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1 Introduction

Exploring the analytic structure of scattering amplitudes often reveals remarkably rich
mathematical properties. One such framework is that of Crossing-Symmetric Dispersion
Relations (CSDRs). Originally introduced in the 1970s [1, 2] and further developed in [3],
the crossing-symmetric formalism has recently found renewed applications in both scattering
amplitudes and conformal field theory [4, 5]. Recent developments span a wide range
of contexts: meromorphic amplitudes [6–8], gravitational theories [9–11], conformal field
theory [12–15], spinning scattering processes [16], as well as pion scattering and chiral
perturbation theory [17, 18] and its connections with geometric function theory [19, 20].

In this work, we revisit CSDRs from the perspective of the non-perturbative
3 + 1-dimensional S-matrix bootstrap program [21–36]. Our investigation is motivated
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Figure 1. Comparison of the validity domains for various dispersive approaches. The values indicate
the maximum s compatible with the proven analytical properties of amplitudes. The last known
extension in the literature is due to Auberson and Epele [42].

by a longstanding obstacle in the dual formulation of the fixed-t bootstrap. Originally
developed in [37, 38], this approach has recently been revived for gapped scalar theories [39],
extended to theories with internal symmetries [40], and applied to glueball scattering in
pure Yang-Mills [41]. A key limitation in all these cases is the restricted range of energies
where non-perturbative unitary can be imposed: typically 4m2 ≤ s ≤ 12m2.1 This is not
a numerical artifact but a fundamental constraint imposed by the feasibility of the dual
optimization problem.

As shown in figure 1, the validity domain of current dual bootstrap implementations falls
short of what is allowed by rigorous fixed-t dispersion relations. This mismatch is especially
unsatisfactory in realistic applications such as ππ scattering, where the resonance spectrum
extends far beyond 12m2

π. Moreover, even if the bootstrap could be pushed further, one
would eventually encounter the intrinsic limitation of the partial wave expansion. For fixed-t
dispersion relations, this corresponds to s = 60m2, the conventional limit of Roy equations [43].

Remarkably, this barrier was already surpassed in the 1970s by two independent ap-
proaches. Auberson and Khuri (AK) [1], using crossing-symmetric variables, extended the
validity to s = 89.90m2. Soon after, Mahoux, Roy, and Wanders (MRW) [2] refined the AK
construction and reached s = 125.31m2. They also emphasized that this extension cannot be
achieved with a single dispersion relation: different formulas are required in overlapping inter-
vals, each involving independent subtraction constants. The last significant enlargement was
achieved by Auberson and Epele [42], who reached s = 164.4m2. To our knowledge, however,
no simple or universal set of dispersion relations exists that covers the entire physical region.2

The main goal of this paper is to revisit CSDRs from a general geometric perspective and
to address the longstanding problem of constructing dispersion relations valid at all energies.
We clarify the origin of the validity ranges of existing relations (which appear puzzling in
figure 1) and introduce the geometric language of foliations into this context. Building on
this framework, we construct a new family of CSDRs that extend Roy-like equations to
cover the full range of physical energies.

1More generally, Λ2 ≤ s ≤ 4Λ2 − 4m2, where Λ denotes the first threshold singularity. In weakly coupled
EFTs, Λ can often be identified with the UV cutoff [40], whereas for strongly coupled theories one typically
has Λ = 2m.

2See also Auberson and Ciulli [44] for a related attempt.
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The paper is organized as follows. In section 2 we introduce the standard crossing-
symmetric variables x(s1, s2) and y(s1, s2) to solve for crossing symmetry. In sections 3 and 4,
we write dispersion relations in x, on a one-parameter family of foliations y = fα(x), involving
both linear and non-linear functions of x. Unitary is not manifest in this representation. We
construct the CSDRs in section 3.1 by pulling back the relation y = fα(x) to the physical
Mandelstam variables s, t, u, where unitary is manifest. The resulting expressions are (3.11)
and (4.8). In section 5 we analyze the singularity structure of the foliations, leading to null
constraints. Section 6 reviews the analytic properties of the amplitude and the crossing-
symmetric representation, and concludes with the implications of analyticity for Roy-like
equations defined on y = fα(x). We extend the domain of validity using a ‘homogeneous
foliation”, yielding (6.11) for all s ∈ [4,∞). Finally, we conclude with an outlook on possible
continuations of this research.

2 Kinematical space using crossing-symmetric variables

We consider the two-to-two scattering amplitude M(s, t) of identical scalar particles of mass
m, without cubic self-interactions. The amplitude is totally symmetric in the Mandelstam
variables, which satisfy the constraint s + t + u = 4m2. To simplify the algebra, we introduce
the shifted variables

s1 = s − 4m2

3 , s2 = t − 4m2

3 , s3 = u − 4m2

3 , (2.1)

so that the symmetric point s = t = u = 4m2/3 is mapped to the origin, and momentum
conservation reads s1 + s2 + s3 = 0.

In figure 2 (left), we visualize the kinematical space on the Mandelstam plane defined by
the variables {s1, s2, s3} under the constraint of momentum conservation. In what follows, we
define the amplitude M(s1, s2) on this shifted plane and set the mass scale to unity, m = 1.

Crossing symmetry identifies the values of the amplitude at (s1, s2, s3) with those at any
permutation of the three variables. As a result, the Mandelstam plane is partitioned into
six equivalent wedges related by permutations of the si. For definiteness, we work in the
wedge defined by the ordering u ≤ t ≤ s, which is equivalent to

−s1
2 ≤ s2 ≤ s1. (2.2)

In figure 2 (left), the dashed and solid red lines indicate the boundaries between wedges,
with the chosen fundamental domain highlighted in solid red. Within this region several
subdomains are of particular importance. First, a small red triangle with si ≤ 8/3 lies
entirely below the two-particle threshold in all channels, so the amplitude there is real and
analytic. Second, the domain also contains half of the physical s1-channel region (shaded
orange), corresponding to s1 ≥ 8/3 and s2 ∈ [−s1/2,−4/3], or equivalently to scattering
angles cos θ ∈ [0, 1]. Beyond this range the amplitude develops a branch cut in s1 even for
unphysical values of cos θ; this region is shown in yellow. The yellow domain also supports
a non-vanishing double discontinuity, which we omit in the discussion below as it will not
play a role in this section.
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Figure 2. Left: fundamental domain projected onto real Mandelstam variables, delimited by the red
lines and defined by the inequalities −s1/2 ≤ s2 ≤ s1, with s1 ≥ 0. Dashed blue lines correspond to
si = 8/3. The amplitude develops a discontinuity in s1 over the orange/yellow region. The orange
region is the physical scattering domain s1 ≥ 8/3, 0 ≤ cos θ ≤ 1. Right: image of the fundamental
domain in real crossing-symmetric variables (x, y). The region complementary to the fundamental
domain where x, y are real can be parametrized by the lines s2 = −s1/2 + 2iτ , with τ ∈ ℝ, or
equivalently y = 2

3
√

3

√
x + τ2 (x + 4τ2), shown in light blue.

To eliminate the redundancy among wedges, we introduce the crossing-symmetric vari-
ables [45]

x = −(s1s2 + s2s3 + s3s1), y = −s1s2s3, (2.3)

and define the amplitude in these variables as M(x, y) ≡ M(s1(x, y), s2(x, y)). This mapping
identifies all six wedges of the Mandelstam plane.

When s1, s2 ∈ ℝ, the fundamental domain (and its images) is mapped to the region
bound by

27y2 ≤ 4x3, x ≥ 0. (2.4)

In figure 2 (right), the boundary of this region is shown in red. This inequality follows
by rewriting (2.2) in the new variables. The symmetric point again maps to the origin,
(x, y) = (0, 0). The various colored regions here match their counterpart on the figure on the
left. The complementary region of (2.4) in the real (x, y)-plane corresponds to kinematical
configurations where at least one Mandelstam variable is complex.

The variables (x, y) can also be understood algebraically. Consider the cubic polynomial

P (σ) ≡ (σ − σ1)(σ − σ2)(σ − σ3) = σ3 − Σσ2 − x σ + y (2.5)

with Σ = σ1 + σ2 + σ3 = 0 by momentum conservation. The polynomial P (σ), by construc-
tion, is manifestly invariant under permutations of its roots. Therefore, these three roots

– 4 –
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parametrize the orbifold HΣ/S3, where HΣ ⊂ ℂ3 is the two-dimensional complex sub-manifold
of triples satisfying σ1 + σ2 + σ3 = 0, and S3 is the symmetric group of three elements. The
map between the crossing-symmetric variables (x, y) and the unordered roots {σi} ∈ HΣ/S3
is invertible, unlike the map between {si} and x, y. The variables x and y play then the
role of holomorphic coordinates for the orbifold.

To relate x, y to the original Mandelstam variables, one must solve the system of equations

y = σi(x − σ2
i ), i = 1, 2, 3,

which indeed yields six different solutions, as expected from full crossing symmetry.
The discriminant3 of the polynomial P is given by ∆(x, y) = 4x3 − 27y2. This quantity

vanishes when two or more roots coincide on the boundary (2.4). When ∆ ̸= 0, the roots are
distinct. If ∆ > 0, all three roots are real, which corresponds to the region (2.4) as expected.
If ∆ < 0, there is one real root and a pair of complex conjugates.4

Since, in general, at least one root is real, we label it σ, and express the other two as

τ±(σ) = −σ

2 ± 1
2
√
4x − 3σ2 = −σ

2 ±
√

σ2 + 4y

σ
. (2.6)

When (x, y) lies within the region (2.4), the square root is real and all roots are real. Otherwise,
τ± are complex conjugates. We can associate any of these roots to a Mandelstam invariant,
and this choice determines the wedge of the physical kinematical space we use to represent
the amplitude. For instance, we will assign s1 = σ, s2 = τ+, and s3 = τ− so that the region
∆ > 0 is mapped to the fundamental domain depicted in figure 2.

3 Dispersion relations on linear leaves

The goal of this section is to show that, when expressed in crossing-symmetric variables, it
becomes straightforward to derive infinite families of dispersive representations for M(x, y).
We assume polynomial boundedness and maximal analyticity for the amplitude throughout
this section and in section 4. Later in section 6, we revisit this idealized framework and
study the implications of the rigorous, axiomatic domain of analyticity on the validity of
dispersion relations.

