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ABSTRACT

Mathematical models have been developed for the purpose of
analysis and design of corrugated diaphragms and capsules. The
models based on the geometric and material properties are presented
as computer programs, and are therefore powerful tools for replacing

the largely empirical design techniques previously employed.

The equations are based on thin elastic shell theory and are
solved by a fast finite difference approximation. Both the linear
and non-linear solutions have been found and validated against experi-

mental results.

The linear model is also used to predict the fundamental natural
frequency of both diaphragms and capsule using a standard emergy
method (Rayleigh's method) and by a technique based on the dynamic

deflection curve.

A systematic approach to design has been adopted and the possible
applications detailed; two industrial design problems were tackled
and one, the design of a nesting capsule, was successfully followed

through to a finished product.



1.0 Introduction

This thesis is concerned with the development and application of

mathematical models to the design of elastic deformation elements.

One of the most common instrument elements after the ordinary coil
type spring is the diaphragm element, used mainly for measuring
pressure, but, unlike a spring, diaphragm analysis and design has been
a very empirical science, described by some as almost a "black art".
The reason for this is the geometrical complexity of such elements and
the non-existence of analytically tractable design formulae. The few
formulae that have been developed are of very limited validity. The
availability of fast digital computers has enabled a fresh computer-
aided design approach to be made for practical problems where corru-
gated diaphragms or diaphragm capsules are used. In the thesis computer
models are developed and validated and novel design procedures are pro-

posed and implemented; thus removing the empiricism in design.

The use of computers, particularly digital computers, for design,
is now common practice in many branches of Engineering, so much so that
realistic and complex mathematical models are often constructed for
systems and components of systems; and these are tested for desired

characteristics prior to any hardware construction.

The use of mathematical models, both for description and design, is
particularly widespread in the fields of communication and control.
This approach is not widely used for the description and design of instru-
ment transducers; most books on instruments provide a descriptive cata-
logue with scant information on design and design principles. In recent
years attempts have been made at the Instrument Systems Centre (the
author's institution) to remedy this situation by exploring the feasabi-
lity of using mathematical models for both teaching and research into
design. It has been found that mathematical modelling can be conveniently

divided into two types: functional and physical (IMEKO paper, appendix V).

Functional models are black box models which present the mathemati-
cal functional relation between input and output variables without
reference to the construction of the instrument or instrument components.
The functional relationship may be determined by experiment or some
physical model. Functional models of complete instruments may be derived
from functional models of their components-together with the manner of

interconnection. Such models can be used for prediction of static,

\



dynamic and disturbance responses and would be useful for early system
design as well as for later diagnostic use. The required functional

relationship of an instrument is often a simple linear one.

Physical models are models which describe the functional charac-
teristics in terms of geometrical features and material properties. Thus
for a diaphragm used as pressure Sensor, in a displacement model, such a
model would predict the pressure deflection functional characteristic in
terms of geometrical features (diameter and thickness, number and shape
of corrugations, etc.) and the material properties (Young's modulus,

Poisson's ratio).

It is with this Physical modelling that this thesis is concerned.
Zographos ref. ( 1 ) has considered the functional modelling of a com—
plex differential pressure transducer and Abdullah (Appendix V) has re-
fined and concluded the work, by showing that such modelling can adequately

predict system behaviour.

1.1 Corrugated diaphragms and capsules

A corrugated metal diaphragm is a disc which has had axisymmetric,
concentric ridges pressed into it by a forming process. The device is
usually restrained at the outer edge by welding or soldering around the
periphery; it is then able to sense a pressure difference and convert
it into a displacement. This displacement is generally measured at
the centre of the device, shown by (w) in the schematic diagram,

Figure 1.1.

% 5

F
' W
Fb //‘
b ‘\\\ \'\ 8]
TV T T A
S \;\\. \ ] \ ]

Figure 1.1: Schematic diaphragm

Using the "through" and "across" variable approach, ref. ( 2 )
to represent a diaphragm illustrates its operationms simply and systemati-

cally by the functional model:



aC_)

F ms + R + Cffs A w where (7)) = 73
& A P S = Laplace
e operator

force constant
pressure constant

Aé = Cf/Cp
‘Pl-Pz =P
(The directions shown are the positive values.)

Consider only the steady state:

F = wa = Ahp
g = Aéw

then, as an example, consider the case of F = 0 (no force) and p is
therefore directly proportional to w (the constant of proportionality
being the pressure constant (Cp)); the most common usage described

above.

A corrugated diaphragm is used to sense pressure inpreference to
a flat plate because of its increased working range. The reason why
is given by the relative amounts of bending and stretching during de-
formation; the stretching contributes to the non-linearity effect and
most: of the deformation of a flat circular plate is taken up with
stretching, whereas a corrugated diaphragm is able to bend much more.
A circular flat plate becomes considerably non-linear after the centre
deflection/thickness ratio (w/t) exceeds 0.45, whereas a corrugated
diaphragm exhibiting the same amount of non-linearity may have a (w/t)
ratio of up to 8.0 - 10.0. This is achieved at the expense of sensiti-
vity, but the range of the initial sensitivity for a flat plate is so
small that it is not a practical device for sensing pressure by
measuring displacement. Circular flat plate diaphragms which sense
pressure by measuring strain are in common use. The diapﬁragm charac-
teristic can thus be varied by changing the shape and dimensions of the

corrugations.

To improve the sensitivity further, withoutimpairing the linearity
and increasing the overall size of the device, capsules are produced.
These are basically two diaphragms joining at the outer edge by welding
or soldering. The underside diaphragm is now clamped at of near its

centre and the displacement sensed at the centre of the top ome; this

- 10 -



effectively doubles the displacement for the same applied pressure and

hence capsules are widely used in industry.

1.2 Need for models of diaphragms

The analysis and design of corrugated diaphragms is a very complex

problem; the two main reasons for this are listed:

(i) The actual analysis of a diaphragm is complicated by the way
in which the physical and geometric properties are related to the
input and output characteristics. By reference to the matrix
equation, section 1.1, the matrix elements which have been shouwn
directly relate the input and output are the complex functions of
the physical and geometric properties. The mathematical model
developed for a diaphragm is then only soluble by the use of a

digital computer.

(ii) The number of possible design variables, basically a function
of the corrugations, is very large. Fortunately, the number of
variables can sensibly be reduced to about tem, of which most are
inter-related, e.g. to change the number of corrugations without
altering the diameter would change the wavelength, and vice-versa.
In contrast, a flat circular plate which has an analytical expres-
sion for the pressure deflection characteristic, has only three
variables, namely material constant, thickness and diameter, all
of which are independent of each other, making the design problem

considerably simpler.

The model therefore needs to be (a) flexible, (b) have the pre-

scribed outputs, and (¢) consider the environmental effects.

(a) The flexibility aspect is self-evident when the design side
is to be considered. The model needs to predict adequately
the performance under various loadings for a large number of
diaphragm shapes and configurations. The diaphragm profile
needs to be generated automatically from a simple descrip-
tion of its basic design parameter, thereby allowing a

systematical sensitivity analysis to be made.

(b) The ideal pressure transducer responds to an input of pressure
and pressure alone, has a unique and preferably simple trans-
fer function. The real transducer, of course, does not

achieve this and its accuracy is characterised by the amount

- 11 -



by which it deviates from ideal under the effect of pressure

(the primary influence), or secondary influences.

The most important factors to be considered by a designer

are:
(1) Sensitivity (w/p)

(2) The linear range or deviation for a particular pressure

range

(3) On-set of plasticity

\]V Displacement

f Pressure P

1
i
]
2
Figure 1.2: Pressure deflection characteristic

Therefore the major requirement for a model is that it is
geometrically non-linear, and, although diaphragms would not
be operated outside the Hookian region, it is useful to be
able to predict the on-set of plasticity. Other causes of
deviation from the ideal produced by the primary influence are
hysteresis, elastic after-effect and creep. It is not possible
to model these effects because imperfections, which are charac-
teristic features of all materials, are too random to be
allowed for in the model, and hence it is convenient to assume

an isotropic-homogeneous material.

Fortunately for elastic deformation elements which register
a displacement the hysteresis is an order of magnitude smaller
than the non-linearity; typical figures will be: non-

linearity 0.5 per cent, hysteresis 0.0l per cent. Even if it

- 12 -



is not possible to handle certain error sources with a model,

the user must be aware of them and make allowances accordingly.

(c) Environmental effects are secondary influences and the main
ones which a model would be required to handle are temperature
and vibration. A simple overall temperature rise and its
effect on the centre deflection can be modelled easily with
the knowledge of the materials coefficient of expansion and
again the assumption that the material is homogeneous and iso-
tropic.

Diaphragms and capsules are not normally used in a vibra-
ting mode, but can occasionally, when used in a pressure
instrument, be subjected to a vibration as an unwanted environ-
mental disturbance. Hence, a knowledge of their behaviour
under such conditions, particularly the fundamental frequency,

would be an advantage for instrument design.

1.3 Arrangement of thesis

The presentation of the models is in their chronological order of
development; the non-linear capsule model was developed after an un-
successful attempt to design a specific capsule using the non-linear dia-

phragm, and linear capsule model.

The experimental validation can also be chronologically split into
two parts, the second part being the more extensive study of capsule
stacks, undertaken more as an industrial evaluation project applied to
original designs. The dynamics of diaphragms and capsules appears after
the modelling and validation because the basic assumption of the dynamic

model is that there exists an accurate static model.

Sensitivity analysis of a general diaphragm profile,along with
various design approaches derived from the sensitivity analysis, is pre-
sented in the chapter on overall design aspects: this serves to illus-
trate the possible applications and limitations of the models and the
possibility of optimising the design procedure. Finally, an actual
industrial design problem is tackled and followed through from the
finished design to manufacture, testing and installation in a pre-

production instrument.

= 3=



1.4 Note on units

Generally the units used in the thesis are empirical followed by
their $.I. equivalent; for stress and pressure the unit is the same,
i.e. 1bs/in?. This is equivalent to Newtons per metre Squared(N/mz),
but the preferred S.I. unit for pressure measurement is the Pascal (Pa)
(1 N/m2 = 1 Pa). Therefore it is proposed to use N/m? when referring

to stress levels and Pascals when referring to actual pressures.

When an actual pressure range of a particular sensor is quoted
its range may be specified by a pressure of inches of water gauge (Wg)
by the manufacturer; to be consistent this is also used in the thesis.

The conversion factor is 1 1b/in? = 27.6799 Wg (at 20°C).

1.5 Note on symbols

Throughout the text symbols used to represent variables are defined
in the body of the text and these need no further explanation, except

where an unavoidable over-use of a particular symbol may be confusing.

The radius of curvature is expressed by RE’ rl and Rl. The RE
is used in the mathematical analysis, the rl is used in reference to the
computer program and refers to the ith value of radius of curvature, and
Rl is associated with the input data for the program and refers to the

radius of curvature at the peaks and troughs of the corrugated profile.

_14_



2.0 Review of Past Work

In this review of previous work it is intended to look at dif-
ferent approaches to predicting the performance of corrugated diaphragms
and capsules. This has been broken down into three main groups:
experimental work, analytical methods, and numerical methods (using
computers). The question arises, why use computers? On reading the
Sections on experimental and analytical work, it becomes evident that
the inherent restrictions make it impossible in a general manner to
predict performance. With the availability of fast digital computers,
problems hitherto insoluble can now be tackled, i.e. practical design
problems. In the latter group a closer review is given to work done
in the Instrument Systems Centre of The City University as this is more
directly relevant to the thesis. It is by no means an exhaustive
review and intuitively one would expect many more papers on the experi-
mental investigations than are presented here. However, the salient
points can easily be brought out in the two experimental papers reviewed.
The papers do not necessarily fall into each of the above categories.,
There is some overlapping: for example, D. Rajanna et al, ref. ( 3 ),

' uges algebraic formula as a basis for design from which diaphragms

were produced and then experimentally tested.

Initially, systematic experimental investigations into the behaviour
of corrugated diaphragms were very important as this was the only way of
obtaining design data for future reference. This therefore ought not to

be overlooked in the proceeding studies on the mathematics of the problem.

2.1 Experimental work on diaphragms and capsules

The first paper, ref. ( 4 ), is concerned with producing a parti-
cular diaphragm characteristic. The Bendix Aviation Corporation in 1958
had a requirement for a non-linear pressure deflection curve from a cap-
sule, to use in a 1000-knot airspeed indicator. To achieve this aim
they produced more than 875 corrugated diaphragms of 17 basic corruga-
tion designs. A single diaphragm was made for each of the following
design parameter changes: a uniform change in the depth of the corruga-
tions, for each of several heat treatments and for different thicknesses,
and initial hardnesses of the chosen material (Beryllium Copper). This
was done in order to determine the effect of these factors on the perfor-
mance, From these experiments a large amount of empirical data was col-

lected and discussed under these headings:

_15.—



(1) Heat treatment

(2) 1Initial hardness of diaphragm blank

(3) Lack of uniformity of material

(4) Thickness of diaphragm blank

(5) Corrugation depth, design otherwise identical
(6) Corrugation design

(7) Elastic defects.

Although it was stated that "generally the effects are so compli-
cated and inter-related that no complete empirical or theoretical
analysis of deflection and stresses as a function of pressure is pos-—
sible at present", some conclusions were drawn. The main conclusions
on design were that primary control of the deflection pressure curve

is achieved by:

(a) Varying the thickness of the material
(b) Varying uniformly the depth of corrugation and

(¢) Varying the corrugation design.

(b) and (c) can be varied independently for this case because the
forming dies were mechanical, as opposed to hydraulic, and adjustable
by use of shims. As secondary measures of control, the hardness of
the material and the heat treatment can be varied. Other factors also
enter, but these are largely to do with obtaining uniformity of perfor-
mance. To a large extent, but with important exceptions, factors (a)
and (b) control the deflection curve, but not its shape. Therefore,
the primary curve shape control is, as would be expected, the corruga-
tion design. Finally, after all this effort, no one capsule was able
to meet the requirements up to 1000 knots, the maximum reached being

800 knots.

The second paper, ref. ( 5), is concerned with obtaining experi-
mental design information by systematically changing one geometric
variable at a time, and noting the effect on linearity and deflection.
This was a rather limited investigation confined to the particular dia-
phragm configuration chosen, but it was possible to reveal some informa-
tion about hysteresis and "spring back", subjects which are very complex
to consider on a theoretical basis. In contrast to the previous paper,
the diaphragms were formed using a rubber pad and a hydraulic press.

The pressure applied was 1.5 times predicted forming pressure to make
sure that they were fully formed. As the dies were not adjustable, the

variation of shape was restricted; one basic shape was chosen and the
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design parameters were varied about that, but not strictly on the "one
variable at a time" principle., Fourteen dies were used and the various

combinations increased by using different materials and thicknesses.

From the results "spring back" is reported to be "only an effec-
tive change in cone angle whether the tool has a zero cone angle or not"
(the cone angle is the angle formed between the centre line of the cor-
rugations and the flat centre portion of the die). This could have been
only a superficial observation as the actual "spring back" of each con-—
volution was ignored and only the overall "spring off" considered. From
the investigation into hysteresis the results show materials like Beryl-
lium Copper and Phosphor Bronze to be less affected by hysteresis than

Stainless Steel.
!
Interestingly, some work was performed on capsules; these were

made of two identical diaphragms which were soldered together to produce
a capsule of the kind likely to be found in an aneroid barometer box.
The main disadvantage with this type of construction is that there is no
overload protection. This experiment was conducted to see how the cap-
sule performance could be predicted from a knowledge of the individual
diaphragm performance. The results showed that the linearity of the
capsule was almost exactly the same as the diaphragms and the deflection
was approximately three per cent greater than the sum of the separate
diaphragm deflections. This is a useful result for comparison with
numerical results presented later. Another investigation carried out

in this paper, which has practical significance when considering a
pressure element operating a mechanism, is that of finding the actua-
ting energy. The description is somewhat arbitrary and based on the

formula:

En = K Cg w2, where En energy available

K

constant
Cg = force constant

W = full-scale deflection.

It is assumed that the energy available is large enough to over-
come the resisting force, but it is wusual for this force to be small
so that the element is not deflected very far from its equilibrium
position at any pressure. Thus, to determine the actuating energy of
an element one must first decide on the allowable deflection from the
equilibrium position that the load can produce. For example, one-

tenth of a per cent of full-scale deflection giving K = 0.001.
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Considering three diaphragms of differing material under identical
conditions, i.e. same form, thickness and pressure, the following nor-

malised results were obtained:

Material Actuating energy
Phosphor bronze 1.00
Beryllium copper 0.70
316 Stainless steel 0.54

Again, except for its limitation, this appears a useful result, but
going on to consider the maximum allowable diaphragm deflection for a
given form, Beryllium copper exceeds Phosphor bronze. So for a con-
stant pfofile not dependent on thickness Beryllium copper out performs
Phosphor bronze on actuating energy and Stainless Steel a poor third,
a result which could probably be inferred by knowing values of Young's
Modulus and Yield point. The paper concludes very general effects of
diaphragm profile on performance and suggests large areas of work for

investigation.

2.2 Analytical methods

Researchers have attempted for many years to produce algebraic
expressions which predict the performance of corrugated diaphragms.
Grover and Bell, ref. ( 6 ), produced a paper in 1948, and as recently

as 1975 a paper was published by C. Rubin, ref. gy & T

But the main contributors in this area are Haringx, ref. ( 8), ref. (9 )
and Andreeva, ref. (10 ). Haringx produced four papers concerned with
diaphragms, the first on the rigidity of corrugated diaphragms, the
second on stresses in sheet material, the third on the non-linearity
of corrugated diaphragms, and the fourth was on the design of dia-

phragms using the results of the other three papers.

Haringx was able to work from the known solution of a flat plate
and then simply replace the corrugated diaphragm by a fictitious flat
plate of similar properties (tensile stiffness and bending stiffness).
He then calculated successively the rigidity, the stresses, and for
large deformation the degree of non-linearity. This restricted the
author to consider diaphragms of specific profile types: all the cor-
rugations had to be the same size and shape and equidistant above and
below the middle plane, also no initial flat section or enlarged end

bead for clamping could be incorporated.
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2.2.1 Rigidity (pressure-deflection prediction)

The linear deflection for a flat plate is given by:

L
f - _B'_P_"R-_' sse s s s e s aas s e BN SIL IR (2.13)
e 16 B! ¢?

Then the deflection of a diaphragm of the same overall dimensions

»

1s

I
A € slcibk S leinlpiele ol s R (2.1b)
o 16 E' t3
where E = E/(1 - v2) : g = coefficient of reduction.

The coefficient € is then a very involved algebraic function containing
a fundamental quantity referred to as ¢, which is itself a complex

function of the geometry.

2.2.2 Stresses

The assumptions applied to finding the stresses were more restric—
tive than finding the deflection. The three stresses found were the
maximum tangential and radial stresses plus the extreme radial stress

at the outer rim; these were all functions of the quantity q.

2.2.3 Non-linearity

The non-linearity calculation was again more restrictive than the

corresponding rigidity; extracting the pressure from Eqn. 252,

5 16 gt
3(1 - v2) R*e

o

and employing the energy method used for the non—-linearity calculation:

P logq s 1y +.3y S e 1 o (2.2)
= + + “e e -
. i 3R 0 0* £*

Hence the total pressure deflection characteristic Eqn. (2.2) is of
cubic form similar to a flat plate. From the foregoing results non-
dimensional groups of variables were formed and these were used in
"carpet plot" type design charts. By way of an example a diaphragm
was designed from the plots, but the great disadvantage was that the

design had to be of a standard trapezoidal corrugation profile.

Andreeva's work on diaphragms forms part of her book on Elastic

Elements of Instruments, ref. (10), and is a much longer and more
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thorough treatment of the subject than would be expected in a paper.
Her approach is similar to Haringx in many ways: she assumes in the
case of a corrugated diaphragm, resistance to bending in a radial
direction is much smaller when compared to the tangential direction.
Hence the corrugated diaphragm is anisotropic and the mathematical
model of such a device is taken as a flat anisotropic diaphragm.
Based on this analogy the equivalent flexural (bending) and tensile
rigidities are determined. Then the diaphragm deflection is related

to pressure by a cubic of the same form as before.

P = Aw + Bws VI R e IR A 1S (2.3)

Here the linear term corresponds to bending rigidity and the cubic

term is related to resistance to tension, e.g. (2.3) is equivalent to:
P = %h_t'(a t2w+6w3) "R N I B (2.4)

where o and B are constants depending on the profile and Poisson's
ratio. Again, the major disadvantage is the fact that the shape is

so restricted, i.e. a large number of regular symmetric corrugations.
The book not only provides a mathematical model for pressure deflec~
tion characteristics, but with modification to the constants in Eqn.
(2.4) it can handle the addition of a rigid centre boss and the appli-
cation of a point load on the boss; from this information an expression
for the effective area of the diaphragm can be found. Also, convex
snap-action and non-metallic diaphragms are considered. Like Haringx,
Andreeva forms non-dimensional design parameters which are used in

design charts, and some examples are given in the text.

The work of both Haringx and Andreeva was used at the N.A.L.
Bangalore, ref. ( 3 ), to attempt the design of diaphragms. These were
successfully used in pressure transducers for the range (0 - 0.2) to
(0.~ 500) 1bs/in? (0'- 1.38) to (0 - 3450) KPa; the combined non-
linearity and hysteresis error were less than + 0.5 per cent, but the
results achieved did not reflect the theoretical predictions from
~Andreeva and Haringx, the error in sensitivity being (23 - 40) per
cent higher from Andreeva's predictions and from -34.5 per cent to 28

per cent out for Haringx.

Later work by C. Rubin, ref. ( 7 ) 1975, is still taking an alge-
braic approach; the general equation for the bending of a polar ortho-

tropic plate with a uniformly distributed load is considered. A series
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solution with four constants is obtained; these constants are found
from the knowledge of the four distinct boundary conditions and this
will give the displacements and stresses as a function of radial dis-
tance. Four cases are cited for a diaphragm clamped to a displaced
centre shaft: (a) the shaft axially displaced with and without a
pressure difference, and (b) the shaft angularly displaced with and
without a pressure difference. An optimum design is sought by produ-
cing a table of maximum radial and tangential stresses for various
inner to outer diameter ratios. This again was very limiting in pro-

file scope and did not always give an optimum.

For the case of an applied pressure difference, the optimum was
inferred as the stress values quoted above, approached an asymptotic
value; this was for a pressure difference of 9.8 x 107° Pa
(1.4214 x 1078 1bs/in2). Although this was an interesting theoretical
result, a pressure difference that small has little practical signifi-

cance.

2.3 Computer studies of diaphragms and capsules

The first computer simulator of a corrugated diaphragm was done
by W. A. Wildhack, R. F. Dressler and E. C. Lloyd, ref. (11 ), and
this was followed up by a paper on bending and stretching of corrugated
diaphragms by R. F. Dressler, ref. (12 ). The overall approach com-
pared their computer prediction to the Grover-Bell results for the same
shape. The corrugated diaphragm was treated as a rotationally symmetric
elastic shell, and the linear equations of thin shell theory were
applied with the appropriate geometry. This was a sixth-order non-
homogeneous system of equations in terms of V (tangential deflection),
W (normal deflection) and Q (normal shear) as functions of S (the curve
distance). These three equations can be reduced (although it is not
mentioned in the paper), to Reissner's formulation of linear thin shell
equations, ref. ( 26); as an example, the rotation equation is formulated

from the Wildhack et al first equation:

@ @ ® ® ® ® @

Iy Iy

2 » I
rW + cosé W —(9-"-%—4’+vxsin9w + rKV + (K cos¢ + 2r K)V

® ® O O

c [ :
(Kcos¢+ir—K5°—i——9—vK2 Sin¢)v+(-;-)q = 0

where K(s) is the curvature function.
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'
Then B(rotation) = KV + W (given)

KV+KV+W

U

Hence B
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Now collecting terms
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and dividing by r

h ' 2 ~
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r

This equation can be compared with Eqn. (.403, Chapter 3.

+

The method employed to solve these equations was a fourth order
Runga-Kutta integration. The details of the method of solution is des-
cribed in the first paper, ref. ( 11), and the elasticity solutions
obtained with their interpretation is described in ref. (12 ) by Dressler.
A fundamental point to note here is that they were using an initial

value method to solve a two-point boundary value problem.

The Grover-Bell diaphragm which was extensively analysed by these

authors is shown schematically in Figure 2.1.

15
* 35 sl /J_\\J_\\L\ 12

all measurement in inches
all angles in radians
all radii 0.07 inches except the end 0.03 inches

Figure 2.1: The Grover-Bell Diaphragm

It consists of short circular arcs joined by straight conical sectionms.

This has discontinuities where the straight lines become tangential to
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the circles; at these eleven junctions the curvature K(s), as a function
of generator length, changes quite radically. And for this reason
smoothing functions were applied to aid the solution. The accuracy of
the computation was checked by the static equilibrium at the horizontal

points, where the exact relation:

I

2n r Q P 7 x? holds,

, where Q = shear force/unit length.

therefore Q = = ;E

The stress resultants were subsequently calculated as functions

of displacements by the following relations:

3 % " A
s e e Bt N ey ey 5 VISR y )
¢ 12¢1 - v2) L T g
3 [ 7 ’ o
B e = it oS K y+i) + VRVH+KV+W)
® 12(1 - v2) Lr 5
. 5
e Et %l g (%os¢ V _ Sing W)
¢ (1~ 02) b r r 4]
Et -;os¢ \'/ Sing W 2 il
N = - + v(V-KW
(3] (1_\,2)_1‘ s 4

The stresses are assumed to be linearly distributed through the thick-
ness of the shell, but only the stresses in the radial and circumferen-
tial directions are considered as the normal and shear stresses are
assumed negligible compared with the first two, (c¢) and (ca), respec—
tively.

The actual (total) stress components at the top and bottom faces
may be obtained by adding or subtracting the membrane (N) and bending
(M) parts as follows. This relationship is derived in the chapter on

modelling.

o(z) - Mt e
NEREZ
og (%) = NVt + Mo/
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These foregoing quantities were expressed graphically as a
function of generator length. As a concluding remark on the first paper
the computer time involved in one run, i.e. to compute the linear dis-—

placements, forces and stresses, took seven hours!

The Grover-Bell (Figure 2.1) diaphragm was 2.14" (52.43 mm) dia-
meter (d) and 0.007" (.1778 mm) thick (t), giving a t/d ratio of
0.00327. Dressler considers a diaphragm of the same shape but three
times as thick and one three times thinner giving t/d ratios of 0.0098
and 0.0011, respectively. These values would be well within the accept-
able limits of thin shell theory if the shell had no curvature. Unfor-
tunately, the diaphragm considered has a peak and trough radius of cur-
vature of 0.07" (1.778 mm) which, for the two fictitious and one actual
diaphragms considered, gives thickness to radius of curvature ratios of
30, 10 and 3.333, the last one being the "thick" diaphragm. Within the
assumptions of thin shell theory this ratio ought to be at least five,
therefore it is doubtful if the results for the thick case are meaning-
ful. Conversely, considering the thin case, the same value of pressure
(15 1bs/in? (103.5 kPa)) was applied to all three cases so the thin dia-
phragm which was only 0.00233" (0.059182 mm) thick received the same
pressure and there was no justification for assuming that an actual
diaphragm of that shape, thickness and material properties would still
be performing in the linear region, for which the equations were only

valid.

Nevertheless, the results were able to confirm some empirical
design assumptions and indicated the problem could be solved numerically
given sufficient computer time. Also, without losing sight of the limi~-
tations of a model, it should be realised that variations or uncertain-
ties in material properties, such as Young's modulus, Poisson's ratio,
effective thickness or residual stresses, make it unlikely that dia-
phragm manufacture will become "exact" to anywhere near the precision

that the model would suggest.

2.4 The Instrument Systems Centre

Work on mathematical modelling corrugated diaphragms used as pres-
sure sensors within the Instrument Systems Centre at The City University

was first attempted by H. Schricker, ref. (13). He also considered a
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diaphragm as a thin axisymmetric shell and proposed a solution using
thin shell equations and a digital computer. He chose a different
approach from Wildhack et al and used a finite difference approximation
for the first and second differentials. This was reasonable because in
solving two simultaneous second order equations by a Runga—-Kutta method
would require four boundary conditions to be specified at one boundary,
but with this type of shell problem only two are expressed at each end;
also with shell problems boundary values at one boundary have very
little effect on values found at the distant boundary. Basically
Schricker was able to take Meissner's ref. (15 ) equations which were
H. Reissner's original formulation, formulated for different dependent
variables and program them in the manner indicated by Penny, ref. (16 ),
and elaborated by Kraus, ref. (17 ). The two resulting variables from
the solution were the rotation (B) and the normal shear force per unit
length (Q). This was convenient because he could then force the compu-
tation to be correct at the points where the tangent to the curve was
horizontal by substituting the relationship Q = - %Eu This was done
at the peaks and troughs and also simplified the boundary conditions

at each end, making them straightforward algebraic expressions. Again,
the formulation provided only a linear model. Using central finite
differences the system of equations reduced to a large matrix equation

of the form:

i

Xy, /%y R Ky
-—-,-:-—.—-—. Ty = N R I R ) (2.6)

Yy 10Xp Q Ky

where X; and X; are triagonal (N-2) by (N-2) matrices
Y; and Yp are unit matrices Xx a constant
R = Rotation
Q = Normal shear
K; = Zero

K, = Loading terms.

A method of reducing this 2.(n-2) square matrix was proposed but
not used, even though it would have reduced the storage by three-
quarters of the amount required for Eqn. (2.6). But a more significant
feature was that only two per cent of the above matrix was non-zero,

which meant that most of the operations were trivial, i.e. multiplying
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zero by zero, this would naturally increase the computational time
unnecessarily. To solve for linear pressure deflection characteristic
took 13.579 seconds on a C.D.C, 7600 machine with N = 106. Using the
partitioned approach mentioned in Schricker's work and a Gaussian eli-
mination technique which only stored the non-zero terms, the same
Schricker program could be solved in 7.627 seconds, and the additional
storage required to solve the matrix reduced from 42.85 K words to

0.5 K words.

Schricker applied his program to three production diaphragms and
found that in all cases the predicted deflections were consistently
lower than the experimental results; this he concluded to be mainly
due to uncertainty in the values of the material constants, i.e.
Young's Modulus. But investigations carried out since have shown this
not to be the case, in fact, measurements on Young's Modulus by the
author have shown that Schricker underestimated the value and this

would have made his predictions worse!

The three diaphragms considered were all approximated to a regular

shape, i.e. each convolution the same as the next, but in the actual
situation this is not practically possible because the diaphragm forms
either the top or bottom of a nesting capsule. From the computational
side some unexplained anomalies arise. The step length associated

with the finite difference approximation, a very sensitive parameter
numerically, is changed when going from the regular convolutions to the
end bead, and no adjustment for this is allowed; this may not have been
significant but more striking is the result for the horizontal displace-
ment. It is not quoted in the report but printed out in the programs:
this displacement has no sign change along the whole diaphragm genera-
tor, which is statically incorrect because the horizontal displacement
is constrained to zero at both boundaries. It therefore appears that

the equations were inadequate to handle this type of problem.

The reasons for the inadequacies in Schricker's work were investi-
gated by the author, and it appears that although Penny, ref. (16),
successfully used the same formulation to solve a general thin shell
by finite differences, the example he chose was only slightly curved
and had a finite angle between the Z axis and the normal to the shell
middle surface. The equations programmed by both Penny and Schricker

are as follows:
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A, B, J, G = functions of geometry and material properties

F = loading term.

The equations are more attractive to use than Reissner's because coef-
ficients of loading terms and boundary conditions become rather more
complicated with Reissner's equations and this increases the prelimi-

nary numerical work.

However, inspection of the above c:l:uefficients and loading terms
shows that a multiplication of Cotangent (¢) is quite common. Payne,
ref. ( 18), in his paper on axi—symmetric bending of a toroidal shell,
found that when applying the above-mentioned equations to a toroid

the angle ¢ goes through zero twice: |

(E Figure 2.2: Toroidal shell segment
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And hence Cotangent (¢) will be infinite at these two points. Similarly,
for a corrugated diaphragm (¢) goes through zero at each peak and

trough. Schricker attempted to eliminate this difficulty by forcing

the finite difference mesh points to fall exactly on a peak and trough,

Pr;
and then use the identity Q; = —-§£ . This must have helped the

solution, but if the mesh was small enough the points either side of the
¢ = zero point were also very small, causing large numbers to appear in
the coefficients. Payne solved the toroid problem using both sets of
equations, Reissner's being formulated in terms of (Hr) (the horizontal
force/unit circumference, multiplied by the radial distance) and the
rotation B. Reissner's equations avoid the possibility of a singularity
if ¢ = zero by not having a term which tends to zero in the denominator
or one which tends to infinity in the numerator of any of the coef-
ficients. Payne's results showed that even if a solution is found for
cases where ¢ = zero using Meissner's formulation there is a sharp dis-
continuity around this point, whereas Reissner's formulation appears to

be quite adequate.

F. Abdullah, ref. (19 ) took a different approach to the linear
thin shell problem; with the equations formulated as six first order
differential equations, he applied state variable techniques to solve
them. The equations were integrated using a predictor corrector me thod,
which ensures that all the integrations are performed to a previously
prescribed accuracy. This involved a Runga-Kutta integration to start
the process as it was not self-starting. The program was thought to
be much more flexible than a finite difference program because varia-
tions in environmental conditions and material properties could be
handled relatively easily. The main disadvantage was the computational
time which was later shown to be about five hundred times slower than a
finite difference program, both being run on a CDC 7600 macﬁine. All
the digital simulations so far mentioned have only been linear models.
From a pressure element viewpoint, two basic parameters are obviously
important: the linear semsitivity of the element and the linear range.
To cover both requirements, a geometric non-linear model is needed.

F. Abdullah, ref. (19), developed a non-linear model which used the
linear model for initial starting values. The formulation of the equa-
tions was similar, i.e. first order differential equations in state
variable form (Kalnis formulation, ref. (20)), but using a shooting

method, together with a computer optimisation routine to match boundary
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conditions at the far end of the diaphragm. Again, this method was
very slow, each pressure point taking approximately the same time as a

linear model solution.
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3.0 The Mathematical Model

To analyse corrugated diaphragms and capsules, the initial problem
is one of choosing a mathematical model. In the detailed level of model-
ling considered here, it becomes necessary to relate the pressure deflec-
tion characteristics to the geometry and the elastic constants of the
diaphragm. With a future requirement for design, it is also desirable
to automate and generalise the operation of such a model. It has been
shown, and it is reasonable to assume, that a corrugated diaphragm is a
rotationally symmetric thin elastic shell of complex convoluted geometry.
Therefore, a mathematical analysis of stresses and displacements in the
diaphragm could logically be baséd on axisymmetric thin shell theory;

a theory derived from applying basic physical laws (in this case elastic
laws) to a finite element of the shell and leading to a set of differen-
tial equations. This approach has been used in previous analytic and
computer studies (outlined in Chapter 2) and will be further developed
here. The differential equations are solved by numerical techniques on

a digital computer and the model is therefore a computer program.

The chapter as presented is a chronological development of basically
four models which build on the experience and techniques of the previous
models in some way. This is best illustrated in the flow chart
(Figure 3.1); much of the work is covered in the linear diaphragm model

as it is basic to the others.

Linear Diaphragm

Model 1
Non-linear
Diaphragm Model
2 Linear Capsule
Model 3

/

Non-linear Capsule Model 4

Figure 3.1: Model development

Perhaps a more logical way of presenting the equations would have

been to obtain the non-linear equations first and show by making certain
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approximations how some terms may be neglected and a linear model results;
but from the programming point of view it is easier to show how the non-
linear model is developed from the linear and the extra terms which

arise from not assuming a very small displacement.

3.1 The linear model

3.1.1 Assumptions of thin shell theory stress-strain relationship

Any theory must be based on a set of assumptions, and for thin shell
theory, A. E. H. Love, ref. (21), first proposed a set of postulates,

known as Love's first approximation to the theory of thin elastic shells:

(1) The shell is thin;

(2) The deflection of the shell is smallj;

(3) The transverse normal stress is negligible;

(4) Normals to the reference surface of the shell remain
normal to it, and undergo no change in length during

deformation.
The assumptions and their implications may now be discussed:

The assumption of thinness sets the scene for the entire theory.
Indeed, as will be noted presently, the rest of Love's postulates seem
to be appropriate only to thin shells and are, therefore, consequences
of this postulate. Although no precise definition of thinness is avail-
able, it will be sufficient in our subsequent derivations of the theory
to neglect the ratio of the thickness to the radius of curvature of the
reference surface in comparison to unity. However, it is suggested
that the resulting theory be applied only to shells whose thickness is
everywhere less than one-tenth of the radius of curvature of the
reference surface. By how far this suggested ratio can be reduced with-—

out drastically affecting the accuracy is considered in other chapters.

The assumption that the deflections of the shell are small permits
us to refer all derivations and calculations to the original configura-
tion of the shell and, together with Hooke's law, assures us that the

resulting theory will be a linear elastic onme.

The two remaining hypotheses of the Love theory deal with the con-
stitutive equations of thin elastic shells and represent the most signi-
ficant features of the first approximation. For these discussions con-
sider Hooke's law for a homogeneous isotropic elastic medium. In such

a material there are three mutually perpendicular planes of elastic
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symmetry that, in anticipation of our latter choice of the lines of

principal curvature as co-ordinates £ and 8, are the normal directions

81“[01-\:02—\:0“'_]%
€2 a8 [Uz—'vcl-von]%*
R = [cn S I el 02] %—

'Y12 = TIZIG’ Y1n= Tln,G’ an = Tzn/G P R

(3.1)

(3.2)

where oy, 03, 0_ are normal stresses along three mutually perpendicular

n
directions,

€1, €2, €, are the corresponding normal strains,
y andT. _, T. , T, are, respectively, the

12 Y1n’ 2n 12° “in’ “on
shearing strains and stresses, and

Y

E, G and v are the elastic constants (only two of which are

independent for an isotropic medium).

Returning to the discussion of Love's postulates and noting that

the fourth hypothesis concerns the preservation of the normal element,

this represents an extension to the case of a thin elastic shell of the

familiar Bernoulli-Euler hypothesis of beam theory which states that

"plane sections remain plane". The assumption of the preservation of

the normal implies that all the strain components in the direction of

the normal to the reference surface vanish, or that

€ =

W Yln Yz = 0‘0 R ...

n
therefore from (3.2) the shearing stress components Tin and T

vanish.

2n

{(3.3)

also

Also, the restriction to thin shells makes reasonable the third

assumption of the Love theory, that is expressed as:

0 = 0-0 TR ERE R E A N A R R R

n

(3.4)

As a consequence of the third and fourth postulates of the Love

theory ((3.3), (3.4)), the system of stress-strain relations given by

(3.1) is reduced to the following two dimensional constitutive law of

thin elastic shells:
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3.1.2 Stress-strain and stress resultant relationship

Having obtained a system of stress-strain relations in general
directions (1, 2), BEqn. (3.5), for the shell, we can re-write them
with a new notation defining the axial direction () and the circum—

ferential direction (8):

E
o ot (ag + v eﬁ)

E .'-....‘...-....l..'. (3.6)
UB = .—.--—--—-1 2 “2 (Ee + vV EE)

This is just a statement of Hooke's law in two dimensions, and
to derive the stress resultants Hooke's law, in conjunction with the

shell geometry, is applied.

