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PREFACE
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committments in the office.
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of Philosophy .
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SYNOPsIS

This work is concerned with the elastic instability of tall and slender struc-
tures. It is now well known that the elastic primary analysis does not- always
predict accurately the distribution of stresses and deformation in structures
generally and this may be a source of serious error in the design. While it is
not possible to checl; the actual stresses in structures, the appearance of cracks
and excessive deformation as well as vibration are visual indications of the
discrepancy between the predicted and actual response of structures generally
and particularly of tall slender frames. In this work, efforts are made to
formulate and to include in the matrix other effects, which are often termed as
"secondary" and to examine their effect on the response of tall frames and shear
walls. Many of these effects result in the non-linear analysis. Particular
attention is paid to the matrix formulation of theories in a form suitable for
practical application in office conditions. Several experiments are made to check

the validity of the assumptions.
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NOTATION

Unless otherwise stated the following symbols are used in this work.

(Other symbols are defined when they first appear):
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Area of cross-section

Second moment of area of a section

Section modulus

Stress

Strain

Youngs modulus of elasticity

Shear modulus of elasticity

Horizontal co-ordinate of a point under consideration
Vertical co-ordinate of a point under consideration
Bending moment

Internal axial force

Applied force

Lateral load

Angle (in radians)

Stability functions

Stability functions in the force-displacement method
f‘lcxibility coefficient

Stiffness

Shear force

Transverse deflection of a member or a joint
Axial deformation of 2 member

Storey height

Length of beam

Relative rotation of a flexible connection

Poissons ratio

Torsional shear stress



1.01 The Object and Scope of the Research

The main object of this research was to develop a practical theory of
elastic instability of tall frames and shear walls suitable for office use, to
examine the effect of various factors involved, and to check experimentally the
validity of the assumptions made and therefore the accuracy of the mathematical

formulations.

The following factors are examined:

(a) the effect of axial forces on the stiffness or flexibility of
isolated members and portal frames

(b) the effect of axial forces on the response of tall frames
and shear walls |

(c) the effect of the change of geometry of a system and the
action of loads on the response of frames

(d) the effect of 'out of plumb' construction

Some other possible effects of elastic instability are also examined
analytically, }:;ut no experimental verification was attempted. These are:
(e) the effect of elastic deformations of the soil mass, usually

referred to as the "soil -structure interaction', and

(f) the effect of cracks.

This work shows how the various parameters can be included in the
matrix in a form suitable for practical application. However, the use of

computers is required in most cases to obtain a solution.

The force-displacement method is used in most parts of this work for
the following reasons:

(i) this method gives directly the values of forces and
deflections usually required by the designer (the rotations
of joints do not enter as indeterminate).

(ii) the method is based on clear, physical interpretation of the response
of the assumed model and this facilitates the setting out of the
matrix and helps in avoiding errors

(iii) the method is very powerful and can be used to formulate some
complex structural problems '

(iv) the method is not yet fully explored and efforts were made to use it

in the problems of elastic instability of tall frames.
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Not dealt with in this work are the following instability problems:
the elastic instability arising from vibrations or dynamic loading; instability in
the post-elastic range and the visco-elastic response of materials and the

ultimate strength of tall frames.

Generally, this research shows that some of the "secondary" effects
can represent an important factor in the overall response of tall buildings to
gravity and lateral forces - and that by considering these effects, a better
correlation can be obtained between calculated and observed response of tall

frames.

1.02 Introduction
. . Instability is generally defined as a mode of elastic or inelastic

deformation, buckling or collapse of a structure or a part of it.

For instability to take place, a structure must be initially in motion,
although it rhay be in equilibrium with the forces causing instability and
deformations may still be compatible. A collapse is an ultimate bound of
instability (generally not dealt with in this work.) The term 'elastic’ instability
is used when the above action takes place even within the elastic response of

materials, although it may not be linearly-elastic.

The above definitions of instability form the basis for analytical

formulations in this work.

Elastic instability can arise from ﬁrious effects such as: excessive
slenderness of members, excessive axial forces, eccentricities of loads,
crookedness of members or out-of-plumb construction, large lateral -
deformation, cracked sections, flexible joints, differential settlement of
foundations, temperature cha:iges, creep and shrinkage of concrete, etc. Other
causes of instability may arise from the dynamic action of wind and earthquakes,

and shedding of vortices. The latter are not dealt with in this work.

Instability can occur at high as well as at very low stress level, and
can show itself by excessive deformation and by local or overall buckling. Any
of the above factors or a combination of them may lead to progressive deformations
and even failure. However, elastic instability is limited to excessive deformations

when both the requirements of equilibrium and compatibility are still satisfied.
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While instability of individual members is well known and is discussed
in many textbooks on the subject, analytical formulation of the instability of
complex frames and shear walls used in tall buildings is not yet fully resolved,
even in the elastic range. Few practical methods of analysis are available
suitable for office use which would offer a sufficient degree of accuracy. This

research attempts to fill this need.

Most structures deflect more than predicted and show frequent cracks

even if the design is based on the accepted level of working stresses.

It is also recognised that the response of structures to loads differs
to that predicted by "primary'" analyses, and sometimes even reverse response
has been observed. It can be expected that one reason for this discrepancy is

the effect of elastic instability due to causes listed above.

Theoretical analyses made by various authors confirm that critical
loads and the overall stiffness of slender frames can be reduced to an alarming
extent by these effects. A stage can be reached when lateral deflections increase
much faster than indicated by the primary analysis and buildings may then deflect
and vibrate excessively and could become unserviceable. There are recorded

cases of this.

The classical energy methods (conservation of energy, virtual work,
minimum potential energy and complementary energy) are particularly useful in
formulating elastic instability of individual members and a high degree of accuracy
is now confirmed. However, direct application of energy methods to full
structures is often too complicated and not practical for office use. Other
methods are therefore used, based on energy methods and these are mainly the

stiffness, flexibility and the force-displacement method.

It has been long known that the stiffness of slender members and their
critical loads can reduce rapidly, i.e. the Perry-Robertsons analysis of struts
is one example now universally accepted. Similarly, it has been suggested that
in certain conditions, tall and slender frames may show a drastic reduction of
stiffness even in the elastic range. Many reports are now available, which
indicate that even in normal conditions, a considerable reduction of stiffness
actually takes place. However, the surprising and not fully resolved fact remains
that very few tall buildings actually collapsed in service except those due to the

action of earthquake forces, fire or during construction.
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It is well known that multi-storey frame structures may buckle laterally
under loads significantly less than those predicted by individuﬁl column-buckling
formulae. In the final stages of collapse a structure behaves as a mechanism
and deflections increase without increase of loads, and collapse can take place.
More accurate analysis is therefore required, particularly for tall and slender
buildings without shear walls or heavy masonry infilled panels. In such frames,
stresses and deformations may not be proportional to the magnitude of load, and
may depend on the magnitude of the deformations and eccentricities of axial loads.
If lateral deformations are sufficiently large, primary moments and deformations
can be amplified and instability of members or of the whole structure may occur,

even at comparatively small loads.

It is well known that the stiffness and flexibility coefficients of members
are a function not only of the span and EI values of members, but also of axial
loads, and therefore the critical loads are sometimes defined as loads which

correspond to zero stiffness or infinite flexibility matrix.

In principle, therefore, it should be possible to obtain critical loads
by setting the stiffness matrix to zero, or the flexibility matrix to infinity. At
such loads, deformations and forces become undefined, and buckling modes could
be obtained. However, in practice, this approach can sul:;ply the solution of
some most simple problems only, for idealised frames, without imperfections,

and for materials not subjected to yielding.

At a certain stage, such stability may suddenly cease to exist, e.g. a
portal frame with column loads may suddenly become unstable, a pre-cast
assembly of panels may suddenly collapse. Similarly, a statement that a systerﬁ
is unstable if a small amount of energy supplied from external source causes
large deformations of a system is also not strictly true, e.g. a structure can be

moved horizontally without any expenditure work at all.

However, if external forces are required to perform positive work to

produce any small displacement of a system, then the equilibrium is stable.

Mere existence of stability gives no assurance of safe design and
provides no knowledge of the degree of stability. Structures may be in a state of
weak stability or in what is termed as "snap-through” stability. These effects

do not form a part of this work.



From the practical point of view, a method of analysis is required
which could offer even an approximate way of predicting the response of tall
buildings to the "secondary” effects listed above. Such a method should take
into account any given geometrical configuration of a structure, and its

accuracy and the limits of applicability should be verified experimentally .

More accurate analysis is required particularly for tall and slender

buildings without rigid shear walls or heavy masonry infilled panels.

Primary static analyses are now well established and are based on
the undeformed original configuration of a structure, and assume that the

deformations are small in comparison to the sizes of members.

This work aims to investigate various sources of elastic instability,
and attempts to formulate some of their effects on structures, particularly on
tall buildings, as a repetitive tool in future design. Experimental work aims at

" verification of the assumptions made.

Generally, the analysis developed confirms that in tall flexible frames,
the above mentioned secondary effects can represent an important factor in the

, response of such frames to gravity and lateral forces.

This thesis takes into account the change of geometry of the loaded
system, the effect of gravity and lateral forces on the magnitude of primary
stress and deformation as well as the effect of axial deformation and altered
stiffnéss of members. The effect of out-of-plumb construction and i;nperfections
of materials are also considered. It is shown how these parameters can be
assembled into a matrix suitable for office work although with the aid of a

computer .

1.03 Programme of Experimental Work

The following experiments have been carried out:

1.031 Check of the response of a simple cantilever to lateral
and axial forces at large deformations, Fig. 1.031.

P

1/

/1

Fig. 1.031 Simple Cantilever. \L




.=

1.032 Check of the response of portal frames to the effect of
lateral and axial forces in the non-linear .range of stresses,
Fig. 1.032 a) and b). Tests were also made using portal
frames with different restraints of two columns with hinges

at different points and with gravity loads placed

unsymmetrically.
2%, Ml T MR
l }
/ /
/ /
S d
(a)

Fig. 1.032 Portal Frames

1.033 Check of the response of tall frames to gravity and lateral
forces. The former was placed symmetrically and non-
symmetrically. Frames shown in Fig. 1.033 a) and b)
were made in steel and micro-concrete and that in Fig.
1.033 ¢) in micro-concrete. Some tests were made on
steel frames as shown on Fig. 1.033 a) in which hinges,
simulating cracks, were introduced at various places in
columns or beams. ;

J /

w AR

-~ g s

NN B = S : i &
&\ () () TR \\Fa)\\ R

Fig. 1.033 Tall Frames.

1.034 Check of the response of out-of-plumb tall frames to gravity
and lateral forces. These tests were made on micro-

concrete models.
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Fig. 1.034 Qut-of-plumb Tall Frames.

General Classification of Instability of Structures
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convenient to classify instability in relation to stresses as shown in Fig. 1.04.

DEFLECT/ION OR STRA/N—— i

Fig. 1.04 Classification of Instability of Structures.

Although instability need not be a function of the stress level, it is

This is as follows:-

1.041

Elastic or primary analysis. This is usually accepted as valid

within working loads and is based on the assumptions that

a) the relationship between stress and strain is linear
b) that the principle of superposition is valid
c) " that deformations are small, and

d) that the action cf loads is static



1.042

1.043

1.044

1.045

a)

b)

c)
d)

e)

Y

Elastic instability. This is usually considered to take place at higher

stresses but below stresses leading to the onset of cracking when:

a) stresses can still be assumed to be proportional to strains but
deformations are beginning to be significant,

b) stiffnesses of axially loaded members are reduced, and

c) the analysis should more accurately be based on deformed

configurations of a structure when the action of loads is affected.

Inelastic instability. This takes place, usually at a high stress level,
when stresses are not proportional to strains. The latter are time-
dependent and are referred to as visco-elastic. At high stress levels,
bifurcation of the configuration can take place and an unstable configura-

tion can exist under decreasing stresses.

Ultimate strength. At this stage, stresses are usually assumed to be
fully plastic, the stiffness of a member of a structure reaches zero

value (and flexibility is infinite), deflections increase even at decreasing
loads and ultimate load is reached. Critical load is a complex function of

the properties of materials, loads, geometry and some secondary effects.

The main characteristics which distinguish instability problems from
the conventional "elastic analyses” are as follows:-

At certain stages of loading, deflections may become no longer propor-
tional to loads (although the usual assumptions of the linear theory of
elasticity may still be used). This is because bending moments become
a function of deflections, while the simple bending theory is usually
based on the equilibrium conditions being satisfied in the original,
undeformed configuration of a system. In other words, in instability
analyses the deformations of a structure are not uniquely determined
or proportional to loads. '

Buckling is an inherent problem of instability. It is the final stage and

a consequence that in instability problems small increments of loads

‘may cause disproportional increase in deflections.

The existence of critical loads is one of the main features of instability.
Motion of a structure is an inherent feature of instability, although a
structure in motion may, or may not,be in equilibrium with the external
forces, and finally,

the natural frequence of vibrations is a characteristic of instability of

a structure.
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1.05 Stability Functions

L

?
ol

- Fig. 1.05 Element Subjected to Axial Load and End Moments

L]

In the analysis of instability problems by stiffness method, stability
functions are used, which represent the stiffness and the carry-over factor, as
well as their product. Stability functions depend on the dimensions of a member,
its material and on the magnitude of axial force applied. These functions are
usually calculated from the Fig. 1.05 based on the equation of the deflected line.

Bending moment Mx at any point is:
J d; .
Mo = Mo~ r M) FE * Py == ET 5K
ich: d’. .&L’ - M e - M v

Denoting . L = /_E%

we obtain: ¥ = Asinkx + Bcoskx "Ma.'f—:g—'* My ZA/_D—

The constants of integration A and B can be determined from the boundary

conditions that:
ﬁr x=0, ¥ =o0, anc/ﬁr x=l, y=o0

from which:

3,:-%—9- and

A =--Mf cot kl - /26 coseckl

The slopes at A and B are calculated by taking dy/dx for x =oand x = L
respectively: £/9, = 3& M‘.Zﬁ - éM‘Ld_

and EfGA, =‘-G—f Mol —3‘5 MyLb



in which =

and 2

Therefore: M‘

B s Lo

= asec JéL"'/
porkle )

FoL (- kLcotkl)

51) o/ [Qu (1=t Lcothl) + O (bl cosec kL~ :l
| U-4lcotkl)*~ (kL cosec kl-])’

or EJ[ * S5C. @:I __________ .05/
Similarly: M, __L_ s.e. Q + s @:I ___________ 1052
in which: _ (-klcotbl)kl — 12/

e e =

T 2tanb-LL T B~

_ hlcsseckl=/ _ hl-sinkl o0
/- aé_[ cothl sinkl-klcosk/ .?,5
G oc '

45— X"

These values have been tabulated by R.K. Livesley and D.B. Chandler

and are also shown in Fig. 1.051.

8
7
q ]
)
4
T : I
T G
| ' f.
el tansion__C : mxial \7 3 P/Q

-r"-vb\ 545 kl TT,]-.E'/—Q

|
e ]
]
.;

| N A
A

&

WD~ G h Iy LD =
w

-

Fig. 1.051  Diagram of stability functions s and c. versus k1 {(or

ﬂfg in which P is the axial load and Q = ﬂ’EI/L’)
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1.060 Critical Loads Calculated by the Stability Functions

_— ~
A / T i € &

Fig. 1.060  Element Subjected to Axial Load and End Moments .

From Equation 1.051 and 1.052 we have: i -
M, _Ells@Q #5s5cC
L

L and = =
M‘b -E-[ S.C.Q‘, F 5. Q’A
L] .
At ultimate, Ma and Mb are zero and we have G, = &, so that the stiffness
matrix is also zero, i.e. 03 sc
.. - O
SC S
or $* = s%* = O
or (8-SC)(s+SC) = O
2 2
from which in both cases: /@,- = -g—é‘-‘{- or /9 = -‘4”—25—1:

L o &

which is Euler's condition for buckling of columns.

The critical load can in theory be calculated by the stiffness or
flexibility method. In the first, the determinant of co-efficients in the moment

slope-deflection matrix is set to zero, i.e. .g—= 9

In the second approach the flexibility matrix set out for internal

moments tends to infinity, i.e. —fg- = OO
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Fig. 1.061 a) and b) shows diagrammatically the concept of critical

load using the stiffness and flexibility approach.

by
&\‘ g
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; :
3 ]
3 ':
" q
i LOAD : LOAD |
N Py at s Ay at
2rgo ‘nlLernnide
I% %éﬂn"’ g jtb&ft
{ 1
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3 0
e Q
' (@) (&)

L]

Fig. 1.061 Diagrammatic Concepts of Critical Loads based on
Stiffness and Flexibility Methods .

1.070  Flexibility Coefficients for Axially Loaded Columns

d -
/ g TS o B
Yl = s Tj’ . T« P
2 2 \ 7

Fig. 1.070  Derivation of Flexibility Coefficients for a Member
Subjected to Bending and Axial Force.

A column subjected to end bending moment and an axial force, as
shown on Fig. 1.070,is a very useful case in the analysis of elastic stability .
It can be shown that the deflection y at a distance x is:

X x
]"ML :i::.,ez " T)

Taking deri-vatives of this equation we obtain:
k f = zx M heoskl /1 )
sanél L

3 ‘/ ".5£[ 2V (2(/ z‘an.?é/) M i




B v &

Similarly ﬁ -f (‘{ M’ "é . L).—: M;_Z'_. /i

Plsinkl L GEsin2l 200U
or M Lz,
| "GET
In these equations: - £ = __P_ ard 20 = Ll
&l

The values of coefficients ¢,, and c,, are shown in tabular form,

Fig. 1.071, and in graphical form, Fig. 1.072.

1.080 Relationship Between the Stability Functions and
: Flexibility Coefficients

Fig. 1.080  Diagram Used to Derive Relationship Between
Stability Functions and Flexibility Coefficients

The stiffness s and the carry-over factor c can be related to the

flexibility coefficients f, and f,, as follows:-

From Fig. 1.080

/M:;;H "Mn-f;ﬂ = G
and ] - M,./;, - Mf:/;z -
e
@ jfz—.)tﬂ-!

and M = C = \](;f --------------- 1.082

M A

Or solving for f,, and f,, we obtain:

.A - S(/- ) """""""""""" 1.083

N

~€ . eeesesccccaceas 1.0
and Jg, - 5= 84

From which
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UL} C,, Ca, |20kkL c., Ca, ||2U-4L C. Cz/

8.0 Lo, [1.0 2.1 | 1.5158 | 1.9493 || 3.15 | -112.9747 | -227.1668
0.1 |1.0007 |1.0008 |2.15| 1.5616 | 2.0366 || 3.20 | - 15.7398 |- 32.7063
0.2 11.0027 |1.0047 [2.20 | 1.6124 | 2.1336 | 3.25 | - 8.1875|- 17.6312
0.3 |1.0061 {1.0106 §2.25( 1.6690 | 2.2422 j3.30 | - 5.4i34 |- 12.0720
0.4 |1.0108 |1.0189 |2.30 | 1.7325 | 2.3640 | 3.40 | - 3.0787 |- 7.4248
0.5 |1.0171 |1.0299 |2.35| 1.8041 | 2.5022 || 3.50 |- 2.0433 |- 5.3769
0.6 |1.0249 |1.0437 §2.40 | 1.8854 | 2.6596 [ 3.60 | - 1.4572 |- 4.2292
0.7 11.0343 |1.0603 |2.45| 1.9786 | 2.8403 | 3.70 | - 1.0787 |- 3.4990
0.8 |1.0754 | 1.0801 |2.50 | 2.0864 | 3.0502 | 3.80 |- .8128 |- 2.9961
0.9 |1.05857]1.1033 |2.55 | 2.2124 | 3.2963 [ 3.90 |- .6147 |- 2.6314
1.0 |1.0737 |1.1304 }2.60 | 2.3618 | 3.5890 [ 4.00 |- .4603 |- 2.3570
1.1 |1.0012 |1.1617 |2.65 | 2.5415 | 3.9421 §4.20 | - .2317 |- 1.9792
1.2 |1.1114 |1.1979 |2.70 | 2.7619 | 4.3766 | 4.40 |- .0652 |- 1.7429
1.3 |1.1345 |1.2396 |2.75 | 3.0386 | 4.9233 || 4.60 |+ .0682 |- 1.5962
1.4 |1.1610 |1.2878 |2.80 | 3.3963 | 5.6315 | 4.80 [+ .1851 |- 1.5152
1.5 |1.1915 |1.3434 |2.85 | 3.8764 | 6.5846 |5.00 |+ .2975 |- 1.4914
1.6 |1.2266 |1.4078 }2.90 | 4.5550 | 7.9343 {6.00 |+ 1.8015 |- 3.7455
1.7 |1.2673 | 1.4880 |2.95 | 5.5875 | 9.9915 |27 |z oo * oo
1.8 |1.3147 1.5710 |3.00 | 7.3486 |13.5057 |6.5 |- 2.0242 |+ 4.1490
1.9 |1.3704 |1.6750 |3.05 |11.0314 |20.8629

2.0 |1.4365 |1.7993 |3.10 [23.5659 |45.9234

2.15 | 1.4742 11,8706

Fig. 1.071 Flexibility Cocfficicnts for a Beam Subjected to End Bending

Moment and Axial Force.
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Introducing in Equations 1.081 and 1.082 the values for f,, and fz,

we obtain: S = /él(s"'”- kL -éicas‘él)
2-2 cos kL ~klsinkl

S\ kl - sinkl
sin kl - aé[ cosk/l

These coefficients are tabulated by Livesly and Chandler in "Stability

Functions for Structural Frameworks
If the far end of the member is pinned, then the carry-over factor

becomes zero, and the stiffness coefficient s can be expressed in terms of S as

follows:- Mﬁ, 6 an;{ M: &0 _ f/
Gl 5
Introducing S ww (

v, )
gty L

= s(/- c?)

or
For a portal frame subjected to a uniformly distributed load and to
P P
column loads P, Fig. 1.081,we have:
Py s S
(Mofouthos #£i2) = € ~ e
S,
¢l : %
o C
——-'-(j) 0 Q-
+ ——cf

Portal Frame with Uniformly Distributed Load

Fig. 1.081 ‘
and Column Loads P.

