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SYNOPSIS

This work is concerned with the elastic instability of tall and slender struc-

tures. It is now well known that the elastic primary analysis does not always

predict accurately the distribution of stresses and deformation in structures

generally and this may be a source of serious error in the design. While it is

not possible to eieck the actual stresses in structures, the appearance of cracks

and excessive deformation as well as vibration are visual indications of the

discrepancy between the predicted and actual response of structures generally

and particularly of tall slender frames. In this work, efforts are made to

formulate and to include in the matrix other effects, which are often termed as

"secondary" and to examine their effect on the response of tall frames and shear

walls. Many of these effects result in the non-linear analysis. Particular

attention is paid to the matrix formulation of theories in a form suitable for

practical application in office conditions. Several experiments are made to check

the validity of the assumptions.
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NOTATION

Unless otherwise stated the following symbols are used in this work.

(Other symbols are defined when they first appear):

3£OSye Bee ONO aNd
ee
£

& ®

KR

La a aed

Area of cross-section

Second moment of area of a section

Section modulus

Stress

Strain

Youngs modulus of elasticity

Shear modulus of elasticity

Horizontal co-ordinate of a point under consideration

Vertical co-ordinate of a point under consideration

Bending moment

Internal axial force

Applied force

Lateral load

Angle (in radians)

Stability functions

Stability functions in the force-displacement method

Flexibility coefficient

Stiffness

Shear force

Transverse deflection of a member or a joint

Axial deformation of a member

Storey height

Length of beam :

Relative rotation of a flexible connection

Poissons ratio

Torsional shear stress



1.01 The Object and Scope of the Research

The main object of this research was to develop a practical theory of

elastic instability of tall frames and shear walls suitable for office use, to

examine the effect of various factors involved, and to check experimentally the

validity of the assumptions made and therefore the accuracy of the mathematical

formulations.

The following factors are examined:

(a) the effect of axial forces on the stiffness or flexibility of

isolated members and portal frames

(b) the effect of axial forces on the response of tall frames

and shear walls

(c) the effect of the change of geometry of a system and the

action of loads on the response of frames

(da) the effect of ‘out of plumb’ construction

Some other possible effects of elastic instability are also examined

analytically, but no experimental verification was attempted. These are:
(e) the effect of elastic deformations of the soil mass, usually

referred to as the "soil-structure interaction", and

(f) the effect of cracks.

This work shows how the various parameters can be included in the

matrix in a form suitable for practical application. However, the use of

computers is required in most cases to obtain a solution.

The force-displacement method is used in most parts of this work for

the following reasons:

(i) this method gives directly the values of forces and

deflections usually required by the designer (the rotations

of joints do not enter as indeterminate).

(ii) the method is based on clear, physical interpretation of the response

of the assumed model and this facilitates the setting out of the

matrix and helps in avoiding errors

(iii) the method is very powerful and can be used to formulate some

complex structural problems :

(iv) the method is not yet fully explored and efforts were made to use it

in the problems of elastic instability of tall frames.
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Not dealt with in this work are the following instability problems:

the elastic instability arising from vibrations or dynamic loading; instability in

the post-elastic range and the visco-elastic response of materials and the

ultimate strength of tall frames.

Generally, this research shows that some of the "secondary" effects

can represent an important factor in the overall response of tall buildings to

gravity and lateral forces - and that by considering these effects, a better

correlation can be obtained between calculated and observed response of tall

frames.

1.02 Introduction

. Instability is generally defined as a mode of elastic or inelastic

deformation, buckling or collapse of a structure or a part of it.

For instability to take place, a structure must be initially in motion,

although it may be in equilibrium with the forces causing instability and

deformations may still be compatible. A collapse is an ultimate bound of

instability (generally not dealt with in this work.) The term ‘elastic’ instability

is used when the above action takes place even within the elastic response of

materials, although it may not be linearly-elastic.

The above definitions of instability form the basis for analytical

formulations in this work.

Elastic instability can arise from various effects such as: excessive

slenderness of members, excessive axial forces, eccentricities of loads,

crookedness of members or out-of-plumb construction, large lateral ’

deformation, cracked sections, flexible joints, differential settlement of

foundations, temperature changes, creep and shrinkage of concrete, etc. Other

causes of instability may arise from the dynamic action of wind and earthquakes,

and shedding of vortices. The latter are not,dealt with in this work.

Instability can occur at high as well as at very low stress level, and

can show itself by excessive deformation and by local or overall buckling. Any

of the above factors or a combination of them may lead to progressive deformations

and even failure. However, elastic instability is limited to excessive deformations

when both the requirements of equilibrium and compatibility are still satisfied.
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While instability of individual members is well known and is discussed

in many textbooks on the subject, analytical formulation of the instability of

complex frames and shear walls used in tall buildings is not yet fully resolved,

even in the elastic range. Few practical methods of analysis are available

suitable for office use which would offer a sufficient degree of accuracy. This

research attempts to fill this need.

Most structures deflect more than predicted and show frequent cracks

even if the design is based on the accepted level of working stresses.

It is also recognised that the response of structures to loads differs

to that predicted by "primary" analyses, and sometimes even reverse response

has been observed. It can be expected that one reason for this discrepancy is

the effect of elastic instability due to causes listed above.

Theoretical analyses made by various authors confirm that critical

loads and the overall stiffness of slender frames can be reduced to an alarming

extent by these effects. A stage can be reached when lateral deflections increase

much faster than indicated by the primary analysis and buildings may then deflect

and vibrate excessively and could become unserviceable. There are recorded

cases of this.

The classical energy methods (conservation of energy, virtual work,

minimum potential energy and complementary energy) are particularly useful in

formulating elastic instability of individual members and a high degree of accuracy

is now confirmed. However, direct application of energy methods to full

structures is often too complicated and not practical for office use. Other

methods are therefore used, based on energy methods and these are mainly the

stiffness, flexibility and the force-displacement method.

It has been long known that the stiffness of slender members and their

critical loads can reduce rapidly, i.e. the Perry-Robertsons analysis of struts

is one example now universally accepted. Similarly, it has been suggested that

in certain conditions, tall and slender frames may show a drastic reduction of

stiffness even in the elastic range. Many reports are now available, which

indicate that even in normal conditions, a considerable reduction of stiffness

actually takes place. However, the surprising and not fully resolved fact remains

that very few tall buildings actually collapsed in service except those due to the

action of earthquake forces, fire or during construction.
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It is well known that multi-storey frame structures may buckle laterally

under loads significantly less than those predicted by individual column-buckling

formulae. In the final stages of collapse a structure behaves as a mechanism

and deflections increase without increase of loads, and collapse can take place.

More accurate analysis is therefore required, particularly for tall and slender

buildings without shear walls or heavy masonry infilled panels. In such frames,

stresses and deformations may not be proportional to the magnitude of load, and

may depend on the magnitude of the deformations and eccentricities of axial loads.

If lateral deformations are sufficiently large, primary moments and deformations

can be amplified and instability of members or of the whole structure may occur,

even at comparatively small loads.

It is well known that the stiffness and flexibility coefficients of members

are a function not only of the span and EI values of members, but also of axial

loads, and therefore the critical loads are sometimes defined as loads which

correspond-to zero stiffness orinfinite flexibility matrix.

In principle, therefore, it should be possible to obtain critical loads

by setting the stiffness matrix to zero, or the flexibility matrix to infinity. At

such loads, deformations and forces become undefined, and buckling modes could

be obtained. However, in practice, this approach can supply the solution of

some most simple problems only, for idealised frames, without imperfections,

and for materials not subjected to yielding.

At a certain stage, such stability may suddenly cease to exist, e.g. a

portal frame with column loads may suddenly become unstable, a pre-cast

assembly of panels may suddenly collapse. Similarly, a statement that a system

is unstable if a small amount of energy supplied from external source causes

large deformations ofa system is also not strictly true, e.g. a structure can be

moved horizontally without any expenditure work at all.

However, if external forces are required to perform positive work to

produce any small displacement of a system, then the equilibrium is stable.

Mere existence of stability gives no assurance of safe design and

provides no knowledge of the degree of stability. Structures may bein a state of

weak stability or in what is termed as "snap-through" stability. These effects

do not form a part of this work.



From the practical point of view, a method of analysis is required

which could offer even an approximate way of predicting the response of tall

buildings to the "secondary" effects listed above. Such a method should take

into account any given geometrical configuration of a structure, and its

accuracy and the limits of applicability should be verified experimentally .

More accurate analysis is required particularly for tall and slender

buildings without rigid shear walls or heavy masonry infilled panels.

Primary static analyses are now well established and are based on

the undeformed original configuration of a structure, and assume that the

deformations are small in comparison to the sizes of members.

This work aims to investigate various sources of elastic instability,

and attempts to formulate some of their effects on structures, particularly on

tall buildings, as a repetitive tool in future design. Experimental work aims at

* verification of the assumptions made.

Generally, the analysis developed confirms that in tall flexible frames,

the above mentioned secondary effects can represent an important factor in the

, response of such frames to gravity and lateral forces.

This thesis takes into account the change of geometry of the loaded

system, the effect of gravity and lateral forces on the magnitude of primary

stress and deformation as well as the effect of axial deformation and altered

stiffness of members. The effect of out-of-plumb construction and fiiapertecuions
of materials are also considered. It is shown how these parameters can be

assembled into a matrix suitable for office work although with the aid of a

computer.

1.03 Programme of Experimental Work

The following experiments have been carried out:

1.031 Check of the response of a simple cantilever to lateral

and axial forces at large deformations, Fig. 1.031.

Fig. 1.031 Simple Cantilever.



1.032

1.033

1.034

meqeS

Check of the response of portal frames to the effect of

lateral and axial forces in the non-linear range of stresses,

Fig. 1.032 a) and b). Tests were also made using portal

frames with different restraints of two columns with hinges

at different points and with gravity loads placed

(a)

Fig. 1.032 Portal Frames

Check of the response of tall frames to gravity and lateral

forces. The former was placed symmetrically and non~

symmetrically. Frames shown in Fig. 1.033 a) and b)

were made in steel and micro-concrete and that in Fig.

1.033 c) in micro-concrete. Some tests were made on

steel frames as shown on Fig. 1.033 a) in which hinges,

simulating cracks, were introduced at various places in

columns or beams.

(a) (6)

Fig. 1.033 Tall Frames.

Check of the response of out-of-plumb tall frames to gravity

and lateral forces. These tests were made on micro-

concrete models.
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Fig. 1.034 Out-of-plumb Tall Frames.

1.04 General Classification of Instability of Structures
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Fig. 1.04 Classification of Instability of Structures.

Although instability need not be a function of the stress level, it is

convenient to classify instability in relation to stresses as shown in Fig. 1.04.

This is as follows:-

1.041 Elastic or primary analysis. This is usually accepted as valid

within working loads and is based on the assumptions that

a) the relationship between stress and strain is linear

b) that the principle of superposition is valid

ce) * that deformations are small, and

d) that the action cf loads is static



1.042

1.043

1.044

1.045

a)

b)

c)

d)

e)

C9 =

Elastic instability. This is usually considered to take place at higher

stresses but below stresses leading to the onset of cracking when:

a) stresses can still be assumed to be proportional to strains but

deformations are beginning to be significant,

b) stiffnesses of axially loaded members are reduced, and

c) the analysis should more accurately be based on deformed

configurations of a structure when the action of loads is affected.

Inelastic instability. This takes place, usually at a high stress level,

when stresses are not proportional to strains. The latter are time-

dependent and are referred to as visco-elastic. At high stress levels,

bifurcation of the configuration can take place and an unstable configura ~

tion can exist under decreasing stresses.

Ultimate strength. At this stage, stresses are usually assumed to be

fully plastic, the stiffness of a member of a structure reaches zero

value (and flexibility is infinite),deflections increase even at decreasing

loads and ultimate load is reached. Critical load is a complex function of

the properties of materials, loads, geometry and some secondary effects.

The main characteristics which distinguish instability problems from

the conventional "elastic analyses" are as follows:-

At certain stages of loading, deflections may become no longer propor-

tional to loads (although the usual assumptions of the linear theory of

elasticity may still be used). This is because bending moments become

a function of deflections, while the simple bending theory is usually

based on the equilibrium conditions being satisfied in the original,

undeformed configuration ofa system. In other words, in instability

analyses the deformations of a structure are not uniquely determined

or proportional to loads. .

Buckling is an inherent problem of instability. It is the final stage and

a consequence that in instability problems small increments of loads

may cause disproportional increase in deflections.

The existence of critical loads is one of the main features of instability .

Motion ofa structure is an inherent feature of instability, although a

structure in motion may, or may not,be in equilibrium with the external

forces, and finally,

the natural frequence of vibrations is a characteristic of instability of

a structure.



1.05 Stability Functions

Fig. 1.05 Element Subjected to Axial Load and End Moments

‘

In the analysis of instability problems by stiffness method, stability

functions are used, which represent the stiffness and the carry-over factor, as

well as their product. Stability functions depend on the dimensions of a member,

its material and on the magnitude of axial force applied. These functions are

usually calculated from the Fig. 1.05 based on the equation of the deflected line.

Bending moment M, at any point is:

aty
Maz = Mz -(Ma +My) ae Py = - EIA

we aed in, hn '
from which: Sut Lb Ma Fz ” Me 547

Denoting k= $y

we obtain: Ye Asinkx + Bcoskx ~ Ma-$=#+ Ms fs

The constants of integration A and B can be determined from the boundary

conditions that:

pr x20, y20, and for zeal, y=0

from which:

Bue Me and

A =e aot.hl - Mb coseahl

The slopes at A and Bare calculated by taking dy/dx for x =o and x = L

respectively: ~ £/0, = Zs M,Z = EM le

and EIO@, =-Z Male == MzL4
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These values have been tabulated by R.K. Livesley and D.B. Chandler

“$6 =

and are also shown in Fig. 1.051.
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Fig. 1.051 Diagram of stability functions s and c. versus ki (or

7 /E in which P is the axial load and Q = 97°£I/L”)
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1.060 Critical Loads Calculated by the Stability Functions

—_— ~

A ) PANS &

Fig. 1.060 Element Subjected to Axial Load and End Moments.

From Equation 1.051 and 1.052 we have:

~- EL\s.Q + 5.0 Q

he HEE ee
, ve M, =£i\s.c.Q.* s. oy

LE

At ultimate, Ma and Mb are zero and we have Q = Og so that the stiffness

matrix is also zero, i.e. s se
. 

BNO

SC Ss

or gs? —- s*c* = O

or (S-SC)\(S+SC) = O

2 a

from which in both cases: 2, = TEL or De = ATT EL
iL

which is Euler's condition for buckling of columns.

The critical load can in theory be calculated by the stiffness or

flexibility method. In the first, the determinant of co-efficients in the moment

slope-deflection matrix is set to zero, i.e. A. Oo

In the second approach the flexibility matrix set out for internal

moments tends to infinity, i-e. 4 = co
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Fig. 1.061 a) and b) shows diagrammatically the concept of critical

load using the stiffness and flexibility approach.
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Fig. 1.061 Diagrammatic Concepts of Critical Loads based on

Stiffness and Flexibility Methods.

1.070 Flexibility Coefficients for Axially Loaded Columns
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Fig. 1.070 _ Derivation of Flexibility Coefficients for a Member

Subjected to Bending aud Axial Force.

A column subjected to end bending moment and an axial force, as

shown on Fig. 1.070,is a very useful case in the analysis of elastic stability. -

It can be shown that the deflection y at a distance x as
= Strvk% _ 2

J senkl =)
Taking derivatives of this equation we obtain:

x -£- (23) ae =

aL Sable t
or fem ieee acrabie ge Map
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In these equations: - k= ie and 2U= AL

The values of coefficients c, and c,, are shown in tabular form,

Fig. 1.071, and in graphical form, Fig. 120725

1.080 Relationship Between the Stability Functions and

j : Flexibility Coefficients

Fig. 1.080 Diagram Used to Derive Relationship Between

Stability Functions and Flexibility Coefficients

The stiffness s and the carry-over factor c can be related to the

flexibility coefficients f, and fz, as follows:-

From Fig. 1.080

Mf - Mofo = ©
and ‘ - M,.f4,+ Myo =

From which M, =Se we, Sadie nem anne on = 1.081
Ope t-te te,

mae Mz _ Ee ahi ie eee 1.082

M, Fu
Or solving for f,, and f,, we obtain:

an i ea 3) eee eae 1.083

OE conan en ae naa 1.08.

— Ay sgees :
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Wedd} C,, | C2, |MEk cy C2 | anes 7 © Cay
O.0-jL.0.~ [1.0 2.1 | 1.5158 | 1.9493 | 3.15 | -112.9747 | -227.1668
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0.5 |1.0171 | 1.0299 } 2.35 | 1.8041 | 2.5022 | 3.50 | - 2.0433|- 5.3769
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0.7 |1.0343 | 1.0603 | 2.45 | 1.9786 | 2.8403 | 3.70 | - 1.0787 |- 3.4990

0.8 |1.0754 | 1.0801 | 2.50 | 2.0864 | 3.0502 | 3.80 |- .8128|- 2.9961
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1.1 | 1.0912 | 1.1617 | 2.65 | 2.5415 | 3.9421 }4.20.|- .2317|- 1.9792

1.2 | 1.1114 [1.1979 | 2.70 | 2.7619 | 4.3766 14.40 |- .0652]- 1.7429

1.3 | 1.1345 | 1.2396 [2.75 | 3.0386 | 4.9233 4.60 |+ .0682}- 1.5962
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1.5 |1.1915 |1.3434 [2.85 | 3.8764 | 6.5846 15.00 |} + .2975|- 1.4914

1.6 | 1.2266 }1.4078 42.90 | 4.5550 | 7.9343 } 6.00 | + 1.8015 }- 3.7455

1.7. | 1.2673 | 1.4880 | 2.95 | 5.5875 | 9.9915 J27 |t oo too

1.8 [1.3147 |1.5710 | 3.00 | 7.3486 | 13.5057 || 6.5 - 2.0242 |+ 4.1490

1.9 | 1.3704 | 1.6750 {3.05 {11.0314 | 20.8629

2.0 11.4365 |1.7993 }3.10 |23.5659 | 45.9234

2.155. 47428128700

Fig. 1.071 Flexibility Coefficients fer a Beam Subjected to End Bending

Moment and Axial Force.
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Fig. 1.073 Diagram of Stability Coefficients, C,, and C,,
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Introducing in Equations 1.081 and 1.082 the values for f,, and fa,

2-Zeoskl ~-klsin kl

< kL -sinkl

sin.kl-hleoskl

These coefficients are tabulated by Livesly and Chandler in "Stability

Functions for Structural Frameworks”.

If the far end of the member is pinned, then the carry-over factor

becomes zero, and the stiffness coefficient s can be expressed in terms of Sas

: /ery M, fur = =Q and re s a

Introducing ‘om (FR 4s
eater

we obtain §= Ss _# Al
or i § = s(/- oc)

For a portal frame subjected to a uniformly distributed load and to
P

column loads P, Fig. 1.081,we have:

(1 Mata*hs Ase) =Q,

Fig. 1.081 Portal Frame with Uniformly Distributed Load

and Column Loads P.

aw the values for f from Equation and @,we obtain:

Ce /

Hh Sa a Ch) es= cz) af ‘Sa a
ol tan k§& ed,

ce 4:2 2
This equation shows the relationship between the horizontal reaction

and axial forces in columns, and was first derived by Le-Wu-Lu using a

somewhat different approach. The value of P obtained from this equation

represents the criticai ivad of the frames.
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1.090 Stiffness and Carry-over Factors including Instability Functions

Although the stiffness method is nothere used in matrix formulations,

it is shown how stiffness and carry-over factors can be calculated including the

effect of axial forces by using the force-displacement method. Fig.1.090 shows a

beam fixed at one end but free for angular and axial deformations at the other end.

The beam is subjected to a bending moment M and axial force Ps

M:
Z 2

Fig. 1.090 Diagram to Show Relation between Stiffness

. and Carry-over Factors.

From Fig. 1.090 we can write,

Cn Coa peat: >. aAtl M, Ser —M b aes oO 1.091

Nh Sz Cag =
az -M-Sue + My Spy = O

For a beam with constant second moment of area (I = constant):

4, = Cg, and C,z = Cg, and from Equations 1.091 and 1.092 we obtain:

over fact M, = aecarry-over factor: A" = 5°G

a as

bie M, 4EL Soy

6 \L a3-e8)
and stiffness

It is interesting to note that for the stiffness to become zero the

value of ae) (La EB awa)

20 (20 tan 2Yy,

or tan 2U = 2U

*from which

and

Tabular values of stiffness and carry-over factors are shown in

Fig. 1.091 and the data are shown graphically in Fig. 1 -092.
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2U cu Cz $ G2 &
eure

0 1 .0 ake -5000 1.0000

oe 1.0027 1.0047 -5037 -9986

4 1.0108 1.0189 -5040 -9890

.6 1.0249 1.0437 -5092 -9879

8 1.0584 1.0801 -5102 -9630

1.0 1.0754 1.1304 -5256 -9580

ES? 1.1114 1.1979 +5389 -9510

1.4 1.1610 1.2878 -5546 +9329

1.6 1.2266 1.4078 -5738 -9117

1.8 1.3197 1.5710 5975 -8871

2.0 1.4365 1.7993 6263 .8590

2.2 1.6124 2.1336 -6616 -8193

2.4 1.8854 2.6596 -7053 eile.

