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a b s t r a c t

State estimation of linear time-invariant (LTI) systems by using a network of distributed observers is
studied in this paper. We assume that each observer has access to a local measurement which may
be insufficient to provide the observability of the system, but the ensemble of all measurements in
the network guarantees the observability. In this condition, the objective is to design a distributed
state estimation approach such that, while the observers can exchange their estimated state vectors
under a communication network, the estimated state vector of each observer converges to the
state vector of the system. We consider a scenario when the communication links may fail and
rebuild over time and the communication network does not stay connected constantly. Accordingly,
the main contribution of the paper is to propose a distributed approach (with guarantees on the
feasibility of the design) such that the state vector of the system is estimated by each observer if the
union/joint of communication links in bounded intervals of time makes the network communication
graph connected. Moreover, we also consider a scenario when the LTI system is subject to external
disturbances and measurement noise. In this case, we derive sufficient conditions on the proposed
approach such that if the communication topology stays connected during links failure, a desired H∞

performance to attenuate the effect of external disturbances and measurement noise on estimation
errors is guaranteed. Simulation results show the effectiveness of the proposed estimation approach.

© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

This paper deals with the state estimation problem using a
etwork of distributed measurements. Suppose that the output
f a dynamical system is measured using a group of sensors
istributed across N nodes, where the nodes are connected via
communication network. We consider an observer at each

ode, and assume that each observer only gets access to a local
easurement and the information from the neighboring nodes.
nder these conditions, by properly designing the observers,
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we intend to estimate the whole state vector of the dynamical
system at each observer. This problem is termed by the distributed
estimation problem.

Let the measurements at different nodes together monitor a
linear time-invariant (LTI) system, which is described by

ẋ = Ax + Bu,
yi = Cix, i ∈ N,

(1)

where x ∈ Rn represents the state vector, u ∈ Rm is the control
input, A ∈ Rn×n is the state matrix, B ∈ Rn×m denotes the input
matrix, and N := {1, 2, . . . ,N} is the set of the nodes. Moreover,
yi ∈ Rpi is the measurement output at the ith node, and Ci ∈ Rpi×n

is the associated output matrix where
∑N

i=1 pi = p. Accordingly,
the collection of all the outputs can be considered as

y =
[
y⊤

1 y⊤

2 . . . y⊤

N

]⊤
,

which is corresponding to the following integrated output matrix:

C =
[
C⊤

1 C⊤

2 · · · C⊤

N

]⊤
.

The goal of distributed state estimation is to build a network of
observers such that the estimated state vector of the ith observer
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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enoted by x̂i converges to x, by only accessing the input u,
he local measurement yi and the estimated state vectors of
eighboring nodes. To guarantee the observability of the system,
he LTI system is assumed to be jointly observable, that is, the
air (C, A) is observable, while the pair (Ci, A) is not necessarily
bservable for all i ∈ N.
Since only the assembly of the measurements guarantees the

stimation of the dynamical system state vector, it is necessary
or the nodes to communicate with each other. However, due to
any problems such as obstacles, malfunction of communication
evices, etc., the connection among nodes may not be steady.
n other words, the communication links can fail and rebuild
t some time instants, and the communication topology can be
witching over time. This issue influences state estimation and
an even cause the whole estimation scheme to fail. In this con-
ition, it is necessary to devise a distributed estimation scheme
o guarantee state estimation in the presence of communication
inks failure.

.1. Literature review and existing problems

The general idea of distributed state estimation in the existing
iterature is to extend the classical linear observers to distributed
etworks of observers by considering cooperative terms in the
esign. For instance, in Kamgarpour and Tomlin (2008) and Olfati-
aber (2007, 2009), the classical Kalman filter is extended to the
istributed estimation problem. In Han et al. (2019) and Kim et al.
2016), Luenberger-based distributed state estimation schemes
ere proposed. In Shen et al. (2010), H∞-based consensus fil-
ering was extended to a distributed scheme. Again, this idea was
ddressed in more complex scenarios such as resilient distributed
tate estimation (Mitra et al., 2019; Mitra & Sundaram, 2019),
istributed state estimation of nonlinear systems (He et al., 2020;
ang et al., 2020), distributed state estimation with prescribed
onvergence rate (Wang et al., 2019; Wang & Morse, 2018), etc.
All the aforementioned studies focused on the distributed

stimation, where the network enjoys a steady and fixed commu-
ication topology. To extend the state estimation problem to net-
orks of observers with communication links failure, in Aclkmese
t al. (2008), a class of distributed estimators in the presence
f switching topologies was developed. However, based on that
esign, distributed estimation relied on the observability at all
odes (i.e., (Ci, A) should be observable for all i ∈ N). Moreover,
n that study, all the switching topologies were supposed to
e connected, which might not have been satisfied in practice.
n Ugrinovskii (2013), a distributed robust estimation strategy
n the presence of Markovian switching topologies with span-
ing trees was introduced. The effectiveness of that approach
as conditional to some rank and inequality constraints with
espect to the systems and observer parameters, which limited
he application of the proposed strategy to specific scenarios.
similar problem affected the strategy addressed in Xu et al.

2020), in which distributed state estimation in the presence
f jointly connected switching topologies was studied. Indeed,
n Xu et al. (2020), it was shown that the asymptotic state
stimation can be achieved if there are some constraints on the
ynamical system parameters and the set of switching topolo-
ies, whose feasibility remained unknown. Therefore, under that
esign, distributed state estimation was not guaranteed for all
cenarios. Similar to Ugrinovskii (2013), a distributed estimation
esign in the presence of random switching topologies described
y a Markov chain was addressed in Zhang and Zhang (2012).
owever, that scheme focused on the estimation of unknown
arameters rather than state vectors, which is different from the
roblem considered in the current study.
2

1.2. Objectives and contributions

By investigating the existing results in the literature, it can
be said that proposing a systematic design framework that guar-
antees state estimation of jointly observable LTI systems in the
presence of jointly connected switching topologies is an open
problem to be studied. This paper proposes a design methodology
that solves the distributed state estimation problem in LTI sys-
tems in the presence of communication links failure. Compared
with the existing results in the literature, the main contributions
of the paper are as follows:

– Different from the estimation scheme introduced in
Aclkmese et al. (2008) which was only applicable to con-
nected switching topologies, the strategy proposed in this
paper allows to perform state estimation in the presence of
jointly connected switching topologies. Moreover, in spite
of Aclkmese et al. (2008), in the current study the local
measurement at each node is not required to guarantee the
observability of the system, and the joint observability of the
nodes is sufficient for estimation of the state vector of the
system.

– Despite the distributed estimation scheme introduced in
Ugrinovskii (2013) which was only applicable for classes of
switching networks with rooted spanning tree, the scheme
proposed in this paper is well suited to be applied to net-
works with jointly connected switching topologies, which is
a weaker condition on the communication network.