To reduce the problem to one of a single complex variable, we first fix a relation between
the variables x and y. This introduces a foliation of the two-dimensional complex space ℂ2

(x,y)
into one-dimensional complex sub-manifolds, on which we can apply the Cauchy’s theorem.
For simplicity, we consider a linear relation of the form

y = a(x − x0), a, x0 ∈ ℂ . (3.1)

The relation (3.1) defines a complex straight line. By fixing x0 and varying the slope a,
we obtain a one-parameter family of such lines that cover the space — see figure 3 (left).

3The discriminant ∆ of an n-th degree polynomial is the product of the squares of the differences of the
polynomial roots ri, namely ∆ =

∏n

i<j
(ri − rj)2, also known as the square of the Vandermonde polynomial.

4Note that the roots can be obtained through Cardano’s trigonometric formula σk = 2
√

x
3 cos

(
θ
3 + 2πk

3

)
where (cos θ)2 = (27y2)/(4x3).
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Figure 3. Left: foliation of the (x, y) plane generated by varying the slope a at fixed x0. All leaves
intersect at the point (x0, 0). Right: parallel foliation obtained by fixing a and varying x0.

Each line is called a leaf of the foliation. A point is regular if it belongs to a unique leaf;
for example, any point with x ̸= x0. In contrast, all leaves intersect at the common point
(x0, 0), which is therefore a singular point of the foliation. We will return to the classification
of such singularities in section 5.

Alternatively, we can fix a and vary x0, producing a foliation of parallel leaves, which
appears free of singularities. However, as we also discuss in section 5, these leaves accumulate
at infinity, and thus there is a singularity at the point at infinity.

Once a leaf is chosen — i.e., once a and x0 are fixed — we can regard y as a function
of x, and define the amplitude restricted to the leaf as

Ma,x0(x) ≡ M(x, a(x − x0)).

If Ma,x0(x) is analytic in a neighborhood of x, we can apply Cauchy’s theorem:

Ma,x0(x) =
1
2πi

∮
x

dx′ P(x′)Ma,x0(x′)
x′ − x

, (3.2)

where P(x′) is a regulator function that ensures convergence by suppressing the arc at infinity;
a suitable choice is P(x′) = x−xs

x′−xs
, with xs an arbitrary subtraction point.5 Assuming that

Ma(x′) has no singularities in the complex x′-plane aside from the physical s1-channel cut,
we can deform the contour and isolate the discontinuity:

Ma,x0(x) = Ma,x0(xs) +
1
π

∫ ∞

xth
dx′ x − xs

x′ − xs

Aa,x0(x′)
x′ − x

, (3.3)

where the discontinuity across the cut is defined as

Aa,x0(x) ≡ discxMa,x0(x) = lim
ϵ→0

1
2i

[Ma,x0(x + iϵ)−Ma,x0(x − iϵ)] . (3.4)

5Indeed, the Froissart bound states Ma,x0 (x(s1, s2 ≤ 0)) ≤ πs1 log2(s1/const) as s1 → ∞, and since x ∼ s2
1,

the amplitude grows no faster than
√

x log2 x.
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xth = ax0−(8/3)3

a−8/3 . Right: complex x-plane showing the deformed Cauchy contour. The relevant
singularities are the branch point at xth and the subtraction point xs.

The lower limit of integration, xth, corresponds to the point where the leaf intersects
the threshold line y = 8

3

(
x − 64

9

)
, i.e., the boundary of the physical region. Solving a(x −

x0) = 8
3

(
x − 64

9

)
, yields

xth = ax0 − (8/3)3

a − 8/3 . (3.5)

Figure 4 illustrates this construction. In the left panel, we show the foliation y = a(x−x0)
in the (x, y)-plane, and its intersection with the physical threshold line (dashed blue). In
the right panel, we depict the integration contour in the complex x-plane used in the
derivation of eq. (3.3). The only relevant singularities are the two-particle threshold xth and
the subtraction point xs; the regulator ensures that we can drop the arc at infinity.

Finally, the reader might ask whether the dispersive representation derived here is
rigorously justified. So far, we have assumed maximal analyticity, but in section 6 we will
revisit the rigorous domain of analyticity derived by Martin [46, 47], which imposes additional
constraints on the admissible foliations — and hence on the allowed values of a and x0.

3.1 Pulling-back to Mandelstam variables

Equation (3.3) defines a CSDR by construction. To relate it to the amplitude for physical
energies and scattering angles and to analyze how unitary manifests itself, we must express
it in terms of the standard Mandelstam invariants. More precisely, we use the variables σi

introduced earlier to parametrize the kinematical orbifold HΣ/S3.
Recall that (x, y) and {σi} are related via a symmetric polynomial equation P (σ) = 0,

which implicitly defines a one-to-one map between the crossing-symmetric variables and the
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unordered Mandelstam invariants. For the foliation y = a(x − x0), this equation becomes:

P (σ) = σ3 − xσ + a(x − x0) = 0, (3.6)

whose solution x we can be expressed as a rational function of σ:

x(σ) = ax0 − σ3

a − σ
. (3.7)

We can now rewrite the dispersive representation (3.3) in terms of σ, via a simple change
of variables x′(σ) = ax0−σ3

a−σ ,

Ma,x0(x) = Ma,x0(xs) +
1
π

∫ ∞

8
3

dx′(σ)
dσ

x − xs

x′(σ)− xs

Aa,x0(x′(σ))
x′(σ)− x

dσ. (3.8)

Since crossing has been implemented through symmetrization, the variable σ can be
interpreted as any of the three Mandelstam variables s1, s2, s3. To make contact with the
physical region and the partial wave expansion within, we choose σ = s1, so that the
discontinuty of the amplitude is evaluated in the s1-channel. Next, to express the variables
x and xs in terms of (s1, s2), we equate the symmetric definition of x to the expression
obtained from the foliation:

x(s1, s2) = s21 + s1s2 + s22 =
ax0 − s31
a − s1

. (3.9)

Solving this relation yields two solutions for s2:

s±2 (s1) = −s1
2 ± 1

2

√
s31 + a(3s21 − 4x0)

s1 − a
. (3.10)

These equations can now be used to evaluate the amplitude and its discontinuity in terms
of the original Mandelstam variables. In particular, setting s2 = s+2 (s1) (setting s2 = s−2 (s1)
yields identical formulas), we compute:

• the value of x(s1, s+2 (s1)) ≡ x(s1, s2),

• the value of the subtraction point xs(s01, s+2 (s01)) ≡ xs(s01, s02),

• the derivative dx′/dσ.

For the ease of notation, we define

• M(s1, s2) ≡ Ma,x0(x(s1, s2))

• A(σ, s+2 (σ)) ≡ Aa,x0(x′(σ)), is the s-channel discontinuity. This definition uses equa-
tions (3.9) and (3.10): x′(σ) = x(σ, s+2 (σ)).

Then, changing variables in eq. (3.8) leads to the final form of the CSDR in the physical
variables:

M(s1, s2)− M(s01, s02) =
1
π

∫ ∞

8/3
dσ A(σ, s+2 (σ))

×
( 1

σ − s1
+ 1

σ − s2
+ 1

σ − s3
− 1

σ − s01
− 1

σ − s02
− 1

σ − s03

)
,

(3.11)
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where s3 = −s1 − s2, and (s01, s02) is the subtraction point lying on the same leaf. The
absorptive part of the amplitude can be easily related to partial waves expanding with
the appropriate angle

A(σ, s+2 (σ)) = 16π
∞∑

ℓ=0
(2ℓ + 1)Im fℓ(σ)Pℓ

(
1 + 2(s+2 (σ) + 4/3)

σ − 8/3

)
. (3.12)

We note that while (3.11) is explicitly symmetric under permutations of {s1, s2, s3}, it is
not valid for arbitrary choices of the Mandelstam variables. Indeed, given a value of s1, the
value of s2 is fixed by s2 = s+2 (s1). To cover the full kinematical space one needs to vary a,
thus (3.11) is effectively a one-parameter family of dispersion relations, whose union does
cover all physical values of {s1, s2}. As we will see in section 5, the requirement that these
dispersion relations are mutually compatible, for different values of a, leads to regularity
constraints, which are often called null constraints in the literature.

Various dispersions relations known in the literature can be obtained from (3.11) by
appropriate choices of the parameters {a, x0} and subtraction point xs. Here are a couple
of examples:

Mahoux-Roy-Wanders (MRW). Dispersion relation worked out by
Mahoux-Roy-Wanders [2] considered f(x) = a(x − x0) for real constants a and x0. The
reader can readily compare our eq. (3.11) (or the alternative form eq. (4.8) we derive later)
to the eq. (3.7) of [2] for a generic subtraction point xs. Note that the subtraction point
is in general different from the intercept point x0. When both points coincide, we obtain
the dispersion relation (3.11) where (s01, s02, s03) = (0, 2√x0,−2√x0), which is then analogous
to their eq. (3.10).6

Auberson-Khuri (AK). The dispersion relations derived by Auberson-Khuri [1, 4] are a
special case of eq. (3.8) for x0 = 0. For instance, choosing to subtract at (s01, s02, s03) = (0, 0, 0)
yields immediately the eq. (2) of [4]. Note that Auberson-Khuri’s paper [1] introduces an
additional parametric dependence in the Mandelstam variables, given by the functions si(z, a),
and the dispersion relations are written in the complex z-plane for fixed a. The formula (3.11)
recovers the same dispersion relations upon choosing xs = x0 = 0, while bypassing the
complicated intermediate steps in the z-plane.

Fixed-t dispersion relations. The formula (3.11) reduces to a fixed-t dispersion relation
upon appropriate choices of the parameters. A constant momentum transfer s2 = τ̄ corre-
sponds to the MRW case for a = τ̄ and x0 = τ̄2. The generic subtraction point xs is then
located at s02 = τ̄ and s01,3 = −τ̄ /2±

√
xs−3τ̄2/4. The subtraction choice xs = x0, for instance,

yields the double subtracted fixed-t dispersion relations in eq. (4) of [48] for equal masses.

