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This thesis lies within the subject area of

the mathematical theory of elasticity and plasticity.

Integral equation methods are applied to three

problems lying broadly within the field of applied

biharmonic analysis. The first concerns the deflection

of a thin clamped elliptic plate subject to a concentrated

transverse load. The second is that of determining the

elastic stress field in the neighbourhood of a cavity

of elliptic cross-section within an infinite medium.

Finally, the previous problem is extended to the analysis

of the plastic zone that develops near the tips of the

cavity. This problem has relevance to the analysis of

crack growth, and an approximation for the equilibrium

elasto-plastic boundary is obtained.

This work is analytical and computational.

Numerical solutions are obtained on a digital computer.

Extensive use is made of numerical analysis and some

developments in the field of techniques have been

achieved.



GLOSSARY

List of Symbois.

a Semi-major axis of ellipse.

b Semi-minor axis of ellipse.

B Domain.

c (with reference to ellipses) Joe.
c (with reference to circular cavity problems) Radius

of elasto-plastic boundary.

G Elasto-plestic boundary.

a Approximations to elasto-plastic boundary; ¢= 1,2,3,...

c. Modified approximations to elasto-plastic boundary.
OB Boundary of domain B.

D Flexural rigidity.

€ The base of natural logarithms, 2.71828183...

(as subscript) denotes "exterior".

(ce) (as subscript) denotes "in the elastic zone".

() (as superscript) denotes "elastic component".

E Young's modulus.

Be Traction components per unit length.

G Biharmonic Green's function.

4. Half of an interval length.

A Thickness of plate.

H Critical axial ratios.
t (as subscript) denotes "interior".

J Yield stress.

K Bulk modulus.

Qn Natural logarithm.

ey Yield stress.

m Scaling parameter.

a Number of nodal points.

a Unit normal to boundary.

(p> (as subscript) denotes "in the plastic zone”.

(as superscript) denotes "plastic component".

Pressure.

Initial yield pressure.

Vector veriabie specifying a point on 2B.

Vector variable specifying a point in B.

Vector variable specifying a point on 2B,

Plane polar coordinate.

"Capacity" of ellipse (= |e(e)dq ).

(In chapter 11) Increasing radius of plastic zone.
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Me = rh ny<

> etz

yj ~>?RR noo K
§(k-8)

oy2 Ww

COeros Ma >

Unit tangent to boundary.

Source point.

Numerical approximation for s , the capacity of

(In chapter 8) Shear. ellipse.
Tension.

Cartesian displacement component.

Cartesian displacement component.

Strain energy per unit length.

Harmonic function.

Cartesian displacement component; transverse

deflection of plate.

Strain energy density.

Double layer potential.

Cartesian coordinate.

Cartesian coordinate.

Cartesian coordinate.

Constants which take

values depending on

the context.

An exceptional contour.

The Dirac delta function.

The Kronecker delta ( d,,= 1 if p=q3 Sm= 0 if p#q)

Exx + Evy + E22 , the divergence of the displacement

vector.

"4s in", "is a member of".

Strain components; PeZzsz 5 7 O-2 etc.

Confocal elliptic coordinate.

Plane polar coordinate.

(In chapters 12 and 14) Characteristic Coordinate.

xe + Hy

xx + gy +22 , the dilatation.

Solution of integral equation.

Solution of integral equation.

Solution of integral equation.

Lamé constant.

Poisson's ratio.

Confocal elliptic coordinate.

3.14159265...

Solution of integral equation.

Solution of integral equation; source density.

Plane polar coordinate.

Solution of integral equation.

Two-dimensional harmonic function.

Two-dimensional biharmonic function.

Two-dimensional harmonic function.

Characteristic coordinate.
Qe



Notation

The symbol ~ connecting two letters denotes the

stress component characterized by the directions associated

with those letters. Thus (= yx ) is the component

in the »—direction of stress on an element with normal

in the y-direction.

A prime ( ’ ) above a function denotes the inward

normal derivative, i.e. the expression dg’ = Be where a
is a normal to the boundary 2B drawn into B.

In chapters 10 and 11, however, a prime on a stress

or strain component denotes the deviatoric component.

Thus a! wees e Z

ahh:

Epa, = Epa S Sry,

where -
< = xR +yy+2z,

2 Ou eee
A = ExntEyyt Enr = Oc * Oy * Oz

The two-dimensional Laplacian operator is denoted

by) AN we

The two-dimensional biharmonic operator is denoted

by Nie In Cartesian coordinates,

‘on ai a
¥

Sees ee Oe Gee
Vi = Fe t2 Sa + oye

Exhibition of Results

Numerical results are rounded off to the number

of decimal places indicated. For example, the expression

3.464 denotes a real nusber x satisfying the inequality

3.4655 sm = 4.4645. In some places, however, the

context will make it clear that a decimal representation

is exact.



INTRODUCTION

Biharmonic analysis traces its origins to Sir

George Airy who, for the greater part of the last century,

was Astronomer Royal of England. At the Royal Observatory,

Greenwich, he developed an interest in elasticity in order

to improve astronomical results by accounting for the

deflection experienced by a telescope under its own weight.

In 1862 he introduced the stress function, now usually

called the Airy stress function, which satisfies the

biharmonic equation of classical elasticity.

The earliest significant mathematical advance in

biharmonic analysis was made by Hadamard (1908). He

showed that a function x which is continuous, and hes

continuous derivatives up to the fourth order throughout

a finite domain B, and which satisfies the biharmonic

equstion in B, exists and is uniquely defined in B fe

and its normal derivative have prescribed values on the

boundary of B.

There are two areas of elasticity in which the

biharmonic equation plays a fundamental role. The first

includes the theory of beams and thin elastic plates in

which the deflection satisfies a biharmonic equation. The

second comprises plane strain and generalized plane stress

conditions. Here the second order partial derivatives of

the Airy stress function determine the stress components.

An outstandine problem of classical elasticity

concerns the deflection of a clamped plate under concentrated

transverse loading. Translated into mathematical terms,

the problem is that of determining a biharmonic Green's

function G throughout the domain B of the plate, subject

to appropriate conditions on the boundary Be The

earliest substantial advence was made by Hadanard (1903)

when he conjectured that G has the same sign throuzhout B,

i.e. the deflection has everywhere the same direction

as the applied load. This conjecture was proved false

by Garabedian in 1951. He demonstrated that, for a

eoncentrzted load located on the major axis of a clamped

elliptic plate of axial ratio 5/3, the deflection along

this ax

near an

important, it involves

her complicated veriable analysis of limited

°
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applicability and leaves several questions unanswered.

Firstly, it does not specify if there is a critical axial

ratio below which the conjecture holds and above which it

fails. Secondly, for Garabedian's particular axial ratio,

no information is available about the deflection behaviour

for different locations of the point force along the major

axis. Thirdly, no expression is available for the deflection

profile along the major axis. These questions seem

sufficiently interesting to warrant further investigation.

They are answered in part I of this thesis, and the

conclusions reached are a significant contribution to the

originality of the present work.

Returning to the other application of biharmonic

analysis to elasticity, i.e. two-dimensional stress analysis,

we may ascribe considerable worth to the contribution of

Muskhelishvili (1963). His well known complex variable

approach requires the domain under consideration to be may

into the unit circle or half-plane. Closed expressions for

the mapping function exist for relatively few domains.

Approximate expressions for the mapping function may sometimes

be constructed, and numerous other approaches are available

which are effective for specialized types of problem. However,

these are not sufficiently general to cope with the variety

of domains and boundary conditions that arise in modern

engineering science. Numerical solutions are achieved in

part II of this thesis by a method which is applicable to a

wide class of boundary-value problems. Where comparison is

possible, good agreement is found between our numerical

results and available exact solutions. An interesting

analytical solution has been achieved for a problem in terms

of confocal elliptic coordinates. Although the results are

also obtainable by the method of Muskhelishvili, the present

formulation appears to be original.

Blasto-plastic stress analysis constitutes another

field in which few exact solutions are available. In the

case of contained plastic flow, exact solutions are only

available for special problems such as those exhibiting

circular or spherical symmetry. General methods are

available for computing stresses in a domain known to behave

plastically, but the extent of this domain is unknown in

advance. In part III of this thesis we develop a numerical

method which we term the "elasto-plastic iteration procedure"

Ww



Here, successive solutions of elastic problems are

followed by slip-line solutions for plastic stres Ss.

The procedure is tested against problems having known

solutions, and a useful solution is given to the problem

of an infinite cavity of elliptic cross-section within

sn infinite medium subject to uniform internal pressure.

The basic tool of the numerical work of this thesis

is the integral equation formulation of potential theory

initiated by Jaswon in 1964, and developed, for example,

by Jaswon, Maiti and Symm (1967). Although the theory

is now well established, much work remains to be done on

the numerical analysis and on the further exploitation of

the method. Contributions in both these directions are

made by the present thesis. Scope exists for extending

research in this field, particularly in refining numerical

results near boundaries. Since we generate biharmonic

functions in terms of two harmonic functions, the early

chapters of part I are devoted to discussing the relevant

theoretical and numerical background issues. In particular

we are concerned with the representation of harmonic

functions by simple layer potentials.

It can be fairly claimed that this thesis mekes a

significant advance in developing numerical techniques as

well as solving specific problems. It therefore inspires

the hope that the present work will stimulate the further

development of integral equation methods for applications

in engineering science.
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CHAPTER 1

INTRODUCTION

Description and History of the Problem

The aim of Part I of this thesis is to solve one

of the outstanding problems of classical elasticity

concerning the deflection of a thin clamped plate under

concentrated transverse loadine. Translated into

mathematical terms, this so-called "Garabedian problem"

is that of determining a biharmonic Green's function G

throughout the domain B of the plate, subject to-.avpropriate

conditions on its boundary 0B. A notable contribution

in this field was made by Hadamard (1908) when he conjectured

that G has the same sign throughout B, i.e. the deflection

has ‘everywhere the same direction as the applied load. No

doubt Hadamard was guided by comparison with the harmonic

Green's function which is known to have the same sien every-

where in B, i.e. for a membrane the deflection has everywhere

the ‘same sign as the applied load. Hadamard's biharmonic

conjecture is known to be true for a circular domain.

Happel (1921) obtained the deflection of a clamped

elliptic plate loaded at the centre and Ghosh (1929) placed

the load at a focus. Sengupta (1948) generalised by

allowing the load to be anywhere on the major axis and later

(1949)anywhere on the ellipse. These solutions, however,

all suffer from disadvantages, chiefly that the deflection

is left in the form of an infinite series with extremely

complicated coefficients. Not surprisingly no attempt

was made to compute the deflection anywhere or even discuss

its sign.

Szego (1949) showed that Hadamard's coniecture is

false for certain non-convex domains, but regarded it as

intuitively olausible for convex domains. Svain (1940)

proved Hadamard’s conjecture true with the additional

restriction that the bendine moment must take the appropriate

sign on the boundary. But he believed that, without this

restriction, Hadamard's conjecture was true for 3 convex

domain.

14



No significant advance was made until Garabedian

(1951) demonstrated that the conjecture fails even for a

convex domain. More precisely he proved that, for a

concentrated load located on the major axis of a clamped

elliptic plate, the deflection along this axis changes

sign in the following circumstances :-

(i) the axial ratio a/b equals 5/3.

(ii) the load is located sufficiently near an extremity.

Although Garabedian's result is extremely interesting and

important it involves rather complicated complex variable

analysis of limited applicability and leaves several

questions unanswered. Firstly, it does not specify if a

critical axial ratio exists in the neighbourhood of 5/3,

below which the conjecture holds and above which it fails.

Secondly, in the case of Garabedian's particular axial ratio,

no information is available about the deflection behaviour

for different locations of the point force alone the major

axis, e.f. would the conjecture also fail if the source

point S coincides with the centre of the ellipse. Thirdly,

no expression is available for the deflection profile along

the major axis. These questions seem sufficiently

interesting to warrant further investigation. They are

answered in this thesis on the basis of a numerical technique

described in the later chapters of Part I and the results

are as follows :-

(i) there exists a critical o/b in the neighbourhood

of 42/1 below which Hadamard's conjecture holds

and above which it fails.

(ii) for a/b less than 2/1 the conjecture remains

true for any S along the major axis, whereas for

a/b greater than 42/1 the conjecture remains false

for S sufficiently near an extremity of the major

axis.

(iii) for a/b greater than or equal to 3/1 the conjecture

is false for any S on the major axis.

(iv) deflection profiles have been drawn for various

choices of S in each of the ellipses

2(2, 2/450] des 2/%, 2/85



Unlike all previous solutions to this problem, the

numerical approach we have used will allow us, with little

extra effort, to compute profiles for any other position of

the load point and any other axial ratio of the ellipse

(or indeed for any other domain). The case 2/2, i.e.

that of a circle, admits an exact analytical solution

(Love, 1952) which yields profiles indistinzuishable from

those obtained by our numerical technique.

Integral Equation Formulations.

Apart from the circular case just mentioned,

comparatively few biharmonic boundary-value problems admit

exact analytical solutions. Several numerical methods of

attack have been devised, including particularly the finite

difference approach and, more recently, the boundary intesral

equation approach. In the former, B is covered by a grid

of pivotal points at each of which the differential equation

is replaced by a finite difference approximation. This

leads to a system of linear algebraic equations over B which

may be solved on a computer. In the latter approach, the

biharmonic function is expressed in terms of two harmonic

functions whereupon the integral representations of potential

theory are utilised. This leads to a pair of coupled

integral equations to determine the boundary source

distributions. We discretise the integral equations into

a linear algebraic system readily amenable to computer

techniques. This enables the harnonic functions to be

generated from the boundary source distributions, and hence

the biharmonic function is constructed.

The integral equation formulations of potential theory

are discussed in chapter 2 and the essociated numerical

procedures in chapters 4 & 4. The representation of

biharmonic functions in terms of harmonic functions is

discussed in chapter 5. The complete biharmonic solution

can be handled by a single computer programme which may be

checked by suitable trial functions, and numerical

conditioning can be examined with hardly any extra human

effort. Numerical data and computed deflection profiles

weo



are displayed in chapter 6. This method is

certainly more flexible and more accurate than the

finite difference nethod, and has the obvious advantare

that nodal points are restricted to 3B so that the

number of simultaneous linear equations to be solved

is much smaller than for a grid of nodes covering B.

The integral equation method was introduced by

M.A.Jaswon (1963) and developed in papers by Jaswon and

Ponter (1963) and by Symm (1963). An application to

clamped plates under uniform transverse loads is given

by Jaswon and Maiti (1968) but no reference is made to

concentrated loads. A useful contribution was made by

E.Jaswon (1969) who confirmed Garabedian's result by this

method. The present thesis extends Garabedian's work

and fills in some of the important gaps mentioned.

Deflection profiles are computed with ereater numerical

accuracy than before and original cases are considered.

Scope clearly exists for extending the work to rectangular

and other domains of engineering interest, and for the

load located along the minor axis of the ellipse.



CHAPTER 2

HARMONIC FUNCTION ANALYSIS

Introduction

Boundary value problems in potential theory are

usually classified according to the form of boundary

condition into three main categories. The first, known

as the Dirichlet problem, is that of findine a function

d harmonic within some domain B and having continuous

prescribed values over the whole boundary 28 of the

domain. If continuous values of its derivative g’

normal to the boundary are prescribed, the problem is

called the Neumann problem or the second boundary-value

problem of potential theory. A necessary condition for

the existence of a solution to the interior Neumenn problem

is

[o'tp)4 = 0
eB

where pé€2®B and dp is the arc differential at pe

Clearly the solution of this problem has an arbitrary
constant since a constant contributes nothine to oe 2 Oe

Finally, if a linear relation between ¢ and ¢’ is

assigned at each point of 2B, we have the third boundary

value problem of potential theory. This problem clearly

embraces the first and second problems and includes as a

particular special case the mixed boundary value problem -

that of finding a harmonic function in B given ¢ over

part of 2B and ¢' over the complementary part. Lf B

extends to infinity (exterior problem), then the behaviour

there of the harmonic function must also be specified for

@ unique solution to exist.

Methods of solution for the above boundary-value

problems fall into three main groups. The first involves

finding exact analytic solutions such as the method of

separation of variables, the use of Green's functions, and

(in two-dimensions) the conformal mapping anproach

(Muskhelishvili,1964). These all suffer from the
limitations of being only applicable to a very restricted

class of boundaries and boundary conditions. The second

18



group comprises approximate analytic methods, such as

variational methods (Kantorovich and Krylov, 1958) and

the hypercircle approach of Synge (1957). These permit

the solution of more extensive classes of problems, but

again they have strict limitations. The third group is

that of numerical methods. A standard procedure is to

replace the differential equation by a system of finite

difference equations referring to a set of nodal points

spaced throughout the appropriate domain. These may be

solved by digital computer techniques, but complications

arise in associating rectangular nets with curved boundaries.

Further, the large number of nodal points normally required

renders the method uneconomical from the point of view of

computer time and storage space, particularly for exterior

problems.

This thesis makes use of a numerical approach based

upon the theory of boundary integral equations. Here ¢

is represented within B by a simple-layer potential or

double-layer potential generated by source distributions

over the boundary 0B of B. Since these potentials are

harmonic functions in B, their identity with g is assured

by imposing upon them the boundary conditions preseribed

for gd . This procedure leads to the formulation of

Fredholm integral equations to determine the source densities

Once these are known, they may be utilised to generate the

potential and hence ¢, throusnout B.

The integral equation formulation of potential

theory yields the following equations of Fredholm type :-

f Dn Ip-gl 764) dq = $(p), (2.1)
2B fale

{ t'lp-ale(a)dq + xo(p)= V(r), (2:3
ne

J tate al’ laddg - mH (r= f (p), (2.8)
B

where p,q are vector variables specifying voints on a

given contovr 68 , dg denotes the arc differential

£3



at q directed so as to keep B on the left; ¢ and ¥

are prescribed continuous functions on 3B, and « or p
are the unknown source densities to be determined; In'lp -¢|

denotes the normal derivative of dnt p-4l at Pp keeping + :

fixed, and reciprocally for La lp- yl’. For our purposes
we may assume 2B to be a single, simple, smooth contour,

although generalisation to multiply-connected domains is

possible (Symm, 1963). It will be found convenient for

the positive normal to have two distinct directions at each

point of 3B depending on the context: it will always point

into the domain B. Accordingly the direction relevant

when differentiating exterior functions is opposite to that

for interior functions. With an obvious suffix notation

we have

fale-s): ~-tolp-al ; Sak (2.4)
and after applying the Cauchy-Riemann equations we obtain

the integral relation

Senty-ol: aq o- | talp-ole dy = -¥. (2.5)
This sign convention has the advantage that either interior
or exterior problems are formulated by (2.2) and (2.3).

Equation (2.1) arises if a simple source distribution

is adopted, and this representation is intuitively the most

obvious for Dirichlet problems. If a solution exists it

generates an interior harmonic function

8 (P)=| & |P-alele)dg; Pe B,+3B, (2.5)
and an exterior harmonic function

#.() = {dn lR-alelardg ; Pew.+2B,(2.7
iB

each of which reduces B Alp) on OB. However in
classical potential theory this formulation was not used

because of analytical difficulties; little work having been

done on existence theorems for Fredholm's first equation.

It was customary instead to represent potentials by means

of double layer distributions resulting in equation (2.3),

a Fredholm intezral equation of the second kind, for which

the theory has been well developed. For a Neumann problem

equation (2.2) is relevant and this, also being of Fredholm's

second kind, presents no great difficulties.



Neumann problems

The interior Neumann problem is solved satisfactorily

by Fredholm's second equation. Here we assume a simple-

source distribution

4,(P)=f Jnle- al «(2.) dq : Pe B+oB, (2.8)
2B

yielding (Kelloggs, 1929)

Bp) =f talp 4g} o (9) 4a +76(p), pede, (2.9)
tea oes - .

We identify the prescribed $'(r) with ¥(p) in (2.2)3 pe aB,

The transposed homogeneous form of (2.9) is 2

fot iy-pheeray + 16(p)= O ; p28, (2n10
8

which possesses the obvious non-trivial solution

o = constant by (2.5). From the general theory

of Fredholm integral equations (Mikhlin, 1957) the

necessary and sufficient condition for (2.9) to exhibit

a solution is that ¢'(p) be orthomonal to the solution

OfiG2.10) grits. toa constant. Thus (2.9) has a
solution if and only if

J Cr) dp = O°. ecu
Be

This we recognize as the Gauss condition which is

necessary for any interior harmonic. The solution

of (2.2), then, is unique and yields an interior harmonic

function unique but for an arbitrary additive constant.

The exterior Neumann problem has a unique solution

in all cases, since the homogeneous equation and its

transpose have only trivial solutions; whence the orthogonality

condition places no restriction on Y(p) = %(p) « We

find that Gauss's theorem applied to the exterior domain

gives

j $2 (p) dp =x [e(q)ug (2.12)
OB OB

by virtue of (2.5).



Interior Dirichlet problems

Jaswon (1964) drew attention to the advantages of

Fredholm's first equation and showed that the analytical

difficulties can be overcome by careful consideration of

the boundary contour and by a resolution of the potential

into constant and variable parts. The argument may be

summarized as follows. We first show that either

{ul hare (2.13)
26 F|

or

[ &Ip-g]a (da O (2.14)
2

has a non-trivial solution for any regular contour.

Consider the Fredholm integral equation of the second

kind

'

Wiles), Be) dp - 7p) =O. (2.15)
a8

This possesses the effectively unique non-trivial

solution » = constant, by virtue of (2.5), and therefore,

by general theory, the transpose (adjoint) equation

J fog Ip-4] Aq) dg, -" Ale) = O (2.16)
or, by (2.4),

J to Ip -p | Ale) ta + Al) = © (2.17)
Bw

also possesses an effectively unique non-trivial

solution. However, by comparison with (2.2),

equation (2.17) is obviously the expression for the

potential of a simple layer of density Ap)

differentiated along the inward normal. Since a

harmonic function is constant along 3B if the inward

normal derivative is zero along 3B, this result implies

i tol p—a] A(4) ag, = constant 5 p< 8,
oe

(2.18)



whence it is evident that either (2.13) or (2.14)

possesses an effectively unique solution for any siven

contour. It can be shown (Appendix 1) that given a

family of similar contours there exists one - and only one -

member of the family for which the constant in (2.18) is

Zero. This has been termed the [-contour.

Accordingly equation (2.13) has no solution for [TM , whilst

(2.14) has a non-trivial solution. For any other member

of the family equation (2.13) has a solution, which must

be unique, whilst (2.14) has only a trivial solution.

We can avoid the [-contour simply by chaneing the

scale. We shall assume that this has been done in the

subsequent theory. Turning our attention to equation

(2.1), we note at the outset that a demonstration of the

existence of a solution will imply uniqueness, for suppose

o and «, are two distinct solutions, subtraction will yield

but as [«; ()- 5. (q)] is assumed not to be identically
zero, (2.19) shows that 0B must be a ["-contour contrary

to hypothesis.

