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ABSTRACT

The concepts of binocular correspond-
ence, and the horopter - the locus of self-
corresponding points - have been reviewed, from
the earliest records to the present day.

Since current workers in this field
have restricted their investigations to two
dimensions, their interpretation of their findings
have been limited in at least three important
respects:

1) The horopter is found to be a
plane curve.

2) The deviation of the horopter,

{the so-called Hering-Hillebrand deviation} can

only be interpreted by assuming that the correspond-
ing points of the two retinas are unsymmetrically
disposed, an assertion that is not consistent
with the recent findings of the neuro-physiolcgists.

3) There has been no satisfactory
explanation for the experimentally determined
result that this deviation changes systematically
with thé Qistance of fixation. '

Using the criterion of the identity
of wisual directions and the techniques of
linear algebra, it has been possible to extend
the investigation of the horopter to the third
dimension, whereupon the three anomalies

referred to above have been resolved.

xi



The horopter is not the plane curve
that previous workers have indicated, but is a
twisted cubic curve in space. This curve has
been called the space horopler, its explicit
parametric representation has been found and its
properties explored in a varilety of circumstances.

The chords of the space horopter are
found to be self-corresponding lines, called
noniws-Lines, and it is argued that it is these
lines that the experimental workers have unknowingly
been determining. The nonius-lines generate a
family of guadric surfaces that has been named the
nectilinear honopter, and its various properties
have been explored.

On this basis, the horopter deviation
is seen not to imply a relative asymmetry of
the two retinas but is found to be an explicit
function of the fixation distance and the angles
of torsion (i.e. of cyclo-rotation) of the two
eyes.

For this reason a kinematic analysis
of the rotations of the eye have been included,
50 that the angles of torsion can be expressed in

terms of known parameters.

xii



Frontispiece The First Horopter Experiment

Engraving from Franciscus Aguilonius, Opficorum
Libri Sex, Antwerp, 1613, showing an idealized

experiment to determine the horopter.



INTRODUCTION

The horopter can be defined as the
locus in space of those points that, for a
given fixation point, will stimulate corresponding
retinal points. That is to say, those points
in space that will maximise the cortical response
of those neurons sensitive to zerc disparity.’

Current understanding of the horopter
derives principally from a series of papers
initiated by the Dartmouth Institute in 1932.
These experiments were reported by AMES, GLIDDEN
and OGLE? ?, and their theoretical justification
given in a paper by OGLE".

This last mathematical analysis,
despite some development by Linksz®, is still
virtually without any change, considered the
theoretical justification for work being carried
out today. The experimental technique currently
being used® 7 ®, although refined in detail is
still essentially the same as that described by
Ames ef al., in 1932,

This technique reveals the horopter
to be a curve lying in the plane of fixation,
which, in all the work reported, is the horizontal
plane.

A naive prediction of the form of this
curve, dating back to Vieth (1818)° and Mi#ller

(1826)*%, is that of the circle in the fixation



Flga: L The Vieth-Milller Circle

This is the circle passing through
the fixation point F, and the nodal
points of the two eyes. If P is

any other point on this circle, then,
F and P subtend equal angles at the

two nodal points.



plane (fig. 1) passing through the fixation
point and the two eyes, the so-called Vieth-
Muller Circle.

In his theoretical work, Oglel? 12 13 14
deduces that the horopter is a curve lying in
the horizontal plane in the form of a conic section.
This conic also passes through the fixation point
and the two eyes. The amount by which the conic
is distorted from the Vieth-Muller Circle is
measured by an empirical constant H, called the
Hering-~Hillebrand deviation, which is a function
of the curvature of the conic at the fixation point.
. The explanation advanced for the existence
of the Hering-Hillebrand deviation was originally.
the asymmetry of the points of the two retinas;
(This lead to a long series of papers on Aniseikonia,

16 17 18 13 20 3 more recently

see, for example'®
an optical explanation has been offered?!.

It is also found?? that the Hering-
Hillebrand deviation varies with the distance of
fixation. ALl explanations of this Phenomenon?® 2%,
which have to account for retinal correspondence
varying with fixation, have been acknowledged as
unsatisfactory.

Being aware of the limitations of
restricting his analysis to two dimensions, Ogle
described his horopter curve as the "Longitudinal

Horopter". Current workers?®

use the term
"Nonius Horoper", the adjective referring to

the experimental method used in its' determination.



The nonius method can be summarized
as follows:; The two eves regard a fixation
point in part of the visual field that is
vigible to both eyes. A vertical rod is so
placed at an eccentric point in the fieiad
that the upper half is seen by one eye and the
lower half by the other. In a general position,
due to physiological diplopia, the two half rods
will appear laterally displaced with respect to
each other. The rod is then moved along a fixed
track until a position is found such that the two
half rods appear to the observer to be in line.
(The fusion reflex is not initiated.) The point
where the rod in this position meets the horizontal
plane is called a point of the (nonius) horopter.

It is argued in this thesis - which
considers the retina as a two-dimensional surface
in 3-space, rather than a one~dimensiocnal surface
in 2-space as in most previous work - that the
nonius technique is not determining the horopter
at ali, that is to say, it is not locating those
points in space that will stimulate ccrresponding °
retinal points. In fact, it is merely locating
the position of a certain line that is seen singly.
It is shown in the analysis that follows that there
is a unique such line through every general point
of space. It is feound that the envelope of these
"single-lines" is a family of quadric surfaces.
The totality of all such lines we can call the

RECTILINEAR HOROPTER.



It can further be shown that each
of these "single-lines" is a chord through a
three-dimensional curve of degree three, i.e.
a twisted cubic curve, and that each point on
this curve will stimulate corresponding points
on the two retinas; thus,kK the twisted cubic,
as predicted by Helmholtz?® is the true form
of the horopter.

There is, however, a relationship
between the true space horopter 6 and the nonius
horopter as classically plotted. It is found
that the locus in which parallel chords to the
space horopter meets the horizontal plane is a

conic curve and it is this Zecus of parallel

chonds, it is arqued, that is determined by the
experimenters. Relating the two conic sections,
il.e. Ogle“s'theoretical longitudinal horopter
and the "locus of parallel chords", it is found
tha£ the Hering-Hillebrand deviation constant,
H, which enters Ogle's equation as an experimentally
determined parameter, emerges as an explicit
function of the fixation distance and the angles
of cyclo-rotation of the eyes around their anterio-
posterior axes; i.e. the respective angles of
torsion.

This explicit relationship explains
the two unresolved problems of interpretation
of the Hering-Hillebrand deviation referred to
above. H is indeed a function of the asymmetry

of binocular vision, but this asymmetry can be



explained by unsymmetrical degrees of cyclo-
rotation of the eye, and need not involve
non—empirical interpretations of retinal structure,
Further, the various arguments put forward to
explain the variation of H with the fixation

distance are made redundant by this interpretaticn.



PART I REVIEW

Chapter 1 Historical Develcpment

i) The chiasma and binocular correspondence

A review of the historical development
of knowledge of the optic chiasma and
of theories of correspondence between
the two eyes, from the sixth century
B.C. to the middle of the nineteenth
century.

ii) The Horopter
A summary of the various forms and
theories of the mathematical horopter
from 1613 wuntil the middle of the

nineteenth century.

Chapter 2 Current view on the horopter
i) Helmholtz

A review of Helmheoltz' contributions

to the theory of the horopter, particularly
the concepts of the "line-horopter", ‘

and the "horopter-curve".

ii) The Hering Tradition

A summary of currently accepted views
on the horopter, paying particular
attention to the work of Hering, Tschermak,

Ames, Cgle and the most recent work.



1 HISTORICAL DEVELOPMERNT

{i) The Chiasma and Binocular Correspondence

The first observer to record that
the
"channels from the two eyes"?’
were connected was ALCMAEON, iﬁ the 6th century
B.C. Tradition regards him as the first man to

"dare to undertake the excision of
an eye"?

for the purpose of discovering truth.
He argued that:

"31ll the senses are connected in some
way with the brain"??

and, according to him:

"The eye itself is enclosed in certain
transparent membranes and it is connected
with the brain by two 'light bearing paths'
which join behind the forehead. That '
these paths join, he showed by dissection,
and supported his view by the observation
that'Ege eyes move together, not separately

Hence, almost as early as men have
been recording their observations, they have

" been aware of the chiasma of the optic nerves.

Aristotlé, in the 4th century B.C.,

wrote:

"From the eye there go three ducts to the
brain; the largest and medium sized to
the cerebellum, the least to the brain
itself; and the least is the one situated
nearest to the nestril. The two largest
ones then, run side by side and do ngot
meet; the medium sized ones meet - and
this is particularly wisible in fishes -
for they lie nearer than the larger one

£0 [Ehe Braln «-wa® = (seaz £ig. 1.1
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Fig. 1.1 ° The Eye According ‘to Aristotle
32

Reconstructed by H. Magnus

from the ancient texts.



These channels have been tentafively
identified®?; the largest with the trigeminal
nerve, the medium sized with the optic nerve,
and the thinnest with the olfactory nerve. The
chiasma is clearly identified by the meeting of
the middle sized channels.

In the spurious work included in the
Corpus Anristotelian, the Probfemaia* there are
many observations on binocular vision:

The author wrote:

"... the origins of sight in the two
eyes are connected at one source, so
that when one eye moves, the common
source of sight is also set in motion,
and when this moves, the other eye
moves also ..."%%
He is led to the question:
"Why is it that we can turn the gaze
of both eyes simultaneously towards
the right and left and in the direction
of the nose ...?2"3%
But not outwards? And that we can direct them
downwards and upwards, but not separately.?®®

This book contains the first observation
that the eyes converge to a fixation point. He
notices that an old man, who has difficulty with
his vision, will:

"remove the object at which he is looking
to the point at which the vision of the

two eyes meet, expecting to be able to see
it best in this position."7

*This book is certainly later than Aristotle, but
it is probably based upon his writings or 1ec‘,uresh
cextainly on his tradition, See E.S. Forster



There are guite a few obscure references
that suggest that the necessity for some kind of
binocular correspondence between the eyes was
required for binocular vision. This, of course
was not retinal correspondence. The retinal cecat
was not identified for another 100 years, and its
function for another 2000.

However, there is the passage:

"Why is it that we see other things better
with both eyes, but we can judge the straight-
ness of lines of writing better with one eye,
putting it close to the letters? Do both eyes

falling on the same point cause confusion,as
the writers on optics say.”

He noticed that drunkards experience
double vision*® *!, and suggests that this may be
due to the same cause as the double vision that
occurs when the eyes are displaced from their
natural position. That is:

"because the movement does not reach the

same point on each of the eyes, 8o the

mind thinks that it sees two ob]ects when
it really sees one twice ...""

This can be induced voluntarily:

"The same thing happens if one presses the
eye from below; for this disturbs the
source of vision, so that it no longer falls
upon the same point as the other eye ..."

(see also*" %)

And quite explicitly:
"... When, therefore, they /the eyes/ are so

placed that they are in a similar position to
one another and midway between an upward and
a downward and an obligue movement, the two
eyes catch the visual rays on corresponding
points of themselves..." °

then vision is not distorted, but, if these conditions

are not fulfilled, then vision is distorted.”?

8



In the third century B.C., the
anatomists of Alexandria, in particular BEROPHILOS
and ERASISTRATOS, probably using human vivisection)® “?
named the retina, and identified most of the parts
of the eye that are visible without magnification.
Their work is summarized in the writings of RUFOS
OF EPHESOS®? (c. 100 A.D.) who considered the nerves
to be hollow channels (mopoi). The optic nerves
emerge from the base of the brain and divide into
two branches which, by coursing obliquely, enter
the eyes.

The most influential writer who has ever
lived in the field of medicine, and particularly
anatomy and physiology was GALEN (c. 129-199).

For nearly 1500 years and through three civilizations,
men who wished to study the structure and function

of the human body turned to the writings of GALEN®!
rather than to the object of study itself. For this
reason it is neccessary to digress and describe
GALEN's physioclogical system, which influenced

visual theories well into the modern era.

GALEN's anatomy was reasonably sound,
in so far as it could be studied without magnification,
and despite the limitationof only dissecting animals,
but on this structure he wove his fantastic physiology

that was integrated into his general philosophy.

Por a detailed account of Aristotle's contribution
to visual science see H, Solomons?®?



Reconstructed by C. Singer®? from ancient texts

Fig. 1.2 Diagram Illustrating Galen's

Physio%ngical System

The "animal Spirit" that fiowed from
the brain along the optic nerves was
called the "visual Spirit', a concent
that was to dominate visual ideas until

the seventeenth century.



According to him, the basic principle
of life was the spirit [pneuma) that was drawn
from the general "World Spirit" in the act of
respiration. It entered the body through the
trachea, and passed to the lung, and then through
the venous artery (pulmonary vein) to the left
ventricle, where it encountered the blood, (see
i s BS: U 1S

Now on this hypothesis, the blood
originates in the liver. He tells us that the
food substance from the intestines is carried as
CHYLE from the alimentary tract, through the 'gate'
of the liver. (Gate = Latin porta; hence our
portal vein) In the liver this chyle was elaborated
into VENOUS BLOOD by being imbued with a special
pneuma called the NATURAL SPIRIT, which was possessed
by all living substances. Natural spirit bestowed
the power of growth and nutrition. Charged with
this natural spirit derived from the liver and the
nutritive material from the intestine, the blood
was distributed by the liver through the VENA CAVA
and the venous system to all the tissues of the bedy,
where it ebbed and flowed in the veins. A portion
of this venous blood entered the right ventricle of
the heart.

For this blood there were two possible
fates. Most of it remained for a while in the
ventricle parting with its impurities, which were
carried off by the arterial vein (pulmonary artery)
to the lung, and there exhaled, after which the
venous blood ebbed back into the general venous

10



system. A small pértion of the venous blocd
followed a different course; it trickled through
minute pores in the intra-ventricle septum one
drop at a time. There it encountered the pneuma
brought in by the venous artery and became charged
into a higher type of pneuma, the VITAL SPIRIT,
which was distributed, with the arterial bloed,
throﬁgh the arterial system.

0f these arteries, some went to the
head and thereby the vital spirit was brought
to the base of the brain. On the under surface
of the brain there was a network of minute vessels,
the nete mirabile (wonderful network), and in this
mysterious organ the blood became charged with yet
a third pneuma, the ANIMAL SPIRIT.

This third pneuma, the noblest of all,
was distributed to all the organs of the body by
the network of (hollow) nerves. The animal spirit
conducted along the optiec nerves had a special
function and was called the VISUAL SPIRIT. .

The concept of the visual spirit. lingered.
long after the other spirits had been abandonded.

The visual spirit travelled along the
optic nerves divided at the chiasma then
followed each optic nerve, passed through the
retina (which was felt to be a network of hollow
tubes) , then traversed the fine hollow vessels
of the zonule and so reach the "photoreceptor",

the CRYSTALLINE, the essential organ of vision.

11



From here it could be emitted into
the outer space in the form of a cone of rays
and come into contact with the visual objects.
At the same time, somehow, the impression mingled
with the outer light in the ANTERIOR SPACE (see
fig. 1.3) to be returned along the same path to
that part of the brain that is the abode of the
soul,

GALEN held that the visual axes, the
pupils, the optic nerves from the discs - which
he held to be the apices of the visual cones -
to the chiasma, for both eyes, all lie in a single
plane, which explains why the two eyes see a single
object. He also ascribes this to the chiasma
which , he says, is '

"worthy to be ascribed to some of the gods"®®

He also suggested that the chiasma
enabled the visual spirit from the brain to be
distributed properly. In the case of shutting
(or losing) one eye, all the pneuma could pass
over to the other and would compensate for the
loss, He confirmed this view by experiment.

His suggestion that the layout of
the eve, the optic nerves and the chiasma could
explain binocular single Gision is the earliest
attempt to interpret this phenomenonin terms of

anatomical structure.®’

12
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After GALEN's death there was a cgeneral
decline of learning in Europe as men's minds
turned away from seeking after knowledge and

..as part of this lack of interest, there was a
conseqguent failure to improve the understanding
of the visual processes.

However, after about 800 A.D., there
was a renaissance in the Arabic speaking countries,
as the writings of the Greek tradition became
available in translation. Unfortunately, the
culture in the Caliphate did not permit the
dissection of human bodies and so the only source
materials for research in human anatomy were thé
writings of Aristotle and Galen.

In spite of the lack of facilities
for anatomical observation, there were important
advances in the understanding of the visual processes
during this time, particularly in the work of the
great physicist ibn al-Haitham, who became known
to the Latins in the West as Alhazen (965-1039).
It has only been since his work that there has
been general agreement that vision occurs as a
result of a stimulus entering the eye rather than

leaving it.*

*Empedocles (5th century B.C.J) was the fixst to
postulate an emission theory of vision. His

near contemporary, Demeccritos, suggested that an
eidofa or image was transmitted from an objiect to
the eye. Plato (4th century B.C.) combined the
two wviews with a kind of intermingling of the

inner and outer light. Aristotle was inconsistent.
He wrote®® of light as a state of being that is

13



Al-Haitham wrote:

"The act of vision is not accomplished
by means of rays emitted from the visual
OTGAN asse The belief of those who
think that scomething emerges from the
visual organ is false."

but

"Vision is accomplished by rays coming
from the external objects and entering
the wvisual organ"®?

We can also find this explicit reference to
the existence of corresponding points:

"Distinct vision is accomplished by means
of perpendicular lines drawn from the
object seen to the surface of the organ
of sight, In this way each point of the
object is related to a Eoint of the
surface of the visual organ having the
same position as in the object seen."®?

It is no doubt this passage that has
resulted in al-Haitham being credited with the
discovery of retinal correspondence‘“, However,
he was unaware of the function of the retina.

