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Abstract

Biharmonic functions can be represented in terms of

harmonic or biharmonic potentials. These potentials can

be generated by hypothetical continuous source densities

distributed over suitable surfaces. Accordingly the

boundary value problems of two-dimensional elastostatics

can be formulated as integral equations to determine these

sources. This thesis extends the analysis to cover

multiply-connected and infinite exterior domains. A

new theory of two-dimensional Volterra dislocations and

two-dimensional point-forces have been formulated.



Introduction

Biharmonic analysis was systematically inagurated by

J. Hadamard at the beginning of the present century. He proved

the fundamental existence-uniqueness theorems for both interior

and exterior problems. These theorems were then applied to

solve certain problems arising from the linear theory of the

transverse deflections of thin elastic plates. About fifty

years earlier, G.B. Airy (1863) introduced a two-dimensional

stress function which satisfies the biharmonic equation. He

applied this to certain problems of the stretching of plates

under conditions of plane strain and plane stress. Much of

Hadamard's biharmonic analysis also applies to the Airy stress

function. But nevertheless, important differences arise,

because Hadamard's biharmonic function represents the transverse

deflection whereas Airy's stress function has no direct

physical significance.

A considerable advance in the representation of biharmonic

functions was-made by E. Almansi (1898), when he proved that

any biharmonic function can be expressed in terms of two

harmonic functions. This has been utilised to good advantage

by Coker and Filon (1957), and more recently by I.C. Brown (1973).

A powerful representation has been developed by the Russian

School as summarised by N.I. Muskhelishvili (1963). Here the

biharmonic function is expressed in terms of two complex

potentials. These can often be determined on the boundary of a

unit circle from the given boundary data, so enabling the

biharmonic function to be continued into the interior or exterior



domain of the circle. Accordingly, a wide class of biharmonic

boundary-value problems may be solved for any domain which can

be conformally mapped onto the unit circle.

Although Mushkelishvili's approach is very powerful, it is

also rather restricted. In engineering practice, we often

encounter shapes which cannot be mapped onto the unit circle.

This has led in recent years, to a renewed interest in

Almansi's representation. M.A. Jaswon (1963) introduced

Almansi's harmonic functions as simple-layer potentials,

generated by hypothetical sources on the boundary. Boundary

conditions involving given tractions may then be formulated

as boundary integral equations for determining the source

densities. Generally speaking, these integral equations

cannot be solved analytically. However, methods of numerical

discretisation were initiated by G.T. Symm (1963), which

enable numerical solutions to be obtained for a wide class of

boundaries. This approach was applied to some problems by

M.A. Jaswon et aZ (1967, 1968), by S.K. Chakrabarty (1971),

and by I.C. Brown (1973).

Considerable complications arise in Almansi's

representation when the boundary is doubly-connected or is

an infinite exterior domain. This thesis deals with an

extension of Almansi's representation to cope with these

complications. A feature of the extension lies in the central

role played by Volterra dislocations. In effect, a new theory

of two-dimensional Volterra dislocations has been formulated.

Integral equation methods may therefore now be applied to

doubly-connected domains, using a natural extension of the

AS



procedure for simply-connected domains.

Another feature of doubly-connected domains is that

the tractions need not be equilibrated separately on each

boundary. This possibility requires the introduction of

multi-valued biharmonic functions, which have not previously

been studied in connection with Almansi's representation.

The thesis provides an analysis of such functions and brings

out their connection with resultant or point-forces. The

thesis also provides a new method for determining the

displacement field generated by a point-force and by a

point couple. Accordingly, boundary displacement problems

can now be formulated for doubly-connected domains as well

as for simply-connected domains.

A direct representation of biharmonic functions in terms

of biharmonic potentials has been introduced by S.K. Chakrabarty

(1971). This provides an alternative type of representation

to Almansi's representation. Here again the boundary conditions

may be expressed as boundary integral equations, which determine

hypothetical biharmonic sources on the boundary. These have

been solved numerically by Chakrabarty for certain problems

concerned with the bending of plates. The present thesis

provides a fresh formilation of Chakrabarty's representation,

and it also extends the representation to cope with doubly-

connected domains (including infinite exterior domains). The

scope and limitations of Chakrabarty's representation, as

compared with Almansi's representation, has now become more

clearly understood.



To summarise, this thesis provides a foundation

for the application of integral equation methods to

doubly-connected domains and infinite exterior domains

of engineering interest. There would seem to be no

difficulty in extending the work to cover multiply-

connected domains.

-10-



PART I

SINGLE-VALUED BIHARMONIC FUNCTIONS



Chapter I

Almansi Representation of Biharmonic Functions

1.1 Introduction

A function ¢ is said to be harmonic within a domain B,

bounded by a closed surface 9B, if it satisfies the following

conditions:

i) is continuous in B +2B;

ii) ¢ has continuous second order derivatives in B;

iii) satisfies Laplace's equation

Ne xe +ths a = 0, within B.

A function x is said to be biharmonic within a domain B,

bounded by a closed surface 3B if:

i) x is continuous in B + 2B;

ii) x has continuous derivatives upto the fourth order

within B;

iii) x satisfies the equation

vix = v2v2x = v2(v2x) = 0 in B. (1-1-1)

According to Almansi (1897), an arbitrary biharmonic function

x may be represented in terms of two harmonic functions ¢ and yp

in any of the following forms:

-ll-



X= XO + py

X T-Yorees (1-1-2)

X= 2o +,

or in the form

xertoty; rext=y? +z, (1-1-3)

where v2¢ = v2y = 0. It may be verified by differentiation that

the forms (1-1-2), (1-1-3) are biharmonic functions for an

arbitrary choice of the harmonic functions ¢ and y.

Before giving the proofs of Almansi's theorems, we require

a lemma which we state and prove below.

1.2 Lemma

An arbitrary harmonic function h may be written as = where

¢ is a harmonic function.

Proof: Given h(x,y,z) where v2h = 0, we introduce the indefinite

integral

o- frcuy.zéx + noy.2), (1-241)

where n is a function of y and z to be determined.

Clearly

ao =
ax

-12-



for any choice of n. Also, since ¢ is a harmonic function, we have

0 = v2 = vy? fnccsy,2)ax + V2n(y,z).

This shows that n(y,z) satisfies the Poission's equation

v2n(y,z) = - v2 fncxsy,2)ax. (1-2-2)

A solution always exists, so providing a possible 9.

1.3 Construction of. ¢

Our proof of the lemma provides a method of constructing

a > for a given h, although it should be noted that ¢ is only

determined upto an arbitrary harmonic function of y and z. The

method of construction is illustrated by the following two

examples.

Example 1: h-=x, in which case

b= frdx + ntys2) = 4x? + 0,2).

Therefore

0 = v26 = 1+ vn(y,z),

from which it follows that

Ven(ys2) me ee

-13-



A possible solution is provided by

ci zo + 22),
st

1

so that

4x2 - 5 (y? + 22) = § (2x2 - y? - 22).° "

It may be verified that

v26 =O and oo ax.

Example 2: h= logr; r =x +y , in which case

o " n(y)+ togr dx

n(yH{ (xlogr - ye) - x]

In this case

°o " v2o = v2[(xlogr - yé) -x] + V2n

v2(xlogr - ye) - V2x + V2n = V2n,

since (xlogr - y ) is a harmonic function, from which it follows

0 = v2n. A possible solution is n = 0, hence

@ = xlogr - yé - x.

aajars



We note that this expression for ¢ is not single-valued for any

circuit which enclosed the origin.

1.4 Completeness of the x-form

Since x is biharmonic, V?x is harmonic and therefore, using

the above lemma, it may be written as

vx = 282; v2 =0, (1-4-1)

Equation (1-4-1) is a Possion's equation for x in terms of ¢.

Since

oe) = 22,

we see that x¢ is a particular solution of the equation, which

therefore has the general solution

X= xo + y; V29 = v4y = 0.

This establishes the completeness of the x-form.

The representation

X= Xo + y (1-4-2)

is not unique, in the sense that we can undertake a transformation

6>o+n (2), b> v- xn(y,z), (1-4-3)

w25-s



where n is any harmonic function of y,z which leaves x invariant.

Alternatively expressed, the homogeneous equation

xp +p = 0, (1-4-4)

has a class of non-trivial solutions of the form

o=n (y,2), ¥=-xn (y,z)3 Vn = 0. (1-4-5)

The same analysis holds for the other forms in (1-1-2).

1.5 Mutual transformability of x,y and z-forms

Although corresponding permutations of the analysis of the

x-form may be applied to the y- and z- forms, the following

transformation is of interest. Given the biharmonic form

x = yh; v2h =0,

we may write

sy 2h « y=VAL" iyencmagh vate s ©

by virtue of the lemma 1.2. We then write identically

8 on ba PEP 238dYay age a ee %y ) >

-16-



where wey =X + are harmonic functions since ¢ is

harmonic. Accordingly the y-form yh can be transformed into

the x-form. Similarly, the z-form can be transformed into

the x-form.

=



Chapter 2

The r2-form of Biharmonic functions

2.1 Existence and Uniqueness of the r?-form

The representation

Mes yTeeire¥ 5 A020) PAN Me O22 = xe t yeitiz?)' 1 (21-1)

is essentially equivalent to any of the forms (1-1-2), but it has

the advantage that 4, y are unique for a given x. First we prove

that x is biharmonic if 4, y are arbitrary harmonic functions.

We note that

v2x = v2(x24) + v2y = 6 + A(x 22+ y = +232). (2-1-2)

Since ¢ is harmonic, the expression in the bracket is also harmonic,

so that the right-hand side of (2-1-2) is harmonic. Accordingly, x

is biharmonic.

We now prove that an arbitrary biharmonic function., may be

written in the form (2-1-1). Clearly this means proving that an

arbitrary harmonic function v2x can be written in the form (2-1-2).

We suppose that x is defined in some simply-connected domain B, in

which case V2x is also defined throughout this domain. In the

neighbourhood of any interior point of B, we may express V?x by the

convergent series of spherical harmonics:

- 18 -



bars; =P" (cosajenTM , (2-1-3)

using the usual symbolisms (Webster, 1954), where a), are

uniquely determined coefficients. This expansion converges

within any interior sphere centred around this point, Also let

us assume the corresponding expansion

h @

eos Hb 1's (2-1-4)
= -n n=0 om, a

within the same sphere, where the coefficients De are to be

determined in terms of the coefficients aam* Substituting

(2-1-4) for into the right-hand side of (2-1-2), and

equating the nm spherical harmonic on each side, we find

ao (6 + 4n) bam? i.e. be = ann! (6 + 4n), (2-1-5)

bearing in mind that a Sa is a homogeneous form of degree n

in x,y,z for each allowed choice of m. We conclude from (2-1-5)

that

i) the b nm are uniquely determined;

a 2 yea through te ‘
ii) the b nm Temain finite as n runsyall the positive integers

including zero;

iii) the expansion (2-1-4) for $ certainly converges within the ,

sphere since (2-1-3) converges.