To show now that (2.1) exhibits a solution we

consider the equation

1 ie Vaal aa + mpl) = '(p), (2.20)
8

From general theory (Mikhlin,1957) the necessary and

sufficient condition for (2.20) to exhibit a solution

is that ¢:'(p) be orthogonal to the solution K& of the
adjoint homogeneous equation

are ees +aple) = O, (2.22)
a8

This has a solution = constant by (2.5), so the

orthogonality condition

J Msp yap: oO (2.22)
becomes

(2.23)194) ag
8B



This, being the Gauss condition, is satisfied because

¢; is a harmonic function. Therefore equation (2.20)

has a solution. Integration of (2.20) yields

J Salp-al pcardg = A(e) +A 22h)
28 mes

where A is a constant. Thus, because of (2.13),

| tolp-al{ (4)-AAC)} d= dlr), (2.25)
28

We have shown that P exists so Pr-Ar is now displayed

as the solution to (2.1). The apparent non--uniqueness

arising from A may be eliminated upon observing (Appendix 1)

that o satisfies

Jowra, = j Ple)A(p) dp (roe)
6 2B

or

J ptardg =A rea, +f ce) ace) ap,
6 96 cy

which fixes A when pp is known, as expected by our

uniqueness result.

Exterior Dirichlet problems

As with interior Dirichlet problems, the theory

of Fredholm integral equations of the first kind may be

applied to equation (2.1) and its solution used to generate

an exterior harmonic function (2.7). An important

observation concerning the asymptotic behaviour of (2.7)

is that

G(2) + tar fels)dq + O(4)
e } (2.28)

IP] >=.oyas r

Hence no constant harmonic function can be represented

in an exterior domain by a simple source potential

(although it may be so represented in an interior domain).

This encourages us to make the resolution

P(r) = Alp) +k (2529)



where k is a constant which we shall specify

completely by requiring

J 4) d(p) dp = kf aC) dp, (2,38)
1: eB

Equations (2.29) and (2.30) imply

J le) aw ep = 0. (2.32)
OB

The corresponding resolution for (4) is

o(a)= (a) +kr (2.32)

since this will automatically satisfy the "constant"

part of the potential and gives as the equation for & (4)

nN a aNVv
P Yeinegles ty) Ay 4 (pr), (2.5
2B

Thus the problem of solving (2.1) for (q) has

become the problem of solving for s (2) in(2535),«

The demonstration of the existence and uniqueness

of the solution 63 (¢) is practically identical to that

given above for 6(q),(Equations (2.19) to (2.27) ). We

note, however, that (2.26) is replaced by

Secardg sho (2.34)
8B

because of (2.31). Thus there exists a unique

exterior harmonic function bounded at infinity:

this may be identified as

P(E)=S(P) k =f mlP- slaty), sah (2.35)
B E

We note from (2.34) that & (P)- O(+) as re,
whereas by (2.28) @(P) exhibits logarithmic behaviour -

at infinity.

Our method of solving the Dirichlet problem by

Fredholm's first equation has three advantezes over the

conventional formulation in terms of Fredholm's second

equation (2.3). In the latter the harmonic ¢(P) , for

25



which boundary values $(r) are prescribed,is identified
with the double-layer potential

W=W(e) =f pla) tala -Pldg ; PeB, (2:39)
2B :

As “Ps pt on 2B this becomes

Wr) “J Pl) Sn! lq pda - =O), (2.39)
We note the discontinuity at the boundary which does

not arise with

$(b)= f ca) Mn|P-4\dq , PeBraB, (2.35)
oy

Other disadvantages with W are that n'la-p| is

more difficult to compute than 4n lq. -p| and that ww usually

has much less physical significance than o .

Green's formula

We have now laid sound theoretical foundations

on which to build the numerical work of the next two

chapters in which Dirichlet and Neumann problems are

solved using simple-layer potentials only. It would be

appropriate, however, to conclude a chapter on two-

dimensional harmonic function analysis by referring to

Green's boundary formula. This important ident

form the basis of an attack on mixed boundary value problems,

and like the previous formulations by integral equation

methods, admits generalisation to three dimensions (Laskar,

1972)

can

Green's formula, adapted to two-dimensional potential

theory, takes the form

a J ule-alory - 2 fede-ol'oe) aq- ole); Pee, (2.39)
cy eB

its significance being as follows:- if there exists a

harmonic function ¢(P) throughout a simply connected

domain B, admitting boundary values ¢ (4) and boundary

normal derivatives $'(4) on 2B, the left-hand side of
(2.39) is identical with g(P). For a field point P

outside B, it gives zero identically. For a field point p

on 9B itself, it equals % ¢(p) owing to the jump in the

al at 0B, and so $(q),¢(q)satisfy the
double-layer intes



linear functional relation

J alp-slo) ag - [ute-ol eee 5 a Ap), (2.40)
WB OB

known as Green's boundary formula. Thus for the

third boundary value problem of potential theory with

boundary relation

i i. 2.41
w(y)¢q)+ Al)6(2)= ¥(9) ae

where «pe are known functions, Green's boundary

formula (2.40) becomes a Fredholm equation of the

(a) second kind for ¢ if ¢’is eliminated in favour

of ¢ ands,

(b) second kind for ¢’if 6 is eliminated in favour

i of g’ andy,

(ce) first kind for ¢’if only ¢g is prescribed.(Dirichlet

problem),

(d) second kind for ¢ if only ¢’is prescribed. (Neumann

problem).

With ¢(¢) or ¢’(g)computed, as the case may be, #(P) can

be generated at any interior point by means of Green's

formula (2.39). These considerations can be adapted

without difficulty to the case of exterior and multiply

connected domains.



CHAPTER 3

NUMERICAL POTENTIAL THEORY: DIRICHLET PROBLEM

Discretisation procedure

To effect a numerical solution of integral equations

associated with boundary value problems in two-dimensional

potential theory (e.¢.(2.1) to (2.3)) we divide the boundary

dB into n intervals, the m® being of length 2%, and

centred at a pivotal point qn approximately midway between

the interval points 4,,, . The boundary 0B must be

"Kellogg regular" to ensure the existence of solutions but
a finite number of corners is permissible (Kelloge,1929).

If 2B has corner points, we identify each cf the corners

as interval points, thus ensuring that the individual

intervals themselves are smooth arcs so that (2.4) and

(2.5) are still valid almost everywhere. The fundamental

approximation is that o remains constant in each interval,

whereupon the integral equation may be spproximated by a

set of simultaneous linear equations.

As a trial Dirichlet problem we generate numerically

the interior potential $¢(P) given that ¢(,>) = 1 on the

boundary 2B of an ellipse. We know that the analytic
solution is ¢(P) = 1 everywhere in B. The relevant

integral equation (2.1) becomes

Rr co ame wa
wB pn

which is replaced by the discrete system

Ze f tly-rl ay ae Paw t. 5) C3.2)
where Dae denotes integration over the m* interval
and 6, denotes the assumed constant value of c in this

interval. The algebraic system (3.2) may be written

2 eet ‘ MPSS 258, 05:0) Os (3.3)

The simplest approximation for A.. is obtained by

assuming that the value of each kernel at the mid point

of en interval is applicable throuchout that interval.

~@



Thus

Nim = 2ku Sol 9,-4.1 5 mee, GA)

which is equivalent to using the trapezoidal rule for

integration. Generally, however, we find that results

are improved by using an approximation based on Simpson's

rule where

Aim = 8 [tala + talge-q.| aledall mee, (3.5)

In either case modifications are needed when m=r , because

of the singular kernel in (3.2). Here we approximate the

boundary by two chords joining q, t& Yury ON use the result
Ah

Jax de = &(&A-1)

to obtain

Amnon = 1m Gnu HH balg- taal — I] + (equal eats -| (3.6)z = L

All the numerical operations of assembling the

coefficients can be effected by feeding appropriate subroutines

into a digital computer working with the coordinates of Ym

and qin as input data. The individual subroutines may

be combined into a single program that assembles and solves

the system of equations (3.4) and then generates the

discretised simple-layer potential

B(P)=E eal WolP-a dy (3.7)

throughout B and on 0B itself.

The set of equations (3.3) is solved using a

subroutine based on matrix inversion by Gaussian elimination.

It is worth noting that the Gauss-Seidel method fails because,

although for each r

Awe he > lAcm | 5 Mx W255, (n¢r)

the necessary condition for convergence

| Ace) > 2 |Acal 5 alley

is not satisfied. It is interesting that in three-

dimensions the Gauss-Seidel method converges for corresponding

problems because of the stronger singularity at the origin

of + ' in comparison with Jnr,



Error Analysis

The potential (4.7) generated throughout B+ 3B

hss the property

BCL) 1 as P>p- 1? Hdry va den, (3.8)

From the maximum modulus principle 2 measure of the

error associated with ¢:(P)is provided by the maximum

value of \ Fey -11 which may be readily computed at

boundary interval points.

A sound procedure in numerical analysis is to start

with n small and examine how the computed data behave as n

increases. It can be seen from (3.4) to (3.6) that

as Nye,

Ain 2 O fer att cm, sine “ha 70.

Thus = det. |Arm| » © a6 {ee

This is the phenomenon of inherent ill-conditioning which

generally appears unless there exists a constant ¢ such that

Amn loe e> O for mel...

as happens with Fredholm integral equations of the second

kind. So for Dirichlet problems solved by means of Fredholm

integral equations of the first kind we have to balance two

opposing factors :~

(i) n large: accurate numerical approximation but

poor conditioning;

(ii) n small: poor numerical approximation but

good conditioning.

We find that optimum conditioning occurs near n= 32.

For a given n, best results are obtained with intervals

as nearly as possible of constant length alone 22. An

ellipse may be divided into n equal intervals by means of

elliptic integrals (Hancock, 1958).

Elliptic Boundary

In the first instance, we followed these procedures

for the ellipse

2 +

ae ol
ear (3.9)

choosing various axial ratios a:b. The perimeter of the

ellipse has a length siven by

Let (vie (Sy dx (3.10)

O
”

a



dy
and after substituting for gj. and setting

sce cues ee Gem)

we find

”A

L-= fra Tok sin do. (3.32)

Comparison with the definition of the elliptic integral

of the second kind,

gE(k3¢) 2 vizwaite ae, (3513)

gives

L=taE(n; £), Ga)

Division by 2n gives the constant #.. » whence the eccentric

angles of every interval and nodal point are determined by

repeated use of tables of elliptic integrals of the second

kind.

Our initial choice of axial ratios for the test problem

included those for which comparison could be made for the

piharmonic problem with the earlier results of E.Jaswon(1969).

No doubt he had found it more convenient to use the tables

when sin'k is an integral number of degrees although by

equation (4.11) the ratioa:b is then sometimes irrational.

For comparison with Symm (1964) we placed nodal points at the

ends of the major and minor axes, but subsequently found that

greater accuracy could be obtained if, instead, interval

points were so placed. This also affords greater symmetry.

We further improved accuracy by defining interval points by

equal eccentric angles instead of equal arc length. This

obviated the need to use elliptic integral tables with the

associated laborious interpolations introducing inaccuracies

and the possibility of mistakes; in fact a few errors were

found in the tables themselves. With the use of equal

eccentric angles the construction of all the input data can

be automated by the computer program, and the number of nodal

points systematically increased without extra effort. Although

interval lengths are not now exactly equal, they may be made

much smaller by increasing n , yielding results which, as

far as we know, are more accurate than any previously obtained,

31



Our numerical results for « may be compared with the

analytic solutions which are readily obtained using confocal

elliptic coordinates (Appendix 5), in which

¥-3,= conr"'($) (3.15)

defines the ellipse (3.8) where

Crees: (3.16)

The simple source distribution which satisfies (3.1) generates

the interior harmonic function V,(P)= 1 and the exterior

harmonic function

Z-MWe
Vi(0) + ee (3.17)

Clearly Ve(P) is harmonic in % (and therefore in x and so)

and exhibits the required properties

Vi (B)=Ve(p)= 1 oy Fh (Sn)

Since

Zi Ln as peo,

(3.19)

V, Ce) possesses logarithmic potential behaviour at infinity,

ises V(P) is of the form

M(B) = stor +l) re 6.209
where

3 = feted, > ee pee) ae)

This result provides a check on the numerical estimate of S,

which from (3.21) is given by

S=2Z oka. (3.22)

The result

axe(a) = Ve'(« eV (a), (5.29)

which arises from (2.2) and (2.4), yields

Ve ‘(a.) (4.24)
aw

o(¢)=

n



and the appropriate form of normal differen atiation (A5.15)

gives

(4) “Ee [ cosh 25, — cv sale Fale a (3.25)

where 7 is the eccentric angle of q , whence in terms of

2 eee) cee we have by equation (A5.6),

Qa

i (3.26)Se) 27 n (eee

Numerical results

Tables 1 - 10, pv.36-40, refer to the ellipses with

as 2; b= 13, (2, 1, 0.684, 0.347, with pivotal points

distributed as in figure 1, i.e. with nodal points at the

ends of axes and with equal arc lengths. Tables 1 - 5 show

how the accuracy of the computed o improves on passing from

n= 16 to n= 42. (In the = 16 column, the results for

i = 1,2,3,4,5 are placed in positions é = Di ros fOr

comparison with n = 32). A corresponding improvement is

found in the generated values of ¢,(P) as n increases.

fables 6 - 10 show the numerical value of ¢;(P) along

the major axis when = 32, and demonstrate the superiority

of Simpson's rule (3.5) over (3.4). Since we are interested

in how the numerical solution deteriorates near nodal points,

the tables show more values of ¢;(P) near the end of the

major axis than near the centre.

Tables ll - 20, pp.41-44 , refer to the previous ellipses

but with the interval points placed at the ends of the axes

(as in figure 2,p.35 ). The overall accuracy of « is

marginally improved, and an appreciable improvement is found

in the values of #&(P). Equation (3.5) has been used for

numerical integration and n= 32. As expected, accuracy

deteriorates as the axial ratio a/p increases.

Tables 11-15 refer to & . Tables 16 - 20 refer to

Qe: (P) generated along the major axis. The sharp drop in

¢; (P) near the end of the major axis (shown in tables 6 - 10)

is eliminated since we are no longer approaching a singularity.

Tables 21 - 30 show the computed s; and (P)

when equal eccentric angles are used to define interval and

nodal points. Here, with n = 32 and (3.5) used, the

aa



analysis is easily extended to a new range of

ratios, and the results are favourable. The ¢

"capacity" s of (4.21) and the numerical coun

of (3.22) are shown in table 30 with the corresponding

error |S-s| . The values of @:(PB) , i= 1,2,...++.,8

shown in table 30 correspond to field points on the major

axis defined by x= % where j = 0.0, 1.0, 1.5, 1.75,

1.80, 1.85, 1.90, 1.95, so that direct comparison can be

made with tables 16 - 20.

It proved possible to improve the accuracy of ¢(P)

near the boundary by using linear interpolation or

Newton's backward difference formula involving the miven

boundary value of ¢ (re) ° These results are not recorded

here since they ere irrelevant to biharmonic problems where

Dlr) is not prescribed.
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TABLE 1

.}

.* | COMPUTED conPursp ANALYTIC | ERROR |
e n= 16 = 32 shoe |

1 | 0.1476 ite | 0.1493 0.0001 !
2 0.1463 0.1462 0.0001 |
3 | 0.1436 0.1435 | 0. 1434 0.0001 |
4 0.1596 | 0.1396 | 0.0000 |

5 | 0.1357 0.1357 | 0.1357 0.0000 |

6 0.1323 | 0.1323 | 0.0000 |

7 | 0.1296 0.1297. 0.1297 0.0000 |

8 0.1281 | 0.1281 0.0000 |
9 | 0.1274 0.1276 0.1276 0.0000 |

Values of @ for a= 2, b= 3

TABLE

q joonpura> | con PUTED “anatyrre | BRROR
ft tare cree 0 | e320 | eo2

eileio cise. | ee 79.2104 | 0.0005
2 | 0.2052 | 0.2049 =| -0.0003 |
3 | 0.1927 0.1923 0.1922 | 0.0003

4 0.1786 0.1786 | 0.0000

Gar aOt 1669. get Ontoge 0.1673 | 0.0001 |

6 | | 0.1588 | (0.1588 «=| «0.0000 |

7 0.1528 1531 0.1531 | 0.0000
8 | 9.1498 «| «0.1499 =| 0.0002 |

9 0.185 | (0.1488 0.1488 | 9.000 0.0000 |

Values of @ for a= 2, P= iD

a o



TABLE 3

COMPUTED | COMPUTED ANALYTIC | ERROR
¢ n= 16 mic 32 n = 32

1 0.3936 0.3928 0.3925 | 0.0003 |

2 0.3542 0.3515 | 0.0027

3 0.2941 0.2925 0.2934 | 0.0009

i 0.2534 0.2539 0.0005

5 0.2270 0.2287 0.2289 | 0.0002

6 0.2129 0.2131 | 0.0002 |

ie 0.2024 0.2032 0.2033 | 0.0001

8 0.1979 0.1980 | 0.0001

9 0.1955 0.1962 0.1963 | 0.0001

Values of oj for a= 2, b= 1

TABLE 4

| | comune / COMPURED " ANALYEIC BREOR

1 0.7519 0.7948 0.7909 0.0039

2 0.5704 0.5695 0.0009

4 0.4123 0.4200 0.4242 0.0042

4 0.3537 0.3553 0.0016

5 0.3098 0.3161 0.3171 0.0010

6 0.2936 0.2941 0.0005

7 0.2761 0.2799 0.2803 0.0004:

8 0.2725 0.2729 0.0004

9 0.2666 0.2703 0.2705 0.0002

Values of % for a= 2, b= 0.684



|

TABLE 5

COMPUTED | COMPUTED ANALYTIC = DRROR
i n= 16 n = 32 we ao |

- 1.8729 2.4480 2.8621 O.4141 |

eo 0.9650 1.0800 0.1150

3 0.6047 0.7365 0.7709 0.0344

4 0.6217 0.6457 0.0240

5 0.5137 0.5591 0.5783 0.0192

6 0.5222 0.5382 0.0170

if. 0.4581 0.4984 0.5141 0.0157

8 0.4859 0.5011 0.0152

9 0.4441 | 0.4820 | 0.4970 eee |

Values for 6 for a= 2, b= 0.547

TABLE 6

x B vy (3.4) BH vy (3.5)

0.08. 1.0003. | 1.0002

1.0 1.0002 1.0003 |

1.5 1.0002 1.0003

Tie}7. 0.9996 1.0001 |
1.80 0.9987 0.9998

1.85 0.9964 0.9989 |
1.90 - 0.9900 0.9964

eo 0.9707 0.9870

Values of ¢(P) generated by (3.7) for a= 2, b=a9 V3.



TABLE 7

: |

x poy (3-4) Dry Gs) |

0.0 1.0004 | 1.0003 |

0) 1.0003 | 1.00031.5 1.0001 1.0003 |
1.75 0.9995 | 1.0002

1.80 0.9987 | 1.0000 |
1.85 0.9962 | 0.9991

1.90 0.9888 0.9963

1.95 0.9649 0.9849

Values of ¢,(P)menerated by (3.7) for a= 2, b= V2.6

TABLE 8

x | goon | peo
1.0011 1.0003

° | 1.0008 1.0003
0.9999 1.0003

1.75 0.9991 1.0006

1.80 0.9983 1.0006

1.85 0.9956 0.9999

1.90 0.9858 0.9966

fb 95 0.9492 0.9802

Values of ¢,(P) generated by (4.7) for a= 2, b= 1.



