City Research Online
City St George’s, University of London

ST GEORGE'S

UNIVERSITY OF LONDON

Citation: Brown, I. C. (1973). Two-dimensional biharmonic analysis and some
applications. (Unpublished Doctoral thesis, The City University)

This is the accepted version of the paper.

This version of the publication may differ from the final published version. To cite
this item please consult the publisher's version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/38381/

Copyright and Reuse: Copyright and Moral Rights remain with the author(s) and/or
copyright holders. Copies of full items can be used for personal research or study,
educational, or not-for-profit purposes without prior permission or charge, unless otherwise
indicated, provided that the authors, title and full bibliographic details are credited, a
hyperlink and/or URL is given for the original metadata page and the content is not changed
in any way. For full details of reuse please refer to City Research Online policy.

City Research Online: http://openaccess.city.ac.uk/ publications@citystgeorges.ac.uk



https://openaccess.city.ac.uk/policies.html
mailto:publications@citystgeorges.ac.uk
http://openaccess.city.ac.uk/

Two-dimensional
Biharmonic Analysis
spd some Applicztions

by Ian Colin Brown, M.A.

A thesis submitted for the Degree of
Doctor of Philosophy

Departuent of Mathematics,
The City University,London.

June 1973 ?HE(y»



Fagpe
Iist of tables .. e'es save e R b 5
List of figures ... Lea'a s 5 ey Siaih 4
Acknowledgenents .. =yt ) ‘e cna Sy )
Abstract Wiy s e & oie oo oia'’s Siale 6
Glossary Sy e o ele s o ses cos 7
Introduction.. .. el .o e e aos 10
PART F ¢ THE GARABEDIAN PROBLEM
Chapter 1 Introduction LA = %5 aine 14
iy 2 Harmonic function analysis ... e 18
i %  Numerical potential theory: Dirichlet
problem ... 28
4 L Numerical potential theory: Nennmann
problem ... 49
W s Biharmonic boundary value probhlens .. 56
" 6 Study of the Gerabedian problenm vio'e &7
BARD TII. : ELLIFTIC CAVITY PROBLENS
Chapter 7 Introduction oleie olas wile wew | 2O
0 8 Exact solutions in confocal ellintic
coordinates. RS S
2 9 Exterior numerical solutions .. S =)
PART IIT : ELASTO-FLASTIC STRESS ANALYSIS
Chapter 10 Introduction - o axers POUPIE | 1.
1 11 Exact solution for a circular cavity. 148
L 12 Elasto-plastic iteration procedure... 160
" 13 Elliptic cavity subject to uniform
internal pressure ... vae . Ll

Appendix 1 The [T-contour : analytical
considerations ... 184

" 2 fThe M-contour : numerical

considerations ... 186
. 3 A trial harmonic problem ..s¢ o4 sse 189
o 4 Representation of an arbitrary

bihermonie function ... 192
" 5 Confocsal elliptic coordinates .. ... 195

TV I Y Y -
E\.-.JF.'.‘-RLNC_I-J . ea R LR .. . s & . e 1(,!!:,



LIST OF TABLES

Table Page Table Pag
¥ L G T ey 52
e o s 50 34 cseene 92
S e e 35 ceesss 52
s sans U 30 saewee 5%
o ST PR F7 aaewes 54
S N BB seseee 5%
Seaawap o 29 cessse 54
e R ) B0 ceenee 55
S SR Y BY - sainianin 83
Fewmen ) 2  ceossnis 6l
s L §3  ceeuen 64
ot LR ) & U4  ceevee 64
ey e U5 csenns 65
i e B 46 <conses 65
sraliee B3 47  sensee 65
de e e Y U8 ceeess 66
Y I, 5 BO'  caesies 66
e § 8L 90! cevess 66
SiHTE e D Bl ssaaee 7%
coonen Lk 52 e eees 74
- R NS 55  eweven i
22 Bskcas LD 54  seenese 79
25 R G
24 s ey D
25 P heraiy . T HS 7 SRR R e 76
26 e A 58 esssas 77
27 DA b HE 59 secvac 75
23 SNt ee | W7 60 cssoss 122
29 e v e L HD G - wuilene, 258
30 b aas o ury | S 62 . saenins 169
5 Sdan as | De 65 weicuse 169
32 Lo e a2 (57 SRR P 187

W 0~ 0O F W e

O TR I S SR T el et ol
OO O30 BN O

5 LI B 75
6

® % & & &0

N



LIST OF FIGURES

ure Page Figure Page
..... o 59 30 sesawe 120
r i oy s R 31 Segeas "LOL
s maan, 12O 32 Y o T 1
smines 09 22 ST .
cssaen « OO 34 ekl Ao
ST - 59 SO SO -
saa sy | OF 56 AU Sl 5]
sissne O 37 o ninateiar TR
e B L T e |
uvaa B85 39 seasem T 199
so R (B0 40 vewmas 24O
s aesian O 41 e
i 4.2 alewimina XD
14 aeageas 185 4% S o 4
15 Jienee 90 Hh e ses 155
16 S S, o | ) R |
1 sesens, D2 46 emiman 170
18 S SO 47 censve 174
19 aEn e R a8 faiere e e | L
20 Ve venesl HD 49 RO 7
21 sy I8 50 M e Ui
22 P DSROREEE © 51 P R 1,7
2% cavese I8 52 o R S 11
24 s e 9% 55 P e
25 sl e 2200 S o waiae L2
26 vessee 20X 55 s78 s oty LA AICSES
27 R ) (122 56 AN NP 15,
28 cessse 108 57 A AT Ko
29 T i - o

O 03 00w F W N g

=
N = O

]
N

4



ACKNOWLEDGEMENTS

The author has much plezasure in thankineg
his supervisor, Professor M,A. Jaswon, for his counsel
and guidance.

He also acknowledges the help of the City
of London Polytechnic (formerly Sir John Cass Colleze),
at which he has held the post of Senicr lLecturer in
Mathematics throughout the course of this research.

Some research relaxation from teaching has been allowed;
expenses of attendinm colloquia have been met; the
Librarians have been helpful in obtaining journals; and
the facilities of the City of London Polytechnic Computer
Unit have been available.



This thesis lies within the subject area of
the mathematical theory of elasticity and plasticity.
Integral eguation methods are applied to three
problems lying broadly within the field of appnlied
biharmonic analysis. The first concerns the deflection
of & thin clamped elliptic plate subject to a concentrated
transverse load. The second is that of determining the
elastic stress field in the neighbourhood of a cavity
of elliptic cross-section within an infinite medium.
Finally, the previous problem is extended to the analysis
of the plastic zone that develops near the tips of the
cavity. This problem has relevance to the analysis of
crack growth, and an approximation for the equilibrium
elasto-plastic boundary is obtained.

This work is analytical and computaticnal,
Numerical solutions are obtained on a digital computer,
Extensive use is made of numerical analysis and some
developments in the field of techniques have been

achieved.



Iist of Symbols.

a Semi-major axis of ellipse.

b Semi-minor axis of ellipse.

B Domain.

c (with reference to ellipses)/a-b-.

c (with reference to circular cavity problems) Radius

of elaste~plastic boundary.

C Elasto-plestic boundary.
C; Approximations to elasto-plastic boundary; (= 1,2, 3..
C. Modified approximations to elasto-plastic boundary.
B Boundary of domain B . '
D Flexural rigidity.
c The base of natural logarithms, 2.71828183%...
e (as subscript) denotes "exterior".
(e) (as subscript) denotes "in the elastic zone".
(e) (as superscript) denotes "elastic component".
E Young's modulus.
B Ey Traction components per unit length.
G Biharmonic Green's function.
.. Half of an interval length.
h Thickness of plate.
%, H

Critical axial ratios.

(as subscript) denotes "interior".

Yield stress.

Bulk modulus.

Natural logarithm.

Yield stress.

Scaling parameter.

Number of nodal points.

Unit normal to boundary.

(as subscript) denotes "in the plastic zone”.
(as superscript) denotes "plastic component".
Pressure.

Initial yield pressure.

Vector variable specifying a2 point on 2B,
Vector variable specifying a point in B.
Vector variable specifying a point on 9B,
Plane polar coordinate.

"Capacity" of ellipse (= I61$)d$, hie

(In chapter 11) Increasigg radius of plastic zone.

7
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Unit tangent %o boundary.

Source point.

Nurerical approximation for s , the capacity of
(In chapter 8) Shear. ellipse,

Tension.

£ 4 e

Cartesian displacement component.
Cartesian displacement component.
Strain enersy per unit length.

0. e

Harmonic function.

<

Cartesian displacement compnonent; transverse
deflection of plate,
Strain energy density.

Double layer potential.

S 5 ¢

z

Cartesian coordinate.
Cartesian coordinate.
Cartesian coordinate.
Constants which take

values depending on
the context.

—J~«®» R N o K
e
—t—

An exceptional contour.
The Dirac delta function.

O
L i
]
1
w
4

Spo, The Kronecker delta ( &,y = 1 if puq i Ga= 0 if pug)
5 Exx + Eyy + Ex, , the diversence of the displacenment
' vector.
(= "is in", "is a member of".
En Strain components; p,q =34z ; r, 6.2 etc,
7 Confocal elliptic coordinate.
e Plane polar coordinate.
e (In chapters 12 and 13) Characteristic Coordinate.
@ x‘;c. + 5‘;
(&) xx + yy +z= , the dilatation.
Alg) Solution of intecral eguation.
A ) Solution of integral equation.
Mmlg) Solution of integral equation.
P Lamé constant.
v Poisson's ratio.
% Confocal elliptic coordinate.
7 3.14159265. ..
pa) Solution of integral equation.
ela) Solution of integral equation; source density.
¢ Plane polar coordinate.
#(3.) Solution of integral equation.
% (P) Two-dimensional harmonic function.
X Two-dimensional biharmonic function.

W(E) Two-dimensional harmenic function.

W Characteristic cpordinate.
o



Notation

The symbol ~ connecting twe letters denotes the
stress component characterized by the directions associated
‘with those letters. Thus x4y {= yx ) is the compcnent
in the >x —direction of stress on an element with normal
in the y-direction.

A prime ( 7 ) above a function denotes the inward
normal derivative, i.e. the expression @' = %% where n
is a normal to the boundary 9B drawn into B.

In chapters 10 and 11, however, a prime on a stress
or strain component denotes the deviatoric component.

Thus P%,,:PR_ @-J _
s

Epa— & Ipa,

where "
- e s K_az Yy +zz ,

A = Sxt"‘gs,"" 511 = 2o 'bb 2z

The two-dimensional lL.aplacian operator is denoted
i
by N
The two-dimensional biharmonic operator is denoted
s ;
by i i In Cartesian coordinates,
“w
" - 7 2
= =+ e i
V'8 S teame + 5

Exhibition of Results
Numerical results are rounded off to the number

of decimal places indicated. For example, the expression
3.464 denotes a real nusber x satisfying the inequality
3.4635 € x < 3.,4645, In some places, however, the

context will make it clear that a decimal representation

is exact.



INTRODUCTION

Biharmonic analysis traces its origins to Sir
Georze Airy who, for the sreater part of the last century,
was Astronomer Royal of England. At the Royal Observatory,
Greenwich, he developed an interest in elasticity in order
to improve astronomical results by accounting for the
deflection experienced by a telescope under its own weight.
In 1862 he introduced the stress function, now usually
called the Airy stress function, which satisflies the
biharmonic equation of classical elasticity.

The earliest significant mathematical advance in
biharmonic analysis was made by Hadamard (1908). He
showed that a function X which is continuous, snd hes
continuous derivatives up to the fourth order throughout
a finite domain B, and which satisfies the biharmonic
equstion in B, exists and is uniquely defined in B if x
and its normal derivative have prescribed values on the
boundary of B.

There are two areas of elasticity in which the
biharmonic equation plays a fundamental role. The first
includes bthe theory of beams and thin elastic plates In
which the deflection satisfies a biharmonic equation. The
second comprises plane strain and generalized plane stress
conditions. Here the second order partial derivatives of
the Airy stress function determine the stress componentis.

An outstandine problem of classical elasticity
concerns the deflection of a clamved plate under concenbrated
transverse losading. Translated into mathematical terms,
the problem is that of determining a biharmonic Green's
function G throushout the domein B of the plate, subject
to appropriate conditions on the boundary 9B. The
earliest substantial advence was made by Hadamnard (1903)
when he conjectured that G has the same sign throushout B,
i.e. the deflection has everywhere the same direction
as the aprlied load. This conjecture was proved false
by Garabedian in 195l. He demonstrated that, for a
concentrzted load located on the major sxis of a clamped
clliptic plate of axial ratio 5/3%, the deflection along

this axis changes sign if the load is locazted sufficiently
near an extremity. Although Garabedizn's resull is

extrenely interesting and important, it involves
rather complicated complex verisble analysis of limited
>
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applicability and leaves several questions unanswered.
Firstly, it does not specify if there is a critical axial
ratio below which the conjecture holds and above which it
fails. Secondly, for Garabedian's particular axial ratio,
no information is available about the deflection behaviour
for different locations of the point force along the major
axis. Thirdly, no expression is available for the deflection
profile along the major axis. These guestions seem
sufficiently interesting to warrant further investizsation.
They are answered in part I of this thesis, and the
conclusions reached are a significant contribution to the
originality of the present work.

Returning to the other application of biharmonic
analysis to elasticity, i.e. two-dimensional stress analysis,
we may ascribe considerable worth to the contribution of
Muskhelishvili (1963). His well known complex variable
approach requires the domain under consideration to be mapped
into the unit circle or half-plane. Closed expressions for
the mapping function exist for relatively few domains.
Approximate expressions for the mapping function may scometines
be constructed, and numerous other approaches are available
which are effective for specialized types of problem. However,
these are not sufficiently smeneral to cope with the varieiy
of domains and boundary conditions that arise in modern
engineering science. Numerical solutions are achieved in
part II of this thesis by a method which is applicable to a
wide class of boundary-value problems. Where comparison is
possible, good agreement is found between our numerical
results and available exact solutions. An interesting
analytical solution has been achieved for a problem in terms
of confocal elliptic coordinates. Although the results are
also obtainable by the method of Muskhelishvili, the present
formuletion appears to be original.

Elasto-plastic stress analysis constitutes another
field in which few exact solutions are available. In the
case of contained plastic flow, exact solutions are only
available for special problems such as those exhibiting
circular or spherical symmetry. General methods are
available for computing stresses in a domain known to behave
plastically, but the extent of this domain is unknown in
advance. In part IIT of this thesis we develop a numerical

method which we term the "elasto-plastic iterstion procedure”.



Here, successive solutions of elastic problems are
followed by slip-line solutions for plastic stresses.
The procedure is tested against problems having known
solutions, and a useful solution is given to the probtlem
of an infinite cavity of elliptic cross-section within
an infinite medium subject to uniform internal pressure.

The basic tool of the numerical work of this thesis
is the integral equation formulation of potentizl theory
initiated by Jaswon in 1963, and developed, for example,
by Jaswon, Maiti and Symm (1967). Although the theory
is now well established, much work remains to be done on
the numerical analysis and on the further exploitation of
the method. Contributions in both these directions are
made by the present thesis. Scope exists for extending
research in this field, particularly in refinineg numerical
results nesr boundaries. Since we generate biharmonic
functions in terms of two harmonic functions, the early
chapters of part I are devoted to discussing the relevant
theoretical and numerical background issues. In particular
we are concerned with the representation of harmonic
functions by simple layer potentials.

It can be fairly claimed that this thesis mekes a
significant advance in developing numerical technigues as
well as solving specific problems. It therefore inspires
the hope that the present work will stimulate the further
development of intemgral equation methods for applications
in engineering science.



PART I

THE GARABEDIAN PROBLEM



CHAPTER 1

INTRODUCTION

Description and History of the Problem

The aim of Part I of this thesis is to solve one
of the outstandins problems of classical elasticity
concerning the deflection of a thin clamped plate uader

concentrated transverse loadine. Translated into
mathematical terms, this so-called "Garabedian nroblenm"

is that of determining a biharmonic Green's function G
throughout the domain B of the plate, subject to. avoropriate
conditions on its boundary 29B. A notable contribution

in this field was made by Hadamard (1908) when he conjectured
that G has the same sign throughout B, i.e. the deflection
has ‘everywhere the same direction as the apnlied load. No
doubt Hadamard was guided by compsarison with the narmonic
Green's function which is known to have the same sien every-
where in B, i.e. for a membrane the deflection has everywhers
the ‘same sign as the applied load. Hadamard's biharmonie
conjecture is known to be true for a circular domain.

Happel (1921) obtained the deflection of a clamped
elliptic plate loaded at the centre and Ghosh (1929) placed
the load at a focus. Sengupta (1948) generalised by
allowing the load to be anywhere on the major axis and later
(1949)anywhere on the ellinse. These solutions, however,
all suffer from disadvantages, chiefly that the deflection
is left in the form of an infinite series with extremely
complicated coefficients. Not surprisingly no &attempt
was made to compute the deflection anywhere or even discuss
its sign.

Szego (1939) showed that Hadamard's coniecture is
false for certain non-convex domains, but regarded it as
intuitively olausible for convex domains. Spain (1940)
proved Hadamard's conjecture true with the additional
restriction that the bendinz moment must take the appropriate
sien on the boundary. But he believed that, without this
restriction, Hadamard's conjecture was true for a convex
domain.

14



No significant advance was made until Garabedian
(1951) demonstrated that the conjecture fails even for a
convex domain. More precisely he proved that, for a
concentrated load located on the major axis of & clamped
elliptic plate, the deflection along this axis changes
sign in the following circumstances :-

(i) the axial ratio a/b equals 5/3.

(ii) the load is located sufficiently near an extremity.
Although Garabedian's result is extremely interesting and
important it involves rather complicated complex variable
analysis of limited applicability and leaves several
questions unanswered. Firstly, it does not specify if a
critical axial ratio exists in the neighbourhood of 5/3%,
below which the conjecture holds and above which it fails.
Secondly, in the case of Garabedian's particular axial ratio,
no information is available about the defleztion behaviour
for different locations of the point force along the major
axis, e.z. would the conjecture also fail if the source
point S coincides with the centre of the ellipse. Thirdly,
no expression is available for the deflection profile along
the major axis. These questions seem sufficiently
interesting to warrant further investigation. They are
answered in this thesis on the basis of a numerical technique
described in the later chapters of Part I and the results
are as follows :-

(i) there exists a critical o/b in the neisghbourhood
of 42/1 below which Hadamard's conjecture holds
and above which it fails.

(ii) for a/b less than 42/1 the conjecture remains
true for any S along the major axis, whereas for
o/b greater than 42/1 the conjecture remains false
for S sufficiently near an extremity of the major
axis.

(iii) for a/b greater than or equal to 3/1 the conjecture

is false for any S on the major axis.
(iv) deflection profiles have been drawn for various
choices of S in each of the ellipses

2/2y 2/d3, 2/d2, 2/%, 2/%.



Unlike all previous solutions to this problem, the
numerical approach we have used will allow us, with little
extra effort, to compute profiles for any other position of
the load point and any other axial ratio of the ellipse

(or indeed for any other domain). The case 2/2, i.e.
that of a circle, admits an exact analytical solution
(Love, 1952) which yields profiles indistinzuishable from
those obtained by our numerical technique.

Intezral Eguation Formulations.

Apart from the circular case just mentioned,
comparatively few biharmonic boundary-value problems admit
exact analytical solutions. Several numerical methods of
attack have been devised, including particularly the finite
difference approach and, more recently, the btoundary intesral
equation approach. In the former, B is covered by a grid
of pivotal points at each of which the differential equation
is replaced by a finite difference approximation. This
leads to a system of linear algebraic equations over B whicl
may be solved on a computer. In the latter approach, the
biharmonic function is expressed in terms of two harmonic
functions whereupon the integral representations of potential
theory sre utilised. This leads to a pair of coupled
integral equations to determine the boundary scurce
distributions. We discretise the intemral equutions into
a linear algebraic system readily amenable to comruter
techniques. This enables the harmonic functions to be
generated from the boundary source distributions, and hence
the biharmonic function is constructed.

The integral equation formulations of potential theory
are discussed in chapter 2 and the associated numerical
procedures in chapters % & 4. The representation of
biharmonic functions in terms of harmonic functions is
discussed in chapter 5. The complete biharmeoniec solution
can be handled by a single computer programme which may be
checked by suitable trial functions, and numerical
conditioning ¢an be examined with hardly anyv extra human
effort. Numerical data and computed deflection profiles

=4
(e}



are disvlayed in chapter 6. This method is
certainly more flexible and more accurate than the
finite difference method, and has the obvious advantase
that nodal points are restricted to 3B so that the
number of simultaneous linear equations to be solved

ie much smaller than for a grid of nodes covering B.

The intesral equation method was introduced by
M.A.Jaswon (1963) and developed in papers by Jaswon and
Ponter (1963) and by Symm (1963). An application to
clamped plates under uniform transverse loads is given
by Jaswon and Maiti (1968) but no reference is made to
concentrated loads. A useful contribution was made by
E.Jaswon (1969) who confirmed Garabedian's result by this
method. The present thesis extends Garabedian's work
and fills in some of the imvortant gaps mentioned.
Deflection profiles are computed with greater numerical
accuracy than before and original cases are considered.
Scope clearly exists for extending the work to rectanzular
and other domains of eneinecering interest, and for the
load located along the minor axis of the ellipse.



CHAPTER 2

——— e e s

HARMONIC FUNCTION ANALYSIS

Introduction

Boundary value problems in potential theory are
usually classified according to the form of boundary
condition into three main categories. The first, known
as the Dirichlet problem, is that of findins a function
¢ harmonic within some domain B and having continuous
prescribed values over the whole boundary 2B of the
domain.  If continuous values of its derivative ¢’
normal to the boundary are prescribed, the problem isg
called the Neumann problem or the second boundary-value
problem of potential theory. A necessary condition for
the existence of a solution to the interior Neumann problem
is

JQS'(E)JF =0
28

where pe€?® and dp is the arc differential at P -

Clearly the solution of this vproblem has an arbitrery
constant since a constant contributes nothine to ¢tjj\.
Finally, if a linear relation between ¢ and @’ is
assiegned at each point of 3B, we have the third boundary
value problem of potential theory. This problem clearly
embraces the first and second problems and includes &3 &
particular special case the mixed boundary value problem -
that of finding a harmonic function in B ziven ;?5 over
part of 9B and ¢’ over the complementary part. If B
extends to infinity (exterior problem), then the behaviour
there of the harmonic function must also be specified for
a unigque solution to exist.

Methods of solution for the above boundary-value
problems fall into three main zroups. The first involves
finding exact analytic solutions such as the method of
separation of variables, the use of Green's functions, and
(in two-dimensions) the conformal mappins avproach
(Muskhelishvili,h 1963). These all suffer from the
limitations of being only apnlicable to s very restricted
class of boundaries and boundsry conditions. The second

18



group comprises gpproximate analytic methods, such as
variational methods (Kantorovich and Krylov, 1958) and
the hypercircle approach of Syage (1957). These permit
the solution of more extensive classes of problems, but
azain they have strict limitations. The third group is
that of numerical methods. A standard procedure is to
replace the differential equation by a system of finite
difference equations referring to a set of nodal voints
spaced throushout the appropriate domain. These may be
solved by digital computer techniques, but complications
arise in associating rectangular nets with curved boundaries.
Further, the large number of nodal points normally required
renders the method uneconomical from the point of view of
computer time and storage space, particularly for exterior
problems.

This thesis makes use of a numerical approach based
upon the theory of boundary integral equations. Here ¢
is represented within B by a simple-layer potential or
double-layer potential generated by source distributions
over the boundary 9B of B. Since these potentials are
harmonic functions in B, their identity with ¢ is assured
by imposing upon them the boundary conditions prescribed
for ¢ . This procedure leads to the formulation of
Fredholm integral equations to determine the source densities
Once these are known, they may be utilised to generate the
potential and hence ¢ , throusnout B.

The intesral equation formulation of potential
theory yields the following equations of Fredholm type :~

J Lulp-ql (q) dg = ¢(p), (2.1)
8 ot

I 2'lp-g | s(a)dq + nelp)= Y (p), (2.2)
8 o

J -Pn|£-3,|’/.¢.(1jalq’- Tf}*(_f_‘)=¢<f_)' (2.5)
8B

where p, q are vector variables gpecifying points on a

given contour 9B dq. denotes the arc differentisl

1S



att ¢ directed so as to keep B on the left; ¢ and ¥
areqprescribed continuous functions on 3B, and o or M

are the unknown scurce densities to be determined; fn'lp .|
denotes the normal derivative of ﬂn[f-}l at p keeping é g
fixed, and reciprocally for Qn)f—lr. For our purposes

we may assume 2B to be a single, simple, smooth contour,
although generalisation to multiply-connected domains is
possible (Symm, 1963). It will be found convenient for
the positive normal to have two distinct directions at each
point of 9B depending on the context: it will always point
into the domain B. Accordingly the direction relevant
when differentiating exterior functions is oprosite to that
for interior functions. With an obvious suffix notation
we have

ﬂJg-})l "i“lf'?'; , 2l A (2.4)

and after applying the Cauchy-Riemann equations we obtain
the integral relation

Jmp e 0 jmr platy == (2e5)

This sign conv=nt:on heas tha advantage that either interionr
or exterior problems are formulated by (2.2) and (2.3).