2.6 2.3618 3.5890 +7598 stole

2:8 3.3963 5.6315 .8291 -7063

3.0 7.3486 13.5057 -9189 6560

fr | te FOS 4000

Fig. 1.091 Stiffness and Carry-over Factors.
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Carry-over and Stiffness Factors as é Funccion of 2U (i.e. the axial load)Fig. 1.092
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1.10 Derivation of the generalised element stiffness matrix including

stability functions using the force-displacement method.

Similarly, the clement stiffness matrix can be derived including the

effect of stability functions s and c, or the coefficients c,, and Cg,- The principle

of the force dis placeme nt method is used in the derivation.

mM

2 7b) (a, »
ee ae ; iS

M,= Ma

ae

oF ia

Fig. 1.10 Derivation of the Slope Deflection Equations

including Stability Functions .

St lia
From Fig. 1.10: 4 4 yes a JF

atl M Ki - Mote = 9, - $5 4

at 2 MO + Ma foo = oO, = San S,

substituting: £, = nid lecoskl +)

healt of
Ju ei 7 (bo faz)

s

Ju * &u ZET
\

yas Oe heend ia ave, AlGaEL Zz GET Soe 2U “oo
Z

Sa ~ Ce GEL



we obtain:

in which:

transverse loads) are:

2 2£L[6,(24, +A) + ©2,(A2+2A2) —

+= 22'- 7p UeVva

M, ee 2GA)* Os Aa ~A, S75: | 6 £4 jh
x

Sa~ aA,

M, = 2664, + 20,A5-Aé |

a
paris 40 Co2- ra Cas

3C,2
5 cailey 2)
: e 4C,,Czo — Qe Cz,

Ae 3C22 C2)As = ee ee

. 4C, Caz = Cy Ca,

The shear forces in the beam (excluding the effect of imposed

V2-Vy = MrMe «=
L

7 +Ac) 5)

The above equations can be presented in a generalised stiffness form

in a matrix form suitable for the analysis of elastic instability problems. This

is as follows:

2EE GELA ee

Aika, | EEA) BERS] [e| [a
2ELy, on, 264 A,-a) SFL Se | GEL Ze || 10.) |M,

GET 2A,+A,| GEL Aar2Ad /2ET AyrAg| 2EL Asyrd 3
LZ Too | ee eee || ee

~ GET DA rh GEL Atle IZET Astha| PET Aar Ad s.| ly,
2 ‘2

L ame EEO Lame

this line of possible research is not pursued further in this work.

given to further formulations by the force-displacement method.

Although the above matrix has been developed by the stiffness method,

Preference is
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1e1E Review of the Principles ef the Force-Disp!acement Method

Based on the force-displacement method, a system of linear

homogencous equations is set out, expressing the conditions of compatibility of

deformations and equilibrium of forces, from which the unknown moments and

deflections are calculated simultaneously. The load-deflection characteristics

of members are used in terms of angular flexibility coefficients.

The approach is based on the physical fact that a frame is stable for as

long as 2 positive horizontal force is required to produce sidesway, the “positive”

force being defined as one acting in the direction of the assumed horizontal motion

of the frame. This is expressed in the form ofa force-displacement matrix.

At first, the procedure is illustrated by a simple portal frame using the

classical transcendental funcions. Other, more complicated, cases are shown

later in the text.

)

Mo%
7

Fig. 1.110 Primary Stresses and Deformations in a Portal Frame

Fig. 1.110 shows a portal frame, subjected to a lateral load W, which is

at first analysed for primary effects only. The procedure in setting out of the

matrix is as follows: first the structure is assumed to deflect to its unrestrained

and “nal position governed by the deflection &. In this position, all joints are

assumed temporarily relaxed from conti

restored to a correct configuration by the application of unknown forces.
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Actual stiffnesses of members are taken into account, and the axial

deformations of columns can be included at this stage without difficulties. For

compatibility of deformations we can write from Fig. 1.110 that:

0. “Mer Bz7, ~ Mor(3Ei, * $21) ~My t1, —)
Nn 2 pete nl ae

vie Mesey Mice 7h

Mo, ze M, - (4)
t Rh 2
3Wnh*

from which Mo = 2+ orb

; WA Er 3nh) .
Mw = 9 ~Gnh Se eager"! 1.111

S PW ee Oe r OI secan eo 1.112
SUEY me 22 Grk)

. Lz
in which 7: wo 5

Le

If columus are subjected to large axial forces then three changes can

take place: s :

a) column stiffnesses (or flexibility) can be altered

b) column axial deformations may become significant and may have to be

taken into account, and

c) deformations may become large and the analysis may have to include

the effect of altered geometry of the system. ser as

These are the main factors of the elastic instability of frames systems.

Me

ne

Pe a 2
; oF 2 EL \

a

Fig. 1.111 Beam Subjected to Beuling Moment and Axial Load
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The stiffness of the beam subjected to an axial load and bending moment

(Fig. 1.111) has long been solved based on the differential equation of the

deflection curve. iy

ay Mx

Gene VOT.

Timoshenko gives the following solution:

a MWY Ee ee) eeJy Ss #) 1.113

in which walein W! k

From Equation 1.113 we obtain:

k / ip / =a)
()...7 HA Ti D) = “GET: ol amw a7

id M/k Bes Warren we
(F427 P\tankL } SET 3ET "3 2UV Zan 2 ~ 207SL

in which za tL LE:

ee ie enn / 2174

The values denoted by:

/

Car - 6 7smI0 -g72|- 3 Fe - Za}
/ eh Be (Sen.

si Gale. fe eee 724 2U\2U tan ZY,
represent therefore magnification factors. of the flexibility coefficients arising

from the presence of axial forces. These coefficients were shown in Fig. 1,071)

Referring to Fig. 1.112 we can now sct out the matrix in which account

can be taken of the altered geometry of the frame and the stiffnesses of columns

(the stiffness of the beam is not appreciably altered because axial forces in the

beam are nearly always small with the exception when pré-stressed concrete
iP

members are used):

y

L

Fig. 1.112 Instability Moments and Deformations in a Portal Frame.



0. pee GEL + Mofer, * 6. her) )- Meh Ce, -Fs) anne 1.114

ie Moir Cre + Mai $er Cn - $3) wanes 1.115

F /Ee? Ma ea ie gW+ PD ne Sys 1.116

In equation 1,116 the value of P. as arises from the horizontal

component of the force P, while the axial component affects the flexibility

coefficients. This is referred to as the "P.A" effect.

The solution of the three equations can be obtained in an explicit form

which is convenient for further study of the response of frames.

3WAP ~ Wh

Mor = (2L(5— CPE +/2h
wt * Cos

Wh |L > A. (2C,, + Cro)

WA (SL 7A (BC + Cro) Cn ~ Fh Cre | ~------ 7mm 1.119

Ao = EF} (2LG- Cy PAVED) 12%
a BAe recs —
When P = 0; all values of c = 1, aud the ‘instability’ moment equations

reduce to the ‘primary’ moment meee i.e. Equations 1.117, 1.118 and 1.119

revert to Equations 1.110, 1.111 and 1.112 respectively.

Based on the above equations it can he shown, that for small values of

axial forces the effect of elastic instability is small. For example, assuming

L = 6m, h =2.7m, n= 1 and W = 1OKN, we have from the equations W117) ets

and 1.119: Me, = 0-1824WA

Mig = 0:-3/75WA and

Se = 0-O07545WA» JEL

Taking P = 50 kN, we have:

Cy = 1.0066, Cz,= 1.9115 | .

Mo, = 0:/83/Wh, — My = O-3203WA

A, = 0.0766 WAs

ZI
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This represents an increase of only 1%.

Based on Equations 1.117, 1.118 and 1.119 the effect of varying axial

force can be studied. The following table can be prepared from which Fig. 1.113

is produced.

M Mu) A./wa>
PUN) coo Cve wn Wh EZ

0 1 1 -1824 volT5 .0754

50 | 1.0066 | 1.0115 | .1831 | .3203 | .0766

100 1.0135 1.024 . 1839 Ayes .0768

150 1.0200 1.0340 .1846 -3259 .0789

. 200 1.0265 1.0466 .1853 .3287 .0801

250 1.0335 1.0575 - 1860 .3316 -0814

300 1.0405 1.0710 yASGT) We 3040 .0827

350 1.0476 1.0838 oT «3970 .0840

400 1.0550 1.0970 . 1883 .3408 .0854

450 1.0625 1.1240 - 1892 .3451 -0868

500 1.0700 1.1300 .1899 -3489 -0887

600 1.0850 1.1507 -1913 <a 900. -0912

700 1.1022 1.1814 .1929 .3607 .0945

800 1.1194 |/1.2124 . 1946 .3679 -0979

900 1.1365 1.2435 . 1962 -3752 -1015

1000 1.1545 1.2786 .1978 .3831 -1053

1200 1.1958 1.3511 .| ..2013 -4002 -1142

1600 1.2893 1.5240 . 2085, -4395, #1359)

2000 1.4034 1.7371 - 2162 -4872 - 1653

2500 1.5518 2.0173 . 2250 sDoad: . 2096

3000 | 1.7955 | 2.4860 | .2366 | .6548 | .2938

Fig. 1.113 shows the effect of axial forces on moments and sway ina

portal frame. It can be seen that for small axial forces the primary analysis

-differs comparatively very little from the more accurate analysis. However,

~ when axial forces are large, the effect on moments and deflections can be

considerable: the defiection at P = 3000 KN is four times larger than that shown

by the primary analysis. It follows, therefore, that frames in lower stories

of tall buildings may be seriously affected by axial forces and secondary deflections.

It could be concluded that. the stage can be reached when the structure

. will cease to be in equilibrium with the combined effect of wind and instability

forces and collapse mzy occur. Such collapse, however, may also occur from

_ the excessive wind pressure or excessive gravity loads, or froma critical
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3000 +
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1000 - Elastic Deflection (Constant for attvatves of P)Blastcc
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Fig. 1.113

Usper Scale és of (Oh)

Lower Scale és of ez
J2E zl
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Diagram of Elastic and Instability on Moments

and Deflections in a Portal Frame.
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combination of the two. At present there is no way to study these critical loads

in an explicit form because the problem becomes non-linear. The added

complication arises from the fact that at many places the structure will enter

visco-elastic and even fully plastic distribution of strains .

Fig. 1.114 shows, diagrammatically, the relationship between elastic

analyses and elasto-plastic instability analysis. However, the values of the

critical loads causing collapse cannot yet be reliably predicted, and must form

a separate study.

CRITICAL LOAD

TOTAL LATERAL LOAD
Fig. 1.114 Elastic and Elasto-plastic Deflections.

PAZ Review of the Elastic Instability of Portal Frames

Pe : P

a Oe | 3
Sa ae PP 7

|
ler 4 / /

Ho je oh
8 / 8 /

a) b)

Fig. 1.120° Instability of a Portal Frame.

The theory of stability is well established for portal frames subjected

to axial forces only. However, the effect of secondary moments has not been

well developed for the stage when frames pass from stable to unstable equilibrium.

Calculation of a critical load in a portal frame, Fig. 1.120 (a), without primary

moments is usually based on the equation of the deflected line of a structure, i.e.:

Ly
a men leyElz



akc

To satisfy the condition at the lower edge ydsinkx the condition at the

wpccctesis (hy) Phy teeI acu Fe GEL a

oe hooakh tap lecn hh (CLF

If the beam is infinitely rigid (EJ, =9°) then:

coskh =O kA = Z

2 EL
Rr mat

which is the Euler's criiicai ivad fur a coluinu fixed at one end and free at the

other .

However, under certain loading conditions, another state of equilibrium

may exist, called unstable equilibrium, i.e. when bending moments appear. In

this state of instability, just after transition from stable equilibrium, the

external loads and axial forces no longer form a balanced group of forces, and

additional axial shear forces and moments must occur in order to restore

equilibrium .

The relations between displacements of joints and the additional forces

and moments form basic equations of stability conditions. These equations form

a system of homogeneous linear equations.

Since the stability equations are linear and homogeneous, the unknown

additional forces and moments are in general equal to zero. This means that no

distortions or additional forces occur and the frame is ina state of stable

equilibrium. The additional forces appear when the determinant A of the system

of stability equations vanishes. The criterion A= O, therefore determines

values of these forces in unstable states of equilibrium.

Theoretically there is an infinite number of solutions of the equation

_ A= O, with infinite number of different unstable configurations, but the configur-

ation which corresponds to the smallest value of loading determines the critical

loading of the frame.

The distortions of the system defined by the condition = O are

indeterminate, i.e. in this state of unstable equilibrium, the slightest disturbing
Z
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moment acting on a member will be sufficient to cause a large distortion of the

whole frame, which will not return to its original position when the disturbing

force ceases to act.

The Bleich's method of the analysis of stability of plane frames.

is based on the system of linear relations between moments and the angles of bar

rotations. These two parameters can be used to describe any configuration of

the frame in the state of instability. The theory is also based on the fundamental

differential equation:

os

Ele 54+ Mz =Oae 1.120

where y is the deflection at the distance x from the left end of the member, Mae

is bending moment at #due to the forces acting on the deflected member in its

displaced position.

i E/E, E. is the tangent modulus

for Z=1 the average stress P/A lics in the elastic range, but is a function of

P/A if the average stress exceeds the proportional limit.

x

BS eane enee wi
= A;

ements : - P PraP

Fig. 1.121 Member Subjected to Moments and Axial Loads.

In Fig. 1.121 member AB in its deflected state is subjected to the

following forces: the initial axial forces P due to the external loads AP, Q, M,

and Mgare the additional forces and moments. Positive directions of forces,

moments and deflections are as shown in Fig.

The bending moment at the distance x from A, after eliminating the

shear force Q, can be written as:

Ma = Me(l- Be MeBr Py mrronenene 1.121

Equation 1.120 becomes: e1gy + Pye MeFi F = O -------- 1.122
ac? rH
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This equation is satisfied by the expression:

-4 in. g (/- Le), e Me sing He HF ---n--neenoe- 1.123
sin g P |sing 5

where the stability factor ¢ is:

p- f/f [Ele

Equation 1.123 is valid when the term P.y in Eq. 1.122 is positive

(when P is a compressive force). If P is tension, P-y becomes negative, and

gis imaginary, but the Hq. 1,123 remains vaiid provided the irigouviueccic

functions are replaced by the corresponding hyperbolic functions.

Fig. 1.122 Condition of Continuity at Point of Rigid Joint.

Using the force-displacement method, the stability equations express

the condition of continuity at a point where two or more members are rigidly

jointed, (Fig. 1.122) using transcendental functions s and c in the form:

s lee a and = Z(/~ sects)

(7 fre. s=Z anew e= 3)

If a beam AB (Fig. 1.123) is subjected to end bending moments M, and

My: axial force P, rotations $, and $y and translation A a end B with petits 2
to DA, then, for equilibrium: MaerMse = Br z

Ms + Myx = G5 ~ >
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from which: M, = Ks| po x chs — (+ 35] +Me

and Ms = Ks|ps + ck. —(7+ 2)5| +~ME

when : - he= e uaF

The fixed end moments Miand Mg can be calculated from:

Max * Me = Ox

Mue *Max = Os

from which, in terms of s and c:

Ma =~ks (@.+ ¢&)

Ms = -khs (Qs +c Oz)

a and Sy are end rotations of member AB due to the applied system of loading.

The main difficulty in the stability analysis of frames subjected to

axial loads is that the governing equations are of non-linear, transcendental

form, and can seldom be solyed in an explicit form.

In the stiffness method, the equations of compatibility as well as

‘ equilibrium are expressed in terms of displacements .° To obtain critical loads

and modes of failure, the stiffness determinant would need to be equal to zero.

Within working loads however, this is not necessary, and the effect df elastic

instability can be obtained directly as described later.

Marchant developed an approximate method for calculating the

maximum capacity P,, ofan inclastic frame, and related it to the rigid plastic

collapse load P, and the elastic critical load P- in the form:

Ul ih /

Ae <

Horne has shown, that for frames bent into a double curvature ‘7?

_ configuration, the above equation gives close value even when compared with the

collapse loads obtained by the more accurate methods based on the elasto-plastic ~

analysis. However, the calculations of ‘exact’ elastic critical loads requires

considerable amount of computing work.

~ Stevens and Schmidt developed the technique based on the

: amplification of artificially introduced components of the buckled shape. Their
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method utilised the Southwell plot in order to obtain initial estimates of the

critical load. Further improvements of the estimated critical load are made

by iterative techniques.

Some researchers developed methods for calculating approximate

critical load to be specifically used in the Marchant formula. Horne used rigid

plastic analysis to derive approximate critical load. Similarly Stevens used

energy technique for the same purpose.

Because of considerable difficulties in mathematical formulation of

stability problems, simple mechanical models are used to study the problem.

Such models consist of rigid bars, which simulate the geometry of the actual

system and linearly-elastic springs representing stiffness. In this way,

a catia with infinite number of degrees of freedom can be represented by

an equivalent system with a finite number of degrees of freedom. Further-

more, the response of a system is then described by a set of simultaneous

algebratic equations instead of by differential equations. This is an

essential improvement, but can be applied to simple configurations only.

A. Chajes uses such models for the analysis of

columns and frames, starting with the basic criteria, that, a neutral

equilibrium is possible at the transition from stability to instability. Fora

column to be in equilibrium in a slightly deformed position, the resisting

moment at any section Ef ZZ)must be equal to the externally applied moment

P.y or: ‘
ELZL + Py = O

from which the column critical load is

ae
oe = 77 ze

Now, using a two bar system (Fig. 1.124) connected by a rotational spring of

stiffness @= M/@
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LOAD (P)
DEFLECTION (&!

sey

Fig. 1.124 Two-bar System Analogy.

The external moment at mid-height must equal the resisting moment

in the spring?’

ft = 260

in which d is the lateral displacement.

For small deformations @=d/L so that

a (P-*f) = 0

which gives a trivial solution O-1-2 for d = O and the bifurcation of equilibrium

with a critical load.

R= ae | ie eegerseebence= 1.126

Comparing this critical load with the Euler's load wer /L » it can

“be seen that both loads increase with increasing bending stiffness (@or EI/L) and

decrease with increasing L. Energy methods can also be used, since the

critical load corresponds to the state of neutral equilibrium, i.e. at minimum

energy. The total potential energy (existing as the elastic strain energy U and

the potential cnergy of the external forces V) has the following value at

equilibrium:

‘E(UFV) = O

"substituting U = 30(2@7 and V = -PO7L ©
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We obtain: 8 (e- <a = O

which is the same as Equation 1.125 obta ined by the equilibrium method.

el? / Pie

— - Ay
i mero \‘| \

Hy /

Fig. 1.125 Portal Frame Analogy .

, A similar approach applied to a frame such as in Fig. 1.125 leads toa

critical load of:

p= $2 [| nececeseenneee 1.127

in which e represents a small distance of the load P from the centre line of a

column and a is the deflection at the spring. Equation 1.127 shows that small

inaccuracies in primary moments do not affect appreciably the behaviour of

frames, particularly symmetrical.

D. Johnson using an energy method has developed a method for

analysing the elastic stability of rigid frames subjected to lateral deformatio
ns .

He assumes the mode of deformations so that compatibility may be satisfied by

one standard moment distribution. The results are presented ina graphical form.

Daniels and Lu as well as Armacost use a three step °° *

design procedure usually in conjunction with a computer. 1n the first step

tentative sizes are related using the plastic moment balancing method, and

critical sway deflections are estimated. Using these results, a second step is

made to verify initial sways, sizes and load carrying capacities. The final step

in the design process is to revise the member sizes based on the results of the

load -deflection analysis. The Authors suggest that further improvements and

simplifications are possible.

Switzky and Ping Chun Wang suggest a method of design

for minimum weight based on stability criteria. The results are presented in a

series of graphs and tables for two-dimensional steel frames. The Authors
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assume that column loads do not cause any bending moments, that the members

are ideally straight, and rigidly connected or pin-jointed. The material is

assumed to be elastic. Authors have shown that by minimising a stiffness in a

fix set as function of weight, a solution of minimum weight can be obtained.

The main difficulty of the above mentioned theories is that they are

applicable only to the simplest forces, i.e., columns and portal frames, and

rarely can they be used in the complex arrangements often occurring in practice.

1.13 Elastic Iustability of a Cantilever

The instability analysis of a simple cantilever provides a suitable

introduction to the analysis of more complex structures.

. In this analysis it will be shown that moments and deflections fora

simple cantilever subjected to lateral and axial loads can be expressed in terms

of moment and deflections obtained under primary effects (lateral loading only).

For example:

Additional deflection due to axial load = primary deflection

x magnification coefficient.

Consider the simple cantilever shown in Fig. 1.130.

a) Primary Analysis b) Instability Effect

Fig. 1.130 Simple Cantilevers used in Analyses.