To analyse the internal forces we cut from the shell an infinitely
small element formed by two pairs of adjacent planes which are normal
to the middle surface of the shell and which contain its principal
curvature RE, RB (Figure 3.2). The internal forces (stress resultants)
are also shown on the figure. It then follows that by integrating
across the thickness (%) to (— -;’—) 5

Z
NE o (} i?) A Ll Sey i sk aEmeon, Ko ja)
-%
Z
Ne = ce 1--1-{—5;-)(12 e R R R R e £
-%
M = e 3
£ UE Re) R P 2 o el (i 10 0
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In the following discussion we shall invoke the first assumption

and assume the thickness t is very small in comparison with the radii
Z Z
RE RB

RE’ Re and omit terms

Figure 3.2: Elemental shell

Now apply assumption four of the thin shell theory and begin with a
simple case, in which during bending the lateral faces of the element
A B C D rotate only with respect to their lines of intersection with
the middle surfaﬁe. If ﬁg and ie are the values of the radii of curva-
ture after deformation, the unit elongations of a thin lamina at a

distance Z from the middle surface are:
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@Tote: These equations of strain are due to bending only]

If, in addition to rotation, the lateral sides of the element are
displaced parallel to themselves, owing to stretching of the middle
surface, and if the corresponding unit elongations of the middle sur-
face in the two directions are £ and €5 , the elongation Eiof the lamina,

as seen from Figure 3.3, is € = (2 = 21)/2;.

Figure 3.3
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Substituting &; = ds (1 = 2—) and 2; = ds (1 + E})Q = g—) 5
3

we obtain &

= ; [ : 1 ]
- e - = csshors: (3,90}
3 Z Z - )R R
- Eg) b Tl et e RE

A similar expression can be obtained for the elongation

E

1 20 B By T

= 62 = Z —t
B e s B er
0

(These are of the same form as (3.8), but contain the stretching effects

£

of the mid-surface.)

Now applying the stated assumptions and neglecting €, , in compari-
]

son to unity, then

1 1
E = E -Z(—"-'_) - E "Zx B R (3:103)
1 = TR
£ RE £ 1 €
i3 o NG T
Se 82 Z(-ﬁ-_e Ee_) = Ez Z xa P R A R R (3-10b)

where Xg and Xg denote the changes of curvature. Using these expres-
sions for the components of strain of the lamina and assuming that
there are no normal stresses between lamina (cz = Zero), the following

expressions for the components of stress are obtained:

E
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Substituting these in Eqns. (3.7, a-d) gives
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Here we can change our notation to be consistent: €, is the strain of
the middle surface in the £ direction and €, in the 8 direction, there-

fore, re-arranging (3.12a) and (3.12b),

CEZEm - NE-UNa ssssBPRE SRR B R R ESERBEIRRSERERBNS (3-13&)
Cgem ar NB-VNE es s s s seRAR e RPAEBsRR NSRRI RS (3-13b)
where c = Et,

3.1.3 Surface definition

Consider a general shell of revolution (Figure 3.4):

Figure 3.4: General shell

And suppose that a surface is defined by co-ordinates r(E) énd

7(E), where E is a parameter on the surface.

Then, by differential geometry, the first fundamental form of

such a surface, neglecting the thickness terms, is given by:

(d8)2 = o2(d8)2 + T2(d0)2 . ..covpececrssiasee  (3.14)
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and then the condition

a2 = (£')2 + (2")2 holds if
] ' d
cos¢ = i—-and sing = %— CARAL { ! Yy E —égl .
o r
Also, RE 7Y and RB = aine

These are useful conditions owing to the fact that in the final
formulation of the equations, the vertical height Z is eliminated and

any differential of Z can be substituted for, i.e.
Z' = o sing

2" = o' sing + o? c_:osqb/Rg
Hence the shell may be completely specified by knowledge of the variables
r, o, ¢ and RE'

3.1.4 Moment balance and compatability

Reissner derived his equations of thin shell theory from two basic

equations: a moment balance,

(ng)' - o cos¢ HB =afr) = 0 L..e- R e s £ )
and a compatability equation,

(r eem)' - o cosd sgm + a(cos¢o -cosp) = 0 .... (3.16)

Taking the moment balance, consider two views of the small element

of Figure 3.4 shown in Figures 3.5a and 3.5b:
Q+dQ £+dNg

+
. r+dr \ Mg +dMg X _____h“__(r*-dr)de B
r-—"‘-—___

idom o "
¥,

adg
h__‘___‘_-____.__.__.-—
‘->\Q rd6
i
Figure 3.5a Figure 3.5b
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Taking moments about XX ;) direction,

(ME + dME)(r + dr)de - M_rd® - Qrdédia - Mjadg cos$¢ d6 = O

3

(Terms containing the loading and body forces have been left out because

they are of an order of magnitude smaller, and can be neglected any way.)
Collecting terms and dividing by d@,

(Hg.dr + dMg.r) = Qradt — aMBcos¢d£ =0

therefore

(r.ME)'—acom.Me-a(rQ) S N A e b e A TEY

The compatability equation, written straight down as Eqnm. (3.16),
arises from the Gauss-Codazzi conditions for the deformed middle surface,
and will not be derived as it comes under the general topic of differen-
tial geometry; an example is given in ref. (22). Compatability basi-

cally ensures that no gaps will occur in the body during deformation.

3.1.5 Derived forces

Looking at the shell element in more detail, certain other equa-
tions and relationships may be derived, referring to Figure 3.6a and

Figure 3.6b. v
Q NE

Figure 3.6a
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=T
Figure 3.6b
Figure 3.6: Shell element showing derived forces
Then NE = cos¢ H + sing V
or dNE = ¢'H + Z'VY T e A S ST E S P < e S e S & T
and Q = - sin¢ H + cos¢ V
or aQ = =Z'H+ r'"V  ciiveesccccsscccccssscrcsncsnns (3.18)

It is clear that the shear force per unit length may be presented
by a horizontal (H) and a vertical (V) internal force; this is a more
convenient way of representing the forces because future equations are

in terms of the so-called stress function ¢y = (rH).

Two more equations can now be derived by considering force balance
in two directions. Figure 3.5a is repeated as Figure 3.7 with the rele-

vant forces shown.

_&0...



V+dVv

r+dr H+dH

Figure 3.7: Derived and load forces

Referring to Figures 3.7 and 3.5b,

(i + dH)(r + dr) - Hr do - N2 sin-g—e-u.dﬁ-l-PH. r+-§—?-)deudg=o

Hr + Hdr + rdH + dHdr - Hr - Neada + PHrudﬁ =0
d(Hr) - Neudﬁ + PHrudE =0

(rH)'-NeG+PHrG=0 s s e T P e P eEEEEESR Rt RSt e RERIRBRRS (3.19)

(V + dV)(r + dr)de = vrdd + PVG: + ‘—;—5) adidd =0

Vrdo + Vdrde + rdvde + dvdrde - Vrde + P radgde + Py g-’f- ad£d0 = 0

r.a¥ -+ Vidxy & PvradE =0

R T o I I S T PO R N C R R S S R e 1)

Vv

3.1.6 Reissner's Equations

From the foregoing expressions two simultaneous second order dif-
ferential equationg:with variable coefficients can be derived. The two
independent variables being the rotation g and the product of the
radial distance and horizontal internal force (r.H) called the stress
function Y. These two equations are linear and are derived in
Appendix 1; to be able to carry out the derivation the assumptions of

thin shell theory have to be applied to Eqms. (3.15), (3.16), (3.12¢c)
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and (3.12d).
Equations (3.15) and (3.16) are:

(rM)' —-acos¢ M, —a(xQ) = O
L — - =
(e 5 ) o cosd Sem * a(cos¢o cosd) 0
L]
From the relationships of the surface, cos¢ = ~£
therefore
(x ME)' = r' M = a(rQ) = 0 .ccecececnsscetsanasoncenes (3.21)
and (cos¢o - cos¢) = cos¢_ - cos(d)o - 8)
If B is defined as B = ¢0 -~ ¢, therefore ¢ = ¢o - B
= cos¢$ - f?osB cos¢° + sinf 51n¢']
Again from assumption 2 B is very small
(sin¢ = sin¢° = 2'/a)
= -B sing_ = -B Z'/a
therefore
G 1 - T = e -
(i iel) r €em R Z T A Y T A B (3,22)

Equations (3.12¢) and (3.12d)
S TR

M
M - D[xe + v x€]
and (}_ ) - XE
Re
(1_ ) e
R B’

where () refers to the deformed shell.

From our general surface definition:
T
Le e R
XE o a a R R R R R R I A (3.23)
: sing '
A sing _ 0 s BB
xa = (‘r T ) ra LR R R B I S L (3.24)
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The two equations thus obtained as (Al.6) and Al.17):

" (xD/w)" . ; 9 (xD/a) : z' - ' (xV)
& (xD/a) B _(?) Y (xD/a) :lB "‘(rD/m)‘IJ (xrD/o)

2
B kel ! v(r'/Ca) A S
v ¥R ]“’ wrea ©

—

z'e! (z' /Ca)’ YA ik
—:;;— + (Z7Ca) (xV) + v = (xrV)

A

Lg![g_g;' 3 -f;':l (raBy - (r apy

The dependent terms of the two equations contain only variables
described by the geometric and material properties of the shell plus
the loading terms and the vertical reaction force (rV). Assuming that
it is possible to know the parameters required for the geometry and
material properties, etc., it then remains to express the loading

terms in known quantities.,

From Eqn. (3.2),

(V'

-r a P

therefore

]

f—-eradg

If the axi-symmetric loading is a pressure P(say), then from

(xrV)

Figure 3.7,

PV = P cos ¢

PH = -P sin ¢

(P acting on the outside of the shell)

(xV) f—-r P cos¢ a d&

i dr
and cos¢-—&- R
Pr2
(xrv) = —PI s b e i = + constant

Hence (rV) may be expressed as a simple loading term, plus a constant

Y



which can be evaluated by considering the static equilibrium (Figure

3.8}

L

I

Figure 3.8

Consider the loading on a disc at a general radius r

L}

= P wrl+ ; A0 where P

L

pressure

load at centre

(Note only axi-symmetric loading).

This is then balanced by 2nrV around the edge of this fictitious disc,

therefore Pnr? + L + 21rV = O.
2
Then (V) = = P + L—) S A R R T TR T ve 375
2 2w
In many cases
L. = Zero, and
2
(rv) = -~ Eg__-

From the solution of the two equations B and Y are obtained. Then the
stress resultants NB’ NE’ He, and ME can be found by direct substitu-
tion from equations (3.12¢), (3.12d), (3.23), (3.24), (3.19), and (3.17).

Finally, the displacements may be found by substitution and integration.

3.1.7 Horizontal and vertical displacements

Horizontal displacement (U)
From Eqn. (3.13b),

i A
€om C (N6 v NE)

This is the circumferential strain of the mid-plane. If strain is de-
fined generally as the increase in length divided by the original
length, then at any radial distance r the circumferential distance =

2 m r. Suppose after deformation this circumferential distance is

il



increased to 2 7 ;, when r = r + dr (Figure 3.9).

25r

Figure 3.9

Then ¢ T2x (kM) =20 T dr
fm 2T

The value dr is then the horizontal displacement U.

Hence, u = E-(Ne =N Y s e ea g e WS - PRz A e e (326)

Vertical displacement (W)
Considering the vertical displacement of an elemented ring dW as
the sum of the bending and stretching effects due to the loading, i.e.

the combined effect of rotation and radial strain:

' / GSB

b‘b

Figure 3.10a: Rotation

Figure 3.10a, the effect of rotation, gives

GwIBonly = - B cos¢ §s.

T



Figure 3.10b: Stretching

Figure 3.10b, the effect of direct straining, gives

Gwlstrain only ~ L el
therefore
Sw = (EEm sind - B cos¢)ss
and in the limit
W = f(agm sin$¢ - B cos¢)ds (3.27)

3,1.8 Method of solution of the equations

From the chapter on previous work and the discussions arising from
the results of other researchers, the most hopeful, if not yet rewarding,
method of solution of a shell of complex structure like a corrugated
diaphragm would be finite differences. The main disadvantage in the
past has been the inadequacies of methods for solving a necessarily
large number of linear simultaneous equations, quickly and accurately.
Implementation of a finite difference program meant that the generator
of the diaphragm had to be divided up into a number of finite different

stations not necessarily equally spaced along the curve (Figure 3.11).

Figure 3.11: Diaphragm generator
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The choice of the number of points and the direction of integra-

tion are discussed later, as they depend on having a solution anyway.

From Eqn. (3.14) it is seen that the independent variable

is £ which is related to the distance along the genmerator by ds = adgf.

For the model we are at liberty to choose a value of a and for the
linear model in particular this value will be constant; the obvious
choice is unity, so ds = df. It is fortuitous that S becomes the inde-
pendent variable because any other variable would have drawbacks when
considering a general shell shape. Z would be no good for a flat plate

and r just as unsuitable for a cylinder.

For the formulation of the equations it was convenient to space
the finite difference stations at equal distances along the curve.
This was not necessary, but it does considerably simplify the coef-
ficients. Central finite differences were chosen to represent the

first and second derivatives at the i~ point.

B. al g
dB Y i+1 3=]
(ds)i o d T 2(68) = % a8 e e e EE s e % B B e B B E s e (3'28)
a2s L i Ml
where 8s = S, =5, — -
. 1+l i \as?/; (8s)?

The associated error can be shown to be for the second derivative
§s)? I
- 897 o yVay vef. (23)

and the first derivative

I1T

- (.65)2- By (CZ):

where |91|) |92| <1, Si-l £l 4 1S Si+1 > Co
and yIII(Cz) and ylv(tjl) represent the maximum (absolute) value of the

respective derivatives in the interval (Si—l’ si+1)'

The next step is to re-write equations (Al.6) and (A1.17) in a more

man ageable way:

a%g a8 S il
SEtAG R rE) - ¥
2
%+G%§-+H¢+JB = K (3.29a)
2 T
e » D))" R T (r'D)
where | B g [(r) =V T6GD) »
el - /6"
5= . 7 L
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= loading terms.

A=
e

2 '
] i (x'/c) S
I:(r) T (z/C) e /G =

Then, if the generator is divided into N finite mesh points, we obtain

lth - -
at the i~ point, combining (3.28) and (3.29a),

B' = 28- + 8- B
i+l 1 =] 1+1 =

(2s)2 R ek A e e

(3.29b)

T e W e T . TR SR P

(48)2 i 2AS i 8 S 2 i

and collecting terms:

BBy by By e By v = Y

— - = CRE I B R A ) (3.”&)
B Vi4y T 8 Vg By Wi v g By ks

If a multiplication of (AS)2 is made, then:

5 AS s 2 = 1 - AS
a; 1+ 5 Ai, bi 2 + (AS) Bi’ t:.:.L 1 3 Ai’
) 2 = 2 5 AS
d:i. Ei(ﬂS) 5 fi Fi (AS)=, ei 1 + 3 Gi’ (3.30b)
= - 2 = - é..s_ = 2 = 2
8; 2+ (48)2H, h, =1-3=6;, £ I, (8)% , k, = K, (48)

The variables a;, bi’ etc. have now to be presented in ‘a programable

form, e.g.

L | L] 1
e £D)® - e'Dia DU S o8 B e cos$ 3
D (o

de
i rD rD o ds

(For generality, the material thickness is a variable, but for most

d
problems it is assumed constant; then —t- = zero.)

[, Ty )],

g (El_ _lﬂi)

% rD

=
]

t ds

& = Gl ( @_;gt_)

o AR =



In

i @ A
1 r r g cose | _
B - )2 e -6

( r/C) (—— suuf:)
e [Z'r (z /c) ] (v, + u%‘(w); L

o
I

r2

(rIC) £* A Sl cosd sind
T - (?)] il Rt [ i

F S
{ s¢ _ sing ld_t}:' (xv), = (v sing P cosd) .
i

T Rg T t ds
cos$ _ 1 dt cos¢] o |: . }_-_]
r P sing [ = + v i 4 P cosd sing + RE

i

Now, if we know r, ¢, RE’ E, t, v, P, (rV), at every ith point along
the generator we have all the required information to find B and ¢ at
every ith point. R, ¢, RE will come from the consideration of the geo-—
metry, E and v are constant, and t is assumed constant,(although this
is not absolutely tru@; P is a uniform pressure (constant), and (rV)
was derived in an earlier section. The type of formulation usually

leads to a matrix equation of the form [A] {x} = {b}.

Expanding and partitioning would give us:

A, : B, B F
|
: .
B, : A, v K
l— p— e — —
b, a g. e
| e
where [A] = and [A__I =
1
¢, b, a, 4 h, g, e,
ey by a, hy g5 eq

two square tri-diagonal matrices

=AY



and [Bl] = |d and [B?_] s —jl

i it L i

two square diagonal matrices.

A method of solution was sought which was both fast and accurate,
as well as being economical on computer storage. The method chosen was
a step-by-step procedure, i.e. one in which the solution at each mesh
point is derived from the solutions previously obtained. In order to

accomplish this the equations had to be written in the following form:

o (BEYL e (BB)Y. Bi a4 * (BH): P.
By = (B0, + (BB), By + (B ¥y
CE R R R R R ) (3.31)
. - HC - + HB - . + I'JH . -
b = (HO), + (HB) B, + (), ¥y
where Bj and wj at each mesh point are expressed in terms of Bj+1 and

wj+1 at each mesh point: (BC)j, (BB)j, ... and so on, are constants
and represent coefficients to be determined for each point. If there
are N mesh points, then BN and ¢N can be obtained from the boundary
conditions, and equations (3.31) will provide Bj and ¢j for

j=1, 2, 3 .... (N - 1) by recursion. Equations (3.31) are them—
selves obtained recursively by substituting the expressions (3.31)

for Bj and ¢j into equations (3.30) written for mesh point j+1, which

thus provide two simultaneous equations 1in Bj+1’ ¢j+1, Bj+2' ¢j+2.

These can, in turn, be solved for Bj+1 and ¢5+1, resulting in Eqns.

(3.31) for mesh point j+l.

This method used is essentially Gaussian elimination which
assumes diagonal dominance. The algorithm for this is contained in

Appendix 2.

3.1.9 Boundary conditions

At the boundary B and ¥ need to be known explicitly. At the centre
the rotation is assumed zero as well as the horizontal displacement U:
this is a reasonable assumption owing to the axi-symmetric shape and
finite stiffness coefficients (bending and tensile). At the outer edge

(periphery) the boundary conditions are to some extent arbitrary, but
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two situations seemed the most reasonable to consider:

(a) that of a clamped edge (Figure 3.12a)
(b) and a "free edge" (Figure 3.12b).

o \

5

Figure 3.12a Figure 3.12b

Figure 3.12: end conditions

The arrows in Figure 3.12 indicate the directions in which the

end of the diaphragm is constrained from moving, therefore for

case (a) Wy = 0, O, = 0, el ™ 0, and for
case (b) WN = 0 and BN = 0,

implying free horizontal movement, and hence wN = 0.

For the centre, and for case (a) at the periphery, ¥ must be in-

ferred from the horizontal displacements which are zero in both cases.

From the equations derived earlier:

O =
U C \ 8 v Ifg) et (3.26)

and V' - Na + T PH &0 e et S 519)

Now NE = H cos¢ -V sing (a =1)
therefore

U <4 o - ;

;—C = NB v (H cosd¢ ~ V sing)

and substituting for NB and since U = zero,

V(‘J"‘%gb -(Vr)s—iu) - 3+ P

H
Now at the centre put ' = ¥, = ¥,;/AS
cos ¢, sing; ¥, ¥y (r Py),
59 1 ( r, ) = r, = a8 “ws ¢t v

cosdl 1 sing; (r Py), v,
"’1(1:1 ""as\a)‘ o Ll S Sen v dad
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therefore, wl = KI¢2 - K;I, where KI, KII are constants.

In a similar way an expression for §  may be obtained in terms of
s v = - . i
¢N-1 using constants KIII and K . This will add a complication to

the solution algorithm and Eqn. (A2.6) will then become:

& &
34 I I1 ¢ o)
¥, = k, - h, Ky, +K ) + S v, * s 32
2 2
1
k2 = h2 K sp jz
W A A 5
(g + h, KD (g, + h, k%) (g, + h, K9)
. 11
therefore in Eqn. (A2.8) kz - h, ¥, becomes k2 - h2 Ky and

and g, becomes g, % h2 KI.

In the backward substitution to find Bi and wi’ 1 = 2,34 oo (N~1)
Byy = (BCOy_y * (BB)y, By * (BH)g , ¥y

Wy = (ECgy + (BBl B * (i %

5§ (NGNS o 1
but o B K

Therefore, if BN = zero,

i (HC) -1 ! e
N-1 5 L 111
1 - (HH)y KIII 1 - (W)y_, K
111 v
and By (BC)N—I + (BH) 4 (wN_l K + K )

and the loop starts at the N-2 elimination.

3.1.10 Numerical accuracy

The accuracy of a finite difference formulation is mainly depen-
dent on the mesh size, and traditionally there has always been a trade-
off between the truncation error and the round-off error. The trunca-
tion error is dependent upon the formulation, i.e. forward differences,
centre differences, etc. and mesh size, the error decreasing as the
mesh decreases. The round-off error is machine-dependent and is caused
by subtracting two numbers whose difference is very small, and hence
because the machine is only able to work to a certain number of signi-

ficant digits, an error will certainly be generated.
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By consideration of the computer used, the possibility of round-
off errors was assessed to be negligible; the CDC 7600 computer used
for this programing works to about the same number of significant digits
in single precision as most computers work in double precision, i.e. 15.
The problem then reduces to one of finding the minimum amount of trunca-
tion error which will give good results without increasing the dimen-
sions of the problem unnecessarily. Schricker, ref. (13 ) undertook a
direct comparison on the vertical deflection between his model and that
of Wildhack et al, ref. (11); the overall deflection came out to be
too small for 72 mesh points and the result just too great for 124 mesh
points. He concluded then that a figure of 120 would be right. This
might have given some confidence in his work but for the fact that in
his programs he used only 106 mesh points, and also the shape of the
diaphragm with which he compared his was not a typical diaphragm of the

type he tested against experiment.

Whilst it was thought that a routine for generating a certain
number of mesh points, dependent upon the geometry of the diaphragm,
was not necessary, the program was written in a genmeral form where the
number of points N (say) was the first parameter set, and hence could be
very simply adjusted if, say, a nine-corrugation diaphragm with small
convolutions was being analysed. For a general value of N the radius
of curvature was considered the limiting factor and the smallest prac-—
tical radius found on production diaphragms was approximately 0.025"
(0.635 mm). Now to put at least two mesh points on a segment this size
would require a mesh of about 200 points. This proved to be a satis-
factory general value for N, as the results from the experimental vali-
dation will show. To try to improve on this result an extrapolation

routine was used: this was Richardson's deferred approach to a limit.

For a finite difference method the errors are of the order (8s)2

so that for an arbitrary point we may write:
e(8) = &(8) (68)% # covecves

Neglecting the higher order terms, for a given point we have
e = c(8s)?

in which ¢ is an undetermined coefficient.

Now if the integration has been performed in the interval (a, b), which

is then divided first into n, then n, equal parts:
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Let An and Anz be the corresponding values obtained for the unknown

1
at the same point, and let A be the probable value, then the errors

obtained in each of the two steps of the calculation are

= 2

¢ = A=A . pyst g
1 nl 72
1

AT

RN T R
2 n2 n’
2

Eliminating c(b - 2)2 and finding A explicitly, we obtain the so-called

extrapolation formula in (8s)2,

= + = A + o (A - A
& Ahl’ Anz TV An1 ) Ahz n2 1( ni nz)’
in which 2
2 n
n 2
o i 1 o L e——— (6
1 % 2 n* - n?
n, - n, 2 1
B
A program was written which took the ratio o 2
1
therefore a, = - 3 and o, = }l
1 3 2 3

the values of Bi 1

and $i| for i = 1,2 veveneee M, where n, = 200
nji nil

were found, then B, and ¥, for i = 1,2 .... n_, where n_ = 399,
:I.!_12 lnz 2 2

399 has to be used and not the intended 400 because of spacing, i.e.
(b-2a) _ (-a

L (- D 199
kb = @) < L (be= a)
and 552 (nz— 1) 398
therefore 2(651) = Gsz.
4 1
Then B o =g o - P
i 3 21—} - 301 ny
sk ﬁ,¢ 5 l—¢ (i =51 s aasae - 20D)
i 3 21-1!n2 3 3 a1

...5{'...



This routine gave an improvement of less than 1 per cent to the overall
deflection when a three-corrugation diaphragm was being programmed, and
increased the computational time by approximately 2.5 times. Neverthe-—
less the program was still felt to be useful for analysing large dia-

phragms with many convolutions.

All the displacements and forces are found by direct substitution
of B and 1, or their first derivatives expect the vertical deflection

which is an integration.

The integral being known at every ith point,
aw .
(E-S—)i (eé;m sing Bcos¢)i

A "Runga-Kutta" type integration was thought unnecessary to find
Wi(i = 1,2 sevese N), therefore (%g). was formed into central dif-
i

ferences and W solved by working in from the periphery.

Therefore Hi = wi_2 - 2 ds(egm sinp - B cos¢)i_1

This is only worth noting because as the deflection reached the flat

centre portion, the value oscillated slightly due to the very small
: W : -
changes in (5&&) . This was smoothed out by taking the average of the
i
. central difference and single-sided forward difference approximation (F.D.A).

(F.D.A,)) = W. = W

i e ds(e£m sin - B cos¢)i_1

(Wj-y + Wi-p) 3 ;
therefore Wi = > - E'ds(EEm sing — B cos¢)i_1 e 32)

3.1.11 Model versatility

The capabilities of the linear model, whether inferred from the

previous sections or not, are listed below:

(1) Two types of edge clamping (section 3.1.9);
(2) Temperature effects;

(3) Variation in thickness;

(4) Loading - pressure and point;

(5) 1Initial stress at outer boundary.

(1) needs no elaboration as it is fully discussed in the section
on boundary conditions, other than to consider the results. Figure 3.13

shows the vertical deflection for a diaphragm with the two types of edge
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clamping under the same loading conditions; generally the clamped
edge deflects about 5 per cent more than the free edge — not a very
practical result for diaphragms alone, but useful for work on capsules

of the aneroid box type.

(2) Temperature effects can be programmed as a positive or negative
temperature gradient along the diaphragm generator: temperature gradients
through the thickness of the diaphragm were not considered. The addi-
tional terms required are ~C(a T)' to the left hand side of the Yy equa-

tion, and the displacement equations become:

r -
U E‘(NB-VNE)+U.T e BB s sEsE B S BE LN NN RE S (3.33)

=
]

f (sin¢o (EEm +aT) -8 cosd;()ds vise s enese T (3. 3%)

temperature coefficient of linear expansion,

el
]

where

T = temperature above that of zero stress and strain.

Therefore -C(a T)' = -C o a% assuming o constant.

ds
dT dT
Now Eg-can be reduced to i cos¢.
= a7t
TherEfore -'c G‘-—COS¢ "R R TR R e e e ) (3-35)

dr

For most applications %§-= zero and the diaphragm will only experience
an overall temperature rise. A typical result of just applying a tem-

perature rise is shown in Figure 3.14.

(3) From a practical point of view a diaphragm will vary in
thickness along its generator, but observations have shown this to be
quite small and, in the absence of any knowledge of exactly how the
variation occurs, the effect is generally neglected. Diaphragms ana-
lysed were assumed to be of the same thickness as the original blank.
To indicate that the effect of thickness variation was small, a metal-
lurgical specimen was prepared for a particular production diaphragm
and the actual thickness at a number of points measured and the varia-
tion programmed. These results are discussed in the chapter on experi-

mental validation.

(4) Both pressure and point load at the centre, or both, may be

applied to the diaphragm: in fact, numerically any axi-symmetric
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Figure 3.13

The Variation of Computed Variables against

radial distance (measured out from the centre

boss) for a diaphragm undergoing pressure

loading. (The solid lines represent the

‘clamped' condition at the outer edge;the

dotted the 'free' condition)

2T e
Normal shear force and (rV) loading
&
"-
e
5& Bottom face
£
H
2
& T 20
=
@
¥
¥
2 Circumferential stress /
&

“".

2:{ Bottom face

(PR 0e

THE (Iﬂ‘ﬂl"(t{'f aAuEy Riet
L
i
?
= -

o
L
\
¢
d
0
gy

L
¥

Radial stress

LA

...57'_.
figure cont'd



(s

L
i

Figure 3.13

T HIMETA A210 TD?

=500

LY

?—|
L

Bending Moment in the Circumferential direction

THE RUSA 2413 11

T T T
- s (¥ g

N L AUlG

gfre - -

-

e .
T T oAs

=t

1

Bending Moment in the radial direction (M)

THE MIHETA A0ID 1182
1

o

“ynt

iy
1

T2 - LB 4 FR ol

3

R L=

Stress resultant in the circumferential direction (N

_58_

e)

Stress resultant in the radial direction (N E)

figure cont'c



Figure 3.13

)

ot

HE ll.x'f!‘li-ﬂl nev, A
:._ .
1
Z
i
<
8
A
3
EL
-

Horizontal deflection

| o

]

1y

fer. N

:?»

i, 8

NE VLRI
L

i .lﬂ"

b

o

Vertical deflection

lj!"'.

*

Shear function ()

b o

maRTE ny!

?,'!;.‘AP

= . a A= & s WA

113
¥y
e

Rotation

L
L

Y

i
.

THE E2TATIS RX1D X127

T T T — -
. - &t nePe (S - el [ =



Figure 3.14

The Variation of Computed Variables against

radial distance (measursd out from the centre

boss) for a diaphragm subjected to an overall

temperature rise

THEA, RIRECT 55 Mo ?

1

=20

o

—

JREsy o2

T
& 0%

[

THE ETA DIREC

w00

e

Lewd?

STRE
g

-

Normal shear force

Bottom face

o

i

Circumferential stress

Bottom face

B e

: , : . SR < = S T e =23
ER ) = . a0 5 05 5] =3 -l L e .
\f THE = Aris

=
0
Lo}

bh
o]

0

m

Radial stress

figure cont'



L, ot
§

bl
i

L
s

THE MTHETA AX19 x10t

Taay

Figure 3.14

we

1":.

s
I-.“.

THE NETA AX1S M0

-t

Bending Moment in the Circumferential direction (M 3)

EY-. 8
e

e
i

THE META ALIS N10°

C. 2,22

s \E\::m = )

in the radial direction (N _)

3

Stress resultant

§

=t i)

% -]

Bending Moment in the radial direction (M .)

3

T

'l,lilﬂ

THE NTHETA_AX13 X100

. »
‘!..ll.

B N o

~3 e

. s

Stress resultant in the circumferential
direction (Ne )

- 61 - figure cont‘t«



Figure 3.14

zr0  _&me
T £ AU

Horizontal deflection

Ll

(o ..}

&
H

I

;I;.‘ﬂtr'. !l‘

RYC)

VE
Y

=195

P
J

Lo

E %
1

FUHCTION
\’-.‘

|

Vertical deflection

(2]

Shear function ( y)

a2

e grewn fus

b 5

-

T
()

"
iy
i
1

80 T

T
(%

L

n

ey M
THE HJ-R!}&MH_.IW

~3.4M

£}

Rotation

- 62 -

.
(W



i i LR

B

Fiqure 3.15

The Variation of Computed Variables against

radial distance (measured out from the centre

boss) for a diaphragm loaded by a mass at the

centre. (Thes solid lines represent the ‘'clamped’

condition at the outer edge; the dotted the

' frea' condition)
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Figure 3.15
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The Variation of Computed Variables against

radial distance (measured out from the centre

boss) for a diaphragm stressed at the outer

edge by applying a horizontal displacement

towards the centre
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Figure 3.16
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loading can be applied. Examples of point and pressure loading are

given in Figures 3.13 and 3.15.

(5) Initial stress, compressive or tensile, may be applied at the
outer boundary by inducing an initial horizontal displacement U;, then

circumferential strain = Ué/; . Results of applying an initial compres—
N

sive stress with no other loading are shown in Figure 3.16.

Program output: The program will output at every point (if
desired) the vertical and horizontal displacements, Ui and Wi, along
with ¢i, Bi’ (Mg, Me, NE' Ne)i and Qi (3 = 1,2 covese NYe From the
stress resultants the actual stresses through the thickness of the
diaphragm can be found. These will be a maximum at the top or bottom
face depending on the direction of the applied pressure difference.

I1f we assume the stresses in the £ and 6 directions to be both composed

of a membrane stress which is constant, and a bending stress which

varies linearly across the thickness of the shell,

= g *Zg¢
0O

Ule,g 1{6,£.

At the two faces we have (Figure 3.17):

€N t S ewn e o
UB’E(E) = Go+201 s s s sm s s r e (3.36)

t t
GB,E (—-2—) = 0'0—5—01 S S N e T o T senws (3.37)

=

The stresses are related to the stress resultants by:

)

N =/ 6 dZ, and M = f}éozaz

-9 %
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Substituting

N

[}

fﬁ (¢ +02Z)dZ = ot
o 1 o
~th
t 3
M = fé (o, + 0,2)2dZ =0 —‘;-j—
_tk

and into (3.36) and (3.37) gives:

, qe(sz_)gﬁeﬁﬂe

2 t t2
t\ _ Ng 6 Mg
Yo\ '2") § e '_KE“
(3.38)
O (2) T 2
3 2 t ¢2

Thus the stress at any point on the diaphragm can be assessed.

Typical values of stresses on the top and bottom faces, as well as the
other outputs, are shown for all types of loading in Figures 3.13 and
3.16.

3.1.12 The finite element approach

Structural analysis using digital computer techniques can be based
upon three main methods: finite differences, direct integration and
finite elements. The finite difference technique is tﬁe more estab-
lished method; tﬁe direct integration method, although it has the use
of highly developed integration routines, is fundamentally unsuited to
boundary value problems; and the finite element technique, which is
the most recently developed, is being rapidly applied to a very wide

range of sgructural problems.

The approach used in this thesis was the finite difference method,
and it was decided that a comparison should be made for the three types
of numeric techniques, as'applied to the diaphragm type problem. Fortu-
nately, a comparison was available with the direct integration method,

ref. (19), leaving the finite element approach, therefore the author has

= J0=



developed a linear diaphragm model using finite elements to compare

with his previous finite difference model.

The finite element method is based on the concept that the actual
structure can be idealized as a set of finite elements connecting nodal
points. It is assumed that the displacements everywhere in the struc-
ture can be described in terms of the displacements of these nodal
points, and the actual loading of the structure can be replaced by a
set of equivalent loads at the nodal points (equivalent in the sense
that the work done during any incfemental deformation approximates to
work done by the actual loading). Compatability of deformation is
satisfied precisely only at the nodal points and approximately along

the element boundaries.

For each element, relationships can be derived, based on the elas-
tic properties of the elements and reasonable approximation of the
interior deformation of the element, giving the forces at the node
points (equivalent to the distributed forces on the element boundaries)
in terms of the displacements at the node points. These algebraic

equations, written in matrix form, are:
F} = [x] (8}

where {F} and {8} are colum matrices of forces and displacements at the
nodes, and [k] is the stiffness matrix for the element. For the entire
structure, the total stiffness matrix is obtained by superposition
(addition) of each of the element stiffness matrices. The force-dis-

placement relation for the entire structure is then
{r} = [K] (8}
where B{] is the total stiffness matrix.

The method applied particularly to thin axi-symmetric shells
considers the generator to be composed of a number of short conical
shells. The main problem is one of finding the element stiffness matrix
which is a function of geometry, material properties and assumed deflec-
tion mode. Each element is a straight one-dimensional "hoop" type
element, owing to the axi-symmetric nature of the problem and the thin-

ness assumption. Full details are given by 0. C. Zienkiewicz, ref. (24 ).

The problem run on the model was a four—convolution sinusoidal
type diaphragm, clamped at the outer edge, a common problem applicable
to the work. The number of elements chosen to represent the generator

was varied by having a number of runs, from 20 up to 200, in steps of 20.
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The normalised centre displacements (W/t) are listed below against the

number of elements (Table 3.1).

(W/t) n

4.9413 20
4.3432 40
4.1678 60
4.1500 80
4,1298 100
4.1118 120
4.0990 140
4.0923 160
4.0878 180
4.0823 200

Table 3.1: Comparison of displacement against
Number of finite elements

The first striking feature is that even with only 20 elements the
result is within about 20 per cent of the final answer, although, as
the number of elements is increased, the value of (W/t) does not con-
verge rapidly after about 120 elements. When a test problem was run
using a flat plate, very little improvement could be achieved after
increasing the number of elements above 10!, and after increasing above

50 there was no change at all in the displacement.

The above result is to be expected with a flat plate, because the
elements themselves are flat. With a curved generator, like a dia-
phragm, the straight conical sections are only an approximation and
the larger the number, the better the approximation. Unfortunately, the
number of elements required appears to be in the same order as the
number of finite difference points, which do have a curvature associated
with them, and although the difference between the results at 180 finite
elements and 200 is less than 0.2 per cent, convergence cannot be
assured, especially as the difference between the 160 - 180 result is

less than the 180 - 200 result, indicating a slight numerical instability.

9



3.1.13 Note on the presentation of data and computer run times

Figures 3.13 and 3.16 show plots of the variation of each parameter
against radial distance r: plotted information of this form is extremely
useful to obtain the overall picture of what is happening. Graphical
information of this kind can be obtained in three forms, depending upon
the machine used and its application. Using a suitable graphing routine
a plot can be generated on one or two pages of line printer output:
this is the quick but inaccurate method, because the distance across
the page is normalised to the actual dimension value and then quanticized
into 120 or 132, depending upon the number of spaces across the line
printer. This results in a very rough thick line for the graph curve.
The second method, which produces a graph scaled to any size, is to
utilise the graph plotter by calling a series of purpose-written graphing
routines. These fit a smooth curve through a series of five points
automatically. The main disadvantages of this method are the extra
amount of program writing required and the extra time taken by the
plotting routine. The third method used was to produce the graphs on
microfilm: this has the same disadvantage as the previous method, but

has the advantage that the copy is more permanent and easier to store.

The solution time for F. Abdullah's computer model using the
direct integration technique was about 20 seconds on a Control Data
Corporation (C.D.C) 7600 computer. For the finite difference approach,
using 200 mesh points, the same solution took 40 milliseconds, the

results being equivalent to within 0.1 per cent.

The finite element model, which was also equivalent to within 0.1
per cent if greater than 160 elements were used, had a run time of

about 800 milliseconds for the 160-element model.

3.2 Geometry

Having established in the previous section that certain geometric
variables are required at each mesh point as input data for the mathe-
matical model, the problem arises of how best to present them. With a
computer-aided design approach in mind, the presentation ought to be as
flexible as possible, subject to practical constraints. The shell equa-
tions apply to a shell of revolution, of an arbitrary shape, having
either a positive or negative CGaussian curvature, i.e. not discontinuous,

although in this particular work we wish to restrict ourselves to corru-

gated diaphragms and capsules.
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From the considerations of the previous sections, the parameters

of the diaphragm needed to solve the equations are:

(a) Radial distance to each mesh point s measured from the

axis of symmetry.
(b) The angle between the normal and the axis of symmetry ¢i.

(c) The radius of curvature at each mesh point rli (the RE value

from the previous analysis). These values are functions of

the generator length S, not radial distance.

A study of a number of production diaphragms has shown that

the generator curve may be considered as a series of circular
arcs joined by short conical straight sections. This was done
by sectioning a diaphragm and looking across a diameter magni-
fied on a shadow graph. Initially it was hoped to implement a
design procedure based on an analytical description of the cor-
rugated curve - a good example would have been a sine wave -
then different diaphragm shapes could be generated by varying
the amplitude and phase.