TABLE 9

x gory G4) | pov G5)

0.0 T.0030 TE OGO4

ts0 1.0026 1.0002

ed: 1.0008 0.9997

1.75 0.9977 0.9996

1.80 0.9968 0.9997

1.85 0.9936 0.9991

1.90 0.9782 0.9941

Oo 0.9120 0.9659

Values of %(P)generated by (3.7) for a= 2, b= 0.684

TABLE 10

ae by G 4) oh Se by G 5) J
i ee ; gas (oe ar 1
1.0 1.0193 | 1.0004

1.5 1.0231 | 0.9979 |
1.75 1.0123 | 0.9840

1.80 1.0124 0.9736

1.85 1.0189 0.9735

1.90 0.9850 | 0.9589
0.7788 | 0.8901hee

Values of @;(P) generated by (4.7) for a= 2, b = 0.347

40



TABLE 11

ae COMPUTED ANALYTIC ERROR |

1 0.1471 0.1470 0.0001

2 0.1451 0.1450 0.0001

3 0.1416 0.1416

4 0.1376 0.1376

5 0.1339 0.1339 0.0000

6 0.1309 0.1309

2 0.1288 0.1288 |
8 0.1277 0n1297 |

a= 2, b= V3

TABLE 12

¢ COMPUTED ANALYTIC BRROR

1 0.2094 0.2090 0.0004 |

2 0.1992 0.1990 0.0002

3 0.1853 0.1852 0.0001

4 0.1725 0.1726 | 0.0001

5 0.1626 0.1627 | 0.0001

6 0.1556 0.1557 0.0001

7 0.1512 0.1512 0.0000

8 0.1490 0.1491 0.0001
1

a= 2, b=V2



TABLE 13

>

C COMPUTED ANALYTIC | ERROR |
1 0.3827, 0.3799 0.0023

2 0.3201 0.3205 | 0.0004
3 0.2708 0.2714 | 0.0006
4 0.2396 0.2400 | 0.0004
5 0.2199 0.2201 0.0002

6 0.2075 0.2076 0.0001

? 0. 2004 0.2002 0.0002

8 0.1966 0.1967 0.0001

Q= 2, b= et

TABLE 14

| Z COMPUTED ANALYTIC BRROR |

1 0.7134 0.6978 0.0156

D 0.4758 0.4819 en oscosie: |

3 0.3823 0.3842 0.0019 |
4 0.3327 0.3336 0.0009

5 0.3038 0.3042 0.0004

| 6 0.2860 0.2863 0.0003

? 0.2760 0.2759 0.0001

| 8 0.2709 0.2710 0.0001
a= 2, b= 0.684



TABLE 15

|
1.80 Hare 1.80 | 1.0001

¢ | compurzp anatytic | ERROR

1 1.8139 ioe | 042805

2 0.8437 0.8833 | 0.0396
3 0.7083 0.6975 | 0.0108

4 0.6174 0.6074 | 0.0100
5 0.5657 0.5558 | 0.0099

6 0.5342 Oc52K6 » | 0.0096

2 0.5158 0.5064. | 0.0094
fa | 0.5073 0.4980 | __.0.0093

as 2) (b= Ors47

TABLE 16 F TABLE 17

52 tr 0602 peo 10803 |
1.0 | 1.0003 1.0 1.0003 |

1.5 | 1.0003 1.5 | 1.0003

1.75 | 1.0004 1.75 | 1.0005 |

1.80 | 1.0007 1580. 110007! >|

1.85 | 1.0014 11.85 | 1.0035
1.90 | 1.0026 | | 1.90 | 1.0031
1.95 | 1.0051 [2.95 | 2.00% |
ae Bye bts See

TABLE 18 TABLE: AQ

tikes) 0 = Fjai.00on. |
1.0 |1.0003 1.0 | 1.0002

1.5 {1.0003 us | 0.9997
1.75 {1.0006 1.75 | 0.9997

|
|

|

1.85 1.6020 1.85 | 1.0017

1.90 1.0049 11.90 | 1.0080
| ! ;

1.95 |1.0091 | 12.95
et festa

ae rake). as 2, b= 0.684



TABLE 20

0.1973

x a
0.0 1.0007

0 1.0005

ne 0.9970

foatiage ilmoucaosiaen|

1 aye0 0.9766

“4.85 | 0.9760 |

[1.90 1.0104 —_—|

1.05" fom. usage dl

a= 2, b= 0.347

TABLE 21

| COMPUTED ANALYTIC
| 043861 0.3870

| 0.3504 0.3507

0.3042 0.3041

0.2645 0.2642

0.2352 0.2349

0.2153 0.2150

0.2031 0.2028
0.1970

Values of 6; for ia='2, "hs 1

44

0. 0009

0.0004

0.0001

9.0003

0.0003

0.0005

0.0003

0.0003
\



TABLE 22

‘ 
es

| ¢ |COMPUTED ANALYTIC ERROR |
Pao ctr ee satiety | a ae

1 (0.2198 0.2213 0.0015 |

2 |0.19772 0.1775 0.0003
\

% O;1578% | 0.1378 | 0.0000
| |

4 0.1119 | 0.1118 | 0.0001

5 10.0956 | 0.0956 0.0000

6 10.0856 | 0.0854 | 0.0002

7 |0.0797 | 0.0796 | 0.0001
| \

8 |0.0770 0.0769 |___0,0003 |

Values of © for a= 3, b=

TABLE 25

[e leompurep | | —= ANALYTIC ERROR |

mresfomcde. =| ~~ 0.1624 0.0018

2 }o.152 | 0.1154 | 0.0002

3 0.0855 0.0834 0.0001
| |

4 | 0.0655 0.0655 0.0000

5 |0.0551 | 0.0550 0.0001

6 0.0489 | 0.0488 ; 0.0001

|| 0.0453 | 0.0453 0.0000

B | 0.0457 0.0436 i 9.0001 |

velues: of CULO. dow, bm By

pha tee __TABLE 24
< e | COMPUTED ANALYTIC —

a) es 1256 Ie ul a a Ono

| 2 0.0332 0.0833
3 | 0.0576 0.0576 i 0.0000
a | 0.0444 | 0.0444 0.0000

5 0.0370 | 0.0370 0.0000 |
6 | 0.0327 | 0.0327 0.0000 |

7 | 0.0303 0.0302 | 0.0001 |

8 | 0.0291 | 0.0291 | 0.0000 |

Values of «; for o= 5, b=1



TABLE 25

a 7

t | conrurs> [ ANALYTIC | ERROR |

rT | 0.1079 [a Oona. | ~ 0.0020

2 | 0.0638 0.0639 0.0001 |

3 | 0.0429 i 0.0429 0.0000 |
4 | 0.0327 0.0327 0.0000 |

5 0.0272 0.0271 0.0001 |

6 | 0.0249 0.0239 0.0000

7 | 0.0221 0.0221 0.0000 |

8 0.0213 0.0213. | 0.0000 |

Values of o for a=6, b=1

TABLE 26

ec COMPUTED ANALYTIC JRROR

ri Geese be .0950 | 9.0019. |
2 | 0.0510 | 0.0511 i 0.0001 |
3 | 0.0336 | 0.0336 0.0000

14 | 0.0255 | 0.0255 0.0000

15 0.0211 | 0.0211 0.0000
6 0.0186 | 0.0185 0.0001

|

9 0.0171 | 0.0171 | 0.0000 |
|

8 | 0.0165 Ps 0.0165 | 0.0000 |

Values of co; for as 7, b=1

TABLE 27

ia, COMPUTED | ANALYTIC es ERROR
1 | 0.0818 | 0.0835 0.0017 |

lp 0.0420 0.0421 | 0.0001 |
[Sa 020275. 0.0273 0.0000

~4& | 0.0206 | 0.0206 ' 0.0000

5 0.0170 0.0170 0.0000

6 0.0150 0.0150 0.0000
7 0.0138 0.0138 0.0000

| 8 i :
|

0.0133 ] Oo. oe | 0.0000 |
aa SS ee

Values of o; for Qs 8, S=



TABLE 28

COMPUTED ANALYTIC | BRROR
1 | 0.0728 0.0744 “0.0016

2 | 0.0354 | 0.0355 0.0001 |
3 | 0.0228 0.0228 9.0000 |

| 4 | 0.0172 0.0172 0.0000

5 | 0.0142 0.0142 / 0.0000

6 | 0.0125 0.0124 | 0.0002

7 | 0.0115 0.0115 | 90-0000, |

ee wee
Values: of s; for a= 9) “bs 1

eee eee ABLE ir. sag th cee era

Cc COMPUTED ANALYTIC ERROR |

1 0.0655 0.0668 | 9.0013 |

e 0.0404 0.0305 0.0001

3 | 0.0195 | 0.0195 0.0000 |

| 4 9.0146 0.0146 0.0000

| 0.0120 0.0120 0.0000

0.0106 | 0.0106 0.0000
0.0098 0.0098 0.0000

0.0094 Veet UG. cogw. sat 0.0000
Bo eae aa sae aad,

Values of gq for



St

TABLE 30

2 2k Seek Hee 1 See 623 Diy oak: Onset: St 10a) L

on nw FW
Oo a

ANALYTICAL §

ERROR IS-s]

1.

1.

1.

ase

1.

is

ane

a

ee

00048 | 1.00030

00045 | 1.00026

00039 ; 1.00020

00034 | 1.00012

00034 ; 1.00010

00040 | 1.00008 |

00099 } 1.00006

00376 | 1.00089

1.00023

1.00020

1.00013

1.00005

1.00002

0.99997

0.99994

1.00001

1.00022

1.00017

1.00009

1.00000

1.00001

0.99992

0.99986

| 0.99975

1.00025

1.00013

1.00004

0.99994

1.00001

0.99993

0.99998

0.99968

1.00030

1.00009

0.99999

0.99986

1.00002

0.99999

0.99965

0.99972

1.00039

1.00005

0.99993

0.99976

1.00005

1.00009

0.99953

0.99979

1.00049

0.99999

0.99987

0.99964

1.00004

1.00021

0.99941

0.99987

1.00060

0.99994

0.99982

0.99951

1.90004

1.00035

0.99929

0.99995

4663 | 1.4427 1.0914 0.9102 0.7982 0.7213 0.6649 0.6213

}

t

|

ee

QO.

4673 | 1.4430

0010 | 0.0003

11,0915

0.0001

| 0.7983

0.0001

0.7213 0.6648 0.6213

0.0000 0.0001 0.0000



CHAPTER 4

NUMERICAL POTENTIAL THEORY: NEUMANN PROBLEM

Discretisation procedure

We now turn our attention to the Neumann problem

and seek to find a function $(P) harmonic within an

ellipse B given that $(p)= 0 on 9B. The 'cavacity's

of the ellipse is also prescribed to ensure uniqueness.

The relevant equation (2.9) becomes

Je Ip-gletardy, + reCp) = 0 (4.2)
UB

which, formulated numerically with the same notation

as (3.2), takes the form

TF Pbllatg.| ty +165 =0; Pes ...09. (4.2)
usr

To compute J Sala-ael'de we use

,

J tale gel'dg 22%: Onlacael if eer (4.3)

where [ )

i. ee niga!
Lalar-ael ee EL CS Ta ? (4.4)

la: -a-}

where x,=x(4.), y.=y( @, ) and a dash denotes

differentiation along the inward normal. For ¢=r we use

' = 1

iP da lq-ae| dg #9 - 2 [ts le-ael de (4.5)
ive

which is justified for interior problems by (2.5), and

is computed from

fice et! + ly -9e)ye']
,

Ln lq - 0) ee (eo)J 4-4] 44 ear
We have now ensured that (4,2) is characterized by a

singular matrix. The n equations of (4.2) in n unknowns

have a relation of linear dependence so we can ignore one

©



mh

equation of the homogeneous set, say the n , and solve

for the ratios o;* = Con/ on) stat oe eos

Thus a set of equations of the form

a

is replaced by

ae}

= Ont. = = eq 2 cen ey (4.8)
mee

The ratios Geo OT iiiners'e St) Gag’ Neate

equal GPRMeO 2) ize ete Ona Shey

and the values of 6; can be found from

* *

or = Se é melee aN (4.9)

Gre 1s

where re

sZ Sete AR: o*, (4.10)
oy

The required values of o and the generated potential

g are obtained from a single computer program using as

input data nodal points again defined as in figure 2p%5 using

equal eccentric angles. The interval lengths are computed

from the expression

ark. = epee lala (4.11)

which replaces the arc by two chords and produces

more accurate results than the more crude approximation

AR = leg ~ deal, (4.12)

This remark applies equally to the foregoing Dirichlet

problem and to the biharmonic problems tackled later.

Comparison with Dirichlet problem

In contrast with the corresponding Dirichlet problen,

the system of equations for o can be solved by the

50



Gauss-Seidel method, the derivative of the logarithm

providing a more hishly singular kernel. Good converrence

was obtained when the problem was solved for n= 32 using

this method; iterations were continued until values of o

improved by less than &€ = 0.00001. Wo further improvement

was obtained when the program was lensthened by taking

€ = 0.000001. The equations were also solved using the

matrix inversion subroutine employed previously and the

results for o differed only trivially in the fifth decimal

place from those displayed in tables 31 ~- 39 obtained by the

Gauss-Seidel method. Table 40 shows $ generated along the

major axis. The results shown are for tke axial ratios

o :b with b= 1; a= 2,3,4,...,10, but the irrational axial

ratios considered earlier, and the effects of changes of

scale were also investigated. Generally the errors in

o are of the order of ten times less than for the

corresponding Dirichlet problem, as is to be expected since

we are now solving a Fredholm equation of the second kind.

A notable feature is that the results of both Dirichlet and

Neumann problems do not deteriorate as the axial ratio

increases provided that equal eccentric angles are used to

define nodal points. Instead of being equally spaced the

latter are automatically more densely accumulated where they

are needed, i.e. near the sharpening vertices at the ends

of the major axes. The author believes these results to

be more accurate than any previously obtained and that the

numerical techniques developed in these harmonic problems

provide a platform from which numerical biharmonic analysis

can be confidently attacked.



Results

TABLE 31

oie | COMPUTED ANALYTIC | “ERROR |
cs baa ee Alaa ee Pee 5, Enel 21

1 | 0.38703 0.38699 0.00004 |

2 0.35073 9.55069 | 9.00004

| 3 | 0.30408 | 0.30405 | 0.00003

| 4 | 0.26422 | 0.26420 0.00002
5 | 0.23491 | 0.23489 | 0.00002
6 | 0.21501 0.21499 | 0.00002
? | 0.20279 0.20277 | 0.00002

lease [ onmee9?- | 0.19697 | 0.00002
ee re es ge wl

Values of GQ POPE ete boat

TABLE 52

c | compursp ANALYTIC. ERROR |

pes |os2enas 0.22127 0.00009
2 | 0.17739 0.17746 | 0.00007 |

3 | 0.13771 | 0.13777 1 0.00006 |
|

4 | 0.11173 | 0.11178 i 9.00005 |

5 | 0.09546 0.09550 0.00004 |
6 0.08540 0.08544 0.00004 |
72 | 0.07954 0.07958 0.00004 |

8 | 0.07683 0.07687 | 0.00004 |
seed af | é Marea). Se a en

Values of. Sv for) @= 3, b= 1

TABLE 33
Par t ee Bf el cw or Sade, SO z :

ite ee | COMPUTED ANALYTIC ERROR |
| 1 | o.16228 0.16239 9.00015

2 | 0.11533 0.11544 0.00011

3 0.08336 — | 0.038344 0.00008 |
; | 9-0654e | 0.06548 0.00008 |

1s 0.05498 | 0.05503 i 0.00005 |

ee 0.04376 0.04880 0.00004 |
|

pee 0.04520 0.04525 0.00005 |

eee 0.04358 0.04362 “a 0.00004 |

\ Values of). 6:.. for a= 4, aes a

52



TABLE 54

ee ee ee es

| | COMPUTED | ANALYTIC | ERROR |

1 | 0.13041 | 0.13059 0.00018
2 | 0.08321 0.08334 0.00012

3 | 0.05748 0.05757 0.00009
4 | 0.04431 0.04437 ; 0,00006

5 | 0.03693 | 0.03699 | 0.00008

6 | 0.03262 0.03267 0.00005

7 |0.03018 | 0.03022 | 0.00004

8 | 0-02907 | 0.02911 0.00004.
ie Yalies ofeajs tor 2=.5, She 1

TABLE 35

ee COMPUTED ANALYTIC ERROR |

ly [0.10970 © 0110990 2 1 Osocez0
2 | 0.06381 0.06393 0.00012 |
3 | 0.04280 0.04288 | 0.00008 |
4 | 0.03265 0.03271 | 0.00006

5 | 0.02709 0.02714 | 0.00005 |

| 6 | 0.02387 0.02391 | 0.00004
2 | 0.02206 0.02210 | 0.00004 |

8 | 0.02123 0.02127 | 0.00004| | occa SP i Fae Mee ede ok eee
Values, Of “Giifor 0,86... $= i:

TABLE 36

Z | COMPUTED ANALYTIC | ERROR

Fa |o.0m77 | 0.09498 | 0.00021
12 po.02760 0.05111 0.00011

| 3 | 0.03354 0.03361 0.00007

| 4 | 0.02541 | 0.02547 0.00006

| 5 | 0.02102 0.02107 0.00005

6 0.01850 0.01854 0.00004

| 7 | 0.01708 0.01712 0.00904

8 0.00004| 0.01644 0.01648

i = aaa a ee\—|

Values of oj: for as 7,. b= 2
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TABLE 37

¢ | COMPUTED ANALYTIC | ERROR
- +. |
1 | 0.08331 0.08452 0.00021

2 | 0.04202 0.04213 0.00011
3 | 0.02725 0.02732 0.00007

4 | 0.02056 0.02061 0.00005

5 § 0.01698 0.01702 0.00004.

6 | 0.01493 0.01496 0.00003

2 | 0.01378 0.01381 0.00003
8 | 0.01326 0.01329 0.00003 |

Values of o for a= 8, 6=1

Eas TABLE 38 eee

¢ | COMPUTED ANALYTIC BRROR —|

“1 | 0.07417 0.07436 0.00019
2 | 0.03545 0.03554 | 0.00009 |
3 | 0.02276 0.02282 0.00006 |
4 | 0.01712 0.01716 | 0.00004 |
5 0.01412 0.01416 0.00004 |

6 | 0.01240 0.01244 0.00004.
|

7 | 0.01144 0.01148 | 0.00004.

8 | 0.01101 0.01104 | 0.00003 |

Values of @ for a= 9, bel

TABLE 39

ae 1
¢ | compursp ANALYTIC ERROR |

[a |o.ceeee | 0.06684 0.00018
2 | 0.04046 0.03054 0.00008
3 | 0.01941 0.01947 | 0.00006
4 | 0.01457 0.01461 ' 0.00004

5 | 0.01200 0.01204 | 0.00004 |
6 | 0.01054 0.01057 0.00003 |

7 | 0.00972 0.00975 | 0.00003
8 0.00935 0.00938 | 0.00004

Values of 6 for a= 10, b=1

a i



TABLE 40

clase |e. 5 |
1 | 1.0007 1.0010

2 | 1.0003 1.0006

3 | 0.9997 0.9999

a 0.9991 0.9992
5 | 0.9990 0.9990
6 | 0.9990 0.9988

2 | 0.9994 | 0.9985
8 | 1.0020 | 0.9991

| |

eres
Cypeae 7 a-8

|i 11.6017) 20018

| 2 ptosis 1.0010
pao 1.0002 | 1.0002

4 0.9993 | 0.9992

-5 0.9992 0.9992

| 6 0.9988 | 0.9990

| 7 (0.9981 | 0.9980

| 8 0.9976 | 9.9977

b= 1 throughout.

Values of 4(P) generated on the major axis at

<= 0, %, &S5)$ W7s5)¥, (-80)$, -8E)E (.go)¥, (095)8 |



CHAPTER 5

BIHARMONIC BOUNDARY VALUE PROBLEMS

Introduction

There are two areas of classical elasticity in which

the biharmonic equation

VW (vx) = V'% =0 (5.2)

plays a fundamental role:

(i) plane strain or generalized plane stress

conditions where (5.1) is satisfied by the

Airy stress function X.

(ii) the theory of thin elastic plates in which

(5.1) is satisfied by the complementary function

of the deflection w.

An analytic and numerical study of case (i) for certain

exterior problems of plane strain will be undertaken in

part II of this thesis and applied in the elasto-plastic

analysis of part III. The investigation of the Garsbedian

problem, which is the main aim of part I, falls wi thin

case (ii). Here we have an interior problem where the

boundary 9B is the ellipse (4.9). The previous analysis

of harmonic boundary value problems enables us to solve

biharmonic problems by representing the required function

in terms of two harmonic functions and applying appropriate

boundary conditions.

It is known (Hadamard, 1908) that a function Xx

which is continuous,and has continuous derivatives up

to the fourth order throughout a finite domain B, and which

satisfies the biharmonic equation (5.1) in B,exists and is

uniquely defined in Bif x and xX’ have prescribed

continuous values on 2B. We shall be concerned with the

problem of actually constructing x within B subject to

these boundary conditions.

Representation of biharmonic functions

An arbitrary biharmonic function x may be written

in the form

a= x dey (542)



where gs vy are narmonic functions of the Cartesian

coordinate variables x , y+ First we note that the right

hand side of (5.2) is certainly a biharmonic function since

od
Vie a2 3x;

v(x) =av 3 r2zZv¢-o.

Reversing these steps (Appendix 4), we can prove the

validity of (5.2). Similarly we can write

A= Ug +. (5.3)

A disadvantage of (5.2) and (5.3) is that g andy

are not unique for a given x. For any given @ and ¥

in (5.2), for example, we may replace ¢ by ¢ +a+ by and

yY by ¥- ax -bxy , where a and b are constants, without

altering x .

A superior alternative to (5.2) and (5.3) is

Hard ey (5.4)

which is valid since

2 ad 2Vn= 4 (4 +3 ey 3S) (5.5)

is harmonic. The representation (5.4) is unique for

if d is replaced by ¢+% where & is harmonic, ¥ must

be replaced by Yooh , This requires

ah ah)n(h+xB +y%)=0 (5.6)

and if h =S, , a plane harmonic function of degree n ,

Euler's theorem on homogeneity then demands

(ar1)S, = © (5.7)

i.e.
sine

n=-l, ge 8 or —

and this is impossible for an interior domain (containing

the origin t = 0). The formulation would also be invalid

in an exterior region in the context of logarithmic potential

behaviour at infinity, since r*h would be O(r ).

If zx, x’ are given on 2B, then the boundary values

of $6, ¥ and their boundary normal derivatives ¢', ¥’

satisfy

id



X(p)= 7 B(p) + lr), (5.8)

X'(p) =2re'G(p) +e°$'(p) + ¥'(p) . (5.9)

These form two functional relations between four unknowns

Gard Po sO itr ae Nevertheless ¢ , ¢' are coupled

by Green's boundary formula

f ta lp-gl aCe) ag, - feal-al’$ (adda = ©,
2 28

and similarly for yy, ¥'. This shows that @ , Y may

in principle be determined from (5.8) and (5.9). We now

show how they may be computed in practice.

Utilisation of simple-layer potentials

To make further progress we identify g and ¥ of

(5.4) as logarithmic potentials generated by simple source

distributions on 2B with densities o(y), Bh %) to be

determined. Thus we write

g(p)= f mIP~2l ela)de, (5.29)
23e

w(P)= ft IP-alple)de.a © (5.11)

These potentials remain continuous as p approaches any

point p of 2B and so on 2B we have

Br) J Sa lp-a| w(e)dq, (5.12)

(=f to Ip-al Ala) de. (5.13)

It is a mown result (Kellogg, 1929) that

$(e)= f Qn'[p-glola)dg + relp),
~ ee nis =

¥ (=f le ol nadr4g + male), (5-15)
"28



whence it follows that

J a'(rap = J ¥(p) dp =O (5.16)
28 eB

as expected.

Substitution from (5.12) to (5.15) into (5.8)

and (5.9) gives

ch (Bly cleete Nae + f Lal p-q| Biy)de = xp) % (5.17)
2B 2B i 5

er! f dalp-alola) aq, i r{en'lp-g]o(q aq. + creole)
eB OSE! |

+ JO’ lpg pty rag * uty lp) =5) Cp).
2B (5.18)

Equations (5.17) and (5.18) form a pair of coupled linear

integral equations which exhibits a unique solution for the

densities © and ». With these known, the harmonic

functions ¢ and Y , and hence also x , can be nerated

at any point P of B using (5.10), (5.11) and (5.4).

To effect a numerical treatment of (5.17) and (5.18)

we employ the assumptions, techniques and notation developed

in chapters 3 & 4 so that the equations become

pear cS; jo telp-a | dg +E Qnlp-al da = X(p) 5 (5.19)
ist

2m! Be o:{ Glp-plde + es af t'lp-al ag + 0 we(p) (5.20)
tar

+ Esl lp gldat TALE) mi me
where subscripts on © and m» refer to values at nodal

points. These are defined on 2B using equal eccentric

angles and the integrals are computed using (4.5) and (4.6).

Trial Prob

As a basic trial problem we generate numerically

rc“ in B from the boundary data X=r*, xX'=2er' on

0B and compare with its theoretically expected value.

Since this problem only differs trivially from the sctual

R il
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Garabedian problem i.e. the right hand sides of (5.19) and

(5.20) will be different, it enables any errors of formulation,

discretisation, or programming at once to be detected. If

x (P) [ce] = rg(P)+¥(P) ; PeB, (5.21)

clearly we have theoretically

d(P)=1, ¥(P)=O ; PeB (5.22)

and o and » may be identified as solutions of

jie Ie ae is pe 2B, (5.23)
OB

Jat) dn lp -a| de = oF p € OB. (5.24)
2B

Except on the [-contour (chapter 2), aCe) = 0, and «(4 )

of (5.23) has been found numerically and analytically in

chapter 3. It will be enlightening to compare these

values of © and » with those obtained from (5.19) and

(5.20). After the construction of 4¢(P) and ¥ (P) from

(5.10) and (5.11), equation (5.21) completes the biharmonic

solution which may de compared with its analytic value X= ae

Our procedure again is successively to halve intervals

and the final results shown in tables 41 to 50 are forn= 32.

