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Measuring Bell non-locality in the presence of signalling
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Scientific inquiry seeks causal explanations of observed phenomena. The Bell experiment pro-
vides a paradigmatic case, revealing correlations between spatially separated systems that no local
model can reproduce. Such correlations, known as Bell non-locality, are typically analyzed under the
non-signalling assumption, which requires that local statistics be independent of distant measure-
ment choices. Yet real experiments, as well as applications beyond physics, often involve signalling,
raising the question of how non-locality should be characterized without this constraint. We intro-
duce a general method for quantifying Bell non-locality in the presence of signalling, designed to
relax locality as little as necessary. Our approach is guided by the question: how often can locality be
preserved across repeated trials in explaining the observed correlations? The task reduces to finding the
optimal convex decomposition of the observed correlations into local and genuinely non-local com-
ponents. We solve this problem within the linear-programming framework, obtaining a closed-form
solution valid for arbitrary correlations. We further evaluate a corresponding measure of signalling,
demonstrating the generality of the method and the non-trivial character of the results. By extending
the analysis of non-locality outside the non-signalling regime, our framework broadens the scope of
experimental analysis both within and beyond physics, offering tools for settings where signalling

and non-local contributions are difficult to disentangle.

I. INTRODUCTION

At the heart of science lies the pursuit of uncovering
causal relations in observed phenomena, an endeavor
that finds a particularly stringent test in the correlations
revealed by Bell inequalities [1, 2]. Originally formu-
lated within the context of physics, these inequalities
confront deep-rooted assumptions about the workings
of nature, showing that locality cannot be maintained
alongside the statistical predictions of quantum me-
chanics. Over the past decades, increasingly refined ex-
periments have confirmed their violation, firmly estab-
lishing Bell non-locality as an intrinsic feature of physi-
cal reality [3—9], while simultaneously opening the way
for modern quantum information science and its appli-
cations. This stands out as a prominent example within
the broader paradigm of causal discovery across disci-
plines [10-15]. In this paper, we extend the original Bell
framework to provide a unified basis for analyzing Bell-
type scenarios across the full range of possible physical
contexts and applications beyond physics.

Bell non-locality has been studied primarily in the
non-signalling regime, where the local statistics of one
party is independent of the measurement choices made
by the other [16-18]. This assumption is grounded
in the conventional setting of spatially separated sys-
tems, where standard quantum mechanics implies no
faster-than-light communication between the parties.
There are, however, compelling reasons to move be-
yond this regime. First, real experiments are rarely
perfectly non-signalling, with imperfections in design
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and noise introducing unavoidable deviations [19, 20].
It may therefore appear that such experiments are less
useful, since signalling alone suffice to demonstrate
non-locality. Instead, we suggest that what is needed
is a unified framework that treats signalling and non-
signalling behaviours on an equal footing, thereby pro-
viding a common basis for comparing experimental
loophole-free Bell experiments. Second, not all funda-
mental tests in physics rely on spatial separation, with
temporal scenarios [21—24] or instrumental tests [25-
27] providing some notable examples. In such cases,
disturbance is expected, but it remains important to
have a basis for distinguishing signalling-induced con-
tributions from those that are, in a certain sense, gen-
uinely non-local. Third, in applications beyond physics
- such as Bayesian networks, epidemiology, social sys-
tems, econometrics, and cognition — signalling is often
inherent to the problem, making the standard Bell non-
signalling framework too restrictive [28-30]. A broader
framework may therefore help align the study of Bell
non-locality with general causal-discovery paradigms
in both physics and other sciences [10-15], where sig-
nalling may be intrinsic and cannot always be excluded
on principled grounds.

In this paper, we study Bell non-locality without re-
quiring non-signalling and quantify how much locality
can account for an observed behavior even in the pres-
ence of signalling. Our approach is guided by a simple
question:

Given that the observed statistics arise from a repeated
experiment, how often can locality be preserved across
trials while still explaining the observed correlations?

We call this the (fractional) measure of locality, or more
briefly the local fraction, since it reflects the proportion
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of experimental trials that admit a local explanation;
see [31-37].

Note that reducing the answer to the coarse distinc-
tion between ‘always” and ‘sometimes’ brings us back to
Bell’s original question: is the observed statistics local or
non-local? This binary test is resolved by the standard
criterion: correlations admit a local explanation if and only if
they are non-signalling and satisfy the Bell-CHSH inequal-
ities [38, 39]. Here, however, we go further by intro-
ducing a quantitative measure that captures the degree
of departure from locality in the observed correlations.
Crucially, it provides a direct means of quantifying non-
locality without requiring any additional assumptions.
In doing so, we go beyond the scope of Ref. [37], thereby
laying the foundation for a quantitative framework of
non-locality beyond the non-signalling assumption and
opening new avenues for both theoretical and experi-
mental advances.

Our result establishes a closed-form solution for arbi-
trary correlations in the two-setting, two-outcome Bell
scenario. At its core, the challenge is to evaluate a non-
trivial geometric distance from a given behavior to the
local polytope, constructed via convex decomposition
and constrained by the space of admissible behaviors.
In the general case, where signalling is allowed, these
constraints reduce to simple normalization conditions.
Geometrically, we show that the problem reduces to
evaluating a set of scalar products with specific vectors
that project the observed behavior onto the relevant di-
rections of the correlation space. We refer to these op-
erators with prefixes indicating the class to which they
belong, e.g., f-vectors or e-vectors and the corresponding
closeness measure as f-measure, etc. This representation
is readily amenable to computational implementation.
See Fig. 1 for a summary.

The scope and practical utility of the approach are
partly revealed through comparison with an analogous
measure that quantifies the degree of signalling. In di-
rect analogy with the local fraction, we define a quan-
tity that captures the extent of non-signalling in an ob-
served behavior, which we call the (fractional) measure of
non-signalling or simply the non-signalling fraction. This
formulation places the problem within a broader land-
scape, emphasising the structural richness of the so-
lution and offering a clear framework for comparative
analysis. Finally, we demonstrate the indispensable role
of each component in the solution and analyze exam-
ple datasets of behaviors to illustrate how often each
element of the solution set realizes the local or non-
signalling fraction.

II. RESULTS
A. Bell scenario, locality and non-signalling

Consider the simplest Bell scenario, where two par-
ties — Alice and Bob — perform measurements on spa-
tially separated systems. In each trial, Alice chooses one
of two measurement settings x € {0,1} and likewise
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FIG. 1. Summary of the results. The fractional measure re-
flects the proportion of experimental trials that can still be
understood within a specific explanatory framework, be it lo-
cal or non-signalling. We calculate it explicitly and show that
the result takes the form of a minimum over simpler linear
measures, each represented by a vector that projects the ob-
served statistics onto the relevant directions of the correla-
tion space. Accordingly, the table presents the collections of
vectors for each measure, with 128 vectors specifying the lo-
cal fraction (Theorem 2) and 120 vectors specifying the non-
signalling fraction (Theorem 3). Importantly, none of these
vectors can be omitted and some coincide with familiar quan-
tities: notably, the f~vectors correspond to maximal signalling
(Lemma 1), while the e-vectors align with the Bell-CHSH ex-
pressions (Theorem 1).

Bob chooses one of two settings y € {0,1}, obtaining
respective outcomes a,b € {0,1}. Repeating the exper-
iment many times generates statistics that defines four
conditional distributions {Pujxy } vy - 00011011, Where Py,
is the probability of outcomes a,b given measurement
choices x, . We refer to this full collection as a behavior,
represented compactly by the sixteen-component vec-
tor P = (Pujxy)- In general, any behavior is admissible
provided it is non-negative, P > 0, and properly nor-
malized )_,, Py, = 1 for each x,y. The set of all such
behaviors defines the correlation (or behavior) space, de-
noted by P.

Bell’s scenario becomes especially revealing when
physical constraints are introduced. Specifically, spa-
tial separation is conventionally understood to preclude
any direct causal influence between Alice and Bob. In
this view, the observed correlations (the behavior) are at-
tributed to a shared cause in the past, represented by a
hidden variable A (Fig. 2, left). This principle, known
as the (Bell) locality assumption, is formally expressed by
the factorization condition [1, 2, 16-18]

Pab\xy = Z Pa\x)\'Pb\y/\'P/\~ (1)
A

Typically, this condition is justified on causal grounds;
however, for our purposes, it also suffices to regard it
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FIG. 2. Causal explanations of Bell experiment. Two parties, Alice and Bob, perform experiments at spatially separated locations.
For each freely chosen pair of measurement settings x and y, they obtain outcomes a and b, respectively, giving rise to the observed
statistics { Py, },- Assuming that causes propagate only forward-in-time, such statistics can be described by directed acyclic graphs
(DAGs), where nodes represent measurement settings, outcomes, or shared variables, and arrows capture potential cause-and-
effect relations. On the left, the causal DAG depicts a situation where the locality condition rules out any direct causal influence
between the parties, so correlations can only originate from a shared common cause in the past, denoted by A. On the right,
the presence of any red arrow indicates a direct causal influence and therefore constitutes a violation of the locality assumption.
While the local scenario cannot reproduce arbitrary correlations P,,,, allowing red arrows in the non-local scenario—potentially
active in every experimental trial—can generate any behavior. In this work, we investigate to what extent the correlations
observed in Bell experiments can be accounted for by minimally relaxing locality, that is, by introducing non-local (red) arrows as

sparingly as possible across repeated trials.

as a purely statistical constraint.’

The situation in which locality is imposed stands in
sharp contrast to one where direct influence is allowed
and the assumption is relaxed (Fig. 2, right). The central
question is whether these two explanations — local and
non-local — can be distinguished solely on the basis of
observed data, without access to the hidden variable A.
As it turns out, the locality assumption imposes a set of

testable constraints on the observed behavior P.

Firstly, the correlations must satisfy the non-
signalling condition. This requires that Alice cannot
deduce Bob’s measurement choice (y = 0 or 1) from
the statistics available on her side alone, and likewise
Bob cannot deduce Alice’s choice (x = 0 or 1) from
his own statistics. Formally, these requirements reduce
to four independence conditions on how the marginal
probabilities on one side depend on the measurement
choices of the other. These conditions can be compactly
expressed as a single constraint on so-called maximal
signalling

A = max Al = 0, (2)

/////

! For a detailed discussion of the assumptions underlying Bell’s the-
orem, see e.g. Ref. [40]. Here, for clarity of exposition, we adopt the
conventional causal approach, illustrated in Fig. 2 (left). However,
we should emphasize that our analysis relies solely on the factor-
ization condition in Eq. (1), which defines the local polytope P,
— the central object of our study. From this perspective, causal no-
tions serve only a subsidiary (or illustrative) role in the paper. See
Refs. [37, 41] for treatments of other assumptions, and Ref. [42] for
a different, purely probabilistic analysis of the assumptions under-
lying Bell inequalities.

where
Al = Pa:O\OO - PH=0\01 [Bob — Alice X=0] 7 (3)
AZ = Pa:OHO — Pa:O\ll [BOb — Alice X=1] , (4)
As = Py — Poopo [Alice — BOby:O] , (5)

Ay = Pogor — Poom [Alice—>Boby:1], (6)
with P,_oy = Y, Popjry and Py_gpry = Y, Paojxy denoting the
marginal probabilities observed on Alice’s and Bob’s
sides, respectively. Requiring all A; to vanish (or equiv-
alently A = 0) ensures that neither party can extract
any information about the other’s measurement choice
from their local statistics.

Secondly, the correlations must satisfy the four Bell-
CHSH inequalities [38], expressed in compact form as

§ = max [5] < 2, @)

AAAAAA

S, = {(ab)y + (ab)o + (ab)1y — {ab)y1, 8)
S, = (ab)o + (ab)o — (ab)1o + (ab), 9)
53 - <ﬂb>00 <ﬂb>01 + <llb>10 <ab>11 ’ (10)
54 = —<ﬂb 00 + <ab>01 + <ab>10 + <ﬂb>11 , (11)
and (ab),, = Y, (—1)*"" Pyx, denotes the correlation

coefficient for a given choice of measurements x,y.
Note that while the algebraic maximum in the absence
of locality is S = 4, the locality assumption restricts the
bound to S < 2. Remarkably, as Bell showed [1, 2],
quantum mechanics permits correlations that go be-
yond the local bound, up to Tsirelson’s bound of S =

2v/2 [43].
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FIG. 3. Geometry of behaviors. Schematic illustration of the
nested structure of convex polytopes embedded in IR*. Each
relaxation of constraints enlarges the set: from the local poly-
tope Py, (8-dimensions) to the non-signalling polytope Pys (8-
dimensions), and finally to the full correlation space (polytope)
P (12-dimensions).

B. Geometric picture and Fine’s theorem

According to Fine’s theorem [39], a behavior P admits
a local hidden-variable model consistent with Eq. (1)
if and only if it satisfies both the non-signalling con-
ditions Eq.(2) and the Bell-CHSH inequalities Eq. (7).
Any violation of these conditions rules out a purely
common-cause explanation, leaving a non-local mech-
anism as the only viable account. See Fig. 2 (left vs
right).

In other words, the local polytope Py, is fully specified
by a set of linear constraints

A=0,

S<o (12)

PLDC ~ {

which consist of four equalities and eight inequalities.
Similarly, the non-signalling polytope Pys is characterized
by the four equality constraints

PNS s A=0. (13)

This yields two non-trivial subsets of the full correla-
tion space (polytope) P, forming the natural hierarchy
Proc C Pns P SR, (14)
See Fig. 3 for illustration. Note that these polytopes can
equivalently be characterized by their vertices: Py, is
generated by the 16 local deterministic strategies [39],
Pns further includes the 8 external PR-box vertices [44],
and P is spanned by all 256 deterministic strategies. A
detailed account is provided in the Methods section.

C. Measuring locality & non-signalling

When locality cannot be maintained—particularly
when this is at odds with intuition—the natural ques-
tion is not merely whether the observed correlations
admit a local explanation, but rather how strongly non-
local mechanisms must be invoked. This question is
especially pertinent when there is suspicion that sig-
nalling might be responsible for apparent locality vio-
lations.

In the following discussion, we regard non-locality
as an exceptional resource, invoked only when neces-
sary to explain the observed correlations, whereas com-
mon causes, as shown in Fig. 2, left, are assumed to
be freely available as the conventional sources of cor-
relation. This viewpoint naturally motivates treating
non-locality as a (possibly small) correction to predom-
inantly local content. Technically, for a given behavior

of interest P, we therefore consider all possible convex
decompositions of the form

= =

P = p P+ (1-p) P, (15)

where PL € P, is a local behavior, PNt € P is any
other (possibly non-local) behavior, and 0 < p < 1. Our
aim is to determine the maximal possible contribution
of the local component.

Definition 1 (Measure of locality).
For a given observed behavior P, the measure of its local com-

ponent is defined as

yL(I_j) ‘= max p, (16)

decomp. (15)

where the maximum is taken over all convex decompositions
of the form in Eq. (15).

Sometimes referred to as the local fraction or local content

of a behavior 13, this notion was introduced in studies
of quantum correlations [31—36] and later extended to
arbitrary non-signalling statistics [37].> In this work, we
dispense with prior assumptions to establish an uncon-
strained framework for quantifying the extent to which
the observed statistics can be accounted for by a local
explanation.

2 The idea was first put forward in Ref. [32], where it was used to
derive Bell inequalities. In parallel, Elitzur et al. [31] introduced it
as a measure of locality, demonstrating that the local fraction van-
ishes in the limit of infinitely many measurement settings, with
further refinements provided in Refs. [33—35]. Remarkably, subse-
quent studies managed to compute the local fraction explicitly for
the quantum statistics of any pure two-qubit state [36]. Importantly,
the concept also applies beyond quantum mechanics: in the two-
setting, two-outcome Bell scenario, Ref. [37] demonstrated that the
local fraction is directly related to the violation of the Bell-CHSH
inequalities under the non-signalling assumption, cf. Theorem 1.



A distinct advantage of the measure of locality y, lies
in its intuitive interpretation, captured by the following:

Question (Locality)

What is the maximal proportion of trials in a repeated
Bell experiment that can be explained by a local model
while still reproducing the observed correlations?

Of course, in the remaining fraction of trials, some form
of non-local mechanism must necessarily be involved.
Our concern here is not with the particular mecha-
nism, since the manifestation of non-locality may differ
or even remain unknown across experimental contexts.
What matters is that the question of "how often must non-
locality minimally occur” can still be posed in a clear and
meaningful way. In other words, even though the de-
composition in Eq. (15) may be highly non-unique, the
optimal fraction in Definition 1 remains unambiguous.

To demonstrate its generality, this approach can also
be adapted to quantify the extent of signalling present
in a given behavior. Specifically, the signalling content
of P can be characterized by considering convex decom-
positions of the form

P =p-P¥+(1-p) P5 (17)

where PNS € Py is a non-signalling behavior, P$ € P is
any other (possibly signalling) behavior, and 0 < p < 1.
In direct analogy with the local case, we define:
Definition 2 (Measure of non-signalling).

For a given observed behavior P, we define the measure of its
non-signalling component as

st(ﬁ) =

where the maximum is taken over all possible convex decom-
positions of the form in Eq. (17).

max : v, (18)

decomp. (17

Analogously, this may be termed the non-signalling frac-

tion or non-signalling content of a behavior P. This case,
too, admits a simple interpretation. If signalling is re-
garded as a costly resource, then the measure of non-
signalling pys answers the following question:3

Question (Non-signalling)

What is the maximal proportion of trials in a repeated Bell
experiment that can be accounted for by non-signalling
statistics while reproducing the observed correlations?

To recapitulate, the measures y; and pys offer a uni-
fied operational framework for quantifying the indis-
pensability of non-local and signalling resources in re-
producing the observed behaviors. Within this frame-
work, we derive explicit expressions for the general case

3 We note that, although both locality and signalling admit statistical
definitions, via Egs. (1) and (2), only locality allows for a deeper
causal interpretation. This distinction leads to a subtle shift in em-
phasis: in the case of locality one may ask about the existence of a
partial local model, whereas for non-locality one can only ask about
the existence of a suitable statistical decomposition. Cf. footnote 1.

5

of arbitrary, potentially signalling correlations in the
two-setting, two-outcome Bell scenario.

D. Main result

As a starting point, we recall a result from Ref. [37]
concerning non-signalling statistics, presented here in
a form adapted to our purposes. For clarity of expo-
sition, all proofs and the specific vectors referenced in
the following discussion are presented explicitly in the
Supplementary Information (see also the Methods sec-
tion).

Theorem 1.

Given a non-signalling behavior P in a two-setting, two-
outcome Bell experiment, the measure of locality is linked to
the Bell-CHSH expressions Egs. (7) and (8-11), and takes the
form

p(P) = min{1,3(4-9)} = ir:r}i?s{l,élf-ﬁ}, (19)

where the €; are 8 specific vectors in RR'®, each with entries
restricted to o or 1 (called the e-vectors).

This provides a clear interpretation of the degree of vi-
olation of the Bell-CHSH inequalities for non-signalling
statistics. In the second equality, we recast the expres-
sion to underscore its resemblance to the subsequent
analysis. The key observation is that the measure y;
can be neatly expressed as the minimum over a fam-
ily of eight simpler linear expressions, defined as pro-
jections of the behavior P onto specific directions (the
e-vectors) in the correlation space. In practice, each ex-
pression just selects and adds together certain terms of
the behavior P, as indicated by the non-zero entries of
¢;. These sums can be thought of as simple snapshots of
P taken along particular directions in correlation space.

In a similar fashion, maximal signalling can be char-
acterized by the minimum of simple linear expressions
associated with specific directions (the f-vectors) in the
correlation space.

Lemma 1. ~
The quantity of maximal signalling for a given behavior P,
as defined in Egs. (2) and (3-6), can be written in the form

A=1- ‘mins fﬂﬁ, (20)

where the f} are 8 specific vectors in R16, each with entries
restricted to o or 1 (called the f-vectors).

Our aim is to move beyond non-signalling statistics in
the Bell scenario and consider the full range of arbitrary
behaviors P. One might naively expect that Theorem 1
would suffice, with a modest adjustment to account for
signalling in the spirit of Lemma 1. This intuition, how-
ever, proves to be misleading.

The main result of this work is a closed-form expres-
sion for the measure of locality in Definition 1, which
we present in the following theorem.



Theorem 2. .
For a given behavior P in a two-setting, two-outcome Bell
experiment, the measure of locality takes the form

VL(ﬁ) =

-

in g7- P, 21
9 q (21)

w3

where Q denotes the set of 128 specific vectors in R®, each
with entries restricted to o or 1.

Accordingly, the full solution follows the structure out-
lined above, appearing as the minimum of a family of
simpler linear measures, each aligned with a specific di-
rection in the correlation space. Remarkably, however,
the solution reveals an unexpected degree of complex-
ity, as all 128 vectors in the set Q prove essential.

It is very instructive to compare the above result with
the parallel measure of non-signalling in Definition 2,
providing a clearer perspective on the underlying struc-
tures in the problem.

Theorem 3.
For a given behavior P in a two-setting, two-outcome Bell
experiment, the measure of non-signalling takes the form

=

VNs(ﬁ) = quel ﬁT'PI (22)

w3

where S denotes a set of 120 special vectors in R'®, each with
entries restricted to o, 1 or 2.