For him, as for Galen, the principal organ of
sight was the lens; now called the "glacial
sphere"; a view that prevailed for another

six hundred vears. It is worth noting just how
this term came to be used for the crystalline lens.
There had been no anatomical dissection and hence
no-one had seen the crystalline léns for over

six hundred years in al-Haitham's time. Thus

the only source of information available for the

actualized in the presence of fire, and denied that
it could have a finite velocity, but elsewhere®? he
spoke of "rays of sight", and of the syes "catching
the rays" However, it was the Platonic view that
had the most credence throughout later antiquity.
See, H. Solomons®

14
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The oldest extant diagram of the anatomy

of the eye, from a manuscript dated 1197

cited by Polyak op. cit. fig. 2. (see: 1l.4b),
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éontents_of the eye were the illustrations

of Galen's textbooks. These, of course, were
not printed but were redrawn in each generation
by ignorant scrikbes and had qraduallﬁ beccme
corrupted until the lens was represented as a
perfect sphere occupying the centre of the eye.
(See fig. 1.4) .

It was on this principal element, the
“glécial sphere", that al-Haitham put the end points
of the perpendicular lines referred to abhove. -
However in this passage there is the first enunciation
of the possibility of a topographical relationship
existing between the points of physical space and
the points within a single eye.

He contemplated further that there was
an unaltered transmission of these "figures" from
the posterior surface of the lens, along the
retina and hollow optic nerve to the brain (see fig
1.5) where it was interpreted, S0 there was some
sort of mapping of the points of physical space
onto the cerebellum. The functional role of the
chiasma was essential for the preservation of a
single visual experience, as it was there that the
‘“figures“ arising in the two eyes were superimposed.®®

But, it is said, he was also aware of the existence

of physiological diplopia.®’?
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Fig 1.5 Ibn al-Haitham's diagram of the visual
pathway

From the oldest existing copy of the

Thesaunus of Optics, 1083

cited by Polyak op. cii,




In the thirteenth century, Arghian
work on optics - in particular, more or less
corrupt Latin translations of ibn al-Haitham -
became available to the Europeans. This led
to a revival of interest in the subject, particularly
S Oxford s r? To Frara 78 However, as far
as_the anatomy of the eye was concerned, there was
no improvement in knowledge." The errors of
their predecessors, i.e., the centrally located
"glacial sphere" as the essential organ of vision,
the centrally located and hollow optic nerve and
the concept of the "visual spirit" continued to
be promulgated from generation to generation.

(see figé. Lab Li7)

These errors persisted to a remarkable
extent; even in the work of such skillful
anatomists and careful observers as Leonardo
(1452-1519) 7% and Vesalius (1514-64)7% (see figs.

b (U DG By §

Except for the last, these misconceptions
were cleared up .by the early years of the seventeenth
century. MAUROLYCUS suggested that the crystalline
functioned as an optical device in 1575.77 Felix
Plater’®, in 1583, was the first to realize that
it was the retina that acted as the photoreceptor.
The correct position of the lens was found by the
anatomist Aquapendente’? in 1600. These discoveries
were related to each other by Kepler®? in 1611, with
_his discovery of the formation of the retinal image,

whose existence was demonstrated experimentally by

i6
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The Anatomy of the Eye in the 13 century

This diagram from a Latin translation

of ibn al-Haitham shows just how corrugpt
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The hollow optic nerves can be seén
to meet at the chiasma; Just before

Vesalius' Fabrica (1543)




FPig. 1.8 " Leonardo's Paradox

Leonardo da Vinci was the earliest writer to
be aware that a painting cannot represent the
appearance of objects as seen by the two eyes.
He said:

YIf nature is seen with two eyes, it

will be impossible to imitate it upon

a picture so as to appear with the same

relief, though the lines, the lights, =

shades and colour be perfectly imitated"??
The eye at A sees the background PD, and the
eye at B the background GE; hence both eyes
see all the background and the opague object
C is transparent to binocular vision. This

draving was made by L.B. Alberti, in the

publication of Leonardo's notebook in 1651,



Vesalius' Anatomy of the Eye (1543)

This illustration from the Fabrica’®

shows a great improvement over any
previous drawings, as Vesalius did

many dissections of the eye. 1t is
incredible how such a great observer

could still perpetuate such errors as

the central location ©f the lens;

the centrally placed optic nerve (at least
no longer hollow), and the flatness

of the cornea.

grom the copy 4in fthe Brifish Museum
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Risner's Eve in 1572

This diagram from Risner's edition®!

of ibn al-Haitham's Thesauxus of Optics,
was obviously based on Vesalius, rather
than the original text. It is, perhaps,
worth noting that this book was published
in 1572 as a reference book, not as an
historical document.

from Lthe copy in the Brifish Museum




Scheiner ®! in 1619. (see fig, 1.11)

However all these writers still believed
in a visual spirit pervading the ventricles of
the brain. ‘

Fig 1.12, from Vesalius' Fabiica, shows
his observations of the chiasma.,” The optic nerves
are now solid, but he felt that the connection
of the two nerves was only.apparent, each nexve
remaining on its own side.

The first modern writer to offer an
explanation of the singleness of binocular vision
was della Porta®? in 1593. He suggested that this
occurred by the sicht alterhating, that is, that
vision ocours first with one eye and then the other .,

8% 85 was the first to offer a

Descartes
mechanical and anatomical explanation of the phenomena
of binocular single vision. The single monccular
impression is painted upon the retinas of the two

eyes, The image is located upon identical

corresponding points in the two retinas (see fig 1.13).

From the retina the impression was transmitted

by the visual spirit through the ‘pores' in the

optic nerve until it united with the impression
originating from the identical point of the other

eye. This union did not take place at the chiasma
(see fig 1.14a), but in the pineal gland (H in fig.
1,14), which for Descartes was the "seat of the soul";
where the two impressions were unified to give rise

to a single "idea" of an external object.

17
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From the copy in the British Museum.
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Pig. 1.11 Decartes: The formation of the
Retinal imaga

Famous drawing, 1637%% illustrating his and
Christopher Scheiner's experimental observation
of the yetinal image by cutiing away the outer
coats of a bull's eya.
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Vesalius on the Visual Pathway

This diagram shows the optic chiasma (H)
the retina (I), the optic nerves and

the optic tract



Fig.

.13

Descartes on Corresponding

" Retinal Points

Illustrating that points in external
space are pictured on to corresponding
points in the two retinas.

Note the lack of decussation at
the chiasma.

From: Descartes, R. la Dioptuice, 162784

[Frem the copy in the- British Museunm)
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Two diagrams from Descartes, R. (1664) 23

Les Traitez de L'H#omme, which demonstrate

that each point in external space is imaged

onto a unique point within the pineal glasdy
and this is true for all the senses.

From the copy in the Baiiish Musewm



Thus, Descartes was not only the
first to postulate the existence of corresponding
retinal points, he also suggested a topolcgical
mapping of single points in external space with
single points within the brain.

The first announcement of the partial
decussation of the optic nerves at the chiasma,
as the mechanism of binocular single vision, was
by Newton in 1704, °%% “He said:

"Are not the Species of Objects
seen with both Eyes united where the
optick Nerves meet before they come into
the Brain, the fibres on the right side
of both Nerves uniting there, and after
union going thence into the Brain in the
Nerve which is on the right side of the
Head, and thezfibres on the left side of
both Nerves uniting in the same place,
and after union going into the Brain in
the Nerve which is on the left side of
the Head, and these two nerves meeting
in the Brain in such a manner that their
fibres make but one entire Species or
Picture, half of which on the right side
of the Sensorium comes from the right
side of both Eyes through the right side
of both optick Nerves to the place where

- the Nerves meet, and from thence on the
right side of the Head into the Brain,
and the other half on the left side of
the Sensorium comes in a like manner from
the left side of both Eyes.

"For the optick Nerves of such Animals
as look the same way with both Eyes (as of
Men, Dogs, Sheep, Oxen, &c.) meet before
they come into the Brain, but the optick
Nerves of such Animals as do not look the
same way with both Eyes (as of Fishes and
of the Chameleon) do not meet, if I am
rightly informed."

8o far as we know, Newton did not
undertake any anatomical experiments. It is
unfortunate that he did not guote the source of

his information.

18



Fig,
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The Visual Pathway according to Briggs®7?(1685)

Illustrating the lack of contact between
the nerves of the two eyes, but also
suggesting a topological relationship
betwsen localized areas of the retina and

localized arsas of the brain.




The semi-decussation is clearly
indicated in fig. 1.16%%,

The notion of corresponding retinal
points was clearly enunciated by Huygens at about
the same time:

"Nature has provided for us in a very
particular manner so that cur two

eyes would not show us objects double.

She has done sco, that each point of

the fundus of the eye has its corresponding
point in the fundus of the other, in
order that if a point of the object
falls on any two of these corresponding
points, then it appears single as it is,"°®®

Taylor (1727) offered an anatomical
explanation for this, suggesting that those optic
nerve fibfes that are 'akin' unite in the brain.
Thus, each point in one retina becomes anatomically
correlated to a similar point in the other;
this correlation occurring as a result of the fibres

from the homonymous halves of the two eyes meeting

and semi-decussating at the chiasma.?®®

Smith (1738) defined corresponding retinal
points with regard to their location:

"When the optick axes are parallel or meet
in a point, the two middle points which
are equally distant from them, and lye

on the same sides of them either towards
the right hand or left hand, or upwards or
downwards, or in any obligue direction,
are called corresponding points."?!

These arise, he explains, because:

"When we view an cbject steadily, we
have acquired a habit of directing
the optick axes to the point in view;
because its pictures falling upon the
middle points of the retinas, are then
distincter than if they fell upon any
other places; and since the pictures
of the whole object are equal to one
ancther, and are both inverted with
respect to the optic axes, it follows
that the pictures of any collateral

19
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Semi-decussation of the Optic Nerves

The earliest illustration of the
semi-decussation of the optic nerves

from John Taylor (1727) *°




point are painted upon corresponding
points of the retinas."?

And we learn by experience, he claims, that
objects are seen as single when they fall upon
corresponding points, and double otherwise.
{see fig. 1.17)

Whereas Smith defined his retinal
corresponding points in terms of position, Reid
(1745) defined them in terms of function. Points
correspond, he says, whatever their position may
® Furthermore,

whereas Smith makes the correspondence acquired®";

be if they give rise to single vision.®

for Reid it is innate®®. A distinction that was

to dominate nineteenth century philosophy,?®®
Reid states:

".... that by an original property of
human eyes, objects painted upon the
centres of the two retinas, or upon
points similarly situated with regard

to the centres, appear in the same visible
place; that the most plausible attempts
to account for this property of the eyes
have been unsuccessful; and therefore,
that it must be either a primary law of
our constitution, or the consequence of
some more general law which is not yet
discovered."®?

Porterfield (1759) denies the claim that
the union of the two optic nerves at the chiasma is
to produce single binocular vision, For:

"If this Conjunction were necessary, to

the end that Objects micght appear single,

the same would also be necessary in all our
other Senses, and every simple Sound would

be heard double, because our Ears are double,
and our auditory Nerves quite distinct. BPBut
this is contrary to Experience; every simple
Sound being heard simple as it is; tho! our
anditory Nerves are so far from being united,
that they take a different and almost opposite
Course."*?

20



Fig. 1.17

Smith on Physiological Diplopia (1738)

Illustration from Smith (1738) op. el
showing that objects that stimulate
non—-corresponding points are seen

doubled.



His explanation for the chiasmal
conjunction of the optic nerves is that this
path enables the nerve to enter the eyeball
perpendicularly, and conseguently reduces in size
the "insensible area", i.e., the optic disc.

The problem of the singleness of
vision, he says:

"... admits of an easy Solution ...

there being nothing more required, but

that we be possessed of a Power of seeing
Things in the Place where they are; For
tho' the Object is seen by both Eyes, yet
being seen in the same Place at the same
Time; and that we are possessed of a Power
of seeing Objects in the Place where they
are is a Matter of Experience..."!??

Hartley'®!, in 1749, advanced the anatomical
argument, basing singleness of vision on the semi-
decussation at the chiasma. He even suggested
that an impression from the retinal image could be
passed across to corresponding points in the other
eye.

Wells(1792)!°%, while:

"Admitting... that objects are represented
single, when their pictures fall upon the
centres of the retinas, or upon any other
two points which are equally distant from
the centres, and both upon the same side,
it appears to me, notwithstanding, té be in
violation of all analogy, to ascribe this
effect ... to any peculiar property which
they possess from nature."

The analogy to which he refers is that
organs in one species of animal have the same
properties as the corresponding organ in another.
Even more likely, then, he says, that there should

be a correspondence between the different organs

found in a particular individual.
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He continues:

"Now it is muniversal fact, that if an
animal be divided into a right and left
half, the corresponding parts of those
organs, which exist in pairs, are found
at esgual distances from the plane of
partition. Thus, for instance, in
respect to the eyes, the two optic nerves
penetrate their outward coat at the same
distance from this plane. Their muscles,
blood-vessels, and every other of their
component parts and appendages are arranged
in the like manner; those nearest to the
dividing plane, or the innermost, in the
one, being similar in structure to the
innermost in the other, the outermost to
the outermost, and the intermediate to
the intermediate.

"It is surely natural therefore, to
expect that such parts should also be
similar in their properties; and we find
in fact this similarity to exist, whenever
it can be clearly ascertained what the
properties are. Every person, for example,
admits, that the internal straight muscle
of the right eye performs the same office,
with respect to that eye, as the other
internal straight muscle does with respect
to the left eye.

"What judgment are we then to form of
the opinion of Dr. Reid!®?, which attributes
the same original properties, or rather the
joint possession of one original property,
to places in the retinas situated at unequal
distances from the general plane of partition;
which makes an-extesinal point in one to
correspond, in use, with an Znteanal point
in the other, and this too by a principle
implanted by nature ? If such things exist,
they may at least be said to stand opposed
to a most extensive analogy."!?*

and Wells argued that therefore the correspondence
must be acquired by experience and was not based

on anatomical linkages. He supports this view by
guoting the experience of Cheselden %%, whose:
patient at first found thincs doubled followine an
accident but, by degrees they becames single, although

there- was still a manifest sguint.



The anatomical view received support
from Wollaston'®® in 1824, who wrote that he
had twice lost the sensitivity of one half of
his wisuyal field; and ascribed the loss to the
"semi-decussation" of the optic nerves at the
chiasma in the way Newton had described.

In spite of arquments as to the
mechanism then, in the early years of the
nineteenth century there was general agreement
that single wvision arose as a result of the
simultanous stimulation of corresponding retinal
points. Then, in 1838, Wheatstone wrote:

"When an object is viewed at so

great a distance that the optic axes

of both eyes are sensibly parallel

when directed towards it, the perspect-
ive projections of it, seen by each

eye separately, are similar, and the
appearance to the two eyes is precisely
the same as when the object is seen

by one eye only ..... But this
similarity no longer exists when the
object is placed so near the eyes that
to view it the optic axes must converge;
under these conditions a different perspective
projection of it is seen by each eye,
and these perspectives are more
dissimilar as the convergence of the
optic axes becomes greater."'®

That is to say, Wheatstone was the first
to realize that an essential part of binocular
vicion is the formation of non-identical images
on the retinas of the two eyes. And the fact
that two non-identical images can be united into
a single percept is an even greater problem than
the problem of the unification of two identical

ones that had concerned previous writers.
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In this paper Wheatstone describes
his new invention, the stereoscope (fig. 1.18),
with which he presents dissimilar pictures to
the two eyes and sees them to be unified into,
not only a single perception, but a single
perception in relief.
Then, having proved that objects
"whose pictures do not fall on
corresponding retinal goints may
still appear single"!®
He goes on to prove
"that similar pictures falling on
corresponding peints of the two
retinae may appear double and in
different places."?!
and is led. to the conclusion:
"that there is no necessary physio-
logical connection between the
corresponding points of the two

retinae, - a doctrine which has
been maintained by so many authors.

nlldo
What then, he asks, does determine singularity
and suggests: that each point of a figure is
seen as single when it is at the point of
"intersection of the two lines of
visible direction in which it is
seen by each eye separately, whether
these lines of wisible direction
terminate at correspondin? points of
the two retinae or not,"'??
He goes on to point out though, that on this
supposition points before and beyond the point
of intersection of the optic axes should never

appear double; but it is evident that they do.
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Fig. 1l.l8a " Wheatstone's Stercoscope

E and E' are the disparate drawings that
Wheatstone showed could be fused into a
single three dimensional percept. Thus
showing that two disparate images can

give rise to a single percetion.

Fig. 1.18b Brewster's Refracting Steresscops

Stereoscopes like this became

the playthings of Victorian parlours.



So according to Wheatstone, the criterion

for single vision becomes the identity of visual

direction. But this suggestion had already been

advanced by Wells:

But,

"For, if the guestion be concerning
an object at the concourse of the
optic axes, I say it is seen single,
because its two similar appearances
in regard to size, shape and colour,
are seen by both eyes in one and the
same direction"'!?

how is this wvisual direction to be defined?

On this, Wells wrote:

"Since Kepler's great discovery of
the seat and manner of vision, there
have been, as far as I know, only two
theories offered respecting the
apparent direction of objects. One
is, that they are perceived in the
direction of lines passing from their
pictures on the retina through the
centre of the eye; the other, that
their apparent directions coincide
with their visual rays.*!!?

The first of these views had been advanced by

Reid'!* and Porterfield'!®; and Smith, who

said:

"the visible direction of an object
coincides with the visual ray, or

the principal ray of the ?encil which
flows from it to the eye"!!®

D'Alembert had said that the wvisual

direction was in the line joining the point

itself and its retinal image.!!’

But Wells had had the same doubts as

Wheatstone:

"But both of these theories are
inconsistent with the phenomena of
single vision with the two eves.

For according to neither of them can
an object, placed at the concourse
of the optic axes, be seen single,
unless we have the most accurate
knowledge of its distance; nor will
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either admit two objects to be seen
as one, which are situated in the
optic axes, whether on this side; or
beyond where they meet, unless the
united object be referred by sight
to their very point of intersection;
both of which conclusions are
contradicted by experience"!!®

However, Wheatstone's contemporary,
Sir David Brewster pointed out that these three
lines so nearly coincide with each other; that

"at an inclination of 300, a line
perpendicular to the point of impression
on the retina passes through the common
centre; and does not deviate from the

real line of wvisible direction more than
half a degree, a quantity too small to
intexfere with the purposes of vision."!}®

He goes on:

"As the interior eyeball is as
‘nearly as possible a perfect sphere,
lines perpendicular to the surface of
the retina must sll pass through one
single point, namely the centre of
its spherical surface. This point
may be called the centre of visible
direction, because every point of a
visible object will be seen in the
direction of a line drawn from this
centre to the visible point,"?2?