We considered ellipses with a range of axial ratios (o/b) on

various scales. The tables show results obtained with

b wt leihan25 35452800 In table 41, column (i) is the

axial ratio, columns (ii) to (iv) are values of x (P )

generated along the major axis at the points x= 0, x= (0.5)a,

x= (0.975)a respectively; columns (v) and (vi) are the

maximum and minimum valves of the order of lpeCed] . In

columns (ii), (v). and (vi) the analytic value is zero.

In columns (iii) and (iv) the upper figures are the computed

values, the middle fieures the analytic values, and the lower

figures are the errors. Tables 42 to 50 show numerical

values of «(p ) in comparison with the analytic values.

As before a

Si Sie = Sig sas,

€x = Sis — Gy = Sai, ete



by symmetry. As might be expected, numerical results

for biharmonic problems are not as accurate as in } onic

analysis. Nevertheless the generated X , even vé near

the boundary (column (iv)), and the values of « (p’) are all

within 1% of their analytic values for the 2: 1 ellipse;
whilst »=QO( to ) is a good numerical counterpart to the

analytic solution «=O. We may now confidently proceed

to the Garabedian problem itself.

Thin Plate Theory.

The deflection w of a thin isotropic plate under a

transverse load f per unit area satisfies the biharmonic

equation

—_

Vue D in B (5.25)

where D is the flexural rigidity, i.e.

. QE

et)
where E is Young's modulus, v is Poisson's ratio, and

2% is the thickness. The boundary condition for a clamped

plate is

wewsO on 0B. (5.26)

A single concentrated transverse load is represented

mathematically by

§ =k S(P-S) (5.27)

where k is a constant and § is Dirac's delta function.

The vector S specifies the point of application of the

load (source point) and the vector variable P specifies

points in B (field points). The required deflection,

therefore, is the biharmonic Green's function G@ which

satisfies

k

NOG = p 6(P-S), (5.28)

This equation admits a particular intecral

k 2
Sten eae (5.29)

where R=|P-S/. The textbooks (e.g. Love, 1952)

provide formal proof of this, but give no general solution

except in the special case of a circular domain.
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Bquation (5.29) is, in fact, the fundamental solution of

(5.28) or, alternatively, the Green's function for an

infinite domain. Since R'¢ is biharmonic if ¢ is harmonic

we may regard R°*2£R to be the biharmonic singularity corres-

ponding to the harmonic singularity 44. It is clear

that g and g' can be determined on 0B for any $. Thus

to solve (5.28) subject to the boundary conditions

G:G'=o on 2B, (5.30)

we write

Gast (5.32)

where

V*x=O in B (5.52)

subject to

a= -g, 20'=-9" on 9B. (5.33)

The biharmonic equation (5.32) may now be solved subject

to the canonical boundary conditions (5.33) using the

methods described in this chapter. Results and discussion

are contained in chapter 6.
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TABLE 41

(ome 1 eco mee ee 2 j alee et

GS, (444) | Cay eee) a
Soll Cae es Oe Sete Oe ligt “Sha, Sin

af(b = 1) 2%(0) ACS) GS 1.95) “Order | Order |
SPR Ue ee ee | minfal |

2/ |= 0.0003 | 1.0008 | 4.8173 pelos? 2 Oe Ga
1.0000 | 3.8025 | |
0.0004 0.0158 pe | |

3/1 |= 0.0002 | 2.2501 8.5649 10n4 | 10+
2.2500 8.5556 |

0.0001 | 0.0093 2

4h |= 0.0001 | 4.0003 -15.2139 LO -/ NS Ome

4.0000 | 15.2100 |

0.0003 - | 0.0039

5/1 |= 0.0001 23.7659 ' 107! | 1073

6.2500 _ 23.7656

0.0009 = 0.0004

6/ |= 0.0004} 9.0020 34.2217 fe LOn a ee

9.0000 34.2225

0.0020 9.0008

v7 - 0.0010 a2 e54D 46.5814 10-¢ lo ~3

12.2500 46.5806 |

0.0035 | 0.0008

gi |-0.0019)16.0050 «60.8447 1 1073 |
16.0000 60.8400

. 0.0050 _ 0.0047 i

ies Sn te ee me Bee ca OL
of! |= 0.0029 20.2560 77.0114 a 1073 |

20.2500 77.0006 | |

0.0060 | 0.0108

lof) | - 0. 0037 25. 0060 95. 0813 ie stom 3 7
25.0000 =: 95.0625

0.0060 | 0.0188 i



TABLE 42

COMPUTEcul
“1 0.3905 :
2 0.5491 | 0.3507 0.0016 |

3 0.3026 0.3041 0.0015

4 0.2638 0.2642 0.0004 |
5 0.2350 | 0.2349 0.0001

6 | 0.2155 0.2150 0.0003 |
2 0.2031 0.2028 0.0004
8 | 0.1973 0.1970 0.0005 |

Values of oj for @=2, b= 1

TABLE 43

c | CoMPuTED ANALYTIC ERROR |

1 | 0.2293 0.2213 0.0080 |
2 | 0.1703 0.1775 0.0072 |

3 | 0.1373 | 0.1378 0.0005 |
Wee EO IA Re I 0.1118 0.0003 |
5 } 0.0957 0.0955 0.0002 |
6 | 0.0855 0.0854 0.0001 = |
2? | 0.0797 0.0796 0.0001 |
8 9.0770 | 0.0769 0.0001 |

TABLE 44

C ' compurep | ANALYTIC
BP ong. is gomenier a =|
2 | 0.1035 0.1154

3 0.08354 | 0.0834
4 | 0.0646 | 0.0655
5 | 0.0557 ' 0.0550

| 6 | 0.0486 | 0.0488

ja ' 0.0455 0.0453

Ps | 0.0436"

Values of & for a= 3, b= 1

Values of G



TABLE 45

ay
}

o COMPUTED | ANALYTIC — | “pRROR |

bat 0.1446. ae 1306 =——|_~S(O 0140 st
12 0.0693 | 0.0833 0.0140 |

| 3 | 0.0613 | 0.0576 0.0037 |
| |

4 | 0.0426 | 0.044 0.0013

| 5 | 0.0381 | 0.0370 0.0011 |

6 | 0.0320 | 0.0327 0.0007 |

| 7 | 0.0507 }. 0.0302 | 0.0005

| 8 | 0.0290 | 0.0292 | 0.0001 |
fee a ene apace EL A EON as

Values of 6 for a= 5, b=l

TABLE 46

c e compursp | anabyrzc ERROR

| 1 | 0.1244 0.1099 | 0.0145 |
|

2 | 0.0499 | 0.0639 0.0140 |

3 | 0.0473 | 0.0429 | 0.0044

| 4 0.0305 | 0.0327 0.0022. |
| 1

} 5 0.0286 0.0271 0.0015 |
|

| 6 | 0.0229 0.0239 0.0010 |

| 2 | 0.0229 0.0221 0.0008 |
8 | 0.0210 0.0213 0.0003

4 Values of 6 for as 6, ba alt aie ae

TABLE 47

a 2 conPus TED ANALY?IC "BRROR i

fod 0.1083 | 0.0950 0. 0138 |
ie 0.0334 ; 0.0511 0.0127 |

3 | 0.0379. | 0.0338 | 0.0043
eth O. 0252 0.0255 0.0023

5 0.0226 0.0211 0.0015

| 6 0.0174 i 0.0185 0.0011

ro? 0.0181 F 0.0072 0.9010

8 0.0160 0: 0165 0.0005 j
eee icoesiat sasaieee ai) as ee !| | |

Values of «¢ for a= 97, b=91
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TABLE 48

|
|

aero tn ae

[ ¢ |coururap = | ANALY?IC | BRROR |
| 1 /0.0959 0.0835 0.0124 |
12 | 0.0313 0.0421 0.0108
}3 0.0312 0.0273 0.0038
14 0.0185 0.0206 0.0021
ls 0.0135 0.0170 0.0015
| 6 0.0139 0.0150 0.0011
19 0.0148 0.0138 0.0010
| 8 0.0128 | 0.0133 0.0005

Values of G for a= 8, b= 1

TABLE 49

| C | conpuran ANALYTIC | ERROR
}1 0.0850 | 0.0744 | 90166
| 2 0.0267 0.0355 0.0088

| 3 | 0.0258 0.0228 0.0930

| 4 (0.0154 0.0172 0.0018

5 0.0154 0.0142 0.0012

6 0.0115 0.0124 0.0009

|? |0.0124 0.0115 0.0009

8 0.0106 0.0110 0.0004
| me: | a ea,

Values of 6& for a= 9, t= 1

TABLE 50

| ¢° | compursp | ANALYTIC | BRROR |

[ 1} 0.0758 | 0.0668 | 0.0090 |
te 2) 60255 «ol 0.0305 i 0.0070
1.5 | -o/o218-- | 0.0195 0.0022
| 4 | 0.0132 0.0146 0.0014

5 0.0130 0.0120 0.0010
6 0.0098 0.0106 0.0008
7 0.0105 0.0098 / 0.0007

8 0.0090 0.0094 ' 0.0004
} i

Values of ¢ for @= 105 °b = 2



CHAPTER 6

STUDY OF THE GARABEDIAN PROBLEM

Introduction

In chapter 1 we gave an account of the Garabedian

problen. This concerns the deflection of a thin clamped

elastic plate under concentrated transverse loading.

Translated into mathematical terms the problem is that of

determining a biharmonic Green's function G throughout the

domain B of the plate subject to the appropriate conditions

on the boundary 2B. Hadamard (1908) conjectured that G has

the same sign throughout B, i.e. the deflection has every-

where the same direction as the applied load. Garabedian

(1951) demonstrated that the conjecture fails if B is an

ellipse of axial ratio 5/3 if the load is located sufficiently

near an extremity.

It has been established that the transverse deflection

of a thin clamped elliptic plate can be computed numerically

using boundary integral equations. On the basis of the

formulation and numerical analysis described earlier, the

author has written a computer program which yields the

deflection G(P,S) for any location of the source point S$

and of the field point P within the ellipse.

We recall that the required deflection is the solution

of the equation

v'G= & &(P-s) (6.1)

subject to the boundary condition

G=€=0 (6.2)

on the boundary eB given by

Ee. (6.3)

Choice of ellinses

Results have been obtained for several ellipses on

various scales, and we select for discussion in this thesis

the following axial ratios:-

O/B yp ellos LeQNese \O/ UROL Sen Ay or

x



Our choice was motivated by the following four considerations:

(i) The circle (2/2) should obviously be included

since this is the only "ellipse" for which an

exact analytical solution is available. This

provides a valuable check on accuracy.

(ii) The 2//4, 2/J2, 2/1 ellipses were considered by

E. Jaswon (1969), and comparison with his earlier

numerical work is possible if these axial ratios

are included.

(iii) It seems advantageous to extend the analysis to

ellipses of higher axial ratios than any previously

considered. Thus we include 2/3 = 3/1 and

2/% = 5/1. ‘

(iv) Garabedian considered the axial ratio 2/1.2.

We believe that, in the neighbourhood of this

value, there exists a critical axial ratio from

the point of view of the failure of Hadamard's

conjecture. Accordingly we consider three axial

ratios which are greater and three which are less

than the one considered by Garabedian.

To facilitate comparisons we take a= 2 throughout. This

also ensures that the [P-contour (Appendix 1) is avoided

for all b>0.

In each ellipse, source points S were taken

successively at

Reem OA Ome bles ley oem «O06 © basd,, 0090); 1595

and the deflection G(P,$) was generated at field points

along the major axis separated by intervals of 0.125.

Additional field points P were inserted near the vertices at

x = +1.80, + 1.85, +1.90, ears 95)

so that close attention could be paid to the generated

deflection and its normal derivative near the boundary.

From these results the profiles were drawn after critical

examination. Abbreviated results are shown in tables 52 - 57.

Assessment of Accuracy

Careful scrutiny of the results is important since

Hadamard's conjecture is disproved by very small negative

deflections. These are O(10%) in units of ka /327D.
It is interesting to note that in Garabedian's example

the result depended on the sign of a certain infinite sum.

This also proved to be O(io°%). To ensure the reliability
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of our conclusions, we must distinguish between deflections

that are inherently negative and those that are in fact

small and positive but are made negative by numerical

inaccuracies. As a check on the validity of our numerical

solutions we adopted the following procedures:-

(1) The number of nodal points was successively

increased, i.e. n = 4, 8, 16, 32, so enabling

numerical conditioning to be examined. It was

found that deflections steadily approached their

values shown in the tables, which refer to n = 32.

(2) The dbiharmonic trial function r* was generated

numerically throughout B and compared with its

theoretically expected value (chapter 5). Reliable

results were obtained in this trial problem which

differs only trivially from the Garabedian problem.

Errors of formulation, discretisation or programming

are thus detected and eliminated.

(3) An exact analytical solution is available for the

circle against which our numerical solution can be

tested. Reference to table 52 shows that the latter

provides a reliable picture of the deflection profile.

(4) The theoretically expected symmetry property

G(P,S) = G(S,P) is fulfilled to an excellent

degree of accuracy by the numerical solutions.

Furthermore, by virtue of the symmetry of the

problem with respect to the minor axis G(P,$8)=G (2-3)

i.e. G(P,S ) = G(-S,-P), so providing an

additional check on accuracy. Examples are

indicated in the tables by underlining quantities

which are theoretically equal.

(5) The generated profile must approximate towards

G=G'sOas the boundary x = + 2.00 is approached.

Procedures (1) and (2) have been discussed earlier.

Concerning (3) it suffices to quote the classical formula

which yields the results shown in table 52. From Timoshenko

and Woinowsky-Krieger (1959) we obtain an expression which

reduces to

+ (e=20)' Qn —. (6.4)
?

@ cr Ya 1)

Gesy-eG.t)-* (=o

where ¢ and x are the Cartesian coordinates of P,&

respectively. in the preparation of the graphs and tables,

69



procedures (4) and (5) were used extensively. We did not

accept the validity of a negative deflectionG(P,S) unless

GC S,P ) was also negative. When only one of G( P ,S ),

G(s, P )was negative, the symbol (-) is attached to that

negative value to indicate that zero would be a more reliable

result. Unreliable results only occur for field points very

near the boundary. In such cases it was sometimes obvious

that a better result could be obtained from interpolation

using the boundary value G=O. An asterisk in the tables

indicates where this improvement has been made. The symbol

- 0.000 denotes a value between zero and ~ 0.0005. Negative

values were rejected according to procedure (5) if they did

not return towards zero as P —> ( £2.0, 0). For example,

(re)

ww

; (c) | si

FiG. 3

the negative values in the profile (a) of figure 3 may be

regarded as only numerical approximations for those of the

true profile (b); whereas profile (c) sussests negative

values should be accepted. This suggestion becomes a

confident assertion if verified by the reciprocity

relationship of (4). To illustrate behaviour ef type (c)

above, we include table 58 which gives extra decimal places

and extra field points for the 2/1 ellipse.

When spurious results had been discarded on the
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of the above considerations, the values of G were fed

into a computer program which produced the profile as

output on a graph plotter. An approximation based on

cubic splines was used to draw the profile, and the program

automatically constrained G and G' to take their assigned

values on the boundary, i.e. G= Zi =O. This constraint

assisted further in minimizing the effect of inaccurate

data near the boundaries. Graph plotting by hand was also

carried out as a check and showed that, in some cases,

notably near the maxima of G , the cubic approximation

was inadequate. Some manual overwriting was necessary;

the profiles are shown in figures 4 to 27 for S given by

Y= 0,005), 2msOe00, . 2.00, 875, , 1.90.

Exhibition of Results

F We now display our results in the form of tables and

graphs. In the graphs the horizontal axis is the major

axis (2% - axis) on which an arrow indicates the source point

The vertical axis measures the deflection and is marked in

units of the dimensionless quantity

w ka.

@~ 32nD

The tables also list units of this quantity.

An interesting effect of the clamping is that the

maximum deflection deviates slightly from 5 towards the

centre. Thus it is only when S is at the origin that the

maximum deflection occurs exactly at S . To illustrate

this deviation, table 59 is included which shows extra field

points for the 24% ellipse.

Conclusions

Some general conclusions clearly emerge from the

results obtained. For any ellipse the maximum deflection

always occurs when S and P are at the centre. The value

of this maximum decreases as the minor axis decreases.

As S approaches the end of the major axis, the deflection

everywhere approaches zero as expected.

The deflection profile for the 2//4 ellipse follows

broadly the same pattern as for the circle with G >O

everywhere for each choice of S. As the axial ratio

increases to 24/2 the behaviour of G becomes marzinal from

the point of view of Hadamard's conjecture. Some negative
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values are generated, but the procedures described

earlier suggest that these are only spurious numerical

effects. We differ here from E. Jeswon (1969) who

concluded that negative deflections existed for any

location of $ in this ellipse.

For the 2/1 ellipse our analysis indicates that G>90

everywhere if the load is at the centre, but negative

deflections do arise as § moves towards an extremity. Our

procedures confirm this as well established if [P\21. (Table

58 supplies good supplementary evidence to support the

results of table 55). Our profiles for the most part

resemble those of E. Jaswon (1969). We disagree, however,

with his conclusion that, if Hadamard's conjecture fails

for an ellipse, it fails for any location of § on that ellipse

When we compare the behaviour of Gfor the higher axial

ratios given by b=¥% and b6=*%4 we find again that negative

deflections exist. Two other interesting features are

evident :

(a) negative deflections now arise for any 3 on

the major axis;

(b) negative deflections arise between the source and

the neerer vertex if S is sufficiently near the

centre. (For the 2/1 ellipse negative deflections

only exist between S$ and the farther vertex).

It must be admitted that the oscillatory behaviour of G

in figures 26 and 27 is partly a numerical effect which

becomes more pronounced as a/b increases to 10/1. However,

for elongated ellipses, oscillations of this kind have been

expected by engineers. As far as we are aware no attempt

has been made to investigate this problem experimentally

although interest has been expressed. The experimental

errors in

(a) preparing a perfectly isotropic specimen,

(>) producing true clamping conditions,

(c) measuring elastic constants,

are no doubt likely to be of a higher order of magnitude

than is found in our numerical analysis. Experiments have

been carried out on some similar plate problems sy Ligtenberg

(1954). Usine photoeraphs of "Moiré" fringes. he claimed

plate.

our

accuracy of about 5% except near the edzes of the

The most interesting conclusions sussested

results are

(i) there exists a critical axial ratio & in the

neichbourhood of 2//2 below which Hadamard's

72



(ii) there exists a higher axial ratio H satisfying

such that if a/b 7H Hadamard's

is suggested.

of G as the axial ratio increases, i.e. as b decreases

conjecture always holds and above which it

fails for S sufficiently near a vertex;

2<H<3

conjecture fails for any S.

Garabedian's particular investigation for the case of

a/b = 2/1.2 = 5/3 is in accordance with (i), and the

result

1.4144 <*% < 1.667

while a is held equal to 2.

The following table displays the behaviour

TABLE 51

be ip Axial ratio Result

2 One G(P,S) 70 for all Pand all S

We 1.1547 G(e,S) % 0 for all P and all §

We. 1.4142 G(P,S) 20 for all P and all S

2/h 4

le 1.6667 G(P,S) <0 for someP for some $

as 2.0 G(P,s) <0 for someP for some

2/H H

2/3, 3.0 GCP ,S) <0 for someP for all $

2/5 5.0 G(P ,s) < 0 for someP for ail S

Summary

The preliminary analysis of Garabedian has thus been

confirmed and extended. The originality of our present

contribution to the problem consists chiefly of

(a) the presentation of profiles more accurate than

(b)

any previously obtained.

by refined numerical procedures, and the improvement

is confirmed when our results are compared with the

analytic solutions for the circle.

the discussion of more elongated ellipses than have

been previously considered and the conclusions

concerning the critical axial ratios & and H in (i)

and (ii) above.

This has been made possible



TABLE 52 Circle ee 2/2)
Papen

P\s 0.00 | 1.00 | Lae c 1.90 0 |
0.004

0.00 | 2.000

1.00 0.807

"1.75 | 0.060

1.90 | 0.010

The upper figures were obtsined analytically.

The lower figures were obtained numerically.

TABLE 53 Ellipse 2/ Js
ti Sores! Be ee a

>\s 0.00 1.00 as we / 1.90 |

-1.90 | 0.002 | 0.007 *0.001 | *0.001 |
| i=1e75 0.043") “10.016, |—- 0.002 0.002 |

=1.00 | 0:638 | 0.159 | © 0.008 0.000 |

0.00 | 1.698 |; 0.639 | 0.044 0.008

500 je) 05658, 9). 0-994" 2). io, d05 0.018

1 75yeal OnG85: | 0.103) 9). “0.108 0.030

1.90 (0 0.002 | 0.000 | 0.006 | 0,007



TABLE 54 Ellipse 2//2

rina: Se T
P\S 0.00 i 1.00 | 1.75 | 1.90 |

“Zr.901(=j)o.001 | 0.003 | *0.000 | *o.000

-1.75| 0.022] 0,003 0.000 0.000 |
| =1,00| 0,406| 0.074 | 0.002 | (-)0.00i

0.00! 1.266] 0.407. | 0.024 | 0.004 |
| 1,00/ 0.406} 0.792 0.078 | 0.012 |

| T7515, Gn022) 90.076 =|. 10.004 a1. = O022). |

| 2:90 90.001 (-)0.001 | 0.005 | 0.003

TABLE 55 Ellipse 2/1

|e BOW Gro) | 1.00 1.75 } 1.90 |= \ . | . . ; F | as ger |

J-1.90 |(-)0.001; -0.001 {| -0.001 |; -0.002

-1.75 | 0.002 -0.001 | -0.002 | -0,002
j-21-00 | 0.131} 0.007 | -0.000 | -0.001

| 0.00 | 0.689) 0.133 | 0,004 0.001

1.00 | 0.131} 0.474 | 0.034 | 0.003,

Ways WO. 002 |. 0.030 “amaze 1h G-O12) ar

| 0.004 |

| = lew a ae
1.90 |(-)0.001 | (-)0.002 | 0.007

st



| 1.90

j
|

| P\s | 0.00 1.00 | 1.75 |

(Z1,90 -0.001 | -0.002 -0.003 | -0.004 |
75 -0.001 | -0.002 -0.005 0.004 |

|-1.00 0.017 | -0.001 -0.001 Eouoot. |

| 0.00 0.317 0.018 -0,001 | =-0.001

| 1.00 0.017 | 0.230 0.005 1S S0s00: a
| 1.75 | +0.001 | 0.001 0.045 9,004

| 1.90 | -0.001 | -0.004 0.005 | 0,004 |

[ier ee the Ss (ee tee att

TABLE 57 Ellipse a/e
Po re oa? Ceiem ee a eTy a capa Rok Bene,

Hiduke 00 1.75 | 1.90 |

\* 0.001 ~0.003 | -0.003

0.001 0.003 0.003=, 001-0; 000 -0.001 -0,.003 -0.003 |
0.00 0.118 ~0.002 -0.003 -0..004 |

1.00 -0.000 0.086 -0.005 -9.005 |
1.75. 0.000 0.001 0.028 0.008

1.90 | -0.000 -9,002) | *(=)0.001 0.003 |
|1



TABLE 58 Ellipse 2/1

ze ape a eo

ei, cee een |
“21.875 | -0.0009 -9.0012

-1.750 | =0.0013 0.0017

£1,625 | =0.0016 -0.0019

| -1.500 -0.0016 | -0.0019

1.375 | -0.0015 -0.0018

| 72.250 | -0.0012 -0.0016

| 1.125 | -0.0009 | -0.0014

| 1.000 -0.0004 | -0.0011

-0.375 0.0003 -0.0008

-0.750 0.0013 -0.0004

-0.625 0.0026 | -0,0000 |
-0.500 0.0045 | 0.0005 |

Behaviour of G in the neighbourhood of a minimum.

ue



TABLE 59

0 | 1.0

0.007 | 0.007

0.043 | 0.010

0.097 | 0.022

0.171 | 0.038

0.263 . 0.0621

0.373 | 0.088

0.499 | 0.121

0.638 | 0.159

0.788 0.203

0.945 | 0.252

1.105 | 0.306

1.263 | 0.365

1.413 0.428

1.546 0.496

1.649 | 0.566

1.698 | 0.639

VeeiOM de 0.712

1.546 0.786

1.413 0.856

1.263. | 0.922

1.105 0.976

0.945 1.015

0.788 | 1.028

0.638 0.994

0.499 0.873

0.373 =-0.712

0.263 0.539

0.171 | 0.372

0.097 0.223

0.043 | 0.103

0.007 0.01

a are ae

Ellipse 2/vfz

1.5

*0.002

0.004

0.005

0.009

0.014

0.020

0.028

0.038

0.049

0.062

0.075

0.092

0.109

0.128

0.149

OoaAL

0.195

0.220

0.246

0.292

0.299

0.925

0. 350

0.373

0.390

0.399

0.392

0.354

0.248

0.129

0.022

1575

*0..000

*0.001

0.001

0.002

0.00%

0.004

0.006

0.008

O.0L1

0.014

0.018

0.022

0.027

0.032
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CHAPTER 7

INTRODUCTION

Introduction

In part II of this thesis we consider another type

of biharmonic problem, that of determining the elastic stress

field outside an elliptic cavity under plane strain conditions.