= 10 a=



Accordingly, we have stablished the unique existence of ¢

within any interior sphere of B. Alternatively expressed, we

have established a unique local solution of the differential

equation (2-1-2) for ¢ in terms of v2x. Since such a local

solution exists in the neighbourhood of any interior point of

B, we may link them up into a unique global solution throughout

B using the principle of analytic continuation. Therefore the

unique existence of the r?-form has been demonstrated for a

simply-connected domain.

As an immediate corollary, the homogeneous equation

126 + p=0; V2 =V2y=0, (2-1-7)

has only the solution

$= yo. (2-1-8)

2.2 Interior and exterior spherical domains

There are two domains for which an immediate global

solution is available. First if B happens to be a sphere,

the previous expansions apply throughout the sphere. Also,

if B is the infinite domain exterior to a sphere, we introduce

the convergent expansion

mm n (2-2-1)

a0



which holds throughout B. Similarly, we assume the expansion

By repetition of the previous analysis, we find

a= [6+ 4m-1)] b
nm mm? nm

We conclude that ¢ is unique and determined throughout the

infinite exterior domain. Our results may easily be extended

to a concentric spherical annulus.

2.3 ° Mutual transformability of the r2-form and x-,y-,z-forms

We now show that the r?-form can be transformed into

combinations of the x-,y-,z- forms. Thus, given the biharmonic

form

x=r*h; Vh=0,

we may write

rh = 1224; y2y=0,

-21-

Asea0D = ann! (2 + 4n).

(272)

(22-3)

(2-3-1)

(2-3-2)



by lemma 1.2. Also identically,

22% = Be ing 28 oor eeEy x(x $$ 2a ty Cy ge 2 Hy)

tx hry hes),

i 2085 5 (2-3-3)ice. r' - X$1 + Yoo + 2bz

where $5 (i = 1,2,3) is harmonic since ¢ is harmonic.

Any two of the forms on the right-hand side may be

transformed into the third by section 1.5, and

therefore we conclude that r h can be transformed

into the x-, y-, or z- forms.

=



Chapter 3

Two-dimensional Biharmonic Functions

3.1 Almansi x- and y- forms

Most of the results obtained in three-dimensions hold good for

two-dimensional biharmonic functions, though important exceptions

arise. The representations

Pee | ot 92g ayy ng) (3-1-1)

yoy=
"

are not unique, in the sense that we can undertake a transformation

o>+o+A+ By, p> - Ax - Bry, (3-1-2)

which leaves x = xp + p invariant, where A and B are arbitrary

constants. Alternatively expressed, the homogeneous equation

xo + =0. (3-1-3)

has a class of non-trivial solutions

¢=A+ By, v = -Ax - Bxy. (3-1-4)

A similar analysis holds for the y-form.

eee she



The representations (3-1-1) are complete only if we admit

multi-valued harmonic functions. For instance, we may write

ylog r = x(-6) + (y log r + x8), (3-1-5)

where the expressions in brackets are respectively the

imaginary parts of the analytic functions -z and zlogz. However,

these are mlti-valued for a complete circuit round the origin.

Similarly, we can write

xlogr = y 6 + (xlogr - yé), (3-1-6)

where (xlogr - yé) is the real part of the analytic

function zlog z.

3.2 Almansi_r -form

The analysis of the r?-form

tee Peem Ns et iat Yo, (3-2-1)

differs significantly from the corresponding form in

three-dimensions. This is because

vy = v2 (129) =46 + 4 Gab + vee) (3-2-2)

where we note the appearance of 4¢ instead of 6¢ which

appeared in (2-1-2). As before we assume that x is given

Pa



in some simply-connected domain B, in which case Vx is also

defined throughout this domain. To prove the completeness

of the form (3-2-1), it is clearly necessary to examine

whether an arbitrary harmonic function can be represented in

the form (3-2-2). In the neighbourhood of any interior

point of B, we may express Vx by the convergent series of

plane harmonics

2a eee i 2svex nee (a, cosne + a,,sinns) , (3-2-3)

where a. are uniquely determined coefficients.ne’ “ns

The expansion (3-2-3) converges within any interior

circle centred around this point. Also, let us assume the

corresponding expansion

©

= n i fe¢ ee ee O,, cosné + ue sinné) (3-2-4)

within the same circle, where the coefficients bie

bi, are to be determined into terms of the coefficients

anc? Ans? Substituting (3-2-4) for ¢ into the right-hand

side of (3-2-2), and equating the coefficients of cosne,

sinné on each side, we find

Dae = eras an) a:ne ee a,./(4 + 4n); n=0,1,2,.. (3-2-5)

: : s Nn. no;
bearing in mind that r cosné, r sinne are homogeneous forms

of degree n in x,y. We conclude from (3-2-5) that ¢ uniquely

SS



exists within this circle. Hence we have proved the existence of

a local solution within any interior circle of B and thus by the

principle of analytic Continuation , we may construct a global

solution ¢ throughout B.

There are two domains for which global solutions are available.

First, if B happens to be a circle, the previous expansions apply

throughout this circle. Second, if B is the infinite domain

exterior to a circle, the expansion corresponding to (3-2-4) takes

the form

eo le i Mono= pie x< (bcos ne + b, sin ne). (3-2-6)

By substitution, we obtain the relations

bo = arent + 4n), bra = a,,/ (4 + 4n);
ns

(3-2-7)

my=05-~ 1), 20d

which are formally the same relations as (3-2-5). From

(3-2-7) we draw the conclusion that a breakdown occurs when

n=-1, i.e. when V2x contains components proportioned to

rt cose or r74sine. Also, since

v2(xlogr) = 2r7 cose, v2(ylogr) = arsine. (3-2-8)

E60



functions

it follows that the singular biharmonic,xlogr, ylogr cannot be

represented by (3-2-1). These functions are inadmissible within

any domain enclosing r = 0, but they could exist within any

finite domain which excludes r = o.

Another conclusion we draw from (3-2-7) is that bic bis

may be finite even is all the ay. and a,, are zeros, Alternatively

expressed, this means that the homogeneous equation

O= 49 +4 (x 2h +y Sty (3-2-9)
ox oy

admits two independent non-trivial solutions

6 = r7cose ; r-4sine F (3-2-10)

as may be verified by differentiation. These also

satisfy the homogeneous equation

129 + y=0; v2o = v2y =0. (Soe)

This may also be seen directly from the fact that the

harmonic functions

- 27 -



Ta tcosee v -r2.r cosa = -rcoseo
" eK

a
" "r-sineé, p= -r2.r sine -rsine2

i ae

identically satisfies the equation (3-2-11).

3,3, Completeness of the r?-form

We note the identities

xlogr = } 1r2( xlogr + Y® ) + (xlogr - ye) ,
r2 } (3-3-1)

ylogr = 90 xe weg ) + (ylogr - xe) ,
Tr

where

6=( xlogr + yé We net ylogr - x6 ) {3°32

or? aye

are multi-valued harmonic functions, i.e. they are the real

and imaginary parts of the complex analytic function (logz)/z.

Accordingly the singular biharmonic functions xlogr, ylogr can

be represented in the r?-form, if we admit multi-valued

harmonic functions for any circuit round the origin. Operating

on both sides of (3-3-1) by v*, we infer that ¢ as given by

(3-3-2) satisfies the equation (3-2-2), i.e.

x 28h



2¢0s6 2sine
—, =

S 3 a6 Los= 49 +4 ary 2). (6-3-3)

The identity (3-3-3) may be verified by direct differentiation

The harmonic function ¢ remains single-valued within any

domain which does not include the origin. If we construct a

chain of overlapping circles B,, Bo, Bz,++Circuit the origin,

we get a global ¢ in the multiply connected domain

= UB BU U Bo B, U...

even though it is single-valued within any particular circle.

Multi-valued harmonic functions clearly lie outside the scope

of the expansion (3-2-6), so that no inconsistency arises

between (3-3-1) and the breakdown (3-2-7).

Accordingly, the Almansi r?-form is not complete if we

restrict harmonic functions concerned to be single-valued.

The problem of making it complete, subject to this restriction,

will be discussed in Chapter 4 .

- 29 -



3.4 Transformation of the r?-form into x- and y- forms

Given the biharmonic function

x= rch 3 ych= 0) (3-4-1)

we can always write

OE yee rialh eee 0 (3-4-2)

by lemma 1.2 . Also, we have identically

oe ke 36 ae 2¢ _ x 36 ryee x & RE ey ay 01 ax X gy)» (3-4-3)

where the expressions in the paranthsis are harmonic

functions. Thus the r*-form transforms into a combination

of the x- and y- forms which, in turn, can be transformed

into either form.

For example, let us consider the biharmonic function

r2logr. We note

2

r?logr = Tab > $ = (xlogr - ys) -x
ox

so that, according to (3-4-3),

30s



r2logr = x(xlogr - ys) + y(ylogr + xe)

as can also be seen directly. As before, this result involves

multi-valued harmonic functions for any circuit round the

origin. Accordingly, the transformation is not always admissible

if we restrict the harmonic functions to be single-valued.

= Sle



Chapter 4

Harmonic Potentials

4.1 Introduction

In this chapter we develop an alternative representation to the

Almansi representation, which may be preferable for certain purposes.

This depends upon the theory of biharmonic potentials, which is a

close analogue to the theory of harmonic potentials. We therefore

recapitulate briefly classical potential theory, as found for instance

in Kellogg (1929), in a form that will be found convenient for

subsequent applications.

4.2 Simple source potential

A unit simple source, located at a point q referred to a suitable

three-dimensional co-ordinate system, generates the Newtonian

potential

bs a rl
g (p,q) = g(a.) = Ip - al (4-2-1)

at a field point p. This potential is a continuous function of p,

differentiable to all orders, and it formally satisfies Laplace's

equation

vA g@,q) = 0 (4-2-2)
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everywhere except at p= q. It is therefore a harmonic function

everywhere except at p= q. Alternatively expressed, it satisfies

the Poission's equation

v? g(p.q) = - 4n6(p - q) (4-2-3)

everywhere, where 6 is Dirac's delta function centre upon q

(Dirac, 1930).

