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ABSTRACT

Internal developing laminar flow is described by the full partial
differential equations in two-dimensional cylindrical co-ordinates.
Making assumptions only about property variations, these are expressed
as finite-difference equations, which are treated by a computer program
in Fortran. This involves a marching procedure and Gaussian elimin-
ation. A feature of the approach is that the energy balance at any
axial position is guaranteed by using it as a constituent equation,
rather than as a check.,

The predictive ability of this treatment has been demonstrated
firstly in adiabatic flow. Then it has been rigorously tested in a
number of forced and combined convection situations against both
analytical and experimental data. Yhese cover a range of thermal
(conataﬁt heat flux and constant temperature) and fluid (undeveloped,
partially - or fully - developed entry flow) boundary conditions; they
involve working fluids which include air, water, and oils. In general,
agreement is consistently good.

In combined convection, the phenomenon of transition from
laminar flow is studied, for the differing cases of natural convection
assisting or opposing the forced flow., The various processes accomp-
anying transition are identified, and comparison made with published
data.

The - complete nature of the equations used means it should be
possible to use the model as a check on more approximate analyses.

This hes been carried out successfully in an instance involving heat
transter to transformer oil.

The problem of viscous dissipaiion demonstrates the flexibility
of this approach, in its ability to treat the complete relevant terms
in the energy equation. A study of this problem shows that viscous

dissipation is usually a minor effect, tending to retard heat transier.

(xi)



Flexibility is also apparent in the application of the treat-
ment to a concentric annulus. Initial results are for adiabatic
developing flow,

Care has been taken to maintain the accuracy of the results
for the wide range of situations reported. %o this end, a number

of improvements have been made in the original program,

Relative importance of heat-transfer phenomena

In this study, most applications are within the range of

entry effects which themselves increase heat transfer,

Relative to such increase, the combined convection effect
depends on the fluid. With air the effect is not large,
but should not be neglected. With water the increase can
be substantial, but with oils it is small, These comments
apply only to vertical flows, the effect being of no

significance in the horizontal cases considered.

With regard to property variations, the most important is
that of viscosity. With air the effect of this is very small,
with water small, but with oils substantial. Further property
variation within the energy equation has little effect on

heat transfer.

In conclusion, the results imply that the allowances made for

density and viscosity variation in this work are sound ones,

(xii)



NOMENCLATURE
A Wall area

G, =0, = 0.8 % 4002
0 6" o

014 04 "4 5

Coo c05 = 2Tfo(c6/b5) -1

€03 { €06 = %6
c. %6

Cp Specific heat of fluid at constant pressure.
G = Rag/z/ﬁ2 dimensionless.

Gz Graetz number =7(x Pe /2

g Acceleration due to gravity.
k Thermal conductivity of fluid.
M Number of radial divisions.

m,n Radial and axial positions.
! & 2
P Dimensionless pressure = (p - po)/PmUo
Pe Peclet number = Re x Pr
Pr Prandtl number =/,LA(Cp/k)m
D Pressure.
Q Wall heat flow rate.
R Tube radius,
Re Reynolds number based on radius =1, Rf)mgul

r! Radial co-ordinate.

T Dimensionless radial co-ordinate =1’ /R

8 Natural Convection parameter, defined in text.
7/ Temperature.

T Dimensionless temperature = GC5(T I To' )

U Dimensionless axial velocity =Uz/Uo
v Dimensionless radial velocity =Ur/Uo

1&'1& Radial and axial velocities.
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z?  Axial co-ordinate.
Z Dimensionless axial co-ordinate = z 7/R.
J? Dynamic, kinematic viscosities.

/9 Density.

~

Subscripts

A Property reference point, equations (5) and (6).

L Centre line.

m Mean bulk value (bulk value, midway between entry and exit).
R Wall conditvion.

T Transition point.

r,z Raedial and axial directions.
0 Entrance condition.

Finite Difference Parameters

HFLUX Dimensionless wall heat flux ( _ Q. G.C.R
Bl i s
Mk
QDISS Dimensionless viscous dissipation parameter E B GCiUozg
Cp Re
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ADDITIONAL

fay Average (pressure drop) frictionﬁfactor

fp Local (pressure drop) friction factor defined on p.55

fs Local (shear stress) friction factor

| Nu Local Nusselt number defined on pp.53,54
{ Ton T

5 Velocity profile parameters defined on pp.101,106
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1. GENsRAL INTRODUCTION

Heat transter by convection between a solid surface and a fluid
has two modes, 'natural' and 'forced'. The force which causes fluid
movement is due respectively to density differences (Jakob (1) pp 12-13)
or to external means (e.g. a pump).

Three convection regimes, therefore, can be identified: natural,
forcea and combined natural and forced convection. The tirsv two
regimes have covered most cases of interest in the past. However,
combined convection has become more important in recent years (u.g. in
emergency cooling of nuclear reactors, and in cooling of electrical
transtormers) and research is needed in this field (Metais and Eckert
).

Combined convection is of considerable analytical and experimental
interest, because the relevant parameters include all those which
affect natural and forced convection independently. The more important
parameters are:

(a) the condition of the convection. This may vary from 'pure'
natural (forced effects absent) to 'pure' forced (natural
effects negligible, though always present).

(b) the direction of each convective mode. The forced flow may
be at any angle to the free (usually vertical) convection,
horizontal and vertical flows being of most interest.

(¢) the geometry. The flow may be internal or external, with a

variety of boundary shapes.

(d) the flow condition, which may be laminar, transitional or

turbulent.



A comparative investigation of the main parameters does not
exist, and would aid basic understanding of the combined convection
process. The intention of this treatment is to deal respectively
with:

(a) forced and combined convection, -

(b) any orientation (forced convection), vertical flows

(combined convection),
(¢) an internal cylindrical co-ordinate flow-field,

and (d) laminar flow.



2 LITERATURE SURVEY
2.1 Introduction

The body of literature on combined convection has grown increas-
ingly in recent years, and covers both analytical and experimental
aspects. Despite, or perhaps, because of, the broadness of the
subject, there are few references of general interest and it is
necessary to synthesise the remainder.

2.2 Boundaries of Regime

One preliminary question that arises is that of defining
possible boundaries between the three regimes mentioned. Several
attempts have been made, viz: Ostrach (3), by dimensional deduction
from the momentum equation, Sparrow, Eichhorn and Gregg (4) by
similarity boundary layer analysis, and Sparrow and Gregg (5), and
Eshghy (6), by analysis of convection from a vertical flat plate. The
main practical use of these criteria is to show when existing
correlations for natural and forced convection regimes cannot be used
without much error (see also (2) ).

2.5 Dimensional Analysis

If this problem is tackled by dimensional analysis (e.g. Schlicting
{1) p. 254), it is tound that the Nusselt Number is a function of the
Reynolds, Grashof and Prandtl Numbers, and a geometrical dimensionless
group (e.g. for a pipe, the length-to-diameter ratio). The Grashof and
Reynolds Numbers are basically independent as representatives of natural
and forced convection respectively, but it has been shown by Brown and
Marco (8) p. 111, and partly modified by Jakob (1) pp 492-493, that for
convection from a vertical flat plate, the square root of the Grashof
Number is equivalent to the Reynolds Number. Jackson, Harrison and
Boteler (9) developed this idea by using the heat transfer coefficient
from a forced convection relationship in macroscopic free convection

energy and momentum balances.



The two flow effects are vectorially combined, the correlation giving
reasonable comparison with experimental data. This is further treated
by Jackson, Spurlock and Purdy (10).

2.4 Theoretical Analysis

A full analytical treatment demands simultaneous solutions of the
partial differential equations for conservation of mass (continuity),
momentum (Navier-Stokes equations) and energy. These are stated and
discussed in Chapter 5.

The complex nature of the equations has resulted in various
simplifying assumptions (e.g. Martinelli and Boelter 1;;1 p. 23), made
at first more to obtain a solution, than on justifiable theoretical
grounds. As time has passed, the magnitude of the assumptions has
decreased. The present availability of highspeed digital computers and
the use of finite-difference techniques has reduced the necessity for
simplified equations, and approximations can be viewed more objectively.

Most of the combined convection problems are for vertical
geometries - normally a tube or flaf plate. In these cases the forced
and natural convections are in line, thus permitting a two-dimensional
model.,

2.5 Fully-developed Flow

The major common simplifying assumption has been that a fully-
developed flow. This postulates a region far trom the entrance where
there is no variation in velocity or temperature patterns. This implies
an essentially one-dimensional treaiment.

The first analytical solution was formulated by Martinelli and

Boelter (11) in 1942. The simplified equations were:

O:_%Z‘E._-t/o%_kﬁ(%%) c.f. equn (2) *

and Vel = &_.(BIT) c.f. equn (4)
oz PC‘P 273
where%ﬁ% and wall temperature, are constant.

*
In this chapter, dimensional variables are unprimed.

-5 -



Basically, the tirst equation was solved for VU, as a power series
in (R = r ). The value of%—ﬁ_—i at the wall was substituted into the
energy equation, giving a temperature solution. Hence the wall heat
transter coefficient was calcuiated, resulting in a Nusselt Number as
a fairly complex tunciion of the Graetz, Grashof and Prandtl Numbers.
The analysis was virtually limited to the wall, so questions of flow
tield and instability could not be touched on. More recently, Pigford
_(E)_ allowed for temperature variation of wviscosity, using the same
model.

A large amount of analysis was carried out by Ostroumov (13), (14),
_(LA_)_A, dealing with fully-developed velocity and temperature profiles
for constant wall neat flux. Hallman (15) summerised and extended the

above, in one point correcting Ostroumov (13). ‘vhe equations considered

were: nl 2 R P
0= %i‘ P%-‘-/.L(T %—'}-BT”' c.f. equn (2)

an Ez_ﬁ_ﬂ oA i) Blﬂ Yv c.f. equn
dU-ZBZ o ('bz?' o v +'b‘}/+ yIon f. equn (4)

Velocity and temperature profiles were soived as Bessel functions,

and Nusselt Numbers calculated.

Hanrauvty, Rosen and Kabel (16) considered the same equations
(omitting last two terms of energy equation) for constant wall heat
flux. Bessel functions were again used, and at certain values of
(Grashof/Reyholds Number) ratio results were correlatea with
experimental evidence of transition to a form of turbulence.

Morton (17) solved the equations:

0=-3p+pg+p(E2+ L 25+ 1)

ST R (FT 4 1 3T 'ﬁ)
1;‘32—_ PC-P(_bz?- & > oOF e 3



Upward and downward flows were treated, and annular (i.e. part-
ially reversed) flows predicted, being considered probably unstable.
Velocity and temperature profiles were presented.

Brown and Grassman (18) and (19) also obtained fully-developed
velocity and temperature profiles for constant wall heat flux, and
considered mass transfer in addition. Madijski ngl, using Bessel
functions, obtained local and average Nusselt Numbers, mainly for
ligquid flows.

2.6 Other Vertical Geometries

A not insubstantial amount of work deals with vertical geom-
etries other than cylindrical co-ordinate internal flows. The
significance here depends on the basic assumptions.

Han (22), Tao (23) and Agrawal (24) treated the problem of a
rectangular channel with constant heat flux, where the fluid had
internal heat generation. Different methods of solution were used.

Parallel-plate analyses have been attempted, by Ostrach (21),
with constant heat flux, and Rao and Morris ngl where the plates were
adiabatic/constant heat flux. Sitharamarao and Barrow (27) applied
a single vertical plate (of constant temperature) analysis to this
case, using a similarity solution.

Regular polygonal ducts have been treated by Igbal et al (26),
as an instance of varied geometry.

External flows have been attempted, by Acrivos (28) (vertical
flat plate as particular instance of an inclined plate) and Hatton and
Woolley (29) (vertical flat plate).

Finally Zeldin and Schmidt (36) mention instances of the effect
of a vertical magnetic field between parallel plates (their references

19 = 21).



With the exception of (27) and (29) the fully-developed concept
is used above, and its validity will now be examined.

2,7 Entrance Flow Analyses

The assumption of fully-established flow has never been really
justified. This is admitted by Hallman (60) and evident from
experimental data of Hanratty, Rosen and Kabel (16). 1t is criticised
by Chato and Lawrence (32) because modest temperature changes can
cause significant Hayleigh Number changes. Relevant references are
discussed below.

Sparrow and Gregg (5) and Eshghy (6) analysed flows between
vertical parallel plates for the entrance region, it being claimed
that the results were applicable to pipes. The velocity and temperature
fields were not investigated, however, the results being presented as
regime boundary criteria. The similar form of momentum and energy
equations as used above was evident, and Sparrow, Eichhorn and Gregg
{4), and Brindley (30) have considered similarity solutions. The
geometrics were a wedge and contoured wall (Sparrow et al), and a heated
vertical wall (Brindley).

Parallel development of two-dimensional treatments occurred in
forced convection (e.g. Siegel, Sparrow and Hallman (48) and natural
convection (e.g. Bodoia and Osterle (31) ).

There now exist several treatments of a developing model, by Rosen
and Hanratty (34), Lawrence and Chato (33), and Marner and McMillan (38),

the equations considered being:

%"f"‘ _'_35: __l_—%lzj: (Continuity)
2% 4 ) _2p 1) A5
PSS + 2] =22 —pg (L35 + T
(: > BT' (Axial Momentum)

1l ?”T £ /\ [:3 O 2
‘U’-,.'B U.'bz oG 'bT'+ ) (Energy)

A



Rosen and Hanratty obtained approximate solutions by assuming
temperature and velocity profiles with axially-dependent coetfficients,
and substituting these into the differential equations. Distances for
transition to turbulence were predicted adequately where this occurred
far from the entrance. However, as the authors stated, velocity and
temperature fields, and hence heat transfer results, were not
sufficiently accurate.

Lawrence and Chato treated the equations numerically and velocity
and temperature profiles were calculated at increasing distances from
entry. Centre-line velocities compared well with experiment. Only
upward flow with constant wall heat flux was considered, and the
necessity of a developing model was demonstrated.

The fluid treated in both cases above was water and the common
conclusion was that temperature dependance of density (in buoyancy term)
and viscosity were both necessary.

Although a later paper, Marner and McMillan assumed constant
viscosity ( (}ermj in equations zero), and compared mean Nusselt Numbers
with the original Martinelli-Boelter correlation. Developing velocity
and temperature profiles (tor unity Prandtl Number) were also presented.
The wall was at constant temperature.

Also relevant is the paper by Scheele and Hanratty (35) which
presents analytical fully-developed profiles of Hallman (15), Hanratty
et al (16), and Morton (17) together with results of comprehensive dye-
injection experiments. Although the premise of fully-developed flow
is accepted, this was not found completely possible in practice.

Under what conditions can flow fields be said to be genuinely
developed according to these data?

Firstly, if the wall is at constant temperature, the velocity
profile initially becomes distorted (c.f. (38) ), and then recovers as

the fluid temperature approaches that of the wall.



Finally, the whole tield becomes isothermal and hence adiabatic. A
developing model should predict the tube length this takes, whereas the
one-dimensional treatment will not be valid except at the tube bound-
aries.

Alternatively, if the wall is at constant heat flux the density
and viscosity (in particuiar) are continuously changing, and hence
affecting the forces in the momentum equation, distorting the velocity
protile. A developing model is necessary to describe this. It is,
nowever, possible to conceive of property variations being such that
the momentum equation remains balanced in its terms.

However, a one-dimensional solution which varied, say, with
Rayleigh number might give reliable point values, if one could relate
these to tube length. On balance, 1t is daifficult to justity object-
ively a simpler model from choice.

An additional point is the possibility of flow reversl and trans-
ition to turbulence, e.g. (33) and (3%). A laminar tlow developing
analysis should shed lignt on this problem.

Finally, there exists another analysis (Takhar (39) and (40) )
using the same equations as Marner and McMillan, for upward heated (39)
and cooied (40) flow. Hesults are consistent in principle with other
data, although no comparisons are made.

2.8 Elliptic Kquations

The above logic, however, may be taken further. The full partial
differential equations are elliptic, but the boundary layer assumptions
render them parabolic' (Bayley et al (37) pp 166-172). Lawrence and Chato
mention that discrepancies in their analytlcal/éxperimental comparison
near tube entry, may be due vo this commun set of assumptions. In fact,
elliptic treatments for adiabatic developing tlow have been intiroduced,

and will pe discussed in Chapter 8.

- 10 =



To progress 10 the elliptic equarvion model appears to be the next
logical step, and Zelain and Schmidt (36) have attemptea this. Again,
develuping flow protiles were calculaied, and a comparison made with
experimental results for air. The constant viscosity limitation was
presumably taken to be valid for a gas. The solution was for constant
wall temperature, in terms of potential functions, and used a tully
developed boundary condition at axial length0o. The particular
comparison did not appear consistent with full development at exit.

2.9 The Intvernal Cylindrical Flow-field

Whiie most of the literature surveyed is for tubes, the intermal
cylindrical flow-field covers other cases as well. The basic equations
are identical, but the geometry differs according to the boundary
conditions: for example, a tube is formed by (i) a wall and (ii) an
axis.,

Two references are relevant to sector tubes, viz Lu (41) and Tao
i&gl. However, this problem, while satisfying the definition, does
not have axial symmetry, which the present model requires.

Carter and Gill (43) and Gill et al (44) treated the case of the
porous wall. This was obtained by making the radial velocity finite
instead of zero at the wall. The model used in (43) was a fully-developed
one,

The analytical work of Sherwin and Wallis, (45) - (47b)covered

the case of a vertical annulus, formed by (i) an inner wall, (ii) an
outer wall, as boundary conditions. The analytical models progressed
from a one- to a two-dimensional treatment, and in (47b)the equations
are the constant viscosity form used by the entrance flow analysts.
Water only was considered.

This brief consideration shows that a theoretical model which

permits boundary condition changes could be of considerable use.

- 11 -



2,10 Variable Property Effects

With such a broad subject as combined convection, it is not
surprising to find relevant literature under a different subject, and
it is possible to conceive of the topic as a special case of convection
with variable physical properties, namely, variable density, since this
gives rise to natural convection. Once again, there is a logical
progression in the analytical models attempted.

Siegel, Sparrow and Hallman (48), Ulrichson and Schmitz (49), and
Yang (50), deal with a developing model, the two former assuming
constant properties, the latter with varying viscosity. These, there-
fore, are forced convection analyses.

Others are true combined convection analyses. Bradley and
Entwistle (51), and Koppel and Smith (52) both attempted a fully-developed
model with all properties varying, the tormer for air and the latter for
Carbon Dioxide. Worsge-Schmidt and Leppert (53%) used a developing
model with all properties varying (applied to air), and even considered
viseous dissipation effects. The boundary layer assumptions only are
made, thus making this work one of the most general analyses.

2.11 Experimental Work - Vertical

Turning to experimental data, the variables of major importance
may be summarised as below.

(a) The geometrical arrangement. Firstly, this determines the
direction of the forced convection, and hence the angle made
with the (vertical) free convection. The geometry may be
internal or external, in addition. 'These cases are all
vertical,

(b) The forced-flow and heating or cooling rates. These jointly
determine the relative magnitudes of the forced and free
convection effects, and the flow character, whether laminar,

transitional or turbulent.
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(c) The boundary conditions. These may be thought of in terms of
the flow conditions at entry, and the wall thermal condition
— constant heat flux or temperature.

(d) The fluid. Significant differences may be expected between
the behaviour of liquids and gases, because of the importance
of the density and viscosity variation with temperature.

The bulk of vertical data is for circular pipes, viz: Watzinger

and Johnson (54), Martinelli et al (55), Clark and Rohsenow (56),

Eckert et al (57), (58), Hanratty, Rosen and Kabel (16), Jackson,
Harrison and Boteler (9), Scheele, Rosen and Hanratty (59), Hallman

(60), Kemeny and Somers (61), Scheele and Hanratty (35), and Lawrence

and Chato (33). Guerrieri and Hanna (62) gave data for parallel plates
and Altman and Staub (63) for rectangular ducts. Some free convection
effects were noted by Poppendiek (64) and Gross and Van Ness (65) in
laminar forced convection work. Data for natural circulation loops for
Freon - 12 (Holman and Boggs (66) ) and water (Van Putte (67) ) indicated
the inadequacy of an equivalent purely forced convection correlation.

For a developing study, length-to-diameter ratios are an important

geometrical feature, and these covered a wide range, trom 5 (58) and

15 {9) to 762 (35). Actual lengths ranged from 9.4 inches (56) to 50ft.

(35), and the bulk of data was for tube diameters of 1 inch or less.
Given a vertical geometry four clear cases of combined convection

arise, two where free convection assists the forced, and two of oppo-

sition. The former occurs with heated upward or cooled downwara flow,

the latter with opposite effects. All four cases have been treated,

but not in the same body of work - except tor the visual results of

Hanratty et al (16).

‘The flow character was usually laminsr or transitional. The

comprehensive dye injection work of Hanratty, Kabel, Rosen and Scheele

(4 references) give useful data on transition. Unusual effects (e.g.
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(56) and (63) have been attributed to transition phenomena.

Boundary conditions covered a wide range. Calming lengths varied
trom zero to as long as the heat transfer section itself. wall heating
was normally either constant temperature (e.g. steam), or constant heat
flux (e.g. electrical resistance nheaiing).

Fiuids tested have been mainly the liguids water and types of oil
(55). Tne oniy gas tested has been air,

The anaiysis of resuits has usually been in Lerms of dimension-
less groups. The earliest correlations were empirical (Colburn (68)
and Sieder and Tate (69) )and Martinelli and Boelter's correlation has
also been used.

Most of the data is undoubtedly useful for some performance
purposes. There is, however, only limited data for the flow fields,
viz: temperature profiles (Wetjen (70), Brown (19), Lawrence and Chato
(33), and Zeldin and Schmidt (36) ) and velocity profiles (36). For
more fundamental understanding of the combined convection process,
leading to reliable predictions, more data are required.

2.12 Non-vertical Geometries

If the geometry is other than vertical, the flow will be asymmet-
rical in a circular tube. This leads to a 3-dimensional requirement
for a developing model.

Most non-vertical cases are horizontal, where the free convection
is at 90o to the forced. Analytical references for tubes may be found
in a general heat transfer review (Eckert et al (71) ) also Morton (72),
and Shannon and Depew (75). Experimental data are also available -
Jackson, Spurlock, and Purdy (10), McComas and Eckert (73), Shannon and
Depew (74), and Depew and August (76). An overall correlation is
presented in the latter paper, for shorter tubes.

Data also exists for horizontal rectangular tubes (Altman and

Staub (63) and Cheng and Hwang (77) ), forced laminar flow over a



heated horizontal plate, Mori (78), and convection from spheres in air,
Yuge (79).
2.1% Discussion

The literature net has been cast fairly wide, partly because of
the lack of a general éeview. That of Metais (80) is not fully compre-
hensive or recent enough.

Despite the large number of sources, only the more recent analy-
tical references, with a small number of experimental ones, help
towards a fundamental understanding of combined convection effects.

Oniy where the analytical model becomes two-dimensional do
results become of general value; in addition, much data is tor arbitrary
Prandtl Numbers rather than real fluids, which makes comparisons
awkward. Similarly, since (as will be seen) the entry temperature is
a necessary variable, work which omits this consideration is difficult
to assimilate. Sufficient evidence exists, however, to suggest that a
solution of the full elliptic equations could give better results at
(i) extreme entrance and (ii) the transition regions.

Turning to property variation, any solution claiming generality
should include the temperature variation of viscosity. Density varia-
tion is normally allowed only in the buoyancy term (of the axial momentum
equation); this condition is sometimes termed 'quasi-incompressible'.
Usually other properties are assumed constant, because of the modest
temperature changes frequently associated with combined convection,
unlike specific 'property variation' which involveslarge temperature
variations. For our purposes, three classes of fluids may be specified:

(1) Gases - low viscosity, but temperature variation in

opposite sense to liquids. Example: air,

(ii) Low viscosity liquids., Kxample: water.

(iii) High viscosity liquids. Example: oils.

As mentioned, a cylindrical co-ordinate treatment which allows
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boundary changes can be made applicabie to internal flows other than
the standara tube. Also, when the buoyancy term i1s omitted, the
solution becomes a forced convection one; this relates the model wo a
turther body of aata.

Finally, a comment on experimental data. One or two reterences
(namely Scheele and Hanratty (55) and Kemeny and Somers (61) ) give
sufficient overall infourmation to permit an analytical prediction of
the heat transfer results obtained. Apart from these, there are few
sources which give temperature and velocity profile data (e.g. Lawrence
-Chato (33) ). In tovo, there dues seem sutficient evidence to provide

comprehensive checks for a unified analysis.
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3 PHILOSOPHY OF APPROACH

5.1 Purposes of ithe Analysis

Tne main purposes of this analysis may be stated as follows:-

(2) to give a unified treatment of laminar combined convection,

(b) as a consequence of (a), vo be able to aeal with a compre-

hensive range of problems,
and (c) to be as accurate as possible 1or each such problem.

The literature survey has shown vhat the tirst purpose has not
been achieved to date. The nearest approach to it 1s in the work of
Scheele, Hanratty, Hosen and Kabel ( (16), (34), (35), (59) ) but
there the concentration is mainly on transition studies. Other analyses
are usually restricted to (i) the limited conditions, and (ii) the
working fluid, of the accompanying experimental work. For example,
Lawrence and Chato do not test their transition conclusions against the
work of Scheele et al.

The second aim is comprehensiveness in predictive ability. Zeldin
and Schmidt's model, for example, will probably be inappropriate for
(i) liquids, because it assumes a constant viscosity, and (ii)
transition studies, because it requires an outlet boundary condition.

Finally, accuracy in each problem is an important aim, especially
since reliability in one application is not a guarantee of reliability
in another. This implies as full an analytical treatment as possible,
which, in its turn, opens up the possibility of achieving better recon-
ciliation between theory and experiment. In one or two instances (e.g.
Kemeny and Somers)‘experimental results are not accompanied by correspond-
ing theory, which gives particular scope for the analysis.

3.2 Features of the Analysis
3.2.1 Generality of Equations

The above reasons require the theory to be as general as possible,

and apart from property variations, the full set of partial differential
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equations are used in two-dimensional cylindrical co-ordinates. The
only strictly comparable model is that of Zeldin and Schmidt (36).
3.2.2 Variables used

There is a choice here. Velocities and pressures may be used as
variables (as Lawrence and Chato (33) ), or stream function and velocity
potential (as Zeldin and Schmidt (36) ). In addition the dimensions
may be untransformed, or transformed ( (33) or (36) )e At the time,
only the former ijl was published; as it seemed quite successful, this
work used the same concepts. In retrospect, this expression of the
variables has permitted all the changes needed for the various applic-
ations.

3.2.3% Elliptic equations

The full equations are elliptic, by virtue of the double deriva-
tive terms in the axial direction, that is, the axial diffusion of heat
and momentum. If these terms are omitted, the equations become
parabolic; the boundary layer assumptions, on the grounds of 'order of
magnitude'of terms ( (37), pp 166-172) result in not only the above
terms being ignored, but also the radial momentum equation.

A further consideration is most important, however, involving the
modes of solution of finite-difference equations. (Morse and Feshbach
(81), pp 696-706). For parabolic equations with an open boundary a
unique stable solution is possible in the positive direction, i.e. a
marching procedure is permitted from inlet to outlet of a tube. For
elliptic equations with an open boundary the solution is unstable, a
closed boundary being required, i.e. giving an iterative solution.

There is a conceptual problem, therefore. Let us say we wish to
study transition phenomena. Rosen and Hanratty (34) admit that for
ghorter tubes 'the boundary-layer assumptions are probably poor!'. If
we then use the elliptic treatment of Zeldin and Schmidt L}él, however,

we find near transition states that ' no numerical solutions could be
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obtained......in the sense that the iteration algorithm could not be
tforced to converge'. To adhere strictly to the above criteria, the only
answer would be to use the maximum possible parabolic equations, that
is, to omit only the axial diffusion terms. In fact, to anticipate
the results, it was found quite acceptable to use the complete equations
and a marching procedure. This implies that the equations are only
weakly elliptic within the bounds of this study.™

A final point is that the entry boundary condition is a Cauchy
one ( (81) p. 706) demanding 'slope' as well as 'value'. "his point
is discussed in Chapters 8 (momentum) and 12 (heat).