3.2 A new representation with a subtraction constant

In the previous examples, the subtraction point xs was generically a function of the parameters
{a, x0}, i.e. its position depends on the specific leave of the foliation. In the following, we

6We also found out a typo in [2], namely, the x0 in their eq. (3.9) should be replaced with 16x0.
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recast the CSDR (3.11) in a different form, where xs is traded for a single constant M(0, 0)
across all leaves. Such a form becomes useful when writing Roy-like equations, since the
constant term projects only on spin-zero component of the amplitude. In order to achieve
this we proceed via the following two steps:

First, let us consider the dispersion relation on the leaf y = 0, by taking the limit
a → 0 in (3.11). Note that points on this leaf map back to the Mandelstam variables
(s1, s2, s3) = (

√
x, 0,−

√
x) in the fundamental domain where s1 ≥ s2 ≥ s3, and the origin of

the {x, y} plane is also included in particular. We can choose the origin as the subtraction
point, and (3.11) becomes

M(
√

x, 0) = M(0, 0) + 1
π

∫ ∞

8/3
dσ A(σ, 0)

( 1
σ +

√
x
+ 1

σ −
√

x
− 2

σ

)
. (3.13)

Next, we consider a dispersion relation on a second leaf y = a(x − x0) for some {a, x0}. We
choose the intercept point (x, y) = (x0, 0) as the subtraction point in (3.11), yielding

M(s1, s2) = M(
√

x0, 0) +
1
π

∫ ∞

8/3
dσ A(σ, s+2 (σ))

×
(

1
σ − s1

+ 1
σ − s2

+ 1
σ + s1 + s2

− 1
σ +√

x0
− 1

σ −√
x0

− 1
σ

)
.

(3.14)

Observe that the intercept of the x-axis is a common kinematic point to both leaves, which
allows us to replace M(√x0, 0) that appears in (3.14) with the expression given in (3.13)
after setting x = x0. Then, we get

M(s1, s2) = M(0, 0) +
∫ ∞

8/3

dσ

π

1
σ(σ2 − x0)

[
2x0 A(σ, 0) + (3σ2 − x0)A(σ, s+2 (σ))

]
+
∫ ∞

8/3

dσ

π
A(σ, s+2 (σ))

( 1
σ − s1

+ 1
σ − s2

+ 1
σ + s1 + s2

)
.

(3.15)

In this form, we fix the arbitrary subtraction point xs in the MRW dispersion relations
to be the (s01, s02, s03) = (0, 0, 0) for any choice of {a, x0}. To our knowledge, this is a new
representation of the dispersion relations on the linear foliations, where the amplitude is fully
determined by the constant M(0, 0) and the s-channel discontinuity A(σ, s+2 (σ)).

Local CSDRs as a limiting case. Next, we show that local CSDR (LCSDR) introduced
in [49] is an instance of the linear foliation with y = c slices for constant c. This corresponds
to the limit a → 0 with −ax0 = c kept fixed in the MRW foliation. First, we note that
in this limit (3.10) becomes

s±2 (s1, c) = −s1
2 ± s1

2

√
1 + 4c

s31
. (3.16)

This is precisely the argument of the absorptive part worked out in [49] (see eq. 5 therein).
The LCSDR can be worked out from (3.15) by replacing x0 → −c/a, and then taking the
limit a → 0, yielding

M(s1, s2) = M(0, 0) + 1
π

∫ ∞

8/3

[
(2σ3 − s1s2 (s1 + s2))A(σ, s+2 (σ, c))

σ (σ − s1) (σ − s2) (σ + s1 + s2)
− 2

σ
A(σ, 0)

]
dσ. (3.17)

We next discuss generalizations of CSDR on non-linear leaves.
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4 Dispersion relations on nonlinear leaves

In this section, we consider more general foliations, not necessarily linear, defined by

y = fα(x), (4.1)

where fα is a function parameterized by α. Rather than attempting a complete classification,
we focus on a few representative classes of phenomenologically relevant foliations, including
an example already mentioned in the literature.

As noted in the Introduction, the motivation to consider nonlinear foliations stems from
efforts to derive a generalized form of Roy equations that are valid across all energies and
compatible with the rigorous analytic domain established by Martin.

To illustrate how the results of the previous section extend, let us suppose that the foliation
is defined by a polynomial function fα(x). By restricting the amplitude to a given leaf, we
can apply Cauchy’s theorem around a point x where the function Mα(x) ≡ M(x, fα(x))
is analytic:

Mα(x) =
1
2πi

∮
x

dx′ P(x′)Mα(x′)
x′ − x

, (4.2)

where P(x′) is a regulator function that suppresses the contribution from the arc at infinity.7

Assuming the amplitude has no poles and the only singularity arises from the two-particle
threshold, the location of the branch point on the leaf is obtained by solving

fα(x) =
8
3

(
x − 64

9

)
. (4.3)

If fα(x) is a polynomial of degree N , then generically this equation admits N solutions in the
complex x-plane, corresponding to N threshold images, each associated with a branch cut to
be integrated over. Then, the generalization of the dispersion relation (3.3) to this case reads:

Mα(x) = Mα(xs) +
N∑

i=1

1
π

∫
Ii

dx′ x − xs

x′ − xs

Ai
α(x′)

x′ − x
, (4.4)

where Ai
α(x) denotes the discontinuity of the amplitude across the i-th cut Ii.

If fα(x) is not a polynomial, additional singularities may be introduced by the foliation
itself. In such cases, eq. (4.4) must be modified to account for these extra features.

Analogous to the linear case, we start by solving the following equation for x

Pα(σ) = σ3 − xσ + fα(x) = 0 . (4.5)

There exists in general N solutions to (4.5), which we denote as x(i)(σ) where i ∈ {1 . . . N}.
Identifying σ = s1 as before, we can obtain the solution for s2 as follows

τ (i)(σ) = −σ

2 + 1
2

√
4x(i)(σ)− 3σ2 . (4.6)

7In general, nonlinear foliations may require additional subtractions to ensure convergence.

– 11 –



J
H
E
P
0
7
(
2
0
2
6
)
2
5
5

￼y = a x (x − x0)

￼(x0,0)￼(0,0)

￼(y − mx − b)(y − m′￼x − b′￼) = c

￼( b′￼− b
m − m′￼

, b′￼m − bm′￼

m − m′￼ )

Figure 5. Foliations of the (x, y) plane by two conic sections. Left: parabola foliation at fixed x0
and various choices of a. Right: hyperbola foliation at fixed m, m′, b, b′ and various choices of c.
The points where all leaves intersect are also given in the figure — see section 5 for more details on
properties of such points.

Next, we need the Jacobian to perform the change of variables from x′ to σ in (4.4). This
can be obtained immediately by taking the σ-derivative of Pα(σ) yielding

dx(i)(σ)
dσ

= 3σ2 − x

σ − df/dx
= (σ − τ (i))(2σ + τ (i))

σ − df/dx

∣∣∣∣
x=x(i)

. (4.7)

All in all, the pull-back of the dispersion relation (4.4) reads

M(s1, s2)− M(s01, s02) =
N∑

i=1

1
π

∫ ∞

8/3
dσ

dx(i)(σ)
dσ

A(σ, τ (i)(σ))

×
[

1
x(i)(σ)− s21 − s1s2 − s22

− 1
x(i)(σ)− (s01)2 − s01s

0
2 − (s02)2

]
(4.8)

When fα(x) is a linear function, the sum over i contains a single term and (4.8) reduces to (3.11)
as expected. Note that the kernel in the above representation is manifestly crossing-symmetric.

Next we discuss few special cases.

A polynomial foliation. To illustrate how dispersions on non-linear foliations work, let
us consider the parabola

f(x) = ax(x − x0). (4.9)

At fixed x0, this defines a foliation of ℂ2
(x,y) as we vary a. Its real projection can be seen in

the left panel of figure 5. The two solutions to (4.5) are given by

x(i)(σ) = (−)i
√
(ax0 + σ) 2 − 4aσ3 + ax0 + σ

2a
, i ∈ {1, 2} , (4.10)

which, after combining with τ (i) of (4.6), can be readily evaluated in (4.8) to obtain the CSDR.
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Auberson-Epele proposal. Ref. [42] proposed the hyperbola foliation

(y − m x − b)(y − m′ x − b′) = c , (4.11)

without giving the explicit form of CSDR. This constitutes one of the earlier attempts
to extend the validity of the Roy-like equations using a curve which is non-linear. The
parameters m, m′, b, b′, c were chosen such that the amplitude is evaluated inside the rigorous
Martin-Lehmann analytic domain (6.2), whose geometry we extensively discuss in section 6.
It turns out that the validity of the Roy-like equations can be extended up to s = 164.4m2

for some choices. The leaves for various c are illustrated in the right panel of figure 5.
Let us remark that both examples given above are two special cases of a generic conic curve

foliating ℂ2
(x,y). Any other such choice — an ellipse, parabola or hyperbola — generally gives

rise to two solutions for x(i), from which one can compute the respective CSDRs using (4.8).

Homogeneous foliation. Next we introduce a foliation that, to our knowledge, has not
been discussed before,

y = α x3/2. (4.12)

We term it homogeneous because α is dimensionless. This leads to a CSDR that will find
interesting applications in the context of extending Roy-like equations to all energies, as
discussed in section 6 in more detail.

A key difference of this choice with respect to previous non-linear examples is that, it
introduces additional singularities in the x-plane due to its fractional power, in the form
of a branch cut starting at (x, y) = (0, 0) — see figure 6. Moreover, it can cover the real
wedge in the x, y plane fully for the range |α| ≤ 2

3
√
3 .