The primary deflection of a cantilever beam, Fig. 1.130 a), can be

calculated from the equation:

LS
El ae =-M = —Wx

from which ElSz = wR te sheer 2h*)
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For x = 0, we obtain mace Ber

Alternatively, by the force-displacement method, we obtain:

men os A or Spee WAP
Sa Waser Te BET

Elastic instability analysis gives

Mx = PSmasx Ss)

[gz = - Be + Az — 2)

pete WV ene 2Elz% = ne - 3h ia
so that

from which Y= -E& bir 55 = ahs Lhe Fi eh’

ad for 2=0 ae AW hee Wie Pee
On rt mans | She Sar LT

, 5 3PA2
Haan = Oman: ZEr

BPR?
in which the value SET is a non-dimensional magnification coefficent

Total deflection is therefore:

$2 Iman ~ 7 (/* 34)

The expression for bending moment including the instability effect

becomes: Maze = Wee + P(Smax? yw —- Sa- ¥)

Me = Weer P[ Sma? SmaxZeE ~
Ww 2 z, s— Uy [-2e 3h'a- 2h)

et, aha - Yhte $*)|_ PW. (S-
GEI*|20 —

Yit/ 3htP)_ PWfort | Meow = whe PLE (> SEF ~ LW CL nenshe2h)
2 A? f MhF , GhP

- EN dG; - GPAs a)
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PWh? [i> 3e°f) ae

Mrmace. m= waly + SE; (1+ BE £) |

The following example. Fig. 1.131, is used to illustrate the instability

effect of a simple cantilever. Assume h = 300mm, b xd = 6.35 x 6.35 mm with

I value of 135.5 rire E = 200 EN ymin P = 100N and W = 20N.

A=300 A= 300

(a) ; (b)

Fig. 1.131 Cantilever Examples

For the primary effect only, Fig. 1.131 (a), we obtain:

a ~WAX _ 20x 300%

max BE] ~ 3x200 000x 735-5

Smax. = G-G42 mm

Monae = Wh. = 20x 300 = 6000 Nom

Taking into account the instability effect, Tig. 1. 131 (b), we obtain:

22

Conon Sree 3er
347°? 2x 32007x /O0O0 ick :

ee Sooo ea Oe

Yee O90 2eSemmse = S22 mares

Mmax = Wh * PSE Bt USEF, F)

=G00 + /OO x © 64(1r0-1992)= C79 6 Nom



ce 4055

Therefore it can be scen that the effect of applying an axial load of

100N to a 300 mm long cantilever already subjected to a lateral load of 20N is

(i) to increase the lateral deflection from 6.642 mm to 7.964 mm, i.e. by 20%

and (ii) to increase the maximum bending moment by 13%.
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2.00 Steel Portal Frames : Theory and Experiment

2.10 Theoretical Analyses of Portal Frames for Primary and Instability

Effects :

This section is devoted to the development of the theory of the

force-displacement method, for a simple portal frame subjected to a lateral point-

applied load with and without axial compressive column loads on one or both

columns.

The purpose of the analyses was to:

i) show how the force-displacement method can be applied,

ii) ) provide a reference point for further theoretical studies, and

iii) provide a basis for comparison with experimental data.

To aid comparison, both theoretically and experimentally, a number

of structural configurations are analysed in which hinges are introduced into the

structure at column foot or column head as shown in Fig. 2.10.

| | |

y S WS IWS

@) | (6) (c) (@)

Fig. 2.10 Portal Frames Analysed :

A fixed-ends portal frame, Fig. 2.10 (a), is first analysed in depth

-giving general solutions for lateral deflection and bending moment at head and

foot of column. To enable solution of simultaneous equations manually it is

assumed that the frame is symmetrical about a vertical feneline thereby
reducing the number of unknown values using the force displacement method to 3.

In a similar way a portal frame with both column feet hinged is analysed

indepth. In both cases expressions are derived for deflection and bending

moment of the. frame in terms of the behaviour of a simple cantilever using

. reduction factors, e.g. deflection of portal frame = end deflection of cantilever

3 p(47) times a reduction factor. or

Computer aided analyses based on the force-dispiacement method are
2

then made for similar fx: with an increasing number of hinges introduced.
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21k Theoretical Primary and Secondary Analysis for Fixed-ends

Portal Frame

Using the force-displaccment method for the primary analysis,

compatibility of deformation at O. from Fig. 2.111, gives

‘ Se

w Mor =i,

# ae ie
ALLY || 4 A

/ 8

|
@
STMo >

Fig. 2.111 Fixed-ends Portal Frame Analysed for

Primary Effects

bee et, ee
y sa “SEL Clu Teo he teh ear 2.1101

Similarly at point 1: —Mie fer x Mo, fez & aoa Sees 2.1102

Equilibrium condition gives Mer + Mio = v cosewenn=- 2.1103

Combining equations 2.1101 and 2.1102 gives

My £ Malt £ ) -
; P2nne i (2ETe oLG Qo

Multiplyixg by El, and putting n = #
* r4

4 “us =Mee + Mf > £2 I ) oe eee Se a 2.1104

from 2.1103 ° Mo +My = WA peteeeutee 2.1105

and from 2.1104, dividing byh — Myo * Mg, Gea 24.) =)

substituting this M, in 2.1105 gives Mo, (2 ~ 3h) = fWa
3

ee eae 2.1106therefore Mo, 2GAr nd) 1

ae _ Whe _ 3WA? _ GW +Wrhl-3WA?
Mi = WA M,, 2 2(GA77L) Zieh al)

+ Whalbhrnl)
a 0 = 2 (Gh~nL) ae 2.1107
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3ELe GEL.

& afi, (WAGhend _ 3WA?
“3EI.| 2ern ZL) ~ A6A+nL)
_ Whe 3S " GGhenl)Eh [Brxne-3
whe (34/2 + nl)

Ss, @=G6ELI- (Oh Pal) ale ae 2.1108

A similar procedure is followed now for the elastic instability

2 2

from 2.1102 S, = Ae. Mo 42 Me,

analysis (Fig. 2.112).

1-4 a ——,
eee ea e

; ty f°
li i
RQ

he SS ae
iz

Fig. 2.112 Fixed-ends Portal Frame used for Instability

Analysis.

Compatibility of deformation at O:

-A
Mo CET. eh + MonSey, oer eer) a eee ce roa 2.1109

: z M c,2 M he oe A
Similarly at nolst ig NOBEL, — on eT ig eee ert 2.1110

WEquilibrium condition: Mg Mucl s Plans) Wy wererenete 2.1111

‘ For members with constant 1, Cor = Ces ; Cc, = Coe

Adding Equation 2.1109 and minus. Equation 2.1110

ie Cosy Cv Tae Coo + Lro YE Seo). eesMo$es (53 + + Mo) $e (°* * me Oo 2.1112

from Equation 2.1111 MaaeMoe = We = +a aa aeneo- 21s

i doging Equation 2.113 to minus Equation 2.110

= cork phe a, We
Meol Bf oe ale Merlage + € wh \= Op So peter 2.1114
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Multiplying Equation 2.1112 by 6EL, and putting n =1,/L,

— Mra het 26,) + Mel hf2en #6) Lr | =O woeeeeeeee 2.1115
Multiplying Equation 2.1114 by 6ET. | ‘

| Mio ops —2h46,) + Mor bE le +ch) = SELW coterie 2.1116

Dividing Equation 2.115 by Aor + 2c)

Lr sl hi ce ee ee eeMo +Me|/+ fea] =O 21147

Similarly from Equation 2.1116

blac

Myot Mo, ee - 25SF la 2he,, BF La — Zhe, P

GEL +c.h2P |_ 3ELWAMor Mo [Search el CEL -2e, BP
; - W,

Pape eh rd) wonnenenne 2.1118
Adding Equation 2.1117 and Equation 2.1118

; Cah P Wk

* Mor|/* Rez) + Geen en) = ogeeCort Zon, hoe we
Pee, Pee

fet mms fh.ce

ak Loh m doar, Vi Wi J
Mo, [+ AEo: *2e,) Ca ete "2 7—-2Qmhe,
Taking common denominator:

M [Z2mbendh (Coe De eh =D ee) meee sfe,)]
% A (Co + 261) (/— 2mhen)

| (a.
M. _ WA Pheurtheo
O12 |((- 2m hei \(2h cu thlo)* nL (/-—2mhe,)7* mhe,qhonthcor)

Substituting vaiues values: h = 256, L = 374, n=i

256 a ocr m= P* Sz200000n1SS SE = SIA x IOP P

Therefore M,7= 128 W.A. where A is the square bracket term



es

The values of A for differest values of P have been calculated and set out in

tabular form in Fig. 2.113
T

day keongp| cn |S | A at
0 0 1 1 0.4021 | 51.468

20 -0.3211 1.00709 1,0123 0.4043 51.766

40 | 0.4541 | 1.0142 | 1.0245 | 0.4089 | 52.339

60 0.5561 1.0214 1.037 0.4115 52.67

so | 0.6422 | 1.0290 | 1.0505 | 0.4145 | 53.05

100 | 0.718 | 1.0360 | 1.0640 | 0.4192 | 53.66

140 | 0.8495 | 1.0515 | 1.0920 | 0.4264 | 54.58

180 | 0.9633 | 1.0680-| 1.121 | 0.4319 | 55.29

220 | 1.06496 | 1.0860] 1.151 | 0.4413 | 56.49

4 260. | 1.1577 | 1.103. | 1.182 | 0.4498 | 57.58

300 | 1.2436 | 1.1215 | 1.2161 | 0.4580 | 58.63

600 | 1.7587 | 1.2951 | 1.534 | 0.533 | 68.236

; M
Fig. 2.113. Table of ~y/“for values of P.

The curve of M,,/W against P is shown in Fig. 2.114. It can be seen

that for a given lateral load W, the bending moment increases with increase of

axial load P.

Check that for P =O, the instability value of My, reverts to primary value.

2
ideal aceon ey sie

For W= 100 say, primary Mz, = 2(6 x 256 + 374) ~

and from Fig. 2.113 Mo, (instab) = 51.468 x 100 = .5146.8

Therefore checks satisfactorily .

It is also of interest to derive the relation between lateral deflection

and axial load.

Ln; i = xFrom Equation 2.117: Mio Mor [/ 2ho,F 1

Substituting for Mo, gives:

M,, = Wl). £2 2he, theo: a
(oD 2h en * A Gye\\l-2mheN Che, thea, +nll-Imhe,) Arma Jehe,+Ae)|

WA LiAMn =-9 [A~ Dhe,,* ie
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And from Equation 2.110
: c Ae

A = Mocs, — Mo, Z SEF

Ke WA? ee LnAc, - Age]
- GEL Dhe, thc,

Substituting values: .

=O. 374cn Lz,
A = 0-022 WA \c,, + 570c, 7DEGoe B

DL = COZ 2WAL = ee, neers 2.1119

37bc,, lores
wpete BX: Ou") Beep eeee ea, 5

To check that for P =O, the instability value of A is equal to the

primary value, let W = 100 say

3x25G6

A primary = /00 x 2see( S i 374), 098
6 « 200000 x/35 5 6«256+374) : eae

Whereas A instability = 0.10318 WAB

374
+32 + 256 -0.5 = 0.9869where B=1

Therefore A instability = 0.10318 x 100 x 0.4021 x 0.9869 = 4.0955

Comparing this value with the primary value of 4.0948 shows good

agreement.

Using Equation 2.1119, A/W can also be tabulated for various P,

Fig. 2.115, and is presented graphically in Fig. 2.116.

Te A

) 4 Ww

0 0.4021 0.9869 0.04095

20 0.4043 0.9872 0.04119

40 0.4089 0.9873 0.0416
60 0.4115 0.9874 0.04193

4 80 0.4145 0.9874 0.042237
100 0.4192 0.9865 0.04267
140 0.4264 0.9862 0.04339

180 0.4319 0.9865 0.0439
220 0.4413 0.9879_ | 0.04499

260 0.4498 0.9876 0.0458

300 0.4580 0.9871 0.04665
600 0.533 0.9871 0.0543

"Big. 2.115- Table of A/W for values of P
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2.1.2 Theoretical Analysis for a Hinged-ends Portal Frame

x

Z

Fig. 2.121 Hinged-ends Portal Frame. >

Compatibility of deformation condition at B:

M. (Lo op Cob he rae pa ee ee “121
Sei, Sei f* cE" - avs

Similarly at Cc;

= pSegh\. A.W...~Mber+ MeSET, SEle* BET.) A ages
And from the condition of equilibrium of forces:

mM 4

At Me = Wr PlanS+ Plan a 2.123

Now if both columns are identical: I, = =I, Mj =M_, gg * Cee
c

Equation 2.121 becomes:

Syl reuh-7) = 2

A SEL

Ms =k (37 Cxeh) eee oae 2.124

Equation 2.123 becomes:

2M = W+ 2P4 where LandS= a

Mg =-WA+rPA oan 2.125

Equating 2.124 and 2.125 gives:

aay 72 Whe PA
(ZePTCaE

APELS ‘L/2 + coh) — Wh
ZzL/2+% cbs

Therefore:
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Re

Ue a Mery
2 |BEI-PRE. + Cee 2)

ple = eee 2.126A-¥ DiSET= Lie ee

Se oe eee ae 2.127
A 2
In Equation 2.127, wh?/3EI is the well known primary deflection of a

simple cantilever, and the coefficient A includes a reduction factor for frame

action and a magnification coefficient for the instability effect.

Putting P = O in Equation 2.126 should result in the equation for primary

analysis. ie when P = O, ¢g4 = 1, A should revert to the primary deflection

which, it can be shown, is equal to

, WA? G ee ): L
SEL ZAI 2

From eae on 2.126, 
i

eo Eon E+ cosh

2AIBEL-~PALL A orl eel Fs[3 iS + CLs 7) ; SEr(Z 7 cser,
and for P =O and cg, = 1 ae becomes:

Lfath aLhLy “&%& ~* 4 :
ey 2h [/]J ah z 2h 2

This is the Same as reduction coefficient for primary effect only,

therefore the equations for primary a and instability deflections are consistent.

In summary:

i, $ Ge eset
A=$EFA = S25 T\2A P= Zhe eanay|| 2.128

For a particular frame es of L = 374mm, h = 238mm and
I= iesssaum (which correspond to the properties of an experimental model) it is

possible for different values of P to calculate the coefficient A which can then be

compared later with experimental results.

Pe a |e 3742" “ff, eee ee fF
2U = 0:07/85 /P

Substituting values in Equation 1.128 gives:

E+ Cook "(874 238cx

“2AV-BE (G+ cae4)] PE (E+ cand) “B76 = O. OO 1sDP(/E7 #225 Cis)

Values of A for various values of axial load are tabulated in Fig. 2.122.
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Peel 2U =

(N) 0.0718 JP Cee

0 0 1.00 0.0928

100 ~7185 1.0358 1.0428

200 | - 1.0161 1.0776 -| 1.2572

- 300 1.2445 1.1214 .| 1.5828

400 1.4370 1.1722 2.147

500 1.6066 .1.2270 | 3.3496
600 1.7600 1.2957 | 7.882
700 1.9098 1.3704 | -22.3

Fig. 2.122 Tabulation of A for values of P.

Magnification factor A plotted against P is shown in Fig. 2.123 and in

greater detail, for P less than 100N, in Fig. 2.124.

Similarly a magnification factor can be obtained for the bending

* moment.

__ From Equation 2.124 sa 7

Mz = S34L a oof wh2| 2 * oe

AL z BEL 2A// ez.aa cae h) (5 + o V- SAF re eseA)|

Simplifying gives

Wé, ie _ WA ,
Mg = (=a Dia ee enon=.2.129

TPR

- Sr (F+ eaeh)| 2
“where B = magnification factor for extra bending moment due to instability

eftee ht. _ Mg instability
Mz primary

For the particular gcomctrica! configuration of the experimental model,

Equation 2.129 can be transposed to give: ;

1

B = 7 ~00139P (187 + 238 G£2)

Variation of B with axial load is shown tabulated in Fig. 1.125 and graphically

in Figs. 1,123 and 1.124.
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Fig. 2.123 Magnification Factors for Deflection and Bending Moment of a Hinged Portal Frame.
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Magnification Factors for a Hinged-Base Portal Frame for Small Axial Column Loads.
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P 2U =

(N) .0718 /P eae »

0 0 1 1.0000

20 3211 1.00709 | 1.02553
40 4541 1.10420 | 1.05263
- 60 5561 1.0214 “| 1.08143
80 6422 1.0290 1.11219

100 -718 1.0364 1.1448
200 1.0161 1.0776 1.3495
300 1.2445 1.1214 1.65837
400 1.4370 1.1722 2.19346

500 1.6066 1.2270 2.3255
600 1.7600 1.2957 7.5642

Fig.2.125 Variation of Magnification Coefficient B

with Axial Load.

In conclusion it has been shown that explicit solutions for deflection

and bending moment equations for a hinged-ends portal frame with identical beam

and column sections, can be expressed in the following way:

2.130

M, = a | ee Primary effect

Le Instability eff: EGS GT Al oe. esesess tabilit t
Qo £4 $ + cae) Ne a ea

Dy: oes) sworn Primary Effect

WA? s+ chee, s 5 Hei ae roees Instability effect.

Oe” 981 PASE [B= -<s4]
Analyses for a Fixed-ends Portal Frame

A single frame with fixed-ends is analysed for three loading conditions:

laterai ioad aione; lateral load with one column axially loaded; lateral load with

both columns axially loaded.
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2.131 Primary Analysis: Rage eee |

2 \ 2% rd
Pepews YT

Ne Whe

2 eH

ee
Fig. 2.131 Fixed-ends Portal Frame used in Primary Analysis.

For a symmetrical frame J, =I,*1, M, = M,, and M,, = M,,

y Using the force-displacement method for the frame of Fig. 2.131 the

compatibility of deformation at the point 1 can be written as:

Mig he oa
BET CE: A

or: * My ~ Mee — A 26h BeO,

Similarly, the equation for compatibility of deformation at point 2

" becomes: fs Mi2h M. ‘A p/m rele ws
Ger” “(5 “321 éz1)- fe

My, LN PASE ERSor pate Mai(l+ 5) - ae 1

For equilibrium of forces we can write:

W Wee Mar) or Mrz Mar = oe

These can be presented in a standard matrix form suitable for computing:

L iL ZEL
“ee / Toye ene Mz, \=| O

WA/ Te Oo A aoa

In the experimental model the following data were used:

c
1, =1,= 135-5 mm! : L = 374 mm :hTM 256 mm : E = 200,000 N/mm”.
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Matrix becomes, (for W = IN) :.

Condition Point 1 Point 2 Force

My Mz, A Vector]

1 cE -0.5: |-1240.5) -0

Bo -0.5 {1.7304 |-1240.5} 0

Shear 1 ye! 20 128

Computer soijution gives:

M,z = (76.5309 N.mm

Mz = 51.469 N.mm

“A = 0.04095 mm

2.132 Instability analysis, one Column Loaded:
a 1D ee

w , Ele @

New
Wig

t < elf iF

if f= Folie amate
wT ey.
@ @
X WSS

Z

Fig. 2.132 Fixed-ends Portal Frame, one Column Axially Loaded.

Using the force-displacement method (Fig. 2.132) :

Compatibility of deformation at point 1:
Mizhe, Mzhcz . A-
JEl-e GELz US

Multiplying by 6EI, /h

Mi2 2c,, —Ma; C2, — A GF fe =O

Similarly at point 2:

—Mahe2 + Wile a ‘iG Mel ce Zh
GET. BEL. SEE, GL£L A

=M,2C,2 +Me( Lez +2n)- Msan—-A Gel =O



Gy ys

Lele

Ale
where n=

Similarly at point 3

". Hoph Maal | +427)- Mesh =
— Marr + Msg(2r r Z)— Mops ~A. Gifs =)

Again at point 4:

Megh aaN

Mgt - er kh
2Mygs — ©. 2 Gere.: re 22 pees (o)

Equilibrium condition:

: W+ PR wi Meso ta Miz +Ma, > M. oe +Mas

: Mya + Mia eee WA
Presented in matrix form, these equations become:
ea

epmalincs, | oO O |-S |! | Me O

—ca |2Cmen)| -72 Oo “Bee Mai O
O -2 | 2ln+l)| -/ ~aeke Msg] = | O
O O | -/ 2 |-S|| 1M) | O

/ / / / -P A Wh

For the model configuration, the following values apply:

Ip = 142 135-5mnm* ; h = 256 mm; L=374 mm

va BIA
n=% = pse 1 17G3 E= 200 kN fmm?

For P = 100N (corresponding to a test condition), 2U = L fe

2U =0.7185 for which C,, = 1.03646 and C,2 = 1.06396

Matrix becomes (for W = 1M) :

2.07292 | -1.0639 0 [0] -2481.1

=1.06396| 4.994 | -1.461] 0] -2481.1 |

0 -1.461 | 4.9218] -1| -2481.i

0 0 =| 2) -2481.1

1 I i | 1] -100
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Computer solution is:

Mz = 76.990 W N.mm May = 52.5358 W N.mm

Mz = 52.536 W N.mm Mgs = 78.116 W N.mm

A= 0.04179 WN.mm

2.133 Instability Analysis, Both Columns Loaded:

The portal frame shown in Fig. 2.133 is analysed using the force-

displacement method.

Fig. 2.133 Portal Frame with Fixed-Ends.

Compatibility at deformation at 1:

~ May S204 Bs Mra $4 fas 4 ; multiplying by (2642)

Marcas + Mie Be, ~A EEF = 0 wnrneenee q)

Compatibility of deformation at 2 Latina Ede)
Mash + May Sah + $27, -Mosbzy, a 4

My Sa 7 Mal2C22 +22) — Myr —A Ofte Gee ia

Compatibility of deformation at 3:

cosh fie De ae.
Mps BE + Moe S27. + 357s —Meker, = A

—-Mys Cos 7Ms4(2Cs5 Ln) —M2,72 -ASFfe Qaasnestes (3)

Similarly at 4:

Mariah» Mon Sieh. = fe



— Mso Cg + Mos 2ep0
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_AG@kse =

Equilibrium of forces 2-3.