Unfortunately, this approach had two disadvantages:

(1) The need to express the variables as a function of S would

introduce a numerical integration since

g S ZE (i + (gﬁ)ﬁ) dx for y = f(x).

(2) The number and variation of profile shapes would be more

limited than a piecewise approach based on circles and straight lines.

Therefore, data for simulating diaphragms was obtained by the
sectioning method described above and reproducing the profile on paper
and providing three measurements at each peak and trough, namely, the

X and Y co-ordinates plus the radius of curvature (R) (Figure 3.18).
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Figure 3.18:

Diaphragm geometry

This was an adequate but simple method which uniquely describes the

diaphragm profile.

For simple structures (for which the flat plate

diaphragm is a good example) it is possible to obtain an analytic ex-

pression for o rli, ¢i (i=1, 2 +..... N) in terms of S.

Flat circular plate

A

= |

Conical segment

g o
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The flat circular
plate is obtained
by rotating B
about the centre
line

Figure 3.19a

= o7 e
(0] tan hoa)
rl= «

r =a+ S cosd

Figure 3.19b




Circular segment (i.e. a segment of a torus)

1 S
s R e
|¢ g rl = a
- >' r=>b - a sin¢
¢
b Figure 3.19c

Figure 3.19

These three simple structures will make up our more complex struc-—

tural diaphragm.

From the X, Y, Rlmeasurements at the peaks and troughs, an
algorithm is needed where the three simple cases are joined; mathe~-
matically the problem is one of joining two circles by a common tangent

(Figure 3.20).

Xy

Y
1

Figure 3.20: Circles and common tangents
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As shown in Figure 3.20, there are four possibilities of which we
wish to eliminate (1) and (4) as not applicable to the problem, and
then choosing between (2) and (3), depending upon which part convolution

is being considered.

The expression for the angle, the perpendicular from the tangent

makes with the axis of symmetry, is given by:

¢ = tan~l ((Y;R)XiR‘/XZ"RZ* (Y;R)z)......... (3.39a)

X2 - R2
where ) EC £Rh
T TR S Figure 3.20
= +
R R1 R2

which for case (2)

: ((Y—R)xwfz-l*““"“))......... (3.39b)
xZ...RZ

and for case (3) the sign change is reversed.

The sign of angle ¢ is then determined by which tangent is appli-
cable, and the sign convention used. For corrugated diaphragms the
angle ¢ will normally vary between %-> == %-, and the direction of
integration for shell problems is taken from the lower edge boundary
towards the upper edge boundary. This direction is meaningless for
diaphragms, so the author has taken the direction of integration from
the axis of symmetry to the outer periphery. This makes the sign con-
vention for the angle ¢ and radius of curvaturerl relatively simple.
By considering ds (a small finite step in s) as equal to rl d¢, which
must be positive in the direction of integration (Figure 3.21) shows

how the operation in the actual computer program is controlled by an

integer switching between +1 and -1.

The automatic genmeration of the diaphragm variables was hence
achieved by a single subroutine GEOM which took as inmput data X, Y, R
co-ordinates at the peaks and troughs and from the updated value of
generator length gave back the current values of (r)i, (rl)i, and (¢)i.
By putting the subroutine in a loop with a predetermined value of step-—
length, an exact number of mesh points could be put along the generator

length.
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¢Fdconstant(~ve)

r1=m

increasing S

do=+ve

. . r1=+Ve

Figure 3.21: Computer generation of diaphragm profile

The variations of profile which can be achieved with this sub-

routine are immense, some of which are illustrated below:

,z//d_#—*H\\\_____‘,//f-‘— trapezoidal corrugations
E:::=Lh_////\\\\J///\\\M///ﬁ triangular corrugations

: g AR tapered corrugations

:m inverted corrugations
:I—/\__V—‘ irregular corrugations

Figure 3.22: Diaphragm shapes
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With slight modifications a subroutine was written to solve for a

bellows shape (Figure 3.23).

g

|

Figure 3.23: Bellows

An additional complication arises for bellows because the radius

does not increase monotonically from one boundary to the other.

3.3 Non-linear model

The section is divided broadly in three parts: the equations which
were used for programming (3.3.1), the numerical procedure for implemen-
ting them on the computer (3.3.2), and the various tests and investiga-

tions applied to the model.

In the deformation of elastic elements the geometric non-linearity
will be much more important than the material non-linearity (i.e. plas-
ticity). In fact, no pressure-sensing element would normally be required
to operate even near the yield point of the material. Therefore, a
model which is able to give both the non-linearity and sensitivity is
extremely useful. Associated with any elastic element is a useful
working range, above which the deviation from the tangent at the origin
is too excessive. The non-linearity must then be known, and a limit
set on the amount which can be tolerated. As an example consider a
flat plate subjected to a uniform pressure; then the well-known equa-
tion for its centre deflection is: |

P /R\" W w3 o
E (?) Q& ('t") 8 (?) B} constants

An approximate figure quoted as the “linear range" of the flat

plate is (%) < 0.45, but this gives a maximum deviation from linearity

of 3.26 per cent when presented as

sW
(FN L 10€>Z

where §W = maximum deviation of curve from a straight line between the
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origin and the end of the ranée Wy -

A full account of the representation of non-linearity is given in

the chapter on capsules.

3.3.1 Equations to be programmed

Many additional theories of these elastic shells have been proposed
in which one or another of Love's assumptions have been suspended, with
the exception of the small deflection assumption. These are the so-
called higher order linear theories, a good example being the Theory
of Fliigge, ref. ( 25). These theories were not considered as important
as one in which Love's small deflection assumption is suspended. Here
the work might appear to be ordered incorrectly because E. Reissner's
equations are again used for the non-linear whereby the linear
equations derived in the previous chapter can be obtained by neglec-
ting the second order of magnitude terms and linearising the non-
linearities. By presenting the work this way round the actual chrono-
logical development is presented, and also an indication of where the

non-linearities arise can be given without a complete derivationm.

As we are only interested in geometric non-linearities and we
still wish to operate within the Hookian region, it is reasonable to
neglect the strains with respect to unity and still neglect transverse
shear and normal stress effects. Therefore, a = @ and r = s 1.e.
no strain update. This is consistent with the assumption on the pre-
servation of the normal because the change in length of the normal to
the reference surface is expected to be negligible only for small
strains any way.

Then we retain, as before:

(roV)' 4 r, % PV WL O Laesa e we. C320)

= =
(ro}l) o Ne +a.r PH 0 e (3.19)

Referring to Figure 3.6:



(rotation B = ¢

- $)

&
/
e gfﬂ?/
J
R 1
1'.'0 ="} 0 A
o
Figure 3.24: Deformation
Then o NE = cos¢ H + sing V from (3.17)
so a NE Wy cos¢ P + slnd:(rov)
and o Ng e U cos¢° + (rOV)smdao + B[vb sin ¢° - (roV)coscbo:[

If B is small sinB = B and cosp = 1,

also,

ro % Q= -y sin¢o + (rOV)cos¢° + B[ V] cosq:D + (rOV)Sin¢O‘]

In the linear model the two terms containing B were neglected as

being of an order of magnitude smaller than the preceding values.

Referring again back to the previous section,

5 - i sin cos
X, was linearised from sind bo to. - bo .
0 r To Ty
Now if we keep r = ros
. v P p g o
51n(¢° B) 51n¢0 ; 51n¢0 cosB cus¢oB s:.ndoo
T T
o o
sin¢° COS¢0
= (cosB = 1) + B
o o
32

2

+----¢o-¢

Now cosP = 1 +

higher terms.

1f we now include terms of up to B2 in the approximation,

B

sing, (Bz cosd,
x = —————— e
6] 2 2 o
therefore,
cos ¢ sing
MB = D [ 2 ¢ Fedima)
o To

Bl
824.\’_
%o

]
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It can now be seen that all the geometric variables, predominantly

r and ¢,are referred back to the undeformed shell.

If the above ex—

pressions are treated in a similar fashion as in the previous section

and Appendix 1, two non-linear simultaneous second-order differential

equations of a similar form to the linear ones can be derived.

expediency, these equations are written

For

straight down from ref. (29):

' 12 ' 1
froD rOD Dr roD
RIS A A o = : "
k“ g +(a B o U(u B + uo¢51n¢o I‘l.. (3.40a)
o (6] oo o
' T
£ . roz T
" T - = 0 -
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The vertical deflection expression is also modified by these fore-

going consideration

-
-

s of

W =f [(sin¢ - sin¢o) +%ﬂegm]ds.

These complicated loading terms were initially thought to be too diffi-

cult to program and might suffer with convergence problems, so a set of

equations, which are derived from Reissner's two basic equations of

compatability and moment balance, were found which were simplerin form.

Billington, ref. (27), used the results of a more recent Reissner

= @)



publication, ref. (28), to derive the following equations:

- (rD/u.)‘—, a2 cosdy  uD' " 4 vad ! S
a8y (rD/a) 8 (; r2 -(rD/ai> e ro ()

o
("?57&' L) ooiides (3.413)

w . (efCa) ., _[o% cosés  vC! vag,'
"' o+ (x/Ca) U ——( . o -(rC/G)> ¥ comd, o= (rQ)L

7 o

r/Ca

vasing 2
_ alxa) + = £ (xv)' +(:EE cos¢0
T

A :—?;-;—ED(rV)sinqso . (3.41b)

The additional difference is that B is the negative of B from Eqns. (3.40).

The terms for PH have been left out from (3.41b) as they are
exactly the same as for the (3.40b) Eqn. Also the paper does not state
whether r or a refers to the deformed or undeformed shell, but owing
to the likeness to Equns. (3.40a) and (3.40b), they were assumed to be
referred to the deformed shell, but since strain is still assumed neg-
ligible compared to unity, the parameters may be referred to the unde-

formed shell.
The only non-linear terms appearing are:

() = - (cosp - cos¢°) B i e N T T e

(xrQ) - ¥ sing = (¥V) COS$ ceesecvsssanncennass  (3.42D)

(2Q)s. % =8 sing  + (rV) cosé {is a linear term}

Thus, these equations appear a considerable simplification over (3.40a)
and (3.40b) and are considered to be still appropriate for large deflec-

tions but very small strains.

3.3.2 Numerical procedure

The method of solution for the non-linear equations was the quasi-
linearisation; by using this method the basic techniques used for the
linear model could be applied with the appropriate programming for the

linearisation.

The method actually solves for the error when a guess value is sub-—
stituted into the equations; this error is then added to the guess
value and re-substituted. A new error is found by the resulting solu-

tion; as the problem converges the error will tend to zero and B. and wi
1
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(i=1, 2 ..... N) will stabilise. The stress resultants, stresses and
displacements can then be found at that particular pressure and the
next pressure applied via the loading terms. The whole iteration pro-
cedure is then repeated until the pressure range is completed: the

iterative loops are illustrated in the flow chart of Figure 3.25.

The Equations:

Taken in the general form these are very similar to Eqns. (3.30a):

+ diwi £ S (3.43a)

B:Bruq tBoR: TicoR: 3

V541 * BV * BV * IRy T Ty vt 0

the difference being thatr'1i and Pzi are functions of Bi and wi

as well as various loading terms.

The equations are now transformed by writing Bi = Boi + GBi

and ¢i = ¢oi + Gﬁi, where Bo and ¢0 are guess or previous values
from the last iteration and 6B and 8y are the
errors. -

The terms containing B and ¢ on the right-hand side are substituted

for in the same way, but in r, and F2 non—-linear functions of the two

variables appear, e.g. BY, B'Y, g2, etc. Rather than dealing tediously

with every case, an example of how these terms are handled, and the

linearisation process applied, is given below:

Consider the term

B.. . — B. ;)
i 1+l 1~
g - (: 2AS vy

(Bo + 6B). - (Bo + 68)._
then = (l ik 73S - {) (Vo + 6¢)i

(Bojep ~ Bojoy * B34 ~ 88, ) (b, + &¥)
2AS

(Yo;B0541 ~ VYoiBoj_y * Yo;88;,1 ~ Vo 88; 1)
285

(Boi+16¢i = Boi_15¢i + 68i+16¢i L GBi_lalpi)

2AS

The last two terms are neglected as being of second order in magnitude

- 84 —-



Set up problem.
Set initial
pressure P

Solve linear
equations

Fi.nd Boi and

Yo, (i=1 ... M)
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of B°i
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Solve Non-linear
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GBi and 6y;
J
Bi - Boi + GBi
dore
BO =8
No 1
P =P + SP
1 Pr
Find MB’ME'NE’NB and (rv)i o
Uiandw]-_
No
Is P>Pumy s

Yes

Figure 3.25: Flow chart for non-linear program
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and then only linear terms of the dependent variables are left.

Returning to Eqn. (3.43), we now have

aiﬁsi+l + biﬁsi + ci681—1 + di6¢i = rli PR e i3 4ka)
J i = - - . -
where EN1 = (aiB°i+1 + bi8°i + ciBOi—l + di ¢°i)

= l 1
EN2 (ei%iﬂ + giVoi + hi¢°i“1 * JiBOi)

The By wenenes ji on the left hand side will, many cases, be different
in (3.44): these coefficients will contain extra functions brought

across from Fl and Pz (the linearised functions of &y and &8 ).

Programming details - Billington's Equations

The two equations (3.4la) and (3.41b) are now re-written for pro-

gramming; we assume o = 1,

then (3.41a): B" + CIB' - C28 - —— (@) = - % N e YT
and (3.41b): " + C3y' - C4y - rvrl (IQ)L = - % (rf) + loading terms
_ cos¢p 3 dt
b= ¥ eq £ ds
2
o« (M) o) 2 &
T ki T t ds
and i cosd, 1 @
T t ds
a5 a Cos¢g " cos¢o 1 dt
b T t s

Also, Young's Modulus E is assumed constant and r is referred to the
original shell. If we were actually distinguishing between the de-
formed and undeformed shell, as in the case of ¢, the radial distance

would be expressed as r and T respectively.

Considering (3.41a),
on the left hand side

v
¥orl

r?rl (éos(ﬁ + ¢0) & CDS¢;)

v
g i (r)

Il

- (cosd - cos¢o)
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on the right hand side

;. - ¢ cos(B + ¢5) + (xrV) sin(B + ¢o)>
N s D

Normally we would expand the trigonometric functions and make the
appropriate approximations for B being very small, but in the non-linear

analysis B is not very small. As demonstrated earlier by 8 = B+ 88,

therefore (ces(BO + 88 + ¢o) - cos¢0)

v
Tl

= r1 (cos(B + ¢ )cos 88 - sin(BO + ¢°)sin &8 - c05¢0)

Bo is now a known parameter like ¢O or r

(cos(B_ + ¢ ) - cos¢o) - sin(B_ + ¢0)66)

TL.rl
Similarly, the right hand side

Lo ocos (8 + ¢) - I sin(B + ¢ )

expands to

(rﬂmn(ﬁ + ¢O)GB - % cos (B + ¢ ) + =y

[(&bo + 8y) (sin(B  + ¢°) + COS(BO + ¢°)63)]

= (3'@81 (B * )88 -(ﬁ)COS(BO + ¢0) + ;15

[:¢031n(ﬁo + ¢0) - ¢ocos(80 + ¢°)5B+5¢ Sin(B°+¢o):]

The terms containing &y and 68 are placed on the left hand side and the

others on the right hand side

(rV)

B" + C1BR' - C28 - 6B sin(Bo + ¢o) (;?r D -—-cos (B + ¢ i)

D

- -i—% sin(Bo + ¢o)

= (gos¢ - cos(B + ¢ )) + lﬁ

T rl

(%Osin(ﬁo + ¢0) & (rV)COS(Bo + ¢°;)

The differentials of B are represented in the same way:

The di coefficient is introduced to cope with the shear function

term created, but which is not apparent from Equn. (3.45):
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. B & o et - 2
a, 1 + A8 bl = 2 C2(AS)

s TR - sin 2
€5 1 248 " * di = D (Bo i ¢0)(bs)

Again, the "knowns" are taken on to the left-hand side, then:

R R e (3.43a)
where

Ei = bi - (%in(Bo + ¢°) (?%?T - (E%) i+ %% cos(BO + ¢oi) iﬁszh

P, = - (a8, + b8, + B )+ (os, — cos(B + ¢O)) L

+ ‘i‘ﬁ(‘% sin(B_ + ¢) = (xV)cos(B_ + %D

A similar exercise is performed to obtain the shear function equation

in the same programable form.

Convergence and convergence tolerance

In general, the number of iteratioms a problem takes to converge
and the convergence tolerance are directly related. Therefore, a cer-
tain amount of consideration must be given to the convergence tolerance,
although it remains of arbitrary choice. Studies showed that the rotation
was better behaved than the shear function, so it seemed reasonable to
assume that if the shear function had converged, i.e. ,6¢i| £ conver-—

gence tolerance for all i's, then the rotation had.

The arbitrary value of the tolerance chosen was that every it
value of error be less than 0.1 per cent of the updated value of shear

function, i.e.

8v,
v

< .001 (fori=1,2 ..... N).

i
This was found generally to cause the problem to converge within 2 to 5
jterations, 3 iterations being by far the most common number. Any

further tightening on the tolerance was unable to show any noticeable

improvement in the results.

Pressure/loading increments

Providing the program was solving a problem which would converge
(i.e. not an elastically unstable problem), it would produce a correct

gsolution with any size load increment.
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Therefore, the number of steps was only dependent on the amount
required to obtain a satisfactory pressure/load deflection curve, the
only proviso being that the initial solution was in the approximate

linear range.

Computer times

A pressure characteristic containing 20 pressure-deflection points
could be solved in one second on a C.D.C. 7600 computer. This time can
again be compared with a non-linear model developed by F. Abdullah,
ref. (19), which used his linear model as a starting point and proceeded
with a shooting method and optimisation at each subsequent pressure
point; this took approximately 24 seconds to solve. The speed of
solution for the finite difference approach is therefore many times
faster than the direct integration method, although not quite as
accurate, because in the F. Abdullah model strain is taken into con-

sideration at each pressure point.

3.3.3 Model comparison and performance tests

F. Abdullah tested his non-linear model qualitatively by using a
fictitious flat plate with a centre boss: Young's Modulus was set to
100 and the plate thickness = 0.1, the overall dimensions being shown
on Figure 3.26. The characteristic for this flat plate came from
Andreeva, ref. (10), Eqn. (3.30). The results for the model were

superimposed on the curve (Figure 3.26).

There was a slight error introduced here, which was that the
Andreeva equation did not have a centre boss, but the effect of this was
expected to be small. Nevertheless, the agreement was good. Implemen-—
ting the Billington equations and using the same flat plate parameters,
produced the characteristic shown by the x's on Figure 3.26. These
results were'slightly lower than was expected so, as a further test,
the non-linear Reissner equations were also programmed (Eqns. (3.40a)
and 3.40b)). The reason for this was because the equations of Abdullah,
ref. (19), although they were in state variable form, were also Reissner's
basic equations. These are shown by [] symbols in Figure 3.26, and
it can be seen that the finite difference results fall either side of
the ref. (19) values. The actual values and percentage differences are

shown in Table 3.2.
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Pressure Billington Reissner 7 Difference
0.005 .01 .009885 1.1633
0.01 .0197 .01963 0.35659
0.02 .0371 .03773 -1.6953
0.03 .0518 .05344 -3.0688
0.04 L0644 .06686 -3.679
0.05 .0748 .07245 ~-4.652
0.06 .084 .08862 -5.213
0.07 .0921 .09769 -5.722
0.08 .0994 .1059 -6.1378
0.09 .1061 .1134 -6.437
9 3741 X «1123 .1203 -6.65
0.11 .118 .1267 -6.866
0.12 .1233 .1327 -7.0836
0.13 .1283 .1383 -7.2306

Table 3.2

The results show that, initially, Billington's deflections are
very slightly higher than Reissner's deflection, but the situation is
reversed and the Reissner equations give an increasingly higher def-
lection. The difference values are quite numerically significant and
would indicate that the Billington equations are the better to use
because, as they contain no allowance for strain, one would expect
the results to be on the "stiff" side, i.e. for a given pressure not
so much displacement, and also they are nearer the F. Abdullah result.
Comparison using a plate could be misleading owing to the very large
non-linearity involved, and from a more practical point of view, a flat
plate has a very limited application to pressure measurement. There-
fore, considering the two sets of equations (Billington's and Reissner's),
a comparison between the two was made wﬁen applied to a diaphragm shape
of four convolutions. The problem is a realistic one: the diaphragm
shape simulated is one-half a production capsule 0.006" (0.1524 mm)
thick. The table below shows the deflections for equal pressure steps

for both sets of equations.

The point to note is that the results presented in the table are
not so radically different as for the flat plate case, varying from
(0.5 per cent) up to(0.62 per cent). The maximum non-linearities are

very similar and occur at the same point in the pressure range.
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Billington Reissner %Z Difference
0.33167 0.33333 >
0.65416 0.65766
0.9676 0.97316
1.2726 1.2800
1.5693 1.5785
1.85833 1.8683 +935
2.13833 2.1516
2.41167 2.4266
2.6783 2.6950
2.9383 2.9566 .62

3.4 per cent 3.37 per cent maximum pre-
dicted Fon—linearity

Table 3.3

Any validation of the models presented so far can only be realis-
tically made when compared with experimental results, and these will

be given in a later chapter.

3.3.4 Elastic instability

Convergence of the non-linear problem dependent variable B and ¥
may be studied along with the problem of elastic instability. Con-
fining ourselves to the study of pressure elements, elastic instability
is utilised in so-called "snap-through" action diaphragms, where, at a
certain predetermined pressure, the diaphragm becomes unstable and a
slight increase in pressure will cause a large displacement, leading
to a more stable position. This action is also known as "oil-canning"
‘when it is an undesirable effect. The snap action operation is used
for pressure switches where the accuracy is not highly critical: this
is because of associated dead bands. Diaphragms which do utilise the
snap action are generally of a conical or spherical profile pressurised

from the convex side (Figure 3.27).

Vb
E\p\\ .J““tf o b - I Iz,
}—/’T;K!:[E \ _.-_-R\E

Figure 3.27: Snap-action diaphragms
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The manner in which a convex diaphragm operates can now be examined
more closely. When it is loaded by a pressure P, the deflection W omn
the initial section OA of the characteristic (Figure 3.28) increases

smoothly.

When the pressure reaches a certain critical value, P the

diaphragm loses its stability and changes its deflection b;r; jump,
passing to the characteristics section DC. From that point on, the
deflections again increase gradually with pressure. When the diaphragm
is unloaded, it again returns to the branch OA in a jump, but pressure

Pcr2 at which this jump occurs is lower than the pressure Pcrl.

0 Bory Loy P

Figure 3.28: Snap action

Andreeva, ref. (10 ) derives an approximate equation for the
pressure deflection curve which is adeguate for deflections up to
2-3 thicknesses. The equation is very similar to the ordinary dia-

phragm equation, but with the inclusion of a squared term:
Y 2 3
PRY- oSl Y +B(ﬂ)
E t t — (¢t t

The plus sign of the squared term corresponds to pressure loading from
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the concave side, and the minus sign to loading from the convex side.
Therefore, for conical diaphragms of %—ratios of 0, 1, 2 end 35 the

non-dimensional plots take the following form:

d
4 w3 d
Aendi— B 4
t t
4 |
g
Bies s
e
W Bl
£ 2
1 4
10 20 pm\¢ 30 40 50
i)
Figure 3.29: Snap-action Andreeva
Computer study of'"snap" action
The diaphragm profile programmed is shown below:
|
t
\ d|! Radius of
curvature
: »

Figure 3.30: Computer snap action diaphragm

The dome-shaped diaphragm had the pressure applied from the convex side:
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the dimensions and other input data were:

2.0 inches

0.006 inches

1.5t

29 x 105 1bf/in? (199 x 105MN/m?)

Radius of curvature very small

H e
il

therefore
P R)L‘
T (E = (42571)P

The values of B and § were observed at the second mesh point out
from the centre line, indicated by *. This particular shape, with a
(%) ratio of 1.5, was just enough to show "snap through" action without
the iteration process breaking down, i.e. 8y and 8B not tending to zero
would cause breakdown. The initial pressure was set at 0.005 1bf/in?
(% (%)h = 2.128 ), and from the values given by the linear model the non-
linear model converges within 3 iteratioms. B8, = (0.6903 to 0.8215 x 1075
and wz = (-0.5435 to -0.5740) x 1072, the negative value of shear
function, indicates a compressive load. Botth andﬁb_rise to their new

values fast (within 3 iterations) and in a steady fashion, i.e. no over-

shoot.

A pattern which continues up to a pressure of 0.015 1bf/in?,

4 -
g(%) - 6.386 % B, = 0.4707 x 10
: 5 ¥, = ~0.20124 x 107! 1bs-f

]

Then, when pressure was subsequently increased to 0.02 1bf/in?

%—(%)q = 8.5%), convergence‘took 9 jterations and the rotation finally
settled at 1.4083 x 10™%, an increase of almost 200 per cent on the
previous value. The centre deflection had increased by approximately
190 per cent, but the shear had decreased to -0.15487 x 1071 1bs-£;
the compressive load was reduced. As the pressure was increased, the

shear function became less negative and passed through zero and at

0.03 1bf/in? (E.(%)u = 12.?7;) and had a positive value, indicating

that near the centre the diaphragm was now in tension. From the pres-
sure at 0.03 1bf/in?, the iteration procedure converged once more within
3 iterations. A closer look at what happens at these pressures might
reveal why convergence occasionally breaks down. Figure 3.31 is a plot
of B, against the number of iterations at the pressure 0.02 1bf/in?.

It starts at iteration zero, which is the value of B, at the previous
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pressure (0.4707 x 10 % = Bo 2); this value is increased after one

cycle to 0.9886092 x 10~" and, after two cycles, has risen to a very
high value of 6.21326 x 107%. It returns and under-shoots the "
state" value of 1.408346 x 10™% to 1.396050 x 10 * after 6 iterationms,

finally settling after 9 iterations. The point to note about the rota-

steady

tion is that the value does initially move towards the final value.

The shear function Y, (Figure 3.32) initially moves in the opposite
direction and becomes very negative after 2 iterations: after 3 itera-
tions the value comes back up, but it oscillates about a value which is
not the final value, and then moves into the final value very quickly
after the sixth iteration. On Figures 3.31 and 3.32 the iterations are
shown for the next pressure point: the rotation B, over-shoots and comes
back to the final value within 5 iterations, as does the wz value.

Owing to the cross—-dependence of the two simultaneous equations, fhe
rotation must affect the shear function and vice-versa; therefore,
because the 173 value behaves badly before the rotation, it is probable
that the shear function causes the normally well-behaved rotation to
exhibit bad stability. An improvement was attempted, aimed at simple
proportional control of the error on the first iteration, by reducing

it by one-half, i.e.

B =8, +

Slg N

b=+

This is curve 2 on Figures 3.31 and 3.32. The effect was to reduce the
maximum over-shoot and produce a convergence in 8 iterations instead of
9, and 4 instead of 5 for the next pressure up. GCenerally, the improve-
ment slowed the program down because it overdamped the well-behaved

pressure points (Figure 3.33).

e e — Steady State Value

Value

~——_Damped

Normal

Iterations

Figure 3.33: Normal operation
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In conclusion, a study of elastic instability with these equations

appears to be adequate - that is, they do predict the "snap through"
action, but the method of solution is not a good one. If the two
equations could be further reduced so that the dependent variable was
only the rotation, then the solution could possibly be more stable.

It was not the intention of the work to predict elastic instability
and, therefore, no modification of the equations was thought necessary
as convergence was generally very fast. As stated before, a convex
shape of greater curvature than that caused by a (%) ratio of 1.5
caused a convergence failure. To overcome this problem and look at

profiles up to (%b = 3, the following modification was written into the

non-linear program:

Consider a point on the surface of the diaphragm before and after

"snap through" action (Figure 3.34).

Figure 3.34: A diaphragm snapped through

The angle of the normal drawn through the point to the vertical is the
basic geometric parameter ¢, and after "snap" action the angle is, to

a good approximation, the same angle but negative, hence the rotation
of the mesh point appears to be 2¢. Therefore, when the iteration pro-

cedure breaks down, the diaphragm is assumed to have "snapped across"

and at that pressure point the problem is re-solved with an initial value

of Boj; = 240i, and the shear function changed from compressive load to

tensile, i.e. Yoj becomes -Po; (i =2 ..... N-1).

Problems with (%9 = 2 and 3 were then solved, as shown in Figure
3.35; with (%J = 3 having solved with increasing pressure, the problem
was worked back down the characteristic until it snapped through to
its original shape, thus giving the two critical pressures, Per, and

Pcrzs and the associated dead band.
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Figure 3.35

GRAPH OF "SNAP THROUGH" ACTION CONVEX DIAPHRAGMS
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3.4 Capsules

The design of a diaphragm assembly is considerably simplified if
two diaphragms are connected along their outer flanges to form a dia-
phragm box or capsule, the advaﬁtage being that the deflection of such
a box under a given pressure is, to a good approximation, twice as
large as that of a single diaphragm. Additionally, the installation of
a capsule in an instrument is much simpler than the installation of a
single diaphragm. Several capsules may be connected in series to

increase the deflections.

A capsule may be of two basic types (Figure 3.36): the non-
collapsible aneroid capsule and the collapsible overload protected
capsule, which has the added advantage that it can be used at high
static pressures and withstand an overload many times larger than its

working pressure.

Non~-collapsible

Collapsible on
nesting capsule

Figure 3.36: The two types of capsule

3.4.1 Linear analysis of capsules

As with the non-linear diaphragm model, the utilisation of the
linear diaphragm model and its numerical procedure was considered the
best approach to solving the problem. The main difficulty lay in the
mode of fixing at the outer edge flange, and two possibilities were

considered:

(a) Treating the capsule as two separate diaphragms and

matching the boundary conditions to suit at the outer

edge;
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(b) Treating the capsule as a complete shell which had a
very tight fold at the outer edge.

These are illustrated in Figure 3.37 for both types of capsule.

(a)

(b)

Figure 3.37: Two possible capsule simulations

]?.B. In all cases the lines shown are the neutral axis, and the

effect of thickness has been neglectedJ

Practical considerations led to the choice of method (a). Investi-
gation of actual production capsules which had been sectioned gave a
clear indication that method (a) was a better approximation when the
capsule had been electron beam welded. No soldered capsules were avail-
able for inspection but this is a less common form of fixing. Figure
3.39bis a 0.025" (0.635 mm) thick production capsule, sectioned along a
diameter and magnifieh 25 times. Also, any attempt to simulate a tight

tradius would be a poor approximation. Therefore method(a) was adopted.

R

T

Figure 3.38a
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bottom (b)

top(a)

Figure 3.38b

Figure 3.38: Pressure loading on a capsule

Consider the capsule shown in Figure 3.38a as two separate dia-
phragms. The top diaphragm will always experience a pressure loading
equal and opposite to the bottom, i.e. if the top diaphragm is loaded
by a pressure (P), then the bottom diaphragm is subjected to a (-P)
pressure loading: this will be the case of a compressive pressure on
a capsule. Figure 3.38b shows, schematically, the end of a capsule
connected at the Nth point. As all forces, loads, etc. are referred to
the neutral axis, the capsule is assumed connected at the neutral axis.
Consideration of the stresses at the end point will give the required
relationships between values shown in Figure 3.38b. The stresses are
assumed to be linearly distributed through the thickness of the shell,
hence, for the top diaphragm in compre591on (P), the total stress on
the top face in the £ direction will be _§ —25-, therefore the bottom

face where it is joined has a total stress in the same direction of

N 6M
EE ;EE . Because of the reversal in sign of the pressure applied to

the bottom diaphragm, the total stress on the top face is equal to

N 6M
tE tZE . Hence, for equilibrium the stresses must be equal and
th A
opposite for the joining surfaces, and at the N point:
N =
Ela 'Né;lb
and M = =M
Ela Elb

It then follows from the static equilibrium that the internal forces

7 - T A
for the top and bottom must balance at the N = point.

a g b
& N T S e s e
| i
N N

= 0T



(Vr)i, although being an internal force, is derived from the pres-

sure loading and for the compressive case mentioned:

2 2
a PlrN b PrN
1 i T ol | RS
N N
Compatability leads to the other three conditions and, as the Nth
point is assumed rigidly joined, the displacements must be equal:
gliss cecth
BN = BN
Yo (I
UN T Un O R R R A A O I O B O L B B O (3-1‘6)
g5 b
g W

This concludes the basic ideas on capsules when, to a first
approximation, the thickness is neglected. In the analysis that fol-
lows the thickness of both diaphragms is assumed the same: from a prac-

tical point of view this is a reasonable assumption.

3.4.2 Numerical procedure (linear)

In keeping with the linear diaphragm model, the geometry and equa-

tions were set up in the same fashion.

In the solution for s and Si(i =2 ...o. N-1), the start of the
backward substitution involving equations (3.31) would need to be modi-
fied, as BN and wN are assumed known, as well as the constants BC, BB,
etc. For the diaphragm model BN is known explicitly, and ¢N is derived
from wN—l because Uﬁ is known explicitly.

For the capsule no actual values are known, only their dependence
one upon another, therefore the rotation and shear function at the Nth
point are found as functions of the rotation and shear at other points,
namely the N-lth if a simple approximation to the first derivative is

used,
X a b a b U
Lei b = S P Byl W T 5 (?N—l’ V-1

(Again, (a) refers to the top diaphragm and (b) the bottom.)

b
Then from H; = —MN 3 Mg = D[:B' + v E%EE-%] see Eqn. (3.12c)
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r X

cancel the bending stiffness if the thickness is the same ..... (3.47)

a a b b
By = By-1 4 cosd. By e By ~ By-1 54 cosdy By
AS, 2 a 7 A5y, b
N N
a b a b
Tl S 1 cosdy ). By-1, Py
N\ As = A5, Yo 8s, = BSy
. : b
(It is reasonable to assume at the Nth point that ¢ = ¢a snsine X 3,08)
b a
L S

¥ °°S¢N) LA b ])/
By (e + 75— + 2v = (ASpBy_q *+ AS,B AS _AS
N (asa ASy, ry \ b"N-1 a"N- ab

= 1 a b
PN T TS, ¥ 85, + 2uhS A5 costy/p (‘35'3 By-1 * 85a By

e By B
or By = K Bygtk By

Now, from Eqn. (3.8b),

- X =
U = C (Ne v NE),
then . v+ PH v Qb < + (xrV) =
therefore
a
Et U PRt
T a a cos¢ 51n¢>
= \DN + (r PH)N vaN e (a::v)N = oo SERE T L HT)
and similarly for b.
a b
Again assuming (3.47) and (3.48) and equating the two (UN = UN)

ra

v +rPH—v(¢Nu:S +(rV)N—i5in>=¢'!;b t Py 4

N
+ u(ﬂzﬂ _____cgsfb + (V) ______sim!:)

The (r PH) term will cancel out and the (4ve) sign on the right—hand

side indicates that “IJN and (rV)N are equal but opposite.
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3
‘a _ cos¢ sin$ ) _ ,'b cos¢ : sing
Uy \.-G;N e (el = ) B * "Q’N =t (CA = )

a a b b
U — ¥ - ¥ .
N N-1 N =11 cos 9 sing
- () ZU@N 058 4 (xv), )

AS, AS r
lfJ Q_ib
WL Ty 2ok sing 1
3S, asb 2"< il ) f_\.sa Bsy
Hence,

a b .
S, Wy g ~ BS_ ¥y, *+ A4S, ASb(rV)N 2v sing/r

(asb - ASa - 2v A5 AS, cos$/x)

by °

w& = ka w;_l - kb ¢§-1 - kc (kc is very small and may be neglected)

We wish now to form these relationships:

a a
By ™ BGyy ¥ Plyafy * PRe ) %

: a a
Yn-1 BOroq * HBy o By * B W

b b
By-1 BCy_q + BBy, By ~ BH., Wy

b b
Woag = SOy + Hhely By~ Hey ™

a - a a 2 .8 D a 51 b
By-1 BCy_y * BBy_;(k, By, + Xk By o) + By ,Ck, ¥y ) = kg ¥yy)
a " a a ! b a B . b
Vg1 = HOgy + By ,(k By, +k By g) + BHy j0, W =T ¥y o)
b b b i ' b b o 8 b
By-1 BCy_ * BBy ,(k, By o *+ K By g) — BHy Gk, ey — Ky Yyy)
b ' b b a b e ) a T b
gy = HCy_; *HBy ,(k By, +k By ) —HO ,(k, we, Kk ¥y )
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This can then be reduced into a convert matrix form, Ax = b

(1 - BB k ) (- BHN 1 k ) (- BBN % kb) (BHN 1 kb)

a ! a a ' a
(- By ; k) (1-H, k) (-HBy , k) (il , k)

(- BBy ; k) () k) @ - BBy_y k) (- By, k)
(- HBY | k)(HHle)(HB k)(l—HHleb)
[dcs, | -33-1.—
HCY_y | ¥
o P R
LFCE-lJ _Fﬁ-l__

Solving for [){] enables:
. m BE. + BB. B, + BH. Y.
i i i Bin !

Y, = HC. + HB. B,
J J J

§+1 + HHj ¢j+1

for (a) and (b) to be solved from j = ((N-Z) T ey 2)

All the forces and displacements were solved as for each separate
diaphragm except the vertical displacement W. The solution was started
at the inner edge of the bottom diaphragm, where W|i=1 = zero. This was
progressed to the Nth point by

W, = %*“&D+§,M aw
2 2 blds /. X

1+l

To remove the slight instability which occurred initially, the N + 1th

vertical deflection point was found by

WN+1 e Wﬁ_l + ZBN(ﬁsa = ASb)

Then the final vertical deflection was found by integrating back along

= A0 1=



the top diaphragm with
W = fi_iﬁgi:l ek AS aw
5 i 2 2 a \ds g

3.4.3 Program testing

The program was tested by making a capsule of the nesting type
by placing two identical diaphragms together and applying a load.
Practically, of course, this is not possible in compression because
the diaphragms are unable physically to pass through one another, but
in the program no such restriction applies, and some form of "stop"

to investigate nesting would have to be built in additionally.

The effect of applying a pressure gave a vertical centre dis-
placement of 6.790517 x 10”2 units and a periphery displacement of
3.395316 x 10~2 units: twice this figure is 6.790632 x 1072 units.

With this test one would expect the outer displacement to be exactly
one-half the centre displacement, which it is for all practical purposes.
Also, it would be expected that the horizontal displacement at the

outer edge be zero: in fact, it came to -3.465 x 10716 (virtually

Zero) .

Testing the program with an actual modelled nesting capsule, to
compare the capsule deflection with the sum of the individual dia-

phragm, gave the following results:

Top diaphragm separately = 0.033672

Bottom diaphragm separately = 0.0404603
Sum = 0.0741327

As a capsule = 0.07543682

This shows an increase of 1.73 per cent on deflection if the diaphragms
are assembled in a nesting capsule as compared to the sum of the dia-

phragm individually.

This is consistent with the results presented in the second chapter
on the experimental observations of capsules, which states that: "The
deflection of the capsule was about 3 per cent greater than the sum of
the separate diaphragm deflections", but in that case the capsule was
formed into a non-nesting type, which will allow more horizontal deflec-
tion at the outer edge, whereas the nesting type will tend to cancel

out the horizontal deflection. Hence the result of the previous example.
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The deflection then obtained from a non-nesting type would be expected
to be more than the nesting type, assuming the same conditions - hence

the greater percentage difference.

It must be emphasized that these test runs do not verify the
model — this is discussed in the chapter on experimental validation -

but they indicate that it behaves as expected.

