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Biharmonic functions can be represented in terms of
harmonic or biharmonic potentials. These potentials can
be generated by hypothetical continuous source densities
distributed over suitable surfaces. Accordingly the
boundary value problems of two-dimensional elastostatics
can be fornulated as integral equations to determine these
sources. This thesis extends the analysis to cover
multiply-connected and infinite exterior domains. A
new theory of two-dimensional Volterra dislocations and

two-dimensional point-forces have been formulated.



“‘Introduction

Biharmonic analysis was systematically inagurated by
J. Hadamard at the beginning of the present century. He proved
the fundamental existence-uniqueness theorems for both interior
and exterior problems. These theorems were then applied to
solve certain problems arising from the linear theory of the
transverse deflections of thin elastic plates. About fifty
years earlier, G.B. Airy (1863) introduced a two-dimensional
stress function which satisfies the biharmonic equation. He
applied this to certain problems of the stretching of plates
under conditions of plane strain and plane stress. Much of
Hadamard's biharmonic analysis also applies to the Airy stress
function. But nevertheless, important differences arise,
because Hadamard's biharmonic function represents the transverse
deflection whereas Airy's stress function has no direct

physical significance.

A considerable advance in the representation of biharmonic
functions was-made by E. Almansi (1898), when he proved that
any biharmonic function can be expressed in terms of two
harmonic functions. This has been utilised to good advantage
by Coker and Filon (1957), and more recently by I.C. Brown (1973).
A powerful representation has been developed by the Russian
School as summarised by N.I. Muskhelishvili (1963). Here the
biharmonic function is expressed in terms of two complex
potentials. These can often be determined on the boundary of a
unit circle from the given boundary data, so enabling the

biharmonic function to be continued into the interior or exterior



domain of the circle. Accordingly, a wide class of biharmonic
boundary-value problems may be solved for any domain which can

be conformally mapped onto the unit circle.

Although Mushkelishvili's approach is very powerful, it is
also rather restricted. In engineering practice, we often
encounter shapes which cannot be mapped onto the unit circle.
This has led in recent years, to a renewed interest in
Almansi's representation. M.A. Jaswon (1963) introduced
Almansi's harmonic functions as simple-layer potentials,
generated by hypothetical sources on the boundary. Boundary
conditions involving given tractions may then be formulated
as boundary integral equations for determining the source
densities. Generally speaking, these integral equations
cannot be solved analytically. However, methods of numerical
discretisation were initiated by G.T. Symm (1963), which
enable numerical solutions to be obtained for a wide class of
boundaries. This approach was applied to some problems by
M.A, Jaswon et al (1967, 1968), by S.K. Chakrabarty (1971),
and by I.C. Brown (1973).

Considerable complications arise in Almansi's
representation when the boundary is doubly-connected or is
an infinite exterior domain. This thesis deals with an
extension of Almansi's representation to cope with these
complications. A feature of the extension lies in the central
role played by Volterra dislocations. In effect, a new theory
of two-dimensional Volterra dislocations has been formulated.
Integral equation methods may therefore now be applied to

doubly~connected domains, using a natural extension of the

B



procedure for simply-connected domains.

Another feature of doubly-connected domains is that
the tractions need not be equilibrated separately on each
boundary. This possibility requires the introduction of
multi-valued biharmonic functions, which have not previously
been studied in connection with Almansi's representation.
The thesis provides an analysis of such functions and brings
out their comnection with resultant or point-forces. The
thesis also provides a new method for determining the
displacement field generated by a point-force and by a
point couple. Accordingly, boundary displacement problems
can now be formulated for doubly-connected domains as well

as for simply-connected domains.

A direct representation of biharmonic functions in terms
of biharmonic potentials has been introduced by S.K. Chakrabarty
(1971). This provides an alternative type of representation
to Almansi's representation. Here again the boundary conditions
may be expressed as boundary integral equations, which determine
hypothetical biharmonic sources on the boundary. These have
been solved numerically by Chakrabarty for certain problems
concerned with the bending of plates. The present thesis
provides a fresh formulation of Chakrabarty's representation,
and it also extends the representation to cope with doubly-
connected domains (including infinite exterior domains). The

scope and limitations of Chakrabarty's representation, as

compared with Almansi's representation, has now become more

clearly understood.



To summarise, this thesis provides a foundation
for the application of integral equation methods to
doubly-connected domains and infinite exterior domains
of engineering interest. There would seem to be no
difficulty in extending the work to cover multiply-

connected domains.

- 10 -



PART I

SINGLE-VALUED BIHARMONIC FUNCTIONS



Chapter I

Almansi Representation of Biharmonic Functions

11 Introduction

A function ¢ is said to be harmonic within a domain B,

bounded by a closed surface 3B, if it satisfies the following

conditions:
i) ¢ is continuous in B + ) B;
ii) ¢ has continuous second order derivatives in B;
iii) ¢ satisfies Laplace's equation
vzzﬁz.pﬁz.pﬁtl:g within B
A 3y 3z ’ :

A function x is said to be biharmonic within a domain B,

bounded by a closed surface 3B if:

i) x 1s continuous in B + 2B;
ii) x has continuous derivatives upto the fourth order
within B;
iii) x satisfies the equation
V4x = v2v2x = v2(v2y) = O in B. (1-1-1)

According to Almansi (1897), an arbitrary biharmonic function
x may be represented in terms of two harmonic functions ¢ and

in any of the following forms:

i



X = X¢ + ¢,
X =Y+ N (1-1-2)
X = 2o + 1,

or in the form

x=Tp+y; 12 =x>=y?+ 2% (1-1-3)

where v2¢ = v2y = O. It may be verified by differentiation that
the forms (1-1-2), (1-1-3) are biharmonic functions for an

arbitrary choice of the harmonic functions ¢ and v.

Before giving the proofs of Almansi's theorems, we require
a lemma which we state and prove below.
1.2 Lemma

An arbitrary harmonic function h may be written as %%-where

¢ is a harmonic function.

Proof: Given h(x,y,z) where v?h = 0, we introduce the indefinite

integral
e [h(x,y.z)dx + 025 (1-2-1)

where n is a function of y and z to be determined.

Clearly

% =

9X

- 312 -



for any choice of n. Also, since ¢ is a harmonic function, we have
0 = y2¢ = y2 Ih(x,y,z)dx + 92n(y,2).

This shows that n(y,z) satisfies the Poission's equation

v2n(y,2) = = v2 Jh(x,y,Z)dx- (1-2-2)

A solution always exists, so providing a possible ¢.

1.3 Construction of ¢

Our proof of the lemma provides a method of constructing
a ¢ for a given h, although it should be noted that ¢ is only
determined upto an arbitrary harmonic function of y and z. The
method of construction is illustrated by the following two

examples.

Example 1: h = x, in which case

¢ = dex +0(y,2) = 1 x% +n(y,2).
Therefore

0 =92 =1+ v2n(y,z),

from which it follows that

vn(y,2) = -1.

- 13 -



A possible solution is provided by

= |
]

- %,(yz + ZZ)’

so that

-
i

%xz-%(y2+zz)=%-(2x2-yz-zz)-

It may be verified that

B 3
V44 = 0 and 3%- X%

Example 2: h = 1logr; r =x +y , in which case

S
I

n(y) +Jlogr dx

n(yH (xlogr - y8) - x]

In this case

o
n

v2¢ = v2[(xlogr - y8) -x] + V2q

v2(xlogr - ye) - V2x + V2p = y2p,

since (xlogr - y ) is a harmonic function, from which it follows

0 = v2n. A possible solution is n = 0O, hence

¢ = xlogr - yo6 - X.

W s



We note that this expression for ¢ is not single-valued for any

circuit which enclosed the origin.

1.4 Completeness of the x-form

Since x is biharmonic, V2y is harmonic and therefore, using

the above lemma, it may be written as

v = 22%; 2 =o. (1-4-1)

Equation (1~-4-1) is a Possion's equation for x in terms of ¢.

Since

2 - 3
V(x¢) = 2 3%,

we see that x¢ is a particular solution of the equation, which

therefore has the general solution

X = X¢ +y; V2 =94y =0,

This establishes the completeness of the x-form.

The representation
X = X$+ Y (1-4-2)
is not unique, in the sense that we can undertake a transformation

¢ >4 +n ()’sz)l >y - xn(y’z)l (1-4-3)

o



where n is any harmonic function of y,z which leaves x invariant.

Alternatively expressed, the homogeneous equation

x¢ +y =0, (1-4-4)

has a class of non-trivial solutions of the form

¢ =n (y,z), Y = -Xn ()’,Z); V2q = 0. (1-4-5)

The same analysis holds for the other forms in (1-1-2).

1.5 Mutual transformability of X,y and z-forms

Although corresponding permutations of the analysis of the
x-form may be applied to the y- and z- forms, the following

transformation is of interest. Given the biharmonic form
x = yh; V?h =0,
we may write
=y . g2 =
Yhi = g b ¥eg = 0
by virtue of the lemma 1.2. We then write identically

89 = y3b CL RSN
Y 5%' X3y t O Ay ) s

- 16 =



L}

'3 8¢ _ .9 y : : :
where ?% Sy 5% X % are harmonic functions since ¢ is
harmonic. Accordingly the y-form yh can be transformed into

the x-form. Similarly, the z-form can be transformed into

the x-form.

-17 -



Chapter 2

The r2-form of Biharmonic functions

2.1 Existence and Uniqueness of the r?-form

The representation

x =12 +y; V% =V2y=0, 12=x2+y2+22, (2-1-1)

is essentially equivalent to any of the forms (1-1-2), but it has
the advantage that ¢, y are unique for a given x. First we prove
that y is biharmonic if ¢, y are arbitrary harmonic functions.

We note that

V2y = V2(1r2) + V2 = 6¢ + 4(x g—% +y %i}-r"- + z %—%). (2-1-2)

Since ¢ is harmonic, the expression in the bracket is also harmonic,
so that the right-hand side of (2-1-2) is harmonic. Accordingly, x

is biharmonic.

We now prove that an arbitrary biharmonic function.y may be
written in the form (2-1-1). Clearly this means proving that an
arbitrary harmonic function v2y can be written in the form (2-1-2).
We suppose that x is defined in some simply-connected domain B, in
which case v2yx is also defined throughout this domain. In the
neighbourhood of any interior point of B, we may express V2 by the

convergent series of spherical harmonics.