Here again, the complexity of the solution persists, as
all 120 vectors in the set S contribute to the result.
This indicates that the challenge of finding the local
fraction stems from the intricate internal structure of
the non-signalling space itself. Geometrically, when
examining the nested hierarchy in Eq.(14), the diffi-
culty of the problem lies in characterizing the embed-
ding Pys € P (Theorem 3), which in turn extends to
Proe € P (Theorem 2). By contrast, the embedding
Proc & Pus (Theorem 1) is much simpler, illustrating
how broader embeddings entail a richer underlying ge-
ometry.

A concise proof of Theorem 2, obtained via a linear-
programming approach, is outlined in the Methods sec-
tion. All proofs, including that of Theorem 3, as well
as the explicit listing of the vectors discussed, are pro-
vided in the Supplementary Information.

E. Structure of the solutions

We now unfold the full structure of the solutions de-
fined by the sets Q and S, revealing the complexity of
the problem, the underlying symmetry, and the connec-
tion to previous partial results.

Classification. The solution set Q, associated with
the measure of locality y; (Theorem 2), admits a natural
partition into five categories (see Fig. 1):

Q = {fi,, fs} U{g1 -, G16} U {f1, .., 2} U
{§1/-~/§64} U {51,...,58}. (23)

Similarly, for the non-signalling measure s
(Theorem 3), the corresponding solution set S splits
into four categories (see Fig. 1):

S = {fi,, fs} U{Z1, -, G16} U {f1, ... I} U
{le "'1264} . (24)

The above grouping organizes the vectors according to
the number of their non-zero entries: the ]? ‘s have 4, the
g’s have 5, the f’s,3’s, and Z’s each have 6, and the &’s
have 8 non-zero entries.

Notably, the solution sets Q and S in Egs.(23) and
(24) overlap on the f-, g-, and t-vectors. The difference
between the s- and z-vectors is minor, as each s- vector
differs from the corresponding z-vector only by replac-
ing one of its 1’s with a 2. The essential distinction
lies in the additional class of e-vectors, which appear
exclusively in the solution set Q. See Eq. (30) for a rep-
resentative of each class and Suppl. Inf. (Part A) for
the complete list of vectors.

Symmetries. The problem considered in this paper is
invariant under certain permutations of the indices a, b,
x, and y (or, equivalently, of the composite labels ab|xy).
The elementary symmetry operations are as follows [16,

17]:

a < 1-—a, (25)
b & 1-0b, (26)
x & 1—x, (27)
y < 1-y, (28)
(x,a) < (y,b). (29)

These transformations define 32 symmetries that reflect
the fundamental invariances of the problem, namely,
that both locality and non-signalling are preserved un-
der outcome relabeling [Egs. (25)-(26)], setting relabel-
ing [Egs. (27)-(28)], and party exchange (Alice-Bob sym-
metry) [Eq.(29)]. Together, these operations constitute
the automorphism group of both the local polytope Py,
and the non-signalling polytope Pys.

Exploiting these symmetries allows the solution sets
to be further simplified. Each class of f-, g-, and e-
vectors forms a single orbit under the group generated
by Egs. (25)-(29). The class of t-vectors consists of two
orbits of size 16, while the s- and z-vector classes each
consist of three orbits of sizes 16, 16, and 32. Corre-
sponding representative vectors for each class are given
below:



f'ss fr = (1,1,0,0,0,0,1,1,0,0,0,0,0,0,0,0),
g’s gT = (11010/()’0/0/1/1/0/1/0/1/010/0/0)/
2 ?E = (1,1,0,0,0,0,1,0,1,1,0,0,0,0,0,1),
S -
ty = (1,1,0,0,0,0,1,0,0,0,1,1,0,1,0,0),
st = (1,1,1,0,0,0,1,0,0,1,0,0,0,0,0,1),
S’s: 5’% = (1,1,1,0,0,0,0,1,0,0,0,1,1,0,0,0),
§'5T = (1,1,1,0,0,0,1,0,0,0,0,1,0,1,0,0),
zZ = (2,1,1,0,0,0,1,0,0,1,0,0,0,0,0,1),
Z’s: Z,? = (2,1,1,0,0,0,0,1,0,0,0,1,1,0,0,0),
Z; = (2,1,1,0,0,0,1,0,0,0,0,1,0,1,0,0),
e’s: er = (1,0,0,1,0,1,1,0,0,1,1,0,0,1,1,0),

(30)

where the labels «, B, 7, and J distinguish the orbits and
denote their respective cardinalities of 8, 16, 16, and 32.

Relation to previous results. A closer inspection re-
veals that several components of the solution sets Q
and S in Egs. (23) and (24) can be associated with well-
known quantities. Specifically, the minimum over the
class of f~measures coincides with the maximal signalling
A defined in Eq.(2); see Lemma 1. This follows from
the fact that each individual f-measure can be expressed
in terms of the corresponding signalling signature A;
given in Egs. (3)-(6); see Egs. (524)-(S27) in Suppl. Inf.
Thus, these f-measures provide an alternative character-
ization of the non-signalling polytope Pys. Likewise,
the minimum over the class of e-measures is directly re-
lated to the maximal Bell-CHSH expression S defined in
Eq.(7); see Theorem 1 and Ref. [37]. Moreover, each
individual e-measure can be expressed in terms of the
corresponding S; given in Egs. (8)-(11); see Egs. (529)-
(S32) in Suppl. Inf. This reflects the characterization
of the local polytope Py, as a subset of the larger non-
signalling polytope Pys.

Importantly, all remaining types, namely the g-, t-,
s-, and z-vectors, contribute non-trivially only in the
presence of signalling. Thus, the full solution reveals
a much richer structure than mere Bell-CHSH expres-
sions and signalling signatures (see Fig. 1).

Non-redundancy of the solutions. As already noted,
none of the vectors in the solution sets, Egs. (23) and
(24), is superfluous. Specifically, for every vector in Q
and S there exist behaviors for which the correspond-
ing measure uniquely attains its minimum in Egs. (21)
and (22), respectively. Beyond their non-redundancy,
the relative importance of the different vector mea-
sures can be quantified by analyzing how often each
one yields the minimum in Egs. (21) and (22) over ran-

100%
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50%
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FIG. 4. Significance of the vector measures. Numerical results
showing the proportion of randomly sampled behaviors for
which the solutions in Egs. (21) and (22) are uniquely attained
by each vector type within the respective subsets of Q (green)
and S (yellow). Evidently, the f~measures (maximal signalling)
dominate for most behaviors, although a considerable fraction
is accounted for by the remaining ones. Interestingly, for a
random behavior, the e-measures (Bell-CHSH expressions) are
the least likely to contribute to the quantification of locality,
while various forms of signalling corrections (f-, g-, t-, s-, and
z-measures) play a more prominent role.

domly sampled behaviors P. To this end, we numeri-
cally estimated the corresponding frequencies by uni-
formly sampling behaviours over the probability sim-
plex using a Dirichlet distribution, as shown in Fig. 4.
The results indicate that all vectors contribute to the
solution, though with markedly different prevalence,
thereby highlighting the internal structure of the solu-
tion space.

Geometrical insight. The fractional measure reflects

the position of the observed behavior P relative to both
the target set and the entire correlation space, i.e., its
distance from the local polytope Py, (or the non-signalling
polytope Pys) and, no less importantly, its proximity to
the boundary of the full correlation polytope P. Thus,
solving the problem requires insight into the geome-
try of how P, (or Pys) is embedded within P. No-
tably, the task can be cast as a linear optimization prob-
lem and strong duality then allows an explicit solution
(see Methods section for details). The problem can
also be tackled directly via an analytic construction (see
Suppl. Inf.). Both approaches yield the same two so-
lution sets, Q and S, in Egs.(23) and (24). They fully
encode, through simple linear expressions, the embed-
dings P, € P and Pys C P, respectively, within the
fractional measure framework (Theorem 2 and Theo-
rem 3). This substantially extends Ref. [37], which char-
acterized the simpler case of the embedding Pr,. T Phus
(see Theorem 1).

The geometry of P, and Pys, in relation to the var-
ious solution vectors, is relatively straightforward; see
Fig. 3. For Pys C P, the eight f-vectors are normal




vectors to the facets of this polytope, since the non-
signalling condition can be re-expressed as ij- P=1

forallj = 1,...,8 (see Lemma 1). Then, the embed-
ding P, C Pus is characterized by the eight e-vectors,
which are normal to the facets of P, , which them-
selves are the Pys facets, as truncated by the locality
constraints ¢/’ - P>1foralli = 1,...,8 (see Theo-
rem 1). In other words, to define the non-signalling
and local polytopes within P, the f- and e-vectors are
enough. Furthermore, Pys has a particularly simple ge-
ometry relative to P,., with essentially one PR box per
relevant local facet [16, 17, 44]. The reason this does not
suffice to compute the local (or non-signalling) fractions
is that the answer depends on how a given behavior is
situated between P;,. (or Pys) and the full correlation
space P. Imagine extending a line segment through
a behavior P until it intersects the boundaries of both
Proc (or Pys) and P. The fractional measure is obtained
by choosing the direction along which P is closest to
the target set P, (or Pys) relative to its distance to the
boundary of P. Therefore, the geometric relationships
are more intricate, which is why as many as 128 (or 120)
vectors are needed to quantify this notion of proximity
to the boundaries of Py, (or Pys) within P.

E. Towards genuine non-locality beyond signalling

So far, we have analysed the two measures y; and piys
separately. They are conceptually distinct — locality be-
ing a causal notion, whereas signalling is defined only
operationally at the level of observed statistics; cf. foot-
note 3. Nevertheless, signalling necessarily entails non-
locality, which makes non-locality the weaker notion.
Another difference is that signalling is more tangible,
because it is directly manifest in the observed statistics,
whereas non-locality is a subtler causal notion tied to
questions about underlying mechanisms and their in-
terpretation. This naturally raises the question: in the
presence of signalling, is it possible to identify an influ-
ence of over and above signalling?

Motivated by the preceding considerations, any given

behaviour P can be decomposed as
P = p-Pt4q-PVNS . PS5, (31)

where p+g+r =1and p,q,r > 0. Here, the three com-
ponents have a clear conceptual interpretation: P“ €
P, is a local behaviour, BN-NS Pns\ Proc is non-local
and non-signalling, while P$ € P\ P is a signalling
behaviour. Such a decomposition is, of course, highly
non-unique. One source of this non-uniqueness is that
any non-signalling contribution, including a non-local
one, may be absorbed into the signalling component.
To reduce this ambiguity, we require that ¥ = 1 — g,
thereby minimizing the weight of the signalling com-
ponent, as specified in Definition 2. Accordingly, the

decomposition takes the form

P = p-P'+q PYN +(1—pys) - P°. (32)

KNS

Note that the remaining non-signalling part, with total
weight p + g = pns, may still contain a residual non-
local component PNENS, s that g > 0. If this component
cannot be eliminated by any admissible decomposition,
its minimum possible weight can be considered an irre-
ducible non-local contribution beyond signalling. This
residual non-locality is captured by the following mea-
sure.

Definition 3 (Measure of genuine non-locality).

For a given observed behavior P, we define the measure of its
genuine non-locality beyond signalling as

Hone(P) = min g, (33)
where the minimum is taken over all convex decompositions
of the form in Eq. (32).

The rationale behind this definition rests on the sim-
ple observation that signalling behaviours are more
directly apparent in the observed statistics than non-
signalling, non-local ones and have an immediate oper-
ational meaning. This motivates the present approach:
we first account for signalling and then ask whether any
irreducible, in this specific sense, non-local component
remains.

While the general evaluation of pi¢y;, remains an open
problem, we establish a lower bound that directly links
this quantity to our main results (see Methods for the
proof).

Observation 1 (Lower bound).

For any behaviour P, the measure of its genuine non-locality
beyond signalling is bounded from below by

uont(P) = pns(P) — ui(P), (34)

where y;, and s are the locality and non-signalling mea-
sures from Definitions 1 and 2, respectively.

We note for non-signalling behaviours P, the bound is
readily seen to be tight, yielding ycy (P) = 1 — p,(P).
In general, however, the bound in Eq. (34) need not be
saturated, i.e., one may have yGNL(ﬁ) > y,\,s(ﬁ) — yL(ﬁ)
(see Suppl. Inf. for an explicit example).

III. DISCUSSION

The fractional measure considered in this paper pro-
vides a principled way to quantify how strongly an ob-
served behavior violates a given assumption. Beyond
a binary pass/fail classification, this measure assigns
a graded notion of “distance” from the corresponding
constraint set by asking a simple question: what fraction



of experimental runs can be accounted for by a model compat-
ible with the assumption? This approach is applicable to
a wide range of problems, covering both causal notions
and purely operational (statistical) ones, as long as the
problem admits a convex-geometric characterization.

In this paper, we study the standard Bell scenario
with two parties, two settings, and two outcomes. Our
goal was to compare and explicitly compute for an ar-
bitrary observed behavior Py, ,

(i) the (fractional) measure of locality y,, and
(ii) the (fractional) measure of non-signalling piys.

Note, locality is inherently causal, while signalling is
defined operationally from observed statistics. Yet both
admit a convex-geometric formulation, as used in Def-
inition 1 and Definition 2. The solution leverages
the geometry of the local polytope P, and the non-
signalling polytope Pys to quantify the closeness of an
observed behavior P,;,, to each of them, subject to prob-
ability constraints that define the full correlation space
P. Crucially, the measure depends not only on the tar-
get sets themselves but also on their embedding within
the overall correlation space, thereby adding substantial
geometric complexity to the solution.

We show that the solution can be written as the mini-
mum over a family of simpler vector measures, each ob-
tained by projecting the observed behavior onto a spe-
cific direction in the correlation space. In full generality,
the required set of directions is comprised of

(i) 128 vectors for the measure y; in Theorem 2, and
(ii) 120 vectors for the measure jiys in Theorem 3.

The number of vectors may seem surprising, but none
of the 128/120 directions is redundant. While some
of the associated vector measures coincide with fa-
miliar quantities, such as the Bell-CHSH expressions
(Theorem 1) and the signalling signatures (Lemma 1), the
remaining ones contribute genuinely non-trivial terms
that are essential for the full solution. These additional
directions capture geometric features that only become
relevant in the signalling regime.

In a nutshell, in the presence of signalling it is
difficult to disentangle "genuine" non-locality from
signalling-induced effects, since apparent non-locality
may partly be driven by signalling. Operationally, sig-
nalling implies non-locality, but the converse is not true;
the two notions are conceptually distinct. These dif-
ferences become transparent in our analysis, in which
we provide complete solutions for both fractional mea-
sures, make the full structure explicit, and give a ready-
to-use procedure for practical calculation.# Notably, the
full picture goes well beyond the Bell-CHSH expres-

4 For an alternative approach based on the contextuality-by-default
framework, see Refs. [45, 46]. We note, however, that our treatment
is conceptually distinct, and the resulting conclusions are therefore
markedly different.
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sions S; (e-measures) in Eqgs. (8)-(11), even when sup-
plemented by the signalling signatures A; (f-measures)
in Egs. (3)-(6). A complete description further involves
the g-, t-, and s-measures. Interestingly, we also observe
a similar pattern when assessing the degree of non-
signalling itself, as a complete characterization involves
far more than the signatures A; (f-measures) that define
signalling of the behavior. Capturing the full structure
requires the g-, t-, and z-measures as well.

These intuitions are further developed in Section II F.
Our analysis shows that identifying a unique non-local
component in a behaviour that also exhibits signalling
is not straightforward, since a non-signalling, non-local
contribution may be absorbed into the signalling part.
Consequently, one cannot simply adopt a conservative
strategy in which all signalling is first accounted for
and the remaining behaviour is then tested for a resid-
ual non-local component, since such a separation is not
uniquely defined. To address this ambiguity, we in-
troduce in Definition 3 a specific notion of "genuine
non-locality” in the presence of signalling. This pro-
vides a well-defined quantitative measure of the non-
local contribution that remains irreducible, in this spe-
cific sense, to signalling, although its practical useful-
ness remains to be explored. More broadly, the analy-
sis in Section IIF exposes an intrinsic limitation of the
standard Bell framework when one seeks to quantify
non-local influences over and above those that can be
attributed to signalling.

Our focus has been on the local fraction, because of
the fundamental role of locality in Bell-inspired exper-
iments concerning quantum structure in nature. No
less importantly, the analysis of the (fractional) mea-
sure of non-signalling might shed new light on com-
munication complexity in signalling scenarios. The sur-
prisingly rich geometric structure of the non-signalling
fraction solution certainly helps explain the intricacy of
the local fraction solution, since, as it turns out, a sub-
stantial part of the apparent violation of locality can be
attributed to signalling, which accounts for most of the
non-trivial components in the solution sets (as evident
from comparing Q and S).

More generally, the present proposal of the fractional
measure is applicable beyond locality and signalling
problems, because of the way it lends itself to a natural
resource theoretic interpretation: if violating a given as-
sumption comes with a cost, then such violations constitute a
resource that should be used sparingly. In this sense, the
fractional measure u quantifies the required (minimal)
amount of this resource. Our solution can be viewed as
a characterization of possible simulation strategies via
the simpler vector measures, followed by selecting the
class that attains the (minimal) fraction. Geometrically,
the problem can be formulated as vertex enumeration
of a suitably constructed dual polytope.

Our results are supported by a transparent method-
ological route: in the Methods section, we cast the
problem as a linear program and highlight the role



of strong duality in obtaining the solution. Notably,
the duality trick reformulates the initial (primal) linear
program, whose constraints depend on the behaviour

P and which must therefore be solved separately for
each behaviour, as an optimisation over a fixed dual
polytope independent of P; compare Egs. (38)-(40) with
Egs. (47)-(49). This polytope therefore needs to be anal-
ysed only once, yielding a solution applicable to ar-
bitrary behaviours. The framework readily extends
to any number of parties, settings, and outcomes, al-
though the computational complexity increases as the
dimensionality and the number of deterministic strate-
gies grow with the size of the scenario. More generally,
the methodology applies to a broad class of constraints,
that is, any set of constraints that admit a convex-
geometric formulation, including (fractional) measures
of the causal strength of a given arrow (or set of arrows)
in a causal diagram.

A key significance and motivation of our result is that
it eliminates reliance on the non-signalling assumption
in Bell non-locality analyses, enabling a consistent treat-
ment of general (possibly signalling) behaviors, thereby
going beyond the scope of Ref. [37]. In doing so, we
offer a principled framework for standard Bell non-
locality tests, where signalling may arise from imper-
fections or noise, which can complicate experimental
interpretation [19, 20, 47]. Possible applications also ex-
tend to treatment of for finite-sample effects [18, 48-50]
, whose handling in standard analyses is often simpli-
fied by imposing non-signalling. More importantly, our
result enables a systematic framework for studying ex-
perimental implementations in which disturbance can-
not be excluded and signalling is therefore expected,
opening the door to investigations beyond the standard,
arguably overly restrictive, non-signalling Bell frame-
work. This becomes increasingly relevant in scenarios
without spacelike separation [21-27], including mod-
ern implementations [51], and motivates extensions of
device-independent frameworks [16, 17]. Finally, both
signalling and disturbance are commonplace when us-
ing Bell-type causal diagrams in other sciences [10-
15, 28-30].

In sum, historically, the interpretation of apparent
violations of locality had to rely on elaborate experi-
mental or statistical safeguards. We offer a technique
to disentangle violations of locality from violations of
non-signalling, based primarily on the assumption that
such resources are costly. The present analysis revealed
a rich structure in how locality or non-signalling can be
violated and showed, importantly, that such violations
are not all equal, some are more costly than others.

APPENDIX: METHODS

Here, we provide a sketch of the proof of Theorem 2,
based on a linear programming approach. See the Sup-
plementary Information for details and proofs of the

10

remaining results.

A. Notation and Preliminaries

Behaviors. Our analysis concerns non-negative vec-
tors P = (Pupry) € R16, subject to the normalization
conditions Y., Py, = 1 for all x,y € {0,1}. These
vectors, referred to as behaviors in the two-setting, two-
outcome Bell scenario, represent conditional probabili-
ties of obtaining outcomes a,b € {0,1} given the choice
of measurement settings x,y € {0,1}. Accordingly, the
sixteen-component column vector

=

P = (Poo\oo ’ Pouoo ’ Plo\oo, Pn\oo ’ Poo\m ’ P01\01 ’ P10\01 ’ P11\01 ’
T

Poo\m ’ Pomo ’ PlOHO ’ Pn\m ’ Poom ’ Poml ’ P]om ’ P]lm)
(35)

encodes the distribution of outcomes for the four pos-
sible combinations of measurement settings in the Bell
experiment.