3.4.% Non-linear capsule model theory

Basically, the non-linear capsule model is a combination of the
non-linear diaphragm model and the linear capsule model. Small addi-
tions are made to the boundary conditions at the outer edge to accom-

modate the non-linear equations and the effect of thickness.

Consider the outer edge of the capsule and the associated

material thickness (Figure 3.39):

Figure 3.3%a

The end points are separated by two half thicknesses and the top dia-
phragm only touches the bottom at point X; generally, the end point
will undergo a vertical displacement W, horizontal displacement U,

and rotation B (Figure 3.40).
N

a

‘Figure 3.40
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Figure 3.3% An actual Production Capsule 25 times full size sectioned along a diameter
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If B is small, the horizontal displacement of the top diaphragm
Bt Bt

(a) = D =% 7 and the bottom (b) = U - e

Referring back to Eqn. (3.4 ), we have:

Et Bt ,a cosd a Siﬂ%)
ra@+ ) lp +rP “("N—r_'F(Vr)N r

Et __.__ 2 b cos¢ b sind
b (? " ¢N A Iy (QN F7 Ty ‘)

So

'a _ cosd (Ve ) 51n¢ EtzBN - 'b ol cosd
W W T ot VN N x
g Et?28

* AV s;m{?q_ 7r ;

which reduces to:

a b ; ol )
- 2
AS, Wy AS_ Yyq ¥ aSa ASb ((rv)-v sing/r + Et%Ry/r
(8s, + 5, - 2v AS, S, cost/x)

¥y

Et2 By

This last term, i.e. , can be seen to have an increasingly

large effect as the material thickness increases.
Therefore,
& a b
WS B e S e T B

the penultimate term being neglected as before. The [:A:] then takes

the following form:

¢ Q"BN _1 ™ KBy )} (BHN 1% ){kb@BN -1 ™ KBy )} (Burg. 1'&)
, @B§-1 ¥ kbbmlz—D} (1 - Hiy_ )k {-kb HBy , - kbbﬂ“r?-l)} @H';l-lk‘b)

_.{1
i

{-ka@Bg-l ' kbbBH:-])} (Bﬁz—lka) {1 -, (BB - gy Dj Co1y)
\

3.4.5 Numerical procedure (Non-linear)

The program flow chart is shown on the next sheet,

=131 =
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B =B # Gs|i
Set initial para-
meter yey, .t Gwli
pressure
Young's Modulus, for A and B
EtC- i = 2 . (N"'l)
Read in XX, YY, RR Yeg ,
for diaphragm A tol > 0.02
and diaphragm B
No
Find forces,
Set t moments and
Find¢ , r_, rl _,65, g N displacements
bps Tps Tlys 854, N-17"*N-}
1 T b b
ka: kbs ka, kb BBN—I’&‘DN—-]
]

: Write pressure
Find (V) , =)y centre displace-

ment and number
of iterations

Loop 2 + (N-1)
Find BC,BB,BH{ A
HC,HB,HH) 20

B Yes No
Linear Model

is
P3P

L——— (Non~-
linear)

Find

BN-1  W§-1

By W, Bind L non=

linearity P = P+§P

4

Find a11 g2,y,8%,y"

- Find loading

Loop 2 - (N - 1) (rV)?

Find BC,BB,BH]| A (xv)®
HC,HB,HH} and i

.‘..N

B
Non-linear Model

I
L

Figure 3.41: Non-linear capsule flow chart
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The program structure is made a lot simpler by having subroutines
and having a large amount of the variables carried across in common
blocks. The routine which finds the values at the (N-1) mesh point
finds either the actual values or the error, depending which part the
program has reached. Program space is_saved by only having two values
of each of the following variables: GBa, 6$a, GBb, Gﬁb,the computed, and the

present value, which was the previous value updated.

In the non-linear diaphragm model there are as many values of
error as mesh points, and in this program the extra store would have

amounted to about 2 K words.

This is achieved by setting the error at the (N-l)th point to the

second of the two values, then updating theactual values, i.e.

a a a
By=1 = Poy-y * By

a . a
Y1 = Yoge1 * ¥ &

5 b b error at N-1  mesh point
Buey = Poy.g * OBy

A b b
Vg o Yoyeg ¥ ®eoy

Then
a a a a a
g * BBgg 0B oy * Bly p ¥eo)
a a a a
=3 .« TBing SRy . Mins Ve

Cy
(3.51)
Biga sl 5 B b b
8Beyy = BCy_p BBy 8By Bl o S¥¢y
b
Cy

b 4 b b
—p HBy 5 SBioy  HH 5, 6%

a . a a
By-2 = Boy-2 * 8By
a a a
Bhoz 7 Yoyt W)
b b b
BN—Z - BDN-Z + 68(1)

b b b
V-2 = Yoy-2 * %%y

after which the second values are overwritten:

=5113 =



a

a

A L
a a
By - ey
b b
68(2) = 58(1)
b b
MWeays o™ ey

The procedure is then iterative returning to (3.51) and working

on the N-3 point. The routine stops at the second point.

3.4.6 Non-linearity algorithm

Before the non-linearity has any meaning it has to be adequately

defined. Consider the following curve (Figure 3.42):

Positive
non-linearity

Figure 3.42: General non-linearity
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It is generally more convenient to measure the deflections corres-
ponding to specified pressures. If the non-linearity is to be computed
at a specified pressure P2 in a cycle whose minimum pressure and deflec-—
tion are P, and W;, and maximum P, and W,, then the non-linearity, in

per cent of the deflection span (Wh - WI) is ZN’ which is equal to

100 x (W, = W)/(W, = W) eovevnneneienennnnienennnnes (3.52)

Where Wz is the deflection corresponding to the specified pressure P2,
and W, is the linear deflection corresponding to the same pressure,
the value of W, can be computed from the straight line equation:

Wy s (wq - wl).(P2 - Pl)/(Ph - Pl) O P R ¢ Ak

The non-linearity is then positive when the pressure constant Cp

P
(which is equal to —30 increases as the pressure increases. If the
q ‘J. p
i
pressures corresponding to specified deflections are measured, the

non~-linearity as a percentage of the pressure span (Pq =P;) 1s Zp,
’ i (p, - P,)
which is equal to 100 x (51“:—52). Where the pressure P, corresponds
o 1

to a specified deflection Wy s and P, is the linear pressure corresponding
to the same deflection, the value of P, is computed in a manner similar
to that above. This makes the non-linearity positive when the pressure
constant increases as the pressure increases. When the non-linearities
are to be determined for several points in the cycle and the ends of the
span are two of the equally spaced values of the independent quantity,
the values of the dependent quantity for points on a straight line can
be easily computed by dividing the span of the dependent quantity by

the required number of points and adding that value repeatedly to the

dependent quantity in the low end of the span.

With the program we are computing deflections for a specific input
pressure, therefore over the range considered the values of pressure
and deflection are stored - for the beginning of the range designated

P, and Wiy respectively, and hence for the end of the range, Ph and Wh‘

The actual values from the curve P2 and Nz from Figure 3.42 become
the general values Pi and wi (i=1..... N), at which the non-linearity

over the range P, - P“ is required.

(wN = Wl)
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Substituting (3.53),

W, Wy By - By) + (4 = W) (2, - Py)

1
Fy 7. (B - P (W - W)

x 100%

N

if we start conveniently at the origin, then W, =P, =0, and the non-

. . Ot -
linearity at the i 2 pressure point reduces to

Ni Pi
Z = === x 1007
1% 5 WN PN

The above nmon-linearity calculation was a useful addition to both

the capsule and diaphragm models, for experimental evaluation and design.

3247 Program check

To test the non-linear capsule model, a flat plate capsule with a
rigid centre boss was simulated, the flat plate capsule being a non-
realisable capsule in practice as the two plates cannot pass through
one another. The results are shown in Figure 3.43, and it can be seen
that the deflection at the outer edge is one-half the centre deflection

to within 1.7 per cent of the centre deflection.

To see how the model performed for the two cases of nesting and
non-nesting capsules, two runs were carried out and the results for the
same pressure range are shown in Table 3.4. Again, the nesting capsule
was a fiétitious concept bec§use the same profile was used for the top
and bottom diaphragm; as these results are, the two pass through one
another. The non-nesting capsule, which is the same profile, could
make a practical capsule, both in compression and extension. The def-

lections are quoted as (%b, where t = 0,006" (.1524 mm).

The results are mainly as expected, i.e. the deflections are both
of the same order, with the horizontal deflection for the non-nesting
case many times that of the nesting case and positive, which indicates
that it moves outwards, as expected, when in compression. The nesting
capsule horizontal displacement is virtually zero. It is interesting
to note that the non-linearity over the range is a lot less in magnitude
for the nesting capsule, and presumably it would make a better pressure-

sensing element: this seems to be borne out by industrial practice.
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Pressure 1bf/i,n2 Non-nesting - Nesting n%
(compression) capsule (W/t) o capsule (W/t)
0.1 2.2329 0.08 0.2261 -0.0034
0.6 1.3911 0.42 1.3565 -0.0202
15y 2.54 0.653 2.4872 -0.03512
1.6 3.68 0.793 3.6182 -0.046
21 4.812 0.832 4,7495 -0.053
3.6 8.1482 0.358 8.148 -0.027
4.1 9.2422 0 9,2825 0
(%) (.0936) (-.0013675)
Table 3.4

Typical computer times on the C.D.C. 7600 machine are about 0.2
seconds per pressure point for the non-linear capsule model, which
gives a reasonable characteristic in both directions in approximately

8 seconds.
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4.0 Model Validations

The proposed models have previously been shown to behave satisfac-
torily for limiting soluble cases. However, comparing model prediction
with actual experimental observation is essential. An investigation of
this type into a subject which proposes to solve a general problem is
inherently limited, therefore the experimental work carried out by the
author is also backed up by comparison with results presented by other

experimental investigations.

The main purpose of the work, as presented in this chapter, must be
to substantiate whether the various models are adequate and what we mean
by the term adequate. Ultimately, the models will be required for design
purposes and to these ends they must be accurate to within a suitable
tolerance. The tolerances placed will depend upon a large number of
contributing factors, e.g. the number of mesh points along the generator;
,but in the main part of this chapter, the physical causes of uncertainties

are examined, .and related directly to the model.

The first section, 4.1, compares the results of two papers with the
work presented in Chapter 3, one a direct comparison of computational
work in which internal forces, stresses and displacements can be compared,
and the second which compares the results of actual diaphragms with the

numerical predictions of the same diaphragm profiles.

The second section deals with the results, observations and experi-
mental detail of the validation actually performed by the author. The
last section covers additions made to the model by way of improvements,
building in strain and investigating whether the geometry description can

be improved.

4,1 Comparison of reported work

This deals firstly with application to the linear model, followed by

a non-linear analysis, both applied to diaphragms only.

4.1.1 Computational

Wildhack, Lloyd and Dressler, ref. (11), with their linear model of
the Grover-Bell diaphragm, Figure 2.1, produced a number of graphs rela-
ting the ﬁutputs, i.e. disblacements, stress resultants, and stresses
from a particular loading, measured out from the axis of symmetry. This
work was further extended by Dressler, ref. (12), who simulated three

diaphragms based on the Grover-Bell shape: his medium case was the same
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as used in ref. ( 11) and the other two were fictitious being a third as
thick and three times as thick. These plots are shown as Figure 4.1
(Figures 5, 6, 7, 12 and 13 from the original Dressler paper); the values

on the y axis have been non-dimensionalised.

As the stress resultants, NE’ Mg’ N, etc., are implicit in the
stresses, only plots of vertical displacement, Figure 5, horizontal dis-
placement, Figure 6, normal shear force, Figure 7, and total stresses
(top and bottom), Figures 12 and 13, are shown. The thin, medium and
thick cases shown refer to thicknesses of 0.002332" (0.059258 mm), 0.007"
(0.1778 mm) and 0.021" (0.5334 mm), respectively, as described in
Chapter 2.

These thickness values were programmed along with the "Grover-Bell"
profile and a handbook value of Young's modulus of 17.6 1bf/in?
(12.13 GN/m2?) for Beryllium Copper. The results of the author's simula-
tion are shown as Figures 4.2, 4.3 and 4.4, The only numerical comparison
between the two is performed for what is considered the most significant
quantity, namely the vertical displacement and the stresses on both sur-
faces. In both papers the displacements have the dimensionless form

defined by:

W o= SRR where W = actual displacement
(1 - v2)zd - : :
W = normalised displace-
ment
= pressure

active diameter.

The actual values of vertical displacement found from the author's

predictions are, for the three cases starting with the thinnest:

0.3982657" (10.116 mm)
0.046555" (1.1825 mm)
0.0071913" (0.182659 mm)

When these are normalised they become:

241,432
28,227
4,360

The values may then be compared with the plots of vertical deflection

from the Dressler plots, Figure 5, and can be seen to agree very well.

A comparison of stress values can be made by picking a maximum from

the two sets of Dressler graphs, Figures 12 and 13; the normalising
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Figure (4.1)
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Figqure 4.2

The Thin case of the Grover-Bell diaphragm

programmed by the Author for comparison with

Dressler's results (the dotted lines show the

effect of having a 'free' outer edge).
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factor for stress is 0 = %-. Again, to within the accuracy of reading
from the small graphs, the agreement is very good, as an example Dressler’'s
maximum stress for the medium case, in the circumferential direction and

on the bottom face comes out to be approximately 60,000 1bf/in? (414 MN /m2) .

For the same maximum point on Figure 4.3, the value is about 58,000 1bf/in?

(400 MN/m?).

Also shown in dotted lines are the characteristics for the "free-end"
situation, as defined in Chapter 3. A comparison of the "free" and
"elamped" conditions can be made from the earlier paper by Wildhack "et
al". With these, as with all the other curves, a qualitative comparison

can be made and in most cases the shapes of the curves are very similar,

4,1.2 Experimental

In the report for the National Bureau of Standars, A. V. Kankel and
D. C. Whitten, ref. (5 ), tested a number of phosphor bronze diaphragms
0.0044" (0.11176 mm) thick. The profiles were reported to be of the shape
shown in Figure 4.5, where each corrugation consists of two identical

circular arcs made tangential to each other.

active
diameter

1
¢ = corrugation a

Figure 4.5: Diaphragm tested at the Natiomal
“Bureau of Standards, ref. ( 5 )

The space for each corrugation is thus determined when the number
of corrugations and the diameter are known. The depth of each corruga-
tion was determined by the arc angle 6, therefore only four parameters
were required to specify the diaphragm profile, i.e. the active diameter
d, the number of convolutions N, the lip height L, and the angle 6. From
these four parameters a subroutine was written to produce the X, ¥, Rl co-
ordinates needed for the model. Table 1 of the report, which shows the

diaphragm parameters and deflections in inches, when pressurised (to 30
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N E?fective c SR o Deflection in inches x 1073 Non-linearity n%
diameter @ 30" wg @ 80" wg @ 30" wg @ 80" wg
1 31" 7 16 80 46 96 3.6 J=s
2 o 7 53 80 57 108 6.5 10.6
3 5 A L 7 90 80 58 114 4.5 13.6
4 5 g 3 21 80 37 89 0.3 4.3
5 3,1 9 13 80 53 99 6.4 154
Vi i, 5 L 5 90 80 35 90 0.0 20l
10 B 5 90 60 51 106 2.6 11.0
13 31" 5 90 100 24 66 0.0 -0.4
Table 4.1: Die profiles and summary of deflections characteristics




and 80 inches of water gauge), is reproduced as Table 4.1. Because of
the method of fixing pressure was applied only from the underside, and,
unfortunately, some of the dies used to produce diaphragms are not in=

cluded owing to other variations not allowed for in the program.

The results of the Computer Simulation of the die shapes (Table 4.1)
are shown in Table 4.2. The pressure was taken up to 80" wg (2.8 1bf/in?)
(19.9 KPa) in steps of 5" wg, and the deviation from linearity quoted

(n%) is that for 80" wg only.

The results are varied, with very good agreement for dies 1 and 5,
where the agreement is within about 1 per cent. Except for die 1 at
30" wg, which is out by 5.76 per cent, the rest of the die shapes show
discrepancies of up to 25 per cent which is quite unacceptable when com-
pared with results achieved in the following section. The reason for
the generally poor comparison is probably due to the fact that the pro-
files given, and hence programmed, were of the actual die profiles, not
tﬁe diaphragms, and therefore spring-back has not been allowed for. On
a thin material, i.e. 0.0044" (.11176 mm) this will be quite considerable.
Hence, the diaphragm shapes will be quite different. Bearing this in
mind, the results do indicate three main factors: firstly the values are
not wildly out, both in sensitivity and non-linearity predictions;
secondly all the values are less than the experimentally quoted ones; it
is shown later that a decrease in the corrugation height causes an
increase in sensitivity and, as spring-back would cause a decrease in the
height of corrugation, the actual diaphragms will be more sensitive.
Finally, the best result is that of die No. 5, wﬁich has nine corrugations
indicating that the model appears capable of handling a "large" number of
convolutions, "large" being a relative term, but diaphragms tested in the
following sections only have a maximum of four corrugations, indicating

the usefulness of the above result.

= J84 =

Ple Predicted Experimental

No. 30" 8o" T]ZI 80 Test 30_" Test 80" le[ 80
1 0.04335 0.0924 9.76 0.046 0.096 1.3
2 0.042 0.0905 9.15 0.057 0.108 10.6
3 0.0423 0.0912 8.91 0.058 0.114 13.6
4 0.283 0.0737 1,21, 0.037 0.089 4.3
5 0.0526 0.09735 16.56 0.053 0.099 15.4
7 0.026861 | 0.0709 0.54 0.035 0.09 2.4

10 0.051 0.106 i1.0
11 0.01745 0.04718 -0.518 0.024 *-0.066 - =0.4

Table 4.2




4.2 Experimental validation performed in this study

The validation consisted of pressure-deflection tests on diaphragms
which were either the top or bottom of a nesting capsule and on complete
capsules. KDG Instruments, Ltd. manufactured and supplied the diaphragms
and capsules, which were made from a highly alloyed material of mainly
Nickel and Chromium, Inconel X-750. From earlier work performed by
Schricker, ref. ( 13), the uncertainty of material constants was put for-
ward as a possible cause for the discrepancy between his own model and
experimental tests. ' The value of Young's Modulus (E) is simply related
to deflection, therefore it is a critical parameter affecting the accuracy
of a model. A highly alloyed material makes the determination of material
properties difficult because of the variation afforded to the consti-
tuents. Hence it was necessary for the author to attempt to assess the
value of (E) for Inconel, as the values given in the handbook, ref. (30 ),
were not conclusive for the sizes of material used to manufacture dia-

phragms. This was done before conducting any pressure-deflection tests.

The actual experimental pressure-deflection tests for diaphragms
were performed by the author and the tests on capsules by the staff at

KDG Instruments, Ltd.

The test on capsules is part of the production procedure, as the
characteristics of every capsule stack are recorded. The method of test,
being a production procedure, is carried out on a specially designed
"test-bed" and is automated as much as possible. The capsule stack is
placed in a pressure chamber and "ranged-in": this means the full
working pressure is applied and its total displacement measured in com-
pression, the displacement is recorded and set as one hundred per cent
on an X-Y plotter, then the pressure is re-applied slowly and the devia-
tion as a percentage between the linear prediction and the actual dis-
placement is plotted. The procedure is then repeated for the capsule in
extension and the resulting plot from the X-Y plotter is as Figure 4.20.
The equipment gives a result which is better than 0.05%, i.e. if a
typical deviation is plotted as 0.5%, then the result is between 0.457
and 0.55%.

4.2.1 Practical stress-strain relationships for elastic materials

The mechanical properties of materials can efficiently be charac—
terised by the stress-strain diagram obtained from a tension test,

Figure 4.6.
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The di n e 2 (tensile force)
1agram represents the stress g = A, (original cross-section)

as a function of strain 8k o (elongation)
2o (gauge length)

The linear stress-strain relationship is expressed by Hooke'slaw which,

for the monoaxial stressed state, is written as:
g = Ee
where the all-important constant of proportionality is E (Young's Modulus).

The maximum stress 8py for which Hooke'slaw is still valid is called
the proportional limit. Determination of the proportional limit is some-
what arbitrary, since it depends, as will be shown later, on the value of
the deviation of the curve from a straight line which is chosen as the
limit. The proportional limit is usually defined as that point on the
curve at which the tangent deviates substantially from the tangent at

the origin.

As loading (and deformation) continues, plastic deformation occurs
in the specimen, rigidity decreases, and the deformation increases with
further load at a higher rate than in the initial section OA. Next, the
specimen necks down at its weakest section and fails when the deforma-
tion reaches the limiting value e€g,71. The highest point on the stress-
strain diagram corresponds to the tensile strength of the material, which
is defined as the maximum stress, divided by the original cross-—sectional
area. If the test specimen is loaded until a plastic deformation occurs
and the load is then completely removed, the variation of the stress and
strain during unloading will follow Hooke's law, and the line CB will be

a straight line parallel to Section OA.

The strain € at point C can be represented as the sum of the elastic
and plastic strains € = €] * €pl. The elastic strain g, disappears

after unloading, while the plastic strain €5 remains.

The definition of yield strength oy is also somewhat arbitrary,
being the stress at which plastic deformation reaches 0.1 or 0.2 per
cent. The stresses set up in an elastic element in operation must not
exceed the yield strength, since the appearance of residual deformations
will distort its shape and disturb its correct functioning. Strictly
speaking, the operating stresses in an elastic element must be below the
elastic limit o] defined as the maximum stress at which only negligible
residual deformation occurs. Just as in the case of the yield strength,

the elastic limit is determined from a residual-deformation allowance

S Ry de



bepl, but while this allowance was 0.2 per cent for the yield point, it
is much smaller for the elastic limit (of the order of 0.001, 0.003 per

cent, etc.)

4.2.2 Inconel and its reported properties

The chemical composition of Inconel is given in Table 4.3 to illus-

trate the high alloyed nature of the material.

Nickel (plus Cobalt) 70.00

Chromium 14.00 - 17.00
Iron 5.00 - 9.00
Titanium 2.25 ~ 273
Aluminium 0.40 - 1.00
Columbium (plus Tantalum) .70 - 1.20
Manganese 1.00 maximum
Silicon .50 maximum
Sulphur .01 maximum
Copper .50 maximum
Carbon .08 maximum
Cobalt 1.00 maximum

Table 4.3: Limiting chemical composition
percentage, ref. (30)

From the handbook Inconel X-750 is quoted generally as having a
value of Young's Modulus in tension of 31.0 x 106 1bf/in? (213.7 GNm™2)
and a Poisson's ratio of 0.29 at 2600, and this value decreases as the
temperature increases. For strip material under 0.010" (0.234 mm) thick
the tensile strength is quoted as 140,000 1bf/in2 (965.3 M¥m 2) in the
annealed condition and 150,000 1bf/in? after heat treatment. For sheet
material 0.062" (1.5748 mm) thick, cold rolled annealed, the tensile
strength is quoted as 110,000 1bf/in? (758.4 MNm™2) with a yield of
46,500 1bf/in? (320.6 M¥m 2) (0.2 per cent offset). The handbook does
not mention a Young's Modulus for strip or sheet material, so presumably
it is the same as the value given initially. Also the book is vague in
the difference between strip and sheet material. Tensile properties in
different directions of roll for sheet of two thicknesses are presented
in Table 4.4.
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. Tensile strength Tield strength Elongation Modglus
Thickness Orientation 1bf/in2 (0.27 offset) 5 elasticity
1bf/in? 10® 1bf/in?
0.062" Longitudinal 170,500 116,000 26.5 28.4
Transverse 166,000 116,000 28.0 30.4
0.125" Longitudinal 179,500 124,000 26.0 32.8
Transverse 180,000 129,000 26.0 30.7

Table 4.4




Here the variation of Young's Modulus is given, but whether any
meaningful result can be extrapolated, for the thicknesses used in

diaphragms (0.003" - 0.025"), is very doubtful.

4.2.3 Apparatus and method of tensile test

Having defined certain terms, actual Young's Modulus tests were
made. It was thought that E might be different in perpendicular direc-
tions of roll, and, indeed, the manufacturers of pressure capsules re-—
duce this uncertainty, to some extent, by ensuring that two diaphragms

made from the same sheet are set 90o to each other.

A number of tests were carried out on specimens made to British
Standard Specification No. 18 (for sheet metal); the actual material

was supplied by the manufacturers of the diaphragms.

Initially, four identically sized test specimens were produced, two
along the direction of roll and two across it, to look for any measurable
difference in material properties. The metal was 0.495" (12.573 mm)
wide and 0.0077" (0.1956 mm) thick, making it possible for strain gauges
to reinforce the material and give false readings, so for the first tests
a mechanical extensometer, the Huggenberger, was used. Two gauges were
clamped across the width of the specimen and the average reading of
strain recorded. This cancels out the initial effect of a slight off
centre loading which will inevitably occur. Strain of 8 x 1078 could be
read directly with this type of extensometer. The operation of the
Huggenberger extensometer is adequately described in the standard book

on structures by H. Ryder, "Strength of Materials", ref. (31).

To obtain values of yield strength and check the consistency of
these results, tensometer tests were made on the above specimens using
electrical resistance strain gauges. These were yield point gauges which
allow strains in the plastic region to be measured without going open

circuit.

Huggenberger extensometers are difficult to use, even in the hands
of experienced experimenters and especially so on very thin material.
The results obtained from the first test pieces had a large variation
in Young's Modulus and therefore it was decided to repeat the experiments

using very small strain gauges which would not reinforce the material.

Again, two gauges were bonded to the specimen, one on each face, so
that the average would cancel out any uneven pull on the test piece.

Three tests were carried out: one 0.006" (0.1524 mm) thick specimen and
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two 0.004" (0.1016 mm) thick, all 0.5" (12.7 mm) wide.

‘4.2.4 Discussion of results for Young's Modulus measurements

Values of Young's Modulus found for the first specimens, for both
directions of roll, were consistently higher than in ref. (13), the
range varying from 29.5 - 34.5 x 10® 1bf/in? (203.4 - 237.8 @m~2), the

average being about 10 per cent higher than ref. (13).

Whether any significance may be attached to the slight difference

in readings in both directions is doubtful, for two reasons:

(a) The difference is only of the order of 1 per cent and an
estimation of accumulative error (human and machine error)

is higher.

(b) Range: the Huggenberger Extensometer was only able to work
effectively up to a load with these test pieces of 500 N,
yet the noticeable yield strength was much higher than this

value.

Computed values of Young's Modulus made at high loadings, i.e.

using strain gauges, gave lower results than those at lower load ranges,
i.e. using the Huggenberger, indicating that, although the elastic range
appears a straight line, when plotted, it is a very slight curve. This
will make Young's Modulus difficult to assess accurately. The only dif-
ference between the two directions of roll was that the transverse direc-
tion extended over 40 per cent more before breaking, the fracture point
in both cases showing no localised necking and only a very small reduc-

tion in cross-sectional area over the gauge length, under 2 per cent.

The results using smaller strain gauges on the second specimens lead
to the conclusion that an accurate value of Young's Modulus (better than
+ 5 per cent), for a highly alloyed material such as Inconel is not pos-
sible using these techniques. An average value would have to be used in
the model. Table 4.5 is one of 0.004" specimens tested to 500 N. The

output is converted to Imperial units to show E in Imperial units.
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Stress x 103 2 i e 2 E x 10°

1bf/in? Stra;nlgigge y Strazflgigg Average | 1p¢/in?
4.51 0 0 0 -
10.54 181 190 185.5 32.5
14.7 320 322 325k 318
19.55 476 479 477.5 3955
24.8 656 644 650 31.2
30.4 846 844 845 30.6
36.05 1034 1033 1033.4 30.4
41.0 1232 1215 1223.5 29.8
45.0 1388 1364 137.5 29.4
Table 4.5

1f the value of E is computed at each loading it can be seen to
decrease, suggesting that the stress-strain curve has no straight section
where stress can be directly related to strain. This same pattern occurs
when the 0,004" (0.1016 mm) specimen was loaded with the same number of
increments but only up to 200 N; the value of E was slightly higher than
the above table (4.5). The test using the 0.006" (0.1524 mm) specimen
loaded to 500 N did not have this tendency to curve, but gave a value of

E only 29.6 1bf/in? (200.6 GNm™2),

The slight curvature effect noted with the 0.004" (0.1016 mm) speci-

men does not show up on a test taken to destruction.

Figure 4.7 shows one of the first test pieces actually taken to des-
truction with a straight portion up to 1950 N, a slight bend after yield,
then a lot of straining with only small increases in load. The value of
yield strength computed at 1950 N is 115,010 1b£f/in2, which is in very
good agreement with values quoted in the manufacturers' handbook for
(0.010" - 0.025") (0.254 mm - 0.635 mm) thick material at 0.2 per cent

offset.
Bearing in mind the uncertain nature of the value of Young's

Modulus, an average value of 30 x 106 1bf/in? (206.9 GNm 2) was taken

for Computational Work.

4.2.5 Apparatus and method of pressure-deflection tests for
diaphragms

A series of pressure-deflection tests was carried out on four dia-
phragms using two thicknesses, 0.004" (0.1016 mm) and 0.006" (0.1524 mm).

Two different tool dies were used to produce the diaphragms and these
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will be denoted by the numbers 6 and 7, being the top and bottom, respec-—
tively, of a nesting production capsule. The original flat sheets were
fully annealed when supplied and then given the appropriate heat treat-
ment after forming; this will minimise the presence of internal stresses

caused by the forming process.

The diaphragms were electron beam welded to a rigid cylindrical base,
which had the same thermal coefficient of expansion as the diaphragm
material, thus minimising the build-up of internal stresses caused by

differential expansion during welding.

The active radius of the diaphragm is dependent on the weld pene-
tration, but, fortunately, this has been reported by Schricker, ref.
(13), as small, on average 0.008" (0.203 mm), and a small lip around
the outer edge of the diaphragm is allowed for the weld.

With the diaphragm welded into position, the cylindrical base
could then be screwed into a solid rigid stand, which had a bench micro-
meter positioned vertically above the centre of the diaphragm. The
micrometer was capable of reading to 0.0001" (.00254 mm) (Figure 4.8).
The deflections were observed with the aid of an optical lever arrange-
ment: when the micrometer tip touched the centre of the diaphragm, an
electrical circuit was formed indicating contact, and thus a micrometer
reading could be made. Compressed air was applied through the pipe (e)

and measured by two methods:

| } optical
= lever

PRSI

(e)

\

Figure 4.8: Diagram of test apparatus for diaphragms
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(a) Texas precision pressure gauge manufactured by Texas

Instruments, Ltd.
(b) A dead-weight tester.

The two methods were used because the first method, although easier
to operate, did not have the required range. This method of testing
does ensure that the diaphragms are perfectly clamped at the outer boun-
dary, but does have the disadvantage that each time the diaphragm needs
to be changed, it must be machined off the base and hence destroyed.
Owing to the inevitable "spring-back", it was necessary to section dia-
phragms across a diameter to examine the profile. The sectioning of the

diaphragms was performed in three ways:

(1) Potting in transparent acrulite for embedment: this protects
the geometry from distortion caused in the cutting process,

after which the acrulite is removed.

(2) Electron spark erosion: this method is quicker than the first,

although the edge must be cleaned after cutting.

(3) Cutting with a high speed grindstone wheel: this is the

simplest method, but initially it was not available.

The sectioned diaphragm is now examined under a shadow-graph with a
magnification of 50 times; a tracing of the profile is produced and the

X, Y, Rl co-ordinates found are mentioned more fully in Chapter 3.

4.2.6 Discussion of results for linear diaphragm model

A preliminary test was carried out for the linear model using the
No. 6 diaphragm tool, 0.006" (.1524 mm) thick. This was tested up to
20 1bf/in? (137.87 KPa) in 1 1bf/in? (6.894 KPa) steps. Other than
knowing the material to be Inconmel X-750, the actual batch specification
was unknown. Young's Modulus was taken to be 30 x 10® 1b£/in?(206.9 GNm™2);
Poisson's ratio was taken from the manufacturers' handbook as 0.29. The
predicted deflection was 2.5 per cent lower than the experimental value
(the shape of the graph at the origin). This accuracy was better than
expected, and well within the tolerances which can be placed on the
physical properties of the material and geometric description of the pro-
file. If Young's Modulus was as high as 34 x 106 1bf/in? (234.5 @im~2),
thé predicted deflection would be 15.85 per cent below the experimental
value; within the linear range the deflection is inversely proportional
to Young's Modulus (Figure 4.10). Taking the nominal thickness of 0.006"
(vi), the deflection if E = 28 x 10® 1bf/in? is .0348" and if
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34 x 108 1bf/in? (234.5 GNm 2), only 0.0287".

Diaphragm thickness is quoted as the thickness of the sheet it was
formed from, and because of the stretching involved in the forming, the
thickness will vary along the generator. On average, the thickness will
be less than the original thickness. Schricker, ref. (13), made measure-
ments of thickness at several points along the diaphragm generator and

took the average. The following results are quoted from his work:

Original thickness Average thickness

0.004" (0.1016 mm) 0.0038" (0.09652 mm)
0.006" (0.1524 mm) 0.0057" (0.14478 mm)
0.008" (0.2032 mm) 0.0077" (0.19558 mm)

The predicted deflection using 0.0057" as the constant thickness gave
a deflection which was 2.0 per cent above the experimental value. The
actual situation, of course, is more complex: the thickness varies along
the generator in a fashion which is dependent on the geometry of the dia-

phragm.

Some attempt has been made to simulate the variation, first by
noting the actual trend and then trying to approximate a curve to the
variation. What appears to happen is that in the forming process a
rubber pad grips the initially flat blank and pushes it into the female
tool form: the material is held by the pad on the bottom of the corru-
gations and stretched up into the required shape causing a slight thin-

ning effect down the sides and at the peak of the corrugations (Figure 4.9).

material Rubber pad under hydraulic pressure

Figure 4.9: Diaphragm forming showing thinning down of material
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A section of diaphragm form tool No. 6, .006" (0.1524 mm) thick, was
mounted, etched, and polished as for a metallurgical specimen, and
examined under a travelling microscope which was able to measure the
thickness of the material in a number of places along the profile. The
effect when programmed gave a 4.2 per cent increase in deflection over
the constant original blank thickness. The sensitivity of the diaphragm
model to variations in thickness (constant) is also shown in Figure 4.10.
This slope of lines of constant E on the logarithmic axis indicates that
thickness is related to displacement directly by some power law: this

is indeed so and will be discussed fully in a later chapter.

4.2.7 Discussion of results for non-linear diaphragm model

Figure 4.14 shows the non-linear predicted curves superimposed on
the experimental curves for all four diaphragms tested. The 0.004"
(.1016 mm) and 0.006" (.1524 mm) No. 6 diaphragms were tested before the
No. 7 specimens and, unfortunately, not pressurised as much as the No. 7
diaphragms. Looking at Figures 4.11, 4.12 and 4.13, all curves initially
indicate a firstderivative increasing characteristic, which can be seen
on the No. 7 diaphragms to become first derivative decreasing as the

pressure is further increased.

All the diaphragms have been pressurised well above the actual
operating pressure (the 0.006" diaphragms are used up to a pressure of
approximately 3.617 1bf/in? (25 KPa). Figures 4.12 and 4.13 have had
the pressure removed in equal steps to show the amount of plastic defor-
mation that has occurred in the testing, and in this region the assump-
tions of the thin shell theory do not hold, i.e. Hooke'slaw is not valid.
With the relatively crude apparatus used to test the diaphragms, tﬁe
overall deflections could be assessed accurately, but the computation of
small non-linearities (less than about 2 per cent) is difficult. It can
be seen that the gross-non-linearity associated with the tested diaphragms

is most probably plastic not geometric non-linearity.

Referring back to Figures 3.13, 3.14, etc., which are plots of the
theoretically predicted stress distribution along the generator from the
top and bottom surface in the radial and circumferential directions, as
the stress is assumed to vary linearly through the thickness, the maximum
absolute values will be at the surfaces. Both sets of curves show a very
rapid variation of stress over short sections of the diaphragm. To deter-
mine which section of the diaphragm goes beyond the yield point first, a

yield criterion will have to be applied: a suitable one chosen was the

=i 58 o=



-12

-10

.08

-04

.
=
o

0.004"

pressure in lbf/in2

T T T 1 ]
4 8 12 16 2 24



Figure (4.12)

- o 18

- .16

[ 5.3
>

deflection in inches

© - experimental point

agsure in 1bf/in




Figure (4.13)

tool 7

deflection in inches

g O\,",;
L..04 @ - experimental points
- .02
3 i o2
pressure in 1bf/in
T T T T T T T ' T l == L] l L] L
0 4 8 12 16 20 24 28



-~ -
~— o . ﬂ = o« O = _unu..—
P g el S | sl P T 43 .
0 i - it s s 2%
__\___ PR » "t ™
o
4}
mn
o -
[ o
1
1!
L) m
i 2 P ipnd
5
m
A
L) L
£
0
ol
1) .
n.._ o
.t‘
('
) -
b | ‘..
O
E] o
]
o
e -
b )
o
0 & W W Lo\
5 S B0 5D xﬁ b}
wl 210 C @ L= )
L M . . . .
Yy i ﬁ_d o R e [ oov BN < o
g H ”.__ o
) Al
g 4 = L%0] = (Vo]
rd =0
| I 4 QR
0
apd
— - —
o AP S N BT
(1§ JNT S [T S S o] o] I
T R <t
L o o oG WO
o o 5 i T
. » . s A
g O
- i — 1 — 1 “ L — L

e
e



Von-Mise's criterion:

= / 2 4 5.2 - where ¢ = yield stress.
% SENT YR 7 y

£ 6
For a two-dimensional stress pattern, when computing the values of
stress for each point along the generator, this criterion can be applied

to test whether the diaphragm material has yielded at that point.

An attempt was made to simulate a plastic state to show that the
experimental curves are the result of passing the yield point of the
material. Inconel X~750 has a stress-strain relationship which has no

really sharp discontinuities and could be represented fairly simply:

(o]

Ltress
Slope 2

o Ideal Stress Strain Curve

Slope 1

Y

strain

Figure 4.15: Showing simple representation of stress-strain curve

Initially, the yield criterion was calculated at each mesh point,
and if it had been exceeded the value of E was adjusted according to the
extent to which the stress had exceeded the yield stress. The results
for the No. 6 tool, 0.004" (.1016 mm) thick, diaphragm are shown in
Figure 4.16. The work was further refined by modifying the differential

equations to include the variation of E along the generator; previously
)
E had been assumed constant, e.g. terms in the equations such as (E%?

now reduce to:

dE + Cos (o]

ds r

1 3dr
E +E‘a‘;,etc-,

but this had-noticeably little effect.

Various approximations to the plastic variation of Young's Modulus
were programmed (Fith o (yield stress) = 115,000 1bf/in? (793 MNm-za
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E ¢

(i) oy
E. = ———
(a) ; § G-D :
i .
7 ¢ o -1}
(b) E.(J) = E.(J_l) L E = linear value of E
i g o5 o
E. . = walue at ith mesh
IR

(c) third degree polynomial POy

curve fit to the stress-
strain curve to obtain:

do
de

(the superscript refers to

E = the jtM pressure iteration)

(d) second degree polynomial
curve fit (with matching
of end slopes, i.e. slope 1
and slope 2)

An approximation from (c) for Ei was found by taking an actual
stress-strain curve for Inconel and using a third-degree least squares

polynomial curve fitting routine, finding the equation

e = a; + ayo + azo? + a0’
differentiating

de 2

ot + +

o ap +2az3 o0+ 3 ayo0

and inverting

do . 1
o de: E = 2
do ay +2azo +3a,0

An approximation from (d) for E may be formed analytically by taking
the same stress-strain curve and finding the initial and final slopes S;

and S, and their co-ordinates o3, €; and 03, €2

€. .= 4y Tds O + aj 0'2
de do 1
—— = + — = —_—
o a + 2 az o therefore i % + 2 a3 0
S, ;8 g8, = 1

ap + 2 az o ap + 2 a3 Oy
The above two equations are solved to obtain az and a3 and then

1

F L5 ettt
ap + 2 az @
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The above four approximations for E were programmed and the results
plotted on Figure 4.17. For all approximations except (a), the iterative
process failed to converge to a sensible result soon after the curve
deviated from the linear region. These points of deviation agree reason-—

ably with experiments (see Table 4.5).

