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Abstract
With the increasing demand for privacy protection, the federated

recommendation (FedRec) has become a critical research topic. Pre-

vailing frameworks continuously decouple item representation to

bypass the heterogeneity of client data, sacrificing the universality

of aggregated item embeddings, losing the collaborative benefits

of federated learning. This trend not only introduces prohibitive

memory costs on resource-constrained edge devices, but also exac-

erbates the isolation of user interests, leading to a significant loss

of recommendation diversity. In this paper, we attribute the failure

of aggregated item embeddings to the server-side Global Geomet-
ric Misalignment and client-side Local Filtering Bubbles after
empirical and theoretical analysis. Then, we propose CanonFedRec,

a novel framework that resolves the above challenges through a

canonical geometric perspective. First, we shift the optimization

landscape from Euclidean space to a unit hypersphere to explicitly

decouple local magnitude noise unrelated to popularity from seman-

tic relationships. To rectify the global geometric inconsistency, we

propose a Riemannian Projection-based Aggregation mechanism

that performs global updates in a geometrically compatible tangent

space. Furthermore, to mitigate the local filtering bubbles of clients,

we propose a Divergence-Aware Elastic Alignment mechanism.

This treats item-wise variance as a proxy for client-side cognitive

divergence, and dynamically adapting optimization objectives via

elastic decision boundaries. Extensive experiments on four datasets

demonstrate that CanonFedRec not only significantly enhances the

representational power of aggregated item embeddings, but also

achieves superior performance while reducing memory costs by up

to 40× compared to the best FedRec approach.
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1 Introduction
With the explosion of information, recommender systems have

permeated every corner of daily life [31, 36, 41]. With increas-

ing demand for data privacy, federated recommendation (FedRec)

has become a critical research topic [22, 26, 46]. In this paradigm,

multiple clients jointly train a unified system with a server, while

sensitive interaction data is siloed locally on clients. Each client

optimizes three parameter types: user embeddings, item embed-

dings, and recommender parameters. After optimization, each client

sends all parameters, except user embeddings, back to the server

for aggregation and redistribution.

Compared to centralized recommendations, clients in FedRec

hold siloed data subsets, thereby exhibiting heterogeneity. This

leads to a decline in the personalization of the aggregation model,

most pronounced in item embeddings, thereby reducing recom-

mendation accuracy. Since a client updates only the interacted item

embeddings in a sparse data subset, naive aggregation of these

sparse updates often leads to performance drops. Hence, prevail-

ing frameworks typically decouple parameters, using local bias
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terms, client-specific parameters to rectify aggregated item embed-

dings and restore personalization [20, 47, 48]. As shown in Figure 1,

prevailing frameworks increasingly rely less on unified item embed-

dings and, in some cases, no longer require them [8], which actually

loses the collaborative benefits of federated learning [4, 16]. This

not only introduces significant memory and maintenance costs on

resource-constrained edge devices, but also exacerbates the silos of

user interests, leading to a significant decrease in diversity. To ad-

dress the above challenges, wemust answer a fundamental question:

What causes the failure of aggregated item embeddings?
Hence, we visualize the item embeddings on clients and the

server during the training process in Figure 2, and identify three

phenomena that characterize this failure
1
: 1) Local Unbounded Norm

Inflation. The magnitude of a client’s interacted item embeddings in

the federated setting increases rapidly and unboundedly, no longer

correlated with popularity [24]. 2) Local Representation Homogene-
ity. Within a client, the item-wise similarity and homogeneity of

interacted items sharply increase, indicating that representations

rapidly collapse into a narrow hypercone driven by local prefer-

ences. 3) Global Item-Wise Energy Decay2. Paradoxically, while local
norms explode, the norm of aggregated item embeddings decays,

indicating that updates from different clients cancel each other

out during aggregation. These observations highlight the dilemma

within the FedRec: Local Filtering Bubbles [19, 42] and Global
Geometric Misalignment. On the client side, extreme data spar-

sity leads to overconfidence in a locally biased sub-dataset. To

maximize the effect of projection onto local user embeddings, the

local optimizer actively pushes interactive item embeddings toward

specific directions determined by local preferences. This allows

item embeddings encode client-specific noise rather than intrinsic

semantics. On the server side, this local overconfidence manifests

as geometric misalignment. Unlike embeddings in Computer Vi-

sion or Natural Language Processing tasks, which capture intrinsic

semantic features, embeddings in recommendation represent latent

topological structures [11, 31, 43]. For instance, “beer” and “diapers”

are geometrically close not because of semantic attributes, but due

to their co-occurrence topological structure [23]. However, due to

heterogeneity, different clients optimize these topological struc-

tures on incompatible geometric manifolds. Consequently, naive

Euclidean averaging (i.e., FedAVG [27]) fails to reconcile these diver-

gent manifolds. The aggregation process erases learned topological

information, directly causing the failure of aggregated embeddings.

Based on the above analysis, we propose CanonFedRec, a canon-

ical geometric framework that unifies clients’ diverse, fragmented

perspectives into a coherent global manifold. First, to address the lo-

cal unbounded norm inflation, we shift the optimization landscape

from the flat Euclidean space to a unit hypersphere[34], explicitly

eliminating the interference of magnitude noise unrelated to popu-

larity. This ensures the model focuses on learning high-quality topo-

logical structures. To solve the global geometric misalignment, we

propose a novel Riemannian Projection-based Aggregation mecha-

nism. We project local updates into a shared geometry-compatible

tangent space, enabling servers to implement FedAVG simply and

1
We choose MF as the backbone recommender, training it under centralized and feder-

ated settings on the ML-100k dataset. See detailed empirical verification in Appendix A.

2
Weuse aggregation energy ratio tomeasure the consistency of client updates, denoting

as the ratio of the item-wise global aggregated norm to the sum of local update norms.

Aggregation	Components
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Item-wise
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bedding
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Embedding
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Figure 1: The decoupling trap in existing FedRec. Current
approaches rely on non-aggregated strategies or parameters
(Red) to rectify personalization, implicitly abandoning the
collaborative benefits of aggregated embeddings (Green).

Figure 2: Trends of unbounded norm inflation and represen-
tation homogeneity on clients, and item-wise energy decay
on the server during training on ML-100k dataset.

efficiently while strictly preserving the topological structure of

aggregated item embeddings. To mitigate local filtering bubbles,

we introduce a Divergence-Aware Elastic Alignment mechanism.

We treat item-wise variance as a proxy for clients’ cognitive diver-

gence and employ elastic decision boundaries in local optimization.

This effectively prevents the client from over-optimizing items with

divergence, achieving a dynamic trade-off between local person-

alization and global consistency. Extensive experiments on four

real-world datasets demonstrate that CanonFedRec not only main-

tains the collaborative benefits to achieve superior performance,

but also exhibits significant efficiency gains, reducing memory costs

by up to 40× compared to the best FedRec approach.

The main contributions of this work can be summarized as:

• We theoretically analyze the failure of aggregated embed-

dings stems from local filtering bubbles and global geometric

misalignment. And propose CanonFedRec, a canonical geo-

metric framework to solve the above challenges.

• We propose a Riemannian Projection-based Aggregation

mechanism. By mapping local updates to a geometrically

compatible tangent space, we preserve the global topological

structure while maintaining the simplicity of FedAVG.

