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ABSTRACT

Internal developing laminar flow is described by the full partial

differential equations in two-dimensional cylindrical co-ordinates.

Making assumptions only about property variations, these are expressed

as finite-difference equations, which are treated by a computer program

in Fortran. This involves a marching procedure and Gaussian elimin-

ation. A feature of the approach is that the energy balance at any

axial position is guaranteed by using it as a constituent equation,

rather than as a check.

The predictive ability of this treatment has been demonstrated

firstly in adiabatic flow. ‘then it has been rigorously tested in a

number of forced and combined convection situations against both

analytical and experimental data. ‘these cover a range of thermal

(constant heat flux and constant temperature) and fluid (undeveloped,

partially - or fully - developed entry flow) boundary conditions; they

involve working fluids which include air, water, and oils. In general,

agreement is consistently good.

In combined convection, the phenomenon of transition from

laminar flow is studied, for the differing cases of natural convection

assisting or opposing the forced flow. The various processes accomp-

anying transition are identified, and comparison made with published

data.

The-complete nature of the equations used means it should be

possible to use the model as a check on more approximate analyses.

This has been carried out successfully in an instance involving heat

transfer to transformer oil.

The problem of viscous dissipation demonstrates the flexibility

of this approach, in its ability to treat the complete relevant terms

in the energy equation. A study of this problem shows that viscous

dissipation is usually a minor effect, tending to retard heat transfer.

(xi)



Flexibility is also apparent in the application of the treat-

ment to a concentric annulus. Initial results are for adiabatic

developing flow.

Care has been taken to maintain the accuracy of the results

for the wide range of situations reported. ‘to this end, a number

of improvements have been made in the original program.

Relative importance of heat-transfer phenomena

In this study, most applications are within the range of

entry effects which themselves increase heat transfer.

Relative to such increase, the combined convection effect

depends on the fluid. With air the effect is not large,

but should not be neglected. With water the increase can

be substantial, but with oils it is small. These comments

apply only to vertical flows, the effect being of no

significance in the horizontal cases considered.

With regard to property variations, the most important is

that of viscosity. With air the effect of this is very small,

with water small, but with oils substantial. Further property

variation within the energy equation has little effect on

heat transfer.

In conclusion, the results imply that the allowances made for

density and viscosity variation in this work are sound ones.

(xii)



m,n

Pe

U

Vv

NOMENCLATURE

Wall area

Coy = Cc, - Ct’, + Cr

Cos = an/,(c,/c.) -a

Specific heat of fluid at constant pressure.

= Re/y, dimensionless.

Graetz number = 77x Pe /Z

Acceleration due to gravity.

Thermal conductivity of fluid.

Number of radial divisions.

Radial and axial positions.

Dimensionless pressure = (p - po) /pnto”

Peclet number = Re x Pr

Prandtl number = Py (Cp/k)m

Pressure.

Wall heat flow rate.

Tube radius.

Reynolds number based on radius =U; RP m/dy

Radial co-ordinate.

Dimensionless radial co-ordinate =r’ /R

Natural Convection parameter, defined in text.

Temperature.

Dimensionless temperature = Go, (r” - ne )

Dimensionless axial velocity =Vz/Uo

Dimensionless radial velocity =Ur/Vo

Veils Radial and axial velocities.

(xiii)
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z*“ Axial co-ordinate.

Zz Dimensionless axial co-ordinate = z/R.

pv Dynamic, kinematic viscosities.

P Density. 3

Subscripts

A Property reference point, equations (5) and (6).

L Centre line.

m Mean bulk value (bulk value, midway between entry and exit).

R Wall condition.

‘Mg Transition point.

r,z Radial and axial directions.

0 Entrance condition.

Finite Difference Parameters

HFLUX Dimensionless wall heat flux ( _ Q. G.C,R
era

Mk

QDISS Dimensionless viscous dissipation parameter { » aozt,"}
Cp Re

Alternatives for constant density

: =G ¢ /t a(t 1/4

HFLUX ( = Q.GR }
AT? Mk

apiss =cu,
oe CpRe

ADDITIONAL

fay Average (pressure drop) frictiom#factor
| fp Local (pressure drop) friction factor 7 defined on p.55

fs Local (shear stress) friction factor

Nu Local Nusselt number defined on pp.53,54

ql, T, Velocity profile parameters defined on pp.101, 106,
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1. GENERAL INTRODUCTION

Heat transter by convection between a solid surface and a fluid

has two modes, 'natural' and 'forced'. The force which causes fluid

movement is due respectively to density differences (Jakob (1) pp 12-13)

or to external means (e.g. a pump).

Three convection regimes, therefore, can be identified: natural,

forcea and combined natural and forced convection. The tirsv two

regimes have covered most cases of interest in the past. However,

combined convection has become more important in recent years (e.g. in

emergency cooling of nuclear reactors, and in cooling of electrical

transtormers) and research is needed in this field (Metais and Eckert

Gry.

Combined convection is of considerable analytical and experimental

interest, because the relevant parameters include all those which

affect natural and forced convection independently. The more important

parameters are:

(a) the condition of the convection. This may vary from ‘pure!

natural (forced effects absent) to 'pure' forced (natural

effects negligible, though always present).

(b) the direction of each convective mode. The forced flow may

be at any angle to the free (usually vertical) convection,

horizontal and vertical flows being of most interest.

(c) the geometry. The flow may be internal or external, with a

variety of boundary shapes.

(a) the flow condition, which may be laminar, transitional or

turbulent.



A comparative investigation of the main parameters does not

exist, and would aid basic understanding of the combined convection

process. The intention of this treatment is to deal respectively

with:

(a) forced and combined convection,

(b) any orientation (forced convection), vertical flows

(combined convection),

(c) an internal cylindrical co-ordinate flow-field,

and (ad) laminar flow.



2. LITERATURE SURVEY

2.1 Introduction

The body of literature on combined convection has grown increas-

ingly in recent years, and covers both analytical and experimental

aspects. Despite, or perhaps, because of, the broadness of the

subject, there are few references of general interest and it is

necessary to synthesise the remainder.

2.2 Boundaries of Regime

One preliminary question that arises is that of defining

possible boundaries between the three regimes mentioned. Several

attempts have been made, viz: Ostrach (3), by dimensional deduction

from the momentum equation, Sparrow, Eichhorn and Gregg (4) by

similarity boundary layer analysis, and Sparrow and Gregg {55 and

Eshghy (6), by analysis of convection from a vertical flat plate. The

main practical use of these criteria is to show when existing

correlations for natural and forced convection regimes cannot be used

without much error (see also (2) ).

2.5 Dimensional Analysis

if this problem is tackled by dimensional analysis (e.g. Schlicting

(7) v- 254), it is found that the Nusselt Number is a function of the

Reynolds, Grashof and Prandtl Numbers, and a geometrical dimensionless

group (e.g. for a pipe, the length-to-diameter ratio). The Grashof and

Reynolds Numbers are basically independent as representatives of natural

and forced convection respectively, but it has been shown by Brown and

Marco (8) p. 111, and partly modified by Jakob (1) pp 492-493, that for

convection from a vertical flat plate, the square root of the Grashof

Number is equivalent to the Reynolds Number. Jackson, Harrison and

Boteler (9) developed this idea by using the heat transfer coefficient

from a forced convection relationship in macroscopic free convection

energy and momentum balances.



The two flow effects are vectorially combined, the correlation giving

reasonable comparison with experimental data. ‘his is further treated

by Jackson, Spurlock and Purdy (40).

2.4 Theoretical Analysis

A full analytical treatment demands simultaneous solutions of the

partial differential equations for conservation of mass (continuity),

momentum (Navier-Stokes equations) and energy. These are stated and

discussed in Chapter 5.

The complex nature of the equations has resulted in various

simplifying assumptions (e.g. Martinelli and Boelter GLY p. 23), made

at first more to obtain a solution, than on justifiable theoretical

grounds. As time has passed, the magnitude of the assumptions has

decreased. The present availability of highspeed digital computers and

the use of finite-difference techniques has reduced the necessity for

simplified equations, and approximations can be viewed more objectively.

Most of the combined convection problems are for vertical

geometries - normally a tube or flaf plate. In these cases the forced

and natural convections are in line, thus permitting a two-dimensional

model.

2.5 S#ully-developed Flow

The major common simplifying assumption has been that a fully-

developed flow. ‘This postulates a region far trom the entrance where

there is no variation in velocity or temperature patterns. This implies

an essentially one-dimensional treatment.

The first analytical solution was formulated by Martinelli and

Boelter (41) in 1942. The simplified equations were:

O=- 32 +pq+-(24) c.f. equn (2) *

and veal a aos c.f. equn (4)
PLp Vor,

where 3B and wall temperature, are constant.

x
In this chapter, dimensional variables are unprimed.

Saou



Basically, the tirst equation was solved for Vz as a power series

in (R-r ). The value of Su at the wall was substituted into the

energy equation, giving a temperature solution. Hence the wall heat

transt'er coefficient was calculated, resulting in a Nusselt Number as

a fairly complex runcvion of the Graetz, Grashof and Prandtl Numbers.

The analysis was virtually limited to the wall, so questions of flow

tield and instability could not be touched on. More recently, Pigford

(12) allowed for temperature variation of viscosity, using the same

model.

A large amount of analysis was carried out by Ostroumov (13), (14),

(44)a, dealing with fully-developed velocity and temperature profiles

for constant wall heat flux. Hallman (15) summarised and extended the

above, in one point correcting Ostroumov (13). ‘the equations considered

weres O =—2p+ P+ (+ Be + Be) c.f. equn (2)
fOr Ole

ey Sl He ST ee ar ey aN aei ee ee Pp f. equn (4)

Velocity and temperature profiles were soived as Bessel functions,

and Nusselt Numbers calculated.

Hanratty, Rosen and Kabel (16) considered the same equations

(omitting last two terms of energy equation) for constant wall heat

flux. Bessel functions were again used, and at certain values of

(Grashof/Reyholds Number) ratio results were correlated with

experimental evidence of transition to a form of turbulence.

Morton (17) solved the equations:

0 =- 2p + pq + p(Be+ Le 4 Be

tA fst y 127 awat= oe a eS ae



Upward and downward flows were treated, and annular (i.e. part-

ially reversed) flows predicted, being considered probably unstable.

Velocity and temperature profiles were presented.

Brown and Grassman (18) and (19) also obtained fully-developed

velocity and temperature profiles for constant wall heat flux, and

considered mass transfer in addition. Madijski (20), using Bessel

functions, obtained local and average Nusselt Numbers, mainly for

liquid flows.

2.6 Other Vertical Geometries

A not insubstantial amount of work deals with vertical geom-

etries other than cylindrical co-ordinate internal flows. The

significance here depends on the basic assumptions.

Han (22), Tao (23) and Agrawal (24) treated the problem of a

rectangular channel with constant heat flux, where the fluid had

internal heat generation. Different methods of solution were used.

Parallel-plate analyses have been attempted, by Ostrach (21),

with constant heat flux, and Rao and Morris (25) where the plates were

adiabatic/constant heat flux. Sitharamarao and Barrow (27) applied

a single vertical plate (of constant temperature) analysis to this

case, using a similarity solution.

Regular polygonal ducts have been treated by Iqbal et al (26),

as an instance of varied geometry.

External flows have been attempted, by Acrivos (28) (vertical

flat plate as particular instance of an inclined plate) and Hatton and

Woolley (29) (vertical flat plate).

Finally Zeldin and Schmidt (36) mention instances of the effect

of a vertical magnetic field between parallel plates (their references

419 ~ 21).



With the exception of (27) and (29) the fully-developed concept

is used above, and its validity will now be examined.

2.7 Entrance Flow Analyses

The assumption of fully-established flow has never been really

justified. This is admitted by Hallman (60) and evident from

experimental data of Hanratty, Rosen and Kabel (16). 1t is criticised

by Chato and Lawrence (32) because modest temperature changes can

cause significant Rayleigh Number changes. Relevant references are

discussed below.

Sparrow and Gregg (5) and Eshghy (6) analysed flows between

vertical parallel plates for the entrance region, it being claimed

that the results were applicable to pipes. The velocity and temperature

fields were not investigated, however, the results being presented as

regime boundary criteria. The similar form of momentum and energy

equations as used above was evident, and Sparrow, Kichhorn and Gregg

44), and Brindley (30) have considered similarity solutions. The

geometrics were a wedge and contoured wall (Sparrow et al), and a heated

vertical wall (Brindley).

Parallel development of two-dimensional treatments occurred in

forced convection (e.g. Siegel, Sparrow and Hallman (48) and natural

convection (e.g. Bodoia and Osterle (31) ).

There now exist several treatments of a developing model, by Rosen

and Hanratty (34), Lawrence and Chato (33), and Marner and McMillan (38),

the equations considered being:

OVE ve Continuit;ar a + De ae y)

ps : i py t(D + Bie
a Ae os (Axial Momentum)

OL aT BeaiNero le. 3 ool aUrs— te oe a (Rnergy )

tea



Rosen and Hanratty obtained approximate solutions by assuming

temperature and velocity profiles with axially-dependent coefficients,

and substituting these into the differential equations. Distances for

transition to turbulence were predicted adequately where this occurred

far from the entrance. However, as the authors stated, velocity and

temperature fields, and hence heat transfer results, were not

sufficiently accurate.

Lawrence and Chato treated the equations numerically and velocity

and temperature profiles were calculated at increasing distances from

entry. Centre-line velocities compared well with experiment. Only

upward flow with constant wall heat flux was considered, and the

necessity of a developing model was demonstrated.

the fluid treated in both cases above was water and the common

conclusion was that temperature dependance of density (in buoyancy term)

and viscosity were both necessary.

Although a later paper, Marner and McMillan assumed constant

viscosity ( (term) in equations zero), and compared mean Nusselt Numbers

with the original Martinelli-Boelter correlation. Developing velocity

and temperature profiles (for unity Prandtl Number) were also presented.

The wall was at constant temperature.

Also relevant is the paper by Scheele and Hanratty (35) which

presents analytical fully-developed profiles of Hallman (15), Hanratty

et al (16), and Morton (17) together with results of comprehensive dye-

injection experiments. Although the premise of fully-developed flow

is accepted, this was not found completely possible in practice.

Under what conditions can flow fields be said to be genuinely

developed according to these date?

Firstly, if the wall is at constant temperature, the velocity

profile initially becomes distorted (c.f. (38) ), and then recovers as

the fluid temperature approaches that of the wall.



Finally, the whole field becomes isothermal and hence adiabatic. A

developing model should predict the tube length this takes, whereas the

one-dimensional treatment will not be valid except at the tube bound-

aries.

Alternatively, if the wall is at constant heat flux the density

and viscosity (in particular) are continuously changing, and hence

affecting the forces in the momentum equation, distorting the velocity

profile. A developing model is necessary to describe this. It is,

nowever, possible to conceive of property variations being such that

the momentum equation remains balanced in its terms.

However, a one-dimensional solution which varied, say, with

Rayleigh Number might give reliable point values, if one could relate

these to tube length. On balance, it is difficult to justify object-

ively a simpler model from choice.

An additional point is the possibility of flow reversl and trans-

ition to turbulence, e.g. (33) and (G5). A laminar tlow developing

analysis should shed lignt on this problem.

Finally, there exists another analysis (Takhar (39) and (40) )

using the same equations as Marner and McMillan, for upward heated (39)

and cooiea (40) flow. Kesults are consistent in principle with other

data, although no comparisons are made.

2.8 Elliptic Kquations

The above logic, however, may be taken further. The fuil partial

differential equations are elliptic, but the boundary layer assumptions

render them parabolic: (Bayley et al (37) pp 166-172). Lawrence and Chato

mention that discrepancies in their analytical/experimental comparison

near tube entry, may be due to this common set of assumptions. in fact,

elliptic treatments for adiabatic developing tlow have been introduced,

and will ve discussed in Chapter 8.

4 Ge=



To progress to the elliptic equation model appears to be the next

logical step, and Zelain and Schmidt (36) have attemptea this. Again,

developing flow profiles were calculated, and a comparison made with

experimental results for air. The constant viscosity limitation was

presumably taken to be valid for a gas. The solution was for constant

wall temperature, in terms of potential functions, and used a fully

developed boundary condition at axial lengthOo. The particular

comparison did not appear consistent with full development at exit.

2.9 The Internal Cylindrical Flow-field

Whiie most of the literature surveyed is for tubes, the internal

cylindrical flow-field covers other cases as well. The basic equations

are identical, but the geometry differs according to the boundary

conditions: for example, a tube is formed by (i) a wall and (ii) an

axis.

Two references are relevant to sector tubes, viz lu (41) and Tao

(42). However, this problem, while satisfying the definition, does

not have axial symmetry, which the present model requires.

Carter and Gill (43) and Gill et al (44) treated the case of the

porous wall. This was obtained by making the radial velocity finite

instead of zero at the wall. The model used in (43) was a fully-developed

one.

The analytical work of Sherwin and Wallis, (45) - (47b)covered

the case of a vertical annulus, formed by (i) an inner wall, (ii) an

outer wall, as boundary conditions. The analytical models progressed

from a one- to a two-dimensional treatment, and in (47b)the equations

are the constant decontee form used by the entrance flow analysts.

Water only was considered.

This brief consideration shows that a theoretical model which

permits boundary condition changes could be of considerable use.

-ii-



2.10 Variable Property Effects

With such a broad subject as combined convection, it is not

surprising to find relevant literature under a different subject, and

it is possible to conceive of the topic as a special case of convection

with variable physical properties, namely, variable density, since this

gives rise to natural convection. Once again, there is a logical

progression in the analytical models attempted.

Siegel, Sparrow and Hallman (48), Ulrichson and Schmitz (49), and

Yang (50), deal with a developing model, the two former assuming

constant properties, the latter with varying viscosity. These, there-

fore, are forced convection analyses.

Others are true combined convection analyses. Bradley and

Entwistle (54), and Koppel and Smith (52) both attempted a fully-developed

model with all properties varying, the tormer for air and the latter for

Carbon Dioxide. Worsge-Schmidt and Leppert (53) used a developing

model with all properties varying (applied to air), and even considered

viscous dissipation effects. The boundary layer assumptions only are

made, thus making this work one of the most general analyses.

2.11 Experimental Work - Vertical

Turning to experimental data, the variables of major importance

may be summarised as below.

(a) The geometrical arrangement. Firstly, this determines the

direction of the forced convection, and hence the angle made

with the (vertical) free convection. The geometry may be

internal or external, in addition. ‘hese cases are all

vertical.

(b) The forced-flow and heating or cooling rates. These jointly

determine the relative magnitudes of the forced and free

convection effects, and the flow character, whether laminar,

transitional or turbulent.
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(c) The boundary conditions. These may be thought of in terms of

the flow conditions at entry, and the wall thermal condition

—constant heat flux or temperature.

(d) The fluid. Significant differences may be expected between

the behaviour of liquids and gases, because of the importance

of the density and viscosity variation with temperature.

The bulk of vertical data is for circular pipes, viz: Watzinger

and Johnson (54), Martinelli et al (55), Clark and Rohsenow (56),

Eckert et al (57), (58), Hanratty, Rosen and Kabel (16), Jackson,

Harrison and Boteler (9), Scheele, Rosen and Hanratty (59), Hallman

(60), Kemeny and Somers (61), Scheele and Hanratty (35), and Lawrence

and Chato (33). Guerrieri and Hanna (62) gave data for parallel plates

and Altman and Staub (63) for rectangular ducts. Some free convection

effects were noted by Poppendiek (64) and Gross and Van Ness (65) in

laminar forced convection work. Data for natural circulation loops for

Freon - 12 (Holman and Boggs (66) ) and water (Van Putte (67) ) indicated

the inadequacy of an equivalent purely forced convection correlation.

For a developing study, length-to-diameter ratios are an important

geometrical feature, and these covered a wide range, trom 5 (58) and

15 (9) to 762 (35). Actual lengths ranged from 9.4 inches (56) to 50ft.

435), and the bulk of data was for tube diameters of 1 inch or less.

Given a vertical geometry four clear cases of combined convection

arise, two where free convection assists the forced, and two of oppo-

sition. The former occurs with heated upward or cooled downwara flow,

the latter with opposite effects. All four cases have been treated,

but not in the same body of work - except tor the visual results of

Hanratty et al (16).

‘The flow character was usually laminar or transitional. The

comprehensive dye injection work of Hanratty, Kabel, Rosen and Scheele

(4 references) give useful data on transition. Unusual effects (e.g.
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(56) and (63) have been attributed to transition phenomena.

Boundary conditions covered a wide range. Calming lengths varied

from zero to as long as the neat transfer section itself. wall heating

was normally either constant temperature (e.g. steam), or constant heat

flux (e.g. electrical resistance heating).

Fiuids tested have been mainly the liquids water and types of oil

(55). Tne only gas tested has been air.

The anaiysis of resuits has usually been in terms of dimension-

less groups. The earliest correlations were empirical (Colburn (68)

and Sieder and Tate (69) )and Martinelli and Boelter's correlation has

also been used.

Most of the data is undoubtedly useful for some performance

purposes. There is, however, only limited data for the flow fields,

viz: temperature profiles (Wetjen (70), Brown (19), Lawrence and Chato

(33), and Zeldin and Schmidt (36) ) and velocity profiles (36). For

more fundamental understanding of the combined convection process,

leading to reliable predictions, more data are required.

2.12 Non-vertical Geometries

If the geometry is other than vertical, the flow will be asymmet-

rical in a circular tube. This leads to a 3-dimensional requirement

for a developing model.

Most non-vertical cases are horizontal, where the free convection

is at 90° to the forced. Analytical references for tubes may be found

in a general heat transfer review (Eckert et al (71) ) also Morton (72),

and Shannon and Depew (75). Experimental data are also available -

Jackson, Spurlock, and Purdy (40), McComas and Eckert (7), Shannon and

Depew (74), and Depew and August (76). An overall correlation is

presented in the latter paper, for shorter tubes.

Data also exists for horizontal rectangular tubes (Altman and

Staub (63) and Cheng and Hwang (77) ), forced laminar flow over a



heated horizontal plate, Mori (78), and convection from spheres in air,

Yuge (79).

2.13 Discussion

The literature net has been cast fairly wide, partly because of

the lack of a general reiawe That of Metais (80) is not fully compre-

hensive or recent enough.

Despite the large number of sources, only the more recent analy-

tical references, with a small number of experimental ones, help

towards a fundamental understanding of combined convection effects.

Oniy where the analytical model becomes two-dimensional do

results become of general value; in addition, much data is for arbitrary

Prandtl Numbers rather than real fluids, which makes comparisons

awkward. Similarly, since (as will be seen) the entry temperature is

@ necessary variable, work which omits this consideration is difficult

to assimilate. Sufficient evidence exists, however, to suggest that a

solution of the full elliptic equations could give better results at

(i) extreme entrance and (ii) the transition regions.

Turning to property variation, any solution claiming generality

should include the temperature variation of viscosity. Density varia-

tion is normally allowed only in the buoyancy term (of the axial momentum

equation); this condition is sometimes termed 'quasi-incompressible'.

Usually other properties are assumed constant, because of the modest

temperature changes frequently associated with combined convection,

unlike specific ‘property variation' which involveslarge temperature

variations. For our purposes, three classes of fluids may be specified:

(i) Gases - low viscosity, but temperature variation in

opposite sense to liquids. Example: air.

(ii) Low viscosity liquids. Example: water.

(iii) High viscosity liquids. Example: oils.

As mentioned, a cylindrical co-ordinate treatment which allows
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boundary changes can be made applicabie to internal flows other than

the standara tube. Also, when the buoyancy term is omitted, the

solution becomes a forced convection one; this relates the model to a

turther body of data.

Finally, a comment on experimental data. One or two references

(namely Scheele and Hanratty (55) and Kemeny and Somers (61) ) give

sufficient overall information to permit an analytical prediction of

the heat transfer results obtained. Apart from these, there are few

sources which give temperature and velocity profile data (e.g. Lawrence

Chato (33) ). In toto, there does seem sutficient evidence to provide

comprehensive checks for a unified analysis.
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3 PHILOSOPHY OF APPROACH

5.1 Purposes of the Analysis

Tne main purposes of this analysis may be stated as follows:-

(a) to give a unified treatment of laminar combined convection,

(b) as a consequence of (a), to be able to aeal with a compre-

hensive range of problems,

and (c) to be as accurate as possible ror each such problem.

‘the literature survey has shown that the tirst purpose has not

been achieved to date. The nearest approach to it is in the work of

Scheele, Hanratty, xosen and Kabel ( (16), (34), (35), (59) ) but

there the concentration is mainly on transition studies. Other analyses

are usually restricted to (i) the limited conditions, and (ii) the

working fluid, of the accompanying experimental work. For example,

Lawrence and Chato do not test their transition conclusions against the

work of Scheele et al.

The second aim is comprehensiveness in predictive ability. Zeldin

and Schmidt's model, for example, will probably be inappropriate for

(i) liquids, because it assumes a constant viscosity, and (ii)

transition studies, because it requires an outlet boundary condition.

Finally, accuracy in each problem is an important aim, especially

since reliability in one application is not a guarantee of reliability

in another. This implies as full an analytical treatment as possible,

which, in its turn, opens up the possibility of achieving better recon-

ciliation between theory and experiment. In one or two instances (e.g.

Kemeny and Somers ), experimental results are not accompanied by correspond-

ing theory, which gives particular scope for the analysis.

3.2 Features of the Analysis

3.2.1 Generality of Equations

The above reasons require the theory to be as general as possible,

and apart from property variations, the full set of partial differential
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equations are used in two-dimensional cylindrical co-ordinates. The

only strictly comparable model is that of Zeldin and Schmidt G6).

3.2.2 Variables used

There is a choice here. Velocities and pressures may be used as

variables (as Lawrence and Chato (33) ), or stream function and velocity

potential (as Zeldin and Schmidt (36) ). In addition the dimensions

may be untransformed, or transformed ( (33) or (36) ). At the time,

only the former (33) was published; as it seemed quite successful, this

work used the same concepts. In retrospect, this expression of the

variables has permitted all the changes needed for the various applic-

ations.

3.2.3 Elliptic equations

The full equations are elliptic, by virtue of the double deriva-

tive terms in the axial direction, that is, the axial diffusion of heat

and momentum. If these terms are omitted, the equations become

parabolic; the boundary layer assumptions, on the grounds of ‘order of

magnitude'of terms ( (37), pp 166-172) result in not only the above

terms being ignored, but also the radial momentum equation.

A further consideration is most important, however, involving the

modes of solution of finite-difference equations. (Morse and Feshbach

(81), pp 696-706). For parabolic equations with an open boundary a

unique stable solution is possible in the positive direction, i.e. a

marching procedure is permitted from inlet to outlet of a tube. For

elliptic equations with an open boundary the solution is unstable, a

closed boundary being required, i.e. giving an iterative solution.

There is a conceptual problem, therefore. Let us say we wish to

study transition phenomena. Rosen and Hanratty (34) admit that for

shorter tubes 'the boundary-layer assumptions are probably poor'. If

we then use the elliptic treatment of Zeldin and Schmidt (36), however,

we find near transition states that ' no numerical solutions could be
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obtained......in the sense that the iteration algorithm could not be

forced to converge'. To adhere strictly to the above criteria, the only

answer would be to use the maximum possible parabolic equations, that

is, to omit only the axial diffusion terms. In fact, to anticipate

the results, it was found quite acceptable to use the complete equations

and a marching procedure. ‘his implies that the equations are only

weakly elliptic within the bounds of this study.*

A final point is that the entry boundary condition is a Cauchy

one ( (81) p. 706) demanding 'slope' as well as 'value'. ‘this point

is discussed in Chapters 8 (momentum) and 12 (heat).

