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ABSTRACT

Much previous work (e.g. Durbin and Watson 1950, 1951,

1971) concerning sutocorrelated errors associated with the general
linear rmodel has been based upon the assumption that the
autocorrelation structure follows the stationary first-order
Markov process. Here, by consideration of experimental designs in
which correlations between errors seem likely, a non-stationary
process is postulated.

First, a modification of the likelihood ratio produces a
statistic, designated g , for testing the hypothesis of first-
order autocorrelation. This test is the most powerful invariant
test against both non-stationary and stationary alternatives in
the region of high autocorrelation. It is therefore more powerful
than the Durbin-Watson test for these alternatives. Bounds are
established for the g statistic under general conditions. In the
‘particular case where an overall mean is included in the regression

the bounds are identical to those of the Durbin-Watson statistic.

An account is given of computer simulations for the purpose
of examining the properties of various estimation procedures
suggested in the literature and some new ones. A method based on
& simple Bayesian decision approach, involving the g statistic,
is ghown tec be reasonablﬁ efficient and is comparatively easy to

use in practice.
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Qualitative and quantitative design problems are discussed.
Williams' (1949) changeover designs, in which every treatment
follows every other treatment, are shown to minimize the
pgeneralized variance of estimates of parameters for rendomized
block and latin square designs, and for positive and negative
first-order alternatives. This result is as yet without analytic
proof. The theory of a design procedure is ‘given for the general
quantitative factor experiment and is critically compared with

the method proposed by Box and Guttman (1966).

Finally an alternative to the von Neumann (194%1) ratio,
besed on the g statistic, is developed for testing for the

presence of autocorrelation in an observed sequence with zero mean.
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1.1 The problem of autocorrelated errors

The results of many scientific experiments may be represented
mathematically by an observed response being writtea in terms of an
additive linear combination of factors. A model of this kind, known

as the general linear model, is expressed in metrix notation as
y = Xp+ u , (1)

where y is an n x 1 vector denoting the experimental observations

R

or responses,

T

is the k x 1 vector of unknown factor effects,

X is the n x k design matrix, usually in this context e
matrix of 1's and O0's indicating in any particular
response the presence or absence of the contributing
factors,

and u is the n x 1 vector of errors, cevsed by experimental

inaccuracy and by any mis-specifications of the model.

We shall assume, without loss of generality, that X is of
full rank k . This model also has much application in economic time
series and other regression situstions where, of course, the elements

of X are not typicglly 1's and O0's .

In general the factors, or parameters, will include a subset of
parameters representing treatment effects; fhe object of the
experiment and the subsequent analysis is to make inferences about

contributions of the various treatments to the observed responses.



When the assumption is made thet the errors are independently
distributed with zero mean and constant variance least squares
estimators of the parameters, namely (}'E)-i E'z , are available
which are unbiased and have minimum variance. If the further
assumption is made that the errors are independently normally
distributed it is possible to make tests for the significance of
the various subsets of parameters, and for components within the

subsets, based on the F-distribution.

If the cbservations are being taken sequentially in time and
from the same experimental unit (e.g. the same subject, field, body,
apparatus or machine) the response at any particular time may be
affected not only by the treatment applied at that time but by previous
treatments. In this case it is expedient to incorporate residual
effects of treatments into the model, retain the above assumptions
about the errors and then make inferences in the usual way. However
the assumption of independent errors in experiments and models of
this type has been questioned by several writers. Finney (1956)
.suggested that an appropriate model in some bioassay experiments,
where typically each subject is tested with more than one dose of the
material under assay, might include residual treatment effects and
autocorreleted errors. Box (1960) éonsiders the problem of correlated
errors in chemical processes where, 'due to material being held over
in pipes, pumps and so forth,variation is introduced of the type where
a low value at one time is followed by & high value at the next'.

In another class of experiments, for example that considered by Box
and Hunter (1958), page IS 6 s treatments are applied at equally

spaced intervals of time in the presence of an overall trend in the



observations. Any misrepresentations of this trend (e.g. by a wrong
order polynomial in time) in the model will introduce the effect of
autocorrelated errors. In fact Box (1960) distinguishes between
situations where the errors are negatively avtocorrelated due to
carry-over and others where there is positive autocorrelation due to

trend effects.

Cochrane and Orcutt (1949) considered the problem of autocorrelated
errors in economic time series models and stimulated much subsequent
work in this field. They demonstrated that in economic applications
positive autocorrelation is not uncommon, and that least squares
estimates of the parameters ‘E may be very inefficient in the presence
of high values of autocorrelation. In fact, in the discussion to a
paper by Champernowne (1948), G.H. Orcutt on page 231 gives detailed
reasons for suspecting high positive autocorrelation in the error
terms of many economic models. The usual error structure adopted by

authors desling with these time series is the stationary first-order

autocorrelation scheme.

The problem of the analysis of experiments represented by the
linear model is examined when the errors are assumed to come from a
first-order autocorrelated frocess. Because, typically, our applications
consist of only short sequences of observations we do not impose the
restriction of stationarity. In turn, with the non-stationary model
primarily in mind, we consider testing for autocorrelated errors,
estimation of the autocorrelation parameter and the other parameters,

E » Some particular design situastions, and finally the problem of

testing for autoregression in an observed seguence.



1.2 Three case studies

In this section we discuss three practical examples. These
are drawn from the published literature and illustrate the type of
situation where one might reasonsbly suspect the occurrence of
autocorrelated errors. The autocorrelation msy be due to either the
physical nature of the experiment (Williams’data), or inadequacy of
the model in representing the response (Box and Hunter's data), or

perhaps to both (the Pear's data).

a. Williams' data is considered for several reasons, one of which

is that it played an important role in motivating this research. It
is an example of the carry-over situation - in fact Wiliiams (1949)
included residual effects of treatments as parameters in the model in
an attempt to explain the carry-over effect on the response. However,
this postulated model is unsatisfactory as we shall explain. The data
is presented in Table 1. The usual notation for carry-over designs,
e.g. Cochran and Cox (1957), Berenblut (1968), is adopted where the
parameters are termed subject effects, period effects, treatment
effects end residual effects of treatments.

The design matrix ‘5 is given in fig. 1, and has been reduced
to full renk using a methcd described in Appendix A. The six subjects
are laboratory Lampen mills used for the evaluation of the effects of
six different concentrations of the pulp additive (treatments) on the
bursting strengths of the resulting sheets. The treatments were

applied according to the Latin square in Table 2.



Peyiod

Pariod

Subject

1 2 3 4 5
1 56,7 58.5 55.7 57.3 53.7
2 53.8 602 60,7 572.7 57.1
3 54.4 61.2 56, 8.2  50.2
4 544 544 59.0 58.1 589
5 ER-U 50,1 sﬁ,ﬁ 60,2 58.0
6 545 5.8 59.6 60,2 59,6

The resnltsg in Willismae' eyperimant

58.9

6,6

£9.6

TABLE |

Suhiect

1 2 3 7 AR 6

1 c 1D A B P D
2 P c D A L R
a B n F 13 A c
4 B 1 B D c A
g ) A F G " >
6 A B c B D P

The latin eguara used by Williama

TABLE 2
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Using the F-tests both direct and residual effects are
significant at the 1% level. When plotted against concentration
of additive, fig. 2, the estimated direct effects lie approximately
on a smooth curve, whereas the estimated residual effects do not.
The erratic behaviour of the plotted residual effects, when they
would be expected to vary continuously with concentration, casts
doubts as to the physical validity of explaining the carry-over by
means of residuel effects of treatments. The data was considered by
Berenblut (1968), pages LO-hl (in en analysis for non-edditivity which
produced & negative result) where details of the treatment concentrations

end estimates may be found.

Pollowing the remarks made by Box (1960) we conjecture that a
model containing negatively autocorrelated errors might give a more
adequate representetion of the sbove data, possibly with or without

the inclusion of residual effects of treatments.

b. Box and Hunter's data The data, given by Box and Hunter (1958)

page 156 , are the results of a pilot experiment conducted to
ascertein the degree of e time dependent polynomial necessary to
represent & trend in the response. The quantitative levels of the
treatment factors in the main experiment are then chosen to be
orthogonal to this polynomiel. This case is presented to show the
problem of designing in the presence of an overall trend in time
where the effect of positive sutocorrelation might occur if the actual
trend is either a different degree pﬁlynomial or if it is not &

polynomial and not adequately represented by a polynomial.
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¢. Pear's date ‘This is an exauple taken from economic litersature
end will allow comparisons to be made between this work and that

done by economic statisticians on the same subject of autocorrelated
errors. The original data is presented by Hoos and Shear (1942),

but has been considered subsequently by Hildreth and Lu (1960),
Henshaw (1966) and Durbin and Watson (1971). The price of California
Bartlett pears is regressed on an overall mean, a linear time trend,
the supply of those pears, the supply of Washington and Oregon pears,
and finally the non-agricultural income., All the parameters were
significant. The presence of autocorrelated errors in this specified
model might be suspected if for instance an important independent
variable was missing - being unknown or immeasurable, or both.
Alternatively the linear time trend may not adequately represent the

actual time trend.
We now have some practical situations in mind, typical of

various applications to which the developing theory can be critically

applied.

1.3 The Mathematical Model

In the general linear model (1.1.1) we make the assumptions

(2 E(u) = 0,
-~ ~
2. the elements of the design matrix X are fixed - e.g. there

are no lagged dependent varisbles, "
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2 the dispersion or varisnce-covariance matrix of the observations

is D(y) = E(BE'} = a’ﬁ ).

Thus any correlation scheme is completely specified by the elements
of the matrix V . Making the further supposition that the errors
-~

are multivariate normal, the probability density function is then

/s —n/.
W7 e L emp (Y E

In the model errors occur at eny time due to unknown and
uncontrolleble factors or mis-specifications of the true model. These
errors are presumed to be small end related to the corresponding
errors in previous experiments. The aiﬁplest possible relationship
of this kind is the first-order autocorrelation scheme. At each
experimental observation the totel error is composed of an innovation
of an independent error plus & proportion of the previous error. In
typical experimental design situations where there is no history
prior to the first observation then clearly in the first experimental
observation the error consists entirely of the independent component .

Therefore the first order autocorrelation process is defined as

(i=2, 3, saay P) 3

[
n
V)
-
e
i
+*
m

and u, = € ,

vhere p is the number of periods, i.e. the number of observations
teken on any one subject. If there are s subjects then the total
number of observations n = s x D . The model is defined in this
way because correlations are only expected between errors on the same

subject - for instance the Williams' data where s = p = 6 and
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o~

n = 3% . Economic itime series regressions fiﬁlinto this model Ly
taking s = 1 . Experiments where unequal numbers of observations
are taken on different subjects are not considered explicitly in this
work, although by a suitable generalization of the notation the

results could be extended to cover that case.

Thus the dispersion matrix is defined in the form

Ve ()

Vel

vhere all unspecified elements are zero, i.e. there are no correlations
between errors on different subjects., In order to define the elements
of Vp(¢) one further assumpiion must be made concerning the

-
autocorrelation scheme. The simplest alternatives to consider are
either that the sequence of independent errors Ei has constant

variance o% , or that the sequence u; has constant variance o *.

We shall adopt the former while observing that the latter
assumption leads to the stationary first-order process as considered
by Cochrane and Orcutt (1949), Durbin and Watson (1950, 1951, 19T1),

Von Newnann (1941), Henshew (1966), R.M, Williams (1952) amongst

others. Teking var(€,) =e¢* , i=1,2, ..., p, then
a it
1 Q c - . . c

Y?(e) = ! : . .
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We shall call the sutocorrelation scheme with the above assumption
that var(€,;) = e , all i, the non-stetionary process,
remarking that the variance of u, remains finite as i-+» ¢o provided

fel < q.

- - - “'
It is eaecily verified that Vp (t) s O C

~P D
| (@] - (]
- i o
where Cf’ = Cf'(e-) = N = ! o ke
. \ o
G ~¢ |
=t -2
Therefore |V| = v~} = |J]¢] = 1, forall p,n and ¢ .

Tn the stationary process the resiriction that |€| <1 is encountered,
vhereas in the non-stutionery process ¢ can teke any value. It is
certainly possible tc envisage situstions where ¢ = 1. For example
the cumulative error structure considered by Cochrane and Orcutt (1949)
and Mandel (1964), page 295, ie in fact the non-staticnary first-order

process with £ 0%



In cases wvhere ¢ is known it is possible, using the matrix
C(c) , to transform to the independent errors situation and then use

least squares and the usual F-tests. Noting that Cu = € ,

-~

where E~Mmr‘%),mmfmm(hhﬂ

c,= CX?-PE. (3)

~ e
~ L "

Thus treating Cy as the new vector of observations and CX as the

P

desipgn matrix the usual least squares situation obtains. Therefore

g -1
the minimum variance estimate of f is given by {(CX)' (cx)} (cx)' (cy) '

i.e,
~ ST :
P = AXTE) Xy, (%)
~ ~ A e Pt
and the new residuals by
o
u = Cy-CXp . (5)

When € = 0 the estimates of B and the residusls become, in the
n o~

= A
usual notation, B = (X'X) X'y and z=y - XB.

~ W ~ —~

It is of interest to note, in view of well known practice in
economic time series snalysis, e.g. Cochraneand Orcutt (1949), that
for € = 1 premultiplying (1.1.1) by E to obtain (3) amounts
to teking first differenced variables in both the observations and the
regression vectors. except by this method the first rows remain

unchenged.

In practice the value of ¢ is not known except in special
cases such as that mentioned above, or where it is assumed to be zero.
When the magnitude of the autocorrelation is unknown three problems

need to be considered:-
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j % testing for the presence of sutocorrelation,
24 estimation of the parameters in the model,
3. design procedures when the model has been extended to include

eautocorrelated errors.

The primary purpose of this work is to examine present methods and
propose new solutions to these problems when the sutocorrelation process

under consideration is the non-stationary one.

The non?stationary first-order model has been used in two
previous papers. Hildreth and Lu (1960) consider approximately the
same likelihood, but from 'economic considerations' restrict the
range of ¢ to (-1, 1) ; Zellner and Tieo (1965) work from a
Bayesian viewpoint and adopt the same likelihood as Hildreth and Lu,
but do not restrict the range of € - The model. introduced here
differs from that of the above authors in the treatment of the first
observation. They consider the distribution of the first error to
be dependent on a previous error, and then make various assumptions
-regarding this postulated dependence. This is reasonable in economic
time series where there is usually a history of the series prior to
the first observation in the model. In the experimental design
applications where there is no treatment prior to the first on any
particular subject it is more realistic to suppose that the error in

the first response is not dependent on any previous postulated error.

Where possible in the subsequent theory, which will consider
specifically the first-order- process, we shall indicate extensions

of the results to the second and higher order processes. Tﬁis section
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is concluded by generalization of the mecthematical model to the rth

order autocorrelated error process, of which the first-order scheme

defined above is a specisl case.

As before, assuming the variance of the independent component
of errors to be constant & *, the total error in the ith observation

is defined as
- + - LR - - i = L
L R R €avy_, * i Cr Y-r v ey (=1, 2, P),

regerding U,, U_ s eses u,_. 8s zero.
" : . L s . -1
The associated dispersion matrix V and its inverse V
L= s
contain rather cumbersome elements, but the corresponding matrix C
~

is uncomplicated  being

\ O e e B L a2
- Ry \ (@) s
E al, | !

C\'(-(‘Je.?-)““,ﬁf-) et i : S .
¥ Qi ishe ‘1 0
o e R i . o

The inverse of the dispersion matrix can be written

'v‘“l (Ei!('&’ ""9(1..) r E'S .

: -1
Quite generally |v] = R ] = 1 for any values of @isersf,s By P o
~ - o
It may be easily verified that Cu = € . Therefore, if the
coefficients ¢; are known the model can be transformed as in (3)

to the independent error situation.

I————

oL
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2.1 Review of existing methods

The problem of testing for autocorrelation has received much
attention from statisticians concerned with the analysis of
economic time series. As remarked previously, in these applications
the correlation has been generally assumed to take the form of a
stationary first-order autoregressive process in the errors.

Von Neumann, Kent, Bellinson and Hart (1941) proposed a statistic
(now penerally known as the von Neumann ratio) suitable for testing
for autocorrelation in an observed sequence. Durbin and Watson
(1950) adapted this statistic for the purpose of testing for
autocorrelated errors in the linear model by replacing the observed
variables with the least squares residuals. Using results due to
Anderson (1948) they were able to show that the test is uniformly
most powerful (UMP) under certein conditions. Unfortunately the
significance points of their test statistic depend on the design
mabrix, Howevér they were able to derive upper and lower bounds

to the eritical values and published tables of these in (1951).
They also outlined an approximate procedure to use in the event of
the actual value of the statistic lying between the bounds and the

test being inconclusive.

Koerts and Abrahamse (1968), using results due to Imhof (1961),
gave & method for calculating the exact significance points, for
any particular design matrix, of statistics of the type proposed
by Anderson (1948) and adopted by Durbin and Watson (1950), i.e.

ratios of quadratic forms in normel varisbles. More recently Durbin
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and Watson (1971) indicated that & method dve to Pan Jie-Jian
(1968) was preferable for evaluating tail end probabilities. In
both procedures the amount of calculation involved is not trivial

and requires the use of a computer.

Because the Durbin-Watson bounds tést can give inconclusive
results much work has been directed to the search for 'exaclt' tests -
vhere there is no inconclusive region and the significance points
can be tabulated once and for all. Theil and Nagar (1961) and
Abrahamse and Koerts (1969) proposed von Neumann ratios of residuals
based on best linear unbiased estimates. Recently Durbin (1970)
suggested an exact test where the residuals are based on estimates
of parameters obtained from a derived set of regressors, and
Abrahamse and Louter (1971) proposed a statistic based upon a new
class of estimators for the disturbance (error) vector. The
calculation of the values of these statistics is much more complicated
than that of the Durbin-Watson statistic, and requires the use of a

- computer.

These tests are all based on the stationary autocorrelated
error process. We shall begin our treatment of the non-stationary

process by applying Anderson's (1948) results.
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2.2 UMP tests based on least scuares residuals

T.W. Anderson (1948) showed that, for an n x k design
matrix in which the columns are z linear combinstion of k latent

vectors of the matrix C) , the statistic

z' @z

o nS A

Lz |
0

ziz
P~ e

. ’ -
(z being the vector of least squares residuels, y -~ XF} provides
an UMP test against one sided alternatives when the error structure

has density
. { 2 f
 exp| - 33| (+ri - 20w @u] | .

