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SUMMARY

Mathematical models appropriate to different
types of psychophysiecal measurement are considered.
It is stressed that the model should arise out of
what is believed to be the type of observation made
by the observer, This is in contrnst to the type
of model which is introduced simply because its
equations can be made to fit (rather than axplain)
the data. In considering the type of model
required, consideration must be given to the type
of scale likely to arise. This consideration lends
to a subdivision of S.5. Stevens' ratio scale into
two classes, here called the geometric and arith-
metic classes. It is shown that models based on these
two scales will explain some of the differences
noted by Stevens between his prothetic and meta-
thetic continua.

The model used by the Author in analvsing
categorical observations of differences in a pub-
lished paper, is discussed in greater detail than in
the original paper and the method of analysis is
extended to include variabnility of the observer in
two dimensions i.e. on the colour surface, It is
shown that average values of observations almost
identical to those obtained for wvariability along
only one axis are predicted, but the distribution of
scores between categories is different., Comparison

of the predictions with actual observations indicate
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that the bivariate distribution is an aporopriate
model for some colours.

The model used for analysis of colour differ-
ences is put forward as one appropriate for analysis
of observations near to the limit of observation, and
a theory is proposed.

Five published papers are included in which
models have been used in the solution of environ-
mental engineering problems. One relates to street
lighting, the others relate to colour rendering of

lamps.
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CLATIMS

Tt is believed that Paper 1 was the first paper
to give quantitative relations between the
subjective factors glare, brightness and
uniformity and the physical characteristics

of a street lighting distribution.

It is believed that the method of analysis of
data used in Paper 3 was novel and the Author
knows of no other instance of that model having
been used.

The Author has found no other reference to

an explanation for S.S. Stevens' 'prothetic!
and 'metathetic' continua, nor to the necess-
ity of dividing the ratio scale into two
distinct classes. (Section 4)

The method of analysis of data arising from

a bivariate distribution is novel.(Section 6.h)
The Author believes that the proposal made

in Section 7 to use the model of Paper 3 for
understanding the 'threshold' is novel and

that it could prove fruitful.
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1, TNTRODUCTION.

The purpaée of engineering is the satisfying of
human needs. -Some times these needs are very obvious
for example in providing enough light tc enable
people to read. Success or failure is readily
assessed by toking a book and trying for oneself.
When that initial need is satisfied, future progress
is not so easy. The provision of more light is easy
enough at a cost, but finding out whether it is
sufficient, too much or too little, and finally
obtaining information adequate for a cost benefit
study presents considernble difficulties. Such
studies, however, are part and parcel of the work of
a practising engineer. The assessment of the end
product is an essential part of the development
process. Too many engineers neglect this part of the
development process with the well known result that
follies and shortcomings are perpetusted from one
development to the next.

Further development requires obtaining informa-
tion directly from observers. This c¢an be done either
by aquestioning thgm directly or by observing the
pattern of their behaviour under different conditions.
In either case, the informeotion will be characterized
by its great diversity, and it is the woric of the
engineer to obtain from it information in the form of
relations between the conditions imposed on the
observers amd their reactions. To do this, it is

necessary to postulate a mathematical nodel of the



behaviour of the ensemble of observers in order to
interpret their observations. The choice of model is
critical,and must be in accord with a physical
process that is believed to occur. If on analysis the
results are in accord with the model, confidence is
gained to apply it in another situation: if not, it
must be discnrded and a new process postulated.

This thesis discusses the types of model that
can be used and explains a particular model used by
the Author to deal with threshold problems.

1.1 Street Lishting.

The work of the Author in this field of study
started with a street lighting problem (Paper 1.).
At the time of its writing, the company of which the
Author was Research Manager had developed a new lamp,
the high pressure sodium lamp, Tor streeit lighting
purposes, 1t differed from street lighting lamps
available at th#t time, viz. the low-pressure sodium
lamp and the colour-corrected high-pressure mercury
lamp, in several respects which w=re believed to be
advantageous. These differences were (1) It had
excellent colour rendering, particularly in the red
region of the spectrum. (2) It had high efficacy,
about 100 1/w compared with 50 1/w for high-pressure
mercury lamrs. (3) It was a compact source, being
a discharge tube of only 6 mm in diameter and about
60 mm long. This compared with the large fluorescent
envelope of the colour-corrected mercury lamp some

250 mm longs and 150 mm in diemeter.
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This third difference enabled the light distribu-
tion from a street lighting lantern to be closely
controlled and in particular, it enabled light
distributions having a very rapid change of luminous
intensity with angle to be achieved in a simple
lantern, This fall off of intensity is loosely
referred to as the 'cut-off', It was the advantages
or otherwise of this facility which were investigated.

From previous observations of street lighting
installations, it was expected that the following
trends would be seen. As the angle of the beam was
lowered, the installation would appear less glaring,
but at the same time the apparent brightness would
decrease and the surface of ihe road weuld leok
inereasingly patchy. It was also thought that the
visibility of stationa’y cars, pedestrians on the
pavenent and other hazards might be affected. It was
therefore decided to investigate these factors from
the point of view (literally) of a car driver, by
errecting a street lighting installation and cobserving
glare, brightness, uniformity and visibility as the
cut-off was adjusted.

A special street-lighting installation was
errected in Zast Lane, Wembley. It was fitted with
specially adjustable lanterns so that the vertical
and horizontal angles beEwecn the beam and the
longitudinal axis of the road could be separately
controlled. Laboratory tests on these lanterns were

nade so that their physical nerformance wounld be
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accurately known. The lanterns were errected so that
they could be adjusted from ground level; thus bv
installing an operator at each column, the efiect of
a steady change of beam angle could be seen.

To investigate the effects, groups of about 20
obse?vers were called on to view the installation
from the same level as that of a car driver and with
an eye shield to simulate the effect of a car roof.
The dhservers were asked to record their results in
one of five verbal categories. These were arranged
to provide two categories above and two below an
essentially neutral one. For example, to record their
opinion of the uniformity of road brightness, they
could record (1) Very poor. (2) Poor. (3) Fair,
(4) Good. (5) Excellent., Observations were taken on
both dry and wet nights, for in the rain the
reflection from a road surface becomes almost specular
and the appearance of the installation is completely

-

changed. The results were analysed by the Author on
the assunption that the observers treated the categor-
ies as of equal width., This assumption was to be
justified or otherwise by the distribution of the
results. The results were analysed for inter-relation-
ships between the factors observed. It was found that,
within the limits of the experiment, there waz a linear
relationship befween glare, brichtness and uniformity,
and that these combined ftosether to gzive the overall

impression of the guality of the installation.

Furthermore, the maznitude of the glare was related
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logarithmicaliy to the intensity received at the eye
from the first lantern ir the field of wview.

The technique of analysis used was straight-
foerward. The first procedure was to examine the data
by plotting frecuency distributions, to see whether
normality was a rensonable assumption, then to take
means and variances., The variances were first exam-
ined, and where these differed markedly from the
average value, the original data was re-examined,
This enabled some anomalous observers to be found and
eliminated, TFor example, where an observer saw no¢
changes in one of the factors for all variations of
the installation, it was assumed that that observer
was not a member of the normal porulation of
observers, and his results were eliminated. It is
sometimes argued that since such an observer existed,
his results should be used. However, by examining
the performance of other observers, the general
distribufion can be estimated and, since there are only
say 20 observers, it is logical to eliminate any
observer whose performance is clearly outside the one
in twenty limits.

It should be emphasized that this examdination of
data was an important and essential part of the
analytical process, The next stage was to plot grophs
of each set of observations against the expected
physical corzelates and possibly some lass expected
ones. Unless the correlation appears obvious graph-

ically, it is seldom werth carrving out a formal
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analysis. Also unless some ohysical reason is
suspected for the correlation, it must be regarded
with grave suspicion. Finally, a three facior
analysis wns carried out to find the relation of the
physical parameters of the lantern distributions to
the observations.

In the group of observers, about halfl were
lighting engineers and the rest were not. No
difference was found in the observations of the two
groups. ¥Froblems occurred which were associated with
the ends of the c-tegory scale. When an extreme
situation was presented, e.g. one of extreme glare,
all observers would tend to use the highest category.
As a result the variance of the resulis was small.

It is assumed that if there had been a higher
category, many observers would have placed the
situation in the higher category. The average found
for such situations would thus be low. Apart from
these cascs, the results were found to be suificiently
normally distributed for analysis of wvariance and
linear rezression analysis to be applied. The fact
that linear relationships were obtained with small
residuals justified the assumption of equal caiegory
widths, Linear relationships were found between the
factors over the range investigited and the relative
importance pliced on them by observers was discovered.

It is thus seen that an engineering problem had
been solved By the process of asking the custoner.

There is no other way open to the engineer to

(6)



Justify his designs. It was sntisfzctory that the
results validated general street lighting practice.
which has been established largely by the gualitative
observations of hizhly skilled lichting engineers.

A gquantitative relation had been established, for
one type of lighting installation, between glare,
brightness and uniformity. TPFurther experiments on
other installations and at other levels of illuminance
would be necessary in order to assess the generality
of the conclusions, Such further woric was beyond the
limits of expenditure that could be justifTied in the

company at that time.

g2 IFluorescent Lichting.

The second major problem inveolving the Author in
psychophysical testing and analysis also arose Trom
a lighting problem. This forms the main topic of
this thesis.

Sinee the introduction of the fluorescent lamp
for interior use in the early 1930 s, lighting
engineers and colour exverts have attempted first to
control and later to define the colour readering
properties of lamps. Before the invention of the
fluorescent lamp, the only lamns aveilable had 5
continuous spectrum close to that of a full radiator.
Although the generally used tungsten l-mp introduced
colour distorticns, theses were in a Irnown direction
so that users became used to designing colour schemes

elther for indoors or for out doors, and allowance
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in radiation from tungsten at a tempernture of 3200 K.
Furthermore, the general public was used to the
difference, and scarcely appreciated that it was
there.

With the introduction of the fluorescent lamp,
all this wns changed. A range of lamp colours could
be obtained by altering the phosphor coating. The
colours could have the appearance of 'white' light
of a colour temperature ronging from that of
incandescent tungsten up to that of north daylight.
However, because of the line emission from the mercury
discharge and also because of the desire of lamp
malkers to achieve the highest efficacy consistent with
acceptaoble rendering of colours, the snectra of
fluorescent lamis differed greatly from those of a
full radisztor at the corresponding colour temperature.
in fig. 1., the spectra of two lamps having Lthe same
colour temperature are compared.

The first attempt at standardization was to
define for each lamp type (a) the colour appearance
and (b) the luminous output in each of eight bands
in the wvisible spectrum. The colour =~ppearance is
the colour that a white surface would appear to have
when illuminated by the lamp. As makers were in the
main aiming at white light, the appearance could
be specified in terms of the correlated colour
temperature of the source, since it was assumed that
a white surfece would appear white under a full

radiator. Putting this crudely, it should mean thatb
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a white specimen wonld look the same as when illumin-
ated by a full radiator of the deTined temperature.
Thus for exmmple a lamp to simul=te north light would
have a colour appearance corresponding to 6500 K.

To define colour rendering, the first attempis were
to specify the propdrtion of the luminous output which
was emlitted in each of eight spectral bands., This
defined the lamp reasonebly well so that two lamps
having the same output in each band might be expected
to be interchangeable and to render coloured samples
in the same way. The method was agreed internation-
ally and beeame the C,T.E. (Commission Internationale
d'Eclairvage) approved method of defining colour
rendering in 1548,

This method was accepted because no other was
available, but it wans considered objectionable on two
counts. Firstly, it did not define the colour
rendering, but only controlled it. Secondly, by
defining the spectrum of lamps that could be made at
the time of publication and using the technology which
was available at the time, the method could inhibit
or even preclude future developments in phosphors and
lamps. This was felt strongly in countries where the
national specifications, which were usually based on
internationally agreed standards, have the force of
law. For this reason the international experts
endeavoured to devise a method of measuring the
colour rendering properties of sources for interior
use. Two methods were considered. In this country,

Crawford (5) attempted to extend the band method and
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justified his procedure by extensive subjeetive
trials. On the continent, however, the method
finally accepted by the C.I.E. (3) was developed
mainly on the basis of paper studies of data on
existing lamps and coloured samples. These methods
are discussed in the general introduction and in
part 2 of Paper 3.

In this method, eight specially selected test-
colours are considered. It is assumed that these are
viewed when illuminated by the source under test and
then under a reference source. The reference source
approximates to a full radiator or to daylight and
has the same colour temnperature as the source under
test). If the colour of the source under test is not
identical to that of the reference source, some colours
will change their appearance. In C.I.E, publication
13 (3), formulae and tables are given to enanle the
colour shift of each test colour to be calculated on
the uniform chromaticity scale. The colour rendering
is then derived from the average of the shifts of the
eight coloured samples., In a series of trials, the
Author in collaboration with three other members of
the British national experts committee on colour
rendering, attempted to test the method of Publication
13 and to see whether it defined a unique fisure with
respect to a lamp, and whether the figu:u found was
in agreement with the opinien of sgroups of ohsarvers
viewing scenes illuminated by measured lamps. This

work is reported in Papers 2,3,4,5. It should hers
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be mentibned that the initial division of labour
among the authors of these papers was to be: Miss
Halstead, provision of lamps and all spectroradio-
metric data; Mrs Morley, arrangement of the test
rooms and organization of observers and trials; Dr
Palmer to act as cénsultant particularly on vision
and the physiology of the eye. ‘he present author
was to deal with data analysis. All cooperated in
the design of the experiments.

This approximate division of labour continued
through Papers 2, 3 and 4, but after that paper, the
boundaries of the work becmme more diffuse,
Furthermore during the writing of Paper 5, alternat-
ive methods of analysis were advocated, in fact those
explained in Chaps 9 and 10 of Torgerson's book(27),
which had been rejected as inappropriate to this
problem during the work leading up to Paper 3.

These methods are criticized in section 3.2;

Paper 3 gives the background to the work
and fully discusses and criticizes the C.I1I.E.
method. It also contains the Author's theory on
which the analysis was based. The conclusions of
that paper are also the mest extensive. Paper 2
was preliminary and, as will be seen, had its
theoretical analysis based on the idea of random
noise. This has since been found to be unnecessary
and possibly misleading. DPaper I was an attempt to
include strong test samples and a more general scene

in order to relate the special rendering indices of
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individual test samples to the general colour
rendering index. Finally, Paper 5 was a study of high
pressure lamwns., This was a crucial experiment, since
it hnd been the contention of the authors of the
above papers that ruch of the apparent sense in the
method arose from the choice of fluorescent lamps,
rather than from its own merits. Unfortunately,
data obtainable from the lamps available did not
allow firm conclusions to be drawn.

In this thesis, the theoretical background to

the analysis will be discussed.



2,  PSYCHOPHYSICAL MITIHCODS.

The aim of psychophysical methods is to link
commonly used descriptions of human sensations with
other such descriptions or with physic=l quantities,
Many people would say that it is the sensations
themselves that are under study, but that cannot be
proved since verbal or similar communication is

~essentinl in order to specify the sensation under
study. It is therefore impossible to say whether
what one subject understands by 2 sensation, for
example of coldness, is the same as that understood
by another, Thus although we shall refer to correla-
tion of responses with physical stimuli, it must be
remembered that verbai commmication is nearly
always an essential link in the chain. The aim is
to use the human as a measuring instrument and to
establish correlates with scnsations such as loud-
ness, brightness and coldness. Closely related to
these methods and frecuently overlapping in the use
of the same technigues, are psychological methods in
which the aim is to find out gualities in the
observer. Thus, an experimenter wishing to rate or
order a series of observers in thedir sensitivity to
sounds, light or heat, might use the same methods
as an experimenter wishing to establish sciles of
loudness, brightness or coldness, but his method of
experimental replication and analysis would differ.
In this section, the aim is to study the use of the

observer as a measuring instrument for finding
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relationshins between sensations and stimuli. Ve
shall therefore consider only psychophysical methods.
To avoid continually having to assemble groups of
observers to estimate the subjective sensations due
to physical effects, an attempt is usually nmade to
find a physical property that is related to the
sensation to bes evaluated., Then if a relationship
c¢an be established, the physicel property can be

used as if it were directly related to the subjective
response. An extreme example of this is found in

the definition of the candela which is one of the
base units of the S.I. system. Although this is a
purely physical unit relating to the directional
radiation from a bBlack body under specified conditions,
the spectral output has to be medified by the
Juminosity curve of ihe mormal eye in order to
convert to the candela. The error is commonly made
of assuming that observed sensations of brightness
and lisht would relate directly to the candela,
However, it is well known that the luminosity curve
of the normal eye is only an average, and that the
curve for one particular eye depends on the illuminance
at it and the sensation of brightness depends also on
the adaptation. It is thus directly related to the
luminance only under carefully controlled conditions.
Sensitivity varies from one rerson to another. It is
therefore not to be expected that there will be an
absolute relationship between a human response and a

physical stimulus., However it is reansonable to expect
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that, if all other factors czan be kept constant, the
response and the stimulus will be related by a
monotonically increasing function provided that the
stimulus is not so excessive that saturation is
reached.

