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SUMMARY

The development of a design method for systems which must
attempt to satisfy a variety of possibly conflicting objectives
relating to different aspects of performance at different stages
in the life cycle is described. A review of the devslopment of
systems engineering (the basis of the design method), a statement
of the systems engineering concept and definitions of the terminology
are given as an introduction.

A specific problem is used in the development of the method,
termed the design-control problem, in which the system must aim
at objectives based on the construction cost, dynamic performance
and static performance, A specific application is also used,
the optimal design of a nuclear power station, this being of the
size and complexity of problems encountered in practice.

The problem and design objectives are defined, mathematical
models of the system which are used in the design optimisation
and their means of solution are described. An outline of the
techniques used in combining the various design objectives to
form an overall design utility function, precedes the derivation
of the utility function for the reactor problem. The utility
function is related to the design parameters via the models,
and the procedure used to maximise the expected utility by
adjustment of parameters is described,

Finally, the results of the optimisation are presented and
discussed, and in conclusion an analysis of the design method,
its merits and shortcomings is made, with suggestions as to how

improvements and additions could be effected.
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Notes on Layout and Notation

de References.

2. Figures.

i Notation.

References are indicated by two numbers
separated by a stop within parenthesis,
thus - (1.1),

Figures are contained on separate sheets,
text on these sheets refers to the figure

only.

A list of symbols used in the text follows,

 These do not include the design parameters

and variables of the nuclear reactor which
are listed in Appendix 1 & 2, or the gains
of the linear dynamic model listed in
Appendix 4, Prefixes, subscripts and super-
scripts do not appear in the list, but are
defined in the text as they occur. Some
duplication of symhols occcurs, the symbol
is then re-defined in the text before it is

used,

Notation

matrices defining the general linear dynamic

_ model,

system constants

velocity of light

fuel enrichment

kinetic energy

thermal neutron utilisation factor

gains

constants or gains

effective and excess reactivity

neutron escape rate

mass .

numbexs of atoms

integers defining dimensionality of system
system objectives

the system parameters

resonance escape probability, probability
in general

system poles
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Notation (continued)

system performances

surface area

Laplace operator, sensitivity coefficients
temperature, final time

time

overall utility

category utilities

* system inputs

volume

system values

within category weightings

between category weightings

proportion of S.G.H.W.Rs, in the plant mix
system variables

system zeroes

increments

damping ratio

fast fission factor

neutron multiplication factor

functions used in estimating resonance
escape probability

logarithmic energy decrement per collision
microscopic and macroscopic cross sections
time constants

natural and damped natural frequencies



Xy INTRODUCTION
1.1 The Development of Systems Enginesring

The concept of total system design is not new, Bertalanffy
(1.1) traces the history of such ideas and shows that by the
1920's several authors had laid down the fundamentals of systems
theory, It was not until the Second World War, however, that
application of the theories in the engineering field began,
and systems engineering was born. During this period of rapid
advancement of weapon technology, great urgency and economic
pressure, the traditional 'free enterprise' method of weapon
development by individual companies proved inadequate. The
production of competitive designs from which the services could
take their pick was far too extravagent, It became necessary for
the services to be aware of exactly what was required, and for
the manufacturers to gear themselves for its development and
production, in a situation where materials and manpower were at
a premium, A good example of this is the way the Merlin aero
engine was produced in plants throughout the country, and used in
all types of aircraft, from Spitfire to Mosquito to Lancaster,

The” integrating policy went beyond just hardware, for as this
became more complex and the cost of ‘backup! increased, the need for
a8 more closely controlled spares, servicing and training facility was
apparent. Maintenance schedules had to be arranged to give maximum
utilisation of equipment. Recruitment and training had to be
planned, to ensure that a complement of men were available to
operate the new weapons.

The war, however, was by no means a division between ignorance
and knowledge of the systems approach, indeed, the majority of
those involved at the time were probably ignorant of the texrm.

After the war much remained of the old methods, the '"V! bombers

and the Hunter and Swift fighters were developed competitively

for service orders. Increasing application of advanced technology
and the consequent rise in development costs, however, soon made

it apparent in the military field, and later the civil field, that

a careful analysis of requirments and formulation of a specification
were necessary before embarking on any new major project. Figure
1.1 illustrates the effect on cost of the continual application

of advanced technology. The purchase price of civil aircraft per 100
passenger seats is shown for types produced or proposed between 1945
and' 1980, Escalation effects are cancelled to some extent by the

larger sizes which should keep the cost per seat down., (This data

7 —>



Figure 1.1

Purchase price of civil aircraft in millions of dollars per
100 seats, plotted against date of intreduction.
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and the histories of Concorde and Tristar are powerful svidence
for the need of a systems study.)

A spur to the development of systems engineering came in
the 1960's when powerful digital computers became generally
available. Where previously the analysis of a proposed system
could only be undertaken in a éursary manner, now the computer
could be used for a thorough and detailed analysis. Reliable
and accurate predictions of system performance could be made,
whereas previously only a guide could be established. Use of
computers wes not, however, without its problems; systems had
to be described in a way the computer could understand, and more
precisely than was necessary for manual analysis. Techniques had
to be developed, and have still to be, which enable computers to
take decisions which a man can take from experience, intuition or
hunch. To a large extent these techniques are based on algorithms
or theories known for many years, but which were inapplicable or
restricted before the computer, linear programming is a typical
example,

Problem analysis no longer being the limitation it once wes,
the barriers to the wider application of systems engineering are
the education of the designers of the future in the systems
method and its tools, and the breakdown of the old design procedures.
Interest is spreading from the areas where systems engineering
was first applied and has a foothold, predominantly in the
military and aerospace fields, to the more conservative areas

of industry.

1.2 The Systems Engineering Msthod

The preceding section outlined the development of systems
engineering without actually defining it, except to say that it
was based on a philosophy of looking at a problem in the broadest
possible terms. Before describing the systems engineering method,
it is appropriate to define a system and systems engineering.
There are variations in the definition of a system (1.1 - 1.5)
but the following is representative

System -~ A set of interacting units within a stated
boundary assembled to perform some definite function,
The manner in which the units are assembled is defined by

the system structure, the dimensions and other physical properties

of the units are defined by the system parameters (p) and the

state of the system is defined by the system varisbles (x), pressures,




temperatuxes, eic. Mathematicsl equations bascd on the conservancy
of mass, energy and momentum defining the relationships between the

system variables are the system models. The structure of the equations

is determined by the system structure, and their coefficients are
functions of the system parameters. An open system exists within an
environment which may be defined as =
Environment = All that is external to the system and
which affects the system or is affected
by it.
It is the environment which initially creates the need for o
system, and which supplies the system objectives (o) and inputs (u).
It is on the basis of benefit to the environment (meeting the objectives )
that the system's worth will be judged. The environment determines

system constants (c) which are functions of nature, and will also

place certain constraints upon the system parameters and variables,
again a result of nature.
The system and environment, having been defined, it now remains
to define systems engineering -
Systems Engineering - The design of complete systems so
that the system's performance, over
its life cycle, is most effective in
meeting stated objectives.
To analyse a system over its entire life cycle, it is necessary
to include at the very minimum the research,; design, development,
manufacture, operation and disposal stages. It is convenient to
sub-divide the objectives into categories, each containing one or
more objectives. Each of the stages outlined above will be associated
with objectives in one or more categories. The system performances (fl)
are functions of the variables which are used as a measure of the system
in meeting the objectives., There will be a performance associated
with each objective. The values (v) are scalers which define the
merit of the performances in meeting the objectives. Values summed

within objective categories are category values., System utility (U)

is the weighted sum of all category values, and it is this which is
maximised to produce an optimum system design by adjustment of the
parameters (and more generally the system structure). Utility may
be referenced to a monetary scale, but it is more usual to use an
arbitrary dimensionless scale in the formulation of the utility
function,

“To be more specific about objectives, performance and value,

consider the manufacturing stage of the system life cycle. Here



the cbjectives will be a function of the total cost and cumpletion
date, and the performances relating to these are construction cost
(forming a part only of the total cost) and construction time.
Values will be functions of these performances, perhaps a straight
negation in the case of cost, and a zero value for time until a
certain date is approached then a sharp cut off. During the
operational stage the objectives will be concerned with static
performance (efficiency, product quality, etec) , dynamic performance
(response, stability, etc. ) and running and maintenance costs. The
life cycle may include a commissioning stage in which debugging and
personnel training would contribute to utility (negatively).
Finally, there are the less tangible contributions to utility, such
as penalties for waste discharge or use of farmland, and a value
for flexibility in case of a specification change in the future.

In calculating the weighting factors used in combining the
values for each objective category to form overall utility some common
reference is needed. This is normally financial (money is merely a
convenient scale on which to relate values of otherwise imcomparable
objects ), and in estimating weighting factors values must be combined
on a present worth basis to allow for interest on borrowed capital
and inflationary tendencies on the prices of raw materials and
products.

Utility as defined will be a function of the performances of
the system, that is (effectively) a function of the variables. The
design is optimised by adjustment of the parameters and it remains
therefore to define the variables in terms of the parameters,
which is achieved by the formulation and solution of the system
models., There will be a number of models for each system, their
relative importance depending upon the type of system and the formulation
of the utility function. For example, in an aircraft the dynamic
and reliability models are of high importance, whereas in a chemical
plant the static performance model is of greater significance. The
required model accuracies will be determined by the relative contributions
made by the solution of the various models to overall utility.

Summarising, the systems engineering method may be considered in
four stages -

(a) Define the problem, select the objectives and formulate

the utility function.

(b) Synthesise the system and formulate models.

R (- Analyse and solve the models to relate utility to the

system parameters.



(d) Optimise the system by adjustment of the parameters.

In practice it is not possible to express utility explicitly
in terms of the parameters as suggested by the list, and an iterative
optimising procedure has to be adopted. This is illustrated by the
flow diagram shown in Figure 1.2, Variations of this diagram appear
in the literature but basically they express the same ideas (1.3,
1.6, 1.7).

In implementing a systems engineering design mathematical tools
are borrowed from other disciplines; decision theory, reliability
theory, linear and non-linear optimisation methods and other 0.R.
techniques. (O0.R. may, in fact, be considered a subset of systems
engineering as it optimises the operation of an existing system. )

The conventional methods of static and dynamic analysis of engineering
systems are required, and finally some statistical theory is needed

as the utility functions will contain many terms based on predicted
future events about which there is considerable uncertainty. An

expected value of utility is then used in design optimisation,

1.3 Aims of the Present Work

The present research aims to develop a systems based design
method for a class of problem, termed the design-control problem,
which arises in all sizes of system from instrumentation to chemical
plant. It concerns the design of any system which has design
objectives under the static performance, dynamic perfnrmance and
cost categories, with normally more than one objective in each
category. The problem is somewhat restricted in that it concerns
only the manufacture and operation stages of the system life cycle,
and only three of many possible objective categories. It is proposed,
however, to formulate the design method in a general manner, so
that it may be used as a 'package! for any problem, the user
supplying certain blocks defining the system and the utility functions,
The method will also be flexible so that other categories of system
objective may be added at a later date, e.g. to cover startup or
reliability criteria.

The aim is to show that the various design criteria can be
assigned values and related to each other in a meaningful way;
that uncertainties concerning future events may be included in the
design evaluation, and that computer techniques may replace the design
optimisation process which has previously been largely intuitive,

Not least is the aim to show that the criteria traditionally adopted

to design optimal control systems, mainly for reasons of ease of

12 —»
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Figure 1.2

The systems engineering design processe.
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solution, can be replaced by more meaningful criteria; which may
also be related to the other design objectives.

The work is the first stage of the implementation of the systems
design procedures described by Professor M'Pherson (1.6 & 1.7).
It is a prerequisite that the implementation should be applicable
to real systems. To ensure this the problem chosen to develop the
method is of a size and complexity representative of that met in
practical situations.

The following five sections follow broadly the steps outlined
in section 1.2 (page 9 ) as the stages of a systems engineering
study. The problem and the objectives are described in section 2,
although formulation of the utility functions is delayed until section
5 after a description of the plant and models. Section 3 describes
the system, it having already been synthesised, and section 4 describes
the system models and their solution. The optimisation procedure

is described in section 6.



2. THZ PRODLIM
2 The Plant Design - Ccntrol Problem

Despite statements made above that a systems design method
should be all embracing, it was necessary to be a little more
restrictive choosing a problem for the development of the method.

The problem selected was the optimal design of a plant and its
controllers with respect to the meny and various criteria relating
to its cost and performance (in its widest sense). This has been
called the Plant Design - Control Problem, although Plant Design =
Dynamics Problem might be more accurate. Too much stress should not
be placed on 'plant' as the method will be equally applicable to
instrument systems. This particular sub unit of the total system
design was selected because of the control interest of the Department
of Systems and Automation, and because analysis and evaluation of
dynamics and controller design will be one of the most difficult
areas in the total system design of a multivariable plant.

It has been common practice in designing control systems for
process plant to represent the plant as a fixed unit, designed to
meet specified static operating conditions and engineering constraints.
In this case the control engineer is required to conceive a control
system which enables the plant to be operated with stability at the
required conditions, and to respond satisfactorily to any changes
demanded of it. There are obvious limitations to this procedure,
because unfavourable dynamic characteristics may be designed into
the plant, and these are difficult or impossible to overcome by
control action. The result could be a final plant with poor stability
or response, or a complicated and expensive control system to compensate
for inherently poor dynamics, or both. A slow corrective feedback
exists, based on experience of previous similar plants, and in the
chemical and petroleum industries codes were compiled for the sizing
of pressure vessels and other components affecting plant dynamics
on this basis.

In areas where there is a high interaction between static and
dynamic ability, as in aircraft and other high performance vehicles,
the division between static and dynamic design broke down as the
slow feedback based on experience of previous types proved inadequate.
Increasingly this is becoming the case in the process and power
generation industries, with their increasing rate of innovation and
trends towards larger and integrated - and hence more interactive -
plants. These, in addition to higher costs, demands for higher

quality or waste control and better dynamic capability, are forcing

13



an integrated design philosophy intu the process indusiries.,

In general terms the preceding paragraphs demonstirate the need
for a systems design method for the Plant Design - Control Problem
in which the static performance (efficiency, product quality, etc., )
and dynamics (stability, response, etc., ) are considered together
in the design stage. It is necessary also to consider plant cost
in the design, as a plant optimised on purely technical merits
could be economically unviable. The problem used for developing
the method has now been defined and the general flow diagram of
Figure 1.2 may be simplified and made morc specific as figure 2.1,
Three system models may now be identified: the static, dynamic and
cost models correspond to the three categories of design objective
under consideration. The flow diagram is arranged in such a way that
the optimisation loop ( heavy lines) calls for data from (and sends
it to) the model and analysis blocks. This is done to make the
design method as flexible as possible so that alterations to the

models or the utility function can be made easily.

2.2 The Nuclear Power Station Problem

Nuclear power plants currently in operation and under construction
in the U.K. are designed as base load stations, fluctuations in
power demand being met by the conventional fossil fired or hydro-
electric stations. The reasons for this policy were both economic
and technical: the high capital cost of nuclear stations meant that
they could only produce power economically if operated on a full
power full time basis, and in applying the new nuclear technology
it was much simpler, cheaper and safer to build a static rather than
a dynamic plant. This policy was possible while the fraction of
nuclear power was relatively small (at present a little over 10%
of the installed generating capacity is nuclear, but as these are
base load stations they supply nearer 15% of demand). However,
world energy supplies and generating economics dictate that nuclear
power must play an ever larger part in meeting the country's
electricity demand. Figure 2.2 shows the predicted total and nuclear
capacities of power stations in the U.K. until 2000 A.D. (2.1)

Present nuclear plant then was designed for fundamentally
static operation, and could therefore employ intermediate coolant
loops for safety (in view of the uncertainties of the new technology)
and energy storage could be cut to a minimum to reduce construction
costs. Typically a nuclear station today has about one third the

available thermal energy storage of a conventional station (10 full

17 —»
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Figure 2.1

Systems design procedure for the design-control problem.
Needs analysis, problem definition and system synthesis stages are

as in Figure 1.2.
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Figure 2.2

Estimated generating capacity in the U.K. to 2000 A.D,
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power seconds against 30). Intermediate coolant loops and low energy
storage do not make for good dynamic performance, and clearly a change
in design philosophy is needed for the next generation of nuclear
power stations.

There are other basic changes in the electricity supply system
taking place concurrently with the increasing proportion of nuclear
power. The most significant is the trend, again for economic reasons (2.5)
towards larger power generating stations and generating sets (turbo
alternators ). 'In addition total power demand is increasing and so
too is the ratio between daily and annual maximum and minimum demand
(2.2, 2.3). At present the largest stations are of 2000 M.W. and
the largest generating sets 650 M.W, Stations of 3000 M.W., and sets
of 1000 M.W. are under construction, and economic pressure will be
for still larger sizes. The implication of larger stations is that
the system will have to sustain larger power deficiencies, in both
absolute and relative terms, following a reactor or transmission
line fault. Similarly a fault in a larger turbo-alternator will
result in a bigger power deficiency, but a more significant effect
of larger set sizes is their lower mechanical inertia per unit
output. Typically mechanical energy storage is 4 megawatt seconds
per megawatt for a 500 M.W. machine and twice that for a 120 M.W.
machine. As larger sets are installed the grid 'inertia' per unit
output will decrease and the response of grid frequency to a pover
surplus or deficit will be faster.

The policy of the C.E.G.B. is to maintain grid frequency to
within % 0.2 c/s of the nominal 50 c¢/s under all circumstances., If
this standard is to be maintained, the dynamic capability of the
nuclear station of the future must be considerably superior to that
of today's conventicial station, due to the larger step inputs to
be expected (following faults in other parts of the system) and the
faster grid response. Even in normal circumstances severe load
following demands will be made of the plants, as the predicted daily
power profiles of Figure 2.4 show. Work by the C.E.G.B. has shown
that power responses of nuclear stations must be of the form shown in
Figure 2.3 if grid security is to be maintained when the majority of
power is nuclear produced in 20 years' time (2.4 ).

Designing a nuclear station with a dynamic capability adds a new
dimension to the design problem, and to design assessment. The
various design criteria, static performance, dynamic performance,
cost, are highly interactive and must be traded off against one

another to produce an optimum design. In fact the nuclear reactor is

1 Hin
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a typical example of the Plant Desion - Control Problem. Also it

is of a size and complexity common in real problems, and a design
method which tackles the reactor would be applicable to a fair range
of problems. The reactor design is then an ideal problem to use

for the development of a systems based design method.

Stated in the broadest possible terms the design objectives in
three categories being considered are -

(a) Static Performance. The reactor should produce power

at a specified rate, and its total energy output for
a given quantity of fuel should be a maximum,

(b) Dynamic Performance. The reactor should be able to

follow any load changes demanded of it.

(c) Cost. The reactor should be built at minimum cost.

These are obviously conflicting requirements.

Studies have been carried out in the C.E.G.B. along the lines
indicated above for Advanced Gas Cooled Reactors (AGRs) (2.6). The
studies, however, do not use a computer model of the whole problem
to optimise the design, but use predictions of the various aspects

of station performance to aid a "manual' optimisation,

19



3 DESCRIPTION OF THE PLANT
3.1 Reactor Physics

Before describing in detail the reactor to be used for the
development of the design method, it is as well to consider the
principles of nuclear reactors as this will be necessary for an
understanding of the plant models to be discussed later., For a

more detailed account of the principles of reactors see (3.1 & 3.2)

3.1.1 The Fission Process
The properties of the three fundamental particles of which atoms

are formed may be summarised as follows -

Particle Charge Mass
a.m.u, grams
-28
Electron -1 00055 9,106 x 10
Neutran ) 1.00898 1.675 x 10~24
Proton + 1 1.00759 1.673 % 10'24

Light atoms have equal numbers of neutrons and protons, but
heavier atoms have an increasing proportion of neutrons to protons,
see Figure 3.1. If the total mass of electrons, protons and neutrons
in an atom is calculated, it is found that this exceeds the mass of
the atom. The difference is the mass equivalent of the energy required
to 'dismantle' the atom into its fundamental perticles, and is termed
the binding energy. It is usually expressed in terms of binding
energy per nucleon (protons + neutrons), and if plotted against mass
number gives the curve shown in Figure 3.2. Energies are expressed
in electron volts (ev) with an appropriate prefix, i.e. Kev or Mev.
One electron volt is equivalent to 1.6 x 10-19 joules, It may be
seen that binding energy is a maximum for atoms with an atomic mass
in the range 40 -~ 80. If heavy atoms can be split into fragments
of atomic mass 40 - B0 en energy release will be obtained, this is the
fission process. A much larger energy release per nucleon is available
if light atoms can be combined to form heavier atoms, this is the
fusion process,

Present power generating nucleasr reactors make use of the fission
process, and in the main use uranium as a fuel. Under suitable
conditions fission will occur spontanecusly in the uranium isotope
U235 which constitutes about 0.7% of natural uranium, the remainder
being mostly U23B' Reactors may be designed to operate on natural
uranium or fuel enriched in 0235. Fragments of the uranium atoms

(fission products) are distributed over a range of atomic weights

o
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Figqure 3.1
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as illustrated in Figure 3.3. The fragments lie mainly in the ranges
85 - 105 and 130 - 150, energy release is therefore less than the
theoretical maximum, however this is a natural process over which
there is no control. Nuclear fission in U235 is initiated by the
capture of a neutron, and as a result of the fission in addition to
the fragments two or three neutrons are ejected and energy released.
Individual fission reactions vary, but on average 2.46 neutrons and
200 Mev of energy are released for each U fission. The energy

235
release is equivalent to 3.1 x 1010 fissions per joule (watt second).