• We introduce a Divergence-Aware Elastic Alignment mecha-

nism. By flexibly adapting local optimization objectives via

elastic decision boundaries, we achieve a dynamic trade-off

between local personalization and global consistency.

• Extensive experiments on four datasets demonstrate that

CanonFedRec achieves superior performance. It reduces

memory costs by up to 40× compared to the best approach,

demonstrating advantages in effectiveness and efficiency.
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2 Notation and Definition
Consider a typical FedRec system with a user set U (|U| = 𝑀)

and an item set V (|V| = 𝑁 ). Users are distributed across 𝐶

clients (𝐶 ≤ 𝑀), where each client 𝑐 ∈ C holds a private sub-

dataset D𝑐 = {(𝑢, 𝑣) |𝑢 ∈ U𝑐 ,R𝑢𝑣 = 1}. R ∈ R𝑀×𝑁
denotes the

co-occurrence matrix. The goal of FedRec is to collaboratively learn

parameters of a recommender across clients without sharing pri-

vate sub-datasets, including user embeddings U ∈ R𝑀×𝑑
, item

embeddings V ∈ R𝑁×𝑑
and recommendation parameters Θ. 𝑑 is

the latent dimension. In each communication round 𝑡 , the server

distributes the current global state Φ(𝑡 ) = {Θ(𝑡 ) ,V(𝑡 ) } to a set of

clients C𝑡 . Each client 𝑐 ∈ C𝑡 initializes their local model with Φ(𝑡 )

and performs local optimization on private dataset D𝑐 with local

user embeddings U𝑐 ∈ R𝑀𝑐×𝑑
. After local optimization, each client

𝑐 sends the updated local state Φ(𝑡+1)𝑐 = {Θ(𝑡+1)𝑐 ,V(𝑡+1)𝑐 } back to the
server for aggregation via FedAvg, formulated as:

Θ(𝑡+1) ←
∑︁
𝑐∈C𝑡

|D𝑐 |∑
𝑐 |D𝑐 |

Θ(𝑡+1)𝑐 , V(𝑡+1) ←
∑︁
𝑐∈C𝑡

|D𝑐 |∑
𝑐 |D𝑐 |

V(𝑡+1)𝑐 . (1)

This means that the aggregated parameters are the weighted sum

of the client-uploaded parameters in Euclidean space.

3 Theoretical Analyses of Dilemma in FedRec
3.1 Local Filtering Bubbles
We formalize this challenge as two properties, i.e., unbounded norm
inflation and local representation homogeneity. Consider the most

typical ranking loss (i.e., BPRLoss [29]) on client 𝑐:

LBPR =
1

R
∑︁

(𝑢,𝑣) ∈D𝑐

− log[sigmoid(𝑠 (𝑢, 𝑣) − 𝑠 (𝑢, 𝑣−))], (2)

where 𝑠 (𝑢, 𝑣) = 𝑓 (u)𝑇 𝑓 (v) means the inner product, 𝑓 (·) is the
encoder to map embeddings into a low-dimensional space, u ∈ U𝑐 ,

v ∈ V𝑐 . 𝑣
−
denotes the randomly sampled negative item of the user.

Proposition 3.1 (Local Unbounded Norm Inflation). In Fe-
dRec, the general contrastive objective LBPR can be driven arbitrarily
close to zero by scaling the embeddings without improving semantic
representation in the absence of a hard norm constraint.

Proposition 3.2 (Local Representation Homogeneity). Due
to the local supervision sparsity in FedRec, the local optimization tends
to concentrate interacted item embeddings around a low-dimensional
local user subspace.

In summary
3
, a critical reason for the failure of aggregated item

embeddings is the overconfidence of clients caused by extreme data

sparsity. The local training process actively increases the embedding

magnitude, making it highly noisy and unrelated to popularity.

Furthermore, it concentrates interacted item embeddings into a low-

dimensional subspace around user embeddings, which essentially

constitutes different local filtering bubbles for clients.

3.2 Global Geometric Misalignment
Although local optimization causes embedding norm inflation, we

observe item-wise energy decay on the server. We argue that this is

because the naive Euclidean aggregation in FedAvg fails to preserve

3
The proofs of the two propositions are in Appendix B.

Energy	decay		caused
by	naive	FedAVG

Tangent	Space

Logarithmic	Map Exponential	Map

Proposed	method
preserve	item	energy

Item	embedding

Figure 3: Aggregation via Riemannian Projection.

geometric structures in the presence of conflicts. For any item 𝑣 ,

client 𝑐 learns a local embedding v𝑐 . We decompose it into angular

and radial pieces as v𝑐 = 𝑟𝑐p𝑐 , where 𝑟𝑐 = | |v𝑐 | | ≥ 0, | |p𝑐 | | = 1. In the

server, FedAvg aggregates updates v from all clients as v̂ =
∑

𝑐 𝑤𝑐v𝑐 ,
where

∑
𝑐 𝑤𝑐 = 1.

Assumption 1 (Direction Heterogeneity Factor). There ex-
ists a 𝜌 ∈ [0, 1) for each item 𝑣 , that p𝑇𝑐 p𝑐′ ≤ 𝜌 for all 𝑐 ≠ 𝑐′.

Proposition 3.3 (FedAvg shrinks aggregated item energy).

The energy of the aggregated item embedding v̂ is upper bounded by
the weighted energy of local embeddings, affected by the direction
heterogeneity factor 𝜌 .

Since 𝜌 serves as a geometrical proxy for data heterogeneity,

a smaller 𝜌 indicates greater semantic divergence among clients

of the item. This proposition
4
reveals a fundamental geometric

misalignment that naive Euclidean aggregation fails to account

for the relational semantics of embeddings in recommendation. It

cancels out the updates of clients, rather than aggregating them,

leading to observed global energy decay.

4 CanonFedRec: A Canonical Geometric
Framework for Personalized FedRec

Based on our observations and analyses, we propose CanonFedRec,

a simple and practical framework to address challenges from a

canonical geometric perspective. Following prior work [34], we

adopt a Riemannian manifoldM := S𝑑−1 = {v ∈ R𝑑 , | |v| | = 1},
explicitly mitigating local noise not related to popularity from the

semantic relationships. On the server, we propose a Riemannian

Projection-based Aggregation mechanism that aggregates local

updates in a geometrically compatible tangent space, explicitly

preserving the simplicity of FedAVG. On the client, we introduce

a Divergence-Aware Elastic Alignment strategy that dynamically

adapts local optimization objectives via elastic decision boundaries.

4.1 Aggregation via Riemannian Projection
Although FedAVG is simple and effective, it struggles to handle item

embeddings that represent semantic relationships in recommenda-

tions, leading to an inherent geometric misalignment. Therefore,

4
The proof of the proposition is in Appendix C.
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we propose a Riemannian Projection-based Aggregation mecha-

nism that explicitly retains simplicity by implementing FedAVG in

a geometrically compatible global tangent space.