Local polytope. The essence of Bell’s theorem is that
not all admissible behaviors can be explained in a local
manner (Fig. 2, left). As shown by A. Fine [39], the set
of local behaviors forms the local polytope Pr,., spanned
by local deterministic strategies. These strategies can be
labeled by 16 = 4 - 4 pairs of functions i = (f, g), where
f,8:{0,1} — {0,1}, and are explicitly given by

(Lreaiy = a=f(x) Ob=g(y) - (36)

We arrange these strategies into a matrix, denoted
by L = (El,...,tm), whose columns correspond to the
sixteen local deterministic strategies L;. The explicit enu-
meration of all strategies is provided in the Suppl. Inf.
(Part B). Consequently, any local behavior P can be
expressed as a convex decomposition of the form

16

Pt =Y Lig = L7, (37)

i=1

where 7 is a vector of non-negative weights satisfying
the normalisation condition }}°, g; = 1.

B. Formulation as a Linear Program

We show that determining the local fraction u,(P), as
defined in Eq. (16), is equivalent to solving the follow-
ing linear program (LP):

maximize 177, (38)
subjectto Lj < P, (39)
F>0, (40)

where € R'®, and L is the matrix comprised of sixteen
local deterministic strategies discussed above. We denote

1:= (1,1,..,1)" € R'® as a column vector with ones.



Justification. Let us rewrite the local part of the decom-
position in Eq.(15) using the convex expansion intro-
duced in Eq. (37), i.e.,

P=gqY Lg+(1—q)-P". (41)

This implies the existence of coefficients p;, defined by
pi := q4;, such that

16

ﬁ—Zfipi>0 and p; 20. (42)
i=1

We find that the converse also holds: the existence of
coefficients p; satisfying Eq.(42) implies the decompo-
sition in Eq. (41). This can be seen by rewriting

16 16

P=Y Lp+P-Y Lp (43)
i P
16 . 1 . 16 .
:‘7'2&‘71’4'(1—‘7)'@(1)—ZLsz)/
i=1 _ i=1
pL PNL

with g := Y ; p; and g; := ri/q. It is straightforward to
verify that the vectors defined in this way, PL and PN,
are properly normalized behaviors, since both P and
the L;’s are normalized behaviors by construction.

This allows us to formulate the task of finding ; (P)
in Eq. (16) as the following linear program:

maximize lei | Pi (44)
subject to P- Zil Lipi>0, (45)
pi=0, (46)

which, in compact form, corresponds to the LP given in
Egs. (389)-(40). O

C. Dual Linear Program & Solution

We remark that the LP in Egs. (38)-(40) is not straight-
forward to handle, as its feasible region depends on the
chosen behavior P. This difficulty can be overcome by
considering the dual linear program (DLP), which takes a
more convenient form

minimize P’-7, (47)
subjectto L'§ > T, (48)
ij>0. (49)

This reformulation offers two main advantages:
(i) unlike in the primal LP, the chosen behavior P now
appears only in the objective function, Eq. (47), and
(ii) the constraints now define a fixed polyhedron in R'®,
specified by Egs. (48)-(49), which is the same for all be-
haviors P.
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We can now solve the problem. By the Strong Duality
Theorem [52], the solutions of the primal LP and its dual
DLP coincide. This is ensured because the primal LP
in Egs. (38)-(40) has a solution, as it maximizes a linear
function over a compact domain.

Hence, the local fraction i, (P) can equivalently be ob-
tained from the DLP in Egs. (47)-(49). Since the opti-
mum of a linear program is achieved at one of the ver-
tices of its feasible region, we obtain

u(P) = min 7/ P, (50)
where {7;} is the set of vertices of a polyhedron defined
by 32 = 16 + 16 inequalities:

L'g>1, (51)
q>0. (52)

The vertices can be explicitly enumerated using stan-
dard methods of convex analysis [52]. We find that the
relevant set of vertices, denoted by Q = 7;, comprises
128 binary vectors (with entries o or 1), as stated in The-
orem 2. A complete list of these vertices, together with
additional discussion, is provided in the Suppl. Inf.

D. Bound on Genuine Non-locality p¢y;

First, we observe that for a non-signalling behaviour
P, we have VGNL(ﬁ> =1- ptL(ﬁ). This follows immedi-
ately from the decomposition in Eq.(31), since the sig-
nalling contribution 7 - P° must vanish. Consequently,
the same applies to the decomposition in Eq.(32), so
that the optimisation problem in Eq. (33) reduces to that
in Eq. (16).

Now, let us take an arbitrary (possibly signalling) be-
haviour P. By the definition of y; in Eq.(16), the local
weight p in any decomposition of the form in Eq. (32)
cannot exceed 1, (P), and hence p < y,(P). Therefore,
q = Mns — P = Hns — o for any such decomposition.
Minimizing q over all decompositions in accordance
with Definition 3 then establishes the bound on g

in Eq. (34).
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Part A: Solution sets Q and 5

The main results of the paper, presented in Theorem 2 and Theorem 3, are based on the solution sets Q and S,
which contain 128 and 120 vectors, respectively. For clarity, we defined these sets in Egs. (23) and (24) and described
their structure without listing their elements explicitly, i.e.,

Q = {]?1,,]%} U {§11---/§16} U {?1,...,?32} U {glr'-'/§64} U {(?1,...,88} (see Theorem 2), (SI)
and
S = {fi,, fo} U{G1, -, G16} U {F1, ., T2} U {Z1, ..., Zes} (see Theorem 3). (S2)

For completeness, we state them explicitly in two Supplementary Data files:
(i) SolutionVectorsQ.txt (solution set Q in Theorem 2), and
(ii) SolutionVectorsS.txt (solution set 5 in Theorem 3).

The files are available in a machine-readable format suitable for numerical applications and can be accessed from
the repository at DOI: 10.48733/IFJPAN/ECCRS7.

In the main text, we also discussed symmetries of both sets given in Egs. (25)-(29). Those symmetries further

partition the respective subsets of f’s, §’s, f’s, §/Z’s and &’s into equivalence classes (orbits), with representatives
given in Eq. (30). We also provide this classification in the accompanying Supplementary Data files.


https://ifj.rodbuk.pl/dataset.xhtml?persistentId=doi:10.48733/IFJPAN/ECCRS7
https://ifj.rodbuk.pl/dataset.xhtml?persistentId=doi:10.48733/IFJPAN/ECCRS7
https://ifj.rodbuk.pl/dataset.xhtml?persistentId=doi:10.48733/IFJPAN/ECCRS7

Part B: Linear programming approach

B.1. Technical background

We briefly review the technical notions and definitions required for the proofs presented in the manuscript.

B.1.1. Local polytope Py,

The local polytope Py, is the convex hull of sixteen local deterministic strategies [16, 17, 39]. Each of these strategies
can be identified with a pair of functions (f,g), where f,¢ : {0,1} — {0,1}, yielding a total of 16 = 4 - 4 distinct
combinations. Using the notation of Eq. (35), these strategies are explicitly given by Eq. (36), i.e.,

(Lig)atlsy = = F(x) Ob=g(y) - (53)

Identifying the sixteen function pairs ( f, g) with the labels 1, ..., 16, we arrange the corresponding strategies as the
columns of a matrix L, whose explicit form is given below for completeness:

I, I3 Is Lg Ly Lg Lo Ly 2 Lis Iy P
Py 1010000010100000
Py 0101000001010000
Paw 1 0000101000001010
Piw 1 000001010000010°1
P 1 1001000010010000
b 1 0110000001100000
- o - P | 0000100100001001
L := (L,Ly,.,;Li) = 70 [0000011000000110 (54)
Py 1010000000001010
P, 0101000000000101
P 0000101010100000
P 0000010101010000
Pon 11001000000001001
Py 1 0110000000000110
P | 0000100110010000
Py \0000011001100000
Crucially, any local behaviour P admits a convex decomposition of the form given in Eq. (37), i.e.,
= 16~»
PL:ZLiqi:Lﬁ, (Ss5)

where 7 is a vector of non-negative weights satisfying the normalization condition };°, q; = 1.

One readily verifies that the set of local deterministic strategies {El Ly, .., Elf,}, which define the local polytope Py,
is invariant under the symmetry transformations given in Egs. (25)-(29).

B.1.2. Non-signalling polytope Py

The non-signalling polytope Pys is spanned by the sixteen local deterministic strategies introduced above, together
with the eight so-called PR boxes [16, 17, 44]. These boxes correspond to non-deterministic, non-signalling behaviors
that saturate the algebraic bound of the CHSH inequalities (S = 4). A canonical representative is

=

(Ri)ably == %5aeh=x-yr (S6)

where @ denotes addition modulo 2. The remaining boxes are obtained by relabeling the measurement settings

and outcomes. Altogether, these 24 = 16 +8 column vectors can be collected into a matrix N = (Nl e, NM), whose
explicit form is given below:



5 L1g By Ry R3 Ry Rs R¢ R; Rg

%K% 00O0 0 %
000%%B%B%O
000%%B%KO
%1% % 0000 %
%% 0 %00 %0
00%0%%O0%
00%0%%O0 %
%1% 0% 00%0|.(S
% 0 %% 0 %0 0
0%00%0 %%
0%00%O0%%
0% %0%O0 o0
0% %% %000
%0000 %%
0000 %%
0%%%%OO0O0

%

ROOO0O| OO0 ROOO|ORrROO

1
Poyjon

N - 1

N = (Ll,...,Llé,Rl,...,Rg) == Pijon
Poopc
Poic
Piojic
Py

Pooynn
Poyn
P
Py

OO OCOORIROOOOrOO
OO COrROOrRrOOIrRrROOO

O OO OrRrOOo OO OO
—ROOOoIROOoOOoORO oo RO
ROOO|OrRrROOOOoORrRrOOOoOr
O OORrROOOD OO OO O o
OORO|OORO|IROOO|ROOO

RPOOO| RO ROOO|IFrROOO
O OORrROOOORrRrOOIFrRrROOO

[sleol ol lolel ol jeleljo]loleolje N
OO OO O
OrRrOOOrRrROOOrOOoOOrOoOO it

OO OO OO OO
OO OO OO OCORrRO |

This means that any non-signalling behavior P® can be expressed as a convex mixture of the extremal points N;
given above, i.e.,

PY¥ = Y N;qi = N7, (S8)

where 7 is a vector of non-negative weights satisfying the normahzat10n condition Y, q; = 1.

Again, it can be checked that the set of vertices (L1 o L, Ry, ), defining the non-signalling polytope Puys,
remains invariant under the symmetry transformations given in Egs. (25)-(29).

B.2. Proof of Theorem 2

As shown in the Methods section, evaluating the local fraction y, reduces to finding the vertices of the polyhedron
defined by Egs. (51)-(52). The local fraction y, (P) is then obtained as the minimum of the scalar products between P
and the vertex directions; see Eq. (50).

The task of vertex enumeration is effectively performed using computer algorithms. In this work, we used PORTA
software system (POlyhedron Representation Transformation Algorithm) [53], which implements Fourier-Motzkin
elimination to convert between the V- and H-representations of polyhedra.

It follows that the polyhedron defined by Egs. (51)-(52) is the convex hull of 132 vertices together with a cone. The
latter corresponds to the non-negative orthant, § > 0, which is irrelevant for the solution. Among the 132 vertices,
four are uninteresting for our purposes, namely (1111000000000000)”, (0000111100000000)”, (0000000011110000)7,
and (0000000000001111)7, since for these vectors the expression in Eq. (50) evaluates to 1. This follows directly from
the normalisation condition in Eq. (35), which requires that }_, , Py, = 1 for all x,y € 0,1. We are thus left with 128
non-trivial vertices contributing to the minimum in Eq. (50); these define the solution set Q stated in Theorem 2z,
thereby completing its proof. The explicit list of all relevant vertices is provided in Part A (SolutionVectorsA.txt).

B.3. Proof of Theorem 3
The idea of the proof follows the same route as that of Theorem 2, presented in the Methods section of the paper
and completed in Section B.z2 above. This highlights the generality of our method of computing fractional measures.

Accordingly, in the first step, we show that the non-signalling fraction piys(P P), as defined in Eq. (18), is equivalent
to solving the following linear program (LP):

maximize 177, (S9)
subjectto N7 < P , (S10)
7>0. (S11)

Here 7 € R?, and N € R'©*24 is the matrix consisting of the 24 vertices of the non-signalling polytope defined in

16
Eq. (S7). The vector 1:= (1,1,...,1)T € R?** denotes a column vector with all entries equal to one.
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Justification. The key observation is that, using Eq. (S8), the decomposition in Eq. (17) can be written as follows:

24
Z’J'ZNi%Jr(l—Q)'PS- (S12)
i=1
PNs

Note, that we assume 0 < g < 1, because the case § = 1 corresponds to the trivial situation where P is a non-
signalling behavior. Consequently, there exist coefficients p;, defined as p; := gqg;, such that

24
P—Y Njpi>0 and p;>0. (S13)
i=1

Conversely, the existence of coefficients p; fulfilling Eq. (S13) leads to the decomposition in Eq.(S12), as can be
seen by rewriting

. 24 . . 24 . 24 . . 24
= Y Nipi+ P =Y Nipi = - Nogi + (1) - 15 (P - IR iPi) (S14)

i=1 i=1 i= i=1

BNS BS

with g := ¥ p; and ¢; := ri/q. Tt remains to observe that the vectors defined in this way, P and PV, are properly
normalized behaviors, since both P and the Nj’s are normalized behaviors by construction.
Therefore, finding yys(P) in Eq. (18) is equivalent to solving the following linear program:

maximize Zi: L Pi (S15)
subject to p— lei . Nl- pi 20 (16 inequalities) , (S16)
P1,- P24 =0 (24 inequalities) , (S17)

which, in compact form, is given by the LP in Egs. (S9)-(S11).
O

In the second step, we invoke the Strong Duality Theorem, which guarantees the equivalence between the primal
LP and its dual linear program (DLP), given by

minimize PT-§ (S18)
subjectto NT§ > 1 (24 inequalities) (S19)
g > 0 (16 inequalities) , (S20)

with § € R'®. The validity of this equivalence is justified by the existence of the solution to the primal LP in
Egs. (59)-(S11), since it maximizes a linear function over a compact set. Again, we observe that, if the problem is
formulated in this way:
(i) the chosen behavior P now appears only in the objective function, Eq. (518), and
(ii) the polyhedron in R'® defined by Eqs. (519)-(S20) is the same for all behaviors P.

To conclude, since the solution to he DLP in Eqs (518)-(520) is attained at the vertices of its feasible region, we
have shown that the non-signalling fraction piys(P) can be computed as

pns(P) = min gl P, (S21)

where {7;} is the set of vertices of a polyhedron defined by 40 = 24 + 16 inequalities:

N'G>1, (S22)
7>o0. (523)

What remains is to enumerate the relevant set of vertices, which we denote in this case by S = {7;}. Again, the
problem can be efficiently solved using the PORTA software system (POlyhedron Representation Transformation
Algorithm) [53]. As a result, we find that the polyhedron defined by Egs. (522)-(523) is a convex hull of 124 vertices
together with a cone. A closer inspection shows that the cone corresponds to the non-negative orthant, § > 0,
and is therefore irrelevant for the solution. Among the 124 vertices, we may again neglect four uninteresting ones,
namely (1111000000000000)", (0000111100000000)", (0000000011110000)", and (0000000000001111)", since for these

WV
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vectors the expression in Eq. (S521) evaluates to 1. This follows from the normalization of the behavior Pin Eq.(35),
which satisfies ), , Py, = 1 for all x,y € 0,1. We are therefore left with 120 non-trivial vertices contributing to the
minimum in Eq. (22), defining the solution set 5 stated in Theorem 3, thereby completing its proof. For the explicit
list of all relevant vertices, see Part A (SolutionVectorsS.txt).

B.4. Proof of Theorem 1 and Lemma 1

Proof of Lemma 1.
It is straightforward to verify, using the explicit list of f-vectors in Part A (or Part D) and the definitions in Egs. (3)-

(6), that for a given behaviour P we have

flP =144 & fIP=1-4, (S24)
P =140 & fI-P=1-4,, (S25)
P =140 & fI-P=1-4,, (S26)
P =140 & fIP=1-4,. (S27)
This allows us to write
‘r_r}ins f;T-p = 1+‘I_I}il’14 +A; = 1‘1{}3)1 |A;] @ 1—A. (S528)
which, by definition in Eq. (2), proves Lemma 1.
O

DProof of Theorem 1.

For any behavior D, the explicit list of e-vectors in Part A (or Part D), together with Egs. (8)-(11), implies the
following identities:

&P =2-1s, & & P=2+1s, (S29)

&P =2-1s, & &P =2+1s;, (S30)

&P =2-1s, & &P =2+1s,, (S31)

&P =2-1s, & &.-P=2+1s. (S32)
This, in turn allows us to write

1 _ 1 1

zr}}ms P =2+ 2,0, +5 = 2-3 max X ISi | —35- (533)
Now, under the assumption of a non-signalling behavior P, we have from the result derived in Ref. [37] that

1 (P) (371 min {1,3(4-5)} (33 min {1, min ér-P}, (S34)
which completes the proof of Theorem 1.

O

As an aside, we note that the difficult part of the above derivation, Eq. (S34), hinges on the result in Ref. [37].
However, we could have formulated this argument by referring instead to the stronger result, Theorem 2, proved in
this paper, which holds for arbitrary (including signalling) behaviors. We therefore now give a second, independent
proof of Theorem 1.

Proof of Theorem 1 from Theorem 2.

For completeness, let us justify the result in Ref. [37] using our Theorem 2. In view of the property established in
Eq. (533), it suffices to show that for non-signalling behaviors P (A = 0), the minimization over Q in Eq. (21) can be
restricted to the E}’s. That is, we have

rm(r; gh-P = min { 1,el-P b, for non-signalling behaviors P (A = 0). (S35)
jeQ = =1,

We start by observing that, in the non-signalling case, Lemma 1 implies that the f-measures are equal to 1. There-
fore, to establish Eq. (S35), it suffices to show that for non-signalling behaviors B, the g-, t-, and s-measures are
always bounded below by min;_;, s {1, T.p }.



We first demonstrate this for the representative vectors g, ?/g and f, in Eq. (30), for which we can verify

§,§13 = M+ A+ Pyyjn +1 21, (536)
_‘gﬁ = A+ A+ Ay + Pojor + Poon +1 21, (537)
?yTﬁ = M+ A — Ay + Poyjor + Pon +1 21, (538)

where A; denote signalling signatures defined in Egs. (3)-(6). The last inequality in each of the three cases holds for
non-signalling behaviours, since in that case A; =0 foralli =1, ..., 8.
For the representatives §/5, gy, and 55 in Eq. (30), we can write

5P = (&G P+M+M+0+0,+1)= J(&f-P+1) > min{1,8]-P} > min {1,/ P}, (S39)
S9P = (& P+ M —A+ b= A+1) = J(GP+1) > min{1,&-P} > min {1, P}, (S40)
SIP = (el P+A — M+ 0+0,+1) =2 L(E-P+1) > min{1,&l-P} > min {1,& P}, (S41)
where the last equality in each of the three cases uses the non-signalling assumption. The penultimate inequality in

each case follows from the elementary bound x +1 > 2 min {1, x}.

Now, we recall that these representative vectors gﬁ, E;g, ?7, §ﬁ, 5y, and S5 generate all remaining g-, t-, and s-type
vectors under the symmetry group defined by Egs. (25)-(29). Since non-signalling is preserved under the symmetry
transformations, the inequalities in Egs. (536)-(S41) extend directly to the full orbits>, namely,

3P >1, for i=1,..,16, (S42)
tH-P > 1, for j=1,..,32, (S43)
§-P > min {1,¢/-P}, for k=1,..,64, (S44)

for all non-signalling P. We have thus established Eq. (S35), thereby completing the proof.

B.5. Prevalence of the solution vectors

B.5.1. Non-redundancy of the solution sets Q and S

It is natural to ask whether all 128 and 120 measures in the respective solution sets Q and S are indeed essential,
that is, whether any of the vectors can be discarded without loss of generality. We find that each vector plays a
necessary role, since for every one of them there exists a behavior P for which the minimum in Egs. (21) or (22) is
attained uniquely with that vector.

Consider the solution set Q in Eq.(21)/(23), which consists of 128 vectors, each with entries equal to o or 1. For
every vector § € Q, construct a corresponding behavior P by replacing all o’s with 1’s and all 1’s with 0’s in 7,
and uniformly normalizing the result such that }_,, P);Z‘Ly =1 for each x,y = 0,1. This construction ensures that for

each such behavior §7- P = 0, whereas for any other vector § #  one has §'7- P > 0 (since some entry satisfies
g; = 0 and g} = 1). Hence, the minimum in Eq. (21) is attained uniquely for the vector §, demonstrating that every
element of the solution set Q is necessary for the completeness of the solution structure.

For the solution set S in Egs. (22)/(24), we obtain a similar structure, except that in the z-vectors one of the entries
equal to 1 is replaced with a 2. Applying the same construction as above (with 2’s also replaced by 0’s), one can
verify that for each vector § € S there exists a behavior P for which the minimum in Eq. (22) is attained uniquely
with that vector. Hence, all 120 vectors in the solution set S are likewise essential.

5 As a technical remark, recall that the inverse of a permutation
matrix is its transpose. Indeed, any permutation can be written as
a product of transpositions, and the claim holds for each transpo-
sition. Clearly, this applies to the symmetries in Egs. (25)-(29) since
they act as permutations on P.