Equation (2.1) arises if a simple source distribution
is adopted, and this representation is intuitively the most
obvious for Dirichlet problems. If a solution exists it
generates zn interior harmonic function

%, (P) =l 8. |P-q|(a)dq ; P eBIB,(2.5)

and an exterior harmonic function
#,(B) = [ 24 |P - |claddg; PeBir2B (2.9

each of which reduces t;s ¢Qﬁ on 2B. However in

classical potential theory this formulation was not used
because of analytical difficulties; little work having been
done on existence theorems for Fredholm's first equation.

It was customary instead to represent potentials by means

of double leyer distributions resulting in equation (2.3),

a Fredholm intesral equation of the second kind, for which
the theory has been well developed. For a Neumann problem
equation (2.2) is relevant and this, also being of Predholm's
second kind, presents no great difficulties.



Neumann problems

The interior Neumann problem is solved satisfactorily
by Fredholm's second equation. Here we assume a simple-
source distribution

QS;(E):leE*ﬂ:, «(q.) dg, - Pe B+0B, (2.8)
28
yielding (Kellogg, 1929)
é((r)'—'s[aﬂjlr-q" f(%)&q. +1‘I’G‘(r)5 PEaB. (2.(]‘)
L . £ TX T

We identify the prescribed ¢Tf)with 9{5) in (2.2): pedB,
The transposed homogeneous form of (2.9) is E

Jﬂn; l4-pl s(g)dq + we(p)= O ; p €28, (2.10)
8

which possesses the obvious non-trivial solution

o~ = constant by (2.5). From the general theory

of Fredholm integral equations (Mikhlin, 1957) the

necessary and sufficient condition for (2.9) to exhibit

a solution is that @'(;) be orthomonal to the solution

af (2.20)y L.e. to. a constant. Thus (2.9) has a

solution if and only if

J¢'(f)olr=0. (2.11)
MW
This we recognize as the Gauss condition which is
necessary for any interior harmonic. The solution
of (2.2), then, is unique and yields an interior harmonic
function unique but for 2n arbitrary additive constant.
The exterior Neumann problem has a unique solution
in all cases, since the homogeneous equation and its
transpose have only trivial solutions; whence the orthozonality
condition places no restriction on H’(P) = ¢f(r). We
find that Gauss's theorem apnlied to the exterior domain
gives

J ¢;(f)clp =¢21T‘(0‘(3._).;£$ (2.12)
9B o8

by virtue of (2.5).



Interior Dirichlet problems

Jaswon (1964%) drew attention to the advantages of
Fredholm's first equation and showed that the analytical
difficulties can te overcome by careful consideration of
the boundary contour and by a resolution of the potential

into constant and variable parts. The argument may be
summarized as follows. We first show that either
J o lp-g) 2 la)de =] (2.13)
28 4
or
g%lg-‘;"‘(%)d‘i"o (2.14)
w

has a non-trivial solution for any rezular contour.
Consider the Fredholm integral equation of the second
kind

I
jgnlf-}]e plg) dq =7mulp) =O. (2.15)
3%
This possesses the effectively unique non-trivial

solution M = constant, by virtue of (2.5), and therefore,
by general theory, the transpose (adjoint) equation

i g lp o] Ma)dg -7 2G) = O (2.16)
or, by (2.4),

T [y A ) s A() = O (2.17)
B

also possesses an effectively unique non-trivial
solution. However, by comparison with (2.2),

equation (2.17) is obviously the expression for the
potential of a simple layer of density ;K(E)
differentiated along the inward normal. Since a
harmonic function is constant along 3B if the inward
normal derivative is zero along 3B, this result inmplies

j ""if“}] Al ) elg = constant ; G GO
e)

"
(1%



whence it is evident that either (2.1%) or (2.14)

possesses an effectively unique solution for any =iven
contour. It can be shown (Appendix 1) that given a

family of similar contours there exists one - and only one -
member of the family for which the consfant in (2.18) is
ZEero. This has been termed the [M-contour.

Accordingly ecuation (2.13) has no solution for [ , whilst
(2.14) has a non-trivial solution. For any other member

of the family equation (2.1%) has a solution, which must

be unique, whilst (2.14) has only a trivial solution.

We can avoid the [M-contour simply by chanzing the
scale. We shall assume that this has been done in the
subsequent theory. Turning our attention to ecuation
(2.1), we note at the outset that a demonstration of the
existence of a solution will imply uniqueness, fTor supnpose
6; and o3 are two distinct solutions, subtraction will yield

i[‘*@—ﬂf@)] Unlp-qldq =0 (2.19)

but as [G(gﬁ-—ﬂl@i] is assumed not to be identically
zero, (2.19) shows that 3B must be a [(T-contour contrary
to hypothesis.

To show now that (2.1) exhibits s solution we
consider the equation

jﬂn‘li-flif}(q__)&% +'\T/O(I) = ¢"’(.E) (2.20)
)

From general theory (Mikhlin,1957) the necessary snd
sufficient condition for (2.20) to exhibit a solution
is that @ (p) be orthosonal to the solution + of the
adjoint homozeneous equation

Jﬂ"itl‘i“flﬂ“}.’iﬂ, + 1 ulp) = O, (2.22)

a6
This hsas & solution am= constant by (2.5), so the
orthogonality condition

aJ; /"'(I.) gﬁi'(f}d_r.; o (2.22)

becomes

IQ-'(E) dp = O. bk
38
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This; being the Gauss condition, is satisfied because
¢. is a harmonic function. Therefore equation (2.20)
has a solution. Integration of (2.20) yields

I ﬂn'r-—q,'/o(c‘;_.)dq, = 95; (_lf) + A (2.24)
B 0

where A is a constant. Thus, because of {2.13),
| #lp-3{ pa)- aA()} 4y 1), (2.25)
28

We have shown that o exists so p-AA is now displayed

as the solution to (2.1). The apparent non-uniqueness
arising from A may be eliminated upon observing (Aopendix 1)
that ¢ satisfies

J“(‘}) dg = f Glp) A (p) dp (2.26)
28 %

or
J/O(‘l')dq’ =AI7‘(‘1')&I’ +I¢(f)2(f)dPa (2.27)
B 8 2B gy

which fixes A when/p is known, as expected by our
uniqueness result.

Exterior Dirichlet problems

As with interior Dirichlet problems, the theory
of Fredholm intecral equations of the first kind may be
applied to equation (2.1) and its solution used to generate
an exterior harmonic function (2.7). An importent
observation concerning the asymptotic behaviour of (2.7)
is that

4.(8) = tor fola)dg + O(2)
i } (2.28)

as rz=|P| - .

Hence no constant harmonic function can be representes
in an exterior domain by a simple scurce potential
(althoush it may be so represented in an interior domain).

This encourages us to make the resolution

Ple) =)+ k (2.29)



where k is a constant which we shall specify
completely by requiring

S 24 =k 204, (2.20)
28 28

Equations (2.29) and (2.30) imply
j ¢, (2) Ap)dp = O. (2.31)
°B

The correspondinz resolution for o(q) is

s (a)=(q) + k2 _ (2.32)

since this will automatically satisfy the "constant"
part of the potential and gives as the equation for qf%)

| talp gl (3) do = () (2.35)

?B

Thus the problem of solving (2.1) for o(q) has
become the problem of solving for s;(a) in (2.33).

The demonstration of the existence and uniqueness
of the solution ¢;(3) is practically identical to that
given above for 6(q) (Equations (2.19) to (2.27) ). We
note, however, that (2.26) is replaced by

J“:(E—M‘L A (2.34)
38
because of (2.31). Thus there exists a unique

exterior harmonic function bounded at infinity:
this may be identified as

B(P)= 4 (Pk k =I£nlE~3,‘c;(})dq' + k. (2.35)
2B :

e note from (2.%4) that %(E)-—é O('—r) ag r-—>e ,
whereas by (2.28) ¢,(P) exhibits logarithmic behaviour -
at infinity.

Our method of solving the Dirichlet problen by
Fredholm's first equation has three advanteges over the
conventional formulation in terms of Fredholm's secsnd
equation (2.3%). In the latter the harmonic <¢(E) ., for

Lo
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which boundary values ¢(f} are prescribed,is identified
with the double-layer potential

W=W(E)=[ /"(%)'Q"’l‘i,-e,dq,j Pebh, (2.36)
B r

As P> p on 9B this becomes

\/J(;) =-J3 /‘(‘1-)2“' |3, -f]otq, - walp), (2.37)

We note the discontinuity at the boundary which does
not arise with

B(B)- [ ota) mIP -g1dy ; Pesesn,(2.39)
8

Other disadvantages with W are that An'lq -p| is
more difficult to compute than .Lnlg.-gland that u usually
has much less physical significance than o .

Green's formula

We have now laid sound theoretical foundstions
on which to build the numerical work of the next two
chapters in which Dirichlet and Neumann problems are
solved using simple-layer potentials only. It would be
appropriate, however, to conclude a chapter on two-
dimensional harmonic function analysis by referring to
Green's boundary formula. This important identity can
form the basis of an attack on mixed boundary velus problems,
and like the previous formulations by intesral equation
methods, admits generalisation to three dimensions (Laskar,
1972).

Green's formula, adapted to two-dimensional potential
theory, takes the form

."z':a,i!nlf_’-:-lﬂﬁdi - = J'EnlE-gI'cp(}) dq= P(P); PeB  (2.39)
(5]

its significance beine as follows:- if there exists a
harmonic function ¢(P) throughout a simply connected
domain B, admitting boundary values ¢(3) 2nd boundzry
normal derivatives ¢13) on 3B, the 1e£t—hand side of
(2.39) is identical with ¢(P) . For a field point P
outside B, it gives zero identically, For a field point p
on OB itself, it equals %tiﬁ) owing to the jump in the K
double-layer integral at 3B, and so ${s), ¢'R)satisty the

Fo )~
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linear functional relation

Jolp gl #tyag - [l #6)ay - md), 2ot
3B °B

known as Green's boundary formula. Thus for the

third boundary value problem of potential theory with

boundary relation

- ke 241
x()gG)+ AG36)= ¥(s) Rl
wherengp,y are known functions, Green's boundary
formula (2.40) becomes a Fredholm equation of the

(a) second kind for ¢ if ¢'is eliminated in favour
of ¢ and ¥ ,

(b) second kind for ¢’ if 4 is eliminated in favour

- of ¢’and ¥,

(¢) first kind for ¢ 'if only ¢ is prescribed.(Dirichlet
problem),

(d) second kind for ¢ if only ¢#’is prescribed.(¥Neumann

problem).

With ¢(s) or @’(a)computed, as the case may be, &(PB)can
be generated at any interior point by means of Green's
formula (2.39). These considerations can be adapted
without difficulty to the case of exterior and multiply

connected domains.



CHAPTER 3

NUMERICAL POTENTIAL THEORY: DIRICHLET PROBLEM

Discretisation orocedure

To effect a numerical solution of interral equations
associated with boundary value problems in two-dimensional
potential theory (e.z.(2.1) to (2.3)) we divide the boundary

9B into n intervals, the m%® being of length 24. and
centred at a pivotal point 9. aporoximately midway between
the interval points 9, . The boundary 3B must be
"Kellogg regular" to-énsure the existence of solutions but
a finite number of corners is permissible (XKelloge,1929).
If 9B has corner points, we identify each c¢f the cornérs
as interval points, thus ensuring that the individual
intervals themselves are smooth arcs so that (2.4) and
(2.5) are still valid almost everywhere. The fundamental
approximation is that o remains constant in each interval,
whereupon the integral equation may be spproximated by a
set of simultaneous linear equations.

As a trial Dirichlet problem we generate numerically
the interior potential @(P) given that ¢(;) = 1 on the
boundary 9B of an ellipse. We know that the analytic
solution is ¢(P) = 1 everywhere in B, The relevant
integral equation (2.1) becomes

jﬂﬂlr-$|f(%)d$=l . (F.1)
8 =

which is replaced by the discrete system

Za“n.[nﬂnli,-fld% =l,' f'c_"’ab"““}"’ (%.2)

masl

where L;~d1 denotes inteeration over the m% interval
and 6, denotes the assumed constant vslue of o in this
interval. The alzebraic system (3%.2) may be written

n

m: . Aem = | ; i Ty T sty Ve % 5
The simplest avproximation for A.. is obtained by
assuming that the value of each kernel at the mid point

of en interval is applicable throuchout that interval.

0
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Thus

Arn=ga_2n'%ﬂ-@,, J‘ L el A {Zl.'q—j

which is equivalent to using the trapezoidal rule for
integration. Generally, however, we find that results
are improved by using an approximation btased on Simpson's
rule where

Arm = %[Qn\q.‘,-‘l,m_%l +Ll-gﬂlc_],:r“'i,m‘ +~Qﬂ]°_b,-‘:¢...gl]; mEr, (5.5)

In either case modifications are needed when m=r , because
of the singular kernel in (3.2). Here we approximate the
boundary by two chords joining q_ t mukand use the result

h
[faxdx = & (2adh-1)
to obtain

A = 1% Yt I[la\q,..—"e--».l -l] + |&~-%~«Ll[ﬂn\°.v--&ms.l —ﬁ e

All the numerical operations of assembling the
coefficients can be effected by feeding avpropriate subroutines
into a digital computer working with the coordinates of 9 m
and q,, ., as input data. The individual subroutines may
be cmeined into a single program that assembles and solves
the system of equations (3.%) and then generates the
discretised simple-layer potential

$.(p)- 2 = Py g (3.7)

throughout B and on 2B itself.
The set of equations (3.3) is solved using a
subroutine based on matrix inversion by Gaussian elimination.

It is worth notineg that the Gauss-Seidel method fails because,
although for each r

|A.. | > lAfm‘ ; : = e m, (nsr)
the necessary condition for conversence
l Acrl >r§“lAr-ﬂI ; .2 l,z,....,ﬁ,

is not satisfied. It is interesting that in three-
dimensions the Gauss-Seidel method converges for corresponding
problems because of the stronger singularity at the origin

of +' in comparison with fa r.

22



Brror Analysis

The potential (3.7) senerated throughout =B+ 3B
has the property

3.(B) — | spt i Ll gk g (3.8)

From the maximum modulus principle 2z measure of the
error associated with @:(P)is provided by the maximum
value of |¢ﬂr)-l|, which may be readily computed at
boundary interval points.

A sound procedure in numerical analysis is to start
with n small and examine how the computed data behave as n
increases. It can be seen from (3.4) to (%3.6) that
as n —»eo,

Rz —=»0O :Fll"‘ ol r,om, Since -E\m. =D

Thus  det. |A..] > O Ad SRean,
This is the phenomenon of inherent ill-conditioning which
generally appears unless there exists a constant ¢ such that

[Bun)> e 5 © For m=L2,....,n

as happens with Fredholm integral equations of the second
kind. So for Dirichlet problems solved by means of Fredholm
intesral equations of the first kind we have to balance two
opposing factors :-

(i) n large: accurate numerical aprroximation but

' poor conditioning;

(ii) n small: poor numerical approximation but
good conditioning.

We find that optimum conditioning occurs near n= 32.
For a given n , best results are obtained with intervals
as nearly as possible of constant length alonz 23. An
ellipse may be divided into n 2qual intervals by means of
elliptic integrals (Hancock, 1958).

Elliptic Boundary

In the first instance, we followed these procedures
for the ellipse

T LY
x> 8t
ﬂ." b'l.

(5.9)

choosing various axial ratios a:b . The perimeter of the
ellipse has a length given by

L=t [ 1+ (2] ax (3.10)

30



dy
and after substituting for J« and setting

X zea 650D . a';_f =k1J (5011)
we find
tf‘
L= e, VTesE do (3.12)

Comparison with the definition of the ellintic integral
of the second kind,

g
E(xs¢) = [ ViTwswe <o, (3:23)

Zives

| ehaE(x; L) (3.14)

Division by 2n gives the constant f. , whence the eccentric
angles of every interval and nodal point are determined by
repeated use of tables of elliptic integrals of the second
kind.

Our initial choice of axial ratios for the test problem
included those for which comparison could he made for the
biharmonic problem with the earlier results of E.Jaswon(1969).
No doubt he had found it more convenient to use the tables
when sia"'x is an integral number of degrees althoush by
equation (3.11) the ratio a:b is then sometimes irrational.
For comparison with Symm (1964) we placed nodal points at the
ends of the major and minor axes, but subsequently found that
greater accuracy could be obtained if, instead, interval
points were so placed. This also affords greater symmetry.
We further improved accuracy by defining interval points by
equal eccentric anzles instead of equal arc length. This
obvisted the need to use elliptic integral tables with the
associated laborious interpolations introducing inaccuracies
and the possibility of mistakes; in fact a few errors were
found in the tables themselves. With the use of equal
eccentric sngles the construction of all the input data can
be automated by the computer program, and the number of.nodal
points systematically increased without extra effort. Although
interval lengths are not now exactly equal, they may be made
much smaller by increasing n , yielding results which, as
far as we know, are more accurate than any previously obtained,
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Cur numerical results for o

may be compared with the
analytic solutions which are readily obtained using confocal

elliptic coordinates (Appendix 5), in which

Z ='£°= cosh™' (%—) (‘5.15)
defines the ellipse (3.8) where
C\= o.‘-bz

(3.16)
The simple source distribution which satisfies (3.1) zenerates
the interior harmonic function

V.(P)= 1 and the exterior
harmonic function

V,(P) =

-—

nie | ol®

=R
¥ D C3.17)
Clearly V. (P) is harmonic in %3 (end therefore in = and Yy )
and exhibits the required properties

Since

om %%, (%.18)

E—r-ﬁn?:é!:

as

(3.19)
\A.(E) possesses logarithmic potential behaviour at infinity,
i.es V,(P) is of the form

\/e(_P)= sdar ’fO(':) as >0 (%.20)
where

L(aEE)  (3.21)

This result provides a check on the numerical estimate ofEi
which from (3.21) is given by

S=2i SR

Mmey

(3.22)
The result
276‘(3,)-— VE'(‘_E_,‘) +V;Y=_1.)‘ (5.23)
which arises from (2.2) and (2.4), yields

oy Vo) (3.2




and the approoriate form of normal differentiation (&S5.15)
gives

=1

~h
N aw I -
6-(3:) =‘E-|“C [cgsklf.—caz?] [S.-—.Qn':] ﬁ[&“kﬂ%] (5'25)

where 9 is the eccentric angle of q , whence in terms of

x ©x(q) =aces] we have by equation (AS 6),

(1) = L e (3.26)

Numerical results

Tables 1 - 10, pn36-40, refer to the ellipses with
as=2: b= {3, {2, 1, 0.684, 0,347, with pivotal points
distributed as in figure 1, i.e. with nodal points at the
ends of axes and with egual arc lengths. Tables 1 - 5 show
how the accuracy of the computed o~ improves on passing from
n=16 to n= 32. (In the n= 16 column, the results for
i = 1,2,3%,4,5 are placed in positions ¢ = 1,3,5,7,9 for
comparison with n = 22). A corresponding improvement 1ie
found in the generated values of & (P) as n increases.

Tables 6 - 10 show the numerical value of @& (P) along

the major axis when n = 32, and demonstrate the superiority
of Simpson's rule (3.5) over (3.4). Since we are interested
in how the numerical solution deteriorates near nodsl points,
the tables show more values of @ (P)near the end of the
major axis than near the centre.

Tables 11 - 20, pp. &l -4t , refer to the previous ellipses
but with the interval points placed at the ends of the axes
(as in figure 2,035 ). The overall accuracy of o; is
marcinally improved, and an aporeciable improvement is found
in the values of & (P). Equation (3.5) has been used for
numerical integration and n = 32. As expected, accuracy
deteriorates as the axial ratio a/b increases.,

Tables 11 - 15 refer to & . Tables 16 - 20 refer to

@ . (E)generated along the major saxis. The sharp drop in

@: (P) near the end of the major axis (shown in tables 6 - 10)
is eliminated since we are no longer approaching a sinsularity.

Tables 21 - 30 show the computed «; and @.(P)
when equal eccentric angles are used to define interval and
nodal points. Here, with n = %2 and (3.5) used, the

$7]
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analysis is easily extended to 3 new range of axial

ratios, and the results are favourable. The Gnelyvbicsl
"capacity" s of (3%.21) and the numerical counternart S

of (3.22) are shown in table 30 with the corresponding
error | S-s| . The values of @:(P) , t= 1,2,00000:,8
shown in table 30 correspond to field points on the major
axis defined by x = %f where j = 0.0, 1.0, 1.%, 1.79,
1.80, 1.85, 1.90, 1.95, so that direct comparison can be
made with tables 16 - 20.