A discrete distribution of simple sources, of strengths

Dys Sps+0+9 Oy located at Gyr Agerees Ay respectively, generates

the Newtonian potential

N

= fVo) ie g(P.4,)o, (4-2-4)

at p. This has essentially the same properties as g(p,q), in

particular it is a harmonic function everywhere except at

Wyo Agere» Ay and it formally satisfies Poission's equation

N

vV(p) = -4n £ 6(D - Qo, (4-2-5)

ow a a

everywhere. If the source points are located within a finite

region of space B, then

-1,

g(.a,) = Ipl IplTM* @.q,) + OC IpI7>) as [pl> =, (4-2-6)

messin



and it follows that

N oa af

zo, * [pl 2. @-a jo. +0 (IplTM”) as |p| +© . (4-2-7)
: P Bd P P

a= a=1
vp) = pl”

4.3 Surface distribution of simple sources

A continuous distribution of simple sources extending over a

Kellogg-regular surface 8B (not necessarily closed), and of surface

density o(q) at qe 3B, generates the simple-layer potential

Vp). = [,,8@-9e@ea- (4-3-1)
5 3B

This potential is continuous everywhere provided that o satisfies a

Holder condition, and it has the asymptotic behaviour

v@) = IplTM J accoan +0 (pl) as [pl >=. (4-3-2)

It is differentiable to the second order and satisfies Laplace's

equation, and it is therefore a harmonic function everywhere,

except at 0B.

If 8B is closed, V represented a harmonic function everywhere

in the interior domain BS bounded by 3B. Conversely, an arbitrary

harmonic function ¢ within Bi can generally be represented as a

simple-layer potential (Jaswon, 1963), except in the two-dimensional

case of aT - contour (App. 1).
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By virtue of (4-3-2), V represents a regular harmonic function

in the infinite domain Be exterior to the closed surface 9B.

Conversely, an arbitrary regular harmonic function in Be can

generally be represented by a simple-layer potential, except

in the case of a I - contour.

4.4 Normal derivatives of V

We erect a normal line to one side of 3B at Be 3B, and we

locate points on the normal by a variable n which increases moving

away from 9B. At any point pon the normal other than the initial

point, we have

av(p) sg i 9g(P.g) o(q) da, (4-4-1)
on 2B on i

where dg(p,q)/dn denotes the derivative of g at p keeping q fixed.

But, at the initial point Po»

av(p,) = | 26(Po»D g(q)dq - 2no(p,); Poe 2B, (4-4-2)
an oB on x - -

because of the singularity which arises in g when q coincides with Po:

An apparent indeterminary occurs in 4g/an when 9 = Po» but its

behaviour there may be uniquely obtained by a limiting process

discussed in section 4.5 below. For the sake of convenience, we

shall use the notation
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aV(p)
= v'(

an : } (4-4-3)
ag(p,q)
——— = s'®,q = g(,p)"*

on es yt i

for normal derivatives, in which case dropping the subscript

Po» we can write (4-4-2) as

Vip ite | g'(p,q)o(q)dq - 2na(p) 3 pe 2B. (4-4-4)
aB

There exist two distinct normals at P, one on each side of

8B. Following Jaswon (1963), we shall adopt the convention

that these two normals have equal status, in the sense that the

relevant variables nM, both increases moving away from aB.

Correspondingly, we expand (4-4-4) into

V' 0) | g'(p,q)o(q)dq - 2no(p) ; pe 9B, (4-4-5)
i eee Bae

oB)*

"v' @) g'(p,q)o(q)dq - 2no(p) 5 pe aB. (4-4-6)
e ex & - - inf

3B

Since g(p,q) remains continuous as p crosses 3B, it follows that

'

g (p,q) + g'(p.q) =O; p, qe 2B, (4-4-7)
Listy ce ie

whence
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V'(p) + v'(p) =0 - 4ro(p) 3 De a. (4-4-8)
ieee Salles

It is interesting to note that the tangential derivatives

of V exist and are continuous at any point pe 2B, provided

that o satisfies a Holder condition at p.

4.5 Surface distribution of double sources

A unit double source at qe 3B generates the potential

gp.q". at any other point P, where (p,q) te denotes the n,-normal

derivative of g at q keeping P fixed. This oun exists and
is a continuous function of Ps and is differentiable to all orders,

and satisfies Laplace's equation everywhere, except at q. These

properties characterise (p,q) "i as a harmonic function everywhere

except at q.

A discrete distribution of double sources on 3B, of strength

WypsUgoeees Uy located at A> Ageeee> Ine generates the potential

Wp) = 2 s(Pa) 'yH(0), (4-5-1)(e4a=1

which has the same properties of g(p,q) "Gh everywhere except at

Wj 2d g2++2 dye A continuous distribution of double sources on

aB, of surface density u(q) at q, generates the potential

WO) -{ g(p.q)';x(@dq. (4-5-2)
3B
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This exists and is continuous, and is differentiable to all orders,

and satisfies Laplace's equation; and is therefore a harmonic

function everywhere, except at 3B, and it has the asymptotic behaviour

W@) = 0 (pl) as [pl +e. (4-5-3)

To define the discontinuity of W at Pot aB, let Pi Pe be

points on the a normal lines respectively from Po:

then

lin Wp) = W@,) + 2m@,), (4-5-4)

Pio So. i i

lim Wp) = We) - 2m), (4-5-5)

Pe*Po i a e

provided y is continuous at Pos

The normal derivatives of W remain continuous at 3B, which

we express by

=0. (4-5-6)

The separate limits do not necessarily exist if uy is continuous.

To ensure their existence, it is necessary to impose further

smoothness restrictions on u.
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4.6 Logarithmic potential

In two dimensions, a continuous distribution of simple

sources extending over a closed regular curve 9B, and of density

o(q) at q c 9B, generates the simple-layer logarithmic potentials

Vo) log|p - qlo(q)dq ; pe B; + 2B,

Oe (4-6-1)

Vp) log |p - alo(q)dq > pe B + aB.

3B

These define distinct harmonic functions in Bi, Be respectively

which become equal at 8B. Also,

Vp) = log |p| | o(@)dq - |p|"? [o.dec@eaa +0 (pl)
eB (4-6-2)

as |p|> «.

All the formulae in section 4.4 may be easily adapted to the

logarithmic potential by writing -"/ 2 in place of 1. Thus the

results corresponding to (4-4-5), (4-4-6) are

Vi@ = [ tos} Ip- ql o@da+ ro); pe a, (4-6-3)
eB

Vy = {toed Ip - al o@da+ vo) 5 pe a, (4-6-4)
oB

ao oes



from which is immediately follows that

V; ©) + V,@) = 2no(p) 3 pe oB. (4-6-5)

Also the results corresponding to (4-5-4), (4-5-5) become

lim W(p;) = Wp.) - mQQ,), (4-6-6)

Pio a a ae

lim W(p,) = W(p,) + TM(®,)- (4-6-7)

Per Po i:
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PART IT

DISLOCATION SOLUTIONS OF THE BIHARMINIC EQUATION



Chapter 5

Biharmonic Potentials

5.1 Biharmonic potential in Almansi form

According to the analysis in Chapter 4 of simple-layer

potentials, we may now represent the harmonic functions ¢, »

in the Almansi representation of a biharmonic function by

¢@) i log |p - qlo(qdq; pe Bt 2B
0.E (5-1-1)

| log |p - qlu(q)dq; pe B+ aB
3B

v@)

where 9B is the boundary of any neighbourhood B within the

domain of existence of ¢ and y, and o,y are two independent

(Hélder) continuous source densities on 3B. Then the

biharmonic function x, expressed for instance in the

Almansi r?-form, appears as

x(p) = [pl?{ tog Ip-alot@aa + | tog {p-aluCaaa;
3B 3B ee

pe B+ oB

where |p| = x? + y? + z?. Accordingly, we have a

representation of a biharmonic function in terms of simple-

layer potentials.
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5.2 Unit biharmonic potential

The function

“1
ren weep Skee = te ot a ge (5-2-1)

is biharmonic everywhere except at r= 0. Also it

satisfies the differential equations

vr=2rt, vir = 2v2r t= -8n6(p), (onze)

where 6(p) is the Dirac delta function centred around

p= <0,0,0> . More generally, the function

R= |p-al (5-2-3)

is biharmonic everywhere except at q. Also it satisfies

the differential equations

veR = 2 |p-q|~/, v4R = -8n8(p-q) (5-2-4)

where §(p-q) is the Dirac delta function centred around

P= By analogy with harmonic potential theory, we

may regard (5-2-3) as the potential generated by a unit

biharmonic source at a: Pursuing this analogy, we

introduce the simple-layer biharmonic potential
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a(p) = { Ip-qlo(q)dq; pe B+ 2B, (5-2-5)
aB

where o is a biharmonic simple source density on 3B

and is assumed to be Holder continuous. This potential

(p) has the following three properties:

i) Q(p) is a continuous function in B + 3B;

ii) 2(p) has derivatives upto fourth order in B;

iii) Q(p) satisfies the equation

va(p) = v? | Ip-qlo(a)dq = | v?|p-al o(q)dq
3B oB

-12 i |p-al o(q)dq 3; peB. (5-2-6)
eB

Since the right-hand side of (5-2-6) is a simple-layer potential,

it follows that

vin(p) =O; peB,

i.e. 2 is a biharmonic function everywhere in B.
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The property (5-2-6) has a very important consequence.

For, given an arbitrary biharmonic function x in B, it follows

that v2x is a known harmonic function therein. Now from

section 4., any arbitrary harmonic function in B can be

represented as a simple-layer potential generated by a

continuous source distribution on 2B. Thus we may write

vx = 2[ Ip-alto(@das pe B+ a, (5-2-7)
OB

where o is, in principle, known in terms of v?x. If we

use this o in (5-2-6), then

vx = v22, i.e. V2 (x - 9) = 0

j.ew x= Q+f; V2£=0,

where f is an arbitrary harmonic function in B. So we

have formulated a new general representation for

biharmonic functions, which provides an alternative

to the Almansi representation.
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5.3 Two-dimensional biharmonic potential

In two dimensions, the function r?logr corresponds to

(5-2-1). More generally, the biharmonic function

R?1ogR = |p - q|? log |p - q| (5-3-1)

corresponds to (5-2-3). This satisfies the differential

equations

v2(R2logR) = 4 + 4logR,

(5-3-2)

vi (R2logR) = 4v2logR = 81é(p - q).

Accordingly, we may regard (5-3-2) as the two-dimensional

potential generated by a unit biharmonic source at q.

An equivalent potential to (5-3-1) is

G(p,q) = -R? + R?logR

= |p - ql [-1 + log|p - ql] (5-3-3)

which was introduced by Chakrabarty (1972). This satisfies

the differential equations
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v2G= 4 log R, v'G = 8mé(p-q), (5-3-4)

in which cas the constant term ''4"' of (5-3-2) does not appear.