* at one stage, the axial diffusion terms were omitted, no difference

being found in the results.

3.2.4 Properties

Ignoring the energy equation, the two properties of interest are

viscosity and density.

Viscosity variation with temperature is particularly important for

liquids, and is allowed for in full. In fact, the program accommodates

any function of temperature which may be differentiated.

Density variation with temperature is allowed for, as a quadratic

function, only in the buoyancy term of the axial momentum equation.

This limitation is sometimes termed 'quasi-incompressible' and was

originally suggested by Boussinesq.

The energy equation properties are assumed constant in the

'Standard' Program, but allowed to vary linearly with temperature in

the ‘Additional Property Variation' Program. This latter was specific-

ally to compare predictions with Allen's results (Chapter 10), but it

could then also be used as a check on other results.

In the 'Viscous Dissipation' extension to the Standard Program,

viscosity is allowed to vary fully.
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3.3 Strategy of the Analysis

5.31 Introduction

The strategy of the analysis follows a logical progression. A

study of adiabatic flow basically tests the continuity and momentum

equations, and then forced convection tests the energy equation, both

against a substantial body of data. ‘the investigation can then proceed

to combined convection via the buoyancy effects.

Two other recent bodies of work follow a similar path. The

integral profile analysis of Martin results in an adiabatic developing

flow study (Fargie and Martin (82) ), a forced convection study (Martin

and Fargie (83) ), and a viscous dissipation analysis (Martin (84) ).

The above work of Zeldin and Schmidt (36) is preceded by an adiabatic

flow analysis. (Schmidt and Zeldin (85) ).

3.3.2 Forced Convection

Even with forced convection, the range of parameters is wide, and

covers the following:

(a) fluid boundary condition. The entry velocity profile may be:

(1) Uniform (rounded entry)

(2) Partially developed before heating starts

(5) Pally developed or parabolic

In addition, experimental work may involve (4) A sharp entry,

which is difficult to treat analytically.

(b) thermal boundary condition at the wall. This may be:

(1) Constant heat flux

(2) Constant temperature

(c) fluid. Interpreting types of fluid in terms of viscosity

variation, we have three common alternatives:

(1) Air (approximates to constant property)

(2) Water (recent data tor water-glycerol mixtures)

(3) Oils

= 20 =



=4z =

Experimental Fluid Tested 7 Thermal
(E) pa boundary

Authors and boundary diti +
References condition orn eat Foe te

Analytical Property (seo Section $322) Constant
(A) Variation ee a wall:

Glycerol-

Butterworth Water (2), (3)+(4) eee oes
and

Hazell (86), (87) A Nil (1), (2), (3) Heat flux

E Oil (4) Heat flux

martin and

Fargie (63), (98) A Viscosity (4) Heat flux

E Air (1) Temperature
Zeldin and

Schmidt (36) % Nil (1).(3) Temperature

E Oil (3) Temperature Phopertiss one

fest (89) used not published

A Viscosity (3) Temperature (Appendix 11)

TABLE 1 FORCED CONVECTION DATA



Table 1 summarises the experimental data available, which are

accompanied by corresponding analyses. No single analysis, to the

author's knowledge, has covered the above range of variables.

3.3.3 Combined Convection

The variables include those relevant for forced convection,

together with the vertical combined convection parameter which may be:

(1) Upward heated flow ('natural' aiding 'forced')

(2) Downward " Beart ” opposing ” )

(3) Upward cooled flow ( " " Cee

(4) Downward " Cm § " aiding ny)

Table 2 (p. 24) summarises data for which comparisons may be

made. The key to further abbreviations is:

U_ Upward flow D Downward flow

+ Heated - Cooled

Q Constant heat flux T Constant temperature

Table 2 shows that sufficient evidence exists to be able to

test the analytical model and its predictive ability over a range of

fluids and boundary conditions, and for transition phenomena over the

full range of combined convection parameter.

3.3.4 Other Problems

Two problems are selected as other applications of the internal

cylindrical flow-field concept, namely, viscous dissipation and the

annulus.

For viscous dissipation the aim is to investigate the effect

ins

(a) adiabatic flows,

and (b) forced convection, as it has been postulated (83), (86) as

an aiding effect in heat transfer.

For the annulus, which has combined convection significance

(45) - (47), the aim is only a preliminary one, namely to test the

tlow-field solution.
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3.3.5 Other elliptic treatments

Because the full equations are used, it is apposite to summarise

the other elliptic treatments, which are compared in the relevant

chapters, for:

(a) Adiabatic developing flow - Friedmann et al (91), Vrentas

et al (92), and Schmidt and Zeldin (85).

(b) Forced convection - Hennecke (93), Singh (94), and Jones

(95).

(c) Combined convection - Zeldin and Schmidt (36).
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Experimental Fluid
Authors and (E) Tested Combined Fluid Wall Comments on
References Convection | b.c. bec. experimental

Analytical Property Parameter (see 3.3.2) | (see 3.3.3)| data
(A) Variation (see 3.3.3)

(Other than P)

Lawrence and E Water
Chato (33) z Viscosity U+ (1) Q Velocity profiles

Scheele and E Water
Hanratty (35 i Viscosity U+ (3) Q Wall temperatures

Allen (90) E Oil U+ (3) Q Wall temperatures,

and Appendix 8 A All Pressure drops

Kemeny and Somers (61) EB Oil U+ (4) @Q Wall temperatures

Zeldin and B
ater, E Air u+ (2) 7 Velocities,
Schmidt (36) A Nil U+ (4), (3) Temperatures

Marner and Mclititlan (38) A Nil U+ (3) a

scheele et al E Water U+,U- 3) TQ Transition

(16), (34), (35), (59) A Viscosity D+,D- ( 7, phenomena

TABLE 2 COMBINED CONVECTION DATA



4. AUYHOR'S PUBLISHED WORK

4.1 Adiabatic Developing Flow (Appendix 3)

Tnis work comprises three main parts:

(a) comparison of developing axial velocities with existing data,

(b) study of effect of altering radial and axial step sizes,

(c) comparison of pressure resuits with some existing data.

The comparison (a) is very reasonable except with Nikuradse's

data close to entry. Experimental details are iacking in the

ititerature, but the City University Library was able to locate Prof.

Nikuradse, who confirmea (96) (transiation - Appenaix 4) that such

details were not availabie.

Step size alterations (b) are found not to be very significant,

indicating vhat tor adiabatic 1tlow quite reasonable resuits are

possible with a small number of radial positions.

The comparison (c) is also reasonable.

Although the elliptic/parabolic issue is not raised explicitly,

in the written discussion the issue of initial concavity in the axial

velocity profile implies it. Also the lower bound to the initial axial

step size, because of stability troubles, may well be related to the

inlet boundary condition.

Lockett discusses the effect of entry configuration in experiment,

and this is found to be quite significant.

Because of additional data, these results are re-assessed in

Chapter 8.

4.2 Forced convection and Viscous dissipation (Preliminary )(Appendix 5)

This Appendix (5A and 5B) comprises respectively written discussion

to references (83) and (84) of Martin.

In 5A a solution for the high temperature forced convection run

in (83) is mentioned. The necessity is recognised for an incremental

energy balance in the context of rapid oil viscosity change with
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temperature. Results based on this lead to a reasonable velocity and

fair heat transfer comparison with experiment. Also, qualitative

conclusions are drawn about viscous dissipation effects in adiabatic

flow. Although these were obtained by the author before the intro-

duction of the incremental energy balance, they indicate that such

effects are very small.

In 5B fresh calculations are reported, with a better viscosity

variation with temperature, and other refinements. The forced

convection run above agrees with measured wall temperatures to within

3 - 4K, and viscous dissipation effects are calculated, which show that

Nusselt numbers are reduced. Martin, in (84), presents analytical

predictions of viscous dissipation effects in adiabatic flow, which

are directly comparable with measurements of Polak (97) and Hersey and

Zimmer (98). Further, in 5B, the author presents his own predictions

as a comparison with the above. The agreement is not unreasonable.

4.3 Forced convection and Viscous dissipation (Final)(Appendix 6)

This paper reports heat transfer and pressure drop data for:

(a) Viscous dissipation effects in adiabatic flow,

(b) Forced convection, with and without viscous dissipation, and

in so doing gives final calculations which are an improvement

on those reported in Appendix 5.

The first set of data compares with predictions of Martin (84)

and measurements of Polak (97) and Hersey and Zimmer (98). The

comparison is very reasonable. Axial and radial velocity variations

are also studied. A finding of Martin is confirmed, namely that

viscosity variation tends to reduce viscous dissipation effects, this

running counter to Polak's hypothesis of a thermal instability situat-

ion.

The forced convection data is a specific investigation into

experimental results of Martin and Fargie (83) and Butterworth and
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Hazell (86). In both these references analytical predictions under-

estimated the heat transfer substantially, and the common conclusion

was that this could be attributed to viscous dissipation. However,

the author's predictions ignoring viscous dissipation, showed

sufficiently adequate agreement with experiment to conclude that it

was unnecessary to postulate an additional effect. It was also found,

by calculations of axial velocities, that the sharp entry effects on

the flow-field wamenot insignificant. This was interesting confirm-

ation of Lockett's discussion (Appendix 3). Further calculations

incorporating viscous dissipation, showed it to be a minor effect,

which, by increasing wall temperatures more than bulk mean values,

tended to reduce Nusselt numbers. In fact, Iqbal et al (99) had

already calculated such reductions, but comparison with his results

could not be made because of ambiguities in the definition of his

Eckert number (Appendix 8).

Finally, it should be mentioned that in adiabatic flows, to

obtain a solution free from initial 'negative' temperatures, it was

necessary to reduce the number of radial positions. This may be

connected with the similar lower limit on the axial step size.

4.4 Combined convection with oil and water (Appendix 9)

(co-authors, P.H.G. Allen and U. Szpiro, Electrical Engineering

Department, Imperial College).

This manuscript, to be submitted for publication, reports

results of a collaborative study, which may be divided into two main

parts.

(1) Comparison with data in the literature

The data in question are all for upward heated convection with

constant wall heat flux, which relates to part (2) below. The data

comprises

(i) Lawrence and Chato (33). Developing centre-line velocities
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for water with a uniform entry velocity. (Experiment and analysis).

(ii) Scheele and Hanratty (35). Wall temperatures for water,

with a parabolic entry profile. (Experiment and analysis).

(iii) Kemeny and Somers (61). Wall temperatures for an oil

with a sharp entry. (Experiment only).

In general, data are compared with:

(a) Predictions of a simplified analytical model of Allen

(101), which allows for complete property variation with temperature,

and

(b) Predictions of Collins, allowing for additional property

variation, so as to be comparable with (a).

(2) Comparison with Allen and Szpiro's measurements

Measurements of wall temperature, for a transformer oil with a

parabolic entry profile, are compared with predictions of (a) and

(b) above. Also, overall pressure drop was measured.

Both comparisons, (1) and (2) above, are in general very

reasonable as far as this analysis is concerned. The data, incident-

ally, cover all fluid entry boundary conditions.

4.5 Comparative combined convection study (Appendix 10)

This paper reports results of a comparative study, using air,

of the main combined convection parameters. Concentrating attention

on the flow-field development trom a uniform velocity profile, the

tirst cases are of upward and downward heated flow for constant wall

heat flux and temperature.

With downward flow, reversed flow regions near the wall were

predicted, which correspond to those stable regions found for water

by Scheele and Hanratty (35). However, while predictions can only

indicate an annulus of reversal, observations recorded randomly

asymmetric regions, the latter being presumably more stable.
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For cooling tlow, it is shown that even over an identical but

reversed temperature range, the flow-field changes are different

from the corresponding combined heating cases.

Even for air, the effect of viscosity change is not insignif-

icant, and this justifies the present approach which requires inlet

temperature and property data (as a function of temperature) as

input parameters.

4.6 Conclusion

The range of work reported, covers broadly:

(a)

(bo)

(c)

(a)

(e)

adiabatic flow,

forced convection with constant heat flux,

combined convection with constant heat flux,

effect of viscous disspation,

comparative study of parameters.

in addition the following City University Research Memoranda

have been written:

(a)

(b)

(c)

The

"Mixed Free and Forced Convection - A Survey" ML 15 (1969)

"Combined Convection in Vertical Tubes - A Computer

Program in Fortran IV" ML 25 (1970)

"Combined Convection - further computer developments and

a Program tor Annuli" ML 28 (1971)

scope of these is covered within this Thesis, but parts of

the tollowing internal publication are used as Appendices i and 12.

(a) "The basic equations for Convective heat transfer in

cylindrical co-ordinates, with Computer solutions using

Fortran" Post Experience Course Notes TCU (1974)
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Bis BASIC EQUATIONS

5.1 Partial differential equations

The basic equations are obtained for a standard two-dimensional

tield inside a tube. ‘the cylindrical co-ordinates 2. and r’ represent

axial distance from entry and radius trom axis respectively. Circum-

ferential effects are absent for axially symmetric flow, which is

assumed to be steady and laminar.

Equations (1) - (4) are standard equations for

(1) conservation of mass (continuity)

(2) ) ( axial (Navier-Stokes)
j momentum

(3)

(4) conservation of energy

$ radial

Ov, , v, , Ov, ae Wa

or tr tae 78 ()
dv, , , Ovz\ _ Op 07v, , 10v, , 070,

of OF, tng) eieGe Sree a 257)
oH Ov, | Ou GF )

a4 G2’ dz’ "Gr \Gz'” ar @)

1 Ber 4 Or) Ps 4 (Fre 4 100, Oe, Oty
Pra ae) = ar BN ar? arr? az?

Oy Ov, ve ) a h
ar ar a2 \az* ar @)

‘aa 27 ears

Be ete

For a derivation of these equations from first principles, see

Appendix 1. Although they are classical forms no complete cylind-

rical-co-ordinate treatment is available in the literature. Of more

significance is that the derivation includes the effect of viscous

dissipation.

Property relationships are as tollows: viscosity variation

is allowed for in full, and the treatment allows any expression which

may be differentiated w.r.t. temperature. ~
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Hence, for example, the term in equation (2) becomes

op _ du oT’
or aT’ OY

Allowing up to three input constants,

B= bar fi(Cy CCT) - - + (5)

Cp and k are assumed constant, and P constant, except in the buoyancy

term of equation (2). This term gives natural convection etfects in

vertical flows, where s = + 1, upwara flow, or - 1, downward flow.

These effects are’ assumed absent in forced convection of any orient-

ation, and in adiabatic flow (s = 0).

The allowed density variation is quadratic:

P= pa(Cs—C5T’ +CoT) (6)

Finally, 4, the viscous dissipation function, is given by:

-a(e) GY +) rey m

in this numerical solution, the integral continuity equation

is used, namely:

R

ry = [tn tial ie (8)

In addition, and it is somewhat of an innovation, the integral

energy equation is usea as part of the analysis, rather than an

energy balance check. By so using it, the energy balance is guaran-

teed, and the wall thermal boundary condition need not be explicitly

specified. ‘The situation is analogous to the use of equation (8), and
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is discussed further in Chapter 6.5.

For a constant wall temperature, the statement is discussed in

Chapter 12, but allowing for constant wall heat flux, and viscous

dissipation, the equation is:

R

mR? pU,C,AT'), = © anR)As'+ [dann ar as (9)
é

where (AT),.38 the increase in mixed-mean temperature over a length

Az

The boundary conditions are as follows:

Entry condition:

=U, %%=0 p=p, T'=T,

Tube axis: (oye

ev; ar’ «9 Sex PU he

2, = 0, yam Pes ae ot

Wall flow condition:

0, = 0, v,=0

Wall thermal condition, either

(a) Constant heat flux:
eT”

2 =k (F), = const
or (6) constant temperature:

T’ = T', = const

‘the wall thermal condition becomes redundant, however, when

specified implicitly in equation (9).

5.2 Non-dimensionai equations

The above equations may be made non-dimensional, using the

substitutions defined in the Nomenclature.

Equations (1) - (9) become equations (10) - (18) respectively:

av Vv wU

or tr az

dU aU oP 1 @U 1 0U @U

eon 244] (Get eS)
6T GU aT (éV OU 1

742 ( g ¥] + pal-CutTCtCuTIS (44)

Oo (10)

¥

2 a2 * or \ az" or,

= 33 -



av, ,aV_ oP if _(@v.iav v ev
Ve Ue ee Se eeart Gz etme 2 (Gt a nt Gr)

aT av eT (av aunpr eo (ES) eal (12)
yet, yi 1 (#T 1 aT @T

or 6z ~ ~Pr-Re aero: oe + xp (13)

# = Haf{Cor Cor Cox T) = HarTe * * + (14)

G.P= Pa (Cat et Goel our). (15)

2 2 2

ten omnelf() 6)or r oz

‘av au\?eee ee oe 16(S)} (16)

1

fs |FUers dria (257 ays dF. 2 7)

o

MAT) = poe Me Ast fw eredr-Az
sear (18)

fn qd,
In addition, 7, represents a and is defined by:

P d

T= apt)

The boundary conditions become

(l) U=1, V=0, P=P, T=T;

eu eT

@V=0, =0, 5 =05

@) U=0, V=0;

o@ fai(Z Z) (ea) OT=h

5.3 Scope of treatment

5.3.1 Property Limitations

The restricted density variation is quite reasonable for

liquids, and for gases with modest temperature changes. This is

°

consistent with assuming k and Cp constant.

=oAS



5.3.2 Geometry

The meaning of s in the buoyancy term of equation (2) has

already been discussed.

As a further application, s = sinolis valid for inclined

tubes, where OCis the angle made with the horizontal by the z axis.

To be valid, there must be no buoyancy effects at right angles to

the tube, which can only be considered reasonable for small diameters.

The problem is not considered in this thesis.

5.3.3 Boundary Conditions

The fluid entry boundary condition (sub-section 3.3.2) has

been specified for:

(41) A uniform velocity profile.

Alternatives are:

(2) Partial adiabatic development; this is a programming

problem (section 7.7 and Appendix 2).

(3) Pully-developed velocity profile.

The boundary condition is stated as:

v, ietz = 2 ; - =) | (dimensional )
°

where U, = mean entry velocity

and U = 2(1 - r) (non-dimensional )

Also, the problem of wall porosity can be defined by intro-

ducing finite V- at the wall and re-stating equations (8) and (9)

accordingly. Although this is a problem not considered here, the

programming alterations necessary are rather minor. See Carter and

Gill (43).

5.3.4 Laminar and Turbulent Flow

Laminar flow analyses. have engineering significance wae
certain conditions. Apart from high-viscosity oils used in trans-

former cooling, Sherwin (46) mentions heat transfer where:
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(1) At least one fluid in a heat exchanger is in laminar flow,

(2) Design flow rates vary widely down to laminar flow,

(3) Process is automatic and laminar flow represents an emer-

gency or breakdown condition.

Turbulent flow analyses are much more complex, and present

treatments involve using the laminar equations (where time average

velocities are understood) with eddy and thermal diffusivities re-

defining the viscosity, and possibly thermal conductivity. For such

re-definition a turbulence model is necessary, and current work is

exemplified by Launder and Spalding (102) and Bankston and McEligot

(403). An internal M.Sc. project (Ross (104) ) incorporated some

turbulence models into the present program. The attempt was not with-

out success, but demonstrated that the radial grid spacing needed

improvement.
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6. FINITE-DIFFERENCE EQUATIONS

664 Introduction

The finite-difference grid is a rectangular axial (suffix 'n')

- radial (suffix ‘m') one. The dimensionless radius r is re-expressed

as r = m-1, for m= 1 (at axis)......M+i (at wall). ‘this gives

r= 0,1 es axis and wall.
A set of linear equations for the unknowns T, U, V, P may be

written for the unknown axial level 'n+i'. Where the product of two

unknowns occurs, linearity is achieved by putting one unknown at its

value at the previous step Bayt > x) an approximation which should

not be too serious. In practice, (section 7.1) a check solution is

made, which effectively removes the approximation.

6.2 Continuity equation

Backward differences are used in both directions. ‘erms trom

equation (10) become:

Ch) = V - Vv,
ar n+1,m n+1,m-1eiece a

as
\W) ay,
(x )n+i,m “a

(

Qu} =J +U, -vU -vU
(z)n+2,0 n+i,m n+1. a n,m n,m-1

The last term is an average backward difference, with vackward

radial positions (after Lawrence (105) ).

Substituting the above into equation (10) gives the set of

finite-difference equations:

(a ral
Vas1m—[242M]Vno1,m-1+0]Un+1.m

—1
Paha ys wet = [Une Una) (19)

where quantities in square brackets are known coefficients of the

variables Vast ym etc.

te



6.3 Alternatives

Some alternative finite-difference schemes may be noted in the

literature. For example, Sherwin and Wallis (47a juse a simpler

expression for QU). They also state that a central difference form
(2)

of (OV) will only give a solution for an odd number of radial spacings.

Or)

If each (n + 1) level unknown variable is expressed as a func-

tion of (n) and (n - 1) level known variables, then the unknown vari-

ables may be solved directly, and the scheme is called explicit. Any

other scheme is termed implicit. Worsge-Schmidt and Leppert (53) use

a central/backward difference scheme in the radial/axial directions,

but also define an axial position n + (oAz), where © is a weighting

parameter, giving an explicit scheme when zero. Stability and

convergence criteria led to the choice of o = 3.

4

6.4 Other equations

For the other equations, mainly after Lawrence, and similar to

Sherwin and Wallis, straightforward central/backward differences were

used radially/axially. The (n - 1) level terms only appear in the
2, 2 2:

approximations for oy), (24), ee oT ):
O2t OeayL Nose,

The parabolic equations do not have the double derivatives, so the

(n - 1) terms are not needed. ‘The approximations are:

Radial

—_—= = = oe pat, Beeee

(= Soh Them (22) =reP — Pum

Or nth ‘2, Or, nth )

(2) pa Unstmes ~ Unt m+Ursime| (simtteny eae ev el
Ont hm SEZ Oe

Ga)
=: 36.2



Axial

(2) = Ui =Lom (snes tor BV, OT =
Rt hw Zi zm 0z eZ

(ee a Unt nm —QUinym +0 nt are for wl 2)
OB Matin Ro Bzr? B27

Using the above approximations, equations (11) - (13) become equations

(20) - (22) respectively.
2m—l) , T,

Fe e+ Cassar Torna}
1ain $V a.0| Ureunert|ze{Ta(qa-20)

2T, U,, M2
$F asta Ta)} BE] Ussant |

ae nae Tara}
Patim

{42}
+z a

- [sna {e+ Tos salCoe¥ Coosa} E-
A

peemUant 20.
rat et Beet Tet Ty(Tass.n Tan)

U, MT,
~ Fae he 4 SRy ag Tattenta—Treasn-2)

XPaw—Va-i)| (20)

MM? (T,(2m—1eee el Yan}2Re\ (m—)

1Be Mess weit {Ts (ja- a na Om" ~4n+3))

ty ie+ Gi Tavain Tad 2 [Van f
M2. (2m
thee ay THTarnanr—Taera:}

M)
+3 Vavn| Vassincat [IS] Passones
2M 2M MPsat rac] Pore

| _Uain-Vam , 2Vnm- Ta, Va-1.m

-| de Rede tags, Toes, "
MT,

Ty.) Tafa ge (Turt.a—Te,m)
2Re dz

X(Un,msi.— gd] (21)
M M2(1—2m) Tan
oon aaa encima aEF Vom t3 pr Rein) |2*** wat | az

1 1 M2(3—2m)

+ Pr Re (2m= 3) [Poonet [Sree
oy, a Paes ae

“if wrieah oF
- 39 -

wee eR |+ oD (22)



(an early attempt to eliminate instability effects was to put

(2) = Pastis Fmd vetme tee
(42
(M

The attempt was unsuccessful, but the expression was left in.)

TA and TB, the viscosity variation parameters, are given by:

i < TM)
when T = Ta4tym

ae
In the energy equation (22), gFD, the finite-difference viscous

dissipation parameter, has the effect of a (know) addition to the

reh.s. It is given bys

e 2; NEQFD = QDISS x TA [2 | oetja Sale) Me + QV 414m) Myst)
(“qer

2

+ (Casta ¥ Yn.) " re if on ps nam} . (rattan ns Tass.0-1}) | (23)
a

This term can include the unknowns V. etc. because (Section
n+i,m

7.1) the set of equations (19) - (21) is solved separately from, and

before, the set of equations (22).

6.5 Integral equations

Applying Simpson's Rule to equation (17) gives the finite-

difference equivalent:

M
2 -1

ig (24)au (2m = 1)U,, + (m)Upy 4
8
m= m=1

Here 'm' is not the radial position, but a variable. it should

also be noted that simpson's Rule proved quite adequate. A much more

exact form (closed 6 - interval Newton-Coates Hule, Ref. (100) ) gave

the same flow-field results.
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The equivalent of equation (18), term for term, is:

M M

(m-1)"n+1,m Titiym = ) (m-1)"n,m Tym
m=2 m=2

M

= HFLUX wAz + AZ. ) GFD(m-1) (25)
Re.Pr

m=

6.6 Boun conditions

The boundary conditions become:

Q) Oim=1, Vim=0 Pam = Po Tim =0

(2) Un,1 = Us,20 Ver = 0; Pair = Pros

Tas Tea

@) Unsisr = 05 Vaansa = 0

OR'C,@ © Tracer = Trt Gags (©) Toei = Ts

Additional entry conditions

‘the diffusion terms giving an 'n-1' level require the speci-

9 Vet ke - dn the absence of other data, we use
o,m »m

fying of Uo ym

Ue awayoy tm oan = Vy on’ 2 = T. + Assuming no axial diffusion
Om i,m

at entry, this is not strictly correct, but the point is fully

discussed in Chapter 3.

Additionally, for a fully-developed velocity profile, the inlet

axial distribution is given by:

U,om = 2 ie - es)" for m between 2 and M (26)
ym we

Wall thermal condition

x.
(4)(a) is the redundant wall thermal condition for constant

heat flux. it vasically gives an estimated wall temperature resulting

from the equivalent for (2T) given in Section 6.4, and as usea by
ar)

Lawrence. This has a first-order truncation error, but was subsequently

re-placed by a second-order equivalent (as used by Butterworth and

Hazeli (87), namely,
ae guaath

* i.e. boundary conditiom (4) (a) on this page
a eemiieniie he



Salli eee (21)

it is an important point, because the temperature gradient is

highest at the wall. However, by using the energy balance equation,

the difficulty is eliminated, because the single finite-difference

equation involving Tad is not then needed.

Interestingly, this has effectively been done in equation

(19) for continuity. It will be noticed for the last field point,

m = M, neither Wasa nor Vasa are employed. The zero ue however,

is implicit in the integral continuity equation. *Im the literature,

the latter is commonly used, but to the aathonts” knowledge, no

comparable analysis has used the corresponding energy ‘implicit

boundary condition'. The attention given to overall energy balance

in the literature, is surveyed in Chapter 16.

* Por the porous wall case, Vues # 0, the wall flow would also be

implicit in the re-stated equation.
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Te COMPUTER PROGRAM

Tol Method of Solution

7.1.1 Introduction

‘the basic method is as follows. Assuming a second-order effect

of temperature on the flow-field, the latter is solved first, and the

solution used to solve the energy equation. This assumes the U, V, P

solution is reasonable. As a check, and in view of Tm depending on U

values, the temperature solution so obtained is substituted into the

UVP equations for a second solution, and in turn a second T solution.

Differences have usually been slight, justifying the above assumptions.

This also implies that temperature dependent viscosity and density

appearing in the momentum equations, have their virtually correct

values the 'second time round', rather than their values at the

previous step.