These problems differ from that of part I in the following

respects :-

(i) the biharmonic equation is satisfied by Airy's

stress function, which has no direct physical sigcnificane

(ii)when the biharmonic function has been obtained, further

operations are required to compute the stresses;

(iii)we now have an exterior problem;

(iv) progress can be made with analytical solutions in

confocal elliptic coordinates.

Two main contributions are here made to the study of

such problems. First, the formulation and techniques of

part I are adapted to the plane strain of infinite exterior

domains. Secondly, some exact analytical solutions are

achieved utilising the representation 7A =r*g+%, which

agree with those previously obtained by Muskhelishvili (1963)

on the basis of his complex variable formulation.

The present chapter is devoted to the theory of Airy

stress functions and to the representation of these functions

in terms of two-dimensional potentials.

Plane Strain

The equations of equilibrium for plane strain

conditions in the absence of body forces are
2

Axx , Oy -
Cae ey Bo

aan oe

on + oy =O, (7.2)
oan

x. Ce

where 2,4 ,2Z are Cartesian coordinate variables and x . 4 iy

gy , 2 are the non-vanishing Cartesian stress components.

The first two equations of (7.1) are automatically satisfied

by writing
IzOe at eee

Pe Bus J WON? Eo 8gVv
>

(7.2)

lo nog



where XH =x (cam ) is termed the Airy stress f The

strain-stress relations for an isotropic materi

E Ep, = (r+) py = Gi OS e.5 (9.3)

where

$ { Owhen p#y,

rel, when p=¢q@,

Palomares Ges

© = xk +yy+ 22,

f is Young's modulus and v is Poisson's ratio.

The non-vanishing strain components are

Mm ov 1 fdu dvExe 3x, Fes ay BAG Ge 3 (7.4)

where u,V are the Cartesian components of the elastostatic

distlacement. Since £2. = 9 under conditions of plane

strain, it follows from (7.3) that

Ze = 0d + ¥5). (7.5)

It can be seen from (7.4) that
2

oe Deu, Ons
ie nes <1Q 7.6ay * Ox* axdy CES)

which is the Saint-Venant compatibility condition between

the strains. Arbitrary prescribed strains must satisfy

(7.6) to ensure the existence of a displacement vector.

Substituting (7.4) into (7.6) and utilising (7.1) we obtain

V'e@-0 (7.7)
2

where Vis the two-dimensional Laplacian operator, whence,

by (7.5)

WT (1H)= 0. C768)

Since e
xeryy = WX

vy (7.2), we see that x satisfies

= om Se Sate
TV 2) = eel 2 ay a 2Ou

i.e. the biharmonic equation

V'n =O; (7.9)

Thus a plane strain problem for a medium free trom
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body forces may be formulated as that of finding a solution

of (7.9) subject to the appropriate boundary conditions. (An

analogous equation can be obtained for generalized plane stress.

In this case zz =O everywhere and the derivation of

equation (7.9) is therefore slightly different).

Boundary conditions for traction problems

We introduce F,(s), F, (s) to denote the traction

components per unit length of boundary at the point x(s),

y (s ) of the boundary 9B, where the tangent vector

increases in such a way as to keep B on the left. The

usual convention that n is the inward normal ensures that

the "Cauchy-Riemann’ equations

zy de _-dy
a da ds CRD)

,

are satisfied. Treating the expressions in (7.10) as

direction cosines we have

4 A dsc
peshak- ak-at,

x a ye Fdaalene Aw -4R-HE. ——

By (7.2) these become

; Tf Oe £22)Ps = ee. Fy= ds vou (7.12)

Integration of (7.12) yields

s

Ox
Sores ot,sn be F,(s) ds +

s

~{ Etiae + A; (7.13)
Se

where s, denotes an arbitrary origin on 9B, and «,,4

are arbitrary constants of integration. Hence, given F, , Fy .

we may evalute the boundary quantities

Ss Ss

dt dx , WdysO" te Gera ep (7.14)
where ¥ is a further constant of integration, and

dx _O@xdx _ Ody

BOAT, “tan dnl BS an | (7.15)
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Thus the traction problem leads directly to the canonical

poundary conditions for the biharmonic equation C759) y Lees

the problem consists of finding 2% in B when 7% and 2’ assume

prescribed values on 23. We note that x, x’ include

arbitrary terms «x +/y #0, ax’ +6y' respectively. These

are the boundary values and boundary normal derivatives of a

harmonic function “= +Ph4¥+¥ existing in B. It arises

from the constants of integration but makes no contribution

to the stress field. Thus we may, for example, set «=s=¥=0

since s, is arbitrary.

From (7.13) we see that the «- component of resultant

force on 3B between s, ands is [3 fs Thus for a
simply-connected domain B in statical equilibrium, ea must

be a single-valued function of s, and similarly for a

Further, the resultant positive couple on 9B between s, ands

is

{ (xr, ~4Fe) ds --{iT- 4 (2) + 95% (%)) ds
s

. Cx ne ee
; [x Soe pd Ogi (7.16)

ee _ ot
showing that 7 — X« ~ Jy is a single-valued function

of s in statical equilibrium. This implies that x itself

is single-valued on 2B and hence throughout B.

Exterior Domains

If 2B is the internal boundary of an infinite domain

then the resultant tractions and couples on @B need not be

equilibrated, since they can be compensated by stresses

applied at infinity. If the tractions are equilibrated,

then 3% pea are single-valued, but this does not necessarily

imply that x is single-valued. If; for example, # =®

we have

Bx aes =o. : ex = oe = =
Ox be) xy? By Oy” 2* Fy"

Single-valuedness of 2 is ensured from (7.16) if the

resultant couple is equilibrated. Multi-valued displacements

corresponding to Yolterra dislocations may exist in a ring-

shaped domain or an infinite exterior domain, even if x

is single-valued (Love, 1952).

This analysis was discussed generally by Jaswon

(private comnunicetion) and Symm (1964) who showed how to

construct harmonic functions exhibiting given multi-valuednes
s
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on Ox . =
it 44 S25 ey respectively, no dislocations (Love, 1952)

being present.

we shall assume that all non-vanishing stresses at

infinity can, be eliminated by suitable superpositions and

that no dislocations are present. Hence XH is always a

single-valued function in our analysis. For example

consider the problem of an infinite medium with an internal

boundary subject to uniform normal pressureP. In this case

no resultant force or couple is produced. By reference

to figure 23

1D

3

B cs ‘
i

'

In

and equations (7.10) we obtain convenient formulae for

evaluating F, , Fy - The normal and tangential stress

components m, nm$ , at s may be viewed as the components

of stress in the -n , -s , directions on an element of

boundary oriented in the -4 -direction. Thus there results

:

Fee Be -mYe-3e
ee dn das

= ms Ped eed (7.17)

For uniform pressure P we have

an =—P, Sere on 2B, (7.18)

whence the boundary quantities

pP#® FPPoet ds, se, as. (7.19)



a= — (tay), 7 =F asl oy) on oe (7.20)

the constants of (7.13) and (7.14) being so chosen as to

produce maximum symmetry.

Biharmonic Representations

We now discuss the solution of the biharmonic

equaticn (7.9) subject to the boundary conditions (7.20).

We note at the outset that the resolution X= r*d+¥ used

in part I, where ¢ and ¥ are simple source potentials, is

inadequate to represent a biharmonic # in an exterior

domain. This is a consequence of the behaviour

fools) 4 /P-s] dg > dor fola)dy + O(+)
x 2

as r= [P] 00 » which implies that no constant harmonic

function can be represented in an exterior domain B by a

simple source potential (although it could be so represented

in an interior region).

It is therefore necessary to modify the formulation

(5.4) used for the interior problem and write

mar Pt 4K, Cheek)

where B= g(P)= J =(s) time tae ;

ve (P)=f ple) kn IP-4/de, } (7.2
38

and ¥ is a constant to be determined from the physical

condition that the stresses decay at infinity. To ensure

this we must have

g = O() (7.23)
since higher powers would either produce ‘non-vanishing

stresses at infinity, or in the case of ¢=O(dhr),

+*d =O( r* nr), a radial fissure (Love, 1952).

Equetion (7.23) is satisfied by imposing the

condition

JCx)ay : an fety)ay SAO = (7.24)
3 2s

We require, therefore, to solve for =(4), nl q) and v

the coupled integral equations

mTM B(p) + ¥(p) -¥ = xlp),

Are! ble) eer dle) + ¥'lp)= Ale),
log

| pe dB, (7-25)



subject to the side condition

{ ela) dg =O (7.26)
eB

which compensates for the appearance of the unknown constant .

The richt hand sides of (7.25) are the known values of

d(p), *'Cp) given by (7.20). The terms gir), ¥lp), Fp), ¥'(p)

are as in (S712) to (5.15), i.e. they are obtained from the 2
potentials in (7.22) and their normal derivatives by letting

P +P on 2B. Equations (7.25)and (7.26) may be solved

numerically, whereupon 2 can be generated throughout B using
(7.21) and (7.22).

Stress Invariants

Stresses can be found either by numerical

differentiation of X or by using differentiated kernels.

Thus to compute the stress invariant @= xx+y4 in B we

may write

O= Vx by (7.2)

= Wlerdey +”) vy (7-21)

= V"(¢)

-u(¢+xhry4) (F.2?)

where subscripts denote partial differentiations and ¢, ,¢

may be found from

on 2aie) e Jets) h tn IP-a| dq

28

bie ale) feta) 2 Oe IP-sl da.
(7.28)

The quantity @ is significant since it is proportional

to the hydrostatic pressure. More precisely if

then

xx + yy + 22 = Se =-3p,

(7.29)

and (7.5) yields

~3p

@= Tec: (7.30)

Some writers speak of @ as the hydrostatic pressure.

Another stress combination of physical significance is the

maximum shear stress s. This invariant is of importance
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in elasto-plastic analysis (part III) and is given

by

4es* = (xx aes es (PhS)
(7.31)

= (ery:( %oy-Ave) + 4 (X,,) oy Trae

where

Lee = $b. thd 426 + Woon (7.32)

Ay = by, thy by 2G 4 aay (9.33

Key c a + ly, + 2x 4, + Vn. (7.34)

Thus i a

hs =[0°(4,,- due) + #(44,- 4) + %, -%,|
2

7

+4[ed, +220, +y4.)1%,] an

The second order partial derivatives of @ and » may

be expressed in a form similar to (7.28) whereupon

(7.35) may be used to compute 4s throughout B.

Formulae for adapting equations such as (7.28) for

numerical solution will be given in chapter 3.



CHAPTER 8

EXACT SOLUTIONS IN CONFOCAL

ELLIPTIC COORDINATES

Introduction

In this chapter we develop analytical solutions

of the plane strain problem of an infinite medium with

a cavity of elliptic cross-section. Because of the

similarity to the equations of generalized plane stress,

our solutions are equally relevant to the case of an

infinite plate with an elliptic hole. We ccnsider the

solution of the biharmonic equation in confocal elliptic

coordinates subject to various boundary conditions, namely :

“(i) uniform internal normal pressure on the elliptic

boundary 2B; zero stress at infinity,

(41) uniaxial tension at infinity parallel to an axis

of the ellipse; 2B stress free,

(iii)uniaxial tension at an arbitrary angle A to the

major axis; 2B stress free. This problem may

be attacked either directly or by two applications

of case (ii) and a suitable superposition of case (iv)

(iv) simple shear at infinity; B stress free.

These stress fields have been investigated by Muskhelishvili

(1963) using complex variable techniques. Case (i) was

considered by Bhargava (1965) and by Jaswon, Maiti and Symm

(1967) using the representation of a biharmonic function in

the form x=c*d+¥. However this formulation has not been

previously exploited for the more general problems (ii),

(iii) end (iv).

Our aim is to construct suitable biharmonic functions

in terms of confocal elliptic coordinates. Some of these

are evident in the known solution of (i), but new ones have

to be introduced in order to solve the less symmetric

problems that follow.

Uniform Internal Pressure on Ellipvtic Cavity

For problem (i) we consider uniform normal pressure P

on the internal elliptic boundary 3B

x

= eles eae (8.1)



In terns of confocal elliptic coordinates (3,7 )

(Appendix 5), (8.1) may be replaced by

farbS<8, = 26( = ) (8.2)

where c*= a‘-b and

3 = c coshS,cosg , gee FinhS sing on 3B.

The analytic solution is known to be (Bhargava, 1959)

Hie = pl sce cos27 ) EEN }+ constant. (8.3)

Taking P=-1! , we seek to identify (8.3) with the

representation

eee Ee Ee Wd UH =0, (3.4)

where Y is a constant. Since $—> dor —-Mn§ as ro,

Y=O if in (8.3) we put

constant = (eae) bn 2 eye)
1...

> 
ebX= E(eTM+ corn) +S (z-me) (B06)

It is clear from (8.6) that x=O( tar) as r -p>>

which ensures that the medium has no dislocations and no

stresses at infinity. Comparison of (8.4) with (8.6)

yields

et + cos 27

o-4 (Speen 2e) = Ol-*) esr yo, (8.7)

wye THE (g- 2.) O (he) as r -> eS, (8.8)

Since by (A5.9)

ts (ces oe e cas 27 |p (8.9)

It is interesting to note that (8.7) possesses the

expansion
q Z

\it!_ cos2ag

f= Zt) “Sr (8.10)

which shows that d is a harmonic function. On the

boundary 9B which is defined by (8.2), (8.6) reduces to
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+
zs arth) a+b(1 a at a La(z*) (8.11)X= pl

showing that

bge 4(1-%), }
eta. 3 on OB, (8.12)

a

y = THE 2n(222) Z

To find the boundary normal derivative of (8.6)

we use

igen, Se a
on” cleosh2g-coraq OF » (8.13)

a+b” % ath
Coss aren scat Mecues (8.14)

and obtain after simplification

' V2 ab
me Care eng) on 2B, (8.15)

~Vz tlc (a+*) e220
1 a

$ = mE +e°cm27) a +b e*Ge2y)* LE (ete)

’ Blea)y= {a on OB. (8.17)Zl Fb*- chen2n)*

Unstressed Elliptic Cavity: Uniaxial Tension at I

Parallel to Minor Axis.

We now consider an infinite medium with an unstressed

infinite cavity of elliptic cross-section defined by (8.1).

For uniaxial tension at infinity parallel to the minor axis

we have

Gye 1, XY sxx = O (8.18)

at infinity, whilst on 2B

fin ans me),

The problem may be regarded as the superposition of

(1) uniexial tension throuchout B given by (8.18),

(2) the stress field cenerated by a stress Sy se]

applied everywhere on 2B.

For the simple tension (1) the solution is

2k Pe
in B (3.19)



while (2) is characterized by a biharmonic function 7

satisfying

"An oh Fi
a

2 { on aB. (8.20)
, Ce eo ee

The conditions (8.20) imply X= x’=0O on OB.

Thus for the appropriate biharmonic function 2X ,

represented as 7, + 2%, we have

Toes
A, = 7 Cosh 3 (cosy +1) in B, (8.21)

while De may be determined from its boundary properties:
2

on 2B cos 2p)

-ATab OB 8.22we MTBE (| cos2y!) i i )

where Vz Ke
Fis = (cosh Q3,-— eos 27)

arises from the normal derivative operator (8.13)

in confocal elliptic coordinates (A5.15).

A suitable biharmonic function satisfying

A = O(tar) as th —p oS (8.23)

is

eho

XL. = Al Pests) +B3+D +fe° @327 (3,24)

where the constants A, B, D, E are found by constraining

(8.24) to obey the boundary conditions (8.22). Thus

Bhat Gs Et2 aa Fess 2s7)) =A iat cos 2y) +B3, +D eee

(8.25)

eis poenoe _ ES 22.2SP (1420829) = (eee +B eas Se

Hence from 4 equations in the 4 unknown constants which

arise from equating the coefficients of cos2y and the

constant terms, we deduce :

= Ta (an) ge 72
A= epee ; ae

fel plana Aablaes)
t= are eae z Ere einer



Thus the complete solution is given by

Xe A +k,

Talat+b) |
eeTe costs (cos 27 +1) - ces Zap)

Tet Tab , TR , Tablet) (eua,) |
a ye a 4c (8.26)

Comparing (8.26) with (8.4) we find

d= —Ta ( ere cos 21
" 2(a-b) Cosh 23, ree Az ,

BF PES cm 27,"uF

Yy

(8.27)

De :

From (8.7), (8.9) and (8.10) we see that ¢ is harmonic

and

¢g . OG as Fo 0 | (8.28)
while ¥Y is clearly harmonic and has the required

asymptotic behaviour

Y > Blac +O(s)as ot ee. (8.29)

The hoop stress ” on 0B may be found easily from

the boundary conditions

375 33-0 on S75. 4;

which, by virtue of (7.2) and the invariant property

of @ , yields

m= I on 2B. (8.30)

Thus harmonic terms in (8.26) do not contribute to the

hoop stress

»

4 As (e795 dng) ENS
L

u

Sei 2Ta(lat Diese ar)
&* ( cosh29. eas 27) on 8 908451)

cosh2 3, —~cs 24

+h [a Gee) r ]

on 8B, (8.32)

which is in agreement with the classical result (Timoshenko
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and Goodier, 1970) derived from complex potenti

Maximum and minimum values of n are found by putting

cos 20 <t) so that

+ (14 32 ok x= Fa,y20
1 mex,

=-7y ab 9 O,ye db.
"17) min.

Unstressed Ellintic Cavity: Uniaxial Tension at Infinity

Parallel to Major Axis.

By the same procedure we find a biharmonic function

7 producing stresses

a & 5
ea Sel sy =yy = ©

at infinity, and

mn 2 inee =O on 2B.

The results are

Pa tnt 5

where

, = TE sid’ 3 (1- cos 2),

Bae Alger Teeceda ) +B34DtE ee fem Qa (8.34)

where

As Wena) Be —is*
wihowige = 2 a,

(axb)a oieb Te. Bs qiebe rey
D te > , tecTM

The hoop stress on 2B (c.§. 8.31) is

fi papal Omak (en sean) b ;
7 Sets ee ay) (8.35)

which yields results comparable with equations (8.33):

77 max,

f) min, =-T at x=ta,yso,

Tee at x=O,y-thb;

It is notable that ” max.» Tas } -» ce whereas if the
simple tension at infinity is parallel to the minor axis

ir a
77 28x. —p 00 eos

b



Simple Tension at Infinity at an Angle & to the Major

Axis of the Elliptic Cavity.

We consider now an infinite material in a state of

simple tension at an angle & below the x- axis, disturbed

by an elliptic cavity with its major axis along the x- axis

(Figure 29).

—

oS
ee,

Sea)
—

—-

ae
a e

—.

FIG. 29

The undisturbed stress field is given by

xx = E (t+ cs 2p)

a Te

Hy = E(i—cs2~), (8.56)

xy 2 Z Sin2Be.

With a convenient choice of constants of integration,

the corresponding Airy stress function is

Ae Eek an) seed + 2028 (8.37)ears P ye p > i

Our problem is to find X= AH, +2. in B where X, satisfies

y

eo im B, (8.38)

Aveta £. onl OBr (8.39)

To this end we express 7, in confocal elliptic coordinates

and note that 2B is given by

He = € coshF, cosy , ya sahaisiny ; } (rae

Cosh#,= & sinks2 &

We also differentiate (8.47) along the normal to 2B,

drawn into B, using (8.13). Hence, after simplification,



the boundary conditions (8.39) become

ant 2a 27 E(atrb*) + = (a*-b*) cos ae (iscostg)—a (-c0328)|
a

(8.41es SinQy sin 2B )

ee Thtsb) i 4& = Ta [ 1 cosy cos2p| - aera sind sindg . (8.42)

To proceed as before we must now construct a biharmonic

function 2, which satisfies (8.41) and (8.42) and exhibits

the required asymptotic behaviour,i.e.

A, = r*d+ey where Vode T"¥=O and

GOK), }
(8.43)

Yo Bane + D+ O(4)

as r —»co, where B and D are constants.

This problem exhibits less symmetry then any

previously considered by this formulation and it is clear

from the boundary conditions that 2, must depend on sind as

well as cos 29 . At first sight there appears to be no

problem. We merely require the sine term corresponding

to the harmonic function

ee? + cos 27
pas z

employed previously. However Siete. is not
harmonic. This result is less surprising if r*is replaced

by $ leoth 25+ cos 27) but there remains the prob findings
the harmonic function analogous to (3.44). ‘To make progz

we revert to the expansion in series (8.10):

oan eee ) Se cos ng
© * \cosh 23+ cos 27 _—_ see. (2.45)

8 a 2bea © aand consider the corresponding

119;



so that a is the required harmonic function. Thus
we have the most interesting result that <in29 is

biharmonic, the "conjugate" biharmonic function being not

Cos 27 but e+ cos 27.

