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ABSTRACT

The concepts of binocular correspond-

ence, and the horopter - the locus of self-

corresponding points - have been reviewed, from

the earliest records to the present day.

Since current workers in this field

have restricted their investigations to two

dimensions, their interpretation of their findings

have been limited in at least three important

respects:

1) ‘The horopter is found to be a

plane curve.

2) The deviation of the horopter,

(the so-called Hering-Hillebrand deviation) can

only be interpreted by assuming that the correspond~

ing points of the two retinas are unsymmetrically

disposed, an assertion that is not consistent

with the recent findings of the neuro-physiologists.

3) There has been no satisfactory

explanation for the experimentally determined

result that this deviation changes systematically

with the distance of fixation.

Using the criterion of the identity

of visual directions and the techniques of

linear algebra, it has been possible to extend

the investigation of the horopter to the third

dimension, whereupon the three anomalies

referred to above have been resolved.

xi



The horopter is not the plane curve

that previous workers have indicated, but isa

twisted cubic curve in space. This curve has

been called the space horxoptenr, its explicit

parametric representation has been found and its

properties explored in a variety of circumstances.

The chords of the space horopter are

found to be self-corresponding lines, called

nondus-Lines, and it is argued that it is these

lines that the experimental workers have unknowingly

been determining. The nonius-lines generate a

family of quadric surfaces that has been named the

neotilinear honopter, and its various properties

have been explored.

On this basis, the horopter deviation

is seen, not to imply a relative asymmetry of

the two retinas. but is found to be an explicit

function of the fixation distance and the angles

of torsion (i.e. of cyclo-rotation) of the two

eyes.

For this reason a kinematic analysis

of the rotations of the eye have been included,

so that the angles of torsion can be expressed in

terms of known parameters.

xii



Engraving from Franciscus Aguilonius, 0pticorum

Lébré Sex, Antwerp, 1613, showing an idealized

experiment to determine the horopter.



INTRODUCTION

The horopter can be defined as the

locus in space of those points that, for a

given fixation point, will stimulate corresponding

retinal points. That is to say, those points

in space that will maximise the cortical response

of those neurons sensitive to zero disparity.'

Current understanding of the horopter

derives principally from a series of papers

initiated by the Dartmouth Institute in 1932.

These experiments were reported by AMES, GLIDDEN

and OGLE? 3, and their theoretical justification

given in a paper by OGLE’.

This last mathematical analysis,

despite some development by Linksz*®, is still

virtually without any change, considered the

theoretical justification for work being carried

out today. The experimental technique currently

being used® 7 *, although refined in detail is

still essentially the same as that described by

Ames et af., in 1932.

This technique reveals the horopter

to be a curve lying in the plane of fixation,

which, in all the work reported, is the horizontal

plane.

A naive prediction of the form of this

curve, dating back to Vieth (1818)* and Maller

(1826)*°, is that of the circle in the fixation



L R

Riga 2 The Vieth-Miller Circle

This is the circle passing through

the fixation point F, and the nodal

points of the two eyes. If P is

any other point on this circle, then,

F and P subtend equal angles at the

two nodal points.



plane (fig. 1) passing through the fixation

point and the two eyes, the so-called Vieth-

Muller Circle.

In his theoretical work, Ogle?! 12 13 1"

deduces that the horopter is a curve lying in

the horizontal plane in the form of a conic section.

This conic also passes through the fixation point

and the two eyes. The amount by which the conic

is distorted from the Vieth-Muller Circle is

measured by an empirical constant H, called the

Hering-Hillebrand deviation, which is a function

of the curvature of the conic at the fixation point.

The explanation advanced for the existence

of the Hering-Hillebrand deviation was originally

the asymmetry of the points of the two retinas;

(This lead to a long series of papers on aniseikonia,

16 17 18 19 20.) more recentlysee, for example’®

an optical explanation has been offered?!.

It is also found?? that the Hering-

Hillebrand deviation varies with the distance of

fixation. All explanations of this Phenomenon?* ?*, |

which have to account for retinal correspondence

varying with fixation, have been acknowledged as

unsatisfactory.

Being aware of the limitations of

restricting his analysis to two dimensions, Ogle

described his horopter curve as the "Longitudinal

Horopter". Current workers?> use the term

"Nonius Horoper", the adjective referring to

the experimental method used in its' determination.



The nonius method can be summarized

as follows:- The two eyes regard a fixation

point in part of the visual field that is

visible to both eyes. A vertical rod is so

placed at an eccentric point in the field

that the upper half is seen by one eye and the

lower half by the other. In a general position,

due to physiological diplopia, the two half rods

will appear laterally displaced with respect to

each other. The rod is then moved along a fixed

track until a position is found such that the two

half rods appear to the observer to be in line.

(the fusion reflex is not initiated.) The point

where the rod in this position meets the horizontal

plane is called a point of the (nonius) horopter.

It is argued in this thesis - which

considers the retina as a two-dimensional surface

in 3-space, rather than a one-dimensional surface

in 2-space as in most previous work - that the

nonius technique is not determining the horopter

at all, that is to say, it is not locating those

points in space that will stimulate corresponding

retinal points. In fact, it is merely locating

the position of a certain line that is seen singly.

It is shown in the analysis that follows that there

is a unique such line through every general point

of space. It is found that the envelope of these

"single-lines" is a family of quadric surfaces.

The totality of all such lines we can call the

RECTILINEAR HOROPTER.



Tt can further be shown that each

of these "single-lines" is a chord through a

three-dimensional curve of degree three, i.e.

a twisted cubic curve, and that each point on

this curve will stimulate corresponding points

on the two retinas; thus, the twisted cubic,

as predicted by Helmholtz?,° is the true form

of the horopter.

There is, however, a relationship

between the true space horopter, and the nonius

horopter as classically plotted. It is found

that the locus in which parallel chords to the

space horopter meets the horizontal plane is a

conic curve, and it is this Locus of parallel

chords, it is argued, that is determined by the

experimenters. Relating the two conic sections,

i.e. Ogle"s theoretical longitudinal horopter

and the "locus of parallel chords", it is found

that the Hering-Hillebrand deviation constant,

H, which enters Ogle's equation as an experimentally.

determined parameter, emerges as an explicit

function of the fixation distance and the angles

of cyclo-rotation of the eyes around their anterio~

posterior axes; i.e. the respective angles of

torsion.

This explicit relationship explains

the two unresolved problems of interpretation

of the Hering-Hillebrand deviation referred to

above. H is indeed a function of the asymmetry

of binocular vision, but this asymmetry can be



explained by unsymmetrical degrees of cyclo-

rotation of the eye, and need not involve

non-empirical interpretations of retinal structure.

Further, the various arguments put forward to

explain the variation of H with the fixation

distance are made redundant by this interpretation.



PART I REVIEW

Chapter 1

i)

2ai

Chapter 2

i)

ii)

Historical Development

The chiasma_and binocular correspondence

A review of the historical development

of knowledge of the optic chiasma and

of theories of correspondence between

the two eyes, from the sixth century

B.C. to the middle of the nineteenth

century.

The Horopter

A summary of the various forms and

theories of the mathematical horopter

from 1613 until the middle of the

nineteenth century.

Current view on the horopter

Helmholtz

A review of Helmholtz" contributions

to the theory of the horopter, particularly

the concepts of the “line-horopter",

and the “horopter-curve".

The Hering Tradition

A summary of currently accepted views

on the horopter, paying particular

attention to the work of Hering, Tschermak,

Ames, Ogle and the most recent work.



L HISTORICAL DEVELOPMENT

(i) The Chiasma and Binocular Correspondence

The first observer to record that

the

"channels from the two eyes"*”

were connected was ALCMAEON, in the 6th century

B.C. Tradition regards him as the first man to

"dare to undertake the excision of

an eye"

for the purpose of discovering truth.

He argued that:

"all the senses are connected in some

way with the brain"?

and, according to him:

"The eye itself is enclosed in certain

transparent membranes and it is connected

with the brain by two ‘light bearing paths’

which join behind the forehead. That .

these paths join, he showed by dissection,

and supported his view by the observation
that phe eyes move together, not separately

a3

Hence, almost as early as men have

been recording their observations, they have

been aware of the chiasma of the optic nerves.

Aristotlé, in the 4th century B.C.,

wrote:

"Prom the eye there go three ducts to the

brain; the largest and medium sized to

the cerebellum, the least to the brain

itself; and the least is the one situated

nearest to the nostril. The two largest

ones then, run side by side and do not

meet; the medium sized ones meet - and
this is particularly visible in fishes -

for they lie nearer than the larger one

tothe brain)...."*) (see: fig. 1.1)



Fig. 1,1 ° fhe Eye According to Aristotle

Reconstructed by H. Magnus?? |

from the ancient texts.



These channels have been tentatively

identified®*; the largest with the trigeminal

nerve, the medium sized with the optic nerve,

and the thinnest with the olfactory nerve. The

chiasma is clearly identified by the meeting of

the middle sized channels.

In the spurious work included in the

Corpus Anistotelian, the PracbLemata* there are

many observations on binocular vision:

The author wrote:

",.. the origins of sight in the two

eyes are connected at one source, so

that when one eye moves, the common

source of sight is also set in motion,

and when this moves, the other eye

moves also ..."%%

He is led to the question:

“Why is it that we can turn the gaze
of both eyes simultaneously towards

the right and left pone. in the direction
of the nose ...2?"°

But not outwards? And that we can direct them

downwards and upwards, but not separately. ?®

This book contains the first observation

that the eyes converge to a fixation point. He

notices that an old man, who has difficulty. with

his vision, will:

"remove the object at which he is looking

to the point at

two eyes meet, « xpecting to_be able to see

it best in this position."?7

*This book is certainly later than Aristotle, but

it is probably based upon his writings or lectures;

certainly on his tradition, See E.S. Forster**.



There are quite a few obscure references

that suggest that the necessity for some kind of

binocular correspondence between the eyes was

required for binocular vision. This, of course,

was not retinal correspondence. The retinal coat

was not identified for another 100 years, and its

function for another 2000.

However, there is the passage:

"Why is it that we see other things better

with both eyes, but we can judge the straight-

ness of lines of writing better with one eye,

putting it close to the letters? Do both eyes

falling on the same point cause confusion,as

the writers on optics say."*>

He noticed that drunkards experience

double vision*® *1!, and suggests that this may be

due to the same cause as the double vision that

occurs when the eyes are displaced from their

natural position. That is:

“because the movement does not reach the

same point on each of the eyes. So the

mind thinks that it sees two objects when

it really sees one twice ...

This can be induced voluntarily:

"The same thing happens if one presses the

eye from below; for this disturbs the

source of vision, so that it no longer falls

upon the same point as the other eye . Z

(See also** **)

And quite explicitly:

"... When, therefore, they /the eyes7 are so

placed that they are in a similar position to

one another and midway between an upward and

a downward and an oblique movement, the two

eyes catch the visual Eays on corresponding

points of themselve:

then vision is not distorted, but, if these conditions

are not fulfilled, then vision is distorted.*’

8



In the third century B.C., the

anatomists of Alexandria, in particular HEROPHILOS

and ERASISTRATOS, probably using human vivisection’® “*

named the retina, and identified most of the parts

of the eye that are visible without magnification.

Their work is summarized in the writings of RUFOS

OF EPHESOS®®(c. 100 A.D.) who considered the nerves

to be hollow channels (nopo1). The optic nerves

emerge from the base of the brain and divide into

two branches. which, by coursing obliquely, enter

the eyes,

The most influential writer who has ever

lived in the field of medicine, and particularly

anatomy and physiology was GALEN (c. 129-199).

For nearly 1500 years and through three civilizations,

men who wished to study the structure and function

of the human body turned to the writings of GALEN®!

rather than to the object of study itself. For this

reason it is neccessary to digress and describe

GALEN's physiological system, which influenced

visual theories well into the modern era.

GALEN's anatomy was reasonably sound,

in so far as it could be studied without magnification,

and despite the limitationof only dissecting animals,

but on this structure he wove his fantastic physiology

that was integrated into his general philosophy.

For a detailed account of Aristotle's contribution

to visual science see m, Solomons®?



Reconstructed by C. Singer®? from ancient texts

Pig. 1.2 Diagram Illustrating Galen's

Physiological System

The "Animal Spirit" that flowed from

the brain along the optic nerves was

called the “visual Spirit", a concept

that was to dominate visual ideas until

the seventeenth century.



According to him, the basic principle

of life was the spirit (pneuma) that was drawn

from the general "World Spirit" in the act of

respiration. It entered the body through the

trachea, and passed to the lung, and then through

the venous artery (pulmonary vein) to the left

ventricle, where it encountered the blood, (see

fig. 1.2),

Now on this hypothesis, the blood

originates in the liver. He tells us that the

food substance from the intestines is carried ab

CHYLE from the alimentary tract, through the 'gate'

of the liver. (Gate = Latin porta; hence our

portal vein) In the liver this chyle was elaborated

into VENOUS BLOOD by being imbued with a special

pneuma called the NATURAL SPIRIT, which was possessed

by all living substances. Natural spirit bestowed

the power of growth and nutrition. Charged with

this natural spirit derived from the liver. and the

nutritive material from the intestine, the blood

was distributed by the liver through the VENA CAVA

and the venous system to all the tissues of the body,

where it ebbed and flowed in the veins. A portion

of this venous blood entered the right ventricle of

the heart.

For this blood there were two possible

fates: Most of it remained for a while in the

ventricle parting with its impurities, which were

carried off by the arterial vein (pulmonary artery)

to the lung, and there exhaled, after which the

venous blood ebbed back into the general venous

10



system. A small portion of the venous blood

followed a different course; it trickled through

minute pores in the intra-ventricle septum one

@rop at atime. There it encountered the pneuma

brought in by the venous artery and became charged

into a higher type of pneuma, the VITAL SPIRIT,

which was distributed, with the arterial blood,

hearst the arterial system.
Of these arteries, some went to the

head and thereby the vital spirit was brought

to the base of the brain. On the under surface

of the brain there was a network of minute vessels,

the nxete minxabile (wonderful network), and in this

mysterious organ the blood became charged with yet

a third pneuma, the ANIMAL SPIRIT.

This third pneuma, the noblest of all,

was distributed to all the organs of the body by

the network of (hollow) nerves. The animal spirit

conducted along the optic nerves had a special

function and was called the VISUAL SPIRIT. ,

The concept of the visual spirit. lingered

long after the other spirits had been abandonded.

The visual spirit travelled along the

optic nerves divided at the chiasma then

followed each optic nerve, passed through the

retina (which was felt to be a network of hollow

tubes), then traversed the fine hollow vessels

of the zonule. and so reach the "photoreceptor",

the CRYSTALLINE, the essential organ of vision.

11



From here it could be emitted into

the outer space in the form of a cone’of rays

and come into contact with the visual objects.

At the same time, somehow, the impression mingled

with the outer light in the ANTERIOR SPACE (see

fig. 1.3) to be returned along the same path to

that part of the brain that is the abode of the

soul. 5*

GALEN held that the visual axes, the

pupils, the optic nerves from the discs - which

he held to be the apices of the visual cones -

to the chiasma, for both eyes, all lie in a single

plane, which explains why the two eyes see a single

object. He also ascribes this to the chiasma

which , he says, is

"worthy to be ascribed to some of the gods"*®

He also suggested that the chiasma

enabled the visual spirit from the brain to be

distributed properly. In the case of shutting

(or losing) one eye, all the pneuma could pass

ever to the other and would compensate for the

loss, He confirmed this view by experiment.

His suggestion that the layout of

the eye, the optic nerves and the chiasma could

explain binocular single vision is the earliest

attempt to interpret this phenomenonin terms of

anatomical structure. *”

a2



Fig. 1.3a Fig. 1.3b

The Eye According The Eye Accordin

to Celsus _Rufos of Ephesos

postage Past pereratleudets
is ceonnoor

eee

The Eye According to Galen

Reconstructed by H. Magnus5* from the

ancient texts



After GALEN's death there was a general

decline of learning in Europe as men's mi

turned away from seeking after knowledge and

.as part of this lack of interest, there was a

consequent failure to improve the understanding

of the visual processes.

However, after about 800 A.D., there

was a renaissance in the Arabic speaking countries,

as the writings of the Greek tradition became

available in translation. Unfortunately, the

culture in the Caliphate did not permit the

dissection of human bodies and so the only source

materials for research in human anatomy were the
writings of Aristotle and Galen.

In spite of the lack of facilities

for anatomical observation, there were important

advances in the understanding of the visual processes

during this time, particularly in the work of the

great physicist ibn al-Haitham, who became known

to the Latins in the West as Alhazen (965-1039).

It has only been since his work that there has

been general agreement that vision occurs as a

result of a stimulus entering the eye rather than

leaving it.*

*Empedocles (5th century B.C) was the fixst to

postulate an emission theory of vision. His

near contemporary, Demecritos, suggested that an

eidola or image was transmitted from an object to
the eye. Plato (4th century B.C.) combined the

two views with a kind of intermingling of the

inner and outer light. Aristotle was inconsistent,

He wrote®® of light as a state of being that is

13



Al-Haitham wrote:

"The act of vision is not accomplished

by means of rays emitted from the visual

organ .... The belief of those who

think that something emerges from the

visual organ is false."®!

but

"Vision is accomplished by rays coming

from the external objects and entering

the visual organ"®?

We can also find this explicit reference to

the existence of corresponding points:

"Distinct vision is accomplished by means

of perpendicular lines drawn from the

object seen to the surface of the organ

of sight. In this way each point of the

object is related to a point of the

Surface of the visual organ having the

same position as the object seen."°?

It is no doubt this passage that has

resulted in al-Haitham being credited with the

discovery of retinal correspondence®*, However,

he was unaware of the function of the retina.

For him, as for Galen, the principal organ of

sight was the lens, now called the "glacial

sphere"; a view that prevailed for another

six hundred years. It is worth noting just how

this term came to be used for the crystalline lens.

There had been no anatomical dissection and hence

no-one had seen the crystalline léns for over

six hundred years in al-Haitham's time. Thus

the only source of information available for the

actualized in the presence of fire, and denied that

it could have a finite velocity, but elsewhere®? he
spoke of "rays of sight", and of the eyes “catching

the rays". However, it was the Platonic view that

had the most credence throughout later antiquity.

See, H. Solomons®®,
14
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contents of the eye, were the illustrations

of Galen's textbooks. These, of course, were

not printed but were redrawn in each generation

by ignorant scribes and had gradually become

corrupted until the lens was represented as a

perfect sphere occupying the centre of the eye.

(See fig. 1.4)

It was on this principal element, the

"glacial sphere", that al-Haitham put the end points

of the perpendicular lines referred to above.

However in this passage there is the first enunciation

of the possibility of a topographical relationship

existing between the points of physical space and

the points within a single eye.

He contemplated further that there was

an unaltered transmission of these "figures" from

the posterior surface of the lens, along the

retina and hollow optic nerve to the brain (see fig

1.5) where it was interpreted, so there was some

sort of mapping of the points of physical space

onto the cerebellum. The functional role of the

chiasma was essential for the preservation of a

single visual experience, as it was there that the

"figures" arising in the two eyes were superimposed. °*

But, it is said, he was also aware of the existence

of physiological diplopia, *”

is



Fig 1.5 © Ibn _al-Haitham's diagram of the visual

pathway

From the oldest existing copy of the

Thesaurus of Optics, 1083

cited by Polyak op. cit. fig. 56



In the thirteenth century, Arabian

work on optics - in particular, more or less

corrupt Latin translations of ibn al-Haitham -

became available to the Europeans. This led

to a revival of interest in the subject, particularly

atsOxford. "sere 7 Sua 7% However, as far

as the anatomy of the eye was concerned, there was

no improvement in knowledge.’* The errors of

their predecessors, i.e., the centrally located

"glacial sphere" as the essential organ of vision,

the centrally located and hollow optic nerve and

the concept of the "visual spirit" continued to

be promulgated from generation to generation.

(see figs. 1.6, 1.7)

These errors persisted to a remarkable

extent; even in the work of such skillful

anatomists and careful observers as Leonardo

(1452-1519) 75 and Vesalius (1514-64)’° (see figs.

Deep. I},

Except for the last, these misconceptions

were cleared up -by the early years of the seventeenth

century. MAUROLYCUS suggested that the crystalline

functioned as an optical device in 1575.7’ Felix

Plater’®, in 1583, was the first to realize that

it was the retina that acted as the photoreceptor.

The correct position of the lens was found by the

anatomist Aquapendente’* in 1600. These discoveries

were related to each other by Kepler®® in 1611, with

‘his discovery of the formation of the retinal image,

whose existence was demonstrated experimentally by

16
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Fig. 1.8 Leonardo's Paradox

Leonardo da Vinci was the earliest writer to

be aware that a painting cannot represent the

appearance of objects as seen by the two eyes.

He said:

“If nature is seen with two eyes, it

will be impossible to imitate it upon

a picture so as to appear with the same

relief, though the lines, the lights, je

shades and colour be perfectly imitated"’?®

The eye at A sees the background PD, and the

eye at B the background GE; hence both eyes

see all the background and the opaque object

Cc is transparent to binocular vision. This

drawing was made by L.B. Alberti, in the

publication of Leonardo's notebook in 1651.



Pig. 1.9 Vesalius' Anatomy of ‘the Ey 1543)

This illustration from the Fabsica’®
shows a great improvement over any

previous drawings, as Vesalius did

many dissections of the eye. It is

incredible how such a great observer

could still perpetuate such errors as

the central location of the lens;

the centrally placed optic nerve (at least

no longer hollow), and the flatness

of ‘the cornea.

from the copy in the British Museum



nem brine menibrarice poreio
aeTe Cre brry;[Tenurs cerebiy

Fig. 1,9b Risner's Eye in 1572

NERVVS OPTICVS..
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This diagram from Risner's edition®! |
of ibn al-Haitham's Thesaurus of Optics,
was obviously based on Vesalius, rather

than the original text. It is, perhaps,

worth noting that this book was published

in 1572 as a reference book, not as an

historical document.

from the copy in the British Museum



Scheiner ®'-in 1619. (see fig. 1.11)

However all these writers still believed

in a visual spirit pervading the ventricles of

the brain.

Fig 1.12, from Vesalius' Fabrica, shows

his observations of the chiasma.” The optic nerves

are now solid, but he felt that the connection

of the two nerves was only.apparent,; each nerve

remaining on its own side.

The first modern writer to offer an

explanation of the singleness of binocular vision

was della Porta®® in 1593. He suggested that this

occurred by the sight alterhating, that is, that

vision occurs first with one eye and then the other.

®% 85 was the first to offer aDescartes

mechanical and anatomical explanation of the phenomena

of binocular single vision. The single monocular

impression is painted upon the retinas of the two

eyes. The image is located upon identical

corresponding points in the two retinas (see fig 1.13),

From the retina the impression was transmitted

by the visual spirit through the 'pores' in the

optic nerve until it united with the impression

originating from the identical point of the other

eye. This union did not take place at the chiasma

(see fig 1.14a), but in the pineal gland (H in fig.

1,14), which for Descartes was the "seat of the soul";

where the two impressions were unified to give rise

to a single "idea" of an external object.

17
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Fig. 1.10 The Eye according to Maurolycus (1575)

From the copy in the British Museum.
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Pig. 1.11 Decartes:

Retinal im

Famous drawing, 1637°* illustrating his and
Christopher Scheiner's experimental observation

of the retinal image by cutting away the outer

coats of a bull's eye.



Fig. 1.12

This diagram shows the optic chiasma

the retina (I), the optic nerves and

the optic tract

(H)



Fig. 1.13 Descartes: on Corresponding

‘ Retinal Points

Tllustrating that points in external

space are pictured on to corresponding

points in the two retinas.

Note the lack of decussation at
the chiasma.

From: Descartes, R. La Dioptuice, 163784

(From the copy in the- British Museum)



Fig. 1.14

From the copy in the British Museum



Thus, Descartes was not only the

first to postulate the existence of corresponding

retinal points, he also suggested a topological

mapping of single points in external space with

single points within the brain.

The first announcement of the partial

decussation of the optic nerves at the chiasma,

as the mechanism of binocular single vision, was

by Newton in 1704.°° ‘He said:

"Are not the Species of Objects

seen with both Eyes united where the

optick Nerves meet before they come into

the Brain, the fibres on the right side

of both Nerves uniting there, and after

union going thence into the Brain in the

Nerve which is on the right side of the

Head, and thezfibres on the left side of

both Nerves uniting in the same place,

and after union going into the Brain in

the Nerve which is on the left side of

the Head, and these two nerves meeting

in the Brain in such a manner that their

fibres make but one entire Species or

Picture, half of which on the right side

of the Sensorium comes from the right

side of both Eyes through the right side

of both optick Nerves to the place where

the Nerves meet, and from thence on the

right side of the Head into the Brain,

and the other half on the left side of

the Sensorium comes in a like manner from

the left side of both Byes.

"For the optick Nerves of such Animals

as look the same way with both Eyes (as of

Men, Dogs, Sheep, Oxen, &c.) meet before

they come into the Brain, but the optick

Nerves of such Animals as do not look the

same way with both Eyes (as of Fishes and

of the Chameleon) do not meet, if I am

rightly informed."

So far as we know, Newton did not

undertake any anatomical experiments. It is

unfortunate that he did not quote the source of

his information,

18



Fig. 1.15 The Visual Pathway according to Briggs®”’ (1685)

Illustrating the lack of contact between

the nerves of the two eyes, but also

suggesting a topological relationship

between localized areas of the retina and

localized areas of the brain.



The semi-decussation is clearly

indicated in fig. 1.16°°.

The notion of corresponding retinal

points was clearly enunciated by Huygens at about

the same time:

"Nature has provided for us in a very

particular manner so that our two

eyes would not show us objects double.

She has done so, that each point of

the fundus of the eye has its corresponding

point in the fundus of the other, in

order that if a point of the object

falls on any two of these corresponding

points, then it appears single as it is."*°

Taylor (1727) offered an anatomical

explanation for this, suggesting that those optic

nerve fibres that are ‘akin' unite in the brain.

Thus, each point in one retina becomes anatomically

correlated to a similar point in the other;

this correlation occurring as a result of the fibres

from the homonymous halves of the two eyes meeting :

and semi-decussating at the chiasma.°®

Smith (1738) defined corresponding retinal

points with regard to their location:

"When the optick axes are parallel or meet

in a point, the two middle points which

are equally distant from them, and lye

on the same sides of them either towards

the right hand or left hand, or upwards or

downwards, or in any oblique direction,

are called corresponding points."°?

These arise, he explains, because:

"When we view an object steadily, we

have acquired a habit of directing

the optick axes to the point in view;

because its pictures falling upon the

middle points of the retinas, are then

distincter than if they fell upon any

other places; and since the pictures

of the whole object are equal to one

another, and are both inverted with

respect to the optic axes, it follows

that the pictures of any collateral

19



Fig. 1.16 Semi-decussation of the Optic Nerves

The earliest illustration of the

semi-decussation of the optic nerves

from John Taylor (1727) °°



point are painted upon corresponding

points of the retinas."°?

And we learn by experience, he claims, that

objects are seen as single when they fall upon

corresponding points, and double otherwise.

{see fig. 1.17)

Whereas Smith defined his retinal

corresponding points in terms of position, Reid

(1745) defined them in terms of function. Points

correspond, he says, whatever their position may

be if they give rise to single vision.°° Furthermore,

whereas Smith makes the correspondence acquired®";

for Reid it is innate®S. A distinction that was

to dominate nineteenth century philosophy. ?®

Reid states:

+ that by an original property of

human eyes, objects painted upon the

centres of the two retinas, or upon

points similarly situated with regard

to the centres, appear in the same visible

place; that the most plausible attempts

to account for this property of the eyes

have been unsuccessful; and therefore,

that it must be either a primary law of

our constitution, or the consequence of

some more general law which is not yet

discovered."*7

Porterfield (1759) denies the claim that

the union of the two optic nerves at the chiasma is

to produce single binocular vision, For:

"If this Conjunction were necessary, to

the end that Objects might appear single,

the same would also be necessary in all our

other Senses, and every simple Sound would

be heard double, because our Ears are double,

and our auditory Nerves quite distinct. But

this is contrary to Experience; every simple

Sound being heard simple as it is; tho’ our

auditory Nerves are so far from being united,

that they take a different and almost opposite

Course."°®

20



Fig. 1.17 Smith on Physiological Diplopia (1738

Illustration from Smith (1738) op. c

showing that objects that stimulate

non-corresponding points are seen

doubles.



His explanation for the chiasmal

conjunction of the optic nerves is that this

path enables the nerve to enter the eyeball

perpendicularly, and consequently reduces in size

the "insensible area", i.e., the optic disc.

The problem of the singleness of

vision, he says:

o admits of an easy Solution

there being nothing more required, but

that we be possessed of a Power of seeing

Things in the Place where they are; For

tho' the Object is seen by both Eyes, yet

being seen in the same Place at the same

Time; and that we are possessed of a Power

Of seeing Objects in the Place where they
are is a Matter of Experience..."!°

Hartley?®!, in 1749, advanced the anatomical

argument, basing singleness of vision on the semi-

decussation at the chiasma. He even suggested

that an impression from the retinal image could be

passed across to corresponding points in the other

eye.

Wells (1792)?°?, while:

"Admitting... that objects are represented

single, when their pictures fall upon the

centres of the retinas, or upon any other

two points which are equally distant from

the centres, and both upon the same side,

it appears to me, notwithstanding,. to be in

violation of all analogy, to ascribe this

effect ... to any peculiar property which

they possess from nature."

The analogy to which he refers is that

organs in one species of animal have the same

properties as the corresponding organ in another.

Even more likely, then, he says, that there should

be a correspondence between the different organs

found in a particular individual.

21



He continues:

"Now it is muniversal fact, that if an

animal be divided into a right and left

half, the corresponding parts of those

organs, which exist in pairs, are found

at equal distances from the plane of

partition. Thus, for instance, in

respect to the eyes, the two optic nerves

penetrate their outward coat at the same

distance from this plane. Their muscles,

blood-vessels, and every other of their

component parts and appendages are arranged

in the like manner; those nearest to the

dividing plane, or the innermost, in the

one, being similar in structure to the

innermost in the other, the outermost to

the outermost, and the intermediate to

the intermediate.

"It is surely natural therefore, to

expect that such parts should also be

similar in their properties; and we find

in fact this similarity to exist, whenever

it can be clearly ascertained what the

properties are. Every person, for example,

admits, that the internal straight muscle

of the right eye performs the same office,

with respect to that eye, as the other

internal straight muscle does with respect

to the left eye.