Specifically, we treat the global item state V(𝑡−1) from the previ-

ous round 𝑡 − 1 as a semantic anchor, mapping local updates into its

tangent space. However, due to heterogeneity, client embeddings

V(𝑡 )𝑐 always drift into directionally inconsistent subspaces relative

to the V(𝑡−1) . To rectify this, we employ Orthogonal Procrustes

Transformation [30] to align local updates with global anchors

before aggregation, formulated as:

Ṽ(𝑡 )𝑐 = V(𝑡 )𝑐 Q𝑐 , (3)

Q𝑐 = arg min

Q𝑇Q=I
| |V(𝑡−1)

anch
− V(𝑡 )

𝑐,anch
Q| |𝐹 , (4)

where Q𝑐 is the solved rotation matrix. V(𝑡−1)
anch

and V(𝑡 )
𝑐,anch

denote

the subset of item embeddings used for alignment. Among these,

the interacted items naturally serve as semantic anchor points. To

avoid the ill-posed alignment issues caused by sparse interactions,

we expand the anchor set by randomly sampling a subset of unin-

teracted items as negative anchor points. Ṽ(𝑡 )𝑐 denotes the aligned

item embeddings of client 𝑐 . This process ensures that all client

updates are in a unified global coordinate system while preserving

their inherent topological structure.

As shown in Figure 3, we utilize the Riemannian Logarithmic

Map mechanism to project aligned updates onto the tangent space

𝑇V(𝑡−1)M at the global state V(𝑡−1) , formulated as:

T𝑐 = LogV(𝑡−1) (Ṽ
(𝑡 )
𝑐 ) . (5)

Specifically, for each item 𝑣 , the tangent vector is computed as:

T𝑐,𝑣 =
𝜃

sin𝜃

(
ṽ(𝑡 )𝑐 − v(𝑡−1) cos𝜃

)
, (6)

𝜃 = arccos(𝑥𝑇𝑦) represents the item-wise geodesic distance be-

tween 𝑥 = v(𝑡−1) ∈ V(𝑡−1) and 𝑦 = ṽ(𝑡 )𝑐 ∈ Ṽ(𝑡 )𝑐 . In the flat tangent

space, FedAVG is locally valid. As V(𝑡−1) is the starting point in

round 𝑡 , the aggregated embeddings in the tangent space represent

the geodesic displacement of the global state, which is denoted as:

Ṽagg =
∑︁
𝑐∈C𝑡

|D𝑐 |∑
𝑐 |D𝑐 |

T𝑐 . (7)

However, due to heterogeneity and sparsity, clients’ updates

do not always lie on the global manifold, leading to energy decay

when projected onto the global tangent space. Hence, we employ a

scaling parameter 𝛾 for compensation, which serves as the global

learning rate. We then map 𝛾Ṽagg
back to the hypersphere via the

item-wise Riemannian Exponential Map to update the global state:

V(𝑡 ) = ExpV(𝑡−1) (𝛾Ṽagg) . (8)

For each item 𝑣 , the updated embedding is calculated as:

v(𝑡 ) = v(𝑡−1) cos | |𝛾 ṽagg | | + ṽagg

| |ṽagg | | sin( | | ˜𝛾v
agg | |). (9)

Through this approach, CanonFedRec strictly ensures geometric

alignment of aggregation. While preserving the simplicity, it avoids

the structural collapse caused by the naive Euclidean aggregation.

Tangent	Space

High	variance
indicates	large	radius

Low	variance
indicates	small	radius

User	embedding

Figure 4: Divergence-Aware Elastic Alignment.

4.2 Divergence-Aware Elastic Alignment
When performing optimization on a hypersphere, the client typi-

cally enforces strict alignment of positive user-item pairs [34, 39].

However, clients could hold divergent yet valid perspectives on

a specific item (e.g., a movie with polarizing reviews). Blindly en-

forcing strict alignment on such high-variance items forces the

local recommender to compress complex semantics into a single

point, erasing the inherent diversity. To address this, we propose a

Divergence-Aware Elastic Alignment mechanism derived from a

probabilistic perspective.

Following the contrastive paradigm on hyperspheres [34], we

aim to align positive user-item pairs while maintaining representa-

tion uniformity of all embeddings on the client 𝑐:

Lalign (𝑐) = E(𝑢,𝑣) ∈D𝑐
| |𝑓 (u) − 𝑓 (v) | |2

Luniform (𝑐) = logE𝑢,𝑢′∈D𝑐 𝑒
−2 | | 𝑓 (u)−𝑓 (u′ ) | |/2

+ logE𝑣,𝑣′∈D𝑐 𝑒
−2 | | 𝑓 (v)−𝑓 (v′ ) | |/2.

(10)

To account for semantic uncertainty and divergence, we model

the conditional probability of a user embedding 𝑓 (u) given the

item embedding 𝑓 (v) not as a fixed point, but as a distribution.

Theoretically, the von Mises-Fisher (vMF) distribution is the best

choice to model the distribution on a hypersphere [1]. However,

optimizing vMF directly involves complex Bessel functions, which

are expensive in practice [5]. Since the tangent space 𝑇V(𝑡−1)M is a

local Euclidean approximation of the manifold, we approximate the

vMF distribution with a heteroscedastic Gaussian distribution in it:

𝑝 (𝑓 (u) |𝑓 (v), 𝜎2𝑣 ) ∝ exp

(
− ||𝜙𝑣 (𝑢) | |

2

2𝛽𝜎2𝑣

)
, (11)

where 𝜙𝑣 (𝑢) = 𝑓 (u) − 𝑓 (v) is a local approximate tangent vector.

𝜎2𝑣 represents the global semantic divergence of item 𝑣 , 𝛽 is a tem-

perature hyperparameter controlling the sensitivity to uncertainty.

As shown in Figure 4, the server quantifies the divergence 𝜎2𝑣 by

analyzing the dispersion of client updates in the tangent space:

𝜎2𝑣 = E𝑐 [| |𝛾T𝑐,𝑣 | |2] − ||E𝑐 [𝛾T𝑐,𝑣] | |2, (12)

where T𝑐,𝑣 is the updated tangent vector obtained via Eq. 6, 𝛾 is the

global learning rate defined in Eq. 8. E𝑐 [·] denotes the weighted
average of participating clients. A larger 𝜎2𝑣 indicates that there is a

significant semantic divergence and uncertainty regarding the item

𝑣 . This allows the server to efficiently quantify the uncertain radius
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Table 1: Statistics of the datasets in this paper.

Datasets #Users #Items #Interactions Density

ML-100k 943 1,682 100,000 6.30%

LastFM 992 10,000 517,817 5.22%

BX (Book-Crossing) 18,964 19,998 482,153 0.13%

Video (Video Games) 24,303 10,672 231,780 0.09%

𝑅𝑣 = 2𝛽𝜎2𝑣 + 𝜖 for each item, representing the confidence region

from a global perspective. 𝜖 > 0 to prevent numerical instability.

Then, the server distributes the uncertainty set {𝑅𝑣 |𝑣 ∈ V} to the

client 𝑐 along with the updated global state.

Formally, maximizing the log-likelihood in Eq. 11 is equivalent

to minimizing the uncertainty-weighted Euclidean distance. We

thus formulate the alignment loss into an Elastic Alignment Loss:

Lelastic

align
(𝑐) = E(𝑢,𝑣) ∈D𝑐

[
| |𝑓 (u) − 𝑓 (v) | |2

𝑅𝑣

]
, (13)

The final learning objective for client 𝑐 is denoted as:

Lrec (𝑐) = Lelastic

align
(𝑐) + 𝜆Luniform (𝑐) . (14)

Compared toLalign (𝑐),Lelastic

align
(𝑐) adaptively allowsmore relaxed

boundaries for items with divergence, effectively preventing repre-

sentation homogeneity and local overconfidence.

