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Toroidal Fermi-surface geometry and phonon-limited transport in nodal-line
semimetals

Aman Anand1, ∗ and Alessandro De Martino1, †

1Department of Mathematics, City St George’s, University of London, London EC1V 0HB, United Kingdom

Nodal-line semimetals (NLSs) can display unconventional quasiparticle dynamics and charge
transport properties due to their extended band degeneracy and the peculiar geometry of their Fermi
surface. We consider electron–acoustic phonon scattering as the dominant relaxation mechanism
and compute the quasiparticle decay rate and dc conductivity by solving the linearized semiclassical
Boltzmann equation in a minimal model of a doped circular NLS. We find that the toroidal geometry
of the Fermi surface gives rise to two parametrically distinct Bloch–Grüneisen temperatures, associ-
ated with momentum transfers along the poloidal and toroidal directions, respectively. As a result,
an intermediate temperature window opens between these two scales, in which the decay rate follows
Γ ∝ T 2, while the conductivity follows σ ∝ T−2. We also obtain the low- and high-temperature
asymptotic behaviors, and discuss implications for ARPES and transport measurements in candidate
NLS materials.

I. INTRODUCTION

Topological semimetals have emerged in recent years
as a new platform for studying materials with symmetry-
and topology-protected band crossings and the unconven-
tional transport properties that can result [1–5]. Among
them, nodal-line semimetals (NLSs) [6–10], in which va-
lence and conduction bands touch along one-dimensional
manifolds in momentum space, provide a particularly rich
setting. Prototypical NLSs such as ZrSiS [11–13] host
Dirac-like nodal lines and exhibit unusual phenomena,
including large magnetoresistance [14–17], high carrier
mobilities [17, 18], pronounced Zeeman splitting [19], and
enhanced quasiparticle masses near the nodal lines [20],
revealed by quantum oscillation experiments. Transport
in these systems has been explored in various regimes,
showing unique signatures both in the quantum diffusive
regime and in the presence of magnetic fields [21–31].

Impurity-limited transport has been analyzed in
Ref. [22], where the conductivity was studied as a func-
tion of temperature, chemical potential, and impurity
concentration. They noted that impurity potentials are
strongly screened at elevated chemical potential. Experi-
mentally, exceptionally clean samples of NLSs have been
realized, like ZrSiS crystals displaying a large residual
resistivity ratio, ρ(300K)/ρ(2K) = 288 [16]. These ob-
servations suggest the existence of a parameter window
in temperature and chemical potential in which charge
transport may be limited by inelastic scattering rather
than disorder.

In this regime, electron–phonon interactions [32–35]
are expected to play a central role. In Ref. [32], these
interactions were investigated with particular focus on
optical phonons. The phonon spectrum of ZrSiS pre-
sented therein revealed that below 10meV(≈ 116K), only
acoustic phonons are available for scattering. Signatures
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of electron–phonon scattering are observable in transport
measurements as well as in angle-resolved photoemission
spectroscopy (ARPES). ARPES studies [36, 37] on ma-
terials such as PbTaSe2 and the ZrSiX (X = S,Se,Te)
family have revealed nodal-line dispersions and provided
insights into quasiparticle lifetimes.

In conventional metals with large Fermi surfaces, the
electron–phonon scattering rate exhibits two character-
istic temperature regimes set by the Debye tempera-
ture [38, 39]. In semimetals, owing to the small size of the
Fermi surface, the analogous crossover is controlled by a
Bloch–Grüneisen (BG) temperature, set by the maximal
phonon momentum allowed for scattering on the Fermi
surface [40]. For Weyl semimetals, electron–acoustic
phonon scattering (both in bulk and in Fermi-arc states)
and the role of the BG scales have been discussed in
Refs. [41, 42], while related Bloch–Grüneisen physics has
been explored experimentally in Dirac semimetals [43].
However, a systematic analysis analogous to this for
NLSs, where the Fermi surface acquires a toroidal ge-
ometry, is still lacking.

This motivates our study of electron-acoustic phonon
scattering in NLSs in the clean limit. We focus on tem-
peratures below the scale set by optical phonons and
well below the chemical potential, so that interband pro-
cesses are negligible. Notably, in non-symmorphic NLSs,
the chemical potential can be tuned not only by dop-
ing but also via anisotropic strain [44], providing experi-
mental access to the regime we consider. While here we
study how phonons affect electronic lifetime and trans-
port, we note that the reciprocal problem of electron-
induced renormalization of phonon properties has been
addressed in Refs. [34, 45–47].

We solve the linearized Boltzmann transport equation
(BTE) exactly in the thin-torus limit by exploiting the
fact that the leading-order scattering kernel depends only
on angular differences on the torus. Our main finding is
that the toroidal geometry gives rise to two paramet-
rically different BG temperatures, related to the two
distinct radii of the Fermi surface. The coexistence of
these two independent scales leads to a qualitatively new
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intermediate regime in which the phase space for elec-
tron–phonon scattering is modified, yielding a quasipar-
ticle decay rate Γ ∝ T 2 and a conductivity σ ∝ T−2.
In addition, we find the usual behaviours Γ ∝ T 3 and
σ ∝ T−5 at low temperatures and Γ ∝ T with conductiv-
ity σ ∝ T−1 at high temperatures. A summary of these
scaling regimes is provided in Table I. The intermediate
T 2 dependence has a transparent physical origin: in this
temperature window, phonon momenta exceed the minor
Fermi-surface radius but remain smaller than the major
radius, so the scattering phase space along the poloidal
direction has saturated while the toroidal direction is still
thermally restricted, resulting in a partial saturation that
is unique to the toroidal geometry. Since a T 2 resistiv-
ity is frequently taken as a hallmark of electron–electron
scattering [39, 48], our results show that, in the circular
NLS model considered here, the same scaling can also
arise from intraband electron–phonon scattering, with-
out invoking electron-electron interactions. We further
observe an enhancement of the conductivity anisotropy
at elevated temperatures.

The remainder of the paper is structured as follows. In
Sec. II, we introduce the electronic and phonon models,
the deformation-potential coupling, and the BG temper-
ature scales. In Sec. III we briefly review the formulation
of the linearized BTE and derive integral expressions for
the decay rate and the transport lifetime. Sections IV
and V present the asymptotic temperature dependences,
together with numerical evaluations that confirm the pre-
dicted power laws. Finally, in Sec. VI we conclude with
a discussion of experimental implications and possible
extensions. Technical details are collected in several Ap-
pendices.