Ca /
Hh [ /- C) (- ,) s, (/-

= wl [ tan ks _ 7/
s’ ksl 2

This equation shows the relationship between the horizontal reaction

Introducing the values for f from Equation and &4we obtain

and axial forces in columns, and was first derived by Le-Wu-Lu using a
somewhat different approach. The value of P obtained from this equation

represents the criticai lvad of the frames
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Stiffness and Carry-over Factors including Instability Functions

Although the stiffness method is nothere used in matrix formulations,

it is shown how stiffness and carry-over factors can be calculated including the

effect of axial forces by using the force-displacement method. Fig.1.090 shows a

beam fixed at one end but free for angular and axial deformations at the other end.

The beam is subjected to a bending moment M and axial force Y.

At l

At 2

value of

i.e. the

Fig. 1.090 Diaéram to Show Relation between Stiffness

and Carry-over Factors.

From Fig. 1.090 we can write,

A/L..C_ué ~M. Sat A [ 1.091
3E7 GE]

el o ARG g bt 1.09
Ly e v

For a beam with constant second moment of area (I = constant):

¢c,, =cg, andc,; =c,, and from Equations 1.091 and 1.092 we obtain:
' 'Ma iy C,
carry-over factor: FF = L - &
Mo’ 2 C,;

s M _(4E£1) Jec,
o L (4—0”*_ C,i.)

and stiffness

It is interesting to note that for the stiffness to become zero the

3 / )
2(/(2(/_ tan2U] ~ %

or tan 2U = 2U

«from which 2U = 7T

D
and _QU":'L£[='77

R S, L [P 8 N
Cliuivdl lvaew vc

Tabular values of stiffness and carry-over factors are shown in

Fig. 1.091 and the data are shown graphically in Fig. 1.092.
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2U Cu Cr2 1 e y/
a2
0 .l .0 1.0 .5000 1.0000
o 1.0027 1.0047 .5037 .9986
.4 1.0108 1.0189 .5040 .9890
.6 1.0249 1.0437 .5092 .9879
.8 1.0584 1.0801 .5102 .9630
1.0 1.0754 1.1304 .5256 .9580
1.2 1.1114 1.1979 .5389 .9510
1.4 1.1610 1.28?8 .5546 .9329
1.6 1.2266 1.4078 .5738 9117
1.8 1.3197 1.5710 .5975 .8871
2.0 1.4365 ].7993 .6263 .8590
2.2 1.6124 2.1336 .6616 .8193
2.4 1.8854 2.6396 .7053 L7915
2.6 2.3618 3.5890 .7598 1912
2.8 3.3963 5.6315 .8291 .7063
3.0 7.3486 13.5057 .9189 .6565—“_—
r | Leo Z eo /-000

Fig. 1.091 Stiffness and Carry-over Factors.
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1.10 Derivation of the generalised element stiffness matrix including

stability functions using the force-displacement method.

Similarly, the element stiffness matrix can be derived including the
effect of stability functions s and ¢, or the coefficients ¢c,, and c,,. The principle

of the force displacement method is used in the derivation.

M,

Fig. 1.10  Derivation of the Slope Deflection Equationé

including Stability Functions.

From Fig. 1.10: l = | Ve 1 wn

at 1 M i = Mzﬁz = O - éi!"z_-i ’

st Mol = O, ~ Sa=S
at 2 - /f;; 2722 2 L

e e b / éca.séi /
substituting: ‘ﬁ/ P .s:n.éi. )
i K S R
% = $z19y (%5 — =77
L

S = Cw 3ZE]
' : / / P 1Y & 4 o
and ._75_4:"' ﬁ ) G.Ef Ulsin.20™ 20

Jiz = C2 GEI
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we obtain: M, ""2% 26A, +6; A, "Aé'ég_z_i"] S A4 e
e Jz‘—‘ i ’/
M, = é’fi QA,»20,As-Al 7 :I
: ' 3¢
in which: Ar=As = d—C:zsz = CzCz
3C
ol T A /2
> z : 4'Cucza"cfa Cz,
. A i AG — 3(622""C1'2)
. 4C;Cap—C1sCay -

The shear forces in the beam (excluding the effect of imposed

M, > M
transverse Ionds) are: V, = "% - __4.2.._2 =

~2hy —SzSifp,
?-F[(zA+A4)+@2(A, 24 (A AZI

The above equations can be presented in a generalised stiffness form

_ in a matrix form suitable for the analysis of elastic instability problems. This
ic as follows: . A
[ 4£7Z 7ELI | GEL A | G&Z A
G z Q| = |-G |2 | M
2E0) . a, 4Elp,.A| CEL Ae |_GELAc| |o, |,
GEL IA,+A, GEL As»24s /2E] As+Ag, /251 Ay +A B
A T L Tl W A ==l |8 | |V
_GLLZA A GEL AAZA8_J2E] As+Ae /Q.E[ As +A S v
P8 |t or| |2

Although the above matrix has been developed by the stiffness method,

this line of possible research is not pursued further in this work. Preference is

given to further formulations by the force-displacement method.

o pevall P4
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1.11 Review of the Principles of the Force-Displacement Method

Based on the force-displacement method, a system of lincar
homogencous equations is set out, expressing the conditions of compatibility of

deformations and equilibrium of forces, from which the unknown moments and

deflections are calculated simultaneously. The load-deflection characteristics

of members are used in terms of angular flexibility coefficients.

The approach is based on the physical fact that a frame is stable for as
long 2s a positive horizonral force is required to produce sidesway, the "positive %
force being defined as one acting in the direction of the assumed horizontal motion

of the frame. This is expressed in the form of a force-displacement matrix.

At first, the procedure is illustrated by a simple portal frame using the

classical transcendental fundions. Other, more complicated, cases are shown

later in the text.

£ |
|

A\

Fig. 1.110 Primary Stresses and Deformations in a Portal Frame

Fig. 1.110 shows a portal frame, subjected to a lateral load W, which is
at first analysed for primary effects only. The procedure in setting out of the
matrix is as follows: first the structure is assumed to deflect to its unrestrained
and "~ nal position governed by the deflection &,. In this position, all joints are
assumecd temporarily rclaxed from centinuities, which are then simultaneously

restored to a correct configuration by the application of unknown forces.



S

Actual stiffnesses of members are taken into account, and the axial
deformations of columns can be included at this stage without difficultics. For

compatibility of deformations we can write from Fig. 1.110 that:
£ £ (5‘,)
— ’ —————— + (et
0. Moy CEL, Ma;ééé JEI) M/o GEL

s
L. Mider - Miler, =%

A
For E\.iu.l}..l.b.l.;dnl of forces: / OI ok M; )ﬂ(_W)
b 2
from which Mo = gg:gnk) ---------------- 1.110
. WA (l+3nhA)
/Ma"’gcg....é,n/,_) """"""""" 1.111
SWH R LF Il 0 andaiios

Se = LI 72E~» onk) belis

in which 3 7. = jlf

If columiss are subjected to large axial forces then three changes can

take place:

a) _ column stiffnesses (or flexibility) can be altered
b column axial deformations may become significant and may have to be
taken into account, and
c) deformations may become large and the analy31s may have to include

the effect of altered geometry of the system. T T

These are the main factors of the elastic instability of frames systems.

Fig. 1.111 Beam Subjected L6 Beuding Moment and Axial Load



s = 25 ™

The stiffness of the beam subjected to an axial load and bending moment
(Fig. 1.111) has long been solved based on the differential equation of the

deflection curve.

gy gis A

d x? EZ

Timoshenko gives the following solution:

Lr /:x — 22 | ecdecaccccrcne=- B |
(.scn/o/_ i ) 9
in which L = éDI

From Equation 1.113 we obtain:

7y M/ k / /4 [/ :l
(2%' wo FKS"',; B Z) =M LI’ 2 .?U.ﬂn.?// 4

< M /[ L e g - e
czzi)m-:/_.“ P(éa-n,él. [) o 3E7 3 2(/2»‘47:42(/ 4Z/ﬂ
in which o / : B

M " 2JET

The values denoted by:

e G 3 // /
20’54:&?[/ 40’ = Ulsin 2U ~2U

- [ R Wy e
. 3 20n20 " 207" 2020~ Zan 2,
represent therefore magnification factors of the flexibility coefficients arising

from the presence of axial forces. These cocfficients were shown in Fig. 1.071.

Referring to Fig. 1.112 we can now sct out the matrix in which account
can be taken of the altered geometry of the frame and the stiffnesses of columns
(the stiffness of the beam is not appreciably altered because axial forces in the
beam are nearly always small with the exception when pre-stressed concrete

members are used):

- 3

Fig. 1.112 Instability Moments and Deformations in a Portal Frame.
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F - A )
0. MN@EI + M, % +c”.3£1¢ MM&CO‘HFI%’L) ----- 1.114
1. -Maf.g._‘ézncm e M!O.BA'E_-[‘:'CII = (%9 ----- 1.115

+ M, / °
o-o" ﬂ"’j,—Mﬁ = EW*_P‘,@A—‘ ----- 1.116
: By, . =i \
In equation 1.116 the value of P. <z~ arises from the horizontal
component of the force P, while the axial component affects the flexibility

coefficients. This is referred to as the "P.A " effect.

The solution of the three equations can be obtained in an explicit form

which is convenient for further study of the response of frames.

3 WA? . - r"v |’I'i ‘
Mor = 2L (3= C  PAED+/2% v e 1.117
e o - 2C,; *Cos
M GW/D L‘*){b(gcu*CfJ --------------- 1.118
0 _* 120 (3 =C; PAY/ET]» IZh
< 2C,*Co .
Wﬁb i‘f- ""‘»‘4-1(26”"‘6(0)611 s ?A, Gip | o= nmmmmmemm 1.119

A ~\Z1) T2L(3-C.PrrjEl) > /2%
"_ . r 2 CI T Coy —

-~ WhenP = (—} all values of ¢ = 1, and the mstablhty moment equations

reduce to the 'primary’ moment cquatlons, i.c. Equations 1.117, 1.118 and 1.119

revert to Equations 1.110, 1.111 and 1.112 respectively.

Based on the above equations it can be shown, that for small values of
axial forces the effect of elastic instability is small. For example, assuming

L =6m, h=2.7m, n=1and W = 10kN, we have from the equations 1.117, 1.118
and 1.119: My, = O 18249 WA

M;a - 0'5/.7.5 W/b and

So = O-0J545Wh?[EL
Taking P = 50 kN, wc have:
C,, =1.0066, €,,=1.0115 ]

Mo, = O-183/ W, M,y = O 3203 Wh

‘A, = 00766 WA?
' £7
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This represents an increase of only 1%.

Based on Equations 1.117, 1.118 and 1.119 the effect of varying axial
force can be studied. The following table can be prepared from which Fig. 1.113

is produced.

M Mo) | As/Wh’

PUM) coo | cu AR/ ALY
0 1 1 .1824 .3175 | .0754
50 1.0066 | 1.0115 | .1831 .3203 | .0766
100 1.0135 | 1.024 .1839 .3232 | .0768
150 1.0200 | 1.0340 | .1846 .3259 | .0789
' 200 1.0265 | 1.0466 | .1833 .3287 | .0801
250 1.0335 | 1.0575 | .1860 .3316 | .08i4
300 1.0405 | 1.0710 | .1867 | .3345 | .0827
350 1.0476 | 1.0838 | .1875 .3376 | .0840
400 1.0550 | 1.0970 | .1883 .3408 | .0854
450 1.0625 | 1.1240 | .1892 .3451 | .0868
500 1.0700 | 1.1300 | .1899 .3489 | .0887
600 1.0850 | 1.1307 | .1913 .3535 | .0912
700 1.1022 1.1814 .1929 .3607 .0945
800 1.1194 |.1.2124 | .1946 .3679 | .0979
900 1.1365 | 1.2435 | .1962 .3752 | .1015
1000 1.1545 | 1.2786 | .1978 .3831 | .1053
1200 1.1958 | 1.3511 .| .2013 .4002 | .1142
1600 1.2893 | 1.5240 | .2085 .4395 | .1359
2000 1.4034: | 1.7871 | .2162 .4872 | .1653
2500 1.5518 | 2.0173 | .2250 .5517 | .2096
3000 1.7955 | 2.4860 | .2366 .6548 | .2938

Fig. 1.113 shows the effect of axial forces on ﬁmments and sway in a
portal frame. It can be seen that for small axial forces the primary analysis
-differs comparatively very little from the more accurate analysis. However,

" when axial forces are large, the effect on moments and deflections can be
considerable: the deflection at P = 3000 kN is four dmes larger than that showi
by the primary analysis. It follows, therefore, that frames in lower storics

of tall buildings may be seriously affected by axial forces and secondary deflections.
It could be concluded that the stage can be reached when the stiucture

. will cease to be in equilibrium with the combined effect of wind and instability

forces and collapse may occur. Such collapse, however, may also occur from

- . the excessive wind pressure or excessive gravity loads, or from a critical
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Diagram of Elastic and Instability on Moments

and Deflections in a Portal Frame.
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combination of the two. At present there is no way to study these critical loads
in an explicit form because the problem becomes non-linear. The added
complication arises from the fact that at many places the structure will enter

visco-elastic and even fully plastic distribution of strains.

Fig. 1.114 shows, diagrammatically, the relationship between elastic
analyses and elasto-plastic instability analysis. However, the values of the
critical loads causing collapse cannot yet be reliably predicted, and must form

a separate study .

Wer / CR/T/CAL LOAD
e e e e i St il et it
J.?/ ST
75
/QD /H‘ﬁ"
Us X b’ﬂ

TOTAL LATERAL LOAD

LATERAL DEFLECT/ION

Fig. 1.114  Elastic and Elasto-plastic Deflections.

Lal2 Review of the Elastic Instability of Portal Frames
P r P 1P
l 7 . : ——

! £ /

o ¥y l : % / ﬂ—)%
8 / y B

e e -——d : J

i ¢ |

+ v

—
I~
¢

a) b)
Fig. 1.120° Instability of a Portal Frame.

The theory of stability is well established for portal frames subjected
to axial forces only. However, the effect of secondary moments hag not been
well developed for the stage when frames pass from stable to unstable equilibrium.
Calculation of a critical lead in a portal frame, Fig. 1.120 (a), without primary

moments is usually based on the equation of the deflected line of a structure, i.c.:

e

Ed

X
AL x* g_ fj
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To satisfy the condition at the lower edge .y.zl.n‘uéx the condition at the

upper edge is (af ) - A el
Z‘Lx e CLL A

] kcoskh = Péaén,éﬁ/@é[
If the beam is infinitely rigid (EI, =¢°) then:
ceskh =0 kh = "_g:
- e
A 7%

which is the Buler's critical lvad fur a coluini fixed ai one end and fiee at the

other.
However, under certain loading conditions, another state of equilibrium
may exist, called unstable equilibrium, i.e. when bending moments appear. In
this state of instability, just after transition from stable equilibrium, the
external loads and axial forces no longer form a balanced group of forces, and
additional axial shear forces and moments must occur in order to restore

equilibrium .

The relations between displacements of joints and the additional forces
and moments form basic equations of stability conditions. These equations form

a system of homogencous linear equations.

Since the stability equations are lincar and homogeneous, the unknown
additional forces and moments are in general equal to zero. This means that no
distortions or additional forces occur and the frame is in a state of stable
equilibrium. The additional forces appear when the determinant A of the system
of stability equations vanishes. The criterion A =0, therefore determines

values of these forces in unstable states of equilibrium.

Theoretically there is an infinite number of solutions of the equation
: A= 0, with infinite number of different unstable configurations, but the configur=-
ation which corresponds to the smallest value of loading determines the critical

loading of the frame.

The distortions of the system defined by the condition A =0 are

indeterminate, i.e. in this state of unstable equilibrium, the slightest disturbing

- f
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moment acting on a member will be sufficient to cause a large distortion of the
whole frame, which will not return to its original position when the disturbing

force ceases to act.

The Bleich's method of the analysis of stability of plane frames.
is based on the system of linear relations between moments and the angles of bar
rotations. These fwo parameters can be used to describe any configuration of
the frame in the state of instability. The theory is also based on the fundamental
differential equation:

4
Elz L + My =0 - 1.120

where y is the deflection at the distance x from the left end of the member, Mg
is bending moment at £due to the forces acting on the deflected member in its

displaced position.
T = Et/E, Et is the tangent modulus

for z=1 the average stress P/A lies in the elastic range, but is a function of
P/A if the average stress exceeds the proportional limit.

£

”ﬁ‘:‘i’-& | e f

STt ™ - P+AP

— 3
e — e e et —

Fig. 1.121 Member Subjected to Moments and Axial Loads.

In Fig. 1.121 member AB in its deflected state is subjected to the
following forces: the initial axial forces P due to the external loads 4P, Q, M,,
and My are the additional forces and moments. Positive directions of forces,

moments and deflections are as shown in Fig.

The bending moment at the distance x from A, after eliminating the

shear force Q, can be written as:
Ma = Mo(l-G)v Me 57 Py ~  =-=mmmmmmmos 1.121

Equ.::ltion 1.120 becomes: .EJ;;V. +&+M,{/-‘f):.l&i’-= O -------- 1.122
ac® 2
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This equation is satisfied by the expression:

P (= i

where the stability factor ¢ is:
g =£ /P JE]T

Equation 1.123 is valid when the term P.y in Eq. 1.122 is positive

(when P is a compressive force). If P is tension, P.y becomes negative, and
¢ is imaginary, but the tq. 1.123 remairs vaiid provided the trigonviueccic

functions are replaced by the corresponding hyperbolic functions.

y L8 \ -
; “4‘“

Fig. 1.122 Condition of Continuity at Point of Rigid Joint.

Using the force-displacement method, the stability equations express
‘the condition of continuity at a point where two or more members arc rigidly

jointed, (Fig. 1.122) using transcendental functions s and c in the form:
s -/) and c = -—/—-(/-—;{eoéﬁ)
_ ¢’ J't?zﬂ @2

(/'ar /d--o, s=a{“ and c.—.-—é)

—
B2

£

" Fig. 1.123 Member Subjected to Variable Loading.

If a beam AR (Fig. 1.123) is subjected to end bending moments M and
Mb' axial force P, rotations ¢ and pib, and translation A uf end B with lt:prCt
to A, then, for cquilibrium: Mo »Msp = & '2"

M‘,é-PM;Ot =ﬁj+-z—
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from which: M‘ - K.g Bm # cﬁé s 6"""6‘)5] ‘7‘M‘:;
and Mé = KSE‘{' #* cﬁm . ﬂ'*c)ﬂ ""M:w
when K= ..LEZI.. S [JPJ ”’"3’" ;a%

The fixed end moments M‘:a nd M;:can be calculated from:
Mecx » Mpp = G
M, 2 T PR 1\
from which, in terms of s and c:
My =—ks (Ga+ ch«,)
My = -;é.s/& *C Q‘L)

9" and 92, are end rotations of member AB due to the applied system of loading.

The main difficulty in the stability analysis of frames subjected to
axial loads is that the governing equations are of non-linear, transcendental

form, and can seldom be solyed in an explicit form.

In the stiffness method, the equations of compatibility as well as
. equilibrium are expressed in terms of displacements.” To obtain critical loads
and modes of failure, the stiffness determinant would neced to be equal to zero.
Within working loads however, this is not necessary, and the effect of elastic

instability can be obtained directly as described later.

Marchant developed an approximate method for calculating the
maximum capacity I, of an inclastic frame, and related it to the rigid plastic
: collapse load P, and the elastic critical load P. in the form:
/ / / -
AT BTR k1
Horne has shown, that for frames bent into a double curvature =
~configuration, the above equation gives close value even when compared with the
collapse loads obtained by the more accurate methods based on the clasto-plastic -
_analysis. However, the calculations of 'exact' elastic critical loads requires

considerable amount of computing work.

. Stevens and Schmidt developed the technique based on the

: am_p_lification of artificially introduced components of the buckied shape. Their
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method utilised the Southwell plot in order to obtain initial estimates of the
critical load. Further improvements of the estimated critical load are made

by iterative techniques.

Some researchers developed methods for calculating approximate
critical load to be specifically used in the Marchant formula. Horne used rigid
plastic analysis to derive approximate critical load. Similarly Stevens used

energy technique for the same purpose.

Because of considerable difficulties in mathematical formulation of
stability proplems, simple mechanical models are used to study the problem.
Such models consist of rigid bars, which simulate the geometry of the actual
system and linearly -elastic springs representing stiffness. In this way,

a s;r'stem with infinite number of degrees of freedom can be represented by
an equivalent system with a finite number of degrees of freedom. Further-
more, the response of a system is then described by a set of simultaneous
algebratic equations instead of by differential équatit)ns. This is an

essential improvement, but can be applied to simple configurations only .

A. Chajes uses such models for the analysis of ,
columns and frames, starting with the basic criteria, that, a ncutral
equilibrium is possible at the transition from stability to instability. Fora
column to be in equilibrium in a slightly deformed position, the resisting
moment at any section El(g-:‘g,)must be equal to the externally applied moment
P.y or: ;

EIZL # Py = O

from which the column critical load is
LJET
loc.r = 77 L2

Now, using a two bar system (Fig. 1.124) connected by a rotational spring of

stiffness @= M/&



-'35 o

P
\
\
)
Yy \ «
N ] R
; qQ
4
0
~
. s DEELECTION ()
-4
() &) . : : (c)

Fig. 1.124 Two-bar System Analogy .

The external moment at mid-height must equal the resisting moment

in the spring:“
Pt = 200 e {18

in which d is the lateral displacement.

-

" For small deformations &=d/L so that

d(p..%g) -0 cedemmmmmanen 1,125

which gives a trivial solution O-1-2 for d = O and the bifurcation of equilibrium

with a critical load.

it 0o U S My~ ) o
R v _ 1.126

Comparing this critical load with the Euler's load 77’5]/4’ , it can

" be seen that both loads increase with increasing bending stiffness (@or EI/L) and
decrease with increasing L. Energy méthods can also be used, since the
‘critical load corresponds to the state of neutral equilibrium, i.e. at minimum
energy. The total potential enc'l_'gy (existing as the elastic strain enexrgy U and

. the potential cnergy of the external forces V) has the following valne ot

-

equilibrium:

ZW+V) =0

" substituting U = %@(2@2 and V= -PO*L
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We Obtai'nzl _ e (9- -—9-1-_-6—) = O

which is the same as Equation 1.125 obtained by the equilibrium method.

el” Ple

Fig. 1.125 Portal Frame Analogy .

