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ABSTRACT: We introduce a general framework for constructing dispersion relations using
crossing-symmetric variables, leading to infinitely many distinct representations of the 2 — 2
scattering amplitude of identical scalars. Classical formulations such as the Auberson-Khuri
crossing-symmetric dispersion relations (CSDRs), the Mahoux-Roy-Wanders relations, and the
local CSDR, as well as fixed-t dispersion relations emerge as special cases. Within this setting
we re-derive the null constraints from a geometric perspective. Finally, we present, for the first
time, an explicit extension of Roy-like equations that remain valid at arbitrarily high energies,
relying only on the rigorously established analyticity domain of scattering amplitudes.
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1 Introduction

Exploring the analytic structure of scattering amplitudes often reveals remarkably rich
mathematical properties. One such framework is that of Crossing-Symmetric Dispersion
Relations (CSDRs). Originally introduced in the 1970s [1, 2] and further developed in [3],
the crossing-symmetric formalism has recently found renewed applications in both scattering
amplitudes and conformal field theory [4, 5]. Recent developments span a wide range
of contexts: meromorphic amplitudes [6-8], gravitational theories [9-11], conformal field
theory [12—-15], spinning scattering processes [16], as well as pion scattering and chiral
perturbation theory [17, 18] and its connections with geometric function theory [19, 20].
In this work, we revisit CSDRs from the perspective of the non-perturbative
3 + 1-dimensional S-matrix bootstrap program [21-36]. Our investigation is motivated
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Figure 1. Comparison of the validity domains for various dispersive approaches. The values indicate
the maximum s compatible with the proven analytical properties of amplitudes. The last known
extension in the literature is due to Auberson and Epele [42].

by a longstanding obstacle in the dual formulation of the fixed-t bootstrap. Originally
developed in [37, 38], this approach has recently been revived for gapped scalar theories [39],
extended to theories with internal symmetries [40], and applied to glueball scattering in
pure Yang-Mills [41]. A key limitation in all these cases is the restricted range of energies
where non-perturbative unitary can be imposed: typically 4m? < s < 12m?2.! This is not
a numerical artifact but a fundamental constraint imposed by the feasibility of the dual
optimization problem.

As shown in figure 1, the validity domain of current dual bootstrap implementations falls
short of what is allowed by rigorous fixed-t dispersion relations. This mismatch is especially
unsatisfactory in realistic applications such as w7 scattering, where the resonance spectrum
extends far beyond 12m2. Moreover, even if the bootstrap could be pushed further, one
would eventually encounter the intrinsic limitation of the partial wave expansion. For fixed-t
dispersion relations, this corresponds to s = 60m?, the conventional limit of Roy equations [43].

Remarkably, this barrier was already surpassed in the 1970s by two independent ap-
proaches. Auberson and Khuri (AK) [1], using crossing-symmetric variables, extended the
validity to s = 89.90m?. Soon after, Mahoux, Roy, and Wanders (MRW) [2] refined the AK
construction and reached s = 125.31m?. They also emphasized that this extension cannot be
achieved with a single dispersion relation: different formulas are required in overlapping inter-
vals, each involving independent subtraction constants. The last significant enlargement was
achieved by Auberson and Epele [42], who reached s = 164.4m?. To our knowledge, however,
no simple or universal set of dispersion relations exists that covers the entire physical region.?

The main goal of this paper is to revisit CSDRs from a general geometric perspective and
to address the longstanding problem of constructing dispersion relations valid at all energies.
We clarify the origin of the validity ranges of existing relations (which appear puzzling in
figure 1) and introduce the geometric language of foliations into this context. Building on
this framework, we construct a new family of CSDRs that extend Roy-like equations to
cover the full range of physical energies.

"More generally, A% < s < 4A% — 4m?, where A denotes the first threshold singularity. In weakly coupled
EFTs, A can often be identified with the UV cutoff [40], whereas for strongly coupled theories one typically
has A = 2m.

2See also Auberson and Ciulli [44] for a related attempt.



The paper is organized as follows. In section 2 we introduce the standard crossing-
symmetric variables z(s1, s2) and y(s1, s2) to solve for crossing symmetry. In sections 3 and 4,
we write dispersion relations in x, on a one-parameter family of foliations y = f,(x), involving
both linear and non-linear functions of z. Unitary is not manifest in this representation. We
construct the CSDRs in section 3.1 by pulling back the relation y = f,(z) to the physical
Mandelstam variables s, t, u, where unitary is manifest. The resulting expressions are (3.11)
and (4.8). In section 5 we analyze the singularity structure of the foliations, leading to null
constraints. Section 6 reviews the analytic properties of the amplitude and the crossing-
symmetric representation, and concludes with the implications of analyticity for Roy-like
equations defined on y = f,(x). We extend the domain of validity using a ‘homogeneous
foliation”, yielding (6.11) for all s € [4,00). Finally, we conclude with an outlook on possible
continuations of this research.

2 Kinematical space using crossing-symmetric variables

We consider the two-to-two scattering amplitude M (s, t) of identical scalar particles of mass
m, without cubic self-interactions. The amplitude is totally symmetric in the Mandelstam
variables, which satisfy the constraint s+t +u = 4m?. To simplify the algebra, we introduce
the shifted variables

4m? 4m? 4m?
slzs—ﬂ, SQZt—ﬂ, 83:u—£, (2.1)

so that the symmetric point s = ¢t = u = 4m?/3 is mapped to the origin, and momentum
conservation reads s; + sy + s3 = 0.

In figure 2 (left), we visualize the kinematical space on the Mandelstam plane defined by
the variables {s1, s2, s3} under the constraint of momentum conservation. In what follows, we
define the amplitude M (s, s2) on this shifted plane and set the mass scale to unity, m = 1.

