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ABSTRACT

This work is concerned with the design of counters built
on electromagnetic relays, having two input switches, and
indicating the difference between the numbers of times the input
switches have been operated, modulo some number, the scale of the
counter. The methods used are those for the design of 'sequential
switching circuits' introduced by Huffmen and subsequently
developed by him and others.

Several kinds of design are presented. These are:-

(2) =2 routine design using the minimum number of
secondary relays, that is, five. In the course of this the
number of four-digit Gray codes of length ten has been determined.

(b) designs using a single transfer contact for each
input, in which

(i) the relays are paired so as to form
distinet flip-flops, and
(ii) the relays are not so paired.

All the above designs use series-control only.

(e¢) designs using ¥-flip-flops having combined series-
and shunt-control. The design-process for a counter of any length
has been reduced to a simple exercise in combinational logic.

Finally, some comments are offered on the problems
likely to be met in the practical realisation of the deszigns, and
the steps to be taken to avoid hazards.
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¢ ! INTRODUCTION -
ANALYSIS AND DESIGN OF RELAY CIRCUITS

i o | tact Networks
311 Relation of the algebra of contact networks to the calculus
of propositions. Historical note.

In this investigation into the design of Reversible Relay
Counters use has been made of the techniques of Logic Design which have
been developed over a period of a little more than thirty years. The
beginning of this development is frequently coredited to C. E. Shannon,
who, in 1938, published his now classic paper, "A Symbolic Analysis
of Talay and Switehing Gireutts®,}) though seversl sawthors dvew
sttantion e the werk of A Nakeahtha*) ot the asme periol and
M. Gavrilov(5) also mentions the work of V. I. Shutg.bw€4)

@avrilov also quotes P. Ehrenfest, who in a review dated 1910(5) of

a book on the algebra of logic had clearly pointed out the correspon-
dence between a proposition being“true“ or"f'lln“ and a switeh being
"on" or "off" and suggested that the calculus of propositions might

be applicable to networks of switches. No steps were taken to work
out the details of this correspondence however, until the three authors
mentioned published the results of their investigations.

This correspondence is not complete Shannm(l) writes that
the calculus of switching circuits is equivalent to "certain elemen-
tary parts of the calculus of propositions " (italics ours). In the
calculus of propositicns a proposition A may imply a proposition B,
but the converse may not be the case. In a contact network it may be
that if a certain switch is closed there will be a transmission path
between a certain pair of terminals, but there may be an alternative
transmission path if that switch is open. So far the correspondence
is complete. The difference is that in the case of the econtact net-
work it will be possible to say in exactly what circumstances there is
a transmission path between the two terminals in question. In the
case of propositions it may not be possible to deduce the truth of
proposition A from the truth or falsity of other propositions, and
statements which imply a degree of ignorance may nevertheless be useful.

In the preceding paragraph was - mentioned the first of the
problems with which switching ecircuit theory is ooncerned, the expres-
sion of the transmission between two terminals of a contact network
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as an algebraic function of the variables which describe the positions

of the switches, and the manipulation and simplification of these
expressions. No details will be given here since they are to

be found in the paper by Shannon, and in many textbooks, of which Caldwell'®)
has been found an excellent exposition of the work done wup

to the time of its publication. There is however a number of points

which are worthy of comment.

e Binary variables.

The variables are binary - two-valued. Switches are open or
closed, there is apath between two terminals or there is not. It is
customary to denote these two values by 'O' and '1', but these are
not to be identified with the cardinal numbers O and 1, and alterna-
tives have been used, such as 0 and co .(2) A view of the relation
between the two symbols and the cardinal numbers has been suggested by
the present author. (7) Because the meaning of the symbols is different
the rules for their manipulation are different. The algebra is "Boolean."
Nevertheless, many of the identities of conventional algebra are still
true.

Tol.8 Hindrance and Transmission Functions.

Shannon makes use of the "hindrance" function which is
defined to have the value '1' when there is an open circuit between
two terminals and 'O' when there is a closed path between them, rather
than the transmission, which has the values 'O’ and 'l' for an open
and a closed circuit respectively. He does so on the ground that this
corresponds more closely with the concept of impedance in linear circuits,
which, he says, is more familiar than that of admittance. This state-
ment would not be true nowadays, at least of those who are concerned
with linear network synthesis, and in the investigations which follow
the transmission concept has been preferred as 1s now more usual.

1.1.4 Manipulation of contact networks.

Corresponding to the rules for manipulating linear networks
(such as the delta-star and star-delta transformations) there are rules
for manipulating contact networks. Shannon'l) writes that (for contact
networks) there is no wnique delta corresponding to a given star, and
gives the simplest. He contrasts this with the case for linear networks
where, he says, there is a unique circuit. This is not justified. In
linear networks there are unique frequency functions, but to each of
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these may correspond several networks (according to whether partial
or continued fraction expansions, or a mixture of the two are used)

and there may be none of these which uses only positive elements.

I A note on Terminology.

Some of the terminology appropriate to the calculus of pro-
positions has been used in dealing with sv:i.tching_ circuit theory where
it is not so appropriate. Thus what Shannon and others term
"negation" 1s here termed "complementation" following
Gald:ull{?) and others. Similarly, the expression "lable of
Cambinations” has been used im preference to “iruth ‘mble,f and t'or

Boulean muitipilcatiun and adaitiun have been used, respectiively the

dot and the pius sign (+) rather than the aiternatives.

1.1.6 Design of series paraliel networks. <The Karnaugh map.
Non-series parallel networks.

it was said in section 1.1.1 that switching circuit theory is
concerned with the expression of the transmission between two terminals
as an algebraic function of the variables which describe the positions
of the switches, and the manipulation and simplification of these ex-
pressions. The more usual practical problem is one of synthesis,
however - to devise a circuit which has the required transmission for
each set of values of the variables. ‘his information 1s given in the
torm of a list which as aiready mentiuned, wiiibe referred to as the
“japie or Combinations." 1t may be that sume sets of values or the
variables will never occur, or if they dov occur, that the vaiue of. the
Transmissiun ror them dves nut watver. ‘the eniries .n uhe wabie oI
cumbinatiunsg are then said w De “vpuiunal” and denoved by ‘y' whach
way be regarded as a cumbinatiun or ‘U‘ and 'l‘'. Alternatively these
states are referred to as "don't care" conditions, and denoted by 'd'.

A possible way of deriving a network from the table of com-

binations 1s as follows. An algebraic function consisting of a sum of
products, each product corresponding to a '1' value for the transmis-
sion, or a product of sums, each factor corresponding to a '0' value
for the transmission, is formed. Terms or factors, as the case may
be, are combined in pairs or larger groups, as may be possible, so as
to reduce their number, so that a mimimum sum of products or product
of sums is formed. When the number of variables is small a useful aid
is the Karnaugh map'®) which displays the informtion in the table of
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combinations in such a way that it is easily seen which terms may be
combined. The Karnaugh map is easy to use with up to four variables,
and is still useful with five or six. For larger numbers of variables
proposals have been made for extending the map method (for example by
A. Jako'baohuk(g)! and systematic procedures for pairing terms have been
devised by McCluskey. (10) The next step for a sum of products is to
group the terms so that from each group common factors may be
extracted, the object being to minimise the number of "literals"
(letters, primed or not). Here again the Karnaugh map is useful for
small numbers of variables. Usually the two steps carried out in
succession will produce an expression with the smallest number of
literals. Examples are known however, where the grouping and facto-
risation of an expression which is not a minimum sum of products,
produces an expression which contains fewer literals than is obtained
by grouping terms and factorising the minimum sum of products.'l)
This situation, in which the division of a minimisation process into
two parts does not produce an overall minimum is not unusual in
synthesis problems, but the uncertainties have to be accepted, in
order to keep the number of possibilities to be examined within
reasonable bounds.

Having obtained an expression containing what, it is hoped,
is the minimum number of literals, it is a routine process to draw
a contact network with one contact to each literal. Such a network
will be series-parallel. However it may be manipulated in various
ways to reduce the number of contacts and to these manipulations of
the network there are no corresponding algebraic manipulations.

Thus the resulting network is likely to be "fairly economical®
in contacts, but there will be no certainty that a more economical
network cannot be found with the expenditure of more effort, and in
practice the saving of cost of manufacture has to be balanced against
expenditure on the designer's time. In some cases however it has been
proved that a circuit is minimal, and considerable effort has been
made to determine lower bounds for the number of contacts required
to realise a given class of functions, for example, by Shannm(i'z)
and Povarov. (13)

1.1.7 Multiterminal networks.

The previous discussion concerned the design of a two-terminal network
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such as might be used to control a single relay, by being comnected
in series with it and the source of power. If several relays have
to be controlled, the transmission functions being different fune-
tions of the same set of variables an obvious solution would be to
use a separate two-terminal network in series with each, but even

if the two-terminal networks were separately minimal the set of them
would almost certainly not be a minimal solution of the problem.

A single network with one terminal grounded and a number of other
terminals, each connected to the coil of one of the relays

(assumed to have one coil each) might be more economical. The
remaining terminals of the coils would be connected together and

to the live terminal of the power source. Even this might not be
the best solution. A single network econtaining contacts and relay
coils, neither terminal of each of the latter being necessarily con-
nected to either terminal of the power source or to any other coil |
terminal might be even more economical. This type of circuit has
been considered by P. Calingaert.( 14) His procedure will be consider-
ed in some detail, in order to explain, first, why more use hags
not been made of a procedure which, prima facie, would seem to be
ideally suited to our purpose, and second, in what respects it seems
now, in retrospect, more use might have been made of it than was made.
Bfiefly, his method is as follows.

1.1.7.1 Calingaert's procedure - an assessment.

The problem is to control r relays, relay i to be operated

when a function Fj of m variables x),%X9,ec...... X

Fi = fi(xl,xg........xm) =1

A trivial solution of the type referred to previously would
be to use separate networks to control each relay. If in a network
subdivided in this way, each relay coil Fj were replaced by a
contact F;, the F; now being regarded as independent variables, the
transmission of this network would be

i

e

i
iri(xl,xz.a "aan l.&)

i

Calingaert now designs a network to realise this function and to satisfy
certain specified conditions, but without any restriction on where the
Fj contacts may appear in the network. Finally he replaces the Fj
contacts by coils. If there were several contacts F; (with the same
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suffix i) the 14, relay will require several coils.

Calingaert claims to have devised "a systematic procedure
for the synthesis of multiple-output relay switching circuits."
This claim =eems too sweeping, since for the final circuit to
be more economical the derived circuit must necessarily be non-
series-parallel and it is precisely this type of eircuit for which
systematic design procedures are lacking. Also, when showing that
it is always possible to find a derived circuit satisfying the
required conditions, he simply calls attention to the trivial circuit
on which he undertook to improve. If it is objected (in defence of
Calingaert's claim) that the collapsed tree networks to be described
later may be designed by such systematic procedures this may be
admitted. However when A-derivable circuits are designed as collapsed
trees as part of the whole Calingaert procedure the resulting
circuits form a subset having special features which make it possible
to derive them in a much simpler way. It is necessary for the present
purpose to consider tree circuits quite apart from their possible
use as part of the Calingaert procedure, and this will be done next.
1.1.7.2 Tree networks - Scheinmann's procedure.

In discussing tree networks we will use the terms used by
to distinguish the various kinds of tree. Tree circuits
are implicit in Shannon's expsnsion theorem,‘l) which states that

£(X) ;X300 0000eeexy) = XyF(1,X5.0..... Xy)
+ 2P(0,X00 0 0eensaxy)

The function f(x),%X0eevuu.... X,) may thus be realised by a transfer
contact on relay X; with networks realising f(l,xz........xm) and
£(0,%g++++¢...%y) connected to the make and break respectively.
This process may be continued, expanding the functions (x5, . 000 0my)
end £(0,Xgeeceeess X;) about some other variable, and continuing
until all the variables have been used. The ends of all the branches
of the tree® (leaves in lawler's terminology) are then joined. It is
not necessary that the functions £(1,Xgeccc0u.eaxy), £(0,Xg00cneeeoxy)
be expanded about the same variable, and the same applies to the

*The expression "branches" is here used in the common rather than the
technical sense.



expansion of the sets of functions obtained at later stages. If at
each stage of the expansion (level of the tree) all functions are
expanded about the same variable the tree will be ordered. It may
be "strongly-" or "weakly-ordered." It will be "strongly-ordered"
if at every level in every path there is a contact. If however at
some levels in some paths there is a short circuit (because it has
been found that f£(g;,45,....1,...... X)) =Tl s cioeBreaiiaZy),
where g stands for O or 1 and the order of the variables is the
order in which the expansions have been performed, the tree is
"weakly-ordered.” If it is not ordered it is "disordered." If at
some level of the tree two of the functions produced by the expan-
sion of two different functions from the preceding level are iden-
tical the two contacts from which they spring may be joined. The
result is a "collapsed" tree. The networks for symmetric functions
described by Shannon are much collapsed trees, and "folding" is a
further process of collapsing.

It is not necessary however to construct the function
£(Xyseeones Xy) from the table of combinations. It is possible to
work directly from the table of combinations, as has been shown by
Soheinma.nn( 6) who expresses those statés for which transmission is
required in decimal form (octal form is even more convenient as he
points out) and uses these in a numerical-graphical procedure. The
allocation of decimal numbers to the states presupposes a decision
about the ordering of the variables in the tree. The resulting tree
is at least weakly-ordered, but subsequent manipulation to reduce
the number of contacts my cause it to become disordered.

It may be that when the number of contacts in a tree has
been reduced as far as possible the contact load in one or some relays
is excessive. In that case it may be possible to redistribute the
contact load using the process described by Shannon' ?) He shows
that in a complete decoding tree it is possible to produce an "almost
uniform" distribution of contacts. It does not seem possible to make
any general statement about what may be done to redistribute contact
load in collapsed trees.

It was pointed out that the application of Scheinmann's
technique requires a prior decision about the ordering of the variables.
If there are n variables there are n! alternative orderings and one
or some of these may lead to a more economical circuit than the rest.
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If n is large however, it is impracticable to examine them all, and
Imrler(w) showed that this was unnecessary. Briefly, Lawler makes
use of the fact that if any sub-tree whose leaves are the leaves of
the complete tree mey be replaced by a more economical sub-tree with
the variables in a different order, all those trees in which the
less econumical sub-Tree appears may be eiiminated. This reduces
the amuunt o' cumputatiun cunsiderabliy, but 1T 18 stall large.

So far, apart rrum a briet rererence wo Caliingaert, to which
we must return, only two-terminal networks have been considered.
Scheinmann, in a second paperu"” showed how to extend his method
to multiple-output networks, such as would be required to control
several relays. He gave two methods. The first is applicable to
disjunctive networks (where only one output must be grounded at a
time) but may be extended to networks which are not disjunctive.

The second is applicable to all networks, disjunctive or not, with-
out modification.

In the first method, extra digits are added to the (decimal)

or octal) number indicating those states for which transmission is
required. The extra digits indicate to which output transmission
is required for that state. It is not necessary to add an extra
binary digit for each additional output, though this impression may
inadvertently be obtained from Scheinmenn. An extra octal digit
will cater for up to eight outputs and two extra octal digits for
up to sixty-four.

When this method is used for a non-disjunctive network, a
disjunctive network is first designed, providing transmission to
only one of the output terminals to which it is required. Additional
networks are then added between output terminals, to comnect them
for those states for which transmission is required to them
simultaneously.

In Scheinmann's second method the design process begins at
the output terminals as if separate networks were being designed,
but as the design proceeds possibilities of "collapsing" appear as
a result of which the trees merge and finish at a single root node.
1.1.7.5 Use of tree networks in Calingaert's procedure.

Next will be considered the situation which arises if a collapsed
tree is used as the A-derivable network in Calingaert's procedure.

In gemeral, in an A-derivable network, it may be possible to trace a
path through the network, from one terminal to the other, which does
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not contain an F; (coil substitute) contact, but all such paths must
contain at least one pair of complementary contacts, otherwise the
source would be short-circuited for some state or states. If a path
is traced through a tree network, proceeding from each level to the
next highest level there cannot be more than one contact on each
relay and so there cannot be a pair of complementary contacts in such
a path. Every such path must therefore contain an F; contact. (It
is not meant that such trees are impossible - such a circuit has
been used in one instance (sec. 5.7) - but that they are not produced
by the standard design procedures). Any path which contains comple-
mentary contacts must return from a higher to a lower level before
continuing to the highest level, crossing, in so doing, from one
monotonic path to another. Now each of these monotonic paths must
cmtainanFiomtaotmdthesemyliemﬂmmeaideoftho
crossing as at Fig. 1.1, (a) and (b), or opposite sides as at (c)
and (d).

Now (¢) contains a path through the network with two coils
in series, and (d) contains a short-circuiting path through the net-
work, so neither is A-derivable. Now since every monotonic path
through the network contains an F; contact, and since no two of these
Fj contacts may be on opposite sides of a branch joining monotonic

paths, the F; contacts must form a cut-set, and the two-terminal
network consists of two separate multiterminal networks joined by Fy
contacts, or in the final network, by coils, as shown in Fig. 1.1, (e).
A network of this form is not necessarily A-derivable. A sufficient
though not necessary condition for A-derivability is that one of the
networks, P or Q, should be disjunctive. ?) Galingaert's Fig. 6,

is of the form of Fig. 1.1, (e). Neither P or Q is disjunctive, but
the whole network is A-derivable.

If the relay coils are excited via a network of this type
the excitation functions are products of two factors, one of which is
the transmission to the terminal in question from the common node of
F, the other the corresponding function for Q. The first step in
design would be to separate the excitation functions into two suitable
factors. Often, though not necessarily, this will involve separating
the variables into two sub-sets, the first appearing in the P-functions,
the second in the Q-functions.

At one stage it was thought that networks of this kind might
be useful certainly as output networks and possibly also as secondary
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excitation networks. Suppose, for example, an output metwork for a
two binary digit counter is required, the network of Fig. 1.1, (f)
uses two transfer contacts as compared with three in that of

Fig. 1.1, (g). However, when the intended current flows through
one of the coils in (a) a reduced current flows through the other
three, which are in series. This might sometimes be permissible

in practice. Whether this is so depends on device characteristics
which it is outside the scope of this work to consider.

In the counter designs which are given later extensive use
has been made of tree networks. wost of these are disjunctave. in
those cases when they are not we have used Scheinmann's method of
modafyang a disjunctive network. It has not been found necessary to
use the formal procedures devised by Scheinmann and Lawler: instead it
has been found  possible to work directly from the Karnaugh map.

The ad hoc procedure we have somstimes used in order to select the
best variable for the highest level in a tree seems to be closely
related to Lawler's procedure.

This completes thesurvey of the methods of designing contact
networks. To say that it is not exhaustive would be an understatement.
It is intended to indicate the sources of the concepts and modes of
thinking which have been used,and it is hoped that this has
been achieved.

5 7 Sequential Circuits
1.2:1 Feedback.

A contact network is a means of controlling a device so that
it is operated when a set of inputs have certain sets of values and not
operated when they have other sets of values. If this set of inputs
is unaffected by the device itself we need only to know what these
inputs are to know the state of the device. If however one of the
inputs is derived from the device itself we cannot (in gemaral) deduce
the state of the device unless we already know it. A relay controlled
by one of its own make -contacts in series with its coil is stable in
the operated or not-operated state. To know its present state we
need to inow its history. Such a circuit could be part of a sequen-
tial circuit, for which we need to know the sequence of previous
inputs in order to know the present state.

1.2.2 Analysis - construction of the flow-table.

In general a sequential circuit consists of a number of
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devices (secondary devices) the present state of each of which depends
in part on the present states of them all and in part on independent
inputs. Arelay sequential circuit consists of a number of secondary
relays each controlled by a contact network made up in part of their
own contacts and in part of contacts on other relays or switches. A
systematic method of analysing and synthesising sequential circuits
was devised by Huffman. (18)

1.2.2.1 Stable states.

Suppose that the values of the input variables are known
and that the armatures of the secondary mlays are wedged in the
operated or non-operated condition. It will be possible to determine
which secondary relay coils are energised and which are not. If the
coils of thoserslays whose armatures are wedged in the operated posi-
tion are energised and the coils of those relays whose armatures are
wedged in the non-operated condition are not energised, the wedges may
be removed gnd the armatures will not move. The circuit is stable.
1.2.2.2 Transitions.

Suppose however that there is one relay whose armature is
wedged in the operated position but whose coil is not energised, and
that the wedges are removed one by one, the wedge being removed from
this relay last. When this is done the armature moves to:the non-
operated position, the contacts on this relay (which control it and
the other relays) change state and it is necessary to ask whether the
new state is stable or not. Similar remarks apply if there is a relay
whose armature is wedged in the non-operated condition but whose coil
is energised.
1.2.2.3 Races.- @ritical and non-critical.

Suppose next there are two relays whose armatures are wedged
in the non-operated position but whose coils are energised or vice
versa. When the wedges are removed both armatures move, and in general
one will change the state of its own contacts before the other - there
is a "race." It is then necessary to consider whether the new state is
stabie or nut. in due course it may be that a stabie state will be
reached (but not necessarily: a circuit may exhibit cyelie behaviour).
If the other relay had responded first the circuit might also in due
course have reached a stable state. If the final state is the same
whichever relay responded first the race is said to be non-critical.
Otherwise it is critical. In practice, of course, relays in sequen-
tial circuits do not have their armatures wedged in position; they
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enter unstable states because of a change in the input variables.

Beside the network controlling the secondary relays there
will be a second network - the output network - having contacts on
the sscondary relays and possibly primary contacts as well. This
network may be combined with the secondary excitation network to form
a larger multiple-output network. At any time the outputs will be
related to the present and earlier inputs in the way specified when
the machine was designed.
1.2.2.4 The Flow-table.

The behaviour of a sequential circuit may be described by
means of the flow table introduced by Huffman. ®) This is a matrix.
The columns correspond to the input states and the rows to the secon-
dary states. For each input state there will usually (though not
always) be same secondary state or states which are stable. These
are numbered and ringed. Those states which are unstable, but change
to a stable state with the change of one secondary variable are given
the number of the stable state to which they go, but it is not ringed.
To deseribe the behaviour when an unstable state is followed by changes
in more than one scondary variable, vertical arrows have to be used.

An alternative way of displaying the same information has been proposed
by Tsetlin( 19) and a very similar method by Aufen‘k:nmp(zo) in consider-
ing the problem of simplifying flow tables referred to later.

1. 2.3 Synthesis.

1.2.3.1 TFlow table from specification.

The usual problem, however, is not to analyse a given eircuit,
but to design a sequential circuit with prescribed behaviour. The
starting point is a statement in words of the desired behaviour and
the first stage the construction, from this statement, of the flow-
table in its "primitive" form. In the "primitive flow table" one row
is allocated to each stable secondary state. It is not possible at
this stage to say how many secondary states will be required. All
that is possible is to prepare some flow table which deseribes the
required behaviour. With each secondary stable state is associated
an output state, so that there is an output state corresponding to
each row of the flow table.
1.2.3.2 Minimisation of flow-table.