- 18 -



b anmrns s Sn = Pﬁ (cose)eSinw s (2-1-3)

using the usual symbolisms (Webster, 1954), where a,, are
uniquely determined coefficients. This expansion converges
within any interior sphere centred around this point. Also let

us assume the corresponding expansion

h @
$ = T T o (2-1-4)
m= =N nN=0 . Tl

within the same sphere, where the coefficients bnm are to be
determined in terms of the coefficients a e Substituting
(2-1-4) for ¢ into the right-hand side of (2-1-2), and

equating the nm spherical harmonic on each side, we find

= (6 + 4n) bnm’ i.e. b__ = anm/(ﬁ + 4n), (2-1-5)

anm nm

bearing in mind that " Sn is a homogeneous form of degree n

in x,y,z for each allowed choice of m. We conclude from (2-1-5)

that

i) the bnm are uniquely determined;

= dy NoNE through e o

ii) the bnm remain finite as n runs,all the positive integers

including zero;

iii) the expansion (2-1-4) for ¢ certainly converges within the

sphere since (2-1-3) converges.

= 199



Accordingly, we have stablished the unique existence of ¢
within any interior sphere of B. Alternatively expressed, we
have established a unique local solution of the differential
equation (2-1-2) for ¢ in terms of v2y. Since such a local
solution exists in the neighbourhood of any interior point of
B, we may link them up into a unique global solution throughout
B using the principle of analytic continuation. Therefore the
unique existence of the r?-form has been demonstrated for a

simply-connected domain.

As an immediate corollary, the homogeneous equation

r2¢ + y = 0; V2¢ = Vz‘\b = 0, (2-1-?)

has only the solution

o =19 =o. (2-1-8)

2.2 Interior and exterior spherical domains

There are two domains for which an immediate global
solution is available. First if B happens to be a sphere,
the previous expansions apply throughout the sphere. Also,
if B is the infinite domain exterior to a sphere, we introduce

the convergent expansion

e gy, o LY (2-2-1)

=20 =



which holds throughout B. Similarly, we assume the expansion

By repetition of the previous analysis, we find

B [6 + 4(n - 1)] bnm' i.e. bnm = anm/(z + 4n)

We conclude that ¢ is unique and determined throughout the
infinite exterior domain. Our results may easily be extended

to a concentric spherical annulus.

2.3  Mutual transformability of the r?-form and x-,y-,z-forms

We now show that the r2-form can be transformed into

combinations of the x-,y-,z- forms. Thus, given the biharmonic

form

rh; V%h = o,

X

we may write

T

(2-2-2)

. (2-2-3)

(2-3-1)

(2-3=2)



by lemma 1.2, Also identically,

r22t = xx g2z 2 4y (y

- 2 -
1.€. T 3% x¢1 i y¢2 + Z¢3

where ¢i (i1=1,2,3) is harmonic since 4 is harmonic.
Any two of the forms on the right-hand side may be
transformed into the third by section 1.5, and

therefore we conclude that r h can be transformed

into the x-, y-, or z- forms.

- 2D

(2-3-3)



Chapter 3

Two-dimensional Biharmonic Functions

3.1 Almansi x- and y- forms

Most of the results obtained in three-dimensions hold good for
two-dimensional biharmonic functions, though important exceptions

arise. The representations

x = Xb 4+ ¥ } y2¢ = y2y =0, (3-1-1)
yé + v

>
n

are not unique, in the sense that we can undertake a transformation

¢+¢+A+By, y-+y¢-A-Bxy, (3-1-2)

which leaves x = x¢ + y invariant, where A and B are arbitrary

constants. Alternatively expressed, the homogeneous equation

x¢ +¢ =0. (3-1-3)

has a class of non-trivial solutions

LR S R e (3-1-4)

A similar analysis holds for the y-form.

W TS



The representations (3-1-1) are complete only if we admit

multi-valued harmonic functions. For instance, we may write

ylogr = x(-8) + (y log r + x8), (3-1-5)

where the expressions in brackets are respectively the

imaginary parts of the analytic functions -z and zlogz. However,

these are multi-valued for a complete circuit round the origin.

Similarly, we can write

xlogr = y @& + (xlogr - ye), (3-1-6)

where (xlogr - ye) is the real part of the analytic

function zlog z.

3.2 Almansi r ~-form

The analysis of the r2-form

x =12 =y; 12=2x2+y2, (3-2-1)

differs significantly from the corresponding form in

three-dimensions. This is because

vZX = VZ (r2¢) =4¢ + 4 (x% + y%%) (3-2'2)

where we note the appearance of 4¢ instead of 6¢ which

appeared in (2-1-2). As before we assume that y is given

R,



in some simply-connected domain B, in which case v?yx is also
defined throughout this domain. To prove the completeness
of the form (3-2-1), it is clearly necessary to examine
whether an arbitrary harmonic function can be represented in
the form (3-2-2). In the neighbourhood of any interior
point of B, we may express v2x by the convergent series of

plane harmonics

n :
v2y = T (a cosne +a sinne), (3-2=-3)

DEO

where a

TP uniquely determined coefficients.

The expansion (3-2-3) converges within any interior
circle centred around this point. Also, let us assume the

corresponding expansion

¢ %% - (bnc cosné + b
n=o0

hs Sinne) (3-2-4)

within the same circle, where the coefficients bne'

bns are to be determined into terms of the coefficients

ancs 8,5+ Substituting (3-2-4) for ¢ into the right-hand
side of (3-2-2), and equating the coefficients of cosne,

sinn® on each side, we find

b_. = anc/(4 + 4n), b

e = ans/(4 +4n); n=0,1,2,.. (3-2-5)

ns

R 1L 5 n 0.
bearing in mind that r" cosné, r sinné are homogeneous forms

of degree n in x,y. We conclude from (3-2-5) that ¢ uniquely

v 28



exists within this circle. Hence we have proved the existence of
a local solution within any interior circle of B and thus by the
principle of analytic continuation ye may construct a global

solution ¢ throughout B.

There are two domains for which global solutions are available.
First, if B happens to be a circle, the previous expansions apply
throughout this circle. Second, if B is the infinite domain
exterior to a circle, the expansion corresponding to (3-2-4) takes

the form

R . AL
o = 1120 T [bnccos ne + bn551n ne ). (3-2-6)

By substitution, we obtain the relations

Do = anc/(4 * i)y b ® ans/(4 + 4n) ;

(3-2-7)
Tl = 0, -1, -2,- “aw

which are formally the same relations as (3-2-5). From
(3-2-7) we draw the conclusion that a breakdown occurs when
n = -1, i.e. when vV%y contains components proportioned to

1

- -1 . :
T "cosf or r sind. Also, since

v2(xlogr) = Zr-lcose, v2(ylogr) = 2r Lsine. (3-2-8)

5176



functions
it follows that the singular biharmonic,xlogr, ylogr cannot be

represented by (3-2-1). These functions are inadmissible within
any domain enclosing r = o, but they could exist within any

finite domain which excludes r = o.

Another conclusion we draw from (3-2-7) is that b-lc’ bﬂls

may be finite even is all the e and a . are zeros, Alternatively

expressed, this means that the homogeneous equation

0=4¢p+8 (x22 +y28, (3-2-9)
ax ay

admits two independent non-trivial solutions

¢ = r-lcose , T 8N , (3-2-10)

as may be verified by differentiation. These also

satisfy the homogeneous equation

r2¢ + 9y = O; v2¢ = Vz,‘b = 0. (3-2-11)

This may also be seen directly from the fact that the

harmonic functions

- 27 =



-1
-r2,r “cosh -rCcosh

I

r cosé, ¥

I
|
=

=
]

]

-r2, 1 15 in® -Tsingd

r “sind, ¥

=
I
I
N

identically satisfies the equation (3-2-11).

3.3, Completeness of the r2-form

We note the identities

xlogr = } r2(XCEL*Y8 . (xiogr - ye) ,
r? } (3~3-1)
ylogr = § r2( LI ) 4 (ylogr - x0)
r
where
PR s o TP ylogr - X6 (3-3-2)

are multi-valued harmonic functions, i.e. they are the real

and imaginary parts of the complex analytic function (logz)/z.
Accordingly the singular biharmonic functions xlogr, ylogr can
be represented in the r2-form, if we admit multi-valued
harmonic functions for any circuit round the origin. Operating
on both sides of (3-3-1) by v, we infer that ¢ as given by

(3-3-2) satisfies the equation (3-2-2), i.e.

- 2



2cose  2sing _ 9 ) Ly
=%, A= 46 + 4 (x§%+y-§?). (3-3-3)

The identity (3-3-3) may be verified by direct differentiation

The harmonic function ¢ remains single-valued within any
domain which does not include the origin., If we construct a
chain of overlapping circles B,, B,, BS,.-circuit the origin,

we get a global ¢ in the multiply connected domain

= U !
B BIU U B2 B3 U..

even though it is single-valued within any particular circle.
Multi-valued harmonic functions clearly lie outside the scope
of the expansion (3-2-6), so that no inconsistency arises

between (3-3-1) and the breakdown (3-2-7).

Accordingly, the Almansi r?-form is not complete if we
restrict harmonic functions concerned to be single-valued.
The problem of making it complete, subject to this restriction,

will be discussed in Chapter 4 .

- 29 =



3.4 Transformation of the r2-form into x- and y- forms

Given the biharmonic function

x =12h ; v2h =0, (3-4-1)

we can always write

h: .a_ﬁ- v2¢

]
o

(3-4-2)

by lemma 1.2 . Also, we have identically

9
s x (x 5 +y-§-§) +Y(y%§1-x%$), (3-4-3)

where the expressions in the paranthsis are harmonic
functions. Thus the r?-form transforms into a combination
of the x- and y- forms which, in turn, can be transformed

into either form.

For example, let us consider the biharmonic function

r2logr. We note
2
r2logr = T %-i— ; ¢ = (xlogr - y8) -x

so that, according to (3-4-3),

530



r2logr = x(xlogr - y8) + y(ylogr + x8)

as can also be seen directly. As before, this result involves
multi-valued harmonic functions for any circuit round the
origin. Accordingly, the transformation is not always admissible

if we restrict the harmonic functions to be single-valued.

= 31 =



Chapter 4

Harmonic Potentials

4.1 Introduction

In this chapter we develop an alternative representation to the
Almansi representation, which may be preferable for certain purposes.
This depends upon the theory of biharmonic potentials, which is a
close analogue to the theory of harmonic potentials. We therefore
recapitulate briefly classical potential theory, as found for instance
in Kellogg (1929), in a form that will be found convenient for

subsequent applications.

4.2 Simple source potential

A unit simple source, located at a point q referred to a suitable
three-dimensional co-ordinate system, generates the Newtonian

potential

g (0,a) = ga,p) = Ip - al™ (4-2-1)

at a field point p. This potential is a continuous function of p,
differentiable to all orders, and it formally satisfies Laplace's

equation

v2 g(p,q) =0 (4-2-2)

- 52 -



everywhere except at p = q. It is therefore a harmonic function
everywhere except at p = q. Alternatively expressed, it satisfies
the Poission's equation

v2 g(p,@) = - 4ns(p - @ (4-2-3)

everywhere, where § is Dirac's delta function centre upon q

(Dirac, 1930).