“What judgment are we then to form of

the opinion of Dr. Reid?®*, which attributes
the same original properties, or rather the

joint possession of one original property,

to places in the retinas situated at unequal

distances from the general plane of partition;

which makes an-external point in one to

correspond, in use, with an internal point

in the other, and this too by a principle

implanted by nature ? If such things exist,

they may at least be said to stand opposed

to a most extensive analogy."'°*

and Wells argued that therefore the correspondence

must be acquired by experience and was not based

on anatomical linkages. He supports this view by

quoting the experience of Cheselden !°° , whose +

patient at first found thincs doubled. followine an

accident. but, by degrees they became single, although

there: was still a manifest squint.
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The anatomical view received support

from Wollaston’*® in 1824, who wrote that he

had twice lost the sensitivity of one half of

his visual field; and ascribed the loss to the

"semi-decussation" of the optic nerves at the

chiasma in the way Newton had described.

In spite of arguments as to the

mechanism then, in the early years of the

nineteenth century there was general agreement

that single vision arose as a result of the

simultanous stimulation of corresponding retinal

points. Then, in 1838, Wheatstone wrote:

“When an object is viewed at so

great a distance that the optic axes

of both eyes are sensibly parallel

when directed towards it, the perspect-

ive projections of it, seen by each

eye separately, are similar, and the

appearance to the two eyes is precisely

the same as when the object is seen

by one eye only . But this

similarity no longer exists when the

object is placed so near the eyes that

to view it the optic axes must converge;

under these conditions a different perspective

projection of it is seen by each eye,

and these perspectives are more

dissimilar as the convergence of the

optic axes becomes greater."!°7

That is to say, Wheatstone was the first

to realize that an essential part of binocular

vision is the formation of non-identical images

on the retinas of the two eyes. And the fact

that two non-identical images can be united into

a single percept is an even greater problem than

the problem of the unification of two identical

ones that had concerned previous writers.
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In this paper Wheatstone describes

his new invention, the stereoscope (fig. 1.18),

with which he presents dissimilar pictures to

the two eyes and sees them to be unified into,

not only a single perception, but a single

perception in relief.

Then, having proved that objects

"whose pictures do not fall on

corresponding retinal points may

still appear single")?

He goes on to prove

"that similar pictures falling on

corresponding points of the two

retinae may appear double and in

different places."

and is lead. to the conclusion:

"that there is no necessary physio-

logical connection between the

corresponding points of the two

retinae, - a doctrine which has

been maintained by so many author:
g mile

What then, he asks, does determine singularity

and suggests: that each point of a figure is

seen as single when it is at the point of

"intersection of the two lines of

visible direction in which it is

seen by each eye separately, whether

these lines of visible direction

terminate at corresponding points of
the two retinae or not."**?

He goes on to point out though, that on this

supposition points before and beyond the point

of intersection of the optic axes should never

appear double; but it is evident that they do.
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Pig. 1.18a ‘ Wheatstone's Stereoscope

E and E' are the disparate drawings that

Wheatstone showed could be fused into a

single three dimensional percept. Thus

showing that two disparate images can

give rise to a single percetion.

Fig. 1.18b Brewster's Refracting StereoscopeBESWSrSE oS) Ret racting Stereoscove

Stereoscopes like this became

the playthings of Victorian parlours.



So according to Wheatstone, the criterion

for single vision becomes the identity of visual

direction. But this suggestion had already been

advanced by Wells:

But,

"Por, if the question be concerning

an object at the concourse of the

optic axes, I say it is seen single,

because its two similar appearances

in regard to size, shape and colour,

are seen by both eyes in one and the

same direction"'??

how is this visual direction to be defined?

On this, Wells wrote:

"Since Kepler's great discovery of

the seat and manner of vision, there

have been, as far as I know, only two

theories offered respecting the

apparent direction of objects. One

is, that they are perceived in the

direction of lines passing from their

pictures on the retina through the

centre of the eye; the other, that

their apparent directions coincide

with their visual rays."

The first of these views had been advanced by

Reid?!* and Porterfield!!5; and Smith, who

said:

"the visible direction of an object

coincides with the visual ray, or

the principal ray of the pencil which

flows from it to the eye"!?®

D'Alembert had said that the visual

direction was in the line joining the point

itself and its retinal image.117

But Wells had had the same doubts as

Wheatstone:

"But both of these theories are

inconsistent with the phenomena of

single vision with the two eyes.

For according to neither of them can

an object, placed at the concourse

of the optic axes, be seen single,

unless we have the most accurate

knowledge of its distance; nor will

25



either admit two objects to be seen

as one, which are situated in the

optic axes, whether on this side, or

beyond where they meet, unless the

united object be referred by sight

to their very point of intersection;

both of which conclusions are

contradicted by experience"!?®

However, Wheatstone's contemporary,

Sir David Brewster pointed out that these three

lines so nearly coincide with each other, that

"at an inclination of 30°, a line
perpendicular to the point of impression

on the retina passes through the common

centre, and does not deviate from the

real line of visible direction more than

half a degree, a quantity too small to

interfere with the purposes of vision."!!9

He goes on:

“As the interior eyeball is as

“nearly as possible a perfect sphere,

lines perpendicular to the surface of

the retina must all pass through one

single point, namely the centre of

its spherical surface. This point

may be called the centre of visible

direction, because every point of a

visible object will be seen in the

direction of a line drawn from this

centre to the visible point,"?2°

As we have seen, it was Wheatstone who

first realized that the two eyes are able to fuse

non-corresponding points and see them as single,

but it was Brewster?4’ in 1844, who emphasized that

non-corresponding points are a necessary condition

of stereopsis. But the credit for realizing that

binocular parallax accounts for the perception of

depth belongs to Joseph Harris (1775), who wrote:

"and by the parallax on account of
the distance between our eyes, we can

distinguish besides the front part of

the two sides of a near object, not

thicker than the said distance; and this

gives a visible 1zelievo to such objects,

which helps greatly to raise or detach
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them from the plane, on which they lie.
Thus, the nose on a face. is the more
remarkably raised by our seeing each
side of it at once.

Wells and his immediate predecessors

were aware that single vision could be achieved,

even when non-corresponding retinal points were

stimulated. Their various theories of binocular

vision were attempts to try to explain this away,

without their being aware that this was the basis

of the perception of depth.

Wheatstone and Brewster realized that

this phenomena ~ named disparity by Fechner!?* (1838)

- was an essential ingredient of stereopsis, but

they still had no satisfactory way of accounting

for its mechanism. They abandoned the concept of

corresponding points and adopted the concept of

visual direction, but they still could not satisfactorily

explain why disparate images gave rise to a single

perception.

Briicke’?* in 1841 attempted to restore

the idea of corresponding points by arguing that an

extended solid object is not seen as three dimensional

until the eyes have shifted their point of fixation

many times; converging first on one point and then

another; doubled images being ignored. Dove!?5

disproved this suggestion immediately, by observing

that a stereogram could still be perceived as solid

when illuminated by an electric spark lasting less

than a millionth of a second.
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Experiments with the stereoscope confirmed

that it was possible to achieve binocular single

vision, even when the retinal points stimulated

were disparate, but it was found that if the

disparity was greater than a certain amount, then

single vision broke down and diplopia supervened.

Wheatstone found that:

. if the inequality of the pictures

be” greater than the difference which
exists between the two projections of the

same object when seen in the most oblique

position of the eyes normally employed,

they do not coalesce,"'?®

This led Panum’?7 in 1858 to postulate

the existence the existence of "corresponding

sensory circles" suggesting that a point in one

retina corresponded with a small circle of retinal

points in the other.

Using a pair of stereograms as in fig.

1.19*?*, he found that the two pairs of vertical

lines could be fused if the difference of

separation was less than’ 25 minutes of arc, but

not otherwise. In fact, if the difference of

separation was greater than 25 minutes, then the

impression was one of three vertical lines.

These zones of correspondence are today called

"Panum's fusional areas".

Helmholtz disputed this interpretation:

"... I have maintained that the reason

why it was possible to fuse the double images

was because the eye was not reliable enough

or accurate enough to estimate the corresponding

dimensions of the two images without possibility

of errors, and that any error of this sort is

fostered by the appercetion of the material

object which is present before us, or which we

fancy is present before us."?%a
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Fig. 1.19 Panum's Stereogram

A similar pair of stereograms to those

described by Panum!?”, ‘The separation
S of the pair of lines seen by the left

eye (in this case) is kept constant, and

the separation of the lines seen by the

other eye is varied. Then, this stereo-

gram can determine 6S, the maximum differ-

ence of separation for which single vision

can be maintained. (See Mitchell1?*)



This view was supported by Bourdon!?$,

who suggested that diplopia is compatible with a

very fine stereoscopic acuity. That is to say,

if the ability to recognise double images is much

cruder than the threshold for stereopsis, then the

stimulation of disparate points, close together,

will not give rise to any perceived diplopia.

This controversy is not completely

resolved today'?*. The confusion seems to arise

from expecting physiology to exhibit the precision

of physics. Nowwithstanding, it is sufficient to

be aware that the relationship between a given retinal

point, and the points in the other retina, with which

it can give rise to a single percept, is a "one-many"

relationship, a view that has been given anatomical

justification by the soa work on binocular

interaction in the striate cortex.!*°

The concept of corresponding retinal

points has been restored by the consideration that

each receptor element has associated with it a

certain subjective visual direction. Corresponding

retinal points can then be defined as the particular

points in each eye that will give rise to the same

such direction. This idea is pursued in much *

greater detail in the next chapter.
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(ii) The Horopter

In 1613, soon after Kepler's discovery

of the retinal image, an obscure Jesuit named

Franciscus Aguilonius, coined the word

honoptea, 131 132 He proposed that

all visual images were projected onto a certain

plane passing through the point of fixation. He

called this plane “the horopter", and deduced that,

points located on this plane would be seen singly

by the two eyes, and that other points would be

seen doubled.

Wells!? * informs us:

“If a line be drawn through the point

of mutual intersection of the optic

axes, parallel to the interval between

the eyes, Aguilonius calls it, from its

office, the horopter; and if through

this line, a plane be made to pass at

right angles to that of the optic axes,

he names it the plane of the horopter,

After defining these terms, he asserts,

that, by a law of our constitution, all

bodies which we see with one glance or

look, whatever are their real places,

appear to each eye to be situated in this

plane. - And if this be granted to him,

he easily and satisfactorily shows, why

some should be seen single with the two

eyes, and others double.

"For since, according to a second

opinion maintained by him, and not

contradicted, I believe, by any other

writer on vision, the two lines of

direction, in which an object is seen

when we employ both eyes, can meet

each other only in one point, it follows,

that all bodies which are really situated

in the plane of the horopter, must

necessarily appear single, as the lines

of direction in which any one of them is

perceived by the two eyes, coincide in

that plane and nowhere else; and that

all bodies, which are not situated in

the plane of the horopter, must as
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Diagram of the eye and the dissection

of various parts, from Aguilonius



necessarily appear double, since in

this case, the lines of their visible

directions intersect each other, either

before or after they pass through it."??3

It is of interest to note just how early

the idea of visible or visual directions occur in

horopter theory in view of its current significance.

His view of the horopter, as a vertical

plane through the fixation point, “is beautifully

illustrated in the frontispiece, which shows an

idealized experiment to plot it, His horopter

diagram is given in fig. 1.21.

Aguilonius also describes a circular

pseudo-horopter, or false horopter (fig. 1.22),

which clearly anticipates the horopter circles of

Vieth?*®5 and Maller??§,

Aguilonius was aware that solid objects,

which cannot lie completely in the plane of the

horopter should appear confused and doubled

according to his proposal. He wondered:

“how it happens that bodies seen by both
eyes are not all confused and shapeless,

though we view them with optical axes
fixed on the bodies themselves .... Since
the images in each eye are dissimilar,

the representation of the object must | |
appear confused and disturbed to the primary

SENSE see nasy

Thus, so soon after the discovery of the retinal

image, it was noticed that the images are dissimilar,

a phenomena unnoticed again until Wheatstone.

He goes on to say, that what is "truly

JA similar view is implicit in the remark of
Pettigrew (1972)'**, where he suggests that zero
disparity sensitive neurons would fire in response

to stimuli lying in a plane lamina, and not otherwise.
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Figs 1.21 Aguilonius' Horopter Diagram

A and B represent the two eyes, and DE

the horopter plane, which passes through

the fixation point, C, perpendicular to

both the fixation and the median plane.

Aguilonius asserts that all visible objects

are projected and seen as if they lay in

this plane. Hence, if an object is at F,

it will be seen doubled, apparently

situated at G and H. Similarly an object

located at I, will appear to.be located at

both K and L. It is only objects actually

located in the plane of the horopter that

will be seen in their true position, and

be seen singly.



Fig. 1.22 ~ Aguilonius' Ps

Aguilonius says:

"If objects fall upon different common

radii, it can happen that

unegually distant can never

perceived at equal angles Let point

€ be placed ectly opposite the visual

points A and B, and then let a circle be

drawn through the three points A, B and

Cc. hen, by No. 5 of Euclid’s Fourth,

any other point whatsoever taken on its

circumference — say D ~- which necessarily

lies closer to the observer than C, will

include and angle ADB which will be equal

to angle ACB by No. 21 of Euclid's Third.

Consequently, the observer will believe

that’ objects at C and D are equally far
from the eye. But this is false, since

it is agreed that point C is farther away

than D."

56From Aguilonius’’*, translation: Shipley

and Rawlings???



wonderful", is that objects actually are:

"seen clearly and distinctly with both

eyes, when the optic axes are converged

upon them."!*?

How, he asks, is this contradiction explained ?

And answers, by the action of “common sense":

“Whatever body ... each eye sees with the

eyes conjoined, the common sense makes a

single notion, not composed of the two

which belong to each eye, but belonging

and accommodated to the imaginative

faculty to which the common sense assigns
aemrat

Aguilonius' frontal plane was formulated

as an explanation of what he called the "illusion

of number", i.e. there are apparent double images

visible even when it is "known" that there is really

only one. And further:

"..+. we draw a mental line through the

intersection of the optic axes by which

«+e. Our gaze is nevertheless delimited

and, somehow constrained from variable

positions into definite limits ..."1*?

Smith (1738)!"*(see fig. 1.23) agreed

with Porterfield (1759), who said:

"... we always refer the Place of Objects

to the Choropter, or Plan on which our
eyes are fixed.

that the horopter was Aguilonius' fronto-parallel

plane through the point of fixation, and also

that all images were projected to, and seen to

lie in this plane.

On the other hand, Wells (1792), while

agreeing that the Aguilonius plane was the horopter

plane, denied that all images where seen to lie

in it.
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Diagram from Smith (1738) op. eit.

illustrating his concept that all

images appeared to lie on the horopter

in the fronto-parallel plane through

the fixation point.

From the copy in the Baitish Museun



More significantly, he introduced the

now vital concept of visual direction into horopter

studies. He said:

but

"Objects anywhere in the horopter,

will be seen single, because their

apparent direction to the two eyes will

then completely co-incide. And, for a

contrary reason, those placed in any

other part of the plane of, the optic

axes will appear double."!">

".... it is not necessary that the united

appearance should be judged to be at any

particular distance ... in opposition

to the plainest observations.

Wells also describes an experiment that,

he says, exemplifies the principal property of

the horopter plane:

parallel plane as the horopter was Pierre Prévos

"I suspend a fine chord at right angles

to the horizon, and retreating a step or

two, I looked steadily at a point in it

which was upon a level with my eyes,

The chord in these circumstances appeared

single; but whenever I directed my eyes

to any other point of it, either above

or below the former, two chords would

appear, crossing each other at the part,

to which the eyes were directed. In the

first case, the whole chord was in the

plane of the horopter, but in every other,

only that point of it to,which both eyes

happened to be turned."!"7

The first writer to discard the fronte-

tive

in 1804, who stated:

"It follows from the stated law, that

in the plane of the optic axes, the

position of those points seen single

with the two eyes is a circumference

of a circle which passes through the

two centres of the eyes and the

intersection of their axes. I refrain

here from demonstrating this proposition

which is easy to deduce from principle...
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The principle referred to, is indeed,

a simple one, and its explicit formulation

fourteen years later gave Vieth the credit for

priority, It is worth noting that this circle

and the principle itself had already been put

forward by Aguilonius (see: fig. 1.22). However,

arguing from the work of Smith and Reid, Prévost also

presented the case for another horopter; which

was a vertical circle generated if the fixation

point was rotated about the line joining the

centres of the two eyes. Prévost himself said that

he found difficulty in choosing the correct horopter

between these two however, he:

"preferred the last, because it ties
the phenomena of double vision to

those of single vision, in immediately

deriving the position of other points

seen single with the two eves from the
law of projection...."}

In 1818, Vieth!®® related corresponding

retinal points to the shape of the horopter, and

produced the diagram in fig. 1.24, based on the

elementary geometric proposition, known to Euclid! §!

(c. 300 B.C.), that the angles in the same segment

of a circle are equal. His argument’. shows that

if corresponding retinal points are equidistant

from the fovea in each eye, then the locus of

points which will simultaneously stimulate such

points is the circle through 0, U, and P, i.e.

through the centres of the two eyes and the

fixation point.
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fig. 1.24 Vieth's diagram of the Horopter’**

Vieth stated:

“The images M and N, in this case, will

lie equally far from A and B, when angle

p and angle x are equal ... and X lies

on the circumference of a circle which

goes through O, U and P, such that all

these angles at 0 and U subtend the same

chords on this same circumference ..."***



In 1826, Johann Miller’5* independently

published fig. 1.25, which he described:

- let @ and b be identical central
Zi.e. corresponding foveal/ points of the

Yetinas ma and xy. All parts in eye A

which lie between a and m are identical to

parts in eye 8 which are equally spaced

between 6 and x, Moreover, an is identical

to by, in accordance with the principles

previously developed from subjective visual

phenomena."*55

That is, identical points are similarly

situated in the two eyes.

"If the visual axes intersect at c, then c

appears single on the identical points a and

6, and d also appears single on identical

points @ and §. When the convergence of the

visual axes is at c, then all other cbjects

at different distances appear double. In

eye A, 4 appears on g; in eye B, i appears
on he But g and h are not identical.
Rather, g is identical to o in eye B because

both points are equally far from the central

point of the retina. Consequently, the

double images of i appear on g and h, separated

from each other by the actual sum agthb.

That is - the separation of the double images

is to the whole visual field as ag+hb is to

the size of the retina or, in relation to

the point of convergence, the double images

lie to the side of the visual exes in the

magnitudes of the visual angles itc and c4q.
Therefore < appears as p and q in the plane
of the convergence point."?5§

This circle, that is, the circle passing

through the fixation point and two points locating

the eyes*, is today called the Vieth-Miller circle.

If it is agreed that corresponding retinal points,
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Fig. 1.25 Miller's diagram of the Horopter’5*



are points equidistant from the two foveas, as

Miller had asserted, then this circle follows

from the (two-dimensional) geometric analysis of

these points. For this reason, it is often

nowadays, referred to as the theoretical

horopter!5*, or, the mathematical horopter’5®,

and it is generally shown in the form (see fig. 1.26)

first published by Volkmann?®® in 1836.

It is worth noting that Miller did not

take "single-vision" as the criterion for his

horopter, but rather defined it from the notion

that corresponding retinal points are equidistant,

and in the same direction, from the foveas in the

two eyes. He further suggested that there must be

an anatomical basis for this correspondence.

The third dimension was introduced into

the analysis in 1843 by A.P. Prévost'®! and

later by F. Burckhardt (1854)'®?, who agreed that

this involved taking into account cyclo-rotational

movements of the eyes, They showed that. if the

eyes were adjusted without torsional rotations,

then a straight line, not lying in the fixation

plane, should be added to the Vieth-Muller circle.

The first attempt to verify the shape

of the horopter curve by experiment, was made by

Meissner'®? in 1854, who tried to arrange threads

in positions where they could be seen as single.
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Fig. 1.26 A Current Represenation

of the Vieth-Mtlller Circle

The points F and A which lie onthe

circle are imaged on corresponding

retinal points f and £' and a and a!

respectively. B and C, lying inside

and outside the horopter, are imaged

on non-corresponding (disparate) points

@ and B' and y and y'.

T€fustxation and caption from Adker op. cit

big. 409. sa



In a series of papers, Serre d'Uzade" 165 166,

tried to disprove the current theory of retinal

correspondence by setting up a model of the

binocular retinal system, apropos of which

he said:

"... as the reflected ray is physically

stopped by the limiting screen, so
in real vision, sight is virtually, or

imaginatively stopped, for the particular

direction that it travels in space by an

invisible surface; which I have given the

name aideau ebhystologique (limiting visual

surface) .

He emphasizes that this was not a hypothetical

surface but an important sensory phenomena.

He extended the horopter to three

dimensions by saying:

“In a plane, the geometric locus is

an arc of a circle; in space, this

is a surface of revolution formed by

the rotation of this arc around the

axis connecting the centres of the

two crystalline lenses. This is the

surface of a totus not that of a Fenece
as Porterfield* would have it

This, he calls the limiting torus.

These papers were violently criticized

by Claparéde!®*? 17° 171, who describes them as

reporting phenomena that are visible to the eyes

of M. Serre d'Uz8s alone. The limiting torus,

he says, cannot exist. In fact, the horopter

cannot be either a torus or a sphere, and quotes

the work of A. Prévost and the experiments of

*This, surely should have been Prévost, who did say

this. There is nothing like this in Porterfield.
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Meissner, to prove that the horopter cannot be

any form of surface.

His analysis of physiological diplopia,

and the introduction of the third dimension to

the horopter can be seen from the following

quotation; (see: fig 1.27) where

"... the eyes at I and II, are fixating

a point A, in the horizontal visual plane.

The points B and B' are situated in the
same plane, one behind, and the other in
front of the point A. They will be seen
doubled; that is the images a and 8 of the
point B will be seen uncrossed (that is to

say, the left image a, belongs to the left

eye I, and the right image g, to the right

eye II), whereas the images y and 6 of the

point B' will be crossed.

"I£ we keep the optical axes converged
onto the point A, and gradually raise the

point B vertically, we will see the two

images a and 8 slowly approach each other

until they “are seen as single, once B has

been raised to a sufficient height ...

If on the other hand, we lower the point

B below the visual plane, we will see the

two images a and 8 diverge until. they

finally leave the visual field."?

Whereas, raising aiid lowering the point B', has

precisely the reverse effect. In fig. 1.27b,

"... the visual plane I II A is represented

in perpsective, whereas the vertical plane

through RB'AB coincides with the plane of
the paper. The reciprocal of the distance

between the pairs of doubled images is
proportional to the distance that separates

the object from the horopter. It is thus

clear, that when we raise the point B

vertically, we approach the horopter at the

same rate as the two images approach one

another, and, at the moment that the two
images meet, B is located on the horopter.

If the point B becomes single when it arrives

at the point w, then it must lie on the line

of intersection of the horopter and the

vertical plane.
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Fig. 1.27a Claparéde's analysis

of physiological diplopia

Fig. 1.27b Clavaréde's demonstration

of the skew horopter line



"In the same way for the point B',

it can be demonstrated that the point o

must be on the line of intersection of

the horopter and the vertical plane.

And so, the three points o, A and w, belong

to both the horopter and the vertical

plane, thus the line oAw, which passes

through these three points is the line

of intersection of the horopter and the

vertical plane."!7

Claparéde, utilized Meissner's results,

and added to them with some similar experiments of

his own. He erected a thread through the fixation

point, and inclined it at various angles in

the vertical plane (the plane RB'AB of fig. 1.27b),

he found that it was only seen as single along its

whole length when it was inclined at 45° to the

vertical, and he added this line to the horizontal

circle, giving a three dimensional horopter (see

fig. 1.28). This explanation has been criticized!’7*

but this phenomena can be explained by the analysis

of Part III (see below).

During the 1860s both Helmholtz and Hering

published many works on the form of the horopter.

These works alternated with each other, and involved

a great deal of refutation and arguments over

priorities. A concise, if somewhat partisan view

of this can be given by quoting Helmholtz' own

summary of the controversy.!75

"

My first contribution on this subject
was made before the Heidelberg Medical Society
of Natural History, October 24, 1862; the

manuscript being transmitted on November 8,

1862. In this paper the equations of the

form of the horopter in general were given

for the first time, although they were not

expressed in their simplest forms, because

the horopter was regarded as being a curve

made by the intersection of a surface of

the second degree and one of the fourth degree.
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‘Fig. 1.28 Claparéde!s Horopter

The horopter consists of the

Vieth-Miller circle 0 O' B,

(which Claparéde calls the Prévost

circle) together with the line

p'nB'D, in the median plane at

45° to the vertical.



"Nor was the deviation of the apparently

vertical meridian taken into account in

this paper. The form of the horopter in

the general case was briefly described.

Before this merely preliminary contribution

had been actually published (which was not

until the autumn of 1863), the third part

of Mr. E. HERING's Beitnlge zur Physiclogie?’®

appeared, and there the proof was given

that the horopter must certainly be always

a line at least (if not a surface); but

the form of the horopter was not actually

determined except in the simpler cases

which had previously been considered. Then

following my article on the horopter in the

Archiv flr OphthalmoLogie, X, 1, pp.1-60'7’,

the proof of which had been corrected by the

middle of March 1864; and in this paper the

horopter was considered as being the inter-

section of two surfaces of the second degree,

and the effect of the deviations of the

apparently vertical meridians was taken into

account. Without being aware of this publication,
Mr. E. Hering had sent the printers the fourth’’

instalment of his work in June 1864, in which

also the horopter was considered as being

the intersection of two surfaces of the second

degree, and where the method of STEINER's

geometry was used, which is particularly

adapted to this problem.

"HERING's criticism here of my earliest

contribution was due mainly to his failing to

see that what I was talking about was what I

have referred to above as the "horopter",

whereas what he himself had in mind was the

“horopter-curve". The two are not exactly
identical, as I have explained in POGGENDORFFS

Annafen, CXXIII, pp. 158-161179. Finally,
the £ifth instalment of HERING's Beitrlge

zur Physiologiel®® contained a further criticism
of my second paper on this subject. I shall

allude here to only one point in this latter

criticism (see p. 350), about which Mr. E.

HERING was really correct, namely, where he

says that on page 44 of my paper the angle n

has been generally put equal to ni. I must

confess that this was an oversight made when

I was just about to start on a journey; I was

going over the paper very hurriedly for the

last time, trying to condense the mathematical

work as much as possible. Formerly, I had

treated separately the two cases in which the

statement objected to was correct; and so the

mistake did not have any effect on the correctness

of the subsequent deductions. Some of the
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other strictures which Mr. HERING makes

are matters of personal interest only

and may be answered by readers who wish

to do so, without need of further reply

from me."
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CURRENT VIEWS ON THE HOROPTER

i) Helmholtz

In fact it was Hering's, rather than

Helmholtz', view of the horopter that was to

prevail as the mainstream. There is an unbroken

teacher-pupil lineage: Hering; Hillebrand;

Tschermak; Ogle and Ames; to the currently

accepted view. For this reason, discussion of

his work will be deferred to the next section.

In 1863, both Volkmann!*! and Helmholtz! *?

published reports of a phenomenon that they had

noticed with after-image experiments. They observed

that the apparently vertical meridian seemed to

deviate from the true vertical meridian. That is:

"... if the retinal horizons are

in the visual plane, the apparently

vertical meridians diverge a little

upwards, or converge a little downwards." ®$

That this declination exists has been

185 166agreed by some!*” and disputed by

others!*7 188 189 190°
It is incorporated into

Helmholtz' horopter analysis, but is in no way

fundamental to it. The fact that not all subsequent

workers have been able to reproduce this deviation

does not invalidate Helmholtz' analysis, as has been

claimed!??. In fact, this controversy indicates

that there is at least some variability in this

phenomenon; and it is this variation that is

argued below.1%?
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Helmholtz defines the term visual gtober?*

as the exterior projection of the retina. That

is to say, it is the visual field of the fixed eye

and moving with it. Hence the vascular system,

the blind-spot, the fixation point and after-images

will always occupy the same positions on this globe.

The horizontal meridian of this fixed globe, he

calls the retinal horizon.

criteria:

1)

2)

3)

4)

5)

He bases his horopter on the following

"In the normal eye the points of

fixation of the two visual globes

are pairs of corresponding points"!®*

"The retinal horizons of the two

eyes correspond to one another."!95

“The meridians which are apparently

vertical with respect to the retinal

horizons are a pair of corresponding

meridians."1°6

"Points in the retinal horizon at

equal distances from the point of

fixation are pairs of corresponding

points."197

"Points equally distant from the

retinal horizons, which are on the

apparently vertical corresponding

lines, are a pair of corresponding

points."19?

All of which can be taken to imply:

6) "Any pair of points on the two

visual globes, which are at equal

distances in the same direction

from the apparently horizontal

and the apparently vertical pairs

of corresponding lines, will be a

pair of corresponding points."!9®

This last definition is not very different

from Smith's definition of retinal correspondence

dn: 1736. **"
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These conclusions, using the criterion

of single vision, were confirmed in a series of

experiments published by Volkmann in 18637°? and

1864792, Helmholtz*°? describes an experiment

where the attempt is made to overcome the effects

of fusion. Using a stereogram such as fig. 2,1

with the centres of the two figures at the same

distance as the observer's inter pupillary distance,

it is found, if the figures are adjusted so that

the axes of the eyes are parallel, that all the

lines of one figure appear to fall on the

corresponding lines in the other. He used black

and white lines as they would be less easily fused.

Helmholtz uses the definition (6), as

the basis on which to calculate the: :

"positions of those points in external

space, whose images are depicted on

corresponding places on the two retinas,

and which therefore are seen single.

The locus of all these points is called

the horopter.”

Wheatstone had shown?°® that under certain

circumstances, disparate (i.e. non-corresponding)

points are seen single. However it is still true

that corresponding points too are seen single, and

so the above statement is true. The above experiment

also indicates that Helmholtz was aware that

as a consequence of fusion, there are points not on

“the horopter but defined in this way that are also seen

as single.
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Fig. 2.1 Helmholtz’ Stereogram

Helmholtz’ experiment to demonstrate that ~

the apparently vertical meridians fall onto

corresponding retinal lines; even when the

fusion reflex is inoperative.

from Helmholtz (1925) op. céiz. Plate D



From this starting point, Helmholtz

deduces that the horopter is the curve of

intersection of two surfaces of the second

degree (i.e. quadric surfaces). I will not

reproduce his analysis, as it is extremely

tedious, and is incorporated, in a more modern

form, in the analysis of Part III, below.