The density function associated with the stationary first

order autocorrelstion process is

V2

ez (otl- dont)abud], o

for which no UMP test exists, T.W. Anderson (1948). For simplicity
of notation we are considering explicitly the case of one subject,
but the theory holds generzlly for s > 1 . By replacing (2) by

a close approximation, namely
w1 z i * (W4l "‘Zu (3)
K, Ie:r-‘:a -2;;_{(\-!'(_) ‘u;—(uﬁu&)—ztt iui-n}

and applying Anderson's results, Durbin and Watson (1950) obtained

their statistic (subscripted for clarity in this context)
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R R

LR 0 e e D

=3 EURS-0 RN | o .

g = 2 =f
A = ' = )
L -

: 2 -1

o) e e ; 5, vies Sl |

The test for zero autocorrelation provided by the dA statistic is
UMP egainst one sided alternatives defined by (3) if the k
regression vectors (colums of 5) are a linear combination of

k latent vectors of ﬁ « The latent vector associated with the

zero latent root of A is the constant vector L , and this must

be included in the model as a regression vector (Durbin and Watson
(1971), page 10). If s > 1, i.e. there is more than one subject,
then 5 has s zero latent roots and the associated letent vectors
are the subject means. In general these parameters would be included

in the model from physical considerations, so the requirement that

they are included is no real restriction.

* It is worthy to note that (3) is a better approximation to
(2) when e is positive - economic statisticians have been
primarily concerned with testing for the one sided alternative of
positive sutocorrelation. In the case of testing for negative

sautocorrelation a closer epproximation to (2) would be
%) s 2 z * a
K, exp[ﬁ{(\-i-()f"_u; + ¢ (u,+ uﬁ)—zgguiu;_l]]. (1)

However the latent vectors associated with the zero latent roots
then have the form (1 -1 1 ..... =1 1)! | which does not fit into

the regression schemes of msny physical situstions.
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Considering the hypothesis of non-stationary first-order

autccorrelated errors, the density function becomes

=n/z

@net) . exf’[‘i"é{“*f)“i.“?“ Ol - 2ekuuf| @

and again no UMP test exists. A close approximation to (5) ,

for positive e > is
a=] 2\ S 2 .. s
o0 -l 2] o

Using Anderson's result, a test for the null hypothesis of A
using the statistic dB = 5'§§/5'5 , Wwhere

2 -l @~ @ Jr Cwa Sy
O

- 2 & -
o ~| 2 =\ :

i
n
~

. &

o ‘ ; e =i |
is UMP against one-sided alternatives given by (6) when the k
regression vectors are a linear combination of any k latent vectors
of B. It is important to note that B end 13f1(1) are identical
and that the latent roots are non-zero and positive. Bellman (1960),

page 66, gave the latent roots of this matrix. In & form slightly

more convenient for our use they are:

2 - % cos{(Qj-)T/(an+0}, (=12 ,0). @

For a test against negetive autocorrelation a closer

approximation to (5) than (6) would be
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K, expl‘:;—:;_ {(H’Cz) iu: i (’_u: = 2{%“1“;-.} y AR

and the test given by the statistic d_l = E‘X—l(—1)3/3‘5 is
UMP against one sided alternatives given by (8) when the k
regression vectors are a linear combination of any k 1latent
vectors of E-l(-1) .

It is important to note these plroperties, but also to realize
that in scientific experiments the latent vector conditions are
unlikely to be satisfied. Furthermore, when the latent vector
conditions do hold this is exactly the situation when a good test
is least important, because here for any value of @ the least

A
squares estimates B are best linear unbiased, being equal to

"~

s €.g. see Durbin and Watson (1971), page 10.

L+~ 2

2.3 Modification of the likelihood ratio to provide a new test

Teking the likelihood of the non-stationary process defined

in (2.2.5) we have
1-&/'.!. [ L
L = (7.TTO-) "-IF{“E’} (‘J“XF)\‘ (j'—xﬁ)}7

and the logarithm of the likelihood is

Ll = ="hlatm ~ "hlas® - (4-YP V' (y-Xp)/ 0.
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The maximum likelihood estimates of the parameters g s £ and

o>, denoted by ? < E = g‘ respectively, are given in

section 3.2 . Using these it is easily verified that the likelihood
ratio test for the hypothesis € = 0 against alternatives of the

fom R = % # .0 is given by consideration of a statistic of

the form

(y - xp'V '@y - xp)

(y - XP)'(y - XP)

=, = . .
Writing v (Q) as V , this ratio becomes

The likelihood ratio statistic takes values between zerc and
one and the critical region is in the left hand tail. This is an
extremely awkwerd expression to deal with as a test statistic, &s
for that purpose we should require to calculate its probability
distribution. As a simplification we propose for use as a test
statistic for positive autocorrelation, the following modification

. A ~ -1,
of (1) obtained by replacing e by 1 and hence V (@) by B :

(y - Xp*)'B (y - Xp*) y'Wy
(y - xp)(y - xB) y' My
-1
where pg¥ = (E'BK) X'By ,
~ i ”«v-l
W = B - BX(X'BX) X'B , (3)

-1
and, as before, M = I - X(X'X) X' . (L)

~ e o
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The test between the hypotheses H_ : Qr-: O &and H, : €= gE >0

©

with density function (2.2.5) , is defined by:-

where < is the critical region and v is determined so that
Plg <« v/H,) = €, the size of the test. It will be shown later
that the range of g must lie between zero and four, & fact which

is also true for the ranges of d, and dy -

If restrictions on the form of the design matrix are made,
viz. the latent vector restraints ss specified in the previous
section for the tests given by d, and dj , the pover properties
of both the test statistics dB and Durbin and Watson's dA are
inherent in the test given by the g statistic. This #s proved by

establishing equality of g to the statistics dy end d, when

the design matrix tekes the appropriate form:-

(3} g = dB when the k regression vectors are a linear
combination of k latent vectors of B . This follows from
the well known fact (e.g. Watson (1967) page 1683) that in
this case the minimum variance estimates coincide with the

. A
least squares estimetes, 1.e, F* = B and

~ ~

d.B .

G - xpray - xp

y'My

P

g =

(i1) g = dA when the k regression vectors are a linear
combination of k 1latent vectors of A , of vhich one must
be the vector associated with the zero latent root, 1 ,

(i.e. a constant term must be fitted). In cases where the

number of subjecte is greester than one and autocorrelation is
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assumed to occur cnly between errors on the same subject, the
subject means are the latent vectors associated with the s
zero latent roots. In the proof of equality of g and dA
which follows for s = 1 , the extension of the result to

the general case is straightforward.

Proof of (ii). Bearing in mind the definitions g = y'Wy/y'My

~ Ny e Sl

and d, = y'MAMy/y'My , to prove equality of g and d,

;‘, DI DINL s s P

it is sufficient to prove that W = MAM under the given

~ g

conditions.

Let the latent vectors of the symmetric matrix A Dbe
represented by the colums of the n xn matrix L . The latent
vectors of a reel symmetric matrix are orthogonal, e.g. Bellman

(1960) page 36, so that L'L = LL' = In + Further, let the

"~ e ~ ~

first column of L be the normalized unit vector l and the next

k = 1 colums be those latent vectors which with 1 provide an

t

orthogonal basis for X . Now

~

~
-~

£ = (1i%) =10, (5)

where G is & k x k non-singular matrix, and I = (Lk E Ln—k) .

~

If ’\n-k is the diegonal matrix of latent roots of A corresponding
~
-~

to the latent vectors Ln_ theﬁ

~

k 3

1 -
i by * Apy o (6)

~ ~ o ~

and Np-x is non-singular because it does not contain the zero

(g

latent root. The n - 1 positive latent roots of A are given by
sl

von Neumann (1941). The four following results can be easily
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deduced:- remembering that B = V(1) then
~ )

BA=1I-m(1:0 , (1)
-1
W o= B-—BER(LK'BLR)LK'B (8)
TR A 7ot 7, (9)
= - 3 =
») ! Lty Iy Iy n-k ‘nk °’ ?
”~ ~ ~ ~ ~ i~
[ 1 1 =
because EE LkLk TR L'k : SN
and MAM = L . A ; (10)

1
n-k " n-k Ln—k
~ ~

~

At this point we require the result of the following lemma,

given in a slightly more general form then is strictly necessary here.

-1 -1 - -1 - =1
Lemma 1 vV -V s(s'v s8) s'v UL B o TR s

~ Ak o et A ~ e e A

-
where V (and hence V) is any n x n positive definite metrix

end S and T ere n xk and n %x(n - k) matrices respectively

L

such that if U = (8 E T) then U'U = UU' = In . More explicitly,

§'s=1 , T'T=

~ A~ ~ ~ e~

and S'T =0 .
o~ ~

in—k

Proof Because U is an n X n orthonormal matrix any n X n

~s

matrix may be expressed as a linear combinatiocn of the columms of

U. TIrn pertioplar,
~

v -7 s(s'v's) 'sv!

~ N A e e P

]
(=
1=

R,
so that, vhere UR = (8 i T}"""‘"

~ R
~ ~ =1

-1 -, -1 -1 -1
V -V s(s'v s8) s'v SR, + TR, . (11)
o ~ e

L . aF o~
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It remains to establish K, and R, . Multiplying both sides of

(11) by S' gives R, =0, and
Y -V s(s'V.s) 8'V = TR, . (12)

Multiplying both sides of (12) by (T'VH)  T'V we find

A ~

i \
R, = (T'VI) T' and the desired result follows.

~ ~

From (8) and application of Lemma 1,

-1 -1

WO SR SRR ) e ¥ (13)

n-k n-k n-k n-k
1l ~ ~ ~ ~

Lo d

Thus to prove that W= MAM , from (10) and (13) it is sufficient

~ o ot np
-1 -1
! =
to prove that (Ln~k E En-k) {}n—k . (1h)
From (6) eand because An-k is non-singular
L .k R A
n-k n=k’'n-k 3
~ ™~ rs ~

v
Multiplying both sides by L;l_ B 3

X
~ n
Bl T Ty ¥
b =k n=k S B
~ ~ ~ ~ ~ ~ ~
! af
— 1 :
{r-mn, GO L JAL , tron (D
= A“'
., n-k 2

1 - £

as En*k & 2 . 2.' being & column of }.:k . Thus
: -1 e r -

(Ln—k B _]:n-k) N # E L% , and equality of g and

~ ~

dA is proved under the conditions steted in section 2.2 which give

the Durbin-Watson test its optimum power properties.

Although intended as a test for autocorrelstion in the
non-stationary model these results (i) and (ii) suggest that the

g statistic might have good power properties when used for testing
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the null hypothesis of zero autocorrelation against both
non-stationary and stationary alternatives. This point will be

developed in section 2.5(ii) .

Analogous results obtain for the test against negative
autocorrelation given by (1) with hé replaced by -1 . The
properties of this test are summarized in section 2.9 after

treatment of the g test for positive autocorrelation is completed.

2.4 Conditions under which the g test is most powerful

It is expedient now to ask if further properties can be
derived for the proposed g test on the grounds that it is a
simplification of the likelihood ratio test. For this purpose the
hypothesis being tested is regarded es H, : @ =0 , against

Hp s Q=1, i.e.

S
%, ¢ g~

(1)

)
YNN(XP) «*B ) .
~ ™ s o~

Even in this form the test is not between simple hypotheses because
the parameters p are unknown. It will be shown that there exist
simple hypothese; (7) , obtained by transformation of (1) , for
vhich the g test is most powerful (MP) . The general result is
due to Kadiyela (1970) although, for later use, our method of proof

is different.
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The trensformation is accomplished by choosing an nx (o - k)

matrix Q whose columns are orthonormel such that, where

P

§ =Q'y , then E(§) = 0. Following Durbin and Watson (1950),
~ o ~

id ~

page 413, the design matrix X may be written in the form SG where

~ e

S is an n x k orthonormal metrix and G is a k x k non-singular

~ i~

matrix. For example, S could represent the Gram-Schmidt

all
orthoganﬁzation of X. Putting U= (5 i T) asan n xn
~N ~ ~ ~

orthonormal matrix, U'U = UU' = Iv1 , and T is any nx(n - k)
~ o i

-~~~ ~ o~

orthonormal matrix such that S8'T = 0 . Therefore

~

-1
W = B - BS(S'BS) S'B (3)
~ ' A e P A e
and M = I-88'="7p" |, ()
~ ~ o o~

From (3) and lemma 4-3-1
wo= (e o) (5)
~ ~ A W
The ensuing derivation of E differs from that in Berenblut and
Webb (1973) isso far that it does not depend explicitly on a result
due to Rao (1965b), page 358; the present ergument seems preferable

since it 1s more concise and direct.

In order to show that W and M can be diegonalized
simultaneously using an orthonormal transformation it is necessary
and sufficient, Bellman (1960), page 56, to show that W and M

~F L

commute: from (4) and (5)

Md .

~ A

L}

oy 15 -1 -
wM o= (e ) mrert = (e om)T o
~ o~ ~r ~ -~

~r ~ A ad ~ O e e

Now, where P, is the (n - K)x (n - k) orthonormal matrix of latent

~
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vectors of (T'B T) it is easily seen that R'T'WIR = J ,

~ P

: =y L
the (n - k)x(n - X) diagonal matrix of latent roots of (T'B T) 2

which are also the n - k non zero latent roots of W , and

R'T'MIE =1 , . A&s .PJ'~' =P M,‘ =1 , » & maybe written as
-1 _ =)
yl P, '! (TIB ..?) ‘P‘!:l:iy
g = = |T i 1 Iz »
Thus taking Q as TP, /o , g Dbecomes
~
] a-k %
ERE Vi §:

B (6)

The distribution of § is normal with mean given by

E(§) = P 'T'E(y)/e = P,'T'SGB/c = 0 , and dispersion matrix
given by D(Q'y) = Q‘D(X)Q = P 'T'D(y)TP, . Therefore under
~ o ~ ~ ~ e - -
=
H, D(§) = I . @nd under H, D(§) = J . Vriting the

hypotheses in terms of § then

~

HY 2§ ~H(0 5 1 )

n-k
- (7)

H : € ~N0, 371,

Thus H, implies H; end H, implies H! , but the converses are
not true as the transformstion is irreversible, % being singular.
Kadiyala (1970) considered an approximation of the type (7) for

(1). end we make use of his results to state that the test given by
the statistic g for the hypotheses defined in (7) is most powerful
(by the Lehmann-Stein (1948) result) and unbiased. Moreover, no
rt.estrictions on the form of the design matrix have been made in this
epproximation. These results do not hold for the d, and 4, tests,

A B
which are nct particuler cases of Kadiyala's statistic.
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2.5 Results from Invariance Theory

(i) Non-Stationary Model Durbin and Watson (1971)

considered the application of the theory of invariance to the
problem of testing for autocorrelation, with particular reference
to their d, statistic. Because the autocorrelation structure is
unchanged by transformations of the type 3* = 7,3 + f z >
vhere ¥ = e SRR xk)' » —LY; Lo,

(i=1, 2, oo, k), and 0< | ¥o|<o , they applied the
results of Lehmann (1959) using the approximation to the density of
the stationary model given in (2.2.3) . In this application of

Lehmann's results we use the true densities. Consider the

non-stetionary process given by the density

o T

e -1
)R exp(- Fra'V ') (1)

(e
and the test of the hypotheses defined by

Gl
(2)
and H : y~NXB, «*V(e*)),

i.e. H,: @=0 against H, : € = ¢*¥ > 0 . Proceeding along

similar lines to Durbin and Watson (1970), pages 9 and 10 (but
nnffn%
eorreeting the mistake that, under H, , B is replaced by I

N s : s
and u by 2z) it can be easily verified that the most powerful
invariant test is given by the rejection region

W (e*)u
BRI | reaam e e (3)

z'z
~ A

1>



A~ = =\ -t
where u=[I - x{X'V (¢")X}” X'V (¢*)]y . Thus for the
hypotheses (2.4.1) , i.e. H :e* =1, g provides the most
powerful invariant test. This result is true of course independently

of the form of the design matrix.

The UMP properties of the g test can be obtained very
easily from the invariance theory approach. Durbin and Watson

(1971) showed that their d, test is an UMP invariant test

A

under the conditions given in section 2.3.(ii) for equality of g

and d and so, under the same conditions, this property is also

A 3
conferred upon the g test. The UMP property under the conditions
given in section 2.3(i) is similarly derived, firstly noting that

the approximation to the inverse of the dispersion matrix implied

by (2.2.6) ,
+" -« e iSO S =
- ¢ V*E? i ;
&) o
Ik * = : "
s I+ € -
L L e L

: - 2
can be written in the form (1 -¢) I + @B . Because of the

A
latent vector conditions uw = 2z , as before, and so (3)
becomes
guns s A
(1 =) 0 i 1 o R
2'% z'z

i.e. dB e .



Therefore, being equal to dB under these conditions, the g
statistic gives an uniformly most powerful invariant test when

the columns of the design matrix X are a linear combination of
”»

k latent vectors of B and when the density being considered
- .
is K exp (- 3£;_u'§} B) , a close epproximation to

(1) .

If a test is required against an & priori value of ¢ ,
say e* , then g(gf) is the most powerful invariant statistic.
However, if there is no obvious fixed value to choose for @¥ ,
i.e. when testing against the composite alternative hypothesis of
positive autocorrelation H, : € =¢* >0, g {= g(l)} has the

advantageous power properties indicated sbove and in section 2.3 .

(ii) Stationary Model To pursue the remark made in

section 1.3 , if we followed the procedure of taking first
differences and then used as a statistic the ratio of the residual
sum of squares with first differenced and original varisbles, we

would obtain

y'(A = AXM, X'A)y

el i

» Where M, 6 is a generalized
y'My s

inverse of .}‘("ﬁ . It is worthy of note that this ratio is the
same as the g statistic with B replaced by ﬁ . Under the
condition that an overall mean is included in the regression, it is
shown below thet the statistic gives a most powerful invariant test

for ¢ —>1 (the limit as ¢ approaches 1 from below) in the case

of the stationary process (2.2.2) . This follows from Durbin and
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Watson (1971), page 10, but remembering that their statement

+(n-k
sla al )
w U
i < Ty should read
L O
| ‘k‘(“'k)
2R
(&N = ) 4 C 3
Bu

Taking the exact density for the stationary process, (2.2.2)

gives the rejection region as

~(n-1)/2 ' __'5_ S / =+ (n- ‘*’\
2 =
Liie ) -}}Q}f\ - ({‘:1}-& - g

where o¢'U is the dispersion matrix representing the stationary

error process given explicitly in section 3.5 . When X contains
~

the wnit vector 1 , using the expansion of IE’HE'« in section
3.5 the terms in (1 - @) cancel and the desired limit exists.
Now, more remarkably, for regressidn involving an overall mean,
this statistic will be shown to be identical to g . To prove

equality it is necessary and sufficient to prove that E = W*

-l
where W = B - BX(X'BX) X'B and W* = A - AXMX'A . As in

e e A o " o e -~ " T

~

section 2.4 we write X in the form SG , where here X = (1} X,)

and S=(1i{8,), i.e. the constant term is included as the first

~r

parameter in the regression scheme. Hence W = B - BS(S‘BS)

R S

W¢ = A - ASM S'A where M, is a generalized inverse of S'AS ,

~ — o, A ~ -~ A

and S'AS = “1.“. é (1 is") = |..... E .............
~ sf = il OE SO"AS. .