It proved possible to improve the accuracy of #(P)
near the boundary by using linear interpolation or
Newton's backward difference formula involving the esiven
boundary value of ¢(;). These results are not recorded
here since they are irrelevant to biharmonic problems where
¢(r) is not prescribed.
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TARLE 1

COMPUTED

. | COMPUTED ANALYTIC Jei
v n = 16 n = 32 n = %2
1 | 0.1476 0.1474 0.147% 0.0001
2 0.1463 0.1462 0.0001
3 | 0.1436 0.1435 0. 1434 0.0001
i 0.1%96 0.1396 0.0000
5 | 0.1357 0.1357 0.1357 0.0000
6 0.132% 0.1323 0.0000
7 | 0.1296 0.1297 0.1297 0.0000
8 0.1281 0.1281 0.0000
9 | 0.1274 0.1276 0.1276 0.0000
Values of 67 for a= 2, b= {3
TABLE 2
TGoNPUTED | COMPUTED | ANALYTIC | BRROR |
L n = 16 n = %2 ' n = %2
& hepa21ys T 0.2109 | 0.2104 | 0.0005
2 0.2052 0.2049 ! 0.0003
5 | 0.1927 0.1923 0.1922 } 0.0001
4 i 0.1786 0.17%6 E 0.0000
5 | 0.1669 0.1672 0.167% i 0.0001
6 | 0.1588 0.1588 | 0.0000
7 0.1528 0.15%1 0.1531 0.0000 |
8 0.1493 0.1499 | 0.0001 ;
9 0.1485 . 0.1483 0.1488 0.0000 i
Values of & for a= b 42



TABLE 3

e e

e G St |

COMPUTED COMPUTED ANALYTIC ERROR
¢ n = 16 n = 32 n = 32
1 0.%93%6 0.3928 0.3%925 0.000% i
2 0.3%542 0.%5515 0.0027
5 0.2941 0.2925 0.29%4 0.0009
4 0.25%4 0.2539 0.000%
5 0.2270 0.2287 0.2289 0.0002
6 0.2129 0.2131 0.0002
7 0.2024 0.20%2 0.2035 0.0001
8 0,1979 0.1980 0.0001
9 0.1955 0.1962 0.1963% 0.0001
Values of o; for a= 2, b= 1
TABLE 4
ﬁﬂ“; CON?GEED e COHPUTED’_ AN&tiEEéam-ﬁgﬁgaam“
L n = 16 n = %2 n = 32
1 0.7519 0.7948 0.7909 0.00%9
2 0.5704 0.5695 0.0009
5 0.412% 0.4200 0.4242 0.0042
4 0.3%537 0.3553 0.0016
5 0.3%098 0.3%161 00,3171 0.0010
6 0.29%6 0.2941 0.0005
7 0.2761 0.2799 0.2803 0.0004
8 0.2725 0. 2729 0.0004
9 0.2666 0.2703 i 0.2705 0.0002

Values of o for

o=

2

b= 00684



TABLE 5

me COMPUTED | COMPUTED ANALYTIC |  BRROR |
{ n = 16 n = 32 n=32 |
1 1.8729 2.4480 2.8621 0.4141
2 0.9650 1.0800 0.1150
3 0.6047 0.7365 0.7709 0.0344 |
4 0.6217 0.6457 0.0240
5 0.5137 0.5591 0.5733 0.0192
6 0.5222 0.5382 0.0170
7 0.4581 0.4984 0.5141 0.0157
8 0.4859 0.5011 0.0152
9 0. 441 0.4820 | 0.4970 |  0.0150
7 Value-s for o; for a=2, b= 0.347
TABLE 6

x B vy (3.4) P oy (3.5)

0.0 1.0003 R e

1.0 1.0002 1.000%

1.5 1.0002 1.000%

1.75 0.9996 1.0001

1.80 0.9987 0.9998

1.85 0.9964 0.9989

1.90 0.9900 0.9964

1.95 0.9707 0.9870

values of ¢ (P) gsenerated by (3.7) for a= 2, b=

V7.



o

TABLE 7
X oy (5.4) & vy (3.5)
0.0 1.0004 1.0003%
1.0 1.0003 1.000%
1.5 1.0001 1.0003%
1.75 0.9995 1.0002
1.80 0.9987 1.0000
1.85 0.9962 0.9991
1.90 0.9888 0.9963%
1.95 0.9649 0.9849
values of ¢.(P)renerated by (3.7) for a= 2, b= JZ.
TABLE 8

X By (3.4) !dby (3.5)
0.0 1.0011 1.0003
1.0 1.0008 1.000%
1.5 0.9999 1.0003%
.75 0.9991 1.0006
1.80 0.998% 1.0006
1.85 0.9956 0.9999
1.90 0.9858 0.9966

| 1.95 % 0.9492 0.9802

dae

Values of @(P) cenerated by (3.7) for a= 2,

K=

ll



TARLE 9

X Foy (3.4) Boy (3.5
0.0 1.00%0 1.0004
1.0 1.0026 1.0002
Y5 1.0008 0.9997
1.75 0.9977 0.9996
1.80 0.9968 0.9997
1.85 0.99%6 0.9991
1.90 0.9782 0.9941
1.95 0.9120 0.9659
1

Values of ¢;(_P) eenerated by (3.7) for a = 2, b= 0.604

TABLE 10
By goy 3.8 | vy (3.5
00 1.0161 1.0006
1.0 1.0195% 1.0004
1.5 1.0251 0.9979
1725 1.0123% 0.9840
1.80 1.0124 0.9786
1.85 1.0189 0.9735
1.90 0.9850 0.9589
.95 0.7788 0.8901

Values of @.(P) senerated by (%.7) for o= 2, b = 0.347

40



TABLE 11

41

e COMPUTED ANALYTIC f Eaﬁaa |
X 0.1471 0.1470 0.0001
2 0.1451 0.1450 0.0001
5 0.1416 0.1416 3\
4 0.1%76 0.13%76
5 0.1%39 0.1339 V' 0.0000
6 0.1309 0.1309
7 0.1288 0.1288 )
8 0.1277 0.1277
=2, b= 43
TABLE 12
1émv comvufED ANATLYTIC ERROR
1 0.2094 0.2090 0.0004
2 0.1992 0.1990 0.0002
% 0.1853 0.1852 0.0001
4 0.1725 0.1726 0.0001
5 0.1626 0.1627 | 0.0001
6 0.1556 0.1557 0.0001
7 0.1512 0.1512 0.0000
8 0.1490 0.1491 0.0001
|
a= 2 , b= A2




TABLE 153

¢ COMPUTED ANALYTIC ERROR

il 0.3827 ni 5:55@5 0.0655“
2 0.3201 0.3205 0.0004
3 0.2708 0.2714 0.0006
4 0.2%96 0.2400 0.0004
5 0.2199 0.2201 0.0002
6 0.2075 0.2076 0.0001
7 0.2004 0.2002 0.0002
8 0.1966 0.1967 | 0.0001

a = 2, b=k
TABLE 14

o COMFUTED ANALYTIC ERROR

2 | o0.7134 . 0.6978 0.0156
2 0.4758 0.4819 0.0061
3 0.3823 0.3%842 0.0019
4 0.33%27 0.33%3%6 | 0.0009
5 0.303%8 0.3042 0.0004
6 0.2360 0.286% 0.000%
7 0.2760 0.2759 0.0001
8 0.2709 0.2710 0.0001

o= 2, b= 0.684




TABLE 15

L‘ COMPUTED ANALYTIC ERROR
1 1.8139 1.ez0 | 0.2805
2 0.8437 0.8833 0.0395
3 0.7083 0.6975 0.0108
i 0.6174 0.6074 0.0100
5 0.5657 0.555%8 | 0.0099
6 0.5%42 0.5246 | 0.0096
v 0.5158 0.5064 | 0.0094
8 0.5073 0.4930 _0.0095
a= 2, b= 0.347
TABLE 16 TABLE 17
55— Toobo? 070 & ogoa
1.0 |1.000% 1.0 | 1.0003
1.5 |1.000% 1.5 j 1.000% i
1.75 | 1.0004 1.75 | 1.0005
1.80 | 1.0007 1.80 | 1.0007 |
1.85 | 1.0014 11.85 s 1.0015
1.90 | 1.0026 11.90 * 1.00%1
1,99 1.0091 a99c [al.00HG . 1
a= 2, b= V3 am 2, bz 2
TABLE 18 TABLE 19
5.0 1@53 | "03 "{ER%&TW"
1.0 [1.0003 1.00 | 1.0002
1.5 [1.000% 1.5 = 0.9997
1.75 {1.0006 1.75 | 0.9997
1.80 11.0009 ' 1.80 ; 1.0001
1.85 1.6020 1.85 | 1.0017
1.90 '1.0049 11.90 © 1.0080
1.95 1.0091 % 11.95 | 1.0217

ok 2 kst G A b QLR



TABLE 20

g

X
0.0 1.0007
1.0 1.0005
e 0.9970
T 1.75 | 0.9805
" 1.80 0.9766
1.85 | 0.9760 |
T 1.90 1.0104 |
T3405 Ll 15480 0
a= 2, b= 0.547
TABLE 21
¢ \ COMPUTED ANALYTIC
11 l e g 0.3870
12 | 0.3504 0.3507
5 | 0.3042 0. 301
%4 0.2645 0.2642
|5 | 0.2352 0.2%49
i6 0.2153 0.2150
;7 0.2031 0.2028
S0 i A e R

Values of 67 for a= 2,

44

ERROR

0.0009
0.0005%
0.0001
0.000%
0.0003%
0.000%

0.0003
0.000%

|
.
|




TABLE 22

{
| ¢ |COMPUTED I ANALYTIC ERROR i
e A erords : _ S
1 |0.2198 | 0.2213 0.0015
l
g lo.1992 l 0.1775 0.000% |
| !
% }0.2378 0.13%73 | 0.0000
; ! |
64101039 | 0.1118 | 0.0001
1 ? ;
5 |0.0956 | 0.0956 ; 0.0000
6 10.0856 0.085%% | 0.0002
7 l0.0797 | 0.0796 | 0.0001
| s . e
8 |0.0770 0.0769 | 0.0003 |
Values of & for a=3%,6 b=1
TABLE 23
#}f“-“éﬁPUTED-m{‘ ~ ANALYTIC ERROR
1 |0.1606 \ 0.1624 0.0018 |
aeioa1se | 0.1154 | 0.0002 !
'. ,'
3 | 0.08%5 | 0.0834 : 0.0001
4 | 0.0655 | 0.0655 0.0000
15 {00851 | 0.0550 0.0001
6 0.0489 | 0.0438 v iJooel
92 | 0.0853 | 0.045% | 0.0000
8 |o 0437 1 0.0436 i 0.0001
Values of & for a= 4, b=1
e o B B S e .
c {COMPUTED ANALVTIC { ERROR
3 |o SS8E T T 0.1306 - | = 050020
5 | 0.0832 0.08%3 ! 0.0001
3 | 0.0576 0.0576 | 0.0000
4 0.0444 0.0444 0.0000
5 | 0.0%70 0.0%70 0.0000 |
6 | 0.0527 0.0327 0.0000 |
7 | 0.0303 0.0302 | 0.0001 |
8 | 0.0291 | 0.0291 i 0.0000 |

Values of & for oa=95 b=

A=



TABLE 25

L‘_T-CONPUTED ANALYTIC | RRROR

T | 03079 T aNsong;. 0.0020

2 0.0638 0.0639 0.0001

3 | 10,0429 0.0429 0.0000

4 | 0.0327 0.0327 0.0000 |

5 | 0.0272 | 0.0271 0.0001

6 | 0.023%9 g 0.023%9 0.0000

2 | 0.0221 | 0.0221 0.0000

8 0.0213% l 0.0213% i 0.C000

Values of ¢ for a=6, b=1
TABLE 26

c COMPUTED ANALYTIC BRROR
3| DoRsL - T 0.0950 - | o 0.0019 )

2 0.0510 Gi051% i 0.0001

3 | 00336 0.03%3%6 | 0.0000

4 | 0.0255 | 0.0255 0.0000

5 0.0211 ; 0.0211 0.0000

6 0.0186 ; 0.0185 0.0001

I ]

A (g - 01 75 | 0.0171 | 0.0000 |

8 | 0.0165 0.0165 ; 0.0000 |
Values of o; for a= 7, b= 1
TABLE 27
} 3 l COMPUTED l ANALYTIC l ERROR
M i 0.0818 0.08%5 l 0.0017 |
12 | 0.0420 ; 0.0421 . 0.0001 |
s o o030 L 0.0000
4 0.0206 | 0.0206 | 0.0000
5 0.0170 0.0170 0.0000
6 0.0150 0.0150 0.0000
L 0.0138 ; 0.0138 | 0.0000
|8 | 0.0133 % 0.0133 i 0.0000 |
Values of &; for nz_ _E-i_, b= 1



TABLE 28

¢ | COMPUTED ANALYTIC % BRROR
1 | 0.0728 0.0744 T 0.0016
2 | 0.0354 | 0.0355 0.0001
3 | 0.0228 | 0.0228 0.0000
5 | 0.0172 | 0.0172 0.0000
5 ; 0.0142 % 0.0142 0.0000
6 | 0.0125 | 0.0124 | 0.0001 |
7 | 0.0115 § 0.0115 | 0.0000
8 |o.o11 | 0.0110 | ©.0001
Values of s for a= 9 |
¢ | computED ANALYTIC SRROR
1 0.0655 0.0668 0.0013
2 0.0304 | 0.0305 0.0001 5
3 | 0.0195 | 0.0195 0.0000 |
5 | 0.0146 | 0.0146 0.0000
5 | 0.0120 | 0.0120 0.0000
! 6 | 0.0106 0.0106 0.0000
f 7 % 0.0098 0.0098 0.0000
'8 _i 0.0094 0.0094 | 0.0000
| MU IR L B S 1 =t

Values of o for a= 10

19
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TABLE 30

Sty

2 ¢+ 1 T s | & o ) E5iatin g 6' 21 2 85 % O : 1 10,2 X
1 1.00048 | 1.00030 | 1.00023 | 1.00022 | 1.00025 | 1.00030 | 1.00039 | 1.00049 | 1.00060
2 1.00045 | 1.00026 | 1.00020 | 1.00017 | 1.00013 | 1.00009 | 1.00005 | 0.99999 | 0.999%
3 1.00039 { 1.00020 | 1.00013 | 1.00009 | 1.00004 |0.99999 | 0.99993 | 0.9%9987 | 0.99982
/it 1.00034 | 1.00012 | 1,00005 | 1.00000 | 0.99994 | 0,99986 | 0.99976 | 0.99964 | 0.99951
5 1.00034 | 1.00010 | 1,00002 | 1,00C01 | 1.00C01 |1.00002 | 1.00003 | 1.00004 | 1.00004
6 1.000105 1.00008 | 0.99297 | 0.99992 | 0.99993 | 0.99999 | 1.00009 | 1.00021 | 1.00035
7 1-00099!§ 1.00006 0.99994%0.99986 0.99998 | 0.99965 | 0.99953 | 0.99941 | 0.99929 1
8 1.00376 | 1.00089 | 1.00001 | 0.99973 | 0.99968 | 0.99972 | 0.99979 | 0.99987 | 0.99995 |
o 2.466% z 1.5427 | 1.0914 30.9102 0.7982 [0.7213 | 0.6649 |0.6213 | 0.5366 |
GOMETT s 2.4673 i 1.4430 | 1.0915 20.9105 0.7983 |0.721% | 0.6648 |0.6213 To.saas
BRROR  |S-s] 0.0010 | 0.0003 | 0.0001 +0.0001 0.0001 | 0.0000 | 0.0001 | 0.0000 | 0.0000




CHAPTER 4
NUMERICAL POTENTIAL THEORY: NEUMANN PROBLEM

Discretisation procedure

We now turn our attention to the Neumann problem
and seek to find a function @(P) harmonic within an
ellipse B given that ¢'Q]= O on 3B. The 'cavacity's
of the ellipse is also prescribed to ensure uniqueness.
The relevant equation (2.9) becomes

Julpgletsrag + ey =0 (4. 1)
28

which, formulated numerically with the same notation
as (3.2), takes the form

n
ZG"EJ’-Qan,_q,r"J.cL T =0 FatR, 0. (Be2)
¢ A

To compute J lnhv-$,rdﬁpwe use

_[. ln‘?_?r]ldq’=2.e; in%;-—c}-'l’ L to i (‘Ll"u?))

where

-ina,,- -q,,|'= [("""‘"xi)x" + (‘df":j'c)‘jri]

2 (L
I%’C _q—" I‘- ( I’"q)

where %.=x(q.), y=y( q, ) and a dash denotes

differentiation along the inward normal. For { =r we use
(] 1) ¥
| dala-qldgeow-2 [ I (4.5)
L

which is justified for interior problems by (2.%5), and
is computed from

’
’ [Cx;axf)x; +(s;-3f)33]
La'lg-q,|dq =24 - . (4.6)
) b E | % -q.|
We have now ensured that (4,2) is characterized by a
singular matrix. The n equations of (4.2) in n unknowns

have a relation of linear dependence so vie can ignore one



+h,
equation of the homogeneous set, say the n , and solve
for the ratios Tt = (62/%:)a (2 e T Slwsaa iy % B
Thus a set of eguations of the form

n

= AL e St i
is replaced by
-1
Z ama':‘ ="arn '-3‘)2;-...)“"!- (4.8)
M=y
The ratios SR st Foeele ST ST A
equal GEr e, P wen & SUnp DG,

and the values of 6; can be found from

+ .
6?= qé 5 L= l‘agnno,n‘ (4'9)
e
where =
sZ =£_Z AR e+ (4.10)

The required values of & and the generated nectential
¢ are obtained from a single computer program using as
input data nodal points again defined as in figure 2p35 using
equal eccentric angles. The interval lensths are computed
from the expression

AR, = I s ci,,-] + l‘i"' - ik (4.11)

which replaces the arc by two chords and produces
more accurate results than the more crude approximation

AR = |‘_Z_,;+,i -~ Qi |, (4.12)

This remark applies equally to the foregoing Dirichlet
problem and to the biharmonic vproblems tackled later.

Comparison with Dirichlet nroblenm

In contrast with the corresponding Dirichlet problem,
the system of equations for ¢ can be solved by the



Gauss-3eidel method, the derivative of the logarithm
providine a more hichly singular kernel. Good converesence
was obtained when the problem was solved for n= 32 using
this method; iterations were continued until values of &
improved by less than & = 0.00001. No further improvement
was obtained when the program was lengthened by taking

£ = 0.000001. The eguations were also solved using the
matrix inversion subroutine employed previously and the
results for o differed only trivially in the fifth decimal
place from those displayed in tables 31 -~ 39 obtained by the
Gauss-Seidel method. Table 40 shows ¢ zenerated alony the
major axis. The results shown are for the axial ratios

o :b with b= 1;: a= 2,5,4,...,10, but the irrational axial
ratios considered cearlier, and the effects of changes of
scale were also investigated. Generally the errors in

¢ are of the order of ten times less than for the
corresponding Dirichlet problem, as is to be expected since
we are now solving a Fredholm equation of the second kind.

A notable feature is that the results of both Dirichlet and
Neumann problems do not deteriorate as the axial ratio
increases provided that equal eccentric angles are used to
define nodal points. Instead of being equally snaced the
latter are automatically more densely accumulated where they
are needed, i.e. near the sharpening vertices at the ends

of the major axes. The author believes these results to

be more accurate than any previously obtained and that the
numerical techniques developed in these harmonic oroblems
provide a platform from which numerical biharmonic analysis
can be confidently attacked.



Results

TABLE 31

K i COMPUTED AVALYTIC ERROR |

S8 (S s S| SN | S TR e

1 | 0.38703 0.38699 0.00004

2 | 0.25073 0.3%5069 0.00004

3 | 0.30408 0.30405 0.00003
| 4 | 0.26422 0.26420 0.00002

5 | 0.23491 0.23489 | 0.00002

6 | 0.21501 0.21499 ! 0.00002

| |

7 | 0.20279 0.20277 | 0.00002
LBl 0 19699 0.19697 0.00002
JELS N M ) ' e

Values of G for = 2, . b= 1
TABLE 32

¢ COMPUT&D 1 ANALYTIC ERROR ;
s |40, 22118 0.22127 0.00009

2 | 0.17739 0.17746 | 0.00007

3 | 0.13771 0.13777 | 0.00006

|

4 | 0.11173 0.11178 s 0.00005

5 | 0.09546 0.09550 0. 00004

6 | 0.08540 0. 0”544 0. 00004

7 | 0.07954 0.07958 0.00004

8 | 0.0768% 0.07687 | 0.00004
= ! | i = N el | [T " o )

Valueq of. Sy for as B b= ]l
TABLE 33

¢ | compuTED ANALYTIC ERROR |
oAy 0.16224 0.16229 0.00015 |

2 | 0.11533 0.11544 0.00011

3 | 0.083%6 0.08344 ! 0.00008 |
[l ¥0.08542 0.06543 ; 0.00005 |
| Sl D.05498 | 0.05503% f 0.00005 |
| & | o.ous76 | 0.04380 0.00004 |
o 0.04520 0.04525 | 0.00005 |
o e 0.04358 O 04362 l 0.00004 !

Valugs of & for a= 4 ba=1



TABLE 34

RS = SIS oL S Rl PR
| ¢ | COMPUTED ANALYTIC LRROR
1 | 0.13041 0.13059 0.00018
2 | 0.08%21 0.08%3%3 0.00012
5 | 0.05748 0.05757 ©.00009
4 | 0.04431 0.04437 0.00005
| 5 | 0.03693 0.0%699 0.00006
16 5 0.03262 0.03%267 0.00005
7 | 0.0%018 0.03022 0.00004
8 | 0.02907 0.02911 0.00004
Values of & for a= 5, b= 1
TABLE 55
- | coMpuTED ANALYTIC ERROR l
5 40:20970 . | . 0.20990, | - 0.00020 |
0.06381 0.06%9% 0.00012 l
| 0.04280 0.04288 0.00008 |
|
- 0.03265 0.0%271. 0.00006
' 0.02709 0.02714 0.00005 !
| 0.02387 0.02391 0.00004
| 0.02206 0.02210 0.00004
0.0212% 0.02127 0.00004
Values of 6; for a=6, p=1
TABLE %6
CONPUTED ANALYTIC ERROR
3 {o.0o0u77 ] .. O.00898 |  0.00091
0.05100 0.05111 0.00011
0.0%3354 0.03%3%61 0.00007
' 0.02541 0.02547 0.00006
- 0.02102 0.02107 0.00005
0.01850 0.01354 0.00004
io 01708 0.01712 0.00004
| 0.01644 0.016453 0. 00004

o e vl B o

Values of o; for a= 7, b= 1

53



TABLE 37

en
W

¢ | COMPUTED ANALYTIC , ERROR
1 | 0.083%31 0.08%52 0.00021
2 | 0.04202 0.0421% i 0.00011
3 1 0.02725 0.027%2 0.00007
4 | 0.02056 0.02061 0.00005
5 | 0.01698 0.01702 0.00004
6 | 0.01493 0.01496 0.0000%
7 |0.01378 0.013%831 0.00003
8 j 0.01%26 0.01%29 0.0000%
" Values of & for o= 8,” b=1
TABLE 38
¢ | COMPUTED ANALYTIC BRROR
1 | 0.07417 0.0743%6 0.00019
2 | 0.03545 0.03554 0.00009
3 | 0.02276 0.02232 0.00006
4 | 0.01712 0.01716 0.00004
5 | 0.01412 0.01416 ! 0.00004 {
: |
6 | 0.01240 0.01244 i 0.00004
|
7 | 0.01144 0.01148 | 0.00004
8 | 0.01101 0.01104 | 0.00003
Values of & for a= 9, b= 1
TABLE 39
¢ | COMPUTED ANALYTIC ERROR
1 | 0.06666  0.06684 0.00018
2 | 0.03046 0.03054 0.00008
3 | 0.01941 0.01947 0.00006
4 | 0.01457 0.01461 0.00004
5 | 0.01200 0.01204 0.00004
6 | 0.01054 0.01057 0.0000% |
9 | 0.00972 0.00975 0.00003 |
8 | 0.00935 0.00938 0.0000%
Values of 6 for a= 10, b= 1




TABLE 40

@ 3 o WV OF W N
o
O
O
O
o

1 1.0017

11.0010
11.0002
10.9993
10.9992
0.9988

10.9981

FAD. A3 Ty A N

|

¥
I

10.9976

S —

0.9977

a= 3 | &= “ o = a = 6
1.0010 1.0012 1.0014 1.0015
1.0006 1.0008 1.0009 1.0010
0.9999 1.0000 1.0001 1.0002
0.9992 | 0.9992 0.9993 0.9993%
0.9990 | 0.9990 0.9991 0.9991
0.9988 | 0.9987. | 0.9987 | 0.9987
0.9985 j 0.9984 | 0.9983 0.9982
0.9991 | 0.9981 | 0.9977 | 0.9976
a - 8 | a = | a = 10
1.0018 | 1.0019 1.0020
1.0010 1.0010 1.0009
1.0002 1.0002 1.0001
0.9992  0.9991  0.9990
0.9992  0.9993 ; 0.999%
0.9990 | 0.9991 | 0.9993
0.9980 | 0.9979 | 0.9979

0.9980

b = 1 throughout,

Values of ¢:.(P) generated on the major axis at

<=0, %, (9)%,179)%, (802, (3% (9033, (-99)% .




CHAPTER 5

BIHARMONIC BOUNDARY VALUE PROBLENS

Introdiction

There are two areas of classical elasticity in which
the biharmonic equation

v (vx) = VX =0 (5.1)

plays a fundamental role:
(i) plane strain or ceneralized plane stress
conditions where (5.1) is satisfied by the
Airy stress function X .

(ii) the theory of thin elastic plates in which

(5.1) is satisfied by the complementary function

of the deflection w .
An analytic and numerical study of case (i) for certein
exterior problems of plane strain will be undertaken in
part ITI of this thesis and applied in the elasto-~plastic
analysis of part III. The investigation of the Garabedien
problem, which is the main aim of part I, falls within
case (ii). Here we have an interior preoblem where the
boundary 9B is the ellipse (3.9). The previous analysis
of harmonic boundary value problems enables us to solve
biharmonic problems by representing the required function
in terms of two harmonic functions and applying apvropriate
boundary conditions.

It is known (Hadamard, 1908) that a function X
which is continuous,and has continuous derivatives up
to the fourth order throusghout a finite domain B, and which
satisfies the biharmonic equation (5.1) in B,exists and is
uniquely defined in B if X and A’ have prescribed
continuous values on 9B. We shall be concerned with the
problem of actually constructing KX within B subject to
these boundary cpnditions.

Representation of biharmonic functions

An arbitrary biharmonic function « may be written
in the form

[V
s

A=xd+yp (5



whers ¢, ¢ are harmonic functions of the Cartesian
coordinate variables x , y . First we note that the right
hand side of (5.2) is certainly & biharmonic function since

23
poopacias

V() =av'i25v%-0.

Reversing these steps (Appendix 4), we can prove the
validity of (5.2). Similarly we can write

x=49 ¥ (5.%)

A disadvantage of (5.2) and (5.3) is that ¢ eand Yy
are not unique for a given A . For any given ¢ and ¥
in (5.2), for example, we may replace ¢ by ¢ + a+ by and
v by ¥- ax -bxy 4, where o and b are constants, without
altering X .

A superior alternative to (5.2) and (5.3%) is

B e (5.4)

which is walid since

V‘?ﬂ=l}—(¢+x§g1‘-y%§)

~~
g
.
W
et

is harmonic. The revresentation (5.4) is unique for
if ¢ is replaced by ¢ +% where R is harmonic, ¥ nust

be replaced by ¥ -c*h |, This requires
oA A\ _
w(he 2B ryft)=0 (5.6)

and if h =S, , a plane harmonic function of degree n ,
Euler's theorem on homogeneity then demands

(h+1)s. = © (5.7)
1.8.
ces & Sin &
n=-1l, R = "9?' or -

and this is impossible for an interior domain (containing

the orizin r 0). The formulation would alsc be invalid

in an exterior region in the context of losarithmic potentizal
behavionur at infinity, since ¥*A would be Q(r ).