He shows further, that this curve of

intersection would, in general, break down into

a straight line, and a curve of the third degree

(i.e. a twisted cubic). However, he nowhere

derives an explicit formulation of this curve,

but to illustrate it, he produced perhaps the

most widely misunderstood drawing ?°° (fig. 2.2)

in the history of horopter studies.

This curve, as the text makes clear,

was meant to be an illustration to the reader of

the sort of shape that a twisted cubic curve could

take. He never claimed it to be an explicit

representation of the horopter curve. However

Shipley and Rawlings*®? for example, Publish it

as Helmholtz' horopter and criticize its obvious

inadequacies. Troland?°*® (£ig.2.3) and

Boring?°® (fig. 2.4), roll the paper up in different

directions and published the perspective views

as two different horopters.
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Helmholtz' description of this curve, reads:

"An idea of the form of such a curve of

the third degree can be obtained by

supposing that it is drawn on the surface

of a cylinder and the cylinder is then

unrolled on a plane. The form of the

curve would be then like that shown by

the continuous line eabc§ in the figure.

When the paper is rolled into a circular

cylinder so as to bring the edges gg and

hh together, this curve will have the form

of a curve of the third degree"?!°

showing that Helmholtz was merely trying to

show his readers one of the forms that a

twisted cubic can take.

Redrawn from Helmholtz (1925) op. cit. 3, fig. 69



Fig. 2.3 Troland's (1929) interpretation

of Helmholtz" Cubic

Troland rolled up Helmholtz'

diagram (see: fig. 2.2) away

from the reader and published

the result as "the horopter".



Fig. 2.4 Boring's (1942) interpretation

of Helmholtz‘ cubic

Boring rolled up Helmholtz’ diagram

(see; fig. 2.2) towards the reader

ana published the result as the

"Generalized Horopter-Line".

from: Boring, E. (1942) op. cit. fig. 28



Helmholtz, then, did not determine

the explicit form of the horopter-curve in the

general case - i.e. the twisted cubic - but

he did determine its shape for certain special

cases.

He found, that when the point of

fixation is at a finite distance, and the two

retinal horizons, are equally inclined to the

visual planes (extending in opposite directions) *,

then the cubic degenerates into a conic section

with a straight line through it. This occurs

he says,-if the eyes behave in accordance with

Listing's law - when the fixation point is in

either the median plane, or in the primary

position of the visual plane.

He also claimed that:

"In one single instance the horopter

is a surface, which in fact is a plane;

and that is when the point of fixation

is in the median plane and at an infinite

distance, and the retinal horizons, as is

usually the case, or practically so at

any rate if the eyes are normal, are both

in the visual plane. Then this horopter-

plane will be parallel to the visual plane,

its distance from the latter depending on

the amount of divergence of the apparently

vertical meridians of the visual globes of

the two eyes; that is, it will contain the

line of intersection of these two meridian

planes and will usually be practically the

same as the horizontal plane on which the

observer is standing, provided his eyes are

normal and directed straight toward the

horizon."*

*This, we call the quasi-symmetric case, in Part iit

below.



He suggested that the reason for

the ground plane being part of the horopter

is so that points thereon would be seen singly

while walking. Unfortunately, it is difficult

to see in what circumstances such a curve can

degenerate into a plane, and the assertion is

not born out by the analysis. It seems likely,

that he is confusing here the horopter-curve,

with the line-horopter, which he later defines.

A line, he says, may be seen single

iff the two retinal image lines that it stimulates

correspond. The do not need to correspond point

by point as a straight line displaced along itself

is still the same line. He shows that, in general,

there is such a single line through every point

of space. He continues:

"the surface on which straight line,

having a certain definite. direction,

must lie in order to produce two

images that correspond in this fashion

is call a Line horopter."??

The lines on the two visual globes

that are apparently perpendicular to the retinal

horizons he calls the vertical honopter, and for

lines that are apparently parallel to the retinal

horizons, the surface is called the horizontal

horopter.

He deduced the horizontal and vertical

horopters, and thus the horopter-curve, which is

their curve of intersection, for two special cases.
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a) When the point of fixation is in the median

plane. In this case, he found that the

vertical horopter was a cone and that the horizontal

horopter consisted of two intersecting planes.

From which he found that the horopter-curve was

composed of a straight line and a conic section.

b) When the point of fixation is in the primary

position of the fixation plane. In this case,

the vertical horopter is a hyperboloid that intersects

the visual plane in the Vieth-Miller circle and the

horizontal horopter consists of the visual plane and

a plane perpendicular to it. Their common curve of

intersection, i.e. the horopter curve in this case,

consists of the Vieth-Miller circle and a straight

line, which is the form that A.P. Prévost and

Burekhardt*?* had both predicted.

The concept of the horizontal and vertical

horopter is not very useful, as they are merely two

particular instances of the more general "rectilinear

horopter" defined and developed in Part III.

Due, perhaps, to the obscurity of his

mathematical analysis and even more likely to

misunderstanding of his ideas, Helmholtz’ work on

this subject has had virtually no influence on

the subsequent development of horopter studies.

However, the mathematical derivation: of the three

dimensional horopter presented in this thesis is

based extensively on the work of Helmholtz summarized

above. Modern techniques of linear algebra have

enabled the ideas to be extended farther than

47



Helmholtz cared to take them; in particular to

develop the explicit equations for the "rectilinear

horopter" and the horopter-curve, in the general

case.
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ii) The Hering Tradition

Hering??* introduced two important

concepts into horopter studies, viz: the so-called

law of identical visual directions and the notion

of the apparent fronto-parallel plane.

“phe first followed from the postulate

by Lotze?!* that every retinal element was identified

with a unique relative direction called "local

sign".

Ogle??® describes the classical experiment:

"Suppose one stands about 2 feet before

a window /see fig. 2.5/ through which he

has a view out-of-doors. While holding

his head steady, with the right eye closed,

he directs his left eye to a distant object

out-of-doors somewhat to the right. Suppose

this object is an evergreen tree, and the

more this is set off from the surrounding

objects the more vivid will be the experiment.

While fixating the tree he makes a small

crayon mark on the window pane in line with

his eye and the tree. Now the left eye is

closed and the right eye is opened and directed

to the same mark on the pane, and out-of-doors

in line with it a distant object is identified,

for example, a chimney.

"Both eyes are then opened and directed

to the mark on the pane. Immediately the

images of this mark "fuse"; the mark is seen

as one straightforward direction (the principal

visual direction) relative to the body. Thus

both of the foveas give rise to the same

subjective direction. While fixating the mark

on the pane, one observes that the mark also

appears in line with both the tree and the

chimney. Both will be seen more or less at the

same time.... One sees, therefore, the mark,

the tree and the chimney in the ne straight-

forward subjective direction.

This is, perhaps, well illustrated by
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Fig. 2.5 The Identity of visual Directions

Diagram illustrating Ogle's description

of Hering's classic experiment for the

identity of visual directions of the

fixation point

From Ogle (1962) op. cit. p. 222 fig. 1



fig. 2.6, from Adler?!’, which illustrates

the more general situation and suggests the

definition that retinal elements of each eye

which give rise to the same primary subjective

direction be designated corresponding retinal

points.

Hering also postulated that the binocular

system had an inbuilt ability to judge whether a

point was "nearer than" or "farther than" the point

of fixation. A sort of local-sign for depth.

Consequently, an observer can judge and select

a series of points that would be neither "nearer

than" or farther than" this fixation point.

He then identified the horopter as the

locus of points with this property, that is,

those points which appear to be at the same distance

as the fixation point. He further asserted that

such points would appear to lie in an apparent

frontal plane parallel to the chest.

Ogle?1® pointed out the ambiguity in this

i.e. points that are apparently equidistant would

not appear to lie on a plane at all. Nevertheless,

he said:

"..,. the criterion of the apparent fronto-

parallel plane is the most used experimentally

because it is the easiest and the most accurate."?1®

and he did use this criterion in much of his

experimental work.
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Fig. 2.6 Identical Visual Directions

and Normal Correspondence

Visual directions of f1 and f2 proceed from F,

the fovea of an imag inary cyclopean eye.

A and B are points from which the visual

directions belonging to a and a' and b

and“b' woul@ proceed. (see also Fig. 2.14)

From: Moses, R.A. (1970) Adfex's Physiolegy

of the Eye, Sth edition, St. Louis, Mosby,

Fig. 23-7.
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Fig. 2.7. The Horopter Deviation

Diagram to show that the experimentally

xmined horopter curve lies outside

the Vieth-Muiller circle. This deviation

is called the Hering-Hillebrand deviation.



Experiments to determine the apparent

fronto-parallel plane revealed that the curve in

which this "apparent-plane" intersected the visual-

plane did not lie on the Vieth-Miller circle, as

had been expected, but somewhere outside it.

(see: fig. 2.7) Furthermore, there was found

to be extreme variations in this deviation from

the Vieth-Miiller circle between one individual

and another.

This variation was taken by some to be

evidence that the correspondence between the two

retinas was not stable. However, Hillebrand?*°

showed that the deviation could be explained by

a relative asymmetry in the location of the

corresponding elements in the two eyes.*(see: fig. 2.8)

This departure of the experimentally plotted

horopter curve from the Vieth-Miller circle

is consequently called the Hering-Hillebrand

deviation.

In 1900 Tschermak??! defined the

"longitudinal" horopter, which is a device that

reduces considerations of the horopter to two

dimensions. That is, the longitudinal horopter

is a two-dimensional curve, lying in the visual

plane.

* Some evidence for this view was found in the

partition experiments of Kundt**?, who showed
that a person using one eye to try to locate

the mid-point of a line, invariably made his

mark too far over towards the nasal side of
the eye being used.
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Fig. 2.8 Hillebrand's explanation of the

Horopter Deviation as a result of

retinal asymmetry

If the point P lies on the horopter, then

its image falls on corresponding retinal

points. It can be seen from the figure
that the angular separation of the images

of P from the images of the fixation point

F is greater in the right eye than in the

left. Only if the point fell on the Vieth-

Miiller circle at P, will these angular

separations be equal. Thus, for a horopter

curve that falls outside the circle, these

separations will be greater in the eye on the

same side as the particular horopter point

than in the other.

Redrawn from Ogle (1950) op. cit. fig. 8



Ogle (1962)?23 gives the rationale:

"... one can assume that the eyes are

so orientated cyclotorsionally that

the images of vertical lines in space

fall on longitudinal sections of the

retinas - which is to say on vertical

rows of retinal elements so that the

image of any point on the line would

give rise to the same primary subjective

breadth direction."

24and elsewhere*?", he says:

"Of more practical interest Zthan Helmholtz'
approach7 is the longitudinal horopter,
which depends only on the longitudinal
sections of the retinas. If these sections

are considered as being short enough,

the longitudinal horopter approaches as

a_ limit the intersection between the visual

plane and the larger horopter surface.

This is also the simplest approach to the

study of the horopter, since it involves

only plane geometry."

On the basis of this argument, there

has been no attempt to investigate, mathematically,

the third dimension of the horopter during this

century. The properties of the "larger horopter

surface" described in the passage above have

not been explored anywhere in the literature,

except, perhaps, by Linskz??5 who in 1954,

produced a toroidal surface (see: fig. 2.9)

by rotating the Vieth-Miller circle about the

inter-ocular base-line; an interesting, if

somewhat futile pastime.

k??6 listed four criteria,Tscherma’

or operational definitions of the horopter.

These are:

1) the positions of all the points

appear to lie in a fronto-parallel

plane that includes the point of

fixation.
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Fig. 2.9 Linksz' Toroidal Horopter Surface

Linksz (1954) op. cét. argued, that, if

the angle of convergence of the eyes remained

constant, then. for various positions of

gaze, the Vieth-Miiller circle would sweep

out the above toroidal surface.



2)

3)

4)

the position of each of the points

is such that the primary subjective

visual directions of the images as

formed in the two eyes are identical.

the positions of the points will lie

in the 'tentre" of the region of

binocular single vision.

the positions of the points will be

such that the sterescopic sensitivity

to changes in position will be a

maximum.

fo which Ogle??” has added

5) the positions of the points are such

that none provides a stimulus for a

fusional movement of the eyes.

While the criteria (4) and (5), are

operationally true, there has been no attempt to

validate them experimentally, because of the

difficulty in designing suitable experiments.

Pischer

The third criterion was used by

, using Tschermak's apparatus (see:

fig. 2,10), but the results have been criticized?*® 7*9 251,

as the technique equated a monocular direction

with a binocular one.
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Stereopsis

(Ponum's

Horopler

Stine

Fig. 2.10 Fischer's Horopter Line

Fischer (1924) op. cét. determination of

the region of binocular single vision,

using Tschermak's apparatus. The horopter

line is then determined according to

Tschermak's criterion (3).



In their classical papers of 1932,

Ames, Gliddon and Ogle?3* #33 used the first two

criteria. The work in these papers and as

reassessed more recently by Ogle??* 735 is,

with some qualification?*® 237 238, the accepted

view of the horopter at the present time.

To determine the apparent fronto-parallel

plane, an apparatus is used such as that shown in

fig. 2.11. While fixating the centre rod, the

subject is required to adjust the lateral vertical

rods until they appear to lie on the apparent

fronto-parallel plane that includes the fixation rod.

A typical set of data, as published

by Ogle is given in fig. 2.12.

It was found that the actual shape of

the apparent frontoparallel plane (i.e. the

Hering-Hillebrand deviation from the Vieth-Miller

circle) changed with the fixation distance, becoming

flatter, and possibly even concave to the observer

at some point. (see: fig. 2.13)

Tschermak***, in 1924, had shown that

there were different apparent fronto-parallel planes

with different coloured test stimuli. Linksz?"*,

and even more strongly, Shipley and Rawlings?"!, have

argued against the validity of the apparent fronto-

parallel plane criterion. ‘hey claim that the

second criterion, the so-called "nonius" method,

is the only acceptable experimental technique for

determining the shape of the longitudinal horopter.
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Bock round Buttey .

‘Screen with
epecture

Ovcrver
Weight

(a) For an observation distance of 6 metres

Chin’ cup

or bite

(b) For near fixation points

RE}Fig. 2.11 Ogle's sketches of the horopter appara

Experimental apparatus for determining the

apparent fronte-parallel plane.



Fig. 2.12 Apparent fronto-parallel Plane;

Experimental Plot.

A typical output for the apparent fronto-

parallel plane for an observation distance

of 40 cm. The vertical dimensions have

been increased tenfold.

From Ogle (1952) op. ciz. fig. 11.



Fig. 2.13 Variations in the shape of

the apparent fronto-parallel

plane, with fixation distance



The nonius* method is an experimental

technique for locating those points in the visual

plane that will appear to lie in an identical

subjective direction to each eye; i.e. to satisfy

the second criterion, above. It is currently

held to be the most valid technique:

"there is only one horopter that is

the nonius.

The first to enunciate the principle

of identical visual direction in relation to the

horopter was Wells*"* in 1792. The nonius method

was first used by Volkmann and described by

Helmholtz?"" for determining the spatial congruency

of corresponding points. It was first applied

to horopter experiments by van der Meulen?*® in

1873.

The method depends on the definition

that corresponding retinal points share an identical

monocular direction in the sense described above.

(see; fig. 2,14)

Fig. 2.15 shows the original ames et aL?*®

nonius apparatus. Specially shaped screens are

set before the eyes so that, except for the

fixation line, the upper portions of the test rods"

are seen by one eye, and the lower portions by

*Nonius is the Latinized form of Nunes, a

Portuguese mathematician, who invented a

device for graduating instruments that was later

improved into the vernier.

{ Current methods?"’ utilize the same principle, but
the image separation is achieved by polarizing filters.
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Fig. 2.14 Criterion of Identical Visual

Direction

fF, f,F are the lines of direction of the foveas.

bp Bye b,BR are the lines of direction of the

xetinal elements b, and ba .

@ and 8, are the common visual directions of the

f£oveas fy, and fp and the retinal. elements by and by

respectively.

In A, the object points F, A, and A, appear to

lie behind each other in the direction $.

In B, the points By and BL appear te lie
L

behind each other in the direction 8.

From Adler (1965) cp. cit. Fig. 408



the other. The screens are so illuminated as

to have the same luminance as the background.

The observer, while fixating the central rod,

adjusts each of the lateral rods until the upper

and lower images are seen aligned as in fig. 2.15b.

When the rod is in this position,

the images perceived by the two eyes are seen to

lie in the same subjective directions, without

the fusion reflex being provoked, thus satisfying

the criterion (2).

It is found that the location of the

nonius horopter is affected by the observer's

eculo-motor imbalance, and will only actually

pass through the fixation point if he is

orthophoric. (see: fig. 2.16)

It is worth noting that in all the

experiments described fixation is limited to

both the horizontal and the median plane; an

extremely limiting restriction.

Except for the work of Amigo (1965) 2"

who extended Ogle's analysis for the case of

asymmetric convergence, the only mathematical

analysis of the longitudinal horopter is that

of Ogle?*® in 1932. This work’ has never been

republished but its results are constantly quoted

throughout the literature.
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type norester
Gockground —~ test rod

es i i <

Fig. 2.15 A) fhe Original Nonius Apparatus

In this apparatus, the screens are arranged

so that the lower half of each rod is visible

to one eye only, while the other eye can only

see the upper half, through the “gria".

But both eyes can see the fixation rod.

This is consequently, sometimes referred to

as the "grid-nonius".

B) Nonius appearance ci the

As the rod moves along its track, this is

the sort of appearance of the rcds that the

ebserver sees.

From Ogle (1950) op. céit. Fig. 21



Fig. 2.16 Nonius Horo ophoric Case

Observation distance: 40 cm.

Fig 2.17 Nonius Horopter_Exophoric Case

Observation distance: 76 cm.

A typical output for the nonius horopter

on observers with different oculo-motor

imbalances.

The Vertical dimensions have been increased

tenfold.

From Ogle, K.N. (1950) op. cét. Figs. 22, 23



Ogle's theoretical analysis to

determine the shape of the longitudinal horopter,

can be followed by refercing to fig. 2.18.

Let R and L represent the positions

of the mean nodal points of the right and left

eyes respectively with the eyes fixating

the point F in the median plane.

Let, 0, the origin of the co-ordinate

system be taken as the mid-point of the segment

LR.

Take OR as. the x-axis;

OF as the y-axis

of the co-ordinate system.

Let* R = {b,0)

L es (-b,0)

PB = (O,a)

Let 61, 02 be the angles between the left and

right fixation lines respectively, measured

anti-clockwise.

Let P be the point of intersection

of the lines from a pair of corresponding retinal

points, P; and Pz, projected out through the mean

nodal points L and R.

Then P = P(x,y) is a point of the horopter.

*The lettering on the diagram (fig. 2.18), and the
co-ordinates, have been modified from Ogle's original
(1932 fig. 2). In particular, "a", the fixation
distance, and "2b", the inter-ocular distance have
been interchanged, to give consistency to the usage
in Part III.
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: exe
L 0 R

>

Pig. 2.18 Ogle's Analytical Diagram

Redrawn from Ogle (1932) op. cét. Pig. 2



Let <FLP = a)

<FRP = a2

measured clockwise.

Thus positive values of «, indicate

angles for which the retinal elements are on

the temporal side of the left eye; while

positive values of a2 indicate angles for which

the retinal elements are on the nasal side of

the right eye. That is, in general, positive

values of a; and a2 pertain to the right spatial

fiel@ and negative values to the left.

Ogle describes the horopter trace

in terms of a relationship between these angles.

From elementary considerations, we can

see that the equation of the line:

PR = y = (x-b)tan(6-a9) 2.1

and the line

PL = y = (x+b)tan(61-01) 22

Further, if we put

d = tané;

= £ 2.3

= - tan62

and Ww, = tana; (i=1,2) 2.4

Then, (2.1), can be written

a+w,= =(x-b) tieey: (x: bls awe 2h

and (2.2) =>

= Awy COE ra 2.6
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Ogle, then makes this assumption:

".... that there exists a distance "a"
for a given observer for which the trace
of the longitudinal horopter, whether

determinable experimentally or not, is
a straight line lying in the fixation

frontal-parallel plane."?5°

If this is the case, we are then required to find

the relationship between the angles a, and a2,

for which this special situation is true.

This relationship can be found by

substituting the value

yra a7

into (2.5), and (2.6), and eliminating x.

This gives:

a{2d(ltwiw2) + (42-1) (wi-w2)} = 2b{a?- d(wi-w2) - wiwot

and, substituting for d, from (2.3), gives:

wiw2 + gpwi-wa) =

which can be written:

L = =.
wn caer eo

So the expression (2.8) gives the relationship

between the angles a: and a2, if the line (2.7),

is to be part of the horopter. That is to say,

if the relationship (2.8) holds for a particular

fixation distance "a", then the longitudinal

horopter will lie in the objective fixation fronto-

parallel plane. Or, as Ogle expressed it, this

equation:

- states the relative distortion

gradient or distribution of the
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optically projected longitudinal values

of corresponding elements of one eye

relative to the other, for the individual,

who, at a fixation distance "a", sets the

longitudinal horopter in the fixation

frontal plane."?5

In general, however, the experimentally

determined longitudinal horopter does not lie in

this plane but takes a form concave or convex

towards the observer.

Such a curve can be described by an

expansion of a power series in terms of wz (say),

and could be written in the form

2 = HC: + Awe + Bwe? Faces) 2.9ne
1 We

where H, A,B etc. are constants.

Now, if the equation of the longitudinal

horopter was expressed in such a general form,

then its shape would be determined by the value

of the expression on the right-hand side of (2.9)

ana. this value would depend on the relative

distribution of the corresponding retinal points

of the two eyes.

If the angles a and a2 are equal,

then. the geometric arguments advanced by Vieth

and Miller would apply and the trace of the

curve (2.9) should be the Vieth-Miiller circle.

Thus, the family of curves represented

by (2.9), should include the Vieth-Miller circle,

and the objective fronto-parallel plane (2.7),

as members. They should also, evidently, be

symmetric with respect to the median line,
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On the basis of the experimental

curves found?5?, Ogle argues that these criteria

are best satisfied by a family of conic sections

passing through the fixation point, and the mean

nodal points of the two eyes.

For equation (2.9) to represent a conic,

the right hand term must be a constant, and

accordingly, Ogle writes the fundamental equation

of the longitudinal symmetric horopter as

L i=
wi a, = é 2.10

where, for a given individual, H is a constant

for the fixation distance a.

This is Ogle's oft quoted and well

cited expression for the equation of the

longitudinal horopter.

Now, (2.5) can be written

eee Gy) = eet 6b)

We y + dx - db

and (2.6) =>

eee Gynt x + 1D

wi ax + db - y

if we insert the value of d from (2.3), and

substitute in (2.10)

we find

Hb H. 2—be
97) {ise} = v=
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This equation, then, is the explicit

formulation of the longitudinal horopter.

For a given fixation distance, a,

and a given inter-ocular distance, 2b, (2.11)

represents a family of conic sections, each

member of which is determined by ascribing a

particular value to the undetermined parameter,

na

For example, if

then (2.11) reduces to

Viyoay 78) 2.12

i.e. the conic degenerates into the x-axis,

and the parallel line through the fixation

point. (I.e. the fronto-parallel as determined

by (2.8) )

If, on the other hand, we take

H 2 0

(2.11) becomes

see

xt ¢y?- PUY -p? = 0 2.13

which is the circle passing through R, L and F.

i.e. the Vieth-Miller circle

This is evident from (2.10), since,

if H is © in this equation, then

WwW, = We
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which implies

and corresponding points subtending equal angles

with the foveas at the nodal point is the

condition for the Vieth-Miller circle.

The parameter H, then, is a measure

of the departure of the horopter curve from the

Vieth-Maller circle. It is therefore a

quantitative measure of the Hering-Hillebrand

deviation and has been designated?** the

Hering-Hillebrand horopter deviation coefficient.

As H varies from -» to +# , all the

possible conics passing through the points F, R

and L will be traced out. ‘These variations are

shown in fig. 2.19.

In his later work?5", Ogle modified

the analysis, and introduced a second parameter

Ro; modifying (2.10) to:

ioe
7 Reve

aA 2.14

to allow for the fact that the horopter

sometimes appeared to rotate about the median

line, as in fig. 2.20

If Ro = 1* and the longitudinal angles

are small, (2.14) can be written in approximate

form as:

* Ro is the ratio of the effective magnifications

of the images of the two eyes, and cannot be
very different from 1.
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N

ve

tions in Egnz (2.11)

Shape of Eqn. (2.1})

a hyperbola

two parallel straight lines

an ellipse (horizontal major axis)

the Vieth-Miller circle

an ellipse (major axis vertical)

a parabola

a hyperbola

Modified from Ogle(1932) fig. 4 and Table 1.



G2 - Og = Ha? 2.15;

where a is the mean of a; and a2;

showing that there is a progressive increase

in the difference between the longitudinal angles

with the peripheral angle.

If we write

We

Sey

then (2.14) can be re-written, as:

R = Hwe + Ro 2.16

and if R is plotted against w, for a set of

experimental results, then, if the ‘analysis is

valid, the points plotted should fall on to a

straight line of slope H and intercept Ro.

Fig. 2.21 shows Ogle's plot for this

data, and the straight line is a justification

for the selection of conic curves for the analysis,

and the graph reveals;

H = 0.120

Ro = 0.9966

Ogle has shown?5* by placing afocal

magnifying lenses before one eye, that the horopter

does indeed rotate by the predicted value of Ro

(for up to 4% magnification), but H ranting constant,

which is indicative of the stability of the horopter.
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Fig. 2.20 Rotation of the horopter

Rotated position of the conic section

due to a difference in the magnification

of the two eyes.

From Ogle (1950) op. cét. fig. 9



Right field

Tengect

Fig. 2.21 Graph to determine H and Ro

Phe “goodness of fit" of the data points

to a straight line, is a justification

of Ogle's selection of a conic section

for the horopter.

Prom Ogle (1962) op. cit. fig. 12



A most important, unresolved, problem

of horopter studies is indicated in fig. 2.22,

which shows the variation of the Hering-Hillebrand

horopter deviation coefficient with fixation

distance.

If, as has been generally accepted,

H is truly an index of retinal correspondence

and if retinal correspondence is ultimately

cortical as the most recent work *5§ 257

indicates, then it is difficult to understand

how it can change with fixation distance.

Ogle (1950) observed:

"... the functional binocular asymmetry

between the two retinas increases

markedly as the visual distance decreases"*5?

and concluded:

"We must agree that more data will

be necessary before the matter of

the determination of the empirical

longitudinal horopter, its functional

significance and the extent to which

it does or does not indicate the

nature of the stability of the optical

spatial counterparts of corresponding

points can be known."

and in his latest work (1962)?7°°, Ogle left the

problem unresolved.

Experiments on the apparent fronto-parallel

plane caused Tutisaka?®! (1958) to deny that

the Hering-Hillebrand deviation can be explained

by the asymmetry of receptor elements.

Hallden*** offered an alternative

explanation for the deviation of the horopter

to the generally accepted one. He suggested
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Fig. 2.22 Variation of H with Fixation

Distance

Empirical results showing how the value

of H varies for different observers, and

for different distances,

From Ogle (1950) op. cit. fig. 18



i}

that the Hering-Hillebrand deviation might

be caused by dioptric asymmetries, rather than

retinal ones. He produced an approximate

formula for H,

sing 2047

where n is the posterior nodal distance of the

eye; r is the radius of curvature of the retina;

and 6 is the angle between the optic axis of the

eye and the geometric axis of the retina. But

if this formula is true, it is ficult to see

how it could account for the variation of H.

Shipley and Rawling (1970), in th

review paper comment

"The rate of increase of nasal image
disparity with eccentricity appears
to decrease with the physical distance.
If confirmed, this would force us to
invoke some mechanism which acts as if
to change correspondence - though this
need not be implasticity in the classical
sense "762

and, in their Experimental Report, they

+ assert that correspondence
changes in all observers during
decreased convergence,"26*

In the analysis developed in Part IIT

below, H emerges as an explicit function of the

fixation distance, which, it is felt, offers an

explanation of the hitherto unresolved problem

just described.
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PART IT OCULAR KINEMATICS

Chapter 3 Derivation of the angle of torsion



3 Derivation of the Angle of Torsion

The concept of the horopter is based

on the assumption of a correspondence between the

retinal elements of the two eyes. These points

are regarded as being identified by their retinal

location, that is, their co-ordinates with respect

to a co-ordinate system defined in each retina.

However, if the horopter analysis is to

extend to three dimensions, allowance must be made

for the fact that the eyes can, to some extent,

xotate independently. That is to say they can

make vergence movements as distinct from merely

parallel version movements, and, in particular,

it is possible for them to retate about their

anterio-posterior axes.

The relevance derives from the following

consideration. If we consider a pair of

corresponding retinal points before such an

anterio-posterior rotation - or cyclo-rotation -

occurs, they will have some specific relative

configuration with respect to some arbitrary,

fixed, external co-ordinate system. After the

rotation their respective relative positions,

with respect to this co-ordinate system would be

different. If it is not to be argued - and it

is not - that the correspondence changes as a

result of the rotation, the specific allowance

must be made for this in the analysis
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For this reason an analysis of the

phenomenon of torsion has been included in this

study.

The eye-ball could be regarded as a

spherical object that can move quite freely

in its orbit; a sort of ball and socket with

three degrees of freedom. However, the extra-

ocular muscles and the fatty tissue of the orbit

impose a most elaborate series of constraints.

There are two nineteenth century experimental

“Laws" of ocular movement that limit the number

of parameters involved and make the question

amenable to kinematic analysis. These are

Donders Law and Listing's Law.

Donders! Law was established by Donders?®5

in 1846, but it was named as such by Helmholtz?®®,

It enunciates the principle that for any given direction

of regard the eye always assumes the same position.

That is, for any fixation point, the orienation

of the eye is unique and thus, if any torsion is

present for any particular direction of regard,

it is always the same.

This Law means that the retinal image

of any object in the external field will, for a

given position of the head and fixation of the

eye always fall upon the same retinal points.

Thus the eye cannot spin in an arbitrary way

around its anterio-posterior axis.
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Listing's Law was formulated, and

thus named by Reute?®’ in 1853; apparently

Listing never published the Law himself.