3.1.2 Neutron Properties
Neutrons are ejecteqj%igh velocity v and may be classified by
their energy in Mev using the relationship =
M v 5
B = _g__ x 6.25 x 107 Mev < 18 ¢

where Ho is the rest mass of the neutron i.e.

Bk = 5.24 x 1077 v Mev 3.2

This applies so long as the velocity is small relative to that

of light ¢, if not we have =

ke w M cz { 1 -l } x 6,25 x 105 Mev 33
(

A distribution of the neutron energies resulting from fission
is shown in Fiqure 3.4. When a neutron has an energy such that it is
in equilibrium with the temperature of the matter in which it exists,
it is called a thermal neutron. The energy at which equilibrium will
occur is given by kinetic theory as =

E = KT 3.4

where T is the absolute temperature and K is the Boltzmann
constant = 1.37 X 10-15 erg/DK. At 20% therefore a neutron would
be in thermal equilibrium with its surroundings if its energy were
0.025 ev.

Fission may be initiated by either the high energy (fast)
neutrons, or by thermal neutrons, and reactors are classified as
fast or thermal reactors depending upon which process is employed.
Fast reactors have not yet been built commercially and it is the thermal
reactors which are of interest here. As each U235 fission is initiated

by the capture of neutron and ejects on average 2.46 neutrons, there

Sy
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Figure 3.3

Distribution of fission fragments.
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is a gain of 1.46 neutrons per fission. If a steady fusion process
is to be maintained therefore 1.46 neutrons must be removed from the
reactor for every fission that occurs. The mechanisms of neutron

loss are to be discussed later, but basically it depends upon the
ratio of neutrons absorbed by the fuel, to those absorbed by other
reactor materials. A measure of the capacity of a material to absorb
neutrons is given by its microscopic absorption cross section (IE
measured in barns, one barn being 10_24 cm.2 The product of the
number of atoms and the cross section is a measure of the total
neutron absorbing capacity. If this product is summed for all the
reactor material, then the total absorbing power of the reactor is
obtained. Absorbing capacity may alternatively be expressed in terms
of the microscopic absorption cross section Z:a, which is the product
of the microscopic cross section and the number of atoms per cubic
centimeter. A similar property called the fission cross section C5f
gives a measure of the ability of an atom to capture a neutron

which will cause a fission. Using these quantities the proportion

of neutrons absorbed by the fuel may be estimated. Both the fission
and absorption cross sections vary with neutron energy, exhibiting
sharp 'resonant' peaks at certain energies., The fission cross
section for U235 is plotted against neutron energy in Figure 3.5.
Nuclear cross sections of materials used in the S5.G.H.W.R. are

tabulated in Appendix 12.

3.1.3. The Chain Reaction.

As stated previously thermal reactors use neutrons in the 0 = 3 ev
region to initiate fission, but neutrons are released in the Mev range,
These neutrons must therefore be slowed, this is achieved by the
introduction of a moderator which slows the neutrons by elastic
collisions with the moderator atoms. The properties of a moderator
are determined by its scattering and absorbing cross sections (}s
and (}a and the average logarithmic energy decrement per collision g .
The energy decrement is a function only of the atomic mass of the
moderator atoms, light atoms have higher decrements per collision as
a larger proportion of the neutron energy is transferred to the atom.
These quantities are combined to give the moderating ratio g %%

(for an element, for a compound the cross sections must be summed for
all elements ). The mechanisms of neutron loss may now be examined,
If there are n, neutrons at time tu' then in the next generation of
neutrons (after fission) these will be T]nD neutrons where 7| is

the multiplication factor = 2.46 for U235 si8,
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Figure 3.5
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e LR, | 3.5
Before these are slowed down some cause fast fission in the
fuel, slightly increasing the number of neutrons by a factor € ,
which is about 1.03 for natural or slightly enriched uranium fuel.

The number of fast neutrons is therefore -

While the neutrons are slowed to thermal energies by the moderator
some are captured, mainly by U238' The probability of avoiding
capture is p, the number of thermal neutrons is therefore -
nt = FIET] nn 5
The proportion of thermal neutrons entering the fuel is the
thermal utilisation factor f. The remainder are absorbed by the
reactor structure or are lost into the shielding. Thermal neutrons
entering the fuel are -
n, = fpET) n 3.6

Finally, not all the neutrons entering the fuel cause fission,
some are absorbed, 7] is therefore replaced by T]E the effective
multiplication factor, therefore -

n, = pr‘nenD 3.9

The ratio of neutron flux from one generation to the next is

the effective reactivity denoted by Keff and is given by =
Keff = pEf‘ne 3.10

for a steady reaction Kef‘ = 1. Excess reactivity denoted by 5!(

f
is given by =
TR Al 3.11
KBff
The time between a neutron being ejected and being absorbed to
cause another fission is the mean neutron lifetime 1, and is of the
order of ll'.'i"3 to 10-4 seconds. Neutron flux would, if all neutrons
were ejected, immediately after fission be given by =

t/1
n = noKeff 3.12

Fortunately this is not the case as neutron flux (and therefore
power output) would be extremely sensitive to small changes in
reactivity and reactors would be virtually uncontrollable, Most
neutrons are ejected within 10~12 sec. (prompt neutrons) of fission,
but about 0.755% are delayed and may be represented by six groups.
Each.group provides a definite proportion of the delayed neutrons Bi ’

and they are released according to an exponential distribution with
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1
time constant "y . The sum of the proportions is (Z:% ) DB.0D755

.ui
and the time constants vary from 0.07 to B0 seconds. Providing then
that excess reactivity does not exceed 0.00755 therefore, the rapid
= 1.00755

sufficient prompt neutrons are released to support the chain reaction

power variations predicted by 3.12 will not occur. When Ka

and the reactor is said to be prompt critical, a dangerous situation

which is never intentionally created.

3.1.4. Inherent and External Reactivity Control.

The mechanisms of neutron absorption have now been described, and
it has been shown how absorption affects the effective reactivity Kaff'
Reactivity may be controlled by varying the moderator to absorber
ratio and this may be achieved by varying the quantity of either.
Control rods of a highly absorbent material (high absorption cross
section ) are a common control mechanism. Reactivity is also dependent
on various effects within the reactor which can lead to inherent
stability or instability of the design. It was shown in Figure 3.5
that the fission cross section of U

235
neutron energy increases, As the core temperature rises so does the

has & decreasing trend as

energy of the equilibrium neutron and there is less probability of it
causing fission. This then is a temperature stabilising effect,
known as the doppler feedback effect. More marked effects occur in
reactors with a liquid or gaseous coolant, for as temperatures vary
so does the mass of coolant in the reactor, Depending upon whether the
absorbing or moderating effect of the coolant is dominant the reactivity
may increase or decrease with temperature, although for safety reasons
the latter is usually aimed at. For gas cooled reactors pressure
changes have a similar effect, and if a liquid moderator is used its
quantity is again temperature dependent, Where the coolant is an
evaporating liquid large variations in the mass of coolant in the core
can occur depending upon the liquid-vapour ratio or voidage. The
effects of variables on reactivity are expressed by reactivity
coefficients, e.q.

Ok = k07 3.13

3.1.5. Fission Product Poisoning.

Finally there are some points to be made concerning the effects
of fission products. Some of these, notably Xenon (XBIBS, have very
high neutron absorption cross sections, and are referred to as poisons,
(although this term is also used for absorbers deliberately introduced

for control or shutdown purposes ), Xenon is formed several hours
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after fission duc %o radiocactive decay of an unstsble isotope of
Iodine (I
135

and decays with a half life of 9.13 hours, but the main cause of

) formed as a fission fragment. It is itself unstable

elimination is by neutron absorption, also called burnup. During
steady reactor operation the production and burnup and decay rates
oF 334
however, there will be a low level of XB135 and some alternative

absorber must be provided to remove excess neutrons from the reactor
until the Xenon level stabilises. After shutdown the production

of xalSS

burning the level will rise until the supply of I

form a balance, At startup (after a prolonged shutdown )

continues, but as neutrons are no longer available for
135 is depleted.
The concentration then falls as Xenon is destroyed by radiocactive
decay. The peak levels of Xenon built up after shutdown are such
that it is impracticable to provide sufficient reactivity override

to counter its absorbent effect. Following shutdown then it is
necessary to restart quickly or to wait until Xenon has descayed
naturally before restart is possible. In large reactors XB135 can
lead to a spatial oscillation in the power distribution throughout
the reactor, Being gaseous Xenon also causes pressure buildup within

the fuel.

_BIZO The S.G.H.‘l".R.

The reactor used in developing the design method is a new type
known as the Steam Generating Heavy Water (moderated) Reactor, or
S.G.HW.R. A 100 MW(E) prototype has been built at Winfrith in
Dorset, and this is currently undergoing trials. Commercial designs
of the S.G.H.W.R. have been prepared and are under consideration for
application in the U.K. and overseas. A brief description of the
reactor follows, for a more detailed account see (3.3).

The reactor configuration is basically a conventional recirculating
boiler system with the fired heater replaced by a nuclear heater, the
configuration is illustrated schematically in Fiqure 3.6 and Figure 3.7
shows a perspective detail of the reactor core and coolant system.

The reactor core is contained within an aluminium vessel 12 feet in
diameter and 13 feet high called the calandria, this vessel contains

the heavy water moderator which is essentially at atmospheric temperature
and pressure., Through the calandria pase 104, 6" 0D pressure tubes,

each containing a cluster of 36 fuel pins as illustrated in Figure 3.8.

A feature of the reactor is that pressure is contained within these
tubes and large pressure vessel is avoided. Light water coolant enters

the bottom of the tubes and partially evaporates as it passes over
g =
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Figqure 3,8

Detail of the 5.G.H.W.R. boiling channels and fuel pins.
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the fuel which is uranium oxide enriched to 2% in Us.s  About 3 My
of thermal energy is generated in each pressure tube.

In the prototype the steam water mixture from each pressure tube
is carried through individual risers to one of two steam drums. In
some of the commercial designs several pressure tubes are linked to
headers and transfer lines which carry coolant from several pressure
tubes to the drums. Liquid separation takes place in the steam drums,
and dry steam from each is fed to the turbine. Superheating is not
employed as the startup of superheater tubes in this type of reactor
would create problems, Exhaust steam from the turbine is condensed
and pumped back into the drum via feed heaters. Water from the drum
is recirculated to the reactor core, there are two recirculating
pumps per drum,

Turbine power is controlled conventionally by the turbine stop
valve. Reactor power is controlled in the short term by adjusting
the height of moderator in the calandria, and in the long term by
the much slower control of neutron absorber dissolved in the moderator.
Emergency shutdown is effected by injecting under gas pressure a boric
acid solution into special tubes through the calandria (boron has a
high absorption cross section). Control schemes are discussed in the
following subsection.

Important features of the design are the lack of an intermediate
coolant circuit, and the relatively small mass at high temperature
in the reactor core, i.e. the fuel, pressure tubes and a fairly small
amount of coolant. Direct cooling of the reactor leads to a close
coupling between the reactor and turbine, suggesting the possibility
of a good inherent load following capability., The low thermal inertia
gives a fast thermal time response in the core, again giving the
prospect of a dynamic capability considerably in advance of existing
commercial reactors. For reasons explained in the previous section
the pressure, temperature and degree of evaporation of the coolant
have significant effects on the excess reactivity. As all of the
variables mentioned will change during a load following transient
the degree to which they affect the neutron balance is important in
determining the overall load following capability,

In developing the design method the 100 MW prototype was used as
a reference case from which the optimisation procedure could begin,

A list of the plant parameters is given in Appendix 1, with the
reference (prototype) values. A list of the system variables and

their reference values is given in Appendix 2,
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3.3. Reactor Controls

It was stated in the previous section that the primary controls
on the reactor were the turbine stop valve position and the moderator
level., The control of boron dissolved in the moderator is a long
term action and is of no interest for controlling reactor response
to load changes. A control is also required on the feedwater flow
to maintain the drum water level. Although this control has little
effect on the overall power response, it has some significance on the
drum watexr level excursion on which there is a limit,

In practical texms, considering ths time scale of power responses,
the turbine stop valve position is capable of an instantaneous or
step change. The rate at which moderator level may be changed is
limited by the pump capacity to the equivalent of a reactivity change
of 3 x 10-5 per second, The limit is imposed by the maximum safe rate
of reactivity rise during startup of the reactor.

The prime interest in optimising the reactor control system (in
the present context) is to enable the power output to follow, as
closely as possible, step changes in demand resulting from faults
elsewhere in the system. When the power requirement is raised to
100% the best possible power response is obtained initially using
a control strategy outlined in (3.4), in which the turbine stop velve
is opened immediately to 100%, and reactivity is inserted at the maximum
rate, Responses of some of the sysiem variables with this control
scheme are shown in Figure 3,9. Reactivity is increased until either
drum pressure begins to recover, or until the reactivity level is
compatible with the final steady state level when the control mode
is changed to stabilise the system and trim the final state power
and drum pressure levels., It may be demonstrated, using a much
simplified model, that this control strategy is that prescribed
initially by a Pontryagin analysis using a conventional performance
criterion, see Appendix 9. The Poniryagin analysis also suggests
that an improvement in the power response after pressure recovery
may be effected by increasing reactivity still further at the maximum
‘rate, and then switching to a reactivity reduction at maximum rate,
Subsequently reactivity rate is switched between maximum positive
and negative levels, see Fiqure 3.9. This leads to only small
improvement over the mode switching scheme mentioned earlier and
delays the settling of the system. Actual switching points depend
upon the time at which the error function is to be minimised.

" If a power increase to less than 100% is demanded an improved

response may be obtained by controlling steam flow on the stop valve
35—
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Figurs 3.9
Responses of the S5.G.H.W.R. to step inputs of power, with
various reactivity control strategies,
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to a valus equivalent to the power requirement., This control is

fast (time constant of the order of 2 seconds) and therefore virtually
any power profile can be followed until the stop valve saturates.
Reactivity is then input at the maximum rate initially, as before,

with switching to a stabilising and trimming mode at some point.

A block diagram of this scheme is shown in Figure 3.10, if the
controller gain K3 is large then power output follows the demand.

The normalised stop valve to drum pressure transfer function gain Kl

is negative, and in the reference design is slightly greater than

one, which means that in the initial control mode (reactivity rate = pA 1)
the system is unstable (Kl = 1 for marginal stability). Responses

of the reactor with this control scheme are shown in Figure 3.1l for

a case where the stop valve saturates (power increase to 95%) and

where it does not (power increase to 90%). For the case of a demanded
power increase to 100% the latter scheme is equivalent to that discussed
earlier. Drum pressure drop will be larger using the steam controlled
scheme for input demands to less than 100%.

In the non saturating case the reactivity level after pressure
recovery begins is not too important as at this point the increased
power demand has been satisfied, although for other reasons it is
desirable to effect pressure stabilisation quickly. For the saturating
case pressure recovery must be as fast as possible to reduce power
error. A Pontryagin analysis similar to that of Appendix 9 again
indicates that reactivity should be input at maximum rate until
considerably after pressure recovery before reversing. (The Pontryagin
analysis uses the simplified model of Appendix 9 in the block diagram
of Figure 3,10 to give a new pair of system poles, which are now
both real making the work simpler., Pressure error is used instead
of power error ). The reactivity control strategy adopted is sub
optimal; reactivity is increased at the maximum rate until it
intersects a reactivity control curve proportional to pressure error
and about the predicted final state reactivity level, at which point
control is switched to the curve. Figure 3.12 illustrates the strategy
and the responses obtained, the switching point may be altered by
setting the proportional gain, which will be in the range U.ZS-l.ﬁxlD-s.
A final state trimming action (long trim constant integrator) would
be needed in a practical realisation of this controller,

A proportional plus integral feedwater controller was adopted for
the steam drum level (feedwater) control., This is slightly simplexr
than the controller on the S.G.H.W.R. prototype.
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Figure 3.11

Responses of the S.G6.H.W.R. to step inputs of power with the
controller illustrated in Figure 3,10,
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Figure 3.12
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Responses of the prototype S.G.H.W.R. with the adopted control
scheme. Curves show reactivity input and drum pressure response for
a reactor operating at 75% full load when subject to a 15% step
increase, Reactivity levels of the trimming control are shown
broken before switching occurs, the curves refer to controller gains

(K5 of Figure 3.10) as follows =

1L K = 0.5% 207

5. e LB wighiR
5

Trimming control curves are defined by -
k = k

e~ E Ry
Switching occurs when the reactivity level(initially increased

at the maximum rate) intersects these curves,

38



4. PLANT MODELS, THEIR SIMULATION AND SOLUTION
P The Dynamic Model
4.1.1 Dynamic Models Generally

It is appropriate to consider the dynamic model of the plant
before the static model, as the latter consists largely of the dynamic
model with all time derivatives of the variables set to zero. The
dynamic model defines the relationships between the system variables
(including outputs ) and inputs during non steady state or transient
conditions. It is used to determine the system's dynamic characteristics
and performance, and to relate these to the design parameters. The
normal state representation is used i.e.

x = f(x, u, t) 4.1

a series of first order differential equations, non linear and time
varying in the general case. It is not normally possible to formulate
the dynamic model directly in the form of 4.1, and it is more usual
to represent the model in the form -

"*'i = fi(i,_l_.l_, t) iﬂl’m 4.2

5ﬂ = fj(g_, o t) j=m+1l,n 4.3

—

for a system of n variables of order m. Equations 4.2 and 4.3 are

a combination of non linear first order differential equations and

non linear algebraic equations including transcendental equations.

In the linear case 4.3 may be substituted into 4.2 to give 4.1, but
for the non linear case it is not always possible to express Eﬁ in 4.3
explicitly. For a linear system of order m with n variables equations

4,2 and 4.3 may be written in Matrix form -

gi = Ax + Bu i=l, m 4.4
0 = Cx+ Du 4.5
Where if there are r inputs the matrices A, B, C, D are of size -
A=mxn
B=mxzx

C=f(n=m)xn
D=(n =m)xzx

the matrices A and C may be partitioned to give -

ii = A X+ A+ Bu i=1,m 4,6
g = Clﬁi + Cx., + Du J=m+1, n 4.7

Multiplying 4.7 by the inverse of C2 eliminates ﬁj from 4.6
to give =
. =1 -1
X = [A=ALTC )X 4+ [B-ALTD]u 4.8

which is the linear form of equation 4.1,
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This may be solved by inversion in the normal way to give -
-1 -1 -1
x = [st-[a ~ag ] [B-actn]y a9
where S is the Laplace operator.
With the remainder of the variables being found by substitution

into 4.7. Solution of 4.9 will give a series of transfer functions

between inputs and variables in the form -

X o= Z;;8) i=1,m 4,10
4 P(S) Jal, ®

where Zij(S) and P{S) are polynomials in S.

For a non linear system a formal soluticn of equations 4.2 and
4.3 is not normally possible and the system has to be simulated (by
analog or numerical means) or linearised to determine the input-

output relationships.

4,1.2 The S.G.H.W.R. Model
A dynamic model of the S.G.H.W.R. was based on the equations
presented in (4.1), but these proved inadequate in some respects
(as discussed below) and were supplemented from (4.2), a report
describing a model of the S.G.H.W.R. used for a training simulator,
For convenience the model is divided into six sub systems as follows -
(a) Neutronics and Reactivity
(b) Fuel Element Thermal
(c) Coolant Evaporation
(d) Recirculation Hydraulics
(e) Steam Drum
(f) Turbine Power Output
Interactions between these subsystems are shown in Figure 4.1,
The condensing and feedheating subsystems are not modelled.
Each subsystem is considered in tucn below, the relationships
expressed by the dynamic model equations and the assumptions made
in their formulation are discussed. A rigorous derivation of the
equations is given in (4.2). The equations are listed in Appendix 3,
(a) Neutronics and Reactivity. Equations in this subsystem define
the neutron flux level in the reactor. The flux is considered
uniform throughout the reactor (i.e. as a point reactor),
although it in fact falls both radially and axially towards
the reactor boundaries. Originally reactivity changes due
to fuel temperature and average channel voidage were modelled,

but a coolant temperature reactivity coefficient was introduced
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as it waes found to be significant. Delaved neutrons are
represented by two groups (of 6) with 'effective' concentration
and decay coefficients.

(b) Fuel Element Thermal. Equations define the average fuel
temperature and energy output. Fuel pins are represented
by two zones of equal mass, an inner zone of circular section
and an outer annular zone (4.5). At any instant the inner
and outer zone temperatures are considered constant throughout
the length of the fuel pins, and all pins are assumed to
operate under identical conditions. Power output from all
pins is, therefore, equal and uniformly distributed axially,
which is consistent with the uniform neutron flux assumption
(which also implies that power generation is uniform radially
within pins ). Thermal resistance between the fuel zones
and between the outer zone and coolant determine the dynamics
of the fuel pins.