With this established we may express the required

biharmonic function X,in the form

A, Ale, cos2y) +B3+D+ Fe copy a Fe sin29 + GSin2y
(8.48)

where A,B,D,E,F,G are constants to be determined.

The component harmonic functions

¢ a (ore) + G Seta
eo ee i

t (8.49)
Ys BS +d + Een tem2y + Fe sr 27,

possess the required asymptotic behaviour (8.43) since

: sey
BrO(mr) , ew ee ne oe

We now constrain (8.48) to satisfy the boundary conditions

using (8.13) again for the normal derivative. Equating

coefficients of ws27, sin 29 and the constant term in each

of equations (8.41) and (8.42) we have six equations in the

six unknowns A,B,D,E,F,G yielding after simplification

A= ae (a+ b)( bcoa*sp-a sin),
275 (e%sintp + p> costa)

Da TEE + TE (orsing + phemts), (8.50)
Eo - Tab (a+b)” co 2

4% (a-b»> c

Foz Tlarb)(ateb*) sin 28
2 (a-b)* *

Gs es (a+b) singe ‘

The complete solution to the problem is given by

Koh Bae

3 (x'*sn26 ty tens Pes)

+A (e-*¥4c052,) + Gsin2y
(8.51)

£83 De Ee Feely + Fe sinde |

if pra we recover the result (8.26) as expected.



Unstressed Elliptic Cavity: Simple Shear at Infinity.

The undisturbed stress field for a simple shear
n

xy=S

is generated by the Airy stress function

7, =-Sxy = SE sinh23 sin 27.

ee = 94=O,
2

When the elliptic cavity }-%, is introduced the complete

solution becomes

A eA.txry

where

Wit 20 in Bi, (8.52)

H= £Soabsn2z,

a= BASab(a*+b*)sin 29 } mae
The boundary conditions (8.53) can be satisfied by taking

7. in the form

nAL= Fe sin27 + G sin27, (254)

(8.53)

where F and G are constants determined by substituting

for the boundary values of (8.54) and its normal derivative

in equations (8.53). Hence we find

H =-ESc*sinh2z sing + bSlorb) sida ~@H)e7] (3 255)

This solution possesses the required asymptotic behaviour

since a> -Sxy + 0 (1) as rye,

The hoop stress 1 on 2B may be found from

Wx = GV"sin29 (8.56)

which takes the value

BoGe* sin297

i

u cosh 23,~ cos 27 on 2B (8.57)

whence ” =O at the ends of the minor axes and

a ” _ i .= 99 max. = — Tai ang }
spe 

e 

Ee 

(8.58)

T° Fi nin 2G at tang ek,
As = 52, POY sce | 7 ey Se

and the points at which these maxima and minima occur approach

the ends of the major axis.
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Conclusion

The derivation of X for uniaxial tension at infinity

at an arbitrary angle g to the major axis of the elliptic

cavity may be viewed as the most general and original

contribution of this chapter.

this ZH as the resultant of three simple stress fields at

We conclude by analyzing

infinity, each disturbed by the same elliptic cavity.

According to (8.36) the fields are : uniaxial tensions

Teos*p , T sin’ parallel to the x and y axes respectively,

together with a Cartesian shear stress ~y=~— Tsing cos.

It is evident that the new harmonic term (8.47) corresponding

to the biharmonic sin 29 is required whenever shear stress

is present with respect to the major and minor axes of the

ellipse.

The result (8.51) is recovered by adding together

(8.34) with T replaced by T cos*s#,

(8.26) with T replaced by T sin*s,

(8.55) with S replaced by -T sing cosp ,

(a)

(>)

(c)

The terms of X are displayed in table 60 which shows how

the individual terms arise from (a), (b) or (c). Terms

involving sindg appear only in column (c). The four

lower rows are the harmonic terms. ae ee

} (a) (c) |
Tension parallel Tension parallel Shear |

to x- axis to y-axis i

Pe Th
2 2 |

Z, terms | Te siak'Z Sin'g Cos*B . cosh'S cos'7 sin Enis Sin 24 Sn 2p |
ay

eg terms Tle oe SB (e* Bicep) aes sin?B (e*- Cos 2») Tes a aye

os aa cos*p “Ee sing ° |

re |
2, Py |

Constant pela ep meee ae ~ sins Sere eres, ° |
terms + a as | |

pee sere ——— = + t

= Tablat+b) |
Coefficients Tab Orb) cory ———_ Sin" p 5

of tes22 ie ee | |
iemoe | a

| |

ee ° ° [reir ob
of sina }

“es Bc

TABLE 60



The hoop stress ” on 0B may be found by making
the substitutions of (a), (b), (c) in equations

(8.35), (8.31), (8.57) respectively. Addition cives

>

i és [ sind 23, + cos 2p - ee cos (2-9)| on 0B
(cosh23,- cos2)

which is in agreement with the classical result.

Addendum: Special Case of Circular Cavity

Ifa-=b in (8.1) we have a circle with radius r=a.

The solutions (8.6), (8.26) are then obviously inappropriate

since c=0O. However, for the pressure problem, a

direct approach utilising (8.4) gives

A= -Par(Ine ~fna +2), (8.59)

This is in agreement with the classical solution in which

two complex potential functions are used. They lead to

a corresponding Airy stress function A =-Pa*Mnr which differs

from (8.59) only by an additive constant.

We now consider an infinite medium with an unstressed

infinite cavity of circular cross section, subject to

uniaxial tension T at infinity. The problem may be

regarded as the superposition of

(1) uniaxial tension throughout B given by (8.18),

doe. XH = -1LTr*cos 20;

(2) the stress field generated by a stress yy=-T

applied everywhere on 28.

Accordingly Z,, and X, may be defined asin (8.19) and (8.20)

and A, put in the form (8.4). Suitable harmonic functions

satisfying (8.28) and (8.29) are

¢d a A cos20 r Bsin2O
re ce

&

eC tan 4 (Cease, Eek2e ) |

where A,B,C,D,E are constants. Symmetry requires B = B = 0

so that

Deos267H, = Acos28 + Char + SS es (8.60)

In the usual way we may now use the boundary conditions

to obtain equations for the unknowns A,C,D,Y. The result



w= #,+H.

u “Tes LU ie Te*TE (cos 26 +!) q one ~ |S cos 26

Ta* C28 "hat
ee en a N/E ageee Cl -28ne) ae

also agrees with the classical complex variable result

(Muskhelishvili, 1964) apart from an additive constant.

We further note that the solution for x in (8.26) is

asymptotic to (8.61) if we let $ >< (738 cogh*2 ~&)

and b—-ma.,.



EXTERIOR NUMERICAL SOLUTIONS

Numerical Analysis

In chapter 7 it was shown that the solution of an

elliptic cavity problem can be obtained by solving a pair

of coupled integral equations (7.25) and so generating the

Airy stress function throughout B. The numerical procedures

of part I were followed and n nodal points defined on 0B

using equal eccentric angles. Equations (7.25) and (7.26)

have been solved as an algebraic system which may be expressed

in matrix notation as

: (9.1)

where

(9.2

: C9<2)

The square matrix A has degree 2n + 1 and is related to

the corresponding matrix A, » Which arises from the numerical

solution of the Garabedian problem((5.19) and (5.20)).

More precisely A consists of the coefficients of A

augmented as shown-in (9.2) with the following alteration.

The matrix A, is assembled from the coefficients of thenxn

matrices used in the Dirichlet and Neumann problems, but

whereas equation (4.5) was used in the interior Neumann

problem for terms on the main diagonal, we must now use
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JV toty-ael dy en dn’ ly-a,| de (9.4)

which is relevant to an exterior problem.

From the solution of (9.1), the functions ¢ , y

and hence 2 were generated in B by the methods of

chapter 7. Stress combinations were then found by

differentiation. The required functions (7.32) to (7.34)

were computed from the formulae

maudlin lay, (9.5)
fe

where ie

IP -3] = Tbs, x4)" + (4-%)] : (9.6)

2 (xp -X4,)
9, Me by = *: Ve 5

pene (9.7)

ne [Polis 2: (op tans)
4.725 Se a ee

: IP -eI" -2(s5,-4,)
Dy, = 2% cas =e di = (9.10)

2 2X xp -x4 yn -y4, ZS ook fe) dé a

Moeiind Ware We fac = Gao teed awe simply use the above

formulae replacing cy by: Pee We note that all the

differentiations are with regard to P as variable while L

remains fixed. : 3
Using (9.5) to (9.11) we substitute into (7.29) and

(7.35) and thus compute © » 4s* over a mesh of field
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points in B. Equations (7.27) and (7.35) refer in

particular to the uniform pressure problem. Other problems

may be solved by the methods of chapter 8 using appropriate

boundary conditions. It must be remembered that, if a

superposition of stress states is employed, the resultant 2

must be used. Thus, for example, in the case of the

unstressed elliptic cavity, if there is uniaxial tension at

infinity parallel to the minor axis, the solution is

Azada, th,2 PDH HY +4Tx”TM

in the notation of chapter 8. Accordingly for the

hydrostatic stress we use

@= 4 (b+~3¢ +92) +]
(9.12)

instead of (7.27); and (7.35) is replaced by

f 2»

dst» [r(,~ dea) + (9% mde) + Hy- the ~T]

z

cin 4] od, t2r(x 4, + yd.) + Hes]
; (9613)

Results

In the manner indicated, the functionsx, ©, 4+s*

were generated at the intersections of a square mesh of

side 0.25 in the region

Osxeh , o<ysa, e+ 4,

Ellipses of various axial ratios were considered for each

of the following problems :-

(i) uniform internal pressure P on 9B; zero stress

at infinity ,

(ii) 9B stress free; uniaxial tension T at infinity

parallel to the minor axis.

Exact solutions are available for comparison from the analytic

results of chapter 8.

It was found that results improved as n was increased,

and good results were obtained with m= 32. All the resul

of figures 50 to 40 of ppl30 to 149 refer to this value ofn.

Accuracy is generally of the order of 1% except near the



boundary. It was found that results in this vicinity

could be improved by using numerical differentiation of 7x

instead of differentiated kernels. Within this region

a further slight improvement was obtained by replacing the

senerated values of x by values obtained from polynomial

interpolation along the mesh lines intersecting the boundary.

However, for the purposes of part III, the results obtained

wholly from differentiated kernels (pp.139t9140) are

acceptable.

The results are best displayed by diagrams showing

contour lines on which the stress combinations are constant.

These may be drawn by hand from an array of data (fisure 32

is obtained from figure 30). Alternatively this process

may be automated by employing a subroutine in the computer

program which carries out the necessary interpolations to

determine the entry and exit point of each contour as it

passes through squares of the mesh. The necessary

information is then stored on magnetic tape and played back

to give output on a graph plotter. When this process is set

eP large numbers of contours may be drawn without much extra

human effort. However, smoother curves may be drawn by

hand unless a much finer mesh is used. An example of

computer graph plotter output is included for comparison.

Analysis of Figures

The results for two different ellipses have been

selected for display: 2/1 and ae °

Figures 30 to 35 refer to problem (i) and the numbers

refer to units of the dimensionless quantities @/P, es'/P*

Figure 30 gives a comparison between computed values

of 4s’ and analytic values obtained from a convenient formula

in Cartesian coordinates (Bhargava, 1959),

stu (ste nary)
pe [Grrgrer recy] ‘ (9.14)

The symbol + is used when numerical results are not

sufficiently accurate to be worth recording.

Figure 41 gives corresponding abbreviated results

for ©. The analytic values are derived from the

formula

e@ = er = cos2g
V4 SE het

-P Bink” Z + sin* 7 (9.15)
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which arises from (8.6) and (A5.13).

Figures 32 to 39 are placed in order so that results

for the axial ratio 2 : 1 may be compared with those for

ee

Figures 42 and 34 show contours corresponding to the

numerical values of figures 30 and 31.

Figures 33 and 35 show the corresponding results for

the 2: = ellipse. In figure 33, broken lines indicate

that the analytic solution has been used to complete the

contours in the region where the computed solution is

unacceptable. It is interesting to note that 4s* is

strictly increasing as the field point moves from infinity

along the x-axis to the vertex of the ellipse; whereas yes*

rises and then falls (unless « = + ) as the end of the minor

axis is approached along the line -=<= 0. In this case

(9.14) becomes

; is Prey
Gree)

ame te
This function of y attains a maximum value 27 ct at the

points ee ae This, of course, does not imply that

4S” attains a maximum there.

Figures 36 to 39 refer to problem (ii) and follow the

same sequence as 32 to 35. Numbers refer to units of the

dimensionless quantities O/T , 4s*/7",

Figure 40 shows graph plotter output obtained

automatically from the computed results after using the

contour subroutine. It should be compared with the region

2ex<c4, osysad of figure 36.
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ELASTO - PLASTIC STRESS ANALYSIS



CHAPTER 10

INTRODUCTION

Foundations of plasticity

In part III we are concerned with a material which

behaves elastically until a limiting value of shear stress

is reached, after which it suffers plastic deformation.

Behaviour beyond the elastic limit depends on the properties

of the material. A typical stress-strain curve for a

specimen under the action of a gradually increasing uniaxial

stress x is shown in figure 41, in which * is plotted

against the corresponding strain €. . As the load

increases, it is found that the stress and strain are

proportional up to a limit A where the curve begins to bend.

This is the "proportional limit", but the curve may continue

up to a point B, the "elastic limit", before any appreciable

permanent deformation would occur if the specimen were

unloaded. The portion from A to B defines a small non-linear

elastic regime which we ignore. If at a point C the load

is removed to a point D and then immediately reapplied, the

unloading and loading curves C PD, DQOC, do not coincide.

The area of the loop C P D QC corresponds to the mechanical

work dissipated during the cycle. DC is found to be parallel

to O A, and beyond © the curve continues as if the cycle had

not taken place. A further property of the material which

is indicated in figure 41 is that, following the cycle of

unloading and reapplication of the load, the stress at which

plasticity occurs is higher than it was during the original

load path. This is the phenomenon of "work-hardening" in

which the material becomes, in a sense, stronger after the

load-cycle has taken place.

The above description is of a general character since

various materials react differently to this test. It is not

possible to represent behaviour after the elastic limit has

been reached by any one formula, far less by a linear

relationship. It is necessary to idealize the behaviour

in order to build up a theory. In this thesis we shall

assume that no work-hardening takes place so that the

line A E (figure 41) remains parallel to the strain axis.

oe » 0





Thus we consider a "perfectly plastic material", sometimes

called a Saint-Venant solid, characterized by fieure 42.

Along A C E the stress remains constant at the yield value

while the strain increases indefinitely : this is plastic

flow. When the external stresses are removed there exists

a new equilibrium state at D, distinguished from the

equilibrium state at O by a permanent plastic strain O D.

If the mechanical history of the specimen were unknown, its

equilibrium state would be measured from D. Plastic

deformation is therefore an irreversible process, but since

DC remains parallel to O A the elastic constants of the

system remain unaffected. It should be noted that for a

perfectly plastic material the unloading path C D coincides

with the reloading path D C.

Yield Criteria

The above discussion refers to a simple one-dimensional

tension test of some hypothetical material. It is found

experimentally that, when an isotropic body is loaded in a

more general manner, yielding is not significantly affected

by hydrostatic stress. This implies that the plasticity

property of the material arises from its inability to support

shear stress.

According to Tresca, yielding commences when the

maximum shear stress reaches a certain critical value, i.e.

when the principal stresses satisfy the condition

ma A ete ekg ese), bxe=cel} *L (10.1)

where L is a constant characteristic of the material.

According to von Mises and Hencky, yielding commences when

the energy density of shear strain attains a critical value,

i.e. when the principal stresses satisfy the condition

(esmgyy (ques ae es) = 2 (10.2)

where J is a positive constant characteristic of the material.

If we identify J andl , both criteria lead to the same

result when any two principal stresses are equal. nS:

maximum possible diversence between the criteria sccurs in

the case of pure shear, e.g.xx= -jy , 22 = 0; in which (19.1)

leads to |xx| =7/a, whilst (10.2) leeds to |Ixx) -T/V .



These two criteria stand out amongst others, since

they have a reasonably simple form and still represent well

the idealised yield properties of many materials. It has

not yet proved possible to make a clear decision between

(10.1) and (10.2) on experimental grounds, sometimes one and

sometimes the other being favoured. Accordingly we utilise

whichever criterion happens to be more mathematically

convenient.

Laws of Plastic Flow

Problems of plasticity fall into two main classes:-

(i) unrestricted plastic flow occurs in at least one

direction;

(ii) the plastic region is enclosed by surrounding elastic

or rigid material.

In either case it is convenient to analyse the stress

and strain tensors into hydrostatic and deviatoric components.

Thus, using a prime to denote the latter, we write

Or a iS

PlcxePb a aca,

core .
Eng = Eve Bit (10.3)

Pig d= 5 Ox xx+yyr zz, QFE rte yg? Exe,

it being noted that the deviatoric quantities automatically

satisfy @'=0,4’=O. The equation

O=3KA (10.4)

where K is the bulk modulus, relates the hydrostatic pressure

to the dilatation in both the plastic and elastic regions.

Expressing (10.4) in differential form we have

dA= 32d. ; (10.5)

The deviatoric strain components are incrementally related

to the deviatoric stress components by the Prandtl-Reuss

equations

aoe ae

dey = PYAAt BTS PY=YZ. (10.6)

According to (10.6) the increment in deviatoric strain is

made up of two distinct components :-

(i) a purely elastic contribution directly proportional

to the deviatoric stress incrementdpq.This is reversible.
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(ii) a purely plastic contribution proportional to the

Ccae 3 »current deviatoric stress component ry > the tor

of proportionality being dA . This is irreversible

Unrestricted plastic flow problems may be solved using

(10.6) together with any supplementary information about

the individual stress and strain components.

In a zone of restricted or "contained" plastic flow,

the stress components satisfy the usual Cauchy equilibrium

equations provided kinematic effects may be neglected, as

will be assumed in this thesis. These equations, together

with the yield criterion, sometimes enable certain of the

stress components to be determined directly. To evaluate

the remaining stress components, and also the strain

components, the Prandtl-Reuss equations must be introduced.

However, even admitting various plausible approximations,

such a solution presents, in general, formidable difficulties.

A further serious complication concerns the location of the

elasto-plastic interface, which is unknown in advance.

However, some progress can be made under conditions of

plane strain. This forms the main theme of subsequent

chapters.

Plane Strain in Plasticity

Problems of plane strain are greatly simplified if,

following Hill (1960), we assume that the maximum shear stress

always lies in the plane of cross-section. This is certainly

the case for an incompressible material, i.e. where v= %,

and forms an extremely plausible assumption for a compressible

material. Accordingly, Tresca's yield condition becomes

(2 -F)” + yxy = (10-7)

which is satisfied by the effective stress components

xx, Xy, xy in the plastic zone. When v= ¥%, relation
(10.7) also follows from the criterion of Hencky and von Mises

The equilibrium equations

Oxx . dxy_

dx Pog a si

>

2
gl +AS;7a (10.8)«

together with (10.7) enable the stresses to be calculated

in a plastic region with a specified boundary.

It is possible to define a stress function in the

plastic region analogous to the biharmonic function of
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elasticity theory. Thus. we express the stresses in

the form

oe nO a, 2 2%
xe 9 i Ie ge 2S aby 5 (10.9)

whereupon substitution into (10.7) yields a second-order,

non-linear hyperbolic partial differential equation for X .

This means that the nature of the mathematical problem in

plasticity contrasts sharply with that in elasticity where

the governing equation, the biharmonic, is of elliptic type.

For the latter class of problem, the tractions or displacements

are prescribed on a given boundary and uniquely determine

the solution within the interior. In plasticity, on the

other hand, we must follow the propagation of a plastic zone

from points in the material where yielding first occurs.

The main difficulty here lies in determining the extent of

the plastic zone as a function of the applied load. This

problem will be tackled later by an elaborate numerical

technique.

Conclusion

It is possible to obtain an analytical solution for a

cross-section with a circular boundary (chapter 11), but for

more general problems with less symmetry the stresses can only

be calculated numerically. Here we exploit a method describei

in chapter 12, which we term "the ‘elasto-plastic iteration

procedure". This involves repeated solutions of elastic

problems followed by solutions for the growing plastic zone

using the slip-line technique. The latter is essentially a

method of solving by characteristics the hyperbolic partial

differential equation mentioned above. This procedure will

be applied in chapter 13 to an elliptic cavity problem.

An analytic solution for a spherical cavity was given

by Bhargava (1959) who also made an initial investigation into

the iteration procedure. The originality of part III lies

in our discussion of the circular cavity problem, and in the

systematic application of the elasto-plastic iteration

procedure. In particular we determine the zone of contained

plastic flow enclosing an elliptic cavity subject to uniform

internal normal pressure.
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CHAPTER 11

EXACT SOLUTION FOR A CIRCULAR CAVITY

Introduction

A useful contribution to plane strain plasticity

is provided by a problem which exhibits sufficient symmetry

to permit an exact analytical solution. In this chapter

we consider an infinite medium containing en infinite

eylindrical cavity of circular cross-section, subject to

a gredually increasing uniform internal pressure Piet

is illuminating to analyse both the elastic and plastic

contributions to the stress and strain components throughout

the medium as P increases up to and beyond the critical

value. Total work done on the cavity may be equated to

the strain enermy of the medium at any stage. Finally

we discuss the residual stresses which remain in the medium

if the pressure is removed.

We assume in this chapter that Poisson's ratio v

has the value v = % in the plastic zone. Otherwise an

exact solution is not possible. With the higher degree

of symmetry exhibited by thé analogous problem involving

a spherical cavity, this assumption becomes unnecessary.

The author has repeated the work of this chapter for a

spherical cavity, of which details are omitted since the

analysis is similar to the circular cavity problem.

Polar coordinates will be taken in the plane of cross-

section with origin at the centre of the circular cavity.

Axial symmetry implies that

aoe Erg= O

throughout, and plane strain conditions ensure that &, =O.

The stress component zz has the value

z= i(%+ 68),

Pre-vield Solution

If the radius of the cavity is a , the purely

elastic stress and strain components are

~ ee a
er=-609= — : re=O

ie ; (id)

-Pt x

=-f99= Son: (Se eKe eeEve =~ Eon Zurt? 9 =O, (11.2)
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at a radial distance + from the origin. From (11.1) and

(11.2) we note that

Ca Ce sae (12.3)

SIFBecause of symmetry and since Err, * > the only non-

vanishing displacement component is radial and given by

Wwe Po” o
Qar (11.4)

The maximum shear stress is given by

Bo

| -6b| = — (11.5)

and yielding begins, according to Tresca's criterion, at

points where (11.5) first assumes a critical value L .

