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SUMMARY

Mathematical models appropriate to different

types of psychophysical measurement are considered.

It is stressed that the model should arise out of

what is believed to be the type of observation made

by the observer, This is in contrast to the type

of model which is introduced simply because its

equations can be made to fit (rather than explain)

the data. In considering the type of model

required, consideration must be given to the type

of scale likely to arise. This consideration lends

to a subdivision of S.S. Stevens' ratio scale into

two classes, here called the geometric and arith-

metic classes. It is shown that models based on these

two scales will explain some of the differences

noted by Stevens between his prothetic and meta-

thetic continua.

The model used by the Author in analysing

categorical observations of differences in a pub-

lished paper, is discussed in greater detail than in

the original paper and the method of analysis is

extended to include variability of the observer in

two dimensions i.e. on the colour surface, It is

shown that average values of observations almost

identical to those obtained for variability along

only one axis are predicted, but the distribution of

scores between categories is different, Comparison

of the predictions with actual observations indicate

(viii)



that the bivoriate distribution is an

model for some colours.

The model used for analysis of colour differ-

ences is put forward as one appropriate for analysis

of observations near to the limit of observation, arid

a theory is proposed.

Five published papers are included in which

models have been used in the solution of environ-

mental engineering problems. One relates to street

lighting, the others relate to colour rendering of

lamps.



CLAIMS

It is believed that Paper 1 was the first paper

to give quantitative relations between the

subjective factors glare, brightness and

uniformity and the physical characteristics

of a street lighting distribution.

It is believed that the method of analysis of

data used in Paper 3 was novel and the Author

knows of no other instance of that model having

been used.

The Author has found no other reference to

an explanation for S.S. Stevens' 'prothetic'

and 'metathetic' continua, nor to the necesse~

ity of dividing the ratio scale into two

distinct classes. (Section 4)

The method of analysis of data arising from

a bivariate distribution is novel.(Section 6.4)

The Author believes that the proposal made

in Section 7 to use the model of Paper 3 for

understanding the 'threshold' is novel and

that it could prove fruitful.

(x)



INTRODUCTION.

The purpose of engineering is the satisfying of

human needs, Some times these needs are very obvious

for example in providing enough light to enable

people to read. Success or failure is readily

assessed by toking a book and trying for oneself.

When that initial need is satisfied, future progress

is not so easy. The provision of more light is easy

enough at a cost, but finding out whether it is

sufficient, too mich or too little, and finally

obtaining information adequate for a cost benefit

study presents considerable difficulties. Such

studies, however, are part and parcel of the work of

a practising engineer. The assessment of the end

product is an essential part of the development

process. Too many engineers neglect this part of the

development process with the well. known result that

follies and shortcomings are perpetuated from one

development to the next.

Further development requires obtaining informa~

tion directly from observers. This can be done either

by questioning them directly or by observing the

pattern of their behaviour under different conditions.

In either case, the information will be characterized

by its ereit diversity, and it is the work of the

engineer to obtain from it information in the form of

relations between the conditions imposed on the

observers and their reactions. To do this, it is

necessary to postulate a mathematical model of the



behaviour of the ensemble of observers in order to

interpret their observations. The choice of model is

critical,and must be in accord with a physical

process that is believed to occur. If on analysis the

results are in accord with the model, confidence is

gained to apply it in another situation: if not, it

must be discarded and a new process postulated.

This thesis discusses the types of model that

can be used and explains a particular model used by

the Author to deal with threshold problems.

1.1 Street Lighting.

The work of the Author in this field of study

started with a street lighting problem (Paper 1.).

At the time of its writing, the company of which the

Author was Research Manager had developed a new lamp,

the high pressure sodium lamp, for street lighting

purposes. It differed from street lighting lamps

available at that time, viz. the low-pressure sodium

lamp and the colour-corrected high-pressure mercury

lamp, in several respects which were believed to be

advantageous. These differences were (1) It had

excellent colour rendering, particularly in the red

region of the spectrum. (2) It had hich efficacy,

about 100 1/w compared with 50 1/w for high-pressure

mercury lam»s. (3) It was a compact source, being

a discharge tube of only 6 mm in diameter and about

60 mm long. This compared with the large fluorescent

envelope of the colour-corrected mercury lamp some

250 mm long and 150 mm in diameter.

(2)



This third difference enabled the light distribu-

Papa teron aietvcce (isnt ice anvera cone closely

controlled and in particular, it enabled light

distributions having a very rapid change of luminous

intensity with angle to be achieved in a simple

lantern, This fall off of intensity is loosely

referred to as the 'cut-off'., It was the advantages

or otherwise of this facility which were investigated,

From previous observations of street lighting

installations, it was expected that the following

trends would be seén, As the angle of the beam was

lowered, the installation would appear less glaring,

but at the same time the apparent brightness would

decrease and the surface of the road would look

increasingly patchy. It was also thought that the

visibility of stationaty cars, pedestrians on the

pavement and other hazards might be affected. It was

therefore decided to investigate these factors from

the point of view (literally) of a car driver, by

errecting a street lighting installation and observing

glare, brightness, uniformity and visibility as the

cut-off was adjusted.

A special street-lighting installation was

errected in Zast Lane, Vembley, It was fitted with

specially adjustable lanterns so that the vertical

and horizontal angles between the beam and the

longitudinal axis of the read could be separately

controlled. Laboratory tests on these lanterns were

made so that their physical performance would be

(3)



accurately Imown. The lanterns were errected so that

they could be adjusted from ground level; thus by

installing an operator at each column, the effect of

a steady change of beam angle could be seen.

To investigate the effects, groups of about 20

observers were called on to view the installation

from the same level as that of a car driver and with

an eye shield to simulate the effect of a car roof,

ir results inThe chservers were asked to record t!

one of five verbal categories. These were arranged

to provide two categories above and two below an

essentialiy neutral one. For example, to record their

opinion of the uniformity of road brightness, they

could record (1) Very poor. (2) Poor. (3) Fair.

(4) Good. (5) Excellent. Observations were taken on

both dry and wet nights, for in the rain the

reflection from a road surface becomes almost specular

and the appearance of the installation is completely

changed. The results were analysed by the Author on

the assumption that the observers treated the categor-

ies as of equal width. This assumption was to be

justified or otherwise by the distribution of the

results. The results were analysed for inter-relation-

ships between the factors observed. It was found that,

within the limits of the experiment, there was a linear

relationship between glare, brishtness and uniformity,

and that these combined together to give the overall

impression of the quality of the installation.

Furthermore, the i itude of the glare was related

(4)



logarithmically to the intensity received at the eye

from the first lantern in the field of view.

The technique of analysis used was straight-

forward. The first procedure was to examine the data

by plotting frequency distributions, to see whether

normality was a reasonable assumption, then to take

means and variances. The variances were first exam-

ined, and where these differed markedly from the

average value, the original date was re~examined.

This enabled some anomalous observers to be found and

eliminated. For example, where an observer saw no

changes in one of the factors for all variations of

the installation, it was assumed that that observer

was not a member of the normal population of

ere eliminated. It isobservers, and his results

sometimes argued that since such an observer existed,

his results should be used. Howeve by examining

the performance of other observers, the general

distribution can be estimated and, since there are only

say 20 observers, it is locical to eliminate any

observer whose performance is clearly outside the one

in twenty limits.

It should be emphasized that this exaniination of

data was an important and essential part of the

analytical process. The next stage was to plot graphs

of each set of observations against the ex;

physical correlates and possibly some less

ones. Unless the correlation appears obvious graph-

deally, it is seldom worth carrying out a formal

(s)



analysis. Also unless some physical reason is

suspected for the correlation, it must be regarded

with grave suspicion. Finally, a three factor

analysis was carried out to find the relation of the

physical parameters of the lantern distributions to

the observations.

In the group of observers, about half were

lighting engineers and the rest were not. No

difference was found in the observations of the two

groups. Problems occurred which were associated with

the ends of the extegory scale. When an extreme

situation was presented, e.g. one of extreme glare,

all observers would tend to use the highest category.

As a result the variance of the results was small.

It is assumed that if there had been a higher

category, many observers would have placed the

e foundsituation in the higher category. The averag

for such situations would thus be low. Apart from

these cases, the results were found to be su‘ficiently

normally distributed for analysis of variance and

linear recression analysis to be applied. The fact

that linear relationships were obtained with small

residuals justified the assumption of equal category

widths. Linear relationships were found between the

factors over the range investigited and the relative

importance placed on them by observers was discovered.

It is thus seen that an engineering problem had

been solved by the process of asking the customer.

There is no other way open to the engineer to

(6)



justify his designs. It was satisfactory that the

results validated general street lighting practice,

which has been estnblished largely by the qualitative

observations of highly skilled lighting engineers.

A quantitative relation had been established, for

one type of lighting installation, between glare,

brightness and uniformity. Further experiments on

other installations and at other levels of illuminance

would be necessary in order to assess the generality

of the conclusions, Such further work was beyond the

limits of expenditure that could be justified in the

company at that time.

1.2 __Pluorescent Lighting.

The second major problem involving the Author in

psychophysical testing and analysis also arose from

a lighting problem. This forms the main topic of

this thesis.

Since the introduction of the fluorescent lamp

for interior use in the early 1930 s, lighting

engineers and colour experts have attempted first to

control and later to define the colour rendering

properties of lamps. Before the invention of the

fluorescent lamp, the only lamps aveilable had a

continuous spectrum close to that of a full radiator.

Although the generally used tungsten lamp introduced

colour distortions, these were in a known direction

so that users became used to designing colour schemes

either for indoors or for out doors, and allowance

could easily be de for the lack of the blue light

(7)
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in radiation from tungsten at a temperature of 3200 K.

Furthermore, the general public was used to the

difference, and scarcely appreciated that it was

there.

With the introduction of the fluorescent lamp,

all this was changed. A range of lamp colours could

be obtained by altering the phosphor coating. ‘The

colours could have the appearance of 'white' light

of a colour temperature ranging from that of

incandescent tungsten up to that of north daylight.

However, because of the line emission from the mercury

discharge and also because of the desire of lamp

makers to achieve the highest efficacy consistent with

acceptable rendering of colours, the spectra of

fluorescent is s differed greatly from those of a

full radiator at the corresponding colour temperature.

In fig. 1., the spectra of two lamps having the same

colour temperature are compared.

The first attempt at standardization was to

define for each lamp type (a) the colour appearance

and (b) the luminous output in each of eight bands

in the visibie spectrum. The colour appearance is

the colour that a white surface would appear to have

when illuminated by the lamp. As makers were in the

main aiming at white light, the appearance could

be specified in terns of the correlated colour

temperature of the source, since it was assumed that

a white surfece would appear white under a full

radiator. Putting this crudely, it should mean that

(8)



a white specimen would look the same as when illumin~

ated by a full radiator of the defined temperature.

Thus for example a lamp to simulate north light would

have a colour appearance corresponding to 6500 K.

To define colour rendering, the first attempts were

to specify the proportion of the luminous output which

was emitted in each of eight spectral bands, This

defined the lamp reasonably well so that two lamps

having the same output in each band might be expected

to be interchangeable and to render coloured samples

in the same way. The method was agreed internation-

ally and became the C.I.2. (Commission Internationale

d'£clairage) approved method of defining colour

rendering in 1948.

This method was accepted because no other was

available, but it was considered objectionable on two

counts. Firstly, it did not define the colour

rendering, but only controlled it. Secondly, by

defining the spectrum of lamps that could be made at

the time of publication and using the technology which

was available at the time, the method could inhibit

or even preclude future developments in phosphors and

lamps. This was felt strongly in countries where the

national specifications, which were usually based en

internationally agreed standards, have the force of

law. For this reason the international experts

endeavoured to devise a method of measuring the

colour rendering properties of sources for interior

use. ‘Two methods were considered, In this country,

Crawford (5) attempted to extend the band method and

(9)



justified his procedure by extensive subjective

trials. On the continent, however, the method

finally accepted by the C.I.E. (3) was developed

mainly on the basis of paper studies of data on

existing lamps and coloured samples. ‘These methods

are discussed in the general introduction and in

part 2 of Paper 3.

In this method, eight specially selected test-

colours are considered, It is assumed that these are

viewed when illuminated by the source under test and

then under a reference source. The reference source

approximates to a full radiator or to daylight and

has the same colour temperature as the source under

test). If the colour of the source under test is not

identical to that of the reference source, some colours

will change their appearance. In 6.I.#. publication

13 (3), formulae and tables are given to enable the

colour shift of each test colour to be calculated on

the uniform chromaticity scale. ‘The colour rendering

is then derived from the average of the shifts of the

eight coloured samples. In a series of trials, the

Author in collaboration with three other members of

the British national experts committee on colour

rendering, attempted to test the method of Publication

13 and to see whether it defined a unique figure with

respect to a lamp, and whether the figure found was

in agreement with the opinion of sroups of observers

viewing scenes illuminated by measured lamps. This

work is reported in Papers 2,3,4,5. It should here

(40)



be mentioned that the initial division of labour

among the authors of these papers was to be: Miss

Halstead, provision of lamps and all spectroradio~

metric data; Mrs Morley, arrangement of the test

rooms and organization of observers and trials; Dr

Palmer to act as consultant particularly on vision

and the physiology of the eye. ‘he present author

was to deal with data analysis. All cooperated in

the design of the experiments.

This approximate division of labour continued

through Papers 2, 3 and 4, but after that paper, the

boundaries of the work became more diffuse.

Furthermore during the writing of Paper 5, alternat-

ive methods of analysis were advocated, in fact those

explained in Chaps 9 and 10 of Torgerson's book(27),

which had been rejected as inappropriate to this

problem during the work leading up to Paper 3.

These methods are criticized in section 3.2.

Paper 3 gives the background to the work

and fully discusses and criticizes the C.I.E.

method. It also contains the Author's theory on

which the analysis was based. The conclusions of

that paper are also the most extensive. Paper 2

was preliminary and, as will be seen, had its

theoretical analysis based on the idea of random

noise. This has since been found to be unnecessary

and possibly misleading. Paper 4 was an attempt to

include strong test samples and a more general scene

in order to relate the special rendering indices of

(11)



individual test samples to the general colour

rendering index. Finally, Paper 5 was a study of high

pressure lamps. This was a crucial experiment, since

it had been the contention of the authors of the

above papers that much of the apparent sense in the

method arose from the choice of fluorescent lamps,

rather than from its own merits. Unfortunately,

data obtainable from the lamps available did not

allow firm conclusions to be drawn.

In this thesis, the theoretical background to

the analysis will be discussed.

(12)



The aim of psychophysical methods is to link

commonly used descriptions of human sensations with

other such descriptions or with physical quantities.

Many people would say that it is the sensations

themselves that are under study, but that cannot be

proved since verbal or similar communication is

essential in order to specify the sensation under

study. It is therefore impossible to say whether

what one subject understands by 2 sensation, for

example of coldness, is the same as that understood

by another. Thus although we shall refer to correla~

tion of responses with physical stimuli, it must be

remembered that verbal communication is nearly

always an essential 1i in the chain, The aim is

to use the human as a measuring instrument

establish correlates with sensations such as loud-

ness, brightness and coldness. Closely related to

these methods and frequently overlapping in the use

of the same techniques, are psychological methods in

which the aim is to find out qualities in the

observer, Thus, an experimenter wishing to rate or

order a series of observers in their sensitivity to

sounds, light or heat, might use the same methods

as an experimenter wishing to establish se-les of

loudness, brightness or coldness, but his method of

experimental replication and analysis would differ.

In this section, the aim is to study the use of the

observer as a measuring instrument for findi: &

(13)



relationships between sensations and stimuli. Ve

shall therefore consider only psychophysical methods.

To avoid continually having to assemble groups of

observers to estimate the subjective sensations due

to physical effects, an attempt is usually made to

find a physical property that is related to the

sensation to be evaluated. ‘Then if a relationship

can be established, the physicol property can be

used as if it were directly related to the subjective

response. An extreme example of this is found in

the definition of the candela which is one of the

base units of the S.I. system. Aithough this is a

purely physical unit relating to the directional

radiation fr a black body under specified conditions,

the spectral output has to be medified by the

luminosity curve of the normal eye in order to

convert to the candela. The error is commonly made

of assu that observed sensations of brightness

and licht would relate directly to the candela.

