C3 for the following variations. a)B1=B2=B3=0

b)B140,B2=B3=0 c)B1=0,B240,B3=0 d)B1l=B2=0,B340 and e)B1,B2,B340. The

different values of Cl,C2 and C3 are presented in Table 57. Considerable

changes in the values of Cl,C2 and C3 are obvious for different cases

analysed. In order to show how the values of flexibility matrix are

effected, the flexibility matrices associated with the above 5 cases

are computed and presented in Tables 58-62. The frequencies upto 5 modes

of the above cases are also presented in Table 63.

It is however observed that inclusion of Bl only in the case of rectang-

ular blades had considerable effect on frequencies(blade 23) for increas-

ing pretwist angles. This is because s.c values are zero for rectangular

plades and also B2=B3=0. For the present cases the off-set s.c terms

are coupled with higher order terms resulting in considerable changes

in the flexibility matrix. All the foregoing considerations indicate that

the incusion of B1,B2,B3 and s.c off-set terms could have considerable

effect on the normal mode frequencies.
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4.4 ROTATION CASES

A number of rotating cases of blades were also considered. Blades nos. 18 to 22

represent different speeds of rotation of the blade in Table 3. The speeds of

rotation being 3 radians/sec, 6 radians/sec, 10 radians/sec, 15 radians/sec and

20 radians/sec for the blades nos. 18,19, 20,21 and 22 respectively. These cases

were run by the present programme and by Williams’ programme. The normal

mode flap bending and drag bending frequencies up to fifth mode computed by both

methods are presented in Tables 25-34.

The percentage differences of the first flap bending mode frequencies for different

speeds of rotation are as follows: 3 radians - 0.227%, 6 radians - 0.38%, 10 radians -

0.512%, 15 radians - 0.57%, 20 radians - 0.56%. The percentage differences

of the first drag bending modes for different speeds of rotation are as follows:

3 radians - 0,18%, 6 radians 0.48%, 10 radians - 1.11%, 15 radians - 2.28%

and 20 radians - 3.81%. The agreement between these two methods are remarkably

good for the first mode frequencies. Similar percentage differences, for the second

flap bending modes are 0.598%, 0.32%, 0.19%, 0.156% and 0.17%; and for second

drag bending mode frequencies are 1.0%, 0.83%, 0.625%, 0.45%,0.33%. The

agreement between the two methods on second mode frequencies are also good.

‘The percentage differences on the third flap bending mode frequencies are 2.91%,

2.19%, 1.82%, 1.76% and 1.76% and the differences in the cases of drag bending

mode frequencies are 3.51%, 3.28%, 2.91% 2.48% and 2.20%. The agreement

in these cases could be considered as reasonable. The errors on the higher mode

frequencies increases with the increase of mode number as can be refer red to in

Tables 25 to 34.

Once again, it can be concluded that William? results and the present results

are in good agreement for the lower mode frequencies. Williams’ results are

better for higher modes also mainly because his method is a 25 element idealisation

and also he has used sophisticated deflection curve patterns and bending of moments.

However, the present method is in close agreement with those of Williams’ results

especially for lower modes. As the percentage errors caused by the present

method for non-rotating cases are in the same region of errors by Williams' 10

element idealisation technique, it can be argued that a 25 element idealisation of

the present method would result in the same sort of accuracy of Williams! for both

rotating and non-rotating cases. In fact, improvement in accuracy has been shown,

by increasing the number of elements to 20. (See Section 4.1).
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The frequency variations on each mode due to different speeds are better

understood from Figures 60 to 64. The analysis of mode shapes of all these

cases would be voluminous. However, mode shapes of the first five modes of

flap bending and the first five modes of drag bending for one rotation case are

presented (3 radians/sec). These are in Figures 65 to 70. On all these mode

shape curves, the mode shapes obtained by Williams 25 element idealisation are

also indicated. It can be seen from Figures 65 to 70 the mode shapes of all the

flap bending modes and drag bending modes are in very good agreement with those

of Williams.

The mode shapes obtained for torsional and longitudinal modes are also presented,

up to fifth mode in Figures 71 to 73.

Another known case of rotating blade is that of Montoya's (30) which is adopted

for running by the present programme. Although he did not present the calculated

results, the results of his work were read off from the graph (30) and compared with

the present results. The blades used for these runs are referred to as blade nos.

56 to G1. The results obtained for the first mode frequencies for different rotation

speeds are presented in Table 50. The results are also presented in Figure 74.

From the above figure it can be seen that the present results are closer to

Montoya's practical results than his theoretical results,

Another known case where computed frequency values and mode shapes are

available, is that of Wilde (48). The blade parameters used in his blade were

idealised into ten elements and run on the present programme. The results obtained

are encouraging. His values of first and second mode frequencies of 3.183 and 8.781

compare well with the present values of 3.236 and 8.807. The bending mode shape

presented by him compares very well with the mode shape obtained by the present

method which can be referred to in Figure 75.
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5

CONCLUSIONS

A discrete element method has been developed for the solution of

normal mode frequencies and their mode shapes. The method is suitable

for both rotating and non rotating blades having complexities such as

pretwist, off-set shear centre from centroid, variable mass per unit

length and abrupt changes in the centroidal axis. Various checks have

been made for different cases with known standard analytical solutions

and other investigator's results where available, The results obtained

indicate that the method is stable and the accuracy to be good

especially for lower modes.

The accuracy of the method decreases with the increase of mode number.

On the other hand the accuracy of the method increases by increasing

the number of elements. This has been established by computing the

results using 20 element idealisation and comparing with those of 10

element idealisation, blade geometrical properties being the same in

either case.

For rectangular cross section blaces, the natural frequencies and

mode shapes of vibration obtained by this method gives good agreement

with those obtained by Williams' metod. Similar agreement is shown

with the results of Carnegie's method. The displacements in flap,

drag and longitudinal and torsion are independent for a uniform

rectangular blade. When a blade is positioned at equal inclination

to overall X,Y,Z directions (54.73 the following displacement patterns

have be observed. The flap bending displacements have components

in global X,Y,Z directions and drag bending displacements have

components in global X and Y directions. The displacements in the

longitudinal mode have components in global X,Y,Z directions. However

torsional displacements do not form any coupling. In the above cases

the values of normal mode frequencies are not changed from the values

of those laid in one axis. It can be concluded that the natural

frequencies are independent of the position in which the blade is

laid whereas the mode shapes are dependent on the position of the blade.

For a swept back bade ( as in the case of bade 14 with 90° sweep back)

the flapping displacements would lead to displacements in Z direction

coupled with torsional displacements. The drag bending displacements

would lead to displacements in Y direction coupled with longitudinal

(X) displacements. A kink is noticeable on the mode shapes of this
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plade which is predominent on the higher modes.

A zig-zag blade ( blade 23 ) causes displacements in X,Y,Z directions

in addition to torsion on all modes of frequencies. The mode shapes

are very copmlex compared to those of normal mode shape curves. It

is concluded that abrupt changes in the centroidal axis causes changes

in the frequency values compared to those of straight blades and the

torsional mode shapes in particular result in complexities.

For rectangular blades with pretwist being present, the flapping

and drag mode frequencies couple together to give complex modes which

are best identified by the ascending order of frequencies. The inclusion

of the higher order term Bl (B2=B3=0) in a pretwisted rectangular

plade calculation indicated an increasing trend of first mode frequency

with the increase of pretwist angle.

For blades with off-set shear centre from centroid, e.g aerofoil cross

section blade, the mode of vibration is that of coupled flap-drag-

torsional type and the longitudinal mode is independent. However the

coupling is appreciable only in the higher modes. For pretwisted

aerofoil cross section blades thecoupled modes are predominantly

flap-drag-torsional type. Traces of longitudinal coupling are however

observed on certain modes. The complex mode shapes are better identi-

fied in the ascending order of frequency.

The introduction of higher order terms B1,B2,B3 in the pretwisted

aerofoil cross section blades results in significant changes in the

flexibility matrix. Considerable changes to the frequency values and

their mode shapes have been observed due to the inclusion of higher

order terms. For example the first normal mode frequencies, show a

decreasing trend with the increase of pretwist angle. This is mainly

because the higher order terms coupled with off-set shear centre

co-ordinates decrease the flexibility. Torsional coupling is more

significant in all the coupled mode shapes for the cases when the

higher order terms B1l,B2 and B3 are introduced in the calculations.

It is concluded that calculation of natural frequencies and mode

shapes of vibration of asymmetrical beams neglecting higher order

terms or with inaccurate values of shear centre co-ordinates could

result in unacceptable values. Therefore due consideration must be

given in establishing the higher order terms and the s.c position,

during the design stage. It is concluded that natural mode frequencies

and mode shapes can be Calculated using this method at design stage.
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FUTURE WORK

To improve the accuracy of the method a more sophesticated stress and

deformation pattern could be introduced. For example in calculating

the blade bending moment each discrete blade length could be assumed

to be deflected into a circular arc. In evaluating the displacement

of the blade at the ends of the discrete elements the blade bending

moment in each short blace length could be assumed to vary cubically.

The number of elements could be increased to increase the accuracy

of the method.

The changes in steady state geometry, some times known as centrifugal

untwisting moment, could affect the normal mode frequencies and the

mode shapes. There may be sizable steady state deformation of the

rotating blades. This could be studied in some detail as a pre-

analysis package. The shear deformation and Coriolis' forces could

be included in the theory to study their effect on normal mode frequ-

encies and mode shapes.

The importance of the inclusion of the higher order terms could be

analysed further to include accurate prediction of the values of the

higher orcer terms and the shear centre location; and their sensitive-

ness to other terms they are coupled with, The present method could

be extended to establish the bending moment distributions.
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BLADE DESCRIPTIONS TABLE 2

Blade Blade Code

No in the Description Of Blade Details
Data File

1 KUMN As in Table 3

2 SHRT As in Table 4

3 SUND As in Table 3 ; with B= 10 x 10° 1bf/ in’ and
P= 18 1t/ in; ( To consider variation in P)

4 SHER As in Table 3 with changes; J = 3 int & 1-2 1bs.seo*
e, = 1 in j To consider s.0 off-set in y axis

5 CESH As in Table 3 5 with ey =e, = 0.1

6 SHCE As in Table 3 ; with ey = e, = 1.0

1 PTo2 As in Table 3 ; with Pretwist angle 0.2 radian

8 PTO4 As in Table 3 ; with Pretwist angle 0.4 radian

9 PTOS As in Table 3 ; with Pretwist angle 0.6 radian

10 PTO8 As in Table 3 ; with Pretwist angle 0.8 radian

"1 prea As in Table 3 ; with Pretwist angle 1.0 radian

12 PTC1 As in Table 3 ; with Pretwist angle 1.5708(90°) radian
3 Pres As in Table 3 ; with 1 radian pretwisté ey=e,=0.1"

14 KUSP As in Table 3 ; with a sweep back of 90° of 1st element

15 HIIZ As in Blade 11 with 1Z=10000 (To consider the effect
of large second moment of area)

16 HINZ As in Blade 12 with 12%=10000 (To consider the effect

of large second moment of area)

17 KINK As in Table 5

18 RTO3 As in Table 3 with speed of rotation =3 radians/sec

19 RTO6 As in Table 3 with speed of rotation =6 radians/sec

20 RTM0 As in Table 3 with speed of rotation =10 radians/sec

21 RM5 As in Table 3 with speed of rotation =15 radians/sec

22 RT20 As in Table 3 with speed of rotation =20 radians/seo

23 TAMO As in Table 6

24 TAMA AS in Table 6 with Pretwist angle 0.3 radian

25 TAM2 As in Table 6 with Pretwist angle 0.6 radian
26 TANS As in Table 6 with Pretwist angle 0.9 radian

27 ‘TAMA As in Table 6 with Pretwist angle 1.2 radians
28 TAMS As in Table 6 with Pretwist angle 1.5 radians
29 INTO As in Table 7

30 unt As in Table 7 with Pretwist angle of 15°
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Table 2 Continued

Blade Blade Code

Wo in the Deseription Of Blade Details
Data File

" oni As in Table 7 with a Pretwist angle of 30° "

32 INT3 As in Table 7 with a Pretwist angle of 45°

33 INIA As in Table 7 with a Pretwist angle of 57.30°(1 radian)

34 NTS As in Table 7 with a Pretwist angle of 60°

35 INT6 As in Table 7 with a Pretwist angle of 75°
36 INT7 As in Table 7 with a Pretwist angle of 90°

37 INTO As in Table 7 with B1 =B2 =B3 =0

38 ont As in Blade 37 with a Pretwist angle 15°

39 INT2 As in Blade 37 with a Pretwist angle 30°

40 INT As in Blade 37 with a Pretwist angle 45°
wa INT4 As in Blade 37 with a Pretwist angle 57.30°(1 radian)

42 INTS As in Blade 37 with a Pretwist angle 60°

43 ‘INT6 As in Blade 37 with a Pretwiet angle 75°
AA ont] As in Blade 37 with a Pretwist angle 90°

45 CAMO As in Table 7 with ey = e, = B1 = B2 = B3 = 0

46 cam As in Blade 45 with a Pretwist angle 15°
47 caM2 As in Blade 45 with a Pretwist angle 30°
48 CAM3 As in Blade 45 with a Pretwist angle 45°
49 CAMA As in Blade 45 with a Pretwist angle 57.3°(1 radian)

50 CAMS As in Blade 45 with a Pretwist angle 60°
51 CAME As in Blade 45 with a Pretwist angle 75°
52 CAMT As in Blade 45 with a Pretwist angle 90°

53 MON5 As in Table 8
54 MON As in Table 8 with a pretwist angle of 1.121 radians
55 MON4 As Blade 54 with ey = e, = B1 = B2 = B3 = 0

56 SUB1 As in Table 8; ey=eg=B1=B2=B3=0;Rotation 0 r.pem

57 SUB4 As in Table 8; ey=eg=B1=B2=B3=0;Rotation 1000 r.p.m

58 SUBS As in Table 8; ey=e,=B1=B2=B3=0;Rotation 1500 r.pem
59 SUB6 As in Table 8; ey=e,=B1=B2=B3=0;Rotation 2000 r.psm

60 SUB7 As in Table 8; ey=eg=B1=B2=B3=0;Rotation 2500 r.pem
a1 sUB2 As in Table 8; ey=eg=B1=B2=B3=0;Rotation 3000 r.p.m

6 EWDE As in Table 9 and Speed of rotation = 20 radians/sec

BLADE DESCRIPTIONS

TABLE 2



+Rigidity Modulus

sLength

5 x10° 1t/in®

100 in

Short title of the blade:Uniform rectangular

blade laid in X axis

Blade code 2KUMN

Description of the parameter Seem ey nY ' ae
1 2 3 4 5 6 1 8 9 10

A .tArea tin? 10 10 10 10 10 10 10 10 10 10

q, t2nd moment of area about y existin! 4 1 1 1 1 1 1 4 1 1

L 22nd moment of area about 2 axissin 10 10 10 10 10 10 10 10 10 10

J :Torsional stiffness tint 10 10 10 10 10 10 10 10 10 10

&y 20ff-set between c.sko.g tin ° 0 ° oO ° ° oO 0 ° 0

ee :0ff-set between c.ske.g sin 0 0 ° Oo ° 0 ° ° 0 0

B1 tHigher moment 1 sin? 0 ° ° 0 ° ° 0 0 ° 0

B2 tHigher moment 2 sin? 0 ° ° ° ° ° ° 0 0 °

B3 :Higher moment 3 tin? ° ° ° ° ° ° ° 0 ° °

PP Mass per unit length 1et/in 1 1 1 1 1 A 1 1 1 1

ib :Pitching inertia lbs sec/in 10 10 10 10 10 10 10 10 10 10

X 1X Co-ordinate of og tin 100} 90 70 60 50 40 30 20 | 10
Y tY¥ Co-ordinate of c.g tin ° 0 ° oO 0 0 0 0 °

Z %Z Co-ordinate of c.g tin oO oO 0 oO oO 0 oO i)

E tYoung's Modulus 41 x10° 1bf/in®
@

L

é tPretwist angle -tip to root 0 radian
BLADE PARAMETERS OF BLADE No 1

TABLE 3



Deseription of the parameter Be eS ae } Pee
1 2 o) 4 5 6 7 8 9 10

A threa sin? 10 10 10 10 10 10 10 10 10 | 10
T, #2nd moment of area about y axistin® A 1 1 1 4 1 1 1 1 1

1, 12nd moment of area about 2 axistin 10 10 10 10 10 10 10 10 10 | 10

J : Torsional stiffness 10 10 10 10 10 10 10 10 10 | 10
e, 10ff-set between c.sho.g 0 0 0 0 0 0 0 0 0 °

e, 10ffset between cestcwg 0 ° 0 ° 0 ° 0 ° 0 0

B1 :Higher moment 1 ° 0 ° ° ° o 0 0 0 0

B2 :Higher moment 2 ° 0 ° 0 ° 0 0 0 ° 0

B3 :Higher moment 3 o ° 0 ° 0 0 0 ° 0 0

P Mass per unit length ve/in | 4 1 1 1 1 1 1 1 1 1

Ip tPitching inertia Ibs sec*/in 10 10 10 10 10 10 10 40 10 | 10
x #% CO-Ordinate of og tin 572735] 51.962| 46.188] 40.415] 34.641] 28.868] 23.094] 17.321] 11.547] 5.774

noir Cones eters nia 57.735] 51.962| 46.188] 40.415| 34.641] 28.868] 23.094] 17.321] 11.547] 5.774
Pre nee 57.735] 51.962| 46.188| 40.415| 34.641 28.868] 23.094] 172321] 11.547] 5.774

:Young's Modulus

Rigidity Modulus

sLength

Pretwist angle-tip to root

11 x108 ae/in®
5 x10° 1bt/in®
100 in

© radian

Short title of the bladesBlade 1 laid in 5447356"
to all three axes, but equivalent

length of each element=10"

Blade code :SHRT

BLADE PARAMETERS OF BLADE No 2

TABLE 4



Description of the parameter eueeee 73 } aes
1 2 3 4 5 6 7 8 9 10

A threa rin? 40 10 40 10 10 10 40 10 10 | 10
Ty :2nd moment of area sbout y axistin’ 1 1 1 1 1 1 1 1 1 1

T, :2nd moment of area sbout = axistin’ 10 10 10 10 10 40 10 10 1o | 10
J :Torsional stiffness rin? 10 10 10 10 10 10 10 10 10 | 10

ey t0ffaset between c.ntc.g rin ° ° 0 ° ° ° o ° o 0

e, 20ff-set between c.sko.e tin 0 ° ° 0 0 0 o o 0 0

BI :Higher moment 1 Hin 0 ° 0 ° ° ° ° ° 0 0

B2 :Higher moment 2 sin? ° ° ° ° ° ° ° ° ° °

B3 ;Higher moment 3 sin? ° ° ° ° ° ° ° ° ° °

P :Mass per unit length ret/in | 1 1 1 1 1 1 1 1 1 1

Ip :Pitching inertia lbs sec?/in 10 10 10 10 10 40 10 10 10 | 10
X 2X Covordinate of og tin 400 | 90 80 70 60 50 40 30 20 | 10
Y :¥ Co-ordinate of c.g tin ° 10 ° 10 ° 10 ° 10 ° 10

2_:% Comordinate of c.g tin ° ° 40 o 10 o 40 ° 10 | 0

~e ad
Young's Modulus

sRigidity Modulus

tLength

:Pretwist angle-tip to root

11 x108 re/in®
5 x10° roe/in?

166.84

0 radian

Short title of the bladesZig-zag Blade

Blade code 2KINK

BLADE PARAMETERS OF BLADE No 17

TABLE 5



Description of the parameter | rec | oh |
4 2 a 4405 6 7 8 9 10

A threa sin? | 0,068 | 0.068 | 0.068 | 0.068 | 0.068 | 0.068 | 0.068 0.068 | 0.068 | 0.068

1, #2nd monent of area about y sxistintst 0.262 | 0.262 | 0.262 | 0.262 | 0.262 | 0.262 | 0.262 | 0.262 | 0,262 | 0.262
T, 12nd moment of area about 2 axistin x10] 0.5667| 0.5667] 0.5667 0.5667| 0.5667] 0.5667) 0.5667) 0.5667| 0.5667] 0.566

J *Torsional stiffness sin4s13? 0.1048] 0.1048] 0.1048] 0.1048| 0.1048] 0.1048] 0.1048) 0.1048] 0.1048] 0.104:

ey t0ff-set between ceskeee in ° 0 0 ° ° 0 0 lo 0 0

e, 10ff-net between o.sko.e sin ° ° 0 ° 0 ° ° ° ° °

B1 tHigher moment 1 rin4z107 0.5693| 0.5693] 0.5693| 0.5693| 0.5693] 0.5693] 0.5693 0.5693] 0.5693] 0.569:

Be tHigher moment 2 sin? | 0 ° ° ° ° ° ° ° ° °

B3 tHigher moment 3 sin? | o 0 ° oho) 0 on [ro 0 0

P Mass per unit length (1074) 1vt/in | 0.4998| 0.4998} 0.4998] 0.4998] 0.4998] 0.4998] 0.4998) 0.4998] 0.4998) 0.499!