B.5.2. Details of sampling method in Fig. 4

The relevance of particular vectors within the solution sets Q and S can be analyzed by estimating, over randomly
chosen behaviors, the frequency with which each measure uniquely attains the minimum in Egs. (21) and (22),
respectively. We numerically evaluated those frequencies and collected the results for each vector class, as presented
in Fig. 4.

In our analysis, we generated 500,000 random behaviors P € P, obtaining the following results (note, the locality
and non-signalling calculations are based on the same set of vectors):

Locality Non-signalling
[[ Class [ No. of cases [ % || [ Class [ No. of cases [ % ||
f’s 380,881 76.18 f’s 389,161 77.83
g’s 86,744 (1735 g’s 91,363  |18.27
t's 13,096 2.62 t's 15,664 3.13
s’s 19,069 3.81 z's 3,812 0.76
e’s 210 0.04

The generated sixteen-component vectors P were normalised so that Y ap Py = 1 for each x,y (see Eq. (35)). To
implement this constraint, we sampled four independent uniform Dirichlet distributions, Dir(1,1,1,1), one for each
quartet {Pujoo}, {Pajor}, {Pajio}, and {Ppui }. In practice, we used the function ’np.random.dirichlet’ from the
NumPy package in Python.

The percentages, in general, follow expectation. Note that, regarding the percentages of z- versus s-solutions,
the z- and s-vectors are in one-to-one correspondence and have the same form, except that one of the 1’s in an
s-vector becomes a 2 in the corresponding z-vector. As a result, a z-measure can evaluate to a larger value than
its s-counterpart, making z-measures less likely to attain the minimum and hence the minimizing class tends to
migrate from the s- to the f-, g-, t-, or z-measures. Clearly, in the case of the e-measures, the minimizer must shift
to other classes altogether. For the generated dataset, the following table gives the exact counts of behaviors for
which the minimizing vector measure changes class when switching from Q (measuring locality) to S (measuring
non-signalling).

Migration between classes
when switching form Q to S
[ Class change [ No. of cases ||

s’sto f’s 8,131
s'sto g’s 4,576
s'stot’s 2,557
s'stoz’s 3,805
e’sto f’s 149
e'stog’s 43
e'stot’s 11
e'stoz’s 7




Part C: Analytical approach

C.1. The vector spaces

In this section, we provide an alternative method for understanding Theorems 2 and 3, based on an explicit
construction of the solutions. This would be relevant to readers who wish to know how one could go about
identifying the solutions one by one and to explicitly understand the form of the local/non-signalling component
of any vector (which might inform extensions of the present work in which the linear programming approach is
inapplicable). Even though this method does not constitute a complete proof (because of occasional corrections
needed at various points), it offers insight into the structure of the solution space. Note, relative to the main text,
we alter the order of the derivation of the various results here, since the construction approach we employ is easier
to illustrate in the different order we adopt.

Consider a scenario as described at the start of the Results section in the main paper. We have four possible states
of the space, i = 1,...,4 and each state yields four possible outcomes j = 1,...,4. Denote by v;; the probability
of outcome j given that we are in state i. We imagine a 4 x 4 matrix and call the i index the row number and
the j index the column number. Here, the conditional probabilities Pab\ xy are denoted Vij, withi =1,2,3 and 4
corresponding to (x =0,y =0), (x =0,y = 1), (x =1,y = 0) and (x = 1,y = 1) respectively and j = 1,2,3 and 4
corresponding to (4 = 0,0 =0), (a=0,b=1), (a =1,b =0) and (a = 1,b = 1) respectively.

Now consider the vector space P denoted by all possible 16-element vectors v = (Uz'j)i,jzl,...A- It is clear that all

v;j >0 (S45)
and

Yoi=1 i=1,..,4 (S46)
j

These are the only restrictions governing the general correlation space P.

We consider two subspaces of P. The first of these is the non-signalling space Pys. Here vectors, denoted in an
analogous way by u = ( uij)i/jzl,m/;, satisfy the above conditions and in addition the four non-signalling conditions
from equations (3-6) from the main paper, which we write below as

U+ U1y = upy + Uy, Uzt Uzy = Uyt Ug,
uy + Uz = gy + uzs, o1 + oz = Ug + U3 (S47)

The second subspace is the local space P,,.. Here the vectors satisfy the general conditions and the non-signalling
conditions, and in addition they satisfy the four locality conditions summarized in inequality (7), using the Bell-
CHSH expressions from equations (8-11) of the main paper, which we write below as:

0 < uyp +ug3 + tpp 4 Up3 + Uzp +- U3z — Ugy — g3 < 2,
0 < u1p +ug3 + tpp 4 U3 — Uzp — U3z + Ugy +1g3 < 2,
0 < w1 + 13 — tpp — Up3 + Uzp + Uz + Uy + g3 < 2,
0 < —u1p — 1z + gy + tip3 + Uz + U3z + gp + 1143 < 2. (S48)

The closeness from vector v to vector u is defined as the maximal value of p € [O, 1} for which
vj=pujj+ (1 —plw; ij=1,...,4 S10)

for some behavior w = (wij)i,jzl,...A eP,pel01]
Note that since Yjvij =1 and Yjuij =1we automatically have that Yjwij =1 for any vectors satisfying (549).
We thus just need to find the largest value of p for which all w;; terms are non-negative. Rearranging (549) gives

Vi — pUj;
Ul']'

< — S51

P= Ujj (S51)

for all positive u;;. For u;; = 0 (or even taking negative values, as we consider later in the extended space P,) the
wj; terms in (549) are clearly non-negative.
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The largest such value of p, the closeness from v to u, is thus given by

p(v,u) = min (%) . (S52)

i,j ui]'

Similarly we can define the closeness of a vector to a vector space by maximizing the closeness from the focal
vector over all elements of the target space. For example, the closeness of v to Pys is

p(v, Pys) = max p(v,u). (S53)

uePns

The closeness of a vector to the non-signalling space (or the local space) is then the non-signalling (or local) fraction
as defined in the main paper.
The non-signalling fraction pys (see Definition 2 of the main paper) is then simply

pins = p(V, Pns)- (S54)

Similarly the local fraction (see Definition 1 of the main paper) is

pe = p(V, Proc)- (S55)

Note that the closeness of a vector to a space that the vector is an element of, for example p(v, P) for any vector v
(or p(v, Pys) if v is local), is 1.

C.2. Vector space parametrizations

The space P is easy to represent generally, this being all vectors that are non-negative and satisfy the four
summations from (546). This gives a 12 dimensional space (three free entries in each row, since the fourth is
determined from the others to ensure a sum of one).

The spaces Pys and Py, are more complicated and we find it useful to use the following parametrization.

For Pys we have the four additional constraints from (S47). These are equality constraints, so that they reduce
the dimension of the space by a further 4 dimensions to 8. Our parametrization is then;

un =1=2A2 = Ay —Ag, up = A2+ Ay, U3 =Ag—Ap, 14 = Ag;

up =1—=2A1 —A3—Ag, upp =A1+ A3, up=A>Ag—As, upy =As;

ust =1=Ay —Ag — Ay, uza =Ax+Ag, uzz = A7 — Ay, uzg = Ay;

ug =1—M —As— A7, ugp =M+ A5, ugz3=»>A7— A3, uag = A3. (S56)
We see that, with this parametrization, all the conditions from (546) and (547) are automatically satisfied, and the
only additional constraints that define the space are the non-negativeness constraints,

ujj > 0. (S57)

We note that it is also convenient to define a superspace of Pys, denoted by P,, which is the above space, but
without the constraints (S57), allowing the u;; vectors to break the standard probabilistic restrictions. This is useful
when considering maximum signalling and its relationship to the spatial arguments developed in the main paper
and below (see Lemma 1).

For P, we have, as well, the four constraints from (S47). These are inequality constraints, so while they reduce
the size of the space, they do not reduce its dimension. We simply then have the same parametrization from (556)
with the constraints (S48) rewritten in terms of our parameters as

0< A +A4+A3—A6 <11,
0< A+ A34+A3—A5 <1,
0< M +A+A7 =2 <1,
0< A+ As+A7—A3 <1, (S58)

as well as the (S57) constraints.

C.3. Maximum signalling

By combining the non-signalling equations (S47) with the row summation equations, we obtain precisely eight
collections of vector elements whose summations are guaranteed to be equal to 1 when we have non-signalling



11

(these are easy to verify using the parametrization (556)). These are:

fi =011+ 012+ 023 + 024,

fo =013+ V14 + 21 + V22,

f3 =031+ 032 + 043 + Vs,

fa =033+ 034+ 04 +0g,

fs =011 + 013 + 032 + V34,

fo =012+ v14 + 31 + V33,

f7 =021+ v23 + 0ap + Oy,

f8 =02 + 4 + 041 + Vg3 (S59)
These vector sums are the eight f-measures, as introduced in the main paper. Recall that the corresponding

operators are referred to as f- vectors etc.
We note that from the above

hAth=fitfa=fstfe=fr+fs=2 (S60)

It is easy to see that there is one general form and that each can be obtained as a simple renumbering of f;. We
demonstrate this in the final section of this Supplementary Information (Part D).
Thus, we can consider any single four element measure, without loss of generality, to show Lemma 1 below.

When we have non-signalling, maximum signalling (A from the main paper, see equation (2)) is 0. When we
have signalling, it is greater than o and is given from the first statement from the following theorem. The second
statement then shows the equivalence of maximal signalling to one minus the closeness to the extended non-
signalling space P..

Lemma 1a (Maximal signalling).

A=1- min{fl/f21f3rf4/f5/f6/f7/f8}

Proof.
From equations (3-6) in the main paper we have that:

A =vn+op-va—vn=Ff-1=1-f,

Dy =031 +v3p—vy—vp=[fr—1=1—fy

Az =vnn+ovi3—va1—v=fs—1=1—f,

Ay =0 +v—vn—v3=fr—1=1—fs (S61)
Precisely one of each pair f1, fo; f3, fa; f5, fo and f7, fg is less than 1 (unless both are equal to 1). Thus, the modulus

of A is 1 minus the smaller of f; and f,, and similarly for the other A; terms. As A is the largest of the moduli of
the four A; terms, Lemma 1a follows.

Lemma 1b (Maximal signalling and the extended non-signalling space).

p(v,P.) =A.

Proof.
a) First, we show that p(v,P,) < f;. We give the calculations for our representative measure f; but they are the
same for all of the measures. We know that from (S51) that for the closeness p to any element of P,, we have

911 U12 U23 U24
< < < < £=
p_1*/\2*/\4*)\8’p_)\2+)\4,p_)\8*)\5/p_ /\5’ (862)

whenever the right-hand side denominator is positive, with no corresponding condition when it is not. These
rearrange to

1-A = A=A < 2 A+ Ay < 22,25 = A5 < 2B, 25 < 22, (563)
p p p p
We note that the above conditions clearly hold when the right-hand side terms are negative or zero.
Summing the four terms in (596) gives
U11 + 012 + V23 + Uy

1< ; =p<fi. (S64)
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The closeness measure to any vector (in main text we use the term behavior) in the space is thus bounded above
by f1, so the closeness to the space itself is similarly bounded above by f1, i.e. p(v,P,) < f; and more generally we
have that

p(v,P.) < min{fy, fo, f3, fa, f5, fo, f7, fs}- (S65)

b) Now suppose, without loss of generality, that:
min{ f1, f2, f3, fa, f5, fe, f7, fs} = fi. We now find a vector u for which the closeness value p(v,u) = f; can be
achieved. This would then imply that p(v,P.) > min{fi, f2, f3, fa, f5, fe, f7, fa}, so that combining with a) above
would complete the proof.

Solving for v;; = u;jp for the four component parts of the f-measure f; we obtain

PURC P PR ek WT) P (S66)
p p p
and
p =011+ 012+ 03+ 04 = fi. (S67)

Thus, for these four components the inequality (S51) is satisfied with equality. To show that this yields a vector that
satisfies p(v,u) = f1, we need to show that the other 12 terms also all satisfy (S51) (with equality or not).

To do this, we need to select the remaining values of A; appropriately, and there are eight distinct cases, depend-
ing upon which of f3 or f4, f5 or fs, f7 or fg is smaller than one (recall that this will be the case for exactly one in
each case, unless they are equal to 1, as the three pairs each sum to 2).

The construction we select is as follows:

Pick either row 3 or row 4. Select one element from this row to be satisfied with inequality, with the other three
satisfied with equality. Then, from the other of rows 3 and 4 pick either the first and third or second and fourth
elements to be satisfied with inequality and the other two with equality. This actually yields 16 possible choices,
but we only need to select 8 of these to obtain all the relevant cases (two of the above choices yield each case,
whichever is picked).

We demonstrate this for four of the eight cases, which then shows the pattern for how the solutions work.

Vi1 Uip U3 Uiy
Rows3| > = > =
Row 4| > = =

TABLE I. Case A: This case yields an appropriate construction when f3, f5 and f7 are less than 1. For case A we obtain the
following parameter choices: Ay = (Vg — V24)/ P, A3 = Vaa/ P, Mg = V34 /P, Ao = (V3p + V34 — V12) /P, Ay = (Va3 + Vaa)/ p.

Vi1 Uip Uiz Uiy
Row3|> = = =
Row4|> = > =

TABLE II. Case B: This case yields an appropriate construction when fy, f5 and f7 are less than 1. For case B we obtain the
following parameter choices: Ay = (Vag — V24)/P, A3 = Vaa/ P, Aa = 34/ P, Ae = (V32 + V34 — v12)/ P, A7 = (V33 + V34)/ P-

Vi1 Uip Uiz Uig
Row3|l= > = >
Rowg4|l= > = =

TABLE III. Case C: This case yields an appropriate construction when f3, fs and fg are less than 1. For case C we obtain
the following parameter choices: Ay = (v1y + 010 + U3 — Vg1 — Vg3 — Ugq)/ P, A3 = Uaa/ P, Ag = (V43 + Vag — U33) /P, Ae =
(011 + 023 + V24 — V31 — 033)/ P, A7 = (Va3 + Vaa) / p-

We see from Tables I-IV how the cases relate to each other. B is a swap of the signs in rows 3 and 4 from A and
this keeps the f5/ f¢ and f7/ fs relationships the same, but swaps the pair f3/ f4. From A again, D changes the pair
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Vi1 Vip Ui
Row 3| = > =
Row 4| > =

w
8
Ny

v

TABLE IV. Case D: This case yields an appropriate construction when fs, f¢ and f; are less than 1.For case D we obtain
the following parameter choices: A; = ("042 — ”024)/;9, A3 = vg/p, Ay = ("043 + Ugq — 033)/;7, Ag = ("011 + U3 + Vg — V31 —
033)/ P, A7 = (v43 +044)/ p-

of inequalities in row 3, but keeps row 4 the same (note this is the row now with the single inequality). This swaps
the f5/ f¢ relationship, but keeps the others the same. C moves the inequality element in row 4 one place back from
D, keeping all else the same. This swaps the f7/ fg relationship, whilst keeping the others the same.

From Table V, we see how much the targets v;; are above the corresponding u;;p term for each of the four cases
above.

Vector v;; | Local parametrization u;;| Case A |Case B|Case C|Case D
11 1—Ay— Ay —Ag 0 o o 0
12 Ay + Ay 0 0 0 0
v13 Ag — A fs—hlfs—fAll—fe|1—fo
V14 A6 1-fs | 1=fs|fe—fi|fe—f1
U1 1-A1—A3—Ag fr=hlff-A|1-fs|fr—hH
() M+ A3 1-f7|1-f7|fs—fi|1—f7
023 /\8_)\5 (0] o o ()
Vo4 As 0 o o 0
031 17)\27/\67/\7 f37f1 17f1 (0] (0]
() A2+ A 0 o |fs—filfs—hf
033 /\7*/\4 1*f3 (0] (0] (0]
034 Ay 0 o |1-f3|1—-f3
o4 1-A1=As5 = A7 1-filfa—f| o |1-HA
V42 /\1+/\5 (0] (0] 1*f1 (0]
V43 /\7—/\3 [} 1—f4 o O
(7 A3 0 o o 0

TABLE V. The deviations above the target, for each of the four cases A, B, C and D, for the constructions from Tables I-IV.

C.4. Vector measures

For Lemma 1, the construction clearly works, as the space P, does not impose additional bounds due to the
probability constraints and any choices of the A; parameters are acceptable. For the spaces Pys and Py, there are
additional constraints and the closeness measures to these two spaces are harder to characterize as a result. Note
that we have:

PLDC g PNS g Pe- (568)
As a result, instead of eight closeness measures all of a single form (S59), for Pys we need 120 measures (see Theo-
rem 2 in the main paper), which can be broken down into four distinct forms, two of which break down further into
sub-classes, with the different measures within each set relating to a simple renumbering as before. For P,,. we need
128 measures (see Theorem 2 in the main paper), involving two new distinct forms as well as most of those from
Theorem 3 for Pys. In total, we have eleven different classes, which we shall label F, E, G, S1, S2, S3, Ty, T2, Z1, Z2, Z3.
Within each class, all elements are equivalent using the symmetries (25-29) from the main paper.

We note that in the main paper, the numbering is kept as simple as possible, so for example the f-measures are
numbered fi, ..., fg, the s-measures are numbered sy, ...,564 etc. In the following, as we construct the different
measures, sometimes it is convenient to use a different numbering. Thus, whilst the f-measures and e-measures
use a single subscript identical to the main paper, the g-measures and t-measures use two subscripts and the s-
measures and z-measures use three. In every case, the simple numerical ordering in the paper can be translated to
the one below, by relabeling the measures in increasing numerical order in the natural way, so that s117 is s1, 5112 is
So etc.

These closeness measures are as described below:
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(i) First, F, the set of eight measures from (S59) above. The representative measure that we consider is fi, as
before.
(i) The second set E are the following eight measures listed in (S69):

€1 = 011 + V14 + U2 + V23 + U3 + U33 + Ugp + Vg3,
€2 = V12 + 013 + Vg1 + U4 + V31 + V34 + Vg1 + Vg4,
€3 = V12 + 013 + Vg1 + U4 + U3p + V33 + Vgp + V43,
€4 = V11 + V14 + U2 + V23 + V31 + U34 + V41 + Vg4,
e5 = U1p + V13 + U2 + V23 + 031 + U34 + Vgp + Vg3,
€6 = U11 + V14 + U21 + U4 + U3 + 033 + V41 + Va4,
e7 = U1 + 013 4+ V22 + V23 + U32 + U33 + Va1 + Va4,
es = 011 + V14 + V21 + U4 + V31 + U34 + Vgp + Vg3. (S69)

(iii) Third, there is a set G of 16 measures with 5 elements. We describe these as follows. Pick one of the 16 v;;
terms. This will feature in precisely two of the f; measures (one from fi-fs, one from f5-fg). We shall include the
original measure plus the two elements within the other row from each of these two measures (two in each).

For example, choose the representative vector element v11. This is in f; and f5. Recall that f1 = v11 + v1p + vo3 +
V24, f5 = 011 + 013 + U32 + V34

We thus select v11, v23, 24, v32 and v34. This gives us the measure:

811 = V11 + V23 + U4 + U32 + U34.

Similarly, g;; is the measure following the same process starting with v;;. All measures can be achieved as a simple
renumbering of g11.

(vi) Fourth there is another set of measures with 6 elements, this time 32 of them. We describe these as follows:
Pick a pair of f; measures with no elements in common. There are eight such pairs (each of f; and f, with each of
f3 and f4, and each of f5 and fs with each of f; and fg). Pick a row from the first measure and its non-partner row
from the second measure (thus, we must have one of rows 1 and 4 and one of rows 2 and 3 included). The four
elements thus selected are either from only two columns or from all four columns.

The first sub-case T; is when there are only two columns, where we pick one element from each remaining row,
which cannot be in the same column. This gives 4x2x2=16 cases.

For example, choose measures f1 and fs3, fi = v11 + V12 + U23 + o4 and f3 = v31 + v32 + v43 + v4a. Our four choices
are then:

t11 = v11 + V12 + V23 + V31 + U3 + Vag,

f12 = 11 + V12 + V24 + U31 + V32 + Va3,

13 = U11 + U23 + Upq + U32 + Vg3 + Vg,

t14 = v12 + V23 + V24 + U31 + Va3 + V4.

In the numbering above, the first index represents the pair of the f; terms involved, listed in the natural numerical
order 1 through 8 (the pairs being 1,3; 1,4; 2,3; 2,4; 5,7; 5,8; 6,7; 6,8), and the second index the corresponding selected
rows and final two entries, again listed in the natural order, as shown above for the t;; vector sums.

The second sub-case T, is when we have all four columns, where we pick one element from each remaining row,
which must be in partner column pairs (i.e. columns 1 and 4, or columns 2 and 3). This again gives 4x2x2=16 cases.
For example, choose vector sums f; and fs, fi = v11 + V12 + V23 + V4 and fi = v33 4 v33 + V41 + V4. Our four
choices are then:

tr1 = v11 + V12 + V23 + U33 + V34 + Vs,

trp = v11 + V12 + V24 + V33 + V34 + Va1,

f23 = V11 + U23 + Vo4 + U34 + Va1 + Va2,

tra = V12 + V23 + V24 + U33 + Va1 + Vsp.