The next stage is to reduce the flow-table to a simpler form.
This is taken to be the form with the minimum number of rows, it being
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. 18
supposed that this will lead to the simplest circuit. Huffmn( )

describes three procedures for manipulating flow tables. The first
is the identification of equivalent states. If two states have
identical outputs and lead to identical outputs for every possible
input sequence they are equivalent and may be replaced by a single
state (a single row in the flow-table).

The second process is that of merging of rows. If two rows
have identical number patterns and outputs they may be merged to form
a single row. Identical number patterns may include corresponding
blank entries, or a blank entry in one row corresponding to a specific
entry in the other. In the latter case, however, if several mergers
are possible, but not all are possible simultaneously, it is a matter
of some difficulty to choose those which lead to a minimum-row flow-
table.

A third process mentioned by Huffman is that of row splitting.
This involves the insertion of additional rows in the flow table.
The need for this usually appears at a later stage when the problem
of "secondary assignment," referred to later, is under consideration,
but the manipulations used by Paull and Unger in the three exsmples
they use to introduce their treatment of the problem of flow-table
minimisation(®L) may be viewsd as the splitting of a row followed by
two mergers.
1.2.3.3 Modified presentation.

As the problem of minimising flow-tables began to be con-
sidered in more detail, the presentation of the flow-table was changed
in a number of ways. (21) In the first place, whereas Huffmann had
regarded the coding of the input states as given, in later treatments
the input states were merely listed, it being unncessary to consider
the problem of encoding them till after the flow-table minimisation
was complete. Yhe same applies to the output states which were (or
could be) specified not merely tor every row of the flow-table but
for every cell in the matrix. Thus the flow-table could be used to
show whether an output change tock place immediately, as a consequence
of an input change, or later and indirectly, as a consequence of the
secondary change which followed the input change. Another change was
that the use of rings to indicate stable states was abandoned and the
rows were numbered, so that a stable state was indicated by the
equality of the number of the row and an entry in that row. The flow-
table thus consisted of two matrices superimposed: for each total state,
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that is for each combination of input state and secondary state there
were two entries, the first giving the next state and the second the
present output. The use of arrows to indicate some secondary transi-
tions was made superfluous, while at the same time the notation was
uniform whether a given secondary state was stable under one or several
inputs or none.

At the same time the processes of merging and the identifi-
dakion of equivalent slabes, vhich: in: Euftwen 04 apvesr 4o Be
distinct, were given a more unified treatment. In considering whether
two rows could be replaced by a single row, the answer would be an
unconditional "yes" if corresponding entries were the same, the numbers
of the two rows being regarded as the same for this purpose, but it
might be a conditional "yes" - they could be replaced by a single row
if one or several other pairs of rows could be replaced by single
rows. The possibilities of combining rows and their implications
concerning the combinations of other rows could be set out systemati-
oally in the “iuplication talile® described by Fanll and Thger. '3}

The procedures worked out by FPaull and Unger considerably reduce the
amount of work involved in arriving at a flow-table with the minimum
number of rows, even though at the last step they have to resort to
enumeration of the various possibilities.

1.2.3.4 Secondary assignment.

When the minimum-row flow-table (or some other acceptable
flow-table) has been discovered, the next step is to determine the
number of secondary devices required. If this is s and n is the
number of rows in the merged flow-table, s will not be less than
the least integer greater than loggn and may be greater. The2®
secondary states available, or some of them, must now be assigned
to the rows of the flow-table, possibly with the addition of extra
rows. This is the problem of secondary assignment, and it is one of
the least susceptible to systematic solution in the whole field of
logical design. Three methods of making a secondary assignment may
be distinguished.
1.2.3.4.1 Transition diagram.

The first is intuitive, making use of graphical aids. The
transition diagram(s) is such an aid. It has a number of nodes, one
corresponding to each row of the merged flow-table. When a transition
is required between two rows of the flow-table the corresponding nodes
are joined. An attempt is now made to fit this transition diagram into
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a Karnaugh map. Non-critical races may be used, if several secondary
relays change state in making a transition, provided that all the
intermediate states on all the alternative paths are not otherwise

used. Alternatively additional rows may be introduced into the flow-
table and a transition involving a change in several secondary variables
made by arranging that they change one at a time in a predetermined
sequence. An analytical approach to the problem of fitting the transi-
tion diesgram into the Karnaugh map has been put forward by Enocmoto

SR T T weald veem that 10 ax snnlyitonl mekooh 1s used
to solve a graphical problem, which is used in turn to solve an

analytical problem, the analytical method might be applicable to the
analytical problem directly.
1.2.5.4.2 Universal assignments.

The second method of secondary assignment is to use universal
assignments, so devised that for a given number of secondary states
transitions are possible between any two of them. These universal
assignments fall into two categories. In the first, described by
Hufmm(ls) a set of states is assigned to each row of the flow-table,
so arranged that it is possible to reach any member of the set from
any other, either by the change of a single variable or by a non-
critical race, and that for any two rows of the flow-table there is at
least one state assigned to the first row which is adjacent to one
state assigned to the second. "Adjacent" here means adjacent in the
Karnaugh map sense, that is, differing in a single variable. Transi-
tions then take place in two stages, a movement within a row - set to
the appropriate state, which may involve a change in one or more
variables, or may not be necessary at all, followed by a change in
a single variable to move into the destination set.

The other type of universal assignment is the single-
transition-time (STT) assignment. One state is assigned to each row
in such a way that each transition involves either a change in a single
variable, or a non-critical race in which none of the intermediate
states involved is used in any other non-critical race. Work has been
directed towards determining the number of secondary variables required
to give universal STT assignments between a given number of secondary
atates.(zs,%,as).
1.2.5.4.3 Partitions with substitution property and partition pairs.

The third aporoach to the problem of secondary assignment
is that of Hartmanis and Steama.(%’z") In general the next state of
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any one secondary device may be dependent on the present state of

all of them and of the inputs. Hartmanis and Stearns endeavour to
find secondary assignments which make the next state of a secondary
device dependent on the inputs and on the states of a small subset
of the secondary devices. In their first paper, which made use of
partition of the secondary states having what they called the
"substitution property" the next values of a subset of the secondary
variables are made dependent on the inputs and the present values of
the same subset of secondary variables. In their second paper, which
makes use of "partition pairs" this restriction (to the s ame subset)
is removed. In their papers, Hartmanis and Stearns, as the title
implies, regard their work as a contribution to the secondary assign-
ment problem. In their book\28) published later, the emphasis is
somewhat changed. They regard their work as being coneemmed with
"machine decomposition," the breaking down of a sequential machine
into a number of simpler sequential machines interconnected in a
number of different ways, and the relevance to secondary assignment
as a part of the "spin-off." It should be noted that making the next
state variables dependent on a small subset of the present state
variables has not been proved to lead to simpler secondary excita-
tion networks. However, it seems inherently probable that in a
majority of cases it will, and this has not been contradicted by
experience.

The methods of Hartmanis and Stearns, as presented by them,
are applicable to synchronous machines, such as have been postulated
by m‘omwg) and Mealy, (30) that is machines in which changes in
secondary devices take place only when a clock pulse 1s received.
After the secondary devices have responded to a clock pulse the gates
which determine which secondary devices shall respond to the next
clock pulse are set to their new condition comparatively slowly, so
that no question of races, critical or non-critical, arises. The
requirement that critical races are to be avoided places restrictions
on secondary assignment of which the methods of Hartmanis and Stearns
take no account.
1.2.3.4. Methods used in the present work.

It has not therefore been possible to make use of their methods
inthis work, and neither has it been possible to make use ofthe universal assignments
because the transitions required were required between only a small
proportion of the pairs of states. This left the transition
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diagram, whichhas heen found adequate to dezl with the problems
met with.
1.2.3.5 Hazards - consideration postponed.

There is one further topic to which it will be necessary to
refer; this is the problem of hazards. These are of several kinds,
and we shall have occasion to refer to the work of Unger, Huffmen and

thers.(sl’sz’w) It seems preferable however to postpone this until
it is possible to discuss particular cases, and this has been done.

1.3 Relay Counters - Some other designs.

1.3.1 Reversible Relay Counters - scope of term.

We come now to the specific topic with which this research
is concerned, the logical design of reversible relay counters. By
this is meant a dewvice that will indicate the algebraic difference
between the number of times twoinput switches have been operated and
released, modulo some number, the scale of the counter. It is
assumed that both switches will not be operated simultaneously, and
that the maximum rate at which they will be operated will be limited
to some figure dependent on the counter itself. The counter will
consist of relays only (apart from the devices used to display the
state of the count) and no steps will be taken to limit the speed
of operation of the relays, such as the use of slugs. Rectifiers
will not be used in the contact networks. In some cases only series
control of the relays will be used: in others combined series and
shunt control. Provision will be made for carry and borrow outputs,
80 as to operate further decades or units of other scale. It will
be regarded as desirable, though not essential, that the change in
output of these higher decades be simultaneous with that of the first.

1.5.2 Designs using logic design procedures.

Such counters appear to have received little attention.
Huff'ma.n(la) showed how to design a scale-of-four reversible counter
to illustrate the application of his methods of designing sequential
circuits. Kl:u;-(“) gavethe transition diagram whichhas been derived
in a later section, and completed the design of a reversible scale-
of-four counter in a conventional way.

Apart from these two authors who made use of the techniques
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have beendescribed, Aaormonaitfas) describes a reversible relay counter
of the twisted-ring or "Johnson" type, and umidirectional counters
designed by ad hoc procedures have been described by several authors
of whom Fol jak50)
uses a number of relays equal to the scale arranged in pairs to fom
a type of set-reset flip flop. An unusual feature of these flip-flops
is that the set input has to be comnected to one terminal of the power
supply, while the reset terminal has to be connected to the other. As
usual in a twisted-ring counter the flip-flops, initially reset, are
all set, one by one, and then all reset one by one, in counting in a
given direction, that is. The flip-flops are remarkably simple, and
in spite of the feature mentioned, it might well be
possible to develop counters using sequences other than the twisted
ring sequence, in the way described later wusing a different type
of flip-flop. Poljak describes three counters having scales of 10,
12 and 11 respectively. They are not reversible. The second and
third types have interesting features. In the second five relays are
used, the first two operating in a two-digit(four-step) reflected
binary code, and the remaining three in a three digit (eight-step)
reflected binary code. A relay of the latter group changes state,
however, only at every third change of a relay of the former group.
The third counter is of an essentially different type. The informa-
tion about the state of the count is stored in four relays, each
having a coil in series with one of its own make contacts. Fach of
these relays has a second coil through which a capacitor may be dis-
charged in eitherdirection when the input switch is operated, depend-
ing on whether it is desired to operate or release that particular
relay.

may be mentioned. Aschmoneit's reversible counter

1.5.4 Advantages of designs to be presented.

The designs which follow have advantages over all the designs
mentioned. In the first place the response is more rapid, since either
only one relay is required to change state when the input changes, or,
if two change, they change simultaneously and not in sequence. With
Poljak's first and second circuits at some steps in the count two relays
change state in sequence, while in his third circuit the need to recharge
the capacitor after each input pulse may be expected to set a limit to
the recovery time. Apart from this, it is not certain these designs °
can be made reversible. Compared with Aschmoneit's ring counter, in
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which the mznber of relsys increases proportionately to the scale, in
those presented here the number of relays required increases propor-
tionately to the logarithm of the scale. Finally the design process
ultimately evolved can be used for any scale, in the sense that only
an elementary knowledge of combinational circuits is needed to
produce an acceptable design.
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2 SCALE-OF-TEN COUNTER ON FIVE ELAYS

The first design is for a scale-of-ten counter on five relays,
a straightforward application of the principles of sequential circuit
design set out in the papers referred to.
2.1 Flow tables, Primitive and Merged. Transition diagram.

2ol T Primitive flow table.

Inputs  X;Xp 00 G elx 30
©@© 10 20
(D paa 21
X, "forward" or &) s 22
"add" input ® 1 23
@ 14 24
Xy "reverse" or ® 15 25
"subtract" ® 16 26
input @ 17 27
18 28
® 1 29
° @
o @
1 @
2 @
5 @
¢+ ©
5 @
6 @
7 @
s @
! @
2 @
5 @
4 @
5 @
¢ @
7 @
8 Y
° @
Fig. 2.1 (a) o @
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2.1.2 Merged flow table.

The mergers possible are so simple and symmetrical that no
merger diagramis required. The rows containing 11 and 29 may be

merged and nine other such mergers are possible.

table is shown in fig. 2.1, (b).

X3 %3
10

12
13
14
15
16
17
18
19

©o o Noaran ro@@EOPOEOE®EOE 8

OO OO

Fig. 2.1, (b)
2.1.3 Transition diagram.

01 11

10

21
22
25

25

S 8 3R

POROPOO®®®

£ o " o g 0P B = Ko PR WNe peus . e

The merged flow

Next the transition diagram is constructed. After some trial
it was found it could be drawn as shown in fig. 2.1, (e).

s previously given by Kifs, (%)
2.2 Secondary Assignment.

2.2.1 Enumeration of possible sequences.

This diagram

To the 20 secondary states must now be assigned states of a
gfoup of relays. Fiverelays are required, 5 being the smallest value
of n for which 2% is greater than 20. To see how this might be done



= oA e

(€]
(d)
(e)

ol

Ya Y =
" '
Flﬂ&. R, (c-€)
- _
oo ol i 10

Y Ya



—gBE A

it was found convenient to redraw the transition diagram in the form

of a chain as shown in fig. 2.1, (d4). This chain could then be fitted
into the three dimensional Karnaugh map shown in fig. 2.1, (e), where
the vertices represent the states. It will be clear how the transi-
tion diagram may be fitted into this map with the states a, m, ¢, o ete.
on the front (Y5 = 0) surface and the states 1, b, n, d etc. on the
back (Y = 1) surface. Then the relay which changes state when either
input is released is always Y5. When either input is operated the relay
which changes state may be any of the r emaining four. In order to
determine how the states on the "front" surface are to be allocated to
the vertices on the "front" surface it is necessary to determine first
in what sequence the relays should change. This is done in the next
section.

Suppose one input is operated ten times in succession: the
circuit must return to its original state. Bach relay of the four
must change state an even number of times since each relay must return
to its original state, at least two, otherwise it would be redundant.
This accounts for eight changes so one of the four relays must change
state four times to make up the ten steps. INo relay may change twice
in succession, so that we may begin with a sequence in which the relay
which changes state four times does so on alternate steps and then
insert the two additional changes required into the sequence. These
may be inserted (a) in the same gap, or

(b) in adjacent gaps, or
(e) in non-adjacent gaps,
giving the following distributions of the changes of this relay through-
out the sequence, it having been numbered 'l' which may be done without
1l oss of generality.
e = 1= Peid i
B) 1=-1l->1s>=T=-
(0) ¥l o]l ai-
The relay: which changes second may arbitrarily be numbered '2', and the
relay which changes fourth may not be '2' (for otherwise the counter
would return to its original state after four steps) so let it be '3.!
For a similar reason the relay which changes state last may only be
'5' or '4', so that for the Sequences as s0 far constructed there are
81X aiternatives.
(a) L BLBLA~1~==3 B2 3181-=1-4
(b) 12151-1--4 (e) 12185-1-1-35
(e) 12181--1-3 ) 120512371 =4
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The sequences may now be completed as follows. In sequence
(a) two changes of relay 4 have to be inserted, as well as one further
change of relay 2. The two changes of relay 4 may not be inserted in
the same gap so one must be inserted in the single gap giving
1213141--3
The remaining change of relay 4 may not be inserted first in the remain-
ing gap, for this would give a sub-sequence,of 1 4 1 4 so that the
counter could operate in a scale of four, so it must be inserted in
the second space. '2' is entered in the remaining space, giving
12131412453 A
The remaining part-completed sequences are completed in the same way,
care being taken to avoid sub-sequences which contain each number an
even number of times. It is only necessary to examine subsequences
of length 4, since if an impermissible subsequence of length 6 is
present, the complementary sequence of length 4 will also be impermis-
sible. The sequences obtained are:-

from (a) 141243

141234
121434

141324

from (b)

from (e) 124143

1421453

from (d) 1421534

124134
143124

R R R S R G S g o
MNP NN 0NN N
A T I R T IR = I S
R 7 I I T I T T R T R

from (e)

[
0o

412143
from (f)

=
0o
o

53214134
1213412134
12135413124
In this way thirteen sequences are obtained, but they are not
necessarily all distinet. It has to be borme in mind that the counter
i s to be reversible, so that if when a sequence is reversed it is
seen to be equivalent to another sequence (after a permutation of the
numbers) one of the two must be discarded.
It will be clear that when a sequence is reversed the pattern
of 'l's is not changed, so that sequences have to be compared only
within each of the three groups. Reversing the sequences of the first

2 B0 A 4@ e @ E U QW >
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group (A - D) gives

1413121342 Al
1413121432 B!
1213121434 c!
1413121423 D!
Intefchanging 2 and 4 except in C' we obtain
1213141324 A"
121831412354 B"
1213121434 c"” =GC'
1213141243 "

Now A" is the same as D, so D must be discarded. B and B" are the
same as are C and C", and it is convenient to note at this stage that
when reversed their form is unchanged. D" is the same as A, which it
must be if A" is the same as D.

The next group of sequences E - J is treated in exactly the
same way. Reversed, they become:-

1312134142 E'
1512134124 F'
15312143124 G'
1312143142 Bt
1312142134 J!
and interchanging 2 and 3 we get:-
1213124143 E"
1213124134 F"
12131421534 G"
1213142143 H"
1213143124 J"

E" is the same as E, G" and J" as G and J respectively. F" and H" are
the same as H and F respectively, so H must be discarded.

With the third group another circumstance has to be taken
into account: the pattern of 'l's is the same if the sequence is
begun halfway through. Rewriting the sequences starting in the middle
we get:-

1214312134
14134121352
1213412134
15312412134
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Permuting the numbers where necessary to make the sequences begin with
1213 we get:-

1213412143

1213214134

1213412134

1213413124

All these sequences are the same as the ones from which they

were derived. Now reversing them we obtain

1214312134 K'
1412312143 L'
1214312143 M'
15314312142 N!
Permuting the numbers so that the sequences begin with 12 1% we get:-
1213412143 K"
1213413124 "
1213412134 M
1215214134 N"

K", M" are the same as K, M respectively, L", N" are the same as B,
respectively, so N may be discarded. We are thus left with 10 sequences:

(fig. 2.1, (f))

13141243
13141234
13121434

o e

3124143
53142143
3142134
53143124

D N N N D N
L]

H O e

=

5412143
3214134
3412134

Pig. 2.1, (1)
Most of these sequences when reversed give a sequence of identical form
but those marked with an asterisk do not.
If the secondary devices to be used were symmetricgl, so that

the labelling of the states was arbitrary, these ten sequences would

give ten possible codes, but as it is intended to use ®mlays which have
on and off states distinguished in a non-arbitrary way, there are more.
There are four relays concerned and the sequence A can start with these

L)
=
EEHEA Yy EE QW

L L = B S R S S P R
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in any one of sixteen states so that sixteen sequences are possible.
The sequence B can . start on any one of sgixteen states, but this
sequence when reversed and the variables, appropriately permuted,
becomes itself and the sixteen sequences are not all distinet. Con-
sider the sequence which starts at P with 0000 and the sequence which

has 0000 at Q
P i12135141%34¢
0000 0111
1000 1111
1100 1011
0100 0011
0110 0001
1110 1001
1111 1000
o111 0000
0011 0100
0001 0110

Now interchange digits 2 and 4 in the second sequence and it becomes

the first reversed. The wemaining fourteen sequences mey be paired in
the same way so that in this case there are only eight distinct sequences.
This applies to C, B, G and J, whereas F is like A.

The final grouwp of sequences K, L and M again present a special
problem. Dealing first with sequence L, the sefond half of the sequence
is like the first but with 2 replaced by 4. Consider the sequence
beginning at D with 0000 and that beginning at Q with 0000

Pi12132% 4154

These are:-
0000 0010
1000 1010
1100 1110
0100 0110
0110 0100
0010 0000
1010 1000
1011 1001
0011 0001
0001 0011

Interchanging digits 2 and 4 in the second sequence makes it identical
with the first. Thus there are eight distinct assignments derived from
L. Sequence M partakes of the natures of both L and B and here there
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are only four alternatives. The same is true of K, but since this is

less obvious the sequences starting on four states are given

0000 0111 0100 0011
1000 1111 1100 1011
1100 1011 1000 11EL
0100 0011 0000 0111
0110 0001 0010 0101
0111 0000 0011 0100
1111 1000 1011 1100
1011 1100 311 1000
0011 0100 0111 0000
0010 0101 0110 0001
: II ITI Iv

Of these II is obtained from I by intercheanging digits 3 and 4, III is
obtained by reversing I and IV by reversing II.

There are thus two sequences of changes giving 16 assignments
each, six sequences giving 8 assignments and two giving 4 assignments,
a total of 88 assignments. This result may be expressed by saying
that there are 88 Gray codes of length 10 on the 4-cube, codes which
became identical when one is reversed being considered the same, those
which can be made identical by permutation of the variables being con-
sidered the same, while those which can be made identical only by
complementation of on® or more variables are considered distinct.

2.2.2 Choice of a sequence.

Each of these 88 assignments leads to a set of excitation
functions, or rather to two sets, since Y5 may be assigned in two
different ways. It is obviously impossible to consider them all, so
one has been selected, bearing in mind

(a) the behaviour of the counter when first switched on, and

(b) the power requirements, which it is desirable should be
as low and uniform as possible.

(a) It is desirable that when the counter is first switched
on it should go autbmatically into the 'O' state. There are two ways
i n which this may be achieved. One is to use a sequence which includes
the state 111215Y4= 0000 and to use this as the '0' state, making
Y5 = 0 also. The alternative is to use a sequence not containing the
Y, ¥5Y3Y, = 0000 state, choose some other state as the '0' state, and
arrange that when the counter is switched on the relays operated in
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the '0' state are excited in some sequence, such that they newver go
through a state forming part of the counting sequence. Clearly this
restricts the states which may be used as the '0' state, for example,

in fig. 2.2, (a) the states 1111 and 1110 may not be so used because

all the adjacent states are part of the counting sequence. All the
other states of the s equence may be used, and if the states 010l or
0011 are passed through these may be reached from 0000 by a non-critical
race. A non-critical race may also be used to reach the state 0110,

Of the two alternatives the first has been chosen on the
ground that there is at present no reason to suppose that the choice
of one sequence rather than another will lead to a more complex net-
work, whereas to require that a counter shall enter as well as operate
in a given sequence is likely to make the contact networks more complex.

(b) Power requirements: The second requirement was that the
power consumption should be as low and uniform as possible. It has
already been decided on other grounds that the sequence shall contain
the 0000 state. There are four states in which one relay is operated
and six in which two are operated, so that there are sufficient states
in which no more than two relays (of thegroup Y; - Y,) are operated
to form the squence of ten. It can be shown, however, that it is not
possible to arrange ten of these eleven states in a sequence in which
only one relay changes at a time. At least five of the six states in
which two relays are operated must be used, and each of these five
states must be entered from and left for a state in which one relay
is operated. Thus there must be ten steps which end or begin on a
state in which one relay is operated, but there are only four such
states, and each may be entered and left only once in a sequence. It
follows that any sequence must contain at least one state in which three
of the four relays are operated.