Tp #Pitching inertia Yos sec*/ inx107) 0.4184] 0.4184] 0.4184| 0.4184) 0.4184] 0.4184] 0.4184) 0.4184] 0.4184) 0.41

X 2X Co-ordinate of og tin 6 5.4 148 | 4.2 | 3.6 | 3 2.4 | 168 | tear | Oy6

y 1¥ Co-ordinate of og sin ° ° ° ° ° ° ° ° ° 0

% +Z Co-ordinate of og tin ° ° ° ° ° ° ° | ° °

EB :Young's Modulus 30x10° 1be/in® Short title of the blade:Carnegie's rectangular

CG Rigidity Modulus 14454 x10° 1be/in® Blade without pretwist

L tLength 6 in Blade code sTAMO

P :Pretwist angle~tip to root 0 radian

BLADE PARAMETERS OF BLADE No 23

TABLE 6



ELEMEN WUNBER
Description of the parameter ‘ : . 3 a ; x , <6

A three sin? | 0,0914| 0.0914| 0.0914] 0.0914| 0.0914] 0.0914] 0.0914] 0.0914] 0.0914] 0.091

I, 22nd moment of area about y axistin’s15} 0,1 | 0.1 Oot 2 | (0.4 Ga. \0s4 0.1 | 001 0.4 0.1

I, :2nd moment of area about 2 axistin'x10} 0.671 | 0.671 | 0.671 | 0.671 | 0.671 | 0.671 | 0.671 | 0.671 | 0.671 | 0.671

J sTorsional stiffness sin4103 0.2708| 0.2708| 0.2708] 0.2708] 0.2708] 0.2708] 0.2708] 0.2708] 0.2708] 0.270

ey t0ff-set between o.skoue tin 0,007 | 0.007 | 0.007 | 0.007 | 0.007 | 0.007 | 0.007 | 0.007 | 0,007 | 0.007

©, :0ff-set between c.sko.g tin 0.0469] 0.0469) 0.0469] 0.0469| 0.0469} 0.0469 0.0469) 0.0469} 0.0469] 0,046:

Bi sHigher moment 1 rin4 310% 0,681 | 0.681 | 0.681 | 0.681 | 0.681 | 0.681 | 0.681 | 0.681 | 0.681 | 0,681

B2 sHigher moment 2 tin 2134 0,106 | 0.106 | 0.106 | 0.106 | 0.106 | 0,106 | 0.106 | 0.106 | 0.106 | 0.106
33 :Higher moment 3 tin’x10P 0.2 | 0.2 | 0.2 | 0.2 | 0.2 | 0.2 | 0.2 | 0.2 | 0.2 | 062

P seas per unit length (x10~+) _1b#/in | 0,6718| 0.6718| 0.6718| 0.6718] 0.6718| 0.6718] 0.6718] 0.6718] 0.6718] 0.671

Ip Pitching inertia Ips sec?/inx10>| 0.5005! 0.5005) 0.5005] 0.5005] 0.5005] 0.5005] 0.5005] 0.5065] 0.5005] 0.500

X 4X Co-ordinate of ong tin 6 Bet. 1 ds8 | Ake Vase | Weak Mussa aiintsBe Ul 4sep fae6

Y s¥ Co-ordinate of c.g tin ° 6° 16 ° ° ° ° ° ° °

2_ 32 Conordinate of c.g sin ° ojo ° ° ° ° ° ° 0

EB sYoung's Modulus 31x 108 rwe/: nf Short title of the blade:Carnegie's aerofoil
@ sRigidity Modulus 42 x 10° 1bf/in' cross section blade without pretwist

L Length 6 in

P tPretwist angle-tip to root 0 radian pieteroets Biers
BLADE PARAMETERS OF BLADE No 29

TABLE 7



Description of the parameter Bde ae, } Bee
1 2 3 4 5 6 7 8

A shrea rome 4.64 5-451 6.451 7.854 10.26 | 14.16 19.24 25219

1, #2nd moment of area sbout y axiston? | 0.199 | 0.5907] 1.526 | 3.4 | 7.047 | 13679 | 24.79 | 39.87

1, t2nd monent of area about 2 ariston® | 36.1 | 41437 | 50.17 | 65411 | 93.99 | 15161 | 244.2 | 385-1

J :Toreional stiffness ton | 0.3886 0.6511] 1.02 | 1.694 | 3.263 | 6.573 | 13.04 | 23.98

cy 10ffaset between c.sko.g ten | 0.7206| 0.7702] 0.7447| 0.6155] 0.4715] 0.3971] 0.2362] 0.0152

, toff-set between cesko.g om | 0.1847| 0.3787] 0.6449] 0.8924] 1.170 | 1.395 | 1.566 | 1.766

Bl sHigher moment 1 ron? | 36.2 | 41.96 | 51.7 | 68.5 | 101 | 164.9 | 268.9 | 424.9

Be :Higher moment 2 tom? | 39.7 | 54.9 | 75.02 | 106.1 | 152.6 | 225.4 | 333.1 | 51065

B3 Higher moment 3 tom? | 13.7 | 21.9 | 3404 | 5766 | 95.1 | 143-2 | 166.3 | 15301

P sMoss per unit length kgf/om x10 =| 0.37 | 0443 | 0051 | 0.62 | 0.81 | 141 | 145 | 2.0

Tp #Pitching inertia ke sec/om x10? | 0.29 | 0.33 | Ott | 0.54 | 0.8 | 1.3 | 261 | 304

X 4X Co-ordinate of og tom | 71.68 | 62.72 | 53.76 | 44.8 | 35.84 | 26.88 | 17.92 | 8.96

Y :¥ Co-ordinate of og tom 0 ° ° ° °O ° 0 °

2 :Z% Co-ordinate of c.g em ° 0 ° ° ° oO ° 0

E Young's Modulus 2050000 kegt/om? Short title of the blade:Brown Boveri Blade

G@ :Rigidity Modulus 800000 kgf/cn~
L tLength 71.68 om

Pr 2Pretwist angle-tip to root O radian Blade code MONS

BLADE PARAMETERS OF BLADE No 53

TABLE 8



NuMBER
Description of the parameter ee

4 2 3 4 5 6 7 8 9 10

A tArea sin? |7.56 | 7256 | 7256 | 7256 | 7056 | 7.56 | 7.56 | 7256 | 7256 | 7656

J, 12nd moment of area about y axistint =| 1 1 1 1 1 1 1 1 1 1

I 22nd moment of area about 2 exissin® 22.68 | 22.68 | 22.68 | 22.68 22.68 | 22.68 | 22.68 | 22.68 22.68 | 22.68

J ‘Morsional stiffness sin’ 4 4 4 4 4 4 4 4 4 4

&y :0ff-set between c.sko.g tin 0 oO 0 0 °o o oO 0 0 }0

*, :0ff—set between c.s&c.g tin ° ° 0 o 0 ° ° 0° ° 0

B1 tHigher moment 1 tint |o ° 0 0 ° 0 ° 0 0 0

B2 Higher moment 2 sin’ | o 0 0 ° 0 0 0 0 0 0

B3 tHigher moment 3 sin? | 0 ° ° ° ° ° ° ° ° °

P sass per unit length (xo) ve/in | 0.667 | 0.667 | 0.667 | 0.667 | 0.667 | 0.667 | 0.667 | 0.667 0.667 | 0.667

Ip #Pitching inertia Ibs seo”/ in 05159 | 0.159 | 0.159 | 0.159 | 0.159 | 0.159 | 0.159 | 0.159 | 0.159 | 0.159

X : X Co-ordinate of c.g tin 300 270 240 210 180 150 120 90 60 30

Y s¥ Co-ordinate of c.g tin 0 0 0 ° 0 0 0 0 ° 0

2 $:% Co-ordinate of cog sin ° 0 0 ° ° oO ° 0 0 0

Young's Modulus

Rigidity Modulus

tLength

:Pretwist angle-tip to rootPras
40 x10° re/in®
4 x1o® ae /in®

300 in

© radian

Short title of the blade: Wilde's blade

Blade code 2EWDE

BLADE PARAMETERS OF BLADE No 62

TABLE 9

laid in X axis



Flapping Mode Frecuencies in Hz 4 Difference

Frequencies Solution By Exact Analyt- Compared To
Present Analysis ical Solution Present Analysis

First Mode 0.185460 0. 185575 0.054

Second Mode 1.175735 1.163061 1.075
Third Mode 3.378427 3.256932 3.596
Fourth Mode 6.894546 6.382427 7.427

Fifth Mode 12.008414 10.549476 12.150

FLAPPING MODE FREQUENCIES OF UNIFORM RECTANGULAR BLADE

BLADE CODE : KUMN

TABLE 10

Drag Mode Frequencies In Hz % Difference

Frequencies Solution By Exact Analyt- Compared To
Present Analysis ical Solution Present Analysis

First Mode 0.586477 0.586839 0.075

Second Mode 3.718002 3.677922 1.079

Third Mode 10.683523 10.299324, 3.596

Fourth Mode 21802470 20.183005, 7428

Fifth Mode 37-973938 33. 360371 12.149

DRAG MODE FREQUENCIES OF UNIFIRM RECTANGULAR BLADE

BLADE CODE : KUMN

TABLE 11



Torsional Mode Frequencies In Hz % Difference

Frequencies Solution By Exact Analy~ © Compared To
Present Analysis tical Solution Present Analysis

First Mode 5.601691 5.590169 0.205
Second Mode 17.087902 164770506 1.857

Third Mode 29482156 274950843 5.194

Fourth Mode 43.616851 39131180 10.284

Fifth Mode 60790329 50311517 17.238

TORSIONAL MODE FREQUENCIES OF UNIFORM RECTANGULAR BLADE

BLADE CODE

TABLE

: KUMN

Longitudinal

Mode Frequencies

Frequencies In Hz

Solution By

Present Analysis

Exact Analyt—

% Difference

Compared To

ical Solution Present Analysis

First Mode

Second Mode

Third Mode

Fourth Mode

Fifth Mode

264274261

80.149376

138.283434

204.580318

285.131312

26,220214

78.660643,

1314101072

183.541501

235.981930

0.206

1.857

54194

10.284,

17.237

LONGITUDINAL MODE FREQUENCIES OF UNIFORM RECTANGULAR BLADE

BLADE CODE

TABLE

KUMN



Frequency In Hz ‘Type Of Mode Frequency In Hz ‘Type Of Displacement

t

(xuor) (xum) (sHRT) (sHRT)

0.185460 Flap 0.185460 X,Y,Z

0.586477 Drag 0.586477 XY
14175735 Flap 1.175735 XYZ

3.378427 Flap 3-378426 oa) fie

3.718002 Drag 3.718002 XY

5.601691 Torsion 5.601691 Torsion

6.894546 Flap 6.894546 X,Y,Z

10.683523 Drag 10683523 -X,¥

12008414 Flap 12008414 X,Y,Z

17087902 Torsion 17.087901 Torsion

19.035802 Flap 19.035804 xv,

21802470 Drag 21.802468 =X,
26.274261 Longitudinal 264274259 X,Y,z |

CHANGES IN MODE SHAPES WHEN A BLADE IS ARRANGED TO LAY IN

(a) X AXIS AND

(b)54s736 INCLINATION IN X,Y,Z DIRECTTONS
KUMN, SHR?

NOTE : No Change in frequency values

BLADE CODES

TABLE 14



4% Difference 4 Difference|
Type OF Frequencies In Bz sanaeek Epegenstoe Gans

Normal Mode Solution Solption To - To

nee dee ee as
Analysis Method pita

I Flapping 0.041679 0.041705 -0.0620,041666 = 0.024

II Flapping 0.264227 0.261375 1.078 0.260712 1.328

IIT Flapping 0.759245 0.731941 3.596 0.728834 4.005

T¥ Flapping 1.549434 14434344 7242814425836 = 74979

V Flapping 2.698690 2.370818 12.149 24353009 12.917

I Drag 0.131801 0.131882 0,061

II Drag 0.835559 0.826552 1.078

IIT Drag 2.400943 2.314601 3.596 - -

IV Drag 4.899741 4.535793 7-428

V Drag 8.534008 7.497186 12.149

I Torsional 5.601691 54590169 04206

IT Torsional 174087902 164770506 1.857

IIT Torsional 29.482069 27.950843 5.194 - -

IV Torsional 43.616873 39.131180 10.284

V Torsional 60.791035 506311517 174239

I Longitudinal 5.904701 5.892555 0.206

IT Longitudinal 18.012231 17.677665 1.857

ITI Longitudinal 31.076932 29.462775 54194 3 =

IV longitudinal 45.976102 41.247885 10.284

V Longitudinal 64.078610 53.032995 17.238

COMPARTSION OF NORMAL MODE FREQUENCIES OF A KNOWN CASE WHERE p=18
BLADE CODE +: SUND

TABLE 15



Coupled Frequencies Solution By Solution By % Difference Solution By % Difference
Present” Williams Compared To Carnegie's Compared To
Analysis Method Present Principle Present
Frequencies Frequencies Results Frequencies Results

In He In He In He

First . Mode 0.185429 0.19 2.481 0.186313, 0.485

Second Mode 14174325 1.18 0.485 1.167690 0.562

Third Mode 3.368637 3.31 16751 3.269814 2.933

Fourth Mode 6.766925 6.49 4.092 6.407828 5-307

Fifth Mode 6.961976 6.87 1,320 6.846532 1.658

Sixth Mode 114913319 10.71 10.100. 10.593137 11.081

Seventh Mode 18.821202 15063 16.955 154825130 154919

COMARISION OF COUPLED MODE FREQUENCIES OF A BLADE WITH OFF-SET S.C IN y DIRECTION ONLY

BLADE CODE

TABLE 16

: SHER



Type Of Straight Blade Blade With Blade With % Variation
Mode Of without s.c s.c Off-set s.c Offset in Frequencies|

Case (A) Off-set e =e =0.1 e =e =1.0 Between
eee ae Blades (B)

Frequencies Frequencies Frequencies ana (0)
in He in Be in He

(a) (3) (c)

I Flapping 0.185460 0.185460 0.185451 0.000

TI Flapping 1.175735 1.175731 16175308 0.034

TII Flapping 3. 378427 3.378396 34375370 0,089

IV Flapping 6.894546 6.894462 6.886086 0.198

V Plapping 12,008414 12.008107 11977887 0.253

I Drag 0.586477 0.586474 0.586176 0.051

II Drag 3.718002 36717819 3.699946 0.484

IIT Drag 10,683523 10. 682425 10.576465 1,002

IV Drag 21.802470 21.797668 214355360 2.071

V Drag 37.973938 372954336 36.430780 4.182

Iorsion 5.601691 5.601867 5619026 0.305
II Torsion 17.087902 17.089012 172195441 0.619

III Torsion 29.482156 29.487066 29.935143 1.497

IV Torsion 43.616851 434635536 452076699 3.197

V Torsion 60,.790329 614032468 64.992217 6,093

EFFECT OF VARIATION IN OFF-SET S.C ON FREQUENCIES

BLADE CODES + KUMN

+ CESH

3 SHCE

TABLE 17

:NO OFFSET (A)

te.<.e.=0.1 (B)

te= e210 (0)



Pretwist Angle Frequencies In Hz @ Difference
In Degrees ha sae Bees To

Present Analysis Carnegie’s Method poonty

0.00 0.185460 0.185575 0,062

11.46 0.185542 0.185766 0.121

22.92 0.185786 0.185957 0.092

34.38 0.186192 0.186474 0.151

45484 0.186755 0.187200 0.238

57.30 0.187473 0.188134 0.353
90.00 0.190318 0.191940 0.852

FIRST COUPLED MODE FREQUENCIES DUE TO PRETWIST:RECTANGULAR CROSS SECTION

BLADE CODES +: KUMN,PT02,PTO4,PT06,PT08,

PTC2,PTC1

TABLE 18

Pretwist Frequencies In Hz
ee 2nd Coupled 3rd Coupled 4th Coupled 5th Coupled

e: Mode Mode Mode Mode

0.00 0.586477 46175735 3~378427 34718002
11446 0.583202 1.182368 3.309239 3-794287
22.92 06573871 1.201685 36177293 3.947341

34,38 0.559739 1.232172 3.036037 44123167
45.84 0.542352 1.271866 2.897665 44308650

57630 0523144 1.318771 2.765683 4.498967
90.00 0.467130 1.476792 24433323 5.039600

TI, III, IV,V COUPLED MODE FREQUENCIES DUE TO PRETWIST

RECTANGULAR CROSS SECTION BLADES

BLADE CODES +: KUMN,PT02,PTO4,PT06,PT08,

PTC2 ,PTC1

TABLE 19



Frequencies In Hz Frequencies In Hz Frequencies In Hz

Ore,n0,°0 tsey=0,=0 Patyeyne,=001

(a) (3) (c)

0.185460 0.187473 0.187473

0.586477 0.523144 0.523142

16175735 1.318771 46318757

3.378427 2.765683 2.765663

3.718002 42498967 42498706

6.894546 6.457741 6.457678

10.683523 11226743 11..225750

12008414 114617026 11616636

19.035802 18.633475 18632824

214802470 224185948 22.181766

COMPARISION OF UNCOUPLED AND COUPLED FREQUENCIES

(A) STRAIGHT RECTANGULAR BLADE :UNCOUPLED : BLADE CODE : KUMN

(B) 1 RADIAN PRETWIST, NO S,C OFF-SET : BLADE CODE : PTC2

(c) 1 RADIAN PRETWIST, S.C OFF-SET INCLUDED! : BLADE CODE + PTCS

NOTE oo: (8) AND (C) COUPLED FLAPPING AND DRAG

TABLE 20

Frequencies In Hz Frequencies In Hz Frequencies In Hz

A ~0e,=0,=0 P =1,2,=0,-0 Patrey=e,=001

(a) ¢)) (c)

5.601691 5.601691 5.601902 :
17.087902 172087902 172088934 =

29.482156 29.482162 29.486605 @
43616851 432616851 432632693 q
60.790329 60.790251 60944683

264274261 264274261 26.181766
804149376 80.149373 80.149373 Eg
138.283434 1384283645 138.283645 = BS
204.580318 204580656 204.580656 &

285.131312 285.135616 285.135616 4

COMPARISION OF TORSIONAL AND LONGITUDINAL FREQUENCIES

A,B,C : DETAILS AND BLADE CODES SAME AS TABLE 20

TABLE 21



Frequencies in Hz

et ee
 

a

Uncoupled Flap Uncoupled Drag

& Torsion Frequencies @Longitudinal pe nencies

Premencies Z — Torsion Frequencies ve
jisplacement:Di s -

Straight Blade Sweep Back Blade Straight Blade eigen tack Bia aa

0.185460* 0.190138 0.586477" 0.600798
1.175735" 1.255662 36718002" 3.936380

3.378427" 3.607882 10683523" 11.270022
5.601691" 54192255 214802470" 204980338
6.894546" 74780935 26.274261° 26.975620
12008414" 134117677 37.973938" 364017098
17.087902" 154429861 80.149376° 514360512
292482156" 20.477351 138283434" 76.786847

43.616851" 24.648670 204.580318° 88, 655404
60.790329" 29.473873 285.131312° 112537234

Uncoupled Flapping Mode Frequencies

* Uncoupled Torsional Mode Frequencies

x Uncoupled Drag Mode Frequencies

Uncoupled Longitudinal Mode Frequencies

FREQUENCIES OF A SWEEP BACK BLADE: 90° SWEEP BACK IN FIRST(TIP)
ELEMENT

TABLE 22



Frequencies in Hz

Blade With Blade With Blade With 90° Blade With 90°

nee Peete, Pretwist & Pretwist &

Z = 10 IZ = 10000 IZ= 10 IZ = 10000

0.187473 0.187696 0.190318 0.190870

0.523144 0.863767 0.467130 0.670805

1.318771 2.993376 1.476792 2.642201

2.765683 4.660998 2.433323 3.989742

4.498967 6.608550 5039600 64247057

6.457741 11.677828 6.013479 114158582

11..226743 18.740134 11.076876 174234562

114617026 234416319 11876742 18.408955

18.633475 28.090114 18. 116685 274511635

22.185948 392227745 22.610499 38.606608

FREQUENCIES OF SPECIAL CASES WITH LARGE IZ (10000 in’)
COMPARED TO PRETWISTED UNIFORM RECTANGULAR BLADE

PRETWIST ANGLES 1 RADIAN AND 90

BLADE CODES :KUMN ,HIIZ,HINZ

TABLE 23

Frequency No Frequencies ‘Type of
in Ee Displacement

0.146557

0.316827

0.870757

4.297063

1,907401

XYZ &

Torsion=

2.057154

2.555002

8+ 650142

4- 780083COaInnARwn =
3 46 953222

COUPLED FREQUENCIES OF A ZIG -ZAG BLADE

BLADE CODE 2 KINK

TABLE 24



Flapping Mode Solution By Solution By & Difference
: eis Compared To

Frecuencies Present Analysis Williams Method © p>onen?