As we have seen, it was Wheatstone who
first realized that the two eyes are able to fuse
non-corresponding points and see them as single,
but it was Brewster'%' in 1844, who emphasized that
non-corresponding points are a necessary condition
of stareopsis. But the credit for realizing that
binocular parallax accounts for the perception of
depth belongs to Joseph Harris (1775), who wrote:

"And by the parallax on account of

the distance between our eyes, we can
distinguish besides the front part of
the two sides of a near object, not
thicker than the said distance; and this
gives a visible xnefievo to such objects,
which helps greatly to raise or detach
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them from the plane, on which they lie.
Thus, the nose on a face is the more
rgmarkab}y raised E¥2?ur seeing each
side of it at once.
Wells and his immediate predecessors
were aware that single vision could be achieved,
even when non-corresponding retinal points were
stimulated. Their various theories of binocular
vision were attempts to try to explain this away,
without their being aware that this was the basis
of the perception of depth.
Wheatstone and Brewster realized that
this phenomena - named disparity by Fechner!??(1838)
~ was an essential ingredient of stereopsis, but
they still had no satisfactory way of accounting
for its mechanism. They abandoned the concept of
corresponding points and adopted the concept of
visual direction, but they still could not satisfactorily
explain why disparate images gave rise to a single
perception.
Brlicke??* in 1841 attempted to restore
the idea of corresponding points by arguing that an
extended solid object is not seen as three dimensional
until the eyes have shifted their point of fixation
‘many times; converging first on one point and then
another; doubled images being ignored. Dovel?s
disproved this suggestion immediately, by observing
that a stereogram could still be perceived as =olid

when illuminated by an electric spark lasting less

than a millionth of a second.
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Experiments with the stereoscope confirmed
that it was possible to achieve bineccular single
vision, even when the retinal points stimulated
were disparate, but it was found that if the
disparity was greater than a certain amount, then
single vision broke down and diplopia supervened.

Wheatstone found that:

"... Aif the inequality of the pictures
be greater than the difference which
exists between the two projections of the
same object when seen in the most obligue
position of the eyes normally employed,
they do not coalesce."!2¢

This led Panum'?? in 1858 to postulate
the existence the existence of "corresponding
sensory circles" suggesting that a point in one
retina corresponded with a small circle of retinal
points in the other.

Using a pair of stereograms as in fig.
1.19'2%, he found that the two pairs of vertical
lines could be fused if the difference of
separation was less than 25 minutes of arc, but
not otherwise, In fact, if the difference of
separation was greater than 25 minutes, then the
impression was one of three vertical lines.

These zones of correspondence are today called
"Panum's fusional areas".
Helmholtz disputed this interpretation:
= eians I have maintained that the reason
why it was possible to fuse the double images
was because the eye was not reliable enough
or accurate enough to estimate the corresponding
dimensions of the two images without possibility
of errors, and that any error of this sort is
fostered by the appercetion of the material

object which is present before us, or which we
fancy is present before us."!?®a
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1.19 Panum's Stereogram

A similar pair of stereograms to those
described by Panum®??., The separation

S of the pair of lines seen by the left
eye (in this case) is kept constant, and
the separation of the lines seen by the
other eye is varied. Then, this stereo-
gram can determine 65, the maximum differ-
ence of separation for which single vision
can be maintained. (See Mitchell!?%)



This view was supported by Bourdon!??,
who suggested that diplopia is compatible with a
very fine stereoscopic acuity. That is to say,
if the ability to recognise double images is much
cruder than the threshold for stereopsis, then the
stimulation of disparate points, close together,
will not give rise to any perceived diplopia.

This controversy is not completely
resolved today'?®. The confusion seems to arise
from expecting physiology to exhibit the precision
of physics. Nowwithstanding, it is sufficient to
be aware that the relationship between a given retinal
point, and the points in the other retina, with which
it can give rise to a single percept, is a "one-many"
relationship, a view that has been given anatomical

justification by the recent work on binocular
interaction in the striate cortex.!?®

The concept of corresponding retinal
points has been restored by the consideration that
each receptor element has associated with it a
certain subjective wvisual direction. Corresponding
retinal points can then be defined as the particular
points in each eye that will give rise to the same

such direction. This idea is pursued in much °

greater detail in the next chapter.
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£1i1) The Horopter

In 1613, scon after Kepler's discovery
of the retinal image, an cbscure Jesuit named
Franciscus Aguilonius, coined the word
hokopten, Y32 132 He proposed that
all visual images were projected onto a certain
plane passing through the point of fixation. He
called this plane "the horopter", and deduced that
points located on this plane would be seen singly
by the two eyes, and that other points would be
gseen doubled.

Wells!? ¥ informs us:

"If a line be drawn through the point
of mutual intersection of the optic
axes, parallel to the interval between
the eyes, Aguilonius calls it, from its
office, the hoxropter; and if through
this line, a plane be made to pass at
right angles to that of the optic axes,
he names it the plane of the honropten.
After defining these terms, he asserts,
that, by a law of our constitution, all
bodies which we see with one glance or
lock, whatever are their real places,
appear to each eye to be situated in this
plane. - And if this be granted to him,
he easily and satisfactorily shows, why
some should be seen single with the two
eyes, and others double.

"For since, according to a second
opinion maintained by him, and not
contradicted, I believe, by any other
writer on vision, the two lines of
direction, in which an object is seen
when we employ both eyes, can meet
each other only in one point, it follows,
that all bodies which are really situated
in the plane of the horopter, must
necessarily appear single, as the lines
of direction in which any one of them is
perceived by the two eyes, coincide in
that plane and nowhere else; and that
all bodies, which are not situated in
the plane of the horopter, must as
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Plg, 120

Aguilonius on the Eye

Diagram of the eye and the dissection

of various parts, from Aguilonius (1613)'?*?




necessarily appear double, since in

this case, the lines of their visible
directions intersect each other, either
before or after they pass through it."!?3

It is of interest to note just how early
the idea of visible or visuazl directions cccur in
horopter theory in view of its current significance.

His view of the horopter, as a vertical
plane through the fixation point,qis beautifully
illustrated in the frontispiece, which shows an
idealized experiment to plot it. His horopter
diagram is given in fig. 1.21.

Aguilonius also describes a circular
pseudo-horopter, or false horopter (fig. 1.22),
which clearly anticipates the horopter circles of
Vieth'®® and Mliller??®,

Aguilonius was aware that solid objects,
which cannot lie completely in the plane of the
horopter should appear confused and doubled
according to his proposal. He wondered:

"how it happens that bodies seen by both

eyes are not all confused and shapeless,

though we view them with optical axes

fixed on the bodies themselves .... Since

the images in each eye are dissimilar,

the representation of the object must 3

appear confused and disturbed to the primary

HEDES sana” 7
Thus, so soon after the discovery of the retinal
image, it was noticed that the images are dissimilar,

a phenomena unnoticed again until Wheatstone.

He goes on to say, that what is "truly

YA similar view is implicit in the remark of
Pettiorew (1972)'%®, where he suggests that zero
disparity sensitive neurons would fire in response

to stimuli lying in a plane lamina, and not otherwise.
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Pig. .23 BAguilonius' Horopter Diagram

A and B represent the two eyes, and DE
the horopter plane,; which passes through
the fixation peint, C, perpendicular to
both the fixation and the median plane.

Aguilonius asserts that all visible objects
are projected and seen as if they lay in
this plane. Hence, if an object is at F,
it will be seen doubled, apparently
situated at G and H. Similarly an object
located at I, will appear to be located at
both K and L. It is only objects actually
located in the plane of the horopter that
will be seen in their true position, and
be seen singly.



Fig. 1.22 * Aguilonius" Pseudao-Horopter

Aguilonius says:

"If gbhjects f£all upon differsnt commen
radii, it can happen that things
unegually distant can nevertheless be
perceived at egual ancles. Let point

C be placed directly cppositse the visual
points A and B, and then let a circle be
drawn through the three points A, B and
&s Then, by No. 5 of Buclid's Fourth,
any other point whatscever taken on ils
circumference - say D - which necessarily
lies closer to the observer than C, will
include and angle ADB which will be egual
to angle ACB by No. 21 of Euclid's Third.
Conseguently, the observer will believe
that objects at C and D are equally far
from the eye. But this is false, since
it is agreed that point C is farther away
than D."

From Aguilonius®®, translation: Shipley

and Rawlings'?®?®



wonderful”, is that objects actually are:
"seen clearly and distinctly with both
eyes, when the optic axes are converged
upon them,"!*¢
How, he asks, is this contradiction explained ?
And answers, by the action of "common sense":
"Whatever body ... each eye sees with the -
eyes conjoined, the common sense makes a
single notion, not composed of the two
which belong to each eye, but belonging
and accommodated to the imaginative
faculty to which the common sense assigns
_itnl’il
Aguilonius' frontal plane was formulated
as an explanation of what he called the "illusion
of number", i.e. there are apparent double images
visible even when it is "known" that there is really
only one. And further:
"eees We draw a mental line through the
intersection of the optic axes by which
~ss OUr gaze is nevertheless delimited

and, somehow constrained from variable
positions into definite limits ..."1%?2

Smith (1738)!"%(see fig. 1.23) agreed
with Porterfield (1759), who said:
"... we always refer the Place of Objects
to the Cha&opteniher Plan on which our
eyes are fixed."
that the horopter was Aguilonius' frﬁnto—parallel
plane through the point of fixation, and also
that all images were projected to, and seen to
lie in this plane.
On the other hand, Wells (1792), while
agreeing that the Aguilonius plane was the horcopter

plane, denied that all images where seen to lie

in i€,
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Fig. 1.23 Smith on the Horopter (1738)

piagram from Smith (1738) op. ecif.
illusirating his concept that all
images appeared to lie on the horopfer
in the fronto-parxallel plane through

the-fikation point.

From Zhe copy in the British Museuwn



More significantly, he introduced the
now wvital concept of visual directien into horopter
studies. He said:

"Objects anywhere in the horopter,
will be seen single, because their
apparent direction to the two eyes will
then completely co-incide. And, for a
contrary reason, those placed in any
other part of the plane of the optic
axes will appear double,"?"

but

".... it is not necessary that the united
appearance should be judged to be at any
particular distance ... in op?osition

to the plainest observations."'"®

Wells also describes an experiment that,
he says, exemplifies the principal property of
the horopter plane:

"I suspend a fine chord at right angles
to the horizon, and retreating a step or
two, I looked steadily at a point in it
which was upon a level with my eyes,.

The chord in these circumstances appeared
single; but whenever I directed my eyes
to any other point of it, either above

or below the former, two chords would
appear, crossing each other at the part,
to which the eyes were directed. In the
first case, the whole chord was in the
plane of the horopter, but in every other,
only that point of it to which both eyes
happened to be turned."'"?

The first writer to discard the fronte-

parallel plane as the horopter was Pierre Prévost'"’®

in 1804, who stated:

"It follows from the stated law, that
in the plane pf the optic axes, the
position of those points seen single
with the two eyes is a circumference

of a circle which passes through the
two centres of the eves and the
intersection of their axes. I refrain
here from demonstrating this proposition

which is easy to deduce from principle...."
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The principle referred to, is indeed,

a simple one, and its explicit formulation
fourteen years later gave Vieth the credit for
priority, It is worth noting that this circle
and the principle itself had already been put
forward by Acuilonius (see: fig. 1.22). However,
arguing from the work of Smith and Reid, Prévost also
presented the case for another horopter; which
was a vertical circle generated if the fixation
point was rotated about the line joining the‘
centres of the two eyes. Prévost himself said that
he found difficulty in choosing the correct horopter
between these two however, he:

"preferred the last, because it ties

the phenomena of double vision to

those of single vision, in immediately

deriving the position of other points

seen single with the two eyes from the
law of projection...."!

In 1818, Vieth!®? related corresponding
retinal peints to the shape of the horopter, and
produced the diagram in fig. 1.24, based on the
elementary geometric proposition, known to Euclid!®$!
(c. 300 B.C.), that the angles in the same segment
of a circle are equal. His arqument' shows that
if corresponding retinal points are eguidistant
from the fovea in each eye, then the locus of
points which will simultanecusly stimulate such
points is the circle through 0, U, and P, i.e.
through the centres of the two eyes and the

fixation point.
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fig. 1.24 Vieth's diagram of the Horopter'®$?

Vieth stated:

"The images M and N, in this case, will
lie equally far from A and B, when angle
p and angle x are egual ... and X lies
on the circumference of a circle which
goes through 0, U and P, such that all
these angles at O and U subtend the same
chords on this same circumference ..."*%?



In 1826, Johann Mfiller!%" independently
published fig. 1.25, which he described:

"... let @ and b be identical central

/i.e. corresponding foveal/ points of the
retinas mn and xy. All parts in eye A
which lie between a4 and m are identical to
parts in eye B which are equally spaced
between b and x. Moreover, an is identical
to by, in accordance with the principles
previously developed from subjective visual
phenomena, ™! *%

That is, identical points are similarly
situated in the two eyes.

"If the wvisual axes intersect at ¢, then ¢
appears single on the identical points a and
b, and d also appears single on identical
points e and {§. When the convergence of the
visual axes is at e, then all other chjects
at different distances appear double. In
eye A, { appears on g; in eye B, { appears
on h. But g and h are not identical.
Rather, g is identical to ¢ in eye B because
both points are equally far from the central
point of the retina. Consequently, the
double images of { appear on g and h, separated
from each other by the actual sum ag+hb.

That is - the separation of the double images
is to the whole visual field as ag+hb is to
the size of the retina or, in relation to

the point of convergence, the double images
lie to the side of the visual exes in the
magnitudes of the visual angles {#xc and cig.
Therefore £ appears as p and ¢ in the plane
of the convergence point."'58

This circle, that is, the circle passging
through the fixation point and two points locating
the eyes*, is today called the Vieth-Miiller circle.

If it is agreed that corresponding retinal points,

*Vieth located the eye at the pupil, and Miiller at the
centre of the lens. The problem of the proper
location of the eye in these studies still gives rise
to controversy today.?®’?
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Fig. 1.25 M#iller's diagram of the Horopter!Ss®




are points eguidistant from the two foveas, as
Mliller had asserted, then this circle follows
from the (two-dimensional) geometric analysis of
these points. For this reason, it is often
nowadays, referred to as the theoretical
horopter!5?®, or, the mathematical horopter!®?,

and it is generally shown in the form (see fig. 1.26)
first published by Volkmann'®? in 1836.

It is worth noting that Miller did not
take "single-vision" as the criterion for his
horopter, but rather defined it from the notion
that corresponding retinal points are equidistant,
and in the same direction, from the foveas in the
two eyes. He further suggested that there must be
an anatomical basis for this correspondence.

The third dimensiocn was introduced into
the analysis in 1843 by A.P. Prévost!®! and
later by F. Burckhardt (1854)'¢?, who agreed that
this involved taking into account cyclo-rotational
movements of the eyes, They showed that. if the
eyes were adjusted without torsional rotations,
then a straight line, not lying in the fixation
plane, should be added to the Vieth-Miller circle.

The first attempt to verify the shape
of the horopter curve by experiment, was made by
Meissner'®? in 1854, who tried to arrange threads

in positions where they could be seen as single.
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Fig. 1.26 A Current Represenation

of the Vieth-dilller Circle

The points F and A which lie on' the
circle are imaged on ccrresponding
retinal points £ and £' and a and a'
respactively. B and C, lying inside
and outside the horopter, are imaged

on non-corresponding (disparate) points
g and B' and y and y*'.

Iffustraiion and capiicn from Adfen op. cdd
dig. 409.



In a series of papers, Serre d'Uzadt®4 165

tried to disprove the current theory of retinal
correspondence by setting up a model of the
binoecular retinal system, apropos of which
he said: -

"... as the reflected ray is physically
stopped by the limiting screen, so

in real vision, sight is virtually, or
imaginatdvely stopped, for the particular
direction that it travels in space by an
invisible surface; which I have given the
name a&deau ghyA{otogaque (limiting visual
surface) .

He emphasizes that this was not a hypothetical
surface but an important sensory phenomena.

He extended the horopter to three
dimensions by saying:

"In a plane, the geometric locus is

an arc of a circle; in space, this

is a surface of revolution formed by
the rotation of this arc around the
axis connecting the centres of the

two crystalline lenses. This is the
surface of a forus not that of a 3phere
as Porterfield* would have it ...."!%%

This, he calls the limiting torus.

These papers were violently criticized
by Clapardde’®® '7¢ 171  yho describes them as
reporting phenomena that are visible to the eyes
of M. Serre d'Uz8s alone. The limiting torus,
he says, cannot exist. In fact, the horopter
cannot be either a torus or a sphere, and guotes

the work of A. Prévost and the experiments of

1686

*This, surely should have been Prévost, who did say
this. There 1is nothing like this in Pourterfield.
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Melssner, to prove that the horopter cannot be
any form of surface.

His analysis of physiological diplopia,
and the introduction of the third dimension to
the horopter can be seen from the following
gquotation; (see: fig 1.27) where

"... the eyes at I and II, are fixating

a point A, in the horizontal visual plane.
The points B and B' are situated in the
same plane, one behind, and the other in
front of the point A. They will be seen
doubled; that is the images a and B of the
point B will be seen uncrossed (that is to
say, the left image a, belongs to the left
eye I, and the right image R, to the right
eye II), whereas the images y and & of the
point B' will be crossed.

"If we keep the optical axes converged
onto the point A, and gradually raise the
point B vertically, we will see the two
images a and B slowly approach each other
until they ‘are seen as single, once B has
been raised to a sufficient height ...

