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Abstract We present a machine-learning-based workflow
to model an unbinned likelihood from its samples. A key
advancement over existing approaches is the validation of
the learned likelihood using rigorous statistical tests, such as
the Kolmogorov—Smirnov test of the joint distribution. Our
method enables the reliable communication of experimental
and phenomenological likelihoods for subsequent analyses.
We demonstrate its effectiveness through three case studies
in high-energy physics. To support broader adoption, we pro-
vide an open-source reference implementation, nabu.

1 Introduction

The reinterpretability of experimental results is a cornerstone
of progress in high-energy physics, where the sheer expense
and effort required to generate data preclude the luxury of
rerunning experiments. In collider experiments, for instance,
the complexity of the data and the sophisticated workflows
needed for its analysis mean that sharing results in a way that
enables reinterpretation is both a scientific imperative and
a technical challenge [1-15]. Traditional approaches, such
as sharing either the raw experimental data or likelihoods,
present significant limitations. Raw data sharing is resource-
intensive and raises concerns about data management and
accessibility [16,17]. Providing full likelihoods [18,19] is
computationally expensive and often impractical due to large
file sizes and the high number of experimental nuisance
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parameters, as evidenced by the substantial efforts behind
LHC combinations of Higgs measurements [20-22]. Simpli-
fied likelihoods mitigate these issues but introduce assump-
tions that can overly constrain their usability [23].

We suggest using Likelihood Models (LMs) instead. A
LM is a mathematical representation that quantifies the prob-
ability of observing a specific data set given underlying
parameters. In high-energy physics, likelihood models are
essential for interpreting experimental results and compar-
ing theoretical predictions against observed data. These mod-
els strive to encapsulate the complete statistical information
of an experiment, making them a cornerstone for parameter
estimation [24], hypothesis testing [25,26], and model com-
parison [27-30]. However, constructing and utilising these
models can be computationally challenging, mainly when
dealing with high-dimensional parameter spaces or complex
workflows that include detector effects and systematic uncer-
tainties.

ML has emerged as a transformative tool in high-energy
physics in recent years. ML-based approaches offer potent
solutions for complex, high-dimensional problems arising
in detector simulation, event reconstruction, and parameter
inference. Among these, Normalizing Flows (NFs) stand out
as a promising avenue for constructing surrogate models of
likelihoods. By learning the underlying probability distribu-
tion of experimental data, Normalizing Flows (NFs) can pro-
vide flexible and accurate approximations of the likelihood
function that are computationally efficient to evaluate. These
surrogate models enable data sharing in a compact, inter-
pretable format and facilitate downstream tasks such as infer-
ence and model comparison. Previous work in this direction
(see, for example, Refs. [31-33]) has demonstrated the poten-
tial of Normalizing Flows (NFs) to encapsulate the essential
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features of high-dimensional distributions while remaining
computationally tractable.

A parallel challenge in high-energy physics lies in the
computational cost of the simulation pipeline. Monte Carlo
simulations, augmented by parton showering and detector
simulations, are indispensable for modelling experimental
interactions. However, their expense often limits their use,
especially in scenarios requiring iterative evaluation, such
as Bayesian inference or optimisation of theoretical models.
Differentiable programming workflows [34—42], which inte-
grate gradients throughout the simulation pipeline, offer a
potential solution. These workflows allow efficient naviga-
tion of the parameter space but are currently limited by the
monumental effort required to adapt existing simulations to
a fully differentiable framework.

Our work bridges these gaps by employing Normalizing
Flows (NFs) to build surrogate models that approximate both
the likelihood function and the simulation workflow, align-
ing well with simulation-based inference [43—49]. This dual
application accelerates parameter inference and extends the
utility of surrogate models to data generation and pseudo-
experimental analysis tasks. By designing the surrogate mod-
els to capture the essential features of the experimental data
while being accessible to a wide range of researchers, we
ensure that our approach supports the community’s broader
goals of reproducibility and reinterpretability [50-53].

The following sections outline a framework for NF-based
surrogate models to represent experimental likelihoods. We
provide practical methodologies for their training and valida-
tion and demonstrate their application to various high-energy
physics use cases. Additionally, we discuss how these sur-
rogate models can serve as a stepping stone towards a fully
differentiable simulation pipeline, enabling efficient, itera-
tive exploration of theoretical and experimental parameter
spaces. By intentionally designing our framework to be user-
friendly and broadly applicable, we ensure that it can be
adopted across the community for diverse reinterpretation
and inference tasks.