It«, A" are siven on 2B, then the boundary valuecs
of #, ¥ =znd their boundary normal derivatives ¢ , v’
satisiy

Bt



fo)=r1¢{f)-+w{f), (5.8)

76'(!:) =2rr'¢5(f) -}-f"gﬁ'(f) + \-P‘(f) . (5.9)

These form two functional relaticns between four unknowns
gy L Tl S Nevertheless ¢ , ¢’ are cocupled
by Green's boundary formula

j Da lr -}I d"('}) dg, - fgult*?ltcﬁ(})dq. =0,
28 o8

and similarly for w, ¥'. This shows that ¢ , ¥ may
in principle be determined from (5.8) and (5.9). Wwe now
show how they may be computed in practice.

Utilisation of simple-layer potentials

To make further progress we identify @ sand ¥ of
(5.4) as logarithmic potentials generated by simple source
distributions on 9B with densities w(i.), /d:g) to be
determined. Thus we write

$(P)= | tlP-g] ola)dg, (5.10)
B

'W(E)’ Qﬂlf“?|ﬂ( )dg, . _
B-L ¥ (5.11)

These potentials remain continuous as .E approaches any
point ¢ of 2B and so on 9B we have

W-”‘.,L telp-1] =(a)dg, (5.12)
q’(_r_')aa[s‘aﬂ 'f*}l/‘(})dq,. (5.1%)

It is a knmown result (Kellogg, 1929) that

‘i"(r)gj 2a'lp-q|sle)dg, + melp) (5.14)
T 0B S L

V’I()=J£»l]t—}l/d{i,)d~q’+ 'rr/ﬁcg)) (5.1"])

—

28

W
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whence it follows that

Jrﬁ'(f)ap s f W(p) dp = © (5.16)
28 0B
as expected.
Substitution from (5.12) to (5.15) into (5.8)
and (5.9) gives

f“fﬂnlg-glffﬁ% % Jeﬁlf-i-lﬂfdow"‘ 2le), (5.17)
2B 28 g -

Qe [2alp-g]ola)dq + r*fen]pog]ela)dg + ¢ melp)
B L s

+J‘2-""P‘9,,/*(j_-)dq, + mplp) = x'(p).
B = - (5.18)

Equations (5.17) and (5.18) form a pair of coupled linear
interral equations which exhibits a unique solution for the
densities o and m . With these known, the harmonic
functions ¢ and ¥ , and hence also X , can be generated
at any point P of B using (5.10), (5.11) and (5.4).

To effect a numerical treatment of (5.17) and (5.18)
we employ the assumptions, techniques and notation developed
in chapters % & 4 so that the equations become

r‘z i ;’Qﬂlf"l‘,d‘% +Z/4~J Q"'f'?' d'olw =5 X(E) 5 (5.19)

L=t

er'ZG‘;.[‘inf-}lﬂlq,-i- r‘Zﬂ‘ilQn'lf-},d& 4 riwelp) (5.20)

(=1

n Z)‘.‘.J_Qﬂ'lf—q,ldﬂp* v/“(f) = -"X-'(z))
where subscripts on ¢ and u refer to values at nodal
points. These are defined on 9B using equal eccentric

anzles and the integrals are computed usinz (%.5) and (%.6).

Trial Problem

Ags a basic trial problem we generate numerically
X =" in B from the boundary data X =r*, %'=2-¢' on
9B and compare with its theoretically expected value.
Since this problem only differs trivially from the sctual

=
o8



Garabedian problem i.e. the right hand sides of (5.19) and
(5.20) will be different, it enables any errors of formulation
discretisation, or prosramming at once to be detected. LS

76(7_’)=[P(E)] = r¢(P)+w(P) ; PeB, (5.21)
clearly we have theoretically

¢(P)=1, ¥(P=0 PeB (5.22)

and o- and u may be identified as solutions of

}otad 2 i it 0 pedB, (5.23)
»8 el

J/“(fl:) dalp -q|dq = O, p €2B. (5.24)
2B

Except on the [M-contour (chapter 2), u(q ) = O, and « (4q )
of (5.23) has been found numerically and analytically in
chapter 3. It will be enlightening to compare these
values of ¢ and s with those obtained from (5.19) and
(5.20). After the construction of ¢ (P ) and ¥ (P ) from
(5.10) and (5.11), equation (5.21) completes the biharmonic
solution which may be compared with its analytic value A=r .
Our procedure again is successively to halve intervals
and the final results shown in tables 41 to S50 are for n= 32,
We considered ellipses with a ransme of axial ratios (a/b) on
various scales, The tables show results obtained with
bow 35 lan 2,58 ceeesydOe.  Initable 41, column (1) L8 the
axial ratio, columns (ii) to (iv) are values of X (P )
generated along the major axis at the points x = 0, x= (0.5)a,
x = (0.975)a respectively; columns (v) and (vi) are the
maximum and minimum values of the order of I/a(f)l . In
columns (ii), (v). and (vi) the analytic value is zero.
In columns (iii) and (iv) the upper figures are the computed
values, the middle figures the analytic values, and the lcwer
figures are the errors. Tables 42 to 50 show numerical
values of ¢ (p ) in comparison with the analytic values.
As before .

§ = Sjg = S T S3q,

6, =65 = G, = 6-:rJ ot



by symmetry. As might be expected, numericzl results

for biharmonic problems are not as accurate as in harmonic
analysis. Nevertheless the generated X , even very near
the boundary (column (iv)), and the values of ¢ (p ) are all
within 1% of their analytic values for the 2 : 1 éilipse;
whilst w=0( 107* ) is a good numerical counterpart to the
analytic solution u = O . We may now confidently proceesd
to the Garabedian problem itself.

Thin Plate Theory.

The deflection w of a thin isotropic plate under a
transverse load §f per unit area satisfies the biharmonic

equation
ot
vl’h’# "'6 in B (5-25)
where D 1is the flexural rigidity, i.e.
2LE
D= —
3(-v)

where E is Young's modulus, v is Poisson's ratio, and
2% is the thickness. The boundary condition for a clamped
plate is

w=w'=0 on 3B. (5.26)

A single concentrated transverse load is represented
mathematically by

§:k8(pP-5) (5.27)

where k is a constant and & is Dirac's delta function.
The vector S specifies the point of application of the
load (source voint) and the vector variable P specifies
points in B (field points). The required deflection,
therefore, is the biharmonic Green's function G which
satisfies

k
ViG = 5 8(E-5) (5.23)

This equation admits a particular integral

k 2
Jrgp R (5.29)

where R = |P-5| . The textbooks (e.g. Love, 1952)
provide formal proof of this, but give no meneral solution
except in the special case of a2 circular domain.
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Equation (5.29) is, in fact, the fundamental sclutiocn of
(5.28) or, alternatively, the Green's function for an
infinite domain. Since R'¢¥ is biharmonic if ¢ is harmonic
we may regard R'2.R to be the biharmonic singularity corres-
ponding to the harmonic singularity 2aR . It is clear
that g and g' can be determined on 3B for any S . Thus
to solve (5.28) subject to the boundary conditions

G-G'=0 on 3B, (5.30)
we write

Gy 25 A (5.31)
where

V¥x=0 in B (5.%2)
suﬁject to

A=-g, ®'=-3' on 9B, (5.53)

The biharmonic equation (5.%2) may now be solved subject

to the canonical boundary conditions (5.33%) using the
methods described in this chapter. Results and discussion
are contained in chapter 6.
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TABLE 41

n .- I A aicu
(i) (ii) (iii) (iv) (v) (vi)
ah(6=1) %(0) | (%) | (% 1.95)  Order | Order

2k W | maxjul | minjul
2/ |- 0.0003 | 1.0004 %.817% T 10-2 | 107* |
1.0000 %.8025 j E
0.0004 0.0158 | i
3/1 = 0.0002 | 2.2501 8.5649 107% | 1074
2.25C0 8.5556
0.0001 0.009%
LI B Welilowssi . o 1 1 4N P === __i M SR Ao - REL PO . e = BT |
uh - 0.0001 | 4.0003 15,2139 10-! 10 =
4.0000 | 15.2100
0.000% - | 0.0039
/i |- 0.0001| 6.2509 | 23.7659 10-! | 10-3
6.2500 | 23.7656
0.0009 . 0.0003
“e/i |- o.0004! 9.0020 | 34.2217 10~/ 10 =3
9.0000 34,2225
0.0020 0.0008
7/ |- 0.0010(12.2535  46.5814 0= [ 19T
12.2500 46,5806 '
0.0035 0.0008
8/l |- 0.001916.0050 60. 8447 1 1073 |
16.0000 60.8400
5 0.0050 0.0047
“ofi |- 0.0029/20.2560 = 77.0114 W
20.2500 77.0006 f
0.0060 0.0108
10/l |- 0.0037|25.0060 | 95.0813 1 10" 3
25.0000 | 95.0625%
0.0060 0.0188




TABLE 42

¢ | compurEp | ANATYTTC ERROR
1 0.3905 L 0.3870 0.00%5
2 0.3491 i 0.3507 0.0016
3 0.3026 ; 0.3041 0.0015
4 0.2638 ; 0.2642 0.0004
5 0.2350 i 0.2%49 0.0001
&1 0.2153 ’ 0.2150 0.0003
7 | 0.2051 0.2028 0.000% |
8 i 0.1973 0.1970 0.000%
Values of &; for a=2, b= 1
TABLE 43
COMPUTED ANALYTIC ERROR
EREr J0n a 0.0080
2 " 0A%05 0. X775 0.0072
% 0.1%73 | 0.13%73 0.0005
4 | 0.1115 5 0.1118 0.000%
5 | 0.0957 | 0.0955 0.0002
6 0.0855 | 0.0854 0.,00N1
9 0.0797 i 0.0796 0.0001
8 0.0770 J 0.0769 0.0001.
" Values of & for a= 3, b= 1
TABLE 44
SRR e . _ St B, b e
¢ ' COMPUTED ! ANALYTIC BRROR
1 | 0.a743 | o0.1624 0.0119
2 | 0.1035 0.1154 0.0119
2 | 0.0854 0.0234 0.0020
4 |  0.0646 0.0655 0.0009
G S 0.0550 0.0007
6 | 0.0486 | 0.0488 0.0002
i E 0.0455 0.0453 0.0002
8 i_ 0.0435' 0.043%6 0.0000
Values of o7 for b U, W= I




TABLE 45

" ¢ [compumED ) Augiiéid""_my'_"_é§§6§' =
1 oams | Toazes | o.0m0 ¢
| 2 | 0.0693 0.0833 | T0e0ta0 T
| 3 | 0.0613 | 0.0576 0.0037 |
4 | 0.0426 | 0.0444 0.0018
|5 | 0.0381 . 0.0370 i 0.0011 |
6 | 0.0%20 | 0.03%27 0.0007 |
' 72 { 0.0307 ' 0.0%02 | 0.0005 |
| 8 | 0.0290 i 0.0291 | 0.0001
. | TR =
Values of ¢; for a=5, b=1
TABLE 46
[, | compurep | Avaryric ERROR |
1 | o.12u4 0.1099 K 0.0145 |
2 | 0.0499 | 0.0639 | 0.0140
5 | 0.0473 . 0.0429 | 0.0044
4 0.0305 | 0.0%27 ' 0.0022 |
L 5 | 0.0286 1050271 0.0015 |
6  0.0229  0.0239 | 0.0010 |
7 | 0.0229 . 0.0221 0.0008 |
8 | 0.0210 | 0.0213 0.0003 i
. Values of & for o= 6, b=l . .
TABLE 47
¢ | coMPuTED ANALYTIC ERROR __J
| 0.1088 | 0.0950 0.0133 E
e 0.0334 |- 10,0511 0.0127 |
3 0.0379 . 0.03%6 | 0.0043 |
4 | 0.023%2 i . 10,0255 | 0.0023%
5 | 0.0226 - 0.0211 | 0.0015
| 6 0.0174 . 0.0185 0.0011
I 0.0181 I 0.037% | 0.0010
| 8 0.0160 0.0165 ; 0.0005 |
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TABLE 48

i

EENSN e S P e i 5 i
(C' | comPuTED | AYALYTIC | EREOR
|1 [0.0959 | 0.0835 " ¥o.602h. - |
L2  0.0313 i 0.0421 0.0103
53 0.0311 j 0.0273 0.003%8
4 0.0185 ' 0.0206 0.0021
'5  0.0185 0.0170 0.0015
j 6 0.0139 0.0150 0.0011
' 7 0.0148 0.01%8 0.0010
i 8 0.0128 | 0.0133 . 0.0005

Values of_zs; for a= 8, b= 1

TABLE 49

2 ‘COMPUTED ANALYTIC | BRROR

1  0.0850 } 0.0744 0.0106

2 10.0267 | 0.03%55 0.0088

| 3 1 0.0258 | . 0.0228 ! 0.003%0

| 4 0.0154 0.0172 0.0018

S  0.0154 0.0142 0.0012

6 0.0115 - 0.0124 0.0009

g BOL0024 | 0.0115 | 0.0009

8 1 0.0106 0.0110 0.0004
T A ' . | 1 e B L e

Values of 6, for a= 9, b= 1
TABLE S0

| ¢ | compurep | ANALYTIC ERROR
. —
1| 0.0758 ! 0.0668 0.0090 |

2 | 0.02%5 ' 0.0305 , 0.0070

3 . 0.0218 : 0.0195 | 0.0022

4 | "0.01%2 0.0146 0.0014

5  0.0130 0.0120 0.0010

6  0.0098 0.0106 0.0008

7 | 0.0105 0.0098 ; 0.0007

8 | 0.0090 ; 0.0094 f 0.0004

Values of ¢ for a= 10, b = 2
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CHAFTER 6

STUDY OF THE GARABEDIAN PROBLEM

Introduction

In chapter 1 we gave an account of the Garabedian
problen. This concerns the deflection of a thin clamped
elastic plate under concentrated transverse loading.
Translated into mathematical terms the problem is that of
determining a biharmonic Green's function G throughout the
domain B of the plate subject to the apvpropriate conditions
on the boundary 2B. Hadamard (1S08) conjectured that G has
the same sign throughout B, i.e. the deflection has every-
where the same direction as the applied load. Garabedian
(1951) demonstrated that the conjecture fails if B is an
ellipse of axial ratio 5/% if the load is located sufficiently
near an extremity.

It has been established that the transverse deflection
of a thin clamped elliptic plate can be computed numerically
using boundary integral equations. On the basis of the
formulation and numerical analysis described earlier, the
author has written a computer program which yields the
deflection (}(E,§) for any location of the source point S
and of the field point P within the ellipse.

We recall that the required deflection is the solution
of the equation

VG = £ 6(p-3) (6.1)
subject to the boundary condition
G=6'=0 (6.2)
on the boundary 3B given by
’5*{—:-' i (6.3%)

Choice of ellinses

Results have been obtained for several ellipses on
various scales, and we select for discussion in this thesis
the following axial ratios:-

are, 2D, TRy AN 5, Bfp s



Our choice was motivated by the fellowing four considerations:
(i) fThe circle (2/2) should obviously be included

since this is the only "ellipse" for which an
exact analytical solution is available. This
provides a valuable check on accuracy.

(ii) The 2/13, 2/§2, 2/1 ellipses were considered by
E. Jaswon (1969), and comparison with his earlier
numerical work is possible if these axial ratios
are included.

(iii) It seems advantageous to extend the snalysis to
ellipses of higher axial ratios than any previously
considered. Thus we include 2/3% = 3/1 and
2/% = 5/1. '

(iv) Garabedian considered the axial ratio 2/1.2.
We believe that, in the neighbourhood of this
value, there exists a critical axial ratio from
the point of view of the failure of Hadamard's
conjecture. Accordingly we consider three axial
ratios which are greater and three which are less
than the one considered by Garabedian.
To facilitate comparisons we take a= 2 throughout. This
also ensures that the IM-contour (Appendix 1) is avoided
for all b>0 .,
In each ellipse, source points S were taken
successively at
om0y 1030 Ae®y X579y 14805 ¢ 1:85,; 190, 1.:895
and the deflection G (P, S) was generated at field points
along the major axis separated by intervals of 0.125.
Additional field points P were inserted near the vertices at

x = %1.80, t 1.85, $1.90, 23,95
so that close attention could be paid to the generated
deflection and its normal derivative near the boundary.
From these results the profiles were drawn after critical
examination. Abbreviated results are shown in tables 52 - 57

Assessment of Accuracy

Careful scrutiny of the results is important since
Hadamard's conjecture is disproved by very small negative
deflections. These are O(IO") in units of ka /327D,
It is interesting to note that in Garabedian's example

the result depended on the sign of a certain infinite sum.
This also proved to be O(107). To ensure the reliability
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of our conclusions, we must distinguish between deflectlions
that are inherently negetive and those that are in fact
small and positive but are made negative by numerical
inaccuracies. As a check on the validity of our numerical
solutions we adopted the following procedures:-

(1) The number of nodal points was successively
increased, i.e. n = 4, 8, 16, 32, so enabling
numerical conditioninz to be examined. It was
found that deflections steadily approached their
values shown in the tables, which refer to n = %2,

(2) The biharmonic trial function r* was generated
numerically throughout B and compared with its
theoretically expected value (chapter 5). Reliable
results were obtained in this trial problem which
differs only trivially from the Garabedian problem.
Errors of formulation, discretisation or programming
are thus detected and eliminated.

(3) An exact analytical solution is availsble for the
circle against which our numerical solution can be
tested. Reference to table 52 shows that the latter
provides a reliable picture of the deflection profile.

(4) The theoretically expected symmetry property
G(P,S) = G(S,P) is fulfilled to an excellent
degree of accuracy by the numerical solutions.
Furthermore, by virtue of the symmetry of the
problem with respect to the minor axis G(P,$)=G (-£-8)
i.e. G(P,S )= G(-8,-F), so providing an
additional check on accuracy. Examples are
jndicated in the tables by underlining quantities
which are theoretically equal.

(5) The generated profile must approximate towards
G=G'=0as the boundary x = * 2,00 is approached.

Procedures (1) and (2) have been discussed earlier.
Concerning (3) it suffices to quote the classical formula
which yields the results shown in table 52. From Timoshenko
and Woinowsky-Krieger (1959) we obtain an expression which
reduces to

a(r x)

(= exy: (

G(p,5)-G(s,P)= e 2T

\(ﬂ. - ){Q -Jf-)
“ 16D

where r and x are the Cartesian coordinates of P, $

respectively. In the preparation of the graphs and tables,
6%



procedures (4) and (%) were used extensively. Ve did not
accept the validity of a negative deflectionG( P ,S ) uvnless
G ( S,P ) was also negative. \When only one of G( P , & ),
G ( s, P )was negative, the symbol (-) is attached to that
negative value to indicate that zero would bte a more reliable
result. Unreliable results only occur for field noints very
near the boundary. In such cases it was sometimes cbvious
that a better result could be obtained from interpolation
using the boundary value G=0 . An asterisk in the tables
indicates where this improvement has been made. The symbol
- 0.000 denotes a value between zero and - 0.0005. Negative
values were rejected according to prccedure (5) if they did
not return towards zero as P — ( 2.0, 0). TFor example,

e
(b) L o
X
_/t’&:]/
2G
] ""“"--—_.._.--"""_/ rx
(c)

FI1G. 3

the negative values in the profile (a) of figure 3 may be
regarded as only numerical approximations for those of the
true profile (b ); whereas profile (c) suszests negative
values should be accepted. This suveggestion becomes a
confident assertion if verified by the reciprocity
relationship of (4). To illustrate behaviour of type (c)
above, we include table 58 which gives extra decimal places
and extra field points for the 2/1 ellipse.

When spurious results had been discarded on the bssis

T0



of the above considerations, the values of &G were fed
into a computer program which produced the profile as
output on a graph plotter. An approximation based on
cubic splines was used to draw the profile, and the program
automatically constrained G and G' to take their assigned
values on the boundary, i.e. G=G'=0. This constraing
assisted further in minimizing the effect of inaccurate
data near the boundaries. Graph plottinz by hand was also
carried out as a check and showed that, in some cases,
notably near the maxima of G , the cubic approximation
was inadequate. Some manual overwriting was necessary;
the profiles are shown in figures 4 to 27 for S given by

5= 0000; X o= O-OO, 1.00’ 1.75, 1090‘
Exhibition of Results

_ We now display our results in the form of tables and
graphs. In the graphs the horizontal axis is the major

axis (x - axis) on which an arrow indicates the source point
The vertical axis measures the deflection znd is marked in

units of the dimensionless quantity
w/ Ka

a 31ubD

The tables also list units of this quantity.

An interesting effect of the clamping is that the
maximum deflection deviates slightly from § towards the
centre. Thus it is only when $ is at the orimin that the
maximum deflection occurs exactly at S . To illustrate
this deviation, table 59 is included which shows extra field
points for the 24/% ellipse.

Conclusions

Some general conclusions clearly emerge from the
results obtained. For any ellipse the maximum deflection
always occurs when S and P are at the centre. The value
of this maximum decreases as the minor sxis decreases.
As S apvroaches the end of the major axis, the deflection
everywhere approaches zero as expected.

The deflection profile for the 2//3 ellipse follows
broadly the same pattern as for the circle with G > O

everywhere for each choice of S . As the axial ratio
increases to 24/2 the behaviour of G becomes marsinal from
the point of view of Hadamard's conjecture. Some negative
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values are generated, but the procedures described
earlier sugeest that these are only spurious numerical
effects. We differ here from B. Jeswon (1969) who
concluded that negative deflections existed for any
location of 9 in this ellipse.

For the 2/1 ellipse our analysis indicates that G20
everywhere if the load is st the centre, but negative
deflections do arise as S moves towards an extremity. Our
procedures confirm this as well established if [P}21.(Table
58 supplies good supplementary evidence to support the
results of table 55). Our profiles for the most part
resemble those of E. Jaswon (1969). We disagree, however,
with his conclusion that, if Hadamard's conjecture fails
for an ellipse, it fails for any location of § on that ellipse

When we compare the behaviour of G for the higher axial
ratios given by b=% and b=%% we find again that negative
def}ections exist. Two other interesting features &are
evident :

(a) negative deflections now arise for any S on

the major axis;

(b) negative deflections arise between the source and

the nesrer vertex if S is sufficiently near the

centre. (For the 2/1 ellipse negative deflections

only exist between $ and the farther vertex).

It must be admitted that the oscillatory behaviour of G
in figures 26 and 27 is partly a numerical effect which
becomes more proaounced as a /b increases to 10/1. However,
for elongated ellipses, oscillations of this kind have been
expected by engineers. As far as we are aware no abtenmnpt
has been made to investismate this problem experimeantally
although interest has been expressed. The experimental
errors in

(a) preparing a perfectly isotropic specimen,

(b) producing true clamping conditions,

(¢) measuring elastic constants,
are no doubt likely to be of a higher order of magnitude
than is found in our numerical analysis. Experiments have
been carried out on some similar plate problems oy Ligtenbers
(1954). Using photosraphs of "Moiré" frineses. he claimed
accuracy of about S% except near the edzes of the plate.

The most interestinzg conclusions suzsested by our

results are :
(i) there exists a critical axial ratio & in the

neichbourhood of 2/J§ below which Hadamard's
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conjecture always holds and above which iv
fails for S sufficiently near a vertex;

(ii) there exists a higher axial ratio H satisfying
2<H<3 such that if a/b >H Hadamard's
conjecture fails for any S .

Garabedian's particular investigation for the case of
a/b = 2/1.2 = 5/% is in accordance with (i), and the
result

1.414 = < 1,667
is suggested., The following table displays the behaviour
of G as the axial ratio increases, i.e. as b decreases
while a is held equal to 2.

TABLE 51
@ b Axial ratio Result
2 1.0 G(P,S) > 0 for all P and all S

> 1.1547 G(P,S) > 0 for all P and all $

J2 1.4142 (P,S) 20 for all P and all S

2/% 4

132 1.6667 G(P,s) < O for someP for some S

1 2.0 G(P,s) <O for someP for some §

2/H H ;

2/3 3.0 G(P,8) <0 for sonef for all 3 t

2/5 5.0 G(P ,s) < O for someP for all S i
Summary

The preliminary analysis of Garabedian has thus been
confirmed and extended. The originality of our present

contribution to the problem consists chiefly of

(a) the presentation of profiles more accurate than
any previously obtained. This has been made possible
by refined numerical procedures, and the improvement
is confirmed when our results are compared with the
analytic solutions for the circle.

(b) the discussion of more elongated ellipses than have
been previously considered and the conclusions
concerning the critical axial ratios & and H in (i)
and (ii) above.



The upper figures were obtained analytically.

The lower figures were obtained numerically.