(c) Coolant Evaporation. Equations for this subsystem define the
coolant temperature, average channel voidage and the dryness
fraction of steam leaving the boiling channels. To be consistent
with the uniform power and temperature distributions in the
fuel pins a constant fuel to coolant heat transfer coefficient
and coolant temperature are required; +the latter is taken
as the saturation temperature at average channel pressure.

Two regions are used in the analysis of the boiling process,

a subcooled region and a boiling region, latent enthalpy in

the latter is that corresponding to average channel pressure.
Instantaneous equilibrium is assumed to exist between the boiling
coolant and fuel during reactor transients.

(d) Recirculation Hydraulics. Equations define the circulatory
flow rates and pressure drops in the pipework between the
reactor core and steam drum. They also define the dryness
fraction of steam entering the drum and the enthalpy of
coolant entering the boiling channels, Two phase fluid
friction theory assuming a constant slip is used to calculate
pressure drops in the channels and risers (4.6). Initially
no allowance was made in the model for the pressure drop
resulting from the acceleration of the fluid in the boiling
channels, where liquid partially evaporates in a constant
section tube and its velocity increases appreciably; the
model was altered to include this effect. A relationship

between water density and temperature was also included as
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thic had 2 significant effect on the pressure drop in the
liquid part of the circuit (downcomers). Flow was considered
to be equally divided between all channels (and therefore
risers ), and between the four circulating pumps. Pump
characteristics were represented by a quadratic function,

and an instantaneous equilibrium assumed between the pump
pressure rise and circuit pressure drop, i.e. fluid inertia
is neglected. In fact the hydraulic loop has a time constant
of a little over 0.l seconds. Some coefficients of the
recirculation subsystem equations were given as constants

in the source documents, and for the present purpose have to
be related to the design parameters. These are the friction
factors for the risers, channels and downcomers, the riser
and downcomer transport delays, and the volume of the riser
pipework. The relationships are given in Appendix 3 (after
the model equations ) and are straightforward except for the
friction factors, which are based on the D'Arcy postulate
that the force required to drive liquid through & pipe is
proportional to the product wetted area (wetted perimeter

x length) and the velocity squared.

(e) Steam Drum. Drum model equations define the drum pressure,
drum water enthalpy and the mass of liquid in the drum. Model-
ling of the steam drum presents little problem except for the
evaporation-condensation exchange between the saturated liquid
and saturated vapour; as pressure drops liquid evaporates,
and as pressure rises some vapour condenses. The rates of
evaporation or condensation are modelled by assuming that a
layer of water exists in the drum which is in equilibrium
with the vapour, mass exchange rates are then determined by
an enthalpy balance (4.8). The proportion of drum water
considered to be in equilibrium with the vapour does not have
a very significant effect on drum pressure transients (4.1),
this is because a large proportion of the liquid in the drum
is suspended in the vapour space prior to separation. There
are many effects not accounted for in this representation
(droplet falling time and bubble rise time, for example) but
in practice it is satisfactory if pressure changes are not too
violent. The remainder of the drum model consists of a
hydraulic mixing process and wet steam capacitance both
represented as first order., Vapour-liquid separation is deemed

perfect at all times. The prototype S.G.H.W.R. has, in fact,
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two steam drums, these are considered in combination.

(f) Turbine Power Output. Power output of the turbine is related
very closely to the steam consumed since the available energy
(via Willans line) is not affected greatly by supply (i.e. drum)
pressure (4.2). There is a lag between flow increase and power
increase, this is approximately first order with a time constant
of a little under 0.5 seconds and is ignored. Steam flow is
proportional to the product of drum pressure and stop valve
position, the flow is supercritical and is therefore unaffected
by back pressure.

The assumptions made in formulating the model appear quite
sweeping, especially the uniformity of neutron flux, power fuel
temperature and coolant temperature in the reactor core and the over-
simplified drum model. Justification of the assumptions is made to
a certain extent in (4.1 & 4.2) and is based on experience gained
on previous models when compared with real plant or rigs, or on the
comparison of responses generated from complete (relatively) and
simple models of the same plant. Earlier models of the S.G.H.W.R.
split the channel boiling region into a number of zones and represented
boiling dynamics (4.7); this approach wes abandoned in later models
as it was found to make little difference to predicted transients and
considerably increased the model size, A direct comparison of the
model and S5.G.H.W.R. prototype responses was not possible since

prototype transients were not available,

4.1.3 Solving the Dynamic Model,

Generating dynamic responses from non-linear equations is very
time consuming, and since the responses would be required many times
during the optimisation preocedure it was necessary to use a faster
method to analyse plant dynamics even if this meant losing some
accuracy. A two stage linearisation process was devised to achieve
this aim. The dynamic model equations were first linearised and solved
in the manner indicated in section 4.1.1 to give the system poles,
and zeroes of selected transfer functions. These poles and zeroes
(the roots of the polynomials of equation 4.10) were then related by
sensitivity coefficients to the design parameters, this being the
second linearisation stage. A normalised sensitivity matrix S

(normalised Jacobian ) was formed whose elements were =

LU 4.11
1) ap. .
J io
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h pole (or zero) and

Where Pig is the reference value of the i
Fﬁo the reference valus of the jth design parameter. The normalised
form is used because the figures produced are more mzaningful. If
Pi is complex then Sij is also complex.

Assuming that the effects of design parameter changes may be

linearly superimposed, the shift of a system pole is given by =

n
ﬁpi = Sl 4 ._.G_EL 4.12
P, Z iop
io j=1 j[0]

where there are n parameters. For all poles -
Op op 4,13
) S 1
P
- -
where (6__P) is the normalised vector of pole shifts and (QE) the
P P
-9 o

normalised vector of parameter changes.

The position of a pole is given by -

P
| 0 e o OP, 4,14
g = Pplle i)

or for all poles -

E = ] (2+(?,—P) ) 4.15

where u is the unit vector, and [PD] is a matrix with the reference
poles on the diagonal.

Equations 4.13 and 4.15 relate the system poles and zeroes (and
therefore system dynamics ) to the design parameters using standard
matrix algebra. There are obviously limits to the departure from
the starting point which can be made using this method before excessive
errors result. This topic is discussed when considering constraints
in section 5.

The linearised dynamic model equations and signal flow oraphs
for the S.G.H.W.R. are listed in Appendix 4, the linearisation is
quite straightforward except that the riser transport delay has been
represented by a first order lag and the downcomer delsy by a second
order Pade approximation. A first order lag was considered adequate
fﬁr the riser delay because slip and turbulence effects tend to
spread the delaying action (4.1). The validity of the linearised
dynamic model in representing the dynamic behaviour of the plant
was verified using an analog simulation of the linearised model

and comparing responses with those of the training simulator at
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Winfrith (4.3). It was during these tests that the inadequacies
of the original model (see section 4.1.2) were observed and rectified.
The results indicated a satisfactory degree of correlation between
the linearised and non-linear models, Figure 4.2, and also that for
the type of inputs experienced the second order approximation to
downcomer delay gave a very good representation. Details of the
analog configuration are given in Appendix 10.
Calculation of the sensitivity matrix was in three stages -
(a) Calculate the linear model coefficients after changing
a design parameter.
(b) Calculate the modified poles and zeroces.
(c) Using the reference and modified poles and zeroes and
the change in design parameter calculate the sensitivity
coefficient.

The first stage was carried out at The City University (T.C.U. ).
Coefficients of the linear dynamic model are functions of the design
parameters and the steady state variables (see Appendix 4). On
changing a design parameter then, the steady state model had to be
re-solved (see section 4,2) before the coefficients could be calculated.
Parameters were varied by L 10% and the effects on the coefficients
averaged.

Coefficients of the reference and modified models were processed
by the U.K.A.E.A. Winfrith programme ZIP (4.4) to solve the system
poles and zeroes, This is a powerful programme which executes the
procedure outlined in section 4.11 of eliminating the algebraic
equations from a mixed algebraic, differential set, and then effectively
factorising the polynomials of equation 4,10,

The final stage of the matrix calculation was carried out at
T.C.U. The resulting sensitivity chart is shown in Appendix 7, this
includes sensitivity coefficients for the static and dynamic gains
of the system, zero sensitivities are not shown as they are not
meaningful directly. Reference condition poles and zerces for some
transfer functions are shown in Fiqures 4.3 to 4.7,

A direct method of calculating sensitivity coefficients by
repeated factoring of the numerator and denominator polynomials or
matrices was adopted because of the availability of ZIP. There are
methods for determining the sensitivity of an eigenvalue to a change
in the matrix without re-solving the matrix (4.9 - 4,11). To employ
these methods the algebraic equations of the set must be eliminated,
and certain manipulations carried out to create the zero (numerator)

matrices, both these procedures are contained in ZIP., Also ZIP is a
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Figqure 4.2

Comparison of responses of the S.G.HM.R. simulator and the T.C.U. lirear

model. Transients are due to a 5% opening of ths turbine stop valve in

5 seconds.,
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Figure 4.2 (continued)

Curves (a) and (b) above represent the worst case of comparison between
the simulator and T.C.U. models, The error in voidage fraction is due
more to the different values of slip coefficient used in the two models
than to error produced in linearisation. Fer the simulator channel
slip = 1,275 at exit while 1.6 is used in the T.C.U. model. The voidage
error is transferred via the voidage reactivity coefficient to neutron

flux and reactor power (heat flux),

(c) Drum exit and channel inlet enthalpy responses illustrating the
adequacy of the second order approximation to downcomer delay.

Delay = 6 seconds.
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Poles of the 5.G.H.W.R. reference design dynamic model,

Fiqure 4.3
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Figure 4.4

Zeroes of the turbine stop valve to drum pressure transfer function

for the reference design S.G.H.W.R.
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Figure 4.5

Zeroes of the control reactivity to drum pressure transfer function

for the reference design S.G.HM.R.
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well proven programme, whereas the use of an indirect sensitivity
calculating method although theoretically faster would have involved
the development of a new programme.

Pole - zero sensitivity methods have been used in power system
analysis, both for stability and controller design (4.12) and for

studying the effects of parameter variations (4.13).

4.2, Static Models
4,2.1 Static Models Generally.

Static models of the system define the relationships between the
system variables and inputs when the system is operating in the steady
state. In general the model will be a set of non-linear algebraic
equations, whose coefficients are functions of the system parameters,
and whose form depends upon the system structure. A subset of the
static model is obtained by setting all the time derivatives in the
dynamic model to zero, this will not be the complete model however
as there will usually be some variables of interest in the steady
state but not transiently. For instance, operational efficiency will
often be of importance only in the steady state if transient conditions
exist only for short periods during the system's life, in such cases
an expression for efficiency would not be included in the dynamic
model., Equations will therefore be needed in addition to the zero
time derivative dynamic model to complete the static model.

The static model is used in relating those parts of the utility
function or constraints formulated in terms of static performance
(steady state variables ) to the design parameters. Also if, as in
the present study, a linearised dynamic model is used to generate
system transients the solution of the static model is required to

calculate the dynamic model coefficients.

4,2,2 Static Model for the S.G.H.W.R.

The majority of the static model was obtained as described above
from the non-linear dynamic model with time derivatives set to zero.
The equations are not therefore presented separately (the non-linear
dynamic model is presented in Appendix 3). Additional equations were
required to define the reactivity change resulting from the alteration
of some design parameters. The use made of this information is
described when the formulation of the utility functions is dealt with
in section 5, but it determines the total energy output available
from a given quantity of fuel and is therefore somewhat analogous

to the operating efficiency equation for a conventional power station,
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Two effects contribute to the reactivity surplus or deficit
resulting from the change of a design parameter. Firstly, when a
parameter change is made the steady state equilibrium conditions of
the reactor are altered including the fuel and coolant temperatures
and the average channel voidage. These changes acting through the
reactivity coefficients cause a reactivity change from the reactivity
equation (equation 4, Appendix 3) -

Ok = Kvﬁ? + I{T B?f o+ KTc GTC 4,16
where OF etc. represent the changes in the steady state value
of ¥ etc. due to a parameter change, This effect is quite straight-
forward and relies only upon the solution of the steady state model,
The second effect is more difficult to represent as it concerns the
relative quantities of fuel, absorber and moderator in the reactor

and the relative neutron escape rate. Equation 3.10 expressed the

effective reactivity as -

Kopp = pf’r]eE:ﬁ-[) 4.17

The reference values of the factors in this equation may be
determined from the neutron absorption data presented in Table 4.1.
This data refers to the S.G.H.W.R. prototype operating at full power,
and was obtained from Winfrith (4.14). The proportional absorption
of total and thermal neutrons by the fuel, moderator, coolant and
the verious structural materials are shown. Figures are average
values for all boiling channels.

The five factors of equation 4,17 depend upon the reactor
configuration and material balance in quite complex ways and an
exact representation is beyond the scope of this project. Described
below are approximate relationships between the factors and the
design parameters, the assumptions made are indicated and where
possible an assessment of the accuracy expected is given.

Fast fission factor € depends chiefly on fuel enrichment, but
it is only slightly greater than unity (1.03) and for the range of
enrichment under consideration remains essentially constant.

Resonance escape probability p is a function of the fuel (or
fast neutron absorber ) to moderator ratio and may be expressed as -

= Al
p = 6 ):smmg 4,18

where A1 is the resonance escape integral, E:S the macroscopic

scattering cross section of the moderator, g the logarithmic energy
decrement of the moderator and Nm the molecular ratio of moderator

to fuel. Moderating effects of fuel, coolant and other materials
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Table 4.1

Neutron abserption data for the S.G.H.W.R., prototype at full power.

Proportion of Thermal
Region | Material Description all Neutrons Neutrons
absorbed ﬁabsorbed
i K HED ’ 0.000709 0,D00652
2 |z Inner zow of 8ix 0.000363 0.000190
3 K0 ' 0.000663 0.000607
fuel pins.
4 UU2 0.110193 0.073906
5 Zr 0,001085 0.000519
6 |H,0 Middle zow of 0.002425 0.002175
7 |vo, twelve fusl pine, 0.247668 ‘ | 0,174836
8 Zr 0,002365 0.001226
9 |0 Outwe: wow of 0.010040 0.009302
10 uo eighteen fuel pins. 0.485457 0.364672
2 .

s O | Vi 0.004374 0,002555
12 H20 Support pin. 0.017388 0,016430
13 HZG 0.007932 0.007595
14 Zxr Pressure tube, 0.021385 0.014837
15 Gap between 14 & 16
16 AL Calandria tube 0,023536 0.021936
17 DZD Moderator 0.041876 0.040691
18 Al Displacer tube 0,010941 0,010322
19 D20 Moderator 0.013641 0.013266
Total for fuel 0.8413 0.6134
Total 1.0 0,7556

The difference between the final two columns is the proportion of fast
neutrons absorbed in each region,
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should be considered for completeness, but these are dominated by

the moderator proper. For hesavy water 2:5 = 10.7 and = 0.51,
4,18 therefore becomes =
1
- A
4,19

Pl o0 eiomes
e 5.45TN

For heterogenecus reactors Al may be estimated by an equation of
the form (4.15) -

B
i A
5 O
where ?\'0" H 4,21
mo="A

and g'is the mass to surface area ratio of the fuel. Ayp is
the value of the resonance escape integral for an infinite moderator
to fuel ratio ( = 290 for “233” and A and [L ere functions of the
scattering cross section per atom of fuel within the fuel (as
opposed to moderator scattering which is external to the fuel)., In
the S.G.H.W.R. the internal scattering is provided by the uranium
itself and the oxygen atoms in the UD
the functions A and %% for diluted U
equations 4.20 and 4,21 reduce to -

> fuel. Figure 4.8 is a plot of

b38 (4.15). Using this data

K 218 (1 4+ 2 ) 4,22
=+ .0826
S
In this equation g'is required in g/l:m2 and for the S.G.H.W.R.

fuel pin design is a function of pin diameter only, for a fuel density
of 10,5 g/'cm3 -
M

S = 2.62€ d 4.23
For the reference condition -
ﬁl = 17.74 barns 4.24

which when substituted into 4.19 gives -

«3.292 4.25

Table 4.1 indicates that 0,7556 of all neutrons absorbed reach
thermal energies before absorption., The reference value of p is
therefore 0,7556, giving a reference value of 11,59 for Nm corresponding
to a quantity of moderator which would be contained within a cylinder
of 10.7 ft. diasmeter around the reactor core, i.e. a cylinder just

clearing the outer boiling channels. Moderator quantity would be

59 —=
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Fioure 4.8

Coefficients used in equation 4.20 for estimating the resonance

escape integral in heterogeneous reactors,
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reduced very slightly if the moderating effect of other materials
was considered. The value of p given by equaticn 4.25 considers -
variations of fast neutron absorption by the fuel only, these comprise
0.935 of all fast neutrons absorbed. Some precision is also lost
in averaging absorption over all fuel rods, in fact the inner fuel
rods absorb relatively more high energy neutrons, This effect will
be present in all modified designs and little inaccuracy results.

To estimate Nm the volumes of moderator and fuel must be related

to the design parameters, relative values are -

2 n

Vf = lcnbNbd x 0.00992 4,26
&

““ = lch (1 - 2.5dc ) x 0.001381 4.27

In 4 .27 it is assumed that the calandria area is proportional
to the number of boiling channels. This leads to an expression for

N -
m

2

nbd2

Equations 4.19, 4.22, 4.23 and 4.26 enable p to be related to

the design parameters,

1.617 4,28

Thermal utilisation factor f is the ratio of thermal neutrons
captured by the fuel to those captured by all other reactor materials
including coolant and moderator. For a uniform neutron flux it may

be expressed in terms of the macroscopic absorption cross sections -

7

fa —_— 4.29

B t03,
For the reference condition the distribution of thermal neutron
absorption is shown in Table 4.1. Using these figures as a basis an
expression for f based on the volumes of fuel and absorber relative

to the reference design may be formulated -

61342V fed
f = * f

.61342Uf + .U3226Val + °01933U2r+ .03636vc+ .05396V$

where U%, Uﬁ, Vzr' 517 UE are the relative volumes of fuel, moderator,

zirconium, aluminium and coolant. Vf and V# are defined by equations

4.26 and 4.27, the remainder may be expressed in terms of the design

parameters as -

2
v;r = 0,00487 dc Nblc 4,31
Val = 0.00199 chblc 4.32
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2 2
- ‘
v, = 0.00985 Nb(dc (n, + 1)d "lc 4.33

It is assumed in 4.31 that the pressurs tube thickness is
proportional to its diameter to maintain stress levels. In 4,32
the thickness of the aluminium calandria tube is assumed constant.
In 4.33 voidage coefficient is assumed constant, voidage changes are
accounted for by equation 4.16, The coefficient of Vf in equation
4,30 will vary slightly with fuel enrichment but the effect is small
for the range of enrichment of interest, and is further reduced as
the denominator of 4.30 is dominated by the coefficient of Vf.

The multiplication factuer?is a function of fuel enrichment,
represented in the present study by fuel rating (R) or the amount
of power produced by a given neutron flux in a given quantity of
fuel (which is proportional to enrichment). On average 2.46 neutrons
are ejected per U235 fission, thereforeT), will be 2.46 times the

proportion of neutrons within the fuel which cause thermal fission

in U235. The proportion causing fission is a function of the
absorption and fission cross sections; thus -
n = N235 Uf % 2.46 4.34
Noas( Ogt O byas + Maag Ogp3at2l My O
where N235, NZBB and Na are the relative number of atoms of U235,
U238 and absorbers in the fuel, and O; and O% are their absorption

or fission microscopic cross sections,
If e is the enrichment in atoms of U235 to atoms of U235+ UZBB

this reduces to -

M, = 2.46 e0p 4.35
e (O'f +0a1235 + (1 - 5105238-1- ZEE. g,
Noag

i E:Tfa Oa represents the contribution of the fission product
238

poisons and other fuel dilutants. For the reference design‘ﬂesz 1,63,
(calculated from equation 4.17 when all other factors are known) which
when substituted in equation 4,35 with the values of cross sections
and reference enrichment (2%) the value of 5 _hlg g . is given

m a

238
as 0,93, If the poison and dilutant contributions are assumed constant
(which is reasonable ) and the cross section values are substituted;

equation 4,35 becones =

Mis® 2.46 x 582 x e 4,36
€ 694, + 2.73(1 -e) + .93
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This is the equation used for multiplication factor, the
enrichment being related to fuel rating by =
e = 0,003785R 4.37
Finally the neutron escape or leaskage factor 1 must be considered.
For a given neutron flux the total neutron population depends upon
the reactor volume, and the leakage on the surface area. Leakage
factor then is a znnstant times the ratio of area (A) to volume (V) -

1=K y 4.38

where K depends upon the reflector and shielding characteristics.
Toking the areas and volume relative to the reference design which has
a 4% leakage =

1=0.04 % 4,39

Relative area and volume may be expressed in terms of the design
parameters as follows =
A= (2Nb + 3.67 1c I/Nb) x 0.001532 4.40

V = Nb lc x 0.00081 4,41

where in 4.40 reactor area is assumed proportional to the number of
boiling channels.

An assessment of the accuracy of this relatively crude method of
estimating leakage factor may be seen by examining the effect of
moderator height on reactivity in the prototype. Here increasing
moderator height increases the active reactor volume proportionally
but has no effect on the leakage area and fuel to moderator or fuel
4to0 absorber ratios (assuming as usual an homogeneous uniform flux
reactor ). Reactivity increase then is mainly a function of leakage
factor and a comparison of that calculated by 4.39 and by accurate
methods is shown in Figure 4.9, the accurate curve is from (4.2).