' A similar approach applied to a frame such as in Fig. 1.125 leads to a

oy 1 VN RS NN
P 7 L_(%ﬂ | 1.127

in which e représents a small distance of the load P from the centre line of a

critical load of:

column and a is the deflection at the spring. Equation 1.127 shows that small
inaccuracies in primary moments do not affect appreciably the behaviour of

frames, particularly symmetrical.

D. Johnson using an energy method has developed a method for

analysing the elastic stability of rigid frames subjected to lateral deformations.
He assumes the mode of deformations so that compatibility may be satisfied by

one standard moment distribution. The results are presented in a graphical form.

Danicls and Lu as well as Armacost use a three step = =~ -~
design procedure usually in conjunction with a computer. In the first step
tentative sizes are related using the plastic moment balancing method, and
critical sway deflections are estimated. Using these results, a second step is
made to verify initial sways, sizes and loud-carrying capacities. The final step
in the design process is to revise the member sizes based on the results of the
load-deflection analysis. The Authors suggest that further improvements and

simplifications are possible.
Switzky and Ping Chun Wang suggest a method of design
for minimum weight based on stability criteria. The results are presented inea
&' v

series of graphs and tables for two-dimensional steel frames. The Authors
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assume that column loads do not cause any bending moments, that the members
are ideally straight, and rigidly connected or pin-jointed. The material is
assumed to be elastic. Authors have shown that by minimising a stiffness in a

fix set as function of weight, a solution of minimum weight can be obtained.

The main difficulty of the above mentioned theories is that they are
applicable only to tlie simplest forces, i.e., columns and portal frames, and

rarely can they be used in the complex arrangements often occurring in practice.

1,13 Elastic Tustability of a Cantilever

The instability analysis of a simple cantilever provides a suitable

introduction to the analysis of more complex structures.

v In this analysis it will be shown that moments and deflections fora
simple cantilever subjected to lateral and axial loads can be expressed in terms
of moment and deflections obtained under primary effects (lateral loading only).

For examplelz

Addifional deflection due to axial load = primary deflection

x magnification coefficient.

Consider the simple cantilever shown in Fig. 1.130.

_w__.,‘i’__}._yl

g

AN
a) Primary Analysis b) Instability Effect
Fig. 1.130 Simple Cantilevers used in Analyses.

The primary deflection of a cantilever beam, Fig. 1.130 a), can be

calculated from the equation:

LS _ A
Ejaﬂx’ M Wz

from which BIX ot %’(_ 28 A gA-’*)




~
Wh 2
For x = 0, we obtain C;max- = 3‘2;7

Alternatively, by the force-displacement method, we obtain:

Dmin o A or e
s e~ Wi ey 3E7

Elastic instability analysis gives

so that

Wh> _ é .x A?:I
aﬁx‘ &L £f @

Ejdx‘ " ggﬁ_g_ éﬂ'% +4A'ﬂ

from which ¥ = _5%_,1 s A’;x’_,, 2 A% //jﬁc . ‘Ggﬁj

ol v, =D — _ PWA® _ _WA®. 3PA?
sl e SR P e ol 0 Yol oY

' & 3 Ph?
Koy = Omas - FET

3PL®

in which the value ..‘5£1 is a non-dimensional magnification coefficent

Total deflection is therefore:
- Ws2 .3/9@;
The expression for bending moment including the instability effect
becomes: Mx. = Wax ‘7"/0(;5,,“7" AT Sa — y)
.5 e

6£![£’+.3/ax—2ﬁ)-—
eé’f‘é’o » 2" G "Gkﬂ

WA/ 3AP)_PW. [ 2 b

=Wh~+ 'ozféf * 5EL ”651(”’“3/‘ %)
2 A s //Af' G.4L*

T GET .‘20 2 i 4 B )

forx =h, /Mma.x
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Mpar = WA + 5W/" ﬂ'v" '5’&2/7 or

Mmas. = Wh E » 527 (1= 35/22}0)]

The following example. Fig. 1.131, is used to illustrate the instability
effect of a simple cantilever. Assume h =300mm, bxd =6.35x 6.35 mm with

I value of 135.5 mm4, E =200 kN/mmz, P = 100N and W = 20N.

>

, : p ¥
Tsi—;...} . AmHT@é- )
et . =
/ /
/ 3 /
,/ .
~ e _ e —
(a) A (b)
Fig. 1.131 Cantilever Examples

For the primary effect only, Fig. 1..131 (a), we obtain:

£ - W42 _ 20x 300% L
max ~3E] = 3x200 OO0 x 725.5

Sea. = G- CL2 mm
Monax = Wh = 20x 300 = GOOO Nmm

Talu.l]g into accouiit the 111.':Lul)ull.y efic t Ig 1131 ( b), wc obtain:

%%w
Jm- ‘;MM'
,2%’,9 _ 22300%x /00 - % :
ot 25260 oo0x /555 - O
o Yar= OS992 Somax = /322 mm

Mo = Wi + PELE (1 "‘“"’)

=600 + /00 x @@4(/-,&0-/992):@96/\/%
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Therefore it can be scen that the effect of applying an axial load of
100N to a 300 mm long cantilever already subjected to a lateral load of 20N is
(i) to increase the lateral deflection from 6.642 mm to 7.964 mm, i.e. by 20%

and (ii) to increase the maximum bending moment by 13%.

.
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2.00 Steel Portal Frames : Theory and Experiment
2.10 Theoretical Analyses of Portal Frames for Primary and Instability
Lffects

This section is devoted to the development of the theory of the
force-displacement method, for a simple portal frame subjected to a lateral point-

applied load with and without axial compressive column loads on one or both

columns .
The purpose of the analyses was to:
i) show how the force-displacement method can be applied,
if) : provide a reference point for further theoretical studies, and
iii) provide a basis for comparison with experimental data.

To aid comparison, both theoretically and experimentally, a number
of structural configurations are analysed in which hinges are introduced into the

structure at column foot or column head as shown in Fig. 2.10.

| R !

= = = ===
@ : ) ©) (&)

Fig. 2.10 Portal Frames Analysed.

A fixed-ends portal frame, Fig. 2.10 (a), is first analysed in depth
‘givillg general solutions for lateral deflection and bending moment at head and
foot of column. To enable solution of simultaneous equations manually it is
assumed that the frame is symmetrical about a vertical centreline thereby

reducing the number of unknown values using the force displacement method to 3.

In a similar way a portal frame with both column feet hinged is analysed
in depth. In both cases expressions are derived for deflection and bending
moment of the.frame in terms of the behaviour of a simple cantilever using

. reduction factors, e.g. deflection of portal frame = end deflection of cantilever j
3 L= .
(3%) times a reduction factor. . S i
| Computer aided analyses based on the force-dispiacement method are

4 -
* . then made for similar frames with an increasing number of hinges introduced.
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il Theoretical Primary and Secondary Analysis for Fixed-cnds

Portal Frame

Using the force-displacement method for the primary am]ybls,

compmluhh_; of deformation at O. from Fig. 2.111, gives

Ss
S .
VA 1_’. £zl |

Mo TR TR %

Fig. 2.111 Fixed-ends Portal Frame Analysed for
Primary Effects

Mh M, o _ S -
"'6&[ ‘”_5_5‘4 CEL Ty~ flaan ) RRRERE s 2.1101

Similarly at point 1: Mo —é‘z—? +- M, —GA_.EYC,E-% ---------- 2.1102

Equilibrium condition gives Mo, ; Mo = TQM_{ ---------- 2.1103

Combining equations 2.1101 and 2.1102 gives

Mo Mol L L) =
Y 25,7 12657 6EL -

Multiplying by EI. and putting n = e

: 24
—Mfa"g’— i Mo/ Zb ""%‘ =0 e 2.1104
from 2.1103 3 Mo; = M;a = —,-WA 2 e e W0 O 2.1105

"and from 2.1104, dividingby h — M/a *M,, (/+ zz_i_) =0

substituting this M, in 2.1105 gives Mo,(Q - -’—2%'-) = }LWA

' Ly AT S = T e Ll cliintnd 2.1106
therefore Mo, .2_(6/2.7" nl.)
el M - Wh_ 3WAT WA Wnhl-3Wh?
Mo 2 Wh — M, 2 2(@4h+7L) 2(h*7L)

w0 = 9 (G/z-r'nl.) ---------- 21107
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T 3£/ GE L

£ wht [WABA+»L) _ BWA?
T3 2o+ L) - KA nl)

. 2 2
from 2.1102 So _—A Mo -/L-——--Mw

= Wh? 34
S, “6loh*nl)EL EM Lo
wa2 (2%/2 + nL)
MBS e e (I i 2.1108

A similar procedure is followed now for the elastic instability
analysis (Fig. 2.112).

1

w Mo, £lp —

7 e

i

Fig. 2.112 Fixed-ends Portal Frame used for Instability

‘Analysis.

Compatibility of deformation at O:

~Mre 65/1: e Mo 3&2 cﬁszb) s 2 ---------- 2.1109
Similarly at ;;oint 1: | Mm%’é‘—?: gt Mw%’i%-; ='7:'A—’ --------- -2.1110
Equilibrium condition: M{%’v‘”‘” z—vv‘% ~emmemmens 201111

" For members with constant I, Cosr = Cp .: S, = Coo

Adding Equation 2.1109 and minus Equation 2.1110

cﬂl C,y .A'_. Coo - Cra _é'_......_- = ) cemmmaa= .-....
M"agfc( i +%’[.;£-16( T)+6£[;| Z 2t
from Equation 2.1111 e #Mo, -EMKD > 2 | ------ 2.1113

adding Equation 2.113 to minus Equation 2.110

ek C,oh 4
- Mo PA 3EL )"' Mo /% eﬂc) - i i 2,114




- 44 -

Multiplying Equation 2.1112 by 6EI_ and putting n =1 /L

Mokl 26) #Mofpllen+e)+Ln]= O ceoep s
Mulfiplying Equation 2.1114 by 6EI_ '
Moo %ﬁ ~2he,) + Mo, 651“- - c,,A,) = 5_‘5/%_”/. ----------- 2.1116
Dividing Equation 2.115 b}.r ' /Séo, v Qc,,)
M,‘,-,&M,,,l:af- E@c,,+cm;[ =0 Rt 2.1117

Similarly from Equation 2.1116

Y ek L SE W
4 o |\GEL o e
CoZ24c,” BEL - 77

it [GEL A+ cuh?P] . BEL Wh
viedl o 6£1c 26” Aa!p- G&jc .?C/; Ale

B

=(/..: > E_ji:p) - ----- 2.1118

Adding Equation 2.1117 and Equation 2.1118

AP Wa
i Zé,,uc,,) £ -m—:,—%c A2 |~ ;2__—2@, ZP
£Z. GEL
Mo, |7+ Z(&é, *Zen) T s .’;ii; » ‘gﬂ' /-—/ﬂm./ac,,

Taking common denominator:

Mo E_zmﬁcﬂ)é (Cof ""QC//) ot 72[. (/’"" 2”2&6;)%*”&‘45/0% Cos "IC//J]
T A(ca*2¢,) (/- 2mhcu)

2 Wk
’ ! 2 /—QmAC/;
Wérr— gAC;/ ""/édaz
e |_—2mkcu)(.’2/zc”-féco,)*n£{/ -Zmhe, ) 1+ mhc.Nhcithco,)
Subsutuung vaiues values: ‘n-— 56, L=374, n=1
' : 256
and m= Px 5000007358 = /574 =/0"°p

Therefore Mw: 128 W.A . where A is the square bracket term



The values of A for differest values of P have been calculated and set out in

tabular form in Fig. 2.113

S8

) =o‘3§’/'3ﬁ & il A P
0 0 1 1 0.4021 | 51.468
20 |.0.32101 |1.00709{ 1.0123 | 0.4043 | 51.760
40 | 0.4541 |1.0142 | 1.0245 | 0.4089 | 52.339
60 | 0.5561 |1.0214 | 1.037 | 0.4115 | 52.67
80 | 0.6422 |1.0290 | 1.0505 | 0.4145 | 53.05
100 | 0.718 | 1.0360 | 1.0640 | 0.4192 | 53.66
140 | 0.8495 |1.0515 | 1.0920 | 0.4264 | 54.58
180 | 0.9633 |1.0680-| 1.121 | 0.4319 | 55.29
220 | 1.06496 | 1.0860 | 1.151 | 0.4413 | 56.49
: 260 | 1.1577 |1.103 | 1.182 | 0.4498 | 57.58
300 | 1.2236 |1.1215 | 1.2161 | 0.4580 | 58.63
600 | 1.7587 |1.2051 | 1.534 | 0.533 | 68.236

: M
. Fig. 2.113 Table of _Wﬂ'for values of P.

The curve of M,,/W against P is shown in Fig. 2.114.

that for a given lateral load W, the bending moment increases with increase of

axlal_ load P.

Check that for P = O, the instability value of M,, reverts to primdry value.

For W= 100 say, primary M,,

and from Fig. 2.113

"3 x 100 x 2562

~ 2(6 x 256 + 374)

Therefore checks satisfactorily.

It is also of interest to derive the relation between lateral deflection

and axial load.

= 5146.8

It can be seen

' M,, (instab) = 51.468 x 100 = .5146.8

, , 7y Ln
From Equatlor_l 2,517 o = Mo, [2'* 2AC, _,;,Acm:l
Substituting for M, gives:
M Ad Wk /+ QAG:/ '*ACQI A
o .Zfo Cor > 72 Coo\(I-2mhc, N (2he,the, »nll-Imbe,)H*mhc f2he, +4a,)

ME+

LrnA
2hc,* Acro
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And from Equation 2.110

‘ Crol &’
A ﬂlz/(focu ‘_Ma;"g——' Yy

_ We? LnAc, ! c,,:l
A =ZE7 AC”+ZAC,, 5 A

Substituting values:

= -/ . -3.74611 _Cr
A O 052 WA C, 7‘-5/26”‘*25@3;0 2]

A = OSOSTWAR - o o S e 2.1119

S 374c,, e
where B= C,, #* Z/%ec. F785¢C, =

To check that for P = O, the instability value of A is equal to the

primary value, let W = 100 say

/OO x 9565(‘%@“@ » 374)

A My = B 0000 /355656 +574) OB mm

Whereas A instability = 0.10318 WAB

374

+m -0.5 = 0.9869

where B = 1

Therefore A instability = 0.10318 x 100 x 0.4021 x 0.9869 = 4.0955

Comparing this value with the primary value of 4.0948 shows good

agreement.

Using Equation 2.1119, A/W can also be tabulated for various P,
Fig. 2.115, and is presented gr(:imically in Fig. 2.116.

P A
™) A : W
0 0.4021 0.9869 0.04095
20 0.4043 0.9872 0.04119
40 0.4089 0.9873 0.0416
60 0.4115 0.9874 0.04193
4 80 0.4145 0.9874 0.042237
: 100 0.4192 0.9865 0.04267
140 0.4264 0.9862 0.04339
180 0.4319 0.9865 0.0439
220 0.4413 0.9379 _ | 0.04499
260 0.4498 0.9876 '0.0458
300 0.4580 0.9871 0.04665
600 0.533 0.9871 0.0543

Rig. 2.115- Table of A/W for values of P
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AX/IAL COLUMN LOAD P

2801

260 .
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A A
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Fig. 2.116 Curve of A/W for Various P. _ »
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Z2.1.2 Theorctical Analysis for a Hinged-ends Portal Frame

- =~
A&

.{
£
Fig. 2.121 Hinged-ends Portal Frame. /
Compatibility of deformation condition at B:
| L Css A A
Mol 5+ 7 M7 =5  ==---=---- 2.121
SEnSEL) Mebrrm ¢
Similarly at C:
- CUEA N BN s
—Ms gz Meler; + SEL 4 %:043
And from the condition of equilibrium of forces:
M 4
f+%’-=w+pz‘arz3+/afavz3 """"""" 2.123

Now if both columns are identical: I, =1 =1, M

(= 5=Mcacb;.=c’cc

Equation 2.121 becomes:
.M_é_( LY
Mol +cun-7) =4

A S5 -
Ms = 4 (A.,- c“,A,)  mweeeannes 2.124

Equanon 2.123 becomes:

.%{ié = A/ + _Qp_‘-A— where Zlarnc = -%—

A
My = —— i I T 2.125
Equating 2.124 and 2.125 gives:
3EIA - WA o

/&{2.7?1" C{,A/.b)

BEI PA(L/Q-%CMA, i WA
L A(L]7 + cssh)

Therelore:
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A WA’%* Corbh
2 EE!’—P&(A,A Cis /9.)

_M_[éi SE7 Pl A e Rt
A=3£7|7% (35!- Phi+ cus 2.126

A =_%;. A emmeeeeees 2.127

In Equation 2.127, W113/3EI is the well known primary deflection of a
simple cantilever, and the coefficient A includes a reduction factor for frame

action and a magnification coefficient for the instability effect.

Putting P = O in Equation 2.126 should result in the equation for primary
analysis.ie when P = O, €44 =1, A should revert to the primary deflection

which, it can be shown, is cqual to

| e (1+45) %

From equation 2.126,

(é.'_.__’,_ Cg.,g.ﬁ) ZET Z' +* Cssh
2ABET—PHZ = c,;,g/z)] 2/»['_-_2.7 L . cu./:.]—

and for P=0 and C45 = 1 '*xple.,-.stou becomes:
‘ Vi T A ( /
2A (7] <44 R )2

This is the same as reduction coefficient for primary effect only,

therefore the equations for primary and instability deflections are consistent.

In summary: ;
&£
Wh? | 2~ i Cb.&/b

A=W A -
BEI" T3EI\2A- 24 (L + c“/.,)] ---------- 2.128

For a particular frame ccmhgumtxon of L = 374mm, h = 238mm and

4 : ; . oy
I=135.5mm  (which correspond to the properties of an experimental model) it is
possible for different values of P to calculate the cocfficient A which can then be

compared later with experimental results. - !
i fP e 3
20 = £ V¥ J200 OO0 /33‘-3/’5
2U = 0-07/85 /P

Substituting values in Equation 1.128 gives:

+ Cotle _ /BT # 238cus
" 24 V- 5}; (é-"‘ P 4)_] P o oox:r.-ypr’/cw #2258 Chs)

Values of A for various values of axial !oad are tabulated in Fig. 2.122.
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P o 2U =

(N) 0.0718 [P Cés =

0 0 1.00 0.0928

100 ,7185 1.0358 | 1.0428

200 | - 1.0161 - 1.0776 -| 1.2572
- 300 1.2445 1.1214 .| 1.5828

400 1.4370 L1722 | 20147

500 1.6066 .1.2270 | 3.3496

600 1.7600 1.2957 | 7.882

700 1.9098 1.3704 | -22.3

Fig. 2.122 Tabulation of A for values of P.

Magnification factor A plotted against P is shown in Fig. 2.123 and in

greater detail, for P less than 100N, in Fig. 2.124.

Similarly a magnification factor can be obtained for the bending

* moment.

- From Equation 2.124

Mo ASEL - 2L 2l 27 C;Z“' b
AL (& SEL| 2A/— L (L
(2+ c:M.A) (2 + C-u.‘/p) ! I: 551(2 + c:.ué./ﬂ
* Simplifying gives ' '
W e WA -
Ms = ‘*‘-|: = B - rmn-2.129
2 V= Eh 1L 2 ' .
52y (57 cssh)|

‘where B = magnification factor for extra bending moment due to instability

effec.t, i.e. _ Mg instability

Mg primary

B
For the particular gcometrical configuration of the experimental model,
Equation 2.129 can be transposed to give: :

1
1 - .00139P (187 + 238 c44)

B =

Variation of B with axial load is showﬁ tabulated in Fig. 1.125 and graphically
in Figs. 1,123 and 1.124.
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Fig. 2.123 Magnification Factors for Deflection and Bending Moment of a Hinged Portal Frame.

_zg-



AXIAL COLUMN LOAD P (W)

/30

120

110

100

40

—

|

A
=17
/
/

y

A msrasiiry
D rrirmary

MAGNIFICATION FACTOR A =

Mb /N.érA.a.sz:'y
MAGNIFICATION FACTOR 5 = “M‘ b‘ R IAL AR Y

o9 g /-0 77
Magnification Factor (non-dimensional)

Fig. 2.124 = Magnification Factors for a Hinged-Base Portal Frame for Small Axial Column Loads.
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P =
(N) 0718 /P caé B

0 0 i 1.0000

20 .3211 1.00709 | 1.02553

40 .4541 1.10420 | 1.05263
. 60 .5561 1.0214 | 1.08143

80 6422 1.0290 1.11219
100 718 1.0364 1.1448
200 1.0161 1.0776 1.3495
300 1.2445 1.1214 1.65837
400 1.4370 1.1722 2.19346
500 1.6066 1.2270 2.3255
600 1.7600 1.2957 7.5642

Fig.2.,125 Variation of Magnifi-cation Coefficient B
with Axial Load.
In conclusion it has been shown that explicit solutions for deflection
and bending moment equations for a hinged-ends portal frame with jdentical beam

and column sections, can be expressed in the following way:

Mz_; = _2W_13 R Primaxry effect
Ms = W/‘ ,_ / I bil ff
RNy - i) 0 N S| EReEsRs nstability effect
551‘2 # cosh)
------- Primary Effect
514 +2/z,) 5
Wa? I_é“ G L s RS Instability effect.
T3E7|2 I_AE £l (L - C—‘Ab/b)J
2.130 Analyses for a Fixed-ends Portal Frame

A single frame with fixed-ends is analysed for three loading conditions:
laterai load alone; lateral load with one coiumn axiaily loaded; lateral load wilh

both columns axially loaded.



2.131 Primary Analysis: 3 L Ay
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Fig. 2.131 Fixed-ends Portal Frame used in Primary Analysis.