However, it is well known that the luminosity curve

of the normal eye is only an average, and that the

curve for one particular eye depends on the illuminance

at it and the sensation of brightness depends also on

the adaptation. It is hus directly related to the

luminance only under carefully controlled conditions.

Sensitivity ‘ies from one person to another. It is

therefore not to be expected that there will be an

absolute relationship between a human response and a

physical stimulus. However it is reasonable to expect

(14)



that, if all other factors can be kept constant, the

response and the stimulus will be related by a

monotonically inereasing function provided that the

stimulus is not so excessive that saturation is

reached.

It should be emphasized that the response to a

stimulus such as a light signal is an extremely

indirect one, It is not practicable to probe into

the nerve cells at the back of the human eye in order

to get a more direct signal. But even if this could

easily be done, such a response would not be the one

required, Firstly, it would not take into account

the effect of the narrowing of the aperture of the

eye when exposed to light, and secondly, it would not

include the translation corried out in the brain,

What we need to know is what the observer thinks he

sees, as this is what will determine his sensation.

However, he must be influenced as little as possible

by extraneous effects, otherwise we shall measure

other factors in addition to those of interest.

To make use of our observations, it is necessary

to set up some form of scale. This is the essence

of mecsurement. This has been described by

S.S. Stevens, paraphrasing N.R. Campbell, "as the

assignment of numerals to objects or events according

to rules". (17)

(15)



above. These are

(1) Nominal Scale; in which the numbers are used

only as labels and give no indication of any

property of the object or class so numbered,

Few arithmetic operations can be done with such

a scale, When it is applied to classes, it

enables the most frequently occurring class

(the mode) to be determined.

(2) Ordinal Scale; in which numbers are assigned

in accordance with the occurrence of some

property, for example the arrangement of students

in the order of the results of an examination.

Nothing more is implied by this type of scale

than rank order. The statistics that apply to

this scale in addition to the mode, are the

median and percentiles. The scale may be trans-

formed by the equation

x's F(x)

where f(x) is any monotonically increasing

function,

(3) Interval Scale; in which numbers are

assigned to points on a continuum such that

there is a linear relationship between the

resulting scale and the magnitude of some

property of the class. This is a 'true' scale

which may be transformed according to the

(16)



equation

x! = ax +b

where a and b are constants.

Thus equal intervals on the scale represent

ecual differences in the magnitude of the

property. To this type of scale all the usual

statistical processes such as calculation of

arithmetic mean, standard deviation, t-test and

F-test may be applied. Only processes involving

a zero are excluded, since the zero is not an

invariant under transformation. Examples of

this type of scale are temperature in degrees

Celsius and potential energy.

(4) Ratio Seale. This scale has all the

properties of the interval scale and also a

natural origin. Thus, when the point on the

scale is zero, the property is zero. The only

transformation permissible for this scale is

x' = ax

where a is a constant.

All statistics applicable to the other types of

scale apply, but in addition, the geometric mean

and the coefficient of variation apply also.

Typical examples of this type of scale are those

of length, mass and absolute temperature.

Stevens has summarized the properties in various

papers (17, 22, 23). For the purposes of this

thesis, they may be summarized as follows:-

(47)



Seale Permissible Statistics Measure of

| Location

eee Number of cases. Mode.

| x? test. i

| |

Ordinal Percentiles. Median.

| Order correlation. \
|

|
Interval Standard deviation. Arithmetic mean.

| t-test. |
| i

F-test. | |

Ratio Coefficient of variation. Harmonic mean.
Geometric mean.

Another scale, is the ordered metric. This has

been used by Coombs (4) and his co-workers for

psychological testing. In his method, he asks a

subject to consider a number of factors or statements

and to say to what extent he is in agreement. If

it is assumed that the statements lie on a

continuum and the attitude of the subject is somewhere

in the middle, then clearly he will disagree with both

the extreme statements. By questioning a number of

subjects and assessing their agreement or disagree-

ment with the statements it is possibie to place the

subjects and the statements in order. The resultins

scale is called an ordered metric and the process by

which the results are obtained is described as

unfolding. The method is essentially one for rating

people and will not be considered further; but it is

of interest in that it employs 'wnfolding' in order

to deduce a true scale fro number of ambiguous

(8)
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observations. Unfolding using a different method

is the basis of the Author's analysis of colour

differences discussed in Paper 3 and in Section 6.

2.2 The Psychological Continuum.

We cannot assume that the judgement given by

an observer necessarily represents his true internal

response to a stimulus. There must exist a transla-

tion process between them. To discuss this, let us

assune that the set of all stimuli can be represented

by a continuous straight line stretching from - oO

to +0Q (fig.2). (This represents the simplest case};

multidimensional stimuli will be considered in a

later section} There corresponds to this a psycho~

logical continuum on which the response R to any

stimulus S occurs. Thus the stimuli S,, S,, S, on

the stimulus continuum give rise to responses

Ry» Ry, Rj on the psychological continuum. ‘These

responses will be translated by the observer who

will give judcements J,, J, J,. The judgement will3°

not usually be on a continuum since the subdivision

of the judgement scale is limited. ‘There will thus

be a quantizing error in making the judgement in

addition to any errors due to rationalization on

the part of the observer.

In designing a psychophysical experiment, every

effort is made to deduce the value of the response R

from the judgements J given by the observer. To

achieve this, great care must be taken in framing

(9)



questions to ensure that the observer understands

unambiguously what he is being asked to judge. The

questions must also be free from physical or

emotional bias, but where this is impossible, the

sequence of questions and replications should be

planned to balance out the effect.

In his writings, L.L.Thurstone (26) uses the

expression 'discriminal process' for the response on

the psychological scale. We defines it as the process

by which 'the organism identifies, distinzuishes or

reacts to stimili', The main advantage of the use

of the term is to dist: -uish it from the overt

"judgement! which includes the processing and trans-

lation which is carried out in the brain. In order

to reduce any rationalization process, J.C.Stevens

et.al. (15) and others have used the method of

eross-modality matching in which the subject reacts

to one stimulus by some non-verbal act such as

squeezing a hand dynamometer. The pressure on the

dynamometer is then taken as a measure of his

reaction to the stimulus. This then takes the place

of a judgement.

The problem remains to evaluate the positions

of the reactions or discriminal processes, given the

set of judgements by the observer or observers.

(20)
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es.2.3 __Psychophysicol Theor

Some of the earliest speculations on psycho-

physics related to games of chance. In the 17th

and 18th centuries, the foundations of statistical

theory were laid in the work of Pascal, De Moivre

and Bernoulli, who were interested in the probabili-

ties of success at the curd table. In 1728, Gabriel

Cramer (6) speculated further on why people will

chance their monies even though the odds are against

them, This led hini to suggest that the subjective

value of money fell as the owner possessed more, and

further that it fell according to a square root

law. Thus, suppose V is the value put on the money

by the owner and Q is the quantity he owns, Cramer

suggested that the added value AV for a small

increment 4Q was proportional toAQ but inversely

proportional to the subjective value V. Hence

AV = kAQ

Vv

and thus by integration

y?
= 2kQ

since it is assumed that zero money has zero value.

Daniel Bernoulli (2) in 1738 published a treatise

"Bxposition of a New Theory of the Measurement of

Risk" in which he quoted Cramer's proposal, but

himself proposed that the subjective value was

inversely proportional to the actual quantity of

money. The equation thus becomes

AY =

(21)
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and thus’

vV=k log Q

Clearly there is no zero in this equation.

There were thus two theoretical proposals, both

leading to curves which fell off with increasing

quantity, but having very different shapes. (Fig. 3).

No experiments were reported to have been made to

distinguish these two curves and the logarithmic

equation of Bernoulli became accepted by economic

theorists.

It seems curious that Bernoulli should have

considered his equation to be an improvement. For

according to Bernoulli, the observer must know his

quantity of money Q in real terms in order to obtain

his subjective estimate of increase in value. if

he knows the quantity, it is difficult to see why he

should not also know the quantity increment as well.

Alternatively, if he only has a subjective dnpreasdon

of increment of value, how has he obtained more than

a subjective impression of the total value?

Cramer's theory on the other hand seems wholly

logical, since the subject's sensation of increase

of wealth depends only on the wealth that he senses

that he has, and not on the absolute quantity which

he cannot comprehend.

There is a further objection to the Bernoulli

hypothesis. Since the curve does not so through

zero, the observer will think that he has no value

when he still posesses a finite auantity.

(22)



In the early 19th century, lebart introduced the

concept of an absolute threshold or lower limit of

sensation. following this, weber proposed his

concept of the just noticeable difference and his

law that the just noticeable increment in a stimulus

is proportional to the stimulus. Weber's law is

thus the law enunciated by Bernoulli but applied to

physical stimuli. Weber's law states that

43 = const

$s

It was left for Fechner to carry out the integr=tion

and to state

R =k log S + const

and hence when R = 0, S$ Sp and thus

R= k log

win
0°

where R is the response, S is the stimulus and Sy

is the absolute threshold of the stimulus.

2.4 thods of Scaling.

2.4.1 Methods employing successive just-

noticeable differences.

Fechner's modification of Weber's law was riore

than a simple integration. For, whereas Weber said

simply that the size obiiuseendticeense difference
(ind) in a stimulus $ is directly proportional to the

size of the stimulus, Fechner said that each increase

in stimulus by one jnd caused an increase in response

of const=nt size, Fechner carried out a major

(23)



experimental programme in which the Fechner law was

used to measure responses. ‘Thus, after setting a

reference stimulus at some value S,, a second
4?

stimulus S$, could be increased from the value of 3,

until the observer could detect a difference.

8, could then be decreased from a large difference

until the observer detected no difference. The

average of a number of such runs in each direction

would es lish the just-noticeable difference. If

S, was now inereased to (s, + jnd), a new series of

tests could be cxrried out. Using this technique,

the separation of two widely spaced stimuli covid be

bridged and hence, using the Fechner law, their ratio

determined, The technique has been developed under

the general title of Method of Minimal Changes.

Details are described by Guilford (9) Chap.

With the development of the use of statistical

methods at the turn of the century, improved

techniques were developed. In the so called

Constant methods for measuring the jnd, a number of

fixed stinuli close to the reference stimulus are

successively presented to the observers (or in the

case of a single observer they must be >resented

many times). The observer has to state whether he

perceives a difference or not. ng use of the

repetitions, an estimate of the prob=bility that an

observer will perceive a difference is obtained for

each stimulus. The probabilities con be plotted

against value of the stimulus. These shevld form
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some sort of ogive curve. In the crudest type of

analysis, the point where the best curve through the

observations cuts the line corresponding to the

probability = 0.5 is taken to be the value of the jnd.

There are many refinenents of this approach in which

various assumptions are made of the shape of the

curve. For example, if the ogive is taken to be the

error function, values of the corresponding stan-

dard normal deviates can immediately be derived for

each stimulus (fig. 4). This enables a linear plot

of stimulus as a function of normal deviate to be

obtained, Hence interpolation for the 0.5 probability

point can be much more accurate: see Guilford (9)

Chapter 6. Care is taken in the design of the

experiment not to give the observer clues as to

which stimulus he is observing at any time, as such

information could introduce bias.

2.4.2 Judgement Methods.

For problems in measurement well away from

the threshold, a number of allied techniques have

been used which rely on an observer's ability to

judge when one stimulus is a fraction or a multiple

of another. Nerkel (11) in 1888 asked his observer

to adjust a stinmlus until it was double a reference

stimulus. Plateau (13) in 1872 asked eight painters

to paint grey so that the interval from black to grey

at be white. Thewas equal to ti en grey

process was developed in ch observers were asked

further to subdivide and ultimately in 1953

(25)
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S.S.Stevens (19) introduced the method of magnitude

estimation, In this method the observer is presented

with a series of stimuli in irregular order. He

is then asked to give any number to the first one,

and then to assign numbers to subsequent stimuli in

accordance with his subjective impression, Thus if

he thinks that the second stimulus is only one fifth

as great as the first, he assigns to it a number

equal to one fifth of the first value and so on.

Whole numbers, fractions or decimals may be used at

will, It is usual for the first stimulus to be near

to the middle of the range of stimuli to be presented.

Some twenty to thirty stinwli are presented to each

observer, some of which are replications. It is

found that the relationship between estimate and

stimulus is not logarithmie as would be expected

from the Fechi er-Weber law, since a straight line is

not obtained when response is plotted agzinst the

logarithm of the stimulus. On the contrary, a linear

relation is found between the logarithm of the

response and the logarithm of the stimulus. For

example, a linear relation between the logarithm of

subjective loudness and logarithm of sound pressure

was found by one observer over four decades.

(3.c.Stevens and Guirao (16)). This work is illus-

trated in figure 5, where the results for many

individual observers are plotted on the same graph.

Individual observers found similar slopes, indicating

conclusively the power law

(26)



R=

In this case the exponent was close to 0.8. Such

results as these, which were repeated for a large

range of stimuli such as hand grip, electric shock

and brightness led in every case to a power-law

relationship.

Thus a serious disagreement appeared between

the results from the new method and the results

which had been accumulated over the previous

hundred years, based on successive just-noticeable

differences.

2 eh.S: Categorical Methods.

A method intermediate between the two general

classes described above is the method involving

categorical judgement. ‘The observer is asked to

place each stimulus in one of several categories.

The number employed usually ranges from four to

nine. The categories are described to the observer

either verbally, such as cold, cool, normal, warm,

hot, or as numbers such as -2, -1, 0, 1, 2.

Alternatively the observer may be asked to mark along

a line the position which corresponds nost closely

to his judgement of the sensation. (figure 6).

The category method has the advantage of being very

easy to administer and is widely used in market

research as well as in psychophysical and psycho-

logical testing. In the analysis, the arithmetic

mean of the scores is taken, each category having

(27)
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been allocated a number. The method yields results

intermediate between those obtained from the other

two methods. Pigure 7 (Stevens (21)) shows the type

of results obtcined.

The method has difficulties in that it is

impossible to arrange that the observer makes all

his categories of the same width, Also observers

have a tendency to avoid the extreme categories,

possibly because they are not sure whether more

extreme stimuli will subsequently be presented.

However, the method is very widely used and yields

results which are just as meaningful as the others.

Various techniques exist for analysing the results,

providing certain assumptions are made, These will

be discussed in section 3.2

(28)



Any of the techniques described in the last

section will yield a relation between the stimulus

and the response. However, as seen,the relations

derived by two methods will not necessarily be the

same, but will usually be related to one another by

an equation of the type

£(x)

where f is a monotonic function. This means that

eT

only an ordinal scale has been found, if it is

assumed that both equations are true. A scale of

this type is of little value. We need to establish

at least an interval scale and preferably a ratio

one. Yurthermore, we connot be satisfied unless all

methods yield the same results or alternatively we

find good reason for accepting one method and

rejecting another.

In order to do this, we should proceed along

the lines of any physical theory i.e. we should

postulate a theoretical model which fits known facts

and we should use it to predict further experinent-

ally verifiable facts. So long as success in predict-

ion is achieved, we retain the modei; but if the

predictions of the model do not accord with all

facts, it must be rejected or modified, The model

basis for one method may rely on one or two simple

assumptions, another rely on 5 However,

all must be relevant essential, and every

(29)



effort must be made to devise critical tests to

compare the performance of one model with that of

enother.

Any method of analysis implies some sort of

model, aithough this is often not explicitly stated.

On the model will depend the type of st»tistics

that should be used in the analysis. An attempt

will now be made to investigate the limitations of

the different methods.

3 Jnd_and eory lMethods.

The models on which these methods are based

have much in common as also do the methods of

analysis. They will therefore be discussed together,

Two possibilities are open to the investigator.

He may seek a direct relation between the continuum

of stinuli and the set of observations or he may

attempt to relate the stimulus continuum to the

psychological continuum whose scale may be related

only indirectly to the observations. Most of the

earlier work employed the direct approach.