II. MODEL

In this section, we introduce the ingredients entering
our transport calculation: a minimal two-band model
for a circular NLS, acoustic phonons within an elastic
continuum description, and their coupling via the defor-
mation potential. We focus on the highly doped, low-
temperature regime with chemical potential µ ≫ kBT ,
where transport is dominated by intraband scattering
processes in the conduction band. Throughout, we set
ℏ = 1. We consider systems in which the nodal line is ap-
proximately flat in energy, as realized, e.g., in Ca3P2 [8]
and strained YN [49]. Energy dispersion along the nodal
contour would introduce an additional competing scale;
its effect is discussed in Sec. VI. The toroidal Fermi sur-
face that emerges at finite doping naturally introduces
two distinct BG scales, discussed in Sec. II D, which
set the relevant temperature regimes for scattering and
transport discussed in Secs. IV and V.

Figure 1. Shown are the toroidal Fermi surface, the associated
toroidal coordinates (κ, θ, φ), and the unit vector êκ, defined
in Eq. (13).

A. Electronic model

We model low-energy quasiparticles in the vicinity of a
circular nodal ring (NR) by the two-band effective Hamil-
tonian [6, 8, 21]

H(k) = vkzσy + λ(k2 − k20)σz, (1)

where k =
√
k2x + k2y + k2z , σi are Pauli matrices, and

v, λ, k0 are material-dependent parameters. The nodal
ring lies in the plane kz = 0 at radius k0. It is con-
venient to define v0 = 2λk0 and α = v/v0, where v0
sets the characteristic in-plane velocity near the NR and
α parametrizes the anisotropy along kz [21]. Represen-
tative values from DFT for Ca3P2 are v ≃ 2.5 eVÅ,
λ ≃ 4.34 eVÅ2, and k0 = 0.206 Å−1 [8], corresponding to
α ≃ 1.4 and v0 ≃ 2.6× 105 m/s. A small anisotropy may
affect numerical prefactors and weakly rescale the BG
temperatures, but we do not expect it to significantly af-
fect the temperature exponents, therefore we set α = 1
hereafter.

The electronic eigenstates are

|Φk,ζ(r)⟩ = eik·r|uk,ζ⟩, (2)

where |uk,ζ⟩ diagonalize H(k) with eigenvalues

εk,ζ = ζ
√
v2k2z + λ2(k2 − k20)

2, (3)

and ζ = ± labels conduction/valence bands. The corre-
sponding Bloch spinors can be written as

|uk,ζ⟩ = Nk,ζ

(
ivkz

λ(k2 − k20)− εk,ζ

)
, (4)
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with normalization fixed by ⟨uk,ζ′ |uk,ζ⟩ = δζ,ζ′ . The
group velocity vζ(k) = ∂kεk,ζ is given by

vζ(k) =
2λ2(k2 − k20)

εk,ζ
k+

v2

εk,ζ
kz ẑ. (5)

For energies well below the Lifshitz scale εk,ζ ≪ λk20,
constant-energy surfaces form a thin torus in momentum
space (see Fig. 1). It is then convenient to introduce
toroidal coordinates (κ, θ, φ)

kx = (k0 + κ cosφ) cos θ, (6)
ky = (k0 + κ cosφ) sin θ, (7)
kz = κ sinφ, (8)

where κ is the minor radius, θ ∈ [0, 2π) the toroidal an-
gle (along the NR), and φ ∈ [0, 2π) the poloidal angle
(around the tube cross-section). In the thin-torus regime
κ ≪ k0, one may expand k2−k20 ≃ 2k0κ cosφ and obtain
the Dirac-like form

H(κ, θ, φ) = v0κ(cosφσz + sinφσy), (9)

with dispersion

εk,ζ = ζv0κ. (10)

Such linear behaviour has been observed over a broad
energy window in several NLS materials, including Zr-
SiS [11, 12].

In these coordinates, the spinors simplify to

|uk,+⟩ =
(
cosφ/2
i sinφ/2

)
, |uk,−⟩ =

(
− sinφ/2
i cosφ/2

)
. (11)

and the conduction-band group velocity becomes

v+(k) = v0 êκ, (12)

where the unit vector êκ (shown in Fig. 1) reads

êκ = cosφ cos θ x̂+ cosφ sin θ ŷ + sinφ ẑ. (13)

Since we focus here on temperatures kBT ≪ µ, the va-
lence band does not contribute, and we restrict attention
to ζ = +, suppressing the band index hereafter.

B. Phonon model

We describe acoustic lattice vibrations within isotropic
elastic continuum theory [50]. In this approximation, the
phonon spectrum is determined by the longitudinal and
transverse sound velocities cl and ct. These velocities are
typically much smaller than the electronic Fermi velocity;
for example, in ZrSiS one finds cl ≃ 6.8 × 103 m/s [32]
and v0 ≃ 6.5× 105 m/s [11], so that cl/v0 ∼ 10−2.

The displacement field u(r, t) obeys the wave equation

∂2
t u = c2t∇2u+ (c2l − c2t )∇(∇ · u), (14)

which, for harmonic time dependence u(r, t) =
u(r)e−iΩt, becomes

−Ω2u = c2t∇2u+ (c2l − c2t )∇(∇ · u). (15)

Its normal modes are one longitudinal and two transverse
acoustic branches with dispersions Ω

(l/t)
q = cl/t|q|.

In the deformation-potential approximation, which we
introduce in Sec. II C, only longitudinal lattice deforma-
tions contribute. So in what follows, we restrict ourselves
to the longitudinal mode and suppress the branch label
in phonon operators and frequencies henceforth. Upon
quantization, the longitudinal displacement field can be
expanded as

u(r) =

ˆ
d3q

eiq·r√
2ρMΩq

q̂
[
aq − a†−q

]
, (16)

where ρM is the mass density of the medium, a†q, aq are
longitudinal phonon creation and annihilation operators,
and q̂ = q/|q|.

C. Electron-phonon interaction

We consider electron–phonon interactions via the de-
formation potential,

Hep = g0∇ · u(r), (17)

where the coupling constant g0 parametrizes the shift of
the electronic band energy under local compression and
is taken diagonal in spin–orbital space. In principle, this
coupling is renormalized by electronic screening, which
we do not explicitly consider here. We therefore treat g0
as an effective (screened) deformation-potential coupling,
which may have a weak µ dependence.

Since ∇ · u = 0 for transverse modes, only longitudi-
nal phonons contribute to the electron-phonon coupling.
Other coupling mechanisms have also been explored, for
example strain-induced effective gauge fields leading to a
topological piezoelectric response in NLSs [51]. We ne-
glect piezoelectric effects here because several NLSs of
interest, including Ca3P2 and ZrSiS, are centrosymmet-
ric and cannot exhibit conventional bulk piezoelectric-
ity [8, 11, 52]. In these systems, the deformation poten-
tial is expected to provide the dominant coupling between
electron and acoustic phonons.