Equations 4.1€ to 4.41 enable the reactivity deficit or surplus
resulting from parameter change to be estimated. Apart from 4,16
the equations are explicit in the design parameters and do not
depend upon the solution of the part of the static model derived
from the dynamic model. A summary of the reactivity balance

equations is listed in Appendix 5.

4,2,3 Solution of the Static Model.

Solution of the non-linear static model was by a multivariable
Newton-Rapheson method, using the reference conditions as a starting
point for the solution. The programme called NONLINZis described
in Appendix 8. Some of the coefficients of the model were functions

of the steam pressure-temperature, pressure-enthalpy or pressure=-

b3 —»
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Figure 4.9
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Comparison of exact and approximate representation of reactivity
changes due to changes in moderator level. In the approximate
representation neutron leakage is assumed proportional to reactor
surface area, and neutron population proportional to reactor volume.
For the curve shown reactor area is constant and volume is proportional
to moderator height, leakage rate 1 is inversely proportional to
height and reactivity is proportional to (1 =1). The approximate
curve is based on zero excess reactivity at a height of 6.85 ft. to
correspond with the exact curve from (4.2), and a leakage of 4% at
a reactor height of 12 ft.

i.e. keff = 10075 ‘1 -

0.48
)
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density relationships and their derivatives, These relationships
were represented by 20 element arrays of values taken from steam
tables and a Bessel interpolation and derivative interpolation
routine used to extract the required values, see subroutine INTERP
Appendix 8,

In solving the static model reactor power was normalised to 100MW
by assuming sufficient reactivity was inserted or taken out, this is
discussed further in section 5 on utility function formulation,
Coefficients of the linear dynamic model were calculated as a part
of the static model soluticn.

It was convenient to relate the static values of the plant variables
in equation 4.16 to the design parameters by sensitivity coefficients,
in the same way as dynamic characteristics were. This precluded
solving static model during the optimisation process, the actual
relationships between reactivity and design parameters (the contribution
from 4.16 only) and the linear approximations used are shown in

Figures 4.10 and 4.11. The equations resulting from the use of

sensitivity coefficients on 4.16 are listed in Appendix 5.

4.3 The Cost Model

The cost model of a system is a set of eguations which define

the cost of purchasing, manufacturing and erecting the system in

terms of the system paramcters. Cost can usually be expressed explicity.
In many cases it is much easier to express marginal costs as a function
of the parameters, rather than absolute cosis, which is all that is
required. Also the only part of the total cost which is of interest

is that part affected by the parameters under consideration. Technically
there are few problems in formulating the cost model, the problems

are in the area of anformation gathering. Once available the data

is easily put into tabular or equation form.

Data for the formulation of the S.G.H.W.R. cost model was supplied
by U.K.A.E.A. Risley (4.16) and was based on estimates made for
commercial designs of the S.G.H.W.R. Additional information concerning
structural details of the commercial design was supplied by U.K.A.E.A,
Winfrith (4.17). The data gave the marginal costs of altering the
relevant design parameters, and the relative contributions of certain
subsystems to the total station cost, e.g. steam drum and reactor
core. Marginal costs could be expressed explicitly using the data

supplied, the cost model equations being presented in Appendix 6.
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Figure 4.10
Changes in reactivity caused by changes in steedy state due to parameter
alterations. The four most non-linear cases are shown,
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Approximate reactivity - parameter relationships from Figure 4.10 used

in estimating reactivity changes via sensitivy coefficients.
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FOAMULATION OF UTILITY FUNCTIONS AND CONSTRAINTS

LA Principles of Utility Functions

The utility function represents on an arbitrary scale the overall
worth, value or effectiveness of the system which is to be maximised
during the optimisation procedure, When there are several categories

of design objectives utility may be expressed as -

n
U = Z W.u. Sk
isx *°
Where u. is the utility of the system in respect of the b
category of design cbjective and Ui is a weighting factor between
categories. There will, in general, be more than one objective in

each category, therefore -

m
u, = w.v.(P, 5.2
i Jél Iy s
Where Vj is the value or merit of the system in meeting the jth
objective in the ith category and is a function of performance Pj.
Nj is a weighting factor within categories. In a typical case the

categories may be static pexformance, dynamic performance, cost and

reliability, and in the static performance category there may be

objectives relating to efficiency, power to weight ratio, maximum

speed and range. Performances Pj of equation 5.2 will be functions

of the system parameters and variables, in the latter case the solution

of the system models is required to relate Pj to the parameters.
Typically the relationship between value v, performance P, will

J

be of the form shown in Figure 5.l1s on an arbitrary O to 1 scale,
There may be a sharp cut off to zero value if the objective is

not met, or a transition as shown by the solid line. There may be
upper and lower bounds as shown in Figure 5.1b, as in grid frequency
control for example. In other instances the value may be proportional
or inversely proportional to performance, system cost will be of this
type. The cut offs in Figures 5.la & b are due in many cases to a
system constraint, in which case it is often convenient to assign

a value zero when the constraint is not violated and -1 or minus
infinity when it is,

From the optimising viewpoint the discontinuities of Figure 5.la

and the zero slope areas of Figures 5.la & b would create difficulties,
although the zero slope problem would be largely eliminated when the
performances were expressed in terms of the parameters (p). It is

advisable, however, to avoid discontinuities and use instead fairly
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Figure 5.1

Typical performance - value relationships,
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sharp barrier or penalty functions. Zero slope areas should be avoided
except at level 1 (or level zero in the case of constraints), this

can be achieved formally by substituting either -

v = L1+ dog, YK
j kgs -

or . B M e %
VJ 5 “j 5.4

where K is very small, It is as easy in practice to merely redraw
the graphs of vj against Pj with the zero value replaced by = ,
Figure 5.1b would then become Fiqure 5.2. The use of logarithmic
value functions is also useful in certain circumstances in reducing
the range of or differences between velues. This is the basis of
Bernoulli's theory of value in which the ratio of gain to present
value is used as a criteria instead of gain directly (5.1).

Uncextainties will exist about the values of some design parameters,
and about the objectives since these depend upon predictions of future
events or states of nature. Uncertainties in design parameters are
transformed through the system models to uncertainties in the system
preformances Pj’ which may then be expressed as a probability distribution

about an expected value Pje -

which may typically be of the form shown in Ffigure 5.3. Referring

to this figure the probability of P being in the reange le to le+f3Pj
J

iB-

6P ;p(Pyy) = f(P,, =Py ) OP; 5.6

and this is also the probability of the value function v, being

v.(P.,) if the expected value of P, is P, , The expected value
3¢P5) i ™ e ? g
Vie

is therefore given by =
C

Ve = f(Pje - le, Vj(le) dP

Jjl 5.7
This integral may Eérsnlved formally for specific value functions
and probability distributions, but it does not serve any purpose here.
The effect is illustrated in Figures 5.4a & b for some typical functions
and distributions. It may be seen that the effect of uncertainty
is to soften the value function, discontinuities are removed or made
less sharp and peaks are less severe., This averaging effect of
uncertainty has the expected effect of making the optimal design less
clearcut.

As far as possible the valus-performance functions are formulated
objectively, although this is not always possible. If some subjective
judgement is used at this stage it is pertinent to ask why it cannot

be used at a higher level thereby avoiding much analysis and work.
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Fiqure 5.2

Lower value of =OC used instead of O to avoid problems during optimisation.
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Figure 5.3
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Figure 5.4

Effect of uncertainty of performance on value~performance relationships,
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Note that in the second case position of
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with skew probability distributions.
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It has bsen demonstrated, however, that the combinsticn of many low
level 'guesses! gives better results than a, few at high level (5.2).

The weighting factors within categories “j and between categories
Hi are determined by assessing the relative worths of the category
utilities Ui and objective values Vj over the system life cycle.
Within category weightings for values assigned on a constraint violation
basis are, however, fairly arbitrary. In assessing the weights account
must be taken of depreciation, interest on capitel investment, inflation
and other related factors. All benefits and costs must effectively
be reduced to & present worth value, In meking estimations of the
weightings uncertainty will be an important consideration, and it will
often be necessary to determine a weighting distribution or range as

opposed to a specific value.

5.2 Constraints

When discussing value-performance relationships in the previous
section, cutoff due to constraint violation was mentioned. Constraints
on the parameters arise from a variety of sources; these are discussed
below in general terms before utility functions for the 5.G.H.W,R, are
developed in the following section. Types of constraint are as follows -

(a) Geometric Constraints. Where parts of the system have to
be assembled it is necessary to ensure that it is physically
possible for this to be done. For example, in the S.G.H.W.R.
there is a limit to the number of fuel pins which can be
fitted into a boiling channel or to the number of risers
which may be connected to the steam drum. Both the above
examples give rise to an inequality constraint involving
several of the design parameters. Also in the geometric
category is the need to ensure that certain design parameters
remain positive. Geometric constraints are usually obvious
intuitively, but it is often not until an inconsistent
optimal solution has been obtained that it is realised
thet they must be stated formally.

(b) Engineering Constraints. Stress levels in the system
components will be a function of the system variables
(pressures, forces, etc.) end the system parameters (dimensions
and mass ) for a given system structure. Stress limits are
also a function of the system variables, operating temperature
for example., The engineering constraints ensure that stress
levels are not exceeded, and will be inequalities in the

system parameters and variables. Although in theory the
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engineering constraints should be based on peak values of
variables during transients, the steady state values are
often adequate for this purpose. In systems such as the
S.G.H.W.R. or process plent engineering constraints play

a much less significant role than would at first be expected.
This is because there are usually parameters which do not
significantly affect dynamic or static performance (they

do not appear in the coefficients of the static or dynamic
models ) and which can be adjusted to maintain stress levels.
These parameters will usually contribute to the cost model
however. Such parameters in the S.G.H.W.R. are the riser

or steam drum thicknesses. This is by no means always the
case, in a heat exchanger for example tube thickness affects
performance, cost and stress. In other types of system

the engineering constraints may dominate the problem, as

in mechanism or vehicle design. Stress based engineering
constraints do not enter into the formulation of utility
functions for the S.G.H.W.R., but equation 4.31 was
formulated assuming a constant stress level in the pressure
tube. Although the majority of engineering constraints will
be stress based there are others, for instance, in the
S.G.HMW.R, it is necessary to prevent cavitation of the
recirculating pumps which places a constraint on the sub-
cooling of water leaving the drum,

In conclusion, it should be noted that engineering
constraints arise because of restrictions in the scope and
detail of the system models. If the discontinuities arising
from metal yield or fluid cavitation were modelled and system
objectives and performances amended accordingly engireering
constraints would be unnecessary. It is a matter of convenience
to use them.

(c) = Safety Constraints. Related in many respects to the engineering
constraints, the safety constraints are concerned with the
peak levels of system variables during transients. If some
variables exceed limits laid down in advance a dangerous
situation occurs and an emergency shutdown or other control
action is initiated. Limits are commonly placed on such
variables as temperature, pressure, speed and level in
mechanical systems and voltage or current in electrical
systems. In specific types of plant other variables may be

limited, in the S.G.H.W.R. there is a limit on neutron flux.
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(d)

5.3

The safety constraints will be inequality constraints in

the system variables only., The relevance of this category

of constraints is very dependent on the system, some
instrument systems may have no safety constraints.

Linearity Constraints. The constraints considered above

all relate to the system, the final category of constraints
relates to the method adopted for solution of the dynamic
model, It will be recalled from section 4.1 that sensitivity
coefficients were used to relate the shift in pole-zero
positions to changes in design perameters, and that the
effects of changing several design parameters was obtained

by linear superimposition of the sensitivity effects, equations
4,13 and 4,15. The limits to which this process could be
taken had to be established before optimisation began to
ensure that results would be valid. An acceptable error

in & pole or zero position depends very much on its position
in the S plane, generally speaking poles of large magnitude
(relatively ) contribute little to the overall response of

the system, and a large error can therefore be tolerated in
these. Poles closer to the origin are required more precisely.
Tests were carried out to compare the positions of the system
poles estimated from the sensitivity coefficients and those
recalculated from the dynamic model for the same parameter
changes. Results for the poles of smallest magnitude are
shown in Figure 5.5. It is difficult to assess analytically
the probable error in a pole position estimated by the
sensitivity coefficients for large systems. Appendix 11

is an analysis which gives a guide to the extent to which a
parameter or group of parameters may be altered without
introducing undue error in the positions of poles of low
order systems., As a result of the tests and analysis it

was concluded that pole or zero shifts of ¥50% from the
reference values could be safely made. Linearity constraints
are not dealt with by introducing penalties, but directly

in the optimising routine,

Utility Functions for the S.G.H.W.R.

Development of the utility functions for the three categories

of design objective are discussed under separate headings below,

This is followed by the arguments leading to a selection of the

weighting fectors used in equation 5.1 to generate total system utility,
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Results of a superimposition test on system poles. The shifts of the

six poles nearest the origin are shown due to the following changes in

the lineer dynamic model coefficients (Appendix 4 ).

o %

GIS + 3% - 0.16
Gl6 + 30%
633 -~ 30%
GAT - 30% 5
These are not in fact feasible changes
to make directly by varying parameters,
but were chosen to give a cumulative 0.12
shift in poles 1 and cancelling effeccts
in poles 2.
| 0.08
%
o 2
. 0,04
1 (o}
) . ‘ v : %X 0
(o]
0,12 -0.08 -0.04 0
(c] Original poles
X Poles calculated by sensitivity coefficients
+ Poles calculated by re-solution of model.
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Baded Static Pexrformance.

The objectives of the S.G.H.W.R. in the static performance category
are firstly to produce power at a maximum rate of 100 MW, and secondly
to produce as much total energy as pussible from a given quantity and
enrichment of fuel. The two conditions are related in that by adjusting
reactivity any configuration of design parameters can produce 100 MW if
constraints on the variables are ignored. This fact is used in
assessing the value of static performance by ensuring that whenever
a design parameter is altered sufficient reactivity is added or with-
drawn to maintain the power output. The reactivity required for this
purpose is defined by the equations developed in section 4,2,

When the reactor is brought on line after refuelling there is a
surplus of reactivity available which is held down by boron poison
dissolved in the moderator, (this is in addition to that required to
overcome fission product poisoning). As fuel is consumed the effective
reactivity will fall, and this is made up by reducing the quantity
of boron in the moderator. When the boron level is reduced to its
minimum the reactor must be refuelled. In the $.G.H.W.R. prototype with
fresh fuel 2%% reactivity is held down by poison, this is sufficient
for 150 full power days of operation. When a design change is made the
available reactivity reserve will be altered due to the effects previously
described, and the time between refuelling will alter correspondingly.
Time between refuelling may be expressed as =
150(2.5 + Ok) 5.8

2.5

The value to the system is the negative inverse of refuelling

T

period, since refuelling rate determines the annual (and life) cost
to the system. As there is only the single design objective in this
category (power output having been dealt with by other means) no
within category weights are required and static performance utility
is given by -
Us = - L 5.9
60(2.5 + k)

or normalised to -1 at the reference condition -

i B 5.10

? 2.5 + DK
This relationship is plotted in Figure 5.6.

8.3.2 Dynamic Performance.
The dynamic performance objective of the reactor is that it should

respond satisfactorily to step power demends which may be asked of it
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Figure 5.6

Static utility as a function of reactivity override available,
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without causing viclation of any of the constraints on the system
variables. To determine what is a satisfactory response, the effect
of sudden load deficits on the grid system must be analysed.

The kinetic energy stored in the grid system is proportional to
the square of grid Trequency -

2

where k is a constant determined by the inertia of the generating
sets and rotating machinery driven from the grid. The rate of change
of stored energy is the difference between the power input and power
output to the system -

s M e 5,12

'd't' 1 o

Under steady conditions Pi = PD and the energy storage is proportional
to Pu’ i.e. the number of sets and pieces of machinery in operation. In
the existing grid energy storage is a little less than 10 MW seconds
per MW of output, but as mentioned in section 2.2 this figure is
decreasing. The figure includes an allowance for energy stored in
rotational driven machinery. This means in effect that if all supplies
to the grid are cut off stored energy begins to drop at 10% per second,
and frequency or speed at 5% per second. Starting from initial steady
operating conditions then energy storage may be represented as -

Esf = 10P = f(Pi -P)dt §.13

If a fault occurs in a station a step decrease in Pi occurs initiating
a step demand for more power from the remeining stations, assuming PD
remains unchanged. The integral of equation 5.13 then becomes the

integral of power error summed for all stations feeding the grid system -

E = 10P ZIP dt 5.14
S 0 e

and the fractional stored energy deficit is -

ZKES = E;[bedt G35

Es lUPD

This may be converted using 5.11 to a fractional frequency change;

for small changes in frequency -

Ae - 0.5 ¥ [p dt 5.16
f R el
J,DPD
To progress further it is necessary to make some assumptions about
the operation of stations feeding power to the grid. Two groups of
stations are assumed, one group operating at full capacity supplying

(1 -~ x}Pu of the total power, and a second operating below full capacity
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supplying xPo of the total power. Thae first group will have no
capability to supply increased demands, and the second group is assumed
to have uniform dynamic characteristics (a number of 5.G.H.W.R.s in fact).
This is obviously a gross simplification and could be modified by
relating the dynamic performence of other stations to the 5.G.H.W.R.s.

With this assumption in mind 5.16 may be re-written -

At o .05xY [P _dt -y
L xPo

All demands for extra power will be made of the S.G.H.W.R.s, and
the summation and integral signs apply to these stations only. As
their dynamic characteristics are uniform the integrals will all be of

the same form, therefore -

N = .Bﬁx{ fPel dt} 5.18
f ————— e

xP

(0]

where Pal is the total power error for all the S.G.H.W.R.s. The part
of 5.18 within brackets is the integral of relative power error F'e
for all the S.G.H.W.R.s and hence -

Ar = .05x fp dt 5,19
f e
For a grid system power deficit of AP, the relative step demand
made of each S.G.H.W.R. will be =

Ap
pd - -;}_3-;- 5,20

P

In discussing controllers for the S.G.H.W.R. in section 3.3 it
was shown how the integral of 5.19 could be maintained at essentially
zero until step inputs were large enough to cause saturation of the
turbine stop valve travel. For the adopted contrﬁl system the integral
is plotted in Figure 5.7 for a reactor operating at 75% - 90% load
with step inputs in the range 0 - 25%., As previously stated the C.E.G.B.
policy is to maintain the grid frequency to within 0.2 c/s of nominal
(0.4%), and shedding of load occurs when frequency drops 2 c/s below
nominal (4%). Using the curve of Figure 5.7 and equations 5.19 and
5.20 the largest amplitude of step input that the grid system can
withstand subject to the above limits can be related to the proportion
of 5.6.HMW.R.s. The relationships are shown in Figure 5.8 for reactors
operating at 75% full load. The fact that the lines of Figure 5.8
are close and almost straight indicates that once a power error
occurs (i.e. after steam valve saturation) the frequency error given

by equation 5.19 rapidly exceeds the limits. In such circumstances Py
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Ffigure 5.7
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Integral of relative power error for the S.G.H.W.R. prototype
with the control strategy defined by Figure 3.10. Integral is plotted
against step demand size for reactors operating at various initial

power levels,
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Figure 5.8
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Largest step sizes which can be accommodated by a grid system as
a function of the proportion of S.G.H.W.Rs, in the plant mix. S.G.H.W.Rs
are assumed to be operating at 75% cepacity when the demand is made.
The acécptable proportional power error integral for the 5.G.H.W.Rs,

is given by the equation 5.19 as -
At
0.05 T x

From Figure 5.7 the acceptable step size for the S.G.H.W.R.s is

padt =

obtained. The acceptable step size to the grid system is this
multiplied by x.
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of equation 5.20 is limited tc the value which the 5.G.H.K.R.S can
just follow, which implies that limiting power step inputs to the grid
are proportional to x, hence the straight lines of Figure 5.08.

Having established the maximum size of step the grid system can
withstand, it is necessary to estimate the number of steps greater
than this that the system can expect. Figure 5.9 shows the distribution
of step sizes expected per annum (2.4, 5.3), these may occur randomly
throughout the day or year (5.3), although data is too scant for the
annual distributions to be certain. Figures given are the absolute
step demands cxpected, while it is the relative step size which determines
whether the demand can be satisfied. Daily power profiles for typical
summer and winter days are shown in Figure 5,10, and the annual powex
profile in Figure 5.11 (5.4), data refer to 1969-70, From these
curves the average annual power distribution of Figure 5.12 may be
obtained, this shows the number of hours per year a given power output
is supplied.

The data in Figures 5.8, 5.9 and 5.12 enable the power demands
which the system fails to meet to be estimated. For example the
system supplies power at the rate of 10 - 15 KMd for 1872 hours per
year (Figure 5.12). During the year 8.6 faults in the 400 - 500 MW
range can be expected (Figure 5.9); +the number of these which are

likely to occur while the system is supplying 10 - 15 KM4 is

8.6 x 1872 = 1,84 5.21
24 x 365

and the average relative size of these faults will be =
A5 x 100 = 3.6% 5.22
1255

If the system is assumed to include 20% of the reference design
S.G.HM.Res (x = 0.2) operating at 75% full power, then a step power
demand of 3% can be accommodated (Figure 5.8). On average the demand
which cannot be met is -

(3.6 - 3.0) x 12,5 x 1.84 = 0,138 KMi/year 5.23
100

Summed for all power and fault levels the above procedure gives
the total annual unmet power demands, the value to the system is the
negative of the unmet demands. For the reference design under the
conditions assumed above 203 Md/year are not met,

The remaining contributions to the dynamic utility concern
constraints on the variables of the system. The constraints are -

(a) Fuel temperature is limited to 2000°F.