For a symmetrical frame I, =1, =1, M, = M’u and M, , = M!‘#

' Using the force-displacement method for the frame of Fig. 2.131 the

compatibility of deformation at the point 1 can be written as:

Mg b - Ak
'T@" 6&[ 73

or * A/';2 __M‘Qﬁj_ A jé[ ad O

Similarly, the eciuation for compatibility of deformation at point 2

‘_becomes= Mk o MRy L ~L)-4

CE. 5 3E] O©OEF

_M, LA AdEg
or —§z+ Mﬂ/(/'f'z/z) Az O

For equilibrium of forces we can write:

Y Waglle)  on MM g7

These can be presented in a stand:ud matrix form suitable for computing:
P g

— p— m— —

AERE2 e
/ Z | 3Er . o
= T s A W

In the experimental model the followmg data were usedq

I_=1,-135.5mm® : L =374 mm : h= 256 mm : E = 200,000 N/mm".



Matrix becomes, (for W = IN) :

= 56-

= Point ] Point 2 Force
Condition : :
M, Mg, A Vector
1 1 -0.5 |-1240.5| -0
N2 -0.5 [1.7304|-1240.5| "0
Shear 1 ‘1 §.0 128
Computer soiution gives:
M,, = 76.5309 N.mm
Mgz, = 51.469 N.mm_
" A = 0.04095 mm
2.132 Instability analysis, one Column Loaded:
; b e
w _{ RN 7 ®
@ AR e
[\' '—'"_""'"'__'! Z 7
\JL'!“'I'\ E\er
/ /
| s ‘f‘- 4 d ch Y
< £ / . ﬂ&S"Z
2N AR
I ¢
BN \ﬁﬁ
L L

Fig. 2.132 Fixed-ends Portal Frame, one Column Axially Loaded.
Us'ing the force'—diSplaccment method (Fig. 2.132) :

Compatibility of deformation at point 1:

M/f.éc

u—Mohcs . A -
< GEI: A

Multiplying by 6EL. /h
Mfﬂ gclf _Mﬂlczl '_' A _67‘6";’;':' = O

Similarly at point 2:

iy faﬁczz >~ Mz, A—ng -+ L Myl
CEL 5L  BEL) GLE

—M/gczg -f'/ﬂaz(gczz "“frz,)-—- MM?Z — Gifg =0

oy
%



B =

W
where n = . H‘

Similarly at point 3:

o et Ml )_M.,b&:A
GEL ZEL © BEL GEL A

— Morme #» M3y (D2 # 2)=~ Mys -A._G%E,fi - O

Again at point 4:

Mok Mk T
e o T

.

Moy —Msp —AGEL.
_ #3 22 A @,

Equilibrium condition:

W+ P%— = M"*‘z’Mﬂ + My ZM#:

/”;9 +M/a ‘7‘(‘45**/”45— AP = WA

Presented in matrix form, these equations becoime:

2¢, | -car'| O O |- || [ M o)
—Cia | 2men)| 7 O |-85f || |Ma O
o | 2s)) | -1 | —2EE=|| My = | O
o o | ~/ 2 |-85=|| My |O
- / L= Y -P Al (WA
L m—.

For the model configuration, the following values a;;i)ly:
Ic=Ib=135.5mm4: h =256 mm ; L =374 mm
374 : . -
S - = [ : = 2
n-f =22 = 126/ ;  E=200 kNjmm

For P = 100N (corresponding to a test coidition), 2U = L By

2U =0.7185 for which C,, = 1.03646 and C,, =1.06396

Matrix becomes (for W = 1W) :

2.07292 | -1.0639 0 |ol-2481.1][ 0
-1.06396 4.994 | -1.461] O]-2481.1|[ O
0 -1.461 | 4.9218]-1]-2481.i (] O
0 0 -1 2] -2481.1|] O
1 1 i 11 -100 236
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Computer solution is:

Mg = 76.990 W N.mm May = 52.5358 W N.mm
Mg, = 52.536 W N.mm Mgy = 78.116 W N.mm
A = 0.04179 W N.mm

2.133 Instahnilit-)r Analysis, Both Columns Loaded:

The portal frame shown in Fig. 2.133 is analysed using the force-

displacement method. P ya
I i __l E;Ié @1? { _
\Lﬂﬂ‘ § "z&:ij_‘,
[ /
) /_; /
P2 "7;’/\

N

0
| (I(\mm:

-

17e

L

Fig. 2.133 Portal Frame with Fixed-Ends.

Compatibility at deformation at 1:

"M.w%%% - Mz cul % ; MUfft.lb{yary {S,V (TG-)

3E1c

Macer +Me2c, —AGE"‘ = O e (1)
Compatibility of deformation at 2 Let n = i—fﬁ-)

-M.«e%*’zéz; +Mm£_:}g% o 3427;-/!4;.;.-55—1; = %

~Mea +M¢,Qc,2 #27) —Msp7 — A G’ﬁél" Ny I S S (2)

Compatibility of deformation at 3:

. cpsh A S T
Mys e&z‘c’”” 3L ’“351;. —Mugery =
~Mys Cps #Mss(20ss+ Zn) Mz —ACELe o O oo (3)

Similariy at 4:

Mot o Mnesh -5



=Bhis

—Ms4Csp +M432Cp, ‘A%gf = O eeeeeeeee- (4)

Equilibrium of forces 2-3.

Mo+Mas 4 Msp +Mps _ W 2PA

s
Moz + Mz + Mag #Mps —D2P=WA  ~==7mmm=e" (5)
General matrix for these conditions is given below:

e, —Cay 1e) O |~@£Le M, o
- ng 2 Kg 22 +73) -7 O A %{L Mg, O
o B 2(C_;3 -ﬁ!l) —Cs3 |~ '@%{& /” 34| = O
- 2 il W ool 5 i[’f' Myps @,
L ! / / |-2p, || |A] |m
e — =4 =

Fol.r the steel model the following data apply:

{ =1 =135.5 mmT : L=374mm ; h=256mm

S o A2
= J 2 . = -3.?-—4‘- =
E = 20u, 000 I\/mm_ £ 256 1.461

256%

For P = 100N, corresponding to a load test condition: -
20 =L [E ; 2U = 0.7185 for which €, =1.03646, and

C,z =1.06396.

Matrix becomes (for W = 1w :

2.07292 | -1.06396] O 0 =2481.11|| Mzl | O
-1.06396 | 4.995 |-1.461 0 -2481.1||| M2/ | O
0 -1.461 4.995 |-1.06396| -2481.1|| | Masg=| O
0 0 -1.0639612.07292 | -2481.1||| Mas| | O
1 i 1 i | -200 A 36

; Computer solutions are:

78.627 W {(N.mm)

Mg = 78.627W (N.mm)  Mgs

Mzs, = 53.642W (N.mm) A - 0.042688 w (N.mm)

n’

Masg 53.642 W (N.mm)
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2 T4 Analysis for a Portal Frame with One Column Fixed and

the Other Hinged-

A simple portal frame with one oot fixed and the other hinged is analysed
for primary effects (lateral load alone) and instability effects (lateral load and axial

load on both columns).
2.141 Primary Analysis:
o w \ Els e

/

I;

W
-

o3
P

Flg; 2.141 Frame Analysed for Prirﬁar;r Effects.
Using the force-dmplacement method (Fig. 2. 141)
_ Compatibility of deformation at 2: y
| M”(@é!f”.&éé!‘)_%‘ﬁ > '% i Let n ‘“}f

Multlplymgby ’%‘—— M,,(/-,s ....Z&.) ,44#7_ _A..‘}E.f.-. -0

Similarly at point 3:

Mo L Monll. 4 M A é
-5 5 PR -5 7R )7 A @Zifc

or /”.ul/ln.,«./) N 5%&. -

Slmllarly at point 4:

Mosh _ Mssh .,,._4_
BELTCEL T4

or Mus — OEMs,—ADSEL _ O

For equilibrium of forces:

W= %f_[_}_ M_—}E?"/Mié

Wh= Mz, »Msy + My
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Presented in Matrix form:

7+%_5§f¢ -52 | o T M, |0
71 il e e A |3

o |-%k|-4 / il o
/ o) / / M| | Wh

= = =

Substituting numerical values for experimental configuration:

S 135.5mm4: n=1:h=228.5mm:

L = 304 mm ; E = 200,000 N/mm2

Matrix becomes for W = 1N:

. Point 2 Point 3 Point 4 Force
Condition -
M 2, AN 1\’[.’4 I‘\"l_;5 Vector
2 2.3304 |-1557.1| -0.6652 0 0
3 -0.6652|-1557 1 2.3304 —0._50 0
4 0 |-1557.1] -0.50 | i
Shear I 0 1 1 228.5

Computer solution gives:

My, = 51,2469 w_'(N.mm)
MM = 69.2705 W (N.mm)
Mgs = 107.9825 W (N.mm)
A =

0.04710 W (N.mm)

$2.142 Instability Analysis: _ :
_ _ The simple portal frame (Fig. 2.142), subjécted to loads simulating
lateral and gravity loads, is anaiyéed ‘for instability effects using the force-

“displacement method.
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¥ A

WM = O w21~

Al

Fig. 2.142 Frame with Fixed and Hinged-Ends,

Analysed for Instability Effects.

Compatibility of deformation at 2:

: R R A
M"’{.ﬁQLY_Ec.’LJEJb) ’”—"4654 % Letn =TT

o~

/Me;(zcng #2n)— Mson —Aéizjc' b R Sl (2)

-Comp_ag:ibiliw of dgformation at 3:
5, T TR A h T Y.
Mt GEZ +M"(é£f£.+“_ﬁzfc Ce e T T A
— ﬂ_gz??, *Mg;(fn -:‘-2(.‘:55) be _Aeff 38 ) snvavmmnee (3) -

Compatlbﬂlry of deformation at 4:

R

i o AR S B "

Equilibrium condition 2 - 3:
Mz, 70 o Msgr+Mys _
Hap0 » Mughles = e 204

Mg/ e M_-&#. 7% M}:’ —A--Qp = WA’ ---------- (5)

Putting I, =1, =1, the following general matrix is obtained:



e maimy B =
2¢,+0n| -n o _%ﬂ%ﬂg My, @)

-n 2¢,” 2n =y = "@"f:# Msg 4 _O__

O ~Co Doy |~ '%E;I—c Mys A _O_,

'y / / -2P A WA

f— ; e B et et
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For P = 60N (corresponding to a test condition),

20U =0,4538 for which €, =1.0148

and Ceo,=1.0248

Substituting test data for model:

= g 0" 3081858
1=135.5mm  n = 228 5x 135.5 1.3348

c I /55
Ll _ @x.?c;%%gﬁox 5=3//4-2

M:itrlx becomes (for W = 1)

— —_— — o —

4.6992 | -1.3348] - 0O -3114.2 M, | O
-1.3348| 4.6992] -1 -3114.2 || | Mgy=| O
0 -1.0248)2.0296 |-3114.2| [ M,, 0
1 1 Y < j=120 . A 228. 5
Computer solution gives
Mz/ = 52.564 W (N mm) M*é = 110.867W (N.mm)
Mz, = 70.9377 W (N.mm) A = 0.048911W (mm)
21D Analyses for Portal Frame with Double Hinges in One Column
2:151 Primary Analysis: | -
The portal frame, Fig. 2.151, is assumed to have double hinges in
~column 12.

method:

The frame is analysed for primary effects using the force-displacement



25 e T
. | MING & e J
-4~ -L—(!/ — e : o
D, EL ® 7
/ 7/
/ 7] ‘
/] . /
AINGE /(a | - : @r
—%9 i NS

Fig. 2.151 Portal Frame with Double Hinges .

Compatibility of deformation at 3:

" i (75 ¥
".’”f-"}z;%z % ’”-*#EZ i 351)" A

Multiplying by _@%-!E and puiting n = 2;&
b

~Mps +Misy fff'Qn);fA-T@E-[c = O

Compatibility of deformation at 4:
— Mas T Fakar. G
Mssig + Moskier, = 4
"'M5.4 '/‘2/”*_5 o A%E‘—"‘—’Q' = O

Equilibrium of forces 2 -3

Moo # Mos o'W & o Moyt Myy = Wi
% 4 7 :
The general matrix for these conditions bzcomes:
.2"'.27& —/ _%EL_:_'Q M.u (@)
-~/ 2 |22 (mul=| 0
/ /7 Gl o |[I'|A] | wa

In the experimental model the following data apply:

4
L =Ié=135.5 mm .; L=305mm; h=228.5mm

E = 200,000 I\E/mm2 }n = 3 = 1.3348

oL I - % 200000 . x /35.5 5
At 208 52 = 3114.21
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Numerical matrix becomes (for W - 1N)

4.6696 | -1 | -3114.21 My 0
-1 7 | -3114.21 Mg|= |0
I I 0 A 72285

- Computer solution gives:

M;, = 79.0694 W N.mm
Mys = 149.430 W N.mm
A = 0.070577W mm

2.152 Instability Analysis:
The portal frame, Fig. 2.152, subjected to lateral and gravity loads

“on each column is analysed for instability effects:

P
A w i;/-ums& P :______...----—'—'
@ %

f
/
<L V5 A I
f
HWGE !®
L

Fig. 2.152 Portal Frame with Double Hinges.

Compatibility of deformation at4:

A L L

/M.,ts&*?- Msp S22 GEI e multiplying by 7—'
Mf& QC.‘_’* -—-M# CJ*—A.%‘(E = O |

Compatibility of deformation at 3:

~MpsSpsh o M A A - g
oy e ot ol S 7 S

~Mys Cpn 7 Moy (Zcss72n) — A@_;?é -

Equilibrium of forces 2-3 : .

e W+2P2 5 Myl —2PA = Wh
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General matrix for these conditions becomes:

e — T /o

—Csz 2 Cos i @-/E‘_zj'i Mjﬂ- O

26557‘2?2 __c#dr _'@_f’:!é A‘{_;j, = O
/ 7 olr=ap VAL 1wk

Rl — Jl—..— S —

For the experimental model the following data apply:

I‘==Il_,,=135.5mm4 ;s L=305mm ; h=228.5mm

305
228.5

' 2
E = 200,000 N/mm~ ; n= = 1.3348

GEL _ Gx200000 x/35-5  _
7 70552 3114.21

For P = 60N (corresponding to a load tf.;.st condition)

= O0-42538

- I - B35 (20 e
2”, LEJ 05 200000 = /35-5

Interpolating from the table of fle:;ibility coefficients gives:

1.0148

C.

Cﬁf

1.0248

Numerical matrix (foi' W = 1N):

' =
-1.0248 | 2.0296 |-3114.21 Msg 0
4,6992 |-1.0248 | -3114.21 __I\ilﬁ= 0
1 1 -120 A 228.5
S

Computer solution gives:
Ms, = 82.5821' W (N.mm)
Mgs = 154.760 W (N.mm)

A = 0.07368 W (mm)

2.16 Analyses of Portal Fra me with Both Columns. Hinged

‘The simple pertal framc with both column feet hinged is analysed for

_ primary and instability effects with both columns-axially loaded .
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2.161 Primary Analysis:

: .‘A_T
w £Z, L)

T T o ®] 00
. i
EL } | 2L ]

J
/

oy

Fig. 2.161 Portal Frame with -Hinged Column Feet.

Using the force-displacement method (Fig. 2.161), compatibility of

deformation at 2 is:

ey < A Pyt 4
Maf3ET. 7 3ET ) 77— Ay

Mliltip!y‘i:}g by 6EL /h, letting n _:}( and putting My, =M, as

symmetry exists:

M, (2+2n) - Mg, n - A("’ff: 0
GEL - »
* Mz, (2 +1) -A—-a" 0 smesmmrea= 2.1601

Equilibrium 1-2

My +Mg, . Msp My, _ o
h i R

As M, and My, =0 and My, =My,

ZMQ;':'Wh
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Substituting values for experimental model: L = 374mm, h = 238mm,

9
E = 200,000 N/mm~, I_=1,= '135.5mm4, gives

C
238 374 mz.
_—— =+ . : = A
W =5 (2 233) |

TATA

A =0.1480 W

My, = 1I9W

2.162 Instability Analysis:

P U4
s w @ Ll _______@L.,____. l
- S y &
<4 134 / Er / T

i b g 3

4

* : , <+

Fig. 2.162 Portal Frame with Hinged Column Feet

- Using the force-displacement method, (Fig. 2.162), compatibility

. of deformation at 2 is:

e, Lot o2 Ll
MoA3EE 5515) MuScn™ k. Lin=i,

/‘43;(25”7"72) = A 6‘2‘5‘ T R 2.1621

Equilibrium 1 - 2
&iﬁz = W+ QP.--%- _ -

M) _—%/",,, PA | Cememeeeee 2.1622

Substituting vaiues for the steel model:

L = 374mw, h = 238 mm, E = 200,000 N/mmz, Ic = Ié= 135.5 mm4

/P [/ 20
ForP=40N, 2U =h /g7 = 2338 | POOOOO < /25-5
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2U=0.2891 and‘ from table of flexibility coeflicients, €2z = 1.000
M, (2.012 +1.461) = Ax2870.5

Mz, =119 +50 A for W=1

Mgz, =826.28 A

826.28 A= 119 +350A from which

D =0.1533 and Mg, = 126.66

For W =1

A =0.1533 Wand Mg, = 126.66 W.

2:17 Comparison of Theoretical Behaviour of Portal Frames Analysed

The lateral deflection and bending moment (.-\‘1?_5) data resulting from
the computer-aided analyses 2.13 to 2.16 inclusive, have been plotted in Figs.
2.171 and 2.172 respectively. The key diagrams show load arrangement and

frame structure with and without hinges.

For a given set of load conditions, the deflections and bending moments
would be expected to increﬁse_ as the number of structural hinges is increased,
and this is demonstrated in I::ig. 2.171 and Fig. 2.172. It is interesting that the
_effect upon deflections of introducing a hinge or pin joint in the structure is far
greater than the effect of adding axial loads to columns in a given structuré « The
small instability effect is due to the low level of axial loading in relation to the
critical column load - this can be seen from the flexibility coefficients which are
near unity. The same pattern emerges for bending moments as can be seen from

a comparison of Figs. 2.171 and 2.172.

Some of the curves are used for comparison with the experimental data

:in 2.20 and 2.30.

2.20 Experiments on Steel Portal Frames

In order to compare the experimental behaviour of portal frames, with
and without structural hinges, for'i.ﬁstability effects, a number of model portal

_frames were made from ordinary mild steel.

All members were 6.35 mm (} inch) square and were incorporated in

three similar frame sizes shown in Fig. 2.201. Dimensions are in millimetres.
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Fig. 2.201 Size Range of Portal Frames Tested.

In each case four clectrical strain gauges were used, 2 near the top

of one column and 2 near the bottom of same column.

The experimental appa.ratusl used is shown in Fig. 2.202. Lateral
loads were applied horizontally with the aid of a load hanger on the end of a wire
passing over a pulley fixed to the apparatus. Vertical loads were applied via
yoke-type load hangérs. Lateral deflections were measured with a single dial

gauge registering at the column head A

Al

Structural hinges were introduced hy milling slots in the column head

leaving sufficient material at the neutral axis to retain structural continuity but

_ not enough to be able to transmit bending moment. A detail of a hinge is shown

in Fig. 2.223.

Where incorporated, pin joints at base of celumns were fermed by

mounting the columns on dowels free to rotate in fixed bearings.

2.21 Fixed-ends Portal Frame Experiments

‘.

Experiments to demonstrate primary and secondary effects were
conducted on the model configuration shown in Fig. 2.211
Pl & | F

1 A=6.35%6.35 mm = 40.32 mm”
o 4 I, =L =1=135.5mm"

7 - E=200 KN/mm?>

¥ - h = 256 mm L =374 mm

/ /

Fig. 2.211  Model of Fixed-ends Portal Frame
Primary analysis:

From previous theory (Equation' 2.1108):

A= WAHS4 » L)

GCEI(Gh+L)
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‘'or Testing Portal Frames
imental Apparatus used for Testing
‘i 2.20; ixperimental /
Fig. 2.202 Exj
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Substltutmg values gives:
A = W256° (g 22256 4 374)
Ox 200000 x /35-5(G=»2506 + 374)
Theoretical A =0.04095 W mm.

From the experimental data, the curve of W~ A has been plotted in
Fig. 2.212. Comparison with the theoretical relation of W & Aalso plotted

gives excellent agreement with the experimental performance, i.e.

0.04095 W mm
0.0402 W mm

theory

A experiment

- The bending moment diagram for one column is shown in Fig. 2.213.

Mo,
2 From Equation 2.1106,
gi I% ) 2
3 o s
y% § M,, _WQ(@/V"L) 5/466W
4 /
? and M,, =4Wh - M,,
M,, =76.532W,
Fig. 2.213 Bending By similar triangles, point of contraflexure
‘Moment Diagram for occurs at 153mm from base (assuming
Column 01. linear moment)

Algo by similar triangles:

Mo = Mea. /’gg = /224 Mas

= /477 Mecr

Mp; = Mer

For W = 36N, gauges 1 and 4 read 15 divisions (from Fig. 2.214)

Therefore:
Oy = /B85 x5 = 2775 Nfmm*

Mo~ =-'0—u;j"= ‘?]'7:; J;.//:Z5 = z‘éere/org

And from theory, for W=36N, M,, = 51.468 x 36 = 1852.8 which,

L]

compared with experimental value, shows a difference of 6%.
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Similarly for W = 36N, gauges 2 and 3 read 22.87 divisions (Fig. 2.214)
Oep = /'B5x 2287 = 42-23/8

o w ol _ 42.3/8 x/355
es="7 3775

from which M, = (Mg, x 1.224) = 2202.4 N mm.

Whereas theoretical M, =76.532 x 36 = 2755.1 N.mm

which represents a difference of 20%

Secondary analysis:

From previous theory (Equation 2.1119) we have:

A =0,1032 W.A .B. in which the values of A and B were tabulated in

Fig. 2.115 for various values of P.

For the experimental conditions P = 100N and W = 220, A = 0.419%
and B = 0,9865.
oo =0.10 _ s
A theory 32 x 220 x 0.4192 x 0.9865

A theory = 9-389 mm which compares well with

A exp't =9.950 mm obtained from Fig. 2.215.

Also by comparing the primary deflection with secondary deflection it
should be possible, even for small axial column loads, to discern a greater

sccondary dcflection.

2.2.2 Experimental Deflection Data for Steel Portal Frames

The following curves give experimental deflections for frames of

increasing flexibility caused by introduction of structural hinges.

Figs. 2.221 and 2.222 relate to primary and instability performance

respectively for a portal frame with one column foot fixed and other hinged.