CMe aes (4)

M+Mer » MsatMos _ we 2PA

Mia +My + Msg +My —fVO Pah. erro (5)

General matrix for these conditions is given below:

2ey Ca, Oo oO +ehse My Oo

—Ciq |2(Cn~n)| —2 O = Ob ge Mo, O
oO -n |2Gs-n)| -cys |- PSS || |Ms| = | O

° O | ese | 2a |- PEE || | Mys O

/ / / / |-2e [4 Wh,

For the steel model the following data apply: os oi

Lee 1 ='135;5 mm 3; L=374mm ; h = 256mm

2 Wines eeE = 20U,000 N/mm” : n 256 1.461

GEle _ Gx200 000«/35:-5 _ 243)./
TU Sz

For P = 100N, corresponding to a load test condition:

2U -u fe ; 2U = 0.7185 for which ¢,, = 1.03646, and

Cig = 1.06396.

Matrix becomes (for W = 1) ;

2.07292 | -1.06396[ 0 0 =2481.1]| | Mvg| |_0

-1.06396| 4.995 [-1.461 0 -2481.1|| | May} |_0

0 -1.461 4.995 _ |-1.06396 | -2481.1]|]| Msal=|_0

0 0 =1.06396|2.07292 | -2481.1]] | Masl |_0

1 i 1 i___{ -200 A 2356

Computer solutions are:

Mz = 78.627W (N.mm) Mags = 78.627 W (N.mm)

Ma, = 53.642W (N.mm)_ A = 0.042688 w (N.mm)

Msg 1 53.642 W (N.mm)
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2.14 Analysis for a Portal Frame with One Column Fixed and

the Other Hinged.

A simple portal frame with one foot fixed and the other hinged is analysed

for primary effects (lateral load alone) and instability effects (lateral load and axial

load on both columns).

2.141 Primary Analysis:

w ug, pail
eo (tee O| re)

4 Se

ey &L f EQ ; |

i i:

“Alpe, 1%
_4o* @
Tae Woven i SONS
$4 —__—_—_ +

Fig. 2.141 Frame Analysed for Primary Effects.

Using the force-displacement method (Fig. 2.141)

Compatibility of deformation at 2: :

- Mf Ne Mig ee LAE Le
Me Ant SET) Pee eh az

“Matpying by Bete; Mz, (/+ 4) ~ —Mog SB -A2of So

Similarly at point 3:

ye Hae phe) e owsae ee. - Heh. » A
or eee ZN 2o4 =o

pian at point 4:
Mash _ M. Msg h_ A
SEL. “CLL A

or Mss — O5Mss-AZELe 2 Oo3&fe

For equilibrium of forces:

We= Mae p Msg + Mas

Wh May Mag ~My



E6ls

Presented in Matrix form:

/+4p\_26fe|-$2 | O |I|M,| | O

frome ee re AY Ae
3EJe ahs

oO = eae —) May

/ O / / Mys| | Wh

Substituting numerical values for experimental configuration:

To siZ5 taseormimia n=1 : h=228.5mm:

L = 304mm ; E = 200,000 N/mm?

Matrix becomes for W = IN:

Condition Point 2 Point 3 Point 4 Force
Maz, A Msg Mys Vector

2 2.3304 |-1557.1] -0.6652 0 )

3 -0 6652 1557.1 2.3304 | -0.50 0

4 0 |-1557.1] -0.50 fed |e)

Shear 1 0 1 1 228.5

Computer solution gives:

Mz, = 51.2469 W (N.mm)

Ms, = 69.2705 W (N.mm)

Mys = 107.9825 W (N.mm)

A. = 0.04710 W (N.mm)

2.142 Instability Analysis:

, The simple portal frame (Fig. 2.142), subjected to loads simulating

lateral and gravity loads, is analysed ‘for instability effects using the force-

“displacement method.



Fig. 2.142 Frame with Fixed and Hinged-Ends,

Analysed for Instability Effects.

Compatibility of deformation at 2:

Moleeh + Sen) Mo er = By tad aie

Me(2e2a* 2n)— Maan ~ASE fe =O )

Compatibility of deformation at 3:

— Mes Ezz, * ModlSET, teen = Meo ters 4
= Maire +My (On + 2Cs3)— Mos - ASE. Opes (3):

Compatibility of deformation at 4:

= Csah_ & A
Mso ge + Mos SET =

Sas M34. Cog tMs Zens -AGEfe =O —— rereeeeere (4)

Equilibrium condition 2 - 3:

M240 + MsarMss _ ABene + Meee Ose = We 224

Me +# Maar Mes -LA2P =Wh | -a-nseeneen (5)

Putting I. =L, =I, the following general matrix is obtained:
ce é
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= iT

2c,+2n| -2 o | S822)! | My O

=n |26,72n| -/ _|- SRF || |Mes| _ | O_
O -to | ey |-S8z2|||Mps| | 0
/ / / -2P a WA

For P = 60N (corresponding to a test condition),

w =1/£7 = 305/Z6G000285S = 305% O-00/986

2U = 0.4538 for which G,= 1.0148

and Co, = 1.0248

Substituting test data for model:

4
1=135.5mm ; oe

305 x 135.5

228.5 x 135.5
= 1.3348

BS:GEle _ BAL OS BONA Ss = 3//4.2

Matrix becomes (for W = 1)
— —4r74

4.6992 [-1.3348] - 0 J[-3114.2]]|M,] | 0

1.3348] 4.6992) -1 -3114.2 Mg,\=| 0

0 -1.0248} 2.0296 | -3114.2 Mys 0

1 1 1 ~120 AS 228. 5}
Eas oo) oa a

Computer solution gives

Mz, = 52.564W (N.mm) Mgs = 110.867W (N.mm)

Mag = 70.9377 W (N.mm) A = 0.048911W (mm)

'2.15 Analyses for Portal Frame with Double Hinges in One Column

“2.151 Primary Analysis:

The portal frame, Fig. 2.151, ‘is assumed to have double hinges in

column 12. The frame is analysed for primary effects using the force-displacement

method:



Fig. 2.151 Portal Frame with Double Hinges.

Compatibility of deformation at 3:

& Perm \ae Zs.~Meerz, + “SEI + $27,)" A
Vip EsMultiplying by ee and putting n = EF

‘

—Mgs +Ms4 (24+ 2n)-AGEle = O

Compatibility of deformation at 4:

~ Hen Bice AMoa berry. + Mesh, = 4

Mix 2Moe A@F Je ()

Equilibrium of forces 2 -3

ties se Hias multe & Mit Me Nim ihe

The general matrix for these conditions becomes:

2+2n | -/ | -SF#= || |M| | O

Al 2 | -S3# || |[Msln10

I / O |;/|Al lm

In the experimental model the following data apply:

L =L, = 135.5 min L = 305 mm; h = 228.5 mm

305a z 2, = =E = 200,000 N/mm” ; n 228.5 1.3348

GEle _ Gx 200000 .x/35.5 epic

At 2285
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Numerical matrix becomes (for W ~ IN)

4.6696 | -1 | -3114.21 Mas 0

=I 2 | -3ll4.21 Mys|= |_0
T i 0 za 338-5

Computer solution gives:

Msg = 79.0694 W N.mm

Msgs = 149.430 W N.mm

4 = 0.070577W mm

2.152 Instability Analysis:

The portal frame, Fig. 2.152, subjected to lateral and gravity loads

on each column is analysed for instability effects:

Fig. 2.152 Portal Frame with Double Hinges.

Compatibility of deformation at 4:

Mas Sep. 7 Mae Seg = 4 multiplying by Gots

Myx Peay — Msg Cap—AGEIe — oO

Compatibility of deformation at 3:

—Mgz Ces h MalCax h Ze Ae - 44
Gan (ent + Sez) Fase oe ele

—Mys Cpa % Moa (Les, + Pn) —- ABELe = O

Equilibrium of forces 2-3 =

Maat ee —Wr2P2 5 MyytMys —2PA = Wh



2.16

= 66\=

General matrix for these conditions becomes:

—Cse Pens ~ Gf fe = Msp oO

2e53+2n| —Cos a My3|=| O

if 7 -2P A WA

“For the experimental model the following data apply:

I,=1,5 135.5 mm* ; L=305mm ; h=228.5mm

oe DP ee S07 how
E = 200,000 N/mm” ; n= 298.5 1.3348

GEl. _ @*200000 x/Z5:5 _ 3114.21

A 228.57 ‘

For P = 60N oe to a load test condition)

au Lier oo" Peoaa ee papecosisns
Interpolating from the table of flexibility coefficients gives:

Cy 1.0148

Co, 1.0248

Numerical matrix (for Ww =IN):

-1.0248 | 2.0296 [-3114.21]] | Maa 0

4.6992 [-1.0248 [-3114.21]| | Mysl=|_0

I I =120 A 228.5
“ al

Computer solution gives:

Msg = 82.5821 W (N.mm)

Mgs = 154.760 W (N.mm)

A = 0.07368 W (mm)

aa of Portal Frame with Both Columns Hinged

inged is analysed for

_ primary and instability effects with both columns. axially loaded.
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2.161 Primary Analysis:
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Fig. 2.161 Portal Frame with Hinged Column Feet.

Using the force-displacement method (Fig. 2.161), compatibility of

deformation at 2 is:

a eal Z A
+&—]— =a &

Mel527.* 3EL) ""*CEL. ~ A
Multiplying by 6EL /h, letting n = $F and putting May =M,, as

symmetry exists:

Mz, (2 + 2n) - Mg,n - PFE. 0

Ger .
z wonreer--- 2.1601* May (2 +n) “AW 72=0

Equilibrium 1-2

Myz +Mz,, Msg +Mss - w

h h

As Mg and My, = O and Mg, = Mz,

2Mz, = Wh

Wh ‘ .
May = 5: ‘ ihe ee songs

Substituting Equation 2.1602 in Equation 2.1601 gives

ae tn
Pen) éz7.~ ©
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Substituting values for experimental model: L = 374mm, h = 238min,

fm,

E = 200,000 N/mm’, I, =1, = 135.5mm“, gives

392We. ae (2+ aa 238 BPR
238 / ° 6x 200,000 x 135.5

A =0.1480 W

Mz, = 119W

22162 Instability Analysis:

iP

él,

M,, = Msg

Fig. 2.162 Portal. Frame with Hinged Column Feet

. Using the force-displacement method, (Fig. 2.162),*compatibility

. of deformation at 2 is:

these ae ae
Meh 5Ez * +35 Meise a. et ET

ao = A. BEL (eee eeeeene 2.1621

Equilibrium 1 ~ 2

au = W+ 2P. A :
Mo, * wh, PA aan nn nen ne 2.1622

Substituting vaines for the steel model:

L = 374mm, h = 238 mm, E = 200,000 N/mm”, 1 =1, = 135.5 mm*

|_40HorP =40N, 2U-h fey = 238 / fasbao ZjSSS
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2U= 0.2891 ort from table of flexibility coefficients, Czz = 1.006

Mz, (2.012 + 1.461) = Ax2870.5

Mz, =119+50A for W=1

Mz, = 826.28 A

826.28 A= 119+50A from which

4 =0.1533 and Mz, = 126.66

Por W=1

_ 4.=0.1533 W and Mg, = 126.66 W.

Zl? Comparison of Theoretical Behaviour of Portal Frames Analysed

; The lateral deflection and bending moment (My) data resulting from

the computer-aided analyses 2.13 to 2.16 inclusive, have been plotted in Figs.

2.171 and 2.172 respectively. The key diagrams show load arrangement and

frame structure with and without hinges.

For a given set of load conditions, the deflections and bending moments

would be expected to increase as the number of structural hinges is increased,

and this is demonstrated in Fig. 2.171 and Fig. 2.172. It is interesting that the

_effect upon deflections of introducing a hinge or pin joint in the structure is far

greater than the effect of adding axial loads to columns ina given structure - The

small instability effect is due to the low level of axial loading in relation to the

critical column load - this can be seen from the flexibility coefficients which are

near unity. The same pattern emerges for bending moments as can be seen from

a comparison of Figs. 2.171 and 2.172.

Some of the curves are used for comparison with the experimental data

:in 2.20 and 2.30.

2.20 Experiments on Steel Portal Frames

In order to compare the experimental behaviour of portal frames, with

and without structural hinges, for instability effects, a number of model portal

_frames were made from ordinary mild steel.

All members were 6.35 mm ( inch) squa re and were incorporated in

three similar frame sizes shown in Fig. 2.201. Dimensions are in millimetres.
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Fig. 2.201 Size Range of Portal Frames Tested.

In each case four clectrical strain gauges were used, 2 near the top

of one column and 2 near the bottom of same column.

The experimental apparatus used is shown in Fig. 2.202. Lateral

loads were applied horizontally with the aid of a load hanger on the end of a wire

passing over a pulley fixed to the apparatus. Vertical loads were applied via

yoke-type load hangers. Lateral deflections were measured with a single dial

gauge registering at the column head.

Structural hinges were introduced by milling slots in the column head

leaving sufficient material at the neutral axis to retain structural continuity but

, hot enough to be able to transmit bending moment. A detail of a hinge is shown

in Fig. 2.223.

Where incorporated, pin joints at base of columns were formed by

mounting the columns on dowels free to rotate in fixed bearings.

2.21 Fixed-ends Portal Frame Experiments

5 Experiments to demonstrate primary and secondary effects were

conducted on the model configuration shown in Fig. 2.211

Zz AL = Tt
7?® Mor le |

Ta = 6.35 x 6.35 mm = 40.32 mm”gh ee te]. ] I, =L =1=135.5 mm"
x y .

7 _ EB = 200 KN/mm?

7 h=256mm ; L=374mm
f #

Fig. 2.211 Model of Fixed-ends Portal Frame

Primary analysis:

From previous theory (Equation 2.1108):

A- Wwarlape + L)

GEI(GAPL)



Fig. 2.202 Experimental Apparatus used for Testing Portal Frames
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Substituting values gives:

Ree 14250422256 + 374)
@x 200000 « /35-5(G«256 + 374)

Theoretical A = 0.04095 W mm.

From the experimental data, the curve of W~A has been plotted in

Fig. 2.212. Comparison with the theoretical relation of W & Aalso plotted

gives excellent agreement with the experimental performance, i.e.

A 0.04095 W mm
theory

0.0402 Wmm
A experiment

The bending moment diagram for one column is shown in Fig. 2.2135

From Equation 2.1106,

ys: Mo, "“WIGA 7Z) gaa

and M,, = $Wh - Mo,

M,,. = 76.532W.

Fig. 2.213 Bending By similar triangles, point of contra flexure

. Moment Diagram for occurs at 153mm from base (assuming

Column 01. linear moment)

Also by similar triangles:

Mio = Meo. $22 = /-224 Men

Mam ari eae AT Mer:
IO

For W = 36N, gauges | and 4 read 15 divisions (from Fig. 2.214)

Therefore:

Or = 185 «/5 = 27-75 N/mm*

Mer -7 - ae therefore

Mo, = 2272 XPS? x :47/ = 1/742 Mmm

And from theory, for W = 36N, M,, = 51.468 x 36 = 1852.8 which,

compared with experimental value, shows a difference of 6%.
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Similarly for W = 36N, gauges 2 and 3 read 22.87 divisions (Fig. 2.214)

Ges = Bs x 22:87 = 42.3/8

Mew Gl _ 42. 218 x/25°$

from which h oe = (Mg, x 1.224) = 2202.4 N mm.

Whereas theoretical Mj = 76.532 x 36 = 2755.1 N.mm

which represents a difference of 20%

Secondary analysis:

From previous theory (Equation 2.1119) we have:

A =0.1032 W.A.B. in which the values of A and B were tabulated in

Fig. 2.115 for various values of P.

For the experimental conditions P = 100N and W = 220, A = 0.4192

and B = 0.9865.

aN theory 70-1032 x 220 x 0.4192 x 0.9865

wats theory = 9.389 mm which compares well with

A exp't = 9.950 mm obtained from Fig. 2.215.

Also by comparing the primary deflection with secondary deflection it

should be possible, even for small axial column loads, to discern a greater

secondary deflection.

22.2 Experimental Deflection Data for Steel Portal Frames

The following curves give experimental deflections for frames of

increasing flexibility caused by introduction of structural hinges.

Figs. 2.221 and 2.222 relate to primary and instability performance

respectively for a portal frame with one column foot fixed and other hinged.

Fig. 2.223 shows the primary deflection performance for a portal

frame with a hinge at top and bottom of one column, the other column having

fixed-ends. The instability effect is shown in 2.224 for the samc frame.

In each case the theoretical performance is plotted for comparison.

Figs . 2.225 to 2.229 are photographs of model portal frames undergoing

the full range of tests.
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2.23 Experimenta] Bending Moments for Steel Portal Frames

- In this scction the load/strain gauge relations for frames of increased

flexibility are converted to experimental bending moments at strain gauge positions .

These bending moments are then compared with their theoretical counterparts.

2.2.31 Comparison of experimental and theoretical primary bending moments for

portal frame with one column fixed and other hinged:

- From theoretical analysis 2.141, the bending moment diagram for

column 34 is shown in Fig. 2.2311.

‘ : O9.27W..

of

223
127

2.
197-98W

Fig. 2.2311 Bending Moment Diagram for Column 34.

From similar triangles, theoreticai moment

atx = M,, = 50.3W (N.mm), and

Myr = 88.2W (N.mm)

for W = 20N, Mxr = 1006 Nmm

Myr = 1764 Nmm

Experimental values of moments, Myg and My,, are obtained from relation

Le 135.50

9 © gia 2 te Ose

-where @ =No. of strain gauge divisions x calibration factor

where calibration factor = 1.85 nya per division . (appendix 1)

M = 78.453 x strain gauge divisions
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From the graph of strain gauge divisions/lateral load (Fig. 2.2312),

bending moments can be obtained:

Myg = 78.953 x 11 = 868 Nmm

Myg = 78-953 x 17.8 = 1405 Ninm.

It can be ‘seen that experimental moments are 13.7% less and 20.3%

less than theoretical values at nodes 3 and 4 respectively. >

2.232 Comparison of experimental and theoretical instability bending

moments for portal frame with one column fixed and other hinged:

From theoretcial analysis, the bending moment diagram for column 34

is shown in Fig. 2.2321. poe)

go

228

142

484-7OW 7

. Fig. 2.2321 Theoretical Bending Moment Diagram for Column 34.

From similar triangles, theoretical moments at X = Myr = 56.77W (Nmm)

and Myr = 128.568W (Nmm)

Using relation M = 78 .953x strain gauge divisions and data from Fig.

2.2322 relating to gauge Nos. land 2, gives experimental bending moment

(for W = 20N):

Mye. = 78.953 «(?3*4) i

My, = 899 N. min

Similarly from Fig. 2.2323 for gauges 3 and 4

Myg = 78-953 x (S:bt16-8 ; 16:8)

Myz = 1279.0 N.mm
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Comparing these experimental data with the theoretical values of

moments (Myr = = 1135, My, = 2572 N. anny shows a discrepancy of 28% and 49%

for My, and M,, respectively.

2.233 Comparison of experimental and theoretical primary bending moments

for portal-frame with double hinges in one column:

\

\ ® 79-0694TM

54 125, Zo

225
“29

A9-B3W

Fig. 2.2331 Theoretical Bending Moment Diagram for Column 34.

Fore similar triangles, theoretical moments (from 2.142)

Myr. = 54.043 W (N.mm)

ms Myr = 124 W (N.mm)

Using relation M= 78.953 x No. of strain gauge divisions, where

mother of strain gauge divisions are obtained from Tig. 2.2332, gives (for W =
20N):

Mxg = 78.953 x 10.2 = 805.32 N.mm

Mye = 78.953 x 17.7 = 1397.46 N.mm

Whereas theoretical moments for Ww = 20N, are

Mxr = 1080.8 N.mm

My, = 2480 N.mm

Comparison of theoretical and experimental values shows that

experimental moments Mag and Mgs are 25.5% and 43% less than theory predicts.
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2.234 Comparison of experimental and theoretical instability bending moments

for portal frame with double hinges:

2253)

8

4

q i
a |

|

|

|

9)

BS
sa

154-7OW, : ; } :
Fig. 2.2341 Theoretical Bending Moment Diagram for Column 34.

From similar triangles, theoretical moments (from 2.152):

Mar = 56.77 W (N.mm)

Myr = 128.61 W (N.mm)

Using relation M = 78.953 x number of strain gauge divisions (wheré

number of strain gauge divisions are obtained from Fig. 2.2342) gives, for W =

100N:

Mxe = 78.953 x 59 = 4658 N.mm

Mye = 78.953 x 113 = 8921 N.mm

Theoretical moments, also for W = 100N, are:

My, = 5677 N.mm

Myr = 128.61 N.mm

Comparison of theoretical and experimental values shows that

experimental moments Mg, and Mgx are 18% and 30% less than predicted values.

2.30 Discussion of Test Results for Portal Frames

2.31 Deflections:

: The correlation of theoretical and experimental deflections was

generally very good. This is illustrated by Figs. 2.212, 2.215, 2.221, 2.222

and 2.3101.
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In the case of the frame with double hinges in one column, Fig. 2.3102,

the lesser experimental deflection under primary effects may be attributed to

the slight rotational restraint induced by the milled slot arrangement (Fig. 2.223)

supposed to represent a hinge. The experimental error of approximately 25%

was consistent throughout the load range. For the same frame with combined

axial and lateral loading,experimental deflections were more than those

predicted from the theory. The excessive deflections under low levels of

lateral load, i.e. 0 to 60N, (Fig. 2.224) is more difficult to account for when

based on the elastic instability assumption. However it is interesting to note

the non-linear shape of the experimental deflection for loads above 100N.