5 Experiments
In this section, we conduct extensive experiments to answer the

following research questions:

• RQ 1:Does CanonFedRec outperform other FedRec methods

in terms of accuracy, efficiency and diversity?

• RQ 2: How do specific components in the CanonFedRec

contribute to the performance?

• RQ 3: How robust is CanonFedRec under heterogeneity and

noise injection?

• RQ 4:What is the impact of key hyperparameters?

• RQ 5: How does CanonFedRec perform when integrated

with other inner product based encoders?

5.1 Experimental Settings
5.1.1 Datasets. We conduct experiments on four widely used real-

world datasets: ML-100k [9], LastFM [17], Book-Crossing (BX) [51],

and Amazon Video Games (Video) [10]. All the datasets are publicly

available and widely adopted in previous studies. Following existing

practice [8], we split the data into training and test sets in an 8:2

ratio, with 10% of the training set for evaluation. In experiments

excluding heterogeneity, we divide the dataset among 100 clients for

federated learning. Statistics of the datasets are shown in Table 1.

5.1.2 Compared Methods. We compare the performance of Canon-

FedRec with various superior personalized FedRec methods:

• FedMF [2]: Following the typical FedRec setting, clients

jointly train a matrix factorization-based recommender [15].

• FedLightGCN: A federated version of LightGCN [11], which

integrates user-item interaction data while avoiding the in-

troduction of additional parameters.

• FedNCF [28]: A federated version of NeuCF [12], where

clients jointly learn a shared recommender and item embed-

dings, while user embeddings remain locally.

• PFedRec [47]: It proposes a dual-personalization strategy.

By asynchronously optimizing the client’s recommender

and item embeddings, it achieves personalization without

introducing additional parameters.

• GPFedRec [48]: A graph-guided personalized FedRec frame-

work, which constructs a user-relation graph on the server

and generates the global and user-specific perspective of

item embeddings for each client to achieve personalization.

• FedRAP [20]: It decouples the global and personalized rep-

resentations of item embeddings, rectifying personalization

in item embeddings through an additive mechanism.

• MetaMF [21]: It utilizes a meta-network to generate a score

function module and private item embeddings, achieving

efficient client-side personalization.

• FedCIA [8]: It proposes a novel collaborative information

aggregation method, aggregating item similarity matrices

instead of raw embeddings, which allows clients to align

without forcing unified item embeddings.

5.1.3 Evaluation Metrics. We evaluate performance based on both

the accuracy and diversity of Top-K recommendations. For accu-

racy, we employ F1 [13], Mean Reciprocal Rank [33] (MRR) and

Normalized Discounted Cumulative Gain [14] (NDCG) as evalua-

tion metrics following existing practice. For diversity, we employ

Intra-List Diversity [51] (ILD) and Coverage [6] as metrics. The

former measures diversity by the average semantic gap between

item pairs in the recommendation list, preventing duplicate con-

tent. The latter evaluates whether all items in the system have

been recommended, reflecting the ability to uncover long-tail items.

The higher the ILD and Coverage, the greater the diversity in the

recommendation list, reducing the risk of filter bubbles. We repeat

each experiment 5 times with different random seeds, and report

the mean results, except in Table 2. We set 𝐾 = 10 in this paper.

5.1.4 Implementation Details. The implementation of CanonFe-

dRec utilizes the PyTorch library on an NVIDIA 4090 GPU. Adam is

used as the default optimizer and the maximum number of epochs

is set to 300. Early stop is adopted if F1@10 on the validation set

continues to drop for 10 epochs. Following existing practice [8],

we set the embedding size to 512. We use the implementation of

LightGCN in the Recbole library [50]. We maintain the same param-

eter range and backbone recommender (i.e., MF) for CanonFedRec

and other methods for a fair comparison. As for baseline-specific

hyperparameters, we tune them in the ranges suggested by the

original paper. For the key hyperparameters of CanonFedRec, we

search 𝛾 in {1, 1.5, 2, 2.5, 3} and search 𝛽 in the range [0.1, 1].

5.2 RQ 1: Overall Performance
5.2.1 Accuracy Comparison. Table 2 reports the performance com-

parison of CanonFedRec with SOTA FedRec methods across four

benchmark datasets, revealing the following observations: 1) Canon-

FedRec consistently outperforms all baselines across most metrics.

Especially in ranking quality metrics (MRR@10 and NDCG@10),

our approach achieves SOTA performance on all datasets. This
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Table 2: The overall comparison for all baseline methods in four datasets. The best results are in bold face, and the best baselines
are underlined. M@10 and N@10 denote MRR@10 and NDCG@10. The superscripts ∗∗ indicate 𝑝 ≤ 0.01 for the paired t-test of
CanonFedRec v.s. the best baseline.

Metrics FedRec w/ personalized strategy FedRec w/o personalized strategy
PFedRec GPFedRec FedRAP MetaMF FedCIA FedMF FedNCF FedLightGCN CanonFedRec

ML-100k
F1@10 14.51±0.43 14.01±0.19 16.19±0.25 17.76±0.62 23.29±0.18 20.71±0.05 13.08±0.33 16.93±0.43 23.06±0.09
M@10 47.64±0.17 46.77±0.14 47.76±0.14 43.19±0.38 60.14±0.07 55.73±0.10 43.43±0.16 55.82±0.37 61.79±0.08∗∗
N@10 55.80±0.11 55.51±0.10 56.13±0.07 52.53±0.37 67.58±0.15 64.57±0.07 52.31±0.23 61.98±0.22 68.76±0.14∗∗

LastFM
F1@10 4.41±0.17 4.76±0.15 4.96±0.13 5.51±0.26 5.81±0.12 4.02±0.06 4.39±0.18 4.68±0.54 8.55±0.09∗∗
M@10 33.20±1.32 41.57±0.31 43.31±0.22 34.20±0.29 45.76±0.13 34.10±0.07 40.11±0.05 46.01±0.93 58.17±0.36∗∗
N@10 46.23±0.08 49.95±0.19 50.01±0.17 46.92±0.83 53.83±0.10 43.39±0.04 48.45±0.16 54.06±0.72 65.33±0.41∗∗

BX
F1@10 1.30±0.12 0.97±0.43 0.82±0.19 1.06±0.28 1.21±0.17 0.99±0.21 1.26±0.29 0.91±0.08 1.88±0.10∗∗
M@10 2.84±0.19 2.56±0.61 2.68±0.33 2.41±0.35 2.54±0.33 2.14±0.60 2.59±0.15 2.13±0.06 3.46±0.21∗∗
N@10 4.01±0.28 3.99±0.15 3.84±0.47 4.14±0.26 3.47±0.28 3.07±0.91 4.10±0.11 3.06±0.14 4.92±0.13∗∗

Video
F1@10 0.91±0.28 0.74±0.20 0.86±0.14 0.54±0.19 0.99±0.26 0.68±0.11 0.76±0.07 0.84±0.18 2.21±0.25∗∗
M@10 1.25±0.36 1.10±0.24 1.21±0.15 1.25±0.29 1.68±0.34 1.04±0.06 1.08±0.09 1.35±0.20 3.82±0.27∗∗
N@10 1.99±0.37 1.72±0.51 1.83±0.18 1.68±0.23 2.27±0.35 1.76±0.19 1.69±0.13 1.77±0.32 5.83±0.30∗∗

Figure 5: Performance vs. Parameter Efficiency in Log scale.
The bubble size represents the communication overhead.

demonstrates that the two strategies we proposed effectively en-

hance the representation quality of item embeddings, achieving

more accurate ranking. 2) CanonFedRec demonstrates more signifi-

cant improvements on sparser LastFM and Video datasets. This in-

dicates that as heterogeneity increases, existing methods are limited

by the collapse of item embeddings, making it challenging to learn

clear decision boundaries. The proposed aggregation mechanism

effectively preserves the energy of aggregated item embeddings,

demonstrating superior robustness. 3) On the relatively dense ML-

100k dataset, although FedCIA achieves marginally higher F1@10

scores, CanonFedRec still dominates in ranking quality. This indi-

cates that while the SOTA method can effectively retrieve target

items in dense scenarios, our elastic alignment strategy enables

learning fine-grained item relationships, which is particularly cru-

cial for practical recommendations.