– In Xu et al. (2020), the problem of state estimation in the
presence of jointly connected switching topologies was ad-
dressed, where the pairs (A, C⊤

i ), i ∈ N, were marginally sta-
bilizable (that is, there exists a matrix Li such that A + LiCi
is stable or marginally stable). In that study, for state esti-
mation, some inequality assumptions on the system param-
eters and observer gains were considered (which might not
have been satisfied by design). However, in this paper the
marginal stabilizability is the only condition to guarantee
state estimation in the presence of jointly connected switch-
ing topologies, and hence the proposed strategy is applicable
to a wider range of LTI systems.

We combine a group of observers distributed over N nodes such
that each observer has access to its own local measurement and
the estimated state vectors of neighboring observers. First, we
show that under some linear matrix inequality (LMI) conditions,
if the union of all the measurements at all the nodes makes the
system observable, and if the network communication graph is
jointly connected within bounded time intervals, the proposed
distributed scheme guarantees that the estimated state vector
of each observer asymptotically converges to the state vector of
the system. Then, by canonical observable decomposition of the
dynamical system, we show that the LMI conditions always have
solution just if the pairs (A, C⊤

i ), i ∈ N, are marginally stabilizable.
Moreover, we modify the proposed strategy such that in the pres-
ence of external disturbances and measurement noise, a desired
performance for state estimation is ensured. More specifically, we
modify the proposed estimation strategy such that if the switch-
ing communication topologies stay connected during links failure,
a desired H∞ performance in order to attenuate the effect of ex-
ternal disturbances and measurement noise on estimation errors
is achieved. It should be noted that, although a similar problem
is considered in Shen et al. (2010) and Ugrinovskii (2013), the
design methods of Shen et al. (2010) and Ugrinovskii (2013) rely
on conditions for which feasibility is not guaranteed.

The organization of this paper is as follows. In Section 2, some
notations and basic information on graph theory are provided.
The problem is formulated in Section 3. The distributed state
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stimation scheme in the presence of jointly connected switching
opologies is proposed in Section 4. The H∞-based distributed
tate estimation scheme under connected switching topologies
s proposed in Section 5. Simulation results are shown in Sec-
ion 6. Finally, concluding remarks and future work are stated in
ection 7.

. Preliminaries

Notation as well as some concepts and definitions of graph
heory are presented in this section.

.1. Notation

N denotes the set of non-negative integer numbers. R is the
et of real numbers. R>0 and R≥0 are the sets of positive and
on-negative real numbers, respectively. In is an n × n identity
atrix. 0n×m is an n × m all-zeros matrix. 1n is an n × 1 all-
nes vector. L2 is the space of square integrable functions t ↦−→

(t) ∈ R such that
∫

∞

0 δ(t)2dt < ∞. | · | is the standard Euclidean

norm. | · |2 is the L2 norm, i.e., |δ(t)|2 =

√∫
∞

0 δ(t)2dt . ⊗ stands
for the Kronecker product. For a matrix A ∈ Rn×m, A−r

∈ Rm×n

represents the right inverse of A such that AA−r
= In. min stands

for the minimum value among a set of real numbers. λmin(·)
and λ2(·) are the smallest and second smallest eigenvalues of
a real symmetric matrix, respectively. For a square matrix M ,
let M ≻ 0 or M ⪰ 0 if it is symmetric positive definite or sym-
metric positive semidefinite, and let M ≺ 0 or M ⪯ 0 if it is
symmetric negative definite or symmetric negative semidefinite.
For a nonsingular square matrix M , M∗ and M−1∗ stand for the
conjugate transpose and the inverse of the conjugate transpose,
respectively. diag(M1,M2, . . . ,Mn) represents a block diagonal
matrix composed of the matrices M1,M2, . . . ,Mn. Im and Ker
re the image and kernel of a matrix, respectively. dim(V ) is the
imension of the space V . Moreover, if R, S ⊆ X , we define the
ubspace R + S ⊆ X as R + S = {r + s : r ∈ R and s ∈ S }.
ccordingly, the symbol ⊕ indicates that the subspaces being
dded are independent.

.2. Graph theory

Communication among the observers is described by an un-
eighted undirected graph G = (N, E,A) where N =

1, 2, . . . ,N} is the set of nodes (denoting N observers with local
ensors), E ⊆ N × N is the set of edges (denoting communication
inks) where (i, j) ∈ E denotes an edge between Node i and Node j.
oreover, A = [aij] ∈ RN×N denotes the adjacency matrix where

ij = aji = 1 if (i, j) ∈ E , and aij = aji = 0 otherwise. Now, the
eighboring set of Node i is described as Ni = {j|(i, j) ∈ E}.
We define an undirected graph as connected if there exists a

ath of edges connecting each pair of the nodes of the graph.
ccordingly, a set of undirected graphs G1, G2, . . . , Gm with the
ode set N is defined to be jointly connected if their union is
onnected, while none of them may be connected.
The Laplacian matrix associated with the undirected graph G

s a symmetric matrix L = [ℓij] ∈ RN×N described as

ij =

{∑N
j=1,i̸=j aij i = j

−aij i ̸= j,

aving rows/columns with zero entries summation. Therefore,
always has a zero eigenvalue, and if G is connected, all the

ther eigenvalues are positive. Moreover, if G is connected, the
ight and left eigenvectors associated with the zero eigenvalue are
N/

√
N (Ren et al., 2007). Furthermore, the Laplacian matrix as-

ociated with any undirected graph is positive semidefinite (Chen
t al., 2016).
3

For any connected graph G, let λ2(L) denote the algebraic
connectivity of the graph, which is a positive real number (Olfati-
Saber & Murray, 2004). Accordingly, we define C(N) as a lower
bound for the algebraic connectivity of all graphs with N nodes.
t should be noted that there exist several ways in the literature
o obtain a C(N) based on N (for instance, see Chung (1997)
nd Pirani and Sundaram (2016)).

. Problem statement

We consider the distributed state estimation problem over the
TI system described in (1) where the observers along with their
ensors are placed in N nodes, when the pair (Ci, A), i ∈ N, may
ot be observable. Accordingly, for distributed state estimation,
he observers are considered connected via a communication
etwork through which information can be exchanged. One of
mportant concerns in communication among the observers is
iscontinuity in the communication links such that the links
ay not stay connected constantly, and they can fail and rebuild
ver time. In this condition, the network communication graph
s switching expressed by G(t) = (N, E(t),A(t)), where A(t) =

[aij(t)] such that aij(t) = 1 describes a communication link
between nodes i and j at time t , and it is zero otherwise. Now,
we consider two estimation scenarios as follows:

• In the first scenario, we consider an infinite time sequence
t0, t1, t2, . . . starting at t0 = 0, where the intervals [t0, t1),
[t1, t2), [t2, t3), . . . are bounded and in each interval, the
graph is switching and jointly connected. In other words, in
the interval [tk, tk+1), we consider a finite time sequence t0k ,
t1k , . . ., t

mk
k without accumulation where tk = t0k and tk+1 =

tmk
k such that G(t) switches to Gj

k at t
j
k, j ∈ {0, 1, . . . ,mk −1},

and stays fixed during the subinterval [t jk, t
j+1
k ). Now, the set

including the graphs Gj
k, j ∈ {0, 1, . . . ,mk − 1}, is assumed

to be jointly connected. In this condition, considering the
LTI system (1), the objective is to exploit the joint observ-
ability of the nodes along with the joint connectivity of
the communication topology to design a network of dis-
tributed observers such that the estimated state vector of
each observer converges to the state vector of the system as

lim
t→∞

(
x̂i(t) − x(t)

)
= 0n×1, i ∈ N. (2)

• In this scenario, we consider infinite time sequence t0, t1,
t2, . . . starting at t0 = 0, at which G(t) switches to Gk, k =

0, 1, 2, . . . , but stays connected, while the LTI system is sub-
ject to external disturbances and measurement noise. In the
presence of external disturbance and measurement noise,
the LTI system described in (1) can be restated as follows:

ẋ = Ax + Bu + Dw0,

yi = Cix + Eiwi, i ∈ N,
(3)

where w0 ∈ Rn0 denotes the system external disturbance,
wi ∈ Rni denotes the measurement noise at the ith node,
D ∈ Rn×n0 , and Ei ∈ Rpi×ni . Under these conditions, we in-
tend to exploit the joint observability property of the system
to design a network of distributed observers such that the
estimated state vector of the ith observer converges to the
state vector in a noise-free setting. Indeed, by defining ei =

x̂i − x, i ∈ N, and by considering e ∈ RNn and w ∈ RNn+p as

e =
[
e⊤

1 e⊤

2 . . . e⊤

N

]⊤
,

w =
[
w⊤

0 D
⊤ w⊤

1 E
⊤

1 . . . w⊤

0 D
⊤ w⊤

N E
⊤

N

]⊤
,

(4)

the objective is to design a set of distributed observers such
that the effect of the exogenous signals vector w on e is at-
tenuated. To achieve this goal, we minimize the H norm of
∞
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the mapping from w to e as the induced matrix norm of the
L2 norm of e with respect to the L2 norm of w as follows:

minimize µ s.t.
(
|e|2 − µ|w|2

)
< 0, (5)

where µ ∈ R>0.

The main results are presented in the next section.

. Distributed state estimation under jointly connected swit-
hing topologies

The proposed distributed estimation strategy for the system
escribed in (1) is presented in this section such that the objective
2) is achieved. To this end, the following assumption on the LTI
ystem (1) is considered.

ssumption 1. The pairs (A, C⊤

i ), i ∈ N, are marginally stabiliz-
ble.

Assumption 1 implies that if the state matrix A is unstable,
here should exist an output gain Li such that A+ LiCi is stable or
marginally stable. However, the assumption is always satisfied if
the state matrix A is stable or marginally stable.

The main idea behind distributed state estimation is that the
ith observer updates its estimated state vector based on its local
measurement and relative estimated state vectors of neighboring
observers. This innovation term is given by

∑N
j=1 aij(x̂j − x̂i) (for

nstance, see Mitra and Sundaram (2018, 2019), Park and Martins
2017) and Wang et al. (2019)). Based on the mentioned general
dea, the proposed observer for the system described in (1) at
ode i is as follows:

˙̂
i = Ax̂i + Li(Cix̂i − yi) + Bu

+ P−1
i

N∑
j=1

aij(t)(x̂j − x̂i), i ∈ N,
(6)

in which Li ∈ Rn×pi and P−1
i ∈ Rn×n denote the observer gains to

be determined.
The mathematical analysis of the proposed distributed ob-

servers is given in Theorem 1. Before presentation of the theorem,
the following lemmas are presented.

Lemma 1 (Hunter, 2014, Chap. 5). Let v(t0), v(t1), v(t2), . . . be a
converging sequence of numbers. For all ζ ∈ R+, there exists kζ ∈ N
such that for all k ≥ kζ , |v(tk+1) − v(tk)| < ζ (Cauchy’s convergence
criterion).

Lemma 2. Consider two LTI autonomous systems described by

ξ̇1 = A1ξ1,

ξ̇2 = A2ξ2,
(7)

where ξ1, ξ2 ∈ Rn are state vectors and A1, A2 ∈ Rn×n are state
matrices. Moreover, let [t1, t2) be a finite time interval with 0 ≤

t1 < t2. In this condition, if ξ1(t) = ξ2(t) for t ∈ [t1, t2); then,
ξ1(t) = ξ2(t) for all t ≥ t2.

Proof. By defining ξ12 = ξ1 −ξ2 and by considering (7), one gets

ξ̇12 = A2ξ12 + (A1 − A2)ξ1. (8)

Since ξ12 = 0n×1 for t ∈ [t1, t2), from (8) it follows that

ξ1 ∈ Ker(A1 − A2), t ∈ [t1, t2). (9)

Now, we prove the lemma by contradiction. Let us consider the
case when ξ1(t) ̸= ξ2(t) for some time t ≥ t2, while ξ12(t) = 0n×1

for t ∈ [t1, t2). According to (8) and (9), this can happen only

4

if ξ1(t) leaves the kernel of A1 − A2 for some time t ≥ t2. This
issue implies the occurrence of impulses in at least one of the
derivatives of ξ1, which is in conflict with (7). Thus, ξ1(t) = ξ2(t)
for all t ≥ t2. ■

heorem 1. Consider the jointly observable LTI system described
n (1) under Assumption 1 and the distributed observers given in
6). Moreover, let G(t) be switching, but jointly connected within
nfinite sequence of bounded time intervals [t0, t1), [t1, t2), [t2, t3),
. . starting at t0. Under these conditions, the estimation errors ei, i ∈

, converge to zero by obtaining Pi ≻ 0 and Li = P−1
i Yi from the

olution of the following LMIs:
⊤Pi + C⊤

i Y⊤

i + PiA + YiCi ⪯ 0, i ∈ N, (10a)
N∑
i=1

(A⊤Pi + C⊤

i Y⊤

i + PiA + YiCi) ≺ 0. (10b)

roof. Considering the LTI system with the form of (1) and based
n the devised observer in (6), the differential equation describing
i = x̂i − x, i ∈ N, is given by

˙i = (A + LiCi)ei

+ P−1
i

N∑
j=1

aij(t)(ej − ei)  
=: εi

, i ∈ N. (11)

To analyze the evolution of the observers estimation errors, we
consider the following Lyapunov function:

V =

N∑
i=1

e⊤

i Piei.