0.00

0.002
0.043%
0.62%8
1.698
0.638

0.043%
0.002

TABLE 53

TABLE 62 Circle (Ellipse 2/2)
o e e
5\\8 0.00 1.00 | 1.75 1.90
"-1.90 | 0.010 0.002 | 0.000 _ |  0.000 .
. 0.004 0.012 | = 0.002 | * 0.002
-1.75 | 0.060 0.015 | 0.004 | 0,000 |
0.059 0.017 0.004 0.004
-1.00 = 0.807 0.232 0.015 0.002 |
0.807 0.252 0.014 0.001
0.00 | 2.000  0.807 0.060 0.010
2.001 0,807 0. 060 0.010
1.00  0.807 1.125 % -, (s ' W
©0.807 1,186 0.125 | 0.02’
178 | 0,060 0:12% ¢ 0,100 . | 0.029
| 0.059 = 0.120 0.111 0.0%7
1.90 | 0.010 0.021 0.027% . | 0.019 |
| 0004 0.001 0.010 | 0.015

Ellipse 2/./3%
- { i — i S - - _..—.-u-—-{
|
1.00 1.75 |r3,,00 i
0.007 “0.,001 *0.,001 i
0.159 | * 0.008 0.000
0.639 | 0,044 0.008
0.99% 0. 105 0.018
0.103 |  0.104 0.030
0.000 0.006 | 0.007




TABLE 54 Ellipse 2/,/2

E_P\\§ 0.00 1.00 1.75 {190

§ =1.90((-)0.001 | 0.003 *0.000 *0.000

| ~1.75| 0:028| 0,003 0.000 | 0.000

| -1.00| 0.406 | 0.074 0.002 | (=)0.001

. 0.00/ 1.266| o.07 | o.0%4 | 0.004

| 1.00|  0.406 | 0.792 | o.078 | 0.012 |

| 1.75| . 0.022| 0.076 | 0.094 ‘ 0.022 |
1.90 ((-)0.001 (-)0.001 i 0.005 | 0,003 ;

TABLE 55 Ellipse 2/1

e ' _W

(ﬂf\\§ 0.00 ( 1.00 {_ 1.75 i 1.90 |

I-1.90 [(=)0.001 | -0.001 | -0.001 | -0.002 |

-1.75 ; o.ooei -0.001 | =-0.002 | -0.002

121000 0.331| 0,007 | - =0.000 i ~0.001

1 0.00 | 0.689| 0.1335 |  0.004 | 0.001

; 1.00 E 0.131; 0.474 0.034 | 0.003 |
195 4 0.002 | | 6030 f eope | 0.0Ad

. 1.90 !(-)0.001i (-)0.002 | 0.007 | o.004 |

IS e S Pl . SR i), st TT R S S . e MR

(o1



TABLE 56 Ellipse 2/%

P\s [ 0.00 ] 1.00 1.75 1.90
-1.90. @ -0.001 | =-0.002 -0.003% | -0.004
=1.75 | -0.001 | -0.002 “0.003 | <0.004
-1.00 = 0.017 | -0.001 40,00L +- | -0:001

| 0,00 1 0,317 | 0,018 -0.001 | -0.001
| 1,00 | 0.017 | 0.230 0.005 | «D.001 |
1.75 | =0.001 | 0.001 0.045 | 0.004 |
| 1.90 | -0.001 | -0.004 0.00% . 0.004
et il X o £ R |
TABLE 57 Bllipse 2/%
s MR 0 3 YRR -1 © o ik,

P‘\§ 0.00 i 1.00 1.75 ! 1.00 |

AR o i i TSRS (MRS R e L e e
~1,90. 1=0,000 | =0.001 -0.003 | =0.00%
~1.75 | 0000 | 0,001 0.00% 0.003
-1.00 -0.000 -0.001 -N.00% -0.003%

| 0.00 0.118 -0.002 -0.003 ~0.004

| 1,00 =-0.000 |  0.086 -0.005 -0.005

i 1.75 ; 0.000 |  0.001 0.028 |  0.008

i 1.90 | -0.000 | -0.002 (-)0.001 = 0.003

| o
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Behaviour of G in the neighbourhood of a minimum.

TABLE 58

Ellipse 2/1

1.5

-0.0009

-0.0013%
-0.0016
-0.0016
-0.0015
-0.,0012
-0.0009
~0.0004
0.0003%
0.0013%
0.0026
0.0045

1.75

-0.0012

-0.0017
-0.0019
-0.0019
-0.0018
-0.0016
-0.0014
-0.0011
~0,0008
-0.0004
-0.0000

C.00C0%




TABLE 59

|
0. 1"10
0.007 | 0.007
0.04% | 0,010
0.097 | 0.022
0.171 | 0.038 |
0.265 | 0.061 |
0.37%3 = 0.088 }
0.499 | 0.121
0.638 | 0.159
0.788  0.203 |
0.945 | 0.252 |
1.105 | 0.306 |
1.263 | 0.%65 |
1.41%3 | 0.428
1.546 | 0.496
1.649 = 0.566
1.698  0.63%9
1,649 = 0.712
1.546 | 0.786
1.413 | 0.85%6
1,263 . i 0.921
1.105 . 0.976
0.945  1.015
0.788  1.028
0.638  0.994
0.499  0.873
0.373 = 0.712
0.263  0.539
0.171 | 0.372
0.097 = 0.223%
0.04% | 0.10%
0.007  0.015
Ellipse 2//3
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0.%25 0.03%9
0. %50 0.097
Q.3575 0. 105
0.3%90 0. 115
0.399 0123
0.3%92 0.127
0. 3554 0.129
0.248 0.126
0.129 0. 104
0.022 : 0.026
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PART II

ELLIPTIC CAVITY  PROBLENMS



CHAPTER 7

INTRODUCTION

Introduction

In part II of this thesis we consider another type
of biharmonic problem, that of determining the elastic stress
field outside an elliptic cavity under plane strain conditions.
These problems differ from that of part I in the following
respects :-
(i) the biharmonic equation is satisfied by Airy's
stress function, which has no direct physical significanes.
(ii)when the biharmonic function has been obtained, further
operations are required to compute the stresses;
(iiid)we now have an exterior problem;
(iv) progress can be made with analytical solutions in
confocal elliptic ccordinates.

Two main contributicns are here made to the study of
such problems. First, the formulation and technigues of
part I are adapted to the plane strain of infinite exterior
domains. Secondly, some exact analytical solutions are
achieved utilising the representation X =r*g + , which
agree with those previocusly obtained by Muskhelishvili (1963)
on the basis of his complex variable formulation.

The present chapter is devoted to the theory of Airy
stress functions and to the representation of these functions
in terms of two-dimensional potentials.

Plane Strain
The equations of equilibrium for plane strain
conditions in the absence of body forces are

Qxx WXy - -
o= 33 O ’
ry DGy by
el R o o, L2
T
% = OJ J

-~

where x , 4 ,Z are Cartesian coordinate variables and xx Xy
-~ - Pl e B - ever -

Yy 4 zz2 are the non-vanishing Cartesian stress components.
The first two equations of (7.1) are automatically satisfied

by writing S n_'?'fi A e
XA = ';j" 5 35'31‘ x\;- 9335 5

(7.2)



where X = x (=,y ) is termed the Airy stress functican. The
strain-stress relations for an isotropic material are

EEW‘(”");‘L""GJH; (

\?'5)
where
s {O when P¥+ 9
P | when P= 9,
?sqv""xJ%.z'J

-~ -~ £
e = 2e3C ,--,,-rzz,
£ is Young's modulus and Vv is Poisson's ratio.
The non-vanishinz strain components are

du v 1 [d 3\:
E""=ax‘ Sus"gs_ g ‘;( = (7 4)

where w,v are the Cartesian components of the elastostatic
displacement. Since €., = O under conditions of plane
strain, it follows from (7.3) that

To e P ) (7.5}
It can be seen from (7.4) that

1 a“'
afwx 3 E,’ o 1 Exy
"b Y- 3!’- 3333

which is the Saint-Venant compatibility condition between
the strains. Arbitrary prescribed strains must satisfy
(7.6) to ensure the existence of a displacement vector.
Substituting (7.3) into (7.6) and utilising (7.1) we obtain

Ve (7.7)

S
where V 1is the two-dimensional Laplacian operator, whence,
by (7.5)

T 2agy) = O

(7.%)
Since <
x';.-rgrg = V'
by (7.2), we see that X satisfies
3 VKL fﬁ
V‘(V‘X)r- 'é';:;‘!'a- 131 "‘;:":O)
i.e. the biharmonic equation
M)
£ = O &
v % (7[.:‘\

Thus a plane strain problem for a medium free from



body forces may be formulated as thst of finding a solution
of (7.9) subject to the appropriate boundary conditions. (An

analogous equation cen be obtained for generaliszed plane stress.

In this case 2z = Q everywhere and the derivation of
equation (7.9) is therefore slightly different).

Boundary conditions for traction problems

We introduce F, (s), F,(s) to denote the traction
components per unit length of boundary at the point x (s ),
Y (s ) of the boundary 9B, where the tanzent vector
increases in such a way as to keep B on the left. The

usual convention that n is the inward normal ensures that
theucauchy—Riemannnequations

dx . % dx _-dy
ds  dn dn = ds (7.20)

o

are satisfied. Treating the expressions in (7.10) as
direction cosines we have

- x ﬂ -~ ~ d_-_!-_
F'u-:_;;— ﬁ:x:j—i——xgds,
Fy ="’"*’In"“ an - Ngs T W g .
By (7.2) these become
S o . -_..4-_(3_79)
P St ) (7.12)
Integration of (7.12) yields
S
oX
,‘E; = "Js. Fb(S)CLs + oL,
s

where s, denotes an arbitrary origin on 9B, and «,pa
are arbitrary constants of integration. Hence, given F, , F, .
we may evalute the boundary quantities

5 S
d« 2% dx ?)ida
- —=ds = = = + ¥
20 L e .L("’” T (7.14)
where ¥ is a further constant of integration, and

e A% LSk de - DXdy
Tl SN, T (7.15)
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Thus the traction problem leads directly to the canonical
boundary conditions for the biharmonic equation (7.9), i.e.
the problem consists of finding 2 in B when # and . zssume
prescribed values on 23B. We note that ®x, ' include
arbitrary terms ox +py+¥ , &%’ +py' respectively. These
are the boundary values and boundary normal derivatives of a
harmonic function «x +pYy+¥ existing in B. It arises
from the constants of integration but makes no contribution
to the stress field. Thus we may, for example, set «s=g=¥=0
since s, is arbitrary.

From (7.13) we see that the - component of resultant
:ggx_' s
simply-connected domain B in statical eguilibrium, %3 must

O

force on 3B between s, and s is [ Thus for a

be a single-valued function of s, and similarly for =
Further, the resultant positive couple on 2B between s, and s

is >
3 o d (2%
L (xF, _y,,) ds -'L [‘-‘° ;}.(SI) 5&5(’33)] ols
. a
[t -2 ’b..é]
A-*ox "33y | (7.16)
X X
showing that X — x'%;g “Yoy 1is a single-valued function

of s in statical equilibrium. This implies that X itselfl
is single-valued on 3B and hence throughout B.

Exterior Domains

If 9B is the internal boundary of an infinite domain
then the resultant tractions and couples on JB need not be
equilibrated, since they can be compensated by stresses
applied at infinity. If the tractions are equilibrated,
then.%é ,%% are single-valued, but this does not necessarily
imply that X is single-valued. If, for example, X =0

we have

oA _20 _ -y . 2% _28 _ >
Px  2x  xeyr 7 Ry Py T x+y?

Single-valuedness of X is ensured from (7.16) if the
resultant couple is equilibrated. Multi-valued displacements
corresponding to ¥Yolterra dislocations may exist in a ring-
shaped domain cr an infinite exterior domain, even : i
is single-valued {(Love, 1952).

This analysis was discussed generally by Jasvon
(private communicetion) and Syamm (1964) who showed how to
construct harmonic functions exhibiting given multi~-valuednes
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24 oz _ )
in X, gx , sy Trespectively, no dislocations (Love, 1952)

being present.
we shall assume that all non-vanishing stresses a

infinity can_ be eliminated by suitable superpositions and
that no dislocations are present. Hence X is always a
single-valued function in our analysis. For example
consider the problem of an infinite medium with an internal
boundary subject to uniform normal pressure P . In this case
no resultant force or couple is produced. By reference

to figure 28

1>

B &

- o

F1G. 28

and equations (7.10) we obtain convenient formulae for
evaluating F, , Fy . The normal and tenegential stress
components an, ns , at s may be viewed as the components

of stress in the -n , -s , directions on an element of
boundary oriented in the -n -~-direction. Thus there results

dx ~ dx ~dy 2 dx
F. S E L e

x:‘——ﬂﬂ d—ﬂ
Aol.y (7'17)

~
F.'J = =—nn T ds ols

For uniform pressure P we have
an=-P, e D on 3B, (7.18)

whence the boundary quantities

dy dx
ng_P‘E, F'.":pfi-g; (7.7%‘}

~rs

-
LU



Ae 5 (xﬂf) 3 L= =Pl *‘B%‘) on 2B, (7 .20)

the constants of (7.13) and (7.14) being so chosen as to
produce maximum symmetry.

Biharmonic Representations

We now discuss the solution of the biharmonic
equaticn (7.9) subject to the boundary conditions (7.20).
We note at the outset that the resolution X = r¢+¥ used
in part I, where ¢ and ¥ are simple source potentials, is
inadequate to represent a biharmonic X in an exterior
domain. This is a consequence of the behaviour

[eta)n [P 3] dy = tor [eta)ds + O(E)
28

ag = IB]-—a--o , which implies that no constant harmonic
function can be represented in an exterior domain B by a
simple source potential (although it could be so represented
in an interior region).

It is therefore necessary to modify the formulation
(5.4) used for the interior problem and write

X=r ¢ ¥ +¥ (7.21)

where

B=d(2)= [ la) £n P s la, ]
6o (B): ] pts) 2 1P -3 ) ay, L

and ¥ is a constant to be determined from the physical
condition that the stresses decay at infinity. To ensure
this we must have

¢ = O(+) (7.23)
since higher powers would either produce ‘non-vanishing
stresses at infinity, or in the case of ¢ =Q( & ),

**¢ = 0( r* 2~ r ), a radial fissure (Love, 1952).
Equation (7.2%) is satisfied by imposing the
condition

f¢"(z)dq, = Qvfﬁ‘fz»)% = 0. (7.24)
28 B

We require, therefore, to solve for cs‘(q,),},g( q) and ¥
the coupled integral equations
rrBlp) » ¥lp) + Y = X(p),

2e'Blp) + o2 dp) + ¥l )= 2Up),
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subject to the side condition
[ etaVay -0 (7.26)
B

which compensates for the appearance of the unknown constant Y.
The rizht hand sides of (7.25) are the known values of

209y x'(! ) given by (7.20). The terms ¢(f),%4fl,¢Y;Luf@§
are as in (5.12) to (5.15), i.e. they are obtained from the
potentials in (7.22) and their normal derivatives by letting

P - on 3B. Equations (7.25)and (7.26) may be solved
numerically, whereupon X can be generated throughout B using
(7.21) and (7.22).

Stress Invariants

Stresses can be found either by numerical
differentiation of X or by using differentiated kernels.
Thus to compute the stress invariant @ = xx +yy in B we
may write

® = V% by (7.2)
= Db+ +¥) by (7.21)
= V()
(¢ +xP rud) (7.27)

where subscripts denote partial differentiations and @, ,¢,
may be found from

g 22, Je—(»,)fg«ﬂn P-o| g

2% a8
(7.28)
BA(P) . (bl g, 1P-
é, - TR -a'i (1,)632 IE ?ld‘l-'

The quantity (® is significant since it is proportional
to the hydrostatic pressure. More precisely if

~ - =

XX T Yy =22 =P

then
Ml R B =
(7.29)
and (7.%) yields
~3p
®= T1+v . (7.30)

Some writers speak of (& as the hydrostatic pressure.
Another stress combination of physical significance is the
maximum shear stress s, This invariant is of importance
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in elasto-piastic analysis (part III) and is given

by
st B ) S s (7.31)
- 7(,,-;(.,;1 x )
( )1"'4"(;(3) by (7.2),
where
Hw = e +bx B 128 + ¥, (7.32)
)f” = r‘gﬁ” 'F'l“ﬂgsy - ¢ '296 i lk-"‘-"a (7.3%)
AN NEETT R e
Thus

bes® = [r‘(‘!’v-"‘ﬁbxx );'}' 4(3‘353 s ¢=‘-) % (f‘;’ E (}:‘X-}

4-4[%3 +2(xd, 1yd.)+ ‘{;9] R
The second order partial derivatives of $ and ¥ mnay
be expressed in a form similar to (7.23) whereupon
(7.35) may be used to compute 4 s throughout B.

Formulae for adapting equations such as (7.28) for
numerical solution will be given in chapter 8.
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CHAPTER 8

EXACT SOLUTIONS IN CONFOCAL
ELLIPTIC COORDINATES

Introduction

In this chapter we develop analytical solutions
of the plane strain problem of an infinite medium with
a cavity of elliptic cross-section. Because of the
similarity to the equations of generalized plane stress,
our solutions are equally relevant to the case of an
infinite plate with an elliptic hole. We ccnsider the
solution of the biharmonic equation in confocal elliptic
coordinates subject to various boundary conditions, namely :

‘(1) uniform internal normal pressure on the elliptic
boundary 9B; zero stress at infinity,
(ii) uniaxial tension at infinity parallel to an axis
of the ellipse; 2B stress free,
(iii)uniaxial tension at an arbitrary angle A to the
major axis; 9B stress free. This problem may
be attacked either directly or by two applications
of case (ii) and a suitable superposition of case (iv)
(iv) simple shear at infinity; 9B stress free.
These stress fields have been investimated by Muskhelishvili
(1963) using complex variable techniques. Case (i) was
considered by Bhargava (1965) and by Jaswon, Maiti and Symnm
(1967) using the representation of a biharmonic function in
the form x = r*¢ +¥ . However this formulation has not been
previously exploited for the more general problems (ii),
(1ii) 2nd (iv).

Our aim is to construct suitable biharmonic functions
in terms of confocal elliptic coordinates. Some of these
are evident in the known solution of (i), but new ones have
to be introduced in order to solve the less symmetric
problems that follow.

Uniform Internal Pressure on Elliptic Cavity

For problem (i) we consider uniform normal pressure P
on the internal elliptic boundary 2B

b
P g N SR (8.1)



In terns of confocal elliptic coordinates (%, 7 )
(Appendixz 5), (8.1) may be replaced by

33, b2 3.2)

where c¢'= a*-b and
X = c cosh3, cos 9 yzcsil3 sing on: 3B,

The analytic solution is known to be (Bhargava, 1959)

Q-I-":

- P[ (e +¢:m-.17) + -—-5-; ]+ constant. (8,3)

Taking P=-1 , we seek to identify (8.3) with the
representation '

N L R TGV =0, (8.4)

where ¥ is a constant. Since % - 4n r-ﬂﬂ" - R e e
Y=0 if in (8.3) we put

*e? c
constant = Lc'?_ ) b = (8.9)

+,

X = %_-E(e."u-o- Ca:lq) (B.6)

It is clear from (8.6) that X =O( far) as + -3 o
which ensures that the medium has no dislocations znd no
stresses at infinity. Comparison of (8.4) with (8.6)
yields

t

23
e +“”27) O(r"p’) 8B i od o (BT

/
95- l(cashZ?-&-CosZ?

R I e e T
Since by (AS5.9)
v o= Si“ (cos.k2§ + cos 27). (8.9)

It is interesting to note that (8.7) nossesses the
expansion

ol aAxl C.o$2“? :
G = Z ) 5 (8.10)

e

which shows that ¢ is a harmonic function. On the
boundary 9B which is defined by (B.2), (8.6) reduces to
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, K a'+ b? @ +% :
A = 5:(;_.‘11) e 4lﬂ'§f) (8.11)

showing that
I ab
¢aim (v=23) }

e ) on 3B. (B.12)
a’+b" p (a+
MERS L ( )»

L

To find the boundary normal derivative of (2.6)
we use

% V2 2

= 3%

Pn  cyJcosh2§~ conlp ’ (8.13%)
"FL\ ;u &+b

cosh 23,5~ SeF S (8.14)

and obtain after simplification

' V2 ab
& (a*+ L‘-c‘lel;)y‘ on 2B, (8.15)

ol -Jz c."[c"-i- (a‘+b“)cos2?]
¢ © ety B +c."c«uc.2»))‘(o.’-|-L>’L—t:‘<.‘:z>2r})"L

’ 2 (a4 bt)

o= = -
2(a* +b7- cran2g)t

on 9B, (8.186)

on 2B. (8.17)

Unstressed Elliptic Cavity: Uniaxial Tension at Infinity
Parallel to Minor Axis.

Wwe now consider an infinite medium with an unstressed
infinite cavity of elliptic cross-section defined by (8.1).
For uniaxial tension at infinity parallel to the minor axis
we have

g\as i xﬂt’:x';;.—_ O (8*18)

s

at infinity, whilst on 2B
ﬁ?\ :.'.nAS = O

The problem may be regarded as the superposition of
(1) unisxial tension throushout B given by (3.18),
(2) +the stress field zenerated by a stress §5=-fr
applied everywhere on 2B,

Por the simple tension (1) the solution is

?f,: "i Tx1



while (2) is characterized by a biharmonic function 7,

satisfying
7(,.‘_-'-‘ "",i T’x‘

#

: . ! } on 2B. (8.20)
7{:- = =ix % +

The conditions (8.20) imply X= «'= 0O on 3B,

Thus for the appropriate biharmonic function X
represented as X, + X. we have
e
Aoy B e Comk ?(Co-'"z'?*') in B, (8.21)

while me may be determined from its boundary properties:
=Ta'
?C‘ : Z(i{-CoSl?)

::-Z_%(|+Cm27) on 2B, (8.22)

»
where

%
X = J—% (cosh 2%, ~ caslq\

arises from the normal derivative operator (8.13)
in confocal elliptic coordinates (A5.15).
A suitable biharmonic function satisfying

A = O(Qnr)as P —> oo (8.23)
is

L
Ko =A™ 2y) 83+ D +ES V2 (3, 00)

where the constants 4, B, D, E are found by constraining
(8.24) to obey the boundary conditions (8.22). Thus

= T e i Ed
Tg(:+ms24) =A({a—+b) g 27)"33 L L G2y,
(8.2%)
—.'ZAC J.EC‘." Cos 2
(l+¢°52q) (a.+b\ o (@ +5Y e

Hence from 4 eguations in the 4 unknown constants which
arise from equating the coefficients of c0527 and the
constant terms, we deduce

- Ta (a,-!-b) B= _T&.t
A= T, s
_ =Tk, Ta'5, Tab(a+b)
D = s 2 > E &= L}.c."



Thus the complete solution is given by
A= A, +%,

i —%1«:0592 (c_o527+1> a T"Sic‘?}@' ("5“*-6052'2)

(T Tk T 'rag{mh)‘(e-zzmzq) |
1L L =1 L‘l"C—" (8.26‘)
Comparing (8.26) with (8.4) we find
¢“ —Ta ( e_z.y + cos 27)
T R(a-5) \ cosh 2% +co 29/ » ]
-23
\,V: 8? J—Eez COD27) - (8.2?)
Y= BX ' {

From (8.7), (8.9) and (8.10) we see that ¢ is harmonic

and
¢ P O(,'—) as S e (8.28)

while ¥ is clearly harmonic and has the required
asymptotic behaviour

Yy > Blar +-O(£'£Jas > 0. (8.29)

The hoop stress i} on 9B may be found easily from
the boundary conditions

$7: %33 =0 on L T
which, by virtue of (7.2) and the invariant properiy
of ® , yields
M= VX on B. (8.20)

Thus harmonic terms in (8.26) do not contribute to the
hoop stress

"~ oI A
,{7‘ AN (e"“-i—t:asQ»;) + 3 Vx

i\l

T e 2Talarb)e" = cn2s)
€Y ( coxk 2%, ~ cos 21)

on B  (8.31)

1

7 C'D*SL‘Z.%‘-,-*&)SZ;?

T 23, [shh 230 (li—ti) Ly l}

on 3B, (8.3%2)

which is in agzreement with the classical result (Timoshenko
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and Goodier, 1970) derived from complex potentials.

- - . L& USSR | -
Maximum and minimum values of 7 are found by putting
Cos 27 =%] so that

"1"(1—}-2% ot Xx= Xa,yz0 ;

I

7 wrax,

"

7] min.

Unstressed Ellivotic Cavity: Uniaxial Tension at Infinity

Parallel to Major Axis.

By the same procedure we find a biharmonic functicn

« producing stresses
- ~ s )
XX = "I -.1::_., =3\_—j - O

s

at infinity, and

nn = hs = O on 3aB.