It states that when the eye moves

to any position from the primary position, it

rotates about an axis that is perpendicular

to the initial and final lines of regard at

their point of intersection.

Thus, Donders' Law shows that the

actual position of an eye is fixed for any given

direction of regard, and Listing's Law specifies

what this position is; it is -independently

of the path that it actually took - the position

that it would have if it had moved directly from

the primary position according to the above Law.

There have been many definition

of the angle of torsion?®® 259 270 271 272 273

It will be defined here as the angle

between the subjective horizontal plane (Fry's?7*

horizontal meridian plane) and the plane of regard.”

Where the subjective horizontal plane is the

plane, fixed in the eye, that coincides with the

plane of regard when the line of sight is

straight forward, the non-fixating eye is

occluded, the accommodation is relaxed, and the

head is held with the inter-ocular base-line

horizontal and the face-plane*vertical.*7° #77

(see: Fig. 3.1)

*a plane tangential to the chin and superciliary ridges?7®
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Fig. 3.1 The Angle of Torsion

O is the centre of rotation of the eye

OB is the straight-forward direction

DD' is the inter-ocular base-line

DBD' is the primary position of the

plane of regard :

OB is perpendicular to DD!

vv' is the subjective horizontal plane

of the eye when the fixation is directed

to. P

t, the angle between the plane OVV', and

the elevated plane of regard DPD', is the

angle of torsion of the eye



This angle has been derived, in

different forms, by Helmholtz??°, Lamb?®°, Fischer**?

and Schubert?*?; and, more recently, by Westheimer’ ®*,

who used the rather obscure notion of quaternions.

The following derivation, describes the

rotations of the eye by means of matrices, and

derives the angle of torsion in terms of the

direction-cosines of the direction of regard.

Let 0, the origin of co-ordinates be at

the centre of rotation of the eye; that is, at

the point of zero velocity during eye movements.

This assumes that as the eye moves so that the

direction of regard changes from one position

to another, the movement takes place without

translation. However, it has been shown quite

clearly?®* that there is no unique centre of

rotation. In fact, the eye undergoes a "screw"

motion as well as a rotational one, and that

the instantaneous centre of rotation changes

continuously.

However, to the order of accuracy

implicit in horopter experiments - which invariably *

rely on an observer's subjective response -

it is reasonable to accept the approximation that

such a point does exist; and this point is chosen as the

origin. It has been located as the point 13.5mm

behind the cornea, on the line of sight when the

eye is in the straight-forward eeeitta ai nes

*See below §21.
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Let the z-axis (see: fig. 3.2), be the

vertical line through O (positive upwards), so

that the horizontal plane is z = 0.

Let the x-axis be the line through 0,

in the plane z = 0, parallel to the median plane

(positive forward) .

Let the y-axis be the line through 0,

such that (x,y,2) form a right-handed orthogonal set.

When the eye is directed along the

x-axis, it is said to be in the primary position.

Let (x',y',z') be a second co-ordinate

system, fixed with respect to the eye, such that

the vectors x and x'. coincide when the eye is

in the primary position.

The plane x'-= O is known as Listing's

plane.

Let the vectors x and x' have direction

cosines u:,U2,Us and uf,us,u} respectively.

If the eye now undergoes a series of

rotations, the resultant can always be expressed

as a single rotation through some angle about

a'particular axis.?*7 Let us call this angle w

and let the axis of rotation be designated by

direction cosines (£,m,n).

AS a consequence of this rotation the

co-ordinate-sytem x' is no longer identical with

the fixed system x, but they are related to each

other by a linear transformation, which we can

write:



CENTER OF]

ROTATION

Fig 3.2 ‘The co-ordinate axes for eye movements

When the eye is in the primary position,

the axes fixed with respect to the head

and those fixed with respect to the eye

co~incide.



where B is a 3 x 3 matrix.

We can determine the elements of B

by the following considerations

First, rotate the co-ordinate system

to a new system x, by rotating it through an

angle 0, about the x-axis. (see fig. 3.3)

i.e. put

w = Riu aed

where

1 ° °

Ri © cosé,; sing; 353

© siné; cos:

Let this be followed by a further rotation of 62

about the new z;-axis (see fig. 3.3)

Bees

uz = Rem 3.4

where cos62 -sin6, O

Ra = sind, cosd2 O 3.5

° ° a

Thus, we have

ue = R2Riv Ru (say) 3.6

where

TRE)

cos6; -cosisin®, sin®,sin9,

u sin@, cos@icos0, -sin6:cosi,

° sin®i cose,

7.

3. 7



x=x]

Fig. 3.3 The rotations R; and R,

The rotation R; is a rotation through

an angle 0; with the x-axis held fixed,

bringing the co-ordinate axes to x1/Y1, Z1-

The rotation R2 is a rotation through

an angle @2 with the new z -axis held fixed,

bringing the coordinate axes to the

new position x2, Yar 22+



So R is a rotation after which

the original y-axis has direction cosines

(sin62, cos8;cos62, -sin@:cos@2)

If we wish this line to represent

the axis of rotation of the rotation 8B, we can

put

2 = sin®2

m = cos6:cos82

n = -sin@cos@2

which implies

if we write p? = m* +n?

n
sind; = —

= P

n

cos8; = o

sing, = &

coséz = p

Inserting these values in (3.7), we find

p? -m2 -ng

R = 2 zp mp np

° =o m

Thus R is a rotation that will bring the line

with direction cosines (%,m,n) into a line with

direction cosines (0,1,0)

Hence, if we apply the rotation R to

our original co-ordinate system, then the axis

of rotation (£,m,n) of the rotation B, will be

the y-axis (0,1,0) in the new system.
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The original rotation F was a rotation

through an angle w about this axis. So, if we

first apply the rotation R to the co-ordinate

system so that the axis of B becomes the new

y-axis, and then rotate through an angle w, about

this new y-axis, i.e.

cosw ° ~-sinw

Ro = ° a ° 3.18

sinw O cosw

and then rotate by R~! to restore the original

co-ordinates.

Hence:

B = R-!RR 3.19

is the matrix representing a rotation through

an angle w about an axis with direction cosines

(2,m,n).

i.e.

B =

p? %p oO cosw O -sinw p? -m2 -n&

ia -m2 mp -n On Tt 2p mp np eG

-nfnp mj| sinw 0 cosw}{ oO -n am

(m?+n?)coswtL? m2 (1-cosw) +nsinw né#(1-cosw)-msinw

= |m&(1-cosw)-nsinw (2?+n?)coswim? mn(1-cosw)+%sinw| 3.21

n&(1-cosw)+msinw mn(1-cosw)-2sinw (274m?) cosw+n?

ia



_As a result of the rotation, B,

the line of fixation (i.e. the x'-axis) is now

along the line OF (see fig. 3.4), where OF

the unit vector along x'-axis.

Let the plane containing OF and the

y-axis make an angle } with the horizontal plane,

and, in this plane, let the line OF make an

angle a! with the y-axis.+

Thus, the fixation line OF, is

completely determine by the two angles a' and A.*

In the plane YOF, we have

OP' = cos(180-a') = -cosa' 3.22

P'rP = sin(180-a') = sina' 3.23

where P' is the perpendicular from F on OY

and in the vertical plane P'FP,

we have

P'P = P!'Feos(-A) = sina'cosd 3.24

PF = P'Fsin(-A) = -sina'sind 3.25

Hence, the direction cosines of the fixation

line are

(sina'cos\, -cosa',-sina'sind) 3.26

Further, from fig. 3.4, we can see that the

equation of the plane YOF is given by

sindx + cosAz = O Seay

*fhe reason for identifying the fixation line by

these two particular angles is determined by the

treatment in Chapter 12, below.
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This rotation causes the fixation line of

the eye (the x'-axis) to take up the line

OF, with direction-cosines:

(sina'cosA, -cosa', -sina'sini)

by rotating through an angle w, from the

original x-axis, about a line with

direction-cosines (2£,m,n)



So, in the space described by x, the

fixed coordinate system, let the direction OF,

be given by a-vector u;

i.e.

Ui = (sina'cosr, -cosa', -sina'sind) 3.28

and the primary (original) fixation line; is

given by (say)

Uz = (1,0,0) 3.29

Hence, the angle w, turned through by the eye

to take up the fixation u:, is given by

cos» = ui.us (inner product) 3.30

= sina'cosi\ aval.

from (3.28), (3.29).

If the axis of the rotation, B, is

denoted by the vector u

i.e.

u = (2,m,n) 3/632

then, if the eye moves in accordance with

Listing's Law, u must be perpendicular to

both the initial and final directions of the

line of fixation; i.e. to both uw: and uz.

That is, we must have:

u.uz = 0 3.33

=>

ie s= 0 3.34

from (3.29), (3.32)
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An@ also

Bear = 0

=>

etme TT, Hh
sina'sind cosa’

from (3.28), (3.32) ,(3.34).

Thus, we can write

ne zo, sina'sind, -cosa')

where k is a normalizing factor, such that

k? = sin*a'sin?\ + cos?a'

= 1 - sin?a'cos?\

= sin?w (from 3.31)

And so, we have

k = YI = sin7a'cosTMy

cosw' = sina'cosa

sinw = k

£ = 0

a he eaelae

n = sosat
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Now the subjective horizontal

plane* is given by the equation

207 =i'0

which can be written in plane co-ordinates

as ui’ (say), whence

uit = (0,0,1)

Inverting equation (3.1), we can

write

m= Btn"

and so the plane (3.47) is represented by

the vector

in the original fixed co-ordinates.

But, since B is an orthogonal matrix,

we have

where B? is the transpose of the matrix B.

So, (3.50) becomes

at

wa °

°

a.

nf (1-cosw) +msinw

mn (1-cosw) -£sinw

(224m?) cosw+n?

from (3.21)

-*This term is defined below §4.
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From (3.27), we have, in the fixed

co-ordinate system x, the visual plane* can .

be written

xsink +zcosk = 0O 3.54

that is, it can be represented by the vector

up = (sind, 0, cosr) 3.55

Now, by definition, the angle of

torsion* t is the angle between these two

planes and hence it is given by

cost = Ui.U9 3.56

‘= {n2(1-cosw)+msinw}sind + { (274m?) coswin*}cosi 3.57

Substituting from (3.44), (3.45), (3.46), we find

cost Led

sina'sin?Asinw , sin?a'sin?rcoswcosk , cos*a'cosh

Kk K Kk

= Sina'sin?)(1-sin?a'cos?A)+ sin%a'sin?\cos*)_+ cos*a'cosd

1. = ‘gin“a"cos~)

by substituting (3.41), (3.42), (3.43).

Simplifying, we have

sina'sin?\ + cos*atcos
O8h = T = sin*a'cos7A

(sina'+cos\) (1~sina'cosA)
T - sin*a'cos7)

= sina’ + cosh

ey, Oe ae I + sina'cosh 3328

=>

Sint == 3.59

*This term is defined below &4.
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and

_ _cosa'sind

tant = Sina' + cosh 22

Thus, the angle of torsion T can be

expressed as a function of a' and i, the angles

defining the direction of the fixation line;

and, if Donder's Law is true, then this angle

is uniquely defined.

From the equations (3.58), (3.59), (3.60),

it can be seen, that if

at = tn 3.61

i.e., the fixation line is in the vertical

plane through the primary fixation line,

or if

a = 0 3.62

i.e., the fixation line is in the horizontal

plane, then

cost = 1 3.63

and

sint = tant = O 3.64

=>

tT = 0 3.65

Positions of the eye, where the fixation

lines are in these two planes, are called

secondary positions of the eye; other positions

are called tertiary. Equation (3.65) shows that

in secondary positions of the eye, the angle of

torsion is zero. This fact can be deduced from
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Listing's Law directly, without the necessity

of the above analysis.

The expressions (3.41)-(3.46). above

depend on the validity of Listing's Law. Hence,

under conditions when this Law breaks down,

the equation (3.57) would be a true expression

of the angle of torsion, but not necessarily

the later ones.

There is no: general agreement as to

the validity of Listing's Law.

Helmholtz noticed that there were

individual variations, and said:

"... we must not expect quite the same

precision in the eye as in a scientific

instrument, although, under ordinary

conditions normal eyes do obey the laws

of Donders and Listing pretty accurately."***

Quereau, using a blind-spot plotting

technique? ®? , found that, except for extreme

positions of gaze, Listing's Law was generally

valid. However, Weale?®®, using a photographic

technique, demonstrated the contrary assertion.

However, when the eyes are converged

there is more agreement that Listing's Law breaks

down. We have Landolt's classic experiment,?°?

(1876), recently confirmed by Allen’ in 19542°?

In fact, Allen and Carter (1967) have shown**

that there is a torsional movement of the eyes

on convergence, at all elevations, even when no

other movement of the eye occurs leading them

to consider a torsional component as part of the

near reflex, a phenomenon that had already been
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commented on by Tschermak-Seysenegg*** (1952).

Analysis of these writings leads to the

conclusion that, as with Helmholtz' pparently

vertical meridian", with which they are closely

associated, there is a large element of

individual variation in torsional eye-movements.

Nevertheless, if Lisitng's Law is approximately

true, then the equations (3.58)-(3.60) are a

valid expression of the angle of torsion as a

function of the direction-cosines of the line

of fixation.
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PART IIL

DERIVATION AND PROPERTIES OF THE

RECTILINEAR AND SPACE. HOROPTERS



4 Definitions

Definitions of most of the terms used

to locate the position of an eye, and its

relationship to the point of fixation and to the

vertical and horizontal planes have been given

by Helmholtz?°5, Fry et af.*°*, Alpern*®’, etc.

However because of ambiguities and inconsistencies

none of these sets of definitions are suitable as

the basis of a mathematical analysis and it is felt

that the terms used should be clearly defined afresh.

From any point P in external space we can

consider a pencil of rays entering the eye. If we

limit our consideration to the principal ray of

this pencil we can say that the incident ray is

given by the line PR where R is the axial point of

the entrance pupil.

We can describe this ray by the angles

and 6 where 6 is the angle between this ray

and the principal axis of the system and $ is the

inclination of the plane of incidence to the horizontal.

D After refraction at the various media

this ray will meet the retina as if from R', the

centre of the exit pupil of the eye, and described

by the angles 6* and ¢, where

Bee oar Fa) 4.1

i.e. 6" is a well defined function of the initial

angle 6, which can be determined by considering
' the laws of refraction at each surface.
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Hence if the pupil of the eye is of

a size that justifies restricting our consideration

to the principal rays, we need only consider those

rays of light incident on the eye that pass through

the point R. We can call R the noda£ point* of

the system.

. We can thus argue that the optical system

of the eye induces a 1-1 transformation T on the

set of lines {2} radiating from R in object space

to the set of lines {2'} radiating from R' in

image space, such that

2(8,6) + 2°(6',6)

can be written

tLe es 3 4.2

Thus we can describe the formation of

the retinal image by the transformation T, and

because of the reversibility of optical paths,

the projection of a retinal point into external

space can be represented by the transformation

eres

Since each ray 2' in image space will

meet the retina in a unique point P', and if the

ray in object space that transforms to 2' is given

by PR, we can write the transformation

T (PR) = 4.3

E-"@*). = RP 4.4

*The term nodal point is used in this context to

mean the apex of the pencil of all the rays incident

on the eye. It should not be confused with either

of the nodal points of the optical system of the eye.
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A line from any point in object space

to the nodal point we can call a Line of sight.*

* The line joining the fovea of the eye

to the point R' transforms under T~' into a line

of sight called the fixation Line.*

The fixation lines of the two eyes

intersect at the fixation point,

The line joining the nodal points of

the two eyes is called the base Line.

The horizontal line that perpendicularly

bisects the base line is called the medtan Line.

The vertical plane that contains the

median line is called the median plane.

If the head is erect and the fixation

lines are both horizontal and parallel to the

median plane, the eyes are said to be in the

primary position.

A plane in object space through the

nodal point can be defined by two lines of sight

2, and 22. These two lines transform under T

to &£{ and £4 and thus define a plane through the

point R' within the eye. This plane will intersect

the retina in a set of points that we will define

as a retinal Line.

*These definitions do not agree with those of
Pry et af.;?3* and Alpern?*®.
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We can then say that under the

transformation T any plane through the nodal

point "intersects" the retina in a retinal line,

where "intersects" implies the effect of the

transformation T.

When the eye is in the primary position

the fixation plane "intersects" the retina of each

eye in a retina line, fixed in the eye, that we

will call the retinal horizon.*

The plane in object space that is the

projection (under T-!) of the retinal horizon

is called the subjective hoxizontal plane.

When the eye is in the primary position,

the plane that contains the fixation line and the

line through the fixation point that appears

vertical to the observer "intersects" the retina

in a line, fixed in the eye, called the apparently

vertical meridian.

This line may, or may not, be identical

with the true vertical®®’, and its actual

inclination may vary from one individual to another.

However it is assumed that for a given fixation and

for a given observer, it is unique.

The plane in object space that is the

projection (under (T~!) of the apparently vertical

meridian is called the subjective vertical plane.

*This does not agree with Helmholtz>*! who used this
term sometimes for a line and sometimes for a plane.
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The angle between the two lines of

fixation is called the angle of convergence.

The angle between the plane of

fixation and the horizontal plane is called

the angle of elevation (= A, fig. 3.4).

The angle between the vertical plane

through the fixation line and the median plane

is called the angle of azimuth (= 90°-a', fig.3.4).

The angle between the subjective

horizontal plane and the plane of fixation is

called the angle of torsion.
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5 RELATED AND CORRESPONDING RETINAL POINTS

It is intended that the subsequent

mathematical analysis be based on the following

postulates.

POSTULATE I For a particular fixation

point F, the orientation of the eye is uniquely

determined. . (Donders' Law)*°?

This assertion has never been disputed

and without it no further analysis is possible.

POSTULATE II For a particular fixation

point F, there is for each retinal receptor a

functional relationship such that when stimulated

each receptor element will give rise, through

cortical connections, to a sensation of a particular

subjective visual direction.

This relationship can be represented by

the transformation

T-*(P') = RP 5.1

Let the nodal points for the right and

left eyes be located at the points R and L

respectively.

Then Postulate I implies that for a

particular fixation point the configuration of the

eyes is fixed, and a stimulus at any point in space

P' will form images at two uniquely determined

points Py (i=1,2) on the left and right retinas

respéctively.
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Where

Py = 71 (P'L) 5.2

Po 1 T2 (P'R) S58

(see: fig. 5.1).*

P, and Pz are said to be related retinal

points.

However this relationship is not reciprocal,

that is to say, given P; the point P2 is not uniquely

determined. This follows since although the point

P' uniquely determines the point Pi

i.e. P'o=> Py = 71 (P'L)

the point Pi does not determine the point P'

since Py ie Trt(Pa)

but only that P' must lie on LP', the projection

GE Py.

Thus P, determines that the point P'

must lie on the line T]1(P;). But for each point

P' on this line a unique point P2 in the right retina

is determined according to (5.3). Thus if P' is

considered as travelling along the line LP' (fig. 5.1),

then P2 will trace out a unique retinal line p2 in

the right retina.

Thus there exists a retinal line pz in

the right retina, each point of which is a related

retinal point to the point P; in the left.

*In the figures (5.1) etc. the entrance and exit pupils

are shown as coinciding so that the ray path P'LL'P; etc.

is shown as the single ray PLP;. This is intended to be

.a schematic representation of the relationships described

by the transformations (5.2), (5.3) etc.
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As the point P' moves along the line P'P"

defined by the direction PiL so the image

of P' in the right eye traces out the

retinal line p2 = P¥P2, located by P'R.

Points on the line p2 are said to be

related points to the point Pi.



This is the retinal line where the plane Ti! (P;)R,

i.e. the plane LP'R "intersects" the right retina.

Such a transformation «x, which carries

points into lines is called a plane correlation®®*.

Thus we can write.

Pz = KP: 5.4

i.e. the point P; is transformed by the

transformation k into the line p2.

Similarly

: Dive = KPa:

Implying

Pi = K "pa
2 5.5

Pop = « ‘pi

When the two eyes are directed simultaneously

to a given fixation point large central portions of

the monocular visual fields overlap. It therefore

follows from Postulate II, that for any retinal

point in one eye, there is a point in the other,

which, when stimulated separately,

would give rise to the same subjective visual direction.

These two points are said to be

corresponding retinal points.

That there is such an anatomical connection

between the elements of the two retinas has been

demonstrated by the discovery of neurons in the striate

cortex that respond to stimuli in both retinas, (see:

Bishop et al.*°", Nikara et al.°°5, pettigrew®®®
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If the points P1 and P, of (5.5) are

corresponding retinal points, then the correlation

k will reduce to a non-singular collineation t (say)

of points to points which can be represented

Vig Tes 5.6

Those points in space that for a given

fixation point will stimulate corresponding points

in the retinas of the two eyes are called sel{-

connesponding points.

The locus in space of all self-corresponding

points is called the honropter.

Since the points of any simple surface are

isomorphic to the points of a plane, we can

represent the points of the two retinas by the

points of two particular planes.

Let us then select the two planes Ii and lz

perpendicular to the lines LF and RF respectively,

and equidistant from the two nodal points (fig. 5.2).

Let any point P; in the left retina

be represented in the plane I; by the point where

the line Tj(P1) meets 11, and let a similar

representation prevail for the points of the right

retina.

Let the co-ordinates in the two planes

be given by (x1,y1) and (x2,y2) respectively,

and let each line of fixation meet its respective

plane in the point (0,0).

Now any retinal line is projected under

T-} into a plane which will intersect the plane Il,

in a straight line. In particular the retinal
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horizon will project into a straight line.

Let this line make an angle 6 with the xj,7axis

(see: fig. 5.3). Also let the projection of the

apparently vertical meridian make an angle 5 with

the x,-axis.

Hence the projection of the retinal

horizon will have the equation

sind; x; + cosOsys = 0 (i=1,2) 5.7

and the projection of the apparently vertical

meridian will be given by

sing,;x, + cos¢jy; = 0 (i=1,2) 5.8

The operational definition of

corresponding retinal points is that their projections

lie in the same subjective visual direction, i.e.

if P, and P2 are corresponding retinal points

then

Ti? (i) “= apt

T2)(P2) = RP"

have the same subjective visual direction.

Further if LP' meets 1, at Pj and RP"

meets I, at P}, then Helmholtz*°’in a series of

experiments has shown that P{ and P} are equidistant

from the two lines (5.7) and from the two lines (5.8).

We can ‘take this as a third postulate and

call such points corresponding points in the two

planes Tyee :
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Fig. 5.3

Ya Apparently
ie meridian

horizon

The inclination of the principal

meridians

the equation of the retinal horizon

is

sind,x, + cos®jy, = 0

the equation of the apparently

vertical meridian is

sing,x, + costyy, = 0

(i = 1,2)



A consequence of this postulate

is that if 7; and T2 are equal, that is if the

optical construction of the two eyes is identical,

then the two corresponding retinal points

Pi T, (P'L)

and > Pz T, (P"R)W

will have identical situations on the two retinas

with respect to their own principal lines.

That is to say corresponding retinal

points are identically situated on the two retinas

if the optical configurations of the two eyes are

the same. If the optical components of the two

eyes are not identical the corresponding retinal

points will not be similarly situated, but will be

placed such that their projections under Tj? and

Tz* on to the planes I; and I, are equally located

with respect to the lines (5.7) and (5.8).

This would suggest that the anatomical

linking of corresponding retinal elements occurs

as a result of experiencing identical visual

directions, that is as a consequence of learning,

as recent neuro-physiological work?®* would seem

to confirm.

The distinction between the two cases of

identical retinal distribution of corresponding

retinal points and the non-identical distribution

depends only on the operator T. This is a purely

optical operator which depends only on the curvature,
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position and refractive indices of the various

media, the pupil characteristics and the position

of the retina, but not on the distribution of the

retinal elements, as has been claimed by Hillebrand?°*

and, later writers’? °22_922)

We know from elementary co-ordinate

geometry that if

atgihs bAtaes S.

then the distance D(X,¥) of a point P(x,¥)

from the line

is

D(xX,Y) = aX + bY

So the distance D(X,¥) of any point P(X,Y)

from the projection of the retinal horizon

in Il, is from (5.7)

D(xX,¥) = sind;x + cos0,¥ (i=1,2) 5.9

with similar expressions for the other principal

lines.

Thus for corresponding points we have:

singix, + cos¢iyi = sing2x2 + cosdey2 5.10

sin@ix: + cos@iyi = sinO2x2 + cos@2y2 5.11

(5.10), (5.11) can be written

Dix: = Doxe 5.12

where

(x,S08 i r¥y) (i=1,2) S13

sing, cosd¢,

D, we = =| @=1,2)%2- 5.14
sind, cose,
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and (5.12) =>

x2 = 03'Dix1 5.15

If now the collineation t (equation 5.6)

be represented by a matrix A, i.e. if

T 2 x2 = Ax 5.16

Then (5.15),(5.16) =>

A = 03°D, SeL7,

cos82 -cosd: ll sing: cos.
pe a ae
sin (2-02) -siné2 eae sin®: cos:

Ff singicos62:-sinéicos¢; cosd1c0s@2-cos8:cos¢2
5Bintoa-6a)| ., hae : ’Sin (#2782) | singisinga-singisiné2 cos0isings-cosé:sine;

which expresses the relationship between the corresponding

points of the two eyes in terms of the inclinations of

their principal lines.

If we now put

X, = sind.x, + cosé.y, 5.19

¥, = sing,x, + cosd,y,

(i = 1,2)

then from (5.10),(5.11) we can describe corresponding

points by the relations

Xi =e Xe 5.21

Res Ze
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CORRESPONDING RETINAL LT)

Any line in I,

aixi1 + biys + cc, =O 6.)

can be written

&X; + mY, +. nm = 0 6.2

where, substituting from (5.19) and (5.20)

and equating coefficients, we have:

isind: + msing: = ay 6.3

&£cos6,; + mcos¢, = bi 6.4

n = ce 6.5

Thus £,m,n, are determined from:

a bising: - aicosdéy :

2 sin (61-01) ee

5 ajcost; ~ bysinds

& sin(éi-01) oe

nome a 6.8.

But, for corresponding points, (5.21),

(6.2) imply

i + wat mm =o 6.9

Thus, any line (6.1), in 11, can be written

as (6.2); where £,m,n are determined by

(6.6) ,(6.7),(6.8). These values determine a

unique line (6.9) in lz, consisting of corresponding

points. whe lines (6.2) and (6.9) are said to
be CORRESPONDING LINES in the planes Tye

Alternatively, we can say, that for

anv fixed values of £,m,n, the lines

Xs + mY 5 + i: S20 (i=1,2) 6.10

are corresponding lines.
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If we write

21a oe 2
holst +b? 6-11

then, (6.1) can be expressed in normal form,

i.e.

in this form, the distance from the origin

°
is

ale .8) implies that for corresponding points,
ci = 2; thus, for corresponding points, we

must have:

Substituting from (6.21), with (6.3),;(6.4)

we have:

22 i i 2 ‘ 2
kj =_(£sine,+ msing;)* + (Z£cos8,+ mcos¢,;)

= 22 2 cos (8, —= 2? + m? + 2gmcos (8,-$,) 6.14

Hence, (613) implies

gmcos(@1-$1) = smeos(02-$2) 6.15

Thus, for corresponding lines, we have,

_either: 2 =0 6.16

Ors mM = O 6.17

(Oi-d1) = (82-2) 6.18

And so, the corresponding lines (6.10), are

either parallel to the principal lines (5,15), (5.16)

or they are inclined at equal angles in the planes

I, and Ty.
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e Corresponding planes in space

and corresponding lines of sight

The discussion can now be extended

to three dimensions by keeping x, and y, as

defined, and introducing a third co-ordinate

into each co-ordinate system, z,, such that

the nodal point of each eye has the co-ordinates

(0,0,-e) in both co-ordinate systems (see fig. 7.1),

Bach plane Ml, is thus

= 0 be

and, we can write:

x. =e x,siné, + y,cos6; 1.4

= x,siné, + y cos¢, T23

(i=1,2)

from (5.29), (5.30); and define

Consider the two planes:

RA my tone om 7.5i a: a

(i=1,2)

which both contain the nodal point (0,0,-e).

These planes intersect Tye when

2, = 0, i.e. when

&X, + mY. + ne =2 7.6a As

(i=1,2)

Thus, comparing with (6.10), we can see, that
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Z2kaye

Xo

“L (0,0:¢) 2

R(0,0e)

Fig. 7.1 The two co-ordinate systems

X1_ and xo.

xi = (Xi, yi, 21)

x2 = (Xor Yor 22)



the planes. (7.5) intersect the planes I,

in corresponding lines. They are thus defined

as corresponding planes.

The straight lines joining the nodal

points (0,0;e), to corresponding points in the

planes qi are called coknesponding Lines of

bight.

A line of sight can be defined as

the intersection of any pair of planes passing

through it. (see fig, 7.2)

If we have two such planes intersecting

in a line of sight, then the two corresponding

planes intersect in a corresponding line of sight.

That is, each of the pair of planes:

RX, + my4 ig PRE, = 0 7.7a

QR'X, + mY, + n'z, = 0 7.82:

intersect when

7.9

Hence, substituting from (7.2), (7.3),

(7.4), for X;, ¥,, 2,, and putting i = 1,2

successively, gives the equations for two

corresponding lines of sight.
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Pig. 7.2 A_line of sight

The line of sight P,LP

can be defined by any two planes

passing through it.



8 Noniu: nes_and the Rectilinear Horopter

While the two corresponding planes:

Oxy i mY, + ng, = 0 8.1

(i=1,2)

are defined in terms of co-ordinates relating

to each eye separately, they exist in the same

three-dimensional space. Therefore, they are

either parallel or they must intersect in a

line (see fig. 8.1),

This line lies in both corresponding

planes, and is thus a self-corresponding line.

That is to say, points on this line will

stimulate corresponding retinal lines. They

would thus give rise to the perception of lines

of identical visual direction, which we can call

nonéus-Lines. These lines would be perceived

as single even when the stimulus to fusion was

inoperative.

Note, that a self-corresponding line

does not consist exclusively of self-corresponding

points, that is, points in space that will

stimulate corresponding retinal points. It is

simply that each point on a nonius-line will

stimulate in each retina, a point, whose

corresponding point in the other retina, will also

lie on the image of the line.
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If pi and pz are corresponding retinal

lines, then pil and p2R are corresponding

planes. These two planes intersect in

Sf, the self-corresponding nonius line.