The time derivation of V along (11) yields

V̇ =

N∑
i=1

e⊤

i Λiei + 2
N∑
i=1

N∑
j=1

aij(t)
(
ej − ei

)⊤ ei, (12)

where

Λi := A⊤Pi + C⊤

i Y⊤

i + PiA + YiCi. (13)

Now, by considering Lj
k as the fixed Laplacian matrix associ-

ated with Gj
k in the subinterval [t jk, t

j+1
k ), (12) can be restated as

follows:

V̇ = e⊤Λe − 2e⊤

(
Lj

k ⊗ In
)
e  

=: ϵ

,
(14)

where e is defined in (4) and

Λ = diag (Λ1, Λ2, . . . , ΛN) . (15)

According to (10a), Λ is negative semidefinite, and since −Lj
k is

negative semidefinite, from (14) it follows the boundedness of
ei, i ∈ N. We continue the proof in two steps. In the first step,
by invoking Lemma 1 we show that the term

∑N
j=1 aij(t)(ej − ei)

in (11) converges to zero. In the next step, by invoking Lemma 2,
we show that ej−ei, i, j, ∈ N, converge to zero, which implies that
ei, i ∈ N, converge to a common variable ω ∈ Rn. Then, from (10b)
and (14), we conclude that V̇ is negative definite with respect to
e.

Step 1: According to (10a), Λ is negative semi-definite. Therefore,
from (14) it follows that

V̇ ≤ −2e⊤

(
Lj

⊗ I
)
e. (16)
k n
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ince V̇ ≤ 0, based on Lemma 1, it can be said that for any
∈ R+, there exists a kζ such that, for all k ≥ kζ , it follows

|V (tk+1) − V (tk)| < ζ , which implies that⏐⏐⏐⏐∫ tk+1

tk

V̇ (t) dt
⏐⏐⏐⏐ < ζ. (17)

y considering the time sequence t0k , t
1
k , . . . , t

mk
k in the interval

tk, tk+1) and since V̇ ≤ 0, from (17), one gets
mk−1∑
j=0

∫ t j+1
k

t jk

V̇ (t) dt < ζ,

here, by defining τk := minj∈{0,1,2,...,mk−1} t
j+1
k − t jk, it yields

−

mk−1∑
j=0

∫ t jk+τk

t jk

V̇ (t) dt < ζ.

By considering (16) and Lemma 1, as ζ → 0, it follows that

lim
t→∞

mk−1∑
j=0

∫ t+τk

t
e(τ )⊤

(
Lj

k ⊗ In
)
e(τ ) dτ = 0. (18)

ote that during the interval [t, t + τk), the topology of the graph
j
k is not switching. By using an orthogonal similarity transfor-
ation matrix P j

k, we diagonalize Lj
k as Lj

k = P j
kJ

j
kP

j⊤
k , where

j
k = diag(0, ηj

k) is the diagonal form of Lj
k in which η

j
k has a

iagonal form with nonnegative entries and P j
k is composed of

he right eigenvectors of Lj
k. Thus, if we define the new variable

= (P j⊤
k ⊗ In)e, (18) can be restated as follows:

lim
t→∞

mk−1∑
j=0

∫ t+τk

t
q(τ )⊤

(
J jk ⊗ In

)
q(τ ) dτ = 0. (19)

f we decompose q as q =
[
ϱ⊤ρ⊤

]⊤ where ϱ ∈ Rn and ρ ∈

(N−1)n, since J jk = diag
(
0, ηj

k

)
, (19) yields

lim
t→∞

mk−1∑
j=0

∫ t+τk

t
ρ(τ )⊤

(
η
j
k ⊗ In

)
ρ(τ ) dτ = 0. (20)

ow, by decomposing ρ as ρ = [ρ⊤

1 ρ⊤

2 . . . ρ⊤

N−1]
⊤ and by

oint connectivity arguments, from (20) it follows that

lim
t→∞

∫ t+τk

t
ρi(τ )⊤ρi(τ ) dτ = 0 , i = 1, . . . ,N − 1. (21)

ccording to the definition of τk, there is no graph switching
rom t to t + τk. Moreover, we obtain that e is bounded and
ence from (11) it follows that also ė is bounded. Now, since ė
s bounded, ρ⊤

i ρi is uniformly continuous from t to t + τk. Hence,
y considering (21) and invoking the Barbalat lemma (Tao, 1997),
e have

lim
t→∞

ρi(t)⊤ρi(t) = 0,

mplying that

lim
t→∞

ρ(t) = 0(N−1)n×1. (22)

ince e =

(
P j
k ⊗ In

)
q and q =

[
ϱ⊤ ρ⊤

]⊤, from (22) it follows
hat

lim
→∞

(e(t) − pjk ⊗ ϱ(t)) = 0Nn×1,

here pjk is the first column of P j
k, which is the right eigenvector

ssociated with a zero eigenvalue of Lj . If Gj is connected, pj
k k k

5

pans 1N . Otherwise, Gj
k can be considered as the combination

of some subgraphs which are connected or have no links. Note
that the right eigenvector associated with the zero eigenvalue of
the Laplacian matrix of each connected subgraph has identical
entries. Hence, if Gj

k is the combination of some subgraphs which
are connected or have no links, pjk can be considered as the
combination of some coefficients of 1 vectors with compatible
dimensions. In this condition, for each i, j ∈ N, if aij(t) = 1,
we have limt→∞(ei(t) − ej(t)) = 0n×1. Moreover, aij(t) = 0 if
aij(t) ̸= 1. As a result

lim
t→∞

P−1
i

N∑
j=1

aij(t)(ej(t) − ei(t)) = 0n×1. (23)

Step 2: According to (11) and (23), we have

ėi = (A + LiCi)ei + εi, i ∈ N,

where εi (defined in (11)) is bounded and converges to zero and
limt→∞(ei(t) − ej(t)) = 0n×1 if aij(t) = 1. Based on Lemma 2 and
since G(t) is jointly connected within bounded time intervals, one
gets

lim
t→∞

(ei(t) − ej(t)) = 0n×1, i, j ∈ N,

implying that there exists an ω ∈ Rn such that

lim
t→∞

(ei(t) − ω(t)) = 0n×1, i ∈ N. (24)

Now, from (14) and (24) we have

V̇ = e⊤Λe − ϵ, (25)

where e has the form of 1N ⊗ω, and ϵ (defined in (14)) is bounded
and converges to zero. By considering (15) and, since e in (25) has
the form of 1N ⊗ ω, one gets

e⊤Λe = ω⊤

(
N∑
i=1

Λi

)
ω,

where according to (10b),
∑N

i=1 Λi is negative definite. Therefore,
e⊤Λe in (25) is negative definite with respect to e and, since ϵ is
bounded and converges to zero, the convergence of e to 0Nn×1
follows from (25). ■

The effectiveness of the proposed distributed state estimation
strategy depends on the observer gains that result from the
solution of the LMIs (10). Next, based on observable canonical
decomposition, we show that the LMI conditions of Theorem 1
are always feasible. Let us define a similarity transformation
matrix Ti ∈ Rn×n as

Ti =
[
Tio Tiu

]
, (26)

in which Tiu ∈ Rn×vi is an orthonormal basis of the unobservable
subspace of (Ci, A) where vi is the dimension of the unobservable
subspace, and Tio ∈ Rn×(n−vi) is an orthonormal basis such that
Im Tio is orthogonal to Im Tiu. According to the structure of Ti, we
perform the coordinate transform adapted to X = Im Tio⊕Im Tiu
as follows (Kim et al., 2016) (X is the n-dimensional state space
of the system):