Accordingly, it corresponds directly with (5-2-2 ).

Pursuing the analogy, we introduce the simple-layer biharmonic

potential

aw) = { 6@o@aa s pe B+ aB, (5-3-5)
OB

which has the convenient property

via(p) = v | Clpsq@or@ea = | v*6(p,a)o(a)éa
oB oB

= 4 | log Ip - q|o(q)dq > peB. (5-3-6)
3B

Conversely, an arbitrary two-dimensional x in B may be

written in the form

Noma eS vet =10; (5-3-7)

where f is an arbitrary two-dimensional harmonic function

in B.
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5.4 Asymptotic behaviour of biharmonic potential

Given a closed two-dimensional contour 3B, we introduce

an arbitrary (Holder) continuous distribution of biharmonic

source on 2B. This generates an interior potential Q(p), of

the form (5-3-5), within the interior domain BS bounded by 2B.

Also, it generates an exterior biharmonic potential of the

same type, within the infinite domain B, exterior to B,

having the asymptotic behaviour

Q(p) = (-r? + r2logr) i o(q)dq - 2xlogr | 4,9 (q)dq
3B 3B

-2ylogr | 479(q)dq + O(r) as |p|=r+e, (5-4-1)
aB

where 4424 are the Cartesian co-ordinates of a This may be

demonstrated directly by examining the asymptotic behaviour of

Ip - ql?[-1 + log Ip - ql] as |p|>~. Alternatively, we note

from (5-3-6), bearing in mind ( 5-3-4), that v22 has the

asymptotic behaviour

v2a(p) = 4logr focara - 4r“tcose i q,9(a) dq
3B oB

z f

- 4r7!sine | age@da + ocr ) (5-4-2)

3B

as |p| = rm.
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By an application of the results

y2(rr2 + r2logr) = 4log r,
(5-4-3)

2 ba =] 2 i ae
v2(xlogr) = 2r cose , V*(ylogr) = 2r “sine,

we deduce (5-4-1) from (5-4-2).

The first three terms of (5-4-1) are generally not

admissible within an infinite exterior domain, because

they increase too rapidly on physical grounds. To

eliminate these, it is necessary to introduce the side

conditions

foq@paa=0, [ qoea=0, | azo(ada = 0, (5-4-4)
aB aB oB

on co. How these can be implemented will be shown in a

later chapter. From this point of view, by comparison

with (5-1-2) , the Chakrabarty representation is inferior

to the Almansi representation for exterior problems.

Within a ring-shaped domain, such that the interior

boundary enclosed r = 0, the functions r@logr, xlogr, ylogr

are perfectly admissible. Since these are covered by the
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Chakrabarty representation, we see that this representation is

complete within a ring-shaped domain. As already noted in

section 3.3 , the Almansi representation is not complete within

the ring unless supplemented by xlogr and ylogr. Accordingly,

Chakrabarty representation is superior to the Almansi

representation for a ring-shaped domain, even though it is

inferior for an infinite exterior domain.
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Chapter 6

Dislocation Fields

6.1 Introduction

The biharmonic equation (1-1-1) plays a fundamental role

in two-dimensional linear elasticity, i.e. the stretching and

bending of plates. In connection with stretching, x is known

as the Airy stress function since it was first introduced by

Airy (1863). As already noted, there exists a general class

of solutions for x.‘ It is well established (Coker and

Filon,1957) that the displacement components u, v corresponding

to a given x are provided by

2uu= - ax + (1 -v)H, (6-1-1)

ax

duv = - ax + (1 - v)H, (6-1-2)

ay

where u,v denote the shear modulus and Poissions's

ratio respectively, and H, H are conjugate harmonic

functions satisfying the relations

OH: g/MbOM ts on 8 ete= = Hy VeXe (6-1-3)

The most convenient representation for x in this context

is
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X=xd +4; V2o = V2p = 0. (6-1-4)

This is because (6-1-4) implies

vy = 226, (6-1-5)

which, in turn, implies

H = 29 + Ay + B, (6-1-6)

where A,B are arbitrary constants. Correspondingly

H= 2 - Ax +C, (6-1-7)

where H, $ are the harmonic conjugates of H, ¢

respectively and C is a further arbitrary constant.

Substituting from (6-1-5), (6-1-6) into (6-1-1),

(6-1-2) we find

2yu = - dy + 2(1-v)e + ay +b, (6-1-8)

ax

du = - ax +2 -v)e -axte, (6-1-9)
ay

where a = A(1 - v), b= B(l-v), c=C(1- vy).

S51 =



The contributions ay, -ax in (6-1-8), (6-1-9) provide

the components of rigid-body rotation and b,c provide the

components of rigid-body translation. Later on, it will

be proved that we can put a = b = c = O without loss of

generality. Accordingly, the field equations (6-1-8),

(6-1-9) are henceforth written in the forms

Cues eet aQl-v)o , (6-1-10)
ax

dv= - a+ 201 -v)e . (6-1-11)
ay

There exist singular displacement fields corresponding

to the singular stress functions r*logr, xlogr, ylogr.

These describe Volterra dislocations (Love, 1952). Also

there exist milti-valued solutions xe, ye,@ which

essentially describe concentrated forces. These singular

displacement fields were constructed by Love without

utilising x. We shall recover his results by more

efficient methods based on x.

6.2 Volterra dislocations

A x e 8X 8X
A single-valued y implies that / 2X, /ay are

single-valued. However, it does not necessarily imply

that ¢ or » are single-valued. For instance, it has

been noted in (3-1-5) that

a



x = ylogr = x(-e) + (ylogr + xe), (6-2-1)

where 6, ylogr + x8 are multi-valued harmonic functions

for any circuit around the origin. By reference to

(6-1-8) and (6-1-9), we find that the corresponding

displacement components are provided by

au = - _8 (ylogr) + 2(1- v)e, (6-2-2)

ox

2uv = - _2 (ylogr) - 2(1 - v)logr, (6-2-3)

3x

since logr, 6 are harmonic conjugates. Therefore, the

component u jumps by an amount 2(1 - v)r/y for any

anti-clockwise circuit around the origin, while the

component v remains unaltered. Similarly, we note

that the biharmonic function x = xlogr produces the

displacement components

2uu = - 9 (xlogr) + 2(1 - v)logr, (6-2-4)

ox

duv = - 9 (xlogr) + 2(1- ve. (6-2-5)

ay

In this case the component u remains unchanged, whereas

v jumps by an amount 2(1 - v)n/y for any circuit

around the origin.

The local rotation w associated with the displacement

components u,v is defined by
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e=i(H- B). (6-2-6)

If so, for a given y, we find from (6-1-10), (6-1-11)

that

Qu == -2(1 - v) # : (6-2-7)

A multi-valued w is provided by the single-valued

biharmonic function x = r2logr. Thus we note

x. = 4r?logr = x(xlogr - ye) + {102 - x?)logr + x} (6-2-8)

where the expressions

xlogr + ye, 3(y? - x?)logr + xye (6-2-9)

are multi-valued harmonic functions, the latter being the

real part of the analytic function -(4z? + zz)logz.

Inserting ¢ = (xlogr - ye) into (6-2-7), we find

2uw = -2(1 - v) { = (xlogr) - y ? our } : (6-2-10)

It is to be noted that w jumps by an amount 2(1 - v)1/yfor

any anti-clockwise circuit around the origin. This

dislocation is termed a radial fissure by Love.
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6.3 Point forces

We now consider the multi-valued biharmonic functions

x6, y6, 6. The function x = xe provides the jumps

ae ek " [ if xi] -[o]- 2n,
(6-3-1)

[3 = 0, ee +3 = 0,
ie ox By

on circuiting the origin in an anti-clockwise sense.

Similarly, the function x = yé provides the jumps

ax |. ax | eee fo we he gi

febe Bhs bk re} e

Also, the function x = 6 provides the jumps

3: 3 a a%|-o, [B|-o fxR -7& |e m- (6-3-3)

We shall prove later that [°*/ax] gives the

magnitude of a concentrated force acting at the origin

in the y-direction. Similarly [X/ay] gives the

magnitude of a concentrated force acting at the origin

in the x-direction. Also [x -x x aa SNe #1 gives

55 =



the magnitude of a concentrated couple acting at the origin

with it axis parallel to the x,y - plane.

These particular stress functions include dislocations.

To eliminate any unwanted dislocations inherent in y= x6,

we introduce the function

Xz; = x6 + Mylogr, (6-3-4)

x(1 - Me +M(xe + ylogr), (6-3-5)

where M is a constant to be determined by the condition

2x4 4}
2ulul = -|ae] +2 G-v) [4] =0. (6-3-6)

9x,

Bearing in mind from (6-3-4) that Leas j= [6] and from

(6-3-5) that [6] = [(1 - Me] , we find

-1 + 2(1 - v) (1 - TM =0,

whence

M= (1 - 2v)/2(1 - v). (6-3-7)

Similarly, to eliminate unwanted dislocations

inherent in x = yé, we introduce the function
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ye - Nxlogr, (6-3-8)

y(1-N)e@ - N(xlogr - ye), (6-3-9)

where N is a constant to be determined by the condition

32ulvy] = - eat + 2(1 -v) [6] = 0. (6-3-10)

Bearing in mind (6-3-8) and (6-3-9), we find

<1 +20. = v) (E=N ) 20;

whence

N = (1 - 2v)/2(1 = v). (6-3-11)

Finally, the components corresponding to

X3= 0 =xO0+ 0 (6-3-12)

are given by

SZ, aws- = (6-3-13)- 7 28

aus = 3x ay

which are seen to be single-valued.
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The local rotation w associated with (6-3-4) or (6-3-8)

is seen to be single-valued, and in (6-3-12) it is seen to

be zero.

Within a ring-shaped domain B, a single-valued x may

not be sufficient because of the possibility of non-equilibtrated

tractions acting on each boundary. Accordingly, we write

Ke kee a (xe + Mylogr) + b(ye - Nylogr) + ce , (6-3-14)

where x ie is a single-valued biharmonic function (possibly

containing dislocations), expressed by either the Almansi

or Chakrabarty forms, and a,b,c are constants chosen in

accordance with the magnitudes of concentrated force and

couple components.
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Chapter 7

Formulation of Displacement Boundary-value Problems

7.1 Elimination of rigid-body translation

In order to make progress with the field equations (6-1-8)

and (6-1-9), we write them in the expanded form

Qyu = -x 2h - ay + (1 - 2g + ay+bd,
ax ax

(7-1-1)

iver eee So. 20S sje - axtc.
ay ay

Also, we introduce the representations

$(p) = | log|p - qlo (q)dq; pe B+ 2B, (7-1-2)

3B

3200) - { roglp - qin(qaas pe B+ 3B, (7-1-3)
ox = z rs iat

3B

where 3B is any closed boundary within the domain of existence of

the harmonic functions concerned, and where o,n are two hypothetical

source densities which are known in principle in terms of $, ~ on 0B.