* At one stage, the axial diffusion terms were omitted, no difference

being found in the results.

[ ————————— RIS e e

3.2.4 Properties

Ignoring the energy equation, the two properties of interest are
viscosity and density.

Viscosity variation with temperature is particularly important for
liquids, and is allowed for in full. In fact, the program accommodates
any function of temperature which may be differentiated.

Density variation with temperature is allowed for, as a quadratic
function, only in the buoyancy term of the axial momentum equation.
This limitation is sometimes termed 'quasi-incompressible' and was
originally suggested by Boussinesq.

The energy equetion properties are assumed constant in the
'Standard' Program, but allowed to vary linearly with temperature in
the 'Additional Property Variation' Program. This latter was specific-
ally to compare predictions with Allen's results (Chapter 10), but it
could then also be used as a check on other results.

In the 'Viscous Dissipation' extension to the Standard Program,

viscosity is allowed to vary fully.
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3.3 Strategy of the Analysis

%+3.1 Introduction

The strategy of the analysis follows a logical progression. A
study of adiabatic flow basically tests the continuity and momentum
equations, and then forced convection tests the energy equation, both
against a substantial body of data. The investigation can then proceed
to combined convection via the buoyancy effects.

Two other recent bodies of work follow a similar path. The
integral profile analysis of Martin results in an adiabatic developing
flow study (Fargie and Martin (82) ), a forced convection study (Martin
and Fargie (83) ), and a viscous dissipation analysis (Martin (84) ).
The above work of Zeldin and Schmidt (36) is preceded by an adiabatic
flow analysis. (Schmidt and Zeldin (85) ).

34342 Forced Convection

Even with forced convection, the range of parameters is wide, and
covers the following:
(a) fluid boundary condition. The entry velocity profile may be:
(1) Uniform (rounded entry)
(2) Partially developed before heating starts
(%) Fully developed or parabolic
In addition, experimental work may involve (4) A sharp entry,
which is difficult to treat analytically.
(b) thermal boundary condition at the wall. This may be:
(1) Constant heat flux
(2) Constant temperature
(¢c) fluid. Interpreting types of fluid in terms of viscosity
variation, we have three common alternatives:
(1) Air (approximates to constant property)
(2) Water (recent data tor water-glycerol mixtures)

(3) 0Oils
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Experimental Fluid Tested Fluid Thermal
AnthoEs and 4 boun@a?y zgzgnggn Comments
Reterenoss Analytical Property (see ggni%zzog 3.2) Constant
(A) Variation il Vs walls
L, Glycerol-
Butterworth e %ater (2),(3),(4) WS & TN,
and _
Hazell (86),(87) A Nil (1),(2),(3) Heat flux
E 0il (4) Heat flux
martin and
Fargie (83),(08) A Viscosity (1) Heat flux
E Air (1) Temperature
4eldin and
Schmidt (36) A Nil (1),(3) Temperature
¥ iy (3) SHIDera LS Properties of oil
fest (89) used not published
A Viscosity (3) Temperature (Appendix 11)

TABLE 1 FORCED CONVECTION DATA




Table 1 summarises the experimental data available, which are
accompanied by corresponding analyses. No single analysis, to the
author's knowledge, has covered the above range of variables.

5+.%.3 Combined Convection

The variables include those relevant for forced convection,
together with the vertical combined convection parameter which may bes

(1) Upward heated flow ('natural' aiding 'forced')

k2) Downward " ( " opposing " )
(3) Upward cooled flow ( " " aN
(4) Downward * A { " aiding " )

Table 2 (p. 24) summarises data for which comparisons may be

made. The key to further abbreviations is:

U Upward flow D Downward flow
+ Heated - Cooled
Q@ Constant heat flux T Constant temperature

Table 2 shows that sufficient evidence exists to be able to
test the analytical model and its predictive ability over a range of
fluids and boundary conditions, and for transition phenomena over the
full range of combined convection parameter.

3+3.,4 Other Problems

Two problems are selected as other applications of the internal
cylindrical flow-field concept, namely, viscous dissipation and the
annulus.

For viscous dissipation the aim is to investigate the effect
in:

(a) adiabatic flows,
and (b) forced convection, as it has been postulated (83), (86) as
an aiding effect in heat transfer.

For the annulus, which has combined convection significance
(45) - (47), the aim is only a preliminary one, namely to test the

tlow=-field solution.
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3.3+5 Other elliptic treatments

Because the full equations are used, it is apposite to summarise
the other elliptic treatments, which are compared in the relevant
chapters, for:

(a) Adiabatic developing flow - Friedmann et al (91), Vrentas

et al (92), and Schmidt and Zeldin (85).
(b) Forced convection - Hennecke (93), Singh (94), and Jones
(95).

(c) Combined convection - Zeldin and Schmidt (36).
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Experimental Fluid
Authors and (E) Tested Combined Fluid Wall Comments on
References Convection | b.c. b.c. experimental
Analytical Property rarameter (see 3.3.2) | (see 3.3.3)| data
(&) Variation (see 3.3.3)
(Other than)O)
Lawrence and B Water )
Chato !531 n Viscosity U+ (1) Q Velocity profiles
Scheele and E Water
Hanratty (35) L Viscosity U+ (3) Q Wall temperatures
Allen (90) E 0il U+ (3) Q Well temperatures,
and Appendix 8 A All Pressure drops
Kemeny and Somers (61) K 01l U+ (4) Q Wall temperatures
Zeldin and . :
ot B Air U+ (d) T Velocities,
Schmidt (36) A Nil U+ (1),(3) Temperatures
Marner and Mchillan (38) A Nil U+ (3) T
Scheele et al E Water U+,U0- 3) 7,Q Transition
(16),(34),(35),(59) A Viscosity D+,D- { . phenomena

TABLE 2 COMBINED CONVECTION DATA




4. AUTHOR'S PUBLISHED WORK

4.1 Adiabatic Developing Flow (Appendix 3)

This work comprises three main parts:

(a) comparison of developing axial velocities with existing data,

(b) study of effect of altering radial and axial step sizes,

(c) comparison of pressure resuits wiith some exisving aata.

The comparison (a) is very reasonable except with Nikuradse's
data close to entry. Experimental details are lacking in ihe
iiterature, out The City University Library was able to locate Prof.
Nikuradse, who confirmea (96) (transiation - Appenuix 4) that such
details were not availabie.

Step size alieratious (b) are tound not to be very significant,
indicating that for adiabatic t1low quite reasonable results are
possible with a small number of radial positions.

The comparison (c) is also reasonsble,

Although the elliptic/parabolic issue is not raised explicitly,
in the written discussion the issue of initial concavity in the axial
velocity profile implies it. Alsoc the lower bound to the initial axial
step size, because of stability troubles, may well be related to the
inlet boundary condition.

Lockett discusses the effect of entry configuration in experiment,
and this is found to be quite significant.

Because of additional data, these results are re-assessed in
Chapter 8.

4.2 Forced convection and Viscous dissipation !Prelimigg;xlgﬂgpendix 5)

This Appendix (5A and 5B) comprises respectively written discussion

to references (83) and (84) of Martin.
In 5A a solution for the high temperature forced convection run
in (8%) is mentioned. The necessity is recognised for an incremental

energy balance in the context of rapid oil viscosity change with
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temperature. Results based on this lead to a reasonable velocity and
fair heat transfer comparison with experiment. Also, qualitative
conclusions are drawn about viscous dissipation effects in adiabatic
flow., Although these were obtained by the author before the intro-
duction of the incremental energy balance, they indicate that such
effects are very small.

In 5B fresh calculations are reported, with a better viscosity
variation with temperature, and other refinements. The forced
convection run above agrees with measured wall temperatures to within
3 - 4K, and viscous dissipation effects are calculated, which show that
Nusselt numbers are reduced. Martin, in (84), presents analytical
predictions of viscous dissipation effects in adiabatic flow, which
are directly comparable with measurements of Polak (97) and Hersey and
Zimmer (98). Further, in 5B, the author presents his own predictions
as a comparison with the above. The agreement is not unreasonable.

4.3 Forced convection and Viscous dissipation (Final)(Appendix 6)

This paper reports heat transfer and pressure drop data for:

(a) Viscous dissipation effects in adiabatic flow,

(b) Forced convection, with and without viscous dissipation, and

in so doing gives final calculations which are an improvement
on those reported in Appendix 5.

The first set of data compares with predictions of Martin (84)
and measurements of Polak (97) and Hersey and Zimmer (98). The
comparison is very reasonable. Axial and radial velocity variations
are also studied. A finding of Martin is confirmed, namely that
viscosity variation tends to reduce viscous dissipation effects, this
running counter to Polak's hypothesis of a thermal instability situat-
ion,

The forced convection data is a specific investigation into

experimental results of Martin and Fargie (83) and Butterworth and
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Hazell (86)., In both these references analytical predictions under-
estimated the heat transfer substantially, and the common conclusion
was that this could be attributed to viscous dissipation. However,
the author's predictions ignoring viscous dissipation, showed
sufficiently adequate agreement with experiment to conclude that it
was unnecessary to postulate an additional effect. It was also found,
by calculations of axial velocities, that the sharp entry effects on
the flow-field wemenot insignificant. This was interesting confirm-
ation of Lockett's discussion (Appendix 3). Further calculations
incorporating viscous dissipation, showed it to be a minor effect,
which, by increasing wall temperatures more than bulk mean values,
tended to reduce Nusselt numbers. In fact, Igbal et al (99) had
already calculated such reductions, but comparison with his results
could not be made because of ambiguities in the definition of his
Kckert number (Appendix 8).

Finally, it should be mentioned that in adiabatic flows, to
obtain a solution free from initial 'megative' temperatures, it was
necessary to reduce the number of radial positions. This may be
connected with the similar lower limit on the axial step size.

4.4 Combined convection with oil and water (Appendix 9)

(co-authors, P.H.G. Allen and U. Szpiro, Electrical Engineering
Department, Imperial College).

This manuscript, to be submitted for publication, reports
results of a collaborative study, which may be divided into two main
parts.

(1) Comparison with data in the literature

The data in question are all for upward heated convection with
constant wall heat flux, which relates to part (2) below. The data
comprises

(i) Lawrence and Chato (33). Developing centre-line velocities
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for water with a uniform entry velocity. (Experiment and analysis).

(ii) Scheele and Hanratty (35). Wall temperatures for water,
with a parabolic entry profile. (Experiment and analysis).

(iii) Kemeny and Somers (61). Wall temperatures for an oil
with a sharp entry. (Experiment only).

In general, data are compared with:

(a) Predictions of a simplified analytical model of Allen
(101), which allows for compiete property variation with temperature,
and

(b) Predictions of Collins, allowing for additional property
variation, so as to be comparable with (a).

(2) Comparison with Allen and Szpiro's measurements

Measurements of wall temperature, for a transformer oil with a
parabolic entry profile, are compared with predictions of (a) and
(b) above. Also, overall pressure drop was measured.

Both comparisons, (1) and (2) above, are in general very
reasonable as far as this analysis i1s concerned. The data, incident-
ally, cover all fluid entry boundary conditions.

4.5 Comparative combined convection study (Appendix 10)

This paper reports results of a comparative study, using air,
of the main combined convection parameters. Concentrating attention
on the flow-field development trom a uniform velocity profile, the
tirst cases are of upward and downward heated flow for constant wall
heat flux and temperature.

With downward flow, reversed flow regions near the wall were
predicted, which correspond to those stable regions found for water
by Scheele and Hanratty (35). However, while predictions can only
indicate an annulus of reversal, observations recorded randomly

asymmetric regions, the latter being presumably more stable.
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For cooling tlow, it is shown that even over an identical but
reversed temperature range, the flow-field changes are different
from the corresponding combined heating cases.

Even for air, the effect of viscosity change is not insignif-
icant, and this justifies the present approach which requires inlet
temperature and property data (as a function of temperature) as
input parameters.

4.6 Conclusion

'he range of work reported, covers broadly:

(a) adiabatic flow,

(b) torced convection with constant heat flux,

(c¢) combined convection with constant heat flux,

(d) effect of viscous disspation,

(e) comparative study of parameters.

In addition the following City University Research Memoranda
have been written:

(2) "Mixed Free and Forced Convection - A Survey" ML 15 (1969)

(b) "Combined Convection in Vertical Tubes - A Computer

Program in Fortran IV" ML 25 (1970)

(¢) "Combined Convection - further computer developments and

a Program tor Annuli" ML 28 (1971)

The scope of these is covered within this Thesis, but parts of
the tollowing internal publication are used as Appendices 1 and 12.

(d) "The basic equations for Convective heat transter in

cylindrical co-ordinates, with Computer solutions using

Fortran" Post Experience Course Notes TCU (1974)
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5e BASIC EQUATIONS

5.1 Partial differential equations

The basic equations are obtained for a standard two-dimensional
field inside a tube. ‘“The cylindrical co-ordinates z’ and r‘ represent
axial distance from entry and radius from axis respectively. Circum-
ferential effects are absent for axially symmetric ilow, which 1is
assumed to be steady and laminar.

Equations (1) - (4) are standard equations for

(1) conservation of mass (continuity)

(2) ) ( axial (Navier-Stokes)

g momentum
(3)

(4) conservation of energy

k radial

dv, v, Ov,
ﬁ+;7+a—z, =f (1)
ov, , . 0v,\ _ _0p o%v,  10v,  0°v,
‘”("'1 ol ) ~ar SeEtM Gt It e
ou Ov, ﬁp v, Ov,
Zﬁz'.ﬂ_z ar (az +6r) &
.ﬁE’.+1?b_" - _E£+ Lzb.;.lé.‘i_v'.'_azv'
APar "5z ) = " ar ot ror ria?
ou v, op o\
+2575?+E‘( +3r) (3)
ror ' 97 pC, Ez ror 6r pC,

For a derivation of these equations from first principles, see
Appendix 1. Although they are classical forms no compleie cylind-
rical-co-ordinate treatment i1s available in the literature. Of more
significance is that the derivation includes the effect of viscous
dissipation.

rroperty relationships are as tollows: viscosity variation

is allowed for in full, and the treatment allows any expression which

may be differentiated w.r.t. temperature. '
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Hence, for example, the term%?ﬁ;in equation (2) becomes
r

G _ dp 7T
o 4T o

Allowing up to three input constants,
B= nuA'fl (Clv CZ» C.‘!: r) ] - * (5)

Cp and k are assumed constant, and‘o constant, except in the buoyancy
term of equation (2). This term gives natural convection erfecfs in
vertical flows, where s = + 1, upwara flow, or - 1, downwara flow.
These effects are assumed absent in forced convection of any orient-
ation, and in adiabatic flow (s = 0).

The allowed density variation is quadratic:

p = pACi—CsT'+CoT") (6)
Finally, ﬁ, the viscous dissipation function, is given by:
Affov N | (0N | (00, \? dv, av,)?
o=2{() +() @)} {5 %

In this numerical solution, the integral continuity equation

is used, namely:
R
uR1U°=I21rr'-v,-dr' = absid s (8)
0

" In addivion, and it is somewhat of an innovation, the integral
energy equation is usea as part of the analysis, rather than an
energy balance check. By so using it, the energy balance is guaran-
teed, and the wall thermal boundary condition need not be explicitly

specified. The situation is analogous to the use of equation (8), and
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ig discussed further in Chapter 6.5.
For a constant wall temperature, the statement is discussed in
Chapter 12, but allowing for constant wall heat flux, and viscous

dissipation, the equation is:

R
2R pU,C,(AT), = %-(2::R}Az'+ szm'.dr'.z\z’ (9)
o

where ([KT”lN;s the increase in mixed-mean temperature over a length

Az’

The boundary conditions are as follows:

Entry condition:
v.= Up,s v,=0, P = Pos T'=T%
Tube axis: e
-, o1’ 2P o A
= — = —_—— ) ' =5 = *7 d
143 0) 3?‘ 0: or 0 b r ) (&
Wall flow condition:

v, =0, 9, =0
Wall thermal condition, either
(a) Constant heat flux:

a L
-g =k (—T) = const
R

A ér'
or (b) constant temperature:
T' = T'p = const
‘fhe wall thermal condition becomes redundant, however, when
specified implicitly in equation (9).

Hel Non-dimensional equations

The above equations may be made non-diwmensional, using the
substitutions defined in the Nomenclature.

Equations (1) - (9) become equations (10) - (18) respectively:

v Vv ou

B e e o T T 10
6r+r+6z v ( )
Eﬂk 9z 8z Re| *\éz2 'r or or

éT éU aT (éV aoU
T}{2 (32 ar

1 : p
-E"a?-l-a —+—)}:| iﬁz [G-Go-r":r(cos'1'6‘03'1")]E‘I (11)
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~ s
*\orr r or 2 822

VU =

av av Qf+_L
or 0z or Re

(ﬁzV 1ov Vv 62V)

oT ¢V oT [oV aU
s e P N e Pk 2
+n{23r 6r+3z (62+&r)}:| (12)
éT _aT 1 [(&T 1ar 3T
Vel e LTS
6r+Uaz Pr-Re(azz+r 6r+6r2)+¢'"‘° (13)

B =#afiCo1, Coz, Cos, T) = T, - - - (14)

CosT CgeT?
P=Pa (Co-a'l' g =+ GBG ) (15)

b - T 1 () () + 3)

R
1
%‘I”"‘d’ W (17)
o
1
}AT), = :‘;‘:‘;’:-M.az+ J‘ff’no'r‘dr-z&z
0 . (18)

o d .
In addition, T} represents (ﬁ, and is defined by:

L)

77 ()

T =

The boundary conditions become

) U=1, V=0, P=P, T=T,;
eu oT

@ V=0 —=0, =—=0;

B) U=0, V=0;

3,

@@ 2=4(3) () ®T-7

el Scope of treatment

5.3%.1 Property Limitations

The restricted density variation is quite reasonable for
liquids, and for gases with modest temperature changes. This is

-

consistent with assuming k and Cp constant.
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5.3.2 Geometiry

The meaning of 8 in the buoyancy term of equation (2) has
already been discussed.

As a further application, s = sinolis valid for inclined
tubes, where OLis the angle made with the horizontal by the z axis.
To be valid, there must be no buoyancy effects at right angles to
the tube, which can only be considered reasonable for small diameters.
The problem is not considered in this thesis.
5+3.3 Boundary Conditions

The fluid entry boundary condition (sub-section 3.3.2) has
been specified fors

(1) A uniform velocity profile.

Alternatives are:
(2) Partial adiabatic development; this is a programming
problem (section 7.7 and Appendix 2).
(3) Fully-developed velocity profile.

The boundary condition is stated as:

Fora z[l-gr_*f]

Uo (R J ( dimensional )
where U, = mean entry velocity
and U = 2(1 - r2J (non-dimensional )

Also, the problem of wall porosity can be defined by intro-
ducing finite Vy at the wall and re-stating equations (8) and (9)
accordingly. Although this is a problem not considered here, the
programming alterations necessary are rather minor. See Carter and

Gill (43).

5+3.4 Laminar and Turbulent Flow

Laminar flow analyses have engineering significance under
certain conditions. Apart from high-viscosity oils used in trans-

former cooling, Sherwin (46) mentions heat transfer where:
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(1) At least one fluid in a heat exchanger is in laminar flow,

(2) Design flow rates vary widely down to laminar flow,

(3) Process is automatic and laminar flow represents an emer-

gency or breakdown condition.

Turbulent flow analyses are much more complex, and present
treatments involve using the laminar equations (where time average
velocities are understood) with eddy and thermal diffusivities re-
defining the viscosity, and possibly thermal conductivity. For such
re-definition a turbulence model is necessary, and current work is
exemplified by Launder and Spalding (102) and Bankston and McEligot
(103). An internal M.Sc. project (Ross (104) ) incorporated some
turbulence models into the present program. The attempt was not with-
out success, but demonstrated that the radial grid spacing needed

improvement.,
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6. FINITE-DIFFERENCE EQUATIONS

6.1 Introduction

The finite-difference grid is a rectangular axial (suffix 'n')
- radial (suffix ‘m') one. The dimensionless radius r is re-expressed
as r = m-1, for m = 1 (at axis)......M+1l (at wall)., ‘This gives
T =0,1 :).It axis and wall,

A set of linear equations for the unknowns T, U, V, P may be
written for the unknown axial level 'n+l'. Where the product of two
unknowns occurs, linearity is achieved by putting one unknown at its
value at the previous step “Xn+1 - Xn ) an approximation which should
not be too serious. In practice, (section (.1) a check scolution is

made, which effectively removes the approximation.

6.2 Continuity equation

Backward differences are used in both directions. 'lerms from

equavion (10) become:

V) - v v
s n+l,m __ n+l,m-1
kbr)nﬁl.,m T

)
(¥) -V
(r)n+1,m —r&_—i’f;

(M
E%ggn+1 ¢ - Un+1.m * Un+1.,m-1 ¥ Un,m = Ug,g:;
’
2AZ

The last term i1s an average backward difference, with bpackward
radial positions (after Lawrence (105) ).
Substituting the above into equation (10) gives the set of

finite-difference equations:

[ZMm Az]

= Vasn—[242MV sy i+ (10

+{11Un+1,m—1 = [Un.m+ Un.n—l]

(19)

where quantities in square brackets are known coefficients of the

variables V etc.
n+l,m

en ] i ®



6.3 Al ternatives

Some alternative finite-difference schemes may be noted in the
literature. For example, Sherwin and Wallis (47a Juse a simpler

expression for (QU). They also state that a central difference form
©z)

of (QV) will only give a solution for an odd number of radial spacings.

r)

If each (n + 1) level unknown variable is expressed as a func-
tion of (n) and (n - 1) level known variables, then the unknown vari-
ables may be solved directly, and the scheme is called explicit. Any
other scheme is termed implicit. Worsge-Schmidt and Leppert _(5_1)_ use
a central /backward difference scheme in the radial/axial directions,
but also define an axial position n + (crAz), where G is a weighting
parameter, giving an explicit scheme when zero. Stability and

convergence criteria led to the choice of ¢ = 3.

4

6.4 Other equations

For the other equations, mainly after Lawrence, and similar to
Sherwin and Wallis, straighttorward central /backward differences were

used radially/axially. The (n - 1) level terms only appear in the
2, 2 2
approximations for o) Q),(B y ), ( T )
o A W A -
The parabolic equations do not have the double derivatives, so the

(n - 1) terms are not needed. The approximations are:

Radial

(’E)r—*)mm_nﬁ’mﬂ(_l)lmJ“ %ﬂm _._n.:l-_t,.l:nﬂ(‘r‘,l\)/n.-nm—

(bT =Tr\ﬂ,m+|'“Tn+|..n-l (aP) iy P =P
OF /naim (—%) D /ntim M@“LB_L

(algg) _ Unsimat = 2UnsimtUniimey (Smﬂaﬂy for BV DT
%

LSRN —)

T 2r2’ dr
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Axial

(BU) — Unsim=Un (_,mﬂmy for BV BT 'bp)
oz Nt AZ S bz =

: 2
;EL—I' ::-__;thlz::iz;_ngntwli_:ﬁnu Jmi Fa . )
(b,z‘u)n+“m Un Azg +Un=i (s larly fo 'g;'l; gz\/

Using the above approximations, equations (11) - (13) become equations
(20) - (22) respectively.

2m—1) T,
2R8{TA( e ) 2E(Tn+1 m+1T n+1.m-1)}

1
Vu n]Uun mf1+[R { (.4—,—2M2)
2?} 1 P M2
Azz(TrH»].n "'")}—Az] n+l n+[2R¢ ,
2m—3) T,
{TA(( L TCES )

Pn+l.m
+2 Vll III]U!I+1 m=-1" [AS]

[:t@ {G.co.+r,.u_..‘(coa+cur..n.m3}-7&

Pa
P’I.ll'i U!l m 2tj‘ll m
Az Az _L‘dzz Re{TA'*' Ts(TnH m-, An; m)}

Un mn MT,
Az’ 1Re TA 2R£j (Tn+1 m+1— Tnﬂ..m-—l)

X(Vn.m— n—l.m)] (20)
M? (T, (2m—1) M
2R8{W+Tﬂcrn+l.m+1_Tn-l-i,m-l)}—i Vn.m]
1 1 M?
S S "'“+[Re{T“ (E = l>2(2m 4m+3))
Ty U
+Z§z (Tnﬂ.m_ Tn.m)}—W]Vuu.m g
[ M? 2m—
¥ _Tm{TA ((m ) TB(TR+1 m+1T T:n\l.m—l)}
M M
+? Va.m] Vn+1 m- 1+[12 n+l,m+2
[2M 2M M
-1. 3 ]Pn+1 m+1+[ ] n+l,m=1"" 1_2] Pnu-l,m-z

- _Un.m.‘Vn.m 2Vn,n|'TA Vn-l.m TB T
o Az Re.42®2 " 42%.Re 2 (Tassim

MT,
~To )= T} =5t (Tasa=Te)

X(Un,n+1_Uu.m—l)] (21)

M M3*(1—2m) U, .
I:E ;:HI'M-I—W] e [—238—

e =

f oM
_‘5‘ l:ni.m]ifu+l.m—l
2 Tu.nl Tn—-l.m 3 #
—[{‘;’r-““n.Reaz} az 'Azﬂ.Pr.Re]*' RD (22)
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(An early attempt to eliminate instability effects was to put

(22 - 8Pm-r.‘n. £ BPm-i = a2 o
(E;m s (12)
(M )

The attempt was unsuccesstul, but the expression was left in.)

TA and TB, the viscosity variation parameters, are given by:

)
; when T = Tn+1,m
T{‘5= TB

In the energy equation (22), @FD, the finite-difference viscous
dissipation parameter, has the effect of a (known) addition to the
r.h.s. It is given by:

@FD = QDISS x TA [2 {Wnu,m i vn+1,m-1)2‘2 3 Ewml o
m=-1

)2

2 2
PPN S TSELAR B SR
zZ

= [

This term g¢ap include the unknowns Vh+1 » etc. because (Section
’
T.1) the set of equations (19) - (21) is solved separately from, and
before, the set of equations (22).

6.5 Integral equations

Applying Simpson's Rule to equation (17) gives the finite-
difference equivalent:

M M
5 -1

1%3 -Z(zm - 1)U, + :E Y, (24)
m= m=1

Here 'm' is not the radial position, but a variable. 1t should
also be noted that simpson's Rule proved quite adequate. A much more
exact form (closed 6 - interval Newton-Coates kule, Ref. (100) ) gave

the same tlow-field results,
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The equivalent of equation (18), term for term, is:

M M
% (m-l)un+1,m Tn+1,m & E (m-i)Un,m Tn,m
m=2 m=2
M
- EFLUX W AZ + AZ. E gFD(m-1) (25)
Re.Pr
M=

6.6 Boundary conditions

The boundary conditions become:

(l) U!..n=1: Vl.m=0: Pl.m=Po: Tl.m=0
(2) UJI.I = Un,2 Vn.l =0, Pu.l. = {p2

Tu,l = Tu.z
(3) Un.lli-l-l — 0, Va..\td-l =0
OR'Cyg
4 (@ T, 541 = B'M+m' ®) T 41 =Ty

Additional entry conditions

The diffusion terms giving an 'n-1' level require the speci-

fying of U0 . A . In the absence of other data, we use
]

Sk
o,m’ “o,m

U = U s N = V T =T

0,m 1,m’ 'o,m 1,m’ ‘o,m 1,m" Assuming no axial diffusion

at entry, this is not strictly correct, but the point i1s fully
discussed in Chapter 8.
Adaitionally, for a ftully-developed velocity profile, the inlet

axial disvribution is given by:

U

o.m = ° [1 - (E:&)%] tfor m between 2 and M (26)
s Hz

Wall thermal condition

*
(4)(a) is the redundant wall thermal condition for constant
heat flux. Lt pasically gives an estimated wall temperature resulting

from the equivalent for (9T) given in Section 6.4, and as usea by
ar)

Lawrence. This has a first-order truncation error, but was subsecquently
re-placed by a second-order equivalent (as used by Butterworth and

Hazeli ]82!, namely,

‘% i.e. boundary condition. (4)(a) on this page
2 3 T



Tawail ~ (R EFLUX + 4T o =% g 4)/3 (27)

1t is an important point, because the temperature gradient is
highest at the wall. However, by using the energy balance equation,
the difficulty is eliminated, because the single finite-difference

equation involving Tn is not then needed.