A discrete distribution of simple sources, of strengths
Tps Ogsenes Oy located at A1s Qpseses dy respectively, generates

-~

the Newtonian potential

N
Vi) = = glp,q)o ~2-
. g=] - % o (4-2-4)
at p. This has essentially the same properties as g(p,q), in
particular it is a harmonic function everywhere except at

Qs Gpseees Ay and it formally satisfies Poission's equation

N
VEV(ED = -4 I 8(-q)o, (4-2-5)

a=1 o

everywhere. If the source points are located within a finite

region of space B, then

-1

gma) = o™+ [pI™ ,a) +0C IpI™) as [pl> =, (4-2-6)

v i



and it follows that

-1, B a3 =3
Vigh = ipl™ 2 g b el CE (e e € 0P as iples (420

a=1 a=

4,3 Surface distribution of simple sources

A continuous distribution of simple sources extending over a
Kellogg-regular surface 3B (not necessarily closed), and of surface

density o(q) at qe 3B, generates the simple-layer potential
Ve = | s@ao@d. (4-3-1)
5 aB = - =

This potential is continuous everywhere provided that o satisfies a

Holder condition, and it has the asymptotic behaviour

V@ = Ipl™ | o@da 0 lpl™ as lpl + - (4-3-2)

It is differentiable to the second order and satisfies Laplace's
equation, and it is therefore a harmonic function everywhere,

except at 3B,

If 3B is closed, V represented a harmonic function everywhere
in the interior domain Bi bounded by 3B. Conversely, an arbitrary
harmonic function ¢ within Bi can generally be represented as a
simple-layer potential (Jaswon, 1963), except in the two-dimensional

case of a I' - contour (App. 1).
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By virtue of (4-3-2), V represents a regular harmonic function
in the infinite domain B, exterior to the closed surface 3B.
Conversely, an arbitrary regular harmonic function in B, can
generally be represented by a simple-layer potential, except

in the case of a I' - contour.

4.4 Normal derivatives of V

We erect a normal line to one side of 3B at pe 3B, and we
~0
locate points on the normal by a variable n which increases moving
away from 3B. At any point p on the normal other than the initial

point, we have

aV(p) . J 2g(p,9) o(q) da, (4-4-1)
an 3B an i

where 3g(p,q)/on denotes the derivative of g at p keeping q fixed.

But, at the initial point Po»

Wipy) = [ 3g(py,9) o(q)dq - 2mo(p); Pye 3B, (4-4-2)
an aB an 4 % =

because of the singularity which arises in g when q coincides with Py
An apparent indeterminary occurs in 23g/3n when q = Pys but its
behaviour there may be uniquely obtained by a limiting process
discussed in section 4.5 below. For the sake of convenience, we

shall use the notation
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av(p)

= V'(p)
an : } (4-4-3)
3g(p,q)
— =g'(p,9) = g(q,p)"
an 25 L=

for normal derivatives, in which case dropping the subscript

Py» We can write (4-4-2) as

V' (p) = J g' (0,2 o(q)dq - 2n9(p) ; pe 3B. (4-4-4)
2B

There exist two distinct normals at p, one on each side of
3B. Following Jaswon (1963), we shall adopt the convention
that these two normals have equal status, in the sense that the
relevant variables n;,n, both increases moving away from 3B.

Correspondingly, we expand (4-4-4) into

J g:(E’ﬂ)U(ﬂ)dq - 2mo(p) ;5 pe 3B, (4-4-5)

V' ()
oB 1

1

V' o - | g e@e@da - 20G) 5 pe B (4-4-6
e aB B ? )

Since g(p,q) remains continuous as p crosses 3B, it follows that

L]
g (p,a) +g'(p,q9) =03 p, qe 3B, (4-4-7)
;L s e = O] =

whence
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V' () +vi() =0 -4r o(p) ; p e 3B. (4-4-8)
100 e % a

It is interesting to note that the tangential derivatives
of V exist and are continuous at any point pe 8B, provided

that o satisfies a Holder condition at p.

4.5 Surface distribution of double sources

A unit double source at qe 3B generates the potential
g(g,g)'. at any other point D, where g(?,g)'_ denotes the n, -normal
derivat;ve of g at q keeping p fixed. This ;otential exists and
is a continuous function of P and is differentiable to all orders,
and satisfies Laplace's equation everywhere, except at q. These
properties characterise g(E,g)'i as a harmonic function everywhere
except at q.

A discrete distribution of double sources on 3B, of strength

HysHopseens Hy located at s Gpse++» Qy» generates the potential

N
W(E) = I

a=1

g(EsEl) 'i“a(g) s (4-5-1)

which has the same properties of g(p,q)'; everywhere except at
Q 509+ s0ye A continuous distribution of double sources on

3B, of surface density u(q) at q, generates the potential

o = | 0 p@d. (4-5-2)
aB
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This exists and is continuous, and is differentiable to all orders,
and satisfies Laplace's equation; and is therefore a harmonic

function everywhere, except at 3B, and it has the asymptotic behaviour

W) = 0 (pI™) as |p| »=. (4-5-3)

To define the discontinuity of W at P,€ 3B, let P;»Pg be

points on the n. - , e - normal lines respectively from Dy

X
then
lim  W(p;) = W (p,) + 2mu(p,), (4-5-4)
Pi?Po i I +
lim  W(p,) = W) - 2m]), (4-5-5)
P i i

-~ -~

provided p is continuous at Py-

The normal derivatives of W remain continuous at 3B, which

we express by
Dl_i:g dv(p.) _ plig dw(p,) o e
%3 .0 dni £e' %o dne

The separate limits do not necessarily exist if p is continuous.
To ensure their existence, it is necessary to impose further

smoothness restrictions on u.
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4.6 Logarithmic potential

In two dimensions, a continuous distribution of simple
sources extending over a closed regular curve 3B, and of density

o(q) at q ¢ 3B, generates the simple-layer logarithmic potentials

1]

J 10g|E - g|o(g)dq 3 De Bi + 3B,
B

V(g)
(4-6-1)

V(p) loglp - q|o(q)dq ; pe B, + 3B.

3B

These define distinct harmonic functions in Bi’ Be respectively

which become equal at 3B. Also,

V@) = g Ipl [ o@da - Ipl [-@o@da + 0 (Ipl™)

a3 (4-6-2)
as |p|> .
A1l the formulae in section 4.4 may be easily adapted to the
logarithmic potential by writing -"/, in place of =. Thus the
results corresponding to (4-4-5), (4-4-6) are
v, @) = J log; |p - qf o(@)dq + mo(p) 5 pe 2B, (4-6-3)
3B
Ve (@ = | 1log, Ip-ql| o(@dq + wo(p) ; pe 2B, (4-6-4)
3B
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from which is immediately follows that

Vi) + V() = 2mo(p) ; p e 3B. (4-6-5)

Also the results corresponding to (4-5-4), (4-5-5) become

lim  W(p;) = Wy - m(p,), (4-6-6)
B Boe 215 3 "
lim W) = Wk, + mp)-. (4-6-7)
Pg*Po 7 4 .
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PART II

DISLOCATION SOLUTIONS OF THE BIHARMINIC EQUATION



Chapter 5

Biharmonic Potentials

5.1 Biharmonic potential in Almansi form

According to the analysis in Chapter 4 of simple-layer
potentials, we may now represent the harmonic functions ¢, ¥

in the Almansi representation of a biharmonic function by

¢(p) = I log |p - alo(®)dq ; peB+ 2B
- (5-1-1)
B J log |p - qlu(q)dq ; peB+ 3B

3B

where 3B is the boundary of any neighbourhood B within the
domain of existence of ¢ and y, and o,y are two independent
(H61der) continuous source densities on 3B. Then the
biharmonic function x, expressed for instance in the

Almansi r?-form, appears as

x(p) = Iglzj log |p-q|o(q)dq + J log |p-q|u(q)da;
3B 3B (5-1-2)

peB+ 3B

where |p| = x2 + y2 + z2, Accordingly, we have a
representation of a biharmonic function in terms of simple-

layer potentials.

o



5.2 Unit biharmonic potential

The function

2, rl=r= Ipl 3 ¥ = X% + y& ¥ z<, (5-2-1)
is biharmonic everywhere except at r = 0. Also it

satisfies the differential equations

v2r = 2r7, vir = 2v2rl = -8rs(p), (5-2-2)

where §(p) is the Dirac delta function centred around

p = <0,0,0> . More generally, the function

R = ]13 - 9| (5-2-3)

is biharmonic everywhere except at q. Also it satisfies

the differential equations

WR = 2 |p-q|~}, v*R = -8rs(p-q) (5-2-4)

where §(p-q) is the Dirac delta function centred around
P=q. By analogy with harmonic potential theory, we
may regard (5-2-3) as the potential generated by a unit
biharmonic source at q. Pursuing this analogy, we

introduce the simple-layer biharmonic potential
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o) = [ Ip-alo@da; pe B+ B,
oB

where ¢ is a biharmonic simple source density on 3B
and is assumed to be Holder continuous. This potential
Q(p) has the following three properties:

i) Q(p) is a continuous function in B + 3B;

ii) Q(p) has derivatives upto fourth order in B;

iii) Q(p) satisfies the equation

vZa(p) = v2 I Ip-afo(q)dq = J v2|p-q| o(q)dq

3B 3B

9B

-1
2 f lp-al “o(@)dq ; p e B.