Finally it will reduce the length of the design process
(though not necessarily the complexity of the contact networks) if
the sequence chosen exhibits some symmetry.

These requirements do not point inexorably to any one sequence,
and the work involved in an exhaustive examination of all the possibili-
ties was considered prohibitive, so a less rigorous approach was used.
The requirement of symmetry points to sequence K which remains the
same sequence if 3 and 4 afe interchanged, a properiy it shares only
with sequence L (2 and 4 are interchanged). Also it is the same sequence
when reversed, a property possessed by no other sequence (though
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sequence M becomes the same if it is reversed and 3 and 4 interchanged).
The state O00C may be placed only between 5 and 4 or 4 and 3. If it is
placed elsewhere it is followed féur steps later or preceded four steps
earlier by the state 1111 which it is desired to avoid in the interests
of low and umaform power requirements. The two sequences obtained
(with the two positions of the state 0000) become the same if 3 and 4
are interchanged so there is only one distinct sequence. It is shown
in fig. 2.2, (b). (For values assigned to Y5 see below).

PSR OREN TS

01101
11100
2 80.101%
00100
00001
00010
10011
L0198
[« J i s I8 g
01000

Fig. 2.2, (b)

Next it is necessary to assign values to Y5 in the various
states. There are only two ways of doing this. Considering only the
requirement that the counter s hall enter the '0' state when first
switched on, the simplest way is to make Yz = O when Yll'zisr = 0000.
If this is done then there are some states stable in the absence of
an input in which four relays are operated. This is inevitable since
two relays (Y; and one of the relays Y; - Y4) change state at each step
so that Y, is operated whenever an odd number of the relays Y, - Yy is
operated. On the other hand, if the value 'l' is assigned to Y5 when
IlY2Y5Y4 = 0000 then the total number of relays operated in the sbsence
of an input never exceeds three. If this is done it isnecessery to
congider afresh what happens when the counter is switched on, and in
particular, whether there will be a critical race between Y5 and one
or more of the other relays. Clearly the state in which no relay is
operated must be unstable in the absence of an input, but it is one
which occurs in the normal operation of the counter when the '0' state
is approached in either direction. When the input is removed Y5 becomes
energised and operates, so that it will also operate when the counter
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is switched on. Values were assigned to Y5 in this way and have been
added to the foregoing table.

These secondary states are now assigned to the row in which
the stable states (0)- (9) occur in the merged flow table, the state
00001 being assigned to the row containing state O and the others
in sequence. Then because Y5 is to change state whenever an input
is released, the excitation matrix may be completed in the usual way.
This has been done in fig. 2.2, (e).

L‘sz 00 ol 11 10
Y7574
00001 Q0001 00101 00011
00010 00010 00000 10010
11010 11010 10010 01010
01011 01011 11011 01001
01000 01000 01010 01100
01101 01101 01001 11101
11100 11100 01100 10100
10101 10101 11101 00101
00100 00100 10100 00000
00000 00001 00000 00000
00011 00010 00011 00011
10010 10011 10010 10010
11011 11010 11011 11011
01010 01011 01010 01010
01001 01000 01001 01001
01100 01101 01100 01100
11101 11100 11101 11101
10100 10101 10100 10100
00101 00100 00101 00101
Fig. 2.2, (e)

2.5 Design of the Secondary Excitation Network.

The next step is to design the secondary excitation network.
On examining the excitation matrix it is found that for all the relays
except Y, and for any one state of operation of the relays including Yy
the only functions of X,X, which occur are shown in fig. 2.3, (a).
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10 for example, for Y; Pkt

s il when y1¥oVs¥a¥s =
g O - @gve 00001 0
5" 0 YETR 00010 X
T PR SRR 00100 Xg
g K - 10011 X3
AN ST 11010 X3
1 s L. 1 10010 1
Fig. 2.3, (a)

The excitation networks for each of the relays Y; - Y, may therefore
be constructed in the form shown in fig. 2.3, (b) in which there are
no contacts on X; and X except those shown explicitly.
Further, since for any secondary state there is a path to ¥; from only
one of the points b, ¢, 4, e no two of them are ever connected, and
X1, X1, X5 and Xp may be made common to all four networks without
sneéak paths occurring. Moreover, when this has been done, there are
never paths from one of the points b, ¢, 4, e to two of the relays,
since on the closure or release of the corresponding primary contact
two relays would be excited or released, and there would be a race,
and races have been avoided in the secondary assignment.

Y5 cannot be included with ¥, - ¥, in the above arrangement:
the functions of X3X, which occur are:-
for example when

X__sz 00 0l i1 10 VYT 5T T = Function
54’5
0 0 [ 0 00010 0
0 1 [} 1 00011 X + X
1 0 [} 0 00000 XX,
1 X [} 1 00001 1

The excitation network for Y5 may be constructed in the form shown in
fig. 2.3, (¢). The fact that two transfer contacts are necessary on
both X; and Xy is inconvenient, particularly when several decades are
cascaded and the input variables for the more significant digits are
functions of the input to the system and the secondary variables
associated with the less significant digits, so it is appropriate to
ask why Yg has this peculiar feature. This question may be answered
as follows.

Any of the states stable in the absence of an input may be
approached from either direction and when the input is removed
(whether it is Xj or X3) the effect is to energise or de-energise Y.
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If Y5 is de-energised it must be because in the state existing before
the input was removed it was energised via a path containing an X; or
an X contact, which must therefore be in parallel. If Y5 is energised
by the removal of the input it must be via a path containing both Xi
and Ié contacts in series. If however the release of X; caused the
energisation or de-energisation of a different relay from the ane
which is energised or de-energised by therelease of Xg, this would no
longer be the case. This in turn would require that each state stable
in the absence of an input be approached via a different secondary
state according to whether it was approached in the forward or reverse
direction, and this would further require that the mergers made in the
flow table should not be made, and that the design be started again
almost from the beginning. This will be dene in due course, but as
the present design has proceeded so far, it willbe completed, even
though its defects have been recognized. The first step is to list
the contacts (X, X3, X3, X or 1) to which each relay (Y;, Yy, Y3 or
24) must be connected, for each secondary state which hasbeen
assigned. This is done in fig. 2.3, (d), to which a further column
has been added for Ys, where A = X; + X5, so that A' = XjXg.

N5 1 YoTst s
00001 0 0 XpX;1
00010 X0 0 X;0
10011 X5%0 11
11010 XjX30 1 0
01011 Xpl 0 Xj1
01000 0 1 X1Xg0
01101 X1 X301
11100 X3%j1 0 0
10101 X1Xo1 O 1
00100 %50 X30 0
00000 0000 A
00011 0001A
10010 10014 Pig. 2.5, (d)
1517001 1 1012
01010 01014
01001 0100A
01100 01104'
11101 1130k
10100 1/0.20 A"
00101 00104
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Next, the information im this table is set out on Karnaugh maps,

(fig. 2.3, (e).

Y19y 00 01 1 10 o0 61 11 10

I59495

000 o O R |

001 ] 0 0 3

011 g M 1 veks 0. B 1. XK

010 SRR G (B | 6 .1, X3 ©

110

111 :

101 0 1 TR A e

100 X, )o(1 x,:, :1 0 xi 02
Y, ¥e

000 0o X 0 X

001 0 0

011 ? ]1‘1 gl

010 Qs 8 o6 o 1; 1

110

111

101 T 0 0o o0

100 T 2 1 REE R T
YS '3_'4

000 Al="0

001 1 A

011 S AT X S

010 i e S ALY

110 |

133

101 A 1 A 1

100 O ey !
s

Fig. 2.3, (e)

From these maps the excitation functions are next written down: where
there are alternative simplest forms these are given, the alternative
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variables being shown one below the other. These functions are:-
4 = ¥y(ryy5 + ygvs)

y
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+ Xy, 3
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g + ylyzyay;)
Y4 4

' Y3 :":5
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Y5 = IPTs * VP55 * s
RGBS s ra e rr
v (X + %) (pyaryys + V1YY Ys * TIN5 + YY)
w YT ®TY,) S XTI+ Ty
+ Xk Tvs(y + Tgy) + T30 + 3y
v Xy Xp) vyl + v + G+ v

Next the contact networks must be drawn. This will provide paths
from ground and from each of the input cmtaotsx.l, X.l ’ Izamx;
to each ofthe fourrelays Yl - 14, besides the paths from

xi + Xé, X X, to Y. These paths need not be separate, though this
forms a convenient starting point for the design. Taking Yz as an
example the paths from X:'l and Xé have three factors in common, and
we have to ask whether duplicate contacts are necessary. The result
of using a common path is shown in fig. 2.3, (f) and this is permis-
sible provided that thers is never transmission between X, and X,
The transmission between xl and x2 remsins zero for three of the

four possible choices. In two of these the path contains complemen-
tary contacts. 1In another it contains Vs and A contacts in series
and these are never closed at the same time. The only choice which

is not permissible is y, and y;. Further application of this prin-
ciple leads to the network of fig. 2.3, (g). Where alternatives are
shown they are subject to the restriction mentioned. Also, use has
been made of the method described by Caldwell®) for obtaining two
complementary transmissions to enable two transfer contacts to be

used in obtaining the functions yi 3 ylyé. The network for ¥,

is obtained similarly. (It is shown in fig. 2.3, (h). The VsV,

paths be tween Il and X2 are permissible as for Y, , and the position
with regard to the alternatives on x.l and X, is similar to that for
the 1’2 network. The excitation networks for YS and Y4 are similar,
one being obtained from the other by the interchange of Yy and y 7

and the complementation of y, and A They are shown in fig. 2.3, (j).
Pinally, the network for I, is given in fig. 2.3, (k) where again use
has been made of Caldwell's method for complementary transmissions.

It was found that it was more economical to have the contacts on ¥

5
next to the input contacts rather than those on 1'3.
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These networks may now be compared to see whether there is
any further unnecessary duplication of contacts. Exaumining t'irstv
Y_L and Iz 1% 1S seen that in Y.t be tween X-L and JLz there 1s a y4yb
path, and that this 1s possible for Yz. If these contacts are com-
binesd the transmaission beitween Y and Y muST not be artected. iv
1S not attecied, since the path cmu.ms Cullplemen tary Cuntcacus un x
in vhe same way the (ya/yd_) > U5/34) contacts on x and x, need not
be duplicated for Y,. In spite of the close similari‘l:y between the
networks for Y, and Y no simplification is possible. The possibility
of economy by a.ltering the order of the contacts in the paths to X.l
and x2 was considered, the y5y4 contacts being placed next to 2(1 and
X5+ The revised version of this part of the network is shown in
fig. 2.3, (£). The number of contacts is unchanged. The yg and y,
contacts previously combined with make contacts at T4 and Y,, may now
be combined with the corresponding make contacts which form part of
the 1’11’2 network. However, the original scheme is preferable, since
all the contacts on Y2 may be combined in pairs to form transfer
contacts. The two transfer contacts on Yz to ground cannot be combined:
the result of doing so would be to connect Xi and J'[é permanently in
parallel. Finally the transfer contact on JLl in the Yﬁ network may not
be combined with the transfer contact on Xl in the other networks
since this would place an X, contact across X, and X).

The combined network for Y, and 1, has been drawn in fig. 2.3, (m),
in view of the extensive combination of the two networks.

The numbers of contacts required are set out in the following

table.
Contacts on:-
Excitation
networks for:- Y1 Y2 Y-S Y4 I5
Y5/¥4
Y1Y2 2T, 1M 3T M 2T 2M 47, 1M
Y5Y4 27 6T 17,18 17,1B 47
xs i i 2T 17 1T 17,1M
All 4T,1M,1B 11T 2T,2M,1B. 2T,2M,1B. 9T, 2M
2T

M = make B = break T = transfer
Pig. 3.5, (n).
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It will be seen that the number of oontaéts iswry large, particularly
on Y2 and Y5, and though the right hand part of the tree in the network
for Y1Y2 may be arranged to transfer a transfer contact fram Yz to Il,
this is the only place where this can be done. The circuit could be
built on commefcially available relays, but its complexity does not
commend it.
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3 TWISTED-RING AND RELATED COUNTERS

3.1 Scale-of-four counters on four relays.

An undesirable feature of the previous design was that
additional contacts were required on 1(1 and 12 to control YS’ and
it was shown that this could be avoided by refraining from making
the possible mergers in the flow table. It was thought that to
design a scale-of-ten counter might prove rather difficult, and
that some light might be thrown on the problems involved by design-
ing a scale-of-four counter first. Huffman used a scale-of-four
reversible counter as an illustration in his classic paper referrred
$o. prswtisnady Vo h:unt dnpitiae fable $5 Ak directly from that
paper in its unmerged form, except that the states have been numbered
O - 7 instead of 1 - 8. It is shown in fig. 3.1, (a). The transi-
tion diagram is shown in fig. 3.1, (b).

3.1.1 Flow table and transition diagram.

XX, @ -l 11 10
©@© 4 8 a
@ 8 b
@ s 10 c
@) = 11 a
3 @ e
o (® £
1 (® g
g (D h
: j
2 ® k
3 @ £
0 @ m
Fig. 3.1, (a)

5.1.2 Enumeration of possible sequences; secondary assignment.

It will be seen that a pair of variables changes in going
from *a' to 'b' and the same pair must change in going from 'b' to
'a', in the same order. Similarly two variables must change in
going from 'vb' to 'c' and fram 'c' to 'b'. All these four variables
must be distinct, otherwise 'e' or 'm' would coincide with 'f' or
'j'. Hence the sequence in which the variables change in counting
in a given direction consists of pairs of variables, no two successive
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pairs of which intersect. Hence there must be at least four variables
for a counter of this type of any scale. For a scale- of-four counter
four variables suffice. They must change in the order (1,2), (3,4),
(1,2), (3,4), the order within the pairs being as yet undetermined.
The first four variables to change when counting in the forwerd direc-
tion may be called 1,2,3,4 respectively. The sequence may the be
comple ted in one of three ways:-

185412354 (a)
185423134 (b)
188543148 (e)

The sequence 12341243

is the seme as (b) if 1 and 2 are intevchanged with 3 and 4, respec-
tively.

Each of these sequences of changes of variables leads to
several assignments, depending on the state from which they start.
These different assignments may be surposed derived from a particular
assignment by complementation of one or more variables. DNot every such
set of complementations produces a distinetly new assignment however.
Several assignments may be identical apart from a permutation of the
variables.

It is convenient to visualise these operations of complemen-
tation and permutation by means of a Karnaugh msp repeated indefinitely
in all directions, a device used by Caldwell to test for symmetrical
fmctims(m)
spaces in a square pattern. Part of such a map is shown in fig. 3.1, (e).
From this figure it can be seen that -

s0 that each state is represented by a set of congruent

complementation of Yl is represented by 180° rotation about XX

" n Yz n "n n n " L H
" n Ya " 1" " " 1] " zz
n n Y4 " " n n n n ww

The rotations are rotations of the path relative to the map.
Rotations about any of the lines marked XX are congruent, and so are
those about YY, 2Z and WW. It may also be seen that

rotation about AA through 180° interchanges ]‘.’l and Y

2
" € Ry " " Y5 and Y,, and
" " og " " Y) and Yy, and Y, and Y,.

All permutations which do not involve splitting the pairs may
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be formed from combinations of the three permutations above.

It is convenient to combine each complementation with a
permutation, for example, a rotation about WW follow=d by a rotation
about BB is squivalent to moving the paths upward one space, so that
this represents the complementation of I4_ followed by the interchange
of ¥, and ¥,. The other complementations may similarly be combined
with permutations and the problem becames on e of examining those
paths obtained by movements of 0,1,2 and 3 spaces vertically together
with movements of 0,1, 2 and 3 spaces horizontally in order to
divide them into groups (equivalence classes) any member of which may
be obtained from any other by operations representing permutation
only. For this purpose the labels "forward" and "reverse" on the two
paths are of no significance. The number of equivalence classes is
the number of distinct assignments. It is now necessary to examine
the three types of path separately.

Paths of type (a), in which the variables change in the
sequence 12341234 may be represented in fig. 3.1, (d) (A - D).
Forward and reverse paths are shown full and dotted, with arrows.

Teking A as the sterting point,
moving the paths upwards one space gives B, which cannot be brought
into coincidence with A since any rotation about AA, BB, or CC does
not bring the "vertices" of the path onto the line CC. Hence B
represents a distinet assigmment. Moving the paths upwards from A
two spaces merely interchanges the forward and reverse paths so no
new assignment is obtained. Again starting with A, moving the paths
one space horizontally gives C. After rotation through 180° about ccC,
the paths of C coincide with those of B so no new assignment results.
At D is shown the result of moving the paths of A one space upwards
and one space to the right, but although the "vertices" of the paths
are on the line CC as are those of A, rotations about AA, EB, CC
leave a "vertex" at the point 1111. Hence this assignment is distinct,
and there are three assignments for the seguence of changes (a).

Paths of type (b) in which the variables change in the
sequence 12542134 may be represented as in fig. 3.1, (e) (A - D). It
may be noted first that moving the paths of A two spaces to the
right leads to B in which the paths have been merely interchanged.
Moving the paths upwards two spaces and then rotating them about AA

leaves them unchanged. Hence it is only necessary to consider a
horizontal move of one space, a vertical move of one space, and a
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horizontal and vertical move combined. All these operations produce
new assignments, since the point 1111 is in a different position
relative to the path in each case, and this cannot be altered by any
of the permuting rotations. These moves are illustrated at B, C and
D respectively. There are thus four distinct assignments of this
type.

Paths of type (c) in which the variables change in the sequence
12542143 are shown in fig. 3.1, (f) (A - D). PFirst it may be noted
that a movement to the right is equivalent to an upwards movement of
the same number of spaces, since a move to the right followed by
rotations about AA and CC has the same effect on a move upwards. A
vertical movement of one space produces a new assignment as does a
vertical movement of two spaces. These are shown at B and C. A
movement upwards of three spaces followed by rotations about AA and
BB has the same effect as a movement upwards of one space. A move-
ment upwards of one space followed by a movement to the right of one
space produces a new assignment as shown at D. A vertical move of
two spaces and a horizontal move of one space folloved by rotation
about AA, BB, or CC produces the original path. Hence there are four
distinct ascignments of this type.

Altogether then there are eleven distinct secondary assign-
ments. To investigate them all would be a tedious, and, it is thought,
a not very profitable task. We first reject all those assignments
which have forward and reverse paths which remain distinet after any
permutation of the variables. This leaves (a)A, (a)D, (c¢)C and (c)D.
Next we note that in two of these cases the states stable in the absence
of an input all have two relays operated while in the other two cases
this is not so, and choose thes former for further investigation. They
are (a)A, and (c)C. The secondary assignments are set out against the
flow table in fig. 3.1, (g).
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x1x2 00 01 1l 10 (a) A (e) €
©@© 4 0101 0101
@ s 1001 1001
@ s 10 1010 1010
7 11 0110 0110
3 0111 0100
o i® 0001 1101
1 1000 1000
2 @ 1110 1110
1 1101 0UOL
2 ® 1011 1011
5 @ 0010 0010
) (B 0100 0111
Fig. 3.1, (g)

5.1.3 Secondary excitation matrices and networks.

The next step for each assignment is to draw up the excita-
tion matrix and design the excitation network. This is done in the
same way as for therelays 1 to 4 in the scale-of-10 counter, except
that there are alternatives in some cases where there are entries in
only two colums of the flow-table. For this reason the table of
fig. 2.3, (a) must be expanded, by adding the following rows,

(fig. 3.1, (h)).
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C K H O B8 8 8w
bt

Fig. 3.1, (h)

Where there are alternatives and one of them is '0O' this is indicated

as an optional entry on the appropriate map. Where one of' the alterna-
tives is '1l' this has 'been :.nd:.l.cated by inserting 11 or xz on the '1*
map, and 1 onthexlorx map, as the case may be.
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In figs. 3.1, (j) and (k) are shown the excitation maps for
the assignments (a)A and (¢)C respectively, together with the input
contact or ground to which transmission is required fromeach secondary
relay for each secondary state. The maps for the transmissions of the
networks connected to X_l, x_l, 1é X2 and 1 respectively, are shown in
fig. 3.1, (£) for assignment (a)A and in fig. 3.1, (m) for assignment
(c¢)C. The excitation functions are next obtained from the maps.
Besgides making the best use of conventional optional entries it is
necessary also to choose between the entries on the 'l' map and those
on the xi or xé maps, as the case may be, where alternatives exist.
The way in which this has been done has been indicated thus: '..' for
the entry used, 'x' for the entry not used. The functions thus obtained
for assignment (a)A are:-

1 ] 1] L] 1] L]
i = Xy15g + Xy, + X0y, + Xy,
A 1 Y ¥ vt Y 2 B
g ¥y v Ly s s Xyyg s e xz-"ly;y'? * xz’lyzy‘?
4 4 4 4
' [ ]
Iy = X)¥o¥s *+ Xyovs + Xo¥o¥s + Xyoy:

1 ]

Yo = vy e BRSY N x Ny » 2yt o x Ty

4 A lﬁ.yé 34 L.Lyz s 2y 34 2, 4
These functions are sufficiently simple for the networks to be d rawn
by inspection. The networks for ¥, and ¥, and for Yy and 1’4 may con-
veniently be combined, if the appropriate factors are chosen where a
choice exists (the altermatives are shown vertically). They are shown
in fig. 3.1, (n).

The excitation functions for assignment (c)C are:-

1 $ Y. :

Y= Ty v X0y ¢ 338+ XG0y, + 3,9)
A Ty

Y = Vs ¢ N0y ¢ 35y’s) + X0p, + v3,75)

L V4

T, = yoygy, + X(yys + fiysyl) + Xy, + y535y4)
2 V2

2 y
Y, Y759, + Xy + 3}3534) + Xy, + y}ygy,;)
2 I3
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Here, as before, alternative factors are shown vertically. For this
assignment there are no simple networks as obvious'as there were for
the previous one. The steps by which a fairly simple network for Il
was found will be set out. The networks for the other relays are then
obtained by permutations of the variables.

A network with a one-to-one correspondence between contacts
and literals is shown in fig. 3.1, (p). Alternatives are shown where
permissible. The upper and lower ¥, contacts may now be combined
since the path in parallel with X2 which is formed contains comple-
mentary contacts on Yz. If in the lower path Y, is chosen rather
than J'é’ the two Yy contacts may be moved next to ¥ and combined.

The remaining y, contact may now be combined since the path in parallel
with xi which is formed contains complementary contacts on ¥, The

yi conwacts may now be combined provided that yé is chosen rather than
¥4+ The resulting network is shown in fig. 3.1, (q). The excitation
networks for the other relays are the same in form, but the variables
are permuted in accordance with the following scheme.