Freauencies In Hz Frequencies In Hz Results

First Mode 0.540867 05420918 0.227

Second Mode 1.691472 1,6813609 0.598

Third Mode 3.941190 328262274 2.910

Fourth Mode 7.492762 649935720 6.660

Fifth Mode 12626227 111915300 11.360

FLAPPING MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION 3 RADIANS/ SEC

BLADE CODE : RTO3

TABLE 25

Flapping Mode Solution By Solution By @ Difference
Compared To

Fremencies Present Analysis Williams Method — ,-opart'

Frequencies In Hz Frequencies In Hz Results

First Mode 0.620521 0.6216732 0.18
Second Mode 3.882899 38441492 1,00

Third Mode 10.865465 10.4841410 3651

Fourth Mode 214994675 20.3837910 7032

Fifth Mode 38.171298 33-5900270 12.00

DRAG MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION : 3 RADIANS/ SEC

BLADE CODE R03

TABLE 26



Flapping Mode Solution By Solution By & Difference
, fo Compared To

Freouencies Present Analysis Williams Method — p-oDors

Frequencies In Hz Frequencies In Hz Results

First Mode 1.010385 10141826 0.38

Second Mode 2.688995 26802342 0.32

Third Mode 50252232 501372534 2.19

Fourth Mode 9.026009 8.5325972 5046

Fifth Mode 14.304657 12,8816340 9.94

PLAPPING MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION 6 RADIANS/ SEC

BLADE CODE : RTO6

TABLE 27

lapping Mode Solution By Solution By & Difference
; 

Compared To

Frequencies . Present Analysis Williams Method pooper’

Frequencies In Hz Frequencies In Hz Results

First Mode 0.699274 0.7026457 0.48

Second Mode 4.340111 4.3039149 0.83

Third Mode 11.392082 110174500 3-28

Fourth Mode 22560294 20.9611600 7.08

Fifth Mode 38.756727 34.1911800 11.78

DRAG MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION : 6 RADIANS/ SEC

BLADE CODE ¢ RTOG

TABLE 28



Flapping Mode Solution By Solution By 4% Difference
Compared To

Present

Fremuencies In Hz Frequencies In Hz Results

Freonencies Present Analysis Williams Method

First Mode 1.640518 16489549 0.512

Second Mode 4.167953 421597522 0.190

‘Third Mode 70425322 722898314 1,820

Fourth Mode 11.812890 112717750 4.580

Fifth Mode 174586766 1640967000 8.470

FLAPPING MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION 10 RADIANS/ SEC

BLADE CODE :.RMO

TABLE 29

Flapping Mode Solution By Solution By & Difference
Compared To

Frequencies Present Analysis Williams Method probands

Frequencies In Hz Frequencies In Hz Results

First Mode 0.818518 0.8276715 14110

Second Mode 54264394 542314195 0,625

Third Mode 124543539 121780160 2.910

Fouth Mode 232838875 2242613210 6.170

Fifth Mode 40.119591 ‘ 355698410 11.340

DRAG MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION : 10 RADIANS/ SEC

BLADE CODE : RT10

TABLE 30



Flapping Mode Solution By Solution By & Difference
Compared To

Present

Preguencies In Hz Frequencies In Hz Results

Frequencies Present Analysis Williams Method

First Mode 2.429048 244430511 0.570

Second Mode 6.074007 640645040 0.156

Third Mode 10, 360628 1041775230 1.760

Fourth Mode 152761508 1540976470 4.210

Fifth Mode 22496212 20.7968340 72550

FLAPPING MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION 15 RADIANS/ SEC
BLADE CODE :.RT15

TABLE 31

Flapping Mode Solution By Solution By % Difference
Compared ‘To

Frequencies Present Analysis Williams Method Present

Freauencies In Hz Frequencies In Hz Results

First Mode 04952979 049747217 2.28
Second Mode 6.698661 646681297 0.45
Third Mode 14.502411 14.1419530 2.48

Fourth Mode 26.135481 245737660 5097

Fifth Mode 42.617097 38.0976680 10.60

DRAG MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION : 15 RADIANS/ SEC

BLADE CODE : RT15

TABLE 32



Flapping Mode Solution By Solution By 4% Difference
: 

Lisa 9 
Compared To

Frequencies Present Analysis Williams Method = pony

Frecuencies In Hz Frecuencies In Hz Results

First Mode 3.218774 342369619 0.56

Second Mode 8.001711 729879378 0.17

Third Mode 13.375840 131401940 1.76

Fourth Mode 192939240 19.0782180 4.31

Fifth Mode 276759853 2527852500 7.11

PLAPPING MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION 20 RADIANS/ SEC

BLADE CODE : RT20

TABLE 33

Flapping Mode Solution By Solution By % Difference

Frequencies . Present Analysis Williams Method Compared To
Present

Frequencies In Hz Frequencies In Hz Results

First Mode 1.065372 141059061 3.81

Second Mode 8.280013 8.2519186 0.33

Third Mode 16.828773 1644580560 2.20

Fourth Mode 29030752 2744352140 5.49

Fifth Mode 454914430 413366700 9.97

DRAG MODE FREQUENCIES OF ROTATING BLADE

SPEED OF ROTATION : 20 RADIANS/ SEC

BLADE CODE : RT.20

TABLE 34



Natural Mode Solution By Exact & Difference
Frequency Present Analysis © Analytical Solution Compared to

Frequencies in Hz Frequencies in Hz = Present Results|

FLAPPING

First Mode 61597814 614635824 0.062

Second Mode 390.502591 386.292993 4.078

Third Mode 1122092863 10814740374 3.596

Fourth Mode 2289.918324 2119,825622 72428

Fifth Mode 3988.411393 3503847361 124149

aaa Mode 905.922941 906.481959 0.062
Second Mode 5743~146316 56814235493 1.078

Third Mode 16502.689891 15909.224115 3.596

Fourth Mode 33677.922672 311764409538 72428

Fifth Mode 58658. 117609 515314304809 12.150

FLAPPING AND DRAG MODE FREQUENCIES OF RECTANGULAR BLADE

BLADE CODE : TAMO

TTMBLE 35

Natural Mode Solution By Exact % Difference
Freauency Present Analysis Analytical Solution Compared to

Frequencies in Hz Frequencies in Hz Present Results

TORSTONAL

First Mode 709.856590 708. 396415, 0.206

Second Mode 21652410339 2125.189246 14874

Third Mode 37362033647 3541.982077 50194

Fourth Mode 55274207695 4958.774908 10.284

Fifth Mode 71034452018 63756567739 17.238

LONGTTUDINAL

First Mode 84352287139 84172935716 0.206

Second Mode 257314765223 25253.807149 1.857

Third Mode 44395.525734 42089.678582 50194.

Fourth Mode 65680.413181 58925.550014 10.284

Fifth Mode 91540. 782268 757616421449 172238

TORSIONAL AND LONGITUDINAL MODE FREQUENCIES OF RECTANGULAR BLADE

BLADE CODE

TABLE 36

TAMO



Pretwist Solution By Solution By % Difference Carnegiets
ingle Present Analysis Carnegie's Method Compared to Practical

Frequencies in Hz Frequencies in Hz Present Results

in Results Read off
poss Fron Graph

0.00 61.597814 61635824 0.0617 58.0

17019 61.665114 61.701646 0.0592 5765

34.38 61,866115 61.932853 0.1080 58.0
51.57 62198057 62,320538 0.1980 59.0

68.75 62,656177 62867192 0.3370 60.0

85.94 632233473 636574721 0.5390 61.0

EFFECT OF PRETWIST ON FIRST COUPLED FREQUENCIES OF RECTANGULAR BLADE

BLADE CODES +: TAMO,TAM1, TAM2, TAN3 TAMA, TAMS

TABLE 37

Pretwist Frequencies in Hz
Angle 2nd Coupled 3rd Coupled 4th Coupled Sth Coupled

in Mode Mode Mode Mode
Degrees

0.00 390. 502591 905.922941 1122092863 2289.918324
17649 374.062628 9154752085 11164198910 2280, 160409

34.38 3352869198 932.905865 = 1101517120 2251.714268
51.57 2932415206 935.607690 — 1087.639195 2206903320
68.75 255679055 912.633779 1084. 178116 2149. 140658
85.94 224.780755 870.814826 — 1089.054390 _2080.457661

Carnegie's Practical Results Read Off from Graph:Frequencies in Hz

0.00 370 1050 1050 1990

17219 350 1000 1000 1970

34.38 315 950 1100 1950
51.57 290 910 1250 1970

68.75 250 900 1350 1990

85.94 210 850 1500 2000

EFFECT OF PRETWIST ANGLES ON FREQUENCIES OF RECTANGULAR BLADE

IT, IIT, IV & V MODES COMARED 10 CARNEGIE’S PRACTICAL RESULTS

BLADE CODES : ‘TAMO,TAM1,TAM2, TAM3, ‘TAMA, TAMS

TABLE 38



Pretwist Frequencies in Hz

Angle

in 4st Normal Mode 2nd Normal Mode 3rd Normal Mode

Degrees

0.00 709.856590 21654410339 3736.033647
17619 709.781778 2165.182126 37354639861

34.38 709.557488 21644497950 37342459306

51.57 709.184147 2163.359057 3732.494538
68.75 708. 662467 2161.767678 3729.748901

85.94 7072993441 21596726836 37264227714

TORSIONAL MODE FREQUENCIES OF RECTANGULAR PRETWISTED BLADES

BLADE CODES : TAMO, TAM! , TAN? , TAM3, TAMA , TAMS

TABLE 39

Pretwist Frequencies in Hz
Angle

in 1st Normal Mode 2nd Normal Mode 3rd Normal Mode

Degrees

0.00 8435.287139 257314765223 44395.525734
17619 8436.176286 257340470835 44400. 333503

34-38 8438.842925 25742605569 44414. 302073
51657 8443285346 257564157646 44437083841

68.75 8449.503154 257756118101 44470.365131

85.94 8457.485766 257992473301 445112923877

LONGITUDINAL MODE FREQUENCIES OF RECTANGULAR PRETWISTED BLADES

BLADE CODES : TAMO,TAM1,TAM2,TAM3,TAM4,TAM5

TABLE 40



@ DifferenceNatural Mode Frequencies in Hz

——____§___———— _ Compared to

Solution By Solution By Present

Present Analysis Analytical Method Results

FLAPPING

First 105.514707 105-579817 0.062

Second 668.916054 6614705175 1.078

Third 1922. 102307 1852980032 32596
Fourth 3922,542821 3631. 180487 70428

Fifth 68314996632 6001..956985 12.149
DRAG

First 864319392 864852738 0.062

Second 5479398423 5420. 330787 1.078
Third 157442821698 15178. 609894 34596

Fourth 321316344323 29744666042 70428
Fifth 55964.048506 49164.784365, 126149

FREQUENCIES OF AEROFOIL CROSS SECTION BLADE

FLAPPING AND DRAG MODES : e, = e, = 0

BLADE CODE : CAMO

TABLE | 41

Natural Mode Frequencies in Hz & Difference
Compared to

Solution By Solution By Present

Present Analysis Analytical Method Results

TORSIONAL

First 1063887785 1061699369 0.206

Second 32452378916 3185.098107 1.857

Third 5599. 328962 5308.496845 52194
Fourth 8283.826394. 7431.895583 10.284

Firth 115452442595 9555-29321 17.238
LONGITUDINAL

First 8574.659001 8557-020889 0,206
Second 261562914569 256714062666 1.857

Third 45129.103520 42785.104443 54194
Pourth 667652497299 59899. 146220 10.284

Fifth 93053259686 77013187998 17.238

FREQUENCIES OF AEROFOIL CROSS SECTION BLADE

TORSIONAL AND LONGITUDINAL MODES : & <2 = °

BLADE CODE =: CAMO

TABLE 42



Frecuencies in Hz Type of Normal Node Frequencies in He Type of Normal Mode

Shear Centre Off-set Shear Centre Off-set

Neglected Included

105.514707 I Flapping 105.514387

668.916054 II Flapping 668896989

864.319392 I Drag 844004342 &
1063.887785 I Torsion 1088.077344 Ey

1922. 102307 TIT. Flapping 1921989672 4 %

32452378916 II Torsion 3184764705 £8

3922.542821 IV Flapping 3922.059854 4

54794398423 II Drag 5362.977383 e

COMPARISION OF FREQUENCIES OF AEROFOIL CROSS SECTION BLADE WITH AND WITHOUT SHEAR CENTRE OFF-SET EFFECT

BLADE CODES ¢ CAMO , JNTO

TABLE 43



Pretwist Angle (a) (8) (c)
AG Blade without Blade With Shear Carnegie's Blade With Shear © Carnegie's

Coupling Terms Centre Off-set Practical Centre Off-set Analytical

Degrees eyne,=BtaB2 Be3aO Tut Bl=B2aB3=0 Results And B1,B2,3B3 Terms Solution

Frequencies In Hz Frequencies In Bz From Graph © Frequencies In Hz Frequencies In Hz

0,00 105.514707 105.514387 94.00 1052514387 105.579817

15.00 105.600806 1054600538 93.00 1054452548 105.661825

30.00 1054858192 105.857871 96.00 105.292434 105.963788

45.00 106.284094 106.283613 95.00 105.036849 106467461

57630 106.767944 106.767250 96.50 1046746104 107.036040
60.00 106.873786 106.873038 97-00 104689945 1074178986

75.00 1074620405 1074619283 97.00 104.256647 108.099261
90.00 108.514748 108.513148 98.00 103741984 109.229192

COMPARISION OF FIRST COUPLED FREQUENCIES OF PRETWISTED AEROFOIL CROSS-SECTION BLADES

BLADE CODES

(A) PRETWISTED BLADES WITHOUT COUPLING TERMS CAMO, CAM1 , CAN2 ,CAM3, CAMA, CAM5,CAN6,CAMT

(B) PRETWISTED BLADES WITH S.C EFFECT BUT WITHOUT B1,B2,B3 TERMS: JNTO,INT1 ,JNT2,JNT3, INT, INT5,JNT6,INT7

(c) PRETWISTED BLADES WITH S.C AND B1,B2,B3 TERMS INCLUDED 2JNIO, INI1 , INT2,INI3, INIA, INI5, INI6, INIT

TABLE 44



Pretwist Angle (a) (3) (c)
a Blade without Blade With Shear Carnegiets Blade With Shear

Coupling Terms Centre Off-set Practical Centre Off-set

Degrees ey=e,=B1=B2 Be3=0 But B1=B2=B3=0 Results And B1,B2,B3 Terms

Frecuencies In Hz Frequencies In Hz From Graph Frequencies In Bz

0.00 * 668.916054 668.896989 590 668.896989

15.00 6314578239 630.772082 560 6294275307

30.00 564.815214 \ 563.734887 510 559.876411

45.00 500. 361764 499.450417 450 492.952567
57-30 4524891940 452.164221 400 443.330667

60,00 4444527536 443.833506 390 - 434452188

75.00 397801432 397.285847 350 3842856612

90,00 3592198469 358815157 310 343.257821
i

COMPARISION OF SECOND COUPLED FREQUENCIES OF PRETWISTED AEROFOIL CROSS-SECTION BLADES

BLADE CODES

(A) PRETWISTED BLADES WITHOUT COUPLING TERMS 2 CAMO, CAN , CAN2 , CAM3, CAMA, CAMS, CAN6,CAMT *

(8) PRETWISTED BLADES WITH S.C EFFECT BUT WITHOUT B1,B2,B3 TERMS: INTO, INT ,INT2,JNT3, INT, INTS, INTG, INTT

__ (C) PRETWISTED BLADES WITH S.C AND B1,32,B3 TERMS INCLUDED 10, INT1 , INI2,INI3, INIA, INI5, INIG INIT

TABLE 45



Pretwist Angle (a) (3) (c)
a Blade without Blade With Shear Carnegie's Blade With Shear

Coupling Terms Centre Offset Practical Centre Off-set

Degrees ere, sBIsB2 Ba3=-0 But Bi=B2=B3-0 Results And B1,B2,B3 Terms

Frequencies In Hz Frequencies In Hz From Graph Frequencies In Hz

0.00 | 864.319392 844004342 790 844004342

15,00 909.817314 886,002575 820 888.339015,
30.00 999.292018 959.781829 920 9672914863

45.00 1096. 345034 1014.147899 1010 ° 1033.809248

57-30 1173. 104298 1034.883646 1150 1064.188554

60.00 1188, 328547 1037. 387801 1160 1068.591375

75400 1266,802480 1046. 357995 1190 1089.026183

90.00 1319636922 1050.457746 1150 1106.528961

COMPARISION OF THIRD COUPLED FREQUENCIES OF PRETWISTED AEROFOIL CROSS-SECTION BLADES

BLADE CODES

(A) PRETWISTED BLADES WITHOUT COUPLING TERMS CAMO, CAM , CAM2 , CAN3, CANA, CANS, CAM6,CAMT *

(B) PRETWISTED BLADES WITH S.C EFFECT BUT WITHOUT B1,B2,B3 TERMS: INTO, INT1 , INT2, JNT3,INM, INT, INT6,INT7

(c) PRETWISTED BLADES WITH S.C AND B1,B2,B3 TERMS INCLUDED 2INIO, INI1 , INT2, INT3, INIA, INTIS, INI6 INIT
|

TABLE 6



Pretwist Angle (a) (3) (c)
a Blade without Blade With Shear Carnegie's Blade With Shear

Coupling Terms Centre Off-set Practical Centre Off—set

Degrees eyne,cB1=B2 Be3=0 But B1=B2=B3-0 Results And B1,B2,33 Terms

Frequencies In Hz Frequencies In Ha From Graph Frequencies In Hz

0.00. 1063.887785 1088.077344 1100 1088.077344

15.00 1063887785 1092.472948 1100 1091889210

30.00 1063.887785 | 1108.465496 1120 1105.497414

45.00 1063.887785 1150.944806 1130 1140.424629

57-30 1063.887785 1206. 707636 1140 11892515580

60.00 1063.887785 1219, 383278 1150 1200. 696334

75.00 1063.887785 1288.456752 1200 ” 4258.564200

90.00 1063.887785 13352916533 1250 1284047035
- Note:Torsiona] ee sy

i uncoupled as “y

COMPARISION OF FOURTH COUPLED FREQUENCIES OF PRETWISTED AEROFOIL CROSS-SECTION BLADES

BLADE CODES

(A) PRETWISTED BLADES WITHOUT COUPLING TERNS 2CAMO, CAM1 , CAN2 , CAN3, CAMA, CAM5,CAN6,CAMT *

(B) PRETWISTED BLADES WITH S.C EFFECT BUT WITHOUT B1,32,B3 TERMS:INTO, INM ,JNT2,INT3, INT, INTS, INT6, INT]

