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ABSTRACT
The safety verification of neural network (NN) controllers operating in uncertain environments characterized by unmodeled
dynamics, nonlinearities, and time delays remains a fundamental challenge in robust control analysis. This article introduces a
novel method, termed Keep-Close, for analyzing the performance and robustness of uncertain feedback systems equipped with NN
controllers. The proposed framework formulates the problem as an analysis of the dynamical deviation between an NN-controlled
uncertain system and a robust reference model. First, the behavior of the NN controller is characterized using the Differential
Mean Value Theorem (DMV) and linear approximation techniques. A new dynamical system is then constructed to describe this
deviation, enabling worst-case analysis of the Relative Integral Square Error (RISE) and the Supreme Square Error (SSE) through
the combined use of Integral Quadratic Constraints (IQCs) and Lyapunov theory. The effectiveness of the proposed approach is
demonstrated through two case studies, namely the Single-Link Robot Arm and the Apollo Lander, highlighting its versatility and
capability in assessing the robustness and performance of NN controllers in complex and uncertain environments.

1 | Introduction

Neural networks (NNs) have demonstrated remarkable perfor-
mance across a broad range of artificial intelligence (AI) appli-
cations, and their integration into feedback control systems
has consequently attracted significant research interest [1, 2].
Despite these advances, NN-based controllers still present major
challenges when deployed in safety-critical environments. These
challenges arise from their opaque internal structure, sensi-
tivity to disturbances and uncertainty-induced perturbations,
and the presence of nonlinear activation functions that com-
plicate analytical treatment [2–4]. As a result, the direct
application of classical stability and robustness analysis tools,
such as Lyapunov-based methods, remains non-trivial. This
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limitation continues to hinder the widespread adoption of
NN controllers in domains such as aerospace, robotics, and
autonomous systems, where formal certification of safety and
robustness is a fundamental requirement [5–8]. Recent devel-
opments in neuro-control and adaptive dynamic programming
(ADP) have further highlighted both the potential and the inher-
ent challenges of data-driven control frameworks. For instance,
self-triggered approximate optimal neuro-control strategies [9]
and adaptive critic-based safety-optimal control architectures
[10] have demonstrated promising performance in nonlinear and
uncertain environments. However, these approaches typically
rely on strong assumptions regarding system structure, avail-
ability of accurate models, or restrictive constraint formulations,
which may limit their applicability in scenarios where rigorous
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worst-case robustness guarantees and safety certification are
required.

Over the past decades, Integral Quadratic Constraints (IQCs)
have emerged as a rigorous and powerful framework for the
analysis of uncertain dynamical systems [11, 12]. IQCs pro-
vide a unified mathematical representation for a wide class of
uncertainties, including slope-restricted nonlinearities, unmod-
eled dynamics, time delays, and structured perturbations [13, 14].
Owing to their flexibility and generality, IQCs have become a
central methodology for certifying stability and performance
through convex optimization formulations [15]. This framework
has enabled significant advances in regional stability analysis
via sum-of-squares (SOS) relaxations [16], multiplier-dependent
extensions of the Kalman-Yakubovich-Popov (KYP) lemma
[17, 18], and local gain certification for interconnected nonlinear
systems [19].

More recently, IQC-based techniques have been extended to the
analysis and verification of NN-controlled systems. These include
reachability-driven verification methods [20–22] as well as
input-output characterizations that capture NN-induced nonlin-
earities within a tractable analytical framework [4]. While these
approaches provide valuable guarantees on stability or reachable
behavior, they typically focus on certifying invariance or bound-
edness properties rather than quantifying explicit worst-case per-
formance deviations relative to a prescribed reference closed-loop
behavior. In parallel, advances in safety-critical learning and
adaptive control have emphasized embedding safety constraints
directly into the controller synthesis process. For example,
event-triggered 𝐻∞ control for uncertain nonlinear systems with
constrained inputs [23], barrier-critic adaptive robust control in
differential game settings [24], and state-constrained reinforce-
ment learning-based control architectures [25] demonstrate how
neural approximators can enforce safety during online learning
and control. However, these approaches fundamentally address
controller synthesis rather than controller validation. They typi-
cally require modifying the controller architecture, incorporating
barrier or critic structures, or solving Hamilton–Jacobi–Bellman
or Isaacs equations, which can be computationally intensive and
impractical in scenarios where a neural network controller has
already been trained and must be certified without altering its
structure.

In this article, we address the problem of certifying safety and pro-
viding robustness guarantees for neural network (NN) controllers
in the presence of structured system uncertainties, including
unmodeled dynamics, slope-restricted nonlinearities, and time
delays. Inspired by the comparison principle [26, 27], the core
idea is to quantify and certify the deviation between the out-
put of an uncertain system governed by a trained NN con-
troller and that of an ideal reference closed-loop model when
subjected to bounded inputs and disturbances. This perspec-
tive enables safety and robustness verification to be formu-
lated as a deviation analysis problem relative to a trusted ref-
erence behavior. To this end, we propose a novel framework,
termed the keep-close approach, for analyzing and certifying the
dynamical deviation between an NN-controlled feedback sys-
tem and a reference closed-loop model. Since direct analysis of
the uncertain interconnected system with an NN controller is

generally intractable due to nonlinearities and uncertainty inter-
actions, the problem is reformulated in terms of the dynami-
cal tracking error between the two closed-loop systems. A less
conservative characterization of the neural controller error is
obtained using the Differential Mean Value (DMV) theorem and
linear approximation techniques combined with IQCs, which
relaxes the nonlinear NN mapping while preserving rigorous
bounds. This reformulation eliminates the explicit nonlinear
dependence on the NN controller and enables tractable analy-
sis of the deviation dynamics. Building on this representation,
an extended error dynamical system is constructed to capture
both system uncertainties and NN-induced nonlinearities within
a unified analytical framework. Using dissipation-based argu-
ments, we derive conditions that bound the worst-case 2 →
2 and 2 → ∞ induced gains of the deviation system. These
bounds correspond to the Relative Integral Square Error (RISE)
and the Supreme Square Error (SSE), respectively, and pro-
vide explicit worst-case performance guarantees. By integrating
Lyapunov theory with IQC-based analysis, the proposed frame-
work yields certified upper bounds on the deviation between
the reference closed-loop model and the NN-controlled uncer-
tain system, thereby enabling rigorous safety and robustness
verification.

Therefore, analyzing the deviation between the reference
closed-loop model and the NN-controlled system offers sev-
eral important advantages. First, the use of the DMV theorem
enables elimination of the explicit NN nonlinearity, result-
ing in a more tractable analytical formulation. Second, unlike
approaches that rely on restrictive assumptions such as trivial ini-
tial conditions [28], the keep-close framework naturally accom-
modates arbitrary initial conditions. This is achieved through
the deviation-based formulation, which ensures that the analy-
sis remains valid under realistic operating conditions. Third, in
contrast to IQC-based stability verification methods that focus on
estimating regions of attraction [2], the keep-close approach pro-
vides explicit worst-case performance bounds for general track-
ing behavior. From a safety verification perspective, this enables
quantification of the maximum deviation from desired behavior
during transient operation, rather than only certifying asymptotic
stability.

The effectiveness of the proposed keep-close framework is
demonstrated through two complementary validation scenarios
of increasing complexity.

1. The first case study considers a Single-Link Robot Arm
control problem with a single output and slope-restricted
nonlinearities. This benchmark case provides a controlled
setting in which the methodology can be clearly illus-
trated and the theoretical guarantees validated against
well-understood system dynamics.

2. The second case study addresses the Deep Guidance and
Control of an Apollo Lander during atmospheric descent
[29], a multi-output system characterized by strong nonlin-
earities, coupled dynamics, and significant environmental
uncertainties arising from aerodynamic effects. In this case,
aerodynamic forces are derived from high-fidelity atmo-
spheric data obtained from the Mars Climate Database, pro-
viding a realistic and demanding validation environment.
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Together, these case studies demonstrate the applicability and
generality of the keep-close framework across a wide range of sys-
tems of varying complexity. They highlight its ability to provide
meaningful and computable robustness and safety certificates for
NN-controlled systems operating under uncertainty, including
both benchmark control problems and aerospace guidance and
control scenarios.

The remainder of this article is organized as follows. Section 2
presents the notation and preliminaries. Section 3 formulates the
problem and introduces the key idea of the keep-close approach.
Section 4 analyses the neural controller approximation error.
Section 5 develops the robustness analysis and safety verification
framework. Section 6 provides validation and numerical simula-
tions, and Section 7 concludes the article.

2 | Notation and Preliminaries

2.1 | Mathematical Notation

This subsection summarizes the notation and basic definitions
used throughout the article. All signals and matrices are assumed
to have compatible dimensions unless stated otherwise.

• ℝ, ℝ+, and ℂ refer to the set of real, non-negative real, and
complex numbers, respectively. Also, in the complex plane,
the notation ℝℍ denotes all analytic functions within the
closed exterior of the unit disk. 𝑀𝑇 and 𝑀∗ are the trans-
pose and complex conjugate transpose of the matrix 𝑀 ,
respectively.

• Consider the LPV system Σ where its matrices of state space
depend on a time-varying parameter vector 𝑠(𝑡) ∶ ℝ+ → 
and  ⊂ ℝ𝑛. 𝑠(𝑡) is a continuously differentiable function of
time, where the parameter rates of variation 𝑠̇(𝑡) ∶ ℝ+ → ̇ .
̇ is a hyperrectangle given by:

̇ =
{
𝜌 ∈ ℝ𝑛 | 𝜌

𝑖
≤ 𝜌𝑖 ≤ 𝜌𝑖, 𝑖 = 1 · · · 𝑛

}
(1)

Let a parameter-dependent matrix 𝑃 be a continuously
differentiable function of the parameter 𝑠, given by:
𝑃 ∶  → 𝕊𝑛, where 𝕊𝑛 refers to the set of 𝑛 × 𝑛 symmet-
ric matrices. The differential operator 𝜕𝑃 ∶  × ̇ → 𝕊𝑛 is
given by:

𝜕𝑃 (𝑠, 𝑠̇) =
𝑛∑

𝑘=1

𝜕𝑃 (𝑠)
𝜕𝑠𝑘

𝑠̇𝑘 (2)

• The space 2([0,∞)) denotes the set of functions 𝜑 ∶ ℝ+ →
ℝ𝑛 satisfying

||𝜑||2 =
⎡⎢⎢⎣
+∞

∫
0

𝜑(𝜏)𝑇 𝜑(𝜏) d𝜏
⎤⎥⎥⎦

1
2

< ∞ (3)

• The space ∞ refers to the set of functions 𝜑 ∶ ℝ+ → ℝ𝑛 sat-
isfying ||𝜑||∞ = sup

𝑡∈[0,∞)

[
𝜑(𝑡)𝑇 𝜑(𝑡)

] 1
2 < ∞ (4)

• We recall here the Differential Mean Value (DMV) Theorem:

Lemma 1 (DMV Theorem [30, 31]). Consider a function
𝑔 ∶ Ω → ℝ𝑛 that is differentiable, where Ω is an open subset of ℝ𝑛.
Given two points 𝑎 and 𝑏 in Ω, such that the open line segment ]𝑎, 𝑏[
lies entirely withinΩ, there exists at least one point 𝑐 on this segment
for which

𝑔(𝑏) − 𝑔(𝑎) = ⟨∇𝑥𝑔(𝑐), 𝑏 − 𝑎⟩, (5)

where 𝑐 lies on the curve 𝜚(𝜈) = 𝑎 + 𝜈(𝑏 − 𝑎) for some 𝜈 ∈ [0, 1]
called the convex domain ℂ⋊(𝑎, 𝑏). Here, ∇𝑥𝑔(𝑐) denotes the gra-
dient of 𝑔 at 𝑐, defined as

∇𝑥𝑔(𝑐) =
(

𝜕𝑔

𝜕𝑥1
(𝑐), 𝜕𝑔

𝜕𝑥2
(𝑐), . . . , 𝜕𝑔

𝜕𝑥𝑛

(𝑐)
)
, (6)

representing the vector of partial derivatives of 𝑔 with respect to
each component of the input vector at the point 𝑐.

Lemma 2 (Cauchy–Schwarz Inequality). Let 𝜙1(𝑡)
and𝜙2(𝑡) be two square-integrable functions defined on the domain
[0,∞). Then, the following inequality holds:

||||∫ ∞

0
𝜙1(𝑡)𝜙2(𝑡) 𝑑𝑡

|||| ≤
√

∫
∞

0
|𝜙1(𝑡)|2 𝑑𝑡 ⋅

√
∫

∞

0
|𝜙2(𝑡)|2 𝑑𝑡.

• As the aim in this work is to estimate the Integral Square
Error (ISE) and worst expected Supreme Square Error (SSE),
it is worth defining these metrics as follows:

Definition 1 (RISE and SSE). Let us consider that 𝑦 and 𝑦̂
are the outputs of the closed-loop interconnected-based NN sys-
tem and the closed-loop reference model, respectively. Then the
Relative Integral Square Error (RISE) and the Supreme Square
Error (SSE) are given by:

𝑅𝐼𝑆𝐸 ≜ ||𝑦 − 𝑦̂||2√||𝑑||22 + ||𝑥̂||22 , 𝑆𝑆𝐸 ≜ ||𝑦 − 𝑦̂||∞√||𝑑||22 + ||𝑥̂||22 (7)

where the worst case of the Relative Integral Square Error 𝛾 and
the worst case of the Supreme Square Error 𝜎 satisfy:

||𝑦 − 𝑦̂||2√||𝑑||22 + ||𝑥̂||22 < 𝛾,
||𝑦 − 𝑦̂||∞√||𝑑||22 + ||𝑥̂||22 < 𝜎 (8)

2.2 | Integral Quadratic Constraints (IQCs)
Concept

The key concept of IQCs is that, instead of investigating the
dynamical behavior of the system that contains uncertaintyΔ, we
analyze the system whereΔ is removed and the signals (𝑝(𝑡), 𝑞(𝑡))
are utilized to enforce the following constraints:

+∞

∫
−∞

[
𝑝̂(𝑗𝜔)
𝑞(𝑗𝜔)

]∗

Π(𝑗𝜔)

[
𝑝̂(𝑗𝜔)
𝑞(𝑗𝜔)

]
d𝜏 ≥ 0 (9)

where Π(𝑗𝜔) is named an “IQC multiplier” or can simply
called a “multiplier”, 𝑝̂(𝑗𝜔) and 𝑞(𝑗𝜔) are Fourier transforms
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of 𝑝(𝑡) and 𝑞(𝑡), respectively. Since (9) is valid for all admis-
sible choices of Δ, all properties that can be proved for the
constrained system also hold for the original system. There-
fore, the mathematical relationship between input-output quan-
tities of system components can be described via IQCs. The
IQC in Equation (9) can be described in the time domain
based on Parseval’s theorem [32]. Assuming that Π is a func-
tion that is uniformly bounded and rational. Then, Π(𝑗𝜔) can be
factorized as:

Π(𝑗𝜔) = Ψ(𝑗𝜔)∗Ψ(𝑗𝜔), (10)

where Ψ(𝑗𝜔) ∈ ℝℍ and  represents a constant matrix [14].
Ψ(𝑗𝜔) is expressed as:

Ψ(𝑗𝜔) ∶= 𝐶Ψ[𝑗𝜔𝐼 − 𝐴Ψ][𝐵Ψ1 𝐵Ψ2] + [𝐷Ψ1 𝐷Ψ2] (11)

Then, the IQC of (9) can be written as:

+∞

∫
0

𝑟(𝜏)𝑇𝑟(𝜏) d𝜏 ≥ 0 (12)

where 𝑟(𝑡) is the output of the following linear system:

Ψ ∶=
⎧⎪⎨⎪⎩
𝜓̇(𝑡) = 𝐴Ψ𝜓(𝑡) + 𝐵Ψ1𝑝(𝑡) + 𝐵Ψ2𝑞(𝑡)
𝑟(𝑡) = 𝐶Ψ𝜓(𝑡) +𝐷Ψ1𝑝(𝑡) +𝐷Ψ2𝑞(𝑡)
𝜓(0) = 0

(13)

The time-domain constraint (12) is generally satisfied over infi-
nite time intervals. A hard IQC satisfies the following more
restrictive conditions: If Δ is any causal and bounded operator
that fulfills (9), then:

𝑇

∫
0

𝑟(𝜏)𝑇𝑟(𝜏) d𝜏 ≥ 0 (14)

holds for all 𝑇 ≥ 0. Conversely, the soft IQCs in the time-domain
constraint do not require holding overall finite time intervals.
This property is critical because the major technical and peda-
gogical problems in the IQCs framework occur when we utilize
soft IQCs. Unfortunately, there is an ambiguity that surrounds
both the terms soft IQC and hard IQC. In particular, the unique-
ness of factorization of Π(𝑗𝜔) as Ψ∗(𝑗𝜔)Ψ(𝑗𝜔), is not unique.
For clarity, the following definition will be adopted in the rest of
the article.

Definition 2 (Hard IQC [28]). A uniformly bounded and
rational function Π ∶ 𝑗ℝ → ℂ admits a hard IQC factoriza-
tion if there exists Ψ(𝑗𝜔) ∈ ℝℍ and matrix  with 𝑖𝑗 ∈ ℂ,
such that Π(𝑗𝜔) = Ψ∗(𝑗𝜔)Ψ(𝑗𝜔), and any bounded, causal
operator Δ which satisfies the IQC defined by Π(𝑗𝜔) also
satisfies:

𝑇

∫
0

𝑟(𝜏)𝑇𝑟(𝜏) d𝜏 ≥ 0 (15)

for all 𝑇 ≥ 0 and for all 𝑝(𝑡) ∈ 2([0,∞))([0 ∞)), 𝑞 = Δ(𝑝).
(Ψ(𝑗𝜔),) is a hard IQCs factorization of Π.