Material thickness
. a L . . 2
Die No. == = Theory 1bf/in?| Experiment 1bf/in
6 0.006 0.1524 22.0 25
7 0.006 0.1524 21.2 20.0
6 0.004 0.1016 13.4 8.5
7 0.004 0.1016 9.5 9.5

Table 4.5: Comparisons of diaphragm theory and experiments
for the pressure at which a 5 per cent deviation
from linearity occurs

It was noticed that, if the value of E is reduced by an amount,
this will reduce by the same amount the values of bending and tensile
stiffness, which reduce the stress level that depends upon these stiff-
nesses. In a real situation this is known as working hardening, i.e. if
the stress level drops, after the yield point UYO has been exceeded the
curve takes the same slope as the initial value of E; if the stress is
increased again the yield UYl is at the higher position on the curve

(Figure 4.18).

o
L
oyi._..___.._..___..._.._._
o S FEEIE
v d 7 IR TR
/ ¥
F 4 H
. /
e 8
/ £
/ /
i~ 74 Strain €
= o 7 [

vermanent set

Figure 4.18: Showing work hardening effect

Owing to the fact that the program is only able to apply the pressure

in an iterative fashion, this work hardening type of phenomenon was
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programmed, causing obviously incorrect results in the pressure deflec-
tion characteristic. This is because the assumption of thin shell
theory neglects strain, even in a geometric non-linear model. Here the
amount of strain, and hence permanent "set", is very large and ought not
to be neglected. Any permanent deformation would show up as an offset

at the centre.

Any attempt to include large plastic strains would require a major
re-modelling of the shell theory. This major modification was not con-
sidered as it deviates too far from the aims of the present work, although
in section 4.3.1 finite elastic strains are built into the model to indi-
cate that it does have slight improvements to the results but with the

resulting cost in increased complexity.

4.2.8 Capsules

4.2.8.1 Discussion of results for linear capsule model: Experi-

mental tests of production capsules conducted by staff at KDG Instruments,
Ltd., during routine production tests at their laboratories at Rustington,
have been compared with theory. The capsules were made from diaphragms
formed on tool dies Nos. 6 and 7. The individual diaphragms have already
been tested against theory (see section 4.2.4). Two such capsules are
stacked together (termed a "two-stack capsule") and this is used in one
chamber of a differential pressure cell: a matched two-stack capsule is
used in the other chamber. Experimental pressure .tests were made on

several capsule stacks and the results are shown in Table bod.

Thickness Pressure Average deflection Theory
Inches  (mm) Wg (KPa) inches (mm) inches (mm)
0.004 (.1016) | 45 (11.188) |0.0456 (1.158) .0400 (1.016)
0.006 (.1524) |100 (24.864) | 0.0546 (1.386) .0544 (1.3817)

Table 4.7

The results for the 0.006" capsule stacks are very good and are well
within the tolerances that can be placed on the geometrical and physical
parameter used in the capsule model. With regard to the 0.004" capsule
results, the computer model showed that the deflection of the capsule
was equal (to within 3 per cent) to the sum of the deflections of the two
constitutive diaphragms clamped at their periphery. On this basis we can

explain the discrepancy between the theoretical and experimental results
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for the 0.004" capsule stack as being due to the inadequacy of the dia-
phragm model results for the 0.004" diaphragm formed on die tool No. 6

(see Figure 4.14). If we take the experimental results for this diaphragm,
we find that the total deflection for the capsule stack is 0.046", in

close agreement with the experimental result of 0.0456".

It now remains to explain why the results for the 0.004" diaphragm
are in disagreement with experiment. There appear to be two possible

causes:

(a) On examining the sectioned diaphragm from which profile
measurements were made, it was discovered that the diaphragm
had not been sectioned along a diameter. This led to a some=

what faulty profile being used in the computer model.

(b) Taking the above profile, the effect of a slight error in
thickness was investigated. Reducing the thickness from
0.004" to 0.0038" (.09652 mm) increased the deflection by
13.5 per cent, bringing it almost exactly in line with‘the
experimental results. The diaphragm was formed from a 0.004"
blank and it is expected that there would be some reduction
in thickness along the length of the diaphragm generator
(particularly for this diaphragm because it is the top of
the capsule and is therefore formed deeper). The actual
variation of thickness is very difficult to assess theoreti-—

cally.

4.2.8.2 Validation of the non-linear capsule model: After the

initial experimental validation of the linear, non—-linear and linear
capsule models, where some anomalies had been brought to light, a much
more extensive validation of the model was performed using the non-linear
capsule model. The program was applied to the range of capsules used by
KDG Instruments, Ltd. in their 4000 Series differential pressure trans-
mitters; Figure 4.19 shows a typical capsule, sectioned and mounted,
reproduced from a KDG Instrument Manual. The range examined is not the
complete range as used in the differential pressure transmitters, but the
thickness range (i.e. 0.003" - 0.025" (0.076 - 0.635 mm) is adequately
covered. The capsules investigated cover a pressure range 0 =30'%o

0 - 1400 inches Wg (0 - 2.5 KPa to O — 349 KPa). Table 4.8 shows the
number of capsules in each stack and the actual thickness of the material

used for each range.
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Range Thickness No. of capsules
Wg (KPa) inches (am) in the stack
0- 10 (2.49) | 0.003 (.0762) 3
0 - 100 (24.92) 0.006 (.1524) 2
0~ 150 (37.38) 0.008 (.2032) 2
0 - 325 (80.99) 0.012 (.3048) 2
0 - 800 (199.36) 0.020 (.508) 2
0 - 1400 (348.89) 0.025 (.635) 2

Table 4.8: Range of capsule examined

Every capsule stack which is assembled into an instrument is cata-
logued and a record kept of its displacement, both in compression and
extension, as well as a graphical deviation from linearity over its
entire working range. It is therefore easy to make a statistical com-
parison between experiment and theory instead of the "one off" tests
applied to diaphragms. The constituent diaphragms for each capsule
range were examined, as previously described, and traced out on to
plastic film; from this the X and Y co-ordinates of the peaks and
troughs were measured and also the "best fit" radius of curvature. The
results were fed into a computer program, along with the particular
thickness of the material, and a working drawing 50 times full size was
constructed using the measured data. Comparing with the original shape,
minor adjustments (mainly in radius of curvature) could be made, so that
the simulated diaphragm was as near as possible a copy of the original.
Any errors at this stage were fortunately multiplied by 50. The non-
linear capsule model was supplied with the relevant thickness and pres=-
sure range, and the displacement and non-linearities in both directions
(compression and extension) were printed out. Table 4.9 shows the re-—
sults of overall centre deflection for the mean of a number of experiment
results, compared with the predicted result multiplied by the number of

capsules in that particular stack.
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Thick~- Experiment Predicted

ness | Compression Extension |Compression Extension
0.003" .04016" 041" .04392" .042081"
0.006" H5123" .0506" .051788" .050296"
0.008" .03896" .0392" .040707" .040008"
0.012" .045075" LO0447" .045796" .04464"
0.020" .0466" .04655" .043472" .042112"
0.025" .0528" O575" .04916" .0439"

Table 4.9: Comparison between experiment and theory

The deviation on the experimental mean was small, generally less
than 0.002" (0.051 mm). If these results are plotted out (Figure 4.21)
against increasing thickness, an interesting trend may be observed. For
the lesser thickness, notably 0.003" and 0.008", the predicted deflec-
tions are both larger than the means and for the larger thickness, i.e.
0.020" and 0.025",the predictions are both smaller. Predicted deflections
in compression are also greater for both 0.006" and 0.012", but these re-
sults are particularly good anyway, the largest deviation between experi-
ment and theory being about 1.6 per cent. The non-linearity of each
capsule is plotted as a continuous curve over the working range in both

directions, and generally the curves are opposite in sign (see Figure 4.20).

The opposing signs in compression and extension enable the matching
of capsules in the manufacture of differential pressure cells. From a
number of these plots for one particular range a mean of maximum non-
linearity in each direction could be found along with the standard devia-
tion. These were plotted on a graph (Figure 4.22) for the range of
thicknesses. Again, an interesting point arises; purely from the experi-
mental results, two straight lines can be drawn approximately through the
areas shown as one standard deviation of non-linearity, compression being
a much better example than extension. These lines not only cross, but
the sign of the non-linearity is reversed as the thickness increases.
This has the effect of giving the 0.012" (.3048 mm) capsule a very small
non-linearity in both directions; only the 0.008" (.2032 mm) capsule does
not have opposite sign non-linearities. The predicted maximums are shown
as (:) for extension and X for compression. These, it will be noted,
do not change sign as the thickness increases, i.e. for compression a

negative non-linearity is always predicted and positive for extemsion.
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4.2.8.3 Discussion of results for non-linear capsule model:

From previous discussions on the value of Young's Modulus and the varia-
tions in thickness of material along the generator, the accuracy expected
must take into account the tolerances of the above parameters. From the
percentage deviations of the centre deflections shown in Table 4.10, most
of the comparisons give very good agreement, and some much better éhan
could be hoped for. Assuming the profile to be accurately modelled, the
very good agreement possibly arises from the trade off in choosing a
slightly low value for Young's Modulus, and a higher value of thickness;
as the deflection in the linear region is inversely proportional to def-
lection, the result would be on the high side, but as a constant value

of thickness is used (that of the original blank), the actual thick-
ness must be something less owing to stretching. As the deflection is
approximately inversely proportional to deflection, the actual relation-
ship is discussed later; the prediction is then lower, the two unpre-—

dictable effects tending to cancel one another out.

Thickness Variation of centre deflection
inches (mm) per cent
Ext. -2.636
0.003 .0762
: ) Comp. -9.3625
0.006  (.1524) Ext. 0.6004
Comp . ""100?7
0.008  (.2032) Ext. -2.0612
Com' -40486
0.012  (.3049) Ext. 0.1344
Cow - _1l5?8
0.020 (.508) Ext. 9.534
Cow’ 60?12
Ext. 23.652
0.025 (.635

Table 4.10: Percentage deviation of predicted centre
deflections of capsules

Table 4.10 is the error between predicted (Wp) and experimental (W)

M, - W)
deflections based upon _-e—-‘-q-——P—' x 100 per cent.

e
Overall, the deflections compare very well with the theory, with the

exception of the 0.025" (.625 mm) in extension, and possibly the 0.003"

(0.0762 mm) in compression. The result of the 0.003" capsule is known to
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be in error owing to the practical problem of premature "nesting'", the
capsule shutting down before the end of working range. The discrepancy
on the 0.025" capsule is most probably due to a breaking down of the
actual theory, i.e. the shell considered is not any longer a thin shell
by the assumptions stated in Chapter 3. This idea is again reinforced
by the non-linearity results of Figure 4.22, although this is a much
finer comparison; any appreciable difference first appears in the 0.008"
predictions and gets worse as the thickness increases, owing to the sign
reversal at about 0.012" and the predictions always give the same sign of
maximum non-linearity in one particular direction, irrespective of the

thickness.

The magnitudes of non-linearity are of the same order for experi-
ment and theory and are therefore not entirely useless for additional
work such as design. Assuming again that the reason for the non-reversal
of sign is that of the breaking down of the thin shell theory, the ques-
tion arises - when does a thin shell become thick?, and how is this

applied to diaphragms and capsules? Referring back to Chapter 3, the

terms neglected because the shell was thin were E—-and %51 being small

Z RE Z
compared to unity, the curvature term i—-always dominates ﬁf-which can
E G|
be neglected from this consideration, because the radial distance is
usually much larger than half the thickness, when a practical sized

centre boss is taken into account.

o : Z
If we take a somewhat arbitrary figure of-ﬁg < 0.1 as the upper

limit for thin shell theory to apply, this would make %;E < 0.2. Now

listing the minimum and maximum values of §-for the diaphragms of the
g

six capsules considered (Table 4.11), it can be seen that the maximum

value of the %— ratio first goes above 0.2 for the 0.008" capsule where,
3

in fact, the theory initially appears to break down.

0.003" | 0.006" | o0.008" | o0.012" | 0.020" | 0.025"
t/Re| ax | 0.086206 | 0.174 0.2777 | 0.348 0.617 0.584
t/Reg| . |o0.0239 | o0.071 | 0.0523 | 0.102 | 0.165 | 0.177
Table 4.11: Values of the maximum and minimum E—-ratios for the

capsules considered
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As would be expected, these ratios increase as the thickness
increases, the only exception being in the minimum value going from the
0.006" capsule to 0.008". This is simply explained because 0.003" and
0.006" capsules are made from four convolution diaphragms and the rest
three convolutions. Therefore, the radius of corrugation will be larger

because there are less convolutions.

When considering flat plate the curvature criterion cannot apply, so
the more obvious choice of the ratio -% is used (the diameter to thick-
ness ratio). For a corrugated diaphragm, strictly both criteria must be

applied, although it has been stated that the %E-ratio may be neglected.

Again, no definite value may be put on this ratio to say when a
thin diaphragm becomes a thick diaphragm, but Neuburt, ref. (32), states
subjectively, "a %' ratio of 20 is a thick diaphragm, and a thin dia-
phragm will probably have a %» ratio in the neighbourhood of 200."

It is therefore pertinent to look at the %- ratios for the six capsules:

Thickness d
inches (mm) t
0.003 (.0762) 827
0.006 (.1524) 413.5
0.008 (.2054) 310.125
0.012 (.3048) 206.75
0.020 (.508) 124.05
0.025 (.635) 99.24

It is interesting to note that the last two are below the 200 limit,
but not as low as 20. Then, from the above results and observations, it

may be postulated that:

(i) The curvature/thickness, affects the non—linearity measurements

(ii) The diameter/thickness, affects the overall deflection

I1f this is the case for (ii), the %- ratio for thin shell theory still
to be appropriate would appear to be lower than the 200 region, because
it seems that the 0.025" capsule is just about the limit. Hence, prac-

tical limits may be set on the application of the models.
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4.3 Attempted model additions and improvements

From a study of the previous chapters it becomes evident that cer-
tain assumptions and approximations, made at the time for ease, of formu-
lation and clarification may not be justified when looking for a model
of high integrity. To these ends, three areas of improvement are looked

at:

4.3.1: The building in to'the basic thin shell equations an allowance
for sharp curvature of the diaphragm (or capsule) profile. This is a
particular problem when the diaphragm material thickness is increased

and the diaphragm profile is not, thus increasing the pressure range.

4.3.2: Generally, the levels of strain are very small and can be neg-
lected in comparison with unity, but in comparing two models, certain
discrepancies appeared, albeit at high stress levels, which could be

explained by including some form of strain update.

4.3.3: The geometric description of the diaphragm profile can be
adequately described by circles and straight lines, but mathematically
this is not continuous in the first and second deviations and a dif-

ferent formulation is used to investigate the inadequacy.

4.3.1 Attempted curvature modification

From the foregoing experimental study of capsules, it appears that
an improvement to the model could be achieved by programming in an

; y Z
allowance for curvature, i.e. by not neglecting the i aad ﬁ-ln the terms
]

Z Z 5
1 - ——:) and (} -—1.
( 3 Ry

Referring back to equations (3.9) as the strain expressions used for

forming the stresses and not (3.10), we have:

Or = E €4 - Z s V €p _‘\JZ x (4 1)
£ (1 - v2) 1—-Z/RE 1_Z/R€5 1__le 1"2/[{99““ \

Ll L S G wila ) (4.2)
(= 08\ =R 1= iR, 1—Z/Re I W B
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Substituting into equations (3.7):

- E (1 - Z/rg) 4
T 1-v2 [(1 - Ty (S1 P+ ey - er)] &z ... (4.3a)
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Jt/z E (1—Z/Rg)

Ny = 1 =l (1"Z/Re) (e, = ZXg) + v(e, - ZXp)| dZ ... (4.3b)
=)
9& 7
b/ E (1-2/Rrg)
ME - J g \Jz (1"ZIRE) (El e ZXE) s = V(E:z - ZXB)] o L L AL (4.3(:)

L E (1—ZIR£) F:

et ‘J‘ TR T (e, = ZXg) + v(e, = ZXp)| 2dZ .. (4.3d)
Rg
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The integrations indicated in the foregoing expressions are

extremely cumbersome to perform, thus it is appropriate at this point to

make the assumption that is less than unity, so that an expansion of

R

the type &l

DBV o zz.Y
R R R S e

may be carried out. We rejected the fourth term and high order terms:

as was Love's thinness

this is not so restrictive on the ratio R
1 6
assumption. &

Performing the integrations gives:

Et t2 /1 1 & =
NE T S [El *+ Veg o+ Ti(‘ﬁ; Rg) (XE Rg) Seivs s KGs48)

Et ] e -2
Ne = -1——.-;5— [Ez + vsl 12 (‘R'.Z Re) (xe Re) CRCRC R (zl'ozl*b)

1 1
ME = DE(£+\:)(8+(R “T{_) €, AP A USSP N SIS e SR Y Ty
£ 6
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The notation can now be "tidied up" in the same way as (3.13) and

also replace LS }—-by Ty LB
R R
g ]
Moo = VD Y e e s S s Al Tk R o S O 4.5a
£ DE(E*-\JXB*-rsEu] ( )
KR - bl e A O St S e 4.5b
o = Dty + vxg - 7 eg,) (4.5b)
The strains €tm and €gp C2T MOV be expressed in terms of
Np» No, M, M, ete.
K, :
- e e - x A N R A A BRI -
€em Tt EJZNE uNe D-r(wzxg + Vv Bﬂ (4.6a)
Kl i
Eem = E‘-t- E’IlNe - UNE = DT(W!XB + \,XE)] "R R R Y ( -Gb)
where
L (1 - v2) r s t?2t | et el
Ky 2 3 W, kovinag. 3 M) 1 - 5%
( w5 \,2) 6 £
12

In the attempt to formulate two simultaneous differential equations
by substituting these above expressions (4.5 a,b) and 4.6 a,b) into the
equations of equilibrium and compatability, extreme difficulty is found
owing to the "cross dependence", i.e. bending and direct strain appear
in the bending resultant and vice-versa. This would result in shear
function and rotation having both first and second deviations on the
left-hand side of each equation. A new solution Algorithm would, there-
fore, be required to solve the set of equations: at this point it was
decided to try to make approximations to the complete solution, but any
attempt at this approach caused a breakdown in the iterative procedure

and the problem failed to converge.

4.3.2 Strain update

Figure 4.23 shows the comparison of F. Abdullah's (see Chaﬁter 2)
model for a non-linear diaphragm with the programmed equations of
Billington's, ref. (27 ). To a certain extent the problem is academic
because the pressures which are being applied to the diaphragm would take
it well into the plastic region. But bearing this in mind it does illus-

trate the large difference between the two predictions at these high
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pressures. It was therefore decided to attempt to build a strain update
routine into the finite difference program to see if this was the reason

for the discrepancies.

This work took the form of continually making minor strain adjust-
ments to the program until its performance was somewhere close to the
F. Abdullah curve. It is not proposed to go through and cataloéue the
whole development, but just to describe the final resulting program, how

it works, and the numerical changes.

Referring back to the equations of Chapter 3, section 3.3, a is no
longer assumed constant and unity, but is updated by a = ao(l + EE);

also the radial distance r = ro(l + so).

Working through the program the initial values of as and r. and ¢i

are all set equal to undeformed shell:

6, =0 . = 13 T, (338 s . = e
i oi ? i oi’ ¢1 ¢01

Then the original step length ds, or now more correctly dE, is stored
and the working step length at any ith point ds = uid.& The constants
Cl, C2, C3 and C4 at the ith point now become:

¢l - G086, 3dt 1lds
T t ds o ds

2 - (Ced)

o

cs - (Cos 6 _lde_1da)

r t ds a ds
C ¢ i
el - (.os ¢) ey (S1n $ , Cos ¢ 1_g5_+ Cos ¢ l.ﬂﬁ)
T reirl T t ds r o ds

here o = iiik;:—ii:L
- ds /. 20.d &
i 13

and if the other terms where & appears, and does mot cancel out, then

it must be taken into account.

The strain update is achieved by adjusting the values of s ¢i and
oy accordingly from the calculation of the stress resultants and displace-

ments, hence the updated values really apply to the pressure of the
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previous iteration, therefore for this method to be of much use the
pressure steps must be kept small. After the values of shear function

and rotation are found, ¢ is updated by:

¢i - (¢0 + B)i.
Then Ne and NE are found with
Cos ¢ Sin ¢
N = om——— T e it Z
&g T vy * T (rV)i

This is not the same as Equation (3. ), which is an approximation caused
by expanding Cos ¢ and Sin ¢ . The two mid-surfacal strains are then

found (EEm and Eem)’ from which the horizontal displacement is simply

given by {ro eem} and a, = 1+ €em

(ro T u)i

r.
1

The pressure is then increased and the iteration process re-started.

The main problems arise when numerically implementing this update; irres-
pective of the size of the pressure step the iteration of 8y and $B

would not converge, i.e. tend to zero except for very small pressures.
From reference to elastic instability, the shear function is the cause

of any inability as the rotation is generally well behaved.

Therefore, a "boot-strap" type model was proposed where the rotation
only was reduced to a guess value and an error, the shear function was
solved for directly as in the linear model and modified at each iteration
by the changing values of 8. This modification was generally able to
overcome the breakdown of convergence criterion, and was also fairly
easy to introduce, owing to the use of subroutines where only the formal

parameters are changed.

The example plotted in Figure 23 and shown in Table 4.12 shows how
each pressure point converged with three iterations using this method;

the values of B,8B and'¢ are for an arbitrary point along the diaphragm.
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Pressure

] (Exponent) 8B (Exponent) U (EXPonent)lbf/inz w/t
0.4006 (-1) 0.4848 (-2) -0.1487 (1)
0.4006 (-1) 0.2022 (-4) -0.1477 (1) 7.0 4.36
0.4008 (-1) 0.1809 (-8) -0.1477 (1)

0.4489 (-1) 0.4813 (-2) -0.1703 (1)

8.0 5.00
0.4491 (1) 0.2144 (-4) -0.1693 (1)

0.4969 (-1) 0.4778 L=2) -0.1927 (1)
0.4971 (~1) 0.2283 (-4) -0.1916 (1) 9.0 5.64
0.4971 (-1) 0.2259 (-8) -0.1916 (1)

0.5446 (-1) 0.4744 (-2) -0.2159 (1)
0.5448 (-1) 0.2442 (-4) -0.2148 (1
0.5448 (=1) 0.2553 (-8) -0.2148 (1)

Table 4.12

With such an update the geometry is effectively being altered by
changing r and ¢, therefore the step length is being changed along the
generator by the addition of radial strain. Therefore the general .

finite difference assumptions:

Y -
" ARE, ) S
dx — 2&}( Aas e es e seeER B o sass st RREETR Rl TRIRIRES (4-10&)
R Y Gy Skl £ o2t
djcz sz - . 8 8 80 - . : - . -

are not valid because the step length (in this case AX)is not constant.
To allow for changes in step-length, the general deviation of finite
differences must be applied which takes into consideration unequal inter-

vals between the mesh points.

Finite derivation for equal intervals

Consider a curve where the step length between the (i-l)th and i

points is AX; and between the ith and i+1th point is AXp(Figure 4,24):

T



Let AX
JAX

AXy

then where ]

)

AX,

Figure 4.24:

Unequal step lengths

Yi+1 = Y(X+ 3 AX) = Yi + 3
Yi—l = Y(X=AY) = Yi - 6XYi
To obtain

expanding the Yin and Y. values as two Taylor expansions,

i +9 " v e
3Zeaxy2 3
axy, + 0%, + 0N, ...

2 iy
(4% - (AX)Y.
6 1

g

CRC R S

I
) {18
1

the first derivative we could easily subtract Yi-l from Yi+1

which would then simply express %% as:

dy b o3 vl
dx

Tiel
(1+3)AX

but this would have an error term associated with the 2nd derivative.

It is therefore better to eliminate Y. by multiplying Y, , by j2 and

subtracting:
; i s o
= ] 4 . + L I
Vi 20 # AKX Y, & S AXE Y, 4o AXE X,
1 =2 2 n £ 9 "y
12 T TR J7AXT -1 px3 i
g SR R Rk et R o (e SR L R
3
= + 2 . _:2 + » +c + + 2 é_'x_ .
apus ) Yi+1 (1 )Yi j AX(1 J)Yi j 6 (1+J)Yi
therefore, 5 .
: Y. ~ T (1539, .
¥ ek 1 ; 1.1 3 . AX 3 x.
i j(1+3)AX 6 i
where
T, 4% o
- fg—l—Yi + higher order terms = error

e %



I = e
29 8. o L o T it )Yi] ..... Thesere (4.11)
dx % J(1+3) AX

Similarly, to find the 2nd derivative,Yi is eliminated by multi-

plying Yi—l by j and adding:

a n . 7
. s & Jrs 2 Y2 3
Yo *3 Yo, = Y (4) + G0 Y, ¢ FG2DY 0D
" Y.., - (G+1)Y. +j Y. B 1y
Vi i 5 8 - (l-];) AX Y,
1 axz J(J"']—) 3 1
where i
= £l§ll-ﬂx Yi = earror
therefore
2 3. 5 - (1Y, + 3 Y, _
u % 1+1 1 11 - ? . " 28 e e (4.12)
dx? AX2 3G+

For a one-to-one step length correspondence, i.e. j = 1, the expressions

equal Equations (4.10a) and (4.10b).

Returning to the problem where in the general form the first

equation =
g +Cc1p +Cc2p+C3y = C4
then in finite difference from:

8y Bryq ¥'bs By +Cy By

+d, . = K,
i~1 di wl 5

i+l %

where the coefficients are given by Equations (3.30b).

If the expressions (4.11) and (4.12) are used instead of (4.10a)
and (4.10b), then

el B o 1 T
i L GFn g alle)

B 2 c1(1-j2)
b, = - = -
i L-ds c2 T Hers))
s 2 2ick 4 ds

_1+] (1+3)

di and Ki are unchanged.

A similar expression may be derived for the shear function equation.

. sl > .
In the actual program the j parameter at each i point is obtained
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G,
from ( 1+%.) :
i

Iteration still breaks down at 38 1bf/in?, well above any particular

application,

4.3.3 Cornu spiral

In Chapter 3 the geometric construction of the general corrugated
diaphragm profile was taken to be a piece-wise continuous curve of
circular arcs and straight lines. The best reason for choosing this
method was that it described, simply and adequately, the actual example
diaphragms examined. The flexibility of the approach was the main
advantage for the circle and straight method, but another important
reason is the consideration of the dependent variable, in this case S,
the general distance along the curve. For an analytic function in which

y = f(r), the distance along the curve is given by

x ; 2
s =] <1+(%§)>dr T b Lo YA ke
(o]

and, in general, for any configuration other than circles and straight
lines, this Integration (4.13) is not possible except by numerical means.
From S the step length ds 1is then derived: this has been shown to be
a very sensitive parameter and any possible discrepancy at this early
stage needs to be avoided if possible. An added complexity arises with
ay = f(r) formulation, that is, in expressing the curvature (k) (or the
radius of curvature R_ = 1/k).

3

dy?
dr? : !
Where k = -—-——-—————35, this expression may need to be numerically

@ (3))

dr
solved. Therefore it appears that the piece-wise description, using
circles and straight lines, is an ideal choice, but from the mathematical
point of view the description is not a good one, even if it can be shown

numerically to be adequate.

The reason for this is the sharp discontinuities in the curvature
along the generator of the diaphragm, both in magnitude and sign, as

illustrated in Figure 4.25.
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k(x)

Figure 4.25: Variation of curvature for a diaphragm
profile based upon circles and straight lines

No attempt was made to smooth out these abrupt changes in curvature,
as it did not appear necessary, although smoothing functions are used by

Wildhack, Lloyd and Dressler, ref. (11).

To investigate the possibility of any adverse effects caused by the
discontinuities in curvature, a completely different formulation of
profile was used. This method makes the discontinuities slightly less
sharp, by using a straight line curvature variation instead of a constant
value, giving a variation from the maximum value at the peaks to zero

where the sign change occurs.

k(r)

Figure 4.26: Variation of curvature for a diaphragm
profile based upon a Cornu Spiral
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An abrupt change of direction does occur at the peaks, but the general

shape is less severe than the first case.

The problem with the ordinary approach is that the variation of cur-
vature has been shown to vary with the actual curve if the first and

second derivations are known!

What is required is a formula with x and y on the left-hand side
and some function of k on the right-hand side. A formula has been
established bf the computer-aided design research group at Cambridge,
ref. (33). This involves a point moving in two-dimension space and

considering its velocity at any particular time.

The position of x and y as functions of time may be stated as:

L — o —
x(t) = X + J' V(o) Cos Bo +‘[ V(t)k(t)dt]|do ..eeceeese (4.14a)
o Lo o
L g
§
y(t) = ¥, * V(o)Sin Bo - ViEIR(E)EEIqT sacseenees A&.150)
o i o
where AT Starting co-ordinates
x(t), y(t) = Co-ordinates after a period time

V(t) = Linear velocity

k(t) = Curvature as a function of time
90 = Initial angle between the tangent to the curve and
the X axis
¢ = Dummy variable

For the situation of a plain curve, the time variable is unnecessary;
also it is useful to substitute the variable w(t) = V(t)k(t) and keep the

velocity V constant Vs

As an example which can be solved analytically, consider a point

moving with constant angular velocity w(t) = -

Then g
E i (o]
x(t) = x +V J Cose+fmdtdc
o o o 0]
o o
_ t = o -
ylt)) = % + Vo f Sin fo + f @ dl"._dU
o o



becomes

@
w(t) = x +V J Cos (6 + w g)do
o 0 o o
o
=
= i +
y(t) v J Sin (60 woﬁ)dc
0
X=X 1
v i3 [Sln (80 + wot) - Sin Bo]
o o
¥ =
o) 1
v c—u: [ cos (o_+ mot) Cos Bo:l

These two equations may be put in the form:

2
v 2 v 2 4

[x_(x “—qsme):l +[y_(y ,,_0.(;059)] - _9)
o] w (o) (o] w o [#]
(o] (o] (o]

in which it is convenient to put V = 1 giving a circle of radius

) 1 il p
R = o (1‘0) centred on T R Sin Bo, y + R Cos 80.

The other simple case which could have been studied was w(t) = 0: this

would have resulted in a straight line, i.e. infinite radius of curvature.

If these two examples, w(t) = Wy (constant and w(t) = O, are combined,
it is possible to construct the curvature pattern of Figure 4.25. Now
taking the work a step further and considering a constant value of w(t)

superimposed with a linearity varying value in the time domain, 1i.e.
w(t) = w, + mt, (cf. y = mx + C)
gives a straight line of gradient m on the curvature graph (Figure 4.26).

Substituting in expressions (4.14a) and (4.14b) gives:

t
A 2
o m o
-_.T—-— = j Cos(ao‘i'moc"‘ 2 )dc R T S S (4.15&)
(o]
o]
t
¥ 2
T : mg
_.v.;._._ = f Sln(eo+moo+ 2 )dﬂ' L R R A (4015b)
]
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These equations can be solved analytically but are very complex,
involve Fresnel integrals and are probably best solved numerically.
This straight line curvature profile (Figure 4.27) when integrated out

gives a curve known as a Cornu Spiral.

w (t)
Slope M

Figure 4.27: Curvature derivation of a Cornu Spiral

Thus the problem of providing a curve given the starting point and
radius of curvature, knowing its variation (linear), would appear to
be solved, but this is not so — the end point is a variable and there-

fore must be controlled.

Basically, a diaphragm profile constructed using Cornu Spirals can
be made in a piece-wise fashion going from a peak to a trough, starting
and finishing horizontally (hence BO = zero) with the same absolute

value of radius of curvature.
Rans . e 10 i

A

e

K
e =R

I

|

{x1 v )
r
Figure 4.28a Fi%ure 4.28b

Figure 4.28: Computational representation of the Cornu Spiral
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It can be shown that: "The angle the tangent turns through in
tracing out the curve (xb, yo) to (x1, y1) is the area under the w(tE)
profile between these two points". Thus, if the curve starts with
eo = zero, the triangles must be equal in area in Figure 4.28b for the
curve's tangent to end horizontal, therefore requiring the same radius
of curvature at peak and trough; this is a limitation of the method,
in this form. The time variable is replaced by the distance travelled
along the curve, which becomes the horizontal axis of the curvature plot,

Figure 4.28b.

The controllable variables which are adjusted so that the curve ends
up at X;» ¥, are then R and S (the total distance). Therefore another
limitation is added to this formula; the actual radius of curvature can-

not be stated, only the starting points (xb, yo) and (x;, y,). This is
2/R
ST

based upon ratios to find the desired values of R and Sfp.

and using an optimisation routine

achieved by putting w_ = 1/R and m

A diaphragm profile may then be specified by only three parameters,
namely, the height of corrugation and wavelength giving (xb,_yo) and
(x4, y;) and the number of corrugations. This produces a very limited
but complete diaphragm profile which finds its own radius of curvature
at the peaks and troughs, which is, of course, only the minimum value
which varies linearly to infinite and then back to a minimum negative

value.

A diaphragm was modelled using the linear model with the following

dimensions: height of corrugation = 0.05" (1.27 mm)

wavelength = 0,24" (6.096 mm)

number of corrugation = 4.
Material thickness = 0.007" (0.1778 mm), and by the Cornu Spiral method
the minimum value of radius of corrugation came out as 0.055326" (1.418 mm).
The sensitivity of this particular diaphragm came to 3.375 x 1073 inches/
1bf/in? (1.244 x 1072 mm/KPa). The profile and its deflected shape is
shown in Fiéure 4.29a. A similar profile was simulated using the original
method of circles and straight lines, using 0.055826" as the radius of
curvature, all other parameters and dimensions being identical. The pro-
file is shown in Figure 4.29b and had a sensitivity of 3.53 x 1073 inches/
1bf/in? (1.302 x 102 mm/KPa) about a 4 to 5 per cent difference. The
résult is consistent with Andreeva, ref. (10), which states that saw-
tooth profiles of the same overall dimensions as a sinusoidal profile
are more sensitive but have a higher non-linearity. Other than centre

deflection, the differences in the stresses induced and horizontal

- 184 -



=GR

Figure 4.29b
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\

Two diaphragm profiles constructed by (a) circles joined by straight lines and
(b) Cornu Spiral, both using the same input data.

(The bottom curve in each case is the diaphragm, the top curve is the deflected
position when pressurized).

62°v 2anb1a



! | [ | | I 7 I 1 !

Stress levels on the 'top and bottom faces in Circumferential direction fr
for two diaphragm profiles, one constructed from circles and !
straight lines the other using a Cornu Spiral.
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Stress levels on the top and bottom faces in Radial direction
for two diaphragm profiles, one constructed from circles and
straight lines the other using a Cornu Spiral.
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Horizontal displacement for two diaphragms profiles, one constructed

from circéles and straight lines.the other using a Cornu Spiral.
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deflection are very small (Figures 4.30, 4.31 and 4.32); generally,

curves of the output N , etc., are very similar, both in shape and

N, M
£ 0 & ;
magnitude, and nothing seems to be gained, either numerically or practi-
cally, from using a complex but mathematically more correct method of

simulating a diaphragm profile.

4.4 Conclusions

Taking an overall view of the details presented in this chapter,

section by section, has shown:

The comparison of the model with the one developed by Wildhack "et
al" is very good indeed, as would be expected, as the same equations are
used but solved with a different numerical technique. Testing the model
against reported experimental work gives a generally poor comparison,
but this is in no way conclusive because of the unknowns associated with

the experimental profile.

Experimental comparisons made by the author, assuming an average
value of Young's Modulus, are good. The prediction of gross non-
linearities (approximately 10 to 20 per cent) has been difficult because
the diaphragms are shown to be entering the plastic region. Non-
linearities which would concern an instrument designer (up to a maximum
of 1 per cent) are shown to be predicted well, so long as the assumptions
of thin shell theory are adhered to. Semsitivity is also well predicted
for the case of small non-linearities, and an overall figure of 5 per
cent may be placed on sensitivity predictions. Better than 5 per cent
would be fortuitous, as this is less than the accumulative tolerance

placed on the physical and geometric properties.

As has been shown, the limitations of the models are governed by the
assumptions of thin shell theory, and attempts to extend the model appli-
cability, i.e. reduce the restriction on the thickness to curvature ratio

are shown to be very complicated.

The addition of small strains into the model can be achieved by
modifying both the equations and techniques for numerical solution,
although the actual improvement is not justified: firstly for practical
problems (small non-linearities) the improvement is very slight, and,
secondly, for gross non-linearities there is an increased possibility

of numerical instability.

The last section which deals with the Cornu Spiral is seen more as

a method of showing that the simple straight line and circle method for
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constructing geometry is adequate rather than an improvement. The
increased restriction and complexity of the method again de not justify

any marginal improvement made.
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5.0 Dynamics of Corrugated Diaphragms and Capsules

The models developed in the previous chapters predict the static
behaviour of diaphragms and capsules. In certain applications (e.g.
diaphragms/capsules used as a simple spring), dynamic behaviour is of
direct importance. In other situations, such as operation in a vibration-
prone environment, the dynamic response, particularly any resonance fre-

quencies, would be useful.

In its fundamental mode of vibration the system (diaphragm or cap-—
sule) may be represented as a second order system. If damping is assumed
negligible, then energy is conserved in the system. For such a system
the well-known Rayleigh's energy method can be used to predict the system
dyﬁamic response. In this chapter the basic Rayleigh method is applied
and its use justified by showing that the damping is very small.

5.1 Rayleigh's energy method applied to diaphragms and capsules

The Rayleigh energy method utilises the static deflection curve as
an approximation for the dynamic deflections during vibration. Since the
models already described enable prediction of the static deflection curve,
it appeared to be the most convenient method for determining the fundamen-
tal natural frequency of a diaphragm. Besides, previous work with
various structures has shown this method to be accurate for practical

purposes.

The problem could have been treated as a distributed mass system
approximating to a continuous system, in which "n" point masses would
be joined by massless springs, where n would be large (¥ 200). This
would have resulted in the eigenvalue solution of a large matrix equation
of the form x = A E&] X, where A is either equal to mnz or lfmnz, depen-—
ding upon the formulation of Dq. The complete eigenvalue solutions will
yield all the system frequencies, but an iterative solution using the
deflection curve would give the fundamental, and hence this process would

have involved a large programming effort.

The method was initially applied to diaphragms by Alalasundaram
ref. (35), and Franklin, ref. (36 ), and has been further refined and

applied to capsules by the author.

5.1.1 Theory of Rayleigh's method for diaphragms

For a single degree of freedom, the well-known differential equation

of motion of a Second Order System subjected to forced vibrations of
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sinusoidal nature is:

n
Mx + Cx + Kx = F0 Sin wt

and its steady state solution has amplitude
Fo/K

e

where ¢ is the damping ratio ¢ =

=R
2/kM
For the damped case, the resonance occurs at

w = mnﬂl -2 2

whereas for the undamped case (z = 0), a condition of resonance exists at

w = w, (termed the undamped natural frequency).