In more detail, equations (19), (20), (21) @nd (24)) are

written tor each radial position at the tirst axial step from entry,

and the known coefficients and r.h.s. evaluated. This gives 5M-2

unknowns (U, V, P for each radial position and Pua) with the same

number of equations. ‘the solution is by a standard Gaussian elimin-

ation technique suggested by McCormack and Salvadori (106). Equation

(22) is similarly written and solved with Ui 44'S and ea a from the

tirst solution. Here M-1 equations (including equation (25)) solve

for the M-1 unknown 1's.

The semi-iterative check is carried out in the same order. The

U, V, P matrix used Ta trom the temperature solution, and finally

the T solution is re-obtained.

The marching is carried out by progression to the next axial

step, and so on.

A major part of the programming is associated with calculating

the coefficients ('A' on the 1.h.s. and 'b! on the r.h.s.) for the i and

45 =



U, V, P matrices, and the structure of these is discussed. It should

be noted that with the simple Gaussian elimination scheme, the Aii

values must all be non-zero.

7.1.2 Temperature Matrix

As the T matrix is somewhat easier to follow, it will be con-

sidered first.

Equation (22) may be written:

F4 Pea yer F (t,) + R3 2 (Tass)

and equation (25) as:

vA ee es

The additional subscript 'n+1' is understood, and By Fo» Fy

Fy are functions only of the radial position 'm'. Hence they are

known, as coefficients Aij, for a given m, as is B.

The resulting set of equations is given in Table 3.

Value

of m

(By +P), +B, +0 FS 5 es , x =. Bye 2

FAT +e + FT x fs a < i = B, 3

O +82, +1, +B | i: is r =B, 4

' '

' '

4 iz 5 : = % FyTy-2 + FT ae Poly ue M-1

Bit) + Ps + PT + Byte t+ yy t yyy t Fy =By a

Table 3. Ener; ations

The axis boundary condition T, = T, results in the coefficient
1

of T,, in the first equation, being (Fy + F) instead of F.

71.3 U, V, P Matrix

In principle, this set is similar to that for T, except that

there are 3M-2 equations, giving a UVP matrix of left hand side

coefficients about 9 times larger than that for T.



With the constraint of non-zero Aii's, and summarising equat-

ions (19), (20), (21) and (24) as below, the matrix is formed as in

Table 3.

Fv, + Felon + Be +F ‘Un. qe By

FOU, * 10%m* Pad mt * Mao's ~ Prr

FysVmer * Fag%n * FasYm-a * FaeFmsa * ¥az?mna

+ PrePaio + FyoPmeo = Brrr

u

Ee zt
“a Foon - a oma «Pay

Again, Table 4 should be a reasonably self-evident description

of the equations.

At the axis, a previously unspecified equivalent is

(22) = ~Pnet,me2 t 4Pnot met ~ 2 nein
@z),9 ae a os

(Qn)

Hence, it may be noted that a major part of the programming

involves specifying the 'A' Matrix, and this consists of:

(i) Loop statements, where A's and their matrix positions vary

regularly.

(ii) Single statements for the A's for the boundary conditions.

=a5 <



a AN B BLE = a dee

aie 8 A
! Ao Cee es Melee Me SMa Mao ao oe

a | Fin

32 :
(20) Pia

+ 3 Eee ae eae z

4 Me] eal “i

MM FiglPat) Fie
4 f F. ©ae oot eae g ee Fees (6G +F,) Es

(

3. M42 i7tFiq) Fe 3) Fis Fig Fv:

Ma] 2H, See

M _ AM-|

°
a am Peas

(39) (PorFs)
3 2M4) Fe Fe

Ml BM-3

(24) 3H-2

TABLE 4 - U, ¥, P Equations.

Indicates

—ATM=Cosericgnt MATRix ————

all unspecified ranges

y at boundary

Fe refer to special form of oP at inner boundary
or

sight

of go tc zero because V, is put to zero.
a

(ALSO ON PAGE

REFER TO PAGE 45 FOR DISCUSSION

Bao



NOTES:
===

U y,Mei, “Met are both zero,

Matrix notation AfI,J) indicates Ith row

Net Vo U Us Ug Sr eal) in

7 2M-2 2M-1 2m 2M+l 2M42.—- — — 3mM-3 2-2 | Annee

(FutFio) Faq iP

Fu Fo Fa Ps

F, Fin FalUs) | Pa

ee Fy Fi Pea

Fis Fis Pron

Va

V3

Fra Eis. — Vas

Fy Fs Fe Fy, ||Va

(Fo+F>) (Ua,

Esamees Us

: — Fa(Una) Fy Ure

Bap ssf St oka |
cont CO = CogFricienT Matrix — ae

Badr

Baia)
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(Smo
Fs Yas wh
Bmiwm+0
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=
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7.1.4 Axial increment changes

Normally, with finite-difference analyses, when axial changes

become smaller, the axial increment (AZ here) is increased. With the

known levels including 'n - 1' as well as 'n', this increase may only

be a doubling of AZ. Figure 1 explains this. Normally after a

solution the old values at 'n' and 'n + 1' become new values at

' - 1' and 'n' respectively. ( (i) Normal). For doublingAZ (as in

(ii) ) old 'n + 1' and 'n - 1! become new 'n' and 'n - 1' respect-

ively, old 'n' data becoming redundant.

: penne

ee n+1 A Zo

Az

nt = + n n+1. oe 4 n

AZ Az AZ,

n a n-i n - redundant AZ,=2AZ,

AZ 4%,

n-1 —» redundant n-1, Ried n-1

gua New gua New
(4) Normal (ii) Doublea

FIGURE 1.

ABs =



7.1.5 Practical details

The program was written in Fortran IV on 64 character punched

cards, which were ideal for making improvements. Input data are also

on cards, output data using the line printer. When initially written

the program used a number of independent Subroutines which were

tested before the program was finally run as a whole. Eventually,

most Subroutines were eliminated.

At first, the program was run on The City University LCT 1900

Computer, taking about 50 minutes for two runs of 40 axial and 30 radial

positions. Then, using the University of London CDC 6600, this time

was reduced to 1 - 14 minutes. Finally, the ULCC CDC 7600 was used

and with the program as in this Thesis, the time taken for a single

run with 80 radial and 60 axial positions was 325 seconds of core

time; however, the core-sharing procedure of this computer makes the

comparison difficult.

7.1.6 Conclusion

The essential features of this approach may be summarised as:

(i) Use of velocities (instead of stream function, and

velocity potential).

(ii) Direct solution for each axial position by Gaussian

elimination, with a check solution (instead of full

iteration).

(iii) Marching-type solution for the unknown field (instead

of iteration).

762 Input Data

A total of 7 or 8 cards is necessary tor each run. All input

parameters are explained below.

Card 1 (Integers)

ILAST Total number of axial positions.

249 =



KLAST

ISUNU

Irtoq

Number of times AZ is doubled; it must be equal to

the number of integers on Card 4.

Number of radial positions.

Is entry velocity uniform or non-uniform?

= 1 for uniform velocity

= 2 for partial adiabatic development

= 3 for fully-developed velocity profile

It wall boundary condition is constant

temperature = 1,

or heat flux = 2

Card 2 (Real numbers)

01,02, C03

‘femperature dependent viscosity variables.

€04,C05 Temperature dependent density variables.

Card_3 (Real numbers)

C06

GNUMBR

PENTRY

DELTZ

PRNDTL

RYNLDS

Temperature dependent density variable

Dimensionless group G (Nomenclature)

Dimensionless entry pressure, usually 0-0

Initial value of AZ

Prandtl Number )

) (Nomenclature )

Reynolds Number )

Card 4 (Integers)

L(K) The number of axial positions whereAZ is doubled;

K ranges from 1 to KLAST.

Card _5 (Real numbers)

s

RATIOD

Natural convection parameter

= + 1-0, upward flow

0-0, adiabatic or horizontal flow

= - 1:0, downward flow

Value of m). Mean density correction.

tp a)

259-8



Card 6 (Real number)

QDIss Viscous dissipation parameter. (For no effect, use

0+0).

Card_7 (Real number)

or

163

eh

To4-1

ZBARK Axial length for partial adiabatic development (Card

only used for ISUNU = 2).

(Real number)

TWALL Wall temperature, for IFTOQ = 1

HFLUX Wall heat flux, for IFTOQ = 2

Output Data

For each step, the following data are given:

1ITALLY Step number, zero at entry, increased by 1 for each

step, terminating as 1LAST.

DELTZ Current value of Az.

ZBAR Axial distance Z, zero at entry, increased by AZ after

each step.

TMEAN Bulk mean temperature Tm,

TWALL Wall temperature for 1FTOQ = 2.

NUSSLT Nusselt number.

TBAR femperature obtained from heat input considerations,

in this analysis co-incident with TMEAN.

Also Axial velocity profile (U)

Radial velocity profile (V)

Temperature profile (t)

Pressure profile (P)

At the end of each run

ISEC Time taken for the run.

Heat transfer Evaluations

TMEAN and TBAR (#luid mean temperatures)

TMEAN 1s the bulk mean, or mixing-cup, temperature at an axial

~ $i



position, defined by:

* puke T (2ne’)de”

(“pute (2n r).de*
the dimensionless equivalent is

'pUTrdeTmean = CaP Ret,
j pUrde

and the finite-difference equivalent is

(m-1) Ones, ~ Trym?

T’mean =

Twean = 452

oa.) Ontim- P
In equeki eae 25), constant density is assumed, but in the

program proper the above refinement is made on the grounds that near

the wall contributions to TMEAN are significant, and it is there

that density, changes due to temperature are greatest. ye is given the

quadratic temperature allowance.

TBAR, originally a check temperature obtained by an energy

baiance, but here made to coincide with TMEAN, is defined for constant

heat flux by:

(Q)-70-(2R)-A2’=(9 RB) VoC Pm rm (Trey Tr)

Non-dimensionally this gives:

Poe a ee HELOKEM. AZ

Anat In Re. Pre te e
(again, allowing a bulk density correction, where equation (25)

assumed constant density).

The final step is to make TBAR coincident with TMEAN to obtain

the finite-difference equation (25).

7.4.2 WALL (Wall temperatures)

Wall temperatures neea only be calcuiated for the constant

heat tlux case. Using the constrained energy baiance TWALL does not

enter the T matrix, but is calculated supsequently as follows.

St



Dimensionally, the relationship

or’)

bee Gh
becomes the dimensionless

= const. (Fourier's Law)

Using a second-order (truncation error) equivalent, TWALL is

given by equation (27).

Since this procedure is essentially a curve-fitting exercise

to the solved temperature field, as checks third and fourth order

equivalents were also incorporated into the program. Using express-

ions from Hausner (Ref. (107) p.433), the 3rd and 4th order equations

for TWALL are respectively:

TWALL =[(6 x HFLUX) + 1eT, - 9M, + ea at (27)

TWALL =[(12 x HFLUX) + 487, - 367, , + 167) - 3%, 5]/25 (27)B

It may be objected that since the tinite-difference equivalents

within the field are second order (discussed in (53) ), it would be

inappropriate to use these higher order relationships. However, they

are extrapolations where the temperature gradient is highest. Also,

as emphasised in Appendix 6, for constant heat flux the Nusselt

number is a function of wall temperature, so TWALL is a significant

parameter.

7.4.3 Nusselt number

This is a local Nusselt number based on the wall-to-mean temp-

erature difference.

Hence:

Na = 2(Q) R
(A) (2, - T )

becomes:

Nu = _2 x HFLUX x M (29)
(TWALL - TMEAN)
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7-5 Constant wall temperature boundary condition

This will be discussed in Chapter 12. However, at this stage

two alternatives may be discerned.

A) Use of the explicit wall temperature

If equation (22) is written for the outermost fluid station

m = M, the unknown ae Met is the known input TWALL, so the temperature
’

matrix may be solved.

Using, for example, equation (27)B, the wall heat flux HFLUX,,

is given by

EFLUX), oudDb [-25rwant + 48T, - 36Ty 4 + 16T 5 - 5)

and

Nu=2x HFLUX,, xM

TWALL — TMEAN) (29)a

Equation (28) then becomes a check energy balance, where HFLUX

is replaced by HFLUXp, and TBAR by TMEAN.

B) Use of the implicit boundary condition

However, the logic may be reversed. The TWALL version of

equation (28) may be used (instead of (22) for m = M) in the temper-

ature matrix. In this case, both sides of equation (28) include the

unknown temperatures, but it will be appreciated that it is feasible

to re-express the equation as

2A ene |? » as in Subsection 7.1.2.

Nu is again given by equation (29)A.

126 Friction factor evaluations

Local pressure drop and friction factor are important perform-

ance data. The local friction factor may be defined either in terms

of pressure drop (e.g. Martin and Fargie (83) ) or wall shear stress

(e.g. Worsge-Schmidt and Leppert (53) ). The two coincide only when

density is constant, and momentum changes zero.
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7.6.1 Pressure drop

The local friction factor, fp, is defined dimensionally, non-

dimensionally, and in finite-difference terms respectively, as:

fp = _R_-.ap_

Privo” 027

fp = oP
02

fp =P, - Pa (30)

Az

the corresponding average friction factor, fav, is

fav = Maa - Po (31)

Z

As Allen (408) has pointed out, when density changes occur,

they contribute to pressure differences. On elimination of these, a

radial pressure distribution will result. ‘this means that the non-

dimensional P in equations (30) and (31) should be replaced by a

weighted mean pressure over the cross- section, This is defined non-

dimensionally bys

1

P= 2f Paraar, (32)
°

7.6.2 Wall shear stress

The local friction factor, fs, is defined dimensionally and non-

dimensionally respectively as:

= fp (vzfs i 2 (9r’ ‘.

2fo

fe = 2 (7). Qu)
° (Or), (33)
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(Tes is the viscosity temperature dependence term at the wall

(equation (14)). (QU) is obtained by a similar formula to (dT) ,

(or), Qr),

except that here Uy = 0°0. Hence, the third and fourth-order equiv-

alents respectively, are:
4

Qe . - 2 Gy - 9, + yy) (34)

@u) 4
(Or), ~ Fp (48Uy - 36Uy,_, + 16y 5 - Uy 5) (34)

Tel Structure

The flow pattern is given as Section 7.8. Subroutines are as

follows:

MAT This solves the set of equations for U, V, P and then

{, by the Gaussian elimination procedure.

ITIME This calculates the run tim

The following loopea variables are used:

ITALLY When ITALLY reaches one of the specified values of

L(K), DELTZ is doubled. When ITALLY reaches ILAST a

run is complete.

kK This is the step size doubling parameter. K is

initially 1, then increased by 1 each time the step

size is doubled. This enables ITALLY to be compared

with the current L(K).

NITER ‘his loop variable controls the semi-iteration check

on the solution of U, V, P and’. It starts at 0, and is

increased by 1 after solving the T matrix. On reaching

2 it is made O again.
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7.8 Flow pattern

START

eo STATEMENT NUMBER

o IN PROGRAM
Ae

READ INPUT DATA (CARDS !~-6)

WRITE INPUT DATA (CARDS 1-6)

|
adiabAc | ISUNU= 4A

23} 7

READ & WRITE ZBARX READ & WRITE WALL

(CARD 7) INPUT DATA (CARD 8)

50 x

ZBAR=0-C iSUNU =
Lp» | ——ws——} *

(TALLY=0 Rig) a

K=4

NITER=0

ts
30

EVALUATE COEFFICIENTS |

FOR UV, PMATR



Ce Yo
{520

CALL SUBROUTINE ‘MAT’

CALCULATE SOME OUTPUT DATA

DOES NITER =O ? oe
}

4126

ITALLY =ITALLY +4TA

ZBAR =ZBAR +DELTZ

CALCULATE AND WRITE OUT

OUTPLT DATA

NO| pors NiTERsir WE

188

=NITER+4 NITER =O

DOES ITALLY =ILAST? YES

CALL ITIME|
tical: Semen 

lag



ae
ESNe DOES ITALLY = Lik)? 2

DELTZ DELTZ,

UNCHANGED DOUBLED

215

NEW ‘N-1DATA | i
= OLD‘N’ DATA eee

220

NEW ‘N’ DATA = OLD'N+VDATA

370

id eSoe uo NO DOES ZBAR=ZBARx? PE, J
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8. ADIABATIC FLOW

8.1 Published paper

As Chapter 4 explains, a large proportion of the work reported

by this Thesis has already been published. Although it is not

necessary, therefore, to repeat the material, which is incorporated

in the relevant Appendices, a logical order of presentation is main-

tained, with appropriate reference made to the published work in

question.

Adiabatic flow results are reported in Appendix 3, but some

additional discussion is needea to complete consideration of the

topic.

8.2 Data of Zeldin and Schmidt (36)

Zeldin and Schmidt report developing velocity profiies tor the

case of forced convection (Re = 254-75) where the fluid and wall temp-

eratures differed by less than O*5K, i.e. effectively adiabatic flow.

Table 5 compares Zeldin and Schmidt's data with predictions of

Collins from (i) Appendix 3 (M=30) and (ii) a recent study with M=80.

Z Zeldin and Schmidt Collins

eS Experiment | Analysis |_We30 80
001127 | 1+365 | 1-34 1+36 1935
0+043 1-614 | 1-625 1664 1-635
0-116 1-883 | 1-883 1-885 4-885
0-4915 2-00 2-00 1+995 1-999

TABLE 5 - DEVELOPING CENTRE-LINE

VELOCITY COMPARISON

The ‘table shows that the overall agreement with measurement is

about the same tor Collins as tor Zeldin and Schmidt. Also, the

refinement to 80 radial positions affects results only marginally.

8.3 Data of Fargie and Martin (82)

Fargie and Martin reported centre-line velocities significantly

lower than predictions which originally were considered to be due to
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viscous dissipation effects. However, since the entry used was an

abrupt contraction, the results may not be strictly comparable with

theory. However, Figure 3 of Appendix 6 does include a relevant

comparison between Collins's and Fargie and Martin's adiabatic centre-

line velocities.

8.4 Development lengths for low Reynolds numbers

It is only at lower Reynolds numpers that the elliptic terms

representing diffusion (of vorticity (92) ) are not insignificant.

Then the solution vecomes somewhat Re-dependent. Table 6 compares

predictions of development length, of Friedmann et al (91), Vrentas

et al (92) and Collins.

Re fea pear Collins

250 0-224 = 0+2435

200 0-224 E 2

450 0-224 e 2

125 = 0-214 0-241

100 0+226 - -

(5 0-226 0-192 0-245

50 0+ 226 = 0-249

25 - 0-188 -

20 0-244 - Be

10 0-270 - =

5 0-352 - :
0-5 = 1-32 -

TABLE 6 - DEVELOPMENT" LENGTH COMPARISON

There is no real consistency in these results, and probably,

(c.f.Hornbeck (109) ) the reason is the difference in the inlet bound-

ary conditions, which are summarised below.

Vrentas et al solved the field from 2’ = -octo +so » with v=0

and U=1 at z= -co, and at z£0 the condition V=U=0 at the wall.

* i.e. 99% of fully-developed centre-line velocity
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Friedmann et al solved the field from 240 to +ec, A uniform

axial profile was assumed at 240, but the vorticity over the boundary

had to be modified to give a stable solution.

Schmidt and Zeldin also solved the O0-»sefidi, assuming a

uniform inlet profile without upstream vorticity diffusion, but did

allow a radial pressure profile there.

Thus the three alternative elliptic solutions have different

boundary conditions from each other and from Collins, whose conditions

are closest to those of Schmidt and Zeldin.

8.5 Friction factor results

Figures 2 - 4 compare the three friction factors obtained, with

predictions in the literature. These predictions involve a variety

of analytical procedures, making the comparison a comprehensive one.

Higher and lower Re results of Collins give some idea of Re-dependent

effects, and Figure 3 includes a direct comparison for Re = 250 with

results of Schmidt and Zeldin. The maximum difference is under The

In general, the comparison is good, and gives confidence in the

predictive ability for pressure drop and friction effects.
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Ye CONSTANT WALL HEAT FLUX - FORCED CONVECTION

y.1 Introduction

This chapter discusses results for forced convection with

constant wall heat flux. The standard case of constant properties

may be compared with data in the literature, and this extends the

check on the program's reliability from the solution of the contin-

uity and momentum equations (i.e. adiabatic flow) to the solution of

the energy equation.

Further, variable-viscosity forced convection predictions may

be compared with experimental and analytical data for water/glycerol

mixtures (Butterworth and Hazell (86) ) and oil (Martin and Fargie

(83) ). A large proportion of this further study has been published

(Appendix 6).

9.2 Constant properties

9.2.1 Parabolic entry velocity

‘the simplest case is that of fully-developed flow, and here

the solution of the UVP matrix remains static at a parabolic axial

velocity profile, zero radial velocity, and constant friction factors.

it is only the I matrix solution which develops to an eventual steady

state. Further, because of the energy balance, the fluid bulk mean

temperature varies linearly with distance, and so the essential heat

transfer parameter, the Nusselt number, is a tunction of the develop-

ing wall temperature only.

Table 7 compares results of Collins with recent numerical

boundary-layer analyses of Worsge-Schmidt and Leppert (53), Bankston

and McEligot (103), and Butterworth and Hazell (87); together with

analytical results of Leveque (111) and Siegel et al (48), and Kays

(numerical) quoted in (87). The general comparison is good; Collins's

highest Pe resuits should be most consistent with the boundary layer

assumptions (i.e. negligible axial conduction).
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Nu

Butterworth | Leveque(L)]} Bankston Worsge- COLLINS Pe =
(Zz) & and & Schmidt
(Pe) Baye Hazell Siegel McEligot &

et al Leppert 1000 12500 25000

5 x 10°? 56°7 56°54) - 60°39 56-89

1x 107+ 44-4 44-91) : 45°37 44°13

5 x 1074 25-7 26-2 (4) - 25-42 25-34

0 001 20.2 20-8(,) s 20-05 20-01

0-002 15-84 15-80 15-81 16-41 15-85 15-84
0+005 13-8 11-8 11+80 11-68 14°70
0-01 10-4 9-40 9*295 9°29 9+295 9+36 9°53 9252

0-02 8-06 7°65 7°49 7°50 7°49 7°53 1952 =

0-04 6+56 6-25 6-15 6°15 6°45 6°18 - -

0-06 5°76 5°62 5°54 9590 DoT - -

0-40 Seid 5-02 4°97 4°98 4°99 ee =

0-16 4°74 4+66 4-62 4°63 4-64 - -

0-2 4-59 4°55 4-51 4°52 4°53 = 5
0-4 4-40 4375 4-38 4-38 = =

0-8 4°39 4-36 4-36 4-36 E z
TABLE 7 - NUSSELT NUMBER COMPARISON - FORCED CONVECTION WITH

CONSTANT HEAT FLUX AND FULLY-DEVELOPED ENTRY FLOW



The range of (Z/Pe) for the three sets of Collins's results is

limited for low Pe by the minimum initial value. of AZ, and for high

Pe by the length of run required. However, the common part of the

range shows that the downstream results may be regarded as uniform.

Figure 5 compares the fully-developed temperature profile with

graphs of Bradley and Entwistle (51) and Worsge-Schmidt and Leppert

(53). The comparison is very good.

9.2.2 Uniform entry velocity

For a uniform entry velocity, Nu depends on Pr, as shown by

Figure 6, which compares resuits with predictions uf Martin and

Fargie (83) and Butterworth and Hazell (87). It is intriguing that

upstream aifferences between the latter. two cause two aifferent Pr

curves almost to coincide. However, Collins's results for Re = 2500

(comparable with boundary-layer assumptions) lie within the range of

the others, for each Pr. The results also show an Re-dependent

effect, although this is not mentioned by the other analysts. Later,

some specific Re results are compared with data of Butterworth and

Hazell.

Figure 7 is a similar comparison tor Pr = 07 (i.e. air) with

predictions of manohar (110), Ulrichson and Schmitz (49) and weasure-

ments of Heaton et al (112) (quoted in (49) ). Again, Collins's

results are for Re of 100 and 2500, with, exceptionally, 10,000 to

extend the range of GZ. Agreement is very reasonable, predictions of

Collins and Ulrichson and Schmitz almost coinciding, and being above

measured values of Heaton et al by 10% or less. The Re-dependent

effect near entry is evident in present predictions.

Finally, Table 8 summarises the effect on Nu of the alternative

inlet boundary conditions, for air. Agreement is very reasonable ex-

cept at lowest (Z/Pe) but this is consistent with the differences of

Figures 6 and 7.
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(Z_) Bankston &| Ulrichson & <
(Pe) McELigot Schmitz oa

0-02 4-192 1-22 1°43
0+04 4-124 1-125 4:17
0-40 1+0545 1-065 1+060
0-20 1-018 1-054 1-022

TABLE 8 - HEAT TRANSFER COMPARISON FOR DIFFERENT

BOUNDARY CONDITIONS (PR = 0-7) RE = 100)

( VALUES OF Nu( UNIFORM. )
Nu( PARABOLIC

9.2.3 Axial conduction at entry

The inlet thermal boundary condition for this work assumed zero

axial conduction. Hennecke (93), for the case ofa parabolic velocity

profile, concluded that this is reasonable for Pe (based on diameter)

above 10. Even for air this only demands an Re, above 14. A final

comment, to be discussed more fully with constant wall temperatures,

is that any boundary layer analysis must ignore entry conduction.

9.2.4 Partial adiabatic development

Figure s compares results tor two values of unheated entry

length, with those of Butterworth and Hazell (87). Also shown are the

limiting values of O (uniform entry velocity) and SO(parabolic entry

velocity). In general, results of Collins lie below those of B. and

H., the difference reducing with distance.

9.3 Water/glycerol Mixtures

9.3.1 Introduction

This study relates to heat transfer measurements and predict-

ions made by Butterworth and Hazell ( (86) and (87) ). A comparison

with their Runs 35 and 36 is already reported in Figure 8 of Appendix

6." Run 35 had measured values of Nu substantially higher than

* It has no significance, but should be mentioned, that the present

definition of GZ differs from that of appendix 6.
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prediction, and this was interpreted by Butterworth and Hazell as

veing due to (1) viscosity variation with temperature and (2) viscous

dissipation. Collins found, nowever, that (1) was a minor effect and

(2) caused a slight reduction. As a check, a comparison was made with

run 36, closest in conditions to run 35, and good agreement was reacned.

Since runs 35 and 56 were tor a nearly sharp entry, it was decided to

clarity matters by studying some more runs, as summarised in Table 9.

Run 49 gives a further sharp entry check, run 47 a typical partial

adiabatic development problem, and runs 52 and 55 the common parabolic

entry protile case. Run 52 with high AT and hence heat flux should

clarify the effect of viscosity variation, especially in comparison

with run 55 of lowAT.

Pees aa At % Re o Pry

35 265 0-81 85°75 553+ 2

36 295 0-74 271°4 262+6

49 205 0-99 715°8 73914

47 69°375 0-89 15T°7 71°25

52 bo 6°72 92-0 77°05

55 So 0-48 1024°7 13°90

TABLE 9 - BUTTERWORTH AND HAZELL PARAMETERS

9.3.2 Viscosity variation with temperature

Deduced from data tabulated by Miner and Dalton (113) the temp-

erature function used was:

=6

B+ c, 2
rors (35)

i

KF -\aPs ; ree c
Besides water/glycerol mixtures, water itself and some oils

satisfy this function, which is referred to as defining

VISCOSITY TYPE A
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Using the alternative definition of dimensionless temperature

T, this becomes:

-¢
03

c.f?ta = T= [°es- 3 Coe | (36)

% -(°03 + 1-0)
and (py) _ ~&o4 Cos, | os." ¢ (37)30) 1 = se O8| Ole + “02

Be

where Coy = 0 (38)A
Tt! + c

tT’ +¢.
Pee Obata
ae ee (38)8

and G3 = & (38)¢

9-3-3 Discussion of results

Results for constant and varying viscosity are plotted in Figs.