When α ≤ 0, we can cover the physical scattering domain, and the leaf intersects the
discontinuity region of the amplitude only once. Then, we can write

Mα(x) = Mα(xs) +
1
π

∫ ∞

xth
dx′ x − xs

x′ − xs

Aα(x′)
x′ − x

+ 1
π

∫ 0

−∞
dx′ x − xs

x′ − xs

Discx′ Mα(x′)
x′ − x

. (4.13)

When pulling back, if we choose as subtraction point xs = 0 which is common to all
leaves, we obtain a remarkable simplification of the kernel which gives the expression

M(s1, s2) = M(0, 0)+
1
π

∫ ∞

8/3
dσA(σ, τα(σ))

( 1
σ − s1

+ 1
σ + s1

− 2
σ

)
+ 1

π

∫ ∞

0
dσBα(σ)

(
i

s1 − iσ
− i

s1 + iσ
+ 2

σ

)
,

(4.14)
where τα(σ) = −σ

2 +
1
2
√
4xα(σ)− 3σ2 with xα(σ) being the unique solution to (4.5) for α < 0

— see appendix D for its full form, and

Bα(s) =
1
2i

(M(is, τα(is))− M(−is, τα(−is))) = Im M(is, τα(is)), (4.15)

where we used the fact that τα(−is) = τα(is)∗ (for α < 0), and by real analyticity M(s∗1, s∗2) =
M(s1, s2)∗. When mapping back from x to s, we have to carefully keep track of where the
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Im s1

Physical cut

Figure 6. Left: a leaf of a non-analytic foliation f(x) = αx3/2 in the (x, y) plane. When the
leaf intersects the threshold line y = 8

3
(
x − 64

9
)

(dashed blue), the amplitude develops a branch cut
starting at xth. Right top: complex x-plane showing the deformed Cauchy contour. We have an
additional left branch cut due to the foliation. Right bottom: the same Cauchy contour shown in
the complex s1-plane.

negative x ± iϵ is mapped in the s-plane. The second term in the dispersion is equivalent
to integrating the amplitude over the positive imaginary axis in the s1 plane.

We remark that the equation (4.13) was manifestly crossing-symmetric since the kernel
depends on the x variable. After doing the pull-back, the kernel in (4.14) is still crossing-
symmetric though not manifest, because the relation between s1 and s2 is fixed via x and α

to stay on the same leaf in a non-trivial way. It is worth noting that there is a non trivial
simplification happening when we express α in terms of the physical Mandelstam variables

τα(σ) =
s2
s1

σ. (4.16)

As we will see later, this identity simplifies drastically the partial wave projections of (4.14).

5 Null constraints and singularities of foliations

Null constraints are an infinite set of linear sum rules satisfied by the imaginary parts of
the partial waves which take the form:∫ ∞

4
ds

∞∑
ℓ=0

Im fℓ(s)F p
ℓ (s) = 0, (5.1)

where F p
ℓ (s) is a known kernel function depending on a set of parameters p. These types

of constraints have appeared in the phenomenological literature in the 1970s [43, 50], and
have been used to constrain solutions to the Roy equations [51]. More recently, they have
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Figure 7. Locally, we can find either three types of singularities, or a locally regular foliation. Note
that the center and saddle singularities are only different real sections of a complex saddle point.

been revived and extended in a modern dispersive bootstrap context [52, 53], and applied to
constrain Wilson coefficients in weakly coupled EFTs and large-N theories [16, 33, 54–68].

In [28], null constraints were explicitly derived from crossing symmetry via fixed-t
dispersion relations, yielding an expression reminiscent of the conformal bootstrap equation:

M(s, t)− M(s, 4− s − t) = 0. (5.2)

Taking derivatives of this equation with respect to both s and t at a given kinematic point,
and plugging in the partial wave expansion of the dispersive representation for the amplitude,
leads to the constraints as in (5.1).

In the context of CSDRs, null constraints emerge more subtly: they appear as “locality
conditions” [4]. This naturally raises the question: if CSDRs are manifestly crossing-symmetric,
why are null constraints not automatically satisfied? And more generally, what does locality
mean in this setting? We address these issues in three steps.

• CSDRs define analytic functions on each leaf of a foliation.

• Spurious poles or non-analytic behavior arise when expanding around singular points
of the foliation, as will be defined below.

• Enforcing analyticity at the singularities leads directly to null constraints.

With this argument, we conclude that in general null constraints are an intrinsic property
of fixed-variable dispersion relations, and they arise as compatibility conditions between the
geometric foliation of the kinematical space and the analytic structure of the amplitude.

The theory of foliations of ℂ2 and their singularities is a vast subject by itself [69], and
our goal is not to discuss it in full generality. Instead, we will focus on the special class of
foliations whose singularities are isolated and that can be understood with a simple local
analysis. The short section that follows contains only the information that is needed to
understand the connection between foliation singularities and null constraints.

Local analysis and singular points. Intuitively, a foliation decomposes ℂ2 into one-
dimensional complex sub-manifolds, the leaves, which locally resemble families of parallel
lines. In our setting, a foliation can be specified by a holomorphic vector field. The leaves
are then the integral curves of this vector field.
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Let us illustrate this in a simple example. Consider the foliation used in the AK dispersion
relations [1], given by the line y = ax for various values of the slope a. The level sets for
constant slopes are defined by

F (x, y) ≡ y

x
= const. (5.3)

The associated tangent vector field T(x, y) must be orthogonal everywhere to the normal
vectors of the level sets given by the gradient of F , namely T · ∇⃗F = 0. In this case,

∇⃗F =
(
−y/x2

1/x

)
=⇒ T(x, y) =

(
x

y

)
. (5.4)

We can expand this vector field around a generic point (x̄, ȳ) ∈ ℝ2, and we obtain

T(x, y) = T(x̄, ȳ) + J(x̄, ȳ) ·
(

x − x̄

y − ȳ

)
+ . . . ,

where J(x̄, ȳ) ≡
(
∂xT ∂yT

)
is the Jacobian matrix. For our example in (5.4), we have

(
x

y

)
=
(

x̄

ȳ

)
+
(
1 0
0 1

)(
x − x̄

y − ȳ

)
+ . . .

Notice that, when x̄, ȳ ≠ 0, the zeroth-order approximation to the T above is the constant
vector (x̄, ȳ)T , which is an example to a regular point. In a neighborhood of a regular point
(x̄, ȳ), the foliation looks like a family of parallel lines tangent to the constant vector T(x̄, ȳ).

On the other hand, a point where vector field vanishes, T(x̄, ȳ) = 0, is called a singular
point. In this example, it only occurs at (0, 0). The local behavior is now dictated by the
Jacobian: here T(x, y) ≃ (x, y). This can be interpreted as a linear system of differential
equations {ẋ = x, ẏ = y}, whose solutions yield the level sets. The particular solutions in
this case are radial lines through the origin, showing that near the singular point (0, 0) the
foliation cannot be approximated by parallel lines.

In general, the types of singularities are determined by the Jacobian. When the real
parts of the eigenvalues of J both carry the same sign, we get a radial singularity; when the
signs are opposite, we get a saddle point. In table 1, we summarized the local analysis for
the examples introduced earlier. Linear, parabolic, and homogeneous foliations all display
radial singularities. For hyperbolic or circular foliations, a holomorphic change of variables
(e.g. u = y − mx − b, v = y − m′x − b′ or u = (x − x0) + i(y − y0), v = (x − x0)− i(y − y0))
reduces the description to the canonical form uv = const, corresponding to a complex saddle.

Compatibility conditions at singular points. After the classification of possible singu-
larities, we now turn to the analytic properties of M(x, y) at such points.

Analytic continuation and foliation singularities. Naturally, if the absorptive part of
the amplitude A(σ, τ(σ)) on each leaf of y = fα(x) is integrable, the amplitude is analytic
on the leaf except for the physical singularities or those introduced by the foliation itself,
as in the homogeneous case.
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Level sets F (x, y) Vector field T(x, y) Singularities Jacobian J(x, y)

y

x − x0

x − x0

y

 (x0, 0)

1 0

0 1


y

x(x − x0)

 x(x − x0)

y(2x − x0)

 {(0, 0), (x0, 0)}

2x − x0 0

2y 2x − x0


uv

 u

−v

 u = v = 0

1 0

0 −1


y2

x3

2x

3y

 (0, 0)

2 0

0 3


Table 1. Examples of foliations defined by their level sets, tangent vector fields, singular sets, and
Jacobians.

Extending the amplitude to a function of two complex variables by promoting the foliation
parameter α to a complex quantity requires additional care. To clarify this connection, expand
the absorptive part in partial waves of the physical scattering angle θ,

A(σ, τ (i)(σ)) =
∞∑

ℓ=0
nℓ Im fℓ(σ)Pℓ(cos θ), (5.5)

where i labels possible multiple discontinuities induced by a nonlinear foliation as discussed
in section 4. The cosine of the scattering angle (denoted

√
ξ in the CSDR literature [4])

depends on the foliation parameters via τ (i) or x(i) defined in (4.6):

cos θ = σ + 2τ (i)(σ)
σ − 8

3
=

√
4x(i)(σ)− 3σ2

σ − 8
3

, (5.6)

which is analytic in the complex cos θ plane inside an elliptic domain terminating at the
first singularity — see section 6.1 for further details.

Even within the analytic domain, expanding cos θ in the foliation parameters can impose
non-trivial consistency conditions that may clash with the leaf structure. To illustrate,
consider first a regular point of a foliation where the leaves are approximately parallel and
locally approximated by y = a(x − x0). Using (3.9), the Legendre argument becomes8

cos2 θ = σ3 + 3aσ2 − 4(ax − y)
(σ − a)(σ − 8

3)2
, (5.7)

which is analytic in x, y. Varying (x, y) at fixed a shifts x0 = x − y/a across parallel leaves,
leaving analyticity intact.

8Only even spins contribute because of crossing symmetry.
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By contrast, near a singular point, for instance a radial singularity common in the
literature, the foliation is approximated by y = a(x − x0) (with y0 = 0 for simplicity). The
Legendre argument now reads

cos2 θ = x0(4y + σ3)− xσ3 − 3σ2y

(σ − 8
3)2 (y − σ(x − x0))

, (5.8)

which becomes singular at (x, y) = (x0, 0). Approaching (x − x0, y) → 0 can generate
arbitrarily high-order poles. Avoiding spurious singularities therefore requires additional
regularity conditions on the amplitude, the null constraints in this geometric setting.

A similar analysis applies to saddle singularities. Explicit derivations for linear and
quadratic foliations are provided in appendix B. Moreover, even for linear regular foliations
with parallel leaves y = c, expanding at infinity leads to analogous sum rules, implying that
the local CSDRs [49] must also be supplemented by null constraints.

6 Extending Roy-like equations to all energies

Thus far, we have primarily discussed crossing symmetry and analyticity constraints on
dispersion relations from a general standpoint. However, the motivation for introducing
nonlinear foliations stems from a more specific goal: constructing dispersion relations for
partial wave amplitudes that are valid at all energies and fully compatible with the rigorous
analyticity domain established by Martin [46, 47].

Before proceeding in this direction, we take this opportunity to briefly review Martin’s
result on analyticity. Rather than presenting the full technical details of the proof, we focus
on adapting his conclusions to the framework relevant for our purposes.