If on the other hand, we lower the point
B below the visual plane, we will see the
two images o and B diverge until they
finally leave the visual field."!72

Whereas, raising aid lowering the point B', has
precisely the reverse effect. Ta g 1. 276,

"... the visual plane I II A is represented
in perpsective, whereas the vertical plane
through RB'AB coincides with the plane of
the paper. The reciprocal of the distance
between the pairs of doubled images is
proportional to the distance that separates
the object from the horopter. It is thus
clear, that when we raise the point B
vertically, we approach the horopter at the
same rate as the two images approach cne
another, and, at the moment that the two
images meet, B is located on the horopter.
If the point B becomes single when it arrives
at the point w, then it must lie on the line
of intersection of the horopter and the
vertical plane.
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Fig. 1.27a Clapareéde's analysis
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"In the same way for the point B',
it can be demonstrated that the point o
must be on the line of intersection of
the horopter and the vertical plane.
And so, the three points o, A and w, belong
to both the horopter and the vertical
plane, thus the line oAw, which passes
through these three points is the line
of intersection of the horopter and the
vertical plane."!7?

Clapardde, utilized Meissner's results,
and added to them with some similar experiments of
his own. He erected a thread through the fixation
point, and inclined it at various angles in
the vertical plane (the plane RB'AB of fig. 1.27b),
he found that it was only seen as single along its
whole length when it was inclined at 45° to the
vertical, and he added this line to the horizontal
cirele, giving a three dimensional horopter (see
fig. 1.28). This explanation has been criticized®?"
but this phenomena can be explained by the analysis
of Part III (see below).

During the 1860s both Helmholtz and Hering
published many works on the form of the horopter.
These works alternated with each other, and involved
a great deal of refutation and arguments over
priorities. A concise, if somewhat partisan view

of this can be given by quoting Helmholtz' own

summary of the controversy.!'”®

L]

My first contribution on this subject
was made before the Heidelberg Medical Society
of Natural History, October 24, 1862; the
manuscript being transmitted on November 8,
1862. In this paper the equations of the
form of the horopter in general were given
for the first time, although they were not
expressed in their simplest forms, because
the horopter was regarded as being a curve
made by the intersection of a surface of
the second degree and one of the fourth degree.
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‘Fig. 1.28 Claparede!s Horopter

The horopter consists of the
Vieth-Miller circle O O' B,

{ which Claparéde calls the Prévost
circle) together with the line
D'BB'D, in the median plane at

45° to the vertical.



"Nor was the deviation of the apparently
vertical meridian taken into account in

this paper. The form of the horopter in

the general case was briefly described.

Before this merely preliminary contribution

had been actually published (which was not
until the autumn of 1863), the third part :
of Mr. E. HERING's Beitnlige zun Physiologie’?®
appeared, and there the proof was given

that the horopter must certainly be always

a line at least (if not a surface); but

the form of the horopter was not actually
determined except in the simpler cases

which had previously been considered. Then
following my article on the horopter in the
Anchiv §iln Ophthalmologie, %X, 1, pp.1-60%77,
the proof of which had been corrected by the
middle of March 1864; and in this paper the
horopter was considered as being the inter-
section of two surfaces of the second degree,
and the effect of the deviations of the
apparently vertical meridians was taken into
account. Without being aware of this publicaticn,
Mr. E. Hering had sent the printers the fourth!7’®
instalment of his work in June 1864, in which
also the horopter was considered as being

the intersection of two surfaces of the second
degree, and where the method of STEINER's
geometry was used, which is particularly
adapted to this problem.

"HERING's criticism here of my earliest
contribution was due mainly to his failing to
see that what I was talking about was what I
have referred to above as the "horopter",
whereas what he himself had in mind was the
"horopter-curve". The two are not exactly
identical, as I have explained in POGGENDORFFS
Annalen, CXXIII, pp. 158-161*7°, TFinally,
the fifth instalment of HERING's Beitrlge
zun Physiologie®®® contained a further criticism
of my second paper on this subject. I shall
allude here to only one point in this latter
criticism (see p. 350), about which Mr. E.
HERING was really correct, namely, where he
says that on page 44 of my paper the angle n
has been generally put equal to ni. I must
confess that this was an oversight made when
I was just about to start on a journey; I was
going over the paper very hurriedly for the
last time, trying to condense the mathematical
work as much as possible. Formerly, I had
treated separately the two cases in which the
statement Objected to was correct; and so the
mistake did not have any effect on the correctness
of the subsequent deductions. Some of the
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other strictures which Hr. HERING makes
are matters of personal interest conly
and may be answered by readers who wish

to do so, without need of further reply
from me."
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2 CURRENT VIEWS ON THE HOROPTER

i} Helmholtz

In fact it was Hering's, rather than
Helmholtz', view of the horopter that was to
prevail as the mainstream. There is an unbroken
teacher—-pupil lineage: Hering; Hillebrand;
Tschermak; Ogle and Ames; to the currently
accepted view. For this reason, discussion of
his work will be deferred to the next section.

In 1863, both Volkmann'®! and Helmholtz!®?
published reports of a phenomenon that they had
noticed with after-image experiments. They observed
that the apparently vertical meridian seemed to
deviate from the true vertical meridian. That is:

"... if the retinal horizons are
in the visual plane, the apparently

vertical meridians diverge a little
.. .. upwards, or converge a little downwards.

w183
That this declination exists has been
agreed by some!®" 185 186 .53 Qisputed by
othexgt'®7 188 188 180 14 j5 jncorporated into
Helmholtz' horopter analysis, but is in no way
fundamental to it. The fact that not all subsequent
workers have been able to reproduce this deviation
does not invalidate Helmholtz' analysis, as has been
claimed!®'. In fact, this controversy indicates
that there is at least some variability in this
phencmenon; and it is this variation that is

argued below.!??2

.
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Helmholtz defines the term viauat,giobelai

as the exterior projection of the retina. That

is to say, it is the visual field of the fixed eye

and moving with it. Hence the vascular system,

the blind-spot, the fixation point and after-images

will always occupy the same positions on this globe.

The horizontal meridian of this fixed globe, he

calls the zefinal honizon.

criteria:

1)

2)

3)

4)

5)

He bases his horcopter on the following

"In the normal eye the points of
fixation of the two visual globes
are pairs of corresponding points"!?%

"The retinal horizons of the two
eyes correspond to one another."!?9?

“The meridians which are apparently
vertical with respect to the retinal
horizons are a pair of corresponding
meridians,"!%®

"Points in the retinal horizon at
equal distances from the point of
fixation are pairs of corresponding
points."??7

"Points equally distant from the
retinal horizons, which are on the
apparently vertical corresponding
lines, are a pair of corresponding
points wn 198

All of which can be taken to imply:

6)

"Any pair of points on the two
visual globes, which are at egual
distances in the same directiocn
from the apparently horizontal
and the apparently vertical pairs
of corresponding lines, will be a
pair of corresponding points."!®?

This last definition is not very different

from Smith's definition 6f retinal correspondence

in 1738.2%9
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These conclusions, using the criterion
of single vision, were confirmed in a series of
experiments published by Volkmann in 1863%°! and
1864°%2, Helmholtz??? describes an experiment
where the attempt is made to overcome the cffects
of fusion. Using a stereogram such as fig. 2.1
with the centres of the two figures at the same
distance as the observer's inter pupillary distance,
it is found, if the figures are adjusted so that
the axes of the eyes are parallel, that all the
lines of one figure appear to fall on the
corresponding lines in the other. He used black
and white lines as they would be less easily fused.
Helmholtz uses the definition (6), as
the basis on which to calculate the: ;
"positions of those points in external
space, whose images are depicted on
corresponding places on the two retinas,
and which therefore are seen single.
The locus of all these points is called
the horopter.2°®
Wheatstone had shown??® that under certain
circumstances, disparate (i.e. non-corresponding)
points are seen single. However it is still true
that corresponding points too are-seen single, and
so the above statement is true. The above experiment
also indicates that Helmholtz was aware that
as a consequence of fusion, there are points not on
| the horopter but defined in this way that are also seen

as singles
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Fig. 2.1 Helmholtz' Stereocgram

Helmholtz' experiment to demonstrate that -
the apparently vertical meridians fall onto
corresponding retinal lines; even when the

fusion reflex is inoperative.

from Helmholtz (1925) op. eif. Plate D



From this starting point, Helmholtz
deduces that the horopter is the curve of
intersection of two surfaces of the second
degree (i.e. guadric surfaces). I will not
reproduce his analysis, as it is extremely
tedious, and is incorporated, in a more modern
form, in the analysis of Part III, below.

He shows further, that this curve of
intersection would, in general, break down into
a straight line, and a curve of the tﬂird degree
(i.e. a twisted cubic). However, he nowhere
derives an explicit formulation of this curve,
but to illustrate it, he produced perhaps the
most widely misunderstood drawing 2°%(fig. 2.2)
in the history of horopter studies.

This curve, as the text makes clear,
was meant to be an illustration ta the reader of
the sort of shape that a twisted cubic curve could
take. He never claimed it to be an explicit
representation of the horopter curve. However
Shipley and Rawlings?®? for example, Publish it
as Helmholtz' horopter and criticize its obvious
inadequacies. Troland?®® (fig.2.3) and

Boring??®

(fig. 2.4), roll the paper up in different
directions and published the perspective views

as two different horopters,
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Fig. 2.2 Helmholtz'! Twisted Cubic

Helmholtz' description of this curve, reads:

"An idea of the form of such a curve of
the third degree can be obtained by
supposing that it is drawn on the surface
of a cylinder and the cylinder is then
unrolled on a plane. The form of the
curve would be then like that shown by
the continuous line eabcf in the figure.
When the paper is rolled into a circular
cylinder so as to bring the edges gg and
hh together, this curve will have the form
of a curve of the third degree"?!'®

showing that Helmholtz was merely trying to
show his readers one of the forms that a

twisted cubic can take.

Redrawn grom Hefmholiz (1925) op. cif. 3, fig. 69
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Troland's (1929) interpretation

of Helmholtz' Cubic

Troland rolled up Helmholtz'
diagram (see: fig. 2.2) away
from the reader and published

the result as "the horopter".



Fig. 2.4 Boring's (1342) interpretation

of Helwholtz' cubic

_Boring rolled unp Helmholtz' diagram
(see; fig. 2.2) towards the reader
and published the result as the

"Ceneralized Horopter-Line".

from: Boring, E. (1942) ep. eif. fig. 28



Helmholtz, then, did not determine
the explicit form of the horopter~curve in the
general casé - i.e. the twisted cubic - but
he did determine its shape for certain special
cases.

He found, that when the point of
fixation is at a finite distance, and the two
retinal horizons, are egually inclined to the
visual planes (extending in opposite directions)®,
then the cubic degenerates into a conic section
with a straight line through it. This occurs
he says;-if the eyes behave in accordance with
Ligting's law - when the fixation point is in
either the median plane, or in the primary
position of the visual plane.

He 5150 claimed that:

"In one single instance the horopter
is a surface, which in fact is a plane;
and that is when the point of Fixation
is in the median plane and at an infinite
distance, and the retinal horizons, as is
usually the case, or practically so at
any rate if the eyes are normal, are both
in the wvisual plane. Then this horopter-
plane will be parallel to the visual plane,
its distance from the latter depending on
the amount of divergence of the apparently
vertical meridians of the visual qlobes of
the two eyes; that is, it will contain the
line of intersection of these two meridian
planes and will usually be practically the
same as the horizontal plane on which the
observer is standing, provided his eyes are
normal and directed straight toward the
horizon."?

*This, we call the guasi-symmetric case, in PartI;I‘
below.



He suggested that the reason for
+he ground plane being part of the horopter
is so that points thereon would be seen singly
while walking. Unfortunately, it is difficult
to see in what circumstances such a curve can
degenerate into a plane, and the assertion is
not born out by the analysis. It seems likely,
that he is confusing here the horopter-curve,
with the line-horopter, which he later defines.
A line, he says, may be seen single
if the two retinal image lines that it stimulates
correspond. The do not need to correspond point
by point as a straight line displaced along itself
is still the same line. He shows that, in general,
there is such a single line through every point
of space. He continues:
"the surface on which straight line,
having a certain definite direction,
must lie in order to produce two
images that correspond in this fashion
is call a £ine horoptern."212
The lines on the two visual globes
that are apparently perpendicular to the retinal
horizons he calls the veatical horopifern, and for
lines that are apparently parallel to the retinal
horizons, the surface is called the hoaizontal
horepten.
He deduced the horizontal and vertical

horopters, and thus the horopter-curve, which is

their curve of intersection, for two special cases.
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a) When the point of fixation is in the median
plane. In this case, he found that the
vertical horopter was a cone and that the horizontal
horopter consisted of two intersecting planes.
From which he found that the horopter-curve was
composed of a straight line and a conic section.
b) When the point of fixation is in the primary
position of the fixation plane. In this case,
the vertical horopter is a hyperboloid that intersects
the wvisual plane in the Vieth-Miller circle and the
horizontal horopter consists of the visual plane and
a plane perpendicular to it. Their common curve of
intersection, i.e. the horopter curve in this case,
consists of the Vieth-Mdller circle and a straight
line, which is the form that A.P. Prévost and
Burckhardt?!? had both predicted.

The concept of the horizontal and vertical
horopter is not very useful, as they are merely two
particular instances of the more general "rectilinear
horopter" defined and developed in Part III.

Due, perhaps, to the obscurity of his
mathematical analysis and even more likely to
misunderstanding of his ideas, Helmholtz' work on
this subject has had virtually no influence on
the subsequent development of horopter studies.
However, the mathematical derivation of the three
dimensional horopter presented in this thesis is
bhased extensively on the work of Helmholtz summarized
above. Modern technigues of linear algebra have

enabled the ideas to be extended farther than
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Helmholtz cared to take them; in particular to
develop the explicit eguations for the "rectilinear
horopter" and the horopter-curve, in the general

case.
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ii) The Hering Tradition

Hering?'® introduced two important
concepts into horopter studies, viz: the so-called
law of identical visual directions and the notion
of the apparent fronto-parallel plane.

‘The first followed from the postulate
by Lotze?!® that every retinal element was identified
with a unigue relative direction called "local
sign".

0gle?!® describes the classical experiment:

"Suppose one stands about 2 feet before

a window /see fig. 2.5/ through which he

has a view out-of-doors. While holding

his head steady, with the right eye closed,

he directs his left eye to a distant object
out-of-doors somewhat to the right. Suppose
this object is an evergreen tree, and the

more this is set off from the surrounding
objects the more vivid will be the experiment.
While fixating the tree he makes a small

crayon mark on the window pane in line with
his eye and the tree. Now the left eye is
closed and the right eve is opened and directed
to the same mark on the pane, and out-of-doors
in line with it a distant object is identified,
for example, a chimney.

"Both eyes are then opened and directed
to the mark on the pane. Immediately the
images of this mark "fuse"; the mark is seen
as cne straightforward direction (the principal
visual direction) relative to the body. Thus
both of the foveas give rise to the same
subjective direction. While fixating the mark
on the pane, one cbserves that the mark also
appears in line with both the tree and the
chimney. Both will be seen more or less at the
same time.... One sees, therefore, the mark,
the tree and the chimney in the same straight-
forward subjective direction....."

This is, perhaps, well illustrated by
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fig. 2.5 The Identity of Visual Directions

piacgram illustrating Ogle's description
of Hering's classic experiment for the
identity of visual directions of the

fixation point

From Ogle (1962) op. eit. p. 222 fig. 1



fig. 2.6, from Adler?!?, which illustrates
the more general situation and suggests the
definition that retinal elements of each eye
which give rise to the same primary subjective
direction be designated corresponding retinal
points.

Hering also postulated that the binocular
system had an inbuilt ability to judge whether a
point was "nearer than" or "farther than" the point
of fixation. A sort of local-sign for depth.
Consequently, an observer can judge and select
a series of points that would be neither "nearer
than" or farther than" this fixation point.

He then identified the horopter as the
locus of points with this property, that is,
those points which appear to be at the same distance
as the fixation point. He further asserted that
such points would appear to lie in an apparent
frontal plane parallel to the chest.

Ogle?'® pointed ocut the ambiguity in this
i.e. points that are apparently equidistant would
not appear to lie on a plane at all. Nevertheless,
he said:

", . .. the criterion of the apparent fronto-
parallel plane is the most used experimentally

because it is the easiest and the most accur:zte.

and he did use this criterion in much of his

experimental work.
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Fig. 2.6 Identical Visual Directions

and Normal Correspondence

Visual directions of f; and f, proceed from T,
the fovea of an imag .inary cyciopean eye.

A and B are points from which the visual
directions belonging to a and a' and b

and'b' would proceed. (see also fig. 2.14)

Prom: Moses, R.A. (1970) Adfes's FPhysiolfogy
0§ #he Eye, 5th edition, St. Louis, Mosby,

Fig., 23-7.



Plg. 2.7 The Horopter Deviation

Piagram to show that the experimentally
determined horopter curve liss outsida
the Vieth-Miiller circle. This deviation

is called the Hering-Hillebrand deviation.




Experiments to determine the apparent
fronto-parallel plane revealed that the curve in
which this "apparent-plane" intersected the visual-
plane did not lie on the Vieth-Miller circle, as
had been expected, but somewhere outside it.
(see: fig. 2.7) Furthermore, there was found
to be extreme variations in this deviation from
the Vieth-Miiller circle between one individual
and another.

This variation was taken by some to be
evidence that the correspondence between the two
retinas was not stable. However, Hillebrand??2’
showed that the deviation could be explained by
a relative asymmetry in the location of the
corresponding elements in the two eyes.*(see: fig.
This departure of the experimentally pleotted
horopter curve from the Vieth~Milller circle
is consegquently called the Hering-Hillebrand
deviation.

In 1900 Tschermak?2?! defined the
"longitudinal" horopter, which is a device that
reduces considerations of the horopter to two
dimensions. That is, the longitudinal horopter
is a two-dimensional curve, lying in the visual

plane.

2.8)

* Some evidence for this view was found in the
partition experiments of Kundt???, who showed
that a person using one eye to try te locate
the mid-point of a line, invariably made his
mark too far over towards the nasal side of
the eye being used.
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Fig. 2.8 Hillebrand's explanation of the

Horopter Deviation as a result of

retinal asymmetry

If the point P lies on the horopter, then
its image falls on corresponding retinal
points. It can be seen from the figure
that the angular separation of the images

of P from the images of the fixation point

F is greater in the right eye than in the
left. Only if the point fell on the Vieth-
Mtiller circle at Py will these angular
separations be egual. Thus, for a horopter
curve that falls ocutside the circle, these
separations will be greater in the eye on the
same side as the particular horopter point
than in the other.