2.2.1 | Example: IQC Representation
of Sector-Bounded Nonlinearities

Consider a memoryless time-varying nonlinearity Δ defined by

𝑞(𝑡) = Δ(𝑡, 𝑝(𝑡)),

where 𝑝(𝑡) ∈ ℝ. For clarity, the scalar case is presented, noting
that the extension to the multi-input multi-output case is straight-
forward. The nonlinearity Δ is said to be sector bounded in [𝛼, 𝛽]
(see Figure 1), with 𝛼 < 𝛽, if

𝛼𝑝(𝑡)2 ≤ Δ(𝑡, 𝑝(𝑡)) 𝑝(𝑡) ≤ 𝛽𝑝(𝑡)2

⇔ [Δ(𝑡, 𝑝(𝑡)) − 𝛼𝑝(𝑡)][𝛽𝑝(𝑡) − Δ(𝑡, 𝑝(𝑡))] ≥ 0, ∀ 𝑡 ≥ 0.
(16)

The sector condition (16) can be equivalently expressed as the
quadratic constraint[

𝑝(𝑡)
𝑞(𝑡)

]⊤[
−𝛼𝛽 𝛼+𝛽

2
𝛼+𝛽

2
−1

]
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟



[
𝑝(𝑡)
𝑞(𝑡)

]
≥ 0,  =

[
−𝛼𝛽 𝛼+𝛽

2
𝛼+𝛽

2
−1

]
. (17)

where  is the multiplier. Since 𝑝 ∈ 2([0,∞)), integration over
time yields the following hard IQC:

∫
𝑇

0
𝑟(𝜏)⊤𝑟(𝜏) 𝑑𝜏 ≥ 0, ∀ 𝑇 ≥ 0. (18)

This IQC compactly captures the sector-bounded behavior of Δ
and is suitable for robustness and performance analysis.

In this work, the IQC multiplier in Equation (9) is introduced in
a general uniformly bounded and rational form, as the proposed
keep-close framework is not restricted to a specific uncertainty
class. Instead, the formulation accommodates a broad spectrum
of uncertainty structures, including sector- and slope-restricted
nonlinearities, Lipschitz mappings, time-varying parametric per-
turbations, and dynamic uncertainties such as rate-bounded
delays. The use of rational dynamic multipliers without poles on
the extended imaginary axis enables a unified treatment of these
cases within a single convex analysis framework. In practice,

FIGURE 1 | A sector bounded nonlinearity.
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the multiplier is selected according to the structural properties
of the uncertainty under consideration. For example, sector-
and slope-restricted nonlinearities admit Zames–Falb-type mul-
tipliers and their rational parameterizations, while time-delay
and frequency-dependent uncertainties can be characterized
through rational dynamic multipliers defined over finite fre-
quency ranges. This flexibility allows the proposed approach
to reduce conservatism compared to static multipliers while
preserving computational tractability through LMI-based condi-
tions, see [33–36].

3 | Problem Formulation

3.1 | Keep-Close Approach

In this subsection, the keep-close approach is introduced for ana-
lyzing the robustness of feedback systems employing neural net-
work (NN) controllers in the presence of uncertainty. The main
objective is to quantify how the output of a closed-loop system
governed by a trained NN controller deviates from that of an
ideal and trusted reference closed-loop model when subjected to
bounded inputs and uncertainties. Rather than directly analyz-
ing the uncertain NN-controlled system, the proposed approach
focuses on characterizing and bounding the deviation between
the outputs of the actual system and the reference model. This
deviation serves as a measure of robustness and safety, allow-
ing the estimation of the worst-case discrepancy between the two
behaviors. By establishing explicit bounds on this deviation, the
keep-close framework provides a rigorous mechanism for ver-
ifying whether the NN-controlled system remains sufficiently
close to the desired reference behavior despite the presence of
uncertainties.

The key idea is illustrated in Figure 2. Two closed-loop systems
are considered. The first is a reference model, denoted by Σ𝜋∗

𝑃 ,
which is linear, controllable, and regulated by an ideal controller
𝜋∗. This reference system represents the desired closed-loop
behavior and is assumed to be fully known and trusted. The
second system, denoted by Σ𝜋

𝐹 (𝑃 ,Δ𝛿 )
, corresponds to the actual

plant subject to uncertainties Δ𝛿 and controlled by a trained
NN controller 𝜋. This system represents the real implementa-
tion for which robustness analysis and safety verification are
required.

The central objective of the keep-close approach is to char-
acterize and bound the deviation 𝑧(𝑡) between the outputs
of these two closed-loop systems, and to establish an explicit
relationship between this deviation and known variables of
the reference model. By deriving guaranteed bounds on 𝑧(𝑡)
under admissible uncertainties and bounded inputs, the pro-
posed framework enables a quantitative assessment of whether
the NN-controlled system behaves sufficiently close to the ref-
erence model to satisfy prescribed safety and performance
requirements.

For the closed-loop system Σ𝜋
𝐹 (𝑃 ,Δ𝛿 )

, interconnected with an
NN-based control system and subject to uncertainty Δ𝛿 as illus-
trated in Figure 2. This system, specifically the uncertain plant
𝐹 (𝑃 ,Δ𝛿) in conjunction with the NN controller 𝜋, embodies
the perturbed plant 𝐹 (𝑃 ,Δ𝛿). It represents an interconnection

FIGURE 2 | Keep-Close Approach Illustration.

between a nominal plant 𝑃 and an uncertainty Δ𝛿 , which
can be mathematically described by the following dynamical
equations:

Σ𝜋
𝐹 (𝑃 ,Δ𝛿 )

∶=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) + 𝐵̃𝛿(𝑡)
𝑦(𝑡) = 𝐶𝑥(𝑡) +𝐷𝑢(𝑡) + 𝐷̃𝛿(𝑡)
𝛿(𝑡) = Δ𝛿(𝑦(𝑡))
𝑢(𝑡) = 𝜋(𝑑(𝑡), 𝑥(𝑡))
𝑥(0) = 𝑥0

(19)

where 𝑥 ∈ ℝ𝑛 is the system’s state vector, 𝑑 ∈ ℝ𝑑 is the
input reference signal control, inputs of the neural con-
troller 𝑢 ∈ ℝ𝑚 and (𝐴,𝐵, 𝐶,𝐷, 𝐵̃, 𝐷̃) are known with adequate
dimensions, and the perturbation operator Δ𝛿 is a bounded,
causal. Such a system formulation is commonly employed
in the literature and has been extensively studied; see, for
instance, [2, 14, 28, 37–39].

As stated above, the objective of this study is to establish bounds
on the deviation 𝑧(𝑡) as a function of the reference system vari-
ables. This deviation serves as a key indicator of how closely
the closed-loop system equipped with an NN controller, denoted
by Σ𝜋

𝐹 (𝑃 ,Δ𝛿 )
, follows a given reference model Σ𝜋∗

𝑃 . The latter rep-
resents a closed-loop system regulated by an ideal controller
designed using classical control techniques and for which stabil-
ity and performance properties are well established. The refer-
ence model is described as follows:

Σ𝜋∗

𝑃 ∶=

⎧⎪⎪⎨⎪⎪⎩

̇̂𝑥(𝑡) = 𝐴𝑥̂(𝑡) + 𝐵û(𝑡)
𝑦̂(𝑡) = 𝐶𝑥̂(𝑡) +𝐷û(𝑡)
𝑢̂(𝑡) = 𝜋∗(𝑑(𝑡), 𝑥̂(𝑡))
𝑥̂(0) = 𝑥0

(20)

with the reference system’s state vector 𝑥̂ ∈ ℝ𝑛, control inputs
û ∈ ℝ𝑚, and the system matrices (𝐴,𝐵, 𝐶,𝐷) being the same as
those mentioned in Equation (19). After designing the controller
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û(𝑡) = 𝜋∗(𝑑(𝑡), 𝑥̂(𝑡)) for the reference system Σ𝜋∗

𝑃 , the system is
transformed as follows:

Σ𝜋∗

𝑃 ∶=
⎧⎪⎨⎪⎩

̇̂𝑥(𝑡) = 𝐴𝑟𝑥̂(𝑡) + 𝐵𝑟𝑑(𝑡)
𝑦̂(𝑡) = 𝐶𝑟𝑥̂(𝑡) +𝐷𝑟𝑑(𝑡)
𝑥̂(0) = 𝑥0

(21)

To accomplish our aim stated above, we present an analysis of
the dynamical error system between the two closed-loop sys-
tems (i.e., the reference model and the system closed with an NN
controller) in the following section. We start by mathematically
describing the dynamical error system.

Using (19) and (20), let us assume that the state of the dynamic
error system is defined as 𝜁 (𝑡) = 𝑥(𝑡) − 𝑥̂(𝑡) and 𝑧(𝑡) = 𝑦(𝑡) − 𝑦̂(𝑡).
Consequently, the time derivative of the error state is given by
𝜁̇ (𝑡) = 𝑥̇(𝑡) − ̇̂𝑥(𝑡), which leads to:

𝜁̇ (𝑡) = 𝐴𝜁 (𝑡) + 𝐵𝜇(𝑡) + 𝐵̃𝛿(𝑡), (22a)

𝑧(𝑡) = 𝐶𝜁 (𝑡) +𝐷𝜇(𝑡) + 𝐷̃𝛿(𝑡), (22b)

𝜇(𝑡) = 𝜋(𝑑(𝑡), 𝑥(𝑡)) − 𝜋∗(𝑑(𝑡), 𝑥̂(𝑡)), (22c)

𝜁 (0) = 0. (22d)

where 𝜇(𝑡) represents the controller error (between the NN con-
troller and the ideal controller adopted in the closed-loop refer-
ence model). Furthermore, the initial condition of the dynamical
error state 𝜁 (𝑡) is 𝜁 (0) = 0 because 𝑥(0) = 𝑥̂(0) = 𝑥0.

In this work, the initial condition of the system is assumed to be
known. This assumption is standard in robust control and safety
verification, where the system state at the initial time is typi-
cally measured, estimated, or specified as part of the operating
conditions. By initializing the reference closed-loop model with
the same initial state, the deviation between the two systems is
zero at the initial time, thereby eliminating artificial transients
caused solely by mismatched initialization. This allows the anal-
ysis to focus exclusively on the effects of system uncertainties and
neural-network-induced nonlinearities.

On the other hand, to enable the robustness analysis later
within the IQC framework, we impose the following standard
assumption on the uncertainty operator.

Assumption 1 (IQC Admissibility). Let 𝑦(𝑡) ∈ 2([0,∞))
be a signal and let the uncertainty operator Δ𝛿 ∶ 2 → 2
be bounded and causal. Assume that Δ𝛿(⋅) satisfies the Inte-
gral Quadratic Constraint (IQC) defined by the multiplier
Π𝛿(𝑗𝜔).

Then, the input-output behavior of the uncertainty Δ𝛿(⋅) satisfies
the following time-domain IQC:

∫
𝑇

0
𝑟𝛿(𝜏)𝑇 𝛿 𝑟𝛿(𝜏) 𝑑𝜏 ≥ 0, ∀ 𝑇 ≥ 0, (23)

where 𝑟𝛿(𝑡) is the output of the IQC filter associated with the pair
(Ψ𝛿,𝛿), and (Ψ𝛿(𝑗𝜔),𝛿) represents a hard IQC factorization
of the multiplier Π𝛿(𝑗𝜔).

4 | Neural Controller Approximation Error
Analysis

4.1 | Neural Controller Approximation Error
Expression

This subsection analyses the controller error 𝜇(𝑡) in Equation
(22c) (i.e., the difference between the NN controller and the
ideal controller adopted in the reference closed-loop model). The
objective of this analysis is to identify a less conservative and more
accurately representative expression for 𝜇(𝑡), from which we can
extract and dissociate certain and uncertain quantities. Achiev-
ing this will allow us to directly use this refined expression in the
dynamic error system as referenced in Equation (22). To reach the
aforementioned objective, we start by introducing the following
lemma:

Lemma 3 (NN Approximation Error Expression). Con-
sider the dynamics of the error as defined in Equation (22) and
Let 𝑐 the trajectory lies on the curve 𝜗(𝜈) = 𝑥 + 𝜈(𝑥̂ − 𝑥) for some
𝜈 ∈ [0, 1] called the convex domain ℂ⋊(𝑥, 𝑥̂). The controllers error
𝜇(𝑡), as given in Equation (22c), can be expressed as:

𝜇(𝑡) = Λ(𝑠)𝜁 (𝑡) + 𝜕𝛼
𝜕𝑥̂

(0, 0)𝑥̂(𝑡) + 𝜕𝛼
𝜕𝑑

(0, 0)𝑑(𝑡) + 𝜖(𝑡), (24)

where the trajecory 𝑠(𝑡) = [𝑑(𝑡), 𝑐(𝑡)]𝑇 , the LPV matrix Λ(𝑠(𝑡)) =
∇𝑥𝜋(𝑑(𝑡), 𝑐(𝑡)) is the Jacobian matrix of the neural network, 𝜖(𝑡) =
(𝑑(𝑡), 𝑥̂(𝑡)) and the training error 𝛼(𝑑(𝑡), 𝑥̂(𝑡)) = 𝜋(𝑑(𝑡), 𝑥̂(𝑡)) −
𝜋∗(𝑑(𝑡), 𝑥̂(𝑡)).

Proof. From Equation (22c), the controller error 𝜇(𝑡) is
given by:

𝜇(𝑡) = 𝜋(𝑑(𝑡), 𝑥(𝑡)) − 𝜋∗(𝑑(𝑡), 𝑥̂(𝑡)) (25)

Adding and subtracting 𝜋(𝑑(𝑡), 𝑥̂(𝑡)), the error approximation 𝜇(𝑡)
can be expressed by:

𝜇(𝑡) = 𝜋(𝑑(𝑡), 𝑥̂(𝑡)) − 𝜋∗(𝑑(𝑡), 𝑥̂(𝑡))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=𝛼(𝑑(𝑡),𝑥̂(𝑡))

+ 𝜋(𝑑(𝑡), 𝑥(𝑡)) − 𝜋(𝑑(𝑡), 𝑥̂(𝑡))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=𝛽(𝑡)

= 𝛼(𝑑(𝑡), 𝑥̂(𝑡)) + 𝛽(𝑡) (26)

It is clear that the function 𝛼(𝑑(𝑡), 𝑥̂(𝑡)) in Equation (26) is directly
related to the neural network controller training error. Indeed,
the primary objective of the training procedure is to minimize
this quantity so that the neural controller accurately reproduces
the behavior of the ideal control law for input 𝑥̂(𝑡). The function
𝛼(𝑑(𝑡), 𝑥̂(𝑡)) is defined as follows:

𝛼(𝑑(𝑡), 𝑥̂(𝑡)) = 𝜋(𝑑(𝑡), 𝑥̂(𝑡)) − 𝜋∗(𝑑(𝑡), 𝑥̂(𝑡)) (27)

Knowing that 𝑑(𝑡), 𝑥̂(𝑡) ∈ 2([0,∞)) because it is the state of the
reference model controlled by the ideal controller 𝜋∗(𝑑(𝑡), 𝑥̂(𝑡)).
Therefore, by using Taylor approximation, we can write the
approximation of 𝛼(𝑑(𝑡), 𝑥̂(𝑡)) as follows

𝛼(𝑑(𝑡), 𝑥̂(𝑡)) = 𝛼(0, 0) + 𝜕𝛼
𝜕𝑥̂

(0, 0)𝑥̂(𝑡) + 𝜕𝛼
𝜕𝑟

(0, 0)𝑑(𝑡) + (𝑑(𝑡), 𝑥̂(𝑡))
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

=𝜖(𝑡)
(28)
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Clearly, if 𝑥̂(𝑡) = 0 and 𝑑(𝑡) = 0 there is no controller action, that
is, 𝛼(0, 0) = 0, therefore

𝛼(𝑑(𝑡), 𝑥̂(𝑡)) = 𝜕𝛼
𝜕𝑥̂

(0, 0)𝑥̂(𝑡) + 𝜕𝛼
𝜕𝑟

(0, 0)𝑑(𝑡) + 𝜖(𝑡) (29)

On the other hand, using the Differential Mean Value Theorem
in Lemma 1 and the fact that the function 𝜋 is continuous and
differentiable on convex hull of the set ℂ⋊(𝑥(𝑡), 𝑥̂(𝑡)), then, given
two points 𝑥(𝑡) and 𝑥̂(𝑡) in Ω at time 𝑡, such that the open line
segment between 𝑥, 𝑥̂ lies entirely within Ω, there exists at least
one point 𝑐(𝑡) on this segment for which

𝛽(𝑡) = 𝜋(𝑑(𝑡), 𝑥(𝑡)) − 𝜋(𝑑(𝑡), 𝑥̂(𝑡))

= ⟨∇𝑥𝜋(𝑑(𝑡), 𝑐(𝑡)), 𝑥(𝑡) − 𝑥̂(𝑡)⟩ = ⟨∇𝑥𝜋(𝑑(𝑡), 𝑐(𝑡)), 𝜁 (𝑡)⟩, (30)

where 𝑐 lies on the curve 𝜚(𝜈) = 𝑥 + 𝜈(𝑥̂ − 𝑥) for some 𝜈 ∈ [0, 1]
called the convex domain ℂ⋊(𝑥, 𝑥̂). and

∇𝑥𝜋(𝑑(𝑡), 𝑐(𝑡))

=
(

𝜕𝜋
𝜕𝑥1

(𝑑(𝑡), 𝑐(𝑡)), 𝜕𝜋
𝜕𝑥2

(𝑑(𝑡), 𝑐(𝑡)), . . . , 𝜕𝜋
𝜕𝑥𝑛

(𝑑(𝑡), 𝑐(𝑡))
)
, (31)

The equations (29) and (30) allow us to conclude that:

𝜇(𝑡) = ⟨∇𝑥𝜋(𝑑(𝑡), 𝑐(𝑡)), 𝜁 (𝑡)⟩
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Λ(𝑠)𝜁(𝑡)

+ 𝜕𝛼
𝜕𝑥̂

(0, 0)𝑥̂(𝑡) + 𝜕𝛼
𝜕𝑟

(0, 0)𝑑(𝑡) + 𝜖(𝑡), (32)

where the trajectory 𝑠(𝑡) = [𝑑(𝑡), 𝑐(𝑡)]𝑇 , the LPV matrix Λ(𝑠(𝑡)) =
∇𝑥𝜋(𝑑(𝑡), 𝑐(𝑡)) is the Jacobian matrix of the neural network,
𝜖(𝑡) = (𝑑(𝑡), 𝑥̂(𝑡)) and the training error 𝛼(𝑑(𝑡), 𝑥̂(𝑡)) = 𝜋(𝑑(𝑡),
𝑥̂(𝑡)) − 𝜋∗(𝑑(𝑡), 𝑥̂(𝑡)). ◽

The result in Equation (32) provides a less conservative and
more representative expression for 𝜇(𝑡). The specific quantity
Λ(𝑠(𝑡))𝜁 (𝑡) is influenced by the Jacobian of the neural con-
troller ∇𝑥𝜋(𝑑(𝑡), 𝑐(𝑡)), which incorporates the weights of the
neural controller, and it is also dependent on the state of the
dynamic error system 𝜁 (𝑡). For uncertain components, the term
𝜖(𝑡) is determined by the reference state 𝑥̂(𝑡) and the refer-
ence signal 𝑑(𝑡), both of which belong to the 2([0,∞)) space.
In the next subsection, we will prove that 𝜖(𝑡) also belongs to
2([0,∞)) and it is a bounded, causal operator, leveraging this
property.