That is to say, any point P' on

the nonius line will stimulate a point P; (say)

in the left eye. If P, is the point corresponding

to P; in the right eye, then the line P2R will

meet the nonius-line in a point (say) P". (see fig. 8.2)

In other words, the distribution of

corresponding retinal points induces a one-

dimensional homography, w, on the points of the

nonius-line, such that

Pp" -= wp! 8.2

Further, as the point P; is also the point

corresponding to Pz, we can also write

Pt = wp" 8.3

(8.2), (8.3) =>

w? = e€ (identity) 8.4

I.e. w is a cyclic homography of period 2,

that is, an involution.

Now, it is a property of an involution, 32"

that there exists two “united-points", i.e.

two points such that

Pp = wP' 8.5

that is to say, there are two points on the

nonius-line, where the route

Pp! +P, + Pp + PY

leads back to the original point P',

Thus, there are two points on any

nonius-line that will stimulate corresponding

retinal points; i.e. there are two self-

corresponding points on each nonius-line.
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Fig. 8.2 The involution, w

Illustrating the reciprocal relationship

PY = up!

P'o= wp"

on the nonius line ST.



However, we can see that if two

nonius-lines intersect at a point P', then

the image points of P' in each retina must

be corresponding retinal points, since each

image must lie at the point of intersection

of two corresponding retinal lines. Thus,

the point of intersection of two nonius~lines

is a self-corresponding point.

But, as we have just seen, there are

two and only two united-points of an involution

(not the identity involution), and thus only

two self-corresponding points on a nonins-line,

Hence, every nonius-line intersects

_ two, and only two, other nonius lines,

The surface in space that comprises

the totality of all the nonius-lines, for a

given fixation point, F, we will call the

Kectilinear honopter.

The corresponding planes (8.1), can

be written

eX, = 0 (i=1,2) 8.6

where si

2 = (L,m,n)

Xp = (Xj rXye2y) (4=1,2)
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Now (8.6), implies that

BeXy = p(XixX2) Xp

= 0 8.7

since, for i=l or 2, this is a triple scalar

product with a repeated factor, and therefore

vanishes for any p.

Hence

2 = p(X xX2) 8.8

i.e. uw is a vector parallel to Xixx2.

That is to say,

u has direction cosines

(Z)m,;n) = (¥iZ2 -21:¥2, Z1X2-XiZ2, Xi¥2-¥iX2) 8.9

Thus, we have that the equation of the

nonius-line, which is the line of intersection

of the two planes (8.6), is given by

UX: = O = u.Xe 8.10

where u is given by (8.8).

Thus, u is uniquely determined,

unless:

XixX2 = O 8.11

that is, unless the vectors, X; and X2 are

parallel. In which case:

MiYo2 - Yik2 = 0 8.12

Yale = 24¥, = 10 8.13

2X2 - XiZ2 = O 8.14
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Note: any point in space, x, will determine

unique values of X,and X>.

These, will, in general,

determine a unique line

= 0 (i=1,2) Sols.

where ua as pXixX2

which is a nonius-line.

Thus there is a unique nonius-line

that can be drawn through any general point of

space.

However, if x is such that,

XixX2 = 0 8.16

then any number of lines can be so drawn,

parallel to X:xX2.

That is to say, there is either, one

or an infinite number of lines of the rectilinear

horopter through every point of space.
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he rectilinear horopter, then, is

the envelope of nonius-lines, or, the surface

on which lines are seen singly without fusion.

Consider the two planes:

uyeX1 = 0 8.17

U2-Xi = 0

These planes intersect in a "line of sight",

Any plane through this line can be represented:

(ur + kug}-X1 = 0 8.18

where k is a variable parameter.

The plane corresponding to (8.18)

is

(ur + kua)-X2 = 0 8.19

and the planes (8.18),(8.19), intersect in

a nonius~line.

As k varies, the family of lines

represented by (8.18),(8.19), taken together,

will generate a surface, whose equation may

be found by eliminating k.

(8.18), (8.19) imply:

peice ee eas 2k oe ae 8.20

which implies:

(ai-X1) (w2-X2) = (wi-Xe) (u2-X1) ° 8.21

which, from the well known vector formula

is equivalent to:

(ayxuz).(XixX2) = 0 8.22

104



If we take the components of

the vector uixu2 as (L,M,N), we can

write (8.2), as:

L(Xi:¥2-X2¥i) + M(¥i2Z2-Yo21) + N(ZiX2-Z2X1) = O 8.23

For any particular values of L,M,N,

this expression represents a quadric surface.

That is, the surface generated by co-ordinates

satisfying a quadratic equation.

This is evident, as each term from

(7.2) ,(7.3),(7.4) can be seen to be a product

of two linear factors in XprYgr2y- Further,

it is a particular type of qua@ric surface

called a ruled surface, which is a surface that

can be generated entirely by straight lines.

AS L,M,N vary, so a whole. family of

different quadric surfaces are represented.

So we can see that (8.23) is the equation of a

family of such surfaces. If we put L,M,N

equal to zero in pairs, we can see that the

following quadrics are included in the family:

3a¥2 = Xa¥i, = 50 8.24

X¥iZ2 - Yo%i = O . 8.25

ZiX2 - 22%. = O 8.26

fhe family of quadrics represented by (8.23)

then, consists of all the quadrics through the

points common to (8.24), (8.25), (8.26).
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In general, three quadrics intersect

in eight points only, but, inspection of these

three equations reveals that any two implies

the third, so that there are really only two

linearly independent surfaces. Two quadrics

intersect, in general, in a quartic curve.

Thus, the rectilinear horopter is

given by (8.23), and consists of the pencil

of quadrics through the common curve of

intersection of any two of the surfaces

(8.24) , (8.25) , (8.26).

Further, we have shown that at any

point of this common curve, an infinite number

of nonius-lines intersect, and thus, every

point of this common curve is self-corresponding.

Thus, the common curve of intersection

of the surfaces (8.24) ,(8.25),(8.26), consists

entirely of self-corresponding points, and is

thus, by definition, the horopter.
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9 Co-ordinates relative to the visualee eee eter ve tothe visucl

plane

If we wish to explore the properties

of the quadric surfaces (8.24), (8.25) | (8.26) ,.

the form of the equations of §8, are not very

useful. We need to represent the vectors defined

there with respect to the’two eyes in the same

co-ordinate system. Consequently, we will now

set up a system of co-ordinates (x',y',z!)

relative to the visual plane.

The visual plane (fig. 9.1) is

defined by the points RLF.

Take the point of fixation, F, as

the origin. -

Take the visual plane, itself,

as the plane

z's 0

so that the z'-axis is directed upwards.

Let the angle RPL, i.e. the angle

of convergence be given by 2y.

Let the x'-axis bisect the angle of

convergence, directed towards the eyes.

Let the y'-axis be such that the

three axes form a right-handed orthogonal set.

Let

FL = a 9eL

ER = az 9.2
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Fig. 9.1 edinate-system x!

defined with respect to the

visual plane.



Thus, we have,

L (aicosy, aisiny,0) 9.3

R (azcosy ,~agsiny ,O) 9.4

Now, let us consider two further sets

of co-ordinate axes, with co-ordinates

(x}+yf+2]), (i=1,2) which are obtained

from the (x',y',z') axes, by a rotation

about the z'-axis, through an angle y, and ~y respectively,

such that each x}~axis passes through R and

L respectively.

If we write the vector x as (x,y,z,1), then

we can express these rotations by

“fe 9.5

where

cosy siny oO 6

-siny cosy oo

RQ a 9.6
oO ° 1 °

° oO ° 1

and

cosy -siny O150)

siny cosy ° °

Ro = oat

° oO 1 °

oO oO ° 1
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Now the xj-axis (i=1,2) is the

line from the fixation point to each nodal

point. This is the same line as the 2 axis

of §7. (see: fig. 9.2)

So, we can take

ie. By = (2, +e) 9.8

Further, let us say that, with respect to Xyr

s (see fig. 7.1) are rotated through anthe X,~co-ordinat

angle Uy about this line as axis.

That is, J, is the angle between the visual

plane, ai = 0, and the plane y,; = O- of §5,

And so we can put

= iyi ol een tsx; cosyyy} siny,z] 9.9

=. inv . + pees .y; sin)jy} cosh 2] 9.10

and (9.8) can be written:

Zo Axi 4d t: fay =e) 9.11

and, we can express (9.9), (9-10), (9.11)

by

= Byxt 9.12

where

Oo cosh, ~siny, °

al.

° ° ° 1 | et,2)
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Fig. 9.2 Relation between the co-ordinates x',

x' are the co-ordinates fixed in the

visual plane z' = 0

Ly (i=1,2) are obtained from x' by

rotations of ty about the z'~axis.

X, (i=1,2) are the co-ordinates of

§7, defined in the planes!Il, and the

fixation lines; where the xjraxis is

inclined at an angle }, to the visual

plane.



Equations (7.2) ,(7.3),(7.4)

express the relationship

x, = ALx, 9.14ee 24

where

eS 9.15

and

sind; cost; fe) °

sing cos¢ oO Oo
Ae 4 % 9.16

° fe) 1 e

° 3 ° z

However, without loss of generality, we can

take the x,-axis in §5, as the retinal horizon,

i.e., we can put

8 = 0 (4i=1,2) 9.17

Further, if we suppose that the apparently

vertical meridians in each eye are symmetrically

disposed with respect to each other, we can

take

oa = an 9.18

od2 = bm - € 9.19

Substituting from (9.17) , (9-28) , (9.19) in

(9.16), we have

° lr 0.250

cose -sine O 0

Ay = é 9.20

° omer. &

° Oly Oa
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oO 1 oO oO

cose sine oO fe}
A, = 922

° ° 1 ie

oO oO oO 1

We also have the following relationships:

The angle between the visual plane and the

xjraxis is Vie ;

The angle between the retinal horizon and the

xjvaxis is 6, (from 5.25)

The angle between the visual plane and the

retinal horizon is, by definition Ty

where TGF is the angle of torsion.

Thus, we can write

Vy le o, * | 9.22

which (9.17) => Vy = T

Thus, (9.13) becomes

O cost; -sint, 0

Oo sint, cost; 0

By = ae 5 - 9.24

° ° ° 1 (i=1,2)

Thus, we have:

from (9.5) Rx! 9.254s
a

from (9.12) x Bx! 9.26atc aA

= oR Rx" (rom 9:25) 909227
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from (9.14) A.x
ie

= A, BUR x" (from 9.27) 9.28

So = (say) 9.29

where Ca A, BR, 9.30

Thus, the equation (9.29), expresses the

linear factors of the quadric surfaces (8.23)

in terms of x', the co-dérdinates relative to

the visual plane.

Multiplying out the matrices

in (9.30), we find:

-sinysint) cosysint, cost; ©

~-sinycos (tT) +e) cosycos(tite) -sin(tite) 0
Cy = 9.31

-cos y -siny ° ai

° 0 ° 1

and

sinysint2 cosycost2 cost, °

sinycos(t2-e) cosycos(ta-¢) -sin(t2-e) 0

= 9.32
-cosy siny oO az

° ° ° L
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10 THE BASE OUADRICS

Consider the three quadrics that

are the basis of the pencil (8.23)

Put

oy 18 YiZ2 - 21Y2 = O 10.1

Sy. 2X2 - Xi22 = O 10.2

&: = X1Y2 - Y¥iX2 = O 10.3

If we substitute from (9.29) into these

equations, we find:

S,; = x'*{cos(ti#e) + cos(t2-e)}sinycosy

+ x'y'f{eos(ta-c) = cos(ti+e))

+ y'*{cos(tite) + cos(t2-e) }sinycosy

+ x'z'{sin(tite) - sin(t2-e) }cosy

- y'z'{sin(t:+e) + sin(t2-c)}siny

- x'{apcos(tite) + aicos(t2-e)}siny

+ y'fapcos(tit#e) - a,cos(t2-e) }cosy

- z'fagsin(tite) - azsin(t2-e)}

= 0 10.4

S2 = -x'%sint, + sint,)sinycosy

vxty'(sint, - sinti) ~- y'*(sint, + sint:)sinycosy

~ x'z'{costa- cost;)cosy

- y'z'(costz2+ cost;)siny

+ x'(ajsint, + az2sint;)siny

+ y'(aisint, - agsint,)cosy

+ z2'(a\cost, - a2cost;)

= 0 
10,5
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S: = x'*{sintycos(tz-e) - sint,cos(t1+e)}sin2y

- y'*{sinticos(t2-e) - sintzcos(t, +e) }cos*y

+ 2'*{cost:sin(t2-c) - cost,sin(t:+e)}

- x'z'{sintisin(tz-c) + cost;cos (t2-c)

+ cost,cos(t)+e) + sint2sin(t,+e) }siny

+ y'2'{sintisin(t2-e) - cost;cos(t2-e)

- sintgsin(t;+e) + costzcos(t: +e) }cosy

= O 7 10.6

(10.4) , (10.5), (10.6), then, are the

equations of three surfaces composed entirely

of nonius-lines for the case when the fixation

point is at (0,0,0). And, any quadric surface

through their common’ curve of intersection ,

is also composed of such lines.

$, is a hyperboloid of one sheet,

S2 is a hyperbolic paraboloid, and §; is a cone,

with a vertex at the origin (for certain

non-zero values of the angle of torsion}

see: fig. 10.1.

: These equations can be simplified

by making the substitutions

sin(tg-€) = k,sin(t, +e) 10.7

cos(t2-€) = kzcos(t, +e) 10.8

sintg = jisinti 10.9

cost2 = j2cost: 10.10
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(a) hyperboloid

of one sheet

(b) hyperbolic

paraboloid

Fig. 10.1 Types of ruled quadric suxfaces

-that the base quadrics can take



When the basic rectilinear horopter

surfaces, become

S, = x'*(1+k,)S8C + y'?(1+k2)SC -

+ x'2'(1-k;))CT - y'z' (1+k;)ST

ty" (az~aik2)C

n i

y! (ag-aijide + 2" (ag-arj2)K =

- 2! (ag-aiki)T

= x'?(1+5,)8C + y'?(1451)8C -

x'2'(1-j2)CK + y'a' (1+j2)SK

xty' (L-k2)

~ x! (agtarke)S

= 0 10.11

xty' (1-51)

~ x! (aztarji)s

° 10.12

Bye 6? kes Ja = vy"? (Ker ieee 2! yaa) ee

' xt2'((kitji)T + (kotj2) KIS

+ y'z'{(ki-ji)T - (ke-j2)K}C

where

kK =

siny

cosy

tan (ti +e)

cott:

= 0 10.13

10.14

10.14

10.15

10.16

And the rectilinear horopter is the family,

A181 #2282 + ASS ere 10.17

The form that these three surfaces

can take changes with the fixation point.

Various numerical particular cases are considered

below, (chapter 18).

However, we can notice the following

properties now.
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From (10.11), we can see that Si,

meets the visual plane, z' = 0, when

x"? (l+k,)SC + y'?(l+k2)SC - x'y'(1-ko)

- x'(agtaik2)S + y'(ap-aik2)C = 0

and, we can note, that if L

kar sy 2

this reduces to

24 yr xilagtaa) 4, ytfag-ay) _
citer 2c “e ora

10.18

10.19

oO 10.20

which, substitution from (9.3),(9.4), will reveal

is the circle through F,L and R;

i.e., it is the Vieth-Miller circle.

This occurs when, from (10.8)

Te ost + Je

or

From (10.12), it can be seen that

Sz, will meet z' = 0, when

x'?(1451)SC + y'?(14j1)SC - x'y' (1-51)

x" (agtarji)S + y'(ae-aiji)C = O

and if

Sabet A

this becomes (10.20), the Vieth-Miller circle

again.

This occurs, when, from (10.9)

T2 = U1
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From (10.13), we can see that $3,

will meet the plane z' = 0, when

tte? GEE 5

i.e., when

(x'"S-y'C) (x'Sty'c) = 0

that is, S; meets the visual plane in the

two lines

y' = tanyx'

y' = -tanyx'

i.e., the two lines FL and FR.

Further, since S; is a homogeneous

equation of the second degree, with no constant

term, we know immediately that it is the equation

of a cone, with its vertex at the origin.

(see: fig. 10.1c)

ES Ey

10.26

10.27

10.28

10.29



1 DERIVATION OF THE HOROPTER

The horopter is the common curve of

intersection of the three quadric surfaces,

Se, 162, and Ss.

Any plane meets a quadric in a

conic, thus, a general plane will meet two

quadrics in the four points common to two conics.

A curve that meets a general plane in four points

is called a quartic curve. Thus, the curve

of intersection of two quadrics is, in general,

a quartic curve, Ty.

If the guadric is a ruled surface,

comprising straight lines, then these lines are

called generators of the quadric. If two ruled

quadrics have a generator in common, then a

general plane will meet Ty, their curve of

intersection, in one point of this generator

and three other points. Thus, Ty, breaks

; down into this generator and a twisted cubic

curve T.

While a general plane will cut any

quadric in a conic, if this plane is a tangent

plane to the quadric at somepoint P, then the

conic will degenerate into two straight lines.

These two lines are the generators through P.
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The equation of the tangent

plane to a quadric

s.= 0

at a point (x1,y1,21), is given by

(xx 3S < (y-y1) 38 a (2-21) 38 = 0% | Ud

where 3 is the partial derivative of § with

respect to x at the point’ (x:,y1,21).

From (10.11), (11.1), we see that, Ai,

the tangent plane to S; at the point (0,0,0)

is

Ay = x" (agtaike)S - y' (ag-ark2)C + 2" (az-ayki)?

Substituting for z' from (11.2) into (10.11), we

see that Ai meets S,, when

x'? (ki tka) (ag-ay)SC + y'? (ka-k1) (aytaz)SC

+ xty'{(aikitaks)+(S?-C?) (arkatack:)} = 0

which factorizes into the linear factors

{x" (k2+k1) Sty" (k2-ki)C}{x! (aa—ai)C#y! (aztar)S}

Now S3; is a cone whose vertex is

at the point (0,0,0). It is the property of

the vertex of a cone that any plane through

it cuts the cone in two generators.

We can find the generators that A, meets S2

by substituting for z' from (11.2) into (10.13),

when we find, that

S? (kitk2)Lx'? - C?(ki-k2)My'? + 2scNx'y' = 0

where

ea

11.3

11.4



= (ae-aiki) (aztaiji)T + (aztaike) (az-aij2)K 11.6

M = (az-aik;) (az-aiji)? + (ag-aik2) (aez-aij2)K 11.7

= (aik3-azki) (a2-aij2)K-(a2-aik:) (azki-aijik2)T 11.8

and (11.5) factorizes to

{S(ko+ki)x' + C(k2-k;)y'}{SLx' - cMy'} = 0 11.9

Thus from (11.2),(11.4),(11.9) we can see

that the line

x" (aztaik2)S - y'(az-aik2)C + z'(az-aiki)T = O 11.10

x'(Ketki)S + y'(ke-k1)C = 0

which is equivalent to

coke ie te
ka-ki Ratki 2ka 11.11

is a generator common to both S; and S3.

Hence as the surfaces S; and S3

have a generator in common their residual

curve of intersection is a twisted cubic curve I.

So S; intersects j, in two generators intersecting

at F(0,0,0). Let these be given by 2 and m

where £ is the common generator of S; and S;

(fig. 11.1).

Now £ is a generator of the rectilinear

horopter and is therefore a nonius. line. We have

seen in §8 that each nonius line contains two

self-corresponding points. That is, each nonius

line must meet T in two points.

Further since F is the vertex of the cone

Sa an infinite number of nonius lines pass through F,

i.e. F must lie on T.
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Pig. 11.1 The generation of T

A, is the tangent plane to Sat F.

2 and m are the generators of S; in A;.

£ is the common generator of the base

quadrics that meets [ in two points F and R.

Any plane through £ therefore, meets f in

Q and R and one further point.

Thus by considering every plane through

4 we will generate every point of I.



So the line 2 meets f in two points,

one of which is F. Let the other point of

intersection be R (fig. 11.1).

Now since the space horopter T is a

twisted cubic curve it will intersect any plane

in three points. Consider a general plane

through the line £. This plane will meet T

in the points F and R and one further point

(say) P. If the plane is then considered to

rotate about the line 2, then the residual point

of intersection P will generate the whole curve

qT.

From (11.11) we can write the

equation of the common generator as

2k2Sx' + (ko-ki)Tz' = O

11.12
2k2Cy! = (k2+ki)Tz' = 0

and thus any plane through this line

as

{2k2Sx'+ (k2-ki)Tz'} + £{2k2Cy'-(k2tki)T2z'} = 0 11.13

where ¢ is a variable parameter.

i.e.

2k2Sx' + 2katCy' + {(ke-ki)-(katki)t}fz' = O 11.14
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As £ varies, (11.14) will generate

the whole family of planes through the common

generator to S$; and S;. For each value of ¢,

then, the plane (11.14) will meet T in one

further point, and, as ¢ varies, the whole

curve T will be traced out. This point will

occur where the plane (11.14) meets either $1

or Ss. (fig. 11.1)

If we substitute for x' in (11.14)

into either (10.11) or (10.13) we will obtain

a quadratic expression in y' and z'. However,

as we know that the generator (11.12) is common

to the two quadrics and to the plane (11.14).

We know one of the factors in the expression

must be a linear term from (11.12). Hence,

the other factor must also be linear, so we can

write the result of the substitution as:

{2k2cy'~(ke+ki)T2'}{Dyy'+E,2'4P,] = 0 11.15

(4=1 or 3)

and, substituting into (10.11), we find

Dy = Bayt (1+k2)022? + (1-k2)t + (1+k2)S7} 11.16

gy SCr { (142) (ky +k2) 47-2 (k3-k,) t+ (ko-ky) (k2-1) Ads 17
Ei" Gsky

Py = gpr{(astaike)t + (az-arke)} 11.18
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and, substitution in (10.13) gives:

Da = ppp ite-ji) (22-1) 11.19

Ey = —gpyl Ocother) Oca-Ji)TL?=2{ (B45 ka) THK 2 (ea ty 2) KIL

+ {(k2t51) (ko-ki)P + 2k2(k2-j2)K}} 11.20

Pp = 0 11.21

Thus we have, that the residual point of intersection

of the surfaces S;, and Ss in the plane (11.14)

is at the intersectior. in this plane of the

lines

Diy’ + E:2' + F; = 0 11,28

Dsy' + E32" = 0 i223

We can now change our co-ordinate representation

to homogeneous cartesian co-ordinates. That is,

we can let the point P, with co-ordinates (x,y,z)

be represented by a four-dimensional vector

(x1 /X2,%s,%4), where

ee eat 11.24

Vasa /Xi, 11.25

Z = X3/Xy 1126)

These co-ordinates are determined only by

their ratios, so the following values for

the vector x can be taken without ambiquity

to represent the same point.
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x = (vy 2,1) 11.27,

= (1X2 Xs 4) 11,28

= (9X1, PX 2 1 PX", PXn) 11.29

where p has any value # 0.

The point (*1,%2,%3,0) is taken

to be the point at infinity with direction

ratios %x1,x%2,X%3; and for any finite point

we must have

xy, # O 11.30

These co-ordinates are restricted in that they

cannot all be simultaneously zero.

In these co-ordinates, we can

solve the equations (11.14) (11.22) 7 (11.23)
simultaneously to give the co-ordinates of

the residual point of intersection of the plane

(11.14) with both S, and S;, for any value of ¢.

Which gives

Cc 2
ai = = gted ~ yap (kanki)-(katki thes Weal

x2 = -EsF) 132

x$ = DsFi L733

xh = DiEs - DsEy 11.34

In which, substituting from (11.15)-(11.20)

we find that we can write the co-ordinates

of Tas:
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x1 = qfit® + qiot? + qist + ais

xh = qhit® + qiot? + att + ahs

x$ = qhit® + q$2t? + qist + qh,

xh = qhit® + qhot? + qhst + gts

where (O52 F043)I
"

and, writing

Al = 4(a2-aik2)

AL 4 (artaike)

we have

qii = 2CAL (ke-ki) (ka-ji)T

Qle = ~2c{{2(k2-jiki)AL - (ke-ji) (ke-ki ALT

+2k2 (ko-j2) AIK}

Gis = -2C{{2(ke-jiki)AL - (ketj1) (catki ALT

+2kaf (Ka-j2)Ad - (kotjo)Ai}R}

qin = 2CAS{(ko+j1) (kotki)T + 2k2 (ko+j2)K}

Gh. = 28{ (kotji) (ke-ki)T + 2k2 (ke-j2)KIAL

qhe = 28{{(ket1) (ko-ki)AL - 2 (345k, )AN}T

+2ke{ (ka-j2)Ad - (kotj2)Ai)K}

Ghe = 28{{(ko+ki) (ko-Ji)AL - 2(e34+51ki )AS)T

~2ke (ko+j2)ASK}

gh» = 2SA4 (katks) (ka-$i)
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11.39

11.40

11.41

11.42

11.43

11.44

11.45

11.46
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11.49
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Qsi= - 48Ck2 (koji AL PSL

qs2= - 48Ck2 (ke-j,)AL 11.52

q3s= ASCk2 (Ko-ji AL 11553

qhn= 4SCke (ko-31) AL 121.54

qhi= -(ka-ki) { (ket) (1+k2)S? - (ke-ji) (1-k2)07}7

~2k2 (1+k2) (ke-j2)S?K 11.55

Qh2= 2C? (kz-ji) (k3-ki)T + 25? (1+k2) (k3+51ki)T

~(1-k2) (k2451) (kok )T - 2k2 (1-k2) (ke~j2) K

+28" k»o (1+k2) (kotj2)K 11.56

Ghs= — 2k2 (ke-ky) (145,)C?T - (1+k2) (kotki) (ko~J1)T

+ 2(1-k2) (k2451k1)T - 207k (1+ke) (ka-ja)K

+ 2ke (1-k2) (k2t32)K 11.57

aha= -(1-k2) (katki) (ko~ji)P + 2k (14k) (ketj2)C?K

42k2 (kKo+ki) (14+51)C?T 11.58

Thus, we have, the equation of the horopter,

that is, the locus in space of those points

which give rise to corresponding retinal points

is given by

re x= Qt 11.59

where the elements of 9' are given by

(11.43)~(11.58), and x' are the co-ordinates

with respect to the fixation point.

As t varies from -» to +» the whole curve I

is traced out.

Note: For convenience the parameter, ¢, of

(11.35)-(11.40) and (11.59) has been taken as

the reciprocal of the ¢ of (i1.14) etc.
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Prom (11.59), we can see, that T meets, the

visual plane, i.e. x} = ©, when,

xh = gq4it® + qhot? + gist + aby = 0

from which (11.51)-(11.54)

~Ajt®? - Ast? + Aft + AL = O

whose roots are

£ = 1, -1, -AS/Al

Substituting for these values in (11.59),

we find:

a 0 w i v * " {(A}-A{)C, (AJ-A])S,0,1 }

= R

t=-l => x’ = {(AS+AI)C,-(A3+A1)S,0,1}

ae

4 = -AS/A] =>

x' = (0,0,0,1)

= F

Thus, the horopter curve, I, meets

the visual plane in the three points R,L and

F.
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12 TRANSFER OF ORIGIN

Equation (11.59) gives the

co-ordinates of [referred to the fixation

point as origin. We now wish to transform

to co-ordinates fixed in space, or rather,

fixed in relation to the head. If the head

is assumed to be erect and fixed these two

systems are identical.

Let the distance between R and L

be 2b, and let the mid-point of RL be 0.

We can then take 0 as origin, and

take the z-axis as the vertical through 0

(positive upwards), so that the horizontal

plane is

Bm A

Then the x-axis is where z = O meets the

médian plane (positive forward).

And the y-axis is the base-line RL, such that

x,Y,2 form a right-handed orthogonal set.

Let the fixation point be at F,

and let the distance OF be a. Let the line OF

make an angle a with RL, and, finally, let

the visual plane be inclined at an angle \ to

the horizontal.
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Fig. 12.1 Relationships in the visual plane

VF = asina = aisina; = azsina2

OV = acosa RV = acosa-b LV = acosa + b

3 asina = —asina
tan: = Seosatb tanta = Scosa~

af = a? +b? + 2abcosa

af = a* +b? - 2abcosa

asina asin

2%. Se asaniGy a2. Taina

er hy ys) Dee ek (as c= cr)

tan2y. = tan(aa-a,) = 2abSine
a*=b*



In the visual plane z' = 0, the

following relationships hold (fig. 12.1)

af = a? + b% - 2abcosa 12.2

af = a? + b? + 2abcosa 12-3;

tan2y = 2ebsina. 12.4

If we put

A: = 4 (az-a:) 12.5

Az = 4% (agtai) 12.6

then, it can be shown that the following

relationships also hold using (10.14), (10.15)

b? = Afc? + Ags? 1257.

absina = SC(A3 - af) 12.8

abcosa = AiA2

Now, in the co-ordinates related to the fixation

point, x' (see fig. 9.1), we can write the co-ordinates

of the nodal points, as

R = {(A2-A1)C, (Az-A1)S,0,1} 12.9

L = {(AztA1)C,-(A2+A1)S,0,1} 12,10

and, if the new origin, 0, is to be the mid-

point of R and L, then, with respect to x!

© = (A2C,>A1S,0,1) 12.aa

then we can transfer the origin to this point

leaving the axes parallel to their original direction,

giving a new co-ordinate system x1, Say,

by the transformation

a Sabie 1253

(See: fig. 12.2)
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x!

Fig 12.2 Transfer of origin

The translation P; moves the origin from

F to 0, with parallel axes x' + x1.

The rotation Pz rotates the co-ordinates

about the zj-axis so that y2-axis is along

RL x1 + Xa

The rotation P3 rotates the co-ordinates

about the base line RL until the z-axis is

vertical, i.e. until the xy-plane is

horizontal x2+x .



where

T0606 -a,¢

° ~ ° Ais

0

oO ° oO 1

From (12.9),(12.10), we can deduce. that

with respect to the x' system, and thus,

also to the x; system , the line RL, in the

visual plane makes an angle 6, with the x' axis

where

atan@é, = 12.14
Aic

To rotate the axes, such that the line RL

is the y,~axis, and the x,~axis is perpendicular

to the y2axis in the plane z; = 0, and x, is

positive towards the fixation point, we need

to rotate the axes about the z)-axis, through

an angle 62 , where 6, is -LOy,.

dee. 02 = -(4n401)

therefore tand, = cote, = -RIG 12.15

Thus, we can put

Xe = Pox, 12.16

where

-A2S -AiC 0 0

Aic -A2S 0 0

Pe, = 12.17
° ° Se oo

° ° Ces

simplifying from (12.7)
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If we finally, rotate the x,-axes to the

X-axes by a rotation through A, about the

ye-axis, so that the z-axis is vertical}

then, we have,

x = Pox. (say) 12.18

where

cosh © sink 0

oe eee)

P, = 12.19

-sink 0 cosk 0

O 5.05 Oe et |

Thus, we have

from (12.12) xi ty Bast 12,20

from (12.16) Xe = Pexy Ee

= PsPyx' “(from 12.20) 12,22

from (12.18) x = Pox 12423

= P4P2Pyx' (from 12.22) 12.24

= Px! (say) 12.25

where Pea = Bake Pt 12.26

Thus (12.25) gives us the transformation

of co-ordinates x', defined with respect to

the fixation point, to x, those fixed in relation

to the head.