In this investigation, damping is assumed to be negligible, e.g.
£ < 0.1 (which corresponds to a deviation from undamped natural frequency
of < 1%). If a corrugated diaphragm is modelled as a single degree of
freedom Second Order System, without damping, the first natural frequency
is given by:

1 K
fn 7w W Hz,

where K and M are the equivalent stiffness and mass of the diaphragm.

Rayleigh's energy method finds an approximation to the first natural
frequency of an elastic element which executes simple harmonic motion in
the fundamental mode. When the deflection is a maximum, all parts of the
body are motionless and the kinetic energy (K.E.) is zero, all energy is
potential and stored as strain energy. When the body passes through its
equilibrium position all the energy is kinetic. In a conservative system
these two computed energies must be equal and solutions can be found for
equivalent mass, stiffness, and natural frequency. It is convenient to
realise a vibrating diaphragm as a large number of finite elements, each
having its own elemental mass and deflection, each element being a

finite difference station from the static solution model.

5.1.1.1 Kinetic Energy (KE): The element may have both trans-—

lation and rotational KE, but the latter was shown to be negligible. The
program gives the vertical (W) and horizontal (U) deflections for each
element; the actual path from equilibrium to maximum deflection for the
linear case is a straight line:

wy = W2+ U

= JU 2 =



Figure 5.1: Elemental diaphragm section showing displacement

At equilibrium position the element has maximum velocity V_ .

Vmax = W Wd.

I

Hence KE of translation = %-mvz -% mw? wi = -% w2 (U2 + W2)
i 1 i

at the ith element,

If ds and t are small, then the mass of an elemental ring of diaphragm =

2mr; ds tp,

therefore, KE of ring = Zuri -g-g- tp w? (Ui + Wi’).

If ds is a constant step length, then the total translational KE

1=N
= w2 7w tp ds Zri (Wi F Ug), where N = number of elements,
o .
asl rotational KE = % 1 g2
1
B=uw

I = moment of inertia through the centroid of element, cf

) [ g Dy o AU 2 2
i 12(3 + b=) 12(65 = £5)s
< - : & ds p 2 2
therefore, moment of inertia of ring ZTrri t 12 (ds* + h%)

) §9 Y =



2 2
and total KE of rotation = ‘gi_i%*Ed Ttds p wE A 8

h%]

e

This value was about 0.003% of the translational KE. The total KE
of an equivalent mass spring system = %-mvz, where V = velocity of its

mass which is equivalent to mzw;. Thus the system equivalent mass (Meq)

=
2 1
= sy D)
eq : W '.i.’:l 1 3 1
T

5.1.1.2 Potential energy (PE): Strain energy in a linear

spring = %-Fxo, where F = force producing deflection X . The force to
cause an axi-symmetric deflection in a diaphragm can be either a uniform
pressure or load applied at the centre, or both. For a centre load the
equation is the same as above. For a pressure the load is considered for
an elemental ring at the ith point and summed over the diaphragm; as the
pressure acts normal to the surface the maximum deflection normal to the
surface is used, i.e. X, = (Ni c03¢i + Uisin¢i). Then the elemental force

dF. = P 27 r. ds.
i i

1 e .
Hence, 5 dFixi - P ds Zwri(Wi cos¢i + Ui sin ¢i),
i=N
therefore, the total PE = P ds m I r.(W. cos¢. + U, sin¢,) ... (5.1)
j=3 1 1 i i i

5.1.1.3 Equivalent stiffness:

If the total PE = %—. (Equivalent force) . Wo

equivalent force = Kéq.wo, where Keq = equivalent stiffness,

2 &
Keq wo P N N A B R L L I R I (5.2)

o=

therefore, total PE =

Hence, equating Eqns. (5.1) and (5.2),

‘N
i b % .
=N 5 E' ri(wi cos¢i + Ui 51n¢i)

wo i=1

Note: For the digital simulation of the actual experiment the stiffness

and mass of the moving parts of the vibrator were added into the

value of M and K
eq eq

5.1.2 Rayleigh's method applied to capsules

Using an extension of the foregoing theory, there are possibly two

ways of modelling a capsule to find the natural frequency. Looking
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generally at the problem, a diaphragm clamped at the edge has its distri-
buted mass assumed to act at the centre, this being the maximum displace-

ment.

A capsule shown sectioned in Figure 5.2 has a pottom diaphragm

c

i

Figure 5.2: Capsule sectioned

clamped at the centre with its maximum displacement at (b), whilst the
top diaphragm has its maximum displacement at the centre (c): the dis-—
placement (b) for the top diaphragm is just an overall "DC" shift. This

could be modelled as shown in Figure 5.3:

a P I s
where M' and M represent
K . T
eq equivalent masses of single
i diaphragms;
b eq

K ' -

eq Keq and Keq represent equi

e valent stiffness of single

o diaphragms

Centre mass

Figure 5.3: Equivalent capsule

OR the second method, the whole capsule, i.e. the two diaphragms could
be treated as a single spring with an equivalent mass acting at the

centre similar to a single diaphragm (Figure 5.4):
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where Eeq = equivalent stiffness

g of capsule stack
eq
M M = equivalent mass of
eq eq
capsule stack

Centre mass

Figure 5.4: Simplified equivalent capsule

The second method would be the simpler to program, especially when
considering capsule stacks, because of the decrease in degree of freedom
of the system. The first method was assumed inconsistent with a lumped
parameter model, and the visualised anti-phase movement of the two dia-

phragms would probably be a second mode vibration for the second method.

To check the computer simulation, comparison was made with the
soluble case of a flat plate capsule. The flat plate capsule ig a fic—
titious concept that could never work in practice, but, for the purpose
of this work, it is assumed that each plate can pass through the other
and hence displace in a manner similar to a more usual capsule. The
complete analysis is shown in Appendix 3, and the main results are sum—
marised below. The left-hand side shows the results for KEq’ Méq and fn
for an ordinary flat plate which may be compared to the same desired

quantities for a capsule.

Keq " 3 Cp T K.e 3 Cp rT
2N Loit %
Meq ok Meq 10 (2m)

K
el T e D - 2
b Zn’M Blg. % 2n’ Jz
eq
% Because a capsule is being considered, and everything is referred

to a single diaphragm, the mass is doubled.

)
_P H = i L "'.=.1_ T
O =3 M = total mass of diaphragm; K = "_Eﬁ_‘

= b



The analytical results on the right-hand side were tested against results
obtained from a computer prediction using a flat plate capsule, of the

following geometric and material values:

E = 30 x 10% 1bf/in? (207 GNm 2)
v o= 0,29
Lo ™ 1.0" (25.4 mm)

t = 0.005" (0.127 mm)

p = 0.307 1bf/in3 (8.5 gms/cm3)

To obtain an analytical value for (fn) of a flat plate capsule the result
must be inferred from the expressions above and by obtaining a Cp (pressure
constant) from the linear prediction of a flat plate:

; W
PRV s e e
E'(?) R (1 wEY =

This gives the fundamental frequency of a single flat plate, from the
formula above, as: 481.536 Hz,

then K = 372.997

3 - : = é_’é
And substituting in fn =K 33

gives fn = 196.58 Hz.

The table below shows the numerical results for a flat plate capsule

against a computer program prediction of the same flat plate capsule:

Analytic Program
Natural frequency 196.58 Hz 195.522 Hz
Keq 11.506 1bf/in (2.006 N/mm) 11.2968 1bf/in (1.970 N/mm)
Mass ratio 0.3 0.299645

This result shows good agreement and gives confidence in the computer pro-
gram. The validation of the computer model requires comparison with experi-

mntl

5.2 Capsule stacks as multi-degree of freedom systems

Typical pressure instruments usually have more than a one-capsule
stack: two is much more common and occasionally, on low pressure ranges,
three stacks are used. For the experimental apparatus a two-stack capsule
was used, each stack being identical; so as to be consistent this configura-

tion would have to be simulated as well as the vibrating equipment. This
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was rigidly attached to the "drive end piece" shown schematically in

Figure 5.5a.

Vibration Suspension

L.v.D.T. Core

Figure 5.5a

The two-stack capsule and vibrator is then analogous to:

eq I 1
I

M .
ring
K
c
X
Meq I 2
[
Matt
K
v
e e e e S e o Figure 5.5b

Figure 5.5: A two-stack capsule plus attachments
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Kc = equivalent stiffness of one-capsule stack
Meq = equivalent mass of one-capsule stack
Kv = stiffness of vibrator
s = mass of annular ring between the two-capsule stacks
M, = mass of all the attached parts (drive and piece, L.V.D.T. core,

vibrator moving parts, etc.)

This configuration can be analysed as a two degrees of freedom system which

will yield two natural frequencies.

Let M} =M+ M

eq ring R g, = Yaq ” -

q att

Then M;x;

Mpxo

L}

“ + -
chl KC(X2 Kl)

p— — - + -
KXo Kc(xz x1) + F, Sin wt
in matrix form

M, o] [x; 2K -k | [% 0

0 M| |Xp K, (Kc + Kv) Xo ¥ Sin wt

assuming no damping and sinusoidal motion by the masses
L
x; = X; Sin wt x = - X; w? Sin wt
L1

X, = Xp Sin wt Xs = - X3 w? Sin wt
and dividing by Sin wt

2 K_ - Mjw? - K X 0
c c

= = 2
K K+ K - Mw?| |X F

c 0

it can be seen that this will lead to the natural frequency of the above
system; to find the natural frequency of just the capsule stacks and

L.V.D.T. (core, Mat is somewhat smaller and Kv = 0.0.

:
The Eigenvalue solution will give the natural frequencies when the

determinant is zero.
& 2 = N e
(ZKC Mw )((Kc + Kv) Mzw) K.
MM (w?) (0 (K_+K) +2 Kcﬁz)w EoF IR E =0

Hence, a quadratic with two solutions for w2, i.e. the two natural fre-
quencies of the system. With a knowledge of M;, Mp, Kc and Kv the two

w,'s can easily be found.
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5.3 Experimental apparatus for testing diaphragms and capsules

The apparatus and experimental procedure for diaphragms is adequately
described by Franklin, ref. ( 36), and it is proposed not to repeat this
work here, only to refer to it. The experimental apparatus for the tes-
ting of capsules required more complex instrumentation, but the principle
involved was the same. The vibrator was set up in the manner shown in
Figure 5.6, reproduced from ref. ( 36) but with the capsule stack

(Figure 5.5a) replacing the diaphragm.

Also, it was possible to use the L.V.D.T. without a sleeve as it is
shown in Figure 5.6. This was an advantage because the output is more
linear without it when used at high frequencies. The instrument is nor-
mally operated at 600 Hz and at this frequency the linearity is unaffected,
but in the experiment it was excited at 2k Hz and is subject to eddy

current effects, ref. ( 34) (Graph 1).

It was decided to look at the electromechanical coupling of the
vibrator and capsule, and carry out an electrical-impedance analysis on
the overall configuration and extract the natural frequency from the vec-
tor impedance plot. To undertake this, the oscilloscope was dispensed
with, except for checking waveforms and a transfer function analyser
(T.F.A.) was used to make the most of the measurement. The T.F.A. was
used to measure the voltage at the vibrator terminals; the current was
inferred by measuring the voltage across a standard 1 ohm resistance in
series with the vibrator. To receive the L.V.D.T. output voltage propor-
tional to displacement, the T.F.A. had to have the carrier frequency, i.e.
2k Hz removed from the signal. Figure 5.7 shows the schematic rectifica-

tion circuit.

[+

2 KHz g E'.{
‘ 3 '*‘:4+!L— 4, 7K ::?%335 F

L g

Oscillatox

Y

L.VLD.E.

Figure 5.7: Rectification circuit for the L.V.D.T.
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Figure 5.6
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Vibrator
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e it = — — Decade
7" 2
L1 Resistor
Wi /4 3
-~ —]
- P 1)

. Secondaries » Decade
L.V.D.T. Sleeve \\ * Resistor
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/
/ Primary
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Linear Variable Differential Transformer

Test Rig and Measuring System for Diaphragms
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The adjustable capacitor enables a near zero to be obtained when the
L.V.D.T. armature has been adjusted mechanically to the central position,

or as near as possible. The read-out was in a digital a + j b form.

The supply to the vibrator was taken from the T.F.A. in the form
y= VOSin wt (0 - 450 Hz); this, unfortunately, had to be amplified so
that it could drive the vibrator (Figure 5« B¥e.

T.F.A.

Vibrator two
stage

i)

I/P Volts/IP Current read for T.F.A.

.

+ 12 V d.c. supply

Figure 5.8: Vibrator drive circuit

Over the frequency range 1.0 - 450 Hz, readings of both input voltage
and current to the vibrator and output voltage from the L.V.D.T. were taken
for the capsule vibrating in situ as shown in Figure 5.5a. The amplitude
of vibration was chosen so that the capsule did not nest and give a non-
linear stiffness curve; this meant the output from the L.V.D.T. was very
small and on some tests was amplified 100:1 before being rectified, a
higher number of readings being taken around the observed natural frequency.
With the vibrator blocked up so that it could not move, the input voltage
and current were measured over the same frequency range: this would give
the blocked electrical impedance. The first experiment was then repeated
using the capsule plus an additional mass in the form of a brass weight

which was vibrated through the axis of the capsule stack.

The sensitivity of the L.V.D.T. was found using a micrometer plus
stand fixture and oscilloscope. With the sensitivity on 0.5V/cm the micro-—
meter moved the trace 5 cm going from 0.161" to 0.167", thus giving a sen-
sitivity cf 416.66 millivolts per 0.001". Finally, the attached masses

were weighed on a chemical balance.
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5.4 System model and experimental results

Two equations will be required to describe the behaviour of the
system: one will need to be written in terms of the electrical variable
and must include the electrical effects arising from motion in the
mechanical system; and one written in terms of the mechanical variables
and must include all the mechanical effects arising from currents or vol-
tages in the electrical system. The symbols Tem and Tme appearing in

Figure 5.9 represent "Transduction coefficients".

|

|

I ( *

| F
| v

|

E=ZEI+Temv PR R R R R I B L B (5-3)
F=TmeI+zmv PR R A B O B R B O B R B O (5.4)

Figure 5.9: Transduction coefficients

Note:
The Analogy is Force - Voltage "effort" variable ref. (38)

Velocity - Current "flow" variables

: Tme’ Zm can all be of a complex form,

¢ % 1
- - = + ry
i.e. Z K.e Jju I..e * 16 C

e

In the experiment the transducer is the vibrator, being an electro-
mechanical device converting electrical energy into mechanical energy, and
from "a priori" knowledge of its characteristics, the dynamic performance
of the capsule stack may be deduced. Referring to the actual experiments
performed and Equations (5.3) and (5.4), blocking up the vibrator so that

it was not free to move, this would be putting v = 0.0. Then from (5.3),

Al

YA
e

Now if the capsule is removed, this will approximate F = 0.0.

blocked impedance.
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Then T I = -Z v from (5.4),
me m
=T T
. om (B il e
ee F=0 e -
Toe Tem .
Also, 7 = znnt’ where Zee = total impedance

Z

motion impedance.
mot 5

Since v is also measured, L.V.D.T. voltage is proportional to displacement

to x (say),

then V = (jw) x,
therefore
WL The
(JN)T £ -"Z;-
The capsule will represent a force = -v ZL’
where Z; = load impedance,

therefore, from (5.3) and (5.4),

E = ZL 4T 0
e em

~vZ = T I +2 v
L me m
T T
Then 2 = 2 + —n 22 Sl i s/ siwa s ot ais Ho8:5Y
ee e (Zm + ZL)
. -T
and (Jt{)x = me .l..l...Il...I...'.I.-.“.."-‘..’.l.l. (5.6)
(Zy + Z7)

5.4.1 Vector impedance locus

- - 1 l
—_— —
Taking Zm as a general form equal to r_ + ju m Y Jwc ® the

variation of this impedance with frequency can be exhibited most usefully
by representing the impedance as a vector drawn from the origin in the
real-imaginary plane. As frequency changes, both the magnitude and the
phase angle of the vector will also change and the tip of the vector will
trace out a curve. If r is constant, the locus will be a vertical

straight'line (Figure 5.10a).
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1f the mechanical admittance were plotted Ym - =3 hm M. this
would be a circle figure (5.10b). i

ib \
w
5 I
g rm
et 11} =
3]

w
0

a

h
m

Figure 5.10b

Observation at the electricalterminals is the admittance locus multi-
plied by the scaling factor (T ulp.). This transduction factor must be
considered as a vector ope:ptbf which not only may alter the scale of
Figure 5.10, but also may rotate the diameter of the admi;tance circle
about the origin by an angle identified as 28, but, more important, the
transduction factor is a "units" operator having such dimensions as to

convert the locus of mechanical admittance into a locus of electrical

impedance (Figure 5.10c) (Zpot) -

AN



mot

28

Figure 5.10c

Figure 5.10d

Figure 5.10e

Figure 5.10: The vector impedance locus
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Thus, with the addition of the blocked electrical impedance Ze
(Figure 5.10d), the total impedance Z o will have a general form as shown

in Figure 5.10e.

The method used to find the mechanical constants was the added mass

method, a brass weight in series with the attached masses of Figure 5.5.

Consider the mechanical impedance Zm in the general form

. . 1
zm R 2m i jw C

m

Rm is analogous to mass

;S :
c 1s analogous to stiffness
m

2. 1

then w e e e P o €55

O a % C
m

L

=)

Now if an auxiliary mass ka is attached to the system, a new
natural frequency is found:

we -+ 3
om C(f‘ +6R’) L T B O
m m m

AP e R P RIS P R PR 1%

From (5.7) and (5.8),

m2

fa - 69: ‘—'—'—‘—EEI"“_—' T TS A N TR E R R A A A B L B (5-9)
m m 2
(wy we )

and hence Cm from (5.7).

The diaweter of the motional impedance circle is simply related to
one of the constants of the mechanical system since the mechanical

impedance reduces to X at resonance.

= TmeTem A?
Thus, D ¥ | ZIIIOC l —-_;_-__ T .-r._.— R N I R R N Y (5.10)
m m
Assuming [T | = Tem| = A (say)
A = absolute value of the product of the transduction coefficient.

There are two methods for the determinatien of A and T - Firstly,
by observing the two frequencies for which the real and 1maglnary parts
of the mechanical admittance (or 1mpedance) are equal (w, w) and for

which the associated phase angle is 45° S

L 2
then w W =
(8]
" 1 Tm
and w-— W - "E'_ T N R R T i S B N T I (5-11)
m
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Secondly, by using the "current transformation ratio", previously

mentioned,
jw x Znot
I Tem

Using Equation (5.10),

DI
|= oy =D S IR S (RN S R ) 1
em woxo

l T

5.4.2 Results of capsule tests

Figures 5.11 and 5.12 are magnitude and phase plots of the frequency
response to both experiments: Experiment 1 is the normal capsule stack

and Experiment 2 is the capsule stack with the added mass.

Figure 5.11 is a magnitude plot of Experiment 1 on a linear frequency
base. Figure 5.12 is a Bode plot of Experiment 2. These two graphs are
included for two reasons: (a) to illustrate that the response is essen-—
tially Second order with very little damping and hence supporting the
theory that Rayleigh's energy method can be used to predict natural fre-
quencies, and (b) the observation that: the phase plot does mnot approach
180° phase shift asymptotically but has more phase shift; over 200° this
could be due to the system being of a higher order than two but exhibiting
mainly a second order response; also on the Bode plot the asymptote slope
is =50 db/decade and a second order slope "fall off" would be -40db/decade,

indicating again a higher order than two.

The first natural frequencies of the two tests were T 139.5 Hz and
= 103 Hz, respectively. The added mass (Gin) was 0.0583 1bs (129.2 gms),
so from Equation (5.9),

ﬂm = 0.0669 1bs (147.5 gms),
and from Equation (5.7),

L - 134 we/in (23.47 N/m).

m o

Figure 5.13 is a sample motional impedance plot for Experiment 2.
There is a certain amount of zero "off-set': this was caused by the
difficulty of effectively blocking the vibrator to obtain the blocked
electrical impedance. A large scatter of results was discovered when a

curve of £ in the a + jb form was plotted (Figure 5.14). To obtain

I|p=0.0
results values were interpolated between the ends of the range.

The effect of the blocked impedance on the total impedance is shown
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Figure 5.11
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Figure 5.12
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in Figure 5.15, both curves being plotted over a total range of 180 Hz.
This illustrates how a "zero offset", as shown in Figure 5.13, can occur
because the motional impedance is just the vector difference of the

total and blocked impedances.

To find r and A
——l

Method 1 from Equation 5.11: w = 143 Hz
w = 125 Hz

7.5662 1bf/sec
(33.66N/sec)

therefore, A 0.0669 . 2w . (143 - 125)

Method 2:
D = 3.69
wx = 7.3% 1072
oo
I = 0,104
o
DI, . LUK
rigrergiies 5.1285 |A| (transduction coefficient)
oo
2
Al LEL%EEEL— 7.31 1bf/sec (32.5 N/sec)

Now looking at a mass-spring-damped system (Chapter 5.1), the damping
C C
TR R

Therefore, taking an average value of R 7.44 1bf/sec,

rario € =

the damping ratio Z = 0.073,
which is very small and gives us justification to neglect damping effects

when vibrating a capsule in air.

Hence, the three mechanical constants associated with the impedance
(ZRP can be deduced. Further analysis could be carried out to find the
values of Tem and Tﬁe’ but this was thought to detract too much from the
main purpose of the chapter - the comparison of the theoretical and
experimental prediction of the fundamental frequency of diaphragms and

capsules.

5.5 Improvement on basic Rayleigh's method

Whilst Rayleigh's method was thought, and later shown, to be adequate
as a prediction for natural frequency f;om Franklin's work, ref. ( 36),
some anomalies do arise, the main one being that the computer program

would give different results for three cases, namely:
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(i) pure pressure loading,
(ii) pure point loading,

(iii) point and pressure loading,

the pure pressure loaded case being much higher than (ii) and (iii).

This is correct because the program assumes no mass at the centre, and

for this reason could not be verified by experiment. The other two cases
were tested experimentally and no significant difference could be detected:
this was concluded as being due to the experimental apparatus, poor damping,
leaks, etc. Also, in ref. (36 ) a mistake was found in the programming -

a fifth of the mass of the diaphragm was unnecessarily added to the attached
masses in the computation, giving an artificially low result for natural

frequency.

It was therefore decided to attempt to improve Rayleigh's method as
well as extend it from diaphragms to capsule stacks, possibly by calcu-
lating the actual dynamic deflection curve. This was achieved by an
iterative procedure using the static deflection curve as an initial
approximation for the final dynamic one. After the first cycle, ali the
external loading and temperature terms are set to zero and the inertial
terms are substituted into the equations of equilibrium. This is consis-

tent with Kraus, ref. (17 ), pp. 455.

T
Pre
The vertical reaction (rV)i = —u/“ Pv cos ¢ rds = - —EL
To
E 2 N o
2 Ne 7l dsipt 4y  ATH
becomes - (PRl e R e e Z W.r.
n g 8o i
r ° i=l
o
2 2
pt W pt wn
(r Pv)i = - 2 Wiri (r PH)i o= 2 Uiri.

These nmew equations are now solved using the previous value of
natural frequency and displacements. A better approximation to the fre-
quency is produced; this is re-substituted and solved until w converges
to a constant value (usually within 2 — 3 iterations). Any masses other
than the elemental ring masses of the diaphragm, such as the centre
loading, were treated as part of the vibrating system, and not added on

after the main calculation, as in the more usual method.
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5.5.1 Results for computer predictions; diaphragms

Using the same data as Franklin used in ref. (36 ), a comparison of
the two methods can be made: Method 1 - Rayleigh's energy method;
Method 2 - Rayleigh's energy working with the dynamic deflection curve.
The diaphragm was an actual production diaphragm 0.006" (.1524 mm) thick
of Inconel p = 0,307 1b/ind (8.5 x 103 kgs/m3), Young's modulus as in
Chapter 4.

Pressure Point load Point plus
5 1bf/in? (0.2175 N) pressure
Method 1 1441.86 Hz 305.32 Hz 339.5 Hz
Method 2 1481.43 Hz 305.25 Hz 305.25 Hz
Table 5.1

These results indicate that for Method 2 there is no change if the
diaphragm is point loaded or point plus pressure loaded. Bearing in mind
that all the digital simulations are assumed in the linear region, then
the "no change" situation would appear sensible because the pressure is
directly proportional to displacement and natural frequency is not depen-
dent on the amplitude of the vibration, but it is deﬁendent on the mass
of the vibrating system and in this case it includes the applied load,
if point loaded at the centre. These results show very close agreement
between the two methods for the point loaded case only, but it should be
noted that this is only for a particular loading, i.e. 0.0496 1bf
(0.2175 N), and the discrepancy between Method 1 and Method 2 for predic—
tion increases as the point loading decreases. This can be seen from the
pressure only case where the program "sees" no mass at the centre, there-

fore the point load is zero.

5.5.2 Comparison of computer and experimental results

Table 5.2 shows the computer predictions for both experimental tests
using the capsule: the situation where the capsule has no additional load
at the centre is designated case (1), and where it has the additional load,
case (2). The first iteration of the program will give the ordinary Ray-

leigh approximation (Method 1) and this is quoted as a comparison.
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Case (1) Case (2)

M 1bs (gms) .05816 (26.4 gm) .10341 (47 gns)
For single €q
stack com- K 1lbs/in (N/mm) 276.18 (48.37) 268.022 (46.94)
bination g

fn (Hz) 215.50 159.21

Method 1 fn (Hz) 224,72 162.99

Actual mass 1lbs (gms).01724 (7.8 gms) .01724 (7.8 gms)
Two stack Mass ratio .3093 .31154

1st mode fn (Hz) 143.05 104. 84

Table 5.2

We can now compare between the observed natural frequencies and the pre-
dicted; for case (1) the experimental result was between 139 - 140 Hz,
and for case (2) between 102 - 104 Hz. As can be seen from Table 5.2

this 1s very good agreement.

All vibration tests had the extra loading of the vibrator attachments
and vibrator stiffness, which, of course, were modelled for the computer
simulations. The above results give justification for predicting the
actual natural frequency of a two stack capsule with just the L.V.D.T.
core attached, i.e. as it would be used in a pressure measuring instru-

ment.

To obtain the actual natural frequency refer to Figure 5.5a and put
Kv = 0.0 and reduce Matt by the value of the moving mass of the vibrator
in the program. The result for the capsule without the simulated vibrator
is shown in Table 5.3, a result which could not be found experimentally

with the present apparatus.

Single Meq 1bs (gms) = 0.034051 (15.45)
stack 5 =
optie KEq 1b/in (N/mm) 290.082 (50.8)
nation fn (Hz) = 288.64

Method 1 fn (Hz) = 310.184

Actual mass 1lbs (gms) = 0.01724 (7.8)
Two -
Seach Mass ratio 0.3054

1st mode fn (Hz) 172.51

Table 5.3
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5.5.3 Comparison of the two Rayleigh energy methods

A comparison of the two methods presented in this report indicates
an expected non-linear relationship. This is shown up if case (2) from
Table 5.2 is compared with the result of Table 5.3: using Rayleigh's
straightforward energy method, frequencies of 162.99 and 310.184 Hz were
found which, when iterated using the dynamic deflection curve, were re-
duced to 159.21 and 288.64 Hz, respectively. This shows a reduction of
2.325% and 6.945%; the smaller reduction was the case for which a

larger mass was attached to the centre.

5.6 Discussion of experimental and computer simulation results

The experimental procedure employed for capsules was more complex
than was required simply to find the natural frequency, the purpose being
to put the analysis in a generalised form synonymous with systems engi-

neering methods. The mechanical impedance being the quantity of interest

is represented by Zm g Em juw + e 3e 55, is the mechanical damping

R
m
which cannot be found from the process owing to the energy method assump-—

tions, 2m is the mass and %— is the mechanical stiffness. From the experi-

ment zm worked out to be 0.3669 1bs (0.03035 kgs), and from the computer
program the equivalent masses plus the attached masses for case (L,
Table 5.2, summed to 0.066536 1bs (0.03018 kgs). The experimental stiff-
ness was 134 1bf/in (23.47 N/mm) for the capsule stack, the equivalent
stiffness predicted for a single stack is 276.18 1bf/in (48.37 N/mm),
therefore for the two stack arrangement-(essentially two springs in
series) = 138.09 1bf/in (24.18 N/mm).

This also shows good agreement between experiment and theory,
especially when considering the inherent errors within tﬁe experimental
system. The effective mechanical blocking of the vibrator to find its
blocked impedance was done by restraining the moving parts by clamping
down the attachment. Electrically, this was poor as the results indicate;
the zero "off-set" in Figure 5.13 is because the blocked impedance at low
frequencies appears greater than the total impedance which is obviously
not correct. Taking readings at different occasions produced impedance

readings which differed by 20%Z for the same input frequency.

Another unavoidable source of error was the actual reading of the
input current from the T.F.A., the readout being a "ranged" digital out-
put, i.e. (0-10 mv), (0-100mV), (0-1000 mV), etc. So if the discrimina-

tion between readings was good for voltage, it would be poor for the

= 21N =



current, approximately %3 because the resistance of the vibrator is 3 ohms;
if the current resolution was good the voltage would overload the T.F.A.
and a higher range had to be used. A stabilised voltage and frequency
source fed the L.V.D.T. and the output was assumed linear, although it was
not compensated and had to be rectified. The signal was amplitude modu-
lated and therefore the carrier frequency had to be removed. This was
achieved using a basic peak detector circuit, and it was observed on the
oscilloscope to give a good rectified waveform for large low frequency
vibrations. But, unfortunately, the trace deteriorated for higher fre-
quency vibrations which were accompanied by smaller amplitudes and hence

the accuracy must have been lost when the D.C. value was measured on the

TlFvo

The plots of magnitude and phase show mainly a second order system,
but with the phase shift being greater than 180° and the asymptotic Bode
plot being approxiﬁately -50 db/decade, indicates a higher order system.
A third order system was not assumed because the first order effects of
the vibrator were thought to be insignificant, therefore the effect is
probably due to measurement errors. The time constant of the peak detec-
tor was 0.1551 x 10”3 seconds and at 450 Hz the period is 2.22 x 1073
seconds, so the envelope shape would be distorted slightly by the dis-

charge of the rectifying circuit (Figure 5.17)
A

Figure 5.17: The effective change in the phase and ampli tude
at high frequencies

As the T.F.A. measures the fundamental of the waveform by Fourier
series, the result would be different in amplitude as well as phase. This

could well account for the third order effects noted in the frequency

plots.
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5.6.1 Discussion of the two methods of simulating the system

In the comparison of the two methods of computer predictions there
is a large percentage difference in the natural frequency as the mass
attached at the centre is reduced. This is because it is becoming less
like the simplified mass—spring equivalent system which the analysis
assumes, and the iterative method exemplifies this, whereas the ordinary

Rayleigh's method is linear for mi against 1/mass.

This effect is illustrated in Figure 5.16, which is a plot of com-
puter predictions for a 0.006" (0.1524 mm) production diaphragm using
the dynamic deflection curve method (Method 2) and varying the attached
centre mass from some finite value down to zero; then the equivalent
mass (M ) is just the effective mass of the diaphragnm itself. The straight
line tangentlal to the slope at the origin is the ordinary Rayleigh's
method prediction (Method 1); this is an explanation for the higher
reading in column 1, Table 5.1. Unfortunately, this is not the complete
picture because the equivalent stiffness is also not proportional to f
as Meq is varied (Figure 5.16). The program was able to converge rapldly
(2 - 3 iteration), probably because the static deflection curve for the
first mode of vibration was similar to the dynamic deflection curve. If
a higher mode of vibration were required, this could conceivably be
obtained from this program by feeding in an approximation to the deflec-
tion shape of the higher mode. This would, for a thin flat circular plate
clamped at the edge, be an extension of the Ritz Method, ref. (37 ), where

the deflection curve (x) is assumed to be a Series:
2\\ 2 2 T
r r
« (-(E) s 50-)°, e
and approximations to higher order modes can be found.

The program did predict the two natural fundamental frequencies of
the two stack capsule, but the higher one has not been quoted because it

fell outside the range of the measuring equipment.

5.7 Conclusions

The experimental tests on capsules performed by the author and the
previous studies on diaphragms show that fundamental-mode dynamic behaviour
can be adequately predicted by Rayleigh's energy method. Both "Bode type"
plots (used in the diaphragm work) and the vector impedance locus plot
(used in the present capsule work) show that damping is small enough to

justify using Rayleigh's energy method.
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The exact dynamic shell equations (without damping) were solved in
an iterative method using the Rayleigh method predictions as initial
guess values. This resulted in an improved prediction, as well as in

removal of some slight anomalies that arose in previous diaphragm work.

With regard to accuracy of predictions when compared to experiment,

the present capsule results are exceedingly good:

Experiment (Hz) Theory (Hz)

139 - 140 143.05
102 - 104 104.84

However, as pointed out in previous chapters, such excellent agree-
ment may be fortuitous. A more realistic assessment, taking into account
uncertainties in material properties and in geometrical description,
would be that the fundamental mode dynamic characteristics (i.e. equiva-
lent mass, equivalent stiffness and first resonant frequency) can be

predicted to within 10%. This is adequate for most practical purposes.
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6.0 The Design of Corrugated Diaphragms and Capsules

This present chapter examines some of the ways in which the mathe-
matical model can be used for obtaining design information, and actually
designing by computer. A mathematical model, even when it has been
validated against experiment, is still only an analysis tool; turning

it into a successful design tool is often a formidable task.

The first sections look at the possible utilisation of the models,
starting with a simple one-variable sensitivity analysis with the linear
model, leading up to applying the non-linear model to an optimisation
routine which is fairly complex. Finally, two industrial design prob-
lems are tackled, the first abandoned after the feasibility study, and
the second culminating in an actual working design being incorporated

in an instrument.

6.1 A general statement of the design problem

In the design of a corrugated diaphragm/capsule, a number of con-
siderations must be taken into account. These may be divided into four

main groups:

(a) Material specification
(b) Method of forming

(c) Profile geometry

(d) Method of assembly.

(a), (b) and (d), although necessary considerations, are usually fixed

by constraints other than the actual output characteristic from the
diaphragm/capsule (e.g. a certain material may be used for its corrosion-
resistance abilities in preference to its spring properties). Therefore,
the design specification in terms of input-output requirements is met
almost entirely by (c) (the diaphragm dimensions and geometry). As can
be visualised, the number of different corrugated profiles is infinite
and therefore a simple systematic but flexible description of a corru-

gated profile is required.

In the initial development of the model, the geometry was auto-
mated in a way which was hoped useful for future design work. This was
done (chapter 2) by specifying the geometry in terms of X, Y andRl co-
ordinates at peaks and troughs. Thus, the number of geometric variables
for a plain sinusoidal-shaped diaphragm then become a function of the

nurber of convolutions. Figure 6.1 is an example of such a four-
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corrugation diaphragm clamped at the outer edge with an initial flat

section attaching it to a rigid centre boss.

Figure 6.1: Showing input data points

The number of stations needed to describe this shape is ten and,
with three variables at each station (X, Y,Rl), it makes a possible total
of 30, but, in fact, this is only 27 because the first station is
generally started at zero for X and Y, with an infinite radius of cur-
vature for R. For a three-convolution diaphragm, the number is eight
stations, and for a five-convolution twelve, etc., hence the resulting
number of possible design variables is very large. This number can be

reduced by making three fairly un-restrictive assumptions:

(1) The height of convolution (except the outer edge) is con-

stant or changing in a linear fashion;

(2) The radius of convolution is constant except at the outer

edge;

(3) The wavelength of convolution is constant except at the

outer edge.

These assumptions are quite reasonable and afford much more scope to the
designer than previous attempts, refs. (8), (9) and (10). The outer
edge, sometimes referred to as the end bead, is considered separately
because of the likelihood of wvarious methods of clamping used in instru-

ment systems.

Therefore it is then proposed to use the profile shown below for

reducing the number of variables in a design situatien (Figure 6.2).
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P

Figure 6.2: Geometric design variables

where (1) D, = active radius—centre boss
(2) Rg = centre boss
(3) 1lf = initial flat section
(4) H = height of convolution
(5) Hg = height of end convolution
(6) 1, = length of end convolution
(7) Ry = radius of end bead
(8) Rl = radius of corrugation
(9) o = axial pitch
(10) N = number of convolutions

The particular configuration has only ten design variables, which are
not dependent on 'the number of convolutions, as was seen to be the case
before. The actual number of variables is twelve, because the material
(e) and its thickness have to be considered, but in practice some of

the variables will normally be constrained.

6.2 Sensitivity analysis using the linear model

Having therefore proposed the design variables to the model, some
form of systematic sensitivity analysis can be undertaken: this is a
straightforward operation whereby the chosen profile has one design
variable varied, while the others (wherever possible) remain constant;

the output displacement is then recorded.

Work along these lines was undertaken as long ago as 1939, ref.
(14), where Wildhack and Goerke used the Buckingham Theorem of Dimen-—
sional Analysis to study diaphragms and concluded that: "Experimental

observations on many diaphragms of a given shape show that the pressure

e Aah—



deflection curve is fairly linear over the range of deflection up to :
%-= 2 per cent. For this range of deflections and over the range of 13 =

from 0.6 — 6.0, the following approximate equation was found to hold

for all the diaphragms tested:

=152

W P 103¢
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The statement and equation are not as useful as they at first
appear: "fairly linear" and "approximate equation" are terms too vague
to be applied to modern instrumentation. If there were one index value
which was constant for all diaphragms, the design of diaphragms for
various pressure ranges would be a trivial matter, but, unfortunately,

this is not so and there is a reasonable difference in the index for

different profiles. However, the equation:
W = ktun, where k = constant PR R RSO P Tl (S T
‘J = + '.‘....'...‘I....'..‘.. -
loge -n loget log k (6.2b)

still holds for a particular profile of differing thicknesses. This

was shown previously by Figure 4.2, where the different thicknesses of
one diaphragm profile lie along a straight line of slope -n on logarith-
mic axes. The values of .index found by the author for the variation

of deflection with thickness averages at —-1.35, which is less than that
given by Wildhack and Goerke, ref. (14), but the value can vary up to

a maximum of -3.0, which is a flat plate operating in the linear region.
This can be seen by observgtion of the equations relating to pressure

for a flat circular plate, of active radius R, Eqn. (6.3):
PR W wy?
E(_E) -t:'a"‘(?) B es s s s AR ER BBt sEseEstEsE RS (6-3)

where ¢ and B are constants.

Consider again the flat plate and the functional relationship (for
the linear region) of: W = RRF, where n = +4. It would be most useful
to be able to extend this type of functional relationship to corrugated
diaphragms, but, as was pointed out in Chapter 1, design variables,
except thickness, are to some extent inter-related. With a flat plate,
the active radius may be altered completely independently of the other
variables, but altering the active radius for a corrugated diaphragm
would change the profile, e.g. the wavelength would have to be increased

to accommodate an increase in active radius without adding in more
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convolutions. The reason for the wavelength not being quoted on
Figure 6.2 is that the profile may be adequately specified without it;
by knowing N, Ry, lg, and Dz, the wavelength of corrugation is known,
therefore only the minimum required number of variables is included

on Figure 6.2.

The value of the index n has more significance when considering the
Bode sensitivity parameter (Bp), which is defined as a factional change
in the dependent variable (Y) divided by the factional change in the
independent variable (X).