The results are

7C=x.+7f=-$

where
A, = T sl (1-ces 2),
Z:, = A(e_-z‘-l-cgsz[’) +B§+D+Ee.hztcav:27) (13.5”)
where L
A o Thlast) B Tl
= T . ;2_}

{arb)
= Tab . T4 3 [ "T_“_'E._:‘.‘.T*_'._"i.
Qs s e ey b-c

The hoop stress on 2B (cf 8.31) is

S T
11 Pl o % endn (8.35)

which yields results comparable with equations (8.33):

7A7 max.

77 min, =-T at x =ta y:0 .

]

T(H%LE at x:O,gzi‘bl

I% is notable that {)mex. - T as T -» oo whereas if the

simple bension at infinity is parallel to the minor axig

o©
DAY 88 = oo
77 nax. —» 0 S -
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Simple Tension at Infinity at an Angle £ to the Major
Axis of the Ellivtic Cavity.

We consider now an infinite material in a state of
simple tension at an angle 8 below the x- axis, disturbed
by an elliptic cavity with its major axis along the x - axis
(Ficure 29).

B

N

- s

-—_
T~
W
e
-

S
T~
T
~n
FIG. 29
The undisturbed stress field is given by
x}: T—-i(l-l-c.ost))
~ 7
= = (1—cos2
~ — 5
xy = KS"&QP.

With a convenient choice of constants of integration,
the corresponding Airy stress function is

T'l. Tx" Tx. = |
7{‘-: _L%(I+COS‘2P)+ Tf:(|_c_°,lﬁ)+ -._%smlﬁ, (8-57)
Our problem is to find X = A, + X, in B where X, satisfies

Yy
V%20 i5. B, (8.38)
%;"zp % xbf:-xi' on .aBo (8'59)

To this end we express X, in confocal elliptic coordinates
and note that 9B is given by

P = ¢ Cosh®, Cosy , Yy=c s,‘JS.SIa7" } (8.40)

r b
Cosh3 = & sink g, = =

”

We algo differentiate (8.%7) along the normal to 9B,
drawn into B, using (B8.13%). Hence, after simplification,

o}
‘._.-l
ol



the boundary conditions (8.39) become

z RN C0§2 L oo N
) 4§ (et TG lr]
- —Tab \'-‘ e P,

1-‘:"' Sia Sin Qﬁ 5
I(-_CEE:E)- 5'."2?5 5"‘27 - (‘%,Ll?)

2_‘_;: "Tab[l—c.aslq ‘-_052‘5] =

A 2 s

To proceed as before we must now construct a biharmonic
function A, which satisfies (8.41) and (8.42) znd exhibits
the required asymptotic behaviour,-i.e.

A, = r*é¢+¥  where V'¢ =V ¢= 0 and
¢ = O (%),

(8.43)
WY ~> Blar + D _f_o(_::)

as r —» 00, where B and D are constants.

This problem exhibits less symmetry than any
previously considered by this formulation and it is clear
from the boundary conditions that #A, must depend on ﬁn27 e
well as co527 « At first sight there appears to be no
problem. We merely reguire the sine term corresponding
to the harmonic function

-2%

e + cosp
b = ] 7 (2, 44
r
e Sia 27
employed previously. However e is not
harmonic, This result is less surprising if r* is replaced

1
by %{ushnq» :.oszq) but there remains the problem of finding
the harmonic function analogous to (8,44). Mo make progress
we revert to the expansion in series (8.10):

-3 3 = A
¢ o (E’. + Cos L7 SZ(,"") Co52n7
ek eenel T e (2.45)

and consider the correspaqiinT series

¢ Z ( [) Art s!nzﬂ'f" . (‘ .,!5(_,\’

Affer expressing sia2ap in germs '_.GAUOHUHuiﬁl functions

I
we [ind the sum of this seriss to be

s ( ﬁ:??__ﬁ) .(v'“ﬂ)

Cosh2% + cos 27

119;



Sin 2
so that “7:2 is the reqguired harmonic function. Thus
we have the most interesting result that sin2y is
biharmonic, the "conjugate" biharmonic function beine not
cos 27 but e "
With this established we may express the required

biharmonic function X, in the form

+cQ527.

7{'3 = A(e'“*_ Coslq) +B%2+D + E-e.'zsc‘,p% " Fe‘l‘is-’nl)? + GS"A27

where A,B,D,E,F,G are constants to be determined.
The component harmonic functions
¢ = A (E_?.L‘fﬁ?) . G Sn
- = 2
3 i } (8.49)

2% _
G BB D+ Ee coly ¢ Feliridn,

possess the required asymptotic behaviour (8.43) since
: LEY
; i O(-Qn l") 3 < = O('!F*) ag -0,

We now constrain (8.48) to satisfy the boundary conditions
using (8.1%) again for the normal derivative. Equating
coefficients of ces2p sia2y and the constant term in each
of equations (8.41) and (8.42) we have six eguatiocns in the
$ix unknowns A,B,D,E,F,G yielding after simplification

A= :1';" (a+ b)( ben*p-a Ga’n‘ﬁ_))
B= =% (arstirp & > Costﬁ))
R R ) f (8.50)
E = =—Tab(ass) w2

& (a-p)* 5
F s _TlaxtYlat+p*)sim28

2 (a-b)* : J

G.: -%(o""'b)\s‘;hzﬁ‘

The complete solution to the problem is given by
e O A
=£(x"s.'n‘ﬁ -!—ldtc‘u"/& +xns‘:‘n2ﬂ)
+ ﬂ (e”"-l-Co.s 17) - Gs-'v\.2.7

(8<51)
+ BE + D+ Ee-25%17 4 Fe-z‘ 5:’427 )

IfJg:%_he recover the result (8.26) as expected.



Unstressed Elliptic Cevity: Simple Sheer at Infinity.

The undisturbed stress field for a simple shear
x!gsz xﬂx=g;3=o,,

is generated by the Airy stress function

A, -Sxy = =52 2rk23 sn 7.

When the elliptic cavity %:3 is introduced the complete
solution becomes

A=A +x,
where
oL = O in (B, (8.52)
Z.= $£Sabsin2y,
> i?Sab(a‘+b1’)5e‘n2q } O e (8.53)

The boundary conditions (8.53) can be satisfied by taking
X, in the form

A, = Fe.“'ﬁs;,.Qq + G Sin 2-7 . (8.54)

where F and G are constants determined by substituting

for the boundary values of (8.54) and its norma) derivative

in equations (8.53). Hence we find

A =-55c"silh 2% sia ‘29 + i—S(n +-b)‘s:..2,?p -(a-%fé‘)e'?j(8 »55)

This solution possesses the required asymptotic behaviour
since Z > =Sxy + 0 (1) as r e,

The hoop stress jacn1 2B may be found from
VK = G'v"s.-.\z7

(8.56)
which takes the value
A "2582)" sin 29
" Cosh 23~ ces 27 on 9B (8.57)
whence ﬁ$==CD at the ends of the minor axes and
LS
qq:mmax=s_(§._"‘:> AL Dang= s, }
s o —Slast s Y, B (8.58)
17= 9 pin = é‘%};‘l if kang= o, '
a = =
ol o T ’7q;axj : }77 minJ K3 e
and th

€ points at which these maxima and minima occur appro&ch
the ends of the major axis.
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Conclusion

The derivation of X for uniaxial tension at infinity

at an arbitrary angle g to the major axis of the elliptic

cavity may be viewed as the most general and original

contribution

of this chapter.

We conclude by analyzing

this Z as the resultant of three simple stress fields at
infinity., each disturbed by the same elliptic cavity.

According to (8.36) the fields are

: uniaxial tensions

Teos'p, Tsw'p parallel to the x and y axes respectively,
together with a Cartesian shear stress xy =— T sinp Cosp.
It is evident that the new harmonic term (8.47) corresponding

to the biharmonic

sin 29

is required whenever shear stress

is present with respect to the major and minor axes of the

ellipse.

The result (8.51) is recovered by adding together

(a) (8.34) with T replaced by T cos’s,
(v) (8.26) with T replaced by T sin’p,
(¢) (8.55) with S replaced by =T sipgcosp |
The terms of X are displayed in table 60 which shows how
the individual terms arise from (a), (b) or (c). Terms
involving sin2p appear only in column (c). The four
lower rows are the harmonic terms, . , 1A
; (a) (b) (c) ,
Tension parallel Tension parallel Shear |
to x - axis to y-axis |
f
x' e T—_E Sl E3 smy Cos'p -%- Cosh'3 Cos'™ 7 Sin /5 %sah?.‘; Sin2q Sm2p |
|
m— f
r*¢ terms Tbt"b)cosﬁ (e* +cofl?) "TEE‘.."_‘."_) sin2 (€7 cos 29) T(‘“"’\s '2.7«:-3,3
Coefficients —Th! ~Ta o T i
of 3 = cos® B = si ,B ,I o |
E |
Constant —lab o Tbiio co'p ‘E-k-'-s.'n‘p 4.@ | @]
terms SR 2 & 2 |
- - | i
o~ Tablashy . |
Coefficients wm‘ﬁ sy o
of cesz Lo e | |
e | _J
Coefficienss +L)(«+b>smls
s () o
of Sinls 9, '
e e }
TABLE 60
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The hoop stress é% on JB may be feound by making
the substitutions of (a), (b), (¢) in eguations
(8.35), (8.31), (8.57) respectively. Addition eives

n 57 : 23
& e | S 2% ¥ 22s 28 - @M cos (el on OB
7 (Cosh?.'s,-cosl‘q)[ £ }3 ? ]

which is in agreement with the classical result.

Addendum: Snecial Case of Circular Cavity

If a =b in (8.1) we have a circle with radius r =a .
The solutions (8.6), (3.26) are then obviously inappropriate
since ¢ =0 . However, for the pressure problem, a
direct approach utilising (8.4) gives

7£="-Po."(£nr' -f2na ""Ii.) (8.59)

This is in agreement with the classical solution in which
two complex potential functions are used. They lead to

a corresponding Airy stress function A =-Pa*fnr which differs
from (8.59) only by an additive constant.

We now consider an infinite medium with an unstressed
infinite cavity of circular cross section, subject to
uniaxial tension T at infinity. The problem may dbe
regarded as the superposition of

(1) uniaxial tension throughout B given by (8.18),
1e0e X, 2-LTr cos20 :
(2) the stress field gencrated by a stress gy==T
applied everywhere on 23B.
Accordingly A, and X, may be defined as in (8.19) and (8.20)
and A, put in the form (8.4). Suitable harmonic functions
satisfying (8.28) and (8.29) are
d = A cos28 i B sia28 ,

i =

Ay = C Rnr + (DCa:EQ+ Es-‘nzg),

r=

where A,B,C,D,E are constants. Symmetry requires B = E = 0O
so that

Deos26
A= Awes 20 + Clar + =22 0 (8.60)

In the usual way we may now use the boundary conditions
to obtain eguations for the unknowns A,C,D,Y . The result

)
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A, +A,

A

"

T . Te® Ta*
-—4—(60529-0-') 2_-Qnr- -i—CoSQ.EB

Ta* L
4 -—4' Cz_a;Q__l? = %(l-—l-ena) (5‘3.61)
also agrees with the classical complex variable result
(Muskhelishvili, 1963) apart from an additive constant.
We further note that the solution for  in (8.26) is
asymptotic to (8.61) if we let 3 > (7.—;-8, cogh® 2 —p%,—t)
and b — a ,

)
[3=9
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EXTERIOR NUMERICAL SOLUTIONS

Numerical Analysis
In chapter 7 it was shown that the solution of an

elliptic cavity problem can be obtained by solving a pair

of coupled integral equations (7.25) and so menerating the
Airy streess function throughout B. The numerical procedures
of part I were followed and n nodal points defined on 9B
using equal eccentric angles. Equations (7.25) and (7.26)
have been solved as an algebraic system which may be expressed

in matrix notation as

Ax =B
— — — ) (9.])
where
: '
] i -
T it
: i
' :.:
A e e el S i g U
h,h, ..- h100...0;0
2
rf‘.‘ 7‘:‘
o, ’f-:.
: .
4 z! =
§ = /“:l. 2 §= 7‘1." (905‘)
Ha %
¥ | L @

The square matrix A has degree 2n + 1 and is related to

the corresponding matrix ﬁ, , which arises from the numerical
solution of the Garabedian problem((5.19) and (5.20)).

More precisely ﬁ_ consists of the coefficients of A,
augmented as shown-in (9.2) with the following alteration.
The matrix &, is assembled from the coefficients of the nxn
matrices used in the Dirichlet and Neumann problems, but
whereas equation (4.5) was used in the interior Neumann
problem for terms on the main diasonal, we must now use
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J‘«P.nlq,.-q,,lld.%:-n—-z -{’.n'J?_ rlo{-q, (9.4)
,
which is relevant to an exterior problem.

From the solution of (9.1), the functions ¢ , ¢
and hence X were generated in B by the methods of
chapter 7. Stress combinations were then found by
differentiation. The required functions (7.32) to (7.34)
were computed from the formulae

& =$le~,,£,.lf-g,)azq,h (9.5)
where 5
L E~g)* [fx»—%)‘ﬂt(ff,—y.,)] ’ (9.6)
- e
B e®e e
e (9.7)

¢9=ZG‘$ (9,—300&2’

Tz . [E_.Ll‘ T (9‘33
e Fanl- 9 lelise )1

¢m .?'Z“-'q AT e i d?"" P! (9+9)
: IE"}:,“’Q(B.’-S y

Py, = 2% (B s lgn)

= 3 2 e =20 X G - o
qszb..zq_ )( F Y'J Y ) OL‘:L.L. (6.11)

qz=! IE --q,"‘

To find %, W, s e s Yy, Yey we simply use the ubave
formulae replacine R ), S SIS We note that all the
differentiations are with regard to P as variable while q
remains fixed. b E:
Using (9.5) to (9.11) we substitute into (7.29) and

(7+35) and thus compute ® ., Ls* over a mesh of fisld

126



points in B. Equations (7.271) and (7.35) refer in
rarticular to the uniform pressure problem. Other problems
may be solved by the methods of chapter 8 usine appropriate
boundary conditions. It must be remembered that, if =
superposition of stress states is employed, the resultant A
must be used. Thus, for example, in the case of the
unstressed elliptic cavity, if there is unisasxial tension at
infinity parallel to the minor axis, the solution is

His Ak ges i+ P 1Y + LTt

in the notation of chapter 8. Accordingly for the
hydrostatic stress we use

@4 (drxfersdy) +1

(9.12)
instead of (7.27); and (7.35) is replaced by
#s"["‘(qﬁw" q;am)‘ 12 "'{st —xqs,‘_) = %‘:ﬂtﬁ‘! 2 T]
¥ Lf—[!"’d‘s ra (= ¢b -r-yqﬁ“) + lﬁ‘-s]
: (9.13)

Results

In the manner indicated, the functionsx, ©, &#s*
were generated at the intersections of a square mesh of
side 0.25 in the region

s k3
Osxsy osy<a , %34~%1 > |

Ellipses of various axial ratios were considered for each
of the following problems :-
(i) uniform internal pressure P on 2B; zero stress
at infinity ,
(ii) 9B stress free; uniaxial tension T at infinity
parallel to the minor axis.
Exact solutions are available for comparison from the analytic
results of chapter 8.

It was found that results improved as n was incresased,
and good results were obbtained with n = 32, All the results
of fipures 50 to 40 of ppl30 to 14p refer to this value of n.
Accuracy is generally of the order of 1% except near the



boundary. It was found that results in this vicinity

could be improved by using numerical differentiation of ¥
instead of differentiated kernels. Within this region

a further slight improvement was obtained by replacing the
generated values of X by values obtained from polynomial
interpolation along the mesh lines intersecting the boundary.
However, for the purposes of part III, the results obtained
wholly from differentiated kernels (pp. 130 t0 140 ) are
acceptable.

The results are best displayed by diagrams showing
contour lines on which the stress combinations are constant.
These may be drawn by hand from an array of data (ficure 3%2
is obtained from figure %0). Alternatively this process
may be automated by cmploying a subroutine in the computer
program which carries out the necessary interpolations to
determine the entry and exit point of each contour as it
passes through squares of the mesh. The necessary
information is then stored on magnetic tape and played back
to give output on a graph plotter. When this process is s=t
Jujlarge numbers of contours may be drawn without much extra
human effort. However, smoother curves may be drawn by
hand unless a much finer mesh is used. An example of
computer graph pnlotter output is included feor comparison.

Analysis of Figures

The results for two different ellipses hazve been
selected for display: 2/1 and 2/%.

Figures 30 to 35 refer to problem (i) and the numbers
refer to units of the dimensionless quantities @/P, #SU/Pf

Figure 30 gives a comparison between computed values
of 4s* and analytic values obtained from 2 convenient formul=
in Cartesian coordinates (Bhargava, 1959),

bs' b (b raty?)
P [V rneg T (9.14)

The symbol + is used when numerical results are not
sufficiently accurate to be worth recording.

Figure %1 gives corresponding sbbreviated results
for @ . The anslytic values are derived from the
formula

) vw-x = e_zg = Co.‘:'.z?

——

5 SFJ‘; + s:‘n‘7 (9.15)
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which arises from (8.6) and (A5.13).

Figures 32 to %9 are placed in order so that results
for the axial ratio 2 : 1 may be compared with those for
2:?’5—'.

Figures %2 and %4 show contours corresponding to the
punmerical wvalues of figures 30 and 31.

Figures %% and 35 show the corresponding results for
the 2 % ellipse. In figure %%, broken lines indicate
that the analytic solution has been used to complete the
contours in the region where the computed solution is
unacceptable. It is interesting to note that 48" is
strictly increasing as the field point moves from infinity
along the x-axis to the vertex of the ellipse; whereas hs*
rises and then falls (unless o = b ) as the end of the minor

axis is approached along the line =c= O. In this case
(9.14) becomes

‘ los® P ety

s = —
(y*+e*)?
. 6P

This function of y attains a maximum value 27 * at the
points 5=t}“:* . This, of course, does not imply that

48" attains a maximum there.

FPigures %6 to 39 refer to problem (ii) and follow the
same sequence as 32 to 35. Numbers refer to units of the
dimensionless quantities ®/7T , us*/7T"

Figure 40 shows gravh plotter output obtained
automatically from the computed results after usinm the
contour subroutine. It should be compared with the resion
2sx<s b, osy=sa  of figure 3%6.
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PARD IIT

ELASTO - PLASTIC STRESS ANALYSIS



CHAPTER 10

INTRODUCTION

Foundations of plasticity

In part IIT we are concerned with a material which
behaves elastically until a limiting value of shear stress
is reached, after which it suffers plastic deformation.
Behaviour beyond the elastic limit depends on the properties
of the material. A typical stress-strain curve for a
specimen under the action of a gradually increasing uniaxial
stress xx is shown in figure 41, in which = is plotted
against the corresponding strain €. . As the load
increases, it is found that the stress and strain are
proportional up to a limit A where the curve begins to bend.
This is the "proportional limit", but the curve may continue
up to a point B, the "elastic limit", before any appreciable
permanent deformation would occur if the specimen were
unloaded. The portion from A to B defines a small non-linear
elastic regime which we ignore. If at a point C the losd
is removed to a point D and then immediately reapplied, the
unloading and loading curves C PD, D Q C, do not coincide.
The area of the loop C P D Q C corresponds to the mechanical
work dissipated during the cycle. D C is found to be parallel
to O A, and beyond C the curve continues as if the cycle had
not taken place. A further property of the material which
is indicated in figure 41 is that, following the cycle of
unloading and reapplication of the load, the stress at which
plasticity occurs is higher than it was during the original
load path. This is the phenomenon of "work-hardening" in
which the material becomes in a sense, stronger after the
load-cycle has taken place.

The above description is of a general character since
various materials react differently to this test. It is not
possible to represent behaviour after the elastic limit has
been reached by any one formula, far less by a linear
relationship. It is necessary to idealize the behaviour
in order to build up a theory. In this thesis we shall
assume that no work-hardening takes place so that the
line A E (figure 41) remains parallel to the strain axis.
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Thus we consider a "perfectly plastic material"”, scmetimes
called a Saint-Venant solid, characterized by figure 42.
Along A C E the stress remains constant at the yield value
while the strain increases indefinitely : this is plastic
flow. When the external stresses are removed there exists
a new equilibrium state at D, distinguished from the
equilibrium state at O by a permanent plastic strain O D.
If the mechanical history of the specimen were unknown, its
equilibrium state would be measured from D. Plastic
deformation is therefore an irreversible process, but since
D C remains parallel to O A the elastic constants of the
system remain unaffected. It should be noted that for a
perfectly plastic material the unloading path C D coincides
with the reloading path D C.

Yield Criteria

The above discussion refers to a simple one-dimensional
tension test of some hypothetical material. It is found
experimentally that, when an isotropic body is loaded in a
more general manner, yielding is not significantly affected
by hydrostatic stress. This implies that the plasticity
property of the material arises from its inability to supvort
shear stress.

According to Tresca, yielding commences when the
meximum shear stress reaches a certsin critical value, i.e.
when the principal stresses satisfy the condition

mae { 15 -3, | -2l 1&)=L (10.1)

where L. is a constant characteristic of the material.
According to von Mises and Hencky, yielding commences when
the energy density of shear strain attains a critical value,
i.e. when the principal stresses satisfy the condition

(B -gy) + (Gy-7) + (F-x) = 27" (10.2)
where J is a positive constant characteristic of the material.
If we identify 7T and L. , both criteria lead to the same
result when any two principal stresses are equal. The
maximum possible divercence between the criteria osccurs in
the case of pure shear, €.g.xx= -gy , =2z = O:; in which (10.1)
leads to |%x| =T /2, whilst (10.2) lezds to lx¥x) =T /3



These two criteria stand out amongst others, since
they have a reasonably simple form and still represent well
the idealised yield properties of many materials. It has
not yet proved possible to make a clear decision between
(10.1) and (10.2) on experimental grounds, sometimes one and
sometimes the other being favoured. Accordingly we utilise
whichever criterion happens to be more mathematically
convenient.

Laws of Plastic Flow
Problems of plasticity fall into two main classes:-

(i) unrestricted plastic flow occurs in at least one
direction;
(ii) the plastic region is enclosed by surrounding elastic
or rigid material.
In either case it is convenient to analyse the stress
and strain tensors into hydrostatic and deviatoric components.
Thus,‘using a prime to denote the latter, we write

~ ! ~ e

P = P4 — 3,

E,.:, =& — %J"", } k102)
P:‘lr‘-'x;.‘.bz) ®=x‘}+ﬂgf2’%) A=£"“+S"’*EttJ

it being noted that the deviatoric quantities autcmatically
satisfy ©'=0,A'=0. The equation

Q=3Kﬂ (10.4)

where K is the bulk modulus, relates the hydrostatic pressure
to the dilatation in both the plastic and elastic regions.
Expressing (10.4) in differential form we have

d&=31,-<d9. y (10.5)

The deviatoric strain components are incrementally related
to the deviatoric stress components by the Prandtl-Reuss
equations

P dpq’
CLEH= p{o‘a?\*"i— 5 P9 =X,4,Z . (10.6)

b -

According to (10.6) the increment in deviatoric strain is
made up of two distinct components :-

(i) e purely elastic contribution directly proportional
to the deviatoric streses incrementdy.This is reversible.
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(ii) & purely plastic contribution proportional to the
current deviatoric stress component ﬁg' , the factor
of proportionality being dA . This is irreversible.

Unrestricted plastic flow problems may be solved using
(10.6) together with any supplementary information about
the individual stress and strain components.

In a zone of restricted or "contained" plastic flow,
the stress components satisfy the usual Cauchy equilibrium
equations provided kinematic effects may be neglected, as
will be assumed in this thesis. These equations, tomzether
with the yield criterion, sometimes enable certain of the
stress components to be determined directly. To evaluate
the remaining stress components, and also the strain
components, the Prandtl-Reuss eguations must be introduced.
However, even admitting various plausible approximations,
such a solution presents, in general, formidable difficulties.
A further serious complication concerns the location of the
elasto-plastic interface, which is unknown in advance.
However, some progress can be made under conditions of
plane strain. This forms the main theme of subsequent
chapters.

Plane Strain in Plasticity

Problems of plane strain are greatly simplified if,
following Hill (1960), we assume that the maximum shear stress
always lies in the plane of cross-section. This is certainly

the case for an incompressible material, i.e. where J = %,
and forms an extremely plausible assumption for a compressible
material. Accordingly, Tresca's yield condition becomes

(e -39 + 4y =L7 (10.7)

which is satisfied by the effective stress components

xx, Y4, Xy in the plastic zone. Wwhen v = %, relation
(10.7) also follows from the criterion of Hencky and von Mises
The equilibrium equations

~

dxx . dxy _ oxy , 94y _
b T8y T 5% "%y =0, (10.8)

together with (10.7) enable the stresses tc be calculated
in a plastic region with a specified boundary.