2.32 Bending Moments:

In 2.231 it was shown that experimental moments developed at the top

of columns were closer to their theoretical counterparts than for moments

developed near the column feet. The fact that in these frames all the measured

moments were greater than their theoretical values suggests that the calibration

2
factor (1.85 N/mm’ per division - see Appendix I) is too high.



LATERAL LOAD WW)

wor

100

120

100 F

20

FIG. 2.31/02 COMPARISON OF THEORETICAL AND EXPERIMENTAL DEFLECTIONS FOR STEEL

Zoos

s + 5s Se wv é g 70 a“ 42 7

LATERAL DEFLECTION & (mm)

PORTAL FRAME WITH DOUBLE H/NGES (MN OME COLUMN,

*

EXPERIMENT S66



= 100 -

3.00 10-storey Steel Frame.: theory and experiment.

In this section a very slender 10-storey stcel model is analysed and

tested experimentally for primary and instability effects. For primary effects

the model is subjected to a single lateral load applied at the top of the frame.

Instability effects are examined’ with a lateral load applied at the top of the frame

and gravity loads applied either at the top or at each nodal point.

The object is to show how the instability analysis is developed for the case

where changed flexibility af columns, axial deformations of coiumns, and iarge

lateral deformations are taken into account. The theoretical performance is

then compared with the experimental results.

"8.20 Primary Analysis, 10 storey Steel Frame

Fig. 3.11 shows in idealised form the structure to be analysed. This

shows assumed shape of moment and deflection diagram. Using the force-

displacement method, the typical matrix is set out at the floor level 1-1'. The

two compatibility and one equilibrium conditions are as follows:

au" Who Mayer, + Ma Seep, —MarBEy, = en

+ Mo, A-24,theee, kk :
Of Mor GEL Morr is M2 SET a GEL ae

pg MizrMar = 1.Weke 12 “arlst = f

‘These equations are now rearranged by multiplying the first two

équations by Ole and the third by h. We obtain:

Wor Mair * 2Mi2 -Ma fh) CE manos 3.11

Mar 2g = 2M *May =(Bo- 2A A)GE Ie ------- 3.12

Viseaiey = WA) wenne=> 3.13

in which r = LI, /hl, and is referred to as the "frame parameter”.

For the test frame this parameter 1s: _

376-0
r = 3769 = 1/4687
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Based on the equations 3.11, 3.12 and 3.13 an element matrix can be

set out as well as the overall torce-displacement matrix. This is shown in

Fig. 3.12.

It should be noted that all bending moments are expressed in terms of

W.h and all deflections in terms of Ea and also that values obtained from

the solution of the matrix are non-dimensional. The solution, therefore represents

influence coefficients which are independent of the magnitude of load although it

depends on the form of loading used. These coefficeints are, theoretically

constant within the elastic limit and are convenient to use as a basis for correi-

ation with the experiments. It was expected however that when yield stress is reached

at any point in the frame or even when the elastic instability effects take place, then

these values will cease to remain constant. The occurence of this non-linearity was

therefore observed with particular interest.

The solution of the general matrix is shown in the bending moment diagram

of Fig. 3.13,

3.20 Instability Analysis, 10-storey Steel Frame

This analysis is made to forma basis for comparing the results with

those obtained from tests as stated earlier. The following effects are included:

i) the effect of axial forces on stiffnesses or on flexibility of individual

members

ii) ‘the effect of axial deformations and

iii) the effect of large deformations (changed geometry of the system and

therefore the action of applied loads).

It is assumed that only the columns are subjected to sufficiently high

axial forces to affect their elastic properties. In practice these forces arise

mainly from the gravity loads, although lateral forces may also add to this effect,

particularly for columns in compression.

In setting out the matrix, both the conditions of compatibility of

deformations and the equilibrium conditions are affected, similarly as in the

portal frames discussed in 2.10.

Referring to the idealised structure, Fig. 3.21, the equations for

compatibility of deformation and equilibrium of forces can be set out as follows:-
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i}
w SJ nsA.-A, a Sur Svo- :Ses Sie

and the equilibrium condition be comes:

Mat Mo m J =f, xt Pbdired eee neneee 3.22

The values of Cop and C., are shown in Fig. 1.071 for c andc_ respectively and:

ne 210A Bor. Lhe m Aa» Mra). 2h, es a =

ed, A, EM # IM, 5 A$ Ma) Me, +Mas) etd Biaios

Introducing equation 3.23 into 3.21 and multiplying both sides of the

GEL.

A
we obtain:equation by

May Gig + <=) Myce, (AoA) SEL
Al

~ 2445 [xe eed]

or denoting x = bf and p = aoK have
3b

“Mod r + 2eo0t /Ox 2-28 x 107%) = +312 300M +

+ b(oM2 + 8M2,+8Mes + 7Ms2 + ete)~ (AoA) GE Le =O

Taking mt ‘
Es = 200 kN/mm2

Lie
r = 55% = 14682

Pp = Ax 1B5:S B22 Oma
25x BIG* x GSS”

ee [era RP OO rae eke |
2U = LfEr = 376 [ZOOu/0%27555 ~ /F

Coo = SIIB] Gp = 13/23

From equation 3.22

Mo, +My = ish + P(A.-A,)
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or

anyMar + Ma BA A.-A) = £WA

2. 200 24567 ars:
Er. BSS GORISES = O'G/2

Similarly for level 1-1', compatibility condition, 211' becomes:

Wo Mig ber + Mie BS — Me, BS, an

iy ESGeae Cara

GEL. 2/2 S.\4.5 P+ Mo, +EMo + OMi2t “|25un GEL » Bie lasee. foe
(Moo = Mia) Ma +2c,,—-MaC2, = A-Aj) eae oe

-% Ells. 50— Mer +Ellro t+ BMj2 # eee

+0.000021 My + 1.468, 718 M, 9 1 3-968718 Mig -

~ 1.312318 M,, + 0.000, 016 My 0. 000016 Ma, +
i M: a a+ 0.000014 M,,*9- 600014 M3 fae 090012 M4;

+0.000012 M,, + 0.000009 Mss +0.000009 M.. +

“+0.000007 M,, +0.000007 M,_ + 0.600005 Mo, +

+0.000005 M_. + 0.000003 M,_, + 0.000003 Mgg -

@-a)Eb = 0
2nd condition for compatibility of deformation at 1 is:

Beco Cate Cy rice
or he + Mie Sibi — Mia iby, + Mas CEG,

"eA eee

Multiplying by 6EI¢/h

—Mo, Co, & 2 Myo Cn —2Mi2 Cy + Mai Cra =(4.-2A,7A2) Gfle

—/3/23 Mo, + 23492 Mio - 2.3992 Miz #/ 3/23 M2, —

-(h.- 24, +h) OFZ = O
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Fig. 3.22 shows these conditions presented in numerica] matrix form. The

solutions given in Fig. 3.23 are plotted in the bending moment and deflection

diagram of Fig. 3.24.

SULUTIONS M|A
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U.1075251142e v2 A.
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0.352554526/75 Gs [43

O.35325827211E vu |45

0.6980104135E 01 Ag
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0.3530953166E Ju | 5e

0.57003b6329E 31 As

0.3532211202E u 65

As

0.35247946245 Ub) 167

0.4420520155E 41 Ac
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0.3142895499E 91 Ay
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Fig. 3.23 Computer Solution for Instability Analysis

of 10-storey Steel Model.

3.30 Instability Analysis of 10-storey Stee! Frame with One Column

Axially Loaded.

The analysis is made, using the force-displacement method, for a

10-storey single bay framework with all columas identical (i) and all beams

identical (1,1. The analysis, developed in general form, takes account of a
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single lateral load W acting at the top of the frame, and various axial loads

acting at each beam/column node over the full height of one side of the 10-storey

frame. The idealised structure is shown in Fig. 3.31.

Compatibility of deformation at O

Bt ff ere (pee \ ye Neely
100 Mabey, + Mel eer, *Sr7,) Mer Bry, = et

Multiplying this and subsequent compatibility of deformation equations

by 6EI,/h and equilibrium condition equations by h results in non-dimensional

factors of M.

Myr + Mf 2+ 2r) — Mose — aes) os i) ea nueee 3.301

Compatibility of deformation at 0%

AesGe Yee LE Yi 4s Ah,ae Mer ey, + Mer berg + 4G ) Mee A

Mor +Mo(2rr Lcos)-Mioor —h-4) GfL-0 wereee 3.302

Equilibrium condition O-O'

Mor +My, a Mos +M,o =Wr fie bs)

Mor # Mio Mor + Myo -PoAo FAL, =WA --------- 3.303

Compatibility of deformation at 1

2u" Mz; Bare Ma fez +Mio Miz) Ser (Mio M2) $7, 7 Seas

—Mzj*+Mo ar +M,2(2+2r) —Mror Myzr-(A-Ad ah =O..3.304

MX A A-Ay AS
012 Mabie + Maher Maher. + Maifeey, = AGE AAs

= Mos 2M —2M rat Mar-(B.-2, Ag) CFL 20 --------- 3.305

Compatibility of deformation at 1"

a +My EET Myo Miele +M2 454, —May Bey ~AcAs

— Mor—-Mar + Mio 2r *M,2(r +20/1)-Ma4 Cup

_ (7A) 2&4 =O). pee ae 3.306
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Gor hoo =, Lo Alo
Mor Bet + Myo “g¥p — Me SEE + Mar GET. =

=~ 2A 7hA= 2Anh,)
where C,%o is flexibility coefficient for 1'0 at 1" and

Ove’

C,yzg_ is flexibility coefficient for 1'2 also at point 1

~MoyCon +Mi'o 26,70 Miz 2cr42 * M2rC27 —

= Bn2h, rb) OSE = 0 --------- 3.307

Equilibrium condition 1-2

MiatMa, , Mize May Wet PoBor Bale PBxAa)

Mia *# May + Mite Mey Du Ag Br 2)n Le f= O -- 3.308

Compatibility of deformation:at 2

322’ - loa ber. 4 Maser +(Ma, Mes) 57, Ma, + Mos) ber,

~Az-As
A

-Msz2 +Mas(24+27)+Ma 2r —-Mz,7 —M2s7r oe

-(A.-4; Offs me Osa czaee 3.309

Mah Md £4, -
12s Mabry, + Mer Sez Mas $iez. + Mos bez Gt

—Ma +2 M2,-2M25*Ms2 -(A;-2h,h,) othe #2O -n-s----5 3.310

Compatibility of deformation at 2"

‘27 iL es ‘2% 4 —
223 — Wha, +Mes) =z, bat *Mes) 527, My, het Mae BSS? = ses As

~Mair—-Mzs7 +Mai2r +Mas (Cr +2¢2/4)-Ms'acos-(AzA 3) Fk =O--33//

18" Mette Me, PEEL Ma AS Mae Bee = Acta Bars
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Equilibrium condition 2-3

MoxtMsa MasxMse w Phd), BAA » BAA)

Mas+Msz Mos +Ms2 = We Ag * AZ. ca Ae ly

Afb Bp BN wr 3.313
dae Ge

Remainder of equations can be compiled in matrix form and solved in

the usual way.

3.40 Experiments on 10-storey Steel Model

To increase the sensitivity of the frame to high order effects of elastic

instability a very slender frame was constructed in which beams and columns were

of identical section 4 inch (6.35mm) square, made from ordinary mild steel. The

10-storey single bay model has a span of 376 mm and storey height 256 mm.

: Fig. 3.41 shows the position of strain and dial gauges as well as the arrangement

of lateral forces and one arrangement of gravity loads. Tests were performed

for 3 gravity load conditions: axial load P applied only at the top of both columns;

axial loads of equal magnitude applied at each node to simulate more nearly the

condition in practice where successive fbor loads are carried throughout the

height of the building; and axial load applied to one column at nodal points .

The four loading conditions are shown in Fig. 3.42. The case a) is

used as a control test.

Ww

Pp

Ww. Ww Ww

—s 3 3

a), Wo AS ede a)

Fig. 3.42 Load Test Conditions.
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The experimental apparatus is shown in Fig. 3.43, 3.44 and 3.45.

For the primary load test (Fig. 3.42, case a)) the load deflection

performance is shown in Fig. 3.46 for a load limited to 40N. This gave a A./W

ratio of 0.857 mm N7~’

In the case of the test taking instability into account (Fig. 3.42, case b))

the non-linear load deflection curve is shown in Fig. 3.47.

3.50 Discussion of Test Results for 10-storey Steel Model

WA?
GEL

Lateral deflection coefficient x

where lateral deflection coefficient is 9.1123 from primary analysis

(Fig. 3.13).

Ag , —9-1123 x 256°
W ~ 6x 200,000 x 135.5

Ae = 0.9402 mm.N7’ for primary effects wnnse---- 3.51

Similarly for instability analysis, with axial load P = 400 N,

s 3

= lateral deflection coefficient x We

11.7881 x Bey .from Fig. 3.24.

1.2163 mm.N” for instability effects 5 teeeeeree 3.52qb =p >
Equations 3.51 and 3.52 enable the theroetical load deflection curves to *

be plotted .

Comparison of data in Figs. 3.13 and 3.24 shows that the instability

deflection at the top of frame is 29% more than that for the primary analysis.

Similarly, moments are greater. This is shown in Fig. 3.50.

A comparison of theoretical and experimental load deflection curves for

primary and instability effects reveals good agreement as shown by Fig. 3.51.

It is seen that the analytical curve for instability effect is linear whereas actual

deflections give rise to a curvi-linear characteristic resulting in greater deflections.

Moments, both theoretical and experimental, are compared for node 9;

the particular moment chosen is Mgg- The characteristics are shown in Figs.

3.52 to 3.54.
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4.00 Conerete Frames with 2 columns : theory and experiment.

Two frames, one 10-storey the other 6-storey were analysed, made and

tested for primary and instability effects. For each frame the model is subjected

-to a single lateral load applied by a hydraulic jack at the top of the frame.

Instability effects are examined under the action of varying lateral load at the

frame top and a constant axial load applied to each column again at the top of the

frame.

The purpose of this work was to develop primary and instability analyses

and compare the experimental behaviour with the predicted values of deflections and

bending moments.

4.10 Primary Analysis, 10-storey Concrete Frame

Fig. 4.11 shows the idealised form of structure and assumed shapes of

deflection and bending moment diagrams.

The primary analysis is carried out using the following data:

Colimns : 50x 100mm ; | =3* 50 x 100° SAG 104 Tri

Beams : 50x 50mm ; 1 4 50° =0.52 x 10° ist:

Ratio n -# = &O

The compatibility conditon at the point Ois:

pe ~ 4 = A LS,° Molex + fer) cir ad

Mor nt +4) —-Mo BxA-A,) Efe = 2

or 86OMe~ ne -A)&- 0

Equilibrium condition at O becomes:

O-oO’ Mo + Mio = $TM

My, + Mo LOO We er yi 2a, tea So eeeeee 4.12

Similarly, the element matrix at point one, formed of two compatibility conditions

marked as-211' and 012, and one equilibrium ee 1-1', are as follows:-

QW (Mat Maboger, + Mea Bry, ~ Mor Bzr, = a5fe
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Multiplying by EI, S

A 4 ZeMyo 7h + Ma "he + $)-Mar fet (Aa A) = O

BOOM + 860g 30 Mey he AG OQ menos 4.13
ds ye ae AeA ASAO/2 Mo, be + Myo See, ~ Maa Scr. + Mar Bers, en >

= Moy bet Moe Mag eres ew (“A,r 2b, Dabs = 0

“SOM. + OOM or BOM, 13 OMe Ap Dh -Ay oe» Onnvooeo- 4.14

wr
M2 Mar Moy *Mo . WeoF 2f “Ge 2

Myo * M2; - Mor ~ Mio - 4A = GOW ennanee- 4.15

. The main matrix can now be set out as shown in Fig. 4.12.

SULUTIONS M a’
0 +7179720055E 02 | O/ s

«549329273 E 06 Bo

+16202/9931E 02 10

+5962377141E 02 c2
-4621297645E 06 &

»3037622755e 02 2

+5074069188E 02 2

+4232023485E 06 42

»39250930791E 02 Ba

+4344926725E 02 34

-3564471707E 06 As

+4685073206E 02 43

+3514142625E 02 45

12853315 765E 06 Ay

+ 54858571465 02 $4

+2491541104E 02 | 5G

12222754197 06 &s

+$506458545E 02 | OS

vs ajoodeodoocooclcocloo
SG 0.10147085953E 02 GIF

0.1599158474E 06 he

0.798236405E 02 76

J |70.12414936612E 02 | 7B

0.10449455595 06 “4

0-1024913597E 05 | 67

8 ['-0.4791063577E 02 | 89
0.512%7695433E 05 de

O.13791°6554E 03 iP

9 [-0.1043148044e 03 9/0
6.1478833237E 05 PC)

/0 0.1945148 4056 O05 | 709

ERROR = 0,1854545726E~67

Fig. 4.13 Computer Solution for Primary Analysis of 10-storey

concrete model (for W, = 1)
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Fig. 4.13 shows the solution of this matrix for Wy = | and for all

other loads equal to zero. Thediagram, Fig. 4.14, shows primary moments,

forces and deformations which will be used to compare it with the case when

secondary effects are included.

Note that-actual deflection AA= Computer solution x a
ic

0.54933 x 10° x 180 W
For example, A = eee «= 0.0009492W

© =. 25,000 x 4.16 x 10°

4.20 Instability analysis, 10-storey concrete frame

The instability analysis is carried out on the concrete model shown

in Fig. 4.11. An axial load of 35 KN is applied to both columns. The following

data were used:

mi BO Ommnt eH Al=t/SOmn eee = # as
&

Z- 4 50x /00* = 4.16 x /O%mm*

500
For P = 35 RN, eH BEESON /mm*

Frm 2¢/ = LE =O37944

Therefore from Fig. 1.071, Qo, n 1.0105 and C,, = 1.0175

Setting out the a cami of deformation conditions, we have for

point O:

I Beak ek BAe osu¢ Mo Ex. ele Mo GET, 75 Zo
2Moy 2Wor M5u~ fof, + eta) + exc.

< [4 % Bo po Ma) eve exe, |
2S Moy + M,
SE ETAT fe ee

o Me, (2 + See gh) —j peg + fay, Te Pea a cn ete

+(s,-a) Efe = 0
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Finally we obtain:

Q 860.0668, 58 M,, ~ 30.52157 M,o +0.003429 My. +

+0 .0038, 58 My) +0.0038, 58 M3 +0.0044, 091 Mg, i

eo 0051, +
+0 .0044,09 My,4 +0.0051, 44 M43 +0.0051, 44 Ms

0+9 .0061, 728 Msg 40.0061, 728 Msg +0.0077, 16 Mes, 28

0 5+0 .0077, 16 Mey +0.0102, 28 Mo6 4+0.0102.88 Mz. 40.0154, 32 Mg

54.3 0208 6 208, 64 = Zz+0 .0154.32 M,, +0.0308, 64 Mo, 40.0308, 64 Mo) 9 +(4- A.) =O

Sima rly:

— Me; a E. ae _ 2Sy,
2H’ HH, + ieee + Ma $%

Sy = 2Me, + 2Mio + Mz + Bg, Mes) ~ ete,
<

- 2 ck ‘Biante +M2 -+4- ae ae ve]

From which: ©

2/1’ 0.0034, 2933 Mig, + 800.0034, 293 M4 + 860.0664, 29 M, 5 +

. -30.521142 My) 40.0038, 58 Mo 40.0044,0914 M35 a

40,.0044,0914 M,, +0.0051, 44 M,, #0.0051, 44 My, +

40,.0061, 728 M,, +9.0061, 728 M,, +0.00716 Mg< +

40 00716 M., +0.0102, 88 M7, +0.0102, 88 M7, +

40 .0154, 32 Mg, 40.0154, 32 Mga +0.0308, 64 My, +

40 .0308, 64} Noo +(Ara)G =0

822° (MayeMas) zz, + Mas ath — Men Bre = Sa Xs Ti

zs are 2a + 2(Ma, + Mas) + Alle? Mas) at

DoE 2Mey » 2lMor+Ma) . 2(Me,+Z Aco 2 = ha oe bay ete.
0.0038, 58 M, 1 40.0038, 58 Mio 40.0038, 58 M,
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+0.0044, 0914 M34 40.0051, 44 My 40.0051, 44 Mgs at

h -0102: . 4+0.0102, 88 Mey +0.010288 Me, 40.015432 Més

40.015432 Mey 40.0308 Mo, HelCy

Ina similar way the main united force~ displacement matrix is set out

as shown in Fig. 4.21.

It should be noted that the compatibility conditions between any column

and beam now include all moments in the frame, while equilibrium conditions

include deformations, i.e., the equilibrium becomes a function of the deformed

shape ofa structure. In addition, the effect of altered flexibility of compression

members, i-e., the effect of instability functions is also included.

Fig. 4.22 shows the distribution of moments, forces and deformations

for W, = 1 and for P = 35 KN.

The increased deflections and moments due to the instability effect of

axial column loads is shown in Fig. 4.23.