If we evaluate the matrix ? from

(12.26), by substituting from (12.13), (12.17)

(12.19) and multiplying, we find utilizing

the relationships (12.7), (12.8)
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4

~A2Scoshk ~A,Ccosk bsink absinacos\

Ayc ~A2S ° -abcosa
= 

12527

A2Ssin\ A,Csink bcos) -absindsin)

° ° ° b

If we put x' = (0,0,0,1) in (12.25), we find

the co-ordinates of the fixation point in

this system is

X_ = (asinacos\,-acosa,-asinasind,1) = F 12.28

We can also see

R* = (0,502) 12.29

L = (0,-b,0,1) 12.30

and the visual plane, i.e., the plane

through R,L,F is

A = sinkx; + coskxs = 0 12.31

Prom (11.59), we have that the equation of

the horopter with respect to the x' co-ordinates

is given by

PoE ox" = Qe 12.32

but, from (12.25), we have

ya Pee

and so, with respect to the new co-ordinates,

we see, by multiplying both sides of 12.32 by P.

Pf 2 x = Porte 12.33

= Qt (say) 12.34

where

Fee AAP OS 12.35



So, evaluating (12.35) from (11.43)-(11.54)

and (12.27) will give us (12.34) explicitly,

which is the equation of the three dimensional

space horopter.

Evaluating (12.35), we find, where

5 are the elements of 9:

and, noting

2A] = Az (Ike) + Ay (14ke) 12.36

2A3 = Az (1t+k2) + A; (1-k2) 2sae

~2SCkz,.cos) (k2-ky) { (1451) b?4+AjA2 (1-31) }7

+2SCk,cosh (k2-j2) { (1+k2) b?4AA2 (1-ky) }K

7~2SCkasind (ke~ji) b{A2 (1-k2) +A; (1+k2) 12.38

28Ck,cos) (k2+k,) { (1451) b?4A,A2 (1-5,) ) 2

+28Ck,cos (k2 +52) { (14k) b?4A, A, (1-k,) }K

~28Ck2 sin) (ke-j1)b{Az (1+k2) 4A; (1-k2)) 12.39

28Ck2cos) (ka~k)) { (1+j1)b?4+AiA2 (1-51) }T

2SCkgcosh (ka~ja) { (14+k2)b?4A1A2 (1-k2) }K

2SCk2sind (k2-j1)b{A2 (1-k2)4Ai (1+kz2)} 12.40

-2SCk2cosh (k2+ki) { (1+j1)b? +A, Az (1-j1) }?

-28Ckpcosh (ko+j2) { (1+k2)b?4A,A2 (1-k2) }K

+2SCk2sind (k2-j1)b{A2 (1+k2) +A; (1-k2)} 12.41
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(k2-Ki) (L+k2) (ko-di )ARC?T

~ (ke-k1) (1-k2) (ka4j1)A38°9

-2k2 (1-k2) (ko-j2)A3S°K

(ke-k1) (2-51) (1-k,)Afe??

~2(k3-jiki) (L+k2)AiC7T

42 (k34+31k1) (1-k2)a2s*2

(kena) (ket51) (lik, )Azs?*r

42k» (k2+j2) (1-k2)A3S?K

~2k2 (K2-j2) (1+k2)b?K

(ko+ky) (ko+51) (1tk,)AgC?T

7-2 (k3-jiki) (1-k2)Afc?T

42(k34+j1K1) (1+k2) A872

~(katki) (ke-J1) (1-k2)A3S*2

~2k2 (ka-j2) (1-k2)A$C?K

42K (Kotj2) (1t+k2)b?K

(ka+k1) (1-ka) (ko+51 )AIC*T

~(katk1) (1+k2) (ko-ji)A38°P

+2k2 (1-k2) (k2+j2)A7C?K
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28Ckasind (k2-ky) { (1+j1)b24A,A2 (1-51) }T

+28Ckasinh (k2~j2) { (1+k2)b24A,A2 (1-k2) JK

~2SCk2,cosh (ko-j1) b{Az (1-kz) +A) (1+k,)} 12.46

~2SCkzsink (k2+ky) { (1451) b?4AiA2 (1-51) )T

~28Ckzsind (k2+j2) { (1+k2)b*4AiA2 (1-Kk2) }K

72SCkzcosh (k2~j1) b{Az (L+k2) 4A; (1-k,)} 12.47

-28Ckesind (ko-ki) { (L¥j1)b?+ AiAAI-j1) 7

~2sCkasind (ka-j2) {(1+k2)b?+ AyA(1-ke) }K

4+28Ck2c08) (ko~j1)b{A2 (1-k2) 401 (1+k2)} 12.48

2S8Ckasind (ko+ki) { (1+j1)b?4AA2 (1-51) }T

+2SCkzsind (ko+j2) { (L+k2)b? +A, Ap (1-k2) }K

+2SCk2cosh (k2-31) b{Az (1+k2) +A; (1-k2)} 12.49
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dae

~ (se-k1) (k2+51)-(1+k2) bs?

+(ke-ki) (ke-j1) (I-k2) bo?*T

~2k2 (14k2) (k2-j2)bS*K 12.50

2(k3-k1) (ko-j1) bC?T

42.(k34+3j1k1) (142) bS?*2

= (ka-ky) (ket51) (Ike) bY

-2k2 (ke~J2) (1-k2) bK

42k2 (kotj2) (1+k2)bS?K 12.51

~2ke (ke-k,) (1451) bC7T

(ka tka) (ke-ji) (+k, )bT

42(k24+31k1) (1-k2)bT

-2k (k2-j2) (1+k2)bO?K

+2k2 (K2+j2) (1-k2) bK “12.52

2ke (kz+ki) (1+j1)bC?T

~(ka4k1) (k2-j1) (1-k2) br

+2k2 (K2+j2) (1+k2)bC?K 12.53



13 Properties of the horopter curve, I

We have now determined that the locus

of those points in space that will stimulate

corresponding retinal points is given by (12.34)

i.e,

a ot 1398

where the elements of the matrix, 2, are given

by the equations (12.38-12.53).

These elements, q,,, are functions

of (a,a,A), 4.e., the fixation point; b, the

semi inter-nodal distance; c, the subjective

deviation of the vertical in the primary position;

and 71 and t2, the angles of torsion in the

left and right eyes respectively.

Each row of (13.1) can be written

xy = Baye) x24) 13.2

and is a cubic expression in ¢,

Thus, each co-ordinate is given by

a cubic expression of the parameter, and hence

T is a twisted cubic curve.
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(13.1) =>

t = Ox 13.5

where Q~' is the inverse of the matrix Q.

If we transform to a co-ordinate system, where

pd tx 13.6ix 1

then (13.1) => that

X = px = pQ-* (Qt)

= pt 1357

i.e. T is in canonical form

MaiXgiXs:Xy = ¢°9:47:t 2 1 13.8

In this representation, let

u.x = 0 13e9)

be the plane containing the three points

on T defined by (41), (t2),(ts)

Then, ¢,;t,,t,; are the three roots of

the equation

uit? + upt? + ust + dy = 0 13.10

8 teen Bete es |e
Thus, the equation of the plane (13.9) is

Xi ~ (tittetts)X2 + (tatattstittite)Xs - titetsxe = 0 9 13.1:

If the three points t, co-incide, then the plane

defined by (13.12) is called the OSCULATING PLANE

at the point t, and is given by

Xi - 34X_ + 34°x, - t°'x, = 0 13213
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Further, it is evident that every nonius-

line is a chord of Tr, and is defined by

the two points (t:),(t2) at which it meets I.

And the chord (£,),(t:) must lie in the

plane (41,¢2,¢) for all values of t.

So, (13.12) =>

Xin (4142) Xott1£2Xs-t{Ko~ (4, 442)XattitexXy} =O 13.14

for all values of t.

So, the chord (t:),(tz) has the

equation:

Xi ~ (4.442)Xs + t1%2X%. = O

13.15
Xo - (4itt2)Xs + t1t2X, = O

and, if we put ¢2 = t;, we find that the

tangent at the point (4,) is

Xy - 2)X2 + 2t7Xs °

13.16
Moye2tikts + 41X,-= 0

Now, T meets the plane at infinity,

when xy = 0 13.17

(13.17) being a cubic equation in t, it will

always have at least one real root.

Let this root be ¢,.

Then, the asymptote plane to the cubic curve De

is the osculating plane at ¢ = t,

i.e. Xi - 34,X%2 + 3¢2x, - tix, = 0 13.18

Now, from (13.6), we have that for i = 1,4

Wa os Sa4 (J=1,4) 13.19* .
ay

where (a3) are the coefficients of Q7',
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So, the asymptote plane is

z (at, - 3tag, + 3t2q45 - t2qg x, = 0 13.20

(4=1,4)

Similarly, the asymptote line: , i.e., the

tangent at the point t= ¢,, is given by:

f °
_ 2

Rat, ~ 2,034 + 42953)%;
(i=1,4) 13.21

1! °hag, - 24.03, + tlagy)xy =

If the cubic equation (13.17) has

only one real root, then the entire curve I,

lies on one side of the plane (13.20), and

approaches the line (13.21) as an asymptote

at either end.

The matrices 9 and Q-', have been

evaluated for yarious fixation points on

The City University I.C.L 1905 Computer,

and various projections of the curve P plotted.

(see, below, chapter 18)
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14 The quasi-symmetric case: the space horopter

We have, from §3, that, if the

direction cosines of the line of fixation

of an eye are given by

u = (sina'cos\, -cosa', ~sina'sini) 14.1

then, if the eye moves in accordance with Listing's

Law, the angle of torsion’of the eye is a well-

defined function of the co-ordinates of the point

of fixation, viz. (from 3.58, 3.59)

r cosa'sind

sint = T+ sina’cosy ie

sina' + cos)

cost = T+ sina’cost aay

Now, in the co-ordinate system of §12,

we have from (12.28) that the co-ordinates of

the fixation point are:

X_ = (asinacosd, -acosa, ~asinasin\) 14.4

which is equal to the vector OF

Hence it is evident from the symmetry

of fig. 12.1, that the vectors LF and RF are

given by y, (say) (i=1,2), where

¥y = (aySinaycos\, -ajcosa,, -a,sina,sin\) 14.5

(4=1,2)

i.e., the direction cosines of the two fixation

lines LF and RF are u, (i=1,2), respectively, where

= (sina,cosi, ~cosa,, ~sina,sind) 14.6



Thus, we have, from (14.2) ,(14.3)

cosa, sind

Sint; = TF sina,cosx (4-1-2) s4t

sina, + cosh
cost, (i=1,2) 14.81 + sina,;cos)

Also, from fig. 12.1, we can see that

the following relationships hold:

_ asina .
sina, = 28ino (4=1,2) 14.9

i

cosa; = Acesa +b 14.10

acosa = b
co8a2 = ag 14,11

So, if we now substitute for sing, cos A

(4=1,2) from (14.9) ,(14.10),(14.11) into (14.7)

and (14.8), we find

sint; = Lasosn +b) sink 14.12

sint, = (acosa - b)sind 14.13

a2 + aSinacosh

asing + a, Cosh
cost; = a, asinacost (i=1,2) 14.14

Whence, the matrix 2, and thus the

horopter curve, I, is completely determined,

when a,b,a,X and €, are known.
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Tf

a = dn

i.e., the fixation point, F, lies in the

median plane y = 0, then we have

in which case, (14.12)-(14.14), reveal

__bsind

a, + acosd
sint,

int ece

orcs ar * acosa

= - sint:

and

a_+ aj;cosi

SOS kN ag a vacos)

= cost;

(14.18) ,(14.19), together, wv

So, if fixation is in the median plane,

-and the eye moves in accordance with Listing's

Law, then the relationship (14.20) holds between

the angles of torsion of the two eyes.

However, it has been shown??5, that

Listing's Law is not generally true, particularly

so when the eyes are converged to a near point.

However, considerations of symmetry

indicate that it is not unreasonable to assume
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that a relationship such as (14.20) holds for

a certain region of fixation space in the

vicinity of the median plane.

We will call the situation when (14.20)

is assumed to hold the quasi-symmetric case.

If we substitute from (14.20)

(10.7), we find

ky =

Similarly

(10.8)=> kp

(TO, 9)Se Si =

(10.10)=> j2 =

And, if these values

(12.38)-(12.53), the

qin

Giz

Wdis

dis =

into

sin(~1)-e)

sin(t, +e)

are substituted into

elements of Q become:

-SCAi (AzTcos)\ + bsind)

SC(Kb*cos\ - Azbsind)

SCA, (A,Tcos\ + bsind)

~SC(Kb*cos\ - Azbsind)

Kb? + a$s?T

oO
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14.23

14.24

14.25

14.26

14.27

14.28

14.29

14.30

14.31

14.32



Gsr

Gs2

dss

Gin

Gar

Guz

Gas

Gas

SCA, (A2,Tsink - bcos) 14.33

If we write

P(t)

~SC(Kb*sink + A,bcosi) 14.34

~SCA, (A2Tsin\ - bcos)) 14.35

SC(Kb?sind + Azbcosi) 14.36

° 14.37

(T + KS*)b 14,38

O° 14.39

Kbc? 14,40

= (%1-X2 Xs ,Xy) 14.41

from (13.2), then we find using (12.7)

r(1)

similarly

T(-1)

= (0, b®(K+T) ,0,b(K+T) ) 24.42

= (0,b,0,1) from (11.29) 14.43

= -L

= (0,-b,0,1) 14.44

£ R

and for the particular value ¢ = -As/A, we find

r(-R2)

1

2a? 2iun2SC (AZ AL) (Kb +A3T) cos) 14.45

2an2
~ Az (Kb?+A3T) 14.46

Ai

Tee 2an2SC(A Ad) ee +A$T) sind 14.47

ee) 14.48
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Simplifying with the aid of (12.8),

we see that

r(-22) = (asinacos\,-acosa,-asinasin), 1)

ay

So, the quasi-symmetric horopter

meets the visual plane in the two nodal points

and the fixation point.

If we invert the matrix 9, with

elements (14.25)-(14.40), we find that the

inverse matrix can be written

=) = - = pide apne ()Q BCayb* (KAT) (RD“TATT)

where the elements of Q* are given by

ati

aie

ats

ats

gh

be

abs

qs

gh

dhe

a. =

qty

(Kbsin)-+A,cosi) (Kb? +A3S??)

~SCA, (Kb? +A3'T)

(Kbcos\~Az,sini) (Kb? +A3S72)

°

A\C?Kb(A,Tsini-bcosh)

°

A, C?Kb (A2,Tcosi+bsind)

SCA; (Kb?+A?T)

~A¢C?T (Kbsin)+A,cos))

~SCA, (Kb? +A3T)

~A?C*T (Kbcos}-A,sini)

fe}
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14.55

14.56

14.57

14.58

14.59

14.60
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qt, = ~A,b(T+KS*) (A,TsinA-beosh) 14.63

qe = 0 14.64

qt; = -A,b(T+KS?) (AzTcos\+bsind) 14.65

qt, = -SCA (Kb?+A3T) 14.66

Now, we have from (13.2)

Xy = quit? + quet? + qust + qua 14.67

and so from (14.37)-(14.40), we see

xy = (T+KS?)bt? + KbC? 14.68

Hence, the only real root of

x, = 0 14.69

is when

Eee ace 14.70

Thus T is a twisted cubic with only

one asymptote plane at the point given by (14.70).

From (13.20), we have, for this value

of t, the equation of this plane is

tay.x, = 0 14.71

and, therefore, if we substitute from (14.63)-

(14.66), we find that the equation of the

asymptote plane, is

{ There is a theoretical possibility for (14.69)
to have three real roots; this would require

€ to be much greater than 1% and of opposite sign.



Bi SC(Kb?+A3T)
(ApTsin\-bcosi)x; + (Az,Tcosd+bsinh)x3 + “piraKs=)

= 0 14.72

and the asymptote line is found from (13.21)

where this plane intersects the plane

fq}jx, = 0 14.73

i.e., the plane

A,CT (Kbsin\+A,cosA)x, + S(Kb?4+A3T)x2 + ACT (Kbcos\-A,sinh) xs

= 0 14,74

i.e., the line given by

A Kb?+A3T) ~ AiSC??(Kbsin) fbeseed)
x Sages) SY. ba (T#KS2) me

Sindk+A;Tcos) A\CT

z
= } 14.78

where

a = cos - AgTsind 14.76

from which we can see that the quasi-symmetric

horopter, I, can take the form given by fig. 14.1.

If fixation is in the horizontal

plane, then X = 0, and the matrix for Q

becomes :
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-SCA\A,T SCKb? SCAjA2T

aAgc’T ° Kb?+a3S°T

-SCA,b -SCA2b SCAib

° (T+KS?)b °

and, the asymptote plane becomes

bx - A2Tz
SC(Kb?+037)
b(T+KS7)

and the asymptote line

x
SC(Kb?+A3T)
b (T+KS7)
oT

_ ALA2SCc?T
Sy ~ b(TeKS?)

A\CT
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°

14.77

SCA2b

Kbc*

14.78

z 14.79



co The guasi-symmetric case: the rectilinear

horopter

From (10.11)-(10.13), and (14.21)-

(14.24), we can see that in the quasi-symnetric

case the basic quadrics of the rectilinear

horopter are given by

S$: = (x'* + y'*)sc + cTx'z' - A,Sx' + AyCy' -A2T2!y

= 0

S2 = x'y' - Sky'z' + AiSx' - A2Cy' - A)Kz' =

Ss = 8x'? - c#y'? —- xnz'? - (K-T)Sx'z! =

Let these three quadrics cach be

represented by a symmetric quadratic form

such that

= Torys
8, 5 x Six

so that

sc °

‘ ° sc

Si =
4CT °

-4A2S %A\C

° 1

aL °
Shoo=

° -4SK

4A1S -4A2C
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4CT -4A2S

Oo 4ALC

O -kALT

-4A,T 0°

Oo %AiS

“SK -%A2C

Oo -kAiK

-3Ai1K 0

i§.5,

15.6



6° O -3(K-T)S O

° =c? ° °

S$ 15.7

-4(K-T)S 0 --KT °

0 0. ° °

The form that a quadric surface can

take can be determined by: considering the

determinant |${], and, the eigenvalues of the

matrix D,, formed from the first three rows and

columns.

Now

[Stliat Atc’rTM/16 15.8

#0

and

[0:| = -%sc*r? 15.9

0

Put Diu = yu 15.10

=>

sc= 0, ser

Oo sc-u 0

= 0 15.11

kere 0 1

which gives

u = SC, or &(S + 57477) i5322

Thus, since $ is of rank 4, and D

is of rank 3, and the eigenvalues are not all

of the same sign, S, is a hyperboloid of one

sheet. (see: fig. 10.1la)
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S; meets the visual plane z' = 0,

(fig. 15.1), in the circle,

Regt 4 Aly = 0x'? 4 yt? - Ae

which we have seen in §10 is the Vieth-Miller

circle.

It meets the plane y' = 0 (fig. 15.2)

in the two lines given by

(Sx' + 972") (Cx! = As) = 0

and the plane x' = O (fig. 15.3) in the

parabola

scy'? + AiCy' - A2Tz' = 0

We have also

[Sst] = afx?c*

#0

but

|02| = 0

d.e., there is at least one zero eigenvalue,

the characteristic equation is

jen 1 °

J -u -3SK = 0

Oo -§SK -y

whose roots are

wo = Oor +£/71-%S7K"

Since S$ is of rank 4, and Dof rank 2

and the non-zero eigenvalues are of opposite sign

S2 is a hyperbolic paraboloid. (see: fig. 10.1b)
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S, meets the visual plane, z' = 0,

(fig. 15.1), in the hyperbola

x'y' + AiSx' - A,cy' = 0 15.20

and meets the plane, y' = 0 (fig. 15.2)

in the single line

Sx! - Kz! = 0 15,21

and meets the plane, x' =" O (fig. 15.3)

in the hyperbola

Sky'z' + A,Cy' + AiKz' = O 15.22

For the third quadric, we have

Ess |, =050 15.23

]0s| = sc? (KT + ¥S(K-T)?) 15.24

# 0

therefore S3; is a cone.

This cone meets z' = O (fig. 15.1)

in the two lines

(Cy'+Sx') (Cy'-Sx') = 0 15.25

and, meets the plane, y' = 0 (fig. 15.2)

in the two lines

(Sx'-Kz') (Sx'+Tz') = 0 15.26

and, meets the plane x' = 0 (fig. 15.3)

in the single point (0,0,0), i.e. the vertex

of the cone.
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Si

S:
2

S3!}4.1S3

Fig. 15.1 The quasi-symmetric case:

Intersection of the base quadrics, S3,S2,Se,

with the plane: z' = 0

S$, = xt? + yt? ~ Rays 4 Alyse =om

S2 = x'y' + A\Sx' - Ascy' = 0

Ss = (Cy' + Sx')(Cy' - Sx') = 0



Fig. 15.2 The quasi-symmetric case:
Intersection of the base quadrics, $),S2,S:,

with the plane: y' oO

Si = (Sx' + Tz')(Cx' - Az) = 0

S2 = Sx" --Kkzt =. 0

Ss = (Sx' - Kz')(Sx' + Tz') = 0



——>y'

Pig. 15:3 The quasi-symmetric cas
Intersection of the base quadrics, 81,S2,Ss,

with the plane: x" = 0

S: = SCy"? + aiCy' - A2Tz' = 0

S2 = Sky'z' + A2Cy' + A2Kz' = oO

$3 = the single point (0,0)



From (12.25), we have

where is defined by (12.27), and this

can be written

x! = Px 15.28

if we substitute for x' in (15.4),

we can write .

HU eon Gas 15.29

= xl p-iTgip-3mei ee wiaes |X

Thus, S,;, can be written with respect to thei’

fixed co-ordinates x, as

45).30.m 1%, a Ix
W °

where

Soa PaaESN eed 15.321



16 The symmetric case: the space horopter

If the fixation point, F, lies in

the median plane

X22 = 0

that is to say, if

a bo

then we can see from fig. 12.1, that the

following relationships hold

al = az

af = a? + b?

S = b/ay

c = a/fai

and, from (12.5),(12.6), we have

and, from the discussion in 14, we can see

‘that

Thus, we can substitute these

values in (14,25)-(14.40), when, the elements

of 9, become
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16.2

16.3

16.4

16.5

16.6

16.7

16.8

16.9



Gii= 0

q12= SP (Kb? cosa~ aybsin))

qis= 0

qi SP (Kb? cosi- a;bsinh)

qdai= 0

q22= O

Gos= -b? (K+T)

qau= 0

Gs1= O

2= - 22 (xp?sind+ arbcos))se ae 1

ass= 0

ot baaQa4= ag (Kb sind+ a,bcos))

qui= 0

qu2= ae Kb? + af?)

Qua= O

— Kba*
Gua oar
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16.10

16.11

16.12

16.13

16.18

16.19

16.20

16.21

16.22

16.23

16.24

16.25



So, in the symmetric case

‘0 a(Kb*cosd-aibsinx) O -a(Kb*cos\-a;bsina)

° ° afb (K+?)

© ~a(Kb?sind+aybcosh)

° Kb? + af?

0

16.21

° a(kb?sin\+a,bcosh)

oO Ka?

Evidently, in this case,.T has degenerated

into the conic.

X. = a(Kb?cos\~-a,;bsind) (t?-1) 16.27

X2 = afb(K+T)t 16.28

x3 = -a(Kb’sindtaibcos\) (t?-1) 16.29

x, = (Kb*#afr)t? + Ka? 16.30

This conic has been plotted by the computer,

see Appendix .

If now we take A = 0, so that

fixation is in the horizontal plane, then Q

reduces to

X1 = Kb?a(¢?-1)

X2 = afb(K+T)t

X3 = ~ayba(t?-1)

Xy = (Kb?+afrT)t? + Ka?

16.31

16.32

16.33

16.34

The considerations in §11, show,

that in the symmetric case, all the quadrics

of the family (10.17) have a common generator

given by (11.11), which, with the simplifications

of (16.3)5(16.9) become

xs = 0

bx] + ajTx} = 0

aS?

16.35



Hence, the line (16.35) is

part of the common curve of intersection of

the family of quadrics (10.17).

That is, it is part of f. Thus,

we have, that in the symmetric case, T degenerates

‘into the conic (16.27)-(16.30), and the

common generator (16.35). (see: fig. 16.1)

Dividing (16.31) by (16.33) we find

1 +. abXs 7 for all values of 4

i.e. the horopter conic lies in the plane

aixX; + Kbx3 = O 16.36

This is a plane through the y-axis. If it is

inclined at an angle ® to the horizontal plane
=» waathen tand = -3 16.37
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Fig. 16.1

4

The space horopter

symmetric case



17 The symmetric case: the rectilinear

horopter

With the relationships (16.3)-(16.8)

the base quadric equations become:

from (15.1) S$, = (x'*+y'*)ab + aaiTx'z' - afbx!

-aftz' = 0 17.1

from (15.2) Sp = y'(a:x%' - bkz' ~ aay) = 0 17.2

from (15.3) Ss = b’x!? ~ a’y'? ~ afxrz'?

= (K-T)aibx'z' = 0 17.3

Now, from (17.1) we find

Ist] 1 ° 17.4

and

|Oi| = -katatpr? # o 17.5

and thus we can see that the hyperboloid of

one sheet (15.1), reduces to a cone, with

vertex

iat Vp ea
Cir oO, at 17.6

S2 can be seen directly from (17.2)

to have degenerated into the two intersecting

planes;

ae
1789)

aix' - bKz' - aa. = 0

And, we have from (17.3)

Iss] = 0 17.8

Jos] #0 17.9

so that S; is still a cone with its vertex

at the fixation point.
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$, meets the plane (fig. 17.4)

ec" => Ss 17.10

in the circle

(x'? 4 y'?)ab + ai(a Tzp - aib)x' - alfzp = 0 17.11

which, in the co-ordinate plane (fig. 17.1)

Zz = 0 17.13

becomes the Vieth-Miiller circle:

xi? gyi? - Sixt = i)

S, meets the plane (fig. 17.5)

Vie oa 9G, Lie

in the hyperbola

x'ab + aa:Tx'z' - atbx' - affz' + aby? = 0 17.15

which, in the co-ordinate plane (fig. 17.2)

yo = 0 17.16

degenerates into the two lines

(ax' - af) (bx' + aiTz') = 0 1717

S,; meets the plane (fig. 17.6)

x' = Xo 17,18

in the hyperbola

abx} + y'*ab + a;T(axo- af)z' - afbxo = 0 17.19

which, in the co-ordinate plane (fig. 17.3)

Xo = 0 17.20

becomes

y'2ab = ajrz! 17-21
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S_ meets the plane (fig. 17.4)

2’ m= 20

in the two lines

y' 0

aix' ~ bKzp - aay = 0

which, in the co-ordinate plane (fig. 17.1)

Z = O

become

y'= 0

Se a

S, meets the plane (fig. 17.5)

Yt ye

in the single line

a.x’ - bkz' - aja = 0

but, in the co-ordinate plane (fig. 17.2)

Yeo = 0

S, is the whole plane.

S2 meets the plane (fig. 17.6)

ak? ee Seg

in the two lines
é ae

bKz' = ai (xo-a)

which, in the co-ordinate plane (fig. 17.3)

Xo = 0

become the lines

y= 30

oS
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17,22

17.23

17.24

T7225)

17,26

17.27

17.28

17.29

17.30

17.31

17.32

17.33

17.34

17.35

17.36



S, meets the plane (fig. 17.4)

at = Ze

in the hyperbola

b?x'? - a?y!? = (K-T)aybzox' - afkTz}

which, in the co-ordinate plane (fig. 17.1)

S527 iG

degenerates into the pair of lines

(bx! + ay") (bx' - ay') = 0

S3 meets the plane (fig. 17.5)

es a

in the hyperbola

b?x'® - afKrz'? - (K-T)ajbx'z' - a*y}

which, in the co-ordinate plane (fig. 17.2)

Ve sae

becomes the pair of lines

(bx" + a,Tz") (bx' - a:Kz') = O

S3 meets the plane (fig. 17.6)
x' = Xo

in the ellipse

a?y'? + afxrz'? + (K-T)aibxoz' - b?x}

which, in the co-ordinate plane (fig. 17.3)

x = 0

becomes the single point (0,0).
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oO

O

17.37

17.38

eee:

17.40

17.41

17.42

17.44

17.45

17.46

17.47



Intersection of the base guadrics, S, ,S, Si,

with the plane: z' = 0

Si = xt? g yt? ~ abys = 0
a

S2 = y'(x' - a) ne

Ss = (bx' + ay') (bx' - ay') = 0



zt

oom

S;

Pig. 17.2 The symmetric case:

Intersection of the base quadrics, $),S2,S3,

with the plane: y' = 0

S$, = (ax' - af) (bx' + ajTz') = 0

S2 = the whole plane;

the line:

aix' - bkz' - aya = 0

Ss

is the line of intersection of the

two planes of S2.

(bx! + arTz') (bx! - aikz') = 0



S;

dy!

ss
je?

ets eae aaa eae es, Ae ee) wn eae ey to fa, ae Sas Oa

me?