4.2 | NN Approximation Error Admissibility

The perturbations acting on the feedback system can encompass
various types of uncertainties, including unmodeled dynamics,
saturation effects, time delays, and slope-restricted nonlineari-
ties. In the next lemma, we will demonstrate that if 𝑑(𝑡) and 𝑥̂(𝑡)
belong to 2([0,∞)), then 𝜖(𝑡) = (𝑑(𝑡), 𝑥̂(𝑡)) = Δ𝜖(𝜂(𝑡)) where
𝜂(𝑡) = [𝑑(𝑡), 𝑥̂(𝑡)]𝑇 also belongs to 2([0,∞)) and it is a bounded
and causal operator. Establishing this result will enable us to
apply the IQCs technique to address the uncertainty 𝜖(𝑡) in the
subsequent analysis.

Lemma 4 (NN Approximation Error Admissibility). Let
𝜂(𝑡) = [𝑑(𝑡), 𝑥̂(𝑡)]𝑇 ∈ 2([0,∞)) and consider the operator Δ𝜖 ∶2 → 2 defined by

𝜖(𝑡) = Δ𝜖(𝜂(𝑡)) = (𝑑(𝑡), 𝑥̂(𝑡)).
Then the following properties hold:

1. The signal 𝜖(𝑡) belongs to 2([0,∞)), and the operator Δ𝜖(⋅)
is bounded and causal.

2. The operator Δ𝜖(⋅) admits an Integral Quadratic Constraint
(IQC) characterization defined by the multiplier Π𝜖(𝑗𝜔). In
particular, there exists a hard IQC factorization (Ψ𝜖 ,𝜖)
such that the signal

𝑟𝜖(𝑡) = Ψ𝜖

[
𝜂(𝑡)
𝜖(𝑡)

]

satisfies the time-domain IQC

∫
𝑇

0
𝑟𝜖(𝜏)𝑇𝜖 𝑟𝜖(𝜏) 𝑑𝜏 ≥ 0, ∀𝑇 ≥ 0. (33)

Proof. By assumption, 𝑑(𝑡) and 𝑥̂(𝑡) belong to the space
2([0,∞)). Additionally, we have 𝜖(𝑡) = (𝑑(𝑡), 𝑥̂(𝑡)), which
implies that there exist positive constants 𝜅1 ∈]0, 1[ and 𝜅2 ∈]0, 1[
such that:

|𝜖(𝑡)| = |(𝑑(𝑡), 𝑥̂(𝑡))| ≤ 𝜅1|𝑑(𝑡)| + 𝜅2|𝑥̂(𝑡)|. (34)

This implies:

+∞

∫
0

|𝜖(𝑡)|2 d𝑡 ≤
+∞

∫
0

(
𝜅1|𝑑(𝑡)| + 𝜅2|𝑥̂(𝑡)|)2 d𝑡. (35)

Expanding the squared term and applying the triangle inequality
under the integral gives:

+∞

∫
0

|𝜖(𝑡)|2 d𝑡 ≤
+∞

∫
0

(
𝜅2

1 |𝑑(𝑡)|2 + 𝜅2
2 |𝑥̂(𝑡)|2 + 2𝜅1𝜅2|𝑑(𝑡)||𝑥̂(𝑡)|) d𝑡.

(36)

Since 𝑑(𝑡), 𝑥̂(𝑡) ∈ 2([0,∞)), their respective norms are finite:

||𝑑(𝑡)||22
=

+∞

∫
0

|𝑑(𝑡)|2 d𝑡 < ∞, ||𝑥̂(𝑡)||22
=

+∞

∫
0

|𝑥̂(𝑡)|2 d𝑡 < ∞.

(37)

The cross-term 2𝜅1𝜅2|𝑑(𝑡)||𝑥̂(𝑡)| is also integrable because of the
Cauchy–Schwarz inequality:

+∞

∫
0

|𝑑(𝑡)||𝑥̂(𝑡)| d𝑡 ≤ ||𝑑(𝑡)||2
||𝑥̂(𝑡)||2

. (38)

International Journal of Robust and Nonlinear Control, 2026 7

 10991239, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rnc.70693 by Publications T

eam
 - C

ity St G
eorge’S, U

niversity O
f L

ondon , W
iley O

nline L
ibrary on [20/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Thus, 𝜖(𝑡) ∈ 2([0,∞)) and it is a bounded operator. Also, it is
clear that the output of 𝜖(𝑡) at any time 𝑡 depends only on the
input (𝑑(𝑡), 𝑥̂(𝑡)) up to that time 𝑡, that is, 𝜖(𝑡) is a causal operator.
This completes the proof, and then the IQCs technique can be
applied to address the uncertainty 𝜖(𝑡) = Δ𝜖(𝜂(𝑡)).

On the other hand, The equation (34) implies the existence of a
constant 𝜅 > 0 such that

|𝜖(𝑡)| ≤ 𝜅||𝜂(𝑡)||. (39)

Squaring both sides yields

𝜖𝑇 (𝑡)𝜖(𝑡) ≤ 𝜅2𝜂𝑇 (𝑡)𝜂(𝑡). (40)

Rearranging gives

[
𝜂(𝑡)
𝜖(𝑡)

]𝑇[
𝜅2𝐼 0

0 −𝐼

][
𝜂(𝑡)
𝜖(𝑡)

]
≥ 0. (41)

Integrating over [0, 𝑇 ] yields

∫
𝑇

0

[
𝜂(𝜏)
𝜖(𝜏)

]𝑇

𝜖

[
𝜂(𝜏)
𝜖(𝜏)

]
𝑑𝜏 ≥ 0, (42)

where

𝜖 =

[
𝜅2𝐼 0

0 −𝐼

]
.

This proves that the operator Δ𝜖(⋅) satisfies IQC. ◽

5 | Robustness Analysis and Safety Verification

5.1 | IQC Filter Realization

The following corollary establishes a state-space realization of
the IQC multipliers associated with the uncertainty operators
Δ𝛿 and Δ𝜖 through virtual LTI filters. This formulation allows
the IQC constraints to be represented dynamically and incor-
porated into an augmented system description. In the next
subsection, this result will be used to construct the extended
dynamical system, which forms the basis for deriving Lyapunov-
based robustness and safety certificates within the keep-close
framework.

Corollary 1 (IQC Filter Realization). Under Assumption 1
and Lemma 4, the signals 𝑟𝛿(𝑡) and 𝑟𝜖(𝑡) satisfying the IQC condi-
tions (23) and (33), respectively, can be generated as the outputs of
linear time-invariant (LTI) systems corresponding to the hard IQC
factorizations(Ψ𝛿,𝛿) and (Ψ𝜖 ,𝜖), respectively.

Specifically, the virtual filter associated with Δ𝛿 admits the
state-space realization

⎧⎪⎨⎪⎩
𝜓̇𝛿(𝑡) = 𝐴𝛿𝜓𝛿(𝑡) + 𝐵𝛿1𝛿(𝑡) + 𝐵𝛿2𝑦(𝑡),
𝑟𝛿(𝑡) = 𝐶𝛿𝜓𝛿(𝑡) +𝐷𝛿1𝛿(𝑡) +𝐷𝛿2𝑦(𝑡),
𝜓𝛿(0) = 0,

(43)

and similarly, the virtual filter associated with Δ𝜖 is given by

⎧⎪⎨⎪⎩
𝜓̇𝜖(𝑡) = 𝐴𝜖𝜓𝜖(𝑡) + 𝐵𝜖1𝜖(𝑡) + 𝐵𝜖2𝜂(𝑡),
𝑟𝜖(𝑡) = 𝐶𝜖𝜓𝜖(𝑡) +𝐷𝜖1𝜖(𝑡) +𝐷𝜖2𝜂(𝑡),
𝜓𝜖(0) = 0.

(44)

The operators Ψ𝛿 and Ψ𝜖 represent the virtual IQC filters associ-
ated with the uncertainty operatorsΔ𝛿 andΔ𝜖 , respectively. These
filters process the inputs and outputs of the uncertainty opera-
tors and generate signals that satisfy the corresponding quadratic
constraints.

For compact representation, the individual IQC filters (43) and
(44) can be combined into a single extended filter of the form

Ψ ∶=
⎧⎪⎨⎪⎩
𝜉̇(𝑡) = 𝐴𝜉𝜉(𝑡) + 𝐵𝜉1𝑞(𝑡) + 𝐵𝜉2𝑝(𝑡),
𝑟(𝑡) = 𝐶𝜉𝜉(𝑡) +𝐷𝜉1𝑞(𝑡) +𝐷𝜉2𝑝(𝑡),
𝜉(0) = 0,

(45)

where the augmented state, input, and output vectors are
defined as

𝜉(𝑡) =

[
𝜓𝛿(𝑡)
𝜓𝜖(𝑡)

]
, 𝑝(𝑡) =

[
𝑦(𝑡)
𝜂(𝑡)

]
, 𝑞(𝑡) =

[
𝛿(𝑡)
𝜖(𝑡)

]
.

The corresponding state-space matrices of the extended filter are
given by the block-diagonal structure

𝐴𝜉 =

[
𝐴𝛿 0
0 𝐴𝜖

]
, 𝐵𝜉1 =

[
𝐵𝛿1 0

0 𝐵𝜖1

]
, 𝐵𝜉2 =

[
𝐵𝛿2 0

0 𝐵𝜖2

]
,

𝐶𝜉 =

[
𝐶𝛿 0
0 𝐶𝜖

]
, 𝐷𝜉1 =

[
𝐷𝛿1 0

0 𝐷𝜖1

]
, 𝐷𝜉2 =

[
𝐷𝛿2 0

0 𝐷𝜖2

]
.

5.2 | Extended System Construction

Considering the error dynamics system in Equation (22), the
conservative expression of 𝜇 presented in Equation (24) and
Corollary 1, let us define𝜒(𝑡) as the extended state vector, given by

𝜒(𝑡) =

[
𝜁 (𝑡)
𝜉(𝑡)

]
,

where 𝜁 (𝑡) represents the system state error and 𝜉(𝑡) encapsu-
lates additional dynamics given in Equation (45). The dynamics
of 𝜒(𝑡), omitting the dependency on 𝑠 for brevity, are governed by
the following equations:

Σ𝑒𝑥

⎧⎪⎪⎨⎪⎪⎩

𝜒̇(𝑡) = 𝜒(𝑡) + 1𝑞(𝑡) + 2𝜂(𝑡)
𝑟(𝑡) = 1𝜒(𝑡) +11𝑞(𝑡) +12𝜂(𝑡)
𝑧(𝑡) = 2𝜒(𝑡) +21𝑞(𝑡) +22𝜂(𝑡)

𝜂(𝑡) =
[
𝑑(𝑡) 𝑥̂(𝑡)

]𝑇
, 𝜒(0) = 0

(46)
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FIGURE 3 | Graphical Interpretation of the IQCs with the Equivalent
System of (46).

where the matrices of the Linear Parameter Varying (LPV)
extended system (46) have the appropriate dimensions.

(𝑠) =

⎡⎢⎢⎢⎢⎣
𝐴 + 𝐵Λ(𝑠) 0 0

𝐵𝛿2(𝐶 +𝐷Λ(𝑠)) 𝐴𝛿 0

0 0 𝐴𝜖

⎤⎥⎥⎥⎥⎦
1(𝑠) =

⎡⎢⎢⎢⎣
𝐵̃ 𝐵

𝐵𝛿2𝐷̃ 𝐵𝛿2𝐷

𝐷𝛿2𝐷̃ 𝐷𝛿2𝐷

⎤⎥⎥⎥⎦,

2 =

⎡⎢⎢⎢⎢⎣

[
𝐵 𝜕𝛼

𝜕𝑑
(0, 0) 𝐵 𝜕𝛼

𝜕𝑥̂
(0, 0)

][
𝐵𝛿2𝐷

𝜕𝛼

𝜕𝑑
(0, 0) + 𝐵𝛿2𝐷𝑟 𝐵𝛿2𝐷

𝜕𝛼

𝜕𝑥̂
(0, 0) + 𝐵𝛿2𝐶𝑟

]
𝐵𝜖2

⎤⎥⎥⎥⎥⎦
1(𝑠) =

⎡⎢⎢⎢⎣
𝐷𝛿2(𝐶 +𝐷Λ(𝑠))

𝐶𝛿

𝐶𝜖

⎤⎥⎥⎥⎦, 2(𝑠) =
⎡⎢⎢⎢⎣
𝐶 +𝐷Λ(𝑠)

0
0

⎤⎥⎥⎥⎦
11 =

[
𝐷𝛿2𝐷̃ +𝐷𝛿1 𝐷𝛿2𝐷

0 𝐷𝜖1

]
,

12 =
⎡⎢⎢⎣
[
𝐷𝛿2𝐷

𝜕𝛼

𝜕𝑑
(0, 0) +𝐷𝛿2𝐷𝑟 𝐷𝛿2𝐷

𝜕𝛼

𝜕𝑥̂
(0, 0) +𝐷𝛿2𝐶𝑟

]
𝐷𝜖2

⎤⎥⎥⎦
21 =

[
𝐷̃ 𝐷

]
, 22(𝑠) =

[
𝐷𝜕𝛼

𝜕𝑑
(0, 0) 𝐷𝜕𝛼

𝜕𝑥̂
(0, 0)

]
(47)

This extended system is constructed by combining the dynam-
ics of the deviation system, derived in Appendix A, with
the neural network approximation error representation 𝜇(𝑡)
given in Equation (24), and the extended virtual IQC filter
defined in Equation (45). Following the formulation in Refer-
ence [28], the resulting augmented system, described in Equation
(46), is illustrated in Figure 3. This representation captures
the interconnected structure of the deviation dynamics, the
uncertainty operators Δ𝛿 and Δ𝜖 , and the associated IQC fil-
ters. In particular, the extended system takes the signal 𝜂(𝑡),
which characterizes the reference model behavior, as its input
and produces the deviation signal 𝑧(𝑡) as its output, thereby
explicitly describing how uncertainties and neural network
approximation errors influence the deviation from the reference
closed-loop model.

Based on this extended representation, a dissipation inequal-
ity can be established to characterize and upper bound
the worst-case induced gain of the interconnected operator
𝐹 (𝑃 ,Δ𝛿,Δ𝜖), as depicted in Figure 3. This is achieved by com-
bining the state-space representation of the extended system in
Equation (46) with the time-domain IQCs defined in Equations
(23) and (33).

5.3 | Relative Integral Square Error (RISE)

The following theorem delineates the conditions necessary to
evaluate the worst-case performance of the Relative Integral of
the Square of the Error (RISE) metric. In control theory, the
RISE metric is instrumental in assessing the efficacy of a sys-
tem’s response [40]. Specifically, RISE offers critical insights into
the comparative behavior of an uncertain closed-loop system,
equipped with a neural network (NN) controller, against a prede-
fined closed-loop reference model. This comparison is pivotal for
understanding the resilience and robustness of the NN-controlled
system in the face of uncertainties.