6.1 Analyticity domains and fixed-t dispersion relations

Analyticity is a recurring theme in any S-matrix bootstrap discussion. For the scattering
of the lightest particle in a theory, the most natural assumption is the principle of maximal
analyticity [70]: the amplitude is analytic in all Mandelstam variables, except along cuts
associated with physical processes. This “smart” domain of analyticity introduced by
Mandelstam has passed every perturbative test, yet continues to elude a general proof —
see [71] for a review and [72] for an extended analysis of Landau singularities in generic
diagrams. An interesting approach to prove maximal analyticity comes from studying the
flat-space limit of conformal correlators [73], and try to derive it as consequence of CFT
axioms [74, 75]. In this section, we restrict ourselves to the rigorous domain derived by
Martin in [46] and extended in [76]. For the time being, we will switch back to the usual
Mandelstam invariants s, t, u.

Starting from the fixed-t dispersive representation

M(s, t) =
∫ ∞

4
A(s′, t)K(s′, s, t) + subtractions (6.1)

Martin proved that the absorptive part of the amplitude A(s, t) is analytic in t for all s > 4
whenever t belongs to a complex domain D containing the real segment −28 ≤ t < 4, thereafter
showing the full amplitude M(s, t) being analytic in the product set D×(s−plane minus cuts).
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Figure 8. Left: domain D (in red), extended domain D′ (in blue), and the domain we should wish
for (in purple). Right: with the same color, the boundary of the analyticity region projected on the
plane of real s and t variables.

This domain is constructed as the intersection over all s ≥ 4 of the union of the Lehmann
and Martin ellipses:

D =
⋂

4≤s<∞
(EL(r(s), s) ∪ EU (4, s)) =

⋂
16≤s≤64

EL(r(s), s), (6.2)

where the elliptic domain is defined by

E(r̄, s) =
{
(s, t)

∣∣∣(s, t) ∈ (Re(t)− f2/2)2

(r̄ − f2/2)2
+ (Im(t))2

r̄(r̄ − f2)
< 1

}
, with f2 = 4− s. (6.3)

The value of right extremity r̄ depends on whether we are considering the Martin or Lehmann
ellipse.

• EU (R, s) is the Martin ellipse with foci at t = 0 and t = 4 − s and right extremity
R = 4, in the absence of bound states;9

• EL(r(s), s) is the Lehmann ellipse with the same foci and right extremity r(s) = 256/s.

The crucial ingredient in the definition of D is the existence of the Martin ellipse. Without
the Martin ellipses, the intersection of all Lehmann ellipses would coincide with the real
segment −28 ≤ t < 4, since the ellipse becomes degenerate when s → ∞. The right-hand
side of (6.2) results from a simple geometric analysis. In figure 8 (left), we illustrate in red
the domain D obtained from this construction.

9The presence of a spin-two bound state would shrink the right extremity to t = m2
b .
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This domain was further enlarged by Martin in [76] — see also the blue region in
figure 8 (left)

D′ =
⋂

4≤s<∞
EL(r′(s), s), (6.4)

where the extremity function r′(s) is given piecewise by:10

r′(s) =



16s

s − 4 , s ≤ 16,

256
s

, 16 ≤ s ≤ 32,

4s

s − 16 , s ≥ 32.

(6.5)

In figure 8 (right), we give an alternative view of the extremity of these ellipses projecting
them on the plane of real s and t variables. The red curve corresponds to the Lehmann ellipse
extremity t = 256/s. The dashed gray line intersecting this curve is the line u = constant =
−28. This gives an intuition where the number −28 comes from.

The blue curve represent the extremity of the improved domain found by Martin. Looking
at its shape, it seems pretty unnatural. Indeed, the purple curve is the unitary Landau curve,
along which the amplitude’s discontinuity becomes singular. This curve seems the natural
boundary for the validity of fixed-t dispersion relations. To our knowledge, no rigorous
extension of analyticity between the blue and purple curves has yet been achieved.

Assuming we were able to prove analyticity up to the Landau curve, we would be able
to extend analyticity in t to the domain depicted in purple in figure 8 (left).

6.2 The analyticity domain in x, y variables

For each fixed value of s, the domain of analyticity in the t-channel is bounded by an ellipse
with foci at (0, 0) and (4 − s, 0), and right extremity given by (6.5). This ellipse can be
parametrized by the complex function

t(s, ϕ) = c(s) + (r′(s)− c(s)) cosϕ + i
√
(r′(s)− c(s))2 − c(s)2 sinϕ, (6.6)

where c(s) = 2 − s/2 denotes the center of the ellipse.
The corresponding parametric curve is given by C(s, ϕ) = (x(s, t(s, ϕ)), y(s, t(s, ϕ))) in the

(x, y) plane. This curve lies entirely in the real (x, y) plane only when sin(2ϕ) = 0. Due to the
crossing symmetry of the x, y variables, only the values ϕ = 0 and ϕ = π yield distinct curves.

To visualize the analyticity domain in x, y variables, it is sufficient to plot these curves as a
function of s, as shown in figure 9. The red region in orange represents the physical scattering
domain; the surrounding yellow region is the maximal real domain compatible with analyticity.
The black boundaries indicate regions where we haven’t proven the amplitude is analytic.

10Dear reader, if this piece-wise domain looks unnatural to you, you are not alone. We do not have a concise
understanding of the origin of this piecewise function. Furthermore, it would be nice to prove analyticity
below the Karplus curve.
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Figure 9. The analyticity domain in the (x, y) plane. The orange region corresponds to the physical
domain of real scattering angles and physical energies. The yellow region enveloping it is the real
fundamental domain. Black lines denote the boundaries of the analyticity domain. The upper-right
excluded region corresponds to the image of the double-discontinuity domain in (x, y) space. The
lower boundary reflects the upper extremity of the ellipse in complex t.

Asymptotically, the forbidden region for real values of (x, y) can be approximated by
the following inequalities:

− 2
3
√
3

x3/2 ≤ y ≤ 8
3x or y ≥ 2

3
√
3

x3/2, for x ≥ 0,

y ≥ 8
3x, for x ≤ 0. (6.7)

A necessary condition for an admissible foliation that fully covers the physical region is
that it remains within this approximate asymptotic domain. Of course, once such a foliation
is constructed, one must also verify that it remains inside the full analyticity domain for
complex values of (x, y). On the other hand, if one is interested only in covering a finite
portion of the domain, it becomes important to take into account the detailed shape of
the analyticity region in (x, y) space.

6.3 Partial wave projection in x, y space

To derive rigorous dispersion relations for partial waves, it is not enough to identify a single
leaf that remains within the analyticity region; one must construct a family of leaves which,
for each fixed energy s, covers the segment 2 − s/2 ≤ t ≤ 0.

Following [2], we note that at fixed s, this segment maps in the (x, y) plane to a straight line:

y = s2x − s32 = (t − 4/3)x − (t − 4/3)3, with 2− s/2 ≤ t ≤ 0. (6.8)

At t = 0, this yields the line y =
(
4
3

)3
− 4

3x, while t = 2 − s/2 corresponds to the lower
boundary of the physical region, y = − 2

3
√
3x3/2.
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Figure 10. Projection segment for s = 30 (green), and an admissible foliation using x0 = 0 covering
it for −9.56 ≤ a ≤ −1.33.

Figure 10 illustrates the segment that must be integrated over to project onto partial
waves at s = 30. When using a linear foliation y = a(x − x0) with x0 = 0, we must ensure
that the family of leaves spans this segment while remaining inside the analyticity domain.
In this example, this is achieved for −9.56 ≤ a ≤ −1.33.

More generally, for any given foliation, one must solve a geometric problem: find the
range of parameters (a, x0) for which the leaves both remain analytic and allow projection to
partial waves up to the largest possible s. This is the origin of the bounds reviewed in figure 1.

Analyticity of the linear foliation y = a(x − x0). This analysis was carried out in [1, 2]
and can be approached geometrically. Figure 9 shows that not all straight lines lie within
the analyticity region. The upper bound on admissible slopes is set asymptotically by the
asymptotic Landau curve y = 8

3x, so we must have Re(a) < 8
3 . The lower bound arises from

the point at which the foliation line touches the bottom boundary of the analytic domain.
Figure 11 (Right) illustrates this for x0 = 0, where the minimal slope is amin = −29.5,

corresponding to a maximal projection energy of s = 89.90. Varying x0 yields the family of
admissible regions shown in figure 11 (Left), where the optimal value is x0 = 787.6, allowing
projection up to s = 125.31 with amin = −44.4.

A generic feature of linear foliations is that no single choice (a, x0) allows projection
at all allowed energies. As already observed in [2], covering the full energy range requires
two separate dispersion relations:

y = ax, −29.5 ≤ a < 8/3, 4 ≤ s ≤ 89.90
y = a(x − 787.6), −44.4 ≤ a < 8/3, 39.78 ≤ s ≤ 125.31 (6.9)

Each requires a distinct subtraction point: (s, t) = (4/3, 4/3) for the first, and (s, t) =
(29.4, 4/3) for the second.

– 22 –



J
H
E
P
0
7
(
2
0
2
6
)
2
5
5

2000 4000 6000 8000 10000 12000

-500000

-400000

-300000

-200000

-100000

s=89.9

s=125.3

x

y

0 200 400 600 800 1000 1200

-60

-40

-20

0

20

a

x0

global minimum
(787.6, − 44.4)

 for 
amin s > 32

 fo
r 

a m
in

16
< s

< 3
2

Auberson-Khuri

al
lo

w
ed

 v
al

ue
 o

f a

Figure 11. Left: allowed range of a as a function of x0. For x0 = 0, the range is −29.5 < a < 8/3;
the optimal choice is x0 = 787.6, for which −44.4 < a < 8/3. Right: gray region is excluded by
analyticity; the yellow region is the real fundamental domain.

Polynomial foliations can in principle extend this range further, introducing multiple
dispersion windows and subtraction constants. However, a unique case stands out: the
non-polynomial foliation y = αx3/2, dictated by the asymptotic boundary (6.7), already
introduced in section 4. This choice supports projection for all s with a single family of
leaves. The trade-off is the presence of a branch-point singularity at (x, y) = (0, 0), which
introduces an extra contribution interpretable as a subtraction function.