4.30 Experiments on 10-storey concrete model

The purpose of tests performed on concrete models was to introduce

very high axial forces in columns by means of jacks in order to show instability

effects .

At first it was thought to be necessary to make a provision against

lateral buckling. This was achieved by joining two frames at a certain distance

apart using concrete spacers and bolts as shown in Fig. 4.31. Later this

precaution was found to be unnecessary, because no lateral buckling was observed

and therefore only single frames were tested as shown in Fig. 4.32. The above

figures show the arrangement of the experimental apparatus used.

The details of the 10-storey micro-concrete model used to test for

primary and secondary effects is shown in fig. 4.33.

The first test was conducted to assess the correlation between theoretical

and experimental deflections and stresses. The model, securely clamped at the

base, was loaded with the aid ofa single jack at the top.

The load/deflection data are given in Fig. 4.34. The residual

deflection, roughly 20% of deflection at the full load of 1200N, suggests that
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rotation of the whole model may have taken place. It was considered that the

magnitude of loading was insufficient to cause cracking of the concrete which could

also have resulted in permanent deformation after unloading. In subsequent

tests, dial gauges were set up to measure deflections and thus rotation of the

model base .

4.40 Discussion of test results for 10-storey concrete model

In these tests, the deflections were consistently greater than predicted

by theory, being roughly 3 times greater. This poor correlation should be

considered in relation to the very small magnitude of deflection, a maximum of

4mm. This poor correlation, Fig. 4.41, is probably due to two effects: rotation

of the model base within the test frame under lateral load alone, and secondly

micro-cracking of concrete at an early stage of loading, particularly at the

joints, when steel was congested to provide for anchorage and laps of bars.

Difficulties were also encountered in the measurement of strain possibly

due to the effect of aggregate size on the effective measuring length of the foil

strain gauges.

The procedure for this, and subsequent correlations of theoretical

and experimental values of bending moment was as follows:-

i) From the graph of strain gauge readings for the gauge under

consideration, the average gauge reading for a particular load was

established .

ii) Using the calibration data, i.e. that one division of strain gauge

reading corresponds toa stress of 0.153N/mm?, the stress at the
gauge position was calculated.

iii) From the well known relation = 5 the experimental value of moment
at the gauge position was calculated.

iv) Finally, assuming a linear variation of M with column length between

nodes, and using similar triangles, ‘the experimental moment at the

particular beam/column node of interest was calculated. This was

compared with the theoretical value obtained from the analysis.

Consider moment at position of strain gauges 1 and 2.
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From From. 4.43 the number of strain gauge divisions corresponding

to W = 1I80N is 4.75.

Therefore @éz2(e) = 4-75 x 0.153 = 0.7265 Rime

; 6
0.7265 ‘ 0Mae) =Gl/y = 265 x3 166 x 1

Mezfe) = 60562 Nmm for W = 1180N

From Fig. 4.44, the theoretical moment at gauge No. 2 position

Maar) =(90 x eee 18.2027) 1180 = 54280

MM onr)

7g7au

Sow

©
#20200)

so 130

Fig. 4.44 Bending Moment Diagram for Column 01.

Comparisen of Meare) with Me2q@ shows that the experimental value

is 10.4% below the theoretical’value.

4.50 ° Primary Analysis, 6-storey concrete model.

The frame shown in Fig. 4.51 is analysed using the force-displacement

method.
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Compatibility of deforma atO:

; LE 4 4 A.-/A,
got -M. CE + Me, $5 sey * M327 "Ger - —%

Multiplying this and subsequent. compatibility of deformation equations

by 6EI/h to obtain non-dimensional factors of M, and letting L/h = r

GEL ffMor * 2) Mo (A, A.) =O

Equilibrium at condition O:

2(Me,#Mie) x . WhBor Mve) W ae Mort Myo =

Compatibility of deformation at 1:

12 -Me +Ma) Sez a, (Mo + Mes) Se - My be a Ms, ey = a

-M,7-Mar + M2r+M22r—-M2, “A. ASE Oo

Mor Mike + 2)— Ma, Br-h) BFL Oy

2nd condition for compatibility of deformation at 1:

o/2 -M,, GET + Myo Sez M2 Sez + Mee A

Mor +2 Myo -2Mya + Mas (A 2h, +Aa) PFE = O -+++ (A)

Equilibrium condition at 1:

2a + Mar) _ Ble Me) 10

M2 + Ma, —Mer —Mo = OQ

Similarly at node 5:

4,

G55

— (Men Mec) Exp + (Mone Mew) Sez + Mec beer ~Moxbipy= Fe

GEL
Magr + Mse(r + 2)—Mas As PEF = ©

2nd condition for compatibility of deformation at 5:

A456 r

~Mgs x7 ~ Msg a —Mse $e + Mes b> = Se =e

—Mgg + 2Mog ~ Mee Mas -(A,-2h,) 2&4 BELLO
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Similarly at base, i.e., node 6:

Hee Ser “Mee ézt * =
2Mes—Mse— As eee =O

LPutting Kes ert , the equations can be presented in general matrix
form as in Fig. 4.52, Substituting numerical values of h = 300mm and L =

600mm, i.e., r = 2, for the model gives the particular matrix in Fig. 4.53.

Computer solution gives the following moment/displacement data (Fig .4.54):

SOLUTIONS M 4
O,ON638aPS41E 02 ol

O,19SG247777E Oe Bo

0.5936157458F 07 1/0

O.7819212705F 0? | /2

0.416270556SGE 04 x,
OL7VRIO7A7291E 02 Zs

O.75322724001F G2 | 23

O.1267374465E GA a
O.74E777PRIIEE OF | 32

O.73K1R92297F 0 34

OAP7*KSNEI4E 03 AS

O.7652h167703F 02 | 4B

O.AS7724N485F 07 12S

O.S5304694A746F 03 a,
N.8322759915F 02 | SH

O.354L310171F O¢ | SG

OASSH7THAGASE 03 &s

O114550R9R8F 03 | SS

ERROR & 9 23593505225 -09

Fig. 4.54 Computer solution for 6-storey Concrete Frame,

. Primary Effects.

These values are now converted back into bending moments and

deflections, Fig. 4.55. For example, for W = 530N, corresponding to an

experimental load on the concrete model, we obtain:

Mer = 9OG-38W = 283 4LN

A = Nga W = N+ 225s oexsr0a35
#/930:2 x 0:0006/

Ay < FIBS wn
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4.60 Experiments on 6-storey concrete model

Two tests were conducted on the microconcrete frame detailed in

Fig. 4.61. The first test, using a single lateral load applied at top of frame with

a load range 0 to §00N, was conducted to establish primary deflections and moments

before the onset of cracking at beam to column joints. The second test was

conducted under the combined effect of lateral load up to 900N and axial compressive

load on both columns of constant value P = 2220N acting on each column.

The load deflection curves for the upper 3 storeys of the frame under

primary effects is shown in Fig. 4.62. Load deflection curves for the frame

subjected to instability effects - varying lateral load with axial compressive load

of 2220N on each column - are shown in Fig. 4.63.

Electrical strain gauge readings were made at the positions shown in

Fig. 4.61. Considerable variation in their readings presented difficulties in

plotting and for this reason the data is omitted.

4.70 Discussion of test results for 6-storey concrete model

From the primary analysis, Section 4.50, the theoretical lateral

deflection at the top of the model for a lateral load of 530N was found to be 1.185mm.

Theoretical and experimental values of deflection for primary and

instability effects are shown in Fig. 4.71. It can be seen that the experimental

primary deflection is greater than the predicted value, i.e. by 56%.

The experimental instability deflection is 14% greater than the primary

deflection. This is considered to be a true indication of the instability effect,

despite the very small lateral deflections involved, as the onset of cracking - a

principal cause of increased flexibility and deflection - is witnessed outside the

load range 0 to 530N considered. The increased deflection due to cracking is

shown as the discontinuity in the load deflection curve for instability effects,

Fig. 4.63, which occurs in the lateral load range 550 to 700N.
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Conerete shear walls with columas of widely differing section

properties are a common feature ef tail buildings. Here the force-displicement

method of analysis is applicd tos 9-stevey, 3 column shear wall and the

of a micro~under test ¢theoretical performance compared with

concrete mode}.

5.10

‘Sie undeflected
a chanes for the frame upon which
Shaneg for the trame unonowhicn

the analysis is based is shown in Fig. 5.10.

Equations of compatibility of deformation and equilibrium of forces can

now be written. These are modified by multiplying the compatibility equations

by 6EL, /h and the equations of forces by h. The matrix is thus expressed in

terms of non-dimensiona! coefficients. These axe as follows:-

'

or + een
Let "% =

GEL — 1 5.10s--- §.101=a whale 2r.)-Motra + Mors’n-(b¢ BY A

yo beds
Moe) Ba

‘o'o" 5. ~A,
1'0'0 ls xz, + Mes Serr + Mo'e Sb Mars bier, = = Ard

Let fn wes eae = 72

~ Mor +Mor Zr + MowLm —Moym-(A,; ~A) CEE a O ----- 5.102

1g" Le00'0 My By + (Wor —Morot) Sez, Mow Shey +Mor, Et =O

MoM 94 222—Mo'o* (Lore 2m) + Moy me = OQ => => 5.103

Ol" Myee pn Ach,O01" Mego Bier, + Mon|sher, + Sic.) Mire Ber, = Ge

= Mery + Mon (2mr+20) Myo p (Ab) Gf= Oona 5.104

Equilibrium at 0? M,,#Mp+M,, +My Mow My Whe. ooo 5.105

2il' Mar beet Ma Sr +l. + M2) Sells Mie hn) Eee AA)
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Ma, + M2(2r2n) +Mo22-Mon—Mien ~ Mid" 22-

—A,-) oF Cie) vesemeeee 5.106
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O'1'2' Ae ie ify A,-2A,7 A,
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= Mon rt Mie Pr —Mi'a Br Marr (We hha yee'= 0 --- 5.109

- AY z. - eye i/,
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+ (MrorMaékzz - O

—Mpr M72 Mp 27. Mg 2r —Mivr(Lnv Ln) +

+M,om *+Mypm =O ---707-- 5.110

D2 My & BaheNe ae i he NN
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Mie m +Mo 2m +My one 49-Marp- (bh) EE-= O conem Sulu

0" 2"Y ne & hs i he % B A-2A +A,Mor Ezy * Mo 5z7, Mit Ser Mat ben, ee

ee, pM BARON ANN OLS yeeat = a= 5Mor,p 7 MreYp Me ZorMayp (A: 2h, A) Az oO 5.112

Equilibrium at L

Mya # May + My # Mas *My'g + Ma's ~M,-Mio-Moy— Myo —

Meg Mo On a, 5.113

Similiariy at base of frame:
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—-Ms.% 2Mes -A, CSL = Oo SSL ican 5.114

66'S’ -Mse ber + Mes fer - As

eee BB eh eee 3.115

eos" -Mere & GET + Mors $7, = F As

—Ms%eP +Mars Ze As a mite ane er 5.116

of the shear wall given in Fig. 5.30 the followingFor the

values apply:

ae ol On 54
I, = 79 * 50 x 100 =4.166x 10 mm

aoee 50 x 50° = 5.2083 x 10° rng
Lp

Therefore:

nf he x A450 x 3-53 x /07 = 9@
n= 3h 75.2085 ~/05* 300

ees eS 3:34x 1/07 fa

Alea 1OF ms
LoL, . BOOKA.2B x /O7

= é a Aaa Ck SAOm = 787 = 5.2083x/0=x 300 = 64
i eee Seo /OL a

: Te 5.2082 = /O* ae
QGrn) = 194-3; 2(n> 77)=320; 2r=/6, 2n2/92

The general and nuineric matrices can now be set out as shown in

Fig. 5.11 and 5.12.

The computer print out given in Fig. 5.13 can be interpreted in terms

of moments and deflections as shown in fig. 5.14.

For a lateral load of 8000N (corresponding to a tést load), the lateral

deflection at top of frame, A. = 24902 C where C = Wh2/6EI.

8000 x 300”
= 24902. x — 595,000 x 3.333 x 10

i.e. A, =3.5859 mm for W = 8000N. =

This value will be compared with the experimental deflection.
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s for conerets shear wallvility analy.

This ani ysis, for the 3 column shear wall shown in Fig. 5. 10, takes

account of the increased flexibility of columns due to axial load but ignores axial

deformation of columns in the setting out of the equations for compatibility of

deformation. Referring to Fig. 5.20 the typical element matrix at level 2 is

derived by using the force-displacement method. The compatibility of

deformation and equilibrium conditions hecome:

ZB Fo Bu

es |
Aa \aiees

Mya | |

ae, eat ll

|

A.)

Fig. 5.20 Idealised Structure

Concrete Shear Wail.
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All compatibility equations are now multiplied by OEE) /h aad equilibrium

condition by h,i.c¢. the matrix is then expressed again in terms of non -dimensional

coefficients so that bending moments are in terms of W-h and deflections in terms

of Wh?/oET,,

eae pe t
Denoting %Z= We. ne >

Lek L

BO hl 4g

322" —Ms2Ca2 +My 222 > (May? Mes) 2 £F- -

— (Ma 4 +Mos ~Meree) 44. +A, A) GLI, Ve:

or 27Mz,*My, L(Era* 7) — Ca2Msz — 77 Me, -7 Mos +

+ Maat +(Ap- = i > ne 5.21

123 — Cra Mya + 2ea2 Ma, - 2C2g Mos, * Cra Mag *

+(-Ax+2A, -A) OEE = QO ee aa-ee=-- 5.22

2272" — Way * Mas) hee ho as + Mas Mate.) 2 24

Mata 244: 4S har, + Mars) 34 me

or =7 My, — 7 Maat 2eMyy r27 Mos -2n 773) Mare +

Boy Mog SO) ue ieee 2-2 5.23

o20" -Mse Coa fe + Me's ae 2# + Marge 2424. =

-Meon +Mars) Sad ofl, A OFL- SOQ wrrrreeee 5.24

1'2'3" —M,4Ci2%s # M24 C22 27, —Ma2's Cog 2B +Ms/2Cs



= 166:—

-B- 2A rh) Shh =O vores 5.25

2'2"3" ~ Mager, + Map 2g + Mes (27, * Coa 7)- Mare C97 —

-(A. - A) She = Pee

rg"3" = ieee. + Mary Coa 27 — Mis Con 27, + M3'2 C327 —

-(A- 2A,+A,) oF. O --------- 5.27

"Equilibrium Mas + Moot My, *M5y t#Myes ~ Marg —A , (Br as) =

tA,(Br Bethe WetWeW, 9 wreeree 5.28

The typical element matrix can then be set out as shown in Fig. 5.21.

5.30 Experiments on 3-c¢ Concrete Shear Wail

A 6-storey model of microconcrete was made to the dimensions given in

Fig. 5.30. The reinforcement is shown in Fig. 5.31.

In the test arrangement, 36 electrical strain gauges were bonded to the

mode} in the positions shown in Fig. 5.30. The model was then erected in the

test frame (made of large size steel I sections) and 6 dial gauges installed for

measuring lateral deflections at each storey level. In addition, dial gauges were

set up at the ends of the base, to check for possible rotation of the model base

under lateral loading. A further 3 dial gauges were mounted at the top of the

raodel to measure, if possible, axial deformations of each column under the effects
of axial loads. The complete test arrangement is shown in Fig. 5.32.

The shear wall was first subjected to axial compressive loads of 4484N

acting on each column. Lateral loads were then applicd, at the top only, in

increments of 300N up toa total of 10,000N. Deflection and strain gauge readings

were recorded by eye and the data logger respectively, keeping careful watch for

Finally the structure was taken to

‘ es 5.33.
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To establish the amount of rotation of the hase of the model, readings

of gauges 7 and 8 were plotted against lateral load as shown in Fig. 5.34. Taking

account of the distance between these gauges and the height of the model, the base

rotation was converted to an equivalent lateral deformation at the top of the model

and this was deducted from the measured deflection to give the true flexural

deflection as shown in Fig. 5.35.

Strain gauge readings were meaningless, being either of very low order

or erratically high. For this reason the data were not plotted.

5.40 Discussion of Test Results for Concrete Shear Wall

Comparing the theoretical and experimental deflections, Fig. 5.41,

shows that the experimental deflection is 3.5 times greater than the theoretical

value. This discrepancy is large but fairly consistent with observed

differences of theoretical and experimental deflections from tests on the 10-storey

-micro-concrete models. Such differences are attributed to extensive micro-

cracking of the model caused by shrinkage and the high restraint imposed by the

large amount of reinforcing steel used in the model construction.

This phenomena would also account for the erratic readings of the

electrical strain gauges making it impossible in this test to correlate theoretical

and experimental stresses and moments.
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6.00 Elastic Instability of Frames Arising from Out-of-plumb Construction

In practice, all tall buildings are out-of-plumb to a small or large

extent and the problem arises: to what extent this is detrimental; what can be

considered as an acceptable limit; and how to take this effect into account in the

analysis?

To explore this, several analyses have been made including the effect

of out-of-plumb construction subjected to gravity and wind forces, and

experiments were made.

A 10-storey frame with practical dimensions, with and without out-of-plumb

inaccuracies, is first analysed for primary and instability effects under a range of

lateral and vertical loading conditions, Next, using a 6-storey micro-concrete model

with large out-of-plumb inaccuracies, the theory is developed and compared with the

experimental behaviour of the model.

The analyses are made in two stages. In the first stage only the

"primary" analysis is made including the effect of eccentricity of gravity loads

on the out-of-plumb frame. In the second stage, some or all of the effects of

elastic instability are included, i.e. the effect of axial forces and deformations,

the effect of altered stiffnesses (or flexibility) of members, and the effect of

altered geometry of deflected structure, i.e. the effect of large deformations .

6.10. Analyses of Practical Out-of-plumb Frames

A ten-storey single bay frame of practical dimensions (storey height

3.6m, span 9m) is taken as a basis for the force-displacement analyses for the

several cases shown in Fig. 6.100. Six cases are examined. Cases 1 and

2 relate to primary and instability analyses assuming the frame to be straight

(free from out-of-plumb inaccuracies) thus providing a basis for comparison of

out-of-plumb effects. Cases 3 and 4 consider the out-of-plumb frame under the

action of gravity loads with and without lateral loads but ignoring elastic instability .

Case 5 includes the instability effect under gravity and lateral loads, while Case

6 examines the effect of lateral (wind) load acting in the opposite direction
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For the first stage the primary analysis is made first in general terms

and is then applied to the practical frame and also, later, to the model used in

testing.

Based on the idealised out-of-plumb frame of Fig. 6.101, the element

force-displacement matrix is set out at the level 2-2" as follows:-

Mos Czy, ~4 Le &123 -M2eee * MSE Max3Ez.

yal VA eer.

322" ~Mon Bar May Sere +(a,* Mas EET, oe

Ec.2 Maz” Maz = Berea -4-2 (As% 20)

These equations are now modified by multiplying the first two equations by 6EI_/h

and the last by h. The general matrix becomes non-dimensional. This is shown

in Fig. 6.102.

In the second stage, the analysis of the effect of out-of-plumb construc-

tion includes instability parameters, i.e. the effect of axial forces on the flexibility

coefficients and the effect of large deformations. Not included is the effect of

axial deformations (the latter has been considered earlier) .

The element matrix is based on the following conditions of compatibility

of deformations and equilibrium of forces (where L= leq ie

; A A-A,100 Mo Bey Me, (S84 + $27)- Mo ker = =e

or MGs —Mae(Zec0 + ¥) + 4 -A) es! =O

Equilibrium condition O-0O’:

Met Me, . W Zor es,
ee

2 2 nL
cm Mes Ae He eT = “s NvZo

a he ~ArA
an Mey BE 7—Me( SET +51) Moo Ezy = O85
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Laor Mas Cra— Mz (26.4 z)- -M, 23 )&

OF SZ & =012 Mor S328, Mine Soh > Heh Mo, Sef =

Lea Las
SoS ae

or Mor Cor — Mio 2 Coe # Mg Zen —-Ma, Cra + Fhe 2 hho )%-0

The loading cases for the practical frame shown in Fig. 6.100 are

now analysed in sequence. The following data apply to each analysis:

Column and beam sections are identical; depth = 0.6m, thickness = 0.3m.

L=9.0m, h=3.6m, E, = 28 ya I= we Oe Lk = 0.0054m*,

2

Ht = 181,200 jam, r= Un = 3.6 302.5, k= " ‘our = 1.428 x 107°,

P applied axially at each node = 100 KN i.e. BS = 100 kN, Py = 200 KN,

P3 = 300 kN etc.

The frame is first analysed for case (primary analysis for the

frame assuming it is straight, i.e. free from out-of-plumb inaccuracies), The

diagram of moments and deflection is shown in Fig. 6.103. The diagram

of shear forces in beams and axial forces in columns is shown in Fig.

6.104.

The straight frame is now analysed for case 2, Fig. 6-100-instability

analysis taking column flexibility into account assuming axially applied loads of

100 KN at all nodes. The flexibility coefficients c for the variable column

loadings are given in Fig. 6.105.
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Column 2U Flexibility Coefficients

01 0.092 Coo = 1.00064 c, = 1.0074-

12 0.13 c, =1.0013 C2 = 1.0030

23 0.159 Cc, = 1.0019 c,, = 1.0031

34° 0.184 Caz = 1.0024 c,, = 1.0041

45 0.20 Cos = 1.0027 Cg = 1.0047

56 0.225 c,, = 1.0036 Cee = 1.0062

67 0.244 . Coe = 1.0042 Ce, = 1.0073

78 0.260 cy, = 1.0046 Cy = 1.0083

89 0.276 Cog = 1.0053 Cop = 1.0091

910 0.290 Cy = 1.0058 Co = 1.0100

Fig. 6.105 Flexibility Coefficients for.10 storey frame with

Axial Loads of 100 KN applied at each Node.