9 - 11 for the three values of Z, and are compared with measured and

predicted Nu of Butterworth and Hazell.

Fig. 9 shows that Collins's constant viscosity prediction this

time lies consistently below that of B. and H., the difference reduc-

ing from about 15% to 5%. This agreement is less good than for runs

35 and 36, but taking the three together, still permits a conclusion

of reasonable agreement. The effect of viscosity variation in Fig. 9

is to increase heat transfer marginally with distance.

Measurements in Fig. 9, however, virtually agree with B. and

H.'s prediction, and therefore lie above the present predictions.

Again, comparing the latter with measurement for the three runs, there

is no consistent trend with either Re, Pr or Pe numbers, which may

point to experimental difficulties.

For adiabatic Z = 69-375 (Fig. 10 and run 47) there is no

longer the uncertainty of the sharpness of entry. The constant prop-

erty predictions agree to within 10 - 5%, this difference being reduced

=169°=



somewhat by viscosity variation. However, measurements are again high,

and this time diverge with increasing distance.

Runs 52 and 55 shown on Fig. 11 show virtual agreement for

predictions, with the usual increase for viscosity variation. The

larger temperature rise for run 52 results in a downstream increase

in Nu of about 6% However, the key feature is the substantially and

consistently higher level of measured Nu. Apart from experimental

uncertainty, it is difficult to postulate a reason for this. ‘there

is no doubt about the inlet fluid boundary condition, and the effect

of viscosity variation would be least upstream where temperature

rises are less. Yet the differences are largest upstream, and on the

whole reduce gradually with distance.

As a general conclusion, this further study is one of the least

satistying in terms of agreement of measurement with the present

analysis. However, if the comparison in Fig. 11 be viewed as quantify-

ing experimental variation, (this being confirmed by agreement of the

predictions) then the agreement tor the other runs becomes quite

reasonable.

9.4 Oil

9.4.1 Introduction

Martin and Fargie (83) reported fluid flow and heat transfer

for M600, an oil of high Pr number. They compared measurement with

analytical predictions allowing for viscosity variation, for two runs

at the upper and lower bounds of experiment. In both cases, measured

Nu values were above analytical ones.

Appendix 6 also reports Collins's predictions for the high

temperature extreme of experiment (Martin and Fargie parameter

a"

a = 60-3), which gives good agreement with measurement for (4)
0

developing centre-line velocity (Fig. 3 of Appendix 6), (2) Nu number

=< 10 =



(Fig. 6, ibid) and (3) friction factor (Fig. 5 ibid). However, as with

the glycerol/water results above, it was felt desirable to make a

comparative study for the low temperature run. ce) = 11.3
kT, .
0

9.4.2 Viscosity variation with temperature

From a graph supplied by Martin (88), the temperature function

used was:

-C

apie hye >he - (39)

Besides M600, the liquids studied by Martin (84) can be

expressed by this relationship, which is referred to as defining

VISCOSITY TYPE B

In reality, this is a simpler case of TYPE A.

Using, again, the alternative definition of T, this becomes:

=<¢

ee tain (Be,)! ot (40)
ie aa oG. 2)

are Oe) ae 04. (Oh “oe (41)ao cn) Og eh
where Coy = Cy (42)A

and Cop = Cy +10 (42)B

9.4.3 Discussion of results

Results of the present analysis (allowing tor viscosity varia-

tion but ignoring viscous dissipation) are compared with Martin and

Fargie's measurements and variable viscosity analysis in Figs. 12 -

14.

Predicted velocities in Fig. 12 are initially below, then above

experiment, the downstream values being 1°895 and 1+835 respectively.

This is at least partly attributable to the sharp entry used. However,

while UR for both runs (Fig. 7 Ref. (83) ) ends below the standard

adiabatic curve, initially the 11°4 parameter run is above that curve

Sa



while the 60-3 parameter run is always below, except at the first

point; It may be that the sharp entry causes a relative acceleration

initially, followed py a steady deceleration, this being Re-dependent

and possibly associated with separation and re-attachment. Despite

this entry difficulty, the present analysis agrees fairly well with

experiment.

Fig. 13 shows poorer agreement with measurements than in Fig.

5 of Appendix 6. ror the tirst two points Martin and Fargie's predict-

ion is closer to experiment than the present one, but thereafter the

reverse is true. For example, at the last station Collins and Martin

and Fargie underestimate the pressure drop by 24% and 28% respectively.

For the other run (60-3 parameter) agreement with pvoth predictions is

much better. in the light of the sharp-entry discussion above,

possibly part of the discrepancy could be attributed to that.

On the other hand, the Nu comparison in Fig. 14 is gooa, and

nas some similarity with the equivalent Fig. 6 of Appendix 6. in

both instances the second and third station values are higher than

experiment, but this difference rapidly decreases downstream.

Overall, while the comparison for 4D = 11.3 28 not quite as
3

kT)

good as fur 60-3, it is still convincing, and specifically confirms

the conclusion that heat transfer may be adequately predicted with the

present variable viscosity model.
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10. CONSTANT WALL HEAT FLUX - COMBINED CONVECTION

10.1 Additional Property Variation

10.1.1 Introduction

Data in the literature for this problem are all relevant to the

results of Allen (90) and predictions of Collins are essentially

& Finn's
contained in Appendix 9. While Allen's @halytical model (101) is

approximate in the sense of the equations used, it is comprehensive

in respect of the allowed property variations. To make results of

this program more comparable with those of Allen and Szpiro, the

model was adapted to accommodate additional property variation within

the energy equation. Specifically, the thermal conductivity k,

thermal diffusivity p (= k_), and the product (pep) were allowed to
( pep)

vary linearly with temperature. These assumptions are consistent

with the oil in question, and apply to other fluids in so far as

changes with temperature are very modest.

10.1.2 Changes in analysis

Equation (4) becomes, when the viscous dissipation term is

ignored:

VRE eM SE. 2 Be, BE + (or ak , 21” ak )
Z

7/2) * popler’ dr’ *977°927)

(43)

Using the dimensionless relationships:

Lax, (1 + Cy 7) (44)

k= kp (a+ c,,7) (45)

Pop = (ptp)o(4 + Cy 57) (46)

and taking, for example:

dk _ Bk. BE
Or of or
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equation (13) becomes:

OT nm . (14+ 6. o'r 1 ar, ye

‘or * be é a Be 2° ‘Por +30)

“11pm ( 2) , *r)*Be me po (G2) * Se) } (47)

In the above:

Pry = (Cp) , and HFLUX is based on k, rather than k..

The mixed mean temperature is given by:

ps cp Beata (1 + Cy, it’ ).ar®
/

T mean =

Roe PACE pay ee(liz T.(14+C,5 T’).ar
©

1

(u.r.r. (1+ C,4T) ar
Tmean= 2

+

U.r.(1 + c, oT) dr
°

The fluid mean temperature given by heat input becomes:

Q 7 2 a — 7
{8} or (2R) AZ” = TRU, Cp, Po(t Ch ont) Eee ces tae))

and

B= 2 = 2HFLUX.M.AZ Pm =
aaa Re.Pr fs (1+ Cho Taya) (48)
For consistency and convenience, the ratio/m in equations (47)

‘Po

and (48) replaces that used in the standard program, namely pm by
A

simply making T ie = a for density.

Finally, equation (22) becomes:

E i We (4-2m)(44C 46%, g) eee ng nee k
)

2n,m > n+1,m+1
2.Pr.Re(m-1) 2ae Pre +Re(1+C, 57, Be

[Pee + Git, (a4) = 61407, wn met) Bee
AZ Preke (© gga) BreRe(4#0, 57 yaa

hee



pe Us asm) - Mw + we Sa Toth mai) ae 42Pr.Re(m-1) 2n,m 2 oe he =) ee

Ae nym J nom- 1 os ay ny eeeied) + (140,07. )x
Re Pr.ReAZ* (440457, mn) %

(20m t or (49)

Where all T's in square brackets, because they represent property

values, are updated from n,n-1 values to n+1,n values respectively,

when the second temperature solution is made at a given step. This

remark does not apply to (2), ,m in B brackets.

The program is given as Appendix 7. Explanatory comment cards

are omitted, but effects may be deduced from a comparison with the

original standard program, Appendix 2.

The three additional property parameters are required as CTEN,

CTENi, and CTEN2 (from equations (44) to (46) respectively) on Card 5

(Section 7.2).

10.2 Paper submitted for Publication

The essence of the data reported in this Chapter is given as

Appendix 9, and the remarks below discuss the logical relevance. The

viscosity relationship for each liquid is of Type A, and all data are

for upward heated flow.

10.3 Results for water

10.3.1 Lawrence and Chato's data (33) (105)

Input data for one run of this program was defined after some

difficulty, and output data in the form of developing velocity profiles

were checked against predictions and limited measurements given in

(33). ‘The comparison was good, and the effect of additional property

variation negligible.

10.3.2 Scheele and Hanratty's data (35)

Input data for two runs of this program could be defined in

terms of dimensionless parameters. Output data for wall temperatures
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were compared with (i) measurement and (ii) results from an approx-

imate theoretical analysis, which did not give good results close to

entry. Predictions of this program can be reasonably said to resolve

this problem.

Additional property variation was not incorporated here, because

(a) the accuracy of the input data was not felt to justify it, and

(b) the effect in 10.3.1 was so small.

10.3.3 Conclusion

Although information in the literature is somewhat limited,

that of Scheele and Hanratty complements that of Lawrence and Chato,

thus confirming the reliability of this program in predictions for

this Liquid.

10.4 Results for oils

10.4.1 Allen's data (90)

Measurements and predictions of wall temperatures and overall

pressure drops were available, together with predicted outlet centre-

line velocities. Three runs (covering the range of parameters) were

studied for comparative purposes. Although Appendix 9 uses this

program as a check for Allen's approximate analysis, the overall

agreement may fairly be viewed as a reverse check also. With the

fully-developed entry velocity profile, approximations in theory are

felt to be more justifiable.

10.4.2 Kemeny and Somers's data (61)

It was only possible to deduce input data tor one run of this

program. Results could be compared with measured wall temperatures

up to and after transition trom laminar flow. Despite the sharp

entry used in experiment, predicted temperatures up to transition

compared very reasonably, and axial velocity predictions showed that

transition would occur in approximately the correct region.

See



10.4.3 Conclusion

For oils, the effect of allowing for additional property

variation is not necessarily negligible, but depends on the magnitude

and sign of the property changes with temperature. Taken together,

data tor oils provide a further convincing check on this program's

results.
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ii. VISCOUS DISSIPATION

11.1 Introduction

‘The material for this Chapter is given in Appendix 6. The

fluid viscosity is of Type B, except for the water-glycerol

mixtures of Type A.

11.2 Adiabatic flow

Measurements of wall and mean temperatures were available and

compared with predictions of Martin (84). The results of this stuay

jie generally within the range of that comparison.

11.3 Forced convection (constant wall heat flux)

Here it is shown that viscous dissipation has a small retarding

effect, as expressed by the Nusselt number. Additional data of Test

(89), for torced convection with constant wall temperature, and Iqbal

et al (99) for combined convection, could not be incorporated into the

study. This was because of a certain lack of data essential tor input

purposes, apparent from Appendices 11 and 8 respectively. However,

the mentioned smallness of the effect is quite consistent with their

results.
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12. CONSTANT WALL TEMPERATURE - FORCED CONVECTION

12.4 Introduction

12.1.1 Constant Properties

This chapter reports (entirely unpublished) results for forced

convection with constant wall temperature. The standard case of con-

stant properties relates heat transfer results to a number of references.

Unfortunately, an intention to complement this with a variable

viscosity study (Test (89)) was frustrated by a lack of property data

(Appendix 11). However, the constant properties study has some

interesting features.

12.1.2 Alternative treatments

Firstly, as shown in Section 7.5, there are the alternative

treatments of the wall thermal b.c. statement, viz. (1) the use of

the explicit finite-difference energy equation at the wall, or (2)

the use of the implicit energy balance equation.

12.1.3 Significance of a

In Appendix 6 (Section 5.2) the point is made that Nu for

constant heat flux is basically a function of wall temperature.

For constant wall temperature a » and constant k, Pe aA .

R Mm

where In is the wall heat flux rate, and for a given axial length is

a function of 1 - Hence Nu is a function of ae While it is difficult

to deduce changes in ne from values of (local) Nu,* fortunately Jones

(95) and Singh (94) tabulate predictions of 1 . These form a very

useful check, therefore.

12.1.4 Discussion of literature

Besides Jones and Singh, Zeldin and Schmidt (36) provide an

elliptic type solution. Their Nu values are criticised by Marner

* Conversely, Test (114) found his experimental values of Nu unsatis-

factory, because they were based on changes in Th » between adjacent

axial positions, of a few tenths of a degree.
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(115) as being too high. Marner usefully pinpoints the difference in

entry thermal b.c. as a contributory factor, but does not note the

effect of this on a! - This issue will be dealt with fully.

In addition, various relevant boundary layer type analyses

are comparable, and for the sake of clarity are listed with the above

in Table 10, together with the comparisons made with the results of

this work,

Authors and Type of Fluid entry - Comparison

References solution Profile commaete with this
work

Jones (95) Elliptic Developed Mixed mean | Table 11
Table 12

EP jtemperat- | maple 13
Singh (94) Elliptic Developed yures given | maple 44

Zeldin and Elliptic (1)Developed| (1)Table 15
Schmidt (36) P (2)Uniform (2)Figure 15

Worsge-Schmidt 5 )
& Leppert (53) Parabolic | Developed )

; Table 16

Butterworth & Z
Hazell (87 Parabolic | Developed )

Sellars et al
441) Parabolic Developed Table 15

Ulrichson & 4
; Parabolic | Uniform

Sohmitz (49) \pr = 0-7 Figure 16

Manohar (110) }| Parabolic] Uniform ;

TABLE 10 - COMPARISON WITH LITERATURE

(CONSTANT WALL TEMPERATURE )

12.2 Parabolic Entry Velocity

12.2.1 Comparison with Jones and Singh

Predictions of Nu of Jones and Singh, are compared with those

of Collins for (1) Explicit wall thermal b.c., and (2) Implicit energy

balance statement. Tables 11, 12 and 13 are for Pe = 50, 100 and 1000,

respectively. These give a good range of conditions, from where axial

conduction could be significant, to where it should not be.



Table 14 effectively compares mixed mean temperature for the

above values of Pe. In this case, Collins's predictions used the

implicit statement for the wall thermal b.c.

Zz Collins | Collins
ta Jones (4) (2)

0025 5°657 6-858 6-288

0-05 4+657 5*005 4:957

0-10 4-011 4-144 4-129

0-45 3°795 3+862 3°855

020 3-712 3°T47 3°742

0°25 3*679 3°01 3-696

0-50 3°657 3+655 3-652

1°00 3+657 3+637 3-652

TABLE 11 - Nu COMPARISON (PE = 50)

- Jones Singh Deve ru,

0-010 | 7-508 | 8-079 | 9+722 9-690

0°025 5 +624 5976 6*034 6*000

0-05 4-644 | 4°759 | 4-803 | 4°795

0-40 4-006 | 4:034 | 4-068 | 4-065

0-45 3°793 3*803 3°835 3+834

0-20 3+710 3°715 SeDD. 3°734

0-25 3-678 | 3+680 3°695 3°694

0-50 3-657 3-66 3°655 3°653

1-00 3+657 3+66 3+636 3+635

TABLE 12 - Nu COMPARISON (PE = 100)
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a Jones Singh Stat rah

0-010 | 7+466 8-077 7590 7-589

0-025 | 5-613 5°975 5-677 5-677

0-05 4-640 4-758 4-683 4-683

0-40 4-005 4-033 4-037 4-037

0-45 3°792 3 +803 3-819 3-819

0+20 3-710 3-745 3°12T 3°727

0-25 3+678 3-680 3-690 3-690

0-50 3-657 3-66 3-654 3+654

1-00 3-657 5-66 - -

TABLE 13 - Nu COMPARISON (PE = 1000)

Pe = 50 Pe = 100 Pe = 1000

Z

Pe Jones | Collins || Jones| Singh} Collins | Jones| Singh | Collins

(2) (2) (2)

0-010 10-892 - , 0°893) O-91 0-902 | 0-893] 0-90 0,894

0025 10*812 | 0-823 10-812) 0-82 0-818 |0-812] 0-82 0.813,

0°05 10746] 0-726 10-716] 0-73 0-721 $0+716] 0-73 0-717

QO*10 90°579 0-587 0-579] 0-59 0-582 40-579] 0-59 0-581

0°15 O°477 0-485 O-477| 0-48 0-481 0-477] 0-48 0-480

O*20 0*395]| 0-402 110-395 0-40 0-401 0-395] 0-40 0-400

0+25 0-329] 0-337 [0-329] 0-33 | 0-335 f0-3z9] 0-33 | 0-335

0°50 fO°132] 0-144 40-132] 0-134 | O-141 0-132] 0-134 0-136

1°00 0-021} 0°028 0-021) 0-02 0-028 0-021] 0-02 -

TABLE 14 - COMPARISON OF VALUES OF (1 - T‘)

T,

A number of points arisesfrom Tables 11 - 14. Firstly, there

is the comparison between results of Jones and Singh. Whereas Singh

assumed a uniform entry temperature, hence zero entry ae » Jones

solved for the region downstream of entry, with a zero wall temperature

there. This gives a positive entry my which explains why Jones's

temperatures from Table 14 are higher than Singh's, despite his Nu

values being lower (Tables 12 and 13). Also, although the Nu values
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for both Jones and Singh vary with Pe at the same (Z/Pe) value

(Tables 11 - 13), the mean temperatures from Table 14 do not, This

suggests that me is possibly a more fundamental description of heat

transfer then Nu in this context.

‘urning to Collins's results (ignoring differences between

(1) and (2) ) it would be expected that they agree with Singh since

the entry thermal b.c. is the same, but that Jones's solution would be

the preferable standard of comparison. Collins's Nu's are higher and

lower than those of Singh in tables 12 and 13 respectively, but the

comparison of able 14 is more illuminating. At Pe = 1,000, where the

entry b.c. statement is probably less important, Collins's results

virtually coincide with Jones's, this agreement being less good at

lower Pe. However, at Pe = 100, the predictions lie about midway

between Jones and Singh. Given that a change in statement tor thermal

entry is not wanted on the grounds of complexity being avoided, this

is very creditable agreement.

12.2.2 Comparison of alternative solutions

The final issue is the comparison between Collins (1) and (2),

ignoring the other solutions. Although initially the values of Nu

differ somewhat, they rapidly converge downstream (Tables 11 - 13).

Even these differences reflect only marginally different solutions of

the temperature profile, and in Table 14, for example, at Pe = 100,

solution (1) gives 0°8945 and 0°813 for the first two positions

tabulated.

In rinite-difference terms the agreement between the two

solutions is remarkable. Within the author's knowledge, while other

numerical solutions mention energy balance checks for the constant heat

flux case (see Chapter 16), none do for constant wall temperature.

‘these results imply a virtually exact energy balance for using alter-

native solution (1). Alternative solution (2) is a quite new way of
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dealing with this wall b.c., as it was with constant heat flux. The

fact that it can be used as successfully as the explicit statement 15

quite interesting.

This ieaves the actual choice of solution. A detailed study

of the alternatives' results showed that the implicit statement method

(2) was very marginally closerto Jones's results than that of (1).

For this reason, and also to retain the implicit statement method

through the Thesis, method (2) was chosen, but it is conceded that

theoretically solution (1) may be more correct.

Perhaps one or two reservations should also be stated. ‘the

wall heat flux was assessed on the temperature profiie at the end of

each axial step, but near the entrance the flux may in tact vary

slightly over a AZ In tact, an attempt was mage to use the average

of values at start and end of AZ, but this led to oscillation with the

semi-iteration, and had to be ‘omitted: In any case, the approximation

is not severe. Another difficulty, found with both solutions, is that

the progression of a towards . for high z/Pe (able 14) is some-

what slow, and this is reflected in correspondingly low Nu values.

Expressed as a percentage of the wall temperature, the maximum differ-

ence in Table 14 is 0-7%. (Collins compared with Jones).

12.2.3 Comparison with Zeldin and Schmidt

Marner (115) tabulates Nu of Zeldin and Schmidt, tor Pe =

126+25, and compares this with results of Sellars et al (441) Table

15 further compares them with resuits of this analysis.
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0*00905 TSTES 8-01 9+357

0+01282 69893 7-076 7-766

0-02198 5°83 5-919 6-217

0-05128 49610 4-641 4-730

009524 4-037 4-059 4-101

+2052 3+704 3-722 5-716

0+4616 3+656 3-659 3+655

TABLE 15 - Nu COMPARISON (PE = 126.25)

Marner criticised Zeldin and Schmidt's results as being too

high, but Collins's are even higher. At this Pe value the entry b.c.

is more important, and Collins's results (Tabie 14) tend to under-

predict heat transter relative to Jones. If, therefore, we accept

Jones's solution as using a preferable entry b.c., then the results

of Table 15 indicate underprediction increasing trom right to left,

because all assume zero entry mn” .

Comparing Tabie 15 (Sellars et al) with Table 12 (Jones), at

roughly the same Pe, it can be seen that the Nu values are approx-

imately the same, thus causing Marner to conclude the former to ve a

reliable solution in this context. As has been seen, nowever,

consideration of 2 ieads to an opposite conclusion.

12.2.4 Comparison with boundary-layer solutions

A comparison with one boundary-layer solution, viz Sellars et

al, has been made. Table 16 is a further comparison, using Collins's

results for Pe = 1000, which should be high enough.
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Z Collins W-Schmidt | Butterworth

Pe & Leppert & Hazell

0+010 7°589 7°47 1292

0-025 5°677 omy) 5°70

0-05 4-683 4-65 4°55
0-10 4°037 4-00 a°95)

0-45 3°819 3+80 5e1d

0-20 3°727 3°70 3°70

0-25 3*690 3967 3-67

050 3-654 3°66 3°65

1-00 - 3°66 3°65

TABLE 16 - Nu COMPARISON WITH PARABOLIC

EQUATION SOLUTIONS

The agreement is within about 2% maximum, which is very accept-

able. Strictly, the Sellars et al results should appear here rather

than in Table 15, and these differ from Collins (Table 16) by perhaps

less than 2%, allowing for differences in Z, .

4c
12.3 Uniform Entry Velocity

12.3.1 Comparison with Zeldin and Schmidt

Figure 15 compares results for a specific Re and Pr with those

of Zeldin and Schmidt. Apart from extreme entry, agreement is very

reasonable, the curve of Collins lying first above, then slightly below

the other. Comparing this graph with Table 15 (same Pe, but parabolic

entry profile) it may be noted that the point at which the predictions

cross is closer to entry for this case.

A further comparison with the (parabolic-equation) solutions

of Manohar and Ulrichson and Schmitz, for Pr = O+*7, is given in Figure

16. The two predictions of Collins are for (1) probably ignorable

and (2) possibly significant axial conduction, for Pe = 1750 and 175

respectively. The former, except at extreme entry, almost agrees with

Manohar and is within about 7% of Ulrichson and Schmitz's results.
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Except at entry, the differences are so slight, that it is

felt inappropriate to suggest reasons for them.

12.4 Conclusion

The constant properties problem has revealed some interesting

aspects. In conclusion, two runs reported in Chapter 14 are for

constant wall temperature forced convection with variable viscosity.

They are, however, of little interest in this context.
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13. CONSTANT WALL TEMPERATURE - COMBINED CONVECTION

13.1 Introduction

13.1.1 Sources

This Chapter reports unpublished results for combined

convection with constant wall temperature, and in several ways it is

an extension of Chapter 12. There are two main sources, viz. Zeldin

and Schmidt (36), giving an elliptic equation analysis and measure-

ment, and Marner and McMillan (38) with a boundary-layer analysis.

Table 17 summarises the comparative studies which can be made.

Problem Data Source Comparison

41. Parabolic entry Nu e & S(36 Table 18
profile (Pe=126-25) M 41 i

u Z&S Table 19

2. Parabolic entry 2 (Table 20
profile (Pr = 1) Velocity profiles (Fig. 17

Temperature M & M(38)
profiles Fig. 18

Nu Fig. 19

3. Uniform entry uu Z&S Fig. 20

profile (Pe=126+25) Nu Fig. 21

4. Uniform entry uy Z&S (Fig. 22
profile(Experiment) (Table ee

Velocity profiles Fig. 23

Temperature

profiles Fig. 24 ie

Mixed mean temps. Table 23

* s180 compares alternative solutions for wall thermal b.c.

TABLE 17 - KEY TO COMPARATIVE STUDIES

13.1.2 Problems

Two specific problems may also be discussed. As with forced

convection, Marner (115) criticises the level of Zeldin and Schmidt's

Nu values. This time, he compares them with his own predictions.

Secondly, Zeldin and Schmidt were unable to predict their

measured mixed mean temperatures, and concluded that there had been
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preheating of the air through the plastic nozzle used.

These problems are discussed from Tables 18 and 23 respect-

ively.

13.1.3 Property variations

(i) DENSITY

The simpler linear relationship is used by both Zeldin

& Schmidt and Marner & McMillan, viz:

p ~po(a- (2 - 3) )) (50)

thus for the dimensionless T,

P-fo (1 - 7) (51)

dees Cgy = 140, Cp, = -1+0, Cog = 0-0 (52)

Except for Problem 4, the above is used for comparative

reasons.

(ai) VISCOSITY

Again, the assumption of constant viscosity is used by

both (36) and (38). For the application in question

(air) this is perhaps not unreasonable. For Problem

4, however, a quadratic relationship is more than

adequate:

7 ee
Pm py (C1 + Oo - 0,2" *) (53)

and this function serves» to define

VISCOSITY TYPE C.

Using dimensionless Ts

2
9 tT = (Co, + Coot + Cost ) (54)

Pr

= sath = = (Cop + 20,7) (55)

2
where Cg, = C, + Cot! - cn (56)a

Cio a ee Jc - 20,0 ms) (56)B
(ec,
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Cis = = nd (56)c
% Deve

Gc. C,
3)

ie Comparison with theo: abolic entry profile

Problem 1 Calculated values of Nu are compared in Table 18. Zeldin

and Schmidt's data are taken from (115) which refers to Zeldin (116).

These values are not completely consistent with Fig. 9 of (46 Ne

but, on balance, are used in preference to them.

2p. Z&S |Marner | Collins

0-00905 | 8+724 | 8-347 | 9-664

0-01282 | 7°789 | 7*525 | 8195

0+02198 6-648 6°479 6+726

005428 | 5°451 | 5°345 | 5324

0-09524 | 4-989 | 4-910 | 4+766

02052 4-634 | 4-688 | 4-213

TABLE 18 - Nu COMPARISON (PARABOLIC ENTRY PROFILE)

Up to 2/Pe = 0-022 the comparison is as for Table 15, and

there it was concluded that the higher Nu's of Zeldin and Schmidt and

Collins did not reflect overestimated heat transfer. The lower values

of Collins, for higher Z/Pe, are eventually similarly followed by

Zeldin and Schmidt. Perhaps higher initial Nu's do result in lower

long-distance values.

Comparison is made of centre-line velocity in Table 19, which

includes representative values for alternative solution (1).