Now, to show that S,'AS, 1is positive-definite and non-singular we

have that S, 1is orthogonal to 1 , the latent vector of A
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associated with the zero latent root. Consequently S, may be

written in general as L . G, , where G, is an(n - Dx (@ -k - 1)
orthonormal matrix and Ep_1 is the matrix of the latent vectors

of A eassociated with the diagonal matrix of the n - 1 positive

latent roots An— Thus S,'AS, = G'L' ALlG- C'A

gt 1
a~ ~ o N~~~~ Nn}l

and is therefore positive-definite and hence non-singular. Using

this result to write a generalized inverse of S'AS as

[

0.ji, B
v S ,
0. (8)As)
we see that W* = A - AS,(S,'AS, ) LR (4)

~ pr ~ -\-!ﬂ L !

Here, lemma23icannot be used directly as A is singular, However,
W* may still be written in the form IR, + S,R, + TR, whence it
L Lo ~ o

» . - * = .
1s easlly verified that R, =0 , R, , and R, = (T'B 'T) i
h o~ ~ ot

~ o~

il
by premultiplication of (U4) by (E E ‘)T ‘E B "' and use of

o(T'B T) T' , from (2.4.5) and so

~ o~ N A~

equality of Ef and W is established under the condition that an

(2.3.7). Finally W

overall mean appears as & regression parameter.

Hence the g statistic provides a most powerful invarient
test whether the process is stationary or non-stationary as e —>1 .
In perticular, because the dA test is also an invariant test, it
is concluded that the g test is more powerful than the Durbin-Watson

test for high values of autocorrelation.
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2.6 Numerical examination of the power functions

Durbin and Watson (1971) claim that their d, test is a
locally most powerful invariant test in the region of the null
hypothesis, i.e. as Q-—>0 . There is a fault in the argument
they put forward - on page 10, under H_, : E should be replaced
by Z . However, the following investigatidns support their

contention in an empirical wvay.

We consider the three practical examples given in section 1.2
and examine the power characteristics of the statistics dB - dA
and g against both stationary and non-stetionary alternatives.
Particular interest is centred on whether the d, test is in fact
more powerful than the g test in the neighbourhood of the null
hypothesis, and also on the values of e for which the g test
becomes more powerful than the. dA test.

The numerical methods used to compute the significance points
and powers of the three statistics are due to Koerts and Abrahamse
(1968) using results due to Imhof (1960). The theory of the

epplication of the method to the g statistic is outlined in the

next section.

The powers of the three tests for various values of e in
the alternative hypothesis are given in table 3 for the non-stationary
case and in table 4 for the stationary cese. The size of the tests

is taken as .05 throughout.
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Data Statistic Alternative value of p
0.1 0.3 0.5 0,2 0.9 1.0
n 085  .199 ° .354 .506 .65y  .753
Williams a, L084 103 .342 cAD0 .ﬁ?? 782
g 082 100 350 <530 .736 850
g 008 251 451 013 H0a 704
Rox
and a, 005 280 452 H10 701 713
Huntay -
g 004 248 <451 610 703 713
dB 070 LA71 .301 442 504 500
Pears dh L0n8 L168 206 <442 878 boa
g 078 160 .302 455 .500 618

Powers of the d p ond g tests for non-gtationary al)ternatives

TABLE 3
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Data Statistic Alternative valuo of ¢
0,1 0.3 0.7 0.0
dy .085 202 549 .0ab
Williams dﬁ ,URS 202 -Sﬁf 923
z 082 <200 611 788
dy, .005 251 014 .6os
Box
and dA L0085 « 251 .619 701
hmter
g 004 «249 620 703
dy 079 172 452 .56
Penrs dg ,hjg W i 458 570
g 172 « 470 <504

078

Powers of the d

n,d“

and ¢ tests {or stationary

alternatives

TABLE 4
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a. PEAR'S DATA A graph of the power functions for this data may
be found in Berenblut and Webb (1973), fig. 1. The similarity
between the power function characteristics for both non-stationary
and stationary alternatives is noticeable. It is also clear that
the g test is more powerful than the d

A

greater than sbout .3 in both cases. The dA test is slightly

test for velues of e
more powerful for smaller values of Q -

b. BOX AND HUNTER'S DATA Box and Hunter (1958) consider a cubic
polynomial adequate to represent the trend and so the design matrix
§ is teken from the appropriste orthogonal polynomials in Fisher
and Yates (1953), page 81. Thus n =21 and k =4 ., 1In this
experiment there is a valid physical basis to postulate that the
response at time t =0 is 1007 , so that inclusion of the
overall mean in the model is debatable, Berenblut and Webb (1972).

There is very little difference between the powers of d, and g

A
in this example. This is not unexpected when it is noted that the
design matrix in the polynomial regression case spans a subspace

close to that spanned by the k eigenvectors of A corresponding
n

to the k smallest latent roots, Hannan (1960).

c. VWILLIAMS' DATA This data is frow & carry-over situation end
so we would expect negative rather than positive autocorrelation.
Because, in this section, we are interested in comparing the power
properties of dA and g {.i.e. g(1)} s, Which are tests
specifically designed for positive autocorrelation, we defer

treatment of the negative case until section 2.8 where the power

properties of the test given by g(-1) will be considered. Instead
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the Williams design matrix is used as an example of a 6 x 6 Latin
square in a test for positive autocorrelation. The parsmeters
being fitted are subjects, periods, treatments and an oversll mean.

Thus n=36 , k

16 , and the design matrix is reduced to full
rank as in section 1.2 . In this example the differences in powers
of the dA and g tests are more marked, with the g test being

decidedly more powerful for values of e of 'S and greater.

From these practical examples (and others considered in
Berenblut aend Webb (1973)) there is support for the Durbin and
Watson claim that the dﬁ. test is the locally most powerful invarisnt
test in the region of the null hypothesis for the stationary
alternative. However, whether this is a particularly desirable
property of a test for autocorrelation is questionable, and we shall
return to this point in section 3.1 . The g test is seen to be

most powerful as expected for high'values of autocorrelation in both

stationary and non-stationary alternatives.

2.7 The numerical procedures

n-k 2 Kk aq
From (2.4.6) g = 3 9i§i/12§i s Where the
1 1

V; (i=1, 2, ..., n=Xk) are the non-zero latent roots of

W and under H, :g ~ n(o , In*k) . The probability that g is
~ ~ -

less than some given value t 1is given by

Plg<ct) = P( Ziigi"/zg; <t) P[z(vi - t)ﬁ; <0 } X
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The significence point t, for a given size of test o is found
1
by solving iteratively for t the equation P{Z(f»‘i - t)gi < 0} = &,

Using Imhof's (1961) result this reduces to finding a t for

which
* sin B(u)
- —T‘FJ s T L
uﬁ(u)
n—k 1
where O =% Z|. tan {wi - t)u-i
e Y
and ((u) = 'l:r{T i (\’i - t)‘u‘}] 4

The integral may be evaluated by standard numerical techniques
using the expressions given by Imhof for the truncetion error and
the limit of the quotient as u—0 . The latent roots of E .

\Ji s, have only to be evaluated once. A suitable algorithm for this
purpose is given, in Algol, by W. Barth et al (1967).

~

The power of the test of size o against H, : u ~N(0 , V)

is given by

sin ¢ (u)
Lz '\"TIE g ey du
> ulu)
n 2
where b)) =% "ZED-t.an (xi w
n Vi
p(u) = {T‘TU + xizui)} >

-\ ' il
and xi are the n 1latent roots of C T(W— t‘M)C .

L - ~

For the non-stationary alternative the inverse of C , defined in

Fatd

(1.3.2) , is given by
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Q9 + O
N
¢ |
B : , and c“'r:"'T = V
n=| .l O
o - . - . .(l

The appropriate matrix for the stationary alternative is obtained
by multiplying the elements of the last n - 1 colurns of this

-
non-stationary € by A1 - o

Thus, for any given design matrix E and size of test « ,
the critical point and power of the g test for the hypotheses
Hy + €
Hl : Q

in practice for particular examples it is possible to greatly reduce

0 =agsinst non-stationary or stationary alternatives

Q* # 0 can be computed to any required accuracy. Howvever

the amount of computation necessary for the significance test. The
significance level of the test is found by taking for t the ectual
value of g from the data. The iterative procedure is not required

and the integral need only be evaluated once.

This approach outlined above is ﬁ?sed on that given by
Koerts end Abrahemse (1968)l The adap&jen to the g statistic is
given here because it was the method used to obtain our practical
results. More recently Durbin and Watson (1971) give an alternative
method based on results due to Pan Jie-jian (1968). They state
that the method is preferable to the Imhof method particularly for

small sample sizes and tail-end probabilities.
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The calculaticn of the value of g from aﬁy particular set
of data is, like that of dA , & fairly straightforwerd procedure.
The denominators are the same being the ordinary residual sum of
squares. The numerator of g may be evaluated as the residual sum
of squares of transformed dependent varigbles, 5,‘3' sy Tregressed
on the correspondingly transformed design matrix 55 s Where S
is 5(1) defined in (1.3.2) . This is the residual sum of

squares of first differenced variebles with y, and Xij

(=1, 2, ...k) remaining unchanged.

In the particular case where X contains the column 1 the
calculation of the numerator cen be simplified further by computing
the residual sum of squares using the n - 1 first differenced
varisbles end k - 1 parameters, y,  and le 0 Ty 2o sune K}
being discarded. This follows directly from the proof that E = E*

in section 2.5 but, alternatively, it is more illustrative to

consider the transformed design matrix

1

.

+00 7

0.-

.
.
.

without loss of generality putting the normalized unit vector 1

as the first column of ‘Jf, i.e. §= (l ),(,’) . Reducing the
columns of the transformed design matrix so that they are orthogonal
to the first is accomplished by making zero the first row elements

in the last k ~ 1 columas. This is equivalent to postmultiplication

by a non-singular k x k matrix of the type
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| % % % #
o | O O

| O
0 0]

The residual sum of sguares is not affected by this post-multiplication
end it is now evident that the least squares estimate of the firsi
observation is in fact itself, i.e. ;‘ =Yy, , leaving a zero residual.
Therefore the first element of Cy, and the first row and colum of
Eﬁ may be ignored when evaluatiné'the numerator of g in regression
including an overall meen as the first parameter. In experimental
design situations where there is more than one subject the numerator

of g can be evaluated as the residual sum of squares of first
differenced varisbles on each subject with the first observations

and corresponding rows of X being ignored.

We are now able to use the g statistic as a test for
autocorrelated errors in the practical examples. Testing for
positively autocorrelated errors in the PEARS DATA the dA test
is significant at the 5% level, slthough the value of 4, lies

A
between the tabulated bounds. The value of g is 1.085 end
P(g < 1.085) is 0.019 , so that the g test is significant
beyond the 5% 1level. In fact the 5% significance point is 1.27.
It is worth noting that both an overall mean and linear time trend

are included as parsmeters in this example: the inclusion of a

linear time trend is not uncommon in economic models.
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In the BOX AND HUNTER DATA with a cubic fit the g test is
significant at the 0.1 % level. The value of g is 0.989
and P(g < 0.989) = .0004 . As the object of the pilot experiment
is to design the main experiment to be efficient in the estimation
of the treatment effects the assumption of independent errors is
fundamental to Box and Hunter's design procgdures. The consequences
of this rejection of the null hypothesis of independent errors will

be examined later.
The WILLIAMS DATA is analysed in the next section where wve

consider a version of the g test appropriate for testing the

hypothesis of negative autocorrelation.

2.8 [Testing for negative autocorrelation

The results of section 2.5 suggest that as a test for
negatively autocorrelated errors we use the statistic g(-1) ,
defined in (2.5.3) , which is a most powerful invariant test when
gw =1l I addition it has the property of providing a uniformly
most powerful invariant test when the columns of the design matrix
5 are a linear combination of k latent vectors of an(-1) ’
and vhen the density being considered is (2.2.7) , a close
approximation to the density of the non-stationary process.
Fﬁrthermore, it can be shown along similar lines to the method given
in section 2.5(ii) for the positive case, that the statistic

g(-1) gives a most powerful invariant test in the region ga¥ =
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against the stetionary alternetive (2.2.2), provided that the
vector (1 - 11 ..r11f is included as a column of f . This
provision corresponds to the requirement of fitting an overall mean
in the positive autocorrelation case. However, whereas in many

regressions it is usual to fit an overall mean, the inclusion of

an arbitrary vector (1 -1 1 ... =1 1)} is not easily justifisble.

In regressions including an overall meen it seems reasonable
to ask whether a test given by using the right hand tails of the
statistics dA or g would have good power properties against
negative alternatives. In an attempt to answer this question using
the Williams data design matrix we have computed the powers of the
tests given by appropriate use of the three statistics g(-1) ,

g(1) and d, for values of g of -5, -8, -.9. These are

A
given in tables 5 and 6 for the non-stationary and stationary
alternatives respectively. The g(-1) test is substantially more
powerful than the tests given by using the right hand tails of the
statistics d, or g(1) . It is interesting to note by comparing
tebles 3 and S5 and tables 4 and 6 that, against the same

absolute values of autocorrelation, the test for negative autocorrelation

is more powerful than the test for positive autocorrelation.

Evaluation of g(-1) for any particular set of cbservations
is easily accomplished in a similar manner to g(1) . The
denominator is again the ordinary residual sum of squares and the
numerator is the residual sum of squares of transformed dependent
varisbles, Cy , regressed on the correspondingly transformed

~pr

design matrix, CX , where C is C(-1) defined in (1.3.2) .
e ~ ~ ;



48

Test Alternative value of e

-15 "'.8 "99
d, (1) .433 753 B2z
e(1) .304 <500 .63y
d,(-1) 439 787 L8061
g(-1) 492 907 .063

Powers of the d, and g tests for alternatives

of non—-stationary negative aufocorrelation

with the Williane design

TABLE 5

Tast ' Alternative velue of @

~-.5 -8 e
d,(1) 417 781 808
g(1) .352 001 674
d,(-1) <464 849 920
g(-1) .478 .023 985

Powers of the dA and g tests for alternatives

of stationary negative autocorrelation

with the Williams design

TABLE 6




L9

These results are now applied using the g(-1) statistic to
test the WILLIAMS DATA for negatively autocorrelated errors. With
an overall mean, subject, periocd and treatment effects included as
parameters in the model the value of g(-1) is 1.144 and
P(g(-1) < 1.144) = 0.383 . With residual effects also included
in the model g(-1) = 1.013 and P(g(-1) < 1.013) = 0.543 .

Thus neither case is significant at even the 10% 1level.

Cochran and Cox (1957) present an exemple based on another

Williams' design, namely

A B c A B C
B c A C A B , using the results
c A B B c A

of an experiment on the feeding 6f dairy cows. Here there are 1M
estimable parameters, two of which are residual effects. When the
residual effects are not included in the model g(-1) = 0.308

and P{g(-n < .308 = .053} . The F test for the residual effe(;ts
was also not quite significant at the 5% level. The g(-1) value
for the full model including residual effects parameters is 0.538
and P{g(-1) < .538 = .h61} . The analysis of the dairy cow
experiment indicates a connection between the models of negative
autocorrelation and residual effects but the results of the paper
mill analysis indicate the opposite, i.e. that the models of
autocorrelation and residual effects are not interchangeable
répresentations of carry-over situations. More work is necessary

to clarify this issue.



2.9 Bounds tests using =z

Durbin end Watson's d, test has found much application
because (i) the statistic is comparatively easy to calculate,

(ii) the power properties possessed by d and (iii) the authors

A
were able to derive and tabulate upper and lower bounds to the
significance points. For the practical worker without easy access

to a computer program the 'bounds test' procedure provides & fairly
quick and easy test for autocorrelation. In the case of the value of
dA falling in the inconclusive region between the tabulated bounds
the aid of a computer has to be enlisted - even if using the beta
approximation, according to Durbin and Watson (1971) page 4. Of

course, if a computer is to be used at all it might as well be used

for the g test on the grounds of power alone.

Because the 'bounds test' does find much use, perticularly
among econometricians, in this section bounds are derived on the
_significance points of the g test. Berenblut and Webb (1973)
established bounds on the g statistic with and without a vector i
being included in the design matrix. We shall now generalize this
approach. The class of design matrices being considered is the one
where the first r of the k columns of f. are specified. That is,
r of the regression vectors are known and without loss of generality
these are placed first. Thus E B (E,E E)} where X is & known
n x r matrix and E is an unknown n ¥ (k - r) matrix. In many
economic applications 2 of the k regression vectors would
represent a constant term and a linear time trend. In some experimental

design situations the known vectors might represent the overall mean,

subject effects and period effects. On the other hand r would be
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zero if a result was reqguired which was completely independent of
the form of the design matrix. These special cases where

r = 0, 1, 2 will be examined in the light of the general

Again we write X = SG , where S is orthonormal and G
"~ ~ e
non-singular for X of full rank. Now E may be partitioned

(s, { 8,) , where S, has dimension n x r . Define T as any

o~

nx (n - k) matrix forming an orthonormal complement to S , i.e.

(:iT)' (8iT) = (83T)(8iT)' = I . Similarly define X

to be any nx(n - r) matrix orthonormal to S, , i.e. (S, i H)'(S,: H) =
~ ~ L) .