3.1.1. Hethods employing just-noticeable differences.

The direct approach has been extensively used

not only for sealing stimuli producing sensations

in the normal working range of observers, but also

for those producing sensations near to the absolute

(30)



threshold of detection. The methods appropriate to

investigations near the absolute threshold will be

considered in Section 5; we shall here be concerned

with sensations in the normal working range of an

observer.

The model assumes Weber's law

AS

8
=

so that the stimulus continuum may be divided into

a series of just noticeable differences. As has been

seen, Weber's law is not based on any particular

biological model, and many experiments have been

made showing that k is far from constant when the

full range of observer sensitivity is considered.

Even in the working range, it may still vary by 2:1

for 20 dB variation in stimulus.

If Fechner's law is assumed, then there oxists

a scale between the stimulus and the response.

In the earliest methods such as the method of

average error and the method of minimal changes, no

mathematical model was assumed. It was believed

that for reasons unspecified, the least difference

between two stimuli which the observer can notice

varies from time to time. It varies depending on

whether the stimulus is rising or falling. If there-

fore these effects are carefully balanced in the

experiment, the final averaze should represent the

difference limen.

In the Constant stimulus methods, a series of

esented relative to a standard.steady stimuli are

(31)



The proportion of tyes’ and 'no' scores is calculated

for each stinmlus, The difference limen is defined

as that stimulus at which the proportion of 'yes'

scores is 50%.

pifferent models are used to represent the

relation of stimulus to response. These are required

for finding the 50% point. For example, it is most

frequently assumed that the curve is a normal

probability integral. This therefore assumes that

observations are distributed normally on the

stimulus scale, If however the probability is

related te the logarithm of the stimulus, a log-

nornal distribution is assumed, This model is

consistent with Fechner's law, whereas the normal

distribution is only an approximation true for small

values of dispersion. The quantal method assumes an

abrupt threshold, and thus applies only te a single

observer under carefully controlled conditions.

For ch method a different model is appropriate,

and it is important that the conditions of the

experiment should be carefully planned to ensure that

the model is appropriate.

Thurstone(26) introduced a judgement model

which was applicable to his Law of Comparative

Jude ment, and this enabled him to relate the

responses to scale values on the psychological

continuum. The model assumes that every tim

stimulus S, is presented to the observer, it gives

rise to a discriminal process R on the psychological

(52)
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continuum (figure 8). Hovever, because of fluctua~

tions in the organism, the responses R are not always

in the same position on the psychological continuum,

but rather form a frequency distribution, These

responses will cluster around a modal value called

the modal discriminal process, R,. R, is taken as

the scale value of the stinulus S,. Associated

with the distribution is a standard deviation and

this is known as the discriminal dispersion for that

stimulus. For another stimulus, it may be greater

or less. ‘The model assumes that the discriminal

processes form a normal distribution. This is a

major assumption.

This model c2n be used in interpreting the

constant stimulus type of experiment. If we wished

the scale relation forfor example to ance

of surfaces and to measure the jnd, the experiment

might proceed as follows. ‘ie should present our

observer with an unknown surface U, and the reference

surface K. The observer would be asked to say -

whether Uy was brighter than K or whether I was

brighter than Uy Other surfaces Uys Us ete would

be presented with One of the U s could then be

used as the standard and the experiment repeated until

all surfaces had been seen many times with every

other surface. w supnose that stimulus U, gave

rise to a modal value R,, on the psycholozical

continuum (figure 9) and the distribution had a

dispersion o,,; also that K g.ve rise to a modal value

(33)



Fig 9.

Stimulus U, gives rise to response R,, having
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rise to response R, having dispersion Gj.
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R, with dispersion o,, then the difference in modal

values is (Ry - R,) and the dispersion of this

difference is

Tun) = (ce +O 2k Oa0n)

where r,,, is the correlation coefficient between

the momentary values of the discriminal processes.

This is clearly an importent factor since U and K

are presented eimultancously. Thus the observer

would always say that U was brighter than K when

the discriminal processes were spaced so that the

curves did not overlap. However in the region

where the curves overlapped the observer might

say that K was greater than U (i.e. the difference

was negative) or that U was greater than K (i.e. the

difference was positive). We can draw the frequency

curve for the difference (a, - R,), figure 10. Thus

when the momentary difference was positive, the value

would lie in the unshaded part; when it was negative,

it would lie in the shaded part. The zero point

is the boundary between the two recions, ‘The modal

value of the distribution xy is the scale value of
le

the difference in brightness. The unshaded area is

proportional to the probability of a ‘correct!

judgement and the shaded area to the probability of

a 'wrong' decision given the stimulus U. It should

be noticed that the scale is on the psychological

continuum and not the physic=1 scale of the stimulus.

These scales need not be linearly related. The unit

is related to the scale throtigh the discriminal

(34)



=k)" Thus if Xk

is the normalized deviate representing the separa-

dispersion of the difference, Os

tion of U and K, then

Xue%u - &)

2 a +
or By Re = Aye (Oy + Oe = Arye)Fut

This is a statement of Thurstone's law of comparative

judgement. (Guilford(9), Torgerson(27)). This

equation is not soluble, since there are too many

unknowns. By presenting all available stimuli in

pairs, however, we can obtain sufficient equations

to obtain a solution if some simplifying assumptions

are made. The essential is that the correlation

term, r.wk? e for all stimuli. It is thenis the sar

assumed that the dispersions are nearly ecual. ‘The

equation then reduces to

Ao mc(201 - r)) Foy + of)

where 0 #0 and x, is the normalized deviate.
u ‘ul

Experimentally, the values of dispersion will depend

on whether the experiment is carried out by one

observer with many replications, by many observers

each making one set of observations or by many

observers each making severel sets of observations.

In practice each stimilus(is com ed with all other

other stimuli, j, and an estimate of the probability

that i is greater than j is obtained. ‘Then since it

is assumed that all discriminal processes are

normally distributed, the value of the normalized

(35)



deviate x,, can be read off from tables of the normal

distribution function. Clearly the X33 terms i.e.

one stimulus compared with itself should all be zero

and x. The square matrix of all x values
og Se

will thus be skew symmetric.

Since the discriminal processes are assumed to

be normally distributed, the model implicitly

assumes that the psychological continuum stretches

from ~od0to +02 In practice it could be limited so

long as its ends are at least three times the

diseriminal dispersion beyond the extreme discriminal

processes, If at least an interval scale is expected,

this implies that the continuum of stimuli could

notionally extend indefinitely beyond the region of

investigation in both directions. The method is

therefore unsuited to investigations close to the

absolute threshold.

Attempts are frequently made to overcome this

difficulty by relating the psychological continuum

to the logarithm of the stimulus. But difficulties

remain since there is then no logical reason for a

threshold.

(36)



3.1.2. Category Methods.

The analysis of categorical data employs the

same judgement model. For whereas in the method of

paired compzrisons described in the last section

each stimulus was compared with another stimulus, in

the method of categorical judgement each stimulus is

compared with a category boundary. When an observer

Places a stimulus in a certain category, it is

assumed that he has set up a category scale on his

Psychological continuum so that t, is the boundary

between category 1 and category 2, (e.g. between

‘'visible' and 'bright'), t, is the boundary between

categories 2 and 3 (between 'bright' and very bright’)

and so on. ‘hen a stinwlus is presented to the

observer, he compares it with the successive

category boundaries; he finds the boundary next

above the discriminal process corresponding to the

stimulus and then places the stimulus in that category.

It is assumed that various random disturbances

cause each category boundary to vary in position on

the psychological continuum so that its position

relative to its mean value is cescribed by a normal

distribution, The observer judges the stinulus to

be below a given catezory boundary when the diserim-

inal process is below the position of the boundary

at the moment of comparison. It is thus seen that

the category boundaries’ behave ctly like the

second stimulus in the method. of paired comrarisons.

(37)



The same equations apply except that R, is replaced

by B,, B, being the position of the gth category
g’ e

boundary. This has a dispersion q. Thus

pr = 2BL -! =.(G, + 0 ==gages)

This is the law of categorical judgement, and can

only be solved if the same simplifying assumptions

are made as before. The two most important are that

the dispersion 9, is the same for all category

boundaries and that the correlation term vanishes.

Then

Ra = SugB- Ff
&

where (ON: is the dispersion of the discriminal

process. If in addition the dispersion

of the discriminal process is asst ed to be constant,

the equation reduces to

where c= (0,7 + 92)

Clearly these assumptions simplify the analysis

and they may be fully justified if the quantity of

data is limited and the variability is high.

Guilford states that there must be perfect

correlation between the judgements given and the

momentary resvonse on the psychological continur

This seems unnecessarily strict. It is only

necessary for the judgement to be unbiassed. For

example, if there is a third variance oe represent—

ing an error in the actual judgement of the

(38)



category boundaries, this will simply add to the

value of 0, and will be undetectable so long as

it is not correlated with either 7, or O;.

It is seen that analysis will show tie position

of the category bound-ries on the psycholozical

continuum and the positions of the stimuli. The

scale used takes the standard deviation as unity,

and hence a relation exn be found between the

category scale and the jnd scale, if an appropriate

probability, such as 50%, is taken to represent

the jnd boundary. ‘This jnd is the value that would

be found in the absence of a standard. It is likely

to be much larzer than that found by constant

method of the previous section, because the fluctua-

tions in the category boundaries are likely to be

greater than the fluctuations in the standard,

‘ethods of Analysis of Data.

The methods advocated range from essentially

graphical processes to fairly elaborate least

squares procedures. For finding a single limen by

the constant stimulus method, Torgerson(27) lists

the following procedures.

(1) Connect the points with strai

linear interpolation method.

(2) Make plot on normal probability paper

(or convert to normal deviates and

plot on ord ry psper) then join

up the points with straight lines;
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(3) As 2, but fit best straight line;

normal graphic method,

(4) Fit integral of the normal curve to

the points using least squares procedure,

(5) As 4, but weight the proportions

appropriately. (Urban and Kelly's

method)

(6) Substitute the logarithm of the

stimulus in the first five procedures.

(7) ake pencil in hand and fit a smooth

ogive to the points.

The inclusion of (7) suggests that Torgerson

recognized that the result is no better than the

data from which it is derived, and that no sophis-

tication in analysis can improve the accuracy if that

of the original data is limited. It should be noted

that these methods are not interc’ ngeable, but rely

on different models. For example, the substitution

of the log of the stimulus for its normal value can

only be justified if the model justifies it. The

first essential is therefore to decide on the model

which will be assumed to represent the decision

processes. Once the model is decided, tests must be

included in the analytic procedure to verify whether

or not it truly represents the nrocess within

limits of experimentsl error. If this cannot be done,

it may be possible to rework the analysis using an

alternative model to see which fits the data better.

The model is then chosen on the basis of the best fit.

(49)



Scores
f 2 3 -, 5 categories

5, b, by ba be boundaries

Fig 11.

Scores in the categories.

The score attributed to category 1 is the sum of the

responses occurring below boundary b,, and so on.

categories

Stimulc t 2 3 at Z

1} pu | Pra | Pia | pe | Prise

2 | pa | Ppaa | Pas | pas

3 Pa: | P32 | Pas | Pas !

4 | Pe | Par | Pas | Psa i

Fig 12.

The p - matrix.



It is unfortunate that methods of testing models do

not seem to be so well advanced as the methods of

scaling.

The methods of analysis of data are substantially

similar for comparative and for categorical data.

The latter will therefore be discussed. ‘The

appropriate equation is

Blo-R = xa
& u ug ug

where rs is the position of the boundary of category s,

Ry is the position of the response to stimulus u,

both measured on the psychological continuum, x, is
ue

the corresponding normal deviate and a, is the

standard deviation of response u relative to the

boundary of category g, i.e.

4
ai ee Se). ‘Sie 2 (o," + o, rpg)

The method of analysis is as follows. The data

consist of a number of scores either from one or from

many observers who rate the stimuli into their

different categories. The scores for one stimulus

may be as shown in figure 11. The number of scores

in category 1 divided by the total number of scores

gives the probability of a score occurring below the

upper boundary of category 1. Similarly the sum of

scores in.cctegories 1 and 2 divided by the total

gives the probability of a score being less than the

upper boundary of category 2 and so on. Tt is

therefore possible to build up a probability matrix
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The normalized scale value x is derived from the

probability p using the normal distribution function.

ategories

stimule ey is 3 a

Vo} Xyy | My} Xia | Xm

2 | X21 | Xe | 223 | X24

3 | xg; | %32 | Xa | Xe

4 | Mw | %e | %s | Xoe

Fig 14.

The x - matrix.



(p-matrix) in which the rows represent the different

stimuli and the coluans the upper boundaries of each

eategory(figure 12). The last category has no upper

bound, thusthe probability is always unity.

Assuming a normal distribution and hence a

normal probability integral, cach of the probabilities

can be converted into a corresponding normal deviate x

using the normal distribution function; (figure 13)

Thus we could evaluate the scale value corresponding

to this probability Pay if we inew the discriminal

dispersion a,, of the s lus i relative to category

boundary j. The scale value would be

Mo x.
id ag 45

Thus initially the unit of measurement is the

discriminal dispersion. The x-matrix is as shown in

figure 14, It should be noted that the result of

this process is to reduce the data by one column.

The purpose of analysis is to find the position of

category boundaries end stimuli on the psychological

continuum and to find the values of the dispersions

There are not enou, equations to find all theseaay: 3)

constants but making the restrictions referred to in

the last section i.e. that the correlation coefficient

is zero and that the dissersion of the category

boundaries is const nt, oa can be left free to vary

from one stimulus to another. A further restriction

for all stisuli simplifies thethat oD is consts

hether itanalysis still further, but it is doubtful
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is a satisfactory a priori assumption. If the less

stringent of these restrictions is applied, thenthe

equation becomes

a, the standard deviation, is a function of u but

not of g.

The analysis can then be carried out sonewhat

empirically or by a least squares process. In the

former apprach, the category widths are first round

by subtracting the (j - 1)th column from the jth

column to give the width of the jth category. Then

by cumulating these from the left, a scale of

ed. Thecategories with an arbitrary zero is obtain

distance of the x ues for each stimulus then yields

values for the average scale position of each

codGard deviations can be distimulus. The sta:

from the interquartile ranges. The problem is thus

solved, Now by using the values so found, a

theoretical probability matrix ean be deduced. ‘These

probabilities can be compared with the original

values using theX” test of goodness of fit. This

however scems to be the most unsatisfactory part of

the procedure since better agreenent is frequently

obtained than can be justified. It has been suggested

that this, is due to the cum:lating procedure. This

procedure is used in all methods of analysis,

therefore all are subject to this criticism. Also

since the whole set of data have been used to derive
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the theoretically expected vaiues, it is not clear

how many degrees of freedom exist.

The more formal methods use a least squares

analysis applied to the x matrix. The method of

Gulliksen minimizes

Ms
m

Sik. - Bw -®
1 &5 ug tu5 iS

subject to an arbitrary zero and a scale unit equal

to the variance of the category boundaries. ‘The

method of Tucker minimizes

ple

F Supls, - Ze - Bu)?
ee sae

He, it will be seen, included a weight w,, which, for

a normal distrihution has the value y7/pa, where y is

the ordinate of the normal frequency curve, p is the

a posteriori probability and a = (1 - p). These

weights are called the Miller-Urban weights. The first

factor, y*, allows for the fact that in converting

probability values to normal deviates, the slope of

the probability integral changes. Thus referring to

figure 13, an error in x,, derived from py, will be

less than the error in x derived from Pai: The
oY

errors will be inversely proportional to the slope

which in turn is proportional to the ordinate of the

frequency curve. Thus in minimizing the squ e °

fue deviation, x- values must pe weighted by-y".

The second fa tor, 1/pq, arises from the reliability

of an esti o 2 ‘proportions. The mean square

is proportional to 1/pa

(44)



gen's method that he does noteriticisia of Gull

apply these weights. There seems little point in

the relatively elaborate analysis if they are omitted,

If the weights are not used, great emphasis is

placed on the extreue results. To avoid this error,

some workers have suggested throwing away the extreme

data, However, it seems a wistake to do this, as it

is often at the extremes that one distribution differs

most from another one. ‘The various methods of

analysis are described in detail by Torgerson(27).