5.2.2 Efficiency Comparison. As shown in Figure 5, CanonFedRec

dominates the Pareto frontier for storage and performance, achiev-

ing superior accuracy while requiring significantly fewer param-

eters compared to the baselines. Specifically, our method reduces

client-side storage requirements by 3× on the ML-100k dataset,

and up to 20× on the larger LastFM dataset (and 40× on the BX

Figure 6: Performance comparison of recommendation di-
versity metrics (ILD and Coverage) on the ML-100k dataset.

dataset) compared to the strongest baseline FedCIA. Furthermore,

the smallest bubbles indicate that CanonFedRec maintains minimal

communication bandwidth, making it highly suitable for resource-

constrained edge devices. The scalability bottleneck of FedCIA

stems from its reliance on dense item-wise similarity matrices with

O(𝑁 2) space complexity, where 𝑁 denotes the scale of items. Al-

though low-rank approximation techniques (e.g., SVD) can be em-

ployed to reduce communication costs, they fundamentally fail

to alleviate the heavy storage burden. In contrast, CanonFedRec

fundamentally enhances the representational capability of aggre-

gated item embeddings by mitigating both client-side local filtering

bubbles and server-side global geometric misalignment. As a result,

it achieves a linear O(𝑁𝑑) space complexity (𝑑 ≪ 𝑁 ). This makes

CanonFedRec not only accurate but also a scalable solution for

large-scale FedRec systems.

5.2.3 Diversity Comparison. To evaluate the ability to break filter-

ing bubbles, we track the training dynamics of ILD and Coverage

metrics on theML-100k dataset. As shown in Figure 6, existingmeth-

ods exhibit a significant collapse in these metrics during training,

indicating the degeneration of item embeddings. CanonFedRec con-

sistently maintains high ILD values throughout training, indicating
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Table 3: Ablation studies (%) on key components.

HMH RPA DEA ML-100k LastFM
F1@10 M@10 N@10 F1@10 M@10 N@10

20.71 55.73 64.57 4.02 34.10 43.39

" 22.39 59.33 66.92 7.01 51.33 59.58

" 22.17 57.78 66.29 3.99 34.08 43.37

" " 22.86 61.46 68.51 7.96 54.61 62.53

" " 21.20 55.52 64.08 5.50 44.15 52.43

" " " 23.06 61.79 68.76 8.55 58.17 65.33

that our proposed Riemannian Projection-based Aggregation mech-

anism successfully preserves the intrinsic topological structure of

item embeddings. This ensures that aggregated embeddings retain

their representational power, resulting in diverse recommendation

lists. Similarly, the continuous high Coverage values demonstrate

the superiority of our Divergence-Aware Elastic Alignment strat-

egy. It effectively maintains the fine-grained relationships of item

embeddings, preserving the visibility of the long-tail distribution.

5.3 RQ 2: Ablation Study
We conduct a comprehensive ablation study in Table 3, along with

a visualization in Figure 7 to validate the contributions of key com-

ponents: Hypersphere Manifold Hypothesis (HMH), Divergence-

Aware Elastic Alignment (DEA), and Riemannian Projection-based

Aggregation (RPA). Comparing the variants in Table 3 reveals that

excluding RPA results in suboptimal performance. Figure 7 pro-

vides the most intuitive evidence that the embedding distribution

in the methods without the tangent space aggregation mechanism

exhibits severe collapse. This indicates that there is a geometric

misalignment between the naive Euclidean aggregation and the

item embedding space, leading to energy decay. Even with HMH

to regularize the latent space, we cannot address this issue when

the data is sparse. In contrast, RPA effectively preserves the global

semantic structure by aggregating in geometrically compatible tan-

gent spaces. We observe a critical dependency between DEA and

RPA. Introducing DEAwithout RPA results in performance degrada-

tion, even worse than the variant using HMH alone in the ML-100k

dataset. This is because DEA encourages clients to explore diverse

semantic directions, while naive Euclidean aggregation treats these

as noise. This causes disruptive interference, completely erasing the

fine-grained relationships for ranking. However, when integrating

DEA and RPA, the performance reaches SOTA levels, demonstrating

that RPA can effectively accommodate the diverse user preferences

generated by DEA. While the effective representations produced by

RPA can provide DEA with a reliable source of divergence. There-

fore, the fine-grained preference clusters shown in Figure 7 occur.

5.4 RQ 3: Robustness of CanonFedRec
5.4.1 Impact of Data Heterogeneity. We split the ML-100k dataset

into 𝐶 = {100, ..., 943} clients to validate the effects of different lev-

els of heterogeneity. At 𝐶 = 100, each client holds sufficient users

and interactions, whereas at𝐶 = 943, each client represents a single

user, thereby maximizing data heterogeneity. As shown in Figure 8,

FedCIA and CanonFedRec perform comparably under mild hetero-

geneity settings (𝐶 = 100). However, as heterogeneity increases,

the gap between the two widens significantly. Especially in the

Table 4: Results of privacy-enhanced CanonFedRec under
various Laplacian noise strength on LastFM dataset.

Metrics Noise Strength
0 0.1 0.2 0.3 0.4 0.5

F1@10 8.55 8.25 8.20 8.10 8.06 7.74

MRR@10 58.17 57.54 54.68 53.88 52.50 52.43

NDCG@10 65.33 64.84 64.50 63.31 63.06 62.55

extreme setting (𝐶 = 943), CanonFedRec significantly outperforms

FedCIA. This highlights the limitations of naive Euclidean aggre-

gation: even with personalized rectification mechanisms, it cannot

alleviate the geometric misalignment caused by highly divergent

local embeddings. In contrast, CanonFedRec demonstrates greater

stability, indicating that it effectively resolves global geometric mis-

alignment and local filtering bubble issues, thereby ensuring the

representational capability of aggregated item embeddings.

5.4.2 Impact of Noise Injection. We investigate the performance

of privacy-enhanced CanonFedRec using local differential privacy

techniques on the LastFM dataset. We use Laplace noise and set

the strength from 0.1 to 0.5 with an interval of 0.1. Given that a

naive application of the standard Laplace mechanism would vio-

late the geometric constraints, we use the Riemannian Projection

mechanism to retract noisy embeddings onto the unit hypersphere.

This means that all the noise is an angular perturbation. As shown

in Table 4, CanonFedRec demonstrates high tolerance to perturba-

tions. Under moderate noise strength of 0.2, CanonFedRec retains

over 98% of its NDCG@10 performance. Even at higher noise levels,

the performance degradation is still acceptable. This demonstrates

that the proposed geometric framework inherently constrains the

perturbation magnitude, exhibiting considerable robustness.