~ o~

(s, i H) (S, : H)' = In . Clearly T may be written as

°
Lo » : i~

T = BP (1)
" ~

where P is an (n = r)X(n - k) orthonormal matrix such that

E'P = In-k « Within the given conditions choice of H is arbitrary
and does not affect the finel results. From (2.4.6)
n-k

n-k ,
g = > 9.¢. /Z . 5 Where the ¥. (L= 1,2, ¢esyn =k)-
e R : _

=2, =7 = =
') . as (7' B T)”' is
.

o~ —

are the latent roots of (T' B

>~ -

- - - -l
positive definite the latent roots of (T'B T) are 1/~Di . For
convenience the latent roots of (T!' B_‘ T)_‘ are ordered from

o~ —~

smallest to largest so that 0< ¥V, &£V, &€ ... ¢ 9n o From (1)

k .

it is evident that
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Now H is of full rank so that H' B H 1is positive definite.
o

P~ ~

o
Let the n - r ordered latent roots of H'B H be 1/Fi where

~

0 4.1/Vh_r < 144n—r—1 £ cevees <1/, . The relationship between

- =]
the latent roots of T' B ‘ T and those of H' B H 1is given by

~ e ~ ~ ~

Ur'n—r-iﬂ < 1/ﬂi < 1/t‘n-k._i+1 3 (1 = 1! 23 ey T k) s

and is obtained from a similar result in Kadiyela (1970) page 101,

or from Hennan (1970) page 460. Teking reciprocals,

viﬁ))iﬁ Hi"‘k"!‘ s (i'_"" 2, “':n"k) - (3)

=

=
where the p; ere the n - r latent roots of (H' B H)

~ —~

ordered from smallest to largest. Thus it is clear that B, B< By

P o A a-k 1'
! Z Yok c Z Hlik-r fl
where = and 8 = ax ~ .

g, = igx

z t

and the significance points of g are bounded by the corresponding

significance points of g, and 8y

Therefore to establish bounds to the significance points of
the g statistic for any given X, and r it is only necessary to
obtain H as any nx (n - r) orthonormal matrix orthogonal to X, .

~ ~

=t -

The latent roots of (H' B H) are evaluated either analytically
or numerically and the bounds to the significance points can be
computed using the techniques in section 2.7 . Having derived the

general result we proceed to investigate some particular cases.



(i) No conditions on X . Here, with r =0 ,- H is chosen es
= ~nt
: . s
the n x n identity matrix In . Then (H'B H) =B and the

L

bounds on the g statistic are

Yot A $ O §i
&y, 5E.§;‘ and g, .%i %,. ’

: A

where the Bi are the latent roots of E in ascending order of

magnitude. From (2.2.7) they are given by

6; = 2-2cosf(ei - DW(am+)] , (i=1,2,...,n) . From
this result the limits of the range of the g statistic are found.
Clearly Qs%isggﬂﬂégn. Thus 0 £ g <4 , a result

which was quoted in section 2.3.

The task of compuling the significance points for the upper
and lower bounds is now straightforward, using the methods of
‘'section 2.7 . The bounds for the 5% level significance points
are given in table T , for values of n = 12(1)30(5)50(10)100

and k = 1(1)6 , correct to the second decimal place.

(ii) TFor regressions including an overall mean. Let L be the

n X n orthonormal matrix representing the latent vectors of A .
s

Further, let the first column of L be 1 , the normalized unit
~

~

vector corresponding to the zero latent root . Then L = (1: L,) and
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- k=1 k=2 k=3 k=t b= 5 k=6

L Tu 3:.. Fu ?z.. 30 e v L Ju gl- g*—‘ i
19 “.(-71_ 1 s U.:'.'[-'; 1.4:';' (}_&:7\’3 1‘:3{\ l’\._;\ 1 .(:}.. 0,35 ?‘?S fll,f’_,‘g f?.,f‘r)'
19 0, G0 1,25 o, 81 1.43 0,08 1.6 0.5 1.02 Q.42 2,20 0,31 2.4
14 0,00 1,27 0,86 1,43 0.73 1.68 0.60 1.88 0,38 - 2,13 0,37 2,39
15 1.03 . 1.29 0,00 1,48 0,58 1,06z 0.65 1.8% 0.84 2,07 0,43 2.31
10 1,06 1,20 0,04 1,28 0,8 1.63 o, 270 1,82 0.50 . 2.02 0.48 2.24
17 1,000 1.32 0,08 1,26 0.86 1.62 0.75 1,70 0.54 1.0 0,53 2.18
18 1,12 1,33 1,01  1.46 0.90 1,61 0.70 1.77 0,50 1.05 0,58 2,13
19 TR R 1,04 1.47 0.04 1.61 0.83 1,76 0.7 1,02 0.63 2.00
20) 1.10 1,80 207 .47 0.07 1.60 0.87  1.74 0.77 1.9 0.67 2,06
21 1,19 1.37 1.00 1.4 3 1.00 1.60 0,0 14973 O.SI 1,88 0,71 2.02
22 1.20 1.3R 1.12  1.49 .02 1,60 0.03  1.73 0,84  1.806 0.75 2.090
o1 1,922 1,39 1.]1_ 1.49 1.05 j.i:\n ' ().f)rr) Ve 2 (\,8;7 1.?.4_ U.j’) .1,‘)'(}
24 L. 24" 1.40 .20 | 350 1.07 7 1.60 0.99 1.71 0,00 1,83 0,82 1,00
28 1.2H 1. 41 1.18 1.50 1..10 1.50 1.01 s [0 1 | 0,03 1,82 0,83 R
iy 1.27  1.42 1,80 1.81 1,32  1.60 1.04  1.70 0.0 1.81 0,88 1.02
20 1 .20 1.43 1.21 1.51 '_:‘j[gr 1.50 1,00 1.70 {:‘({}R i.80 0,010 1. 0%
283 1.30  1.44 1,23 1.82 1,16 1,60 1.08 1.70 1.01  1.79 0.3 1,90
20 1.31  1.45 1,24 1.52 1,17 1.0% 1,30 130 1,03 1.79 0.0 1.%9
30 .33 1.40 1,20 1.53 1.19  1.61 1.12  1.69 1,05 1.78 0.98 1.8
ag 1.38  1.49 1,92 1.8% 1.26 1.62 1.20  1.69 Y00 AR R 1.08 1.8
40 1.42 “1.52 1 1.57 1.32 1,@3 1.27 1.5 1217 275 1,36 1.82
45 1.46  1.54 1.4% " 1,89 1.37 1.0 1.32  1.60 1.27 1.7% 1.22 1,80
50 1.49  1.37 1.45 1.01 1.40 1,65 1.360 1,570 2825 1.75 1.2 1.80
0 3:53 1.6 1.50  1.64 87 ~31.6% 1.23 1.7 1.40  1.75 1.36 1.70
0 i.89 1.63 1.8 1.66 1.51 1.6q 1,48 1.72 i.45° 1.75 1.42 1.79
3o 1.0 1.65 1.58 1.68 1.58 1.%0 1.52 0193 1.50 1.70 1.47 1.70
Qo _1_.['_;2 1.67 1,!};) 1.60 1,88 1.72 1.36  1.74 1,53 1,76 1.51 1.70
100 1,65 1.08 1.02  1.71 1.0 1.73 1,88 1.75 1.50 1.57 1.54 1.79

verall hounds to the § % sienificanece points of the o test

-

S
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X B

. X = I
L'AL - & . = /\ = s e s

MR T

O 'O%ﬁl
where )& = 2 =2 cos(im/n) , as proved by von Neumann (1941).
Conversel y A = LAL' = LA ,L' . (%)

~ oA ~

Choosing H to be L, , in order to establish the bounds it is
~ A

- =
necessary to find the n - 1 latent roots of (L,' B ' L) .

From (L)
B Uk w BT L,
~ ﬁ: 5§ ~ ,\.ﬂ hn‘] ,,_,°
) =il
so that L'B AL, = LB LA _., -
As /\n__1 is non-singular and using (2.3.8)
R R - 8RB AT R ' (5)
NO L5 ~D NO b 5 ~O~n_’ e n_1

- -1
Therefore the n - 1 latent roots of (L' B L,) are the
Ni (i=1,2, ..., n-1), and the bounds to the g statistic

vhen an overall mean is fitted are

a-k z a-k -
q = £ 2l )“}:‘ end a4, = 2.'.“)\“: B
z = %

precisely the same bounds as for the d, statistic. Thus the

tables published in Durbin and Watson (1951) are directly applicable

to bounds tests employing the g statistie.
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(i1i) PRegressions including an overall mean and lincar time trend.

As this class of design matrices is fairly common, particularly in
economic models, it is considered a useful exercise to tabulate the
relevant bounds to the 5% 1level significance points of the g

statistic.

A particularly convenient choice of 5 in this case is the
orthonormal matrix of orthogonel polynomials, designated §r

(r =2, 3, ... n=1) by Fisher and Yates (1953). Thus H can be

i~

generated very easily in the computer using the usual recurrence

- |
relation, The n - 2 1latent roots of H' B H are evaluated

~ ~

using any stendard algorithm, e.g. W. Barth et al (1967), and the

== =1 g *
latent roots of (H' B H) are the reciprocals of these. Using

the methods of section 2.7 the 5% significance points of the
upper and lower bounding statistiecs have been tabulated to an

accuracy of 2 decimal places in table 8 . The corresponding
bounds to the dA statistic under these conditions are given by

consideration of the latent roots of H'AH , and are not the same

- e

as the bounds of the g statistic. These bounds to the dA
statistic were computed for selected values of n and are given

in table 9 .

Most multiple regression computer package programs compute
and print out the value of the dA statistic. Modification of
these programs to print out the value of the g statistic should
be straightforward. Where an overall mean is included in the

regression set the user would still consult the same tables in

Durbin and Watson (1951). In the case where both the overall mean
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n k=3 kel k= ¢

e 9o Tv 9e pi I
12 1:16 - 1,86 0,09 1.85 0,82 0,66
13 1,17 1,53 1,02 1.8 0,87 0.1
14 1.20 1.54 1.08 1.77 0.01 Q.77
15 1,22 1,83 108 . 1392 0,04 0,81
16 1.2 1.52 .48 1.2 0.0 0,85
147 1520 - 1,89 1,13 1.0 1,01 I
18 1,27 1.53 1,36 109 1,04 0,03
19 1,29 1.53 1,48 1,68 1,07 1.84 0.96
20 1.8 1.53 1.20 1.67 1,40~ 1:82 0,90
21 1,82 1,53 1.22 . 1.60 1,12 1,8 1.02. 1.96
22 $.83  $.84 1.24  1.060 1,14 1,79 1.04 1,04
2 1.35 1.54 1,20  1.00 1,10 1,48 1.07 1,02
24 130 1,54 1.2y 108 1.18 1.77 1,00 1,00
25 1,37  1.5% 1.20 1,05 1,20 41.%90 1,52 9,88
20 1.38 1.55 1.20 1,03 3,225 $.79 Vo34 1.8
27 1.30 1.55 1,31 1,65 124 595 1,10 1,86
28 1,40 1,80 1.33 1,03 1.25 1.74 1,17 1,88
20 1.41 1,50 1.34 1.05 1.2) %74 1.1  1.084
20 1.42 1.56 1.35 1,035 328 4.4 1,21« 1.83
31 $.43 1 1.57 1,36 1,03 1,20 1.3 1,22
32 142  1.50 1,37 1,03 1,31 1.73 1.24
33 1,44 1.57 1,28 1,03 1,92 1,93 1.25
34 1.45 1.58 1230 108 1.33 1,73 1.22
35 1,40  1.88 1.40  1.65 £.94 3. 1,28
ab 147 250 1,48 .. 1,05 1,35  1.72 1.29 )
3y 1,47 1.5 1.42 1.05 1,30 1,42 1,20 0
a8 1.48 1,59 1.43 1.05 1.3 1.9 .31 {
30 1.49 1.0 1.43 1.6b $.38 1.2 1.32 ¢
40 1.49 1,00 1.44 1,00 1,29 1.72 1.38
45 162 1,61 1,07 1,48 1.2 1,38 1.98
50 1.54 1,03 1.07 1.46  1.92 1248 1y
55 1,50 1,04 1,08 1.49 %.72 1.45 1.77
60 1.58 1,065 1,060 .50 1,98 148 1.9
65 1,00 1,60 1 1.70 1.3 1.%8 1.50- 1,27
70 1.0 1.7 1.58  1.70 1.5 1.53 1Y
75 1,62 1,08 1,000 1.78 1.57 1.5¢ 1.27
8o 1.4 1.6 1,00 . 4.72 1,50 1.80  1.77
G0 1.60 1,70 1.8 1,73 1.01 1,50 1,76
100 1.7 1.4 1,05 1.74 1,63 1,66 1,58

Rounds to the 8 %

sicnificance points of €

e

r “ast when an oversll mean and linear tine

trend ars included in the regression




n k=3 L=t ke5 i

dy iy Jei i de d o
15 1.23 1.54 1,00 175 | 0.96 1.98 0.82 2,22
20 180 C48s 1,20 1,68 1.0 1,83 1.00 1,00
30 1.42  1.57 1.235 1.05 1.28  1.74 1.21 "'1.88
40 1.49 1,60 1.44 1.06 1.3 @ 192 1,88 1
&0 1.84 1.03 1.50 1.2 1,49 1,023 142, 1.5%7

Rounds to the % % sisnificance points of the

d tast when an ovorall mean and linear time

N

" trend are included in the regression

TABLE 9
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and lincar time trend are fitted the narrower bounds given in

teble 8 are relevant - with the corresponding smaller probability
of an inconclusive test. It is interesting to note from table 8
that the effect of including the linear time trend in X, is to
incresse the lower bound, with the upper bound being only slightly
decreased. Table 10 gives the probabilities of a significant result
(i.e. the effective powers) of the g bounds test with the PEARS
DATA, comparing the use of the Durbin-Watson lower bound to the use

of the table 8 lower bound.

For completeness we give some results for the bounds of the
g(=1) statistic. It can be easily verified that the latent roots
of znl(ﬂi) are identical to those of E , &although the latent
vectors are different, see section 4.5 . Therefore, for r =0 ,
the bounds of g(-1) and g are identical. The bounds for g(-1)
and g for the cases r =1, 2 above are not identical, but may
be derived using the same methods after choosing the appropriate E

and calculating the latent roots of (H' V(-1) H)—' .

The results and methods of this section are given for the
particular case where s = 1 , 1i.e. the observations form g single
ﬁninterrupted sequence from the same subject. Of course, as in the
case of the Williams data, when s > 1 _the methods are still
relevant, but, for particular values of n , the boundé will not

be the same for different values of s .
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Value of the autocorrelation coefficient ¢

0.0 0.5 0,7 0,8 . 0.9 e
Plg<.74) 0013 0289 0774 1178  .10644  .1905
P(g<.08) 0000 L1189 ,2262 ,2045 .3603 .3031

This table presents the probabilities, for

given values of e of obtaining a conclusive

significant result with the ¢ test on the

Pears' data using the Durhin-Watson lower

bound (,74) and the table 8 lower bound (,08).

TABLE

1O
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2.10 Testing for second and higher order autocorrelations

We have adopted the first-order autocorrelated error process
in an attempt to represent the effects of carry-over and unspecified
trends by use of a simple autocorrelation structure. Second and
higher order autocorrelation processes might of course provide a
closer representation of some of the actual error structures
encountered in practice. It is of interest to see if these higher

order processes are amenable to analysis.

h . . . «
The general rt order autocorrelation scheme 1s defined in
section 1.3 . Correspondingly, we generalize the definition of

the statistic g :

S

E( Q'*’ ez*’ 3% 550 erﬂ') = ELY

z'z

(1)

-\

- |
where X = E (e*; e, ""Qr*) s from (1.3.4)
o -1 -1 -1
F - (X' v XJ - S Y 3
) _~
u oo = XP v
and z is the vector of least squares residuals.

However, we shall begin by considering the simple rth order scheme

vhere, for one subject (s = 1) ,

TR T O - & O T T A (2)

and, as before, take € ~ N(0 , &* In) . A stationary process

kS

would have again been obtained by assuming var(ui) = o,



Writing the hypotheses to be tested as

H : u ~N(0, G'In)

~

and B u~N{9, o V0, 0y s34 0y Qr*)} ’ (3)

it is easily seen, using the methods of section 2.5 ,that the

test given by g(0, 0, «v., 0, 1) is a most powerful invariant
‘test in the region er——s1 , for the stationary as well as the
non-stationary alternative. Again, when the regression vectors

are a linear combination of k latent vectors of !-I(O, Qs ey O
the statistic gives an UMP invariant test. The reasons for the
similar properties of the tests given by g(1) and g(0, ... 0, 1)
become clear when the implications of reordering the observations
are cbnsidered. If for instance in the Williams example, the
observations are renumbered in order across the rows (rather than
down subjects) the first order autocorrelation model on six subjects

becomes a simple sixth order autocorrelation on one subject.

Wallis (1972) adapts the Durbin-Watson test to test for simple
fourth order autocorrelation. The results we give for the dA test
in the case of the Williams data correspond, in fact, to the Wallis
version of the Durbin-Weatson statistic. The optimum power property
of the Durbin-Watson-Wallis test is that, for a close approximation
to the stationary density function, it is an UMP invariént test when
the k regression vectors are a linear combination of k latent
vectors of the appropriate version of the matrix ﬁ.’ under the-

condition that the lstent vectors associated with the zero latent

roots are included as regressors. Of coursé, this property is again
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inherent in the g{C, ..., 0, 1) test, and the bounds for the g
statistic under the sbove conditions are identical to those

published by Wallis (1972) in Table 2.

If, in the hypotheses given by (3) , the value of er*
was negative then a test given by the statistic g(0, ..., 0, =1)
produces properties analogous to those of g(-1) . Box (1960)
considers, however, that higher-order autocorrelation coefficients
are more likely to be positive due to the overriding influence of
variebilities in trend effects, even in the carry-over situation
where the first-order coefficient is negative. Thus we are led to
an interesting question of what statistic should be used to test
for positive second-order autocorrelation when @, is taken to be
negative. On the other hand in economic applications where the
first-order coefficient has been accepted as positive there is a
similar problem. At this stage it is interesting to note that in
the previous examples considered of alternative hypotheses of simple
rtn-order autocorrelation, including the first-order case, the
optimum values of the parameters of the statistic g(e ¥, ey ooes er*)
have been at the limits of the autocorrelation coefficients in the
corresponding stationary précess, viz., e = ... = r:1 =0
and Qr* = 1 . The limits of the second-order stationary process

are given by R.M. Williams (1952) in the form of the inequalities
“146141
and (=) <ficr-€ .