Torgerson compared the estimation of scale

values for the categories and stimuli obtained on

three different sssumptions being applied to the

same data. The assuuptious were

(a) ois variable, eR is fixed.

di o; is variable, is fixed.% a

a.(iii) Both G, and o> are £1

The data supplied was artificial and fitted

assumption (i) perfectly. ‘he results were

then analysed using the second and the third assunp-

tions. It was found that the results were then

completely distorted. Nevertheless, Torzerson seemed

satissied that the three methods agreed. It would

therefore seem at more work needs to be done on

hese methods in order to set up cdditional criteria

for the validation of the model used.

It siiould also be noted that ny data are

required if a high level of significance is to be

obtained. For it is usually stated that theX* test
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cannot be applied unless there are a miniuum of

five data in each cell. If therefore the stimuli

have an appreciable variation, it will be found that

many cells, corresponding to the tail of the

distribution will have less than five data in them,

In this case, it is impossible to build up a complete

2e methodsmatrix. If the matrix is not complete,

lose much of their elegance and the data imust be

handled more individually rather than directly by

computer.

It seems likely that unless data are available

from more than 200 observers, (or observer occasions

the analysis for a five category scale must be

carried out graphically and the significance assessed

individually based on the contents of the cells.

For more than five categories, there uust of course

be more observers, This makes the methods

increasingly academic.

The most useful simplifying assumption is

the categories which have an upper and a lower bound

are of equal width. In other words the category

boundaries are equally spaced on the psychological

continuum, This is very often found to be the case

within the limits of precision allowed by the data.

the X? test can then be used to test the hypothesis

that the observations are norm=lly distributed on

this scale. If this is the case, there is just-

ification for using the simplified medel.
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These methods have been referred to in Section

2.4.2, The main assumption is that an observer can

estimate the ratios of stimuli. This is what he is

directed to do. If it is accepted that he can do

this, (and it seems well verified by many sets of data)

then no complicated analysis is required, since the

scaling is direct on to the stimulus scale and does

not require the psychological continuum in between.

Por each observer the logarithm of the magnitude

of estimate is related to the logarithm of a

physical stimulus and the best straight line is

either drawn by eye, or is calculated by least squares

procedure. It is necessory that the stimuli should

be distributed evenly over a logerithmic scale

covering the range of interest, in order to obtain

the best relation. The slope is found for each

observer. Figure 5 indicates the type of results

that are obtained. The average of the slopes is

taken as giving the appropriate relationship. No

attempt is made to find absolute relationships as

the numbers are purely arbitrary.

The model assumes that errors are distributed

normally on a logarithmic scale, i.e. they are

distributed log-normally on a stir

with the assumption

is consistent/that the observer judges ratios. No

ius scale. This

attempt is made to find a scale on the psychological

continuum.
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The hypothesis that errors are distributed

log-normally rather than normally conflicts with the

models assumed in the first five methods of analysis

of constant stimulus data referred to on .39.

Clearly the two models cannot be simultaneously valid.

The criteria which should be applied in choosing the

appropriate model will be considered in the nex

section.

(48)



ETIONS OF VALIDITY OF MET

In this section we shall consider why the

methods described above sive different answers and

how it should be decided which of the methods is

applicable in any particular set of circumstances.

This problem seems to have worried S.S.Stevens who

wrote in 1971(23) "When three different scales have

been created of the same continuum by three separate

sets of operations - - jkds, category estimation and

magnitude matching - - on what grounds do we presume

to ascribe to one of those scales a superior

position?" Surely to decide this we must consider

the type of continuum that is being scaled and see

whether all methods are appropriate to all types of

continuum, Stevens speaks of two types of continuum,

the prothetic and the metathetic continua. The

dictionary does not help in understanding his meaning,

but he states (24) that prothetic continua are those

concerned with intensity, degree or amount, whilst

metathetic continua are qualitative. He says that

a power function will describe the former, but

usually not the latter. On the other hand he says

that a partition scale such as a category scale

or a jnd scole constitutes a straight linear

segment of a magnitude scale on a metathetic continuun.

(49)
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4 Two types of Ratio Scale.

Let us consider what types of scale these may

be. Both may be ratio scales, but ratio scales can

be of two types. This possibility of two types of

ratio scale does not seem to have been noticed in the

literature.

A ratio scale, it will be recalled must be

invariant under the transformation

iia tex

However, there are two classes of such a scale; in

the first x lies in the range zero to infinity

whilst in the second, x lies in the rane minus

infinity to plus infinity. These are illustrated in

figure 15 (a) and (b). Let us call these two classes

the geometric and the arithmetic classes.

4.1.1. Geometric Class.

Continua that fall into this class include

physical cuontities such as length, mass, force and

absolute temperature. All of these are limited to

positive quantities for, whereas it is easy enough

to talk of negative length as a mathematical

abstraction, no one can show an observer such a

quantity for him to estimate. Consider the process

of estimating a length of say 300 ma. The observer

nust consider what he renembers the length of a

(50)



metre to look like and est. te how many times his

unknown would go into it, or he may consider how

many times a remembered centimetre would go into it.

He will estimate it by ratio. If he could do this

a large number of times (forgetting his prévious

estimate between each estimation), the estimates

would be distributed about the geometric rather than

the arithmetic mean, since all measurements were

made on the basis of a ratio. So although the

measurements are on a linear scale, the errors are

distributed according to a log-normal distribution.

Errors on such a scale are usually considered to be

normally distributed, but the conditions for a normal

distribution are clearly not satisfied, since the

continuum does not extend between minus infinity and

plus infinity. It is of course a perfectly valid

assumption so long as the standard deviation is

small compared with the magnitude of the response.

This is so in conventional physical measurement, but

it is not true in most psychophysical experimentation.

The coefficient of variation in such work is usually

of the same order of magnitude as the quantity which

is being estimated, and the log-normal distribution

must therefore be used.

Since the measurements are made on a ratio

basis, the method of magnitude scaling is entirely

appropriate. The jnd and category nethods on the

contrary rely on a normal distribution being

obtainable on the psychological continuum or even

(51)



on the stimulus continuum itself. Thus a continuum

stretching to minus infinity is required. Any

attempt to use these methods is thus likely to lead

to curvature, since one is attempting to map a

semi-infinite continuum on an infinite one, This

is in fact what is found.

The characteristics required of the continuum

are first that the whole of it can be mapped on a

semi-infinite line and further that the zero is

accessible to the appropriate senses of the observer.

To illustrate this second requirement, consider

observations of temperature on the Kelvin scale.

The Kelvin scale is a ratio scale of the geometric

type, but to an observer unaided by instruments, any

temperrture below about 260 K is entirely outside the

range of his senses. He will therefore not be able

to apply magnitude scaling in this case. He would

in fact use his knowledce of the scale and his

knowledge of ice and boiling water to estimate the

temperature. ‘The zero is far from either of these

points, thus normal statistics would here be

applicable.

41.2. Arithmetic Class.

This type of continuum, in which there is

extension on both sides of zero, will occur in a

typical physical measuring situation. For example

in measuring the length of an object using a

(52)



eraduated scale. The unknown lencth is

to the scale and the distance to the nearest

graduation is estimated, The graduation on either

side of the end point may be used. ‘Then because the

distance to the nearest graduation is small compared

with the length being estimated, the errors may be

considered to be normally distributed with a constant

standard deviation, The same might be considered

to apply in using a visual photometer where the

illuminance due to an unknown source is compared with

that due to a standard. ‘The following technique

might be used. The photometer is set close to

balance, then a number of observers are asked to say

which side is brighter. From their observations

the probability that A is greater than B can be

estimated. The photometer is then moved and the

process is repeated. The conditions would change

from one in which A was brighter than B, through a

50% probability point to the condition where B is

found to be brighter than A, It would be reasonable

to assume that the frequencies were normally distrib-

uted on this continuum. This type of continuum

will be obtained in any test in which the observers

are asked to answer questions which lead to answers

which are balanced about a central value. For

example, " Is a note of higher or lover pitch than

a standard?" or " Isa street lighting installation

too bright, satisfactory or too dim?" Again we expect

the answers to be normally distributed on a ratio

(53)



scale. In order to test whether a continuum is of

this type or not, it is necessary to ask whether

there is a standard, and if so whether it is large

compared with the deviations from it. Alternatively

we may ask whether the zero of the absolute magnitude

under investigation may be treated as infinitely

distant, In the cases of the length or illuminance

measurements, we have a physical standard; in the

case of the streetlighting we have an implied standard,

i.e. the level of brightness that is considered to

be comfortable by the observer. It will be noted

that it is unnecessary for the basic scale of the

property to be a ratio scale or even an interval

scale, provided that it is a smooth monotonic

function of the stimulus scale. Since only a small

portion of the scale is observed, it is likely to

appear sensibly linear over this range, or at least

sufficiently linear for the wriations to be consider-

ed as normally distributed. It is also unnecessary

for the observer to know the location of the zero.

(54)



4.2, Comparison with Stevens' Continua.

An attempt has been made to define two classes

of continua both having ratio seales. This has been

done purely in terms of the type of measurement

which is applicable. As noted above, Stevens(23)

distinguishes two continua in terms of the type of

curves that they yield when different systems of

measurement are applied to them, regardless of

whether the system of measurement is appropriate or

not. Hoe says that the prothetic and metathetic

continua can be distinguished by four eriter

These are

(a) Size of jna.

(b) Form of category rating scales.

(c) Time-order error.

(d) Hysteresis.

We will now consider how each of these criteria

might be affected by the choice of the seometric or

the arithmetic continua.

4.2.1, Size of jnd.

Stevens states that the size of the dnd grows

as we go up the scale for prothetic and remains

constant for metathetic continua. It has been seen

that for the geom trie class described above, the

estimation error increases proportional to the
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Relation of jnd and category scales to ratio scale.

(S. S. Stevens 1957)



estimate of the macnitude of the property being

measured. This is obvious for such continua as

length and mass, and one would expect it to be

general over the range of any property that is

readily accessible to the senses. For example,

one might expect it to hold for a length between

0.5 mm and say 50 m, a range of 107, For distances

greater or less than this range, the eye needs some

aids. The method of estimating is thus changed.

This could give rise to different constants in the

equation. We therefore expect the jnd to be

proportional to the magnitude on the psychological

scale. Errors are distributed log-normally. The

magnitudes themselves are measured on a uniform

ratio scale which starts from zero in a positive

sense.

On the other hand, the arithmetic scale leads

to constant variances of estimation and therfore

to constant values of the jnd. This is the

characteristic of Stevens’ metathetic continuum.

We thus see that in respect of the size of the

jnd, the two classes of scale agree with Stevens!

two continua.
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122, Form of Category Rating Scales.

Stevens states that measurements of a prothetic

continuum using a jnd or category scale yield a

curve which is concave downwards (figure 16) with

the category curve always below the jnd curve.

A metathetic continuum on the other hand yields a

linear relationship on the category scale. This

latter is consistent with associating the metathetic

continuum with the arithmetic class, Since with

the arithmetic class, the frequencies are normally

distributed one would expect this linear relationship.

Conversely since on a geometric class of ratio

itudescale the dispersion is proportional to the mag

of the stimmlus, we would expect curvature in a

categorical experiment, but the degree of curvature

to be expected would depend on how the observer

operated. There seem to be two possible modes of

operation.

He may set up his category boundaries so that

they are equally spaced on a magnitude scale,i.e.

they are a uniform distance apart. These boundaries

would each be subject to fluctuation, but the disver-

sion would be distributed normally on a locarith:

scale, i.e. the dispersions would be proportional

to the magnitude. Since the dispersion controls the

precision with which he can assign stimuli to

categories, ne will be much more precise for the low

eategories than for the hi ones (figure 17 a).



There will thus be more jnd s per category for small

stimuli than for large ones. This is as shown in

figure 16, The exact relation will depend on the

number of categories used. This will contrel the

degree of averaging. One can thus state that this

explanation would be consistent with Stevens!

findings.

An alternative possibility would assume that

the observer set up his categories so that their

widths were proportional to the magnitude of the

stimulus. i.e. the category widths are distributed

log-normally as also are the dispersions (figure 17b).

One might then expect the jnd and category scales to

be similar since each category would contain the

same number of jnds, This explanation is not

consistent with Stevens' findings and furthermore

seems to be a more complicated process than the

first. It therefore seems likely that the first

explanation is the true one.

4.2.3. Time-Order Error.

When two stimuli are presented one after an

other, thereis a tendency for the observer to

overestimate the second rel-tive to the first.

Thus if the standord is repeated, the observer will

usually say that the repeated stimulus is the larger

one. This is referred to as a negative time-

order error. Various theories have been put forward

to explein this phe menon, though none seems

Gs)
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subjects obtained with recorded tests for abil-

ity to discriminate the pitch and loudness of

bands of noise. Each test contained 110 test

ftems consisting of a standard noise (2 sec-

onds) followed immediately by 3 comparison

noise (2 seconds). The band of noise used in

the pitch test was shiited up or down the fre-

quency scale. Note that there is a “time
error” for loudness but none for pitch.

Fig. 18.

Steven's experimental results for

pitch and loudness.



satisfactory. Stevens(23) suggests that it is a

function of the continuum itself, and that the

prothetic continua show a negative time-order error

whilst the metathetic ones do not.

Stevens does not analyse the reasons for this

in detail, but he shows figure 18 in which the limen

for pitch and loudness have both been estimated by

the constant method. It is seen that for pitch,

the crossing point of the curves corresponds to the

point where the stimulus and the reference have the

same value. Pitch he says is a metathetic continuum.

For loudness, the crossing point does not coincide

with zero difference or, put in another way, when

the stimulus and the reference have identical values,

80% of observations would indicate that the stimulus

which is heard second was louder than an identical

stimulus which was heard first. He states "What

the Fechnerian time-order error really seems to

depend on is the same basic process that makes the

category scales on Class I (prothetic) continua

turn out to be cencave downward, namely the asynmetry

of sensitivity - the fact that discrimination is

better toward the low than toward the high end of

the range."

This idea of the sensitivity being greater

toward the low end is what may be expected in a

geometric type of continuum. Applying our model to

this problem, we assume that the distribution of

senaa n of loudness is log-normal on the ratio
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scale, Thus the observer will experience more

sensations in the high direction than in the low

direction relative to the mode of the distribution.

If we assume that in making his decision the

observer subjectively takes the mean of his

distribution of sensations, we see at once that the

median, i.e. the 50% point at which the loudness

curves of figure 18b cross, is on the lower side.

It is noticeable that the ogive type curve is

approximately anti-symmetrical about the 50% point.

One may thus infer that the distribution is normal

on a logarithmic scale. Since the relation of

sound intensity to loudness is given by

Dom kero ts,

(as derived by Stevens from magnitude estimation)

then

log L = 0.3 log I + const

Hence a symmetrical distribution on the intensity

scale indicated a symmetrical distribution on the

log-loudness scale. If we assume this to be a

normal distribution, then the distribution on the

loudness scale will be log-normal.

From the percentage points on the log-

intensity scale, it is found that the standard

deviation Q-is equal to 0.069 on the log scale to the

base 10, or 0.16 on the natural logarithm scale. On

a linear scale the ratio of the mean to the median
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: °
for a log-normal distribution is e” (1) where

is the standard deviation on the log scale. Hence

we see that this ratio for the distribution under

consideration is 1.013, corresponding to 0.056 dB.

Thus , on the model proposed, the displacement of the

crossover (50% point from the reference value

should be only 0,006 dB instead of a value of 0.3

as shown in Stevens' graph. ‘Thus, although it

gives an answer in the right direction, the above

explanation cannot be considered to be a complete

one for the time-order error.

As an aside, it should also be noted that the

ogee curve for pitch is not antisymmetrical but

has much greater curvature on the high frequency

side than on the low frequency side. The reason for

this is that the logarithmic scale is the wrong scale

for this quantity. There is no magnitude sensation

felt by an observer when he distinguishes two sounds

of differing pitch. They differ qualitatively.

The linear scale should therefore be used. When

this is done the curves appear substantially normal.

(figure 19). This result is somewhat surprising wen

it is remembered that all music is based on ratios,

but it must be noted that Stevens' results concerned

only small sections of a noise spectrum, This once

more illustrates the importance of using the correct

model.