Substituting the mode expansion (16), into Hep and
evaluating matrix elements between Bloch states |Φk⟩
and |Φk′⟩ yields

⟨Φk′ |Hep|Φk⟩ = Gk,k′

(
aq − a†−q

)
, (18)

with momentum transfer q = k′ − k and amplitude

Gk,k′ = i
g0
√
Ωq

cl
√
2ρM

⟨uk′ |uk⟩. (19)
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The pseudospin dependence enters through the Bloch
spinor overlap ⟨uk′ |uk⟩, which in toroidal coordinates fol-
lows from Eq. (11) (for the conduction band) as

⟨uk′ |uk⟩ = cos

(
φ− φ′

2

)
. (20)

Assuming that phonons are in thermal equilibrium at
temperature T , the transition rate from the electronic
state |Φk⟩ to |Φk′⟩ follows from Fermi’s golden rule as

Wk′,k = 2π|Gk′,k|2
{
nB(Ωq) δ(εk′ − εk − Ωq)+

+ [nB(Ωq) + 1] δ(εk′ − εk +Ωq)

}
, (21)

where nB(Ω) = 1/
(
eβΩ − 1

)
is the Bose-Einstein distri-

bution function, with β = 1/kBT . The two terms in
Eq. (21) describe phonon absorption and emission, re-
spectively. These rates enter the collision integral of the
Boltzmann equation in Sec. III.

D. Temperature scales

In conventional metals with large Fermi surfaces, the
crossover between low- and high-temperature regimes of
electron-phonon scattering is usually controlled by the
Debye temperature. In semimetals, instead, the crossover
is controlled by the BG temperature, set by the maximal
phonon momentum that can scatter carriers across the
Fermi surface. For a toroidal Fermi surface, there are
two independent momentum scales, corresponding to the
minor and major radii, and thus two BG scales. We
define

kBT
(pol)
BG = 2clκF, (22)

kBT
(tor)
BG = clk0, (23)

where kB is the Boltzmann constant and κF = µ/v0 is the
minor radius of the toroidal Fermi surface at chemical po-
tential µ. The scale T

(pol)
BG is associated with momentum

transfer along the poloidal direction, set by κF , while
T

(tor)
BG reflects the toroidal extent along the NR, set by

k0.
For illustration, in PbTaSe2, a NLS with strong

spin–orbit coupling [36], one has k0 ≃ 0.2 Å−1 and
cl ≃ 3.2× 103 m/s [53], yielding

T
(tor)
BG =

clk0
kB

≃ 49 K. (24)

For ZrSiS, the nodal line is approximately diamond-
shaped, but taking k0 ≃ 0.3 Å−1 [54] and cl ≃
6.8× 103 m/s [32] gives

T
(tor)
BG =

clk0
kB

≃ 156 K. (25)

The Debye temperatures in these materials are typically
several times larger than T

(tor)
BG [17, 55], justifying the use

of long-wavelength acoustic phonons with linear disper-
sion in the temperature ranges of interest.

In our model, we assume a thin torus, κF ≪ k0, which
implies the hierarchy

T
(pol)
BG /T

(tor)
BG ∼ κF/k0 ≪ 1. (26)

This naturally leads to three temperature regimes that
will control both quasiparticle decay rate and transport
scattering rate: (i) T ≪ T

(pol)
BG , (ii) T

(pol)
BG ≪ T ≪ T

(tor)
BG ,

and (iii) T ≫ T
(tor)
BG .

In the next section, we formulate the semiclassical BTE
using the transition rates in Eq. (21) and derive expres-
sions for the decay rate and transport lifetime in these
regimes.

III. BOLTZMANN EQUATION

In this section, we briefly review the formulation of
semiclassical charge transport in the presence of electron-
phonon scattering within the BTE framework [38]. We
then solve the linearized BTE in terms of transport life-
times τ itr (i = x, y, z), which we use to evaluate the con-
ductivity tensor in Sec. V. The same scattering kernel,
without the transport weighting factor, also gives the
single-particle decay rate Γ, discussed in Sec. IV.

A. Linearized BTE

In the presence of slowly varying external fields, the
semiclassical BTE for the electron distribution function
f(r,k, t) reads [56]

∂f

∂t
+ v(k) · ∇rf + Fext · ∇kf = Ik, (27)

where Ik is the collision integral, v(k) is the electron
group velocity and Fext = eE for a uniform electric field
with e the electron charge. For a homogeneous steady
state (∂tf = ∇rf = 0), driven by a weak uniform electric
field E, Eq. (27) becomes

eE · ∇kfk = Ik. (28)

The collision integral for scattering between states k and
k′ mediated by phonons can be written as

Ik =

ˆ
d3k′

(2π)3
{
Wk,k′fk′(1− fk)−Wk′,kfk(1− fk′)

}
,

(29)
where Wk′,k is the transition rate from k to k′ obtained
from Fermi’s golden rule [cf. Eq. (21)].

We now linearize the BTE around equilibrium by writ-
ing

fk = nF(εk)− φk
∂nF(εk)

∂εk
, (30)
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where nF(ε) = 1/
(
eβ(ε−µ) + 1

)
is the Fermi-Dirac dis-

tribution function at chemical potential µ, and φk is a
function parametrizing the deviation from equilibrium.
Standard manipulations using detailed balance (summa-
rized in Appendix A) recast the linearized collision inte-

gral as

Ik =
∂nF(εk)

∂εk
Jk, Jk ≡

ˆ
d3k′

(2π)3
Wk′,k

(
φk − φk′

)
,

(31)
where the symmetric kernel Wk′,k is given by

Wk′,k = 2π
∣∣Gk′,k

∣∣2{[nB(Ωq) + nF(εk +Ωq)
]
δ(εk′ − εk −Ωq) +

[
nB(Ωq) + 1− nF(εk −Ωq)

]
δ(εk′ − εk +Ωq)

}
, (32)

with q = k′ − k, and Ωq = cl|q|. Inserting Eq. (31) into
Eq. (28) yields the linearized BTE

eE · v(k) = Jk. (33)