(5-2-5)

(5-2-6)

Since the right-hand side of (5-2-6) is a simple-layer potential,

it follows that

vta(p) =0; pe B,

i.e. 9 is a biharmonic function everywhere in B.
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The property (5-2-6) has a very important consequence.
For, given an arbitrary biharmonic function x in B, it follows
that v2y is a known harmonic function therein. Now from
section 4., any arbitrary harmonic function in B can be
represented as a simple-layer potential generated by a

continuous source distribution on 3B. Thus we may write

ey = 2 J lp-ql"lc(g)dq 3 PeB+ B, (5-2-7)

~ o~

3B

where o is, in principle, known in terms of v2x. If we

use this ¢ in (5-2-6), then

v2x = 92, i.e. V2 (x -Q) =0

ie. x=0+f; Vv2f =0,

where f is an arbitrary harmonic function in B. So we
have formulated a new general representation for
biharmonic functions, which provides an alternative

to the Almansi representation.
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5.3 Two-dimensional biharmonic potential

In two dimensions, the function r2logr corresponds to

(5-2-1). More generally, the biharmonic function

R?1ogR = |p - q|? log [p - q (5-3-1)

corresponds to (5-2-3). This satisfies the differential

equations

v2(R?10gR) = 4 + 4logR,

(5-3-2)
V4 (R210gR) = 4v21logR = 8n8(p - q).
Accordingly, we may regard (5-3-2) as the two-dimensional
potential generated by a unit biharmonic source at q.
An equivalent potential to (5-3-1) is
G(p,q) = -R® + R%logR
= |p-aql [-1 + log|p - ql] (5-3-3)

which was introduced by Chakrabarty (1972). This satisfies

the differential equations
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v2G = 4 log R, V"G =8ns(p -q), (5-3-4)

in which cas the constant term '4" of (5-3-2) does not appear.
Accordingly, it corresponds directly with ( 5-2-2 ).
Pursuing the analogy, we introduce the simple-layer biharmonic

potential

o = [ G@.o@da; pe B+, (5-3-5)
3B

which has the convenient property

wa(p) = 72 [ 6(p,@e(@da = [ 26,0 0(@0
3B 3B
= 4 J log |? - glo(g)dq ; DPeB. (5-3-6)
oB

Conversely, an arbitrary two-dimensional x in B may be

written in the form

= Gt s FEE=, (5-3=7)

where f is an arbitrary two-dimensional harmonic function

in B.
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5.4 Asymptotic behaviour of biharmonic potential

Given a closed two-dimensional contour 3B, we introduce
an arbitrary (Holder) continuous distribution of biharmonic
source on 3B. This generates an interior potential Q(g), of
the form (5-3-5), within the interior domain.Bi bounded by 3B.
Also, it generates an exterior biharmonic potential of the
same type, within the infinite domain Be exterior to B,

having the asymptotic behaviour

a(p) = (-r2 + r2logr) [ o(q)dq - 2xlogr J 9;0(9)dq
3B B

-2ylogr I q,0(q)dq + O(r) as |p|=r+=,  (5-4-1)
3B

where q,,q, are the Cartesian co-ordinates of q. This may be
demonstrated directly by examining the asymptotic behaviour of
IP - 9]2[-1 + log IP - gl] as |p|s=. Alternatively, we note
from (5-3-6), bearing in mind ( 5-3-4), that v2n has the

asymptotic behaviour

v2q(p) = 4logr lo(q)dq - 4rlcose ] q,0(q)dq

9B 9B

1

- 4r “sing J qzo(ngq + O(r'z) (5-4-2)

3B

as |p| = roe.
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By an application of the results

v2(+r? + r2logr) = 4log T,
(5-4-3)

v2(xlogr) = 2r~%ose , V2(ylogr) = Zr'lsine,

we deduce (5-4=1) from (5-4-2).

The first three terms of (5-4-1) are generally not
admissible within an infinite exterior domain, because
they increase too rapidly on physical grounds. To
eliminate these, it is necessary to introduce the side

conditions

[owda=0, [apo@da=0, | apow@da=o, (5-4-1)
aB aB 3B

on o. How these can be implemented will be shown in a
later chapter. From this point of view, by comparison
with (5-1-2) , the Chakrabarty representation is inferior

to the Almansi representation for exterior problems.

Within a ring-shaped domain, such that the interior
boundary enclosed r = 0, the functions r?logr, xlogr, ylogr

are perfectly admissible. Since these are covered by the
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Chakrabarty representation, we see that this representation is
complete within a ring-shaped domain. As already noted in
section 3.3 , the Almansi representation is not complete within
the ring unless supplemented by xlogr and ylogr. Accordingly,
Chakrabarty representation is superior to the Almansi
representation for a ring-shaped domain, even though it is

inferior for an infinite exterior domain.
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Chapter 6

Dislocation Fields

6.1 Introduction

The biharmonic equation (1-1-1) plays a fundamental role
in two-dimensional linear elasticity, i.e. the stretching and
bending of plates. In cqnnection with stretching, x is known
as the Airy stress function since it was first introduced by
Airy (1863). As already noted, there exists a general class
of solutions for x. It is well established (Coker and
Filon,1957) that the displacement components u, v corresponding

to a given x are provided by

2uu = -3y + (1-v)H, (6-1-1)
ax
Ziv= -3x + (1-wH, (6=1-2)
ay
where u,v denote the shear modulus and Poissions's
ratio respectively, and H, H are conjugate harmonic
functions satisfying the relations
oH . oH - 2 ala
- v2y. (6-1~3)

The most convenient representation for x in this context

is
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x =X¢ + U3 V2 = vy =0, (6-1-4)

This is because (6-1-4) implies

v2y = 2 3¢ , (6-1-5)

which, in turn, implies

H=2¢ + Ay + B, (6-1-6)

where A,B are arbitrary constants. Correspondingly

H=24 ~-Ax+C, (6=1-7)

where H, ¢ are the harmonic conjugates of H, ¢
respectively and C is a further arbitrary constant.
Substituting from (6-1-5), (6-1-6) into (6-1-1),
(6-1-2) we find

2w = -3y +2(1-v)¢ +ay+b, (6-1-8)
ox

2uv = -3y +2(1-v)$ -ax+c, (6-1-9)
By

where a = A(1 - v), b= B(1 -v), c=C - v).

T



The contributions ay, -ax in (6-1-8), (6-1-9) provide
the components of rigid-body rotation and b,c provide the
components of rigid-body translation. Later on, it will
be proved that we can put a = b = ¢ = O without loss of
generality. Accordingly, the field equations (6-1-8),

(6-1-9) are henceforth written in the forms

2uu = -3y + 2(1-v)$ , (6-1-10)
ax

uv = -3+ 2(1 -V . (6-1-11)
3y

There exist singular displacement fields corresponding
to the singular stress functions r?logr, xlogr, ylogr.
These describe Volterra dislocations (Love, 1952). Also
there exist multi-valued solutions x6, y8,8 which
essentially describe concentrated forces. These singular
displacement fields were constructed by Love without
utilising x. We shall recover his results by more

efficient methods based on .

6.2 Volterra dislocations

A single-valued y implies that ax/ax, ax/ay are
single-valued. However, it does not necessarily imply
that ¢ or y are single-valued. For instance, it has

been noted in (3-1-5) that
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x = ylogr = x(-e) + (ylogr + x8), (6-2-1)

where 8, ylogr + x¢ are multi-valued harmonic functions
for any circuit around the origin. By reference to
(6-1-8) and (6-1-9), we find that the corresponding

displacement components are provided by

2wi = - 3 (ylogr) + 2(1 - v)e , (6-2-2)
X

2uv = = 3 (ylogr) - 2(1 - v)logr, (6=2-3)
3X

since logr, 6 are harmonic conjugates. Therefore, the
component u jumps by an amount 2(1 - v)w/u for any
anti-clockwise circuit around the origin, while the
component v remains unaltered. Similarly, we note
that the biharmonic function x = xlogr produces the

displacement components

2uu = = 3 (xlogr) + 2(1 - v)logr, (6-2-4)
ax

2uv = =~ 9 (xlogr) + 2(1 - v)e . (6-2-5)
3y

In this case the component u remains unchanged, whereas
v jumps by an amount Z(1 - v)n/u for any circuit

around the origin.

The local rotation w associated with the displacement

components u,v is defined by
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w=a(a—“’-g—§ . (6-2-6)

If so, for a given y, we find from (6-1-10), (6-1-11)

that

2w = =2(1 =) % v (6-2-7)

A multi-valued w is provided by the single-valued

biharmonic function y = r?logr. Thus we note

x = ir?logr = x(xlogr - ys) + {i(y2 - x2)logr + xye}, (6-2-8)

where the expressions

xlogr = y8, 3(y? - x?)logr + xys (6-2=9)

are multi-valued harmonic functions, the latter being the
real part of the analytic function -(}z? + 2z)logz.

Inserting ¢ = (xlogr - y8) into (6-2-7), we find

2us = =2(1 - v) { 5-;- (xlogr) - y %% =% } ) (6=2-10)
It is to be noted that w jumps by an amount 2(1 - v)w/ufor

any anti-clockwise circuit around the origin. This

dislocation is termed a radial fissure by Love.
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6.3 Point forces

We now consider the multi-valued biharmonic functions

x8, y8, 6. The function x = x6 provides the jumps
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on circuiting the origin in an anti-clockwise sense.

Similarly, the function x = y® provides the jumps
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Also, the function yx

@ provides the jumps

ax | _ ax | _ Ll J5y
[B]-o [B]-o paeotp [

We shall prove later that [ax/ax] gives the
magnitude of a concentrated force acting at the origin
in the y-direction. Similarly [3x/ay1 gives the
magnitude of a concentrated force acting at the origin

in the x-direction. Also [x =X %% - y-%% ] gives

& L a

(6-3-1)

(6-3~2)

(6-3=3)



the magnitude of a concentrated couple acting at the origin

with it axis parallel to the x,y - plane.
These particular stress functions include dislocations.

To eliminate any unwanted dislocations inherent in x= x8,

we introduce the function

Xp = X6 + Mylogr,

x(1 - Mo + M(xe + ylogr),

where M is a constant to be determined by the condition
axl
2uly) = =% | *2@-v (4] =0

X
Bearing in mind from (6-3-4) that [-?5% = [8] and from

(6-3-5) that [¢] = [(1 - M)e] , we find

-1+20 =% (1-M=0,

whence

M= (1 - 2v)/2(1 = v).

Similarly, to eliminate unwanted dislocations

inherent in x = y8, we introduce the function

= 5D -

(6=3-4)

(6~3=5)

(6-3-6)

(6-3-7)



X, =

2 =ye - Nxlogr, (6-3-8)

= y(1-N)e - N(xlogr - y8), (6=3-9)
where N is a constant to be determined by the condition

?
2ulv,] = - [3—;3] +2(1 -v) [¢] = O. (6-3-10)

Bearing in mind (6-3-8) and (6-3-9), we find

-1+2(1-v) @-N)=0,
whence

N=(1-2v)/2(1 - v). (6-3~11)

Finally, the components corresponding to

Xg = 0=X0+ 8 (6-3-12)

are given by
2uuy = —, 2uvy =

(6-3-13)

which are seen to be single-valued.
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The local rotation w associated with (6-3-4) or (6-3-8)
is seen to be single-valued, and in (6-3-12) it is seen to

be zero.

Within a ring-shaped domain B, a single-valued x may
not be sufficient because of the possibility of non-equilibtrated

tractions acting on each boundary. Accordingly, we write

Ko aet's (xe + Mylogr) + b(y® = Nylogr) + ce , (6=3-14)

where X is a single-valued biharmonic function (possibly
containing dislocations), expressed by either the Almansi
or Chakrabarty forms, and a,b,c are constants chosen in
accordance with the magnitudes of concentrated force and

couple components.
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Chapter 7

Formulation of Displacement Boundary-value Problems

7.1 Elimination of rigid-body translation

In order to make progress with the field equations (6-1-8)
and (6-1-9), we write them in the expanded form

u= -x28 - 2 4 (1-2v)¢ +ay+b,
ax X
(7-1-1)
e b BBk 203 N)F - ax + c.
3y 9y
Also, we introduce the representations
o = | 1oglp - alo @da; pe B+ B, (7-1-2)
3B
)
i) . J loglp - qln(@)da; p e B + 3B, (7-1-3)
ax g5 -
3B

where 3B is any closed boundary within the domain of existence of

the harmonic functions concerned, and where o,n are two hypothetical

source densities which are known in principle in terms of ¢, %%- on 3B.