Evevens states) that guotier manifestation of

the time-order error is the way in which measurements

(61)
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In category methods, the mid-value of the stimulus

does not always coincide with the middle category.



of prothetic stimuli on a category scale result in

a curve which does not pass through the origin. This

is illustrated in figure 20 where the sensation of

weight is measured on a category scale over a

relatively wide range of weights, It is seen that

the reference weight, 50 g is not rated to have

a scale value in the middle of the category scale.

An effect of this type would be expected on the

assumption that the sensations were log-normally

distributed, for the same reason that the curve is

concave downwards as discussed in section 4.2.2.

The size to be expected for this effect, however,

cannot be estimated unless more is known of the

dispersion.

4.2.4. Hysteresis Effect.

In experiments on bisection, in which the

observer is given two different stimuli and then is

asked to adjust a third stimulus until it is midway

between the first two, it is found that the variable

stimulus has to be higher when the signal is

increasing than it does when the sisnal is decreasing.

There is thus an overshoot or hysteresis effect.

Results of the type illustrated in figure 21 are

obtained, ‘Two surfaces are first presented: the

brightnesses of these are given the values 0 and

100. The brightness ae then increased from the low

value and the observer is asked to say when the
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brightness is halfway between the two reference

levels. The experiment is repeated, but this time

the level is reduced from the high reference level

and again the observer is asked to say when the

brightness is halfway down. It is usually found

that there is an overshoot as shown for prothetic

continua, and Stevens draws attention to this.

He does not however say that a different result is

obtaindd for metathetic ones.

Because of this uncertainty, this effect has

not been related to the two classes of scale.

However, it might be expected that a lopsided

sensitivity curve such as is obtained with the

geometric type of scale would give a different result

from that obtained with a symmetrical distribution.

This needs further investigation.

Conclusions on

It is thus seen that Stevens' two classes, the

prothetic and the metathetic, which he has distin-

guished on a phenomenological basis, correspond to

the two classes of ratio scale, the geometric and

arithmetic classes, which have here been distinguish-

ed mathematically. It is here suggested that no

confusion need arise as to the type of experimental

approach to be applied for measurement of physical

and psychophysical phenomena. If the stimulus has

a zero, and cannot be negative, such as a sound or
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light signal, then the only appropriate experimental

technique is magnitude scaling such as has been

extensively and successfully exploited by Stevens and

his co-workers. If however the stimulus has a zero,

but may be positive or negative relative to that

zero, such as measuring a length relative to a

standard and available measure, then Thurstone's

model applies and the techniques employing the laws

comparative and categorical judgement are appropriate.

If the dispersion of observations is small

compared with the scale value, then the assumption

of an arithmetic continuum and a normal distribution

is a permissible approximation, even though the

stimulus has a known zero.
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ABSOLUTE TH5s

In the above discussion, it was assumed that the

signal to be measured was well above the threshold

of observability. This condition implied that it

was large compared with the ultimate discriminal

dispersion which would be obtrined as the signal was

allowed to fall to zero. In all measuring systems,

there are various sources of uncerta nty. Some

of these are of little significance over most of the

measuring range, but become dominant near the limit

of resolution of the ecuipment.

- As a conerete ple, consider a low noise

amplifier preceded by an attenuator, Suppose that

a signal is being amplified and its magnitude is

displayed on an oscilloscope. The value of the

signal can be measured by the size of the trace on

the oscilloscope if the gain of the amplifier is

known. It is assumed that the whole signal is

displayed and that there is no backing-off voltage

to improve the precision of measurement. ‘The precision

will be determined entirely by the observers ability

to estimate the height of the trace. If the

attenuation preceding the amplifier is increased,

the gain of the amplifier will have to be increased

to keep the trace the same size, but provided that

the attenuator and amplifier are both correctly

calibrated, the precision of the measurement will

be unchansed, being limited entirely by the
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precision with which the trace can be measured on

the oscilloscope. This situation is analogous to

those which we have considered in the previous

sections. The gain of the amplifier may be

analogous to the adaptation mechanisms in an

observer such as the iris of an eye, the pores of

the skin and others of a chemical or electrical

nature in the sensory and nervous systems.

If the attenuation before the amplifier is

further, increased, the stote will be reached where

the second source of uncertainty, the noise in the

first stages of the amplifier will become imporatnt.

The precision of measurement will now fall, because

the noise due to the amplifier as well as the signal

will be displayed on the oscilloscope. Further

increase of attenuation and increase of gain in the

amplifier will 1 ad to the displayed output.being

due only to the inherent fluctuations in the

measuring system, and at this stage no further

information can be obtained about the signal.

In the same way, we should exrect that the

magnitude estimation methods and also the method

of just noticeable differences would indicate a

change of law close to the absolute threshold. In

the case of the former method, this is not import-

ant, because both signal and response are plotted on

logarithmic basis, thus relatively small portions of

the curve are close to the threshold. Using the

quantai method, hiller(iZ) has investigxted the
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audibility of sound signals into the threshold region.

In figure 22, is plotted the mumber of quanta

(just noticeable differences) against the logarithm

of the sound pressure level. It is seen that a

linear relationship is obtained down to about 20 ap

above the ambient noise level, when curvature sets

in. This region which is commonly called the

threshold region will now be discussed.

id theory.

Two types of theory have been designed

especially for explaining phenomena occurring at

the limit of sensitivity of the observer, One

type is based on the classical Fechner hypothesis

of a threshold, the second is based on signal

detection theory.

In the threshold theories, it is assumed that

there is a threshold or absolute limen below which

the observer cannot detect a signal. Above the

threshold he can This should lead to a well

defined level of signal below which the observer

would always say that there was no signal and

above it he would say that there was. This is

clearly not the case. Experiments of the constant

stimulus type were designed to detect this threshold.

A number of signals close in magnitude to the

threshold level were shown to the observer (or

observers), who had to say whether the signals were

(67)



present or not. For each signal level a probability

of detection was obtained and the level at which the

signal was detected was derived using the methods

discussed in section 3.2. This is inconsistent

with the concept of a threshold, It therefore has

to be assumed that there are fluctuations occurring

either before or after the detection process takes

place. The threshold is then defined as the

value of the stimulus which arouses a response for

50% of the occasions tested. It is found that

the curve of probability of a positive response

against stimulus value is frequently not an anti-

symmetrical curve, but shows a finite probability

for zero signal. In some methods this is taken into

account by assuming that for part of the time the

observer answers

the theory may be made to fit the experimental

data, but it should be noted that at no time does

the theory suggest why there should be a natural

threshold or what mechanism lies behind its

existence.
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= S 1 Detection Theory.

‘The signal detection theory as elaborated in a

series of papers collected by Swets (25), differs

completely in its foundations from those of the

threshold theory. Instead of assuming a threshold,

it assumes the existence of noise arising in the

organism. The signal detection theory aims at

measuring observers rether than measuring physical

quantities or stimuli, It would thus be called a

psychological rather than a psychophysical theory.

The aim is to develop the receiver operating char-

acteristic (R.0.C.) of the observer. In a simplified

form, hovever, it has been used to measure sensations

of warmth, touch and electrical stimulation.

The theory assumes that observation takes place

in two stages. In the first s , it is assumed

that the stimulus or combination of stinuli give

rise to a neural process which results in an

attribute or state of the nervous system. It could

be the number of nerve impulses in a given time.

The level of this state is assumed to be monoton-

ically related to the stimulus. This abstraction

is called an 'observation'. The observation may be

multi-dimensional.

In the second stage, the question is asked -

"Given an observation, what will be the response of

inet betevert © Vosmuevte tit tsminetcasaner a

tyes-no! experiment, it is assumed that when no
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signal is present, there is a noise level. For

example, if the observer were detecting the presence

of a spot of light against an illuminated background,

the bac! sround on its own would give rise to an

observation which fluctuated with time. This is

called the noise. This noise will have a probability

density which may or y not be of a Gaussian nature.

Thus the probability that an observation lying

between x and x + Sx will be made at any time is the

ordinate of the probability curve for the noise alone.

(figure 23)

When a signal is also present, it is assumed

hat a second curve will be obtained displaced from

the first. Yor a one dimensional stimulus, the

two probability density functions might be as shown

in figure 23; one curve represents the noise and the

other the signal plus noise. It is assumed. that

the observer carries both these distributions in his

head. ‘Then if at some time he makes observation X,
a

he will assess the probability tt at x arises from

the signal plus noise by reading off the ordinate

P, He will assess the probability that x, arises
SN*

from noise alone from the ordinate Pye He will

take the ratio of these, Pen/Px? which is the likli-

hood ratio. He is now ready to proceed to the decis-

ion process. He is told the value of a correct

decision and the costs of an incorrect one. He will

then choose a value for the liklihood ratio to act

as a criterion above which he will accept the
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hypothesis that the signal is present and below it

the hypothesis that it is not.

It is seen that the liklihood ratio is a

one dimensional variable even if the observation

itself has many dimensions. ‘The decision process is

thus simplified. The subject has only to set up

a criterion on the liklihood scale. If the likli-

hood is above the criterion he chooses one hypo-

thesis, and if it is below it he chooses the other,

His choice will depend on his rating of the value of

success and the cost of failure. For ex+ le, if

he is told that he must he careful not to over-

estimate the occurrence of the signal, he will tend

to score low and so on.

A paremeter, d', which is an index of detect-

ability for a given observer, can be found if both

distributions are one dimensional and have equal

standard deviations. a’ is defined as follows

where Mon (x) is the mean of the probability

distribution of noise alone on the x scale, Mesy (x)

is the mean of the probability distribution of

signal plus noise on the x scale and Spy is the

standard deviation of both distributions. a@' is

thus the difference between the observations

normalized in terms of the standard deviation of the

noise distribution.

Using this as a parameter, the reeéiver
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Receiver operating curve.

Poy(a) 28 the probability of a correct answer given

signal plus noise. Py(,) is the probability of an

incorrect answer given noise only.



operating characteristic can be calculated on various

assumptions. The value of the conditional probability

that the observer will say "Signal plus noise" given

signal plus noise is the area under the P.. curve

to the right of some criterion X,. The conditional

probability that the observer will say "Signal plus

noise" when only noise is present is the area to

the right of the criterion X, under the curve P,..

These can be plotted to form a receiver operating

characteristic given the conditions (A) (figure 24).

Clearly if the signal is indefinitely small,

the two probability density curves will coincide

end we Have the diagonal d = 0. As the signai
'

increases d increases so that the value of P.

is greater than for ell values of X,. When XP
N

is set very low, the observer will find the

c

probability P,. andP, are both the same and are
SN

equal to unity. Similarly if X, is set very high,

he will again find the probabilities equal, both

will be zero, Between the two, the probability of

a correct answer "Yes, signal is present" is always

greater than that of an incorrect answer "No, signal

is not present" when the signal is displayed. If

the value of the signal is increased, d' increases

and the deviation from the diagonal on the ROC

is greater.

Now, how will the criterion X, be set up? It

is assumed that the observer is given an a priori

set of values and costs, From these he will try to
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maximize the expected value of his decision.

Suppose that he takes the ratio 8 as the liklihood

ratio

fsu(x) _ ?¢s) (Vs + Kes)
p fy(x) '?(s)ss * a3)

where V and K represent respectively the values of

a correct decision and the cost of a wrong one.

S represents a positive response, 5 represents a

negative response. s represents the signal being

present and 5 represents the signal not being present.

Thus V,. is the value of the correct response when

the signal is present. It is shown that if the

pay-off matrix of volues and costs as shown below

is assumed,

Stimulus

Response s Ss (= not s)

- “sS ASS

5 (= not s) Ke Vea

then the criterion for the liklihood ratio to

maximize the expected value is

p,(S) - pz(S) is a maximum

where p,(S) is the conditional probability thet, if

the signal were present, the observer would report

that it was present. pz(S) is the conditional

probability that, if the signalwere not present, the

observer would say that it was. Pz) and P/,)

are the a priori probabilities of ‘no signal' end

*signal' respectively.
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To maximize the expected value, we require the

line on the receiver operating characteristic to be

touched by the line from the origin whose slope

isp.

If the pay-off matrix is altered by altering the

costs and values, the. slope of the tangent line and

hence the value of the critical liklihood ratio will

be altered.

Having said all this, we find that since the

criterion is a liklihood ratio, it is completely

defined. Thus although there is noise in the system,

the observer will always make the same decision

when a certain signal is vresented. ‘The theory does

not seem to predict the variation from one obserya-

tion to another that in fact occurs. It is therefore

necessary to postulate a variability in the

eriterion.

The following se to be the processes through

which the observer must go in order to make his

decision.

(1) Enter the a priori probabilities into his

memory and develop his pay-off matrix.

(2) From the pay-off matrix establish his

criterion.

(3) Make the observation, which may be multi-

dimensional, and convert it into a point on

the probability density curve. At the same

time he must transform his multi-dimensional

scale into 2 one-dimensional liklihood scale.

(4) Consider the probability density curve for

the system in the absence of signal, again on

the liklihood scale.
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(5) fake the ratio of ordin-tes at a value of

liklihood corresponding to his criterion.

(6) If the liklihood ratio is greater than his

criterion, say "Yes, there is a signal"; if

it is less, say "No, there is no signal"

This seems to make so great demands on the

observer, that it is hard to imagine that he could

accomplish all these operations automatically.

However Eijkman and Vendrik simplified the theory

in their investigations of warmth, touch and electric-

al stimuli. They used signal detection theory to

determine relationships between the ensations above

and the magnitudes of the timuii. To carry out

the analysis, they made the following assumptions,

There is noise in the organism of the type already

discussed, giving rise to a mean value f and having

a variance g-*, When a signal is present, no

additional noise is introduced. Thus the density

curve is shifted to a new mean value x, on the

observation scale x. A criterion c is set up such

that if the observ=tion appears to be above the

criterion, the observer will say that a signal is

present, if it is below, he will say that it is not.

The criterion also may not be constant. If this has

a variance oe and if all distributions are Gaussian,

it will be equivalent to having noise with variance

=
Q " st i a

and a constant criterion.(figure 25(a)).

This model can be shown to be equivalent to a
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single Gaussian distribution for the criterion

having a variance GQ” and no noise on the signal or

receiving system. The new scale unit c is equal to

(-x + ¢ + X). Comparison of the shaded areas of

figure 25(b) shows this to be the case.

Eijkman and Vendrik carried out experiments in

which five stimuli were presented in random order,

one of which had zero amplitude. ‘The stimuli were

presented in a given time interval. The observer

had to respond either Yes or No. No cost or values

were suggested for a correct answer. The proportion

of positive responses were plotted against the signal

strength on arithmetic probability paper. Results

showed, in the case of warmth, a linear relation

intercepting the zero ordinate at about 6% (figure

26(a)), ‘This the authors state is satisfactory

agreement with the theory that the distribution is

Gaussian, ‘They say " significant deviation from

a Gaussian distribution was found." No comment is

made about the intercept on the zero axis, indicating

that the probability density function is truncated

by the zero stimulus ordinate as shown in figure 27,

and sugsesting a probability of a positive response

for negative signals. It will be seen that the

theory has led us to the classical constant

stimulus method of measuring the absolute limen.

All objections that apply to that method apply to

this one.

Almost identical results were obtained for
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touch, but for electrical stimulation a different

pattern was obtained in which it appeared that a

Gaussian distribution was obtained for large signals,

but for zero signals the probability of a positive

response could be as high as 30%) (figure 26(b)).

The authors suggested that this could be due

to skewness in the distribution of the noise on the

x axis or due to non-linearity in the relation of

x to signal. To distinguish these two hypotheses,

they asked the subjects to say which of the five

stimuli was being presented. ‘They thus obtained four

monotonically related criteria. If the distributions

were skewed, but the relation of signal to x was

linear, they expected distributions of type A in

figure 28; whereas if the distributions were symmet-

rical but the relation of signal to x was non=

linear, they expected curves of type B. (N.B. The

vertical scale is that used in probability paper.)

Experiments were performed on the sense of touch and

of electrical stimulation, and the results apneared

to be of type B. These are shown in Figure 26 ¢ and 4.