(2 11 S &5 (6.4)
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Now, if generally:
n

W o= et
then Eﬂ = nkxn_l
dx

and in the same form as (6.4), but taking the limit:

aW rR nkxn-1 LY n

dx " W kx

It is, therefore, apparent that the index is a direct measure of the
sensitivity of the diaphragm to a particular design variable. Some
quantities, being more sensitive (i.e. a larger absolute value of n)
predominate over other quantities, and the general relationship
W = kx® holds. A good example of this is the height of corrugation
which cannot be varied independently of the radius of convolution, but
the relationship W = KH™™ holds over a large range because the latter
dominates the former in sensitivity. This can be seen from Figure 6.3,
which shows the relative increase in deflection, of changing the radius
of curvature at each convolution peak and trough compared with the same
change of height of corrugation. A plot of logeW = —n logeH + loggk

over a considerable range of H is seen to be a straight line (Figure 6.4).

Other variables do not exhibit this useful feature so well. To
illustrate, consider the axial pitch a: if this is varied the heights
of corrugation (H) will increase along the generator and the radius of
curvature (Rl)will probably have to be reduced to allow for the increase
in (H). Figure 6.6 shows the effect of varying this angle between -3°
and 9° plotted against the centre deflection: although this is a smooth

curve there is no single W = ka " relationship which will fit the entire
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range, but over shorter ranges, e.g. 2° to 40, a straight line on
logarithmic axes of slope —0.344 can be fitted. This short range"

fit appears to be the case with other design variables as well. It is,
therefore, proposed to use the general W = kx" relationship for small
"design perturbations" around the original as a direct measure of the

sensitivity to a particular profile of its design variables.

08 07 06 05 04

logeH

logew

Figure 6.4: Plot of logBH against 1ogeE

So far, discussion has been exclusively on the basic sinusoidal
diaphragm shape, whereas the possible number of profile configurations
is immense. Andreeva, ref. (10), compared the characteristics of dia-
phragms of saw tooth, trapezoidal and sinusoidal profile with identical

corrugation depth, and number of convolutions (Figure 6:5) s

a »
b ' L)
’,{::: a trapezoidal (1) 0.3

e c b sinusoidal
¢ saw tooth

v
%

/ v
4

a

Figure 6.5 Fig. 145 from Andreeva, ref.(10)
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From the figure reproduced from his book, Andreeva states that:
"The saw-tooth profile diaphragm, although initially more

sensitive, has the highest non-linearity, and the trapezoidal

profile diaphragm with a sufficiently broad flat section has

the lowest non-linearity. The influence of the profile shape on

the characteristic is small, however, and it is accordingly

more convenient to control the shape of the diaphragm charac-

teristic by varying the material thickness or the corrugation

depth."

From a practical point of view, trapezoidal and saw-tooth profiles
are much more difficult to manufacture owing to the very tight radii of
curvature, which will cause the metal to split. It is, therefore, pro-
posed not to present results of an extensive semsitivity study on
various profile shapes, only to indicate that it may be done by using

a simple example.

In the example chosen - an arbitrary sinusoidal profile - the
radii of curvature were successively reduced so that the diaphragm
approximated to a saw-tooth profile. This is shown in Figure 6.7: as
the radii are reduced from 0.1 inch down to 0.06 inch, the increase in
centre deflection is indicated, verifying the Andreeva statement. If
the radius is increased to 0.11 inch (this is the maximum possible with
the particular design), the deflection also increases, showing a local
minimum, which is of little use when the general requirement is to maxi-

mise output.

The work so far discussed is based on results from the linear dia-
phragm model and can only give the initial sensitivity (the tangent to
the curve at the origin). A linear prediction can be obtained by com-
puter in a very short period of time, approximately 40 milliseconds,
therefore the design approach may be studied with a view to automating

it, as the model does not use an exorbitant amount of computer time.

6.3 Design approach using the linear diaphragm model

This section aims to approach the design problem both from the
theoretical and the practical points of view. The design methodology
is based on automating a procedure which has been demonstrated in the
previous section on sensitivity. Practically, the method is the same
as the procedure a designer would take if he had the sensitivity para-

meters available to him as well as the constraints to the problem. The
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example problem which is used illustrates the magnitude of the sensiti-

vity parameters and assesses how best to use them.

The second problem attempts a design using an optimisation procedure:
this makes the example entirely a computer-orientated problem, mainly
because of the number of variables involved and the time required to

reach a solution.

6.3.1 Design based on the generation of sensitivity parameters

The method proposes a design based on the variables laid out in
Figure 6.2 and, as the linear model is used, a specific deflection for
a given pressure is the only criterion to be met. A set of initial or
guess values is fed into the program and a deflection found for that
particular profile. Assuming that the initial deflection is not the
required deflection (unlikely, but possible), small perturbations of
the geometric design variables are made and the value of the index n
(the Bode sensitivity parameter) is stored. The index is found in both
directions, increasing and decreasing the variable; slight differences
are apparent for each direction as the typical results shown below indi-
cate. The number of convolutions (N) is strictly a geometric variable,

but for ease of computation is kept comstant.

Guess value Index n
Increasing Decreasing
by 5% by 5%
(1) D, 0.966" 3.5719 3.6173
(2) R 0.205" 0.7866 0.7570
(3) 1, 0.0465" 0.0247 0.0102
(4) H 0.05" -1.3763 -1.3882 Deflection at
(5) He 0.0817" -0.2042 -0.2168 150"wg (402 KPa) =
(Y I S 0.165" -0.3746 -0.3572 0.01199 inches
1) By 0.025" -0.0131 -0.0127 E = 30 x 106 1bf/in?
(8) R 0.07" -0.1644 -0.1590 2.068 x 101! MN m™2
(9) «a 2,0° -0.3969 -0.3840
(10) N 3
(11) ¢t 0.004" -1.2308 -1.2290

It can be seen that the most sensitive parameters are DZ’ H and t,
in that order of magnitude, D2 being much more sensitive than the other
two: also it is seen from the sign of the index which direction the

sensitivity acts, i.e. if the radius (D,) is increased, the deflection
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increases, therefore the index is positive, and if the thickness (t)

is increased, then the deflection decreases and n is negative.

1f the desired deflection is 0.0125", the present design will have
to be altered to give about 4% more deflection. At this point, practi-

cal constraints on the problem may be considered by the designer:

(a) The active diameter for the diaphragm will probably be fixed.
This is because it may have to fit into an existing space or it
may have to be formed with press-tool jigs which accommodate only

a certain diaphragm form tool die.

(b) The centre boss size may also be fixed to comply with exis-
ting equipment: it will certainly have a minimum size require-

ment so it can be manufactured and attached to the diaphragm.

(¢) The thickness is always a "compromise' variable because the
material is usually available in fixed integer thicknesses, e.g.

0.003, 0.004, 0.005 inches, etc.

Therefore, the variable easily adjusted to increase the deflectiocn
is the height of convolution (H); any of the non-constrained variables
could possibly be considered, but the index of (H) is much larger and
only a small adjustment will be necessary. Using W = kH ™ as a predic-
tion, a new value of H is proposed and the deflection found. The def-
lection needs to be increased, hence H needs reducing so n is taken from
the second column, i.e. —-1.3882. The original design was somewhere near
the required deflection and the updated value came within the set
design tolerance, in this case 0.27% of the required value. If it did
not, the process would have been repeated until it did. This simple
jterative procedure using one variable for design adjustment has the
advantage that it is inexpensive on computer time, the example given
taking only 680 milliseconds C.D.C. 7600 computer time. The obvious dis-
advantage to the method is that, should the original guess profile give
an answer which is a lot different from the desired value and the adjust-
ment on H is such that it affects other variables (e.g. an increase in
the height of corrugation can cause the radius of curvature to be too

large unless allowed for), then the program will fail.

An extension to the basic method presented above was proposed partly
to overcome the previous disadvantage, but partly also to consider other
criteria: the variables with the largest sensitivity parameters are also

the variables which must be controlled the tightest, because any variations
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will cause large deviations in output. The centre boss, overall diameter,
and thickness are fairly easily controlled to within tight tolerances

for manufacturing purposes. But owing to the unavoidable spring-back
phenomenon of diaphragms, the height of convolution becomes a very
difficult variable to control. It was, therefore, decided to develop

a design approach which would minimise the semsitivity of the design to
the height of convolution and, in doing this, an upper and lower tolerance
band was placed upon the variables, which was able to eradicate the pre-
vious problem. This was achieved using a random number generator routine,
so when a suitable design was found based upon the previous method,

design variables were altered at random between the tolerance band for

a preset number of iterations, and the best design based on the desired
deflection and minimum index for H was stored and printed out. The
example chosen to illustrate this is the same numerically as the one
before, except the thickness has been reduced to 0.004 inches to give

a larger error between the actual and desired value of deflection, in

the order of 20%. The average of the two indexes (increasing and de-

creasing the variable) is reproduced for ease of comparison:

Final
Guess First Op timum
Variables Values Index Iteration Index Result Index
(1) D, 0.966 0.966 0.966
(2) Ry 0.205 0.725 0.205 0.6758 0.205 0.677
(3) lg 0.0465 0.0075 0.0465 0.003  *0.0460 0.01336
(4) H 0.05 -1.2218 0.0602527 -1.0351 *0.05657 =-0.905 .
(5) Hg 0.0817 =0.2313 0.0817 -0.2445 *0.081755 -0.243
(6) i, 0.165  -0.331 0.165 -0.2662 *0.160567 -0.2396
(7) Rg 0.025 -0.0145 0.025 -0.168 *0.02597 -0.0176
(8) R 0.07 -0.0397 0.07 0.064 0.07 0.132
(9) 2° -0.2962° 20 -0.2110 %2,78° -0.255
(10) N 3 3 3
(11) t 0.004 ' ~1.353 0.004 -1.4762 0.004 -1.52963
Deflection 0.0157" 0.01267" 0.01256"

(* variables marked thus were the only values altered by the

random number generator routine.)

The main objectives have been achieved, the height of convolution H
was increased from 0.05 to 0.0602527 inches to reduce the deflection to

0.01267 inches, but finally a better design was found (albeit at random)
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which did not increase H so much, i.e. H = 0.05657", but managed to
reduce the deflection further: also, the sensitivity of the design to
the value of H was reduced from -1.2218 to -0.905, but this seems to

be at the expense of increasing the sensitivity to the thickness variable.

The results are encouraging because it appears that some form of
automatic design procedure may be applied to find a local optimum result,
although the computing time is very much increased, the above example

taking 56.81 seconds of C.D.C. 7600 computer time.

6.3.2 Design using the linear model and random shrinkage
optimisation

The work was then further extended to use an optimisation routine
again based upon a random number generator, in which the design variables
were altered between upper and lower values. The random number routine
gave the first profile and, therefore, the need for an initial guess

shape was removed.

The method consists of a random search with iterative shrinkage,

random points for each variable X, to XFUMR being generated from the

expression
x. = 1."‘2‘.(1.1.-1.) i.:l’ e e NUP‘{R
i i : T i
where 1i = estimated lower limit for Xi
D3 estimated upper limit for Xi
r. = random number uniformly distributed between

zero and one.

Any generated point that violates an inequality constraint is discarded;
if the constraints are violated NSMAX times consecutively, the process
will stop. The search is begun by evaluating NUMR random points by the
use of the above equation, NUMR being a multiple of the number of
variables. From these the best NRET are selected and used as the basis
for a new and shrunken range for each variable. NRET is defined by
NUMR/NSHRIN, where NSHRIN is a shrinkage factor. Within this new space,
NUMR new random points are evaluated. These, plus the previous NRET best,
are sorted to yield a new NRET best and a new shrunken space. The process
is repeated until the range of each variable is acceptably small or until
the range has been shrunken MAXN times. For a complete listing and more

information, see ref. (40 ).
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For this particular example, NSMAX = 300
NSHRIN = 4
MAXN = 400.

The optimality criterion was a minimisation and the function chosen
utilised the linear model as much as possible by minimising the error
between required and actual semsitivity, reducing the sensitivity to
variations in thickness and height of corrugation, and minimising the
stress level. The function to be minimised is U and the required def-

lection W (as before 0.0125 inches).
TR G(W-ﬁ)2+8(an+n|‘)2+STRESS e M "0 )

o and B are weighting chosen to suit the problem, i.e. the relative

importance attached to each function in U.

nl = Bode sensitivity index for height of corrugation,

H

nlt = Bode sensitivity index for thickness.

The STRESS quantity was either the numeric value of the maximum stress
found in the diaphragm or zero. Usually a designer will wish to keep
the stress values below a certain level, e.g. a percentage of the yield,
therefore it was decided to run the routine with zero if the value of
STRESS was less than a predetermined value, and, if it was greater,
penalise the function very heavily so that it acted similarly to a con-

straint.

Geometrically, the problem of forming a profile from data which is
picked at random would be a case of luck unless the freedom of move-
ment in each variable space was very limited. So as not to have this
restriction, constraints now have to be rigidly applied. In this parti-
cular exercise the number of convolutions was allowed to vary, making
a diaphragm profile which had either 2, 3 or 4 corrugations: obviously,
there must be a whole number of corrugations and, therefore, a constraint
is required to ensure this is indeed the case. The radii of curvature
must not be so 1arge that they interfere and the value of D, must be at
least the sum of 1lg and 1g. Inequality constraints, such as the last

example, have to be made into equalities of positive magnitude, i.e.
D2 > (lf + le)
therefore ¢, = D, - (1 + 1), i.e. ¢, > 0.0.

All the variables are held in the program as a minimum and maximum

quantity, but should they be required as constants, the two values are
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made equal, as is seen in the example given below, where only eight
variables are worked on. The upper and lower limits are the choice of

the designer and reflect the freedom available to him.

Example of random optimisation with shrinkage

Design Upper Lower Final value after

Variable limit limit 15 iterations
D, 0.966 inches 0.966 inches 0.966 inches
Rg 0.205 inches 0.205 inches 0.205 inches
l¢ 0.045 inches 0.03 inches 0.04295 inches
H 0.06 inches 0.04 inches 0.04883 inches
Ha 0.09 inches 0.08 inches 0.08558 inches
Y 0.16 inches 0.14 inches 0.14368 inches
Re 0.03 inches 0.02 inches 0.02608 inches
R1 0.075 inches 0.05 inches 0.06548 inches
o 3.0° 2.0° 2.7675°
N 4 2 3
t 0.005 inches 0.005 inches 0.005 inches

The value of STRESS which could not be exceeded was 0.44 of the
yield and the values of o and B, the weighting functions, were 100.0 and
0.01, respectively. The program was allowed to run for 15 cycles, during
which U had been reduced from 0.3227 x 10~3 down to 0.1432 x 1078, The
problem converged to the required deflection to within 4 significant
figures and the maximum value of stress was only 0.237 of the yield
value. The shrinkage range of the H variable over the 15 cycles is

shown in Figure 6.8.
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This method of optimising a design is less expensive on computer
time although the search routine is much larger, the reason being that
the model itself is run less times and the example cited took 20.865

seconds C.D.C. 7600 computer time,

6.4 Design approach using the non-linear diaphragm model

Once a mon-linear model is established it appears to make work with
the linear prediction somewhat redundant, except for the fact that the
linear model is so much faster and able to lend itself to optimisation
routines with a fair degree of success, if with only a small degree of
practical usefulness. Therefore, the overall design becomes a hierarchi-
cal type where the linear model finds a possible solution which is
checked upon the non-linear model to find its deviation from linearity

and its actual sensitivity (Figure 6.9).

W (4) B)

{Refer to Chapter 3
5w Wy for'n?nTlinearity
definition}

P
Figure 6.9: Non-linearity

If these values are not within the tolerances allowed for in the
design specification, then the process can be repeated until a suitable
solution is found: of course, this process is not automatic and involves
a lot of designer interaction. The designer can apply experience gained
in undertaking sensitivity analysis with the non-linear model. Results
of a sensitivity analysis on the typical corrugated diaphragm shape are
included to illustrate the general effect the design variables have upon

sensitivity in conjunction with the non-linearity.

6.4.1 Non-linear sensitivity analysis

Referring to Figure 6.9, line (A) is the linear prediction, the
curve is the non-linear prediction, and line (B) is a line projected
back to the origin from the end of the non-linear range. If the devia-

tion of the actual curve from the two lines (A) and (B) is plotted
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against working range in both directions, the graph is like Figure 6.10.

' deviation

nclosed area

maximum value

(B)

range

linear
range

(A)

Figure 6.10: Alternative representation of non-linearity

The non-linearity was represented by three parameters: the linear
range, the enclosed area, and the maximum value of the deviation from
line (B). The linear range was represented as a fraction of the total
range, given when the deflection deviated from the linear prediction
by more than 0.1%. The profile used in the example is the basic three-
convolution diaphragm used in the previous examples with a thickness of
0.005 inches; each of the variables was increased and decreased indepen-
dently by 5%, except the number of corrugations which was only decreased
(down to 2).

Linear range Maximum

(Slope A (Slope B Area fraction deviation
x 10~%) x 10-3) x 10~° of total 2
Basic ;
‘shape: 2.24800 2.20539 -0.943205 0.4375 ~-0.75457
1f 2.24864 2.20603 -0.941961 0.4375 -0.753054
2.24882 2.20421 -0.943861 0.4375 -0.7559643
o 2.21304 2.17039 -0.909312 0.375 -0.7493231
2.28348 2.24094 =0:97927 0.4375 -0.7606376
N 3.56516 2.86512 -34.054 0.375 -11.1887
D, 2.69728 2.62394 -1.99392 0.375 -1.1080
1.86118 1.83536 -0.45653 0.4375 -0.5317293
R 2.3356 2.28808 -1.09169 0.4375 -0.808839
2.16303 2.12487 -0.813826 0.4375 ~-0.7034366

(continued over)
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Linear range Maximum

(Slope A (Slope B Area fraction deviation
X 10‘3) x 10~ x 10~° of total %
H 2.10106 2.06645 -0.702219 0.4375 -0.64242
2.41558 2.36103 ~1..31537 0.4375 -0.911653
Ho 2.21664 2.19804 -0.861016 0.4375 -0.70969
2.28165 2.2339 -1.04742 0.375 -0, 8118
R1 2.2334 2.1916 -0.911813 0.4375 -0.7386045
2.26067 2.21714 -0.974567 0.4375 ~0.7712575
Re 2.24604 2.20369 -0.937949 0.4375 -0.7487389
2.2499 2.20714 -0.948569 0.4375 -0.75747
1, 2.21486 2.17026 -0.931317 0:.375 -0.77379
2.28224 2.24093 -0.959248 0.4375 -0.7455875

The noticeable point about this list of results is the effect that
the changing of the number of convolutions has upon the linearity;
although the sensitivity has risen in reducing the number of convolutions,
the non-linearity is substantially increased. This indicates, and is
borne out by other runs, that having a high convolution density will
reduce non-linearity (in a diaphragm clamped at the outer edge), without
penalising sensitivity too much. To complete the picture, the variation
to thickness can be shown by reducing to 0.004 inches and increasing to

0.006 inches, giving an index of -1.35:
Linear range Maximum

Thickness (Slope A (Slope B Area fraction deviation

(inches) x 10—3) x 10—3) x 10-5 of total 7
0.006 1.76715 1.75084 -0.2913 0.5625 -0.378518
0.004 3.08388 2.95531 3.8885 0.3125 -1.6467

Having thus perturbated all the design variables, the major observa-
tion can be pointed out - namely, that if the sensitivity is increased,
the linearity is decreased and vice-versa. Therefore, in any design
procedure involving the two design criteria a "trade-off" situation will
always exist, indicating the possibility of an optimum design dependent
upon the constraints. Again, exhaustive tests can be made using the non-
linear model to gain the sort of design experience shown here; the same
profile was run again, but putting a = zero, not 2°. This is a fairly
large change in the profile making the diaphragm more sensitive generally
and increasing the values of area and maximum non-linearity as expected,
but the linear range was increased: whereas the average figure in the
previous example was 0.4375, the average figure for a = zero was between
0.75 and 0.8125. This means that the shape of the two pressure-deflection

curves is characteristically different in that ome is a smooth gentle
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curve and the other is initially straight and curves more rapidly to-
wards the end of the range (Figure 6.11), giving a large deviation

from linearity as defined by Figure 6.9.

o () / it
s @ o)

- inear p
linear = range —— N 5,
range a = 2.0 a = 0.0

Figure 6.11: Different non-linearity patterns

It is not felt necessary to give more examples of this type of
investigation as the work is quite straightforward and, therefore, it

is not relevant to present them in any great detail here.

6.4.2 The use of Rosenbrock's "hill climbing" method for
designing with the non-linear model

The next logical step in the development of a design methodology
for corrugated diaphragms was the investigation of an optimisation
routine based upon the two opposing design requirements - semsitivity
and linearity. The choice of optimisation routine was somewhat arbitrary
and Rosenbrock's "hill climb" was used, being a good general-purpose
routine for solving multivariable non-linear problems with non-linear
inequality constraints. A full description of the routine is given in

Appendix IV.

The main problem with running a design exercise using an optimisa-
tion routine is computer time: this disadvantage was highlighted earlier
when using the linear model, and will be magnified using the non-linear
model because of the additional computer time involved. Bearing this in
mind, a problem was set up to design a flat plate clamped at the outer

edge with a centre boss, under pressure loading. This may seem a trivial
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problem, but it introduces the sensitivity versus non-linearity optimality
function without getting "bogged down" with too many variables and con-

straints. The minimisation function was of the form:

i i=N /w 2 P
TR ﬁl.p_ - w:> + a (ﬁﬁ' ...... AN St X5 - T

where N = the number of pressure points.

The first term is the sum of the squares of the deviation from the
linear prediction (the linear prediction of sensitivity being taken as
the first displacement, divided by the first pressure point). The second
term has a weighting factor a multiplied by the reciprocal of the sensi-
tivity, i.e. the sensitivity is maximised. Upper and lower limits were
necessary for the four variables - Young's Modulus E, active radius,
centre boss and thickness - and the problem constraint required was

that the active radius be greater than the centre boss. To gain an

idea of what result to expect, Andreeva, ref. (10 ), plots the pressure
against deflection in non-dimensional form for various centre boss

sizes (Figure 6.12). The first run of the program used only the non-

linearity part in the optimality function to test the program: the

g =20
c = 0.2
o= 0.4
w
t
g = 0.6
o’ =
0'8
e rO I~
.R 3
|
b i
Iy | -
E(B.) YR
E \t

Figure 6.12: Pressure-deflection characteristics
for different centre boss ratios

upper, lower and initial values can be compared with the trial values

below:
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Upper limit Lower limit Initial Final

E 31 x 105 1b£f/in? 29 x 10® 1bf/in? 30 x 108 1bf/in? 30.06 1bf/in?
R 1.4 inches 1.2 inches 1.3 inches 1.9998 inches
B 0.4 inches 0.0 inches 0.2 inches 0.85 inches

t 0.028 inches 0.024 inches 0.026 inches 0.027998 inches

Although the program listing, when tested with the sample program,
worked satisfactorily, the actual problem caused the problem to jump
the limits, as can be seen from the above example of r,. But still the
problem is solved as would be expected. R is pushed down to the bottom
limit and t up to the top limit and the centre boss is maximised. The
Young's Modulus appears as an experimental variable and gives no definite
directions of movement for non-linearity. Exponential penality functionms

were introduced to prevent the variables jumping the limits.

Runs with the complete optimisation function, Eqn. (6.6), and dif-
fering values of the weighting «, gave correspondingly differing optimal
results: the balance between sensitivity and non-linearity is, of course,
the choice of the designer. For example, if a = 1078, both the sensiti-
vity and non-linearity are reduced from their initial values over the
five stages involved in the search, using the same upper and lower limits

as before.

Stage 1 Stage 3 Stage 5
E 29.9025 x 105 1bf/in2 29.762 x 10 1bf/in?2  29.755 x 108 1bf/in?
R 1.33125 inches 1.3765 inches 1.3792 inches
Yo 0.1125 inches 0.005824 inches 0.0001852 inches
t 0.025 inches 0.027048 inches 0.027051 inches
(%) 1.15934 x 1073 0.90733 x 10~3 0.935598 x 10~3

inches/1bf/in2 inches/1bf/in? inches/1bf/in?
Devia= . . 43 399 8.4118 9.0657
tion %
Eunction 5,
U 1.2835 x 1075 1.21167 x 1073 1.2098 x 1075

Example of Rosenbrock's search with a = 1078

It can be seen from this example that the weighting factor was pro-
bably not the best choice, although in the last stage the sensitivity was
_increased slightly, but so was the non-linearity. A better choice of a
is 1076: this can be seen by looking at the variations of the design

variables and optimality criteria, plotted against the number of stages.
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The problem converged at the sixth stage (see Figure 6.13): no attempt
has been made to scale the outputs as only the change in directions is
of interest. The value of the function decreases quickly at first, but
then slowly reaches a minimum value, whereas the radius increases in

the same way, both being smooth curves. The movement of the sensitivity
and non-linearity are by no means smooth, but they follow each other.
The thickness has also increased, as it would have to, to offset the
.effect of R increasing rapidly. Therefore, using a = 107® and the par-

ticular design variable constraints an optimum design has been found.

The major disadvantage with this type of design procedure, as was
to be expected, was the computing time involved: the example with
o = 10"8 took a total of 209 functions evaluations and 80.522 seconds
of C.D.C. 7600 computer time, and the example with a = 107® took 153

evaluations and 64.095 seconds using the same machine.

Besides using an example with only four unrelated variables, the
number of pressure steps used to obtain the characteristic was only
five. A corrugated diaphragm would require more pressure points to
obtain a reasonable characteristic, also there are more design variables
involved, therefore it was decided not to pursue the work in this direc-
tion owing to the computing cost. These somewhat theoretical areas of
diaphragm design could equally be applied to capsules as well, irres-
pective of whether they are the nesting or non-nesting type. The design
of a nesting type capsule is one of the problems tackled under the

heading of Industrial Design Problems.

6.5 The model adapted to various diaphragm applications

The application considered so far has been generally the conversion
of pressure into displacement, this being the most widely used applica-
tion of this type of instrument semnsor. Other application areas are
also of importance, especially when considering instrument systems. Dia-
phragms are used in many ways for converting any one of the quantities
F, P, W and AV (force, pressure, displacement and volume change) into one
or more of the remaining ones. The most common uses deal only with the
relations between the first three. Generally, one of the quantities (the
output) varies as a nearly linear function of the second quantity (the
input), when the other two (the modifying quantities) are either zero, a

constant value or a certain function of one of the others.
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It has been considered worthwhile classifying these differing

applications in terms of their input/output relationship and applying

the model to some of them. Firstly, some general relationships need

to be stated, which are necessarily linear if algebraic models are con-—

structed with "a priori" knowledge of diaphragm performance, but the

advantage of having a non-linear model is that the relationships need not

necessarily be linear.

(1) cy
(2) Cp
(3) A,
4) Ay

F/W when P is constant (by definition of force constant)

P/W when F is constant (by definition of pressure constant)

C
% = E%- when W is constant (not necessarily zero) by

definition pressure effective area.

AV/W by definition of volumetric effective area.

When the force F causes a deflection in the same direction as an increase

in the pressure P, it is positive, and therefore Cp, Cp and A, are posi-

tive. A deflection of the centre always causes a volume change. How=

ever, due to a bulging effect, the volume of some diaphragms can change

a small amount due to pressure, even though the centre does not move.

In many cases the volume change is immaterial when the input or output

quantity is deflection or force, it can be amplified or reduced by means

of levers.

The first two applications (6.5.1a) and (6.5.1b) are trivial but

are included for completeness. (6.5.1b) is obtained by loading the

diaphragm with a point load at the centre: this is mentioned in Chapter 3.

The next two applications are handled quite simply by the model. By

having a fixed point load and incrementing the pressure, (6.4.2a) is

achieved, and vice-versa for (6.4.2b).

For the applications of (6.5.3a) and (6.5.3b) the diaphragms are

used as the sensing elements for "force-balance" type transmitters and

controllers.

The (6.5.4a) condition exists when the diaphragm is deflected by

pressure or force to a working position which is other than the equili-

brium position.

effective area.

This is done to suppress the zero or to change the

(6.5.3b) and (6.5.4b) are the reverse of applications of (6.5.3a)

and (6.5.4a).

These can be achieved practically in two ways: with a

completely liquid-filled system or with a pneumatic feedback system,
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(6.5.1a) y (6.5.1b)

Pressure into deflection Force into deflection
( force zero) (pressure zero)
F
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(6.5.3a) (6.5.3b)

Pressure into force Force into pressure

deflection zero deflection and volume change

volume change virtually zero are virtually zero (very small)

(very small)

7 7 74

P = F1/Ae

Exhaust |™

(6+5.4a) (6.5.4b)

Pressure into force Force into pressure

deflection and volume change deflection is constant (not zero)

are constant (not zero)
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such as the nozzle-baffle-orifice combination. In (6.5.3b),the feedback
system, the pressure increases to balance the force: this is the force
balance type of pneumatic force transmitter. When the deflection is
constant at some value other than zero, it can be due to a force or

pressure: this is the suppressed zero type of force transmitter.

Simulation of these types of application is not so straightforward
as the previous cases. For applications (6.5.3a) and (6.5.4a) the non-
linear program is set up to solve an ordinary pressure—deflection situa-
tion with the result, pressure difference and deflection printed out.
The value of deflection is then stored and a guess value of point load
is applied in the opposite direction with the same pressure difference
across the diaphragm and a new value of displacement found: this is
tested against a suitable tolerance. If zero displacement is required,
then the deflection would have to be less than a tolerance near zero,
e.g. 1_10—5: for a non-zero displacement the tolerance is placed on

that particular value.

Taking the general example of a non-zero displacement and assuming
that the guess value of point load (Qs) did not drive the centre back
to the requirement displacement (W.), then Q is modified by multi-
plying by the factor:

Wy — Wy where W, = the stored value,

|Wo = WNI Wy = the updated value.

1f the value of Qg was too great, then Wy would be less than W, and Qg
would be reduced, but should Qs be too small, then the factor increases
it. The program is arranged so that the latter happens, and Wy approaches
W, from being the greater, the problem then converges quickly. The pres-
sure is increased and the cycle repeated with the guess value of Qg, the

final value from the previous iteration.

This method converges within three iterations and prints the values
of Ay, Cp, Cp and point load (force) each cycle: the cost of computing
time is quite reasonable, taking only 0.460 seconds per cycle. Figure
6.14 is a model of a production diaphragm showing the variation of Ag
(with zero deflection at the centre) as pressure is applied from opposite
sides of the diaphragm. If it was a linear relationship the curve would
be a horizontal straight line, but this can be seen not to be the case,
although the diaphragm has been pressurised well above its intended

working range. The systems which convert force into pressure using a
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diaphragm, e.g. (6.4.3b) and (6.4.4b) look more complicated because the
physical realisation is more complex. A constant loss sytem is used to
maintain the pressure balance against applied load, P, is a measured
value of pressure difference. The force is applied as usual as a point
load at the centre, which causes the diaphragm to close the exhaust port:
the supply pressure then raises the pressure difference and lifts off

the centre of the diaphragm, and a balance is then maintained as the
supply pressure fluid exhausts through the annular orifice. The simu-
lation of this by the model is the same as for the case of converting

into force but with the respective input quantities reversed.

The other important direct conversion to be considered is the out-
put as a function of the input. For this consider the simple case of
converting pressure into deflection, where the resulting force at the
centre is a function of the pressure and displacement:

(6.5.5) Pressure into deflection

force is a function of W or P

: o
il g
R S o e

W=PA/(Cy + Cg)

Diaphragms are often used in combination with springs in parallel
to shift the zero position of the diaphragm, to obtain the desired
linearity, to increase the pressure span, or decrease the force. Even
in pressure gauges the hairspring in the amplifying levers and spindles
sometimes adds an appreciable amount to the force constant. A dia-
phragm with a spring in parallel obviously does not have the same charac-

teristics as a diaphragm having thicker material.

The simulation is quite straightforward, but, unfortunately, does
not converge as rapidly as the method for finding A,. 1If a spring of
known spring constant is used to "back-off" a diaphragm, then the method

proceeds by performing the usual pressure—deflection calculation and
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obtaining a deflection. The value of deflection is multiplied by the
spring constant to give a force which is applied in opposition to the
pressure at the centre. The resulting deflection is then much smaller
than the first, but the procedure is repeated until the deflection is
steady to within a suitable tolerance. Figure 6.15 shows a snap action
type diaphragm backed by a coil spring: ' curve (a) is the plot of dis-
placement against pressure and curve (b) force in the spring against
pressure. The bottom plot shows high "over-shoot" obtained by this
method. The highly oscillatory nature of the problem can be reduced

by taking only 80% of the first deflection and then the problem converges
quicker: although it has not been attempted, a non-linear spring could

feasibly be used.

All the applications considered so far have dealt with the pressure
effective area, i.e. the ratio of (Cp/Cp). The volumetric effective
area (AV/W) is in most incidences easier to find, as the displaced volume
can be calculated from knowing all the individual deflections along the

diaphragm:

i=N 2(r; + T3-q) + Us + Us_
s = o) ([ o+ 0l ds( At O B
i=1 1 1 4

In the linear region A, is the same as A, but, owing to change in

shape, the two effective areas are different outside the linear range
and this distinction must be borne in mind when undertaking accurate

calculations involving effective areas.

The approach to diaphragm applications is somewhat more detailed
than that outlined in Chapter 1, which introduces the "through and

across" formulation approach, ref. (2 ), giving a diaphragm as simply:
3 ’ 1
F (ms + +55)- A || W

24 Ae

see Eqn. (1.1)

From this representation most of the applications detailed here
can be derived. The example of pressure into deflection (6.4.5) using

a spring applied to the centre was given as:

Py A
W e
F S

Therefore W(CF + CS) e Ae
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Now the first row of Eqn. (1.1) in the steady state equals:

Fie= CFW = AeP

and F-G = W = —AeP

The force F is developed by the displacement and spring constant equal

to CgW, but in the opposite direction to that defined in Figure 1l.4.

Then -CgW - CFW

-AgP

hence W(CS + CF) AeP

Therefore the two approaches are synonymous, the latter being a more

systematic approach useful for modelling larger systems.

6.6 Industrial design problems

Two actual design problems presented by K.D.G. Instruments, Ltd.
have been tackled, each of an entirely differing nature. The first
problem was the design of a flexible barrier diaphragm: this ended
after the computer study, the results of the investigation showing that

the problem could not be solved by the method chosen.

The second problem was the design of a nesting capsule. It was
solved by producing a computer design, and this, in tumn, created a
need for a new production technique which was used to solve the manu-

facturing difficulties that arose.

The design was subsequently incorporated in instruments and sold

as a stock item.

6.6.1 Design of a flexible barrier diaphragm

A need arose for a flexible barrier diaphragm to separate the cap-
sules of a differential pressure transmitter from a hostile medium, but,
in so doing, not reduce the pressure seen by the capsules. The proposed
scheme involved placing a barrier diaphragm across the inside of the
pressure chamber and filling the intervening space with liquid (Figure
6.16). The liquid was assumed incompressible, thereby transmitting the
pressure directly to the capsule stack. Ideally, the requirement would
be for a completely flexible diaphragm, i.e. with zero rate which would
transmit all the pressure across to the sensing capsules, but, in prac-
tice, a compromise will have to be reached. The other assumptions in the

problem were that the capsules were linear in operation and therefore had
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constant values of effective area, pressure constant and force constant.
The constraints on the problem were the material (E), its minimum thick-
ness and its active diameter. A requirement of the diaphragm was that

it also had less than 0.57 non-linearity.

The barrier diaphragm, when subjected to a pressure difference,
will deflect (Wq). As indicated previously, its volumetric effective
area (Ag) is found quite easily, so at any displacement Wq the volume
displaced by the diaphragm equals Wg.A;. This will be equal to the
volume displaced by the capsule stack, i.e. the effective area multi-

plied by the capsule displacement - W.A,. As the capsule effective

; : : (Wg.Aq)
area is known, then its displacement Wc = A . As the capsule
c

stack pressure constant is also known (CP), the pressure required to

cause that deflection can be found:

Pc iz CP.“IC TR T R R R R T R A N A R R L (6-?)

A hostile media
exXisting pressure cover._ ,’//L

—barrier diaphragm

Figure 6.16: A flexible barrier diaphragm

The pressure P  can be viewed in the same way as the spring in the
previous section (application 6.4.5). Normally, applying a pressure to
one side or the other of a diaphragm is actually the application of a
pressure difference, one side being zero. The solution follows the same

argument as for a spring, but, whereas a spring produces a force at the
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centre, the pressure found by Eqn. (6.7) is subtracted as it opposes
the pressure applied to the diaphragm and a new value of W; is found.
The problem is again oscillatory and, after a number of iterationms,
converges to a value where the applied pressure to the diaphragm is
balanced by the dual stiffnesses of the capsule stack and diaphragm it-
self. A number of design runs were made and the best reshlt which was
stable transmitted only 64.5% of the applied pressure across to the
capsule stacks; designs which were more sensitive suffered with the

stability problems and appear to "snap through' at certain pressures.

Hence, at maximum working pressure only 64.57% of the nominal 1lift
was theoretically available, and coupled with added problems of tempera-
ture coefficients, i.e. a zero shift due to the expansion of the liquid
when the temperature changed, the idea was not pursued further than the

computer study.

6.6.2 Design of a 100 1bf/in? (690 KPa) nesting capsule

The design of this capsule forms the main practical illustration of
the usefulness of mathematical modelling of instruments and, to help
with the understanding, a short description of the actual instrument

and its use is included first.

6.6.2.1 The differential pressure transmitter (manufactured

by K.D.G. Instruments, Ltd.). A schematic representation of the instru-

ment is shown in Figure 6.17. _
e i i 1

I

Figure 6.17 —

Pressure applied to one side of the instrument will cause the
capsule stack to deflect, in effect "close down", as the instrument is
liquid filled and the filling may for the first part of this explanation
be assumed incompressible: the displacement is transferred to another

capsule stack which is made to deflect in the opposite direction, "open
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up". The purpose of the instrument is to measure differential pressure:

a pressure P, (say) is applied to one side, and a pressure P2 to the
other, and the difference of the displacements measured by the two linear
variable differential transforms (L.V.D.T.'s) attached underneath each
capsule stack. This is then a direct measure of the differential pressure
AP = Pl = P2'
measurement, which are particularly relevant to the design of the cap-

There are a number of advantages for using this method of

sules:

(1) The main advantage is that the system can be used to measure
a differential pressure on a high static pressure, and should the
system malfunction and one side "see" all the static pressure,
which is probably many times the working pressure, then the cap-
sule in that side will collapse down, the top diaphragm sitting
exactly on the bottom diaphragm. The liquid will be forced into
the other side and extend the capsule stack a certain amount,
which will be a maximum when the other side has collapsed fully,
and any further application of pressure will cause it no more
movement. It is therefore said that the instrument is "over load

protected".

(2) Sources of secondary effects are to some extent eliminated.
Firstly, any liquid is not incompressible and with the application
of a high static pressure the liquid will compress. This will
cause the capsules to collapse slightly, but as the difference of
the outputs is measured, the error is compensated for zero shift.
This is termed a "zero shift with static'". The same compensation
effect is noted when a temperature is applied, causing the liquid
to expand. Movement of the centre of a capsule, when an overall
temperature rise is applied, is very much less than a diaphragm of
similar dimensions clamped at the outer edge: this is because the
movement is taken up at the outer edge by a horizontal displace—
ment of the capsule. Capsules under an overall temperature rise

have been modelled and the above phenomenon validated.

(3) With one capsule stack working in compression and the other
in extension all the time, the non-linearity of each can be matched.
Referring to Figure 6.13, the non-linearities are generally equal

and opposite, making this possible.