If so, since §, -3y/3y are the harmonic conjugates of ¢, dy/ax

respectively, we may write
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i@ - o -a)el@das pen s, (7-1-4)
3B

- 2D -

- I e(? - g)n(g)dq; p e B+ 3B, (7-1-5)

aB

where the kernel function 6(p - q) is the harmonic conjugate
of log|p - q|. Details of this are discussed in the Appendix [2].
These representatives unambiguously define ¢, -3y/3y corresponding

to ¢, 9y/5x. For instance, if¢ = 1 in B + 3B, then o satisfies the

equation

J 10g|E - 9|a (9)dq =1; D 3B. (7-1-6)
aB

It follows that o generates a unit potential in B + 3B, and it

also generates the conjugate potential

J B(E - g)o(q)dq =k ; p e B + 3B, (7-1-7)
aB

where k is a constant specific to 3B.

We may use the representations (7-1-2) - (7-1-5) to

eliminate the constants b,c in (7-1-1). It is necessary to

- 60 -



show that we may determine ¢, ¢, 39 = 2 yhich satisfy the

X’y
equations
9
b = - x - %% S I G T
= = -4 0 _ A
< = xE%- 5% + 201 - V)%,

for an arbitrary choice of b,c. We try the solutions
= % =

where m,n are parameters to be determined, in which case

Substituting (7-1-9) and (7-1-10) into (7-1-8), we find

m=g (bk=c), n=2b(-v)-¢(-2)

thereby providing the required harmonic functions

o = 1K B2 ba -y - S - 2w, }
T2 k-0, F =AU -v) -l - ).

- 6l -
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7.2 Elimination of rigid-body rotation

It is also possible to eliminate the rigid-body rotation

(ay, -ax), i.e. it is possible to choose 6,4, %%5 '§$- which

satisfy the equations

-ay —x-g%--g%*v(l-Zv)cb, }

(7-2-1)
Iy -a¢ _a 1 -—
ax = xE; 3% +2(1 - v)o,

for an arbitrary choice of a. First we note that, if o is

chosen so that

I log[? - gl o(Q)dq = y; pe B+ 2B,
2B

then

J 6(p -~ a)n(q)dq = =x + a; p e B + 3B, (7-2-2)
]

where a is a constant specific to 3B. We try the solutions

¢ = my 2 = ty,
ax } (7-2-3)

T = m(-x+a) - g-‘yt = t(-x + o),

where m,t are parameters to be determined so substituting

(7-2-3) into (7=-2-1) yields
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-ay = [(1 = 2v )m - t] y,

(7-2-4)

&

=[(3=2v)m+ t] x+ [2(1 = v)m + t] a.

It is clear from (7-2-4) that m,t must satisfy the three

equations

1=2v)m=-=t+a

L}
=

3=-2v)ym+t+a

n
o

(7=2~5)
20 -v)m+t

n
&

since of O generally. But the system (7-2-5) is not

consistent, as the first two equations provide
m= =-a/2(1 -v), t=a/2(1 - v) (7-2-6)

which do not satisfy the third equation. This suggests

that we should try

= ﬂ:
¢-=mp R, se=tyt2 (7-2-7)

m(- x + a) + knm, _%$-= t(-x +a) + ke

=]
"

where m,n,t,? are parameters to be determined. Substituting

(7-2-7) into (7-2-1), we find

;ay = [(1-29)mt] y+ [(1-2v)n+ 2] } (7-2-8)

“[3=-2v)m+ t] x+ [2(1 - v)m+ tla + [2(1 -v)n + 2] k.,

2 -
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It is clear from (7-2-8) that

1=2v)m=-t= -a,
} (7-2-9)
(3=2v)m+t= -a,
and that
(1-2)n+2¢ =0, } (7-2-10)

[2(Q = v)m + tla + [2(1 -v) n +2] k =

Equations (7-2-9) provide the values of m,t as defined
by (7-2-6). Substituting these values in (7-2-10), we

obtain

n=a(l - 2v)/2k( - v), & = =a(l - 20)%/2k(d - v). (7-2-11)

Thus the required harmonic functions are

v > 'z%r.—\,) [‘)"*E(I'Zv )1, %-ii= 2—&—_-\-;)[)?-%(1-2 v) 2]
(7-2-1
b = m—j [X=a + (1 = 2 V)], gsi 8 Tﬁ—_-“)[-xﬂz - (1-2v)%].

-

It is interesting to examine the possible trial solutions

oX (7215}

-0~
]
=
v
~
=
=
—
1
=
]
ct
~
<
-+
™
—
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where m,t are parameters to be determined, and 8 has a similar
significance to o. Substituting (7-2-13) into (7-2-1) yields

the equations

—ay = (1 - 2v)my - tx (7-2-14)

-(3-2v) mx + ty + 2(1 - v)na + tBg.

=

Clearly t=0 from the first equation. Substituting t=0 into

the second equation, we obtain m=0, as «,8#0, in general.

Accordingly, this possible trial solution is not consistent.

To summarise, we have shown that the components of a
rigid-body translation and a rigid-body rotation may be
absorbed into ¢,6, au/3x, -3y/dy so justifying the

expanded formulations

3d. 23
2uu = -xgi-- 5%-* (1 - 2v) ¢,

(7-2-15)

. SN ) = s
2uv = xay 3y + 2(1 - v) ¢,

in places of (6-1-8) and (6-1-9).
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7.3 Boundary formulation

The field equations (7-2-15) yield displacement components
u,v corresponding to a given x in B + 3B, wherex = x¢ + y. If
u,v are given everywhere on 3B, then they are in principle known
everywhere in B (the second fundamental existence theorem of
elastostatics). An interesting method of constructing u,v in B

is to introduce the boundary equations

-x-g% - -g—i +(1-2v)¢ = 2uu,

(7-3-1)

—x%% -1%$ +2(1 - V) = 2uv,

which constitute a pair of functional relations for the
quantities ¢,$, 9y/3x, -3y/dy on 3B. To make progress towards
a solution of these equations, we introduce the representations
(7-1-2) - (7-1-5) for ¢, == , &, =-2u/dy respectively.
Substituting these representations into (7-3-1), we obtain

two coupled boundary integral equations for o,n. It is
intuitively clear that solutions exist. Also, if they exist,
they are unique (see section 7.4). The source densities
generate ¢,$} %%, ap/dy, ad/ax, 3y/dy in B + 3B, whence

2uu, 2uv may be generated throughout B.

If 3B is the internal boundary of an infinite exterior
domain, or one boundary of a ring-shaped domain, we replace

the right-hand side of equation (7-3-1) by

2u(u - au; - Bu,), 2u (V- avy - BV,) (7~3-2)
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to allow for the possibility of non-equilibrated tractions

acting on B. The two unknown coefficients ©,f are compensated
by the two side conditions

[ o(@aq = o, [ n@aa =0 (7-3-3)
aB aB

which ensure that

by 32 = o™ as r o+, }
(7-3-4)
-‘;’ _g-)% = O(r_l) 70(8) as r + =,

thus eliminating the possibility of unwanted dislocations.

7.4 Uniqueness of solutions

The homogeneous equations

wpotio 3B L e g 0,

5X ax
} (7-4-1)
¢ _ 9y N, 7
-x-é-)-,_— = —-S; *2(1 V) ¢ 1018

. ’ } (7-4-2)
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It would seem very difficult to prove this directly.
However, assuming that there exist non-trivial solutions
which are constants, we see from (7-1-11) that these constants

must be zero. Also, if we assume non-trivial solutions of

the form
¢ = X + my, %% =TI Gy
(7-4-3)
T = (y+B)+m(-x+a), "%5-‘2-= n(y+g)+t(-x+a) ,

where #,m,n,t are parameters to be determined and «,B have the
same significance as in (7-2-2), we see that 2 =m=n =2 =0

by reference to (7-2-12), (7-2-14).

A general physical argument is that any non-trivial
solution would imply a displacement field inside 3B in the absence
of any displacements on 3B, which contradicts the second

fundamental existence theorem of elastostatics.
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Chapter 8

Displacement field generated by a Point-force

8.1 Fundamental displacement dyadic

The most important example of a body-force field-is a
concentrated force acting at a specific point of the medium
in a specific direction. A body-force of magnitude 4n
acting in the n -direction at q may be formally represented

by the field vector with components

fu(E) = 4“6(?a’9n) ; a =1,2,3 (8-1-1)
n=lor 2or3

where a(pa,qn) is a Dirac delta function sufficiently

defined By the properties

§(p,»q,) =0 if p=q org=n

8(py»q,) *=a p>q,a=n (8-1-2)

fﬁ(pu,qn) dP =1 ifa=n
3 e } q £ B.
0 if a #n

This generates a displacement vector with components

0,@ =g,,q) je=1,2,3 (8-1-3)

-~ ~

which becomes singular in the component o=n when the field

- 69 -



point p coincides with the source point q.

So far, n has been held at some fixed value defining
the direction of the concentrated force at q. As n runs through
1,2,3 we obtain three such forces at q each generating a
singular vector of the type (8-1-3). These vectors may be
displayed as columns of the array

— -

8(131 "i{l) 8(131 ’(32) g(gl :?3)

E(E’E{)= g(?zsgl) g(?zscj.z) 2(132,33) (8-1-4)

g(?ssgl) 8(133 ;Elz) g(?s:(}_‘s)

which constitutes the fundamental displacement dyadic of the
medium. Our symbolism indicates that g(p,q) plays an

analogous role to the unit simple source potential g(p,q)

(Chapter 3). In line with g(p,q) = g(q,p), we may prove that
glp»q) = 8(q.,p,) » (8-1-5)

i.e. g(pu,qn] may be interpreted as the displacement in the
~direction at q generated by a concentrated force acting in
the a-direction at p (Jaswon and Symm, 1976). An immediate

corollary is that each row of g(p,q) defines a singular

~ o

displacement vector generated at p, i.e. the vector
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b, (@) = glp,,q) 5 n = 1,2,3. (8-1-6)

8.2 Kelvin solution

In an isotropic linear elastic medium, the
Cauchy-Navier equation governing the displacement vector

¢ 1in a source-free domain is

~

w2 + (1 + ) v(v.9) =0, (8-2-1)

where V.¢ is the dilatation associated with ¢ and x,u
are Lame's elastic constants **. This equation is

preferably written as

L v(v.e) =0 v = <A ! (8-2-2)

1-2v 2(A+y)

V2 +

where v (0 < v < 1) is Poission's ratio. A general
solution to equation (8-2-2) has been given by Papkovich