In the rest of this paper, we specialize to the degener-
ate, thin-torus regime. Specifically, we assume kBT ≪ µ
so that transport is controlled by quasiparticles at the
Fermi surface, and we set −∂εnF(ε) ≃ δ(ε−µ). Moreover,
since cl ≪ v0, typical phonon energies are small com-
pared with electronic scales, so scattering is quasi-elastic
(Ωq ≪ µ for thermal phonons), and we therefore omit
the phonon energy in the energy-conserving δ-functions
in the scattering rates (32). The combinations of Fermi
and Bose functions evaluated at εk = µ, simplify to

nB(Ωq) + nF(εk +Ωq) =
1

sinh(βΩq)

= nB(Ωq) + 1− nF(εk − Ωq), (34)

so that the kernel in Eq. (32) takes the form

Wk′,k = W̃k′,k δ(εk′ − εk), (35)

with

W̃k′,k =
4π
∣∣Gk′,k

∣∣2
sinh(βcl|q|)

. (36)

Finally, the phase space integral reduces to an integration
over the toroidal Fermi surface which, in the thin-torus
limit κF/k0 ≪ 1, reads
ˆ

d3k′

(2π)3
δ(εk′ − µ) · · · ≈ κFk0

(2π)3v0

ˆ
dφ′dθ′ . . . , (37)

where we have used the Jacobian of the transformation
to toroidal coordinates κ′(k0 + κ′ cosφ′), evaluated on
the Fermi surface κ′ = κF, and the linear dispersion in
Eq. (10); at leading order in κF/k0, we set k0+κF cosφ′ ≈
k0. In this limit, the momentum transfer between states
k and k′ simplifies to (see Appendix C for details)

|q| = |k−k′| =

√
4k20 sin

2

(
θ − θ′

2

)
+ 4κ2

F sin2
(
φ− φ′

2

)
.

(38)

Moreover, using Eq. (20), the Bloch spinor overlap
⟨uk′ |uk⟩ depends only on the poloidal angle difference
φ − φ′. Therefore the scattering kernel W̃k′,k depends
on initial and final momenta only through toroidal and
poloidal angle differences and is translationally invariant
on the toroidal Fermi surface to leading order in κF/k0.

Under the approximations discussed above, the lin-
earized BTE can be solved exactly to leading order in
κF/k0, as discussed next.

B. Transport lifetimes

To solve Eq. (33) we make the ansatz

φk = eE ·Λk, (39)

where Λk is the vector mean free path [38]. Upon insert-
ing Eq. (39) into Eq. (33) and using Eqs. (12), (37), and
the fact that the direction of E is arbitrary, we arrive at
the integral equation on the Fermi torus

êκ =
κFk0

(2π)3v20

ˆ
dφ′dθ′ W̃k′,k (Λk −Λk′) . (40)

Since to leading order in κF/k0, the kernel W̃k′,k depends
only on angle differences, W̃k′,k = W̃(θ− θ′, φ−φ′), the
collision integral is a convolution on the torus, so the
collision operator is diagonal in the double Fourier basis
eimθ+inφ. We show in Appendix B that the exact solution
of Eq. (40) reads

Λi
k = v0τ

i
tre

i
κ, i = x, y, z, (41)

where the scattering lifetimes, evaluated at the chemical
potential µ, are given by

Γx,y
tr =

1

τx,ytr

=
κFk0

(2π)3v0

ˆ
dφ′dθ′ W̃k′,k (1− cos θ′ cosφ′) ,

(42)

Γz
tr =

1

τztr
=

κFk0
(2π)3v0

ˆ
dφ′dθ′ W̃k′,k (1− cosφ′) . (43)

The angular factors in Eqs. (42) and (43) are Ziman
transport factors [38], adapted to the toroidal geometry:
they suppress forward-scattering processes that do not
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Γ Γi
tr

T ≪ T
(pol)
BG T 3 T 5

T
(pol)
BG ≪ T ≪ T

(tor)
BG T 2 T 2

T
(tor)
BG ≪ T T T

Table I. Temperature dependence of the decay rate Γ and the
scattering rates Γi

tr (i = x, y, z) for quasiparticles on the Fermi
surface. The corresponding resistivity behaves as ρ ∝ T 5 for
T ≪ T

(pol)
BG , ρ ∝ T 2 in the intermediate regime T

(pol)
BG ≪ T ≪

T
(tor)
BG , and ρ ∝ T at T ≫ T

(tor)
BG , mirroring the standard BG

behavior at low and high temperatures and the torus-induced
intermediate scaling.

efficiently relax the current along a given direction and
weight more heavily momentum transfers that strongly
deflect the velocity vector on the Fermi torus. This di-
rectional dependence produces the anisotropy between
in-plane (x, y) and the axial (z) transport lifetimes. The
anisotropy originates from the Fermi-surface geometry
and is distinct from the material-dependent anisotropy
of the energy dispersion close to the nodal line, which we
neglect here (we set the dispersion anisotropy parameter
α = 1).

We use Eqs. (42) and (43) to evaluate the conductivity
in Sec. V.

IV. QUASIPARTICLE DECAY RATE

Before analyzing the conductivity, we evaluate the
temperature dependence of the single-particle decay rate
Γk(T ), which can be accessed experimentally through the
linewidth of ARPES peaks [4, 36, 37, 57, 58]. The decay
rate follows from the out-scattering term of the BTE (33)
and it is given by

Γk =

ˆ
d3k′

(2π)3
Wk′,k. (44)

Under the approximations discussed in Sec. III, Γk can
be expressed as the Fermi surface integral

Γk =
g20κFk0

(2π)2ρMclv0

ˆ
dφ′dθ′

|q|
sinh(βcl|q|)

cos2
(
φ− φ′

2

)
,

(45)

where the modulus of the momentum transfer |q| is given
in Eq. (38), and we have used the spinor overlap from
Eq. (11). Since the integrand only depends on angle
differences, Γk is uniform over the Fermi surface up to
O(κF/k0) corrections, and we henceforth drop the k la-
bel. We then shift the integration variables and, using pe-
riodicity and reflection symmetry, restrict the integration
domain. With the substitutions θ′, φ′ → 2θ′+ θ, 2φ′+φ,
we arrive at the compact expression

Γ =
8g20κFk0
π2ρMclv0

ˆ π
2

0

dφ′
ˆ π

2

0

dθ′
Q(θ′, φ′) cos2(φ′)

sinh[2βclQ(θ′, φ′)]
, (46)

▲

▲

▲

κF  0.1 k0

κF  0.025 k0

κF  0.00625 k0

-2.0 -1.0 0.0 1.0

-6

-4

-2

0

logT TBG
(tor)



lo
g(
Γ
/Γ
0
)

∼ T3
∼ T2

∼ T

Figure 2. Temperature dependence of the quasiparticle de-
cay rate Γ(T ) obtained from a direct numerical evaluation of
Eq. (45). Results are shown for cl/v0 = 10−2 and for several
chemical potentials (see legend), with Γ0 defined in Eq. (49).
The red markers indicate T = T

(pol)
BG . Dashed black lines rep-

resent asymptotic power-law fits across the three temperature
regimes.

where we have defined

Q(θ, φ) =
√
k20 sin

2(θ) + κ2
F sin2(φ). (47)

As discussed in Sec. II D, the thin-torus limit κF ≪
k0 implies two BG temperature scales, T (pol)

BG ∝ κF and
T

(tor)
BG ∝ k0, and therefore three temperature regimes.