Fig. 2.223 shows the primary deflection performance for a portal
frame with a hinge at top and bottom of one column, the other column having
fixed-ends. The instability effect is shown in 2.224 for the samc framc.

In each case the theoretical performance is plotted for comparison.

Figs . 2.225t0 2.229 are photographs of model portal frames undergoing

the -full range of tests.
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lateral Load Test on Fixed-ends Steel Portal Frame.




TN AR Ty T I

2.226 Instability Test on Fixed-ends Portal Frame.
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Fig. 2.229 Hinged-ends Steel Portal Frame in Ultimate Stage of Instability Test.
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2.23 Experimental Bending Moments for Stecl Portal Frames

In this scction the load/strain gauge relations for frames of increased
flexibility are converted to experimental bending moments at strain gauge positions.

These bending moments are then compared with their theoretical counterparts.
2.2.31 Comparison of experimental and theoretical primary bending moments for
portal frame with one column fixed and other hinged:

- From theoretical analysis 2.141, the bending niomc::t diagram for

column 34 is shown in Fig. 2.2311.

~

z223

ijl
o 4

/0798w
Fig. 2.2311 Bending Moment Diagram for Column 34.

From similar triangies, theoretical moment

atx = Mxr = 50.3W (N.mm), and
Myr = 88.2W (N.mm)
for W = 20N, Mxr = 1006 Nmm
Myr = 1764 Nmm

Experimental values of moments, Myg and M., are obtained from relation

Mo
g
lo /35.5@
s e s i

-where @ = No. of strain gauge divisions x calibration factor

where calibration factor = 1.85 n/mm2 per division. (appendix 1)

M = 78.453 x strain gauge divisions
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From the graph of strain gauge divisions/lateral load (Fig. 2.2312),
bending moments can be obtained:
M, =78.953 x 11 = 868 Nmm
M, = 78.953 x 17.8 = 1405 Nmm.

It can be 'seen that experimental moments are 13 .7% less and 20.3%

- less than theoretical values at nodes 3 and 4 respectively .

2,232 Comparison of experimental and theoretical instability bending

moments for portal frame with one column fixed and other hinged:

From theoretcial analysis, the bending moment diagram for column 34

R

is shown in Fig. 2.2321. SBEEW

25

do

228

s 48

' - Il
- SC)
159.76W i

- Fig. 2.2321 Theoretical Bending Moment Diagram for Column 34.

56.77W (Nmm)

From similar triangles, theoretical moments at X = Myy

and My = 128.568W (Nmin)

Using relation M =78.953x strain gauge divisions and data from Fig.
2.2322 relating to gauge Nos. land 2, givéslexperimcutal bending moment
(for W = 20N):

My = 78.953 x(—g-‘%ﬂ—]—‘) T
My = 805 N.mm
Similarly from Fig. 2.2323 for gauges 3 and 4

Mye = 78.953 x (1—-—5'6 = 1’5-.3)

My, =1279.0 N.mm
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Comparing these experimental data with the theoretical values of

moment.;; (Myy = 1135, My, = 2572 N.mm) shows a discrepancy of 28% and 49%
for My, and N-u. respecti\}ely. _

2.233 Comparison of experimental and theoretical primary bending moments

for portal-frame with double hinges in one column:

L\ > @ 790094V, T4
o
: 53 K x N
)
|
- L
‘l‘ N
by ¢
N

149 43 W

Fig. 2.2331 Theoretical Bending Moment Diagram for Column 34.
From similar triangles, theoretical moments (from 2.142)

Mgy = 54.043 W (N.mm)

o MVT’ =124 W (N-mln)

Using relation M = 78.953 x No. of strain gauge divisions. where
number of strain gauge divisions are obtained from Fig. 2.2332, gives (for W =
20N):

Myg =78.953 x 10.2 =805.32 N.mm

Mye =78.953 x 17.7 = 1397.46 N.mm
Whereas theoretical moments for _W = 20N, are
My = 1080.8 N.mm

Mgy = 2480 N.mm

Comparison of theoretical and experimental values shows that

experimental moments Mgy and Mgy are 25.5% and 43% less than theory predicts L
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2.234 Comparison of experimental and theoretical instability bending moments

for portal frame with double hinges:

q 2@

S2E58W)

Lo

228

148

5470w g

Fig. 2.2341 Theoretical Bending Moment Diagram for Column 34.

From similar triangles, thcorétical moments (from 2.152):

Myr = 56.77 W (N.mm)
Mvr = 128-61 w (N.mm)

Using relation M = 78.953 x number of strain gauge divisions (whereé

number of strain gauge divisions are obtained from Fig. 2.2342) gives, for W
100N:

‘Mxe = 78.953 x 59 = 4658 N.mm

Mye = 78.953 x 113 = 8921 N.mm

Ihebretical moments, also for W = 100N, are:
Myr = 5677 N.mm
Myr =128.61 N.mm

Comparison of theoretical and experimental values shows that

experimental moments M,, and Mgy are 18% and 30% less than predicted values.

2.30 Discussion of Test Results for Portal Frames

2.31 Deflections:
The correlation of theoretical and experimental deﬂecti@ns was

gencrally very good. This is illustrated by Figs. 2.212, 2.215, 2.221, 2.222

and 2.3101.
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In the case of the frame with double hinges in one column, Fig. 2.3102,
the lesser experimental deflection under primary effects may be attributed to
the slight rotational restraint induced by the milled slot arrangement (Fig. 2.223)
supposed to represent a hinge. The experimental error of approximately 25%
was consistent throughout the load range. For the same frame with combined
axial and lateral loading experimental deflections were more than those
predicted from the theory. The excessive deflections under low levels of
lateral load, i.e. 0to 60N, (Fig. 2.224) is more difficult to account for when
based on the elastic instability assumption. However it is interesting to note

the non-linear shape of the experimental deflection for loads above 100N.

2.32 Bending Moments:

In 2.231 it was shown that experimental moments developed at the top
of columns were closer to their theoretical counterparts than for moments
developed near the column feet. The fact that in these frames all the measured
moments were greater than their theoretical values suggests that the calibration

2
factor (1.85 N/mm  per division - see Appendix I) is too high.
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3.00 10-storey Steel Frame.: theory and experiment.

In this section a very slender 10-storey steel model is apalysed and
tested experimentally for primary and instability cffects. For primary effects
the model is subjected to a single lateral load applied at the top of the frame.
Instability effects are examined with a lateral load applied at the top of the frame

and gravity loads applied either at the top or at each nodal point.

The object is to show how the instability analysis is developed for the case
where changed flexibility of columns, axial deformations of columns, and large
lateral deformations are taken into account. The theoretical performance is

‘then compared with the experimental results.

3.0 .Primary Analysis, 10 storey Steel Frame

Fig. 3.11 shows in idealised form the structure to be analysed. This
shows assumed shape of moment and deflection diagram. Using the force-
displacement method, the typical matrix is set out at the floor level 1-1'. The

two compatibility and one equilibrium conditions are as follows:

L : -
9//! W:o'f /HIQ)@E[‘ '7"/”;2 .34.’&.[6 "MQ/@A‘EIG A' Z;Ag

4 b b
O Ml > Mesrr M 3ET

£C 12 Muzlar o LW

These equations are now rearranged by multiplying the first two

equauon; by .@%@ and the third by h. We obtain:

Wm"”“m)r o QMM —~Ma, %“A;)erc‘ ------- 3.11
~Mos+2Mio = ZMs2 # M, "(A" i QA""A)_QE.]‘; ------- 3.12

My # Ma, -ZZ(WA) ------- 3.13

in which r = LI_ /hI and is referred to as the "frame parameter’ .

For the test frame this parameter 1s: _

376-0O
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Fig. 3.11 Idealised FPrame uscd in Primary Analysis,

10-storey Steel Frame.
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Based on the equations I3.ll, 3.12 and 3.13 an clement muﬁ'ix can be
set out as well as the overall l‘orce-displz‘menw:it matrix. This is showa in
Fig. 3.12. :

It should be noted that all bending moments are expressed in terms of
W .h and all deflections in terms of W42 ~ and also that values obtained from

: CEl:

the solution of the matrix are non-dimensional. The solution, therefore represents
influence coefficients which are independent of the magnitude of load although it
depends on the form of loading used. These coefﬁcemts are, theoretically
constant within the elastic limit and are convenient to use as a basis for correi-
ation with the experiments. It was expected however that when yield stress is reached

at any point in the frame or even when the elastic instability effects take place, then
these values will cease to remain constant. The occurence of this non-linearity was

therefore observed with particular interest.

The solution of the general matrix is shown in the bending moment diagram

_ofFig. 3.13,

13.20 Instability Analysis, 10-storey Steel Frame

This analysis is made to form a basis for comparing the results with

those obtained from tests as stated earlier. The following effects are included:

1) the effect of axial forces on sfiﬂ'nesses or on flexibility of individual
members -

i) ‘the effect of axial deformations and

jii)  the effect of large deformations (changed geometry of the system and

therefore the action of applied loads).

It is assumcd that only the columns are subjected to sufficiently high
axial forces to affect their elastic properties. In practice these forces arise
mamly from r_he gravity Ioads, although 1ateral forces may also add to this effect,

particularly for columns in compression.

In setting out the matrix, both the conditions of compatibility of
deformations and the equilibrium conditions are affected, similarly as in the

portal frames discussed in 2.10.

Referring to the idealised structure, Fig. 3.21, the equations for

compatibility of deformation and equilibrium of forces can be set out as follows:~-
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= % e oL AE Ty R Ty A AT e ) i S 3.21
and the equilibrium condition becomes:
: —ﬁLT—M Mo j’ Wo + Ptans, SR L SNTER RS 3.22

The values of €, and C,, axe shown in Fig.1.071 for ¢ and ¢ respectively and:

R/Oh , 2Mo. 104 . Mw+Mia). 3% te, =
ol g ST e ad 3 + 5

’Z_Z PL-:‘/OMN -»‘-9@4 M ) o) #Mas) “‘_:-I"" 3.23

Introducing equation 3.23 into 3.21 and multiplying both sides of the

GEL
A

equation by we obtain:

Ll £l
MN. '}I‘ -+ gcao) Mla C‘a/ (A A)G

. or denoting r = ‘—éz-'—['{&"- and p = %we have
: b

Mo(r + 2cont JOx 228 107%) = 1.3/2300.M0 +
o /bﬁo/”fz v“a/ﬂ_w -/-8/'495 +7M_-32 > o efc)"(Ao-A,)._G‘éjc-_ =0
AZ

Taking 2 colF :

Es = 200 LN/mma
2T

wosm gy iAo

p = 24x /355 DI AV
| 25Gx 5707 < &552

een 400 ,
T A 57@/900;:/0%/555 O
T T Co = /°3/23

From equation 3.22

Mo, #M)p = "2/"%/& o /D(A.*—A,)
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or
)
M0I+Mfa GEIEA A ] st 2 WA

_ Q00x 25672 2
= 500005 /3538 = 00”2

‘Similarly for level 1-1', compatibility condition 211" becomes:

(o b g7, = Mooty — M2y =
| ~Ls 82 - __25 Y

L6 Gi{a _12L [, [:5p+ Moy +-E Mo+ EMyz e.ﬂ

Mo Bl Sl 2 Mrcr = @_ _ANBEL: -

24 £
—_— ﬁ——%iz E’.‘sp?"‘ﬂﬂof *8/0(/0 *&MIE - o z‘*ﬂ

4+0.000021 M +1.468,718 M +3.968718 M, -
o1 . to 2

- 1.312318 My, +0.000,016 M,,, +0.000016 M, +

H ! 1 ; M O 2 +
+ 0.0600014 \4344‘0 000014 1“43 +0.00001 1\445

+ . = hY 5
0.000012 M46 0.000009 154 + 0.000009 M56 -

"+0.000007 M _ + 0.000007 + 0.000005 M__ +
65 6 76

+ 0.000005 M?S + 0.000003 87 + 0.000003 le89

(-)E = 0

2nd condition for compatibility of deformation at 1 is:

— ' Co A C:I A e » A ng/b
o Ger. e SE MaZir * N CEL

_AA, A=A,
%

Multiplying by 6EI./h

_Mo/ o, e 21”{0 c,/ — .QM/Q Cyy ™ ﬂg, C,z H(Ap_ZA,"'Az) éffd

—BI23 My, w 23892 Mo — 2392 Moz +/5/23 M2s —

—(A - 2A, _,,_A)GEJG go
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Fig. 3.22 shows these conditions presented in numerical matrix form. The
solutions given in Fig. 3.23 are plotted in the bending moment and deflection

diagram cof Fig. 3.24.

SOLUTINNS MlA
0.3724928783E 0 [on
G.1178513347E L2 A.

0.2744453954C 34 |10
0.35748583971E uu |12

U.1075251142c 2 A
U.34L01659515E Ju |21
U.35415a0u22E8 49 | 23
0.9526300225E 1 Az
0.3503129291E ud |32
0.3574133597/E iy | 24
0.82573262537E i1l As

0.3925564526/E U 43
U.35323272115 Ju |45
0.69801684135E 0 Ay
U.353u7 68SIE i |54
0.3530933u66E 1u |56
0.570036632%E 1 A_,
0.3532211202E u G5

0.3524794624% (i

id | &7
0.4420520154E U1 Ac
0,35247564749E VU | 7@
0.34889%40761E Ly |78
0.3142“'.‘54&]'?E U A7

0.35482797%92E LU |87
0.32774757815 ¢u |89
0.987911094/E 1. As
0.36201120680E Ui |98
0.2024765741E UV |910
0.6972U%2145E i Ay
0.4099264494E Lu [109

ERROR = u.0.r3an30uk 93

Fig. 3.23  Computer Solution for Instability Analysis
of 10-storey Steel Model.

3.30 Instability Analvsis of 10-storey Stee! Frame with One Column

Axially Loaded.

The analysis is made, using the force-displacement method, for a
10-storey single bay framework with ail columas identical (I.) and all beams

identical (I,). The analysis, developed in general form, takes account of a
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single lateral load W acting at the top of the frame, and various axial loads
acting at each beam/column node over the full height of one side of the 10-storcy

frame. The idealised structure is shown in Fig. 3.31.

Compatibility of deformation at O

/ Z.. A Aa ""AI
+M°’{3£L—. 3/51) Moy fr . = =27

/OO’. #Mfogé‘[a

Multiplying this and subsequent compatibility of deformation equations
by 6EI_/h and equilibrium condition equations by h results in non-dimensional

factors of M.

Mo+ Mof 27 2r) — Moy 72— Ao'-/;A, ___@ffc o

Compatibility of deformation at O’

2, . A 2 = ¢ A - Ao —A
OOII Mo}éﬁj *Moz/gzyr--"-zz_}:—.) Mo 62‘5‘: z

Mo +Mos( 2w Deos)-Mrivcor —A-A) GLemO oo 3.302
Equilibrium condition O-0O'

Mor# Mo 4 Moz Mo — yy 4 PO(A _—A,)

’/“M ""/”:o Moy + Mo —/Daﬁdo +e1A’=WA ......... 3.303

Compatibility of deformation at 1

2//'I —M;,é%.[c +/H;33ﬁ£’—1; +W,O+M,2)34‘§Z—' %/b*/ﬁ/?)‘azm-A"‘Az

— M+ My 2+ M ,2(2427) =Mooy —Myzr (DAL £l - 0.3.304

42
TR _/_.l’___ A: -l A A— Aa-A; A "'A
o/2 MM éﬁjc'*ﬂmj‘_‘ézc Msz“E". .fc, +M2’6£.[c. = y 3 e 3 2
Moyt 2 Moo =2 Myg 4 Mas-(Au=2A,»ANCEL ) e oo :
Moy /0 12 2/ (A. b Ag)—z—z"_o 3.305

Compatibility of deformation at 1' _
w2 ~Mo+ Mm)-ég—jé Mo +M:&3‘L—§; + Mz é—gﬂz — Mz égfya =‘—é'%4‘—
I ~ Mor=Mazr + Mo 2r f-M/g(Zr 7".26/?) —Mzy Cay —

— (AL B )GE! =0 e 3.306
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o2’ _M /ZCa/ ,/.M AC{’ _/M; ﬁ.c,{, +M , écz‘/ L
/ 5 FEE~MegE AN gEy
_—_ég—-gA,-f'Ag)
3 k’ *

where €, is flexibility coefficient for 1'0 at 1" and

C,yz is flexibility coefficient for 1°2 also at point i

"Mo'xca’; +M!'0 26(?0 _M/fz 26}"}2 ""ﬂzl}C3" -

e (A =2A, -,«A )65‘7“ O ===mmmmn- 3.307

Equilibrium condition 1-2

M,ngﬁzz +Mm="/1’f=f = W+*/A %Z__)-f-P @ A

Mg +May+Myg + Mz —A,.-z/g-f_ Aﬂ% :;&/?)v‘-A,/Dz' = --3.308

Compatibility of deformation-at 2

302" Mostizr, + Masprs HMa* Mes) 577, ~Mer Me) 57,

- Az—Aé
~

~Ms 2 +Ma-_~.(£%2r)+/tdz, Pr Moy r —Masr —

~(A.—A, —GL—‘;:—;!-& =0 emmeeee- 3.309

6£Jrc.

_ﬂﬂ+2M2/ 2”25""/”.52 "'(A ZA

Compatibility of deforiation at 2°

fay .[- / L—_ A Acﬂl ACQ} _A
223 W,,fﬂgb)é-—-—‘gj‘ Wa'*ﬂﬁ)jﬁjé ‘1"/”9_5 ﬁf: " 92 Tﬁf =.

_/"{517’-'/”557' 7"/”2/27“' ?"/“g; (é?r 'D".ZC;@)“M_;QC}:&_(A Az)eﬁéj; = ~-33//

15487 % AC.(R }(,Ca’af AC AC‘ A:”Az o Az—A
ol "asz.:z.:"’” 3EL" 3227@*’” oy Al e

-Mzbcz'a ""/wzf' 2¢cz%, "/Hz’.s 2 Colps 7~ /H.a-'z Cylg —
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— (024 +A)6£1¢ e 3.312

Equilibrium condition 2-3

. M.-,a.;;MM  Mas 7;:”5’4 i W,‘z%'[‘A,-A_,) JBB-A), BAA,

Mas+Msz #Mas+Myz = W+ A-B'%.;.,«- A’_g}: » A, _’;%_ —

3k 2A

Remainder of equations can be compiled in matrix form and solved in

AR /b) --------- 3.313

the usual way.

3.40 Experiments on 10-storey Steel Model

To increase the sensitivity of the frame to high order effects of elastic
instability a very slender frame was constructed in which beams and columns were
of identical seétion 1 inch (6.35mm) square, made from ordinary mild steel. The
10-storey single bay model has a span of 376 mm and storey height 256 mm.

‘Fig. 3.41 shows the position of strain and dial gauges as well as the arrangement
of lateral forces and one arrangement of gravity loads. Tests were performed
for 3 gravity load conditions: axial load P applied only at the top of both columns;

axial loads of equal magnitude applied at each node to simulate more nearly the
condition in practice where successive fbor loads are carried throughout the

height of the building; and axial load applied to one column at nodal points .

The four loading conditions are shown in Fig. 3.42. The case a) is

used as a control test.

P P -

W W W ~ W
4 r;
by, t‘) E\
b N y
c;_ :\ :\
& ) &
| D
q &
d <
q )]
MM @@ i O meoSsSE S AN

a), b) S c_)_ T ' d)

: iy : s
Fig. 3.42 Load Test Conditions.
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The experimental apparatus is shown in Fig. 3.43, 3.44 and 3.45.

For the primary load test (Fig. 3.42, case a)) the load deflection
performance is shown in Fig. 3.46 for a load limited to 40N. This gave a A,/W

ratio of 0.857 mm g=f

In the case of the test taking instability into account (Fig. 3.42, case b))

. the non-linear load deflection curve is shown in Fig. 3.47.

3.50 Discussion of Test Results for 10-storey Steel Model
WA >
CET

Lateral deflection coefficient x

where lateral deflection coefficient is 9.1123 from primary analysis

(Fig. 3.13).

Ay 9.1123x 256°
_W 6 x 200,000 x 135.5
-%" = 0.9402 mm.N~/ for primaryeffects @ =vose=ees 3.51
Similarly for instability analysis, with axial load P = 400 N,
: 2
A\, = lateral deflection coefficient x %27-'
A. b 2y
W = 11.7881xw .from Fig. 3.24.
¥ -/ : o [ :
...“_/0. = 1.2163 mm.N ~ for instability effects =~ ========< 3.52

Equations 3.51 and 3.52 enable the theroetical load deflection curves to *

be plotted .

Comparison of data in Figs. 3.13 and 3.24 shows that the instability
deflection at the top of frame is 297 more than that for the primary analysis.

Similarly, moments are greater. This is shown in Fig. 3.50.

A comparison of theoretical and' experimental load deflection curves for
primary and instability effects reveals good agreement as shown by Fig. 3.51.
It is seen that the analytical curve for instability effect is linear whereas actual

deflections give rise to a curvi-linear characteristic resulting in greater deflections .

Moments, both theoretical and experimental, are compared for node 9;

the particular moment chosen is Mgg. The chara cteristies are shown in Figs.

3.52103.54.



Fig. 3.43 10-storey Steel Model Subjected to Instability Test with Gravity

Loads at each Node.



Fig. 3.44 Instability Test on 10-storey Steel Model with Gravity Loads

on One Column.
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4.00 Concrete Frames with 2 columns @ theory and experiment.

Two frames, one 10-storey the other 6-storey were ana lysed, made and
tested for primary and instability effects. For each frame the model is subjected
“to a single lateral load applied by a hydraulic jack at the top of the frame.
Instability effects are examined under the action of varying lateral load at the
frame top and a constant axial load applied to each column again at the top of the

frame.

The purpose of this work was to develop primary and instability analyses
and compare the experimental behaviour with the predicted values of deflections and

bending moments.

4.10 Primary Analysis, 10-storey Concrete Frame

Fig. 4.11 shows the idealised form of structure and assumed shapes of

deflection and bending moment diagrams.