M+l
Interestingly, this has effectively been done in equation

(19) for continuity. It will be noticed for the last field point,

m = M, neither Uﬁ+l nor VH+1 are employed. The zero Uﬁ+1, however,

is implicit in the integral continuity equation. *In the literature,

the latter is commonly used, but to the author'a‘knowledge, no

comparable analysis has used the corresponding energy 'implicit

boundary condition'. The attention given to overall energy balance

in the literature, is surveyed in Chapter 16.

* For the porous wall case, Vﬁ+1 # 0, the wall flow would also be

implicit in the re-stated equation.
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Te COMPUTER PROGRAM

Tl Method of Solution
T.1.1 Introduction

The basic method is as follows. Assuming a second-order effect
of temperature on the flow-field, the latter is solved first, and the
solution used to solve the energy equation. This assumes the U, V, P
solution is reasonable. As a check, and in view of Tm depending on U
values, the temperature solution so obtained is substituted into the
UVP equations for a second solution, and in turn a second T solution.
Differences have usually been slight, justifying the above assumptions.
This also implies that temperature dependent viscosity and density
appearing in the momentum equations, have their virtually correct
values the 'second time round', rather than their values at the
previous step.

In more detail, equations (19), (20), (21) @nd (24)) are
written tor each radial position at the tirst axial step from entry,
and the known coefficients and r.h.s. evaluated. This gives 3M-2
unknowns (U, V, P for each radial position and PM+1) with the same
number of equations. ‘The solution is by a standard Gaussian elimin-
ation technique suggested by McCormack and Salvadori g;ggl. Equation

(22) is similarly written and solved with U . 's and V ,q's from the

1 1
tirst solution. Here M-1 equations (including equation (25)) solve
for the M-1 unknown 1''s.

The semi-iterative check is carried out in the same order. The

U, V, P matrix used Tn+ 's trom the temperature solution, and tinally

1
the T solution is re-obtained.

The marching is carried out by progression to the next axial
step, and so on.

A major part of the programming is associated with calculating

the coefficients ('A' on the l.h.s. and 'B' on the r.h.s.) for the T and

= A



U, V, P matrices, and the structure of these is discussed. It should
be noted that with the simple Gaussian eliminstion scheme, the Aii
values must all be non-zero.

T+1.2 Temperature Matrix

As the T matrix is somewhat easier to follow, it will be con-
gidered first.
Equation (22) may be written:

Fh (Ti_l) + F3 (Tm) + K, (Tm+1) = B

and equation (25) as:

jg:?l ¥ Ty

The additional subscript 'n+l' is understood, and Fi’ F2, FB’

Fy

known, as coefficients Aij, for a given m, as is B,

are functions only of the radial position 'm'. Hence they are

The resulting set of equations is given in Table 3.

Value

of m
(Fy#F5)T, + FoTy + 0 5 .y 5 . o =B, 2
F4’1‘2 + F3T3 + F2'I'4 X " A 1 7 - 32 3
0 + F4'I'3 + F3T4 . T'2T5 3 o 3 ; T B3 1
I 1
] 1

A . il ¥, - b F4TH-2 + FBThpl + FZTM =BM_2 M-1
F1T2 + F1T3 + F1T4 - F1T5___+ F1TH-2 - FlTM—i - Fle 'BH-i M

Table 3. Ener, uations

The axis boundary condition T, = T2 results in the coefficient

1
of T,, in the first equation, being (F4 + Fa) instead of Fs.

T.1.3 U, V, P Matrix

In principle, this set is similar to that for T, except that
there are ?M-2 equations, giving a UVP matrix of left hand side

coefficients about 9 times larger than that for T.



With the constraint of non-zero Aii's, and summarising equat-

jons (19), (20), (21) and (24) as below, the matrix is formed as in

Table 3.
F5vm + Févﬁ—l “+ F7Um + FSUm—i = BI
Pt * Figln * Fugluy * Tofy = Bpp

F15Vh+1 “+ F14?ﬁ + Flsvm-i - F16Pﬁ+1 + FlTBm-i
+ PP * Fioluo = Brpg
M n
3 22
Z Foolom * Z Bor¥omis = Pry
M= mﬂl

Again, Table 4 should be a reasonably self-evident description
of the equations.

At the axis, a previously unspecified equivalent is

(92) - 'Pn+1,m+2 e 4Pn+1,m+1 % 3Pn+1,m
M)

Hence, it may be noted that a major part of the programming
involves specifying the 'A' Matrix, and this consists of:

(i) Loop statements, where A's and their matrix positions vary
regularly.

(ii) Single statements for the A's for the boundary conditions.
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%GT, ME?E?%E;E:j?;;:‘ F& F% Fh' ——— FLi E;+a \42 \43 ot
| 2 %3 B M=i M - 1+ Maz — ...:

(20) 4'

Fds)

2 AM +Fz)
(19) ¢
3 AM+| F.& ;-
““““““ u
L_Vl-l IM-3
- pame -
2
(24) aM-2
fa)
= - - - v (31" meeaaes
= A=-CospricenTt MATRIX >
NOTES: =-vm=- Indicates all unspecified ranges
———
~s=s=s Indicates limits of rields of eguation %ypes
wil o o 4 '
F., gnd ¥, . refer to C“'gi“l_ torm of 9P necessary at boundary
17 16 >t L
, - -
F,; F., P refer to special form of 2P at inner boundary
. pos 'al-
g, o
_ 1
W e L g0 tc zero because Vi ia put to zerec.
TABLE 4 - V, P Bouations. (ALSC OF PAGE 47).
= o -\—, , _-A L ]

' REFER TO PAGE 45 FOR DISCUSSION
G,




el VH-[ vﬂ - U.i. U&

‘=2M-2

Uﬁm s o UM—I

2M-1 M 2ZM+| 242 — — — 3M-3

Unm

SM-2,

(FutFip) Fq

e — — 8 S i 8

Ps Br(2)
Ps Br2)

- - — — -

Fio ||Pm -/BIILFI-I)
o r‘-'}rm
Pl“!ﬂ 'BEI L."U _‘ .
EFI} fﬁ*. ,r f
Val | Bau+n

i

V3 Bﬁf (2}

T
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Ex(an- |
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Tel.4 Axial increment changes

Normally, with finite-difference analyses, when axial changes
become smaller, the axial increment (AZ here) is increased. With the
known levels including 'm - 1' as well as 'n', this increase may only
be a doubling of A%4. Figure 1 explains this. Normally after a
solution the old values at 'n' and 'n + 1' become new values at
'n - 1' and 'n' respectively. ( (i) Normal). For doublingAZ (as in
(i1) ) old 'n + 1' and 'n - 1' become new 'n' and 'n - 1' respect-

ively, old 'n' data becoming redundant.

T o+l
——_—’hn'ﬂ Az,
Az
n+l ; e, * n n+l L e Ny n
AZ AZ AZ,
n ¥ =y n-1 n L redundant A22=2A21
AZ AZ,
n-1 I — Tredundant n-1 L n-1
Old New 0ld New
(i) Normal (ii) Doubled
FIGURE 1.
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7.1.5 Practical details

The program was written in Fortran IV on 64 character punched
cards, which were ideal for making improvements. Input data are also
on cards, output data using the line printer. When initially written
the program used a number of independent Subroutines which were
tested before the program was finally run as a whole. Eventually,
most Subroutines were eliminated.

At first, the program was run on The City University 1CT 1900
Computer, taking about 50 minutes for two runs of 40 axial and 30 radial
positions. Then, using the University of London CDC 6600, this time
was reduced to 1 - 14 minutes. Finally, the ULCC CDC 7600 was used
and with the program as in this Thesis, the time taken for a single
run with 80 radial and 60 axial positions was %25 seconds of core
time; however, the core-sharing procedure of this computer makes the
comparison difficult.

7.1.6 Conclusion

The essential features of this approach may be summarised ass

(i) Use of velocities (instead of stream function, and
velocity potential).

(ii) Direct solution for each axial position by Gaussian
elimination, with a check solution (instead of full
iteration).

(iii) Marching-type solution for the unknown field (instead
of iteration).

7.2 Input Data

A total of 7 or 8 cards is necessary for each run. All input
parameters are explained below.
Card 1 (Integers)

ILAST Total number of axizl positions.

R



KLAST Number of times AZ is doubled; it must be equal to
the number of integers on Card 4.
MAXR Number of radial positions.
ISUNU Is entry velocity uniform or non-uniform?
= 1 for uniform velocity
= 2 for partial adiabatic development
= 3 for fully-developed velocity profile
IFTOQ It wall boundary condition is constant
temperature = 1,
or heat flux = 2
Card 2 (Real numbers)

c01,C02,C03
Temperature dependent viscosity variables.

C04,C05 Temperature dependent density variables.
Card 3 (Real numbers)

co6 Temperature dependent density variable

GNUMBR Dimensionless group G (Nomenclature)

PENTRY \Dimensionless entry pressure, usually 0.0

DELTZ  Initial value ofAZ

PRNDTL Prandtl Number )

) (Nomenclature)
RYNLDS Reynolds Number )

Card 4 (Integers)
L(K) The number of axial positions whereAZ is doubled;
K ranges from 1 to KLAST.
Card 5 (Real numbers)
S Natural convection parameter

+ 1-0, upward flow

0-0, adiabatic or horizontal flow

= - 1-0, downward flow

RATIOD Value of (Pm). Mean density correction.

ph)
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Card 6

(Real number)
QDISS Viscous dissipation parameter. (For no effect, use

0+0).

Card 7 (Real number)

or

T3

T4
?040 L

ZBARX Axial length for partial adiabatic development (Card
only used for ISUNU = 2).

(Real number)

TWALL Wall temperature, for IFTOQ = 1

HFLUX Wall heat flux, for IFTOQ = 2

Output Data

For each step, the following data are given:

ITALLY  Step number, zero at entry, increased by 1 for each
step, terminating as LLAST.

DELTZ Current value of A 4.

ZBAR Axial distance Z, zero at entry, increased by AZ after
each step.

TMEAN Bulk mean temperature Tm,

TWALL wall temperature for IFTOQ = 2.

NUSSLT Nusselt numbér.

TBAR Temperature obtained from heat input considerations,
in this analysis co-incident with TMEAN.

Also Axial velocity profile (U)
Kadial velocity profile (V)
Temperature profile (T)
Pressure profile (p)

At the end of each run

ISEC Time taken for the run.

Heat transfer Evaluations

TMEAN and TBAR (¥luid mean temperatures)

TMEAN 1s the bulk mean, or mixing-cup, temperature at an axial
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position, defined by:

S put T (2me)de”
Pz (2nr).dr’

the dimensionless equivalent is

{ pUTrdr
J, pUrdr

and the tinite-difference equivalent is
( "‘-"") Un-l-l, m Tf\.+l,M‘P
TMEAN = 22

Z(m D Unsiym- P

m=
In equation L25), constant density is assumed, but in the

T’ mean =

0\...-} REEEL

Tmean =

program proper the above refinement is made on the grounds that near
the wall contributions to TMEAN are significant, and it is there
that densiFy changea due to temperature are greatest./cb is given the
quadratic temperature allowance.

TBAR, originally a check temperature obtained by an energy
balance, but here made to coincide with TMEAN, is defined for constant

heat flux by:

() 70(2R)- Az = RH) UoCpmpr (Triy =T ey

Non-dimensionally this gives:

= _¥ _ 2.HAUXM.AZ . %
~Fici] Tn B D ‘lef:‘ (28)

(again, allowing a bulk density correctiun, where equation (25)

assumed constant density).

The final step is to make TBAR coincident with TMEAN to obtain
the finite-difference equation (25).
T.4.2 TWALL (Wall temperatures)

Wall temperatures neea only be calcuiated for the constant
heat tlux case. Using the constrained energy baiance TWALL does not

enter the T matrix, but is calculated suosequently as follows.
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Dimensionally, the relationship

/
S . gaT)
LTE @r)y
becomes the dimensionless

1 T
mox - 89

= const. (Fourier's Law)

Using a second-order (truncation error) equivalent, TWALL is
given by equation (27).

Since this procedure is essentially a curve-fitting exercise
to the solved temperature field, as checks third and fourth order
equivalents were also incorporated into the program. Using express-
ions from Hausner (Ref. (107) p.433), the 3rd and 4th order equations
for TWALL are respectively:

TWALL =[(6 x HFLUX) + 18T, - 9T, , + 2Tu_2']/11 (27)A
TWALL -[(12 x HFLUX) + 48Ty - 36T, , + 16T, , - 3Tl_;}/25 (27)B

It may be objected that since the finite-difference equivalents
within the field are second order (discussed in (53) ), it would be
inappropriate to use these higher order relationships. However, they
are extrapolations where the temperature gradient is highest. Also,
as emphasised in Appendix 6, for constant heat flux the Nusselt
number is a function of wall temperature, so TWALL is a significant
parameter.

T«4.3 Nusselt number
This is a local Nusselt number based on the wall-to-mean temp-

erature difference.

Hence:
Na = 2(Q) R
k(A)(TR - ‘I'in )
becomes:

Nu = 2 x HFLUX x M (29)
(TWALL - TMEAN)
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T+5 Constant wall temperature boundary condition

This will be discussed in Chapter 12. However, at this stage
two alternatives may be discerned.

A) Use of the explicit wall temperature

If equation (22) is written for the outermost fluid station

m = M, the unknown Tn Mel is the known input TWALL, so the temperature
;]

matrix may be solved.
Using, for example, equation (27)B, the wall heat flux HFLUXy,

is given by
HFLUXT = 1
eV -25TWALL + 48TH - 36$M_1 - 16TH-2 - STH-SJ

and

Nu = 2 x HFLUX, x M
(TWALL - TMEAN)

(29)a

Equation (28) then becomes a check energy balance, where HFLUX

is replaced by HFLUXT, and TBAR by TMEAN.

B) Use of the implicit boundary condition

However, the logic may be reversed. The TWALL version of
equation (28) may be used (instead of (22) for m = M) in the temper-
ature matrix. In this case, both sides of equation (28) include the
unknown temperatures, but it will be appreciated that it is feasible

to re-express the equation as

ZFi - Tm =3 s &8s in Subsection T.1.2.
Nu is again given by equation (29)A.
7.6 Friction factor evaluations
Local pressure drop and friction factor are important perform-
ance data. The local friction factor may be defined either in terms
of pressure drop (e.g. Martin and Fargie (83) ) or wall shear stress
(e.g. Worsge-Schmidt and Leppert (53) ). The two coincide only when

density is constant, and momentum changes zero.

L



7.6.1 Pressure drop

The local friction factor, fp, is defined dimensionally, non-

dimensionally, and in finite-difference terms respectively, as:

fp = _R_‘—Om_
/""mUcﬂ2 oz’

fp =§.§’.
02z

fp =P, -Pn (30)

AZ
the corresponding average friction factor, fav, is

fav = Pn+1 - Po (31)

Z
As Allen (108) has pointed out, when density changes occur,
they contribute to pressure differences. On elimination of these, a
radial pressure distribution will result. ©This means that the non-
dimensional P in equations (30) and (31) should be replaced by a
weighted mean pressure over the cross- section. This is defined non-

dimensionally by:

1
P= 2fP.r.dr. (32)

o

7.6.2 Wall shear stress

The local friction tactor, fs, is defined dimensionally and non-

dimensionally respectively as:

fs = ’}A' EBU’Z}
1i - 2 it
2% 8

2
== (T, ), (20U
et ‘3“31 (33)
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(Te ), is the viscosity temperature dependence term at the wall
el

(equation (14)). (QU) is obtained by a similar formula to (37T) ,
or), (@r),

except that here Ui = 0+0. Hence, the third and fourth-order equiv-

alents respectively, are:
Ve

8—31 =% (U, - 90, + 25, ) (34)
QU _,
®r), - 17 (48U - 36U, , + 16Ty , - 30y ) (34)a

Tl Structure
The flow pattern is given as Section 7.8. Subroutines are as
followss
MAT This solves the set of equations for U, V, P and then
T, by the Gaussian elimination procedure.
ITIME This calculates the run tim
The following loopea variables are used:
ITALLY When ITALLY reaches one of the specified values of
L(K), DELTZ is doubled. When ITALLY reaches ILAST a

run is complete.

K This is the step size doubling parameter. K is
initially 1, then increased by 1 each time the step
size is doubled. This enables ITALLY to be compared
with the current L(K).

NITER ‘this loop variable controls the semi-iteration check

on the solution of U, V, P and . 1t starts at 0, and is
increased by 1 after solving the T matrix. On reaching

2 it is made O again.
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7.8

Flow patisrn
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8. ADIABATIC FLOW

8.1 Published paper

As Chapter 4 explains, a large proportion of the work reported
by this Thesis has already been published. Although it is not
necessary, therefore, to repeat the material, which i1s incorporated
in the relevant Appendices, a logical order of presentation is main-
tained, with appropriate reference made to the published work in
question.

Adiabatic flow results are reported in Appendix 3, but some
additional discussion is needea to complete consideration of the
topic.

8.2 Data of Zeldin and Schmidt (36)

Zeldin and Schmidt report developing velocity profiies tor the
case of forced convection (Re = 254.75) where the fluid and wall temp-
eratures differed by less than 0+5K, i.e. effectively adiabatic tlow.

Table 5 compares Zeldin and Schmidt's data with predictions of

Collins from (i) Appendix 3 (M=30) and (ii) a recent study with M=80.

z Zeldin and Schmidt Collins

e Experiment | Analysis | =30 }=60
0:01127 | 1:365 |1-34 1-36 135
0-043 1614 | 1-625 1.64 1-635
0-116 1-883 | 1-883 1-885 1885
0-4915 2+00 2+00 1995 1999

TABLE 5 - DEVELOPING CENTRE-LINE
VELOCITY COMPARISON

The ‘l'able shows that the overall agreement with measurement is
about the same ftor Collins as tor Zeldin and Schmidt. Also, the
refinement to 80 radial positions affects results only marginally.

8.3 Data of Fargie and Martin 582!
Fargie and martin reported centre-line velocities significantly

lower than predictions which originally were considered to be due to
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viscous dissipation effects. However, since the entry used was an
abrupt contraction, the results may not be strictly comparable with
theory. However, Figure 3 of Appendix 6 does include a relevant
comparison between Collins's and Kargie and Martin's adiabatic centre-

line velocities.

8.4 Development lengths for low Reynolds numbers

It is only at lower Reynolds numpers that the elliptic uverms
representing diffusion (of vorticity (92) ) are not insignificant.
Then the solution pecomes somewhat Re-dependent. Table 6 compares
predictiuns of development length, of rriedmann et al 12;1, Vrentas

et al ]22! and Coullins.

R | wlte | v
250 0224 - 0+2435
200 0+224 - =
150 0+224 = -
125 - 0:214 0+241
100 0.226 - -

75 0.226 0:192 0245

50 0.226 - 0249

25 - 0.188 -

20 0+244 > &

10 0.270 S =

5 0352 - -
05 - 1.3%2 =

TABLE 6 - DEVELOPMENT‘LENGTH COMPARISON
There is no real consistency in these results, and probably,
(cof.Hornbeck (109) ) the reason is the difference in the inlet bound-
ary conditions, which are summarised below.
Vrentas et al solved the field from z'= - poto +00 , with V=0

and U=1 at z'= -oo, and at z%0 the condition V=U=0 at the wall.

*¥'i.e. 99% of fully-developed centre-line velocity

B =



Friedmann et al solved the field from z=0 to +6o, A uniform
axial profile was assumed at 250, but the vorticity over the boundary
had to be modified to give a stable solution.

Schmidt and Zeldin also solved the O -~ fidd, assuming a
uniform inlet profile without upstream vorticity diffusion, but did
allow a radial pressure profile there.

Thus the three alternative elliptic solutions have different
boundary conditions from each other and from Collins, whose conditions
are closest to those of Schmidt and Zeldin,

845 Friction factor results

Figures 2 - 4 compare the three friction factors obtained, with
predictions in the literature. These predictions involve a variety
of analytical procedures, making the comparison a comprehensive one.
Higher and lower Re results of Collins give some idea of Re-dependent
effects, and Figure 3 includes a direct comparison for Re = 250 with
results of Schmidt and Zeldin. The maximum difference is under 7%.

In general, the comparison is good, and gives confidence in the

predictive ability for pressure drop and friction effects.
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9. CONSTANT WALL HEAT FLUX - FORCED CONVECTION

Y.l Introduction

This chapter discusses results for forced convection with
constant wall heat flux. The standard case of constant properties
may be compared with data in the literature, and this extends the
check on the program's reliability from the solution of the contin-
uity and momentum equations (i.e. adiabatic flow) to the solution of
the energy equation.

Further, variable-viscosity forced convection predictions may
be compared with experimental and analytical data for water/glycerol
mixtures (Butterworth and Hazell (86) ) and oil (Martin and Fargie
(83) ). A large proportion of this further study has been published
(Appendix 6).

9.2 Constant properties

9.2.1 Parabolic entry velocity

'he simplest case is that of fully-developed flow, and here
the solution of the UVP matrix remains static at a parabolic axial
velocity protfile, zero radial velocity, and constant friction tactors.
1t is only the T matrix solution which develops to an eventual steady
state. Further, because of the energy balance, the fluid bulk mean
temperature varies linearly with distance, and so the essential heat
transfer parameter, the Nusselt number, is a tunction of the develop-
ing wall temperature only.

Table 7 compares results of Coilins with recent numerical
boundary-layer analyses of Worspe-Schmidt and Leppert (53), Bankston
and McEligot (103), and Butterworth and Hazell (87), together with
analytical results of Leveque (111) and Siegel et al (48), and Kays
(numerical) quoted in (87). The general comparison is good; Collins's
highest Pe resuits should be most consistent with the boundary layer

assumptions (i.e. negligible axial conduction).
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-gg-

N

Butterworth | Leveque(L) | Bankston Worsde- COLLINS Pe =
(Z & and & Schmidt
(Pe Ly Hazell Siegel | MNcEligot &
et al Leppert 1000 12500 25000
5 x 1072 56+ 5651, 2 6039 56189
1 x 1074 44-4 449 1) . 45+37 44+13
5 x 1074 25.7 2621 ) ) 25442 25031
0 001 20.2 20-8( - 20405 2001
0002 15.84 15+80 15-81 16+41 15+85 1584
0-005 13.8 11.8 11+80 11-68 11+70
0.01 10-4 9-40 9295 9+29 9295 9+36 933 9.32
0.02 8+06 7-65 T+49 T7+50 T+49 T+53 152 =
0.04 656 6+25 6+15 615 615 618 - "
0.06 5+76 5+62 554 555 5 - -
0.10 511 5+02 497 4-98 4+99 - -
0.16 4-T4 4+66 4462 4463 4+64 - -
0.2 4-59 4+55 4+51 4+52 4+53 - s
04 4+40 4-375 438 4+38 - .
0.8 4+39 4+36 436 4+36 . -

TABLE 7 - NUSSELT NUMBER COMPARISON - FORCED CONVECTION WITH
CONSTANT HEAT FLUX AND FULLY-DEVELOPED ENTRY FLOW




The range of (Z/Pe) for the three sets of Coilins's results is
limited tor low Pe by the minimum initial value ofAZ, and for high
Pe by the length of run required, However, the common part of Lhe
range shows that the downstream results may pe regarded as uniform.

Figure 5 compares the fully-developed temperature profile with
graphs of Bradley and Entwistle (51) and Worsge-Schmidt and Leppert
(53). The comparison is very good.

9.2.2 Uniform entry velocity

For a uniform entry velocity, Nu depends on Pr, as shown by
Figure 6, which compares resuits with predictions of Martin and
Fargie ggzl and Butterworth and Hazell lgzl. It is intriguing that
upstream aifferences between the latter. two cause two aifferent Pr
curves almost to coincide. However, Collins's results for Re = 2500
(comparable with boundary-layer assumptions) lie within the range of
the others, for each Pr. The results also show an Re-dependent
effect, although this is not mentioned by the other analysts. Later,
gome specific Re results are compared with data of Butterworth and
Hazell.

Figure 7 is a similar comparison tor Pr = 07 (i.e. air) with
predictions of manonar (110), Ulrichson and Schmitz (49) and weasure-
wents of Heaton et al l;;gl (quoted in Lﬂﬂl )« Again, Collins's
results are for Re of 100 and 2500, with, exceptionally, 10,000 to
extend the range of GZ. Agreement is very reasonable, predictions of
Collins and Ulrichson and Schmitz almost coinciding, and being above
measured values of Heaton et al by 10% or less. The Re-dependent
effect near entry is evident in present predictions.

Finally, Table 8 summarises the effect on Nu of the alternative
inlet boundary conditions, for air., Agreement is very reasonable ex-
cept at lowest (Z/Pe) but this is consistent with the differences of

Figures 6 and 7.
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(2.) Bankston & | Ulrichson & | .

(Pe) McEligot Schmitz e o
0-02 1-192 1-22 1+43
0+04 1-124 1-125 * loy I
0-10 1-0545 1-065 1-060
0-20 1.018 1-054 1-022

TABLE 8 - HEAT TRANSFER COMPARISON FOR DIFFERENT
BOUNDARY CONDITIONS (PR = 0-7, RE = 100)

(VALUES OF Nu(UNIFORM )
Nu(PARABOLIC

9.2.3% Axial conduction at entry

The inlet thermal boundary condition tor this work assumed zero
axial conduction. Hennecke Sgﬁl, for the case of a parapbolic velocity
profile, concluded that this is reasonavle for Pe (based on diameter)

above 10, BEven for air this only demands an Re_ above 14. A final

R
comment, to be discussed more tully with constant wall temperatures,
is that any boundary layer analysis must ignore entry conduction.

9.2.4 Partial adiabatic development

Figure © compares results 1or two values of unheated entry
length, with vhose of Butterworth and Hazell (87). Also shown are the
limiting values of O (uniform entry velocity) and &0 (parabolic entry
velocity). In general, results of Collins lie below those of B. and
H., the difference reducing with aistance.

9.3 Water/glycerol Mixtures

9.%3,1 Introduction
This study relates to heat transfer measurements and predict-

ions made by Butterworth and Hazell ( (86) and (87) ). A comparison

with their Runs 35 and %6 1s already reported in Figure 8 of Appendix

6. Run 35 had measured values of Nu substantially higher than

¥ 1t has no 31gn1ficance, but should be mentioned, that the present

definition of GZ differs from that of Appendix 6.
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prediction, and this was interpreted by Butterworth and Hazell as
peing due vo (1) viscosity variation with temperature and (2) viscous
dissipavion, Collins found, nowever, that (1) was a minor effect and
(2) caused a slight reauction. As a check, a comparison was made with
run 36, closest in conditions to run 35, and good agreement was reached.
Since runs 35 and %6 were 1or a nearly sharp entry, it was decided to
clarity matters by studying some more runs, as summarised in Table 9.
Run 49 gives a further sharp entry check, run 47 a typical partial
adiabatic developwent problem, and runs 52 and 55 the common parabolic
entry protile case. Run 52 with high AT and hence heat flux should

clarify vhe eftect of viscosity variation, especially in comparison

with run 55 of lowﬂﬁ.