(c) PRETWISTED BLADES WITH S.C AND B1,B2,B3 TERMS INCLUDED 2JNIO, INI1 , INI2 , INI3, INIA, INI5, INI6 INIT
i

TABLE 47



Pretwist Angle (a) (a) (c)
= Blade without Blade With Shear Carnegie's Blade With Shear

Coupling Terms Centre Off-set Practical Centre Off-set

Degrees eyne,2BI=B2 Be3=0 But BlsB2=B3-0 Results And B1,B2,B3 Terms

Frequencies In Hz Frequencies In Hz From Graph © Frequencies In Hz

0.00 . 1922.102307 1921.989672 1640 4921.989672

15.00 1906.711868 1906.537807 1630 1902375751

30.00 1863.184189 | 1862,681622 1590 18476455171

45.00 1798. 546027 1797.637027 1580” 17674090047

57.30 1738.462621 1737276862 1510 1693. 325938

60.00 1722310979 1721.087528 1510 1673.846150

75.00 1645-68123 1644.417181 1510 1582.331643
90.00 1584499263 1584.174367 1620 15144770320

i

COMPARISION OF FIFTH COUPLED FREQUENCIES OF PRETWISTED AEROFOIL CROSS-SECTION BLADES

BLADE CODES

(A) PRETWISTED BLADES WITHOUT COUPLING TERMS 2 CAMO, CAM1 , CAM2, CAMS, CAMA, CAMS, CAMG6,CAMT *

(B) PRETWISTED BLADES WITH S.C EFFECT BUT WITHOUT B1,B2,B3 TERMS:INTO, INT ,JNT2, JNT3, INT4, INTS, INT6, INT7

(c) PRETWISTED BLADES WITH S.C AND B1,B2,B3 TERMS INCLUDED INTO, JNT1 , INI2 , INI3 , INIA, INTS, INI6, INIT
/

TABLE AB



Frequency Solution By Solution By % Difference
Present Analysis Montoye's Analysis Compared to

ne Frequencies in Hz Frequencies in Hz Present Results

4 89.528641 93245 4.38

2 267.092727 203.60 23677

3 288. 582727 299.40 3075

4 372601963 443.80 19.11

5 610.591330 606.10 0.74

6 663.070198 618.20 6.77

7 958.353367 883.30 7-83

FREQUENCIES OF BROWN BOVERI BLADE : SHEAR CENTRE OFF-SET EFFECT AND

COUPLING TERMS INCLUDED: PRETWIST ANGLE = 0

BLADE CODE : MON5

TABLE 49

Speed in r.p.m Frequencies in Hz

Solution By Montoya's Solution Montoya's

Present Analysis From Graph Practical

Results

From Graph

° 89.730921 93 83

1000 914265521 96 87

1500 932061146 100 91

2000 95.372024 106 99

2500 98.042602 113 105

3000 974886275 124 114

TI MODE FREQUENCIES OF BROWN BOVERT BLADE : ROTATING CASES

STRAIGHT BLADES WITHOUT PRETWIST AND COUPLING TERMS

BLADE CODES +: SUB1,SUB4,SUB5,SUB6,SUB7 ,SUB2

TABLE 50



Frequency _ Frequencies in Hz % difference Montoya's

N Solution By Solution By Compared to Practical
° Present Analysis Montoya's © Present Results

Analysis Results Frequencies
In He

1 93.142100 93.58 0.47 83.4
2 202.077973 206.90 2.39 184,80
3 307.479445" 303.50 1.29 344.30
4 435539816 441.22 1.30 399.70
5 628.226766 621.70 1.04 500.00
6 6454269708 626.70 2.88 655.00
7 1021.607226" 928.80 9.08 840.00

* s:Torsion

FREQUENCIES OF BROWN BOVERI BLADE:PRETWISTED WITHOUT COUPLING TERMS

BLADE CODE : MON4

TABLE 51

Frequency Frequencies in Hz & Difference
“ Compared to

Solution By Solution By Present

Present Analysis Montoya's Results

Analysis

1 89,801832 80.3 10.58

2 1932957733 185.5 4.36

3 285.548715 356.3 24.78

4 452.885400 410.3 9.40

5 572. 590820 53567 6.44

6 677.693448 724.3 6.88

mu. 943446994 847.4 10.21

FREQUENCIES OF BROWN BOVERT BLADE INCLUDING COUPLING TERMS AND PRETWIST

BLADE CODE : MON1

TABLE 52



Frequencies in Hz @ Difference % Difference

Compared to Compared to

Results By Results By Exact 10 Element 20 Element

10 Element 20 Element Analytical

Idealisation Idealisation Solution Idealisation Tdealisation

0.185460 0.185562 0.185575 0.054 0.00701

1.175735 1.166312 1.163061 1.075 0.27900

3.378427 3.287718 3.256932 3.596 0.93600

6.894546 6.512889 6.382427 72427 2.00300

12,008414 10.926156 10.549476 12.150 3444700

COMPARISION OF FREQUENCIES AND ERRORS

10 ELEMENT AND 20 ELEMENT IDEALISATIONS

FLAPPING MODE FREQUENCIES; BLADE CODE : KUMN

TABLE 53

Frequencies in Hz % Difference % Difference

Results By Results By Exact Compared to Compared to

10 Element 29 mement —Amalytical 49 menent 10 Element

Tdealisation Taeatisation Solution Tdealisation Tdealisation

0.586477 0.586799 0.586839 0.075 0.00682

3.718002 3.688202 3.677922 1.079 0.27800
10. 683523 10.396676 10.299324 3.596 0.93600

21.802470 20.595566 204183005 70428 2400300
376973938 34551537 33360371 12.149 3444700

COMPARISION OF FREQUENCIES AND ERRORS

10 ELEMENT AND 20 ELEMENT IDEALISATIONS

DRAG MODE FREQUENCIES : BLADE CODE : KUMN

TABLE 54



Frequencies in Hz % Difference % Difference

So —Corpared to | COMpEREL AO:

Results By Results By Exact 10 Element 20 Element
10 Element 20 Element Analytical Idealisation Idealisation|
Idealisation Idealisation Solution

5.601691 54593044 5.590169 0.205 0.0514
174087902 164848525 164770506 1.857 0.4630
29.482156 28.315663 27950843 54194 142880

43.616851 406147544 39131180 10,284 2.5310
60.790329 524516641 500311517 17.238 4.1990

COMPARISION OF FREQUENCIES AND ERRORS

10 ELEMENT AND 20 ELEMENT IDEALISATIONS

TORSIONAL MODE FREQUENCIES ; BLADE CODE : KUMN

TABLE 55

Frequencies in Hz % Difference % Difference

Se Te oe eT 1 CPS 49 — Compared t6

Results By Results By © Exact 10 Element

10 Element 20 Element Analytical sasatisati 20 Seat
Tdealisation TIdealisation Solution ealisation Tdealisation

26.274261 264233701 26.220214 0.206 0.0514

80.149376 794026704 78..660643 1.857 0.4630
138,283434 132811269 131.101072 5.194 1.2880
204.580318 188, 307614. 1832541501 10.284 25310

285.131312 2466331155 2352981930 17.237 4.2010

COMPARISION OF FREQUENCIES AND ERRORS

10 ELEMENT AND 20 ELEMENT IDEALISATION

LONGITUDINAL MODE FREQUENCIES ; BLADE CODE : KUMN

TABLE 56



Cases CL c2 3 Details of variations ]
Casea 0 0° 0 Bl = B2 = BB = 0

Case b -0.0124 0.5322 0.0019 Bl #0, B2 = BB = 0

Case c 0 ° -0.0003 Bl = 0, B2 40, BB = 0

Cased 0 -0.3333 0 Bl = B2 = 0, BB #0

Case e -0.0124 0.1988 0.0009 B1,B2,B3 # 0

Blade Code JNI¥

VARIATIONS IN C1,C2 AND C3 FOR DIFFERENT CASES

TABLE 57

10.0706 0.0353 0 0 0 0 0 ©

0.0353 0.0706 0 ° © ° © °

lo ° 61.5460 30.7730 0 ° 0 °

1076 0 30.7730 61.5460 0 ° 0 °

lo 0 o 0 64.5161 32.2581 0 °

lo ° ° ° 32.2581 64.5161 0 °

lo © ° ° ° 0 0.9615 0.4807

lo ° ° 0 0 0 0.4807 0.9625)

“ PLEXIBILITY MATRIX FOR CASE (a) IN TABLE 57

TABLE 58

0.0795 0.0397 -0.7153 -0.3577 -0.3806 -0.1901 0.0087 0.0091

0.0397 0.0795 -0.3577 -0.7153 -0.1901 -0.3797 0.0091 0.0277]

49670-7153 -0.5577 57.6049 28.8024 30.6503 15.3107 -0.6784 -0.7525)

0.3577 -0.7153 28.8024 57.6049 15.3107 30.5771 -0.7325 -2.2318)

0.3807 -0.1901 30.6503 15.3107 80.7607 40.3015 ~-2.0333 -1.9989|

0.1901 -0.3797 15.3017 30.5771 40.3015 80.3652 -1.9989 -5.9549

0.0087 0.0091 -0.6984 -0.7325 -2.0333 -1.9989 1.0396 0.5988)

0.0091 0.0277 -0.7325 2.2318 -1.9989 -5.9549 0.5988 =—-1.4354)

FLEXIBILITY MATRIX FOR CASE (b) IN TABLE 57

TABLE 59

20706 0.0353 0 oO ° ° ° oO “]
(0.0353 0.0706 O ° oO ° 0 0

° 57.6049 28.8024 -0.0004 -0.0004 -0.0152 -0.0076

10~6 28.8024 57.6049 -0.0004 -0.0011 -0.0076 -0.0151
0.0004 -0.000h 64.4526 32.1627 -1.5889 -1.5889

0.0004 -0.0011 32.1627 64.1348 -1.5887 -4.7666

0.0152 -0.0076 -1.5889 -1.5889 1.0251 0.5761

° -0.0076 -0.0151 -1.5889 -h.7666 0.5761 1.3428

FLEXIBILITY MATRIX FOR CASE (c) IN TABLE 57 a
TABLE 60

ooo°o



0.0706 0.0353 ° ° ° ° 0 °

0.0353 0.0706 0 oO 0 oO oO 0

o ° 57.6049 28.8024 -19.1920 -9.5864 0.4800 0.4800

107§| 0 ° 28.8024 57.6049 -9.5864 -19.1440 0.4800 1.4401

° 0 =19.1920 -9.5864 70.8467 35.3534 -1.7489 -1-7489

° ° =9.5864 -19.1440 35.3534 70.4969 -1.7489 -5.2467

° ° 0.4800 0.4800 -1.7489 -1.7489 1.0315 0.5857!

° ° 0.4800 1.4401 -1.7489 -5.2466 0.5857 1.3812

FLEXIBILITY MATRIX FOR CASE (a) IN TABLE 57

TABLE 61

0.0397 -0.7153 -0.3577 -0.1423 -0.0711 0.0029

0.0795 -0.3577 -0.7153 -0.0711 -0.1420 0.0032

=0.3577 57-6049 28.8024 11.4579 5.7239 -0.2335

-0.7153 28.8024 57.6049 5.7239 11.4319 -0.2601

-0.0711 11.4579 5.7239 66.7316 33.3002 -1.6565

0.1420 5.7239 11.4319 33.3002 66.4035 -1.6464

0.0032 -0.2335 -0.2601 -1.6565 -1.6464 1.0269

0.0100 -0.2601 -0.8068 -1.6464 -4.9272 0.5790

FLEXIBILITY MATRIX FOR CASE (e) IN TABLE 57

TABLE 62

Frequencies in Hz

Mode Case a Case b Case c Case d Case e

No Bl=B2=B3=0 B140,B2=B3=0 B1=0, B240,B3=0 Bl=B2=0,B340 B1,B2, B3A40

1 106.767944 95.233870 106.767239 101.546098 104. 746104

2 452.891940 —407.099304 452.141697 436047833 4 3.330667

3 1173.104298 1124.406143 1034.323398 1042.509220 1064.188554

4

5

1063.887785 1236.740521 1207.427629 1229.820965 1189.515580

1738.462621 1532.540186 1737.270241 1662.759445 1693.325938

FREQUENCIES UPTO FIFTH MODE OF CASES (a) TO (e) IN TABLE 57

TABLE 63



X,Y,Z -OVERALL AXES

Xy¥y%—LOCAL AXES

Z% — Axis of Rotation

RIGHT HANDED SIGN CONVENTION

REPRESENTATION OF OVERALL AND LOCAL AXES SYSTEMS

FIGURE 1
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section with XY plane

The positions of y & x axes

are determined by rotating

the intermediate axes y, &

z, thro angle P about the

1 x axis in the 4ve

x sense

Angle B measured in the plane of

cross-section

REPRESENTATION OF A PRE-TWISTED BLADE

PIGURE 2



= cos Xox

= cos Yor

= cos 26x

= cos Xéy

cos Yoy

A

= cos Xoz
a

= cos You

x

= cos Zozwt egg HP
a

b

x

DIRECTION COSINES BETWEEN TWO SYSTEMS OF REFERENCE AXES

X,¥,Z - Overall axés directions x,y,z ~ Local axes directions

oy, ~ Intermediate axis

FIGURE 2a

the intermediate axes oy, and oz, thro" angle B about

the local x axis in the positive sense

yu y,cosp+a,sinpB 3; & =-y,SinB + 2,cosp

FIGURE 2b



Form DM Matrix (Pretwist effect)

z 0 0

© Cosp Sin

© -SinP Cosp

Calculate 1), my, n,

Calculate

Direction Cosines

ny 70.9999 Using equation 22
Form DC Matrix

Calculate Print out that

Direction Cosines alternative

Using equation 19 Direction cosine

Form DC Matrix routine is used

DRT = M+

Direction Cosines

Established

DIRECTION COSINES SUBROUTINE COSN(I) LOGIC

FIGURE 3



REPRESENATION OF A BLADE WITH C.S OFF-SET FROM C.G

FIGURE 4

A DISCRETE ELEMENT INDICATING THE DIRECTIONS OF POSITIVE LOADS

FIGURE 5a

SIGN CONVENTION FOR POSITIVE MOMENTS

FIGURE 5b



ABC is the plane of

cross section

Directions of local axes

corresponding tof = 0

of a blade positioned at

equal inclination

to X,Y,Z axes

REPRESENTATION OF BLADE 2

FIGURE 54

REPRESENTATION OF A KINKED BLADE x
FIGURE 5f

FIGURE 5e



A

Calculate Section Constants

i

Cs Co + Ss snvoiving 6

Calculate increased Torsional Rigidity

2

If pretwist is present SVJ = GJ(1+I,6'*)
Ta

Calculate variables Ay - Ay,

Form upper triangle Matrix of FXxMT|

Form lower triangle Matrix

FOE, , = FT, |

FXMT Established

FLEXIBILITY MATRIX SUBROUTINE FLEX(I) LOGIC

FIGURE 6



T4+1 I Jot

A Cc

Node J+1 Node J Mode J-1

ASSUMED SHAPE OF ELEMENTS J AND J~1 DUE TO FORCES

CAUSED BY DISPLACEMENT AT J

BD =— Assumed displacement at node J

AD - Assumed shape of element AB( element J )

CD = Assumed shape of element BC( element J-1)

FIGURE 7

Node J+1

Node JJ+1 B Element J

¢c

Element JJ

AB— Element J

A=-WNode J

B- Node J+1

cD — Element JJ

C-Node JJ

D-WNode JJ+1

PICURE 8



Start’

Form Constant Form Constant

SUN = @L/2 SUN = CL/2

Establish Establish

Direction Cosines Direction Cosines

Tyme Dy Lomyoy

Form moment arms Form moment arms

(X54 -%)1/3 (Ky -%542/3

(> (Yy -Yy4)2/3

(Z5_4 ~23)1/3 (By -2543)2/3

Read Pitching Read Pitching

Typrtsa Tp Inertia Ip

Form Matrix Form Matrix

FEA (8x5) FEA (8x5)

End

LOGIC OF SUBROUTINES FLAP AND FLAB

FIGURE 9



had

Consider Contributions Consider Contributions

from element J from element J

Form py ,(4x5) | Form Pyy(4x5)

Risk-1, u(1 to 5)

R34K-1, M(1 to 5)

ReeK-1, M(1 to 5)

Roak-1, K(1 to

<i Ss

R (8x5) Formed

LOGIC OF FORMATION OF R MATRIX

FIGURE 10



JJ Tip end JJ+1 Root end

Establish Contributions| Establish Contributions

are from J or J+1 are from J or J+1

Call CENT; Form a Call CENT; Form a

Call CENF; Form BL Call CENF; Form BL

Is ¥gs | cai cess call cess] 8 Is
J= JJ Form C) Form C, J = Jd+1

No No

t, =0 =0

Ada Ada

E+E +T, +B, +0,

aay megaed

a
os

LOGIC OF ESTABLISHING LOADS ON ELEMENT JJ

FIGURE 11
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APPENDIX 1

PROPERTIES OF DIRECTION COSINES BETWEEN ORTHOGONAL SETS OF AXES

he two reference axes are referred as Global or Overall axes and

Local member axes which are represented in Figure Al.

LOCAL MEMBER AXES

xr

GLOBAL SET OF AXES

FIGURE Al

Unit vectors in the direction of the local axes x, y, 2 are denoted

vy I, J, K whilet unit vectors in the overall axes directions X, Y, Z

are denoted by IT, J, K. The direction cosines between the positive

axes directions are given by

Overall axes

x x z

x | tx | mx | m&

local axes y ly | By a

x m n.
2 z 2 z

The rows of the table represent the projection of unit vectors in

the local axes directions on to the overall axes.

mtThus it + ae tn) see ceecrcrccceccccccess Al

LT+m75 4m, a2wld ey edsl rst= 134+ 7 4,
6 ahs



The colums of the table give the projection of unit vectors in

the overall axes directions onto the local axes.

1

nm

Thus i + LVI aw weccoteees

xi +Myj +AL al HI =Pxi yj + eck.

Relationships between the direction cosines can be derived by using

the properties of the scalar and vector products.

Scalar Products

Feige) Moree gt Moga IMEEO ot pesieaensvenses AT

35 amy ey 4
Ke +m, mg 21

Lek +14 Pe nt
es amy 4m, = 4

KK +e y ame ot eee

Te5 = Lely +TWMy HPaBy = 0 cecececscecscsceee AIS

Fok = Vyty + MYM +ByMz = 0 ceccerececsceeeeee ANG

nT = LL tm, + mynys 0 ceeceeseeeeeeeeeee AID

Tid = Amy tT ym + 1pm,= 0 seeoeeeeeeevereeee AI6

Pm Dee Rely myn = 0 ccccccee AIT

K.I = al, tnyly +p t= 0 seeee ANB

Vector Products

TaAG-& %FTaE=-5, EaAT-F

From the above vectorial product relationships considering i A J =k

a

a =1T+mi+yk... alg

os Seo oe
Expanding equation A19

(meny — ym )T + (aay - An )T+ Gay - ip )F-1+m3+9k



Be oTty MyBy = Ly eteeeeeeeeeeeeeeeee

nl, -1yny = M...

Tee eer ere

Similarly expanding the vector products 7 A k= i and k A

the following relationships are obtained.

MM My = Ly cece eeeee 423

nyt, -1my = By oe. 424

Tym —Mzly = By eee 25

mis 26myn, “ym,

al, Tin, = mee A2T

dyn i,m, = ny A286

The vector products T A J = K, JAK=I and KAI=J will yield the

same relationships as that of equations A20-A28.



APPENDIX 2

MATRIX EXPRESSIONS AND OPERATIONS

The different types of matrices which would occur in structural

analysis are described in addition to the fundamental matrix

operations comprising addition, subtraction, transposition,

multiplication and inversion. A matrix is defined as a rectangular

array of symbols arranged in rows and colums, If there are

m rows and n columns the matrix can be represented by

43 ‘in

pz teeeeeeee Bon

Ke- a3, tresses Og, | seeeeeee(A29)

a seveccees @
m3, ‘mn.

A typical element a, j has two subscripts, of which the first
,

denotes the ith row and the second one denotes the jth colum,

A matrix with m rows and n columns is defined as a mxn matrix.

Row and Column Matrices:

If m= 1 the matrix in (A29) reduces to a single row.

Ke (a1, Ajo Oyg ceteeres 84,,) seeeeee (330) which is called a row

matrix. Similarly if n = 1 the matrix K reduces to a single colum,

[a4

854

bre )B= | a5, aes cones (AST)

an

which is called a column matrix.