T⊤

i ATi =

[
Aio 0(n−vi)×vi
Air Aiu

]
,

CiTi =
[
Cio 0pi×vi

]
,

(27)

where the pair (Cio, Aio) is observable. By using the aforemen-
tioned formulation, the feasibility of the LMIs (10) is proved in
Theorem 2. Before presenting the theorem, we introduce the
following lemmas.
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emma 3. For any marginally stable real matrix M, the LMI
⊤P + PM ⪯ 0 (28)

as a symmetric positive definite solution for P .

roof. There is a similarity transformation matrix T such that
= T J T −1 where J is the Jordan form of M. Since M is

arginally stable, J can be stated as follows:

= diag(W,H),

here W is a diagonal matrix containing the eigenvalues of M on
the imaginary axis, and H is a Jordan matrix containing the eigen-
values ofM on the open left half plane. Since the eigenvalues ofH
lie on the open left half plane, according to the Lyapunov stability
criterion, for a Hermitian positive definite matrix Q̃, there exists a
Hermitian positive definite matrix P̃ such that (Laffey & Smigoc,
2007, p. 2)

H∗P̃ + P̃H = −Q̃. (29)

We define a matrix Q́ := diag(0, Q̃), where 0 is a zeros matrix
whose dimension is the same as the dimension of W and define
a matrix Ṕ := diag(I, P̃), where I is an identity matrix whose
imension is the same as the dimension of W . Now, according to
29), it follows
∗Ṕ + ṔJ = −Q́. (30)

y pre and post multiplication of the both sides of (30) by T −1∗

nd T −1, one gets

T −1∗J ∗ṔT −1
+ T −1∗ṔJ T −1

= −T −1∗Q́T −1,

which since M = T J T −1, can be restated as follows:

M⊤T −1∗ṔT −1
+ T −1∗ṔT −1M = −T −1∗Q́T −1. (31)

By defining P̄ = T −1∗ṔT −1 and Q̄ = T −1∗Q́T −1, we rewrite (31)
as

M⊤P̄ + P̄M = −Q̄. (32)

Now, from (32) we obtain

M⊤(P̄ + P̄⊤) + (P̄ + P̄⊤)M = −(Q̄ + Q̄⊤). (33)

Since Ṕ is Hermitian positive definite, one can derive that P̄ =

T −1∗ṔT −1 is Hermitian positive definite implying that P̄ + P̄⊤

≻ 0. Moreover, since Q́ is Hermitian positive semidefinite, Q̄ =

T −1∗Q́T −1 is Hermitian positive semidefinite implying that Q̄ +

Q̄⊤
⪰ 0. Now, by considering (33) and by defining P = P̄ + P̄⊤,

the LMI (28) is satisfied. Based on all the above-mentioned issues,
(28) has a solution for P ≻ 0. ■

Lemma 4 (Yang et al., 2020). Consider the jointly observable system
given in (1). By letting

To =
[
T1o T2o . . . TNo

]
, (34)

we have Im To = X .

Theorem 2. Consider the jointly observable pairs (Ci, A), i ∈ N,
described in (1) under Assumption 1. Then, the LMIs (10) always
have solution for Pi ≻ 0 and Yi = PiLi, i ∈ N.

Proof. Let the observer gains Li ∈ Rn×pi and P−1
i ∈ Rn×n be as

follows:

Li = Ti

[
Lio

0vi×pi

]
,

Pi = Ti

[
Pio P⊤

ir

]
T⊤

i ,

(35)
Pir Piu
6

where Ti is the similarity transformation matrix defined in (26),
and Lio ∈ R(n−vi)×pi , Pio ∈ R(n−vi)×(n−vi) ≻ 0, Pir ∈ Rvi×(n−vi), and
Piu ∈ Rvi×vi ≻ 0 to be determined. From the definition of Λi in
(13), the definition of Li and Pi in (35), and the observable canon-
ical decomposition in (27), we have

Λi = Ti

[
Λio Λ⊤

ir
Λir Λiu

]
T⊤

i , (36)

where Λio ∈ R(n−vi)×(n−vi), Λir ∈ Rvi×(n−vi), and Λiu ∈ Rvi×vi are as
follows:
Λio = M⊤

io Pio + PioMio + P⊤

ir Air + A⊤

ir Pir ,

Λir = PirMio + A⊤

iuPir + PiuAir ,

Λiu = A⊤

iuPiu + PiuAiu,

in which Mio = Aio + LioCio. Recall that Aiu is stable or marginally
stable (from Assumption 1), by invoking Lemma 3, there always
exists Piu ≻ 0 such that Λiu = A⊤

iuPiu + PiuAiu ⪯ 0. Moreover, since
(Cio, Aio) is observable for all i ∈ N, the eigenvalues of Mio can
be arbitrarily assigned by selecting Lio. Therefore, Mio is set to be
Hurwitz while its eigenvalues are designed to be distinct with the
eigenvalues of Aiu. In this condition, according to the criterion
of the Sylvester equation, there exists a Pir such that Λir =

0vi×(n−vi) (Sylvester, 1884). Thus, by selecting Piu and Pir , we have

Λi = Ti

[
Λio 0(n−vi)×vi

0vi×(n−vi) Λiu

]
T⊤

i ,

where Λiu ⪯ 0 for all i ∈ N. Now, as Ti is of full rank, according
to (36), the LMIs (10) have solution if and only if the following
LMIs have solution:[

Λio 0(n−vi)×vi
0vi×(n−vi) Λiu

]
⪯ 0, i ∈ N, (37a)

N∑
i=1

(
Ti

[
Λio 0(n−vi)×vi

0vi×(n−vi) Λiu

]
T⊤

i

)
≺ 0. (37b)

Since Λiu ⪯ 0, (37a) is satisfied if and only if Λio ⪯ 0 for all i ∈ N.
That implies

Λ̃io + P⊤

ir Air + A⊤

ir Pir ⪯ 0, (38)

where Λ̃io := M⊤

io Pio + PioMio, whose eigenvalues can be de-
signed negative and large enough for a Pio ≻ 0, according to
the Lyapunov stability criterion (as Mio has been Hurwitz). Since
Ti =

[
Tio Tiu

]
, one gets

Ti

[
Λio 0(n−vi)×vi

0vi×(n−vi) Λiu

]
T⊤

i

= TioΛioT⊤

io + TiuΛiuT⊤

iu

= TioΛ̃ioT⊤

io + Tio
(
P⊤

ir Air + A⊤

ir Pir
)
T⊤

io + TiuΛiuT⊤

iu .

Then, we have
N∑
i=1

(
Ti

[
Λio 0(n−vi)×vi

0vi×(n−vi) Λiu

]
T⊤

i

)
= ToΛ̃oT⊤

o +

N∑
i=1

Tio
(
P⊤

ir Air + A⊤

ir Pir
)
T⊤

io + TiuΛiuT⊤

iu ,

(39)

where To is defined as in (34), and Λo is a block diagonal matrix
as follows:

Λ̃o = diag(Λ̃1o, Λ̃2o, . . . , Λ̃No).