It should be emphasized that the response to a
stimulus such as a light sisnal is an extremely
indirect one. It &s not practicable to probe into
the nerve cells at the back of the human eye in order
to get a more direct signal. .But even if this could
easily be done, such a response would not be the one
required. Firstly, it would not take into account
the effect of the narrowing of the aperture of the
eye when exposed to light, and secondly, it would not
include the translation carried out in the brain,
¥hat we need to know is what the observer thinks he
sees, as this is what will determine his sensation,
However, he must be influenced as little as possible
by extraneous effects, otherwise we shall measure
other factors in addition to those of interest.

To male use of our observations, it is necessary
to set up some form of scnle. This is the essence
of measurement. This has been described by
8.5. 5tevens, paraphrasing N.R. Campbell, "as the
assignment of numerals to objects or events according

to rules"., (17)
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2.1 Tvpes of Senle.

S.5.Stevens (17,18) has distinguished four types
of scale which are used in measurements as defined
above, These are

(1) rominal Scale; in which the numbers are used

only as labels and give no indication of any

property of the object or class so numbered.

Few arithmetic operations can be done with such

a scale, When 4t is applied to classes, it

enables the most frequently occurring class

(the mode) to be determined.

(2) Crainal Scale; in which numbers are assigned

in accordance with the occcurrence of some

property, for example the arrangement of students
in the order of the results of an examination.

Nothing more is implied by this type of scale

than rank order. The statistics that apply to

this scale in addition toc the mode, are‘the
median and percentiles. The scale may be trans-
formed by the equation

x* = £(x)

where f(x) is any monotonically increasing

function,

(3) Interval Scale; in which numbers are

assigned to points on a continuum such that

there is a linear relationship between the
resulting scale and the magnitude of some
property of the elass, This is a 'true' scale

which may be transformed accordins to the
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equation

x! = ax %'b
where a and b are constants.
Thus equal intervals on the scale represent
ecual differences in the ﬁagnitude of the
property. To this type of scale all the usual
statistical processes such as calculation of
arithmetic menn, standard deviation, t-test and
F-test may be applied. Only processes involving
a zero are excluded, since the zero is not an
invariant under transformation. Examples of
this type of scale are temperature in degrees
Celsius and potential energy.
(4) Ratio Seale. This scale has all the
properties of the interval scale and also a
natural erigin. Thus, when the point on the
scale is zero, the property is zero. The eonly
transformation permissible for this scaie is

x!' = ax

where a is a constant.
All statistics applienble to the other types of
scale apply, but in addition, the geometric mean
and the coefficient of variation apply also.
Typical examples of this type of scale are those
of length, mass and absolute temperature.
Stevens has summarized the properties in various
papers (17, 22, 23). For the purposes of this

thesis, they may be swrmarized as follows:-

(17)



‘ Seale Permissible Statistics Heasure of

Location
Nominal Number of cases. Hode.
| xz test. |
| |
Ordinal Percentiles. Median. |
|
| Order correlation.
i |
|
Interval Standard deviation. Avithmetic mean.
i . t-test. |
| i
! F-test. |
Ratio Coefficient of variation. Harmonic mean,

|
Geometric mean.

Another scale, is the ordered metric. This has
been used by Coombs (4) and his co-workers for
psychological testing. In his method, he asks a
subject to consider a number of factors or statements
and to say to what extent he is in arrecment. IT
it is assumed that the statements lie on a
continuum and the attitude of the subject is somewhere
in the middle, then clearly he will disagree with both
the extreme statements. By questioning a number of
subjects and assessing their agreement or disagree-
ment with the statements it is possible to place the
subjects and the statements in order. The resultings
scale is called an ordered metric and the process by
which the results are obtained is described as
unfolding. The method is essentizlly one for ratfing
people and will not be considered further; but it is
off interest in that it employs 'unfolding' in order

to deduce a true scale from =z number of ambiguous

(18)
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cbservations. Unfolding using a different method
is the basis of the Author's analysis of colour

differences discussed in Paper 3 and in Section 6.

2.2 The Psychologieal Continuum.

We cannot assume that the judgement given by
an observer necessarily represents his true internal
response to a stimulus. There must exist a transla-
tion process between them. To discuss this, let us
assune that the set of all stimuli can be represented
by a continuous straight line stretching from - oO
to +od (fig.2). (This represents the simplest case;
multidimensional stimuli will be considered in a
later section ) There corresponds to this a psycho-
logical continuum on which the response R to any

S S. on

stimalus S occurs. Thus the stimuli S ar Sy

1!
the stimulus continuum give rise to responses

Rl’ Ra, R3 on the psychological continuum. These
responses will be translated by the observer who
J

will give judrements J‘, J The judgement will

- fha e Ty
not usually be on a continuum since the subdivision
of the judgement scale is limited. There will thus
be a quantizing error in making the judgement in
addition to any errors due to rationalization on
the part of the observer.

In designing a psychophvsical exneriment, every
effort is made %o dedﬁce the value of the response R

from the judgements J given by the observer. To

achieve this, greal care must be taken in framing

(19)



duestions to ensure that the observer understands
unambiguously what he is being asked to judge. The
questions must also be free from physical or
emotional bias, but where this is impossible, the
seﬁuence of guestions and replicatiens should be
planned to balance out the effect.

In his writings, L.L.Thurstone (26) uses the
expression 'discriminal process' for the response on
the psychological scale., le defines it as the process
by which 'the organism identifiles, distinguishes or
rencts to stimuli', The main advantage of the use
of the term is to distincuish it from the overt
' judgement' which includes the processing and trans-
lation which is carried out in the brain. In order
to reduce any rationalization process, J.C.S5tevens
et.al. (15) and others have used the method of
cross-modality matching in which the subject reacts
to one stimulus by some non-verbal act such as
squeezing a hand dynamometer. The pressure on the
dynamometer is then taken as a measurce of his
reaction to the stimulus. This then takes the place
of a judgement.

The problem remains to evaluate the positions
of the reactions or discriminal processes, given the

set of judgements by the observer or observers.

(20)
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w3 Psvehophysical Theoriss,

‘Some of the earliest sneculations on psycho-.
physics related to games of chance., In the 17th
and 18th centuries, the foundations of statistical
theory were laid in the work of Pascal, De Moivre
and Bernoulli, who were interested in the probabili-
ties of success at the c¢ird table. In 1728, Gabriel
Cramer (6) speculated further on why people will
chance their monies even though the odds are against
them. This led him to suggest that the subjective
value of noney fell as the owner possessed more, and
further that it fell according to a sguare root
law. Thus, suppose V is the wvalue put on the money
by the owner and { is the quantity he owns, Cramer
suggested that the added value AV for a small
increment A3 was proportionanl toAQ but inversely
properiional to the subjective value V. Hence

AV = 149
v

and thus by integration

Vz = 2kQ

since it is assumed that zero money has zero wvalue.
Daniel Bernoulli (2] in 1738 published a treatise
"Exposition of a lNew Theory of the Measurement of
Risgk" in which he guoted Cr=mer's proposal, bhut
himself proposed that the subjective wvalue was
inversely proportional te the a2ctual quantity of

money. The eguation thus becoi:ies

AV = x4l
Q

(21)
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Fig 3.
Value as a function of Quantity.

(a) Cramer function V =k _0Q
(b) Bernoulli function V = k, log @

(Note that with Bernoulli, value is zero when Quantity

is finite.)



and thus’
V =k log Q
Clearly there is no zero in this eguation.

There were thus two theoretical proposals, both
leading to curves which Tell off with increasing
gquantity, but having very different shapes. (rdgzs 3}
No experiments wore reported to have been made to
distinguish these two curves and the logarithmic
equation of Bernoulli became accepted by economic
theorists.

It seems curious that Bernoulli should have
considered his ecguation to be an improvement. Tor
according to Bernoulli, the observer must know his
guantity of money 2 in real terms in order to obtain
his subjective estimate of increase in value., IT
he knows the quantity, it is difficult to see why he
should not also know the quantity increment as well,
Alternatively, if he only has a subjective impressicn
of increment of wvalue, how has he obtzined more than
a subjective impression of the total value?

Cramer's theory on the other hand seems wholly
logical, since the subject's sensation of increase
of wealth depends only on the wealth that he saenses
that he has, and not on the absolute guantity which
he cannot comprenend.

There is a further objection to the Bernoulli
hypothesis. Since the curve dees not =zo through
zero, the observer will think that he has no value

when he still posesses a finite cuantiiy.

(22)



In the early i19th century, lebart introduced ths
concept of an absolute threshold or lower limit of
sensation. <Yollowing this, Weber proposed his
concept of the just noticeable difference and his
law that the just noticeable increment in a stimulus
is proportional to the stirmulus. UWeber's law is
thus the law enunciated by Bernoulli but applied to
physical stimuli. Weber's law states that

A3 = const
S

It was left for Fechiner to esrry out the integr=tion
and to state

R =Dk log S + const
and hence when R = 0, § = 50 and thus

R =k log S
So
where R is the response, S is the stimulus and 80

is the absolute threshold af the stimulus,

2.4 Methods of Sealing.

A llethods employing successive just-

noticeable differences.

Fechner's modification of Heber'g law was more
than a simple integration. Fer, whereas Weber said
simply that the size of?just-noticeable difference
(jnd) in a stimulus S is directly proportional to the
size of the stimulns, Fechner said that each inecrease

in stimulus 5y one jnd caused an increase in resnonse

of const=nt size. Fechner carried out a major

(23)



experimental programme in which the Fechner law was
used to measure responscs. Thus, after setting a
reference stimalus at some walue 51, a second

stimulus 5, counld be increased from the value of 3

2 1

until the observer could detect a difference.

82 could then be decreased from a large difference
until the observer detected no difference. The
average of a number of such runs in each direction
wonld ‘establish the just-noticeable difference. If
51 was now inereased to (51 e Jnd), a new series of
tests could be cnrried ont. Using this technique,
the separation of two widely spaced stimuli could be
bridged and hence, using the Fechner law, their ratié
determined. The technique has been develoned under
the general title of Method of Minimal Changes.
Details are described by Guilford (9) Chap. 5.

With the development of the use of statistical
methods at the turn of the century, inprowved
techniques were developed. In the so called
Constant methods for measuring the jnd, a number of
fixed stiluuli eclose to the reference stimulus are
successively nresented to the observers (or in the
case of g single observer they must be —~resented
many times). The observer has to state whether he
perceives a difference or not. Naking use of the
repetitions, an estifiate of the rrobability that an
observer wiil perceive a difference is obfained for
each stismlus. The probabilities c:n be plotted

azainst the value of the stimulus. These should Torm

(24)
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some sort of ogive curve. In the crudest type of
analysis, the point where the best curve through the
observations cuts the line correspondins to the
pProbability = 0.5 is talen to be the wvalue of the jnd.
There are many refinenents of this approach in which
various assumptions are made of the shape of the
curve, For example, if the ogive is taken to be the
error function, wvalues of the correspondinz stan-
dard normal deviates can immediately be derived Tor
each stimulus (fig. 4). This enables a linear plot
of stimulus as a function of normal deviate to be
obtained, Hence interpolation for the 0.5 probability
point ean be much more accurate: sece Guilford (9)
Chapter 6. Cnre is taken in the design of the
experiment not to give the observer clues as to
which stimulus he is olLserving at any time, as such

information could introduce bias.

2.4.2 Judgement iethods.

For problems in measurement well away from
the threshold, a number of allied techniques have
been used which rely on an observer's ability to
Judge when one stimulus is a fraction or a multiple
of another. HMerkel (11) in 1888 asked his observer
to adjust a stimulus until it was double a refercnce
stimulus, Flateau (13} in 1872 asked eight painters
to paint grey so that the interval from black te grey
was equal to that between grey and white. The
process was developed in which obssrvers were asited

further to subdivide and ultimately in 1933

(25)
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5.5.5tevens (19) introduced the method of magnitude
estimation., 1In this method the observer is presented
with a series of stimuli in irregular order. He

ig then asked to give any number to the first one,
and then to assign numbers to subsequent stimuli in
accordance with his subjective impression., Thus if
he thinks that the second stimulus is only one fifth
as great as the first, he assigns to it a number
equal to one fifth of the first value and so on.
Whole numbers, fractions or decimals may be used at
will., It is usual for the first stimulus to be near
to the middle of the range of stimuli to be presented,.
Some twenity to thirty stimmli are presented to each
observer, some of which are replications. It is
found that the relationship bestween estimate and
stimulus is not logarithrmie as would be exvected

from the Fechner-Weber law, since a straight line is
not obtained when response is plotted ag-inst the
logarithm of the stimulus. On the contrary, a linear
relation is found between the logarithm of the
response and the logarithm of the stimulus, For
example, a“ linear relation between the lognrithm of
subjective loudness and logarithm of sound pressure
was found by one obscrver over four decades.
(J.c.Stevens and Guirao (16)). This work is illus-
trated in figure 5, where the results for many
individual observers are plotted on the same zraph.
individual observers found similar slopes, indiecating

conclusively the power law

(26)



R = kS
In this ecase thie exponent was close to 0.8. Such
results as these, wyich were repeated Tor a large
range of stimuli such as hand grip, electric shock
and brighitness led in every case to a power-law
relationship.

Thus a serious disagreement appeared between
the results from the new method and the results
which had been accumulated over the previous
hundred years, based on succeqsive Just-noticeable

differences.

2.4.3 Categorical Jethods.

A method interiiediste between the two general
clagsses described above is the method involwving
categorical judgement. The observer is asked to
place each stimulus in one of several categories.
The number employed usually ranges from four to
nine. The categories are described to the observer
either verbally, such as cold, cool, normal, warn,
hot,; or as numbers such as =2, -1, 0, 1, 2 .
Alternatively the observer may be asked to nmark along
a line the position which corresponds most closely
to his judegement of the sensation. (figura 6).

The category method has the advantage of being wvery
easy to administer and is widely used in market
resezrch as well as in psychophysical and psycho-
logical testing. 1In the analysis, the arithmefic

mean of the scores is taken, each category having

{27)
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‘been allocated a number. The method yvields results
intermediate between those obitained from the other
two methods., Figure 7 (Stevens (21)) shows the type
of results obtained.

The method has diffieculties in that it dis
impessible to arrange that the observer males all
his categories of the same width. Also observers
have a tendency to avoid the extreme catepgories,
possibly because they are not sure whether more
extreme stimuli will subsequently be presented.
However, the method is very widely used and yields
resulls which are just as meaningful as the others.
Various technicues exist for analysing the results,
providing certain assuuptions are made. These will

be discussed in section 3.2

(28



s THEORETICAL HODELS AKD ASSUNMPTIONS

Any of the techniques described in the last
seéction will yield a relation between the stimulus
and the response. However, as seen, the relations
derived by two methods will not necessarily be the
same,; but will usually be related to one another by
an equation of the type

x! =f(x)
where £ is a monotonic function. This means that
only an ordinal scale has been found, if it is
assumed that bhoth ecuations are true. A scale of
this type is of little wvalue. We ncodlto establish
at least an interval scale and preferably a ratio
one. [urthermore, we cnnot be satisfied unless all
methods yield.the same results or alternatively we
find good reason for accenting one method and
rejecting anether.

In order to do this, we sihould proceed along
the lines of any physical theory i.e. we should
postulate a theoretical model which fits known facts
and we should use it to predict further experiment-
ally verifiable facts. So long as success in predict-
ion is achieved, we retain the model: but if the
predictions of the model do not mecord with all
facts, it must be rejected or modified. The model
basis for one method may rely on one or two simple
assumptions, another may rely on many. However,

all must be relevant and essential, and every

(29)



effort must be made to devise critical tests to
compare the performance of one model with that of
another.

Any method of analysis impiies some sort of
model,; although this is often not explicitly stated.
On the model will depend the type of stntistics
that should be used in the anslysis. An attempt
will now be made to investigate the limitations of

the different methods.

9.1  JInd and Caterory llethods.

The models on which these methods are based
have much in common as also de the methods of
analysis. They will therefore be discussed topether.
Two possibilities are open to the investigator.
He may seek a direct relation between the continuum
of stimuli and the set of observations or he may
attempt to relute the stismulus continuum to the
psychological continuum whose scale may be related
only indirectly to the observitions. Most of the

earlier work employed the direct approach.

3.1.1. Hethods employing just-noticeable differences.
The direct approach has been extensively used

not only for sealing stimuli producing sensations

in the normal working range of observers, but also

for those preoducing sensations near to the zbsolute

(30)



threshold of detection. The methods appropriate to
investigations neoar the absolute threshold will be
considered in Section 5; we shall here be concerned
with sensations in the normal working range of an
observer,

The model assumes Veber's law

As
8

= K

g0 that the stimulus continuum may be divided into

a series of just noticeable differences. As has been
seen, Weber's law is not basea on any particular
biological model, and many experiments have been

made showing that k is far from constant when the
full range of observer sensitivity is considered.
Fven in the working range, it may still vary by 2:1
for 20 dB variation in stimulus.

If Pechner's law is assumed, then there oxists
a scale between the stimulus and the response.

In the earliest methods such as the method of
average error and the method of minimal changes, no
mathematical model was assumed. It was believed
that for reasons unspecified, the least difference
between two stimuli which the observer can notice
varies from time to time. It wvaries depending on
whether the stimulus is rising or falling. If there-
fore these effects are carefully balanced in the
experiment, the final avera-e should represent the
difference limen.