Thus, yielding commences at the boundary of the cavity at

a critical pressure defined by

ee=a (11.6)

i.e. when

6S ante on rea, (11.7)

The work done per unit length of cavity in reaching

the critical pressure is

PR, ~p”

2a | P oe aP =e (11.8)
P=0 ap ‘

The strain-energy density is given by

Rat
(le . 2

4, (4 Eve + Eee) e Dace (i149)

whence the strain energy in the medium, per unit length

of the cavity, is given by

i‘ cepa. nae
Pe euye Ds (11.10)

This is identical to (11.8) as expected.

Plastic Stresses

As the pressure increases beyond re a plastic zone

propagates out from the boundary. By symmetry this zone

is always circular and we denote its outer radius by ¢ when

P (> RP) is the applied pressure on fF =a. The linear

elastic stress-strain relations do not hold in the plastic

zone, but the Cauchy equilibrium equation

tT



Qn de 68-0 gh
Aortardes” 0a Cola)

still applies. Equation (11.11), coupled with the

hypothesis

pane” RE Sea ACME)

determines the stress components

pice eteow asa
A * i \ astr es ce ecll, 13)
be =L dnt tr Z,

Applying (11.13) to the boundary r =a we find

fo

Rees ae (11.14)

which uniquely relates the applied pressure P to the

outer radius ¢ of the plastic zone ( Pros ye

Elastic Zone Solution

We now determine the stresses in the containing

elastic zone r zc. The boundary r=c is just about

to yield, so, by hypothesis,

- oe - __
ce ee m eee Citas)

Applying (11.1) with c replacing a and = replacing P

we find

Cr = =he* = - 60 ( zcaper ou Pe re) (11.16)

=e7 Tarte fe, (r2¢) (11.17)

@=0, A=, (ze) (11.18)

lee%
en (rz) (11.19)

hue

Comparison of Elastic and Plastic Zones

In the plastic zone, by virtue of (11.13), we find

wees (ates bone (eee) , we

Therefore

Cib.2))



which shows that a hydrostatic pressure builds up in the

plastic zone whereas by (11.18) it is zero in the elastic

zone.

From (11.13) and (11.16) it can be seen that the

stresses rv, 68 are continuous across the elasto-plastic

boundary r=c . The radial derivative of Pt is also

continuous but the radial derivative of hoop stress 6@ drops

from Lie to -L/e as r crosses the elasto-plastic boundary.

A graph exhibits the properties of the radial and hoop

stresses in figure 43.

Stress

Total Displacements and Strains in the Plastic Zone

The divergence of the displacement vector is

aS tS 2 £
ASF Baie ee (al 23)

by (11.21), where K is the bulk modulus. Since

ype oe Cone oS in the plastic zone it follows that
’

he ea een
en oe ISB C123)

whereupon integration yields

L[s 0,6 2 8
MO Diet eee mee |e (11.24)
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where B is a constant of integration. This may be found

from the boundary condition

ke
CS a on Pee Gi725

Hye

arising from (11.19), whence

This reduces to

Te when U=%, (11.26)

The plastic strains are therefore

du bk Boie ts | oes (11.27)

BLe oebeers te fates -l] +5» (11.28)

which reduce to

Srn= Eco ¥ -& if u=4

The expressions (11.27), (11.28) are the total strain

components in the plastic zone.

Analysis of Strains

In a plastic medium it is clear that strains will be

made up of both elastic and plastic components. We use

the superscripts 2 % ®) to denote elastic and plastic

components respectively. The subscripts Ges. Ges denote

components in the elastic and plastic zones respectively.

Thus € S i Ee denote the elastic and plastic strains

respectively in the plastic zone, and the total strain in

the plastic zone is

@) @)

© ors > ee)iS

The elastic strain components in the plastic zone

are related to the stresses (11.14) by the usual stress-

strain relations

a0



le) Al : 27,6, (11.29)
Een =1Gio) Ry =o Ss Be :

P

Hence we obtain

(e) a v 32E peice) ie,
©

(11.40)

(ey ~ v 32Eee. = 86 (I- 3 ) 7 ek(P) ( 2

With v =z , these reduce to

(CX! yer ee e@) (11.31)E Peale S (re 66) = E kee Gy .

The plastic strain components in the plastic zone

are given by the equations

€ (@) de)

ny ptmmas cM) kets Gym Pete ((il.ae)

Thus”

xe Ae AL ie By, 3k (11.33)bn, = pe [RAE +i] - rt pe?

0

ok a Bo _ 3kfee (n> mien? ]| tt HE (11.34)

DYNA neue Of ClLeod eel. 27 Gideon) sand, (11,10 )s The

importance of the assumption v = a is seen when the

corresponding substitution iz = © is made in (11.33) and

(11.34). With (11.26) there results

te) ey WE re (10.35)

@) @) _-3h cs )
a = Sa," = (aiea es ie a (11.36)



It may be observed that the strain components in the

plastic zone are incrementally related to the stress

components by the Prandtl-Reuss equations (10.6). If a

prime denotes the deviatoric components defined by (10.5),

these equations give

r (e) at
Ce on Pt dn, (11.37)

de @= eg!
fey oy = aye (11.38)

where p,qy=r,0. Now since

Cc

OS ine,

equation (11.13) provides the values of the deviatoric

stress components

’ oy

rps

Z EAM, Se Gr (11.39)
et

86' = Pir pir ,

Since the plastic strain components are known

already ((11.35) and (11.36)), the Prandtl-Reuss equations

define dA in terms of the strain history of the material.

More precisely, replacing c by S in equations (11.35) and

(11.36), where S is a variable running from s =r to $c

we find

2

Qs ve ()dee OnE ( eds) = - dé i (11.40)

whence either of the equations (11.39) yields from (11.37)

sds

oe ; @i41)dA =

Energy Considerations

The strain energy density in the elastic zone

Gere yas

Lf 2 oxWry =E(# en +68£.5) = Cire)
yar

by (11.16) and(11.17); whence the strain energy per unit

lensth of cavity in the elastic zone is

we ms



eae Te de, ee |
Vio ga Gu (11.43)

These could have been obtained from (11.9) and (11.10)

with c replacing a and L/2 replacing P, .

The strain energy density of elastic energy in the

plastic zone is

te) 5 le) = ce)
ies 5 ( a et 8e Eee ) ‘ (11.44)

Substituting for the elastic strain components in the

plastic zone (11.31) we have

(GaSe ios Sila (eos) = =

Therefore

We 2 Ape Sere Bycde = ee (11.45)

represents the elastic strain energy per unit length

of cavity in the plastic zone.

It is not in general valid to use a formula for

plastic strain energy density analozous to the simple

formulse (11.42), (11.44). We must take into account

the entire strain history of the material. Thus we

revert to the more basic incremental formula

: See Sue

(>) Foie, Piet aye)
= = A ebde,Woy is ave be ig Brey 3 “os (11.46)

which gives the plastic strain energy density at the

fixed point fr. Here, the variable of integration $s

defines the current outer radius of the plastic zone

as it propagates from 5 =r to S=c .

Since hydrostatic pressure does not contribute to

plastic strain we replace (11.46) by

Sec

WO .f” (ade? +68’ de. o )
Equation (11.37) yields

wef Clel Le), nan



whence, substituting for the deviatoric stress components

(11.39), we obtain

i see A:

= SidaWis Pe 2 ie (11.48)

The d in equation (11.48) denotes an increment

along the "strain path". Accordingly we write

al = s ds

and utilise equation (11.41). Thus the plastic strain

energy density is given by

We a i je sds
Crd deer Qacr

-3L cP ;

i = (1- &) ‘ (21.49)
Hence the plastic energy in the plastic zone per unit

length of cavity is

° fix & 3 2Woes = fe (=e a fi- leas

= Be [ee atte c*# Qn |
ae 2 (11.50)

Therefore the total energy in the material per unit

length of cavity is

i ls
a a AVey +e ¢Vin = ap a = ct tS ‘ qu 51)

Work Done on the Inner Boundary

The result (11.51) may be identified with the

work done on the inner boundary per unit length. Before

yielding begins there is a contribution

ha

VO oe (11.52)

vy virtue of (11.6) and (11.10).

After the yield pressure is reached, the work done.

per unit length of cavity is

ye yaa t ek (11.53)
where P = (ee The pressure P ana displacement uDees



are related since each is a function of s , the outer

radius of the plastic zone. We have

Pye 1, 2+ £) On f= Cee (11.54)

wksu(s) = bay on rea (11.55)

using (11.14) and (11.19). Hence
S2e a see

du ahNe = dara ia P qos = - Tes (s+ £) ds

The total work done on the inner boundary per unit

length is

Vee = on [a+ eto <| (11.56)
hn

which is in agreement with (11.51).

Residual Stresses

We now discuss the stresses that remain in the medium

if the boundary is unloaded. These "residual stresses"

may be found by superimposing a pressure ~Pon reo.

The resulting stresses may then be superimposed upon those

obtained above. Thus for the region that has remained

elastic, we have

in. sale Pom
= + >

art oom

ae C37)

see Wilke Pa*
68 2r>

while for the region that was plastic we have

i= taee See
a2 i

aer<ec, 8a c Ie era* (11.58)
bp = Lane t Gea es 4

By (11.14) these become

a tea eer ys

|| eae aks ree, (11.59)
)

; :

@2Ewe-Gete leslie oe
: * (11.60)



na z = ia6 - 5, | + arte &] eee (1.61)

?

Continuity of Residual Stresses and their Derivatives

It is to be noted that on PF =c (11.59) and

(11.60) both yield

-ky ali ao 2] (11.63)

while (11.61) and (11.62) both yield

@- bsldfae 4) one
Thus the radial stress and hoop stress are continuous

across the boundary that defined the elastic-plastic

interface before the load was removed.

From (11.59) to (11.62) we find that the radial

derivative of radial stress is continuous across yr =¢

while the radial derivative of hoop stress drops from

ies 2

et [amk+)
to *

eeeee [22 < + ‘|

at t= ody Ave. 380 is discontinuous by an amount 4&

SUS C” y

By differentiating (11.59) to (11.62) we find

that cr has a minimum at r= a(1 + 22n& )%,

It is interesting to note that ¢ = 68 at this point.

The hoop stress is strictly increasing for r<c and

strictly decreasing for ecv>c . A graph exhibiting

the variation of f and 66 with r is provided in

figure 44,

on
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CHAPTER 12

ELASTO - PLASTIC ITERATION PROCEDURE

Description of Method

Little progress has been made towards exact solutions

for the location of the equilibrium elasto-plastic interface

in problems of restricted plastic flow. The symmetrical

conditions discussed in the last chapter constitute a very

special case. However, application to a wide class of

problems is possible by utilising the techniques described

in this chapter. The elasto-plastic iteration procedure

is a systematic method of approximating towards the true

equilibrium elasto-plastic interface, C. The steps are

as follows :-

q) Solve the purely elastic problem for e given

external load, and construct a curve C, enclosing the

domain where the maximum shear stresses exceed or equal

the critical value (10.7).

(2) Note that the curve C, is wholly enclosed by C,

the true elasto-plastic interface.

(3) Now suppose that within the domain enclosed

by C, the stresses relax slowly to values which satisfy

the yield criterion (10.7). This relaxation leads to

new tractions acting on the boundary of the elastic

domain exterior to C,.

(4) Subject to these boundary conditions on (C,,.

find the elastic stresses in the domain exterior to

G,. Enclose by a contour C, those domains where the

maximum shear stress exceeds or equals the critical

value. Evidently C, encloses C,, and it forms a better

approximation to C than Cc, .

(5) Continue this process and arrive at a sequence

of contours C, , C, , ©, ,... which approximates more

and more closely to C.

Test Example Using Analvtic Solutions

For an infinite medium containing an infinite

cylindrical cavity of circular cross-section under uniform

internal pressure we have obtained an analytical solution

for the outer boundary of the plastic region. We may use
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this result to investigate the convergence of the iteration

procedure. We follow the steps described above.

(1) In the same notation as (11.1) the vurely elastic

stresses are given by

x 2

fr = - 80 = Pe ; r7o, (C125.19)
=

By (10.1), yielding occurs when

eo -rr] abe .

ies 2Pay | (12.2)

whence ©, is given by r= c,,where

CeO(2) oes i (12.3)
(2) The analytical solution for C , the true

elasto-plastic interface is the circle r= c

where c is given by (11.14), i.e.
P.

Baye Qn ey,
= e(f-4) (12.4)

From (12.3) and (12.4) we compare & with &

and observe that

ei a)
—<e*

« (12.5)

since P > by hypothesis. Hence

C) <1ee (12.6)

so c, is a lower bound for the radius of the
elasto-plastic boundary.

(3) We now assume that the yield criterion (12.2)

is satisfied in the region asx=rec, and seek to

find the stresses on C,. The general procedure is to

use the slip-line technique described later in this

chapter. In this particular problem we may use the

analytical solution (11.13) which yields

reek bn S- © E r@é=O onr=¢,. (12.7)

(4) Using (12.7) as boundary conditions for another.

elastic problem we obtain

AS [ue -1)--6 a ee (12.8)
The condition [l6e-@\=L on tec. gives

(2) -teane. (12.9)



(5) We continue this process and obtain

oy

a

(@j- 1+2he , (12.10)

.

(fe 1+2m8 , (12.11)
etc., and observe that

WC gs Lae. Be

Ccee. ae : (12.12)

A simple computer program may be written to find

the quantities ©, S ,.... from (12.3) and (12.9) to

(12:11) ana & from (12.4) for various values of © (24).

The convergence process is illustrated in table 61, p.168.

Only three or four iterations are needed to obtain an

approximation for C accurate to within 1% for values of P

up to four times the yield pressure.

The elasto-plastic iteration procedure was similarly

tested for the analogous problem involving a spherical

cavity of radiuse. Equations (12.3) and (12.9) to(12.12)are

replaced by

(2) = 3P
a ab

iy(Sz) -1+3m08

CaS Caer O

(12.13)

bon eee Seis. . hornets)

Results for various velues of P (greater than the yield

value & ) are given in table 62, p.169 and good convergence

may be observed again. It must be admitted, however, that

good results are obtained for the two problems considered

here since analytic solutions are available for the stresses

in the plastic zone. More generally these stresses may be

found by a numerical method which we now describe.

Slip-Line Technique

This widely used numerical technique was originally

devised by Hencky (1923) for integrating the system of

equations
Oxk , WY_ axXy,
Se bg Oot oe a

es 7 : Gens)

an a i: te Poe [gs

(ee -gy)" + xy (2.26)

The Cartesian plastic stresses xx, xy , yy are not

independent and we may define two independent dimensionless
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variables

xe + GY af 234 a ‘

eee (3 Om ben =) a (12.17)
which enable the plastic stresses to be written in the form

=
te =lw + A S26, (12.18)

a Fe suregy = bw - Bi one, (12.19)

xy = - 5 e020, (12.20)

With the notation of figure 28,p108, the stresses fn ,A%

on an element for which the normal makes an angle ec with

the x-axis, are given by

a Lu =
m = hu + % s42(B-0), (12.21)

ns = & co2(o-) (12.22)
oo 5 (12.22

Rearranging (12.21), (12.22) we have

Sade itkcas’ (28) (12.23)
x

w =R- & sur (O-x) , (12.24)

Putting «=O in (12.23) and (12.24) we obtain

-2xy92th Gs"! (2

we 2 5 Se
[ue is fs

From these we may recover (12.17) upon using (12.16). The

ambiguity of sign may be removed by physical arguments or

from boundary conditions involving the hoop stress

>

Se) loa = 5 su 2(e ~~). Gianea)

The system of equations (12.15), (12.16) are

hyperbolic and accordingly possess two families of

characteristics, sometimes termed first and second shear

lines or slip-lines along which

w-6 = constant, w+8 = constant,

respectively. Starting from the boundary 9B where

#h and #3 are known, we determine w and © from (12.23)

and (12.24) and then continue the characteristics into the

domain B using a step-by-step procedure described in the text

books (e.¢. Prager and Hodge, 1968). In this way we
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cover the whole plastic region with an array of nodal

points at which Ww and 6 and hence the stress components

are known.

Test Example using Slip-line Techniaue

fo illustrate the slip-line technique as nart of

the elasto-plastic iteration procedure we consider again

the circular cavity subject to uniform internal pressure P.

We know from (12.1) and (12.2) that yielding begins at the

boundary r=o when

o,7&

i iil er aaron F (12.26)
Since @=-P, the initial yield pressure is given by

i 3

R= re (12.27)

We will consider the case

-=. (12,28)

The analytical value ofc, the radius of the elasto-

plastic boundary,is given by equation (11.14):

Lig cf L.Sek e+e . (12.29)

If o= 2, (12.29) yields

¢=.2e = 5.43656 | (124.509)

We now seek an approximation for ¢ using the

elasto-plastic iteration procedure. The first step

is to utilise the numerical methods of Part II of this

thesis to solve the elastic problem with boundary conditions:

P= # on re aca, (Geese)

We take

Pal, Ghee (12.32)

so that the yield criterion s =“ vecomes

4s = + = O.4dAd | (12.33)
The computer program which produced the results of

chapter 9 may be‘ utilised to renerate 4s” throughout the’

domain » Za. In. particular we find

4s* = 0.573 when t= :

4s*=0.426 when f= 3.50.
Interpolation gives

3.25

3

4s = 0.444 when tan 3.47, (12.34)



In fact the analytical solution (12.1) gives tf = 3.464,

Equation (12.34) defines the contour © .

There is no need for greater accuracy in (12.44) althoush

such could easily be obtained if required. We have simply

found a lower bound for the elasto-plastic boundary r= c.

In practice we shall use a lower bound than r , at which the

plastic solution can conveniently be found by the slip-line

technique.

To effect a numerical plastic solution for the region

between 9B and C, we first select 32 equally spaced nodal

points on 2B. Because of symmetry we work only with those

in the first quadrant. From (12.23) and (12.24), the 9 ,w

coordinates of the nodal points are

O=a“-& = -] on 9B. (12.35)

In the notation of figure 45, if the values of © and w are

known at the points A, B, they may be found at C using the

formulae

er [Coons iy) + (6,-8,)] , 
} (12.36)

0, = | (a -ue) + (4 +6,)]

It is important to distinguish between the two families of

shear lines. We note that © is the angle through which the

y - axis turns in an anticlockwise sense in order to point in

the "first shear direction", i.e. that of the curve

w-6 = constant.

Figure 46 shows the (@,~ ) coordinates obtained from (12.36)

for all points in a mesh.



We now approach the more formidable problem of finding

accurately the position coordinates of all mesh points. A

basic rough approximation to the position of C when A and B

are known (figure 45) is the intersection of the following

straight lines :

(i) through B making an angle -0, with the y-axis (measuring
clockwise).

(ii) through A making an angle 4-9, with the y-axis (measuring
clockwise).

These lines meet approximately at right angles at C if the

mesh size is small, the orthogonality providing a useful check.

A better approximation, however, is obtained by

replacing 6, in (i) by $( & +® ) and replacing Gain Gi)

vy +( Os FGs0)'. Using this improved approximation we

computed the polar coordinates (r,g) for the intersections

(numbered P, , P, , P, ,.... in figure 46) of the first shear

line originating from the boundary point (2,0). We observe

that the first and second shear lines through the point @ 02,

on rea are

KeaeTM Chee). (12.37)

i,e, equiangular spirals. Because of symmetry we need

only consider the first shear line + =ae* and this

expression provides a check on the accuracy of the computed

polar coordinates ( r,¢; ) of P, ( t= 1,2,3,.....). Results

are shown in table 63, p.169

We now use our slip-line solution to find the plastic

stresses at a radius Fr where

f= maxr; such that m<c,, ( i= 1,2,3,.....).

From table 63,p169, we obtain r=rs. Knowing that the

plastic zone extends at least as far as r= 3.47 we are at

liberty to retreat to t = 4.27 and find the plastic stresses

there. We have

Si ae ae
Wee -14 55 O53, Xs RB

upon employing the subscript notation described above.

Hence (12.21) and (12.22) yiela

fn =-|+=2 r= oO on th, (12.38)

Solving another elastic problem, this time using

(12.38)

to deter

to be approximately r = 4.64. (The analytic elastic so

boundary conditions, we examine the computer output

mine again the region where 4s*> 3 ‘ We find



t to

stic

gives the result r = 4.6454). It is now convenie

retreat to r= ry = 4.392 (see table 6%) where pl

stresses can conveniently be found by the slip-line technique.

We find

W,=-l+%, O,=O; Xs E ;

S

SA ee ns =O.

eee (12.39)

It is encouraging to note that the value of m in (12.39)

agrees to three decimal places with the analytical plastic

solution (11.13) at r=r,g.

We now utilise (12.39) as boundary conditions on

r= 4.592, and solve the elastic problem again. We find

0, is r = 5.25 and retreat to rg = 4.8459. Hence another

iteration yields C, to be given by r = 5.381.

Conclusion

We have, therefore, the following successive

approximations tor=c

Cc, r= 3.46

Cr r= 4.64

Cy Ts bee5

CE r= 5.38

The analytical result is r = 5.44,

Another assessment of the accuracy of each

approximation may be derived by observing that the hoon

stress $$ and the invariant @ =m+& must be continuous

across the equilibrium elasto-plastic interface. In this

problem we know that @ =O forr 2 c (11.18). Forr S$ co

we have from (12.18) and (12.19) or (12.21) and (12.25)

O = xe +§y =m+ Ss = Qlw. (12.40)

Computing (12.40) from the slip-line solution after each

iteration we find that values approach zero as expected.

Results are shown below :-

w ©

Cc; = 0.45 = 0.60

Cz = 0.16 = Oyen.

C; - 0.0% - 0.04

C,. = O.01: eo) Cen)
Cc 0.00 0.00
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fo sum up, the elasto-plastic iteration

procedure has been tested both as a process, and

as a numerical method involving computed plastic

solutions. Although converzence has only been

examined for circular and spherical boundaries,

results give ground for supposing that the same

convergence behaviour will be obtained for a larse

class of reasonably shaped boundaries.

Results

TABLE 61

P/L | 0.5000 0.7500 1.0000 1.2500

f c/a | 1.0000 1.2249 1.4142 1.5811
«/a | 1.0000 1.2813 1.6167 1.9893
/a | 1.0000 1.2840 1.6481 2.1095

cof. | 1.0000 1.2840 1.6487 2.1170

e/s | 140000 1.2840 1.6487 2.1170

P/L | 1.5000 1.7500 2.0000

c/a | 1.7321 1.8708 2.0000 |
t/a | 2.3883 2.8045 3.2334 |

efx | 2.6796 3.3625 4.1571 |
fay a ee yin) 3.4857 4.4587

el 17182 3.4903 4.48197

Circular Cavity



TABLE 62

P7L % | #/, o/s

G/a | 1.0000 1.1449 1.2599 1.3572
G/e | 1.0000 1.1797 1.3775 1.5820

¢s:/2 | 1.0000 1.1814 1.3953 1.6448

c/a | 1.0000 1.1814 1.3956 1.6487

e/a | 1.0000 1.1814 1.3956 1.6487

P/L 2 % %

c/a | 1.4422 1.5183 1.5874

C:fa | 1.7868 1.9887 2.1866

Cs/a. | 1.9292 2.2445 2.5854

Cefa | 1.9475 2.2989 2.7090

c/a | 1.9477 2.3010 2.7183

Spherical Cavity.