B;.unang.ok.i. Adia.;a.tic AT % Reo Pro
35 2:5 0-81 85+ 75 553+ 2
%6 2 0-71 271-4 26246
49 25 0-99 715+8 13+14
a7 69375 0-89 1577 T1-25
22 bo 672 9240 17-05
25 > = 0-48 10247 7390

TABLE 9 - BUTTERWORTH AND HAZELL PARAMETERS

9.3.2 Viscosity variation with temperature

Deduced from data tabulated by Miner and Dalton (113) the temp-
erature function used was:
-C
/ 2
’& . l:T_:.c_l]
7
Ma Rt

Besides water/glycerol mixtures, water itself and some oils

(35)

satisfy this function, which is referred to as defining

VISCOSITY TYPE A

=



Using the alternative definition of dimensionless temperature

T, this becomest

+ 03
C. T
R LR (5)
g
E -(%3 + 1.0)
and D (M _ ~091.%s3 | %01.Y = ¢ (37)
-ﬁﬁ) Tﬂ = G e G + 02
T/
where 001 = 0 (38)A
/
'I'Jl + 01
d b e
o o 70L.T %
02 7 (38)B
TA + C1
and Cos = C, (38)C

9.3.3 Discussion of results

Results for constant and varying viscosity are plotted in Figs.
9 - 11 for the three values of Z, and are compared with measured and
predicted Nu of Butterworth and Hazell.

Fig. 9 shows that Collins's constant viscosity prediction this
time lies consistently below that.of B, and H., the difference reduc-
ing from about 15% to 5%. This agreement is less good than for runs
%35 and 36, but taking the three together, still permits a conclusion
of reasonable agreement. The effect of viscosity variation in Fig. 9
is to increase heat transfer marginally with distance.

Measurements in Fig. 9, however, virtually agree with B. and
H.'s prediction, and therefore lie above the present predictions.
Again, comparing the latter with measurement for the three runs, there
is no consistent trend with either Re, Pr or Pe numbers, which may
point to experimental difficulties.

For adiabatic Z = 69.375 (Fig.-io and run 47) there is no
longer the uncertainty of the sharpness of entry. The constant prop-

erty predictions agree to within 10 - 5%, this difference being reduced
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somewhat by viscosity variation. However, measurements are again high,
and this time diverge with increasing distance.

Runs 52 and 55 shown on Fig. 11 show virtual agreement for
predictions, with the usual increase for viscosity variation, The
larger temperature rise for run 52 results in a downstream increase
“in Nu of about 6%. However, the key feature is the substantially and
congsistently higher level of measured Nu. Apart from experimental
uncertainty, it is difficult to postulate a reason for this. There
18 no doubt about the inlet fluid boundary condition, and the effect
of viscosity variation would be least upstream where temperature
rises are less. Yet the aifferences are largest upstream, and on the
whole reduce gradually with distance.

As a general conclusion, this further study is one of the least
satistying in terms of agreement of measurement with the present
analysis. However, if the comparison in Fig. 11 be viewed as quantify-
ing experimental variation, (this being confirmed by agreement of the

predictions) then the agreement tor the other runs becomes quite

reasonable,
9.4  0il

9.4,1 Introduction

Martin and KFargie (83) reported fluid flow and heat transter
for M600, an o0il of high Pr number. They compared measurement with
analytical predictions allowing for viscosity variation, for two runs
at the upper and lower bounds of experiment. In both cases, measured
Nu values were above analytical ones.

Appendix 6 also reports Collins's predictions for the high

temperature extreme of experiment (Martin and Fargie parameter

ll

%52 = 60.3), which gives good agreement with measurement for (1)
0

developing centre-line velocity (Fig. 3 of Appendix 6), (2) Nu number

o



(Fig. 6, ibid) and (3) friction factor (Fig. 5 ibid). However, as with
the glycerol/water results above, 1t was felt desirable to make a

comparative study for the low temperature run g - 1103

kTO

9.4.2 YViscosity variation with temperature
From a graph supplied by Martin (88), the temperature function

used was:
Mo (@) 1

Besides M600, the liquids studied by Martin (84) can be
expressed by this relationship, which 1s referred to as defining
VISCOSITY TYPE B
In reality, this is a simpler case of TYPE A.

Using, again, the alternative definition of T, this becomes:

-C
A =@ )% (40)
PR T Y
T S T T 0. )‘Coz (41)
ar w GOy el
where Coy = ©4 (42)A
and Cop = Cy + 10 (42)B

9.4.3 Discussion of results

Results of the present analysis (allowing tor viscosity varia-
tion but ignoring viscous dissipatvion) are compared with Martin and
Fargie's measurements and variable viscosiiy analysis in Figs. 12 -

14.

Predicted velocities in FKig., 12 are initially below, then above
experiment, the downstream values being 1-895 and 1835 respectively.
This is at least partly attributable to the sharp entry used. However,
while Ug'for poth runs (Fig. 7 Ref. (83) ) ends below the standard

adiabatic curve, initially the 11-% parameter run is above that curve

kTS



while the 60+3 parameter run is always pelow, except at the tirst
point: It may be that the sharp entry causes a relative acceleration
initially, followed by a steady deceleration, this being Re-dependent
and possibly associated with separation and re-attachment. Despite
this entry aifficulty, the present analysis agrees fairly well with
experiment.,

Fig. 13 shows poorer agreement wiih measurements than in Fig.
5 of Appendix 6. ror the rirst two points Mariin and Fargie's predict-
ion is closer to experiment than the present one, but thereafter the
reverse is true. For example, at the last station Collins and Martin
and Fargie underestimatve the pressure drop by 24% and ¢8% respectively.
For the other run (60+3 parameter) agreement with poth predictions is
mach better. in the light of the sharp-entry aiscussion above,
possibly part of the discrepancy couid be attributed to that.

On the other hand, the Nu comparison in Fig. 14 is gooa, and
nas some similarity with the equivalent Fig. 6 of Appenaix 6. In
both instances the second and third station values are higher than
experiment, but this difference rapidly decreases downstream.

Uverall, while the comparison for ﬁjg = 11.% 18 not quite as

5
k'I'U
gooa as for 60.3, it is still convincing, and specifically contirms
the conclusion that heat tiansfer may be adequately predicted with the

present variable viscosity model.
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10. CONSTANT WALL HEAT FLUX - COMBINED CONVECTIOR

10.1 Additional Property Variation

10.1.1 Introduction

Data in the literature for this problem are all relevant to the

results of Allen (90) and predictions of Collins are essentially
& Finn’s

contained in Appendix 9. While Allen's &nalytical model (101) is
approximate in the sense of the equations used, it is comprehensive
in respect of the allowed property variations. To make results of
this program more comparable with those of Allen and Szpiro, the
model was adapted to accommodate additional property variation within
the energy equation. Specifically, the thermal conductivity k,

thermal dlffualv1tyg(_(= k ), and the product QOCp) were allowed to
( per)

vary linearly with temperature. These assumptions are consistent
with the oil in question, and apply to other fluids in so far as
changes with temperature are very modest.
10.1.2 Changes in analysis

Equation (4) becomes, when the viscous dissipation term is

ignored:

2 / 2 /
or’ °T 1 . e T 3k T
o B e € A | 1 7 e F_ar* » 202k )

7 - + 7
or’ 0% (BZ 2l .o 2 %’ 927)
(43)
Using the dimensionless relationships:
L=y (1 + €T (44)
k= k; (1+C,7) (45)
pcp = (aCp)y(1 + €, ,T) (46)
and taking, for example:
% _ Dk I
or af ar

= B -



equation (13) becomes:

30 (1+0c,") Pu @, 17, 7
Br i e B G 0
o]

11,om ( (>%7) ). >°1)
Pr Re Po a}:.2) k ); (47)

In the above:

Pro =-=/(.l1 (cp) , and HFLUX is based on ko rather than L)

The mixed mean temperature is given by:

e
fPo cpojo“z.m. rreld % cl’zw’).dr’

T’mean =
po Cpo R
pAlZ. T.(1+C T ) ar’
(6]
1
[U.T.r. (1 + 012'.1‘) dr
T mean =

1
Uer.(1 + ClQT) dr

Q' 10

The fluid mean temperature given by heat input becomes:

59—;71 (2R)AZ” = ';'(R U, Cp PO(l + 012 1J(T - T i)

n

and

T - T = 2HFLUX.M.AZ Pm =
n+li n Re . Pr /O + 012 Tn+1) (48)

For consistency and convenience, the ratio /{?_n_z in equations (47)

and (48) replaces that used in the standard program, namely Pm, by

}OA
simply making Tl = TS for density.
Finally, equation (22) becomes:
A M2(‘«""2&“)(:""'C:l.o n, m’ H‘z Cll( n,m_ n m—l) D it et
L= S 2.Pr.Re(m-1) 2 Pr.Re(1+C,,T ) ’

tr.n,m + (1+010Tn,m)(2H2- : S O, 11( n,m n m-l) ]Tn+1 Y
| AZ Pr.Re ( Az2) Pr. Re(1+012 o m)Az

R



\>M2(3“2m)(1+010 N, m) lv + M C:L:I_(Tn m 11,!]1 l;:[ 53

2PI'.RE(IB—1) 2 n,m 2 Pr. Re(1+clz o n+1,m—1
[(T)n,m LE - 1 j(cll(T)n m n m Tn-i.m) + (14,0 p)%
AZ Pr 2] (e ) n,m
.REAZ 12 n’m
2Ty m Tn-l.m)j] (49)

Where all T's in square brackets, because they represent property
values, are updated from n,n-1 values to n+l,n values respectively,
when the second temperature solution is made at a given step. This
remark does not apply to (TJn,m in B brackets.

The program is given as Appendix 7. Explanatory comment cards
are omitted, but effects may be deduced from a comparison with the
original standard program, Appendix 2.

The three additional property parameters are required as CTEN,
CTEN1, and CTEN2 (from equations (44) to (46) respectively) on Card 5
(Section T.2).

10.2 Paper submitted for Publication

''he essence of the data reported in this Chapter is given as
Appendix 9, and the remarks below discuss the logical relevance, The
viscosity relationship for each liquid is of Type A, and all data are
for upward heated tlow,

10.3 Results for water

10,3.1 Lawrence and Chato's data {22! S1022

Input data tor one run of this program was defined after some

difficulty, and output data in the torm of developing velocity profiles
were checked against predictions and limited measurements given in
(33). The comparison was good, and the effect of additional property
variation negligible.

10.3%.2 Scheele and Hanratty's data (35)

Input data for two runs of this program could be defined in

terms of dimensionless parameters. Output data for wall temperatures
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were compared with (i) measurement and (ii) results from an approx-
imate theoretical analysis, which did not give good results close to
entry. Predictions of this program can be reasonably said to resolve
this problem.

Additional property variation was not incorporated here, because
(a) the accuracy of the input data was not felt to justify it, and
(b) the effect in 10.3.1 was so small,
10.3%.3 Conclusion

Although information in the literature is somewhat limited,
that of Scheele and Hanratty complements that of Lawrence and Chato,
thus confirming the reliability of this program in predictions for
this liquid.
10.4 Results for oils

10.4.1 Allen's data 520!

Measurements and predictions of wall temperatures and overall
pressure drops were available, together with predicted outlet centre-
line velocities., Three runs (covering the range of parameters) were
studied for comparative purposes. M@lthough Appendix 9 uses this
program as a check for Allen's approximate analysis, the overall
agreement may fairly be viewed as a reverse check also. With the
fully-developed entry velocity protile, approximations in theory are
felt to be more justifiable.

10.4.2 Kemeny and Somers's data 561!

It was only possible to deduce input data tor one run of this
program. Results could be compared with measured wall temperatures
up to and after transition from laminar flow. Despite the sharp
entry used in experiment, predicted temperatures up to transition
compared very reasonably, and axial velocity predictions showed that

transition would occur in approximately the correct region.
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10.4.3 Conclusion

For oils, the effect of allowing for additional property
variation is not necessarily negligible, but depends on the magnitude
and sign of the property changes with temperature. Taken together,
data tor oils provide a further convincing check on this program's

results,
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i1. VISCOUS DISSIPATIUN

11.1 Introduction

The material for this Chapter is given in Appendix 6. The
fluid viscosity is of Type B, except for the water-glycerol
mixtures of Type A.
11.2 Adiabatic flow

Measurements of wall and mean temperatures were available and
compared with predictions of Martin (84). The results of this stuay
iie generally within the range of that comparison.

11.3 Forced convection (constant wall heat flux)

Here it is shown that viscous dissipation has a small retarding
effect, as expressed by the Nusselt number. Additional data of Test
iggl, for torced convection with constant wall temperature, and lgbal
et al (99) for combined convection, could not be incorporated into the
study. This was because of a certain lack of data essential ror input
purposes, apparent from Appendices 11 and 8 respectively. However,
the mentioned smallness of the erfect ie quite consistent with their

results.
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12. CONSTANT WALL TEMPERATURE - FORCED CONVECTIUN

12.1 Introduction
12.,1.1 Constant Properties

This chapter reports (entirely unpublished) results for forced
convection with constant wall temperature. The standard case of con-
stant properties relates heat transfer results to a number of references.
Unfortunately, an intention to complement this with a variable
viscosity study (Test (89)) was frustrated by a lack of property data
(Appendix 11). However, the constant properties study has some
interesting features.

12.1.2 Alternative treatments

Firstly, as shown in Section 7.5, there are the alternative
treatments of the wall thermal b.c. statement, viz. (1) the use of
the explicit finite-difference energy equation at the wall, or (2)
the use of the implicit energy balance equation.

12.1.3 Significance of T::

In Appendix 6 (Section 5.2) the point is made that Nu for
constant heat flux is basically a function of wall temperature.

For constant wall temperature Tﬁ', and constant k, NuocC p
LS, S
m

R
where A is the wall heat flux rate, and for a given axial length is
a function of T; . Hence Nu is a function of T;F While it is difficult
to deduce changes in q; from values of (local) Nu,* fortunately Jones
{95) and Singh (94) tabulate predictions of ﬁ; « These form a very

useful check, therefore.

12,1.4 Discussion of literature

Besides Jones and Singh, Zeldin and Schmidt §§6[ provide an

elliptic type solution. Their Nu values are criticised by Marner

T ——— o

! Conversely, Test (114) found his experimental values of Nu unsatis-
factory, because they were based on changes in E;:, between adjacent
axial positions, of a few tenths of a degree.
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i;lil as being too high. Marner usefully pinpoints the difference in
entry thermal b.c. as a contributory tactor, but does not note the
effect of this on ﬂh:. This issue will be dealt with fully.

In addition, various relevant boundary layer type analyses
are comparable, and for the sake of clarity are listed with the above

in Table 10, together with the comparisons made with the results of

this work.
Authors and Type of Fluid entry Conmants Comparison
References solution Profile with this
work
Jones (95) Elliptic | Developed )Mixed mean gazie i;
;temperat- Tgblz 13
Singh (94) Elliptic Developed )ures given | n vie 14
Zeldin and i (1)Developed| (1)Table 15
Schmiat (36) | EHEPHC | (2)Uniform (2)Pigure 15
Worsge-Schmidt . )
& Leppert !551 Parabolic | Developed )
ﬂ Table 16
Butterworth &
Hazell (87) Parabolic | Developed )
Sellars et al |
(111) Parabolic | Developed Table 15
Ulrichson &
f . Parabolic | Uniform ;
Bohmits (49) )Pr = 0-7 Figure 16
Manohar (110) | Parabolic | Uniform i

TABLE 10 - COMPARISON WITH LITERATURE
(CONSTANT WALL TEMPERATURE)

12.2 Parabolic Entry Velocity

12,2.1 Comparison with Jones and Singh

Predictions of Nu of Jones and Singh, are compared with those
of Collins for (1) Explicit wall thermal b.c., and (2) Implicit energy
balance statement. Tables 11, 12 and 13 are for Pe = 50, 100 and 1000,
respectively. These give a good range of conditions, from where axial

conduction could be significant, to where it should not be.



Table 14 effectively compares mixed mean temperature for the
above values of Pe. In this case, Collins's predictions used the

implicit statement for the wall thermal b.c.

Z_ Totoh Collins | Collins
Pe (1) (2)
0-025 5657 6858 6+288
0-05 4+657 5+005 4957
010 4-011 4+141 4-129
0-15 3795 3-862 3+855
0-20 3712 3747 3+742
0+25 34679 3+701 3-696
0-50 34657 3655 3652
1-00 3657 | 3-637 34632

TABLE 11 - Nu COMPARISON (PE = 50)

%E Jones Singh Cotiﬁns Coté%ns
0-010 T-508 8-079 9-722 9+690
0-025 5624 5976 6+03%4 6+000
0+05 4+644 | 4759 | 4803 | 4795
0+10 4+006 4-034 4+068 4+-065
0-15 3793 3803 3835 5+834
0-20 3.710 3+T15 3+735 3734
0-25 3+678 3680 3+695 3694
0-50 3+657 3:66 3+655 3+653
1-00 3+657 | 3+66 3636 | 3-635

TABLE 12 - Nu COMPARISON (PE = 100)

= Bt =




%; Jones Singh Co%iina Co%;ﬁna
0+010 | 7-466 8.077 7+590 T+589
0.025 | 5-613 5+975 5-677 5677
0-05 4640 44758 4683 4.683
0.10 4+005 4.033 4+037 4.037
0.15 3=792 3+803 3.819 3+819
0+20 3+710 5715 3727 3727
0«25 5+678 3+680 3+690 3.690
0.50 34657 366 3.654 3+654
1.00 3.657 5466 + -

TABLE 13 - Nu COMPARISON (PE = 1000)

Pe = 50 Pe = 100 Pe = 1000
Z
Pe Jones | Collins || Jones| Singh | Collins [ Jones| Singh | Collins
(2) (2) (2)
0-010 10892 - 0.893| 0.91 0.902 }0.893| 0.90 0,894

0-025 #0+812| 0-823 }0.812| 0.82 0-818 #0.812| 0.82 0.813
005 #0716 | 0.726 [0-716| 073 0.721 {0.716] 0.73 0.717
0¢10 [O-579| 0587 {0-579| 0-59 0-582 §0-579| 0-59 0.581
0+15 R0+477 | 0485 R0-477] 0-48 0481 §0.477| 0.48 0.480
0+20 0395 | 0.402 }0+395| 0-40 0-.401 §0-395| 0+40 0.400
0+25 §0°329 | 0.337 §0-329]| 033 04335 §0-329| 0-33 0-333
0-50 {0132 | 0.143 §0-132| 0-134 | 0-141 §0-132| 0.13%4 0.13%6
1-00 {0-021| 0-028 [0-021] 0-02 0-028 {0-021| 0+02 -

TABLE 14 - COMPARISON UF VALUES OF (1 - T7)
T
A number of points arisesfrom Tables 11 - 14. Firstly, there
is the comparison between results of Jones and Singh. Whereas Singh
assumed a uniform entry temperature, hence zero entry q; y Jones
solved for the region downstream of entry, with a zero wall temperature
there. 'This gives a positive entry—T’;, which explains why Jones's
temperatures from Table 14 are higher than Singh's, despite his Nu

values being lower (Tables 12 and 13). Also, although the Nu values
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for both Jones and Singh vary with Pe at the same (Z/Pe) value
(Tables 11 - 13), the mean temperatures from Table 14 do not, This
suggests that TF; is possibly a more fundamental description of heat
transfer than Nu in this context.

Turning to Collins's results (ignoring differences between
(1) and (2) ) it would be expected that they agree with Singh since
the entry thermal b.c. is the same, but that Jones's solution would be
the preferable standard of comparison., Collins's Nu's are higher and
lower than those of Singh in Tables 12 and 13 respectively, but the
comparison of ‘lable 14 is more illuminating, At Pe = 1,000, where the
entry b.c. statement is probably less important, Collins's results
virtually coincide with Jones's, this agreement being less good at
lower Pe. However, at Pe = 100, the predictions lie about midway
between Jones and Singh. Given that a change in statement tor thermal
entry is not wanted on the grounds of complexity being avoided, this
is very creditable agreement.

12,2.2 Comparison of alternative solutions

The final issue is the comparison between Collins (1) and (2),
ignoring the other solutions. Although initially the values of Nu
differ somewhat, they rapidly converge downstream (Tables 11 - 13).
Even these differences reflect only marginally different solutions of
the temperature profile, and in Teble 14, for example, at Pe = 100,
solution (1) gives 0-8945 and 0+813 for the first two positions
tabulated.

In rinite-difference terms the agreement between the iwo
solutions is remarkable. Within the author's knowledge, while other
numerical solutions mention energy balance checks for the constant heat
flux case (see Chapter 16), none do for constant wall temperature.
‘these results imply a virtually exact energy balance for using alter-

native solution (1). Alternative solution (2) is a quite new way of
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dealing with this wall b.c., as it was with constant heat flux. The
fact that it can be used as successtully as the explicit statement 1is
quite interesting.

This ieaves the actual choice of solution. A detailed study
of the alternatives' results showed that the implicit statement method
(2) was very marginally closerto Jones's results than that of (1).

For this reason, and also to retain the implicit statement method
through the Thesis, method (2) was chosen, but it is conceded that
theoretically solution (1) may be more correct.

Perhaps one or two reservations shouid also be stated. ‘The
wall heat flux was assessed on the temperature profiie at the end of
each axial step, but near the entrance the flux may in tact vary
glighily over a AZ. In tact, an attempt was maace to use the average
of values at start and end of AZ, but this led to oscillation with the
semi-iteration, and had to be-omitted. In any case, the approximation
is not severe. Another difficulty, found with both solutions, is that
the progression of Tn’; towaras '1‘1{ for high z./Pe (‘table 14) is some-
what slow, and this is reflected in correspondingly low Nu values.
Expressed as a percentage of the wall temperature, the maximum differ-
ence in Table 14 is 0+7%. (Collins compared with Jones).

12.2,3 (Comparison with Zeldin and Schmidt

Marner (115) tabulates Nu of Zeldin and Schmidt, tor Pe =
126+25, and compares this with results of Sellars et al (111) Table

15 further compares them with resuits of this analysis.
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L5 [ Rt | g,
0+00905 T-713 8-01 9357
0+01282 64893 7-076 7-766
0-02198 5+831 5.919 6217
0+05128 41610 4+641 4+730
0-09524 4-037 4.059 4.101
0+2052 3.704 3.722 5.716
04616 34656 3+659 3655

TABLE 15 - Nu COMPARISON (PE = 126.25)

Marner criticised Zeldin and Schmidt's results as peing too
high, but Collins's are even higher. At this Pe value the entry b.c.
is more important, and Collins's results (Tabie 14) tend to under-
predict heat transter relative to Jones. If, therefore, we accept
Jones's solution as using a preferable entry b.c., then the results
of Table 15 indicate underprediction increasing trom right to lLeft,
because all assume zero entry g; .

Comparing Tabie 15 (Sellars et al) with Table 12 (Jones), at
roughly the same Pe, 1t can be seen that the Nu values are approx-
imately the same, thus causing Marner to conclude the tormer to pe a
reliable solution in this coutext. As has been seen, nowever,
consideration of T; Leads to an oppusite conclusion.

12,2,4 Comparison with boundary-layer solutions

A comparison with one boundary-layer solution, viz Sellars et
al, has been made. Table 16 is a further comparison, using Collins's

results for Pe = 1000, which should be high enough,
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2 Collins W-Schmidt | Butterworth
Pe & Leppert & Hazell
0-010 7-589 T-47 T7-53
0-025 5+677 555 5-70
0-05 4+683 4+65 4+55
0+10 4-037 4-00 2°95
0+15 3-819 5+80 373
0-20 3727 3+70 370
0-25 3690 3967 367
0-50 3+654 3°66 3+65
1-00 - 3466 3+65

TABLE 16 - Nu COMPARISON WITH PARABOLIC
EQUATION SOLUTIONS

The agreement is within about 2% maximum, which is very accept-
able. Strictly, the Sellars et al results should appear here rather
than in Table 15, and these differ from Collins (Table 16) by perhaps
less than 2%, allowing for differences in %5 :

e

12,3 Uniform Entry Velocity

12,3.1 (Comparison with Zeldin and Schmidt

Figure 15 compares results for a specific Re and Pr with those
of Zeldin and Schmidt. Apart from extreme entry, agreement is very
reasonable, the curve of Collins lying first above, then slightly below
the other. Comparing this graph with Table 15 (same Pe, but parabolic
entry profile) it may be noted that the point at which the predictions
cross is closer to entry for this case.

A further comparison with the (parabolic-equation) solutions
of Manohar and Ulrichson and Schmitz, for Pr = 0+7, is given in Figure
16. The two predictions of Collins are for (1) probably ignorable
and (2) possibly significant axial conduction, for Pe = 1750 and 175
respectively. The former, except at extreme entry, almost agrees with

Manohar and is within about 7% of Ulrichson and Schmitz's results.
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kxcept at entry, the differences are so slight, that it is
felt inappropriate to suggest reasons for them,
12.4 Conclusion

The constant properties problem has revealed some interesting
aspects. In conclusion, two runs reported in Chapter 14 are for
constant wall temperature forced convection with variable viscosity.

They are, however, of little interest in this context.
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4 CONSTANT WALL TEMPERATURE - COMBINED CONVECTION
7 I, 37 Introduction
15141 Sources

This Chapter reports unpublished results for combined

convection with constant wall temperature, and in several ways it is

an extension of Chapter 12,

There are two main sources, viz. Zeldin

and Schmidt (36), giving an elliptic equation analysis and measure-

ment, and Marner and McMillan (38) with a boundary-layer analysis.

Table 17 summarises the comparative studies which can be made.

Problem Data Source Comparison
1. Parabolic entry Z & S(36) Table 18
profile (Pe=126+25) ha M (115) :
q‘ Z&S Table 19
2. Parabolic entry : : (Table 20
profile (Pr = 1) Velocity profiles (Fig. 17
Temperature M & M(38)
profiles Fig. 18
Nu Fig. 19
3. Uniform entry UL Z&S Fig. 20
profile (Pe=126+25) Py Fig. 21
4, Uniform entry Uy, Z&S (Fig. 22 =
profile(Experiment) (Table 22
Velocity profiles Fig. 23
Temperature
profiles Fig. 24 =
Mixed mean temps. Table 23

* Also compares alternative solutions for wall thermal b.c.

13.1.

TABLE 17 - KEY TO COMPARATIVE STUDIES

2 Problems

Two specific problems may also be discussed.

As with forced

convection, Marner (115) criticises the level of Zeldin and Schmidt's

Nu values.

This time, he compares them with his own predictions.

Secondly, Zeldin and Schmidt were unable to predict their

measured mixed mean temperatures, and concluded that there had been
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preheating of the air through the plastic nozzle used.
These problems are discussed from Tables 18 and 23 respect-
ively.
5 8 Property variations
(i) DENSITY
The simpler linear relationship is used by both Zeldin

& Schmidt and Marner & McMillan, viz:

p =po (1- (2" -7 )) (50)
thus for the dimensionless T,

P=Po (1-1) (51)
e Coy = 10, Gy = -1:0, Cyg = 0.0 (52)

Except for Problem 4, the above is used for comparative
reasons.
(ii) VISCOSITY
Again, the assumption of constant viscosity is used by
both (36) and (38). For the application in question
(air) this is perhaps not unreasonable. For Problem

4, however, a quadratic relationship is more than

adequate:
/ -
M=y (€ + G = G770 7) (53)
and this function serves- to define
VISCOSITY TYPE C.
Using dimensionless T:
2
M= T, = (co1 + CooT + 003'1‘ ) (54)
/A
and %Eﬁ; =Tg = (002 + 2003‘1') (55)
2
where  Co, = C, + C,7/ - caT’o (56)a
Cop = (L;(Cz - 20T ’0) (56)B
(005
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co A L (56)0
5 92,2
i
13.2 Comparison with theory (parabolic entry profile)

Problem 1 Calculated values of Nu are compared in Table 18, Zeldin
and Schmidt's data are taken from (115) which refers to Zeldin (116).
These values are not completely consistent with Fig. 9 of L§6!x,

but, on balance, are used in preference to them.