Figa-l7.3 The symmetric case:

Intersection of the base quadrics, S1,S2,S3,

with the plane: x’ = 0

S.: = y'*ab = aftz'

S, = y'(bKz' + aia) = O

S; = the single point (0,0)



Fig. 17.4 The symmetric case:

Intersection of the pee quedries S1,S2,825
with the plane: z! Zo

Si = (x'*+y'*)ab + aj (arTz9- aib)x' - afTz> = 0

S2 = y'(aix' - bKzp - aai) = O

Ss b?x' - a®y'® - (K-T)aibzox' - afkTz3 = 0



Fig. 17.5 The symmetric case:

Intersection of the base quadrics, $1,S2, $
with the plane: YER e Vo:

S) 2ab + aaiTx'z' - afbx' - ajtz' + aby} = 0

So = a,x' - bKkz' - asa = O

Ss = b?x'? - afKtz'® - (K-T)aibx'z' - ay} = 0



Si ,S2Sar

S, = y'*ab + a,;T(axo-af)z' - bxo (axo-at) = 0

S2 = y'{bKz' - ai(xo-a)} = 0

Ss = a*y'® + afKTz'* + (K-T)aibxoz' - b?x} = 0



18 Numerical examples

ric casei) The quasi-symm

We will take

a= 300 (cm)

bi sth

a = kr

\ =O

eo

and assume

Ti = =Tg = 0.02

The various functions have been evaluated by

the computer programs shown in the Appendix.

We find:

8S: = xt? + y'? + 2.828x'z' -300.015x!

+ 299,985y' -848.549x'z' = oO

Ist] = 0.0018

[0,:[ = -5.57 x 107*

centre = (300.15,-149.992,-106.074)

eigenvalues of D, 0.02828, 0.01414, -0.01414

corresponding principal directions (i.e. eigenvectors)

0.8165 ° 0.5773

°o =) oO

0.5773 ° -0.8165

Hence, S, is a hyperboloid of one sheet.

A perspective view of the generating lines of

this surface is shown in fig. 18.1 as output

by the computer program
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uter generation of S

tric casejuasi-s:

CcFig. 18.1

erspective view

Throughout this chapter the nodal poi

are indicateiby rea dots.



S. = x'y' - 0.3535y'z' + 0.015x!

- 300y' - 106.06z2' =O

i|s2] 0.0018

|d2| = ©

Thus there is no inverse of 0, and hence no

centre to the quadric

eigenvalues of D2 0.02121, 0, -0.02121

principal directions:

0.6666 ~-O.7071 -0.2357

0.3333 ° 0.9428

0.6666 0.7071 -0.2357

quadric is a hyperbolic paraboloid

S3 = x'? - 19998y'*? - 19999z'? - 7068x'z' =

Iss] = 0

|0s| = 2.0 x 1o-*

-centre = (0,0,0)

eigenvalues of Ds 0.0012 ,-0.04,-0.0412

principal directions:

0.986 O° 0.169

° ab °

* 0.169 ° 0.986

thus, the quadric S3; is a cone.
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The fixation po

The hi

x1 = -0.

el Oe

5, =

xX, = 0.

Xy od

cee

xy cS

Xe =

—T(1) =

T(-1) =

T(-141.4284)

1 (35.3553)

int. is at (212.132,-212.132,0)

oropter is given by

0144t* + 0.50914? + 0.0144¢ - 0.5091

01444° + 72.0144¢

~0.00364° ~ 0.509147 + 0.0036¢ + 0.5091

01082? + 24.0000

The real roots of

0 are £t = 35,3553,1,-1

oO

H

° a

° 4 = -141.4284,1,-1

° tae

(0,72.0288 ,0,24.0096)

(0,3,0,1)

a

(O,-72.0288 ,0,24.0096)

(0,-3,0,1)

R

(50916 .27,-50916.27,0.00,240.0216)

(212.132 ,-212.132,0,1) ‘

F

(O,3182.4260,-794.8348, 37.4989)

(0,84.867,-21.196,1)

This is where the horopter crosses the

vertical plane through the nodal points and is

lost to sight o:

rT (oO) =

So the horopter

behind the eyes

plane.

£ the eyes.

(-0.5091,0,0.5091,24)

(-0.0212,0,0.021,1)

crosses the median plane .2mm

and .2mm above the horizontal
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Bt (-0.0144 ,0.0144 ,~-0.0036 ,0)

= (1,-1,0-25,0)

This is the direction of the horopter

as it tends to infinity; the symmetry between

the x and y directions is, of course, because

we have chosen a = 4m.

}a| = -15.85 .

-55.5450 0.0139 -55.5436 0

0.3926 0 “1.5706 0.0416

0.0111 0.0139 0.0111 0

-0.0002 O 0.0007 0.0416

The asymptote plane is

x - 1,.25y = 235.71

and the asymptote line

x 235 rae Corea eo

This curve has been plotted by the

computer (see the Appendix), both as projections

onto the various co-ordinate planes, and also

‘in two perspective views. (see: figs. 18.2, 18.3,

18.4, 18.5, 18.6)
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x

/

Fig. 18.2 Computer generation of T

quasi-symmetric case

projection onto the plane

z= 0



seComputer generation ofFig. 18.3

etric casejuasi-s:

projection onto the plane



Pig. 18.4 Computer generation of T

quasi-symmetric case

projection onto the plane

a0:





different scale and aspect to fig. 18.5



4i) ‘The symmetric case

We will take

a = 300

bw 3

a = kr

Xe 0)

e = 0

and assume

Ty = =t, = 0.02

when, we find:

Si: = x!'? + y'? + 2x'z! -300.015x' -600.03z!

|si] = 0

[Oi] = -8x107®

centre: (300.015, 0, -150.007)

eigenvalues of 0; 0.0324, 0.02, -0.0124

corresponding principal directions

0. 8506 O° 0.5257

oO me °

0.5257 Oo -0.8506

Hence the quadric S, is a cone.

But this quadric will meet any plane

parallel to the visual plane (i.e. the horizontal

plane), say

z' = 2§

in the circle

x'? + y'® + 2(z§ - 150.007)x' - 600.0325 = O
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That is, the circle whose centre

is at the point

(-2§+150.007, 0)

and whose radius, R, is

2$+150.007

So, in the visual plane

zi = 0, this is the circle

centre: (150.007,0); radius: 150.007

i.e., the Vieth-Miller circle.

and, in the plane

z$ = -150.007, this is the circle

centre: (300.015,0); radius: O

Hence, the circle of intersection of S: with

the horizontal plane reduces to a point, and

thus the hyperboloid of one sheet reduces to

a cone through this point." (see: fig. 18.7)

S. = 2xty' - y'z' - 600.03y' = 0

|S2l = |P2f = 0

which implies, and which can be seen directly,

“that S, degenerates into the two intersecting

planes:

y'(2x' - z' - 600.03) = 0

(see; fig. 18.8)

{| The computer (see Apprndix) showed S; to be a

hyperboloid of one sheet, due to rounding errors

in the determination of [S{]; in spite of using
double precision arithmetic to over twenty

significant figures.
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Ss; = x"? = 10000y'*- 10000z‘?- 4998x'z' = Oo

|ss] = 0

|D;| = 4x 107°

centre: (0,0,0)

eigenvalues of D3 0.0024, -0.040, - 0.0424

principal directions

0.9733 ° 0.2300

° a °

0.2300 ° 0.9733

Thus, S3 is a cone with vertex at the origin. (fig. 18.9)

Now, S; can be written

(x'-300.03) (x'+2z") + y'? = 0

and Ss, as

(x'-5000z") (x'+2z').- looooy'? = oO

Thus, it is evident that the line

y' = 0

x04: 220 | eo

is common to all three surfaces, and is thus the

common generator of these surfaces.

And, it can easily be shown, that the

“locus of the residual points of intersection

is the ellipse:

5x'? + y'? - 2700x' + 360000 = O

2x' - z' = 600.03 = 0

i.e. the explicit (non-parametric) form of

the symmetric horopter.
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Fig. 18.7 Computer generation of $)

symmetric case; perspective view



ce uter generation of SFig. 18.8

erspective viewetric case;s

two intersecting planes.





The fixation point is at (300,0,0)

The horopter in parametric

form is given by

%1 = 0.72(£?-1)

X2 = 72.00¢

Xs = -1.44(¢?-1)

X_ = 0.012¢? + 24.0

which, as we have already seen, and is indicated

by the fact that each expression is a quadratic

in the parameter, is a conic. (see: figs. (18.10-13))

The roots of each equation can be

seen immediately, and we have:

T(1) = (0,72,0,24) = (0,3,0,1)

P(-1) = (0;-3,051)

T(0) = (-0.03,0,0.06,1)

T(e) = (60,0,-120,1)

Note, the point (#) is on the conic, not at

infinity.

|g] =0

so there is no inverse matrix.

The asymptote plane is

x - 22 - 300 = 0 :

and, the asymptote line is

y=o

%— 224=300-= (6

We have from (12.25), that

eS ee
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Where, substituting the numerical

values into (12.27),

=e © O 300

Gin i, sOuelo

P =

oO Oo 4 °

° oo i

i.e., we have

x = + 300

ye eye

2, =e! "

if we substitute for x,y and z in the equations

of the asymptotic line, they become

y ae

2a! = 6

so, the asymptote to the degenerate cubic

represented by 9, is the common generator.

171



symmetric case:

Computer generation of T

projection onto the plane

z= 0



Yat: <0



Fig. 18.12 Computer generation of T

symmetric case: projection onto the plane

x mes 0) ate





iii) he general case

We will take

a = 300

b = 3

a = 70

A = 30

es 7k

and assume that’the angles of

torsion are determined by Listing's Law,

when, we find:

8. = x'? +y'? 4 O.15x"y' + 1.58x'2! - 0,095y'z!

~ 300.025x' + 64.25y' - 484.94%' = Oo

[Si] = 1.66x107"

|0.:| = -4.22x10-&

centre: (302.75,-63.66,-187.09)

eigenvalues of D; 0.027, 0.019, -0.008

corresponding principal directions

0.8737. 0.0974 0.4767

0.0595 -0.9938 0.0941

0.4829 -0.0539 -0.8740

Consequently, S; is a hyperboloid of one sheet.

82 5. x!'? +y!'? + 2.91x'y! - o.282'x! + 10.56y'z!

-300x' - 764.16y' + 1235.8' = 0

[$3] = 2.98x107*

|02| =-1.69x1077

centre: (309.62, -108.94, 7.64)
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eigenvalues of D2 0.011, 0.002,-0.008

principal directions

0.1971 0.7383 0.6450

0.9637 -0.0252 ~-0.2657

0.1799 -0.6740 0.7165

So, in this case, S2 is also a

hyperboloid of one sheet.

Ss; = x!'? - 11324.48y'® - 68408.082'7

-4370233x'z' = 0

[ss] = 0

|0a'|" = 4.4 = 107%

centre: (0, 0, 0)

eigenvalues of D, 0.005, 0.003, -0.033

principal directions

° -1 0

0.9599 0 -0.2804

0.2904 0 0.9599

Thus S,; is a cone with its vertex at the

origin

» The fixation point is at

(244.139, -102.606, -140.954)

x, = -25.27¢2 + 16990.6¢2+ 25.27¢ - 16990.6

x2 = -t* - 8773t? + 2058534.6t - 338.9

xs 2 20.064? - 7089.84t7 - 20.06¢ + 7089.84

xy = 0.15t? + 38.252? - 2897.4¢ + 686139.48
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Sasa (CREE ENDURE oR OP neRUrsme omen oar omeeey

e . crete ee era

Fig. 18.14 Computer generation of I

The general case: projection onto the plane

2 NO



Vie co



Fig. 18.16 Computer generation of I

The general case: projection onto the plane

x ££ oO



Fig. 18.17 Computer generation of I

The general case: perspective view



The real roots of

x= 0 ares 2) S—672.:34);,1 ,=1

X2 = O 4 = -9001.76, 228.68, O

X3 = O <0 2353598;0 17° S20

xy a2 O 4 = 281.677

The fixation point corresponds to

4 = -496.939

The point at iaeiege

hee eolsOTd

-69.257 0.013 -6.926 fo)

0.042 0 -1.958 0.042

Cay ee
0.014 0.013 0.001 °

° oO ° 0.042

The asymptote plane is

x + 0.88y + 1.32 +0.01 = 0

The asymptote line is

ov 0.04 54 Vee 0s03, Sere

1.4 3.07,

The computer generation of I, as output to

the graph plotter, are given in figs. (18.14)-(18.17)
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19 The locus of parallel chords

It was shown in (8.15), that there

is a unique nonius-line through every point of

Space. Each nonius-line, however, is a chord

of the horopter curve, I, So, there is a chord

of T passing through every point of space; and

this chord is unique ~ except for points on I,

which have an infinite number of such chords.

In view of the experimental methods

used in plotting the nonius horopter??® it is

of interest to examine the curve in which the

chords that are parallel to each other intersect

the horizontal plane ,

If the point at infinity on T is designated

as in §13 as (t,), then the family of parallel

chords are the lines joining the point (t,) to

every other point (t) on Tr.

If, in (13.15), we write

Drie tore 
19.1

q = tt, 
19.2

Then, the equations

1 °X1 ~ pX2 + qXs

X2 - PXs + qXy = O

will generate the family of parallel chords

as t varies between to,
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From (13.6), we can deduce that,

under the transformation

Ix +X

the plane

ux = 0 
19.4

will transform to a plane

U.X = 0 <(say) 19.5

where

v= (973)7Ty 19.6

i.e.

v= tu 19.7
where 9” is the transpose of the matrix Q.

Now, in the fixed co-ordinate system

x, the horizontal plane is given by

mo = 4. 19.8

| = (0,0,1,0) 19.9

Thus, (19.7) =>

-U = (4314932483 /034) 19.10

i.e., the horizontal plane has the

equation

G31X1 + Gs2X2 + q33X3 + qayXy = O 19.11

in the representation x.
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Now, let the chord (19.3), meet

the horizontal plane (19.11) at a point ¥ (
say).

Then, it can be shown, that the co-ordina
tes

of ¥ are given by

gs2q? + Gsspa + dau (p?-a)

-q2iqg? + Gssq + Ga0P

She a 19.12
ri -qsipa - ds2q + Ge

~qai(p?-q) - Gs2P 7 G33

If this point corresponds to the

point y, in the original co-ordinates, then

we have, from (13.6)

y= w 19,13

and, evaluation gives:-

3 2 2 a e

Yq = (4yy%g974y 231) 4° + (4539337453431) Pa

‘ sl i (p2 r
+ (45193474 4%gq) (P24) + (45 9953744 3432)

+ (Gj 9%5q-4i4%32)P + (4g3%gq7Ap4Fg3) “=2s4) 19.14

If we put

Abe = 4459347 Fi 435 eae

and substitute from (19.1), and (19.2),

we find that the locus of the points where

the parallel chords of Tf meet the horizontal

plane x3 = O, is given by
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yy = (Atet2+ayet_+a14) 4?

+ {at,c2+(ab sats) t tab, }2

+ (at z2sab,zsaty) (i=1,4) 19.16

If we now limit our consideration to

the quasi-symmetric case, with fixation in the

horizontal plane, when 9 is given by (14.77).

From which we can see that

Xy = (T#KS?)bt? + Kbc? 19.17

which implies that x, will only vanish, when

o =sloo

Hence

x = @ Ig. 18

If we let 4, + oo in (19.16), we

find that the locus of parallel chords is

given by

vy = Abst? + abst + ats (ie1,4) 19,19

and, if we substitute the values of 5 from (14.77)

into (19.15);_ and from (19.15) into (19.19),

we find

yi = SC(Kb?+A3T) (7-1) 19,20

yo = Al A2C?Tt?+b? (T+K) +A A2C7T 19/21,

Ys = 0 19.22

ys = b(T+KS?)t? + Kbc? 19,23
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Which we can see is a conic in the

plane x; = 0

If now, we consider the symmetric

case. I.e., we take a fixation point in the

median line as most of the experimentalists

have done. We put

a = kn 19.24

and the simplifications (16.3)-(16.8) apply.

Then we have

Y. = a(Kb? + aft) (£2 ~ 1) 19.25

Ye = afb(T + K)t 19.26

Ys = 0 19.27

ys = (Kb? + a?T)t + Ka 19.28

If we eliminate ¢ from these equations

and revert to non-homogeneous co-ordinates,

this conic can be written:

ab?Kx? + a(Kb?+ajT)y* + b? (Kb?+a}T-Ka?)x

. 7 ab? (Kb? +afT) ° 19.29

Zz °

This’ conic is an ellipse, as can be

seen by re-writing it in canonical form:

22

BO" 4 = 19.30

where:

7S:



2

Ro) Let). 19.31
2aK

2
= af (K+T)b _ 5

B= Ja/K(kb"+ait 19.32

= Ka®-Kb?-afT
Cis ar 19.33

Thus, the chords of [ that are

parallel to each other lie on the surface of

an ‘elliptic cylinder; (i.e. a cone with its

vertex in the plane at infinity) which intersects

the horizontal visual plane in the ellipse (19.30).

That is, the ellipse with axes, A and B, and

centre (C,0), where A,B and C are given by (19.31)-

933) %
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20 Comparison with the classical horopter

Experimental work on the horopter??®

has determined it to be a plane conic curve

lying in the visual plane. The fact that a

plane curve has been found, although, as the

analysis in §11 has shown, the horopter is a

cubic curve twisted in space, is implicit in

the design of the nonius experiment.

Experimental work has been based, in

the main, on two criteria, the apparent fronto~

parallel plane and the identity of visual

direction.

The former criterion seems to be so

strongly influence by extraneous factors, such

as the colour of the test-rods, the background,

and other clues, that it is not amenable to

analysis.

In fact, this technique is increasingly

being discarded, as one authority puts it

“The apparent frontal plane horopter

++. has no direct relationship with

corresponding retinal points."**°

and perusal of the literature makes it puzzling

that any-one should have thought that there was.

In the nonius technique??? , the

subject fixates binocularly a point in the

median line. He is then required to report

the position in which the monocular images of

181



a rod, as seen by the right and left eyes,

appear to be in line. The point where this

rod meets the horizontal visual plane is taken

to be a point of the horopter. The locus of

such points is found to be a conic curve.

However, as the discussion in §8

has revealed, what this experiment is determining

are not the self-corresponding points of the

horopter, but what we have called the nonius~

lines. That is, the nonius experiment is not

plotting T, it is merely locating certain chords

of T.

Now there is a unique nonius-line

through every point of the visual plane. It

is suggested here that the nonius experimental

technique is selecting the nonius lines that

are parallel to each other. Ogle??? seomed

to imply this possibility in his definition

of the longitudinal horopter surface, but it is

only mentioned in passing and is not developed.

Equation (2.11) is Ogle's explicit

equation for the longitudinal horopter in terms

of H, the Hering-Hillebrand deviation coefficient,

which can be re-written (interchanging x and y

to conform to our co-ordinates) :
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Hb Ha =b? Hab
Sette} y fist = el + Hb} be Saar ws

which we can re-write in the form

act 2

been +2. = 0 20.2

where

2 2
' = at Bebe

z 2 es ab dese

a pies eye 1 |
Br’ = a(Zatib) (Zb=Hay Pa

ear: > fa +iab)
eR se 2a + Hb zaR-

If this curve does, in fact, represent

the locus of parallel chords (19.30), then we

must have

A = At 20.6

=e 20.7

@ m1 (G8 20.8

where A, B and C are given by (19.31)-(19.33).

Solving these equations simultaneously,

we find

a beat
H = ey 20.9

Thus, since b, the semi-inter-nodal

distance is (almost) fixed for a given observer,

H is found to be a function of the fixation

distance, and the mutualangle of torsion of the

two eyes.
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In Part II, above, we found an

expression for the angle of torsion of an eye

in terms of its azimuth angle and angle of

elevation on the assumption that the eye moves

in accordance with Listing's Law.

However, if the eyes do so move,

and fixation is in the horizontal plane, we

have from (3.65) that ;

t=O

If we put this value of the angle of torsion

into the equations for the symmetric horopter

(16.31)-(16.34), they reduce to

%, = ab? (t?=1)

X2 = afbt

xe =u 0

xy =. bz? + a?

whatever the value of the vertical

deviation ec.

Eliminating 4 can be written

ax? + ay* - (a?-b?)x - ab? = 0

which is the equation of the Vieth-Miller circle.

Similarly, if (20.10) holds, then,

from (20.9), H is zero too, and Ogle's equation

(20.1) also reduces to the Vieth-Miller circle

(20.15).
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For this reason, we have not assumed

Listing's Law to hold in the symmetric case,

but have followed the results of other investigators***

in assuming it to break down in an individual

way when the eyes are converged; and have taken

the quasi-symmetric approximation

Te Ek Moy, 20.16

to apply. i

Since the time of Hillebrand***, the

Hering-Hillebrand deviation has been held to be

a measure of the relative asymmetry of the

corresponding points of the two retinas.

However, this leads to the problem, discussed

above***, of explaining the apparently linear

variation of the coefficient H, with the

fixation distance (see: fig. 2.22).

However, equation (20.9) reveals

that on the basis of the preceding arguments,

H is indeed a linear function of the fixation

distance. Further, the asymmetry is

“introduced into the configuration not as a

result of a structural retinal asymmetry, but

as a consequence of the relative cyclo-torsional

movements of the eye. Indeed, as we have just

seen, if there is no angle of torsion there

is no deviation. Hence, any arguments against

the cortical linkage of, corresponding retinal

points on the basis of the horopter deviation

are rendered redundant.



21 Some Experimental Considerations

(i Inclination of the symmetric horopter

For symmetric horizontal fixation we have

found that the horopter degenerates into a straight

line through the fixation point intersecting a conic

that passes through the nodal points of the eyes.

This conic lies in a plane inclined at an angle 6

to the horizontal plane, where 6 (from 16.37) is

given by

tand = - Sitanti 21.1

So if the angle of torsion is zero TI will lie

in the horizontal plane.

The ability of the eye to resolve two

points in the vicinity of the fixation point is said®**

to be’ l' of arc. Hence a shift in the inclination

of the plane of the horopter greater than this would

be observable.

Ifwe put @ = 1' andb = 3 cm. in

(21.1), we find

0.0009
tant, i fat + a

=> Ic] = 2:95 degrees 21.2

Thus for (say) a = 300 cm. t would be of the order

of 0.6" of arc which is beyond the precision of any

_ Current technique for measuring this angle.

Hence we can say that the presence of a

demonstrable amount of torsion in. the eye will produce

an observable effect on the inclination of the

horopter.
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(ii) Stability of the fixation point

We have seen (in §16) that the twisted

cubic curve T degenerates into a conic when fixation

is in the median plane. However the work of

Ditchburn**’ and Millidot?*® indicate that under

prolonged fixation the fixation of the eyes shifts

through about 30' of arc.

It is therefore worth considering the

effect of small changes of fixation on the shape of

the space horopter.

In the equations of §14 we can put 4= 0

so that fixation is in the horizontal plane and

a = kn - $a 21.3

where 6a is small enough so that second order

terms can be neglected.

The equations for the horopter curve

then become

X1 = -ab{abTéat + Kb} (¢?-1) 21.4

X2 = a'*b(K+T) 2105

xs = ~22{abéat + a?) (t?-1) 21.6

Xy = (Kb? + a'?7)2?+ Ka? 21.7

where

a' = Yattb? 21.8

i.e. a: = at - Sofa 21.9

Tf we put 6a=0 then (21.4)-(21.7) reduce to

(16 .31)-(16:34), the symmetric case.



We can study the appearance of this

curve by considering its projection onto the plane

y = 0 from a viewing point with co-ordinates

(di ,d2,d3).

We can show that the co-ordinates in the

Plane of projection (x,Y) are given by

Xid2 - x2d1

BS xed = xe 29

y = X42 — xX2dy 21.11
Xyd2 - X2

If we substitute the parameters of the symmetric

horopter from (16.31)-(16.34) into these expressions

we find that the points (X1,¥:) of its projection

are given by

@Kb?a(t?-1) - dyafb (K+T)t
Xi(@) = Sy (kb*FalT)e% Kat} - afb (HT)E eure

¥i(t) = —q__pSzagba(t?-1) + death (Ker) t a1eng

Gat (kb aft) e7+ Ka'} - afb (TE

This curve is shown as the part dotted conic LRPCQ

in fig. 21.1 for a = 300cm b = 3cm T = 0.02

from a viewing point (30,100,100).

If we substitute from (21.4)-(21.7) into

(21.10), (21.11) we find that the projection of the

horopter with the fixation point shifted through an

angle 6a is given by

a ra*bTSad,t>
Xa(t) = aoep7Falt) t+ Ka7}= atbcenye + ¥1 (4) oaas

=a*b*6ad,t*/a!
Ya(t) = SrebtyarT)¢7+ Ka‘J~ afbiemye + Yilt) 21.15
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x,

Pig. 21.1 Instability of the Fixation Point

When Sa=O [I consists of the conic LRPCQ lying
D(60, 80,-120

, in the plane ABCD;together with the common generator GF.

When §a=30' T becomes the twisted

ABCDE

GF

2x+2

x - 22

y

cubic GMQLRPNF

=O

= 300

=0



If we put 6a = 30', we find that the

horopter becomes the twisted cubic curve GMQLRPNF.

The gap between M and N is found to subtend an

angle of about 13° at the eye.

From this it would seem that as a

consequence of the fluctuation of fixation the

part of the conic shown dotted in fig. 21.1 would

be indeterminate.
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(iii) Comparison with experiment

There is surprisingly little actual

experimental data on the horopter in the literature.

However we have the following observations made

by Ogle***, for which a = 40.4cm b = 3.2cm.

;- °lane a aces" zee

mean reading (cm) |-5.5|-3.8/-2.3|-1.9/-1.7

deviation (cm) ]+2.8]/+1.6{+0.9]+0.6/+0.4

These figures are the mean positions and total

deviation of 15 readings. Unfortunately we do

not have the raw data nor the standard deviations.

These points have been plotted in fig. 21.2.

The wide deviation in the 12° lane is an

indication of the accuracy of the experimental method

and is a measure of both the resolving power of

the eye at this point of the visual field and of

the instability of fixation.

The locus of parallel chords to the horopter

in the horizontal plane for a small displacement ‘

of fixation through a small angle 6a is given by

(from 19.20-19.23)

Yi = a(Kb*+a'??) (¢?-1) 21.16

Ye = -a®éaT(t?-1) + a'*b(T+K)t 21.17

ys =) 0 21.18

Y» = (Kb*+a'*t)t? + Ka? 21.19
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ahs)

304

The classical nonius experimental data

experimental mean positions

experimental extreme positions

best conic through the experimental points

conic rotated through 7.7°



which eliminating ¢ can be written

ab?Kx? + a(Kb*+a'?T)y? - 2a°T6axy + b? (Kb2+a' 27-Ka?) x

~ ab? (Kb*+a'?7) = 0

21.20
z= 0

If we compare this equation with (19.29)

the equation for the symmetric case, we see that

the effect of the small angular displacement of

the fixation direction by 6a adds the term

-2a*TSaxy to the symmetric equation.

That is the conic (21.20) is the conic (19.29)

rotated through an angle @ where

2

tan26 = daa 21.21

i.e. 6, the rotation of the conic ig approximately

equal to the displacement éa.

Using a least squares method of curve

fitting, the mean points of fig. 2.2 can be best

fitted by the equation

x? + 2.62y? - 37.83x - 27.97 = 0 21.22

this is plotted as the solid curve in fig. 21.2

Comparison of (21.20) and (21.22) suggest

that the experimental curve is Satisfied when

6a = O

re Gale,

This angle of torsion is high for this fixation

distance but is not impossibly high, see Allen and

Carter. (1967)°*°,



If we put this value of the angle of

torsion into 21.20 it becomes

x? + 2.62y? - 3.26axy - 37.83x - 27.97 =0 21.23

The lower limit of the experimental

curve can be seen from fig. 21.2 to be the point

(32,6.8).

If (21.23) passes through this extreme

point, we find

da = -0,134" = - 7.7°

In this case (21.23) becomes

x? + 2.62y? + 0.43xy - 37.83x - 27.97 = 0 21.24

which is plotted in fig. 2.2 as the dotted line.

It is unfortunate that the available

experimental data does not permit a statistical

analysis of the significance of the departure of

a reading from the mean position. It can be seen

however that a single set of readings could occur

with the fixation shifted through 7° without that

fact being revealed and it would take a large number

of readings before any rotatimof the fixation point

could be demonstrated.
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(iv) A proposed experiment

Fig. 21.3 illustrates a proposed

experiment to determine the projections of

corresponding retinal points.

ABCD is a screen,-located about 1 metre

from the two eyes R and L, and perpendicular to

the median plane. On this screen there are placed

small lamps one of which (F) is identified as the

fixation target. One other lamp on the screen I, is

illuminated and a polaroid filter is placed in

front of it.

Another lamp (L2) is placed half a metre

away from the eyes and is freely moveable by the

observer. This lamp is also shielded by a polaroid

filter.

The polaroid filters are crossed with a

pair worn by the observer who will see one lamp

with the right eye only and one with the left.

The experiment will consist of the observer

whose head must be rigidly fixed adjusting the

position of L2 until it appears to lie in the same

direction as In. In this way we will be able to

map the positions of corresponding retinal points

and also to calculate the co-ordinates of the

horopter points which will be located at the points (P)

whenever the two lines Rl; Ll; intersect.

Care must be taken to ensure that fixation

is maintained, and that fusion is not encouraged. The

sensitivity could be increased by sequentially flashing

the stimuli.
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Fig-0 21.3 Proposed Experimental Layout

Polaroid filters are so arranged that the light Ii

is seen by the right eye only and the light Lz the left.

While the eyes fixate the point F. The lamp L, is

adjusted until it appears to lie in the same direction

as li. In this way corresponding retinal points

can be mapped on the plane ABCD. If the lines RL;

and LL, intersect at P, then P is a point of the

space horopter.



22, Conclusion

The horopter is the mathematical

idealization of the psycho-physiological concept

of corresponding retinal points.

The idea that there are points within

the two eyes that must in some way correspond

with each other is at least as old as Aristotle,

and the concept of corresponding points and

the horopter has been traced in outline from

their early beginnings to the present day.

The original concept of the single

perception of an external object as the criterion

for the’definition of the horopter was invalidated

by Wheatstone's discovery of the ability of the

eye to fuse disparate images.

The criterion that the horopter can

be identified with the position of the apparent

fronto-parallel plane appears to be based on no

more than an assertion of Hering's, and there

seems to be neither logical nor mathematical

reasons for its consideration.

One must therefore agree with the

current view that the only valid criterion for

describing the horopter is that of the identity

of visual direction in the sense defined in 84,

above.
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Except for Helmholtz, all previous

workers on the horopter have limited their

discussion to two dimensions. As well as leading to a

misunderstanding of the true nature of the horopter

curve, this restriction limits the interpretation

of the horopter deviation in a most significant

way.