The primary analysis is carried out using the following data:

Columns : 50 x 100mm ; I‘_; =-1-1§-x 50 x 1003 =4,16 x 106 mm4
Beams : S0x 50mm ; I = TIE" 50* =050 % 10° wna”

Ratio n =7[f = 80

The compatibility conditon at the point O is:

e R T L Y
@ MoloEZ ™ 354) Mo GET %

Mol r 2e) — o ferA D) Efe - O

or  BGOM,~30MHA-D)EE -0 . i1

Equilibrium condition at O becomes:

O_O’ MdI+MIO = %-M

Mo ll, = 90We o\ o RS s 4.12

- Similarly, the element matrix at point one, formed of two compatibility conditions

marked as 211" and 9012, and one equilibrium condition 1-1', are as follows:-

21" (Mo*Mafbgr; # Matie — Mo Bz, = 557>
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Multiplying by EI
Mo T +/f4,a(”1+i) Hor o (B )Ede = O

BOOM, ,» 860l ~30Ms A AY2 O wonmmeee )
4 4 A-A _A_A,
02 ~Mor iz "‘"”m.aez Wi s i M

Mo # My fe My Gty B (A #28,-A )L = O

~ 30M.,, + GOM 60/“,,*.50%,.,(—444;@%- -~ 4.14
‘ Ma, o/ 10 W,
eyt Lozl Bl - 7
/”/2 +M2/ /”af zo bad %‘é' = 90]/\{ _________ 4.15

. The main matrix can now be set out as shown in Fig. 4.12,

SULUTINONS M A
o 0.7179720:55E 02 o/ L
0.54932927% E 06 Mo

18202739315 02 /0
.59A2377141E 02 /2
.48R1297645E (6 A,
30375227536 02 2
507406918B3E 02 23
.4232023+25E 06 N2
. 39259%30791E 02 32
.43149%926720E 02 34
.3564421707E 06 As
+468B5073206E 02 43
3514142025 02 | 45
2853313765 06 Ay
«5485857164E 02 54
24315411 Q4E 02 56
.223275%4197E 06 Ns
.55&5458»4 E: e 65
1017085953 02 o7
.150915“674‘5 06 Ao
. 7982364 05E 02 6
«12411361.12E 02 78
.1014%45559E 0k L7
.102411359/E D3 87
.4791063572/E 02 B9
.5127695433F 05 As
13791 76554E 03 | 98
.1043148044E 03 Q/0
.1478833237E 05 No
.1945148:: 4 £ 03 709

~
’

o
‘

oo ooooioco|ooojoo oo clooo oo cloo o

9

/0

ERRDR =  0,18543546726E~117

Fig. 4.13 Computer Solution for Primary Analysis of 10-storey

concrete model (for W, = 1)
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Fig. 4.13 shows the solution of this matrix for W, =1 and for all
other loads equal to zero. The diagram, Fig. 4.14, shows primary moments,
forces and deformations which will be used to compare it with the case when

secondary effects are included.

Note that-actual deflection A = Computer solution x Ell
c

6
_ 0.54933 x 10" x 180 W

= 3 =0.0009492W
0 25,000 x 4.16 x 10

For example,

4.20 Instability analysis, 10-storey concrete frame

The instability analysis is carried out on the concrete model shown
in Fig. 4.11. An axial load of 35 kN is applied to both columns. The following

data were used:
L='- Goomm,- A,=/C§Omm; > n[iﬁ. =5
&

] 2 50x /00* = 2./@ x /10%m*

25000
For P = SSkN - O x/O0 ™ 7/\//»:»:,“'

From _Q(/ L / = O37944

Therefore from Fig. 1.071, C__ =1.0105and C,, =1.0175

]

Setting out the compatibility of deformation conditions, we have for

point O:
o Mo @151 ;EIA ) Mo Zﬁf Loyl — £
Sy, "4%74\: - 2%%“) +# etec.
-2 By s Bazhs) , L20)
va.___.EALA’ /M.,L,L _o;ﬂ b “G:I
O_ : MO,(@ S ’4') —~M,, c‘-‘/* +£A1./p E:;”+ Tro 5702 4 ate+

* (D, —A,)%e .
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Finally we obtain:

o 860.0668, 58 M,, - 30.52157 M,, +0.003429 M

12

+ 0.0038, 38 M21 +0.0038, 58 MZ3 +0.0044,091 1\432 +

& 0051, +
+0 .0044,09 M34 +0.0051, 44 !\443 +0.0051, 44 M4S

0 / ; +
+ .0061', 728 M54 +0.0061, 728 MS6 +0.0077, 16 M65

+0.0077, 16 M67 +0.0102, 28 M?6 +0.0102.88 M?‘B 40.0154, 32 MS'}'

24,39 M 0208 &4 M .0208, 64 \ +/A-ANELe _
+0 .0154.32 M) 40.0308, 64 M 40.0 fo0t (B AYEE - O

Simarly:

’ L /Z Cfa/-" -A,—Az_gs:
2_{! Wm* fﬂ)@é! Mgéfjc _M’Zl@‘g?; T LV

QM::;""Q(/”za""Mz 2&” ,7"/” o
Sy = Ok E 2 + 52,5,:2) pa i

<

EA_LA

Q§V:= A Ma:*/p’;,«o Mz —+ Me;;MQL% ¢£a

From which:

277 0.0034,2933 M + 800. 0034, 293 M__ + 860.0664, 29 M

+
01 10 12

o 1'1 40, D 5 i . ’ fo
, 30.521142 N 21 0.0038, 58 \423 40.0044,0914 M32

+0, .005 .005
0044,0914 M34 +0.0051, 44 M43 +0.0051, 44 M45 +

+0-, 28 M. +0, ¥ : +
0061, 728 \I54 . 0061, 728 M56+000716 M65

40 .007716 Mﬁ? +0.0102, 88 M?() +0.0102, 88 M?S +

40 .0154, 32 MS +0.0154, 32 ! \1894'0 0308, 64 M98

Bl
— I = O
+0 .0308, 64 Mgm + (A )

592' (A”g;?"Mgé) '—E-T - Ma!’& Eg[ M Caz A A 2750_\/;

A EM,,+ Qm,ngz) # 2(Ma, # Mas) 2@432;%3)*‘%'

_chv,.n L [g@r - Q(Mt:g"'/“fz) e 2@%&)7’- ¢Z«ﬂ

74 EALA

0.9038, 58 MOI +0.0038, 58 MIO 40.0038, 38 M12 +

+ 800.0038, 58 M, . +860,0668,53 M__ - 30.5205,908 M

21 e ] ‘-.23 . . v 32

(#]]
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+40.0044,0914 M, , 40.0051, 44 M43 40.0051,44 M ,_ +

34 45

h .0102 015 +
40.0102, 88 \154 40.010288 M56 10.015432 MéS

40.015432 M67 40.0308 M?S +etc.

In a similar way the main united force- displacement matrix is scl out

as shown in Fig. 4.21.

It should be noted that the compatibility conditions between any column
and beam now include all moments in the frame, while equilibrium conditions
include deformations, i.e., the equilibrium becomes a function of the deformed
shape of a structure. In addition, the effect of altered flexibility of compression

members, i.e., the effect of instability functions is also included.

Fig. 4.22 shows the distribution of moments, forces and deformations

forW°=land for P = 35 kN.

The increased deflections and moments due to the instability effect of

axial column loads is shown in Fig. 4.23.

4.30 Experiments on 10-storey concrete model

The purpose of tests performed on concretc models was to introduce
very high axial forces in columns by means of jacks in order to show instability

effects.

At first it was thought to be necessary to make a provision against
lateral buckling. This was achieved by joining two frames at a certain distance
apart using concrete spacers and bolts as shown in Fig. 4.31. Later this
precaution was found to be unnecessary, because no lateral buckling was observed
and therefore only single frames were tested as shown in Fig. 4.32. The above

figures show the arrangement of the experimental apparatus used.

The details of the 10-storey micro-concrete model used to test for

primary and secondary effects is shown in fig. 4.33.

The first test was conducted to assess the correlation between theoretical
and experimental deflections and stresses. The model, securely clamped at the

base, was loaded with the aid of a single jack at the top.

The load/deflection data are given in Fig. 4.34, The residual

déﬂection; roughly 20% of deflection at the full load of 1200N, suggests that
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rotation of the whole model may have taken place. It was considered that the
magnitude of loading was insufficient to cause cracking of the concrete which could
also have resulted in permanent deformation after unloading. In subsequent
tests, dial gauges were set up to measure deflections and thus rotation of the

model base.

4.40 Discussion of test results for 10-storey concrete model

In these tests, the deflections were consistently greater than predicted
by theory, being roughly 3 times greater. This poor correlation should be
considered in relation to the very small magnitude of deflection, a maximum of
4mm. This poor correlation, Fig. 4.41, is probably due to two effects: rotation
of the model base within the test frame under lateral load alone, and secondly
micro-cracking of concrete at an early stage of loading, particularly at the

joints, when steel was congested to provide for anchorage and laps of bars.

Difficulties were also encountered in the measurement of strain possibly
due to the effect of aggregate size on the effective measuring length of the foil

strain gauges .

The procedure for this, and subsequent correlations of theoretical

and experimental values of bending moment was as follows:-

i) From the graph of strain gauge readings for the gauge under
consideration, the average gauge reading for a particular load was
established .

ii) Using the calibration data, i.e. that one division of strain gauge
reading corresponds to a stress of 0.153N/mm2, the stress at the
gauge position was calculated .

iii) From the well known relation? = .5! the experimental value of moment
at the gauge position was calculated.

iv) Finally, assuming a linear variation of M with column length between
nodes, and using similar triangles, the experimental moment at the
particular beam/column node of interest was calculated. This was

compared with the theoretical value obtained from the analysis.

Consider moment at position of strain gauges 1 and 2.
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Fig. 4.42 Bending Moment Diagram for Column 01.

From From. 4.43 the number of strain gauge divisions corresponding

to W = 1180N is 4.75.

=4.75x0.153 =0.7265 N/mm2

_0.7265x 4.166 x 106

Mozey =01Jy = 50

Therefore Ggz(e)

Mezgey = 60562 Nmm for W = 1180N

From Fig. 4.44, the theoretical moment at gauge No. 2 position

Maairy  =(90 x -11::’3—% +18.2027) 1180 = 54280

5 M oi(r)
[_

17972

Mez(r)

Pow

\ .c-mr:?r . @

/30

S50

Fig. 4.44 Bending Moment Diagram for Column 01.
Compariscn of Mga(ey With Mea¢ shows that the experimental value

is 10.4% below the theoretical'value.

4.50 °  Primary Analysis, 6-storey concrete model.

The frame shown in Fig. 4.51 is analysed using the force-displacement

method .
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Compatibility of deforma 1ti0n at O:

L A A 4.-4,
¢ Mooz + M 3‘27 i TR ey

Multiplying this and subsequent. compatibility of deformation equations

by 6EI/h to obtain non-dimensional factors of M, and letting L/h = r
GE i
Mo,(r-f-f) Mm(A A) = O

Equilibrium at condition O:

2(Mo,+M,.) . Wh
(_ﬁb—_) w A M,,v‘M,,-:-?—-

Compatibility of deformation at 1:

_/_’/2 5 M10+M12) é&! + (M""’-M"),é;? e Mfz.'a%[" = Mg;-a%i - —7'1_3-A’HA

Mur My + M Zr =My 2r—Ma, #(Ba-B)SE = O

M,ar-t‘M,,@* "‘2) Mz; ""(A A) 65[ o AL WM | g, oy (5)

2nd condmon for compatibility of deformation at 1:

i i A Aa AJ A —A,_A;_Az
0/2 M‘”@é! +M"’5£—1 M,zjéj +M”G£] = P

‘_Mo{'?"Q/M/a .mez 7"/”.2/ —(A ,QA +A2) 6‘51 O e ATe 0 AR {4)

Equilibrium condition at 1:

gﬁ”zz ""Mﬂf) i -?mw o> Mw) e
V) R

MIQ > M:?/ "'Mw _'M/o = Q

Similarly at node 5:

G55
_W-S# *Mx)é'gz 7"(/”547"/’4.5&:)3427 o M'“'Bézj‘ —Ma.sc;%-zﬂf’
M‘!_}r +/"f5@(7" +2) /He.s -—A_s @f;’ = O

énd condition for compatihility. of deformation at 5:
456 ‘
"Mf‘f’éz? # Mss Gy Mo Jirg + Moo birz =
DMy~ 2Mes #Mos —(A,~28.) 2EL
o f.s 7> 54 se *Mes ( .s) -
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Similarly at base, i.e., node 6:

¢ . As
Mos _f'f;.f ~ Mse. GEZI -~ A

QM@,.s"‘Mﬁe- A.s Q)fzj = O
GCET

Putting A A ﬁf" , the equations can be presented in general matrix

form as in Fig. 4.52. Substituting numerical values of h = 300mm and L =

600mm, i.e., r =2, for the model gives the particular matrix in Fig. 4.53.

Computer solution gives the following moment/displacement data (Fig.4.54):

ALt TINNE M A
N.QOAZRL2DLIFE (2 ol
0.1930247777F 0O Lo

N.S936157488F 072 /0
N.7R19212705fF 02 | 72
0.1627055680GE6 0/ Pa
N, 71R,74722721F 02 g f
0.75322,49004F G2 | 23
0.1267371565F G4 Vo o8
(.7667778Y9n 02 | 32
0.73L1892297F 0 | 34
0.89744L50694F 03 Al
N.76881077203%% 02 |43
D.AGT7240n4LR3F 02 |45 ?
0.53NA9L 7H6F O3 a,
N.R3I22759514F n2 | 54
0.3544%101217 n¢ | S©
N, 193a7069A64F 03 A
0_1145568984F 0% | @5

FERROR = N 2330350572V -0N9

Fig. 4.54  Computer solution for 6-storey Concrete Frame,

. Primary Effects.

These values are now converted back into bending moments and
deflections, Fig. 4.55. For example, for W = 530N, corresponding to an

experimental load on the concrete model, we obtain:

Mo, = 906-38W = 4--:3.5 AN

' K2 300% 533
Ao = A P g W = A'x O x 26x/0°x520823
=/930-2 x O- 000/
Ae = /'/ﬁ-.’jmm
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4.60 Experiments on 6-storey concrete model

Two tests were conducted on the microconcrete frame detailed in
Fig. 4.61. The first test, usinga single lateral load applied at top of frame with
a load range 0 to 500N, was conducted to establish primary deflections and moments
before the onset of cracking at beam to column joints. The second test was
conducted under the combined effect of lateral load up to 900N and axial compressive

load on both columns of constant value P = 2220N acting on each column.

The load deflection curves for the upper 3 storeys of the frame under

T A £1~ atd

primary effects is shown in Fig. 4.62. Load GCICCUOR Curves 20T the frame

subjected to instability effects - varying lateral load with axial compressive load

of 2220N on each column - are shown in Fig. 4.63.

Electrical strain gauge readings were made at the positions shown in
Fig. 4.61. Considerable variation in their readings presented difficulties in

plotting and for this reason the data is omitted .

4.70 Discussion of test results for 6-storey concrete model

From the primary analysis, Section 4.50, the theoretical lateral

deflection at the top of the model for a lateral load of 530N was found to be 1.185mm.

Theoretical and experimental values of deflection for primary and
instability effects are shown in Fig. 4.71. It can be seen that the experimental

primary deflection is greater than the predicted value, i.e. by 56%-

The experimental instability deflection is 14% greater than the primary
deflection. This is considered to be a true indication of the instability effect,
despite the very small lateral deflections involved, as the onset of cracking - a
principal cause of increased flexibility and deflection - is witnessed outside the
load range O to 530N considered. The increased deflection due to cracking is
shown as the discontinuity in the load deflection curve for instability effects,

Fig. 4.63, which occurs in the lateral load range 550 to 700N.
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5.00 Concrete shear W:l” with 3 colunns @ theory and cuperinent

Conercte shear walis with columas of widely differing section
properties are a common feature of il buildings. Here the force-displacement
method of analysis is applied to & 6-storey, 3 columu shear wall and the

theorctical performance compared with the behaviour under test of a micro-

concrete model.

5.10 Primary analysis for concvete shear wall

'l""l\n U -‘rlcFInf-tnd |n_'! r! 2 Flea~t -.,I ascumy wrl ﬂh anoo frr t ho 11'*-‘!!'\1:1 Ralala BT Tn.r‘“\

i e B i e - =

the analysis is based is shown in Fig. 5.10.

Equations of compatibility of deformaticn and equilibrium of forces can
now bz written. These are medified by multiplying the compatibility equations
by 6EL /h and the equations of forces by h. The matrix is thus expressed in

terms of non-dimensiona! coefficients. These are as follows:-

; _. A A,- A;‘A,
6 ’?@EI+M°’ 3EZ 354) WN M"""')ﬁ A .

Let A, [
=4 10+Mo1(2+2n)_Ma;n+Mmf/ @ ) O"“""“ 101

100" —Mybery #Mos S +/t¢‘,@.~317 Moy Lty = AZh =4,

Let —{‘-n r ; L =

~ Mot Mo 2 7 Mo Do =Mool - A Y B 2 O - 5.102
00" Mo gy HMos—Ho) g, = M g # Mo iy, =

=Mp, 72 7"/"0’; fn—Mo’a’(fn'#"?m)'f"Mo‘?m - (O -----5.103

0'0l|1|| +Mo‘v’

Moo G2 .551)" o BT, - A
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Moy # My(Or27) # Mo Zre~Myore—=Mizre + Mrs” 72—

~A,-A)BFs OLLnO  oomenee- 5.106
, )23 A ) h o A-ZA+A,
U2 =Mooy s Mgy y Hhaspy £ i gaps sy
Moyt 2Me =2 Mg+ My~ (D28, 2 )Gﬂ ----- 5.107

2‘1!1”

L v / 1 — ” & Lz =A"Aa
Mz ""/%227“ "“/‘fr?" 7 =M, am—M,vgm-(A A)i‘ff’ao - 5.108

012" A A A, -2A,+ A,
_Md! £ ""/”/5 :35[' /25 7 f’”ﬁ/é’z?;" e =%

= Moy -f-/ﬁ,s Pr=My2 27 # Mz’ 7’-(4;_?47142)%[”- s L 5.109

. L Ly
m;o M’Q)éfj 7"@4/07"/”;2 -/ﬂ//‘);"—z z?” 5‘54
7"(/4‘{;*'0 M, ”g)éﬁr =0

-—J’{,,,n ~M272 # M, 22 +M, 45 P — M?lfﬁnffm) i

AFMprn < Mg = O - 5.110
120y, v 2 b oA=L
My 6——7"@;0 ﬁfdéé-";.?&/”,ﬂﬂ /”g,'—trz —17'—3-

Moy» e + M0 Zon ""/“/‘.?(firz'ff,e)-zﬂa'//o'(d:ﬂ,) 71—4': 5t Wi 5.111

0%1"9% . A ol ek & - Q.28 »8s
-Mozm"'/”fam %eﬂ‘f’»{z!é’zj /u'

3
= Morsp 7+ MroZp -'ﬂrﬁgo-%/ﬂ/o —@,-24+Agé’i{'= e 5.112
Equilibrium at 1

M;g > Mﬂ/ '7"/“;& 7‘/”9 +M/”ﬂ 7‘/”2’/ -/”a/ M Mo’/'-M/ =

—~ Mo, =My o= O -~ 5.113
Similariy at base of frame:

6'65
“‘M.se."_fé;_c_._’ * Mes éﬁj - _A/j
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P 36*2/”5_5 A.*S 6‘5[’—'0 St = S N 5.114

676°5" "/H.sfﬁ'g'zz + Mes é"@; = -%‘2

—/‘15@?"1"/”@’5-?7"—23 DEL mey. T s 5.115
6'6"s" ~Msc AT 7+ Meors BZT= AW
—'Msfaa/o ""/”6‘554?/0 -As -—-~—‘-sz_[ R P A B T et e 5.116

Tor the dimensions of the shear wra 1l giur_.\n_ in Fig. 5.30 the fnl]m\'ing

values apply:

1= TIEX 50 2003 =3.33x 107 mm4
1 - 6: 4
Iz —Ex 50 x 100" =4.166x 10 mm
I,’n = Il'i x50 x :)03 = 5,2083 x 105 mm4
Thercfore: :
o L.L X LBEOx 3. 23 /07 Py 9(3
NE=Th 52083 x /05 x300

e ol W W

P r 200x3.33 x /07
“’”'”’72 5.2083x/0%x 300 o4

ol DS OX 2ot =
§ 7. " B208sx/0% o

20+7n) = 194 ; 2(n*m)=320; 2r=/6; 2n=/9Z2

The general and nuineric matrices can now be sct out as shown in

Fig. 5.11 and 5.12.

The computer print out given in Fig. 5.13 can be interpreted in terms

of moments and deflections as shown in fig. 5.14.

For a lateral load of 8000N (corresponding to a test load), the lateral
deflection at top of {rame, A\, = 24902 C where C = Wh2/6EL.

8000 x 3007
6 x 25,000 x 3.333 x 10/

= 24902 x

i.e. [N, =3.5859 mm for W = 8000 N. S

This value will be compared with the experimental deflection,
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Fig. 5.13  Computer Solutions for Primary Analysis,

Concrete Shear Wall.
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5. 20 Instability analvsis for conerete shear wall

This analysis, for the 3 column shear wall shown in Irigr. 5. 10, talkes
account of the increased flexibility of columns duc to axial load bul ignores axial
deformation of columns in the setting out of the equations for crts:ng\.:tibi:lit.y of
deformation. Referring to Fig. 5.20 the typical element matrix at level 2 is
derived by using the force-displacement method. The compatibility of

deformation and cquilibrium conditions become:

Fig. 5.20  Idealiscd Structure for Instability Anulysis of

Concrete Shear Wail,
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now multiplicd by 6EI/h and equilibrivin

All comipatibility cquations anr
Al

condition by h,i.c. the matrix is then expressad again in terms ol non=dimension

cocflicients so that bending moments arc in terms of W.h and deflections in tern

of Whi/01i,,

Denoting 7 = ﬂ—‘ 7 =

Mo Co g #Mas 222 7 (Mo Mes) 2 25—

(o # Mo Marzr) 2 HAD) S = O

ng; l +

322’

or 2nM,, /1{,‘;5 2/0,, #7)=Csa M
* Motz 7} + (A5~
123 = Cra Mz #2¢a0 Moy — 2Cog Moy # 32 Mz *
b (G2 :’)@5_/, =
22'2" =My My _ir_jfz -fﬂ'f,f, +/ﬂg¢,—/ffw.)£f:_£ 5
—-/H,g”?% -:f{%'/ v*/h’ag)% =0
or =5 My, = 1 Mozt LpMyy + 27 Mys —2@ o ?;)Mafzv o
7 My # 7 My
3'2‘2"~ ~Myp C _,,27L+M¢:3 s 27{;— -v'-/ﬂg@v?é:?f— -

Mo+ Moy sdor - ANCGEe = O oomenes 5.24

2’3 “Mz6,,27 "’"M.a’e

1'2'3' o /§C127_I,5+M25'c22



=360~

- QA,-,LA_,Q%L = = e 5.25
2'2"8"  =Mpper, + My 22 + My (fr C,,?‘) My N

~Ar A)@;f Ay |
19030 —=Mymgc,, ;—:, Mo, Cog 273 — M Cpp 29 #+Mavp s 7 —

~(A-28+A)CEE e O e 5.27
Equilibrium 4, +/l/f_,,2+/MM My Mooy = Moy —AA (B £ ln) +

A (Br Bt B)= WorW#l, e e

The typical element matrix can then be set out as shown in Fig. 5.21.