Yl I2 Y5 Y4
1 Tg T Y4
Y2 41 Y4 I3
Vs Vs y1 Yo
Y4 3 o 71

It is now necessary to inquire whether any combination of
contacts is possible. If the adjacent yé and yl',’ contacts in the Yl
network are interchanged and the corresponding change is made in the
1, network, then in both networks there aré yé and y‘i_ ¢ atacts adjacent
to the xl' contact. This involves the sacrifice of a transfer contact
in each case, so that even if some advantage were to be gained this
fact might well offset it. To make the discussion easier to follow
the two networks modified in the way suggested have been drawn out
(fig. 3.1, (r). It is necessary to examine whether -when the yy or
yé_ contact are combined, a pathis placed in parallel with Xi or 12,
or between them, for any state used by the circuit. If the yé contacts
are combined the path in parallel with 12 is ysyéysyi = yiyéys
which is closed for a state used by the counter. Similarly if the
yi contacts are combined the path Placed in parallel with Xz is
y4yiy4yé = yiyéy 4 Which again is closed for a state used by the counter.
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The networks cannot therefore be combined in this way. It is always
possible to design a single multiterminal networks using Scheinmann's
technique but this has not been thought worthwhile because the simplest
individual networks all have the variables in different orders and it
seems improbable that the additional complexity introduced by altering
the orders of the variables in three of the networks will be offset
by the econamy of combining them, at least not to the extent of making
the combined network more economical than the combined network for
sequence (a)A shown in fig. 3.1, (n).

Output networks have not been drawn. For the counter using
sequence (a)A the output networks are very simple, using a total of
three transfer contacts on Yl and Y.S' A new output appears whenever
en input switch is operated, delayed only by-the operate or release
time of a single relay. In the counter using sequence (¢)C, the
position is much more involved, since any one of the four relays rmy
change its state on the application of an input pulse. If then a new
output is to appear whenever an input switch is operated the output
network will have contacts on all four relays.

3.2 Extension of the design method.

The purpose of designing the scale=of-four reversible counter
was to throw some light on the more difficult problem of designing a
scale- of-ten counter. There are two different ways in which the

scale~0f-four counter may be generalized to higher scales. Both start
from the assignment (a)A; the first is as follows.

The scale-of-four counter with assignment (a)A may be regarded
as a pair of bistable units or flip-flops. One of these, formed by
relays 'Il and Iz, responds to input pulses X1 and X2 in a way determined
by the state of the other, indicated by Ygr The other, formed by Y.‘.';
and Y, responds in a way determined by Vg For scales greater than 4
the number of flip-flops must exceed 2, and the reésponse of a given
flip-flop to the inputs in general depends on the states of more than
one of the remaining flip-flops.

The alternative methoddf generalization mayte understood by
comparing the scale-of-four counter with assignment (a)A, with the
soale-of-ten circuit designed previously. In the latter, the relay
which changed on the release of an input was always the same, Yy in
the former it could be Iz or 24_, and, when counting continuously in
one direction was Y2 or 14 alternately. In generalizing to higher
scales this feature is retained, namely, a group of two relays, one
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of which always changes on the release of an input, but the group con-
sisting of the remaining relays, one of which changes when an input
is applied, is enlarged Of these two methods of generalization, only
the former will be presented here. The iatter is applicable only to
counters which have scales which are muitiples of 4.

5.4.1 Scale-of'-six counter on six relays.
3.2.1.1 PFossible sequences.

The scale-of-six counter will consist of three pairs of
relays, each pair forming a flip-flop, the response of any pair to
an input pulse being determined by the states of the other two pairs.
Numbering the flip-flops 1 - 3 and the steps in the sequence 1 - 6
(the starting point being arbitrary), let flip-flop 1 change at step 1.
It may change again at step 3 or 4 or 5. In the latter case let steps
1 and 5 be renumbered 5 and 1 respectively. Let the flip-flopwhich
changes at step 2 be number 2. The squences of changes = far are

l121l--- and 12-1- -
(a) (b)
In sequence (a) the flip-flop which changes at step 4 must be 3 and
this flip-flop must also change at step 6. This sequence can therefore
be completed in only one way, namely
1213523
(e)
In sequence (b) the flip-flop which changes at step 3 must be number 3.
Flip-flops 2 and 3 may then change at step 5 and 6 in either order
giving sequences (d) and (e).
123123 123135 2
(a) (e)
However, if in (e) 1 and 2 are interchanged the result is (c) so that
there are only two possibilities, (c) and (d). Of these two sequences
(c) remains the same if '1' and '3' are interchanged or if it is reversed;
(d) remains the same for any cyclic permutation of the flip-flops and
for the interchange of any two and reversal. Sinee (d) exhibits the
greater symmetry (c) has not been investigated further.

When sequence (d) has been chosen there is still a further
choice to be made. Of the eight states of three flip-flops only six
are used - two are omitted, and since, when counting in a given direc-
tion for three successive steps, the three flip-flops each change state
once, it follows that a state PQR is omitted, P'Q'R' is also omitted.
If then the gstate 000 is omitted, the state 111 will also be omitted
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and the states used will be those in which either one or two flip-flops
are set. If any other pair of states is omitted then the sequence will
consist of a mixture of states in which none, one, two or three flip-
flops are set. Clearly the former choice is more symme trical, but both
will be investigated as it involves little more work, and the less
symmetrical arrangement will be seen to have advantages.

If the states 000, 111 are included there is only one possible
sequence, and there is only one if they are not included. These

sequences are given in fig. 3.2, (a).

LY Y ) 0 G <A A5 P

123456 17273456
010101 011001
10031091 101001
101001 100101
101010 100119
011010 010110
6101 10 011010
(010101) (011001)
(a) (b)
Fig. 3.2, (a)

The states listed are those stable in the absence of an input. In
any transition Yl Y.‘S or Y5 changes on the application of an input
and Y,, ¥, or Y, on its removal. The next step is to derive the

exoite.tio:: netwgrka. It is only necessary to derive the excitation

networks for one flip-flop for sequence (a). Theremaining excitation

networks for both sequence (a) and sequence (b) may be obtained by

permutation and complementation of the variables.

5.2.1.2 Excitation matrix, functions, and networks for one pair of relays.
The excitation networks for Y, and Y, in sequence (a) will be

derived. xl, 12, Y, and yg are regarded as input variables; ¥y and

yg are the secondary variables. The flow table, with the secondary

assignment, is shown in fig. 3.2, (b) and the excitation map in

Pigs 8.3, (e).

Xlxzy4ys 0000 0100 1000 0001 0101 1001 0011 0111 1011 0010 0110 1010

I3

00 1 @ 13 .
W O e BB 15 @606
141§ 4@ 16 @

A ® e s O GG v @

Fig. 3.2, (b)
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Xlxzy s 0000 0100 1000 0001 0101 1001 0011 0111 1011 0010 0110 1010

¥175
00 01 00 01 00

01 o 1. | 7 W - S IR R IR |
11 ' p 1 P 10 it

10 10 10 00 10 16 10 10 ©0 10

Pig. 3.2, (e)
This map is now rearranged as in the scale-of-four case. The only
difference is that it has already been recognized that the functions
need not involve ¥z OT Vs while on the other hand they are now depend-
ing on variables from two flip-flops rather then only one. (Fig. 3.2, (d))
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The resulting excitation functions, with optional and alternative

factors are:-
o= pveye + Xy, vg + X3y Gy )y, + X330, (7)) + X7 (7)) (78)
Los oy et exype axppde exygi

Y8 Y6 Je > g
A network, believed to be as simple as possible is shown at fig. 3.2, (e).
Three points may be noted.

(a) The paths between X] and X on the one hand, a.ndllandxz
on the other of necessity contain complementary contacts. Between X.i
and xé it is necessary to insert a y)‘ or y,. contact, making use of
optional factors, and similarly between )L.I. and xg a y4 or yé contact.

(b) If, for the foregoing reasom, a y, contact is inserted
in series with Xi, the first term in the expression for Il may be
provided by adding a Vs contact only, making use of the optiocnal ¥y
factor. This introduces a yiyéyli_ys path to ground for Y2, which is
permissible, this term being optional, the state 0001 never occurting.
(It should be noticed that in fig. 3.2, (d) ¥, are plotted vertically
and y,¥g horizontally).

(¢) The order of the cantacts on Y, and ¥,, in the excitation
network for ¥,, may be reversed as shown in fig. 3.2, (f). This
exchanges a yi contact for a Yy contact. If no further development
of the networks for the whole counter is intended, this will almost
certainly be undesirable, since contacts on ¥_, will occur in the excita-

2
tion networks for the other flip-flops, while contacts on Y. do not.

On the other hand, if this is done, it introduces the possﬂ]:.ility of
designing a single multi-output contact network on 1’2, 1’4 and YB to
replace the separate contact networks.

The excitation networks for the other relays for sequence (a)
are identical in form but require permutation of the varisbles. To
work out the pernutations required parts of the sequence of states

shown in fig. 3.2, (a) has been rearranged, in fig. 3.2, (g).

Y1Y2YSY 4Y5Y 5 YSY 4Y5Y6Y11'.'2 Y5Y6Y1Y2!'5Y 4
01 10 10 01 10 01 01 01 01
0l 01 10 01 01 01 01 10 01
01 01 01 0L 01 10 01 10 10

Fig. 3.2, (g)
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The required permutations are then seen o be

Lt 5% ¥5%s
Yy SR X L
Vs V2 Vs

Although the configuration is emactly the same, these networks have
been drawn out as it will be convenient to be able to refer to them
in the next section. The X]", SR xl and X, contacts are common to the
three networks. (Figs. 3.2, (h,3)).

The excitation networks for sequence (b) may similarly be
derived by rewriting the relevant parts of the sequences as follows:

LYY (a) LLXY YT (b) LYY IIY (b) I YY.YYY (b)

17273747576 1254 456172 561254
011010 010110 0 Y10 010110
010110 o G0 B Sl 011010 011010
010%L01 011001 011001 011001

The permutations required are then seen to be

1Y, (2) LY, (b) Y, (b) Y Y, (b)

B AR o G g (LETRG ketB) T )

yg (2) Y (b) vy, () vy (b)
These excitation networks have not been drawn out.

5.2.1.3 Behaviour when first switched on.

It will be assumed that when the equipment is first switched
on, neither X, nor Lz is operated. In that case the excitation networks
for ¥, and ¥, (for either sequence) reduce to the circuit of fig. 3.2, (k).
The excitation networks for the remaining flip-flops aere similar. Thus
on switching on, Y2, 24_ and 1'_6 operate and Il 25 and I5 remain unoperated.
The state 010101 implied is part of sequence (a), fig. 3.2, (a) which
is satisfactory, but not of sequence (b). It is also clear that, in
the absence of an input the two relays of a flip-flop cannot both
remain operated or both released.
5.2.1.4 Carry and Borrow networks.

Since the counter enters the state 010101 on switching on
and is easily reset to this state, this will be regarded as the '0O!
state. State '5' is then the state preceding this when counting
forward, namely 010110. These and the other states are conveniently
shown on a Karnaugh map (fig. 3.2, (f)).
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Ty 00 01 11 10

350 3 - 5 4
IRl LT e
Pig. 3.2, ()

'Carry', which will be designated C is required to appear with '5'
and xl. It is therefore given by C = Ily 4yé. Its complement C' ia
also required; C' = Xi + y&_ + Jg- 'Borrow', designated by B, must
appear with '0' and 12 It is therefore given by B = Xzyzys, and
its complement B' = J(é + -Yé + yc‘:l

Without the carry and borrow contacts the counter is symmet-
rical., It remains unchanged if y1 and Vg ¥g and Vg Il and 2{2 are
interchanged. The carry and borrow contacts are not symmetrical
since they operate for transitions between 010101 and 010110 which
are not synmetrical in the abovesense. Hence the carry and borrow
networks must be designed separately.

The contact networks already contain on the even-numbered
relays 4 transfers and either a make or break contact. It was made
an objective to add the carry and borrow contacts in such a way that
the counter could be built on relays with no more than six transfer
contacts. This was achieved in the following wy.

(a) C' = X] + ¥, + ¥, may be obtained by adding a transfer
contact on ¥, to the Y,Y, network as shom in fig. 3.2, (m). The
presence of the 7 contact ensures the absence of sneak paths.

(b) Xy + Y5 + y; may be obtained in a similar way but first
it is necessary to modify the contact network for YSY 4 It will be
recalled that it was necessary to ensure that there was never a path
between X{ and Xé and that there were two alternative ways of doing
this. It is necessary to choose the alternative way to that chosen
earlier and then add a transfer contact on Yz. This has been done
in fig. 3.2, (n). Again, the presence of a ¥y contact ensures the
abgence of sneak paths.

(e) Provision of the outputs X,y,54 and XYV Tequires
considerable revision of the networks alre,dy designed, because of
the limit 1t has been decided to impose on the number of contacts per
relay. 1% 1s necessary to consider a fresh that part of the network
between the contacts Xl and .'!2 on the one hand and the points B on
t he other (see fig. 5.2, (e, h, j), and to make use of the optional
factors in the xl and 12 terms of the excitation functions. The trans-
missions required for the three flip-flops to the points B are as
follows:-
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: 25 : % 48 Y X c

X; (Yo, )7 (7 76)7;5 (rgv3)y, (7)y,74
B

» SRR & % /0 4 (y475)78 (V¥4 )¥5 Yo¥s(7,)

As before optional factors are included in brackets. The lack of
symme try between the two sets of functions (for X, and X ) is evident,
for example, the "borrow" function and the ‘1516 functicn on x2 become
the same if all optional factors are used. The "ecarry" function
cannot be made the same as any of the functions for Xl however the
optional terms are used. The networks have to be designed in such

a way that the transmission between Xl and xz is always zero. They
will be designed without reference to this requirement in the first
place, and subsequently examined to see whether it has been met.

Considering first the Xl network, it may be noted that the
factor y; occurs only once, in the I Y path and that there it is the
only essential term. The tree may thereforb begin with a transfer
contact on Y4, and nothing further need be connected to the y; contact.
In the remaining terms yé occurs only in the "carry" so that the
network may be continued with a transfer contact on Ys connected to
Yy Nothing further need be comected to yé and a transfer contact
on Y connected to Y5 completes the network, which is shown in
rig.: 5.2, (D).

The network from Xz is built up in a similar but not identical
menner. All the terms contain the factor y, 80 the network may begin
with a Yo contact. The rest of the network is a tree on Y4 and YS’
the y4y6 term not being required. It may begin with a transfer contact
on ¥, or Y. after which two contacts (counting a transfer contact as
one), are required on the other relay. In those parts of the carry and
borrow networks designed so far, two transfer cantacts on Y two on
I, and one on Y have been used. Together with those on the flip-flops
this makes the nmbera of contacts on 12, I4 and Y6 5, 5 and 4 respec-
tively. The two contacts should therefore be on Ys, and the reaulting
network is shown in fig. 3.2, (q).

Next, it is necessary to examine whether, when the two networks
are combined, a path ever exists between Xl and xa It is found that
this is not so, so that in this respect the networks are satisfactory.
It is also necessary to ask whether there is a path to C other than
via xl and a path to B, other than via xz. There is no other path to

C but there is a path to B via l.l. and y:'r. The transmission required
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for B is ¥ with y, as an optional factor. If the teee following
¥g is developed in the alternative order and Btaken as showntelow,
the network would be satisfactory. This leads to the network of
Mg 5.2, ().

With this arrangement however the number of contacts on 1'4_
ie now 7 while the number on Is is only 5. In order to redress the
balance the Xi + y"l_ +Jg term for "carry" may be obtained by adding
a transfer contact on Y. to the ¥ I6 network, rather than a transfer

8 5
contact on Yd- to the Y.Y, network. The relevant part of the 1’516

network is as shown inlﬁz.g. 3.2, (s). This completes the secondary
excitation network, but the problem of races when two hexades are
cascaded has still to be considered.

If two "hexades" are considered as a single counter the
requirement that only one flip-flop should change at a time has been
relaxed, and two relays change state when the input is applied and
two more when it is removed. There are races and it is necessary to
determitie whether they are critical. On the application of an input
pulse only the odd-numbered relays changestate and since these have
no contacts in the other flip-flops they cannot affect the excitation
of other relays. The first race is therefore non-critical. The
relays of the second hexade have no contacts in the networks of the
first and hence if the flip-flop in the second hexade "wins the second
race" the first hexade is unaffected. If the flip-flop in the first
hexade "wins the second race" the only effect could be to remove the
carry or borrow from the second hexade, but this has already been done
80 no further effect is possible.

If the above conclusion is correct it follows that the
requirement that one flip-flop should shange state at each step may
be relaxed. To what extent this may be done is a question we have
not considered.

This completes the design of the scale-of-six counter except

for the output network, the design o which is straightforward. It
consists of a 3-variable tree, with two of the outputs not mquired and

combined with adjacent ones. The complete circuit is shown in
figs. 3.2, (t) and (u).
3.2.1.5 Ionger twisted-rings.

Similar counters with even scales may be designed by adding
extra flip-flops, the scale being twice the number of flip-flops. The
next state of any flip-flop may be determined if its present state and
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the states of only thetwo adjacent ones are known. If there are

n flip-flops in the chain the excitation networks of the r th flip-
flop may be obtained from fig. 3.2, (h) by writing 2r-2, 2r-1, 2r and
2r+2 for 2, 3, 4 and 6 respectively. For the two relays of the first
flip-flop the excitation networks are obtained by writing 2n for 6 in
the circult of fig. 5.2, (e). For the tworelays of the last flip-
flop the excitation networks aré obtained by writing 2n-2, 2n-1, 2n,
for 4, 5, and 6 in the circuit of fig. 3.2, (J).
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4 SCALE -0OF-TEN COUNTER ON SIX RELAYS

4.1 + Possible Sequences - necessity for six relays.

In discussing the scale-of-four counter with only one
transfer contact on each input it was shown that four mlays were suf-
ficient and necessary. It will also be evident that onfour relays
no longer sequence is possible (with the given restriction on input
contacts) since at no point in the sequence ( of the scale-of-four
counter) is any choice possible beyond the order in which the next
pair of relays change, and the counter returns inevitably to its
original state after four steps, notwithstanding the fact that on
four relays 16 states are available and in the scale-of-four counter
only 12 are used. For a scale-of-ten counter 30 states are required,
and though on 5 relays 32 states are available it does not follow
that a scale-of-ten counter may be constructed on 5 relays. In fact
it cannot, for the following reason.

Suppose that in one of the states stable in the absence of
an input an even number of relays is operated. Then since wo relays
change state in passing to the next similar state, in that state
also an even number of relays will be operated, so that in all states
stable in the absence of an input an even number of relays will be
operated. In the intermediate states an odd number of relays will
be operated. If in one of the states stable in the absence of an
input an odd number of relays is operated the converse holds. Now
for a counter of scale n, 2n intermediate states are required, and in
half the states available on S relays, an even number of relays is
operated, and in the remaining half an odd number is operated. Hence
on S relays the maximum scale is 28-2. For a scale-of-ten counter
the number of relays must be at least six. It should benoted that
it has not been proved that six are sufficient, only that fewer are
ingufficient.

As it seems probable that the number of sequences on six
relays will be large attention will be confined to those sequences
which consist of two identical subsequences. With or without this
restriction it may be noted that -

No relay may change six times in counting 10 input pulses
of the same sign. If it did it would change on successive pulses
a2t least once, which is not permissible.

Every relay must change at least twice for otherwise it
would be redundant, and it has been shown that 5 relays are not sufficient.
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Since twenty changes altogether are required, four relays
must change four times and two twice.

With the restriction proposed it follows that in each sub-
sequence of 10 changes (5 pairs) four relays must change twice and
two once. The possible sequences in which the relays chenge state
may now be determined.

It is convenient to draw up a table with five colums,
one for each step, and six rows, one for each relay. Bach entry
in the taeble indicates that the relay corresponding to that row
changes at the step corresponding to that colum. In each of the
first four rows are two entries which may not be adjacent. In each
of the last two rows is one entry. In each colum there are wo
entries.

It will be shown first that the single entries in rows 5
and 6 must not be in the same colum. If they were, the remaining
four colums would contain two entries for each of relays 1 - 4,
and after four steps the counter would return to its starting point.

Next, the single entries in rows 5 and 6 must not be in
adjacent colums. If they are, part of the transition diagram will
be as shown in fig. 4.1, (a).

Fig. 4.1, (a)

The steps at which relays 5 and 6 change are adjacent to p and q.

In passing from p to q relays 1 - 4 each change twice and relays

5 and 6 once. In passing from r to s (it is not implied that this
can necessarily happen when the counter is operated), relays 1 - 4
each change twice, so that these two states would be the same, which
is not permissible.

It follows that 5 and 6 must change on different and non-
adjacent steps.

Next it will be shown that the relay which changes at the
same step as 5 cannot be the same as that which changes at the same
step as 6, that is, the pattern of entries shown in fig. 4.1, (b)
is not permissible.



1 X - X = -
2 o gk W e
3 PPN RN S T
4 B A et S0 ol TR
5 X = = = =
6 = ‘= X = =
Fig. 4.1, (b)

The remaining six entries have to be inserted in the three
remaining colums. Now two of the three rows may not be identiecal,
for, if they were, the two entries in the remaining row would have
to be inserted in the remaining colum. The three ¥maining rows must
therefore all be different. DBut there are only three ways of insert-
ing two entries into three coilums, and in one of these two entries
a re adjacent. The arrangement shown is therefore not permissible.

Now there must be some row with an entry in the same column
as the single entry in row 5. The second entry in this row may not
be adjacent to the first, nor in the same column as the entry in
row 6. There is therefore only one possible position. The same
applies to the row having an entry in the same colum as that in
row 6. This leads to the table shown in fig. 4.1, (c).

1 b SRR . 1 X = - X =-
2 - = X - X 2 = v K - 3
3 R A 3 el
4 T Y L SR R < e S e e L3P
5 - S e 5 X = = = =
6 - - X - - 6 - = X = =
Fig. 4.1, (e) Fig. 4.1, (4)

Both the remaining rows must now have an entry in column 2,
and the remaining two entries go into colums 4 and 5, the completed
table being shown in fig. 4.1, (d). It is now necessary to check
that no closed sequences exist. This is easily done. Considering
the whole sequence of ten steps, no sequence containing 5 or 6 only
once can be closed. If there is a closed sequence contairing 5 twice
there is also a complementary sequence not containing 5 atall which
will be closed: similarly for 6. It is therefore only necessmry to
examine those sequences not including 5 or 6. These are 1,34,2 and
2,13,24,1 neither of which is closed.