It is possible to define a stress function in the
plastic region analogous to the biharmonic function of
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elasticity theory. Thus we express the stresses in

the form
S - i
i VE TR L L Y7 9y (10.9)

whereupon substitution into (10.7) yields a second-order,
non-linear hyperbolic partial differentiai equation for X .
This means that the nature of the mathematical problem in
plasticity contrasts sharply with that in elasticity where
the governing equation, the biharmonic, is of elliptic type.
For the latter class of problem, the tractions or displacements
are prescribed on a given boundary and uniauely determine
the solution within the interior. In plasticity, on the
other hand, we must follow the propagation of a plastic zone
from points in the material where yielding first occurs.

The main difficulty here lies in determining the extent of
the plastic zone as a function of the applied load. This
problem will be tackled later by an elaborate numerical
technique.

Conclusion

It is possible to obtain an analytical solution for a
cross-section with a circular boundary (chapter 11), but for
more general problems with less symmetry the stresses can only
be calculated numerically. Here we exploit a method describel
in chapter 12, which we term "the ‘elasto-plastic iteration
procedure". This involves repeated solutions of elastic
problems followed by solutions for the growing plastic zone
using the slip-line technique. The latter is essentially a
method of solving by characteristics the hyperbolic partial
differential equatiocn mentioned abhove. This procedure will
be aprlied in chapter 13 to an elliptic cavity problem.

An analytic solution for a spherical cavity was given
by Bhargava (1959) who also made an initial investimation into
the iteration procedure. The originality of part IIT lies
in our discussion of the circular cavity problem, and in the
systematic application of the elasto-plastic iteration
procedure. In particular we determine the zone of contained
plastic flow enclosing an elliptic cavity subject to uniform
internal normal pressure.
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CHAPT&ER 11

EXACT SOLUTION FOR A CIRCULAR CAVITY

Introduction
A useful contribution to plane strain plasticity
is provided by a problem which exhibits sufficient symmetry

to permit an exact analytical solution. In this chapter
we consider an infinite medium containing an infinite
cylindrical cavity of circular cross-section, subject to
a gradually increasing uniform internal pressure R i
is illuminating to analyse both the elastic and plastic
contributions to the stress and strain components throughout
the medium as P increases up to and beyond the critical
value. Total work done on the cavity may be equated to
the strain enersy of the medium at any stage. Finally
we discuss the residual stresses which remain in the medium
if the pressure is removed.

We assume in this chapter that Poisson's ratio v
has the value v = ¥ in the plastic zone. Otherwise an
exact solution is not possible. With the higher degree
of symmetry exhibited by the analogous problem involving
a spherical cavity, this assumption becomes unnecessary.
The author has repeated the work of this chapter for =
spherical cavity, of which details are omitted since the
analysis is similar to the circular cavity problemn.

Polar coordinates will be taken in the plane of cross-
section with origin at the centre of the circular cavity.
Axial symmetry implies that

P’B - = ] ~ 8;.‘= o
throughout, and plane strain conditions ensure that &, =0.

The stress component zz has the value

7z =4 (5 + 6D)

Pre-yield Solution
If the radius of the cavity is a , the purely
elastic stress and strain components are

£y Lo '—Po:' P
rr=-00= — - ré=0
Pyt y (11.1)
-2
= - = le_ E,— = -
i T oA (11.2)
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at a radial distance + from the origin, From (11.1) =and
(11.2) we note that
B =0, e (11

"
L

e D)

. o du g
Because of symmetry and since &..% & , the only non-
vanishing displacement component is radial and given by

w Pa’
B s ( I
T (11.4)
The maximum shear stress is given by
A e Ve
|+ -g3] = —-;%— (11.5)

and yielding begins, according to Tresca's criterion, at
points where (11.5) first assumes a critical value L .
Thus, yielding commences at the boundary of the cavity at
a critical pressure defined by

i

i < (11.6)
i.e. when

60 ~vr = L on F=a |, (31:7)

The work done per unit length of cavity in reaching
the critical pressure is

PP, I L p®
_ Tma le
21TCLJ P dP d'p B “"""""2 : (11.53)
P:O /’L
The strain-energy density is given by
P o
. &

I " P =
.-i(l"f'srf' e 96890) :Z/M-r“' (11-9)

whence the strain energy in the medium, per unit length
of the cavity, is given by

J P°a'-9_-rr(‘o[.f‘=..1£._P:,

This is identical to (11.8) as expected.

Plastic Stresses

As the pressure increases beyond F2 a plastic zone
propagates out from the boundary. Ry symmetry this zone
is always circular and we denote its outer radius by ¢ when
P ()*E) is the applied pressure on F =a . The linear
elastic stress-strain relations do not hold in the plastic
zone, but the Cauchy eguilibrium equation
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?l‘::‘ - d.r?" o’é-;?‘

o i 1 o Q)
still applies. Equation (11.11), coupled with the
hypothesis

oo -vr =L asr=e, (1) 1o

determines the stress components

o= L-Q-"'E"'E’
4 as rec, (11,13)
66 =L I + F }

Applying (11.13) to the boundary + =a we find

=

Pialtnd+s s | (11.14)

which uniquely relates the aprlied pressure P to the
outer radius ¢ of the plastic zone ( P:rfi).

Elastiec Zone 3olution

We now determine the stresses in the containing
elastic zone » zc . The boundary t~=c¢ 1is just about
to yield, so, by hypothesis,

«15)

.16)

A7)

+18)

«19)

I:F‘ _.—.l:".. on ™= C
“aciZl = (11
Applying (11.1) with ¢ replacing o and %i replacing P
we find
r:"r'——Lcl——afé (r":-c,)
At Y y o (23
="
E‘rr= ‘:-Eog (1"7,('-) (11
bpr :
©=0, A=0, ('”?f‘) L
L c*
T i o ("3‘) (11
bar

Comparison of Elastic and Plastic Zones

In the plastic zone, by virtue of (1l1l.1%), we find

72=%(~+68) = Loz (rsc) (1i

Therefore

31._2{\% (FSC))

-
1}
+
2y
+
N)
1

(11,

. 20)

21)



which shows that a hydrostatic pressure builds up in the
plastic zone whereas by (11.18) it is zero in the elastic
zone.

From (11.13) and (11.16) it can be seen that the
stresses rr, 66 are continuous across the elasto-plastic
boundary r =c¢ . The radial derivative of rr is also
continuous but the radial derivative of hoop stress 6¢ drops
from L./e to —L/¢ as r crosses the elasto-plastic boundary.
A graph exhibits the properties of the radial and hoop
stresges in figure 43,

Stress

Mir
b:5)

o Ll

3

Figure 43%

Total Displacements and Strains in the Plastic Zone

The divergence of the disvlacement vector is

S i 0 =
T e W e ~
4 Fo Tl = (rsed (11.22)
by (11.21), where K is the bulk modulus. Since
Eor® %;) g°¢=§: in the plastic zone it follows that
N S P 5
r r B —‘Z’ nc 2 (11.25)

whereupon integration yields

Lie 0.5 7y B
Rl v S ) e - Cit.24)

|-
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where B is a constant of intesration. This may be found
from the boundary condition
Le
Dok L on r=C (11.25)

b
arising from (11.19), whence

This reduces to

" TE when 0 =% | (11.26)

_duw L B
Err'?zﬁ{lﬁn%'*'l] - —r—; > (11-27)
B
L. =
bt fans - 5

which reduce to

-8
Er‘f\=—.Ebﬁ = 'F'.;_ 1 U=

|

e

The expressions (11.27), (11.28) are the total strain
components in the plastic zone.

Analysis of Strains

In a plastic medium it is clear that strains will be
made up of both elastic and plastic comvonents. We use
the superscripts © , ® to denote elastic and plastic
components respectively. The subscripts , , (. denote
components in the elastic and plastic zones respectively.
Thus &.:3’ 52? denote the elastic and plastic strains
respectively in the plastic zone, and the total strain in
the plastic zone is

L e ) (r)
E")_ € (p) 4 8'(:")

The elastic strain components in the plastic zone
are related to the stresses (11.13%) by the usual stress-
strain relations



(e) A - P,q_zf‘,e. (1)'20‘)
EEH{, - (1+0) pg - V e SP%»

Hence we obtain

( = 0 32 42
E&,,. e) . l"r'(""'f. - -?_39)
)
(11.3%0)
red ~ d 3o
Esoo = 66 i"'i)-.;'r'
(»
With v = & , these reduce to
(3 C (Y, S ) (R (e) (11.3%1)
E E"‘ (P) = s (rl"‘ a )— Egaa 0’) .

The plastic strain components in the plastic zone
are given by the equations

£ oin Ce)
o e o e Ps37r8. (11.52)
Thus'
() L ~ B 3L (11.%"
= = ey b £1555)
6”(» —/-}-K[zinc+j] e WE

r A ~ B .-3_!-_-.
€oo try - LK 24 l] P T LE (11.34)

by virtue of (11.31), (11.27), (11.28) and (11.12). The
importance of the assumption v =% 1is seen when the
corresponding substitution -é—: © is made in (11.33) and
(11.34). With (11.26) there results

() , (7) SL c? )
Evp iy il 7 by = 'I;E (l"* et (11.35)
() ¢ ~3 (%
& - PO S T
o ) e ) LLE r (11.3\6)
L] - {r) v (o) '
e note that £,. o F gn_(; unless v = 4 ,

153



It may be observed that the strain components in the
plastic zone are incrementally related to the stress
components by the Prandtl-Reuss equations (10.8). It &
prime denotes the deviatoric components defined by (10.3),
these equations give

r (F‘) Al
= P AR, (11.37)

I

~
CL :(e.)_d:m

= 31.58
Erv s 2 (11.38)
where p,q =7, 0 . Now since
© =3LWg,

equation (11.1%) provides the values of the deviatoric
stress components

e T
- a"
e (11.39)
-~ 1 ) D
6 = Z

s,

Since the plastic strain components are known
already ((11.%%) and (11.3%6)), the Prandtl-Reuss equations
define dA in terms of the strain history of the material.
More precisely, revlacing ¢ by S in equations (11.3%) and
(11.%6), where S is a variable running from s =c to S=c
we find

o

&) - Rk (p) _
d&er y® - ( 25""“) = - dEgp (11.40)

whence either of the equations (11.%9) yields from (11.37)

sds

d2 = s & (11.41)

Enersgy Considerations

The strain energy density in the elastic zone
(r>e ) is
G
-~ &5
o =i (e +886,) = —— (11.42)
/J.r
by (11.16) and(11.17); whence the strain energy per unit

length of cavity in the elastic zone is

W
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c’ L.C i
l'r'ro(_l‘ = . / .
(e) ‘[ﬁ (11.43)

e Ay T
These could have been obtained from (11.9) and (11.10)
with ¢ replacine « and L/2 replacing F, .
The strain energy density of elastic energy in the

plastic zone is

(o) ~ (e) (ed
w‘r) £ 'z(rr* Eee D) E 66 E” ») ) s (11, 44)

Substituting for the elastic strain components in the
plastic zone (11.31) we have

\Aj(e) = -3-- (r-'ﬂr“\.-Bﬂé)‘L = 3L‘ 2

(p) B2E QE

Therefore

(E) mM(C—-r
J \/J(e) e d.r'—’—g'-l"—éé——-) (11.4%5)

represents the elastic strain energy per unit lensth
of cavity in the plastic zone.

It is not in general valid to use a formula for
plastic strain energy density analorous to the simple
formulae (11.42), (1ll.44). We must take into account
the entire strain history of the material. Thus we
revert to the more basic incremental formula

- S=‘- $=c
(» = @) = *)
= " ol de, .
w(r) J:r 2 \j;-xr (rp E""tr) + DSk, m) (11.46)

which gives the plastic strain energy density at the
fixed point . Here, the variable of integration &
defines the current outer radius of the plastic zone
as it propamates from s =r to S=c ,
Since hydrostatic pressure does not contribute to
plastic strain we replace (11.46) by
S=¢ ol = ¢ @)

W[ (e dg_,;;;; 88 dea o) ),

Equation (11.37) 75elds

/(P) I ( + [eﬁéjz ) da, (11.47)
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whence, substituting for the deviatoric stress components
(11.39), we obtain

® e
W, —sz = A4,

M

(11.48)

The d in equation (11.48) denotes an increment
along the "strain path". Accordingly we write

d_
OL':.. I;cls

and utilise equation (11.41). Thus the plastic strain
energy density is given by

S=C (&
W(M . J 1 sds

{e> Scr 2/,.("
i { g - '
nE ('”F) ; (11.49)

Hence the plastic energy in the plastic zone per unit
length of cavity is

™ g G Y iy et
V= o (IE')(‘"'.—”-)'Q"”“*’

-3l [cia 2 =
= [ SEENIEE ﬁn a]

e 3 (114507
Therefore the total eneregy in the material per unit
length of cavity is
@ & 71 [ a2 A c
- LN - S0
Vce)+\/m+\/m- 7, [L,. ek =1 (11,51)

Work Done on the Inner Boundary

The result (11.%1) may be identified with the
work done on the inner boundary per unit length. Before
yielding begins there is a contribution

g
V. = S (11.52)

by virtue of (11.6) and (11.10).

After the yield vpressure is reached, the work done

per unit length of cavity is

\}z_ ZQTQJP OLU.. (1105?)

where P = (-¢r ).... . The pressure P and displacement w



are related since each is a function of s , the outer
radius of the plastic zone. We have

e S
P(S)-— L(‘Qn o -'a—_} on +=a , (11.54)
() =
WLELS brau on H=a (11 55)
using (11.14) and (11.19). Hence
s=c 2% s=c
du i 7w Lk s &
Vl = XTa L:a. P gzds = ')'7' 55“' CFLE"’ 'fi) ds
,“L:t-t c
- -5.—'; Qn'a_'_
The total work done on the inner boundary per unit
length is
- ke c
Vl $ M, == e et O, (11.56)
2m L4 ™

which is in agreement with (11.51).

Residual Stresses

We now discuss the stresses that remain in the medium
if the boundary is unloaded. These "residuasl stresses"
may be found by superimposing a pressure ~-Pon r=o.
The resulting stresses may then be superimposed upon those
obtained above. Thus for the region that has remained
elastic, we have

- -—L.C.‘L Po.t
re = +
2 e
e, £11.57)
N ot Far
6b = == - I

while for the region that was plastic we have

7 r - Pa™
e el e = + =

Ei- | /
asrsC 58Y)
~ ~ = Pa i (11.58)
gp = Llng *~ ==
By (11.14) these become
e E... Cl.l-ct ) (_)..-
etk o T MEe, (11.59)
Pl

asr<sc

4 (11.60)



Continuity of Residual Stresses and their Derivatives

It is to be noted that on I =c¢ (11.59) and
(11.60) both yield

s -b ks a“] : (11.63)

while (11.61) and (11.62) both yield

60 = 3 [.Qn* ] (11.64)

Thus the radial stress and hoop stress are continuous
across the boundary that defined the elastic-plastic
interface before the load was removed.

From (11.59) to (11.62) we find that the radial
derivetive of radial stress is continuous across r = ¢
while the radial derivative of hoop stress drops from

L b
+L°‘ [12no,_
to
‘“+““'[2.Qn—+l
a.
at = o 260 . . 5 2
=c j 1l.e. = is discontinuous by an amount ==
at ¥ =C .

By differentiating (11.59) to (11.62) we find
that rr has a minimum at r = (1l + 224n & )%,
It is interesting to note that & = 6& at this point.
The hoop stress is strictly increasing for r<c and
strictly decreasing for ec>c . A graph exhibiting
the variation of Fr and 6F with r is provided in
figure 44,
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CHAPTER 12

ELASTO - PLASTIC ITERATION PROCEDURE

Description of lethod

Little progress has been made towards exact solutions
for the location of the equilibrium elasto-plastic interface
in problems of restricted plastic flow. The symmetrical
conditions discussed in the last chapter constitute a very
special case. However, application to a wide class of
problems is possible by utilising the techniques described
in this chapter. The elasto-plastic iteration procedure
is a systematic method of approximating towards the true
equilibrium elasto-plastic interface, C. The steps are
as follows :-

(1) Solve the purely elastic problem for & given
external load, and construct a curve C, enclosing the
domain where the maximum shear stresses exceed or equal
the eritical value (10.7).

(2) Note that the curve C, is wholly enclosed by C,
the true elasto-plastic interface.

(3) Now suppose that within the domain enclosed
by C, the stresses relax slowly to values which satisfy
the yield criterion (10.7). This relaxation leads to
new tractions acting on the boundary of the elastic
domain exterior Yo C,.

(4) Subject to these boundary conditions on G,
find the elastic stresses in the domain exterior to
Cye Enclose by a contour C, those domains where the
maximum shear stress exceeds or equals the critical
value. Evidently C, encloses C,, and it forms a better.
approximation to C than C, .

(5) Continue this process and arrive at a sequence
of contours C; 4, €, , C;, ,... which approximates more
and more cloéely to C. .

Test Exzmple Using Analvtic Solutions

For an infinite medium containing an infinite
cylindrical cavity of circular cross-section under uniform
internal pressure we have obtained an analytical solution
for the outer boundary of the plastic resion. We may use
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this result to investigate the convergence of the iteration
procedure. We follow the steps described above.
(1) In the same notation as (1ll.1) the purely elastic
stresses are given by

—~ =3 = Pa.t

rr=-86 = : Frze . (12.1)

r\

By (10.1), yielding occurs when

Ia‘a“l’:}'! = L.. ’
i.e. ZPG’-‘ L } (12.2)
whence C, is given by r= c,,where
(e
= e ol (12.3)

(2) The analytical solution for C , the true
elasto-plastic interface is the circle r= ¢
where ¢ is given by (11.14), i.e.
"'i""':;:'*" Qn %_.
€.z e(%'iB (12.4)
From (12.3) and (12.4) we compare <t with &
and observe that

-
2P - %= J
e (12.5}

e<c, (12.6)

so ¢, is a lower bound fﬁr the radius of the
elasto-plastic boundary.

(3) We now assume that the yield criterion (12.2)
is satisfied in the region o = v <, and seek to
find the stresses on C,. The general procedure is to
use the slip-line technique described later in this
chapter. In this particular problem we may use the
analytical solution (11.1%) which yields

$=L£q%—% ’:$=O On T = C, » =
(4) Using (12.7) as boundary conditions for another,
elastic problem we obtain
-~ L(:.1 €, —_
Wi "?‘ai}:”'%‘ WO (12,8)
The condition laﬁﬁ—f?r\zf._ o ety {-’,‘i‘.”QS
G\ o ;
(£) <1422, 8 (12.9)
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(5) We conbinue this process and obtain

v B
—t + < <, - saloiL b
2 142G (12.10)
e c
(8- 1+ 208 (12.11)

etc., and observe that

cl<(_;<c3c_c.,_<....<:.(. - (12.12)

A simple computer program m&y be written to find
the quantities &, < ,.... from (12.3) and (12.9) to
(12:11) and % from (12.4) for various values of {} (}é).
The convergence process is illustrated in table 61, p.168.
Only three or four iterations are needed to obtain an
approximation for C accurate to within 1% for values of P
up to four times the yield pressure.

The elasto-plastic iteration procedure was similarly
tested for the analogous problem involving a spherical
cavity of radius a«. Equations (12.3) and (12.9) to(12.12)are

replaced by i iy
c.) 3 I'ay
&l

(‘" 2 (12.13)

N c

3
(-E:) = |+3-Qna:
}ﬂ-’: 112951'

Cﬂ< Cﬂq-|< C.

. (12.14)

Results for various valuss of P (greater than the yield
value %?’) are given in table 62, p.169 and good convergence
may be observed ageain. It must be admitted, however, that
good results are obtained for the two prodblems considered
here since analytic solutions are available for the stresses
in the plastic zone. More generally these stresses may be

found by a numerical method which we now describe.

Slip-Line Techniaue

This widely used numerical technique was originally
devised by Hencky (1923) for integrating the system of
equations

'bx?r. 23:3 bx"?ﬁ .a‘.;;
i el i S gk O
Dx 3 2 x -4
3 3 ; (12.15)
~ -~ \* e = == L’-
[Seig )+ by (12.16)

{ L ~ ~ -~
The Cartesian plastic stresses xx , =y , 4y are not
independent and we may define two independent dimensionless



variables

> + 9y i 2y L
g 5 0= 1% bam (ﬁ:-ﬁ‘a) + C12:1973

which enable the plastic stresses to be written in the form

~y l_' .

€< = L.w 4-':5_'5"\29, (12.18)
9y i - = e

53 = w g— ? (12-19)
xfg= -—ic’gle. (12.20)

With the notation of figure 28, pl08, the stresses dan ,As
on an element for which the normal makes an angle o< with
the =x -axis, are given by '

~ L y

m o= Lw + T sé2(p-x), (12.21)

6 i (12.9
= F ComR(p-ct), (12.22)

Rearranging (12.21), (12.22) we have

& = % cos” (21:_‘5)) (22.22)
N
W =."_:._ L si2(0-) (12.24)

Putting « = O in (12.23) and (12.24) we obtain

9=:'§_Cos”('2f’),

o [ e

L 2=

From these we may recover (12.17) upon using (12.16). The
anmbiguity of sign may be removed by physical arpguments or

W =

from boundary conditions involving the hocp stress
.‘:; = Ll—d - = sin (B -—a-()
2 2 (12025)

The system of equations (12.15), (12.16) are
hyperbolic and accordingly possess two families of
characteristics, sometimes termed first and second shear
lines or slip-lines along which

w-& = constant, w+0 = constant,
respectively. Starting from the boundary 3B where
Aan and 5 are known, we determine w and © from (12.23)
and (12.24) and then continue the characteristics into the
domain B usinz a step-by-step procedure described in the Uexi
books (e.z. Prager and Hodge, 1968). In this way we
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cover the whole plastic region with an array of nodal
points at which w and €& and hence the stress components
&re Known.

Test Example usineg Slip-line Techniaue

To illustrate the slip-line technigque as nart of
the elasto-plastic iteration procedure we consider agsin
the circular cavity subject to uniform internal pressure P
We know from (12.1) esnd (12.2) that yielding begins at the
boundary r=e when

~ =L
Ro- e ST (12.25)

Since r* =-P, the initial yield pressure is given by

L .
B=" (12.27)
We will consider the case
3k 3 ST
P = -5-— . (],.Q"])
The analytical value of ¢, the radius of the elasto-
plastic boundary,is given by equation (11.14):
)= L
39“ L.-Qn'—"l' a ] (12.29)
If o= 2, (12,29) yields
c=.2¢ .= 545656 . (124300

We now seek an approximation for ¢ usine the
elasto-plastic iteration procedure. The first step
is to utilise the numerical methods of Part ITI of this
thesis to solve the elastic problem with boundary conditions:

P - %% on r= a= 2, (12.31)
We take _
P= x5 L= 3'/3 (12'52)

so that the yield criterion s =LA becomes

4s* = % = 0.4444 (12.32)

The computer program which produced the results of
chapter 9 may be utilised to renerate 4 s throughout the’

domain » Za. In particular we find
45* = 0.573 when = 3,25,
4 s* = 0.426 when = 3,50
Interpolation gives
T -
4s = 0.444 when =t = 3,47 (12.34)



In fact the analytical solution (12.1) gives = 7,464,
Equation (12.%4) defines the contour C, .

There is no need for greater accuracy in (12.3%4) althoush
such could easily be obtained if required. We have simply
found a lower bound for the elasto-plastic boundary r = c.
In practice we shall use a lower bound than r, , at which the
plastic solution can conveniently be found by the slip-line
technique.

To effect a numerical plastic solution for the region
between 9B and C, we first select 32 equally spaced nodal
points on 2R. Because of symmetry we work only with those
in the first quadrant. From (12.23) and (12.24), the & ,w
coordinates of the nodal points are

0= oac-7Z W= -/ on 2B. (12.35)

7 ’
In the notation of figure 45, if the values of O and w are
known at the points A, B, they may be found at C using the

formulae

uﬁé[(%msp(a}%)}, } (12.36)
6. = "i[(wu -w,) + (b, +9°)] .

F1G. 45

It is important to distinsguish between the two families of
shear lines. We note that @ is the angle throusgh which the
Yy - axis turns in an anticlockwise sense in order to point in
the "first shear directicn", i.e. that of the curve

w —-B = constant.
Figure 46 shows the ( &, « ) coordinates obtained from (12.3%6)
for all points in a mesh.



We now approach the more formidable problem of finding
accurately the position coordinates of all mesh points. A
basic rough approximation to the position of C when A snd B
are known (figure 45) is the intersection of the following
straight lines

(i) through B making an angle =86 with the y-axis (messuring
clockwise).

(ii) through A making an angle -6, with the y-axis (measuring
clockwise).