Null Matrix:

When all the elements of a matrix are equal to zero, the matrix

is called null matrix and is indicated by 0.

Square Matrix:

If m =n, the matrix A in (A29) reduces to a square array

By, Dag cree Say

yy Bee Be ceeees San

iE = Poy egraes 33s e an yee eee = (0832)

. .

no

which is called a square matrix.

Diagonal Matrix:

‘A diagonal matrix is one which has zero elements everywhere outside

the principal diagonal. It follows therefore that for a diagonal

matrix a,, = Owhen i # j and not all a, are zero. A typical

diagonal matrix may be given by:

Saat semicon (AA):

Identity Matrix:

An identity matrix is one which has unit elements on the principal

diagonal and zero elsewhere It is usually denoted by symbol I.

A unit matrix of order 4 x 4 can be written as

ses esseen (Ast)

oo+30 o+00 -=oo°o
1

°

°

°



Triangular Matrix:

If all the elements on one side of the principal diagonal of a

square matrix are zero, the matrix is called a triangular matrix.

There are two types of triangular matrices: an upper triangle matrix

whose elements below the principal diagonal are zero and a lower

triangle matrix whose elements above diagonal are zero. A typical

upper and lower triangle matrices can be written as follows:

Upper Triangle Matrix Lower Triangle Matrix

0ny 4043 ot Btn a, ° 0 geo 5G

ie a 0. 0-050

° 83, 839 833 9 0 0

5 0 0

5 Pat "ne? 5 8n3: nn

Addition and Subtraction of Matrices

If the corresponding elements in matrices A and B, of the same order,

are added algebraically, the resulting elements form a third

matrix, which is the sum of the first two, that is

K+ B= O where 6, = 0,5 +0,;

Similarly if the elements in matrices X and B are algebraically

subtracted, the resulting elements form a third matrix which is

the difference of the first two, that is

- B= T where Oy

Matrix Transposition

The transposed matrix is formed from the matrix K by interchanging

all rows for the corresponding columns, The transposition of

a matrix will be denoted by the superscript T. Thus 4” represents

the transpose of A. For example if

a, a, a
an a ae: ade =o}

85, 922 903] then AT a (12 22

P43) 23



Matrix Multiplication

Jwo matrices TE and B can be mltiplied together in order AB only when

the number of colums in X is equal to the number of rows in B.

When this condition is satisfied, the Z and B are said to be

confirmable for multiplication. The product of two conformable

matrices A and B of order mp and pxn, respectively, is defined as

matrix C of order mm whose elements are calculated from

2 .
oye = BsyPpy La 1s 2 aseree m J = 1y 2 veveee 2 ooeee(A35)

where a,, and b; are the elements of E and B respectively.

Matrix Inversion

The inverse of a square matrix K is written as X and is defined

as the matrix when multiplied by the original matrix X results in

the identity matrix. The inverse is always a square matrix of the

same order as the original matrix itself and only a square matrix

has an inverse. The relationship between a matrix and its inverse

is given by

Bk) Lek Segec kn etbern he
Matrix Partitioning; Submatrices

The array of the elements in a matrix may be divided into smaller

arrays by horizontal and vertical lines. Such a matrrix is refered

to as a paritioned matrix and the smaller arrays are called submatrices.

For example a square matrix of order 3 may be partitioned into four

submatrices as follows:

Ry lel

. = |e m|| sou twcuveh 36"
Aor a2

Where I im Sa 835 i Aa5 iz

12 fj 2 ae es ee
821 22 23

and

ae [233]
Provided the general rules for matrix operation (addition,subtraction

etc) are observed, the submatrices can be treated as if they were

ordinary matrix elements. -



APPENDIX 3

UNIT-LOAD METHOD

The unit-load method can be used not only for simple structures

like beams and trusses, but also for very complicated structures

having many members. Furthermore, the unit load method is suitable

for finding all types of displacements, including the deflection of

a point in the structure, the rotation of the axis of the member

and the relative displacement between two points. This method is

also known as the method of virtual work, the dummy-load method

and the Maxwell-Mohr method. ‘Two systems of loading that act upon

the structure must be considered when using the unit load method

a) ‘he first system consists of the structure subjected

to the actual loads; and

>) The second system consists of a unit load acting alone

on the structure.

The unit load is a fictitious or dumay load that is introduced

solely for the purpose of calculating a displacement, say @ ,

of the structure due to the actual loads. The term "displacement"

is used here in a generalised sense; thus the displacement A

may be a translation, a rotation or a relative displacement, ‘The

unit load acting on the structure, produces reactions at the

support and stress resultants within the members. These stress

resultants are designated by symbols Py, Mv, Vv and Tv (axial stress,

moments, shear stress, and Torsion). These quantities, in combina—

tion with the unit load and the reactions, constitute a force

system which is in equilibrium.

According to the principle of virtual work, if the structure is

given a small virtual deformation then the virtual work of the

external forces is equal to the virtual work of the internal

forces.

Wort = Wing ccoccescesceceeceeeees (437)

During the virtual deformation the only external virtual work is

ty the unit load. This virtual work is the product of the unit

load and the displacement A through which it moves; thus

Wot = 1A sccccerssceseeeeescoes (A38)

1



where A represents the desired displacement of the structure due

to actual loads.

‘The internal virtual work is the work performed by the stress

resultants Py,Mv, Vv and7v when the elements of the structure are

deformed virtually. However, the virtual deformations are chosen to

be the same as actual deformations that occur in the structure

supporting the real loads. Denoting these deformations by dé,

ae , a anddg the equation for internal work can be written

wane = [Pos + free + frvan + firap secre (ss)

By equating external and internal work (Equations A38 and A39)

the fundamental equation of the unit load method is obtained

A= JPv6 + fice + Jean + frog seeeee (AMO)

In the above equation A represents the displacement to be calculated,

(translation, rotation or @ relative displacement); the stress

resultants Pv, Mv, Vv and Tv represent the axial force, bending

moment, shear force and twisting couple caused by the unit load; and

aS ,¢@ ,4A anddg represent deformations caused by the

actual loads, The fundamental equation of the unit load method

(A40) is quite general and is not subjected to any restrictions

concerning linear behaviour of the material or the structure.

However, when the material of the structure follows Hook's law and

the structure behaves linearly, the expressions for the deformations

a& , 48 , aA anda can be readily obtained. If the stress

resultants in the structure due to real loads are denoted as P,y Kj,

V, and 7, then the deformations are given by

a6 = Veeescecsccees (aati)

AO = Be sascceeeessseseneee (A42)

Tax

GA = ee ceseeeesesseeeeeeees (843)

Ty dx

AP = GT teeta eeeeeeeseeeeeee (a44)

Substituting these four expressions into equation AfO gives the

equation of the unit load method in the following form

POEL te weg CAB A RAK
au EA EI GA — GS =



Bach integral in the above equation represents tle contribution of

one type of deformation to the total displacement. The procedure

for calculating a displacement by means of the unit load method

using equation (A45) may be summarised as follows:

a) determine the stress resultants P,, M,, V, and T, in the

structure caused by the actual loads.

b) place @ unit load on the structure corresponding to the

displacement 4 that is to be found.

c) determine the stress resultants Py, My, Vy and Ty

caused by the unit load.

4) form the terms shown in Af5 and integrate each term for

the entire structure; and

e) sum the results to obtain the displacement A .

Depending upon the type of structure, it can be anticipated that

some of the terms in equation (A45) will not be needed. For

example, if a truss with pinned joints has loads acting only at the

joints, then there will be no flexural, shearing or torsional

deformations and only first term in equation (A45) is required.

Similarly only flexural deformations are apt to be important in

the case of a beam, ‘Individual unit load equations depending on

the load conditions can be givesvas follows:

For deformation due to axial loads only

a fine
For flexural deformation, only due to bending

A fas Rags ideus sounsenee ce CANT)
EI

eucwscaee (A456)

For shear deformations due to shear loads only

xe a é (48)
GA



and twisting deformation, only due to twisting couples

2%,AS LU © a cednnsagueetecsrsse we)
GI

In general, it is possible to calculate displacements of structures

by using any combination of equations (446 - A49), depending upon

the type of structure.



APPENDIX 4

PIEXIBILITY MATRIX - EVALUATION OF INTEGRALS.
from section 5.3

My = My + (My - My ) xr +A50
. 2 4 ir

Me = Ms + (Mz - Mz) Xr peewee wage Ae
& 2 4 ir

Mx = Mx ¢(Mx- Mx ) Xr Keiser vasieaanoe
4 2° 3 es

Px = Px + (Px - Px) Xz
1 2 4 ir se eeeeeee ee ADD

uy xr Re 54My = + B Xr Mz - BE MY seesseveves

leas ir
' 1 Byes a

M2 Mz -p xr My - B xr MZ ceveveesseeAD5
Lr 2

2Lr Notes P= B -

M P, PS

' t

gubstituting the values of My and MZ from A50 and A5t

My My + (My - My x x Mz + (Mz =:
gO, eS

2

22

-pxr (My + (uy eee ei

ate $ 1 ir

Mz < Mz + (Mz - Mz) Xr - Bp Xe (My + (uy - i x: is ee PEERY, (ay, iy) xz
ir 1 Lr.

2 2 (

pike (Me + (Ma - We ) Xz Qoee se A5T
5 2 { A 2 cs =}
Lr

Msv = Me + (Mx - Mx ) Xr 4+ (Px + (Px - Px ) Xr
a 2 Lf oie 4 2 1 Lr

+c | My + (Hy - My ) Xx + (Bp xr (M2 + (Mz -Mz ) xr
PAireed 2 1 ae TE 4 24 fo

1



@ 2

-_p xe ieee AC aes a gh

2Lr

+c Meee (ta Ms Je BE i ws) Eesm a! ie 3502) Se aeLr

elke

-_B Xr (us, +(e - Me) Be
a 2 19%

2Lr

a iL
e L L

P A= {Fy Px dx -++(My, uy, dx

voR eee ee ers
o BA O° BEY

fe ie
+(¥y Mz, dx +f MB yy MSyy AX 6606+ A59

o Es ° Gi

III Iv

Considering the integral I.

Substituting values of Px, and PxA from A53.

au L

Px, Px, dx a2 Bec Utyee ete nl Pe a) & ax
{a A ees ( Py Seo ae Eh eae pete
o 6BA °

“Ef? ae irs UE ee
BA 2

°

f (y,- P,) Aste Px) 3 ax.

0

er

2

<1. P Bere (Bee! Pe. ase Fia on [8 a7 tx) | t ae =
°

L

P, 2 Bago” 2, xPrange Oe° a) 2
31

°

eo. PL + (2. Pa.) 3) se 2B =P.
BA vf ie ‘fe BW 3}



"

sae [pared

= P. Yee) Ze Le + ?, afk Meaty aa] atoi mit pee xv2 Be |g aig °*

P. PratPiolt L (Pyyor 2a xvt [Fe | ey RV *xvt

Considering the integral II.

Substituting values of My, end MyA from A56,

u

x Pyva F Cyye - Hyves) at Pa (Have Mave-Mava)E)

BIy
°

en2= (Miya + (Myyo > Hyva) 3 [i + (Myy - yg) arp ay Moa
2L

22

+ (Mg > Mea) 8 PH {ys + (yy - Mya) 33|
2L

L

= Ll |(u. + My yor X) (My (o- M. X) dxshefftres Fre Hr) B Paton yo B
L

(yet Olyeo Hyve) BY aa (tsar Maa) BB

°

“ash
oe

2

mas Meee eis ee 2) (pat toMy) XIairy? ik yah Oyye = Myva } t (i yon Mya) x

i

in figten + (gye" Maya) 3 Pas Oye Mya) 8 ax

we

+_B2. ¥ (evs +(Mgyo- Maya) 4 fuss (éea-Mea)

BIyE

2 i
3 3 "

- X?(Mgya tt (Meyo- Mays) X) (Mya (Myo- M. Xx) dxEs f ava t(Mayo~ Mavi) X) (Mya (yo yt) 8
o

L

= dy (PO + (Myyo- Myya) g (lye Oye Mya) 2 ax

4

HY

4 4te X*( ot (Myyo- x 3p Pv Qlyya- Myya) } og Clyer 4) 2 =

3



Ignoring terns containing P and Pp’ and intecrating.

= Myx ph [2 Mea + 1 tyo| + & E\1_ 1M

Bry} 12 ee see aire eA Gee

+ Mh | X, M, iw if
yvi ya, Mya | Myval vt, Hye

ies [ae ee eae

2 :

+ Moya PPD | Meat Meo | AYMavo PE | Moat Mee
EIy 30 6 ned. Rs ed wa.

= 2 - 2 ‘
Moye UP? | Myatt Myo\—Myve PPE | Mya Bye

2BI, 750; ° “20! 2EIy fo° 57

: 2 eee a

= Myva PoE | Mya ‘al. Myyo PL] Mya tb Wye
02EIy 30 2 2ELy 20 5

+ Myyg PL | Myah ye Move PE Mya My2

BI, [a2 “12 BIy Peas ps

Adding appropriate terms 1

2 9 " 2. 2:
= Nyy Hyd Myob Play | Pla Ply, BElyp

bEIy @aly i2Ely T2ETy S0BLy ZOBIy

. 2 254
FH Myyo | Myst | Mya PUllaa | PlMlan Pr UMlys _ lla

ety 1281; WEIy ~20ETy bEly

pu, peut, pe illz2
et

Ter, 30BTy 2OETy_

2 2 ra

+ Moyo | Py | PiMye _ P UMz, PF Uiige

peels fpr? eee ter
L2BIy “aBly 20BIy ely J.....A61

Consider ing the PSOE Irl.
iS

Mey May O%av "2k 1 i, (HL yo- i, xs a= it fiev FO yo7 Mavs) zg Pp Eyes t+ Oye Myys} y
a



°

ei ipo. Vt OG, Mek) CM,ch | ‘avi uve avis ) ¢ yi
- *

~ Be (PMevt * Os vk } es
2u°EI,

2)

SOW mUte, aM x)) iC
yvi yve yi’ = Zi

LEI, ( L) (

ghyics

eee: rine Oy ye - My Ok ) (My,

LP Er, DOP a
Z3 ok

if yu * Oyya ~ Myw%} Me

S jn
2

. te (Mays + Maye - Mays)X ) Pr
au?er\ , Rade ik
5%

* + = Moya * Mayo ~ Moy E : (Mya
2)
ot

‘3 snes Ota * Wye ~ Mav 2 Mog
uuter, ) i yet

Ignoring terms containing p?

+ IM,

“3 =ert

+

+

Qo

>

Oye

(M5

ts

(Mya

(M5

(M5

(My

5

iy ‘xdx

ee
)
)

“OE }

08}

rok}

MX )
nD

and eg and integrating.

aa | Oe M2|

MoyaPe | My
EI, 12



Myve PL] Mea 4 Mao) — Myvo PE | Mas + Meo

gets al aie ieee, EI, ese ae

2 2 ;
+ My yy POE | ys + za + Myyo PL [ My, + Wye

Big ar oe0y. SenL, seO sl. aa

— Mavi per Mel + 2 — Mave pL LS + Mee

eRr, 30 20 20 5

Mgi + Mgo

20 5

Adding appropriate terms:-

= Mave ee + Ligz —PiMy, — PLly2 — pres ae

— Movi pre My > ae
2BI, 30 20,

BI, roe 6 12 12 30 20

+ Mgyo [ Ullg, -F Use —PLMy, — BLiys — PemMey fers)

El, [ 5 3 12 4 20 5
pity petty. — piles — plitz2

Tp0 20 12 12

+ Myy2 pPultya+ Poullys = Pilg, — Me apL

BIs 20 5 12 FY ences ee A62

Considering the integral IV.

Meee Weyl eX

GF

=a [i + (leva - Mxva) EEF $1 fPxvt +(Pav2 > Pxva) aI
at ce Hows +(iMyy2 - Myvi) x + P2Movs + (Mzy2 - Mew) o

4Spex (iiyys +(lywe = Mays) aI
2

2L

05 [uw +(av2 ~ Mave) E - pe yes t(Myy2 - Myvs) e

4 [= + (x2 - Mx) E2 ;

— Bex? (gy, + (ave - Moye)
arene



#01 (Peat EPyo" BWR C {Hs (iyo Mys)E PL (Mea (e2Mas
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Elements of flexibility matrix are thus formed. Equations

A60, A61l, A62 and A63 are rearranged and tabulated as

shown in Table 1.



APPENDIX 5

ESTABLISHING FLAPPING LOADS DUE TO DISPLACEMENTS AT A NODE J

Displacements: The general conventions including idealisation are

explained in 3.1. The following additional definitions apply. (See

figure A2), An element J is identified by its nodes namely J and

J41, J being at the tip end and J + 1 being at the root end.

Similarly an element J~1 is identified by its nodes J~1 and J; and

an element J+1 is identified by its nodes J+1 and J42, A node J

is defined by its coordinates Ky, Y5_ 253

are defined by AX,, AY;, AZ. Anode J-1 is defined by its

coordinates X5_45 ¥;_47 %_4 end the corresponding displacement is

whereas its displacements

defined by AXy_49 Arty Alyy. The same argument follows

for other nodes. The twisting deformation 8; is described with

reference to local axes. However when a blede has sweep back, the

twisting deformation at node J is described by two twisting

deformations PsA and @, (Figure 43). When the sweep back is

absent the two twisting deformations are one and the same.

Loads: Due to the displacements at node J ( AX;, AY;, AzZy,

®x;) there are two sets of global axes forces, They are

1) Forces at J causing inertia forces on element J-1.

at

2) Forces, J+1 causing inertia forces on element J.

and the moments calculated at any node will be moments applied to

the inboard section by inertia forces on the element. The moments

will be about global axes. The forces due to the displacements

at node J are depicted in Figure A4. These are (assuming a simple

harmonic vibration with frequency @)

a)

AGS



and b)

Pes ot stty/2 SeseescenshGT

Pry a ey / 3 esd 04000K68

mespaesescO9

Zsa Gh yp25/ 2
Moments +

Similar to the load considerations two sets of moments are

applicable. They are ( See figure A5 )

a) Moments about X,Y,Z axes due to displacements at J

causing inertia forces on element J-1 and

b) Moments about X,¥,Z axes due to displacements at J

causing inertia forces on element J

Te following moments are applicable on element J-1

Taking moments about X axis

2.

Wy = ~ Gy 4P ig 4 (2 4-By) Ty +g Oy 4 (Cyn hy 162
o) a eres ony

»A70
2

+ OTL Lgayds1 °
2 2

wo” 1, 42, represent the forces in ¥ andaires aoe Pig oY, and €y

2 directions respectively and 1/3 (25_,-25) and 1/3 (7 '3) represent

the moment arms. wIby, Py _srepresents the torsional moment about

the local x axis. Please note that this moment is resolved into overall
axes directions by applying direction cosines. Accordingly the moment

i‘ 2,component from this to the overall X axis direction is Le Ths bya

Hence the total bending moment about X axis is 2

2.

Me Re bn (BAY, + By gh 4 lp Ey

te es st lc(Jnt) Pana veeeeeAT

Similarly taking moments about Y and 2 directions



2

a +6 Phas (25g Bs any Git Ky yey )azy
<= nino

+ Pets Tels aMe (I~ 1) Pra secceceeeseeeAT2

- Rg Phy (pg Bly + Sy pF beg g yy Ky lOty
rer ea

2
+O Tply 1M,(54) gq coeeeeeeveeeeoAT3

2

Similar arguements hold for the moments on element J and these are

given by: ( Please see figure 7 also for A distribution diagram)

2 repel RP isa p2y,,)0T, + CPt s(t ty,,)02,
3 3

+ Iphy 1 3fy
ae

seececceweseeh 4

vate ep LyZp25,4)AKy ~ ye Us(F Xj y4)025
3) 3

- ie gts my os seeeeeneeehT5

Aire oe Pts (ty ig Ly-Ty44) Xz + €. tse dar,
3 3

+ toe es) nls py seeceseeeeehT6

Thus the loads and moments due to displacements at a node J causing

inrtia forces on element J-1 and element J are established.