In considering these results, it is interesting

to note that the theory had had to be simplified to

include only Gaussian distributions. In this last

discussion non-Gaussian distributions were consid-

ered but the theory was not changed. It is not

clear what type of non-Gaussian distributions would

allow translation to be made from the x axis to the



are excluded, and yet the authors have assumed that

such a translation is permissible.

Also the very simplified model used in this

paper, in which Gaussian noise and random fluctua-

tions of the criterion are ass ned, now reduces

exactly to Thurstone's model. So that statistical

decision theory has only led us back to the original

starting point. This does not seem to have been

discussed by the authors.

It now becomes clear that this theory in no

way explains the mechanism of the limiting

sensitivity of a sensory system, in that it derives

from a normal distribution on a semi-infinite linear

continuum, One is left with the awkward question

of what is meant by the finite probability of

xesponse with zero signal, and what happens to the

distribution to the left of the zero stimulus

ordinate. (figure 27).

The question of integration time does not seem

to have been discussed by the protagonists of

signal detection theory. Fitzhugh(8) gives an

account of experiments on the pulses from the

ganglion cell of the eye of a decerebrate cat. He

found that the impulses occur apparently randomly at

an average of 0.5 per 10 ms for a dark adapted eye,

but the rate rises after exposure to a flash of

light of 5 ms duration to up to 3 per 10 ms. The

time for the cell te recover its normal background

count after a flash is of the order of 200 ms.
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Thus if the human eye behaves in about the sane

way, the observer might avernge his measurement

over 100 ms and should obtain a value of average

noise with a hh degree of certainty i.e. with

little spread in value. Similarly in this sane time

he would obtain a fairly precise value of the rate

of pulsing due to the signal. Thus when he calculates

the liklihood ratio, it will be quite precise; and

if the criterion is precise there will be no

variation in his answers. One must therefore assume

that the fluctuations in the criterion are slow

compared with the decision time. If this were not

so, then the observer would be able to integrate

over a number of fluctuations of the criterion and

again would always produce the same answer.

This assumption means that when one decision is

made the criterion will have one value on the

ce axis, and when another decision is made on the

same data the criterion will have another value.

Some long term fluctuation seens to be essential

to any theory of decision processes.
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ENT LIGHTING BX

In papers 2 - 5 a series of psychophysical

experiments aimed at measuring colour differences

are described, Paper 3 is the key one in the set.

It describes the background and purpose of the trials

in the Introduction. The experimental arrangement

and initial analysis is described in Part 1.

In Part 2, the Author put forward a new model for

the mode of discrimination of an observer, based

on Thurstone's judgement model and derived the

form to be expected of observational data. Finally

in Part 3, data from two trials in the observation

of colour differences are analysed using the new

model, It was found to work well in predicting

the form of the data actually obtained. ‘The data for

Paper 3 was the most extensive of all data obtained

in this series and for this reason it has been

subjected to further analysis in this thesis.

Two experiments were made using different

groups of observers. Th questions >ut to the

observers were similar except that in the second

set they were asked to assim the number 0 to the

category of "No difference” instead of category 1

as in the first set. This was felt to be more

logical. So far as the presentation was concerned,

the opportunity aken to introduce sone

objects, n tably a red searf, an orange and a vase

re asked about
of artificial flowers. “uestions
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these objects as well as about the test colours, but

no satisfactory use was made of the answers.

6 Study of Observers.

In a preliminary experiment in which the room

was tested, it had been shown by analysis of variance

that the two sides of the room were balanced, i.o.

observers did not see larger differences on one side

than on the other, nor was one side biased towards

one hue. It was also shown that, for the group of

observers used and for the colour differences

involved, the observers all enme from the same ponu~

lation. This c¢: je as 2 surprise to the industrial

organization which employed then, since some obser-

vers studied colour as nart of t-eir job whilst the

rest were not professionally involved. It was

therefore decided to examine the performance of the

observers in the main experiments.

In the preliminary experiment an analysis of

variance had been used. This could be criticised

in that it assumed that scores were distributed

normally on a continuum measured by the eategory

boundaries. That this was not true was evident from

the distributions obtained which were markedly stew.

However a variation in the sensitivity of observers

would expand or contract the eategory scale on which

measurements were made.

As seen in figure 29, if P represents a noint
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on a physical colour difference scale, then a

sensitive observer would place this in a high

category and an insensitive one would place it in a

low one. The observer sensitivity would thus impose

a log-normal variability on the scores.

To examine this, the results of experiment 4

were used. In that experiment every observer saw

the test colours under four different lamp combin-

ations. e.g. observers in set 1 saw lamp combinations

AD, AF, DE, BF, those in set 2 saw AE, AF, EE, EF,

and so on.

The sensitivity of each observer was assumed to

be proportional to his total corrected score within

a set of 12 people. Each score was corrected by

adding 0.5 to it, so that it scored as if it were

in the middle of its category. ‘Thus category 0

scored 0.5, category 1 scored 1.5 and so on.

It was assumed that within each group of 12

observers there was a normal spread of population.

This was reasonable, since care h

the design of the experiment to balance the number

of experienced and naive observers in each set. If

then the sum of the corrected scores for each

observer arising from four observations was divided

by one twelfth of the sums scored for the 12 obser-

vere in the set, a sensitivity factor could be

obtained for each test colour.

Since the average of 12 was a rather unreliable

no. bility between thelization factor, the vari:

scores in the sets v investigated. It was found
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however, that there were significant differences

between the lamp groups and thus it was not possible

to normalize with a single factor for all observers.

Normalization was therefore corricd out within each

set of 12 observers and for each test colour, Hence

for every observer a sensitivity factor was obtained

for every test colour. Analysis of variance within

groups of 12 observers showed that the ratio of the

variance having the highest value (12 degrees of

freedom) to the mean vert ence (155 degrees of freedom)

was 1.5. This ratio was not significant at the 0,05

level. It wos therefore concluded that there was

no significant difference in the variability of

observer sensitivity. Likewise, comparing the

variance of average sensitivity with the average

variance of sensitivity for sets of 12 observers, it

was concluded that there was no significant’ differ-

ence in the sensitivity of the observers. That

this was so was demonstrated by dividing all original

scores (duly corrected) by the sensitivity factor

and comparing the adjusted scores with that of the

original scores . This was done for a few colours

and lamp combinations. The value of the variance of

the original scores and of the adjusted scores are

tabulated below,
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cores

Colour &

AD | AE | AF | DE | DF | aD] DE

Variance of 4S | 45 1.76 | 255 +75 | .77
unadjusted scores

Variance of +56 | .60 | .65 | 250 | 52 | 48] .61

adjusted scores

It is seen that there is no systematic reduction of

variance when adjustment is made for observer

sensitivity. However, in the case of colour 8 and

for lamps as different as A and D, there is a

suggestion that the variance may be improved.

It was therefore concluded that there was no

reason to believe that one observer was more sensit~

ive than another when making observations close to

the limit of resolution. However when definite

colour differences should be visible, observer

sensitivity could become important. For the purposes

of the analysis of results, all observers were treated

as being equally sensitive.

6.2) Analysis of Colour Difference Estimates.

The author rejected the methods of analysis

described in previous sections firstly because they

could not be reconciled with a reasonable model of

the observers decision processes and secondly

because all distributions were markedly skew. Typical

The reasoning which
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led to the above decision is given in Paper 3 pt’ 2

p 109 et seq. wever, since it is so crucial to

further discussion, some of it is repeated here.

Because they have been shown in the past to

fit situations involving categorical judgements, the

assumptions of Thurstone (see Section 3.1.1.) were

adopted for the analysis together with the additional

assumption that, in the region of the threshold

the widths of the categories were constant. Thus

applying them to the problem of estimating colour

difference, we assume that a certrin stimulus gives

rise to a discriminal process. In these experiments,

the stimulus was the apparent difference in colour

between similsr coloured samples illuminated by

different lamps. To ench discriminal process is

assigned a position on a linear continuum. If, for

example, the stimulus lay along the Blue-Red axis

(figure 31) and the right hand sample appeared redder

than the left hand one, a positive number would be

assigned; if it appeared bluer, then a negative

number would be assigned. Since the continuum

stretches far in each direction towards the red and

blue ends resnectively and “No difference" is in

the middle, then Thurstone's model applies.

It is assumed that if the same sample were shown

a number of times, the discriminal processes would

be distributed normaily on the psychological con-

tinuum. It is also asst d that, if one comparison

were presented once to a number of different
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observers, the discriminal processes would also form

a normal distribution on a single continuum. It

is unfortunate that no method is available to

distinguish the contribution of each factor to the

total variance. This cannot be done since both

sources of variation lead to Gaussian distributions,

Thus the total variance of discriminal processes is

22

oO *O% * O20

2 is the variance of a single observer andwhere Oj,

Ono iis the variance among observers of a single

stimalus.(Pigure 32)

Furthermore, we cannot estimate the mean value

of the position of the discriminal processes from

the mean value of the scores. This is evident from

the skewness of the distributions. The reason for

this is that there is a translation by the obser-

ver between the psychological continuum and the

category scale. This, it is sugested, occurs as

follows: Consider the diagram figure 33. The

horizontal line represents the continuum on which

judgements are made, © is the zero point, Owing

to fluctuations in the orgenism, the observer

of 2receives a r rent stiruli which form a

distribution on this continuum. Taking 1 as the

scale value of the just noticeable difference, if

the discriminsl process lies between 9 and 1, the

observer will say "No difference! and will be scored

0.5 (the mean value of the category). If the
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ateeniedyan process lies between 1 and 2, he will

say "Just noticeable." and will be scored 1.5 etc.

If, however, the discriminal process lies between

O and -1, he will still say "No difference " and

be scored 0.5, since close to the threshold he has

no way of knowing in which direction the colour

difference lies. This certainly seems to apply to

the first two categories, i.e. the observer is

conscious of a difference before he can analyse

his experienc and say whether the colour of the

sample is shifted towards the blue or to the red

relative to the reference sample. The same applies

to discriminal processes lying between -1 and -2.

This will be rated as "Just noticeable." and will

score 1.5. Thus the scores available for analysis

are the result of a folding process about the zero.

This is illustrated in figure 23(a). It is: thus

seen that, if this theory is correct, the distribu-

tion of scores will be very skew, particularly

near the condition in which both sides are identical.

The resulting category scores are shown in figure

33 (b). (It is here appropriate to refer to the

method of Coombs referred to in section 2.1. It

is seen that the two concepts have no relation to

each other apart from the use of the concept of

unfolding in an attempt to obtain a workable

distribution from an unvorkable one.)

A further assumption had to be made namely that,

when both sides are similarly lit, the mode of the
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distribution before folding will be at zero on the

psychological continuu This assumes that neither

the room nor the observer has a bias to one or the

other side. It also assumes that the time-order

error (if Stevens' explanation is correct (section

4.2.3.)) is zero. This is consistent with the model

used, It should be noted that the shape of the

distribution of scores on the category scale depends

on the discriminal dispersion and on the mean value,

If the mean vatue is large, there will be few

discriminal processes on the negative side of zero

and hence the distributions will. be normal. If

however, the mean value is small, the contribution

from the negative side will be large and hence

the total distribution will be arkedly skew.

Equally if the discriminal dispersion is large, the

contribution from the processes on the negative side

will spread into several categories and again make

the resultant distribution skew.

It is thus clear that no methods of analysis of

the types described in Section 3.2 can justifiably

be applied to this model to translate the raw data

into a probability distribution and hence to deter-

mine the discriminal dispersion and the category

boundaries, A new method of analysis had to be

developed.

It should be noted that other methods of analysis

had been rejected a priori because they did not

apply to the physical model used. It is here
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necessary to emphasize the importance of a physical

model as a guide. It would have been possible to

process the data according to one of the sets of

rules which apply to one of the mathematical

models and no doubt some sort of results would have

been obtained, However no further light would have

been thrown on the original investigation and the

explanation of the results could have been even

more confused than the original data.

In this instance the model was not assumed to

be true, but it was at least a hypothesis consistent

with a possible physical mechanism of the observer.

It could then further be investigated. The invest-

igations showed considerable agreement between

predictions and results, and there is every reason

to believe that the hypot! sis has some truth in
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6.3 Techniques for Analysis of Folded Data.

In what follows ve assume that Thurstone's

postulates apply, that observers use equal cate-

gory widths for all categories and that the observer

is unable to distinguish direction in estimating

differences. On this basis, a model is set up and

the predictions of the model az compared with the

data.

Because of the 'folding' process outlined above,

in which the scores in two different categories on

the psychological scale contribute to scores in a

single category on the judgement scale, there was

no possibility of analysing the data directiy.

Instead, the model had to be used to make theoretical

predictions. These predictions were then compzred

with the experimental results.

The progrsm PROC (Appendix 1) assumes that a

normal univariate distribution having a certain

value of discriminal disversion exists on the

psychological continuum. The distribution is supposed

to be displaced from the origin by an amount

corresponding to the mean value of the discriminal

processes, It then calculates the scores to be

expected in each category based on the folding

process described above and calculates the corres-

ponding mean value and variance. In taking the mean

value, no assumption is made that this is the central

tendency, therefore no assumption about the
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is made, ‘The mean value is merely used as a con-

venient number to compare with that obtained from

observations.

Figure 34(a) shows the relationship of average

score to mean value for a range of values of

dispersion. Jt is seen that when the mean value

is zero (This corresponds to no difference between

the colours), the average value is finite and

increases with increasing dispersion, This value was

used to find the value of dispersion for each test

colour. By comp2ring lamps of the same type i.e.

giving zero colour difference, the dispersion could

be estimated. The relation of this minimum value

to the dispersion is found to be substantially

linear. (Paper 3 (2) fig. 9 (a))

The relation between variance and average score

is predicted to be as in figure 34 (b). It is seen

that the variance is a maximum when the average

score is halfway between the category limits. This

effect is due to using a limited number of categories.

Also the variance increases as the dispersion increas-

es. For each value of dispersion, there is a

minimum variance. This minimum value increases

approx ntely linearly with dispersion as shown in

Paper 3 (2) fig 9(b).

It is satisfactory that the curve of average

score against position on the continuum (figure 34 a)

is of the 'tareshold t: pe', The threshold has
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appeared naturally out of the physical model. and “has

not had to be put there by some snecial process or

by the addition of an arbitrary constant. There

is a stesdy score when the stimulus is zero. As

he stimulus is inereased, the score increases

initially with zero slope, ‘hus qualitatively

the predictions are in accordance with experimental

findings.

We also note that the experimental plots of

variance against averaze score (Paper 3 (3) fig 2(a))

indicate a relationship of the type predicted in

figure 34 (b) and show considerable agreement for

some test colours. However for others (Paper 3 (3)

fig 2 (b)) the shape is, reasonable, but the points

do not agree in value. In particular the values of

variance found for some colours when similar lamps

are compared (zero signal) are lower than the

theoretical minimum. When it is remembered that

only 36 or 48 observers are involved, this agreement

between prediction and experiment for a second order

function, a function of the squares of the deviations,

seens remarkable.

The proportions of scores to be expected in

each category (categories 3 and * are lumped together

as the score in eategory 4 was usually small) are

shown in figure 35 as a function of averase score.

This data can be used to predict the actual number

of scores to be expected in each category. ‘the

2

X test can then be applied. This has indicated
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X° values well within an acceptable level of signif-

icance. Results of this test will be given in section

6.4, when the bi-variate distribution is discussed.

The conclusion from the analysis in Paper 3

was that the model agreed with the data for half the

test-colours, but that the agreement was less good,

notably in respect of the variance, for the other

half. The actual variance found was nearly always

less than that predicted.

However the analysis enabled some suggestive

results to be obtained indicating linear relationships

between the position on the psychological continuum

and the colour shift of the 1960 C,I.E. uniform

chromaticity scale (u,v). Further assumptions, this

time on the physical side had had to be made, these

were

(a) ‘hat the discriminal dispersion was constant

for one test colour for all colour shifts. ‘This

was known to be an approximation since the so-

called ‘uniform chromaticity senle' is not uniform,

(b) ‘That an adaptation formula used in Publication

13 was volid, This was suspect at the time and

has been now replaced.