(1932) and Neuber (1931) in the form

1

¢ =h-«v(r.h+ £): v2h =0, V2f =0, « = = 4(1-v) (8-2-3)

where h is any arbitrary harmonic vector and f is a harmonic

scalar function. Very often it is possible to

** 4 is the shear modulus and y has no physical significance
except through bulk modulus « = %{3A+ 2u) and Young's
modulus E = u(3x+ 2u)/(A+y).
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dispense with the function f (in 8-2-3) [Eubanks and Sternberg,
1956]. Alternatively expressed, it is generally possible to

write
- «vf = h - ¢v(r.h); v2h = 0, v2f =0 (8-2-4)

where h can be determined in terms of f [Jaswon and Symm, 1976].
The vector @.= < T%T , 0, O > is harmonic everywhere
except at p = 0, and it therefore defines a displacement

vector

p

which becomes singular at p = 0. More generally, we may

define the displacement vector

P-4
8(p) = < = »0,0> = KV(=p—=)3 R = [p-q| (8-2-6)

- - o

which becomes singular when P =q. This is Kelvin's
solution for the displacement vector generated by a
concentrated force acting in the 1-direction at q. It
may be proved that the magnitude of the concentrated
force in question is 4mu. Analogous expressions hold
for concentrated forces acting in the 2- and 3-
directions at q. Separating into components and using

the symbolism of (8-1-4), we arrive at the isotropic
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fundamental displacement dyadic with components

- k 3R 23R
gpi9) = = S5 °

2% o e 4§ = 1208, 82~
ij T‘ﬁapipj 19 B (8-2-7)
This expression defines the displacement components in the
i-direction at p generated by a concentrated force of
magnitude 4r acting in the j-direction at q.
It will be seen from (8-2-7) that
gc?l’gj) " g(E] '(.}1) 5 g(ch ’?i)’ (8-2-8)
which verifies (8-1-5) for an isotropic continuum.
The two-dimensional expression corresponding to
(8-2-7) is
e (3=4) 1 SRR i _
E(Ei,gj) = =) 6:1} lOgR * m‘"_\)j-].l -5-51 sﬁj i S 1,2. (8 2“'9)

This refers to a concentrated force of strength 2n per unit

length of an infinite cylinder of isotropic elastic material.
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8.3 Displacement generated by a point-force without dislocations

It has already been noted that the biharmonic function
Xp =X + My log r, defined by (6-3-4), represents a
point-force without dislocations for a suitable choice of M.
This point force is of magnitude 2» acting in the y-direction
at the origin. The displacement components Uy 5V associated

with Xp are given by

Bxl
2wy = 201 - W$ - (8-3-1)
- ax
2wy = 2(1 - W)§ - —3?1 : (8-3-2)

where ¢ = (1 - M)B,E = -(1-M) log r. These expressions

reduce to

= Xy A
oy 4L = v) prs 2 (8-3-3)
g 2
Vl = =3 = 4) log r + i e 52 -12— > (8-3-4)
4(1 - v)u 4(1 - v)ur? v
where the constant 'l,fzuin (8-3-4) may be eliminated by
adding a suitable constant to ¢. These agree with (8-2-7)
if we identify
U = g(p]_:q.z) » V]_ = g(pzsqz) 5 9, =0 ‘{8'3‘5)

I I



Similarly the function x, =y8 - Nx log r yields

the displacement components

u, = ki log T +

1-vu -v)ur2  2p (8-3-6)

5 (8-3-7)
¥a 4‘(1_“7,—2-\, T

By reference to the arbitrariness in ¢, which is a
feature of the Almansi x-form (1-1-2), we see that the
constant in ¢ may be eliminated without loss of
generality. As before, these agree with (8-2-7) if we
identify

u, = g(pysqy)» Vv, = 8(59) 5 q=0. (8-3-8)
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Chapter 9

Bending of Thin Plates

9.1 Introduction

Hadamard (1908) proved that a function y which is
continuous and has continuous derivatives upto the fourth
order within a finite two-dimensional domain Bi’ and

which satisfies the equation

4y = 0

in B;, is uniquely determined in B, if it has a prescribed
continuous set of values y and set of normal derivative
values x' (=dx/dnJ on 3B. To construct x in B;, we utilise
the two-dimensional representation (3-2-1), taking the
origin r = 0 inside B.. This yields the boundary

functional relations

r2¢ + (9-1-1)

>
I

(r2¢ +y)' = 2rr'¢ + 129" + ' (9-1-2)

>
L}

connecting ¢,¢', ¥, ¢' on 23B.

We now write, using the theory of part I,
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¢(13) J log!g - cjl o(g)dq; p e B. + 2B (9-1-3)
2

B

/ (1_3)

o)

j loglg = cj_ln(g)dq; e B, + 3B (9-1-4)

3B

where o,n are hypothetical source densities to be

determined. We bear in mind the normal derivative

expressions
0@ = [ 10g'lp - alota)da + 1o (); p e 98, (9-1-5)
3B
p'(p) = J log'|p - q|n(@)dq + m(p); p e 3B. (9-1-6)
3B

as given in Chapter 4. Substituting from (9-1-3);(9-1-6)
into (9-1-1), (9-1-2) yields two coupled integral equations
for o,n which may be solved by established numerical
methods (Symm, 1970), so enabling ¢ and ¥, and hence also

X, to be generated throughout Bi'

A simple illustrative example is provided by the

following boundary data:

>
I

ax + By + Y
} e (9-1-7)

>
]

Gx' + Byl
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where a,B,y are constants. Clearly

X = oX + gy + y in Bi + 3B, (9-1-8)

with the breakdown

= r2.0 + (ax + By + y) in B, + 3B.

Another simple example which can be used as a test

problem in numerical solutions is

r2

=
]

} on 3B. (9-1-9)
x' = 2r
Clearly

x =12 in B, + 9B (9-1-10)

with the breakdown

x - rzil + 0.

9.2 Chakrabarty boundary-value formulation

An alternative formulation of boundary-value problems is
to utilise the Chakrabarty representation (5-3-5) for x. The

boundary properties of x, x' on this basis are discussed in
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an Appendix. However, this formulation does not appear so
suitable as (9-1-1), (9-1-2) for finite simply-connected

domains.

Another type of boundary-value problems for which Chakrabarty's
representation may be preferable is x, v2y given on 3B. Hadamard
proved that a unique x exists in B, under these conditions. To

construct this, we write from (3-2-2) that

v2y = 4¢ +4(x-§-§+y%§§); p e B; + 3B, (9-2-1)

Substituting (9-1-3) for ¢ in (9-2-1), we find complicated
boundary integral equations for o¢. On the other hand,

utilising Chakrabarty's representation we have

w2 = 4 [ 10glp - alo(@da; p e B+ ab. (9-2-2)
aB

This leads to the boundary integral equation for ¢ in terms
of v2y. With o known, we may then generate 2 on 3B and we

therefore determine y on 3B from (5-2-8).

9.3 Bending of thin plates

The small transverse deflection, w, of a thin isotropic

elastic plate under the action of a transverse load T per umit
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area, satisfies the equation

vtw = /D in B, (9-3-1)

where B, is the domain of the plate and D is the flexural
rigidity given by D = 2h E/3(1 - v2). Here E is Young's
modulus, v is Poission's ratio, and 2h is the plate

thickness. Equation (9-3-1) has a general solution of the

form

w = W+ yx, (9-3-2)

where W is a particular solution and x satisifes equation

(1-1-1). For a uniform transverse load, i.e. T = k(a constant),

we have

W@) = —fqy (2 + y2)2r W)= g5 (< + ¥*)  (9-3-3)

at p = <x,y >.

For a concentrated transverse load applied at some point

q e Bi’ i.e. expressed mathematically

-

T() = ks(p - q@); k = total load, (9-3-4)

- ~

we have
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W®) = g Ip - al?log [p - q (9-3-5)

bearing in mind from (5-3-2) that
yh {IP - E{|210g |13 = (3'} = 4v2 log |Ij = Ell = 3“5(13—(3]. (9-3-6)

The boundary conditions for a clamped pate are

w=0, w'=0 on 3B, (9-3-7)

or x=-W, x'" = - W' on 3B. (9-3-8)

Since W, W' may be computed on 3B, it follows that x, x'
are known on 8B, so enabling x to be determined throughout
Bs by any of the methods of section 9.1, whence may be
generated throughout Bi from (9-3-2). Utilising an obvious
notation, the associated bending and twisting moments on

9B appear, respectively, as

l-v 3w
= - 2 o
M D (Ve + 5 N
M., = i) (L= %) 2w (9-3-9)
nt an at

"

where p is the radius of curvature. These expressions

simplify to
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- - 2 - — -
Mnn D Vou, Mnt 0 (9-3-10)
on bearing in mind that %w/an = °“/3t = 0 under

clamped conditions [Jaswon, Maiti and Symm, 1967].

The boundary conditions for a simply-supported plate

are

®=0, M_ =0. (9-3-11)

Substitutingw= W + x in (9-3-11), we formulate two

relations between x,x' on 8B which suffice to determine
o,n and hence eventually throught Bi' The interesting
boundary quantities &?an, Mnt may then be calculated. It
will be noticed that p—l auj/an = 0 along a straight line

boundary, in which case conditions (9-3-11) reduces to

= - W, v2y= -V2W. (9-3-12)

>
I

This greatly simplifies the problem for a polygonal
boundaries on the assumption that corner effects may be
neglected, since we may immediately apply the theory of

section 9.2.

- 82 =



Chapter 10

Two-dimensional Exterior and Ring-shaped Domains

10.1 Exterior domain

The uniqueness of yx for an infinite exterior domain Be

requires (Hadamard, 1908)

X =0(r) as r >, (10-1-1)

in addition to the requirements mentioned in the previous
chapter for Bi' Requirement (10-1-1) is ensured by the

representation

X =Ty kNS = Ve =0,
provided that ¢ = O(r-l) as r»» and that y is suitably

restricted. We therefore utilise (g9-1-3) for ¢ subject to

the condition

Jc(q)dq =0, (10-1-2)

which ensures, by reference to (7-3-4),4 = O(r'l) as

e, If so,

r2¢p = ax + by + 0(1) (10-1-3)

where a,b are coefficients provided by ( )§ of b 5

and O(1) does not include a constant.
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It is advantageous to utilise (§-1-§) for ¥ since this

(a) yields the acceptable behaviour y = logr + O(r'l)

as r > », and it

(b) excludes the terms ax + by already covered by r?¢, so

avoiding complications due to non-uniqueness.

It should be noted, however, that neither r2¢ nor y, as we have
defined them, covers the possibility of a constant component

entering into x. Accordingly, we write

x =12+ +k in B+ 3B (10-1-4)

where k is a constant to be determined. This extra unknown
balances the side condition (10-1-2), but otherwise the
formulation follows similar lines to that of the interior

problem (Chapter 9).