Finally, the table of fig. 4.1, (4) has been rearranged, by
making colum 2 the first colum and rearranging the rows, (fig. 4.1, (e)).
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This is symmetrical about AA', the sequences remaining unchanged if
'II,YZ,I are interchanged with ¥, ,Y YG and the directions of count-

3 4’7p’
ing interchanged. &
X o~ Xl -
1
[
- x e ) -
X =l e
I
- - x'-
- - —'-
A
Fig. 4.1, (e)

The secondary assignment is not complete until a specific
sccondary state has been assigned to one point in the sequence. This
determines the rest of the states stable in the absence of an input.
It still remains to decide, for each step of the count, which relay
shall change first. This second question will be deferred. There
are 64 states which may be assigned to any s tate in the sequence,
but since the sequence of relay changes is repeated, not more than
32 distinet assignments are possible. The total number is less than
32 since some sequences may be obtained from others by interchenging
the directions of counting and permuting the variables. However,
since this process performed on some of the sequences may produce
the same sequence, the number of sequences is greater than 16, and
too great for exhaustive investigation. No way of selecting cne of
these in the expectation that it will produce the simplest contact
networks is evident, so a choice has been made using a different
criterion. It will be noted that each of the relays 1 - 4 is operated
at 4 steps in the count and released at the remaining 6, or vice versa.
We choose the former alternative for all ofthem. This will reduce
the average power consumption. Relays 5 and 6 are each operated at
five steps and released at five steps so their choice should be that
which will reduce the peak power consumption. There are two pairs
of successive states in which only one of the relays 1 - 4 is operated
and if it isamngedthatbomismdismopemtedinmeof
these pairs a particularly uniform power requirement is obtained.

The sequence of states obtained is shown in fig. 4.1, (f). The number
of relays operated is 3 at 8 of the steps and 1 at the remaining 2.

It is convenient to allow "carry" and "borrow" to occur in passing
between these two steps since the power requirement of other decades
will sometimes increase in passing between them.
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4.2 Excitation matrix, functions and networks.

The ten states have been plotted on a S-variasble Karnaugh

map in fig. 4.2, (a). The states used in passing between them have
been indicated by dots: there are twenty of these. The remaining 34
states which are never used, have been indicated by '@g'.

V1oV 000 001 011 010 10 31 -I01 100

Vo576
000 v "] A '] . @ . @
001 [ . ] : : G :
011 . g8 M . B0 gl
010 ey R ) BN e T
110 SRR I R g 4 4 4
111 AR e R CRET e
101 G EABI I g 4 g
100 € B g (e # = g0y ,
Fig. 4.2, (a)

4.2.1 Conflicting choices of order at each step of the count.

The order in which the two variables of any pair change may
be determined so as to simplify the contact networks. However, there
are six excitation functions to be determined and the order which makes
one function simple may make another complex. The total number of
alternatives is very large but as choices are made for successive
functions, the number of alternatives for the remaining functions is
progressively reduced. As a first step, the altematives for ?..' will

be set out. The alternatives for Y, are similar (after pemutatlan of
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the variables) but as there are two steps at which both Y, and T,
change, and they cannot both change first (or second) it would appear
unlikely that both functions may be made as simple as possible
simultaneously.

For each of the relays Yl to Ys we have to determine fthe
excitation function as the sum of five terms in 1, xi, Xé, Xl and X
respectively. To do this by writing out the excitation matrix in
full for each possible choice of order for each number pair would be
excesgively time-consuming, and the labour may be reduced by consider-
ing the excitation of one relay at a time, for each state stable in
the gbsence of an input and the two such adjacent states. In these
three states stable in the absence of an input, any one variable may

2

have any one of 8 possible sequences of values. Of these 010 and

101 have already been purposely excluded. Of the remaining six 000

and 111 imply that no changes take place. This leaves four cases

in which a relay changes state, and it may do so on the appearance

of the input or its removal. This gives ten distinct cases. For

each of these ten cases extracts from the excitation matrix have been
prepared, corresponding to the extract from the flow table (fig. 2.1, (a),
shomn in fig. 4.2, (b). (The order of the rows has been varied).

XX, 00 01 11 10
@)
n ((n+1) (mod 10)+10)
n+l)(mod 10 (n+1)(mod 10)+10 (n+1)(mod 10)+20
(n+2) (mod 10) ((n+1)(mod 10)+20)

((n+2)(mod 10))

Pig. 4.2, (b)

Each row of the flow table corresponds to a particular state
of the secondary relays Yl - IS, and the extracts from the excitation
matrix shown in fig. 4.2, (c) indicate whether the path through the
contacts on Il = Ye should go to the q, xl, Ié, 12 contact or direct
to ground ('1'). '

We now make use of these extracts fram the excitation matrix
to fill in a map showing the various alternatives for the excitation
function Yy, (fig. 4.2, (a)).

Consider first the entry for the state '0' - 100000. This
is the middle state of the sequence 9)-(0)-(Din which the variable y,
takes successively the values Q1l. We have therefore to refer to the
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Fig. 4.2, (c), (i - viii)
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Fig. 4.2, (c), (ix,x)
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extracts from the excitation matrix (v) and (vi) which indicate that
the entry must be Xé or 1 depending on whethsr, in moving between
states (9) and (0}, y, changes first and y, second, or vice versa.
These alternatives have been separated by a vertical line, to indicate
that they are contingent onthe choice of the sequence in which the
relays change, and the choice which corresponds to the relay with the
smaller sufi'ix changing first has been placed on the left. If, in
changing from @ to @ Yl changes state first, the counter goes first
to the state 000000, and fig. 4.2, (c¢)(v) indicates that the entry

may be O or X3. These have been separated by a horizontal line, to
indicate that the choice is free, that is, not contingent on a decision
about order. If, instead, Yl changes second, the counter goes first
to state 100100 and fig. 4.a, (¢)(vi) indicates that the entry must

be x2 Ir Yl changes second, the state 000000 is passed through in
going from to @ and to determine the entry it is necessary to
consider the three states (® (O in which Y, has the values 001
respectively, and refer to fig. 4.2, (¢)(iv) which indicates that the
entry must then by Xi. This is separated from the other two alterna-
tives by a vertical line, because the choice of alternatives is dependent
on a decision about order, and it is placed on the right because it
occurs when the lowest numbered relay changes second. In the same way
the alternative entry at 100100 is X,é or 1, the choice being free,

and it is plaeed on the left. The entry at 000100 is x1 or O depend-
ing on the order in which the relays change in passing between @ and
@. The choices between the alternatives separated by vertical lines
are not independent, and to indicate this they have been joined by
lines. Since Yl goes through the same sequence of five values twice,
the entries for the second time are the same as for the first, and the
only difference is that both y5 and ¥, are camplemented.

In passing between and ¥, does not change: y, and y,
do. If in going from (§) to ¥, changes first 000110 is the state
passed through and the entry is xl or 0, the choice being free. If g
changes first the entry is the same but it is entered in 000101. In that
case 000110 is passed through in going from to and reference to
fig. 4.2, (c¢)(i) shows the entry to be X, or 0, the choice being free.
If yg changes first, this is the alternative entry in 000110. Here
again, the two choices are not independent, and this has been indicated
by joining the two entries with a line. The rest of the entries are
determined in the same way, the only entries for which there is no choice
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being at 001110 and 000111, for which Yl does not change when count-

ing up or down.

Examination of the map shows that it is possible to make Yl
independent of yg and Vg because it is always possible to make the
entries within a sub-cube V1Yo~ Y45 the same for all values of
Yy1r Ygs ¥y and Y5 To do so, however, implies some decisions about
order.

Congider first the sub-cube 00-11- : two of the entries
(001110, 000111) are O, there being no alternatives, so the two remain-
ing entries (000110, 001111) must be the same. Making them so implies
no decision about order.

Next, consider the sub-cube 00-10- . Here all entries may
be O or all mey be Xl. Making all the entries O implies no decision
concerning the order in which the relays 5 and 6 change in passing
between states (3) (001110) and (4) (001101), and (000111) and
(®) (000100) respectively. (The rings have been used to emphasise
that these numbers refer to states of the count, not to relays). The
choice of O does imply, however, that when relays 1 and 4 change in
going between states (4) (001101) and (101001), and (8) (000100)
and (0) (100000) respectively, relay 4 chenges first. It further
implies that in the sub-cubes 00-00~ , 10-10- and 10-00- the entries
xi, 12 and 1, respectively, must be chosen. In the first two of these
sub-cubes the remaining entries are entirely optional, and in the last,
although the elternatives for the two remaining entries (101000, 100001)
are correlated with other entries (110000, 111001) these entries are
not further restricted and no decision about order is implied.

If, however, (in the sub-cube 00-10- ) X, is chosen, this
implies, first, that in passing between states (3) and () , and
and @ » respectively, relay € changes before relay 5. This further
implies that xl cannot be chosen at 000110 and 001111, but as this
alternative has already been rejected, this is not an additional
restriction. The choice of xl at 000100 and 001101 implies that in
passing between states @ and @, and and @ s respectively,
relay 1 changes before relay 4, and it restricts the altermatives in
sub-cube 00-00- to Zl and 0, and in sub-cube 10-10- to Ié and 1. In
sub-cube 10-00- the only possible choice is Xé and since this must
therefore be the entry in 101000 and 100001 relay 3 must change before
relay 2 in passing between states (0) (100000) and (3) (111000) and
(®) (101001) and (B) (110001) respectively. Now consider the sub-cube 11-00- :
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the entries in 110000 and 111001 may not be Ié, but since the entries
in 111000 and 110001 may not be x,é either, no further restriction is
implied. If however, in the sub-cube 11-00- Ii is chosen at 111000
and 110001 so that relay 1 changes before relay 5, then I]'_ must also
be chosen at 110000 and 111001 so thatrelay 3 must change before

relay 2.

The conclusion is, therefore, that if Il is to be independent
of ¥a and A either relay 4 must change before relay 1 or, if relay 1
changes before relay 4 then relay 5 must change befare relay 2 and
‘relay 6 before relay 5, and also, if relay 1 changes before relay 5,
relay 3 must change before relay 2.

Next, the excitation map for Yz is constructed in the same way.
It may be noted that, since the sequence of valuss of Y2, beginning at
state @ is thebaame as the sequence of values of Yl beginning at
state @ » the entries on the Y, map for states ((n +1)(mod 10) will
be the same as those on the ¥, map for states (). The map is shown
in fig. 4.2, (e).

Like Yl, Yz may be made independent of Vs and Vg and the
various alternatives may be examined in the same way.

Consider first the sub-cube 10-00- . Although each entry may
be O all 4 entries may not be O simultaneocusly. The only possible
choice is X.l, and this implies that relay 2 changes before relay 3.
Similarly X, is the only possible choice for the sub-cube 11-00- . In
the sub-cube 00-10- the only possible choice is O. This does not
imply any decision about the order in which relays5 and 6 change, and
does not affect any other choice. In the sub-cube 00-11- there are
two alternatives, O and X2. If O is chosen relay 4 changes before
relay 2 and the entries in the sub-ocubes 00-0l- , 01-00- and 01-11-
must be Xé, 1 and Xl respectively. If xz is chosen relay 2 changes
before relay 4, relay 6 changes before relay 5 and the entries in 00-Ol- S
01-00- and 01-11- must be 12 or 0, X.i and X]'_ or 1 respectively.

The conclusion follows that if ¥, is to be independent of Vs
and Vs relay 2 must change before relay 3 end, in addition, if relay 2
changes before relay 4, relay 6 must change before relay 5.

Without drawing up the map, it may be scen that 1’5 cannot be
independent of s for if it were each Vs and x:; contact could be replaced
by a network of contacts on the remaining relays and relay 5 would
become superfluous. (A delay would be eliminated but this would not
affect the operation of the circuit). The conditions for Y, and Y

5
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to be independent of Vs and Vg may be found from those for Yl and
T, respectively, by symmetry. 26 cannot be independent of Vs Just
as Ig cannot be independent of Vg
4.2.2 Formal determination of limits of choice.
In order to state these results concisely and facilitate sub-
sequent manipulation the following symbolism will be introduced:
(FbQ) is a binary variable. (PbQ) = 1 means that relay P
changes before relay Q. Then clearly (QbP) = (FbQ)"
(Tpr ¥y ...y_b) is a binary variable. (Yr,yl.. ..yt) = 1 means
that Y,, may be independent of all the variables VpeoeoTye Using this
notation the foregoing results become:

(1,,759) = {(av1) + (sp2)(605)) {(sB1) + (502))
= (4b1)(5bl) + (4b1)(3b2) + (3b2)(6b5)(5b1) + (3b2)(6b5)
= (4bl)(5b1l) + (4b1)(3b2) + (3b2)(6Db5)

(Y,,757¢) = (2v3) {(4v2) + (6b5)} 4.2.2.1

The corresponding results for 24_ and Is may be obtained by
gymmetry. They are:
(Y, ¥57g)

(1b4)(2b4) + (1b4)(6b5) + (3b2)(6bS5)

(508) {(1b5) + (3b2)) 4.2.2.2

The negative results obtained for YS and YS may be wrxitten:

(Y5:7575) = O (Y;,7575) = 0O 4.2.2.8

We next ask whether two or more of the variables Yl’ Yz, I4
and 1’5 may be simultaneously independent of Vs and Vg Theycannot all
be independent of Vs and Vg for if they were, this group of four
relays would form an independent counter. In that case one relay from
this group would have to change state when an input is applied and one
would have to change state when an input was released. But the counter
h as been designed so that only one relay changes state in either of

these circumstances, so that relays 3 and 6 could never change state

a nd would be redundant. It follows that all four variables Yl’ Y2 s
Y4 and '1'5 cannot be independent of Vs and ¥, so the next question must

be which pairs of them may be simultaneously independent of Vs and Vg
and on what conditions. These may be derived by formal manipulation

of the results previously obtained, for exsmple, the condition that

e and Yz shall simultaneously be independent of Vg and Vs is derived
as follows:

(¥y,57575)(¥,,757,) = (4b1)(5b1)(2b3) {(4b2) + 6b5) 4.2.2.4
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Similarly

(Yliysys)(g,yz,ya) (3b2)(6b5) 4.9.9.5

and

{(4b1)(5b1) + (4b1)(3b2) + (5b2)(5b5)}
x (506) {(1b5) + (3b2}}

(¥1,¥5Y5) (Y5, Ya7g)

= (4bl1)(5b6)(3b2) 4.2.2.6
From (Yl,ysysj(%,ysya) by symmetry may be obtained
(Yo,¥x7s) (Y4, yavg) =  (1b4)(2b3)(5b5) 4.2.2.7
Next
(Yo, ¥5¥g) (Y5, Vag) = (2b3)(4b2)(5b6)(1b5) 4.2.2.8

Finally, from (Yl.yayG)(Yz,yays) may be obtained by symmetry -
(¥,,¥5Ys)(Ys:¥a¥g) = (1b4)(2b4)(56) {(1v5) + (3p2)} 4.2.2.9

Next, bearing in mind that
{01,7576) (V07576 ) {(Ygr7a75) (Yo7} = (4y.7595)(Yp,¥a7s) (Y, 7575), ete.

the conditions that three of the variables Yl' Yz, ‘f4 and Y5 shall be
independent of Vs and Vg may be determined. There are four possibili-
ties (corresponding to the omission of each of the four variables) and
only two of these need be examined, the results for the remaining two

following from symmetry. It is easily seen that

]

(Yl,y:jya)(Yz.ysye)(Y4,y5y6) 0 4. 2.2.30

and

0 4,2.2.11

i

(Yy,YaVg ) (Yo, Y3V ) (Y5, VaVg)

from which it follows that no more than two of the four variables may be
simultaneously independent of s and Vg

The six alternative pairs of variables occus in symmetrical
pairs, except for Y1Y4 and Y2Y5, which are themselves symmetrical, so
that there are only four alternatives to consider. Of these four alterna-
tives, the combination of Yl and Y4 places fewest restrictions on the
orders in whichrelays change, even when allowance is made for the fact
that this is a symmetrical choice, so that, whether relay 1 changes
before relay 4 or not, the resulting networks will be of equal complexity.
However, before conciuding that this is the best choice, the maps for
Y5 and Y, will be examined. The map for Yl,’ is shown in fag. 4.2, (1).

The map for 1'6 may be obtained by symmetry. It will be found
that suatable choices of order can reduce the numbers of variables on

which Y, and Y, depend.
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To make YS independent of s it is necessary that for every
combination of the variables b INEA I the entries for y; = 0 and
y1 = 1 may be made the same by suitable choices from the alternatives.
In many cases one or both of these entries are entirely optional, but
there are some cases where the choice between alternative entries
implies a decision about order. For exemple, in 000000 and 100000 the
entries may both be 0, if relay 2 changes before relay 3, or Xl, ir
relay 3 changes before relay 2 and relay 1 before relay 4. Also, if
relay 3 changes before relay 2, the entry in 011000 must be the same
as that in 111000, namely X!, end relay 1 must change before relay 5.
Thus the only condition that ¥y should be independent of ¥y is that
either relay 2 changes before relay 3, or relay 1 changes before
relay 4 and relay 1 before relay 5. In the same way the conditione
that Y5 should be independent of the other variables may be obtained.
They are

(Ys,yl) = (2b3) + (1b4)(1b5)

(Y5,y,) = (2b3) + (4bl)

(¥s,y5) = (2b3) + (5bl) 4.2.2.12
)‘.‘5 camnot be made independent of Vs for then it would be a

slave relay, and any contact on it could be replaced by a network of
contacts on the remsining relays. Neither can Y5 be independent of

Vg for if we so far mlaxed the restriction that the complete squence
of states shall consist of two identical subsequences (arbitrarily
imposed) to allow relay 3 to change befare relay 2 in going between ©
and (1) , and relay 2 to change before relay 3 in going between (® ana
(6) , so making the entries in 110000 and 110001 both 0, the entries
in 111000 and 111001 would be Xé and X]'_ respectively.

The next step is to determine those combinations of variables
of which Ys may be independent, and on what conditions. Clearly, if
¥, is to be independent of both y, end y, (for example) the conditions
that Y5 shall be independent of ¥y and Yy separately, must hoth be
satisfied. However, though these conditions are necessary, they are
not sufficient. Suppose that one sub-cube from the map is as shown in
fig. 4.2, (g) end that the alternatives for P and Q do not permit them

¥i 0 1
g & cgop
1 Q ¢

Fig. 4.2, (g)
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to be made the same. Then the function may be independent of y, or
Yo but not of both simultaneously. This requires that for all values
of yz» Ty s and Ve the entries for Vg = 00, 01, 11, 10 may be
made identical.

Examination of the map shows that for the sub-cube --0000
the only possible choice is X,, and that this requires that (1be) =1
and (3b2) = 1. Similarly for the sub-cube --1000 X} is the only
possible choice. This requires that (1b5) = 1 and (3b2) = 1. Examina-
tion of the remaining sub-cubes shows that these lead to no additional
requirements, so that

(Y57175) = (104)(105) (302)
In this particular case therefore,

(Y5 7195) = (Y5,5,)(Y5,5,)
even though this is not generally true.

To determine whether Yy may be independent of y, and y, simul-
taneously, the sub-cube -00-00 may be first examined. Here the only
possible entry is O, and this requires that (2b3) = 1. The entry in
101000 must then be Xg, which makes it impossible for the four entries
in the sub-cube -01-00 to be the same. Hence Y5 cannot be independent
of ¥y and Ty

Since (Ys,yl)(Ys,ys) = (2b3), it is a necessary though not
sufficient condition for (Is,ylys) = 1 that (2b3) = 1. This leads to
xz in 101000, and since it is not possible to have X2 in 001010,
(Yg,5,95) = O.

Since (Yyyzxzs’yq.) = (3b2)(4bl), it is a necessary condition
for (Y5,y2y4) = 1 that (3b2)(4bl) = 1. In this case examination of the
map shows that it is also sufficient.

Similarly, it is a necessary condition for (Yb’y2y5) = 1 that
(3b2)(5b1) = 1, and again examination of the map shows that this is
also sufficient.

Pinally, (Ysggq)(zs,ys) = (2b3) + (4b1)(5bl) and examination of
the map shows that (2b3) = 1 and (4b1)(5b1) = 1 are each, separately,
sufficient conditions for (Ys,y4y5) = 1.
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Summarizing these results
(Ys,yyyg) = (104)(1b5)(3b2)

(Y5’y1y4) = 0

(Y575 = ©

(Tg¥59,) = (3b2)(4p1)

(L5,7975) = (3b2)(5b1)

(Yn7,55) = (203) + (4b1)(5b1) 4.2.2.13

Next we enquire whether Y5 may be independent of three
variables simultaneously. If it may, and the three variables are IprTp
and ¥y, (Ys’yAyBYC) is not identically zero, and neither are (YS’yAyB)
(IS,yByG) and (Ys,yAyc). It implies further that these three functions
may have the value 1 simultaneously, so that (YS’yAyB)(YS’yByc) (Ys,ykyc)
is not identically zero. Examination of the results summarized
immediately above shows that the only function of this type which is

not identically zero is

go that, if Y, may be independent of three variables these must be Vg
Ty and Y5 For this to be so it is a necessary condition that
(3b2)(4b1)(5b1) = 1, and examination of the map shows that it is also
sufficient.
Thus

(Ys,y2y4y5) = (5b2)(4-'b1)(5‘01) 4.2.2.15
while all the other similar functions involving Y.';’a are zero. By
symmetry the corresponding result for YS is

(Yg5¥,¥975) = (6b5)(1be)(2b4e) 4.2.2.16
from which it follows that ‘15 and Y, cannot be simultaneously indepen-
dent of three variables.

It follows then, that only one of the functions 15 and YB may
be independent of three varisbles, and in view of the symmetry there is
no loss of generality in supposing Y5 to be so independent. Comparison
of equation 4.2.2.15 with equations 4.2.2.4-9 shows that at the same
+ime b 2 and either ‘1'4 or 1'5 may be independent of Vs and Jgs but that
this is not true of any other pasir of functions. The conditions are

(Y, 557455) (Y7, 7576) (Y4,¥y3yg) = (3b2)(4p1)(5b1)(6b5) 4.2.2.17
and

(Y, 707 15) (Y1577, ) (Y5, 757,) = (4b1)(5b6)(5b2)(5b1) 4.2.2.18
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in either case the choice of the value of (2b4) is still open.

Referring again to equations 4.2.2.13 and adding the right-
hand sides, the condition that Y& shall be independent of some two
variables is

(3b2) + (4bl)(5b1) = 1,
and by symmetry the condition that IG shall be independent of some two
variables is

(6b5) + (1b4)(2b4) = 1
This is consistent with 4.2.2.17 but not with 4.2.2.8. The value of
(2b4) is still open.

It appears then, that it is possible to make Ys independent
of three variables and Y6 independent of two variables and at the same
time to make Yl and Y4 both independent of Vg and Vg This determines
the arders in which the relays of a pair change at each step of the
count, except in the case of relays 2 and 4, in which the choice is still
open. These decisions are implied by equation 4.2.2.17. It is proposed
therefore to complete the design, noting in each case the alternative
excitation functions and networks.

4.2.3 Excitation networks: alternatives.

The map for Y, is obtained from the complete map (fig. 4.2, (d))
by replacing each sub-cube corresponding to particular values of

Y1Y9Y4Ys 2nd the four possible values of Y3¥g» Py & single entry, taking
into account the decisions about order implied in equation 4.2.2.17.

This leads to the map of fig. 4.2, (h).

¥, 7q 00 o1 11 10
495

00 Xi X.é z 1
01 % 0 JI1 .

< 0 \ll/x3 :

5L

10 0 . . x2
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Two possible excitation functions are

Y o= VPPNt VP t NP5 TNt TV I5%
and

I, = YPdshy * N¥Ps%e * Vst V5N Y YK
The value of (4b2) makes no difference to these functions.