Crossing symmetry identifies the values of the amplitude at (s1, s2, s3) with those at any
permutation of the three variables. As a result, the Mandelstam plane is partitioned into
six equivalent wedges related by permutations of the s;. For definiteness, we work in the
wedge defined by the ordering u < ¢t < s, which is equivalent to

—— < 59 < 1. (22)

In figure 2 (left), the dashed and solid red lines indicate the boundaries between wedges,
with the chosen fundamental domain highlighted in solid red. Within this region several
subdomains are of particular importance. First, a small red triangle with s; < 8/3 lies
entirely below the two-particle threshold in all channels, so the amplitude there is real and
analytic. Second, the domain also contains half of the physical s;-channel region (shaded
orange), corresponding to s; > 8/3 and sy € [—s1/2,—4/3], or equivalently to scattering
angles cosf € [0,1]. Beyond this range the amplitude develops a branch cut in s; even for
unphysical values of cos @; this region is shown in yellow. The yellow domain also supports
a non-vanishing double discontinuity, which we omit in the discussion below as it will not
play a role in this section.
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Figure 2. Left: fundamental domain projected onto real Mandelstam variables, delimited by the red
lines and defined by the inequalities —s1/2 < s9 < s1, with s; > 0. Dashed blue lines correspond to
s; = 8/3. The amplitude develops a discontinuity in s; over the orange/yellow region. The orange
region is the physical scattering domain s; > 8/3, 0 < cos§ < 1. Right: image of the fundamental
domain in real crossing-symmetric variables (x,y). The region complementary to the fundamental
domain where x,y are real can be parametrized by the lines so = —s1/2 + 2i7, with 7 € R, or
equivalently y = %\/‘Z + 72 (z + 472), shown in light blue.

To eliminate the redundancy among wedges, we introduce the crossing-symmetric vari-
ables [45]

x = —(s152 + s283 + s351), Y = —S15283, (2.3)

and define the amplitude in these variables as M(z,y) = M (s1(z,y), s2(x,y)). This mapping
identifies all six wedges of the Mandelstam plane.

When s1,s2 € R, the fundamental domain (and its images) is mapped to the region
bound by

27y? < 4a®,  x>0. (2.4)

In figure 2 (right), the boundary of this region is shown in red. This inequality follows
by rewriting (2.2) in the new variables. The symmetric point again maps to the origin,
(z,y) = (0,0). The various colored regions here match their counterpart on the figure on the
left. The complementary region of (2.4) in the real (x,y)-plane corresponds to kinematical
configurations where at least one Mandelstam variable is complex.

The variables (x,y) can also be understood algebraically. Consider the cubic polynomial
Plo)=(oc—o))loc—ox)(c—03) =0 —XNo’—z0+y (2.5)

with ¥ = 01 + 02 + 03 = 0 by momentum conservation. The polynomial P(c), by construc-
tion, is manifestly invariant under permutations of its roots. Therefore, these three roots



parametrize the orbifold H =S3, whereH C3 is the two-dimensional complex sub-manifold
of triples satisfying 1+ 2+ 3=0, and Sz is the symmetric group of three elements. The
map between the crossing-symmetric variablegx;y) and the unordered rootsf g2 H =S3
is invertible, unlike the map betweenfs;jg and x;y. The variables x and y play then the
role of holomorphic coordinates for the orbifold.

To relate x;y to the original Mandelstam variables, one must solve the system of equations

y= i(x 2); i=1;23

which indeed yields six di erent solutions, as expected from full crossing symmetry.

The discriminant® of the polynomial P is given by ( x;y)=4x3 27y2. This quantity
vanishes when two or more roots coincide on the boundary2.4). When 6 0, the roots are
distinct. If > 0, all three roots are real, which corresponds to the regior(2.4) as expected.
If < 0, there is one real root and a pair of complex conjugate$.

Since, in general, at least one root is real, we label it , and express the other two as

S
()= 3 3 4x 3 2= 3 2+ =; (2.6)
When (x;y) lies within the region (2.4), the square root is real and all roots are real. Otherwise,
are complex conjugates. We can associate any of these roots to a Mandelstam invariant,
and this choice determines the wedge of the physical kinematical space we use to represent
the amplitude. For instance, we will assigns; = ,s,= *,ands3= so that the region
> 0 is mapped to the fundamental domain depicted in gure 2.

3 Dispersion relations on linear leaves

The goal of this section is to show that, when expressed in crossing-symmetric variables, it
becomes straightforward to derive in nite families of dispersive representations foiM (x;y).
We assumepolynomial boundednessand maximal analyticity for the amplitude throughout
this section and in section4. Later in section 6, we revisit this idealized framework and
study the implications of the rigorous, axiomatic domain of analyticity on the validity of
dispersion relations.

To reduce the problem to one of a single complex variable, we rst x a relation between
the variables x and y. This introduces a foliation of the two-dimensional complex spacec(zx;y)
into one-dimensional complex sub-manifolds, on which we can apply the Cauchy's theorem.
For simplicity, we consider a linear relation of the form

y=a(x Xo); ax2C: (3.1)

The relation (3.1) de nes a complex straight line. By xing X and varying the slope a,
we obtain a one-parameter family of such lines that cover the space see gure3 (left).

3The discriminant of an n-thndegree polynomial is the product of the squares of the di erences of the

polynomial roots r;, namely = i"<j (ri )2, also known as the square of the Vandernﬁonde polynomial.

“Note that the roots can be obtained through Cardano's trigonometric formula =2 3C08 3+ 2k

3 3
where (cos )? = (27 y?)=(4x3).