TABIE. 63

i COMPUTED ¥; ANALYTIC fr; g;

i 2.207 2.206 n/32

2 2.445 2.434 4/16

3 2.686 2.685 Br /3r

ty 2.964 2.962 a/¢

5 3.270 3.267 Sn /3r

6 3.608 3.605 3u/I6

7 3.981 3.976 33 /3z

8 4,392 4.389 w/e

9 4,846 4.849 Qn /3z

10 5.347 5.338 Sa /6

let

Polar coordinates of P
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CHAPTER 15

ELLIPTIC CAVITY SUBJECT TO

UNIFORM INTERNAL PRESSURE

Introduction

In this chapter we extend the previous analysis

to an infinite cavity of elliptic cross-section. The

boundary QB, given by
2 +

= = = ail (13.2)

is subject to uniform internal normal pressure P.

We consider the case @= 2, b = 1; and P is three times

the initial yield pressure. We use our elasto-plastic

iteration procedure in which the first step is to solve

the elastic problem with the appropriate boundary conditions.

First Iteration

An analytical elastic solution is available

(chapter 9) and the solution for the maximum shear stress s,

defined in (9.14), which, expressed in confocal elliptic

coordinates (Bhargava, 1959), takes the form

at+b?\* Me
_ ely -3

S= on oB, Css

(cae cos27]

The boundary quantity (13.2) attains a maximum value Pa /t

at the extremities of the major axis. The Tresca yield

criterion states that yielding begins when

ae

Speen (3563)

The initial yield pressure PR, is therefore given by

eeee
2 ia

-

ie.

age
ae (13.4)

We considered the case

SL

Pesh= =. (13.5)

so that by (13.3) the yield condition is expressed in

the form 7

ar 16P .
Se, hoa” ar ee (13.6)
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To complete the first stage of the first iteration we

draw a contour C, which encloses the region in which the

purely elastic stresses satisfy the inequality

be Sk 2 ac999 (13.7)
Pa

For this we can utilise either the analytical solution

(9.14) or the numerical solution obtained by the integral

equation methods of Part II. The values of 4&s*/P* >» as

obtained by each method, have already been tabulated

(figure 30, p130) for a mesh of field points. The result

of applying (13.7) to construct C, is shown in figure 49

P77)

It is now assumed that the stresses within C, are

relaxed to satisfy the yield criterion and these plastic

stresses are found using the slip-line technique described

in.chapter 12. The characteristic coordinates are known

on the boundary to be

wipes =-+
[ae oe (13.8)

py virtue of (12.235), (12.24) and (13.5). Equal eccentric

angles were used to define 32 nodal pointson dB as before.

The symmetry of the problem implies that we need only

consider the first quadrant; results in the other three

quadrants being obtained by reflection in the coordinate

axes. We find that five nodal points in the first quadrant

are enclosed by C, (figure 49, p177). The characteristic

coordinates (13.8) are evaluated both at these five points

and, using (12.36), at all intersections within C, of shear

lines originating from these five points. The aim is to

find plastic stresses on C;. From the point of view of

accuracy it is advantageous to shrink the curve C, slightly

so that it passes through the intersections of shear lines.

The modified curve C, will be termed ‘San We are free to
retreat in this manner since we are only asserting that C,

lies wholly within the plastic zone, i.e. Cy is a “lower

bound" for the true elasto-plastic interface. A curve 6,
strictly within ©, will clearly have the same property.

Alternatively we could interpolate along shear lines to

obtain stresses on the contour C, already defined. However,

although slightly inferior as a first approximation, the

curve C; provides a superior basis for the second iteration.
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For the latter, it will again be convenient to

represent the boundary in terms of 8 nodal points in the

first quadrant. These points are numbered 1 to 8 and their

location is determined using the construction of figure 45, piss.

Results are shown in figure 49, p.177, whence there is an

obvious choice of 4 new nodal points on c,. Four points

on QB will be utilised again in the second iteration. It is

important for continuity that we take a nodal point (number 5)

at the intersection of 0B and Cie

By repeated use of equations (12.36) we find the

characteristic coordinates of the new nodal points as follows:-

Nodal point 6 w

at - 0.615 ~ + 0.215

2 - 0.285 + 0.065

5 - 0.005 - 0.005

4 + 0.205 - 0.075

We then obtain ie 5 a from the slope of the normal to C.,
and equations (12.18) to (12.20) then provide the plastic j
stress components xx xy. yy + Thence from the formulae

RPeda):
a dx n, de

Ri e3* ap tn. 4

aie ee (3.9)
Fy = Aue we a

we obtain the traction components per unit length of

boundary F, , fs The results are

Nodal point es Fe

aL 0.50 0.09

i 0.47 0.34

5 0.52 0.41

4 0.41 0.56

By numerical integration we then find the partial derivatives

of the Airy stress function using CPSP Hence the normal

derivative x’ may be computed from (7.15). After another

numericel integration, equation (7.14) yields the function x.

fo ensure continuity with the values of x, x’ at nodal

points on O38 the nodal point (number 5) which lies on 6)

and QB is chosen as the point 5, (of equations (7.13) and

(7.14)).
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Second Iteration

We define a contour 9 s that enclosing the ellipse

QB and the region enclosed by c . A rough sketch is

shown in figure 47.

Figure 47

Values of x and x’ , which are known everywhere on QB,

are used as boundary data in the elastic cavity problem.

This is solved as before by the numerical methods of Part II,

and a contour C, is constructed (figure 50, p.178) to enclose

the domain satisfying (13.7).

The characteristic coordinates 9, w are found

throughout the encloselnet of shear lines. As before we

shrink C, and replace it by.a contour Cs which passes through

mesh points of the characteristic net (figure 50). We chose

suitable nodal points to define On and found their Cartesian

coordinates as follows :-

Nodal point oe y

a 2.42 0.57

2 2.61 0.64

5 228 0.98

4 1.96 1.38

5 1.62 1326

6 1.08 1.27

iv 0.80 1.10

8 0.42 1.18

A computer program was written to determine xx, xy, oy

and then F, ,F, from the above data as in (13.9). The

program also computed the quantities X and x’ on Oe as in

the first iteration. This time there was no problem

concerning two parts of the boundary since the plastic zone

has completely surrounded the cavity.

174



Third Iteration

The values of X, xX’ obtained on o are now used

data for yet another numerical elastic problem. A contour

is obtained by enclosing the region in which (13.7) is

satisfied.

The form of the contour C, so obtained (figure 51)

suggests that improvements could be made by choosing a smoother

contour than ce Accordingly we select the contour G shown

in figure 52, p.180. By the argument employed previously we

are free to retreat in this way from CG, to . which is wholly

enclosed by O28 After modifying the input data for 9,w, x.y,
:

x’, y’ at certain nodal points, the program for the elastic

problem was run again. The contour C, is accordingly

replaced by a modified contour which we call 0,*.

Conclusion

The contour C,* appears to be more reliable than C,.

Figure 53 compares the contours C,, C,, C;*. It may be

observed that C,;* intersects C,. This apparent illogicality

is a consequence of our "retreat" procedure; but may be

interpreted as an indication that we are now very close to the

true equilibrium elasto-plastic interface C. The proximity

of C, to C;* is also an encouraging feature.

Finally the contours C, and C,* are compared in figure

54, and bearing in mind natural numerical oscillations, an

estimate of the true contour C is made on the basis of the

reasonable convergence of C,, C,, ©;*. A sketch of the final

estimate for the whole zone of contained plastic flow is given

below (figure 48). For more accurate readings, reference

should be made to figure 54+ (p.182) which is on a larger scale.

FIG. 48
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5We are aware of the limitations of the method

notably that of constructing shear lines accurately.

It can be reasonably asserted that our final estimate

of C (figure 54) is accurate to within 10%. The physical

measurement of elastic constants is subject to errors of

this order; it may well be that any attempt to solve this

problem experimentally would be subject to greater errors,

so that further approximations are irrelevant from the

practical point of view.

Mathematically, the value of Part III of this

thesis is that the elasto-plastic iteration procedure

is exploited further than ever before, and applied in

particular to the problem of the elliptic cavity subject

to uniform internal pressure. The solution, obtained in

this chapter, for the resulting zone of contained plastic

flow, is more accurate than any previously obtained.

The successive approximations are displayed in the figures

on the following pages.

176



oy

a





1G. 5]=



~_woie



a“t

EG:





ae mae ci io tack

v



APPENDIX 1

THE [-CONTOUR : ANALYTICAL CONSIDERATIONS

In chapter 2 we obtained the result (2.18) that

[tie] A(z) dy = constant; pé aB, (Al.1)
3B .

possesses an effectively unique solution for any given

contour dB. It is now necessary to decide which value

the constant in (Al.1) takes for any given contour. It is

to be noted that if A(q) satisfies (2.13) on 2B then on

a similar contour of parameter m (we replace the position
vector £ for 0B by mer to obtain the geometrically similar

contour 2B. ), (2.13) is satisfied by A ( ma. ) where

ais) Als)
m(ttstam) °

s= f Made, ,
eB

since

Thi Varp urea A Cay) Pinta) | Ala )dq
28, Fede. 2B,

tm [tatpngl Ala) de
28,

em(i+s lnm),

Thus it is evident that it is not possible to define a

solution for (2.13) for a contour for which m=e

and furthermore, that there is one and only one such contour

in any class of similar contours. This exceptional contour

is called the V-contour. It might, of course, happen that

={” , in which case the right-hand side of the last

result becomes smm and since m=O is not considered

anyway we have the exceptional contour characterized by m=1

as expected.

Thus we can state that (2.13) has a solution for all

but one contour of any given class of similar regular

contours. The condition for (2.14) to have a non-trivial

solution is that 2B is th (-contour. As a si
as

illustration, equation (2.13) is solved for a circle of
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radius b by Aq) = (27 b Mb v7 » but has no solution
when. b = 1; on the other hand, equation (2.14) exhibits
the non-trivial solution A ( 4) = constant when b = 1, but

has no solution apart from a ( % ) = Owhend¥ 1. It is

not difficult to show that in three-dimensions there are

no exceptional surfaces analogous with the two-dimensional

P-contour.

The [-contour has no physical significance. In a

numerical approach, proximity to [ will be indicated by

ill-conditioning in the relevant system of linear equations.

As noted in chapter 2 we may avoid the [- contour simply

by changing the scale.

Assuming this done, we return to equation (2.1). We

multiply both sides of (2.1) by Ap )dp and integrate

around 8B C#m ). Inversion of the order of integration

is justified since all functions may be assumed of class La

so that the Lebesgue-Fubini theorem applies. Thus we have

Jad] [otrsieare]s ~ | #022) (A1.2)

and hence

J ets)] J tra] Alp de] = J Pa) ald de (41.3)
but since A has been chosen for a non [-contour this

reduces to

f Caddy =f 8G) AG) dp. (42.4)
3B 

2

This result is used in chapter 2 (equations (2.26) and

(2.34)) in arriving at the result that there exists a

unique interior harmonic function characterized by

% (p) on 2B C#P ); ana similarly there exists a unique

exterior function bounded at ‘infinity. A similar treatment
can be given for the P- contour showing that with the

partition (2.29) and the condition (2.34), equation (2.3%)

always exhibits a unique solution.
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APPENDIX 2

THE [-CONTOUR : NUMERICAL CONSIDERATIONS

In appendix 1 a method was given for finding the

( -—contour analytically. It seems profitable to conduct

a numerical investigation to confirm that ill-conditioning

is confined to the neighbourhood of this exceptional contour

as predicted. Briefly, if the "electrostatic" problem

solved on f (x,y) = O yields a capacity s , the f-contour

is given by

$( 2k 4) 20
,

where

renee Cie.)

Accordingly for the particular case of the ellipse with

= 2, 0 = 1,

x? 2

SECE Gal ee | EO,

The analytical value of the capacity for this ellipse is

given by (3.21) as

S= 2.4663

so that (A2.1) yields me 0.6667. Since

2 2

Ce pe rig aot ae

the M-contour for the 2:1 ellipse is given by

bem * 0.6667.

A series of programs was run which solved the Dirichlet

problem for the 2:1 ellipse (again with ¢( @ d= 1 on» 2B)

taking a range of values of b from 0.5 to 2.0 giving special

attention to values of b nearm, As expected, ill-

conditioning occurs as b approaches m from above or below.

The generated value of g(P) at the origin has the following

properties

Br-- as bom,

Art % 25 bam)

1g,-\}< 0.01 if |lb-»] > 0.02.

Full results are given in table 64. The values of ¢@(P) at

8 points on the major axis were generated and each produced

similar behaviour to g * In particular for the point P
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defined by x= G95)=, #e2e)2¢,. is characterized by

g, »-0as bam”

gp + as be mi?

1d, -1)<o-o1 ag Ib-ml ee Oel.

It was also noted that everywhere on 0B

«<0, s<oif bem ,

cro, S7Oif be»

We note from the analytical results (3.21) and (4.26)

that S and s« become infinite when @+ b = 2. This

provides a more direct route to the !*-contour than (A2.1)

but applies only to ellipses. Clearly for the 2:1 ellipse,

b = % gives the [7-contour whilst for the n:1 ellipse

b = 2/( n+! ) defines the scale to be avoided. Theoretically

oy ©, 5-2 as b > m St?

S»-00, Se-eas bw,

This feature is confirmed well in the numerical results

of table 64 and figure 55. The accuracy of the computed

Sys, p increases steadily as the scale increases beyond

the Mf-contour (as was found by a further program in which

bd was increased from 1 to 100). The following is a sample

of the results obtained :-

TABLE 64

b d, Be

0.500 0.9993 0.9947
0.600 0.9981 0.9855
0.660 0.9808 | 0.8508

0.662 0.9727 0.7880

0.664 0.9530 0.6350
0.666 0.8324 - 0.3020

0.667 1.5965 5.6345

0.668 1.1074 1.8347

0.670 1.0407 1.3166

0.700 - 1.0040 1.0314

0.800 1.0011 1.0084
0.900 1.0007 1.0051

1.000 1.0005 1.0038
2.000 1.0002 1.0014

Values of $(P) generated at the centre and near
the boundary of a 2:1 ellipse of various scales.
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APPENDIX 3

A TRIAL HARMONIC PROBLEM

As a further test example, the Dirichlet problem

of chapter 3 was considered, with the ellipse replaced

by the square Ix\<! , Iyls! . For this new domain

equations (3.1), (4.2) and (3.5) were used again, and

equal intervals were defined along each side of the square

with interval points in each corner. The number of nodal

points, 9 , was systematically increased and ¢ generated

in the interior for each n. Error analysis was again

carried out on the boundary and results for @(P) generated

over a square mesh of interior points were encouraging.

Values of 9(P) for n= 80 are shown in figure 56.

: A similar Dirichlet problem with different boundary

conditions arises when determining the stress function x

for the torsion of a beam with uniform square cross-section.

With B again defined by Ix] s!, Iyls] , we accordingly

seek a solution for X satisfying

Mit nl slr in Be Le oR

and Mie 0 on OB

using

; g=d+te in B + 2B,

vid= 0 in B + 9B,

and @= 4ter* on oB

where **= x‘+y* and Vis the two-dimensional Laplacian

operator. Here the formulation is as before except that

(3.1) is replaced by

Jalp alec rae aad [ees] qe 2B.
%

From $(P) generated by (3.7) tne solution for 2X follows

from

TECP) 1G Gina rey PeB +2B.
After subjecting the numerical analysis to the usual scrutiny

and improvement procedures, we obtained the results shown in

figure 57 using n = 80. Five times this number of lattice

points does not produce a more accurate solution by

relaxation methods (except very near the boundary). Our

results for interior mesh points deviate from the analytic
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solution by less than 0.15% Figures 56 and 57 only show values of Pe

corresponding to X2Y 20 , since, by the symmetry of the last two

problems about the x and y-axes and the lines y=+x, it is only

necessary to consider field points within one eighth of the square.

For figure 56 the analytical solution for comparison is ¢(P)=|

everywhere,whilst in figure 57 the upper figures are the analytical

values and the lower figures their numerical counterparts.

y ft

.

0-999

. .

|-ocol b 0000

. . °

1.0002 10002 10002,

. . . .

10002, 10002 10002, 10002,

bocon 10002 10002 000% he003 x

Solutions of V"¢=0 inside the square 1x}<1,Iyl<)

with ¢ =| on the boundary.

Figure 56
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Solutions of V Z=-2inside the square IxIsllyls |

with x=0 on ¢ boundary,

Figure 57
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APPENDIX 4

REPRESENTATION OF AN ARBITRARY BIHARMONIC FUNOTTION

In this appendix we prove that an arbitrary

biharmonic function #% admits a representation in the form

H=xd+y 3; Vo= Ty=0, (A4.1)

This is the converse of the result proved in chapter 5 (par y

that if X is represented in the form (A4.1) then x is

biharmonic.

We first note that if xX is an arbitrary biharmonic

function, then Y*x is a harmonic function since it

satisfies

Sig) = 0. “(A4.2)

An arbitrary harmonic function may always be expressed

as the derivative of another harmonic function, hence we

may write

vx = 22% (A435)

where

Td = 0. (A4.4)

Since

Vlg) = (We) p+ xVG4 2 grad x . grad gd

a particular solution of (A4.3) is XH = xg , whenethe

general solution is

Be

wT y=0, (A4.6)

xb +¥ (A4.5)"

where

Thus we may say that (A4.1) is a necessary and

sufficient condition for a function XH to be bihzrmonic.

The same result holds for the representations X=y¢+¥ ,

X= c?d +H where U*d-V'r=0,
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APPENDIX 5

CONFOCAL ELLIPTIC COORDINATES

Confocal elliptic coordinates (%,7 ) may be

defined in relation to Cartesian coordinates (x sei),

by the equations

xX = ¢ cosh % Cosy,

| (45.1)
yore Sink SZ Siang.

The condition

3 = & = constant (45.2)

defines the ellipse

z z

ae 4 Sed (A5.3)
at

a = ¢c cosh % ,

} (A5.4)
b= c sinh = .

Similarly Pom. 1, constant is the locus of a hyperbola.

Equations (A5.4) imply

o-b = c, (A5.5)

B, = cosh? S= sak" . 4,(22+)
2 ape

coshBe SF sikh se = BHF) cosh aye ba.)

ecified> typical point in the x- y plane may be s

by

re cook Fcos 7 h + esinhZ sing F (A527)

where £ , j are unit vectors along the x, y axe 5

respectively. The scale factors 13 | and | 32
each take the value

c fsnk sy Sin = = J cosh 23 — cos 27. (a5.8)

Eouvuation (45.7) also yields

Fr aS (cosh 244 cos 27)
Hence 3

ce

r+ aS Fc ,

ies Z-OC kr) as po,
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From (A5.1)

bam B = Kis = bah $ tang ’

therefore

8-7 as Bye. (A5.12)

The scale factors (A5.8) both approach + as 3 -oo Oby

virtue of (A5.10). There is thus a parity between confocal

elliptic coordinates %,7 that does not exist between plane

polar coordinates.

The scale factors are also utilised in constructing

the two-dimensional Laplacian operator

yr | ae

* (sak gtemy) | 3 Oye (45.13) -

so that if ¢ is a harmonic function in x andy , ¢ is

also harmonic in 7,7 .

From (A5.7) it can be seen that the scalar product

Or Be35 3p =0 (A514)

which proves that each ellipse of the family = = constant

intersects orthogonally each hyperbola of the family

7 = constant. Thus the normal to the ellipse 3:3, at

the point (4,7 ) is the tangent to the hyperbola 7 34,

Hence, employing the scale factors (A5.8) again, we may

express the normal derivative operator for the ellipse in

the form

so eee ea + a 2.
On CiBink Z4sinty OR elcosh2}-cos27? 0% (AD. 25)

The + sign applies to an exterior domain: the - sign

applies to an interior domain.



REFERENCES

BHARGAVA, R.D. 1959. Ph.D. Thesis. London University.

BHARGAVA, R.D. 1965. Proc. natn. Inst. Sci. India, 31, 6.

GARABEDIAN,P.R. 1951. Pacif. J. Math., 1, 435.

GHOSH, S. 1929. Bull. Calcutta math. Soc., 21, 191.

HAPPEL, H. 1921. Math. 2., 11, 194.

HADAMARD, 3.1908. Mém. prés. div. Sav.Acad.Sci.Inst.Fr.,2,33.

HANCOCK, H. 1958. Elliptic Integrals. New York, Dover.

HENCKY, H. 1923. Z. angew. Math. Mech., 3, 241.

BIT, Re 1960. The Mathematical Theory of Plasticity,

Oxford, University Press.

JASWON, E. 1969. M.Phil. Thesis, London University.

JASWON, M.A.1963. Proc. R. Soc., A 275, 23.

_ SASWHON, M.A., and MAITI, M. 1968. J.Eneng. Math., 2, 33.

JASWON, M.A., MAITI, M. and SYMM, G.T., 1967. Int. J.

Solids Structures, 3, 309.

JASHON, M.A., and PONTER, A.R. 1963. Proc.R.Soc.,A273, 237.
KANTOROVICH, L.V. and KRYLOV, V.I. 1958. Approximate

Methods of Higher Analysis, Groningen,

Noordhoff.

KELLOGG, O.D. 1929. Foundations of Potential Theory,

New York, Ungar.

LASKAR, S.K. ©1972. Ph.D. Thesis. The City University,

London,

LIGTENBERG, F.K. 1954. Proc.Soc. exp. Stress Anal

LOVE, A.E.H. 1952. A Treatise on the Mathematical Theory

of Elasticity, (4th edition)
Cambridge, University Fress.

MIKHLIN, S.G. 1957, Integral Equations, London, Perzamon.

MUSKHELISHVILI, N.I. 1963. Some Basic Problems of the
Mathematical Theory of Blasticity,

(4th edition) Groninzen,
Noordhoff.

PRAGER, W. and HODGE, P.G., 1968. Theory of Perfectly

Plastic Solids, New York,

Dover.

SENGUPTA, H.M. 1948. Bull. Calcutta math.Soc., 40, 17.

SENGUPTA, H.M. 1949. Bull. Calcutta math.Soc., 41, 163%

SPAIN; -B. 1940. Q. J1.Math.; 11, 271.

SYMM, G.T. 1963. Proc. R. Soc., A 2/54 55

SYMM, G.T. 1964. Ph.D. Thesis. London University.

SYNGS, J.L.



SZEGO, G. 1939. Orthogonal Polynomials, New York,
Am. math. Soc., Colloquium

Publications, 23.

TIMOSHENKO, S.P., and GOODIES, J.N. 1970. ‘Theory of

Elasticity, (3rd edition) New York,
McGraw-Hill.

TIMOSHENKO,S.P., and WOINOWSKY-KRIEGER, S. 1959. Theory
of Plates and Shells, (2nd edition)
New York, McGraw-Hill.

i96