In the Constant stimulus methods, a series of

steady stinuli are nresented relative to a standard.

(31)



The proportion ef ‘'yes and 'no' scores is calculated
for each stimlus., The difference limen is defined
as that stimulus at which the proportion of 'yes'
seores is 50%.

Different models are used to represent the
relation of stimulus to response. These are required
for finding the 50% point. For example, it is most
frequently assumed that the curve is a normal
probability integral. This therefore assumes that
obsarvations are distributed normally on the
stimulus seale, If however the probability is
.rclatcd to the legarithm of the stimulus, a log-
normal distribution is assumed. This model is
congistent with Fechner's law, whereas the normal
distribution is only an approximation true for small
values of disporsion.' The ocuantal method assumes an
abrupt threshold, and thus applies only te a single
observer under carefully controlled conditions.

For ecch rniethod a different model is appropriate,

and it is important that the conditions of the
experiment should be carefully planned to ensure that
the model is anppropriate.

Thurstone(26) introduced a judgement model
which was applicable to his Law of Conmparative
Judgement, and this enabled him to relate the
responses to scale values on the psychelogical
contimuum, The model assumes that cvery time a
stimulus S, is presented to the observer, it gives

1

rise to a discriminal process R on the psycholosical

(32)
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continuum (figure 8). Hovever, because of fluctua-
tions in the organism, the responses R are not always
in the same position on the psychological continuum,
but rather form a frequency distribution. These
responses will cluster around a modal value called
the modal discriminal process, Rm. Rm is taken as
the scale value of the stinulus 51. Associated
with the distribution is a standard deviation and
this is known as the discriminal dispersion for that
stimulus. For another stimulus, it may be greater
or less. The model assumes that the discriminal
processes form a normal distribution. This is a
major assuniption.

This model c=n be used in interpreting the
censtant stimulus type of experiment. If we wished

for examnble to Tind the scale relation for Iuminance

of surfaces and. to measure the jnd, the experiment
might proceed as follows. Ye should present our
observer with an unknown surface U1 and the reference
surface K. The observer would he asked to say

whether U, was brighter than K or whether Il was

1
brighter than U1. Other surTaces U2, U3 etec would

be presented with . One of the U s could then be
used as the standard and the experiment repeanted until
all surfaces had been seen many times with every

other surface. INow suprose that stimulces U, gave

1

rise to a modal value R on the psycholorical

ul

continuum (figure 9) and the distribution had a

dispersion Gh; also that X gave rise to a modal value

(33)
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Rk with dispersion O then the difference in modal
values is (Ru1 - Rk) and the dispersion of this
difference is
= £
O?u_ko = ((Tih + 0. + :Z11¢dgCﬁUJéyi

where s is the correlation coefficient between

ule
the momentary values of the discriminal processes.
This 4is elesarly an important factor since U and K
are prescnted simultxneousl&. Thus the observer
would always say that U was brighter than K when

the discriminal processes were spaced so that the
curves did not overlap. However in the region

where the curves overlapped the observer might

say that K was grester than U (i.e. the difference
was negative} or that U was greater than X {i.a. the
difference was positive}. We can éraw the freguency
curve Tor the difference (Ru - Rk},figure 10. Thus
when the momentary difference was positive, the value
would lie in thé unshaded part; when it was negative,
it would lie in the shaded part. The zero point

is the boundary between the two rezions, The modal
value of the distribution X il is the scale value of
the difference in brightness. The unshaded area is
proportional to the probability of a 'correct!
Judgement and the shaded nrea to the probability of
a 'wrong' decision given the stimulus U. It should
be noticed that the scale is on the msychologieal
continuum and not the physic=l scale of the stimulus,.

These scales need not be linearly related., The unit

is related to the scale through the diseriminal
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" k)' Thus if xuk

is- the normalized deviate representing the separa-~

dispersion of the difference, g1u

tion of U and X, then

e

u i = %uxOu - k)

o)t

1
el
n

2 2
Ve u k xuk(oL <% OL & 2ruk

This is a statement of Thurstone's law of comparative
judgement. (Guilford(9), Torgerson(27)). This
equation is not soluble, since there are too many
unkneowns. By presenting all available stimuli in
pairs, however, we can obtain sufficient equations

to ebtain a solution if some simplifying assumptions
are made. The essential is that the correlation

term, is the same for all stimuii. It is then

Faic?
assumed that the dispersions are nearly egual. The

equation then reduces to

R, - R = xuk(zh = :r-)}’lr(c:;Jl + ol"{-)

whera GL 2= 0" and x is the normalized deviate.

ulc
Experimentally, the values of dispersion will depend
on whether the exreriment is carried out by one
ocbserver with many replications, by many observers
each making one set of observations or by many
observers each making several sects of observations.
In practice each stimulnézis compared with all other
other stimuli, j, and an estimate of the probability
that i is greater than j is obtained. Then since it

is assumed that all disecriminal processes are

normal]gdistributed, the wvalue of the normalized

(35)



'deviate-xij can be read off from tables of the normal
distribution funetion. Clearly the iy terms i.e.
one stimulus compared with itself should all be zero

aud ... = =% The square matrix of all x wvalues

4 Jit
will thus be skew symmetric.

Since the discriminal processes are assumed to
be normally distributed; the model implicitly
assumes that the psychological continuum stretches
from =o0to +6Q In practice it could be limited so
long as its ends are at least three times the
discriminal dispersion beyond the extreme discriqinal
processes, If at least an interva:l scale is expected,
this implies that the continuum of stimali could
notionally extend indefinitely bevond the region of
investigation in both directions. The method is
therefore unsuited to investigations close to the
absolute threshold.

Attemptes are frequently made to overcome this
difficulty by relating the psychological continuum
to the logarithm of the stimulus. Put difficulties
remain since there is then no logical reason for a

threshold,
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= o T Category lethods.

The analysis of categorical data employs the
same judgement model, TFor whereas in the method of
paired comparisons described in the last section
each stimulus was compared with another stimulus, in
the method of categorical judgement each stimulus is
compared with a category boundary. VWhen an observer
places a stimnlus in a eertain category, it is
assumed that he has set up a category scale on his
psychological continuum so that t1 is the boundary
between category 1 and category 2, (c.z. between
'visible' and 'bright'), t, is the boundary between
categories 2 and 3 (between 'bright' and ery bright')
and so on. When a stimulus is presented to the
observer, he compares it with the successive
category boundaries; he finds the boundary next
above the discriminal process corresponding to the
stimulus and then places the stirmulus in that category.

It is assumed that various random disturbances
cause each category beundary to vary in position on
the psychological continuum so that its position
relative to its mean wvalue is described by a normal
distribution. The observer judges the stiuulus to
be below a given catesory boundory when the diserim-
inal process is below the position of the boundary
at the moment of comparison., It is thus seen that
the category boundaries behave exsctly like the

second stimulus in the method. of paired comsarisons.
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The same equations apply except that Rk is replaced
by B , B_ being the position of the gth category
B =

boundary. This has a dispersion o&. Thus

& e xug(OL

This is the law of categorical judgement, and con
only be solved if the same simplifying assumptions
are macle as before. The two most important are that
the dispersion %}is the same Tor all category
boundaries and that the correlation term vanishes,

Then

R, = % 2%

B -1

g
where GL is the dispersion of the discriminal
process. If in addition the dispersion

of the discriminal process is assumed to be constnnt,

the eguation reduces to

B —R- == -£
u ug

]

where ¢ = (6;2 + G;;a)iw

Clearly these assumptions simplify the anelysis
and they may be fully justified if the quantity of
data ig limited and the variability is high.

Guilford states that there must be perfect
correlation between the judgements given and the
momentary resvonse on the psychological continuun,
This seems unnecessarily strict. It is only
necessary for the judg-ment to be unbiassed. Tor
exsmple, if fthere is a third wvariance 032 represent—-
ing an error in the actunl judgement of the

(38)



caterory boundaries, this will simply add to the
value of o;r and will be undetectable so long as

=

it is not correlated with either g, or c;.
It is seen that analysis will show the position
of the entegory bourd- ries on the psyvcholosical
continuum and the positions of the stimuli, The
scale used taltes the standard deviation as unity,
and hence a relation cin be found beiween the
category scale and the jnd scale, if an appronriate
probability, such as 505, is taken to represent
the jnd boundary. This jnd is the value that would
be found in the absence of a standard. It is likelywy
to bhe much lar-er than that found by the coanstant
method of the previous section, becanse the fluctua-
tions in the category boundaries are likely ta be

sreater than the Tluctuztions in the standard.

3.2 Hethods of Analvsis of Data.

The methods advocated range from essentially
grapnhical processes to fairly elaborate lenst
squares procedures. TFor finding a single limen by

"the constant stimulus method, Torgerson(27) lists
the following vrocedures.

(1) Connect the points with straight lines:

linear interrolation method.

(2) 1Make plot on normal probability pnper

. (ox convert to normal deviates and
rlot on ordinssy p-per) then join
up the points with straizht lines;

(39)



(3) 4As 2, but it best straight line;
normnl graphic method.
() Tit integral of the norma=l curve to
the points using least squares procedure,
(5) As 4, but weight the proportions
appropriately. (Urban and Kelly's
me thod )

(6) Substitute the logarithm of the

stimulus in the first five procedures.

(7) Take pencil in hand and fit a smooth

ogive to the points.

The ineclusion of (7) suggests that Torgerson
recognized that the result is no betier than the
data from whiech it is derived, and that no sophis-
tication in analysis can imnrove the acecuracy if that
of the originnal data is limited. It sheould be noted
that these methods are not interchangeable, but rely
on different models. TFor example, the substitution
of the log of the stirmius for its normal value can
only be justified if the model justifies it. The
first essential is therefore to decide on the model
which will be assumed to represent the decision
processes. Once the model is decided, tests must be
included in the analytic procedure to verify whether
or not it truly represents the nrocess within the
limits of experimentsl error. If this cannot be done,
it may be rossible to reworic the analysis using an
alternative model to sce which fits the data better,

The nodel is then chosen on the basis of the best fiiL.
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Fig 11.
Scores in the categories.

The score attributed to category 1 is the sum of the
responses occurring below boundary b‘, and so on.
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It is unfbrtunate that methods of testing models do
not seem to be so well advanced as the methods of
scaling.

The methods of analysis of data are substantially
similar for comparative and for categorical data.
The latter will therefore be discussed. The

appropriate equation is

Bg - ?u = xugaug

where Bg is the position of the boundarv of category &,
Ru is the position of the response to stimulus u,
both measured on the psychological continuun, x ia

ug
the corresponding normal deviate and aur is the

=

standard deviation of response u relative to the

boundary of category g, i.e.

2 il %
‘(6:.1 . -._rﬂo;o-é)

G u¢

aug

The method of analysis is as follows. The data
consist of a number of scores either from one or from
many observers who rate the stimuli into their
different categories. The scores for one stimilus
may be as shown in figure 11. The number of scores
in category 1 divided by the total number of scores
gives the probability of a score occurring below the
upper boundary of category 1. Similarly tlhe sun of
scores in.cotegories 1 and 2 divided by the total
gives the probability of a score being less than the
upper boundary of category 2 and so0 on. It is

therefore possible to build up a probabiliiy matrix

(%1)



Fig 13.

The normelized scale value X is derived from the

probability p using the normal distribution function.

ategorhs

stimul

4 | %o | Zp | Xys | Xsa

Fig 14.

The x - matrix.



(p-matrix) in which the rows represent the different
stimuli and the columns the upper boundaries of each
category(figure 12). The last category Has no upper
bound, tlustiie probability is always unity.

Assuming a normal distribution and hence a
normal probability integral, each of the probabilities
can be converted inte a corresponding normal deviate x
using the normal distribution function; (figure 13)
Thus we could evaluate the scale value corresponding
to this probability pij if we kmew the discriminal

dispersion a of the stimulus i relative Lo category

ij

boundary j. The scale value would be

Thus dinitially the unit of measurement is the
diseriminal dispersion. The z-matrix H4s as shown in
figure 14. It should be noted that the result of
this process is to reduce tite data by one coluums
The purpose of analysis is to Find the position of
category boundaries and stinuli on the psyciiological
continuum and to find the values of the disversions
aij' There are not enouzh esuations to find all these
constants but making the restrictions referred to in
the last section i.e. that the correlation coefficient
is zere and that the dissersion of the category
boundaries is const at, GL can be left free to vary
from one sticulus to another. A further restriction
that 0; is constant for-all stinuli simplifies the

analysis still Turther, but it is doudbtful whetiher it
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is a satisfactory a priori assumption. If the less
stringent of these resirictions is apnlied, thentie

equation becomes

a, the standard deviation, is a function of u but
not of 2.

The analysis can then be carried out souewhat
-empirically or by a least squares process. In the
former apprach, the category widths are first round
by subtracting the (j - 1)th column from the jth
column to give the width of the jth category. Then
by ecumulating these from the left; a scale of
categories with an arbiirary zero is obtzined. The
distance of the X walues for each stimulus then yislds
values Tor the averapge scale position of each
stirmmlus. The standard deviations c¢czn be deduced
from the interquartile ranges. The problem is thus
solved. Now by using the values so found, a
theoretical »robability matrix can be deduced. These
probabilities can be compared with the original
values using 'l:hax2 test of goodness of fit. This
however scems to be the most unsatisfaoctory part of
the procedure since better agreement is frequently
obtained than can be justified. It has been suzgested
that this is due to the cunniating procedure. This
procedure is used in =211 methods of analysis,
therefore all are subject to this criticism. Also

since the whole set of data have been used to derive
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the theoretienlly sxpected vaiues, it is not clear
how many degrees of freedom exist.

The more formal methods use a least sgquares
analysis applied to the x matrix. The method of

Gulliksen minimizes

M=
Ms

(xs .~ 8. = ReyE
ug u g u

-y

SI
subject to an arbitrary zero and a scale unit equal
to the variance of the category boundaries. The

method of Tucker rinimizes

n m B 2
£ 2 e = 2 = )
B ] 24 2

He, it will be seen, included a weight wug wvhich, for
a normal distribution has the wvalue yzqu, where y is
the ordinate of the normal frequency curve, p iz the
a posteriori probability and a = (1 = p). These
weights are called the hﬂller—Urbnn welghts., The first
factor, 72. allows for the fact that in converting
probability wvalues to normal deviactes, the slope of
the probability integral changes. Thus referring to
figure 13, an error in x2h derived Irom pzh will be
less than the error in L derived from Poye The
errors will be inversely proportional to the slope
which in turn is proportional to the ordimate of the
freguency curve, Thus in minimizing the sduare of

the deviation, xz-values rust be weighted by yz.

The second Tactor, 1/py, arises from the reliabiliily

of an vstimate based on proportions., The nean sgquare

b
=~

srror for a bincuial distribution g = pg. Thus

the weigiitine is proportional Lo /e, It sscus a

()



citicisui of Gullilksen's method that Le does not
apply these weights. There seens litile voint in
the relatively elaborate analysis if they are onitted.
If the weights are not used, great cuphasis is
placed on the extreme results. To avoid this error,
some workers have suggested throwing away the extrene
data., However, it secems a wistuke to do this, as it
is often at the extremes that one distribution differs
most from another one. The various metliods of
analysis ere described in detail by Torgerson(27).
Torgerson cowpared tiie estimation of scale
values for the categories and stimuli obtuined on
three different sssumptions being applied to the
same data. The assw:stions were
(i) O'uis variable, CE is fixed.
(ii) o is variable, @, is fixzed.
(i) Both g and g- are fized.
The data supplied was artificial and fitted
assuniption (i) perfectly. The results were
then analyscd using the second and the third assunp-
tions. It was found that the results were then
completely distorted. Nevertheless, Torzerson seened
satis.ied that the three methods agreed. It would
thererore scem that more work needs to be done on
hese wmethods in order to set up ~dditional criteria
for the vilidation of the nodel used,
It siiould also be neoted that many data are
regquired if o high level of siznificance is to be

obtained, For it is usually stated that treX ™ test
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cannot be applied unless there are a minimn of

five data in each cell. If tiierefore the stimuli
have an appreciable variation, it will be found that
many cells, corresponding to Cthe ftzil of the
distribution will have less than five data in them.
In this case, it is impossible to build up a conplete
matrix, If the matrix is not complete, the methods
lose much of" tieir elegance and the data must bhe
handled more individually rather than directly by
conputer,

It secems likely that unless data are available
fron more than 200 observers, (or observer occasions)
the analysis for a five catepgory scale must be
carried out graphically and the significance assessed
individually based on the contents of tiie cells,

Tor more than five categories, tihere itust ol course
be more observers, This makes the methods
increasingly acadenic.

The most useful simplifying assumption is that
the categories whiech have an upper and a lower bound
are of ecgual width. In other words the category
boundaries are equally spaced on the psychologicnl
continuun, This is wvery often found to be the case
within the limits of precision allowed by the datn.
The}{z test can then be used to test the hypothesis
that the observations are norm-lly distributed on
this scale. If this is the c=se, there is just-

ification for using the simplified model.
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3.3 Marnitude Methods.

These methods have been referred to in Section
24,2, The main assumption is that an observer can
estimate the ratios of stimuli. This is what he is
directed to do. If it is accepted that he can do
this, (and it seems well verified by many sets of data)
then no complicated analysis is required, since the
scaling is direct on to the stimulus scale and does
not reauire the psychological continuum in between.