If so, since $, -3¥/dy are the harmonic conjugates of $, 3¥/ax

respectively, we may write
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F@ = [ @-q)o(@eqs pe B+ aB, (7-1-4)
3B

-4® = | o@- gaia: pes + a, (7-1-5)
3B

where the kernel function 6(p - q) is the harmonic conjugate

of log|p - q|. Details of this are discussed in the Appendix [2].

These representatives unambiguously define $, -3¥/ay corresponding

to , 9)/ex. For instance, iff = 1 in B + aB, then o satisfies the

equation

| log|p - qlo (q)dq = 1; pe 2B. (7-1-6)
3B

It follows that o generates a unit potential in B+ 9B, and it

also generates the conjugate potential

J 8(p - ao(q)dq =k; peB+ 2B, (7-1-7)

oB

where k is a constant specific to 3B.

We may use the representations (7-1-2) - (7-1-5) to

eliminate the constants b,c in (7-1-1). It is necessary to
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show that we may determine 4, o> ager oe which satisfy the
ox’ = ay

equations

sb a) ee eel 82) 65
ox 9x (7-1-8)

3 =

“c= - age - + 2(1 - vd,

for an arbitrary choice of b,c. We try the solutions

6 =n, = mon (7-1-9)

where m,n are parameters to be determined, in which case

—_ By ae¢ = kn, ¥ kn. (7-1-10)

Substituting (7-1-9) and (7-1-10) into (7-1-8), we find

cl _ Cc
m= (bk-c), n= 2b(1 - v) - EG - 2v)

thereby providing the required harmonic functions

age pore), # = 2a - vy) - fa Ey),
} (7-1-11)

$= (k-0o), # = 2kb(1 - v) - cd - 2v).

Ol) =



7.2 Elimination of rigid-body rotation

It is also possible to eliminate the rigid-body rotation

(ay, -ax), i.e. it is possible to choose ¢, o5 2, ¥ which

satisfy the equations

way= - xh- 4 (1-20) 6,
} (7-2-1)

ax= x2 “2+ 20 - ve,Sy ay

for an arbitrary choice of a. First we note that, if o is

chosen so that

{ log|p - q| o(q)dq=y; pe B+ aB,
3B

then.

[ e@ - an(@aq= x +0; pe Bs 2B, (7-2-2)
3

where a is a constant specific to 3B. We try the solutions

$= my ot = ty,
ax } (Gas)

=m(-x+a) - =t(-x +.a),ae

where m,t are parameters to be determined so substituting

(7-2-3) into (7-2-1) yields
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cay = [(1 > 2v )m- t] y,
(7-2-4)

R -[(@ - 2v)m+ t] x + [201 - v)m+ t] a.

It is clear from (7-2-4) that m,t must satisfy the three

equations

(l- 2vy)m-tt+a " e

(3 - 2vy) m+tt+a 1 oO (7-2-5)

2d -v)m+t =0.

since a# 0 generally. But the system (7-2-5) is not

consistent, as the first two equations provide

m= -a/2(1-v), t= a/2(1 - v) (7-2-6)

which do not satisfy the third equation. This suggests

that we should try

ay.
mtn, en tyte (Ge2en)oe 1

=| " m(- x + a) + kn, FEr tx +a) +

where m,n,t,2 are parameters to be determined. Substituting

(7-2-7) into (7-2-1), we find

vay = [(1 - 2v)m t] y+ [G1 - 2v)n + 2] } (7-2-8)

= -[(3 - 2v)m + t] x + [2(1 - v)m+ tla + [2(1 -v)n + g]k.po

su6Seu



It is clear from (7-2-8) that

(1 - 2)m-t= -a,

} (7-2-9)
(3 - 2v)m+t= -a,

and that

(1 - 2)n+2 =0, } (7-2-10)

[201 - v)m+ tla + [201 -v) n+2] k= 0.

Equations (7-2-9) provide the values of m,t as defined

by (7-2-6). Substituting these values in (7-2-10), we

obtain

n= a(l = 2v)/2k(1 - v), 2 = -a(1 = 2v)2/2k(1 =v). (7-211)

Thus the required harmonic functions are

6° grey yt EG - m1, Be pep - 02 I
(7-2-1

ie os, [xan + (= 29)], “3 : Tre wiv - (1-2v)3].

It is interesting to examine the possible trial solutions

ax (7=2-13)

oe " 5 =>1” + 2~
1

l2 1 ct >S + wDYS
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where m,t are parameters to be determined, and 8 has a similar

significance to a. Substituting (7-2-13) into (7-2-1) yields

the equations

-ay = (1 - 2v)my - tx
(7-2-14)

8 -(3 - 2v) m + ty + 2(1 - v)nao + tp.

Clearly t=0 from the first equation. Substituting t=0 into

the second equation, we obtain m=0, as a,840, in general.

Accordingly, this possible trial solution is not consistent.

To summarise, we have shown that the components of a

rigid-body translation and a rigid-body rotation may be

absorbed into $,6, 9¥/2x, -d~/dy so justifying the

expanded formulations

duu = eb bs (1 - 20) 6,

(7-215)

eee ee2uv = Sy ay * 20. v) 4,

in places of (6-1-8) and (6-1-9).
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7.3 Boundary formulation

The field equations (7-2-15) yield displacement components

u,v corresponding to a given x in B + 3B, wherex = xo + y. If

u,v are given everywhere on 2B, then they are in principle known

everywhere in B (the second fundamental existence theorem of

elastostatics). An interesting method of constructing u,v in B

is to introduce the boundary equations

wah - Bs (1 - avo = Qu,

} C30)
ae - = +20. - vo = 2,

which constitute a pair of functional relations for the

quantities $,6, 9¥/ox, -3)/3y on 0B. To make progress towards

a solution of these equations, we introduce the representations

(7-1-2) - (7-1-5) for 4, 2 >, -3y/dy respectively.

Substituting these representations into (7-3-1), we obtain

two coupled boundary integral equations for o,n. It is

intuitively clear that solutions exist. Also, if they exist,

they are unique (see section 7.4). The source densities

generate 6565 2, 3¢/ay, 36/ax, 3¥/3y in B + 8B, whence

2uu, 2uv may be generated throughout B.

If 9B is the internal boundary of an infinite exterior

domain, or one boundary of a ring-shaped domain, we replace

the right-hand side of equation (7-3-1) by

2u(u - auy - Bu), 2u (v - avy - 8v2) (7-3-2)

= 660s



to allow for the possibility of non-equilibrated tractions

acting on B. The two unknown coefficients %,8 are compensated

by the two side conditions

[eq@ar=0, {naa = 0 (7-3-3)
oB aB

which ensure that

@i "6,2 =o@} as x +2,
* } (7-3-4)

= o(r7} f0(0) as r +e,
1

o he i

thus eliminating the possibility of unwanted dislocations.

7.4 Uniqueness of solutions

The homogeneous equations

eee eee GI 2) i= Oy
ox ox

} (7-4-1)
a6 _ ay ae

“ay Bt 20 - WF=0,

va op _¢ 70, =o,
: } (7-4-2)

= 05) ge=0
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It would seem very difficult to prove this directly.

However, assuming that there exist non-trivial solutions

which are constants, we see from (7-1-11) that these constants

must be zero. Also, if we assume non-trivial solutions of

the form

¢ = uxtmy, Se oxe ty,
(7-4-3)

J = (yte)em-xta), ~ FB = n(yte)+t(-xea),

where 2,m,n,t are parameters to be determined and a, have the

same significance as in (7-2-2), we see that 2=m=n=2%=0

by reference to (7-2-12), (7-2-14).

A general physical argument is that any non-trivial

solution would imply a displacement field inside 3B in the absence

of any displacements on 3B, which contradicts the second

fundamental existence theorem of elastostatics.

- 68 -



PART IIT

FURTHER BOUNDARY-VALUE PROBLEMS



Chapter 8

Displacement field generated by a Point-force

8.1 Fundamental displacement dyadic

The most important example of a body-force field-is a

concentrated force acting at a specific point of the medium

in a specific direction. A body-force of magnitude 41

acting in the n -direction at q may be formally represented

by the field vector with components

Fup) = 4n6(Pg.4,) § a = 12,5 (8-1-1)
n=lor2or3

where § (D4 24,) is a Dirac delta function sufficiently

defined by the properties

6, 24,) = 0 if P = org=n

s(P4,) 77 aS Prq,a=n (8-1-2)

[s>,0a,) a = 1 ife=n
Bi aia } qe B.

=0 ifafn

This generates a displacement vector with components

$,) = s,.4,) sa = 1,2,3 (8-1-3)

which becomes singular in the component a=n when the field
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point p coincides with the source point q.

So far, n has been held at some fixed value defining

the direction of the concentrated force at q. As n runs through

1,2,3 we obtain three such forces at qs each generating a

singular vector of the type (8-1-3). These vectors may be

displayed as colums of the array

8(P1.9,) 8 (Pyo4y) 8 (P45)

g(@P.D=|8(P7.4)) 8292) 8 (P5413) (8-1-4)

8(P329)) 8(P 3549) 8 (35443)

which constitutes the fundamental displacement dyadic of the

medium. Our symbolism indicates that g(p,q) plays an

analogous role to the unit simple source potential g(p,q)

(Chapter 3). In line with g(p,q) = g(q,p), we may prove that

8 ,4,) = 84>?) » (8-1-5)

Tee 8P,°4,) may be interpreted as the displacement in the

-direction at q. generated by a concentrated force acting in

the a-direction at p (Jaswon and Symm, 1976). An immediate

corollary is that each row of g(p,q) defines a singular

displacement vector generated at p, i.e. the vector

= Ore



o,(0 = s@,.9,) 31 = 1,2,3. (8-1-6)

8.2 Kelvin solution

In an isotropic linear elastic medium, the

Cauchy-Navier equation governing the displacement vector

¢ in a source-free domain is

uv2g + (A + u) v(v-9) = 0, (8-2-1)

where V.¢ is the dilatation associated with ¢ and x,y

are Lame's elastic constants **. This equation is

preferably written as

1 “v(v.e) =10;.y = ; (8+2-2)
1-2v 20+)

v2o +

where v (0 < v < $) is Poission's ratio. A general

solution to equation (8-2-2) has been given by Papkovich

(1932) and Neuber (1931) in the form

g=h-cev(reh+ 6): Vh=0, V£=0, «2 = 4(1-v) (8-2-3)

where h is any arbitrary harmonic vector and f is a harmonic

scalar function. Very often it is possible to

** 4 is the shear modulus and x has no physical significance

except through bulk modulus « = (30+ 2u) and Young's
modulus E = u(3d+ 2u)/(A+u)-

-71-



dispense with the function f (in 8-2-3) [Eubanks and Sternberg,

1956]. Alternatively expressed, it is generally possible to

write

- «Vf =h - «V(r-h); v2h = 0, v2£ = 0 (8-2-4)

where h can be determined in terms of f [Jaswon and Symm, 1976].