* at Z& S's Z/Pe = 0-011, Marner (115) states Nu = 6-65, whereas

Fig. 9 (36) gives 7°6.
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Collins | Collins

(2) (4)
0-008 | 1+96 1*965

0-014 1-934 1-936

0-020 | 1-896 1-90588 | 1+90598

re | 2as

0-040 | 1°78 1-792

0-080 | 1-52 12534

0-140 | 1-462 4+210

0+190 4-12 4+14126 | 1+11149 Minimum U, (Z & S)

0-198 =| 1-12 1+10625 | 1+10645 Minimum U, (COLLINS)

0-40 1+48 4-425

0+60 4°733 1+69590 | 1+69574

0-80 1°854 1-839

1°40 1-972 1975
480 1-980 1+99235 | 1-99233

2°00 1-984 1°996

TABLE 19 - U, COMPARISON (PROBLEM 1)

Agreement is good, the maximum difference being 0-055 at 2/Pe

= 0-40. Most other values lie well within this. The predicted position

of ‘maximum profile distortion' (to use Marner's expression) is only

4% different, and the minimum Uy is very close. A further aspect is

that Collins predicts a somewhat more rapid return to the parabolic

profile, as the fluid reaches the wall cecenatee se giving isothermal

flow. Zeldin and Schmidt's outlet fluid b.c. was a parabolic profile

at Z=wo.

Considering that the concepts used in the two analyses are quite

different, the agreement is all the more pleasing.

It is interesting that this agreement is better than that for Nu,

implying that the fluid flow equations are not affected too drastically

by the energy equation.

Finally, comparing Collins (1) and (2), the differences may be

noted as less than 0-1%,

Problem 2 This specifically compares with the run reported by Marner

and McMillan (8), and is essentially the same as Problem 1. Table 20
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(like Table 19) gives centre-line velocity predictions, comparing

them with a few values of (38). Although Collins's solution was not

carried to a final parabolic profile, it completely covered the

range of (38).

2/6 M&M Collins

0-01 1871

0-02 1+712 1°721

0-04 1+362

0+06 0-928

0-08 0+ 466

0-102 0-064 0+167 Minimum U, (M & M)

Ovdd 0+138 Minimum U, (COLLINS)

0-15 0-291

0-20 0°579

0-30 0°015

0-40 1-314

0+50 1+560 1524

TABLE 20 - Uy COMPARISON (PROBLEM 2)

Some of the aspects of Table 20 are the same as Table 19,

namely the higher predictions of Collins and the position of maximum

profile distortion relative to Marner and McMillan. On the whole,

with a third analysis using boundary-layer equations, Tables 19 and

20 indicate quite reasonable agreement.

Other results for this problem are shown in Figs. 17 - 19.

When shown as profiles (Fig. 17) the velocity predictions appear even

closer. The first pair of profiles is almost co-incident. The pair

for Marner and McMillan's minimum UE is closer away from the centre-

line, and the position and magnitude of maximum U are very close.

Finally, the third pair shows quite good agreement. In Fig. 18 the

maximum difference in temperature (expressed as a drop from the wall

level) is about 4% at maximum profile distortion. Otherwise near

entry and end of the run, agreement is very good.
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However, Tm » the mixed mean temperature is a function both

of axial velocity and temperature, and since Nu is a non-linear funct-

ion of Th » the generally good agreement of Figs. 17 and 18 is not

reflected in the evidently much more sensitive Nu of Fig. 19.

Marner and McMillan's values are above Collins's by 5% increasing to

771%, which is surprising in view of the much closer agreement of

Table 18 for a similar problem, the difference being generally of

opposite sign. However, while Collins does not confirm the increase

in Nu at maximum profile distortion, there is a marked flattening of

the curve there, followed in both cases by a substantial drop.

13.3 Comparison with theory (uniform entry profile)

Problem 3 Results of this study are summarised and compared with those

of Zeldin and Schmidt in Figs. 20 and 21. Values of developing Uy

agree very well, to within 0-05 (Fig. 20), and the position and

magnitude of maximum distortion are again very close. The Nu predict-

ions (Fig. 21) do however differ, but Collins's high level at entry

and low long-distance values have already been noted. Apart from

this, Zeldin and Schmidt's prediction over Gz from, say 150 to 20 is

about 10% higher than that of Collins. It is disappointing that a

comparison of Th was not possible, as this could well have shown better

agreement, in view of the similar effects on the developing velocity.

13.4 Comparison with experiment (Zeldin and Schmidt)

Problem 4 This problem represents a well-designed combined convection

experiment, the results being compared with theory and fully discussed

in (36). Because of this, a number of calculations were made by

Collins, as summarised in Table 21.
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15.4.1 Introduction

Calculation Wall thermal b.c. Viscosity Density

A Energy balance Constant Quadratic

BBY Energy balance Constant Linear

c Explicit(constant TR) Constant Quadratic

D Energy balance Quadratic Quadratic

TABLE 21 - COMPARATIVE RUNS OF COLLINS (PROBLEM 4)

This gives useful scope for further comparison of the effects

of wall thermal b.c., and property variations. Run B is closest to

Zeldin and Schmidt's model, but Run D is the fullest solution, and is

therefore used in the comparative graphs of Figs. 22 - 24. Tables 22

and 23 give full comparisons for the important variables at the

experimental stations.

z Zeldin & Schmidt Collins

Experiment | Theory A B Cc D

2+869 1-20 1-17 4-210 1-219 1-207 1-216

10+93 0-89 0-89 | 0-9616 | 0-997 0-9587 | 0-976

29654 1-077 1-30 | 1-0721 | 1-097 1+0732 | 1-094

125+08 1-886 1-96 | 1-914 1+917 1-914 1-918

204-48 1695 1-99 | 1-987 1-986 1-987 1-987

TABLE 22 - COMPARISON OF U,, (PROBLEM 4)

Z Zeldin & Schmidt Collins

Experiment | Theory A B Cc D

2-869 0-60 0+722 | 0-760 0-761 0-758 0-760

10-93 0-42 0-443 | 0+540 | 0-542 05385 | 0-541

29-54 0-2125 0-161 | 0-288 | 0-293 0-287 | 0-293

125-08 0+025 0+015 | 0-056 | 0-054 0+056 | 0-055

204-48 0-020 0-005 | 0-039 | 0+0385 | 0-039 | 0-039

TABLE 23 - COMPARISON OF T, - 1, (PROBLEM 4)

7
R
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13.4.2. Initial comparison (Run B)

From Table 22 it is evident that Run B (except at Z = 10+93)

is closer to experiment, and sometimes substantially so, than Zeldin

and Schmidt's predictions. Not only so, but whereas the experiment

was designed to give full development at exit, and failed (but not

severely) to do so with an exit UB of 1-95, Zeldin and Schmidt's

theory with its closed boundary had to assume ae Although Collins's
value is only about 10% closer to experiment at exit, the marching

procedures permitted open boundary is advantageous.

The corresponding comparison of Table 23 has a number of

aspects. Quantitatively, Run B's results may appear rather disappoint-

ing. However, qualitatively Collins's results confirm the conclusion

of (36) that there must have been unintentional preheating of the entry

fluid. This is because at Z = 2-869 the measured Tm was already 40%

of T, whereas both predictions give less than 30% Also, whereas the

theory again assumes exit isothermal flow (exit Tm only 0-5% different

from T)s this was not quite so in experiment (2% different) or in

Collins's prediction (4% different). Quantitatively, as a Zage of

Tp» Collins's overprediction reduces from 16-1 (ist point) through

12-2 (2nd) to 8-0 (3rd). On balance, it is regarded as unwise to draw

any conclusions further than this when the inlet boundary condition is

suspect.

13.4.3. Revised entry temperature (Run BY)

However, in view of the stress laid upon Le in the context

of a constant wall temperature, it was felt necessary to attempt to

resolve the uncertainty, by making a predictive run Bee Anticipating

discussion of Fig. 24 the wall-to-entry temperature difference was

reduced by 10% This assumes, for the sake of simplicity, that the

entry air temperature was uniform at about 2°F above the nominal value,

all other parameters being taken as the same as Run B. Output data are
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compared with experiment in Table 23A, on the understanding that the

predictive validity is only illustrative. To avoid confusion

’

tT - 7 is given explicitly.
R m

a Up (t= T CF)

Z&S Run BY | Z& S| Run B¥

(8)

2-869 | 1-20 1237 | 13+35 15+20

(16-90)

10-93 | 0-89 1-067 9°34 10°86
(12-05)

29+54 1°077 4°161 4°73 5°94
(6-525)

125-08 | 1-886 19921 0-56 1-03

(1-13)

204+48 | 1-95 1+987 045 0-69
(0-86)

TABLE 23A - COMPARISON OF EXPERIMENT AND RUN B*

The temperature predictions are improved relative to Run B,

whose values are also tabulated. They still differ from experiment,

however, possibly suggesting that the preheating was greater than 2°R

near the wall. This would be a quite logical situation. The velocity

predictions are now somewhat further from experiment, because the

decreased temperature difference has reduced the natural convection

effect. This again could possibly be corrected for by allowing for the

effect of preheating on the inlet velocity profile. However, this

would begin to be changing the inlet b.c. to give the results of

experiment.

On the whole, Run Be confirms the probable presence of

preheating on the temperature profiles.

13.4.4 Predictive Runs A, C and D

By comparing Run A, then Run D, with Run B in Tables 22 and

23, the effect of allowing for better density and then viscosity

variation with temperature may be seen to be not negligible. The nett

effect is
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to bring Ups but not Ty closer to experiment.

‘the alternative solution, Run C, using the explicit wall bound-

ary condition is comparable with Run A, and in fact, slightly closer

to experiment. A closer study will be made in sub-section 13.4.6,

but perhaps the more important feature is the closeness of the

agreement.

13.4.5 Detailed comparison (Run D)

Figs. 22 - 24 give a detailed velocity and temperature compar-

ison between Collins (Run D) and theory and experiment for Problem 4.

Fig. 22 shows that Collins's prediction gives better agreement

with experiment than that of Zeldin and Schmidt, except at the second

station. Fig. 23 demonstrates that even this latter difference is

substantially less than the difference between Zeldin and Schmidt's

prediction and experiment at Z = 29°54.

Fig. 24 gives tour comparisons of which three positions coin-

cide with Fig. 24. Collins's prediction is somewhat less close to

experiment at the first position, is rather poor at the second (whereas

the other is very close), and is about as good at the other positions

In detail, the first position being so close to entry, the two

predictions virtually agree ‘that preheating must have occurred, and

this certainly by 2°F in the centre region of the pipe, and probably

more towards the wall. If this is at all accepted, then the other

temperature profiles of Collins become at least qualitatively consist-

ent, and this is justified by the results of Run B,

Finally, whereas Collins's solution is above experiment in Fig.

22, and below in Fig. 24, Zeldin and Schmidt's is low (in both Figs.)

at the first station, virtually coincides at the second, and then

‘crosses over' to give high predictions thereafter. Possibly this

could be viewed as the effect of applying the alternative procedures

of marching and iteration.
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It is felt that on the whole, the predictive ability of this

solution is at least as good as that of Zeldin and Schmidt, without

the difficulty, in other applications, of having to specify the outlet

boundary conditions.

13.5 Study of wall thermal boundary condition

z RUN A | RUN C

(42) TMEAN |A(TMBAN)[ TBAR | A(TBAR) | TMEAN [A (TMBAN)
0°625 3220°22 1786 +31 3343 +17

(0625) < e 5

1°25 4384 +23 2796 +31 4466 +63
(0*625) 1164 +01 1010-00 1123 +46

1°875 5229 +54 3592-27 5298 +71
(0-625) 845 +31 795-96 832-08

250 5945 +53 4290-96 6006 «85

(0625) 715°99 698-69 708 +14

DOkZo, 6591-09 4921-29 6647 +30
(0625) 645 +56 630 +33 640+45

1000 1163572 9897 +49 1166982

(0625) 365-02 361-20 363-89

50°0 2184067 20166 +85 21846-25

(2°5) 552-72 568-63 551-32

125+0 24905 +87 23329 +33 24906 + 34
(10-0) 138-95 143-81 138-78

2150 25351-42 23790+33 25351-44
(10-0) 15+53 16-07 15-52

TABLE 24 - THERMAL BOUNDARY CONDITION COMPARISON

(PROBLEM 4)

Table 24 compares the alternative solutions for the two express-

ions for wall thermal b.c. Dimensionless temperatures are tabulated

(where the wall temperature difference of 22-3°R has a value of

26372*8). Run A (Problem 4) gives a TMEAN which coincides with TBAR

for the energy balance method. Run C, using the explicit wall temper-

ature method, calculates TBAR as a check. These are all tabulated for

the first five (and then three typical subsequent) positions. For each
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position, two sets of comparisons may be made, that for Z itself

(upper), and the AZ or stepwise change (lower).

Run C, the conventional solution, shows that a bad TBAR at

the first position affects the whole solution, although decreasingly

so with 4. If it were used as an energy balance check, the solution's

accuracy could be assessed as disappointing. However, A(TBAR)

becomes increasingly close to A(TMEAN), to within 13% at Z = 2°50 and

under 1% at Z = 10°0, but then the Yage difference increases again.

Assessed on this basis, the accuracy could be regarded as reasonable.

It has been mentioned that, for parabolic entry profiles, the

alternative solutions give virtually identiml results. Even for the

‘more difficult' uniform entry, Run A is close to Run C. By Z=

3+125, both the Z TMEAN and the AZ change are within 1% of Run C, and

are closer thereafter. This agreement justifies both solutions.

However, Run A has the slight advantage of the energy balance being

exact, although it is admitted that the wall heat transfer rate, based

on the temperature curves, has an element of uncertainty in it.
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14. TRANSITION FROM LAMINAR FLOW

14.1 Introduction

14.1.1 Stability of flows

The problem of transition from laminar flow to some form of

turbulence is a major topic associated with the theory of instability

of flows. For combined convection one would expect the instability

features of both forced convection (e.g. Pai (117)) and natural

convection (e.g. Gebhart (118)) to be relevant.

Lin stated (Pai (4117) p. 314) that for inviscid fluids, the

essential feature of unstable flow is that the velocity profile has a

point of inflexion, when a self-excited disturbance exists. Pai,

however, modified this by postulating (ibid P.315) that the viscosity

is a substantial destabilizing influence, for viscous tluids with at

least one solid boundary.

For natural convection, Gebhart (118) concluded that instabil-

ity has the same initial mechanism as for forced convection. He

pointed out that the term 'disturbance' in heated flow implies temper-

ature effects as well as velocity. Finally, he considered the Prandtl

number to be an important parameter.

the identity of instability with points of inflexion in the

velocity profile was confirmed experimentally by Lawrence and Chato

(33) and Scheele and Hanratty (35) by observing that transition always

took place after the development of points of inflexion. Incident-

ally, both sets of data were for natural assisting forced convection,

for water.

14.1.2 Dransition

Whereas instability has theoretical significance, transition

from laminar flow is more empirical. It is associated with the growth

of small disturbances of velocity (and, as above, temperature), after

an unstable condition has been reached. Thus the initial studies of



Scheele et al (59) involved observation of dye filaments injected in

water. This identifies transition with a visible change in velocity.

Later, Scheele and Hanratty (35) used temperature measurement as a

transition criterion, with a minimum fluctuation of 0-1°C. Lawrence

and Chato (33) also measured temperature fluctuations, defining

turbulence as occurring with a minimum change of 003°C. They

specifically rejected the dye filament method as being too insensitive.

14.1.3 Correlation of transition

The correlation of transition is of some interest. In the

work of Scheele, Hanratty, Rosen and Kabel (16), (4), (35) and (59)

the empirical correlation was in terms of the axial distance to

transition from entry and the Grashof/Reynolds Number ratio. In the

context of this work, the Grashof Number is proportional to the

dimensionless heat flux, and equivalent to the dimensionless wall

temperature, for the b.c.'s of constant wall heat flux and temperature

respectively. No attempt, however, was made to relate this to the

velocity profile at transition, possibly because the corresponding

theoretical work was somewhat approximate.

Lawrence and Chato (33) quoted instability theory as specify-

ing that a characteristic parameter identifying the velocity profile

is a function of entrance Reynolds Number. The transition parameter

they obtained by trial and error was:

ee 0, U, :
1 2h (A) (57)

Pp

where Up = dimensionless velocity at point of inflexion

ot #lb * velocity at centre-line

ty = dimensionless radius of point of inflexion

and J, is in (1b/ft hr) units.

This usefully combined the velocity profile statement of Lin,

and the viscosity effect mentioned by Pai.. After a point of inflexion

appears in the velocity profile, Ty varies with distance (increasing
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and then decreasing Fig. 10 (33)) until it reaches the value given

for its particular Re at entry, when transition occurs.

Two studies would be useful, therefore. The first is to

check whether Tt versus Re, can correlate Scheele et al's results,

and the second is to obtain a similar correlation for the case of

constant wall temperature.

14.1.4 Natural opposing forced convection

The above discussion is for natural convection assisting the

forced flow, i.e. for upward heated (or downward cooled) flow. ‘The

opposite case occurs for upward cooled or downward heated flows,

and Scheele et al give the only available data. They concluded (35)

that instability is connected with flow separation at the wall and

that transition is sudden and occurs shortly after such separation.

They also observed transition to an asymmetric flow, which included a

region of steady reversed flow over a portion of the wall, which was

tentatively associated with points of inflexion in the velocity

profile.

Another study would be useful, namely to investigate the flow

as far as experimental transition, and to correlate if possible, some

kind of transition parameter.

14.2 Comparative Stu air

This published study (Appendix 10) investigates the effect of

different parameters on flow of air in combined convection, and has

been discussed in Section 4.5. In a general way, it shows similarity

with results of Scheele et al for water, and in particular indicates

the possibility of reversed stable flow. Because of the two-dimensional

model this appears as an outer annulus.

14.3 Predictions for Water (Data of Scheele, Hanratty, Rosen and

Kabel

14.3.1 Introduction

These data,comprising Refs. (46), (34), (35) ana (59), include
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results of both experiment and analysis.

Experimental work involves transition studes for:

(i) Upward heated flow - constant heat flux (Q/UP)*

(ii) Upward heated flow - constant temperature (T/UP)

(4ii) Downward heated flow - constant heat flux (Q/DOWN)

(iv) Upward cooled flow - constant temperature (-T/UP)

Case (i) also includes wall temperature results for two runs,

and Case (iv) includes the study of transition to stable reversed flow.

Two theoretical analyses are reported. The first assumed

fully-developed flow for constant heat flux, and is presented in (46),

and velocity profiles given in (35) and (39). In view of this not being

comparable with any experiment** it was felt to be of minor interest in

the present context. A second approximate model for developing flow

with constant temperature is presented in (34) and compared with

experiment in (59). Some centre-line velocity curves (34) for (constant

density/variable viscosity) and the converseyform useful comparisons

with the present analysis, but it is admitted in (34) that accuracy is

probably not good for short tube lengths.

Table 25 summarises the details of the present study. Runs 8

and 9 are not reported here as they concern wall temperature measure-

ments.

In this study, the viscosity relationship TYPE A was used, and

the linear density relationship involving pf was assumed (equation 50))

partly because of lack of data.

= Except for wall temperatures discussed in Appendix 9.
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Gr,x
=

Source Q Trans-
zm Case Ref. withie g Re, = ae Comments

‘i Ref. # T Z

1 | Q/uP (59) Fig. 6 100-0 6315} 157-0
Bien D " 237-5 | 35000 "

3 " " " 97°5 4500 228 6
als " " 290-0 | 25500 "

5) * (35)| Fig. 9 256-8 | 10470] 610-0
6 " " " 486 0 30200 "

Tain " " 1207+8 | 62750] 1220-0
8 " i Fig. 6 |v | 339-0 10230 - )Reported in|
9 Ly . % ¥ | 1132-0 50000 - )Appendix 9

10 | Q/pown) (59) Fig. 8 50-0 3152] 228-6
44 Fi n " 194-1} 12155 "

12 " " " 301-0 | 18820 "

43, |-2 " ) 4 | 280-0] 17545] 155-2ap ae | dmaanleteee semis
45 " " iF 166-0 1335 "

16 " " yreble ti () “ledeoso. | 6975) 82-2

17'|-T/uP| " ") Y | 248-0 | -18400| 146-2
18 " " )Fig.13 |v 91-0 | -10360] 18-2 4

19 : " ) & JY | 654-0 | -49047) 143-47
20 " " Table 2|V | 296-0 | -22670] 65-6 J
24 " . Y | 120-0] -8540] 3164!

22 | t/up | (34)| Fig. 5|¥ | 100-0] 10000] -
23 | " " Fig.12 | J " 2700 -
24 |-T/UP}| " Fig. 5 | JV " -3000 -
25 " " Fig.12 |v " -300 -

26 | Q/uP (59)| Fig. 6 175-0 | 17450] 157-0
27 " " " 220-0 | 15000] 228-6 | )Additional
28 " (35)| ‘Fig. 9 400-0 | 20000] 610-0 | )to Runs 1-7
29 " " " 1446-0 | 72300] 1524-0

TABLE 25 - SUMMARY OF TRANSITION STUDY

* or. and Gr,, are Grashof Number definitions used in (59)
Q T

For constant heat flux, Gr,
Q

= HFLUX x M = HFLUX x 80,

For constant temperature, Grp = TWALL. In both cases C, =f.

g Transition to asymmetric partially reversed flow.
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14.3.2 Comparison with theory

A) Constant viscosity, variable density

Runs 22 and 24 correspond to the constant viscosity, variable

density runs for upward heated and cooled flows shown in Fig. 5 of

(34). The comparison is plotted in Fig. 25, which shows very reason-

able agreement. For heated flow the position of maximum distortion is

virtually the same, its magnitude differing by less than O-1. For

cooled flow, while the magnitude of maximum distortion agrees well,

its position is not so good. From 2/Pe = O+1, the predicted Uy differs

by well under 01 for both flows. This confirms the comment in (59)

that the theory is 'least satisfactory ..... close to entry’.

B) Variable viscosity, constant density

Rosen and Hanratty (34) assumed that inverse viscosity varied

linearly with temperature. This gives:

= = 1+0(t’-7/) (58)

where b is a constant.

This forms a special case of viscosity TYPE A, where for

a = Le .

Coy = PES Upp = 110, = 1-0 (59)

Runs 23 and 25 correspond to the heated and cooled runs of Fig.

12 of (34) and the comparison is shown in Fig. 26. Bearing in mind

that the vertical scale has been doubled, agreement is seen to be not

as good, although the comparisons are quite similar to Fig. 25. This

could be because whereas the natural convection term is the same for

both analyses, Collins's viscosity temperature terms are complete.

However, while the position of maximum distortion differs by about

Az/Pe = 0+05, the magnitude agrees to within 0-1 (heated) and 0+05

(cooled). Again, after 2/Pe = O*4, the U, predictions differ by less

than O-1.

S105



Commenting on both Figs., agreement for an admittedly approx-

imate analysis is possibly better than might be expected. However,

since the application is to predict axial positions for certain

velocity conditions (Tables 1 and 2 of (59)) this agreement will not

necessarily be as good.

Finally, it should be noted that Case A is strictly relevant

to the combined convection section 13.2, and Case B to Chapter 12,

14.3.3 Upward heated flow (constant heat flux)

As mentioned in sub-section 14.1.3 the Lawrence and Chato

Transition Parameter T, can be checked against present predictions

using Scheele et al's transition lengths.Fig. 27 shows that agreement

with Lawrence and Chato's curve is poor. However, Fig. 28 shows that

an alternative correlation is possible. If the wall viscosity factor

*

is removed, a modified transition parameter Tt, is obtained, defined by:

Tse te (60)
“(z,)

Pp

Fig. 28 shows that this correlates well against (Re,/Grq), the

agreement being checked with some additional runs 26 - 29. Unfortunat-

ely, it is not possible to calculate Ty, for any of Lawrence and Chato's

results, but for Collins's comparative prediction (Appendix 9) T, has

the approximate value 9. Similarly, a value of about 19 is relevant

for the Kemeny and Somers's run of Appendix 9. Both these are not

inconsistent with the present predictions.

Although T, does not include the viscosity (previously ment-

ioned as a stability factor) the effect of heating as such is represent-

ed by Gr, It is not altogether surprising that the correlation is ina

terms of the ratio (Re, /GrQ) as the inverse is consistently used as

a parameter in (35), for example.

Lawrence and Chato postulated that by calculating their Tt, it

is possible to predict the transition point for a given Re,- However,

—— —_

* but see qualification on p.112.
ey

- 106 -



qT increases and then decreases with Z, the latter because M, contin-

uously decreases as in increases. Calculations show that T, is too

insensitive for this purpose (without /g)s and the transition length

can only be correlated from the empirical results.

Figs. 29 and 30 are alternative presentations for (2p/Re,) in

terms of (Gr/Re) and Gr, respectively. Three specific points are
Q

available from Lawrence and Chato, the others representing typical

stations on the smooth curves of Fig. 6 (59) and Fig. 9 (35). Fig.

29, while having to omit factors like Pr due to lack of data, is

essentially the correlation of Lawrence and Chato (Fig. 8 (33)). Its

scatter is larger, but so is the range of Ze In fact the highest

Zen values give more or less the same curve. Fig. 30 is perhaps a

clearer description of the phenomena. For all 2 below about 300 a

single curve is sufficient, and for higher 2p clearly separate curves

result.

Figs. 29 and 30 suggest that at low Zep the standard dimension-

less form (2p/Re,) is a function of mo only,* but at higher Zen this

changes to become eventually a function of (GrQ/Re,) only. This may

imply property effects (c.f. Fig. 8 (33)) and unpresented graphs for

more limited data, suggest somewhat closer correlation using outlet

property values. However, this would defeat the intention of

predicting Z,, from the inlet conditions.
a

Summarising,the transition parameter T, correlates well, but

is not able to predict transition. However, for Zn below about 300 a

single curve from Fig. 30 may be used. Alternatively, all the data

could be plotted as =o versus Re, for different Zn» in the manner of

Fig. 6 of (59). This would provide a simple prediction of 4. for

water, but is omitted here as it would merely re-present the data of

(59) and (35).
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14.3.4 Upward heated flow (constant temperature)

AXIAL DISTANCES (Z) FOR:

FLAT PROFILE MINIMUM J,EXPERIMENTAL A
RUN NO. | iNs@aBILTTY EV! PREDICTION

(55) | COLLINS | (59) | COLLINS

13 155°2 43-0 55-0 167-8 | 160-0

4 1552 38-4 | 40:0 98-8 | 70-0
45 155-2 42-8 | 45-0 | 134-2 | 100-0
16 82-2 20-0 | 27-5 75-2 | 70-0

TABLE 26 - COMPARISON FOR UPWARD HEATED FLOW

(CONSTANT WALL TEMPERATURE)

Runs 13 - 16 cover the range of conditions in Fig. 10 of (59).

Table 26 shows that qualitatively, current predictions confirm the

experimental observation (and prediction) of (59) that instability

always occurred downstream of the flat profile location. Some of the

compared distances vary considerably, however, but this is not

surprising in view of the approximate nature of the analysis for (59).

In fact, five of the eight comparisons agree to within 4Z = 8.

Fig. 31 shows that the modified transition parameter correlates

acceptably for the case of constant wall temperature, where Gr,, replaces
hi

Gro. Ts therefore, can be regarded (within the range of data) as a

unifying parameter for natural assisting forced pert oes

14.3.5 Downward heated flow (constant heat flux)

Runs 10 - 12 cover the data range of Fig. 8 of (59), but an

immediate reservation is that this is inconsistent with Fig. 7, which

used a Gr, defined in our notation as:

Cea (61)

The same values are given in Figs. 7 and 8 of (59) for cr*® and

Gr, respectively, and Table 27 shows that probably (and unfortunately)
Q

Fig. 8 is incorrect. The values of Gr/Re, at transition Z of about
ae ae

(

* but see qualification on p.112.)