For each observer the logarithm of the magnitude
of estimate is related to the logarithm of a
physical stimulus and the best straight line is
either drawn by eve, or is calculated by least squares
procedure. It is necessory that the stiruli should
be distributed evenly over a logarithmiec secale
covering the range of interest, in order to obtain
the best relation. The slope is found for each
observer. Fipure 5 indicatea the type of results
that are obtained. The average of the slopes is
taken as giving the appropriate relationship. No
attemnt is made to %ind absolute relationshinps as
the numbers are purely arbitrary.

The model assumes that errors are distributed
normally on a leogarithmic scale, i.,e. they are
distribufed log-normally on a stimulus scale, This

with the assumption
is consiste:‘:t[_that the_o‘:)s-:“ver judzes ratios. Ne
attempt is made to find a scale on the psvenological

continuum.
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The hypothesis that errors are distributed
log-normally rather than normally conflicts with the
models assumed in the first five methods of analysis
of constant stimulus data referred to on ».3%.
Clearly the two models cannot be simultaneously valid.
The criteria which should be applied in choesing the
appropriate model will be considered in the nex

section.
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ba CONDITIONS OF VALIDITY OF METHODS.

In this section we shall consider why the
methods described above give different answers and
how it should be decided which of the methods is
applicable in any particular set of circumstances.
This problem seems to have worried S.5.Stevens who
wrote in 1971(23) "When three different scales have
been created of the same continuum by three senparate
sets of operations - - jkds, catepory estimation and
magnitude matching - - on what grounds do we presume
to ascribe to one of' those scales a superior
position?" Surely to decide this we must consider
the type of continuum that is being scaled and see
whether all methods are appropriate to all types of
continuum. Stevens speaks of two types of continuum,
the prothetic and the metathetic continua. The
dictionary does not help in understanding his meaning,
but he states (24) that prothetic continua are thase
concerned with intensity, degree or amount, whilst
metathetic continua are qualitative. He says that
a power function will describe the former, but
usually not the latter, On the other hand he says
that a partition scale such as a category scale
or a jnd scole constitutes a straight linear

segment of a magnitude scale on a metathetic continuun.
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bt Two types of Ratio Secale.

Let us consider what types of scale these may
be. Both may be ratio scales, but ratio scales can
be of two types. This possibility of two types of
ratio scale does not seem to have been noticed in the
literature.

A ratio scale, it will be recalled must be

invariant under the transformation
x' = ax

However, there are two classes of such a scale; in
the first x lies in the range zero to infinity
whilst in the second, x lies in the range minus
infinity to plus infinity. These are illustrated in
figure 15 (a) and (b). Let us call these two classes

the geometric and the arithmetic classes.

hoi.1. Geometric Class.

Continua that fall into this class include
pitysical cucnntities such as length, mass, force and
absolute temperature. All of these are limited to
positive quantities for, whereas it is easy enouzh
to talk of negative length as a mathematiecal
abstraction, no one can show an observer such a
duantity for him to estimate. Consider the process
of estimating a length of say 300 mm. The observer

st consider what he remembers the length of a
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metre to.look like and estimate how many times his
unknown would go inteo it, or he may consider how
many times a remembered centimetre would go into it.
He will estimate it by ratio. If he could de this

a large number of times (forgetting his prévious
estimate between each estimation), the estimates
would be distributed about the geometric rather than
the arithmetic mean, since all measurements were
made on the basis of a ratio. So although the
measurements are on a linear scale, the errors are
distributed acecording to a log-normal distribution.
Errors on such a scale are usually considered to be
normally distributed, but the conditions for a normal
distribution are clearly not satisfied, since the
continuum does not extend between minus infinity and
plus infinity. It is of course a perfectly valid
assumption so long as the standard devisntion is
small compared with the magnitude of the response.
This is so in conventional physical measurement, but
it is not true in most psychophysical experimentation.
The coefficient of wariation in such work is usually
of the same order of magnitude as the quantity which
is being estimated, and the log-normal distribution
must therefore be used.

S5ince the measuremenis are made on a ratio
basis, the method of maznitude scaling is entirely
appropriste. The jnd and category methods on the
contrary rely on a norﬁal distribution being

obtainezble on the psychological centinuum or even
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on the stimulus continuum itself. Thus a continuum
stretching to minus infinity is reguired. Any
attempt to use these methods is thus likely to lead
to eurvature, since one is attempting to map a
semi~-infinite continuum on an infinite one. This
is in fact what is found.

The characteristics required of the continuum
are Tirst that the whole of it can be mapped on a
semi-infinite line and further that the zero is
accessible to the appropriate senses of the obscrver,
To illustrate this second requirement, consider
observations of temperature on the Kelvin scale.
The Kelvin scale is a ratio scale of the geometrie
type,; but to an observer unaided by instruments, any
temperature below about 260 K is entirely outside the
range of his senses. He will therefore not be able
to apply magnitude scaling in this case. He would
in fact use his knowledece of the scale and his
knowledge of ice and boiling water to estimate the
temperature. The zero is far from either of these
points, thus normal statistics would here be

applicable,

5 - Arithmetic Class.

This type of continuum, in which there is
extension on both sides of zero, will occur in a
typical physical measﬁriﬁg situation. For example

in measuring the lenzth of an object using a
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graduated scale. The unknown lenszth is plaved wen
to the scale and the distance to the nearest
graduation is estimated. The graduation on either
side of the end point may be used. Then because the
distance to the nearest graduation is small compared
with the length being estimated, the errors may be
considered to be norﬂally distributed with a constant
standard deviation. The same might be considered
to apply in using a visual photometer where the
illuminance due to an unknown source is compared with
that due to a standard. The following technicne
might be used. The photometer is set close to

.
balance, then a number of observers are asked to say
whieh side is brighter. From their observations
the probability that A is preater than B can be
estimated. The photometer is then moved and the
process is repeated. The conditions would change
from one in which A was brighter than B, through a
50¢% probability point to the condition where B is
found to be brighter than A. It would be reasocnable
to assume that the frequencies were normally distriﬁ—
uted on this continuum., This type of continuunm
will be obtained in any test in which the observers
are asked to answer acuestions which lead to answers
which are balanced about a centr=l value. For
example, " Is a note of higher or lower pitech than
a standard?® or " Is a street lighting iunstallation
too bright, satisfactory or too dim?% Agsin we expect

the answers to be normally distributed on a ratio
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scalo. in order te test whether a continuum is of
‘this type or not, it is necessary to ask whether
thiere is a standard, and if so whether it is larpe
compared with the deviations <from it. Alternatively
we may ask whether the zero of the absolute magnitude
under investigation may be treated as infinitely
distant. In the cases of the length or illuminance
measurements, we have a physical standard; in the
case of the streetlighting we have an implied standard,
i.e., the level of brightness that is considered to

be comfortable by the observer. It will be noted
that it is unnecessary for the basic scale of the
property to be a ratio scale or even an interval
scale, provided that it is a smooth monotonic
function of the stimulus scale. Since only a small
portion of the scale is observed, it is lilkely to
appear sensibly linear over this range, or at least
suf'ficiently linear for the wriations to be consider-
ed as normally distributed. It is also unnecessary

for the observer to know the location of ths zero,
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h9, Comparison with Stesvens' Continua.

An attempt has been made to define two classes
of continua both having ratio secles. This has been
done purely in terms of the type of measurement
whiech is applicable. As noted above, Stevens(23)
distinguishes two continua in terms of the type of
curves that they yield when different systems of
measurement are applied to them, regardless of
whether the system of measurement is appropriste or
not. He says thnt the prothetic and metathetic
continua can be distinguished by four criteria.
These are

(a) Size of jnd.
(b) Form of category rating scales.
(¢) Time-order error.
(d) Hysteresis.
We will now consider how each of these criteria
might be affected by the choice of the seomeiric or

the arithmetic continua.

4§25 Size of jnd.

Stevens states that the size of the jnd prows
as we zZo up the scale for prothetic and remains
constant for metathetic continua. It has been seen
that for the geometric class deseribed anbove,; the

estimation error increases proportional to the
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estimate of the narmitude of the property being
measured. This is obvious for such continua as
length and mass, and one would expect it to be
general over the range of any property that is
readily accessible to the senses. TFor example;
one might expect it to hold for a length between
0.5 mm and say 50 m, a range of 105. For distances
greater or less than this range, the eye needs sone
aids. The method of estimating is thus changed.
This could pgive Tise to different constants in fhe
equation. Ve therefore expect the jnd to be
proportional to the magnilude on the paychological
scale. Errors are distributed log-normally. The
magnitudes themselves are measured on a uniform
ratio scale which starts from zero in a positive
sensa,

On the other hand, the arithmetic secale leads
to constant variances of estimation and therfore
to constant values of the jnd. This is the
characteristic of Stevens' metathetic continuum.

We thus see that in respect of the size.of the
Jnd, the two classes of scale agree with Stevens!

two continua.
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o e, Form of Category Rating Scales.

Stevens stntes that measurements of a prothetic
continoum using a jnd or category =scale yield a
curve which is conecave dovnwards (figure 16) with
the cntegory curve always below the jnd curve.

A metathetiec continuum on the other hand yields a
linear relationship on the category scale. This
latter is consistent with associating the metathetic
continuum with the arithmetic class, Since with

the arithmetic class, the frequencies are normally
distributed one would exrect this linear relationship.

Conversely since on a geometric class of ratio
scale the dispersion is proportional to the magnitude
of tlie stinmmlus, we would expect curvature in a
cantegorical experiment, but the depgree of curvalbure
to be expected would depend on how the observer
operated. There seem to be two possible modes of
cperntion.

He may set up his category boundaries so that
they are equally spaced on a magnitude scale,i.e,
they are a uniform distance apart. These boundaries
would each be subject to fluctuation, but the disver-
sion would be distributed neormally on a lozarithmis
scale, i.e. the dispersions would be proportional
to the masnitude, Since the dispersion controls the
precision with which he can assign stimuli to
categories, he will be nuech more precise for the low

categories than for the high ones (figure 17 aj.



There will thus be more jnd s per category for small
stimuli than for large ones. This is as shown in
figure 16. The exact relation will depend on the
number of cntegories used. This will contrcl the
degree of averaging. One can thus state that this
explanation would be consistent with Stevens'
findings.,

An alternative possibility would assume that
the observer set up his categories sao that their
widths were proportional to the marmitude of the
atimalus., i.e. the category widths are distributed
log-normally as also are the dispersions (figur& 1Tb}.
One might then expect the jnd and category scales to
be similar since each ecategory would contain the
same number of jnds. This explanation is not
consistent with Stevens' findings and furthermore
seems to be a more complicated process than the
first. It therefore seems likely that the first

explanation is the true one.

2.3, Time-Order Lrror.

When two stiruli are presented one after an
other, thereis a tendency for the observer to
overestimate the second rel-tive to the first.

Thus if the standrrd is repeated, the observer will
usually say that the repeated stimulus is the larger
one,. 'This is referred to as a negative time-

order error. Various theories have been put forward

to expl=-in this phenomenon, thousgh none seems
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satisfactory. Stevens(23) suggests that it is a
function of the ceontinuum itself,; and that the
prothetic continua show a negative time-order error
whilst the metathetic ones do not.

Stevens does not analyse the reasons for this
in detail, but he shows figure 18 in which the limen
for pitch and loudness have both been estimated by
the constant method. It is seen that for pitch,
the ecrossing point of the curves corresponds to the
point where the stimulus and the reference have the
same value, FPitch he says is a metathetic continuum.
For loudness. the crossing noint does not coincide
ﬁith zero difference or, put in another way, when
the ﬁtimulus and the reference have Identical wvalues,
80% of observaiions would indicate thaat the stirmlus
which is heard second was louder than an identical
stimulus which was heard first. He states "v¥hat
the Fechnerian time-order error really seemé to
depend on is the.sare basic process that makes the
category scales on Class I (prothetic) continua
turn out to fe cencave downward, namely the asymmetry
of sensitivity - the fact that discrimination is
better toward the low than toward the high end of
the range."

This idea of the sensitivity being greater
toward the low end is what may be expected in a
geometric type of continuum. Applying our model to
this problem, we assume that the distribution ofl

sensation of loudness is log-normal on the ratio
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scale., 7Thus the observer will experience nmore
sensations in the high direction than in the low
direction relative to ithe mode of the distribution,
If we assume that in making his decision the
observer subjectively takes the mean of his
distribution of scensations, we see at once that the
median, i.e. the 50% point at which the loudness
curves of figure 18b cross, is on the lower side.
It is noticeable that the ogive type curve is
approximately anti-symmetrical about the 50% point.
One may thus infer that the distribution is normal
on a logarithmic scale. Since the relation of
sound intensity to loudness is given by

fom RL 2

(as derived by Stevens from magnitude estimation)

then
log L = 0.3 log I + const

Hence a symmetrical distribution on the intensity
scale indicated a symmetrical distribution on the
log=loudness scale. If we assume this to be a
normal distribution, then the distribution on the
loudness scale will bs log-normal.

From the percentage points on the log-
intensity sc=le, it is found that the standard
deviation O is ecual to 0.069 on the log scale to the
base 10, or 0.16 on the matural logarithm scale. ©On

.a linear sczle the ratio of the mean to the median
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for a log-normal distribution is eécz (1) where o
is the standard deviation on the log scale., Hence
we see that this ratio for the distribution under
consideration is 1.013, corresponding to 0.056 dB.
Thus , on the model proposed, the displacement of the
crossover (503 point from the reference value
should be only 0.006 dB instead of z wvalue of 0.3
as shown in Stevens' graph. Thus, although it
gives an answer in the right direction, the above
explﬁnation cannot be considered to be a complete
one for the time-order error.

As an aside, it should also be noted that the
ogee curve Tor pitch is not antisymmetrical but
has much greater curvature on the high frequency
side than on the low freauency side. The reason for
this is that the logarithmic scale is the wrong scale
for this quantity. There is no magnitude sensation
felt by an observer when he distinguishes two sounds
of differing pitch. They differ qualitatively.
The linear scale should therefore be used. When
this is done the curves appear substantially normal.
(figure 19). This result is somevhat surprising when
it is remembered that all music is based on ratios,
but it must be noted that Stevens' results concernead
only small sections of a noise spectrum, This once
more illustrates the importance of using the correct
model.

Stevens states th%t another manifestation of

_the time-order error is the way in which measuremenis

(61)
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of prothetiec stirmuli on a category scale result in
a curve which does not pass through the origin. This
is illustrated in figure 20 where the sensation of
weight is measured on a catezory scale over a
relativaly_wide range of weights. It is seen that
the reference weight, 50 gn, is not rated to have
a scale value in the middle of the category scale.
An effect of this type would be expected on the
assunption that the sensations were log-normally
distributed, for the same reason that the curve is
concave downwards as discussed in section 4.2.2,
The size to be expected for this effect, however,
cannot be estimated unless more is known of the

dispersion,
§.2.4%. Hysteresis Effect.

In experimenis on bisection, in whieh the
observer is pgiven two different stimuli and then is
asked to adjust a third stimulus until it is midway
between the first two, it is found that the wvariable
stimulus has to be higher when the signal is
inereasing than it does when the sirmz2l is decreasing,
There is thus an overshoot or hysteresis effect.
Results of the type illustrated in figure 21 are
obtained. Two surfaces are first presented: the
brightnesses of these are given the values © and
100, The brightness i; then increased fTrom the low

_value and the obse-ver is asked to say when the
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brightness is halfway between the two reference
levels. The experiment is repeated, but this time
the level is reduced from the high reference level
and apgain the observer is asked to say when the
brightness is halfway down. It is usually found
that there is an overshoot as shown for prothetic
continua, and Stevens draws attention to this.

He does not however say that a different result is
obtainéd for metathetic ones,

Because of this uncertainty, this effect has
not been related to the two classes of scale.
However, it might be expected that a lopsided
sensitivity eurve such as is obitained with the
geometric type of scale would give a different rTesult
from that obtained with a symmetrical distribution.

This needs further investigation.

Iie3n Conclusions on Validity of Mcdels.

It is thus seen that Stevens' two classes, the
prothetic and the metathetic, which he has distin-
guished on a phenomenological basis, correspond to
the two classes of ratio scale, the geometric and
arithmetic classes, which have here been distinguish-
ed mathematicalliy. It is here suggested that no
confusion need arise as to the type of experimental
approach to bhe aprlied for measurement of physical
and psychophysical pheﬁoncna. If the stimulus has

a zéero, and cannot be negative, such as a sound or
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light signal, then the only appropriate experimental
technigue is magnitude scaling such as has bheen
extensively and successfully exploited by Stevens and
his co-workers. If however the stimulus has a zero,
but may be positive or negative relative to that
ZeT0, 5uch‘as measuring & length relative to a
gtandard and available me=sure, then Thurstone's
model applies and the techniques employing the laws
comparative and categorical judgement are appropriate.
If the dispersion of observations is small
compared with the scale wvalue, then the assumption
of an arithmetiec continuum and a normal distribution
is a permissible approximation, even though the

stimulus has a known zero.
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5 CONDTTIONS NEAR TIHE ABSQLUTE THRESHGLD.