(c) That all colour shifts were along a single

axis and that dispersion normal to that axis

was not significant. :

However, despite these assumptions useful results

were obtained which enabled tolerances to be proposed

for application to special colour rendering indices.
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6.4 Bivariate and Univariate Distributions.

In the discussion of Paper 3, it was suggested

Williams that a bivariate normal distribution

should be used instead of the univariate one. This

would take into account the observers' variability

along a colour axis at right angles to that along

which the actual colour difference occurred, That

such an allowance was desirable had been discussed

among the authors of that paper, but at that time no

analysis had been made, since the model had worked

well enough to indicate significant relationships

in colour rendering and had indicated some of the

deficiencies of the method of Publication 13; the

investigation of that document had of course been the

primary purpose of the study,

Since the time that Paper 3 was read, the Author

has investigated the use of the bivariate distribu-

tion numerically, using methods similar to those used

in the first investigation. It was assumed that

corresponding to the u.v. colour surface, there is a

two dimensional continuum on the psychological plane.

Thus the observer's variability has two decrees of

freedom. he sensitivity in the two directions may

not be the same. In the calculation it was assumed

that the discriminal disversion in the direction

corres>ondin to the vector shift was O and that

at right angles to it was Q:.

The correspondi = probability distribution
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would then be an ellintical shaped solid whose section

in the x or y directions is a Gaussian distribution.

Pigure 36 shows such a distribution in elevation and

in plen. It is seen that the section has the same

shape as that used for the univariate case. 0 is

the condition of zero stimulus, P is the location

of the stimulus, Thus the stimulus-value is the

vector OP, If the subject responds to magnitude

only and not to direction, then the circle of unit

radius contains the location of a11 'non-noticeable!

stimli. The circle of radius two contains all the

'just-noticeable' and 'non-noticeable' stimuli.

These are circles because the unit of measurement in

both dimensions is the discriminal dispersion,

The apparent variability of the stimuli about

the point P is represented by an elliptical solid

whose section along the major and minor axes is a

normal distribution. The angle between an axis of

the ellipse and the vector will depend on the

sensitivity of the observer to different colours.

Without some additional information, it is not

possible to deduce this from the observations.

From figure 36, we see that the probability of

an observer's secing no difference is the proportion

of the elliptical volume bounded by a cylinder of

unit radius (A). Similarly the probability of a

just noticeable difference being observed is the

proportion of the elliptical volume enclosed between

the cylinder of unit radius and that of radius 2.
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(area B in the diagram). Similarly the probability

ef a noticeable difference is proportional to the

volume, region C. The fourth category extends

indefinitely.

Using the Program TRYA (see Appendix II), the

proportions of scores to be expected in each category,

the mean and the variance were calculated for any

value of the radius vector OP, for different

values of the dispersion in the x direction and

different ratios of 0. to Q;. By altering the

correlation coefficient, the axes of the ellipses

could also be rotated.

Calculations were first made for Qo = gy.

The relations between the averaze score to be expected

and the mean value of the distribution A were first

examined, These are shown in figure 37. Comparison

with figure 34 shows that the curves are of a shape

similar to those calculated for the univariate

distribution. It is also seen that the curves having

the same average score at zero mean value for the

two distributions, e.g. the univariate curve for

O= 0.9 and the bivariate curve for o =O, = 0.6,

have almost identical shape. This means that there

is nothing to choose between hem if averages only

are considered, Thus in Paper 3, the conclusions

about the relations between colour shifts and average

scores would be unchanged ichever distribution was

chosen; only the magnitudes of o would be altered.

Referring nov to the variances, it was stated
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in that Paper (p114) that reasonable agreement was

obtained between the variance obtained for samples

1, 2, 3,and 6, but that less good agreement was

obtained for the other test colours. ‘These two

types of curve are illustrated in Paper 3 (3)

figure 2. It is therefore appropriate to consider

the curves of variance as a function of average score

for the two types of distribution, since it is only

in second order terms that the two distributions will

differ. In figure 38, two pairs of curves of

variance against averare score are plotted. The

values of O have been chosen so that the same average

score is obtained for zero mean value (Compare

figures 34 and 37). Thus G= 1.2 (univariate) and

O5 = 0.8 (bivariate) yield the same average

score of 1.0 wien the mean value is zero. Likewise

oO = 0.9 and 0, = G; = 0.63 yield the same average

scores. Thus com ng the variance for O= 1.2

with that for = G; = 0.8, it is seen that the

variance for the bivariate distribution is always

less than that for the univariate and in particular

the variance for zero mecn value is lower.

Also plotted on figure 38 are experimental

points of the variances obtained for test colour 7.

The estimate of Ofor the univariate distribution had

been 1.25, based on the best fit to the averare

mean score curves. Comparing the variances for

O= 1.2 (univariate) with the corresponding values

for the bivaria e distr ation, we see that the



points are scattered about a line intermediate

between the two. This suggests that a bivariate

distribution having lower dispersion in the y

direction would possibly fit better. It seems

remarkable at such good agreement is obtained

when it is remembered that Oinvolves the squares

of the devictions from the average scores.
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6.5. X2 analysis of Distributions.

The proportions of sceres to be expected in

each category were next examined. These are shown

in figure 39 for the bivariate distribution. ‘The

figure may be compared with figure 35 for the

univariate distribution. It is seen that, for each

distribution, the proportion in the second categoty

rises to a maximum when the average is about 1.5,

but that its value is higher for the bivariate

distribution, This difference between distributions

was used as a criterion in considering whether the

univariate or bivsriate model was the more appropriate.

@o carry out the X> analysis,it was necessary

to calculate the expected value of scores in each

category for each distribution. The process was as

follows. For a given colour sample, the average

score(Paper 3 (3) table 1 p.113) for the c

of similar 1 pS was used to establish a correspond-

ing value of O. As the case when co oy was cho:

only one value is required. For each lamp comparison,

’

the proportions expected in categories 1, 2 and

(3 & 4 combined) were calculated by examining the

tables (or using graphs Pig. 35 and Pig. 39). Only

in the case of lamp combination AD, the extreme pair,

was it necessary or useful to separate categories

3 and 4. From the proportions, the expected number

in each category could be calculated for 48 or 36

observers.
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The actual number in each category was given

2
by the original data. The value of X could then be

calculated, given the number of degrees of freedom,

Here a difficulty was encountered. The appropriate

value of oto assumé had been obtained from the

average value of the sores when two similar lamps

were compared, ‘Thus one degree of freedom was

removed, However, when the number of scores in each

category was calculated, the expected value was

frequently less than 5 in one category. It is

usually considered that for a number less than 5,

the test connot be applied and those scores must

be included with those of a neighbouring category.

This was in fact done. For example, the scores in

category 4 were added to those of category 3

(with one e¢ mj. Aliso for ues of O,

the scores in categories 3 2 4 combined were frequent

ly added to the scores of category 2. However, in

calculating the average score for zero signal, all

categories had been used, It is thus seen that for

a given distribution of scores between say category

1 and entecories 2, 3 & 4 combined there could be

different values of averase score and hence a whole

degree of freedom could not have been absorbed.

However, in the analysis that follows, it is assumed

that 2 whole degree of freedom had been lost. Thus

when more then 5 scores occurred in each of three

categoric » one degree of freedom was assumed.

ea
X° was calculated on this basis.
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Two hypotheses were’ tested, viz (1) that the

distributions were consistent with having been

derived from a univeriate distribution and (2) that

they were consistent with having been derived from

a bivariate one, The results are shown in Tables 1

and 2 for test colours 7 and 8 respectively. For

each lamp combination, the variance and the scores

in each category are shown. Where there were less

than 5 in category (3 + 4), scores in that category

were added to those of category 2. This removed a

further degree of freedom and X” could no longer be

estimated. The predicted variance, the scores in

each category, the values of Y* and the number of

degrees of freedom are shown for univariate and

bivariate distributions.

It is seen that the value of x varies from

zero for AF (colour 8) to 8 for AD (colour 8 (Expt 4)).

Since there is only one degree of freedom, neither

of these values is by itself significant. Assuming

that a single colour sample hos a constant value of

@ and always the seme type of distribution, we can

add the values of X* and obtain combined values as

follows

Colour 7 Colour &

Univariate | Biveriate | Univariate | Bivariate

rg 19.7 10.4 25.2 28.7

laf 9 3 | 10 10

For colour 7, the result is inconclusive, but

for colour 8, the ues would lead us to reject
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both hypotheses. For neither colour is there a

strong preference for one type of distribution or

mine the results forthe other. However, when we e:

colour 8, we see that major contributions were made

by the two AD results. In one case they strongly

favoured the univariate distribution and in the other

they strongly favoured the bivariate one. These

results are also both unusual because they included

the fourth category. Comparing the two AD values

for colour 7, we see the same pattern, In Exper~

iment 2, the bivarinte distribution is favoured,

whilst in Experiment 4, the univariate distribution

is favoured. No explanation is put forwrd for this

result. It can only be concluded that there was

something in the different arrangement of these two

experiments which effected the observers when large

colour differences were presented. If these two

lines are excluded, we find that the results for

colour 8 are as follows

Colour for af

Univariate | Pivarinte

16.3 19.6

This result is similar to that obtained for colour 7.

The conclusion that neither hypothesis is

preferable is surprising in view of the form of the

variance curves. It may well be because the averages

included the cont ution from the extra category

and consequently more than one degree of freedom
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existed. However, even with twenty degrees of

freedom, neither hypothesis is consistently favoured.

A possible conclusion is that the type of

distribution required, varies depending on the lamp

combination. ‘This seems the most likely explanation

on the basis of the form of the colour ellipses

shown in the paper.

To give an indication of the preferred type of

distribution, a plus sign or a minus sign has been

placed under the corresponding predicted value for

ench type of distribution to indicate whether the

predicted value is greater or less than that

actually obtained. It is noticed that the pattern

is frequently +,-,+ for the univariate distribution

and -,+,- for the bivariate one, indicating that a

distribution intermediate between linear and circular

would give a better fit.

To make further progress in this direction, it

would be necessary to recalculate scores and aver-

ages on the basis of fever entesories so that the

number of degrees of freedom was correct and consist-

ent; also to do this for several distributions,

From the levels of significance obtained above, it

seems unlikely that any stronger conclusions could

be drawn using the data available. Clearly many

more observations would be needed, It is thus con-

cluded that either hypothesis is acceptable, but

neither has a high level of significance.
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The model which has been used in the colour

problem is clearly applicable to any problem in which

observers are asked to detect a difference between

as aple under test and a standard, but are not

asked to state the direction in which the difference

lies. ‘This type of problem is not uncommon.

Observers are frecuently in agreement that two samples

or situations differ, but would be in acute dis-

agreement on how they differed. The sense of taste

would be such a continuum for which we have few

words to communicate our sensations. The use of the

model enables experiments to be designed in which

differences and the degree of difference are studied

even though the observer could not analyse the

differences. The fact that the shape of character-

istic is unchanged for a tvo dimensional continuum

means that it would not be necessary to know the

dimensionality before the experiment was made.

In addition to the above type of experiment,

it is sugsested that the model is applicable in the

investigation of the limits of human or animal

sensitivity i.e. the problem of the absolute limen.

Poulton (14) lists the following sensations which

have ali yielded curves of the "threshold" type,

(figure 40), tactile vibration on the arm, subject~

ive warmth and cold, loudness, subjective brightness,

taste of salt, detection of shades of grey. He
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tes that Stevens had used a power law of the type

ve K(P- Zo)”

itude, fis thewhere Pfis the subjective m

stinulus magnitude and g) is the threshold magnitude,

to fit the experimental curves. He says that Po can

serve two functions. Firstly as a mathematical

device to convert the curved part of the relation on

a log-log plot into a straight line and secondly to

allow for adaptation. Q, may be varied to account

for the adaptation level of the sensor under test.

In fitting the equation to data, selection of Ix

arranges that the middle of the curve should fit

the data, the value of n makes the upper part agree

within experimental 1 its and the value of ¢, can

then be selected to make the curve agree at the lower

end. Poulton remarks that if the expression with its

three arbitrary constants is to be preferred to any

other formulae, it must be shown to fit the data

better than any other function having three constants

e.g. a quadratic polynomial, and concludes with the

remark that even two arbitrary constants can give

the curve fitter considerable scope. ith the quant-

ity of data usually available, it is seldom possible

to advocate one particular function in preference to

another.

But even if an excellent fit has been obtained,

one is still left with the question:- "What is the

threshold and how does it arise?" ‘fhe formula does

no more th postulate a threshold. It is thus 2
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thematicalmathematical expression rather than a

model.

In all physical measuring instruments, the limit

of sensitivity is set by a statistical process.

It may be a statistical process in the instrument

itself arising for example out of Brownian motion or

random motion of charge carriers,it may arise out of

a statistical process in the observer when he makes

decisions about the coincidence of pointers. These

are factors which limit the precision of physical

measurement. It seems reasonable to assume that

statistical processes limit the sensitivity of

psychophysical measurements. Furthermore all inform~

ation on the biological processes involved in

producing an observation from a stimulus indicate that

these are of o sta It is therefore

natural to seek the origin of the threshold in a

random process. A mathematical formula does not

become a model unless a factor in a physical process

can be associated with eich arbitrary constant in

the formula.

Whe signal detection theory (section 5) would

at first sight scem to offer the possibility of a

satisfactory explanation. However, because it is

assumed that the observer understands the statistics

of the problem in order to make his decision on a

maximum liklihood basis, his answer becomes fully

determined and ceases to be statistical. Thus,

if he has to decide whether a grey is darker or
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lighter than a standard, he has only to compare the

grey with his criterion and his answer mst follow.

As pointed out in section 5.2, the model reduces to

Thurstone's model if the fluctuations ere assumed to

be Gaussian. There will thus be no threshold in the

comparison, provided that greys both darker and light-

er are available. Close to the standard, the obser-

ver may often say that he can see no difference or

he may’see a difference in the wrong sense. However,

since from a large number of observations, the

probability of the grey being lighter or darker can

be determined, 9 curve crossing the 50% probability

line approximately where the two greys are equal

will be obtained. There may be some displacement

from the equality point (see Section 4.2.3, Time-order

effect} but the effect will be s

If however the observer is presented with a

black standard and is told that tt ere are no greys

darker than the standard, then he can only express

differences in a positive sense. It will now be

found that there is a "threshold", since if a

"mistake" is made, it must always be in a positive

direction. By a "mistrke" is meant that the observer

sees a difference when none exists. Let us consider

possible physical processes that could lead to this.

If we assume that the eye is dark adapted, there will

be a background of pulses transmitted from the nerve

cells. If integration is carried out over a long

period, it will be found that that the averzge
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frequency of the pulses is constant. But it is

quite possible for a high proportion of cells to

transmit at the “same time", i.e. Ati the

integrating time of the decision system. If that

time corresponds to the time when the observer is

asked whether a signal is present, he will say "Yes,

there is a signal", because the momentary level

of pulses differs from the background average by a

significant amount. Equally he could be asked the

question when a high proportion of cells were

quiescent, In that ease the momentary background

would be lower than normal. It is now assumed that

he can detect this as a difference before he can

detect whether the number of pulses is greater or

less than the averaze. He will therefore say as

before "Yes, there is a signal" without sensing that

the difference is in the opposite direction. Indeed

because he knows that differences can only occur

in one direction, he will think thot it is positive.

Such a process, although speculative, is not

inconsistent with vhat is known of animal mechanisms.

A similar process might apply to sensors other than

the eye. If such a process does exist, then a model

for it is the one discussed in previous sections

and in Paper 3. The discriminal dispersion represents

the variation of the rate of transmission of back-

ground pulses relative to the mean value. This will

depend on the sensors themselves, Their sensitivity

will depend on the si, ch is to be observed.



It is therefore suggested that functions of

the type discussed in Paper 3 and in this thesis form

appropriate mathematical models to represent thresh-

old phenomena. In particular, the normalized

average score A for a large number of categories

will be given by

fF or a), + M(2P(¥)-- 1)

where A = average/o-, and

M = mean value/g4 the normalized value

of the stirmlus mapped on the psychological contimiun.

P(M) is the probability integral for a mean value IM.

This function is shown in figure 6 of Paper 3 (2).