In developing the tree the first transfer contact should provide
a contact in each path. For the first function the choice is between
contacts on Yl and 1’5, while there is no alternative to Yl for the
sefond function. The continued application of the same principle
leads to the three alternative networks shown in Figs. 4.2, (j -1%).
These are of equal complexity.

Y2
entries for y,yg = 00 and 11 are the same, and so are the entries for
Y5 = Ol and 10. The network may therefore begin with the comple-
mentary functions yéyé *VaV s yayé - yéys and then continue with
two further subnetworks with contacts on the other four relays whose
maps are obtained from fig. 4.2, (e) and given in fig. 4.2, (m).

is not independent of Iy and Vgs but in every case the

Yy¥g 00 01 11 10 00 01 11 10
Y495 X, X
i ° i X s ' 5 : 51
A %
0l . . -EI)-/Xé X]'- / 5 3 —-]-- .
X, A
2 2 . : : Xo/0 J?:I. i : y
10 0 14 2 -ixg'- % . . .
B8 * e Y6 + Vo4
Fig. 4.2, (m)

The excitation functions are
Yy = g + yg¥dvXy + (g + yyd) (pviviys + (i, + vy33) + 3y3,)
if (2b4) = 1, and
Yo = G+ v¥elvy + Oy + ve) Liyiyiyy « vy + Xy, + Xy}
if (4b2) = 1

From these excitation functions the networks shown in fig. 4.2, (n)

and (p) respectively, result. Both these networks require 6 transfer
contacts, one make and one break contact. In either network the levels
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of the contects on Yg and Ys may be interchanged.

It has been shown that 1’5 may be made independent of YoV,
and yg with the order choices made. The map for 1’5 then becomes as

shom in fig. 4.2, (q).
y¥s 00 @ 11 10
Is
(0] 0 5 { Xé xl
1 0 i1 Ii xB

Fig. 4.2, (q)

and the excitation funection

- 1
Iz = Y15 + V\Ya¥e%) + Y VeXp * Y1Va¥eks + YiaVeX)
which gives the network shown in fig. 4.2, (r), which requires four
transfer contacts and one make contact. Two other similar networks are
possible, the first developed with the contacts on Y. and Y.S in the

1

reverse order, the second with the contacts on 1’5 and YB in the reverse

order.

The networks for 1’4_ will next be obtained. In order to make

use of the symmetry between Y, and Yl it is necessary to go back to the

map for Y, fig. 4.2, (d) since the subsequent choicesof order are not
symmetrical. We require a network for 3{4 for the choices of order
implied in (3b2)(4b1)(5b1)(6b5) = 1. This may be derived by symmetry
from a network for ¥ 1 for the choices of order implied in
(6b5)(1b4)(2b4)(5b2) = L. From the map of fig. 4.2, (d) the variables

Yy and Y, may then be eliminated, giving the map of fig. 4.2, (s).

¥Yq 00 01 11 10
Y495

o P
o1 %- 12[0 ?‘-/xl
11 0 —):)l . .
10 X . . .22:.

Fig. 4.2, (s)
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For (1b5) = 1 the excitation function, with alternatives, is
Yy = YK, + T2K, + I KL + YKL
B ylgaysjﬁ ViyJaXe * 171 * Ve
4

and for (5bl) = 1
1) = yeysXy + g + vy + vpvs + v, (05055
By symmetry, for (4b2) =1
y 1
Yo = It Xy + VISR + TG * TN
and for (2b4) =1
Yy = Yse + Ypys + VI + s + Y (5)%

Possible contact networks for (4b2) = 1 are shown in
figs.4.2, (t) and (u) and for (2b4) = 1 in figs 4.2, (v) and (w).

The derivation of the excitation functions snd networks for
1'5 combines features of the derivation of those for Y2 and Y4. First
functions for ¥, when (6b5)(1b4)(2b4)(3b2) = 1 are derived. The map
for ¥, with these choices made is obteined from fig. 4.2, (e), as

-— Tyt 1

ghown in fig. 4.2, (x). Writing Yo = (yiys + Ya¥g) o, * (yays ® T4
the maps for YaA and YaB are as shown in fig. 4.2, (y).
o 0 G
and for (5bl) = 1

Yon = TR + vy + 1¥p)X] + vyy,
while for (1b5) = 1 :

Yop = ViYs%g + (V¥ + Ty gye)X] + vy}
where the factor yi in the coefficient of Xa or the factor yé in the
coefficient of Xi may be omitted.

These results may be combined to give the complete expressions
for Yo, and the expressions for 1’5 may then be derived by symmetry.
They are for (2b4) =1

- Tyt
Ty = (rgyg + Ya¥e)ygX) + (yiyg + ygvd) x
L] L] L L]
{rovirsxy + yys + 795)%; + v,35)
and for (4b2) = 1
Y5 = (gvg + ygelygky + (ripe + ygvg) x
Tyt
Farwsy » Ggvs + v 30X + v}
where the factor y‘i_ in the coefficient of Il or the factor yé in the
coefficient of Xé may be omitted.

If (2b4) = 1 a contact network is shown in fig. 4.2, (z).
The levels of Vs contacts on YS and 1’6 may be interchanged as mey also
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those on Y4 and 15. The total number of contacts remains unchanged
at 6 transfers and 2 make contacts.

If (4b2) = 1 two possible contact networks are those shown
in figs. 4.2, (2a) and (ab). Again the levels of the contacts on Y.'S
and Y, may be interchanged as may also those on Yz and Y5' The total
number of contacts is unaltered at 6 transfers and 2 make contacts.

It has been shown that, with the choices of order already
made, Ye may be made independent of two, and not more than two,
variables. The conditions that 1’6 shall be independent of two variables
may be obtained by symmetry from those for Y5 (equations 4.2.2.13).
They are:

(Ygs¥1¥5) = (506) + (1b4)(2b4)
(Y673134J =0

(T5,7,75) = (6b5)(1pa)
(Yg,597,) = O

(Yg,¥9y5) = (605)(2b4)
(Ys,y4y5) = (4bl)(4b2)(6b5)

Of these conditions only the last two may be satisfied if
(3b2)(4bl)(5bl)(6b5) = 1, which expresses the choices of order already
made. The choice of the first requires that, in addition, (2b4) =
and of the second, that (4b2) =

The excitation functions and networks for Ys for these two
cases may be obtained from the symmetrical functions for ¥5 with the
symmetrical conditions that
(6b5)(104) (2b4)(3b2) = 1 eand either (5bl1) = 1 or (1b5) =
If (5b1l) = 1 the variables ¥y and y, may be eliminated from the ¥, map,
(fig. 4.2, (f)) and it becohes as shown in fig. 4.2, (ac).

1}

V¥ 00 01 11 10
Ta9g x1
o0 - 1 ) X
]
oL 0 fil- & X,
1
11 0 3 = 3
10 0 1 - %2_

Pig. 4.2, (ac)
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The simplest funetion whieh may be obsained frog this map
("simplest" meening "having the smallest number of literals") is:-
Yy = V5] + vy) + L339, + Xy5yes + Xy Tavivet Xy yade
That this is the simplest function may be shown by an exhaustive
consideration of the alternatives. The details of this will not be
given because there is no certainty that the simplest function in
this sense will lead to the simplest network, meaning that with the
smallestnunber of contacts, because there is no one-to-one corres-
pondence between literals and contacts. Recalling that this is not
the required function for Tq but the function which is symmetrical
with the required function for Y., the latter becomes
Yo = v5(oy + 1) + Xy Yy, + Xy Vive + Xyay,ds + Xy
A network derived from this function is shown in fig. 4.2, (ad).

The functions and networks for Yﬁ when it 1s made indepen-
dent of y4andy5are derived in the same way. Themapforl'am
(1bS) = L is as shown in fig. 4.2, (ae), the function being indepen-
dent of ¥ and Vg

¥y (0] 5 4
47576
L]
000 X.I. X2
L]
001 X2 }Ll
011 0
010 » : 3
110 Y 1.
XE
333 0 T
101 &0 1
o L
100 0 ;?—
Fig. 4.2, (ae)

A resulting function is

Y5 = ¥5(vy + ¥5) + Xjyyiyave + X ygyyivs + AP a5Ve * XV ivsve

Although the factor yé may be omitted from the term in X it
is better to retain it since then the first term contains a factor
Yy + Y5 and all the others a complementary factor y"}yé.
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The required function for Yfi ig therefore

T = Vg(yy + yg) + Xpyiygyaye + Xy ygvavy + Xyiyyve * 19195955

The fact that the first term conteins the factor (yl + y2)
andell the others its complement yiyé suggests the realisation shown
in fig. 4.2, (af). The levels of the contacts on Y, and Y, may be
interchanged.

4.3 Qutout, and carry and borrow networks. Completion of design.

4.3.1 Output network.

The information required for the design of the output network
is contained in the map of fig. 4.2, (a), on which the sequence of
states is shown, and equation 4.2.2.17, which implies the choices
made about order. One choice, the value of (4b2) remains to be made.
It will be assumed that it is intended that a new output shall appear
as soon as possible after the input which causes it. Accordingly
there have been entered on a mep for the six secondary varisbles
(fig. 4.2, (ag)), first, the number of the output for those states
stable in the asbsence of an input and, second, the number of the output
for those states wia which they are approached for the two directions
of counting. The second step cannot be taken where a choice of order
has not been made. 1In all the other cases there are three states
having a given output. For these three states four of the variables
are the same, while the other two take on three of the four possible
values. It will simplify the networks if they may also take on the
fourth value. The map has been plotted thus far in fig. 4.3, (a) and
it may be seen that in every case the state required for the fourth
value is not used, and the desired output value has been entered in it.

There are two steps at which relays 2 and 4 change, those at
which the output changes between(2)and(3), and(7)and(E). Teking the
first as an example, if I4_ changes before 1’2, 2 is entered in 001010
and 3 in 011110. 2 may now be entered in 101010 and 3 in 011100. If
I, changes before ¥,, 2 is entered in 011110 and 3 in 001010. 2 may
now be entered in 111110 and 3 may be entered in 001000.. This may be
done notwithstanding the fart that 1 has already been entered in 001000
without affecting the behaviour of the counter since this state is not
used. It will however make the output network non-disjunctive and more
difficult to design. This was confirmed by some tentative attempts
which were made. Accordingly it was decided that Iq_ should change
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before Y,, and the map completed accordingly (rig. 4.5, (b).
VYoY% 000 001 011 010 110 111 101 100

MENEN
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Fig. 4.3, (a)
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Fig. 4.5, (b)

In many cases it was possible to include the 4-member sub-
cubes in a larger sub-cube. In only one case was a choice available;
the sub-cube --0010 could be combined with O, 2 or 7. It was decided
to combine it with O, a particularly simple and symmetrical network
resulting. This is shown in fig. 4.3, (c).

4.3.2 Carry and borrow networks.

Referring again to fig. 4.2, (a), a carry input to the second
decade must appear when the first decade has been indicating '9' and a
forward input is applied changing the indication to '0', that is when
the first decade is in the state 000000. This carry input to the
second decade must disappear when the counter input is released, for if
it did not, and a reverse input was applied next, the input to the
second decade (corresponding to X, and xz) would change directly from
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10 to 01, and the counter has not been designed to respond to such
changes. (It could be that although the counter has not been designed
to do so it might respond correctly to such an input change. This
would seem unlikely, but is worth investigating). Hence of the states
used by the counter the carry output must appear only for V1YoV e 455 =
000000. It may also appear for 001000 or 000001, these being adjacent
wnused states, so that the forward input to the second decade corras-
ponding to Xl may be yiyéyéyéyé‘ ar yiy'?yéyiyé. The complementary
function corresponding to Xl' is also required, T ¥ g 5t OF
yl-ryzysy s In the same way the borrow outputs corresponding to 12
and Xj may be yyYayaYaVe 204 YIWHT i+ Iy OF Y Y4yyy,yh and
yi+y8+y5+yi+y5 respectively. These several functions may be realised
by the networks of fig. 4.3, (d) either or both of which Jg may be
substituted for y,.

4.3.3 Completion of the design.

The total numbers of contacts required on each of the six
relays may now be determined. It will be remembered that in designing
the output network it was found advantageous to allow Y4_ to change
before Yo, end the corresponding secondary emcitation networks have been
used. The numbers of contacts required on each of the relays are shown
in fig. 4.3, (e). The nunbers given are for the circuits as drawn,
without subsequent manipulation or combining of make and break contacts
to form transfer contacts. The make and break contacts on Y. which

4
form part of the excitation networks for Y2 and Ys may be combined
to form a single transfer contact. The numbers of moving springs on
the various relays then varies between 8 and 10. While such heavily

loaded relays are commercially available their use is not common.
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5 COUNTERS USING Y-FLIP-FIOFS
5.1 Introduction.

The previous counter was complex in design and the contact
loads were somewhat heavy though not impossibly so. In the follow-
ing sections will be presented a method of design in counters of
any scale which is straightforward, and requires a larger number of
relays with contact loads of a more acceptable size.

This design uses a number of T-flip-flops, that is, bistable
circuits which change state when the single input terminal is grounded
and released. RBach input switch consists of a single make contact
connected to the input terminals of the v¥-flip-flops via a tree network,
so that when an input switch is operated the input terminal of ocne (or
sometimes two) of the T-flip-flops is grounded, and it changes state.
Of the pair of relays which form a flip-flop, one changes state when
the input switch is operated and the other when it is released. The
output network is made up of contacts on the former and the secondary-
excitation networks of contacts on the latter.

5.2 Design of the ¥-flip-flop.

The flow-table is constructed in the standard way and shown
in fig. 5.2, (a). @ and @ are the two states stable in the
absence of an input. X is the input variable.

X

1
2
®
4

Fig. 5.2, (a)
The transition diagram is given in fig. 5.2, (b), and using two relays

there are only two distinet secondary assignments, because of the

symme try between states @ and @ , and and @ These assign-
ments and the excitation matrices to which they give rise are shown
in fig. 5.2, (e).

H@® e ® o

w H 0 g
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X 0 1 Y1¥g 0 1 Y95
00 01 00 01 11 01
11 01 01 10 11 ¥ i §
11 10 11 10 00 10
00 10 10 01 00 00
Assignment I Assignment .IX
Pig. 5.2, (e)

The excitation functions obtained dirsetly from these matrices are

Yl = X'yz + Iyl

I, = X'y, + Xy;
for assignment I, and

Ty waEdy e T

o et s (R
for assignment II. Contact networks having these transmissions
cennot be realised with a single make contact on the input switch
(an X contact) only. However, the excitation function may be realised
by using combined series and shunt control. Fig. 5.2, (d) shows a
relay Y controlled by series and shunt networks A and B respectively.
The excitation is given by Y = AB'. To obtain Il and Y2 in this
form one first writes down the expression in product of sums form and
then complements the factor containing X'. Thus, for assignment I

) = X+3)(X' +7y,)
= (X + yz) (X\Vi)
end
I = (X5 JX' +5!)

(X + y5) (X7,)"

the two functions differing only in the complementetion of ¥y The
network for ¥, is shown in fig. 5.2, (e). The network for ¥, is
similar, the ¥y eontact being replaced by a yi contact. The networks
for the two relays may be combined as in fig. 5.2, (£). No sneak
paths are introduced, the path between the live sides of the relay
coils containing complementary contacts. The two X contacts may now
be combined provided the lower one is first isolated to avoid a sneak
path. The resulting network is shown in fig. 5.2, (g). Assignment II
does not lead to a circuit containing only one X contact. The circuit

of fig. 5.3, (g) is given by Prost'®
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5.3 Scale-of-four counter on two flip-flops.

Before proceeding with the design of a scale-of-10 cownter
a scale- of-4 counter will first be designed This is a less complex
problem and throws some useful light on the best way to choose a
sequence of states. Fowur states wall réquire two bistable relay-pairs
and the problem is to design the network which will replace the X
contacts in the Tflip-flops. This will consist of make contacts on
each of the input switches, designated Xl and Xz, with a tree network
connected to each through which the input terminal of the bistable
flip-flop which is required to change state will be grounded when
the input switch is operated. The two trees will be combined to an
extent to be determined.
The flow-table (not to be confused with the flow table for
a single bistable flip-flop) is shown in fig. 5.3, (a). The two
flip-flops are designated Bl and Bz and the colums headed 'blb2
represent their successive states, the sequence being that in which
one flip-flop changes at a time. The colums headed Bl indicate
- the states for which the input terminal of f£lip-flop Bl is required
to be grounded; B, (forward counting) indicates that it is to be
grounded via X, and Blf (reverse counting) that it is to be grounded
via xz Thus if the counter is in the state 1::11;12 = 01 and the forward
comting input switch xl is operated, flip-flop Bl is required to
change state, so its input terminal must be grounded via xl; the
entry in colum Blf’ row b1b2 = 01 is therefore 1. The other entries

in the colum Blf and also in the colums Blr’ Baf’ B2r are gimilarly

determined.
P19 B Pl Bep By
Q0 0 ). i & 0
forward l 01 1 0 0 ir [ I reverse
11 0 1 ;3 0
10 1 0 0 1
Fig. 5.3, (a)
The resulting functions are
= ' -
B]_f‘ b1b2 + blbé = Bzr
— L "% |
BZf = b1b2 + blb2 = Blr

These may be realised by the networks of fig. 5.3, (b) which
may then be combined to form the network of fig. 5.3, (c). There is
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no path through the network between X.l and Xz since the flip-flop
which must change for forward counting is never the same as that
which must change for reverse counting. There is an alternative
similar network with the contacts on Bl and 132 in the opposite order.
It will be noted that the two networks for B]. and ]32 may
be combined apart from the transfer contacts on Bl connected to X
end X,- This is clearly an economical feature, and one to be retained,
if possible, in the scale-of-ten counter. Referring to fig. 5.3, (c)
it will be seen that P is grounded if th'l + 12b1 = 1 while Q is
grounded if xlbl + Izbi = 1. Both these functions are unchanged if
Xy and X2 are interchanged and 'bl is complemented. This implies
that if for a certain state in the count a given flip-flop changes
state when X, is grounded, the same flip-flop must change state for
the state in the count for which bl has the complementary value when
Xy is grounded. Thus the sequence must be chosen in such a way that
if bl is complemented it remains the same sequence, but the directions
of counting are interchanged.

5.4 Scale-of-ten counter on four flip-flops.

It is easy to find sequences satisfiying the condition derived
in the previous section. This may be done semi-intuitively using the
Karnaugh mep. There are only two fundamentally different sequences.
These aré shown in fig. 5.4, (a).

blb?a‘ o 01 El 310 6 01 -11' 10
bgb,
00
11
10
I 11
Fig. 5.4, (a)

The ‘same conclusion may be arrived at by examining the sequences of
section 2. Those required are the ones which are unaltered by revers-
ing the direction of counting. These are C and K, corresponding to
IT and I respectively after pernutation of the variables. In each

case the state 0000 has been included in the sequence since this is
the state into which the counter will go when first switched on. It
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should be noted however, that if the state of a flip-flop is indicated
by a transfer contact on one of its relays the outward indication (as
distinet from the internal operation) is completely symmetrical, the
two fixed springs being alternately connected to the moving pring as
the input contact is grounded (or released).

The procedure for obtaining the excitation functions is the
same as for the scale-of-four counter, but since four variables are
involved, maps have been prepared rather than tables. These are for
sequence I and are shom in fig. 5.4, (b).

Forward Reverse
(Clockwise (Anticlockwise
on map) on map)
b 11;2 00,01 11 310 0= 01 11 10
baby
00 [ N i 0 ERLR ¢ SRl VSRR PR
B e e e g, sk e
11 G (TR VIR S 7
10 N IR PR AN T
00 1 IR el ey | 0 1 G 1
R B U 8. . %
13 2 4z B o AR T dd R LSR5
10 gy =1 L ASAE, SR A W AR
00 o SEa » T o DL < 0. S 0 s B
By 0., Oufe e id T e
i UL T B O 0L =l
10 o STl R R R
00 @ -0 B .k s LT 2 SR I
By 01 Liie P el M TR
7 | g “aF G 0 e, R
10 Ry e el i U g
Pig. 5.4, (b)

It has already been decided that the network will contain
two transfer contacts on Bl’ one connected to X.l the other to Xz
and joined as in fig. 5.3, (c). The rest of the network may be
congidered in two parts, one joined to P, the other to Q. Each
of these networks may be considered to be derived from a complete
decoding tree for 3 variables having 7 transfer-contacts by a
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process of simplification. It may be noted that

(2) the elimination of an output for an unused state
eliminates a make or break contact, but no moving springs, unless
it differs from a wanted output only in the variable which is last
in that part of the tree, in which case a transfer contact may be
eliminated.

(b) The only function which contains two 'l's in the part
of the network connected to xlbi . X2b1 is Bz. These two 'l's
differ in every variable so they cannot be combined so as to elimi-
nate any contacts.

(¢) The tree network must have five outputs before the two
on By are Jjoined. Since each transfer contact joins two outputs or
common terminals of transfer contacts, it cannot contain less than
four transfer contacts, If a network can be found containing four
transfer contacts, it is minimal.

() The tree mey be exhaustive (in Iawler's sense(ls)), but
need not be. Considering now the separate functions, if the 1 in
By connected to )(_lbi - Xzbl is to be combined with a 'l' in an
adjacent unused state, the last transfer contacts in the network
mast be on }35 or B,. The corresponding results for all the functions

4
are tabulated below.

Function Transfers last in tree
Bl By OT 134
B, (000) B,
B, (111) By or B,
By %4
B4 B2
It is evident that the transfers on 35 or B 4 ought to be

last in the tree. The two alternatives lead to the networks of
figs. 5.4, (¢) and (d).

In each case the levels of contacts on 32 and on 35 and
By respectively may be interchanged, leaving the total number of
contacts unaltered. All four altsrnative networks contain four

transfer contacts, so they are all minimal.
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The corresponding results for the other half of the network
connected to lel + xz'bi are

Function Transfers last in tree
By I!n5 or B4

By (100) B, or B,

B, (011) B,

IB,3 Bz

34 35

The situation is very similar to that for the first half
of the network. The alternatives for the second half of the network
are shown in figs. 5.4, (e) and (f). Agein the levels of the contacts
on By and on Bd— and 135 respectively may be interchanged, leaving the
total number of contacts unaltered, end all four alternative networks
contain four transfer contacts, so they are all minimal.

One of the networks of figs. 5.4, (¢) and (d) must now be
combined with one of the networks of figs. 5.4, (e) and (f), two
transfer contacts on Bl’ and the make input contacts X1 and X,a to
form the complete secondary excitation network. If the network of
fig. 5.4, (d) and the network of fig. 5.4, (e) are chosen and in
each case the contacts on 32 are transferred to the intermediate
level, the network of fig. 5.4, (g) is the result.

It will be noted that between outputs Bl and B2 there are
two transfer contacts on 132, and it is necessary to ask whether they
may be combined. This is the same as joining nodes B and C, but
these nodes are always joined either via two bé contacts or via two
by contacts, so that it is permissible to replece the two transfer
contacts by a single one. The same is not true of nodes A and D.
These are joined only for b2 - 15b4 = 1 as the network stands. To
Jjoin them introduces a I:o‘.f,’b4 path between xl and X2 which includes
two states in the sequence of ten, and so is not permissible. When
the permissible modifications haye been made the result is the network
of fig. 5.4, (h).