Each measure of this form is again a simple renumbering of f1; or fp;.

(v) Fifth, there is a set of 64 measures with six elements, which can be described as follows:

Pick one of the 16 v;; terms. As described above, this will feature in precisely two of the f; measures. We shall
include the original term plus the two elements within the same row from each of these two measures (one in
each). Then pick one of the remaining elements from each of the other rows from the two measures (two times two
possibilities). Now select the element from the unused row that makes the total number of elements in columns 1
and 4 equal, and the total number in columns 2 and 3 equal. There is one such possibility. This gives 16x4x1=64
measures.

For example, choose v11, which is in f; and fs. Since f1 = v11 + v12 + V23 + Vo4, f5 = V11 + V13 + V32 + V34, We thus
select v11, v12 and vy3 from row 1. This gives four combinations from the other two included rows:

U3, 032 and to equalize columns 1 and 4 from the last row we need v44,
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003, V34 and we need vy,
Vo4, 03 and we need vy3,
Vo4, V34 and we need vy7.
We shall denote the above measures as 5111, 5112, S113 and s114 respectively (and in general the first two indices will
represent the indices of the initially selected element). For example s111 = v11 + v12 + 013 + V23 + U3p + Va4.
Out of each set of four above, one is such that neither of the selected first two elements are in the unused column,
two are such that exactly one is in the unused column, and one is such that both are in the unused column. These
give us the three distinct cases, which we denote by 51, S, and S3 respectively; thus these three sub-cases have 16,
32 and 16 elements respectively. The 64 measures can be obtained by a simple renumbering of s111,5112 Or S114.
(vi) Finally, there is a set of 64 measures with six elements, closely related to the fifth set above. Here for each
vector, there is simply a coefficient 2 in the leading original v;; term. Thus in all cases z;j = s;jx + v;;.
As for the f; measures, there are some relationships between the other measures, for similar reasons. While we
will not list all here, it is worth noting that:

e1+ey=e3+eg=e5+e=¢ey+eg=4. (S70)

C.5. Finding the non-signalling fraction

As well as Lemma 1, the main paper contains three Theorems. Theorem 1 is a result from earlier work, and so
our main two results are Theorem 2 from Theorem 3. Whilst from the narrative in the main paper it makes sense
to introduce them in this order, for the sections below in terms of construction of the solutions, it makes sense to
address them in the reverse order. Thus, here, we start with the non-signalling space and Theorem 3.

The non-signalling space is characterized by the equality constraints (547) as well as the constraints related to the
laws of probability (S57). This then requires seven of our 11 classes, F, G, Ty, Tz, Z1, Z3, Z3.

Theorem 3.
p(vrPNS) = min{fl/ .. -rf8r81/ .. -816/ tl/ e t32/Zl/ .. -/Z64}'

Below we give a construction of finding the point in the non-signalling space that achieves the appropriate
closeness, itemized by the different measures corresponding to where this could be achieved.

a) First, we give a way to show that p(v, Pys) is bounded above by all 120 measures, which allows structural
insight into these solutions, not available in the proof in main text. In each case, we demonstrate the proof just for
a single case, but these generalize through the simple renumbering mentioned earlier.

(i) p(v,Pns) < fi. This is trivially true, since p(v, P,) < f; and Pys is a subspace of P,.

(i) p(v, Pns) < gij- We do the calculation for g11 = v11 + v23 + V24 + V32 + V4.

We know from (S51) that for the closeness p to any element of Pys, we have:

11 023 U24
1-A = A —Ag < —,Ag— A5 < —, A5 < =,
p P p

Ao+ A < 22 P 2\, < ”;4 (S71)

Summing all the terms on both sides of the inequalities gives:
A< 81 (572)

We know that Ag = 114 and so is non-negative. Thus

1< 8 p<gi- (573)

Calculations from the remaining 15 terms are similar, with the equivalent left hand side to (S72) being 1 + u; for
all of the other different 15 u; terms in turn. We note that the u; term has a different second index to g;;. It is the
partner term in the same row, so here we have g7 and u14.

(iil) p(v, Pns) < tij. For T1 we do the calculation for t1; = v11 + v12 + v23 + 31 + V32 + v44. We know from (S51)
that:

1A= Ag—Ag < ga, <22 ) A< 2B
p p p

Z)44
1—/\2—/\6—)\7<—/\2+/\ < /\3 (S74)
p P P
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Summing all the terms on both sides of the inequalities gives:

t
T+ (1—As— A7+ Ag) Sf (S75)

We know that 1 — Ay — A5 — Ay = uy; and A1 + A3 = uy; so the sum of these, which is the bracketed term in the left
hand side of (S578), is non-negative. Thus

t
1< % = p <ty (S76)

Calculations for the remaining 15 terms are similar, with the equivalent left hand side to (S75) being 1 plus the sum
of two u;;, terms. These are again the partner terms of the lone elements (this time plural) in the same row. Thus,
for the above we had v,3 and vy4 leading to 1y and uy;.

For T, we do the calculation for ty) = v11 + v12 + V23 + U33 + V34 + v42. We now get

1-2A—Ag—Ag < E,)\2+/\4 < @,}\8—)\5 <8
p p p
Ar—Ag < %,/\4 < 073)4/)\1 + A5 < v—;z. (S77)

Summing all the terms on both sides of the inequalities gives:

t
14+ (M +Ay) < %. (S78)

We know that A + A3 = upy and Ay — A3 = uy3 so the sum of these, which is the bracketed term in the left hand
side of (578), is non-negative. Thus

t
1< % = p < tn. (579)
(iv) p(v, Pys) < zjj. For case Z; we do the calculation for z111 = 2011 + v12 + 013 + V23 + U32 + vgg. We know
from (S51) that:

1_)L2_/\4_/\8§%//\2+/\4§07172/)\8_)L6§%/

Ag — As < %,Azm(, < %,Ag < ”—;;4 (S80)

Summing all the terms on both sides of the inequalities gives:

1+(1—A4—A5+A3)§Z%. (S81)

We know from (S57) that the bracketed term in (S81) is the sum of three non-negative terms (1 — Ay — A5 — A7) +
(A + A3) + (A7 — Ag) = ugq + up + uzz. Thus

1< Zl% = p < z111- (582)

Calculations for the remaining 15 terms are similar, with non-negative bracketed terms in each case.
For case Z; we do the calculation for z11y = 2v11 + v12 + v13 + V23 + U34 + v42. We know from (S51) that:

1- A~ A= Ag < M+, < 205 - 26 < 8,
p p p
A —As < 2 A< 2 A4 As < 22, (583)
p p p
Summing all the terms on both sides of the inequalities gives:

1+(1—A2+A1—Aé)gz%. (S84)
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We know from (Ss57) that the bracketed term in (S84) is the sum of three non-negative terms (A7 — A3) + (A1 +
A3) + (1= A2 = Ag — A7) = uy3 + upp + uz;. Thus

1< Zl% = p < z112. (S85)

Calculations for the remaining 31 terms are similar.
For case Z3 we do the calculation for z114 = 2011 + V12 + V13 + Vo4 + V34 + v41. We know from (S51) that:

T— A —Ag—Ag < a4 Ay < 22 ag -2 < 28,
p p p
A< A< B 1-a a5 < 2L (586)
p p p
Summing all the terms on both sides of the inequalities gives:

1+(2—A1—A2—A6—A7—A8)gz%. (S87)

We know from (S57) that the bracketed term in (S87) is the sum of three non-negative terms A3+ (1 — Ay — A3 —
/\8) + (1= Ay — Ag — Ay) = ugq + upy + uzy. Thus

1< Zl# = p < 2114 (588)

Calculations for the remaining 15 terms are similar.

b) We now show how to achieve the bound when a closeness measure from each of the five classes is the
minimum. We note that this is not a full proof, because of the “solution nudging” that is sometimes required (this
is explained below at appropriate places).

(i) We start with the f; measures. There are eight measures, and the construction from Lemma 1 involved eight
cases for each. We show the process for f; and the case when f3, f5 and f7 are less than 1. Thus, following the proof
from Lemma 1, we consider the local vector from Case A. We need to show that when f; is the smallest of all 120
closeness measures, so that p = f1, (and also that f3, f5, f7 are less than 1), we have that the solution specified is in
the appropriate space. In the above, we concentrated on meeting the conditions. In fact, some of the conditions can
be met by a sufficient margin that the deficit is larger than the original target, implying that the corresponding u;;
term is negative. This was not a problem for the space P, where such terms were allowed, but cannot occur here.

We then need to “nudge” the solution back into the space. The process is similar for each case. Here, the
potential elements that we need to address are those with a non-zero entry in the Case A column of Table V.
How to shift the A; values is clear from observing the entries corresponding to zeros in this column and so which
cannot be increased. Starting from the bottom of the column, A3 can only be decreased and Ay can also only be
decreased, and by at least as much as A3. A; + A5 can only be decreased. As is fixed from the original set up to hit
the target, and so A; can only be decreased. A4 can only be decreased. A + Ag can only be decreased. From the
original requirement to hit the target, we know that A + A4 is fixed, so as A4 can only be decreased, A, can only be
increased, so in turn A4 can only be decreased. We know that Ag is fixed due to the original set up. Thus, we have
various shifts in direction, which we can make to nudge our solutions back into place.

When is this possible? As we can only decrease Ag, this means that we must have vy4 > 1 — f5, as uy4 must
already be non-negative (we cannot increase it). v14 — (1 — f5) =014+ 011 + 013 + V32 + V3 — 1 = v3p + V34 — V12 =
g11 — f1 > 0, so this holds. We can then reduce Agp by up to g11 — f1, which ensures u13 is also non-negative. A
similar argument holds for A1 + A3 (their summation can be reduced by up to v4 + v44 — V24 = g23 — f1, which
then ensures both 151 and uy, are positive. The remaining three free parameters can then be adjusted suitably to
move any of the other three cases into the correct space.

(i) Now consider the zjjx measures, starting with Z; and choosing z111. For this measure, we need the conditions
from (S80) satisfied with equality. Since here p = zj1; there are eight distinct equations with eight variables. This
yields a unique set of A; values, as shown in Table VI.

In Table VII the measures for comparison with the benchmark z11; (not including those that are zero as well as
those that achieve the target) are as follows:

1

011 + 013 + V21 + U3 + 032 + Vg
U171 + V12 + 023 + U4

011 + 012 + 023 + 031 + 032 + 044



Ag| (o1

(v11 + V12 + V3 +044)/ p
As| (o114 vi3+vsp +om)/p
(v11 +v3 + V32 +v44)/ p
Azl (v 012+ 023 +0ag)/p

—v44/p
—(v11 +v23 +va4)/p
Uy /p

+ 013+ 03+ U3 +0u)/p

TABLE VL. The values of A; when the minimum occurs at z111.

Vector | Local param. u;; Target deviation Comparison
011 1—}\2—)\4—)\8 O o
012 )\2 + )\4 o 0o
013 )Lg — A6 (0] (¢)
U14 Ag V14— 011 — 023 — 03— 04| 1 —2111 20
1 |1=A1—A3—Ag Vg1 — V11 — V12 ts1 —z111 >0
U2 At A3 022 v >0
023 )\8 — )\5 (0] (0]
U4 As Uog — 011 — 013 — U032 — V44| f1 — 2111 >0
v31 |1—A2—Ag— A7 U31 — 011 — 013 t11—z111 >0
U3 Ar 4+ Ag o 0
U33 A7 — Ay U33 v33 >0
U34 Ay V34 — V11 — V12 — U3 — V4| f5 — 2111 = 0
vy |1-A—As— A7 Uy vy 20
(20 A+ As Vg — 011 —013— 03 823 —2111 >0
Us3 A7 — A3 U3 —0U11 — V12— 023|832 — 2111 =0
[ A3 0 0
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TABLE VII. Demonstration of the conditions for a 6 element closeness measure from the first class, here z111.The A; values come

from Table VI.

011 + 013 + 032 + U34
011 + 012 + 023 + V42 + Uy
U11 + 013 + U032 + V43 + Uy

Now for Z; we choose z11;. For this measure, we need the conditions from (583) satisfied with equality. Since
here p = z11; there are eight distinct equations with eight variables. As before, this yields a unique set of A; values,

as shown in Table VIII.

—(v11 +v13 +v34)/p
(vig —v34)/p
(v11 +v13+v34)/p
U34/p

(vi1 + 013 + V34 +Va2)/ p
(v11 + 023 + V34 +U12)/ p
(vi1 +v13 +v34)/p
(v11 + 013 + 023 +U3s +0p)/p

TABLE VIIL The values of A; when the minimum occurs at z115.

In Table IX the measures for comparison with the benchmark z11, (not including those that are zero as well as
those that achieve the target) are as follows:

1

011 + 013 + 021 + V23 + V34 + Vg2
011 + 012 + V23 + U4

011 + 013 + V32 + U3

011 + V12 + 023 + 033 + V34 + Vg2
011 + 013 + V34 + 041 + Vg2



Vector| Local param. Ujj Target deviation Comparison
011 1*/\27)\47)\3 (0] (0]
V12 )\2 =+ )\4 0] 0]
13 Ag — Ag 0 o)
v14 As U14— 011 — 023 — U3 —0Vgp| 1—2112 >0
1 [1=A1—A3—Ag Up1 — 011 — V12 tsp —2z112 >0
U2 A+ A3 U2 vp >0
U3 )‘8 — )\5 (6] (6]
U24 As Upq — V11 — V13 — V34 — V42| f1 — 2112 > 0
31 [1=Ay—Ag— Ay v31 v31 >0
U3 A2+ Ag U3 — 011 — V12 — 023 — Va2 | f5 — 2112 > 0
V33 A7 — Ay V33 — V11 — V13 tr1 —z112 20
V34 )\4 [0} (0]
vy [1—=A—As—A7| vy —0v11 — 012 —0V23 &34 — 2112 =0
(20 )\1 =+ A5 0] 0]
V43 A7 — Az V43 v43 > 0
V4q Az Uy —V11 — V13 — U3 |823— 2112 > 0
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TABLE IX. Demonstration of the conditions for a 6 element closeness measure from the second class, here z115.The A; values

come from Table VIII.

011 + 012 + 023 + Ugp + Ugg

Finally, for Z3 we choose z114. For this measure, we need the conditions from (586) satisfied with equality. Since
here p = z114 there are eight distinct equations with eight variables. As before, this yields a unique set of A; values,

as shown in Table X.

As| (011 4+ v + 34 +041)/p

Ag| (Vi1 + 013 + Vo4 + V34 +U41)/p

(011 +012)/p
(v12 —v34)/p
[0}
U3a/p
v24/p

(v11 + 013 +v34)/p

TABLE X. The values of A; when the minimum occurs at z114.

Vect. | Local param. u;; Target deviation Comparison
011 17/\27/\47)\8 (0] (0]

V12 )\2 =+ )\4 0 0

13 Ag — Ag o) o)

V14 A6 V14— 011 — U4 — 034 — V41| 1—2114 20
U1 |1—A1 —A3—Ag U1 vp1 >0
(5] A+ Az Uxp — 011 — V12 ter — 2114 2 0
v23 Ag — As V23 — V1] — V13 — U34 — V41| f1 — 2114 = 0
U4 As o) 0

v31 |1=A2—Ag— Ay v31 v31 >0
U3 A2+ Ag U3p — 011 — V12 — V24 — V41| f5 — 2114 2> 0
V33 A7 — Ay U3z — V11 — V13 tp —2114 >0
V34 )\4 [0} (0]

O41 17/\17/\5*)\7 (0] (0]

() A+ As Vg — 011 — V12 — U4 [$34— 2114 20
V43 A7 — Az Vg3 — 011 — 013 — U3 (823 — 2114 =0
Vgq A3 Vg vg4 >0

TABLE XI. Demonstration of the conditions for a 6 element closeness measure from the third class, here z114. The A; values

come from Table X.
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In Table XI the measures for comparison with the benchmark z114 (not including those that are zero, as well as
those that achieve the target) are as follows:

1

011 + 013 + U2 + Vo4 + V34 + Ugg
011 + 012 + V23 + U4
U11 + 013 +U32 + U34
U11 + V12 + U4 + 033 + U34 + V4
011 + 013 + V34 + Va1 + Vg2
U171 + V12 + U4 + V41 + Vg3

(iii) Now consider the t;; closeness measures, choosing f1 from T;. For this measure, we need the conditions
from (Sy4) satisfied with equality. Since here p = 11 there are only five distinct equations with eight variables.
However, we also need the condition (S75) to be satisfied with equality, in turn implying that 1 —A; — A5 — A7 =0
and Aq + A3 = 0. This yields a set of A; values with only one free parameter, as shown in Table XII. In this table we

leave this as a general value, but in the subsequent solution we choose Ayp = — min(v3y — v12, V14 — U32).

As before the focus has been on achieving the conditions on the more challenging cases, and for some parameter
values the above conditions are achieved with a sufficient margin that the initially selected point is actually outside
of the space (i.e., some 'nudging’ back into the correct space is needed). We omit this calculation here, but shall
show this for the corresponding case T, below as illustration.

TABLE XII.

M —044/p

Ay free

A3 U/ p

Ay v/p— A2

As| (031 +v32 +va4)/p
Ag v32/p— M2
A7|(v11 +v12 + 023 +04a) /P
Ag|(v23 +v31 +v3p +v44)/p

The values of A; when the minimum occurs at #17.

Vector|Local param. u;; Target deviation Comparison
011 1—/\2—/\4—/\8 o o
012 /\2 + /\4 (0] (0]
U13 Ag — Ag 013 — U3 — V3] — Usg +Min(v3y — 01,014 —032) [ > 1—1t11 >0
V14 As 14 — 03 — min(v3y — V12, V14 — V32) >0
U2 |1—A1—A3—Ag Up1 — V11 — V12 gaa— 111 20
(%)) A+ A3 (%)) vp >0
023 /\8 — /\5 (0] (0]
(N As Uog — V31 — U32 — Vg4 fi—ti1 >0
031 17/\27/\6*/\7 (6] (0]
U3 /\2 + )\6 0 0
U33 A7 — Ay V33 — V11 — 023 — Vg4 + Min(v34 — 012,014 —032) | > 1 —t11 >0
V34 Ay 034 — V12 — Min(v3y — V12, V14 — V32) >0
vy [1=A1—As5=Ay () v41 >0
() A+ As Vg — V31 — U3 83 —1t1 >0
V43 A7 — A3 V43 — V11 — V12 — 023 fa—t1 >0
Vg4 /\3 (6] (0]

TABLE XIII. Demonstration of the conditions for a 6 element closeness measure from the first class, here t11. The A; values come

from Table XII.

In Table XIII the measures for comparison with the benchmark ¢;; are as follows:

11 + 012 + 013+ v3p — L

011 + 012 + 014 + 023 + 031 + Vg + L
U1 + V23 + V31 + U3p + Uyg
U11 + 012 + U23 + U4

12 + 031 + U3+ 033 — L

11 + U3 + 031 +U3p +U34 +Ugg + L
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011 + 012 + 023 + Vap + Uyg

031 + 032 + 043 + V44

Here, L represents A;p = Aytq1 and is the only free term after the allocation of the parameters, as described in Table
XII. As we see in Table XIII, the selected value of L = — min(vsq — v1p,v14 — v32) achieves all of the inequalities
(and in fact in some cases it is the unique term that does this for the v13 and v33 cases).

There are four conditions that we need to check which relate to nudging the vector back in the correct space;
those related to v13, V14, V33, 34 (We need to see that the target deviations from Table XV are less than for the original
vj; vector element; the other conditions are automatically satisfied in this regard). This is easy to see by considering
the appropriate v;; + t11 minus this deviation, when we obtain a closeness measure larger than #;; in each case.

From T, we select t;;. Following the same process, we need the conditions from (S77) satisfied with equality.
Again, there are five distinct equations with eight variables, together with the condition (578) to be satisfied with
equality, in turn implying that A; + A3 = 0 and Ay — A3 = 0. This yields a set of A; values with only one free
parameter, as shown in Table XIV. In this table, we leave this as a general value, but in the subsequent solution we
choose L = Aop = max(vz3 + U33 + U34 + Vap — 013,011 + V23 + V34 + Uap — ’031).

M —(v3s +v34)/p

A2 (v12 —v34)/p

A3 (v3z +v34)/p

Ay v34/p

As| 33+ U3s+Ug)/p

Ag free

Az (v33 +v34)/p
Ag|(v23 +v33 +U3g +vg0)/p

TABLE XIV. The values of A; when the minimum occurs at t57.