Theorem 1 (Worst-case RISE Performance). Let Δ𝛿 and
Δ𝜖 satisfy the Integral Quadratic Constraint (IQC) given by
𝐼𝑄𝐶(Ξ,𝑀), and assume that the extended system Σ𝑒𝑥 as defined
in Equation (46) is well-posed. Suppose there exists a scalar 𝜆 > 0
and a continuously differentiable matrix 𝑃 = 𝑃 𝑇 with appropriate
dimensions such that 𝑃 ≥ 0, and for all (𝑠, 𝑠̇) ∈ Ω × ̇ (omitting 𝑠
and 𝑠̇ for brevity):

⎡⎢⎢⎢⎣
𝑃 +𝑇 𝑃 + 𝜕𝑃 𝑃1 𝑃2

𝑇
1 𝑃 0 0

𝑇
2 𝑃 0 −𝐼

⎤⎥⎥⎥⎦ +
1
𝛾2

⎡⎢⎢⎢⎣
𝑇

2

𝑇
21

𝑇
22

⎤⎥⎥⎥⎦
[
2 21 22

]
+ 𝜆

⎡⎢⎢⎢⎣
𝑇

1

𝑇
11

𝑇
12

⎤⎥⎥⎥⎦𝑀
[
1 11 12

]
< 0 (48)

Then, the Relative Integral Square Error (RISE) satisfies:

sup
𝑠∈Ω,0≠𝜂∈2 ,𝜁(0)=0

⎡⎢⎢⎢⎣
||𝑦 − 𝑦̂||2√||𝑑||22 + ||𝑥̂||22

⎤⎥⎥⎥⎦ < 𝛾, (49)

Proof. Consider the various signals (𝜒, 𝑧, 𝑝, 𝜂, 𝑟) of the error
dynamics system, with the input 𝜂 ∈ 2([0,∞)) and the solution
trajectory 𝜒 subject to zero initial conditions 𝜒(0) = 0. Assuming
the extended system, as referred to in Equation (46), is well-posed
implies that all signals within this system are well-defined. By
assumption, the uncertainties Δ𝛿 and Δ𝜖 are constrained by
the Integral Quadratic Constraint (IQC) defined by (Ξ,𝑀), and
consequently, the quantity 𝑟 must satisfy the time-domain IQC
as given in Equation (23) for any 𝑇 > 0. Furthermore, utiliz-
ing the state-space representation of the virtual filter detailed
in Equation (13), the expression for 𝑟𝑇𝑀𝑟 is formulated as
follows:

𝑟𝑀𝑟𝑇 =
⎡⎢⎢⎢⎣
𝜉

𝑝

𝑞

⎤⎥⎥⎥⎦
𝑇[

𝐶𝑇
𝜉
𝑀𝐶𝜉 𝐶𝑇

𝜉
𝑀𝐷𝜉

𝐷𝑇
𝜉
𝑀𝐶𝜉 𝐷𝑇

𝜉
𝑀𝐷𝜉

]⎡⎢⎢⎢⎣
𝜉

𝑝

𝑞

⎤⎥⎥⎥⎦ (50)
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The foundation of the following proof lies in defining a
parameter-dependent storage function, also known as a Lya-
punov function, 𝑉 ∶ ℝ𝜒 × Ω → ℝ+, given by 𝑉 (𝜒, 𝑠) = 𝜒𝑇 𝑃 (𝑠)𝜒 .
The strict inequality presented in Equation (48) suggests that
there exists a very small quantity 𝜀 > 0 such that the following
perturbed matrix inequality is satisfied for all 𝑠 ∈ Ω:

⎡⎢⎢⎢⎣
𝑃𝑇 +𝑃 𝑇 + 𝜕𝑃 𝑃1 𝑃2

𝑇
1 𝑃 0 0

𝑇
2 𝑃 0 −(1 − 𝜀)𝐼

⎤⎥⎥⎥⎦ +
1
𝛾2

⎡⎢⎢⎢⎣
𝑇

2

𝑇
21

𝑇
22

⎤⎥⎥⎥⎦
[
2 21 22

]

+ 𝜆

⎡⎢⎢⎢⎣
𝑇

1

𝑇
11

𝑇
12

⎤⎥⎥⎥⎦𝑀
[
1 11 12

] ≤ 0 (51)

Taking into account the structural condition given in Equation
(50) and multiplying both sides of equation (51) from the left and
right by [𝜒𝑇 , 𝑞𝑇 , 𝜂𝑇 ] and its transpose [𝜒𝑇 , 𝑞𝑇 , 𝜂𝑇 ]𝑇 respectively
(see Appendix B for instance), we observe that the Lyapunov
function 𝑉 satisfies the following dissipation inequality:

∇𝜒𝑉 𝜒̇ + ∇𝑠𝑉 𝑠̇ ≤ − 1
𝛾2 𝑧

𝑇 𝑧 + (1 − 𝜀)𝜂𝑇 𝜂 − 𝜆𝑟𝑀𝑟𝑇 (52)

This analysis demonstrates that the dissipation inequality pre-
sented in Equation (52) corresponds directly to the perturbed
linear matrix inequality delineated in Equation (48). By integrat-
ing the dissipation inequality obtained from Equation (52) over
the interval from the lower bound time 𝑡 = 0 to the upper bound
time 𝑡 = 𝑇 , and considering the initial condition 𝜒(0) = 0, that is,
𝑉 (0) = 0, we obtain:

𝑉 (𝜒(𝑇 ), 𝑠(𝑇 )) − 𝑉 (0, 0)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝑉 (𝜒(𝑇 ),𝑠(𝑇 ))≥0 ∵ 𝑉 (0,0)=0

+ 𝜆

𝑇

∫
0

𝑟(𝜏)𝑇𝑟(𝜏) d𝜏 ≤ (1 − 𝜀)

×

𝑇

∫
0

𝜂(𝜏)𝜂(𝜏)𝑇 d𝜏 − 1
𝛾2

𝑇

∫
0

𝑧(𝜏)𝑧(𝜏)𝑇 d𝜏 (53)

It follows from the positivity condition of IQCs as in Equation
(23), 𝜆 ≥ 0, and also due to the non-negativity of the storage func-
tion 𝑉 , which leads to:

1
𝛾2

𝑇

∫
0

𝑧(𝜏)𝑧(𝜏)𝑇 d𝜏 ≤ (1 − 𝜀)

𝑇

∫
0

𝜂(𝜏)𝜂(𝜏)𝑇 d𝜏 (54)

As we assume that 𝜀 > 0, thus

lim
𝑇→+∞

⎡⎢⎢⎣ 1
𝛾2

𝑇

∫
0

𝑧(𝜏)𝑧(𝜏)𝑇 d𝜏 <

𝑇

∫
0

𝜂(𝜏)𝜂(𝜏)𝑇 d𝜏
⎤⎥⎥⎦ (55)

Knowing that

||𝑧(𝑡)||2 = ||𝑦(𝑡) − 𝑦̂(𝑡)||2 ||𝜂(𝑡)||2 =
√||𝑑(𝑡)||22 + ||𝑥̂(𝑡)||22 (56)

this allows us to deduce that:

sup
𝑠∈Ω.

sup
0≠𝑦,𝑦̂∈2 ,𝜁(0)=0

||𝑦 − 𝑦̂||2√||𝑑||22 + ||𝑥̂||22 < 𝛾 (57)

◽

The value 𝛾 specified in Theorem 1 represents the maximal 2
induced gain of the deviation system over all admissible uncer-
tainty trajectories. In particular, it provides an explicit upper
bound on the worst-case Relative Integral of the Square of the
Error (RISE) between the closed-loop reference model and the
NN-controlled system. This worst-case bound accounts for the
neural network parameters Λ and 𝛼, as well as the associated
approximation error 𝜖, and incorporates the effects of system
uncertainties Δ𝛿 and Δ𝜖 within the IQC framework. This result
is significant because it enables prediction of the behavior of
the uncertain NN-controlled system using only the known ref-
erence signals 𝑑(𝑡) and 𝑥̂(𝑡). Specifically, the bound 𝛾 character-
izes the region within which the system output is guaranteed
to remain relative to the reference closed-loop model, despite
the presence of uncertainties and neural network training errors.
Consequently, the theorem provides a rigorous robustness and
safety certificate by quantifying the maximum deviation from the
desired reference behavior.

From a practical perspective, this worst-case bound serves as a
quantitative performance and safety indicator. A smaller value of
𝛾 implies that the NN-controlled system more closely reproduces
the desired reference behavior, indicating higher robustness and
reliability. Conversely, larger values of 𝛾 reveal increased sensi-
tivity to uncertainties and neural network approximation errors.
Therefore, the proposed framework not only certifies safety and
robustness but also provides a systematic tool for evaluating and
improving neural network controllers by identifying and mini-
mizing the worst-case deviation from the ideal closed-loop perfor-
mance. Moreover, this predictive capability is particularly impor-
tant in safety-critical applications such as aerospace guidance
and autonomous systems, where guaranteeing bounded devia-
tion from a trusted reference model is essential. By explicitly
quantifying worst-case performance, Theorem 1 enables rigorous
verification of neural network controllers prior to deployment,
thereby supporting their safe and reliable integration into uncer-
tain dynamical systems.

5.4 | Supreme Square Error (SSE)

The Linear Parameter Varying (LPV) model approximation,
employed in the robust tracking problem elaboration, invites fur-
ther scrutiny under more conservative conditions. Specifically,
the robust performance analysis of the LPV model for system
(46) can be broadened to encompass performance metrics less
conservative than the Relative Integral Square Error (RISE). The
forthcoming theorem aims to establish the conditions for the
worst-case Supreme Square Error (SSE), denoted by 𝜎, under con-
ditions that are less conservative, such as ||𝑦 − 𝑦̂||2 ≥ ||𝑦 − 𝑦̂||∞.
More granular than RISE, SSE offers profound insights into the
dynamical behavior of the interconnected system featuring a neu-
ral network (NN) controller in juxtaposition with the closed-loop
reference model. As delineated in Definition 1, SSE serves as a
robust estimator for the maximal deviation between the outputs
of the two systems. Identifying the bounds of SSE enhances the
confidence level for users considering the adoption of these con-
trol schemes.

Theorem 2 (Worst-case SSE). Let Δ𝛿 and Δ𝜖 satisfy the
Integral Quadratic Constraint 𝐼𝑄𝐶(Ξ,𝑀) and assume that the

10 International Journal of Robust and Nonlinear Control, 2026
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extended system Σ𝑒𝑥 as defined in Equation (46) is well-posed. Sup-
pose there exists a scalar 𝜆 > 0 and a continuously differentiable
matrix 𝑃 = 𝑃 𝑇 with appropriate dimensions such that 𝑃 ≥ 0, and
for all (𝑠, 𝑠̇) ∈ Ω × ̇ (omitting 𝑠 and 𝑠̇ for brevity):

⎡⎢⎢⎢⎣
𝑃 +𝑇 𝑃 + 𝜕𝑃 𝑃1 𝑃2

𝑇
1 𝑃 0 0

𝑇
2 𝑃 0 −𝐼

⎤⎥⎥⎥⎦ + 𝜆

⎡⎢⎢⎢⎣
𝑇

1

𝑇
11

𝑇
12

⎤⎥⎥⎥⎦𝑀
[
1 11 12

]
< 0,

(58)

and [
𝑃 𝑇

2

2 𝜎2𝐼

]
> 0. (59)

Then, the Supreme Square Error (SSE) satisfies:

sup
𝑠∈Ω,0≠𝜂∈2 ,𝜁(0)=0

⎡⎢⎢⎢⎣
||𝑦 − 𝑦̂||∞√||𝑑||22 + ||𝑥̂||22

⎤⎥⎥⎥⎦ < 𝜎. (60)

Proof. Considering the signals (𝜒, 𝑧, 𝜂, 𝑞, 𝑟) generated by the
extended system as outlined in Equation (46), where the input
𝜂 belongs to 2([0,∞)) and the parameter trajectory 𝑠 resides
within Ω, all under the assumption of zero initial conditions. The
well-posedness of the extended Linear Parameter Varying (LPV)
system ensures that all signals (𝜒, 𝑧, 𝜂, 𝑞, 𝑟) are well-defined. Fur-
thermore, it is assumed that the uncertainties Δ𝛿 and 𝜖 adhere
to the Integral Quadratic Constraints (IQCs) specified by (Ξ,𝑀),
necessitating that the signal 𝑟 satisfies the time-domain expres-
sion of the IQCs in Equation (15) for any 𝑇 > 0.

A storage function 𝑉 ∶ ℝ𝑛𝜒 × Ω → ℝ+ is defined by 𝑉 (𝜒, 𝑠) =
𝜒𝑇 𝑃 (𝑠)𝜒 . Additionally, the state-space representation of the vir-
tual filter described in Equation (13) leads to (50).

Evaluating the perturbed Linear Matrix Inequality (LMI) in
Equation (58) at (𝑠(𝑡), 𝑠̇(𝑡)) and performing multiplication from
the left and right by [𝜒𝑇 , 𝑞𝑇 , 𝜂𝑇 ] and its transpose [𝜒𝑇 , 𝑞𝑇 , 𝜂𝑇 ]𝑇 ,
respectively, results in the following dissipation inequality (see
Appendix B for more details):

∇𝑥𝜒
𝑉 𝜒̇ + ∇𝑥𝑠

𝑉 𝑠̇ ≤ (1 − 𝜀)𝜂𝜂𝑇 − 𝜆𝑟𝑀𝑟𝑇 (61)

This implies that the dissipation inequality presented in
Equation (B14) is directly equivalent to the perturbed linear
matrix inequality (LMI) delineated in Equation (58). Proceeding
with this understanding, integrating the dissipation inequality
obtained in Equation (B14) along the state/parameter trajectory
from the initial time 𝑡 = 0 to an arbitrary upper bound 𝑡 = 𝑇 and
taking into account that the initial condition for 𝜒 is 𝜒(0) = 0,
we arrive at the following conclusion:

𝑉 (𝜒(𝑇 ), 𝑠(𝑇 )) ≤ (1 − 𝜀)

𝑇

∫
0

𝜂(𝜏)𝜂(𝜏)𝑇 d𝜏 − 𝜆

𝑇

∫
0

𝑟(𝜏)𝑀𝑟(𝜏)𝑇 d𝜏

(62)

It follows from the IQCs condition (15), that

𝑉 (𝜒(𝑇 ), 𝑠(𝑇 )) ≤ (1 − 𝜀)

𝑇

∫
0

𝜂(𝜏)𝜂(𝜏)𝑇 d𝜏 (63)

Now, applying Schur complement on (59) and multiplying left
and right by 𝜒 and its transpose 𝜒𝑇 , respectively, results:

1
𝜎2 𝑧(𝑡)𝑧

𝑇 (𝑡) ≤ 𝜒𝑇 (𝑡)𝑃 (𝑠)𝜒(𝑡) ∀𝑡 > 0 (64)

Evaluating (64) at 𝑡 = 𝑇 , and applying (63) yields:

1
𝜎2 𝑧(𝑇 )𝑧

𝑇 (𝑇 ) ≤ (1 − 𝜀)

𝑇

∫
0

𝜂(𝜏)𝜂(𝜏)𝑇 d𝜏 (65)

Knowing the 𝜀 > 0, therefore

1
𝜎2 𝑧(𝑇 )𝑧

𝑇 (𝑇 ) <

𝑇

∫
0

𝜂(𝜏)𝜂(𝜏)𝑇 d𝜏 (66)

Considering the supremum over 𝑇 to demonstrate that ||𝑧||∞ ≤
𝜎||𝜂||2. Knowing that this result holds for any given input 𝜂 ∈
2([0,∞)), admissible trajectory solution 𝑠 ∈ Ω, and uncertainty
Δ𝛿, 𝜖 ∈ 𝐼𝑄𝐶(Ξ,𝑀). Thus,

sup
𝑠∈Ω.

sup
0≠𝜂∈2 ,𝜁(0)=0

||𝑧(𝑡)||∞||𝜂(𝑡)||2 < 𝜎 (67)

Having ||𝑧(𝑡)||∞ = ||𝑦(𝑡) − 𝑦̂(𝑡)||∞ and ||𝜂(𝑡)||2 =√||𝑑(𝑡)||22 + ||𝑥̂(𝑡)||22, this implies

||𝑧(𝑡)||∞||𝜂(𝑡)||2 =
||𝑦 − 𝑦̂||∞√||𝑑||22 + ||𝑥̂||22 (68)

◽

Theorem 2 establishes an explicit upper bound on the worst-case
Supreme Square Error (SSE), which quantifies the maximum
instantaneous deviation between the NN-controlled system and
the reference closed-loop model over all admissible uncertainty
trajectories. This result provides a rigorous robustness certificate
by guaranteeing that the deviation remains uniformly bounded
despite the presence of system uncertainties and neural network
approximation errors. In contrast to integral performance mea-
sures such as the RISE bound in Theorem 1, the SSE bound char-
acterizes the peak deviation of the system output. This provides
critical information regarding transient behavior and ensures
that the system output remains within a certified safety envelope
relative to the reference model at all times. As a result, Theorem 2
enables direct assessment of the worst-case instantaneous per-
formance degradation induced by uncertainties and neural net-
work nonlinearities. From a practical standpoint, this worst-case
bound serves as a quantitative safety and reliability indicator as
well. A smaller SSE bound implies tighter adherence to the refer-
ence closed-loop behavior and therefore higher robustness of the
NN controller. Conversely, larger bounds indicate increased sen-
sitivity to uncertainties and approximation errors. Consequently,
the theorem provides a predictive and verifiable guarantee on
system performance, supporting the safe deployment of neural
network controllers in safety-critical and uncertain dynamical
environments.