Thus the point (@¥, e¥) = (0, 1) is on the boundary, while the
points given by (1, 1) end (-1, 1) Ulie outside the stationarity

region.
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The theory of invariance gives the result that the test
given by a statistic of the form gl e*, €&%) is a most powerful
invarient test for the hypotheses defined &s

H. : u ~XN(0, a‘In) .

-

B, : uw~No, o' Vies, et .

Therefore, if e and e.* eare known, even approximately, a priori,
these values should be used in the test statistic. In general the
values of the coefficients are unknown and the problem of choice of
the test statistic parameters is unsolved. In an attempt to throw
some light on the matter we have computed powers of the tests given
by the statisties g(-1 , 1) , g(o, 1) and g(-.5, .5) a.gains;c
various non-stationary alternatives for the design matrix representing
the Williams model.. These are presented in table 11. The size of
the tests was 0.05 . After appropriate definition of the metrix
E((., 2ok 3 fr) » and hence W , the numerical methods presented

in section 2.7 for the first-order model are applicable to the

more general rth order model. It is of interest to note that the

test given by g(0, 1) performs well, even for the alternatives

(_15 1) and ("'Ts 03) .



Statistic Critical The values of the coefficients (€ ,€,)
J‘Bgion ("'1'1) (0,1) (-'5’ .5} (-ﬂ?l ua) ("03, !?)
g(-1,1) < 1.0625 1.000 797 .880 .014 860
g(0,1) < 1,100 1.000 .8g0 912 .029 900
g(=.5,.5) < 0,889 1,000 844 .035 L057 Q10

-

The powers of the tests given bv g(-1,1), g(0,1) and g(-.5,.8)

for certain second-order alternative hynotheres,

uging the Williams' design,

TABLE |1
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3.1 The inefficiency of least squares estimation

For a given value of the autocorrelation coefficient
it is well known, e.g. Anderson (1971), that the best linear

unbiased estimates of the parameters are given by

L e (1)

~ ~ e

£le) = (x'V
~ ne
The covariance matrix of this estimator is (X' V

- -~

the generalized variance is defined by Rao (1965a) as ()j' v X)-‘, )
The least squares estimator ﬁ (= (z' _JE}_' ‘Jf.' gr) is not the same

as F(e) vnless € = 0 or in the very special circumstances that

X can be written as a linear combination of k latent vectors

of 2 . Thus, in general, the least squares estimator is not the

best lincar unbiased estimator. The usual method of comparing
estimators of B 1is by means of the criterion of efficiency,

A ~
“defined in terms of B and pB(e) as the ratio of their

reneralized variances:—
£

A
Eff(B) s g (2)
for example, given by Watson (1955). In the case where X = Lk €%

when Lk is an n x X matrix of k latent vectors of V and g

o~
N ~

is a k x k non-singular matrix, the estimator B = B &nd so the
B #A

least squares estimator is fully efficient, i.e. Eff(f) = 1.

This condition is necessary and sufficient for the least squares

estimator to be fully efficient, Watson (1967). The latent vectors
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are seldom, in practice, the regression vectors or columns of the
design matrix and so the question arises: how inefficient can
the least squares estimates become? The problem of finding lower

A
bounds to the efficiency of B is examined and reviewed by

Anderson (1971) for a general dispersion matrix E . A valid,
attainable lower bound has only been found for the case k = 1.

For the three practical examples given in section 1.2 the
efficiencies of the least squares estimates have been computed

and are given in Figs. 3, 5, T, where the autocorrelation is taken

from the non-stationary process. In order to compare the results

with the stationary process the efficiency of the least squares
estimator for the PEARS DATA is illustrated in Fig. 4, and is seen

to be very similar to the efficiency for the non-stationary alternative.
It is evident from all the graphs that even for only moderately high

values of ¢ a serious loss in efficiency can result from using

least squares estimates.

It is worth mentioning at this stage the case of polynomial
regression. Hannan (1960) shows thaet least squares estimates are
asymptotically efficient in polynomial regression, for the stationary
process when ]Ql <1 . Ve have not been concerned in this thesis
with asymptotic properties,.but rather with the properties which are
relevant to everyday sample sizes. Thus for the Box-Hunter
polynomial regression,where n = 21 , it is seen that ieast squares
is certainly not fully efficient even for only moderately high values
of @ , in both the non-stationary process (fig. 5) end the

stationary process (fig. 6).
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The danger of using least squares estimates in situstions
where there is a suspected autocorrelation structure in the errors
is clear. Consequently the problem arises of what approach to
use to ensure maximum efficiency for the estimates of the parameters
B vhen ¢ is unknown. An intuitive approach would be to estimate
¢ by some means and then insert this value in equation (1) to
obtain an estimate of £ . The maximum likelihood procedure is

-

basically this, although of course ¢ and E are estimated
simultaneously. Alternatively, a Bayesian method could be used -
either to find e in the above procedure or to estimate E directly.
A simpler method would be to base the estimate of g on the statistic
g in the same way as Henshaw (1965) uses the d, statistic.

On the other hand, if the autocorrelation is in fact caused
by some mis-specification o the model the problem should be tackled
at this point. For instance, the effect of autocorrelation due to
the existence of an unrecognized trend in the dependent variable
may be eliminated by the inclusion in the model of the correct trend
parameter. Three well known methods of dealing with the problem of
autocorrelation include the use of trend terms, first differences
and lagged dependent variables. However, Hildreth and Lu (1960)
warn esgainst the indiscriminate use of any particular one of these
methods, saying that each situstion must be treated on its merits.
The inclusion of a quadratic trend in the design matrix of the
PEARS DATA produces a g value which is not significant. But,
even so, it is debatable which is the best procedure to adopt in
situations of this type - adding the other trend parameter, using

lagged variables, or even using the autocorrelation model.
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However, the intention of this work is not to consider
alternative forms of regression structure but to assume that the
autocorrelation model adequately represents the data and to
investigate various estimation procedures availsble under this
assumption. The practical procedures we shall consider are not
amenable to analytic enquiry and so in order to evaluate the
properties of the various estimates we are led to use Monte-Carlo
simulation techniques. Unfortunately the design matrices of the
three examples given in section 1.2 were too big for simulation
purposes from computer time consideratione and so a much smaller

design matrix was used. The model taken was

L

Y’xﬂr"'u

where Xt (=1 -1=1111) .

~

This represents a simple experiment to evaluate the effect of a
treatment applied at two levels where the response for the treatment
applied at the mean level was known a priori. Here n =6 and

k = 1 . The efficiency of the least squares estimate of B, is
shown in Fig. 8. This design matrix was chosen in preference to
the unit vector l because the latter may noé be a typical example
as it is the latent vector associated with the zero latent root of
f. Various methods of estimation are considered in the next four
sections, and in section 3.6 the methods are compared by means

of the Monte-Carlo simulations performed on the computer using the

above design matrix.
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This section is concluded by a closer examination of the
efficiency curves presented in figs. 3-8. These curves confirm
the intuitive thought that least squares estimation is highly
efficient in the region of ¢ = 0 , but performs badly in the
region ¢ —1 . Therefore, if the main concern is to guard agesinst
the possibility of using least squares when it is of low efficiency
it is important to use a test of the null hypothesis which has high
power for alternative hypotheses of high values of autocorrelation.
Moreover, because least squares estimates are nearly fully efficient
in the region of ¢ around zero, a test for autocorrelated errors
is not desirable if it has relatively highest probability of
rejecting the null hypothesis in the region of ¢ = 0 . Therefore
the property of being the locally most powerful invariant test in
the region of the null hypothesis is not & recommendetion for the

dA test.

3.2 Maximum likelihood estimation

The logarithm of the likelihood function of the multivariate

~ A 3

normal density given by (2.2.5) is

u'V_lu
lhL= -n/2ln(2mM - n/2lne* - % lalv] - == 4 (1)

2
o

n

where u =y - XB . Authors dealing with the stationary first-

~

order autocorrelation scheme encounter a difficulty in that the

determinant of their dispersion matrix is not independent of e -



78

In fact for the stationary case IEI = (1= e:)n—s s Where s is
the number of subjects. Durbin and Watson (1971) page 15 indicate
an approximate procedure for sufficiently large n . As mentioned
in section 1.3 , the non-stationary model has the very convenient
property that [Vl =1 for all values of e, s and n , and so

111]}"] =0 .

The maximum likelihood estimates of the parameters B, o©

and @ are given by simultaneous solution of the equations

2 1L X' V' (y - %p)
i Y RS AW R (2)
? o gor
3 1nL (y - XB)'V" " (y-Xp)
W i s - = 0., (3
}o" e 2 a_li-
% InL =(y = xp)'p(e)(y - Xp)
= e e o s e - 0 (%)
\36 2 ¢t
where
de - 0 '®)
- dle =1 ;
D) = '
- 20 -1 ‘
g ppots |t gl L O
Dencting the maximum likelihood estimates as E, o and E A
then ﬁ = (')_i" X-' 3_()_' 'JE' E:, 5,2 LY (5)
ot= -xp) V' (y-xpm (6)

(y = XB)' Do) (y - Xp)
i P " e ’ (7)
I Edy - Iy

L
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vhere V = VY (e) and E is the diagonal matrix

2

|
Q

It is clear that the estimation of B and ¢ is therefore
independent of the estimation of o*. To solve (5) and (T7)

§ is substituted in (7) and values of, E satisfying the
resulting equation may be found using a computer. To decide whether
any particular solution is a maximum or minimum the Hessian, E .

can be evalusted, It may be verified that

2x'y"' X ~X'D(§) (y=X) 0
-1 . F i
H=— | -(y-XB)'D(g)X (y-Xg) 'E(y-Xp) 0 ’
~ 20,1 ~ e~ ~ - - e A e
0 0 e

and the condition for a maximum is that [H < 0 . However,
because of the problem of possible multiple maxima it is illustrative
to view the estimation of B and e from a slightly different

angle, Write (2) and (4) as .

®1nL (B, e,0*) ]
SRS = 0
Y |
and dInL (Byes0t) ]
)" sy
) Q ‘fa“

Instead of solving (2) and (4) simultaneously an equivalent
approach is to take E from (2) and then to solve for ¢ the
equation

Y1nL (B, ¢,0)

= . 8
Se | . 0 (8)
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Proof:  d1aL{E, ¢, o) dnL(E, e, 0*) ] ap MaL(g, ¢, o*)
~ = 4 5 = s i -
e - B de )C
[-2 ~ (Jﬂ"
Now d1nL(f, ¢, o*) ]
= = 0 from (2)
‘)F v 3 ’
i “ee"
}lnL(E, ey ot) ]
% = D - ; from (4) ,
JE,\
ag
and as — 1is finite, the result is proved.
ag

Substituting u = y - Xp in (1) it is seen that the

maximum likelihood estimation of ¢ may be regarded as minimization

of the Generalized Residual Sum of Squares, where

GRSS = WV ¥ = y (v -V x(xv' ' x v )y. (9)

~ -~ -~ ~ A ~ ~ o~ - -~

There is no guarantee of a unique minimum to this function, and
hence of a unique meximum to the likelihood function. An example
where there are two minima to the function GRSS is given in fig. 9.
The maximum likelihood estimate is “é w =lis with ancther local
maximum at € = 1.02 . The data in this example was

= (-.70 =-.54 .36 -.98 k4 2.65)’ with design matrix

ja ey

Tod 1<
n
T
1
1

Hildreth and Lu (1960) use a similar method of maximum
likelihood estimation, but their treatment of the first observation
is different and they restrict the permitted range of E to
(=1, 1) from 'economic considerations', 1In general GRSS is the

ratio of a polynomial of degree 2k +2 in ¢ to a polynomial of
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degree 2k in ¢ . In practice evaluation of the coefficients of
€ in the expansion of GRSS becomes intractable for even the
simplest design matrices such as E Rl 5 L PR R e A i) T
In order to éain some insight into the small sample properties of
the maximum likelihood estimates the computer simulation with the
above design matrix was performed, The results of this simulation
are summarized in section 3.6 . As there is no guarantee of a
unique minimum the program evaluates the expression of the left
hand side of (4) for various initial values of @ : in this
case ~10, -1, -5, 0, .5, 1, 10 . This grid was chosen
after close examination of 50 sets of simulation data. A typical
sketch of the expression and its associated CRSS is given in

fig. 10. As maxima of the likelihood function correspond to zeros
of the function (4) with negative slope,only these zeros are
evaluated accurately. If there is more thaﬂ one such zero of (4)
the value of @ associated with the smallest GRSS is the maximum

likelihood estimate.

3.3 An estimator based on the g statistic

Theil and Nagar (1961) and Henshaw (1966) suggest the estimator
(T, T QdA)/(ﬁh_k -=T,) for @ , where T, is the smallest

non-zero latent root of MAM and T

MAM i the largest. They also

give expressions for the mean and variance of the estimate under
the null hypothesis. This estimator has the advantage over the

maximum likelihood estimator of being comparatively easy to evaluate.
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An estimator based on a similar linear transformation of g to

the range (-1, 1) would be

where V, and vn-k are the smallest and largest permissible
values of g , defined as latent roots of W in section 28 &
For the non-statioﬁary autocorrelation scheme it is not possible
of course to transform g to the actual range of g_(-»,eo) with
a linear transformation. The mean end variance of @ are easily
calculated from the meen and variance of g , and under the null
hypothesis H, : ¢ = 0 this is straightforward using a similar
method to that for the mean and variance of dA =

Watson (1950). However as the region of interest is for high

e.g. Durbin and

values of e » where good properties for the estimates are most
importent, we wish to obtain the mean and variance of g for high

values of e -
Analytically no headway was made except in the case vhen e
was 1 . Then

' “ye~!
u'Wu g'C 'WeC ¢

- P P

l}

u'Mu Q'C-"MC-lE

~ - - -

oy o
where ¢ ~ N(0, «*I) anda C ' = ¢(1)”' . From (2.4.3) end

1 1

= ¢ lwppet

~ o

(2.4.5) ¢ 'Eg" ¢ (s ) e

~r e - i~

and C  'MC

~r .~

13

Now B = C'C sothat B = C C'' . Thus C 'WC ' and

~

3

- -l
G Mo commute and therefore can be simultaneously reduced to

~ o~

diagonal form using the same orthonormal transformation, Bellman

(1960) page 56,
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Clearly the matrix C 'WC is idempotent and has n - k

non-zero latent roots of unity. The non-zero latent roots of

= ) -t
C '™MC are the same as the latent roots of T'C C 'T = T'B T

e e e o~

Thus when @€ =0 under H, :

n-k ;
'2_—; %51

and when =1 under H :

n-k

2 ¢
e R (2)
=58

- -1
where the ). are the n -k latent roots of (T'B ‘)" , and

f, ¢ are both N(O, S ) . The moments of g in (1) under H,

o~

b k

can be obtained as the ratio of the moments of numerator and
‘denominator because g 1is distributed independently of its
denominator, e.g. Hannan (1970) pege 343. Unfortunately the
distribution of g in (2) wunder H, is independent not of its
denominator but of its numerator and the moments of the ratio cannot
be written as the ratio of the moments of numerator and denominator.
"
In order to find the mean and variance of g and hence e
for any particular @ and design matrix it is necessary to resort
to numerical techniques. Denoting the distribution function of g
as F(g) , obtained from Imhof's (1961) result and section 2.7 ,

the first two moments of g are given by



Y-k on—k
W= J gl oy =9 , - 3 F(g) dg
% Y,
and
Qn-k gn-k
i
- j gzg—}éﬁl AR Wi e 25 gF(glag .
) Y,

”~
The mean and variance of e for various actual values of
¢ and for the design matrix (-1 -1 -1 1 1 1)' are given in

table 12. -

3.4 A Bayesian approach to the estimation of the parameters

In order to meke inferences about g or P all that is

required are the respective posterior distributions, plply) or

p(ply) . An estimate of B

o~

could either be the mean of p(ply)

or alternatively could be taken from (3.1.1) after obtaining an
estimate of ¢ from plely) . Zellner and Tiao (1964) also
considered the non-stationary model from the Bayesian viewpoint
although, being concerned with economic time series in the same way

as Hildreth and Lu (1960), they assumed the presence of an observation
¥, taken prior in time to the first observation y, . We have not
made this assumption as in experimental design applications it seems

unrealistic,
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As before, the likelihood of the non-stationary process is

| . ~(y-Xp) 'V (y-Xp)
P(YIP! o,:.’e) = (2'“'3") n!a. exp { o R e e -.E ,

2c*

In Bayesian teminology,by extending the conversation so that

rlely) = j p(elx,cr') i p(of‘{f).dc’

p.‘l.

ma  plely,et) = {ellv,otp) nply, o) ap
I

and using Bayes theorem it can be easily verified that

plely) = K, j, j
~ G:OE

plyles o™, pInlele’, p)p(plorinla)dpda

=—m

Assuming vague prior knowledge of o°, B and ¢ » and that

knowledge of any would not influence our knowledge of the others,

the prior distributions are taken as, Jeffreys (1948),

ple?) ac* x

p(EIO“)df < ap y

and plele’, pldp x de .

Noting that (z—i{E)'Y—‘(z’"z{E) = (f‘f?)'y—lfif“xg) + (ﬁ‘ﬁ)'x'v_'x@“m ’

~ e~ ~ ~ e
-~

vhere B = (X'V_]X)_‘X'V-ly , then
~(y=XB) 'V (y-Xp) T akhot
e T G |

J P(}’le, Utsﬁ) dP ® exp %
3 = e ~ 2o

-

1

~ e
from use of the fact that B ~ N{F, oM (X'V X) ‘} . The last

integration with respect to o~ is straightforward and yields the
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posterior distribution as

- + %4
} (1)

pely) = K, [xv7x {(;—g@)fy" (y-XP)

R -

The mean of the posterior (1) is taken as an estimate of ¢ ,
end this estimate may be substituted in equation (3.1.1) to
provide an estimate of B . The performance of these estimators in

o~

the simulations is reported in section 3.6 .

To make inferences sbout £ directly the posterior p(gly)
should be used. This can be inferred from the expression for
plely) end is

ppiy) = 5} [ plpet, edn(ples dnle len(e). a as™
-~ " t - e "~

Again assuming vague prior knowledge of g, " and e

p(ple’,e) ap = ap

-

p(elﬂ‘)dt o« de

and plet)de « E; :
o
5 ", i —u'V_'u
Thus plgly) = K, j: () 5 arn de de' X
~ o~ =0 p=-= 2o
hu = 2] 2 n-1 n

= — o \' = . - 1 1% 0

where u Y :E , 2nd 1:, ‘: 2 21 uy e 0}; Li“i+DC +‘?_“.1

On completing the square in the exponential it may be verified that
A .