2 Methods and step-by-step recipe

As part of our workflow, we pursue the following objectives:

e constructing a LM from pre-existing samples';
e testing the compatibility of this LM with respect to the
samples;

' Throughout, “sample” refers to a random D-dimensional variate of
a probability distribution, e.g. as obtained by a particle-physics experi-
ment from a decay or scattering process, or obtained in a Bayesian data
analysis from an a-posteriori probability density; concrete examples are
discussed in Sect. 3.

@ Springer

e drawing approximate samples from this LM; and

e storing the LM for future use, e.g. the evaluation of the
model density or generation of additional approximate
samples.

A Python implementation of our workflow is available
through the open source software nabu [54],% which is built
on flowjax [55], equinox [56], and jax [57]. The doc-
umentation of nabu will be made available [54].
Preparations In many cases, a “standardisation” of the sam-
ples (i.e. transformation of the samples to a parameter space
with standard properties) is useful before training. We sup-
port such standardisation, e.g., through transforming each
variable in the D-dimensional data set to new variables
with zero mean and unit variance. In high-energy physics,
Dalitz analyses yield a special case of non-Cartesian bounded
parameter space, as shown in one of the examples below. For
such cases, we provide the means to transform the samples
to a Cartesian parameter space. After the optional “standard-
isation” step, the workflow splits the available data set of
size N into a training set (N =~ 72% x N by default), a
validation set (Ny ~ 8% x N by default), and a testing set
(Neest =~ 20% x N by default)
Model We train a LM L(@) on the tralnlng data set,
comprised of samples 191 to 19/\/lr Here © represent a D-
dimensional random variable, and each sample 19 el =
RP is distributed d; ~ L. Following the convention of
Ref. [33], we refer to the vector space T as the farget space.
Ifthe LM L ((:)) is trained sufficiently and successfully, it can
serve as a proxy for the true likelihood L(é).

We propose to use the following type of D-dimensional
LM,

= JANP(f@) 1 i=0,T =1), (1)

where NP (,é | it, ) represents a multivariate Gaussian PDF
centred around p with covariance matrix . The combination
of a suitable optimisable bijective transformation f* applied
to © and its Jacobian J  make it possible for L to mimic
the true likelihood L [58,59] for the purpose of evaluation
or generation of additional samples. Such a bijection is com-
monly called a NF from the target space into the base space
B,

f(©) = f(@:V)=p() e B=R". 0)
Here v represent a set of model-specific nuisance parameters
that need to be inferred to ensure agreement between the LM,

I:, and the genuine likelihood L. Commonly, f is constructed
as a sequence of Ny flow layers of individual bijections,

2 Named after the Assyrian patron god of scribes and wisdom.
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f = fiofro---o fn,.Our default choice of Normaliz-
ing Flows (NFs) employs MAF [60] alternated with config-
urable permutations. Our implementation [54] also supports
further types of Normalizing Flows (NFs), including e.g.
non-volume preserving transformations (ReaNVP) [61]. We
keep the number of flow layers configurable. Each flow layer
is associated with an Multilayer Perceptron (MLP) to learn
the functions used in the underlying bijections. The width,
depth, and choice of activation functions of these MLPs are
configurable. As a transformation function, we employ either
a simple affine transformation or RQS [62] where the trans-
formation parameters have been set via an MLP. The train-
able nuisance parameter set v is comprised of the union of
the parameters of all MLPs.

The LM is trained by minimising a loss function £, with
respect to the nuisance parameters v. This training is per-
formed on a configurable number of batches of equal sample
size Npatch. For each batch, we define its loss £ as the mean
value of the unbinned standard-normal likelihood of the sam-
ples in base space,

Nbatch

@) = ——— Y In [N E@)10.D] . 3)

batch

Here, the sum iterates over all samples in a given batch, and
we abbreviate /§,~(\7) =f (5,-; V). We minimise this loss for
each batch, using the “ADAM” [63] minimiser by default,
with an adjustable learning rate. A training epoch is com-
pleted once every batch has been used for minimisation. At
this point, we record the mean of the loss value across all
training batches.

We repeat the loss computation using the validation set,
yielding ¢,. The training procedure stops either after a con-
figurable number of epochs have passed or if the validation
loss £, stops decreasing for a configurable number of epochs.

