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Kolmogorov-Smirnov and Kuiper tests
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ABSTRACT
We develop an efficient recurrence method for computing p-values 
of the two sample KS test. A similar method but for the unweighted 
KS test has been previously considered in the literature, without 
theoretical justification. We provide such justification., showing that 
the difference between the p-values of the permutation KS test and 
the KS test is asymptotically negligible; A flexible choice of the KS 
weight function is allowed, leading to better power; The method is 
extended to compute p-values of the two sample Kuiper test, thus 
covering the case of data with ties We also derive a closed-form 
expression for the asymptotic distribution of the two-sample KS test, 
assuming jumps in the null distribution and illustrate its efficiency in 
computing p-values. We provide an extensive overview of existing 
statistical software for computing KS and Kuiper p-values and com-
pare with our proposed R functions KS2sample and Kuiper2sample, 
demonstrating their superior performance.
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1. Introduction

In many areas of research and applied work, including economics, natural sciences, engi-
neering, insurance, banking, and finance, large samples of data are collected and compared. 
A common problem is to test whether two samples come from the same, unspecified prob-
ability distribution. Among the many goodness-of-fit tests developed for this purpose (see 
e.g. [1,2]), two of the most widely used are the two-sample Kolmogorov-Smirnov (KS) test 
(see e.g. [3–6]) and the Kuiper test [7].

The two-sample KS statistic is the maximum absolute difference between the empir-
ical distribution functions of the two samples. It is simple, intuitive, and widely used in 
applications, including astronomy [8], internet behaviour analysis [9], physics [10], and 
hydrology [11]. However, because the maximum difference is often attained near the centre 
of the distribution, the KS test is typically more sensitive there than in the tails.

The two-sample Kuiper statistic addresses this limitation by adding the largest posi-
tive and largest negative differences between the two empirical distribution functions. As 
a result, it is more equally sensitive across the support of the distribution, including both 
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the centre and the tails. It is also well suited to seasonal and circular data. The Kuiper 
test has therefore been used in a wide range of fields, including finance [12], genetics [13], 
neural networks [14], astronomy [15], brain-machine interfaces [16], and earthquake geol-
ogy [17]. These applications highlight the importance of accurate and efficient methods for 
computing two-sample KS and Kuiper test statistics and their associated p-values.

This paper focuses on the computation of exact and asymptotic p-values for the two-
sample KS and Kuiper tests when the sample sizes are finite and the observations may be 
continuous, discrete, or mixed. Accurate p-values are essential for testing the null hypothe-
sis that two samples have a common underlying distribution. For continuous distributions, 
recurrence formulas for exact unweighted KS p-values were developed by Hodges [18], 
Kim [19], and Kim and Jennrich [20], while exact Kuiper formulas for equal sample 
sizes were given by Maag and Stephens [21] and Hirakawa [22]. These results rely on the 
distribution-free property of the tests under continuity. When ties are present, however, 
this property no longer holds in the same form, and the computation of exact p-values 
becomes more delicate. Related conditional formulas for the KS test were given indepen-
dently by Nikiforov [3], Hilton et al. [23], and Schröer and Trenkler [24], but important 
theoretical and computational issues remain.

The present paper addresses these gaps. Its main contributions are as follows.
First, we provide a theoretical justification for computing KS p-values through a per-

mutation formulation of the two-sample KS test. In particular, Theorem 2.1 shows that the 
difference between the critical values of the permutation KS test (c.f. (5)) and the usual 
empirical-distribution-function version of the KS test defined in (1) is asymptotically neg-
ligible for arbitrary underlying distributions. This result supports the recurrence method 
in formula (10) and its numerically enhanced version in formula (11).

Second, we give a detailed and self-contained description of the recurrence algorithm for 
exact KS p-values, including proofs and illustrative examples in the supplementary mate-
rial. We generalize the method to allow an arbitrary weight function, which is important 
because the choice of weight can substantially affect the power of the KS test (see also [25]). 
We also implement two versions of the method: a faster version and a slower but more 
numerically stable version inspired by Viehmann [4]. Both are included in the R function
KS2sample.

Third, we derive a closed-form expression for the asymptotic distribution of the two-
sample KS statistic when ties are allowed; see formula (14) and Theorem 2.3. To the best of 
our knowledge, this asymptotic distribution has not previously been studied for tied obser-
vations. The resulting formula is both theoretically new and practically useful, providing 
an efficient alternative to exact computation for very large samples.

Fourth, we extend the recurrence approach to the two-sample Kuiper test. This yields 
exact Kuiper p-values for arbitrary continuous, discrete, or mixed observations, including 
tied data. Previous exact Kuiper formulas were limited to continuous observations and 
equal sample sizes [21,22]. We also develop a numerically enhanced version of the Kuiper 
algorithm and implement both versions in the R function Kuiper2sample.

Fifth, we compare the power of the Kuiper test with weighted versions of the KS test. 
In particular, we show that the Kuiper test can be a more powerful alternative for discrete 
observations, a setting that appears not to have been investigated previously.

Finally, we provide a detailed review and numerical comparison of existing software 
for computing two-sample KS and Kuiper p-values. Existing implementations often rely 
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on approximate or resampling methods, focus mainly on the unweighted KS test, or do 
not adequately handle ties, especially for the Kuiper test. To address these limitations, we 
implement KS2sample and Kuiper2sample in the R package KSgeneral, thereby extend-
ing the package from one-sample to two-sample goodness-of-fit testing. We also provide
Mathematica code for arbitrary-accuracy computation, which is used as a benchmark in 
our numerical comparisons.1

The paper is organized as follows. Section 2 introduces the weighted KS and Kuiper tests 
and describes the proposed methods for computing their p-values. Section 2.3 presents the 
asymptotic distribution of the two-sample KS statistic with ties. Section 3 gives two illus-
trative examples, including an application of Kuiper2sample to circular data with ties. 
Section 4 reviews existing software and compares it with the proposed implementations in 
terms of speed and accuracy. Section 5 concludes. Supplementary material contains proofs, 
algorithmic examples, power comparisons, and additional numerical results.

2. The two-sample KS and Kuiper test

2.1. The two-sample KS test

The two-sample KS statistic is designed to test whether two samples come from an unspeci-
fied common probability distribution. More precisely, let F(x) and G(x) be two cumulative 
distribution functions, either continuous or discrete (or mixed). Let Xm = (X1, . . . ,Xm)

and Yn = (Y1, . . . ,Yn) be two mutually independent random samples drawn correspond-
ingly from these two (unknown) distributions. We want to test the null hypothesis H0 :
F(x) = G(x) for all x, either against the alternative hypothesis H1 : F(x) ̸= G(x) for at 
least one x, which corresponds to the two-sided test, or against H1 : F(x) > G(x) and 
H1 : F(x) < G(x) for at least one x, which corresponds to the two one-sided tests. The 
two sample KS statistics that are used to test these hypotheses are generally defined as:

1m,n = sup
x∈R

|Fm(x) − Gn(x)|W(Em+n(x))

1+
m,n = sup

x∈R
{Fm(x) − Gn(x)}W(Em+n(x))

1−
m,n = sup

x∈R
{Gn(x) − Fm(x)}W(Em+n(x)), (1)

where 1m,n denotes the two-sided test, 1+
m,n and 1−

m,n denote the two one-sided tests, 
Fm(x) and Gn(x) are the empirical (cumulative) distribution functions (edf) of Xm and 
Yn, Em+n(x) is the edf of the pooled sample Zm+n := (X1, . . . ,Xm,Y1, . . .Yn), and W(t)
is a non-negative weight function, defined on t ∈ [0, 1].

The choice of weight function in (1) leads to different specifications of the KS test statis-
tic which, as noted in the introduction, influences its power. Following are some examples 
of choices of W(t) for the two-sided KS test, 1m,n in (1). For instance, if W(t) ≡ 1, the 
latter test, denoted as 10

m,n and referred to as the unweighted KS test is given as:

10
m,n = sup

x
|Fm(x) − Gn(x)|. (2)
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When W(t) = 1/[t(1 − t)]1/2, the KS test, denoted as 11/2
m,n, and referred to as the 

variance-stabilized weighted KS statistic (see [26]), is defined as:

1
1/2
m,n = sup

x

|Fm(x) − Gn(x)|√︁
Em+n(x)(1 − Em+n(x))

, (3)

It is not difficult to see that the weight functions from (2) and (3) generalize to (see [27]):

W(t) = 1/[t(1 − t)]ν , (4)

where 0 ≤ ν ≤ 1. The latter defines a family of weighted KS tests, 1ν
m,n (0 ≤ ν ≤ 1), which 

covers 10
m,n and 11/2

m,n, for the choices, ν = 0 and ν = 1/2.
It has been pointed out by Finner and Gontscharuk [27] that when the samples are 

drawn from two normal distributions, correspondingly with different mean and variance, 
the power of the statistic, 1ν

m,n, ν ∈ [0, 1], as a function of ν, is approximately unimodal. 
The maximum power is achieved when ν ∈ [0.3, 0.6]. When both the distributions of null 
and alternative hypothesis are left skewed and heavy-tailed, Büning [25] suggested using 
the weight function W(t) = 1/[t(2 − t)]1/2 which ensures higher power than the test 11/2

m,n
(see also examples in part C of the supplementary material).

2.2. Computing exact P-values of the KS test

Let us note that since the distribution of 1m,n is unknown when F and G are two arbitrary 
distributions, computing its p-values is not directly possible. In order to overcome this dif-
ficulty, we consider an alternative formulation of the KS test, referred to as the permutation 
KS test. The latter is defined over the space of all possible pairs C =

(︁m+n
m
)︁
 of samples X̃m

and Ỹn of sizes m and n randomly drawn without replacement from the pooled sample 
Zm+n. We show in Theorem 2.1 that the difference between the critical value of the per-
mutation KS test and that of 1m,n is asymptotically negligible for arbitrary F and G, which 
therefore applies to the difference between their p-values. This fundamental result provides 
the theoretical background in support of the recurrence method for computing p-values 
provided by formula (10) and its further enhancement given in formula (11). Note that a 
recurrence method similar to that given in formula (10) but for the unweighted KS test 
has been independently considered by Nikiforov [3], Hilton et al. [23], and Schröer and 
Trenkler [24], but without theoretical justification.

We also show that the formula (10) can be further simplified to the recurrence for-
mula (11), which leads to an algorithm recently considered by Viehmann [4].

The latter is slower but more numerically stable and accurate, as demonstrated in 
Section 4. We have implemented both formulas (10) and (11) in the C++ functions
ks2sample_cpp, ks2sample_c_cpp, the R function KS2sample and in Mathemat-
ica [28], which are more general than Nikiforov’s Fortran 77 code, by allowing for arbitrary 
weight functions. It will be instructive to briefly highlight the main steps of the algorithm 
we have implemented.

For a particular realization of the pooled sample Zm+n, let there be k distinct values, 
a1 < a2 < · · · < ak, in the ordered, pooled sample (z1 ≤ z2 ≤ . . . ≤ zm+n), where k ≤

m + n. Denote by mi the number of times ai appears in the pooled sample, i = 1, . . . , k. 



JOURNAL OF STATISTICAL COMPUTATION AND SIMULATION  5

Given the pooled sample Zm+n, the p-value is then defined as the conditional probability

P = P
(︁
Dm,n ≥ q|Zm+n

)︁
, (5)

where Dm,n is the permutation KS statistic, defined similarly as in (1), but with respect to 
two samples X̃m and Ỹn of sizes m and n, randomly drawn from Zm+n without replacement 
and q ∈ [0, 1]. To simplify notation, we will further omit the condition in (5) and write 
P(Dm,n ≥ q).

Let us note that, Dm,n in (5) is defined on the space, � of all possible pairs, C =
(︁m+n

m
)︁

of edfs Fm(x,ω) and Gn(x,ω), ω ∈ �, that correspond to the pairs of samples X̃m and 
Ỹn, randomly drawn from, Zm+n, as follows. First, m observations are drawn at random 
without replacement, forming the first sample X̃m, with corresponding edf, Fm(x,ω). The 
remaining n observations are then assigned to the second sample Ỹn, with corresponding 
edf Gn(x,ω). Resampling in this way will result in the occurrence of all the C possi-
ble pairs of edfs Fm(x,ω) and Gn(x,ω), ω ∈ �. The pairs of edf ’s may be coincident if 
there are ties in the data and each pair, Fm(x,ω) and Gn(x,ω) occurs with probability 1/C
(see Example B.1). The above-mentioned resampling procedure is a general permutation 
and randomization tests construction (See [29], Section 15.2). An alternative definition 
of Fm(x,ω) and Gn(x,ω) based on permutation empirical measures can also be found in 
Section 3.8.1, van der Vaart and Wellner [30].

Considering the conditional p-value P in (5) is important, since it allows us to show 
that the difference between the critical levels of Dm,n and 1m,n becomes asymptotically 
negligible, which leads to the conditional p-value P converging to the unconditional p-
value P(1m,n ≥ q) as shown in the following theorem.

Theorem 2.1: Assume that Xm and Yn come correspondingly from the distributions F(x)
and G(x). Denote by q†

m,n(p) the critical level of the statistic 
√︂

mn
m+nDm,n, given Zm+n, i.e.

q†
m,n(p) = inf

{︃
q : P

(︃√︃
mn

m + n
Dm,n ≥ q |Zm+n

)︃
≤ p

}︃
.

Denote by q∗
m,n(p) the critical value of 

√︂
mn
m+n1m,n when Xm and Yn come from the 

distribution ηF + (1 − η)G, η ∈ (0, 1), i.e.

q∗
m,n(p) = inf{q : P

(︃√︃
mn

m + n
1m,n ≥ q

)︃
≤ p}.

When the weighted function W in 1m,n is bounded and uniformly continuous and for a fixed 
p, we have

q†
m,n(p) − q∗

m,n(p)
P
→ 0,

as m, n → ∞ and m
m+n → η, where P

→ stands for convergence in probability.

The normalizing factor 
√︂

mn
m+n  ensures that the convergence result is non-trivial, since 

q†
m,n(p) does not converge to 0. When both F and G are continuous, the result is less inter-
esting, since both 1m,n and Dm,n are distribution-free. However, it is particularly important 
when both F and G are discontinuous cdfs and the null hypothesis F = G may fail to hold.
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Table 1. Value of d(i, j) depending on the KS test.
Unweighted Weighted

One-sided ±(i/m − j/n) ±(i/m − j/n)W((i + j)/(m + n))
Two-sided |i/m − j/n| |i/m − j/n|W((i + j)/(m + n))

Let us note that a result similar to Theorem 2.1 may not hold for an arbitrary two-sample 
statistic and its corresponding permutation test. This is illustrated by Example 5.3 of [31]. 
Let us also note that a similar asymptotic consistency result for the unweighted KS test is 
provided by van der Vaart and Wellner [30] using a different approach. Theorem 2.1 is more 
general as it covers the weighted KS test and naturally leads to the numerical algorithm for 
computing KS p-values that follows.

In order to compute the p-value P in (5), we alternatively express it as,

P = 1 −
N
C
, (6)

where, N is the number of pairs, Fm(x,ω) and Gn(x,ω), drawn from the pooled sample 
Zm+n, for which Dm,n < q. So in order to compute the p-value, P, it suffices to find N.

In order to find N, let us introduce the integer-valued grid R = {(i, j) : 0 ≤ i ≤ m, 0 ≤

j ≤ n}. Define a trajectory on R as a point sequence {il, jl}m+n
l=0  that satisfies the following 

conditions

1. (il+1, jl+1) = (il + 1, jl) or (il+1, jl+1) = (il, jl + 1) (0 ≤ l ≤ m + n − 1)

2. (i0, j0) = (0, 0) and (im+n, jm+n) = (m, n) (7)

A trajectory moves to the right from (il, jl) to (il + 1, jl) if zl, the lth value in Zm+n, is from 
the first sample and it moves up to (il, jl + 1) otherwise. Let us note that, a unique trajectory 
in R corresponds to each of the C pairs of edfs, Fm(x,ω) and Gn(x,ω). As we show in part A 
of the supplementary material, the number N is calculated using the following proposition.

Proposition 2.2: The number N, of pairs Fm(x,ω) and Gn(x,ω) for which Dm,n < q, 
coincides with the number of trajectories that lie wholly in a subset, S of R, such that,

S = R1 ∪ R2 ∪ · · · ∪ Rk, (8)

where Rl, l = 1, . . . , k, is a set of points (i, j) ∈ R, such that

min{i : d(i, j) < q, i + j = Tl−1} ≤ i ≤ max{i : d(i, j) < q, i + j = Tl},

min{j : d(i, j) < q, i + j = Tl−1} ≤ j ≤ max{j : d(i, j) < q, i + j = Tl} (9)

where Tl = m1 + · · · + ml, T0 = 0 and d(i, j) is defined as shown in Table 1, depending on 
the particular definition of the KS test, W(t) is the weight function defined in (1).

Proposition 2.2 is a generalization of formula (5) in [3]. The latter applies to the unweighted 
test, in which case S is determined only by the value of q. In more general cases, i.e. for the 
weighted KS test with arbitrary weight function, the subset S in (8) is determined not only 
by the value of q but also by the form of d(i, j) which is specified by the corresponding KS 
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test. Once S is determined, N is obtainable by counting the total number of trajectories that 
lie in the subset S. For a better understanding of the rationale behind the subset S, see the 
proof of Proposition 2.2 provided in part A of the supplementary material.

Following Proposition 2.2, the subset, S, defined in (8) is then used to calculate the num-
ber, N, (c.f (6)), as follows. Denote by BS(i, j), the total number of ways to move from point 
(0, 0) to point (i, j) (1 ≤ i ≤ m, 1 ≤ j ≤ n) while staying strictly inside the region S. Since 
the number N coincides with BS(m, n), i.e. BS(m, n) = N by definition, it suffices to find 
BS(m, n), in order to find the p-value P = 1 − N/C. For the purpose, BS(i, j) is computed 
for each point (i, j) ∈ R, by the following recurrence formula

BS(i, j) = 1S(i, j)[BS(i, j − 1) + BS(i − 1, j)] for (i ≥ 1, j ≥ 1), (10)

with starting values BS(0, j) = 1S(0, j) and BS(i, 0) = 1S(i, 0), where 1S(·) denotes the indi-
cator function. Following (10), an algorithm containing a loop with index l is designed to 
simultaneously calculate all the values of BS(i, j) with i+ j = l+ 1, using all the BS(i, j) with 
i+ j = l. When implementing in C++ and R, appropriate scaling is applied to ensure that 
BS(i, j) does not become too large, which may lead to possible loss of accuracy and numeri-
cal stability. We provide examples illustrating this algorithm in part B of the supplementary 
material.

Computing the p-value based on the recursion formula (10) can be further optimized 
to improve accuracy and numerical stability, in the spirit of [4]. To achieve this, we alter-
natively define the number JS(i, j) as the proportion of the trajectories from (0,0) to (i, j)
that do not fully stay inside of the subset S. Then the p-value P is directly expressed as 
P = JS(m, n). In addition, it is not difficult to see that JS(i, j) = 1 − BS(i, j)/

(︁i+j
i
)︁
. Hence, 

one can further rewrite (10) as the recursion formula:

JS(i, j) = 1 + 1S(i, j)[
i

i + j
JS(i − 1, j) +

i
i + j

JS(i, j − 1) − 1] for (i ≥ 1, j ≥ 1) (11)

with starting values JS(0, j) = 1 − 1S(0, j) and JS(i, 0) = 1 − 1S(i, 0). To implement (11), 
an algorithm containing a loop with index l is designed to compute JS(i, j) with 
i+ j = l+ 1. Note that each step of the algorithm involves computing only the weighted 
averages of floating numbers between 0 and 1, hence there is no loss of accuracy in each 
step, which ensures the accuracy of P.

2.3. The asymptotic distribution of Dm,n

It is well known that when samples are assumed from continuous distributions with cdf F
and G, 1m,n is distribution-free under the null hypothesis. When m, n → ∞ and m/(m +

n) → λ ∈ (0, 1), the asymptotic distribution of the unweighted 10
m,n (also D0

m,n) coincides 
with the famous Kolmogorov distribution,

P
{︃√︃

nm
n + m

10
m,n ≤ x

}︃
= 1 − 2

∞∑︂
k=1

(−1)k−1 e−2k2x2 (12)

When the underlying null distributions F = G are purely discrete, Eplett [32] shows that, 
the unweighted 10

m,n weekly converge to a Gaussian process. While this result is theoret-
ically useful, it is less appealing for numerical purposes, since in reality, we do not have 
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any knowledge of F or G and whether F = G. Therefore, the distribution of 10
m,n is unob-

servable. The general case when F and G may be continuous, discrete or mixed and F ̸= G
seems not to have been considered jointly in the literature, and our goal here will be to 
fill in this gap and provide a closed-form expression for the asymptotic distribution of 
the unweighted permutation test D0

m,n. The proof of our formula given in Theorem 2.3 is 
based on several results. First, we recall the results of [30], who show that the two-sample 
and one-sample KS tests converge to a Brownian bridge. Second, based on the latter con-
vergence, we show that the explicit formula of [5] for the asymptotic distribution of the 
unweighted one-sample KS test, assuming arbitrary null distribution, can be extended also 
to the two-sample case (see Theorem 2.3 and its proof in part A of the supplementary 
material).

Let us assume that m/(m + n) → η ∈ (0, 1) when m, n → ∞. Denote by E(x) =

ηF(x) + (1 − η)G(x). By Theorem 2.1, when Xm and Yn come from F and G, the pooled 
sample Zm+n = (X1, . . . ,Xm,Y1, . . . ,Yn) in the unweighted KS test Dm,n behaves as if it 
directly comes from the pooled distribution E.2 Clearly, any assumption on the jump struc-
ture of F and G is valid for the jump structure of E. Therefore, we can assume that, E has 
a jump structure and shape, as defined in [5] for F in the one-sample case. More pre-
cisely, assume that E has finite number of jumps 3, occurring at points xl, l = 1, . . . ,3, 
with E(xl−) = f2l−1 and E(xl) = f2l. And we distinguish between increasing segments, i.e. 
f2l−2 < f2l−1, and flat segments, i.e. f2l−2 = f2l−1. Additionally, we set f0 = 0 and f23+1 ≡ 1
to complete the sequence.

Denote by ν1, ν2, . . . the number of increasing segments appearing consecutively, and by 
ω1,ω2, . . . the number of flat segments appearing consecutively. Without loss of generality, 
we assume there are p groups of increasing segments and flat segments, i.e. 3 = ν1 + ω1 +

· · · + νp + ωp, which allows all the jumps xl to appear in the following order

{x1, . . . , xν1 , xν1+1, . . . xν1+ω1 , xν1+ω1+1, . . . , xν1+ω1+ν2 , xν1+ω1+ν2+1, . . . ,

xν1+ω1+ν2+ω2 , . . . , xν1+ω1+···+ωp−1+1, . . . , xν1+ω1+···+ωp−1+νp ,

xν1+ω1+···+ωp−1+νp+1, . . . xν1+ω1+···+ωp−1+νp+ωp} (13)

where ω1 ≥ 0, ν1 ≥ 0, ω1 + ν1 > 0; νl > 0, l = 2, . . . , p, ωl > 0, l = 2, . . . , p − 1; ωp ≥ 0.
Based the above framework, we now give the asymptotic distribution as follows:

Theorem 2.3: Given the realization of Xm and Yn coming from F and G respectively, denote 
by 9(x) the limiting distribution of P(

√︂
nm
n+mD

0
m,n ≤ x) when m, n → ∞ with m/(m +

n) → η ∈ (0, 1) and W(·) ≡ 1. If the joint distribution E(x) = ηF(x) + (1 − η)G(x) has 
a structure of jumps as in (13), under the null hypothesis, when f23 = f23+1,

9(x) =

∞∑︂
j1=−∞

· · ·

∞∑︂
jp=−∞

(︁
(−1)j1+···+jp

)︁
c
∫︂ x

−x
· · ·

∫︂ x

−x
eα dz1 · · · dz2vp+wp−1, (14)
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where

c =

p∏︂
i=1

(︄
νi∏︂
l=1

(f2(vi−1+wi−1+l)−1 − f2(vi−1+wi−1+l)−2)
−1/2

(f2(vi−1+wi−1+l) − f2(vi−1+wi−1+l)−1)
−1/2)︁

×

(︄
ωi∏︂
l=1

(︁
f2(vi+wi−1+l) − f2(vi+wi−1+l)−1

)︁−1/2
)︄

(2π)−
2vp+wp−1

2 , (15)

and

α = −
1
2

p∑︂
i=1

{︄
νi∑︂
l=1

[︄
(z2(vi−1+l)+wi−1 − z2(vi−1+l)+wi−1−1)

2

f2(vi−1+wi−1+l) − f2(vi−1+wi−1+l)−1

+
(z2(vi−1+l)+wi−1−1 − (−1)j(vi−1+l)z2(vi−1+l)+wi−1−2 − 2xj(vi−1+l))

2

f2(vi−1+wi−1+l)−1 − f2(vi−1+wi−1+l)−2

]︄

+

ωi∑︂
l=1

[︄
(z2vi+wi−1+l − z2vi+wi−1+l−1)

2

f2(vi+wi−1+l) − f2(vi+wi−1+l)−1

]︄}︄
, (16)

with ν0 = ω0 = 0; ν0 = w0 = 0; vi =
∑︁i

k=1 νk;wi =
∑︁i

k=1 ωk, vp + wp = 3, and z0 =

z2vp+wp = 0.
Furthermore, when f23 < f23+1 and that vp + wp = 3, one only need to substitute c′ for 

c and α′ for α in (14) to compute 9(x), where

c′ = c(f23+1 − f23)−1/2(2π)−1/2 and α′
= α +

(−(−1)jvp+1z2vp+wp − 2xjvp+1)
2

f23+1 − f23
(17)

Corollary 2.4: When E(x) is purely discrete with jumps 3, the limiting distribution 9(x)
in (14) becomes:

9(x) = (2π)−
3−1
2

3∏︂
l=1

(︁
f2l − f2l−1

)︁− 1
2

∫︂ x

−x
· · ·

∫︂ x

−x

× exp

[︄
−
1
2

(︄
3∑︂
l=1

(︁
zl − zl−1

)︁2
f2l − f2l−1

)︄]︄
dz1 · · · dz3−1. (18)

Note that in view of Theorem 2.1, (18) also applies to the limiting distribution of 10
m,n, 

it is a closed-form explicit alternative to the result of [32], who only states convergence to 
a Gaussian process.

Remark 2.5: Let us note that, as long as 3 = o((m + n)−
1
2 ), the jump structure fl, l =

1, . . . , 23, of E can be directly estimated from the pooled sample Zm+n as the corre-
sponding frequency, so Theorem 2.3 and Corollary 2.4 can be applied to compute p-values 
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of Dm,n, for large m and n. This is illustrated in Example 3.2, Section 3. In addition, 
for a fixed x, since ∂

∂fi 9(x) are bounded and the estimators f̂l converge to fl at the rate 

Op((m + n)−
1
2 ) for l = 1, . . . , 23, the error |9(x) − 9̂(x)| introduced by estimation is 

also of order Op((m + n)−
1
2 ), where 9̂(x) is computed by (14) based on f̂l, l = 1, . . . , 23.

2.4. The two-sample Kuiper test

The (unweighted) two sample Kuiper statistic [33] can also be used to test the null hypoth-
esis H0 : F(x) = G(x) for all x, against the alternative hypothesis H1 : F(x) ̸= G(x) for at 
least one x. It is defined as

ςm,n = sup
x∈R

[Fm(x) − Gn(x)] − inf
x∈R

[Fm(x) − Gn(x)], (19)

and can be alternatively expressed as

ςm,n ≡ 10+
m,n + 10−

m,n, (20)

where 10+
m,n and 10−

m,n are the one-sided two-sample KS tests defined in (1). As shown by 
Kuiper [33], the Kuiper statistic is invariant to cyclic transformations, in particular, invari-
ant under all shifts and parametrizations on the circle (as shown in Example 3.1). It makes 
the Kuiper test ideal for examining pairs of circular and seasonal data. Furthermore, this 
property guarantees that the Kuiper test is equally sensitive across the entire support of the 
distribution, i.e. as sensitive in the tails as around the median [34]. The property of uniform 
sensitivity is also supported by various numerical studies, which have pointed out that, the 
Kuiper test has equal or higher power than the two-sample Kolmogorov-Smirnov, Cramer-
Von mises and Anderson-Darling tests in some cases, for instance, when the first sample 
comes from a Normal distribution and the second sample comes from the scale shifted first 
distribution [35], when the first sample from a Normal and the second from a mixture of 
normal [36] and Wyłomañska et al. [37]. Lemeshko et al. [38] have also shown that in test-
ing simple hypotheses, the Kuiper and Watson goodness-of-fit tests have an advantage in 
power over the Kolmogorov–Smirnov, Cramer–von Mises, and Anderson–Darling tests.

2.5. Computing exact P values of the Kuiper test

As highlighted in (20), the Kuiper test is closely related to the two-sample KS test. Hence, 
to calculate the p-value of the (unweighted) two-sample Kuiper test, we need to extend 
the recursion formulas (10) and (11) for computing the p-value of the KS test. Note 
that this step is also a generalization of the approaches by Maag and Stephens [21] and 
Hirakawa [22], which only apply to equally large data samples without ties. In this section, 
we will briefly introduce the main procedure behind the proposed method.

For a particular realization of an ordered pooled sample Zm+n, similarly as in (5), the 
p-value for the permutation Kuiper test is defined as the probability

P′
= P

(︁
Vm,n ≥ q|Zm+n

)︁
, (21)

where Vm,n is the permutation Kuiper statistic, defined as in (19), on the space �, for two 
samples X̃m and Ỹn of sizes m and n, randomly drawn from Zm+n without replacement, 
and q ∈ [0, 2].
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Once again, the p-value of the permutation Kuiper test is asymptotically consistent with 
that of the Kuiper test, since we can also establish the result of consistency between the 
critical values of the Kuiper and its permutation statistics, similar to Theorem 2.1.

Theorem 2.6: Theorem 2.1 remains valid if one correspondingly substitute 1m,n and Dm,n
with ςm,n and Vm,n.

Following the same logic as in (6), the p-value in (21) can be expressed as P′
= 1 −

N′

C , 
where N′ is the number of pairs, Fm(x,ω) and Gn(x,ω), drawn from the pooled sample 
Zm+n, for which Vm,n < q. And in order to compute the p-value, P′, it suffices to find N′, 
which is given in the following proposition.

Proposition 2.7: The number N′, of pairs Fm(x,ω) and Gn(x,ω) for which Vm,n < q is 
calculated as:

N′
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
⌈qr⌉∑︂
i=1

N
(︃
i
r
,
⌈qr⌉ − i + 1

r

)︃
−

⌈qr⌉−1∑︂
i=1

N(
i
r
,
⌈qr⌉ − i

r
) q > 1/r

N
(︃
1
r
,
1
r

)︃
q ≤ 1/r

(22)

where r = lcm(m, n) is the least common multiple of m and n, N(a, b) represents the total 
number of pairs Fm(x,ω) and Gn(x,ω), drawn from the pooled sample Zm+n, for which 
D0+
m,n < a and D0−

m,n < b, D0+
m,n and D0−

m,n are the one-sided unweighted KS tests, defined on 
the space �, and a and b take values {0, 1r ,

2
r , . . . , 1}. In particular, N(a, b) coincides with the 

number of trajectories that lie wholly in a subset, S(a, b) of R, defined as

S(a, b) = R1(a, b) ∪ R2(a, b) ∪ · · · ∪ Rk(a, b), (23)

where Rl(a, b), l = 1, . . . , k, is a set of points (i, j) ∈ R, such that

min{i : (i/m − j/n) < a, i + j = Tl−1} ≤ i ≤ max{i : (j/n − i/m) < b, i + j = Tl},

min{j : (j/n − i/m) < b, i + j = Tl−1} ≤ j ≤ max{j : (i/m − j/n) < a, i + j = Tl} (24)

Remark 2.8: When 1<q<2, the alternative for calculating the number N′ is

N′
=

r+1∑︂
i=⌈qr⌉−r

N
(︃
i
r
,
⌈qr⌉ − i + 1

r

)︃
−

r∑︂
i=⌈qr⌉−r

N
(︃
i
r
,
⌈qr⌉ − i

r

)︃
, (25)

which is a simplification of (22), and therefore leads to a more efficient calculation of the 
p-value when q>1.

Therefore, to obtain N′, which is then used for computing the p-value P′
= 1 − N′/C

for the Kuiper test, we could compute the numbers N(a, b) in (22) via the number BS(m, n)
in (10) substituting S with S(a, b). The algorithm is designed to have two separate loops. In 
the first loop, for a fixed index i, the values N( ir ,

⌈qr⌉−i+1
r ) and N( ir ,

⌈qr⌉−i
r ) are computed. 
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In the second loop, N′ is then computed applying the first line of (22). In the C++ and R
implementation, appropriate scaling is applied to these two loops, which leads to a loss of 
accuracy as in the case of KS test.

As in the case of the KS test, we further optimize the accuracy of the algorithm, following 
the idea of [4]. To do so, we define P(a, b) as the probability of D0+

m,n < a and D0−
m,n < b, i.e. 

P(a, b) = 1 − N(a, b)/C. Then, (22) could be rewritten as a formula of the p-value P′

P′
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
⌈qr⌉∑︂
i=1

P
(︃
i
r
,
⌈qr⌉ − i + 1

r

)︃
−

⌈qr⌉−1∑︂
i=1

P
(︃
i
r
,
⌈qr⌉ − i

r

)︃
q > 1/r

P
(︃
1
r
,
1
r

)︃
q ≤ 1/r

(26)

Note that each value P(a, b) in (26) can be directly computed from (11) using the number 
JS(m, n), substituting the set S with S(a, b), defined in (23). Therefore, the algorithm con-
tains one loop with respect to one index i, for computing P( ir ,

⌈qr⌉−i+1
r ) and P( ir ,

⌈qr⌉−i
r ).

We have implemented our more general approach in the C++ function kuiper2
sample_cpp, kuiper2sample_c_cpp, the R function Kuiper2sample and in Mathe-
matica, that applies to arbitrary data samples, possibly with ties.

3. Numerical implementation and examples

As mentioned in Sections 2.2 and 2.5, we have implemented the proposed efficient and 
exact calculation of p-values in C++, R and Mathematica [28]. Following (10) and (22), 
the Mathematica implementation (see footnote 1) computes the KS and Kuiper p-values 
to arbitrary precision, albeit at a high computational cost that grows with the sample sizes, 
as detailed in part D of the supplementary material. We use the latter p-values as the true 
values for comparison purposes. We have implemented (11) and (10) correspondingly in 
the C++ functions ks2sample_cpp and ks2sample_c_cpp, and (26) and (22) corre-
spondingly in the functions kuiper2sample_cpp and kuiper2sample_c_cpp. The R
function KS2sample wraps the C++ functions ks2sample_cpp and ks2sample_c_cpp, 
whereas the R function Kuiper2sample wraps the C++ functions kuiper2sample_cpp
and kuiper2sample_c_cpp. We illustrate the use of KS2sample and Kuiper2sample
in part B of the supplementary material.

As illustrated in Section 4 and part D of the supplementary material, the R func-
tions KS2sample and Kuiper2sample yield p-values with high precision and very small 
run times, compared with other implementations in the main-stream statistical soft-
ware, which makes these functions preferable for practical use. For example, the function
ks2sample_cpp computes KS p-values following (11) with at least 14 but typically 16–17 
correct digits for sample sizes m + n ≤ 100, 000. The function kuiper2sample_cpp
provides Kuiper p-values with at least 7 and up to 14 correct digits (see Section 4).

As we highlighted, the Kuiper test is also applicable for testing circular data, which is 
illustrated in the following example.

Example 3.1: Assume we have two discrete samples sample3 and sample4 observed on a 
circle, containing angular observations in degrees or radians. The sample3 and sample4
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Figure 1. The position of observations in sample3 and sample4.

contain 120 and 149 observations respectively, with all the observations equal to one of 
four angles, as shown in Figure 1.

The sample3 and sample4 contain the observations 0, π2 , 
7π
6 , 7π4 , which are measured 

from the axis Ox anticlockwise, with multiplicities 30, 30, 30, 30 for sample3 and 49, 50, 
40, 10 for sample4. To test whether the circular data from sample3 and sample4 come 
from the same distribution, one needs to use the function Kuiper2sample. Hence, the 
following code should be used:

R> sample3 <- c(rep(0,30),rep(pi/2,30),rep(7*pi/6,30),
 rep(7*pi/4,30))
R> sample4 <- c(rep(0,49),rep(pi/2,50),rep(7*pi/6,40),
 rep(7*pi/4,10))
R> Kuiper2sample(x = sample3, y = sample4)

 Two-sample Kuiper Test With Ties

data: sample3 and sample4
v = 0.18289, p-value = 0.00611
alternative hypothesis: two-sided

Note that the result from the Kuiper test does not depend on the choice of coordinate 
system. For example, if we choose a different axis, e.g. axis Oy, and record the observed 
angles clockwise, the result will be the same, as illustrated by the following code.

R> sample3b <- c(rep(0,30),rep(pi/2,30),rep(3*pi/4,30),
 rep(4*pi/3,30))
R> sample4b <- c(rep(0,50),rep(pi/2,49),rep(3*pi/4,10),
 rep(4*pi/3,40))
R> Kuiper2sample(x = sample3b, y = sample4b)

 Two-sample Kuiper Test With Ties
data: sample3b and sample4b
v = 0.18289, p-value = 0.00611
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alternative hypothesis: two-sided

In the next example, we provide a comparative study of the asymptotic p-value in (14) 
and the exact p-value when the data samples contain ties.

Example 3.2: Let us assume that we have a realization of the order statistic Zm+n as 
follows:

z1 = z2 = · · · = z1/2(m+n) <z1/2(m+n)+1< · · ·<z4/5(m+n) = z4/5(m+n)+1 = · · · = zm+n
(27)

Such a sample Zm+n may come from, e.g. an excess of loss reinsurance contract, with reten-
tion level M and limiting level L, see e.g. Example 3.1 in [5]. In order to apply (14) to 
compute the asymptotic p-value, one has to extract the jump structure of E from (27), 
which yields 3 = 2, ̂f0 = f̂1 = 0, ̂f2 = 0.5, ̂f3 = 0.8, ̂f4 = f̂5 = 1, ω1 = ω2 = 1, ν1 = 1 and 
v0 = 0, v1 = 0, v2 = 1, w0 = 0, w1 = 1, w2 = 1. Note that the change of the sample sizes m
and n does not affect the inferred jump structure of E. According to (14), the corresponding 
asymptotic distribution of the KS test is

9̂(x) =

[︄ 3∏︂
l=1

(f̂l+1 − f̂l)

]︄−
1
2 ∞∑︂
j=−∞

(−1)j

2π

∫︂ x

−x

∫︂ x

−x
eα dz1z2, (28)

where

α = −
1
2

[︄
z21

f̂2 − f̂1
+

z22
f̂4 − f̂3

+
z2 − (−1)jz1 − 2jx

f̂3 − f̂2

]︄
.

To compare the asymptotic p-value with the exact p-value, we need to implement 1 − 9̂(x)

in (28) and compare with P{Dm,n ≥ x
√︂

n+m
nm } for different combinations of m and n. In 

this example, these p-values are computed using Mathematica and R function KS2sample
respectively, for x = 1. The results are presented in Table 2. It is clear that when m+ n
increases, regardless of the value of η, the exact p-values numerically converge to the 
asymptotic p-value. Their relative error is less than 1% when m + n ≥ 40, 000. Comparing 
the run times and accuracy, we see that using the asymptotic formula leads to significant 
efficiency gains already for m + n ≥ 90, 000.

4. Comparison with existing statistical software

The purpose of this section is to summarize the numerical comparison of the methods 
for computing KS and Kuiper p-values presented in Section 2 and implemented in the
R functions KS2sample and Kuiper2sample, against nineteen implementations of the 
two-sample KS test and six implementations of the Kuiper test available in mainstream 
statistical software; the details of these are given in Sections D.1 and D.2 and part D of the 
supplementary material. We discuss their functionalities and select representative imple-
mentations of each test for comparison with our R functions. To assess accuracy, we use our
Mathematica implementation (see footnote 1) to compute the true p-values and estimate 
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Table 2. Exact p-values P{Dm,n ≥ q} when q =

√︂
n+m
nm  and m

m+n = η obtained from KS2sample and 
asymptotic p-values 1 − 9̂(1) computed by implementing (28) in Mathematica.

η m+ n q Exact Asympt. Rel.err(%)

0.2 2,500 0.05 0.171417114 (0.00) 0.174525238 1.78
10,000 0.025 0.172856075 (0.01) (1) 0.96
40,000 0.0125 0.173661725 (0.17) 0.49
90,000 0.008333 0.173943119 (0.90) 0.33
250,000 0.005 0.174172870 (7.13) 0.20
1,000,000 0.0025 0.174347892 (114) 0.10

0.3 2,500 0.043644 0.167449717 (0.00) 0.174525238 4.05
10,000 0.021822 0.171025013 (0.02) (1) 2.01
40,000 0.010911 0.172937728 (0.24) 0.91
90,000 0.007274 0.173593027 (1.20) 0.53
250,000 0.004364 0.173813623 (9.49) 0.41
1,000,000 0.002182 0.174214245 (266) 0.18

0.4 2,500 0.040825 0.168216436 (0.00) 0.174525238 3.61
10,000 0.020412 0.172763135 (0.02) (1) 1.01
40,000 0.010206 0.173546483 (0.27) 0.56
90,000 0.006804 0.173817964 (1.36) 0.41
250,000 0.004082 0.174038893 (11.1) 0.28
1,000,000 0.002041 0.174206779 (186) 0.18

Note: Numbers in () are relative run times to the Mathematica implementation of (28).

the relative error of every competing implementation; for speed, we report the correspond-
ing CPU run times on a machine with a 3.00GHz Core i7-9700 processor and 32GB RAM 
running Windows 10.