Z/Pe Z & S |Marner |Collins

0+00905 8724 8+347 9664
0-01282 | 7-789 | 7-525 | 8-195
0.02198 | 6-648 | 6:479 | 6.726
0-05128 5451 5+345 5+324
009524 | 4989 | 4910 | 4-766
0+2052 4+634 | 4+688 | 4.213

TABLE 18 - Nu COMPARISON (PARABOLIC ENTRY PROFILE)

Up to Z/Pe = 0-022 the comparison is as for Table 15, and
there it was concluded that the higher Nu's of Zeldin and Schmidt and
Collins did not reflect overestimated heat transfer. The lower values
of Collins, tor higher Z/Pe, are eventually similarly followed by
Zeldin and Schmidt. Perhaps higher initial Nu's do result in lower
long-distance values.

Comparison is made of centre-line velocity in Table 19, which

includes representative values for alternative solution (1).

* At Z & S's Z/Pe = 0-011, Marner (115) states Nu = 665, whereas

Fig. 9 (36) gives T+6.



Z/pe 7 &S Co%éﬁns CQ%iins

0-008 1.96 1.965
0-014 1-93%4 1-936
0-020 1896 190588 | 190598

0:040 | 1-78 1+792

0-080 | 152 1534

0+140 1-182 1.210

0+190 1.12 1411126 | 111149 Minimum Uy (2 & 8)
0+198 1+12 1-10625 | 1-10645 Minimum qt_(COLLINS)
0-40 1+48 1425

0+60 1733 1:69590 | 1-69574
080 1-854 1-839
140 1-972 1975
180 1-9860 199235 | 1-99233
2400 1-984 1-996

TABLE 19 - U, COMPARISON (PROBLEM 1)

Agreement is good, the maximum difference being 0-055 at Z/Pe
= 0+40. Most other values lie well within this. The predicted position
of 'maximum profile distortion' (to use Marner's expression) is only
4% different, and the minimum U, is very close. A further aspect is
that Collins predicts a somewhat more rapid return to the parabolic
profile, as the fluid reaches the wall temperature; giving isothermal
flow. Zeldin and Schmidt's outlet fluid b.c. was a parabolic profile
at 7 =vo .

Considering that the concepts used in the two analyses are quite
different, the agreement is all the more pleasing.

It is interesting that this agreement is better than that for Nu,
implying that the fluid flow equations are not affected too drastically
by the energy equation.

Finally, comparing Collins (1) and (2), the differences may be
noted as less than 0-1%.

Problem 2 This specifically compares with the run reported by Marner

and MclMillan (ﬁB?, and is essentially the same as Problem 1. Table 20

R



(1ike Table 19) gives centre-line velocity predictions, comparing
them with a few values of (38). Although Collins's solution was not

carried to a final parabolic profile, it completely covered the

range of (38).

z/Pe M&M Collins

0-01 1871

0+02 1712 1+721

0+04 1+362

0406 0928

0-08 0466

0+102 0-064 0+167 Minimum U, (M & M)
011 0+138 Minimum Uy (COLLINS)
0+15 0+291

0+20 0579

0+30 0+015

0+40 1-314

0+50 1+560 1524

TABLE 20 - U, COMPARISON (PROBLEM 2)

Some of the aspects of Table 20 are the same as Table 19,
namely the higher predictions of Collins and the position of maximum
profile distortion relative to Marner and McMillan. On the whole,
with a third analysis using boundary-layer equations, Tables 19 and
20 indicate quite reasonable agreement.

Other results for this problem are shown in Figs. 17 - 19.
When shown as profiles (Fig. 17) the velocity predictions appear even
closer. The first pair of profiles is almost co-incident. The pair
for Marner and McMillan's minimum Ub is closer away from the centre-
line, and the position and magnitude of maximum U are very close.
Finally, the third pair shows gquite gocd agreement. In Fig. 18 the
maximum difference in temperature (expressed as a drop from the wall
level) is about 4% at maximum profile distortion., Otherwise near

entry and end of the run, agreement is very good.
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However, T s the mixed mean temperature is a funection both
of axial velocity and temperature, and since Nu is a non-linear funct-
jon of Tm s, the generally good agreement of Figs. 17 and 18 is not
reflected in the evidently much more sensitive Nu of Fig. 19.

Marner and McMillan's values are above Collins's by 5% increasing to
77%, which is surprising in view of the much closer agreement of
Table 18 for a similar problem, the difference being generally of
opposite sign. However, while Collins does not confirm the increase
in Nu at maximum profile distortion, there is a marked flattening of
the curve there, followed in both cases by a substantial drop.

13.3 Comparison with theory (uniform entry profile)

Problem 3 Results of this study are summarised and compared with those
of Zeldin and Schmidt in Figs. 20 and 21. Values of developing qt
agree very well, to within 0.05 (Fig. 20), and the position and
magnitude of maximum distortion are again very close. The Nu predict-
ions (Fig. 21) do however differ, but Collins's high level at entry

and low long-distance values have already been noted. Apart from

this, Zeldin and Schmidt's prediction over Gz from, say 150 to 20 is
about 10% higher than that of Collins. It is disappointing that a
comparison of Th was not possible, as this could well have shown better

agreement, in view of the similar effects on the developing velocity.

13.4 Comparison with experiment (Zeldin and Schmidt)

Problem 4 This problem represents a well-designed combined convection
experiment, the results being compared with theory and fully discussed
in (36). Because of this, a number of calculations were made by

Collins, as summarised in Table 21.
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13.4.1 Introduction
Calculation Wall thermal b.c. Viscosity Density
A Energy balance Constant Quadratic
B,B* Energy balance Constant Linear
¢ Explicit(constant TR) Constant Quadratic
Energy balance Quadratic Quadratic

TABLE 21 - COMPARATIVE RUNS OF COLLINS (PROBLEM 4)

of wall thermal b.c., and property variations.
%eldin and Schmidt's model, but Run D is the fullest solution, and is

therefore used in the comparative graphs of Figs. 22 - 24.

This gives useful scope for further comparison of the effects

Run B is closest to

Tables 22

and 2% give full comparisons for the important variables at the

experimental stations.

=Gk

R

7 Zeldin & Schmidt Collins
Experiment | Theory A B G D
2+869 1.20 1.17 1.210 1.219 1.207 1.216
10.93 0-89 0.89 049616 | 0.997 0.9587 | 0.976
29.54 1.077 1.30 1.0721 | 1-097 1.07%2 | 1.091
125.08 1.886 1.96 1.914 1.917 1.914 1.918
204 +48 1+95 1.99 | 1.987 | 1.986 | 1.987 | 1.987
TABLE 22 - COMPARISON OF Ug (PROBLEM 4)
7 Zeldin & Schmidt Collins
Experiment | Theory A B C D
2+869 060 0+722 | 0-760 0-761 0-758 0-760
10.93 0-42 0+443 | 0-540 0-542 0-5385 | 0-541
29.54 02125 0-161 | 0-288 0-293 0-287 0+293
125.08 0025 0-015 | 0-056 0-051 0+056 0-055
204 -48 0020 0.005 | 0+03%9 0-0385 0+039 0-039
TABLE 23 - COMPARISON OF TR - TH (PROBLEM 4)
i i




13.4.2. Initial comparison (Run B)

From Table 22 it is evident that Run B (except at Z = 10493)
is closer to experiment, and sometimes substantially so, than Zeldin
and Schmidt's predictions. Not only so, but whereas the experiment
was designed to give full development at exit, and failed (but not
severely) to do so with an exit Uy of 1.95, Zeldin and Schmidt's
theory with its closed boundary had to assume thiss.e Although Collins's
value is only about 10% closer to experiment at exit, the marching
procedurés permitted open boundary is advantageous.

The corresponding comparison of Table 23 has a number of
aspects. Quantitatively, Run B's results may appear rather disappoint-
ing. However, qualitatively Collins's results confirm the conclusion
of (36) that there must have been unintentional preheating of the entry
fluid. This is because at Z = 2.869 the measured Tm was already 40%
of TR whereas both predictions give less than 30%. Also, whereas the
theory again assumes exit isothermal flow (exit Tm only 0.5% different
from TR), this was not quite so in experiment (2% different) or in
Collins's prediction (4% different). Quantitatively, as a %age of
TR' Collins's overprediction reduces from 16.1 (1st point) through
12+2 (2nd) to 8.0 (3rd). On balance, it is regarded as unwise to draw
any conclusions further than this when the inlet boundary condition is

suspect.

13.4.3. Revised entry temperature (Run B!)

However, in view of the stress laid upon Tﬂm in the context
of a constant wall temperature, it was felt necessary to attempt to
resolve the uncertainty, by making a predictive run B*. Anticipating
discussion of Fig. 24 the wall-to-entry temperature difference was
reduced by 10%. This assumes, for the sake of simplicity, that the
entry air temperature was uniform at about 2°F above the nominal value,
all other parameters being taken as the same as Run B. Output data are

® At Z =%



compared with experiment in Table 23%A, on the understanding that the
predictive validity is only illustrative. To avoid confusion

s
(TR - T;) is given explicitly.

” Uﬁ (TR' - TnQ(UFL

7 &S Run B¥ 7 &S Run B¥

(B)

2+869 | 1-20 1.237 13435 1520
(16-90)

10-93 0-89 1-067 9+34 10+86
(12-05)

29+54 1077 14161 4+73 5+94
(6+525)

125.08 1886 1.921 0+56 103
(1-13)

204 +48 1+95 1.987 0+45 069
(0+86)

TABLE 23A - COMPARISON OF EXPERIMENT AND RUN B*

The temperature predictions are improved relative to Run B,
whose values are also tabulated. They still differ from experiment,
however, possibly suggesting that the preheating was greater than 2°F
near the wall. This would be a quite logical situation. The velocity
predictions are now somewhat further from experiment, because the
decreased temperature difference has reduced the natural convection
effect. This again could possibly be corrected for by allowing for the
effect of preheating on the inlet velocity profile. However, this
would begin to be changing the inlet b.c. to give the results of
experiment.

On the whole, Run B* confirms the probable presence of
preheating on the temperature profiles.

13.4.4 Predictive Runs A, C and D

By comparing Run A, then Run D, with Run B in Tables 22 and
2%, the effect of allowing for better density and then viscosity

variation with temperature may be seen to be not negligible. The nett

effect is
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to bring qL’ but not gm’ closer to experiment.

The alternative solution, Run C, using the explicit wall bound-
ary condition is comparable with Run A, and in fact, slightly closer
to experiment. A closer study will be made in sub-section 13.4.6,
but perhaps the more important feature is the closeness of the
agreement.

1%.4.5 Detailed comparison (Run D)

Figs. 22 - 24 give a detailed velocity and temperature compar-
ison between Collins (Run D) and theory and experiment for Problem 4.

Fig. 22 shows that Collins's prediction gives better agreement
with experiment than that of “Zeldin and Schmidt, except at the second
station. Fig. 23 demonstrates that even this latter difference is
subgtantially less than the difterence between Zeldin and Schmidt's
prediction and experiment at Z = 29+54,

Fig. 24 gives tour comparisons of which three positions coin-
cide with Fig. 25. Collins's prediction is somewhat less close to
experiment at the first position, is rather poor at the second (whereas
the other is very close), and is about as good at the other positions

In detail, the first position being so close to entry, the two
predictions virtually agree "that preheating must have occurred, and
this certainly by 2°F in the centre region of the pipe, and probably
more towards the wall. If this is at all accepted, then the other
temperature profiles of Collins become at least qualitatively consist-
ent, and this is justified by the results of Run 5.

Finally, whereas Collins's solution is above experiment in Fig.
22, and below in Fig. 24, Zeldin and Schmidt's is low (in both Figs.)
at the first station, virtually coincides at the second, and then
'crosses over' to give high predictions thereafter. Possibly this
could be viewed as the effect of applying the alternative procedures

of marching and iteration.
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It is felt that on the whole, the predictive ability of this
solution is at least as good as that of Zeldin and Schmidt, without
the difficulty, in other applications, of having to specify the outlet
boundary conditions.

13.5 Study of wall thermal boundary condition

pA RUN A ' RUN C
WZ) I HEiN  [A(TEAN) | TBAR | A(TBAR) | THEAN A (THEAN)
04625 322022 1786 +31 334317
(0+625) - & -
1425 4384423 2796 +31 4466463
(0+625) 1164 +01 1010 <00 112%+46
1-875 5229 «54 3592 +27 529871
(0+625) 845+31 79596 832.08
2450 5945+53 4290-96 6006 +85
(0+625) 715+99 698 +69 708+14
59425 6591-09 4921-29 6647 + 30
(0+625) 64556 630+33 640+45
10+00 11635472 989749 1166982
(0+625) 365402 36120 36%.89
50+0 21840+67 20166 +85 2184625
(2+5) 55272 568+63 55132
12540 24905+87 23329+33 24906+ 34
(10+0) 138495 143+81 1%8.78
215+0 2535142 23790433 2535144
(10-0) 15+53 16-07 15.52

TABLE 24 - THERMAL BOUNDARY CONDITION COMPARISON
(PROBLEM 4)

Table 24 compares the alternative solutions for the two express-
ions for wall thermal b.c. Dimensionless temperatures are tabulated
(where the wall temperature difference of 22-3°F has a value of
26372+8). Run A (Problem 4) gives a TMEAN which coincides with TBAR
for the energy balance method. Run C, using the explicit wall temper-
ature method, calculates TBAR as a check. These are all tabulated for

the first five (and then three typical subsequent) positions. For each

ST



position, two sets of comparisons may be made, that for Z itself
(upper ), and the AZ or stepwise change (lower).
Run C, the conventional solution, shows that a bad TBAR at
the first position affects the whole solution, although decreasingly
so with 4. If it were used as an energy balance check, the solution's
accuracy could be assessed as disappointing. However,zlLTBAR)
becomes increasingly close to A(TMEAN), to within 13% at Z = 2:50 and
under 1% at Z = 10+0, but then the %age difference increases again.
Assegsed on this basis, the accuracy could be regarded as reasonable.
It has been mentioned that, for parabolic entry profiles, the
alternative solutions give virtually identiml results. Even for the
'more difficult' uniform entry, Run A is close to Run C. By Z =
34125, both the Z TMEAN and the AZ change are within 1% of Run C, and
are closer thereafter. This agreement justifies both solutions.
However, Run A has the slight advantage of the energy balance being
exact,.although it is admitted that the wall heat transfer rate, baged

on the temperature curves, has an element of uncertainty in it.
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14. TRANSITION FROM LAMINAR FLOW
14.1 Introduction

14.1.1 Stability of flows

The problem of transition from laminar flow to some form of
turbulence is a major topic associated with the theory of instability
of flows. For combined convection one would expect the instability
features of both forced convection (e.g. Pai (117)) and natural
convection (e.g. Gebhart (118)) to be relevant.

Lin stated (Pai (117) p. 314) that for inviscid tluids, the
essential teature of unstable flow is that the velocity profile has a
point of inflexion, when a self-excited disturbance exists. Pai,
however, modified this by postulating (ibid r.315) that the viscosity
is a substantial destabiiizing influence, for viscous tluids with at
least one solid boundary.

For natural convection, Gebhart (118) concluded that instabil-
ity has the same initial mechanism as for forced convection. He
pointed out that the term 'disturbance' in heated flow impiies temper-
ature effects as well as velocity. Finally, he considered the Prandtl
number to be an important parameter.

The identity of instability with points of inflexion in the
velocity profile was confirmed experimentally by Lawrence and Chato
(33) and Scheele and Hanratty (35) by observing that transition always
took place after the development of points of inflexion. Incident-
ally, both sets of data were for natural assisting forced convection,
for water.

14.1.2 Transition

Whereas instability has theoretical significance,transition
from laminar flow is more empirical. It is associated with the growth
of small disturbances of velccity (and, as above, temperature), after

an unstable condition has been reached. Thus the initial studies of



Scheele et al Ljﬂl involved observation of dye filaments injected in
water. This identifies transition with a wvisible change in velocity.
Later, Scheele and Hanratty Ljﬁl used temperature measurement as a
transition criterion, with a minimum fluctuation of 0-1°c. Lawrence
and Chato L}}l also measured temperature fluctuations, defining
turbulence as occurring with a minimum change of 0-0300. They
specifically rejected the dye filament method as being too insensitive.

14.1.3 Correlation of transition

The correlation of transition is of some interest. In the
work of Scheele, Hanratty, Rosen and Kabel (16), (34), (35) and Ljﬂl
the empirical correlation was in terms of the axial distance to
transition from entry and the Grashof/Reynolds Number ratio. In the
context of this work, the Grashof Number is proportional to the
dimensionless heat flux, and equivalent to the dimensionless wall
temperature, for the b.c.'s of constant wall heat flux and temperature
regpectively. No attempt, however, was made to relate this to the
velocity profile at transition, possibly because the corresponding
theoretical work was somewhat agpproximate.

Lawrence and Chato (33) quoted instability theory as specify-
ing that a characteristic parameter identifying the velocity profile

is a function of entrance Reynolds Number. The transition parameter

they obtained by trial and error was:

Tow - WUo4 U )
e Sl Y (57)
(1-zx)
P
where UP = dimensionless velocity at point of inflexion
Ug = " velocity at centre-line

rp = dimensionless radius of point of inflexion
and fr is in (1b/ft hr) units.
This usefully combined the velocity profile statement of Lin,
and the viscosity effect mentioned by Pai.. After a point of inflexion

appears in the velocity profile, T1 varies with distance (increasing
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and then decreasing Fig. 10 (33)) until it reaches the value given
for its particular Re at entry, when transition occurs.

Two studies would be useful, therefore. The first is to
check whether ‘I‘1 versus Reo can correlate Scheele et al's results,
and the second is to obtain a similar correlation for the case of
constant wall temperature.

14.1.4 Natural opposing forced convection

The above discussion is for natural convection assisting the
forced flow, i.e. for upward heated (or downward cooled) flow., The
opposite case occurs for upward cooled or downward heated flows,
and Scheele et al give the only available data. They concluded (35)
that instability is connected with flow separation at the wall and
that transition is sudden and occurs shortly after such separation.
They also observed transition to an asymmetric flow, which included a
region of steady reversed flow over a portion of the wall, which was
tentatively associated with points of inflexion in the velocity
profile.

Another study would be useful, namely to investigate the flow
as far as experimental transition, and to correlate if possible, some
kind of transition parameter.

14.2 Comparative Stu air

This published study (Appendix 10) investigates the effect of
different parameters on flow of air in combined convection, and has
been discussed in Section 4.5. In a general way, it shows similarity
with results of Scheele et al for water, and in particular indicates
the possibility of reversed stable flow. Because of the two-dimensional
model this appears as an outer annulus.

14.% Predictions for Water (Data of Scheele, Hanratty, Rosen and
Kabel

14.3.1 Introduction

Thmmadata,comprising Refs. (16), (2&!, Séi[ and SQQE, include
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results of both experiment and analysis.

Experimental work involves transition studes for:

(i) Upward heated flow - constant heat flux (Q/UP)*

(ii) Upward heated flow - constant temperature (T/UP)

(iii) Downward heated flow - constant heat flux (Q/DOWN)

(iv) Upward cooled flow - constant temperature (-T/UP)

Case (i) also includes wall temperature results for two runs,
and Case (iv) includes the study of transition to stable reversed flow,

Two theoretical analyses are reported. The first assumed
fully-developed flow for constant heat flux, and is presented in (16),
and velocity profiles given in (3%) and (39). In view of this not being
comparable with any experiment“‘ it was felt to be of minor interest in
the present context. A second approximate model for developing flow
with constant temperature is presented in (34) and compared with
experiment in (59). Some centre-line velocity curves (34) for (constant
density/variable viscosity) and the converse,form useful comparisons
with the present analysis, but it is admitted in (34) that accuracy is
probably not good for short tube lengths.

Table 25 summarises the details of the present study. Runs 8
and 9 are not reported here as they concern wall temperature measure-
ments.

In this study, the viscosity relationship TYPE A was used, and
the linear density relationship involving p was assumed (equation 50))
partly because of lack of data.

Refers to Table 25, p. 104.

Except for wall temperatures discussed in Appendix 9.
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Gr =

[
Source (%) Trans-
ggn Cage Ref. bt E Reo gi ition Comments
: Ref. & T Z
&
1 | g/upP Fig. 6 100-0 6315| 1570
2 n n n 237 _5 35000 "
3 " " " 97 +5 4500 | 22846
4 n " n 290 -O 25500 L]
5 " (35) Fig. 9 256 +8 10470| 610-0
6 " " " 436 0 5020,0 "
T i " » 1207 «8 62750 | 1220+0
8 " " Fig. 6 | Vv | 339-0 10230 - )Reported in|
9 " 5 " / | 1132.0 50000 - )Appendix 9
10 | Q/DOWN| (59) Fig. 8 50+0 3152 | 228.6
11 " " W 194 1 12155 L]
12 L " " 301 .0 18820 n
13 | T/UP " ) /| 280.0 | 17545| 155-2
14 W " )Fii'lo J 116 +0 4240 "
15 " " ) J 166+0 7335 "
0 A wof yreRledy oo b 68750 822
7 | -r/op| " v | 248.0 | -18400| 146.2
18 " " )Fig.13 |/ 91.0 | -10360 18-2¢
19 " n ) & /| 6540 | -48047| 143 4g
20 " " ;Table 2|v 296+0 | -22670 65-6¢
21 " ” J | 12040 -8540 31.4
22 | o/ | (34)| Fig. 5|V | 100-0 | 10000 -
23 " " Fig.12 | J " 2700 -
24 | -T/UP " Fig. 5 | V/ " -3000 -
25 " " Fig.12 | v/ " -300 -
26 | Q/Up (59)| Fig. 6 175.0 | 17450| 157-0
27 " " " 2200 15000 | 228+6 | )Additional
28 " (35) Fig. 9 40040 20000| 610:0 | )to Runs 1-7
29 " " " 14460 72300 | 1524+0 | )
TABLE 25 - SUMMARY OF TRANSITION STUDY
¥ 6r_ and Gr. are Grashof Number definitions used in ! 59)

For constant heatv flux, Gr

Q

= HFLUX x M = HFLUX x 80,

For constant temperature, GrT = TWALL. In both cases 85 = ,G.

# Transition to asymmetric partially reversed flow,
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14.3.2 Comparison with theory

A) Constant viscosity, variable density

Runs 22 and 24 correspond to the constant viscosity, variable
density runs for upward heated and cooled flows shown in Fig. 5 of
1}4). The comparison is plotted in Fig. 25, which shows very reason-
able agreement. For heated flow the position of maximum distortion is
virtually the same, its magnitude differing by less than O-l. For
cooled flow, while the magnitude of maximum distortion agrees well,
its position is not so good. From Z/Pe = 0+1, the predicted U& differs
by well under O+1 for both flows. This confirms the comment in (59)
that the theory is 'least satisfactory ..... close to entry'.

B) Variable viscosity, constant density

Rosen and Hanratty (34) assumed that inverse viscosity varied

linearly with temperature. This gives:

A e ) (58)
/o

o)
where b is a constant.

This forms a special case of viscosity TYPE A, where for

Coy = bTo’ Cyp = 190 Co3 = 140 (59)
Runs 23 and 25 correspond to the heated and cooled runs of Fig.

12 of (34) and the comparison is shown in Fig. 26. Bearing in mind
that the vertical scale has been doubled, agreement is seen to be not
as good, although the comparisons are quite similar to Fig. 25. This
could be because whereas the natural convection term is the same for
both analyses, Collins's viscosity temperature terms are complete.
However, while the position of maximum distortion differs by about
Az/Pe = 005, the magnitude agrees to within 0-1 (heated) and 0+05
(cooled). Again, after Z/Pe = 0+1, the qﬁ predictions differ by less

th&n 0‘1.
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Commenting on both Figs., agreement for an admittedly approx-
imate analysis is possibly better than might be expected. However,
gsince the application is to predict axial positions for certain
velocity conditions (Tables 1 and 2 of (59))this agreement will not
necessarily be as good.

Finally, it should be noted that Case A is strictly relevant
to the combined convection section 13.2, and Case B to Chapter 12.

14.3.3 Upward heated flow (constant heat flux)

As mentioned in sub-section 14.1.3 the Lawrence and Chato
Transition Parameter T, can be checked against present predictions
using Scheele et al's transition lengths.Fig. 27 shows that agreement
with Lawrence and Chato's curve is poor. However, Fig. 28 shows that
an alternative correlation is possible. If the wall viscosity factor

*
is removed, a modified transition parameter T2 is obtained, defined by:

T %P Y (60)
1-r

P

Fig. 28 shows that this correlates well against (Reo/er), the
agreement being checked with some additional runs 26 - 29. Unfortunat-
ely, it is not possible to calculate T2 for any of Lawrence and Chato's
results, but for Collins's comparative prediction (Appendix 9) T, has
the approximate value 9. Similarly, a value of about 19 is relevant
for the Kemeny and Somers's run of Appendix 9. Both these are not
inconsistent with the present predictions.

Although T2 does not include the viscosity (previously ment-

ioned as a stability factor) the effect of heating as such is represent-

ed by Gr It is not altogether surprising that the correlation is in

Q.
terms of the ratio (RGO/GrQ) as the inverse is consistently used as

a parameter in (35), for example.

Lawrence and Chato postulated that by calculating their T1 it

is possible to predict the transition point for a given Reo. However,

* but see qualification on p.112.
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T1 increases and then decreases with Z, the latter becausq/lﬁ contin-
uously decreases as Tﬁ increases. Calculations show that T2 is too
insensitive for this purpose (without /uR), and the transition length
can only be correlated from the empirical results.

Figs. 29 and 30 are alternative presentations for (ZT/RQO) in

terms of (GrQ/Reo) and Gr, respectively. Three specific points are

Q
available from Lawrence and Chato, the others representing typical
stations on the smooth curves of Fig. 6 (59) and Fig. 9 (35). Fig.
29, while having to omit factors like Pr due to lack of data, is
essentially the correlation of Lawrence and Chato (Fig. 8 (33)). Its
scatter is larger, but so is the range of ZT' In fact the highest
ZT values give more or less the same curve. Fig. 30 is perhaps a
clearer description of the phenomena. For all ZT below about 300 a
single curve is sufficient, and for higher ZT clearly separate curves
result.

Figs. 29 and 30 suggest that at low ZT the standard dimension-

less form (ZT/REOJ is a function of Gr,. only," but at higher Zyp this

Q
changes to become eventually a function of (GrQ/ReO) only. This may
imply property effects (c.f. Fig. 8 L}}l) and unpresented graphs for
more limited data, suggest somewhat closer correlation using outlet
property values. However, this would defeat the intention of
predicting ZT from the inlet conditions.

Summarising,the transition parameter T2 correlates well, but
is not able to predict transition. However, for ZT below about %00 a
single curve from Fig. 30 may be used. Alternatively, all the data
could be plotted as GrQ versus Reo for different ZT’ in the manner of
Fig. 6 of (59). This would provide a simple prediction of 7  for
water, but is omitted here as it would merely re-present the data of

(59) and (35).

* reversing the axes of the graphs
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14.3.4 Upward heated flow (constant temperature)

AXTAL DISTANCES (Z) FOR:

FLAT PROFILE MINIVOM U

EXPERIMENTAL L

RUN NO. | ryomaBTLITY FREDIGTTON PREDICTION

159) [ COLLINS | {59) | COLLINS |

13 1552 4%:0 | 5540 167-8 | 160-0
14 155.2 38.4 | 4040 98.8 | 70-0
15 15542 42-8 | 45-0 134.2 | 100-0
16 82.2 20.0 | 27.5 75.2 | 70-0

TABLE 26 - COMPARISON FOR UPWARD HEATED FLOW
(CONSTANT WALL TEMPERATURE)

Runs 13 - 16 cover the range of conditions in Fig. 10 of (59).
Table 26 shows that qualitatively, current predictions confirm the
experimental observation (and prediction) of (59) that instability
always occurred downstream of the flat profile location. Some of the
compared distances vary considerably, however, but this is not
surprising in view of the approximate nature of the analysis for (59).
In fact, five of the eight comparisons agree to withindZ = B.