Vt.|Local param. u;; Target deviation Comparison
11 1—/\2—/\4—/\8 o 0]

012 )\2 + /\4 (0] (o]

013 /\8 — )L6 max(O, 011 + 013 — 031 — 2)33) max(l — f6/0)
V14 Ae V14 — U3 — V34 — Usp — Max(vs3 — vq3, 011 — v31) | min(1, fg) — txn
1|1 = A1 — A3 —Ag Up1 — V11 — V12 42—t >0
(%)) A+ A3 (%)) v >0

023 /\8 — /\5 (0] (o]

N As Uog — U3z — U34 — Vg2 fi—ta >0
U31 |1 = A2 —Ag — A7 max(0,v31 + v33 — V11 — 13) max(1 — f5,0)
U3 A2+ A U3 — U1p — V93 — Ugp — max(vzz — 013,011 — v31) |min(1, f5) — fy
033 /\7 — A4 (6] (o]

U3g /\4 (0] (0]

o |1 —A1—As = A7 Vg1 — V11 — V12 — U3 fa—tn >0
Vg0 A+ As 0 0

V43 A7 — A3 Vg3 U3 >0

Vg4 A3 Ugq — U33 — V34 23—t >0

TABLE XV. Demonstration of the conditions for a 6 element closeness measure from the second class, here ty;. The A; values
come from Table XIV.

In Table XV the measures for comparison with the benchmark ¢ are as follows:
011 + 012 + 13 + L
U11 + 012 + 014 + 023 + 033 + V34 + 040 — L
U21 + 023 + U33 + U34 + Vg
U11 + V12 + 023 + U4
12 + 031 + 033 + L
011 + V23 + U3p + 033 + 2034 +0Ug0 — L
U33 + U34 + Vg1 + Va2
U11 + V12 + 023 + U4p + Vg
Here L represents Aop = Axtp; and is the only free term after the allocation of the parameters as described in Table
XIV. As we see in Table XV, the selected value of L = max(va3 + v33 + U34 + Vgp — 013, 011 + U3 + U34 + Vgp — 031)
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achieves all of the inequalities (and in fact is the unique term that does this for the v13 and v33 terms).

As before, we can see that the selected vector is within the correct space, Pys.

(iv) Now consider the g;; measures, choosing g11. For this measure, we need the conditions from (571) satisfied
with equality. Since here p = g¢11, there are only four distinct equations with eight variables. However, we also
need the condition (S72) to be satisfied with equality, implying that A¢ = 0. This yields a set of A; values with
three free parameters, as shown in Table XVI. In this table, we leave these as general values, but in the subsequent

solution we choose several cases:
f3 <1 f7 <lthen Ay = (vap —v2)/p, A3 = vaa/p, A7 = (V43 + vaa)/ p.
f3<1,fr>1then Ay = (vap —vpa)/p+ (1= f7),A3 = vaa/p, A7 = (Va3 + vaa)/ p.
f3>1,f7 <1lthen Ay = (vgp —v24)/p, A3 = Vaa/p, A7 = (Va3 +vaa)/p + 1 — f3.
f3>fr>1then Ay = (vg2 —v24)/p, A3 = vag/p+1— f7,A7 = (Vg3 +v44)/p+ 1~ f3.
fr> f3>1then Ay = (vgp —v24) /P, A3 = 0aa/p+1— f7,A7 = (g3 +044)/p+1— f7.

A free

Az U3/ p

A3 free

Ay v34/p

As v/ p

)‘6 O

Az free
Ag|(v23 +v24) /P

TABLE XVI. The values of A; when the minimum occurs at ;1.

Vector| Local param. Ujj Target deviation Comparison
711 l*/\z*)\4*)\g (0] o
v12 Ag + Ay D12 — U3p — U3 fi—-gu=>0
013 Ag — Ag V13 — V23 — Uy f3—81>0
v14 Ag v14 v14 >0
U21 1-— Al — )\3 — )‘8 min(l,f7) — 811 >0
(%) A+ A3 max(vpp + vgq — Vgp — V4q,0) |max(1 — f7,0) >0
U3 )‘8 — A5 (0] o
U4 )\5 (0] (0]
1 |1-Aa—Ae—A7| f3/1/(1+f3—f7) —gn >0
U3 Ax+ Ag o o
v33 Az — Ay (1—13)/0/(f7 — f3) >0
V34 )\4 o o
vy |1=AM —As—Ay fa/fs/1—gn >0
) M+ As max(vgp + Vg4 — V22 — U2g,0)|max(f7 —1,0) > 0
V43 Az — A3 (fs=1)/(fz—f7)/0 >0
Uy A3 max(vgp + Vg4 — Vo — Ugy,0)|max(fy —1,0) >0

TABLE XVII. Demonstration of the conditions for a 5 element closeness measure, here g11. The A; values come from Table X VL.

In Table XVII the measures for comparison with the benchmark g1; are as follows:

Up1 + 023 + s + L1 + L3

V11 + U2 + V23 + U4 + 032 + 034 — L1 — L3

v31 + 03 + Ly

011 + U3 + Upg + U3p + U33 + 2034 — Ly

U4 + 041 + L1+ Ly

V11 + 023 + 032 + V34 + Vg0 — Lg

V11 + V23 + U4 + V32 + V34 + Vg3 + L3 — Ly
U31 + U23 + Upg + 032 + U34 + Ugg — L.

Here L; represents A;p = A;g11 for i = 1,3,7. These are the free terms after the allocation of the parameters
as described in Table XVI. The values must be selected appropriately, depending upon other parameter values,
to ensure the conditions are satisfied. As we see in Table XVII, the selected values Lq, Ly, L3 achieve all of the
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inequalities. We note that, as before, the selected point might be outside of the allowed space and a similar
nudging procedure as previously described would be required.

C.6. Finding the measure of locality

The non-signalling space is characterized by the equality constraints (547) as well as the constraints related to the
laws of probability (S57). The local space involves the additional inequality constraints (S58). Here are then eight
different classes, F,E, G, S1, S5, S3, 11, T».

Theorem 2.
p(Vz PLUC) = min{f]/- . -/f8/ €1,---,68,81,---816/ tl/ o t32151/- . -1564}'

As for Theorem 3, a proof of this theorem is elsewhere. Below we give a construction for finding the appropriate
point in the non-signalling space that achieves the best closeness, itemized by the different measures concerning
where this is possible.

First, we give a way to show that p(v, PL,) is bounded above by all 128 closeness measures. In each case, we
demonstrate the proof just for a single case (or two cases for ¢;) but these generalize through the simple renumbering
mentioned earlier.

(i) p(v, Proc) < fi. This is trivially true, since p(v, Pys) < f; and Py, is a subspace of Pys.

(i) p(v, Proc) < ei. We do the calculation for both e; and e,. We know from (S51) that for the closeness p to any
element of U, we have:

1= A=A = A < e < 20 423 < 2 25— 25 < 22,
p p p p
Mt Ae <2 A A< B+ <0 A< 2B (S89)
P P P p
Summing all the terms on both sides of the inequalities gives:
142(A1 + A+ Ay — Ag) < %. (S90)
We note that from (S58) we have that the bracketed term in (S9o) is greater than o. Thus
1§%:>P§€1- (S91)

Repeating the calculation for e; gives:

)\2+)\4§%2,)\8—)\6§ %/1_)\1_/\3_/\8§%/)\5§ o

p
T-A—Ae—Ar < A< B 1A —As— A< 2L ay < 24 (592)
p p p p
Summing all the terms on both sides of the inequalities gives:
3200+ A+ A7 —Ag) < 2 (593)

We note that from (S58) we have that Ay + Ag + A7 — A4 is less than 1. Thus

1§%:>PS€2- (S94)

Calculations for the remaining six terms are similar, with each of the eight inequalities summarized in (558) ap-
pearing exactly once.

(iii) (1) p(v, Proc) < gij- This is trivially true, since p(v, Pys) < gij and Py, is a subspace of Pys.

(iv) @) p(v, Proc) < tji. This is trivially true, since p(v,Uys) < tij and Py, is a subspace of Pys.

(V) p(v, Proe) < sijk- For case 51 we do the calculation for s111 = v11 + V12 + V13 + V23 + v3p + Vgg. We know from
(S51) that:

T = A= As £ SH A+ As S DB A= Ag < Y,

Ag—As < %,/\2+/\6 < %,/\3 < %~ (S95)
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Summing all the terms on both sides of the inequalities gives:
14+ (A4 A3+ Ag— Ag) < 5%. (S96)
We know from (558) that the bracketed term in (S96) is non-negative. Thus
1< 5% = p < s (S97)

Calculations from the remaining 15 terms are similar, with non-negative bracketed terms in each case.
For case S; we do the calculation for s11p = v11 + v12 + V13 + V23 + V34 + v40. We know from (S51) that:

122~ A =g < Lyt Ay < 2205 - 2 < 28,
P p p
Me—As < B A <P b <2 (S98)
P p p
Summing all the terms on both sides of the inequalities gives:

1+ (4 A+ A = Ag) < 22, (S99)

We know from (S58) that the bracketed term in (Sg9) is non-negative. Thus

5112

1< = p < s12 (S100)

Calculations from the remaining 31 terms are similar.
For case S3, we do the calculation for s114 = v11 + v12 + V13 + U4 + V34 + v41. We know from (S51) that:

1= A=A =25 < A+ 4 < 2205 — 26 < 2B,
p p p
A< 2 < B q - a5 -y < 2L (S101)
p p p
Summing all the terms on both sides of the inequalities gives:
1+(17A17A67/\7+/\4)§51$. (S102)
We know from (558) that the bracketed term in (S102) is non-negative. Thus
1< Sl# = p < S114. (S103)

Calculations from the remaining 15 terms are similar.

b) We now demonstrate that the bound described above is tight, by showing how to achieve it when a measure
from each of the five classes is the minimum.

(i) We start with the f; measures. We again start with the construction from Lemma 1 and show the process for
f1 and when f3, f5 and f7 are less than 1. Thus, following the proof from Lemma 1, we consider the local vector
from Case A. We need to show that when f; is the smallest of all 128 closeness measures, so that p = f; (and also
that f3, f5, f7 are less than 1), we have that the inequalities in 558 hold.

Using the A; values from equation 566 and Table I, we have:

M+ As+Ag—Ag = (vg2 + 012 + 023 —032)/p = (s331 — 1)/ f1,
A+ A3+ Ag —As = (vip — V34 +04g +023)/p = (5311 — 1)/ f1,
M+ A+ A7 — Ay = (Vg — V24 + 03 — V12 + 043 +Vaa)/p = (Saa1 — f1)/ f1,
A2+ A5+ A7 — Az = (v12 — v34 + 024 +043)/p = (312 — 1)/ f1. (S104)

We need to see that all expressions above are greater than o and less than 1. For this, we need to see that each of
the first, second, and fourth s;j; values are more than 1 and less than 1+ f;, and the third s;; value is between f;
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and 2. We thus have eight conditions to satisfy.

As before, the solutions may be just outside the correct space, in which case we need to “nudge” them back. From
the first equation, if s33; < 1 we can increase this by decreasing A4, potentially down to o, while leaving all other
A; values unchanged. We obtain at the maximum limit

MAA+Ag—Ag = (v23 +vsa+v42)/p, (S105)

which is clearly greater than o, so we just need to stop at some appropriate value. This does not violate any of the
other conditions, except potentially the lower bound in the third inequality, since A¢ works in the opposite direction
here. We note that these two terms add to

(011 + 012 + 2023 + 2040 + V43 +Vas — f1)/ f1 = (823 — f1 + V23 + Va2 +Vs3)/ f1. (S106)

Since this sum is positive, we can achieve both expressions being greater than zero simultaneously. A similar
procedure applies to each of the other conditions.

(if) Now consider the measures ¢;, in particular ep. For this measure, we need the conditions from (S92) satisfied
with equality. Since here p = e, there are only seven distinct equations with eight variables. However, we also need
the condition (Sg4) satisfied with equality, which implies that A; + Ag + A7 — A4 = 1. This yields a unique set of A;
values, as shown in Table XVIII. We can clearly see from the table that the target deviations lie between o and the
respective v;;, so corresponding to a vector within the local space.

M (v12 +031)/p

Ay (vig —v34)/p

A3 Vaa/p

Ay U34/p

As v/ p

As|  (voa+v3s+v41)/p
A7|(v13 +v21 +v34 +04a)/ p
Ag|(v13 +vos +v34 +041)/p

TABLE XVIII. The values of A; when the minimum occurs at e;.

Vector v;; Local parametrization ujj| Target deviation |Comparison
U11 1—A2— Ay —Ag V11 — V21 —U31 —U4q|S114 —€2 =0
U12 /\2 + /\4 0 0
V13 Ag — Ag 0 0
V14 Ae V14 — Uog — U34 — Vg1 |S141 —€2 20
021 1—)\1—/\3—/\8 (0] (6]

(%59} A+ A3 Upp — V12 —U31 —U4q|S221 —€2 >0
U23 Ag — As U3 — V13 — U34 — Uq1|S234 —€2 >0
Vo4 As 0 0
031 1_A2_A6_/\7 (0] (0]
U32 Az + Ag Usp — U1p — U4 — Ug1|S323 —€2 20
V33 A7 — Ay U3z — V13 — U1 — U4q(S331 —€2 = 0
U34 /\4 o o
O41 17)\17/\57/\7 (0] (0]
() A1+ As Vg —U1p — Upg — U31|Sg03 —€2 >0
V43 A7 — A3 Vg3 — V13 — U21 — U34|S432 —€2 >0
Vg4 /\3 (0] (0]

TABLE XIX. Demonstration of the conditions for an 8 element closeness measure, here e,. The A; values come from Table XVIII.

In Table XIX the eight s;j measures are as follows:

$114 = 011 + 012 + 013 + U4 + U34 + U4
5141 = V12 + 013 + 014 + V21 + 031 + Uy

§221 = V13 + U21 + V22 + U24 + U34 + U4
§234 = V12 + U1 + U23 + V24 + V31 + Uy
§323 = V13 + V21 + U31 + U3 + U34 + V44
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§331 = V12 + V24 + V31 + 033 + V34 + Uyg
5423 = V13 + V21 + U34 + Vg1 + Vgp + Ugy
5432 = U12 + U4 + U31 + Vg1 + Vg3 + Ugg
Note that the first two measures are in Sz, the next four are in S, and the last two are in S7.
(iii) Now consider the t;; measures. We start with the construction from Theorem 3. We need to show that when
t11 is the smallest of all 128 measures, so that p = t11, we have that the inequalities in (S58) hold.
Using the A; values from equation (XII), we have:

1
MAAg+Ag—Ag = 5(012+023 +v31),

1 .
Ay +A3+Ag— A5 = a(vzs + vg4 — min(v34 — V12, V14 — V32)),

1
MA+Ag+A7 = Ay = a(vu + 03 +v32),
1 .
Ay +As+A7 — A3 = a(vn + U1 + V23 + V31 + V3p + Vgg — MiNn(v34 — V12, V14 — U32))- (S107)

The first and third expressions clearly lie between o and 1. The second expression is clearly smaller than the
fourth, so we need to show that the second is greater than o and the fourth is less than 1. Now consider the
fourth expression. Since sz — 11 = v34 — v12 and s1p1 — f11 = V14 — U3, both of these expressions are non-
negative, so that min(vss — v12, V14 — v32) is non-negative and the second expression does not exceed 1 as required.
For the second expression, it is possible that the selected value of L gives a value for this that is negative, if
—(v23 +v44) > L = —min(vzs — v1p,v14 — v32. We need to nudge this into the region by increasing L to equal
—(v23 + v44) (here we can see that all other conditions still hold).

A similar argument holds for #15.

(iv) Now consider the g;; measures, choosing ¢11. We start with the construction from Theorem 3 from Table
XVII. We would need to show that when g1; is the smallest of all 128 measures, so that p = g11, we have that the
inequalities in 558 hold. As above, this again might not be the case without suitable nudging of the solution.

(v) Now consider the s;j; measures, starting with S; and choosing s111. For this measure, we need the conditions
from (S95) satisfied with equality. We also need the condition (S96) to be satisfied with equality, in turn implying
that A + A3 + Ag — A5 = 0. For the vectors in S1 (and also Sy, S3), as above, some nudging may be needed.

Since here p = 5117 there are six distinct equations with eight variables. This yields a set of A; values with only
two free parameters, as shown in Table XX. In this table, we leave these as general values, but in the subsequent
solution we choose A1p = min(vy — v4q, V4p — V13 — V32 — Vgq) and Ayp = min(vy3 + Vaq, V12 + V23 + V33 + Vag).

M free
Ay —(v23 +vaa)/p
A3 v/ p

Ayl (v +v3 +vag)/p
As|  (viz+v3 +v4)/p
Ao|  (vaz+vz+vm)/p
Ay free

Ag|(v13 +vo3 +v3p +044)/p

TABLE XX. The values of A; when the minimum occurs at s111.

In Table XXI the measures for comparison with the benchmark sq1; are as follows:
1
013 + Up1 + 03 + 030 + 2044 + L
U11 + 012 + 013 + U2 + U3 + 032 — Lq
011 + 012 + 023 + U4
v31 + 03 + Ly
011 + 2012 + 013 + 2023 + U3p + U3z + 2044 — Ly
U11 + 013 + V32 + U3
v13 + V32 + V41 + 044 + L1 + Ly
011 + V12 + 023 + 042 — Lg
V11 + V12 + V13 + V23 + U32 + Vg3 + 2044 — Ly
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Vector | Local param. Uujj Target deviation Comparison
011 17/\27/\4*/\8 (0] (0]
U12 /\2 + )L4 0 0
V13 Ag — Ag 0 o)
U14 Ag V14 — V23 — U32 — Uy 1—-s11120
vo1 |1 — A1 — A3 — Ag |21 — 11 — V12 + Min(voy, Vg — V13 — U3p) [min(sp11, f7) — S111 > 0
U A+ Az maX(O, 013 + U2 + U3p — 2242) >0
023 /\8 — )L5 o 0]
U4 As Vo4 — V13 — V32 — Vg4 fi—s1m1 >0
v31 |1 = Ay —Ag — A7 |v31 — v11 — v13 — min(v33, V43 — V12 — U23) |Min(f3,5311) —S111 > 0
V32 /\2 + Aé 0 0
V33 A7 — A4 max(v1 + vp3 + v33 — 43, 0) >0
V34 Ay U34 — V12 — 023 — Vg4 fs—s111 >0
vy [1=A1—A5— Ay min(ssn,e7,1,5433) — 5111 >0
(2% M+ As max (v — v13 — U2 — U32,0) >0
V43 A7 — A3 max (0, v43 — V12 — V23 — U33) >0
Vg4 /\3 (0] (0]

TABLE XXI. Demonstration of the conditions for a 6 element closeness measure from the first class, here sy1;. The A; values
come from Table XX.

Here L, = min(vzz — V44,040 — V13 — U3p — 044) and Ly = min(v43 + V44,012 + V23 + V33 + 044)

Now for S, we choose s11p. For this measure, we need the conditions from (S98) satisfied with equality. As
before, we also have the condition (S99) to be satisfied with equality, implying that Ay + A4 + Ag — Ag = 0, so
that with for p = sq1 there are six distinct equations here with eight variables. This yields the set of A; values
shown in Table XXII. In this table, we leave these as general values, but in the subsequent solution we choose
A3p = min(vyy, v13 + U2 4 v34) and Ayp = v1q + v13 + V34 — Min(v31, V41 — V12 — V23).

M —(vi3 +v34)/p
Ao (v12 —vma)/p
A3 free

Ay U34/p

As| (013 +v3s +vg2)/p
As| (023 +v3a+va2)/p
Ay free

Ag| (013 + V23 + V34 +v42) /P

TABLE XXII. The values of A; when the minimum occurs at sq15.

In Table XXIII the measures for comparison with the benchmark s11, are as follows:
1
U1 + U3 +0gp + L3
011 + 012 + 2013 + U2 + Vo3 + 2034 + U0 — L3
U11 + V12 + 023 + U4
012 + V23 + U3 + U2+ Ly
011 + 013 + 032 + U34
011 + 012 + 013 + V23 + U3z + 2034 + Ugp — Ly
vy + v+ Ly
V11 + 012 + 013 + 03 + 034 + Vg0 + 043 — Ly + L3
011 + 012 + 013 + 023 + V34 + Vap + Vg — L3
Here L3 = min(v44, V13 + U + ?)34) and Ly = v11 + 013 + 034 — mil’l(031,041 — U1 — 023).

Finally, regarding S; we choose as an example sj14. For this measure, we need the conditions from (S1o1)
satisfied with equality. As before, we also have the condition (S5102) to be satisfied with equality, implying that
A1+ Ag + Ay — Ay = 1, so that for p = 5114 there are six distinct equations with eight variables. This yields the set
of A; values shown in Table XXIV. In this table, we leave these as general values, but in the subsequent solution
we choose A1p = min(vg — o4, V12 + v31) and Azp = max(v11 + V12 — V21, V11 + V12 + V13 + V34 — U43) — min(vgp —



Vector | Local param. Uujj Target deviation Comparison
011 17/\27/\4*/\8 (0] (0]
U12 /\2 + )L4 0 0
V13 Ag — Ag 0 o)
V14 Ag U14 — V23 — V34 — Vg2 1-51122>0
U1 |1 = A1 — A3 —Ag|va1 — v11 — V12 + min(vyp, V13 + V22 + v34) |MiIn(f7,5212) —s112 > 0
v M+ A3 013 + U2 + V34 — min(vay — v13 — V34, V22) >0
023 /\8 — )L5 o 0]
V4 As Vo4 — V13 — U34 — Vg2 fi—s112>0
v31 [1=A2—Ag— Ay v31 — min(v31, V41 — V12 — V23) >0
U3 A2+ Ag V3 — V12 — V23 — Vg2 fs—s112 >0
33 A7 — Ay v33 — 11 — V13 + min(vsy, v41 — V12 — vp3) |min(szz1, fa) — S112 > 0
V34 /\4 o [0}
v41 |1 = A1 — A5 — Ay |v41 — V12 — V23 — min(v3y, Vg — V1 — U23) >0
(20) /\1 + )L5 0 0
V43 /\7 — /\3 min(s413, 1, es, 5442) — 8112 2 0
V44 A3 U4q — Min(v44, 013 + V22 + U34) >0
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TABLE XXIII. Demonstration of the conditions for a 6 element closeness measure from the second class, here s115. The A; values

come from Table XXII.