Redrawn from Ogle (1950) op. c<f. fig. 8



Ogle (1862)223 giyes the ratiocnale:

"... one can assume that the eyes are
so orientated cyclotorsionally that

the images of vertical lines in space
fall on longitudinal sections of the
retinas - which is to say on vertical
rows of retinel elements so that the
image of any point on the line would
give rise to the same primary subjective
breadth direction."

y

and elsewhere??", he says:
¥

"Of more practical interest /than Helmholtz'
approach/ is the longitudinal horopter,
which depends only on the longitudinal
sections of the retinas. If these sections
are considered as being short enough,

the longitudinal horopter approaches as

a limit the intersection between the wvisual
plane and the larger horopter surface.

This is also the simplest approach to the
study of the horopter, since it involves
only plane geometry."

On the basis of this argument, there
has been no attempt to investigate, mathematically,
the third dimension of the horopter during this
century. The properties of the "larger horopter
surface" described in the passage above have
not been explored anywhere in the literature,
except, perhaps, by Linskz?2?% ywho in 1954,
produced a toroidal surface (see: fig. 2.9)
by rotating the Vieth-Mllller circle about the
inter-ocular base-line; an interesting, if
somewhat futile pastime.

Tschermak??® 1listed four criteria,
or operational definitions of the horopter.

These are:
1) the positions of all the points
appear to lie in a fronto-parallel

plane that includes the point of

fixation.
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Wig, 2.9 Linksz' Toroidal Horopter Surface

Linksz (1954) eop. cif. argued, that, 1f

the angle of convergence of the eyes remained
constant, then for various positions of
gaze, the Vieth-Mliller circle would gweep‘

out the above toroidal surface.



2) the position of each of the points
is such that the primary subjective
visual directions of the images as

formed in the two eyes are identical.

3) the positions of the points will lie
in the 'centre" of the region of

binocular single vision.

4) the positions of the points will be
such that the sterescopic sensitivity

to changes in position will be a

maximum.

To which Ogle??? has added
5) the positions of the points are such

that none provides a stimulus for a

fusional movement of the eyes.

While the criteria (4) and (5), are
operationally true, there has been no attempt to
validate them experimentally, because of the
difficulty in designing suitable experiments,

The third criterion was used by

Fischer??®

, using Tschermak's apparatus (see:
fig. 2,10), but the results have been criticized??®
as the technique equated a moncocular direction

with a binocular one.
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Fig. 2.10 Fischer's Horopter Line

Fischer (1924) op. cif. determination of
the region of binocular single vision,
using Tschermak's apparatus. The hofopter
line is then determined according to.

Tschermak's criterion (3).
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In their classical papers of 1932,

Ames, Gliddon and 0Ogle?®? 233 ysed the first twe
criteria. The work in these papers and as
reagsessed more recently by Ogle??* 235 35,

with some qualification??® 237 238 4he accepted
view of the horopter at the present time.

To determine the apparent fronto-parallel
plane, an apparatus is used such as that shown in
L o ' Y I 41 1 While fixating the centre rod, the
subject is required to adjust the lateral vertical
rods until they appear to lie on the apparent
fronto-parallel plane that includes the fixation rod.

A typical set of data, as published
by Ogle is given in fig. 2.12.

It was found that the actual shape of
the apparent frontoparallel plane (i.e. the
, Hering-Hillebrand deviation from the Vieth-Miller
circle) changed with the fixation distance, becoming
flatter, and possibly even cencave to the observer
at some point. (gee: fig. 2.13)

Tschermak??®?, in 1924, had shown that
there were different apparent fronto-parallel planes
with different coloured test stimuli. Linksz?"'?,
and even more strongly, Shipley and Rawlings?“!, have
argued against the validity of the apparent fronto-
parallel plane criterion. They claim that the
second criterion, the so-called "nonius" method,
is the only acceptable experimental technigue for

determining the shape of the longitudinal horopter.
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Experimental apparatus for determining the

apparent fronte-parallel plane.
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Fig, 2.12 Apparent fronto-parallel Plane;

Experimental Plot.

A typical output for the apparent fronto-
parallel plane for an observation distance
of 40 cm. The vertical dimensions have

been inecreased tenfold.

From Ogle (1952) op. eif. fig. 11.



Fig. '2.13 Variations in the shape of

the apparent fronto-parallel

plane, with fixation distance




The nonius* method is an experimental
technigque for locating those points in the visual
plane that will appear to lie in an identical
subjective direction to each eye; i.e. to satisfy
the second criterion, above. It is currently
held to be the most valid technigue:

"There is oan one horopter that is
the nonius."2*?

The first to enunciate the princiéle
of identical visual direction in relation to the
horopter was Wells?"?® in 1792. The nonius method
was first used by Volkmann and described by
Helmholtz?"* for determining the spatial congruency
of corresponding points. It was first applied
to horopter experiments by van der Meulen?*® in
1873.

The method depends on the definition
that corresponding retinal points share an identical
monocular direction in the sense described above.
(see; fig. 2,14)

Fig. 2.15 shows the original Ames et af?"®
nonius apparatus. Specially shaped screens are
set before theleyes so that, except for the
fixation line, the upper portions of the test rods“

are seen by one eye, and the lower portions by

*Nonius is the Latinized form of Nunes, a
Portuguese mathematician, who invented a

device for graduating instruments that was later
improved into the vernier.

i Current methods?“” utilize the same principle, but
the image separation is achieved by polarizing filters.
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Fig. 2.14 Criterion of Identical Visual

Direction

fLF, fRF are the lines of direction of the foveas.
byB., bpBp
retinal elements hL and bR -

are the lines of direction of the

¢ and B, are the common visual directicns of the

foveas fL and £_ and the retinal elements bL and b

R R

respectively.

In A, the object points F, AL and AR appear to
lie behind each other in the direction ¢.

In B, the points B, and BR appear tec lie
behind each other in the direction 8.

®rom Adler (1965) cp. cif. Fig. 408



the other. The screens are so illuminated as

to have the same luminance as the background.

The observer, while fixating the central rod,
adjusts each of the lateral rods until the upper
and lower images are seen aligned as in fig. 2.15b.

When the rod is in this position,
the images perceived by the two eyes are seen to
lie in the same subjective directions, without
the fusion reflex being provoked, thus satisfying
the criterion (2).

It is found that the location of the
nonius horopter is affected by the observer's
oculo-motor imbalance, and will only actually
pass through the fixation point if he is
orthophoric. {see: fig. 2.16)

It is worth noting that in all the
experiments described fixation is limited to
both the horizontal and the median plane; an

extremely limiting restriction.

Except for the work of Amigo (1965) 2“°
who extended Ogle's analysis for the case of
asymmetric convergence, the only mathematical
analysis of the longitudinal horopter is that
of Ogle?"*® in 1932, This work has never been
republished but its results are constantly gquoted

throughout the literature.

55



= i Typeee! horcpler
Bockground test 100

=B~ Fizgtion

—_—

Scroens

Slit operiures

Aight eye

i, 2 150 A) The Original Nonius Apparatus

';n this zpparatus, the screens are arranged
so that the lower half of each rod is wvisible
to one eye only, while the other eye can only
see the upper half, through the “grid".

But both eves can see tﬁe fixation rod.
This is consequently, sometimes referred to

as the "grid-nonius".

B) Nonius appearance of the reds

As the rod moves along its track, this is
the sort of appearance of the rcds that the

chserver sees.

From C€gle (15%50) op. cit. Fig. 21
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g 2,16 Honius Horopter Ezopboric Case

Observation distance: 40 cm.

Fig 2:17 Nonius Horopter  Exophoric Case

Observation distance: 76 cm.

A typical output for the nonius horopter

on observers with different oculo-motor
imbalances.

The Vertical dimensions have been increased
tenfold.

From Ogle, K.N. (1950} op. eif. Figs. 22, 23



Ogle's theoretical analysis to
determine the shape of the longitudinal horopter,
can be followed by referring to fig. 2.18.

Let R and L represent'the positions
of the mean nodal points of the right and left
eyes respectively with the eyes fixating
the point F in the median plane.

Let, 0, the origin of the co-ordinate
system be taken as the mid-point of the segment
LR.

Take OR as the x-axis;

OF as the y-axis

of the co-ordinate system.

Let#* R = {b,;0)
L = {(-b,0)
F = (0,a)

Let 6;; €, be the angles bstween the left and
right fixation lines respectively, measured
anti-clockwise,

Let P be the point of intersection
of the lines from a pair of corresponding retinal
points, Py and P,, projected out through the mean
nodal points L and R.

Then P = P(x,y) is a point of the horopter.

*The lettering on the diagram (fig. 2.18), and the
co-ordinates, have been modified from Ogle's original
(L8932 fig. 2) In particular, "a", the fixation
distance, and "2b", the inter-ocular distance have
been interchanged, to give consistency to the usage
in Parct: ITTL. ) .
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Fig. 2.18 Ogle's Analytical Diagram

Redrawn from Ogle (1932) op. cit. Fig. 2.



Let <FLP = a,
<FRP = 4,

measured clockwise.

Thus positive values of w; indicate
angles for which the retinal elements are on
the temporal side of the left eye; while
positive values of n; indicate angles for which
the retinal elements are on the nasal side of
the right eye. That is, in general, positive
values of o«; and a: pertain to the right spatial
field and negative values to the left.

I Ogle describes the horopter trace

in terms of a relationship between these angles.

From elementary considerations, we can

see that the equation of the line:

PR = o= {x—b)tan{ez—az} 21
and the line
PL = Y = (x+b)tan(Bi1-uo,) 2.2
Further, if we put
d = tanf,
a
-5 e |
= - tanf,
and Wy = tanai (i=1,2) 2.4

Then, (2.1), can be written

d+w
= —(x-b) 23
¥y (x b)l_dw2 2.5
and (2.2} =>
= d-w,
¥ {x+b]1+dw1 2.6
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Ogle, then makes this assumption:
".... that there exists a distance "a"
for a given observer for which the trace
of the longitudinal horopter, whether
determinable exnerimentally or not, is
a straight line lying in the fixatian
frontal-parallel plane."?
If this is the case, we are then required to find
the relationship between the angles a; and as;,
for which this special situation is true.
This relationship can be found by
substituting the value
v = a 2.7
into (2.5), and (2.6), and eliminating x.

This gives:

a{2d(_l+w1w2) + (dz"'l) (Wl—Wg)]' = 2b{d2— de]_—Wg:l Iy W]ﬁ."z}
and, substituting for 4, from (2.3), gives:

: a
wiwz + se(wi-wy} = O

which can be written:

1 1 - 2b
Gl Ez e = 2.8

So the expression (2.8) gives the relationship
between the angles a; and az, if the line (2.7),

is to be part of the horopter. That is to say,

if the relationship (2.8) holds for a particular
fixation distance "a", then the longitudinal
horopter will lie in the objective fixation fronto-
parallel plane. Or, as Ogle expressed it, this
eguation:

"... states the relative distortion
gradient or distribution of the
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optically projected longitudinal values
of corresponding elements of one eye
relative to the other, for the individual,
who, at a fixation distance "a", sets the
longitudinal horo?ter in the fixation
frontal plane."?%

In general, however, the experimentally
determined longitudinal horopter does not lie in
this plane but takes a form concave or convex
towards the observer.

Such a curve can be described by an
expansion of a power series in terms of w, (say),

and could be written in the form
L e H(l + 2wy + Bwa? + ... ) 2.9

where H, A,B etc. are constants.

Now, if the egquation of the longitudinal
horopter was expressed in such a general form,
then its shape would be determined by the value
of the expression on the right-hand side of (2.9)
and = this value would depend on the relative
distribution of the corresponding retinal peoints
of the two eyes.

If the angles o; and w; are egqual,
then. the geometric arguments advanced by Vieth
.and Miller would apply and the trace of the
curve (2.9) should be the Vieth-MHiller circle.

Thus, the family of curves represented
by (2.9), should include the Vieth-Miller circle,
and the objective fronto-parallel plane (2.7);
as members. They should also, evidently, be

symmetric with respect to the median line,
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On the basis of the experimental
curves found?®?, Ogle argues that these criteria
are best satisfied by a family of conic sections
passing through the fixation point, and the mean
nodal points of the two eyes.

For equation (2.9) to represent a conic,
the right hand term must be a constant, and
accordingly, Ogle writes the fundamental equation

of the longitudinal symmetric horopter as

= - = = H { 2.10

where, for a given individual, H is a constant
for the fixation distance a.

This is Ogle's oft guoted and well
cited expression for the eguation of the
longitudinal horopter.

Now, (2.5) can be written

B e L G ) )

W2 y + dx - db
cand (2.6) =>

= e dy & ik b

W1 ax - +F.db = Yy

if we insert the value of 4 from (2.3), and

substitute in (2.10)

we f£ind
Hb Ha a’-p? Hab
y2{1+‘2—£} X P g e Hb} - b? + Ssio
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This eguation, then, is the explicit
formulation of the longitudinal horopter.

For a given fixation distance, a,
and a given inter-ocular distance, 2b, (2.11)
represents a family of conic sections, each
member of which is determined by ascribing a
particular value to the undetermined parameter,
H.

For example, if

then (2.11) reduces to

y(y-a) = 0 2.12

i.e. the conic degenerates into the x-axis,

and the parallel line through the fixation

point. (I.e. the fronto-parallel as determined
by (2.8) )

If, on the other hand, we take
H = O
(2.11) becomes

oy
xt 4 y? - 8RIY _ 2 = o 2.13

whieh is the circle passing through R, L and F.
i.e. the Vvieth-Milller circle
This is evident from (2,10), since,

if H is ' in this'equation, then
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which implies

and corresponding points subtending equal angles
with the foveas at the nodal peoint is the
condition for the Vieth-Mlller circle.

The parameter H, then, is a measure
of the departure of the horopter curve from the
Vieth-Miller circle. It is therefore a
quantitative measure of the Hering-Hillebrand
deviation and has been designated?®?® the
Hering-Hillebrand horopter deviation coefficient.

As H varies from -= to +» , all the
possible conics passing through the points F, R
and L will be traced out. These variations are
shown in fig. 2.19.

In his later work?®", Ogle modified
the analysis, and introduced a second parameter

Rp; modifying (2.10) to:

(7

1 3

w1 Ro;z = H 2.14
to allow for the fact that the horopter
sometlmes appeared to rotate about the median
line, as in fig. 2.20

If Ro = 1* and the longitudinal angles

are small, (2.14) can be written in approximate

form as:

* Ry is the ratio of the effective magnifications
of the images of the two eyes, and cannot be
very different from 1.
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Modidfied

2.19 Variations in Egn: (2.11) with H

Skape of Egn. {(2.1I)

a hyperbola
two parallel straight lines

an ellipse (horizontal major axis)
the Vieth-Miller circle

-an ellipse (major axis vertical)
a parabola

a hvperbola

Erom Cgle(1932) fig. 4 and Table 1.



Bz — @Gs = Ha? 2.15

where o is tﬁe mean of oy and ws;
showing that there is a progressive increase
in the difference between the longitudinal anglés
with the peripheral angle.
If we write

W2

R = W1

then (2.14) can be re-written, as:

R = Hw; + Ry 216

and if R is plotted against w, for a set of
experimental results, then, if the ‘analysis is
valid, the points plotted should fall on to a
straight line of slope H and intercept Rp.
Fig. 2.21 shows Ogle's plot for this

data, and the straicht line is a justification
for the selection of conic curves for the analysis,
and the graph reveals;

H = 0.120

Rg = 0.9966

; Ogle has shown?®® by placing afocal
magnifying lenses before one eye, that the horopter
does indeed rotate by the predicted value of Rop
(for up to 4% magnification), but H remaiﬁs constant,

which is indicative of the stability of the horopter.
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Rotated position of the conic section
due to a difference in the magnification

of the two eyes.

From Ogle (1950) op. edii. £i
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Fig. 2.21 Graph to determine H and Ry

The "goodness of fit" of the data points
to a straicht line, is a justification
of Ogle's selection of a conic section

for the horopter.

From Oule (1962) op. cif. fig. 12



A most important, unresolved, prcblem
of horopter studies is indicated in fig. 2.22,
which shows the variation of the Hering-Hillebrand
horopter deviation coefficient with fixation
distance.

If, as has been generally accepted,

H 1s truly an index of retinal correspondence
and if retinal correspondence is ultimately
cortical as the most recent work 2%6 257
indicates, then it is difficult to understand
how it can change with fixation distance.

Ogle (1950) observed:

"... the functional binocular asymmetry
between the two retinas increases
markedly as the visual distance decreases"2%?
and cencluded:
"We must agree that more data will
be necessary before the matter of
the determination of the empirical
longitudinal horopter, its functional
significance and the extent to which
it does or does not indicate the
nature of the stability of the optical
spatial counterparts of corresponding
points can be known."?%
and in his latest work (1962)2%°, Ogle left the
problem unresolved.

Experiments on the apparent fronto-parallel
plane caused Tutisaka?®! (1958) to deny that
the Hering-Hillebrand deviation can be explained
by the asymmetry of receptor elements.

Hallden?®? offered an alternative

explanation for the deviation of the horopter

to the generally accepted one. He suggested
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that the Hering-Hillekrand deviation might
be caused by dioptric asymmetries, rather than
retinal ones, He produced an approximate

formula for H,

H

2“—'}3.&;5 2.3

where n 1s the posterior nodal distance of the
eye; r is the radius of curvature of the retina;
and ¢ is the angle between the optic axis of the
eye and the geometric axis of the retina. But
if this formula is true, it is difficult to see
how it could account for the variation of H.
Shipley and Rawling (18970), in their
review paper comient:
"The rate of increase of nasal image
disparity with eccentricity appesars
to decrease with the vphysical distance.
If confirmed, this would force us to
invoke some mechanism which acts as 44
to change correspondence - though this
need not be implasticity in the classical
sense. n2e6g

and, in their Experimental Report, they
"... assert that correspondence
changes in all observers during
decreased convergence,"26"

In the analysis developed in Part IIT
below, H emerges as an explicit function of the
fixation distance, which, it is felt, offers an
explanation of the hitherto unresolved problem

just described,
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PART IT1 OCULAR KINEMATICS

Chapter 3 Derivation of the angle of torsion



3 Derivation of the Angle of Torsion

The concept of the horopter is based
on the assumption of a correspondence between the
retinal elements of the two eyes. These points
are regarded as being identified by their retinal
location, that is, their co-ordinates with respect
to a co-ordinate system defined in each retina,

However, if the horopter analysis is to
extend to three dimensions, allowance must be made
for the fact that the eyes can, to some extent,
rotate independently. That is to say they can
make vergence movements as distinct from merely
parallel version movements, and, in particular,
it is possible for them to rctate about their
anterio-posterior axes.