In the above discussion, it was assumed that the
signal to be measured was well above the thresheold
of observability. This condition implied that it
was large compared with the ultimate discriminal
dispersion which would be obtnined as the signal was
allowed to fall to zero. In all measuring syvstems,
there are various sources of uncertainty. Some
of these are of little significance over most of the
measuring range, but become dominant near the limit
of resolution of the ecuipment.

- As a concrete example, consider o low noise
amplifier preceded by an attenuator., Suppose that
a signal is being amplified and its magnitude is
cdisplaved on an oscillescope. The value of the
signal can be measured by the size of the trace on
the oscilloscope if the gain of the amplifier is
known. It is assumed that the whole signal is
displayed and that there is no backing-off voltage
to improve the nrecision of measurement. The precision
will be determined entirely by the observers ability
to estimate the heizht of the trace, If the
attenuation preceding the amplifier is increased,
the gain of the amplifier will have to be increased
to keep the trace the same size, but provided that
the attenustor and ampl;fier are both correctly
calibrated, the precision of the measursment will

be unchianged,; being limited entirely by the
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precisioﬁ with which the trace can be measured on
the oscilloscope. This situation is analogous to
those which we have considered in the previous
sections, The gain of the amplifier may be
analogous to the adaptation mechanisms in an
observer such as the iris of an eye, the pores of
the skin and others of a chemicnl or electrical
nature in the sensory and nervous systems.

If the attenuation before the amplifier is
further, increased, the st2te will be reached where
the second source of uncertainty, the noise in the
first stages of the amplifier will become imporatnt.
The preeision of measurement will now fall, because
the noise due to the amplifier as well as the signal
will be displayed on the oscilloscope. Further
inerensc of attenuation and increase of gain in the
amplifier will lead to the displayed output being
due only to the inherent fluctuations in the
measuring system, and a2t this stage no Turther
information can be obtained abount the signal.

In the same way, we should exnect that the
magnitude estimation methods and z2l1lso the method
of just noticeable differences would indicate a
change of law close to the absolute threshold., In
the case of the former method, this is not import-
ant, because both signal and response are plotted on
logarithmic basis, thus rvelatively small portions of
the curve are close to-the threshold. Using the

guantal method, ldiller(i2) has investig:.ted the
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audibility of sound signals into the threshold regisn.
In figure 22, is plotted the number of quanta

(just noticeable differences) against the lognrithm
of’ the sowd pressure level. It is seen that a
linecar relationship is obtained down to about 20 4dn
above the ambient noise level, when curvature sets

in. This region which is commonly called the

threshold region will now be discussed.

5l Threshold theory.

Two types of theory have been designed
esﬁecially for explaining phenomena occurring at
the 1limit of sensitivity of the observer. One
type is based on the classical Fechner hypothesis
of  a threshold, the second is based on signal
detection theory.

In the threshold theories, it is assumed that
there is a tiireshold or abnsolute limen below which
the observer cannot detect a signal. Above the
threshold he can., This should lead to a well
defined level of signal below which the ohserver
would always say that there was no sizgnal and
above it he would say that there was. This is
clearly not the case. ZIZxperiments of the constant
stimulus type were designed to detect this threshold.
A number of signals close in masnitude to the
threshold level were shown to the observer {or

observers), who had to say whether the signals were

(67)



present or not. TFor each signnl level a probability
of detection was obtained and the level at which the
signal was detected was derived using the methods
discussed in section 3.2. This is inconsistent

with the concept of a threshold. It therefore has
to be assumed that there are fluctuations occurring
either before or after the detection nprocess takes
place. The threshold is then defined as the

value of the stimulus which arouses a response for
50% of the occasions tested. It is found that

the curve of probability of a positive response
against stimulus value is freguently not an anti-
symmetrical curve, but shows a finite probability
for zero signal, In some methods this is taken into
acecount by assuming that for part of the time the
observer answers purely at random. By such methods
the theory may be made to fit the experimental

data, but it should be noted that at no time does
the theory sugzest why there should be a natural
threshold or what mechanism lies behind its

existence,.
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B Siznal Detection Theorv.

The signal detection theory as elaborated in a
series of papers collected by Swets (23), differs
completely in its foundations from those of the
threshold theory. Instead of assuming a threshold,
it assumes the existence of noise arising in the
organism. The signal detecticn theory aims at
maasﬁring observers rather than measuring physical
quantities or stimuli, It woﬁld thus be called a
psychological rather than a psychophysical theory.
The aim is to develop the receiver opernting char-
acteristic (rR.0.C.) of the observer. In a simplified
form, however, it has been used to measure sensations
of warmth, touch and electrical stimulation.

The theory assumes that observation takes place
in two stages. In the first stage, it is assuned
that the stimulus or combination of stimuli give
rise to a neural process which results in an
attribute or state of the nervous system. It could
be the number of nerve impulses in a given time.

The level of this state is assumed to be monoton-
ically related to the stimulus. This abstraction
is called an 'observation'. The observation may be
multi-dinensional.

In the second stage, the question is asked -
"Given an observation, what will be the response of
the observer?" To ans%er this in the case of a

'yes-no! experiment, it is assumed that when no
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signal i; present, there is a noise level. Tor
ﬂxaﬁpla, if the observer were detecting the presence
of a spot of licht against an illuminated background,
the background on its own would give rise fo an
observation which fluctuated with time. This is
called the noise. This noise will have a probability
density which may or may not be of a Gaussian nature.
Thus the probability that an observation lying
between x and x + §x will be made at any time is the
ordinate of the probability curve for the noise alone.
(figure 23)

When a signal is also present, it is assumed
h&t a sccond curve will be obtained displaced from
the first. TFor a one dimensional atimulus, the
two probability density functions might be as shown
in figure 23; one curve represents the noise and the
other the signal plus noise, It is assumed- that
the observer carries both these distributions in his
head., Then if at some time he makes observation xa
he will assess the probability that Ka arises from
the signal plus noise by reading off the ordinate

¥ He will assess the probability that Xa arises

SK*
from noise alone frem the ordinate PN' He will

take the ratio of these, PSN/PN’ which is the 1ikli-
hood ratio. He is now ready to proceed to the decis-
ion process., He is told the wvalue of a correct
decision and the costs of an incorreci one. He will
then chocse a value fAr the liklihood ratio to act

as a criterion above which he will accept the
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hypothesis that the signal is present and below it
the hypothesis that it is not.

It is seen that the liklihood ratio is a
one dimensional wvariable even if the observation
‘dtself has many dimensions. The devision process is
thus simplified. The subject has only to set up
a criterion on the liklihood scale, If the likli-
hood is above the criterion he chocses one hypo-
thesis, and if it is below it he chooses the other,
His choice will depend on his rating of the wvalue of
success and the cost of failure., For example, if
he is told that he nust he careful not to over-
egstimate the occurrence of the signal, he will tend
to score low and so on.

A parameter, dl, which is an index of detect-
ability for a given observer, can be found if both
distributions are one dimensional and have egual
standard deviations. dl is defined as follows

v Mesw(x) = Mew(x)

Oy

where Mfﬂ(x) is the mean of the probability
distribution of noise alone on the x scale, HfSN(x)
is the mean of the probability distribution of
signal plus noise on the x scale and O}N is the
standard deviation of both distributions. d' is
thua the difference beotween the observations
normalized in terms of the standard deviation of the

noisge distribution.

Using this as a parameter; the receéiver
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operating characteristic can be calculated on various

assumptions. The value of the conditional probability

that the observer will say "Signal plus noisc" givén

signal plus noise is the area under the PSN curve

to the right of some criterion Xc. The conditional

probability that the observer will say "Signal plus

noise" when only noise is present is the area to

the right of the eriterion Xc under: the curve PN.

These can be plotted to form a receiver operating

characteristic given the conditions (A) (rfigure 24).
Clearly if the signal is indefinitely small,

the twc probability density curves will coincide

ané we hawve the diagonal dI = 0. As the signal

increases dl inereases so that the wvalue of PSE

is greater than PN for all values of X, . Vhen Xc

is set very law,-the observer will Ffind the

probability P andP_ are both the same and are

SN
equal to unity. Similarly if Xc is set wvery high,
he will arain find the probabilities equal, both
will be zero. Detween the two, the probability of
a correct answer "Yes, signal is present" is always
greater than that of an incorrect answer "lNo, signal
is not present" when the signal is displayed. If
the value of the signal is incrensed, d' increases
and the deviation from the diagonal on the ROC
is greater.

Now, how will the criterion Xc be set up? It
is assumed that the observer is given an a priori

set of values and costs, From these he will try to
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maximize the expected value of his decision.
Suppose that he ftakes the ratio p a8 the liklihood

ratio

_Tan(x) _ P()(Vss * X5s)

P™ Tux) T F(a)Vas * Fes)
where V and K represent respectively the wvalues of
a correct cdecision and the cost of a wrong one.
$ represents a positive response, 5 represents a
negative response. s represents the signal being
« present and s represents the signal noet being present.
Thus vsS is the walue of the correct response when
the signal is present. It is shown that if the
pay=off matrix of v=lues and costs as shown bhelow

is assuued,

Stimualus
Response 5 s {= not =)
o] ;Sb ;‘ES
=] (: not .')} :\_sg v;g

then the criterion for the liklihood ratio to

maximize the expected value is
p (5) - p;[s) is a maximun

where ps{S) is the conditional probability that, if
the signal were present, the observer would report
that it was present. pz(S) is the conditional
probability that, if the signalwere not present, the
observer would say that it was. P(g) and P(s)

are the a priori probabilities of 'no signal' and

tsignal' respectively.
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To maximize the expected value, we reguire the

line on the receiver operating characteristic to be

touched by the line from the origin whose slope

isB.

If the pay-off matrix is altered by altering the

costs and values, the. slope of the tangent 1

ine and

hence the wvalue of the critical liklihood ratio will

be altered.

Having said all this, we find that since the

eriterion is a liklihood ratio, it is completely

defined. Thus although there is noise in the system,

the observer will always make the same decision

when a certain signal is sresented. The theory does

not seem to predict the wvariation from one cobhserva-

tion to another that in faet occeurs. Ii is
necessary to postulate a variability in the
ceriterion.

The follOwing seem to be the brocesses
which the observer must go in order to make

decision.

therefore

through

his

(1) Enter the a priori probabilities into his

memory and develop his pay-off matrix,

(=) From the pay-off matrix establish his

eriterion.

(3) Make the observation, which may be multi-

dimensional, and econvert it into a point on

the probability density curve. At the same

time he must transform his multi-dimensional

scale into = one-dimensional liklihood scale.

(4) Consider the probavility density curve for

the system in the absence of sisnal, again on

the liklihood scale.
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(5) Talke the ratio of ordin~tes at a wvalue of
liklihood corresponding to his eriterion.

(6) If the liklihood ratio is sreater than his
criterion, say "Yes, there is a signal'; if

it is less, say "No, there is no signal"

This seems to make so great demands on the
observer, that it is hard to imagine that he could
accomplish all these operations automatically.
However Eijkman and Vendrilk simplified the theory
in their investigations of warmth, touch and electric-
al stimuli. They used signal detection theory to
determine relationships between the mensations above
and the magnitudes of the stimuii. To carry out
the analvsis, they made the following assumptions,
There is neise in the orgaznisr of the type already
discussed, giving rise to 3 mean value n and having
a varianceg;lz. When a signal is present, no
additional noise is intreduced. Thus the density
curve is shifted to a new mean value Es on the
observation scale x. A criterion ¢ is set up such
that if the observ-tion appears to be above the
eriterion, the observer will say that a signal 4is
present, if it is below, he wil; say that it is not.
The criterion also may not be constant. If this has
a variance c;z and if all distributions are Gaussian,

it will be equivalent to having noise with variance

2 2 2
om0y %0

and a constant criterion.(figure 25(a)).

This model ecan be shown to be ecmivalent to a
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single Gaussian distribution for the criterion
having a vnriance(jg an<d no noise on the signal or
receiving.system. The new scale unit ¢ is equai to
(=x % © % X). Comparison of the shaded areas of
figure 25(b) shows this to be the case.

Edi jkman and Vendrilkk carried out experiments in
which five stimuli were presented in random order,
one of which had zero amplitude. The stinmuli were
presented in a given time interval. The observer
had to respond either Yes or ﬁo. No cost or values
were suggested for a correct answer. The proportion
of positive responses were plotted against the signal
strength on arithmetic probability paper. Results
showed, in the case of warmth, a linecr relation
intercepting the zero ordinate at about 6% (figure
26(a)). This the authors state is satisfactory
agreement with the theory that the distribution is
Gaussian. They say " No significant deviation from
a Gaussian distribution was found." ©No comment is
made about the intercept on the zero axis, indicating
that the probability density function is truncated
by the zero stimulus ordinate as shown in figure 27,
and suggesting a probability of a positive response
for negative signals. It will be seen that the
theory has led us to the classical constant
stimulus method of measuring the absoliute limen.

All objections that apply to thaot method apply to
this one.

Almost identieal results were obtained for
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touch, but for electrical stimulzition a different
pattern was obtained in which it appeared that a
Gaussian distribution was obtained for large signals,
but for zero signals the probability of a positive
response could be as high as 305 (figure 26(b)).

The authors suggested that this could be dus
to skewness in the distribution of the noise on the
x axis or due to non-linearity in the relation of
x to signal. To distinguish these two hynotheses,
they asked the subjects to say which of the five
stimuli was being presented. They thus obtained four
monotonically related criteria. If the distributions
were skewed, but the relation of signal to x was
linear, they expected distributions of twvpe A in
fipgure 28; whereas if the distributions wvere symmet-
rical but the relation of sisnal to x vas non-
linear, they expected curves of type B. (¥N.B, The
vertical scale is that used in probability paper.)
Experiments were performed on the sense of touch and
of electrical stirulation, and the results apnearoed
to be of type B. These are shown in Figure 26 c and d,

In considering these results, it is interesting
to nove that the theory had had to be simplified to
include only Gaussian distributions. In this last
discussion non-Gaussizan distributions.were consid-—
ered but the theory was not changed. It is not
clear what ftyoe of non-Gaussian distributions would
allow translation to be made from the x axis to the

e gxis. It would appe-r thot cskew distributions
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arve excluded, and yet the authors have assumed that
such a translation is rermissible.

Also the very simplified model used in this
paper,; in which Gaussian noise and random fluctua--
tions of the criterion are assumed, now raduces
exactly to Thurstone's model. So that statistical
decision theory has only led us back to the original
starting point. This does not seem to have bheen
discussed by the authors.

It now becomes clear that this theory in no
way explains the mechnnism of the limiting
sensitivity of a sensory system, in that it derives
from a normal distribution on a scemi-infinite linesr
continuum, One is left with the awkward question
of what is meant by the finite nrobability of
response with zero sipgnal, and vhat hanpens to the
distribution to the left of the z=ero stimulus
ordinate., (figure 27).

The gquestion of integration time does not scem
to have been discussed by the protagonists of
gignal detection theory. Fitzhugh(€) gives an
account of experiments on the pulses from the
ganglion cell of the eye of a decerebrate cat. He
found that the impulses occur apparentl& randonly at
an: averzsge of 0.5 per 10 ms for a dark adapnted eve,
but the rate rises after exnosure to a flash of
light of 5 ms duration to up to 3 per 10 ms. The
time for the cell to recover its normal baclkground

count aftar a Tlash is of the order of 200 ms,
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Thus if the human eye behaves in about the sate
way, the observer might averase his measurement
over 100 ms and should obtain a value of average
noise with a high degree of certainty i.e. with
little spread in value. Similarly in this same time
he would obtain a fairly precise value of the rate
of pulsing due to the signal. Thus when he calculates
the liklihood ratio, it will be quite precise; and
if the eriterion is precise there will be no
variation in his answers. One must therefore assume
that the fluectuations in the criterion are slow
compared with the decision time. If this were not
so, then the observer woﬁld be able to integrate
over a number of fluctuations of the ecriterion and
arain would alwnys produce the same answer.

This assumption means that when one decision is
made the criterion will have one value on the
¢ axis, and when another decision is made on the
same data the criterion will have another wvanlue.
Some long term fluctuation seems to be essentinl

to any theory of decision processes.
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6. FLUORESCENT LIGHTING BXPERTMENTS.

In papers 2 - 5 a series of psychophysical
experiments aimed at measuring colour differences
are described., Paper 3 is the key one in the set.
It describes the background end purpose of the trials
in the Introduction. The experimental arrangement
and initial analysis is described in Part 1.

In Part 2, the Author put forward a new model for
the mode of discrimination of an observer, based

on Thurstone's judgement model and derived the

form to be expected of observational data. Finally
in Fart 3, data from two trials in the observation
of colour differences =are analysed using the new
model, It was found to work well in predicting

the form of the data actually obtained. The data for
Paper 3 was the most extensive of 2ll data obtained
in this series and for this reason it has bLeen
subjected to further analysis in this thesis.

Two: experiments were mnde using different
groups of pbscrvers. The questions -ut to the
observers were similar except that in the seccond
set they were aslked ito assiren the number C to the
category of "No difference” instead of categmory 1
as in the first set. This was felt to be more
logical. So far as the presentation was conecerned,
the opsortunity was taken to introduce sore fomiliar
ebjects, not=bly a red sc-rf, an orange ond a vase

of artifiecisl flowers, fmestions were asked abous
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these objects as well as about the test colours, but

1o satisfactory use was made of the answers.