7 mements 1 2 i Tip

REPRESENTATION OF NODES AND ELEMENTS
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INERTIA FORCES CAUSED ON ELEMENTS J-1 AND J DUE TO

DISPLACEMENTS AT NODE J
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PIGURE A5
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APPENDIX 6

DERIVATION OF CENTRIFUGAL LOADS

The assumptions and definitions made in 3.1 are applicable. A rotary

lade is assumed to revolve at an anguler frequency offradians about

Z exis and 2 simple harmonic vibrational frequency is assumed. fis the

mass density. The total mass of an element of length L is therefore

given by PL. Considering the centrifugal force in X direction only of

an element whose X co-ordinates are X, and Xp. See figure A6, The co~

ordinates X, and X, are assumed to undergo distorsions AX,and AX, above

steady state geomefry in X direction. The elongated X co-ordinates are

now given by X,WK, and X,+aK,

.. the new length in X direction =(X,44X,) =( X54AXp)

ecescecoeeATT

The mass per unit length in X direction

Ne / (Or, n(x, }
200A78

Centrifugal force at a distance X is given by @,X0° ax
cK,

3Total centrifugal force = &f xOF ax

mere X,Hn,
7 Geel x |

Xp,

-a't ee 2 = Gran)?
2

Substituting the value for e from A78 in A80
x

w San? | afar 42 px ~ 1 - a1 or AK,

2( Xp AX -AK, )
Ignoring the higher order terms

= Sia? fh ~ Goya) [opaag era, -ex AK,
20 (x,-%)



efc2 2

=u [fe X5}- (+X) (AX,-AK,) 42K, OK, -2X, AK,
2(%)-X,)

2= tiorfe-r cy) +74) (6, 41,) }
2(X)-x5)

ei

= tra (n+ Xp vox, eat, | seeeeseeee AGL

Similarly the total centrifugal force of an element in Y direction

can be derived. Without going into the details of integration

process the force is given by

+ -A82= ere tut Y, var,sat, | pe
2

It is to be noted that there won't be any centrifugal load compo-

nent in Z direction.

Moments due to centrifugal forces:

The centrifugal forces of an element in X and Y directions are

given by the equations A81 and A82. If an arbitrary element J is

chosen the forces in X and ¥ directions may be written as follows:

O08)
x ROL (Xs+AK, #X;,) +4X),)) ceeeseees «ABS

e

P, q fi +A) 4YPee Gg gtaty, e acatet gadin ooee eae

é

These loads are represented in figures A7 and A8. The moments are

refered to the inboard end of element J which is denoted by J+l. -

Figure 7 for e.g. could be represented as shown in figure A9. |

Taking moments about Y axis ( for Py loads )

Ha =Qcthy (X+4X;) x Moment arm in Z% direction

2

*gikty tse +4X341) x Moment arm in Z Greciton
Page ete on AOD



The moment arms are given by 2/3(2 5-343) and 1/3(25-3,4)

Substituting these moments in A85

2.

Byrn = GOB tty) 2/312 5-85,1). +
2

py (Spy AKG 3) 1/S(Zyrhgag) xan se-s9e ABO
aaa

Taking moments about Z axis

2Mase * Still es 98 tsa on a
z

eens enoROT

Similar moments can be given for loads in Y direction aswell

Moment about X axis:

2.

My ryy 7 SME) Ly HO¥ 2/5 (By B yg) Vp 43 8 49/3
2

“8-850 } Aaieianieteinie ec ABO)

Moments about Z axis

¥, =P 92
BgrL NOP 1 (V +AV 52/5 (Ky— Xz gq) (Vy 4g V4 1/3

2

“Ota | seine spiesieee AOD)



CENTRIFUGAL LOADS IN AN ELEMENT

X DIRECTION

Jd

2en (1, +4¥5)

J+1
J+

2
NE (Xy4q 4X54) 2

¢ yea * 41 et (ya) 4% 541)

Jt.

CENTRIFUGAL FORCES IN CENTRFUGAL FORCES IN

X DIRECTION Y DIRECTION

OF AN ELEMENT J OF AN ELEMENT J.

FIGURE A? FIGURE A8&

2 (x, +4x)

fad2

PO (541 4K 547

CENTRIFUGAL FORCES IN X DIRECTION OF AN ELEMENT J

DIVIDED INTO TWO COMPONENTS

FIGURE A9

4



¢ ance a ef ates

MPILATION BY #XFAT HK 6A | PATE 06/10/77 TIME 17,466,49

2 APPENDIX: 7
' 6: = ee LISTING OF THE PROGRAMME VTRT -

= _WORKCED) = SS

___ SEND TO(GEOSSEMi COMP)

—— SEMICOMPTLED (SU5GROURTANY. SUBRO ES, a

a = __LISYCLP)

—— LIBRARY (ED, SUBGLQUPFSCE)

PROGRAM CROTK)

INPUT 1eCRO = =
= OUTPUT 2=LPG

= TRACE 0

END

C_PROGRAMNE STARTS

MASTER EIGN

REAL LO,JYet7edsVele

DIMENSTON XS611)6¥S2 412 ,28C149 et GCI0)e

RHO(49) ,BETACT1» +DRITCS,3) +CONC6 +5) -RS(BI5) +
SALTO) TYE10) E2640), ISVE9O) 1640) R2016) 4 B3010) CNT CONS)

LEY G41) E2414) PLEL C3 +5) -PLFOCB15) 6 TRAC6 6) FEC (616) 1STROG 16) >

FXMT (6-8) + BErB 2, ETGAC 50,50) /BHCS0) pFROC4,5) PRES (669) 5
1 0063+3) ,piNCS$.3),£1G3(50,50) 268.5) 1 (616) 186616) eTT(616) >

= TEMP (B15) FL ACO. 5) 6 1 PCT) @RSCB/5) RECB 15) RRCBIS) &

ECEN( 645). TAP 68.5) AUOTG) 2CETCO05) + CINC6,5) 6

SAKC2500), FSHOD( 2500) »INT(48), 175 (50). FSR(SO),

BAB (619) BUN 6440) 1F¥1(5G) SYOD62500) .T62850)

C_DECLARATION OF COMMON STORAGE VAPIABLES =

COMNON/ DATA/YS+VS+Z5+LG. RHO, BETA, ORMT VEY, EZ,

SDCrDMe CNT ONFGA.FAMT sAr1Ve1ZsdSV+81, 8210318 ,Gy
TBETBeEIGAEIGBs%, TEUPrTRASECSTReFRCV RES» FLALIP,

*BAB, BUN, TAMD.RS.RG,PR,CEN;CON,BH,CFT,CIN,RS,P,S,TT

C_INPUT DATAWTHESE AR FED FROM SEPARATE DATA FILES

READC 1614 919N

— 1104 FORNAT(IO) = - =
READ(i+1001)F+G.S1G,0MEGA == = =

401 FORWAT(42F0.0)

pO § 134,N

S READC1 +4002) ACI FTYCE) , TZC1) sdSVCT) ECS) CBZ (1) BIT

TBZCE) /BSEE),RHOLTI PCT)

= 4002 FORMAT(42FO,0)

DO 6 T¥4, NG

6 READS1 +1003) “XS. 1) 4 SCT) «ZS(1) BETACT) ¢BETBC(T))
103 FORMAT(42F0.9)

C INPUT DATA VIA paTA FILES COMPLETED
C sTAnT CLEARING APDRAYS 1



= 047 1 at6 = pisedoee

pO 47 Jat,5

47 BAB(I ed), FLACT +d) eRES C1, d) #CONCT6J)20

BAB(4e1),BABC2e2) ¢BAB(3,3) 51.0

pO 43 124-8 =

00 13 yates =
— PLFOCL sed), PLELC3 do), TEMP(T 23) 50 = SS

= ABS RRC red), TAMP? 1970 =

D0 44 lei 6 a aa. Se

= pO 16 2176 i a

BEG ECCS NPs TRACE soe Cles)-c8 OTe SDT ECLA 0 = —= = oa
DO 46 18476 a

16 TRACT T)=1,0 == == = =
= po 48 Vets = a =

00 48 datrS as — i

48 PROCT Ad) e0.0 = 6 —
s pO 25 leteh

DO 25 J=t.6

wa 25. SIRT yd) =0,0
= pO 49 Tat,3

ae pO 49 dated

19 oCli.d), nntr. J) pRMTCT FO
pO 20 1248

DO 20 Ja1.8

20. FXMT CL ed) #O

pO 24 Is1+S0

DO 21 Jet.50

21 EIGACI J) EIGB(T J) 20

pO 4% [34-6
DO 44 Jat,5

CENT, J), CET STi CUN(T, J) 20.0

41 CNT <td) <0

GC ALL ARRAYS aRE INITIALISED

nO 45 Tata

RAFXS (1) XS (1#15

BBAYS (1) RYS( 7443

BCEZS(1)nZS(191s

LGCTY=SQRT (UA¥B,ieGR+BB+BCuBC)

15 CONTINUE

C PRINT OUT ALL INPUT DATA
URITEC2,11020N

4102 FORMATC///45HONUMBE® OF MEMBERS/SO(10/))
WRITEC?, 1104: EG, STG

4906 FORMATC///G6QHOELASTICITY NOD RIGIDITY MOD POISONS RATIO/

450(3F15,6/))

dO B 154.N

WRITEC2,1906) Ci AC IOI

4106 FURMATC///417HOAREAS OF MEMBERS/59(7(4(14,E12.4)/)))

WRIGE CA, S107 (LUV Cie Tat oN)

4107 FORMATC///25n01, MONENT OF AREA Y AXES/SOC7(4C16,E12.4)9/9))

WURIPEC? 14105) (T, P20 deta teNd

4A0B FORMATC///25n0T, MOMENT OF AREA Z AXIS/50(7(4(14-E12,4)/)))

i WRIFE GZ, 1100) (1,ISV61) pTe1 ND

4409 PORMATC///20H0S" VENANTS SECTION CONSTANTS/50(7(4(14,E12.49/)))

ss WRITECS 14172 (E EY Ci Ye T2410 N) :
A914 SORMATC///32nN0¥ AXTS CO-ORDINATE OF CS WRT CG/SOC7TC4C16, 612. 4)/))

WREYEC2, 1170001, IPC oe Tet ND

1440 FORMAT C///46HOPTCHING INERTIAS/500706(016,E42.4)/)))

WRITEC2 1442) C1 E20, Ve Tat oN)

GA12 FORNATC///32H0Z AXI:, CO-ORDINATE OF CS WRT CG/SOC7C4CTL, E12, 49/9

WRITE C2, 1715) C1, 81649 ,1=49,N)
4415 FORMATC///25HOHIGHER MOMENTS OF AREA 1/50(7(6(14,E12.4)/)))

WRITEC2, 1496) (1.926) eo Dat aNd

1116 FORMAT C/s/25N0H°GHER NOHFNTS OF AREA 2/50(7(4(14,E12,4)/)))

WRITGEC2, 1417101 RSCLY,T=4,N)

4417 FORMATC///250H GHER MOMENTS OF AREA 3/5007 (4(14,E12.4)/)))

-

aN)



sn wRITEC2, 1118) C1, RHO, 1) sTst end
4478 FURHATC///27HOMASS. DENSITIES OF SECTIONS /50(7(OC14 E12. any

8 CONTINUE

no 9 Het

URITEC2 4120) (1 XS Cat at Ned)

4420 FORMAT(///20H0X CO ORDINATE OF CGS OVERALL/S0(7(4614,E12.4)/)))
wRIye(2,1124) (1, VSC1) plate Not)

4427 FORMATC///20HOY CO ORDINATE OF CGS GVERALL/50(7(G(14,E12.4)/))
URITEC] 1122) CP 28 Ci de Tat ened)

44@2 FORMATC///29n0Z COORDINATE OF CGS OVERALL/50(764(14,£12.49/9)

WRITE(2,1123) C1, RETACT) , 154 ,N*4)

1425S CORMATC///21HOBETA PRETWIST ANGLES/SOC7CACTH,E12.49/)))

weal yec2,11243 (1, BETECI),151,Ne1)yes FORMAT ()//21NOBETB PRETUIST ANGLEA/ 5007 (L(G, 642, 4Ys)))
a. 9 CONTINUE x =

WRITEC2,1203° OMEGA

—_ 1203 FORMATC///28HOANGULAR VELOCITY IN RADIANS/50 (E15. 6/))
= C PRINT OUT OF INpiIT DATA COMPLETED

i MRITEC2,1205> (1. LG¢1yeTat Ny ae

4205 FORMATC///18HOSECTIONAL CRNGTHE FSO ACEC TA, E42,4)/99) =

_C ELENENT JJ CALCULATIONS STARTS

pO 59 dJatoNn

2 CALL Flex (dy>

CALL COSNCJu>

CALL RESL (du) =

CALL STRUCJU

C UNTY LOAD CALCULATIONS STARTS
pO 500 ys=1,

po 544 19108.
DO 504 Nair

501 R(1,M)=0,0

BABC4 14) 2 (KG °US @XS61S44)2/ LG (IS)
BAB(S,4)2(¥sfd HS#1)/L6C)8)
BAB(6,4) (2560S mZSdSH4)/ LG CIS)

KK=0

TF (JS, EQ, 19 KKE4

BAB( 4,5) EC Xs (USHATKKIMKS CUSHKKI )/ LGC ISH 44KK)

BABS 1S) aCV5 CIS HA SKE IEVS CISHKK) )/LG (ISH 4#KKD
BAB (6,5) = (Z86dS~4*KKI ZS CISHKK)) /LGCISA4 #KK)

pO 502 KKE1,?

CALL TRANGIS dJoKKeid

CALL MULT(TRar BAR +CON6,695)

CALL MULTCEC-CON-RES #66655)

CALL MULT(STORRES FRG Gh, 645)

502 CALL ASHACIY.KK~12 :

pO 503 1=448 ==

pO 503 Heirs

5U3 BUNC4O*CsSaydeB~ (Ned et eRC1 MH)

500 CONTINUE

CUNIY LOADS ARE STORED TN THE HATIX #RUNE SSS

C ELEMENT J CALCULATIONS STARTS

C CENTRIFUGAL LOAD CA: CULATIONS STARTS

pO S41 dateds+1

ss pO $10 f=178

ee nd 510 Wet es
==. 510 R{T,m)=0. =

z TRC)EQ, Fb Go 70 54
po 445 1

DO 4145 N=t

465 CENCIsM)=0 =

TECS EQ,aJe1s Ga TO 123

TECJ.EQ@, 30) GO TO 4°3

CALL CENT(Jy -J)

CALL NULT(EC.CEN,RES2646,5)

CALL MULT(STRRES+FKC14,645)

CALL ASTIBG I) .0)
3



113 CALL CENT(J5+1

CALL MULT(Ec.C
CALL MULT(STDy

CALL ASHB(Js. 4) =

TECY.EQ.4) Go To 110 i ae

CALL CENFCJu, d=) = ==

CALL MULT(EC.C RES 2616/5)

CALL MULT(STRe tFROO4.605)

: CALL ASHACJJ.0) i ee

223 CALL CENF(JJ+1 eet) = =

CALL MULT CEC -CEN-RES +6165) eee

CALL MULT(STPY tPROO4, 6053

= CALL ASMRG IU. 4) oe as

170 TFCJ.EQ.4.ANND.Ji.EQ.4) GO TO 122 —

TFCJ,LT, Jd) GO 70 1722 oe _

TF CS, EQ,gd44) Go TO 425 ==

DO 416 Ta196

DO 410 Neies

416 CFTCTM)eO

DO 417 Urst,iet

CALL CEys Cdr) —_—

pO 418 I=1+6 =

DO 418 Heiss =

N48 CETCT/M) eCP TCL eH) * CJNT »MD

417 CONTINUE

CALL NULT(EG CFT

CALL MULTCSTH eRe

CALL ASMB( IY. 0)

TECJ.EQJ) GO 10 422

RES.6+6,5)
Sr FKC04,605)

RES 161645)
SHPKO1 41605)

419 CFT (TM) =O

bo 420 J1=

CALL CEJIGITD

DU 421 I=t06

DO 124 Mesias

421 CET CIM Freolyty+Cyncr,m)

420 CONTINUE

CALL MULTCEC,CFV+RES+600.5)

CALL MULTCSTHARESTPKEI4 605)

CALL ASHB (Ss. 1)
122 00 426 Tries,

DO 428 HR1.5
428 RROD, MaRCT,M) aS

00 42 121.8

nO 42 MetsS

12 RACE MN)» RSCT.M). R35; Md, ROTM) =0,0

C CENTRIFUGAL LOAD CA:CULATIONS COMPLETED

C_FLAPPING LOAP CaiCULATIUNS STARTS
pO 55 Kate2

DO 57 Mahr6 es

S7 FLACMK43786,0

DO 56 KKaie2
TECJ*K.GT.due2.0R-J=K,LY.3) GO TO 56
IF(K,EQ,2) Go Ty 60 =

CALL FLAP, KD = =

GO TO 64 E

60 CALL FLARCJ,K? :

OL TEC J+K74 GT udeKKn1, GO TO 56

CALL TRAN(Je¥n1, ddekKet)

CALL NULTCTRArFLArCONS6 4665) =

CALL NULTCEC.CON.RES+6.0-5)

CALL MULTCSTQERESS FKO14,605)
CALL ASHB(Is. KK~4)

56 CONTINUE



4 55 _-CONF TRUE =

€ FLAPPING LOap Carcu

C FORMATION OF EIGEN VALUE PROBLEM STARTS
pO 79 1548

DO 79 Mate5S

= sUME0

ee SUNEO te
pO BO Ka1+8

SUMEFXMT CIs KO * ROK eM eSUT a - = ” % sitet

SUNSEXMT CL KORE CK END +SUN == = =

80 CONTINUE i a r z

TEMP C1 stty=Sun 5 = Ee

TAMP (Let) =SUN = e

79 CONTINUE == :

= _C_RECALL UNIT LOAps FROM STORAGE 7 :

pO 53 Jgatedut = = ==

DG 504 Laie& =

pO 506 H=te5 =

504 PLFLCL +MY eBUN (Age (SSe1 +B CNet eT) = =

= = pO 83 Ma1,5

= 2 DO 81 Mist
KIB (IST) *S 4H

K25Cir1) eSeHey

SUNT=ETGACK1.K23

SUM2=E1GB (Ky .K2)

pO 82 Ka118 =
SUNG =PLEL CK eM) ® TEMP CK eM) +SUM4

SUM2SPLELCK,M) AMP CK eM) +SUM2

82 CONTINUE

FIGACKI,K2) 25UMs
BEIGE CKI, K2d5SUM2

81 CONTINUE

83 CONTINUE

53 CONTINUE

EIGEN VALUE PROGIEM 1S SET SUITABLE FOR LIBRARY

SUBROUTINE CALLS

2 51 CONTINUE

C ELEMENT J CALCULATIONS COMPLETED

50 CONTINUE

C ELEMENT Ju CALCULATIONS COMPLETED

URITE(2,1200)

7200 FORMATCY POStTION CHECK4'/)

NTFNES

nO 150 T=1yN*
490 ELGRCIT+1)=E1GB(i st) +4 =

00 454 Islent

pO 454 JeteNnt

AKC L +N (Jet DR ETGB Ted)

44ST FSMOD Tani eCarts FEIGACI ed)

WKETECZ, 12045

4201 FORMATC! POSITION CHECK2'/) = =

C LIBRARY SUBROUTINES OPERATION STARTS

CALL FPNGESO! (Ns -N1,0+90000% 2AK(1) FFSMOD(1) WOT) +
= DET, TRANKsNRY?

WRITECS, 1125: NRA 2
tee FORHATC///15HONUMBER OF RANKING/SOCI0/))

= URITECS], 1425S TRANK

4126 FORMATC///13HONUMBER OF RANKTWO/SOCTO/))

Es 1VSe0
CALL FPDIRHESSE-NT+FSMODC1),INTCAD?

CALL FPQRHESCECN1 + FOMOD(4) + TTSC4) e FSR C1) cFSTC4) -SVOD CT)»
iTVS)

WRITE(2,1202:

4202 FORMATC! POst TION CHECK3'/)
CALL FPQRVScH Tr ESHO0CT) ,SVODC1) ,-FSRCI) eFSTC1 6 TC4))
CALL FPBACK (Hie SMODC1) -SVODCT) FST C1) Fe INTC1))

5

po



: C CALCULATION@ANALYSIs OF EREQUEDCLES AND MODE SHAPES
pO 300 I=t+n4

300 BHCT)eFSRiT)

po 3n1 THtent

Kat

pO 302 J=2ené 
z

" 3OZ TRCBHCS) GT_BHCKY) Kad - -

TTS(TIEK

304 BACK) 4000900

pO 303 r=19N4 
=

S BHCD)=Fsr(ITst1d ae L a

TET SFSECITS #1) > 3 =

2 = pO 303 yatent

S03 ARCCTR1)ehted BnvOd, CUTS (1) 1) ented)
pO. 304 Intent 

ee ca

FSRCT)BBHCTD = =

BSICT)ETCL) os .