5.4.1 Carry and borrow networks.

The next problem to be considered is the provision of carry

and horrow outputs when two or more decades are cascaded. If we
insist thet changes in the second decade must take place at the same
time as those in the first (without so much delay as the operating
or release time of a relay) the closure of the input contact must
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ground the input terminal of two flip-flops, one in the first and
one in the second decade, simu]taneously. In that case, when the

two decedes are viewed as a whole the condition that only one flip-
flop shall change state at a time has been relaxed. If this may

be done with cascaded decades there would appear to be no reason

why it should not be done in the design of a single decade or counter
of other scale. This is importent, since it would permit the design
of counters with odd scales. If only one flip-flop may change at a
time, since every flip-flop must change state an even number of times
in order to return to the initial state, only even scales would be
possible.

If two flip-flops change state simultaneously, their input
terminals must be connected together befare they are grounded via the
input contact. We inquire therefore, whether two flip-flops whose
input terminals are connscted together interfere with each other's
operation in any way. Two such flip-flops are shown in fig. 5.4, (j).
The action of the top flip-flop will be affected by the bottom one
only if the latter adds a sneak path in parallel with X. Examination
shows that it adds no short circuit path in parallel with X, but it
does add a path containing resistance - yiyz in series with the coil
of ¥, and NEN D in series with the coil of Yz, altogether a path of
transmission y, with some resistance.

This sneek path can only affect the operation of the circuit
when it is closed and X is open. This situation arises when
¥1¥g = Ol and X has just been released. In thet case either Va¥, = 01
Or yay, = 10. If Ya¥, = O1 P rises to a potential determined by the
gseries and coil resistances and Yl and 1’3 are energised and operated.
When Yl is operated P is disconnected from the Junction of Rl and Y
and connected to the junction of Rz and Yz, but its potential is
affected by onoy a small amount depending on resistance tolerances.
‘the same applies to Yb' Since the potential of P 1s unaffected neither
flip-flop interteres with the operation of the other.

it y.y, = 10, when X 18 released 1‘.’1 is operated. ‘The path
throughﬂb, Ya y;and.x 1s broken but current may continue to flow
through Y:) through the sneak path previously pointed out, that is,
via y‘i_, then tirst through yj'_ and Y_L at'terwards via - and Yz’ the
path being completed by Yo The current through Y5 will be reduced,
though not to zero. The ratio in which the current is reduced depends
on the ratio of the coil and series resistances. If these are equal

1
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2
2

1 %=
Whe ther Yﬁ will be releassed depends Zn the perticular characteristics
of the relays used. In a test circuit using BFO type 3000 relays it
was found that it was not released. To insure the release of 3[5 the
current ratio meyte reduced by decreasing the series resistence but
this will increase the dissipation inthe series resistance when a
relay is prevented from being energized because its shunt network is
a sghort circuit. It seemsunlikely that in many cases the increased
dissipation will be an acceptable price to pay for the removal of
delay in the operation of the higher decades, but the necessary "ocarry"
and "borrow" networks will be determined for the case in which it is
acceptable and for the case in which it is not.

5.4.1.1 Carry and borrow networks for simultaneous operation of all

it will be reduced in the ratio x % = 2 (see rig. 5.4, (¥)).

decades.

Referring to the map showing the sequence (fig. 5.4, (a),(I)
if b1b2b5b4 = 0000 is the 'O' state and forward counting proceeds
clockwise round the map blh2b5b4 = 0001 is the '9' state. The
"carry" output terminal of the first decade, that is, the forward
input terminal of the second decade is required to be grounded when
By flip-flop input terminal is grounded to change the first decade
from the '9'- to the 'O'-state. However, 134 input terminal is also
grounded when 134 flip-flop changes state a second time when counting
in the forward direction (when the first decade changes from the '3'-
to the '4'-state) and also on two occasions when counting in the
reverse direction, and in none of these three occasions is the forward
input terminal of the second decade required to be grounded. Of the
four states in which the input terminal of B4 flip-flop is grounded
the state in which the forward input terminal of the second decade
is required to be grounded is distinguished by having bl =0,
by = 1. THence the "forward" input to the second decade may be obtained
by connecting a bib4_ path to the input terminal of the Bd- flip-flop
in the first decade. In a similar way the "reverse" input to the
second decade may be obtained by connecting a b!b! path to the input

14

terminal of the 134 flip-flop in the first decade. The h]" contact may
be made common to both nstworks, so that the contacts to be added

are as shown in fig. 5.4, (£). It is to be noted that the b, and by
contacts must remain closed, respectively, wntil the input contact

is released. IHence they must be on that relay forming part of the B4
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flip-flop which changes state second, that is, the one correspond-
ing to Y, in the circuit of fig. 5.2, (g). On the other hand, since
the changes of state of Bl flip-flop are remote from those during
which inputs to the second decade are required, the contact labelled
b]" may be on either of the relays forming part of the Bl flip-flop.
5.4.1.2 Carry and borrow networks for reduced dissipation, but with
propagation delay.

The alternative to grounding the input terminals of the
second decade via the input terminals of the first, with the increased
dissipation necessary to ensure that flip-flops in one decade do not
interfere with flip-flops in another is to ground them via contacts
on the relays of the first decade only, without maeking use of the
input contacts to the first decade. It is now necessary to distin-
guish the two relays which make up each of the flip-flops B, - By
calling these 1’1 - YB respectively, and letting the even-numbered
relays be those which change state when the input terminal is
grounded, corresponding to T, in fig. 5.2, (g). The forward input
terminal of the second decade must be grounded when 34 is changing
state and Io¥g = 10. However, YoVg = 10 when counting in the
reverse direction and going from '4' to '3'. In the former case
blhzbs = 000 and in the latter b1b2b5 = 100. The former case is
distinguished by having bl = 0, so that the path required is
biy,?yé. Similarly the reverse input terminal of the second decade
must be grounded via a biy,;ye path. The b]‘_ contact may be made
common to both paths giving either of the networks shown in
fig. 5.4, (n). As before, the bj contact may be on either of the
relays forming the flip-flop Bl'

The choice between the two networks of fig. 5.4, (n) and
the allocation of the b contact o either I, or Y2 depend on the
availability of contacts on the various relays. This in tum depends
on the design of the output networks which for the earliest response
must be placed on the even-numbered relays, which change state when
an input is grounded, in contrast to the secondary excitation network,
which must be built of contscts on the odd numbered relays.
5.4.1.5 Output networks: Completion of the design.

The output network will be a tree and if one thinks of this
as being built up from the root, the first transfer contact enables
one to distinguish between two outputs and each sdditional transfer

contact enables one to distinguish an additional output. Hence the
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number of contacts necessary is one less than the number of outputs.
It appears that this number is also sufficient. If this is so the
number of transfer contacts will be nine. Of these one relay can
have only one, and theremaining eight may be distributed over the
remaining three relays in an"™almost uniform" manner::m) so that
there will be three transfer contacts on each of two of the three
relays and two on the one remaining.

We may now list the numbers of transfer-contacts on the
various relays in the various component networks, (fig. 5.4, (q)).
It will be our aim to build the counter on standard relsys with
four transfer contacts. The flip-flops contain a transfer contact
on eachrelay. The secondary excitation network isshown in
fig. 5.4, (h), from which are taken the figwes in the third row
of the table. Separate make and breck contacts are not available
on Y, 80 carry and borrow networks of fig. 5.4, (m) must be used,
requiring a single transfer contact on Y,? and two contacts on IS'
The break contact on Bl may be on Il since no other contects are
required on this relay. These figures are entered in the fourth
row in the table. We now have available for the output network
one transfer contact on IB and three each on Iz, I4 and ‘.f6. This
is sufficient with two to spare, provided a satisfactory distri-
bution may be achieved.

The single transfer contact must be on Iy (B4_) as only one
transfer contact is available on this relay. For all the states for
which ¥, = O the value of Y, (BS) is immaterial so this part of the
tree is completed by three transfer contacts, one on Y2 and two on
Y, or vice versa. For the other part of the tree, for which Y_ = 1

8
we may begin with three contacts (altogether) on Y. and Y, but

transfer contacts on Ys must be added to the yeyéyz and y:yayl paths.
The completed tree isshown in fig. 5.4, (p). This completes the
design, for the counter with propagation delay and reduced dissgipa-
tion. The counter without propagation delay differs only in the
carry network. Since this requires fewer contacts than the counter
with propagation delay, the rest of the circuit may be the same.

The numbers of transfer contacts required in the output network have
been entered in the fifth row of fig. 5.4, (q), and the totals on
each relay in the final row.
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Contacts on

Relay Yl Y2 Y5 24 Y5 Yﬁ Y,? YB

Flip-flops T i I 1 1 ¥ 1 i 1

Secondary

excitation 2 3 2 2

Carry and

borrow 1 T 2

Output 3 3 2 1

Total 4 4 4 4 3 3 4 4
Pig. 5.4, (q).

5.5 Lounters of other scales, inoluding odd scales.

It was pointed out in section 5.4.1 that if more than one
flip-flop mey change state at the same time the restriction to even
. scales is removed. It was later concluded that two flip-flops may
change state simultaneously in the same direction although diffi-
culties arise if they are required to change state simultaneously
in opposite directions. It is sufficient to remove the restriction
to even scales if two flip-flops may change state simul taneously in
the same direction. However, there are restrictions on the sequence

of changes.

5.5.1 Reversible scale-of-three cownter on two flip-flops, and
scale-of-seven on three, not possible.

Suppose it is proposed to build a scale-of-three counter on
two flip-flops Bl and Bz. At one step in the count both flip-flops
must change state simultaneously from the 'O'-state to the '1'-gtate,
and vice versa in the opposite direction. The complete sequence isg
shown in fig. 5.5,(a). An apparently different sequence is obtained
by using BB, = Ol as the third state but this is merely an inter-
changing of B, and Ba.
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ILet the forward direction of counting be clockwise on the
map. Suppose the counter is in the state Ble = 00. A reverse
input would send the counter to the 11 state so that before the
reverse input terminal is grounded the reverse input terminals of
both flip-flops must be connected together by the reverse secondary
excitation network. Buf if =o the grounding of the forward input
terminal, which ought to ground the input terminal of Bl only, would
also ground the input terminal of Bz, and the counter would go to
the state 11. Thus a flip-flop which must change state when leaving
a state of the counter in the forward direction must not chenge state
when leaving the same state in the reverse direction and vice versa.
This makes it impossible to build a scale-of-three counter on two
flip-flops.

This same rule makes it impossible to build a scale-of-seven
counter on three flip-flops. Such a counter if it could be built,
could be thought of as derived from a scale-of-eight counter with
two steps coalesced into one. But in the scale-of-eight counter
one flip-flop must change state four times and since it cannot change
state on successive steps it must change state on alternate steps.

If then two steps are combined, this flip-flop must change state
when leaving one state in either direction, which, as has been shown,
18 not permissible.

5.5.2 Scale-otr'-tave counter on three flip-fiops. Choice of sequence.

it 18 possablie to construct a scale-of-five counter on three
flip-fiops. Numbering these 123, suppose 2 and 3 change state simul-
taneously at one step. At the adjacent steps flip-flop 1 must change
state. At the two remaining steps 2 and 3 must change state. The
order does not metter since 2 and 3 have not been distinguished, and
in any case the alternative order is followed in the reverse direc-
tion. For this réason the secondary excitation networks for the
reverse and forward directions may be obteined from each other by
interchanging 2 and 3. It is a2 matter for choice whether Bl is in the
'0'- or the 'l'-state when By and 35 changs simultaneously between
the '0'- and the '1'-state. This makesmo difference to the secondary
excitation networks (except for the complementation of bl) but it
does affect the position of the '0'-state in the sequence, this being
taken as the staté into which the counter goes when switched on. This
turn affects the design of the carry and borrow networks where theme
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are reguired, since the step at which two relays change state is in
a different relation to the step at which carry and borrow outputs
are required to appear. The two possibilities are shown in fig. 5.5, (b).

B.B (0,0 o1 i 10

3, ) b [ 00 o1
B, O \ r j /

1

Fig. 5.5, (b)

In I the step at which the carry and borrow outputs are to
appear may be the step at which two flip-flops change s tate simul-
taneously, if the forward direction of counting is clockwise on the
map, or adjacent to it, if the forward direction is anti-clockwise.

In IT the step at which two flip-flops change state simultaneously
is remote from that at which the carry and borrow outputs are
required to appear, and this is the one chosen for further
development. The forward direction has been taken as clockwise.
5.5.2.1 Secondary gxcitation network.

The construction of the secondary excitation maps is straight-
forward, the procedure being the same as for the scale-of-ten cownter.
They are given in fig. 5.5, (c).

Bl B2 B5
b1b2 00 01 11 10 00 01.11 10 00 01 .11 10
Forward b'3 0 1 . . 0 Q . 1 A . 1
I 8. 5 1 f 0 1 (0} : i 0 8 g
Reverse b5 0 O f5 A2 . 1 ¢ i > 0 1 . R
i1 QU] T D i R 5. Q= SNy
Fig. 5.5, (e)

In deriving secondary excitation networks froin these maps it
may first be noted that the functions are not disjunctive. This is a
necessary consequence of the fact that at one step in the count two
flip-flops are required to change state simultaneously and therefore
their input terminals must be grounded simultaneously. It follows
that Scheinmenn's first method of designing the networks camnot be
used except in its modified form.(17) s requires that, when two
{or more) output terminals are required to be grounded simultsneously,
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one (any one) of them shallbe grounded directly via the tree and the
other ( or others) shall be connected to it by en additional network
( or networks) added to the tree.

In this particular problem 32 and BS outputs must be con-~
nected when b1b2b5 = 100 and xl is grounded. They may be connected
when bybobg = 100 and 12 is grounded, since neither 132 nor BS is
required to be grounded in this condition. For a similar reason
By and '.85 outputs must be connected when b.b_b, = 111. They may

also be connected when b1b2b5 = 110 and 10% zigce these states never
occur, and so for all the states for which bl =1l A bl contact
between 332 and Bs outputs is therefore required.

The next step is to design the trees. It may be noted from
the forward secondary excitation maps, that of the four two-entry
sub-cubes not containing ‘n:5 or bé as a factor, only one, bl'b2 = 00,
contains different entries for the two values of bs. Hence, if, in
the development of the tree b, is made the last variable (varisble
furthest from the root), only one transfer contact on B, will be
required. A similar conclusion may be drawn with respect to the
number of transfer contacts on Bg. Of the four two-entry sub-cubes
~not containing b; or by as a factor, two contain different entries

for the two valuss of %1 so that, if bl is made the last variable
in the tree, two transfer contacts on Bl will be required. Now
every state forming part of the sequence must contain an entry '1!
on at least one of the forward secondary excitation maps(for other-
wise the counter could never leave that state in the forward direc-
tion) and hence every two-entry sub-cube contains an entry '1' on
at least one of the maps, except that sub-cube which contgins two
states not forming part of the sequence, namely blbzbﬁ = -00.
Hence, if 'bl is made the last variable in the develorment of the
tree the bébé path through the higher levels of the tree will not
be required and either a bé or a bé contact may be omitted. The
number of contacts required in the tree will be two transfer-con-
tacts on ‘31, one transfer-contsct on Bz or B‘ and a transfer-con-
tact and a makes-contact on Bs or Bz, respectively, four transfer-
contacts and a make-contact in all. On the other hand, if b2 or b5
is made the last varisble in the tree, three transfer-contacts are
needed in the two higher levels, four transfer-contacts in all.
Exactly the same conclusion may be arrived at with refer-
ence to the reverse secondary excitation network. This may be done
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either by repetition of the foregoidg argument or from symmsiry.
The sequence in which the flip-flops change state when counting in
the forwerd direction is 3, 1, 23, 1, 2. If this sequence is reversed
end 2 and 3 are interchanged there is no nett change. It must not
be concluded, however, that the reverse excitation network may be
obtained from the forward merely by interchanging bz and b.‘:':' The
state in the reverse sequence which corresponds to b1b2b5 = 100 in
the forward sequence is b1b2b5 = 111. Henoce b2 and 1.‘::5 must not
only be interchanged but complemented. That reversing the forward
sequence, interchanging bz and b, and complementing them yields
the original forward sequence is easily verified. The details are
given in fig. 5.5, (d).

Forward

sequence
000 011 011 000
100 111 111 100
111 = g 100 e — e 100 i 111
011 Reverse 000 Interchange (00 Complement Q11
001 001 'b2 and b:5 010 1B, and b:5 001

Fig. 5.5, (d)

The reverse secondary excitation network is therefore to
be obtained from the forward by interchanging and complementing
b2 and b.‘.’)’ as well as substituting x2 for Xl B2 and B:‘ﬁ also
require to be interchanged.

The forward and reverse secondary excitation networks may
now be drawn, as show in fig. 5.5, (e) with the intention of examin-
ing whether they may in any degree be combined. This will be most
evident if the order of the contacts in the tree is the same for
both. This is possible and convenient since it has already been
concluded that networks of equal and minimum complexity will be
obtained in each case if 'b2 or bS occupies the highest level in
the trees. The choice, still open, of connecting the Hblbébé and
xzblbzbs paths to either 132 or 135 is indicated, but the b]. contact
between 32 and 35 has not been shown. bs has been placed at the
highegt level. If by is placed at the highest level the variables
are permuted and complemented, but the problem is otherwise umaltered.

Examination of theses networks did not reveal any instances
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Fig. 5.5,(h)
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in which a contact could be made common to both, but it did suggest
an alternative approach which, it subsequently appeared, led to a
more economical combined network. In both networks Bl output is
connected to a 'n2 contact which, in the forward network, forms part
of a bibz path and in the reverse network forms part of a blbz path.
Also, in the forward network Bl is connected to H, via a bibé'bé
path, and in the reverse network Bl is connected to Xz via a b b}

12
path which reference to the maps shows could be a b blb! path.

These paths differ only in the complementation of bi. 3 ;hia suggested
the poseibility of a combined network like that for the scale-of-ten
comter, (fig. 5.4, (h)) in which only the two transfer-contacts on
By may be identified with the forward and reverse modes of operation.
By complementing bl, however, the scale-of-five sequence is altered,
and not merely reversed, as the scale-of-ten sequence was. It can,
however, be regarded as derived from a scale-of-gix counter by taking
two steps at once. This scale-of-gix counter is obtained from the
scale-of-five counter by adding the state b1b2b5 = 101 (not 110) and
may be reversed by complementing 'b1 so that it may use a combined
secondary excitation network similar to that for the scale-of-ten
comnter. Then the addition of a bl contact between the input
terminals of flip-flops B, and B, (the need for which in a scale-of-
five counter has already been established) will ensure that whenever
b, = 1, flip-flops ZB2 and 1':!3 will change state simultaneously.

The sequence for the scale-of-six counter is shown in
fig. 5.5, (f), and the forward secondary emcitation maps in fig. 5.5, (g).
As the reverse sequence is obtained from the forward by camplementing
b,, the reverse secondary excitation networks are obtained similarly.
The derivation of the complete secondary excitation network is straight-
forward; it is shown in fig. 5.5, (h) and includes the b, contact
between the input terminals of flip-flops ]32 and B, necessary to

3
eliminate the extra state and produce a scale-of-five counter.

b.b, 00 01 11 10
b, 0
1 I-—o_o_I
Fig. 5.5, (£)

Bib, 00 01 11 ‘10 00 01 11 10 00 01 11 10
o O R AN S R
1450 @ 4 e 0 1 0 1 14000
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5.5.2.2 Output networks.

The design of the output networks is also straightforward.
Since 5 outputs will be required, four transfer-contacts will be
necessary (see 5.4.1.3). Examination of the map showing the mquence
of states (fig. 5.5, (b)) shows that if contacts on B, or B, are made
last in the tree (furthest from the root) only one transfer-contact
will be necessary at this level whereas if contects on Bl are made
last, two will be required. Choosing either of the first two alterna-
tives, contacts on the first two levels must form a complete tree,
and either may be made the first level. There are thus four alterna-
tive trees each requiring four transfer-contacts. These are shown
in fig. 5.5, (3).
5.5.2.3 Carry and borrow networks.

These are designed as for the scale-of-ten counter: there
are no new principles involved. If deiays in the appearance of the
carry and borrow are accepted in order to avoid increased dissipa-
tion in the series resistors a cambined network is shown in
fig. 5.5, (k), where the six relays forming the three flip-flops
By = ]3:5 have been designated Yl - IG' The complete circuit of the
counter is given in fig. 5.5, (£).

5.6 General applicaticn of the method.

5.6.1 Choice of sequences.

The method used to design counters with scales of ten and
five may be used to design counters of any scale, with one possible
exception, and it is proposed now to offer some comments on the choice
of s2quences.

The exception referred to is the scale-of-three counter. It
was shown that it is impossible to build a scale-of-three counter on
two flip-flops and the argument may be simply extended to show that it
is not possible to build a scale-of-three counter with one secondary
state for each state of the count on any number of flip~-flops. For
since the scale is odd, at some step two flip-flops must change state.
In order that the cownter may return to its initial state these two
flip-flops must each change state a second time, and siace each step
is adjacent to both other steps, this would have to take place at an
adjacent step which, as has been shown, in not permissible. The only
way to build a scale-of-three counter of this type is to build a scale-
of-gix and pair the secondary stetes
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5.6.1.1 Sequences derived from reflected binary codes.

For five digits (flip-flops) or less (scales up to 32),
suitable unit distance codes having thesymmetry necessary to enable
the forward and reverse networks to be combined mey be found easily
using the Karnaugh map. For longer sequences the reflected binary
codes form a convenient starting point, and these may be used for
short seguences as well as long. They are formed as follows. Given a re-
flected binary sequence of order n the sequence of order n+l is formed by
repeating the sequence of order n, but in the reverse (reflected)
order. The first half of the new sequence (that is the original
gequence) is now prefixed by '0O's and second (reflected) half by
'l's. The sequence of order 1 is O0,1. The reflected binary
sequsnces of orders 1 - 4 are shown in fig. 5.6, (a).

00 000 0000

1 01 001 0001
11 011 0011

10 010 0010

110 0110

111 0111

101 0101

100 0100

1100

1101

1111

1110

1010

1011

1001

1000

Digits 1 21 321 4521
(1) (2) (3) (4)

Reflected binary sequences of orders 1 - 4
Pig. 5.6, (a)

It is easily seen that the wnit distance property is pre-
szrved if two adjacent states having the same right hand digit are
omitted, for in three steps the right hand digit changes twice and
some other digit once so that the newly-adjacent states differ only



- 143 -

in this other digit. In this wey the length of the sequence may be
reduced by any multiple of two, so that a sequence of any even
length may be obtained. It should be noted however that in order
to preserve the symmetry of the sequence, states nust be removed
symmetrically, for example, to obtain a sequence of length 14 = 16 - 2,
the states omitted from the sequence of fig. 5.8, (a),(4) must be
either 0000, 1000 or 0100, 1100, while to obtain a sequence of
length 12, 4 states such as 0110, 0111, 1111, 1110 must be removed.
It may be noted that by includingthe state 1111 in those removed
the maximum power required is reduced:

5.6.1.2 Modified procedure.

To produce a sequence of odd length it is necessary to omit
from an even sequence one state. This cannot always be done. For
example, if it is desired to form a sequence of length 2" - 1 this
cannot be done by omitting a state from a reflected binary sequence
of length 9™ because in such a sequence the right-hand digit changes
at every alternate step, and if a state was omitted this digit would
change at two successive steps. However, by the omission of 2 state
from a sequence of length 2° obtained in a modified way, a sequence
of length 2" - 1.may be obtained. This will be illustrated by deriv-
ing a sequence of length 15.