-u'Y:'u -N c't 3
(5297 s d( = exp[-*— : B-_—-f—-—

2e" 2¢ 2
T

-



- = 2
n=1
(z ul 1+1)
< i
where = Fu o= =1 . After the
1 7
g

integration by = the posterior becomes

ifn . n-1 n-1 ¢ h-(—n;—“l
(N2 R '('21—- b “i+1>
P(RlY) = K, (7= — : (2)

2
Zw 2%

1 1

In general, to estimate B using the posterior mean entails two

k-fold integrations. This is certainly the most difficult esf{imation
procedure considered and is not likely to be used in practice. In
order to observe its performance as an estimator it is included in
the simulstion, where for X = (-1 =1 =1 1 1 1)' , k=1,
This section is completed by examination of the computing
procedures necessary to obtain the estimates of ¢ and f3 ‘

~

Explicitly the estimate of @ from (1) is

e lxvx1 ™ {xp v (y-xp)] de

Q* o il -n/2 +k/a '

|x!

1=

S’ Nz 4 %/2

A7 {gxpy Gexp)] le

[

To overcome the difficulty of the limits of integration the
transformetion € = tan t is made, so that de = sec” t dt

and the limits of integration become =+ T/2. The term in the
braces is the GRSS. From section 3.2 this is the ratio of a
polynomial of degree 2k + 2 to one of degree 2k in ¢ .

Therefore the integrand approsachs zero as P for n-k=22,
For the model in the simulations the estimate of B, is similarly
obtained from (2) . The same substitution is used, i.e. B,'= tan t ,

to transform the renge of integration onto =+T/2 , and again the

integrand becomes zero at the limits,
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3.5 A double dichotomy

The Bayesian methods of the previous section would certainly
not be regarded as easy to operate. From the graphs of the
efficiencies in section 3.1 , i.e. figs. 3-8, we have seen that
least squares estimates are fairly efficient except for high values
of g - If e is taken to be unity the best linear unbiased
estimator of B is, from (3.1.1), A(1) = (5'9’5)_'5'.??: . Mhis
is similar to the Cochrane and Orcutt (1949) estimator, i.e. the
least squares estimator using first differenced variables, but here
the first observation and row of z(’ are retained, The efficiency
of this estimator is shown on the graphs, figs. 3-8, and is seen to
have en efficiency approaching unity for e—>1 in both non-
stationary and stationary alternatives. For any particular value
of ¢ the efficiency of g(‘l) is defined as the ratio of the
generalized variance of g(e) to the generalized variance of E(U .

: I

(v 07 persx|

-

Eff ﬁ(n} = — — = — .
¢ o™ xevex] . foeso0”] - xvTx] Jxesves|

——— - P

Clearly, by definition, the estimator g( 1) is fully efficient

in the non-stationary process when € =1 . However, the reason vhy
the estimator has optimum efficiency for the stationary process when
¢ —> 1 1is not so clear and we give a proof of the result

1lim

po Eff{ﬁ(‘l)} = 1 at the end of this section. The alternative

method used to deal with high autocorrelation in the stationary
process of taking first differences and discarding the first
observation and row of the design matrix, e;g. Cochrane and Orcutt
(1949), Stone (1948), is unsatisfactory because it cannot estimate an

overall mean.
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The suggestion of this section is to simplify the problem
and treat it as a double dichotomy. The action to be taken is
either to accept that e is approximately zero and use least
squares, or to accept that ¢ is high, in the region of one and
use least squares on first differenced variables, i.e. 5(1).

The two alternative decision are D = (4,, 4,) wvhere

A
d, is the decision to use B ,
and d, is the decision to use §k1) .

It is clear from the efficiency curves plotted in figs. 3-8 that
correctly deciding between E and EKT) would be a considerable
improvement over the direct procedure of using least squares.
Nevertheless, it will be seen that there is a region between € = 0
end @ = 1 vhere neither estimator é nor §(1) are highly
efficient in general. Against this criticism of the method must

be weighed the large saving in computation by net having Lo estimate

¢ and, as ve shall see, by not having to perform a significance

test.

The problem remains to make this decision between d, and

d For simplicity we are considering, a posteriori, only the

z L]
velues € =0 and € = 1 , sc that the parameter space becomes
® = (e=0, € = 1) . The loss table for the double dichotomy may

be written:

=0 e = 1
d, 0 1,
d, e 0
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Now the correct decision theory procedure, e.g. De Groot (1970),
is to choose that decision which minimizes the expected loss.

For the two decisions the respective expected losses are

a4, 1 .ple= 1'?) 3

and d, 3.7 3y oplesOly)y .

Thus the decision 4, to use least squares is teken if
l.-ple= 1y) ¢ 1,.p(e=0ly) , (1)

ané d, 1is taken otherwise. From the previous section, equation

(3.4.1), it is clear that

! - (r-k)/2
p(e=oly) = K. |§'§|"’.{(;{ - i{’é)'(‘g - }E)} .p{Cc=0)
1 ~(n-k)/2
£ T R IR O, e

where our pricr knowledge about B ,a‘z is assumed vague and the

~

prior distribution of @ is essumed to be independent of B and

o~

o' . Substituting in (1), d, is the appropriate decision if

(y - XB)'Bly - XP) 1,,.p(e=0) |xx|™

(y = XB)'(y = Xp)

IN

1,.p(¢= 1J.|x'}3;<|'%

ot

1

..% M
1, .p(e=0) |xx
€. if g3 h shersa h = e

1o .p(e = 1), |58y

R

e
i~

(15]
~—

Thus the decision procedure rests on the g statistic. In fact
there is a remarkable similarity in algebra between the Bayesiean
approach with vague priors and the invariance theory approach.
Here, however, interest is not now centred on finding significance

points of the g statistic but only on evaluating h .
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Assuming no prior knowledge to the contrary we put
ple=10) = p((= 1) and the problem remains to find 1,, and

i3 We wish to choose the losses such that they are both

2 ¥
realistic and mathematically convenient. The Bayesien statistician
has similar reasons for using conjugate priors. If least squares

is not used when @ = 0 a suitable loss would seem to be one

which was inversely proportional to the generalized standard
constent.

deviation of the least squares estimate,” i.e. 1, l l_z
i x'x

In other words, the more precise the least squares estimate the

greater the loss arising from not using it. Similarly the loss

1, of not using fl)when @ = 1 is taken as inversely proportional
. S ~ A t

to the generalized standard deviation of (1), i.e. 1, jons rﬂt
i X'BX

-~

With these assumptions about the priors end losses it is seen that

h =1 and the decision to use first differenced or original variables
is based upon whether or not g < 1 . A further argument for using
this value of h is that in any case it is the limiting value as

limit

ek h—1 , provided that none of

n - k becomes large, i.e.

the losses or prior probabilities is zero.

If h=1 is regarded as a significance point to the g
statistic it corresponds in general to a rather high level of
significance under the null hypohtesis H, : @ = 0 ., Perusal of
the Durbin and Watson (1951) tables shows that for values of
n-%k >20 the point g =1 1lies below even the lower bounds of
the 5% significance points. Therefore there is a low probability
of this procedure deciding in favour of taking first differences

vwhen in fact @ = 0 and the errors are independent.
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Practically, this decision procedure amounfs to comparing
the residual sum of sguares using the original variables to the
residual sum of squares using first differenéed varisbles. The
estimates of the parameters to be used are those which provide
the smallest residual sum of squares. This procedure is easy to
operate and compared to a bounds test has the advantage of always

being gble to arrive at a decision.

To make a decision between @=0 and @=-1, it cen
be shown in a similar fashion that the criterion is whether
g(=1) < 1, and this would be a suitable choice when guarding
against the possibility of using least squares estimates when they
are highly inefficient in the presence of negative autocorrelation.
The appropriéte estimates to take as the alternative to least
squares are ﬁ(-ﬂ = {x‘v"'(-ﬂx}f" X'V—'(-ﬂy , Wwhich are the
least squares estimates using the transformed variables E{—Ul{
and C(-1)y , or the 'first summed' variesbles. From the results
Igiven in section 2.8 for the WILLIAMS DATA it appears that the
probability of g(-1) being less than one, unlike the positive
case above, is not very small, reflecting (from fig. T) the fact
that the least squares estimates become very inefficient for even
moderately negative values of autocorrelation. Because the value
of g(-1) in the Williams example is 1.013 it is tempting to
examine the new estimates E(-‘I} to see if the apparent randomness
of the estimates of residual effects of treatments egainst treatment
concentration is affected. The estimates é(-ﬂ are plotted in
fig. 11, where it is seen that there is little change from the least

squares estimates given in fig. 2.
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A proof is now given that the estimator F(1) has efficiency
approaching unity for €-—>1 when the autocorrelation is taken to
be of the stationary structure. Denoting the dispersion matrix

representing the stationary autocorrelation scheme by o U , then

[ -1\
SRS e R
e { R :
I .
LIS :
a-t IS
e e
| -e © ©
e ‘ < 4+ -€
and E = o 3
[-¢* : .
: e —€

For the stationary process the efficiency of PB(1) is defined
therefore as
- -]
ey 0

EfT{B(1)} = . (3)
{E } I(X'Bx)_'r |x*BUBX

o e e o e

-~

SOt 5 I F =1
Difficulty arises at the 1limit when the matrix X'U X becomes
singular for regressions inecluding an overall mean. That the result
is not generally true for regressions omitting an overall mean can

easily be seen by putting X' = (1 0 0 ... 0) , in which case

Eff[E(U} = b(1-¢*)/(5 - k) .
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It is of special interest to show that the result is true
for the case when only an overall mean is fitted, i.e. ol (5
Here, for convenience, 1 is the unit vector of 1's , and is

not normalized. Clearly the denominator of (3) is identically

unity for any value of ¢ . The numerator is
(1-¢){01-e)n-72¢} = (1+¢)/{n~ (n-2)} .

Therefore the efficiency of the estimator of the overall mean,
given by B(1) =y , epproaches unity as e —>1 in the stationary

autocorrelation process.

To prove that the result is true in general for regressiocns

Do

including an overall mean, X is written in the form (1 : X,) where

2
]

, and X, 1is of dimension

~ ~

(n = 1) x (k= 1) . There is no loss of generality as the value of
the efficiency (3) is unaltered by such reparameterizations.

From Rao (1965a),

&

i

Tt = |a|l.Jc-8a"8| . (%)
Br Fae o abei

-~

0

Using (4) and lemma (2.3.1) ,

U T C R o Nt L1V I oL A6 0 8 T L 5 (R

-~

where L, is defined in 2.9(ii) as the matrix of the (n - 1) latent

vectors of A other than 1 .

~
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Therefore
X
=t wan 1] (1—ez) ] | =
Ry - X v L) L L (5)
(=eH{omla-2)e} ¥ © v w2 W
Now
UBUBL o L'BUBX,
| x* BuBx | = :
X,'BUB1 X.'BUBX,
= |X,'B(U - UB11'BU)BX J » from (),
— 2 n-=t
and  1'BU = S N el T i B
Thus
= [ o
s :
U - UBI1'BU = | 2 = (1~-¢") W
e - (1-€) Ve ;
(@]
and |x'BUBX| = (1 - %) ]x 'BW, BX,
= - ]
(1 Q X Bn 1vn-1Bn-1 1' (6)

Now from (3), (5), (6)

z
~ (1- &% ShEoRll e L L 2 'x| | x*BX
Eff{p(n} = 1% 28
i = ! i 1
(1-¢){n-(n 2)2}-(1 i |x Bn e 1]3m_,| ‘l
=
’L(L'U L) 'x[]xn1x]
- o L]
[n (n-2)e} Ix B 'Ivnin‘lxl
Taking the limit,
Eff{ﬁh){ 2. |x,vax, |x xlz
L = i n.nq. n_1 \

lim ¢—1 ' 2 .IX.'Bn_,‘X,,



Therefore the estimator PB(1) , adopted from consideration of the
non-stationary process, is also efficient for high values of
autocorrelation (@->1) in the stationary autocorrelated error

structure when the regression includes an overall mean as a parameter.

The Cochrane-Orcutt (1949) method of using the n - 1 first
differenced varisbles is criticised by Kediyala (1966). Appendix B

examines Kadiyala's comments in view of the results of this section.

3.6 Results of the computer simulations

This section is concerned with presenting and interpreting the
results of the Monte-Carlo simulation undertaken as a study to
compare the different estimators of e and f referred to in previous
sections. The simulation model is‘given in section 3.1 and hes a
desipgn matrix :’ = (-1 -1 -1 1I 1 1)' . Without loss of
generality, the value of the parameter pB, is set to zero so that
‘the observations y are conveniently put equal to the errors W .
A1l the estimators of ¢ are in some way or other based on the
generalized residual sum of squares (3.2.9). Nowv GRSS remains
unchanged by transformations of the type zr* b 25 ..).{Z A
i.e. 2*".-.‘3‘* = y'Wy , and therefore the estimates of e are not

L o~

aeffected by changes in the settings of B . Further, it can be easily
verified that for all the given estimators of B the result of a

transformation such as E* =y + X¥ is to change the estimate of B
by an increment 3’ . Hence no generality is lost by taking f =0 .
The autocorrelated error processes are generated from random normal
deviates € teken from the RAND (1955) fahles. Three values of ¢

were considered, 0, .8 and 1. For each value 1000 simulations

wcre made., Thus
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the values of the means, variances and mean square errors of the
various estimates given in table 12 are each based on a sample
size of 1000. Most of the simulations were carried out on the
City University's ICL 1905 computer but the simulations for the
Bayesian estimates, being very time consuming, were done on the

much faster CDC 6600 of London University.

Least squares The means snd variances of the least squares

estimates of B, agree fairly closely with the theoretical values,
which are given in brackets. As seen from fig. 8 the efficiency of

least squares estimation is poor for high values of autocorrelation.

Maximum likelihood It is not surprising to find the maximum

likelihood estimates with a higher variance than the other estimates
for a model in which the number of observations is 6 . The oecurrence
of duel maxima was rare, there being only 11 such cases in the

3000 simulations. One typical example was given in section 3.2.

Estimates based on g The means and variances of the estimator of

¢ agree closely with the theoretical values given in brackets and
calculated by the methods given in section 3.3. The varisnces of
the estimetes of B, are smaller than the corresponding variances
of the maximum likelihood estimates. Moreover, far less computational

effort is required than for the maximum likelihood estimates.

Bayesian estimates As seen from the table these two estimates of

B, have the smallest variances for the higher values of
autocorrelation. However, because of the amount of computation
involved in obtaining the estimates these methods cannot seriously

be considered as practical alternatives.
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v -3 -3
¢ S e R §8 T e
RS O R R L
LI & T S & R X
mean oo -.130 -.145 .022 *kk ¥4
(-.159)
E var EE £ . 263 '1:‘?1' b 0 wealk ol e ke g
(.157)
mso *hE <300 192 212 Xk * 4k
%Y
mean 011 -.006 019 -,025 -,021 ,012
(0,0)
fi | var 164 .181 <186 . 200 107 .180
.167)
mee .16 .181 .186 +200 197 .180
mean o 577 «450 <597 Ll i
(.440)
e var bl d + 312 «102 .210 e ek ok
y (.100)
nse dkk + 302 « 315 251 ok e o e
Q =R
mean 009 017 L0158 038 037 017
(0,0)
B | var .330 276 259 .255 .240 .260
(.349) :
mee 339 2y 258 .256 .248 . 200
mean e e 7606 603 573 *Hk e
(.6o0)
eI wap Hok .325 181 220 *k o
C.120)
nse ok .380 .338 271 .k i
i
mean -,008 -.019 -.012 .031 .031 -,010
(0.0)
B | var .506 252 241 225 221 .239
(.511)
mse 300 252 <241 .220 222 .239

Results of the computer simulations fo conpare various

nethods of estimation, The figures given in brackets are

theoretical values of the corresponding means and variances.

TABLE 12




ic2

The final column of table 14 gives the means, variances and
mean squared errors obtained when using least squares estimates on
either original or first differenced variables, depending whether
or not g > 1 . Of the alternatives to least squares estimstion
this method requires the least amount of computational effort.
Although no general conclusions can be drawn from this one particular
model, the practical results given in table 12 indicate that the
estimation procedure suggested in section 3.5 deserves attention
in future as the simplest alternative to least squares. Clearly
the main dangerto the efficiency of this procedure occurs vwhen e

A
is in the mid-way region between O and 1, where both £ and

B(1) may be inefficient. Alternatively, the method of estimation
based on the statistic g 1is suggested as it requires much less

computational effort than the maximum likelihood or Bayesian methods.
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.1 A design criterion

The choice of a design criterion has been considered by
Ima.ny authors, e.g. Wald (1943), Tocher (1952), Chernoff (1953)
and Ktefer {1959), but at present there is no universally accepted
method. For example, Box and Guttman (1966) whose results we shall
examine in section 4.4, select z so as to minimize the trace of
the variance-covariance matrix of the estimates (i.e. the sum of
variances), This criterion does not select designs independently
of non-orthonormal transformations (e.g. rescaling) of the
parameters, a property which seems intuitively desirable on the
grounds that reparameterization of the model does not affect the
physical nature of the experiment and so should not affect the
choice of design. A similar comment is made by M.J. Box (1972).
A criterion whicﬁ does possess this prOpe}ty is the maximization
of the determinant I}'ﬁl « In the case where the errors ere
independent lE'EI-' is the generalized variance, e.g., Rao (1965a),
of the least squares estimates., The design method is to choose that
matrix E which minimizes this generalized varisnce, The criterion
and its properties are discussed in Box and Draper (1971). When
the errors are autocorrelated the generalized variance becomes
lz'znlfl-‘ . If the value of e is known a priori then we should
choose that X which minimizes |E'x_‘§|-‘ . However, rarely is

e known, but it may be suspected that @ # 0 and a test for

autocorrelation is made. If, after testing for positive (or negative)

€
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autocorrelation the strategy suggested in section 3.5 is adopted,
least squares on either original or first differenced variables

is used. Thus designs are chosen according to the following
procedure: from the set of designs with minimum variance when

@ = 0 select the subset which minimizes the generalized variance

of the estimates when € is assumed to be 1 and first differenced
varisbles are used, i.e. choose those X which minimize |§'P§|-. .
Similarly, when guarding against negative eutocorrelation the

generalized variance to be minimized with respect to X would be

v (-0 ™"
~ o~ i

These formal generalized variances are applicable only if
the design matrix X is of full rank. In the case vhere the
design matrix is n x p where p >k it may be reduced to full
rank k , as in Appendix A, by a suiteble reordering of the

columns and any transformation such as

X¥p G = (X: 0), where X is n xk of rank k.