The evaluation of Eq. (46) in these regimes is presented
in Appendix D; here we summarize the resulting power
laws in Table I and provide simple phase-space arguments
for the scalings.

For T ≪ T
(pol)
BG , both angular separations are re-

stricted by the thermal bound Q <∼ kBT/2cl, giving
∆θ ∼ kBT/(2clk0) and ∆φ ∼ kBT/(2clκF). Hence the
available phase space scales as ∆θ∆φ ∝ T 2. Together
with the explicit factor Q ∼ T in Eq. (46), this gives
Γ ∝ T 3.

In the intermediate window T
(pol)
BG ≪ T ≪ T

(tor)
BG ,

poloidal momentum transfers of order κF are thermally
allowed, while the large toroidal radius k0 forces the
toroidal angular separation to be small in order to keep
Q <∼ kBT/2cl: ∆θ ∼ Q/k0 ∼ kBT/(2clk0) ∝ T . Equa-
tion (46) provides one explicit factor Q ∼ T , and together
with the restriction ∆θ ∝ T , makes the available phase
space on the torus ∆θ∆φ ∝ T , yielding Γ ∝ T 2.
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For T ≫ T
(tor)
BG , the angular phase space saturates,

and the leading temperature dependence arises from
1/ sinhx ≃ 1/x for small x = 2βclQ in Eq. (46), yield-
ing the scattering rate proportional to the number of
phonons available for scattering, i.e., Γ ∝ T .

More explicitly, we obtain the following asymptotic
power laws for quasiparticles at the Fermi level (ε = µ),
derived in Appendix D. In the low temperature regime,
T ≪ T

(pol)
BG , the decay rate follows as

Γ =
7ζ(3)

4π
Γ0

(
T

T
(tor)
BG

)3

, (48)

where ζ(s) is the Riemann zeta function and

Γ0 =
g20k

3
0

ρMclv0
. (49)

sets the characteristic electron-phonon scattering scale.
In the intermediate regime we find

Γ =
π

16
Γ0

(
T

(pol)
BG

T
(tor)
BG

)(
T

T
(tor)
BG

)2

, (50)

and finally, in the high-temperature regime

Γ =
1

4
Γ0

(
T

(pol)
BG

T
(tor)
BG

)(
T

T
(tor)
BG

)
, (51)

the standard high-temperature linear-in-T depen-
dence [39]. Figure 2 shows a direct numerical evalua-
tion of Eq. (45), confirming the three scaling regimes and
power laws summarized in Table I.

V. CONDUCTIVITY

Having established the temperature dependence of the
quasiparticle decay rate Γ(T ), we now turn our atten-
tion to the dc conductivity, which is controlled by the
transport lifetimes introduced in Sec. III.

The electric current density is

J = e

ˆ
d3k

(2π)3
v(k)fk. (52)

Inserting Eq. (30) together with Eq. (39), the equilibrium
contribution vanishes by symmetry, yielding

J = −e2
ˆ

d3k

(2π)3
v(k) (E ·Λk)

∂nF(εk)

∂εk
. (53)

Using the BTE solution (41) and identifying J = σE,
we obtain for the conductivity tensor

σij =
e2v0κFk0τ

j
tr

(2π)3

ˆ
dφ dθ eiκe

j
κ, (54)

▲

▲

▲
κF  0.1 k0

κF  0.025 k0

κF  0.00625 k0

κF  0.0015625 k0

-2.0 -1.0 0.0 1.0
-10

-8

-6

-4

-2

0

logT TBG
(t o r)



lo
g(
Γ
tr
/Γ
0
)

∼ T5

∼ T2

∼ T

Figure 3. Temperature dependence of the transport scatter-
ing rates Γz

tr(T ) (solid line) and Γx
tr(T ) (dotted line) obtained

from direct numerical evaluation of Eqs. (56) and (57). Re-
sults are shown for cl/v0 = 10−2 and for several chemical
potentials (see legend), with Γ0 defined in Eq. (49). The red
markers indicate T = T

(pol)
BG . Note that for the red curve, the

poloidal BG temperature T
(pol)
BG falls outside the temperature

window displayed. Dashed black lines represent asymptotic
power-law fits across the three temperature regimes.

which yields the longitudinal conductivities

σxx = σyy =
e2τxtrµk0

8π
, σzz =

e2τztrµk0
4π

, (55)

while the off-diagonal terms vanish by symmetry. From
this expression, we see that the temperature dependence
of the conductivity is set by transport lifetimes τ itr given
in Eqs. (42) and (43).

With manipulations similar to those leading to Eq. (46)
we obtain

Γx
tr =

8g20k0κF

π2ρMclv0

ˆ π
2

0

dφ′
ˆ π

2

0

dθ′
Q(θ′, φ′) cos2(φ′)

sinh [2βclQ(θ′, φ′)]
×

×
[
1− cos(2φ′) cos(2θ′)

]
, (56)

Γz
tr =

8g20k0κF

π2ρMclv0

ˆ π
2

0

dφ′
ˆ π

2

0

dθ′
Q(θ′, φ′) cos2(φ′)

sinh [2βclQ(θ′, φ′)]
×

×
[
1− cos(2φ′)

]
, (57)

with Q(θ, φ) defined in Eq. (47). In Appendix E we ana-
lytically evaluate Eqs. (56) and (57), obtaining the tem-
perature dependences summarized in Table I. We see a
clear agreement between the transport scattering rate re-
sults of Table I and the numerics in Fig. 3. We find that
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the temperature dependence of the transport scattering
rate at low temperature follows

Γx
tr = Γz

tr =
93ζ(5)

4π
Γ0

(
T

(tor)
BG

T
(pol)
BG

)2(
T

T
(tor)
BG

)5

, (58)

where ζ(5) ≃ 1.037. This T 5 temperature dependence of
the rate implies σii ∝ T−5 for the conductivities, which
is the standard low-temperature behavior in conventional
metals [38]. At intermediate temperatures, similar to
Eq. (50), we get