The relevance derives from the following
consideration. If we consider a pair of
corresponding retinal points before such an
anterio-posterior rotation - or cyclo-rotation -
oceurs, they will have some specific relative
configuration with respect to some arbitrary,
fixed, external co-ordinate system. After the
rotation their respective relative positions,
with respect to this co-ordinate svstem would be
different. If it is not to be argued - and it
is not - that the correspondence changes as a
result of the rotation, thenspecific allowance

must be made for this in the analysis
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For this reason an analysis of the
phenomenon of torsion has been included in this
study.

The eye-ball could be regarded as a
spherical object that can move guite freely
in its orbit; a sort of ball and socket with
three degrees of freedom. Haowever, the extra-
ocular muscles and the fatty tissue of the orbit
impose a most elaborate series of constraints.
There are two nineteenth century experimental
"Laws" of ocular movement that limit the number
of parameters involved and make the question
amenable to kinematic analysis. These are
Donders Law and Listing's Law.

Donders! Law was established by Donders?®®
in 1846, but it was named as such by Helmholtz?%%,
It enunciates the principle that for any given direction
of regard the eye always assumes the same position.
That is, for any fixation point, the corienation
of the eye is unique and thus, if anv torsion is
present for any particular direction of regard,
it is always the same.

This Law means that the retinal image
of any object in the external field will, for a
given position of the head and fixation of the
eye always fall upen the same retinal points.

Thus the eye cannot spin in an arbitrary way

around its anterio-posterior axis.

67



Listing's Law was formulated, and
thus named by Reute?®? in 1853; apparently
Listing never published the Law himself.

It states that when the eye moves
to any position from the primary position, it
rotates about an axis that is perpendicular
to the initial and final lines of regard at
their point of intersection.

Thus, Donders' Law shows that the
actual position of an eye is fixed for any given
direction of regard, and Listing's Law specifies
what this position is; it is -independently
of the path that it actually tock - the position
that it would have if it had moved directly from
the primary position according to the above Law.

There have been many definition
of th& arlgle Df tOrSionZES 958 270 271 27 273

it will be defined here as the angle
between the subjective horizontal plane (Fry's?”’"
horizontal meridian plane) and the plane of regard.?’®
Where the subjective horizontal plane is the
plane, fixed in the eye, that coincides with the
plane of regard when the line of sight is
straight forward, the non-fixating eye is
occluded, the accommodation is relaxed, and the
head is held with the inter-ocular base-line

horizontal and the face-plane*vertical.?78% 277

{see: Fig. 3.1)

*a plane tangential to the chin and superciliary ridges®”®
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Figs 3l The Angle of Torsion

0O is the centre of rotation of the eye
OB is the straight-forward direction
pp' is the inter-ocular base-line

DBD' is the primary position of the
plane of regard '

OB is perpendicular to DD'

vv' is the subjective horizontal plane
of the eye when the fixation is directed
to P |

v, the angle between the plane OVV', and
the elevated plane of regard DPD', is the
angle of torsicn of the eye



This angle has been derived, in
different forms, by Helmholtz?7?, Lamb?®®, Fischer?®!
and Schubert?®?; and, more recently, by Westheimer?®®?,
who used the rather obscure notion of gquaternions.

The following derivation, describes the
rotations of the eye by means of matrices, and
derivés the angle of torsion in terms of the
direction-cosines of the direction of regard.

Let O, the origin of co-ordinates be at
the centre of rotation of the eye; that is, at
the point of zero velocity during eye movements.
This assumes that as the eye moves so that the
‘direction of regard changes from one position
to another, the movement takes place without
translation. However, it has been shown quite
clearly?®* that there is no unigue centre of
rotation. In fact, the eye undergoes a "screw"”
motion as well as a rotational one, and that
the instantaneous centre of rotation changes
continuously.

However, to the order of accuracy
implicit in horopter experiments - which invariably ’
rely on an observer's subjective response -
it is reasonable to accept the approximation that
such a point does exist; and this point is chosen as the
origin. It has been located as the point 13.5mm
behind the cornea, on the line of sight when the

285 _ 286
eye is in the straight-forward position.

*See below 521,
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Let the z-axis (see: fig. 3.2), be the
vertical line through O (positive upwards), so
that the horizontal plane is z = 0.

Let the x-axis be the line through 0,
in the plane z = 0, parallel to the median plane
(positive forward).

Let the y-axis be the line through O,
such that (x,y,z) form a right-handed orthoaonal set.

When the eye is directed along the
x-axis, it is said to be in the primary position.

Let (x',y',2') be a second co-ordinate
system, fixed with respect to the eye, such that
the vectors x and x' coincide when the eye is
in the primary position.

The plane x'-= O is known as Listing's
plane.

Let the vectors x and x' have direction

cosines u;,uz,us and uf,u},u} respectively.

If the eye now undergoes a series of
rotations, the resultant can always be expressed
as a single rotation through some angle about

a '‘particular axis.?87

Let us call this angle w,
and let the axis of rotation be designated by
direction cosines (Z,m,n).

As a consequence of this rotation the
co-ordinate-sytem x' is no longer identical with
the fixed system x, but they are related to each

other by a linear transformation, which we can

write:



CENTER OF
ROTATICN
~

z
/Q
’

ot

Fig 3.2 ' The co-ordinate axes for eye movements

When the eye is in the primary'position,

the axes fixed with respect to the head

and those fixed with respect to the eye

co-incide.



where B is a 3 x 3 matrix.

We can determine the elements of B
by the following considerations

First, rotate the co-ordinate system
to a new system x;, by rotating it through an
angle 0, about the x-axis. (see fig. 3.3}
l.e. put

u; = Rju 3.2
where

1 (o] (o]

Ry

0 cos@; -sing; 3.3
0 sinf, cosl;

Let this be followed by a further rotation of f3

about the new z;-axis (see fig. 3.3)
i.e.
u; = Rom 3.4
where cosf; -sinB, O
R = sind, cosfs O i
0 0 1

Thus, we have

(§=1
L]
]

Rzﬁlg = RH (say) 3.6
where

R - Rzkl

cosf, —-cos8;sinf, sinf;s8infd,

"

sin6; cosf;cosl, -sinB;cosf;

0 sinf, cosh,
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Fig. 3.3 The Yotations ®; and R,

The rotatibn Ry is a rotation through
an angle 0, with the x-axis held fixed,

bringing the co-ordinate axes to Xi1,¥i1, Zi.

The rotation R, is a rotation through
an angle 6, with the new z -axis held fixed,
bringing the coordinate axes to the

new position %Xz, Y2, Z2.



So R is a rotation after which

the original y-axis has direction cosines
(sin6,, cos8,cosb,, -sinfjcosby) , 28

If we wish this line to represent

the axis of rotation of the rotation B, we can

put
L = 8inb, 3.5
m = cosf;cos0; 2 2,10
n = -sinf,cosf: AL
which implies
if we write Pl o= it W Rt 3,32
sin®; = -2 3.13
D
cosB; = % 3.14
sinB,; = & 3.15
cosf; = P 315
Inserting these values in (3.7), we find
p? -mi -ni
R = % ip mp np < i
(e] =g m

Thus R is a rotation that will bring the line
with direction cosines (Z,m,n) into a line with
direction cosines (0,1,0)

Hence, if we apply the rotation R to
our original co-ordinate system, then the axis
of rotation (£,m,n) of the rotation B, will be

the y-axis (0,1,0) in the new system.
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The original rotation # was a rotation
through an angle w about this axis. So, if we
first apply the rotation R to the co-ordinate
system so that the axis of B becomes the new
y-axis, and then rotate through an angle w, about

this new y-axis, i.e.

cesw 0} ~sinw
Ry = 0 ! 0 3.18
sinw 0 cosw
and then rotate by R™! to restore the original
co-ordinates.
Hence:
R = R=2R:R % 90 -
is the matrix representing a rotation through
an angle w about an axis with direction cosines
(%,m,n).
i.e,
B =
e ] cosw 0 -sinw p? -mL -nf
X
B2 ml mp -n (o] iy e Zp mp np 1.20
-nf np m sinw O cosw Qi =1 m

(m?+n?)cosw+l?® ml(l-cosw)+nsinw ni(l-cosw)-msinuw
= |mf(l-cosw)-nsinw (£%4n?)cosw+m?® mn(l-cosw)+Lsinw

nf (l-cosw) +msinw mn(l-cosw)-2sinw (2%+m?)cosw+n?
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As a result of the rotation, B,
the line of fixation {i.e. the x'-axis) is now
along the line OF (see fig. 3.4), where OF is
the unit vector along x'-axis.

Let the plane containing OF and the
y-axis make an angle )} with the horizontal plane,
and, in this plane, let the line OF make an
angle o! with the y-axis.-

Thus, the fixation line OF, is
completely determine by the two angles a' and A.*

In the plane YOF, we have

op' cos (180-a') = =-cosa' 3.22

P'F sin(180~-a') = sina' i |

I

where P' is the perpendicular from F on OY
and in the vertical plane P'FP,
we have
P'P = P'Fcos(-A) = sina'cosi 3.24
PF = P'Fsin(-1) = -sina'sinl 3.25
Hence, the direction cosines of the fixation
line are
(sina'cos), =-cosa',-sina'sin)) 3.26
Further, from fig. 3.4, we can see that the

equation of the plane YOF is given by

sinkx + coskz = O 327

*The reason for identifying the fixation line by
these two particular angles is determined by the

treatment in Chapter 12, below.
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Flg. 3.4 The Rotation B

This rotation causes the fixation line of
the eye (the x'-axis) to take up the line
OF, with direction-cosines:

(sina'cos)A, -cosa', -sina'sin})
by rotating through an angle w, from the
original x-axis, about a line with

direction-cosines (&,m,n)



So, in the space described b? X, the
fixed coordinate system, let the direction OF,
be given by a vecter m,

i.e.

u; = (sina'cosA, -cosa', -sina'sinik)
and the primary (original) fixation line; is
given by (say)

Mg wi= lns050)

Hence, the angle w, turned through by the eye

to take up the fixation u;, is given by

1}

cosw uj.us {(inner product)

sina'cosi

from {(3.28), (3.29).

If the axis of the rotation, B, is
denoted by the vector u
= -

E- = (2,m,n)

then, if the eye moves in accordance with
Listing's Law, u must be perpendicular to
both the initial and final directions of the
line of fixation; i.e. to both u; and uz.
That is, we must have:

n.u, = O

=m>
LN =T

from (3.29), (3.32)
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And also

H.uy = 0

=>
e e EE n
sino'sini cosa'

from' [3.28),(3.32) ,(3.34).

Thus, we can write

e

where k is a normalizing factor, such that

k2 =

And so, we have

k =

I

cosw

sinw

%(0, sina'sinl, -cosa')

sin®a'sin?®) + cos?a’
1 - sin?a'cos?a

sinZw (from 3.31)

vl - sin“a'cos®)

sina'cosA

k

o

sina'sinl

k

cosa'
3
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Now the subjective horizontal
plane* is given by the eguation

2 = 0

which can be written in plane co-ordinates
as my' (say), whence

u;' = (0,0,1)

Inverting eguation (3.1), we can

write

and so the plane (3.47) is represented by

the vector

in the original fixed co-ordinates.
But, since B is an orthogenal matrix,

we have

where BT is the transpose of the matrix B.
So, (3.50) becomes

T

U1 B

= O ©

nf (l-cosw) +msinw
mn (l-cosw) -4sinw
(224m?) cosw4n?
from (3.21)

*This term is defined below §4.
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From (3.27), we have, in the fixed
co-ordinate system x, the visual plane* can -
be written

xsinA + zcosA = 0O 3.54

that is, it can be represented by the vector
ng = (sinX, 0, cosi) 3.58

Now, by definition, the angle of
torsion* t is the angle between these two

planes and hence it is given by
COST = Wj.Up 3.56

‘= {nf(l-cosw)+msinw}sin) + {(£%+m?)cosw+n?}cosi 3.57
Substituting from (3.44), (3.45), (3.46), we find

costT =

sina'sin?Xsinw 4 sin®a'sin?)coswcosi b cos?a'cosh
k k* s

_ sina'sin®A(1-sin®a'cos?A)+ sin®a'sin?Acos?)\ + cos?a’'cos)
1 - sin“a'cos®)

by éubstituting {3.41) 5 ((3ed2) 13.43).
Simplifying, we have

sina'sin?)X 4+ cos?a'cosi

AT e 1 - sin‘a'cos’a
_ Asina'+cos}) (1-sina'cosi)
1 - sin®a'cos®)
: '
50, CoOST = Blan ek a8

1 + sina'cosa

cosa'sind
1 + sina'cosi

*This term is defined below §4.
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and

cosa'sinl
sina' + cosA 3790

tant =

Thus, the angle of torsion 7 can be
expressed as a function of a' and A, the angles
defining the direction of the fixation linej
and, if Donder's Law is true, then this angle

is uniquely defined.

From the eguations (3.58), (3.59), (3.60),.

it can be seen, that if

a' = iu 36
i.e., the fixation line is in the vertical
plane through the primary fixation line,

or if

A = 0 3.62
i.e., the fixation line is in the horizontal
plane, then

cost = 1 ) 3.63

and
sint = tant = O 3.64
>
T = 0 3565

Positions of the eye, where the fixation
lines are in these two planes, are called
secondary positions of the eye; other positions
are called tertiary. Equation (3,65) shows that
in secondary positions of the eye, the angle of

torsion is zero. This fact can be deduced from
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Listing's Law directly, without the necessSity
of the above analysis.

The expressions (3.41)-(3.46). above
depend on the validity of'Listinq‘s Law. Hence,
undé; conditions when this Law breaks down,
the equation (3.57) would be a true expression
of the angle of torsion, but not necessarily
the later ones,

There is no general agreement as to
the validity of Listing's Law.

Helmholtz noticed that there were
individual variations, and said:

r... we must not expect guite the same
precision in the eye as in a scientific
instrument, although, under ordinary

conditions normal eyes do ocbey the laws
of Donders and Listing pretty accurately.

nZB8
Quereau, using a blind-spot plotting
technique?®?, found that, except for extreme
positions of gaze, Listing's Law was generally
valid. However, Weale?®", using a photeographic
technique, demonstrated the contrary assertion.
However, when the eyes are converged
there is more acreement that Listing's Law breaks
down. We have Landolt's classic experiment,??®?
(1876), recently confirmed by Allen in 1954272
In fact, Allen and Carter (1967) have shown®®?
that there is a torsional movement of the eyes
on convergence, at all elevations, even when no
other movement of the eye occurs leading them
to consider a torsional component as part of the

near reflex, a phenomenon that had already been
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commented on by Tschermak-Seysenegg??®®(1952).
Analysis of these writings leads to the
conclusion that, as with Helmholtz' "apparently
vertical meridian", with which they are closely
associated, there is a large element of
individual variation in torsional eye-movements.
Nevertheless, if Lisitng's Law is approximately
true, then the eguations (3.58)-(3.60) are a
valid expression of the angle of torsion as a
function of the direction-cosines of the line

of fixation.

81



PART IIX

DERIVATION AND PROPERTIES OF THE

RECTILINEAR AND SPACE. HOROPTERS




4 Definitions

Definitions of most of the terms used
to locate the position of an eye, anq its
relationship to the point of fixation and to the
wvertical and horizontal plénes have been given
by Helmholtz?®®, Fry ef af.®®®, Alpern®?’’, etc.
However because of ambiguities and inconsistencies
none of these sets of definitions are suitable as
the basis of a mathematical analysis and it is felt
that the terms used should be clearly deiined afresh,

From any point P in external space we can
consider a pencil of rays entering the eye, If we
limit our consideration to the principal ray of
this pencil we can say that the incident ray is
given by the line PR where R is the axial point of
the entrance pupil.

We can describe this ray by the angles
¢ and 8 where 6 is the angle between this ray
and the principal axis of the system and ¢ is the
inclination of the plane of incidence to the horizontal.

_After refraction at the various media
this ray will meet the retina as if from R', the
centre of the exit pupil of the eye, and described
by the angles 8" and ¢, where
gt = ®E(a) 4.1

i.e, 68" is a well defined function of the initial
angle 8, wﬁich can be determined by considering

" the laws of refraction at each surface.
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Hence if the pupil of the eye -is of
a size that justifies restricting our consideraticn
to the principal rays, we need only consider those
rays of light incident on the eye that pass through
the point R. We can cali R the nodal point* of
the system.
. We can thus argue that the optical system
of the eye induces a 1-1 transformation T on the
set of lines {&} radiating from R in cbject space
to the set of lines {&'} radiating from R' in
image space, such that
2(8,9) = 2'(0',¢)
can be written
Y = RL) 4.2
Thus we can describe the formation of
the retinal image by the transformation T, and
because of the reversibility of optical paths,
the projection of a retinal point into external
space can be represented by the transformation
T
Since each ray L' in image space will
meet the retina in a unique point P', and if the
ray in object space that transforms to £' is given
by PR, we can write the transformation
T(PR) = P! 4.3

T=1(P*) = RP 4.4

*The term nodal point is used in this context to
mean the apex of the pencil of all the rays incident
on the eye. It should not be confused with either
of the nodal points of the optical system of the eye.
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A line from any point in object space

to the nodal point we can call a Z{ine of sight.*

* The line joining the fovea of the eye
to the point R' transforms under T~! into a line
of sight called the {ixation &Zine.*'

The fixation lines of the two eyes
intersect at the §ixation point.

The line joining the nodal points of
the two eyes is called the base Line.

The horizontal line that perpendicularly
bisects the base line is called the medfan Line.

The vertical plane that contains the
median line is called the median plane.

If the head is erect and the fixation
lines are both horizontal and parallel to the
median plane, the eyes are said to be in the
primary posiiion.