63l Study of Observers.

In a preliminary experiment in which the roon
was tested, it hnd Leen shown by analysis of wvariance
that the two sides of the room were bnlanced, i.o.
obgervers did not see larger differences on one side
thnan on the other, nor was one side binsed towards
one hue. It was also shown that, for the groun of
observers used and for the colour differences
involved, the observers all came from tlie same ponu-
lation, This came as = surprise to the industrial
organization which employed them, since some obser-
vers studied colour as part of tiheir Jjob whilst the
rest were not »rofessionally involved. It was
therefore decided to examine the performance of the
observers in the main experiments.

In the preliminary experiment an analysis of
variance had been used. This could be criticised
in that it assumed that scores were distribufed
normally en a continuum measured by the catemory
boundaries. That this was not true was evident from
the distributions obinined which were markedly skew.
However a wvariation in the sensitivity of obsorvers
would expand or contract the c-tegory scale on which
measurenents were made.

4s seen in figure 29, if P represents a point
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on a physical colour difierence scale, then a
sensitive ebserver would place this dn a high
éétegary and an insensitive one would place it in a
low one. The observer sensitivity would thus impose
a log-normal variability on the scores.

To examine this, the results of experiment 4
were used, In that experiment every observer saw
the test colours under four different lamp conbin~-
ations., e.g. observers in set 1 saw lamp combinations
AD, AF, DE, BF, those in set 2 saw AE, AF, EE, EF,
ancd so on.

The sensitivity of each observer was assumed to
be proportional to his total corrected score within
a set of 12 people. Each score was correccted by
adding 0.5 to it, so that it scored as if it were
in the middle of its category. Thus category 0
scored 0.5, category 1 scored 1.5 and so on.

It was assumed that within each group of 12
observers there was a normal spread of population.
This was reasonable, since care hagd been taiken in
the design of the experiment to bal=nce the number
of exnerienced sawnd naive cobservers in ez=ch set, If
then the sum of the corrected scores for ecach
observer arisings from four observations was divided
by one twelfth of the sums scored for the 12 ohser-
vers in the sat, a sensitivity factor could be
obtained for esch test colour,

Since the average of 12 was a rather unrelisble

normalization factor, the variability basisween ihe

seores in the sets was investignted. Tt was found
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however, that there were significant differences
between the larmp groups and thus it was not poasible
to normalize with a single facter for all observers.
Normalization was therefore corried out within each
set of 12 observers and for each test colour, Illence
for every observer = sensitivity factor was obtained
for evaery test colour. Analysis of wvariance within
groups of 12 observers showed that the ratio of the
varianee having the highest value (12 degrees of
freedom) to the mean variance.(155 degrees of freedom)
was 1.5. 7This ratio was not significant at the 0.05
‘level, It was therefore concluded that there was

no significant difference in the variability of
observer sensitivity. Likewise, comparing the
variance of average sensitivity with the averare
variance of sensitivity for sets of 12 observers, it
was concluded that there was no significent differ-
ence in the sensitivity of the observers. That

this was so was demonstrated by dividing all original
scores (duly corrected) by the sensitivity factor
and comparing the adjusted scores with that of the
original scores . This was done for a few colours
and lamp combinations. The value of the variance of
the original scores and of the adjusted scores are

tabulated below.
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VYariance of Scores

White Colour &
AD AE AF nE Dy AD DE
Variance of LS |5 [a98 | 55 | B8 |25 LT
unad justed scores
Variance of «56 | .60 | .65 | .50 | .52 | .48 .64
adjusted scores

It is seen that there is no systenatic reduction of
varimnce when adjustment is made for observer
sensitivity. However, in the case of colour & and
for lamps as different as A and D, there is a
suggestion that the variance may be improved.

It was therefore concluded that there was no
reason to believe that one observer was more sensit-
ive than another when making observations close to
the limit of resolution. However when definite
colour differences should be visible, observer
sensitivity could become important. For the purposes
of the analysis of results, all observers were treated

as being equally sensitive.

6.2. Analysis of Colour Difference Fatimates.

The author rejected the methods of analysis
deseribed in previous sections firstly because they
could not be reconciled with a rsasonable rodel of
the obsarvers decision processes and secandly .
because all disiributions were markedly sksw. Typical

results are showm in figure 30. The reasoning which
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led to the above decision is given in Paper 3 pt 2
P 109 et seq. However, since it is so erucial to
further discussion, some of it is rvepeated here.

Because they have been shown in the past to
fit situations inveolving caterorical judgements, the
assumptions of Thurstone (see Section 3,1.1.) were
adopted for the analysis together with the additional
assumption that, in the region of the threshold
the widths of the categories were constant., Thus
applying them to the problem of estimating colour
difference, we assume that a cert-in stimulus gives
rise to a discriminal process. In these experiments,
the stimulus was the apparent difference in colour
between similer coloured samples illuminated by
different lamps. To ench discriminal process is
assigned a position on a line-r confinuum. Ify for
exatple, the stimulus lay aleng the Blue-Ted axis
(figure 31) and the right hand sample appeared redder
than the left hand one, a positive number would be
assigned; 4if it appeared bluer, then a negative
number would be assigned. Since the continuum
stretches far in each direction towards the red and
blue ends respectively and “lMo differénce" is in
the middle, then Thurstone's model applies.

It is assumed that if the same sample were shown
a number of times, the discriminal processes would
be distributed normaily on the psychological con-
tinuvum. Tt is also assumed that, if one comparison

were presented once to 2 number of different
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observers, the discriminal processes would also form
a normnl distribution on a single continuum. It

is unfortunate that no method is available to
distinguish the contribution of each factor to the
total variance. This ceonnot be done since both
sources of variation lead to Gaussian distributions.

Thus the total varisnce of discriminal rocesses is

2 2 2
0O° =0ip *O0Oa0

where 6;02 is the variance of a2 single observer and
0;02 is the variance among observers of a single
stimulus .(Figure 32)

Furthermore, we cannot estimate the mean value
of the position af the discriminal processes from
the mean value of the scores. This is evident Trom
the skewness of the distributions. The reason for
this is that there is a translation by the obser-
ver between the psychological continuum and the
category scale, This, it is supgrzested, cccurs =as
follows: Consider the diagram figure 33. The
horizontal line represents the continuum on wihich
Judgements are made, © is the zero point., Owing
to fluctusations in the org=nism, the observer
receives a range of apparent stimuli which form a
distribution on this continuum, Taking 1 as the
scale walue of the just noticeable difference, if
the diserivinsl orocess lies be?ween 0 and 1, the
observer will say "YNo difference! and will be scored

0.5 (the mean value of the category). If the
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discrimi;al process lies between 1 and 2, he will
say "Just noticeable." and will be scored 1.5 ete.
If, however, the discriminal process lies between
0 and =1, he will still say "No difference " nand
be scored 0.5, since close to the threshold he hns
no way of knowing in which direction the colour
difference lies. This certainly seems to apply to
the first two categories, i.e. the observer is
conscious of a difference before he can analyse
his experience and say whether the colour of the
sample is shifted towards the blue or to the red
relative to the reference sample. The same anplies
to diseriminal processes lying between -1 and -2.
This will be rated as "Just noticeable.® and will
score 1.5. Thus the scores available for analysis
are the result of a foldins process about the zero.
This is illustrated in figure 23(a). It is- thus
seen that, if this theory is correct, the distribu-
tion of scores will be very skew, particularly
near the conditinﬁ in which both sides are identical.
The resulting category scores are shown in figure
33 (b). (It is here appropriste to refer to the
method of Coombs referred to in section 2,1. It
is seen that the two concepts have no relation to
each other apart from the use of the concept of
unfolding in an attempt to obtain a work-hble
distribution from an unworkable one.)

A further assumption had to be made namelylthat,

when hoth sides are similarly 1lit, the mode of the
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distribution before folding will be at zero on the
paychological continuum. This assumes that neither
the room nor the observer has a bias to one or the
other side. It also assumes that the time-order
error (if Stevens' explanation is correct (section
4,2.3.)) is zero. This is consistent with the model
used. It should be noted that the shape of the
distribution of scores on the cntegory scale depends
on the discriminal dispersion and on the mean wvalue,
If the mean vatue is large, tﬁere will be few
discriminal processes on the negative side of zero
and hence the distributions will be normal. If
howewver, the mean value is small, the contribution
from the negative side will be large and hence

the total distribution will be markedly skew.
Equally 4if the discriminal dispersion is laree, the
contribution from the processes on the negative side
will spread into several categories and again make
the resultant distribution skew.

It is thus clear that no methods of analysis of
the types described in Section 3.2 can justifiably
be applied to this model to translate the raw data
into a probability distribution and hence to deter-
mine the discriminal dispersion and the category
‘boundaries. A new method of analysis had to be
developad.

It should be noted that other methods of analysis
had been rejected a priori because they did not

apply to the physical nmodel used. It is here
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necessary to emphasize the importance of a physical
model as a guide. It would have been possible to
process the data according to one of the sets of
rules which apply to one of the mathematical

models and no doubt some sort of results would have
been obtained, However no further light would have
been thrown on the original investigation and the
explanation of the results could have been even
more confused than the original data.

In this instance the model was not assumed to
be true, but it was at least a hypothesis consistent
with a possible physical mechanism of the observer.
It could then further be investigated. The invest-
igations showed considerable agreement between
predictions and results, and there is every reason

to believe thzat the hypothesis has some truth in it.
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6.9 Technicues for Analvsis of Tolded Data,

‘In what follows we assume that Thurstone's
postulates apoly, that observers use equal cate-
gory widths for all categories and that the observer
is unable to distinguish direction in estimating
dif'ferences. On this basis, a model is set up and
the predictions of the model am compared with the
data,

Decause of the 'folding' process ountlined above,
in which the scores in two different cotegories on
the psychological scale contribute to scores in a
single eatesory on the judgement scale, there was
no possibility of analysing the d=ata directiy.
Instead, the medel had to be used to make theoretical
predictions. These predictions were then comparsd
with the experimental resulis.

The program PROC (Appendix 1) assumes that a
normal univariate distribution having a certain
value of discriminzl dissersion exists on the
psychological continuum, The distribution is supposed
to be displaced from the origin by an amount
corresponding to the mean value of the discriminal
processes, It then cnmlculates the scores to be
gexpacted in eaoch category based on the folding
process described above and ealeculates the corres-
ponding mean value and variance. In talting the mean
value, no assumption is made that this is the central

tendency, therefore no assumption about the
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disﬁribﬁ;ibn of the acitual scores among the categories
is_ﬁade. The mean value is mereiy used as a con-
venient ﬁumbev to compare with that obtained from
observations.

Figure % (a) shows the relationship ol average
score to mean value for & range of values of
dispersion. It is seen that when the mean value
is zero (This corresponds to no difference between
the colours}, the avernse value is Tinite and
inereases with increasing dispersion. This vnlue was
used to find the value of dispersion Tor ench test
colour, By comparing lamps of the same type i.e,
giving zero colour difference, the dispersion could
be estimated. The relation of this minimum value
to the dispersion is found to be substantially
linear. (Paper 3 (2) rig. 9 (a))

The relation between wvariance and averase scoie
is predicted to be as in figure 34 (b). It is seen
that the wvariance is a maximum when the averoge
score is halfway between the category limits. This
effect is due to usirg a limited number of categories.
Also the variance increases as the dispersion increas-
es. For each value of dispersion, there is a
ninimum wvariance. This mindimum value increases
approximately lineariy with dispersion as shown in
Paper 3 (2) fiz 9(mv).

It is satisfactory that the curve of average
score against position on the continuum (figure 34 a)

is of tne 'threshold {ype'. The threshold has
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appearad naturally out of the phvsical medel and has
not had toe be put there by sone sneeial nrocess or
by the mddition of an arbitrary constant. There

is & stendy score when the stimmlius is zero, As

the stimulus is increased, the score increases
initially with zero slore. Thus gualitatively

the predictions are in accordance with experimental
findingsa.

We also note that the experimental plots of
variance against averaze score (Paper 3 (3) fig 2(a))
indicate a relationship of the type predicted in
figure 34 (b) and show considerable agreement for
some test colours. However for others (Paper 3 (3)
fig 2 (b)) the shape is reasonable, but the points
do not agree in value. In particular the wvalues of
variance found for some colours when similar lamps
are compared (zero sigmal) are lower than the
theoretical minimum. T¥When it is remembered that
only 36 or 48 observers are involved, this agreement
between prediction and experiment for a sccond order
function, a function of the scuares of the deviations,
seema renarkable,

The proportions of scores to be expected in
each category (categories 3 and 4 are Jumped together
as the score in eotegory 4 wos usually small) are
shown in figure 35 as a function of averare score.
This data can be used to prediect the actual number
of sceores to be expected in each category. The

o
x‘ test ean then be applied, This has indicated

(92)



X? values well within an accepiable level of signif-
icance. Results of this test will be given in section
6;&, when the bi-variate distribution is discussed.

The conclusion from the analysis in Paper 3
was that the model agreed with the data for half the
test-colours, but that the agsreement was less good,
notabkly in respect of the wvariance, for the other
half. The actual variance found was nearly always
Iless than that predicted.

Howvever the analysis enabled some sugmgestive
results to be obtained indieating linear relationships
between the position on the psychological continuum
and the colour shift of the 1960 C,I.E. uniform
chromaticity scale (u,v). Turther assumptions, this
time on the physical side had had to be made, these
were

(a) That the diseriminal dispersion was constant
for one test colour for all colour shifts. This
was known to be an approximation since the so-
called 'uniform chromatiecity scnle' is not uniform.

(b) 7That an adaptation formula used in Public=tion
13 was wvalid. This was suspect at the time and
has been now renlaced.

(¢) That all colour shifts were alonz a single
axis and that dispersion normal to that axis

was not significant.

However, despite these assumptions useful results
were obtained which enabled tolerances to be prorosed

for applicntion to special colour rendering indices.
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6.0 Divariate and Uniwvarinte Distributions.

In the discussion of Paper 3, it was suggested
by C.E.Williams that a bivariate normal distribution
should he used instead of the univariate one, This
would taikte into account the observers' variability
along a colour axis at right angles to that along
which the actual colour difference occurred. That
such an allowance was desirable had been discussed
among the authors of that papef, but 2t that time no
analysis had been made, since the model had worked
well enough to indicate significant relationships
in colour rendering and had indicated some of the
deficiencies of the method of Publication 13; the
investigation of that document had of course been the
primary purpose of the study.

Since the time that Paper 3 was rend, the Authoy
has investigated the use of the bivariate distribu-
tion numerically, using methods similar to those used
in the first investigation. It was assumed that
corresponding to the u.v. colour surf-ce, there is a
two dimensional continuum on the psychological plane.
Thus the observer's variability has two desrees of
freedom. The sensitivity in the two directions may
not be the same, In the calculatdion it was assumed
that the discriminal dissersion in the direction
correshonding $o the vector shift was d; angd that
at right englesa to it was(I;.

The corresponding probability distribution

(o)
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would then be an elliﬁtical.shaped solid whose section
in the x or ¥ directions is a Gaussian distribution.
Pigure 36 shows such a distribution in elevation and
in plan. It ia seen that the section has the same
shape as that used for the univariate case. 0 is
thie condition of zero stimmulus. P is the locction
of the stimulus, Thus the stimulus-value is the
vector 0P, If the subject responds to magnitude
only and not to dirsction, then the circle of unit
radius cnﬁtains the locntion Qf all 'non-noticeable’
stimuli. The circle of radius two contains all the
Vijnst-noticeable! and 'non-noticeable' stinuli,
These are circles because the unit of measurement in
both dimensions is the discriminal dispersion.

The apparent variability of the stimuli about
the point P ia represented by an elliptical solid
whose section along the major and minor axes is a
normal distribution. The angle between an axis of
the ellipse and the vector OF will depend on the
sensitivity of the observer to different colours.
Without some additional information, it is not
possible to deduce this from the observations,

Prom fisure 36, we see that the zrobobility of
an observer's secing no difference is the proportion
of the ellipiical volume bounded by a cylinder of
unit radius (A). Similarly the probability of a
just noticecable difference being observed is the
proportion of the eiliptical veolume enclosed hetween

the eylinder of unit radius and that of radius 2,
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(area B in the diazram). Similarly the probability
of a moticeable diffsrence is proportional to the
volume, region C. The fourth category exitends
indefinitely,

Using the Program TRYA (see Appendix II), the
proportions of scores to be expected in each category,
the mean and the variance were calculnted for any
value of the radius vector 0P, for different
values of the dispersion in the x direction and
different ratios of O to 0}. By altering the
correlation coefficient, the axes of the ellipses
could also be rotated.

Calculations were first made for C§ = g;.

The relations between the averace score to be expected
and the mean value of' the distribution A were first
examinecd, These are shown in figure 37. Comparison
with figure 34 shows that the curves are of a shape
similar to those enlculated for the uniwvariate
distribution. It is also seen that the curves having
the same averazge score at zero mean vnlue for the

two distributions, e.5. the univariate curve for

0= 0.9 and the bivariate curve for o] = O, = 0.6,
have almost identical shane. This me=ans that there
is nothing to choose between them if averages only
are considered, Thus in Paper 3, the conclusions
about the relations between colour shifis and average
scores would be unchanged whichever distribution was
chosen; only the magnitudes of g would be altered.