Fig. %1 shows that the modified transition parameter correlates

acceptably for the case of constant wall temperature, where Gr,, replaces

L

Grq. T,, therefore, can be regarded (within the range of data) as a
E

unifying parameter for natural assisting forced convection.

14.%.5 Downward heated flow (constant heat flux)

Runs 10 - 12 cover the data range of Fig. 8 of (59), but an
immediate reservation is that this is inconsistent with Fig. 7, which

used a Gr, defined in our notation as:

et = T -0 (61)

The same values are given in Figs. 7 and 8 of (59) for Gr*  and

GrQ respectively, and Table 27 shows that probably (and unfortunately)

Fig. 8 is incorrect. The values of Gr*/heo at transition Z of about

* but see qualification on p.112.;
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230 vary widely, and Fig. 32 shows that Run 10 probably implies a much

shorter transition distance.

Again, except by trial and error, the

true Gr.'s are not readily found.

Q

RUN Re, z 6r* | Gr’/Re_

10 500 | 425 | 2623.2| s52-5
230-0 | 5951-7| 119-0

11 194+1 | 150-0 | 9170-0| 4725
230-0 | 10870 56 +00

12 301.0 | 210-0 | 13692 455
230-0 | 14302 4745

TABLE 27 - RUNS 10-12 - VALUES OF Gr™/Re_ AT ONSET
OF REVERSED FLOW AND AT Z = 230

Data for Z = 240 are therefore ignored, but the predictions for

Fig. 2 of (59) using

a tully-developed model, predicted onset of wall reversed flow at

flow reversal at the wall should still be valid.

er/Reo = 492, Fig. 32 shows that for these runs the assumption of
a fully-developed state is not good, but the value itself compares to
within 10% of those given in Table 27. The profiles themselves are
compared in Fig. 3%. As might be expected, with the additional
constraint of zero gradient at the wall, the profiles are close, but at
least the solution is confirmed. ‘he empirical transition er/Reo

from 1521 is 63, and Fig. 34 compares the predicted profile for this
condition with the corresponding profiie for Run 10 at the same value
of Gr!/heo. Considering the curve of (59) is a steady-state prediction,
the comparison is very good, suggesting that solutions so obtained are
valid, even though the distances are not predictable from a solution

independent of Z. ‘

14.%.6 Upward cooled flow (constant wall temperature)

With constant wall temperature and a parabolic eniry profile,

the fluid flow is affected by property changes due to temperature

- 109 -



effects.

However as the fluid bulk gradually reaches the temperature

of the wall, i.e. becomes isothermal, the flow field correspondingly

begins to return to its entry parabolic profile.

Scheele et al ‘522

observed that above a GrT/Re of 74 'an asymmetric region of reverse

flow occurred.!

by a break-up of the flow (instability) but at lower Re a certain

range of asymmetric flow remained stable.

Table 2 of (59) ) suggest three regimes for comparison.

(1) Re < 260
(ii) Re > 260

(iii) Re < 260

Observation of instability (Our runs 17, 18)
Observation of asymmetry (Our runs 19, 20)

Observation of asymmetry (Our run 21)

At Re greater than about 260 this was rapidly followed

Their data (Fig. 13 and

Runs 17 - 21 were taken only as far as their predicted locations

of zero wall velocity gradient (z.w.w.g.).

It must be conceded that

whereas theory thereafter predicts an annular reversed flow region,

the observed asymmetric flow had a randomly located areaof reversed

flow near the wall.

prediction is notional.

those of (59), and Figs. 35 and 36 give corresponding

Past the instability location, of course, any
Table 28 compares data wexlk of Collins with

U, predictions.

&
RUN Data of (59) Collins
NO. | Exptl. Exptl. Predicted|Predicted|U, for |U, for |[U; at
Instability |[Asymmetry |Z.W.V.8. [Z.W.U.E. Sglumn 2 cglumn % z?w.u.g.
Z pA Z Z

1T 146-2 56+8 6+25 3+T41 2+192
18 18-2 14.8 1-25 4421 2+145
19 45+6 143-4 17-5 2590 2+207
20 228 656 6-25 2.690 2+163
21 13-6 31+4 375 2902 24231

TABLE 28 - COMPARATIVE RESULTS FOR RUNS 17 - 21

The only direct comparison is for location of Z.w.¢.8., and

Collins's values are roughly an order of magnitude less.

Thig differ-

ence, while severe, is consistent with Figs. 25 and 26, which show
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Collins's predictions for cooled flow suggest more rapid development.
However, the important point is that present predictions of zZ.w.uw.g.
are upstream of the experimental asymmetry location,rather than down-
stream for all predictions of Table 2 of (59). Scheele et al suggest
that the former may be the correct flow situation. Another comparison
is that of Ul'.- at z.w.v.g. _{_52)_ predicts a uniform 3%-0, whereas Table
28 gives values around 2+2., A final qualitative comparison is given
by Run 21 for asymmetry without instability. While the mathematical
correctness of marching into a negative velocity field may be queried,
Run 21 (Fig. 3%6) does predict a limited negative flow region, consist-
ent with the corresponding diagrams (second or third) in Fig. 11 of
(59) which show eventual return to a symmetric state.

Finally, Figs. 37 and 38 give the predicted velocity profiles
at instability and asymmetry respectively. Fig. 37 shows dissimilarity
although with more data it might be possible to deduce a transition
parameter. Fig. %8, however, suggests a uniform profile for inception
of asymmetric flow (Uh = 2:.72 . 6+7%), although a trend with Re is
apparent. On the whole, firm conclusions are not possible.

14.4 Conclusion

A fairly comprehensive study of transition and instability has
been made, based on the observations of Scheele, Hanratty and Rosen.
For natural assisting forced convection it has been pogsible to
correlate the velocity profiles by simplifying Lawrence and Chato's
transition parameter. 'his correlation is satisfactory for upward
heated flow with both constant wall heat flux and temperature. For
natural opposing forced convection, results are insufficient, partly

because of an inconsistentcy in presented data for downward cooled

flow in (59).
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the approximate analysis of Rosen and Hanratty (34) compares
reasonably in terms of q¢ but not so well with distance predictions.
In particular, for upward cooled flow, Collins predicts that reversed
flow at the wall precedes, rather than follows, the observed start of
asymmetric flow, a more logical situation. A limited comparison (for
downward cooled flow) with the fully-developed theory of Hanratty et
al (16) suggests that their predictions have some validity, even
though the appropriate axial distance is not predicted.

In general, the fuller analytical model of the present work

serves to identify a number of aspects of the overall problem.

Qualification regarding T2

The parameter T1 obtained by Lawrence and Chato (33) was
claimed to be a 'functional relationship' able to predict
the axial position of transition for a given entrance
Reynolds number. It is suspect both in being dimensional
and in that the profile shape parameter has no logical
connection with. transition,Fig.27 demonstrates its inability
to correlate bresent results, T2 suffers from the same
lack of connection. Also, while it is uniquely related to
(Grashof Number/Reynolds Number), T2 cannot be associated
with transition, since it hardly varies with axial distance
as the flow approaches transition (see para. 1, DL10T).

For these reasons T2 should not be regarded as a transition

parameter, and any such indication in this chapter should

be ignored.

P [0



15. THE ANNULUS
15.1 Introduction

In the context of this thesis, the intention here is to demon-
strate the flexibility of the analysis. The annulus has the same outer
boundary as the tube, but possesses an inner wall in place of the
centre-line. In principle, therefore, it should be possible to change
the effect of the inner boundary within the program.

Appendix 12 contains the essence of this approach, which is

not repeated here.

15.2 Analysis
15.3 Program

15.4 Nomenclature

These sections correspond to Chapters 11, 12 and 13 of Appendix
12 respectively. For the purposes of this thesis, equation:
(5) ANN should read (8) ANN
A(14) oy v " (17)ANN
(19 )AANN " " (24)ANN
15.5 Results

Initial results for radius ratios of 05 and 0+25 are compared
in Tables 29 and 30 with data of Heaton et al (121), where UMAX and
Tyax 2re the magnitude and position of maximum axial velocity.

The Tables show very good agreement for a radius ratio of 050,
and less agreement for a ratio of 0.25. The analysis used 30 radial
positions, but no attempt was made to smooth the results to give a
maximum velocity away from a solution point. This may account for some
of the discrepancy in Table 30. Otherwise, the somewhat less rapid
development may correspond to a comparison (for a ratio of 0+05) of
(121) with Sparrow and Lin (122).

Information for annuli is relatively sparse. Sparrow and Lin's

results for a ratio of 0.8 are confirmed by (a) experiment (123), and
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5 Heaton et al Collins

Yisax Tuax | Uaax TMAX

3+371 1.3849 0-7393 1-3884 0-733
6+088 1-4545 0-7373 14527 0-733
8+590 1.4825 0.7364 14794 0-733
1046 1.49%2 0+7360 1.4901 0-733
13.18 1.5012 07358 1-4985 0733
1530 1-5040 0-7357 1.5022 0733
19.68 1-5061 0+7356 1.5058 0+733
o 1.5078 0+7355 1.5077 0-733
TABLE 29. ANNULUS RESULTS. COMPARISON FOR

RADIUS RATIO OF 0e5.
7 Heaton et al Collins

Yhiax Tuax | Umax “yax

" 1287 1-3%015 05994 12358 0+607
3+380 144104 0-5914 1-3758 0+575
6250 14673 045868 1-4493 0-575
8+900 14919 0+5847 1-4835 0+575
13-30 1.5116 0-5830 1-5091 0-575
1671 1-5189 0+5824 1-5183 0+575
21-87 1+5243 0-5819 1-5246 0-575
P 15287 0+5815 1-5283 0+575
TABLE 30. ANNULUS RESULTS. COMPARISON FOR

Preliminary checks on convergence indicate suf'ficient accuracy

about 0.375.
Conclusion

This comparison is encouraging, and confirms the reliability

RADIUS RATIO OF 0-25.

of the present approach.

- 144 =

published results are self-consistent, therefore.

" (b) results of Spalding-Patankar method (p. 291 Ref. (37) ).

(within about 1% for velocity), with a lower limit on initial AZ of




16. ASPECTS OF ACCURACY

16.1 Introduction

Several aspects of accuracy are important in an analysis of
this nature, and some have already been discussed.

Firstly, there is the degree of completeness of the partial
differential equations used. For example, Worsge-Schmidt and Leppert
(53) estimate in retrospect the magnitude of the terms they neglect.

Then there are the problems of how closely:

(i) the finite-difference equations approximate to their
originals (the discretization error - G.D. Smith (119)
p. 56),
and (ii) the numerical solution approximates to the finite-
difference solution (rounding-off or stability error
£119) pp 57, 58).

Besides the partial differential equations there are the overall
(integral) continuity, energy and momentum equations. As already
discussed, the energy egquation has particular significance in this work.

If the above is regarded as internal accuracy, external accuracy
implies comparison with available empirical and analytical data.
Questions of a more philosophical kind, but of no less importance, can
arise here. For instance, Test in discussion (120) criticises Yang's
lack of experimental data in 15_). Yang, however, points out that
agreement of an approximate analysis with experiment is not necessarily
conclusive, because a more exact analysis might show divergence from
the experiment. Later, Test in his turn is‘criticised by Witte and
Cox (114) for using results of analysis in preference to experiment.

All these aspects are dealt with below,

16.2 Nature of partial differential equations

Apart from property considerations the equations are complete,

While such completeness may not be essential for many applications it
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removes a source of uncertainty which Worsge-Schmidt and Leppert (53)
painstakingly resolve in retrospect. Even then, their fluid entry
condition was the 'easiest' case of a parabolic profile.

On the other hand, the complete elliptic-type equations demand
additional boundary conditions, and it is an interesting conclusion
that a marching procedure is acceptable, as discussed in Chapter 13.

With reference to property changes, the complete viscosity
variation again removes uncertainty. The allowance for density
variation in the axial momentum equation is standard except in
specific property variation or compressible flow studies. In the
present work, bulk density changes are not more than a few per cent.
The studies of Appendix 9 confirm that additional property effects are
either small or negligible.

16.3 Finite-aifference approximations

The main point is that present discretization (or truncation)
errors are all second-order. This point is discussed at some length
by Worsge-Schmidt and Leppert (53). Due to a stability requirement
(see section 6.3) their errors also included first-order elements. As
already noted, present wall calculations involve higher-order errors
(e.g. sub-section 7.4.2.).

16.4 Convergence and Stability

16.4.1 Definitions

The crux of accuracy is in these two concepts, explained below
(after Smith (119) pp 55 - 57).

Let Xy be the exact solution of a set of partial differential
equations with (our) independent variables r and Z. Let Xi be the
exact solution of the finite-difference approximations. Then the
solution is CONVERGENT if X, tenas to x; tor Ar and AZ tending to
zero. Convergence, therefore, expresses the closeness of the tinite-

difference equations to their originals.
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‘The second problem is to achieve the exact solution Xi, and
errors here are due to computing calculation procedures. A set of
finite-difference equations is STABLE if the cumulative effect of
rounding-off errors is negligible.

16.4.2 Convergence

Smith comments((119) p. 58) that the dominant error in a stable
and convergent process is due to discretization. In principle
convergence may be investigated analytically, but Prof. Price" advised
that the effort would be prohibitive. Further, (confirmed by Dr.
Jones™ in the elliptic/barabolic context) the general validity of the
results obtained could be viewed as reflecting reasonable mathematical
justification.

What is usually done is to examine the effect of reducing (for
this problem)AZ and Ar on results for U, V, P, T profiles and Nu and
friction factors (see Churchill's comment and author's reply in (115)).

One particular problem in this connection is the minimum initial
AZ value of about 0:625. However, this did not appear significant.
Appendix 3 includes such a study for the adiabatic flow field, and a
similar study has been made for forced convection with constant
properties and constant heat flux. Both cases of I. parabolic and
II. uniform fluid entry have been treated, and typical results are

given in Tables 31 - 34, for Re = 100:0 and Pr = 0.7,

* Mathematics Department, The City University.
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M=80 70 60 50 40 30 20
Z = 0625
11-13 11-13 11-312 11.10 1107 11.01 10-88
«07998 07998 - 07997 07996 +079%4 +07990 +07980
-08 -08 +08 -08 +08 +08 + 08001
Z =50
5418 5417 5+416 5414 5411 5+404 5+385
«08 +08 - 08 + 08001 +08001 + 08002 + 08004
- 08 -08 - 08 08 +08 - 08001 + 08002
Z = 25+0
4-391 4-391 4+390 4-388 4+386 4+380 4364
- 08001 -08001 «08001 + 08002 « 08002 + 08004 + 08010
-08 +08 + 08001 +08001 +08001 - 08002 + 08005
Z = 100-0
4+359 4-357 4+355 4-351 4+344 4+329 4+286
+08001 -08001 +08001 «08002 + 08002 - 08004 + 08010
«08 -08 +08 +08001 + 08001 +08002 = 08005
TABLE 31 - EFFECT OFAr WITH AZ = 0-625
Nu
CONVERGENCE CASE I. PARABOLIC PROFILE. VALUES OF (gg
TABLE 32 - EFFECT OF INITIAL AZ WITH M = 80
AZ=0+625 075 1.00 AZ=0+625 0-75 1.00
Z = 3.0 Z = 10.0
6237 6+ %06 4.728 44752
-08 .08 -08 .08
+08 -08 - 08 - 08
Z= 375 Z = 15.0
5-828 5+854 4-514 4-516 4+520
«08 -08 + 08001 - 08001 - 08001
+08 +08 «08 +08 «08
Z =50 Z = 30.0
5.418 5473 4. 375 4+ 375 4. 376
.08 - 08 - 08001 . 08001 . 08001
.08 «08 +08 .08 .08
Z = 5 Z = 120.0
4.965 4.976 4.358 4.358 4.358
+08 «08 + 08001 08001 .08001
+08 +08 -08 .08 .08
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M=80 60 40 30 20
Z = 0.625
2336 2%.07 22+49 21+91 20-83%
<3831 3837 -3854 -3876 3935
+2709 2706 2699 2686 2646
7 = 5-0
5+894 5893 5+891 5+886 5-871
+1040 <1039 +1038 +10%6 1029
+90240 | -09235 +09225 09214 09190
Z = 2540
4+415 4+414 4+410 4+404 4+389
-08115 | -08116 08117 -08118 -08123
-08050 | -08050 08050 08050 -08051
2 = 100.0
4+359 4+355 4+344 4+329 44286
-08001 | -08001 08003 -08004 08010
.08 -08001 -08001 +08002 08005

TABLE 33 - EFFECT OF Ar WITH AZ = 0625

CONVERGENCE CASE II. UNIFORM PROFILE. VALUES OF Efp

(Nu

fs

TABLE 34 - EFFECT OF INITIALAZ WITH M=80

AZ=0+625 075 100 § Az=0.625 075 1.00
7 = 340 4= 10.0
7+306 1+636 4+906 4943
1544 +1848 08992 09055
1034 1079 08459 08471
Z = 35 Z = 1540
6+529 6+615 4+602 4 +605 4+609
+1131 +1346 08471 08473 084
+09760 +09736 +08213 -08212 08208
Z = 5¢0 Z = 300
5894 6-039 4.%88 4.388 4.+3%89
1040 «1169 .08059 -08059 «08057
.09240 -09312 -08026 .08025 08025
Z = T+5 Z = 120.0
5239 5259 4.358 4.358 4358
.09528 09623 -08001 08001 08001
08723 08726 .08 .08 .08
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Table 31 gives salient parameters for the first (z = 0°625) and
typical subsequent steps. This shows very good convergence (less than
0+1% difference between M=80 and 70). Table 31 may also be used to
give an estimate of the likely error incurred when lower values of M
are used e.g. to save computer time. Even for M=20, the maximum error
is only somewhat in excess of 2%.

Table 32 gives uninterpolated comparisons only, and these reveal
somewhat larger differences, although they are virtually eliminated by
Z = 15+0. Bvidently it would be preferable to check with a still
smaller initial AZ, though in absolute terms, differences are still
small (0+5% in Nu at Z = 3+75). Incidentally, and not appearing in
Table 32, a run withd Z = 03125 failed to solve, showing the same
characteristic as the uniform entry restriction onAZ.

Table 33 reveals less good convergence than Table 31, though
the 1% M = 80/60 difference in Nu at 2 = 0+625 reduces to 0+3% at the
second step (not shown). Comparing Tables 31 and 33, by Z = 100+0 the
two solutions virtually coincide. A more significant comment is that
Tables 31 and 33 imply that less analytical 'liberties' can be taken
with the uniform entry solution, a point already touched on.

Table 34 again shows less convergence than Table 33, especially
with fp, although by Z = 7+5 all differences are below 1%. Initial
AZ appears to be a:more critical factor thanAr.

Taken as a whole, Tables 31 - 34 indicate that convergence
errors are well under 1% for most of the solution field, and for a
parabolic entry profile in particular are almost negligible.

16.4.3% Stability

A1l evidence points to the solution (involving the Gaussian

elimination sub-routine) being stable.

A computation (suggested by Mr. Girling™) compared the matrix

—— ———— ——— - - —————

* Mathematics Department, The City University
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coefficients with those obtained before back substitution, and this
proved quite satisfactory. Further, using double-precision variables
gave identical results. Finally, identical results were also obtained
using a sophisticated elimination procedure, standard subroutine GELG,
available from the University of London Computer Centre.

16.5 Energy balance

An independent check on convergence and stability is provided
by the energy balance requirement. Suppose (i) that the equation is
used as a check, and (ii) that the mixed mean temperature agrees
exactly with that calculated from the heat input. Since the bulk mean
temperature is a function of all U's and T's, such agreement implies
an exact solution.

From this study, the following results have emerged, congidering
energy balance as a check:

(i) The constant wall temperature case has, in general, a very

good heat balance,

(i1) The constant wall heat flux case with parabolic fluid

entry has a fair heat balance,

(iii) The constant wall heat flux case with uniform fluid entry

has a poorer heat balance.

Therefore, without a heat balance requirement, accuracy reduces
in the order (i), (ii), (iii), specifically near the duct entry.

It is not being claimed that the inclusion of the energy balance
is a guarantee of very increased accuracy. For this model, however,
it was necessary. But it seems arguable that for constant wall heat
flux it represents a better statement of the wall boundary condition.

Logically, the momentum balance can also be used as a check.
Although not so used in this analysis, exact agreement between pressure
drop and shear stress friction factors occurs when the velocity profile
is parabolic and developed (Table 31). This confirms the momentum

balance in one instance.
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Finally, Table 35 gives details of continuity and energy

balances as used in the Literature.

CONTINUITY | ENERGY COMMENTS

PR RS QorT| "Rorc |Ror C| (WITHIN REFERENCE)
Rosen and T R R Momentum equation
Hanratty (34) used also.
Martin and
Fargie (83) < § .
Marner and T R
McMillan (38)
Zeldin and "
Schmidt !26!
Manohar Q R c 1% error at Z/Re=0+2
(110) T R
Hennecke Q C 19, general error
!25! T
Bankston and
McEligot (1051 R 1% overall error
Butterworth and Q Langhaar
Hazell (86) solution
Bradley and Q Continuity not fully
Entwistle (51) T satisfied
Worsge-Schmidt Q R c Discrepancies in
and Leppert T R energy balance in

first few steps for
Qe

Lawrence and Q R C 1% at end of tube
Chato (33) T R

TABLE 35. CONTINUITY AND ENERGY BALANCES.

Q signifies Analysis for constant heat flux

;4 L, " " temperature
R " Requirement
C ¥ Check

The first two analyses (non finite-difference) use both integral
continuity and energy equations. Perhaps it is surprising, therefore,

thet while a number of the other (mainly finite-difference) analyses
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use the continuity balance as a requirement, none use the energy
balance. It is fair, however, to note that checks are normal with
constant heat flux, with 1% as a common criterion of error.

Thus the present analysis, with its constrained energy balance
for both Q and T wall conditions, does represent an improvement.

16.6 Semi-iteration

To recapitulate, at a given axial distance, the continuity and
momentum equations are solved (using temperatures from the previous
step to obtain viscosity and density) to give all U's, V's and P's.
The solution is then substituted into the energy equation to give
T's. These T's are then used for a fresh solution for U, V, P and
in turn a second solution for ?.

This 'semi-iteration', therefore, is a check solution at a
given 2, due to temperature-dependent properties affecting the
momentum equations.

Semi-iteration is not needed for a constant properties solution,
but is most necessary when viscosity and density are varying, i.e.
for combined convection studies. The effect has already been stated
to be small, but Table 36 represents a study for the Lawrence and
Chato comparison, which had substantial velocity changes over a
relatively short Z of about 75. The second case is a double iteration,
giving a third solution for each Z.

Comparing the 2nd and final solutions for Case 2, fs and Nu
barely change, and Uy changes little (at most by just over 1%).
Comparing the two final solutions shows virtual coincidence of fs and
Nu (about 0+1% maximum difference), but a slight divergence of U At
Z = 70 the error has become 0075 i.e. about 4% absolute, or under 1%
relative to the entry velocity.

This justifies the semi-iterative procedure for all but the most

extreme flow cases, and even then the errors are not unreasonable.
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" CASE 1 1 CASE 2
ist Final ist 2nd Final
0+625 1+17037 | 1-16669 | 117037 | 116669 | 1-16668
+18850 +19327 +18850 «193%27 +19333
106-64 | 10574 || 106+64 | 10574 | 10574
2+5 136483 | 135993 || 1-36487 | 135996 | 1+36011
«06623 +06961 +06625 +06963 «06970
22808 22683 22.814 22688 22+693
10+0 1-50776 | 1-50589 || 1-50860 | 150673 | 1.50684
06960 «070%6 «06955 +07032 -070%2
12517 12.513 12.512 12+508 12+509
50+0 +66762 «65332 *67397 +65994 +66203%
+10716 10839 +10708 +10833% +10837
9+5394 95341 95248 9+5203 9+5228
700 +20673 +18956 «21117 +19426 +19703%
+11935 +12022 +11934 +12024 +12035
9+7061 96927 9+6934 9+6806 9.6842

16.7

TABLE 36 - SEMI-ITERATION STUDY.

(U,
VALUES OF (fs
&Nu
Case 1 - TUsual
Case 2 - Double iteration

Philosophy of Comparison

The preceding sections deal with aspects of internal accuracy.
Here the question of attitude to external data is discussed. The
'classical' progression has been followed, through adiabatic results
and constant property solutions to variable property problems. In
general, the aim has been to try to reconcile results of this analysis
with all comparable experimental and analytical data. In doing so
there is not the same problem which frequently arises when results of

experiment disagree with a (single) accompanying theory (as with Yang

and Test - section 16.1).
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Once the general reliability of this program had been demon-
strated, a comparison (in such a case of disagreement) usually showed
agreement with either:

(i) theory or
(ii) experiment

In the first instance, e.g. with Butterworth and Hazell's data,
doubt was ultimately expressed about the measurements. However, this
was only done reluctantly and with good cause, as with the heat
transfer results for tully-developed entry velocity (see Fig. 11),
where theory virtually co-incided.

In the second instance, the comparison probably indicated some
approximation in the theory. For example, the forced convection
experiments of Martin and Fargie were reasonably predicted. This
possibly suggested some lack of accommodation in the corresponding
theory of the substantial viscosity changes, just as initial comparison
with this work highlighted the need for a better energy balance tech-
nique. Finally, even with an admittedly approximate theory, e.g.
Rosen and Hanratty's analysis, results were not just dismissed, but
accepted on their merits as far as possible.

16.8 Conclusion

While consistent care has been taken with accuracy and
reliability, there is no real guarantee that accuracy for one problem
automatically gives it for another. However, within the author's
knowledge, the treatment gives good predictions in almost all contexts

attempted.
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17. GENERAL CONCLUSIONS

17.1 Introduction

The complete equations for internal laminar flow in two-
dimensional cylindrical co-ordinates have been treated by a computer
program solving the finite-difference equations. Complete variation
of viscosity, and partial variation of density, with temperature are
allowed for, and an alternative program accommodates some additional
property variation.

The program in general has proved flexible and accurate, a
particular feature being the use of the stepwise energy balance as a
constituent equation rather than a check. A number of forced and
combined convection cases have been treated, some of the results
having already been published. The more detailed conclusions below
relate to both published and unpublished data in a logical sequence.

17.2 Adiabatic flow

Developing velocity profiles show some divergence near entry
with classic experiments of Nikuradse, but compare well with recent
empirical and theoretical data. (Nikuradse confirmed that certain
experimental details were not available), Pressure drops are somewhat
higher than predicted by some boundary-layer analyses, but more
consistent with the elliptic-type analysis of Schmidt and Zeldin.
Development lengths for low Re are compared with those of Friedmann et
al and Vrentas et al, but no consistency is apparent, this being
attributed to differences in the inlet boundary condition used.

The effect upon accuracy is studied of reducing both radial and
axial step sizes. Results for M = 80 differed litile from those for
M = 30. However, a lower limit of 0.625 exists forA Z below which

program instability occurs.
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173 Constant heat flux - forced convection

(i) Constant propertvies

Heat transfer results for fully-developed fluid entry
compare well with a number of analyses. For uniform entry velociuiy,
Nu varies with Pr (at constant Re) and results lie between those of
Martin and Fargie and Butterworth and Hamell. Results for Pr = Q-7
compare very reasonably with data in the literature.

(ii) Water/glycerol mixtures

Calculations of Nu are comparea with analytical and
empirical data of Butterworth and Hazell. Constant property predictions
agree to within 15%, and allowance for viscosity variation increased
Nu by at most 6%. The rather inconsistent divergences of experiment
are reluctantly attributed to measurement difficulties.

(iii) 0i1

Predictions of Nu, centre-line velocity and friction
factor give goocd agreement with A high temperature experimental data
of Martin and Fargie, despite the latter being for a sharp entry.

A similar comparison for a lower temperature run/;:arly as good,

except for friction factor.