(b) Neutron flux level is limited to a value equivalent

to the thermal power level demanded plus 40 MW,

B4 —»
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Figure 5.9

Distribution of step Tault sizes.
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Figure 5.10

Daily power profile of grid system cutput.
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Figure 5.11

Annual power profile of grid system output (peak demands ).
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{(c)} Fuel to cuolant heat transfer rate is limited by burnout
considerations to a value equivalent to a channel power
of 6 M.

(d) Drum water level is limited to within " of nominal.

(e) Water enthalpy at drum exit must always be below a level
which would csuse the circulating pumps to cavitate, i.e.
it does not saturate.

These constraints are dealt with by penalty functions as indicated
in section 5.1. They are weighted equally with the dynamic value
within the dynamic performsnce objective category, i.c. the wj of equaticn
5,2 are all unity. Dynamic utility of the system is expressed in
normalised form by dividing by the absolute reference value of power

demands not met.

5.3.3 Cost.

The marginal cost of the reactor defined by the equations of
Appendix 6 is taken as the system performance in the cost category.
This is normalised to zero for the reference design (actual cost
normalised to unity). The cost utility of the system is merely the

negative of normalised marginal cost.

5.3.4 Weighting Factors.

The utilities in the cost, static performance and dynamic
performance categories (Uc, UB and UD) have been expressed in
normalised form relative to the reference design. Weighting factors
Nc, Ng and HD
all system utility, the estimation of the weightings based on the life

are used to combine the category utilities to form over-

cost to the system follows,.

Total cost of the S.G.H.W.R. prototype was £50M, of this about
£8M is affected by the parameters being adjusted in the present work.
This is the basis for the cost weighting factor, no adjustment for
present worth is required as this money would be invested at the start
of the project, i.e.

W, = 8 x 106 5.24

Static performance utility was defined by 5.9. If a reactor
working life of 25 years is assumed, the number of refuellings required
is =
N = « US x 25 x 365 5.25
Each refuelling costs £0,25M, the life cost in the static performance
category is therefore -
£2280 x 105 X = U5 5.26
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or in terms of normalised static utility -

£15.2 'x 10% x - u; 5,27

In effect this means that £15.2M is spent on refuelling the
reference design during its working life. As this is spent over a
period of 25 years it must be reduced to a present worth (or present
cost)vélue. Assuming an amortisation rate of 5% (interest rates
being offset by rising fuel and labour costs ) the static performance
weighting factor is givensas -

Dynamic performance utility was defined as the negative of the
total Megawatts of step demands not met per annum. Putting a value
to this is not easy, annual loss of income to the erea boards assuming
the power deficit lasts for h hours and charging at £.01 per KWH is -

- UD x Pr x h x .01 x 1000 529

where Pr is the MW of step demands unmet by the reference design pexr
annume.

This is, however, small compared to the real cost of a supply
failure which is in the inconvenience and loss of production to
consumers and in the effort required within the supply authority to re-
establish supplies. Factors to be applied to the cost given by 5.29

to give an estimate of the real cost have been estimated as follows (5.5) -

Commercial consumers 70
Industrial consumers 60
Domestic consumers 15

An average figure would be 55, giving a life cost due to supply
failures over 25 years as =

= Ud x Pr % h = 550 x 25 5.30

Using the assumptions made previously regarding plant mix and
$.G.HM.R. operating level Pr = 203 MW, and assuming that it takes
2 hoursto restore power deficiencies the dynamic weighting factor is
given as -

W, = 5,6 x 106 el

D
Finally all weightings may be made relative to H; as utility is
on an arbitrary scale. This gives the overall utility as -

W = Uc + 1.26Ua + B.TIUD 5.32

It is as well to recall at this stage that the weightings are
dependent on assumptions made in their estimation, in particular the
life of the plant, the ratio of S.G.H.W.R. to other stations and the

power level of the S.G.H.W.R. before an increase in power is demanded.
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The factore are zlso based on present day information (Figuree 5.9
and 5.10 and equation 5.13 for example), this will change as time

progresses. The development leading to the velues in equation 5,32
is mainly illustrative, during the optimising procedure variations

in weightings were used,



6. OPTIMISATION PROCEDURE.

S Princinles of Optimisation,

The optimisation procedure is the centre of the desién method,
it is this which calls upon the system models and utility function
as it requires them. The heavy line loop in Figure 2.1 indicates
the function of the optimising procedure; which includes the formulation
of a strategy for making design alterations, assessing the results
of alterations and deciding when an optimum has been achieved. In the
present context a design configuration leading to maximum utility is
desired, the discussion which follows is therefore oriented to peak
seeking or hill climbing rather than to minimum seeking which is more
commonly referred to in the general literature on the subject.

Figure 6.1 defines convex and concave functions,

The choice of an optimising algorithm called for some care, a
balance had to be struck between the number of iterations needed to
reach the peak and the number of estimations of the utility function
required at each iteration., Where a complex utility function is
employed, as in the present case, it is the total number of estimations
of utility which will determine the time taken to optimise the system.
The logical and decision-making processes within the programme are
fairly fast relative to utility estimation time. The dimensionality
of the problem precluded the use of random or patterned search techniques,
n parasmeters divided into a grid of 10 values each needs 10" utility
evaluations and a finer grid would be needed to obtain the required
accuracy. Such methods have an advantage over the faster methods to
be discussed where discontinuous or multi peak functions are involved,
One parameter at a time (univariate) searches involve fewer evaluations,
but are still slow and often give rise to convergence problems.

First or second order gradient methods can be used to reduce the
number of utility estimations, most common of the first order are the
steepest ascent algorithms, Calculation of the direction of steepest
ascent can be made with n + 1 utility evaluations using forward or
backward differences or 2n + 1 using central differences (which are
more accurate but hardly necessary). Steepest ascent algorithms are
not very rapidly converging either in the ridge following or travel
to peak mode, the latter mode requires further function evaluations
to determine the peak along the search vector, and the former demands
that only small shifts can be made before reassessing the direction
of steepest ascent. Modified algorithms can reduce the number of
iterations required for certain types of functions (notably ridges),
that of Booth (6.5) for example suggests moving only 90% of the way to

89 —»

a7



Figure 6,1

Concave and convex functions defined.
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the psak along the search direction at each iteration.

Better search directions can be estimated using the second order
gradient methods which fit a second order surface to the function
and predict the position of the peak of this surface. This having
been done it is better to search in the direction of the peak rather
than to take the peak as the starting point for the next iteration,
The second order surface may be defined by a multivariable Taylor
series expansion of the utility function to the second derivatives,
The quadratic approximation to the surface is then defined in terms
of the gradient vector Vf(x) and the Hessian Matrix H(x). The

gradient of the quadratic surface at any point % is given by =

Vf(ggl) = Vflx) + H(x) (% =% ) 6.1

The gradient is zero at the peak of the quadratic function and
{51 « x) (which defines the search direction) is given by the solution
of n simultaneous linear equations defined by 6.1. Calculation of the

Hessian requires 1 + QE_+ 3n estimations of the utility function.
2 LB
However, by making certain assumptions sbout the surface, the pseudo-

inverse of the Hessian may be found using only 1 4 2n estimations

of the value function. There are various techniques for finding the
pseudo~inverse, but they in most cases amount to fitting a quadratic to
the surface in each of the principal directions (or in a set of
conjugate directions ) and determining the distance of the peak in

each of these (6.1, 6.2). The distances are then combined to form a
search direction., For quadratic utility functions solution of equation
6.1 for Vf‘(_:s_l) = 0 will lead to the peak directly, use of a pseudo-
inverse Hessian will not have this property. However, it can be shown
that for meny pseudo-inverse methods the peak of a quadratic function
will be reached in less than n iterations,

Second order gradient methods using the pseudo-inverse of the
Hessian require a little under twice the utility estimations per
iteration of the steepest ascent methods; 1 + 2n 4+ S compared with
l14+n+ 5, where S evaluations are required during a search. For most
applications second order gradient methods will converge to a peak
in less than half the iterations needed by first order gradient methods,

the former are therefore more efficient.

Gradient methods have severe limitations where the utility function
is discontinuous (not twice differentizble ), noisy or partially convex.
In such cases the direct search methods of Powell (6.3) or Rosenbrock

(6.4) and other similar methods are valuable, indeed it is debatable
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whether the gradient methods have any advantage over direct search
methods for 'smooth' functions. The direct search methods make a
series of linear searches along directions based upon the results
of previous searches, the first search is usuglly made along the
direction of steepest ascent.

Constraints may be handled in several ways, equality constraints
by Lagrange multipliers, linear constraints by projecting the search
vector onto the constraint. Penalty and barrier functions as discussed
in section 5 are more generally applicable.

All the methods discussed above have one major drawback, they
cannot guarantee to find the global maxima of a multi-peak function,
The only exception to this would be the patterned (Gausian) search,
but as explained previously this is not viable for large order systems.
In practice all that can be done is to start the optimisation from
several points and see if =1l solutions converge to the same maxima,
or at least several to the greatest maxima., For large order systems

finding several feesible starting points can be a problem.

6.2. The procedure adopted,
A second order gradient method was adopted as the noise problem

was not present and care was taken to ensure that the utility function
was continuous., Fiqure 6.2 shows a flow diagram for the optimising
procedure. The programme is written in two segments, one determines

a search direction (CHIC) and the second makes a linear search and
determines the peak location along the search vector (LINSEARCH).

Both segments refer to the function (CF) which defines the utility

to be maximised, and this in turn refers to the system models and
model solutions (sensitivity matrices ).

A search direction is found by fitting a quadratic approximation
to the utility surface at the starting point, using 2n + 1 function
evaluations along n principal directions, The procedure is that
described by Mugele (6.6). Modifications to the basic procedure
were made when =

(a) The increment of a parameter used in evaluating derivatives
was too small to allow accuraete peak distance prediction,
the increment was increased.

(b) If the predicted distance to the peak in any of the
principal directions was such that the linear superimposition
constraints were viclated, the distance in that direction
which would just satisfy the constraint was substituted.

(c) If the surface in any principal direction was convex the
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Figure 6.2 Flow chart of the optimising procedure.
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Figure 6.2 continued
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Figure 6.2 continued
(b) Subroutine SEARCH.
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Figure 6.2 continued
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The distance to the minimum was calculated and the distance
to the 'peak! taken as =1.5 times this, subject to (b)
above,

The final action is rather arbitrery, but is not too important
as it gives only a small error in overall search direction. The
alternative, a search in the offending direction until a constraint
or concave surface was found, it was felt would not be justified.

The search subroutine evaluates the utility function at points
along the search direction determined by CHIC. Increments are doubled
or halved until the peak is straddled, a step back of half an increment
is then made giving three equi-spaced points. These are used in a
quadratic fit to determine the peak position, Linear superimposition
constraints encountered during the search are dealt with by projecting
the search direction vector along the constraint and continuing the
search until a peak is found or the direction is totally constrained.
Other constraints are dealt with by penaliy functions and are introduced
via the utility function CF.

The procedure is terminated when two successive optima along
search vectors are within a presgribed limit. On exit the optimal
values of parameters, the value of the utility and the number of
iterations needed to find the peak are output.

The search direction and searching segments of the programme
are written in general terms suitable for any problem. The user must

supply a segment to define the function to be maximised,

95



Te RESULTS
T.1l. Presentation of Results

Results are presented in tabular and graphical form. Table 7.1
lists the optimal values of design parameters for a range of dynamic
weightings (WD of equation 5.32), the weighting range is centred on
the value 0.7l derived in section 5. Also shown are the parameters
for the reactor optimised in respect of dynamic criteria only (WD =CC )
and in respect of static and cost criteria only (WD = 0), Parameters
not listed were held constant during the optimisation procedure (by
eliminating their component from the search direction vector ).
Parameters held were those over which the designer has no direct
control; heat transfer coefficients, liquid-vapour phase slip ratios,
and the delayed neutron decay and concentration ceefficients, more
is said of this in discussion of the results in section 7.2. Listed
in Table 7.2 are the more importent properties of the optimal reactors;
static transfer function gains, static operating conditions, reactor
cost, initial reactivity override available, and the maximum step
demand that the design can meet from an initial 75% full power.

Figure 7.1 shows the positions of the dominant poles and zero
in the drum pressure (and power ) response for the various optimal

designs. Figures 7.2 =nd 7.3 show how two of the parameters, voidage

reactivity coefficient and mass of water in the drum, approach the
optimal vslues from the initial reference value. Transients of the
reference and optimal reactors resulting from the maximum step input
which the reactor can meet when operating at 75% full load are shown
in Figures 7.4 - 7.2. Responses are for reactors with the controller
adapted for the present study (section 3.3, Figure 3.10) with a
trimming mode controller gain of 1,0 x lﬁ's(ks of Figure 3.10), Riser
and channel exit dryness responses are similar to the voidage fraction
response but the relative excursions are less, and fuel temperature
and heat flux responses are similar to the neutron flux response, but
again in the case of temperatures the excursions are less, Excursions
in the circulatory flow rates and pressure drops are small,

Positions of all poles for the WD = 0.71 optimal design are
compared with the reference poles in Figure 7.10.
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L6

Lable 7.1

Optimal Velues of the S.G.H.W.Re Design Parameters

mei:;a- Symbol Reg«:{z:ce Optimal Values, Dynamic Weighting WD =
0 0.568 0.71 0.852 o
1 K, ~0.02 0.027 -0,00888 | -0.00887 -0, 00879 ~0,00529
2 Ky ~0.0000L 0,00001386 | =0.00000559 | =0.00000560 | =0400000555 | ~0.00000517
3 R 5044 9.21 64289 6429 64353 64576
6 d 040475 0.035L 0.0406 040406 0.0.406 0.0320
9 n 36 35 35 25 35 36
10 N, 103 72 106 106 104 115
13 Pl 84.3 84.3 87.5 87.5 67.0 8845
14 P, 0.1448 0.1448 041532 0.1533 0.1539 0.1560
15 B, 0.00476 0.00476 0.00434 0.00434 0.00435 0,00420
18 he 365.0 365.0 346.6 346.5 347.0 339.3




86

Table 7.1 continued

Para~ Symbol Reference Optimal Values, Dynamic Weighting W=
meter Value
0 0,508 0.71 0,852 ®

19 1, 12.0 7423 10.59 10.59 10.88 10.53
20 dc 0.407 0.271 0.425 0.425 0e424 0475
. - 1. 1.0 0.8 1.04 1.041 1.037 1.29
22 d. 1.0 0.8 1.04 1.041 1.037 1.29
23 14 1.0 0.8 0.777 0.777 0.762 0.706
24 ds 1.0 0.8 1.04 1.041 1.003 1.29
25 d 20.2 20.2 23.98 23.98 23.91 252
26 Kng ~0.0000278 0.00005792 -0,0000289 -0,0000289 | -0,0000238 -0.0000368
32 Ea | 1380 345.0 136540 136504 1351.0 146040
33 M o4 32900.0 26872.0 38306.0 38327.5 3773240 L54T2.8
34 z 0.2 0.2 04228 0.228 0,227 0.237
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Table 7.2 Characteristics of Optimal SoG.HoHoRS.

Reference Cptimal Values, Dynanic Weighting WD =
Value
0 0.568 0.71 0.852 o
Static gain p,/y, =1194.2 =846 ~720.6 ~72L0ks ~731.7 =324.1
Static gein p./k, 88420.2 206310.0 101322.0 101291.0 1012809 98632.,0
Stetic varisbles T 0.204 - 0,278 0.167 0,168 04169 0.116
at 75k power W, (174,40 4005.0 501640 501240 500940 64600
-T:: 1234.0 150840 1229.0 12/6.0 1260.0 1178.0
n 1.0 2.56 1.29 1.30 1.31 1.31
x, 0.0723 0.0745 0.0609 0.0610 0.0611 0.0475
X, 0.0801 0.0829 0.0670 0.0671 0.0672 0.0522
Maximum step 14.1% - 19.2% 19.43% 19 o5 23.2%
GeBy 1.0 0.915 0975 0975 0,975 0986
Resctivity Override 2.5% 12,3% 1.6% 1.6f 1.6% 6.6
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Figure 7.1

Shifts of the poles and zero dominant in the pressure response.
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Figure 7.2
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Figure 7.4 Drum pressure response of the refersnce and optimsl reactors.
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Figure 7.5

Turbine stop velve transients for the reference and optimel reactors.
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Figure 7.6 Control reactivity responses for the reference and optimal reactors.
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Figure 7.7 Reactivity responses of the reference and optimal reactors.
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Figure 7.8 Neutron flux responses of the reference and optimal reactors.
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Figure 7.9 Voidage fraction responses of the reference and optimal reactors.
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Ty Discussion of Results

The optimal reactors for the dynamic weighting range 0,568 to
0.852 show an increased dynamic capability and a rather potzer static
performance when compared to the reference reactor. Improved dynamics
are achieved almost entirely by influencing the static transfer
function gains between the inputs and drum pressure, that frem
control reactivity being increased and that from turbine stop valve
being reduced. Referring to Figure 3,10 (page 36 ) this means I(l
is reduced (in magnitude - it is negative) and K2 increased. The
effect of reducing Kl(whcn the stop valve feed forward and power
feedback loops are reduced)is to shift the closed loop poles to the
left thereby speeding up the controlled system. The dominant reduced
poles are -
reference design + 0,0040 , =0,0203
optimal design WD = 0,71 - 0,01096 , =0,01398
es stated previously the reference design is unstable without reactivity

feedback control since the normalised K, is greater than unity,

Increasing K2 makes the drum pressure mire sensitive to reactivity
input and since this is rate limited the higher gain leads to a faster
pressure recovery rate. The open loop dynamics are only slightly
affected during the optimisation as the pole and zero positions of
Figure 7.1 indicate. For the WD = 0,71 case the poles dominant in
the drum pressure response indicate a lower damping of the dominant
mode and a slightly higher natural frequency, both these effects
are detrimental to dynamic performance initially as the drum pressure
response to a power demand is faster, Response to reactivity control
action is also faster, but in the absence of any gain changes a slower
open loop response is better. The reasons for the slightly faster
response are not clear since both steam drum and riser volumes are
increased in the optimal design, which would tend to slow down pressure
response, It is possible that superimposition errors are responsible
'for this paradox, which is in any case of little consequence.

The reactor optimised for dynamic performance alone shows an
increased trend towards the reduced stop valve to drum pressure
static gein, and also towards the larger drum and riser volumes
which this time result as expected in a 'slower' dominant pole. The
trend towards larger riser length and diameter in the optimal designs
indicates that the increased storage is more beneficial than the
closer drum-core coupling and reduced transport delay which would
result from smaller risers, Logically it would seem that if increased

steam storage was reguired to improve dynamics it should be added
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either to the risers or the drum depending upon which was cheaper
as defined in the cost model (drum and riser dimensions do not
affect static performance ). The reason why this does not occur is
that within the limits of pole-zero superimposition it appears
better to the optimising process to increase both drum and riser
volumes to improve dynamics, since dynamics dominate cost in the
utility function. Only when the dynamics were near perfect would
the cost term come into play and drum and riser volumes would be
traded off.

Optimal designs for WD = 0,568 - 0,852 are very similar, the
reasons for this are twofold, Firstly cost is fairly insensitive
to the changes made in the design paremeters, Tsble 7,2 shows that
a cost saving of only 2.5% is made in the optimisation., The second
reason concerns the evaluation of dynamic performence, Referring to
Figqures 5.9 and 5.12 (page 81 ) and using a plant mix containing
20% S.G.H.W.Rs., the step size which the S.G.H.W.Rs, must be sble to meet
to cope with the faults occurring while the grid is supplying 10-15 KM
is =

450 x 100 = 18% 7 gl
12500 x 0.2

Reactors which can cope with step demands greater than 18% can
make savings only in the periods when the grid is supplying 5 - 10 KMW,
i.e. only 160 hours a year (Figure 5.12). Reactors which cope with
less than 18% cannot meet some demands made while the grid i= supplying
10 - 15 KMd, a much more significant 1872 hours per year., A dis-
continuity occurs in dynamic utility at an 18% step capability and the
optimum tends to settle here as static utility decline exceeds the
dynamic utility improvement for cepabilities beyond 18%. A more
precise annual power distribution would lessen the discontinuity, but
only slightly as the drop in dynamic value in this region is very real,
The discontinuity was smoothed considerably (by subdividing the fault
levels into 50 MW bands ) to avoid problems in derivative estimation
during optimisation. This accounts for the optimal reactor for
WD = 0.71 being able to meet step demands of 19,1%, rather higher than
the 18% of equation 7.l. Dynamic performance is obtained at the
expense of static performance, the optimal design has an initial
reactivity surplus of 1.6% as opposed to the 2,5% of the reference
design. Refuelling would be necessary every 3.8 months.