If the discussion of the horopter

is limited to two dimensions and corresponding

points are identified by identical positions in

the two eyes (see fig. 2.6), then as Vieth and

Miller correctly surmized, the horopter must

be identical with the Vieth-. Muller circle,

If, as was found, the horopter was not identical

with this circle, then it followed that the

corresponding points could not have identical

co-ordinates in the two eyes; i.e. the relative

xetinal asymmetry (see: fig. 2.8).

It is only by extending the investigation

to three dimensions that it is possible to preserve

the relative structural symmetry of the two eyes,

since, as the eyes rotate about their anterio-

posterior axes, the positions of corresponding

points can vary with respect to each other.

This view is completely confirmed by equation

(20.15) where we see that when the angle of

torsion is zero, i.e. there is no asymmetry in

the configuration, then the horopter curve does

indeed reduce to the circle that Vieth and

Miller predicted.

195



For this reason, we derived an

expression for the angle of torsion of an

eye in terms of its angles of azimuth and

elevation, which could then be applied to

the study of the horopter in three dimensions.

We introduced the notion of a nonius-

line, and found that the concept of identity

of visual direction induce@ an involution

on such a line. The totality of all nonius-

lines was called the rectilinear horopter.

It was found to comsist of a family of quadric

surfaces with a common curve of intersection.

This curve, consisting exclusively

of self-corresponding points, was the extension

of the classical two-dimensional horopter curve

to three dimensions. It was found to be

in general a twisted curve in space and

was named the space horopter.

Explicit expressions were found to

describe both the rectilinear horopter and the

space horopter, and their properties were

explored in a variety of situations, both

analytically, and, by means of specially written

computer programs, numerically.

By giving an explicit formula for

the Hering-Hillebrand deviation coefficient,

we have solved the two outstanding problems of

horopter studies, Aametoy the linear variation

of this coefficient with fixation distance, and

the implied variation of retinal asymmetry with

fixation. This analysis therefore confirms

196



retinal correspondence as being a cortical

phenomenon.

The horopter has always been of

interest to those who wished to. understand

how the two eyes functioned together. It

has also been found to be a useful clinical

tool for the study of such anomalies of binocular

vision as aniseikonia, fixation disparity and

anomalous retinal correspondence.

However, a firm conclusion from

the preceding arguments is that previous workers

have not been determining the horopter at all,

but merely selected, experimentally, the points

of intersection of certain nonius-lines with

the horizontal plane, a locus that bears only

a very indirect relationship to the true horopter.

It is hoped that as a result of the

present work that a greater understanding of the

horopter may prevail, and its utility extended

further.
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APPENDIX

There are five specially written

computer programs included in this appendix,

that were used to determine the numerical

results, and the graph plotter out-put included

in §18.

For each of these programs, the

input data was:

a, by a, A, ©.

For

A = O

the quasi-symmetric situation

was presumed to hold.

A description of each program

precedes the listing.



found

PROGRAM BYO3

1)

2)

3)

4)

the co-ordinates of the fixation

point.

the matrix of the horopter

coefficients

Q = (4,5)

the roots of the equations

x, = 0

where x, = tage (i=1,4)

the co-ordinates Gx) for various

values of t, converted them to

non-homogeneous co-ordinates, and

thus plotted the projections of

onto each of the co-ordinate planes.

see: figs. 18.2, 18.3, 18.4

18.10,18.11,18.12

18.14,18.15,18.16
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PROGRAM BVO5

1)
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the matrix Q

the homogeneous co-ordinates

(x5) for various values of ¢

and converted them into co-ordinates

(x,y) that represented a perspective

view from a particular point.

see: figs. 18.5, 18.6, 18.13, 18.17

(no line-printer output has been

included for this program)
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z 2 $2. 0#K2e (KOS JZ) (1 TK22HAS — 2 MeKse(K2-Je)e(1 HKereoeNe

= 6253) = CERQEKI MC RA+d; D1 othe) © ZeGekNe (4-42) FAI COTS

4(2-D8KP (4 6 4K2) ~ CR2AKG ACK 225444 2.) *ACSHTy ‘
2 “2, O8K2E(KP-JZ)O(4 “KAD OATG + 2, UAKEH(KerI2I* (1. tKep eben

Q(2+4) = CKAHK1D eC] KAD RCRA IT DAG Ge TG

T{K24KT 44 PKA) SC KARST AS 204
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eS

2 #2, 4aK2"¢ Kade (K2t52) 8ai 8 ;
(3.4) = Roe(Ka-KipaPsaTy + Kee(K2-JopaPe ~— Hie(K2qd4 ebeADi HTK

QC3,2) = -Rawe(K2+Ky )ePHeTy ~ RAK(CKAeGZ)eF2 ~ RE HCKAW 1 egHANeeTK

QC353) = O51)
803-4) 790522)

QC454) & MBeCKS-Ki de RAH ds C1 HK2D eS HST

F FBRCKE-K1 )&(KA~J° OT MK2D ERC HTT

“2. OMBeKee(1. tK2) eC R22) aSeS

QC442) = 8. 08BaCKa-Jt eC K2HR2984 paCaCe)ly
nea
1 +2. 04B#C1 HKZ)MKPASASPOTY © BOC te KA) a CKQHI1 IY CK 2g HT?
2 HR OMBRK26 (1 MKZDFCK29I2) + 2, UFBHK24 (1 oHKAIH(K2HIDIHSES

O(4,3) = ~ 2. dHBeKre(K29K1 DH (1s tot eleCaTt

4 MBY(1 ee KZ EC KK HC KAIST IOTY + 2. URIeC Te eK AKPHTy

2 2. UMBeK 24 (1 tK2)*CNAevz HUM + 2.UenHNnZa(t. KeyeCKarde)

QC424) = 2. DRBEKAn(KEHKT ACT $4 ececaTt

+2. OeBakze (Ketdedet) he) edad
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END 2F SEGMENT, LENGTH 2320, NAME MATO
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SUBROUTINE PERSP(X,Y,NeF)

REAL LANDA

DIMENSION X€49)+¥C$0)7F 04) 9 4NC49 2X7 (3192). YT (3402)

COMNON/GH2/.,8,ALPHA,LAMDAs 51 ,KK,F PT

Q HSPORIGING 2G

CALL HOPAXIS(-29.9,006

GALL HSPAXISG¢U.9,798,3

KM(2) 8 060
RM(S) = 0.0
KM(4) = 1,0

D0 109 LF 1,54
kre
KAC1) & ~229,0 + 20,081

GALL PROJECTIUNC KM, XA, YA)
KAECIA4) = XAZ20-0

YTCis4) & ¥a720.9

KTCI,2) = XTC1e1) #& 0644
VTC1,2) = YT(1s2) = 0.44
CALL HEPDASHLNCKT (4 1) eYT C1 eT DEAT CSI ATI AVE CST 1D 0.0)

08.105 1 = 1,34
GALL HSPDASHLNCXTCEoT) ¢¥TC Let eKT CL e224, YTC1s 290000)

Cali, PROJEQTIUNCF> Fi Fa)

¥ 8640 Ged. 0,400.02 20-0)
Z,8140,0,90.,7400,0,20,0)

Fa = F4720.0

F2 = F2/20.0
81 = 8/25,0 —

CALL HGPSYMBL(19.0,-15,

GALL HGPSYM8L(19.0,~45 3,425,458 = 44,144)

CALL HGPSYMUL (19. 52-4602 9.25eSHALPHA = ,U.0,8)
GALL HSPSYMBL(19.9,-46,52 e223, 00LANDA & 4 4.0,8)

GALL HOPSYMBL(1S 25,8NEPS 5 43.046) 2
CALL HGPSYMBL(7 SO,49HHGROPTER CURVE,0,0.14)

S 3.00400)

CALL HSPNUMBER C12. 95215.5,0+25¢ 55140, 05400)

ER(12.0,°16,0, 8.25 ALPHAS 0,440,459)

(1200p 946.5, Us 25, LAMUALO 0.004.)
GALL ASPNUMBER(12-0,°17,0,9+255%-0-0202400)

CALL HSPDASHLN(B1-5,0,F4sF 279.5)

Gale HGPDASHLN(~64 F1,Festy>)
GALL HRPSCURVECK, Ya Ne Sao e900)
Gaue Beetle LACS ad ae 22-0)

2e23,49A & 40,054)

END QF SEeMENT, LeNGTH 467, Nate PrRSP
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PROGRAM BVO6

1)

2)

~ 3)

4)

5)

6)

7)

the matrices S$], S!, $4

Ist], [sal, [sal

[0:|, [P2l, [Ps]

the centre of each quadric

the eigenvalues of D1, D2, Ds

the corresponding eigenvectors

analysed the above to determine

the form of each quadric
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PEC TA,S9,4) 60 TU
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Be Satin = 3s.
Steps 5244 <79741

Tard ty

2 duepre 1S: PERBOLIG GYLINUCR

ENTS OF QUAURIC $4 WITH RESPELT TO The FixaTION POINT
be sogaecne~ & 230 GiunE Os 78.3495 300E- U2
hegre one eo gh 97 98u4E- oy eDrOoE OM

o's se95nane EDC ehAk Oe wwe uek~Gt
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found

2)

3)

4)

5)

6)

ty

8)

9)

the inverse transformation

matrix P~*

Sie Shin Sf

Bon S35 Sy

the equation of the conic

in which each of the quadrics

met each of the co-ordinate planes.

the nature of this conic -

the tangent plane to this quadric

at various points of the conic

the direction cosines of the

generating lines of the quadric

at each of these points

the points at which each of these

lines met the limiting planes.

converted the co-ordinates of these

points to their perspective equivalents

and thus plotted the Giadics with
respect to the fixed co-ordinates

in terms of their generating lines.

see: figs: 18.1, 18.7, 18.8, 18.9

(only a sample line printer output

has been included)
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CAL HGYSTARTCZ HHECTILINGAR HUXUPTER, 20)
Weve 90 ) A ALPHA-LAMLA, EV, LAaT
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GALL HGPDASMHLCKT C4 4 De YT Che De ATES TP VT C54 1) DU)

03 165 b= 1,91

TNR GALL HEPDASHLINCKTCE 42 0¥TCLet a ATCDe 200 VTL Bet eB)
WALL PROJeCTIUNCEF pa)

= me



FirtFeDeDel Ser ile dU, Osis d)
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2D T1S DO DpADe Me Sede edad)

WTB. Gr Gee de Fete dee 4nd)
946.0, 0950 ALPHA

16. eles

HSPNUMZER( o:917.0

HGPDeSHLNC32,9,05F
HSPOGASHLNC Se, 1 ,0,9F1-

PRODL 4. 444-S,9,51)
aah PROD, 454, PT,S1,8)
WRITS¢2, 915) Ib

91d FORMAT 1 du, 25HCDE aero SF WVAORIC S211,89n WITH RESPECT TU THe

} SIXED (3-QRDINATES
WRITE CS: 9107 Mlle SP4 odd 18194)

HGF SYMSL€

SeSYMSL 1

Mie 0

OG SoU 1 = 165
Jane

IP CN,WE, 4) 4 em

Rap?

TECK. GE 4) K SK SG
BCte1) © Sedru)

BC142) = SCS,K)

GCis32 = SCI4)

W222) = SCKAKD

S23) = Sle 4)
S343) = 3¢8,4)

S24) G(1.2)
o¢554) 20428) 2

(3-2) 2223)
ART TES 9) tel

919 FORMAT 245HCUCIFICIENTS JF The GUNIC TN WHICH THE PLANG yr its
194 = 0 .19HMSETS Tus QUADRIC Seif)

WRITEC2- COCO STD St AV 0 Sete 1, 5)
P20 FARMOTCIA ,seed.7)

R ® DETo(C)
WALTER. 9%

924 Pant en a2SNDETERMINANT OF CONIC issSxXetezu./) |
de (ass

Ts © SiG )eee — Stdedd#S (690) .
SeCTS) 194440142

440 14 23

1121s 4

143 is 2 4
41% HRITEC2, 926) CNAMEQIKS 12,1781 2c)
924 FORMATO Hist 4HCUMIG TS $2249)

Ty # Geb eATANZ(2. eS (Je), 30d, dIMSCK KD)
C9 = GIStia)

g0 = STy eCEO)
Gitrt) = SCu, JING e82 # S(KeN)¥d0ae2 + 2, 14S Cond HSU RUE

80202) = SCded2eS et? + S(KeR)ecbew2 + 2,ye5(U,K)eSUsCG

SCL 4)e0u + SEK. 2) #50
CJsdd"S. + SCR, ad eCU

St4,4)



G(3.2) = U(2,3)

T= TOsPIT
RRIFEC2- 929) 4.7

329 FORILTCi ne, 40NCUEFFICIENTS YF TRE CUNIG IN THE PLANE X114,5n = 0 4
ABX-26HVOTATED THRUUGH THE ANSLE .F7.2-54 DEGREES)
AR 2.925) CCOCI4 St) dt Sted) 2142175)
R bET3CC)

GO 149 si = 492

119 dF CAESCCC44 edt )d.LT.ST) GO Te 145
9120 U1 = 4.2

ROCITY & CCST SV/OC S19 ds)
420 SrCUt) = MRFCC(J12.07 e001, 4)*6¢¢,2))

WRITEC2.925) X5,B%

4 PHCENTREG, 2710.49 10X SHARES T -2F1U.4)925

123 I ttKeea.1) IPATH 2 1
rae IHATH #4

O45 ep q RTA iy
Ti IT
GF TO(139.140,159,460),18

930.7 = 650% Th

T$€d4(4).LT.0.9) GO TO 137

MVCt) 5 ; (1) + SQRT (hy. eCOSAC TD

KiC2y = Xu2) + SuRT( C2d*ST NHC)
TF CLBATH AS Q.2) KiC4) = X01)
ao 79 170

G31 $104) = KOC) * SURTE~81 C1 #STNHCT)
R1C2) = Xu2) * SuRT(OY(2))*CuSrCT)
Te CLeAT O22) KC2y = 3X3 bed

go To 1

149 bi =

ee

= CLI S)/0CL1 241)

DCL, Sy eee (L1,L 28UCS9 3)

HUT = 2. G9CCLI+L4 CCL 2,3)

Ko(ie) = TorsaoT

B1C1) = <2, 5eGCL2,3)/00L4412

WRITE (2,926) X+B2(1)

P26 FORMATCIN., 7H TRES ¢2F1G .4¢10X+ SHAXISI OF 10.4)
THAK & (350.0-Xu(L2)) 78707)
THAX @ SORTCTAAX)
T © JHAXR(TL = 9. /975-0

141 hati

AVCL4) = XOCE1) + 2.0481 (° 2 #T

XV(L2) = XGCL2) * Bi (4 DeT ee?
3212 470

150 26 08401).27. 0.0) GO To 157
TR (T1160 .6283; 85326
KvCr) & Koes) + SORTCS{ C1) #GUSiT)

RiC2) B X12) + SQRTCRT(2)2#OENIT)
a5 10 176

{54 NXETEC2, 955) 1
930 FURMATC1 A>, 7HPLANE Xel1,45n ® OF NU LOCUS)

43.15 350

460 T = SU0.G#(T1-6.02/5,
TE(ABS(C(4,1)).LT.ST) 80 TO 166

OMe = 22,2) 700494)

TF(OM) 469,482) 160

161 WRETEC2, 995)

i TCtHueV24SINGLE POINT?



a es we SU le ® @ 6 © .@.6 8&8 6 @
y

“>

184

147

172

vy

5 SLCi) = SL¢

q belerige.

SHERROR)

30M ees
$< CiPATHs2Q.2) GD TO 164

a4 = XOU1) = XOCZ> eo

$0 19 105

34 = XO(1) + XOC2I 90M

On eee on

S RVC) & Cnet + BN
Kite) ST

a4 oT 170

be (425C02,2)).6T.ST) GO TO 162
seat SD

ARTTECZ. 940)

RMATCTHU, 1494S INGLE LINE)

dF CABS (C01, 5)).6T. 5ST) GO TU 167 ‘
KVGV) eT
AACA) F =0(63,5)702, HC (2059)
ay To 170

GM 9502, 3d7004, 4)
BM 2 9515432702 .08004 03)?

ao 79 165

MCS) = X11 MCUSET) © Ki C22 e8iN( TE)

AMCR) = X1TCA DOSING TID H Xi C22 e ONS CTU)
WMCL) © 9.0

RACay 2 4.0
09 175 14 5 4.3

SP CABS (XMCIT) DST 450.0) GO TH 20a

TF XM) LT. 2) GO TO 209
GAOL PROJCCTLUNCXM, XAs YA?

Te CADS(KAD .GT.45%,0) GO TO 460

ue CASS(Y4).G7.470.0) G8 TH eto

NI +

At Mh

03 486 11 4

YaCra ett) mCisa
TeCiPAT=.Q.4) GO 70 30d
KK(N4) = KA/2046

Y¥ON4) = YAS2c00

SINTINS:

wuss po

GALL HEPSLURVECXX, YY, N41 O,O¢Ueds a)
TPAty = TPATH # 7

LPCLPAT 3.20.2) 6D TO 126

SONTI NJ:

OO 400 1T = 4.61

posto £ © 154

Sah) = G0

9) 35 ol

1) * SCD evHtitedd

NXITEC2 956) ITs CYHCI Te J, de1 047, SL
FORMATCOA 412) 5X,4F. 0-4, 5X0 ot 1004)
OO 345 i128 4.3
fF CABS(SL(T4)).GT ST) GO Td see
CONTIAJe

HNTIE(2, 986)



344

345

545

347

330

So ann 2 tle aaaaR

SCT>TVSSLEJ)e#2 + ShdpydeSL( [pees ~ 2 SCL Ooese eT imal (a,
ACCA) F 2.G8C OCLs TPHSLCUESEOK) + OCS RIMSLET} 202

“SCT /KI*SLCP SLU) & St, J *SLCI*SL IKI)
ACCS) = SCTIIMSLUK)#e2 + SCASKIRSL OL) eZ = B.U#STIOKISSL( LI PSL OK:
IF CABS(AC(1)-8T.ST) GI TO 930

JPCABS(a663)) 87.57) GD To ses
O2¢9,1) = =SLik)

ORM, J? = 9,0

YRC1,R) = SLCi)

Sk(2,1) = S.(4)

BREA. 4) eSL C1)

ORCR WD o.0
Go 10 335

yeu
Jak

R234

BM = A(t)
AGC) & ACCS)

ACCS) = 3M

GALL QUADCAG, ORC} + J),URCZ. Je VT?
TFCYT.80.0,0) GU 10 354

WRITEC 2,955) ACs YE

FORMATCIH ,1SHCOMPLEX ERRORS 4F40,4)
09 $32 14 F 192

ORCI yeh) = 4.

PROMeT) = -CURCTI, JP*SLCI) + DNCIT+KIFSLOKIDZSLC1)
00 $40 14 © 4122

USO 2 9.0
OF $35 34 3 4,5

O39 2 059 * DRCI1,Jt)wez

Osa 5 SORT (Usa)
09 337 s1 #4

ORCI, 51) = Beets Ji7psa
CONTINU:

WRITEC?, 96

FORMATCVH
D3 390 14

THingy) =

THIn(2)
OO 350 of

02 S50 J2

TS # $5.,0

IeC0t,2O.7) BU TO O43

TS F235

toh eee 1) TS = -450.0
JP(ABSOORCT1F0Z))4LT ST) GO TO 044

v2)

Kr SPUD ASIN 227K SF 1b. 4)

ORETS JH), INE1 0S) VT
TRESTION COSINES+4

4

4

TS (TS<¥n CIT Je) 7OR CLs ed2?
ao 15 345
;

ty +2) 60 TO 246
fF pene) so TO 35
4 2

a9 i 350
TFCT. GE TeIN(1)) Gd TO 359
THING) et
49 19 350

THING 1) = 7S
SINTINI

WRITEC2, 965) TMIN
FORMATO) 40,49X47HT, 2F79.4)
KAC4) = foo

OF $70 ut 2 4.2
“OF S60 v2 = 4198

RAC SOY = YMCT Es d2) + BRCE1 poz) eT TH (I?
HATE (Ss 9750 KN
at “2 es e — = ean







oe ee ee ee ee ee eee oy ee





GyMCHHGGA sea
EC) eich cee
MATRIX PROU90 420 1 = na ‘: as

bo 420 4 3 rant S

Tee



ao

105

SUBROUTINE MOTI)

RekL LAMDs

oes GN PC4.4)

GOMHON/CNA2%, Be ALPHA LAMDAG ET + RA/GNS/P/CN4/ 04 pAgs SAU
TFC, 69.02) GY 10 4a6
PC4s4) = AD¥S#CUS(LANUA)

P(4>2) = =Al#GRGOS(LAMDA)
PC1.5) = wesIN( Lamp’)

PCUis$) = nwtasINCALPHA) eCOSCLAMUAD

PC2.4) & Ades
P(2+2) = “AZo

PC253) = tf.
P(2+6) = ~AeOsCUSCALPHA)
PCS44) = 7 2eSSSENCL

PCE+2) = -ATeC#SIN(LA

PC553) BeCNSCLAMDA)
PC3.4q) ~A*BMSINCALPHAD#SINGLANDAD
PC4r4)

(6,2)
PC4,3) = ¢

P(4s4) 3 B

$9 19 405

AS = Ades
as ated

1 ods (ianp

3) SEINCLANDA)

B1 > Bes

PCl.4) = ~AS#S17B4

P(4,2) = 40739

iv)

une

anae

PCt+3) aS*S1/54

PCy ad F2e073
PC2.4) -ACALT/ET

P(2.2)
PC2s3) AC#S1/6y
P(2, a) mATES/H
PC354) = $1473

(3,2) ee
PC3,3) C178

P34) = ty
PCG54) = ue
PC4,3) .
PCG.) 4

= Pisf8

SEGMENT, LeGTH $75, NAME PAAT



492

ene

3:2a

SURBROUTINe WUsDRIC( iQ)

A=kL LAMBS

QiMENSTAM 2(4.4)

SOMMONZ2M1 2/02 /AS. BS, ALPHAs LANDA, EPS, K/UN4/4X1 -AXS, SX, Cy

Pit = 0.0179552925

ae ag

2 83

ALPHAePT)

LAMDaeriy
® gPsertT

& DSORT(AB +

® CPF C207A1 09907240

& CA1C20¥ar 429720
0 S*DATANZ(Z, #ASBEDSINC AL) ,AMA-E HE)

SIACGAN)

CIS CAN)
AAG)

ou
» ® ARNSOSCAL) - &

> # AeDCOSCAL) + B
oO 1 = 4-2

PCT) © AMUSTINGALIMOGUS CEL)

SHUSINCAL) # Ai (1) #O0US{eL)

BIC) *DSINCELIALC TD

MODIZLCL)

1 SYWMETRIC APPROXIMATION

are

Ram
nae

2 GO TO 107

wmi

B STUMZETUD

= (Thee / Cis 1 TKR)
= STC2I/4TU) -

# OTC2/. 71)

= (Jt eTKsJ2ee) 7 (TK ee)

B (Jerut TAPE) /( poe Kae)

ADP = (042) > AL(HIeKRIZE EO
AU2 © CatC2) + ALC IERZD/ 208

Ti = TD#Ts

$9 T3202 1o+3.5-4999,10

BCi04) @ (1 oth) 8580

G12) B= Oy. GaK2I 7 2e
B53) COD, MKT De CHTBI AZ U
ete) “AV2eS

22:2) 2401)

023) C4, #4 eS8TD)/2 Qu

C208) Auted

20325) 6-0

ZC306) = -Cat2) > ATCHDFKIIOTOLZ. 8

$9 To S00 =

Let) = CL tt eSeceTK
ey 1 eTK/2,

ECISION Ap @,AbsEL ete Ae At (2) AAC2), GAN. S2Go81 C2), L(2)>

STK2D, GTC 2d edi S2eK1s Kes TH? TD, 11 Aut Aue



2 a aw ise

me Sua”
= ; RAD = toes pernaseee ag 7 .

; a re ee© Kenve s/2v0 a
: Ros vie

* a

® = Od + si= Bane xe : a
oO. e 0.

: Sto) :

Hears H2's) te eeeoD) = ’ * =

° GCheq) = 204-AD Rust ;
BR 2? = Ba es

8.3) /2 263249 >

° arth ere c ;
sTURH ures =

“Oo OB Ba



oC CoC 2 8&8

eo oe a eS ad



\2 7 KS 505 BR Oy) | AMPA 90.0 © CaMDA Eo). EPSILON Gus bie as

3 GUBFPIOWERTS OF ToVeRGE TRANS/ORMATION MATROX” z = e

i 
ee

| 3 B.ougacese of >| 
Be2BeG.66E od 2,3333533= 09 

a

Hh GuBrFIGLSNTS OF aukcRIG Sy WITH dudPecT Ta THe ¥1K4yI0N 3 Pete’ D499950 sf890G008 Co b.19989 =0.3s¢00098 03 .parte oy19298008-0F Biegsovooe oo B33 260u9E-G8 : Te> “199993 eyconovcag 09 S.co0guaae v0 ~5.6090S02 04 3 >i TSEORODVE OF 5453750098" 08 *0.aG00300E o1 = 8: 0u600086 09 : ee ie
th sy SUERTEOLORTS GF GUAORIG Sr /METH Ae¥rney Tu" The FIXED cO-UnoiNaTES > aon ee

$2202" 9,6+5 onybzeagseg- 22 0.222211 18-c2 +9.33220078 09
stisevdvsee-22 Glavszezae=t+ :00go000E 08 2 : SAAS i3 wisgeeesi1e~02 S.0¢00200E 69 =0.6066334E-64 >_ She S8524678 37 sypanagese og 92 .6860334E-ue >, 1999800E~91 ZB

| > QUEFFACLENTS GF THE QUNIC HW MMION THE PLANE At = 9 HEETS THE quagRsC 5 SET 2
i@B2ReD0E-c2 ss0eReeZa-44 t.rosoua0e 66

y Bidguaszee-it tisgnesaoe 0 0, 8666534E~05 mn BEEj VeaQ0i20E a #7 1besoes4e- 05 U.1999e00E-01 >
| DETERMI VANT Jr CONIC 1S U, Y8 745718949 

ii Saiya)

? Que 15 FSTAKaNT Lines Sa aiext
; GoseFADrENnS OF THE CONIG TW THE FuANs x3 = 0 ROTATEU THROUGH ThE ANGLE 0,00 DEGREES as apts geeannoe-o2 ,0tcuovce oo 0.31 94e47ern2 S27 ere ani 9e00s 908 0 5)71502908-20 Uls6s6s345-04) s14pded7E-12 #0) 66s65848-04 20.1 999800E" i fa >

GHEFPACiBWTS OF THE CONLG IN WMION THe OLANE XB. = ¢ MEETS. TH6 QUADRIC St etety> Te0960.00E ¥: 2222111870 6565345-64 20. 20221t18-02 pozavene-03 grass See eee,t 2"*U168653340~94 133323678 00 E

, DepsRatweny 2% COWIE Is +0, 927606 78-46 : 2
) CUNIS 13 ISTRATGNT Lines e : : >

z r aaSaerFESrENTS OF THE CONIC IN THE PLANE x2 eo ROTATED THROW =38.26 DEGREES =
aoa © beSses37tE-n2 30900008 00 0.2654960E 00 ects 3 . 3aedanosgne 5 mye 18758718-02 20117520828 90 aeBensess: *tas752bb2E 09 9014999900E-67 ca eee 6

2)x CEyTREF ~7eyut94 ~s2700490 axesi gues Geog - MEE
3 SUEFFAGIENTS UF THE CUNIG IN WHIUN THE BLAME XB = 0 NEETS: THE ouanie: st 

>eapzeatvs-32 *U,S2959968"22 84 -3552067E 09= 152959565~22 o.gzzzoung-t2 G,0000s90E 69, secs
3 143926675 00 Ueoeeuoscw Bg ~~ at. 9092008-07 

8i g a

DETERSINANT OF conic IS = ,eeeusese-0s 2
2 ie Se pes are S gp re es >

puyig IS yetLIses

& SUEFVIGIENTS OF Te CoNEE IN THE PLane xd-r o 
>ee2eetidee-0g <= o conenngs-69=

Qeegogagre ae S,22225008-028 zoy 2. 2355551E =1, 23565540 G8



eeu

DIRECT Iay gUsiNes

‘pene tay

s Deveus

DIRETHLIY CUS; Nes!

« BeuD00

ROR

QissgstaN cosines

> deeges

OUMPLEK eRROT

DiReGHION coBINES

440.8 950° ,00g0

2 seas

feguos
: 256003

du 0 #182, v000

bagure

svato

¥,ugc0 “120-0600

23070 deooee

2,080

49030

2.u00 -60snb08

0,001“ oy0008

voegues ©
00va5

erry

w0.u4as

1.0000

0000

*0,9000

70.0900

140090

2.0900

mOs0089 -2.0907

ed
.5998 | =

e50.1860 z
Q.1800 7219987 350-c000
O.01U8 059999 0359. 0000

1020, 1264" -50 9100
kn 0.4959 -4259967 35-0009
Kn --0.97G8 (8999 w35u.a000

9.2400 13000 -5,0001
a.¥997

0.4997 =

T $¥0+4¥68 440.0807
XH 0.4965 35/2659 350.0000
AM -+9,0987 28557, ©3530-0009

1 50,1966 -440, 5967
XH Ostvee 45/2809
YR 0.0867 218897 e35,

D+206? "<b, 0000

bevo9e

3.9990

T 580.5204 -az004e98
XM 0/5298 93,6821 350.0000
Xn ~0,4699 27/8957 350.0000

’ 70.1898

xe 23,6881 350-0000
x 7(5¥01' 0350-0000

6 90,0000 -0.0uG7

Oy G4a8 a

t.0008 =
y.v9e0

T 479,0v02 -250,9004
Xk 014/04 ~0,0000 330-0000
XA @,2802°/ ©3000 #350.g000-

T 470.0002 230.0009
x a4 “20,2000 350.0000
Xa -Q.29ce 30-9355-0009

781999 018000 -9.6001

2.0258 ae

350-0000
e35a.0090

4-8 00

1.055

1.0) 99 = =* >
2306 2 se,

Se t >

See 2 »

1.0.00 }

10°30 a

ane a1860

Y.0000 :
)

)

4.0: 00 a "
420000 : fi

10-00 4
1.0000 ae

a

soda nae
7.0 90 a . §

188g & tits ae

7.0080 5 = 5
160500

1-009
Saag:




