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INTRODUCTION AND SUMMARY

A hydrological model is a set of mathematical relations
between the variables of a river basin, such that the analytically
derived behavior of the basin is similar to the actual behavior.
The criterion of similarity depends in principle on the purpose
of the study but in practice it is assumed to have a simple
mathematical form such as the sum of squares of the differences

.between estimated and observed values of some criterion variable.

There is a great variety of models in the hydrological
literature, which in most cases are adapted to the nature of the
prublem to be solved. There have also been several attempts tc
classify these models and to define their differences and
particularly their similarities, prominent among which is the

paper by Dooge (1972).

The main purpose of this study is to examine the uses
and limitations of certain types of operational models with

single or multiple stochastic input.

In addition, the study aims to explore the boundary
between stochastic and deterministic models and to propose
techniques by which prior hydrological information can be
incorporated in the estimation of the parameters of

hydrological models.
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Before dealing with the main topic of the study, it was
considered necessary to present another classification of existing
hydrological models, mainly in order to clarify some overlapping
areas. More specifically, certain types of models with
deterministic input appear to be similar to stochastic transfer
function models but the presence of stochastic inputs makes it
necessary to use different methods of estimation for the parameters
of the system. This classification is the subject of the first

section of the study.

The second section deals with operational models with
stochastic input,and after a brief survey of the well-known
methodology concerning the univariate case a detailed analysis
of transfer function models is presented. In the case of transfer
function models with one input and one output, two methods of
estimation by Box and Jenkins and L. Haugh are described and their
areas of applicability delineated. The next sub-section is devoted
to models with multiple input and either single or multiple output.
In this latter case the method of canonical correlation is proposed
as a way to simplify the relationships between pairs of input and
output variables. Other methods of canonical decomposition of
the input of multivariate systems have been proposed recently
(Young et al. 1975). The method suggested in this study has the
desirable characteristics of conceptual and computational

simplicity.
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Considering the variety of models and methods, the question

is raised concerning the appropriate choice of estimation method.
In sub-section 2.4 a graphical method of classification of
transfer function models is proposed which assists the choice
among deterministic, univariate stochastic or transfer function

stochastic models. The next part of this section deals with

certain general questions on hydrological modelling and particularly

with the properties of hydrological variables reproduced by various
models and the relevance of these properties for the design of
various projects. The last part (2.5) of this section gives two
hydrological applications illustrating the use of the methods of

transfer function modelling discussed previously.

Section 3 of the study describes the method of mixed
regression which permits to combine information from two different
sources in the estimation of multiple regression coefficients,
This method is a very versatile tool in hydrologic research
because it does not require the assumptions on the prior
distributions of the parameters which are necessary for the
application of Bayesian methods. An important feature of the
mixed regression method is that it includes a test of

compatibility of the two sources of information.

Section 4 of the study describes the application of
mixed regression to the estimation of precipitation and runoff

of a multi-basin region.
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Given that in some areas the coverage with precipitation
measurements is not representative of the overall precipitation
pattern whereas the measured river flow includes the contributions
from areas without precipitation measurements, the question may
be asked whether runoff information may be used to improve the
regional estimates of precipitation. This problem has been
discussed by Solomon et al (1968) who used an iterative method
to incorporate the information on regional runoff in the
estimation of the precipitation. The example used in this
section is the precipitation and runoff distribution in the

Gaspé peninsula, a region in eastern Canada.

The study of this example starts with the application
of the iterative method and then continues with the comparison
of the results with the corresponding results of the mixed
regression method. It appears from this comparison that the
mixed regression method permits to test the compatibilicy of
the two sources of data; it gives their relative contributions
to the final result and therefore is an improvement over

the iterative method.

Section 5 of the study is devoted to the aggregation
properties of river flows and their modelling. There are two
basic problems in hydrology for which the properties of
aggregated variables are important. The first problem is the

estimation of variables for which only aggregated values are



observed (e.g. daily values of precipitation). The second problem,
which has attracted more attention in hydrology, is whether the
aggregated values (e.g. annual) of simulated flows have the
appropriate long-term properties. After a review of some basic
results concerning the mathematically derived properties of
aggregated observations from a given stochastic process, a
procedure for testing the compatibility of the short- and
long-term models is proposed. In cases where the two models
are not compatible, it is proposed to use the method of mixed
regression for estimating the parameters of the short-term
process in order to take into account the properties of the

long-term aggregated flows.

In conclusion, the purpose of this study is to classify
certain basic concepts in hydrological modelling and to contribute
to bridging the gap between deterministic and stochastic modeliing
methods. It is well-known that this gap is still substantial
and it will take many efforts such as this study to reduce it

to a minimum realistic size.
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1. A CLASSIFICATION OF HYDROLOGICAL MODELS

Hydrological models are mathematical representaticns of the
interrelated phenomena occurring in a river basin. Given the degree
of complexity of these phenomena and the usual scarcity of relevant
data, it is almost impossible to develop perfectly satisfactory

models.

Fortunately, the task of formulating hydrological models is
made more tractable because it is not necessary to find a mathematical
representation for all possible characteristics of a basin, but only
for those relevant for a given project. This is one of the basic
reasons for the large number of models proposed by hydrologists,
ranging from direct applications of the equations of hydrodynamics
to deterministic relationships between storm precipitation and flood
flow and finally to statistically estimated relationships between

precipitation and runoff of large basins.

The models proposed in the hydrological literature such as
in Cavadias (1966), Dawdy (1968), Dooge (1972), Clarke (1973), are
based on various assumptions concerning the type of input and the
properties of the system. General classifications of the type
shown in Fig. l.i (Cavadias 1966) take into account the pessibility
of non-linearity, time variability, space-variability and feedback
in the hydrological system but do not generally include any details
of the various types of equations representing the hydrological

system and of the methods of estimating the parameters.
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INPUT SYSTEM
DEGREE OF DEGREE OF | DEGREE OF DEGREE OF DEGREE OF
COMPLEXITY NON- TIME- SPACE FEEDBACK
LINEARITY | VARIABILITY | VARIABILITY
LINEAR
TIME- SPACE- WITHOUT
DETERMINISTIC INVARIANT INVARIANT FEEDBACK
QUADRATIC
STOCHASTIC CUBIC TIME- SPACE- WITH
(NO AUTO- VARIABLE VARIABLE FEEDBACK
CORRELATION)
STOCHASTIC
(FIRST
ORDER AUTO-
CORRELATION)
STOCHASTIC
(SECOND
ORDER AUTO-
CORRELATION)

FICG. 1.1



In this study we are concerned only with lumped, time-
invariant systems without feedback. Therefore, in order to define
the systems that form the subject of our analysis, we Propose a more

detailed classification of the above category of systems (Fig. 1.2).

The basis for this classification is a two-way distinction
between hydrological models according to the category of system
(physical, conceptual or operational),i.e. the type of equation
representing the phenomena occurring in the basin, and to the

category of input (deterministic or stochastic).

Within each combination of system and input categories, it
is possible to use one of the three following methods for estimating

the parameters of the equations:

(1) Deterministic method.
(2) Deterministic method taking into account noise in
the input.

(3) Stochastic method.

We shall now give a more detailed description of the
individual models shown in Fig.l.2and of the methods of estimation

of the parameters.

R i i e ol TR EERREE——————
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HYDROLOGICAL
MODEL
: HYDROLOGICAL
——— SYSTEM —
INPUT OUTPUT

PHYSICAL CONCEPTUAL OPERATIONAL

SYSTEM SYSTEM SYSTEM
DETERMINISTIC PD cDh oD
e
INPUT
STOCHASTIC PS Ccs 0S8

CLASSIFICATION OF HYDROLOGICAL SYSTEMS

FIGURE 1.2



1. Physical Systems With Deterministic Input (PD)

This is the basic type of engineering model in which the
physical laws governing the phenomenon are known. Examples of such
models are the deflection of an elastic spring and the flow in a pipe.
A more complex example of particular interest to the hydrologist is
the method of hydraulic routing of a flood wave through a channel,
which uses the equations of continuity and momentum and assumes that
the appropriate initial and boundary conditions are known (e.g.

Harbaugh 1967, Garrison et al. 1969).

Another example of a physical system with deterministic
input is given in Freeze and Harlan (1969), Stevenson and Freeze
(1974) where a physically based general equation is proposed,
representing infiltration and soil moisture flow. This equation
has been applied to the study of the runoff from small plots under
various boundary conditions and soil properties (Stevenson and Freeze
1974).

The parameters of the model are estimated by some form of
the steepest descent method. A detailed description of the
calibration of a physical model is given in the above mentioned
paper by Stevenson and Freeze and in Cormary and Guilbot (1971).
This method of estimation of the parameters can be called

deterministic because it is based on the following assumptions:

(1) There exists a unique transformation from the input
to the output.

(2) The input and the output are observed withouf error.
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Under the additional assumption that the error surface S(el, hierg Bk)
ies reasonably smooth, the steepest descent procedures converge to the

minimum value of the error surface and the parameters 91, Sl Te Bk

are thus estimated.

The above deterministic method for estimating the optimal
values of the parameters does not generally converge when there is
appreciable noise in the measurements of the input. In this case
it is possible to use the algorithm of Kiefer and Wolfowitz (1952)
and for the multidimensional case the algorithm of Blum (1954).

These methods are also described in Cormary and Guilbot (1971) and in
Lavi and Vogl (1966). In certain cases, the parameters of
physically based models with deterministic input are estimated

by statistical methods as for example in Stevenson and Freeze

(1974) .

2. Conceptual Systems With Deterministic Input (CD)

In the analysis of hydrological systems we often do not
have sufficient information to formulate the continuity and momentum
equations and to establish the appropriate initial and boundary
conditions. in such cases we may still use the equation of

continuity and other equations based on physical concepts.

Consider for example the system shown in Fig. 1.3,

consisting of a river reach where the input and output are the
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ds
I-0 at

INPUT OUTPUT
S = k[xI + (1 - x)0]

FIG. 1.3
upstream and downstream flood hydrographs respectively. The equation
of continuity
ds
£1.2) I-0 ac
where "I = Inflow

0 = Outflow
ds
o Rate of change of storage
forms the basis for all flood routing methods. In order to complete
the mathematical description of the system, we may assume that the

storage is expressed by the Muskingum equation
(1.3) S = k[xI + (1 - x)0]
It is well krnown that this equation is based on physical

concepts (Ven Te Chow 1959) such as the discharge characteristics of

control sections at each end of the reach and the slope of the water



1.8

surface. However, the correspondence between the physical laws
governing the phenomenon and equation (1.3) is only approximate and

therefore we call the model shown in Fig. 1.3 a conceptual model.

In contrast to physical-deterministic models which are
mainly research Ariented, conceptual-deterministic models have been
used extensively for studying large basins and for the design of
water resources projects. Examples of such models are the Stanford
model described in Crawford and Linsley (1964) and the models
aescribed in the papers by Sittner et al (1969), Dawdy and 0'Donnell

(1965) , Roche and Slivitzky (1967) and others.

These models consist of a series of equations based on
physical concepts and containing many (10-20) parameters. The values
of some of the parameters are estimated on the basis of available
information taken from maps and surveys and the remaining parameters
are estimated by an optimization algorithm which minimizes a measure
of the discrepancy between the estimated and the actual output. The
most common measure of this type is the quantity S = I ei where e,
are the differences between observed and estimated output. The
mathgmatical form of the response surface is unknown and therefore
the minimum value of S and the corresponding values of the parameters

are determined by the methods of steepest descent mentioned in the

previous section.
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3. Operational Systems With Deterministic Input (OD)

As in the types of models discussed in the previous sectionms,
the output of an operational-deterministic (OD) model is a single-
valued function of the input. The main difference is that the form
of the transformation from input to output is not based on physical
laws (e.g. the momentum and continuity equations) but it is selected

on the basis of simplicity, convenience and previous experience

with similar systems.

Given the input and the output of the system, the constants
of the equation are determined by the operation of "deconvolution"
either graphically or by the solution of a system of simultaneous
equations. One of the basic examﬁles of an OD-model is the linear
transformation from precipitation to runoff described by the unit

hydrograph (e.g. Nash 1959 and 1969).

As in previous cases, the parameters of OD-models can
also be estimated by statistical methods such as multiple regression
(e.g. Linsley, Kohler, Paulhus 1975). This approach uses all
available input and output data and results in more stable
estimates of the parameters of the transformation equation

(e.g. the unit hydrograph ordinates).
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4. Operational Systems With Stochastic Imput (0s)

In the previous sub-sections we have defined physical,
conceptual and operational hydrological systems in which the input
is assumed to be deterministic and observable with or without error.
This assumption is not valid for large basins in which the input is
not even defined. For example, the precipitation on a large basin
is distributed both in time and space and therefore the available point
measurements of precipitation can be considered only as statistical
indices of the real input. Given that we cannot establish a one-to-one
relation between input and output, the only possibility is to establish

a statistical relation i.e. to estimate the conditional probability
distribution of the output given the observed values of the input
index.

For very large basins where the lags between the multiple
inputs and the output become very long, it is difficult to establish
even a statistical relationship. In this case the hydrologist may
model only the output by fitting a stochastic process to the

observed outflow. (Thomas and Fiering 1962).

In some cases, however, it might be possible to have a
reliable index of the input and therefore an attempt can be made to
relate the input indices to the measured output. In such cases the
only approach available to the hydrologist is to use statistical
estimation methods, the simplest form of which is linear regression
analysis. The regression methods used in this case do not use any

knowledge of the physical aspects of the hydroleogic cycle and are



limited to reproducing the statistical properties of the input and the
cutput. Due to the fact that the input is an index, the continuity
equation and even dimensional homogeneity cannot and need not be

satisfied.

The resﬁlt of the statistical estimation is the expected
value of the output given the input and the variance of the residuals.
The usual regression methods are based on certain assumptions concerning
the residuals from the model, namely that they have zero expected

value, equal variance and no autocorrelation.

These assumptions are usually not satisfied by hydrological
time series with seasonal characteristics and therefore several
attempts have been made by hydrologists to use other statistical
methods (ARIMA models, Spectral analysis, Fractional Gaussian noise
models, broken line processes) which reproduce some of the most

important properties of hydrologic series.

From the point of view of our classification, all these
models are still operational-stochastic (0S), i.e. they do not take
into account the physical laws determining the transformations of the
hydrologic variables within the basin. Nevertheless, due to the
great difficulty in formulating even approximate conceptual-stochastic
models for large basins, 0S-models with carefully formulated and
verified statistical assumptions will remain a very useful tool for

the hydrologist for a long time.
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5. Conceptual Stochastic (CS) and

6. Physical Stochastic (PS) Models

The ideal hydrological model should take into account all

the important characteristics of hydrological phenomena:

(1) The physical laws governing precipitation, evaporation,
interception, infiltration, soil moisture, flow in surface

channels and groundwater flow.

(2) The nature and magnitude of the errors of measurement of

all variables.

(3) The probability distributions, intercorrelations and other

statistical properties of the inputs and outputs.

It is obviously impossible to satisfy all these requirements
at the present time. The only way to approach this ideal would be
to start from the simpler conceptual or operational models and

attempt to satisfy the following conditions: (See also Clarke op. cit.).

(1) The residuals ey from the overall model and whenever possible
from the partial models should satisfy the usual regression

assumptions.

(2) The model should include the estimation of the variances of

all parameters and their correlation matrix.

(3) The model should provide the means for a sensitivity analysis

2
of the surface § = Z(ei) = f(el, ~+ 1 Bk).
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It is well known that the present estimation methods of conceptual
models do not satisfy any of the above conditions. The main
difficulty is that most of the intermediate inputs and outputs are
not measurable and the corresponding constants (e.g. "reservoir

capacities") have only an approximate physical meaning.

- The road to satisfactory conceptual stochastic and
particularly stochastic physical models is long. Given that the
only way to improve the operational stochastic models now available
is to replace the simple equations of current OS-models with
c;nceptual or physical equations, it can be predicted that this will
be the future direction of hydrologic modelling. Perhaps a start
could be made in this direction by estimating some of the simpler

conceptual models under the condition that the residuals of the

computed output have mean zero, equal variance and no autocorrelation.

It is however interesting to note that,once the
characteristics of a physical or conceptual hydrological system are
determined, we may also examine its behavior under a stochastic input.
If for example the input to the system is a random variable x with
density function gl(x) and the output y can be expressed as a
deterministic function y = f(x) of x, then we may derive the

density function gz(y) of y from the formula

(1.4) g,(y) = gx). l%l , ‘—j’; $0
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In such a system, the methods of physics (e.g. hydraulics) are used
to derive the output from the input, and the theory of probability
and not statistics is used to derive the probability distribution
of the output from that of the input. For example in the
hydraulic routing discussed previously, we can make probability
statements about the discharge at the end of the channel, given

the probability distribution of the inflow to the channel.
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2. OPERATIONAL MODELS WITH STOCHASTIC INPUT

2.1 Univariate models

In section 1 a classification of hydrological models was
proposed and the conclusion drawn that conceptual stochastic (CS) and
particularly physical stochastic (PS) models are preferable to other
types of models ﬁut very difficult to formulate. These two types
of models can be partitioned into a number of sub-types representing
specific transformations within the runoff phase of the hydrologic
cycle. Each sub-type consists of a number of equations and

constraints based as far as possible on the physical laws governing

the transformation represented by the sub-type.

Both the equations and the constraints contain a number of
parameters which are usually estimated by steepest descent methods
that may take into account the errors in the observations of the
input. The result of this "calibration" is a set of equations which
transforms the observed input into an estimated output, similar to
the observed output according to some criterion, which usually

involves a function of the residuals which has to be minimised,

One of the main problems in fitting hydrological models is
that even when the residuals are sufficiently small, i.e. the observed
and estimated outputs are sufficiently close, the residuals are
usually not random and therefore the modelling process cannot be

considered as complete. The question may therefore be raised as to
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how to calibrate the model in order to make the residuals independently
distributed random variaEles. In the case of physical or conceptual
systems consisting of a set of subsystems represented by complex
non-linear equations, it is difficult to see at the present time how

one could estimatg ten or twenty constants under the constraint that
residuals be random. The situation however is different when we

come to the operational models where the forms of the equations are
simple convolutions or multiple regressions on lagged values of the
input. In this case, given the inherent simplicity of the model,

it is possible by using appropriate statistical estimation procedures

to ensure that the residuals be independently distributed random

variables.

An important part of the formulation of hydrological models
is the verification of the degree of similarity between the model and
the basin it represents. This verification is a complex process
which, in the case of physical and conceptual systems,consists in
verifying that the equations of the model reflect as much as possible
the physical laws governing the phenomena. This "theoretical"
part of the verification must be supplemented by the "empirical"
verifiéation that the input-output transformation incorporated in the
model reproduces satisfactorily the available input-output observations.
In the case of operational systems, the equations are not related to
any physical laws and therefore only the empirical part of the

verification is possible.
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For many of the practically impcrtant basins, the only
knowledge we have of the actual input is in the form of statistical
indices (e.g. precipitation and snow survey observations). Thus we
must verify that the properties of the stochastic processes fitted to
the inputs are similar to the corresponding properties of the observed
inputs.

It is important to realize that for the purpose of
applications it is never necessary for a hydrological model to
preserve all the properties of the observed flow sequence. For
;xample, the Hurst property is not relevant for sequences that will
be used for the design of a cofferdam, and conversely, it is not

necessary to reproduce the fine structure of the daily inflow if

the purpose of the study is to design a very large storage reservoir.

The purpose of stochastic modelling is to apply statistical
methods to hydrological problems in such a way as to include the
verification of the basic assumptions in the estimating procedure.
These statistical methods are related to the estimation of stochastic-
operational models and in order to put them in the proper frame of
reference, we shall begin by a brief look at the development of

(S0)-models.

Present-day development of (SO)-models dates from the work of
the Harvard Water Program (Thomas and Fiering 1962) which was made
possible by the advent of electronic computers. This development
was however preceded by the attempts of early pre-computer age

hydrologists like Hazen (1914) and Sudler (1927) who felt that the
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mass~-curve, based only on the record,should be supplemented by some
other combinations of flows. In order to achieve this Hazen used
standardized flows from many rivers in a region and Sudler wrote
historical records on cards and created synthetic sequences by
drawing a set of cards at random. These primitive attempts had
obvious limitations and were not generally used by practising

hydrologists.

It must be noted at this point that the traditional mass
curve method, the approaches of Hurst and Sudler mentioned above and
the majority of stochastic models to be discussed briefly in this
section concentrate on fitting a stochastic process to the output
of large basins, mainly for the purpose of simulating various flow

sequences and using them in the design of water resources projects.

2.1 Modelling the Output

The first attempt to formulate a mathematical model for
monthly flows was made by Thomas and Fiering (1962) who proposed

the model

3
s - 2

where Qi and Q are the flows of the ith and the (i + 1)th months

141
respectively; aj and aj+1 are the mean monthly flows for the jth

and (j + 1)st months; bj is the regression coefficient; €5 is a

standard normal random variable; °j+l is the standard deviation of

flows of the (j + 1)st month and p,. is the correlation coefficient

]
between the flows of the jth and (j + 1)st months. In the above equation

the index i takes the values 1,2,...,n where n is the total number of

observations and the index j takes the values R R



A related type of model was proposed by Roesner and Yevjevich

(1966) . The equation of the model is:

Qi_ i Qj Qi..l = Qj_']_

(2.2) e +e

%31 i
where Qi is the value of the process at time i, ﬁj is the mean value
for the month j , 0. is the standard deviation for the month j ,

J

P1 is the serial correlation coefficient of order one and €3 is an

ipdependently distributed random variable.

The main difference with the Thomas and Fiering model is the
assumption that the correlation coefficients between consecutive
months do not have seasonal fluctuations. Quimpo (1967) attempted
to extend this approach to daily flows and Beard (1965) used this
model assuming that the independently distributed random component is

given by a log-Pearson III distribution.

This type of model can be extended to more general
autoregressive models as proposed by Yevjevich (1963). This model

is given by the equation:

(2.3) B oA Ry X i Fl X T B

where Xt is the value of the deviation from the mean of the process
at time t and Et is an independently distributed random variable, and
where it is again assumed that there is no seasonal variation in the

parameters.
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The models descrihed above were applied to several actual
cases with varying success. Given the complexity of the behaviour of
observed flows and the variety of purposes for which hydrological
modelling is undertaken, it follows that the adequacy of the model
can be assessed -from several points of view. For example, attention
may be focussed on the reproduction of the short-term or the long-term
properties of the observed flows according to which category of

properties is more relevant for the project under study.

The question as to how to test the adequacy of a hydrological
model is difficult to answer. If the criterion of similarity is
simple as for example minimizing the sum of the squares of the
residuals from the model, it is possible to apply it to the recorded
flows. If on the other hand we need to consider more complex
aspects of this similarity such as autocorrelation coefficients at
longer lags, cross-correlations, distribution-free properties such
as runs, number of crossings etc. and spectral properties, it is not

possible to evaluate the performance of the model in a simple way.

A practical way to test the similarity between a set of
observed flows and a stochastic model is to use it to generate
simulated flow sequences by the Monte-Carlo method and then compare
the actual and artificial flow sequences from all relevant peints of
view. This approach was used e.g. in the simulation study of the
inflow to the Great Lakes (Clark and Cavadias 1967, Megerian and
Pentland 1968), where the following properties of the simulated flow

sequences were compared to those of the observed flows:
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(1) Basic statistical parameters (Mean, standard deviation etc.)
(2) Probability distribution

(3) Autocorrelation function

(4) Cross—-correlation function

(5) Spectral properties (Location of peaks of spectrum)

(6) Distribution-free properties (runs, number of crossings etc.)

(7) Long-term fersistence (Hurst's H)

%
Thus, sequences of simulated flows or "simflows" are one
éay of understanding the properties of the fitted process and comparing

them to the properties of the observed flows.

The proper use of simulated flows has been the subject of
long discussions among hydrologists. In particular, engineers dealing
with the design of water resources projects have an understandable
reluctance to consider simulated flows on the same footing with
observed flows for making design decisions. In order to understand
the rdle of simulated flows in the design of projects we must look
briefly at the more elementary problem of fitting a probability
distribution to a given set of data. In this case, the well-known

procedure is

(1) Construct a histogram.
(2) Select the type of probability distribution to be

fitted.

* This term is introduced to denote "simulated sequences of numbers
generated by the application of the Monte-Carlo method to the
fitted stochastic process'.
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(3) Using the method of moments or of maximum likelihood,
estimate the parameters of the postulated probability

distribution and establish confidence intervals.

(4) Use published tables of the fitted distribution to
make probability statements concerning the random

variable represented by the original data.

Looking now at the problem of fitting a stochastic process
to a set of observed flows, we see that, due to their complexity, it
is not possible to tabulate the properties of these processes.
Consequently, the only way to understand them is to generate
sequences of "simflows", study their various properties and compare
them to the corresponding properties of real flows. We come
therefore to the conclusion that simflows are analogous to the
tabulations of theoretical probability distributions and they are in
reality no more controversial. If we are satisfied that the
stochastic process has been fitted correctly, we can use simflows
as the input to a water resource system and study its behaviour.

In following this procedure,however, we should keep in mind that the
stochastic processes in question are much more complex than probability
distributions and therefore we should not expect that the generated
sequences will reproduce all the properties of the observations. We
must usually be satisfied with a compromise between the degree of
simplicity of the fitted model and the nature of the properties which

are reproduced in a satisfactory way.
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The parameters of the models discussed in this section are
estimated on the basis of short-term properties of the observed flows
(means, variances, autocorrelations, etc.) and therefore these models
attempt mainly to preserve short-term properties. When however
these models are applied to the design of projects, it very often
happens that the dimensions of the structures depend on long-term
properties of the record such as persistent sequences of droughts or

rare occurrences of large floods.

. The preservation of these properties is not incorporated in
the structure of the models already described and when simulated and
observed flows are compared empirically, their long-term properties

do not agree.

The first study of long-term properties of river flows goes
back to the classical paper by Hurst (1951) in which he used the
long record of Nile river to investigate the reservoir capacity
required for complete regulation of the river. In his paper, Hurst
studied a statistic which can be defined as follows: (Fig. 2.1):
Given the sequence of flows Xl, Veieas xk, cneay Xn we compute

the quantity

k n
: *
(2. 4) s, = Ix- % 3. X,
i=1 i=1

R *
(2.5) R =

g

n

where
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TIME

-

FIGURE 2.1
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* * =
and
* x % % *
€2.7) Hn = max [Sl’ SZ’ iy Sk’ Falaiy Sn]
5 * S* S* S* *
(2.8) | m min [ 12 Sps sees Sps eens Sn]

In intuitive terms, the statistic R: is the capacity that
a reservoir must have in order to maintain a regulated flow equal to
the mean flow of the river. Finally, the statistic Rn is defined as
the ratio of R: to the standard deviation of the flows and is called
"rescaled range'". Hurst investigated the behaviour of the rescaled
range not only for the record of the Nile river flow but also for
other long geophysical series such as precipitation, tree rings and
varves and established the following empirical equation:

(2.9 R(n) = s

where the mean value of H was found to be 0.73 with a standard deviation
of 0.08. 1In contrast to this result, Hurst derived the following
for the expected value of R(n) for a sequence of independent standard

normal variables:

(2.10) E[R(n)] = 1.2502°°

The discrepancy in the exponents of the two equations was
attributed by Feller (1951) to the autccorrelation of the geophysical

series. It was shown however by Barnard (1956) and Moran (1959) that
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the asymptotic value of H for autoregressive (Markovian) models is also
0.5 In addition, it was found empirically by Yevjevich (1965) that
the range R: and the rescaled range Rh of Markov processes have large
sampling variations. Using also empirical approaches

Fiéring (1967) and Mandelbrot and Van Ness (1968) showed that the Hurst
exponent of 0.70 can be simulated as a transient phenomenon of

*
Markovian processes with a large number of autoregressive lags.

A direct approach to the problem was made by Mandelbrot and
Yan Ness (1968) who proposed a special process called "fractional
Gaussian noise" (FGN). The main characteristic of this process is
that the amplitude of its periodic fluctuations increases with the
length of the period. This means that if we decompose a flow time
series in a sum of sine and cosine curves, the curves with lowest

frequencies (longest periods) will have larger amplitudes.

The Hurst exponent H is a parameter of the FGN-process

and therefore a fitted FGN process reflects the value of H

determined from the observations.

It must be noted however that by concentrating on the
reproduction of Hurst's H, FGN-processes do not reflect, in their
structure, and therefore do not reproduce the short-term properties
of the observed flows. It is also worth noting at this peint that
there are many ways in which geophysical series can show long
periodic or cyclical fluctuations and there is no reason to believe

that these very elusive phenomena on which very little information

5
It must be noted, however, that Hurst (1951) obtained very high values
of H for very long series of natural data and this leaves open the
question of the non—-markovian nature of such series.
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is available, can be best represented by the FGN process. The
merit of Mandelbrot and his collaborators in this connection,
consists mainly in pointing out the need for reproducing long-term
properties such as Hurst's H and proposing one possible solution to

the problem.

It appears therefore that in trying to formulate models
for river flows, hydrologists havé arrived at two different classes,
autoregressive and fractional Gaussian noise, which reproduce the
short- and long-term properties of the record respectively. Given
the inability of FCN processes to reproduce the short-term properties
of flows,attempts have been made to use the class of linear stationary
processes of which the autoregressive process is a special case to
simulate long-term properties of river flows and in particular the
Hurst property (O'Connell 1971). This class of "autoregressive
moving average integrated (ARIMA) processes' has been studied

extensively in Box and Jenkins (1970).

ARIMA stochastic processes consist of the following

cases:
(1) Autoregressive (AR) processes of order p given by the equation

(2.11) XK= 6 X 1+ 6% 5+ ...+ ¢p }:t_p +a

where Xt are the original observaticns or suitable transformations,
¢i are parameters and a_ are identically and independently

distributed random variables.
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(2) Moving average (MA) process of order q given by the equation

(2.12) Xt ol 61 B 7 e 7 Bq at-q

where 81 are parameters and a is defined as above.

(3) Mixed (ARIMA) process of order (p, q) given by the equation

(2.13) AN ¢1xt_1+...+¢px +a -9, a

. e i Y

t-p - 1l t-1 q t=q

where ¢i . 61 and a.t are defined as above.

' Box and Jenkins (1970) describe a systematic approach for

fitting ARIMA processes, which consists of the following steps:

(a) Identification

The correlogram of the data is compared with the autocorrelation
functions of various orders and types of ARIMA processes and the

appropriate process identified.

(b) Estimation
The parameters of the process are estimated using iterative least
squares from the condition that the sum of the squares of the

residuals is minimized. (See Appendix 2.1).

(c) Diagnostic testing

Diagnostic tests of randomness are carried out on the residuals,

to verify the adequacy of the model.



(4) Forecasting
If the model has proved satisfactow,it is used for

forecasting future values of the observed series.

Given the extensive literature and the availability of
computer programs on ARIMA processes and particularly the
possibility of using them for reproducing both the short-
and long-term properties of hydrological series, it is
apparent that ARIMA processes are a very useful tool for

hydrological modelling.

Another type of process which reproduces the long~term
properties of the record and is intuitively more attractive than
the fractional Gaussian noise process was proposed by Mejia,
Rodriguez-Iturbe and Dawdy (1972). This broken-line process, is

defined in the following way:

We consider first the single broken line process (Fig. 2.2)

given by the equation

(2.14) Ei (tl_kiai) - Tli’n a ni,n"‘l i’ ni’n)

where na, < t' < (n + 1)ai

where n; are mutually independent, identically distributed random
variables with mean zero and variance ci and ki are random variables

independent of the Ng» which are uniformly distributed in the interval
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10, 11. The two parameters of the single broken line process are

oi and ai, the time interval between the occurrences of two consecutive

values of ni.

The broken line process is now defined by the following

equation
N

(2.15) Q(t) = iz g;(8)
=1

as the sum of N single broken line processes. (Figure 2.3).
A practical application of this process is given in Garcia et al

(1972).

The basis of the broken line process is that the observed
record is the result of the superposition of phenomena occurring at
regular intervals of various lengths. This idea is intuitively
appealing, but the structure of the individual components (single broken
line processes) is very schematic. Hydrological processes are only
a part of the water cycle which in turn is influenced by other
geophysical phenomena and therefore the long-term properties of the

variables of the hydrologic cycle have physical causes.

One of the best known examples of such a causal relationship
is the theory by Milankovic concerning the relationship between the
motion of the earth, the resulting fluctuations of incoming radiation
ahd the observed occurrence of ice ages on the earth (Fig. 2.4).
Assuming that this theory is correct, it appears that the very long-
term trend of the solar radiation and therefore of the mean temperature
of the Earth's surface is deterministic and can be computed using

the methods of celestial mechanics.
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Turning now to 2 shorter time scale which is of more
interest to the engineer, we compare the temperature fluctuations
in Greenland, Iceland and England shown in Fig. 2.5(a) (Dansgaard
et al. 1975). An examination of this figure indicates that, when
smoothed by a 60-year low pass digital filter, the temperatures
in Iceland and Eggland for the last 350 years show good correlation
with the d-index of temperature in Greeland defined as the

concentration of the heavy oxygen isotope 180 on the ice sheet.

If on the other hand we use a 250-year low-pass digital
filter for all variables, we find that the long-term fluctuations
of temperatures in Iceland and England by 150 and 240 years

respectively (Fig. 2.5(b).

The above comparison shows that the long-term temperature
fluctuations in Iceland and England and probably in Western Europe
lag behind the corresponding fluctuations in Greenland and Dansgaard
et al. (1975) suggest a meteorological explanation for this phenomenon.
Regardless of whether their explanation is correct, it is apparent
that the long-term properties of meteorological phenomena in various
parts of the earth are related in compex ways and they can be understood

only by elucidating their physical causes.
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It appears from the above considerations that, if we want
to take into account the long-term properties of the variables
influencing the hydrologic cycle, we must investigate their
relations with causative factors such as the solar radiation and,
for shorter perioé phenomena, the disturbances in the atmospheric
circulation. Attempts to postulate processes such as fractional
gaussian noise or broken line, which conserve a number of statistical
properties of the complex time behavior of hydrological variables,
do not use the available and very valuable information on the

causative factors affecting the hydrologic cycle.

Before leaving the subject of univariable modelling of river
flows we must note that, in order to find processes that reproduce
both short- and long-term properties of Lhe flow record, it mav be
netessary to consider the observations as the result of a
superposition of the effects of two or more stochastic processes
with different characteristics. This approach would be similar to
the time series analysis methods used in economics, which attempt
to estimate the components of the series i.e. the trend, the cyclical
and the seasonal component. The difficulties and limitations of
this approach are well known and hydrologists must proceed with

care if they want to explore this possibility,
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2.2 Transfer function models with one input and cne output

In the general discussion on hydrological modelling we
mentioned the limitations of the regression approach for the
estimation of operational models with stochastic input, and
particularly the fact that the residuals of an ordinary regression
are not independently distributed. In this section we shall deal
with the subject of stochastic modelling of relationships (Transfer

functions) between hydrological variables in a more rigorous way.

Let us consider a linear equation representing the
relationship between the input X, and the output Ve of a

'

hydrological system

s
(2.16) L SR SR T~ + u

T t-i t

where u, is a stochastic process the autocorrelation properties of
which can be estimated together with the coefficients wy of the
transfer or impulse response function. We shall discuss briefly

two methods for identifying and estimating models of the above

type.

(1) The Transfer function method of Box and Jenkins.

(2) The Transfer function method of L. Haugh.
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The method of Box and Jenkins

Suppose that the relation between input and output is given
by equation (2.13) and that the input X, is generated by a stochastic
process. The Box and Jenkins approach consists of the foliowing

steps:

Step 1
Estimate the parameters of the stochastic process generating
xt and compute the residuals from the fitted model. For example, if

the input can be represented by the ARIMA model

(2.17) xt = ¢1 xt-l ¥ vaw F ¢p xt_p + e, + W, ey e T mq at_q

We estimate the coefficients ¢1 and mi of the model and

compute the residuals oy recursively from the equation

(2.18) S mimp =iy e = e ey

Step 2

Using the observations of the output Y, We compute the residuals

Bt from the same model, using the equation

Step 3

We estimate the cross-correlation coefficient r(at » B

t-k)

between Bt and L for all positive and negative lags k.



Step 4

The coefficients Hk of the impulse response function are

given by the formula:

ruB(k).sB

s
a

(2.18) ey

We note that equation (2.18) is identical to the well known

equation for the regression coefficient of simple regression:

r « S
(2.19) b = X3
' X

Equation (2.18) does not give efficient estimates of the impulse
response (or Transfer function) coefficients and is used only to

provide initial values for the estimation procedure.

Step 5

Using the above initial values, the next step is the simultaneous
and efficient estimation of the model (2.13) including the parameters

(¢i, Ri) of the stochastic process generating the noise Nt:

(2.20) N B W BEIE B R +...+nqa,'

R g % e o T MR B | t-q

Step 6

-

In the final step, the estimations of the transfer function and
the noise models are combined in the initial model

M

(2.14) Y = I H, x + N
t jmo 3 t-3 t
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The method of L. Haugh

The basic idea of this method is to fit univariate stochastic
models to both the input and the output of the system. The method is

described in Haugh (972).

Consider a hydrological system with input X, and output 78

and assume that we can fit the two ARIMA models

= )
(2.23) x ¢1 X, 1 RS ¢p Xy p + u, - 91 U1 * .es F+ . “c-q

<2 1 ' ' i
(2.24) A ¢1 Yooq + ... + ¢p, yt_p, + Y, + a1 Vet Fiaies eq vt—q'

to the input and the output. The method can be described in the

following steps, shown in figure (2.2) adapted from Korfage (1974).

Step 1

Compute the residuals u, and Ve of the above models.

Step 2

Compute the cross-correlation function r(u,_,» V,) between u,_ and

v, for all positive and negative values of the lag k.

Step 3
Examine the cross-correlation function in order to distinguish
between the following four types of relationship between u _, and Vv

t k t.

(See Figure 2.6 and Table 2.1).
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TABLE 2.1
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TYPE OF STATISTICAL ASSOCIATION

Values of r(ut_k, vt)

BETWEEN x AND y k<0 k=0 k>0
X, y INDEPENDENT 0 0 0
FEEDBACK BETWEEN x AND y # 0 AND #0
SIMULTANEOUS ASSOCIATION #0
SIMULTANEOUS ASSOCIATION WITHOUT 0 #0 0
PREDICTABILITY
ONLY SIMULTAﬁEous ASSOCIATION 0 0
IF AT ALL
x PREDICTS y #0
SIMULTANEOUS AND LAGGED ASSOCIATION #0 #0
x PREDICTS y BUT NOT INSTANTANEOUSLY 0 0 #0
UNIDIRECTIONAL PREDICTABILITY | EITHER 0 AND # 0
FROM x TO y OR 0 AND # 0
y DOES NOT PREDICT x 0
y DOES NOT PREDICT x AT ALL 0 0
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STEP 1

STEP 2

STEP 3

STEP 4

STEP 5

STEP 6

STEP 7



(a)

(b)

(c)

2ok

r{u Vt) = 0 for all k

t-k’

The residuals u, and vt-k are uncorrelated for all k, i.e.
there is no relationship between the input X, and the

output - of the system.

A el Vt) #0 fork=0

t-k

In this case, called by Granger (1969) "instantaneous
causality", we are dealing with a simultaneous statistical
association and a knowledge of the input x_ cannot help to
forecast the output Yer However, the hydrological
situation may suggest that there is a causal relationship
which we can study by examining the form of the transfer

function.
r(ut_k, vt) #0 fork>0

This is a case of predictive association between x and Y.
Cases (b) and (c) together can be called "simultaneous

and lagged statistical association between x and . ol

Haugh uses the term "dynamic regression" for this combined
case. This case is appropriate when the hydrological
situation suggests a direction of causality from xt to yt
(e.g. x, = precipitation, y, = runoff), and is the main

subject of the present section.
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rd
(d) r(ut_k,'vt) #0 for k < 0

This is the most complex case, where feedback is present
in the hydrological system, as for example when xt = ground
water level and yt r river flow. Haugh gives a brief
description of this case which is undoubtedly of great
importance in hydrology and a promising area for future

research.

Step 4

Returning now to the case (c), we estimate the impulse
response function of the residual series by considering the following

model :

= ¢! + .. + 0"V : 4
(2.25) LR tbp e LR WE G B o ‘Pq ut_q

o A < g + oo + Q°
+ at Ql ) Qq at-q

Given that ut is not autocorrelated, model (2.25) can be fitted in
the same way as the model (2.16) described in the previous section

on the Box and Jenkins method.

Step 5 -

The univariate models (2.23) and (2.24) fitted to x: and yt

are now combined with equation (2.25) to give:
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(2.26) y. =

1] L)
A ¢1yt_1+...+¢p

] -yt_p-

+0l X 4+ ...+ X + ¥! * s+ ¥
°1 t-1 °p t-p ?1 el q u1:--«:1

T "
f at + Ql at-l ) RIS i Qq at-q
L L] "

In many cases it is possible to simplify in equation (2.26) by observing
] ] L} ] ]

the values of the coefficients ¢i' °i’ ?i’ ni and ei. Haugh

(1972 p. 119) discusses the conditions and gives examples of this

simplification of the model.

Step 6

The parameters of the transfer function model are
now estimated efficiently by using a non-linear least squares

algorithm described in Box and Jenkins (1970).

Step 7

The final step is to choose the best model according to
a criﬁerion dictated by the nature of the problem. For example it
may be possible to reduce the variance of the residuals a, by using
a more complicated model but a simpler model may be finally selected

because it contains a smaller number of parameters.



The model fitted to the data must now be used to carry out
tests of hypotheses concerning the type of relationship between
x and y. Given the large variety of possible hypotheses shown in
Table 2.1 this is a difficult and as yet unsolved statistical
problem. (Pierce and Haugh 1975). Fortunately, it is possible to
test two importané hypotheses concerning the nature of the statistical

association between x and y:

Case 1: x and y are independent.
Case 2: x is related to y by dynamic regression (Unidirectional

predictability from x to y).

Case 1

We consider the cross-correlation function r(ut-k’ Vt)
between the residuals u and Ve of the univariate models fitted to
the variables kt and Ve respectively and select two constants

N and M large encugh to include any expected non-ne ligible non-zero
g

coefficient of the transfer from u, tO'Vt. We then compute the

statistic
M
(2.27) 8 = o I 8 (ut—k’ vt)
k=-N

where m = number of pairs of residuals available for the computation
(Box and Jenkins 1970, p. 394). Under the null hypothesis of
independence between u and v and therefore between x and y, the
statistic U has a chi square distribution with N + u + 1 degrees of

freedom.
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2.3 Transfer function models with multiple input and output

For most hydrological systems it is necessary to
consider multiple inputs and outputs. We shall now extend the
methodology of the previous section to such systems and conclude

with a hydrological example.

2.3.1 Systems with multiple input and single output

In the previous section we have considered the transfer

function model

P s
P

(2.29) Ye * a8 % Yy i

3
0 et v W

where the noise u, is generated by the univariate ARIMA model

r q
Aol e = 281 % Yeg * 4E O %y

In the case of multiple inputs Xy Xps wees e

equation (1) can be extended in the following way:

P Sl

sk %9 Yeq * 4o Yig Myery toec t

(2.31) Y

SM
1Z0 “mi*M(e-1) T YU

where again u, is given by the ARIMA process of equation 2,30,
This model is fitted to the data according to the stage-wise
procedure described in (Draper and Smith 1966). The procedure

starts with the most important variable Xy and then other input
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variables are added one at a time after testing the statistical
significance of their contributions to the variance of the
output variable. Figure (2.7) shows the flow diagram of the

computational procedure which can be described as follows:

STEP 1 Preliminary investigation

The initial input variable Xy is selected on the basis

of a preliminary examination of the correlation matrix of all

-

variables and of the cross-correlograms of the output variable

with each of the input variables.

STEPS 2, 3 AND 4 Bivariate modelling of x, and y

1

The bivariate modelling is carried out as outlined in
Figure 2.6 of the previcus section. As before, we do not
consider feedback i.e. the case where the test statistic
r(ul, u) # 0 for both positive and negative values of the
lag k. Consequently we examine only the case of dynamic

regression for which r(u,, u) # 0 for k > 0.
l —

STEP 5 Univariate modelling of X,

STEP 6 Testing the relationship between X and X,

Using the residuals u, from the univariate model fitted

to x, we examine first the relation between the inputs X and Xye

This is analogous to the well-known situation in multiple



FIG. 2.7(a)
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FIG. 2.7(c) .
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regression where the existence of multicollinearity between
independent variahles influences the test concerning the inclusion

of an additional independent variable in the regression equation.

This preliminary test is based on the value of the

cross-correlatiog r(ul, uz) for all lags k. We assume again that Y(Ulsuz)=0 or
that r(ul, u,) #0 for k > 0 and therefore the two inputs are
either independent or their relationship is a dynamic regression.

St % and x2 are independent we

proceed to test whether to add X, to the transfer function. If

on the other hand r(ul, uz) # 0 for k >0 we fit a bivariate

dynamic regression model to the residuals u, and uy and obtain

the residuals a21.

STEP 7 Testing whether to include a second input X,

«.In the cases of independence and dynamic regression
between xl and x2 we base the decision to include the second
input X, on the values of the correlation coefficients r(aul, u2)
and r(aul, a21) respectively.

STEP 8 Estimation of the dynamic regression model between residuals

STEP 9 Derivation of transfer function between the inputs X

and X, and the output y




2.3.2 Multiple input and multiple output

Many hydrological systems have multiple inputs and
outputs. Consider for example the basin shown in Figure 2.8
and assume that we are interested in modelling the short-term
behaviour of the flows Ql and Q2 on the basis of the two
precipitation stations Pl and P2’ The natural transfer function
representation of this basin is shown in Fig. 2.9 where the
system has two inputs and two outputs. However, the usual

way to study this problem is to analyse the two-input, one-output

systems shown in figures 2,10 and 2.11 using multiple regression.

In the previous secticn we have examined the alternative
method of transfer function modelling with multiple input and
single output. These models have the advantage that their
estimation procedure is based on the condition that the residuals
are random. As we have seen, the intercorrelation between the
input variables causes difficulties in the identification and the
estimation of multiple input transfer function models. The
estimation of multiple input and multiple output systems presents
even greater difficulties both because of the complexity of the
identification and estimation procedures (Quenouille 1957,

Haugh 1972) and particularly because of the difficulty of
interpreting physically the various interrelations between the
individual variables. It seems therefore desirable, before

studying the multiple input, multiple output transfer function



model, to transform the input and possibly also the output
variables so as to reduce their intercorrelations. Given the
nature of both input and output, significant correlations may
occur at all values of the lag k and therefore it is not possible

to find a transformation which eliminates all correlations.

In this study we shall use the well known transformation
of canonical correlation described in Appendix 2.2 which eliminates
the simultaneocus correlations between all variables except for
two pairs of variables belonging to the input and the output
group respectively. The canonical correlation approach to
transfer function modelling consists mainly in transforming
the original input and output variables, estimating the transfer
functions between the canonical variables and then deriving the
corresponding transfer functions between the original variables

by algebraic substitution. We shall now discuss the successive

steps of this procedure in more detail, assuming for simplicity
of presentation that first order autoregressive processes are

appropriate for both inputs and outputs.
The transfer functions with single input and single
output will be fitted according to Haugh's method discussed

in the previous section.

STEP 1 We fit the following univariate models to the input and

output variables (Pl, Pz) and (Ql, Qz):
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F

1 " BByt e ® % Yoy t

Pae ™ 8 Py t 9,

U, 82 Q(e-1) * U5

We compute the residuals Ups Uy, ui, ui and analyse the system

shown in Figure 2.12,

STEP 2 Using the two sets of variables ups U, and ui, ué

we derive the two corresponding sets of canonical variables

(51. Ez), (Ei, Ei) as described in Appendix 2.2:

§ = ay vy

£2 - 321 ul + a u

ST ail . + al_ u

- ' ' ' '
& a9 t* aymu

Solving the above equations for Ups Uy, ui, ué we obtain

* by 8y

*t by &

e
]

" ] L] L]
y- = Pyg By ¥ By, 65

L] L] { ] L]
2 ba1 &1 * by &



STEP 3 According to the theory of canonical correlation, the
following pairs of variables are uncorrelated at k=0: (El, 52).
(El, £5)> (&1» £5)» (1> &3) and therefore the original system
of Figure 2.12 has been reduced to the two systems shown in

Figure 2.13 which have one input and one cutput each.

STEP 4 We estimate the two bivariate transfer function models

of Figure 2.13 and then we derive the transfer function of

Figures 2.10 and 2.11 by algebraic substitutions. The details of

,this computation will be shown in the example given in the next

section,
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FIG. 2.8

FIG. 2.9

FIG. 2.10

FIC. 2.11

FIG. 2.12

FIG. 2.13
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2.4.1 Choice of estimation method on the basis of the partition

of the sum of squares of the output

We have studied above various methods of estimating the
transfer function between the input and the output of a system.
In this section we shall examine the factors which determine the

choice of a method of estimation.

An examination of the equation of the transfer function

model
g [ p s1
(2.32) Yy, = Ly Vil ¥ LR 6l % AR
t qey 1 7t-d1 qmp 1 “1(t-1)
SM

[ j_fo wMi xM(t‘.-i)] + [Ut]

shows that the total sum of squares of y, can be broken down into

three components

(2.33) ssy = SSy* + SSx 4+ SSu
where:
SSy = Total sum of squares of e
*

SSy = Sum of squares attributable to autoregressive
terms

SSx = Sum of squares attributable to the input
variables

SSu = Sum of squares attributable to the residuals



The relative values of the three ratios in the equation

*
s Ssx . SSu _,

-+
SSy sSsy = sSy

(2.34)

determine whether the behavior of the output Y is dominated
mainly by the previous observations of the output, by the input
or by the noise term. All three cases can be represented as
points on the sides or in the interior of the equilateral
triangle xya of Fig. 2.14, where the three ratios are equal to
the lengths of the segments perpendicular to the sides xa, ya
;nd Xy respectively. Figures 2.15 and 2.16 show the

correspondence between the types of models and the points of

the triangle in more detail.

Case y The point is at the apex Y and we have
(2.35) g
35 ¥ L
t P

i.e the output is a deterministic function of its previous values.

The coefficients ¢1, ey ¢p can be determined by the methods of

finite difference equations.

Case x The point is at the apex x and we have
S1 SM
(2.36) Tl 2y Maieny Pt B g B

™

a4



i.e. the output is a deterministic function of current and lagged
values of the input X. The appropriate method for determining

the coefficients mli’ Sriey wMi is the solution of a system of

simultaneous equations (Deconvolution).

Case a The point is at the apex a and we have (6) y = a,

i.e Ye is white noise and no further modelling is

possible.
‘Case Xy The point is on the side xy and we have the deterministic
relation
P S1
(2.37) o 121 Oy Vo4 + ifo 04 xl(t—i) e eile
SM
ifo M1 Ma(e-1)

Methods for determining the coefficients of the deterministic
dynamic model of equation (2.37) are given e.g. in chapter 10 of

Box and Jenkins (1970).

Case ya The point is on the side ya and we have the univariate

stochastic model

p
(2.38) Yo =R G N oW
t Pl B t

Methods of estimating such models were discussed in section 2.1.



2.46

Case xa The point is on the side xa and we have the equation
s1 SM
(2-39) = E + - “
I L T ae 9 Stee-) t %

The methods of regression analysis, possibly with autocorrelated
residuals, can Be used to estimate the coefficients w. It is
'noted that among the exogenous variables Rys weny Ko We may
include functions of time (trends) and therefore "signal plus

noise" models belong to this category.

In contrast to the above, the remaining cases correspond
to proper transfer function models where all three ratios in

equation (2.34) are different from zero.

Case (xy)a The point is in the interior of the triangle, near

the side (xy). The ratio g%% is relatively small but the two
By P SSx
other ratios SSy and §§; are comparable i.e. there is

relative symmetry in the respective roles of the input and the
autoregressive terms. In this case we start with a deterministic
difference equation model and then we estimate a model for the
residuals following the methods appropriate for cases (ya)x, (xa)y
or (xya) according to whether the predominant factor is the

output, the input cor both are equally important.
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FIGURE 2.15

FICURE 2.14



FIG. 2.16
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Case (ya)x The point is in the interior of the triangle
near the side (ya) and the autoregressive terms predominate.

In this case we start by estimating a univariate model of Yoo
compute the residuals and then estimate the transfer function

between the residuals and the input variables.

Case (xa)y The point is in the interior of the triangle
near the side (xa) and the influence of the input predominates.
In this case we start with a regression model between e and the
.iHPUts and then we estimate a univariate model for the residuals.
In this case of one input this can be achieved by the application

of the Box and Jenkins prewhitening procedure described in the

section on transfer function models with one input and one output.

Case (xya) The point is in the central region of the triangle
where the relative sizes of the three ratios are comparable. In
this case we fit univariate models to both the input and the

output variables and then estimate the transfer function between
the residuals. This is the method of Haugh described in the
section on systems with one input and one output and it is

also appropriate for multiple inputs and outputs.
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2.4.2 General considerations on the properties of stochastic models

In the previous sections we have discussed several types
of stochastic models and, in view of their varying chracteristics,
it appears necessary to establish criteria for choosing the most
appropriate model for a given project. The basis for this choice is
that the model should incorporate the properties of the flow record

that are most relevant for the project under consideration.

The choice of the appropriate model depends on the conditions
. of the individual project and therefore a general discussion has
limited usefulness. Figure 3.1 shows the time scales appropriate
for certain types of water resources projects. An examination of
this figure leads tc the conclusion that the "perfect" stochastic

model, which would incorporate all possible properties of the record,

is not only very difficult to formulate but in most cases not even

necessary.

Table 2.2 shows various properties of the flow records and
the types of processes which incorporate these properties, i.e. for
which these properties are taken into account in the estimation of

the parameters. An examination of this table shows that:

(a) The basic properties of the probability distribution such as
the mean and the variance are incorporated in all models, but
it is only the FGN and broken line processes that attempt to
incorporate extreme value properties of the record. On the
other hand, no available model takes into account the overall

shape of the probability distribution of the observations.
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TIME SCALES OF
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PROPERTIES INCORPORATED IN VARIOUS MODELS

TYPE OF PROPERTY MODELS
OF PROPERTY | INCORPORATING
RECORDED FLOWS ' THE PROPERTY
MEAN !ALL
PROPERTTES VARLANCE ' ALL
OF THE PROBABILITY |SKLVNESS P
DISTRIBUTRGS  |EXTREME VALUES ' FGN, BROKEN LINE
FORM OF THE PROBABILITY
DISTRIBUTION NONE SO FAR
AUTOCORRELATION AR, ARIMA
CROSS-CORRELATTON
SHORT-TERM ~INSTANTANEOUS MULTIVARIATE ARTMA
PROPERTIES ~LAGGED TRANSFER FUNCTION
AGGREGATION PROPERTIES | ARIMA WITH CONSTRAINTS
SPECTRAL PROPERTIES | ARIMA, FON
TIME REVERSIBILITY ' NONE 80 FAR
i
HURST'S EXPONENT | FGN, BROKEN LINE, ARIMA
LONG-TERM NUMBER OF RUNS | BROKEN LINE
'PROPERTIES 'RUN LENGHTS "
| RUN SUMS : "

fcnosszmc PROPERTIES "

- i

TABLE 2.2



(b)

(c)

The short-term properties of the record such as autocorrelation
and zero-order cross-correlation coefficients are incorporated
in the univariate and multivariate ARIMA processes respectively.
The lagged cross-correlation properties are taken into account
only by the transfer function models which represent
associations‘between stochastic processes in an explicit

way. The spectral properties of the record,i.e. the relative
importance cf harmenic compoments with different periods, are
partly incorporated in the ARIMA and the FGN models with
emphasis on the high and low frequency ends of the spectrum
respectively. None of these models ,however, takes into
account the overall shape of the spectrum in the estimation

of the model parameters.

The long-term properties of the record such as the values of
Hurst's exponent, the run numbers, lengths and sums and the
Erossing properties are incorporated only in the estimation of
the FGN and broken line processes. It must be noted that the
mixed autoregressive-moving average (ARIMA) model has been shown
(0'Connell 1971) to simulate the Hurst property a posteriori,
and that the incorporation of the above "long-term properties"
1s.a very approximate way to take into account the very complex
factors that determine the long-term behavior of geophysical

variables.



2.54

The choice of an appropriate model for a given project
depends also on the practical difficulties of estimating the model
and the ability of the user to interpret its properties. From
this point of view, the class of ARIMA models is attractive due to
the relative ease and interpretability of its parameters. The
additional posaibility of extending the scope of ARIMA models to
consider aggregation properties of the flows and lagged relationships,
and even to simulate the Hurst property, suggests that further study

of these processes may be very useful.

From this practical point of view, the FGN process is at a
disadvantage because it requires a minimum of 30-50 years of record
for reliable estimation, and its short-term behavior is very
different from that of actual flows. Although the FGN and broken
line processes are mathematically equivalent, the broken line process
has the advéntage of easier computation and interpretability of the
parameters. It seems therefore that further work on the properties
of these processes would be useful. It must be emphasized however
that stochastic models are still in the early stage of their
development and the classes of models discussed above represent
only the first of a long series of models that will be formulated
in the future to take into account specific needs of water resources

project.



2.5.1 Hydrological system with one input and one output

(Bell and Hegiscane rivers)

The methods of stochastic modelling discussed in Section 2
will now be applied to the monthly flows of the Megiscane and Bell
rivers located near the James Bay in subarctic Quebec. The basins
of the two gauging stations are shown in Figure 2.18 and the basic
data are given in Tables 2.3 and 2.4 taken from two éublications

of the Government of Quebec (Riviére Megiscane 1969 and Riviére

Bell 1969).

The purpose of the analysis is to determine the extent to
which the flow of the Bell river can be estimated from the flow of
the Megiscane river. The period from May 1924 to April 1939 was
used for the computation of this example. The "hydrological year"
from May to April was chosen to coincide with the occurrence of the
spring flood, in order to minimize the correlation between the last

month of one hydrological year and the first month of the next.

Before estimating their statistical association, the two
monthly flows were standardized by subtracting the monthly means and
dividing by the monthly standard deviations. This transformation
is known to eliminate a large part of the seasonal variability of

the monthly flows.
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The statistical association between the two flows was
estimated using different methods, and the results are shown in
Table 2.5 which also includes the proportion of the variance of

Bell flows (Y) that is explained by each model.

(1) Univariate model for Bell flows

The estimated model E(1) is autoregressive of first order
and the U-test on the residuals U shows that they are random. The
proportion of the variance of Y explained by this univariate model

is 0.40.

(2) Simple regression and univariable modelling of the residuals

Before dealing with the proper transfer function models,
we estimate the simple regression between Bell (Y) and Megiscane (X).
The residuals et of the regression equation E(2) are not random and
therefore we estimate the univariate model E(3) for the residuals
.. and substitute into equation E(2). The resulting final model
E(4) is rather complicated but its residuals e' are random. The

t
model E(4) explains 0.69 of the variance of Y.

(3) Transfer function model X + Y (Box and Jenkins method of

prewhitening X)

The estimated transfer function model is given by equation
E(5) which is simpler than E(4) and has random residuals. This

equation explains 0.74 of the variance of Y.



(4) Transfer function model X+ Y

(Haugh method of prewhitening hoth X and Y)

According to this method we estimate first the transfer
function model E(7) between the residuals of the univariate models
E(1) and E(6). The resulting model E(8) between the standardized
Bell and Megiscane flows has random residuals and accounts for

0.73 of the variance of Y.

A comparison of the respective proportions of var(Y)
explained by the various transfer function models indicates that

in this case the Box and Jenkins method gives the best results.

In table 2.6 we show the results of the corresponding
computations for the system Bell - Megiscane. The above example
shows that the methods of transfer function modelling described
in this study can be used for the estimation of relationships
between hydrological variables even in cases where there is no

physical input-output relationship between them,
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TABLE 2.5

STATISTICAL ASSOCIATION BELL -+ MEGISCANE™

MODELLING RANDOMNESS STANDARD PROPORTTON
METHOD TEST OF MODEL DEVIATION OF VAR (Y)
MODEL N
PRVATIONS RESIDUALS OF MODEL EXPLAINED
' RESIDUALS
UNIVARIATE U, =17.77 < 33.9
MODEL FOR Y =0.52Y ,+u, 5
MEGISCANE X gs5(22) = 33.9 0.83 0.27
SIMPLE U =29.5 < 31.4 [s(e) = 0.59
REGRESSION |E(2): Y_ = 0.79X + e, { ;
WITH X 05(20) = 31.4
MODELLING | E(3): oy, = 0.18e; + e; £
OF e = RANDOM
RESIDUALS E(4): Yt = 0.?9xt + 0.18&& + e::
; Ué = 16.5 < 28.9
{ 2 s(e') = 0.58 0.64
i Xg.05(18) = 28.9
TRANSFER | U, = 13.8 < 30.1
FUNCTION
5 = 0.82X - 0. + 0. +
(Bog ANp | B¢)F Yg =0.82X - 0.12% , + 0.18a _, +a, l x205(19) = 36.1 |s(a) =0.58| 0.64
JENKINS) o
+
E(6): X, = 0.68 X _, +u, Uyp = 19.0 < 28.9 |s(u,) = 0.75
2 =
TRANSFER X g5 (18) = 28.9
FUNCTION
(HAUGH) E(D): wy, = =30 uppp gy * Uy 4044 uy 0 4
+ 0.06 “2(:—2) + a, U(a) = 14.2 < 30.1
2
E(8): Y =0.205Y_ , +0.79X - 0.16X__, + a, X g5(19) = 30.1 s(a) = 0.58 0.64

85°2



TABLE 2.6

STATISTICAL ASSOCIATION MEGISCANE - BELL

E(8): Yt = O.B?Yt_ 1 O.ZIYt_z i 0.63Xt

1

=uU. = . + !
0.23K | - 0.13X _, +a!

MODELLING RANDOMNESS STANDARD PROPORTION
METHOD MODEL EQUATIONS TEST OF DEVIATION | OF VAR (Y)
MODEL OF MODEL EXPLAINED
RESIDUALS RESIDUALS
.BELL Uul = 19.<-29
UNIVARIATE | E(1): Y = 0.68Y + u ; S(Y)= 0.97 s(u.,) = 0.75 " 0.40
-3 t-1 1t 2 1 E
MODEL X ~c(18) = 29
.05
SIMPLE U =110 < 31
REGRESSION | E(2): Y = 0.79X + e ;
WITH X 95(20) = 31 Is(e) = 0.59
MODELLING | E(3): e = 0.29e , +0.2le , +e! ”
OF e = NON RANDOM
RESIDUALS | E(4): Y = 0.29Y , + 0.79X
] Ul =15.7 < 29
- - A S
0.23xt_1 0.1?){:_2 + e XZ o s(e') = 0.54 0.69
.05
TRANSFER U = 19530
FUNCTION E(5): Y, = 0.36Y, , + 0.60X +a_ - 0.36a__,| 5
(BOX AND X 05(19) = 30 |s(a) = 0.51 0.74
JENKINS) a
E(6): X =0.52X , +u,
TRANSFER : = -0. + 0. {U(a) = 14 < 29|g(a’) = 0. l
s E(7): u, 0 32u1(t_1) 0.64u, | (a) s(a') = 0.52 0.73
(HAUGH) , | 2 %
+0.20uy, _,y +a! 1X g5 (18) = 29

65°¢
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Table 2.3

Riviére Mégiscane

1
DEBITS MOYENS MENSUELS

JANVIER FEVRIER MARS AVRIL MAI JUIN JUILLET AOUT SEPTEMBRE| IOCTOBRE | NOVEMBRE | DECEMBRE

1924 -— - L+7T90E 24 T30E ‘_1‘1-600 13.700 5:170 .69 6,950 5.600 &, 780 &y 440E
1925 24540E 2+090E 1.870€ 54 T30E 16,500 12.220 8,340 8.920 3.820 4,570 beldn 3,710E
1926 2+5B0E 1+ 940E 1.450E 14610E 16 .900E 14,900 9.790 54500 3,010 3,010 64560E 54+250E
1927 3.140k 24 190E 2+300€E 44 B00E 13.800 9.390 6.310 7,360 44610 6+390 5+290E 3,821E
1928 2.800E 2,130 1. 880 5+460E 264509 16 +800 11.200 64450 T. 206 10,5600 9,750 LA 857E
1929 3.300E 24540 2+082 4+580E 184400 15.200 9.690 5.050 5+ 760 5:480 5910 4:14DE
1930 2.820 2,170 2.100 5.610€ 16,400 14 «400 12.900 64190 Se280 4,870 44382 1,290¢€
1931 2.020E 1600 1.380 5.020 84570 5.450 4,460 44530 2+930 4y N50 64050 4.BINE
1952 3.390E 2+930E 2.010€ 44120E 9,390 54530 2.700 8,090 B, 440 19,103 94680 4451NE
1933 3.,200€ 24 640E 24 240E 9+510E 18,200 8.220 4e250 2,630 1. 770 2:220 3. 480F 2 4490
1934 l.780U 1+ 380 1«380 44 890 20,900 9.360 b.410 3,260 5+390 T«260 5.260 heIAWNE
1935 24840 2,150 1,850 44740 12.200 T.320 64470 3,130 1+ 940 5. 260 84060 3.999€E
1930 24 16UE 1.600 243 50E 4. B50E 28,4300 15.800 S.760 5v490 4: 270 Te H40 Ay 700 5,031
1937 3,660 2+ 680E 24,260k 5.540E 16,000 74260 3.770 2.410 3,690 Tet20 10+200 b4120F
1936 3300k 2.420€ 2,890€¢ 10,5006 | 18.500 5710 4hebe0 0.500 By 650 64540 5,690 3,781
1939 3.070 2+560 2,010 3.040E ] 17.500 9,840 9.850 5,350 30 740 5. 700 6,220 3,500
1940 2,390GE 1. 880E 1.540€ 2.190€ 17.700 16+100 Te240 3. 620 54900 4,010 44 800€ 3,76NE
1941 - -- - -— -— 4.080 5,210 44400 11,060 10,009 S5¢180 -
1942 - — -- - — - - 24960 2,650 6,370 64499 -
1943 - -- - - 14,100 12,700 5.310 3. T40 44310 3,100 3,470 -
1544 -- -- - - 12.700 8,320 3,650 3+300 24930 5,050 5:750 --
1945 -_— - - - -— —_— &£.,810 3,210 4,000 S5:4T0 Te230 i
1940 - - - -- -- —— . - 3, 600 4,920 54550 -—
1947 - - - - - - - 3,900 3.020 4,480 2,530 -
1944 . - - - - 5.070 3.019 3, 75¢ 20560 2+300 2+020 -
1949 - - - -- 204800 12,300 64650 2:660 2.680 24 340 2+060E --
1951 -— - - - 16300 4,890 3,142 1.990 2+.180 7.070 9,060 -
1952 - - - -- 154200 9.120 T«840 9.039) 5.210 4,300 fy BA0 -
1953 -- - -- - - 44670 24610 1.550 3. 020 3,330 2600 -
1956 - - - .- 12.700 8,480 4,450 4,320 3, 350 6340 5,630 54220
1955 2.780 1. B840 1.450 5.230E 9,640 4.750 3,690 2.490 2,080 [P TL] S5+480 31,589
1956 2+330 1. 570 1¢460 2.870E 2,300 11.030 6.510 5+620 8,510 T.040 44100 3,NeNE
1957 24280E 1+ 850E 1.630E 5.970 11,000 6,030 2.99) 4,200 64360 64630 Aeh3n 54127E
1958 44,120E 2760 2.270 44510 74620 64959 6+683  he %90 6,970 Bel4an 54520 1.351F
1959 2.070 1. 560 1.340 3.570E 124220 94160 44190 44780 T.020 T+400 8,720 4493°E
19&0 2.690E 2+ 400E 2+120E 5:61CE 254606 9,610 10.500 9,110 64129 4y N80 45230 3,749
1961 2+ 250 L« 620€ 1+&70E 3,560E 13.500 7.390 3.900 3.470 64 720 64 M50 5,220 %4527
1962 2.800E 24 220K 1.790E 3.060¢ 14,300 24140 3,200 2+.180 2. 750 31,250 2+6470 1+.871
1963 1.370 1. 160 1+120€ 3,330E 9,530 64120 7.5859 T.710 54350 3.300 44290 3450"E
1964 2.320 1+ 540 1.730 6.660 13.800 9,120 64630 - -- -- - -
1965 2.560 1. 770 1.400 1.620 16,200 8450 4. 350E 9,380 0.870 1. 799 5,931 3461)

192
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Table 2.4
Riviére Bell
-
DEbits moyens mensuels
JANvIER | rdvmizn MARS AVRIL Ay JuiN JUILLET AS(T  |sErTEmenE] OCTOBRE | NOVEMBREL| DECEMBAE
1514 - -— — — — -— -— —_— — 202 L TY %1%
1518 123 0y 204 7148 2,980 14920 1,080 539 s01 1,090 14000 LI
1918 234 208 Lel20 4,010 2130 053 aCs 487 1000 14040
1517 23 432 7 2,880 3,080 2,260 1a440 1:2%0 1+210 873
1518 434 e 123 2,530 2.5%0 1s 940 1,240 1,300 1960 1,280
151 e 211 " 3,950 2,950 [T} 1,240 24450 Ly420 954
1sde loi_ 293 1e420 2,410 1e430 04 54l 601 478 ‘653
1521 H N 289 2,000 3,400 Ly150 s 1,000 1,920 14280 73
1122 180 190e 1,1908 3,100 1.810 1,980 1,319 1,090 1,320 TIAE
1523 14k 291e 192 2,4808 14400 787 752 833 174 b642E
1524 anve 3948 asaE | T2,708 2.9608 1470 1,540 14400 1730 1,100€
523 L SAGE 1.110€ 24750 24400 1.810 583 238 860 783
1524 559 431 382 2,930 3,030 1,870 823 593 1:1%0 1:220
1927 53¢ At [TH 2,190 2,080 1340 38 1,290 1e3an 958
142¢ 48 420 112 4,750 3,970 2,420 1,730 2,510 2,480 14250
s ({1 409 [ 3,020 2,180 25450 1100 1s310 1,370 95
1839 5 43 T44 2.9% 2,960 2.4%0 1.210 1,000 850 713
1531 318 31 708 1s480 1,320 79% 530 882 1,030 LITY
1532 Sis 188 ses 14420 1,350 1,800 144350 3,760 2:870 1170
1533 A 52l 14540 3,170 1,970 §50 29 558 175 611
1534 e 303 24 2,910 1,950 L4800 210 144%0 1,080 a%s
1828 462 asl 28 »58 1,630 14320 1,220 s21 512 986 Led20 981
153¢ 557 3s2 365 577 3,170 2,750 1.270 1.120 %8s 14960 1,850 14059
1537 7% acl a8l 830 2,420 15650 934 821 %) 1420 1,956 1,290
1538 742 295 Sa2 Le72¢ 3,120 1a440 1.130 1,570 1,650 1s2%0 1:180 934
1538 121 (1] 435 s18 ] | 2.8% 2,570 1,730 1,080 730 Ly150 1.37C 937
1940 26 425 33 457 2,340 2,510 13690 32 1:210 922 339 - 8T8
1541 a7l 547 e 1,380 2,310 15140 12080 1,160 2.120 2,420 2,490 1840
1542 104 456 ea2 1:130 24350 1,650 937 851 412 L 912 741
1543 516 4al 323 420 2,080 2,530 1,540 974 1,230 1,0%0 1,050 117
1544 223 172 ETY] 379 2170 1340 870 788 613 746 B48 706
1542 458 332 472 1.910 1+840 1,850 951 738 sor 1+100 1e420 8ns
1548 551 433 513 le180 1:9%0 1,680 1,120 955 938 823 933 872
1547 54 457 3T 820 3,306 4,860 14670 857 598 730 545 445
1542 311 278 232 860 2,070 La34C e 881 599 413 807 847
1549 530 480 412 14270 2,980 2,250 1,380 753 752 758 1258 826
155¢ 513 523 414 137 1:600 1,159 377 04 758 857
1541 588 3 338 14950 14330 1,130 707 1.330 1,3%0 1,540
1952 56l 354 ass 1.080 2,090 1,500 1+170 1,020 950 14140
1533 [TT 87 131 2,480 1+100 654 438 514 582 695
1554 214 450 12 1,07¢ 24320 2,520 1+%00 1:1%0 12850 1,930 1,340
1838 ’"ns 401 524 14330 1:880 1,240 800 518 a0 882 1,310 1,970
1556 [T 504 418 7080 2,450 2,290 1,380 12442 1,350 1,380 1,010 875
1537 (T%) 87 149 s19 14510 1,210 1,530 948 1s1%0 14270 14640 14370
1552 1,020 411 493 9 14320 15290 1250 (20 fedee Lobac 1,410 91s
1539 2 ATy s 1 25440 Li2e0 1,020 e lelao 1,210 15350 15170
1540 (11} 93 583 Lello $,%20 2s220 2,370 2,0%0 1:360 LEl 893 (T}
%81 s 52 344 17 1810 1,700 1,080 781 1W120 15240 1,070 15240
ane 555 4l nr 2,000 14340 730 452 574 339 40 394
'} s 215 251 s 14340 1:310 1440 a0 1.240 T8l 194 807
1564 54l 4N 374 LeloCE 243002 1,900 1130 (Y 126 (T3] TA2E 879
1549 A54E S48 20 ADSE 2.9% 2,080 L3 1,93 2,120 2,480 1,500 1,040
1568 ) s22 T ) 2,010 1,870 1e840 1310 1400 14500 24209
1547 1els0 788 236 1s210 2e2%0 1,320 732 Sia 1210 2,010 1480
1540 e 530 als 1,680 Le230E 1:320 tedle 1,010 LelioE 1s130 854
-




2.63

2.5.1 A Hydrological Example of a Transfer Function Model with

Multiple Input and Output

In this section we give an application of the methods of
transfer function estimation for systems with multiple input and
output. The data for this example are the levels of four
ground water wells Lis Ly, L4' L5 given in Table 2,12 p.2.76 and shown in
Figure 2.19.The purpose of the study is to express the two lower

levels L, and Ly in terms of the upper levels L, and L,. (Isbister 1966)

An examination of Figure 2.19 shows that the fluctuations

of the upper wells L1 and L2 lead the corresponding fluctuations
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of the lower wells I..4 and L5 and therefore we may consider the

system shown in Figure 2.20.

AT Il g R :
T o L S
2 5 2 ==
L
3 oid "
lﬁs
L, —»
2
FIGURE 2.20 FIGURE 2.21

Before analyzing the multivariate system of Figure 2.20 we shall
study the elementary properties and the statistical relationships
of the four variables. The results of the preliminary computations
are given in Teble 2.5 which shows that the multiple regressions
with Ll and Lz reduce the standard deviations of the lower

levels L4 and L5 from 1.81 ft. and 1.78 ft. to 0.771 ft. and
0.983 ft. respectively. However, the residuals of both
regressions are not random and therefore the relaticnships
between the two pairs of levels must be analyzed using transfer
function methods, the first step of which is the identification
and estimation of univariate models for the four ground water
series. The results of these computations are shown in Table 3
which shows that all fitted models are of the integrated moving
average type and the standard deviations of the residuals are
substantially smaller tnan the standard deviations of the

original variables.
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TABLE 2.5

STATISTICAL PROPERTIES OF GROUNDWATER VARIABLES

VARTABLES STATISTICAL PROPERTIES
LEVEL L, | MEAN = 13.64 ft; S. DEVIATION = 1.65 ft
¥s 51.94 1.69
L, 105.62 1.81
1 181.58 1.78
L, L, By e
|
CORRELATION L 1 1.00 0.719 | 0.280 | 0.117 | |
W e MATRIX i
1772274775 L 1.00 0.800 | 0.661
L, 1.00 0.949
r
L 1.00 |
MULTIPLE REGRESSION (L;, L,) + L,
(LysLyYs Ly R =0.907, r, ,=-0.711, r,, . =0.898
34.12 = 0,771 ft

(LysLy), Ly

MULTIPLE REGRESSION (Ll’ LZ) L

5

R = 0.839, r51.2 = ~-0.687, r52.1 = 0.836

s 0.983 ft.

$a% "




One way of dealing with the multiple input and output
system of Fig.2.20 would be to consider the two systems shown in
Fig.2.21 following the procedure described in section 2.3.1.

In this example we shall use the canonical correlation method of
section 2.3.2 which takes into account the multivariate nature

of the system of Figure 2.20.

The canonical transformation can be applied either to
the residuals of the univariate models or to the original
variables. In this example we follow the second approach.

Ehe results of the canonical correlation computations are shown
in Table 27together with the results of the regressions between
the pairs of variables (51, 54) and (52, Es). The pairs of

cancnical variables (El, 54) and (52, 55) are plotted in
Figs.2.22 & 2.23. An examination of these figures shows that
the first pair of canonical variables tends to represent the
long-term fluctuations of water supply whereas the second pair
represents the seasonal variations. Consequently the canonical
transformation of the original variables is useful not only
because it simplifies the transfer function computations but
also because it contributes to the understanding of the
fluctuations of the groundwater levels. The next two steps
are the estimation of the univariate models of the canonical

variables El’ Ez, 54, E and the estimation of the transfer

5
functions of the two pairs of canonical variables. The fitted

univariate models and the transfer functions are shown in
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Tables 2.8 and 2.9 respectively. The standard deviations of the
residuals shown in Table 2.9 indicate that the transfer function
model between El and 54 is only a slight improvement over the
univariate model of EA given in Table 2.7, whereas the coefficients
of the transfer function model between €, and £, are not

significant.

An examination of Figuce 2.19 shows that the random
fluctuations of groundwater levels in this example are
'relatively small. This suggests that the problem could also
be approached from the point of view of deterministic transfer
function estimation or equivalently deterministic deconvolution.
It is well known that in the presence of noise, it is preferable
to use the least squares version of deconvolution, which can be

described briefly as follows:

Consider a linear system with input x' = (xl, s xm)'
and impulse response v' = (vl, ey vn) where m > ntl. The
output y is given by the matrix equation

5 Al

where x is the following (m + n - 1) x (n) matrix.



TABLE 2.6

UNIVARIATE MODELLING OF WATER LEVEL SERIES

2.68

MODEL STANDARD
VARIABLE gg" IATION
TYPE EQUATION RESIDUALS
L ERASO) Rk e ™ By v 1t e, +0.274a ; - 0.316a | 0.712 ft
=y - ft
L, IMA(L) Lye = Ly(e-1) * 8 + 0.480a 0.437
= - ?—
L, IMA(2) | L, Ly(e-1y + 3 +0.371a 0.320 ft
| - a % 0.386 £
LS IMA(1) LSt S(t 1y ta, 0.166a -1 t
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TABLE 2.7

RESULTS OF CANONICAL CORRELATION

CANONICAL STANDARD CANONICAL
VARIABLE EQUATION MEAN DEVIATION CORRELATION
£ -0.367021 + 0.8529z, 0 0.640
0.916
54 0.944?24 - 0.327825 0 0.640
&2 ~0.31292; + 0.1309z, 0 0.237
0.452
55 -0.668224 + 0.744025 0 0.237
NOTE: Z p/ Z., Za are standardized variables given

2° 3

by the formula



TABLE 2.8

TRANSFER FUNCTION MODELLING OF CANONICAL VARIABLES

2.70

B0L50 DEVIATION
VARIABLES oF
TYPE EQUATION RESIDUALS
A IHAGG) | &, = 1(: -1y 8, t0.241a 0.019
FIRST DIFFERENCES 0.020
£, MA(6) | &, = 2(t 1 *a *+0.241a . 0.012
FIRST DIFFERENCES 0.013
5 IMAG2) | &, = Cace-1) T 8 *0.311a , 0.015
FIRST DIFFERENCES 0.016
¥ IMA(2) | &5, = 5(:—1) +a +0.310a_, 0.014

FIRST DIFFERENCES

0.015




TABLE 2.9

TRANSFER FUNCTION MODELLING OF CANONICAL VARIABLES

STANDARD
DEVIATION
VARIABLES MODEL OF
RESIDUALS
A = A A
5y &g Syp = 0-5598E, o + 0.2418E
A
+ 0.187 El(t-l) B a
+1.365a ) +0.45la_, 0.013
FIRST DIFFERENCE ﬁga 0.016
EZ’ ES (TRANSFER FUNCTION COEFFICIENTS
NOT SIGNIFICANT)
FIRST DIFFERENCE 0.015

2.9



DETERMINISTIC TRANSFER FUNCTION (DECONVOLUTION)

TABLE 2.10

LAG IMPULSE
OF RESPONSE t VALUE
L WEIGHT
4
0 -0.211 -2.88
: | 0.043 0.40
2 0.213 2.04
3 0.056 0.54
4 0.187 1.86
Lt 0.189 1.93
6 0.083 0.87
7 0.174 1.81
8 0.152 1.53
9 0.179 1.70
10 0.080 0.75
11 0.006 0.06
12 0.091 0.82
13 0.273 3473
MULTIPLE
CORRELATION
COEFFICIENT R 0.986
STANDARD
DEVIATION
OF RESIDUALS 0.317 fr

LT

2:72
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TABLE 2.11

ANALYSIS OF GROUNDWATER LEVEL L&

SOURCE SUM RATIO
OF ' STANDARD OF TO

ANALYSIS ) VARTIATION DEVIATION| SQUARES| INITIAL
SS SS

Original observations [1.81 ft [222.00 | 1.000

First differences 178.50 | 0.804
Univariate

Univariate model 215.10 0.966

Residuals 0.32 6.90 0.034
Deterministic Original observations |[1.81 222.00 | 1.000
transfer Transfer function 215.10 0.966

function Residuals 0.32 0.034




xl 0 0 0

x2 xl 0 0

: xz xl 0

X = : : xz xl

X : : x2

0 %X g :

m

0 0 X :
m

0 0 0 X

m

The transfer function or impulse response weights are given by the

equation

v = (x'x)"t x'y

i.e they are the multiple regression coefficients of the output v
on the "independent variables" given by the columns of the

matrix x.

This method was applied to the relation between Ll and
L4 and the results are shown in Tables 7 and 8. The latter
table also shows the results of the univariate modelling of the
water level L4. The final results of the computations are also
displayed in Figure 6 which shows the decomposition of the sum
of squares of the variable L4 according to the methcd described
in section 2.4.1. This figure indicates that the analysis of

L4 can proceed in two different ways:



(1) Univariate modelling

Taking the first differences AL4 reduces the sum of

squares to 19.6%Z of the original value. The univariate model

of AL4 reduces the sum of squares to 3.4% of the original value

but it is not very useful for forecasting. Moreover, the small

size of the sum of squares indicates that we are near the base

of the SS-triangle of section 2.4.1 and therefore it is

appropriate to estimate the impulse response weights of the

system by deterministic methods.

(2) Deterministic deconvolution

The results of this computation are shown in Table 2,10

& Fig. 2.24 which indicate a further slight reduction in the

sum of squares of residuals.

The various approaches examined in this example lead

to the following conclusions:

1.

The boundaries between the stochastic and deterministic
methodologies for transfer function estimation are

not well defined.

The choice between univariate and transfer function
modelling depends on the relative importance of
understanding the nature of the series or forecasting

its future.



1 5
Year 1 L Ly = b
14,600 54.600 85,700 | 107,400 | 132,700
13,500 54,200 85.300 | 107.400 | 1832.%00
12.800 53.400 85.600 | 107.603 | 183.7n0
12.300 52,500 84,800 | 106.900 | 183.100
11.800 52,200 24,200 | 106.800 | 183.000
1948 11.800 51.900 33.500 | 106.400 | 182.700
11.500 51.200 33.300 | 106.000 | 182,500
12.100 51.800 83,000 | 105.600 | 1£2.200
13.100 51.800 82,900 | 125,200 | 181.500
12.900 51.700 83.100 | 104.900 | 181.400
14.100 51.900 §3.200 | 104.500 | 181.300
18,200 52.000 83.300 | 105.100 | 180.800
12.100 51.200 83,400 | 104,600 | 1230.300
11,200 50,400 82,800 | 104,600 | 181,100
11.300 50,000 g82.600 | 104,300 | 180.700
11,400 49,700 82.400 | 104,500 | 180.500
11.300 55,500 g1.800 | 104,100 | 180.2800
1949 12,400 49,800 1,700 | 103,600 | 14u.600
13,100 50.200 81,600 | 103,400 | 181,260
13.700 50.600 81.700 | 103.000 | 180.000
14,200 50,800 82,000 | 103.100 | 179.600
14,800 51.000 82.300 | 103,000 | 179,500
15.400 51,300 32.500 | 103,100 | 179.100
15.700 51.500 g3.000 | 103.500 | 179,100
16.000 52,100 83,400 | 103,900 | 179,400
14,600 52,500 83,700 | 104,200 | 179,800
14,700 52,600 84,000 | 104,700 | 179,300
15.200 52.700 84,400 | 105,100 | 130,200
15.200 53.000 84,800 | 105.600 | 18vu.400
14.700 53.300 85.000 | 105.900 | 180.800
1950 15,300 53,7C0 85,200 | 106.400 | 181.200
15.200 53.700 85.300 | 106.300 | 181.400
15.500 53,600 85,400 | 106,800 | 181,600
16.200 53,800 85.500 | 106.800 | 182,200
16,500 54,000 85.800 | 107,300 | 182.700
16,600 54,100 86.000 | 107.400 | 183,000
16.300 54,400 86,300 | 108,100 | 183,100
15,000 54,200 86.600 | 105,200 | 183.200
14,500 53,800 86,200 | 108,300 | 184,200
13.800 53,000 8G.100 | 108,300 ! 184.300
14,000 52,900 85.500 | 108,000 | 184,400
1951 14,400 53,200 85,300 | 107.900 | 184,300
14,800 53,800 85.300 | 107.700 | 184,100
15,200 54,200 85,500 | 107.600 | 183,900
16,000 54,700 85.700 ! 107,500 | 183.700
16.400 54,500 86,000 | 107.800 [ 183,700
15.600 54,300 86,200 | 107.900 | 183.500
15,500 54,000 8G.300 | 107.7v0 | 183.700
13,700 53,700 86,100 | 108,200 | 183.800
13,500 53.300 86.000 | 108,000 | 184,000
12,800 52,600 85.600 | 107.700 | 184,000
12,900 52,400 85.200 | 107.700 | 183.800
12,300 51.600 84,800 | 107.400 | 183.800
11,000 50,400 84,200 | 106.900 | 183.400
1952 12.100 50,700 83,200 | 106,500 | 183,100
12,200 50.900 2,900 | 105,600 | 182,500
13.000 50,900 82,700 | 105,409 | 182,000
13.900 51.000 82.700 | 104,500 | 181.000
14,600 51,100 £€2.700 | 104,300 | 180,500
14,300 51.200 83.000 | 104,500 | 180.400
13,700 51.600 83,700 | 104,800 | 180.400
13,300 51.600 83,700 | 104,500 | 180,100
10,800 50,700 83.600 | 104,500 | 180,300
10,000 48,300 82,900 | 104,800 | 180.400
10.500 48.600 82,000 | 104.100 | 180.200
11.000 49,000 81.000 | 103.600 { 179,900
1953 12,000 49,200 21.000 | 103.300 | 179.600
12,100 49,600 81.000 | 103.000 | 179,400
13,200 49,900 81,300 | 102,700 | 179.000
13.800 49,800 81,100 | 102.500 | 178.4C0
14,100 49,800 81,500 | 102.6c0 | 178.300
13,000 49,500 82,000 | 102,700 | 178,400

TABLE 1.

GROUNDWATER LEVELS
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Estimation of ARIMA Models
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Appendix 2,1

Estimation of ARTMA models

The first step in fitting an ARIMA model to a time
series is to identify the process using the correlogram
of the observations. The next step is to estimate the
parameters of the process using iterative least squares, in
the following'way:

Consider the ARIMA process
2.40)y, = 47, + a, - 08,1

where we assume E(yt) =0
For a given choice of ¢ = ¢° and 9 = Bo

we can compute the residuals a, recursively:
(2.41) at(¢o, Go) = at,o =¥ ¢°yt_1 4 Bo at-l,o

The optimal values of the parameters ¢, © are estimated
by minimising the sum of squares E a: (Fig.2.25) .These optimal
values can also be chtained by the following iterative
computation:
Step 1  Expand a = f(¢, 8) in a Taylor series about its

value at the point (¢o. ao) retaining only linear terms:

|, %3,
2.42)a, = 8, o + =4)G— )+ (8 - 0 )( m—)
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This equation can be written

3at 3at=
(2.43) 8 - (¢“¢o)(‘ 33—') + (6 - ﬁo)(- 33—9 +a,

Consequently, to minimise Ea: we regress a,  on
»

da
3at

c -
(- 3o gy yt—l and (- 33—-) = -3 so the equation becomes:

t-1,0

(2.44) at'o = (¢ - 60) (—at_l'o) G 2 (B—GO)Yt_l + at

L]

The new values are ¢, = ¢° - (¢~¢o) and 81 = 90 + (B—Bo), where

(¢-¢o). (8-90) are the regression coefficients of the above
equation.

Step 2 Repeat the calculation with the adjusted values ¢1,
and 81 and proceed with further s iterations until the

corrections (¢—¢3), (Bnes) remain below a preassigned level,

2
%at (¢9B)

_ OPTIMAL VALUES
(¢,8)

CORRESPONDING TO

min Eai (4,0)

1F

FIGURE 2.25
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Appendix 2.2

An Outline of Canonical Correlation

Assume that we have n simultaneous observations of two
sets of variables (ul, uz) and (ui, ui) and we are interested in
the relationship between the two sets. For example we may have
a new pair of values of the variables (ul, uz) and we want to
estimate the corresponding values of the variables (ui, ué).
Figs. 2.26 and 2.27 show the two scatter diagrams in the

planes (ul, uz) and (ui, ui) with the corresponding points

labelled with the serial numbers of the observations.

An examination of these figures shows that the two
patterns of n points are similar but they have different
orientations. Given an additional (n + ].)':h point in the
plane (ul, uz), we expect intuitively that the corresponding
(n + 1)th point in the plane (ui, ui) will have a position
within the pattern of Fig.2.27 that resembles the position of
the (n + l)th point in the plane (ul, uz). It is however
difficult to predict the coordinates (ui, ué) of this point from
the corresponding coordinates (“1’ uz), due to the different

orientations of the patterns of points in the two planes.

One way to avoid this difficulty is to select two new

pairs of coordinates (El. 52). (Ei. Ei) which will make the



similarity of the two pattems more apparent. Figures 2,28 and

2.29 show two new pairs of coordinates that seem to satisfy this

requirement,re-oriented so as to make the similarity of the two
patterns more obviocus. Given the position of the (n + I)th
point in the plane (51, 52), it is now easier to estimate the

position of the corresponding point in the plane (£i, Ei).

‘ The problem of defining mathematically the desirable
properties of the two new pairs of coordinates and of determining
the coefficients of the corresponding linear transformations was
formulated and solved by Hotelling (1935) who called the new
variables (El. 52), (Ei, 55) "canonical variables" and the method

"canonical correlation".

Assume that we have a set of p variables (ul, »aieeis up)
and a second set of q variables (ui, P u&) where p > q. We

want to estimate the coefficients of the equations

(2045) Ei = ail u1+...+a1p llp ihl' 2’ ey p
(2.46) Ei = ail ui * o b aiq o 1®1, 2, ooy 4

from the following set of conditions (Kendall 1961):



1. All ¢ and &' have zero mean and unit variance.

2. Any Ei is independent of any Ej and any Ei is independent

of any g where 1 # j.

i

3. The correlation coefficients between any Ei and any £! are

i

zero except for q correlations rl, seves rq between the pairs

(&5 si). (€ys £ «enn. (aq. -f.gl).

The computation of the coefficients of Ei and Ei is based on the

partitioned correlation matrix of the original varisbles.

o R12

(2.47) R=

where:

R11 = Intercorrelations among the p variables uy

312 = Intercorrelations between the variables in the first

and second sets

R21 = Transpose of R12

R,, = Intercorrelations among the q variables ui
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The computation of the coefficients of the canonical variables
Ei and Ei starts by finding the characteristic roots

-1 =3
11. e lq of the (q x q) matrix R22 R21 Rll Rl2 i.e. by

solving the equation

-1
(2.48) [322 Ryy Ryg Ry, - AIf =0

The coefficients ail, by aiq of equation2.46 for 1 = 1, 2, ..., q

are the corresponding characteristic vectors of R and are computed

by solving the fellowing system of homogenecous equations

-1 -1
(2.49) oz Fa1 B1g Bp =MD 8 =0
< Y
subject to the normalising conditions I ai = 1.
i=1

The corresponding coefficients Aiqs weee aip of equation (2.45), for

i=1, 2, ..., q are computed from the equation

1 _1 []
(2.50) a, e (R;7 Ry, )
1 2
where again I a, = 1
i=1

The square root of the largest characteristic root A max
can be interpreted as the maximum possible correlation between any
two linear combinations of the two sets of variables (ul, uz) and
(ui, ué). The following numerical example will clarify the

concepts of canonical correlation.



The values of the variables (ul, uz), (ui, ui) are
shown in table 2.13and the standardised values of these variables

and the canonical variables (51. 52), (€', E') are given in

tables 2.14 and 2.15.

TABLE 2.13

' "

2 POint ul uz ul I.lz

1 4 7 8 11

2 6 9 11 10

3 9 9 12 8

4 11 12 15 7

5 14 13 i7 5

9 11 7 10 6

: 4 3 4 10
fsn 7.50 7.40 9.60 8.50

Standard

Deviation | 278 3.34 4.30 2.27

2.86



Point

0001
0002
0003
voos
0005
0006
0007
0008
0009
0010

Point

0001
0002
0003
0004
0005
0006
0007
0008
0009
0010

-0.,926
=-0.397
0.397
0.926
1.720
0.926
0.132
-0,397
~0,926
"1.“55

%1

-0.380
0.233
0.482
1.317
1.789
0.201

=0.495

-0.610

2 N

*1:2%5

TABLE 2.14

-0.120
0.47S
0.479
1.377
1.677

""'0- 120

-0.719

-0.651

~1:317

-1.018

TABLE 2,15

-Ot 387
0,317
0.561
1.265
1.742
0.108

-0.363

-0.608

=Ts301

«1+323

-0.372
0.326
0.558
1.256
1.721
0.093

=0.372

-0.605

-1,302

-1.302

1.296
1.318
0.059
0.510
-0,317
=1.€41
-1.242
=0.306
"0. u‘25
0.844

2

1.101
0.661
-0,220
-0.661
-1.542
-1.101
-0.661
0.220
0.661
1.542

u

1.223
1.341
0.290
0.407
-0.385
-1.530
=1,391
-0.342
-0,459
0.847

2‘
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3. REGRESSION WITH STOCHASTIC CONSTRAINTS
(MIXED REGRESSION)

The method of mixed regression deals with the following
problem: - - Given n observations of k independent variables
Ky eeees xkland Fhe corresponding n observations of the dependent
variable y, estimate the parameters bo’ bl’ San bk of the multiple

regression equation (Main regression):

y = bo + blxl et bkxk + e

where e is a2 disturbance term, assuming that the coefficients
bo’ bl, e bk satisfy the following equation (stochastic

constraint):

W= b0 g i blz1 + aee bkzk + v

where zl, # zk and W are sets of q observations of the k

independent variables Zis 7y and the dependent varizble W and v

is a disturbance term.
This situation could arise e.g. when two separate sets of
observations on the dependent and of the dependent variable W and v
available and we want to obtain a combined estimate of the regression
coefficients and to assess the significance of each set of data
for the combined regression. The method was introduced by Theil

(1963) and is also summarizeéd in Theil (1971) and Johnston (1972).

| In order to make the presentation self-contained and to clarify
the notation, we begin by formulating the multiple linear regression
model:

3l Y. bo + blxli o RPUPRRGEC - bkxki + éi

where 1 = 1, 2, ..., n = number of observations and the following

assumptions are made about the disturbance term e.
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(2) E(ey) =0
(3) Var(ei) =(12 for all i
(4) Cov(ei, ej) =0 for 1 ¢ 4§

The above assumptions mean that the disturbance term e is a random
variable with mean zero, constant variancec!z and no autocorrelation.
In dealing with many variables, it is more convenient to write
the equations in matrix notation and therefore we ghall use the following

matrix formulation of the above multiple linear regression model:
(5) y=Xb+e
where X is a n x k (k + 1) matrix of observations on the k

. independent variables and the first column of X consists of 1's.

The assumptions about the disturbance term e can now be wvritten:
(6) E(e) =0

(7) E(ee’) =01

where::z is an unknown positive parameter and I is the Unit matrix.
The vector b of the regression coefficients is given by:

® b= @0 xYy

The variance of the residuals and the covariance matrix of

the vector b are given respectively by:

(9) 8% a 1 (y'y - b'X"Xb)

o S e S |
and
. 2 S |

(10) V = E(bb") = Ge (X'n)
The assumptions (3) and (4) of the linear regression model i.e. that
the disturbances have the same variance and are uncorrelated are
not always realistic. When these assumptions are not satisfied we
use Aitken's Generalised least squares model (Aitken (1935), (Theil 1971))
in which it is assumed that the variance of the disturbances may vary
for different observations and that the disturbances may be autocor-

related. Under Aitken's modified assumptions the problem can be

stated as follows:



e U
w

The regression equation is

(3.11) y=Xb + e

where the assumptions about the disturbance term e can be written:
(3.12) E(e) = 0

(3.13) E(ee’) = o’y

where 02 is an unknown positive parameter and V is a known
symmetric positive definite matrix whose trace is equal to n.

. The following formulas (3.14), (3.15), and (3.16) give respectively
the vector b of the regression coefficients, the covariance matrix
V(b) of this vector(3.14)and the variance o2 of the residuals e.
(3.14)b = (x*v ix)~lxwvly
(3.15)E(bb") =62 @'V 1ix)™L = v(p)
where

(3.16)62 = L__ (- %) Lty - xv)
n - -

Using the notation of generalised regression we can now give the
solution of the problem of constrained (mixed) regression as
stated above.

Given n sets of observations we want to estimate the regression

vector b in the equation

(3.17) y = Xb + e  (Main regression)
where the assumptions about e are given by equations (18) and (19)
(3.18) E(e) = 0
2 -
' =
(3.19) E(ee’) =gV
The vector b of the regression coefficients must also satisfy the

q constraints (3.20) where the assumptions about the disturbance

term v are given by equations (3.21) and (3.22).



(3.21) E(v) =0
2
' -
(3.22) E@v') o, Vc
The combined estimator bﬂ of the regression vector and its

covariance matrix are given by equations (23) and (24) respectively

' T -1
(3.23) Mol xylxe 1 01, R S T
gt T W Yl c 2 m 2 c
n (o] e g
m c
- L
: -1
(3624) ' l [} “1 1 ' -1
= E(i = v
V(b,) = E(b,by) p X'V_" X + - 2'V " Z
m c

The variance of the disturbances of the combined equation is

; 3 -1 2 -1
given by: 2 _ 1 (Y-an)'vm (y—XbM)+(w—ZbM)'.om.Vc (W-ZbM)
n+q=-k~-1 2
o

(3.25)

The above formulas are rather complicated and do not show
directly the contributions of the main equation and of the constraints
" to the combined estimator by, In order to clarify this point we
!
shall now derive a relation between by and the two estimates bm and
bc of the regression vector, based separately on the main regression
and on the constraints. Consider first the Main Regression (3.17) and
apply the formula (3.14)of generalised regression. We cbtain the
estimate b_:
m
(3.26) b= X'v1x y L gyl y and therefore
m m ‘‘m
'2 l‘ -1 = 1 -1
(3.27) x'v_ X)bm X'v "y

The covariance matrix of bm is:

= ¥ = 2 J -1
(3.28) V(bm) E (bmbm ) o2 (X‘Vm X) and therefore

(3.29) L ®vlx - v )

g-.
\2 m

Applying the same formula (3.14)to the comstraints we obtain

the estimate bc:

(3.30) bc = (va;l Z)-1 z' Vglw and therefore

(3.31) v iy =29yl
C = c
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The covariance matrix of bc 18:
= SRy - 2 -1_.-1
(3.32) V(bc) E(bcbc ) 4 (Z"Vc Z) and therefore

(3,33 1 -l - vl
= (z‘vc 2) =V

From thg above equations we have

)

o -—1 i 1 ' _1
(3.34) V (bm)bm T X Vm y and

g
m

—1 - 1 (] -'1
(3.35) V (bc)bc - i

a
[

A

Using the equations (3.28), (3.32),(3.33), (3.34), & (3.35) we write the

combined estimator bM as follows:

-1
(3.36) by = [v‘l(b ) + v b )] : l}‘l(b )by + V(b ) b

The covariance matrix of the estimator bH can be written:

——— .
A
?

-1
(337)V(b)-E(bx.b)= vl(b)H, (b)] <8
L

Formulas (36) and (37) can be interpreted is thg'following way:

The combined regression coefficient vector bH’ based on the
information contained in both the main regression and the constraints
is a "weighted average” of the individual vectors bm and bc where
the weights are the inverses of the covariance matrices of these
coefficients. It is easier to interpret this result intuitively
by writing formulas (3.36) and (3.37) for the case of simple regression

where we obtain:

1 b 1§ b
5 P 3 = 2 s €
T o (bm) o (bc)
(3.38) Py 1 1

+
az(bm) az(bc)

(3.39) () =—3 L

2 2
o (bm) o (bc)
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Formulas (3.37) and (3.38) show that bH is a weighted average of
bm and bc and the weights are the reciprocals of the variances.
02(bm) and cz(bc) of b and b_.

It is to be noted that formulas (3.38) and (3.39) are identical to
the formulas in Bayesian analysis giving the posterior regression
coefficient as a combination of the prior and the sample regression
coefficients in the cast of normal prior and sampling distributions.
The method of constrained regression and the réaulting combination
of the information contained in the main regression and in the
constraints should be used only if the two sets of data are
compatible. Theil (1971) gives the following compatibility test.
Under the null hypothesis that the data of the main regression and
the constraint come from the same multivariate population, the
statistic

. e =1
(3.40) Q = (w - zbm)' ,;iz (X’V]m X) 1‘:' + 02

c Vc (w - zbm)

-

follows the chi-square distribution with q degrees of freedom.
Assuming that the two sets of data are compatible, we can

compute as follows the contributions em and Oc of the main regression

and the constraint respectively:

(3.41) o - % tr [v—l(bm) .v(buﬂ

-1
tr [V (bc) . V(bH)]

In the case of one independent variable we have

(3.42) g'c w ] - em =

o

1 1""
o2(b ) 2
(3'43) 6 v m ; (¢] (bc)
m 1 A 1 ec = i i :
+ -

2
o (bm) cz(bc) cz(bm) oz(bc)
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A slight modification of the formula for the mixed regression

coefficient bH for one independent variable shows clearly the

factors which influence the weights of bm and bc' We have:

SEL U S 0 e

. b

2 m 2 c
g (b ) b
SRR B o &)
M S 7
2 3
o (bm) o (bc)

and by substituting the value of the standard deviations of the

regression coefficients given by the formulas
2 oy

o c

2 - m 2
(3.45) o%(b ) = (b =
o® (%) (u-2) g 6% () (a-2)

e

We obtain:

£ 2
@2).2® b+ (-2 % P .
o gk 0 e ¥
@ 4]

'3.46) m : c

bH =

2 2
(n-2)* o 2P 4 (=2) e (D
°2m a2,
This formula shows that the relative contributions of bm and bc

are proportional to the respective variances of the independent
variables in the main regression and the constraint

and inversely proportional to the standard errors of estimate

of the two regressions. The corresponding formulas for the contributions

em and ec of the main regression and the constraint are:

2
3.47 e B s
47) o b E
m ol (%) o* (%)
(n-2) — + {q-2) -_g._._._
a- g
m c
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Errors of observations

If the dependent variables y and w of the main regression and
the constraints are observed with errors which have variances
Ug(Y)and Ug(w) respectively, the total variances of the estimated
values of the dependent variables y and w are:

(3.48)  02(y) = o2 + g2(y)
(3.49)  o2(w) = o2 + o2 (w)

The above formulas are based on the assumption that the errors
of observation are independent of the disturbance terms of the
regressions.

' In the case of errors of observation, we must substitute

02(y) and o2(w) for oi and oi in equations (3.23),(3.24),(3.40),(3.41)

and (3.42),.
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4. APPLICATION OF MIXED REGRESSION TO THE ESTIMATION OF PRECIPITATION

AND RUNOFF FROM A MULTI-BASIN REGION

The methodology of mixed regression described in
section 3 will now be used for the estimation of the regional
distribution of p;ecipitation and runoff. An application to the
region of Gaspé in Quebec will be given at the end of the present
section.

The estimation of the regional distribution of
precipitation is particularly difficult in regions where the
meteorological stations are located mostly in inhabited areas
whereas a substantial part of the precipitation occurs in
ungauged, remote sub-basins. For example, in the case of the
Gaspé peninsula (Figures 4.1 and 4.2), the meteorological
stations are located mostly on the coast and therefore the data
are not representative of the meteorological conditions of the
interior regions where a large part of the flow originates. The
gauging stations are also located mainly in the coastal regions
but the recorded flows include the contributions of the interior

sub-basins whose precipitation is not observed.

The problem here is to use the information contained in
the flow measurements to improve the estimates of precipitation,
particularly in the interior basins. A solution of this problem
ie given in a paper by Solomon et al. (1968), where the authors

establish a square grid covering the area of study, which is
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used to store and retrieve information on the temperature,
precipitation, evaporation, runoff and physiographic

characteristics of the region.

More specifically the square grid is used in the
following way to correct iteratively the values of precipitation
taking into account the observed values of temperature and flow.
As a first step, the temperature, precipitation and runoff
values are regressed on several physiographic variables by a
Sstep-wise regression program. The runoff of the gauged basins
is then estimated by the quantity (P - E) where P is the
precipitation and E is the evapotranspiration given by Turc's

formula:

P
P 2 3
0.9 + (D9

E =

where: i
E = Mean annual evaporation in mm.
P = Mean annual precipitation in mm.

L = 300 + 25T + 0.05T3

T = Mean annual temperature °%

The next step is to compute the ratio k = i7€%?§ where

Q is the recorded runoff of the gauged basins. mm p.a. the computed

values of the coefficients k are then used to modify the

precipitation values for all squares of the grid in the gauged



basins and the regression on the physicgraphic variables is
repeated with the new precipitation values. This iterative
process stops when further changes in k remain below a
preassigned level and the regression equations are used to
compute the precipitation and runoff values for all squares

of the grid.

A detailed flow chart of the computations of the
iterative method is given on the left side of Table 4.1. The
successive steps of the computation are described by Solomon

et al (1968) and therefore only a brief summary will be given

here:

STEP 1. Step-wise regression of the mean annual temperature
on the physiographic variables for the m squares of the grid

which have meteorological stations.

STEP 2. Initial stepwise regression of the mean annual
precipitation on the physiographic variables for the m squares

of the grid which have meteorological stations.

STEP 3. Computation of the mean annual temperatures for all

squares of the grid based on the regression equation of Step 1.

STEP 4. Computation of the mean annual precipitation for all

squares of the grid based on the regression equation of Step 2.
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TABLE 4.1
ITERATIVE METHOD MIXED REGRESSION METHOD
[=) =
& z | & s z | &
=3 o = = S =
w o 5 175 ] w 5..
2 13|58 285
By EQUATION = g | & = EQUATION = E &
= (= a o [ =g B (=]
w0 w o v v =4 &)
1 T = £(G) n Y 1
2 50 = £(0) m / 2 AS IN
3 T = £(G) ALL Y 3 ITERATIVE
4 P, = £(8) ALL / 4 METHOD
5 E ALL v/ 5
6 Qo = §o_ E B v 6 v
7 k = q/q B Y " UNDER THE
STOCHASTIC
CONSTRAINTS
8 P o= b % P.-E)=
P, = kQ+E L(P,-E)=Q,+ v
B
1
9 ‘!;1 = £(G) cmtb 4 . b
: , | |
% - -
e
§ - .
k‘ -
E s -~
10 P, = £(6) cmrtb v L(P - E)=Qtv
B
q
11 P, = £(0) ALL -8 7
AS IN
12 Ok ALL v 8
o : ITERATIVE
13 Q =£(G, S)| b v/ 9
METHOD
14 Q =£(, S)| aLL Y |l 10

QO B a »

ey

L}

TEMPERATURE; P = PRECIPITATION; Et = EVAPOTRANSPIRATION; Q = FLOW
PHYSIOGRAPHIC VARIABLES; S = SOIL VARIABLES

SQUARES OF MET. STATIONS; b = SQUARES IN GAUGED BASINS; B = GAUGED BASINS
10 = COEFFICIENT OF SQUARES CONTAINING METEOROLOGICAL STATIONS

= Precipitation estimated by regression




STEP 5. Computation of mean annual evaporation by Turc's
formula for all squares of the grid, using the values of mean

annual temperature and precipitation derived in Steps 3 and 4.

The above five steps constitute the first phase of
the computation and form the basis of the iterations of the

following Steps 6 to 10.

STEP 6. The mean annual runoff Qo of the gauged basins is
estimated as the difference between the precipitation %o and

L]

the mean annual evapotranspiration E.

STEP 7. Computation of the ratios k = %— for the gauged
o

basins where Q = observed runoff.

STEP 8. Computation of the corrected value ?'1 of the
precipitation of the b squares of the gauged basins as the
sum of the observed mean annual runoff and the estimated

evapotranspiration E. In equation form we have:

Py = Q#E s BQ +R

1
STEP 9. Stepwise regression between the precipitation ?1
estimated in Step 8 and the physiographic variables. The
regression is computed for the b squares of the gauged basins
and the m squares with meteorological stations. The number

of the latter squares is multiplied by c= 10 to give more

4.8
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weight to the observed precipitation. The iterative procedure

consists in using the precipitations ? estimated by the

1
regression equation to compute new values of the ratios k and
then to arrive at new corrected values ?2 of the precipitation

of the gauged basins, which is in turn regressed on the

physiographic variables,

STEP 10. The last regression equation after s iterations gives
the estimated precipitation ﬁs as a linear combination of the

physiographic variables.

STEP 11. Cowputation of the mean annual precipitation for all
squares of the grid on the basis of the multiple regression

equation of Step 10.
STEP 12. Computation of the runoff for all squares.

STEP 13. Regression of the runoff on the physiographic and

soil variables for the b squares of the gauged basins.

STEP 14. Computation of the runoff for all squares, based on

the regression equation of Step 13.

As mentioned earlier, the iterative procedure was used
to estimate the distribution of precipitation and runoff in the
Gaspé peninsula in Quebec. A detailed description of the data
for this application and a partial listing of the results of

iterative method are given in Appendices 4.1 and 4.2 respectively.



A summary of the computations of the iterative method is

given in Table 4.2. An examination of this table indicates the

following facts concerning the iterative method:

(1)

(2)

The subset of physiographic characteristics (Xz, X, xll’

xl&’ xlﬁ) selected in the final regression of precipitation

is similar to the subset of variables (X,, X_, xlﬁ’ x19)

selected in the regression of runoff and differs

10° X150 X190 Xp0)

selected in the initial precipitation regression

substantially from the variables (X?, X

(step 2).

The multiple correlation coefficient of the final
precipitation regression is very small because the iterative
process, due to the correction P1 =k Qo + E tends to choose
the physiographic variables that are more relevant for

runoff than for precipitation.

The above two statements are confirmed by an examination

of the following scatter diagrams (Figures 4.12 and 4.13):

(1)

(2)

Observed vs estimated precipitation (First iteration,

Observed vs estimated precipitation (Last iteration,

Step 10).

We conclude from the above that the approach suggested by Solomon

et al for improving the estimates of precipitation in inaccessible

4.10



TABLE 4.2
ITERATIVE METHOD

SUMMARY OF COMPUTATION RESULTS

STEP 2 STEP 10 STEP 13
INITIAL FINAL FINAL
INDEPENDENT PRECIPITATION |PRECIPITATION RUNOFF
VARIABLES STEPWISE STEPWISE STEPWISE
REGRESSION REGRESSION REGRESSION
X(1) = Lomgitude index
X(2) = Latitude index 0.508046 0.642980
X(3) = Average elevation
X(4) = Slope of square
X(5) = Azimuth of siope
X(6) = Shortest distance
to sea
X(7) = Distance north 0.271499
X(8) = Distance N-E 0.061618 0.079732
X(9) = Distance East
X(10) = Barrier height North 0.040127
X(11) = Barrier height N-E 0.021875
X(12) = Barrier height East
X(13) = x(3)?
X(14) = x(6)° -0.002375 | -0.002292
X(15) = x(7)2 -0.001597
X(16) = x(8)>
X(17) = X(9)2
X(18) = X(10)° ~0.000020
X(19) = X(ll)2 -0.000186 0.000074
X(20) = x(12)° 0.000038
Standard deviation of
precipitation 3.551
Coefficient R 0.786 -0.086 0.959
Standard error of
estimate Sy x 2,244
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areas by using information on the river flow from those areas

and appropriate estimates of evaporation is very useful.

It appears however that the iterative computation may converge

to a2 regression equation that is excessively influenced by the
relationship of flow to physiographic variables, regardless of

the relative magnitudes of the measurement errors of precipitation

and runoff.

An alternative to the iterative method is the mixed
‘regression discussed in the previous section. The basic idea

is to consider the regression of the precipitation on the
physiographic variables as the main regression whereas the
constraints will be given by runoff and evapcoration data
from the gauged basins. The details of the computations are
as follows,

Assume that we have n meteorological stations, k
physiographic variables Gl’ so55 Gk and q gauged basins. The
regression equation of precipitation P on the physiographic
factors Gl’ olain’s Gk shown in Step 6 for each meteorological

station is

(4.1) Pi = Bo + Blcl *oen b Bkck + e for £ =12, ....,0

i

where Pi is the measured precipitation at the station i and the
residuals ey include the random errors of measurement of the
precipitation Pi'

Due to the fact that the mean annual temperature in the
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Gaspé peninsula is about 35°F, the evaporation E computed
by Turc's formula is almost independent of relatively small
changes in P. Consequently we shall assume that the mean

annual runoff of the river basin B, can be éstimated by

3

n
L o -
e P, -E
nj im] i i
where J = 1, 2, seep 4
s Sl AR R,
y =3 j
and n, is the number of squares in the basin j.

J
Equating now the estimated and the measured annual
runoff of the basin Bj we have

1 n,

B, 3% (B -E) =0

and substituting the value of P, from equation (4.1) we obtain

n
b
ol 1 - -
Get) P RER, 0 BT P e AT S vy

j, -1’ L) Gk

are the mean values of the physiographic variables for the basin

where'Qj is the measured annual flow of the basin B

and the residuals v, include the random errors of measurement of

b

the flow Q The coefficients Bo’ Bl' S5 Bk of the above

ji

equations can be estimated by the method of mixed regression

described in Chapter 2.
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= 2 2 2 2
v g = 0 T -

The variances (ei) . and © (vi) Gc of the
residuals of the main regression and the constraint can be
computed by formula (3.16) of Chapter 3., Assuming that the
errors of observation are independent of the random residuals

we can use formulas (3.48) and (3.49) of Chapter 3:

%r = % * O
agT = 02 + UQE
where t
UgT = Total variance of precipitation
oi = Uz(ei) = Variance of the residuals of the main regression
dga = Variance of observation errors of precipitation
céT = Total variance of flow
0: = oz(vi) = Variance of the residuals of the constraint
ogE ‘= Variance of observation errors of flow

In this case, the covariance matrices used in the computations

are given by:
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Detailed results of the mixed regression computations
are given in Appendix 4.2. These results are summarized in
Table 4.3 which shows that the precipitation and the runoff
information for the Gaspé peninsula cannot be readily combined
for estimating the distribution of precipitation, since the
compatibility statistic exceeds the critical value at the
17 level.

In order to interpret this result we must examine the
basic purpose of both the iterative and the mixed regression
computations. Given that the precipitaticn network is
inadequate, we are justified in attempting to improve the
estimate of the regional distribution of precipitation by using
available data on regional runoff and evaporation. 1In
trying to use this additional information, the iterative method
proceeds on the implicit assumption that, in case of conflict
between the two kinds of data, we should use the dara on runoff

and evaporation.

On the other hand, the mixed regression method uses the
compatibility test to decide whether the two types of information
should be combined by means of the mixed regression equation or
whether the incompatibility between the two types of information
makes necessary a further examination of the data in order to
discover the reason for this discrepancy. From this point of

view the method of mixed regression appears to be preferable.



TARLE 4.3

MIXED REGRESSION METHOD

SUMMARY OF COMPUTATION RESOURCES

4.18

%2 (9) - 21.67

0.01

MAIN MIXED MIXED
INDEPENDENT REGRESSION CONSTRAINTS| REGRESSION | REGRESSTON
2
VARTABLES :::giir:ns- %e, <0 |9 =i
Precipitation|piration 02 = 02 = 16
QE QE
X(1) = Longitude index
X(2) = Latitude index -0.22202 0.14842 0.23304 0.24545
X(3) = Average elevation
X(4) = Slope of square
X(5) = Azimuth of slope
X(6) = Shortest distance
to sea
X(7) = Distance North 0.280134 -0.55883 0.07752 0.05250
X(8) = Distance N-E
X(9) = Distance East
X(10)= Barrier height North 0.01889 0.02405 0.01590 0.01620
X(11)= Barrier height N~E
X(12)= Barrier height East 0.09687 0.02114 0.04711 0.04826
X(13)= X(3)°
X(14)= X(6)>
X(15)= X(?)2 -0.00210 0.00453 -0.00026 0.00008
X(16)= X(8)>
X(17)= X(9)2 -0.00012 0.00001
X(18)= X(10)2
X(19)= X(ll)2 -0.00025 0.00025 -0.00011 | -0.00009
X(20)= x(lz)2 -0.00022 -0.00013 | -0.00017 | -0.00018
Standard deviation of
dependent variable 3,553 3.227 3551 3.551
Multiple correlation
coefficient R 0.762 0.948 0.435 0
Standard error of
estimate Sy x 2.756 1.240 3.20 3551
Compatibility statistic = 23.59 23.59 151.00
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An additional advantage of this method is that the underlying
assumptions can be stated explicitly and therefore probability
statements can be made concerning the regression coefficients

and the values of the dependent variable.
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Appendix 4.1

Data

1. Physiographical data

The basic physiographic data for each square of the grid
were taken from the 1: 250 000 maps of the Surveys and Mapping

Branch, Department of Energy, Mines and Resources, Canada.
Specifically, the following data were extracted:

(1) Lake area (Percentage of the area of the square) .

(2) Forest area (Percentage of the area of the square) .

(3) Area of bogs and swamps (Percentage of the area of
the square).

(4) Elevation of the south-east corner of the square.,

(5) Minimum distance to the sea or the St. Lawrence River.

These data were used to produce schematic maps, an
example of which is shown in Figure 4.4 (Area of forests as a
percentage of the square). On the basis of the above information,
the following physiographic variables were computed for each square

of the grid:

(1) Mean elevation

(2) Mean slope

(3) Azimuth of slope

(4) Distance North to the sea or the St. Lawrence River

(5) Distance North-east to the sea or the St. Lawrence River
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(6) Distance East to the sea or the St. Lawrence River
(7) Height of barrier in a Northern direction
(8) Height of barrier in a North-eastern direction

(9) Height of barrier in an Eastern direction

The computed values of these variables were also used to
produce schematic maps, an example of which is shown in Figure 4.5

(Mean Slope).

2. Meteorological data

Monthly precipitation and temperature data were taken
from the meteorologiczl maps of the Department of Natural Resources
of the Province of Quebec. Missing data for the period October
1937 to September 1967 were estimated by means of regressions
with neighbouring stations. The list of the twenty-four

meteorological stations used in the study is given in Table 4.4.

3. Flow data

The river flows at eleven stations were used in the
study. For the stations whose records was less than thirty years
the miésing flows were estimated by regression. Table 4.5 gives the
eleven gauging stations used in the study. Drainage areas were
obtained from the 1: 250 000 maps of the Department of Natural
Resources. For each square of the grid a file was created with
the corresponding values of precipitation, temperature,

evaporation and runocff.



TABLE 4.4

METEOROLOGICAL STATIONS

PERIOD OF RECORD

STATION # NAME FROM o

7058560 Trois Pistoles Oct. 51 Sept. 67
7057304 St. Guy Oct. 48 Sept. 67
7058220 Squateck May 46 Sept. 67
7057720 Ste. Rose du Degelis Oct. 37 Sept. 67
7058520 Trinite des monts July 51 Sept. 67
7050760 Bic Oct. 37 Sept. 67
7056067 Pointe-au-Pere Oct. 37 Sept. 67
7055770 Ouimet Sept. 49 Sept. 67
7050463 Barrage Mitis Oct. 37 June 66
7055120 Mont-Joli A Oct. 43 Sept. 67
7054640 Matane Oct. 51 Sept. 53
7057395 St. Jean-de-Cherbourg Nov. 50 Sept. 67
7051200 Causapscal Oct. 37 Sept. 67
7054680 Matapedia Feb. 37 July 62
7051120 Caplan Oct. 47 Sept. 67
7056120 Port Danial Oct. 37 Sept. 67
7057160 St, Elzear Apr. 50 Sept. 67
7051040 Czp Chat Oct. 37 Sept. 67
7055380 Murdochville Oct. 52 Sept. 67
7055200 Mont. Louis Oct. 37 Sept. 67
7051160 Cap Madelaine Oct. 39 Sept. 67
7052865 Grande-Vallée May 44 Sept. 67
7052600 Gaspé Oct. 37 Sept. 67
7058840 Wakeham Oct, 53 Sept. 67
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TABLE 4.5

GAUGING STATIONS

PERIOD OF RE

CORD

Drainage Area

STATION # NAME I FEOU— TO
011702 Madawaska 1918 1967 1050 sq. mi.
022301 Trois Pistoles 1923 1967 373
622003 Rimouski 1961 1967 612
021903 Mitis 1923 1967 702
021702 Blanche 1968 1967 80.4
021601 Matane 1923 1967 636
011201 Nouvelle 1964 1967 440
010901 Retite Riviere 1961 1967 536
scdpedia
020802 Madeleine 1953 1967 470
020401 York 1945 1967 390
1020601 Dartmouth 1945 1967 287

.
o]

n
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Appendix 4.2

In this appendix we give the main computation results

for both the iterative and mixed regression methods.

ITERATIVE METHOD

FIG. 4.6 Stepwise regression of temperature (Step 1)

FIG. 4.7 Initial stepwise regression of precipitation (Step 2)
FIG. 4.8 Initial evapotranspiration (Step 5)

'FIG. 4.9 Initial k-factors (Step 7)

FIG. 4.10 Final stepwise regression of precipitation (Step 10)
FIG. 4.11 Final stepwise regression of runcff (Step 13)

MIXED REGRESSION METHOD

FIG. 4.14 Mixed regression computations (UPE =i OQE = 0)

FIG. 4.15 Observed vs. estimated precipitation (main regression)

FIG. 4.16 Observed vs. estimated runoff plus evapotranspiration
(constraints)

FIG. 4.17 Observed vs. estimated precipitation (mixed regression)

FIG. 4.18 Observed vs. estimated runoff plus evapotranspiration

(mixed regression)



{ﬁﬁfﬁﬁﬁﬁ

D
id !

Wi
&

i
o

ﬂ_?
G
o

A

Wi,

il s

it

7
i

B

FOR & VARIAILES ENTEQED

M TIPLE CIACLATIGN COEFFICIENTY o us

FANJUSTED FOP DeFedusesasnnnsns
F=VALUT FI3 AMALYSIS OF VAN ANCE, .,
STaxdAB) Faocaor gn ESTIMATE cunnonnsee

{ADJUSTED FOR NeFoloncnssnsssns

0.92423287 00
2471232532 0
0.2733025% 02
0.39175727 po
O.86238638E 00

WARIAPLE REGIESS ION STD. ERROR QF
g C O T
NUMaES COSFFICIENT REG. COEFF, r-v:‘.’u:a
) ~0.2352725-01 0.3005579-02. =0.951471€
1y 0.6599125-04 0,1745765-04 0.377931%
:: :.snwse-o: 0.1758455-03 C.292889%
~0.9195608-02 0.3a3ST =~ -
CORSTANT 0.333669E 02 ; i e e

Zl L)SLONGITUOE INDEX

1 2)=LATITUIE INDER

¥l I)=LVIRAGE FLTVATION - FT/10
X{ ajnSLOPE OF SOUARE (PERCENTZ100)
X{ B =2]RZCTION OF SLOPE

HE A 2SHCATLITSTATN SEA ~KMN -
Bl TiwnISYANCE NIATH KMo

Bt M) eOISTANSE Nem KM,

XL 91=DISTANCE EASY Ku,
FLI0)a®Aa0 183 HEIGHT NDRTH PT X 10
ORI SCARALET MEIGHT N-E FTX19
KLE2)=DART 123 MEIGHT FAST #TX10
KiLl3)=ux{ J)ee2

Xlladl=xt A)ew2

X(1S)av( 7)we2

Eli1a)=al A)en2

X{1T)=x( 9)enz

KUi3dwx(10)we2

K19 axtir)anz

Ki2apex(ra)mn2
H{Z1IaTEAPERATURE DEG.FARS

CASE NO,

PO NC AP UN -

[SELECTIOVassss |

TAHLE OF PCSIDUALS

¥ vapLur

A7.200
39.2¢C0
37390
39%.500
3s. 100
3s.900
3A.100
35900
3N.4C0
3%.0C0
35.509
Js.oce
Ad.290
AT« 500
39,400
3%.100
Ar.coo
3r.900
3300
33.700
AT.53¢
Ja.100
Ja.100
Ir.0600

Y ESTIMATE

34.128
A7.T7a
AT 495
Ir.s97
35300
35,851
3%.056
A3.489%
39.054
I5.551
34,060
35.278
In.251
AT.S5aC
39.10%
39.735
35.939
IT.665
Al.an05
13.704
IT.613
3,349
J8.243
Jo.679

RESINUAL

-0,922
0.4256
=0.39%
0,903
=-0.200
2:.749
Q.08
0.00%
Casal
D349
-1.560
=l.278
=-0.2%1
=J.240
0293
-J.53%3
0.012
0« 125
D915
0.496
-0-113
=0.269
=0De143
2721

FIG. 4.6

PERCENT

=-2.5
1«1
=1s1
2.3
-0t
2.1
- 1) |
0.0
11
1.5
-1ath
=3.8
=01
“Dal
Q.7
=1an
0.0
Oun
1.2
1.3
=0.3
=07
“Dad
2.5

STATION

TOS5606T
7055120
TClALAL
TOSnS60
TCIT308
TC3022C
Tos7rzo
To34520
TONLTAC
TosTTr70
TOLCAhy
705739%
rosizo0
7C54480
T0%1120
Tossl 20
TosT180
TOS1080
TosT3ao
TO0sSsS200
Tosi1t e
TO32284%
7C32800
Tasensc

’
POINTE~AU-PET T
MONT=J0OLL A
MATANS
‘TROIS~PISTOLES
SY=guy
SOUATECH
STE~RUSE~DU~NDEIGCELES
FRINITE-DES=MONTS
oic a
outmEr”

DARGAGE MITLS
ST=JEAN~CE~CHERROUNG
CAUSAPSCAL
MATABEDTA

CAPLAN
POAT=-0DANIEL
ST-FLZEAR
CAP=CHAT
MURDAICHVILLE
MONT-LGUILS

CA® UADELE INE .
GUAND = VALLEE
Grapg

WAKEMAMN

L2°%



sSTEP 5

VARIABLE FNTERED 20

SUM JF SQUARES AFNUCED M THI3 STEn,,
PHOEIT ION REDJCED IN THIS ST1EP.ssass

0. 12200 24E 02
0:4204903 =01

CUMULATIVE SUM OF SOUANRES RCDUCENssss 017217732 03
CUMJLAT IVF PRIPDOATION REMUCFDissessse O.ALTBAIRE 00 IF 0.29000515 03
FOR % VARTANLES ENTCRED
MULTIPLE CA2ATLATION COCFEICIFNT e 0479450303 00
CADJUSTED FOR DoF o)assnsanansse O07IN6E 00
FevaLUZ FOR ANALYSIS OF VAPIAUCE.ss 0.592C2275 01
STANDAUD EAROE OF FSTIMATE  ounessss O,24R13455 0f
(ADJUSTED FOR Del sdevcesnsscses 0+27I0072E 01
VARIABLE NTGRESSINN 5TD. ERROS OF COvVPUTED
MUMAL Y COEFF IC IENT RCGe CNEFF. T=VALJE
T 0.2714997 0n 0. 701 7255-01 0.%36%02% 01
13 =0+ 146036F =0 0.519755C~-08 =0.1656682 01
13 =0 197268 =07 0.6VT1CYE=0Y =0.313471E 01
L1+ DaADIZABE=D1 D.2V2E45F =01 D.172333 01
20 QadNaATIF-0n 027 3412E~-0A O« l4CTHAT 01
CONSTANT 0.3%3926E 02

Al 1) =LONGITUNE IHOEX
Xl 2)=LATITUIE INDEX

Xl NI =AVPRAGE ELFVATION = FT/10
£{ 4)Y=SLOPE OF SOUARE (PFRCENTZ100)
Xt S)I=NIPECTIAN OF SLOPFE

Rl 6)=SuT OIST Y0 SFA -KM

XE P)=DISTANCE NIRFH KM,

K{ @) an]STANGE H-F KM,

2l G)=DLSTANCE EAST K9,

X0IQ) 24NN RS HETUMT NURTH FT X 10
ML L) ABA ORI ER AFIGAT N=-E FTRIO
RUI2)=HARUIED ME [GHT EAST FTX10
RL1S =Xl 3)wn2

X{iA)=x( A)ee2

LIS Nt Thee2

AfIm) =5t AYssp

KANP 28l Nywne

XC18)en(10)ws2

Wlra)=af 1) mez

K2V =K(12)ar2

XL{Z1) =PRECIPITAT [ON [HCH/YEAR

CASE ND.

CODNPUNSG WN -

e I i —
PUN=0 QDA AP LN

TABLE OF PCSINDUALS

¥ VALUF

33.4810
3e.56T70
3%.700
AS5.460
45.010
8,630
35,200
36.550
33,520
43.110
41.909
an.300
36260
3T.970
33.9a40
45,080
43.020
39.460
3A. 140
31.530
37.030
3T.240
AHa.T30
40.200

¥ ESTIvATE

¥5.978
15.0%3
37.108
35.787
49,452
33.9Ra
Jo.a25
40,270
33.578
40.06%
40.3918
35. 925
IS5.007
39.022
39,575
41,841
A2,.72s
Ir.756
Y9.730
24,730
32.982
35.97a
IT.976
4,948

FIG. 4.7

RESIDUAL

=2.556
C=1.3923
=105
-0. 327
a.55a
D.548
-0.225
=3.,720
~2.058
0.048%
0232
4.375
C«B1Y
=1.052
=0:%39
1437
0276
1704
=1:590
-3 200
a,lad
l1.2586
=1s2406
“0uTaa

PERCENT

=Te?
-4.0
=3.9
=09
10.1
1aa
0.6
=102
- |
0.t
2.3
10.9
2.2
=249
=1.%
3.1
C.?
43
-he2
=102
1.2
Jat
~Jat
=19

STATION

7058047
rossi120
TCSaman
TOSPSG0
TCS7304
1058220
7¢57720
7058520
TC50760
7RG
To3nasy
ToS73194
TO51200
1c5asnp
Tos1t20
ressi2o
PCSTL A0
7051080
TGSS3A0
T05%200
TCS11 60
TC32805%
ris2e0C

Tospna0

POINTE=AU=PERT
NONT= JOLT A
MATANE
TAOIS-PISTILES
ST=fuy

SOUATECK
STE-ROSF=-DU=~DEGELLS
TRINITE-DES-MONTS
alc

auime

DAAAGE MITIS
ST=JF AN=DE=CHERDBOUR ¢
CAUSAPSCAL
HMATADED LA

CAPLAN
PORT=DANTEL
ST-ELZEAR
CAP=CHaT
NUADBOCHVILLE
MONT=LOUILS

CAP MADELE INE
GRANDE= VALLEE
GAGPE

HAKEHAM

8Z°%



& 658

65 &6 6 6
H 6 8 H 6 6 66566 656H06665868

A58 &
46 5§858& 8

A A A
A

5856 866#%666866860686
666 &6

& A

6 685 o b b
H 6 6 66

LA B A A AR
N &
&

&

O INITIAL EVAPORATION (TUAC FONMULA=IN./VRZICES

-~ 1 0= o - 199
. 1 = 200 - 399
22 ag0 - =99
VOVO0VADOO LD O ) . 3= 600 - 799
: 0000000000030 v0vedd .. agh = "::
0000V NA00EVCI00 000000000 ::::g:::;w
OOOOOO'ﬂﬂﬁﬂﬂﬂﬂﬂﬂddfOﬂ.ﬂo#ﬂ‘ﬁ‘d. 7 = 1400 - 1%99
qdqoeooounannnl‘-noodo?oi;qo,oggooqoqo 8 = 1400 = 1799
VYOOV 0 VOOV NN NNV I ENNOH QLI CETILOVOYD 9 = 1800 - 1999
'ongoeeoacnmonnanqoooecnn@-ng.ace."go‘og‘. A = 2000 = 2199
addo@déoaommnumnnacnnoﬂnonﬁaqogr‘o‘ooqo.qao‘ > . ::::::::;::
a¢00¢0090¢o|ﬂnnmmomnﬂmaonnmmnnmod;aggaqoqoocoocio D = 2600 = 2799
0000V 0D 0O NN NN NI NN NN PN aolboo0000V0000duhee € = 2000 - 2999
O“Oﬂ‘oﬂﬁﬂﬂl‘ﬂﬂﬁﬂlﬁl‘l‘ll‘l‘!"ﬂl‘.‘l‘l‘lﬂﬂlﬂl\Oﬂﬂﬂﬂfioo;gooqooooghhhhqﬁ' F = 3000 = 3199
V000D OOV DI LD ON NN NI NN NI D IN NV OSSN O IN O NN Yoo dCICODOCIRRE & G = 4200 = 308
VOV 0OV NI DI DNNO VDV NNN VOOV OO EO N DOV OV OB OO NV OO OO DD D0 ODN ':::;:::::::
ooweoooooeoooooaaoomnu1naoeodooonooooc¢?ouoc’oooaoaoooooooco J = 3800 - 3999 ¥
9000V Y00V OV IR ONVOVIOINE VNNV I DN OO N OV OOV DLV OO N DOV OV D OIDOC OO AN K = 8000 - 4199
VOO 0OV VOV L OV VIV IV OO IN NN N NNOOV VIV OV OO IV VOO DOV D OOV CIOODEDO N . L = a200 - 4399
COODCO D000 CI 0BV LDV ONNNN VDN N OO OOV VDDV VOO VN OO C OV DO PO OO OO ON @ e R iy = e
o.eoaoaoonooaocoooooooaooammonunaowooaeoooooooeoqo‘y‘oooaooooooahhhhu ::::g::::::
eooaeoeaooaocooeoooodnannnnnnun-oaoao-oooaaoooao:roaaoo{ooeoeooooht-p.a-r. Q = 5000 - 3199
V00V VOV V VYAV INVIVOV OV YOOI NN N E OV DOV LD O IOV DO VI LEN OOV VOOV COGRANRNN A = %200 - 93199
ocnaoaooooooeoooeoooaooeeonaanmcaoaaaooaeoooooaooocaoo:oeoooosn» S = 5400 ~ 5599
V00000V OOV YV V0OV B EVO NV OV ONONIOIN OO LUODOE NV IOV OOOOCVPON OO T OODONN T = S6C0 =~ S799
VOV I B OOV VIV O NI I OO O DI DI DO O N OO L E D O OOV DDV VL L OO DOV OLOLONOOL O OO DO N ':::::::::';:
oaomeeoooeavooet!oooooeoooooeaqoaec\naoceocoaaﬁahcooocqcoaar\eoonuu» N om &200. = 4390
ER R R R I I R B R R R . I R R . R R PV G e S SV G S S ROV OO L INDOVDORMNN X 2 6300 - 6599
VDL OO VL LLODVVINOLODOONAO POV VOO OO O IO DCOO OO D »aceguhacltlhuh ¥ = 6000 = 6799
AR R A R I I I O I I R I T O R O R R VG P gy s AERAMRERNNN Z w6800 = 6999
LRI R R R A I I I . . . . - R R R . S Qe v e PR
VWAV LOV I YOOI OV O IV OOV VO VOO COD
VLD DOV LY L LN OVE VOOV O ODNDO OO0 DO
CONC- I - - I I VOO OO0 DD90O .
U I I O s00o0 3
W e D000 000 a i
R T I T Y
OD 00 00DD 00 FIG. 4.8
COVNLOOD 0D bl ’
Ceca 800000
oS 00D Oe -
ANV OV OOOD D
CHDVOOOCOO
C R R
LoV o000
VD DOV e
R -.?“
o]
| L]
|
|
i
]
]




K FAZTNRS FDi RUNOIF STuDY

—=JUMOFF ( INCHES ) me

IRIT IAL PUNOFF

STATION ACTUAL PRENICTED (ACT /PRED,)
cirire? 21880 2T.494 0.794
022371 22,4860 26./12 0. 344
€C2:901 24,210 26.528 2.911%
02173 23.510 26.753 0.979
c2i1tn 3%.060 23.A30 1.27a
az21s501° 27.270 26,194 1117
f11231 29,47 Jl1.319 C.5a2
o W b | 264170 J1.493 0.A32
c2cas2 27.550 2T.5406 1.073
C2C40) 26,289 28.T45 0.91a
g2recy J1.330 24,304 1«263

MADAWASKA AVAL RARPAGF LAC TEMISCOUATA
TRO1S=-PISTOLFS EN AMUNT DU PONT=-ROUTE 10
PIVAUSKT EN AMONT DU PONT-RNUTE 10

MITIS = CFNTRALF DF PRICE

PLANCHE EN AMONT DU PONT=-S0UTF 6 ST=-ULRIC
WATANE €N AMONT MU PONT-ROUTE 6 A MATANE
MOUVELLF AU PONT=ROUTE & A NCUVELLE

PETIFE RIVIERE CASCAPENIA ANANT DU PONT €N
MADZLEINE EN AMONT DU PONT=ROUTE & NIV.MOL
YORK EN AMONT DU PONT=RNUTE & A SUNNY=0ANX
DASTYMOUTH EM ANMOKT DU PONT=-ROUTE &

FIG. 4.9

0E"%



]

|
!
i
H
!

3766 %

YARIADLE FMTERED 11}

SUM 1F SQUARES RINUCID IN THIS STEPR,,
PPCPIRTIUN PENUCED IN THIS STEP.sesne
CUMULATIVF SUM OF SOUAHES PENUCEDeess
SUMULATIVF PROPURTION REDUCIDsscsesese

FOR 5 VAR]ADLES FENTCRED
MU TIPLF CONSFLATION COTFFICIENT 00
(ADJUSTED FOR DuFelaseccsssssss
F=VALUE FOR ANALYSIS OF VARIANCE. e
STANDBARD EARNR OF ESTIMATEsevessves
CADJUSTED FDA NuFslessennssnas

043146067 03
0.3732869E=-01

0.80119565% Da
D.B861302TE 00

0.9281717TE 00
0.927327%F 00
D.107T3IS9E Q¢
0.1219562E 01
0402223722 01

Y LV SLONGIYUDE TNOEX
:Ef PIYLATITUNE [NDEX

“imt ) =AVERAGE FLEVATION = FT/10
“|xt ar=sLOPE OF SOUARE (PERCENTZ100)

f M0 S)=DIRECTION DF SLOPE

YU S)=SHOATNISYT.TO SEA -KM

O THanISTANCE NIHTH KM,

E{ B)=DISTANCE N-E M,

E{ 9)=DISTANCE EAST KM,
XELO)=BARRIER MEIGHT NORTH FT X 10
LI =TARRIEN HEIGHT N-~E FTX10
FU12MmDAPRLIER MEIGHMT EASY FTX10
E{1rand 3)ee2

rlta)ux{ 6)eng

x{1%5)sx{ F)we2

Kl lghan{ Aleasz

{17l Q)wep

XL i) =22010) 82

X{19rexl1l ez

¥L20)mx( 121082

N2 )-LRECIPITATION INCH/YEAR

IF  0.9299996E 04

s

VYARIABLE REGAESSION STD. ERROP" OF COMPUTED
MUMAER COEFFICIENT REG. COEFF, T=VALUE
2 0.50A048E 00 D+ 145516FE=01) 03491348 02
14 =0 1975TRE~0V A 0. 7TOS30%E~0% =0.2Rr01317 0}
1a ~0.22T4Y2E~02 0.52237E~04 =0.181555% 02
a9 D.616178E=-01 0.27A55TE-02 0.2212032 02
1 0.218Ta9E~-01 0.150407E=-02 01454392 02
CONRST ANT 0. 1T77080F 02

C;SE NOW

SENUIPUN-

TADLE OF RESIDUALS

¥ VALYUF

A3.410
34.670
3s.700
35.460
As.010
38.5630
3s.200
346,550
33.%20
40.110
41.900C
40,320
35.260
3T.9T0
36.940
45,000
43.020
IV 460
Sa.1480
3.5
3r.030
37.2%0
34.730
Ad.200

FSTIMATE

37564
5. 1A2
Al.TH2
3a,7T2
36.280
A3.972
A2.27T7
37.083
3%5.7AS
IT.tel
38,457
AlsAST
42.033
48,151
A1.831
37.343
3v.0067
8,237
A0 951
Ae.0TS5
45.735
43,127
A0.102
41,220

FOSINUAL

-8,194
=J.512
=-8.062
o.608
e. 730
2.652
3.¢23
-1.333
-2.229
2429
3283
-1 157
=3.7T7T3
~ba181
-2,1291
8.519
3952
-4 TYT
=-2.A11
=12.5489
-8 705
-5.887
=3.372
=-1.020

FIG. 4.10

PERCEMT

-12.4
=10.1
=17.0
1.9
19. 4
6.9
10.2
=38
-fad
Gl
77
=249
-15.9
-168.3
=Tt
12,5
P2
=12.1
=T s
-29.8
-23.5
=15.9
~9.2
2«3

STATION

TO3606T
TOs%120
TOSA6AD
TO058560
TOST3I0N
TOoSR220
TesTT20
TOSA520
Tas0TED
TOSSTTV0
7050463
T057395
7051200
TO%AEG0
rosi120
Toshi 20
TosTi1L0
TOS1040
Yo055380
TCS5200
TOS1160
70528865
7052600
TOS084C

POINTE=AU=PERE
MONT=000LE A
MATANE
TROIS-PISTOLES
ST=-GLY

SOUATECK
STE~-NOSE-DU-DECTLIA
TRINITE =DES=MONTS
ailc

OUIMET

DARMNAGE MIYIS
ST=JEAN=-DF-CHERSOURG
CAUSAPSCAL
MATAPEDIA

CAPLAM
POAT=DANIEL
ST=FLICAR
CAP=CHATY
MURDOCHVILLE

MONT =LOUIS

CAP MADELEINC
GRANDE=VALLEE
GASPE

WAKEHAM

F <y

La2
pein



VARIABLE ENTERFD 19

SUM OF SOUARES RENUCED IN THIS STEP..
FROPIATION REOUCED [N THIS STEP.sesee

CUMU_ATIVE SUM DF SOUARFS RENDUCEDases
CUMU_ATIVE PROPORTION REDUCEDsescesss

FOR &4 VARIABLES ENTFRED
MATIPLE CORRFLAYION COEFFICIENT ause
LADJUSTEN FOR DeFedanssasssass
F=VALUE FOR ANALYSIS OF VARIANCE ..
STANDARD ERAOP OF ESTIMATF sussasses
(ADJUSTEDN FOR DeFedoscssssssss

X{ 1)=LONGITUDE INDEX

R{ 2)=LATITUDE INDEX

X{ JI)wAVERAGE ELEVATION = FT/10

X{ 4)=SLOPE OF SQUARE LPERCENT/Z100)
X{ S)=DIKFECTION OF SLOPE

Kl B)=SHIRTNDIST.TO SEA =KW

X{ Ti=DISTANCE NIRTH KMo

X{ S)=DISTAMCE N~-F KM.

X{ FI*DISTANCE EAST KM,
XC10)=BARRIFR MELGHT NORTH FT X 10
XLI11) =DARRIER MEIGHT N~E FTXI0
ROI2)20ARRIFR MELGHT EAST FTX10
*LE3) x( J)eaz

X{lajax( Ales2

X(1S)ax( Zies2

Kt16)=x( mywep

XKEIT) =Xl DIew2
RAAA) X1 O)wag
IREID) =X (1) en2
K(20r=x{12)002
¥{21)=AREA LAKE/ARFA LAND
Hi22)=ARZA FNAEST/ADEA LAND
X{2¥imaABEA HOIGSFAREA LAND
K28} =RUNNFF INCHES/YEAR

-
s R s,

il

S 3

i

S

it

Wit

-

!
t

0.1651943F 03
G«15588872 -01

0«9566023E 04

0.92008905 G0 OF 0,103260% 05

0.9592127E 00
0.9S90847E 00
D.2426502E 04
0.99227343< 00
0.9745172€ 00

VARIABLE RPEGIESSTION STO. ERROR OF COMPUTED
NUMIER COEFFICIENT REGs CUOEFF, T=VALUE
2 D.642980F 00 Os116162E=-01 0.533520€
1a =C+229200E-02 CsAA230AE-0S =-0.518280%
L] Cu79FIZIE~D) 0eZ17393F~02 0.364675%E
19 0.738285C-04 0.570254F~-03 01294868
CONSTANT =C.8407242 00

o2
02
o2
o2

1'7EE?6Ei"?E3‘5U?ﬁ?F'3TU5?“"'?1331?35537?”Fios

==RUNOFF({INCHES ) ==

ISTATION
o
o1t1702
022301
022021
021903
021751
021601
011201
010931

jo20832

[020401
020801

ACTUAL
21 .0840
22,460
24,212
23.510
J0.880
29.270
29,4890
28.190
29.550
26,280
31.330

NPCHESITON EOUAY TGN

PRECICTED  (ACT./PRED,.)
-

i;:::: ::::: VADAWASKA AVAL BARPAGE LAC TEMISCOUATA
23.620 1.02% YRIIS-PISTOLES EN AMONT DU PONT-ROUTE 10
24,003 5.9 RIMOUSKI EN AMONT DU PONT=-ROUTE 1o

26.88% 1138 MITIS = CEnTRALE DE PRLCE

28.762 1.018 RLANCHE EN AMONT DU PONT-RNUTE 6 Sr-ulLnle
29.37s 1.004 MATANE EN AMONT DU PONT-RSUTE 6 A MATANS
26.493 0.989 NOUVELLE AU PONT-ROUTE 6 A NOUVELLE

29,942 0.987 PETITE RIVIERE CASCAPEDIA AMONT DU PONT CH
27.327 0.962 MAGELEINE EN AMONT DU PONT-ROUTE o RIVeMDL
29.708 1.05% YOAK EN AMONT DU PONT-ROUTE & A SUNNY=-BANK

OARTUOUTH EN AMONT DU PONT-ROUTE &
FIG. 4.11

ey



L7 4

r

AP I =4 am '

om

4653.832 +

+ 0 0

4457.375

+ 0 * 2

4226.926

$ 0 0 0 8

3995.275

3765.1423

+ ¢ 8 % 5 0 " o8

3534.971

S

3303.119

+
.

3272.1665

3184.530

3363.1567

5

"
- A L3
- -
-
- s
-

2337.587 4139.164

wr

I33FRRD

4397.32%

*
. .
4656

FIG. 4.14

£E°Y



*/

<

COU42Em=-ju0a

46.9%3 +

$+ o

44.579

+ * =

+ & L] -

39.950

37.653

L S

+ * -

35.341

+

33.331

32.7217

+
-

31.345

33.632

35.213

4

33.335

JASERYED

41.1392

43.973%

45

FIG. 4.15

£~

L3
£



L 4

44.9353 +

A3.2515 +

42,733 +

47. 4541 +

S LD

3'30 227 +

O vl 3 e
.

AT TT 2 *

36.334 +

- )31Ivan

FIG. 4.16

41

SE°Y



' 4

£683.832

4457.875

v
E 3995.975
(.
T
1
"
A 3765.223
T
£
D .
3534.071 +
-
3323,119
327241665
+
3124,
«523

FIG. 4.17

332,54 A1T%.184 439T.32%  aEgs53

9t %

“r 1'1::'7‘7‘-"?"3



wy

445%.332

4329,234

3511.439

al32.1al
r
F altaq,l46
T
I
M
A 3935.951
T
E
D
3767.555
3629.7561
3491.56655
+
« 233

+

e 4o @

FIG. 4.18

36554567 3823.333 1975,947

L8~

V' e JRAENTITY



5. AGGREGATION PROPERTIES OF STOCHASTIC MODELS




5. AGGREGATION PROPERTIES OF STOCHASTIC MODELS

In this section we shall deal with the statistical pro-
perties of aggrepated flows (See also table 2.2 of section 2.4.2).
This problem can be defined in the context of monthly and annual
flows but it is relevant in &ll situations where we are interested
in sequences of short-term flcwe and alsec in the sequences of
non-overlapping sums of the same flows.

The two main contributions to this problem in the hydro-

" logical literature are the papers by Moreau and Pyatt (1970) and

Valencia and Schaake (1972).

In the paper by Mocreau and Pyatt the assumption is made that
the four weekly flows follow a multivariate normal distribution.
The generation model promsed is mathematically identical to the

model proposed by Matalas (1967) and depends on a large number
of parameters which are estimated by smoothing the observed
series, using moving averages. This semi-empirical estimation
of parameters is a disadvantage of the approach.

The paper by Valencia and Schaake discusses a disaggregation
model. The authors start by fitting a model to the long-term
(e.g. annual) flows and then estimate a number of parameters
which they use in disaggregating the annual flows already
generated into a set of short-term flows which have the same properties
as the corresponding historical flows. The main difficulty of

this approach is again that a large number of parameters must



Had

be estimated. For example, if a model has been fitted to the

annual flews and we want to disaggregate the generated annual flows

inte monthly flows, we need to estimete a total of 156 parameters.

It is apparent with the records usually available for hydrological

studies it will be impractical to estimate such large numbers

of parametere.

A Eknowledge of the statistical properties of aggregated

flows is important in hydrology in two different situations:

1.

In flow simulation we may be interested in reproducing properties
of the long-term flows which are not necessarily derived from
the record such as for example the Hurst property. In this
case the model of the long-term flows as derived analytically
from the short-term model is not adequate and we must in-
corporate the desired properties of the long-term flows in

the estimation of the parameters of the short-term model.

The obervations of certain variables of the hydrological cycle
are sums of these variables over fixed periods of time. An
example of such variable are the daily observations of
precipitation by means of a non-recording gauge. In this

case we may be interested in reproducing the properties of

the unobserved process from the available aggregated obser-
servationgs. This problem is very common in Economics and
therefore many references can be found in the economic

literature.
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5.1. ‘Aggregation properties of univariate mcdels

Before dealing with the problem in the hydrological con-
text we consider the analytical derivation of the properties of
aggregated observations given the stochastic model fitted to the
short-term observations. The basic theoretical results concerning
the aggregation problem can be found in Theil (1965), Telser (1967),
Wu (1971), Theil (1671), Zellmer and Montmarquette (1971), Amemiya
and Wu (1972), Tiso (1972), Brewer (1973) and Tiso and Wei (1973).

"In this study we shall restrict our attention to the aggregation
properties of auto-regressive models which are sufficient to
establish the nature of the relationship between the properties of
the short and long term obervations.

The main result of interest in our analysis (Amemiya
and Wu 1972) 1is that, if the short-term observations follow an auto-
regressiye process of order p, non-coverlapping sums of m terms
follow a mixed autoregressive - moving average process of order
(p,p) the parameters of which can be computed from those of the
original process (See also Appendix 5.1).It appears therefore that
if we haye a sufficiently long record we can fit a stochastic
model to the long-term flows and then test whether the aggregated
values of the simulated flows satisfy this process. The succes-
slve steps of this procedure can be described as follows:

Step I Fit a stochastic model to the short-term flows.

Step 2 Determine analytically the form and the values of the
parameters of the long-term flows.
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Step 3 Tsing the form of the model identified in Step 2 and
assuming that the number of years of record is sufficient,
estimate the parameters of the annual model using the
obseryed annual values and determine their §5% confidence
interyals.

Step 4 If the model fitted to the short-term flows is adequate,
we would expect that the values of the parameters derived

in Step 2 are within the confidence intervals computed in
Step 3.

Step 5 If the two models are not compatible we must re-examine the
model fitted to the short-term flows in Step I and try to
take into account the properties of the observed annual
flows in the estimation of the parameters of the short-
term model. This can be done by using the methods of

' Valencia and Schaake or the mixed regression method de-
scribed in the next sub-section.

52. Aggregation properties of transfer function models

In this study we have dealt extensively with the identi-
fication and estimation of transfer functions between hydrelogical
variables. In this context we may be interested in the form of
the transfer function between aggregated variables given the trans-
fer function between the short-term variables. This problem has
been studied by Theil (1965), Telser (1967) Theil (1971), and Tiao
and Wei (1973). The main result of these studies (Tiao and Wei
1973) is that given that the transfer function between the short-
term variables is e "dynamic repression" i.e. the direction of
predictability is one sided (See also fig.2.6 of section 2), the
transfer function between the respective nen-overlapping aggregated
variables includes feedback effects except in the case where the
input variable consists of independent, identically distributed
random variables. The result is discussed in more detail in

Appendix I



This fact raises a fundamental question concening the
estmation of transfer functions between hydrological yariables,
which can be formulasted as follows: If we know the direction of
causality as for example in the case of precipitation and flow
and we can assume that consecutive precipitation observations
are independently distributed, then we can assert that the trans-
fer function between any aggregated values of precipitation and

flow is also a dynamic regression. On the other hand, if the

input follows an autoregressive or moving average process as for
example the relationship between the flows of & river at an up-
atream and a downstream site, the transfer function between sggre-
gated flows includes feedback effects and therefore it cannot be

estimated using the dynamic regression methodology.

5.3. The application of mixed regression to the aggrepation problem

If the characteristics of the long-term flows cannot be
derived from the corresponding characteristics of the ghort-term
flows, we must use them in the estimation of the parameters of the
model of the short-term flows. As an alternative to the method
of Valencia and Schaake we may use the more parsimoniocus mixed
regression method discussed in previous gections. This method
enables us to use prior information in estimating the coefficients
of a multiple regression. The azpplication of this method is based
on the fact that ARIMA (1,1) models have been shown to reproduce
the Hurst property in a satisfactory way. Consequently this

type of model is fitted to the annual flows and the values of

NS



the parameters are used as stochastic constraints in the estimation
of the parameters of the monthly mpdel. The details of this com-
putation are given in appendix 2.

It must be noted however that in hydrology we know very
seldom anything more about the behavior of the annual flows than
the information centained in the monthly flows. Comsequently,
the practical hydrologist does not have many oppertunities to use
combined methods of estimation of aggregation properties such as

"mixed regression or the method of Valencia and Schaake.

A HYDROLOGICAL EXAMPLE

We now apply the theory of flow aggregation discussed in
this section to the modelling of monthly and annual flows of the
Niagara River at Queenston Ontario from 1947 to 1970. The cata
are taken from the publication of the Department of the Environ-
ment, Ottawa, Canada, entitled "Discharge of Selected Rivers in
Canada (1972)".

The monthly flows of the Niagara River at Queenston are
shown in Table 5.1. Using these data the following calculations
were carried out:

1. Cecmputation of the monthly standardised flows w,
2. Computations of the annual standardised flows';t

3. Fitting of ARIMA mecdela to the flows W, and ﬁk with the

following results:



Standarised monthly flows: W = 0.954w__, +a (Var a_ = 0.089)

1

- '
0.6027 _, + a! + 0.469a!

Standardised annual flows: ﬁ£ (Ver al = 0.383)

and the 95% confidence interyals for the coefficients of Gt—l

and aé_l are (0.174, 1.00) and (0, 0.977) reapectively.

4. Using the first order autcregreesive process fitted to the
nonthly flows and the formulas given in Amemiya and Wu (1972)
we compute the parameters of the annual model and the result
of these computations is the following model:
Gt - 0'56;t~1 + aé + 0.121a;m1 {(Var aé = 0.394)

We see the computed parameters sre within the ¢5% confidence
interyals of the parameters of the fitted annual model., Con-
sequently the null hypothesis that the two processes are
identical cannot be rejected.

Given the fitted and computed models do not differ sign-
ificantly it 1s& not neceseory for this example to modify the com-
puted values of the monthly paraceters in order to take into

account the properties of aggregated flows.



Monthly and Annual Mean Discharges (m3fs)

TABLE 5.1
NTAGARA RIVER AT QUEENSTON

Year/ Annual/
Année | i1 i v v Vi Vii Vit 1X b4 4 xn Annuel
1948 5520 5420 5860 6310 6600 B4E0D 6290 8140 5830 5660 5720 5580 5850
1849 5720 5780 5750 5800 5800 5630 5550 54190 5330 5150 5100 5120 5520
1950 5580 5660 5750 5970 G200 6120 5860 5560 5580 5520 56E0 5890 5780
1351 5830 5720 5880 6460 8570 5480 €290 6120 6000 5890 6030 6170 6120
1952 6480 6600 6750 7080 7130 6850 6600 6510 6460 5230 6020 6090 6570
1553 6060 6260 6200 6370 6400 6340 6290 6260 8120 5800 5800 6060 6170
1954 5580 5550 5670 6370 €510 6290 €030 6090 5970 5230 6340 6340 6120
1955 68460 6170 6570 6770 6740 6450 6170 6120 5860 5950 6090 5800 260
1956 5270 5180 5440 5780 G310 6170 6000 6020 6060 5630 65630 5520 5750
1957 5460 5270 5350 5860 5520 5880 €000 5720 5630 5320 5490 5490 5610
1858 5410 5010 5100 5150 5130 5180 5270 5240 5180 5040 5070 4870 5150
1859 4700 4370 5210 5410 5810 5580 5200 5120 4950 5070 5210 5210 5180
1260 5520 5440 5270 E580 5820 6030 5950 5750 5660 5520 5630 5460 5630
1961 5120 5180 54€0 5820 5400 6260 €000 5890 5830 5520 5380 5460 5690
1962 5010 4840 5270 5380 5520 5290 5180 5120 5040 5070 4370 5180 5150
1963 4700 4450 4380 5100 5270 5270 5010 4800 4560 4450 4590 4640 4810
1964 3960 3360 4620 4930 5180 5070 4310 4700 4590 4470 4330 4280 4590
1665 4360 4560 4810 4500 5100 5180 4220 4840 4810 4930 4980 4930 4870
1966 4580 5070 6270 5290 5630 5580 5440 5380 5180 5040 4950 5440 6270
1867 5380 5270 5180 5680 5860 5610 5580 5480 5320 5480 5630 5630 5520
1968 5460 6090 5800 5950 6000 6030 €060 5820 5800 5720 5610 5020 5860
1969 5660 5920 5880 6140 6710 6710 6600 6510 6220 6170 G650 6000 6230
1970 5580 5680 5720 6030 5200 6140 5140 5250 5970 5830 BODG GO0 5950
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APPENDIX 5.1

DERIYATION OF AGGRECATION PROPERTIES

1. Aggrepation properties of univariate models

Following Amemiya and Wu (1972) we assume that the ghort-

term cbseryations ¥, follow the pth order autoregressive process
P
1) jil ¢j yt“j S at
vhere we assume as usual that the roote of the equation
P 4 -
(2) z ¢j z° = ]
i=1

lie outside the unit circle (Box and Jenkins, 1970). If we denote

the roots of this equation b

yi,..., 1, equation (1) can be
Gl %}

written
-— — —— \ =
{33 GlB).(l GzB)...(l G B,yt a

vhere B is the backward shift operator such that By£= Ye-1

Define now the aggrepated variable by the eauation:
m-1
(4) o R e TS
The basic theorem of Amemiya and Wu (1972) is that the
aggregated variable Y, satisfies the mixed autoregressive - moving

ayerage proceage

q
- - ¢"g™ - -
(5) @ -eaDH...0 GEB X, = e 551 6; € ym
vhere e, are independent identically distributed random vyariables

2 2

2
with Eetmo, Eet s , the constants ¢j and ©

e

are determined as functions of ¢'s and q is the largest



integer satisfying the inequality
(6) gn < (p+ 1) (m~- 1) + 1
and consequently N is at most equal to P and if m>p+l then q = p.

The formulas giving 03 and ej in terms are given in Amemiya and
Wu (1972} . Since these formulas are rather complicated they will

not be reproduced here.

2. Aggregation in transfer function models

Following Tiao and Wei (1973) we consider the simple

dynamic regression model

- 2 +
(L Ve Gy Xor TRy e

where-ut are agsumed independent and N (0, q:)

Define the aggregated variables

m-1 m-1
i ) X=7 ' | e t = mT
YT . J=0 ym'.a'.'--j i R T me-J WheEe =

Further let

m=1

W Limd ®uret-4
m-1

B = %yuo Cur-j

Summing the terms of (1) we obtain
T, Bty &g Fiug, My By
wvhere the Ut are indepenent and N(0O, m cﬁ).
Tiao and Wu studied the following cases:
(1) x .= 3 (Xt are independent random variables)
(2 = = g = ¢at—l (Xt follow a MA process)

LA a, (x, follow an AR process)

5.10



Case 1

Case 2

Case 3

ay

@1

3)

(4)

(1)

(2)

(1)
(2)

Xt are a series of normal variables N(0, mci)

Yt can be represented by a uniyariate moving average
model of order 1.

Y. depends only on Xt and xt—l and therefore the
relationship can be described as a dynamic regression
as the basic model (1),

The residuals Ut are not uncorrelated and follow a
univariate moving average process of order one.

The series Xt and Yt follow univariate moving average
process of order one and these series are dependent.
Unlike the basic model and the previocus case there
does not exist a dynamic regreassion between xy_j
and Y, for 3=0,1,2,... and therefore the trancfer
function between these two cariables includes feed-
back from Y, to Xt.

Xt is an ARMA (1,1) process

Same remark as for Case 2.

w

=
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APPENDIX 5.2
MIXED REGRESSION APPLIED TO THE AGGREGATION PROBLEM

In order to establish the notation we begin by arranging
the short-term flows in a M x N table where M = number of short-

tem periods and N = number of long-term periods.

L siiad, S0 T i N
e
8 Ynn Vs
m
SM' |
s Ya y
where t = 1, 2, ..., MN = Index for short-period flows
numbered sequentially
me=1, 2, ..., M= Index for short-period flows
(for monthly flows M = 12)
n=1, 2, ..., N= Index for long~period flows
{(e.g. annual) .
Ymn ~ Y
Let the standardized flow be defined by: ¥ o
m
We have,
- 1 1 -
Yn "M Yun " H E (yh * o’
m=1
1.~ 1 1
win t MEsm ‘ Is ke

6 y.w  SUENG S8



where the symbols in the last equation are defined as follows

= Mean flow for the nth year

Ya

y = Long term mean flow

s = Mean of the monthly standard deviations
w

s Weighted average of the standardized monthly flows

Assume that we have fitted a mixed ARTMA process to

the weighted average of the standardized monthly flows:

—-—

(1 Ya ™ ﬁ"i'irn--l G An ] QAn--l

where En is defined by:

W
mn

8
m

w1
Het |5

and we want to fit a mixed process to the standardized monthly

flows
() Ymn © ¢w0m~1)n i mn T ea(m--l)n

Note that if we have fitted the process (1) to the weighted

average of the standardized menthly fliows Gn' we have

(3) ¥

Equation (3) shows that the centered annual flows
(;n - ¥) follow a mixed ARIMA process the characteristics
of which can be computed from those of the process fitted

to the quantity ;n'

Solving (2) for a . ve obtain

(&) amn(¢s 0) = Wan ¢W(m__1)n + 6 a(m-l)n (¢, 6)



The iterative estimation of the parameters ¢ and O starts
with an initial pair of values (¢0, eo). Expanding the
function amn(¢, ®) in a Taylor series and retaining only
the linear terms we obtain (Appendix 2s1)72

8a da

mn mn
(5) ﬂmn(¢. 9) A (¢°, 90) + (¢ - ¢o)“3$" + (0 - eo)_3§
Solving for amn(¢e’ So) we have: "
Bamn aamn
(6) amn(¢o’9°)“(¢—¢o)-(— 58 )+(9°—90)(- 55 )+ﬂmn(¢,9)

or substituting the valueg of the partial derivatives:

(7) amn(¢o’ eO) - (‘b"‘bo) W(m—l)n + (B"'Go) . [_a(m--l}n.(¢o’eoﬂ

+ amn(éJ, 8)

This can be considered as a multiple regression equation

with dependent varizble amp(¢0, Bo) and independent variables

¥ (u-1)n and [wa (¢0, @0)}

(m=1)n

We shall now write equation (7) for M consecutive months and

multiply it with the appropriate weights in order to form the

welghted average En:

WEAR ] MONTH] MULTIPLIER EQUATION
2' .sl/zs azn(ﬂ)-(¢-¢o)w1n+(9.-ﬂo) ("31;(10))"'32:1
n | om 8.1/ I8 am(O)=(¢—¢o)w(m_1)n+(e—90)(-a(m,_l)n(0)) +a |
M sM_IIEs aHn(0)=(¢-¢o)w( M—l)n+(0—96) (-—aﬁ —1)n(°) Ytay
kLol 1 4 ﬁn/Es al(n+l)(°)=(¢-¢o)wih1+(e-eo)("%hﬁ(o))+al(n+l)
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Multiplying and summing the M equations we obtain:

8 Lo ¢ L v
‘ Is 2;2 Sm-1 amn‘g} ¥ Is M al(n+l)(0) i
8w s (~a__(0))
™ mn m° mn
" (¢-¢o) gﬁl Ls P (6—60) §=1 Ls *
» L g e

Is m=2 °m-1 %mn * 3o SH‘al(n+1)

Letting:

1 4M-1
(9) Cnoa= Egti?=l Sn a(m+l)n(0) * Sy al(n+l)(0)

; *H 3
T S ——
(10) Dno s mzl m( qmn(o))
1 M-1
11 F = gerenpe o
(11) n X5 %«2 8el %mn M aJ_{n+l '

equation (8) can be writton:

(12) ¢ no (¢_¢o)wn b (6-30) Dno i Fn

The same equation for the period (n-1) is:
(13) cm(nﬁl)o e (¢-¢o) Yn-1 + (a_ac) D(n-l)o -5 Fn—l

Multiplying (13) by ¢ and subtracting from (12) we obtain:

c_, - °C_(n-1)o“(¢““’o)[“n - Wn_lj"’ e [Dna“w(n—l)o}

(14) +p - or
n =1

or

e

5 ¥ w hed o 3 i - e W
(15) fn (s ,s) + {8 au) a_l B un

T
el s

S
wd1



where

Yn . cno f ¢C(n—1)o; X1n & wn W an—l; Y
(16) (16)

x2n v Dno b QD(n-l)o; vn ] Fn g ﬁFn~1

We can now formulate the problem of fitting a mixed
ARIMA process to the monthly flows taking into account the
propertles of the annual fiows, in the following way:

Given the initial values ¢°, Bg, we estimate the corrections
(¢—¢°) and (8—80) from the regression equation (7) taking into
account the n-1 constraints (15) by the method of mixed
regression described in Chapter 2,

The details of the computations are as folliows:

Given the initial values (¢0. Bo) we can use equation (4)

to compute the residuals

amn(¢o; eo) = Yo ¢o w(m--l)n+ eoa(m-l)n(%’ eo)

form=1, 2, ..., Mand n =1, 2,...,N. and then compute Cno
and IJno and the quantities Yn and X2n which appear in the
constraints (15),

The quantity xln can be computed directly from the
weighted average ;n of the standardised menthly flows. 1In
order to compute the mean and variance of this quantity we

use the fact that



g

La

~J

- &n i QAn—l

where ¢ and Q are known quantities (parameters of a fitted
process) and An is a series of random variables with mean

zero and known variance o2,

A We have E(xn) = 0 and:

2y o
(17) Var xln = Var (An - QAn_l) =(1 +0 )UA

T LT
(18) Ccov (Xln’ Xl(nul)) QoA

The random term Vn of equation (15) has expected value,

varlance and autocovariance given by:
7 sz - &1 =
E(V,) E(F_ - ¢ n~1) 0

(19) Var(Vn) = (1 4+ 9%) Var R o= (L# ¢2)c%

2

-%.02

(20) Cov(V , V ;) =

and therefore the covarlance matriy of the residusls V

n
is given by:
1 2 4 s e e s e = N - 1
(21)
1492 -9 0 0 0 .
-0 1492 -0 0 0 8
2 =1, 2 -
F.V UF 0 -0 1+°2 -3 0. 3
.
0 0 ] 1+52 -0
0 9 9 -2 1+02 N-1




Instead of inverting the matrix V we shall use the

approximate inverse of V given in Kendall's "The Advancad

Theory of Statistics", Volume III, Page 474:

V 7=

We

1 ¢ 92 S o2
¢ 1 @ ¢2 L] . L] .
. 32 % 1 ) 92
1-¢2
N T ¢'2 (] 1 &
"l e 2 ¢ 1
can now summarise the sequence of the computations in

the following way:

Step (1)
(2)
(3)
(4)

)
(6)
%)
(8)
9

(10)

(11)

Estimate model (1) for E} (Parameters @,Q,cﬁ)

Estimate model (2) forw. (Parameters ¢ .0 ,02)
mn p- 0" o

Using 0,Q compute X » and V from (16) and (21)

1

Using the initial values ¢°,BQ compute the residuals a

from (4)
Conmpute cno’ Dno from (9) and (10)

Compute Yn' X " from (16)

2

Form constraints (15) using Yn’ X i X 0 '

2
Estimate (¢1—¢0), (ei-eo) using constraints alone
IS CONVERCENCE CRITERION SATISFIED?

If YES Print ¢1,Bl

1f NO Using ¢,:8; compute residuvals a, from (4)

1



(12)
(13)
(14)
(15)

(16)

Compute Cnl’ Dnl from (9) and (10)

Compute Yn' X frem (16)

2n

Form constraints (15) using Yn, X Y"n’ v

1‘[1’ ‘t’-
Estimate the corrections (¢2—¢1), (32—81)

from the regression equation (7)
Ban(01909)= 0270 D3y +(05-6,) [’a(m-l)n(“’l’el):’

+ amn(¢,9)
and the constraint (15)
= -~ -0.)
Yn (42 ¢l)xln ke e1'x2n = vn
Go to step (g} and repeat steps 9 - 16 as many times

as necessary to obtain convergence

5.19
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Appendix 5.3

A Computer Program for Mixed Regression
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