It will be seen that this curve is of the threshold

type, similar in form to figure 40. It has zero

increases untilslope when M = 0; the slope t

the curve becomes linear when NM is large. It will

in particular be noted that when NM is zoro, i.e, when

the signal is zero, the average normalized score is

2A = 0.8. This means that the expected score is

0.80. For example, if the dispersion was found to

be equal to two category widths, the aversce score

for zero signal would be expected to be equal to 1.6.

This analysis assumes an infinite number of categ-

ories, but the numerical analysis using the program

PROC shows that the curve near zero is little

changed when few categories are used. The limitation

of the categories at the top end has of course a

very considerable effect and etely alters the

shape of the curve.
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It should be noted that the above results are

independent of the sensitivity of the observ:

It would be interesting if we could also evaluate the

probability that the signal would be detected,

correctly or incorrectly. i.e. the probability of a

positive response. Such a relation would give a

convenient relation to convert score ratios to mean

value of the stimuius on the continuum. Unfortunste-

ly this is not possible without knowledge of the

width of the categories. In Paper 3, the limit of

the first cotegory was arranged to be the just-

noticeable difference and the category widths were

assumed to be constant. The probability that the

observer would say that the was a difference when

none was presented was then shown to be (Paper 3(2)

It is thus seen that the210) 40% for &

frequently quoted criterion for a just-noticeabie

difference of 50% of positive scores is quite unsat-

isfaetory when large values of discriminal dispersion

exist. These high values of discriminal dispersion

are frequently found in psychophysical studies.

(110)



SUGGESTIO: FURTHER WORK.

The experiments of Paper 3 were carried out for

a specific purpose, namely the investigation of

colour rendering. Out of that work arose the model

discussed above, It is recognized, however, that

the experiments were far from ideal for investigating

models and their performance.

Further investigations are required along two

lines. The first is an investigation of observer's

ability to detect differences before being able to

detect a sense of direction, An experiment would

need to be devised aiming first at a purely one-

dimensional continuum. As an example the difference

of lightness of greys from a standard might be

examined. The continuum of lightness should be one-

dimensional and experiments could be made with several

values of grey as standards, Other investigations

might be on the intensity of acoustic noise or on

differences of pitch.

If the model survived the first experiment, it

could be tried for two dimensions e.g. by introducing

controlled variations of colour along various axes

of the u-v diagram or in the case of the acoustic

experiment by varying the quality of the noise by a

controlled filtering or synthesizing process.

The second study might be the investigation of

the application of the same model to the absolute

threshold, As was suggested in the last section,
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this might be applied to a comparison of black with

greys. Equally it could be applied to the detection

of acoustic signals.

However, each of these studies involves a great

deal of labour in assembling observers, in verifying

that the conditions are as they are supposed to be,

in avoiding mislesding effects due either to the

arrangement or due to the way in which the experiment

was administered, No doubt much of the necessary

data exist in the logbooks of the laboratories where

such work has been in progress for many years. It

is a pity that it is seldom possible from published

papers to find sufficient detail of the exact arrange-

ment of an experiment to know whether the data would

be of interest. It would be most desirable if

experimenters could devise a standard format for

publication of results. It is envisaged that full

details of the experimental arrangement, of the con-

ditions for each trial, of the skill age, motivation

and characteristics of each observer and so on

could be documented in a standard form. The full

detail of every observation would also need to be

recorded. It would then be possible for workers to

compare the work of others with their ow, and would

enable the same data to be examined in the light of

different theories.
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9. CONCLUSIONS.

All analysis of subjective data implies the

existence of a model. Before analysis starts it is

essential to answer certain questions about the

continuum on which stimuli exist:- How many

dimensions does it have? Is it likely to be the same

over the whole range of investigation, or are there

likely to be different regimes in which sensitivity

will differ? Does it have a zero in the range?

What are the sources of variability? Are they

likely to introduce normal or log-normal distributions?

What is the size of the variability compared with the

scale values? What side effects are being intro-

duced by the experimental procedure? If these cannot

be eliminated, are they being balanced out?

To answer these questions, mich must be known

about the stimulus continuum which is being measured.

For physically well defined stimuli, such as sen-

sation of warmth, brightness and so on, it is fairly

straightforward to analyse them and to devise

appropriate models.

However, for purely qualitative stimuli, such

-as pleasantness and colour preference, the problem

is fraught with so many difficulties that the

Author doubts the validity of any of the methods

discussed for producing a result with a consistent

meaning. Nevertheless, these are the sort of continua

that frequently inter al engincer.



This is illustrated by the problem of the

colour rendering index. An attempt had been made

to provide a figure of merit for lamps, based on

the way in which they changed the appearance of

eight test colours. The result was a single number

which could be arrived at in an infinite number of

ways. Thus the same colour rendering index could be

obtained by a lamp which would give a perfectly

acceptable colour rendering of a general scene and

by another which would give a completely unaccept-

able one. Clearly the index is not a unique function

of the subjective parameter "colour rendering".

A similar problem is faced by the environmental

engineer in his attempts to apply a cost effective-

ness analysis to an environmental scheme. It is

easy enough to calculate costs of purely physical

changes; but where more subjective values are con~

cerned, such as the destruction of an ancient church

or of a beautiful landscape, money values are no

longer applicable since they are no longer unique

functions of the operation proposed. Alternatively

we may say that they mean such different things to

different observers, one may be strongly in favour

whilst another may be violently opposed, that there

is no meaning in the expression "average observer".

To apply any of the models discussed in this

thesis, there must be a monotonic one-valued relation-

ship between the stinmlus and the response, and this

relationship must not be violently affected by other
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factors outside the control of the experimenter.
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APPENDIX I

Progr: (Fortran IV)

The program calculates the average score to be

expected if a univariate normal distribution is

folded about the zero line and the results categor-

ized in up to 7 categories of equal width. Various

other functions of the scores are tabulated.

Description

It is assumed thet observers are presented with

a signal BNEAN on the category scale, i.e. one unit

is the just noticeable difference, two units, the

noticeable one and so on. The observations are

assumed to be spread normally on the category scale

with a dispersion SIGMA. The program calculates the

proportion of the probability integral, folded about

zero, that lies between two category boundaries.

Referring to figure A.1.1, the positioris of the

category boundaries are put equal to 1f-, 2/r, and so

on. Then for a distribution having a given value of

BY the proportions of the probability integrals

lying between 0 and 1 (XA) and between 1 and 2 (xB)

are calculated. These are subtracted to cive the

expected scores in categories 1 and 2, The process

is continued for the other categories. The integ-

ration uses an I. library subroutine F4EREN

which supplies the error function. y

From the proportions in each category (note

that the last category always has a limit of infin

ity) the following output is crleulated and tabulated.
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Outpyt

AVER the average response on the category scale.

VAR the variance of the response on the

category scale.

REVAR the square root of VAR (not ed)

SLOPE an approximate value of the slope of the

curve of AVDR as a function of BMBAN (not

used, intended for weighting)

PF1,etc. the proportions of scores in esch category

up to a maximum of seven.

Operation

To run the program, the following cards are

required. The input data is tabulated immediately

in front of the output.

Card 1

Card 2

Card 3

NCAT (11) The integer number of

eategories. (not more than 7)

B, INTB (311)

B is the lowest integer part of the

value. t integer

part of the mean value. INTB is the inter-

val between successive decimal parts of B

in the table. Thus Bocan teke the values

5, 2 or 1 depending on the detail required.

SIGMIN, SIGMAX, SIGINT (313)

SIGMIN is 100 times the maximum value of O-

SIGINT is 100 times the interval between

successive values of o( thus for the table

0.90 to 1.10 in steps

of 0.02, SIGHIN = 90, SIGMAX = 110,

SIGINT = 2.)

to cover the range 0=
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MASTER pROC =
DIMENSION PEC7) + PXC7) POC?) eTECP)
INTEGER SIGHINSSIGMAXs SIGINT —

__READC1,300)NCAT

DCT, SOV MIN, MAXG OINTR

READC1¢302)STGMINGSIGMAX+ SIGINT
WRITECZ, 305)WELTECE: Ses ,NCAT-MIAB.NACR, INTA,SLQMI4s$16MAX=SLEIME
MRETECZ, 295)

NCAT 1S _NUMBER_OF SATEAORLES + ONE CARD
MINB+MAXB ARE INTEGER D OF MEAN VALUE

INTR IS INTERVAL OF B IN TaRTAS
— $165 ARE ENTERED AT 100 TIMES THETR VALUE te FOR 0.9
DO 405 K1#SIGMIN,SIGMAX, SIGINT

STGHARO. OV#FLOAT (KT)

NAS

——ERCINTB®2)10,99,42°

10 MTOPSD
G0 40 45

AY MTOpsB

GO TO 45

12 MTOpsS

5 DO 600 L=MINB,MAXB

DO. 395 Ma0,MTOP,INTB

——BMEANSO THFLOAT CT ORL OM) =
PXABO

AVEO

MEANEBMEAN/SIGHA

AMEAN TS LOCATION OF BOUNDARY ON NORMAL DEVIATE SCi

pO 100 Jat ,NCAT

“TECJLTSNCATIGO TO 40

PxBe1.0

G0 +0 96

X= FLOAT CI) /SIGMA
—_X 7S LOCATIOH OF BOUNDARY ON NORMAL DEVTAT

OS =AMEAN#X

HEGTAME AN@X =
\BRABS(XNEG)

st
Convert X_TO Y For ERROR FUNCTION LIBRARY -SUBRO

#XpOSe0. 70711 — =

ALL FGERFN (Ys FRE,FREC) — sia

FRE TS ERROR FUNVTION, FREC IS COMPLEMENT (NOT USED)
EQ.2)G0TO 60

BOSH CLL OFFERED

150.501 0+FRED
= NEG)80,70,70

___ 70 ANDSN GIVE AREA BETWEEN ZERO AND _ Sy aa ae
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0 PXB=PXPOS*PXNABR1 Zz

90 PXCJI EP KB = =

PECID paeoeee

00 200 Jat. NCAT

VARSPF CI) #CFLOAT CI) AV) He 24VAR

SUMP EPR CI) +SUMP

CONTINU
RIVARSSORT (VAR)

GOTO(2Z20 +221 ,222) NA

220 AV2SAVER

60T0250
AV3=AVER

SLODESO
GOTH225

AVI SAV?
AVZ=AV3-

AV3=AVER
SLOPESS 0#CAV3S=AV1)/FLOATCINTBD

WRE 25210) RM1,AV2+S64+RTV4-VR1sSLOPE, TE.
—_—TRCHA, EO, 6) G0T0- 395 — =

250 BMT =BMEAN =
SGU=SIGMA SSS

RIVA SRTVAR ———
VRISVAR- SS > =
DO. 252 1A81,7 as

2 TECTADSPECTA =

TFCHALLT.3)NABNAST
—_TRCL,EQ,MAX8.AND.M.EQ,MTODINARG

TECNA.NE.6)G0TO 395

——— SLOPERTO, #CAV3RAVZ)/ FLOAT CINTBD =
GOTo 225

95 CONTINUE

—— WR ETE CR = = =
405 CONTINUE

210 FORMATCES.1, FO. 4+ FO. 20F7.3+9FB.3)

211 FORMAT(1HO)

45 FORMAT (2X, SHBMEANs 3X GHAVERs 2X, SHSIGMA, 2X, SHRTVARL AX + SHVAR, Ake
See OpE Ads SURES + 5X, 3HPF2.SX,3HPFS,5X s+ 3HP EA» SXeSHPPS 15K f

Fi SS
300 FORMATCI4) =

Bh te HAT CRIN) =>
302 FORMAT(313)
305 ORWAT (3K. GHNCAT 6X, GMMING 6X, 4HMAXB/OX,GHTNTBSHA6HSIGMIN GY

HSIGMAX,4X,6HSIGINT)

= SUS ECAREECT Er 63502

NGTH 573, NAME PROC

(122)



SLOPE Pro
0,000 a 5 260=
9,079 7 Be
0.156
0,233 0.70

0,397 0.6388

0.379 9.663

0,468 0.634
0,512 0.607
0.573 0.565

0,629 0.527

0,680. 4B?
0,726 0.446
0,767 0.405

0,803 0.354

0.834 9.325
0.860 0.257

0, 884 0.254

0.897 0.217 |

0.9090 186

0.779 0.916 0.158

0. 722— 0.949.433
9.780 0.918 9.417

0.772 0.972 0.094

B2
0.205

5340

0.325

34%

0.356

e374

0,383

8393

0.401

0605

0.405

9. &n2
0.96

a, 3a5

0. 371

1355:

0.335

a 3th
0.297

5267
0.242 0.

5,258
6.106‘01000 “a10 0/100 90 10 019 00 019 o'0'0'0 090 MAAG ADDO ED OAR ARERR RAG OG



APPENDIX IT

Program TRYA (fortran Iv)

The program calculated the average score to be

expected if the fluctuations of observers are dis~

tributed according to a bivariate normal distribution.

Et follows the same method as Program PROC to evalu-

ate the proportion of scores in each category. ‘The

program is designed for four categories only.

Description

Referring to fig.36 in section 6.4, BMEAN is

the length of the vector OP on the category scale.

The observations are assumed to be distributed norm-

ally with respect to the dimension x, along the stim-

ulus axis, and with respect to y, normal to it. Tho

dispersions in these two dimensions are o, and o,,

and the correlation coefficient is variable.

The bivariate normal distribution is converted

to polar coordinates using a function segment and is

integrated using INTEG. INTEG is a subroutine for

Gaussian quadrature in two dimensions, and takes the

place of the library subroutine used in program PROC.

(INTEG was kindly provided by Mr J. Snell of the

Mathematics department of the City University.)

Because it is an iterative routine, INTEG requires

more computer time than was required in proc.
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Qutput

As for PROC.

In addition PR1, PR2 etc, These are the probab~

ilities of the observations being above a given cat-

egory boundary (not used).

Input

To run the program, the following cards are required;

Card 1

Card 2

Card 3

Card 4

NCAT, EPS (I1, F8.5)

NCAT a single integer indicating the number

of categories (must be 4), EPS a real num-

ber indicating the maximum error acceptable

after each iteration of INTEG. e.g. 0.1%

is entered as 0.001.

MINB, MAXB, INTB (311)

MINB and MAXB are the integer parts of the

mean value. INTB is the interval of BMEAN

in tenths. This may be 1, 2 or 5.

SIGMIN, SIGMAX, SIGINT (323)

These are the minimum, the maximum and the

interval of o, and are entered at 100 times

their absolute value. Thus for 0; = 0.9,

write 090 and for an interval of 0.1, write

O10.

SIGRAT, RHO (2F5.2)

SIGRAT is the ratio G/o» RHO is the

correlation coefficient. These are

entered at their correct magnitudes.
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_ COMMON BMEAN SIG) K+ SIGY
EGER SIGHIN+SIGMAX, SIGINT

Tce 1S_INTERVAL OF
—__S$1GS_aRe ENTERED AT 400 TIM

siGraT is_ RATIO SIGY/SIGY

AT NC1,0)
YaSIGHIN, SIGMAX, SIGINT

Gx=0.01*FLOATCKY

tevasignat=six ———
=— TECTHYB=2)40,14

10 MTOpS9

60 70 45

41 MTOpsB _
_ 60 10 =
12 MTOpsS
15 DO 400 LaMINB»+MAXB

DO 395 m=O, mMTOP,INTB

BMEANFO. TWELOATCTOSLEMY

hee 
S

~ABELOAT C34)
FCS-EQ,4)G0TO 40
FLOAT(J)



TPLOATCINTA) 
LE

G1 eR TVG «VOT + SLOPES CTR CTY» Pmt NORD

304 FORMATS
302 FORMAT(3IS

MAT C2ES.2) ————

305 FORMATC3K,GHNCAT+OX+GHMINB?

AGHSTGMAX» GX, 6HSIGINT + 3X SHEPS>
6110-F10,5-2F1

SHR eazy,

WMAYB+ OX, GHINTB? 5X0 6HS!

X/OHSIGRAT/GX+3HRHO)

~~ TSHSLOPE,6x 2

AT(GH + f5s2s FB. Gr FT + 203°?
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