\
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230 vary widely, and Fig. 32 shows that Run 10 probably implies a much

shorter transition distance. Again, except by trial and error, the

true Gr,'s are not readily found.
Q

RUN Re, Zz Gr* | Gr*/Re,

10 50:0 | 42+5 | 2623-2] 52-5

230-0 | 5954-7] 119-0

14 194-4 | 150-0 | 9170-0] 47°25

230-0 | 10870 56+00

12 301-0 | 210-0 | 13692 45°5

230°0 | 14302 47°5

TABLE 27 - RUNS 10-12 - VALUES OF Gr*/Re, AT ONSET

OF REVERSED FLOW AND AT Z = 230

Data for Z = 240 are therefore ignored, but the predictions for

flow reversal at the wall should still be valid. Fig. 2 of 459) using

a tully-developed model, predicted onset of wall reversed flow at

Gr*/Re, = 49-2. Fig. 32 shows that for these runs the assumption of

a fully-developed state is not good, but the value itself compares to

within 10% of those given in Table 27. The profiles themselves are

compared in Fig. 33. As might be expected, with the additional

constraint of zero gradient at the wall, the profiles are close, but at

least the solution is confirmed. ‘the empirical transition Gr/Re,

from (59) is 63, and Fig. 34 compares the predicted profile for this

condition with the corresponding profiie for Run 10 at the same value

of Gr /Re,. Considering the curve of (59) is a steady-state prediction,

the comparison is very good, suggesting that solutions so obtained are

valid, even though the distances are not predictable from a solution

independent of Z. .

44.3.6 Upward cooled flow (constant wall temperature)

With constant wall temperature and a parabolic entry profile,

the fluid flow is affected by property changes due to temperature
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effects. However as the fluid bulk gradually reaches the temperature

of the wall, i.e. becomes isothermal, the flow field correspondingly

begins to return to its entry parabolic profile. Scheele et al (59)

observed that above a Gr, /Re of 74 'an asymmetric region of reverse

flow oceurred.' At Re greater than about 260 this was rapidly followed

by a break-up of the flow (instability) but at lower Re a certain

range of asymmetric flow remained stable.

Table 2 of (59) ) suggest three regimes for comparison.

(i) Re < 260 Observation of instability (Our runs 17, 18)

(4i) Re > 260 Observation of asymmetry (Our runs 19, 20)

(4ii) Re < 260 Observation of asymmetry (Our run 21)

Their data (Fig. 13 and

Runs 17 - 21 were taken only as far as their predicted locations

of zero wall velocity gradient (z.w.v.g.). It must be conceded that

whereas theory thereafter predicts an annular reversed flow region,

the observed asymmetric flow had a randomly located areaof reversed

flow near the wall. Past the instability location, of course, any

prediction is notional. Table 28 compares data werk of Collins with

those of (59), and Figs. 35 and 36 give corresponding U,. predictions.
é

RUN Data of (59) Collins

NO. | Exptl. Exptl. Predicted|Predicted|U, for |U, for [U, at
Instability |Asymmetry|z.W.v.g. ]Z.W.U.g- c81um 2 o81unn 3) ZeWeWeo Be

Z Z Z Z

47 146-2 56-8 6225 3°744 29192

18 18+2 14-8 1625 | 4-421 2°445

19 456 143-4 A7¢3 2-590 | 2207

20 22+8 65-6 6-25 2-690 | 2°163

24 13°6 31-4 3°75 2-902 29234

TABLE 28 - COMPARATIVE RESULTS FOR RUNS 17 - 21

The only direct comparison is for location of z.w.y.g., and

Collins's values are roughly an order of magnitude less. This differ-

ence, while severe, is consistent with Figs. 25 and 26, which show
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Collins's predictions for cooled flow suggest more rapid development.

However, the important point is that present predictions of z.w.vu.g.

are upstream of the experimental asymmetry location,rather than down-

stream for all predictions of Table 2 of (59). Scheele et al suggest

that the former may be the correct flow situation. Another comparison

is that of Uy at ZeWeUese (59) predicts a uniform 3°0, whereas Table

28 gives values around 2°2, A final qualitative comparison is given

by Run 21 for asymmetry without instability. While the mathematical

correctness of marching into a negative velocity field may be queried,

Run 21 (Fig. 36) does predict a limited negative flow region, consist-

ent with the corresponding diagrams (second or third) in Fig. 11 of

(59) which show eventual return to a symmetric state.

Finally, Figs. 37 and 38 give the predicted velocity profiles

at instability and asymmetry respectively. Fig. 37 shows dissimilarity

although with more data it might be possible to deduce a transition

parameter. Fig. 38, however, suggests a uniform profile for inception

of asymmetric flow (U, = 2672 = 6+7%), although a trend with Re is

apparent. On the whole, firm conclusions are not possible.

14.4 Conclusion

A fairly comprehensive study of transition and instability has

been made, based on the observations of Scheele, Hanratty and Rosen.

For natural assisting forced convection it has been possible to

correlate the velocity profiles by simplifying Lawrence and Chato's

transition parameter. ‘his correlation is satisfactory for upward

heated flow with both constant wall heat flux and temperature. For

natural opposing forced convection, results are insufficient, partly

because of an inconsistentcy in presented data for downward cooled

flow in (59).
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‘he approximate analysis of Rosen and Hanratty (34) compares

reasonably in terms of Uy but not so well with distance predictions.

In particular, for upward cooled flow, Collins predicts that reversed

flow at the wall precedes, rather than follows, the observed start of

asymmetric flow, a more logical situation. A limited comparison (for

downward cooled flow) with the fully-developed theory of Hanratty et

al (16) suggests that their predictions have some validity, even

though the appropriate axial distance is not predicted.

In general, the fuller analytical model of the present work

serves to identify a number of aspects of the overall problem.

Qualification regarding qT,
—>—— ——_—_____¢

The parameter qt obtained by Lawrence and Chato (33), was

claimed to be a 'functional relationship' able to predict

the axial position of transition for a given entrance

Reynolds number. It is suspect both in being dimensional

and in that the profile shape parameter has no logical

connection with. transition,Fig.27 demonstrates its inability

| to correlate Prcaer results. qT suffers from the same
lack of connection. Also, while it is uniquely related to

(Grashof Number/Reynolds Number), qT, cannot be associated

with transition, since it hardly varies with axial distance

as the flow approaches transition (see para. 1, p.107).

For these reasons Tt, should not be regarded as a transition

parameter, and any such indication in this chapter should

be ignored.
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15. THE ANNULUS

15.1 Introduction

In the context of this thesis, the intention here is to demon-

strate the flexibility of the analysis. The annulus has the same outer

boundary as the tube, but possesses an inner wall in place of the

centre-line. In principle, therefore, it should be possible to change

the effect of the inner boundary within the program.

Appendix 12 contains the essence of this approach, which is

not repeated here.

15.2 Analysis

15.3 Program

15.4 Nomenclature

These sections correspond to Chapters 11, 12 and 13 of Appendix

12 respectively. For the purposes of this thesis, equation:

(5) ANN should read (8) ANN

A(14) ANN y " (47)aNN

(19)AANN "(24 ANN

15.5 Results

Initial results for radius ratios of 0°5 and 0*25 are compared

in Tables 29 and 30 with data of Heaton et al (121), where Uaay and

Tyax ore the magnitude and position of maximum axial velocity.

The Tables show very good agreement for a radius ratio of 0+50,

and less agreement for a ratio of 0-25. The analysis used 30 radial

positions, but no attempt was made to smooth the results to give a

maximum velocity away from a solution point. This may account for some

of the discrepancy in Table 30. Otherwise, the somewhat less rapid

development may correspond to a comparison (for a ratio of 0-05) of

(121) with Sparrow and Lin (122).

Information for annuli is relatively sparse. Sparrow and Lin's

results for a ratio of 0-8 are confirmed by (a) experiment 123), and
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Heaton et al Collins

Ceax "MAX ax "MAX

3-371 | 41-3849 | 0-7393 | 14-3884 | 0-733

6-088 | 1+4545 | 0-7373 | 1+4527 | 0-733

8-590 | 1+4825 | 0-7364 | 14-4794 | 0-733

10-46 41-4932 0-7360 1+4901 0-733

13-18 41-5012 0+7358 14-4985 0-733

15+30 41-5040 0-7357 1-5022 0-733

19-68 1-5061 | 0-7356 1+5058 | 0-733

be 41-5078 0°7355 1+5077 0-733

TABLE 29. ANNULUS RESULTS. COMPARISON FOR

RADIUS RATIO OF 05.

Heaton et al Collins

Drax Tyax | Uyax TyAX

Y 1.287 1*35015 05994 1°2358 0+607

3-380 | 14104 | 0-5914 | 4+3758 | 0°575

6+250 | 41-4673 | 0-5868 | 1+4493 | 0-575

8-900 | 1+4919 | 0-5847 | 41-4835 | 0-575

13+30 4°51146 0+5830 41-5091 0°575

16°74 15189 0+5824 1°5183 0°575

21°87 15243 0°5819 1°5246 0-575

se 1°5287 0*5815 1°5283 0°575

TABLE 30. ANNULUS RESULTS. COMPARISON FOR

RADIUS RATIO OF 0+25.

\\(b) results of Spalding-Patankar method (p. 291 Ref. (37) ). The

published results are self-consistent, therefore.

Preliminary checks on convergence indicate sufficient accuracy

(within about 1% for velocity), with a lower limit on initial AZ of

about 0-375.

15.6 Conclusion

This comparison is encouraging, and confirms the reliability

of the present approach.
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16. ASPECTS OF ACCURACY

16.1 Introduction

Several aspects of accuracy are important in an analysis of

this nature, and some have already been discussed.

Firstly, there is the degree of completeness of the partial

differential equations used. For example, Worsge-Schmidt and Leppert

(53) estimate in retrospect the magnitude of the terms they neglect.

‘Then there are the problems of how closely:

(i) the finite-difference equations approximate to their

originals (the discretization error - G.D. Smith (119)

pe 56),

and (ii) the numerical solution approximates to the finite-

difference solution (rounding-off or stability error

4419) pp 57, 58).

Besides the partial differential equations there are the overall

(integral) continuity, energy and momentum equations. As already

discussed, the energy equation has particular significance in this work.

If the above is regarded as internal accuracy, external accuracy

implies comparison with available empirical and analytical data.

Questions of a more philosophical kind, but of no less importance, can

arise here. For instance, Test in discussion (120) criticises Yang's

lack of experimental data in (50). Yang, however, points out that

agreement of an approximate analysis with experiment is not necessarily

conclusive, because a more exact analysis might show divergence from

the experiment. Later, Test in his turn is criticised by Witte and

Cox (114) for using results of analysis in preference to experiment.

All these aspects are dealt with below.

16.2 Nature of partial differential equations

Apart from property considerations the equations are complete.

While such completeness may not be essential for many applications it
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removes a source of uncertainty which Worsge-Schmidt and Leppert (53)

painstakingly resolve in retrospect. Even then, their fluid entry

condition was the ‘easiest! case of a parabolic profile.

On the other hand, the complete elliptic-type equations demand

additional boundary conditions, and it is an interesting conclusion

that a marching procedure is acceptable, as discussed in Chapter 13.

With reference to property changes, the complete viscosity

variation again removes uncertainty. The allowance for density

variation in the axial momentum equation is standard except in

specific property variation or compressible flow studies. In the

present work, bulk density changes are not more than a few per cent.

The studies of Appendix 9 confirm that additional property effects are

either small or negligible.

16.3 Finite-difference approximations

The main point is that present discretization (or truncation)

errors are all second-order. This point is discussed at some length

by Worsge-Schmidt and Leppert (53). Due to a stability requirement

(see section 6.3) their errors also included first-order elements. As

already noted, present wall calculations involve higher-order errors

(e.g. sub-section 7.4.2.).

16.4 Convergence and Stability

16.4.1 Definitions

The crux of accuracy is in these two concepts, explained below

(after Smith (119) pp 55 - 57).

Let x be the exact solution of a set of partial differential

equations with (our) independent variables r and Z. Let X, be the

exact solution of the finite-difference approximations. Then the

solution is CONVERGENT if X, tends to x, torAr and AZ tending to

zero. Convergence, therefore, expresses the closeness of the finite-

difference equations to their originals.
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‘fhe second problem is to achieve the exact solution x5 and

errors here are due to computing calculation procedures. A set of

finite-difference equations is STABLE if the cumulative effect of

rounding-off errors is negligible.

16.4.2 Convergence

Smith comments((119) p. 58) that the dominant error in a stable

and convergent process is due to discretization. In principle

convergence may be investigated analytically, but Prof. PriceTM advised

that the effort would be prohibitive. Further, (confirmed by Dr.

Jones*TM in the elliptic/parabolic context) the general validity of the

results obtained could be viewed as reflecting reasonable mathematical

justification.

What is usually done is to examine the effect of reducing (for

this problem)AZ andAr on results for U, V, P, T profiles and Nu and

friction factors (see Churchill's comment and author's reply in (115)).

One particular problem in this connection is the minimum initial

AZ value of about 0°625. However, this did not appear significant.

Appendix 3 includes such a study for the adiabatic flow field, and e

similar study has been made for forced convection with constant

properties and constant heat flux. Both cases of I. parabolic and

II. uniform fluid entry have been treated, and typical results are

given in Tables 31 - 34, for Re = 100-0 and Pr = O07.

* Mathematics Department, The City University.
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M=60 70 60 50 40 30 20

Z = 0°625

11-13 14-13 14-12 14-10 11°07 14°04 10°88

-07998 | -07998 | -07997 | -07996 | -07994 | -07990 | -07980

+08 +08 +08 +08 +08 +08 +08001

Z= 5-0

5°418 5:°417 5*416 5°414 5°411 5*404 5° 385

+08 +08 +08 +08001 | +08001 | +08002 08004

+08 +08 +08 +08 +08 +08001 | +08002

Z = 25-0

4-391 40394 4+390 4-388 4+386 4°380 4+ 364.

+08001 | +08001 | +08001 | -08002 +08002 *08004 *08010

+08 +08 +08001 | +08001 | -08001 | -08002 +8005

Z = 100-0

4359 4-357 4355 4-354 | 40344 4-329 4+286
+08001 08001 +08001 +08002 +08002 +08004 +08010

+08 +08 +08 +08001 08001 +08002 +08005

TABLE 31 - EFFECT OFAr WITH AZ = 0-625

(Nu

CONVERGENCE CASE I. PARABOLIC PROFILE. VALUES OF oe

TABLE 32 - EFFECT OF INITIAL AZ WITH M = 80

Az=0°625} 0°75 1-00 [Az=0-625 0-75 1-00

Z = 3-0 Z = 10-0

6+237 6-306 4-728 4.752

+08 +08 +08 +08

+08 +08 +08 +08

Z= 3°75 Z = 15-0

5*828 5*854 4-514 4-516 4-520

+08 +08 +08001 | -08004 + 08001

+08 +08 +08 +08 +08

Z = 5:0 Z = 30-0

5.418 5+473 4-375 4-375 4.376

+08 +08 -08001 | -08001 + 08001,

+08 +08 +08 +08 +08

Z= 7-5 Z = 120.0

4.965 | 4.976 4.358 4.358 4.358
+08 +08 +08001 | -08001 08001

+08 +08 +08 +08 +08
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M=80 60 40 30 20

Z = 0-625

23+36 23-07 22-49 21-94 20-83

+3831 +3837 +3854 +3876 +3935

+2709 +2706 +2699 +2686 +2646

Z= 5-0

5*894 | 5893 5-894 5 +886 5-871

+1040 +1039 +1038 +1036 +1029

+90240 | +09235 #09225 +09214 +09190

= 25-0

4-415 | 40414 4-410 4-404 4-389

+08115 | +08116 +08117 08118 +08123

+08050 | +08050 +08050 +08050 +08051

Z = 100-0

4°359 | 4+355 4-344 4-329 4-286

+08001 | -08001 | -08003 +08004 +08010

+08 +08001 | -08001 +08002 +08005

TABLE 33 - EFFECT OF Ar WITH AZ = 0-625

(Nu

CONVERGENCE CASE II. UNIFORM PROFILE. VALUES OF t

TABLE 34 - EFFECT OF INITIALAZ WITH M=80

fp
fs

AzZ=0 +625 0°75 1-00 |} Az-0 -625 0-75 41-00

Z= 3-0 % = 10-0

7 +306 ‘1 +636 4+906 4+943

+1544 +1848 08992 +09055

+1034 +1079 08459 08474

Z= 3°15 Z = 15-0

6529 6-645 4-602 4-605 4-609

1131 91346 08474 +08473 +084

+09760 09736 +08213 -08212 08208

Z = 5-0 Z = 30-0

5 +894 6-039 4-388 4-388 4-389

+1040 +1169 +08059 08059 +08057

+09240 +09312 +08026 +08025 +08025

Z= 7-5 Z = 120.0

5 +239 52259 4-358 4-358 4-358

09528 +09623 08001 08001 08004.

+08723 +08726 +08 +08 +08
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Table 31 gives salient parameters for the first (z = 0°625) and

typical subsequent steps. This shows very good convergence (less than

0O*1% difference between M=80 and 70). Table 31 may also be used to

give an estimate of the likely error incurred when lower values of M

are used e.g. to save computer time. Even for M=20, the maximum error

is only somewhat in excess of 2%

Table 32 gives uninterpolated comparisons only, and these reveal

somewhat larger differences, although they are virtually eliminated by

Z=15+0. Evidently it would be preferable to check with a still

smaller initialAZ, though in absolute terms, differences are still

small (0+5% in Nu at Z = 3°75). Incidentally, and not appearing in

Table 32, a run withAZ = 0+3125 failed to solve, showing the same

characteristic as the uniform entry restriction onAZ.

Table 33 reveals less good convergence than Table 31, though

the 1% M = 80/60 difference in Nu at Z = 0°625 reduces to 03% at the

second step (not shown). Comparing Tables 31 and 33, by Z = 100:0 the

two solutions virtually coincide. A more significant comment is that

Tables 31 and 33 imply that less analytical 'liberties' can be taken

with the uniform entry solution, a point already touched on.

Table 34 again shows less convergence than Table 33, especially

with fp, although by Z = 7°5 all differences are below 1%. Initial

AZ appears to be staare etitical factor thanAr.

Taken as a whole, Tables 31 - 34 indicate that convergence

errors are well under 1% for most of the solution field, and for a

parabolic entry profile in particular are almost negligible.

16.4.3 Stability

All evidence points to the solution (involving the Gaussian

elimination sub-routine) being stable.

A computation (suggested by Mr. GirlingTM) compared the matrix

* Mathematics Department, The City University
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coefficients with those obtained before back substitution, and this

proved quite satisfactory. Further, using double-precision variables

gave identical results. Finally, identical results were also obtained

using a sophisticated elimination procedure, standard subroutine GELG,

available from the University of London Computer Centre.

16.5 Energy balance

An independent check on convergence and stability is provided

by the energy balance requirement. Suppose (i) that the equation is

used as a check, and (ii) that the mixed mean temperature agrees

exactly with that calculated from the heat input. Since the bulk mean

temperature is a function of all U's and T's, such agreement implies

an exact solution.

From this study, the following results have emerged, considering

energy balance as a checks

(i) The constant wall temperature case has, in general, a very

good heat balance,

(ii) ‘The constant wall heat flux case with parabolic fluid

entry has a fair heat balance,

(iii) The constant wall heat flux case with uniform fluid entry

has a poorer heat balance.

Therefore, without a heat balance requirement, accuracy reduces

in the order (i), (ii), (iii), specifically near the duct entry.

It is not being claimed that the inclusion of the energy balance

is a guarantee of very increased accuracy. For this model, however,

it was necessary. But it seems arguable that for constant wall heat

flux it represents a better statement of the wall boundary condition.

Logically, the momentum balance can also be used as a check.

Although not so used in this analysis, exact agreement between pressure

drop and shear stress friction factors occurs when the velocity profile

is parabolic and developed (Table 31). This confirms the momentum

balance in one instance.
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Finally, Table 35 gives details of continuity and energy

balances as used in the Literature.

CONTINUITY | ENERGY COMMENTS

pee QorT| “Rorc |Ror | (WITHIN REFERENCE)
Rosen and . R R Momentum equation

Hanratty (34) used also.

Martin and

Fargie (83 Qa g a

Marner and T R

McMillan (38

Zeldin and .

Schmidt (36)

Manohar Q R Cc 1% error at Z/Re=0:2
(110 T R

Hennecke Q (4 1% general error
93 T

Bankston and
McEligot ( 103) R 1% overall error

Butterworth and Q Langhaar

Hazell (86 solution

Bradley and Q Continuity not full,

Entwistle (51) t satisfied

Worsge-Schmidt Q R Cc Discrepancies in
and Leppert iT R energy balance in

first few steps for

Q.

Lawrence and Q R © 1% at end of tube
Chato (33) £ R

TABLE 35. CONTINUITY AND ENERGY BALANCES.

Q signifies Analysis for constant heat flux

“a rs e a, vemperature

R * Requirement

c re Check

The first two analyses (non finite-difference) use both integral

continuity and energy equations. Perhaps it is surprising, therefore,

that while a number of the other (mainly finite-difference) analyses
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use the continuity balance as a requirement, none use the energy

balance. It is fair, however, to note that checks are normal with

constant heat flux, with 1% as a common criterion of error.

Thus the present analysis, with its constrained energy balance

for both Q and T wall conditions, does represent an improvement.

16.6 Semi-iteration

To recapitulate, at a given axial distance, the continuity and

momentum equations are solved (using temperatures from the previous

step to obtain viscosity and density) to give all U's, V's and P's.

The solution is then substituted into the energy equation to give

T's, These T's are then used for a fresh solution for U, V, P and

in turn a second solution for T.

This 'semi-iteration', therefore, is a check solution at a

given Z, due to temperature-dependent properties affecting the

momentum equations.

Semi-iteration is not needed for a constant properties solution,

but is most necessary when viscosity and density are varying, i.e.

for combined convection studies. The effect has already been stated

to be small, but Table 36 represents a study for the Lawrence and

Chato comparison, which had substantial velocity changes over a

relatively short Z of about 75. The second case is a double iteration,

giving a third solution for each Z.

Comparing the 2nd and final solutions for Case 2, fs and Nu

barely change, and U, changes little (at most by just over 1%).

Comparing the two final solutions shows virtual coincidence of fs and

Nu (about 0-1% maximum difference), but a slight divergence of Uy At

Z = 70 the error has become -0075 i.e. about 4% absolute, or under 1%

relative to the entry velocity.

This justifies the semi-iterative procedure for all but the most

extreme flow cases, and even then the errors are not unreasonable.
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16.7

CASE 1 CASE 2

ist Final ist 2nd Final

0+625 | 1°17037 | 1+16669 |] 1-17037 | 1+16669 | 1-16668

*18850 °19327 °18850 °19327 °19333

106-64 | 105-74 106-64 | 105+74 | 105-74

205 1+36483 | 1+35993 || 4+36487 | 1-35996 | 1+36011

°06623 °069614 °06625 °06963 *06970

22-808 22+683 22-814 22-688 22-693

10-0 1+50776 | 1+50589 |] 1-50860 | 1-50673 | 1-50684

06960 | +07036 |} -06955 | -07032 | -07032

12-517 | 12-513 1 12-512 | 412-508 | 12-509

50-0 66762 | +65332 || +67397 | +65994 | +66203

10716 | +10839 } +10708 | -10833 | -10837

9°5394 9°5341 ff 95248 9°5203 | 95228

70-0 + 20673 +18956 °21117 °19426 +19703

41955 +12022 °11934 +12024 °12035

9°7061 9°6927 96934 96806 9+6842

TABLE 36 - SEMI-ITERATION STUDY.

(v,

VALUES OF ( ce:
(aks

Case 1 - Usual

Case 2 - Double iteration

Philosophy of Comparison

The preceding sections deal with aspects of internal accuracy.

Here the question of attitude to external data is discussed. The

‘classical' progression has been followed, through adiabatic results

and constant property solutions to variable property problems. In

general, the aim has been to try to reconcile results of this analysis

with all comparable experimental and analytical data. In doing so

there is not the same problem which frequently arises when results of

experiment disagree with a (single) accompanying theory (as with Yang

and Test - section 16.1).
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Once the general reliability of this program had been demon-

strated, a comparison (in such a case of disagreement) usually showed

agreement with either:

(i) theory or

(ii) experiment

In the first instance, e.g. with Butterworth and Hazell's data,

doubt was ultimately expressed about the measurements. However, this

was only done reluctantly and with good cause, as with the heat

transfer results for fully-developed entry velocity (see Fig. 11),

where theory virtually co-incided.

In the second instance, the comparison probably indicated some

approximation in the theory. For example, the forced convection

experiments of Martin and Fargie were reasonably predicted. This

possibly suggested some lack of accommodation in the corresponding

theory of the substantial viscosity changes, just as initial comparison

with this work highlighted the need for a better energy balance tech-

nique. Finally, even with an admittedly approximate theory, e.g.

Rosen and Hanratty's analysis, results were not just dismissed, but

accepted on their merits as far as possible.

16.8 Conclusion

While consistent care has been taken with accuracy and

reliability, there is no real guarantee that accuracy for one problem

automatically gives it for another. However, within the author's

knowledge, the treatment gives good predictions in almost all contexts

attempted.
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17. GENERAL CONCLUSIONS

Eyed: Introduction

The complete equations for internal laminar flow in two-

dimensional cylindrical co-ordinates have been treated by a computer

program solving the finite-difference equations. Complete variation

of viscosity, and partial variation of density, with temperature are

allowed for, and an alternative program accommodates some additional

property variation.

The program in general has proved flexible and accurate, a

particular feature being the use of the stepwise energy balance as a

constituent equation rather than a check. A number of forced and

combined convection cases have been treated, some of the results

having already been published. The more detailed conclusions below

relate to both published and unpublished data in a logical sequence.

17.2 Adiabatic flow

Developing velocity profiles show some divergence near entry

with classic experiments of Nikuradse, but compare well with recent

empirical and theoretical data. (Nikuradse confirmed that certain

experimental details were not available). Pressure drops are somewhat

higher than predicted by some boundary-layer analyses, but more

consistent with the elliptic-type analysis of Schmidt and Zeldin.

Development lengths for low Re are compared with those of Friedmann et

al and Vrentas et al, but no consistency is apparent, this being

attributed to differences in the inlet boundary condition used.

The effect upon accuracy is studied of reducing both radial and

axial step sizes. Results for M = 80 differed little from those for

M = 30. However, a lower limit of 0-625 exists forAZ below which

program instability occurs.
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L735: Constant heat flux - forced convection

(a) Constant properties

Heat transfer results for fully-developed fluid entry

compare well with a number of analyses. For uniform entry velocity,

Nu varies with Pr (at constant Re) and results lie between those of

Martin and Fargie and Butterworth and Hazell. Results for Pr = 0-7

compare very reasonably with data in the literature.

(ii) Water/glycerol mixtures

Calculations of Nu are compared with analytical and

empirical data of Butterworth and Hazell. Constant property predictions

agree to within 15%, and allowance for viscosity variation increased

Nu by at most 6%. The rather inconsistent divergences of experiment

are reluctantly attributed to measurement difficulties.

(444) oi

Predictions of Nu, centre-line velocity and friction

factor give good agreement with A high temperature experimental data

of Martin and Fargie, despite the latter being for a sharp entry.

A-similar comparison for a lower temperature Boeke as good,
except for friction factor.

17.4 Effect of viscous dissipation

(i) Adiabatic flow

Comparison of Nu and pressure drop is reasonable with

Martin's predictions and good with experimental data of Hersey and

Zimmer, and Polak. Polak's postulation of a hot slip zone is

examined, but the concept of thermal instability is not confirmed.