5.5 RQ 4: Hyperparameter Sensitivity Study
We validate on the ML-100k dataset to demonstrate the sensitivity

of two key hyperparameters in CanonFedRec: 𝛾 and 𝛽 .

5.5.1 Impact of𝛾 . 𝛾 governs the magnitude of updates in the global

space, aiming to rectify inherent energy decay caused by geometric

misalignment between client-specific sub-manifolds and the global

manifold. As shown in Figure 9, it exhibits a distinct trend of first

increasing and then decreasing. When 𝛾 is small, the performance

is suboptimal, indicating that the energy of aggregated item em-

beddings drops. Performance peaks at 𝛾 = 2 on ML-100k dataset,

indicating that aggregated item embeddings are in their proper en-

ergy levels. As 𝛾 increases further, performance begins to degrade,

indicating that 𝛾 over-amplifies the update steps, causing aggre-

gated embeddings to exceed their target positions and disrupting

the semantic relationships established during training.

5.5.2 Impact of 𝛽 . 𝛽 modulates the radius of the elastic decision

boundary, determining the client’s tolerance for divergence. Canon-

FedRec exhibits significant robustness for moderate 𝛽 . Within the

range 𝛽 ∈ [0.1, 0.7], the elastic alignment mechanism successfully

preserves fine-grained item relationships, mitigating client-side fil-

tering bubbles.When 𝛽 ≥ 0.8, we observe a sharp performance drop.

This is because a huge 𝛽 leads to overly loose alignment boundaries,

causing client updates to deviate from global consensus, thus losing
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Figure 7: Distribution of interacted embeddings with Gaussian kernel density estimation [45] of the 20th client in LastFM dataset.
Top: The darker the color, the more items concentrations. Bottom: The flatter the curve, the more uniform the distribution.

Figure 8: Performance improvement on clients of different
heterogeneity levels on ML-100k dataset. The more clients,
the fewer users within it, and the stronger the heterogeneity.

the collaborative benefits. This phenomenon validates that while

elastic mechanisms are needed to break filtering bubbles, they must

remain constrained by the global structure.

5.6 RQ 5: Integration with Other Encoders
We integrate CanonFedRec with representative inner product based

encoders (i.e., MF and LightGCN with different numbers of layers)

to verify its architectural agnosticism on LastFM and BX datasets.

FedLightGCN-X means the FedLightGCN with X GNN layers. As

shown in Table 5, CanonFedRec consistently improves performance

across all backbones, validating it as a practical geometric frame-

work. We observe that the relative improvement decreases as the

encoder complexity grows. This is attributed to structural redun-

dancy: FedMF relies entirely on our design to reconstruct geomet-

ric relationships, whereas FedLightGCN inherently captures local

structural information, partially overlapping with ours. Crucially,

the significant gains achieved on the strongest baseline confirm that

local graph is insufficient to replace the global geometric structure.

Even when local structures are effectively learned, CanonFedRec

still mitigates geometric misalignment and filtering bubbles.

6 Related Work
6.1 Personalized Federated Recommendation
FedRec aims to train recommenders collaboratively while keeping

user data locally, thus presenting fundamental heterogeneity chal-

lenges [7, 22, 26, 32, 46, 49]. Standard aggregation methods (i.e.,

Figure 9: Impact of key hyperparameters onML-100k dataset.

Table 5: Performance comparison of different encoders when
integrated with CanonFedRec framework.

Method LastFM BX
F1@10 M@10 N@10 F1@10 M@10 N@10

FedMF 4.02 34.10 43.39 0.99 2.14 3.07

+CanonFedRec 8.68 58.01 65.57 1.85 3.35 4.87

FedLightGCN-1 4.77 45.72 53.61 0.84 2.01 2.99

+CanonFedRec 6.67 51.68 57.84 1.31 2.97 4.43

FedLightGCN-2 4.68 46.01 54.06 0.91 2.13 3.06

+CanonFedRec 6.16 50.18 57.09 1.15 2.78 4.24

FedAVG) typically produce an average representation of diverse

client preferences, leading to personalization degradation [20]. To

mitigate this, extensive research focuses on decoupling global and

personal representations of item embeddings [20, 21, 25, 47, 48].

For instance, GPFedRec [48] proposes a graph-guided personal-

ization framework, which constructs a user-relation graph on the

server and generates a global and user-specific perspective of item

embeddings for each client. Although these decoupling methods

alleviate immediate conflicts arising from heterogeneity, they carry

an inherent risk of exacerbating information silos, thereby under-

mining the collaborative benefits of federated learning. FedCIA [8]

points out that the drop in personalization is due to misalignment in

aggregated content and proposes aggregating item-wise similarity

matrices rather than raw embeddings. This allows clients to share

their preference manifolds without enforcing rigid alignment of

embeddings. Despite achieving SOTA performance, it trades off

precision for storage in resource-constrained clients, reducing its

practical usability. Hence, we empirically and theoretically analyze
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the fundamental geometric misalignment inherent in Euclidean-

space aggregation and bridge this gap using Riemannian geometry.

6.2 Manifold Learning in Recommendation
Traditional recommender systems usually embed users and items

in a flat Euclidean space [37, 40]. However, this assumption results

in geometric mismatches when modeling scale-free or hierarchical

real-world interactions, thereby degrading representation. To miti-

gate this, pioneering research explores Hyperbolic manifolds [3, 38],

leveraging their exponential expansion capacity to capture hier-

archies and tail distributions, significantly improving cold start

and long-tail recommendation capabilities. However, hyperbolic

embedding requires expensive Riemannian optimization and is

mathematically incompatible with the standard inner-product mod-

els of recommenders, posing significant engineering challenges in

practice. Therefore, recent research adopts hyperspheres as a com-

promise solution [34, 35, 44]. For example, DirectAU [34] shows

that optimizing alignment and uniformity on the hypersphere can

more effectively capture semantic structure than a complex hyper-

bolic manifold while maintaining compatibility with inner-product

models. However, enforcing alignment in FedRec poses challenges

due to data sparsity and heterogeneity. This inherently undermines

diverse user interests, creating filtering bubbles and diminishing the

system’s ability to represent long-tail content, which motivates us

to design an elastic alignment strategy on hyperspherical manifolds.

7 Conclusion
In this work, we empirically and theoretically analyze the failure of

aggregated item embeddings, which stems from local filtering bub-

bles and global geometric misalignment. We propose CanonFedRec,

a canonical geometric framework to address these challenges. By

using a Riemannian Projection-based Aggregation mechanism on

the server and implementing Divergence-Aware Elastic Alignment

strategy on clients, CanonFedRec effectively avoids the collapse of

preference diversity while maintaining global topological structure.

Extensive experimental results demonstrate that compared to SOTA

approaches, CanonFedRec significantly improves recommendation

quality while reducing memory cost by up to 40×, thereby breaking
the trilemma of accuracy-efficiency-diversity in FedRec.
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A Empirical Verification
To empirically verify our concerns regarding overconfidence and

geometric collapse, we choose MF as the backbone recommender,

training it under centralized and federated settings on the ML-100k

dataset. As shown in Figure 2, we observe three phenomena:

Local Unbounded Norm Inflation. As shown on the left, the

norm of client’s interacted item embeddings in FedMF exhibits a

rapid and unbounded increase. This phenomenon lies in the client

attempts to minimize local training loss by increasing the embed-

ding norm of positive user-item pairs, leading to severe overfitting.