V24,012 + U31).

A free

Ao (v12 —v32)/p

Az free

Ay v34/p

As /P

Ae (24 +v34 +041)/p
A7|(v11 +v12 + 013 +03a) /P — M
Ag|  (vi3+vo4 + 34 +041)/p

TABLE XXIV. The values of A; when the minimum occurs at s114.

Vect. | Local param. u;; Target deviation Comparison
011 1—/\2—/\4—)\8 (0] (0]
V12 Az =+ )\4 0 0
013 /\8 — Aé [¢] (0]
V14 A6 V14 — Upq — U34 — Ugq 1—-51142>0
1 |1—A1 — A3 —Ag Vo1 + max(—vyy, V13 + V34 — V43) >0
v M+ A3 U2 — V11 — V12 + min(vy1, v43 — 013 — v34) |min(sxo, f3) — 5114 > 0
v23 Ag — As V23 — V13 — U34 — Vg1 fi—s1142>0
U4 )\5 (0] [¢]
v31 |1=A2—Ag— Ay 012 + v31 — min(vg — vy, V12 + 31) >0
U3 A2+ Ag U3) — V12 — Vg4 — U4 fs =514 >0
v33 A7 — Ay U33 — V11 — V13 + min(vyy — v1p — Up4,031) |min(fy,s332) — 5114 > 0
V34 A4 (6] [¢]
U471 1—/\1—/\5—)\7 (0] [¢]
() A+ As Vgp — Upq — Min(vgy — Vg, V12 + V31) >0
V43 A7 — Az V43 — V13 — V34 + mMax(—va1, 013 + V34 — V43) >0
Vg4 A3 min(sg3, €2, 1,5432) — s114 >0

TABLE XXV. Demonstration of the conditions for a 6 element closeness measure from the third class, here s114. The A; values

come from Table XXIV.

In Table XXV the measures for comparison with the benchmark s114 are as follows:

1
013 + U1 +Upg + 034 + 041 + L1+ L3
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011 + 012 + V13 + U2 +Upg + 034 + 04 — L1 — L3

v11 + 012 + U23 + U4

V11 + 2012 + 013 + Upq + 031 + 034 + 041 — Lg

011 + 013 + U32 + U3

Upq + 033 + 034 + 041 + L1

V11 + U120 + 013 + V34 + Vg1 + Vg0 — Lq

U4 + V41 + 043 + L1 + L3

011 + V12 + 013 + U4 + V34 + Vg1 +0gq — L3

Here L1 = min(v42 — Upg, 012 + 031), weset L1 + Lz = maX(Z)n + V12 — V21,011 + V12 + 013 + U34 — 7)43), which gives
L3 = max(v11 4 v12 — 021, V11 + V12 + 013 + V34 — U43) — mMin(vg — U4, V1 +031), With Ly = 011 + 012 + 013 + 034 — L.

C.7. Non-saturation of the bound in Observation 1

Consider the vector
P = (0.88,0.01,0.01,0.1,0.01,0.49,0.49,0.01,0.01,0.49, 0.49,0.01,0.01,0.49,0.49,0.01) . (S108)

This vector is designed specifically so that when finding the local component, the minimum of the set of 128
vector measures is ¢, and for the non-signalling component, the minimum of the set of 120 vectors is Z141.

We thus have that the local fraction ‘uL(ﬁ) =& - P =0.01+0.01+ 0.01 +0.01 +0.01 +0.01 +0.01 + 0.01 = 0.08.

We similarly have the non-signalling fraction jiys(P) = Z141 - P = 0.01 4 0.01 + 2 x 0.1+ 0.01 4-0.01 + 0.01 = 0.25.

Further, using the vector space parametrization method from Section C.2 we obtain

M =048, Ay =004, A3=004 Ay=0, As=0, Ag=04, A;=052, Ag=044. (S109)

Justification:
We know that for the components of the vector measure, the equality u;; = v;;/p must hold. Here p = 0.25, so we
have the six equaltions:

1-— )\1 - )\3 - /\8 =0.04, 1—- )t2 - /\6 - /\7 = 0.04, /\6 =04, /\3 = 0.04, )\2 + )\4 = 0.04, /\8 - )\6 =0.04. (5110)

We thus know Az and A4 and further obtain Ag = 0.44 and Ay = 0.48.

We also have A7 = 0.56 — A;.

We know that uzy = A4 > 0 so that A, < 0.04.

We also know that gy =1 —-A1 —A5 — Ay > 0= A, —0.04d — A5 > 0.

We also have 1y, = A5 > 0 so that A, > 0.04 and we thus have A, = 0.04 and A5 = 0.

We finally then have Ay = 0.52 and A4 = 0. ]

This parametrization is unique, yielding a unique non-signalling component that maximises the non-signalling
fraction (so gives jiys), which is

Q = (0.52,0.04,0.04,0.4,0.04,0.52,0.44,0,0.04,0.44,0.52,0,0,0.48,0.48,0.04) . (S111)

This vector is non-local and we can apply the same procedure to find y; (Q) for this vector. It is straightforward
to verify that, among the 128 candidate vectors, the minimum is again attained by &. We therefore obtain y; (Q) =
-0 =0.04+0.04+0.04+0+0.04+0+0+0.04 = 0.2.

Therefore the measure of genuine non-locality from Definition 3 is equal to pioy. (P) = pins(P)(1 — u(Q)) = 0.2
and in particular is greater than jys(P) — . (P) = 0.25 — 0.08 = 0.17.

We should note that the example we considered was carefully chosen for the uniqueness property above. For

generic behaviours, such uniqueness need not hold, making the corresponding calculation of gy, considerably
more involved.
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We show in Table XXVI the full set of 120 vectors for the non-signalling subspace f’s, ¢’s, t’s and z’s in Eq. (24)
and the 128 vectors for the locality subspace f’s, g’s, t’s, s’s and ¢’s in Eq. (23). See also Part A. The vectors are
labeled (e.g. f1 or g11) in a way following the explicit construction in Part C, rather than the simpler one in Part B.

TABLE XXVI: List of vectors in Q and S.

ID Vectors Directions | Category| Calculation
f1 |(1,1,0,0,0,0,1,1,0,0,0,0,0,0,0,0)| LNNN F f1

f2 |(o,0,1,1,1,1,0,0,0,0,0,0,0,0,0,0)| RNNN F f2

f3 [(0,0,0,0,0,0,0,0,1,1,0,0,0,0,1,1)| NNLN F f3

f4 |(0,0,0,0,0,0,0,0,0,0,1,1,1,1,0,0)| NNRN F f4

f5 [(1,0,1,0,0,0,0,0,0,1,0,1,0,0,0,0)| NLNN F f5

f6 |(o,1,0,1,0,0,0,0,1,0,1,0,0,0,0,0)| NRNN F 6

f7 [(o,0,0,0,1,0,1,0,0,0,0,0,0,1,0,1)| NNNL F f7

f8 |(0,0,0,0,0,1,0,1,0,0,0,0,1,0,1,0)| NNNR F 8
g11 |(1,0,0,0,0,0,1,1,0,1,0,1,0,0,0,0)| LLNN G f1 +f5-(1-vig)
g12 [(0,1,0,0,0,0,1,1,1,0,1,0,0,0,0,0)| LRNN G f1 + 6 - (1-v13)
g13 ((0,0,1,0,1,1,0,0,0,1,0,1,0,0,0,0)| RLNN G fo + f5 - (1 - vi2)
g14 [(0,0,0,1,1,1,0,0,1,0,1,0,0,0,0,0)| RRNN G f2 + 6 - (1-v11)
g21 ((0,0,1,1,1,0,0,0,0,0,0,0,0,1,0,1)| RNNL G f2 + f7-(1-v2g)
g22 ((0,0,1,1,0,1,0,0,0,0,0,0,1,0,1,0)| RNNR G f2 + £8 - (1 - v23)
g23 ((1,1,0,0,0,0,1,0,0,0,0,0,0,1,0,1)| LNNL G f1 + f7-(1-v22)
824 ((1,1,0,0,0,0,0,1,0,0,0,0,1,0,1,0)| LNNR G f1 + 8 - (1 - v21)
g31 |(0,1,0,1,0,0,0,0,1,0,0,0,0,0,1,1)| NRLN G f3+16-(1-v34)
g32 ((1,0,1,0,0,0,0,0,0,1,0,0,0,0,1,1)| NLLN G f3 + f5- (1 - v33)
233 [(0,1,0,1,0,0,0,0,0,0,1,0,1,1,0,0)| NRRN G fg + 16 - (1 - v32)
834 |(1,0,1,0,0,0,0,0,0,0,0,1,1,1,0,0)| NLRN G fg4 + f5- (1 - v31)
g41 [(0,0,0,0,0,1,0,1,0,0,1,1,1,0,0,0)| NNRR G fq + 18 - (1 - v44)
g42 [(0,0,0,0,1,0,1,0,0,0,1,1,0,1,0,0)| NNRL G fg + f7- (1 - v43)
843 |(0,0,0,0,0,1,0,1,1,1,0,0,0,0,1,0)| NNLR G f3 + £8 - (1 - v42)
g44 |(0,0,0,0,1,0,1,0,1,1,0,0,0,0,0,1)| NNLL G f3 + f7 - (1 - v41)
t11 |(1,1,0,0,0,0,1,0,1,1,0,0,0,0,0,1)| LNLL T1 g23 + g44 — f7
t12 [(1,1,0,0,0,0,0,1,1,1,0,0,0,0,1,0)| LNLR T1 g24 + g43 — 18
t13 [(1,0,0,0,0,0,1,1,0,1,0,0,0,0,1,1)| LLLN T1 g11 + g32 — {5
ti4 ((0,1,0,0,0,0,1,1,1,0,0,0,0,0,1,1)| LRLN T1 g12 + g31 — 6
t21 |(1,1,0,0,0,0,1,0,0,0,1,1,0,1,0,0)| LNRL T2 g23 + gq2 —fy
t22 [(1,1,0,0,0,0,0,1,0,0,1,1,1,0,0,0)| LNRR T2 g24 + g41 — 18
t23 [(1,0,0,0,0,0,1,1,0,0,0,1,1,1,0,0)| LLRN T2 g11 + g34 — {5
t24 ((0,1,0,0,0,0,1,1,0,0,1,0,1,1,0,0)| LRRN T2 g12 + g33 — 6
t31 ((0,0,1,1,1,0,0,0,1,1,0,0,0,0,0,1)| RNLL T2 g21 + g44 — f7
t32 ((0,0,1,1,0,1,0,0,1,1,0,0,0,0,1,0)| RNLR T2 g22 + g43 — {8
t33 [(0,0,1,0,1,1,0,0,0,1,0,0,0,0,1,1)| RLLN T2 g13 + g32 — {5
t34 ((0,0,0,1,1,1,0,0,1,0,0,0,0,0,1,1)| RRLN T2 g14 + g31 — 6
t41 ((0,0,1,1,1,0,0,0,0,0,1,1,0,1,0,0)| RNRL T1 g21 + gq2 —fy
t42 [(0,0,1,1,0,1,0,0,0,0,1,1,1,0,0,0)| RNRR T1 g22 + g41 — {8
t43 [(0,0,1,0,1,1,0,0,0,0,0,1,1,1,0,0)| RLRN T1 g13 + g34 — f5
t44 |(0,0,0,1,1,1,0,0,0,0,1,0,1,1,0,0)| RRRN T1 g14 + g33 — 6
t51 [(1,0,1,0,1,0,1,0,0,1,0,0,0,0,0,1)| NLLL T1 832 + g44 — 13
t52 ((1,0,1,0,1,0,1,0,0,0,0,1,0,1,0,0)| NLRL T1 834 + g42 —f4
t53 [(1,0,0,0,0,0,1,0,0,1,0,1,0,1,0,1) LLNL T1 g11 + g23 — f1
ts4 |(0,0,1,0,1,0,0,0,0,1,0,1,0,1,0,1)| RLNL T1 g13 + g21 —f2
t61 |(1,0,1,0,0,1,0,1,0,1,0,0,0,0,1,0)| NLLR T2 832 +g43 — 13
t62 |(1,0,1,0,0,1,0,1,0,0,0,1,1,0,0,0)| NLRR T2 834 + g41 —f4
t63 [(1,0,0,0,0,0,0,1,0,1,0,1,1,0,1,0)| LLNR T2 g11 + g24 — f1
t64 |(0,0,1,0,0,1,0,0,0,1,0,1,1,0,1,0)| RLNR T2 g13 +g22—f2
tv1 (o, 1,0,1,1,0,1,0,1,0,0,0,0,0,0,1)| NRLL T2 g31 + g44 — 3
ty2 ((0,1,0,1,1,0,1,0,0,0,1,0,0,1,0,0)| NRRL T2 833 + g42 —f4
t73 (0, 1,0,0,0,0,1,0,1,0,1,0,0,1,0,1) LRNL T2 g12 + g23 —f1
t74 |(0,0,0,1,1,0,0,0,1,0,1,0,0,1,0,1)| RRNL T2 g14 + g21 —f2




TABLE XXVI: List of vectors in Q and S.

ID Vectors Directions |Category| Calculation
t81 (0, 1,0,1,0,1,0,1,1,0,0,0,0,0,1,0)| NRLR T1 831 + g43 — {3
t82 (0, 1,0,1,0,1,0,1,0,0,1,0,1,0,0,0)| NRRR T1 833 +g41 —f4
t83 ((0,1,0,0,0,0,0,1,1,0,1,0,1,0,1,0)| LRNR T1 g12 + g24 —f1
t84 [(0,0,0,1,0,1,0,0,1,0,1,0,1,0,1,0)| RRNR T1 g14 + g22 —f2
z111|(2,1,1,0,0,0,1,0,0,1,0,0,0,0,0,1)| LLLL (3) Z3 t11 + t51 — g44
z112((2,1,1,0,0,0,1,0,0,0,0,1,0,1,0,0)| LLRL (3) Z1 t21 + t52 — g42
z113((2,1,1,0,0,0,0,1,0,1,0,0,0,0,1,0)| LLLR (3) Z1 t12 + t61 — g43
z114((2,1,1,0,0,0,0,1,0,0,0,1,1,0,0,0)| LLRR (3) Z2 t22 + t62 — g41
z121|(1,2,0,1,0,0,1,0,1,0,0,0,0,0,0,1)| LRLL (3) Z1 t11 + ty1 — g44
z122((1,2,0,1,0,0,1,0,0,0,1,0,0,1,0,0)| LRRL (3) Z2 t21 + ty2 — g42
z123((1,2,0,1,0,0,0,1,1,0,0,0,0,0,1,0)| LRLR (3) Z3 t12 + t81 — g43
z124((1,2,0,1,0,0,0,1,0,0,1,0,1,0,0,0)| LRRR (3) 71 t22 + t82 — g41
z131|(1,0,2,1,1,0,0,0,0,1,0,0,0,0,0,1)| RLLL (3) Z1 t31 + t51 — g44
z132((1,0,2,1,1,0,0,0,0,0,0,1,0,1,0,0)| RLRL (3) Z3 t41 + t52 — g42
z133((1,0,2,1,0,1,0,0,0,1,0,0,0,0,1,0)| RLLR (3) Z2 t32 + t61 — g43
z134((1,0,2,1,0,1,0,0,0,0,0,1,1,0,0,0)| RLRR (3) 71 t42 + t62 — g41
z141|(0,1,1,2,1,0,0,0,1,0,0,0,0,0,0,1)| RRLL (3) Z2 t31 + ty1 — g44
z142((0,1,1,2,1,0,0,0,0,0,1,0,0,1,0,0)| RRRL (3) Z1 t41 + ty2 — g42
z143((0,1,1,2,0,1,0,0,1,0,0,0,0,0,1,0)| RRLR (3) Z1 t32 + t81 — g43
z144((0,1,1,2,0,1,0,0,0,0,1,0,1,0,0,0)| RRRR (3) 73 t42 + t82 — g41
z211|(0,0,1,0,2,1,1,0,0,1,0,0,0,0,0,1)| RLLL (2) Z1 t33 + t51 — g32
z212|(0,0,1,0,2,1,1,0,0,0,0,1,0,1,0,0)| RLRL (2) Z3 t43 + t52 - g34
z213((0,0,0,1,2,1,1,0,1,0,0,0,0,0,0,1)| RRLL (2) Z2 t34 + ty1 — g31
z214(0,0,0,1,2,1,1,0,0,0,1,0,0,1,0,0)| RRRL (2) 71 t44 + t72 — 833
z221|(0,0,1,0,1,2,0,1,0,1,0,0,0,0,1,0)| RLLR (2) Z2 t33 + t61 — g32
z222((0,0,1,0,1,2,0,1,0,0,0,1,1,0,0,0)| RLRR (2) Z1 t43 + t62 — g34
z223((0,0,0,1,1,2,0,1,1,0,0,0,0,0,1,0)| RRLR (2) Z1 t34 + t81 — g31
7224((0,0,0,1,1,2,0,1,0,0,1,0,1,0,0,0) | RRRR (2) 73 t44 + t82 — g33
z231((1,0,0,0,1,0,2,1,0,1,0,0,0,0,0,1)| LLLL (2) Z3 t13 + t51 — g32
z232((1,0,0,0,1,0,2,1,0,0,0,1,0,1,0,0)| LLRL (2) Z1 t23 + t52 — g34
z233((0, 1,0,0,1,0,2,1,1,0,0,0,0,0,0,1)| LRLL (2) Z1 ti4 + ty1 —g31
z234((0, 1,0,0,1,0,2,1,0,0,1,0,0,1,0,0)| LRRL (2) 72 t24 + ty2 — 833
z241|(1,0,0,0,0,1,1,2,0,1,0,0,0,0,1,0)| LLLR (2) Z1 t13 + t61 — g32
7242((1,0,0,0,0,1,1,2,0,0,0,1,1,0,0,0)| LLRR (2) Z2 t23 + t62 — g34
z243|(0, 1,0,0,0,1,1,2,1,0,0,0,0,0,1,0)| LRLR (2) Z3 ti4 + t81 — g31
z244|(0,1,0,0,0,1,1,2,0,0,1,0,1,0,0,0)| LRRR (2) 71 t24 + t82 — g33
z311|(0, 1,0,0,0,0,1,0,2,1,1,0,0,0,0,1)| LRLL (4) Z1 t11 + ty3 — g23
z312((0, 1,0,0,0,0,0,1,2,1,1,0,0,0,1,0)| LRLR (4) Z3 t12 + t83 — g24
z313((0,0,0,1,1,0,0,0,2,1,1,0,0,0,0, 1)| RRLL (4) Z2 t31 + ty4 — g1
z314((0,0,0,1,0,1,0,0,2,1,1,0,0,0,1,0)| RRLR (4) 71 t32 + t84 — g22
z321((1,0,0,0,0,0,1,0,1,2,0,1,0,0,0,1)| LLLL (4) 73 t11 + t53 — g23
z322((1,0,0,0,0,0,0,1,1,2,0,1,0,0,1,0)| LLLR (4) Z1 t12 + t63 — g24
z323((0,0,1,0,1,0,0,0,1,2,0,1,0,0,0,1)| RLLL (4) Z1 131 + t54 — g21
z324((0,0,1,0,0,1,0,0,1,2,0,1,0,0,1,0)| RLLR (4) Z2 t32 + t64 — g22
z331|(0, 1,0,0,0,0,1,0,1,0,2,1,0,1,0,0)| LRRL (4) Z2 t21 + ty3 — g23
z332((0, 1,0,0,0,0,0,1,1,0,2,1,1,0,0,0)| LRRR (4) Z1 ta2 + t83 — g24
z333((0,0,0,1,1,0,0,0,1,0,2,1,0,1,0,0)| RRRL (4) Z1 t41 + ty4 — g1
7334((0,0,0,1,0,1,0,0,1,0,2,1,1,0,0,0) | RRRR (4) Z3 t42 + t84 — g22
z341|(1,0,0,0,0,0,1,0,0,1,1,2,0,1,0,0)| LLRL (4) Z1 t21 + t53 — g23
z342((1,0,0,0,0,0,0,1,0,1,1,2,1,0,0,0)| LLRR (4) Z2 ta2 + t63 — g24
z343|(0,0,1,0,1,0,0,0,0,1,1,2,0,1,0,0)| RLRL (4) Z3 t41 + t54 — g21
7344|(0,0,1,0,0,1,0,0,0,1,1,2,1,0,0,0)| RLRR (4) Z1 t42 + t64 — g22
z411|(1,0,0,0,0,0,0,1,0,0,0,1,2,1,1,0)| LLRR (1) Z2 t23 + t63 — g11
z412|(0, 1,0,0,0,0,0,1,0,0,1,0,2,1,1,0)| LRRR (1) Z1 ta4 + t83 — g12
z413((0,0,1,0,0,1,0,0,0,0,0,1,2,1,1,0)| RLRR (1) Z1 t43 + t64 — g13
7414/(0,0,0,1,0,1,0,0,0,0,1,0, 2,1, 1,0)| RRRR (1) Z3 t44 + t84 — g14
z421|(1,0,0,0,0,0,1,0,0,0,0,1,1,2,0,1)| LLRL (1) Z1 t23 + t53 — g11
z422|(0,1,0,0,0,0,1,0,0,0,1,0,1,2,0,1)| LRRL (1) Z2 t24 + ty3 — g12
7423((0,0,1,0,1,0,0,0,0,0,0,1,1,2,0,1)| RLRL (1) Z3 t43 + t54 — g13
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TABLE XXVI: List of vectors in Q and S.