DO 394 Jeton® S a

BOK SVOps (Int) wh ted ZAK. (leq) NG 4d) ee s

s pO 200 I=41+N* 2

zs =) TECESACT) LE 0.9) Gir TO 306 aise e

£50, 1594569 SOR" CFS ¢1)) z

WeITE(2, 4208) Ter
4208 PORMAy (PHORESUL: V3; AOHGFREQUENCY,F13.6,144 CYCLES/SEC)

Lispettachint)

pO 200 Kairs

TECK. E9.4) Go To 350
TECK. E@,2) go To 354

TFCK.E@,3) GO To

TECK. 60,4) 60 TO

IFCK.EQ.5) GO Ta 354

B90 WRITEC2,1209) K

(209 FORNATCI5+23NMOp SHAPE LONGITUDINAL)

GO TO 370

« BO1 WRITEC2, 1240) Kh

4240 FORHATCIS+23HMODE SiAPE DRAG BENDING)
60 TO 370

352 wRITEC2,1214» K

{214 FORMATCI5+234MODE SHAPE FLAP BENDING)

GU TO 370

353 WRITE(2,4242) K

7242 FORMATCISs13NHODE SHAPE TORSTON)
GO 10 370

394 UKITE(2, 4213) K
1215 FORMATCL5+24HMODE SHAPE SWEEP TORSION)

370 KI=Kel 94

WRITECZ, 12143 (SVODC KASS CdR 4d) det eN)

4214 FORMATCAOF42 8)

GO TO 2p6 
=

306 TFCESRC1).EQ. 0.5) GO TO 307 =

WRITECS 12159 7

FSR¢1) 384.0

2215 FORMAT COHRESULT.15+%3HNEGATIVE ROOT)

= GO yO 200
= 307 URITFK2, 1246) 1 = =

SSS ATE FORMAT (QURESULT. 15+GHZERO ROOT) = ==
200 CONTINUE 

2

URETEC2, 4207501, FSET) oi et ent)

4207 FORNATC///16HOTHAGINARY ROOTS/50(10(5(T4rE15.49/9))
s10p

END a

GHENT, LENGTH 480+ NAHE” EIGN



GHENT,

C FND

€ cos

4t5

1312

480

LENGT

OF CALCULATIONS

H SUGROUTINE .CALCULATION OF DIRECTION COSINES
SUBROUTINE caSNct) ’

REAL LG,TY¥etredgveltp

DIMENSTON X5771)-Y¥S.11),78(19) +LG(10)-

4RHO(10) ,RETAC11) -DRITC3,3) + CONCH,5).R5(8,5),

AACTOI A TY C10) EZC40), ISV610) -B1610) oR2010) 6 B3610) CNT (Or5) >
VEY C4906 E7 0149 PLEL CK) 5) DLFEO(B+5) ¢ TRAC66) FEC (616) (STROLL),

4 EXMT (868) BETB C14) FE TGACS§S0050) RHC5S0)FROC4,5) (RES(6,5),

40C(3,3), 005.5), FIG 050,50),2(8,5) 1 P(616) 4866.6) TT (616),

STEAD C805) 6 FLA C652 6 PCT) R568 65) R408 65) RRCBESD 6

4CEN (605). TAD (CB, 5) O16) CET C665) + CAN(6,5) 6

4AK C2500), FSt0P 02500, -INY(48),1TS(50),FSR(50),

4BAB(6.5),BUN (44094 F571 (50) #SVON6 2500) ,7(2850)
COMHON/ PATAsYS#VSeZ25+LG,RHO,BETA+DRNTVEV- EZ,

ADC e DMs CHT re OMEGA. FAMT Act Vel ZedSV-B1,.B20B3+E Ge

ABETB-EIGA,EI1GH-R-TENPseTRAVEC, STR» FRO ORES, FLA,IP,
4BAB, BUN, TAMD, R3,R4eRReCENS CONS BH CFT + CIN RS,PeS,TT

B45SINCRETACT))

B5=COS(RETACT))

DHC1,12514,0

ONC2,2),0N(3,5)=R>

DNC 2,3) 284

DNC3,2) =n B4

BBI4=XS¢y)exs(1+4) -

BBI2=YS(y)=ys(I+")

BBIZ=Z28¢(1)m7g (Int)

BOF=HBIT/LG(T)

B7=BB12/LG(1)

BS=BRIS/LGC1)

DC(4,1)=R6

0064, 2d=R7

0004, 32 =R8
BOBSQRT (ROeeItB 7 eK?)

BIVESQRr (B74 2+ Ree?)

BiTaSQRT (RBar 2tbaresy

IF (88.67.0.9999) Gu TO 4675

pCC2,1) = =K7/B0

pc(2,2) B6/Be

pc(2,3) o
pcc3,1) =BA*BA/BO

03,2) =BR*B7/B9
0C¢3,3) = 9

GO To 480 ae

00(4,1),0064,2)20

0c(4,3) =4

00(2,1),0062,35)=0

DC(2,2) =4
pe(3,1) sel

0C(3,2),00(4,5920

WRIYE(2,41312) Jo

FORMAT CIS ¢G,HALTERNATIVE DIRECTION COSINE USED REF THESIS)
60 TO 480
CALL NULT(0N, PC, ORMT,3,3,3)

RETURN

END

227) NAME COSN



C FLEXIBILITY MATRIX CALCULAT|ONS

C SUBROUTINE FORMING FLEXIBILITY MATRIX
SUBROUTINE FLEX ¢t) e

REAL LG,TYetzedsvelp ‘
DIMENSTON XS 611) +YS¢41),78049) + LGC10)+

ARHOC 40), BETACT4) - DRIITC3, 3) CONC 6.5). R5(8,5),
SALTO FTYC10) 612640) SVC 409484610) +2010) 1B3040) CNT (665) 4
4EVO44)? EZO11) #PLELCH+5) . DLEOCB+ 5) 1 TEAC 616) EC (6,6) 1S TRO Geb) «
SEXMT C818) BETBC 11) 6 TGA( 50450) + RHC SG) FROG 4S) PRES CEs 5)
1D003,3), DNC 3,5) .FIGEC50,50),2(8,5) +P (616) S66,6)+TT (616),
ATEMD CBS) + FLAC, 5) 6 LP C10) @R5CB15) RACBFS) RROBIG)e

ACEN( 645), TAMPCB, 5) 6096) CFT C615) 1 CIN(6,5) 6
FAKC2500) , FSHODC2500, ,INY C48), 175050) ,FSRC50),
4RABC 645), BUNT449) FFST(50) ¢SVOP( 2500) , (2850)
COMNOW/ DATA/XS+YS+25+LG,0HO,BETAsDRNTAEY, EZ, :
10CrDMe CHT + OMEGA, FAMT As 1¥e1Z,dSV+B1,B20 43, E Ge
ABETREIGALEIGGs+R. TENPeTRAVEC.STR-FROVRES FLA, IP,
TRAB, BUN, TAD. R3.R4+RRECENsCUNSBH CFT +CUNDRS+P,S,TT
BTSa(BET BCI) -BETACT, )/LGCT)

RETHRETA CI) RET ACT)

CISHICT)wBTS/AC TY

cas BTS + (B31) WEZ(T) eBI CTI /TYCT)
c35 BTS« (B2 (1 wEV CT #B1 CTD I/TZ 01)
SVU eG*ISVCT) C112 C1) eH oe BTS HR 2/ CIV CT) *2HA CT)
Al =LG6C7)/Suy
AV1eAT HC 1 eH? 7
AV@aLG CI /(EeACI))
A2zA12+A91

AB=C1 WAG

AGPC2 «AG

ASSC3wAY
AGBAZHCD

AZFABHCE

ABzAGHCS 3

AP=LGCT) /CEmTYCL) #62882 eAL
AVOBLGCT)/CE¥1Z61) a0 3H DRAG

Z AT 1eAO* DET eR ET

Ai ee A7* BETH GET

AV SeA4* BETH RET

AV 4a AS* HET H RET
FRAT C404) o PXMT (2,2) 2A2/3

FANT (16 298A2/6

FXMT (1/3) FXNTC2.4) 2038/3

FAUT C4 0G) FANT CDS) aA3/6
FXMY (4 1 5SYEAG/3HA7/1 oe BET @A11 /60 z
FRMT C4 6G) FXMT C243) 206/6—A7/42*RETHAII/40
EXMG C4 2) BAZ/S+AG/ Te BETRAI2/60
FANT C1 6B) EXNT (267) 287 /64A6/12*BETHAI2/60
FXMY (216) =A6/S~A7/GxRET~A11/40

FXMT (208) =A7/5446/ G«RET=~A12/10
FXM C343) 0 EXMT (4,4) ZAI 5

FAMT(3¢4)8A4/6 —
FXMT (345) #AG/S7A5/1 2eBETeAI3/60

FXMT (506) PXNT C49) 2AW/60AS (12 eRETHA13/40
| *PYEAS/S4 54/4 2B ETAL /60

1B) FXMT C7) 2AS/64AG/ 4 2*RETHAIC/ 40
EK T C1 OY SAL/ 3° 45/ be RET AI3/ 40
FAM (443) 5A5/S+AG/GeRET~R14/40

FANT (3 ¢S)=AG /5*/ A10-A9) /30#KET He 2-AB/6UHET
FXMT (5466) 5AG /64(A10-49) / 2085 THe 2@AB/O*KET
FAMY (547) SAG /12«RET~A10/4 25F T= ARs 3S-A8/ {SH BET HRD
FANT (568) 0 FXMT Coe 7) =A9/ 5 DHBET=A40/128BE1*A8/ G#BET“AR/ 104 RET He?
FXMT (646) =AG /5+(A10-A9) / Se BET #*2=AB/ 24 BET

FANT (648) = AG /4*RET@A10/ Qe BET+AB/3-AS/2. 5s BETH 42
FANT C7 62) =A99/ S~EA9—-A10) /30<BETH42428/64BET
>

g



FAMT (748) = A401 6~ CAD A10) /20*BETH*2*A8/6«BET
FAM (81 BY SA1N/ 3 CAD GAIN) /SHBETHR2HAR/2HBET
DO 3 K=2,8

DO 3 J=4.Ke4

EXMT (Ke J YSRXMTCG,KD lt

3 CONYINUE = —

RETURN ee as 2

END =

-EGMENT, LENGTH 680+ NAME FLEX

SUBROUTINE NULTO PS, TT NNO MM. KK)

DIMENSION PCHN+ TIM) +SCHM, KK) » TT CNN KK)

Bee pO 4 J=4,.NN he -
: DO 4 lle1+KK

aS § rir etl)50

== pO 2 154,NN :

nO 2 1]=1.NM =

oO 2 K4,KK

2 TTC pe Ko atTl yp Ke PCE, VISTI K?

RETURN

2 END

SEGMENT, LENGTH 410) NAME MULT

SUBROUTINE FLAPCErK)

REAL LG,UVetzedavelp

DIMENSION Xs¢112-¥Sit4), 28041 cL G10)»

2 LRHOC10)2 ,RETA C412 -DRIUT( 3,3) 1 CON(C6 +5) R56K15)e
SACIOI CTYE10) 612240) -ISV640) 181610) 82616) 1 B3610) eCNT (60S)
SEY C44) E2014 1 PLEL CA 65) PLEOCB +5) 1 TRAC 616) EC (6,6) 1STROG16)-

EXNT (6868) eBETB C4) pETGAC 50050) HHCSD) cFRCC465) RES(6,5)+
5DC(3,3),DNC3.3) ,F1G8(50,50),2(8,5) 126016) +S66,6)+TT (676),

S TEMP (B15) FLAG, 57 LP C10) RS 0845) RAC B45) RRCBIS VG
CCEN (605), TAMPC8.5) 01h) CFT (665) CIN(6,5)8

AK(2500), FSNOD (2500), INTC48),-TTSC50),FSR(50),

-BAB(6.5) BUN (440) ¢FS1(50) #SYOD( 2500) - T2850)

COMHON/ DATA/¥S + YS+Z25+LG + RHO-BETA+ORNTCEY FEZ,

DCeom, Cyt OMEGA. EXMY A, 1 ¥etZ-dSy-B1,B82,03,E,6,
<BETB,EIGA,E1GB.%,7ENP, TRA, EC, STR.FRCO,RES,FLA,IP,

BAB, BUN, TAMD.R3. Ros aReCENeCON+BHeCFTeCUNeRSsPsS,TT

SUNERHO (tH 4) we LGi1742/2.5

FLAC121)2,FLAS220)+FLAC3,3)2SUN

FLAC4S, 2) ee Sune C28 i121) 97861) 9/3.0
FLA(4,3)= SUN*CYS(I~4)-¥S§(1)9/3.0

FLAC H,5)= Ipcla*)*CXSC1m4) eXS(1))/2.0
FLAGS +1) =-FLAC4G.2)

FLACS ¢ 3) =" SUNY CRS C1-10 8X8 (10/320
FLACS-5)= ppl lot wivS (pet) aVS6199/2,0

FLA(6,1)e-Fial4&,3)

FLA(6,2)=7FLACS, 3)

FLA Ch eS paIPcted ser 2selaiyeZs¢l))/2.6

420 RETURN

END

SEGMENT. LENGT:: 496+ NAME FLAP



SUBROUTINE FLAB: I,K)

REAL LG, 1VetzeJawelp

DIMENSION Xs 714-5 ¢Y8(11),Z28044) +L GC10)e

3 iRHO(10),BETAC11- -DRiVT(3.3) 6CON(665),R5(855)4

VACTO) TY C10) TZ 10) -JSV610), 81610) +2010) -B3 010) -CNTC665)e
= SEV O44) (EZ C142 PLELC3+5) PLFOC8?5) TRAC 6.6) FEC (6,6) +STR( 4.6)»

E TEXMT (688) BETB G4) +ETGAL50050) +RH(SG),FRO(4s5) (RES (6,5),

(DCO3,5),DNC5,3) ,E1G5 650,50) .R(B,5) +P (616) 186616) + TT (616) ¢

TEMP (Er Se FL ACG. 5) eI P(t eR3CBr5) sRACBr SI eRRCBISD 6

{CEN(H,5),TAMPCB.5) 014) CFT (665) 0 CIN(6,5)¢
SAK(2500), FSMD (2500; -INT(48),1TS§(50),FSR(50), =
iBAB(615), BUN (446597 F 51650) »SVOD(2500) .T(2850) : es
COMHNON/ DATA/XS+VS¢25-+LG.RHO,RETA+DRMTFEYEZ,

DC e DM CNTs ONFGA.FXMT+Ar1Ye TZ, dSV,B1,B82183,E,G,

1BETB -EIGAEIGB+X-TEMPeTRArECsSTR-FRC,RES + FLALIP,

+BAB, BUN, TAMP.RS-RGARReCENSCON+BHe CFT rCUNeRSePeSeTT
SUNS RHOCT)#LG(19/2,0

FLAC1+1).FLAC2ec) 1 FL AC3,3) =SUN

PLACA, 2) em SUNH CAS CT) ZS C141) #2, 0/30
FLAQA,5)= SUN*( YS (1 @YS(T#1)9#2_0/3,0

FLACAs4y= Tpel)<¢XS8¢1)@XS(144)9/2.0
FLACS;1)="FLACh,2) :
FLACS, 3) ="SUN* CXS (1D =XSC1#199"2,0/3,0
FLACS.4)= Ipcl)we¥sitoeyg¢l+1))/2,0
FLA(¢6,1 FLAC4,3)
FLA(6,2)=-FLA(5.3)

FLA(6,4)2 Ipel)=(Z8¢t)"78¢1449)/2,0
425 RETURN

END

EGMENT, LENGTH 458+ NAME FLAB

SUBROUTINE TRAN? TT)

REAL LG,TYs12 olp

DIMENSTON X5e445e¥Sc14),28C441) + LG C10),

RHO(10),RETACI1. -DRIITC3,3) ¢CONC6,5),R56815),
EACVOD TY CIO) -12640) -ASVC40) 681610) 6B2°10) 6 B3010) -CNT(O05) 6

SEY C44) E27 (142 PL ELCS.5) ,PLFOC8.5) » TRACE ,6) FEC (6,6) pSTR(4,6),

SEXMY (868) + BETB C$ 4), E1GA6 50450) BHC 50) se FRO(4,5) RES(619)~
DC OS-352,DNCS.3) FIGEC50,50),R208,5) P6616) 1S (616) oe TT (616) 6

TEMP (655) + FLACH. 5S) + LPC102¢R3Z6B-5) RE(Br5) eRRCBHSD 6

4S CENCG15) -TAMPC B.S) 016) CET COr5) CINC6,5)e
5 AK62500)-FSMOD{ 2500: + INTCGB>- 1TS(50)+FSR(S0).

BAB(6,5), BUN C440), FST (5a) -SVOD(2500),T( 2850)
COMMON/ DATA/XS+¥S7ZS-LG,PHO,BETA+DRETLEY EZ

DC rDM- CNTF OMEGA, FANT Ar IVeTZ,dSV+B1,B2¢530EsGs

TBETR-EIGAsE(GB+k-TEMPeTRALEC, STR FRC ORES FLALIP,

BAB, BUN, TAMD,R3-R4 +R Re CENC CON + BHO CFT CINeRSePeS,TT
TRACA+2) er C2s(lieZ8i tl)

TRACA6S)= Yg(L)-VS C11)

TRACS 1) H~TRAC4,2)

TRACS. 3) sexe C1 XS. tl)

TRACO, 1) a-TRA(4.3)

TRA(6.2)s-TRACS. 3)

RETURH

END

EGMENY, LENGTH 75+ NANE TRAN

10



SUBROUTINE RFESL IT)

REAL LG,TYstzeJsvelp

DIMENSION Xs¢112-Y8.41),28C1 4) + LG(10)+

SRHOC40) -BETAC11 + DRHT(3,3) (CON(615) R5(815)

ss SACIO TY610) 612.496) ,0SV610) ,81640) -B2010) +B3010) CNT(625)¢
EY C4470 E7014 ePLELCGe5) »PLEOCB15) ce TRAC616) FEC (616) »STR6G 16).