(ii) Convection with constant heat flux

The effect of viscous dissipation is a small reduction

in Nu, and this is consistent with the experimental data of Martin and

Fargie, and Butterworth and Hazell in the previous section.
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17.5 Constant heat flux - combined convection

(i) Comparison with an approximate analysis

The completeness of the present analysis has provided a

basis for comparison with results of Allen's truncation method. Heat

transfer and fluid flow parameters compare well for the experimental

data below, and justify Allen's approach.

(it) Water

Developing velocity profiles compare well with Lawrence

and Chato's data, and wall temperature predictions with measurements

of Scheele and Hanratty.

(iii) Oi2s

Predictions of wall temperature (up to transition) provide

the first (and good) analytical comparison with a run of Kemeny and

Somers. Comparison made with three runs of Allen is also good.

(iv) Additional property variation

For this section of the work additional property variation

was accommodated within the program. The effect of this is found to

be negligible or small, igitas on both magnitude and sign of the

property changes with temperature.

17.6 Constant wall temperature - forced convection

(i) Parabolic entry velocity

Nu values (for given Pe) lie between those obtained from

the elliptic equation analyses of Jones and Singh. A comparison of

mixed mean temperatures, however, show a pleasing agreement at high Pe

with Jones. Comparison with boundary-layer analysis and the full

equations treatment of Zeldin and Schmidt is reasonable, and a study

of Marner's criticism of the latter's results shows that the problem

could be resolved by a consideration of mixed mean temperatures.
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(ii) Uniform entry velocity

Comparisons of Nu made with (a) Zeldin and Schmidt, and

(b) Manohar, and Ulrichson and Schmitz, are very reasonable.

(iii) Alternative boundary condition treatments

Several comparisons are made for the methods using (1) the

explicit wall thermal b.c., and (2) the implicit energy balance state-

ment. Apart from extreme entry, agreement is very close. However, a

reservation is that both methods appear to give rather low long-distance

Nu values.

ATT Constant wall temperature - combined convection

(i) Parabolic entry velocity

Comparison is good with the theoretical data of both

Zeldin and Schmidt, and Marner and McMillan. In the latter case,

however, good agreement of velocity and temperature profiles is not

reflected in a comparison of Nu, and specifically, their prediction

of a peak in Nu at maximum profile distortion is only partially

confirmed.

(ii) Uniform entry velocity

Again, comparison is good with a theoretical result of

Zeldin and Schmidt. A detailed comparison is made with an experimental

run (and theory) of those authors, which show that Collins's results

are closer to experiment for axial velocities, but not as close for

temperatures. However, this is in the context of possible preheating

of the fluid, which present calculations also suggest.

(iii) Alternative boundary condition treatments

Some comparisons are again made for the alternatives in

17.6 (iii) above. Agreement is very satisfying and, on balance, the

‘exact energy balance' method is preferred in this context.

17.8 Transition and instability

A study, chiefly based on observations of Scheeie et al, has
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shed further light on these phenomena, partly because their accompany-

ing analytical work was more approximate. for natural assisting forced

convection, a simplified version of Lawrence and Chaio's transition

parameter is found to correlate the data. ‘this is valid for upward

heated flow, with both constant wall heat flux and temperature. for

natural opposing forced convection, results are insufficient for

correlation, partly because of discrepancies in presentea data.

Comparison with the approximate analysis of Rosen and Hanratty

is reasonable ror centre-line velocity, but not as good tor distances.

However, Collins's predictions of these are probably more consistent

with tlow reversal observations. A limited comparison with the fully-

developed theory of Hanratty et al suggests that their predictions have

some validity even in a developing flow field.

17-9 Annulus

Initial adiabatic results are compared with those of Heaton et

al, and felt to demonstrate the flexibility of the overall treatment

in its adaptation to annular flows.

17.10 Accuracy

The various aspects of accuracy are felt to be satisfactory.

Convergence in general is good, and stability very good. The semi-

iteration procedure works well. The energy balance requirement is

shown to be a useful aid to accuracy, not fully utilised in some

current analyses.

17.11 Conclusion

The analysis presented here has been applied to a number of

laminar flow problems involving a variety of working fluids and bound-

ary conditions. In general it gives consistently good results, in some

cases resolving differences between theory and experiment. The appli-

cations have shown it to be flexible and of general validity and

reliability.
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apraduntr) Aquaved, Rence is ampotonk at high apeod, fer

Leing, vefewed Te oe Rinali Recling’ Howey it Raw weemtly

Aeem potilaled (2.9. Raf.7) as affecting faminar {Your Qeat

Tramster umder <trloin conditions, and Rence is included oy

dinedgius ik,’

For Rock Tramoler ath {Quid flow Te enthalpy AL’ is

aided lm preferemer Ae’, amd we now adect Me equation

occoninuli, ( olor Bayle, Owen 2 Tenor ( Rof.3) p's6).

Rewer + Lug, dabinilion

Renee anD Reet ie] DOP Ee Stee ee ee
Se oe plat 338) o

li

* Sas Par ( Ref.6) pp SB2-2ES for o SD Lactision |Vector anatpsis
end sakimadk of Lynsallon , comecponding Tix C/i)\o records
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dm Oe umitorm Yenencr Throughout Ale £buid Homer, add

te rho, ayy (= Peak eenerotion rate per nik volume),

Gi) Raddalion effects,

CONCLUDING NoT= ON EQUATIONS

Too cqpsalions (2 (4) Rave been devived from fist prriciples,

tnd the Limitations nelid were approprald. Ir a rember of

Rosie Quids eek (e.g. Refe.6,) te Bowie. in atwillan, Yui normed,
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only assumptions made are that Cp and k are constant, that viscous dissipation may be neglected, and

that p is constant except in the buoyancy term of equation (2).

4 Ueoie 0 “)
[Ove 4 Le 4 the) 45 duart eS a are +p (Ss at ye a 374 Hee

dy fou, Bwvs+e a a) (2)
(where + or ~ og holds for downward or upward flow respectively)

Spel Sue Sueno wm WwW

perse he) ae oS + 538 Be Bo lan Sy
Ou [Sve 4 OU,4 2 (Bu 4 or, (3)

vat a teed / SST eel var!
+ Man? = pCrlazt* 7” ar? * — a

The viscosity and density variations with temperature ee taken to be:

?

Fe eT Coley (5)

aa P= PrlG@ -Cst GT) (6)

In addition, the integral continuity equation may also oe used for a te solution, viz:

2. Boundary Conditions 7wR*U, -[: ZING Ue dr’ C7)
(i) Entry condition us, = Use uN 0 ee Po» aes =T,

(ii) Tube axis S Of OI’ —
a OS One

(iii) Wall flow condition,
'u,=0, vy =O0

(iv) Wall thermal condition, either (a) or (b)

(a) Constant heat flux Q = RA(2L) =
(b) Constant temperature ihe ys = i.

=Tp = <omt.

3. Dimensionless Equations

The above equations may be made dimensionless, using the parameters as defined in the Nomenclature.

Equations (1) ~ (7) become (8) ~ (13) respectively.

wv 4 +¥4W-0 (8)
2

eine 2s - + Cn iw 3vel +u2e = fee Coot] + §, [fea T can Cost OU 4 2 U4 2Y)
ae aE, 30. el (9)

VB UB Be pllertiear cathe LLBAe 2cah(23E BW » a (w + 249] (io)
oT 2 ake

veal + yee oa. (ttt + ey (11)
MFP (Cow CesT + CosT ) (12)
P=Pr(Cour Sets Set!) (13)
s-/ Uxde (14)

B2
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The boundary conditions become:

© Unl,V=0P=R,T=To

ai va=ost=0, 2-0

(ub U=o, V=0

Gh to 8 Ma iE)
>) T= Tp

4, Finite Difference Equations

The Above equatlona nay bo re-exproased uning atandard finite difference techniques, as applied by

forme 1, 2... Mel
Lawrence and Chato (2). The dimensionless radius 'r' is re-expressed an t= m1

ive. form= 1, r= 0 (axin), and for m= Mel, r= 1 (wall). H

This gives a rectangular, axial and radial, mesh, with suffices 'n' and 'm' respectively, Equations (8)
= (11) and (14) become (15) - (19) respectively, written inlinear form with suffix ‘n+l! representing the
unknown axial position to be solved. The (known) constants relevant to each variable are in square
brackets, ax are the 'known' right hand sides of equations,

(eee [ADEM Menace + ET Onel e+ E17 Umer aie [Unda Unacd | is)m=! ne hm.

i = TBR LTAES + BC nerTrrcd} Ht Van] n.mes fia {Ta Che 208) # BER mT}

Oar M® fr (2m-3)Yee lnm +[ gee {Te gece PCs Tane)} + Varn] Uren Pastas =
2

[ed e{6.Con# Tam Cort Cos Trm)f ~ Bess ~ Una + 2Uae [T+ Ty (Tan Trinil

Visine ee alan FARES (Nees ]— Yam Ty = PLTR (Tynes — Tae (Wasm Vos) 6)

ake (m=!)
[fe4 Tal2mi) a De Clr a amp iad F Vanesa a3 (ict bdaer Poa (emt—dm +3)

[BE Paeynen [BE] Prone + [38] Preymes [PE] Peaynen =[~ Coan 4 Qn Ta
an Re. dz*

+ Moses (Ta Tag -Taeum) Taf — PR, (Tae Tarn) (Uns Unns)] (17)

Tr = [Cort Trim (Cog + Car Trym) Ty = (Cox + 2Cor Tam)

[BVam + Fraketata] Temes * ORE + piae(2 rt gal] Toon

+ [SEBS — Bl Toeyes =[tans seemed oe tae) (18)
ame = Daren ULa LY mY (19)

mel mal

Equation (19) is obtained by applying Simpson's Rule to the integral continuity equation.
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The boundary conditions become:

» Vim =O, Pim =P, Tum =O

(ity Uny = Une, Vay =O, Pay = Pra, Ta = Tre

@ Gym =

Giiy Unjme =O, Vane =O

Gv) Tre = Tye +

() Trym = Te

COMPUTER PROGRAM

The computer program was written in Fortran IV, some of the techniques used by Lawrence and Chato (2) being

applicable, and the work was carried out on the City University's ICT 1900 Computer. For details of the

program see Collins (3). The program was in the form of 64 character punched cards; as will subsequently

appear, thia gave a high degree of flexibility in making program changes.

The basic method was to solve for one axial position at a time, Equation (18) was written for each radial

position, giving M-1 equations for the same number of unknowns, viz. the temperature profile. This w.

solved by a standard matrix inversion technique (Gauss elimination method - McCormack and Salvadori (4)).

Then equations (15), (16) and (17) were similarly written and solved, as 3M-2 equations (including equation

(19)) for the unknown U, V and P values. The next axial position was tackled, and use made of the above

solved profiles in calculating the fresh set of coefficients.

To eliminate writing errors etc. more easily, as much as possible of the program was written in independent

Subroutines (four in all). The two matrix inversions, for example, were carried out by'a single Subroutine.

These were checked as they were completed against simple Master programs, written for the purpose. By this

means, there were fewer difficulties encountered when the complete program was tested.

The presence of second derivatives of velocity and temperature axially, meant that there were three axial

positions involved, 'n-1', 'n' (both known) and 'n+1' (to be solved). After solving one step, the ‘old’

values at 'n' and ‘n+l became the new values for 'n-1' and 'n' respectively. When axial changes in

velocities etc. became small, it was advantageous to increase the axial step Az. In this program 2 may

be conveniently increased by doubling by causing old 'n-1' and 'n+1" values to become new 'n=1' and 'n'

values respectively. (The old 'n' values are redundant). This doubling may be repeated any number of

times.

LOCITY RESULTS

1. Introduction

The main output of the program for the adiabatic case was the series of developing velocity profiles.

These were obtained for a range of Reynolds Numbers between 300 and 2700, and, as expected, found to be

identical when plotted as in Fig. 1.

2. Nikuradse's Data

The best-known experimental data is that of Nikuradse given by Prandtl and Tietjens (5), and this is also

shown on Fig. 1. The results are virtually co-incident at the upstream end (about half-way along the total

entrance length) but increasingly divergent towards the entry.

A great hindrance to comment occurs here, as Prandtl and Tietjens give no experimental details, so a care-

ful search was made for the published or unpublished report of Nikuradse. Eventually, from a private

communication (Nikuradse (6)) it transpired that no such report existed, and that the original research

material had been lost.

3. Effect of Program Changes

In view of the divergences mentioned, it-was decided to investigate whether the program results were

reliable near the tube entry, and a considerable effort was made in this direction.

Consideration was first given to the integral continuity equation, which is replaced by a Simpson's Rule

summation. The accuracy of this approximation may be seen by applying equation (19) to the uniform

velocity profile at entry. For M = 30, both sides of the equation give the value 337.5. It was found, by

arbitrarily reducing the 3M2 to 330.0, that somewhat better agreement was achieved near entry, to the
a _

detriment of agreement further downstream. To complete the study, the Simpson's Rule was then replaced

entirely with a better approximation, viz. the closed 6-interval Newton-Coates rule of reference (7).

This resulted in an almost imperceptible improvement, and it was concluded that the Simpson's Rule (which

takes less storage space) was sufficiently correct.

The next attempt was to increase accuracy by decreasing the initial value of AZ, the axial distance incre-

ment, This is considered later in more detail, but for the present purposes was unhelpful.

One of the variables in the 3M-2 size matrix was Pups the wall pressure. If this were eliminated as a

variable, the number of equations required decreases by one, and two alternative alterations of the matrix

were made which took advantage of this.
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In the first alteration, the radial momentum

equation (17) for m= 2 wan dropped. This gave

increasingly meaningless results as the number of

axial steps grew. It was felt that this was due

to the omission of what was, in effect, a boundary

point.

In the second

equation (19)

alteration, the integral continuity

was dropped. This gave velocities

for the first two steps which were positive but

less than the entrance velocity, and from then on,

a large proportion of negative velocities, or im-

possibly high positive velocities. The conclusio

from this was that the equation (19) was essential

as an overall bound to the solution.

The last possible alteration was to the finite-

difference approximation to the radial pressure

gradient » written as Pm+1 - Pm-1 in equation
(27M)

(17). Alternative expressions covering 4 or 3

radial-intervals (instead of 2) were used where

possible. Again, this had virtually no effect on

the solution but equation (17) as written incor-

porates the changes.

The net result of each change was negative. It

does, however, serve to illustrate the flexibility

of the program and the finite-difference technique,

and the ease of changes using punched cards.

4, Other Experimental Data

The results in Fig. 1 cannot be reconciled, there-

fore, and in fact the reliability of Nikuradse's

data has been questioned by, for example,

Shapiro (Discussion Appendix, Campbell and Slattery

(8)). The present investigation appears to confirm

these reservations. More recent experimental work

has been carried out, by Reshotko (9), Pfenninger

(10), and Atkinson et al (11), and results are

plotted in Fig. 2, being directly comparable with

Fig. 1. Pfenninger's results are given, like

Nikuradse's, as a set of smooth curves. Over the

region of interest, Reshotko's data differs some-

what from the other results. Atkinson suggests

that this may be due to the difficulty of deter-

mining the exact entry position. The maximum

difference between the computer results and those

of Refs. (10) and (11) is around 4%, below z/Re

of 0.03, reducing to about 14% at 0.095.

Consideration of all available experimental

velocity data, therefore, leads to the conclusion

that the program results are reliable, and that the

Nikuradse curves close to entry should be treated

with caution.

5. Analytical Results

A large number of analytical treatments of this

problem exists, and no attempt will be made to

duplicate the discussions which may be~found in

the following selection of more recent papers:

Campbell and Slattery (8), Sparrow et al (12),

Hornbeck (13), Christiansen and Lemmon (14),
Schmidt and Zeldin (15). The first two pages are

modifications of Schiller's (16) integral tech-
nique and Langhaar's (17) linearization solution

respectively, and the others use finite difference

methods. Fig. 3 gives a comparison of the present

work with that of Refs. (8), (12) and (14); the
agreement is close.

As a general comment from Figures 2 and 3, it

appears that between Z/Re of 0.01 and 0.04, the

present work slightly overestimates the velocities
near the duct centre, and hence underestimates

them closer to the wall (but not at r = 0.9).

Thies implies that the velocity profile should be

somewhat flatter than in fact is calculated.

Apart from this, agreement is very favourable.
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EFFECT OF STEP SIZE ALTERATION

Work was carried out to investigate the effect

upon accuracy of changing both the radial and

axial distance increments. For greatest accuracy

in principle, each is made as amall as possible,

within che limits of computer storage and time.

For economy, the reverse applies.

1. Radial Increment

A convenient maximum for the number of radial

positions (M) was 30, and this required 21952

storage places for a typical program (Case I of

Table 1). For adiabatic work, temperature calcu~

lations were unnecessary, and it was a straight

forward matter to remove or change the card input

relating to these, again, incidentally, demon-

strating the ease of programming changes. This,

with all input unchanged, reduced the storage

required and time taken by 2% and 3% respectively

(Case II). Then cases were run with values of M

down to 12, and otherwise the same input. The

strong dependence of computer size and time upon

M was because the latter determined the size of

matrix, which in turn dominated the program.

Case M | Time (secs) | Storage

I* x» 745, 21952
It x» 722 21568
Ill 24 429 15680,
Iv 20 354 12416

v 16 146 9792

VI 12 72 7744

TABLE 1 Alteration of Radial Increment

* With temperature matrix in

The effect upon accuracy is small, and not dis-

cernible on a graph. Comparing Cases 3 and 6, for

instance, the maximum velocity differences are

about 2% near the tube wall and about 1% in the

centre. The latter is partly due to the error in-

herent in assuming the central velocity to be the

same as that at the first radial point

2. Axial Increment

Effort here was concentrated on finding the lowest

possible initial value of the axial increment 42,

since velocity changes were greatest at extreme

entry. Using a constant value of M of 24, a range

of AZ was tested, including a change in Reynolds

Number as specified in Table 2.

Case Initial AZ Reynolds No.

VIL 2.0 900.0

VIII 1.5 900.0
Ix 1.0 900.0

x 0.75 900.0

xr 0.5 900.0

XII 1.0 450.0
XIII 0.25 450.0

TABLE 2 Alteration of Axial Increment

In the standard case 7, the velocity profiles

decrease very slightly (from the central value),

from the entrance. With case 8, some of the

initial profiles increase from the centre. This

is accentuated, until with case 11, the centre

line values begin to oscillate from step to step,

instead of continuously increasing. As this

oscillation is up to about 9% in velocity, it



inplies a lower limit of dz for accuracy. It

should, however, be noted that these effects ‘die

out’ as the axial distance increases, and even

case 11 results in the same developed profile (at

the same position) as case 7 (maximum difference

under 0.1%).

The possibility of this effect being similar for

proportionately different Reynolds Numbers and

hz was tested, because the normal profile sets are

identical. Cases 12 and 13 were run and compared

with 7 and 11 respectively. In fact, case 12 was

somewhat worse than 7, and 13 gave meaningle

results along the whole tube.

This instability was not altogether unexpected, as

it is a major factor in finite difference equations
for transient problems (see Dusinberre (18)).

PRESSURE RESULTS

1. Radial Variation

The radial variation of pressure is rather weak,

as might be expected, and reduces to below 0.5%

of the centre-line value by z/Re = 0.005,

It has already been mentioned that varying Az

affects extreme entry velocity profiles; the

effects on pressure profiles are just as marked,

and it is less easy to draw correct conclusions.

Irrespective of Reynolds Number and dz the first

profile is always a descending one from the centre-

line value, The sharpness of reduction increases

as dz is reduced. Provided the instability con-

dition has not been reached, the profile changes

(at the next step) to an increasing one, which

quickly dies out, as has been mentioned. If, on

the other hand, instability existe the oscillation

of the velocity profiles also gives alternating

ascending and descending pressure profiles.

Because of this, the ascending profiles are felt

to be the reliable ones, and a typical example is

shown in Fig. 4.

A concluding point is whether the profiles depend

on Reynolds Number. Within the limits of the

technique and the range of Re investigated (300 -

2700) no significant trend could be discerned.

Commenting on Schmidt and Zeldin's results (15)

their trends may be due to the relatively heavy

differences in pressure profile at entry itself,

as compared with uniform profiles used in this

work.

2. Axial variation

The axial variation of pressure may be expressed

in terms of K, the pressure drop coefficient,

where:

7.219 OF

“6217

-.215

DIMENSIONLESS PRESSURE

f is the laminar flow friction factor, hence K

represents the additional pressure loss due to

entry effects. Non-dimensionally this gives

16: z.
op aK

Values of K are plotted on Fig. 5 as a continuous

line. No discernible trend with Reynolds Number

was apparent. As with the velocity comparison, a

selection of the more recent data is shown. For

fuller tabulations, see Refs. (8), (14) or (15),

which indicate that the value obtained is partly

dependent on the mode of theoretical treatment.

Apart from Sparrow et al (linearization of momentum

equation), the comparison is with other numerical

solutions.

When the flow is fully-developed, K reaches an

asymptotic value, e.g. the point data of Hornbeck,

and Christiansen and Lenmon, The latter, by

including some radial momentum terms (in the

equivalent of our equation (2)) obtained the value

of K shown, as opposed to a value of 1.015 obtained

when omitting the terms. It is therefore to be

expected that the pressure loss could increase with
a still more comprehensive solution.

The range of Schmidt and Zeldin's results is shown
as data (3), at a particular value of z . The

Re

K values overlap those of this work, lending

credence to the view expressed above, In addition

however, one or two reservations must be stated

Firstly, the fully-developed length appears to be

0.40 rather than abcut 0.25, and secondly a

definite trend with Reynolds Number is obtained,

The latter difference could be due to the same cause

as that discussed for the radial variation.

The overall conclusion therefore, that taking

all radial terms into account increases the pressure

loss. Finally, it should be noted that since K only

accounts for entry losses, percentage differences

reduce sharply when converted to total loss (e.g.

for Hornbeck, -6,3% in K, -2% in pressure loss).

TEMPERATURE_EFFECTS

A relevant extension of the adiabatic results was to

investigate the effect of temperature on the devel-

opment length (i.e. where the centre-line velocity

reaches 99% of its parabolic value). Four cases

were run (using upward flow of air) as described in

Table 2. Air properties were taken from Ref. 20.

(The contents of the Appendix should be noted.)
With a constant wall temperature, the heat transfer

to the fluid is larger at entry, but decreases as

the fluid temperature r: In these cases, how-

ever, the overall heating effect is small and only

tends to deter the normal developing process. This

it does quite significantly. Table 3 shows, as

Re = 1500
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might be expected, that the effect increases with

increasing temperature difference and decreasing

Reynolds Nunber.

case Reynolds Temp. Diff, Development

Number °C Length z_
Re

1 1500 2.0 0. 356

2 1500 5.0 0.413

3 300 2.0 0. 648

4 300 5.0 0.705

TABLE 3 Temperature Effects

FUTURE WORK

Apart from the main purpose of the program, in

investigating heated and cooled mixed convection

in upward and downward flows, the following

developments have considerable potential, and

emphasise the flexibility of the approach.

It should be feasible, by including appropriate

eddy and thermal diffusivity values (c.f. Ref. 19)

to adapt the program to deal with turbulent flows.

Secondly, the cylindrical co-ordinate flow field

is the same as that for a vertical annulus, and

with only a change in the inner boundary con-

ditions, comprehensive results for this important

geometry should be equally obtainable,

CONCLUSTONS

A finite-difference approximation to the complete

set of partial differential equations for internal

cylindrical pipe flow has been compiled as a

digital computer program written in Fortran IV.

The adiabatic velocity profiles have been com

pared with the experimental data of Nikuradse,

but give closer agreement with more recent data
near the pipe entry.

A study has been made of the effect upon accuracy

ot reducing both the radial step size from the

maximum obtainable, and the axial distance incre~

ment. A lower limit to the latter is reached
when instability occurs.

The case has been studied of the pipe-wall being

somewhat higher in temperature than the entering

fluid.

The flexibility of the program has been demon

strated, and its further potential discussed.
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APPENDIX

Further work has resulted in two improvements to

the treatment of the equations; they only affect

non-adiabatic results, and have been incorporated
to give the results summarised in Table 3.

Firstly, density variation with temperature has
been allowed for in the integral continuity

equation, The physical meaning is that density

differences are large along a finite tube length
compared with differences radially, and axially

from step to step.

Equations (7), (4) ena (19) become penetra

ie ae (7)
’

Com =co It ee (isa)
3M Cos

3
[em-0: Uney vam{Co, #, os CosTrai,2m

m=]

“ gEia]
+) [mrrriane {Cont Set anit 2am

wel 
(dA)

The second improvement was to use the output from
the temperature matrix inversion as input to the
U,V,P matrix. This removes the linearisation

approximation due to temperature in equations (15)
- (17). For example, Ty may be replaced by Tn+l,
and Ty-1 by Ty, respectively. Equation (19A)
includes this change.
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APPENDIX 4

Letter from Professor J. Nikuradse,

1970
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APP BOND. Le 25

Author's contribution to written discussion of two papers,

Institution of Mechanical Engineers,

5A 1972

5.B 1973.
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APPENDIX 6

Author's paper,

Institution of Mechanical Engineers,

1975
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Author's paper,

Manchester Symposium on Combined Convection,
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APPENDIX 12

Second extract from Post Experience Course Notes,

The City University,

1974.

(Reference List may be found at end of Appendix 1).
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LU ANNULUS ~ ANALYSIS.
Ll ANNV/WVS GEmMerey

Tee mnutis 40 a2 Hemp Tbh wphiidrcod wore ordinal,

Arti rmod eous appbicalion . The Das-LicbA LAGE eA a

Gh Hla inne Leda lin, seen atic, This wecher el Dre daccal

The The aris ada Loumdany condition.

The formalin af Me partial differential equations, renin

Snatonal amd Limit diflenomee forme comeopording te Mam, iv

Makicok Kr Ba Lorie Healmeak of couse. Te Reumdany, cond

i ae ;

QOEANG: ening, | V2" Uo, 5-20, p= Po, T’ =To”

Gi) AC iner el: wv,=0,0-=0

Bade dct a= Nghe const, C constant onl >
ar Q, = & (se = Kot. C constant React Stus,)

Ses +d 7 +22,

Gi) AC ulir aall: Ss = © aj =O.

ooieier ial = sliwa= ZOnrer.
TGs Oz - ) (30

Coomalank wo Azinp,)

eet
= Lost. eonsint Leak Lurcc)

(5) ANN
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Gi) U=O0,V=0, and ether T= Tn
or (OR TE 1) ee oe eT

‘RACs g/ Orrse

(i) SU=0,V=0, od 2th, | = Tw
or Qa= A(z) oa

VR4C5 ge) SO,
twit fot in teers

(ees > Sei nee =
Sag | 7 Cos +CosT 4 Cont ode Cl4) ANN

-

z

R

2

Sor Aremebrank dino’ y

a

\-Ick = (
cee?

Q

Coot we ule AC14 ) ANN

ILS Einirs- Direeeence QUANTITIES

Edm Lb, Qe Cimite diferenee, drowndaone comdiliona Leeome:

> Oym=l Vim =O, Ti m=O, P me Po.

G) Unainer =O, Va, ines =O,

An either Trym: Neti i
T Qe =or TaMinei = AMIN + Ler CS

A\2 (Hin Re
gi Un, MR} =0, Vr; AR+1 0)

elles tiaee Ta Meat = Two
ar pales = Tre ae Qa)

ae (aay h

JAAKQ.an CIHR 905 Zier Mi ga Uneirin +
-|

[m+ BE EUs ans G4) ANN

a

m=!