5.30 Experiments on 3-column Concrete Shear Wail
LXpP

A 6-storey model of microconcrete was made to the dimensions given in

Fig. 5.30. The reinforcement is shown in Fig. 5.31.

In the test arrangement, 36 electrical strain gauges were bonded to the
model in the positions shown in Fig. 5.30. Tie model was then erected in the
test frame (made of large size stecl I sections) and 6 dial gauges installed for
measuring lateral deflections at each storey level. In addition, dial gauges were
set up at the ends of the base, to check for possible rotation of the model base
under lateral loading. A further 3 dial gauges were mounted at the top of the
model to measure, if possible, axial deformations of each column under the effects

of axial loads. The complete test arrangement is shown in Fig. 5.32.

The shear wall was first subjected to axial compressive loads of 4484N
acting on each column. Lateral loads were then applicd, at the top only, in
increments of 300N up to a total of 10,000N. Deflection and strain gauge readings

were recorded by eye and the data logger respectively, keeping careful watch for
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5.31 Mould and Reinforcing Steel for 3-column Concrete Shear Wall.



nent for 3-column Concrete Shear Wall Model,
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Big. 5.33 Ultimate Failure of 3-column Concrete Shear Wall Model .
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To establish the amount of rotation of the hase of the model, readings
of gauges 7 and 8 were plotted against lateral load as shown in Fig. 5.34. Taking
account of the distance between these gauges and the height of the model, the base
rotation was converted to an equivalent lateral deformation at the top of the model

and this was deducted from the measured deflection to give the true flexural

deflection as shown in Fig. 5.35.

Strain gauge readings were meaningless, being either of very low order

or erratically high. For this reason the data were not plotted.

5.40 Discussion of Test Results for Concrete Shear Wall

Comparing the theoretical and experimental deflections, Fig. 5.41,
shows that the experimental deflection is 3.5 times greater than the theoretical
value. This discrepancy is large but fairly consistent with observed
differences of theoretical and experimental deflections from tests on the 10-storey
-micro-concrete models. Such differences are attributed to extensive micro-
cracking of the model caused by shrinkage and the high restraint imposed by the

large amount of reinforcing stecl used in the model construction.

This phenomena would also account for the erratic readings of the
electrical strain gauges making it impossible in this test to correlate theoretical

and experimental stresses and moments.
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6.00 Elastic Instability of Frames Arising from Out-of-plumb Construction

In practice, all tall buildings are out-of=plumb to a small or large
extent and the problem arises: to what extent this is detrimental; what can be
considered as an acceptable limit; and how to take this effect into account in the

analysis?

To explore this, several analyses have been made including the effect
of out-of-plumb construction subjected to gravity and wind forces, and

experiments were made .

A 10-storey frame with practical dimensions, with and without out-of-plumb
‘inaccuracies, is first analysed for primary and instability effects under a range of
lateral and vertical loading conditions. Next, using a 6-storey micro-concrete model
with large out-of-plumb inaccuracies, the theory is developed and compared with the

experimental behaviour of the model.

The analyses are made in two stages. In the first stage only the
"primary" analysis is made including the effect of eccentricity of gravity loads
on the out-of-plumb frame. In the second stage, some or all of the effects of
elastic instability are includéd, i.e. the effect of axial forces and deformations,
the effect of altered stiffnesses (or flexibility) of members, and the effect of

altered geometry of deflected structure, i.e. the effect of large deformations .

6.10. Analyses of Practical Out-of -plumb Frames

A ten-storey single bay frame of practical dimensions (stofey height
3.6m, span 9m) is taken as a basis for the force-displacement analyses for the
several cases shown in Fig. 6.100. Six cases are examined. Cases 1 and
2 relate to primary and instability analyses assuming the frame to be straight
(free from out-of-plumb inaccuracies) thus providing a basis for comparison of
out-of-plumb effects. Cases 3 and 4 consider the out-of-plumb frame under the
action of gravity loads with and without lateral loads but ignoring elastic instability .
Case 5 includes the instability effect under gravity and lateral loads, while Case

6 examines the effect of lateral (wind) load acting in the opposite direction
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For the first stage the primary analysis is made first in general terms
and is then applied to the practical frame and also, later, to the model used in

testing.

Based on the idealised out-of-plumb frame of Fig. 6.101, the clement

force-displacement matrix is set out at the level 2-2" as follows:-

133 Mz éﬁfc. "‘/””’ZA 7 ~Mas La/iéjc * Moz G:'AE/; =
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These equations are now modified by multiplying the first two equations by 6EIc/h
and the last by h. The general matrix becomes non-dimensional. This is shown

in Fig. 6.102.

In the second stage, the analysis of the effect of out-of-plumb construc-
tion includes instability parameters, i.e. the effect of axial forces on the flexibility
coefficients and the effect of large deformations. Not included is the effect of

axial deformations (the latter has been considered earlier).

The element matrix is based on the following conditions of compatibility

of deformations and equilibrium of forces (where L=ls=1):
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The loading cases for the pfactical frame shown in Fig. 6.100 are
now analysed in sequerce. The following data apply to each analysis:

Column and beam sections are identical; depth = 0.6m, thickness = 0.3m.

L=9.0m, h=3.6m, E_=28 Wifmme, 1= éx ax 5 = 000540,

ol = 151 200 am?, = Ty s Yae aas kD lanr = La%8 x 1077,

P applied axially at each node = 100 kN i.e. P0 = 100 kN, Pl = 200 kN,

P. = 300 kN etc.

The frame is first analysed for case l(primary analysis for the
frame assuming it is straight, i.e. free from out-of-plumb inaccuracies). The
diagram of moments and deflection is shown in Fig. 6.103. The diagram

of shear forces in beams and axial forces in columns is shown in Fig.

6.104.

The straight frame is now analysed for case 2, Fig. 6.100-instability
analysis taking column flexibility into account assuming axially applicd loads of
100 kN at all nodes. The flexibility coefficients ¢ for the variable column

loadings are given in Fig. 6.105.
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Column 2U Flexibility Cocfficients
01 0.092 Cos .00064 ¢, =1.0074-
12 0.13 Ci .0013 ¢, =1.0030
23 0.159 Cag .0019 c,s =1.0031
34 0.184 Css .0024 ¢y, =1.0041
45 0.20 Cos .0027 G =1,0047
56 0.225 G2a .0036 C =1.0062
67 0.244 ok .0042 c., =1.0073
78 0.260 Cor .0046 "¢, =1.0083
89 0.276 Cap .0053 cs =1.0091
910 0.290 Co .0058 c,o =1.0100

Fig. 6.105 Flexibility Coefficients for.10 storey frame with
Axial Loads of 100 kN applied at each Node.

The matrix is shown in Fig. 6.106 and the bending moment/deflection

diagram in Fig. 6.107.

It is now assumed that certain out-of-plumb inaccuracies exist as shown

in Fig. 6.108.

Unger gravity loading alone but ignoring the effect of elastig instability,

(i.e. case 3 Fig. 6.100) the general matrix is as shown in Fig. 6.109. The result-

ing bending moment and deflection diagram is given in Fig. 6.110.

The out-of-plumb frame is now analysed for the effect of lateral and

gravity forces, elastic instability again being ignored i.e. case4, Fig. 6.100.

The folloﬁng data apply:

For %- o7 £ = /00 AN

w
Wh (0 -5~ 0/25) = O-375 WA
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Wh (05 + _x,!_;:;; =0.890WA
W&(ﬂ'ﬁ—'.ﬁaatJ = 0-/52 Wh
Wh (0-5 — GO O

4 (0-5-C0as5) = 0.052 Wh

¥ rowe, = wh(F— /oa:.), = Wh (0.5~ 0:/25)

Wh(0-5+)02¢ = O. 792 Wh
Wh (-5 + 02\ = o.
(€ __7:;) 0-&32 Wh
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Introducing these values into the general force-displacement matrix,
Fig. 6.111,gives the particular matrix of Fig. 6.112. The corresponding diagram

of moments and deflections is shown in Fig. 6.113.

Taking clastic instability of the out-of-plumb frame into account under
the action of lateral and gravity loads, i.e. case5 Fig. 6.100, gives the general
matrix shown in Fig. 6.114. For P = 100 kN the particular matrix for W/P =
0.1and /P 0.5 is given in Fig. 6 115. The appropriate bending moment and

deflection diagrams are shown in Fig. 6.116 and 6.117.

The out-of-plumb frame is now analysed for gravity forces and lateral
loads of unaltered magnitude but assuming the direction of lateral loads is

reversed to represent wind acting in the opposite direction, i.e. case 6 Fig. 6.100.

It is interssting to note that the force-displacement matrix remains the

same but the load vector is changed. The load vectors are now as follows:-

LOAD VECTOR

LOAD VECTOR FOR W/P=0-/ FOR W/P=05

LP=/0W ’ A =2W
-_24 —Ra,)= Wil - - o “°) = Wh (L05-0/28'=-0.625 | == 0-525
Wk ~Ra,)= Wh(-5—22%) =Wifos 028)==0J5 | =-0-550

200 =
(..‘%4 +,a,ag)= W,é,(.. 2 7 2023) = W4 L054029)=-0208 | = -0-442
- Wh +Ba,) = Wal-} + L08s) = WALOS#039)= 0410 | == 0-420
/ _ 50a D885 =

(._%_i_ A %) WA ( 7__;_) = WA [05-0348)=~0-648 05696
( % ,%a,_,) wal} - 60"!) Wh(-05-0418)=-09/8 | =-08036
(W oc) WhL + 7029) = Wh [ 05+024)=-0208 | = - O-49/6
(_Pp‘t’fb + A a,)m WA (_ L 52@) = Wh[05+033)=~0/6] | =—0-4334
(-“2% B a,):- Wh (—2’ ~90as) = Wy L05-0/25)= 0625 | =-0525
(_Mg/ﬁ» - é}) = Wb (_ 2/ 4 /%049) B WA(-0-5-0-/5 0)=-0639 | = -05278

w/

The bending moment and deflection diagram for P =0.1 and 0.5 are

shown in Figs.6.118 and 6.119 respectively.
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6.20 Analysis of 6-storey Out-of-Plumb Concrete Model

A model concrete frame, shown idealised in Fig. 6.20, is analysed
for the gravity load condition in which axial loads P are applied only at the top of
model. The theoretical performance will then be compared with the test

results.

It is assumed for the purpose of analysis that the frame will sway to
the side i.e. the top of each column moves to the left. If, on the other hand,
the frame behaves like a concertina, some deflections and moments will be

reversed as indicated by negative signs in the computer print-out.

The following frame properties are adopted in the analysis - they

apply to the test model discussed later.

Q, = /00mm 62‘ =_7S5mm a, = S0mm

A = 300mm L = GOOmm £ = 9 000 Nfmm®
(See Appendizx)

I.=1, = ,ﬁ, X 507 = 520833»m % L, = 3/25mm

by = 500 9mm, Uy = 30/.05mm, X=/620°, fb=1/°50", ) =440

Equations for compatibility of deformation are written in the usual
way . Instability effects are ignored and it is assumed that beams remain

horizontal.

With regard to the equilibrium conditions, the method adopted is to
resolve fo.rces at right angles to the column immediately below the node under
consideration. Because of the discontinuities in the alignment of columns at
nodes 2 and 4 it is necessary to consider the axial and normal components of the

vertically applied load P. These are shown in Fig. 6.21.

The equations are formulated as follows:-
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Poa P Cos o

Pas = PCosct, Cos(@+X)
Paw = Pou Sinfx+8)
Pow = PCos occ. Sinfct+3)
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FPon = Poa \9‘}"(/-5"‘3/)
Parn = PCosce. Cos(cx~ ). Sin(jZ+))

\/.’mv

ol
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The numerical matrix for these conditions is shown in Fig. 6.22.
Computer print-out with solutions is shown in Fig. 6.23. The bending moment
and deflection diagram is shown in Fig. 6.24. These values will be compared

with experimental values given in the following section.

6.30 Experiments on 6-storey Out-of-Plumb Concrete Model

The micro concrete model shown in Fig. 6.30 has large out-of-plumb
inaccuracies built into it in order that axial loads will generate measurable

bending stresses before the onset of compression failure.

Electrical strain gauges were adhered to the columns on one side of
the frame either side of the beam/column junctions. Dial gauges were used
to measure horizontal deflection at each node position and also the vertical

deflection at the top of the frame. Vertical load was applied only at the top of

-each column, using hydraulic jacks separated from the model by roller bearings

to allow unrestricted sidesway. Jacking loads were measured with a proving

ring. The experimental arrangement is shown in Fig. 6.31.

The load deflection curves are shown in Fig. 6.32. Measured lateral
deflections (uncorrected) at the top of the model were corrected for the effect of
vertical deflection. Note that vertical deflection alone (no sidesway) wduld give
rise to lateral deflection recorded by the dial gauge because the stem of the
gauge registered on the sloping face of the column. From geometry, each unit

of vertical deflection at the top resulted in 1/3 unit of horizontal deflection.

From Fig. 6.32, the true lateral deflection of the top of the model,
for load P of 2000N, is 2.8 mm. From the theory, the lateral deflection is
0.000465P or 0.93 mm for P = 2000N. It can be seen that the deflection under

test is three times the theoretical deflection.

Strain gauge readings were taken over the complete load range but,
because of the detrimental effect of microcracking discussed previously, strain
gauge readings have been interpreted only for the small initial load range up to

300N. The data are shown in Fig. 6.32.
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Consider the column bending moment M, for load P = 280N. From

Fig. 6.33, the bending moment expressed as divisions of data logger output is

1-(9) -2 9 . 3.5. The calibration data in the Appendix (section 11.30) gives
1 division = 675 N.mm. Therefore the experimental bending moment is 3.5 x

675 = 2,362 N.mm.

The value of the theoretical bending moment using the data in Fig. 6.24,
for P = 280N, is M,, =38.7 x 280 = 10,836 N.mm. It can be seen that the

experimental moment M, is 20% of the theoretical value.

The form of the experimental bending moment diagram is of more
interest. Ignoring the readings of faulty strain gauge number 25, the distribution

of moments is shown in Fig. 6.34 for the particular value of P = 280N.

6.40 Discussion of Test Results for Out-of-Plumb Model

Corrected lateral deflections at the top of the model are shown to be
approximately three times that expected from the theory. This could be
attributed to the heavy reinforcement in the model and micro-cracking which

modifies the normal structural performance.

While the agreement between experimental and theoretical magnitude
of bending moment was poor, there was unmistakable correlation in the form of

the bending moment as shown from a comparison of Figs. 6.24 and 6.34.
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7.00 Elastic Instability of Tall Frames due to the Soil-Structure Interaction
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3 \| 1/

T e

B

Fig. 7.00  Soil-structure Interaction.

It has long been anticipated that tail and slender buildings may respond
significantly to the deformations of the soil subjected to the combined effect of
gravity and wind loading. The superstructure may then deform more than
predicted by the primary analysis because of the rigid body rotation produced by
the deformation of the soil, this is shown in Fig. 7.00. C_onversely: stresses and
deformations in the soil medium directly under the footing' may be affected by the
increased eccentricity of the resultant wind and gravity force. This problem,
termed as soil -structure interaction, is now well recognised and an added factor

in the consideration of elastic instability of tall buildings.

Modern tall buildings can be very slender and although their overall
mass tends to be reduced, their foundation area is often small, with high concen-
tration of loads. Such high pressure induced on the soil mass, combined with
large eccentricities of the resultant force on the foundation, may producé large
deformations of the soil mass. These deformations .ﬁre both translational as

well as rotational and can be plastic or elastic.

While the elastic deformations of the superstructure depend largely on
the stiffness or flexibility of the superstructure, the deformations of the sgil arc

a function of the soil properties and eccentricities of ioads.



a)

b)
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The following analysis is made Ixised on the assumption that:

the soil deformations are elastic, and related to its modulus of

elasticity or to the subgrade of soil reaction and that

the action of the forces is static.

: Noriazd) erfm.w:.

/
/

N Af‘/

=<

/
/

L — r
= |
D31 Pas
A e
---~-..|};|___‘_‘__‘-_‘-I
a
Fig. 7.10 Diagram of Forces and Deflections used in

Analysis.

Referriné to Fig. 710 the following notation is used:-

a, b

M

length and width of foundation

total heigiit of building to the underside of
foundation

the distance of the resultant wind force
from foundation

total gravity and wind force respectively,
acting on the shear wall considered
elastic deformation of the shear wall
rotation of foundation and superstructure
deflection of the superstructure due to soil

movement alone, and
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e - total eccentricity of gravity force
e . lrvg- is the 'static' eccentricity
s
k - is the coefficient of subsoil reaction

From Fig. 7.10

A"'/f-,d en which F{ = é ‘5

Assuming that "B é_ we have @ = L= Pz

For a rigid foundation we can assume that:
G ( G‘Jz)
AL S o —
/I!,Q - /._ A

Substituting Equation 7.20 into Equation 7.10

Ge Ge /2Ge

ﬁ'né.éa.zp-ﬁ st ‘z'): kba®
or 4 = Ge
77

In which the eccentricity e is:

Ve ek A ¢ a N AN 1

Equation 7.30 is valid for all values of e provided that tension

not take place, i.e. e £

(=

Introducing Equation 7.40 into 7.30 we obtain:

Ceh GA, VA _W.
l_— Af{',r = (A+A‘+AG)

A‘('

or A-AW 70_

From Equation 7 .40
= d) s
-’ (e " }\'—A P

Hes= then from Equation 7.30:

5a{=

@
d A_=.G
an G

6!

ws‘v

LB BB BB I LI 7-30

WSy 2

on the soil does

........... 7.50
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Fig. 7.20 Diagram for Overturning Criteria.
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Fig. 7.30  Details of Structure/Foundations in Example.

The following example is made to iiiustrate the procedure in invesrigating

the effect of soil interaction on movements cof the superstructure.
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All members in the frame shown in Fig. 7.30 are of constant value of 1.

1}

Assumed wind pressure 21.6 kN per floor

or W total = 216 kN
G = 2,000 kN
3
k = 1000 t/m
; -4 4
- = 5 0
Ibeam Iccnlumn 2.22x 1 »
E I 108 lcN/rn2

s

Iﬂsmdnf.:pn=r_'2' x 6x 123 = 864 m4

The element force-displacement matrix is set out at the level 1-1'

as follows:-

211' -‘Mg;é——-ﬂ.@ - M”BAZ +(A!/0 +* /’f,e)—cf'-zz = (Af *AI);(AKTL A’Z)

Loap s e n h A aw
012 M”@EIG*M”ﬁﬁg ’”’95‘_]'5,,*’”9!5'7'5,_

(D l,)—-(A,-f-),)_ A+ k,)-(Az-f- A
y A :

. °I i Mx sz / A,'"")., o Az+ ’12
vt Bt - 2wy oA TR (o 2]

Introducing numerical values, the main force-displacement matrix can
now be set out. This is shown in the Fig. 7.40. Fig. 7.50 shows the
distribution of bending moments and dispiacement. Valiues in brackets refer to
the primary analysis without the effect of soil interaction. It can be seen that

both the bending moments and deflections are appreciably affected.
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8.00 Effect of Cracks on Elastic Instability of Tall Buildings

Cracks in concrete members develop when tensile strains or stresses
reach or exceed the ultimate values for a particular concrete used. Tel_lsile
strains and stresses may be from the dead weight of a structure, from the imposed
gravity or wind forces, or from other efiects such as: shrinkage of concrete,
temperature variations, differential settlement of supports, excessive vibrations,

etc.

It can be expected that in tall building frames and shear walls, cracks,
once formed will have a detrimental effect on the performance, i.e. they may promote
redistribution of stresses, may increase deflections and lower the frequency of

vibrations.

In the following, an approximate mechanism of crack formation is
formulated and then the attempt is made to check its effect on the response of a

tall frame.

It is postulated that cracks form when the ultimate tensile strength
of concrete is reached. As a result, bond stress must then be reducted to zero at
the place of crack, steel is then locally stressed to a higher value than at a place
where bond is at its full value at the middle between the cracks. If, at this
point, tensile strength in concrete does not reach its ultimate, then further cracks
will not appear. If, howevez:. this stress is reached, then further cracks will
appear, until in this process an optimal length between the cracks is reached,
when tensile stress in concrete at the mid-point between cracks is less than

critical.

Fig. 8.01 shows this mechanism related to the stresses in concrete

and steel. The following notation is used:

Cee 'stréss in concrete in compression

Gecer stress in concrete in compression based on ultimate load
Ce resultant compressive force

Gz stress in concrete in tension

G5 stress in steel for uncracked section
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Gs stress in steel for cracked section
e resultant tensile force in steel
5
yzl bond stress in concrete
éﬂ the width of crack
-7 the position of neutral axis
L’ e distance between cracks
Es strain in steel at the place of cracks
£ modulus of elasticity of steel
(@) total number of bars.
o *1
e ¥
" 7s
WL /
/"""\ ;
. Tenssle
Stresses érv
cCorcrece
S4
fama'& |
SErasses
i s‘t;soL

Fig. 8.01  Diagram of the Assumed Mechanism of Crack

Formation in Element of Reinforced Concrete.
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Based on Fig. 8.01 we can write, that the width of cracks is related to

the "excessive" stress in steel (8% -&s) when cracks are formed, i.e.