The vector h =< TT » 0, O > is harmonic everywhere

except at p = 0, and it therefore defines a displacement

vector

Pp.

OD) =< qBp0.0.> = « VC Ls B= Dp PpePs> (8-2-5)

which becomes singular at p=0. More generally, we may

define the displacement vector

oes Tati ss aa
$B) = < FE 0,0> - KV(_— J; R = [p-a] (8-2-6)

which becomes singular when p=4- This is Kelvin's

solution for the displacement vector generated by a

concentrated force acting in the 1-direction at a It

may be proved that the magnitude of the concentrated

force in question is 4m. Analogous expressions hold

for concentrated forces acting in the 2- and 3-

directions at q. Separating into components and using

the symbolism of (8-1-4), we arrive at the isotropic

ay Zan



fundamental displacement dyadic with components

- G-»* pen OR: tne ‘a
a(P;4;) <r §ajt ER 2D, 9; 3 ij = 1,255: (8-2-7)

This expression defines the displacement components in the

i-direction at p generated by a concentrated force of

magnitude 4m acting in the j-direction at q.

It will be seen from (8-2-7) that

8(P;>4;) - stp; 243) = 84; »Py)> (8-2-8)

which verifies (8-1-5) for an isotropic continuum.

The two-dimensional expression corresponding to

(8-2-7) is

ce 6a} 1 he aaa

BPi95) ~ — AETHvyu ij TOR * TERT Bp, ap, P19 2 29)

This refers to a concentrated force of strength 2m per unit

length of an infinite cylinder of isotropic elastic material.

aes



8.3 Displacement generated by a point-force without dislocations

It has already been noted that the biharmonic function

X= x8 + My log r, defined by (6-3-4), represents a

point-force without dislocations for a suitable choice of M.

This point force is of magnitude 2n acting in the y-direction

at the origin. The displacement components Up, associated

with xX, are given by

9x
1

au, = 20- ve -s , (8-3-1)

- 9x.
dw, = 20. - vo - y > (8-3-2)

where 9 = (1 - M)o,6 = -(1-M) log r. These expressions

reduce to

\." “ray ure “ (8-3-3)

Xo» CE). og i (8-3-4)
4(1 - v)u 4(1 - v)ur2 e

where the constant “Lovin (8-3-4) may be eliminated by

adding a suitable constant to ¢. These agree with (8-2-7)

if we identify

uy = 801.4), Vy = (P2042) 3 Gg =0 (8-3-5)

7k =



Similarly the function x, = yé - Nx logr yields

the displacement components

-(3 - 4v

l-v)u
log r+ eo i (8-3-6)

A (8-3-7)
2° 4 - ara yr

By reference to the arbitrariness in $, which is a

feature of the Almansi x-form (1-1-2), we see that the

constant in ¢ may be eliminated without loss of

generality. As before, these agree with (8-2-7) if we

identify

Uy = B(Py.dy)> V2 = 82.4)) 3 4 = 0- (8-3-8)
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Chapter 9

Bending of Thin Plates

9.1 Introduction

Hadamard (1908) proved that a function y which is

continuous and has continuous derivatives upto the fourth

order within a finite two-dimensional domain Bi, and

which satisfies the equation

vix = 0

in B;, is uniquely determined in B; if it has a prescribed

continuous set of values x and set of normal derivative

values x! (-"X/an) on eB. To construct x in B,, we utilise

the two-dimensional representation (3-2-1), taking the

origin r = 0 inside B;. This yields the boundary

functional relations

rg + yp (2-1-1)=
im

(x2 +p)! = 2rr'g + 12g" + yt (9-1-2)

connecting ¢,¢', v, y' on aB.

We now write, using the theory of part I,

SerO ce



"op) = { loglp - al o(@dqs pe B+ 3B
3.B

v@) = f loglp - aln@das pe B, + 3B
3B

where o,n are hypothetical source densities to be

determined. We bear in mind the normal derivative

expressions

4" (p) | log'|p - qlo(q)dq + no(p); pe 2B,
3B

v'(@) | log'|p - q|n(q)dq + m(p); pe 2B.
oB

as given in Chapter 4. Substituting from (9-1-3) ; (9-1-6)

into (9-1-1), (9-1-2) yields two coupled integral equations

for o,n which may be solved by established numerical

methods (Symm, 1970), so enabling ¢ and y, and hence also

x, to be generated throughout Bi.

A simple illustrative example is provided by the

following boundary data:

x = ax + By +) y
} on an,

ax' + By!
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(9-1-4)

(9-1-5)

(9-1-6)
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where a,8,y are constants. Clearly

xX = ax + By + y in B; + aB, (9-1-8)

with the breakdown

= 12-0 + (ox + By + y) in B; + aB.

Another simple example which can be used as a test

problem in numerical solutions is

r2x =

} on 3B. (9-1-9)
yl = Per

Clearly

x=7? in B, + 3B (9-1-10)

with the breakdown

need 40s

9.2 Chakrabarty boundary-value formulation

An alternative formulation of boundary-value problems is

to utilise the Chakrabarty representation (5-3-5) for x. The

boundary properties of x, x' on this basis are discussed in
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an Appendix. However, this formulation does not appear so

suitable as (9-1-1), (9-1-2) for finite simply-connected

domains.

Another type of boundary-value problems for which Chakrabarty's

representation may be preferable is x, v2x given on 3B. Hadamard

proved that a unique x exists in B; under these conditions. To

construct this, we write from (3-2-2) that

vx = 44 +4 Bry Bd; pe B, + 0B, (9-2-1)

Substituting (9-1-3) for » in (9-2-1), we find complicated

boundary integral equations for o. On the other hand,

utilising Chakrabarty's representation we have

v2x = 4 { log|p - qlo(q)dq; pe B+ aB. (9-2-2)
aB

This leads to the boundary integral equation for o in terms

of v2y. With o known, we may then generate 2 on 2B and we

therefore determine x on 2B from (5-2-8).

9.3 Bending of thin plates

The small transverse deflection, w, of a thin isotropic

elastic plate under the action of a transverse load T per unit
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area, satisfies the equation

v4 = "/D in B, (9-3-1)

where Bi is the domain of the plate and D is the flexural

rigidity given by D = 2h E/3(1 - v2). Here E is Young's

modulus, v is Poission's ratio, and 2h is the plate

thickness. Equation (9-3-1) has a general solution of the

form

w = Wty, (9-3-2)

where W is a particular solution and x satisifes equation

(1-1-1). For a uniform transverse load, i.e. T = k(a constant),

we have

Wp) = —Eqy G2 + y2)20r WOp)= gh GY + y") (9-3-3)

at p = <x,y >.

For a concentrated transverse load applied at some point

qe B i.e. expressed mathematically

Tp) = Ké(p - q); k = total load, (9-3-4)

we have
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We) = gay Ip - al2log |p - al (9-3-5)

bearing in mind from (5-3-2) that

vt {Ip - q|?log Ip - al} = 4y2 log Ip - al = 816 (p-q). (9-3-6)

The boundary conditions for a clamped pate are

0, w' =OonaB, (9-3-7)€
1

ape. Wty = OF GW) = Cron .on,

or x=-W, x' = - Won ap. (9-3-8)

Since W, W' may be computed on 2B, it follows that x, x!

are known on 3B, so enabling x to be determined throughout

Bs by any of the methods of section 9.1, whence may be

generated throughout B; from (9-3-2). Utilising an obvious

notation, the associated bending and twisting moments on

0B appear, respectively, as

Ly ale= . 2, — =M D (V4w + on

- a2 0

Met Sa is ear ee

where p is the radius of curvature. These expressions

simplify to

= ol 6



eo 2, = aeMin Dv, My =0 (93-10)

on bearing in mind that 97yn = 2/3 = 0 under

clamped conditions [Jaswon, Maiti and Symm, 1967].

The boundary conditions for a simply-supported plate

are

w=0, M, =0. (9-3-11)

Substituting w= W + x in (9-3-11), we formulate two

relations between x,x' on 2B which suffice to determine

o,n and hence eventually throught B.. The interesting

boundary quantities Yon, Mit may then be calculated. It

will be noticed that ae Suan = 0 along a straight line

boundary, in which case conditions (9-3-11) reduces to

w=0, V2y=0.

=-W, v2x= -v2W. (9-3-12)x
t

This greatly simplifies the problem for a polygonal

boundaries on the assumption that corner effects may be

neglected, since we may immediately apply the theory of

section 9.2.
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Chapter 10

Two-dimensional Exterior and Ring-shaped Domains

10.1 Exterior domain

The uniqueness of x for an infinite exterior domain B,

requires (Hadamard, 1908)

x =O(r) as r-e. (10-1-1)

in addition to the requirements mentioned in the previous

chapter for Bi. Requirement (10-1-1) is ensured by the

representation

x =12— + 9; v29= V2 =0,

provided that $ = o(r7}) as r+ and that p is suitably

restricted. We therefore utilise (9-1-3) for ¢ subject to

the condition

foc@aa = 0, (0-1-2)

which ensures, by reference to (7-3-4) , = or} as

ree, If so,

r2o = ax + by + O(1) (10-1-3)

where a,b are coefficients provided by ( Sus 5

and O(1) does not include a constant.
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It is advantageous to utilise (@-1-6) for W since this

(a) yields the acceptable behaviour y = logr + o(r 4)

as r+, and it

(b) excludes the terms ax + by already covered by r*¢, so

avoiding complications due to non-uniqueness.

It should be noted, however, that neither r2 nor », as we have

defined them, covers the possibility of a constant component

entering into x. Accordingly, we write

x=r26+y+k in B, + B (10-1-4)

where k is a constant to be determined. This extra unknown

balances the side condition (10-1-2), but otherwise the

formulation follows similar lines to that of the interior

problem (Chapter 9).

A specialised exterior problem is provided by

x = ax + By + y on 0B

' = ax' + By' on 3B.