17.4 Effect of viscous dissipation

(i) Adiabatic flow
Comparison of Nu and pressure drop is reasonable with
Martin's predictions and good with experimental data of Hersey and
Zimmer, and Polak. Polak's postulation of a hot slip zone is
examined, but the concept of thermal instability is not confirmed.

(ii) Convection with constant heat flux

The effect of viscous dissipation is a small reduction
in Nu, and this is consistent with the experimental data of Martin and

Fargie, and Butterworth and Hazell in the previous section.
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17.5 Constant heat flux - combined convection

(i) Comparison with an approximate analysis

The completeness of the present analysis has provided a
basis for comparison with results of Allen's truncation method. Heat
transfer and fluid flow parameters compare well for the experimental
data below, and justify Allen's approach.

(i1) Water

Developing velocity profiles compare well with Lawrence
and Chato's data, and wall temperature predictions with measurements
of Scheele and Hanratty.

(iii) Oils

Predictions of wall temperature (up to transition) provide
the first (and good) analytical comparison with a run of Kemeny and
Somers. Comparison made with three runs of Allen is also good.

(iv) Additional property variation

For this section of the work additional property variation
was accommodated within the program. The effect of this is found to
be negligible or small, depen&ing on both magnitude and sign of the
property changes with temperature.

17.6 Constant wall temperature - forced convection

(1) Parabolic entry velocity

Nu values (for given Pe) lie between those obtained from
the elliptic equation analyses of Jones and Singh. A comparison of
mixed méan temperatures, however, show a pleasing agreement at high Pe
with Jones. Comparison with boundary-layer analysis and the full
equations treatment of Zeldin and Schmidt is reasonable, and a study
of Marner's criticism of the latter's results shows that the problem

could be resolved by a consideration of mixed mean temperatures.
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(ii) Uniform entry velocity

Comparisons of Nu made with (a) Zeldin and Schmidt, and
(b) Manohar, and Ulrichson and Schmitz, are very reasonable.

(iii) Alternative boundary condition treatments

Several comparisons are made for the methods using (1) the
explicit wall thermal b.c., and (2) the implicit energy balance state-
ment. Apart from extreme entry, agreement is very close. However, a
reservation is that both methods appear to give rather low long-distance
Nu values.

17.7 Constant wall temperature - combined convection

(1) Parabolic entry velocity

Comparison is good with the theoretical data of both
Zeldin and Schmidt, and Marner and McMillan. In the latter case,
however, good agreement of velocity and temperature profiles is not
reflected in a comparison of Nu, and specifically, their prediction
of a peak in Nu at maximum profile distortion is only partially
confirmed.

(ii) Uniform entry velocity

Again, comparison is good with a theoretical result of
Zeldin and Schmidt. A detailed comparison is made with an experimental
run (and theory) of those authors, which show that Collins's results
are closer to experiment for axial velocities, but not as close for
temperatures. However, this is in the context of possible preheating
of the fluid, which present calculations also suggest.

(iii) Alternative boundary condition treatments

Some comparisons are again made for the alternatives in
17.6 (iii) above. Agreement is very satisfying and, on balance, the

'exact energy balance' method is preferred in this context.

17.8 Transition and instability

A study, chiefly based on observations of Scheeie et al, has

= 100



shed further 1ight on these phenomena, partly because their accompany-
ing analytical work was more approximate. For natural assisting forced
convection, a simplified version of Lawrence and Chaio's transition
parameter is found to correlate the data. This is valid for upward
heated flow, with both constant wall heat flux and temperature. For
natural opposing forced convection, results are insufficient for
correlation, partly because of discrepancies in presentea data.

Comparison with the approximate analysis of Rosen and Hanratty
is reasonable 1or centre-line velocity, but not as good ior distances.
However, Collins's predictions of these are probably more consistent
with flow reversal observations. A limited comparison with the fully-
developed theory of Hanratty et al suggests that their predictions have
some validity even in a developing flow field.
17.9 Annulus

Initial adiabatic results are compared with those of Heaton et
al, and felt to demonstrate the flexibility of the overall treatment
in its adaptation to annular flows.
17.10 Accuracy

The various aspects of accuracy are felt to be satisfactory.
Convergence in general is good, and stability very good. The semi-
iteration procedure works well. The energy balance requirement is
shown to be a useful aid to accuracy, not fully utilised in some
current analyses.
17.11 Conclusion

The snalysis presented here has been applied to & number of
laminar flow problems involving a variety of working fluids and bound-
ary conditions. In general it gives consistently good results, in some
cages resolving differences between theory and experiment. The appli-
cations have shown it to be flexible and of general validity and

reliability.
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only assumptions made are that Cp and k are constant, that viscous dissipation may be neglected, and
that p is constant except in the buoyancy term of equation (2).

3 k of __a‘__;‘,__
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(where + or = pg holds for downward or upward flow respectively)
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The vigcosity and density variations with temperature are taken to be:
f 13
. /(.&...—.'-/A,‘(C|+CLT "C3T ) (5)
2
o P =P (C ~CsTHCT™) (6)
In addition, the integral continuity equation may also hc used for a nunmncal solution, viz:
2, Boundary Conditions Tle Uo “J 2.“7' 'U}. dT‘ (7)
i A onditi I 3
(i) Entry condition g, = Uo' _;f'r O, PO' =,T°
(il) Tube i = Uz .
= — U'; O: a*?-ot oy’ O

(iii) Wall flow conditio
=0, v =0

(iv) Wall thermal condition, either (a) or (b)
/

(a) Constant heat flux Q = &A(S—T, == MMt.
¥R
(b) Constant temperature T’ =T‘; = conl.

3. Dimensionless Equations
The above equations may be made dimensionless, using the parameters as defined in the Nomenclature.
Equations (1) = (7) become (8) - (13) ruspecnvely.

3V 1 |
ar + o O (8)
ll:l U ?P + R;‘z.[GCM T(Cos"'COGTZ]"' A [{C + Tl & CmT)}()z:. I'}U )
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2 =pia(Cor CaaT + CNT )1 (12)
P =Pa(Corr ST+ S2T) (13)
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Tha boundary ceonditions becoma:
(1) U —[’Vuo‘pﬂ&'-rﬂ-r;

(1) VnO,%%=O,'§'€“=O

(141) U=0, V=0

(iv) m Q= 'B-A( R:}C’;S).( gt).
) Te= T,

4, Finite Difference FEquntions
The above oquatlons may bo re=oxprossed uning standard finite difference tachnlques, as applied by

Lawrence and Chato (2). The dimensionless radius 'r' is re-expressed as r = ml, form=1, 2 ... M+l
i.e. form=1, r =0 (axis), and for m = MH+l, r = 1 (wall). H

This gives a rectangular, naxial and radial, mesh, with suffices 'n' and 'm' respectively, Equationa (8)
= (11) and (14) become (15) - (19) respectively, written inlinear form with suffix 'n+l’ representing thae
unknown axial position to be solved. The (knewn) conatants relevant to each variable are in square
brackets, an are the "known' right hand sides of equations,
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Equation (19) is obtained by applying Simpson's Rule to the integral continuity equation.
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The boundary conditions become:

. (i) UlJn‘L'—"[ 3 Vl,'l'l\. =O, R,II‘L—':Pov T‘;"‘-O
(1) Unyt =Unz, Vo, =0, Py, = Prz , Tai=Tna
(i) Unmn =0, Vo ua =0

(iv)  (a) T“_'ml = T\'L,M +

(&) Tn,rm = TR
COMPUTER PROGRAM

The computer program was written in Fortran IV, some of the techniques used by Lawrence and Chato (2) being
applicable, and the work was carried out on the City University's ICT 1900 Computer, For details of the
program see Collins (3). The program was in the form of 64 character punched cards; as will subsequently
appear, this gave a high degree .of flexibility in making program changes.

The basie method was to solve for one axial position at a time., Equation (18) was written for each radial
position, giving M-1 equations for the same number of unknowns, viz. the temperature profile. This was
solved by a standard matrix inversion technique (Gauss elimination method - McCormack and Salvadori (4)).
Then equations (15), (16) and (17) were similarly written and solved, as 3M-2 equations (including equation
(19)) for the unknown U, V and P values. The next axial position was tackled, and use made of the above
solved profiles in calculating the fresh set of coefficients.

To eliminate writing errors ctc. more easily, as much as possible of the program was written in independent
Subroutines (four in all). The two matrix inversions, for example, were carried out by a single Subroutine.
These were checked as they were completed against simple Master programs, written for the purpose. By this
means, there were fewer difficulties encountered when the complete program was tested.

The presence of second derivatives of velocity and temperature axially, meant that there were three axial
positions involved, 'n-1', 'n' (both known) and 'n+1' (to be solved). After solving one step, the 'old'
values at 'n' and 'n+l' became the new values for "'n=1' and 'n' respectively. When axial changes in
velocities etc. became small, it was advantageous to increase the axial step AZ. In this program AZ may
be conveniently increased by doubling by causing old 'n-1' and 'n+1' values to become new 'n-1' and 'n'
values respectively. (The old 'n' values are redundant). This doubling may be repeated any number of
times.

VELOCITY RESULTS

1. Introduction

The main output of the program for the adiabatic case was the series of developing velocity profiles.
These were obtained for a range of Reynolds Numbers between 300 and 2700, and, as expected, found to be
identical when plotted as in Fig. 1.

2. Nikuradse's Data

The best-known experimental data is that of Nikuradse given by Prandtl and Tietjens (5), and this is also
shown on Fig. 1. The results are virtually co-incident at the upstream end (about half-way along the total
entrance length) but increasingly divergent towards the entry.

A great hindrance to comment occurs here, as Prandtl and Tietjens give no experimental details, so a care-
ful search was made for the published or unpublished report of Nikuradse. Eventually, from a private
communication (Nikuradse (6)) it transpired that no such report existed, and that the original research
material had been lost.

3. Effect of Program Changes
In view of the divergences mentioned, it‘was decided to investigate whether the program results were
reliable near the tube entry, and a considerable effort was made in this direction.

Consideration was first given to the integral continuity equation, which is replaced by a Simpson's Rule
summation. The accuracy of this approximation may be seen by applying equation (19) to the uniform
velocity profile at entry. For M = 30, both sides of the equation give the value 337.5. It was found, by
arbitrarily reducing the 353 to 330.0, that somewhat better agreement was achieved near entry, to the

8 7

detriment of agreement further downstream. To complete the study, the Simpson's Rule was then replaced
entirely with a better approximation, viz. the closed 6-interval Newton-Coates rule of reference (7).
This resulted in an almost imperceptible improvement, and it was concluded that the Simpson's Rule (which
takes less storage space) was sufficiently correct.

The next attempt was to increase accuracy by decreasing the initial value of AZ, the axial distance incre-
ment, This is considered later in more detail, but for the present purposes was unhelpful.

One of the variables in the 3M-2 size matrix was Py,;, the wall pressure. 1f this were eliminated as a
variable, the number of equations required decreases by one, and two alternative alterations of the matrix
were made which took advantage of this.
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In the first alteration, the radial momentum
equation (17) for m = 2 was dropped. This gave
increasingly meaningless results as the number of
axial steps gRrew. It was felt that this was due
to the omission of what was, in effect, a boundary
point.

In the second alteration, the integral continuity
equation (19) was dropped. This gave velocities
for the first two steps which were positive but
less than the entrance velocity, and from then on,
a large proportion of negative velocities, or im~
possibly high positive velocities. The conclusimm
from this was that the equation (19) was essential
as an overall bound to the solution.

The last possible alteration was to the finite-
difference approximation to the radial pressure
gradient P , written as Pm+1l - Pm-1 in equation
ar 2/
(17). Alternative expressions covering 4 or 3
radial-intervals (instead of 2) were used where
possible. Again, this had virtually no effect on
the solution but equation (17) as written incor-
porates the chanpes.
The net result of each chanpe was negative. It
does, however, serve to illustrate the flexibility
of the program and the finite-difference technique,
and the ease of changes using punched cards.

4, Other Experimental Data

The results in Fig. 1 cannot be reconciled, there-
fore, and in fact the reliability of Nikuradse's
data has been questioned by, for example,

Shapire (Discussion Appendix, Campbell and Slattery
(8)). The present investipation appears to confirm
these reservations. More recent experimental work
has been carried out, by Reshotke (9), Pfenninger
(10), and Atkinson et al (11), and results are
plotted in Fig. 2, being directly comparable with
Fig. 1. Pienninger's results are given, like
Nikuradse's, as a set of smooth curves. Over the
repion of interest, Reshotko's data differs some=
what from the other results. Atkinson suggests
that this may be due to the difficulty of deter-
mining the exact entry position. The maximum
difference between the computer results and those
of Refs. (10) and (11) is around 4Z, below z/Re

of 0.03, reducing to about 1}Z at 0.095.

Consideration of all available experimental
velocity data, therefore, leads to the conclusion
that the program results are reliable, and that the
Nikuradse curves close to entry should be treated
with caution,

5. Analytical Results

A large number of analytical treatments of this
problem exists, and no attempt will be made to
duplicate the discussions which may be-found in
the following selection of more recent papers:
Campbell and Slattery (8), Sparrow et al (12),
Hornbeck (13), Christiansen and Lemmon (14),
Schmidt and Zeldin (15). The first two pages are
modifications of Schiller's (16) integral tech-
nique and Langhaar's (17) linearization solution
respectively, and the others use finite difference
methods. Fig. 3 gives a comparison of the present
work with that of Refs. (8), (12) and (14); the
agreement is close.

As a general comment from Figures 2 and 3, it
appears that between Z/Re of 0.01 and 0.04, the
present work slightly overestimates the velocities
near the duct centre, and hence underestimates
them closer to the wall (but not at r = 0.9).

This implies that the velocity profile should be
somewhat flatter than in fact is calculated.

Apart from this, agreement is very favourable.

Bs
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EFFECT OF STEP SIZE ALTERATION

Work was carried out to investigate the effect
upon accuracy of changing both the radial and
axial distance increments. For preatest accuracy
in principle, each is made as amall as possible,
within the limits of computer storage and time.
For economy, the reverse applies.

1. Radial Increment

A convenient maximum for the number of radial
positions (M) was 30, and this required 21952
storage places for a typical program (Case 1 of
Table 1). For adiabatic work, temperature calcu=
lations were unnecessary, and it was a straight
forward matter to remove or change the card input
relating to these, again, incidentally, demon-
strating the ease of programming changes. This,
with all input unchanged, reduced the atorage
required and time taken by 21 and 3% respectively
(Case 11). Then cascs were run with values of M
down to 12, and otherwise the same input. The
strong dependence of computer size and time upon
M was because the latter determined the size of
matrix, which in turn dominated the program.

Case M Time (secs) Storage
I* 30 745 21952
11 30 722 21568
II1 24 429 15680
v 20 354 12416
v 16 146 9792
Vi 12 72 7744

TABLE 1 Alteration of Radial Increment

* With temperature matrix in

The effect upon accuracy is small, and not dis-
cernible on a graph. Comparing Cases 3 and 6, for
instance, the maximum velocity differences are
about 2% near the tube wall and about 1Z in the
centre. The latter is partly due to the error in-
herent in assuming the central velocity to be the
same as that at the first radial point.

2, Axial Increment

Effort here was concentrated on finding the lowest
possible initial value of the axial increment A2,
since velocity changes were greatest at extreme
entry. Using a constant value of M of 24, a range
of AZ was tested, including a change in Reynolds
Number as specified in Table 2.

Case Initial AZ Reynolds No,
VII 2.0 900.0
VIII 1.5 900.0
IX 1.0 900.0
X 0.75 900.0
X1 0.5 900.0
XIL 1.0 450.0
X111 0.25 450.0

TABLE 2 Alteration of Axial Increment

In the standard case 7, the velocity profiles
decrease very slightly (from the central value),
from the entrance. With case 8, some of the
initial profiles increase from the centre. This
is accentuated, until with case 11, the centre
line values begin to oscillate from step to step,
instead of continuously increasing. As this
oscillation is up to about 9% in velocity, it



iawlies a lower limit of Az for accuracy. It
should, however, be noted that these effects 'die
out' as the axial distance increases, and even
case 11 results in the same developed profile (at
the game position) as case 7 (maximum difference
under 0.1%).

The possibility of this effect being similar for
proportionately differeat Reynolds Numbers and

Az was tested, because the normal profile sets are
identical. Cases 12 ond 13 were run and compared
with 7 and 11 respectively. In fact, case 12 was
somewhat worse than 7, and 13 gave meaningless
results along the whole tube.

This instability was not altogether unexpected, as
it is a major factor in finite difference equations
for transient problems (see Dusinberre (18)).

PRESSURE RESULTS

1. Radial Variation

The radial variation of pressure is rather weak,
as might be expected, and reduces to below 0.5%
of the centre-line value by z/Re = 0.005,

It has already been mentioned that varying Az
affects extreme entry velocity profiles; the
effects on pressure profiles are just as marked,
and it is less easy to draw correct conclusions.
Irrespective of Reynolds Number and Az the first
profile is always a descending one from the centre-
line value. The sharpness of reduction increascs
as Az is reduced. Provided the instability con-
dition has not been reached, the profile changes
(at the next step) to an increasing one, which
quickly dies out, as has been mentioned. If, on
the other hand, instability exists the oscillation
of the velocity profiles also gives alternating
ascending and descending pressure profiles.
Because of this, the ascending profiles are felt
to be the reliable ones, and a typical example is
shown in Fig. 4.

A coneluding point is whether the profiles depend
on Reynolds Number. Withip the limits of the
technique and the range of Re investigated (300 =
2700) no significant trend could be discerned.
Commenting on Schmidt and Zeldin's results (15)
their trends may be due to the relatively heavy
differences in pressure profile at entry itself,
as compared with uniform profiles used in this
work.

2, Axial variation

The axial variation of pressure may be expressed
in terms of K, the pressure drop coefficient,
where:

f is the laminar flow friction factor, hence X
represents the additional pressure loss due to
entry effects. Non-dimensionally this gives:

16z

2P - Re

+ K

Values of K are plotted on Fig. 5 as a continuous
line. No discernible trend with Reynolds Number
was apparent. As with the velocity comparison, a
selection of the more recent data is shown. For
fuller tabulations, see Refs. (8), (14) or (15),
which indicate that the value obtained ias partly
dependent on the mode of theoretical treatment.
Apart from Sparrow et al (linearization of momentum
equation), the comparison is with other numerical
solutions.

When the flow is fully-developed, K reaches an
asymptotic value, e.g. the point data of Hprnbeck,
and Christiansen and Lemmon. The latter, by
including some radial momentum terms (in the
equivalent of our equation (2)) obtained the value
of K shown, as opposed to a value of 1.015 obtained
when omitting the terms. It is therefore to be
expected that the pressure loss could increase with
a still more comprehensive solution.

The range of Schmidt and Zeldin's results is shown
as data (3), at a particular value of z_. The

Re
K values overlap those of this work, lending
credence to the view expressed above. In addition,
however, one or two reservations must be stated.
Firstly, the fully-developed length appears to be
0.40 rather than abeut 0.25, and secondly a
definite trend with Reynolds Number is obtained.
The latter difference could be due to the same cause
as that discussed for the radial variation.

The overall conclusion is, therefore, that taking
all radial terms into account increases the pressure
loss. Finally, it should be noted that since K only
accounts for entry losses, percentage differcnces
reduce sharply when converted to total loss (e.g.
for Hornbeck, -6,3% in K, =27 in pressure loss).

TEMPERATURE EFFECTS

A relevant extension of the adiabatic results was to
investigate the effect of temperature on the devel=
opment length (i.e. where the centre-line velocity
reaches 99Z of its parabolic value). Four cases
were run (using upward flow of air) as described in
Table 2. Air properties were taken from Ref. 20,
(The contents of the Appendix should be noted.)
With a constant wall temperature, the heat transfer
to the fluid is larger at entry, but decreases as
the fluid temperature rises. In these cases, how-
ever, the overall heating effect is small and only

L ‘“ K e tends to deter the normal developing process. This
lpuoz it does quite significantly. Table 3 shows, as
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-.219 ~
Re = 1500
=217 |
Z
Re 00267
=-.215 i A ; ! L B2
[s] 0.2 04 .06 .08 1.0
FIGURE &

PRESSURE PROFILE

R (S /



K
=t g
3
19e2 4
1.2 et ! ——
/ N b 2
1.0 e T
////f'
”
0.8 -
/
, -
0.6 This work
{ / 1+ Christiansen & Lemmon
0.4 / 2 e Hornbeck
. [ 3 I Schmidt & Zeldin
y Sparrow et al
0.2 4 —— —— .Z_
4 i b e
0 0.04 0.08 0.12 0.16 0.20 0.24
FIGURE 5

PRESSURE DROP COEFFICIENT

might be expected, that the effect increases with
increasing temperature difference and decreasing
Reynolds Number.

Ca Reynolds  Temp. Diff. Development
b Number o Length z_

Re

1 1500 2.0 0. 356

2 1500 5.0 0.413

3 300 2.0 0. 648

4 300 5.0 0.705

TABLE 3 Temperature Effects
FUTURE WORK

Apart from the main purpose of the program, in
investipating heated and cooled mixed convection
in upward and downward flows, the following
developments have considerable potential, and
emphasise the flexibility of the approach.

It should be feasible, by including appropriate
eddy and thermal diffusivity values (c.f. Ref. 19)
to adapt the program to deal with turbulent flows.

Secondly, the cylindrical co-ordinate flow field
is the same as that for a vertical annulus, and
with only a change in the inner boundary con-
ditions, comprehensive results for this important
geometry should be equally obtainable,

CONCLUSIONS

A finite-difference approximation to the complete
set of partial differential equations for internal
cylindrical pipe flow has been compiled as a
digital computer program written in Fortran IV,

The adiabatic velocity profiles have been com—
pared with the experimental data of Nikuradse,
but give closer agreement with more recent data
near the pipe entry.

A study has been made of the effect upon accuracy
oi reducing both the radial step size from the
maximum obtainable, and the axial distance incre~
ment. A lower limit to the latter is reached
when instability occurs.

Bs

The case has been studied of the pipe-wall being
somewhat higher in temperature than the entering
fluid.

The flexibility of the program has been demon=
strated, and its further potential discussed.
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APPENDIX

Further work has resulted in two improvements to
the treatment of the equations; they only affect
non-adiabatic results, and have been incorporated
to pive the results summarised in Table 3.

Firstly, density variation with temperature has
been allowed for in the integral continuity
equation, The physical meaning is that density
differences are large along a finite tube length
compared with differences radially, and axially
from step to step.

Equations (7), (14) and (19) become respectively.
nap,u‘,-jg_m,o (7A)

o
|

Si& =[u.w{cw Cil e Q%I‘}.dr (14A)

[}

3 M i ﬁ)_m-l) Un+i R.FL[CM + COS Tn.n am
mo=|

i

ey [n.uvu :,_zml'{{o_k-t- C%- = hm E&Tm 1m}]
i (1qp)

The second improvement was to use the output from
the temperature matrix inversion as input to the
U,V,P matrix. This removes the linearisation
approximation due to temperature in equations (15)
= (17). For example, Tp may be replaced by Tp+l,
and Tp-1 by Tp, respectively. Equation (19A)
includes this change.
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Author's contribution to written discussion of two papers,
Institution of Mechanical Engineers,
5.A 1972
5.B 1973.
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APPENDIX 6

Author's paper,
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1975
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APPENDIX 17

Program print-out (Additional Property Variation)
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APPENDIX 9

M/S submitted for publication by Author,
P.H.G. Allen, and O. Szpiro.

1975
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APPENDIX 10

Author's paper,

Manchester Symposium on Combined Convection,

1971
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APPENDIX 11

Letter from Professor F.L. Test,

1975
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APPENDIX 12

Second extract from Post Experience Course Notes,
The City University,

1974.

(Reference List may be found at end of Appendix 1).
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. T ww&w W an dmpodand cgliidncal co-ovdinedi
dndimal s appbicalion . TRa (Rr5-Lialh o oot = dimrtid ernald
o Mo lmner Lowndans fo conceliic. TR anner wall veplace
e Lo wnin ob a L g condilZon. .
T formallon of Mo paial diffeadal cqualions, won-clin
Ldedicakl o Qo Sosic Treglme ot coure. TRe _Qw& SO
Toms Recome :
@ AT u&’na, .U'}_-Uo)wj",.: 0, p=Po, T =To”
¢ AC inwer walll: =0 ,U-=0

wd &ilor T =T = condle ( codTak ol tmp)

ot o Rer T'= T:Jl'-'-' AOMBT . { comolank mu,Q.Q, /Lw-p)

e &-—--P \%_?. -m-m, (eoneTanl Rool o)

Thwwww

T Vo L(‘_Z_Q")}O j)_'mf' PUZ. v’ (5) ANN
R,
UZ Dimensionizss @ IANTITIES.
Tl i moas urnloas -frwwud,ama, mw\u[:ax/-\ Lrecoma:
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C/3/74

i) U=0 V=0, and edler T=T,
Vors G2, = _p AJ’__A._...-'" ) F7 1 N
R -"C._;'(S; O iz
(i) U=0V=0, oud eller T=Twz i
oy %l_ s..ﬂur__.._ﬁi__..

\R,*( s r)Q’

—

Par ( C r ? f ' .
I -‘1:2- = (U 3Cos +CosT 4 Coal 2.dr (14 ANN
1:_ & (= (= 5
wteree R =81 i wmdivs vallc
R2
=

J_ke)_. INITE=- DIFFERaNCE  QUANTITIES

(I‘) JM"!)V m..—o _rllf\- O Pi. W-PO

L ) U'n AN+ = O v"u AN+ = o,

Ak -e».:!L.r Trmive = Twy x
<y T?L*-dz\l-i-l —Tu-iu'i'g\—‘)ﬂ_‘-Lx
A2 v ) e

@) Unngae =0, Vnure = O,
Somsh -:./.j{z-r _Tn,H'-..-H = Twa

PLon o/ Tn 12 —-Tr\HQ. + Qd-f"-x, %
A&z}& \M.z) t’
2 P RN OTIL 1 ¢

gago.)& (l-—-[_l ) — '-:ZM--\- -Vi'o:\i-kj-Un-ri,z.lﬂ- -~
Z-.'x sl
Em*’ :":i.N'J'Uw-l,zu-ﬂ d4)A ANN

) S0

WP B o replosmad v Ko (Rlisusing poge c.§ Ho Tlhe care. |
TR vopeands Maoigi R fomn oL (BT o s Bl Bl |

\Or {_ C,"J 2{ 51 ‘t‘cT,'._mcE)
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C/3/75

FIGURE _A TUBE CASE

m = 2 3 m M-1 M M+ 1
r = 0 lIM Z/M m-1 M=2 M-l 1

M M M
EQUN. NO. 1 2 m-1 M-2 M-l

where r = m-1, and equation number is for temperature matrix.
M

FIGURE B ANNULUS CASE

Here, the o1ld tube 'M' becomes the Annulus 'MR', and at
the inner wall m = "MIN'.

MAXR is defined as MR-MIN, and R = MIN .
MR

For a valid use of equation (19) ANN MAXR must be even.

INNER OUTER
WALL s 1% WALL
m=MIN + 1 MIN + 2 MIN + 3 m MR-1 MR MR + 1
r =R MIN + 1 MIN + 2 m-1 MR-2 MR-1 1
MR MR MR MR MR
EQUN.NO. 1 2 m-1 MAXR-2 MAXR-1

= 308 «
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C/3/76

L4 PRozeav A ITERATIONS

Eiﬁad*}ESQfxlﬂﬁb
This As -{U“ALQCﬂE{an Te Mo Tale progrom, Loxcepl Mok ISUNV

ol Ran Toro vadues | ~squone, &~ adioBelic developmant:
Howeoer, & world Lo o alroighkionioand maller Lo Lase 15UNU
=3 fov Mo (Ul -deeloped adialulic Lominar profile ~tee Ref.
5)
Moz

The wunmker of equalions frthe T and UV, P mabrices ane
e some, provided ok am Lnnor well condidion is defined
for ta pressure” Basicallly, Bha sulocrpls for o [Toms rerain
o 20ms 08 Lrfowe; ukore o volue of M radivs, and Lence
w6 inwekird i o calowdotions, Min muds be increorid by
MIN, a8 dw Do Figure om CJ3]75 Tl 'w) beconmes omnuds

—_—

o + MIN

The owler M conddion jo T name, acepl L, or
MVPQsz Lo IFTOQ Lecomes Mo ommdus FT0Q(2). Hous
ok, Mo conds bpoeifogong It nmer wrolll frowndony condTions
Rare T dr. lomged..