Referring now to the voriances, it was stated
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in that I'aper (p114) that reasenable agreement was
obtained between the wariance obtnined for samples

1, 2, 3,and 6, but that loss good agreement wns
obtained for the other test colours. These two

types of curve are illustrated in Paver 3 (3)

fipure 2. It is therefore appropriate to consider
the curves of wvarisnce as a function of average score
for the two types of distribution, since it dis only
in second erder terms that the two distributions will
differ. In figure 38, two vairs of curves of
yariance against average score are plotted. The
values of (J aave been chesen so that the same average
score is obtainad for zero mean value {(Comnare
figures 34 and 37). Thus 0= 1.2 (univariate) and
&S = 0.8 (bivariate] yield the same average
score of 1.0 whren the mean value is zero. Lilkewise
O = 0.9 and g_ = 0 = C.063 yield the same average
scores. Thus comparing the variance for 0= 1.2
with that for g5 i=ioe = 0.8, it is seen that the
variance for the bivariate distribution is always
less than that for the univariste and in particular
the variance for zero mean vnlue is lower.

Also plotted on figure 38 are experimental
points of the variances obtained for test colour 7,
The estirnte of g for the univariate distribution had
been 1.23, based on the best fit to the averoge
mean score curves. Comparing the variances for
O'= 1.2 (univariate) with the corresponding values

for the bivariate distribution, we sce that the
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points are scattered chout a line intermediate
between the two, This suggests that a bivariate
distribution having lower disversion in the y
dirvection would possibly fit better. If seems
remarkable that 'sueh good agreement is obtained
when it is remembered that G involves the squares

of the deviztions from the average scores.
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6.5 ;{2 Analysis of Distributions.

The proportions of sceres to be expected in
¢ach catepgory were next examined. Thcse-are shown
in figure 39 for the bivariate distribution. The
figure may be compared with figure 35 Tor the
univariate distribution. It is seen that, for each
distribution, the proportion in the second category
rises to a maximum when the average is about 1.5,
but that its wvalue is higher for the bivariate
distributicn. This difference between distributiona
ﬁas used as a criterion in considering whether the
univariate or biv=riate model was the more approrriate.
To carry out the]Xz analysis, it was necessary
to calculate the expected value of scores in each
cafegcry for each distribution. The process was as
follows. For a given colour sample, the avéragc
score(Paper 3 (3) table 1 p.113) for the comparison
of similar lamps was used to establish a correspond-
ing value of O, As the case when (o a; was chosen,
only one value is recuired. ¥For each lamp comparison,
the proportions expected in categories 1, 2 and
(3 & & combined} werc calculated by examining the
tables (or using graphs Fig. 35 and Fig. 39). Only
in the case of lamp combination AD, the extreme pair,
was it necessary or useful to separate categories
3 and 4. From the proportions, the expected number
in each category could be calculated for 48 or 25

obhservers,
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The actual number in each category was given
by the original data. The value of X? could then be
calculated, given the number of degrees of freedom.
Here a difficulty was encountered. The appropriate
value of o;to assume had been obtained from the
average value of the smores when two similar lamps
were compared, Thus one degree of freedom was
removed, However, when the number of scores in each
category was calculated, the expected walue was
frequently less than 5 in one category. It dis
usually considered that for a number less than 5,
the test c2nnot be apnlied and those scores must
be inecluded with those of a neighbouring catezory.
This was in Pact done. PFor example, the scores in
categorvy 4 were added to those of category 3
{5ith one exception)}. Also for small walues of 0,
the scores in catezories 3 2 4 combined were frequent-
1y added to the scores of category 2, However, in
calculating the average score for zero signal, all
catemories had been used, It is thus seen that for
a given distribution of scores between say category
1 and ecaterories 2, 3 & 4 combined there could be
different values of averare score and hence a whole
degree of freedom could not have been absorbed.
However, in the ansalysis that follows, it is assumed
that o whole degree of freedom haé been lost. Thus
when more than 5 scores occurred in each of three
categories, one degree of freedom was assumed.

24
X5 was emnleulated on this basis.
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Two hypotheses were tested, viz (1) that the
distributions were consistent with having been
derived from a univoriaste distribution and (2) that
they were consistent with having been derived from
are shown in Tables 1

a bivariate one. The results

and 2 for test colours 7 and & respectively. For
each lamp combination, the variance and the scores
in each category anre shown. VWhere there were loss
than 5 in catepory (3 + 4), scores in that category
were added to those of categofy 2. This removed a
further degree of frcedom and }F could no longer be
estimated, The predicted variance, the scores in
each category, the wv=lues of X? and the number of
degrees of freedom are shown for univariate and
bivariate ﬁistribufions.

It is seen that the value af'xg varies frem
zero for AF (colour 8) to 8 for AD (colour 8 (Expt h)).
Since there is only one degree of freedom, neither
of these values is by itself significant. Assuning
that a single colour sample h=s a constant wvalue of
¢ and always the same itype of distribution; we ecan

2
add the values of X~ and obtain combined wvalues as

follows
Colour 7 Colour &
Tnivariate | Hivariate Univariate |Bivariate
e 19,7 10,4 25.2 28,7
af 9 9 10 10

For colour 7, the result is inconclusive, but

for colour 8,

(101)
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both hypotheses. For neither colour is there a
gtrong preference for one type of distribution or
the other, However, when we examine the results for
colour 8, we see that major coentributions were made
by the twe AD resulis. In one case they strongly
favoured the univariate distribution and in the other
they strongly favoured the bivariate one. These
results are also hoth unmusual becnuse they inecluded
the fourth category. Comparing the ftwo AD values
for colour 7, we see the same pattern. In Exper-
iment 2, the bivariate distribution is favoured,
whilst in Bxperiment 4, the univariate distribution
is favoured. No explanation is put forw rd for this
result. It can only be concluded that there was
something in the different arrangement of these two
experimanté which affected the observers when large
colour differences were presented. If these two
lines are excluded, we find that the results for

colour 8 are as fellows

Colour 3 for 2 d4f

Univariate | Bivarinte

X~ 16.3 19.6

This result is similar to that obtained for colour 7.
The conclusion tliat neither hypothesis is
preferable is surprising in wview of the form of the
variance curves; It may well be because ths averases
included the contribution from the extra category

and consequantly mors than one degree of freedom
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existed. However, cven with twenty degrees of
fresdon, neither hypothesis is consistently favoured.

A possible conclusion is that the type of
distribution required, varies depending on the lamp
combination. This seems the most likely explanation
on the basis of the form of the coclour ellipses
shown in the paper.

To give an indication of the preferred type of
distribution, a plus sign or a minus sisgn has been
pinced under the corresnondiné predicted value for
ench type of distribution to indicate whether the
predicted value is grester or less than that
actually obtained, It is noticad that the pattern
is frequently +,-,+ for the univariate distribution
and —,+,— for the bivariate one, dndieating that a
distribution intermediste between linesr and circular
would give a better fit.

To make further progress in this direction, it
would be necessary to recaleculate scores and aver-
ages on the basis of fewer cntegories so that the
nuntber of degrees of freedom was correct and consist~
ent; also to do this for several distributions,

From the levels of significance obtained above, it
seems unlikely that any stronger conclusions conld
be drawn using the data available. Clearly many
more obsarvations would be needed, It is thus con-
cluded that either hypothesis is acceptable, but

neither has a high level of significance.
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T PURTHER APPLICATIONS OF THE MODEL.

The model which has been used in the colour
problem is eclearly appliecable to any pro‘bi'em in which
obgervers are asked to detect a difference between
a sample under test and a standard, but are not
asked to state the direction in which the difference
1ies., This type of problem is not uncommon,
Observers are frecuently in agreement that two samples
or situantions differ, but woﬁld be in acute dis-
agreement on how they differed. The sense of taste
would be such a continuum for which we have few
words to communicate our sensations., The use of the
model ennhles experiments to be designed in which
differences and the degree of difference are studied
even though the observer ceculd not annlyse the
differences., The fact that the shape of character-
istiec is unchanged for a two dimensional centinuum
means that it would not be necessary to know the
dimensionality before the experiment was made,

Iin addition to the above type of experiment,
it is sugcested that the rodel is applieable in the
investigation of the limits of human or animal
sensitivity i.e. the problem of the absolute limen.
Poulton (10t) lists the following sensations which
have all yielded curves of the "threshold" tvpe,
(fizure 40), tactile vibration on the arm, subject-
ive warmih and cold, loudness, subjective brightness,

taste of salt, detection of shades of zrey. He
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states that Stevens had used a power law of the type

}&E k(- &))"

where ¢fis the subjective maznitude, géis the
stimulus magnitude and F% is the threshold magnitude,
to fit the experimental curves. He says that ¢% can
serve two functions. Firstly as a mathematieal
device to convert the curved part of the relation on
a log=leg plot into a straight line and secondly to
allow for adaptation. ¢% may be varied to account
for the adaptation level of the sensor under test.
In fitting the equation to datz, selection of k
arranges that the middle of the curve should it
the data, the value of n makes the upper part agree
within experimental limits and the value of ¢b can
then be selected to make the curve agree at the lower
end. Poulton remarks that iT the expression with its
three arbitrary constants is fto be preferred to any
other formulae, it must be shown to fit the datn
better than any other function having three const=nts
e.2. a guadratic polynomial, and concludes with the
remark that even two arbitrary constants can give
the curve fitter considerable scope. Yith the quant-
ity of data usually available, it is seldom possible
to advocate one particular function in preference to
another,

But even if non excellent fit has been obtained,
one is still left with the question:- "What is the
threshold and how does it arise?' The formula does

no more than postulate a thresheld, It is thus 2
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mathematical expression rather thon a mathem=tieal
model.

In all physical measuring instruments, the limit
of sensitivity is set by a statistical process.
It may be a statistical process in the instrument
itself arising for example out of Brownian motion or
random motion of charge carriers,it may arise out of
a statistical procsss in the observer when he mnkes
decisions aboutf the coincidence of pointers. These
are factors which 1limit the precision of physical
measurement. It scems rensonable to assume that
statistical processes limit the sensitivity of
psychophysical measurements. Turthermore all inform-
ation on the biological processes involved in
producing an observation from a stimulus indicate that
these are of a statistical nature. It is theraefore
natural to seek the origin of the threshold in a
random process. A mnthematical formila does not
become a model unless a factor in a'phyaica] process
can be associated with each aréitrnry constant in
the formula.

The signal detection theory (section 5) would
at first sight scem to offer the possibility of a
satisfactory explanation. However, because it is
assumed that the observer understands the statistics
of the problem in order to make his deecision on a

maximum lilklihood basis, his answer becomes Tully

L

detersined and ceases to be statistical. Thus,

.

if he has to decide whether a grey is darker or
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lighter than a standnrd, he has only to compare the
grey with his eriterion and his answer mast follow.

As peinted out in section 5.2, the model raduces to
Thurstone's model if the fluctuations sre assumed to
be Gaussian. There will thus be no threshold in the
comparison, provided that greys both dariker and light-
er are available. Close to the standzrd, the ohser-
ver may often say that he can see no difference or

he may ‘see a difference in the wrong sense. IHowever,
since from a large number of ohservations, the
probability of the grey being lighter or darker can

be determined, a curve crossing the 505 probability
line approximately where the two greys are eaual

will be obtained. There nay be some dizsplacement

from the equality point (sea Saction 4.2.3, Time-order
effect) but the effect will be small.

If bhowever the obsarver is presented with a
black standard and is told that there are no greys
darker than the standord, then he can only eupress
differences in a positive sense. It will now be
found thnt there is a "threshold", since if a
Ymistake" is made,; it must always be in a positive
direction, By a "mist-ke™ is meant that the observer
secs a difference when none exists. Let us consider
pessible physical processes that could lead to this,
If we assume that the eye is dark adapted, there will
be a background of puises transmitted from the nerve
cells. If integration is ecsrried out over a long

period,; it will be found that that the aversge
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freéquency of the pulses is constant. But it is
cuite possible for a hizh proporfion of cells to
transmit at the "same time", i.e. witﬁin‘tha
integrating time of the decision system. If that
time corresponds to the time when the observer is
asked whether a signal is preéent, he will say "Yes,
there is a signal’, because the momentary level
of pulses differs from the background average by a
gignificant amount. Equally he could be asked the
question when a high praportién of cells were
quiescent. In that case the momentary background
would be lower than normal. It is mow assumed that
he ean detect this as a difference hefore he can
detect whether the number of pulses is pgreater or
less than the averaze. He will therefore sayv ns
before "Yes, there is a signal" without sensing that
the difference is in the opposite direction. Indeed
because he knows that differences can only ocecur
in one direction, he will think th-t it is positive.
Such a process, although speculative, is not
inconsistent with what is known of nnimal‘mechanisms.
A similar process might apply to sensors other than
the eye. If such a process does exist, then a model
for it is the one discussed in previous scections
and in Paper 3. The discriminal dispersion represents
the variation of the rate of transmission of back-
ground pulses relative to the mean wvalue. This will
depend on the sensors themselves, Their sensitivity

will depend on the signal which is *o be observed.
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It is therefore suggested that functions of
£lie type discussed in Paper 3 and in this thesis form
appropriate mathematical models to renresent thresh-
old phenomena. In particular, the normalized
averapge score A for a large number of categorics

will be given by
A= )% exn( -52) + M(2p() - 1)
2

where A = average/g-, and

M = mean value/g; the normalized value
of the stimmlus mapped on the psychological gontimium,
P(M) is the probability integral for a mean value I,
This function is showm in figure 6 of Paper 3 (2).
It will be seen that this curve is of the threshold
type, similar in form to figure 40. It has zerc
slope when M = 0; the slope then inereases until
the curve becomes linear when M is large. It will
in particular be noted that when M is zero, i.e, when
the sipgnal is zero, the average normalized score is
JEZE = 0,8. This means that the expected score is
0.80 . For example, if the dispersion was found to
be equal fto two category widths, the avers-e score
for zero sipnal would be excected to be equal to 1.6.
This analysis assumes an infinite number of categ-
ories, but the numerical analysis using the program
PROC shows that tre curve near tie zero is little
changed when few catepories are used., The limitation
of the catesories at the tor end has of course a
very considerable effect undICOFpletely alters the

shape of the ecurve.
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It should be noted that the above results are
independent of the sensitivity of the observer. .
It would be interesting if we could also evalunte the
probability that the signal would be detected,
¢correctly or incorrectly. i.e. the probability of a
positive resnonse. Such a relation would give a
convenient relation to convert score ratics to mean
value of the stimulus on the continuum. Unfortunnte-
ly this is not possible without knmowledge of the
width of the categories., In Paper 3, the limit of
the first c-tegory wos arranged to he the jJust-
noticeable difference and the category widths were
assumned to be cqnstnnt. The probability that the
observer would say that there was a difference when
none was presented was then shown to be (Paper 3(2)
Fig,10) 40% for O = 1.2. It is thus seen that the
frequently quoted criterion for a just-noticeable
difference of 50% of positive scores is quite unsat-
isfactory when large values of discriminal dispersion
exiast. These high values of discriminal dispersion

are frequently found in psvchophysical studies,
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8. SUGGESTIONS FOR FURTHER WORK.

The experiments of Paper 3 were carried out for
a specific purpose, namely the investigation of
colour rendering. Out of that work arose the model
discussed above, It is recognized, however, that
the experiments were far from ideal for investigating
models and their performance.

Further investigations are reguired along two
lines. The first is an investigation of observer's
ability to detect differences before being able to
detect a sense of dircction., An experiment would
need to be devised aiming first at a purely one-
dimensional continuum. As an example the difference
of lightness of greys from a standard might be
examined. The continuum of lightness should be one-
dimensional and experiments could be made with several
values of grey as standards. Other investigations
might be on the intensity of acoustic noise or on
differences of pitch.

If the model survived the first experiment, it
could be tried for two dimensions e.g. by intreducing
controlled variations of colour along various axes
of the u~v diagram or in the case of the acoustic
experiment by varying the quality of the noise by a
controlled filtering or synthesizing process.

The second study might be the investigation of
the application of the same model to the absolute

threshold, As was suggested in the last section,
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this might be applied to a comparison of black with
greys. Equally it could be applied to the detection
of acoustic signals.,

However, each of these studies involves a great
deal ef labour in assembling observers, in verifying
that the conditions are as they are supposed to be,
in avoilding mislesding effects due either to the
arrangement or due to the way in which the experiment
vas administered. No doubt much of the necessary
data exist in the logbooks of the laboratories where
such work has been in progress for many years., It
is a pity that it is seldom possible from published
papers to find sufficient detail of the exact arrange-—
ment of an experiment to know whether the data would
be of interest. It would be most desirable if
experimenters could devise a standard format for
publication of results. It is envisaged that full
details of the experimental arrangement, of the con-
ditions for each trial, of the skill age, motivation
and characteristics of each observer and so on
could be documented in a standard form. The full
detail of every observation would also need to be
recorded. It would then be possible for workers to
compare the work of others with their own, and would
enable the same data to be examined in the light of

different theories.
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9. CONCLUSIONS.

All analysis of subjective data implies the
existence of a model. Before analysis starts it is
essential to answer certain questions about the
continuum on which stimuli exist:- How many
dimensions does it have? Is it likely to be the same
over the whole range of investigation, or are there
likely to be different regimes in which sensitivity
will differ? Does it have a zero in the range?