Clearly

y= ox t By + y in B, + 8B,
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though, of course, the normal direction now points into Bo:

In this case we cannot write

x = 120+ (ax + By + y),

because the breakdown

¢=0, prax+ By +y

would mean wp = O(1) as r +, contrary to the behaviour

wv = klogr + ow as re. The correct breakdown is

x =r? ( S0088) + ( BSP) + y in BL + OB (10-1-5)
r r

where

bs acosé Esine iy = 0,0k=y.

10.2 Ring-shaped domain

Within a ring-shaped domain B, bounded externally by

3B, and internally by 8B, which encloses r = O, x may include

the special biharmonic functions xlogr, ylogr. These are

inadmissible within an interior domain (which includes r = 0),

and they must also be excluded from an infinite exterior
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domain because of the requirement (10-1-1).

As already noted (3-2-8 ), the biharmonic function

xlogr, ylogr cannot be covered by r26 + wy if 4, are

single-valued harmonic functions. Clearly the potential

representations for ¢,» are inherently single-valued.

Accordingly, within a ring-shaped domain, we must write

x = 126 + p + axlogr + bylogr (10-2-1)

where $, are defined by (5-1-1), (5-1-2 ) respectively,

and a,b are coefficients to be determined. No constant

need be added to the expression (10-2-1), because y covers such a

constant within a ring-shaped domain.

The unknown coefficients a,b in (10-21) may be balanced

by the introduction of suitable side conditions. These must be

chosen to eliminate the non-uniqueness possibilities (3-2-7),

i.e. to ensure that $ does not contain any components

proportional to rtcose, r4sine . This is achieved

(cf. section54) by the introduction of the side conditions

| q19(a)dq = 0, | a9 (q)dq = 03 4 = <q}549 >» (10-2-2)
2B, aBy

it being noted that asymptotic behaviour depends only on the

source densities over 3B. Coupling (10-2-2) with the

generalised versions of (9-1-1), (9-1-2) corresponding to
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(10-2-1) , we have sufficient equations to determine a,b and

o, n3 Whence ¢ and yw, and hence also x, may be generated

throughout B.

10.3 Chakrabarty representation for exterior domains

Interior biharmonic boundary-value problems may also

be formulated by using the Chakrabarty representation (5-3-5 ).

The boundary relations then become

X =R+ yp, x' = Q' + yp on aB, (10-3-1)

in place of (9-1-1), (9-1-2).

For exterior problems, it is necessary to write x

xX =A+tY + ax + by +c inB, + 9B, (10-3-2)

where 2 is given by (5-3-5 ) and a,b,c are constants to

be determined subject to the side conditions

[eq@a=o { ast@aa=0, f asotqaa = 0. (10-3-3)
aB 2B oB

.

By reference to (5-4-1 ), these ensure the acceptable

behaviour (10-1-1) of x. Otherwise the boundary

formulations on similar line to (10-3-1).
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10.4 Chakrabarty representation for ring-shaped domains

Within a ring-shaped domain B, bounded externally by

3B, and internally by 3B) which encloses r = 0, we write

2(p) = | G(p.q)o(q)dq me J G,ao(a)dq; pe Bt aB, % 3B. (10-4-1)
3B, 3B,

The boundary equations (10-3-1) apply on the understanding that

oB = 3B, + OB). It will be noted that the first of the

biharmonic potentials in (10-4-1) is characterised, utilising

(3-2-4) , by

v [cepdot@aa = [ v6(r,9) Cada
a OB

= 4 { log|p-q|o(q)dq = ¥ aban cosné + b,.sin ne);
ces nop

3B
0

peB, (10-4-2)

because sources on 0B iS necessarily generate harmonic potentials

which remain continuous at the origin. Accordingly, bearing

in mind (3-2-5), we note that
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_ pe i 4 :

J G@,q)a(q) = oat THT PncMsene + bj sin ne) + yo
3B

°

pe B+ ng * 8s (10-4-3)

where ve is a harmonic function in B of the form (10-4-2).

It will also be noted that the second biharmonic potential

in (10-4-1) is characterised, utilising (3-2-4), by

6v { cpadet@aq = stogr { of@aq - 46% | quo@aa
oBy By aBy

Asing | aye (a) dq + oF One cosng + b,.sin ne) ;
oB.

1

pe B+ aB, + aB,, (10-4-4)

because sources on aBy necessarily generate an exterior

potential having klogr + oa} behaviour at infinity.

Therefore

[ e.@ot@ea = x2 + r2109r) { o(@da - 2xosr f ayoCaaq
By 3B, By

re-° oa A
2 | ap @da + “Zh. FAT Myccosne + basing) + ,

3B.
1

P e Bt 3B, + aB, (10-4-5)
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where cy is a harmonic function having O(r) behaviour at

infinity.

An immediate consequence of the above analysis is that

Q automatically covers xlogr, ylogr, r*logr within a

ring-shaped domain B. In this respect, the Chakrabarty

representation is superior to the Almansi representation

for a ring-shaped domain though the situation reverses for

an exterior domain.

As an exercise on>the preceding, we show how to express

xlogr in the form

xlogr=2+); peB+ 0B, + aBy (10-4-6)

where 2 has been defined as in (10-4-1). Clearly, equation

(10-4-6) implies

cose = 4 foelp - qlo(@dq ; pe B+ 2B, + aB

where o satisfies the integral equation

2cos8ae = 4f log |p-q|o(q)dq; pe 2B). (0-4-7)
3B
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It will be noted that equation (10-4-7) is restricted

only to the internal boundary, since evidently > = 0 on

By: Also, by reference to (5-4-4 ), o satisfies the

conditions

{ cq@aa=o, { ao@aa=1, [ azet@aa = 0. (10-4-8)
9B) By aBy

With o known, we may generate 2 in B + 3B, + aBy, and

therefore we may generate the harmonic function

wy = xlogr - 2 inB.
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Chapter 11

Stretching of Thin Plates

11.1 Plane strain

The formlation of problems of two-dimensional

classical isotropic elasticity in terms of the Airy

stress function, x, is well known (Timoshenko and

Goodier, 1951). In particular, if an infinitely long

cylinder composed of homogeneous isotropic elastic

material is loaded by forces that are perpendicular

to the axis, and which do not vary along its length,

it may be assumed that all cross-sections suffer the

same deformation. In practice we suppose that the

end sections are confined between fixed smooth rigid

planes, so that the displacement in the axial direction

is prevented. Since there is no axial displacement at the

ends and nor, by symmetry, at the midsection, it may be

assumed that this holds at every cross-section. This

state of strain is called plane strain. The displacement

components take the form

u = u(x,y), v = v(x,y), w= 0, (11-1-1)

with the axis of the cylinder being identified as the z-axis.

Clearly the only non-vanishing strain components are

Beer gs Be ere. On TeSx = OK Pyy = By Oxy = EGE + FD = Ox > ae
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The only non-vanishing stress components are rae ey? Py? Pp oP

and these are related to the strain components by

= 2ue., +) ©5545? i,j = x,y,z (11-1-3)

where yu is the rigidity modulus and \ is Lame's elastic constant.

Alternatively, these relations may be written as

— Ltv why naa, ae hae©; = Tet Pi z Ge ot By SP Bee) LJ. = Xs¥iez (11-1-4)

where E is Young's modulus and v is Poission's ratio.

Since Cre O, we see from (11-1-4) that

= he). (1-1-5)

under conditions of plane strain.

The Cauchy-Navier equations of equilibrium in the

absence of body forces are

Oy oo Soe Gy (11-1-6)

These equations are automatically satisfied by writing

= 03 =



PietindX top =) Ok Pa Bak (11-1-7)
A 2 ey Zale) 2g = Ox? Benson axay

i i i i P Ppwhere x is the Airy stress function. Since ont yy f a

is a harmonic function in the absence of body forces (Love),

by reference to (11-1-5) it follows that Bx + ey isva

harmonic function under conditions of plane strain.

Accordingly,

Vp p= 0; (11-1-8)
oy

ice. V2(v2x) = 0.

Thus, the Airy stress function x satisfies the biharmonic

equation. If so, all our preceding analysis has immediate

application to the construction of x.

11.2 Generalised plain stress

For a thin plate in a state of generalised plane stress

(Filon, 1903), the average values of elastic quantities

(with respect to thickness) at each point provide a sufficiently

complete picture of elastic equilibrium. Denoting average values

by a bar placed over the symbols, it can be shown that

a) Bae By » Py

(11-1-5) as the corresponding stress components in plane strain;

satisfy the same equilibrium equations
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bar B B. are related to e.? Py? xy xx? yy?

except that g is replaced by 2 = 2uA/(2u + 2).

by (11-1-3xy yt )

Hence any problem of generalised plane stress can be solved by

treating it as a problem of plain strain, and then substituting

for A in the results. We shall deal explicitly only with the

problems of plane strain, the application of generalised plane

stress being understood.

11.3 Tractions given on the boundary

We now express the elastostatic boundary conditions in

terms of x.

If traction components Ty, yy per unit length of the

boundary are given on 2B, we have the relations

aly = Oe cos(x,n) + Py cos (y,n), (11-3-1)

ay = Py cos(y,n) + Py cos-(3n):,

where cos(x,n) = dx/dn, cos(y,n) = dy/dn are cosines of the

angles between the positive co-ordinate axes and the inword

normal n.

In theoretical elasticity, the normal is usually taken

outward from the material. However, we are taking it to be

inward to bring the theory in line with that of potential theory
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(see Chapter 4). Accordingly the tractions which appear

in (11-3-1) have the opposite sign to the sign which would

appear appropriate on the mechanical ground.

Directing the tangent to the boundary so as to keep the domain

on the left, and using the Cauchy-Riemann equations

e . x, x -& (1-3-2)

we deduce from (11-2-1), (11-1-1) that

T= (2), T= - Se @. (11-33)

For a material subject t© given boundary tractions, these

On integration, they yield

wt FF ty@aa + a,

¥ (11-3-4)

#-- FF nea + Bs
P
~

where p defines an arbitrary origin of integration on the
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boundary 9B, p signifies the current point on 0B at which

3x) dx/8y are being evaluated, and a,8 are arbitrary constants
ax Y

of integration. Hence, we may evaluate

x) = FPR oq + [ee & +2XD) dq+ y, (1-3-5)

where v is a further constant of integration, and

le 2k& + 2%. (1-3-6)se =

It follows that the traction problem leads directly to the

cannonical biharmonic boundary-value problem, i.e. that of

finding a function x, satisfying equation (11-1-7)

throughout a domain B, and such that x@) » dx/dn assume prescribed

values on the boundary 2B of B.