Optimal designs for WD = 0 or WD =C  are not viable, which
confirms the inadequacy of maximising with respect to a single criteria
without examining the wider implications. The optimal design with

respect to dynamic performance only could meet nearly all the power
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demands made of it, but has a massive reactivity deficit of 6.6% and
could never be started. The static performance plus cost optimal
design (WD = 0) has a 12.3% reactivity surplus with fresh fuel
(refuelling every 2 years) and its cost is only 91% of the reference
design. The positive voidage, fuel temperature and coolant temperature
reactivity coefficients make the reactor virtually uncontrollable,

In improving overall dynamics considerable changes have resulted
in the core operating conditions. The overall effect is to reduce
the total mass of fuel, but increase the enrichment and the static
flux level to maintain power output. Despite the higher rating
average fuel temperatures have remained fairly constant, there are a
number of reasons for this. GSmaller fuel pins as well as improving
core response time have & lerger surface to mass ratio and less
internal to external (inner to outer zone) thermal resistance. Circuit
pressure drop is lower and therefore channel pressure and evaporation
temperature are lower, and mass circulation rates are higher, The
higher circulation rates also lead to the lower dryness and voidage
fractions of the optimal designs, although the effects are offset
to a certain extent by the lower subcooling at channel inlet (due to
lower channel pressure and a smaller proportion of subcooled feedwater),

By far the largest relative pole shifts occur in the pair which
dominate the power response, poles 1 & 2 in Figure 7.10, the parameter
changes which cause shifts in these poles were outlined above, 5ig-
nificant shifts also occur in the pole pairs 5 & 6 and B8 & 9., Both
these pairs ere particularly sensitive to parameter changes which
affect circulatory pressure drops and flow rates (see Appendix T);
the effects are indirect and too obscured by model complexity for
any conclusion to be drawn. The modes due to the pole pairs are
significant only in the reactor core and therefore do not affect
dynamic utility, except when a constraint violation occurs,

During the optimisation certain parameters were held constant;
the fuel thermal conductivity, specific heat and density, channel and
riser slip ratios, and fuel to coolant heat transfer coefficient.
These should be related to design parameters in the same way that the
friction coefficients were, they are much less sensitive to parameters
than were friction coefficients and little was lost in holding them
constant. What is more significant is that the various reactivity
coefficients are functions of paremeters. As the static gains which
were altered during optimisation to improve dynamics were mainly
influenced by the reactivity coefficients, it is important for the

designer to know how reactivity coefficients are affected by design
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changes. The relationships are extremely complicated (7.1.), computer
programmes are available to make the necessary calculations (7.2)

end could be used to relate reactivity to psrameters by sensitivity
coefficients. The tools were not available for this to be undertaken
in the present study however.

Two conditions which apply to the reference design hawe been
carried through to the optimal designs, this may not be entirely valid
and the optimal parameter values would be affected slightly if different
conditions were defined., The first concerns the acceptable reactivity
input rate which is limited in the reference case to 3.0 x 10'5 sec -%.
this is assumed constant but should possibly be relsted to the static
gein of the control reactivity -~ drum pressure transfer function,

The limit is due to safety considerations at startup, changing the

limit would affect dynamic performance of the optimal designs. The

second condition affects the fresh fuel reactivity override to refuelling
interval relationship, i.e. static performance. No account is taken

of the bigher neutron flux levels in estimating the refuelling intervals
for the optimal designs. Refuelling would teke place more frequently
than estimated, There is reason then to believe that both static and
dynamic performances of the optimal reactors are a little below those
indicated.

Optimising the reasctor in respect of cost, static and dynemic
performance has been achieved, but this is not the whole story.

Criteria based on safety, reliability, (creep and fatigue problems

have received much attention) startup and shutdown considerations should
ideally be added to the utility function, WNor is the picture complete
in the static and dynamic performance categories, Dynamic performance
is based on the ability of the plant to meet step demands (the most
severe case), performance in following the normal daily lua& profile

or other types of disturbance (e.g. T.V. peaks) has not been covered,
Indeed the controller adopted would be unsuitable for normel operation
and would have to be initiated from grid control when required. Fault
timing is also relevant, if a fault occurs at a time of normal rapid
load increase it is more difficult to recover than if it occurs when
power is generally declining. Scope for adding to the static performance
category lies in the operations and maintenance fields. Finally it
should be noted that the optimal designs are based on present day data
on power and fault levels and not on predicted levels for some future
date,

The system boundary was drawn around the S.G.H.W.R. which led to

limitations, although it was necessary to contain the size of the
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problem. Assumptions had to be made concerning the pronortion of
S.G.H.W.R.s in the plant mix and their quiescent operation level, A
larger systems study can be envisaged which would include these factors
as parameters tu?%ptimised along with the rest, and where the costs

of 'static' and 'dynamic' stations would be balanced against power
losses. Reliability analysis could be used to relate fault patterhs
to the system parameters, and beyond this the problems of overall

energy and water supply would arise., The problem scon becomes unmanageable.
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8. CONCLUSIONS

Conclusions specific to the S.G.H.W.R. problem have been covered
in section 7.2., this section is confined to discussion of the systems
design method.

The reactor application has demonstrated that design control
problem can be formulated and solved for plants of a size and complexity
commonly encountered; this was the primary aim of the work. Cost
and static performance have been treated as rigorously as the data
available would allow, but the means of analysing dynamic performance -
via sensitivity coefficients -~ is far from rigorous,

In justifying the use of pole-zero sensitivity coefficients two
considerations are dominant, errors introduced in the linesarisation and
superimposition processes, and the time taken to estimate dynamic
performance in the optimisation procedure. The error problem has been
discussed in sections 4 and 5, where it was demonstrated that for
restricted amplitude inputs (small perturbations ) and pole shifts the
method was satisfactory. However, to justify the errors introduced
a substantial time saving in dynamic assessment must result., Alternative
methods of generating dynamice would be to solve the linear dynamic
model for poles and zeroes each time it was required, or to simulate
the system via either the linear or non linear dynamic models. For the
5.G.HM.R. problem reducing the linear model to pole-zero matrices for
four transfer functions end determining their eigenvalues using ZIP
takes ahout 40 seconds, (actuas)l ZIP runs were about 2 minutes but this
includes data input-output and sorting). Thirty-five runs were required
to extract the data for pole-zero sensitivity coefficients plus some
time to calculate the coefficients, say 1500 eeconds in all, Estimating
shifted pole and zero peositions and transient evaluation for the four
transfer functions took 1.l seconds epproximately and was done about
B0 times during a hill climbing iteration. Typically seven iterations
were required to achieve an optimum, given a total computing time for
dynamics of -

1500 + 80 x 1.1 x 7 = 2116 seconds 8.1

Solving the linear model for poles and zeroes as required for seven
iterations and 80 estimations per iteration would use -

80 x 40 x 7 = 22400 seconds 8.2

Digital simulation of the linear dynamic model to produce transients
takes over 200 seconds, and for the conditions assumed the total time
would be -

B0 x 200 x 7 = 112000 seconds 8.3

Simulating the non-linear model digitally would easily double this
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time, Using a hybrid computer, analcg simulstion would reduce the time
of equation 8.3 considerably, but the 560 estimzations of dynamic performence
only just exceed the breakeven point for hybrid optimisation which is
around 500 runs (8.1). Hybrid computers are also not available as
readily as large digital machines. The sensitivity method then has a
clear adventage in dynamic analysis time, an advantage which increases
with the order of the model. If the zeroes of more transfer functions
are required the advantage over simulation decreases, since the
simulation covers all variables. There is scope for reducing the time
required to calculate sensitivity coefficients, either by using the
reference condition poles and zeroes es starting points in the iterations
for the shifted values, or by using one of the indirect methods of
eigenvalue sensitivity calculation (4.10, 4.11), Improvements would

be slight as the ZIP eigenvalue routine is very fast and solves the

five matrices (pole + 4 zeroes) in under 9 seconds. Tims savings

could also be effected by defining dynamic perxformance in terms of

pole and zero positions directly via Parseval's theorem, thus avoiding
the need to generate transient responses, This is not always possible
and depends upon the system's dynamic objectives and performance.

The limitation of the sensitivity method is the constraint arising
from linear superimposition error, timing advantage is such that
coefficients can be re-celculated and the system re-optimised several
times and still be faster than the alternatives, This could not be
done on the S.G.H.W.R. because ZIP was not available at T.C.U. (a
situation which is being rectified), but the technique wae tried on
a fourth order servo system. A position control system with a flexible
drive between motor and load was used, with position and velocity feed-
back from both motor and load. Seven parameters could be varied, the
four feedback gains, armature and field resistances and the damping
on the load. To optimise the response it was attempted to move the
system poles on to the 0.5 critical damping line, and as far from the
origin as possible, a criteria chosen for simplicity rather than reality.
Figure B.1 shows the paths followed by the poles, sensitivity coefficients
were re-calculated at each numbered point. Pole positions estimated from
the sensitivity coefficients and re-calculated from the system model
are shown, Initially shifts were constrained (out of caution) which
resulted in virtually no error in the predicted pole positions, later
shifts were of greater relative size, Figure B.2 shows the effects
of changing individual design parometers by +10% at the starting
point and after 2 and 4 iterations, the changes in sensitivity coefficients

are demonstrated and are not dramatic.
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Figure 8,1

Servo problem - successive pole positions.
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Figure 8.2
Servo problem - effects on pole positions [5 0.44
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As an incidental advantage of the sensitivity method, the value
of sensitivity coefficients to the designer as a means of man-computer
interfacing should not be overlooked.

The absence of ZIP at TCU has already been referred to, this placed
some restriction on the optimisation procedure since open loop
sensitivity coefficients were obtained from the Winfrith runs, which
were completed before the control strategy had been finalised, During
the optimisation process the closed loop responses had to be derived
from the open loop shifted poles, which therefore increased the time
taken considerably. In addition the zero sensitivities of some transfer
functions relating core varisbles to inputs were not svailable. Transients
of these variables were required for constraint vielation checks, and
had to be calculated by simulation. These violation checks were made
only after each complete iteration and not during each derivative
calculation because of the time involved. Availability of ZIP would
solve these problems, and until this is the case the sensitivity calculation
part of design method cannot be integrated into the scheme, Perhaps
a ¥ programmer year of effort is required to complete this task. Figure
8.3 shows a flow chart of the programmes making up the design method,
indicating those parts which are incomplete, and those parts which the
user must supply. Descriptions of the programmes are given in Appendix 8.
It will be noted on Figure 8.3 that the decision concerning the adequacy
of pole positions end sensitivity coefficients (i.e. the decision to
re-calculate) is left to the user as considerations will be very
problem dependent.

1t is not difficult to see areas where the scope of the design
method could be extended, reliability analysis has been mentioned on
several occasions and it is along this line that development is expected
to proceed. Such extensions would enter the problem via the user
supplied segments in the same way as the dynamics analysis package
does and would not entail re-structuring of the basic procedure. There
are other areas where the structure would be disturbed, where mixed
continuous and discrete parameters must be dealt with for example,

This occurred in the S5.G.H.M.R. problem when considering the numbex

of fuel pins per channel and the number of channels, but in each case
the integer involved was relatively large and these parameters were

in fact considered continuous and rounded after optimisation, a doubtful
practice which cannot be applied if the integers involved are small,
e.g. the 'more control - less operators' problem., The alternative
material problem, where a whole series of properties affecting many

of the model equations will have different discrete values depending

1o)==
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Organisation of programmes forming the Systems Design Method
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CHIC &

Dptimisation

SEARCH

1l

-—

Dynamic
Utility |

Sensitivity
ceefficients

Other Utility
Utility | Function |_
CF
A
/
Other Cost Static
Models Utility Utility
y T l T
3 ": Cost Static
' | Model Model
o ! l I
Static
solution
NONLIN2
Design method routines
e
User routines
bl
: Incomplete blocks
Lot

Data storage blocks

119

A

/

SRESP
RRESP

etc.
4

GAINS
GAINI
etc.

3 Shifted

Pole

Positions
RELPZ

Dynamic
analysis
routines




@
@<

- - - =

Figure 8.3 (continued)
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upon the meterial selected is important in practice, but is of the

type where computers alone are not yet adept and close man-machine
interaction is required. The 'alternatives' problem goes farther;
electronic or pneumatic control? or electric motor or gas turbine?
but the material problem because of the number of possible combinations

and the many effects of a single change is one of the most difficult

to deal with.
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APPENDIX 1 (1)

List of the S.6.H.W.R, design parameters. The number in the first
column is the subsecript which identifies the parameter in the parameter

arrays of the computer programs,

o Ll Ref. :
No,. |Symbol Description valie Units
1 I{V voidage reactivity coefficient ~0,02
2 l(t fuel temperature reactivity coefficient 08 oF!
3 R fuel rating 5.4 Btu/lb.s
4 Cf fuel specific heat 0.075 Btu/lbF
5 I<f fuel conductivity 1.59 Btu/hr.ft°F
6 d fuel pin diameter 0.0475 ft
7 0 fuel density 650 b/ft3
8 h fuel to coolant hest transfer coeft. 1140 Btu/hr.°F
9 nb no. of fuel pins per channel 36
10| N | no.of channels 103
B T | \E slip ratio in channels 1.6
12 \@ slip ratio in risers 1.6
| P 84.3 lb/in?
coefficients defining characteristics
u| P 0. 12448{(b/in2)/f/s)
of the circulating pumps
5| P 0. 0048 (Ib/irt)/(ft/s)*
16 g feedwater controller gain [ 51
C
i7 Ti feedwater controller time constant 100 S
18 h]c feedwater enthalpy 365 Btu/lb
19 IC length of channel 12 ft
20 dC diameter of channel 0.407 ft

127




APPENDIX 11(2)

S.G.H.W.R, design parameters

No.| Symbol Nescription Va?ﬁ:' Units
21 lr relative length of riser 4 4
22 dl’ relative diameter of riser 4
23 ld relative length of downcomer 1
24 dd relative diameter of downcomexr 1
25 [rv vertical length of risex 20.2 ft
-1
26 k&c coolant temperature reactivity coeft. =2, T6x b
107
27 { average neutron lifetime 0.0004 S
28 B first group delayed neuiron fraction .00154%
1
29 11- decay constant of first group 0,024 st
30 B second group delayed neutron fraction 00364
2
3l }1 decay constant of second group 0,15 g!
32 V volume of vapour in steam drum 1350 ft*
33 hiNd mass of water in steam drum 32300 b
34 Z percentage of saturated water in drum 0.2

Perameters 16, 17 and 27-3( affect the dynamics of the reactor only,

other parameters affect dynamics and steady state.
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List of the S.,G.H.W.R. design variables,

APPENDIX 2 (1)

The number in the first

column is the subscript which identifies the variable in the variable

arrays of the computer programs.

Ref.

No.| Symbol Description \ralti Units
1 F average channel voidage -é.2U4

2 Tf inner zone fuel temperaturs 1514 °F

3 ‘& outer zone fuel temperature 953.6 °F

4 n normalised neutron flux 1

5 % charnel pregsure 977.6 Ib/in?
6 Q total heat flux 23063 Btu/s.ft
7 MNQV water mass circulation rate 4174 Ib/s
8 Aho total enthalpy rise of coolant in core 66.30 Btu/lb
9 Ahb enthalpy rise dus to boiling 47.28 "
10 rh enthalpy of water leaving drum 519.9 e
11 XC channel exit dryness 0.0723

12 ﬂD average voidage in boiling region 0.2866

13 }(C effective density factor in channel 12.43

14 % drum pressure 941.6 b/in?
15 Apr riser pressure drop 26.25 0
16 ﬁ[% channel pressure drop 19,46 "

i B 2 A I?N downcomer pressure drop 13591 "
18 xr riser exit dryness 0.0301

19 \Aéd steam demanded by turbine 334.5 Ib/s
20 W | liquid mass flow rate in riser 3840 o

Wr
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APPENDIX 2 (2)

5,6.H.%W.R, variables

No. | Symbol Description vgizé Units

21 Kr effective density factor in risers 13.0

22 o) density of water 47.00 \b/ft?
W

23 | q | volumetric circulation rate 88.81 | ft'/s

24 8k | excess reactivity 0

25 C‘ first group delayed neutron concentration| 161,7

26 C2 second group delayed neutron concentration 60,66

27 Tc coolant temperature 540 i

28 hSC subcooled enthalpy at channel inlet 19,02 Btu/lb

29 hi channel inlet enthalpy 519.9 ‘o

= a variables introduced Lo simulate 0

3l B downcomer delay 0

32 A%c pressure drop between channel and drum 35,98 \b/in?

33 App circulating pump pressure rise 59,62 "

34 Wl‘ mass flow in risex 4174 /s

35 M | mass of fluid in core and risers 24100 lb

36 \NSr vapour mass flow in riser 334.5 lb/s

a7 wa feedwater mass flow rate 334.5 '

38 Wb drum evaporation/condensation rate 0 "

a9 Tf average fuel temperature 1234 o

40 " enthalpy of saturated water 534 Btu/lb

41 H enthalpy of evaporation 648,9 "

WS
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APPENDIX 2 (3)

S.6.HM.R. variables
NoJ Symbol Description Ref. Units
value

42| [ | density of vapour 2,194 b/t
43 \A@ mass of saturated vapour in drum 1960 b
44 \A4 mass of saturated liquid in drum 28680 L4
45| E | drum pressure rate coefficient 0.1712 in?
46 B drum evaporation rate coefficient 2.643 in?
47 kc control reactivity 0

40 yt turbine stop valve position 0.8

Variables 47 and 48 are inputs to the system.
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APPENDIX 3 (1)

Non linear dynamic model equations for the S5.G.H.W.R.

NEUTRONICS AND REACTIVITY

: % k Gk-%“Bz N+ A\C, +AC,

; C% : _B_E_-n -G,

3 dd_%_ = —Fii-n - 1,C,

RS - e KV? - Kﬁf + Kl + Bk K,

FUEL ELEMENT THERMAL

QLIh_ o Rn 0 32}({ ¥

6 Ciite g B, 2 {fl ‘sz}' ek e [fz “T]

dt G d'cp; d'C p 16K +hd) Ut ~c
_ e NKs hd
7,08 7 Sk ehd (% -]
8 T\; “ 0'5(]}1+sz)

BOILING CHANNELS
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APPENDIX 3 (2)

Non linear dynemic model equations for the $S.G.H.V.R,

10 hSC = HW -hi

e Bh &= SR =
P %ﬂl
WS
log, (1+K_x.)
13 f = 1 - e GEC
> KeXe
Ah
— n’d -_—b_—'
6 Pos fi
RECIRCULATION MYDRAULICS
15 h] ': hde—STo
DoeREE B« A
17 AR, = Ap+0sAp

18 Ap, 0347 (1-F) + F ¢ (1+13y K x.)

0347 Loy

19,50 M i R oyie

20 Ap, -1116 +E ¢
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APPENDIX 3 (3)

Non linear dynamic model equations for the 5.G.H.W.R.

21 A% = Apc +Apr +pr
22 Ap =R +Rq-Rq
330y s K g
£
2% W= g,
25 P = 51-8(1—7-72x10"’[hd-400])
. +Ah -SIR_
gelm it H°)e B
WS
M
27 \Nr x Ww & %_t-
L e
28 M = 1+ BX
Yo

29 Wsr = %W

30 Worr W = W,

STEAM DRUM

d
3 = E{wewy - %V—[ww-wwr-wfw]]



APPENDIX 3 (4)

Nen linear dynamic model equations for the S.G.H.W.R.

d
2 W= -Bt

dhy 1
B G = s WaelHohe) Wy, (sl -, (HrH,hy )]
d
34 a—-tM—‘”—-d= Wir *Why “Wo Wi
TR albhHue) - dble ™ L
® B e HWS[WQ MR }

5 € loly - g

o Vspw“"xr)
W W = 2 Mgy 1+Bu-1)x
ﬁé r
_ o _awx,
B W= SR

FEEDJATER CONTROLLER

39 AWW :-&de[gc 3 %c—]

STEAM FLOW TO TURBINE

40 W, =044y Y
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APPENDIX 3 (5)

Non linear dynamic model equations for the S.G.H.MW.R.