Testing After completion of the training, the base-space sam-
ples should follow a standard normal distribution if the LM
has adequately learned the features inherent to the training
sample set. We test if this is true by using a suitable test statis-
tic. A training outcome is rejected if its p-value is smaller
than a pre-defined threshold (default: 3%). We find this to be
essential, since we encountered training outcomes that passed
visual inspection despite a p-value below this threshold.
Our primary choice of test statistic is the unbinned KS [64]
test on the PDF for the square of the two-norm of the trans-
formed samples B,-. For a D-dimensional standard normal
PDF of the samples, the PDF of the squared two-norm is a

D
X2 =1BIF =Y 18I
i=1

distribution with D degrees of freedom. As a consequence
of having a known joint PDF, we can efficiently perform the
KS test on our training and validation sets after every epoch,
if so requested by the user. Our approach has benefits com-
pared to other works in the literature [32]. First, our approach
utilises a single known distribution that tests the joint distri-
bution rather than each marginal PDF. Second, the known
CDF increases the performance of the KS test and removes
the Monte-Carlo uncertainty for the p-value, which arises
from the limited size of the generated testing sets in two-
sample tests, e.g. for unknown distributions or distributions
without an evaluable CDF. Further checks of the marginal
distributions remain possible and are supported by nabu.
However, given the combination of expecting convergence
toward a multivariate Gaussian distribution in B (due to the
likelihood used in Eq. (1)) and passing the p value thresh-
old for the KS tests in XZ, no such further checks uncovered
problems in our examples.

Our secondary choice of test statistic is primarily intended
for visualisation: we split the two-norm samples || ,5,- | |% into
K bins of equal probability content. For a large number of
samples, N/K 2 100, the number of samples in each bin fol-
lows a normal distribution with 4 = N/K ando = /N/K.
We use this expected mean and standard deviation to perform
a binned y? test on combining the first K — 1 bins.

Storage We provide the means to store an LM in a single
file representing the NF and all coordinate transformations
applied to the sample set before training. The file format
makes use of JSON and the serialization routines provided by
the equinox package [56]. This approach facilitates third
parties’ dissemination and usage of the LM.

3 Concrete examples

We illustrate the performance of our workflow using real-
world examples. Our selection of examples covers experi-
mental and phenomenological results with a variety of dif-
ferent dimensionalities and complexities of distribution. Fig-
ure | contains a summary plot for each example. The upper
part of each plot shows the distribution of the two-norms of
the transformed samples after successful training. Overlaid
is the corresponding expected y 2 distribution. The calculated
p-values are presented at the top, and the residuals part of
each plot illustrates the similarity between the empirical and
expected distributions. The significance of each residual is
shown using colour coding, with yellow bins indicating 1o to
20 fluctuations and red bins indicating a fluctuation beyond
20.

In example (a), we train a LM on pp — Z(— pp) + jet
events [65] published by the ATLAS collaboration [66]. The
original data set features 24 dimensions. However, in the

@ Springer
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(a) ATLAS data [65] from Ref. [66].
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(b) LHCb Dalitz plot data from Ref. [67].
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(c) WET b — ul ~— v samples [68] from Ref. [69].

Fig. 1 Summary plots for the three training examples. We show the
p-value corresponding to the KS and binned x? tests. The “Density”
part of each plot shows the 10 bins in || 3| |2 and the expected %2 PDF as
a blue curve. Each bin is expected to contain 10% of the testing set for
a perfect model. In the “Residuals” part of each plot, the grey, gold, and
red coloured bins indicate deviations of less than 1o, within [1, 2)o,
and more than 20, respectively

@ Springer

underlying 2 — 3-body process, most physical informa-
tion is expected to be encoded in only five independent
observables. We choose p’Tm, yHrE p?l, An%z = 77/2“ — niz,
A¢>f2 = qbil - qﬁiz as representative observables for this
physical information. The data set has been standardised
by scaling and shifting all parameters to the range [0, 1].
This is followed by applying a logarithmic transformation to
the modified p7" and p4' distributions and rescaling them
to [0, 1] once more. This approach mitigates challenges in
learning distributions that extend to very large values.