Local Representation Homogeneity. Then, we study the item-

wise representation homogeneity, defined as the average pairwise

cosine similarity of all interacting items within a client. As shown

on the mid, this metric rapidly increases in FedRec, showing that

the client is too confident to force all interactions to become geo-

metrically close, leading to the loss of fine-grained preferences.

Global Item-Wise Energy Decay. Inspired by the wave inter-

ference phenomenon, we introduce a novel metric to explicitly

measure the consistency of updates between clients, i.e., aggrega-
tion energy ratio. It is denoted as the ratio of the item-wise global

aggregated norm to the sum of local update norms, formulated as:

EnergyRatio(v) = | |
∑

𝑐 𝑤𝑐v𝑐 | |2∑
𝑐 𝑤𝑐 | |v𝑐 | |2

, 𝑤𝑐 =
|D𝑐 |∑

𝑖∈C𝑡 |D𝑖 |
. (15)

This metric exhibits significant decrease during training, revealing

severe geometric directional conflicts between clients. In direct

Euclidean averaging, clients’ uploaded item energies are largely

canceled out, causing aggregated item embeddings ineffective.

These observations provide strong empirical evidence that stan-

dard FedAVG is geometrically incompatible with the item latent

space, leading to the failure of aggregated embeddings.

B Proof of Local Filtering Bubbles
B.1 Proof of Local Unbounded Norm Inflation

Proposition B.1 (Local Unbounded Norm Inflation). In Fe-
dRec, the general contrastive objective LBPR can be driven arbitrarily
close to zero by scaling the embeddings without improving semantic
representation in the absence of a hard norm constraint.

Proof. For any triplet (𝑢, 𝑣, 𝑣−), define the pairwise margin

Δ𝑠 (𝑢, 𝑣, 𝑣−) = 𝑠 (𝑢, 𝑣) −𝑠 (𝑢, 𝑣−) = 𝑓 (u)𝑇 (𝑓 (v) − 𝑓 (v′)). There exists
a margin 𝛾 > 0 for all sampled triplets, Δ𝑠 ≥ 𝛾 > 0.

Scaling embeddings by 𝑓 (u) ← 𝛼 𝑓 (u) and 𝑓 (v) ← 𝛼 𝑓 (v). The
margin becomes:

Δ𝑠𝛼 (𝑢, 𝑣, 𝑣−) = 𝛼2Δ𝑠 (𝑢, 𝑣, 𝑣−) ≥ 𝛼2𝛾 . (16)

As LBPR is a strictly decreasing function, and LBPR (𝑥) → 0 as

𝑥 →∞. Therefore, for every sampled triplet,

LBPR (Δ𝑠𝛼 (𝑢, 𝑣, 𝑣−)) ≤ LBPR (𝛼2𝛾), (17)

where LBPR → 0 when 𝛼 → ∞. Soft norm regularization (e.g.,
weight decay) can only limit the optimum to a finite but still very

large norm when the regularization is weak, eliminating the short-

cut typically requires a strong penalty that trades off personal-

ization. Hence, in the absence of a hard norm constraint, general

contrastive objective can be driven arbitrarily close to zero by scal-

ing embeddings. □

B.2 Proof of Local Representation Homogeneity
Proposition B.2 (Local Representation Homogeneity). Due

to the local supervision sparsity in FedRec, the local optimization tends
to concentrate interacted item embeddings around a low-dimensional
local user subspace.

Proof. Consider a client 𝑐 with a set of local user embeddings

U𝑐 ∈ R𝑀𝑐×𝑑
, we define the local latent space as:

𝑆𝑐 := span(U𝑐 ), 𝑟𝑐 := dim(𝑆𝑐 ) ≤ min(𝑀𝑐 , 𝑑). (18)

In a typical FedRec, each client usually contains only a small frac-

tion of users and observes highly sparse interactions, while the

embedding dimension 𝑑 is moderately large. Hence, we typically

find that 𝑀𝑐 ≪ 𝑑 and consequently 𝑟𝑐 ≤ 𝑀𝑐 ≪ 𝑑 . Due to local
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supervision sparsity, the update of a positive item 𝑣 at local epoch

𝑡 can be formulated as:

v(𝑡+1) = v(𝑡 ) + 𝜂𝑔 (𝑡 )v , 𝑔
(𝑡 )
v =

|U𝑐 |∑︁
𝑘=1

𝑎
(𝑡 )
𝑣𝑘

u𝑘 + 𝜉 (𝑡 )𝑣 , (19)

where 𝜂 denotes the local learning rate, and 𝑔
(𝑡 )
v is the gradient of

the item. 𝑎
(𝑡 )
𝑣𝑘
∈ R are alignment coefficients, and 𝜉

(𝑡 )
𝑣 is a residual

term from negative sampling, regularization, etc.
We decompose each item embedding into components parallel

and orthogonal to 𝑆𝑐 , formulated as:

v(𝑡 ) = p(𝑡 ) + q(𝑡 ) , p(𝑡 ) ∈ 𝑆𝑐 , q(𝑡 ) ∈ 𝑆⊥𝑐 . (20)

Hence, the update of these components can be projected as:

p(𝑡+1) = p(𝑡 ) + 𝜂
( |U𝑐 |∑︁
𝑘=1

𝑎
(𝑡 )
𝑣𝑘

u𝑘 + Π𝑆𝑐 𝜉
(𝑡 )
𝑣

)
,

q(𝑡+1) = q(𝑡 ) + 𝜂Π𝑆⊥𝑐 𝜉
(𝑡 )
𝑣 .

(21)

Since the orthogonal component q(𝑡 ) is only driven by the pro-

jected residual, while the parallel component p(𝑡 ) accumulates the

structured signal. The optimization process tends to increase the

relative dominance of p(𝑡 ) over q(𝑡 ) .
Hence, the angle between v(𝑡 ) and 𝑆𝑐 satisfies:

∠(v(𝑡 ) , 𝑆𝑐 ) = arcsin

(
| |q(𝑡 ) | |
| |v(𝑡 ) | |

)
≈ arcsin

(
| |q(𝑡 ) | |
| |p(𝑡 ) | |

)
, (22)

which tends to be small as p(𝑡 ) dominates q(𝑡 ) , especially under

weight decay. Therefore, interacted item embeddings concentrate

in a narrow hypercone around the local user subspace 𝑆𝑐 , yielding

local representation homogeneity. □

C Proof of Global Energy Decay
Proposition C.1 (FedAvg shrinks aggregated item energy).

The energy of the aggregated item embedding v̂ is upper bounded by
the weighted energy of local embeddings, affected by the direction
heterogeneity factor 𝜌 .