Coolant temperature 1k is a function of chamnel pressure, F{ ;
PtNS'F) ,FE and their derivatives with respect to pressure may be
a function of channel pressure l:‘): or drum pressure % depending
upon the equation in which they occur. All the above variebles are
determined by interpolation from steam tables,

Certain coefficients in the above equations have no been defined,

these are functions of design parameters as follows, the reference

value is given after the definition -

CHANNEL FRICTION FACTOR

_ Ld+{ng)d)
N, (d: -(nd” )’

]

F xt617x10¢ = 705x107*  (Ib/in’)/(ft/s’)

RISER FRICTION FACTOR

l =
E & «—at—x1115 = 1.085%10°° T
2 dS NZ
XD
DOWNCOMER FRICTION FACTCR
= ld ; -3 2 -3 "
.= ok 3178510 = 347910
d
DOWNCOMER TRANSPORT DELAY
l 2
T e %, 26x10° = 6229 S
\A&V
RISER TRANSPORT DELAY
VR,
T, = = 5572 S
T W)
RISER VOLUME
3
V= 1di Nyx102 = 1050 ft
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APPENDIX 4 (1)

Linearised S5.6.H."4.R. dynamic model equations.,

Variables in these equations refer to perturbations from the

initial equilibrium. S = Laplace Operator,

NEUTRONICS AND REACTIVITY

1o 8n :——,E—- +G,6k+-%+%

256, = Gn ____E;u_

3 SC = Gn -t

b DKE=CGT AGE +BT. G +k

FUEL ELEMENT THERMAL

e
RS TR

Tﬁ _G7Tf2 2 Ga

T, A

6 Ssz &= Gsn+

7 Q = GGT - GG,T

il 05T, +05T,

BOILING CHANNELS

137



APPENDIX 4 (2)

Linearised 5.G.H.W.R. dynamic model equations.
9 Ah,= GQ -GW,
10 hee= Gup. =
i Ah = Ah,-h
12 .= G,Q -GW,*Gh. -G.p.
13 K= 6B
14 N i
15 f = G,AhsGAh+G,f
6 L= Gp
RECIRCULATION
17 h, + -1—:25—a+ %—sa:h --%?B+;—L“;—SB
18 a = sh,
19 B = sh,
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21

22

23

24

25

26

27

28

29

30

31

APPENDIX 4 (3)

Lineerised 5.6.H.W.R. dynamic model eguations,

R
Ap

AR

dc

. pd +Apdc

= Apr+0-5Apé

'y -h(ik?- *'ngq i 28&: +(SBJ<C

(%SC] -+(%5xr 2 C%0P<r

"
o

1 G

1]

Ap +Ap +Ap,

1

2

-G A%

+ TgSX, = X = GuTSp,

1
@

B
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APPENDIX 4 (4)

Linearised S.G6.H.%.R. dynamic model equations,

32 M = G%-Gx
38 W, = W -W

sr r wr

34 Wor = Q.owr"Gt.txr

Wr

STEAM DRUM

35 SP = GW +Gx, -GW.,;-GW, +GW,

52T 43 T 44 45 W 45
36 We = ~GeSP,

37 SMyg= W+ W, -W, -W_

38 hyl1+sT,)= Gp *GW. -Gx. *Gh, -GW, -G W

49" 51 fw 52 'b

FEEDWATER CONTROLLER

1
39 Wf & Gss(1+s_'c‘5")de

L
TURBINE STEAM FLOW

40 Wy = G.p + Gy
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APPENDIX 4 (5)

Definitions of gains for the linsar dynamic model equations.

No. Derivation Equation Re::iigcc
P n/ | 1 2500
3 P 3 9.1
8 4 0,02
Kv
: KVZ 4 -5 %107
; R/Cf 5,6 72.0
1 b Ga 6 3.721
4hd
: 6,7 2.721
16Kf +hd ’
2 4TUN, Nbe 7 20.58
l -3
A c/ 9  P.B75x10
WW
2
& A 9  [.588x10
Ww
A : 10 0.1558
apc
4
i l 12 4.4%10
/WWHWS
Ah .
A 2 12 2.4x10
/Wwst
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APPENDIX 4 (86)

Nefinitions of geins for the linear dynamic model equations,

No. Derivation Equation Re:ziszce
15 1/HWS 12 [2.53x20™
16 g [ﬂua oy s } 12, © |2t
st aﬁ’; =4
17 aKC = - pwz ‘ 9y 13 ~1.54x10™
apc Y R
18 —gﬁl z IOQE(1+|§CXC] = 1 14 2.582
Xe e %S X (1+Kx)
19 oy _ X G.G 14 -2.31x10™
3 K 17510
C C
20 fb/Ah 15 |4.32a0™
0
21 f/AhO 15 3.083x10"
22 Ahb/Ahg 15 0.7132
al.
23 L 16 0,1232
ap
C
24 0-347 ¢ 22 4.164
25 2F q (1+13y.KX.) 22 0.3637
2 o
26 1-3 E q YC KC 22 145,.5
27 : . 22 0.8467
13 Eq Y. X,
28 2 F;'q(1+yr err) 23 0.4536
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APPENDIX 4 (7)

Definitions of gains for the linsar dynamic model equations.

Reference

MNo. Derivation Equation value
03471
29 KAE g™y, - 5 5 e
r\'24 Yr
1+K X,
a X[ G 23 0.962
: Kr 29 5y
o ? F3.q 24 0.5648
32 _(I? _zqf? )“1 26 1.427
¥ I—F [glsw :;LN , aal"hs} 27 4. 75%10™
WS d WS !%
A g};r QNZ _ gps 28 -1.64x10™
d Yr% %
% 89.! 29 3.98:11[1-'2
ohy
e QN 30 47.0
s q 3n 88.8
X d
s R G 32 14.39
ps a% 39
hdz 5
40 32 1.535x%10
VR ;
%2 P xr 34 0.9199
i Wr 34 4174
of el e B s T
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Definitions of gains for the linear dynamic model equations,

Referernce

No. Derivation Equation
value
43 W.E (1- —ps—) 35 6829
pW
44 E 35 0.1712
& -
45 E 0 a5 7. 644x%10
W
46 B 36 2.643
oH
A7 ﬁ”ﬁ—xr) 38 0.1455
d
B 1=%
48 (Hyghg)(1-x,) 38 P.94S5x10™
WW
49 HW—hd 38 13.36
50 % 3B |8.01x107
h,-h
51 ?N f 3B B.6T5x10™
i
Ho+H.~h
52 wHus™Ng 38 0.1615
\N¢
53 0-444yt 40 0.3552
54 0-444% 40 418,1
55 K 4 2,78x10™
fc
56 g, 39 0.1
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Definitions of time constants for the lineer dynamic model equations.

Moe. Dexivation Equation fiatesenes
value
L ___l_,___ 1 0.07692
B, +;
2 X" 1,2 41.67
-1
3 A, 1,3 6.667
2
4 d Cf pf fuel time constant 5,6 T.782
32K,
5 TD 17 6.229
6 Tﬁ 27 5,872
M
7 —wd drum mixing time constant 38 7.882
W,
.
8 If 37 100

Variables referenced in the above tables are the steady state

equilibrium values for the reference design.
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Signal flow graphs of the S.G.H.W.R. linear dynamic model,
=
—
L=}
(] o i o~ Gﬁ
A 2 =i &
4 T (5
| w4 ny -z
el S G
L =i |
Gg
oo
_TP._U
o
_rG
TIC
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Signal flow graphs of the S.G.H.W.R. linear dynamic model.

Boiling Channels
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Signal flow graphs of the S.G.H.W.R. linear dynamic model.

(1451’
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Signal flow graphs of the S.G.H.W.R. linear dynamic model.

Steam Drum, Feedwater Controller and Steam Flow to Turbine
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Static Model of the S.G.H.W.R.
The static model consists of the equations of Appendix 3 with time
derivatives set to zero, plus the following equations defining the

reactivity surplus or deficit.

1 k= epfyl1-1)

FAST FISSION FACTOR E
2 € ="103

RESONANCE ESCAPE PROBABILITY P
~Alsus1N,,
3 pi= e

A A= 15 (1+2-1(M/3+0'0826)—1)
5 M= 2625d [x12x2:54]

6  Ny= 129x01394 (1-25d]) (n, ')’

THERMAL UTILISATION FACTOR f
7 f =V, (V;+00880V, +00272V,, 00169\ +00601+00222

8 V= 000381 Ny1-25¢)
9 V, = 000992 | nN,d"

10 V= 000487d.N, .
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S5.G.H.W.R, static model, equations defining reactivity surplus

or deficit.

11 V= 00199d. N
12 V. = 000985N, (d~(n+1)d")L

NEUTRON MULTIPLICATION FACTOR |
13 M = 1430¢ (6913e+366) 3

14 € = 0003705R

ESCAPE PROPORTION |
15 L= 004A/

16 A = 0001532(2 Nb+3-67lc]/r\l_b )

17 V = 000081 N,|.

Effects due to change in the steady state equilibrium conditions

resulting from parameter changes,

18 Ok= -0004085K,
-001234K;
+000566K; -00057K{

+000599 Ny, -00093 N

+000733Ny,  -00133Ny
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S.6.H.W.R. static model, equations defining reactivity surplus or deficit.

- 0:00447 . +00035[
+000063d,]

-001507 Ktc

where K; % -1

0
and KV is the reference value of K\( » ete,

1]
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Cost Model Equations for the S.G.H.W.R.

The figure preceeding the leading bracket is the cost of the
subsystem concerned as a percentage of the total station cost. The
equations give the marginal costs of the subsystem, primed parameters

are the normalised incremental values, i.e.-
] o
d = -g—- -1 where d is the reference value of .

dO

STEAM DRUM

G = 0-7[43-7[M;1d+v']}

RISERS

1 = ; : 1 ; ’ 3 !
£ L = 03{1965|r+560dr+124Nb}
DOWNCOMERS

1 o ) { ' ! !
I Gy e 22{120dd+1650ld}
CORE

! ! ! f
NG = 11-z.[22.slc+2o.sNb+2o-35dc]
FUEL

1

<IN 14-5{nb(s-z.z—172d+2z.50d’)(1+N§,)(1+0-1[::)-100}
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SENSITIVITY CHART

The Chart shows the sensitivity coefficients of the system
pulés and the static and dynamic gains of some transfer functions
to the design parameters., Parameters are listed on the left
followed by their reference values. Poles and gains are listed

along the bottom of the Chart as follows:

Columns 1 - 10 System Poles, complex pairs are linked
below and an R or I indicates the
real or imaginary part of the pairs.
Reference values are again given.

Columns 11 - 14 Static gains of the transfer functions
indicated with reference values,

Columns 15 - 38 Dynamic gains of the transfer functions
indicated in columns 11 < 14, The
dynamic gains corresponding to the
mode defined by a pole or pair of
poles are given as a multiple of the

static gain for the transfer function.

Sensitivity coefficients relate the normalised poles or gains
to the normalised parameters as indicated by the diagram on the
following page. Values of magnitude less than 0.1 are omitted

for clarity.
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SENSITIVITY CHART

J
parameters.
e
E . j? 5 EL
poles
a e U
i i P
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APPENDIX 8(1)
COMPUTER PROGRAMS
Listed below are the computer programs developed during the
S.G.H.W.R, study. They are divided into two sections, those
applicable to general problems and those specific to the S.G.H.W.R.
problem, The former group is as follows =

1.1 CHIC which uses SEARCH, STEP, CF
1.2 GAINS

I3 GAINI

1.4 SRESP

1.5 RRESP

1.6 IRESP

1.7 RELPZ

1.8 RELGS

1.9 ROOTS which uses FAC, BAIR, MAXE
1,10 INTERP

1.11 NONLIN2 which uses MAT, LHS, F4ACSL

1.12 SENSITIVITY

The first of these is the optimising routine, numbers 1l.2-
1,9 are used in the generation of responses and dynamic utility
from sensitivity coefficients and 1.10 - 1.12 are used in the
solution of the non linear static model and the calculation of
sensitivity coefficients,

The latter group is as follows =

2.1 CF which cells CUTE, DUTE, SUTE
2.2 CUTE

2.3 DUTE which calls ML, PCENT

2.4 SUTE

2.5 G IN which calls NONLIN2, INTERP
2.6 LHS

2.7 ZIPE which calls GAIN

Routines 2.1 - 2.4 are used in generating the utility function
used for optimising the S.G.H.W.R. design (by CHIC). Routines
2.5 & 2.6 are used in solving the non linear static model and in
generating the iinaar dynamic model. ZIPE (2.7) prepares data
for the ZIP pole-zero solving program at Winfrith,
Xe FORTRAN IV routines written in a general form for use on

- any problem, |
1.1 Subroutine CHIC, an optimising program for non linear

utility functions with independent constraints on the

parameters. CHIC predicts a search direction and then
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calls subroutine SEARCH which makes a linear search along that
direction until a maxima is encountered. If a constraint is
reached during the search the search direction is projected
onto the constraint. A step doubling (or halving) technique
is used during the search and a quadratic fit made through these
points straddling the peak to estimate the true peak co-ordinates
and magnitude. CHIC uses n + 1 estimations of the utility function
at the starting point to estimate the search direction by a
quadratic fit method similar to that described in (6, ),
Modifications to the basic method are introduced if the predicted
peak position violates a constraint, if the surface is convex
with respect to some parameters at the starting point, or if
the parameter increments used to estimate derivatives are too
small or toe large. Subroutines CHIC and SEARCH call a user
function CF which defines the funtion to be maximised. The
predict and search technique is repeated until successive optima
are within a limit specified by the user.

Call statement

CALL CHIC (X, N, E, M, FP, XP, XN, ICON)

where arguments are as follows =

X(N) on entry the initial velues of the parameters

on exit the optimum values of the parameters
the number of parameters
E the required relative error in the optimum
value of the utility function.
M on exit the number of iterations required to

reach an optima

A= on exit the optimum value of the utility function
XP(N) the upper constraint on parameters
XN(N) the lower constraint on parameters

ICON(N) an integer array indicating the constraints

ICON(I) = O ith parameter unconstrained
ICON(I) = 1 ith parameter has lower constraint
ICON(I) = 2 ith parameter has upper constraint

ICON(I) = 3 ith parameter has upper and lower

constraint
For unconstrained problems an alternative subroutine FLAP

without arguments XP, XN, ICON is available. The user must supply
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1.3
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the utility function in the form -
FUNCTION CF(X, N)

where X and N are as defined above.

Subroutine GAINS, given the poles and zeroces of a transfer function
this routine evaluates the gains and phase angles of the various
modes in the response to a step input. Gains are given relative
to the static gain of the transfer function.
Call statement
CALL GAINS (P, NP, Z, NZ, G, ID)
where the arguments are as follows -
P(NP) a complex array of the system poles, in any order
but complex pairs must be adjacent.
NP the number of Poles
Z(NZ) a complex array of the zeroes, in any order but
complex pairs must be adjacent.
NZ the number of zerces NZ NP
G(NP) a real array containing on exit the gains and phase
angles of the mode corresponding to a pole or complex
pair of poles.

If P(I) is real then G(I) is the gain of the it"

If P(I) and P(I+l) are complex, then G{I) is the
gain and G(I+l) the phase angle of the mode defined
by the £ and (i+l)th poles in the form -
6( 1™  cos(bt+G(I+1))

ID error flag identifier set by user. Error print out

mode,

occurs on peripheral No. 2 if complex pairs of poles
and zeroes are not conjugate or are not entered in
adjacent locations.

Program will STOP after an error printout,

Subroutine GAINI, as subroutine GAINS but gives the gains and phase

angles of the response of a transfer function to an impulse.

Subroutine SRESP, gives the poles and zeroes of a transfer function
and the results of subroutine GLAINS this routine evaluates the
response of the transfer function to a step inmput.

Call statement

CALL 'SRESP (P, Z, NP, NZ, G, T, R)
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where the arguments are as follows -

P(NP) a complex array containing the poles of the transfer
function, poles may be in any order but complex
pairs must be adjacent.

Z(NZ) a complex array containing the transfer function
zeroes in any order but complex pairs must be adjacent,

NP the number of poles

NZ the number of zeroes NZ NP

G(NP) an array containing the gains and phase angles
produced by subroutine GAINS.
the time at which the response is required

R the system response as a multiple of the steady

state response.

Subroutine RRESP, given the poles and zeroes of a transfer function
and the results of subroutine GAINS this routine evaluates the
response of the transfer function to a ramp input. Call statement

is as for subroutine SRESP.

Subroutine IRESP, given the poles and zerces of a transfer function
and the results of subroutine GAINI this routine evaluates the
impulse response of the transfer function. Call statement is
as for subroutine SRESP except that =

G(NP) an array containing the gains and phase angles

produced by subroutine GAINI.

Subroutine RELPZ calculates the shift in the position of a pole
or zero due to parameter changes given the sensitivity matrix
and parameter values.

Call statement

CALL RELPZ (P, PR, DVR, N, M, PSEN, K)

where arguments are as follows -

P(M) a complex array containing the shifted poles

or zeroes.
PR(M) a complex array containing the reference poles

Or Zeroes.

M the number of poles
N the number of parameters
DW(N) the normalised change in parameter values
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PSEN(N,M) the sensitivity matrix relating normalised
pole or zero shift to normalised parameter
change.

K(M) an integer array defining poles as singles or
complex pairs as follows =
K = 1 a single pole
K = 2 the first of a complex pair

K = 0 the second of a complex pair

Subroutine RELGS, calculates the values of transfer function
gains given the reference condition gains, the parameter changes
and the gain-parameter sensitivity matrix.

Call statement.

CALL RELGS (GS, DWR, N, M, GSR, GSEN)

with arguments as follows -

GS(M) the transfer function gains

DVR(N ) the normalised change in parameters
N the number of parameters

M the number of gains

GSR(M) the reference condition gains

GSEN(M,N) +the normalised gain - normalised parameter

sensitivity matrix.

Subroutine ROOTS, determines the roots of a polynomial using
Bairstow's method. If convergence fails the polynomial is
inverted and the procedure repeated to find an inverse root.
If convergence again fails an error flag is set. The subroutine
calls subroutines FAC, BAIR and MAXE.

Call statement.

CALL ROOTS (N, A, J, E, R, NR, L)

where the arguments are

N the order of the polynomial

A the coefficients of the polynomial in the form -
4 AT & AG2) M2 & L. HAGNSL I 4 AN DD

J the number of roots required

E the maximum relative error of the solution

R(N) complex array containing the roots
NR the number of roots found
= error flag
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L owrfl no error

L = 1  convergence failurs

1,10 Subroutine INTERP, a third order interpolation and derivative
interpolation procedure using Bessel's algorithm.
Call statement
CALL INTERP (X, Y, DY, XINT, YINT, K, J, KK, JJ)

with arguments as follows -

X the input value of the independent variable

Y the output value of the interpolated dependent
variable

ny the output value of the interpolated derivative

of the dependent variable.
XINT(20,K) an array defining 20 discrete values of K
independent variables, note XINT(2,K) X XINT(19,K)
YINT(20,J) an array defining 20 discrete values of J
dependent variables.
KK an integer defining which independent variable
is to be used.
JJ an integer defining which dependent variable

is required.

1.11 Subroutine NONLIN2, solves a set of nonlinear algebraic equations
using a multivariable Newton's method. The routine starting from
initial values entered applies the algorithm iteratively using
Matrix inversion until successive values are within a prescribed
limit. The Matrix is generated by subroutine MAT which is called
from NONLINZ and MAT in turn calls subroutine LHS which defines
the non linear equations. The Matrix inversion is carried out by
an ICL library subroutine F4ACSL.

Call statement

CALL NONLIN2 (N, NI, E, XO, A, B)

with arguments as follows =

N the number of variables and equations

NI the number of iterations required to achieve
a solution

E the maximum error in any variable at solution

XO(N) on entry the initial estimate of the solution

on exit the solution
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the matrix and vector which give the

solution from the linear equations -

AX = B
the user must supply subroutine LHS defining
the non linear equations in the form -
SUBROUTINE LHS (X, FX)
with arguments -
the current value of the system variables
FX(I) = fI(X(N)) for I = 1,N
where the solution is given by
fI(X(N” =0 I=1,N

1.12 Subroutine SENSITIVITY, calculates the sensitivity of a variable,

2.

2.1

2.2

2.3

gain or pole to a parameter change.

Call statement

CALL SENSITIVITY (A, B, C, D, E, N)

where the arguments are

A(N)

B(N)

C(N)

D(N)

N
E

the values of variables, poles or gains with
a positive parameter change.

the values of variables, poles or gains

with a negative parameter changs.

the reference values of variables, poles or
gains.

the sensitivity coefficients

the number of parameters, poles or gains

the relative size of the parameter change.

Programs specific to the S.G.H.W.R. problem

Function CF, defines the utility function for the S.G.H.W.R.
problem. The function calls subroutine CUTE, DUTE and SUTE

described below and generates an overall utility value from a
weighted sum of their outputs,

Subroutine CUTE, generates a cost utility velue based on the cost

model equations of Appendix 6.

Subroutine SUTE, generates a static performance utility value

based on the equations of Appendix 5.
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Subroutine DUTE, generates a dynamic performance utility value

from the reference pole-zero positions and the sensitivity
coefficients. The routine calls some or all of the routines
1.2-1.9 (depending upon the dynamic performance criteria used)

and also subroutines PCENT and MWL. PCENT estimates the maximum
step input of power demand size that the S.G.H.W.R. can accommodate
(based on a simplified model with dominant poles and zeroces only).
MWL calculates the annual Megawatt hours that the grid system
cannot supply based on the step size estimated by PCENT and the
proportion of S.G.H.W.R.s in the plant mix.

Subroutine GAIN, generates the gains end time constraints of the
linear dynamic model (Appendix 4). Calls are made to NONLIN2

to solve the non linear static model and to INTERP to evaluate
the steam table data.

Subroutine LHS, a routine (called by NONLIN2) which defines the
non linear static model equations (Appendix 3 with time derivation

set to zero).

Subroutine ZIPE, uses subroutine GAIN to generate the linear
dynamic model equations for the reference condition and with
perturbed parameter values., The results are printed out in a

form suitable for input to the Winfrith pole-zero routine ZIP.
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OPTIMAL CONTROL ACTIONS FOR THE S.G.H.W.R.