Apart from Mo alovt, ond will o provide ok Qo pro.
" TR repbacts Mo The asis condilion Pyt = Prg wlh e mor
wall condifion Pn,,;-'- Pri=Pra-Pu2a Lo rensaX WW
TR i quili coms BTt sl fonouom Tl vesullGs.
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c/3/17

YoM N \ﬁﬁ‘ﬂw u'o Mwm.u_-a W"O&‘& P P/%,,g; 5/
amedus s WW% O wﬁmux .G‘:L m-cjﬁ&»‘;;g,mﬁ‘ .
Howtiitr, one or /l;.ro' P venendn i the tle progrie
ooy e onerye drelamce i) et wet refleclzd
sne Tho LWW:QA&Q verdLow,

The program rink ol in oTielsy n gtn s Seclion
10, A delaided wcplamalion b nol giuren, Aoweotr oo M
hledh masn Lo xLzAu*x;24L.dﬁ»ET compurison il o comesp nd-
‘g pods s Ma Ll Program. 1T wig 2k bo mealloned. Tl e
Nuaad X Numlen ( cards AB390 and A3400) ane AL o e o
R oddiofrodie ineslyalion Arbar made.

Tk npedk, Oala for: sk v [equiines o pdaimum of Uall
cards, ab delous:

Cped | (.an
ILAST AL numer o il \-‘rﬂm"vﬁ
KLAST NM!&W&ZM MMA)AML,&QI‘LLAU% A A2
MM.Qrtrm\- Mtﬁen o Lo A,

MAXR 4 I Slons. |
MR -\m‘a&. .cr mf:;. ZUlsz,-rM .r-.a.Q& (s e Fliowne 3
-Pb@bSaA@ﬂ,L (uz'ﬁmR)MR) ‘
ESJMU =, w%bdcu%ﬁvm = &, adiabelic 4 U.W\.A-wlu"v/\'
i=ToQ (i) a.;vang-J\.Qﬂv W/J«m&—\ Timp; = A, Heat Hus
FTEQ (2) As for aler, Qrp.% owler viumdmxa. ‘u(,owc. ‘

CARp 2 { Raal Numen)
COL - CO5 Temparliure ALpendsal proporly vanablis.

CAeDd & (Roal Numles)
Ol Property vorialds.

GNUHMBR ngmgm&m Group rep«wum%, M

PENTRY D-umenn onloss &J‘r’na_ Prosturl M’OA O.-
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C/3/78

DELTZ . Tle idiaks Jufz.&.a? A2
PRNOTL  Prundt Nunler f:;e.a_. NomoculTre

QYﬁjiab f“uﬁnzof
CARD 4 ( TJ 6,&, q)
L) TiRa rbmber paa AWIM oL aBil Tla Alep w8 deoudld

(W—m*&"(hf-\b—r

CAR ST g A\ «'2

RATIOD . 3.0tk M%mﬁr;oﬁ e

CARD b (Real Numler)

& ZBARX %z wlon 15UNU=Q,
. I{' .QJ'\JJ w% »G‘rml;l:zd.

CARD 7  (Rpal Number
T'“JA";‘L;) ““—j :WAUCLQQ Qﬂrum-ch/ﬂa, Cﬂ'*bal@c:an.\’ ‘CT?DQ;'

)
HF.VX (1) IFTpQu)

no

|
o]
lCAeD®  (Real Numbes

wu«..h.-z)w? Oulir wnld zmﬁ ondilTon. SIFTHR(2) =
=LOX (2) .5 Z;PT‘C)Q 2)=2

12 ANNULUS -PROG-RAM

S
.

PURIRAN CUMPILAITUN BY ¥XFAE MK ~D DATE cB/09//2 Tibk US.92.%5

LISTELP)
PrOGPAM{CulLL 970022)
INPUT 1=CrD

UUTPlL ] 2=LPu

THACE

enNd



4

¢

12

19

J

24
21

S i

—

MASTER unLL

CUMSINED LONVE . TIUN

IN ANNULI

KEAL mMTwN,HMONE,NUSSLT(Z2)
DIMENSTIUN UL3, 80) . VIE3,89),T(3,390),P(3,31),nlbd,bu),808%),X1(4Y).

CALL ITIMECISE™)

1X2(A8),L010), 15 TDQCS), TWALL(2) HFLUX(2)

C/3/79

HEADLT;2)ILAST, KLAST . MAXRaMR, ISUNULCIFTDGEIY. I21,2),C0, LD2,009,

1u04,C1i%,C0UA, GNUMBR,PENTRY, UELTZ,PRNDTL, KYNLL-S

FURMATCZ7TI5/F1U0,0,r17019,F25.22:F158.18,F10L./7/F20.77,F15.1.F5.1.,

Tk B 2,001 A0, P )
Lf o CILAST LT BYSTOR

KeAul1,12)(L(K) . K<1,KLAST)

FURMAT (10| 3)

REAY(1,3)5,RATUD
FURMAI(F4.1,F1L.5)
"NITF..‘?.:")S-R‘\Tlol

FURMAT(IHTI,8H S ,rHD.d2¢H +

Pt e L7

aU T0(18,15%), ISUNU
DU 14 M=1,2
LPTUY 1= FINU(M)

QU Ir(s.8),1F1NQ1
HEAUCT ,6)TWALL(M)
FURMAT(F1L.1)
WRTITE (2, 7)TWALL (M)

FURMAT (C1H »25H0UNSTANT WALL TEMP.TWALLZ,F12.3)

BT ey
REAN(1,9)YRFLUX(M)
FURMAT(FRYL.1)

WRITE(2,10YHFLUX(M)
FURMAT(1H +25HCUNSTANT HEAT FLUX HFLUX=,$12.3)

CUNTTNUE
CUNTInUR
U TCC15.,6M), [SUNU

WRITE(2,16)(L(K),R=1,KLAST)

PURM2 I (1H , 148 VALUES 0OF L(K)./Z(714))

SIGNSUP, -

SIuGN=uDHN.1bh

LENSITY KATID=

WRITF(2,17)ILAST,MAXK,MR,C01,CN2,cU3,C04,C0,C06.RYNLUS, PRNDTL,

VINHMER, PENTRY

YU
LR
114
12U
16U
140
194
160
170
16U
161
10
{ Y0
200
.rf'lb
e
250
24U
Pale RV
o1
260
27U
20U
2yl
ot oY
91U
deu
JauU
A
JL o
anu
S7u
&7
S8U
390
44Ul
410

FURMAZ T (1H o /H TLAST=,]0,6H MAXKE,]0,4H hh=,16/5H CC1=,bb,.6,5%H C0e=4zy

1aP138,10,851 CN3-1Fe1.18,5H LO4=,F9.0,5K CUS=,19,6,5H LULs F15.12/
UM RYNLOS=,F10. 1, "H PRNLUTL=,FB.6,8H GLNUMLR=,} 11.2,6H PENTRY=,FY%.3)440

LU TP(26,20), 1SUNU
HREA(Y,21 ) ZHBARX

i URMAT (P11 ,0)
WRITE(2,22)LBARX

FURMAT(1H ,24H ADJABATIC ENYRY LENGTH=,FYuU,0)

DU 28 M=1,2
[WALL(M)=u.U
HrLUY(M)=u. U
CUNT INUE

UU 3n M=2,MAXR
Utt1.M)=1.u
UC2,M)=U(1. M)
vi1,M)=u. 0
VE2,M)=U. 0
TCia,p)=0.0
T(2,8)=0.0
P(2,¥)=FENTRY
Pi2,rhXR+*1)Y=PeNTRY
HiN=VMR=MAXR
AMAXE=MR

HUMHR =MAXK/2
{BAR=1. 1

FTALL Y=U

-

- 312

450”7

450
460
4 /0
40U
4v0
SUu
21U
520
221
53U
244y
abU
260
5/
b6 U
590
&0
610
620
bsU
04y
65U
66U



60

107

1ué

y e

109
104

109

99

K=y
LIZS6=1.0/Nel1Zen,
UPRRF =1.0/(PRNNTLRYNLDS)

FUNMCY SDPRREZDeLTZ

SUMR=XMAXK=#2/",0

HALFFE=XMAXR/2..

LUUZMEXMAXRZ12,"

MUZME=NUZM®0. U

FMSQ=SOM2#NPRRE

HAX{=HAXR=-1

HAXPY=MAXK+1

U 1Y [=1.MAX

DU 11 ust1.,MAXI

All )=l

FUNC2=DPRRE® (4, u#50M2=1]ZSQ)

g 1P2 131,MAX1

[1=]+1
d(I):((Utz.i1>~2.w~FUNUf}*7(2.11)+FUNC1¢T(1.11)I/rtLTZ
XKl=l+MIN .
ACT,11)=HALFM®V (2, 11)+FMSQ@(1.U=2, US(XI*1.0))/X1
AT, 1)2U(2,1+1)/D0=LT2¢FUNCY

CUNTINUE

bU 1Tro [=2,MAX'

Xlz1+1+MIN

ACT L T=1)3FMSQR (S, 0=2.08X])/(XI=140)=HALFPaV (2, i+1)
XMIN=M]N
FUNSE:HALPHQV(E»HAXH)#FHSUG(1.U-Z,DiXHRXH)/(XHhXH—1.u)
[FTOCo=IFINW(2)

bU TC(106,107). IFTLOE
BIMAX1)=B(MAX 1) =HF LUX(2)8FUNLS
ACMAYT,MAXY)=A(MAXT1,MAX1)*FUNCS

GU 1 1uB

EAMAY 1 )=R(MAX1)~TWaLL(2)®FUNC3

Faz=FHSQ®(1.0+2. 08XMIN)/(XMIN®T0)=NHALI HoV(Z,2)
IFTUCA=ZIFTDA(1)

GU TO(1u3,104), IFTUQA

oli1)=a(1)~F4aTWALL()

LU TR 1u9

BlY1)=b(1)=FaeHFLUX (1)

Al1:1)3A(1:1)+F4

CALL HMAT(MAX1,A,B,.X1)

U w0 M=1, MAX1

XE2_(MY=T(1,H4+1)

PASMAXY+M

RE(MpI=T 2, M+1) - |

TC1,M+1)=1(2,M+1)

TC2.M+1)3X1(M)

CUMTINUE

UTWAZ=20.5/NELTZ

WIVZ=1 , L/ZLELT2

MAXS2=FJaMaXR=2

HAXZ2152#MiXR~|

MAX2=2#MAXR

MINO=zU1ZSUu=4.u8SOM2

UIVRE=1.D/RYNLDS

MUNgE=SQM2eD [ VRE

UPORDN=S#RATIUN/RYNLLSew?2

UFP1=PNRDNeUNUMBR®CU4

UP2=lIPDRDNeCOS

ULPI=UPORDNECO6

VIVREZ2=2.,U/RYNLLS

LIVRFS=DIVRE*DTZSU

UVIVRE4=HALFM/(DFLTZ*KYNLDS)

vU 114 [=1,MAX3e
H(1)=d.0

11 - 713 5
U Ak et MA RS -

Cc/3/80

i
Te
TS
T4
T5
T6
17

670
4ol
690
Juu
A0

e BT
75U
76U
770
/6l
790
600
810
Mzl
430
04l
aby
GO
67U
8671
Lol
690
Y00
910
920
YSu
9351
Y41
Yo
Yol
970
Y&l
990
11991
V91
992
993
994
1000

1010

1020

1030
1040
1050
1060
1070
Tu80
1090
1100
1110
1120
1130
11440
1150
11060
1170
11641



11

111
144
119
11in

-'\(I:.,‘]'-—'U.U
GIMAXS2)=0./5450M2% (1,0 (XMIN/XMAXR)®®2)
BIMAXZ21)sDTWNZe (UCZ,MAXTYYU(2,MAXR))
GiMaX2)=1J(2,2)8UTWUZ

ACMAY 2, MANS2=1)=0TW0Z
ALMAXZYIaMAXS2)Y=UTWUZ
A(MAYZ,MAX2)=DTWOZ
ALMAX21,MaX21-1)=-XMAXR
AlMAYZ21,MAX21)=XMaXRee2/ (XMAXR=1,0)
RMA=YHIN®1.U

XKMBRzYMIN+2.U
ACMAYZ,MAXPT1 ) =XMAXR* XM/ XHa
ALMAYT~1,MAXT1=1)==D1VZ
AlMAY1 , MAX1)==-111VZ
A(MAYR,MAXR=2)zHALFM
ALMAYR,MAXR)==HalrM
ACMAYP1,1)=HALFMEy,
A(MAYXP1,2)=-HALFM#g,y

ALMAYPT,3)=HALFM

TALPR 4azUN1+(Ce+T0SeT(2,2))8T(2,2)
TBET22002+2,0e003eT(c,2) '

wb TO(112,111) . 1FIuQa
TWALLC1)=TC2,2)*Hr LUX(1)

GU 1TP(114,113), IFTU0b
THALL(2)ST(2,MAXR)*HFLUX(Z)

TUNEF TRETA®(T(2 . 3)=TWALL(1))
TTWU=TBETA®(T(2,2)=T(1,2))eD12SG
VUNE=HALFM#V (2, )
TFOUF=TALPHA®(2 . 0aXMIN+3,0)/XMA
TSTX=1ALPHA®D][ZSN
ALT1aMAXZ2+1)SMUNE*(TFUUR ' JeHaTONE)-VONE
UUNE=UIVZelj(2,:.)

AT, VAXZ) =D VRE# (TALPHA*MTW0+2.0TTWU)
~UNDNF

ALMAYHFY ,MaXP1+1)=MUNE®(TFOUR+TUNE ) ~VUNL

-

C/3/81

1190
1200
1224
1250
1240
1250
1260
1270
1260
1294
1291
1292
1300
1314
1d¢0
1430

loéd
1470
1380
1481
A1 882
19848
1384
1894
1400
1410
1420
1400
1440
i 450
1460
147U

Vﬁ?lT=ThLPHA*lMIZBU°¢.u*50n2¢(2.0¢XMd002—4.u*XnH+3.U)/XHn~o21 1480

GIMAYPT «MAXP1)=UIVRES(VARIT«TTHND) -UDNE

1490

SUN&=V(2,2)'(-Ut2-2)'01VZ*UIVRL*(2-U*TSIXoTTHUJJ %00
STWHe=DIVRE#(V(i,¢)®ISIX+HALFMeDELTZoTTHU®U(Z.3)) 1590
BAMAXPFY )=50NE+STH 1520
UPNRTN2=UP1+T(2.2)#(UP3%(2.0eT(2,2)=T(1.,2))~UPY) 15380
BUNE=UPURLNZ=DIVZ#(P(2,2)+U(2,2)%a2)-U(1,2)@TALPHASD]VRE. 24l
ATWU=0IVREPSUC, 2)a(TSIX+TTWO)-UIVKE4OTONES(V(2,2)~V(1,2)) 1550
A1) NNE-RTWU 1560
TALPHA=C01+(CU2+C03%T (2, MAXR))®T(2,MAXR) 1670
TBETAZCUP+2. 08  U3#T(2,MAXR) 1560
TUNE=TRETAe(TWALL(2)-T(2.MAX1)) 1630
TTWO=TBETA#(T(2, MaXR)=T(1,MAXR) )®#NIZSQ 164U
VUNpaHALF M@V (2, MAXR) = ¢ 165(
TTHHEt=TAL°HA/(XMnXR“1.ﬂ) 166U
TEOUF=TTHKEE®(, . 0*XMAXR=1,0) 1670
TrIvr;TrHHEto(;.ﬂ¢XHaXR-d.h) 1680
TSIX=TALPHASD[ZSN i 1690
UUNE=U[VZ#II(2,MaXR) ; 1760
ACMAY 1, MAX32=1) ~MUNE* (TFIVE=0,56¢TONE ) +VOME 1710
ALMay1,MAX32) =l [VRE®(TALPHASMTHO*2, 06T T ) -ULNE 1720
ACMAYR,MAX21=1)=MUNE®(TFIVE-TONE) + VONE 1730
VARIT=TALHHA¢tDl25u-50ﬂ:~(ﬁ.n+2.ﬂ/(XHAXR-1.u)l*Z)J 1740
A(”k?H,HAx21):UiVRE'€VARIT+TTNU)-UUNE 1750
OUNE=V (2, MAXR) 8 (~U(cs MAXR)DIVZ¢DIVRE® (2,0 TSIX+TTHD) } 1760
HYNU="DiUHE'(V<i.MAXR)nTSIX—HALFHQUELTZGTTHUGU(Z.MAX1J) 1770
B(MAXR)=RBUNE+HSTWO ] 1760
UPﬂHr~3=UP1*T{?.HuXR)i(UPSv(E.0*?{2,HAXR)'T(1;HAXR))+UP2) 1790
BUNE=UPURLME=NTVZe(P(2, MAXK) 1500
T4U(2, MAXR)®#2)~U( 1 ,MAXR) ST LPHA®D]VRES 1610

RTWUzUTVRE2SU(Z . MAXRI®(TSIX+TTHD)
=g RINETRC

1821



115

12

| =UTVEec4eTUNE®(V(2,.MAXR)-V(1,MAXR))
HiMAY1)=BUNE+BTWO

FAXRI =MAXK=S

LU 145 1=1,MNAXRS

MAX [4sMaX2+]

Xi=[eMIN

VAR =24 (MIM*e] )1

MAXT1P=MAXKH=* ]

AM=z (edeMIN

XHizJ+qeM N

HAY [ I=MAXP1+]

HAX 1 24zMaAX21+]

11 = %1

1éd=i+2

ld=1+3

EUMAY I Y2 LTANDZe(Ule, 12)2UC2,11))

A(MAX Y MaXI1=1)=0TWLZ

ACMAY 11, MaX[1)=DTHUL
alMayl1,Maxi2)=-XMAXR

PUMAX L, MAX 12+ )=XMAXR®XM/XM1
A(MAX 13, 1)=0UNZMa

AlMAXT3,.T18)Y=-DNZMy

A(MAX13,10)=0UZM

ACMAY I 3+1,1)==-PUZH

All:1)==DIVZ

TALPHA=(MI +(CUF~TU3eT(2,12))eT(2,12)
TBETAZCUR+2.0403eT(c,12)
TUMNE=TReTA#(T(2, 18)-T(2.,11))
TTWUSTREYA®(T( »I2)"T(1,12))=D1ZS0
VUME=SALF eV (2, |2)

TIHREe=TALPHA/XM1
TFOUFE=TTHREE#(VAR[+£.0)
TEHIVE=TTHREE®#VAR]

TolxelALPHA®DIZSO
ACT1,MAXT4Y=MONE#(TFIVE-0.5eTONE )« VONE
ACTY ,MAXT4+2)=MUNre(TFUUR*U,5=*TONE ) =VONE
AUMAY I3, MAX[2)=MONE#*(TFIVE-TONE)+VONE
A(MAY I3, MaX |2+, )=MUNE#*(TFOUR+TUNE)=VUNL
VUNE=ulVZeU(2,12)
ACTYT,MAXTIISDIVRES(TALPRA®MTWO+2. 0% TTHOY=UUNE
VAR (T=TALPHA®(D[ZSU~SQMcu(4,0+2,0/XM1082))
ACMAX LI MaX[3)=DIVRE#(VARIT+TTWO)~UUNE
BUNE=vV(2,(2)%(~U(2,1[)oU]IVZ+LIVRE@(2,00TSIX*TTWU))
bIWO=z=DIVHFe(v(1,12)8TSIX*
THALFM@DELTZOTTWOR (UCZ,13)-U(Z,11)))
LAY L) =uONE+E TWU
UPDRDN4=UP1+T(2,12)2(UP3#(2,0eT(2,12)=T(1,12))vUP2)
HUNE=UPURING-UIVZe(P(2,12)+U(2,]2)%e2)
1=U(1,[2)#TALPHA«DIVRES
alWusUIVRE2U( P, 12)#(TSIX*TTHU) -
TOIVREARTONE®(V (2, 12)=V(1,12))
S(11)=2RUNE+GTWD

ALMAYR+2,1)=200ZM%A, 0

ﬂl%hXH¢2.2)=nUZH

“Hsz1:H‘¥H‘6,3OID

HHALF=MAXK/2

DU 120 M=1,MHALF

Fl1z2aM+MIn=1

Mdz=MAX21+eM=1

A(MAXS2,MZ2) =M1

MHALYSMHALF =1

DU 121 M=1,MHAL1

XM=n

M1zpHp A2 1+e8M :

At.1;\¥~32:H1 YEXM4+ 4, ‘-*’KHIN_ e o

GUrMT Yy sl
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1880

16440
18510
16640
16870
1880
18910
190U
1910
192U
19310
194y
1950
196U
19270
1960
1990
2Uly

2080
U4l
2050
2060
2070
24ub0
2090
2100
2110
2120
2130
2140
2150
2160
170
2100
2190
2200
2210
2221
2230
2240
22510
22610
2?1
2260
22940
2300
24610
2é2i
2330
25410
24510
24610
2870
23640
24890
2400
£401

4140

o
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Iy 95 M=91,MAX1 U430
TCi,b+1)3X2(M) : 2440
HAEMAXT+M : _ 2450
TC2,M+1)=X2(MA) : 2460

92 CUNTINUE
CALL MAT(MAX3Z2,n,H,Xg) 2470
[MAXF =MAXR=1 2460
LU 100 M=1,HAXF 2490
Te3, 141 )2x1(H) : 2900
PLALF+1)=x2(NM) 2510
HASHML XR+M 2520
ViRS iy YRR MAD 255U
MBaMA+MAY} ; 2b4l
U3, b+1)sX2(Mp) 25510
{LOUUNTINUE 2560
PL3, MAXK+=1Y=X2(MAXR) 2570
UE3,1)=0.0 2580
Yi3s1)=0.0 25910
TC3,123TWALL(Y) 260U
PU3,1)5P(35,2)82.0-P(J,9) 2611
SUMT=0.0 $300
U 130 M=2,MAXR 3410
XMzMeMIN 332U
SUMT=SUMT+(XM=1,0)2U(3, M)®T (3, M) S33U0
130 TMEAN=SUMI 2, J/XMAXR##2 : $d40
NUSSLT(1)=0.0 A3390
NUSSL r(<)=0,0 AS400
VIALLY=ITALLY®) 3410
ZBAR=Z4BAR+DELTZ 3420
L 140 FURMAT(1H ,7H NELTZ=sF10.6,6H ZBAR=,F10.6) 3440
WRTTF(R2,141)ITALLY,TMEAN, (TWALLI(M)Y M=1,2), (NUSSLT(M),M=1,2).CU(3,M3450
13;H-? MaXKH) o460
141 rURMAT(iH »7H TALLY=»]4,7H YMEAN=,F41.2,0H THALLS:,2F11 24 3470
198 NUSSLTS31,2F10,.5/449H AXIAL VELOCITY,RADIAL VELOCITY,»TEMPERATURE,»S4680
¢YHPRFSSURE.Z(14F11.9)) 34910
WRITF(2,142)(V(3,M),Mz2,4AXR) I 3540
142 FURMAT(1H ,12F 1L, 7) 3510
WRITE(2,143)(T(s,M),M=2,MAXR) _ 3520
140 FURMAT(1H ,12F1u.2) $5580
HAXRY=MAXR+1 3540
ARITEC2,144)(P($,M),M22,8MAXRT) 3550
144 FURMAT(1H »12F1u.4) ! 3560
IFCILAST=1TALLY)4'U,400,200 Js57U
20U [F(L(K)=T1TALLY)215,215,205 35860
<05 10 290 M=1,MAXR ; $5910
Vi1,M)=Ul2,M) ) $600
VE1,M)ay(2,n) 3610
TCY1,M)sT(2.M) 3620
290 CUNT INUE . 3630
GU TP 220 3641
21D hsKey 3640
DELTZ=2.0%DELTZ ; 3650
g2V JuU 30l M=1,MAXR Jbol
UC2,M)=U(3,M) . 3670
VI2,1)=V(3.M) 3660
T(2,M)=T(3,M) 3690
S0U CUNT INUE 3691
UU 350 M=1,MAXRI ' 3700
PC2,M)=P(3. M) 9/14
SBu LONT InUE s 3720
U TN{6u,470), ISUNU 3721
70 [F(ZPARX=2ZBAR)Fu.+13,00 3730
450 U T0C440.410). 1FTUQA 3740

- 316 =
s /50

42U THAR=2, 0@ (HFLUX (1) *HFLUX(2) ) eXHAXR®( ZBAR-ZKARX) 8LPRREORATION 5760
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WRITE(2.43%)THBAR : 37740
43U FURMAT(1H »0H THAR=,F12.2) 3780
48U “RITE(2.,450) 3790
4%y FURMAT(1H ,12H ENO OF RUN,) S800
CALL ITIMEC(ISE"Z) 810
ISEC=1SECZ2=-18EU! 3820
WRITF(2,460)1ISEC ' 38340
464  FURMAT(IH ,0H TIMEF=,16,4HSEC.) 3840
GO TC 1 3850
eND ' do6l

END QF SEGMENT, LENGTA 2482, NAME COLL

y 4

SUBROUTINE MAT(N,A,Y.X) S090
UDIMEMSTON A(B8,38),Y(88),X(29) :
.5 [EN=Y 3110
Ju 1r I=1,M 3120
L=l+d 3130
DU 10 J=L,N 3140
Ir(ACJd, 1).EQ.0.)GBUTUQ 3150
& U 8 R=L,N : 3160
& ACJLKISACU,K)=A(T, K)RACJ,I)Z4C1,1) $170
YO DY) =Y(D)waly, [)/a01,1) : 3180
iU GUNT INUE . 319
RLMN)=Y(N)/A(NsN) weuu
JU J[‘ I=1:H . 21U
KEN=-1] 3220
L=K+1 G290
DU 2¢ J=L,N J240
2u YCK)=Y(K)=X(J)sA(K,J) $2540
XCKY)=Y(KY/ZA(KLK) 2ol
$u CUNTINUE ; _ 3270
RETURN ' 3260
eND - e 3290

-
-

END O SEGMENT, LENGTH 248, NAME MAT

Thore i we g ol Subroulive wecosd amg. <t Thin compeles



13, ANNULUS
NOMENCLATURE

A
Cl,Cz,C3
CQ’CS’CG

HyV
1o

Subscripts

XK Wo 83 >

wall area
constants defined by equation (5)

constants defined by equation (6)

= C;+C,T0-C3TH2 Coy = C4=CsTo+CeTh?
= 1 0 = 2T4 Cg - 1
<. (Cr203To) O i

. Cs

2
specific heat of fluid at constant pressure
= RBS (dimensionless)
v, 2
A

acceleration due to gravity
thermal conductivity of fluid
number of radial divisions
radial and axial positions
pressure

= p—po dimensionless pressure

ol

=y (EB)m Prandtl number
wall heat flow rate
tube radius

= Ug-ﬁpm Reynolds Number

(equivalent) = Rp-R;

HA
radial co—ordinate
= r’/Rz dimensionless radial co-ordinate
temperature
- G.CS(T’-To'), dimensionless temperature

= v,/U_, dimensionless axial velocity

o’
radial ‘and axial velocities

= U, /U,, dimensionless radial velocity
axial co-ordinate

= z//R, dimensionless axial co-ordinate
dynamic, kinematic viscosities

density

property reference point, equations (5), (6)

mean value

entrance condition

wall condition

radial, axial directions

= 318