ID Vectors Directions |Category| Calculation
z424|(0,0,0,1,1,0,0,0,0,0,1,0,1,2,0,1)| RRRL (1) Z1 t4q + ty4 — g14
7431((1,0,0,0,0,0,0,1,0,1,0,0,1,0,2,1)| LLLR (1) Z1 t13 + t63 — g11
z432((0, 1,0,0,0,0,0,1,1,0,0,0,1,0,2,1)| LRLR (1) Z3 ti4 + t83 — g12
z433|(0,0,1,0,0,1,0,0,0,1,0,0,1,0,2,1)| RLLR (1) Z2 t33 + to4 — g13
z434|(0,0,0,1,0,1,0,0,1,0,0,0,1,0,2,1)| RRLR (1) Z1 t34 + t84 — g14
7441|((1,0,0,0,0,0,1,0,0,1,0,0,0,1,1,2)| LLLL (1) Z3 t13 + t53 — g11
z442(0, 1,0,0,0,0,1,0,1,0,0,0,0,1, 1, 2)| LRLL (1) Z1 ti4 + ty3 — g12
74431(0,0,1,0,1,0,0,0,0,1,0,0,0,1, 1, 2)| RLLL (1) Z1 t33 + t54 — g13
z444|(0,0,0,1,1,0,0,0,1,0,0,0,0, 1,1, 2)| RRLL (1) Z2 t34 + ty4 — g14
s111|(1,1,1,0,0,0,1,0,0,1,0,0,0,0,0,1)| LLLL (3) S3 Z111 — V11
s112|(1,1,1,0,0,0,1,0,0,0,0,1,0,1,0,0)| LLRL (3) S1 Z112 — V11
s113|(1,1,1,0,0,0,0,1,0,1,0,0,0,0,1,0)| LLLR (3) S1 7113 — V11
s114((1,1,1,0,0,0,0,1,0,0,0,1,1,0,0,0)| LLRR (3) S2 7114 — V11
s121((1,1,0,1,0,0,1,0,1,0,0,0,0,0,0,1)| LRLL (3) S1 7121 — V12
s122((1,1,0,1,0,0,1,0,0,0,1,0,0,1,0,0)| LRRL (3) S2 7122 — V12
s123((1,1,0,1,0,0,0,1,1,0,0,0,0,0,1,0)| LRLR (3) S3 7123 - V12
s124((1,1,0,1,0,0,0,1,0,0,1,0,1,0,0,0)| LRRR (3) S1 7124 — V12
s131|(1,0,1,1,1,0,0,0,0,1,0,0,0,0,0,1)| RLLL (3) S1 7131 — V13
s132((1,0,1,1,1,0,0,0,0,0,0,1,0,1,0,0)| RLRL (3) S3 7132 — V13
s133((1,0,1,1,0,1,0,0,0,1,0,0,0,0,1,0)| RLLR (3) Sa 7133 — V13
s134((1,0,1,1,0,1,0,0,0,0,0, 1, 1,0,0,0)| RLRR (3) S1 7134 — V13
s141|(0,1,1,1,1,0,0,0,1,0,0,0,0,0,0,1)| RRLL (3) S2 Z141 — V14
s142|(0,1,1,1,1,0,0,0,0,0,1,0,0,1,0,0)| RRRL (3) S1 Z142 — V14
s143|(0,1,1,1,0,1,0,0,1,0,0,0,0,0,1,0)| RRLR (3) S1 7143 — V14
s144(o,1,1,1,0,1,0,0,0,0, 1,0, 1,0, 0, 0)| RRRR (3) S3 7144 — V14
s211/(0,0,1,0,1,1,1,0,0,1,0,0,0,0,0,1)| RLLL (2) S1 7211 — V21
s212((0,0,1,0,1,1,1,0,0,0,0,1,0,1,0,0)| RLRL (2) S3 7212 — V21
s213((0,0,0,1,1,1,1,0,1,0,0,0,0,0,0,1)| RRLL (2) Sa 7213 — V21
s214((0,0,0,1,1,1,1,0,0,0,1,0,0, 1,0,0)| RRRL (2) S1 7214 — V21
s221((0,0,1,0,1,1,0,1,0,1,0,0,0,0,1,0)| RLLR (2) S2 7221 — V22
s2221((0,0,1,0,1,1,0,1,0,0,0,1,1,0,0,0)| RLRR (2) S1 7222 — V22
s223((0,0,0,1,1,1,0,1,1,0,0,0,0,0,1,0)| RRLR (2) S1 7223 — V22
s224((0,0,0,1,1,1,0,1,0,0, 1,0, 1,0, 0, 0) | RRRR (2) S3 7224 — V22
s231|(1,0,0,0,1,0,1,1,0,1,0,0,0,0,0,1)| LLLL (2) S3 7231 — V23
s232((1,0,0,0,1,0,1,1,0,0,0,1,0,1,0,0)| LLRL (2) S1 7232 — V23
s233/(0,1,0,0,1,0,1,1,1,0,0,0,0,0,0,1)| LRLL (2) S1 7233 — V23
s234((o,1,0,0,1,0,1,1,0,0,1,0,0,1,0,0)| LRRL (2) S2 7234 — V23
s241|(1,0,0,0,0,1,1,1,0,1,0,0,0,0,1,0)| LLLR (2) S1 Z241 — V24
s242((1,0,0,0,0,1,1,1,0,0,0,1,1,0,0,0)| LLRR (2) S2 7242 — V24
s243|(0,1,0,0,0,1,1,1,1,0,0,0,0,0,1,0)| LRLR (2) S3 7243 — V24
s244(0,1,0,0,0,1,1,1,0,0,1,0,1,0,0,0)| LRRR (2) S1 7244 — V24
s311|(0,1,0,0,0,0,1,0,1,1,1,0,0,0,0,1)| LRLL (4) S1 7311 — V31
s312|(0,1,0,0,0,0,0,1,1,1,1,0,0,0,1,0)| LRLR (4) S3 7312 — V31
s313|(0,0,0,1,1,0,0,0,1,1,1,0,0,0,0,1)| RRLL (4) S2 7313 — V31
s314((0,0,0,1,0,1,0,0,1,1,1,0,0,0,1,0)| RRLR (4) S1 7314 — V31
s321((1,0,0,0,0,0,1,0,1,1,0,1,0,0,0,1)| LLLL (4) S3 7321 — V32
s322((1,0,0,0,0,0,0,1,1,1,0,1,0,0,1,0)| LLLR (4) S1 7322 — V32
s323|(0,0,1,0,1,0,0,0,1,1,0,1,0,0,0,1)| RLLL (4) S1 7323 — V32
s324((0,0,1,0,0,1,0,0,1,1,0,1,0,0,1,0)| RLLR (4) S2 7324 — V32
s331((0,1,0,0,0,0,1,0,1,0,1,1,0,1,0,0)| LRRL (4) Sa 7331 — V33
s332((0,1,0,0,0,0,0,1,1,0,1,1,1,0,0,0)| LRRR (4) S1 7332 — V33
s333|(0,0,0,1,1,0,0,0,1,0,1,1,0,1,0,0)| RRRL (4) S1 7333 — V33
s334((0,0,0,1,0,1,0,0,1,0,1,1,1,0,0,0)| RRRR (4) S3 7334 — V33
s341|(1,0,0,0,0,0,1,0,0,1,1,1,0,1,0,0)| LLRL (4) S1 7341 — V34
s342|(1,0,0,0,0,0,0,1,0,1,1,1,1,0,0,0)| LLRR (4) S2 7342 — V34
s343|(0,0,1,0,1,0,0,0,0,1,1,1,0,1,0,0)| RLRL (4) S3 7343 — V34
s344(0,0,1,0,0,1,0,0,0,1,1,1,1,0,0,0)| RLRR (4) S1 7344 — V34
s411|(1,0,0,0,0,0,0,1,0,0,0,1,1,1,1,0)| LLRR (1) Sa Z411 — V41
s412|(0,1,0,0,0,0,0,1,0,0,1,0,1,1,1,0)| LRRR (1) S1 Z412 — V41
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ID Vectors Directions |Category| Calculation
s413|(0,0,1,0,0,1,0,0,0,0,0,1,1,1,1,0)| RLRR (1) S1 7413 — V41
s414|(0,0,0,1,0,1,0,0,0,0,1,0,1,1,1,0)| RRRR (1) S3 Z414 — V41
s421((1,0,0,0,0,0,1,0,0,0,0,1,1,1,0,1)| LLRL (1) S1 Z421 — V42
s422((0,1,0,0,0,0,1,0,0,0,1,0,1,1,0,1)| LRRL (1) S2 Z422 — V42
s423((0,0,1,0,1,0,0,0,0,0,0,1,1,1,0,1)| RLRL (1) S3 7423 — V42
s424|(0,0,0,1,1,0,0,0,0,0,1,0,1,1,0, 1)| RRRL (1) S1 7424 — V42
s431|(1,0,0,0,0,0,0,1,0,1,0,0,1,0,1,1)| LLLR (1) S1 Z431 — V43
s432((0,1,0,0,0,0,0,1,1,0,0,0,1,0,1, 1)| LRLR (1) S3 Z432 — V43
s433((0,0,1,0,0,1,0,0,0,1,0,0,1,0,1,1)| RLLR (1) S2 7433 — V43
s434|(0,0,0,1,0,1,0,0,1,0,0,0,1,0,1, 1)| RRLR (1) S1 7434 — V43
s441|(1,0,0,0,0,0,1,0,0,1,0,0,0,1,1,1)| LLLL (1) S3 Z441 — V44
s442|(0,1,0,0,0,0,1,0,1,0,0,0,0,1,1,1)| LRLL (1) S1 ZA42 — V44
s4431(0,0,1,0,1,0,0,0,0,1,0,0,0,1,1,1)| RLLL (1) S1 Z443 — V44
s444|(0,0,0,1,1,0,0,0,1,0,0,0,0,1,1, 1)| RRLL (1) S2 Z444 — V44

et ((1,0,0,1,0,1,1,0,0,1,1,0,0,1, 1,0) - E S122 + 8133 — 1

S214 + 8241 — 1
$314 + 8341 — 1
S414 + S441 — 1
e2 ((0,1,1,0,1,0,0,1,1,0,0,1,1,0,0, 1) - E S114 + 8141 — 1
§222 + 8233 — 1
$323 +8332 -1
S423 + 8432 — 1
e3 [(0,1,1,0,1,0,0,1,0,1,1,0,0,1, 1, 0) - E S113 + 8142 — 1
$221 + 8234 — 1
S312 + 8343 — 1
S412 + 8443 — 1
e4 [(1,0,0,1,0,1,1,0,1,0,0,1,1,0,0, 1) - E S121 + 8134 — 1
S213 + 8242 — 1
$321 + 8334 — 1
S421 + 8434 — 1
e5 [(0,1,1,0,0,1,1,0,1,0,0,1,0,1, 1,0) - E S112 + 8143 — 1
S212 + 8243 — 1
S331 + 8324 — 1
S413 + 8442 — 1
e6 |(1,0,0,1,1,0,0,1,0,1,1,0,1,0,0, 1) - E S124 + 5131 — 1
§224 + 8231 —1
S313 + 8342 — 1
S424 + 8431 — 1
e7 |(0,1,1,0,0,1,1,0,0,1,1,0,1,0,0, 1) - E ST11 + 8144 — 1
S211 + 8244 — 1
S311 + 8344 — 1
S422 + 8433 — 1
e8 [(1,0,0,1,1,0,0,1,1,0,0,1,0,1, 1, 0) - E §123 + 5132 — 1

$223 + 8232 — 1

§322 + 8333 — 1

S411 + 5444 — 1
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It is possible to describe the vectors in each class, in terms of which non-signalling constraints are violated — for
the f, g, t, and z/s classes, the vectors are associated with violations of 1, 2, 3, and 4 non-signalling constraints,

respectively.

Specifically, we order the signalling constraints as (A, As, Ay, A,), following Egs. (3)-(6), that is alternating the
constraints corresponding to the Alice to Bob direction. Then, all vectors can be identified through the heuristic
rule of violating non-signalling constraints, in the order of alternating directions, gradually increasing the number
of non-signalling constraints violated. In Table XXVI (‘Directions’ column), no constraint violation is indicated
as N, positive violations as L, and negative ones as R. Then, violating a single constraint leads to the four f-

vectors, {(f1, f2), (f5, f6), (f3, fa), (f7, fs)}. For example, A, = v11 +v1p — 031 —v2 = f1 —1 = 1— f so that f
corresponds to A;_ and f, corresponds to A;;. For the z-vectors, because all four constraints are violated, there are
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four possibilities for which constraint is violated first (the numbers in parentheses). For example, A, A;_, A,
A, corresponds to LLLL(1), LLLL(2), LLLL(3) and LLLL(4) i.e. 2114, 2234, Z324 and z444 respectively. This heuristic
rule leads to the construction of all 120 vectors to compute the non-signalling fraction. In order to construct the 128
vectors for the locality fraction, we add the ¢’s and replace the z’s with s’s — the cardinalities and correspondence
of signalling constraint violations are the same.

FIG. S1. 'Alternating’ direction of signalling violation. 1) There are two parties, A and B, with two arrows from A to B (4,3) and
two arrows from B to A (2,1). 2) We traverse a path starting from B or A using each arrow only once. 3) When traversing an
arrow we carry a flag L or R (these may differ along a composite path). 4) Path reversals are equivalent, e.g. L along 1 then R
along 3 is equivalent to R along 3 then L along 1. 5) Each path has a unique start and end.

A more complete description of this heuristic rule is given in Fig. S1. This also helps to describe aspects of the
symmetry orbits across the different vector classes, as indicated by the “Cat.” (category) column in Table XXVI,
where F, G, T1, T2, S1, S2, S3, Z1, Z2, Z3, and E denote the orbits of the symmetry group in Egs.(25)-(29), corre-
sponding to the representatives f_,;, $p ?ﬁ, ?a,, STlg, Sy, S5, Zﬁ, Z,, Zs and &, respectively, as listed in Eq. (30). For the
g-vectors, these correspond to only two violations of non-signalling constraints, one in each direction, so there is
only one class of vectors. The t-vectors correspond to the violation of three non-signalling constraints, two paths
from Alice to Bob and one from Bob to Alice, or vice versa (see Fig. S1). There are symmetry classes corresponding
to whether the two non-signalling constraints in the same direction have the same sign (T1) or not (T2). The z-
vectors correspond to violations of all four NS constraints. Considering the two pairs of non-signalling constraints
in each direction (A;, A, and A;, Ay), symmetry orbits correspond to whether the signs are the same in one pair and
opposite in the other pair (Z1), the signs are opposite in both pairs (Z2), and the signs are the same in both pairs
(Z3).

The rule above can be used to compute the cardinalities for each vector class. Note, the ‘alternating” part of
the rule explains why cardinalities do not just follow the number of non-signalling constraints in each class. For
example, without the alternating rule, regarding the cardinality of the g class there would be () - 2 -2 = 24 vectors,
but instead we have only 16.

Another way to illustrate the set of vectors is with a set of 4x4 tables, each representing a vector in the solution
sets. For the f-vectors, this is depicted in Fig. S2, while the relationship between f-measures and associated g-, t-,
z-measures is depicted in Fig. S3.

Symmetries of the solutions: these can be found using the five symmetry conditions from Egs. (25)-(29) of the
main text. Applying them in turn, we have for the f~measures (where “to” denotes a swap of the two elements):

Eq. (25)-ato1—a: f1 to fa, f3 to fu; others are (swapping columns 1 and 3, 2 and 4 in Fig. 52),

Eq. (26) -bto 1 —b: f5 to fe, f7 to fg; others are unchanged (swapping columns 1 and 2, 3 and 4 in Fig. 52),

Eq. (27)-xtol—x: f1 to f3, f2 to fu, f5 to fs, f7 to fg (swapping rows 1 and 3, 2 and 4 in Fig. S2),

Eq. (28)-ytol—y: fs to f7, fo to fs, f1 to fa, f3 to fu (swapping rows 1 and 2, 3 and 4 in Fig. 52),

Eq. (29) - (x,a) to (y,b): f1to f5, fo to fe, f3 tO f7, fa to fs (swapping rows 2 and 3, columns 2 and 3 in Fig. S2).
We can thus get from f; to any other via a sequence of moves (for instance, fi — fg can be achieved by f; — f,
then f, — fi, and finally f1s — fg). We note that using the symmetries above we can similarly get from any vector
to all of the members of its symmetry group.

Fig. 53 shows how f; connects to g3 and gp4. Each g;; term can be constructed using two f; terms, as we see
in the final column of Table XXVI. For example, ¢»3 uses f1 and f7. In general, each f; term is involved in four g;;
terms (f7 is used for g3 and g»4, as above, and also g1 and g1).

Similarly, the figure shows how e.g. g23 connects to t>; and #11 uses 23 and g11. Each t;; term uses two g;; terms,
again see Table XXVI. Each g;; is used in four t;; terms (g23 is used for 51 and t11, as above, and also t53 and t73).

We then see how e.g. 71 connects to z12; and z112. Each zjj term can be constructed using two t;; terms (see
Table XXVI). For example, z12; uses fp1 and t7,. Each t;; term is used in four zjjx terms (f2; is used for z1p and z71o,
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f1 fa fa fa

Vi1 | Va2 | Vi3 | Via

V21 | V22 | V23 | V24

V31 | V32 | V33 | Vaa

Va1 | Va2 | Va3 | Vasa

fs fs f7 fs

FIG. S2. 4x4 representation of the f-measures. The above figure is a 4x4 representation of the f-vectors, whereby the highlighted
cells are the 4 components out of the behavior’s vector’s 16 components that make up each f-measure. The f-measures are
divided into two sets, and each set consists of two pairs; these are (f1, f2), (f3, f2) and (fs, fs), (f7, fs), with the elements of each
pair summing to 2 (e.g. f1 + fo = 2).

as above, and also z331 and z347).

These relations are further illustrated in the 'Directions’ and ‘Calculation” column in Table XXVI. Recall, each
vector in the f, g, t, z/s classes can be characterized by violations of particular non-signalling constraints. If one
takes a target vector in any class apart from f, then the non-signalling constraints corresponding to this vector
are exactly the ones of the vectors which make up the target vector from earlier classes. For example, each t;; is
characterized by three violations of non-signalling constraints, which are exactly the ones of the two gy vectors,
which make up this particular t;; one (two g;; vectors will be characterized by four violations, but one will be
common between the two). See also Fig S4 below — the highlighted connections are the same ones as used in the
example in Fig. S3.



f1
823 | g2
|
|
|
[
|
ta1 | tu |t |t
| | |
| | |
| | |
| | |
Z122 | Zz121 | Zi2a | Zazs
2x* | 2X | 2X | 2X
| | |
| | |
| | |
| | |
Z112 | Zin | Z1a | Zus
2X 2X 2x 2X
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FIG. S3. Relationship between f-measures and associated g-, t-, z-measures. Here we show a subset of the connections highlighted
in Table XXVI (also see Fig S4). The term "2x” indicates that a factor of 2 is applied to that component, when computing the
corresponding measures (these factors of 2 occur only for the z-vectors).
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FIG. S4. Connections between measures. This is a graph representation of the connections between f-, g-, t- , z- and s-measures,
which reflects the algebraic expressions, i.e. how they can be derived from one class of the directions to the next: each layer
represents one category of f-, g-, t-, z- or s-measures, each g-, - and z-measure is connected to two quantities from the layer above.
Each f-measure is connected to four g-measures, each g-measure is connected to four t-measures, and each t-measure is connected to
four z-measures. Finally, each s-measure is connected to its associated z-measure and to one e-measure. These relationships mirror
those in Table XXVI, as seen by comparing the entries in the first and fifth columns. The figure was constructed using Python’s
Plotly library and then visually refined using a barycentric optimization routine to minimize edge crossings. The example

shown in Fig. 53 is overlaid with a black dashed line.
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