A plane in object space through the
nodal point can be defined by two lines of sight
Ly and Ls. These two lines transform under T
to &] and 2} and thus define a plane through the
point R' within the eye. This plane will intersect
the retina in a set of points that we will define

as a retinal Line.

*These definitions do not agree with those of
Fry et al.?%® and Alpern?®®®,
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We can then say that under the
transformation T any plaﬁe through the nodal
point "intensecits" the retina in a retinal line,
where "intersects" implies the effect of the
transformation T.

When the eye is in the primary position
the fixation plane "intersects" the retina of each
eye in a retina line, fixed in the eye, that we
will call the xetinal horizon.*

The plane in object space that is the
projection (under T-!) of the retinal horizon
is called the subjfective horizontal plane.

When the eye is in the primary position,
the plane that contains the fixation line and the
line through the fixation point that appears
vertical to the observer "intersects" the retina
in a line, fixed in the eye, called the apparently
vertical meridian.

This line may, or may not, be identical
with the true vertical®®’?, and its actual
inclination may wvary f£rom one individual to another.
However it is assumed that for a given fixation and
for a given observer, it is unique.

The plane in object space that is the
projection (under (T~!) of the apparently vertical

meridian is called the subjective veridical planc.

.

*This does not agree with Helmholtz®?® who used this
term sometimes for a line and sometimes for a plane.
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The angle between the two lines of
fixation is called the angfe of convergence.
The angle between the plane of
fixation and the horizontal plane is called
the angle of elevation (= A, fig. 3.4).
The angle between the vertical plane
through the fixation line and the median plane
is called the angle of azimuzh (= 90°-a', fig.3.4}.
The angle between the subjective
horizontal plane and the plane of fixation is

called the angle of Zorsion.
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5 RELATED AND CORRESPONDING RETINAL POINTS

It is intended that the subsequent
mathematical analysis be based on the following
postulates.

POSTULATE I For a particular fixation
point F, the orientation of the eye is uniquely
determined. . (Donders' Law)?®°?

This assertion has never been disputed
and without it no further analysis is possible.

POSTULATE II For a particular fixation
point F, there is for each retinal receptor a
functional relationship such that when stimulated
each receptor element will give rise, through
cortical connections, to a sensation of a particular
subjective visual direction.

This relationship can be represented by
the transformation

T-1(p') = RP 551

Let the nodal points for the right and
left eyes be located at the points R and L
respectively.

Then Postulate I implies that for a
particular fixation point the configuration of the
eyes is fixed, and a stimulus at any point in space
P' will form images at two unigquely determined
points Pi (%nl,z) on the left and right retinas

respectivelf.

87



Where

P Ti (B'L) 542

Ps T2(P'R) 5.3

]

(see: 'fig. 5.1}).*

P; and P; are said to be xelafed refinal
poinds.

However this relationship is not reciprocal,
that is to say, given P; the point P; is not uniquely
determined. This follows since although the point
P' uniquely determines the point P
il.e. BY =3 Py = Ty {PL)

the point P; does not determine the point P'
since o= UIPY = T3i(Py)
but only that P' must lie on LP', the projection
of Py.

Thus P; determines that the point P'
must lie on the line Ti!(2:1). But for each point
P' on this line a unique point P; in the right retina
is determined according to (5.3). Thus if P' is
considered as travelling along the line LP' (fig. 5.1),
then P; will trace out a unique retinal line p; in
the right retina.

Thus there exists a retinal line p2 in
the right retina, each point of which is a related

retinal point to the point P; in the left.

*#In the figures (5.1) etc. the entrance and exit pupils
are shown as coinciding so that the ray path P'LL'P; etc.
is shown as the single ray PLP;. This is intended to be
.a schematic representation of the relationships described
by the transformations (5.2),(5.3) etc.
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Fige 5.l Relat=d retinal points

As the point P' moves along the line P'P"
defined by the direction PL so the image
of P' in the right eye traces out the
retinal line p, = PP, located by P'R.
Points on the line p» are said to be

related points to the point Pj.



This is the retinal line where the plane T;!(P;)R,
i.e. the pldane LP'R "intersects" the right retina.
Such a transformation Kk, which carries
points into lines is called a plane correlation®®?,
Thus we can write’
P2 = KPy 5.4
i.e. the point P; is transformed by the

transformation Kk into the line p:.

Similarly
‘ Pi-. = ¥Es
Implying
Py = K 'pa
ot 5.5
Pz = K le

When the two eyes are directed simultaneously
to a given fixation point large central portions of
the monocular visual fields overlap. It therefore
follows from Postulate II, that for any retinal
point in one eye, there is a peoint in the other,

which, when stimulated separately,

would_give rise to the same subjective wvisual direction.

These two points are said to be
connesponding netinal poinis.

That there is such an anatomical connection
between the elements of the two retinas has been
demonstrated by the discovery of neurons in the striate

cortex that respond to stimuli in both retinas. (see:

Bishop et al.%°", Nikara et al.3°5, pettigrew®®®).
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If the points P; and P of (5.5) are
corresponding retinal points, then the correlation
k will reduce to a non-singular collineation T (say)
of points to points which can be represented

Pa = 1Py Bis

Those points in space that for a given
fixation point will stimulate corresponding points
in the retinas of the two eyes are called self-
connesponding poinds.

The locus in space of all self-corresponding
points is called the horopiex.

S8ince the points of any simple surface are
isomorphic to the points of a plane, we can
represent the points of the two retinas by the
points of two particular planes.

Let us then select the two planes Il and Iz
perpendicular to the lines LF and RF respectively,
and equidistant from the two nodal points (fig. 5.2).

Let any point P; in the left retina
be represented in the plane II; by the point where
the line Ti!(P;) meets II;, and let a similar
representation prevail for the points of the right
retina.

Let the co-ordinates in the two planes
be given by (xi1,y1) and (x2,y2) respectively,
and let eacp line of fixation meet its respective
plane in the point (0,0).

Now any retinal line is projected under
T-! into a plane which will intersect the plane I,
in a straight line. In particular the retinal

S0



Fig. 5.2 The planes H; and I,




horizon will project into a straight line.
Let this line make an angle Hi with the xi—axis
{see: £ig. 5.3). Also let the projection of the
apparently vertical meridian make an angle oy with
the xi~axis.

Hence the projection of the retinal
horizon will have the equation

sineixi 4+ coseiyi = 0 (i=1,2) et

and the projection of the apparently vertical
meridian will be given by

sin@ixi + cos¢iy; = 0 (i=1,2) 5.8

The operational definition of
corresponding retinal points is that their projections
lie in the same subjective visual direction, i.e.
if P31 and P are corresponding retinal points

then

l

Tit(21) ip!

Tzl (P2) "

Il

have the same subjective visual direction.
Further if LP' meets II; at P{ and RP"
meets M, at P}, then Helmholtz®'”’in a series of
experiments has shown that P{ and P} are equidistant
from the two lines (5.7) and from the two lines (5.8).
We can ‘take this as a third postulate and
call such points corxesponding points £in the Zwo

planes Meo @

9



Y. Apparently

vertical meridian

mfi

) ¥
retinal
horizon

Fig, 5.3 The inclination of the principal

meridians

the equation of the retinal horizon
is

snwix1 + cosb = 0

i¥i
the equation of the apparently
vertical meridian is

sinq;ixi o cosqaiyi = 0

(i=1,2)



A consequence of this postulate
is that if T; and T, are equal, that is if the
optical construction of the two eyes is identical,

then the two corresponding retinal points

Py Tl{P'i)

T1 (P"R)

Il

and - P2
will have identical situations on the two retinas
with respect to their own principal lines.

That is to say corresponding retinal
points are identically situated on the two retinas
if the optical configurations of the two eyes are
the same. If the optical components of the two
eyes are not identical the corresponding retinal
points will not be similarly situated, but will be
placed such that their projections under Ti! and
T:' on to the planes II; and NI, are equally located
with respect to the lines (5.7) and (5.8).

This would suggest that the anatomical
linking of corresponding retinal elements occurs
as a result of experiencing identical visual
directions, that is as a consequence of learning,
as recent neuro-physiological work?®® would seem
to confirm.

The distinction between the two cases of
identical retinal distribution of corresponding
retinal po%nts and the non-identical distribution
depends oniy on the operator T. This is a purely

optical operator which depends only on the curvature,
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position and refractive indices of the various
media, the pupil characteristics and the position
of the retina, but not on the distribution of the
retinal elements, as has been claimed by Hillebrand®®®
and later writers3!? 311 352.
We know from elementary co-ordinate
geometry that if
ak ik BRSe )
then the distance D(X,¥) of a point P(X,Y)
from the line
ax + by = 0
is

D(X,¥) = aX + by

So the distance D(X,Y) of any point P (X,Y)
from the projection of the retinal horizon
in Hi is from (5.7)

Di(x,Y) = sinB;X + cos0,Y (i=1,2) 5.9

with similar expressions for the other principal

lines.
Thus for corresponding points we have:
singix; + cos¢1y:1 = singazX: + cosday: 5.10
sinfi1x1 + cosfiy; = sinf;xz; + cosfay:z Bkl

(5.10) ,(5.11) can be written

Dixy = Dpx, 5.12
where
- (xi;yi) (i=1,2) 5213

51n¢i cos¢i
i) = (i=1,2) Sl
sinai cosai
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and (5.12) =>
X2 = D3'0hix 5.15

If now the collineation 7 (equation 5.6)
be represented by a matrix_A, 1.8, 1f

T 2 X3 o= Ax 5.16
Then (5.15),(5.16) =>
A = D3lp; 517
cosfBa —-cosds ][ sing; cos¢i J

13
sin(@z*azj[

(-5infz; sin¢: } sinf; cosf,

1 sindicostz-sinfjcosg, cosdicosb—cosfcosg,
o j > s - .
sin(¢2-62 sinf;sind,~-sindsinf, cosB1sing-cos$i1sind;

which expresses the relationship between the corresponding
points of the two eyes in terms of the inclinations of
their principal lines.

If we now put

Xy o= sinﬁixi e cosﬁiyi 5.18
Yi - simpixi + cosapiyi 5,20
(i = 1,2)

then from (5.10),(5.11) we can describe corresponding
points by the relations
X1 = X2 : 5.2

Yl = Yz
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CORRESPONDING RETINAL LINES

Any line in I,
agxy + biya 4 ©y =0 )
can be written
¥y + m¥; +, . =0 6.2
where, substituting from (5.19) and (5.20)

and eguating coefficients, we have:

£sinty 4+ msindy = ay 8.3
fcosB; 4 mcosd; = by 6.4
1 = cy 6.5
Thus &.m,n, are determined from:
& bisingy - ajcosd;
% X sin(91-6;) 5
L 31c026y —~ bysind,
i 5in(¢1-91) Sal
n 2 ci 6.8
But, for corresponding points, (5.21),
(6.2) imply
LXs + m¥3 4+ n = 0 6.9

Thus, any line (6.1), in NI, can be written
as (6.2); where £,m,n are deterﬁined by
(6.6),(6.7),(6.8). These values determine a
unique line (6.9) in I, consisting of corresponding
points. Thé lines (6.2) and (6.9) are said to
be CORRESPONDING LINES in the planes Hi.
Alternatively, we can say, that for
anv fixed values of %,m,n, the lines
IX; +mY; +n = 0 (i=1,2) 6.10

are corresponding lines.
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If we write
e 2 2
Ry 7 ag bi 6-11
then, (6.1) can be expressed in normal form,

i.e.

=1

i =
P W O 0 6.12

in this form, the distance from the origin

is 4

Buti, (6.8) implies that for corresponding points,
¢1 = €3; thus, for corresponding points, we
must have:

k¥ = ki 6.13

Substituting from (6.X1),with (6.3),(6.4)

we have:
e s . 2 = 2
ki —_(251nei+ m51n$i) + ‘icosai+ mcns¢i}
= 2% ¥ m2 + 22mcos(9i—¢i] 6.14

Hence, (6J3) implies
tmeos (B1—¢3) = fmecos(0,-d3) 6,15

Thus, for corresponding lines, we have,

_efther: 2 =0 6.16
or: m =20 & 17
(01=¢1) = (02=92) 6.18

And so, the corresponding lines (6.10), are
either parallel to the principal lines (5.15),(5.16)
or they are inclined at equal angles in the planes

I[] and ng.
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iz Corresponding planes in space

and corresponding lines of sight

The discussion can now be extended
to three dimensions by keeping %y and y; as
defined, and introducing a third co-ordinate
into each co-ordinate system, Zi0 such that
the nodal point of each eye has the co-ordinates

(0,0,-e) in both co~ordinate systems (see fig., 7.1),

Each plane ﬂi is thus

U T i
i

and, we can write:

B~ = x;8ing, + yicosei T2
_Yi = x151n¢i + y cos¢i s
(i=1,2)

from (5.29), (5.30); and define

Consider the two planes:

LX + mY

i 0 TeB

]

i + nzi
(i=1,2)
which both contain the nodal point (0,0,~e).
These planes intersect ﬂi, when

z; = 0O, i.e. when

ix + my + ne = 0 7.6

o i

(i=1,2)

Thus, comparing with (6.10), we can see, that
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Fig.

Ta1

R(0,0)

The two co-ordinate systems

X and X».

= (%2, Y1, 21)

(X2, Y2, 232)

1%
~N
i



the planes (7.5) intersect the planes Hi
in corresponding lines. They are thus defined

as cornesponding planes,

The straight linesjoining the nodal
points (0,0:e), to corresponding points in the
planes I, are called coxaresponding Lines of
sdaght,

A line of sight can be defined as
the intersection of any pair of planes passing
through it. (see fig., 7.2)

If we have two such planes intersecting
in a line of sight, then the two corresponding
planes intersect in a corresponding line of sight.

That is, each of the pair of planes:

£xi + in -+ nZi = 0
R.'Xi 2 m“fi * n'Zi = 0
intersect when
23 . 3 i by
nrmenm' = n—-Ln E m L-ml"

Hence, substituting from (7.2),(7.3),
(7.4) ; for xi, Yi’ Zis and putting i = 1,2
successively, gives the equations for two

corresponding lines of sight.

28
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Pig. 7.2 A line of sight

The line of sight P;LP
can be defined by any two planes

-passing through it.



8 Nonius-Lines and the Rectilinear Horopter

While the two corresponding planes:

(i=1,2)
are defined in terms of co-ordinates relating
to each eye separately, they exist in the same
three-dimensional space. Therefore, they are
either parallel or they must intersect in a
line (see fig. 8.1).

This line lies in both corresponding
planes, and is thus a self-corresponding line.
That is to say, points on this line will
stimulate corresponding retinal lines. They
would thus give rise to the perception of lines
of identical visual direction, which we can call
nonius-Lines, These lines would be perceived
a5 single even when the stimulus to fusion was
incperative.

Note, that a self-corresponding line

does not consist exclusively of self-corresponding

points, that is, points in space that will
stimulate corresponding retinal points. It is
simply that each point on a nonius-line will

stimulate in each retina, a point, whose

corresponding point in the other retina, will also

lie on the image of the line.
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Fig. 8.1 The Nonius-Line

If p; and p» are corresponding retinal
lines, then p;L and p:R are corresponding
planes. These two planes intersect in

ST, the self-corresponding nonius line,



That is to say, any point P' on
the nonius line will stimulate a point P; (say)
in the left eye. If P, is the point corresponding
to Py in the right eye, then the line P;R will
meet the nonius-line in a point (say) P". (see fig. 8.2)
In other words, the distribution of
corresponding retinal points induces a one~
dimensional homography, w, on the points of the
nonius-line, such that

P" = wpP' 8.2

Further, as the point P; is also the point

corresponding to Pz, we can also write

P = .top" 8.3

1l
b

(8.2),(8.3)
w? = & {identity) 8.4
I.e. w is a cyclic homography of period 2,
that is, an involution.
Now, it is a property of an involutionj 324
that there exists two "united-points", i.e.
two points such that
P! = wP' 8.5
that is to say, there are two points on the
nonius-line, where the route
P' + P; + P, » P"
leads back to the original point P',
Thus, there are two points on any
nonius-line that will stimulate corresponding
retinal points; i.e. there are two self-

corresponding points on each nonius-line.
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Fig. 8.2 The involution, w

Illustrating the reciprocal relationship
P" = wp'
Pl = (IJP"

6n the nonius line ST.



However , we can see that if two
nonius-lines intersect at a point P', then
the image points of P' in each retina must
be corresponding retinal points, since each
image must lie at the point of intersection
of two correspending retinal lines. Thus,
the point of intersection of twe nonius-lines
is a self-corresponding point.

But, as we have just seen, there are
two and only two united-points of an involution
(not the identity involution), and thus only
two self-corresponding points on a nonius=line,

Hence, every nonius-line intersects

. twg, and only two, other nonius lines,

The surface in space that comprises
the totality of all the nonius-lines, for a
given Fixation point, F, we will call the

fectilinean honoptex,

The corresponding planes (8.1), can
be written
ux, = 0 (i=1,2)
where ]

(£,m,n)

=
il

X X80 WY, 2)

1ol

8.6



Now (8.6), implies that

n

u.Xy p(X1xX2) . X,

= 0O

since, for i=1 or 2, this is a triple scalar
Product with a repeated factor, and therefore
vanishes for any p.

Hence

Ie
i

p(X1xXs)

i.e. u is a vector parallel to Xixda.

That is to say,

u has direction cosines
(&,mn) = (¥1Z: -2,Yy, Z1X3-X1%2, X1¥:-Y1X2)

Thus, we have that the equation of the
nonius-line, which is the line of intersection

of the two planes (8.6), is given by

WeX1 = O = 4w, Xp

where u is given by (8.8).

Thus, u is uniquely determined,
unless:

EiREy =0

that is, unless the vectors, Xy, and X, are

parallel, In which case:

i¥a = ¥giXs = ©O
¥18s = Za¥. = 0O
ZiXe = X423 = 0O
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Note: any peint in space, X, will determine
unique values of X;and X,.
These, will, in general,

determine a unique line

i

e

Xy 0 (i=1,2) 8,15

where u pX1xX,
which is a nenius-1line,

Thus there is a unigue nonius-line
that can be drawn through any general point of
space.