Γx
tr = Γz

tr =
π

32
Γ0

(
T

(pol)
BG

T
(tor)
BG

)(
T

T
(tor)
BG

)2

. (59)

In this regime, only ∆θ ∝ T while ∆φ spans the whole
integration domain. As a result, the angular transport
weighting factors in Eqs. (56) and (57) contribute at
O(1), yielding the same T 2 dependence for the trans-
port scattering rate as for the decay rate. Finally, in the
high temperature regime T ≫ T

(tor)
BG , we find

Γz
tr =

Γx
tr

2
=

1

8
Γ0

(
T

(pol)
BG

T
(tor)
BG

)(
T

T
(tor)
BG

)
, (60)

i.e., a linear-in-T dependence. From Eq. (55), we thus
find that

σzz

σxx
= 2, T ≪ T

(tor)
BG , (61)

σzz

σxx
= 4, T ≫ T

(tor)
BG . (62)

The increase of the conductivity anisotropy upon raising
the temperature through T

(tor)
BG is a direct consequence of

the toroidal Fermi-surface geometry.

VI. SUMMARY AND OUTLOOK

In this work, we have analyzed quasiparticle scatter-
ing and charge transport in doped NLSs with a toroidal
Fermi surface, focusing on longitudinal acoustic phonons
coupled to electrons via a deformation potential. Using
a low-energy two-band model with a circular nodal ring,
we consider the regime below the Lifshitz scale, where the
Fermi surface is a thin torus characterized by a major ra-
dius k0 and a minor radius κF. This geometry gives rise
to two parametrically distinct BG temperature scales,
T

(pol)
BG ∝ clκF and T

(tor)
BG ∝ clk0, associated with phonons

probing the poloidal and toroidal dimensions of the Fermi
surface, respectively. Using Fermi’s golden rule and the
linearized BTE (which we solved exactly to leading order
in κF/k0), we found that the quasiparticle decay rate and
the conductivity exhibit three temperature regimes: the
low- and high-temperature limits reproduce the famil-
iar BG behavior, while the intermediate T 2/T−2 scaling

emerges from the toroidal Fermi surface and the separa-
tion of the momentum scales κF and k0. Corrections of
order κF/k0 break translational invariance on the torus
and lead to additional angular harmonics in the collision
kernel. However, we expect these subleading terms only
renormalize the eigenvalues of the collision operator by
O(κF/k0) and therefore are not expected to modify the
power-law exponents of the leading terms that we obtain
in the strict thin-torus limit.

The origin of the modified scaling can be traced to the
phase-space measure. For a spherical Fermi surface, the
kinematic constraint |q| <∼ T restricts both angular direc-
tions, giving a phase-space measure ∆Ω ∼ (∆θ)2 ∼ T 2.
Combined with the typical momentum transfer |q| ∼ T
and the transport weighting factor (1− cos θ) ∼ T 2, this
yields the conventional low-temperature Bloch-Grüneisen
scaling ∝ T 5. In contrast, for a toroidal Fermi surface in
the thin-torus limit, the phase space measure factorizes
as ∆θ∆φ, with ∆θ ∼ T while ∆φ spans the full integra-
tion domain in the intermediate regime. Together with
|q| ∼ T and transport weighting factors that contribute
at O(1), this leads to the parametrically distinct T 2 scal-
ing obtained here.

Our predictions can be tested experimentally. The
quasiparticle decay rate is accessible in ARPES experi-
ments as a linewidth, and in materials with a toroidal
Fermi surface and linear dispersion along the minor-
radius direction, we predict an intermediate window
where Γ ∝ T 2. The corresponding temperature depen-
dence of the transport lifetime, and thus the conductivity,
can be probed via standard four-probe measurements,
for which we predict σ ∝ T−2, i.e., a resistivity ρ ∝ T 2

in the same regime. Importantly, the onset of this in-
termediate regime is controlled by T

(pol)
BG ∝ κF ∝ µ,

so tuning the chemical potential should shift the lower
crossover temperature, providing a direct way to distin-
guish this phonon mechanism from other sources of T 2

resistivity. While a T 2 resistivity is commonly attributed
to intraband electron–electron scattering [39, 48], our re-
sults show that in NLSs with a toroidal Fermi surface,
a purely electron–phonon mechanism can generate the
same temperature dependence.

We also find that the Fermi-surface geometry leads
to an enhanced conductivity anisotropy in the high-
temperature regime. We emphasize that, in the thin-
torus limit, circular nodal-line semimetals exhibit an in-
trinsically anisotropic transport lifetime. Even when
the scattering kernel depends only on angular differ-
ences, isotropic treatments are inadequate, and the trans-
port lifetime must instead be evaluated using Eqs. (42)
and (43).

One of the key assumptions of our model is the ab-
sence of energy dispersion along the nodal line, i.e., the
nodal line is assumed to be flat in energy. In general,
no crystal symmetry enforces such flatness, and conse-
quently most nodal-line semimetals do not exhibit sim-
ple toroidal Fermi surfaces. Instead, more complicated
geometries such as Dupin cyclides [59] arise, to which
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our analysis does not directly apply, since a clear sepa-
ration between poloidal and toroidal radii is not possi-
ble and interband scattering between coexisting electron
and hole pockets may become important. While mate-
rials such as CaAgAs [60] have been proposed to host
nearly toroidal donutlike hole Fermi pocket — serving as
a “hydrogen atom” realization of a nodal-line semimetal
— in many materials, such as ZrSiS, achieving a purely
toroidal Fermi surface imposes a lower bound on the
achievable carrier density [16, 30].

In materials hosting additional trivial Fermi pockets
or multiple nodal loops, these channels will contribute
parallel conduction paths with their own, typically single-
scale BG behavior. Nevertheless, as long as a toroidal
pocket with κF ≪ k0 remains well defined and dominates
the low-energy density of states, the two-scale structure
and the intermediate T 2/T−2 regime should survive as
robust features of the total response.