The proposed robustness guarantee is realized through a veri-
fication procedure applied after the neural network controller

International Journal of Robust and Nonlinear Control, 2026 11
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has been trained, as illustrated in the case studies presented in
Section 6. A trusted reference closed-loop model is first selected
to represent the desired system behavior, while the uncertainties
affecting the real system are characterized through appropriate
IQC descriptions. Using the trained NN controller, the reference
model, and the uncertainty characterization, the dynamical
deviation between the two closed-loop systems is constructed,
leading to the extended error system. The corresponding IQC
optimization problem is then formulated and solved using an
appropriate IQC analysis toolbox, yielding the RISE and SSE val-
ues, which constitute certified upper bounds on the worst-case
deviation between the reference model and the NN-controlled
uncertain system. These bounds can subsequently be com-
bined with the reference model to construct a certified envelope
around the reference closed-loop trajectory. This envelope rep-
resents the worst-case region within which the behavior of the
NN-controlled system is guaranteed to evolve under all admis-
sible uncertainties considered in the analysis. Consequently, the
designer can assess, prior to deployment, whether the predicted
system behavior satisfies the required robustness and safety
specifications.

6 | Validation and Numerical Simulation

To validate the theoretical results established in the previous
section, we conduct numerical simulations on two distinct case
studies of increasing complexity. The first case study is the
Single-Link Robot Arm Control Problem, a single-output system
in which the neural network is trained to emulate a linear
closed-loop behavior. This makes the linear model a natural and
readily available reference for applying the keep-close frame-
work. The simplicity of this scenario allows us to clearly demon-
strate the fundamental effectiveness of the proposed method in a
controlled setting. The second case study examines a more chal-
lenging multi-output problem involving the Deep Guidance and
Control of the Apollo Lander. In this scenario, the neural network
is trained using data generated from nonlinear dynamics, and
an appropriate linear reference model must be derived for use
within the keep-close approach. This setting represents a realistic
guidance and landing problem, where precise control is required
during descent in the presence of disturbances and nonlinear
aerodynamic effects.

In summary, the first case study uses a single-output system
with an explicitly available reference model, whereas the sec-
ond addresses a multi-output system in which the reference
model is not provided and must be constructed. Together, these
two examples enable a comprehensive assessment of the robust-
ness and adaptability of the keep-close method across both sim-
ple and complex control scenarios. Moreover, we utilize the
IQClab Toolbox,1 a MATLAB-based extension of the Robust
Control Toolbox, designed for robustness analysis and control
design in uncertain and linear parameter-varying (LPV) sys-
tems. As described by [37] and compared with another tool-
box such as IQC-𝛽 [41], IQClab provides a versatile frame-
work incorporating integral quadratic constraint (IQC) method-
ologies, enabling efficient model reduction, control switching
schemes, and performance weighting function generation. The
modular architecture of the toolbox facilitates seamless integra-
tion with various solvers and parsers, making it a powerful tool

for developing and implementing new linear matrix inequality
(LMI) and IQC-based algorithms. Given its adaptability and ease
of use, IQClab plays a crucial role in our analysis, offering a robust
computational environment for evaluating system stability and
performance.

6.1 | Case Study I: Single-Link Robot Arm
Control Problem

In this scenario, we consider a Single-Link Robot Arm Con-
trol Problem to illustrate the effectiveness of the keep-close
approach. The neural network controller is trained to regulate
the nonlinear dynamics of the arm so as to track a desired
trajectory, while replicating the behavior of an associated lin-
ear model. The training process follows the model reference
neural control procedure.2 The linear model is subsequently
employed as the reference closed-loop system. It serves as a
benchmark against which the trained NN is evaluated using
the keep-close framework, as detailed in the remainder of this
subsection.

6.1.1 | Step 1: Problem Setting

Consider the nonlinear single-link robot arm example, shown in
Figure 4, with parameters 𝑚 = 0.15𝑘𝑔, length 𝑙 = 0.5𝑚, and fric-
tion coefficient 𝜇 = 0.5𝑁𝑚𝑠∕𝑟𝑎𝑑. The state space representation
of the arm’s motion is given by:{

𝜔̇(𝑡) = −10 sin(𝜃(𝑡)) − 2𝜔(𝑡) + 𝜏(𝑡)
𝜃̇(𝑡) = 𝜔(𝑡)

(69)

Let assume the static nonlinearity 𝛿(𝑡) = Δ𝛿(𝜃(𝑡)) = 𝜃(𝑡) −
sin(𝜃(𝑡)) which is slope-restricted and sector bounded. We
rearrange (69) then into the form:

⎧⎪⎪⎨⎪⎪⎩

𝜔̇(𝑡) = −10 𝜃(𝑡) − 2𝜔(𝑡) + 𝜏(𝑡) + 10𝛿(𝑡)
𝜃̇(𝑡) = 𝜔(𝑡),
𝑦(𝑡) = 𝜃(𝑡),
Δ𝛿(𝜃(𝑡)) = 𝛿(𝑡) = 𝜃(𝑡) − sin(𝜃(𝑡))

(70)

which is the same form as (19) with

𝐴 =

[
−2 −10
1 0

]
, 𝐵 =

[
1
0

]
, 𝐵̃ =

[
10
0

]
, 𝐶 =

[
0 1

]
, 𝐷 = 0, 𝐷̃ = 0.

(71)

6.1.2 | Step 2: Linear Reference Model

To apply the keep-close technique, a reference model is required.
In this case, the neural controller has been trained explicitly
with the objective of ensuring that the nonlinear arm, when
governed by this controller, reproduces the behavior of the fol-
lowing closed-loop linear model, which serves as the reference
dynamics: {

𝜔̇𝑟(𝑡) = −9𝜃𝑟(𝑡) − 6𝜔𝑟(𝑡) + 9𝑟(𝑡)
𝜃̇𝑟(𝑡) = 𝜔𝑟(𝑡)

(72)

12 International Journal of Robust and Nonlinear Control, 2026
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FIGURE 4 | Single-link robot arm.

Therefore, the system (72) is an excellent reference model to com-
pare the uncertain system (70) with is given by

⎧⎪⎨⎪⎩
𝜔̇𝑟(𝑡) = −10 𝜃𝑟(𝑡) − 2 𝜔𝑟(𝑡) + 𝜏𝑟(𝑡)
𝜃̇𝑟(𝑡) = 𝜔𝑟(𝑡)
𝜋∗(𝑟(𝑡), 𝑥̂(𝑡)) = 𝜏𝑟(𝑡) = 𝜃𝑟(𝑡) − 4 𝜔𝑟(𝑡) + 9𝑟(𝑡).

(73)

This implies that the dynamic behavior of the system (70) in
closed-loop, after training the neural controller, approximates the
desired closed-loop dynamics (73). Ideally, the system governed
by the neural network controller would perfectly replicate the ref-
erence model for all 𝑡. In practice, however, exact alignment is
unattainable due to nonlinear effects and modeling inaccuracies.

The purpose of this case study is therefore to quantify the devia-
tion between the reference model (73) and the uncertain nonlin-
ear system (70) controlled by the neural network. The keep-close
framework enables the calculation of the worst-case relative
squared deviation, denoted by 𝛾 in Theorem 1, between the
closed-loop trajectories of the robot arm and the ideal reference
model. This bound acts as a certified estimate of the region within
which the output of the uncertain system remains for all 𝑡 > 0,
thus providing a rigorous safety guarantee.

sup
𝑠∈Ω.

sup
0≠[𝜏(𝑡) 𝜃𝑟(𝑡)]𝑇∈2 ,𝜁(0)=0

||||𝜃(𝑡) − 𝜃𝑟(𝑡)||||2||||[𝑟(𝑡) 𝑥̂(𝑡)]𝑇 ||||2 < 𝛾 (74)

6.1.3 | Step 3: Error Dynamical System

Now, we generate the dynamical error system using the
closed-loop reference model (73) and the new mathematical form
of the motion of the arm (70). Let 𝛿𝜔 = 𝜔 − 𝜔𝑟, 𝛿𝜃 = 𝜃 − 𝜃𝑟 and
𝛿𝜏 = 𝜏 − 𝜏𝑟 then

𝑑
𝑑𝑡

𝜁 (𝑡) =

[
−2 −10
1 0

]
𝜁 (𝑡) +

[
10
0

]
𝑞(𝑡) +

[
1
0

]
𝛿𝜏(𝑡), 𝜁 (𝑡) =

[
𝛿𝜔

𝛿𝜃

]
(75)

FIGURE 5 | Neural Network controller 𝜋 Architecture.

The neural controller architecture adopted in this example is
given in Figure 5. The neural network controller is designed to
map the reference signal 𝑟(𝑡) and the measured plant variable
𝜃(𝑡) to the control action 𝜏(𝑡). It consists of a single hidden layer
with 13 neurons, enabling the approximation of nonlinear con-
trol laws. The hidden layer applies a hyperbolic tangent activation
function, and the output layer is linear. The controller therefore
adapts its parameters online to minimize the tracking error with
respect to the reference model. Let 𝜔1, 𝜔2, 𝜔3 ∈ ℝ13×1 and 𝜔4 ∈
ℝ1×13 denote the input-to-hidden and hidden-to-output weight
matrices, respectively. The bias vectors are 𝑏1 ∈ ℝ13 for the hid-
den layer and 𝑏2 ∈ ℝ for the output layer.

The explicit form of the controller is

𝜋(𝑟(𝑡), 𝜃(𝑡))

= 𝑤4 tanh
(
𝑤1𝜃(𝑡) +𝑤2𝑟(𝑡) +𝑤3𝜋(𝑟(𝑡), 𝜃(𝑡)) + 𝑏1

)
+ 𝑏2 (76)

where 𝜏(𝑡) = 𝜋(𝑟(𝑡), 𝜃(𝑡)). Componentwise, this can be written as

𝜏(𝑡) =
13∑
𝑖=1

𝑤4,𝑖 tanh
(
𝑤1,𝑖𝜃(𝑡)

+𝑤2,𝑖𝑟(𝑡) +𝑤3,𝑖𝜋(𝑟(𝑡), 𝜃(𝑡)) + 𝑏1,𝑖
)
+ 𝑏2

Using the Differential Mean Value Theorem [30] introduced in
Lemma 1, we can convert the dynamical error system to an LPV
system without nonlinearities of the neural controller. Accord-
ing to Lemma 3, the difference between the two controller 𝜇(𝑡) =
𝛿𝜏(𝑡) given in Equation (22) can be expressed as:

𝛿𝜏(𝑡) = 𝜇(𝑡) = Λ(𝑠)𝜁(𝑡) + 𝜕𝛼
𝜕𝑥̂

(0, 0)𝑥̂(𝑡) + 𝜕𝛼
𝜕𝑑

(0, 0)𝑑(𝑡) + 𝜖(𝑡), (77)

where the trajecory 𝑠(𝑡) = [𝑑(𝑡), 𝑐(𝑡)]𝑇 , the LPV matrix
Λ(𝑠(𝑡)) = ∇𝑥𝜋(𝑑(𝑡), 𝑐(𝑡)) is the Jacobian matrix of the neural
network, 𝜖(𝑡) = (𝑑(𝑡), 𝑥̂(𝑡)) and the training error 𝛼(𝑑(𝑡), 𝑥̂(𝑡)) =
𝜋(𝑑(𝑡), 𝑥̂(𝑡)) − 𝜋∗(𝑑(𝑡), 𝑥̂(𝑡)). In this case, we have 𝐶 =

[
0 1

]
,

𝜁 (𝑡) =
[
𝛿𝜔(𝑡) 𝛿𝜃(𝑡)

]𝑇 , 𝑦̂(𝑡) = 𝜃𝑟 and 𝑦(𝑡) = 𝜃(𝑡). Therefore,

𝛿𝜏(𝑡) = Λ(𝑠)𝜁 (𝑡) + 𝜕𝛼
𝜕𝑥̂

(0, 0)𝑥̂(𝑡) + 𝜕𝛼
𝜕𝑟

(0, 0)𝑟(𝑡) + 𝜖(𝑡) (78)

where 𝜋∗(., .) and 𝜋(., .) are given in Equations (73) and (76),
respectively, and

𝛼(𝑟(𝑡), 𝑥̂) = 𝜋(𝑟(𝑡), 𝜃𝑟(𝑡)) − 𝜋∗(𝑟(𝑡), 𝜃𝑟(𝑡)) (79)

Now, to calculate Λ(𝑠) let consider the function of he neural con-
troller (76)

𝜋(𝑟(𝑡), 𝜃(𝑡)) = 𝑤4 tanh
(
𝑤1𝜃(𝑡) +𝑤2𝑟(𝑡) +𝑤3𝜋(𝑟(𝑡), 𝜃(𝑡)) + 𝑏1

)
+ 𝑏2. (80)

International Journal of Robust and Nonlinear Control, 2026 13
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Differentiating both sides with respect to 𝜔 and 𝜃 and applying
implicit differentiation, we obtain:

𝜕𝜋
𝜕𝜔

(𝑟(𝑡), 𝜃(𝑡)) = 0,

𝜕𝜋
𝜕𝜃

(𝑟(𝑡), 𝜃(𝑡)) = 𝑤4sech
2(𝜚(𝑟(𝑡), 𝜃(𝑡)))

(
𝑤1 +𝑤3

𝜕𝜋
𝜕𝜃

(𝑟(𝑡), 𝜃(𝑡))
)
,

(81)

where

𝜚(𝑟(𝑡), 𝜃(𝑡)) = 𝑤1𝜃(𝑡) +𝑤2𝑟(𝑡) +𝑤3𝜋(𝑟(𝑡), 𝜃(𝑡)) + 𝑏1. (82)

Rearranging and solving for 𝜕𝜋

𝜕𝜃
, we obtain:

Λ(𝑠(𝑡)) =
[

𝜕𝜋

𝜕𝜔
(𝑠(𝑡)) 𝜕𝜋

𝜕𝜃
(𝑠(𝑡))

]
=
[
0 𝑤4𝑤1sech

2(𝜚(𝑠(𝑡)))
1−𝑤4𝑤3sech

2(𝜚(𝑠(𝑡)))

]
, (83)

where the trajectory 𝑠(𝑡) = [𝑟(𝑡) 𝑐(𝑡)] and 𝑐 ∈ ℂ⋊(𝜃, 𝜃𝑟) lies on the
curve 𝜗(𝜈) = 𝜃 + 𝜈(𝜃𝑟 − 𝜃) for some 𝜈 ∈ [0, 1]. Also, it is clear that

𝜕𝛼
𝜕𝜔𝑟

(0, 0) = 4, 𝜕𝛼
𝜕𝜃𝑟

(0, 0) =
𝑤4𝑤1(1 − tanh2(𝑏1))

1 −𝑤4𝑤3(1 − tanh2(𝑏1))
− 1,

𝜕𝛼
𝜕𝑟

(0, 0) =
𝑤4𝑤2(1 − tanh2(𝑏1))

1 −𝑤4𝑤3(1 − tanh2(𝑏1))
− 9 (84)

Therefore, the dynamical error system became:

⎧⎪⎨⎪⎩
𝑑
𝑑𝑡

𝜁 (𝑡) =

[
−2 −10
1 0

]
𝜁 (𝑡) +

[
10
0

]
𝑞(𝑡) +

[
1
0

]
𝛿𝜏(𝑡),

𝛿𝜏(𝑡) = Λ(𝑠)𝜁 (𝑡) + 𝜕𝛼

𝜕𝑥̂
(0, 0)𝑥̂ + 𝜕𝛼

𝜕𝑟
(0, 0)𝑟(𝑡) + 𝜖(𝑡),

(85)

where Λ(𝑠), 𝜕𝛼

𝜕𝑥̂
(0, 0) and 𝜕𝛼

𝜕𝜃𝑟
(0, 0) are given in Equations (83) and

(84) and depend on parameters of the neural network controller
𝑤1, 𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑏1 and 𝑏2. The exact numerical values of
these parameters can be extracted directly from the trained con-
troller object in MATLAB. The Jacobian of the neural controller
becomes

Λ(𝑠(𝑡)) =
[
0 2.16 sech2(𝜚(𝑠(𝑡)))

1−0.90 sech2(𝜚(𝑠(𝑡)))

]
.

Moreover, the partial derivatives of 𝛼 at (0, 0) are

𝜕𝛼
𝜕𝜔𝑟

(0, 0) = 4, 𝜕𝛼
𝜕𝜃𝑟

(0, 0) = 10.21, 𝜕𝛼
𝜕𝑟

(0, 0) = −16.00.

6.1.4 | Step 4: Characterization of the Nonlinearities
𝚫
𝜹

and 𝚫
𝝐

Using IQCs

To choose the type of IQCs of the uncertainties considered for
this simulation example, let us start with the static nonlinearity
Δ𝛿(𝜃) = 𝜃 − sin(𝜃). It is clear from Figure 6 that the uncertainty
Δ𝛿(𝜃) is slope-restricted and sector-bounded. Figure 6 provides
the IQCs characterization of this nonlinearity and plots the graph
Δ𝛿 = 𝑓 (𝜃) where Δ𝛿(𝜃(𝑡)) = 𝜑(𝜃, 𝑡) and 𝛼̃𝜃(𝑡) ≤ 𝜑(𝜃, 𝑡) ≤ 𝛽𝜃(𝑡) for
all 𝜃 ∈ [−𝜋

2
,
𝜋
2
]. Simple calculation of the slope gives 𝛼̃ = 0 and

𝛽 = 0.364 representing the bounds of the uncertainty Δ𝛿 .