A specialised exterior problem is provided by

X = oax+ By +y on 3B
= axt + gy’ on 3B.
Clearly
X = ox+ By+yinB + 3B,

w84 =



though, of course, the normal direction now points into Be.

In this case we cammot write

X =r2.0+(ax+8y+y),

because the breakdown

$=0, v=ax+By+y

would mean ¥ = O(1) as r » =, contrary to the behaviour

p = klogr + O(r"l) as r»». The correct breakdown is

x=r2(aC059)+(BsmG)+YinB+3B
e
T T
where
p acos8 . _Bsind ,v=0, k=vy

10.2 Ring-shaped domain

Within a ring-shaped domain B, bounded externally by
aBO and internally by aB1 which encloses r = 0, x may include
the special biharmonic functions xlogr, ylogr. These are
inadmissible within an interior domain (which includes r = 0),

and they must also be excluded from an infinite exterior
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domain because of the requirement (10-1-1).

As already noted (3-2-8 ), the biharmonic function
xlogr, ylogr cannot be covered by r2¢ + ¢ if ¢,y are
single-valued harmonic functions. Clearly the potential
representations for ¢,y are inherently single-valued.

Accordingly, within a ring-shaped domain, we must write

x = 124 + y + axlogr + bylogr

where ¢,y are defined by (5-1-1 ), (5-1-2 ) respectively,

and a,b are coefficients to be determined. No constant

(10-2-1)

need be added to the expression (10-2-1), because ¥ covers such a

constant within a ring-shaped domain.

The unknown coefficients a,b in (10-2-1) may be balanced

by the introduction of suitable side conditions. These must be

chosen to eliminate the non-uniqueness possibilities (3-2-7 ),

i.e. to ensure that ¢ does not contain any components
proportional to r_lcose, r-lsine . This is achieved

(cf. section54) by the introduction of the side conditions

J 4;0(a)dq = 0, J 1o (0)da=0; 4 = <qrifs 2,
3B, 3B,

it being noted that asymptotic behaviour depends only on the

source densities over aBl. Coupling (10-2-2) with the

generalised versions of (9-1-1), (9-1-2) corresponding to
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(10-2-1), we have sufficient equations to detemmine a,b and
o, n; whence ¢ and y, and hence also x, may be generated

throughout B.

10.3 Chakrabarty representation for exterior domains

Interior biharmonic boundary-value problems may also
be formulated by using the Chakrabarty representation (5-3-5).

The boundary relations then become

x =0+ ¥, x'= Q"'+ y'on 3B, (10-3~1)
in place of (9-1-1), (9-1-2).

For exterior problems, it is necessary to write ¥

X =Q+y +ax+by+cin Be + 3B, (10-3-2)

where @ is given by (5-3-5 ) and a,b,c are constants to

be determined subject to the side conditions

Jr a(q)dq = 0 J q;0()dq = 0, j a,9(@)dq = 0. (10-3-3)

aB 3B 3B

By reference to (5-4-1 ), these ensure the acceptable
behaviour (10-1-1) of x. Otherwise the boundary

formulations on similar line to (10-3-1).

- 87 =



10.4 Chakrabarty representation for ring-shaped domains

Within a ring-shaped domain B, bounded externally by

aB0 and internally by aBl which encloses r = 0, we write

o) = | 6p.Po@da+ | Gp.dal@da; pe B+ 3By + 3B

BBO BBl

The boundary equations (10-3-1) apply on the understanding that
3B = aBo + aBl. It will be noted that the first of the
biharmonic potentials in (10-4-1) is characterised, utilising

(3-2-4), by

% [6.o@da = [ 76,0 o@da
i} aB

4 I log|p-qlo(q)dq = £ rn(bnc cosnd + bnssin ne) ;
S n=0

p e B,

because sources on aBo necessarily generate harmonic potentials
which remain continuous at the origin. Accordingly, bearing

in mind (3-2-5), we note that
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| rz @ rn - -
J G({J.?)a (@ = Tnzo m(bnccosene + b sin ne) + y;
8B

0

where wo is a harmonic function in B of the form (10-4-2).

It will also be noted that the second biharmonic potential

in (10-4-1) is characterised, utilising (3-2-4), by

@ [ oe@da = 41ogr [ o@da - 422 [ qo(adq

aBl aBl aBl
4si 2 .
s;ne f A0 (9)dq i E rn(bnc qesg '+ bnssm o) ;
BBl n=-2

PeB+aB +aB, (10-4-4)

because sources on 9B, necessarily generate an exterior
potential having klogr + O(r'l) behaviour at infinity.

Therefore

| 6oue@aa = (r2 + elog) [o(@aa - 2xtopr | aotarg
3B, " 3B, 38,

2 ® n
SEEg ! ng(?)dq +'£1 fi=-2 ﬁ%T_‘(bnccosnﬂ E bnSSine) = 3

aBl

De B + aBO - aBl, (10-4-5)
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where ¢, is a harmonic function having O(r) behaviour at

infinity.

An immediate consequence of the above analysis is that
Q automatically covers xlogr, ylogr, r?logr within a
ring-shaped domain B. In this respect, the Chakrabarty
representation is superior to the Almansi representation
for a ring-shaped domain though the situation reverses for

an exterior domain.

As an exercise on-the preceding, we show how to express

xlogr in the form

xlogr = Q + ¢ ; e B+ 3B_+ 3B (10-4-6)
Y 0 1

-~

where ¢ has been defined as in (10-4-1). Clearly, equation
(10-4-6) implies

EEE%E =4 Jlog]g - glc(g)dq 3 Pe B + 3B, + 3B,

where o satisfies the integral equation

G
ZCSS = 4J log|?—9|c(9)dq; p € 9B;. (10-4-7)

3B

s



It will be noted that equation (10-4-7) is restricted
only to the internal boundary, since evidently ¢ = O on
B,. Also, by reference to (5-4-4 ), o satisfies the

conditions

0(q)dq =0 , I qy0(q)dq = 1, J q,0(q)dq = 0.

aBl BBl BBI

With o known, we may generate Q in B + aBO ® aBl, and

therefore we may generate the harmonic function

¢ = xlogr - Q in B.

o

(10-4-8)



Chapter 11

Etretching of Thin Plates

11.1 Plane strain

The formulation of problems of two-dimensional
classical isotropic elasticity in terms of the Airy
stress function, x, is well known (Timoshenko and
Goodier, 1951). In particular, if an infinitely long
cylinder composed of homogeneous isotropic elastic
material is loaded by forces that are perpendicular
to the axis, and which do not vary along its length,
it may be assumed that all cross-sections suffer the
same deformation. In practice we suppose that the
end sections are confined between fixed smooth rigid
planes, so that the displacement in the axial direction
is prevented. Since there is no axial displacement at the
ends and nor, by symmetry, at the midsection, it may be
assumed that this holds at every cross-section. This
state of strain is called plane strain. The displacement

components take the form

u=ux,y), v= v(x,y), w=0, (11~1~1)

with the axis of the cylinder being identified as the z-axis.

Clearly the only non-vanishing strain components are

=_§.}.‘1. 2-3_\'[ ='..a.l.i i‘i: -] -
€x < eyy 3y’ exy i(ay + ax) eyx . (11-1-2)
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The only non-vanishing stress components are Pxx’ Pyy’ ny, P o.»

and these are related to the strain components by

e 2].[ €:: * A eijﬁij; i,j = X,y,Z (11-1-3)

where p is the rigidity modulus and A is Lame's elastic constant.

Alternatively, these relations may be written as

(-P)cx + Pyy + Pzz); 1,3 = X, Y2 (11-1-4)

where E is Young's modulus and v is Poission's ratio.

Since Bl " 0, we see from (11-1-4) that
Bas Bt ), (11-1-5)

under conditions of plane strain.

The Cauchy-Navier equations of equilibrium in the

absence of body forces are

aFxx aIxy = o 3 pa
==+ =L =0, _a_xZ-p _.522'._0, (11-1-6)

These equations are automatically satisfied by writing
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2 2 2
Pl o o BERN Sl . o SR (11-1-7)
= gyt YY" ax? Xy axay

i i i i P P .
where x is the Airy stress function. Since o vy + Pzz
is a harmonic function in the absence of body forces (Love),
by reference to (11-1-5) it follows that Pxx . Pyy is a
harmonic function under conditions of plane strain.

Accordingly,

e, * P =0, (11-1-8)

i.e. V2(v2y) = O.
Thus, the Airy stress function x satisfies the biharmonic
equation. If so, all our preceding analysis has immediate

application to the construction of x.

11.2 Generalised plain stress

For a thin plate in a state of generalised plane stress
(Filon, 1903), the average values of elastic quantities
(with respect to thickness) at each point provide a sufficiently
complete picture of elastic equilibrium. Denoting average values
by a bar placed over the symbols, it can be shown that

a) B 5 L satisfy the same equilibrium equations

v * Py
(11-1-5) as the corresponding stress components in plane strain;
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b) P

e Pyy’ P are related toe_, eyy’ e by (11-1-3)

Xy XX Xy
except that g is replaced by A = 2ud/(2p + 2 ).

Hence any problem of generalised plane stress can be solved by
treating it as a problem of plain strain, and then substituting
A for A in the results. We shall deal explicitly only with the
problems of plane strain, the application of generalised plane

stress being understood.

11.3 Tractions given on the boundary

We now express the elastostatic boundary conditions in

terms of .

If traction components Tx, Ty per unit length of the

boundary are given on 3B, we have the relations

-T_ = Pxx cos(x,n) + ny cos (y,n), (11-3-1)

-T_=P cos(y,n) + ny cos (x,n),

where cos(x,n) = dx/dn, cos(y,n) = dy/dn are cosines of the
angles between the positive co-ordinate axes and the inword

normal n.
In theoretical elasticity, the normal is usually taken

outward from the material. However, we are taking it to be

inward to bring the theory in line with that of potential theory
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(see Chapter 4). Accordingly the tractions which appear
in (11-3-1) have the opposite sign to the sign which would

appear appropriate on the mechanical ground.

Directing the tangent to the boundary so as to keep the domain

on the left, and using the Cauchy-Riemann equations
e
we deduce from (11-2-1), (11-1-1) that

T T (B, T, -5 6Y. (11-3-3)

For a material subject t© given boundary tractions, these

On integration, they yield

X E
B Prone s
s
(11-3-4)
%‘;} ol ETx(g)dQ"' B,

where p defines an arbitrary origin of integration on the
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boundary 9B, p signifies the current point on 3B at which
%%, 3x/8y are being evaluated, and a,8 are arbitrary constants

of integration. Hence, we may evaluate

P 1
x(p) = J%ﬁ dg + = r(g—f{% + %%) dq + v, (11-3-5)
P

-

where v is a further constant of integration, and

dy _ 9y dx 3
R % : (11-3-6)

It follows that the traction problem leads directly to the
cannonical biharmonic boundary-value problem, i.e. that of

finding a function x, satisfying equation (11-1-7)

throughout a domain B, and such that X(?)' dy/dn assume prescribed

values on the boundary 3B of B.