An eight-layer NF is employed for training, utilising MAF
bijections with RQS transformations. Each MAF layer con-
tains a single-layer MLP with 512 hidden units, while the
RQS transformation is configured with 12 knots within the
[0, 1] support. The initial learning rate is set to 1% and decays
with a half-life of 25 epochs until reaching a minimal learn-
ing rate of 107, The NF is trained for a maximum of 600
epochs, with early stopping applied if the negative log proba-
bility of the validation set does not improve for more than 50
epochs. Testing the LM yields a KS p-value of 66.5%. The
outcome of this example is illustrated in Fig. 1. The resulting
model file uses ~ 4 MB of storage space, while the com-
pressed samples use ~ 14 MB. In Fig. 2 we showcase that
the LM is in good agreement with the 1D marginal distribu-
tions (using p#“ as an example), despite our validation only
taking the overall x? into account.

In example (b), we train an LM on efficiency corrected
events of the decay BT — DD~ K™ as published by the
LHCD collaboration [67]. The events have been extracted
from the supplementary material. Each event corresponds
to a 2-tuple of the squared D~ K™ mass and the squared
D* D™ mass. Before training, we manually map the support
of the Dalitz plot to the space (—oo, +00)2. For this two-
dimensional example, we require 8 flow layers of type RQS,
and an MLP with two hidden layers & 64 neurons per layer to
learn the likelihood. After testing, our LM yields acceptable
p-values of 10% and 79.9% for the KS test and the binned
x? test, respectively. The current LHCb measurement does
not yet provide sufficient detail to highlight resonance bands
in m%ﬁ p- as expected from the presence of broad charmo-
nium resonances above the open-charm threshold. On the
other hand, we are content that the LM does not “halluci-
nate” non-existing structures. This example is, therefore, a
good illustration of the stability of our choice of LM. The
resulting model file uses ~ 300kB of storage space, while
the samples use ~ 14 kB.

In example (c), we train an LM on the posterior samples
of the Weak Effective Theory parameters in the ubfv sec-
tor [68], obtained from a fit to exclusive B — {m, p, 0}V
decays [69]. This data set contains 5-dimensional samples
following a multimodal distribution. The underlying data is
the same as used for the pilot study presented in Ref. [33]. In
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Fig. 2 Diagnostic plot demonstrating the agreement between the
binned prediction (blue bins) of the learned LM for example (a) and
the binned samples (black points) using the variable p?” as an exam-
ple. For an explanation of the colour scheme of the “Residuals”, see the
caption of Fig. 1

contrast to earlier efforts, our present approach is successful
in learning the full five-dimensional distribution, as indicated
by its acceptable p-values of 18.4% and 15.9% for the KS
test and the binned x?2 test, respectively. As a consequence,
the results of Ref. [69] can now be used in subsequent BSM
model studies or SMEFT studies, without repeating the orig-
inal analysis. This represents a substantial reduction of the
computation costs, given the large number of 50 hadronic
nuisance parameters that are irrelevant to any BSM implica-
tions. The resulting model file uses ~ 90 kB of storage space,
while the compressed samples use ~ 5 MB.

4 Conclusion and outlook

Analysis preservation, and reinterpretation of experimen-
tal and phenomenological analyses is a significant hurdle
to progress in the field of high-energy physics. Here, we
have presented a workflow to model unbinned likelihoods
for this purpose. When constructing likelihood models, we
make use of established techniques (such as normalising
flows) and pieces of software that emerged in the context of
machine-learning applications. We combine these techniques
with robust statistical tests that ensure the likelihood model
is accurate. Using three concrete real-world examples from
experiment and phenomenology, we have illustrated that our
proposed workflow can model likelihoods with complicated
non-Gaussian features and strong correlations. Except for
our two-dimensional example, the storage size of our mod-

els is much smaller than the size of the training samples.
This confirms an advantage of our proposed workflow for
data preservation and storage.

We will continue developing the nabu software [54],
expanding its capabilities with additional types of normal-
ising flows and a broader range of known transformations.
Future applications of nabu include integration with the
EOS software for flavour physics [70], enabling precise
posterior constraints on Weak Effective Theory parameters
inferred from flavour-changing processes [69,71,72]. Addi-
tionally, nabu will interface with Spey [23] to acceler-
ate analysis reinterpretation by constructing a comprehen-
sive catalogue of likelihood models from publicly available
experimental data. Looking ahead, nabu is designed for
extendability beyond normalising flows, including advanced
machine learning techniques such as diffusion models, which
we aim to explore in future work.
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