Detailed analysis of the results of this comparison can be found in part D of the supple-
mentary material. In summary, we have shown in Table 5 that the R function KS2sample
is very fast and accurate for both the unweighted and weighted KS tests and overall out-
performs all competitors. The only viable alternative is the function psmirnov in the 
package stats. In the thorough comparison of the functions KS2sample and psmirnov, we 
have shown that KS2sample provides equal or higher accuracy than psmirnov. However,
psmirnov has a higher computational complexity and is 1.8–900 times slower than the 
proposed KS2sample for m + n ≤ 100, 000.

As for the function Kuiper2sample as we show in Section D.2 it is superior to all com-
petitors in terms of accuracy, being the only function that gives the Kuiper p value with at 
least 8 correct digits.

5. Conclusions and discussion

In this work, we have considered an alternative formulation of the two sample KS test, 
defined over the space of all possible pairs of samples, randomly drawn without replace-
ment from the pooled sample. We term this permutation KS test and show in Theorem 2.1 
that the difference between the critical values of the permutation KS test and the KS test 
defined in terms of the ecdfs of the two samples is asymptotically negligible which therefore 
applies to the difference between their p-values. We use this result to develop a numer-
ically efficient recurrence method for computing p-values of the two sample KS test. A 
similar method but for the unweighted KS test has been independently considered by
Nikiforov [3], Hilton et al. [23], and Schröer and Trenkler [24], but without any theoretical 
justification.
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In this work, we have provided its thorough theoretical justification, given by 
Theorem 2.1 its formal description (see Sections 2.1 and 2.2) and related proofs (see part A 
of the supplementary material) that are missing from works of these authors (see e.g. [3]), 
followed by some enlightening examples (see part B). We have generalized Nikiforov’s 
method to accommodate arbitrary weight functions. In Sections 2.2 and 2.5, we have 
extended this method to compute exact p-values of the Kuiper test, for continuous, dis-
crete or mixed observations in the samples. To the best of our knowledge, computation of 
exact Kuiper p-values has only been considered for the continuous case and equal sample 
sizes [21,22]. Following [4], we have further enhanced the algorithm in order to improve 
the accuracy of computing KS and Kuiper p-values. We have implemented both versions of 
this algorithm as the R functions KS2sample and Kuiper2sample, illustrating their use 
in Section 3, and also provide Mathematica code for arbitrary-accuracy computation (see 
its availability at footnote 1).

In Section 2.3 we have derived a closed form formula (c.f. (14), Theorem 2.3) for the 
asymptotic distribution, of the two-sample Kolmogorov-Smirnov test, Dm,n, as m

m+n →

η ∈ (0, 1) and m → ∞, which is valid for arbitrary samples, allowing ties in the obser-
vations. To the best of our knowledge, the asymptotic distribution of the two-sample KS 
test has not been investigated in the literature in the case of tied observations. Therefore, 
formula (14) and Theorem 2.3 represent a novel contribution of theoretical and numeri-
cal importance. We have demonstrated (see Example 3.2 and Table 2) that the asymptotic 
formula (14) is a numerically efficient alternative to the exact method, for computing KS 
p-values when m + n ≥ 90, 000.

Our next goal in this paper has been to provide a thorough review of the properties of 
the major statistical software packages that compute p-values of the two-sample KS and 
Kuiper tests (see Section 4). This review shows that among the nineteen software imple-
mentations, only the function psmirnov provides p-values with the same accuracy (up 
to 17 correct digits) as our proposed R function KS2sample, but at a higher computa-
tion cost (see Tables 5 and 8, part D of the supplementary material). For the Kuiper test,
Kuiper2sample is the only function that provides exact p-values with at least 8 correct 
digits (see Table 10, part D).

Last but not least, we have also investigated the power, as a function of the ratio η =
m

m+n , of the KS test for different weight functions, and of the Kuiper test. As can be seen 
from Examples C.1 and C.2, part C of the supplementary material, selecting the appropriate 
weight function can significantly improve the power of the KS test for various combinations 
of the sample sizes m and n (η =

m
m+n ), that are often determined before the observations 

are collected. As can also be seen in Figure 6, the power of the Kuiper test, in the case of 
samples of discrete observations, is significantly higher than that of the KS test, regardless 
of the choice of weight function. This highlights the relevance of using the Kuiper test as an 
alternative to the KS test, and therefore of using the function Kuiper2sample to compute 
its p-values.

As direction of future research one could consider generalizing the approach to the 
case of two-sample Cramér–von Mises and Anderson–Darling tests. The theoretical jus-
tification of Theorem 2.1 directly extends to these tests, as its proof relies only on the 
weak convergence of the permutation empirical process, which holds for any continuous 
functional of the empirical process. However, the recurrence formula of Section 2 does 
not directly extend to these tests, since they are defined as weighted integrals rather than 
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suprema of the empirical distribution functions and do not admit a trajectory-counting 
formulation on the integer-valued grid R. Extending the recurrence formula of Section 2 to 
compute exact permutation p-values of the two-dimensional two-sample KS test of [39,40] 
is a non-trivial open problem. Unlike the one-dimensional case, there is no canonical total 
ordering of points in R2, and the two-dimensional KS statistic at each node depends on 
the full spatial arrangement of all previously assigned observations rather than on the grid 
coordinates alone, so the Markov property of the lattice path breaks down and the recur-
rence formula (10) does not directly generalize. Developing an efficient exact algorithm for 
this case is a direction of future research.

Notes

1. The Mathematica code is available at https://github.com/fakecloudsjy/KS2sample-Kuiper2
sample.

2. This consideration relies on Theorem 2.1, and it fails to hold in a more general case. See more 
discussion in [31].
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