S o "g/" &
or XK - _é_’(_{?’_ﬂ.‘sé-ﬂ) ...... eee. 8.10

in which the distance £’ can be calculated from the condition of equilibrium of

internal forces, i.e.
V4

7"— = //,-6;. i O?-ﬂ

Gr -g-ﬂ %%’- . ' PSR et R [

When the magnitude of the width of the crack is thus estimated, then its

effect on structures can be taken into account as foliows:-

a : | V4

@ 94.7‘9;. ) @ i : eé"'ﬁb _@

Fig. 8.02  Simply-supported Beam with Crack.

Taking first a simply-supported beam AB as shown in Iig. 8.02and
subjected to any system of loading, the formation of a crack does not affect the
distribution of bending moments but affects its deflections. The angular rotations
at A and B are now 0.._4-;54 and € + @ in which @ refers to the effect of loading

and ld to the effect of cracks.

From Fig. 8.02

Ay oL

and e o o ADNe
a 5
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from which the additional deflection at C due to the crack only is:

a. b.
Aw/am“_ ' Veseeisiues Baal
if d-r—’é:l'gé' then
L
Ac :::(,M-#.-_d- .......... 8.40
the values of;‘ are:
A 2
ﬁ@ -— = /“Ad
4L &
e Sl s o i 8.50

Example - Taking L=10m, a =b =L/2, /I= 1 mm and d = 600mm we have from

Eqn.8.50 Aﬂ,{“ﬁ.::_?;_%g.g_. = 4 mm
J a ]L L

Mé = ‘{wa-z

2
cwa®
oA O=2227
@ '

Fig. 8.03  Cantilever Beam with Crack.

To take a step further, a cantilever beam in Fig. 8.03 is used where it
is assumed ihat a crack is formed at B: Using the force-dispiacement method we

can write that at B:

& L Aad Wcz.-'-’
’”*‘_ (.—35;_"’551) m o T ea ey
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the'elastic’ deflection at C is:
A
& = ggzr PHHE /]
and the deflection of a cracked beam is:
A, =D+ pa=NCr pols
Taking e.g. a = 3000; L = 10,000, d = 600, the additional deflection at C for

Al = 1 mm is:
2000

Cha

: ,

@ L \\\V ®

Fig. 8.04 Two Span Beam with Crack at Intermediate Support.

Next, a two-span beam, Fig. 8.04, is used to illustrate the effect of
cracks or re-distribution of bending moments as well as deflections. If a crack

is formed over the support B, then we can write that
o > = -
Mp / SET 2 P4 Sha— &

in which @y, is the rotation BA due to the applied loads and ;D' due to the effect

of crack.
Taking ﬁ = /ﬁ—

. L+« _38E7
we obtain: Mg = M, 2(Z,+22) Z »1.
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or M&crm Mat-— é.&é_{

L »L,

Fig. 8.05  Effect of Cracks on Flexibility Coefficients.

To apply this theory to more complex structures, it is necessary to
include the effect of cracks on the flexibility coefficients. Based on Fig. 8.05

these can be written directly as:
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Fig. 8.06 Two-span Beam with Crack at Load Point.

For a; two-span beam as shown in Fig. 8.06 in which a crack is formed at D

under the load W we can write that:
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er/l . a
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Ehp = @ﬁlﬂ‘ -;‘-da)

It can be seen that if a crack at D develops, the span bending moments
increase and support moment increases. In the limit, for a wide crack, the span
moment becomes zero and the support moment is equal to W.b i.e. to the canti-
lever moment. The beam therefore does not need to collapse, since another

plastic hinge is required to form a mechanism.

For a beam to work as a cantilever:

Wby * 522)= %

Slz*é
S A= W T =

and since D = /c a..b

equalising these values we obtain

Wbl (L,*5)
& e

i.e. for the width of crack represented by the Equation 8.80 the beam may

(theoretically) work as a simple beam BC with a cantilever BD.

A reverse procedure may take place if a further crack develops at B and
span bending moment will increase until it is equal to the full value of the static
moment W a.b/L. Any further increase in cracks results only in increased
deflection at D without any change in this moment until stress in steel reaches

yield, and fully plastic hinge develops. This is the collapse of the beam.

The mechanics of the effect of cracks can now be applied to tall
frames. If we assume that at the place of ma.ximum stress (calculated for
homogeneous sections)  the crack may appear, then its width can be estimated
from the Equation 8.10 and the matrix can be set out 0 obtain the redistributed
bending moments and deflections. The procedure is therefore iterative. To
illustrate this, a ten-storey frame is used cf dimensions as shown in the previous

example, (Fig. 7.30 to facilitate comparison.
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The frame is assumed to have a substantial crack in the end of the beam
at first floor level such that Mgy =O. The assumed shape of the moment/

deflection diagram is shown in Fig. 8.07.

The non ~dimensional parameters for this frame are:

1y fy £Z
rimET A Ay

The equations for compatibility of deformation and for equilibrium are

set down as follows:-

100"~ Mo # Sy Moy + S Moo ~ g Moo= 255

Mo 2Moy# 2r(Mof) = r(Mor?) - (Do) 2= ©

~M,0 +(2# -"77")/”0/" 7'/‘;’0’/"" z(@A.,)+ 2(6 A,) = O

97 /Z bad I A L o L S e
SEE gy, My Moo+ 3y, Mo~ frzy Moo
~Myor 2 Moy 2rfows) = 7o) ~BiA)yC5t== O

=Moo' HZ22r) Morse~ rlyo = g(G4.)+ g(6d,)= O

£fu¢'!éér:-'um condition a?t O=-O’

[Mp;ZM/p) L WO'}’;’”/'Dﬂ = O.5W

MQI*MID f/“o#! *ﬂ//o’ = 0'5 WA

S A L o S A-A
£/ CET Mer # S Mo # 577, Mt — GET Mrr = =52
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-\
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Efﬂé({.’brc'um condcfion a? g-9’

_IEM;; +Mos) . (Msp’ zﬂpgﬂ +

_f_EM;/a:M;o;) %(“Mf’/az"tazojp’)] et W

"'"'MJ; —-M;a -—Mafpf --A!;’Jf 7~ My;p - M{p} "‘My’,o *Mfa/}! - /'0 WA‘

—'My{o e 2/”,09 - Z(6A9) =0

ot A/ Aéa A
1099 —G‘—E'T;M;ya'/' mM,o?/r_ 7;£

Mpf/o! = .QM/a:pr -— Z(@Ay} =0
The numeric matrix for the 50 equations is shown in Fig. 8 L8, 1t

should be noted that deflections are shown in terms of WhY/EI, and bending

moments in terms of Wh. The distribution of bending moments and deformations

is shown in Fig. 8.09.
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9.00 General Discussion of all Test Results

The correlation of experimental and theoretical bending moments and
deflections was generally very good for the models made of steel, i.e. the range
of portal frames and the 10-storey frame. The test results, discussed
individually under 2.30 and 3.50, show especially close correlation with theory
in the case of lateral deflections, both in form and magnitude. The data show,
unmistakably, the 'PA" instability effect which gives rise to greater deflections
and moments than indicated by a primary analysis. This is shown markedly in
the 10-storey frame where the lateral deflections due to the instability effect of
P are 30% greater than predicted and observed under primary effects, Fig. 3.50
and 3.51.

The results of the tests in the microconcrete models are discussed
in detail under 4.40, 4.70, 5.40 and 6.40. There was in each case reasonable
correlation of experimental and theoretical deflections. Generally, however,
agreement in the magnitude of theoretical and experimental bending moments was
poor, and thisl could be attributed to the high percentage of steel used in the
construction of the models, which could cause micro cracking of the concrete
eaﬂy in the load cycle. Another factor was the use of strain gauges of 7mm
gauge length which may have been too short to give average values. In all cases,

however, the form of the experimental bending moments agreed with theory.
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10.00 General Conclusions

The objects of this research were to examine and to formulate in matrix
form the high order effects in the analysis of tall frames suitable for office use and

to check experimentally the validity of the assumptions made.

The reason for this effort lies in the fact that the actual response of tall
building frames appears to differ considerably from that predicted by the primary
analyses, i.e. although no actual failures were recorded so far, there is evidence
of excessive deflections, vibrations and cracks which are visible indications of

the response being different to that predicted.

It is generally expected that this discrepancy is caused by many factors
which are not included in the primary analysis, some of which are difficult to
formulate analytically. The main factors are: the effect of axial forces, change
of the configuration of the elastic system, inelastic response of joints, out-of-plumb
construction, temperature changes, effect of shrinkage and creep, dynamic action

of loads, etc.

Some of these effects have been formulated and attempts were made to
check the results by carefully ‘altering only one parameter at a time in order to
arrive at reliable conclusions. It was obvious from the start that the programme
of work was far beyond the scppe of one research when e.g. the problem of
creep alone would absorb a team of workers full time. Similarly, the effect of

shrinkage or temperature changes would warrant a separate work.

However, while the analytical formulation was the main object of the
research, some limited amount of experimental work has been done. Analytical
formulation was made based on the concept of force-displacement, because the
formulation of the matrix involves a basic approach which at all stages has clear
‘physical meaning. Three basic requirements had to be satisifed whatever effect
was to be considered i.e. (1) the stress-strain characteristics of the material used
or its force-displacements properties
(2) the equilibrium conditions of members and of the whole structure with
the imposea forces or effects, i.e. a structure at rest must be in equilibrium until
failure occurs, and
(3) the compatibility of deformations must generally apply at all stages with
the exception of the ultimate condition. Even at the stage of cracking or inelastic
response of joints the compatibility condition, in some modified form, must also

hold.
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The method of the force-displacements offered the required tool for
taking these basic requirements into account. While the primary analysis based
on this method is now well established, the high order effects required further
work.

It was soon established that some effects lead to the non-linear,
although elastic analysis. These were: the effect of axial forces, the loss of
stiffness of compression members, the effect of the equilibrium being satisfied in
the deformed configuration, the effect of out-of-plumb construction, soil-structure
interaction, etc. It was also realised that some other effects could lead to
inelastic or even to visco-elastic analysis. The latter were not pursued because the
work would require a large team of researchers working over a long period of

time.

However, already the first efforts were encouraging when a simple
portal frame analysed for the effect of elastic instability showed unmistakable
response, different to that predicted by the primary analysis. The precision
of measurements was a problem by itself: it was not always easy to eliminate
e.g. the effect of movements of the base or the testing frame, temperature
changes, or to control exactly the magnitude of axial forces. In spite of these
difficulties and within a small allowance of error, the response of some frames,
particularly made of steel was unmistakably established, and confirmed that

the mathematical formulation can be made.

It was of great concern to the Author, that the formulation of these
problems can be made at all, and even of greater concern that this formulation
has been at least partly and to a limited extent proved - this opens a possibility

of more exact analysis and design to be made in practice.

With regard to the concrete models, it was realised that minute and
precise measurements would have to be taken, preferably in humidity and
temperature controlled conditions. Even with lack of fully controlled conditions
the results proved a definite tendency of the high order effects to show themselves.
It appears that the loss of stiffness of compression members is of greater import-
ance than usually accepted. The reason may be because the analysis itself is
more complicated being non-linear and has seldom been made so far. In this

respect the proposed formulation may encourage its wider use.
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In the other group of factors lies the effect of flexible joints. This is
a well known problem and the Codes permit the use of this concept. However, the
mathematical formulation was always an obstacle in its use. In this respect, the
proposed matrix may be useful. Once the inelastic properties of the connection
are known (based on laboratory investigation of typical connections) the setting
out of the matrix can be made. This part of the research was purely analytical

and no experimental verification was envisaged.

The effect of out-of-plumb construction was considered of particular
importance. While most structures are out-of-plumb to some degree, there is
a lack of information with regard to its effect on the overall performance of a
structure in conjunction with gravity or wind loading, and there appears to be no
information on how a matrix can be set out taking this effect into account. In
practice, the problem is left to a judgement rather than an exact analysis, and
arbitrary differences of opinion are expressed with regard to the "max permissible”
value of an out-of-plumb construction. It was difficult to precisely answer the
question. What is the effect of such constructional errors on stresses and defor-
mations in relation to a similar structure if erected straight? The proposed matrix
answers this problem in a quaﬁtitive way and offers to account for any form of the
out-of-plumb construction. The experiments gave a clear and good correlation
with the theory for the form of the bending moment and deflection diagrams. The
precise magnitude of these quantities is again a subject for in-depth research perhaps
using a steel model so as to avoid the problem of concrete cracking and changes in

joint flexibilities .

Much experimental work has been done to check the validity of the
mathematical formulation. Although the results not always correlated well, it is
felt that there is no reason to suppose that the formulation could be wrong. It is

-rather the tests which need more careful control and precise measurements than
the analysis needs modifications. The latter is based on "large deformations”,
includes the effects of elastic instability; the compatibility includes the effect of
axial forces; while equilibrium includes the so called P.A effect. In this respect
the res_ults. obtained are viewed as at least encouraging and offering the profession

a practical formulation of the problem.

Some efforts were made to formulate the effect of cracks on the response
of tall frames. This is a difficult problem, and the way pursued was deliberately

different than that used by other Authors in the hope of finding a new way of approach.
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A mathematical formulation of the matrix was made and this was applied to simple
beams and frames. However, any tests would require a major effort, out of
proportion to that envisaged in this work, and the problem was left at its analytical

stage only. It is hoped, that some future research can be made along these lines.

Concluding, it is hoped that the main objectives of the effort have been
achieved, i.e. analytical formulations of some high order effects has been

proposed in a form suitable for practical use in offices.



- 241 ~

11.00 Appendix: Determination of Elastic Modulus and Strain

g_a_llibration of Model Materials

This appendix gives details of the experimental determination of
Young's Modulus of Elasticity for the steels and micro-concretes used in the test
models. Also included are the calibration data relating strain to data logger

output for the model materials.

11.10 E Value for Steel

Without exception all the steel models used in this work were made

from ordinary mild steel bar, § inch (6.35 mm) square.

To establish the E value for the pérticular mild steel used in the
manufacture of these models, a flexural test was performed on a steel cantilever
and the.E value determined from the equation for flexural deflection. To take
account of rotation at the base of the cantilever which can occur in the experimental
apparatus, a bar of mild steel was adhered to the base of the cantilever as shown in
Fig. 11.10. By measuring the deflection of the unloaded bar and assuming that
its deflection is unaffected by the curvature at the base of the cantilever, the true
flexural deflection can be accurately measured by deducting from the total

deflection of the cantilever the deflection due to rotation of the base.

From Fig. 11.10, flexural deflection
A = total deflection - rotational
deflection = A—~B. The test data
are plotted in Fig. 11.11 from which

' the flexural deflection for W = 120N
is A =3mm. Using the well known
relation:

o7 WA’ ive
& A=z IV

W, 42
£ =RX"37

-

Fig. 11.10 Steel Cantilever
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Substituting values gives:

3
22 X s 198,018 N/mm2

B X et

This value agrees well with the generally accepted figure of E =
200 kN/m1112 for ordinary mild steel. For convenience in all following computat=-
ions, the above cxpefimental value of 198,018 N/mm2 has been rounded up to

200 kN/mmz.

Calibration factor:  For tests on model cantilevers and portal frames the

limited number of strain gauge readings meant that a "Boulton and Paul”
instrument could be used to measure the micro voltage associated with each

gauge. For multi storey models an automatic data logger was employed.

- The purpose of the present test was to establish the relation between
the instrument reading in divisions and the actual stress. A simple inclined
steel cantilever was used equipped with two strain ~ gauges as shown in Fig.

11,12,

The relation between lateral

®
A load W and gauge divisions is shown
o T
8,005 \ N o\ : in Fig. 11.13.
; N
/ \\‘ FromM =Wx 220 (N.mm) =64
Mo .1\" g R 4
' : @®). the value of @ can be obtained.
!
NL- G Substituting values gives

Wi 220x 3-/75

6'-- /555 = O-/!:f:W

Fig. 11.12 Steel Cantilever used forCalibration Test.

Therefore for W = 10N, &= 51.55 I\f/mmz, and the number of gauge divisions
corresponding to W = 10N from Figure 11.13 is 27.75.

51.55
27.75

Therefore 1 division = =1.8577 N/mmz.

* This value will be used in all subsequent calculations but rounded down to 1 divis-

ion =1.85 N/mm2 for convenience.

11.20 E values and calibration factors for micro-concrete

To establish Youngs Modulus of Elasticity and Calibration Factors for

the particular micro-concrete used in the multi-storey models, four different
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tests were conducted on samples of the relevant concrete mix. They were:

I Uni-axial compressive test on a concrete cylinder.

2. Flexural test on a simply supported beam subjected to
four point loading.

3. Flexural test on cantilever representative of concrete
used in'straight'frames

4. Flexural test on cantilever representative of concrete

used in out-of-plumb frame.

Control specimens used for calibration tests were cast using a standard mix of

ordinary portland cement and natural river washed sand.
Details of the tests and results follow.

Test 1: Uni-axial compressive test on a concrete cvlinder -

The test sample, 6" diameter and 8" long was mounted in a testing machine with
a device for measuring axial deformation at 3 equi-spaced positions around the
circumference clamped onto the sample so that deflections over a 5" gauge length
could be observed. The load was increased from zero to 15,000 Ibs and, as one
would expect, dial gauge readings gave linearly increasing readings over this

load range. At 10,000 lbs. the average of the 3 gauge readings was 0.00047 ins.

2 - STRESS . O we

From the relation STRAIN = & ™ AA

where W = axial load = 10,000 x 4.448 N.
£ = gauge length = 127 mm
A = compressive deflection = 0.012 mm
A = section area = 18,241 rnrn2
Therefore E = 10'008.3142'44& X 181,2;41 = '25, 807 N/mm2
E== 28.8 kN/mm2

Test 2. Flexural test on a simply supported concrete beam

The following test was conducted in order to correlate the analogue output of the
data logger to the stress in the concrete. It is thus an independent check on the
stress per division relation obtained in Test 3 below. The test sample is shown

in Fig. 11.20.
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Fig. 11.20

Model Simply Supported Beam used for Test

Using the force displacement method of analysis based on the diagram

below: . 4
T {-j-a.) f ]W
{5 ] |
I ¥ i
I —DEFLECT/ON
e BEAMNDING MOMENT
o I i
|
M= Wa A
- &
| ©
I ; |
O = Wa(?? e “)( ) Wea /3
é_‘) ‘ ) frdm wheich
Wea
A = 2577(3L2-427)
e 2
Substituting values of
a B 250 mm
I = 11—2}: 45 x 2003 =30 x 106 rvmrn4
L = 850
; - w 250
gives E = X - 3730100 (2 167,500 - 250, 000)
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PR :
E = Ax 0.66358

From Fig. 11.21 the value of W/A is equal to 30,075 which gives an E value"
2
of 20,024 N/mm .

Again, the relation between gauge reading and stress is derived from & = My/1.

We.
Maximum fibre stress G = S
G - Wx 250« 700
30x /0®

Copa= ©- 000833 W

From Fig. 11.22 the number of gauge divisions for gauges 1 and 4 (positidned on
extreme fibres subjected to same bending stress) for an applied load W = 10kN

is 12.5. Therefore 12.5 divisions correspond to 0.000833 x 10, 000 N/mmz,
which gives 1 division = 0.6666 N/mmz. However, the irregularity in the curves
for both these gauges, and the fact that the values are far higher than that obtained
in the cantilever test, suggests that cracking may have taken place unnoticed on

the tensile face.

Consider therefore gauge No. 3 which is in compression. From Fig.'ll.zz
number of gauge No. 3 divisions, for W = 10 kN, is 54.5: Therefore

1 division = 0.1523 N/mmz.

Test 3 Flexural test on concrete cantilever representative of

concrete used in 'straight' frames

For a simple cantilever, the deflection at the free end is given by the

; gk WL.?2
well known relationship: D= 327
where W = point load at free end

L = length of cantilever

S _Wwyee
Transposing gives E VNEYZ

To establish E and also obtain the relationship between gauge reading
and stress, a model cantilever of micro concrete was manufactured and strain

gauges applied as shown in Fig. 11.23.
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Fig. 11.23 Model Concrete Cantilever used in Test

From 7 S 25 4
IH-E' ’ I-—12 x 42.5x 50" = 443,000 mm
W 300° W

— x20.316

BE R 83100 " A

where value of W/A from Fig. 11.24 = 1250

Therefore E = 1250 x 20.316 = 25, 395 N/rnrn2

Relationship between gauge reading and stress is derived from G = MY/I = WLY/I

120 x 300 x 25

2;
Maximun} G('W_MM) e i 2.0316 N/mm

Corresponding strain gauge reading for this load = 13.25 (Fig. 11.25).
Therefore stress/division =

= 0.1533 N/mm>

Test 4 Flexural test on cantilever representative of concrete

used in out-of-plumb model

The test model details are shown in Fig. 11.26.

a270wW

SN L :
\r_ 3

Fig. 11.26 Model Cantilever used in Test
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From Fig. 11.27, average value of % =133.72 N/mm.
Therefore E = 67.5 x 133.72 = 9026 N/mm2
This is rounded down to 9000 N/mm2

From the data logger print-out, load increment of W = 10N resulted

in a change of strain gauge reading of 4 divisions, i.e.:

4 divisions = M= 270W = 2700

or M = G775 N.mm per iv.

11.30 Summary of E value and Calibration Data

() .E value for steel = 200 kN/mm’
(ii) Stress calibration for steel: 1 division = 1.85 N/mm2

(iii) E value for concrete 'straight' frames is average of

values in three tests i.e. 25.8 +23.395 + 20.024
3

is 23.073 kN/mm2 or 25 kN/mm2 rounded up

(iv) E value for concrete out-of-plumb frame =9 kN/mm2

(v) Stress calibration for concrete 'straight’ frames is
0.1533 zo. 1528 4 1s98 Ny/min?

for one division, or 0.153 N/mmzfdiv. rounded up.

taken as average of two values

(vi) Bending moment calibration for concrete out-of-plumb

frame is 675 N.mm/div.

These values are used in the analysis of test results in sections 2.30,

3.40, 4.30, 4.60, 5.30 and 6.30.
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