6.4 Homogeneous foliation y = αx3/2

For the homogeneous foliation introduced in section 4, we determine the range of parameters
needed for partial wave projection as

− 2
3
√
3
≤ α ≤ 0. (6.10)

The reason for this choice is simple: in right panel of figure 11, the boundary of lower gray
region asymptotically goes as − 2

3
√
3x3/2, therefore, αx3/2 curve with the restriction (6.10)

avoids the Martin-Lehmann excluded regions for all physical energies and angles, allowing
to project on partial waves for all energies (see more details in appendix D).

The corresponding set of Roy-like equations take the form

fℓ(s1) =
M(0, 0)δℓ,0

16π
+
∫ ∞

8
3

dσ
∞∑

ℓ′=0
Im fℓ′(σ)K1

ℓ′,ℓ(σ, s1)

+
∫ ∞

0
dσ

∞∑
ℓ′=0

[
Im fℓ′(iσ)K2

ℓ′,ℓ(σ, s1) + Re fℓ′(iσ)K3
ℓ′,ℓ(σ, s1)

]
,

(6.11)
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Figure 12. Roy-like equations measured on the fully crossing-symmetric component of the non-
perturbative pion amplitude M̃(s, t, u). Left: real part of f̃0(s) (in black) is compared against the
right-hand side of (6.11): the first two terms (in orange) and all three terms (in red). Right: the
same for f̃2(s).

where the detailed expressions for the kernels Ki
ℓ′,ℓ(σ, s1) for i = 1, 2, 3 can be found in

appendix D, and the subtraction constant M(0, 0) is an unknown that, as usual in dispersion
relations, needs to be provided.

Eq. (6.11) is obtained by partial wave projection of the dispersion relation (4.14). On the
right-hand side, we make use of the partial wave expansion of the amplitude for physical and
purely imaginary values for σ. We have shown in detail in appendix D that the expansion
converges for both cases.

The interesting aspect of this foliation is that such projection can be achieved for
physical angles at all physical energies s1 > 8/3, thus providing a Roy-like equation valid
to all energies.11 There is however a price to pay for this extension: one needs to provide
Discx′<0Mα(x′) (last term in (6.11)). Providing Discx′<0Mα(x′) is challenging because it is
evaluated at nonphysical kinematics. This seems to be a general feature of foliations that
reach arbitrarily high energies — though a formal proof is lacking.

To test (6.11), we consider the non-perturbative pion amplitude constructed in [34]. In
particular, we apply them to the crossing symmetric component M̃(s, t, u) = 1

3M (0)(s, t, u) +
2
3M (2)(s, t, u), where M (0) is the singlet, and M (2) the symmetric traceless amplitude com-
ponent. In figure 12, we plot in black the real part respectively of f̃0 and f̃2 for the first
two spins as function of the energy in GeV as computed projecting M (0) in partial waves.
Orange and red lines are respectively the contribution from the right-hand cut, and the sum
of right-hand cut and imaginary line integral (the second line in (6.11)). Interestingly, there is
no contribution coming from spin zero to the spin two right-hand side integral. Moreover, the
dispersion relations appear quite orthogonal since the difference between the true projection
and our truncated reconstruction to a single wave is quite good up to 2.5 GeV.

11Note that any other foliation will always have an upper bound. For example, for AK-CSDR the restriction
on parameter a > −29.5 gives upper bound s < 89.9; and for MRW-CSDR, the restriction on parameter
a > −44.4 gives upper bound s < 125.3 (see figure 11). One can also show that, for constant foliation, the
analogous restrictions, as explained in appendix C, yields the upper bound s < 32.2.
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7 Outlook

The old analytic S-matrix literature is filled with deep and often unresolved questions, which
were largely abandoned due to technical difficulties and waning interest. The recent resurgence
of interest in the non-perturbative S-matrix methods prompts us to revisit these problems
with fresh tools and renewed motivation.

A fundamental open question concerns the Martin-Lehmann analyticity domain. We
have now strong evidence [72] that the domain of the double-discontinuity is bounded by
the two Karplus curves, which are simply given in the s − t channel by the two hyperbolas
t = 4s/(s − 16) and t = 16s/(s − 4). Interestingly, the Martin-Lehmann domain stops a
little below these curves. It would be desirable to extend the proof of analyticity all the
way to the double discontinuity, or otherwise prove the impossibility of such an extension
and understand the reason for it.

The dispersion relations for partial waves (6.11) that we proved are valid for all energies
suggest that it should be possible to derive an extended analyticity region for partial wave
amplitudes. It would be interesting to revisit the analysis done by A. Martin [46] in the
light of this new set of dispersion relations.

On a more general ground, it is important to point that there is a conceptual gap between
the analyticity domain derived by Bros, Epstein, and Glaser (BEG) — which relies purely
on causality — and the Martin-Lehmann “potato,” which incorporates BEG analyticity
together with positivity which we used to derive the results in this work. Could it be that
using full non-perturbative unitarity (which is absent in Martin’s original analysis) could
help bridging this gap?

A promising direction for future work is the study of dispersion relations for higher-point
scattering amplitudes. While the proliferation of kinematic variables and crossed-channel
singularities has historically made dispersion relations for such amplitudes technically daunting
(see [77] for a classic reference on this subject), our framework may offer a new angle. In
particular, it would be worth exploring whether multi-point dispersion relations can be
formulated using crossing-symmetric variables. The main obstacle is the highly non-linear
relation between these variables and the standard Mandelstam invariants, which complicates
the connection to unitarity. To our knowledge, this direction remains largely unexplored, yet
it could offer a new way to evade anomalous thresholds appearing in multi-particle amplitudes,
which pollute dispersion relations written in terms of Mandelstam variables.

In this work, we have found a set of Roy-like equation which are valid for all physical
energies (6.11). The beauty of these equations is their simplicity. The foliations needed to
derive them is highly non-trivial, but their final expressions are free of horrid cubic roots. The
resulting Roy equations are easy to write, and the resulting kernels are rational functions of
the Mandelstam invariants.12 However, this extension comes at a price, that these equations
require as an input the knowledge of the partial wave amplitudes for complex values of the
energy. It would be interesting to explore their possible phenomenological use.

12The reader might ask why not derive these equations directly in the Mandelstam plane. That should be
possible, however, let us point out that a priori it would have been really hard to guess the integration contour
in (4.14).
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It would be highly desirable to apply these results to concrete S-matrix bootstrap problems.
A first possibility is to integrate our formalism into the primal dispersive approach introduced
in [33, 35]. Lastly, in the dual approach, one expects that dispersion relations valid at all
energies will suffer from numerical instabilities, due to the need for analytic continuation
when relating partial waves on the imaginary axis to the unitary cut. We conjecture that
one could mitigate this issue by introducing a suitable regulator, as proposed in [26]. We
leave these numerical explorations to future works.
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A Divertissement: two-channel symmetric dispersion relations

In this appendix, we describe how to write crossing-symmetric dispersion relations in the
case of a two-channel symmetric amplitude M(s1, s2) = M(s2, s1). The crossing-symmetric
variables in this case are defined by

x(s1, s2) = s1 + s2, y(s1, s2) = s1s2, (A.1)

or via the unordered solutions to the polynomial

P (σ) = (σ − σ1)(σ − σ2) = σ2 − xσ + y = 0. (A.2)

The steps of derivation follows analogously to the three channel case on a single leaf y = fα(x).
To do the pull-back, we first need to solve the equation

σ(x − σ) = fα(x) (A.3)

whose solutions are given by x(i)(σ) corresponding to N possible solutions.
We will focus on the open-string amplitude, whose asymptotic behavior needs no sub-

traction. The un-subtracted dispersion integral is given by

Mα(x) =
N∑

i=1

1
π

∫
Ii

dx′ 1
x′ − x

Ai
α(x′) . (A.4)

Its pull-back is then given by, with τ (i)(σ) = x(i)(σ) − σ,

M(s1, s2) =
N∑

i=1

1
π

∫ ∞

8/3
dσ

dx(i)(σ)
dσ

A(σ, τ (i)(σ)) 1
x(i)(σ)− s1 − s2

(A.5)

where
dx(i)(σ)

dσ
= 2σ − x

σ − df/dx

∣∣∣∣
x=x(i)

= σ − τ (i)(σ)
σ − df/dx|x=x(i)

. (A.6)
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The main difference to the three-channel case is that all solutions of τ (i) are distinct, and
there is no notion of ± multiplicity, as there is no t ↔ u symmetry any more.

For the linear foliation y = a(x−x0), the generic relation (A.5) on a single leaf reduces to

M(s1, s2) =
1
π

∫ ∞

8/3
dσ A(σ, τ(σ))

( 1
σ − s1

+ 1
σ − s2

− 1
σ − a

)
(A.7)

where
τ(σ) = a(σ − x0)

σ − a
, x(σ) = σ2 − ax0

σ − a
.

Note that the un-subtracted kernel after replacing a = y/(x − x0) becomes

1
σ − s1

+ 1
σ − s2

− s1 + s2 − x0
σ(s1 + s2 − x0)− s1s2

.

Local CSDR as a limiting case. As before, we consider the linear foliation with y = c

leaves for constant c. Taking the double limit a → 0 and −ax0 → c gives

τ(σ) = c

σ
, x(σ) = c

σ
+ σ.

The kernel (A.7) in this limit becomes

1
σ − s1

+ 1
σ − s2

− 1
σ

,

which exactly matches the equation (3) presented in [6], after employing the useful identity

1
x(σ)− s1 − s2

= σ − a

σ2 − (s1+s2)σ + s1s2
. (A.8)

A.1 Open string amplitude and a new formula for π

The CSDRs on a generic foliation provide new representations for the function

MΓΓ(s1, s2) =
Γ (α − s1) Γ (α − s2)

Γ (β − s1 − s2)
, α, β ∈ ℝ. (A.9)

The absorptive part of this function is given by

AΓΓ(s1, s2) = −
∞∑

n=0

1
n! (1− α + s2)n+2α−β πδ(s1 − n − α) (A.10)

where (x)n ≡ Γ(x + n)/Γ(n) is the Pochhammer symbol, and when 2α − β is an integer. The
open string amplitude corresponds to the case α = 0, β = 1.