Lm ~~ FXMNY (8,8), BEB (112 ,E1GA(50,50) -BHC5C),FRC(4,5) -RES(6,5),
Ze 5 DCC3-59,0N(5.3).F1G5¢50,50),R(8, 5) 16016) 186616)» 37 (62633
= S TEMP (815) ¢ FLAC. 52-1PC1G) @R36865) oe RACB 25) RROBOSD#

=—— SCENCGr5) + TANP (B.S) 6616) CET C665) CINC6,S) 6

a “AKC2500).FSMOD (2500. -INT (48), 1T5¢50) -FSRO50),
<BAB(6,5). BUNS 4409+ F S51 (50) ¢$VOD(2500) ,T (2850)

COMMNON/DATA/YS+¥SeZ5eLG,RHO,BETA.DRNT EY, EZ,

DC. DM, CNT, ONFGA, FXMT,A,1V,1Z,JSV,61,82,63,E,6,
BETB-EIGAE1GBr kt, TENPsTRAVECs+STReFRC+RES» FLArIP,
“BAB, BUN, TANP,R3.R4eKReCENeCUNSBHe CFT eCUNsROrPe Ss TT

DO 405 N=1+3

DO 405 MM=1,3 =

EC (HMM) =DRNT CM, MM)
ECCH+3eNMe3) =DRITCM, MM)

405 CONTINUE

RETURN

END

SEGMEN,, LENGTH 63> NAME RESL

SUBROUTINE sTRUcII)

REAL LG,TVelzedsvelp

DIMENSTON X564796YSi442,28C41) + LGC10)e

GRHO(10) ,RETAL17) -DRIT(3.3) 2 CON(G6+5).R56815)e
SACVO > CTYC410) 12610) ed SV610) 681610) £2016) 6 B3610) CNTCONS) +
SEY (44) 1820115 1 Pi EL O3-5) DLFOCB15) 1 TRACG16) FEC (646) 1 STRI4+6)
SFXMN7 (68.8) BETB (24), E1GA. 50,50) -BH(5G),FRC(4,5) /RES(6,5),

10C63,35),0N64.3)-€168650.50).R68,5) 2 P6616) 6S (6162s TT(616)e

= ATEMP CBs Sd FLACH. 5) p LPC10) -R3CB15) -RAC865) ~RRCB VSI &
3 1CEN (665), TAHP (8,5) +HO143 CET (615) + CIN(6,5)¢

= 4AK(2500),FSHODC 2500) .INT(48), 17S (50), FSRC50),

.BAB(6+5),BUNS4S659-FS1050) sSY¥OD(2500) + T( 2850)
COMNON/NATA/4S + YS +4725 + LG, RHO, RETA DRNTLEY SEZ,
SDC rpMsGNTeOMEGA.FAMT Ar TVelZedSV-+B1,B2+83,E,6,

——— BETB.EIGAsEIGB,2-TENPsTRASEC,STR»FRC,RES,FLA,IP,

‘as __ BAB, BUN, TANp -R3_ R4skReCENeCON/BHeCFTs+CUNs RSP eS,TT
= STRO1012.STRESre de STRIZ,5) 21.0

E STR(G16)=-1.9

STRE2-2)=EZ¢11)

$TR(2,3)e-Evell,
=. RETURN

END

SEGMENT, LenGTy 43+ NAME S7RU

ll



410

EGMENT. LenGT

SUBROUTINE AQMB TI, KY

REAL LG,W¥s teed Sveltp

DIMENSION X5/11..YS5491),28011).LG(10), a ees

2RHO(103,,BETAC142 -DRHT(3,3) + CONC6+5).R5(815),

AC10-TY610) - 12.10) ,4SVi10),B1610) ¢B2610) B3610) ,CNT(645)2

SEY 449 E7014 + PL EL OS+S),- PLFOCE +5) 7 TRACH16) FEC (6,6) 1STR6416)~
<PXMT (828) BETBC. 12 461GA. 50750) «BHC56) -FROC4,5) RES(6,5),

=D003,35), 005.3) FIGEC50,50),R68,5) 2p (606) 186616) + TTL616),

TEMP C365) eo FLat6. 9) 61 P (1G) (R3(8+5) eR4CB15) A RRCBLS Ve ae
5CEN(625), TAMP (8,52 2016) -CETC615) +CUN( 6,5) 6 =
sAK(2500)-FSHod (2500) -INT(48),1TS(50),FSR(50)- ——
YBAB(6s5) -BUN‘445)+F 51050) sSVND(2500) ,7(2850) ——

COMMON/DATA/ZS +S +25r LG, RHO, BETAsORNT EY EZ, s
eOCrpMeCHTeONEGA.FAMY cAsIVeTZ-JSV+61,B827B3 rE Ge

CBETREIGAsE(GBrik« TEMP eTRALEC+STReFROPRESs FLAGIP,

5 BAB, RUN, TAMp R3,R4sRReCEN+CON+BH+CFT+CUN/RS2P,S,TT

DO 410 Heirs

RiVak My aR Cy -Kr Md *FRECT MD =
RO SHK MERC Se Ke HITE RO(2,¢) oe = Es
ROS*K MY RRCS eK HF ROC3,M) = ===
RivakKeMyaRC7e Ks HYFFROCG,M) Le ae
CONTINUE = =

RETURN = Swe elu =

END = = - =

il 134) NAME ASMB

SUBROUTINE CENT idde gy?
REAL LG,TVetrzedcwelp

DIMENSION Xge112+¥S¢119,28C14) +L GC10),
RHO(4U) ,BETAS11. -DRINT(3,3) +CON(6,5),R5(5/5)4
A610) TY C10) 12.40), SSVC40) R16402 + B2010) B3010) pCNTCOrS)e

SEY (44) E2044 oe PLELCB+5) PLFOCB +5) ¢ TRACG10) PEC (6,6) @STRO4,6)»
FXMT (8/6) BETBC 24) eETGAC50650) »BHC50) 2 FRO(4,5) @RES(6,5),
2DC(3-5),0M63.3).£1G68650,50),R(8,5) +P 616) 186616) TT (616)
<TEMP (845) ¢ FLA (6,57 6 SP C10) R368 15) RECB25) RRC BIG) 6

TCEN (615), TAP (3.5) sUC16) CFT C6r5) + CINC6,5)¢

AK (2500), FSt00( 25003 «INT(G8),1TS(50),FSR(50),

BAB(6,5) BUNS 444) 4F 51650) ¢SVOD( 2500) -T(2850)

COMNON/DATA/¥S¢’SeZoeLGsRHO,BETA+DRMT LEY EZ,

DCrpMeCNTrOWEGA,FAMT As t¥e1Z,JSSV+B1.B2+B3+E Ge

BETB-EIGArELGB rk TENPrTRALEC»STR»FROsRES»FLALIP,

BAB, BUN, TAMD,R3-RGrE RA CENSCON+ BHA CET eCUNeRSeP eS, TT

GHENT, LENGT)

CSzRRHOCS) *OMEG *OMEGAELG (VD /2

CEN(1,1),CENC2 =1.08Cs =
CEN (412) 2692. 0/5, O28 (3) 91.0/3.0%2S C41) ZS (SUID #CS
CENC4.3)20"2.0/5_ 0878S ( I 91,0/3.0#YS (Uti) ¥CS

CEN(S,1)="CEN(4, 2)

CEN(5 3) =C2 0/35. 0*XS00)41,0/3.0exXS C41) ¥CS

CENCE, 1)=YSC 1d) «oS

CEN(6,2)="Xs edd rel

RETUSN

END

i 446+ NAME CENT

12



SEGMENT, LENGT

SUBROUTINE CENFSJIds J)

REAL LG,T¥eT7edavetp

DIMENSTUN Xs/11--YSi94d- ASC) LGAs

sRHOCGO) RETACT 42 DRTC 3+ 3) CONCG +5) R5CKAS) >
SACTO. se 1YC10).1Z 10). ASV 10), 81010) -82¢10) ,B3010) ,-CNT(6,5),

VEY O44) 0EZ014% pPLELES, 5), PLFOCB,5) ¢-TRACG,6) (EC (6,6) +STRO4,6),
SPAMT (B63) BETBC: 17 4 TGAC50 450) +BH(SO) eFROCGs5) RES(6.5),
D6 (3.5) DEC S. 3) F1G5(50,50) -R6B,5) 1 P6616) 186646) + TT 616),
STEN (815) ¢FLAC6, 5) + 1PCTO) ¢R3CB«5) RG C815) RRCB IS) ¢

iGEN(6,5) -TAHOCB.5) 0145 ,CETCO+5) CIN(6,5) 6

(AK (2500) ,FSN0D (2500; INT (48). ITS (50) ,FSR(50),
BAB(6,5) BUN £449) FF 51(50) SVOD (2500) T(2850)

COMMON/ DATA/XS>781Z5+LG,RHO,RETArDRMT SEY sEZy =

2DCeDMr CHT ONEGA. FANT «Ar TVs 1Ze3SVeB1+821031E,Ge
BETBrEIGACELGB +t. TENPsTRACEC,STReFROARESsFLALIP,

, RAB, RUN, TAMD.R3,RMeKReCENsCONP BHA CET» CUN@RSr Pe Se TT
CSeRRHO (I) #UMEGA#OM, GARLGCII/2 a
CEN(1,1) -CEN(212954,08CS

CENCS 2a CMT O73. 04728 (sin 2,0/3. 08728 (N41 FZSC III) HOS
CENCA, 3p aCet 0/5, O¥vS(I) a2, 0/3, 04YSCSo1) aC

CEN(5/1) eRCEN (A, 2)

CEN (5432264 075.0*XS CL) 42,073. 00XSCS41)) #CS

CEN (G01) 2YS C10) 20S

CEN(6r2)=rXs odd eCS

RETURN =
END

146 NAME CiNF

SUBROUTINE CEJ <u)

REAL LG,1VeTZedSvrIp

DIMBNSION X9471154YS(49), 28044) LG) s

RHOC7G) -RETA 142+ DRHT(3,3) +CONC6 +5) RSCB65),
CAOVO) A TYC19) -1Z590) -ISVE10) £81640) 2820910) 83040) CNT (665),
2EY C442 2E7 014 FPL PLCS .5) -PLFOCB 15) + TRACE ,6) FEC (6,6) STROM 16) >

SFXMT (B13) BETBC 24) 4 ETGA(50050) BHCSO) FFROC4 5S) PRES (6,5),
+PCC3,5) ,DNC3. 3) ,F1G3650,50) ¢R(B,5) +P6606) 1S (676) TT (616) 5
TEMP C815) + FLACG, 5) 6 i PC 10) R3CB+59RACB65) RRCBISD

CEN (6.5), TAMD(E. 5) oU01G) CFT C665) CIN(6,5) 6

“AK C2500). FSMOD 62500) »INT (48) .1TS(50) ,FSR(50) +

*<BAB(6,5), BUN (46094651050) ¢SVOD62500),76 2850)

CUMMON/ DATA/¥S 24S. LG. RHO, BETA-ORMTVEY-E2,
SDC DMs CNT OMEGA, FAMTeAs TY e1Z+dSV+B1 -B2rG31E Gy

SRETBEIGASEIGB +c, TEMP, TRAPEC,STR«FRO,RES,FLA,IP,

~RAB, BUN, TAND R3 #CEN+CON+BH-CFT,CINSRS,P,S,TT
ABLG(I) 12

CUNCLe3)ECVS S22 VS C41) eCS

CUNCS SD HCays Cd aki Jet els
CIN(6, TV) EMCUN C4, 3)

CUN (642) 6 Cun (5,3)

RETURN

ENO

SEGMENT, LENGTH 77+ NAME Cédd

FINISH

COMPILATION ~ NO ERRORS
13



PRINT OUT SHOWING 'GEO2* REQUEST

E02

op

GEO? MARK 1A READY

TYPE MODE

CARD

JOB INTO, AEP240, SUBRAMANIAN

SECONDS 300

+LINES 3000

“CFORTRAN 4, ,PD,50000

“RFORTRAN 290

eee

DOC PROG

AVTRI

Hee

Doc DATA

AINTO

eee

+-PINISH

oK

17-32-01 + LOGO

CONNECTED FOR 8 MINS

MILL TIME USED 12 SECS

SESSION COST 1.82

APPENDIX 8



APPENDIX 9

LOGIC OF PROGRAMME VTRI

tart

Declare Real Variables

in the Range I-N

Declare Dimensions of Arrays

Declare COMMON Storage Variables!

Read Ineger Varible N

Number of Discrete Elements

¥
Read E,G,fl; Elasticity Modulus,

Rigidity Modulus & Rotational Speed

Ie1

Read Blade Constants of Discrete Elements; A(I),I¥(I),

12(Z) I(T) ,B1 (1), B2(I),B3(I),RHO(T), IP(T),EY(1),£2(T)

7¥(1),2(I) the c.g Positions in

Global Axis; Read BETA(T),BETB(I) Pretwist
Angles at Tip end and Root end. Angle between

the Line of Intersection of the Plane of

Cross-section with XY Plane and the Local y Axis

Initialise all dimensioned arrays to zero

Cont.



Calculate Sectional Lengths 3

LO(T) = ((Xp-Kqaq)® +(-¥r41)? +(2r-241)?)

Print out the value of N. Number of Discrete Blements

Print out values of E and G

Print out N values of A - Sectional Areas

(Print out N values of IY Second moments of areas about y axis|

[Print out N values of IZ Second moments of areas about 2 axis

Print out N values of J Torsion Constants of Sections |

[Print out N values of EY Local s.c off-set from c.g y axial

[Print out W values of BZ Local 5.0 off-set from 0.g 2 axis)

Print out N values of B1 Higher Moments of Area

out N values of B2 Higher Moments of Area

N values of B3 Higher Moments of Area 3

N values of IP Pitching Inerti;

N values of RHO Mass/unit lengt!

[Print out N+1 values of X Global c.g position X Axis}

of Y Global c.g position Y Axis| Print N+1_values

of Z Global c.g position 2 Axis|[Print N+1_values

[print out N+i values of BETA Pretwist Angle Tip end |

of BETB Pretwist Angle Root endN+1_values

peed Rotation in Radians

it out N values of Sectiona:

Cont.



Call Subroutine PLEX(JJ)

Establish Flexibility Matrix

Call Subroutine COSN(JJ)

Establish Direction Cosines

{
Call Subroutine RESL(JJ)
Establish BC for resolving to local axis directions

Call Subroutine STRU(JJ)
Establish STR the Transformation Matrix

To shift loads to shear centre positions:

Start Unit Load Cales

J=1

é
Clear R Matrix (8x5): R = 0

Fix values in BAB(4,4),BAB(5,4) & BAB(6,4)

Pix values in

BAB(4,5) ,BAB(5,5) & BAB(6,5)

Cont.



Which

end of the element

is considered

Root End

Call Subroutine TRAN(JS,JJ+1)

Establish Transfered Loads to

JJ+1 position; TRA formed

Call Subroutine TRAN(JS,JJ)
Establish Transfered Loads to

JJ positions TRA formed

Multiply _TRA x BAB and
Store in GON

Multiply _TRA x BAB and
Store in CON

Multiply EC x GON and store in RES

Multiply STR x RES and store in FRO,

Multiply EC x CON and store in RES

Multiply STR x RES and store in FRO|

Call ASMB(JJ,1) _
Assemble loads in R rows 2,4,6,8)

and add to current values in R

Call ASMB(JJ,0) _
Assemble loads in R rows 1,3,547

and add to current values in R

Store R(I,M); oD)
in the single row Matrix BUN in the position

BUN(40(JS—1)+8(M—1)+I)

Is

ze JS = JI

Yes

Unit Load Calculations Completed

Cont.



Clear R Matrix

Clear CEN Matrix

(Call Subroutine CENT(JJ,J); outcome CEN

Multiply EC x CEN end store in RES

Multiply STR x RES and store in FRO

Call Subroutine ASMB(JJ,0)

Loads added in R rows 143,597

Cont.



Call Subroutine CENT(JJ+1,J)
outcome CEN

Multiply BC x CEN and store in RES

Multiply STR x RES and store in FRO

Call Subroutine_ASMB(JJ,1)
Loads added in R rows 2,4,6,'

No

Call Subroutine CENF(JJ,J~1)
outcome CEN

Multiply EC x CEN and store in RES

Multiply STR x RES and store in FRO

Call Subroutine_ASMB(JJ,0)
Loads added in R rows 1,345y7

Cont.



Call Subroutine CENF(JJ+1,J-1)
outcome CEN

Multiply BC x CEN and store in RS

Multiply STR x RES and store in FRO

Call Subroutine_ASMB(JJ,1)
Loads added in R rows 2,4,6,8

G Yes Is
J=Hi&

JJ =

No

H Yes Ie
fk pam

No

I Yes Is
J = IS+}

No

Clear GFT (6x5)

Cont.



Call Subroutine CEJJ J-1 times

and add in CFT

Multiply EG x CFT and store in RES.

Multiply STR x RES and store in FRO

Call Subroutine_ASMB(JJ,0)
Loads added in R rows 1,3,5y7

a T= 33

Clear GFT (6x5)

Call Subroutine CEJJ JJ tines

and add in OFT

Multiply BC x CFT and store in RES.

Multiply STR x RES and store in FRO

Call Subroutine_ASMB(JJ,1)

Toads added in R rows 24,6,8

‘Transfer R values to RR
Centrifugel loads formed }___¢ OH

Cont.



Clear R & Start Flapping Load Calculations

Call Subroutine ne FLAP(I, K)} ]Call Subroutine FLAB(J,x)]
outcome FEA outcome FLA

Call Subroutine Sse: seat)
Transfer loads to JJ node in TRA

Multiply TRA x FLA and store in CON

EC x CON and store in RES|

Multiply STR x RES and store in FRC

Call Subroutine_ASMB(JJ,KK-1)
Loads added in R rows 1,3,5,7 for KK=1

rows 2,4,6,8 for KK=2|

Y



Multiply FEMT x R and add to
TEMP (Flapping loads)

}
Multiply POR x RR end add to!
TAMP (Centrifugal Loads)

Take values from BUN storage and
Assemble in Pi

PLFL(I,M) = BUN(40(JS-1) +8(N—1)+I)

No > a Is \o
M=5 r=#8

Ki = (JS=1)5 +

K2 = (J-1)5 + mM phe

BIGA(K1,K2) = PIFL'x Tar (7 Matrix)
°

BIGs(K1,K2) = PLPL x TANP ( D Matrix)



—[r = TH

EIGB(I,1) = EIGB(I,1) +7

Add Unity to all diagnal Elements of EIGB

J=eJ+iP

AK(1+50(J-1)) = EIGB(I,J)

FSMOD(T+50(J-1)) = EIGA(T,J)|

Call Library Subroutine FPMCESSOL

Cali Library Subroutine FPDIRHESSE

Call Library Subroutine FPQRHESSE

Call Library Subroutine FPQRVS

Call Library Subroutine FPBACK

If BH(J)> BH(K)

KeJ



f*“I. ]
[r= 1+ if

BH(T) = FSR(TTS(T))

m1) = FSI(T7S(T))

Ea

J = J + 1h
eens

svop ((I-1)50 + J) = AK((I-1)50 + J)

Is No

IeI+1

Cont.

12



F = 1/ (or(ese(1)))*

Print Integer I and Frequency value F in Hz

Print K and Mode

Shape Longitudinal

Print K and Mode

Shape Drag Bending

Print K and Mode

Shape Flap Bending

[Print K and Node]
Shape Torsion Print Print

Zero Root| Negative Root

Print K and Mode

Shape Sweep Torsion

Stop



EXPAT 64 DATE 03/08/77 —viHE 13.22.87

oT EM{e0M»y

eM COMp TeassusaROue: TANV, SUBRO -xFIOLP)
NOLIST(LP) _

Tirtty 10
00001

91QOEM ot
u9140E°61—

HORENT OF apEA ¥AxTS —
1 TOYNE@:3 > _n LUOPE=03 NV 1MU0E“03 6 L0NNERNS

OQ0E@ 23 10 4 1000F=93.

Ty Orent OF pha pee

20,6? 40E=92,



TTOW CONSTANTS.
2a 27oRE=03— 2708E=03— 6. 2708E=0.

p27 QREMOS 27gRE-93 RR 6. 2708E-03
AE=o3 14 —n 270Rb=os — :

aXIs COORDINATE OF CS URT CG
= O00NE un — 2 =a, 0000F on 3 —

QOyE ao 4 syne 99 __7
E50 3 =

SOUS SZ pot SUDSESDS ser T ee BUDS ESOS ot oll HMSO
500SE"y5 10 1, 5005E=05

OQNE uh = 2 OU0KE bo 3 3 ONGNE no = 4 “a O00NE
» OOUNE uh 6 OOWNE 00 8 4.0000E 40

E=G4 — % iL O7RE“D6 6 L671 AE=ne
“04% D.O7;RE“nk 8 0,674 8E-06_



Eon 4 2.000n£ ca

5 DEON == 8s 0060 E=G0-

a jO50E-00
OOHNE OO _& 4, 0000E 00

= GORE f0=

z

SecTiy At LENGTHS _



FREQUENCY —
{Mine SHA’

Mupe SHAPE FLAP AeNDIN:

4 i BD oun a8 B35 Bie 022847985 a SOGSRAST= DAEs
SADR SHAPE Eras tou

DivtssQour 0

SMune SP eeaicers TORSION

—adnuenion 1 aca ma saa HRTROSSE oO, OO aOR G00 nad 900000900 —9,00000000—
D. 46n821 Ro — 6 GLaSODSAAS— 5 22949704- 4-1 3656959 90638185

0095 —Saod asta

“SWAP: Louertun
D0096_=.nE SHAP phat n.aotna-
nE SHAPF Flap

Samaroo anna SASS SGTS SSeS aT RE
On0000 5-34 $eaza6 ee te ede =H 003594 30—

—4Mun& SHAPE TORSIOL_
p00. 8000 S00s6uCu0

gMune SHAPE DRAG binG. aS2O0ah00yn— 5662 a6 BANDING oe aa saLGE EEEGRD4 50-2 g 135026403 922969794 9143636059 9-068 lahat
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