These lines meet approximately at right angles at C if the
mesh size is small, the orthogonality providing a useful check
A better approximation, however, is obtained by
replacing &, in (i) by 5( & + 6. ) and replacing B in (L)

by % ( 6, + & ). Using this improved approximation we
computed the polar coordinates (r, @) for the intersections
(numbered P, , P, , P, ,.... in figure 46) of the first shear
line originating from the boundary point (2, 0). We observe
that the first and second shear lines through the point @& =«
on r=a are

P=a.e.r(¢"°<)’

(12.%7)

i,e, equiangular spirals. Because of symmetry we need
only consider the first shear line r =ae® and this
expression provides a check on the accuracy of the computed
polar coordinates ( K ,@: ) of P, (éi= 1,2,3,.0...). Results
are shown in table 63, p 166

We now use our slip-line solution to find the plastic
stresses at a radius I; where

F,= maxr, such that ri <c,, ( (= 1,2,5,0000.).

From table 63,plé9. we obtain r=rs. Knowing that the
plastic zone extends at least as far as r = 5.47 we are at
liberty to retreat to ¢ = 3,27 and find the plastic stresses
there. We have

S'r =1 "37? Y ‘EI
Wy &l e =" R Tl

upon employing the subscript notation described above.
Hence (12.21) and (12.22) yield

~ |G n :

Solving another elastic problem, this time using
(12.38) as voundary conditions, we examine the computer outvut
to determine again the region where 4s*> % . We find C,

to be approximately r = 4,64, (The analytic elastic solution
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gives the result r = 4.6454), It is now convenient to
retreat to r = ry = 4.392 (see table 63) where plastic
stresses can conveniently be found by the slip-line technique.

We find

T = = 0T
Wy=~-1+% | Bg=0C, Kg= 7 s
o e Loy ns = O,
P
% (12.%9)

It is encourazing to note that the value of an in (12.39)
agrees to three decimal places with the analyticsl plastic
solution (11.13) at r = ry .

We now utilise (12.%9) as boundary conditions on
r = 4,592, and solve the elastic problem again. We find
C; is r = 5.25 and retreat to r, = 4.8459. Hence another
iteration yields C, to be given by r = 5.381.

Conclusion
We have, therefore, the following successive

approximations to r = ¢

C, r = 5,46
Ca r = 4,64
Cs r = 5,25
Ce r = 5,38

The analytical result is r = 5,44,

Another assessment of the accuracy of each
approximation may be derived by observing that the hoop
stress ss and the invariant @ = an+ ¢s must be continuous
across the equilibrium elasto-plastic interface. In this
problem we know that ® =0 forr 2 c¢ (11.18). For r € ¢
we have from (12.18) and (12.19) or (12.21) and (12.25)

@:x';; "5‘-:3 =n?1+s’-\5'=-2L.UJ- (12-:‘!*0)

Computing (12.40) from the slip-line solution after each
iteration we find that values approach zero as exnected.
Results are shown below

w ®
<, | - 0.45 - 0.60
Ca - 0.16 - 0.21
Cs - 0.03 - Q.04
€. = 0.0 - 0,00
C 0.00 0.00
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To sum up, the elasto-plastic iteration
procedure has been tested both as a process, and
as a numerical method involving computed plastic
solutions. Although converzence has only been
examined for circular and spherical boundaries,
results give ground for supposing that the same
convergence behaviour will be obtained for a large
class of reasonably shaped boundaries.

Results
TARLE 61
P/ | 0.5000 0.7500 1.0000 1.2500
a/a | 1.0000 1.2247 1.4142 1.5811
a/a | 1.0000 1.2813 1.6167 1.9802
¢s/a | 1.0000 1.2840 1.6481 2.1095
Ce/a | 1.0000 1,2840 1.6487 2.1170
2 AL | -1.0006 1.2840 1.6487 2.1170
P/L | 1.5000 1.7500 2.0000
e/o | 1.7321 1.8703 2.0000 |
o/ | 2.6796 2.3625 4,1571
Cofa | 2.7177 3. 4857 4.4587
ce/a | 2.7182 3.4S03 4 . 4817

Circular Cavity
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TABLE 62

P/L /3 I Y/ /3
¢ /a 1.0000 1.1447 1.2599 1.%572
C /o 1.0000 1.1797 1.3775 1.5820
¢;/e | 1.0000 1.1814 1.%953 1.6448
¢/a | 1.0000 1.1814 1.3956 1.6487
e/a | 1.0000 1,1814 1.3%956 1.6487
P/L 2 73 7
g /a | 1.4492 1.5183 1.5874
Ci/a | 1,7868 1.9887 2.18656
Spherical Cavity.
TABIE 63%
L COMPUTED ¥, ANALYTIC F; @.
1 2.207 : 2.206 ‘n /32
2 2.435 2.4%4 /16
? 2.686 2.685 3% /32
4 2.964 2.962 /%
6 3.608 3,605 3n/16
7 %.9381 3,976 77 /32
8 4,392 4.,%89 w1
9 4,846 4.83%9 Gn /32
10 5.347 5.33%8 San/ie

Polar coordinates of P
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CHAPTER 153

ELLIPTIC CAVITY SUBJEZCT TO
UNTIFORM INTERNAL  PRESSURE

Introduction
In this chapter we extend the previous analysis

to an infinite cavity of elliptic cross-section. The
boundary )B, given by
L
a* + b" =.1 (15.1)
is subject to uniform internal normal pressure P.
We consider the case o= 2, b = 1: and P is three times
the initial yield pressure. We use our elasto-plastic
iteration procedure in which the first step is to solve
the elastic problem with the appropriate boundary conditions.

First Iteration

An analytical elastic solution is available
(chapter 9) and the solution for the maximum shear stress s,
defined in (9.14), which, expressed in confocal elliptic
coordinates (Bhargava, 1959), takes the form

el -yt

[ a‘c': o cos 27]

The boundary quantity (1%.2) attains & maximum value Pa /b
at the extremities of the major axis. The Tresca yield

on 98, (1%.2)

criterion states that yielding begins when

|- .
R (13.3)
The initial yield pressure P, is therefore given by
L B
- TN
]
f.e.
p.Lb |
bﬁga, . (1§‘4)
We considered the case
3L
Eeafe = (13.5)
so that by (1%.3) the yield condition is expressed in
the form "
2P 6P y
$== , les' = B (13.6)
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To complete the first stage of the first iteration we
draw a contour C, which encloses the region in which the
purely elagtic stresses satisfy the inequality

bs' o L _1.97 (13.7)
5 7 9 . . ’
For this we can utilise either the analytical solution
(9.14) or the numerical solution obtained by the integral
equation methods of Part II. The values of &-s/P" s As
obtained by each method, have already been tabulated
(figure 30, pl30 ) for a mesh of field points. The result
of applying (13.7) to construct C, is shown in figure 49
Lp 0L )s

It is now assumed that the stresses within C, are
relaxed to satisfy the yield criterion and these plastic
stresses are found using the slip-line technique described
in.chapter 12. The characteristic coordinates are known
on the boundary to be

-L
93‘,(--%" W = (7%

(13.8)
by virtue of (12.23), (12.24) and (13%.5). Equal eccentric
angles were used to define 32 nodal points on dB as before.
The symmetry of the problem implies that we need only
consider the first quadrant; results in the other three
quadrants being obtained by reflection in the coordinate
axes. We find that five nodal points in the first quadrant
are enclosed by C; (figure 49, pl177). The characteristic
coordinates (13.8) are evaluated both at these five points
and, using (12.%6), at all intersections within C of shear
lines originating from these five points. The aim is to
find plastic stresses on C; . From the point of view of
accuracy it is advantageous to shrink the curve C, slightly
so that it passes through the intersections of shear lines,
The modified curve C; will be termed El. We are free to
retrest in this manner since we are only asserting that C,
lies wholly within the plastic zone, i.e. C; is a "lower
bound"” for the true elasto-plastic interface. A curvela.
strictly within C; will clearly have the same property.
Alternatively we could interpolate along shear lines to
obtain stresses on the contour C;, already defined. However,
although slightly inferior as a first approximation, the
curve 31 provides a superior basis for the second iteration.
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For the latter, it will again be convenieunt o
represent the boundary in terms of 8 nodal points in the
first quadrant. These points are numbered 1 to 8 and their
location is determined using the construction of figure 45,plsh
Results are shown in fisure 49, p 177, whence there is an
obvious choice of 4 new nodal points on E}. Four points
on ) B will be utilised again in the second iteration. It is
important for continuity that we take a nodal point (number 5)
at the intersection of )B and El.

By repeated use of equations (12.%6) we find the

characteristic coordinates of the new nodal points as follows:-

Nodal point e w
1 - 0.615 + 0:215
2 - 0.285 + 0.065
5 - 0.005 - 0.005
4 + 0.205 - 0.075

b

d o
We then obtain ;E, i% from the slope of the normal to Li.
and equations (12.18) to (12.20) then provide the plastic

stress components i&,;ﬁ,,gg . Thence from the formulae

(7.11):

~ dx _n dy
Fo= ~%* 45 %9 an ,
_ - dx ~ (1509)
Fy & =%y 92~ 4y ‘%“

we obtain the traction components per unit length of
boundary F_, F, . The results are

Nodal point o Fy
1 0.50 0.09
2 0.47 0.34
> 0.52 0.41
n 0.41 0.56

By numericazl intesration we then find the partial derivatives
of the Airy stress function using (7.13). Hence the normal
derivative x’ may be computed from (7.15). After another
numericzl integration, equation (7.14) yields the function X .
To ensure continuity with the values of x, x’ at nodal
points on ) B, the nodal point (number 5) which lies on EI

and aB is chosen as the point s, (of equations (7.13) and

(7.14)).
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Second ITteration

We define a contour 9B &s that enclosing the ellipse
9B and the region enclosed by C, . A rough sketch is
shown in figure 47.

Figure 47

Values of X 2nd £’ , which are known everywhere on Sﬁ,

are used as boundary data in the elastic cavity problem.

This is solved as before by the numerical methods of Part ITI,
and a contour C, is constructed (figure 50, p.178) to enclose
the domain satisfying (13.7).

The characteristic coordinates @ y w are Jound
throughout the enclosel net of shear lines. As before we
ghrink C, and replace it by a contour C, which passes throuszh
mesh points of the characterietic net (figure 50). We chose
suitable nodal points bo define E; and found their Cartesian
coordinates as follows :=-

Nodal point x Y
1 2.42 C.57
2 2.61 0.64
5 2428 0.98
4 1.96 1.38
5 1.62 1.26
6 1.03 1.27
7 0.80 1.10
8 0.42 1.18

A computer program was written to determine i%;iylgb
end tnen F, ,F, from the above data as in (13.9). The
program also computed the quantities X and %/ on“ﬁz as in
the first iteration. This time there was no problem
concerning two parts of the boundary since the plastic zons
has completely surrounded the cavity.
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Third Iteration

.f g e .
The values of X, X obtained on C, are now used as iaputb
A
i |

data for yet another numerical elastic problem. A contour C,
is obtained by enclosing the region in which (13.7) is
satisfied.

The form of the contour C, so obtained (figure 51)
suggests that improvements could be made by choosing a smoother
contour than E;. Accordingly we select the contour:EL shown
in figure 52, p.180. By the argument employed previously we
are free to retreat in this way from 6} to Ei which is wholly
enclosed by E;. After modifying the input data for 8,w, =,y.
x’, y' at certain nodal points, the program for the elastic
problem was run again. The contour C; is accordingly
replaced by a modified contour which we call C,*.

Conclusion

The contour C;* appears to be more reliable than C, .

Figure 53 compares the contours C,, C., C;%. It may be

observed that C;* intersects C,. This apparent illogicality

is a consequence of our "retreat" procedure; but may be
interpreted as an indication that we are now very close to the
true equilibrium elasto-plastic interface C. The proximity
of C, to C3* is also an encouraging feature.

Finally the contours C, and C,* are compared in fipure
54, and bearing in mind natural numerical oscillations, an
estimate of the true contour C is made on the basis of the
reasonable convergence of C,, C,, C;*. A sketch of the final
estimate for the whole zone of contained plastic flow is given
below (figure 48). For more accurate readings, reference
should be made to figure 5% (p.182) which is on a larger scale.

FIG. 48
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We are aware of the limitations of the method;
notably that of constructing shear lines accurately.
It can be reasonably asserted that our final estimate
of C (figure 54) is accurate to within 10%. The physical
measurement of elastic constants is subject to errors of
this order; it may well be that any attempt to solve this
problem experimentally would be subject to greater errcrs,
so that further approximations are irrelevant from the
practical point of view.

Mathematically, the value of Fart III of this
thesis is that the elasto-plastic iteration procedure
is exploited further than ever before, sznd applied in
particular to the problem of the elliptic cavity subject
to uniform internsl pressure. The solubtion, obtained in
this chapter, for the resulting zone of contained plastic
flow, is more accurate than any previously obtained.
The successive approximations are displayed in the figures
on the following pages.
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APPENDIX 1

THE [-CONTOUR : ANALYTICAL CONSIDERATIONS

In chapter 2 we obtained the result (2.18) that

J.Ldg*gl )(})d¢,= constant; pe 2B, (Al.1)
28 -
possesses an effectively unique solution for any given

contour JB. It is now necessary to decide which wvalue

the constant in (Al.l) takes for any given contour. It is
to be noted that if A(gq ) satisfies (2.13) on 3B then on

a similar contour of pafémeter m (we replace the position
vector k£ for 9B by mr to obtain the geometrically similar
contour 2B. ), (2.13) is satisfied by A (mq ) where

A lng) = _Ale)

m(1+s5lam) '

s = j;‘(ﬁ_-)da, ;
2B

since
J-inmr-mo‘"Z(q:) ol(mq’\ =(m£nm)J )(1_).1(.1’
28, f e B,
o fhallpc g [ ey i
9B,
=m(l+58hm)

Thus it is evident that it is pot possible to define a
solution for (2.13) for a contour for which m= e 2°

and furthermore, that there is one and only one such contour
in any class of similar contours. This exceptional contour
is called the [M-contour. It misght, of course, happen that
9B, =[" , in which case the right-hand side of the last
result becomes smfm and since m= 0O is not considered
anyway we have the exceptionai contour characterized by m=1
as expected.

Thus we can state that (2.13) has a solution for sll
but orne contour of any given class of sirilar regular
contours. The condition for (2.14) to have a non-trivial
solution is that 3B is the (C-contour. As a simple

illustration, equation (2.13) is solved for a circle of
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radius b by 2A(q) = (27 b Wb )—l , but has no solution
when b = 1; on the other hand, equation (2.14) exhibits
the non-trivial solution A( ¢ ) = constant when b = 1, but
has no solution apart from 2 ( e ) = O when b # 1. It is
not difficult to show that in three-dimensions there are

no exceptional surfaces analogous with the two-dimensicnal
M- contour.

The ["- contour has no physical significance. In a
numerical approach, proximity to " will be indicated by
ill-conditioning in the relevant system of linear equations.
As noted in chapter 2 we may avoid the - contour simply
by changing the scale.

Assuming this done, we return to equation (2.1). wWe
multiply both sides of (2.1) by A(p )dp  and intesrate
around 3B (% ). Inversion of the order of integration
is justified since all functions may be assumed of class L,
so-that the Lebesgue-Fubini theorem applies. Thus we have

J’A(r)[aiﬂ..l!-}]-r(g)b,,]dr =i¢(f)3fg)°t? (41.2)
and hence

JC(?)IJQ"}P“ij ;‘(P)APJGL"— 3 J@'(.f) )(f)J‘P’ (A1.3)

28 28 o 3 "= &

but since A has been chosen for & non I'-contour this
reduces to

J <(a)dq "J‘N!n(.t)if% (A1.4)
OB B

This result is used in chapter 2 (eguations (2.268) and
(2.34)) in arriving at the result that there exists a

unique interior harmonic function characterized by

& (f ) on 9B (#I" ); and similarly there exists a unigue
exterior function bounded at infinity. A similar treatment
can be given for the M- contour showing that with the
partition (2.29) and the condition (2.34), equation (2.33)
always exhibits & unique solution.



APPENDIX 2

THE ["-CONTOUR : NUMERICAL CONSIDERATIONS

In appendix 1 a method was given for finding the
" —contour analytically. It seems profitable to conduct
a numerical investigation to confirm that ill-conditioning
is confined to the neighbourhood of this exceptional contour
as predicted. Briefly, if the "electrostatic" problem
solved on # (x ,y ) = O yields a capacity s , the I-contour
is given by

f(%,%)=0

where
-
Mol (A2, 1)

Accordingly for the particular case of the ellipse with
w2, bw X,
x3 31
f("s_‘j)f- 'ﬁ_’*"i"—" =0,
The analytical value of the capacity for this ellipse is
given by (3.21) as
S= 2.4663

so that (A2.1) yields wm= 0.6667. Since

kS

x ¥ ¥ e 3l
J(Tﬂ\;)"h_mt"'m\.

1

-l :0,
the M-contour for the 2:1 ellipse is given by
b=m = 0.6667,

A series of programs was run which solved the Dirichlet
problem for the 2:1 ellipse (again with (e ) = X on 3B)
taking a range of values of b from 0.5 to 2.0 giving special
attention to values of b near m , As expected, ill-
conditioning occurs as b approaches m from above or below.
The generated value of $ (P ) at the origin has the following
properties

B > —c0 as b ->wm™

@, > +% ag b‘*‘““),
Ig-tl< 0,00 it Ib-w| 5> o0.02.

Full results are given in table 64. The values of @ (P ) at
8 pointe on the major axis were generated snd each produced
similar behaviour to é g In particular for the point P
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defined by x= (1.95)% #(P )= @, is characterized by

$, »>-0as b -—>mT
¢p —5 +eo as b — (43
lqﬁP_aj-co-cn if Ib=ml 2 Ol

It was also noted that everywhere on dB

<0, s<o if bewm
¢>0,57Oif bh>»m

We note from the analytical results (3.21) and (3%.26)

that S and & become infinite when Q.+ b = 2, This

provides a more direct route to the M- contour than (A2.1)

but applies only to ellipses. Clearly for the 2:1 ellipse,

b = %3 gives the [I'- contour whilst for the n:1 ellipse

b =2/(n4+1 ) defines the scale to be avoided. Theoretically

G e, s> as b —>m"

(=)

G —p~0, S»-29g hH —
This feature is confirmed well in the numerical results
of table 64 and figure 55. The accuracy of the computed
e .6 4, ¢ increases steadily as the scale increases beyond
the M- contour (as was found by a further program in which
b was increased from 1 to 100). The following is a sample
of the results obtained :-

TABLE 64
b @, Be
0.500 0.9993 0.9947
0.600 0.9981 0.9855
0.660 0.9808 | 0.8508
0.662 0.9727 0.78830
0.664 0.95%0 0.6%50
0.666 0.83%24 - 0.3020
0.667 1.5955 5.6345
0.668 1.1074 1.8347
0.670 1.0407 1.3166
0.700 - 1.0040 1.0314
0.800 1.0011 1.0084
0.900 1.0007 1.0051
1.000 1.0005 1.0038
2.000 1.0002 1.0014

Values of ® ( P) zenerated at the centre and near

the boundary of a 2:1 ellipse of various scales.
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APPENDIX 3

A TRIAL HARMONIC PROBLEM

As a further test example, the Dirichlet problem
of chapter 3 was considered, with the ellipse replaced
by the square Ixi=1 , |yls| , For this new domain
equations (3.1), (3.2) and (3.5) were used acain, and
equal intervals were defined along each side of the square
with interval points in each corner. The number of nodal
points, n , was systematically increased and ¢ generated
in the interior for each n, Error analysis was again
carried out on the boundary and results for ¢ (P ) generated
over a square mesh of interior points were encouraging.
Values of ¢ (P) for n= 80 are shown in figure 56.

A similar Dirichlet problem with different boundary
conditions arises when determining the stress function x
for the torsion of a beam with uniform square cross-section.
With B again defined by Iix[=), Ilylsl , we accordingly
seek a solution for X satisfying

v‘x = - 2 in B + 9B
and X = 0 on 9B
using
: ¢ = o+ J;, e B 3B,
v = 0 o Y - (RRTTSR : 7
and $= <1 on 2B

where *= x“4+ y" and V" is the two-dimensional Laplacian
operator. Here the formulation is as before except that
(3.1) is replaced by

IE«I: -1 ,“(1')“‘1« s = ["’Cg)]i { € 3B.
i)

From ¢ (P ) cenerated by (3.7) the solutibn for &x follows
from

HAP) = (?S(E)-':i.["(f)]' PeB + 2 B.

After subjecting the numerical analysis to the usual scrutiny

and improvement procedures, we obtained the results shown in

figure 57 using n = 80. Five times this number of lattice

points does not produce a more accurate solution by

relaxation methods (except very near the boundary). Dur

results for interior mesh points deviate from the analytic
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solution by less than 0.15% Figures 56 and 57 only show velues of E
corresponding to X zY4Y 20 , since, by the symmetry of the last two
problems about the x and y-axes and the lines y=+x, it is only
necessary to consider field points within cne eighth of the square.
For figure 56 the analytical solution for comparison is 95(_5"_"):1
everywhere,whilst in figure 57 the upper figures are the analytical

values and the lower figures their numerical counterparts.
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APPENDIX 4

REPRESENTATION OF AN ARBITRARY BIHARMONIC FUNCTION

In this appendix we prove that an arbitrary
biharmonic function X admits & representation in the fornm

AX=x¢+¥ ; V¢ = T = 0, (A4.1)

This is the converse of the result proved in chapter 5 (p.&T)
that if X 1is represented in the form (A4.1) then x is
biharmonic.

We first note that if X is an arbitrary biharmonic
function, then <¥*x 1is a harmonic function since it
satisfies

()= ©. (A4.2)

An arbitrary harmonic function may always be expressed
as the derbabtive of another harmonic function, hence we

may write

v - 2% (44.3)
where

Qx¢ = 0. (A4.4)
Since

Ng)= (V5)g+ =g, 2 grad x . grad @

a particular solution of (A4.3) is =::¢ , whenethe
general solution is

-4

AV AR

x¢ + Y (A4.5)

L

where
0. (J‘i.z‘l'-r‘}

Thus we may say that (A4.1) is a necessary and
sufficient condition for a function X to be bihzrmonic.
The same result holds for the representations x =y¢+¥
A=r"¢ +y where V'¢:V¥=0,
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APPENDIX 5

CONFOCAL ELLIPTIC CCORDINATES

Confocal elliptic coordinates (%, 7 ) may be
defined in relation to Cartesian coordinates ( x, )
by the equations

X = c cosh T Cosy,
} (45.1)
y = c Sind % Sin 77 .
The condition
3 = 3_ = constant (45.2)
defines the ellipse
x? % .
:1. & 'i_:. = 1 (ﬂ.5.§}
if
a = ¢ cosh g ,
} (AS.4)
b = ¢ 8inh 3 .,

Similarly ¢ = o, constant is the locus of & hyperbolsa.
BEquations (A5.4) imply

: 5

¥ =B el B (A5.5)

- - b
%o = Cosh l % e S'I“D‘ "!PE = ﬂn(q‘-‘:—-‘)a

%, ik albt | )
Cosh &2 T, sk}, = %, e =(°"E"), Cosh 23,2 1(A5.5)

A typical point in the X - 4 plane may be specified
by

4 A :
PeocealBewsph + csinlh3sian j AS.7)
~ 2 .
where £ , J are unit vectors along the x , y 8&xes

respectively. The scale factors ];%I and ,55{
esch take the value

C Js'."‘-p-‘? + S;n.‘? = :’% J Cosh 2? — Cos 27 o (Jb&{-’:a-’{{)
Egvation (45.7) also vields
+*= & (cosh 23+ co 29). (45.9)
Hence
i E_e-‘



From (AS5.1)

banB = 2 = tah 3 bamy ,
therefore

B> 7 as B s, (A5.12)

The scale factors (A5.8) both approach ~ as % —>oco Dby
virtue of (45.10). There is thus a parity between confocal
elliptic coordinates %, » that does not exist between plane
polar coordinates.

The scale factors are also utilised in constructing
the two-dimensional lLaplacian operator

=2 1 A .
S (adigesg) | 0% g (45.13) .

so that if ¢ is a harmonic function in x and y |, ¢ is
also harmonic in 3%, 7
From (A5.7) it can be seen that the scalar product

= 0 (A5, 24)

which proves that each ellipse of the family 2 = constant
intersects orthogonally each hypertola of the family

7 = constant. Thus the normal to the ellipse % =%, 6 at

the point (%,, 2 ) is the tangent to the hyperbola 7 =9, .
Hence, employing the scale factors (AS5.8) again, we may
express the normal derivative operator for the ellipse in
the form

S I RN S
on CJ‘.:‘.‘nl.‘§+s:.‘7 93 7 cfcm PEY - (A5.15)

The + sign applies to an exterior domzin: the = sign
applies to an interior domain.

=
€0
e
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