As stated in Lemma 4, rank(To) = n. Hence, according to (39), the
LMI (37b) is satisfied if the following LMI is satisfied:

T
(
Λ̃ + H

)
T⊤

≺ 0, (40)
o o o
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here

= T−r
o

( N∑
i=1

Tio
(
P⊤

ir Air + A⊤

ir Pir
)
T⊤

io

+ TiuΛiuT⊤

iu

)
T−r⊤
o .

ccording to (38) and (40), the LMIs (10) have solution if the
ollowing LMIs have solution:

˜ io +
(
P⊤

ir Air + A⊤

ir Pir
)

⪯ 0,
˜ o + H ≺ 0.

(41)

herefore, it is straight forward to see that for Λio, i ∈ N, with
arge enough negative eigenvalues, the LMIs (41) hold. Moreover,
o let Pi ≻ 0, by Schur complement (Boyd et al., 1994), Pio can be
elected such that

io − P⊤

ir P
−1
iu Pir ≻ 0, i ∈ N,

hich is always feasible while satisfying (41). Based on the afore-
entioned issues, there exist some Lio, Pio, Pir , and Piu such that

he LMIs (10) hold. Then, we construct Li and Pi as in (35) where
i can be symmetric positive definite. Therefore, there exist Pi ≻ 0
nd Yi = PiLi, i ∈ N, such that the LMIs (10) are satisfied. ■

emark 1. The current study is devoted to the distributed state
stimation problem when the local measurement at each node
ay not be sufficient to estimate the state vector of the system.
lthough this problem is also considered in the literature, the
ain assumption of the existing results is communication among

he nodes under steady and fixed topologies (Han et al., 2019;
e et al., 2020; Kamgarpour & Tomlin, 2008; Kim et al., 2016;
itra et al., 2019; Mitra & Sundaram, 2019; Olfati-Saber, 2007;
hen et al., 2010; Wang et al., 2019; Wang & Morse, 2018; Yang
t al., 2020). In few studies in this area, the problem of com-
unication under switching topologies was addressed as well.
owever, those studies were based on some constraints on the
ystem and observers parameters (Xu et al., 2020), or the set of
witching topologies (Ugrinovskii, 2013), whereas the feasibility
f the conditions of the design for distributed state estimation
n the presence of jointly connected topologies are one of the
ontributions of this paper.

. H∞-Based distributed state estimation under connected
witching topologies

In this section, the design of the proposed distributed state
bservers (6) is addressed in the presence of external distur-
ances and measurement noise such that the objective (5) can
e achieved. Toward this end, we assume the following.

ssumption 2. The exogenous signals t ↦−→ wi(t), i ∈ {0, 1, . . . ,
}, belong to the L2 space.

Remark 2. The assumption above allows to analyze how the
noise affects the estimation errors. More specifically, the H∞

approach is considered, which is in general aimed at attenuating
the effect of the L2 norm of some exogenous disturbances (w in
our case) on the L2 norm of some regulated outputs (i.e., e) as
uch as possible. Therefore, the main assumption behind the H∞

esign is that the exogenous signals are L2 functions of time. In
ractice, this means that the noise has bounded energy, which
oes not appear to be particularly restrictive.
7

Now, the distributed state observers proposed in (6) are mod-
ified as follows:
˙̂xi = Ax̂i + Li(Cix̂i − yi) + Bu

+ χP−1
i

N∑
j=1

aij(t)(x̂j − x̂i), i ∈ N,
(42)

where χ ∈ R>0. The observer gains Li, Pi, and χ can be selected
by solving an H∞ optimization problem in such a way as to
attenuate the effect of the exogenous signals vector w on the
observer errors vector e in terms of the induced matrix norm of
the L2 norm of e with respect to the L2 norm of w as in (5).

heorem 3. Consider the jointly observable LTI system described
n (3) under Assumption 2 and the distributed observers given in
42). Moreover, let G(t) be switching, but connected within infinite
equence of bounded time intervals [t0, t1), [t1, t2), [t2, t3), . . . start-
ng at t0. Under these conditions, the H∞ performance (5) is satisfied
if µ́, χ ∈ R>0, Pi ≻ 0, and Yi, i ∈ N, are obtained from the solution
of the following LMI:

minimize
Yi,Pi,χ

µ́ subject to (43a)⎡⎢⎢⎢⎢⎣
−

N∑
i=1

Λi − NIn −ΛP ΞP

−Λ⊤

P
2χ C(N)INn
−Λ − INn

Ξ

Ξ⊤

P Ξ⊤ µ́ Ip+Nn

⎤⎥⎥⎥⎥⎦ ≻ 0, (43b)

in which Λ is defined in (15) and ΛP =
[
Λ1 Λ2 . . . ΛN

]
,

where Λi is defined in (13), and Ξ = diag(Ξ1, Ξ2, . . . , ΞN )
and ΞP =

[
Ξ1 Ξ2 . . . ΞN

]
, where Ξi =

[
Pi Yi

]
. In this

condition, µ =
√

µ́ and Li = P−1
i Yi, i ∈ N.

Proof. Considering the LTI system with the form of (3) and
based on the observers (42), the differential equation describing
ei, i ∈ N, is given by

ėi = (A + LiCi)ei − LiEiwi − Dw0

+ χP−1
i

N∑
j=1

aij(t)(ej − ei), i ∈ N.
(44)

To analyze the evolution of the estimation errors of all the nodes,
we consider the following Lyapunov function:

V =

N∑
i=1

e⊤

i Piei.

The time derivation of V along (44) yields

V̇ =

N∑
i=1

e⊤

i Λiei + 2χ
N∑
i=1

N∑
j=1

aij(t)(ej − ei)⊤ei

− 2
N∑
i=1

e⊤

i Pi(LiEiwi + Dw0).