A~ A o~ L

The model becomes

Ey) = X8 = (fg)(ﬁ,) = ff s

vhere the B are any k estimable functions, determined by

(Eﬂ) = ¢l .
9 ~ -

Having selected which estimable functions are to be considered
different designs may be compared on the basis of the generslized
variance of these estimable functions. The initial choice of g

~—

(the set of estimable functions) is immaterial because all other
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sets of estimaeble functions can be derived from this first set .
by means of a non-singular transformation, and the IE‘EM',}El
criterion selects designs independently of such transformations.
For example, suppose we have two designs (reduced to full rank)
determined by X, end X, so thet

E(y) = Xf end E(y) = X,B -

L fo ¢
Let X, be a better design than X, for this set of parameters,
i e

s ot | i " . .
i.e. |§: v §J > IXL'V le . Consider the reparameterization

-l

gheow @ P , where G is non-singular, so that E(y) = X G p*
and E(y) = X,GB* ., The criteria become |G'X! V”'X[G{ and
~ ~ o~ - ~oA A e e

|Gtx; V—|XLG| . Thus where |X! X-‘EJ >t YTIXJ

i~

4 - z -]
venave [l Pt VR[> qlT YR

so that lo'xt VX6 >[orxt VX6

and the choice of design is unaffected by the reparameterization.

4,2 Qualitative desipgns

The Williams' experiment is an example of an experimental
design situation where one might postulate negative autocorrelation
in the errors caused by carry-over effects. Autocorrelations are
assumed to occur only between errors in observations on the same
subject, as defined in section 1.3. The special Williams' designs

balanced for residual effects are latin squares, but if the period
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effects are ignored we have block designs with a special sequence

for treatments. The significance points of the g test will of
course vary according to the design. However, using the methods

of section 2.9 it is possible to evaluate bounds to the significance
points of the statisties g and g(-1) for use with the randomized
blocks and latin squares. In the notation of section 2.9 the"
matrix 5 is taken to represent the overall mean and subject

effects in the randomized blocks, and the overall mean; subject
effects and period effects in the latin squares, Table 13 gi#es

the bounds to the significance points of the g(-1) and g(1)

statistics where the level of significance is 5% .

The problem of choosing qualitative designs using the
criterion adopted in the previous section of minimizing the
generalized variances [E'Xu‘(~1)5|-‘ or |§'§E|-’ over &
particular set of E's (e.g. randomized blocks or latin squares)
has not been amenable to analytic solution. For any given class
of designs it is possible to evaluate the determinants and thus
find the optimum designs. Unfortunately this is only technically
feasible for the smallest designs. A simplification can be made
in the evaluation of Igﬂggl when an overall mean and subject
effects are parameters in the model. Partiticning X into
(§, : X,) , where X, represents the oversll mean and subject

.~

effects, given for the LU x 4 design by

17 %1 0000 0000 0000
0000 : 0 8 0000 0000
T = s
s (8 s JIs o 0000 T 111 0000

.\0000 00QO0 0000 T 1 11
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n r k o g(-1)
1owar upper 1ower uppar
hound bound hound hound

10 4 v 0.00 1 .::_R 0.34 “.5'(:

16 7 10 0.72 2.14 0.21 1.19

25 o i3 €.00 1.95 0.44 1:22

e ‘ J - .

ah ) i1 147 1,85 0,72 1.20

a6 11 16 1.06 1,01 0.64 3,92

49 7 i3 127 1,86 0.88 1.38

49 13 10 1.10 1,00 0.81 1,41

04 8 15 1.35 1.8 1,00 1.40

04 15 22 1.20 1.90 6.94 1.47

Bounds to the significance points of the ¢ and p{=1)

gtatisties for randomized block and latin souarée desisngs

TABLE - |3
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n k g(1) [ g(-1)
i6 7 108 0,423
16 10 0,905 0.306

The 8 % significance points of the ¢ and e(-1)

statigties for AN4 randomized hlocks (k=%) and

1latin squares (k=10) when the treatments are

arranged according to a Williams' design

TABLE i4




then |§'§5| = ];5, 'AX, 4
%o 'BX. X, 'BX,
Proof (x'BX) = i -
I X, 'B,E{o xl'B&l '
For the L4 x 4 design
X,'BX, =  T. 'end
1000 0000 0000 0000
0000 1000 0000 0000
X,'B, =
S 0000 0000 1000 0000
0000 0000 0000 1000
Using (3.5.h4) ,
['BX| = [X'BX|. [X.(B- BEXSBIX|
i.e. |x'Bx|] = |x 'ax| .

This result furnishes a gaving in computer time for the evaluation

of [rgy|

A computer evaluation was carried out for the class of
4 X 4 designs, for randomized blocks and latin squares, and for
|5'§5|"1 and |§ﬂ3~l(—1)§|hl . The result was that the same desipns
minimized the generalized variances for both randomized blocks and
latin squares and for positive and negative alternatives. These
designs were in fact the Williams (19L49) designs: namely those

designs for which every treatment follows every other treatment, i.e.
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ABCD ABCD ABCD ABCD ABCD ABCD
BDAC BCDA CADB CDBA DABC DCAB
] b ] ;] 1 -

CADB DABC BDAC DCAB BCDA CDBA

DCBA CDAB DCBA BADC CDAB BADC

We are unable to prove the result analytically, but further computer
work has shown that the same result appears to be true for the 6 x 6
designs. Finally, for all the 4 x 4 designs given above there are
the same significance points. These are given in table ih for a
level of significance of 5% and for the U x 4 randomized blocks

and latin squares where k = 7 and 10 respectively.

4.3 The Box-Hunter desipm

Box and Hunter (1958) considered the design problem of
choosing an optimum sequence of settings for quantitative treatment
factors on the basis of information from a pilot experiment (which
ve have called the Box and Hunter data) in which there is a variation
of yield attributable to a time dependent parameter. Box and Hunter
establish the degree of polynomial which represents the time trend
using the usual F-tests and then choose the design vectors to be
orthogonal to these trend polynomials. The F-tests depend for
their validity on the assumption that the errors at any fitting are
independent. However, misrepresentations of the trend by a polynomial
of too low an order will cause the effects of positively
autocorrelated errors in whicﬁ case the validity of the use of the

F-tests is questionsble. Instead the use of a test for autocorrelsation
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is sppropriate. Now if the degree of the polynomial is increased
the positive autocorrelation induced by under-parameterization is
reduced, and a suitable choice of degree of polynomial would be
the lowest for which the g test proves non-significant. For this
purpose the 5% significance points of the g test are given in
table 15 for various values of n and k , the degree of the

polynomial being k - 1 .

A further point arises with this example regarding the
expected value of the response at time + = 0 . To illustrate
this we must first define the mathematical model for this general
type of experiment. let f, g, ... be the levels of several
treatment factors F, G, ... 1in a sequence of experiments.
Particular levels of the factors are to be regarded as fixed,
viz. f,, g, .-+ 3 under these conditions and at time t =0
the expected response has a theoretical value Mo + At any time

t the expectation of the response Yy is written in the form

P .
Ely, - pd = B+ S agt’ +plL, - 1) » Hle, -8 +is s
1=1

the pilot experiment, in which the factors are at their standard
values, gives information ebout the suiteble value for p and in
the main experiment changes are made in the settings ft’ Bys +ovo
t=1,2, ..., n, so that the parameters g, ¥y, ... can be
estimated efficiently. 1In this formulation, H is clearly the

systematic.bias in the measurements Y,

Considering Box and Hunter's data there is good reason to

believe from the nature of the experiment that the theoretical

response at time t =0 is 100% . Thus taking Po= 100 , we
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n k=i k=2 k=3 ks Lo ke 5 k6
10 1.20 1.30 1:55 1.63 2.15 2.4

11 1.22 1.30 1.53 1.76 2.03 2.32
12 1.24 1.31 151 s Te 1,65 2.20
13 1.25 1.33 1.52 1.70 1.80 2.10
14 1.27 1.34 1.50 1.67 1.85 2.0
.15 1.29 135 '1.50 1.66 1.82 1.85
16 131 1,35 1.50 1.65 1.80 1.95
17 1.32 1337 1.50 1.64 1.78 1.92
18 1:33 1.38 151 1463 1.76 1.89
19 1.35 1.39 1.51 1.63°  1.75 2,87
20 1.36 1.40 1.5 1.62 1.74 1.85
21 Ue3T 1.41 1.52 1.62 1.73 1.84
22 1.38 1.h2 1.52 1.62 1.78 1.82
23 1.39 1.43 383 1.62 172 184
el | 1.40 1.44 1.53 1.€2 1.71 1.80
25 .42 1.45 1.53 162 191 1 .80
26 1.42 1.46 1.54 1.62 1.70 1.79
27 1.43 147 1.54 1.62 1.70 1.78
28 1.44 147 155 1,62 1470 1.70
29 1.45 1.48 1.55 1.62 1.70 1.77
30 1.48 1.49 1.56 T.63 1.70 177
35 1.40 1.52 1.58 1.64 1.70 1.78
0 1.52 1.54 1.59 165 1.70 3475
45 1.54 1.56 1.61 1:66 1.70 1:75
50 1.54 _1.58 1.62 167 1.7 1275

The 8§ %/ sienificance points of the ¢ test when tho columns

of b vepnresant 8 polvrnomial frend about an overall mean

TABLE

15




n k=1 k=2 k=3 k=t k=5
10 128 1.42 1.69 1.G9 2.3

11 1.20 1.4 1.65 T 01 21t
12 1,22 142 1.63 3 .85 2,03
13 1,24 142 3u63 180 2.0z
14 1.26 1,42 160 1.78 1.97
15 1.28 1.43 1.59 1.76 1.93
1€ 1.30 1.44 1.58 17k 1.20
17 13 104 1.58 1.2 1o
13 1533 1.45 1.58 0 L85
16 134 1.46 1.55 1.70 163
20 1.36 1.46 1.58 1705 - 1:82
2l 137 147 1.58 1.69 1.80
22 1.38 1.48 1.58 1.68 1.79
23 1.39 1.48 1.58 1.68 1.78
2l 1.40 1.49 1.58 1.68 LeT7
25 1.1 1.50 ©  1.58 1.68 1.T7
26 12 3500 1.59 1.67 . 1.96
27 i.na 1.51 1.59 1. 67 1.76
28 1.04 1.53 1.59 1.67 1.75
29 1.45 1.52 1.59 1467 1.75
30 1.46 1.52 1.60 1.67 1.75
35 1.49 1.55 1.62 16T 1.74
40 1.52 1.57 1.62 1.68 1.73
5 1.54 1.52 1.64 1.68 B3
50 Y57 1.61 1.65 1.69 1.73

The § % sisnificanca noints of the g test when the columns

of X reprasent a polvnonial trend through the origin
Lo

TABLE 16




would wish to test the hypothesis H, : p= 0 sagainst

H, :f7:# 0 . Appropriate orthogonal polynomials, designated

Vi o for this purpose are given in Berenblutt and Webb (1972).
The g test is used to establish the degree of polynomial
consistent with the assumption of independent errors. For
polynomial regressions without an overall mean, i.e. using the

Y;» the 5% significance points of the g test are given in
table 16. In this example a fifth order polynomial is the lowest
for which the g test is not significant at the 5% level, for
regressions both with and without an overall mean - a different
result to that obtained by Box and Hunter who accepted a cubic fit.
In fact the F values given in fig. 12 show that sixth order
polynomial fits are significant. Finally, performing the F test

with k = 5 does not give a significant result, thus accepting

The use for the factor settings of any set of vectors
orthogonal to the time trend polynomials will minimize the
generalized variance, IE'El_I . Box and Hunter took as a basis
for the design space the 17 orthogonal polynomials other than
§¢, f, L §1 ¢ ﬁ,, and used the method of angular randomization
to select the design vectors. Here, having established that a
fifth order polynomial through the origin gives a representation
of the trend consistent with the hypothesis of independent errors,
the design space is different. It is the set of 14 vectors
V.5 Y 5 eees ¥, + The usual process of angular randomization
can be applied to obtain the desired design vectors. Alternatively,

the design vectors can be taken with elements as random normsl
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Regression through origin

Regression sbout overall mean

E, value

E; value

k g(1) associated with VY g{1) associated with guﬂ
1 0. 285*** =i 0.041""" s

2 05322 ] 198.87 0.245 | 8799™"

3 0723 2308 0.330" " | 154.3"**
4 0.745""" 4400 0.980"™* | 237.9""*
5 1.618 110,20 1.399™" 24.14"""
0 3.103 16,24™* 2,201 27:74" "
7 3.103 et 3,089 8.26"

L indicates significance at §7% level

* indiecates girnificance at 1% lovel

Al indieatas

significance pt 0,.1% level

Resultis of tosts on

21 LT T e -
Lii@ BoX-Huncver de

FIG.12




i7

deviates and made orthogonal to the trend polynomials by the

Gram-Schmidt process.

L.4 Quantitative desipgns

The general quantitative factor design problem may be
regarded as determining a matrix X, to represent the factor
settings, where the full design metrix is E = (E,g 5,} and the
dispersion matrix is a‘g . Assuming E, is nXr , the r
parameters associated with E, could fcr example represent an
overall mean and subject effects, or trend effects. In the last
section the specific instance was considered where X, represented

& polynomial time trend in terms of the first r orthogonal

polynomials and where the errors were assumed to be independent.

For.convenience the columns of E, are normalized, i.e. the
sum of squares of elements in each column is unity. This is not a
restriction because the design criterion used here, |§'Eﬁ‘§] 5
selects desipgns independently of changes of scale of the parameters,
and consequently the normalized levels of any particular factor
settings can be rescaled to cover the range of interest in the
experiment. Box and Guttman (1966) use a similar formulation of
the problem. However they impose the additional assumption that
X, is orthonormal and orthogonal to Xo s while using as a design
criterion the trace of (X'K}_l s, Which does not select designs

e

independently of changes of scale of the parameters.
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As indicated in section k.1 we shall, as our design
procedure, consider those designs which provide estimates of the
parameters with minimum generalized variance vhen E =‘5
(independent errors) and select from these the subset with minimum
generalized variance when E’= E for positive autocorrelation,
and V= X(—1) when the errors are taken to be negatively
autocorrelated. Thus from those designs which minimize Iz'ﬁl—l
we select those which minimize 5'3"'(:1)x|" with the constraint

that the colums of X, are normalized.

Define H as any nx (n - r) orthonormal matrix orthogonal

%o X

o ?
~

i.e. E,’E =0 and H'H=1 -t Together X, and

o~ " p X}

H provide a basis for the set of nx n matrices so that the

unknown desipgn vectors may be written

Go
IO (X, i H) |- = X,G, + HG 3 (1)
"~ -~ -~ GI o~ ~ o~
and
—
xo'xo . Ko'xaGO
I?,{'Xl_l = . u . - " . . . . . 3 (2)
Go'xetxo . Gotxo'xocu * GI'GI

From (2) and (3.5.4) it is easily seen that
-1 s %
|x*x = |x°'x,| N [CAH :

s S,
Therefore to minimize lX'X] it 1s only necessary to minimize
-~

-1
IG"GJ because X, is known and fixed.
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and the diagonal elements of G,'G, must be less than or equal

-

to unity. The minimum of lg,'EJ ~!  oeccurs when G, is
orthonormal and the éiagonal elements of G, 'G, (= Ek—r) are unity.
Thus, from (3), the diegonal elements of E.'E,'E, _ are zero
and, because 5, is full rank r , this can only occur when

G, = 0 . That is, when the errcrs are taken to be independent and
homoscedestic, the matrix X, which minimizes IE'EI#I , the
generalized variance of the least squares estimates, should be

chosen from the set of orthonormal matrices which are orthogonal

to X

~

This result is the same as one of the basic assumptions

Apa
of Box and Guttman (1966). However, they continue by using the
trace criterion and come to the conclusion that if the dispersion
matrix E was known completely the k - r latent vectors of E
associated with the smallest latent roots, E. say, should be used

as a basis for the design vectors X, , i.e.

X, = LG, . But
L, and X, are

~

their method is not possible in general since

not always orthogonal.

Returning to our design procedure, it is required to minimize
= =1 .
IX'V Xl when X, +tekes the form HG, . This determinant can
Lo i L ~ ~ ot

be written

RE

>

vy =



?a
o

Then using (3.5.k)

PRI LS A TR L R T S AC AU Rh .
and lemma (2.3.1) gives
EOAR I XA X R (A 4 R

Remembering that E'E, = g, the answer is given by minimizing
lg,'(g‘g&)ﬂ‘EJ "' with respect to G, . Clearly G, is chosen

as the k - r normalized latent vectors of (E'Xﬁ)-' corresponding
to the largest latent roots, satisfying the restnction that G, be
orthonormal because the latent vectors of a symmetric matrix are
orthogonal. This can be seen easily from the result (2.9.3).

The value of the determinant remains unchanged by orthonormal
transformations of the columns of G, , and so randonization is
accomplished by the methods of Box and Hunter (1958) and Box and

Guttman (1966) or by postmultiplication of G, by any

(k = r) ¥ (k - r) orthonormsl matrix P .

Thus, in general, the design solution for the factor levels

can be written
X, = HGP , (%)

where M is any nx (n = r) orthonormal matrix orthogonal to E, s
the columns of G, are the k - r normalized latent vectors of
H'VH corresponding to the smallest latent roots, and E is any

(k = ¥) x(k = r) orthonormal randomization matrix. It is easily shown
that X, is unaffected by choice of H by considering two different

orthonormal matrices H and H, both orthogonal to X, . The

i~ L



relationship between H and H, is in general H=HK wvhere

e

K is ean (n - r) x (n - r) orthonormal matrix, and

-~

= =} ’ -
(H, 'vi) = K'(H 'VH ) K . If the latent vectors of (H'VH)
v =
are denoted by L {= (L, ! G,)] the latent vectors of (i,'VH,)
are given by KL . Therefore X, = HKGP = HGP and the

~ ~ o~

design vectors are unaltered by choice of l .