The finike-diferemce radial meak spacing, Mak Tis

wept dv euplained om the foWswing page c.£. Re, Te care. |:

* TRir vopreamts Ae origina form (at) a acd uit, the Tide!
ee sol, CC) 2/51 toctnele)
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FIGURE A TUBE CASE

m= 2 3 m M-1 M M+1

r=0 1/M 2/M m-1 M-2 M-1 i

M M M

EQUN. NO. 1 2 m-1 M-2 M-1

where r = m-l, and equation number is for temperature matrix.

M

FIGURE B ANNULUS CASE

Here, the old tube 'M' becomes the Annulus 'MR', and at

the inner wall m = 'MIN'.

MAXR is defined as MR-MIN, and KR = MIN.
MR

For a valid use of equation (19) ANN,MAXR must be even.

INNER OUTER

WALL ts WALL

m=MIN+ 1 MIN+2 MIN+ 3 n MR-1 MR MR+1

r=RB MIN+ 1 MIN+2 m-1 MR-2 MR-1 1
MR MR MR i MR

EQUN.NO. 1 2 m-1 MAXR-2 MAXR-1

S08
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Ud Peogeay Al TERATIONS

Dew Sockion,

This 0 amalorous Te Abe Take provram, Qoucept Mek iSUNU

ole Les Tire values | ~squone, 2~ adibalic deelop moc

(dower, world Le oa Biraight fora maller te Rese ISUNU

=S Sov the fWl developed adiadalic Laminar profile ~ see Ref,

o) ,

Malrie

The wumker of equations forthe T and U,V, P mabrices ane

Ale rome, provided Mat am <nner urall comdilion is defined

for the presse.” Baoicakly, the aulsonipts for te lms remain

the ams 08 Lefres uhere a value of Ake radine, and hence

‘wi We dnwrhued in Ae colembalions, Min must Le imertastd Dy

MIN, a8 Aw the Fiquae om C)3/75 Tuke we? Leeomes ommls

Mm + MIN,

The onlin borindany condition is the name, except th, or

Cramphe,, the tile iFTOQ Lecomes the amudus iFTOQ(2). Howe

oer, The Lands peerleging He immer wold omdeny conditions

Rave tebe cLanged.

Apart trom the aleve, ond uth te prove thet Me par

A This veplaces The Tike ata condition Pri = Pad unt He nor

ral) condiliion Prya~Pryi=Pug-Paja 1.0, contd piersune qproduiic,

TR is quid comoisir orth acum Tie reo,

=309 =
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ymin. ay for Ae CUR, versing, copter only al preetnt, He

comers in Arkndiall, ee devehopmet ot th Le” prowyram.

Hower, ore or Anos aie eventeds An The tube prouriin

An The amnndlus verviiow,

THe proyeun prinl oul in oliret, 4d Bite 0b Sackion

ILO. A detaiked explanation is not gprer Lowever, ot Ie

eh(eds mou ke deduced Jog comp uridon ath the <smespond-

ng, Pas An Aha Aube program. It wght fe metered Tot th

Nauaalt Number (conde Ad3SIO and A3400) ane att oh gure or

he obadolic imestigalion srlar wade.

Wd 2 Pots aie 1 . 2 ‘i
THe. Ung dale for cack wun Tepid O WAcnninin om Co LE

rads, ad LelouS

Caen | (Dito
TLAST Tota numer of maid poailions.
KLAST — NumPer of Times AZ ty doubled skmst Le tle same os le

minder oy tnBgera won, Kandh é-,
MAKR, The wmumbber of radicl poduions. ‘
MR Madcimuan vee of ‘min He $luid field (See Pied

C[3]7S5 uw Roe RS (M2-HAxR)/HR) ;
ISUNU Fly waiter veloc, pele ;= 2, adiabalte dartioneds
IETOQLI) Lamer Qoundamy Wenial choice =, Timp; = 8, Root base
FTOQ OD) Astor alee, ti onder Loundung cheiae. 7

CA 20 Numa

COL - COS Tompenitioe dopendat property, vanahles.

Mi cOG Properta, voriolle.
digs ~

GNUHBR Dimensionless Group Catmling, / ;PENTRY Dimens Lerkror i eas i oa 00, &.9,
8910 =
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DELTZ The initial valleot Az

PRNOTL Prandtl eer ie See NomocDatare

ee oe
LO) TRE number oe aupe AG shiek the dlep 1d douted

K vars bom 1 te KLAST.

CAR (Reo Nun bes)
5 Deo dan Oma mragmatiad or UPD RDN, Rare Le

RATioD Ss, be ees dani valior Pm,/o0 -

CARD © (Real Ni

ae ZBARX pe ere Rompte arRon 1SUNU=Q,
te re Ar AS omdted.

CARD 7 (Rea Number

TWALLLI) ord T Sa founding, condilion. ) ‘FTPQL)HFLUX (1) 3 ges IF TAQ4)
|

ae

Aare (Beak Ny

TWA i et Ontir wall Lowndang condition Si=T9Q(2)=|
HELOX (2) Litte@ (2) =2

12 ANNULUS -PROGRAM

FURITKAN CUMPILAITUN BY %X7ME MK SD DATE CbsU97/2 Tiht Us.52.4>

LIST(LP)

PROGPAM(CULL bPotee)

LNPUT 1=CRO

UUTPLT 22. Pu

TRAUE 9

cN)D

| TR salroduekony, AD ja ve Qe Ter We Tw coupler

- 311 =



Ls)

hASTER CALL

CUMSTWEU CANVe TIUN IN ANNULTI

KeAL mTwh,4UNE,NUSSLT(2)

€/3/79

DIMERSTUN UCS, £5) VOS, 5905 T(3,50),P65.51), ACEH, Ob), BUOY) X41 (49)

1X2N08K),0610), 17 TIN(2), TWALL(2)-HFLUX(2)

CALL LTIMECLSEC1)

4 MEAD (1,2) (LAST, KLAST»MAXRoMR, ISUNUs (CLF TOG(1), 21,2),C01, 02,000,

1004,C05,CU45,GNUMBR,PENTRY.VELTZ,PRNDTL,RYNLGS

2 FURMATCAIDS/FIU 0.61764 De F 25,220 F 1G eA SoU. S/F QU. 1 F FIDO FD. 1D

MEO QR 1a tia gk fiery 4)

ih, CTCAST.LT.U)STUP

REAGCT,12) (00K) Kel, KLAST)

ne FURMAT (1013)

ReAG(1,3)$,RATLIUD

3 FORMAI(F4.1.F14.4)

WRITE (2,4)S,RATIO!

4 FURMAT(1H1,5H S=-r5.2,2¢H * SIGNZUP,~-

Tob 9.6€)

GU 10(15,15),1SUNU

1S vU 14 MB1.2

LrTUY T=, FINU(M)

GU 17(5,.8),1F1Na4

> KEAUC 1,6) TWALLOM)

° FURMAT(F10.1)

WRITE (2.7) TWALL(M) :

/ FURMAT(1H ,25HCUNSTANT WALL TEMP, THA

GUETO a

° ReAi(1,9)HFLUX(M)

9 FURMAT(FIU.1)

WRITE (2,40 )HFLUX(M)

LL=,F612-3)

FURMAT(VH .25HCUNSTANT HEAT FLUX. HELUX=,412.3)Vo

a LUNTINUE

V4 CUNTINUR

gu T0¢15.6%),1SUNU

aD, WRITE (2,109(L¢0K),K51,KLAST)
16 FURMAICTH ,16H VALUES NF L(K)./4(714))

WRITE (2,47) 1 LAST,» MAXK,MR,CO1,CN2, CUS, 004,609,006. RYNLUS, PRNUTL,

VENUMpR,PENTRY

SIGN GH. 15h LENSITY RATIOS

vu

+00

Vid

12u

150

140

150

160

170

1900

164

toe

1¥0

200

21u

ee

eo

240

Zou

eon

260°

27

2ou

290

ou

o1u

Seu

J3U

O40

Jou

o6u

o7u

371

sou

390

4uu

410

47 FURMATC1H «7H TLAST#+1lo.6H MAXRSs]004H hha, 1e/dH COTE,bH.6,5H COes4z2u

VAbAS.1005H CNS6+F 214618,5H COGEF9.0,5H CUS5=619.6,5H LUGE A5-107 400

7GH RYNLUS=,F10.5, 4H PRNOTL=,F6.6,8W GNUMDRE,111.2,60H PENTRY=>F 4.5) 440

GU 17 (26,29), 1SUNU

eu REA (1,21) ZBARX

24 TURMAT(E1!,0)

WRITE C2s22) 2RARX if
ee fURMAT(1H ,24H ADIABATIC ENYRY LENGTH=,F 40.0)

DU 26 M=41,2

PWALL(M) S00

HELUY(M) eu.

2s CUNTINUE

26 QU Sh M32,MAXR

Ut, h)E1.0

UC2,¥)5U(1.m)

VO1,F)5U.0

VO2,N)2060

Td,

Th2,M d=

PC2,K)=PENTRY

$e PC2,¥AXR41) SPENTRY

NIN=SMR-MAXR

AMAX

UMS

ZBARE!

TTALL Yeu

= 912

450

4ou

4/0

4oU

ay

Suu

oiu

D2u

221

53u

D4uU

pbuU

560

570

bbu

D90

ou”

610

620

OSU

o4u

650

o6U



O06

101

Vue

Vio

7)

-O/NeLIZewe

-O/7(PRNOTL#RYALDS)
FUNC4 FDPRRE/DELTZ

SOM2=XMAXHe#27°.0

HALE M=XMAXR/2 ou

BUZMEXMAXR/12,

UUZMEEDUZMHO.U

FMSQ=SOmM2*NPRRE

HAXTEMAXR=4

AXP =MAXK4+1

UU 161 [21.MAXx1

DU 101 Yet. MAXi

ACT, J) 50.0

FUNC2=DPRRE#(4,u#SOMZ-DIZSQ)
HU 4P2 131,MAxK1

112141

BCTIECCUCS+ 112-2. 0 @FUNGt HT (2,14 4FUNCT OT 646 11) /PELTZ
XLS14MIN 7
ACTS 11) SHALE M#V (2.11) #FMSQ0(14.U-2,U8(X1+4.U))/Xi
aO1,1)3UC2,1+1)/DELT2+FUNCe
CUNTINUE

UU 1d [=2,MAX’

XLS] s14+MIN

ACT 1-4) SFMSQH(S,0-2.08X1)/(XI-4 60) “HALE HOV (Ge, 141)
XMINEAIN
FUNCZSHALEM#V (2. MAXR) #FMSO#(1,0"2, O#XMAXK)/(XIAXRe4)
IF TOGoeIFINUCe)

SU TO0(1U6,107). IFTOOb

8(MAY1)=BCMAX1)-HFLUX(2) @FUNCS

ACMAY TS MAX4)=ACMAX1 + MAX1) *FUNCS

GU Tf 1u8

ECMAY 1) =R(MAX1)~TWaLL (2) #FUNCS

FOF MSQ#( 16042. 0#XMIND/CXMING1 60) HALE HOVO 222)
TPTUGAFIFIOG(1)

CU TO(103,104),1FTUQA
OL) EOC 1)“ FSeTWALL OI)

GU TRH 109

oU4) Eb 01 PF aeHELUX(T)
AU1>4)5A(101) 464

CALL MATCMAX1,A.B,X1)

DU 9t M=1,MAX1

X!SCM)ETC1,M44)

HMASMAKY+M

X2(MAIETCO,M41) ~ .

TOL, B+) ET (2emMe1)

TO2.é+4)=x10M)
CUNT NUE

UTWO720.5/NELTZ

WIVZF1 U/LELTZ

NAXS2=3eMaXR-2

HAX2452#MAXR=1

MAX2E2uMAXR

HIMQ=zuTZSG-4.usSOM2

UIVRE=1.0/RYNUDS

NUNc = SOM2eN TL VRE

UPIRDNES#RATIUD/RYNLLS eo

UP{SUPIRDNS®GNUMDR#CU4

UP2SUPORDNeUOS
UPS=UPORDNeCO6

VIVRE2=2.U/RYNLLS

LIVRES=DIVRE*DTZSyQ
DIVRES=HALFM/(DELTZ*#RYNLDS)

UO 140 [Et MAXSe

BCT)=u.0
—a9G

UD 440 JE1,MAXS-

C/3/80

v1

Te

Ts

Ta

see

TO

U7,

670

600

090

70

740

ay

75uU

76U

779

780

790

600

B10

Beu

330

640

ody

66

670

671

060

890

900

910

920

9Su

9S4

94u

you

yoo

970

96U

990

u9ot

994

992

993

994

1000

1ot0

“1020

1030

1040

1050

1060

1070

1080

1090

1100

1140

1120

1130

1140

1150

1100

1170

1180



Viv

ane

16

VWs

Ty

att, 150.0

O(MAXS2)=U./5#SUM2@ (1.0 CXMIN/XMAXR) O@2)

BIMAX?]4 SUTWAZ#(UCZ,MAX1)*U(2,MAXR) )

GOMAX!2Y)5U( 252) #UTWUZ

ACMAX24 »MAXS2>1 ) SUTWOZ

ACMAX 24 »MAXS2) =U THUZ

ACHAY’Y?,MAX2) =DTWOZ

ACMAX21MAX21-1)=-XMAXR

ACM ay?) sMAX21)=XMAXR#O2/ (XMAXR-4 0)

XMA=YNING1 OU

XMREYMINe2.U

ACMAYS, MAXPT)=XMAXR®XMYB/XMa

ACMAY1T=1,MAX191)5-01VZ

ACMAYT, MAXI) E9L

ACMAYR,MAXR@2)=HALEM

AUMAYR, MAXP) zeHaALE

ACMAYP1,1)=HALEMH 2

ACMAYP1,2)=-HALEM#4.u

ACMAYP4,3)5HALEM

TALPE O1+(Cie+GUS#T (2,2). #T( 2,2)
TRETA 242. 0eCU3eT(e,2)
vb T00412-111).1F fuga

TWALL C1) 576252) *He LUX(1)

GU 190414.413),1F [Ub

TWALL C2)57(2>MAXR) HHELUX(Z)

TUNGEIRETAM(T(2+3)-TWALL(1))
TIWOSTBETAR(T(2,2)-161,2) )#DIZSG
VUNEZ=HALFmeV(2,¢)

TEOUPETALPHA#(2.0#XMIN+S.0)/XMA

TSTX=1ALPHA®DIZSQ

AUT» MAX241) SMUNE#(TEUUR’ Je 5e@TONE)-VONE

VUNEFUIVZ#U(2,1)

ACT, MAX2)=D1VRE#( TALPHA*MTWO4+2. O@TTWL)

"UONE

ACMAYH 4 »MAXP141)=MONE@( TF OUR+TONE) -VUNE
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1190

1200

1220

1250

1240

1250

1260

1270

1260

1290

1291

1242

15900

1510

1se0

1350

ood

1370

1580

1384

Ai $62

1365

1564

1$9u

1400

14410

1420

1400

144uU

1450

1460

147U
VARI TETALPHAS(i11Z50-¢,u#SQN26(2,0eXMiee2~4,UeXMB+S.0)/XNAweD) 1480
AUMAYP4 + MAXP4 )-UIVRE® (VARIT#T TWO) -UDNE

1490SUNEEV(¢2,2)8(-UC2.2) #DIVZ+LIVRE#(2.0eTSIX+TIWD) ) 1500
STWUE-DIVRE® (VC i. 2) #TSIX*HALFM@#DELTZ#TTWUSUC223)) 1510
vo (MAYXP4 2 290NE+STHU 1520
UPORTN2Z=UPT+T(2-2)8(UP5#(2..0@T(2s2)"T(1-2))*UPZ) 1550
BUNGEUPURLN2=)1VZ#(P62,2)+U( 262) ##2)-U64 22) @TALPHASDI VRE, i240
BTWUSUIVRE? #UC7, 2) eC TSIX*TTWO)-DIVKESOTQNE®(V(2,2)-V61,2)) 1550
BUT) esOWE*BTWU 

1560
TALPHASCO1 + (CO2+CUS#1 (2, MAXR) #7 (2,MAXR) 1570
TOET 1U2+2.08° U3#T(2yMAXR) 1560
TUNES TRETA#(TWALL(2)-T(ZsMaX1)) 16030
TTWOFTAETA*(TC2,MaXR)“T(1/MAXR) @DIZSQ 1640
VUNEZHALFM@V(2,MAXR) ig 465U
TTHREC=TALPHAS(XMAXR=4 4) 1660
Tr OQUPSTTHREE® (3. 0#XMAXR=-1.0) 1670
TRIVESTTHREES(? .0#XHAXR-5.1) 

1680
TSIX=TALPHAMDLZSO t 1090
UUNEEUIVZ#II(2,MaXR) : 1760
ACMAY1, MAX32-1) =MUNE®(TFIVE<0.5¢TINE)*#VOKE 4740
ACHAYT MAX32) = [VRE ®(TALPHA@MTWO%D. OOTTWIi) -ULNE 1720
ACMYAYR, MAX21-1) =MUNE® (TF IVE=TONE) +VONE 17350
VARTT=TALPHA®*(T1ZSQ-SUM24(4,0%2,0/(XMAXR-1,u)#e2)) 1740
ACMAYR, HAX21 )SDIVRE®(VARIT*+TTWO) =UUNE 1750
OUNE=V(2,MAXR) #(-UC c+ MAXR) *#DIVZ+DIVRE®(2,0#TSIX*TTWO) } 1760BTWO=-DIVRE®(V(1,MAXR) #TSIX-HALFMBUELTZ@TTWUSU(2,MAX1)) 1770
G(MAXR)=BUNE+H TWO , 4766
UPORTASSUPS*T (2, MAXR)®(UPS8(2,08T(2,MAXR)-T(4.MAXR) ) +UP 2) 1790
SUNEEUPURUNS-DIVZ@(P(2,MAXR) 1600
14U(2,MAXR)##2)-UC1,MAXR) @TALPHASDIVRES 1810
HTWUSUTVRE 2 #U(2,MAXRI #CTSIX4TTNO)

Ss RES |

182u



120

PrUTVFe4®#TUNE#(V(2,MAXR)-V01,MAXR))

OMay1)=BUNE+B TWO

WAXRISMAXKSS

LU 445 1=41,MAXRS

MAX 14 =MAXeel

XLelemMIn

VAR} e2e(MIMNe] 01

HAXID=MAXH#L

AME Le eceMIN

XAq=apeqeMN

AX [S=MAXP1 41

HAXTS=SMAX2141

syeted

lesisve

ldzies

SCMAYI4 DSU TWOZe (UC ee 12)4U02,11))

ACMAX IT MAX1194) S0TWOZ

ACMAYI1,MaXI1)=2DTWUZ

aCMAy Lt» MAX12)=-XMAXR

nm CMAX 14) MAXL2* D=XMAXROXM/XM4

A(MAX13, 1) =0NZMo

ACMaX1 3,12) =-UNZMd

&(MaAX¥13-15)2002M

AGMAYI3441,1)=-0UZM

ACT, ])=-DIVZ

TALPHASCO1 + (SUF +CH ST (2,12) )eT(2.12)

TBETA=CU2+2.9eCU3eT( 2,12)

TUNES TRETAM(T(2,15)-162,11))

TIWUSTRETA#(TC) 12971041212) )#DIZS0

VUNESHALFmev (2,12)

TTHREGSTALPRA/XM4

TROU THREE* (VARI 42.0)

TEIVE=TTHREE#VARI

ToIXeTALPHA®DIZSO

ACT1,MAXI4)=MONE* (TE IVE-0.5eTONE)+VONE

ACT1,NAXI4#2) =4UNee(TFUUR+U,5S@TONE) -VONE

ACMAYL3,MAX12) =MONE#(TFIVE-TONE) *VONE

ACMAY13,MAX 1242) =MUNE#( TFOUR+TUNE)-VUNE

VUNESUTVZ*U(2,72)

AUI1,MAXT1 DSDLVRE@( TALPHA#MTWOF2.04TTHO) -UQNE

VAR TSTALPHA® (11 ZSQ-SQM2#(4,042.0/XM1 082) )
ACMAX IS. MaXL3)=0TVRE# (VARI T*#TTWO2-UUNE

BUNERV(2.12)#(-Ul 2,12) e@UIVZ+DIVRE@(2.06TSIX*TTWL) )

bIWO=-DIVRE®(V(1,12)®TSIX*

VNALFR@DELTZ@TTWU*(U(2,13)-UCe.1199)
BOMAX IS) SacONESP TW

WPORPN42UP49+T(2,12)8CUP3862,08T(2,12)-T61,12))+UP2)

SUNG EUPURINA-DIVZ#(P(2+12)+U6 2212) #82)

1-U(4,12)%TALPHAeDIVRES

OTWUSUIVRE2eU (2,12) *#(TSIX*TTHOI =

VDIVRE4#TONE@CV(2212)°Ve1,Te2))

3011) =RONE*oTWO

ACHAYR#2,725007M#45,0

ACMAXR+2,2)8D0ZM

ACMAX21,MAXR= 3S) 20.0

MHALFEMAXK/2

DU 420 M=41,MHALF
M1 =2aM4MIN=14

MeeMAX21424M-1

ACHAXS22MZ)=M1

NAL 4 SMHALF 34

BU 421 M=1,MHAL1

XM=M

MISHA A214 28M :

AUMAXS2,M1 0 EXM4U > #XM EN age _
CUNTI SUE TN
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1650

1540

1850

1860

18670

1660

16990

1900

1910

1y2u

1930

194)

1950

1960

1970

1960

1990

2uue

2050

<U4o

2050

260

2070

<us0

2090

2100

2110

2120

2130

2140

2150

2160

2170

2190

2190

2200

2210

222u

2230

2240

2250

2260

2270

2260

2290

2500

2510

2820

2550

2540

2550

2560

23570

2350

2590

2400

2401

2410

42420
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HU 9R M=1,MAX1 2430

Tt, #4) =x20M) 2440

HAZMAX1 4M : 2450

T02,¥44)=X2MA) 2460
95 CUNTINUE

CALL MAI (MAX3S2,4.15,Xe) 2470

MAX =EMAXR=4 2460
UU 400 ME1,MAXF 2490

TOS, N44) ext (MH) 4 2560
PCS, p+4)=x20M) 2510

HASMAXR+M 2520

VO3,h +4) =X20MA) 2540

NOsMA+MAXE 3 2540

UC3,P*1)5X20M5) 2550

4 GOCUNTINUE 2560

PC3,MAXK#1)=X2(MAXR) 2570

UC3,4)50.0 2580

V¢3-4)20-0 2590

103,403 TWALL G1) 260U

PU3,1)25P(5,2)42.9-P(5,5) 2619
SUMTeU.0 $$00

WU 130 MES,MAKR 3310

XMEMeMIN SS2u

SUMT=SUMT*(XM=1.9)#UC3,M)#T (30M) $530
V3u TMEAR=SUM1 #2. U/XMAXRO HS ; $540

NUSSLT(1)=0.0 A3390
NUSSLI(2)=0.0 AS400

PIALLYSITALLY +) $410
ZBAR=ZBAR+DELTZ 3420

WRITE (2,149) DELTZ,ZBAR 3430
— 14UFURMATC(VH 47H DELTZ=4F10.6,6H ZBAR=,F 410.6) 3440

MRTTE (2,14) 1 TALLY, TMEAN, (TWALLOM) 2M=1,2), (NUSSLT(M),HME1,2).(U(3,M545)

12,M=22,MAXR) 3460
141 FURMAT(IH ,7H TALLY=+]4,7H TMEANS,F41.2,0H TWALLS3,2F11, 2 $470

19H NUSSLTS3»2F+0.5/44H AXIAL VELOCITY+RADIAL VELOCITY» TEMPERATURE, 54380

Z9HPRFESSURE,/(12F 11.5)) 3490
WRITE (2,142)(V(5.M)>MB2,4AXR) 3500

142 FURMAT(VH 412FiU.7) $510

WRITE (25143) 0T650M) +M32,MAXR) F 3520

140 FURMAT (1H 412k ited) $550

MAXR4SMAXR#1 5540

WRITE (2,194) (P(5,M),ME2,MAXR1) 3559
144 FURMAT(1H .12F1U.4) , $560

Vr CILAST~1TALLY)4°0,400,200 J570

200 CREL CK) ITALLY) 219,215,205 3560
202 110 240 ME1,MAXR a a $590

UG4 Md RUC2.M) 3600

VO1,M)eV(2,4) 3610

TO1,M)ST( 20M) $620
240 CUNTINUE 7 363g

GU Tr 220 $631BaoiKaks4 
$040

DELTZ=2,0#DELTZ ; 3650

22U JU SHU MF1,MAKR Sou

UC2,M)2U(3,m) : $670
VO2,M)aV035.M) $660
TO2,MIET( Som) 3690.

$00 CUNTINUE $691)

DU $5U M=1,MAXR1 S760

P(2,M)=P (50M) S710
$5u CONTINUE : 3720

SU 10(6u,570),1SUNU 3724

O7U LEO ZPARXTMZBAR)(u.15700 3730

490 GU 70(440.410).1FTUQA 3740

44U GU 106440.420), 1FTUQe - 316 - $750
42U THARE2, U4 (HELUX (4) +HELUX (2) ) @XHAXR®(ZBAR-ZKA #LPRRE@RATIO“ 370i
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WRITE (2.439) TRAR : 3770

430 FURMAT(1H 20H THAR=+F 42.2) 3780

440 4RITE(2.450) 3790

45u FURMAT(1H ,12H ENU OF RUN.) 38u0

CALL ITIMECISE%2) $810

ISECEISEC2-1SEC1 9820

WRITE(2,460) 11SEC $6350
4oU FURMAT(1H ,OH TIMF2,16,4HSEC,) $840

COsTCH4 3350

END 35600

END Qt SEGMENT, LENGTH 2552, NAME COLL

SUBROUTINE MAT(N,ALY»X) $090

DIMEMSTON A(88,38),Y¥(88).X(29)
5 NEN=4 5110

QU 40 Tet.M $120

Late $130

Nu 10 JeLLN $7140

Tr CA(J,1),80.0.)6UT019 3150

6 UU & KEL,LN 3160

6 ACI HISACIARIPACTKIGACSSI)SACI ST) 9170
YOM ENCIIRN CTI HAC, LIZACL ST) ‘ $180

10 CUNTINUE f $190

KONDEY OND ZAC NON) S200
YU gC 134. o21u
KeN-] 3220

LeKe4 $250

bu ae JsL.N 5240
2u YOK) EY CK -X(CJ) HACK) $250

XCKYEY (KY ZAC KOK) 3200
3u CUNT INUE : : $270

RETURN 3260

éND E 3290

END OF SEGRENT, LENGTH 248, NAME MAT

There ib ne Ting call Subroutire necked amg tcth thin compuler

Se.
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wall area

constants defined by equation (5)

constants defined by equation (6)

= C1+CyT9-C4T4? Coy = Cy-C5TO+CgTS?

= = 7 =

as (C9-2¢374) 605 pao co wa
: &

= -€3/62.57 C96 = C6 /C52.6

specific heat of fluid at constant pressure

a R3g (dimensionless)
2

Ya

acceleration due to gravity

thermal conductivity of fluid

number of radial divisions

radial and axial positions

pressure

= p-Ppo dimensionless pressure

Ondo”

=A Qn Prandtl number

wall heat flow rate

tube radius (equivalent) = R9-R,

S vz-Rom Reynolds Number

erie
radial co-ordinate

= r//Ry dimensionless radial co-ordinate

temperature

= G.C,(T!-To! ), dimensionless temperature

= v,/U5, dimensionless axial velocity

radial ‘and axial velocities

= U,/U,, dimensionless radial velocity

axial co-ordinate

= z//R, dimensionless axial co-ordinate

dynamic, kinematic viscosities

density

property reference point, equations (5), (6)

mean value

entrance condition

wall condition

radial, axial directions

= 216