(45)

From (45) and according to the definition of Λ, Ξ , e, and w, it
follows that

V̇ ≤ e⊤Λe − 2χe⊤(Lk ⊗ In)e − 2e⊤Ξw, (46)

where Lk is the Laplacian matrix associated with Gk. Let us denote
by E the Nn dimensional error space. Since Gk is connected,
according to the properties of the Laplacian matrix of a connected
undirected graph, the kernel of Lk ⊗ In has the form of 1N ⊗ ω,

n
where ω ∈ R is an arbitrary vector. Now, by letting Ec ⊆ E
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dim(Ec) = n) as the null space of Lk ⊗ In, we consider another
subspace Er ⊆ E (dim(Er ) = Nn − n), which is the orthogonal
omplement of Ec , i.e., Ec ⊕ Er = E . Let the vectors ec and er be
he elements of the subspaces Ec and Er respectively, i.e., ec ∈ Ec
and er ∈ Er . Therefore, from (46) one gets

V̇ ≤ e⊤

c Λec + 2e⊤

r Λec + e⊤

r Λer
− 2χe⊤

r (Lk ⊗ In)er − 2e⊤

c Ξw − 2e⊤

r Ξw.
(47)

necessary condition to guarantee the negative definiteness of
˙ is to ensure that e⊤

c Λec is negative definite with respect to
c ∈ Ec . Since ec has the form of 1N ⊗ ω, from the definition of Λ
e have

⊤

c Λec = ω⊤

(
N∑
i=1

Λi

)
ω. (48)

onsidering the LMI condition (43b),
∑N

i=1 Λi should be negative
definite. Thus, according to (48), e⊤

c Λec is negative definite with
respect to ec ∈ Ec . Based on the definition of ΛP and since
ec = 1N ⊗ ω, we have

e⊤

r Λec = e⊤

r Λ⊤

P ω = ω⊤ΛPer . (49)

oreover, since Er is the orthogonal complement of Ec , it follows
that ∀er ∈ Er and ∀ω ∈ Rn,

e⊤

r (1N ⊗ ω) = 0.

Thus, as 1N is the eigenvector associated with the zero eigenvalue
of Lk, one can get that ∀er ∈ Er (Olfati-Saber & Murray, 2004),

e⊤

r (Lk ⊗ In)er ≥ λ2(Lk)e⊤

r er . (50)

Now, according to (48), (49), and (50) and since ec = 1N ⊗ω, from
(47) it follows that

V̇ ≤ −
[
ω⊤ e⊤

r

] [−
∑N

i=1 Λi −ΛP

−Λ⊤

P 2χ λ2(Lk)INn − Λ

][
ω

er

]
− 2(1N ⊗ ω)⊤Ξw − 2e⊤

r Ξw,

which using the definition of ΞP and since λ2(Lk) ≥ C(N), can be
restated as follows:

V̇ ≤ −
[
ω⊤ e⊤

r

] [−
∑N

i=1 Λi −ΛP

−Λ⊤

P 2χ C(N)INn − Λ

][
ω

er

]
− 2ω⊤ΞPw − 2e⊤

r Ξw.

(51)

ow, by invoking (van der Schaft, 1992), we need to impose

= V̇ + e⊤e − µ2w⊤w < 0. (52)

ccording to the definition of ec and er and by defining µ́ = µ2,
rom (52) it follows that

= V̇ + e⊤

c ec + e⊤

r er + 2e⊤

c er − µ́w⊤w. (53)

ince ec = 1N ⊗ ω and e⊤
r ec = 0, (53) can be rewritten as

J = V̇ + Nω⊤ω + e⊤

r er − µ́w⊤w. (54)

hus, by considering (51) and (54), we have

≤ −
[
ω⊤ e⊤

r w⊤
]
M
[
ω⊤ e⊤

r w⊤
]⊤

, (55)

here
=⎡⎢⎣−
∑N

i=1 Λi − NIn −ΛP ΞP

−Λ⊤

P 2χ C(N)INn − Λ − INn Ξ

Ξ⊤

P Ξ⊤ µ́Ip+Nn

⎤⎥⎦ .

ccording to the LMI condition (43b), we have M ≻ 0. Thus, from
55) it follows that J < 0, which implies that the H∞ performance
5) is satisfied. Thus, the proof is completed. ■
8

emark 3. From (51), it follows that for each ε ∈ R>0,

˙ ≤ −
[
ω⊤ e⊤

r

] [−
∑N

i=1 Λi −ΛP

−Λ⊤

P 2χC(N)INn − Λ

][
ω

er

]
+

1
ε
ω⊤ω + εw⊤Ξ⊤

P ΞPw +
1
ε
e⊤

r er + εw⊤Ξ⊤Ξw,

hich can be restated as follows:

˙ ≤ −
[
ω⊤ e⊤

r

]
Q
[
ω

er

]
+ d, (56)

here

=

[
−
∑N

i=1 Λi −
1
ε
In −ΛP

−Λ⊤

P 2χ C(N)INn − Λ −
1
ε
INn

]
,

d = εw⊤Ξ⊤

P ΞPw + εw⊤Ξ⊤Ξw.

ote that if the LMI (43b) is satisfied, then there exists ε such that
≻ 0. Now, if wi, i ∈ {0, 1, . . . ,N}, are bounded, d is bounded

s well. Therefore, by defining d̄ as a supremum of d, according
o (56), the estimation errors are uniformly ultimately bounded
uch that

im sup
t→∞

⏐⏐[ω(t)⊤ er (t)⊤
]⏐⏐ ≤

(
d̄

λmin(Q )

) 1
2

,

which (since ec = 1N ⊗ω) implies that |e| is uniformly ultimately
bounded as follows:

lim sup
t→∞

|e(t)| ≤

(
Nd̄

λmin(Q )

) 1
2

.

The effectiveness of the proposed distributed state estimation
strategy depends on the successful selection of the observer gains
according to (43b). In the following theorem, we show that the
LMI condition of Theorem 3 is always feasible.

Theorem 4. Consider the jointly observable pairs (Ci, A), i ∈ N,
described in (3). Then, for each µ́ ∈ R>0, there exist χ ∈ R>0 and
atrices Pi ≻ 0 and Yi = PiLi, i ∈ N, satisfying the LMI (43b).

Proof. Let us consider the matrix M as follows:

M =

⎡⎢⎣M11 M12 M13

M⊤

12 M22 M23

M⊤

13 M⊤

23 M33

⎤⎥⎦ ,

where

M11 = −

N∑
i=1

Λi − NIn, M12 = −ΛP ,

M13 = ΞP , M22 = 2χ C(N)INn − Λ − INn,
M23 = Ξ , M33 = µ́Ip+Nn.

(57)

Based on the Schur complement, M is positive definite if and only
if

M33 ≻ 0, (58a)

M22 − M23M−1
33 M⊤

23 ≻ 0, (58b)

M11 −
[
M12 M13

][M22 M23

M⊤

23 M33

]−1[M⊤

12

M⊤

13

]
≻ 0. (58c)

For any µ́ ∈ R>0, the inequality (58a) is satisfied. Since the term
M23M−1

33 M⊤

23 does not depend on χ and M22 = 2χ C(N)INn −

Λ − INn, there exists a large enough χ ∈ R>0 such that (58b)
is satisfied as well. Moreover, for some α ∈ R>0,[
M12 M13

] [M22 M23
⊤

]−1 [M⊤

12
⊤

]
⪯ αIn.
M23 M33 M13
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ow, to show that the inequality (58c) has solution, we show that
α ∈ R>0, there exist Pi ≻ 0 and Li = P−1

i Yi, i ∈ N, such that

M11 ≻ αIn,

which according to (57), can be rewritten as follows:

−

N∑
i=1

Λi ≻ αIn + NIn. (59)

By considering Li ∈ Rn×pi and Pi ∈ Rn×n as (35), following a
procedure similar to the proof of Theorem 2, one gets there exist
Piu, Lio, and Pir such that (59) is equivalent to