Starting from the reflected binary sequence of length 8
(fig. 5.6, (a)(3)) we note that the process of reflection and pre-
fixing en extra digit may e carried out whichever state is taken
as the starting point. For example, if we start with the state 001,
the sequence of length 16 derived is shown in fig. 5.6, (b),
colum (1). In colum (2) are given the numbers of those flip-flops
which change at each step, and in colum (3) are marked those states
which may be omitted so that two flip-flops change state simul taneously.
If the state 0011 is omitted, the digits which change in the sequsnce
1001, 0001, 0010, 0110, are 4, (12), 3 which is permissible, but when
the digits 1 and 2 change state simulteneously, they change in
opposite directions, giving rise to the difficulties to which

*A method of generating sequences starting from a reflected binary
sequence has been described by Sander. \59) He shows how to return
to the starting point from any state in a reflected binary sequence
by the shortest route and without using any state a second time.
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attention was drawn in section 5.4.1. However, if the state Ol00 is
omitted, digits change in the sequence 2, (13), 4, and when digits 1
and 3 change simultaneously, they do so in the same direction, so
that the omission of this state yields an acceptable sequence.

0001
0011
0010

0110
0lll

0101
0100
0000
1000
1100
1101
1111
1110
1010
1011
1001

(0o01)

(1) (2) (3)

h O - G H D G N 2N

Pig. 5.8, (b)

The fact that the foregoing procedure would lead to an
acceptable sequence was not evident when it was begun, so next it
will be shown how to direct the procedure so as to produce an accep-
table sequence with certainty.

000
001
011
010
110
111
101
100

(000) (o)

(1) (2) (3)

HN N H N PO

Fig. 5.6, (c)

G NG N M

Lo}
)
p
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Our starting point is again the reflected binary segquence
of length 8 which is reproduced in fig. 5.6, (¢) colum ().
Colum (2) gives the number of flip-flops whose relays are operated
at each step. Using this colum we then pick out those states in
which the number of operated flip-flops in the preceding and follow-
ing states is different; these are marked with a cross in colum (3).
These are the states which, when prefixed by an additional digit,
may be omitted from the sequence of length 16. In colum (4) are
given the numbers of the flip-flops which change state at each step,
the numbering, as previously, being from right to left. Suppose
now we wish to omit from the sequence of length 16 the state 0001.
Then state 0000 will be followed by state 0011 which cannot then
be followed by 0010, since flip-flop 1 will change state on succes-
sive steps. The sequence must therefore be broken at this point
and 010 made the starting point before reflection. This has been
done in fig. 5.6, (d), colum (1).

010 0010
110 0110
111 0111
101 0101
100 0100
000 0000 o
001 0001 3
011 0011 2
1011 4
1001
1000
1100
1101
1111
1110
1010

(1) (2) (3)
Fig. 5.6, (a)

In colum (2) this sequence has been prefixed by '0's and
reversed and prefixed by 'l's. This sequence of length 16 may then
be shortened to 15 steps by the omission of the state 0001, as was
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intended. The digits which change in the three successive steps
0100 - 0000 - 0011 - 1011 are 3, (12), 4, as indicated in colum (3).
This is permissible.

The procedure described in the preceding section may be
used to obtain a sequence of length 2" from which one state may be
omitted to give g sequence of length 2% - 1 when ny 4. It has
already been shown that a sequence of length 3 cannot be obtained
by the omission of a state from a sequence of length 4; this is the
case n = 2. The process also fails when n = 3, so that a sequence
of length 7 cannot be obtained by this method. This may be proved
as follows.

The starting point would be a two-digit sequence of length 4.
In such a sequence the two digits change alternately. If two steps
are combined the two digits change simultaneously, and one or other
of these digits changes at the two adjacent steps. The procesg
described in the previous ssetion enables us to change the digit
which changes at one of these adjacent steps, but not both. Alterna-
tively, we may reason as follows. In a three-digit ssquence of
length 8 one of the digits must change four times, and since this
digit cannot change on adjacent steps it must change on alternate
steps. When two steps are combined this digit will change an
adjacent steps, which is not permissible. A counter of this type
with scale seven canmnot thersfore be built on three flip-flops.

It cen however be built on four flip-flops by omitting one state

other than 0000 or 1111, from the familiar"twisted ring" sequsnce

shown in fig. 5.6, (e) (I) or, preferably, by the omission of any

of the states 0001, 0011, 1011, 1001 from the sequence of fig. 5.6, (e)(II)
which possesses the necessary symmetry for the forward and reverse
secondary excitation networks to be combined.

0000 0000
0001 0001
0011 0011
0111 0111
1111 1111
1110 1011
1100 1001
1000 1000

(1) (11)

Fig. 5.6, (e)
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The processes described thus enable a suitable sequence of
any length except three to be found.
5.6.1.3 A possible difficulty, illustrated by the design of a
scale-of -fifteen counter.

In designing the tree networks via which the input terminals
of the flip-flops ars grounded, a question arises which has not yet
been considered. The scale-of-five counter was derived from a2 scale-
of-six counter by connecting the input terminals of the two flip-
flops which were required to chenge simultaneously, when they were
required to change simultaneously. The same procedure may be adop-
ted for the scale-of-fif'teen counter. The scale-of-sixteen counter
from which it is derived, has the sequence represented in fig. 5.6, (f).
The state to be omitted is 0001, so that the scale- of-fifteen counter
takes the path of the dotted line, 'b2 and bl changing simultaneously.
The input terminals of flip-flops 1 and 2 must therefore be connected
when they are rdquired to change simultaneously and not canected when
they are required to change independently. The partially completed
map for the transmission betwsen the two input ®rminals is shown in
fig. 5.8, (g).

b4b5 o0 -0l . 31. .28
b2b1 00 :
11
10
Fig. 5.6, (f)
b4b5 00 01 11 10
b2b1 00 2 0 0 &
01 o .0 0
11 1.0 & 0
10 " TRl
Pig. 5.6, (g)

1t would simplify the network if the two input terminals
could be connected in the states 0001. The state 0001 is never
entered except perhaps transiently when the input terminal of the
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Fig. S.6, Ch)
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comter is ungrounded if the two flip-flops change state with unequal
speed. The state 0010 is entered in the normal operation of the

countery, but the input terminals of flip-flops 1 and 2 will never
be grounded in this state since it is entered and left by the chang-
ing of state of flip-flops 3 and 4. Next it should be noted that in
this state flip-flops 1 and 2 are in opprosite conditions, and neces-
sarily so, since the adjacent states in which they are in the same
condition are those between which the counter moves directly. It

is necessary to ask whether the temporary comnection between the
input terminals will cause them to enter the same state. The problem
is related to that considered in section 5.4.1 but is distinet from
it. Referring to fig. 5.4, (j), suppose that Y,¥, correspond to
flip-flop B, operated in the state 0010, and Y.‘.';Y*L correspond to
flip-flop B,, released in this state. Current flows through the
coil Y, via the y‘l ¥y and Ty contacts and the coil Yz’ the paths
being shown in fig. 5.6, (h) which is drawn with the same configura-
tion as fig. 5.4, (k). The current through Y4 ig less than its
normal value. If the coll and series resistances are equal, it is
reduced in the ratio 7?- The question now is whether this reduced
current will cause 14 to operate and not, as in section 5.4, whether
it will allow it to release. This is a much less stringent require-
ment and it was not expected to cause difficulty. In the cownter
constructed it caused none, the transmission between the input

terminals of flip-flops 1 and 2 having been made bébi-

5.7 Excitation networks for various designs.

5.7.1 Scale-of -fifteen counter.

A1l the principles involved in the completion of the design
have now been explained, so no further comment is necessary.
From fig. 5.6, (f), (which shows the sequence of states on

a Karnaugh mep), the secondary excitation maps shown in rig. 5.7, (a)
are derived.



b,b, 00 01 11 10 00 01 11 10
B, 000 g ) 0 6 0 ©
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By By
[ S LIy G W 090 0.0
al 6 '0 .o 0 070 0
s IO £l I e o 0 © 1
107 @Y e 1 & 0 ©
By B
Fig. 5.7, (a)

It is evident from the maps that (in the notation of
Shannon( . ))

i

By +B, = 8),5 (bybyb,b,)

32 + 33 = so,z, . (b1b2b5i4)

80 that a network producing these two functicns could form the basis
of the secondary excitation network. The method of designing this
network has been described by Sha.nnon( 1 ), and the result is shown
in fig. 5.7, (b).

Now By = By 8, , 4 (bybybgb,)
== | ;
and B, = b) so, 2,4 (b1b2b5b4)

and the :
re are bl and b, contacts connected to the 30’2’ 4 (b1b2b3b4)

output. Hence these have only to be separated to obtein the réquired
funetions B, and B,.

2 5

Mlso By, = (by+1bj)S) 5 (bybybyd,)
e L]

and By = bgby ) 5 (b)bybsb,)

so that these functions may be obtained by adding to the 31,5 output
a network producing the two complementary functions b.S + bé and
bgb,. The resulting network is shown in fig. 5.7, (¢). This is the
forward network. The reverse network is the same, except that the

transfer on ]34 is reversed. Thersst of the network is common. This
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network produces a s cale-of-sixteen counter. To secure the amis-
gion of the state 0001 a bgb' path between the input terminals of
flip-flops Bl and B2 is required. The complete secondary excitation
network is showm in fig. 5.7, (d).

5.7.8 Counters of scale Zn, operating in reflected binary code.

The wnexpected econamy of the secondary excitation networks
for the scele-of-16 counter just designed (from which the design for
the scale-of-15 counter was obtained), prompted an investigation of
counters using reflected binary code. The sequence and derived
forward excitation meps and functions for a scale-of-8 counter are
given in fig. 5.7, (e).

BaBoPy
000 b, 00 01 11 10 00 01 11 10
001
il e A T gy o oo
s 1 1 1 T B 10
110 o By
111
101
7= b, & 155 g

L 00~ g

s

By = Sg,z (bybobs)

= b, S (blb2'b5)

2 153
- 1
By = b] 5 g (bybbs)
Pig. 5.7, (e)

The two symmetric functions are obtained by the methods
described by Shannon , mentioned previously. In the network
obtained, the 51’5 output terminal is connected to bl and bi contacts.
If these are separated, the functimms Bz and 135 are obtained. The
reverse network is obtained by complementing 'bs, apart from which
the forward and reverse networks are identical and may be combined.
The resulting complete secondary excitation network is shown in
£ie. 5.7, (2).

The sequence, maps, functions and network for a scale-of-16
counter on 4 f£lip-flops are shown in figs. 5.7, (g)(i - 1ii) and (h).
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The development is the same as for the scale-of-8 except for the
last step. The by and 'b2 contacts cannot be separated to produce
the B, and 134 functions, for this would interfere vith the genera-
tion of the other symmetric function. The BS and 1‘34 functions are
produced by adding a transfer on }32 to the network.

B4BsBoBy b,b, 00 01 1110 00 01 11 10
0000 U R e B SR S 0 0 o0 o
0001 TIPSR . el i T
0011 : ' g IR0 SRty R QR O
0010 30 .0 -3 Y0 1 0°10:06. ©
0110 B, B,
0111
0101
god | 0-'0.0 0 g (RS A |
Adg @ 9 0. 0.0 & 0010
S TE <8 0 40 0 © @ ©
45 TGS LR e O 0. 060
1110 5 5
1010 3 4
1011 (i1)

1001 B. =

0,2,4 (bybobsb, )

By = By 5 5 (bybgbyp,)

. ]
By = biby 8; 5 (bybybgb,)

L] ]
blbz 31’3 (blh2b5b4)

1000
(1)

’hbd
I

(iii)

Fig. 5.7, (g)

The pattern is now evident, and it is straightforward to
draw the secondary excitation network for a scale-of-o" counter,
whatever the value of n. That for a cownter of scale 2° = 32 is
shomn in fig. 5.7, (3).
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! bY by

Fig. 5.7, (k)
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6 FRACTICAL REALTSATION - HAZARDS

6.1 Experience with counters built.

It wos never the intention that this work should include
an investigation of the particular characteristics which the relays
of which the counters were built would require to have, but on the
other hand, it was intended that this work should be relevant to
the problem of building reversible relay cownters, an intention
which would not have been fulfilled if it should have proved impos-
sible to build reversible counters operating in the sequences and
with the contact networks determined. Accordingly, three gounters
were constructed after some preliminary tests had been carried out.
These have been referred to previously, briefly.

The preliminary tests were to determine the behaviowr of
two flip-flops connected in parsllel. It was suspected that one
might interfere with the other if they were required to change
state in opposite directions and this was found to be the case, the
explanstion being as given in section 5.4.1.

Next the scale-of-four counter on two flip-flops described
in section 5.3 was constructed, but without output networks. This
worked in the way in which it had been designed to work.

Then the scale-of-fifteen counter on four flip-flops, which
embodies all the principles discussed, was constructed, but again
without output networks, and this too was found to work as designed.

Finally a cownter using series control only was constructed.
The example chosen was the simplest, the scale-of-four counter on
four relays described in section 3.1. This did not work as designed.
When switched on the even numbered relays are energised; for example,
in fig. 3.1, (p), I, will be energised via the path yevaX. ¥
should operate and continue to be energised via the yzyi path.
However, the path containing yé is broken before the path containing
Vg is made, and the armature falls back. I, is agein energised via
the yiyiy;X] path, the armature begins to move towards the operated
position end oscillates irregularly. A test with a lightly loaded
relay in e similar situation (fig. 6.1, (a)), showed that it operated
and was held as expected. A further test on a heavily loaded relay
which failed to operate when a bresk-before-make transfer-contact
was used, showed that if a continuity-transfer-contect was used it
operated and was held as intended. A further test showed that in

2
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a circuit of the type shown in fig. 6.1, (b) where a' and a are
formed by a break-before-make transfer-contact, the operation of
rélay A did not cause relay B to be released, although the circuit
was temporarily broken. The counter was therefore rebuilt using
a continuity transfer-contact on each of the four relays, with the
common springs connected directly to the coils, and the circuit
was then found to operate as designed. In general therefore it
would seem that break-before-make transfer-contacts may be ussd,
except when they form part of the excitation network of the relay
to which theylelong, when continuity transfer-contacts are required.

It might be wondered, in view of this, why the scale-of-
four counter on two flip-flops described in section 5.3 worked as
designed when the excitation nctworks of the even-numbered relays
contain a continuity transfer-contact on themselves, respectively,
but it may be remembered that this counter was built without
outrut networks and that the relays inquestion were therefore very
lightly loaded, so that their armstures move fagt and the interval
between break and meke is very small.

6.2 Theoretical treatment of hazards.

The initial failure of one of the counters built to function
as intended was due to the failure of the relays to operate in the
ideal way which has been assumed, in that make-contacts (in this
case the make half of a transfer-contact) did not make at the same
instant as break-contacts on the same relay broke the circuit.

This failure of devices to operate in an ideal way is said to
create "hazards" and these have been studied and classified by
Hufﬁmlln(::mz) uRis: 1&1301‘(31)'

8.2.1 Static and Dynamic Hazards.

Huffman studied static and dynamic hazards which may be
detected by examining a contact network, or very simply, as he
showed, the Karnaugh maps, if these were used to design it. They
will be absent from a network designed on a tie-set basis, (that is,
from sn expression in SP form), if every change of a varisble which
is not intended to cause the transmission to change from 'l' takes
place within a tie-set, rather than involving stepping from one tie-
set to another. The hazards which caused the melfunction of the
gscale-of-four counter rsferred to in section 6l as first built were of
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Fig. 6.1, (a)

Fig. 6.l (b)
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this type. They were overcomeby the use of continuity transfer-contacts
in appropriate places. }hzfﬂuan(52) showed how to overcoms them by
using addiitional tie-sets (adding additional contacts) to the network,
but to modify our networks in this way would involve a complete
redesign and meke irrelevent the procedures we have used. Huffman
also describes a dynamic hazard, which occurs when a function whose
value is intended to change its value once, changes it three times
before reaching a steady value.

8.2.2 Essential Hazards.

A more involved type of hazard is the "essential hazard"
studied by Unger. (31) These occur in sequential circuits when three
successive changes of an input variable cause the circuit to arrive
in a state different from that arrived at as the consequence of a
single change in that input variable. They may be detected from the
flow diagram and are an essential feature of counter circuits. They
are due to the different delays between the change of an input
variable and its effect on differsnt secondary variables.

Noattempt will be made to repsat or even summarize the general
treatment which Unger gives. Instead, we will consider the counter
on four relays with series control only, with the circuit shown in
fig. 3.1, (n) and show how, if it had been designed differently,
essential hazards might have occurred, for it appears that having
designed the circuit to use only single-transfer input contacts,
essential hazards have been eliminated.

Suppose then, first, that Y1Y22524 = 0101 and x]xz = 00, and
that Xl now changes from 0 to 1. II is excited via the yiij path
and then via the y1y4Xé path. Iz which was excited via the yzyi path
is now excited via the y1y4_X1 path. Suppose however that the
X,y PREEL path to I, and the X,y,9] path to ¥, had been separate and
that the X, contact in the former was still open after the Yl had
operated. I, would have been released and not subsequently re-energised,
when this H contact finally closed. Howevar, 25 would then have been
energised and operated.

Suppose next that this hazard had not materialised, that b
had operated correctly and 'I2 had not been released. 1(1 now returns
the val ue 0. The path X;y,y,7, is broken and ¥, is released.
Suppose however that the paths le4y1y3 to Y2 and xlyéyé to ¥, msed

3
separate xl contacts, and that that in the path to 1‘5 was still closed
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af'ter Y.'z had been relessed, Ys would be energised via leéyé it
would operate and be held via the ysyéXé path. At the same time
the y5y4_ path to 14 would be broken and Y4_ would be released.

Now suppose that 11Y2I524 = 1010 and that Xl is operated.
pep which was energised via the yly“ix.i path is released. However,
if the Xy path to Yl and IL‘;_y.a_yiyg' path to Yg were separate,
and if the Ii contact in the path to Iz were still closed when Yl
was released I, would be energised via the X.iy&yiyé path, it would
operate, and then be held via the yzyi path to ground. The JL_'lyzys
path to Y, would eventually be broken and Ys would be released.
There is a further hazard when, supposing the counter to have
correctly entered the 0010 state when Xl was operated, ]Ll is sub-
sequently released, and a corresponding set of hazards when the X
input is used.

Even in a circuit with separate input contacts in the
various paths it is unlikely that the hazards described will prove
troublesome. Unger apuears to assume that essential hazards do not
occur in relay circuits at all, but Marcus gives examples. It is
worth noting that in Marcus' examplea(w)
always released (that is, never operated) and he recommends shunt
control as a remedy for the hazard. This would appear to be just

one method of delaying the release of the relay concerned. However,

2

the secondary relay is

in our circuit the use of single input contacts common to every path
seems to eliniinate the possibility of essential hazards, so that a
feature which was intended to simplify the carry and borrow circuits
in a counter with several units in cascade, and perhaps to speed up
the operation of the counter, has conferred an wmexpected benefit.
It may be that there is a general principle here which is capable

of wider application.
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7 SUGGRSTIONS FOR FURTHER WORK

Z.1 Practical value of the designs worked out.

In the preceding sections several types of reversible relay
counter have been described. Some of these are unlikely to be of
practical value because of the large contact loads required. Of the
rest,it seems' that the circuits using ¥-flip-flops, dssoribed in
section 5, will be of practical use because of the straightforward
method of design and the comparatively light contact loads. The
twisted-ring counters described in section 3 may be ofuse when the
inereased dissipation dus to combined series and shunt control is

congidered a disadvantage.

7.2 QOther designs worth investigation.

Exeluding the counter described in section 2, that is,
considering only those in which no relay changes utate on successive

steps, the counters considered may be regarded as selected from eight
categories distinguished by the following features:

(a) whether combined series and shunt control or series
control only is used,

(b) whether the pairs of relays which change state at the
different steps in the count are disjunct (as in sections 3 and 5),
or not, (as in section 4),

(¢) whether the sequences may bs reversed by complsmenting
one of the variables.

This classification suggests other types of counters which
might be considered, and of these we think the following are worth
investigating.

(a) Countsrs using series control oaly where the sequence
maybe reversed by complementing one of the variables, and the relay
pairs are disjunct. The scale-of-four counter of fig. 3.1, (n) is
the simplest member of this class. The next simplest would use the
sequence (¢) of section 3.2.1.1 which it was decided, perhaps mis-
takenly, not to investigate further.

(b) Counters using the sequence of ‘section 4 but with com-
bined series and shunt control.

(¢) Coumnters using a sequence similar to that of section 4
but in which the second half of the sequence is obtained by reversing
the first half, so that the sequence in which the relays change would be

14, 23, 15, 24, 56, 14, 56, 24, 15, 25.
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These might use combined series and shunt control or series control
only.

For all the counters designed or suggested so far it has
been assumed that two inputs are never present simultaneously. If
this restriction ig removed the design problem is radically altered.
The preparation of the flow-table and transition diagrem is sgraight-
forward, but there is no obvious solution to the problem of secondary
assignment. This requires a systematic approach, for which the methods
of Tracey s seem appropriate.

In the wider field of contact network design a topic which
seems worth investigating is the following. We have on occasion
used tree networks in which the number of levels was greater than
the number of variables. Most ocbviously this was so in the circuits
of figs. 5.7, (h) and (j). We think it likely that these circuits
are simpler than any which can be designed using one level per
variable. It seems worthwhile to examine whether this is so, and
in what circumstances, if at all, tree circuits with more lasvels
than variables are more economical.

Iess obviously, the secondary excitation network of
fig. 5.5, (h) may be regarded as a tree with more levels than vari-
ables, and this network, unlike those in figs. 5.7, (h) and (j) is
not disjunctive. It might be possible to devise a methodofdesigning
non-digjunctive multiple output networks using trees with inereased
nunbers of levels. This could probably be regarded as an extension
of Scheinmenn's first method of designing non-disjunctive multiple-
output networks. (17)

In the still wider field of sequential circuit design there
seems to be a notable similarity between the initial steps of Unger's
procedure(al) for determining the two-menber compatibles and the
initial steps of the Hartmanis and Stearn's procedure’(27:28) pop
determining the partition pairs. It might well be worth investigat-
ing whether this is significant and whether the reduction of the flow-
table and the determination of a good secondary assignment might be
combined to form s single process.
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