(4) Having a capsule with a stated working range, this range can

be doubled when used differentially, i.e. one will coﬁpress the
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working range and the other extend it, giving a possible differen—

tial pressure twice the two working ranges.

Mathematical modelling of the differential pressure transducer has
shown that the performance of the complete instrument (including static,
dynamic, temperature and vibration response) can be predicted in terms
of the sub-assemblies and their various interconnections. This work is
summarised in the IMEKO VII paper in Appendix V. Here, of course, we
are concerned with the detailed design of the capsule sub-assembly

(level B modelling of the paper).

6.6.2.2 Design specification and constraints: It was required

to extend the top limit of the range of available differential pressure
transmitters; the range went from O - 20" Wg (0 - 4.97 KPa) to

0 - 2800" Wg (0 - 696.2KPa), the extra range needed being O - 5600" Wg,
approximately 0 - 200 1b£/in2 (0 - 1380 KPa), i.e. to produce a

0 - 100 1bf/in? capsule where the previous maximum was O - 50 1bf/in2.
The design had to utilise existing parts, L.V.D.T. connections, etc.
and fit into existing equipment, i.e. pressure covers. This means that
the active diameter and centre boss sizes were fixed. The material had
to be compatible with the rest of the range, therefore Young's Modulus
was fixed, and there were two possible material thicknesses which were

available: 0.025 and 0.032 inches.

The design specification was then: to produce a capsule subject
to the above constraints which gave a nominal 0.05 inch deflection for
100 1bf/in?and was linear to within + 0.5%, as defined in section 6.2,
and to withstand an overload pressure of 6000 1bf/in? (41.4 MPa), i.e.
to dive down without plastically deforming (nesting). The nominal 1lift
of 0.05 inch could be between 0.04 and 0.06 inch. This is a very large
tolerance + 20%, but is a standard facility available in the electronics
of the inétrument to cope with the differing deflections obtained from
the other ranges and the difference in the deflection of compression
and extension. It is seen immediately that the sensitivity is not one
of the main criterxia in this design exercise, but the emphasis for accu-

racy is placed upon the linearity and the nesting.

6.6.2.3 Design approach: The previous top of the range was

examined to see if anything could be learned. The design used 0.025 inch
thick material and had three convolutions: a study of this particular

capsule in Chapter 4 has shown that the shape takes the theory of thin
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shells to the limit of acceptability, owing to the radius of curvature
to thickness criterion, therefore the number of convolutions which could
be incorporated, bearing this in mind, was only two. Studies with the
two material thicknesses indicated that 0.032 inch would be a better
choice because the stresses within the material were less, and with
0.025 inch material, these were beginning to come near the yield point.
Unfortunately, 0.032 inch thick material was later found to be not avail-
able, so the design had to be accomplished using 0.025 inch thick
Inconel. The number of possible unconstrained design variables was
therefore considerably reduced and this made the initial design stages
relatively simple. At the start of this work, there only existed a
non-linear diaphragm model and a linear capsule model: these were
thought sufficient at the time to do the work. A suitable design based
upon the linear model was produced in X, Y and R co—-ordinates: as there
were only two convolutionms, this gave only six stations along the dia-
phragm. The data in that form were read directly into a design program
based upon the non-linear diaphragm model. The pressure was then
applied from the top of the diaphragm in steps of 15 1bf/in?2(103.4 KPa)
from 10 - 145 1bf/in? (1000.1 KPa).The deflections and percentage non-
linearity were then printed out, based on the range 0 - 100 1bf/in2.
With the diaphragm displaced by a pressure of 145 1bf/in? (1.45

the working pressure), the new shape is then obtained by the appro-
priate adjustment of all the old x;, yi co-ordinates (i =1, ..... N,
where N = 240) by all the ith displacements (W;, U;) at 145 1bf/in2.

The new values of x;, y; were then fed into two subroutines which found
the average value of curvature of each peak and trough and the height
and radial distance of the peaks and troughs, i.e. the deformed shape,
was put back into X, Y,Rl co-ordinates. This new diaphragm was pres—
surised from the bottom row as it is the proposed bottom diaphragm of
the capsule. Over the range 0 — 100 1bf/in? (0 - 690 KPa), the deflec-
tion and non-linearity is printed out. The procedure is repeated for
pressurizing the basic diaphragm shape from the bottom, thus producing
the top diaphragm of the capsule. If the deflection is within the nominal
range and non-linearity is less than * 0.5%, the two sets of data for a
capsule are punched on cards and fed into the linear capsule model:

this procedure was adopted because a picture of the capsule can be pro-
duced on the ICL 1905E computer graph plotter, resident at The City

University. With a picture, the nesting qualities of the proposed
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capsule can be studied at any chosen magnification, especially when the
capsule is pressurized in compression, as well as the normal position.
The example given below is typical of the early attempts of designing

a capsule using this method:

Basic shape: X Y R
0.313 0.0 0
0.351 0.0 ~0.15
0.556 0.075 0.15
0.761 0.0 =15
0.966 0.075 0.15
2.171 0.0 -0.15
Bottom diaphragm: X s R
0.313 -0.0218 0.0
Maximum 0.3504 -0.0218 -0.1499
non-linearity 0.5571 0.0557 0.1521
-0.2837% 0.7574 -0.0128 -0.1493
0.9712 0.0705 0.1489
p 1oy 0.0 -0.165
Top diaphragm: X Y R
0.313 0.0218 0.0
Maximum 0.3504 0.0218 0.1526
non-linearity 0.5540 0.0942 0.1487
-0.3017% 0.7640 0.0130 -0.1519
0.9605 0.0794 0.1521
1.171 0.0 -0.135

When the two diaphragms were used in the capsule program, the re-
sulting deflection was 0.02912 inches (.7396 mm) for the stack, giving
a total deflection of 0.05824 inches (1.479 mm)for a two-stack device:
although this was a little large, it is still within the limit. Unfor-
tunately, the diaphragm had poor nesting qualities, as is seen in
Figure 6.18: the problem arises at the outer edge which is shown 50
times full size. The plain lines represent the undeflected capsule,
and the lines with small crosses, the deflected. The small crosses are
the individual finite difference points which produce the diapﬁragm pro—
file. It has only been possible to show an end section, but this is
where the trouble lies: the capsule not only touches, but appears to
pass through itself when used in the compression mode. Of course, it
is impossible for one diaphragm to pass through the other so, practi-
cally, what would happen is that the diaphragms would touch at some
point, thereby shortening the active radius and causing gross non-—

linearity in the pressure-deflection characteristic.
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It was hoped at this stage to be able to ratify this behaviour,
possibly by adjusting the peaks of the last corrugation to prevent the
pressurised capsule from touching before the end of the working range:
this had the effect of slightly reducing the deflection down to 0.02896
inch (.7356 mm) and producing the result shown in Figure 6.19. The gap
between the two diaphragms when in compression is shaded in to give a
clearer picture of the situation. The section shown is the last corru-
gation and, although they do not touch, the two diaphragms become very
close together at a point nowhere near the outer edge. This would
theoretically work as a capsule, but the nesting qualities would be very
poor indeed and a large overload pressure would plastically deform the
capsule if the trapped liquid compressed or seeped across into the other
limb; therefore this was not a good solution. A number of things were
tried to eliminate the bad nesting problems associated with this method,

but the problems still persisted.

6.6.2.4 Non-linear capsule design model: The answer to the

bad nesting problem was a fundamental one: diaphragm behaviour cannot
be directly related to capsules, and what was not allowed for was the

common horizontal displacements and rotations at the outer edge. Once
a non-linear capsule model was developed (described in Chapter 3), the
design of a perfectly nesting capsule was a relatively straightforward

procedure.

The basic shape was fed into the program in the form of s X, Rl
co-ordinates. The Y and Rl co-ordinates were then adjusted to form two
diaphragms which fitted exactly on top of each other, i.e. the two
neutral axes were separated by two half thicknesses. An internal pres-
sure was applied to this capsule, which caused it to open up: when
the pressure was 145 lbf/in2 the same process as had previously been
employed was used to form the actual design capsule - in essence, the
displaced capsule shape was "frozen" in that position and used for the
working design. The method of deriving the new data was somewhat
improved by a short cut, which made the method more accurate. Having
obtained x;, y§ (i =1, ..... N) co-ordinates for the top and bottom
diaphragms, instead of converting them to X, Y,Rl co-ordinates to go
through subroutine GEOM to produce rj, rlj, ¢;, 4 e SRt e x;
became r; directly, rlj was found from subroutine RADI which simply took
three points (x; 3, y;-1)» (%5, ¥3)» (%5415 Yj41) and fitted a circle

through them of radius rl; with the appropriate sign of Gaussian curvature,

el
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and finally ¢; was found from the normal to the slope at each point'

(i, yi)» again with the appropriate sign convention.

The design capsule may then be tested in both directions, compres-
sion and extension for sensitivity, non-linearity and stress levels.
If all three criteria were satisfied, then the 240 values of x; and y;
for each diaphragm were punched on cards by the C.D.C. 7600 computer
and read into another program for the ICL 1905E computer, which pro-
duced a picture of the capsule profile including the thickness.
Figure 6.20 shows the first design which was the first attempt to pro-
duce an actual capsule: this was, in theory, a perfectly nesting cap-—
sule which would collapse at any overload pressure of 145 1bf/in? and
had a working range of O - 100 1bf/in? (0 - 690 KPa) with a maximum

non-linearity of less than 0.5% in either direction.

6.6.2.5 Manufacture: To produce diaphragms and hence

capsules, an oversize blank of the material is placed against a die
which is a cylindrical, hardened steel tool with the corrugation pattern
machined on one end. The blank is then forced to take the corrugation
pattern by a rubber part under hydraulic pressure. The die forms the
top face of each diaphragm. This does not eliminate the effect of
springback in the material, but gives the springback in the same direc-
tion for each diaphragm. The effect of springback was neglected in this
particular design, partly because of the reason just mentioned and also
because there is less springback with thicker material; this may be

seen from the bending equation (6.8), ref. (42):

3
RS RS
4('];:-,-&-) = EE e e I N R Gy . (6.8)

R
r

where R = radius around which material is formed,

r = radius material sprung back to
t = thickness

E' = E/(1 - v2)
S = stress level.

For the thinner material used for capsules in the range 0.003 inches
(.0762mm), the springback from the tool was 0.010 inches (254 mm) in
some places, but tests with fully annealed 0.025 inch (.625 mm) Inconel

showed springback to be minimal.

The program printed out X., ¥y, and rl, co-ordinates for all the

points along both generators; from this, data figures were obtained
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so that a set of form tools could be made. The required data for
initially producing a form tool were much the same format as the data
required by GEOM, because these were taken by a toolmaker who attempted
to produce the shape using an ordinary centre lathe. The first cap-
sule made was tested and had the correct semsitivity up to 30 1bf/in?
and then it became very non-linear in a way which would suggest that

the capsule was nesting prematurely. Sectioning the capsule did indeed
show that this was the case: also, moulds taken of the tools, sectioned
along a diaphragm and examined in a shadow graph, showed that the pro-
file was substantially different from that required. Fortunately,
springback between the tool and the diaphragm was seen to be insigni-
ficant. At this stage two major problems were apparent, one dependent
upon the other: (1) was the theoretical design, which gave a perfectly
nesting capsule, a practical solution?; and (2) if so, how could it be
made accurately? The overall gap between the two diaphragms was small,
even at the greatest point: the gap was only 0.0036 inches (.09144 mm)
which gradually went to zero at the outer edge, and the clearance between
the two down at the last convolution was extremely small. This can be
seen on Figure 6.20, which is the complete capsule ten times full size.
To overcome the clearance problem, it was decided to re-design the cap-
sule by having increased clearance on the outer convolution (Figure 6.21),
but it was decided that this was still not enough, so with keeping this
modification the whole capsule was opened up by 200 1bf/in? to increase
the overall clearance. The second problem in producing the tools was
solved by using the x;, y; co-ordinates at the 240 points along the

generator and making the tool on a numerically controlled lathe.

The principle of the routine to increase the clearance of the last

corrugation is shown in Figure 6.22.

The routine stepped along the capsule measuring the gap between
the two diaphragms: when this was less than a set amount the distance
to the end was calculated and the gap reduced very slightly until the
last few points when it is accelerated into zero. Figure 6.23 shows
the complete re-designed capsule, ten times full size, with and without
the pressure applied in the compressive mode: the effect of the in-

creased clearance may easily be seen.

To produce the data for a numerically controlled lathe, the top
surface for each diaphragm had to be programmed, being the surface that

was formed in both cases, and allowance for the tool top radius had also
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Figure 6.22: Increased clearance

to be incorporated. In most applications involving numerical control
work this is a simple allowance calculated by the operator, or even
neglected, depending on the size of tool tip and the work piece in
question. But as an accurate reproduction of surface was required,
therefore this allowance had to be made. Basically the problem is
that it is convenient for the machine to assume that the cutting tool
is a sharp point, but this is not practical as it would wear off
extremely quickly, so the actual tool bit is a small radius and the
cutting face a tangent at some point on the circle. For the two dia-
phragm die tools produced, a 0.020 inch (0.508 mm) radius was used.
Figure 6.24 shows the allowance required when cutting a taper on the end

of a bar.

To machine the shape indicated by Figures 6.22 and 6.23, assuming
there are N, X, Y co-ordinates, requires the machining of N-1 small
tapers in a continuous manner. No operator could be expected to make
that number of allowances, so a final computer program was written to
perform the conversion upon the X, Y co-ordinates for the numerically
controlled lathe data. When the two form tools were produced, the pro-
file was magnified twenty-five times and compared with the required form,

and no noticeable difference could be detected at that magnification.
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Diaphragms made on these tools showed very little spring-off: a maximum
of 0.002 inches (0.0508 mm) at the bottom of troughs. A two-stack cap-
sule was made from the diaphragms and tested in compression up to 100 1bf/in?
(690 KPa). The result of both experimental sensitivity and non-linearity
is shown in Figure 6.25, and the sensitivity is compared with the pre-
dicted value. The discrepancy in the sensitivity is about 2.6%, an en-
couraging result, but the non-linearity was not so good: the maximum
deviation is over 0.8%7, wﬁereas the predicted deviation was -0.3137. The
change in sign was to be expected from the results presented in Chapter 4,
but not the large absolute value. The capsule had been assembled and
tested without the usual manufacturing procedures involved in making
capsules of this material and thickness, namely, a re-heat treatment

of the weld and a cycling process to stabilise the sensor.

Three more capsule stacks were produced which were re-heated and
cycled, two of which were within limits and one which was obviously
closing down too soon in compression, which was later shown to be mis-—

alignment in the welding process. The results are shown in Table 6.1.

Sensors (1) and (3) were used to make an actual instrument, as both
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Deflection Non- Deflection Non-—
extension | linearity | compression | linearity
Pressure inches deviation inches deviation
(1b£/in?); x 1073 7 x 1073 %
Capsule 0 - - - =
stack 20 12 0.134 11.95 0.2714
(1) 40 23.85 0.0167 23.75 0.288
60 35575 -0.0167 35 65 0.475
80 47.6 -0.134 47 .4 0.407
100 59.6 - 58.95 =
Capsule 0 - - - -
., stack 20 11.85 -0.0 1175 1.579
(2) 40 23.55 -0.253 23.45 3.067
60 35.5 -0.0844 34.7 3.728
80 4753 -0.164 45.1 2.828
100 59.25 = 54.45 -
Capsule 0 < = & =
stack 20 1158 0.017 11.8 -0.017
(3) 40 23.6 0.034 23.7 0.1354
60 35.4 0.0509 35.5 0.11854
80 47.2 0.0678 47.25 -0.017
100 58.95 = 59.05 -

Table 6.1: 100 1bf/in? capsule results

the sensitivity and non-linearity were within limits. No trend can be
seen from the actual figures for non-linearity as even the sign appears
to be inconsistent. A differential pressure transmitter of the type
4000 series was made, and the additional tests for temperature coef-
ficients, reverse overload and zero shift with high static pressure

were made. These all gave satisfactory results and it was therefore
decided to put this range of sensor into production as part of the stan-

dard range of differential pressure transmitters.

6.7 Conclusions

For use in design methodologies a simple but flexible description
of a general diaphragm profile is proposed, based on the circle-straight

line geometric construction detailed in Chapter 3.

With the aid of the Bode parameter, the sensitivity (centre deflec-—
tion for a given pressure) of a particular geometric variable can readily
be assessed in terms of magnitude and direction. Design procedures can

be easily implemented using the linear model and the Bode parameter

AT e



basically because the model has a fast computer run time. Unfortunately,
being able to predict only the sensitivity is of little practical use,
and design using the non-linear model is more difficult. There is
generally a direct "trade off" situation between sensitivity (which is

to be maximised) and non-linearity (which is minimised). A design
methodology is proposed using a standard multivariable optimisation
routine and is shown to work well for flat circular plate design, but
the computer time involved becomes prohibitive when considering design

of diaphragms.

The applications of diaphragms other than the usual pressure def~
lection model are discussed in relation to their input/output charac-
teristics. Section 6.5 illustrates how some of these applications are
implemented practically and how the model can be adapted to handle the

physical requirements.

The design of a corrugated capsule to perform to a specified
pressure-deflection characteristic and non-linearity is described in
some detail, including the manufacture of form tools. Thus, this was
achieved under the broad heading of a computer—aided design technique
and, although in itself it has been successful, it must be compared
"eost-wise" with the older established method of empirical design,
based to a large extent on trial and error techniques. The costs
have been compiled by the manufacturers of the capsules (K.D.G. Instru-
ments, Ltd.) and are based on 1976 figures. These give added justifi-
cation on a cost effective basis for using a computer-aided design
methodology. Below are listed the approximate costs and time required
to produce a new nesting capsule for (a) the empirical method and (b)

the computer-aided design method:

(a) ' (b)
1 man-year effort £ 10,000 3 months' design effort £ 2,490
Tooling and testing 3,000 Computing cost 300
Total: £ 13.000 TOOling (using N.C.
—_— lathe) 100
Time: one year, approximately Testing, 1 man-week effort 200
Fatsls " - £ 3,090

Time: 13 weeks, approximately
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7.0 Conclusions

The reasons for undertaking the work presented in this thesis arose
mainly from the practical difficulties encountered in designing elastic
deformation elements for instrumentation, in particular corrugated dia-
phragms and capsules, which geometrically are complex, axi-symmetric
structures. The demand for high accuracy, accompanied by increased
complexity in modern instruments, has meant that design has been largely
an expensive and time-consuming process. The author has been able to
achieve success in both modelling and design by applying the equations
of thin elastic shell theory to the problem, and solving them on a fast
digital computer. The important development is the non-linear model:
this is adequately illustrated by the industrial design example where
the deviation from linearity needed to be much more tightly controlled
than the sensitivity. Previous.models by Schricker, ref. (13), and
Wildhack et al, ref. (11), only gave the linear prediction which has

been shown to be of very limited use (Chapter 2).

The models developed, in the form of computer program packages,
are extremely flexible in both the profile shapes which can be analysed
and types of loading which can be applied (Chapter 3). The extensive
validation against experiment shows that the models are accurate
(Chapter 4), better than 5 per cent for sensitivity if the assumptions
of the thin shell theory are adhered to; the accuracy is then as good
as the estimation of the material properties and the interpretation of
the geometry. Predictions of the linearity error are entirely adequate,

again if the assumptions are adhered to.

With regard to the type and efficiency of the numerical procedures
adopted, the finite difference method is far superior to the direct inte-
gration method, when program run times are compared. The finite difference
method represents a 500:1 saving in time, and even considering the finite
element method, which appears to supersede the finite difference method
for structural problems, is about fifty times slower. For both alter-
native techniques mentioned, it has been shown tﬁat they are particularly

unsuitable for the thin shell problems considered in this thesis.

From the dynamics (Chapter 5) the author has been able to substantiate
the work previously done by Alalasundaram, ref. (35), and Franklin, ref.
(36), by removing the anomalies which arose with their results. This was
achieved by extending the basic Rayleigh principle (which assumes the

static deflection shape is approximately the dynamic curve) and working
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with the actual dynamic shape. This technique gives the value of the
first fundamental frequency more precisely and the work was then further
extended to apply to Capsule Stacks. The accuracy of the predictions
depends upon the accuracy of the static model, but the results are ade-

quate for particular purposes, i.e. better than 10 per cent.

Looking at design aspects (Chapter 6), all the work except the
linear prediction is shown to be a man-machine inter—action, a situation
which could only be changed if virtually unlimited computer time and
storage were available. Fortunately this inter—action has been demon-
strated as a practical proposition, with the design of a 100 1bf/in?
(690 KPa) nesting capsule whose subsequent manufacture demanded a con-
temporary technology (the use of a Numerically Controlled lathe), and

was proved after installation in an instrument to be adequate.

Therefore the successful design of the nesting capsule (section 6.6)
may be used to illustrate the potential saving, by comparing the previous
empirical method of design with the computer-aided design (CAD) method

referred to in Chapter 6 (section 6.7).

It can be seen that CAD cost is less than a quarter,and the time
for development also about a quarter, of that required with the empirical
method. In addition, the CAD method is capable of producing a perfectly

nesting capsule, whereas the empirical method never did.

7.1 Recommendations for future work

The most obvious requirement for future work, which must be realisti-
cally tackled, is that of spring-back; this is the unknown amount that
the diaphragm will spring away from the forming tool when it is realised
from the die (see Chapter 6, section 6.2.5). Theoretically, spring-back
in the forming process is a very complicated phenomenon, consisting of
three-dimensional bending and stretching, which would involve a major
study in the whole mechanics of elasto-plastic metal forming. It is
therefore proposed that spring-back may be assessed experimentally, as

data is readily available.

It has been stated in the text that finite elements, using the
simple one-dimensional "bar-type" element, are not suited to these thin
shell problems, but an area where it is seen that they could be usefully
applied is in extending the work to include thick shells. These would
utilise the two-dimensional curved elements to describe axi-symmetric
shells, ref. (24).
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Taking a much wider view, software packages or a suite of programs
could be developed to cope with design problems which arise generally
within the instrument industry. These would be the physical models
which exploit the basic principles of physics, like shell theory, and
the functional models (see IMEKO paper, appendix V) which rely on prior
knowledge of their sub-assembly performance. The two types of model could

be assembled to give a complete CAD approach to complex instrument design.
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APPENDIX T
The following analysis shows the mathematical derivation of

Reissner's linear shell equations formed from the basic

equations given in the text.

TO SHOW
B" + (xD/a)' B' - [[x')? - v(rD/a)'] B+ Z'W = x' (xV)
(xD/a) r (xD/ o) (xrD/a) (rD/a)
given aQ = ~Z2'H + x'V (3.18)
{rME) 1 - r'l-!l8 - raQ =0 (3.21)
ME = D(lcIE + er) (3.12¢) Bg = _g_‘ (3.23)
MB = D(KB + vicg) (3.124) Ko = %' % (3.24)
From (3,18) (3.21)
(rME)' - r'Ms # 2= r¥av)
Substituting
{rmg) ' =ty et ok vg!' - Z'lf.' = V%) (A1)
o a
r'M_ + M' r - |Dr |2 g + v xt B + Z2'P = x' (xV) (a2)
E 3 = e e
r r

Now taking the first two terms:

r'p [ g+ v B +r{D B' +vr' B (A3)
(e7 r o o . G

re-arranging terms for the entire equation.
el D g+ vet BH% 4 DY | B H VEL B
o r a o Y c
# |Dx| | x'B* + |x'[*VB
a r : 5

= [I_)_] [[{_‘_]’ B+ vr'B' ] + 2 = r'(xV) (A4)

>
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considering the first term:-

r D [aB" - B'a' + v(xaf({x'B)' - r'B{ra)’}]
a? (ra)?

xD [g;;— B'a' + v (r'B)' - vr'B {m)']

o o? ro (ra)?

xD [ﬁ— Bral # » (2B + (£7)°B) - ve'p (r'a + a'r)]

o ol ro (ra)?
xD B" - xD B'a'+rD v (z'B') + xrDv(r')B - vBrD ( (x')*a + a'xr')
o o? o T ar (ra)?

Now consider the whole equation and collect the terms according
to the values of B", B' and B.

g":~ xD
o

B':~ —=xD @' + ¥xD v x' + xD' + xD r' - Drv r'
ol o B o o x g .

B :- xDv (r')' + xD' v x' + PE[&]"’ - _Ig_:r.;[r’ 2 - U[Dr] [r']= -

oar a X alpLx a|\r (¢ 3 : o

There is some cancelling of terms to give:-

B' [rD' + r'D - rDa' ] = B' [rD]'

o o o? o
dividing by xD = ' (xD/a)°’
o (xD/a)

and

o o a?

B [-_D_r [ﬁ]’ +v [ (x')'D + r'D! -—Dr'u'} ]

- 8 -E,Js.i"*v'!.'_fi]’ (85)
o " Lu.
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dividing by Dr gives :-
o

B gLt = B(einfa) -
r (xrD/a)

and the final terms zZ'y 5 < o ) Therefore
(Dxr/a) (Dxr/a)

(xrD/0) T (xrD/a) (xd/a) (xD/a)

B" + (xD/a)' B' - l:[r']’ - v(rD/a)'] B+ 2Z'U =x'(xV) (B6)
r

TO SHOW

—

P" + (x/Ca)'y' - [:[r‘]’ ks v(r'/Ca)'J‘w - Z'. B = vgl_(rv)'

(x/Ca) ¥ (x/Ca) (r/Ca) r
- [(_r/ﬂ)' " v_r_:_](rapﬂ} + [Z'r' + v(z'/ca) } (xv) = (ap)' (A7
(x/Ca) x z* (x/Ca)
given
¥ + xp, = Ny (3.19) "R . ¥ Z V) = NE (3.17)
a R A -
(reg )’ = X'egy = z'g
Cegm = N5 -V Ne . CeEm = NB -V N€ (3.13)
from (3.22)
reto + x (eem - Egm) - 2'B=0 (AB)
zs'9m+_r_c'_ [Ne'“Ng“Ng+”N9] -2'8=0 (r9)
Substituting re'em from (3.13) above.
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TR o ] ]

Consider the terms containing functions of ¢ first:-—

T ]

Il

Xpoyt -~ Pt (ca' 4+ Clo)
Ca (Ca)?

....J.:_ ﬂ:" Ly ‘b'i ! .qulg
Ca o £

I

Second term

v | '} |' = Ca (r'P)' - r'y (xCa)’ v
rCa (xCa )l (xCa)?
rv (x'P' + ") - r'Y rCa' + rC'a + r'Ca
rCo (xCa)?
IR L s T e S L <l LI S A T (Al11)
Col Ca Ca? e e X Car

Then collecting terms

iy sl lebatit w ) =L gt « €' = Vi | B0 s
Co ca r a C r

il 5"_‘+vr_"—v£'_g_'_+vﬁr_'_£ Y - 2 B = Loading terms
Co, T x r| o e r/Ca (312)

Loading terms on left hand side of equation.

' | (rpy) + @p v =8 (%) = 89 (xv) | +
c ra ro

() )
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Second term

r[ctrpn)' - {rp.)C' =V {(Z'{rv))' (Caxr) - Z'(xV) (Cox)' }:’
= Cz g S 3

(Car)?

= r [a(rpﬂ)' - (rapy) €' | - xv[ (@ V) - 2 xV) (Cor)®
Cao i Car (Car)?

Expanding the last part and regrouping

=] ¥ 19 Z_“(rV) = Z et + x5 ZY (rV) C'ar + Ca'r + Car' ]
Ca r r Co Car?

then

[~ r]v[Z_"_{rV) + 2' (xV) '] + [i]v[g(rv)gl + 2' (xV)a' +Z(xV)x! J

_EB.- X o Ca r C r e

Collecting terms of (rV)
Sif-zeati-l ey Bty < I ojvad Tl S 2L CUNE O 48 L
Co z Ca i Coj 't Co ¥ C r o r?

The second and last terms in the above cancel.

Loading terms on the right hand side of equation.

x Z'r'" + v B = ZIC! = Z'a! (xv)
Ca : o r rC ro

= | x z2'x' + v (2'/Ca)’ (xv) + v 2' (xV)' | X (a14)
Ca ¥ (x/Ca) b Co

Consider now (rpH] terms

. [ (rpH) 4 (rpH)v:l - _(_.:'% [a(rpﬂ}' - (rapH) % ]

=-x [z* (rap,) - x' (rap)v 1+ x [: (rap,) g_‘_] -X [&(IPH) -]

(o0 X J Co C Ca
= (-x] (rap,) | x'v + x' - e 1~ |x a(rp,)* (a15)
Ca X r S Ca
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=[—r] rop, [r'u+r'—C' ]+a{rp)'
= B| — @ = = H
Ca r r C

[- ] {(rapH)l:r v+ ¥ g] - g_'_(rapﬂ) + (urpH)'}
Co r s L3 a

Multiply by -1 and collect terms

= A - J(x/Ca)' + vr' (rapH) - (rapy)’ (A16)
Ca (r/Ca) r

dividing by (r/Ca) collecting and re-grouping terms in Al2

" + (x/Co) 'Y’ - ' 2 4+ vix'/Ca)' | ¥ - Z B = loading
(x/Ca) Tx/Ca) (r/Ca)

divide by (x/Ca) in (A14) and (A16) gives finally.

P+ (x/Co)'y’ - [ﬁ’ +v(x'/ca)' | v - _Z_ B =vZ(xV)'
(x/Ca) E (x/Ca) (x/Ca) r

- (x/Ca)' + vx' (rupﬂ) + | 2'x' + v(Z2'/Ca)' (xV)
(x/Ca) r ¥ (x/Ca)

- (rapH) (a17)
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APPENDIX II : B, ¥ solution algorithm

To find Bi’ ¢i (52 =t M0 (N-1)) form:

b + DB, B, £ dida =
a131+1 b161 clﬁl— !

! + h. + 3j.B, =
ey * ¥ tho¥ ;v 16

knowns are B8,, ¢1, BN’ $N.

The first equation is then
I =
a,8, + b8, + c,B, + dy¥y £
e U3 + Bp¥, * oYy + 3,8, = kK

B, = i.' = ‘1231) (32) .

&
s Gt )

Substituting one into the other:

TR R R N R N

dz)
w CIE B B B R I B B
b, 2

32)
gz 82 - . "W

B,

(3) () v+ (B

() G )1

<=
i

therefore, in the form By

¥,

(ac) + (HB)

2 (MD +<‘52><f2 =) G-

(BC), + (BB),B, + (BH), ¥,

+ (), ¥,

(o)) (5)

R i)

A5 -a,/b,
(BB)Z "~ demon
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Let demon =

- = dZEZ
(BH)Z @ bzg%//éemon

1l
=
I
TR
: N

(A2.1)

(A2.2)

(A2.3)

(A2.4)

(A2.5)

(A2.6)

(A2.7)

(A2.8)

(A2.9)



These above six constants then initiate the routine.

Consider the ith equation:

(BC) ¢ (EB), 8, + (M), le : (___)
e
St (Hﬁ)i—l"’i] . ( g

(HC), , + (HB), _

g i i
b B
hl ki hl I3 hl
v Q*g’;‘*‘ﬂ%—l T IR e e

Simplifying the notation to:

fite 8.0 O 382 41

VE = F -G8, - Hiy .,

and getting the equations in the form of (A2.9),

then
(2-a]
AR -D
Bs Q"CG) (1___> Q" )
and
) R BG CD
\E _EAJ EA

<
|

o8- (1_cc)
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Therefore we have (BC). (BH). (BB). (HC). (HB). and (HH). for every
I i i i i i i
i~ point

1 ) Ganes Bel)s

Therefore B, and y; may be found by an iterative backward substitution
in:
g. = (BC). + (BB). B. + (BH). ¥.
’ )3 ( )J Bii1 ( )_1 V341
. = (HC), + (HB), B, . + (HH). V¥,
‘JJJ 4 ( )J Bie1 ( )_1 Y41

as wN and BN are known and start the routine.
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APPENDIX III
Dynamic Analysis of Capsules using Rayleighs Method
Consider a capsule and a single diaphragm undergoing a static

deflection

——— - ——

2w

Hp———————

We know that the deflection curve for a circular flat plate clamped at
the outer edge deflecting under a uniform pressure takes the form:-
v - 212
LA (1 [;r;_])
T

For a corrugated diaphragm the deflection curve is approximately:-

v =W, (1-{5%‘)& where o is an unknown index.

Ly

r

For the bottom part of the capsule curve this becomes w = WT(I-(1—[r]=)a
v

Af ¢(r) =1 - (1-—L£J’)a then w = W, ¢$(x) for x = 0+rT
K,
T

W= W& (2 - ¢(x) ) for x = Yo ¥ 0 (the top part)

For this analysis material density is represented by p and material

thickness by h.
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The KE for each elemental ring is:- %(ph 27r 8r)w

Tp 2 £p 2
*. total KE = ph j 21y &T $? (r)dr + ph {21&‘1’,1, (2-¢ (r))?*dr (a3.1)

2 2
0 0
P T
= ph'm;r,f, [ TJ r$® (x) dr + TJ (4 - 4¢(x) + ¢ (r))rdr:l
0 0
r r 7
= pnhﬁri [2 TJ r$* (r)dr - 4 :: ro(r)dr + 4 & rdr]
0 0 0
x ¥
A 2ﬂphﬁ; [ ri + Tl re(x) ar -2 7| xélx) ar ]
0 0

a a
from standard form of Jxm(an - xn)de = xmanP(l -[-x_]n) F dx
0 0 a

, aBHIP i1y /n P(pel)
nl [(m+1)/n +p+ 1]

now put m=1 p=a n=2

a
a2 x( - ()% e =a’t?® I (a+1)
0 a 2I' (2+a)
- a2 9% (ur1)

2(1+a) T (a+l)

= :

& i y 1/
.. 2mphw [ xn r(l-(l-[g;]‘)“}’ ar - 2 r(lw(L—LEJ')aJdr ] (1)
0 Tp 0 T

T T % 3
Now r(l-(l-[_r__]’)a)’ dr = rdr - 2 r(l—[_:g_]’) dr

0 T 0 0 Tp

tal
¥ r (1-—[__1_:_]’)2adr
0 rT

rIII rTf .
and r(l—(i-[__r_]‘)a)dr = xdy - r(l—-[i]’)u'dr

0 Tp 0J 0 T

rT 2+2a 2
o r r
Then 6 T T R S P S B )
r 20 2(1+a) 2(1+a)
0 1y T,
3
¥
T 2+4n 2
r(1-(x’ ’)2adr ¥ 1 3 rT - rT

0 o 4o 2 (1+2a) 2(1+2a)
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*. referring to (A3.1) the total K.E. =

2 2 2 2
211ph'.77|§ r,i + Fp o + Tp - 4 Py
2 2(14+a) 2(1+2a) 2 2(1+a)

= vphﬁ;ri b 43 = wphﬁiri 2(1+a)
(1+2c) (1+2a)
Now K.E. also = 3M_ (2w )? where M = Equivalent Mass
eq T eq

.". Equating the two values

M = ﬂphr; 1+a
eqd 1+2a

Now actual mass (m) not including any addition masses attached

at the centre

2
m = 2erph

=
]

o S 1+20)
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Calculation of total P.E. of a capsule and hence equivalent stiffness

W r W X
T
R AT 2rrdr | p | dw, =~ + % 2wrdr|p]dw2
0 0 0 0
where
Wy WT¢(r} P = CPwT (for a single diaphragm)
W, = WT (2 - ¢(x))
W r W : 5
' g T T
= — rc _
v 2ny dr cpr ¢(r)dwT + 2nrd pWT (2 ¢(r))dwT
0 0 0 0
r r
V. = —nwz C % rdrd (x) + an C £ r(2-¢(r))dr
* P T Ep
0 0
r i -
v o= m ¢ T| 2rar - 2 TS ré (r)dr
T p
0 0 2
¥ r,
v = 7w CP + 2rdr - 2 % r(1~{1-L£:’)u]dr
0 0 )
¥ 2
v = ﬂW2 4 2 x r(i-| r ‘)u dr & nwz c rT
R T ¥ R They
0 i
> e r2
P.E.= 3K (2w ) = W T
x T
1+a
mc r2
for flat plates a = 2, Keq = P T
6

To find the relationship between the natural frequencies of a capsule
and a single disc.

If we denote the stiffness of a capsule by Keqlc and a diaphragm by Keqld

2
ne. x
then Keq!c = 26 T then it is reasonable to assume Keq a's 21<eq|c
also from previous investigations we know Meqld = m
5
2
s wE E-5
P mnl = pT = K 5
d 3m 3
2
%xC r-10 =
and W I = pT = K 5 = K b
c 6m3 9 3
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APPENDIX IV: Constrained Rosenbrock Algorithm, ref. (41)

Purpose

The program finds the maximum or minimum of a multivariable non-

linear function subject to non-linear inequality constraints:
optimize F(X,, X, ..... X))
subject to Gg £ Xg < Hg, K =1, e s ats il

The implicit variables Xy,;, ..... Xy are dependent functions of the
explicit independent variables X,, X,, «.... Xy. The upper and lower
constraints Hy and Gy are either constraints or functions of the

independent variables.

Me thod

This method is a sequential search technique which has proven
effective in solving some problems where the variables are constrained.
The algorithm proceeds per the unconstrained Rosenbrock procedure, ref.
(41), until convergence is reached or a boundary zone in the vicinity of

the constraints is entered. The boundary zones are defined as follows:
Lower Zome: Gg < Xg < (Gg + (Hg = Gg).107%)
Upper Zome: Hy > X > (Hp - (Hg - Gg) -107%)
K=1, 2, seeee M

The procedure requires a starting point that satisfies the con-
straints and does not lie in the boundary zones. The search computations
are then the same as those for the unconstrained case, except that after

each function evaluation, the following steps are carried out:

(1) Define by F° the current best objective function value for a
point where the constraints are satisfied, and F* the current best
objective function value for a point where the constraints are satisfied
and, in addition, the boundary zones are not violated. F° and F* are
initially set equal to the objective function value at the starting

point.

(2) 1If the current point objective function evaluation, F, is
worse than FO, or if the constraints are violated, the trial is a failure

and the unconstrained procedure is continued.
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(3) 1f the current point lies within a boundary zome, the objec—

tive function is modified as follows:
F(new) = F(old) —(?(old) - F%) (32 - 42 + 213),

distance into boundary zone
width of boundary zone

% (B - Gg) 10~ - X
& & - % S (lower zone)

(H, GK).10““
% - Qg = O = 69197

= (upper zone)
(Hy - Gg).107"

where A

At the inner edge of the boundary zone, A = 0, i.e. the function is
unaltered (F(new) = F(old)). At the constraint, X = 1, and thus

F(new) = F*, Thus the function value is replaced by the best current
function value in the feasible region and not in a boundary zone.

For a function which improves as the constraint is approached, the modi-

fied function has an optimum in the boundary zone.

(4) If an improvement in the objective function has been obtained
without violating the boundary zones or constraints, F* is set equal to

F° and the procedure continued.

(5) The search procedure is terminated when the convergence cri-

terion is satisfied.
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APPENDIX V:

PRACTICAL MEASUREMENT FOR IMPROVING EFFICIENCY

IMEKO VII CONGRESS, 1976

(Organised by the Institute of Measurement and
Control, London, on behalf of the

International Measurement Confederation)
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'Mathematical modelling for the evaluation and design of
instruments' by Dr. F. Abdullah, A. ]. Turley, Prof. L. Finkelstein,
presented at VII IMEKO World Congress, London, 10-14 May,
1976, and published in Proceedings.

This paper (pp. 294-303) has been removed for copyright reasons.
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