Several refinements and extensions are left for fu-
ture work, such as including crystal anisotropy, energy-
dispersive or non-circular nodal lines, additional Fermi
pockets, and analysing how they renormalize prefactors
and/or shift the crossover scales T

(pol)
BG , T

(tor)
BG . We ex-

pect the existence of two BG scales and an intermediate
T 2/T−2 window to be a generic consequence of Fermi sur-
faces with two widely separated characteristic momenta,
even when the assumptions of an ideal circular nodal ring
and a perfectly isotropic elastic medium considered here
are relaxed. By contrast, quantitative features such as
the precise values σzz/σxx = 2 at low T and 4 at high

T are geometry-specific and will be modified by crystal
anisotropy and additional pockets. It would also be in-
teresting to extend our study to thermal transport and
thermoelectric response, by evaluating the corresponding
Boltzmann integrals for the heat current and extracting
the temperature dependence of the thermal conductivity
and the Seebeck coefficient across the two BG scales. In-
cluding impurity and electron–electron scattering on an
equal footing would enable a more quantitative compar-
ison with experiments on specific materials.
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Appendix A: Linearized Boltzmann equation

In this Appendix, we outline the derivation of the lin-
earized BTE (33). Substituting the transition rates (21)
into Eq. (29), we can write the integrand of the collision
integral (29) as

Ck,k′ ≡ Wk,k′ fk′(1− fk)−Wk′,k fk(1− fk′),

= 2π|Gk,k′ |2
{
nB(Ωq)fk′(1− fk) δ(εk − εk′ − Ωq) + [nB(Ωq) + 1]fk′(1− fk) δ(εk − εk′ +Ωq)

− nB(Ωq)fk(1− fk′) δ(εk′ − εk − Ωq)− [nB(Ωq) + 1]fk(1− fk′) δ(εk′ − εk +Ωq)

}
, (A1)

where we have used the symmetry |Gk,k′ | = |Gk′,k|. Grouping terms with the same delta-function argument and
linearizing the distribution function using Eq. (30), we obtain

Ck,k′ = 2π|Gk,k′ |2
{[(

nB(Ωq) + 1− nF(εk′)
)
φk

∂nF(εk)

∂εk
−
(
nB(Ωq) + nF(εk)

)
φk′

∂nF(εk′)

∂εk′

]
δ(εk′ − εk +Ωq)

+

[(
nB(Ωq) + nF(εk′)

)
φk

∂nF(εk)

∂εk
−
(
nB(Ωq) + 1− nF(εk)

)
φk′

∂nF(εk′)

∂εk′

]
δ(εk′ − εk − Ωq)

}
, (A2)

where the zeroth-order terms cancel by detailed balance. Next, we use the two identities

[nB(Ωq) + nF(εk)]
∂nF(εk′)

∂εk′
= [nB(Ωq) + 1− nF(εk′)]

∂nF(εk)

∂εk
, when εk′ = εk − Ωq, (A3)

[nB(Ωq) + 1− nF(εk)]
∂nF(εk′)

∂εk′
= [nB(Ωq) + nF(εk′)]

∂nF(εk)

∂εk
, when εk′ = εk +Ωq, (A4)
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and recast Eq. (A2) into the form

Ck,k′ = 2π|Gk,k′ |2 ∂nF(εk)

∂εk

{[
nB(Ωq) + 1− nF(εk′)

]
δ(εk′ − εk +Ωq) +

[
nB(Ωq) + nF(εk′)

]
δ(εk′ − εk − Ωq)

}
(φk − φk′)

=
∂nF(εk)

∂εk
Wk′,k (φk − φk′) , (A5)

with the kernel Wk′,k given in Eq. (32).

We can now write the BTE (28) to first order in the
deviation from equilibrium as

eE · ∂knF(εk) =

ˆ
d3k′

(2π)3
Ck,k′ . (A6)

Substituting Eq. (A5) in Eq. (A6), we finally get

eE · v(k) = Jk, (A7)

where Jk is defined in Eq. (31).

Appendix B: Solution of the BTE

In this Appendix, we present the solution of the lin-
earized BTE (40). The equation can be cast in the form

eiκ(θ, φ) =

ˆ
dθ′dφ′ K(θ, φ; θ′, φ′)

[
Λi(θ, φ)− Λi(θ′, φ′)

]
,

(B1)
where the kernel K(θ, φ; θ′, φ′) is given by

K(θ, φ; θ′, φ′) =
κFk0

(2π)3v20
W̃k′,k, (B2)

and the angles (θ, φ) and (θ′, φ′) parametrize the mo-
menta k and k′ on the Fermi surface. As discussed in
the main text, in the thin-torus limit, the kernel depends
only on angle differences:

K(θ, φ; θ′, φ′) = f(θ − θ′, φ− φ′), (B3)

where f(θ, φ) is a real function even in both arguments.
As a consequence, the integral operator in Eq. (B1) takes
the form of a convolution, and the equation can be solved
by Fourier transform.

Expanding eiκ, Λi, and f in a double Fourier series as

eiκ(θ, φ) =
∑

m,n∈Z
eiκ,mne

imθ+inφ, (B4)

Λi(θ, φ) =
∑

m,n∈Z
Λi
mne

imθ+inφ, (B5)

f(θ, φ) =
∑

m,n∈Z
fmne

imθ+inφ, (B6)

and substituting the Fourier expansions into Eq. (B1)
yields

eiκ,mn = (2π)2 (f00 − fmn) Λ
i
mn, (B7)

and thus

Λi
mn =

eiκ,mn

(2π)2 (f00 − fmn)
. (B8)

Since eiκ are simple trigonometric functions (see
Eq. (13)), only a few Fourier coefficients are non-
vanishing. Then, using the even parity of f :

fm,n = f−m,n = fm,−n = f−m,−n, (B9)

we arrive at

Λi(θ, φ) =
eiκ(θ, φ)

(2π)2 (f00 − f11)
, i = x, y (B10)

Λz(θ, φ) =
ezκ(θ, φ)

(2π)2 (f00 − f01)
. (B11)

where

fmn =

ˆ
dφ dθ

(2π)2
f(θ, φ) cos(mθ) cos(nφ). (B12)

This yields the transport lifetime expressions in Eqs. (42)
and (43).

Appendix C: Momentum transfer

In this Appendix, we derive the thin-torus expression
for the magnitude of the momentum transfer between two
states on the toroidal Fermi surface, Eq. (38). Using the
parameterization in Eqs.(6)–(8), the momentum transfer
q = k′ − k can be decomposed as

q = q0 + q′ (C1)

where the major-radius contribution is

q0 = k0 (cos θ
′ − cos θ) x̂+ k0 (sin θ

′ − sin θ) ŷ, (C2)

and the minor-radius correction reads

q′ = κF (cosφ′ cos θ′ − cosφ cos θ) x̂+ κF(cosφ
′ sin θ′−

− cosφ sin θ)ŷ + κF (sinφ′ − sinφ) ẑ. (C3)

A straightforward algebra then gives

|q|2 = 4k20 sin
2

(
θ − θ′

2

)[
1 +

1

2

κF

k0
(cosφ′ + cosφ)+

+

(
κF

k0

)2

cosφ′ cosφ

]
+ 4κ2

F sin2
(
φ− φ′

2

)
.