Note that x, dy/dn include arbitrary terms
ax(E) + BY(E) + v, a(dx/dn) + B(dy/dn) respectively.
Reference to (8-1-8) shows that these boundary contributions
define a biharmonic function in B which yields no stress
components. Accordingly, neither the location of P nor the
values there of x, 3x/9x, 3x/3y have any physical significance.

Without any loss of generality, we may put a =g =y = 0.

It will be seen from (11-3-4) that [ayx/3x] P measures

2
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the y-component of the resultant force acting upon 3B between

P and p. If, therefore, the total resultant y-component acting

on 3B vanishes, as must be the case for a simply-connected domain

B in statical equilibrium, 3x/3x will be a single-valued function
of p on 3B. Similarly, if the total resultant x-component

vanishes, 3x/3y will be a single-valued function of p- Furthermore,

the resultant anti-clockwise couple acting on 9B betweenP and p

is measured by

P P
Poa, g {xd v @b }a
3 4
2 X X
=[x - x> - y_yjr.; ! (11-3-7)

I1f, therefore, the total resultant couple acting on B vanishes,
x (p) also will be a single-valued function on 9B and therefore

also throughout B.

11.4 Tractions given on a ring-shaped domain

For a ring-shaped domain B bounded internally by 9B,
(which includes r = 0) and externally by BBO, the possibility
arises of a non-vanishing resultant force or couple to act upon
BBl, with a compensating force or couple acting upon BBO, thus
implying a multi-valued X in B. Discounting this possibility,

we now extend the preceding boundary analysis as follows.
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Starting from an arbitrary origin}fo on aBo, we calculate y,
ax/9x, dx/dy as before. These quantities resume their starting
values, all taken to be zero, on completing a circuit of aBo.

We then jump from P, to some arbitrary origin P on 3B, it

being supposed that 1y, %%, %% jump to the values
X T < o, 3y B at }31 < X]. Y1> € B. (11-4-1)

These yield contributions

3% dx"‘ﬁ%,

=
1]
2
&1

>
I

alx - X)) + Bly - Y)) + v, (11-4-2)

to the cannonical boundary quantities on aBl. Other
contributions of course arise from the traction integrals
of (11-3-4) taken along aBl.
To understand the significance of «,B,y suppose that
aBo, aBl are completely free from tractions. In this case

the boundary conditions on 3B are
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These combined with the boundary conditions (11-4-2) on 3B,
define a unique non-trivial biharmonic function x within B, so
implying the existence of a continuous purely elastic
generated entirely by internal sources. These sources are

the three independent two-dimensional Volterra dislocations
(Love, 1952), each characterised by a discontinuity in a
specific displacement or rotation component. Methods for

constructing x have been already noted in chapters 6, 9.

As already noted, the dislocation solutions of the
biharmonic equation are xlogr, ylogr, r?logr. To eliminate
unwanted dislocations we put a = b = 0 in (10-2-1) so that

the appropriate representation becomes
X = T2 + (11-4-3)
where ¢,y are single-valued harmonic functions. These
are not unique as already shown in (3-2-8 ). However, if
we represent ¢,y as simple-layer potentials, uniqueness

may be ensured by the introduction of the side conditions

(10-2-2 ). Also we introduce the condition

J o(q)dq =0 (11-4-4)

in order to ensure that r2¢ contains no component proportional

to r2logr, which represents rotational dislocations.
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11.5 Infinite exterior domain

If the outer boundary of the ring moves off to infinity,
so that we are dealing with an infinite domain B containing an
internal boundary 9B subject to equilibrated tractions, the
problem becomes more managable. This is because the behaviour
of harmonic functions may be regulated at infinity in
accordance with specific physical requirements, for instance
so as to eliminate dislocations or, more generally, to ensure

that stress components fall off sufficiently rapidly.

For an infinite exterior domain we may utilise the

representation

X = 12 +y + k

where ¢,) are defined as logarithmic potentials. The constant k
is to be determined subject to the side condition (11-4-4).

This provides the acceptable behaviour x= O(r) at infinity and
also eliminates a possible dislocation component r logr in

r?¢, and of course there are no other possibilities of
dislocations. The construction of yx is similar to the methods

outlined in Chapter 10.
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11.6 Chakrabarty representation

Instead of using the representation (11-4-3) for the
interior problem, we may also utilise the Chakrabarty

representation (5-3-5 ), with the boundary condition (10-3-1)

For exterior problems, it is necessary to write

X=R + y+ ox + gy +¥ inB + 3B (11-6-1)

where ¢ is given by (5-3-5 ) and has the asymptotic
expansion (5-4~1 ). The coefficients a,B,y are constants
to be determined subject to the side conditions (10-3-2 ).
Reference to the asymptotic expansion (5-4-1 ) shows that
these eliminate all the possible dislocation components.
Otherwise, the boundary conditions follow essentially the

same lines as (10-3-1).

Within a ring-shaped domain B, we define @ as in (10-4-1).
This uniquely covers the functions xlogr, ylogr, r2logr
and therefore Chakrabarty representation (10-4-1 ) applies

on the understanding that 2B = 9B, + 3B.
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Appendix 1: TI-contour

A distinguishing feature of two-dimensional theory is the
existence of contours, termed I'-contours, for which the

equation

J Bloglp-qlx(q)dq =1; pe 3B (A1-1)
a - -~ - -~

does not exhibit a solution. For example, if 3B is a circle
of radius a, then A(q) = Ao (a constant) by symmetry, in which

case (Al-1) becomes

A I log|p-q| dq = A .. 2naloga = 1,
0 s 0
3B
: X -1
i.e. A = (2raloga) . (A1-2)
It follows that Ao has no finite value when a = 1, and that

any finite Ao provides a non-trivial solution of the

homogeneous equation
J Bloglp-ql A(q)dq = O. (A1-3)
a - o L g

The unit circle case may be generalised, Given a
contour 3B defined by the Cartesian equation f(x,y)=0,
construct the family of similar contours defined by

f(x/m, y/m)= 0, where m > o is a continuously varying
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parameter. Then the equation (Al<l) admits a unique

solution for every member of the family with one exception,
i.e. the r-contour, which is characterised by the existence
of a non-trivial solution of (Al.3). The proof is given by

Jaswon (1963).
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Appendix 2: Conjugate Harmonics

Here we consider the problem of constructing the harmonic
conjugate

W® = | ep-ao@d (A2-1)

9B

of the simple-layer logarithmic potential

4@ = | _t0glp-alo(adda, (A2-2)

where 3B is an arbitrary closed contour. The angle 6(p-q)

associated with log|p-q| may be defined as follows:

Introduce a line through q parallel to the positive
x~axis of a Cartesian co-ordinate system. By our convention,
6 is the angle moving in the anticlockwise sense between
this line and the vector joining qtop (fig: 1). 1If so,
loglg-gl and e(g-g) are conjugate harmonic functions of q.
More generally, 0(3)10g|9-3| and o(q)6(p-q) are conjugate
harmonic functions of P» which satisfy the Cauchy-Riemann

equations

%5i[o(g)log|g-gll = 35, 0@ -0 (A2-3)
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Fig:

Fig:

8(p~a) for an arbitrary closed domain

p at the centre for two choices of a.
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d 3
=5 o(@logip-q = - o(q) 8(p-q) (A2-4)
5%, lp-al %, @eed
where p = (pl,pz). Since this holds for every qe 3B,

we see that ¢, ¢ in (A2-1), (A2-2) are conjugate harmonic

functions of p.

To ensure that ¢ is single-valued if Pe 3B, we draw a
fixed straight line which cuts 3B at Qs at which point we
commence our anti-clockwise circuit of 3B for every
location of P. The angle ¢ jumps by -2y at q after
completing one circuit on 3B. The same applies if P e 3B,

except that & jumps by = as q passes through p.

As an example of the above, we evaluate

J 8(p-q)dq (A2-5)
3B

™o~

on a circle of radius a. Three cases may now be

distinguished.

(1) If p is located at the centre of the circle, then

we see that (fig:2)

where q = (acosn, asinn) and dq = a dn . We find that
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Fig: 4 p on the circumference for two choices of q,

(Note that @ jumps by = as q passes through p)
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Fig: 5 p as an interior point; 0Op = b.

Fig: 6 graph 8 = &(n) for an interior point p.
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m™
J 6(p-q)dq = a J (v + n)dn = 2r2a.
8B =~ -

(ii) If p lies on 3B (fig:4), then

g = %-+ %-; weng 0O

3% +n/,5 Ogng

in which case

o m
fﬁ(p-q)dq=aj (3 + Pdn +a[ (%’lh})dn = 2n‘a

once again.

(iii) If p is an interior point other than the centre, then

8 = 1 + arc tan (-%—%%2;3:—Eﬂ

where OP = 6 (fig:5). We sketch 6 as a function of n in fig: 6.
Two shaded portions are equal, by symmetry, from which it follows
that

J 8(p-q)dq = 2n2a.
apg T

We note that the integral (A2-5) has a value independent of
the location p. This is expected since (A2-5) is the conjugate
harmonic of I log|p-q|dq, which has a constant value within

3B Fita

the circle.
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Appendix 3:  Behaviour of Chakrabarty biharmonic potentials
on the boundary

Since |E -9|2 + 0, I? - q|? log IE - 9|+ 0 as I? - g|+ 0,

we see that

]E - 9}2 { -1 + log !E - gl} >0 as IP - 9] + 0.

However, it is necessary to evaluate the contribution to

JaB [p = q|2 { -1 + log|p - ql} dq; pe 3B,

from a small interval in the neighbourhood of p. This

is achieved by setting up a local Cartesian co-ordinate

system centred upon p as origin, the x- and y-axes through

p being identified respectively with the tangential and

normal directions through P (fig: 7). To a first approximation,
a small arc of the curve at p may be taken as the interval

[-h,h] on the local x-axis. If so, we may write q = (x,0)

where - h < x < h., Clearly
lp - al? =x2, |p-aql?loglp - q| = xlog|x],

in which case the relevant contribution to the integral (A3-1)

is seen to be

h
2[ x2(-1 + log|x|)dx = % hilogh - g h?.
(0}
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- P(o,y)

P q(x', 0) h

Fig: 7 small interval in the neighbourhood of p
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To compute the contribution to

lim d
P-+p dn

i

|P - q|? { -1 + log |P - q } dq
B~ - > e

from this interval, we take P = (0,y). If so, then

|pi=iq]? { -1 + log |p - QI} = J(x2 + 2){ -2 + log(x® + Yz)}

in which case the relevant contribution to (A3-3) is seen

to be

; h
;ig %?. J (k5w yz){ -2 + log (x2 + yz)} dx = 0.
0

These results agree with earlier conclusions of Chakrabarty

(1971).
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