A similar argument is applied to the nonlinearity, we have the
nonlinearity 𝜖(𝑡) = Δ𝜖(𝑟(𝑡), 𝑥̂(𝑡)) = (𝑟(𝑡), 𝑥̂(𝑡)) which is reminder
of the first-order approximation of 𝛼(𝑟(𝑡), 𝑥̂) = 𝜋(𝑟(𝑡), 𝑥̂(𝑡)) −
𝜋∗(𝑟(𝑡), 𝑥̂(𝑡)), where 𝜋∗ and 𝜋 are given in Equations (73) and (76),
respectively. According to (34) we have

𝜖(𝑡) = Δ𝜖(𝑟(𝑡), 𝑥̂(𝑡)), |𝜖(𝑡)| ≤ 𝜅1|𝑟(𝑡)|
+ 𝜅2|𝜃𝑟(𝑡)|, ∀ 𝑟, 𝜃𝑟 ∈

[
−𝜋

2
,
𝜋
2

]
, (86)

Therefore, it follows that 𝜖(𝑡) is confined within the sector defined
by the bounds 𝛼̃𝑟 = −0.2 and 𝛽𝑟 = 0.2, and thus admits an appro-
priate IQC characterization suitable for integration into the
keep-close analysis.

6.1.5 | Step 5: IQC-Based Analysis Results

Now, we would like to compute an upper bound on the 2-gain
from the input vector [𝑟, 𝜃𝑟]𝑇 to the output error 𝜃 − 𝜃𝑟. We
use the IQClab toolbox to express and formulate the 2 gain
estimation problem. We only need the two linear systems, the
closed-loop reference model and the dynamical error system,

FIGURE 6 | IQCs characterization of the nonlinearity Δ𝛿 .
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since the output of the closed-loop system with the NN controller
is the sum of the outputs of those two systems. The bounds of the
uncertainty Δ𝛿 and the nonlinearity Δ𝜖 derived in the previous
subsection are also provided as inputs to the IQClab Toolbox.

According to the results given by IQClab for the model in
Equation (85) corresponding to the original Single-Link Robot
Arm Control Problem:

sup
𝑠∈Ω.

sup
0≠[𝑟(𝑡) 𝜃𝑟(𝑡)]𝑇∈2 ,𝜁(0)=0

||||𝜃(𝑡) − 𝜃𝑟(𝑡)||||2||||[𝑟(𝑡) 𝜃𝑟(𝑡)]𝑇 ||||2 < 𝛾 = 0.04009 (87)

According to [40], the time Integral of the Square of the Error
(ISE) is commonly used in control systems as a measure of system
performance. Thus, 𝛾 in Equation (87) represents the worst-case
mean integrated squared error between the closed-loop system
with the trained neural controller and the closed-loop reference
system. In other words, the value of 𝛾 quantifies the worst-case
relative error between the closed-loop reference model, which
serves as the basis for training the neural network controller,
and the uncertain system operating with the designed neu-
ral controller. To illustrate further the results of our controlled
Single-Link Robot Arm with our designed neural controller, we
propose two case studies: A and B. The reference of the first
case study is periodically applied to the uncertain system with a
neural controller and the reference closed-loop model. Using the
equation given in Equation (87), we can plot the expected region
by utilizing the information about the worst-case of the error and
the known linear reference model as follows:

‖‖𝜃(𝑡) − 𝜃𝑟(𝑡)‖‖2 < 𝛾
‖‖‖[𝑟(𝑡) 𝜃𝑟(𝑡)]𝑇

‖‖‖2
= 0.04009

√||𝑟(𝑡)||22 + ‖‖𝜃𝑟(𝑡)‖‖2
2

(88)
Knowing that,

𝜃𝑟(𝑡) − ‖‖𝜃(𝑡) − 𝜃𝑟(𝑡)‖‖2 ≤ 𝜃(𝑡) ≤ 𝜃𝑟(𝑡) + ‖‖𝜃(𝑡) − 𝜃𝑟(𝑡)‖‖2 (89)

Using (88), we conclude that

𝜃𝑟(𝑡) − 0.04009
√||𝑟(𝑡)||22 + ‖‖𝜃𝑟(𝑡)‖‖2

2 ≤ 𝜃(𝑡)

≤ 𝜃𝑟(𝑡) + 0.04009
√||𝑟(𝑡)||22 + ‖‖𝜃𝑟(𝑡)‖‖2

2 (90)

Using this equation is of significant importance, as it implies that,
by relying solely on the known quantities 𝑟(𝑡) and 𝜃𝑟(𝑡), we can
predict the behavior of the uncertain system controlled by the
neural network. More specifically, it allows us to determine the
expected regions and boundaries within which the system’s out-
put will remain, despite uncertainties and nonlinearities.

This insight is particularly crucial in control applications, as it
enables the assessment of the robustness and reliability of the
neural network controller to maintain stability and performance
under varying conditions. By characterizing these boundaries, we
gain a deeper understanding of the extent to which the trained
neural controller approximates the desired closed-loop reference
model. Moreover, this formulation provides a foundation for fur-
ther optimization, enabling the refinement of the neural con-
troller to enhance its adaptability and accuracy in real-world
applications. This worst-case result can be used to improve the
robustness of the NN controller by making the dynamical error

FIGURE 7 | Scenario A: Plot for the closed-loop system with the NN
within the region of expectation.

FIGURE 8 | Scenario A: The controllers 𝜋 and 𝜋∗ outputs.

smaller, which in turn will guarantee better performance of the
NN controller when implemented. This worst-case measure is
also an indication of the likelihood of any undesirable behav-
ior in the closed-loop system when adopting the designed NN
controller.

Figure 7 illustrates the response of the system with the trained
neural network (NN) controller, where it is evident that the out-
put remains within the expected bounded region. In Figure 8,
the responses of both the closed-loop reference model and the
uncertain plant with the NN controller are presented for this first
scenario. From this figure, it can be observed that the uncertain
plant with the NN controller closely follows the response of the
closed-loop reference model.

Additionally, the output of the neural controller remains highly
similar to that of the reference controller used in the closed-loop
reference model, as depicted in Figure 9. The observations
made for Figures 7–9 are equally applicable to the non-periodic
scenario B, illustrated in Figures 10–12, where the system’s
response with the NN controller consistently remains within
the expected performance region. These results further validate
our findings, demonstrating the effectiveness of the neural net-
work controller in maintaining stability and ensuring system
performance.

6.2 | Case Study II: Deep Guidance and Control
of Apollo Lander

In the classical Guidance and Control architecture for the Apollo
Lander, as described in Reference [42], the system generates

International Journal of Robust and Nonlinear Control, 2026 15
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FIGURE 9 | Scenario A: Plot of the output of the reference model
response 𝜃𝑟 indicated in blue and the one of the closed-loop uncertain
robotic arm system with neural controller 𝜃 indicated in red.

FIGURE 10 | Scenario B: Plot for the closed-loop system with the
NN within the region of expectation.

FIGURE 11 | Scenario B: The controllers 𝜋 and 𝜋∗ outputs.

the required trajectory and thrust commands to manoeuvre the
lander from a given initial position and velocity toward a desired
landing target. The control subsystem compensates for the Mar-
tian atmospheric (see [29] for instance) effects and performs the
necessary transformations into inertial coordinates before trajec-
tory tracking is executed [43].

In this case study, we remove the classical controller and replace
it with a neural network-based controller. This substitution nat-
urally raises a key concern: Can the neural network be trusted
to guarantee safe landing performance in the presence of exter-
nal disturbances and model uncertainties? To address this, we
employ the keep-close framework to quantify the worst-case devi-
ation between the ideal reference model and the NN-controlled
lander dynamics under atmospheric disturbances and paramet-
ric uncertainty. This enables a rigorous safety validation by

FIGURE 12 | Scenario B: Plot of the output of the reference model
response 𝜃𝑟 indicated in blue and the one of the closed-loop uncertain
robotic arm system with neural controller 𝜃 indicated in red.

TABLE 1 | Simulation Parameters.

Parameter value

Initial Position 𝑝0 [𝑚] [−5632.2, 709.25, 6190.5]𝑇

Initial Velocity 𝑣0 [𝑚∕𝑠] [206.48,−26.006,−103.51]𝑇

Initial Acceleration 𝑎0 [𝑚∕𝑠2] [−2.1124, 0.24947,−2.6404]𝑇

Initial Mass 𝑚0 [𝐾𝑔] 600.3
The capsule reference area 𝑆 5.137426149499100
Mars Gravity 𝑔 [𝑚∕𝑠2] [0, 0, 3.725258]𝑇

Engine Maximum Thrust 𝑇 [𝑁] 3,600
Maximum Throttle Level 𝑇𝑚𝑎𝑥 100%
Minimum Throttle Level 𝑇𝑚𝑖𝑛 30%

certifying whether the neural network maintains the lander
sufficiently close to the reference behavior throughout the
descent.

6.2.1 | Step 1: Problem Setting

This problem represents a realistic and demanding benchmark,
making it one of the most suitable case studies for validat-
ing the effectiveness of the keep-close approach. We evaluate
the trained neural network in closed loop with the architec-
ture and parameters listed in Table 1, with the objective of cer-
tifying its performance and robustness through the keep-close
framework. The descent dynamics explicitly account for aero-
dynamic forces and torques acting as external disturbances,
characterized by a drag coefficient 𝐶𝐷 = 2.0, a surface-relative
head wind of up to 20 m∕s, and a constant air density 𝜌 =
0.023 kg∕m3. Under these conditions, the worst-case aerody-
namic resistance during the descent phase remains below 2%
of the vehicle’s maximum thrust. Owing to the closed-loop con-
trol architecture, these aerodynamic forces and torques are auto-
matically compensated, allowing the keep-close analysis to rig-
orously assess whether the neural network controller main-
tains safe and bounded behavior under realistic environmental
disturbances.

6.2.1.1 | Atmosphere. As part of the Mars environment
module, the horizontal wind is included in the atmospheric

16 International Journal of Robust and Nonlinear Control, 2026
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model. Based on lookup tables, an atmospheric model specifies
the properties of the Martian atmosphere at a specific location.
The atmospheric properties are obtained directly from the Mars
Climate Database (MCD) v.5.2 at the mission’s specified landing
coordinates. MCD is derived from numerical simulations of the
Martian atmosphere using General Circulation Models (GCM)
and validated by observations of the Martian atmosphere. For
more details see [29].

6.2.1.2 | Lander Dynamics. In closed-loop simulations,
Newton’s second law is used to model a point mass’s robotic lan-
der motion, where the lander motion is expressed in the LENU
frame as follows:

𝑑[𝑟]𝐿𝐸𝑁𝑈

𝑑𝑡
= [𝑣]𝐿𝐸𝑁𝑈 , (91)

where ([𝑣]𝐿𝐸𝑁𝑈 ) refers to the relative velocity of the robotic lan-
der. In the LENU frame and the lander mass (𝑚), the dynam-
ics equation is given based on the resultant force ([𝐹 ]𝐿𝐸𝑁𝑈 )
expressed as:

𝑑[𝑣]𝐿𝐸𝑁𝑈

𝑑𝑡
= [𝑎]𝐿𝐸𝑁𝑈 =

[𝐹 ]𝐿𝐸𝑁𝑈

𝑚
. (92)

6.2.1.3 | Aerodynamics. In the simulations, a lookup table
is used as the aerodynamics model of the Apollo capsule. In this
module, only aerodynamic drag forces are considered following
equation:

𝐹𝐷 = 1
2
𝜌𝑣2𝐶𝐷(Ma)𝑆, (93)

where 𝜌 represents the atmosphere density, 𝐶𝐷 denotes the cap-
sule drag coefficient as a function of the Mach number (Ma), the
capsule reference area represented by the 𝑆, and 𝑣 is the capsule
velocity relative to the fluid velocity expressed in the landing site
East-North-UP frame.

6.2.1.4 | Actuators. In the actuator model, four thruster
engines are used to generate forces concerning the center of mass
of the vehicle. The main engine responsible for the force 𝐹𝑇ℎ𝑟

is located along the vehicle 𝑧-axis, while the remaining are the
sources of saturated forces 𝐹𝑇𝑟𝑞 , are placed at a distance 𝑙 from
the mass center to generate pure torques along the positive and
negative axes. To calculate the fuel consumption, the mass flow
rate is integrated:

𝑚̇𝑓𝑢𝑒𝑙 = 𝑉 −1
𝑒

(
𝐹𝑇ℎ𝑟 +

∑
𝐹𝑇𝑟𝑞

)
, (94)

where 𝑉𝑒 = 𝑔0𝐼𝑠𝑝.

6.2.1.5 | Apollo Guidance. The algorithm is based on the
idea of following the reference trajectory backwards in time
from the target point to the present moment (Figure 13). The
time-to-go (𝑡𝑔𝑜) represents the time left until the desired landing
is reached, so it tends to zero as time gets closer to the goal. In
Reference [44], the reference trajectory satisfies a two-boundary
problem with five degrees of freedom. Accordingly, the refer-
ence trajectory must be a polynomial function of fourth or higher
order. Therefore, the reference position (𝑟𝑑) given at 𝑡𝑔𝑜 as a func-
tion of the target state as:

FIGURE 13 | Plot of the 1537 trajectories. The marked dots represent
the trigger locations. An optimal triggering altitude is in the range of 2
to 3 km, and for some trajectories, overshooting the target is the optimal
behavior. Reproduced from [42].

𝑟𝑑 = 𝑟𝑡 + 𝑣𝑡𝑡𝑔𝑜 + 𝑎𝑡

𝑡2
𝑔𝑜

2
+ 𝑗𝑡

𝑡3
𝑔𝑜

6
+ 𝑠𝑡

𝑡4
𝑔𝑜

24
, (95)

where 𝑟𝑡 refers to the target position, 𝑣𝑡 represents the target
velocity, and 𝑎𝑡, 𝑗𝑡, 𝑠𝑡 denote the target acceleration, jerk, and
snap, respectively. According to (95), the work of [45] describes
the acceleration command (𝑎𝑐𝑚𝑑) as a quadratic polynomial,
that is,

𝑎cmd = 𝐶0 + 𝐶1𝑡𝑔𝑜 + 𝐶2𝑡
2
𝑔𝑜. (96)

The coefficients of the polynomial are derived by solving a sys-
tem of three equations comprising (96). The two other equations
related to the target velocity and position equations are obtained
by integrating the target acceleration equation:

⎧⎪⎪⎨⎪⎪⎩
𝑎𝑡 = 𝐶0 + 𝐶1𝑡𝑔𝑜 + 𝐶2𝑡

2
𝑔𝑜

𝑣𝑡 = 𝐶0𝑡𝑔𝑜 +
1
2
𝐶1𝑡

2
𝑔𝑜 +

1
3
𝐶2𝑡

3
𝑔𝑜 + 𝑣

𝑟𝑡 = 𝑣𝑡𝑔𝑜 +
1
2
𝐶0𝑡

2
𝑔𝑜 +

1
6
𝐶1𝑡

3
𝑔𝑜 +

1
12
𝐶2𝑡

4
𝑔𝑜 + 𝑟

(97)

where 𝑎𝑡 represents the reference acceleration vector, 𝑟 and 𝑣
denote the vehicle current position and velocity, respectively. The
following values for the polynomial coefficients 𝐶0, 𝐶1 and 𝐶2 are
obtained by solving the following matrix system:

⎡⎢⎢⎢⎢⎣
𝑎𝑡

𝑣𝑡

𝑟𝑡

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎣
1 𝑡𝑔𝑜 𝑡2

𝑔𝑜

𝑡𝑔𝑜
1
2
𝑡2
𝑔𝑜

1
3
𝑡3
𝑔𝑜

1
2
𝑡2
𝑔𝑜

1
6
𝑡3
𝑔𝑜

1
12
𝑡4
𝑔𝑜

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
𝐶0

𝐶1

𝐶2

⎤⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎣
0

𝑣

𝑣𝑡𝑔𝑜

⎤⎥⎥⎥⎥⎦
. (98)

Therefore,

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝐶0 = 𝑎𝑡 − 6
(

𝑣𝑡+𝑣

𝑡𝑔𝑜

)
+ 12

(
𝑟𝑡−𝑟

𝑡2𝑔𝑜

)
𝐶1 = −6

(
𝑎𝑡

𝑡𝑔𝑜

)
+ 6

(
5𝑣𝑡+3𝑣

𝑡2𝑔𝑜

)
− 48

(
𝑟𝑡−𝑟

𝑡3𝑔𝑜

)
𝐶2 = 6

(
𝑎𝑡

𝑡2𝑔𝑜

)
− 12

(
2𝑣𝑡+𝑣

𝑡3𝑔𝑜

)
+ 36

(
𝑟𝑡−𝑟

𝑡4𝑔𝑜

) (99)
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By defining the vertical component of the acceleration profile as
a linear function of 𝑡𝑔𝑜. Hence, solving (96) for 𝑡𝑔𝑜 two solutions
are obtained:⎧⎪⎪⎪⎨⎪⎪⎪⎩

If |||(𝑎𝑡

)
𝑧

||| > 0

𝑡𝑔𝑜 =
2(𝑣𝑡)𝑧+(𝑣)𝑧
(𝑎𝑧)𝑡

+
√[

2(𝑣𝑡)𝑧+(𝑣)𝑧
(𝑎𝑡)𝑧

]2
+ 6

[
(r)𝑧−(𝑟𝑡)𝑧

]
(𝑎𝑡)𝑧

,

else if
(
𝑎𝑡

)
𝑧
= 0

𝑡𝑔𝑜 =
3
[(𝑟𝑡)𝑧−(𝑟)𝑧]
(𝑣)𝑧+2(𝑣𝑡)𝑧

,

(100)

where (.)𝑧 denotes the vertical component of the variable (.).

A robustness analysis of feedback systems for the Apollo lander
based on NN controllers against potential uncertainties is pre-
sented here. To achieve this, we need to follow the pattern below,
where we aim at keeping the output of the closed-loop system
with an NN controller close to the output of an ideal and trusted
closed-loop reference model when its input changes within a
bounded set.