Note that x, dx/dn include arbitrary terms

ox (p) + By (p) + y, a(dx/dn) + 8(dy/dn) respectively.

Reference to (8-1-8) shows that these boundary contributions

define a biharmonic function in B which yields no stress

components. Accordingly, neither the location of P nor the

values there of x, 3x/9x, 2x/3y have any physical significance.

Without any loss of generality, we may puta =8 = y =0.

It will be seen from (11-3-4) that [3x/0x] P measures
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the y-component of the resultant force acting upon %B between

Pandp. If, therefore, the total resultant y-component acting

on 9B vanishes, as must be the case for a simply-connected domain

B in statical equilibrium, ®x/2x will be a single-valued function

of pon aB. Similarly, if the total resultant x-component

vanishes, ®x/%y will be a single-valued function of p. Furthermore,

the resultant anti-clockwise couple acting on ®B betweenP and p

is measured by

D P

Pot, -yrgu=-fP {x% ap +7 & Gp } an
y P

hz 8x p
Slee Yor (11-37)

n ae

If, therefore, the total resultant couple acting on B vanishes,

x(p) also will be a single-valued function on ®B and therefore

also throughout B.

11.4 Tractions given on a ring-shaped domain

For a ring-shaped domain B bounded internally by oBy

(which includes r = 0) and externally by 9By» the possibility

arises of a non-vanishing resultant force or couple to act upon

5B, with a compensating force or couple acting upon 2B,, thus

implying a multi-valued x in B. Discounting this possibility,

we now extend the preceding boundary analysis as follows.
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Starting from an arbitrary origin P om 3B,» we calculate x,

ax/dx, 9x/dy as before. These quantities resume their starting

values, all taken to be zero, on completing a circuit of aB,-

We then jump from P, to some arbitrary origin P on 3B), it
~ nh

being supposed that x, 2, % jump to the values

x= y, = a, & =8 at =< X,Y €B (11-41)

These yield contributions

BBs Qe,

X= a(x-%) + 8 - Y) +y, (11-4-2)

to the cannonical boundary quantities on 3B. Other

contributions of course arise from the traction integrals

of (11-3-4) taken along 3B).

To understand the significance of a,8,y suppose that

aB» 3B, are completely free from tractions. In this case

the boundary conditions on 3B, are
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These combined with the boundary conditions (11-42) on 2B,

define a unique non-trivial biharmonic function x within B, so

implying the existence of a continuous purely elastic

generated entirely by internal sources. These sources are

the three independent two-dimensional Volterra dislocations

(Love, 1952), each characterised by a discontinuity in a

specific displacement or rotation component. Methods for

constructing x have been already noted in chapters 6, 9.

As already noted, the dislocation solutions of the

biharmonic equation are xlogr, ylogr, rlogr. To eliminate

unwanted dislocations we put a = b = O in (10-2-1) so that

the appropriate representation becomes

x = ro + (11-4-3)

where 4$,) are single-valued harmonic functions. These

are not unique as already shown in (3-2-8 ). However, if

we represent $, as simple-layer potentials, uniqueness

may be ensured by the introduction of the side conditions

(10-2-2 ). Also we introduce the condition

{ o(q)dq = 0 (11-4-4)

in order to ensure that r2$ contains no component proportional

to r2logr, which represents rotational dislocations.
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11.5 Infinite exterior domain

If the outer boundary of the ring moves off to infinity,

so that we are dealing with an infinite domain B containing an

internal boundary 2B subject to equilibrated tractions, the

problem becomes more managable. This is because the behaviour

of harmonic functions may be regulated at infinity in

accordance with specific physical requirements, for instance

so as to eliminate dislocations or, more generally, to ensure

that stress components fall off sufficiently rapidly.

For an infinite exterior domain we may utilise the

representation

Reem fog te ey Ok

where $,) are defined as logarithmic potentials. The constant k

is to be determined subject to the side condition (11-4-4).

This provides the acceptable behaviour y= O(r) at infinity and

also eliminates a possible dislocation component r logr in

x24, and of course there are no other possibilities of

dislocations. The construction of x is similar to the methods

outlined in Chapter 10.
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11.6 Chakrabarty representation

Instead of using the representation (11-4-3) for the

interior problem, we may also utilise the Chakrabarty

representation (5-3-5 ), with the boundary condition (10-3-1)

For exterior problems, it is necessary to write

X= + Yt ox + By +y in B, + OB (11-6-1)

where 2 is given by (5-3-5 ) and has the asymptotic

expansion (5-4-1 ). The coefficients a,8,y are constants

to be determined subject to the side conditions (10-3-2 ).

Reference to the asymptotic expansion (5-4-1 ) shows that

these eliminate all the possible dislocation components.

Otherwise, the boundary conditions follow essentially the

same lines as (10-3-1).

Within a ring-shaped domain B, we define 2 as in (10-4-1).

This uniquely covers the functions xlogr, ylogr, r?logr

and therefore Chakrabarty representation (10-4-1 ) applies

on the understanding that 2B = 3B, + OB.
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Appendix 1: [I-contour

A distinguishing feature of two-dimensional theory is the

existence of contours, termed r-contours, for which the

equation

{ sroslprala cea =1; pe B (Al-1)
: aie :

does not exhibit a solution. For example, if 9B is a circle

of radius a, then A(q) = A 7 (a constant) by symmetry, in which

case (Al-1) becomes

d | log|p-q| dq = \.. 2naloga = 1,
°. ei °

8B

ise. A, = (2naloga)”?. (Al-2)

It follows that Ao has no finite value when a = 1, and that

any finite . provides a non-trivial solution of the

homogeneous equation

i soslp-al A(q)dq = 0. (A1-3)
3 aes 5

The unit circle case may be generalised, Given a

contour 3B defined by the Cartesian equation f(x,y)=0,

construct the family of similar contours defined by

£(x/m, y/m)= 0, where m > o is a continuously varying
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parameter. Then the equation (Al-1) admits a unique

solution for every member of the family with one exception,

i.e. the r-contour, which is characterised by the existence

of a non-trivial solution of (Al.3). The proof is given by

Jaswon (1963).

=O



Appendix 2: Conjugate Harmonics

Here we consider the problem of constructing the harmonic

conjugate

$(p) = | 8 (p-a)o(q)dq (A2-1)
P ee

of the simple-layer logarithmic potential

¢(p) = J ,losle-ale@ea, (A2~2)

where 8B is an arbitrary closed contour. The angle 6(p-q)

associated with log|p-q| may be defined as follows:

Introduce a line through q parallel to the positive

x-axis of a Cartesian co-ordinate system. By our convention,

® is the angle moving in the anticlockwise sense between

this line and the vector joining q to P (fig: 1s. Tfs0;

log | p-q| and 8(p-q) are conjugate harmonic functions of q

More generally, o(q)10g|p-a| and 9(q)8(p-a) are conjugate

harmonic functions of Ps which satisfy the Cauchy-Riemann

equations

5p, fo @oglp-al] = FH loew-1 , (A2-3)
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72

Fig: 1 e(p-q) for an arbitrary closed domain

Fig: 2 -p at the centre for two choices of q.
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3 3
Ss o(a)log|p-q| = - 9(q) 6(p- (A2-4), Ip-a Be, Ded »

where p = (P} »P2) Since this holds for every qe OB,

we see that 6, o in (A2-1), (A2-2) are conjugate harmonic

functions of p.

To ensure that 9 is single-valued if Pe 9B, we draw a

fixed straight line which cuts 9B at Ao» at which point we

commence our anti-clockwise circuit of 9B for every

location of P. The angle 9 jumps by -2n at I after

completing, one circuit on 9B. The same applies if Pe 3B,

except that 6 jumps by 7 as q passes through p.

As an example of the above, we evaluate

f a(p-q)dq (A2-5)
2B sm

on a circle of radius a. Three cases may now be

distinguished.

(i) If p is located at the centre of the circle, then

we see that (fig:2)

where q = (acosn, asinn) and dq= adn. We find that
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Fig: 3. graph @ =n + 7 (——)

= 8/55 Noy See Ne (ms),

Fig: 4 pon the circumference for two choices of q,

(Note that 6 jumps by 7 as q passes through p)
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Fig: 5 p as an interior point; Op = b.

Fig: 6 graph 6 = e@(n) for an interior point p.

-109-



7

| e(p-q)dq = a { (1 + n)dn = 22a.
SRCes -1

(ii) If p lies on 9B (fig:4), then

3p + 1/23 Osnsg

in which case

co} 7

[e@-waq=af G+ an val GE+ Zan = 2rta
ab) “7 °

once again.

(iii) If p is an interior point other than the centre, then

6 =n + arc tan (25205)

where OP = 6 (fig:5). We sketch 6 as a function of n in fig: 6.

Two shaded portions are equal, by symmetry, from which it follows

that

{ @(p-q)dq = 2n2a.
cy Gale

We note that the integral (A2-5) has a value independent of

the location p. This is expected since (A2-5) is the conjugate

harmonic of | log|p-q|dq, which has a constant value within
3B a

the circle.
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Appendix 3: ~ Behaviour of Chakrabarty biharmonic potentials

on _the boundary

Since Ip -al? +0, Ip pat lee Ip - al> 0 as Ip - a> 0,

we see that

Ip ~ gl? { -1 + 108 Ip - al} ~0 as Ip - q] +0.

However, it is necessary to evaluate the contribution to

i |p - ql? { -1 + log|p - al dq; pe 2B, (A3-1)

from a small interval in the neighbourhood of p. This

is achieved by setting up a local Cartesian co-ordinate

system centred upon pas origin, the x- and y-axes through

p being identified respectively with the tangential and

normal directions through P (fig: 7). To a first approximation,

a small arc of the curve at Pp may be taken as the interval

[-h,h] on the local x-axis. If so, we may write q = (x,0)

where -h<x<h. Clearly

Ip - ql? = x, |p - ql?log|p - ql = x?log|x|,

in which case the relevant contribution to the integral (A3-1)

is seen to be

h

| x2 (1 + log|x|Jdx = 3 h3logh - § h3. (A3+2)
°

= 11 +



P(o,y)

P qo) oh

Fig: 7 small interval in the neighbourhood of p
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To compute the contribution to

lim d

Ps direkt acm-d}a we

from this interval, we take P= (0,y). If so, then

Ip - al? { -1 + log |p - al =i? + vf -2 + log(x? + yy}

in which case the relevant contribution to (A3-3) is seen

to be

h

| (x2 + { -2 + log (x? + vy} dx = 0.
O°<|°

lim

yo

These results agree with earlier conclusions of Chakrabarty

(1971).
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