(C4)
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To leading order in κF/k0 ≪ 1 we may drop the terms in
square brackets beyond unity, which leads to Eq. (38).

Appendix D: Decay rate

In this Appendix, we present details of the analytical
evaluation of the quasiparticle decay rate discussed in
Sec. IV. We use Eq. (46) to extract asymptotic forms of
Γ(T ) in the relevant temperature regimes.

1. Low temperature

In the regime T ≪ T
(pol)
BG , i.e., βclk0 ≫ βclκF ≫ 1,

the factor 1/ sinh(2βclQ) in Eq. (46) exponentially sup-
presses contributions from all but the smallest momen-
tum transfers. Hence, the dominant contribution arises
from the vicinity θ′, φ′ ≃ 0, where we may linearize the
sine terms by using sinx ≃ x and set cosφ′ ≃ 1. This
yields

Γ = B

ˆ π
2

0

dφ′
ˆ π

2

0

dθ′
√
k20θ

′2 + κ2
Fφ

′2

sinh
(
2βcl

√
k20θ

′2 + κ2
Fφ

′2
) ,
(D1)

with

B =
8g20κFk0
π2ρMclv0

. (D2)

Introducing the dimensionless variables

x = 2βclk0θ
′, y = 2βclκFφ

′, (D3)

we obtain

Γ =
B

(2βcl)3κFk0

ˆ βclκFπ

0

dy

ˆ βclk0π

0

dx

√
x2 + y2

sinh
√
x2 + y2

.

(D4)
Since βclk0, βclκF ≫ 1, the upper integration limits can
be extended to ∞. Switching to polar coordinates then
gives

Γ =
B

(2βcl)3κFk0

π

2

ˆ ∞

0

dr
r2

sinh r
. (D5)

Using the standard integral
´∞
0

dr r2/ sinh r = 7
2ζ(3), we

finally obtain Eq. (48).

2. Intermediate temperature

In the intermediate regime T
(pol)
BG ≪ T ≪ T

(tor)
BG , i.e.,

βclk0 ≫ 1 ≫ βclκF, we may still linearize sin θ′ but not
sinφ′. Using Eq. (D3) in Eq. (46) gives

Γ =
B

(2βcl)2k0

ˆ π
2

0

dφ′
ˆ βclk0π

0

dx
cos2(φ′)

√
x2 + b2(φ′)

sinh
√
x2 + b2(φ′)

,

(D6)

where b(φ′) = 2βclκF sin(φ′). To lowest order in κF/k0
we may set b(φ′) ≃ 0, and since βclk0 ≫ 1 we extend the
upper limit of the x integral to ∞. This gives

Γ =
B

(2βcl)2k0

ˆ π
2

0

dφ′ cos2(φ′)

ˆ ∞

0

dx
x

sinhx
. (D7)

Using
´∞
0

dxx/ sinhx = π2

4 and
´ π/2
0

dφ′ cos2 φ′ = π/4,
we finally obtain Eq. (50).

3. High temperature

Finally, in the regime T
(pol)
BG ≪ T

(tor)
BG ≪ T , i.e.,

1 ≫ βclk0 ≫ βclκF, we may linearize the denominator
in Eq. (46) obtaining

Γ = B

ˆ π
2

0

dφ′ cos2(φ′)

ˆ π
2

0

dθ′
1

2βcl
, (D8)

which immediately gives Eq. (51).

Appendix E: Transport lifetimes

In this Appendix, we evaluate Eqs. (56) and (57) in the
three temperature regimes, following the same procedure
as in Appendix D.

1. Low temperature

When T ≪ T
(pol)
BG , we expand the trigonometric func-

tions to lowest order, obtaining (i = x, y, z)

Γi
tr = 2B

ˆ π
2

0

dφ′
ˆ π

2

0

dθ′
(φ′2 + ai θ

′2)
√

k20θ
′2 + κ2

Fφ
′2

sinh
(
2βcl

√
k20θ

′2 + κ2
Fφ

′2
) ,

(E1)

where B is defined in Eq. (D2) and ax,y = 1, az = 0.
After the change of variables (D3), the integral becomes

Γi
tr =

2B

(2βcl)5κ3
Fk0

ˆ βclκFπ

0

dy

ˆ βclk0π

0

dx

√
x2 + y2

sinh
√

x2 + y2

×

(
y2 + ai

(
κF

k0

)2

x2

)
. (E2)

Extending the integration limits to ∞ and using
ˆ ∞

0

dy

ˆ ∞

0

dx
x2
√

x2 + y2

sinh
√
x2 + y2

=
93πζ(5)

8
, (E3)

we obtain

Γi
tr =

93πζ(5)B

4(2βcl)5κ3
Fk0

[
1 + ai

(
κF

k0

)2
]
. (E4)

Neglecting the term of order (κF/k0)
2 gives Eq. (58).
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2. Intermediate temperature

When T
(pol)
BG ≪ T ≪ T

(tor)
BG , we may still linearize

sin θ′, but not sinφ′. Using Eq. (D3) gives

Γi
tr =

2B

(2βcl)2k0

ˆ π
2

0

dφ′
ˆ βclk0π

0

dx

√
x2 + b2(φ′)

sinh
√
x2 + b2(φ′)

× cos2(φ′)

[
sin2(φ′) + ai

(
x

2βclk0

)2

cos(2φ′)

]
,

(E5)

with b(φ′) = 2βclκF sin(φ′). As done in Eq. (D6), we
neglect b(φ′) here as well and extend the limit of x-
integration, obtaining

Γi
tr =

2B

(2βcl)2k0

ˆ π
2

0

dφ′
ˆ ∞

0

dx
x

sinh x
cos2(φ′)

×

[
sin2(φ′) + ai

(
x

2βclk0

)2

cos(2φ′)

]
. (E6)

Performing the φ′ and x integrations yields

Γi
tr =

π3B

32(2βcl)2k0

[
1 + ai

(
π

2βclk0

)2
]
. (E7)

In this regime, we see that the second term in Γi
tr is

suppressed by the factor (βclk0)−2 ≪ 1 and can be safely
neglected, yielding Eq. (59).

3. High temperature

When T
(pol)
BG ≪ T

(tor)
BG ≪ T , we linearize the denomi-

nator by using sinhx ≈ x and obtain

Γi
tr = 2B

ˆ π
2

0

dφ′
ˆ π

2

0

dθ′
1

2βcl
cos2(φ′)

×
[
sin2 φ′ + ai cos(2φ

′) sin2 θ′
]
. (E8)

Performing the φ′ and θ′ integrations gives Eq. (60).
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