The matrix is shown in Fig. 6.106 and the bending moment/deflection

diagram in Fig. 6.107.

It is now assumed that certain out-of-plumb inaccuracies exist as shown

in Fig. 6.108.

ee gravity loading alone but ignoring the effect of elastic instability,

(i.e. case 3Fig. 6.100) the general matrix is as shown in Fig. 6.109. The result~

ing bending moment and deflection diagram is given in Fig. 6.110.

The out-of-plumb frame is now analysed for the effect of lateral and

gravity forces, elastic instability again being ignored i.e. case 4, Fig. 6.100.

The following data apply:

For Ye asp Ba /00 kN

Ww

2

WA(0.5- 0/25) = 0-375 Wh

WA(OS — 202). o.Ce 202.)= 0-25 Wh

WHOS + 50a, JF O792 Wh

WA.(O-S+ 22a) mO-890WN

Wh (0-5-5024) = 0/52 Wh

Wh (0-$—-GOas) =(te (0-5 - GPa) = 0.082 Whe

0Wa, = WA(CZ— 22) = Wh (0.5~ 0 125)

WHOS 4 JO = O.792WA

Whe2 287s) = 0:-G22WA

WA (0-5-9023) = 0-275 WA(0-5-9048) D7.

WA (O-5- 1002. = O-2O/WA
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ce

Bn a_= D5rmem

A,5 Sm
we

Bg n asa 25mm Ch O98 OAEE
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Introducing these values into the general force-displacement matrix,

Fig. 6.111,gives the particular matrix of Fig. 6.112. The corresponding diagram

of moments and deflections is shown in Fig. 6.113.

Taking clastic instability of the out-of-plumb frame into account under

the action of lateral and gravity loads, i.e. case5 Fig. 6.100, gives the general

matrix shown in Fig. 6.114. For PS = 100 KN the particular matrix for W/p =
0.1 and W/p = 0.5 is given in Fig. &. 115. The appropriate bending moment and
deflection diagrams are shown in Fig. 6.116 and 6.117.

The out-of-plumb frame is now analysed for gravity forces and lateral

loads of unaltered magnitude but assuming the direction of lateral loads is

reversed to: represent wind acting in the opposite direction, i.e. case 6 Fig. 6.100.

It is interesting to note that the force-displacement matrix remains the

same but the load vector is changed. The load vectors are now as follows:-

OAD VECTOR

LOAD VECTOR FOR W/P=0-/ FOR Wih=0-5

B=/0W : AB=2W

“A 2a,)= Wh -3- 22s). Wh Ca5-0125=-0625 | =- 0-525

Wh -Ra,)= WALh— 2%) =Wh tos 025)--0J5 |=-0550
Wh + fuer) = ae + 2022) =Wh C05-029)=-0208 |= -0-442

Wh + Ba,) = Waly 4023) = WhC051059)=-0://0 | =-0-820

Wh — 2 a,)= Wh[-} - 50ce) = Wh 0s-018)=-0.648 | =~ 05696

WsWa — Peas) Whe $s - G0es) = Wh(-05-046)=-0918 | =-05836

Wi.+2 2a)= WHE} » 2228) = Wh-05e020)=-0208 | =-O8N6

~

aa

Wh eB 4)= WAL s + 2027) = Whlos+052)=-0167 | =-0-2952

Wsxs— a a1)= Wh (-g ~ 9224) = Wh-05-0.128)=-0625 | =-0.525

- 4.4) = Wal-4 -/90%) = WAco5-0189)=-0689 | = -05278
Z

Ws
2
>

(

(2
(-

(-
¢
(
(

(

The bending moment and deflection diagram for W/p =0.land0.5are
shown in Figs .6.118 and 6.119 respectively .
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Deflection of Stree gat! frame
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Deflection of Straight’ frame
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6.20 Analysis of 6-storey Out-of-Plumb Concrete Model

A model concrete frame, shown idealised in Fig. 6.20, is analysed

for the gravity load condition in which axial loads P are applied only at the top of

model. The theoretical performance will then be compared with the test

results.

It is assumed for the purpose of analysis that the frame will sway to

the side i.e. the top of each column moves to the left. If, on the other hand,

the frame behaves like a concertina, some deflections and moments will be

reversed as indicated by negative signs in the computer print-out .

The following frame properties are adopted in the analysis - they

apply to the test model discussed later.

ap = /00mm Qa =Jimm 2, =50mm

ho = 300mm L = G0Omm E = 9000 N/mm?
(See Appendix)

L=L = % $0? = 520833mm* 4, = 3/25mm

1, = 406-4mm, by = 30/-05mm, K=16'20', (8 =1/°50', Y= 3°90"

Equations for compatibility of deformation are written in the usual

way. Instability effects are ignored and it is assumed that beams remain

horizontal.

With regard to the equilibrium conditions, the method adopted is to

resolve forces at right angles to the column immediately below the node under

consideration. Because of the discontinuities in the alignment of columns at

nodes 2 and 4 it is necessary to consider the axial and normal components of the

vertically applied load P. These are shown in Fig. 6.21.

The equations are formulated as follows:-
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Pon = PCosx

Pox, = Pan Cos(Bucr)

Pa, = BCos &. Cos (are)

Pan = Porn Sin(x7/f)
Pan = PCos x. Sin(ct +3)

Pan = Far, Cos(Bry)

Pen = Plos x.Cos(~~S) Cosfary)

Pon = Pos Sir (Sry)
P Cos %. Cos (x 4). Sin (2~/)wPan

SUBSTITUTING NUMERICAL

DATA

Poy = Px O-959G x 0-472

= 0-4529P

Pan = Px O-9596K O88/ x 0-289

= O.24P

WOKE

FIG. G-2/ COMPONENTS OF FORCE USED

IN EQUILIBRIA CONDITIONS.



- 203 -

LO ORR ee Ona, Mo, (t ae )- A. Cos. x ~A,Cos x
SEI GEL. ‘c

—Mio + 3:92Mo, + 2763x105 (A,-A.) = O-——— — -@

EC 0-0"
Mo, + Mio

Zi = Pon = 0:28/2P

Mic hit pe ee em CL: Aen gen ee EL ie Se @

Bir L, L, z Cos x-M 4+ My 4 +(Mior~M fe osx
er Bp * Me Se + (Mio Ma), = (A-A,) Z

-M2; + 3:92M,2 +192 Mio + 2-763x/05(Az—A) =0 ——-@

0/2 -Mo, & Mig oe Mig ee Meal =ene Oye a eae, GET

ae Ay Cos x -A,Cos x =. A, Cosx—A, Cosx

zj 4

—Mo, * 2M,o—-2M 2 +Mz, — 2-763 x /OVA-2A,+A,z)= O--@

peat Mo, + Mio i Ma + Mo,
Lj Ly

Mo, + Mio -Ma2 —Ma2, — | O ©

222. L L UE,-M 2 M. 2 M M. =wey 7 M238 BET +( ar ae

= Az Cos ~ AsCosh

‘2

- O:9805 M32 + 3-88/Mzz + + 92M2,+(Az-Az) x 2874%/0% =



= 204 -

123 _ Mya ep May & Mas 4+ Mse 2 =
(CR si Ea GEL

a A, Cosx—AzCosa _ A,Gs5-A, sh
2 Li Ls

= Mia + 2Ma -196/Ma3, # O9805 M32 - 2-763 107A, + 5-637x10°Ag-

-2.872* 0 =O @

EC 2-2’
Shae! Co Grn py Mos + Ms2 = Be m0 Z53P

4 La

0-88/ Mz + O-88/Mz; -/O/9 Moz -/ O/9M 3g = /e/-5P ——— -@

433’ -M 7M Lo ps A, Cs math, Car

PCLT oa °4°3ET a a

~Mgs 43+ 9SEM ag +/ 958M32 +(A,-A,) x 2:93 x/0%=O

234 —Mos La M Le _M 4a ~M, 42

oer” Ser, ae eee

=Aelese-As Coys _ As Cup~A, Cox
La Ze

—Mas *2M 39 ~2Msg7*Mps-(Az—2As7A,)x 2:93 x/0* =O--©

£C3-3° Mas *Ms2 _ Msa eM

Si ES ea

Mos +M3a—-Ms9.-Mos a ee

A; Cosy-AsGs 1$42 -fg, is 7M x + Wgs~ Mga) Ea = Zz
3GEL 22oEE



- 205 -

-Msq 4 3-993Mg5 +/993M os +Az- Ay) x 3-093«/0" =O —— —@)

Sa tae” aan tt ger” ter
=Aslos4-Aglosé _ A, Cosx—-As Gsx

La Ls

Msp. +2My3-1 IGM ys +O 962M 5p As * 2931/0 +A x 5:97x/O>-

—-A,x 3-038x/05 = O———— — ——— @

£C4-y'
Msg. 7M. M, M.

Las Med conjany) » Meee Mee 2, onsgge

0-992 Msp -0-992Mys+>Mas *Msy = 222 P—————

655° -y esi mM 43 NY, M, ya isd As Cosy

SGT ot aeee Mee + Mee) Ear Zs

—Mes * 3: 993M 56 %1-9938 Msg —LA5* 3-092*/05 =O —— —-@

ee or7M,420 Mya Biz + Mae Soy Meo Shp +
~Ag Gsx—As Cosy _ As Cosy-O

fs . 4s

“Mas +2Msa -2Mse +Mos A, x 3 093 x/OF# Asx 6186 x/0%=0-(8)

EG S75)
Mygs ~Msg po Mse + Mes 0

Zs £3 =

Mas + Msg—Mse-Mes = O-—————— —-@®



GS

- 206 -

L L JNOile IM eae As Cosy
ee OE Maes ee ae

—~Mse re 2Mes —Agx 3-093x/0% = O —— ——— — ——

The numerical matrix for these conditions is shown in Fig. 6.22.

Computer print-out with solutions is shown in Fig. 6.23. The bending moment

and deflection diagram is shown in Fig. 6.24. These values will be compared

with experimental values given in the following section.

6.30 Experiments on 6-storey Out-of-Plumb Concrete Model

The micro concrete model shown in Fig. 6.30 has large out-of-plumb

inaccuracies built into it in order that axial loads will generate measurable

bending stresses before the onset of compression failure.

Electrical strain gauges were adhered to the columns on one side of

the frame either side of the beam/column junctions. Dial gauges were used

to measure horizontal deflection at each node position and also the vertical

deflection at the top of the frame. Vertical load was applied only at the top of

‘each column, using hydraulic jacks separated from the model by roller bearings

to allow unrestricted sidesway. Jacking loads were measured with a proving

ring. The experimental arrangement is shown in Fig. 6.31.

The load deflection curves are shown in Fig. 6.32. Measured lateral

deflections (uncorrected) at the top of the model were corrected for the effect of

vertical deflection. Note that vertical deflection alone (no sidesway) would give

rise to lateral deflection recorded by the dial gauge because the stem of the

gauge registered on the sloping face of the column. From geometry, each unit

of vertical deflection at the top resulted in 1/3 unit of horizontal deflection.

From Fig. 6.32, the true lateral deflection of the top of the model,

for load P of 2000N, is 2.8mm. From the theory, the lateral deflection is

0.000465P or 0.93 mm for P = 2000N. It can be seen that the deflection under

test is three times the theoretical deflection.

Strain gauge readings were taken over the complete load range but,

because of the detrimental effect of microcracking discussed previously, strain

gauge readings have been interpreted only for the small initial load range up to

300N. The data are shown in Fig. 6.32.
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Consider the column bending moment M,, for load P = 280N. From

Fig. 6.33, the bending moment expressed as divisions of data logger output is

toto) = 3.5. The calibration data in the Appendix (section 11.30) gives

1 division = 675N.mm. Therefore the experimental bending moment is 3.5 x

675 = 2,362 N.mm.

The value of the theoretical bending moment using the data in Fig. 6.24,

for P =280N, isM,. = 38.7 x 280 = 10,836N.mm. It can be seen that the

experimental moment M,, is 20% of the theoretical value.

The form of the experimental bending moment diagram is of more

interest. Ignoring the readings of faulty strain gauge number 25, the distribution

of moments is shown in Fig. 6.34 for the particular value of P = 280N.

6.40 Discussion of Test Results for Out-of-Plumb Model

Corrected lateral deflections at the top of the model are shown to be

approximately three times that expected from the theory. This could be

attributed to the heavy reinforcement in the model and micro-cracking which

modifies the normal structural performance.

While the agreement between experimental and theoretical magnitude

of bending moment was poor, there was unmistakable correlation in the form of

the bending moment as shown from a comparison of Figs. 6.24 and 6.34.
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7.00 Elastic Instability of Tall Frames due to the Soil-Structure Interaction
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Fig. 7.00 Soil-structure Interaction.

It has long been anticipated that tall and slender buildings may respond

significantly to the deformations of the soil subjected to the combined effect of

gravity and wind loading. The superstructure may then deform more than

predicted by the primary analysis because of the rigid body rotation produced by

the deformation of the soil, this is shown in Fig. 7.00. Conversely, stresses and

deformations in the soil medium directly under the footing may be affected by the
increased eccentricity of the resultant wind and gravity force. This problem,

termed as soil-structure interaction, is now well recognised and an added factor

in the consideration of elastic instability of tall buildings .

Modern tall buildings can be very slender and although their overall

mass tends to be reduced, their foundation area is often small, with high concen-

tration of loads. Such high pressure induced on the soil mass, combined with

large eccentricities of the resultant force on the foundation, may produce large
deformations of the soil mass. These defortnations are both translational as

well as rotational and can be plastic or elastic.

While the elastic deformations of the superstructure depend largely on

the stiffness or flexibility of the superstriicture, the de

a function of the soil properties and eccentricities of ioads.
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2 PARES

The following analysis is made based on the assumption that:

the soil deformations are elastic, and related to its modulus of

elasticity or to the subgrade of soil reaction and that

the action of the forces is static.
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Fig. 7.10 Diagram of Forces and Deflections used in ha

Analysis.

Referring to Fig. 710 the following notation is used:-

a, b

aH

Gand W

Le ic

~ro

= length and width of foundation

= totai heigit of building to the underside of

foundation i

= the distance of the resultant wind force

from foundation

eS total gravity and wind force respectively,

acting on the shear wall considered

5 elastic deformation of the shear wall

a rotation of foundation and superstructure

movement alone, and
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c = total eccentricity of gravity force

= ne is the ‘static’ eccentricity
s

k =) is the coefficient of subsoil reaction

From Fig. 7.10

Aw Wh. fe pabbenr gh 3 ee.

Assuming that ahs £, we have g = Li-f2 Gacaeeeeue 7.10

Fora rigid foundation we can assume that:

L4,2 2 (2 Se) Reece cree VOU

Substituting Equation 7.20 into Equation 7.10

Ge /2S_ (4 G2_,, Ge) Ge
al” hba*

or 6 = Ge peceiaate aicehe50

ki
In which the eccentricity e is:

ew rr Le} andro Mer Met uenneas 7740

Equation 7.30 is valid for all values of e provided that tension on the soil does

not take place, i.e. e< =
S

Introducing Equation 7.40 into 7.30 we obtain:

Ger _ Gh twA= “ip ~ Ph (Ar ee’s 4G)
etws

or A=wh FN NG ie he MS a leas as et e500)

: Cee)
From Equation 7.40

~(e-d-L4) =6% eee 7.60

Ife = a then from Equation 7.39:

EE
d esam Gu iS 3
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Fig. 7.20 Diagram for Overturning Criteria.

For safety against overturning (Fig. 7.20):

CF-e) > MWA (N'és the safety factor)
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Fig. 7.30 Details of Structure/Foundations in Example.

The following example is made to iiiustrate the procedure in investigating

the effect of soil inter nm On movements of the superstructure.
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All members in the frame shown in Fig. 7.30 are of constant value of 1.

Assumed wind pressure = 21.6 KN per floor

or Ww total = 216 kN

G = 2,000 kN

k = 1000 t/m®

-4 4
= = 2. 0

Team column 222 @

E, = 2x 10° ENV In
bs 3) 4

Leumdadcon 12 * 6X12 =864m

The element force-displacement matrix is set out at the level 1-1"

as follows:-

211" ~Maifecr a Mabey + (Myo % Ma) bere fan a As

h h BS012 Mor bine 7 + Mae Ser Me Ser + Mas Cer, =

= Dot doe (Ara)_ QB+d)- (As7 ds)

Bci-2 Mya May - (aw) + 2 Ar ayes Al]
Introducing numerical values, the main force-displacement matrix can

now be set out. This is shown in the Fig. 7.40. Fig. 7.50 shows the

distribution of bending moments and dispiacement. Vaiues in brackets refer to

the primary analysis without the effect of soil interaction. It can be seen that

both the bending moments and deflections are appreciably affected.
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8.00 Effect of Cracks on Elastic Instability of Tall Buildings

Cracks in concrete members develop when tensile strains or stresses

reach or exceed the ultimate values for a particular concrete used. Tensile

strains and stresses may be from the dead weight of a structure, from the imposed

gravity or wind forces, or from other effects such as: shrinkage of concrete,

temperature variations, differential settlement of supports, excessive vibrations,

etc.

It can be expected that in tall building frames and shear walls, cracks,

once formed will have a detrimental effect on the performance, i.e. they may promote

redistribution of stresses, may increase deflections and lower the frequency of

vibrations .

In the following, an approximate mechanism of crack formation is

formulated and then the attempt is made to check its effect on the response of a

tall frame.

It is postulated that cracks form when the ultimate tensile strength

of concrete is reached. Asa result, bond stress must then be reducted to zero at

the place of crack, steel is then locally stressed to a higher value than at a place

where bond is at its full value at the middle between the cracks. If, at this

point, tensile strength in concrete does not reach its ultimate, then further cracks

will not appear. If, however, this stress is reached, then further cracks will

appear, until in this process an optimal length between the cracks is reached,

when tensile stress in concrete at the mid-point between cracks is less than

critical.

Fig. 8.01 shows this mechanism related to the stresses in concrete

and steel. The following notation is used:

Gee ecm in concrete in compression

Gee stress in concrete in compression based on ultimate load

Ce resultant compressive force

Gez stress in concrete in tension

Gs stress in steel for uncracked section
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Gs j stress in stecl for cracked section

7s resultant tensile force in steel

p bond stress in concrete

é the width of crack

n-me the position of neutral axis

os the distance between cracks

ES strain in steel at the place of cracks

Zz modulus of elasticity of steel

oO total number of bars.

Tensile
Stresses érv

Comerece

Ss

Jensele |

% s€resses

én steel |

a as

Fig. 8.01 Diagram of the Assumed Mechanism of Crack

Formation in Element of Reinforced Concrete.
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Based on Fig. 8.01 we can write, that the width of cracks is related to

the "excessive" stress in steel (@S-@s) when cracks are formed, i.e.

4

gr nee CcZ

or ge hee =s) seeceveees 8.10

in which the distance €‘ can be calculated from the condition of equilibrium of

internal forces, i.e.

4

E=H..@ =O.F

gt

oo En AeGs a

When the magnitude of the width of the crack is thus estimated, then its

effect on structures can be taken into account as foliows:-

@! On Doo © 1 arg, ©

Taking first a simply-supported beam AB as shown in Fig. 8.Q2and

subjected to any system of loading, the formation of a crack does not affect the

distribution of bending moments but affects its deflections. The angular rotations

atA and Bare now a+ Bu and Q@ + 9% in which © refers to the effect of loading

and ¢ to the effect of cracks.

From Fig. 8.02

and Aa-Ke « Ac
a



= 226 =

from which the additional deflection at C due to the crack only is:

A=ATL.a ' Dele vesee cs 06 o0

if anbe$ then

eeecs aes 8.40

Bo" A9h
the values of p are:

A Eas
Gibran VIED

and Gs -4 “er ne ave e'e sities 8.50

S
if @=4nl, Ara = L°L ent Y= T

Example - Taking L = 10 m, a =b =L/2, fo 1 mm and d = 600mm we have from

10,000

phe AKGz" tx600) oo
a \ Zz

©! lo la)

Mz = £ wat

es
Wa?
‘2OEL

Fig. 8.03 Cantilever Beam with Crack.

To take a step further, a cantilever beam in Fig. 8.03 is used where it

is assumed ihat a crack is formed at B: Using the force-dispiacement method we

can write that at B:
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the'elastic' oes at C is:

a Bee 347) =
and the deflection of a cracked beam is:

eS = Dees pa = Dee eas

Taking e.g. a = 3000; L = 10,000, d = 600, the additional deflection at C for

A =lmm is:

2000
gz = 43- /x“Goo SS gan

Next, a two-span beam, Fig. §.04; is used to illustrate the effect of

cracks or re-distribution of bending moments as well as deflections. Ifa crack

is formed over the support B, then we can write that

Ps
Ms [S27 or + $277 4) = Ga

in which @,, is the rotation BA due to the applied loads and g due to the effect

of crack.

Taking p = 4S

Lr @ SHELwe obtain: Mg = NBT, = La) ~
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or

Fig. 8.05 Effect of Cracks on Flexibility Coefficients .