− To
(
Λ̃o + H

)
T⊤

o ≻ αIn + NIn. (60)

Moreover, it was shown that Pio can be selected symmetric pos-
itive definite such that Pi ≻ 0 and the eigenvalues of Λio can
be large enough. Hence, (60) holds with Λio, i ∈ N, having large
enough negative eigenvalues, which implies that (59) also holds.
Therefore, there exist Piu, Lio, Pir , and Pio such that (59) holds.
Then, we construct Li and Pi ≻ 0 as given in (35). By considering
all the above-mentioned issues, for each µ́ ∈ R>0, there exist
χ ∈ R>0, Pi ≻ 0, and Yi = PiLi, i ∈ N, satisfying the LMIs (58),
which implies that the LMI (43b) is satisfied. Therefore, the proof
is completed. ■

Remark 4. It should be noted that according to Theorem 4, for
any performance index µ́ > 0, there always exists a set of gains
for the proposed distributed observers satisfying the LMI (43b)
with a dimension that scales quadratically with the number of the
nodes N . Therefore, for any size of the network, by employing the
proposed distributed estimation scheme, a desired performance
can be guaranteed.

The effectiveness of the proposed distributed observers design
is illustrated via numerical examples in the next section.

6. Simulation results

We consider a jointly observable LTI system as in (1) with six
measurement nodes described by

A =

[
−1 0 0
0 0 −1
0 1 0

]
, B =

[1
1
1

]
,

C1 =
[
0 0 1

]
, C2 =

[
0 1 1

]
, C3 =

[
0 0 0

]
,

C4 =
[
1 0 0

]
, C5 =

[
0 1 0

]
, C6 =

[
0 0 0

]
,

where x = [x1 x2 x3]⊤ is the state vector and u is the input,
which without loss of generality is selected as u = F x̂1 +

10 cos(x̂1)⊤ sin(x̂1) sin(t), where F = [−6.3750 1.1250 − 1.7500]
and the trigonometric functions are regarded as vectors for the
sake of brevity. The proposed distributed estimation strategies
are evaluated in two scenarios corresponding to noise-free and
noisy settings. The solution of the LMI-based design conditions is
obtained by using the CVX toolbox (Boyd & Vandenberghe, 2004).

Scenario 1. In the first scenario, it is assumed that the ob-
servers exchange their estimated state vectors under the jointly
connected switching communication topologies depicted in Fig. 1,
such that the information exchange starts from Topology 1 and
switches to the next topology every 1 s. It is worth noticing
that the graph in Topology 3 is set to be fully disconnected
deliberately.
9

Fig. 1. Switching set of the network topologies in Scenario 1.

The distributed observers (6) with the corresponding gains
ere chosen by solving the LMIs (10), thus obtaining

1 =
[
0 0 −0.8325

]⊤
, L2 =

[
0 −0.4182 −0.4182

]⊤
,

L3 = 03×1, L4 =
[
−0.5813 0 0

]⊤
,

L5 =
[
0 −0.8260 0

]⊤
, L6 = 03×1,

Pi = diag (0.1000, 0.1000, 0.1000) , i ∈ {1, 2, . . . , 6}.

The results of a simulation run are shown in Fig. 2. Notice that,
although the communication topology is not connected at each
time instant and the pairs (Ci, A), i ∈ {1, 2, . . . , 6}, are not ob-
servable, all the local observers are capable of providing asymp-
totic state estimates following the proposed distributed observers
design.

Scenario 2. In the second scenario, the LTI system is subject
to external disturbances, and the output measurements are con-
sidered noisy as described in (3) with D = [1 1 1]⊤, Ei =

1, i ∈ {1, 2, . . . , 6}. Moreover, to model the external disturbance
and noise, the white noise available in Matlab with power of
0.05 is used. It is assumed that the observers exchange their
estimated state vectors under the connected switching communi-
cation topologies depicted in Fig. 3, such that the information ex-
change starts from Topology 1 and switches to the next topology
every 1 s.

The distributed observers (42) were obtained from the solu-
tion of (43) as follows:

L1 =
[
0 −48.7298 −42.6593

]⊤
,

L2 =
[
0 −60.0379 5.6320

]⊤
,

L5 =
[
0 −44.7048 49.3226

]⊤
,

L3 = L4 = L6 = 03×1,

P1 = diag
(
27.7321,

[
2.6308 −3.0058

−3.0058 3.6700

])
,

P2 = diag
(
27.7321,

[
0.2007 0.9322
0.9322 8.7297

])
,

P5 = diag
(
27.7321,

[
3.5605 3.0227
3.0227 2.7403

])
,

P3 = P4 = P6 = diag
(
27.7321,

[
0.1000 0.0001

])
,
0.0001 0.1369
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Fig. 2. Evolution of the state and estimated state vectors in Scenario 1 with
nitial conditions x(0) = [2 − 3 4]⊤ and x̂i(0) = [0 0 0]⊤, i ∈ N.

Fig. 3. Switching set of the network topologies in Scenario 2.

ith χ = 177.4640 and µ́ = 20.5277 (µ = 4.5308). By em-
loying the designed distributed observers, the estimated state
ectors of the observers along with the real state vector of the
ystem are illustrated in Fig. 4, which shows the effectiveness of
he proposed approach in a noisy setting.

. Conclusions and future work

Distributed estimation problem for LTI systems is addressed
n this paper. We have developed a method to design a net-
ork of distributed observers where the output measurement
vailable for each observer may not be sufficient for the observ-
bility of the system. We have shown that if the observers can
xchange their estimated state vectors with other neighboring
bservers, the observability of the system under the joint of all
he measurements in the network is sufficient for each observer
o estimate the full state vector of the system. We have also
10
Fig. 4. Evolution of the state and estimated state vectors in Scenario 2 with
initial conditions x(0) = [2 − 3 4]⊤ and x̂i(0) = [0 0 0]⊤, i ∈ N.

shown that, to guarantee the performance of the state estimation
under the proposed strategy, communication among the agents
is not required to be continuous, and distributed state estimation
can be performed if the joint of communication links over finite
intervals of time makes the network communication topology
connected. Despite similar existing studies limited to LTI systems
under certain assumptions and conditions in terms of systems pa-
rameters and communication topologies (whose feasibility is not
guaranteed for many scenarios), distributed state estimation for
a wider class of LTI systems in the presence of jointly connected
switching topologies is guaranteed in this paper. Moreover, the
results are extended to a scenario when the LTI system is subject
to L2 external disturbances and measurement noise. Accordingly,
observer gains are designed such that a desired H∞ performance
to attenuate the effect of external disturbances and measurement
noise is guaranteed. Despite similar existing results on H∞-based
distributed state estimation, limited to LTI systems under certain
conditions (not guaranteed by design), distributed state estima-
tion of all LTI systems in the presence of connected switching
topologies is ensured in this paper. Extension of the proposed
schemes to distributed state estimation of nonlinear systems is
another problem to be studied as a future work.
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