Following Box (1960) we distinguish between carry-over
situations where it is suspected that negative autocorrelated
errors occur and trend situations where positive autocorrelation
would be the appropriate assumption. In general the actual values
of ¢ are unknown, but from section 3.1 it is seen that greatest
importance should be attached to guarding against high absolute
values of autocorrelation. Therefore for positive autocorrelafion
situations we take X = E(1) = g_‘ , and for negative autocorrelation
cases V= E(-1) . Thus, knowing X, and V the quantitative
factor levels are given by X, from (4) , obtained either
analytically or numerically. This design procedure produces
efficient estimates of the parameters vhen the errors are independent
(¢ = 0) and when the autocorrelation is high (@ -—>1) provided
the correct decision about € = 0 or 1 has been made. This decision
may be based on a significance test using the g or g(-1)
statisties, or simply on g or g(-1) using the methods of

section 3.5 .
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k.5 Quantitative desipgns - two examples

Using the methods of the previous section we examine two
particular cases where analytic solution for the design vectors
is possible. These are (i) where k - s treatments factors are
applied to s subjeets with X, représenting the s subject
effects, end (ii) the Box-Hunter design situation where Xo »
the slow trend with time in the response, may be represented by

suitable latent vectors of B or A .

The latent roots of B are given by (2.2.7) in ascending

order as

g: = 2-2 cos{(Qj-l)TT/(2n+1)} TR ¢ i g [ - D SR

J

It can be found, using the method given by Von Neumann (1941)
for the latent vectors of the matrix é y that the ith element
of the normalized latent vector corresponding to the jth latent
root is given by {zﬂﬂn+q sin{i.(?j-1)jT/(2n+1ﬂ . The
frequency of the jth latent vector is clearly E%%ﬁ%TT o To

=
establish the latent roots and latent vectors of E (-1) it

wd
should first be noted that -V (-1) = JBJ , wvhere J is the

el

diagonal matrix

-1
3 clearly J =J'=J .
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If x is a latent vector of B, Bx = \Ax and 'JV“‘(—l)Jx =Xx .
. =1 =it

t.e. V (-1)Jx = Mx . Therefore the latent roots of V (-1) are
identical to those of B , and the normalized latent vector of

V (-1) associated with the jth latent root is defined by its ith

alsnent os 2lentt) AP s sin{i.(2j-1)T /(2n+1)} , eana

has a frequency of (n - j + 1)/(2n + 1) .

In an experiment where k - s treatment factors are applied
to s subjects the matrix X, would represent the s subject
effects with r = s . This has the implicit effect of including
en overall mean as a parameter. In fact wvhen s = 1 and all the
treatments are applied to one experimental unit Xe = 1. If it is
thought for example that slow chenges in subject means was inducing
positive autocorrelation, then an analytic solution to the design
problem is readily obtaineble. Here, as in section 2.9(ii) ,

H is chosen to be L, , remembering that where s > 1, L, is
the matrix of n - s latent vectors of Ah associated with the

-~

non-zero latent roots, where

fﬁr 0 - 4
Ap

A = L

‘_n
(7 I o :
. A

o
From (2.9.5) (L,'B L) = /\n*s ; the latent vectors of this

Y g
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vhere E" Ez, cany § , are any S¥§ « orthornomnal
matrices. The design vectors are then specified by teking G, as
the cﬁlumms of § corresponding to any set of kX - s largest
latent roots of /\n—s . This set may not be unique if s > 1 in
which case each latent root has a multiplicity of s and choice of
vecters from the E. offers extra scope for randomization. After
choosing the actual randomization matrix E‘, the design vectors
are given by f, = LoG P . The latent vectors of fn are the

-

latent vectors cf Ap with n - p 2zeros appropriately positioned.

The latent vectors of Ap are given by Durbin and Watson (1971).

~

The ith element of the normalized j“h vector is

J2/n) cosi(21—1)jTT/23} 3 WAL Ry NengiPe 3™ Vs By viay P o

Thus the design problem of choosing the columns of E, as
k - 8 treatment factor vectors when ‘5, represents the s subject
means has been solved explicitly for the situation where there is
suspected positive autocorrelation. Two interesting points arise
from this solution. The g test for positive autocorrelation in
this case is approximately UMP because the design matrix is now
a linear combination of k latent vectors of & (section 2.2).
If the autocorrelation proecess is assumed to he stationary it is not
necessary to make a decision on whether or not to use least squares
because for these regression vectors the least squares estimator is
efficient for auwtocorrelstions spproaching unity, i.e. e—>1 .
We shall return to this point after considering the second particular

case.



The Box-Hunter example is typical of design situations
where there is a slow trend with time in the response. As the
latent vectors associsted with the smallest latent roots of A
and B are also slowly changing with time (i.e. have low frequency)
it is of interest to consider the possibility of using these vectors
to represent the time trend. The elements of the latent vectors
of A are cosine terms and are suiteble for regressions sbout an
overall mean; the elements of the latent vectors of E are sine
terms and suitably represent regressions through the origin.
Unless there are good physical reasons to believe the time trend
is in fact polynomial,use of the latent vectors has certain

advantages.

When the expected response is known at time t = 0 under
the standard conditions this known value may be subtracted from
all the observed responses after which it is desirable that the
fitted regression vectors also pass through the origin. The real
time trend will generally be more complicated than a linear combination
of particular orthogonal polynomials or latent vectors. Thus the
misrepresentation of the time trend will induce positive autocorrelation
in the error structure. But as the true trend and the fitted trend
both pass through the origin it is reasonable to assume the variance
of the errors increases with departure from the origin. Consequently
there seems to be an innate compatibility between the use of the
latent vectors of E to represent regressions through the origin
and adoption of the non-stationary autocorrelation process, where
the variances of the overall errors incresse with time. On the

other hand when the expected response does not pass through the
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origin and an overall mean is included as a parameter in the
regression there appears to be no reason to assume other than
t 3 < - -

va.r(ui) = O (i=1,2, ..., n) , i.e. the stationary
autocorrelation process. For high values of autocorrelation, as

-l -
e—>1, VU (¢e)—= A, and the latent vector of A associated
with its zero latent root is 1 . Thus use of the latent vectors

of A to represent the trend seems to be consistent with the

adoption of the stationary process to represent the error structure.

In any case if the regression vectors representing the trend
are tsken to be the latent vectors of ﬁ associated with the smallest
latent roots the resultant design vectors are the same whether the
autocorrelation process is teken to be stationary or non-stationary.

Let the n 1latent vectors of A be L= (L, i L ) , where the r

~ -~

latent vectors used to represent the trend are L, . Then, for

the non-staticnary process, the design sclution given by (L.h.k)
0

bvecomes X, =L, GP , where G, =

o ~—
:Ek-r

(k = ) *(k - r) orthonormal randomization matrix. This can be

and P is any

easily verified by use of the result (2.3.14). Thus the k - r
design vectors for treatment levels would be L¥P , where L*

is the nx (k - r) matrix of latent vectors of 'A' associcted with
the k - r largest latent roots. These design vectors are also
optimum for the stationary process where the limit as @ =1 of

the generalized variance must be considered, and in this case the
least squares estimstes are fully efficient for -1 . When

n=21 and r=%k=U4 , & in the Box-Hunter example, the efficiency
of least squares for various.values of ¢ 1s given in fig. 13

for the case when the regressors are latent vectors of A . It is

~
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seen that nowhere is the least squares estimator less than 95%
efficient, whereas for polynomial regression, fig. 6, the least
squares estimator becomes seriously inefficient for high values of

autocorrelation.

A similar result obtains for time trends through the origin
when the non-stationary autocorrelation process is taken to
represent the error structure. In this case the design solution
(4.4.4) gives the k - r design vectors as any orthonormal
combination of the k - r 1latent vectors of E associated with
the largest latent roots. Again, under these assumptions, the
least squares estimator of p is fully efficient when ¢—1 ,
as well as, of course, in the region € = 0 . Fig. 14 shows the
efficiency of the least squares estimator against values of ¢ in
the non-stationary model wvhen n = 21 and the regression vectors

are the latent vectors of B associated with the four smallest

latent roots.

For the quantitative design problem where the time trend may
be represented by latent vectors of & or E the solution for
the design vectors is i, = Eﬁf s Where Ef is the nx t
matrix of latent vectors of A or B respectively associated
with the largest latent roots and f is any t x t orthonormal
randomization matrix. If all that is required are the estimates
of the treatment parameters these are given by E'E*'y end there

is no need to establish the value of r , the number of latent

vectors to represent the trend.



P
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When the experimental errors are negatively autocorrelated
and there is a time trend in the response the design problenm is
not amenable to solution using the above methods. In this case
the latent vectors associated with the smallest latent roots of
the dispersion matrices are of high frequency and hence are not
appropriate for representing slowly changing trends. However,
even if nepgative autocorrelation was present due to some type of
carry-over effect the process of fitting the trend could tend to
induce positive autocorrelation. In the results of an experiment
given by Box (1952), vage 55, he postulates the presence of negative
autocorrelation with a fifth order polynomial to represent the
trend. However, the g(-1) test does not vroduce a significant
result with this or any degree of polynomial up to ninth order.

In fact the g test for positive autocorrelation is significant
at the five per cent level for a quadratic fit but not for a
cubic fit. The usuval F tests also indicate & cubic trend, the
sums of squares associated with the fourth and fifth order
polynomials not being significant. The g, g(-1) and F values
are given in fig. 15. There is no evidence from the g(-1) tests
to support Box's assumption of a polynomial trend with negatively

autocorrelated errors of the structure considered in this work.
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1 .
¥y value associnted
4 L 2 -
k g(1i) pl-1) with %h-—\
T
[ 7 M =]
1 1,034 2.724
Rk
2 0,028 2.718 0,10
. * ek ke
3 1.400 2.318 34.8
~ .lr - -‘rl
4 a afe L ” 20"
- -1114(_) - :';«1 VAL
g 2,634 1,155 1,34
0 2,682 1,114 0,40
o indicates significance at 57 level
>k indicates significance at 1% level
ok 3k indicates significance at 0,1% lavel

Results of tasts on the Box(1052) example

FIG.15
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5.1 Two simple autocorrelation models

The methods developed earlier are now epplied to give some
particular results for two simple first-order autocorrelation

models. The first is the linear model

& ETAT B (1)

where ¥

2 et
and y ~ N(ip,e*V) .

In this notation the unit vector 1 is not normalized. The usual

~

statistic used for testing for autocorrelated errors in this medel

is the von Neumann (1941) ratioc of the mean square successive
]
difference to the variance, denoted by S/s‘ . We now prove

the result that {(n - 1)/nz §/5' oy

.

g when X = 1
~ e

By definition

|
=
—

(y - 1R'Aly

(y - 10)'(y - 18)

(y = 1R)'B(y
and g = - Fa—— y .
(y - lr)'(y

1
f —y
=
o

I
b
e
~r



From 2.3(ii) g = d, under the condition X = and

st A n-1 = ,_1’
dA = {(n - 1)/:175 /<= because % (:,':.H_1 - yi) = zr"f\z and
(z - lp)‘f(g - lP) = y'fy 5 l‘é being 0 . Thus, from
section 2.5 , the von Neumann ratio has the properties of the
g statistic, when used for testing against stationary and
non-stationary one-sided alternatives, of being the most powerful
invariant test in the region @ = 1 and an UMP invarient test
for alternatives represented by close approximations to the

respective density functions. The significance points of this

statistic have been tabulated by Owen (1962).

If a test for negative autocorrelation is required the most
powerful invarisnt test against the non-stationary alternative of
€ = -1 1is obteined by using the g(-1) statistic, as in section
2.8. The result does not extend to the case oq;zzationary process
because the latent vector associated with the zero latent root of
the inverse of the dispersion matrix is not included as a design
‘vector. The critical values of this g(-1) test, for a significance

level of 5% , are given in table 17 with values of n = 10(1)

30(5)50(10) 100 .

An even simpler structure than (1) is obtained when the
mean is zero and the observations form & non-stationary first-

order autoregressive process, i.e. P =0 and y; = uy . Thus

5 (i = 2. 3, coey ) (2)

=)
1

£ O 1 0

a:]d. V&T(Ei) = G‘z’ (i= 1, 2’ “ea oy n) -
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n Critical n Critical
value value
10 0.814 25 | 1,258
11 0.86a 26 | 1.273
12 0.916 27 1,288
13 0.959 28 1,301
14 0.997 24 1.314
15 1,032 30 1.326
16 1,064 35 1.379
17 1,092 40 1.422
18 1.119 45 1.457
19 1,143 50 1.487
20 1,166 60 1.534
21 1,187 70 1.571
22 1,206 8o 1.601
23 1.225 Qo 1,625
24 1.242 100 1.0645

The § % significance points of the g(-1) test

when an overall mean only is fittsd, i,a, X =

L

TABLE |7




i36

By the Kadiyala (1970) - Lehmann and Stein (1948) result,the
statistic

1 -1

y'v (e*)y

Blgt) & oea e (3)
X

gives the most powerful test of the hypothesis H

o B Y e N(E, 1)
against the alternative H, : Y N{(l, a‘v(@)k « When- ¢¥* = 1
the alternative being tested is of course the simple random walk.
For the close approximation to the non-stationary density given by
(2.2.6) the g(1) = g statistic sbove gives an UMP test against
the one sided alternative of positive autocorrelation. Similar
results obtain for tests against one-sided alternatives of negative
autocorrelation with the statistic g(-1) . The significance voints
of the statistics g and g(-1) here are identical because of
equality of the latent roots of E and V-‘(~1) , Wwhich was
proved in section 4.5 . The 5% critical values are given in
table 18. The Kadiyala (1970) - Lehmann and Stein (1948) result
cannot be applied to the stationary process for the limit as

¢ —>1 because, at the limit, the inverse of the corresponding

. - - -l - - - . -
dispersion matrix (U in section 3.5) and the likelihood ratio

do not exist.

The likelihood function of the non-stationary process (2)
is

'

L = i{(2mwe exp | — ] . (k&)
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n Critical n Critical

value value

4 0.54 23 1.31

5 0,66 24 1.32

6 0.74 25 1,33

” 0.82 26 | 1.85

8 0.88 22 . 1.36

) 0.03 28 1.37

10 0.08 20 1.38
11 1.02 30 1.39
12 1.06 35 1.43
13 1.00 40 1.47
14 1.12 45 1.580
15 1.158 50 1.53
16 1.18 60 1.57
17 1,20 70 1.60
18 1.22 8o 1.03
10 1.24 a0 1.08
20 1.26 100 1.66
21 1.28 150 1,73
22 1.29 200 1.6

The & % significance points of the & and al(-1)

tostn for anbtocorreiation in an observed

saguence with zero mean

TABLE 18
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Solution of ‘olnL/}( = 0 gives the maximum likelihood estimator

of Q as
n-1
z Yi Yin
- 1
- -1,
7
This statistic differs from 1 - Zg only
by %y: in the numerator and ynl in the denominator. However

E_ can take any value while 1 - 3g lies strictly between -1
and 1 . If the problem is regarded as one of predicting ¥4
given ¥ , Y,»5 cevo yn , the posterior distribution of YnH

given the data y , the likelihood (4) and vague (Jeffreys, 1948)

prior knowledge of ¢ (on -, ) and ", is

=
n
Z.¥: ¥
h g L . ] iYi+1
( ) S P
1"’yn-i-1|y ’(‘& y-} - . -
2 1 1 1 n 5
it

Taking the mode of this posterior distribution as an estimate of

Y

ne1 Bves the simple result 5.
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Appendix A

In experimental design models the design matrices are
typically not of full rank and difficulties arise in computer
applications because the E'E and E'X-‘E matrices are singular.
The usual solutions to this problem are either to use generalized-
inverses or to consider only estimable functions of the parameters.
In this work we have used a simple method of reducing the design
matrix to full rank which was suggested by Berenblut (1968). The

usual restrictions on the estimates of the parameters are incorporated

into the reduced design matrix.

Taking the Williams design, section 1.2 , as an illustrative

example the parameter vector is

T
p = (r\ S, S, 8, S, 8, P ... B b, ..ot s D t,) ,

where [+ = overall mean ,
Ay e subject i effect,
Py period i effect,
t; = treatment i effect .

The design matrix associated with these parameters is not of full
renk. The parameters have been ordered without loss of generality,
so that the first 16 vectors form a2 basis for the design matrix.
The procedure may be summed up as follows: by consideration of the

ususl restrictions on the estimates of the parameters, viz.



%G

igi = i‘ﬁl = 'Z‘__ti = 0 , the original design matrix X may
“be replaced by the alternative X* , given in fig. 1, which is
of full rank. The parameters estimated by use of X¥ in

conjunction with the asbove restrictions are

(b s eeosg B oo p, b o.e b)) (1)
To verify these statements first consider the model

~

Ely) = Xp= X66B = (X*:i0)'g* |,

where g* = (pﬁ % s BL® PF L., ts* P ps* ta*)T *
The matrix E is chosen so that EG = (X% : 0) . Evaluation of
a produces g¥* with elements
pe = uo+ Zsife' + Zofe + Zxi/6
s.* = (53i R SJ)IG el LMl B e B
J#EiL
86* o Zslfs 3

and p and t of similar form.

In this reparametcrization it is clear that s *, p,* and t ¥

cannot be estimated. Imposing the restrictions g * =p * =4t * =0

~

~ ~ ~ o L gog
gives si* =B 3 pi* = P; and ti* = ti W [ R 8

The least squares or minimum variance estimates for (1) may now

be obtained using the X* matrix. Estimates for s, p, and t,
5

are taken as - ¥ S
1

ti respectively.

o -]

i i”

>
Yz
1



Appendix B

It was mentioned in section 3.5 that the Cochrane—Orcuit
(1949) method of using the (n - 1) first differenced variables
cannot estimate an overall mean. Kadiyala (1966), page 16,
considers the stationary autocorrelation model and the special
case when §'= 1. He finds that the Cochrane-Orcutt estimetor
has a limiting efficiency of zero as ¢ approaches 1 when
compared to the least squares estimator. The result is due to
the fact that teking first differences of a column of ones leaves
a column of zeros. Therefore the transformed model cannot estimate
the constant term. We have seen from section 3.5 that the
estimator ﬁki) has the same variance as the minimum variance
estimator as @->1 for the stationary model. The least squares
estimator has this same limiting vériance. From this one special
case Kadiyala (1966) conjectures that it does not pay to make the
Cochrane-Orcutt (1949) transformation when observations on the

'independent variasbles are 'close' for successive time periods. This
conjecture certainly does not hold for the transformation suggested

in section 3.5 , even for the special case sbove. Fig. 6 gives

an illustration of this fact for the case of polynomial regression.
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