Employing the pulled-back two-channel CSDRs (A.5), we get the following representation

MΓΓ(s1, s2) =
N∑

i=1

∞∑
n=0

1
n!
(
1− α + τ (i)(σ)

)
n+2α−β

× dx(i)(σ)
dσ

1
x(i)(σ)− s1 − s2

∣∣∣∣∣
σ=n+α

(A.11)

provided that the sum over n converges. We remind the reader again that x(i)(σ) are the
solutions of the equation (A.3) where y = fa(x) is a generic foliation.
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Figure 13. A comparison of convergence rates of the sum (A.12) for various choices of foliations. We
fix b = −201, c = 10, λ = 551/10 and show the error with respect to π as a function of the truncated
n-sum.

A generic formula for π can be found by evaluating the open string amplitude at a
kinematic point, by setting α = 0, β = 1, s1 = s2 = −1

2 in (A.11). However, choosing α = 0
may spoil the convergence of the above sum. For improving the convergence, it is often
helpful to use the shift symmetry of this amplitude

s1 → λ + s1, s2 → λ + s2, α → α + λ, β → β + 2λ ,

and we finally get

π =
N∑

i=1

∞∑
n=0

1
n!
(
1− λ + τ (i)(σ)

)
n−1

× dx(i)(σ)
dσ

1
x(i)(σ) + 1− 2λ

∣∣∣∣∣
σ=n+λ

. (A.12)

For illustration purposes, we considered the following choices of foliations:

fa(x) ∈
{

a, a x,
a

x + b
, a

x + c

x + b
, a

x2 + c

x + b
, a exp (−x/c)

}
.

The results are shown in figure (13). The sums generally converge quite fast, reaching up
to 70 − 100 decimal places accuracy using < 350 terms in the n-sum.

A worked-out example. Let us provide an explicit example to show how the general
formula works. For the hyperbolic foliation y = a

x+b , we get

x(i)(σ) = σ − b

2 + (−)i

2

√
(b + σ)2 + 4a

σ
and τ (i)(σ) = x(i)(σ)− σ . (A.13)
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Then, the un-subtracted kernels are given by

K(i)(σ) =
σ2
(
b + σ + C

(i)
σ (s1, s2)

)
− 2s1s2 (b + s1 + s2)

σ2C
(i)
σ (s1, s2)

(
C

(i)
σ (s1, s2)− b + σ − 2s1 − 2s2

) (A.14)

where we defined C
(i)
σ (s1, s2) ≡ (−)i

√
4
σ s1s2 (b + s1 + s2) + (b + σ)2.

The hyperbolic foliation, provides a two-parameter representation for the function via a

and b. After using the shift symmetry by λ, we finally arrive at the representation

MΓΓ(s1, s2) = −
2∑

i=1

∞∑
n=0

K(i)(n+α)
n!

(
1 + 1

2Cn+α+λ(s1+λ, s2+λ)− 3α − b − 3λ − n

)
n+2α−β

(A.15)
A two-parameter formula for π can be obtained once again at s1, s2 = −1

2 :

π = −
∞∑

n=0


(
1 + Cn−b−3λ−n

2

)
n−1

2n!

 (b+λ+n)(b+3(λ+n))
Cn(λ+n) − Cn

λ+n + 2
Cn + n + 2− b − 3λ

+ (Cn → −Cn)

 (A.16)

with Cn =
√
(b + λ + n)2 + (1−2λ)2(b+2λ−1)

λ+n .
A few words on the convergence of the above sum: for example, choices of λ = 551/10,

b = −200 with truncation cut off of the n-sum at nmax = 200, gives 44 decimal place accuracy
to π. For finite truncation cut off nmax and positive b, the first term in the summand of (A.16)
contributes the most, e.g. for {λ, b, nmax} = {551/10, 200, 200} it reaches 53 decimal place
accuracy to π. For negative b both terms are important.

A.2 Closed string amplitude and multiple zeta function

To find a crossing-symmetric representation of the closed string amplitude,

MΓΓΓ(s, t, u) = Γ(−s)Γ(−t)Γ(−u)
Γ(s + 1)Γ(t + 1)Γ(u + 1) , (A.17)

one can use the un-subtracted three-channel CSDR with the y = c foliation, yielding

MΓΓΓ+ 1
stu

=
∞∑

n=1

( 1
s − n

+ 1
t − n

+ 1
u − n

+ 1
n

) 1
(n!)2

(
1−n

2+
√

n4 − 4nstu

2n

)2

n−1
(A.18)

This expression agrees with [6, 7], where they used local CSDR to obtain the same expression.
Upon using a shift symmetry of the string amplitude, it is possible to get a one-parameter
family of representations [7, 78].

Alternatively, using the un-subtracted MRW foliation y = ax + β, we find

MΓΓΓ+ 1
stu

=
∞∑

n=1

(
1

n−s
+ 1

n−t
+ 1

n+s+t
− s2+st+t2

β + n (s2+st+t2)− st(s+t)

)
(τ(n, β) + 1)2n−1

(n!)2
(A.19)

and, with the definitions x = −st − tu − us and y = −stu,

τ(n, β) ≡ 1
2

1
β + nx − y

√
(β + nx − y) (n3x + 3n2(y − β) + 4βx)− n

2 .

These representations both give convergent answers, due to the good large-n behavior of
Pochhammer symbols. We next use them to find parametric representations of the multiple
zeta function by expanding on both sides in powers of s and t.
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Multi-zeta values. A linear sum of multiple zeta functions dubbed as Z(r, q) appears in
the low energy expansion of the amplitude in terms of s, t as follows (see equation (4.15)
of [79] for the exact definition)

MΓΓΓ(s, t, u) + 1
stu

=
∞∑

i,j=0
Z(i + 3, j) sitj . (A.20)

Then, doing the low energy expansion MΓΓΓ(s, t) =
∑∞

l,q=0Wl,qx(s, t)ly(s, t)q in terms of x, y

and using the un-subtracted dispersion relation for y = ax + β, we have

WΓΓΓ
l,q =

∞∑
n=1

q∑
m=0

n∑
j=0

4j(−1)q−m+1βj−mP (j, n)n−3j+l−m+3q−3

m!(n − 1)!2(q − m)! (β + n3)l+q−m+1

×
(
3βq 2F̃1

(
1− q, αl;βj + 1;− β

n3

)
+
(
β − 2n3

)
2F̃1

(
−q, αj ;βj ;−

β

n3

)) (A.21)

where 2F̃1 denotes the regularized Gauss hypergeometric function, and

αj = j−l+m−q+1, βj = j−q+1, P (j, n) = ∂j

∂xj

(1
2n
(√

x − 1
)
+ 1

)2

n−1

∣∣∣
x=1

.

Note that the coefficient of sitj can be extracted from x(s, t)ly(s, t)q =
∑∞

i,j=0 cl,q
i,jsitj with

cl,q
i,j =

l∑
k=0

(−1)q

(
l

k

)(
k

i − k − q

)(
q

−i − j + 2l + 3q

)
. (A.22)

Combining (A.21) and (A.21) allows us find the expression for Z(i + 3, j).
Note also that some values of the Riemann zeta function ζ can be obtained as

ζ(3 + 2l) = WΓΓΓ
l,0 . (A.23)

B Null constraints explicitly

Equation (4.8) describes a one-parameter family of dispersion relations on each leaf (x, fα(x))
covering ℂ2

(x,y). Stacking them together introduces isolated singular points in the foliation,
on which the derivatives with respect to various directions become ill-defined, as described
in section 5. Such non-analytic behavior in the kinematic plane is spurious since it does
not correspond to a physical process. In this section, we explicitly derive the compatibility
conditions arising from enforcing analyticity on the singular points for various foliations.

Consider the partial wave expansion in (5.5) and define ξ = cos2 θ. To facilitate the
expansion around special kinematical points, we can express the Legendre polynomials in
terms of a linear combination over simple monomials by noting that

Pℓ(
√

ξ) =
ℓ/2∑
j=0

(ξ − ξ0)j Pj,ℓ

j! , (B.1)

where Pj,ℓ ≡ ∂j
W Pℓ(

√
W )|W=ξ0 for any real ξ0.

Let us explore concrete examples to understand how the constraints arise.
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Linear foliation. Let us consider the linear leaves for constant x0, namely a(x, y) = y/(x−x0)
is a variable of external kinematics. The scattering angle squared can be recast as

ξ − ξ0 =
4a
(
σ2 − x0

)
σ2(σ − a) ξ0 . (B.2)

We choose ξ0 = σ2

(σ−8/3)2 to simplify the dependence of the angle on a. Plugging the angle
into the partial wave expansion (5.5) and employing (B.1) gives

A(σ, s+2 (σ)) =
∞∑

ℓ=0

ℓ/2∑
j=0

Imfℓ(σ)
(
4a
(
σ2 − x0

)
σ2(σ − a)

)j

(ξ0)j Pj,ℓ

j! (B.3)

After replacing a → y/(x − x0), it is obvious that expanding (B.3) around x = x0 and y = 0
gives rise to negative powers of (x − x0). For example:

(B.3) ⊃ y2

x − x0

∫ ∞

8/3
dσ

∞∑
ℓ=0

Imfℓ(σ)
4ξ0 (4ξ0P2,ℓ − P1,ℓ)

πσ5 (B.4)

Such spurious powers to vanish when their coefficients vanish. Imposition of the vanishing
of higher-negative powers of (x − x0) results in generating the null constraints, or locality
constraints of Auberson-Khuri CSDR.

Quadratic foliation. A slightly richer example is the foliation y = f(x) = ax(x−x0), which
has two singular points x = 0 and x = x0, and two solutions for x(i) given by. Plugging the
angle in the partial wave expansion, then replacing a → y/(x(x − x0)) and collecting the
negative powers of either x or (x − x0) produces the null constraints.

For instance, around (x, y) = (0, 0), one spurious term is given by

x

y
×
∫ ∞

8/3
dσ

∞∑
ℓ=0

ℓ/2∑
i=0

Im[fℓ(σ)]
ξ0

iPi,ℓ

π(2)i−1

((
4

σ2 −4
)i(i(3σ2−1)+6σ4−7σ2+1)

σ2−1
−

(−1)i22i+1(3σ2−2)( 7
3 −2σ2)i−1

( 4
3 −2σ2)i−1

)
.