What are the sources of variability? Are they

likely to ipntroduce normal or log-normal distributions?
What is the size of the variability compared with the
scale values? What side effects are being intro-
duced by the experimental procedure? If these cannot
be eliminsted, are they being balanced out?

To answer these questibns, much must be known
about the stimulus continuum which is being measured.
For physically well defined stimuli, such as sen-
sation of warmth, brightness and so on, it is fairly
straightforward to analyse them and to devise
appropriate models.

However, for purely qualitative stimuli, such

.as pleasantness and colour preference, the problem

is fraught with so many difficulties that the

Author doubts the wvalidity of any of the methods
discussed for producing a result with a consistent
meaning. MNevertheless, these are the sort of continua

that frequently interest an environmental engincey.
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This is illustrated by the problem of the
colour rendering index., An attempi had been made
te provide a figure of merit for lamps, based on
the way in which they changed the appearance of
eight test colours. The result was a single number
which could be arrived at in an infinite number of
ways., Thus the same colour rendering index could be
obtained by a lamp which would give a perfectly
acceptable colour rendering of a general scene and
by another which would give a completely unaccept-
able one, Clearly the index is not a unique function
of the subjective parameter "colour renderdng".

A similar problem is faced by the environmental
engineer in his attempts to apply a cost effective-
ness analysis to an environmental scheme., It is
easy enough to calculate costs of purely physical
changes; but where more subjective values are con-
cerned, such as the destruction of an ancient church
or of a beautiful landscape, money values are no
longer applicable since they are no longer unique.
functions of the operation proposed. Alternatively
we may say that they mean such different things to
different observers, one may be strongly in favour
whilst another may be viclently opposed, that there
is no meaning in the expression M"average observer'.

To apply any of the models discussed in this
thesis, there must be a monotonic one-valued relation-
ship between the stimmilus and the response, and this

relationship must not be vioclently affected by other
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factors outside the control of the experimenter.
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APPENDIX T

Prosram PROC (Fortran IV)

The program calculates the average score ito be
expected if a univariaste mormal distribution is
folded about the zero line and the resnlts categor-
ized in up to 7 categories of equal width. Various
other functions of the scores are tabulated,

It is assumed that observers are nresented with
a signal DBMEAN on the categor§ scale,; i.e. one unit
is the just noticeable difference, two units, the
noticeable one and so on, The observations are
assuned to be spread normally on the catercory secnle
with a dispersion SIGMA. The program calculates the
proportion of the probability integral, folded about
zero, that lies between two catepgory boundaries,

Referring to figure A.1.1, the positioris of the
category boundaries are put equal to 1/, 2/, and so
on. Then for a distribution having a given wvalue of
BHEAN the proportions of the probability integrals
lying between O and 1 (XA) and between 1 and 2 (XB)
are calculated. These are subtracted to give the
expected scores in eategories 1 and 2, The process
is continued for the other categories. The integ-
ration uses an I.C.L. library subroutine FARRFN
which supplies the error function. .

From the provortions in each caéagnr? (note
that the last category always has a limif of infin-

ity) the following output is enleulated and tabulated.
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Output

AVER the average response on the category scale.

VAR tlhie variance of the response on the
category scale. -

RTVAR the square root of VAR (not used)

SLOPE an approximate value of the slope of the
enrve of AVER as a function of BMEAN (not
used, intended for weighting)

Pl ,ete. the proportions of scores in each category

up to a maximum of seven,

Operntion
To run the program, the Tollowing cards are
recguired. The input data is tabulated immediately

in front of the output.

Card 1 NCAT (I1) The integer number of
categories. (not more than 7)

Card 2 MINB, MAXB, INTB (311)
MINE is the lowest integer part of the
mean velue, MAXR is the highest integer
part -of the mean value., INTB is the inter-
val between successive decimal parts of B
in the table. Thus INTB can tzke the wvalues
5y 2 or 1 depending on the detail required.

Card 3 SIGMIN, SIGMAX, SIGINT (313)
SIGMI¥ is 100 times the maximum walue of O
SIGINT is 100 times the interval between
successive values of ¢ { thus for the table
to cover the range 0= 0.90 td 1.10 in steps
of 0,02, SIGIEN = 90, SIGMAX = 110,
SIGINT = 2.)
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MASTER pROC = = —
DIMENSION PF(2),PX(7),P0L?),TE(T) —— == —
INTEGER SIAHIN,SIGMAX,STAINT - _— =
— REASCI ZI0VIMINB, MAXR,INTR ==
READCT,ZN2)STGMIN,SIGMAX.SIGINT EE . Ty o

WRITE(2,305) —
WRITEC2,306)MCAT ;MINB, MAXE . INTR,SIGMIN,SIGMAX . SIGINT e =
WRITE(Z,215) =———=— - —
00éo (o NCAT 1S NUMBER OF CATEGDRIES . ONE CARp — —
0nel - MINB,MAXB ARE INTEGER PARTS OF MEAN VALUEF E— e s
foee £ INTR IS5 INTERVAL OF R IN TENTHS
0023 c S1Ge ARE ENTERED AT 100 TIMES THEIR VALUE 1¢ FOR 0.9 PUT 80 —
Nneh DO 405 K1=SIGMIN,SIGMAX,SIGINT -
0nes SIGMASD DY1+FILDAT(KY) = = =
0neé NA=4
0027 TFCINTR=2)10,11,12 = =
0oeB 10 MTOp=9
0nes a0 0 15 ——
0030 11 MTDp=8
tn39 60 T0 1S
0032 12 MTOp=3
0n33 15 Do 400 L=MIng,MAXB N =
0034 PO 395 M=a0,MTOP,INTE
0035 BMEANSD 1#FLOAT (10w L *M) = = =
0036 PXA=D
nn3r7 AVED
0n38 AMEANSBMEAN/SIGMA - -
0039 £ AMEAN IS LOCATION OF ROUNDARY ON NORMAL DEVIATE SCALE = =
0040 po 100 J=1,NCAT
0041 1FCJ LY. NCATYGO TO &0
0042 pPXB=1.0
0043 60 v0 90 = ="
00hb : 40 X=FLOAT () /SIGMA '
0045 € X 18 LOCATIOH OF ROUNDARY DN NORMAL DEVIATE SCALE =
nnasé XPOS=AMEAN®X %
Qa‘? KNIG"REIN-X — —_——
Y XNAB=ABS (XNEG)
0049 = 1=1
0050 CONVERT X TO Y FOR ERROR FUNCYION (IBRARY SUBROUTINE !ﬂFEFN
D051 y=Xp0Sen 70711 = = =
nose " ) CALL FAERFN (Y.FRE,FREC) - ===t
0053 : FRe 18 ERROR FUNVTION, FREE IS COMPLEMENT (NOY USED) = :
0nsS4 €L1.EQ, 2)G0T0 40 - = = .
0058 IaSE0 _Swl) (+FRE) ———————
0056 c CONVERTS ERROR FUNCTION TO NORMAL PROBABRILITY INTEGRAL [
0057 = “POCi)=PXPOS ——
ONS8 S YeXnAB®0.70711 St 4
0059 = ot e, 1 ————
0060 . 6010 50 e
0061 3 A0 PXNAB=0 Sw(1_0+ERE) = —————
ooﬁz:i————___—__ = LF—‘“!”EB’SB ?n"7n = ———— —— —
0063 PO DXB=PXPNS~PXNAB = —
D064 ﬂtnm——-_ 70 ANDADN GIVE AREA BETWEEN ZERO AND BOUNDARY D e
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=0085=—
_0néé
~0067
0068
6069
0070
0071
nore
007!
00rh
onrs
0076
60?77
onva
aore
go80
0081
nose
0083
-1
0085
coés
GnB87?
0088
0089
0090
094
6092
an93
0094
0098
0096
0n97
0098
0099
0100
6101
0102
0103
0104
0105
0106
0107
0108
0109
0110
=L &N
0112
-~ 0113
0114
0115
0116
0117
- 0118
- e

80
90

100

200

220
221

z2e2

225
250

252

395
L00

L05
210
211
218

300
301
302

60 TO 90

PXR=PXPOS+PXNAB=1

pX())=PXE

PELIISPXR=DXA

pPXA=pXB

AVEELUAT(J)#PF(J)+AY

CONTINUE

AVEr=AV=0,5

VAR=0

SUMp=0

Do 200 y=1.NCAT
VARZPF(I)#(FLOATC))=AV)«n24VAR
SUMBaPEC 1) &SUMP

CONYINUE

RTVARSSOGRT(VAR)
GOTO(220,221,222) ¢NA

AVZ2=AVER

GOTN250

AVI=AVER

SLODE=0

60TN22S

AVi=AV2

AV2=AV3

AVI=AVER

SLODPE=S O#(AVE=AY1)Y/FLOATC(INTRY
WRITE(2,210)8M1 . AV2,8569 ., RTVY VR1.,SLOPE,TF
TF(NALEC, LYCOTO 395 =
BM1=RMEAN

AEI=SIGMA

RIVI=RTVAR

VR1=vAR

DO. 252 1A=Y,7

TFOIAY=pECTA)Y
TECHA, LT . 3INASNASHY

TECL . EQ MAXR AND M _EG. MTOPINASS
1F(NA.NE AXGOTO 395
SLOPERIO , # (AVI=AVZ2)/FLOATIINTR)
GOTn 225

CONTINUE

CONTINUE

WRITEC(2,211)

CONTINUE

FO“M‘T(;ﬁo" +FR .4 Fb., 2:F7.3,9FB. %)
FORMAT (1 HO)

FORMAT (2% s SHBMEAN: 3% 4HAVER ; 2X  SHSTGMA, 2%, SHRTVAR ( 4X e SHVAR ,a¥ s
15HSLOPE-£I.3HD$1-5!oSHDFZ-5!.SHBFS.S!aSHDFA.Sx:!ﬂPFS-Sl-SHnFﬂ;Sln

13HPE?)
FORMAT(11)
FORMAT(XI1)
FORMAT(313)

305 FORMATCEX  aHMCAT sBX LHMINB B s AHMAXB +6X  GHINTESXsAUBIGMIN 4X,

306

16HSTGMAX, AX ,6HSIGINT)
FORMATCT6,6110)

ST0p

END

END O SEGMENT, LENGTH 573, NAME PROC
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0,814 0 442 0 T4k 0 406 0 393
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0,886 . 733  0.811  0.331 0 405
0, ‘873 0762 0, L n 298 0 40S
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0.906 0,821 0.888 0 Y98 o 35S
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APPERDIX IX

Program TRYA (Fortran IV)

The program calculated the average score to be
expected if the fluctuations of observers are dis-
tributed according to a bivariate normal distribution.
Xt follows the same method as Program FROC to evalu-
ate the proportion of scores in each category. The

program is designed for four categories only.

Deseription
Referring to fig.36 in sectien 6.4, BMEAN is

the length of the vector OP on the category scale.
The observations are assumed to be distributed norm-
ally with respect to the dimension x, along the stim-
ulus axis, and with respect to y, normal to it. The
dispersions in these two dimensions are Oy and c},
and the correlation coefficient is variable.

The bivariate normal distribution is converted
to polar coordinates using a function segment and is
integrated using INTEG. INTEG is a subroutine for
Gaussian quadrature in two dimensiocns, and takes the
place of the library subroutine used in program PROC.
(INTEG was kindly provided by Mr J. Snell of the
Mathematics department of the City University.)
Because it is an iterative routine, INTEG requires

more computer time than was required in PRrocG.
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Cutput
As for PROC.

In addition PR1, PR2 etc. These are the probab-

ilities of the observations being above a given cat-

egory boundary (not used).

Input

To run the program, the following cards are required:

Card 1

Card 2

Card 3

Card 4

NCAT, EPS (I1, F8,5)

NCAT a single integer indicating the number
of categories (must be 4), EPS a real num-
ber indicating the maximum error acceptable
after each iteration of INTEG. e.g. 0.1%

is entered as 0.001.*

MINB, MAXB, INTB (3I1)

MINB and MAXB are the integer parts of the
mean value. INTB is the interval of BMEAN
in tenths. This may be 1, 2 or 5.

SIGMIN, SIGMAX, SIGINT (3I3)

These are the minimum, the maximum and the
interval of o;, and are entered at 100 times
their absolute value. Thus for Oy = 0.9,
write 090 and for an interval of 0.1, write
010.

SIGRAT, RHO (2Fr5.2)

SIGRAT is the ratio 0}/0;, RHO is the
correlation coefficient. <These are

entered at their correct magnitudes.
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PRsulL?. ", .; [y : o = ——

H_ﬁLT_f:_“ TRYA

= —nwsxﬁuuzlr‘f&!__gfﬂﬂ et
= ._QQ"HO" AMEAN,SIGX,SIGY,PI, RAD
_—ﬂﬂg}i_g;ﬁiﬂlhftﬂm— FEIGINT——————
~ READ(1.300)NCAT,EPS SIS
—_— _am;ﬂ_hﬂiaﬂmn.nndln_ _— —
~ READ(1,302)STGMIN, _g_x_g_nax STSTNT. . e 1
———SrApti 03 STaRAT,EN0 — = =
_l'rE(.Q.SﬂS) il iy == .
m-a‘ﬂm’:ﬂﬁf Mun.uxu:{gn,ﬂnr&z T EPS R¥ =
‘:;H&f'rﬂzp?;ﬁli—' = =
c ~ NCAT 15 NUMBER oF cussonlss . ONE CAR 3 Adj -
= ¢ WINB,MAXB ARE INTEGER PARYS OF 0F MEANVALE— — —————————
[ ~ INTR 15 INTERVAL OF 8 [N TENTHS > A
—————— nas _gg_z__e_g‘l!!t!b AT 100 TIMES VALUQ‘ rum&. E
e " SIGRAT 1S RATID SIGY/S16X : =i v 59
= ~ RHO 1§ CORRELATION COEFF =— = —
 pIsm4. ORATANCY.0) AR
——— B0 405 K1mS1GMIN, STGMAX, STGINT = —
816x=0.01#FLOAT(KY) e '
 §1GysS1GRAT#S16X - =———- —_——
e — — _
~ 1ECINTB=2)10,11,12 = = = = ————
= | =it —_—
11 M10ped -
= [ =EELE e =
12 MTOp=5
15 DO 400 L=MINB,MAXE P Sl
pO 395 M=0,¥TOP,INTB
~ BHEANRO.14ELOAT(TOS LMY : —
=0 ]
= Do 100 j=v.4 — — —__';%"' = = = =
O ﬁh.ﬁlh.l-h = E s =~ ik . . :
: tm.n LIGOTO 40 = = —_———
) {J‘s’_ B o & = __' 2 N ; "
WIO B =
40 B=10 -
“ M 0 ——
TF(AMEAN=0.0001) 42, 42,64
-] P = — ____—-—-—_._.-—__—__'_ﬂ-_"‘—=
llreeu.a,c.U.vlLus.ens.u\ B e e
I
= — ____-__E_—_rﬁ_
= I &
— =
vB.C, D, VALUE,EPS /N _ i ; ;
=— = = = —
PE(J)+AV AR I
=— e _————

:____T = = — _:_—: _'__:———_—-._‘____‘—:—__.__——*—'___—_‘——-—"___‘__——'__-*__'_

——— :__—_—_____:——:_—__..—-——'—'__.—_——ﬁ—n—‘_'—"‘—-“_é

00 1 —————

- 39y - —————— f:j_;:ﬂ—-""-__'_'_____-_-'_}__—-_:
112 PR{JPI=1.0=FRQ Camg Tl TN = ;i :

= —  on(aCADai O-PRQsTHEAT — — — ————— —— —

VAReO ] : :
:_f_ﬁg——m-—ﬁ}rigcii——_—_- == _—
VARSPF (J) e (FLOAT(J)=AV) #e20VAR § =" Telwwry 5
o0 CONTINUE — = — = ————
H\un‘.’munvn)___ e ==r o L ’ 2

— GOTOtE20.221,222):NA =
(126) e
_-"___—-——ﬂ__,_‘—-‘:"—



220 CAV2=AVER C I o
6010250 =
221 AVI=AVER : = I
SLOPE=0 _ ———— = —

i 019225 - — ——— -——_________—-——-_=——-____——-——————_—

= ZZ_Z__&V1!&"Z = —————
_AV2=AV3 : . e

= ~ AV3wAVER = = = ——
S§LOpE=S. nouv3-gv1wn.on(tu'ra! B

225 URI?!‘Z 2903801, AV2, 861, 8TVE VET . SLBQ!._I‘H{ Yl

1{PI(!J,I-1 NCAT) . . . -
LEG.4)GOTO 395 E = —

—_ e — ——

363 FORMATO2FS.2) — :__—_—_::_
208 FoaaATtxl.wncn.u.mnws- Y. AHMAYRr&X aamn-sx:&snfeﬁ;ﬁ.n.
1AHSIGMAX . 4X, AHSIGINT +3X,3HEPS, n.austsnu.u.suuam -
0.F10.5,2F10.3) il
sui§¥¢_uinflrsi I SHSTEMA 2K OHRTVAR:S) . = =

___51 4X,3HPF2, 4K, SHPF3. X, 3N

“LENGTH 621, MAME TRYA : = —
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