To apply this theory to more complex structures, it is necessary to

include the effect of cracks on the flexibility coefficients. Based on Fig. 8.05

these can be written directly as:

z ZL 4gaan aise cdma’ 800

and Sa * fe5 DYyD Se. SrenraiieareneLo:

baie At ee
or

a y

Mee

Fig. 8.06 Two-span Beam with Crack at Load Point.

m as shown in Fig. 8.06 in which a crack is formed at DFor a) two-sp

under the load W we can write that:
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y Le a

Me| bent SEL, + 7G) = She + f Tz

(— Ae fh, + 2)

It can be seen that if a crack at D develops, the span bending moments

increase and support moment increases. In the limit, for a wide crack, the span

moment becomes zero and the support moment is equal to W.b i.e. to the canti-

lever moment. The beam therefore does not need to collapse, since another

plastic hinge is required to forma mechanism .

Fora beam to work as a cantilever:

beep Le) AMe[5E +32) iE

Pit oe WBE,

and since A = SF
.

equalising these values we obtain

5 ws.c.Z,(Z,*4) St ote san ngeg0
4 Cer

i.e. for the width of crack represented by the Equation 8.80 the beam may

(theoretically) work as a simple beam BC with a cantilever BD.

A reverse procedure may take place if a further crack develops at B and

span bending moment will increase until it is equal to the full value of the static

moment Wa-b/L. Any further increase in cracks results only in increased

deflection at D without any change in this moment until stress in steel reaches

yield, and fully plastic hinge develops. This is the collapse of the beam.

The mechanics of the effect of cracks can now be applied to tall

frames. If we assume that at the place of maximum stress (calculated for

homogeneous sections) _ the crack may appear, then its width can be estimated

from the Equation 8.10 and the matrix can be set out to obtain the redistributed

bending moments and deflections. The procedure is therefore iterative. To

illustrate this, a ten-storey frame is used of dimensions as shown in the previous

example, (Fig. 7-30 to facilitate comparison.
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The frame is assumed to have a substantial crack in the end of the beam

at first floor level such that Mgg =O. The assumed shape of the moment/

deflection diagram is shown in Fig. 8.07.

The non -dimensional parameters for this frame are:

ie th Zz
Spee Tie whe

The equations for compatibility of deformation and for equilibrium are

set down as follows:-

a A. L Re gin Rey
oer ~ fer Mio + Serr, Mer * SET; Moo’ — Ezy, Mov = Sg

—Myy + 2Mo,+ 2r (Mo) — (Mor) - (B.-A) SEX = 0

— Myo t (2+ 27)Mor~ ror - GCA.) + {L,) = O

oor ~Ler Myo + $y Mon 4 Sez, Moo bez, Moor Ach

—Myor + 2Mory + 2rMorr') - re)“ A) PEL = O

- Myo! (2+ Zr) Morr ~ rMyo- gle4e)* g(@A,) = O

Lauvilibrévm condétéon at O-O0*%

[atte ~ Moy eae) = O5W

Mate Mio + Movs t# Mio’ = OSWA

Aas2h Be Ma + fe Ma +t, My - ber, ==?
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FIG. 8-OFJ /0-STOREY FRAME W/TH A HINGE AT FIRST FLOOR

BLAM END
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» Ma, H2+2r)Mya+ 2rMyo-~ rM,o:— rMya/- g@A)* -7@A,=0

uo iE ZL
Ua! — Bar Malt + sez Wa $27, My Ezz, Mu

A-A,
=

—-M 2Mz 4, yi\— -A-A,) GFL2aOPU aa gi Bry ‘oO’ Mz) rMo +My) A, A)

— Mays + (0427) Mya + 2M, 01 - 7M — 7M a g(GA,)~ 964,)-O

Bo A.-A,_A-A

oe ber Mor + Sy Mo ~ Ser Mat bey, Mam eget ee

Mort 2Mro~2Mra +Mar- HOA.) + 024) - g@Az)=O

wrule wi Ze A-A,_4-A
ove — Br Mow + $7 Mro'~ Seer, Ma + heey Ma's = Gat Ge

Moy + DMy'o! = 2M la’ Mar (OA, + 2024) - 164)=0

4guilibrium conditcon af /-7

lag My) ~(Mou+ = Mate) frat Mat) Mita» Matt —=W

—Mo.~Myo ~Mo—M yor + Mire + Mar + M214 May = 1 OWA
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—Myjog + 2M gv0 +2rMye *Mgvo) Us. pe
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—Myop +2t+2r) Moro 7 27 Mga = gE@Ag) =O

ah, & tees B, _Aehy A
10ge — Bey Mag * Ler Mos — SET, Moe * GET Me a

—Mag+ 2Mga—2My10 + Mog = gG@As)r+ Z0249) a
oN

10°9'8" he Mog! + bry. Mya + $e7 Moro + Ey Mioom AeA oe

Mag’ fi 2Mo'e" of 2Mo540' tM o9/- geLa)+ gl2A»)= oO

Eguélibrivm condition at g-9/

(Meg + Moe) 2 Marge + Mo's’)
agi asl

+(¢ Bs + Merwe Mer) = W

—May -Mygs —Ma’g Myer * Moro + Mog —Mgvo0 7 Marge =/OWA

—My10 + 2Miog — (GAs) =O

10°9°9! Bey Moro + fe Moy! = oe

M707 + 2M,0%9" - g@Ag) =O

The numeric matrix for the 50 equations is shown in Fig. 8 08'.-9 It

should be noted that deflections are shown in terms of WhYEI, and bending

moments in terms of Wh. The distribution of bending moments and deformations

is shown in Fig. 8.09.
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9.00 General Discussion of all Test Results

The correlation of experimental and theoretical bending moments and

deflections was generally very good for the models made of steel, i.e. the range

of portal frames and the 10-storey frame. The test results, discussed

individually under 2.30 and 3.50, show especially close correlation with theory

in the case of lateral deflections, both in form and magnitude. The data show,

unmistakably, the 'PA' instability effect which gives rise to greater deflections

and moments than indicated by a primary analysis. This is shown markelly in

the 10-storey frame where the lateral deflections due to the instability effect of

P are 30% greater than predicted and observed under primary effects, Fig. 3.50

and 3.51.

The results of the tests in the microconcrete models are discussed

in detail under 4.40, 4.70, 5.40 and 6.40. There was in each case reasonable

correlation.of experimental and theoretical deflections. Generally, however,

agreement in the magnitude of theoretical and experimental bending moments was

poor, and this could be attributed to the high percentage of steel used in the

construction of the models, which could cause micro cracking of the concrete

early in the load cycle. Another factor was the use of strain gauges of 7mm

gauge length which may have been too short to give average values. In all cases,

however, the form of the experimental bending moments agreed with theory.
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10.00 General Conclusions

The objects of this research were to examine and to formulate in matrix

form the high order effects in the analysis of tall frames suitable for office use and

to check experimentally the validity of the assumptions made.

The reason for this effort lies in the fact that the actual response of tall

building frames appears to differ considerably from that predicted by the primary

analyses, i.e. although no actual failures were recorded so far, there is evidence

of excessive deflections, vibrations and cracks which are visible indications of

the response being different to that predicted.

It is generally expected that this discrepancy is caused by many factors

which are not included in the primary analysis, some of which are difficult to

formulate analytically. The main factors are: the effect of axial forces, change

of the configuration of the elastic system, inelastic response of joints, out-of-plumb

construction, temperature changes, effect of shrinkage and creep, dynamic action

of loads, etc.

Some of these effects have been formulated and attempts were made to

check the results by carefully eerie only one parameter at a time in order to

arrive at reliable conclusions. It was obvious from the start that the programme

of work was far beyond the scppe of one research when e.g. the problem of

creep alone would absorb a team of workers full time. Similarly, the effect of

shrinkage or temperature changes would warrant a separate work.

However, while the analytical formulation was the main object of the

research, some limited amount of experimental workhas been done. Analytical

formulation was made based on the concept of force-displacement, because the

formulation of the matrix involves a basic approach which at all stages has clear

physical meaning. Three basic requirements had to be satisifed whatever effect

was to be considered i.e. (1) the stress-strain characteristics of the material used

or its force-displacements properties

(2) the equilibrium conditions of members and of the whole structure with

the imposed forces or effects, i.e. a structure at rest must be in equilibrium until
failure occurs, and

(3) the compatibility of deformations must generally apply at all stages with

the exception of the ultimate condition. Even at the stage of cracking or inelastic

response of joints the compatibility condition, in some modified form, must also

hold.



~ 238 =

The method of the force-displacements offered the required tool for

taking these basic requirements into account. While the primary analysis based

on this method is now well established, the high order effects required further

work.

It was soon established that some effects lead to the non-linear,

although elastic analysis. These were: the effect of axial forces, the loss of

stiffness of compression members, the effect of the equilibrium being satisfied in

the deformed configuration, the effect of out-of-plumb construction, soil-structure

interaction, etc. It was also realised that some other effects could lead to

inelastic or even to visco-elastic analysis. The latter were not pursued because the

work would require a large team of researchers working over a long period of

time.

However, already the first efforts were encouraging when a simple

portal frame analysed for the effect of elastic instability showed unmistakable

response, different to that predicted by the primary analysis. The precision

of measurements was a problem by itself: it was not always easy to eliminate

e.g. the effect of movements of the base or the testing frame, temperature

changes, or to control exactly the magnitude of axial forces. In spite of these

difficulties and within a small allowance of error, the response of some frames,

particularly made of steel was unmistakably established, and confirmed that

the mathematical formulation can be made.

It was of great concern to the Author, that the formulation of these

problems can be made at all, and even of greater concern that this formulation

has been at least partly and to a limited extent proved - this opens a possibility

of more exact analysis and design to be made in practice.

With regard to the concrete models, it was realised that minute and

precise measurements would have to be taken, preferably in humidity and

temperature controlled conditions. Even with lack of fully controlled conditions

the results proved a definite tendency of the high order effects to show themselves.

It appears that the loss of stiffness of compression members is of greater import-

ance than usually accepted. The reason may be because the analysis itself is

more complicated being non-linear and has seldom been made so far. In this

respect the proposed formulation may encourage its wider use.
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In the other group of factors lies the effect of flexible joints. This is

a well known problem and the Codes permit the use of this concept. However, the

mathematical formulation was always an obstacle in its use. In this respect, the

proposed matrix may be useful. Once the inelastic properties of the connection

are known (based .on laboratory investigation of typical connections) the setting

out of the matrix can be made. This part of the research was purely analytical

and no experimental verification was envisaged .

The effect of out-of-plumb construction was considered of particular

importance. While most structures are out-of-plumb to some degree, there is

a lack of information with regard to its effect on the overall performance of a

structure in conjunction with gravity or wind loading, and there appears to be no

information on how a matrix can be set out taking this effect into account. In

practice, the problem is left to a judgement rather than an exact analysis, and

arbitrary differences of opinion are expressed with regard to the "max permissible"

value of an out-of-plumb construction. It was difficult to precisely answer the

question. What is the effect of such constructional errors on stresses and defor-

mations in relation to a similar structure if erected straight? The proposed matrix

answers this problem ina quantitive way and offers to account for any form of the

out-of-plumb construction. The experiments gave a clear and good correlation

with the theory for the form of the bending moment and deflection diagrams. The

precise magnitude of these quantities is again a subject for in-depth research perhaps

using a steel model so as to avoid the problem of concrete cracking and changes in

joint flexibilities .

Much experimental work has been done to check the validity of the

mathematical formulation. Although the results not always correlated well, it is

felt that there is no reason to suppose that the formulation could be wrong. It is

rather the tests which need more careful control and precise measurements than

the analysis needs modifications. The latter is based on "large deformations”,

includes the effects of elastic instability; the compatibility includes the effect of

axial forces; while equilibrium includes the so called P.A effect. In this respect

the results obtained are viewed as at least encouraging and offering the profession
a practical formulation of the problem.

Some efforts were made to formulate the effect of cracks on the response

of tall frames. This is a difficult problem, and the way pursued was deliberately

different than that used by other Authors in the hope of finding a new way of approach.
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A mathematical formulation of the matrix was made and this was applied to simple

beams and frames. However, any tests would require a major effort, out of

proportion to that envisaged in this work, and the problem was left at its analytical

stage only. It is hoped, that some future research can be made along these lines.

Concluding, it is hoped that the main objectives of the effort have been

achieved, i.e. analytical formulations of some high order effects has been

proposed in a form suitable for practical use in offices .
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11.00 Appendix: Determination of Elastic Modulus and Strain

Calibration of Model Materials

This appendix gives details of the experimental determination of

Young's Modulus of Elasticity for the steels and micro-concretes used in the test

models. Also included are the calibration data relating strain to data logger

output for the model- materials.

11.10 E Value for Steel

Without exception all the steel models used in this work were made

from ordinary mild steel bar, 4 inch (6.35 mm) square.

To establish the E value for the particular mild steel used in the

manufacture of these models, a flexural test was performed on a steel cantilever

and the E value determined from the equation for flexural deflection. To take

account of rotation at the base of the cantilever which can occur in the experimental

apparatus, a bar of mild steel was adhered to the base of the cantilever as shown in

Fig. 11.10. By measuring the deflection of the unloaded bar and assuming that

its deflection is unaffected by the curvature at the base of the cantilever, the true

flexural deflection can be accurately measured by deducting from the total

deflection of the cantilever the deflection due to rotation of the base.

From Fig. 11.10, flexural deflection

A = total deflection - rotational

deflection =A~B. The test data

are plotted in Fig. 11.11 from which

the flexural deflection for W = 120N

is A=3mm. Using the well known

relation:

al WA? ve
s Be Gey hs

W, 42
E=K 3

Fig. 11.10 Steel Cantilever
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Substituting values gives:

2

we x anc 2me 198,018 Nea
E=3 * 3x 135.5

This value agrees well with the generally accepted figure of E =

200 Ey cae for ordinary mild steel. For convenience in all following computat-

ions, the above experimental value of 198,018 NN /carcie has been rounded up to

200 Nymaie :

Calibration factor: For tests on model cantilevers and portal frames the

limited number of strain gauge readings meant that a "Boulton and Paul"

instrument could be used to measure the micro voltage associated with each

gauge. For multi storey models an automatic data logger was employed.

The purpose of the present test was to establish the relation between

the instrument reading in divisions and the actual stress. A simple inclined

steel cantilever was used equipped with two strain ° gauges as shown in Fig.

11,12.

The relation between lateral

®
Ww. load W and gauge divisions is shown

Q' :
goo? \ N 9\ in Fig. 11.13.

: s

/ \, From M_ = Wx 220 (N.mm) = &/
yhoo he g J

‘ the value of & can be obtained.

a: ees
wire Substituting values gives

{ Gea We. 2800 BITE O./55W

Fig. 11.12 Steel Cantilever used for Calibration Test.

Therefore for W = 10N, @= 51.55 N/m and the number of gauge divisions

corresponding to W = 10N from Figure 11.13 is 27.75.

51.55 _ 2
5775 7 1-857 N/mm’.Therefore 1 division =

This value will be used in all subsequent calculations but rounded down to 1 divis-

ion = 1.85 N/aimne for convenience.

11.20 E values and calibration factors for micro-concrete

To establish Youngs Modulus of Elasticity and Calibration Factors for

the particular micro-concrete used in the multi-storey models, four different
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tests were conducted on samples of the relevant concrete mix. They were:

is Uni-axial compressive test on a concrete cylinder.

ae Flexural test on a simply supported beam subjected to

four point loading.

3. Flexural test on cantilever representative of concrete

used in'straight'frames

4. Flexural test on cantilever representative of concrete

used in out-of-plumb frame.

Control specimens used for calibration tests were cast using a standard mix of

ordinary portland cement and natural river washed sand.

Details of the tests and results follow.

Test 1: Uni-axial compressive test on a concrete cylinder -

The test sample, 6" diameter and 8" long was mounted in a testing machine with

a device for measuring axial deformation at 3 equi-spaced positions around the

circumference clamped onto the sample so that deflections over a 5" gauge length

could be observed. The load was increased from zero to 15,000 Ibs and, as one

would expect, dial gauge readings gave linearly increasing readings over this

load range. At 10,000 lbs. the average of the 3 gauge readings was 0.00047 ins.

£ wsreess .§F_ WE
From the relation STRAIN EE AA

where W = _ axial load = 10,000 x 4.448 N.

£ = gauge length = 127mm

A = compressive deflection = 0.012 mm

A = © section area = 18,241 mania

Therefore B= MR AA iT + 25,807 N/mm?

E 28.8 EN/mm-

Test 2. Flexural test ona simply supported concrete beam

The following test was conducted in order to correlate the analogue output of the

data logger to the stress in the concrete. It is thus an independent check on the

stress per division relation obtained in Test 3 below. The test sample is shown

in Fig. 11.20.



Fig. 11.20 “Model Simply Supported Beam used for Test

Using the force displacement method of analysis based on the diagram

below: . te

DEFLECTION

BENDING MOMENT

i

O= we Mee a 2) = Weta 42°)

MZ_)\.-S —
Edi $ e from which

a 2gET (342-422)

Wiz Bjze£=4 S75 (3L?-4at)

Substituting values of

a= 250 mm

I = Hx 45 x 200° = 30 x 10° mm*

Li =, = 850

gives ‘EB = x : a (2, 167, 500 ~ 250, 000)



247 =

RW 3E = BK * 9.6658

From Fig. 11.21 the value of W/A_ is equal to 30,075 which gives an E value
2

of 20,024 N/mm.

Again, the relation between gauge reading and stress is derived from @ =My/I.

Maximum fibre stress C= ae

o = Wx 250x /00

Ox /O

Cras O-000833W

From Fig. 11.22 the number of gauge divisions for gauges 1 and 4 (positioned on

extreme fibres subjected to same bending stress) for an applied load W = 1OKN

is 12.5. Therefore 12.5 divisions correspond to 0.000833 x 10,000 Nyro

which gives 1 division = 0.6666 N/mm’. However, the irregularity in the curves
for both these gauges, and the fact that the values are far higher than that obtained

in the cantilever test, suggests that cracking may have taken place unnoticed on

the tensile face.

Consider therefore gauge No. 3 which is in compression. From Fig. 11.22

number of gauge No. 3 divisions, for W = 10 kN, is 54.5. Therefore

1 division = 0.1523 Neiauive

Test 3 Flexural test on concrete cantilever representative of

concrete used in ‘straight’ frames

For a simple cantilever, the deflection at the free end is given by the

3

well known relationship: A= a

where W = point load at free end

L = length of cantilever

Se eee tan Wir
Transposing gives E ABT

To establish E and also obtain the relationship between gauge reading

and stress, a model cantilever of micro concrete was manufactured and strain

gauges applied as shown in Fig. 11.23.
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FIG. U2 LOAD DEFLECTION CURVE FOR SIMPLY SUPPORTED CONCRETE CALIBRATION BEAM
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FIG. //-22 RELATION OF STRAIN GAUGE READING TO APPLIED LOAD FOR SIMPLY

SUPPORTED CONCRETE CALIBRATION SLAM



Relationship between gauge reading and stress is derived from o=

Test 4

S:250;—

£400 t

= O25

= 2 . mat
s flies =| 8

Fig. 11.23 Model Concrete Cantilever used in Test

Brom spas. = alu 3¢ 4
1=F I-55 x 42.5 x 50° = 443,000 mm

w 300° Ww
== x 20,316

E*A*3x443x103 4

where value of W/A from Fig. 11.24 = 1250

Therefore E = 1250 x 20.316 = 25, 395 Ny maa
My/; iS aa

_ 120 x 300 x 25 E 2;
yon) aay TOS = 2-0316 N/mmMaximum Gre

Corresponding strain gauge reading for this load = 13.25 (Fig. 11.25).

Therefore stress/division =

2.0316 Ld 2
= heii cua 0.1533 N/mm

Flexural test on cantilever representative of concrete

used in out-of-plumb model

The test model details are shown in Fig. 11.26.

I~. Ma 2jOw

Fig. 11.26 Model Cantilever used in Test
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- 253 -

A-¥ , where Ls gx 25x 20? = O/33% 10% mm*

_ WL? _ W. 300% leew
é Kal 7 oA Be2CRs2 Oe 5 One

From Fig. 11.27, average value of % = 133.72 N/mm.

Therefore E = 67.5 x 133.72 = 9026 Ny

This is rounded down to 9000 N/mm-

From the data logger print-out, load increment of W = 10N resulted

in a change of strain gauge reading of 4 divisions, i-e.;

4 divisions = M= 270W = 2700

or M = G75 Nmm per div.

11.30 Summary of E value and Calibration Data

(i) .E value for steel = 200 imei

(ii) Stress calibration for steel: 1 division = 1.85 Retin

(iii) E value for concrete ‘straight’ frames is average of

values in three tests i.e. 25.8 + 23.395 + 20.024
3

is 23.073 N/a or 25 EN/ rama rounded up

(iv) E value for concrete out-of-plumb frame = 9 EN/ aim

(v) Stress calibration for concrete ‘straight’ frames is

taken as average of two values 9.1583 0188 = 0.1528 N/mm”

for one division, or 0.153 N/mm /div. rounded up.

(vi) Bending moment calibration for concrete out-of-plumb

frame is 675 N.mm/div.

These values are used in the analysis of test results in sections 2.30,

3.40, 4.30, 4.60, 5.30 and 6.30.
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