6.2.2 | Step 2: Linear Reference Model

In contrast to the previous case study, the Apollo lander system
exhibits a strongly nonlinear structure, particularly in the pres-
ence of external disturbances. In this study, the objective is to
train a neural controller such that the lander system equipped
with this controller closely tracks the classical Apollo controller
presented in Reference [42]. Owing to the inherent nonlinearity
of this baseline Apollo system, it is not suitable to be directly
employed as a reference model. Consequently, an appropriate
linear approximation is required. To this end, we adopt the Five
Tau rule and a regression-based linearization approach. The

Five Tau rule states that transient dynamics decay after approx-
imately five time constants, implying that transitions between
steady states are completed within this duration. Meanwhile, the
regression technique is utilized to obtain the best linear approx-
imation of the nonlinear aerodynamic dynamics described in
Equation (93). Accordingly, we consider the following form of
the reference model:[

𝑑𝑟̂

𝑑𝑡
𝑑𝑣̂

𝑑𝑡

]
=

[
𝑣̂(𝑡)

𝑞𝑣̂(𝑡) + û(𝑡)

]
(101)

where

𝑞 =
⎛⎜⎜⎜⎝
𝑞𝑥 0 0
0 𝑞𝑦 0
0 0 𝑞𝑧

⎞⎟⎟⎟⎠
MATLAB is used to find the matrix 𝑎 using a linear regression
technique:

𝑞 = arg min
𝑣

(1
2

𝜌

𝑚
𝑣2𝐶𝐷(Ma)𝑆 − 𝑞𝑣(𝑡)

)
(102)

As a result, we obtain the matrix 𝑎 as follows:

𝑎 =
⎛⎜⎜⎜⎝
−0.0087 0 0

0 −0.0075 0
0 0 −0.0077

⎞⎟⎟⎟⎠ (103)

The linear reference model is now complete, and we can move
on to finding the best controller that has dynamical behav-
ior too close to the nonlinear classical one. MATLAB is used to
implement the pole placement technique (state feedback control)
along with the Five Tau rule. Figure 14 illustrates the comparison
between the output of the nonlinear Apollo Lander system and

FIGURE 14 | Comparison between the linear reference model (indicated in blue) constructed using the five-𝜏 rule and the nonlinear Apollo Lander
system employed for neural network training (indicated in red).
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TABLE 2 | Neural Controller Architecture.

Layer No. neurons/activation function

Input layer 6/Linear [𝑟𝑇 (𝑡), 𝑣𝑇 (𝑡)]𝑇

1𝑠𝑡 layer 40/Tanh
2𝑛𝑑 layer 40/Sigmoid
3𝑟𝑑 layer 40/Tanh
Output layer 3/Linear

the corresponding linear reference model for one of the sce-
narios. As can be observed, despite the strong nonlinearities
present in the lander dynamics, the trajectories of both systems
remain sufficiently close over the considered operating range.
This demonstrates that the linear reference model provides an
accurate representation of the desired closed-loop behavior and
captures the dominant system dynamics relevant for control
and verification purposes. This observation justifies the use
of the linear reference model within the proposed keep-close
framework.

The neural controller in Table 2 was trained with the aim that the
lander dynamics with this neural controller track the closed-loop
reference Apollo model. This means that the dynamic behavior of
the system in the closed-loop system after the training of the neu-
ral controller is close to the linear reference closed-loop dynam-
ics. In an ideal world, the closed-loop Apollo model would be
matched by the system with an NN controller at all times 𝑡. In
reality, this is almost impossible. In this example, we are calcu-
lating the worst relative squared difference, 𝛾 , between the clas-
sical Apollo system provided in Reference [42] with a neural con-
trol system closing the loop, while subject to its nonlinear func-
tions, and the ideal closed-loop reference model. For this purpose,
let assume the static nonlinearity Δ𝛿(𝑣(𝑡)) =

1
2

𝜌

𝑚
𝑣2(𝑡)𝐶𝐷(Ma)𝑆 −

𝑞𝑣(𝑡) which is slope-restricted, and sector bounded. The Lander
dynamics are then rearranged into the following form:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

(
𝑑𝑟

𝑑𝑡
𝑑𝑣

𝑑𝑡

)
=

[
𝑣

𝑞𝑣(𝑡) + 𝑢(𝑡) + Δ𝛿(𝑣(𝑡))

]
Δ𝛿(𝑣(𝑡)) =

1
2

𝜌

𝑚
𝑣2(𝑡)𝐶𝐷(Ma)𝑆 − 𝑎𝑣(𝑡)

𝑦(𝑡) =

(
𝑟(𝑡)
𝑣(𝑡)

) (104)

The neural controller defines the nonlinear mapping

𝑢(𝑡) = 𝜋(𝑟(𝑡), 𝑣(𝑡))

= 𝑊4𝜙3

(
𝑊3𝜙2

(
𝑊2𝜙1

(
𝑊1

[
𝑟(𝑡)
𝑣(𝑡)

]
+ 𝑏1

)
+ 𝑏2

)
+ 𝑏3

)
+ 𝑏4,

(105)

where 𝜙1 = tanh, 𝜙2 = sigmoid, and 𝜙3 = tanh.

6.2.3 | Step 3: Error Dynamical System

By using the closed-loop reference model and the new mathemat-
ical form of the Lander dynamical motion, we can now construct

the error dynamical system. Let 𝛿𝑟 = 𝑟 − 𝑟̂, 𝛿𝑣 = 𝑣 − 𝑣̂, and 𝛿𝑢 =
𝑢 − û, then

⎧⎪⎪⎪⎨⎪⎪⎪⎩

(
𝑑𝛿𝑟

𝑑𝑡
𝑑𝛿𝑣

𝑑𝑡

)
=

[
𝛿𝑣

𝑞𝛿𝑣(𝑡) + 𝛿𝑢(𝑡) + Δ𝛿(𝑣(𝑡))

]
Δ𝛿(𝑣(𝑡)) =

1
2

𝜌

𝑚
𝑣2(𝑡)𝐶𝐷(Ma)𝑆 − 𝑞𝑣(𝑡)

𝑧(𝑡) =

(
𝛿𝑟(𝑡)
𝛿𝑣(𝑡)

) (106)

According to Lemma 3, the approximation error 𝛿𝑢 = 𝑢 − û given
in the equation above can be expressed as:

𝛿𝑢(𝑡) = Λ(𝑠)𝜁 (𝑡) + 𝜕𝛼
𝜕𝜂̂

(0, 0)𝜂̂(𝑡) + 𝜖(𝑡), (107)

where 𝜂̂ = [𝑟̂𝑇 𝑣̂𝑇 ]𝑇 , Also, we notice that in this case we don’t
have a reference signal, that is, 𝑑(𝑡) = 0, the LPV matrix Λ(𝑠(𝑡)) =
∇𝑠𝑢(𝑠) is the Jacobian matrix of the neural network (105) at point
𝑠 ∈ ℂ⋊(𝜂̂, 𝜂, 𝜖(𝑡) = (𝜂̂(𝑡)) and the training error 𝛼(𝜂̂(𝑡), 𝑑(𝑡) =
0) = 𝑢(𝜂̂(𝑡)) − û (𝜂̂(𝑡)). Then, the dynamical error became:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎣
𝑑𝛿𝑟

𝑑𝑡
(𝑡)

𝑑𝛿𝑣

𝑑𝑡
(𝑡)

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣

𝛿𝑣(𝑡)
𝑞𝛿𝑣(𝑡) + Δ𝛿(𝑣(𝑡)) + Δ𝜖(𝑣̂(𝑡)) +

𝜕𝛼

𝜕𝜂̂
(0, 0)𝜂̂(𝑡)

⎤⎥⎥⎥⎦ + 𝐵Λ(𝑠)
⎡⎢⎢⎢⎣
𝛿𝑟(𝑡)
𝛿𝑣(𝑡)

⎤⎥⎥⎥⎦,
Δ𝛿(𝑣(𝑡)) = 1

2
𝜌

𝑚
𝑣2(𝑡)𝐶𝐷(Ma)𝑆 − 𝑞𝑣(𝑡), 𝜖((𝑡)) = (𝜂̂(𝑡))

𝑧(𝑡) = 𝐶

⎛⎜⎜⎜⎝
𝛿𝑟(𝑡)
𝛿𝑣(𝑡)

⎞⎟⎟⎟⎠, 𝐵 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(108)

6.2.4 | Step 4: IQCs Characterization of the
Nonlinearities 𝚫

𝜹
and 𝚫

𝝐

To choose the type of IQCs of the uncertainties consid-
ered for this example, let start with the static nonlinearity
Δ𝛿(𝑣(𝑡)) =

1
2

𝜌

𝑚
𝑣2(𝑡)𝐶𝐷(Ma)𝑆 − 𝑞𝑣(𝑡). It is clear from the drawn

Figure 15 that the uncertainty Δ𝛿(𝑣(𝑡)) is slope-restricted and
sector-bounded. Figure 15 provides the IQCs characteriza-
tion of this nonlinearity and plots the graph Δ𝛿(𝑣(𝑡)) where
Δ𝛿(𝑣(𝑡)) = 𝜑(𝑣, 𝑡) and 𝛼̃𝑣(𝑡) ≤ 𝜑(𝑣, 𝑡) ≤ 𝛽𝑣(𝑡) for all 𝑣. Simple cal-
culation of the slope gives 𝛼̃ = diag(−0.003, 0.013, 0.006) and
𝛽 = diag(0.008,−0.004,−0.004) representing the bounds of the
uncertainty Δ𝛿.

Similarly, we have the nonlinearity 𝜖(𝑣̂(𝑡)) = 𝑢(𝑣̂(𝑡)) − û (𝑣̂(𝑡)).
The graph of 𝜖 = 𝑓 (𝑣̂(𝑡)) is shown in Figure 16 where 𝛼̂𝑣̂(𝑡) ≤
𝑓 (𝑣̂(𝑡)) ≤ 𝛽𝑣̂(𝑡). The IQCs characterization of this nonlinear-
ity is thus conducted to in 𝛽 = diag(−0.052, 0, 0.0053) and 𝛼 =
diag(0.022,−0.024,−0.0043).

6.2.5 | Step 5: IQCs-Based Robustness Analysis
Results

According to the results given by IQClab Toolbox for the
model corresponding to the original Apollo Robustness Control
Problem:

International Journal of Robust and Nonlinear Control, 2026 19
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FIGURE 15 | IQCs characterization of the nonlinearity Δ𝛿 .

FIGURE 16 | IQCs characterization of the nonlinearity Δ𝜖 .

[
𝛾𝑥 𝛾𝑦 𝛾𝑧 𝛾𝑣𝑥

𝛾𝑣𝑦
𝛾𝑣𝑧

]𝑇
=
[
0.0988 0.1992 0.1581 0.0119 0.0244 0.0158

]𝑇
The worst relative error between the closed-loop system with the
trained neural controller and the closed-loop reference system

is less than
[
9.88% 19.92% 15.81% 1.19% 2.44% 1.58%

]𝑇 of
the reference model outputs. To further illustrate the results of
our controlled Lander with our designed neural controller, we
perform some simulation results. Figures 17 and 18 show the
response of the system with the trained NN controller for two
different scenarios with different initial positions and velocities.
Clearly, the output remains inside the expected bound region.

20 International Journal of Robust and Nonlinear Control, 2026
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FIGURE 17 | Simulation Results, Successful Landing Scenario.

FIGURE 18 | Simulation Results, Failed Landing Scenario.

For further validation of the proposed keep-close framework, we
performed a Monte Carlo study in Figure 19 consisting of 100
independent landing scenarios. In these simulations, the initial
horizontal position in the 𝑥-direction was selected beyond 8 km

from the landing target, while the initial 𝑦-position was approxi-
mately 4 km. The worst-case gain bounds obtained from the the-
oretical analysis were 𝛾𝑥 = 0.0988 and 𝛾𝑦 = 0.1992. Since 𝛾𝑥 ≪
𝛾𝑦, the deviation accumulation in the 𝑦-direction is expected to

International Journal of Robust and Nonlinear Control, 2026 21
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FIGURE 19 | IQCs characterization of the nonlinearity Δ𝜖 .

grow faster than in the 𝑥-direction under comparable uncertainty
levels.

The simulation results confirm this behavior. Despite large initial
offsets, the final landing site errors remain bounded within

−170 m < 𝑥error < 70 m

for initial conditions exceeding 8 km in 𝑥, and

−460 m < 𝑦error < 90 m

for initial conditions around 4 km in 𝑦, across all 100 Monte
Carlo scenarios. These results are consistent with the theoret-
ical gain bounds and demonstrate that the keep-close frame-
work provides reliable and predictive robustness certificates for
the NN-controlled landing system under substantial initial devi-
ations and uncertainties. Clearly, the estimated worst-case mea-
sure serves as a crucial indicator of the potential occurrence
of undesirable behavior within the closed-loop system when
employing the designed NN controller.

7 | Conclusion

A novel technique, termed “keep-close,” was introduced to
ensure the safety and robustness of feedback systems equipped
with neural network (NN) controllers amidst various types of
uncertainties. The theoretical findings provided for worst-case
analysis offer users preliminary insights into the maximum
expected error between the reference model and the system’s state
when controlled by an NN amidst perturbations. The central con-
cept behind this new methodology is to preserve the closed-loop
system’s output under an NN controller close to that of a robustly

performing reference model, even when its input varies within
a predefined bounded set. The “keep-close” strategy furnishes
users with advanced knowledge regarding the worst-case rise
and steady-state error (SSE) between the reference closed-loop
model and the uncertain system managed by the neural con-
troller. This insight is crucial for validating AI-based machine
learning (ML) techniques through robust control theory, thereby
enhancing user trust in these technologies. The efficacy and
adaptability of this innovative approach have been empirically
validated through simulation implementation and testing on two
distinct challenges: The Single-Link Robot-Arm Control Problem
and the Deep Guidance and Control of the Apollo Lander. These
real-world problems have demonstrated the proposed method’s
effectiveness and flexibility across different application areas,
offering empirical proof of its utility and adaptability.

Although the proposed framework establishes rigorous guaran-
tees for a broad class of continuous-time NN-controlled systems,
several limitations remain. First, the current analysis is developed
within a continuous-time setting and relies on continuous-time
Lyapunov theory and IQC-based dissipation inequalities. Con-
sequently, the present results do not explicitly account for
implementation effects arising in digital and sampled-data con-
trol architectures, such as sampling, quantization, and com-
putational delays. Extending the keep-close methodology to
discrete-time and sampled-data systems, together with the devel-
opment of corresponding discrete-time IQC formulations and
performance certificates, constitutes an important direction for
future research. Second, the proposed analysis relies on the Dif-
ferential Mean Value theorem to characterize the neural con-
troller error and therefore assumes that the NN mapping is
continuously differentiable over the operating region of inter-
est. While this assumption is satisfied by many commonly used
activation functions, such as sigmoid and hyperbolic tangent

22 International Journal of Robust and Nonlinear Control, 2026
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functions, it does not directly cover non-smooth activation
functions such as ReLU and Leaky-ReLU, which are widely
adopted in modern deep learning architectures. Extending the
keep-close framework to accommodate such non-smooth NN
controllers through hybrid-system or switched-system formula-
tions, together with appropriate IQC- and Lyapunov-based ver-
ification tools, represents another promising avenue for future
investigation.
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Appendix A: Extended System Derivation

Proof. First, let us recall the definition of variables:

𝜂(𝑡) =

[
𝑑(𝑡)
𝑥̂(𝑡)

]
, 𝑞(𝑡) =

[
𝛿(𝑡)
𝜖(𝑡)

]
.