An insight into the control actions necessary to give a power
response with a minimum integral of error may be gained by an analysis
using Pontryagin's maximum principle on a simplified model of the
reactor, The controls available are the turbine stop valve position Yys

and the moderator valve position Yoo A block diagram of the system

iB i - -
Control Reactivity

Drum
Pressure
Y f T, / P
REACTOR (5 ) Er
5 K,

All variables are normalised

The dominant poles and zeroces for the responses of turbine stop
valve and control reactivity for the reference design are shown on the

diagram below -

1,2 - 00187000314 j

x! 3 -00209

x2 4 -00240

Zero 3 refers to the turbine valve transfer function and zexo 4

to the control reactivity transfer function, If these two zeroes

are represented by a single zero at their mid point, the following

block diagram results.,
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N

—~
“’X
4

2 L
w,
Oy

U, I‘Z\ Y
=
where -
Ul = moderator control valve position and has a range
+1 to -l.
U2 = turbine stop valve position and has a range 0 to +l.
% = power output of the reactor.
Kl’KZ = normalised gains, for the reference condition.
Kl = 0.00282 and KZ = 1.018
Z = the position of the zero = 0,0222 for the reference

condition.

State equations for the reduced system (which predicts

power response

to within 5% of that given by the complete model at all times, and

after 20 seconds errors are virtually zero for step inputs)

xl = Ul c

4 2 2%

Bp SR Ny {Kl"l"(z”z"wn "2""3]
Xa @ B9

v = U2+x3+%x2
For a reactor operating at 75% full power, being asked
100% full power it is assumed that y must be increased from
Following such a demand then the power error will be (1-y).

an optimal control problem in Mayer form then gives -

. Py
xuul—ynl-uz-xa—zxz

where x _ is to be minimised.

oT
This will lead to a control action which minimises int

error, which as shown in section 5.3 minimises the grid fre
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following a power demand.

The Hamiltonian for the reduced system is then -

H

25 2
pn(l—Uz-.x:i-Z le + 1:)‘.£U_,L-t-;:2'\nin (lel—KzUZ - _f:_g xz-u3) +P%o,

i.e. n
H o= pith # Wi(Kpw?ap ye
= P35y 2 e g Po Eafas
Al aH
i
ayq
i.a. ﬁﬂ = D pCIT = -l ."‘ pQ = -\l
|‘:| = W 2 K = 0
1 B i Pir
b, = B +"2§—§--P Pt s
n
W 2 + 0
T R i) i

The equations in b2 and 53 may be combined to give -

; 2
Py ~2Lwp, +wip, = 1

o : 2 2
and pa-zgwnp3+wn Py = 2§wn..wn

z

The poles of Py and py are therefore seen to be reflections in the

imaginary axis of the poles of the reduced system -

system P h poles
poles

This applies whether the system is overdamped or oscillatory

since no assumption has been made regarding the damping ratio. Py
then is an expanding sinewave about 1 =
W
n
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1 Lk ot s
Py = i 5 * Ae ™ "n sin (wdt + B)
n

where A and B are constants. Boundary conditions are given by

G . . 1
Poy = 0, and from the equation for Py above Por = =3
since p_ = - 1; Py = 0 and P31 = 0. Applying these condition

gives -

§ 1
AsgwnT sin (WdT-I-B):‘ ..w 5
n

s wnﬂag"nr[ 1 -EZ cos (udT+ B) + Usin (wdT+ B)} = ..-%

or putting v = sin (wdT + B)

CupT s

Ae V= - 2

v
n

CwnT[ I/(l-CZ)(l'VZ’ 5 Lv] el

w_Ae
n

™=

These equations can be solved for the specific conditions applying
to the S.G.H.W.R. reference design, but in order to preserve generality
it is sufficient to say =

AL A
— - 2
w
n
v = 1

p, may now be plotted -

NU

£ -

,@-

0 T time —»

167



APPENDIX 9(5)

For all T occurring before power crossover P is positive and

less than 12 in the range t = O-T. Referring to the Hamiltonian

w
n

equation, the coefficient of U2 is -
g 2
2Ps ¥ =Py
2
o LA R

Since Kz is only slightly greater than unity, the second term

in this expression will always be less than unity for the time range

- K

of interest. To maximise the Hamiltonian (minimise Xor ) U, must
be set to +1l. Py is defined by the expression -
o Tkt p?.""nzKJ.
and since Py is positive for ¢ <:T,pl has a negative slope
in this region. Also PyT = 0 and these conditions demand that

pl‘PB for t<T.

Py0

0 T time —»

Referring again to the Hamiltonian equation, it may be seen that

I.Il must be set to +1 to maximise the Hamiltonian.

For small values of T then the optimal control action is to
open the turbine stop valve to its full extent and to insert reactivity
at the maximum rate. For large T thea analysis is not valid since
the integral of error was specified as the performance index. The
system will tend to an infinite power surplus as indicated by the

following response =

168



APPENDIX 9(6)

output
B < e 2 demand
L]
: Integral of power
: deficit will tend
' to -CC for T> ¢!
1
|
1
1
! time —

For T bhtl (i.e. after crossover of output and demand) the

analysis is invalid. Examination of the Py transient for large T

would indicate that U, (the stop valve position) should not be set

2
to +1 immediately. The reason for this is apparent from examination

of transients and error integrals for immediate and delayed U2 action -

immediate U2 action delayed UZ action
v
power = Sy R
t T T
power
error
A
E T eover & T

Rl R

In the delayed action case U2 is switched to
+ 1 when szzw
large T,szzwn is greater than 1 initially,

e becomes less than 1, For

but as explained above this case is of academic

interest only.

D+4B=A=C > F<=E

169



APPENDIX 9(7)

To optimise control action after an excess of power is available
it would be necessary to maximise (1 - y) since what effectively is
required is a minimum absolute integral of error. If this is
attempted, however, the method breaks down as the error integral
before crossover is maximised, instead of that after crossover being
minimised. The use of integral of absolute error as a performance
index overcomes this difficulty, but is not an ideal function since
many small positive and negative errors have a cancelling effect
on grid frequency change but accumulate in the performance index.

An integral of error squared criteria would overcome this to some
extent, but then the functional would not be related to grid frequency
variations; and the equations become too complicated for analytical
solution., Using an integral of absolute error criteria the system

equations are =

xl-L}l
iswz(Kx B T e 5 o R
2 n 5 i | 2 2 ;r‘ 2 3
n
x3=x2
; A x
Xon J.—Uz-xa-zz

and it is required to minimise XoT

The Hamiltonian is now

1| 2 28
= Pa |1 = Uptg= 772 4+ pyly + Py (K %) KUy = &2, 0 ) + pox,

n
and the differential equations in p are -
Py =0 Por = —1
Py = "‘2"2"‘%;Z Pip=t
|:':2 = _;_q. sgn(l-l.lz-eca-%" %) Py ‘ﬁ"f" 3 Pyp =0
By = Py sgn(1ly== 3 %,) + Py Pyp. 8

which may be arranged to give =

7 - 2 . X
P, -2 gwnp2+p2wn = §gn (1--U2 - Xq -zxz)

is therefore an expanding sinewave as before, but about Ahi

*n

P2

; 3 :
or ...-i—-z- depending upon sgn (1 = Uz -Xy =5 X% ) or the sign of

n
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power error, Assuming that T occurs sometime after the first power

crossover, p, will then be of the form =
B /
2 - /
_____ ~ _{‘Un_____________________/__
/
/
o
Fd
power ’
crossover ¢
| ’
e
%y
~
7
-,
s
-
-
=1 ,’
u? =
-l—u—t
Once asgain in the range t = 0 - T, Py is always less than ” 2
n

and referring to the Hamiltonian this gives U2 = +1 for a maximum,

Py is given again by the integral of - pzwnzKl with PyT = o,

Py is of the form -

*'-\_____/l-.

time —»
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indicating that U

APPENDIX 9(9)

1

=1 at some time during the transient.

power response, py and p, are as follows -

should be set to +1 initially and switched to

The set of curves for input,

_________________ R e
power
output
ts time —s=
R
R
/_
u, U, U, .
Y Vo B e i+
L m‘”“fU,dt
inputs 4e=="—
%
e A t Y,
0 o T

It should be noted that T can occur only slightly beyond the

power crossover since the control action initiated to keep power

error down will cause a second crossover shortly after the first.

Analysis for a larger number of crossovers gives a control action in

which UZ

responses for two power crossovers are-

2
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remains at 1 and U, switches between +1 and =l1.

Thus the



power

ﬂU

APPENDIX 9(10)
demand
e b e
time —»
/;-—'—'—-________
U U, U, U U,
B | L =
.- =1 LA ‘-*/u,dt
U1

Referring to the single crossover case, it is found that the

switching point for the moderator valve input

Ul occurs somewhat

after drum pressure and power recovery, and alsc after a reactivity

level equivalent to the final state power has been reached,

points asre referred to by ta’ t
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b and ta on the diagram.



APPENDIX 10(1)

Analog patching diagram for the S.G.H.W.R. linear dynamic model.

0011

10
10
20

2500

01

20
10
10

o)

2500
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APPENDIX 10 (2)

Analog patching diagram for the S.G.H.W.R. linear dynamic model
R ~ :
e 0
-Q [ PR 117
N @ 10
N 10
AR
10W,, [ &) A 10 ¥
[ 153 7y 16
A 10
AL/ 10
Boiling channels
-10h,

BT

el

=
A

Downcomer Delay
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APPENDIX 10 (3)

Analog patching diagram for the S.G.H.W.R. linear dynamic model,

=3 X WW Q2
=
2 &/ > S
i, (&)
= e
= i ®
<]
SERT(
S ®
® 5 &
= N/
® e € OO ®
]
[
el8 o
. mw N
/8
® ®
mnmp - VAC 1w— nmrd
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Analog patching diagram for the S.G.H.W.R. linear dynamic model.

% (3
® /8

%

©)

—1ohd

70

m'L//’

60 -
Steam Drum, Feedwater Controller and Steam Flow to Turbine

10
10

-10W,,
10W,
...xr
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APPENDIX 10 (5)

Analog computer model of the S.G.H.W.R.

Potentiometer coefficients.

: Factors
. ! Basic Scaled
.| Sectl Derivation valoe N.E. 564 161 valus
F G, 72.0 0.01 0.72
F G2 309 Dcl 0.39
F b - 13.0 20 | 0.65
TI
gl e 0.024 0.024
—[:2
P66 50.0 f 20 | 0.51
F A 0.15 0.15
T3
- St 0.1284 0.1284
i ]
F G, 9.1 0.1 0.91
GG 65.0 L 100 0.2425
F 8 79 . Q .
-3
F GGG, 8.57x10™ | P 10 | 0.837
c G(G.-G)+G.G.G 1,17%107> Q 10 [0.1317
10'~20 “21 1318 22 AN f .
F G 0.3495 0.3495
.[:4
c Gy 4.4x107 % 10 | 0.1408
&
08 e 0.0125 100 | 10 |0.125
R
c G 2.17x10% | <& 10 | 0.2935
C
X
Xc
R B 1s5.5 | Ap 0.1764
5
00 0. 10 2% 10 | 10 |0.2619
R 'EG . Xr .
R Gy .75 | % 0.0054
2 R.
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APPENDIX 10 (6)

Analog computer model of the S.G.H.W.R.

Potentiometer coefficients.

Sectl. Derivation St Factone Scaled
N.F. | 5.F.] 1.6 value
P
c | G{GG,-G,)+GG,, |1.24x07 7 10 | 0.5920
AP
+0N P
R | G,(G,+05G,) 0.906 o) 0.0553
AP,
R | GG 67.1 - | 10| 10 |o0.958
3236 WW
R 1:1_ 0.1796 10 | 10 | 0,179
€
G, Gy
F - 0.431 | p | 0.0l 0.421
(A
Rl G 1.54x10° | T 10 | 0.2942
3 W
I
P
rl G06,G, 6.69 @Q 0.292
P
R | GG, +05G,G, 2.23x10™ A_g_ 0.3515
G
ROl G 14,39 \%— 10 | 0.3242
I
X
R | G, 156.1 p—r 0.0128
C
f | G, 4.75x10™ %— 10 | 0.5590
X
R | G 156.1 S 0.2096
29 App
X
D | G, 13.36 -hI— 10 0.0206
d
W,
g LG 2.08x1072 p—c: 0.0920
W,
¢ | G,(G;G,)+G,G,G,, [6.5x107° ?W 0.1 0.1330
W,
i
p | G4 2.95x10™ Ty 0.0236
o WY 2.4x107° % | 01 0.1386
W,
p | G, 0.999 | - | 0.1 |10 | 0.1146
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10 (7)

Analog computer model of the S.G.H.W.R.

Potentiometer coefficients.

y . Basic Factors Scaled
N 1 Derivat
ot Sec RAYS LN value N.F. s.rJ] 1.6, value
45| 7| L 0.9640 0.9640
tS
46 G,+G.G.G 7.14x10™ —D‘“ 0.1 10 |0.1816
e 20 VsV s 1AX { . .
471 T :%— 0,3213 0¢3213
5
a b
a8 ¢ | G 1.53x10 0.1 10 |0.1100
X
15 C
\
56| R Gsz(st+st+Gs1 / 1.973 10 |0,1973
58
G -3 W
60, o | G4 7.64x10 o) 10 0.0272
W,
61 n | G, 7.64x10™ —-“pd 0.0339
W,
62| n| G, 0.0368 —hﬁ‘” 0.0237
d
63| D 1.0 .WV@W;J 0.1 10 |0.1250
Ry
64| r | 1*G,G, 0.98¢ | 10 |0.0947
6s| n| G, 0.am2 | Py 10 |0.6090
&61 | G, 2.643 | Vo | 0.1 0. 7440
X
By
67f o | G, 682.9 B | 0.5610
Ry
68| o | GG, 0.427 —h-d- 0. 7750
: G v
hy
70| R G3563, 3.535 W, | 10 | 10 |0.4400
45
nl o| G, 418.1 W, 1.0
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APPENDIX 10 (8)

Analeg computer model of the S.6.H.W.R.

Potentiometer coefficients.

No.| Sect Darivation Basic Factors Scaled
Ualue N.F. S-F. I.Go Vaer

72 D G‘.7 0.1455 —H- 0.2635

d
o W R 0.1268 0.1268
-[:7

T4 D 1.0 0.1 0.1

o D 1.0 8 B i 0.1

76

17

00! (. D 1.0

101 D b 1 0

The column headed sect. indicates the section of the nodel in which

the potentiometer occurs as follows:

= neutronics-reactivity-fuel element
C boiling channel

R recirculation

D steam drum

T downcomer time delay

The factors' columns are as follows:

N.F. Normalising factor, given as the ratio of two steady state

equilibrium varisbles,

S.F. Scaling factor

I.G. Input gain of the amplifier following the potentiometer,

Blanks in the factors' columns indicate a value of unity.

181




APPENDIX 11 (1)
Limits on the estimation of pole or zero shifts by

sensitivity coefficients.

Consider the second order system defined by the equations -

xl All Rl X

X, Aoy Ao %2

The poles of the system are given by the eigenvalues of the A

3%

i

it

A ll.l

matrix, i.e. by =
Ay =X A2

Aoy Ao =\

This will be considered the reference condition with poles 7\10

= 0 A 11,2

and 7\20 given by -

A 11.3
2
7\10] ¢ Ay + Ay b l/( Ayg + App ™ = 4(AL A, =Ashs, )
i 2 2

kZD

For convenience in the following development the first term of
A 11.3 is referred to as the 'real' part and the second term as the
timaginary' part although it may, in fact, be real.

If a small change § occurs in one of the diagonzl elements of A

(say All} then tha system poles are shifted to 7\11 and R‘El given

by -
A 11.4
Ay T Bl |/(A11+5+ "22’2“‘”“22(“11'*'5"“1-;“213
7\21] £ i s
A 11.5
Aot Aogtd l/”\m A 0’ +20(A),-A5) ) +5°
2 - 2
A 11,6
= MNethoatd | MomAao AL 200y, 22) 0°
: g ( 7\J.CI")\ZIZI ) O\m‘ 7\20 )2
Binomial expansion of the square-rooted term gives -
Al XL

7\11] % A oAont " Aro=Aog {1+ OlA-Ax) &
Aoy 2 2 O\10_7\20’2 2(?\10_)\2(])2
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APPENDIX 11 (2)
b PR

7\11} J ?\10} 3 _(_52_ + Mo~Azo [“”‘11"“2,2]6 + 5’

] A 11.7 (cont,

A 11,8

22
e L0 }
4

Terms following the % sign in equation A 11.8 are all imaginary
if the reference poles are complex as the denominators of all terms
within brackets contain ( liﬂ"KQB)n where n is even., From equation
A 11.8 it may be seen that the 'real' parts of the poles shift linearly
with the diagonal matrix elements, whereas the 'imaginary' shift (the
part following the & sign) is a power series in ). The sensitivity
coefficients are defined as the relative shift of a pole divided by the
relative change of a matrix element. For the present case the relative

change of the matrix element is <

A= ' 6 A 11.9

A‘ﬂ

and the relative imaginary pole shift comes from the first term within

the brackets of equation A 11,8, and is -

(A, = An)0 A 11,10

(Ay0=Az0 ?

The sensitivity coefficient for imaginary pole shift due to a

change in All is then -

Ayq (A ~hss) ALL.11

- (7\10-?\2,, ?

The imaginary pole shift 5;‘\_l from equation A 11,8 may be expressed

)

in terms of the relative matrix element shift by substituting from A 11,9

A 11.12
O\ = 4 Ao~z [ Ay (A =A) A
g ”\m‘)\zu’z
2 .3 2 2 2
Ay A My Wi B TOE. T
2 4
2( 7\10"?‘20’ 2( 7\10‘ 7\20’
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APPENDIX 11 (3)
The term preceding the brackets is the reference value of the imaginary
pole position. Sensitivity coefficients may be introduced into A 11.12
from A 11.11 to give =

A 11,13

&

- -

6= + a0 A2 [SA Pt A L oy

| 2 >
CRSTRSTE

The second order term in the power series defining the imaginary

pole shift is then -
2
G [ Ay . A 11.14
2 b 2
SRRSTRSRE
Which is appreciable only when the relative linear imaginary pole

shift (SA) is not substantially less than unity (i'FD\w*?\zo] > e,

then Sz-ab oc at a faster rate - see equation A 11.11).

For a change § in an off diagonal element A ., a similar binomial

12
expansion leads to an expression for the shifted pole positions as -

A 12,15

2P

7\11} 7\10] No=Aop | . 28518 = S0 +

Aoy Az - - ( )\10-7\23)2 (A;0-Aog P g

In this case the real pole positions are unaffected and other terms

are imaginary if reference poles are complex as in the diagonal element
case. T[he sensitivity coefficient from off diasgonal element to

imaginary pole shift is given as before -
) 2A12AZ.L A 11,16
2
( ?\10"7\20’
and the imaginary pole shift is given by =

Gk 8 M[S&-f_z_‘ﬁt----..} A 11,17

S =

% 2

Once again the second order contribution is not significant if
the linear relative shift is substantially less than unity. Equations
A 11.14 and A 11,17 show the effect of second total derxivatives on
shifted pole accuracy, similar binomial expansions may be used to
show that second partial derivative terms are also insignificant if
linear pole shifts ere kept small. The second order effects may be
alternatively analysed with similar results by a Taylor expansion of

géquation A 11,3 with respect to the msirix elements.
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APPENDIX 11 (4)

It will be noted that sensitivity coefficients become very large
as the ‘imaginary' part of the reference poles approaches zero, i.e.
the poles become coincident, equations Al1.11 and A 11,16 (the
sensitivity of the absolute shift also becomes large and the effect is
only in part due to the zero reference value), Sensitivity coefficients
also change rapidly in this region, which means that only small shifts
may be made befeore the linearity constraints are violated.

Analytical treatment of pole shift errors is not possible for
higher order systems, as poles cannot be explicitly expressed in terms
of the matrix elements. In applying the sensitivy method to larger
systems one has to rely on experience which indicates that the same
general rules apply, i.e. that errors ere small so long as relative
shifts ere restricted and that sensitivity coefficients are large and
changeable when a complex pair becomes two real poles. Errors may be
larger than indicated if several matrix elements are changed such that
first order effects cancel and higher order effects aceumulate.

The matrix element to pole error is only part of the problem, since
matrix elements are not necessarily linear functions of the design
parameters. Limits here are imposed by conventional linearisation
considerations, which a2gain in general conclude that errors are small

if changes are small.
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APPENDIX

12

Nuclear properties of materials used in ths S.6.HM.R.

Neutron Cross Sections Barns

l.ogarithmic No.of
§ atoms
Thermal : enexrgy per cc
Material | Symbol Scattering decremant
beorotier pexr collisiop . _-24
fagerpsaen Thermal Average x10
Og Oy Oy g N
Hydrogen H 0,332 38 20.4 1.0
Deuterium D 0.00046 7.0 3.4 0.7261
Oxyoen (4] £.00019 4,2 3 0h 0.1209
Aluminium| Al 0.230 1.4 1.4 D.0730 | 0.0603
Zirconium| Zr 0.180 8.0 6.2 0.0220 | 0.0425
Boron B 755.0 4.0 Jal 0.1756 | 06,1411
Xenon Xe 35 106 4,3 0,0153
135 * 2 .
Uranium U235 694 B.3 0, 0084 0.,0473
U238 2.73 8.3 0.0084 | D.0473

Where no atomic weight is specified, the figures are for the

naturally occuring distribution of isotopes.

The average scattering cross section OEe

for neutrons being slowed from high to thermal energies.
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