(B.5)

Local CSDR. An interesting example is the case of constant y = c. We showed that every
point with a finite distance to the origin is regular in this foliation in section 5, however,
the parallel leaves intersect at the infinity, giving rise to yet another singularity. We now
demonstrate that an expansion around this point naturally leads to null constraints.

Note first that the argument of Legendre polynomials in this case simplify to

ξ − ξ0 =
4c

σ3 ξ0 . (B.6)

Then, for instance, we know that a term of the order yn/x should not be present in an
around y → ∞ while x is fixed, thanks to the Froissart bound, hence the coefficient in front
should vanish. The term at this order turns out to be

y2

x
×
∫ ∞

8/3
dσ
∑

ℓ

Im[fℓ(σ)]
4ξ0 (4ξ0P2,ℓ − P1,ℓ)

πσ5 . (B.7)

Remarkably, it gives rise to the same sum rule as (B.4), as we derived above.
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This resolves a previously puzzling aspect: the local CSDR derived in [49] must still
be supplemented with null constraints, even though they do not emerge directly from the
locality property of representation itself. Indeed, the representation appearing in [49] is
fully crossing-symmetric and exhibits a well-defined power expansion in x and y, suggesting
that the locality is manifest. Thus, when presented with the representation alone, there is
no immediate indication of any inconsistency. The necessity for these constraints was not
apparent from the representation itself. However, by carefully considering the geometric
structure underlying the foliation, the origin of these constraints becomes apparent.

C Further details on analyticity domains of linear foliations

To determine the allowed region in the (a, x0)-plane, we fix x0 and scan over s in the three
domains: 4 < s < 16, 16 < s < 32, and s > 32, identifying the values of a for which the
dispersive integration remains inside the analyticity domain.

The excluded values of a for each x0 define colored regions in figure 11 (left), while the
remaining white region corresponds to the admissible choices of (a, x0). The optimal value is
found at x0 = 787.6, where the allowed range is −44.4 < a < 8/3. For the Auberson-Khuri
choice x0 = 0, the range is narrower: −29.5 < a < 8/3 — see also [80]. These bounds translate
into maximum energies of validity for the Roy equations: s = 125.31 and s = 89.9, respectively.

Linear foliation. Using figure 8, we can now translate the t-analyticity domain into con-
straints on the foliation parameters used to derive CSDRs. For instance, the Landau curve
t = 4s

s−16 maps to the straight line y = 8
3x. Consequently, any dispersive integration along

a line y = a(x − x0) with a ≥ 8
3 will extend beyond the analyticity domain.

An arbitrary choice of (a, x0) is not consistent with the analyticity domain D′ of (6.4),
so let us identify the allowed regions in (a, x0) space. These domains are defined through
Lehmann-Martin ellipses (6.3) whose right extremity r′(s) were given in (6.5). Ensuring
that s+2 (s1) in (3.10) stays inside the ellipses eventually leads to a complex domain for a at
a fixed x0. Since are interested in the real values of a, we keep Im a = 0. The key steps
to find the allowed regions are:

• At a fixed x0, find the maximum and minimum of a allowed by the ellipses, scanning
over the s in three regions: 4 < s < 16, 16 < s < 32, and s > 32.

• Identify excluded regions (yellow, green, cyan in left panel of figure 11) and allowed
regions (white) in the (a, x0)-plane, namely for each x0 find allowed-disallowed values
of a and plot them as a function of x0.

The figure shows a global minimum for optimal value x0 = 787.6 with the allowed range
−44.4 < a < 8/3. For the Auberson-Khuri choice, x0 = 0, the allowed range is −29.5 < a <

8/3 — –see also the derivation in [80]. The corresponding upper bounds for the validity
domain of Roy equations are respectively s = 125.31 and s = 89.9.

Local CSDR. For the foliation of constant lines, y = c, the arguments of absorptive part
are s1 and s+2 (s1) given by (3.16). To ensure analyticity, we must demand that s+2 (s1) lies
within the Lehmann-Martin ellipses (6.3). This leads to a complex domain for c. In our
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foliation, we are interested in the real values of c, so we keep Im c = 0. We repeat the
same exercise as above:

• Find the maximum and minimum of c allowed by the ellipses scanning over s in three
ranges: 4 < s < 16, 16 < s < 32, and s > 32. The second ellipse 16 < s < 32 gives the
most stringent bounds

• The allowed values of c lie in the interval

−198704
27 < c <

170368
27 .

Then, the validity domain of the Roy equation in this case turns out to be −28 < s < 32.2103.

D Further details on Roy-like equations for all energies

Let us first briefly show that why Roy-like equations we obtained in section 6.4 via the
homogeneous foliation (4.12) works for all physical energies and angles. Remember that the
arguments of M(x, y) should obey the inequality

− 2
3
√
3

<
y(s1, s2)

x(s1, s2)3/2 < 0

to avoid the forbidden regions in (x, y) plane. If we replace now t = −1
2(s − 4)(1− z), then

the above inequality becomes

− 2
3
√
3

<
18(s − 4)2(3s − 4)z2 − 2(3s − 4)3

3
√
3 (3(s − 4)2z2 + (4− 3s)2)3/2 < 0 , (D.1)

which is always respected for physical kinematics, i.e. s ≥ 4 and −1 ≤ z ≤ 1. In other words,
there is no upper bound on s for the validity range of Roy-like equations.

Then, let us move on deriving the Roy-like equations for all energies.
The unique solution to σ3 − σx + αx3/2 = 0 for α < 0 is given by

xα(σ) =
σ2
(
2 3√2

(
6α2 − 1

)
+ 2 3

√
cα − 22/3c

2/3
α

)
6α2 3

√
cα

, (D.2)

where the constant cα = −3
(
α
(√

81α2 − 12 + 9α
)
− 6

)
α2 − 2 depends on α. We also recall

that τα(σ) = −σ
2 + 1

2
√
4xα(σ)− 3σ2. The first step is to expand the integrand of (4.14)

in partial waves, which yields

M(s1, s2) =M(0, 0) + 1
π

∫ ∞

8
3

dσ
∞∑

ℓ=0
16π(2ℓ + 1) Im [fℓ(σ)]Pℓ

(
σ + 2τα(σ)

σ − 8/3

) 2s21
σ3 − s21σ

+ 1
π

∫ ∞

0
dσ

∞∑
ℓ=0

16π(2ℓ + 1) Im
[
fℓ(iσ)Pℓ

(
iσ + 2τα(iσ)

iσ − 8/3

)] 2s21
σ3 + s21σ

, (D.3)

where we used the fact that for α < 0, τα(−iσ) = τα(iσ)∗, and real analyticity fℓ(−iσ) =
fℓ(iσ)∗. Partial wave projection is given by

fℓ(s1) =
1

32π

∫ 1

−1
dzPℓ(z)M(s1, s2) where z = s1 + 2s2

s1 − 8/3 . (D.4)
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Note that, for any external s1, we integrate over the full range of z by adjusting α =
y(s1,s2)

x(s1,s2)3/2 < 0 accordingly. Then we have the final form of Roy-like equations as follows

fℓ(s1) =
M(0, 0)δℓ,0

16π
+
∫ ∞

8
3

dσ
∞∑

ℓ′=0
Im fℓ′(σ)K1

ℓ′,ℓ(σ, s1)

+
∫ ∞

0
dσ

∞∑
ℓ′=0

(Im fℓ′(iσ)K2
ℓ′,ℓ(σ, s1) + Re fℓ′(iσ)K3

ℓ′,ℓ(σ, s1)), (D.5)

where the kernels are given by

Ki
ℓ′,ℓ(σ, s1) =

2ℓ′ + 1
2π

∫ 1

−1
dz Pℓ(z) ki

ℓ′(s1, z, σ) (D.6)

and

k1
ℓ′(s1, z, σ) = Pℓ′

(
σ + 2τα(σ)

σ − 8/3

) 2s21
σ3 − s21σ

k2
ℓ′(s1, z, σ) = Re Pℓ′

(
iσ + 2τα(iσ)

iσ − 8/3

) 2s21
σ3 + s21σ

k3
ℓ′(s1, z, σ) = Im Pℓ′

(
iσ + 2τα(iσ)

iσ − 8/3

) 2s21
σ3 + s21σ

The z-dependence of the integrands comes through α = y(s1,s2)
x(s1,s2)3/2 with z = s1+2s2

s1−8/3 — see
also (D.1).

D.1 Convergence of partial wave expansion along imaginary axis

Let us fix the ratio s2/s1 = k = const. first and we obtain x(σ, kσ) = σ2(1 + k + k2). This
expression for x becomes useful when plugged in σ3 − σx + αx3/2 = 0, because it allows to
express α in terms of the ratio of Mandelstam variables

σ3(k + k2) = ασ3(1 + k + k2)3/2 =⇒ α = k + k2

(1 + k + k2)3/2 . (D.7)

The fundamental domain is fully spanned by k ∈ [−1/2, 1] — see figure 2. Note that the
restriction (6.10) implies that

−1/2 ≤ k ≤ 0 , (D.8)

and the map between k and α is one-to-one in this interval.
In order to write Roy-like equations for this foliation, we will need to expand M(σ, kσ) in

partial waves along imaginary axis in σ. The scattering angle on the leaf is given by

z = s2 − s3
s1 − 8/3 = (2k + 1)σ

σ − 8/3 (D.9)

The closest singularity in the complex z plane is given by zsmall = 1 + 8
σ−8/3 , and the small

Martin-Lehmann ellipse whose foci are at z = ±1 passes through this point.
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From now on, we assume σ = iσ̄ ∈ iℝ, then the interior of the ellipse is given by

(Re z)2

a2 + (Im z)2

a2 − 1 ≤ 1 where a = 4 +
√

σ̄2 + 16/9√
σ̄2 + 64/9

. (D.10)

After plugging in the scattering angle along the imaginary line, we get to the inequality

3σ̄2
(
3
√
9σ̄2 + 16 + 20

)
(√

9σ̄2 + 16 + 4
) (√

9σ̄2 + 16 + 12
)2 ≤ 1

(1 + 2k)2 . (D.11)

Left-hand side is a monotonic function of σ̄ ∈ [0,∞] and it is bounded by 1, which makes
the above inequality always true since right-hand side is greater than 1 when k is in the
range (6.10). Hence, the partial wave expansion converges. Remark also that it stops
converging for any α > 0.
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