Now, we start with the error dynamic equation in Equation (22a):

𝜁̇(𝑡) = 𝐴𝜁 (𝑡) + 𝐵𝜇(𝑡) + 𝐵̃𝛿(𝑡), (A1)

where 𝜁 (0) = 0. Also, the controller error 𝜇(𝑡) from Equation (24) is
given by:

𝜇(𝑡) = Λ(𝑠)𝜁 (𝑡) + 𝜕𝛼
𝜕𝑥̂

(0, 0)𝑥̂(𝑡) + 𝜕𝛼
𝜕𝑑

(0, 0)𝑑(𝑡) + 𝜖(𝑡). (A2)

Substitute 𝜇(𝑡) into 𝜁̇ (𝑡) Substituting 𝜇(𝑡) from Equation (A2) into the first
equation of (A1), we have:

𝜁̇(𝑡) = 𝐴𝜁 (𝑡) + 𝐵
[
Λ(𝑠)𝜁 (𝑡) + 𝜕𝛼

𝜕𝑥̂
(0, 0)𝑥̂(𝑡) + 𝜕𝛼

𝜕𝑑
(0, 0)𝑑(𝑡) + 𝜖(𝑡)

]
+ 𝐵̃𝛿(𝑡),

(A3)

= (𝐴 + 𝐵Λ(𝑠))𝜁 (𝑡) + 𝐵
[

𝜕𝛼

𝜕𝑑
(0, 0) 𝜕𝛼

𝜕𝑥̂
(0, 0)

][𝑑(𝑡)
𝑥̂(𝑡)

]
+ 𝐵𝜖(𝑡) + 𝐵̃𝛿(𝑡),

(A4)

= (𝐴 + 𝐵Λ(𝑠))𝜁 (𝑡) +
[
𝐵 𝜕𝛼

𝜕𝑑
(0, 0) 𝐵 𝜕𝛼

𝜕𝑥̂
(0, 0)

][𝑑(𝑡)
𝑥̂(𝑡)

]
+
[
𝐵̃ 𝐵

][𝛿(𝑡)
𝜖(𝑡)

]
,

(A5)

= (𝐴 + 𝐵Λ(𝑠))𝜁 (𝑡) +
[
𝐵 𝜕𝛼

𝜕𝑑
(0, 0) 𝐵 𝜕𝛼

𝜕𝑥̂
(0, 0)

]
𝜂(𝑡) +

[
𝐵̃ 𝐵

]
𝑞(𝑡). (A6)

Now, we move to the output in Equation (22b), which is given by:

𝑧(𝑡) = 𝐶𝜁 (𝑡) +𝐷𝜇(𝑡) + 𝐷̃𝛿(𝑡), (A7)

Similarly, substituting 𝜇(𝑡) from Equation (A2) into 𝑧(𝑡) in Equation (A7),
we have:

𝑧(𝑡) = 𝐶𝜁 (𝑡) +𝐷
[
Λ(𝑠)𝜁 (𝑡) + 𝜕𝛼

𝜕𝑥̂
(0, 0)𝑥̂(𝑡) + 𝜕𝛼

𝜕𝑑
(0, 0)𝑑(𝑡) + 𝜖(𝑡)

]
+ 𝐷̃𝛿(𝑡),

(A8)

= (𝐶 +𝐷Λ(𝑠))𝜁 (𝑡) +𝐷
[

𝜕𝛼

𝜕𝑑
(0, 0) 𝜕𝛼

𝜕𝑥̂
(0, 0)

][𝑑(𝑡)
𝑥̂(𝑡)

]
+𝐷𝜖(𝑡) + 𝐷̃𝛿(𝑡),

(A9)

= (𝐶 +𝐷Λ(𝑠))𝜁 (𝑡) +
[
𝐷 𝜕𝛼

𝜕𝑑
(0, 0) 𝐷𝜕𝛼

𝜕𝑥̂
(0, 0)

][𝑑(𝑡)
𝑥̂(𝑡)

]
+
[
𝐷̃ 𝐷

][𝛿(𝑡)
𝜖(𝑡)

]
,

(A10)

= (𝐶 +𝐷Λ(𝑠))𝜁 (𝑡) +
[
𝐷 𝜕𝛼

𝜕𝑑
(0, 0) 𝐷𝜕𝛼

𝜕𝑥̂
(0, 0)

]
𝜂(𝑡) +

[
𝐷̃ 𝐷

]
𝑞(𝑡).

(A11)

Using (A6) and (A11), we can rewrite the system (22) and the new system
becomes:

Σ𝜂,𝑞

𝐹 (𝑃 ,Δ𝛿 )
∶=

⎧⎪⎪⎨⎪⎪⎩
𝜁̇(𝑡) = (𝐴 + 𝐵Λ(𝑠))𝜁(𝑡) +

[
𝐵 𝜕𝛼

𝜕𝑑
(0, 0) 𝐵 𝜕𝛼

𝜕𝑥̂
(0, 0)

]
𝜂(𝑡) +

[
𝐵̃ 𝐵

]
𝑞(𝑡),

𝑧(𝑡) = (𝐶 +𝐷Λ(𝑠))𝜁(𝑡) +
[
𝐷 𝜕𝛼

𝜕𝑑
(0, 0) 𝐷 𝜕𝛼

𝜕𝑥̂
(0, 0)

]
𝜂(𝑡) +

[
𝐷̃ 𝐷

]
𝑞(𝑡),

𝜁(0) = 0.

(A12)
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Now will try to eliminate the input of the uncertainties Δ𝛿(.) and
Δ𝜖(.) from ‘virtual’ filters in Equations (43) and (44), respectively. From
Equation (43), the ‘virtual’ filter equation is given by

⎧⎪⎨⎪⎩
𝜓̇𝛿(𝑡) = 𝐴𝛿𝜓𝛿(𝑡) + 𝐵𝛿1𝛿(𝑡) + 𝐵𝛿2𝑦(𝑡),
𝑟𝛿(𝑡) = 𝐶𝛿𝜓𝛿(𝑡) +𝐷𝛿1𝛿(𝑡) +𝐷𝛿2𝑦(𝑡),
𝜓𝛿(0) = 0,

(A13)

Knowing that 𝑦(𝑡) = 𝑧(𝑡) + 𝑦̂(𝑡), therefore, substituting 𝑦(𝑡) into the sys-
tem, we get:

𝜓̇𝛿(𝑡) = 𝐴𝛿𝜓𝛿(𝑡) + 𝐵𝛿1𝛿(𝑡) + 𝐵𝛿2(𝑧(𝑡) + 𝑦̂(𝑡)), (A14)

𝑟𝛿(𝑡) = 𝐶𝛿𝜓𝛿(𝑡) +𝐷𝛿1𝛿(𝑡) +𝐷𝛿2(𝑧(𝑡) + 𝑦̂(𝑡)). (A15)

From the earlier results in Equation (A12), 𝑧(𝑡) is given by:

𝑧(𝑡) = (𝐶 +𝐷Λ(𝑠))𝜁 (𝑡) +
[
𝐷 𝜕𝛼

𝜕𝑑
(0, 0) 𝐷𝜕𝛼

𝜕𝑥̂
(0, 0)

]
𝜂(𝑡) +

[
𝐷̃ 𝐷

]
𝑞(𝑡),

(A16)

and from the reference system Σ𝜋∗

𝑃 in Equation (21), 𝑦̂(𝑡) is:

𝑦̂(𝑡) = 𝐶𝑟𝑥̂(𝑡) +𝐷𝑟𝑑(𝑡). (A17)

Substitute 𝑧(𝑡) and 𝑦̂(𝑡) into 𝜓̇𝛿(𝑡):

𝜓̇𝛿(𝑡) = 𝐴𝛿𝜓𝛿(𝑡) + 𝐵𝛿1𝛿(𝑡) + 𝐵𝛿2(𝐶 +𝐷Λ(𝑠))𝜁 (𝑡)

+
[
𝐷 𝜕𝛼

𝜕𝑑
(0, 0) + 𝐵𝛿2𝐷𝑟 𝐷 𝜕𝛼

𝜕𝑥̂
(0, 0) + 𝐵𝛿2𝐶𝑟

]
𝜂(𝑡)

+
[
𝐵𝛿2𝐷̃ 𝐵𝛿2𝐷

]
𝑞(𝑡). (A18)

Similarly, substitute 𝑧(𝑡) and 𝑦̂(𝑡) into 𝑟𝛿(𝑡):

𝑟𝛿(𝑡) = 𝐶𝛿𝜓𝛿(𝑡) +𝐷𝛿1𝛿(𝑡) +𝐷𝛿2(𝐶 +𝐷Λ(𝑠))𝜁 (𝑡)

+
[
𝐷 𝜕𝛼

𝜕𝑑
(0, 0) +𝐷𝛿2𝐷𝑟 𝐷 𝜕𝛼

𝜕𝑥̂
(0, 0) +𝐷𝛿2𝐶𝑟

]
𝜂(𝑡)

+
[
𝐷𝛿2𝐷̃ 𝐷𝛿2𝐷

]
𝑞(𝑡). (A19)

Thus, the virtual filter for the uncertainty Δ𝛿 is:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝜓̇𝛿(𝑡) = 𝐴𝛿𝜓𝛿(𝑡) + 𝐵𝛿2(𝐶 +𝐷Λ(𝑠))𝜁 (𝑡)
+
[
𝐵𝛿2𝐷

𝜕𝛼

𝜕𝑑
(0, 0) + 𝐵𝛿2𝐷𝑟 𝐵𝛿2𝐷

𝜕𝛼

𝜕𝑥̂
(0, 0) + 𝐵𝛿2𝐶𝑟

]
𝜂(𝑡)

+
[
𝐵𝛿2𝐷̃ + 𝐵𝛿1 𝐵𝛿2𝐷

]
𝑞(𝑡),

𝑟𝛿(𝑡) = 𝐶𝛿𝜓𝛿(𝑡) +𝐷𝛿2(𝐶 +𝐷Λ(𝑠))𝜁 (𝑡)
+
[
𝐷𝛿2𝐷

𝜕𝛼

𝜕𝑑
(0, 0) +𝐷𝛿2𝐷𝑟 𝐷𝛿2𝐷

𝜕𝛼

𝜕𝑥̂
(0, 0) +𝐷𝛿2𝐶𝑟

]
𝜂(𝑡)

+
[
𝐷𝛿2𝐷̃ +𝐷𝛿1 𝐷𝛿2𝐷

]
𝑞(𝑡),

𝜓𝛿(0) = 0.

(A20)

For the virtual filter for the uncertainty Δ𝜖 in Equation (44) is given by:

⎧⎪⎨⎪⎩
𝜓̇𝜖(𝑡) = 𝐴𝜖𝜓𝜖(𝑡) + 𝐵𝜖1𝜖(𝑡) + 𝐵𝜖2𝜂(𝑡),
𝑟𝜖(𝑡) = 𝐶𝜖𝜓𝜖(𝑡) +𝐷𝜖1𝜖(𝑡) +𝐷𝜖2𝜂(𝑡),
𝜓𝜖(0) = 0,

(A21)

Using an extended state 𝜒(𝑡) = [𝜁 (𝑡) 𝜓𝛿 𝜓𝜖]𝑇 and the equations (A12),
(A20), and (A21) we get the extended system in Equation (46). ◽

Appendix B: Theorems 1 to 2 Complement

Derivation of (52)

Let the stacked signal vector [𝜒(𝑡)𝑇 𝑞(𝑡)𝑇 𝜂(𝑡)𝑇 ]. Since (51) holds for all
𝑠 ∈ Ω, pre- and post-multiplying (51) by

[
𝜒𝑇 𝑞𝑇 𝜂𝑇

]
and its transpose

yields the scalar inequality

0 ≥
⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
⊤⎡⎢⎢⎢⎣

𝑃𝑇 +𝑃 + 𝜕𝑃 𝑃1 𝑃2

𝑇
1 𝑃 0 0

𝑇
2 𝑃 0 −(1 − 𝜀)𝐼

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
+ 1

𝛾2

⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
⊤⎡⎢⎢⎢⎣

𝑇
2

𝑇
21

𝑇
22

⎤⎥⎥⎥⎦
[
2 21 22

]⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
+ 𝜆

⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
⊤⎡⎢⎢⎢⎣

𝑇
1

𝑇
11

𝑇
12

⎤⎥⎥⎥⎦𝑀
[
1 11 12

]⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦. (B1)

We now identify each term in Equation (B1). Using the error dynamics
given in Equation (46) and the storage function 𝑉 (𝜒, 𝑠) = 𝜒𝑇 𝑃 (𝑠)𝜒 , the
derivative of 𝑉 along trajectories is

𝑉̇ (𝜒, 𝑠) = ∇𝜒𝑉 𝜒̇ + ∇𝑠𝑉 𝑠̇

= 𝜒𝑇
(
𝑃𝑇 +𝑃 + 𝜕𝑃

)
𝜒 + 2𝜒𝑇 𝑃1𝑞 + 2𝜒𝑇 𝑃2𝜂. (B2)

Expanding the first quadratic form in Equation (B1) gives

⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
⊤⎡⎢⎢⎢⎣

𝑃𝑇 +𝑃 + 𝜕𝑃 𝑃1 𝑃2

𝑇
1 𝑃 0 0

𝑇
2 𝑃 0 −(1 − 𝜀)𝐼

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
= 𝜒𝑇

(
𝑃𝑇 +𝑃 + 𝜕𝑃

)
𝜒 + 2𝜒𝑇 𝑃1𝑞 + 2𝜒𝑇 𝑃2𝜂

− (1 − 𝜀)𝜂𝑇 𝜂 = 𝑉̇ (𝜒, 𝑠) − (1 − 𝜀)𝜂𝑇 𝜂. (B3)

By definition of the performance output of the extended system,

𝑧 = 2𝜒 +21𝑞 +22𝜂, (B4)

we have

𝑧𝑇 𝑧 =
⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
⊤⎡⎢⎢⎢⎣

𝑇
2

𝑇
21

𝑇
22

⎤⎥⎥⎥⎦
[
2 21 22

]⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦. (B5)

Similarly, using the IQC filter output

𝑟 = 1𝜒 +11𝑞 +12𝜂, (B6)

it follows that

𝑟𝑀𝑟𝑇 =
⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
⊤⎡⎢⎢⎢⎣

𝑇
1

𝑇
11

𝑇
12

⎤⎥⎥⎥⎦𝑀
[
1 11 12

]⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦, (B7)

which is consistent with the structural condition in Equation (50).

Substituting (B3) to (B7) into (B1) yields

0 ≥ 𝑉̇ (𝜒, 𝑠) − (1 − 𝜀)𝜂𝑇 𝜂 + 1
𝛾2 𝑧

𝑇 𝑧 + 𝜆𝑟𝑀𝑟𝑇 .

Rearranging terms gives the dissipation inequality

∇𝜒𝑉 𝜒̇ + ∇𝑠𝑉 𝑠̇ = 𝑉̇ (𝜒, 𝑠) ≤ − 1
𝛾2 𝑧

𝑇 𝑧 + (1 − 𝜀)𝜂𝑇 𝜂 − 𝜆𝑟𝑀𝑟𝑇 , (B8)

which coincides with (52).
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Derivation of (B14)

Since the matrix inequality in Equation (58) is strict, there exists a suffi-
ciently small scalar 𝜀 ∈ (0, 1) such that the following perturbed inequality
also holds for all (𝑠, 𝑠̇) ∈ Ω × ̇ :

⎡⎢⎢⎢⎣
𝑃 +𝑇 𝑃 + 𝜕𝑃 𝑃1 𝑃2

𝑇
1 𝑃 0 0

𝑇
2 𝑃 0 −(1 − 𝜀)𝐼

⎤⎥⎥⎥⎦
+ 𝜆

⎡⎢⎢⎢⎣
𝑇

1

𝑇
11

𝑇
12

⎤⎥⎥⎥⎦𝑀
[
1 11 12

] ≤ 0. (B9)

Let the signals (𝜒, 𝑧, 𝜂, 𝑞, 𝑟) be generated by the extended system Σ𝑒𝑥 in
Equation (46), with 𝜂 ∈ 2([0,∞)), 𝑠(𝑡) ∈ Ω, and zero initial conditions.
Define the storage function

𝑉 (𝜒, 𝑠) = 𝜒𝑇 𝑃 (𝑠)𝜒,

where𝑃 (𝑠) = 𝑃 (𝑠)𝑇 ⪰ 0 is continuously differentiable. Along trajectories,

𝑉̇ (𝜒, 𝑠) = ∇𝜒𝑉 𝜒̇ + ∇𝑠𝑉 𝑠̇

= 𝜒𝑇
(
𝑃 +𝑇 𝑃 + 𝜕𝑃

)
𝜒 + 2𝜒𝑇 𝑃1𝑞 + 2𝜒𝑇 𝑃2𝜂, (B10)

where 𝜒̇ = 𝜒 + 1𝑞 + 2𝜂.

Evaluating (B9) at (𝑠(𝑡), 𝑠̇(𝑡)) and pre- and post-multiplying by[
𝜒𝑇 𝑞𝑇 𝜂𝑇

]
and

[
𝜒𝑇 𝑞𝑇 𝜂𝑇

] 𝑇 , respectively, gives

0 ≥
⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
⊤⎡⎢⎢⎢⎣

𝑃 +𝑇 𝑃 + 𝜕𝑃 𝑃1 𝑃2

𝑇
1 𝑃 0 0

𝑇
2 𝑃 0 −(1 − 𝜀)𝐼

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
+ 𝜆

⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
⊤⎡⎢⎢⎢⎣

𝑇
1

𝑇
11

𝑇
12

⎤⎥⎥⎥⎦𝑀
[
1 11 12

]⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦. (B11)

Expanding the first quadratic form in Equation (B11) yields

⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
⊤⎡⎢⎢⎢⎣

𝑃 +𝑇 𝑃 + 𝜕𝑃 𝑃1 𝑃2

𝑇
1 𝑃 0 0

𝑇
2 𝑃 0 −(1 − 𝜀)𝐼

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
= 𝜒𝑇

(
𝑃 +𝑇 𝑃 + 𝜕𝑃

)
𝜒 + 2𝜒𝑇 𝑃1𝑞 + 2𝜒𝑇 𝑃2𝜂

− (1 − 𝜀)𝜂𝑇 𝜂 = 𝑉̇ (𝜒, 𝑠) − (1 − 𝜀)𝜂𝑇 𝜂, (B12)

where the last equality follows from Equation (B10).

Moreover, by the IQC filter relation (cf. (13)) one has

𝑟 = 1𝜒 +11𝑞 +12𝜂,

and therefore

𝑟𝑀𝑟𝑇 =
⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦
⊤⎡⎢⎢⎢⎣

𝑇
1

𝑇
11

𝑇
12

⎤⎥⎥⎥⎦𝑀
[
1 11 12

]⎡⎢⎢⎢⎣
𝜒

𝑞

𝜂

⎤⎥⎥⎥⎦, (B13)

which is consistent with (50).

Substituting (B12) and (B13) into (B11) gives

0 ≥ 𝑉̇ (𝜒, 𝑠) − (1 − 𝜀)𝜂𝑇 𝜂 + 𝜆𝑟𝑀𝑟𝑇 .

Rearranging terms yields

∇𝜒𝑉 𝜒̇ + ∇𝑠𝑉 𝑠̇ = 𝑉̇ (𝜒, 𝑠) ≤ (1 − 𝜀)𝜂𝑇 𝜂 − 𝜆𝑟𝑀𝑟𝑇 , (B14)

which is the desired dissipation inequality.
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