Proof. The energy of the aggregated item can be denoted as:

| |v̂| |2 = | |
∑︁
𝑐

𝑤𝑐v𝑐 | |2 = | |
∑︁
𝑐

𝑤𝑐𝑟𝑐p𝑐 | |2

=
∑︁
𝑐

𝑤2

𝑐 𝑟
2

𝑐 +
∑︁
𝑐≠𝑐′

𝑤𝑐𝑤𝑐′𝑟𝑐𝑟𝑐′p𝑇𝑐 p𝑐′ .
(23)

Since p𝑇𝑐 p𝑐′ ≤ 𝜌 for all 𝑐 ≠ 𝑐′ by the definition of 𝜌 , it can be

denoted as:

| |v̂| |2 ≤
∑︁
𝑐

𝑤2

𝑐 𝑟
2

𝑐 + 𝜌
∑︁
𝑐≠𝑐′

𝑤𝑐𝑤𝑐′𝑟𝑐𝑟𝑐′ . (24)

Noting that: ∑︁
𝑐≠𝑐′

𝑤𝑐𝑤𝑐′𝑟𝑐𝑟𝑐′ =

(∑︁
𝑐

𝑤𝑐𝑟𝑐

)
2

−
∑︁
𝑐

𝑤2

𝑐 𝑟
2

𝑐 , (25)

The energy of item can be denoted as:

| |v̂| |2 ≤
∑︁
𝑐

𝑤2

𝑐 𝑟
2

𝑐 + 𝜌
©­«
(∑︁

𝑐

𝑤𝑐𝑟𝑐

)
2

−
∑︁
𝑐

𝑤2

𝑐 𝑟
2

𝑐

ª®¬
= (1 − 𝜌)

∑︁
𝑐

𝑤2

𝑐 𝑟
2

𝑐 + 𝜌
(∑︁

𝑐

𝑤𝑐𝑟𝑐

)
2

.

(26)

□

D Direction Heterogeneity across Clients
Assumption 1 posits that a direction heterogeneity factor 𝜌 ∈ [0, 1)
exists among clients’ item embeddings. To empirically verify this,

we measure the mean inter-client pairwise cosine similarity (%) of

item embeddings during FedMF training across all four datasets

and report the dynamics in Figure 10.

Figure 10: Mean inter-client pairwise cosine similarity (%) of
item embeddings during FedMF training on four datasets.

All datasets show substantial divergence during training, validat-

ing our assumption. In addition, sparser datasets exhibit stronger

divergence, which is consistent with our analysis in Proposition 3.3.

E Additional Analyses and Ablations
E.1 Anchor Sampling Strategy in Eq.(4)
In Eq.(4) interacted items serve as primary anchors. However, on

sparse datasets, clients have very limited interactions (often fewer

than dimension 𝑑), making the Procrustes SVD rank-deficient and

the problem ill-posed: the rotation matrix Q𝑐 becomes numerically

unstable across rounds, causing training oscillation.

Figure 11: Ablation study on sampling ratio (%) on ML-100k
and Video datasets, reporting N@10.

Hence, we need to expand the anchor set from the uninteracted

items, making Q𝑐 well-posed and stabilizing convergence. Since

popularity-based methods depend on item frequency information,

which is inherently unreliable in FedRec, where clients typically

inject pseudo items to protect privacy, corrupting the observed pop-

ularity statistics on the server. In this paper, we adopt the uniform

strategy of uniformly sampling a subset of uninteracted items as
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negative anchors. As shown in Figure 11, the ratio is a density-

dependent hyperparameter. On dense ML-100k dataset, interacted

items alone suffice, and excessive sampling dilutes the alignment

signal. On sparse Video dataset, additional anchors help stabilize

Q𝑐 , improving convergence. Specifically, Figure 11(b) shows that an

appropriate negative sampling ratio in sparse datasets can quickly

compensate the rank deficit of the Procrustes problem, then sta-

bilizes once directional coverage saturates. Crucially, even at 0%,

CanonFedRec on Video (4.23) already outperforms the best baseline

FedCIA (2.27 in Table 2) by 86%, confirming core mechanisms are

effective regardless of sampling.

E.2 Necessity of RPA Module
To validate the necessity of the RPAmodule, we compare it with sim-

pler strategies on the same HMH+DEA base, including: 1) Cosine

Constraint: cosine regularization to enforce directional consistency.

2) FedProx [18]: L2 proximal term to penalize deviation. Both use

Euclidean averaging for aggregation.

Table 6: Ablation study on ML-100k and LastFM datasets.

Method ML-100k LastFM
F1@10 M@10 N@10 F1@10 M@10 N@10

Base (HMH+DEA) 22.86 61.46 68.51 7.96 54.61 62.53

+ Cosine Cons. 22.06 58.47 65.73 6.52 53.26 59.99

+ FedProx 22.49 61.55 67.52 7.33 55.58 62.17

+ RPA (Ours) 23.06 61.79 68.76 8.55 58.17 65.33

As shown in Table 6, neither resolves the misalignment in Propo-

sition 3.3. The cosine constraint degrades on both datasets, as forc-

ing directional alignment in Euclidean space ignores manifold struc-

ture, disrupting learned topological relationships. FedProx yields

marginal benefits on the dense ML-100k dataset but degrades on

the sparser LastFM dataset, indicating that L2 proximal regular-

ization alone cannot reconcile the geometric misalignment. RPA

consistently achieves the best performance on both datasets by per-

forming alignment in the geometrically compatible tangent space,

confirming that the misalignment identified in Proposition 3.3 re-

quires a Riemannian rather than a Euclidean-space correction.

F Deployment Feasibility
To validate the deployment feasibility of CanonFedRec, we further

compare it against the simplest (FedMF) and the strongest (Fed-

CIA) baselines from both client-side and server-side on the LastFM

dataset (𝑁=10,000, 𝑑=512).

F.1 Client-Side Overhead
We report storage, communication costs per federated communi-

cation round, training time and FLOPs per local epoch in Table 7.

It is clear that CanonFedRec introduces only an additional O(𝑁 )
term over FedMF for distributing the uncertainty radius {𝑅𝑣} from
Eq. (12). Since 𝑁 ≪ 𝑁𝑑 , the storage and communication costs

are essentially identical to FedMF. In terms of local training time,

CanonFedRec is comparable to FedMF and 21× faster than Fed-

CIA. In addition, the FLOPs of CanonFedRec are 155× fewer than
FedCIA, which must fine-tune local embeddings first. Our client-

side FLOPs are well within the capacity of modern mobile SoCs.

Combined with the accuracy and storage comparison in Table 2

and Figure 5, CanonFedRec achieves the best accuracy-efficiency

trade-off among all compared methods.

Table 7: Client-side overhead comparison on LastFM dataset.

Method FedMF FedCIA CanonFedRec

Storage 𝑁𝑑 𝑁 2+𝑁𝑑 𝑁𝑑+𝑁
Comm. 2𝑁𝑑 2𝑁 2

2𝑁𝑑+𝑁
Time (s) 0.10 2.54 0.12

FLOPs 11.05M 30.82T 198.96G

F.2 Server-Side Overhead
We further decompose the server-side FLOPs per communication

round in Table 8.

Table 8: Server-side FLOPs per round on LastFM dataset.

Component FLOPs

Variance computation in Eq. (12) 19.53M

Tangent-space FedAVG in Eq. (7) 488.28M

Others (Log/Exp Maps, Procrustes) 1.08T

The variance computation in Eq. (12), which enables theDivergence-

Aware Elastic Alignment, accounts for less than 0.002% of the total

server cost. It involves only element-wise operations that scale

linearly with the item count 𝑁 , introducing no numerically sen-

sitive operations. The dominant cost comes from the Logarith-

mic/Exponential Maps and Procrustes alignment, which are inher-

ent to the Riemannian Projection-based Aggregation. Notably, the

entire server-side cost per round is far below FedCIA’s per-client

cost, confirming CanonFedRec’s efficiency.
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