However, .if X is such that,

XixXz = 0 8.16
then any number of lines can be sc drawn,
parallel to XmX,.

That is to say, there is either, one
or an infinite number of lines of the rectilinear

horopter through every point of space.
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The rectilinear horopter, then, is
the envelope of nonius-lines, or, the surface
on which lines are seen singly without fusion.
Consider the two planes:

By L= L0
9:.Xy = 0O

These planes intersect in a "line of sight".

Any plane through this line can be represented:
(up + kuz}.X3 = 0
where k is a variable parameter.

The plane corresponding to (8.18)
is

(21 f kEZ} Xy = 0 3

and the planes (8.18),(8.19), intersect in
a nonius-line.

As k varies, the family of lines
represented by (8.18),(8.19), taken together,
will generate a surface, whose equation may
be found by eliminating k.
(8.18),(8.19) imply:
which implies: '

(W1.X1) (u2.X2) = (u3.Xs) (u2.X1) = O

which, from the well known vector formula
is equivalent to:

(urxuz). (X1xXz) = o0
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If we take the components of
the vector u3xu; as (L,M,N), we can
write (8.2), as:

L(X)Y,-Xo¥1) + M(Y12,-Y,2,) + N(Z1X2-%Z:X1) = O

For any particular values of L,M,N,
this expression represents a guadric surface.
That is, the surface generated by co-ordinates
satisfying a guadratic equation.

This is evident, as each term from
(7.2) ,(7.3),(7.4) can be seen to be a product
of two linear factors in xi,yi,zi. Further,
it is a particular type of guadric surface
called a ruled surface, which is a surface that
can be generated entirely by straight lines.

as L,M,N vary, so a whole family of
different guadric surfaces are represented.
So we can see that (8.23) is the equation of a
family of such surfaces. If we put L,M,N
equal to zero in pairs, we can see that the

following quadrics are included in the family:

X1)¥s: = XYy =0
¥1%: - Y;Z; = O :
21Xy, = 23Xy = O

The family of quadrics represented by (8.23)
then, consists of all the guadrics through the
points common to (8.24), (8.25), (8.26).

105

B.23

B.24
8,25
8.26



In general, three guadrics intersect
in eight points only, but,_inspection of these
three equations reveals that any two implies
the third, so that there are really only two
linearly independent surfaces. Two quadrics
intersect, in general, in a quartic curve.

Thus, the rectilinear horopter is
given by (8.23), and consists of the pencil
of guadrics through the common curve of
intersection of any two of the surfaces
{8.24) ,(8.25) ,(8.26).

Farther, we have shown that at any
point of this common curve, an infinite number
of nonius-lines intersect, and thus, every
point of this common curve is self-corresponding.

Thué, the common curve of intersection
of the surfaces (8.24),(8.25),(8.26), consists
entirely of self-corresponding points, and is

thus,; by definition, the horapter.
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9 Co~ordinates relative to the wvisual

plane

If we wish to explore the properties
of the guadric surfaces (8.24),(8.25),(8.26),
the form of the equations of §8, are not very
useful. We need to represent the vectors defined
there with respect to the'two eyes in the same
co-ordinate system. Consequently, we will now
set up a system of co-ordinates (x',y',z')
relative to the visual plane.

The visual plane (fig. 9.1) is
defined by the points RLF.

Take the point of fixation, ¥, as
the origin. .

Také the visual plane, itself,
as the plane

2" =
so that the z'-axis is directed upwards.

Let the angle RFL, i.e. the angle
of convergence be given by 2y.

Let the x'-axis bisect the angle of
convergence, directed towards the eyes.

- Let the y'-axis be such'that the
three axes form a right-handed orthogonal set.

Let
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Fig. 9.1 The co-ordinate-system x'

defined with respect to the

visual plane.



Thus, we have,

m

.. {(ajcosy, aisiny,0) 9.3

R 3 (ascosy,~azsiny ,0) 9.4

Now, let us consider two further sets

of co-ordinate axes, with co-ordinates

(xi,yi,zi), (i=1,2) which are obtained

from the (x',y',z"') axes, by a rotation

about the z'-axis, throﬁgh an anqle’f, and -y respectively,
such that each xi—axis passes through R and

L respectively.

If we write the vector x as (x,y,z,1), then

we can express these rotations by

L] ey 1
L Rif 8.5
where
5 cosYy siny 0O o
~siny cosy 0 0
1 = 9.6
. 0 0 1 8]
(0] (0] 0] 1l
3 g
and
[ cosy -siny o O 3
siny cosy O &}
Re = 9.7
i (6] 0 1 (@]
0 0 0 ik
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Now the xi—axis (i=1,2) is the
line from the fixation point to each nodal
point. This is the same line as the zi—axiﬂ
of &7, (see: fig. 9.2)
So, we can take

xi = a; - (z‘L + ) 9.8
Further, let us say that, with respect to 5{,

the x,-co-ordinates (see fig. 7.1) are rotated through an

i
angle vy about this line as axis.

That is, wi is the angle between the wisual
plane, zi = 0; and the plane Xy | = Q, oF 45,

And so we can put

w
|

1, 1 S 2 1 "
cosy. v sing 2} 9.9

-
[I
I

sinl.v! + cosy.z! 8.10
RS = e |

and (9.8) can be written:

g oA —%5 + (ai = e) 9.1

and, we can express (9.9),(9.10),(9.11)

by
= L]
Xy Biii 9,12
where
(0 cosy; -siny; O i
0 siny cosy 0
B, = & . 9.13
=1 0 o} a;-e
) 0 0 (6] 1 J =1,2)
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Fig. 9.2

z'=z{=z}

')

Relation between the co-ordinates x',

r
RioXg

x' are the co-ordinates fixed in the

visual plane z' = O

gi (i=1,2) are obtained from x' by

rotations of iy about the z'-axis.

%X (i=1,2) are the co-ordinates of
§7, defined in the planeS'H; and the
fixation lines; where the xi—axis is
inclined at an angle wi to the visual

plane.



Equations (7.2),(7.3),(7.4)

express the relationship

X =S 9,14
ta =1
where
X, = (Xi,Yi,zi,l) 9,15
and
sinﬂ_i cosei 0 0
sing cosg 0 0
Ay = % + 9.16
0 (0] 1 e
(o] (0] 0 1

However , without loss of generality, we can
take the xi~axis in 85, as the retinal horizon,
i.e., we can put

Bi = 0 (i=1,2) 8,37

Further, I1f we suppose that the apparently
vertical meridians in each eye are symmetrically
disposed with respect to each other, we can
take

91 = e o e 9.18

¢2 = kv - € 9.19

Substituting from (9.17),(9.18),(9.19) in
(9.16) , we have

(o] 1 (0] 0]
cose | =sine 0O O
As = 9.20
0 (o] D
(] 0 (3
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.

0
cose
0

Q0

1
sine

0

(8}

o

O

L

We alsoc have the following relationships:
The angle between the visuval plane and the
xi—axls is wi. ;
The angle between the retinal horizon and the

xi-axis is 6 (from 5.15)

L it
The angle between the visual plane and the

retinal horizon is, by definition 7

il
where Ty is the angle of torsion.
Thus, we can write
wi = ﬂi + Ty 9,22
which (9.17) = ¥, = T, #4:23
Thus, (9.13) becomes
8} COSTi —sim1 0
0] sin-ri COSTi (0]
Bi = 9,24
=] (6] 0 ai- e
0 0 1 Jqi=1,2)
Thus, we have:
from (9.5) £y =3 iR 9.25
from (9.12) Xy = Byxg 9.26
= BiEiEl (from 9.25) 9.27

0 o B



fram

S0

where

(9.14) X

]

A.x

Thus, the equation (9.28), expresses the

linear Factors of the quadric surfaces

in terms of x', the co-drdinates relative to

the visual plane.

Multiplying

in (9.30), we find:

and

¢

'8 . -
-sinysinTm,

-sinycos(T+£)
-gos Yy

0

sinysint,
sinycos(12-€)
-cosy

(&)

i=i
= A;BiR.x' (from 9.27)
= Ciil (sav) 9529
= AiBiRi 9.30
(8.23)
out the matrices
cosysinT, cCOST;

cosycos (T4}
-siny

0

COSYCOST;
cosycos (T2-¢)
siny

O
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—sin(ty+e)
0

(@]

COSTy
—-sin(1,-€)
0

0

9.28




10 THE BASE QUADRICS

Consider the three guadrics that

are the basis of the pencil (8.23)

Put
8y = Y32z - 2:¥; = 0 Rl
Ex = 21X; = X123 = O 10.2
s = X1¥s = Y%, = 0 10.3
If we substitute from (9.29) into these
equations, we find:
5y = =x'?*{cos(ti4e) + cos{rs-c)lsinycosy
+ x'y*{cos(ts-e) = cos(ti+e))
+ y'?{cos(t1+e) + cos(t,-£)}sinvcosy
+ x'z'"{sin(t:+e) = sin{ts-¢c)J}cosy
- y'z'{sin(t:i+e) + sin(t,-¢)lsiny
- x'"{ascos(T1+e) + ajcos{T,-&)l}siny
+ y'{azcos(ti+e) - a cos(t,-&)lcosy
- z'{azsin(t1+e) - aysin(ts-e)}
= 0 10.4

82 = -x'Xsint, + sinT;)sinycosy
=x'y'(sintz; - sint;) =~ y'%(sint; + sint,)sinycosy
= x'z'{cos1,~ cost,)cosy
= y'z' (cost,+ costy)siny
+ x'(aysint; + azsint,)siny
+ y'(aysint; - azsint,)cosy

+ z'(ajcost; - azcost,)

= O 10.5

113



83 = x'*{sinT cos(T,~¢) - sint,cos(11+5)}sinzy
- y'?{sint cos(1,-e) -~ sint,cos(1;+e)}cos?y
+ z'?{costisin(t,-¢e) =~ cosrzsin(11+e}}
- x'z'{sinTisin(T3-) + cosTicos (12-E)
+ costzcos(ty+e) + sintassin(ri+e)lsiny
+ v'z'{sint 8in(12-€) - costicos(1s-¢)
- sint;sin(v;+e) + cosizcos(t114€) fcosy

= 0 ’ 10.6

(10.4) ,(10.5) ,(10.6), then, are the
equations of three surfaces composed entirely
of nonius-lines for the case wﬁen the fixation
point is at (0,0,0). And, any quadric surface
through their common' curve of intersection ,
is also composed of such liﬁes.
S: is a hyperboloid of cne sheet,
83 is a hyperbolic paraboloid, and §; is a cone,
with a vertex at the origin (for certain
non-zero values of the angle of torsion}
see: fig. 10.1.
: These eguations can be simplified

by making the substitutions

sin(1,-e) = k;sin(t,+e) 10.7

cos (t2-€) = kycos(Ti+e) 10.8
sint, = Jjisinm 10.9
costy = jacost) 10.10
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(a) hyperboloid
of one sheet

(b) hyperbolic
paraboloid

(e¢) elliptic cone

- Etg. 16.1 Types of ruled quadric surfaces

.that the base quadrics can take .



When the basic rectilinear horopter

surfaces, become
8; = x'?(1+k,)8C + y'?(1+k,)8C -

+ %'2'(1-k;)CT - y'z' (1+k, )87

+y' (az~a k:)C - z2'(az~a1k,)T

w
N
] it

s

= %'?(1+9,)8C + y'?(1+j1)8C ~

%'2" (1-9,)CK + y'z"' (1+]j:2)5K

"'{az-a13,)C + 2'(az-a;jz)k =

x'y " {1-k3)

- x'(az+a k)8

0 10.11
xty'{1=iy)

- x'(a+ay31)8

0 10,172

Sy = x'?*(ks- J1)8? = v'?(ka- F31)C? + 2'% (k-2 )XT

t

®'z'{ (ks+31)T + (ka+ja2)K}S

+ y'2'{(ky=31)T - (kz~j2)KIC

where

K

siny
cosY
tan(ti4€)

cotT,

= 0 1GL13

10.14
10.14
10.1%

10.16

And the rectilinear horopter is the family,

A18; F x2S, * 258,

= g 117

The form that these three surfaces

can take changes with the fixation point.

Various numerical particular cases are considered

below,

properties now.

(chapter 18).
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From (10.11), we can see that S;.
meets the wisual plane, z' = 0, when
®'%(1+k,)8C + y'? (14k,)8C - x'y'(l-k;)

- x'(az+a1kz)s8 + y'(a-akz)})C = 0O 10.18
and, we can note, that if ‘

Ky = 1 10,19

this reduces to

x!(@x+ay) |, y'lap-ay) _ 4

12 . ERive
AN 5C 36 10.20
which, substitution from (9.3),(9.4), will reveal
is the circle through F,L and R;
i.e., it is the Vieth-Miller circle.
This ocecurs when, from (10.8)
T = ¥4 + 2 10.21
or
T2 = -1y 10.22
From (10.12), it can be seen that
Sz, will meet z' = 0, when
x"2(1+31)8C + y'*(1+31)8C - x'y'(1-3;)
--x‘{a3+a;j1)s+y'(a2-a1j1)c = 0 10,23
and if
ol =0 L 10.24
this becomes (10.20), the Vieth-Miller circle
again.
This occurs, when, from (10.9)
Tg = Ta : 10.25
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From (10.13), we can see that Si;,
will meet the plane z' = 0, when
thSz e ),tZCz = 0

i.e., when

(x's-y'C) (x'S+y'C) = ©

that is, 53 meets the wvisual plane in the

two lines

]

¥ tanyx'
y' = -tanyx'
i.e., the two lines FL and FR.

Further, since 83 is a homogeneous

equation of the second degree, with no constant

term, we know immediately that it is the equation

of a cone, with its vertex at the origin.

(see:; fig. 10.lc)
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11 DERIVATION OF THE HOROPTER

'The horopter is the common curve of
intersection of the three quadric surfaces;
S1, 82, and Ss.

Any plane meets a quadric in a
conic, thus, a general plane will meet two
quadrics in the four poipts common to two conics.
A curve that meets a general plane in four points
is called a gquartic curve. Thus, the curve
of intersection of two guadrics is, in general,
a guartic curve, Ty.

If the guadric is a ruled surface,
comprising straight lines, then these lines are
called generators of the quadric. If two ruled
quadrics have a generator in common, then a
general plane will meet I'y, their curve of
intersection, in one point of this generator
and three other points. Thus, T, breaks
I down into this generator and a twisted cubic
curve s

While a general plane will cut any
quadric in 5 conic, if this plane is a tangent
plane to the quadric at somepoint P, then the
conic will degenerate into two straight lines.

These two lines are the generators threough P.
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The equation of the tangent
plane to a guadric

8 = 0
gt a point (O6, ) 21), 18 giveﬁ by

—y. )88 v, )38 gy OB =
(= x‘)ax, i y:lavl T Zl}azl

.

where %gx is the partial derivative of § with
respect to x at the point (%;,v1,21).

From (10.11),(11.1), we see that, A;,
the tangent plane £o S, at the point (0,0,0)
is

Ay = x'(az+taike)S - y'(az-ayk:)C + z'(az-aik,) T

Substituting for z' from (11.2) into (10.11l), we

see that A; meets §;, when

x'?(kytks) (ap=~ay)SC + y'? (ky~ky) (a;+a)SC
+#'y'{{a1k1+azk3)+(sz—c2)(a;kz-l-a;k‘_)} = 0

which factorizes into the linear factors

{x" (k2+k1)S+y" (ka=k1)CH{x' (az-a1)Cy ' (as+a,) 8]}
Now 83 is a cone whose vertex is

at the point (0,0,0). It is the property of

the vertex of a cone that any plane through

it cuts the cone in two generators.

We can find the generators that A; meets S,

by substituting for z' from (11.2) into (10.13),

when we find, that

s? (ki4+k2)Lx'? - C?(ki~kz)My'? + 28CNx'y' = O

where
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L = (az-aik;)(azta1ji1)T + (az+aiks:)(az-ai1jz)kK 11.6

il

M (az-azk;) (az2-a213:1)T + (az—-aik;) (az=ai1jz)K 2R

1

N (alki—azkl}{az—azjz)K-{az-a;k;){azkl—aljlkz}T 11.8
and (11.5) factorizes to
{S(katky)x' + Clkz=k;)y'}{SLx' - aMy'} = © 11.9
Thus from (11.2),(11.4),(11.9) we can see
that the line
X' (az+a1kz)8 - y'(az-a1k2)C + z'(az-a:1k;)T = O 11.10
x'(ka+ky)8 + y'(ks-k;)C = 0
which is equivalent to

-Sx! Cy' Tz!

ka=k1 katk, 2k,

L}

11,11

is a generator common to both S; and Sj;.

Hence as the surfaces S; and S;
have a generator in common their residual
curve of intersection is a twisted cubic curve TI.
So S; intersects A in two generators intersecting
at F(0,0,0). Let these be given by £ and m
where £ is the common generator of S; and S;
(Edgs 1Td) e

Now £ 1is a generator of the rectilinear
horopter and is therefore a nonius line. We have
seen in §8 that each nonius line contains two
self-corresponding points. That is, each nonius
line must meet T in two points.

Further since F is the vertex of the cone
S3 an infinite number of nonius lines pass through F,

i.e. F must lie on I.
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FPig., 1l1.1 The generation of T

Ay is the tangent plane to § at F.

£ and m are the generators of S; in Ay,

£ is the common generator of the base
quadrics that meets I' in two points F and R.
Any plane through £ therefore, meets f in

Q anq R and one further point.

Thus %y considering every plane through

£ we will generate every point of T.



=

So the line & meets I' in two points,
one of which is F. Let the other point of
intersection be R (fig. 11.1).

Now since the space horopter T is a
twisted cubic curve it wili intersect any plane
in three points. Consider a general plane
through the line 2. This plane will meet T
in the points F and R and one further point
(say) P. If the plane is then considered to
rotate about the line &, then the residual point
of intersection P will generate the whole curve
I

From (11.11) we can write the
equation of the common generator as

2k,8x' + (k2-k1)Tz' = O

11.12
2k,Cy' = (ka+k1)Tz' = 0

and thus any plane through this line
as
{2k 8x'+ (kp=k;)Tz"'} + t{2kCy'=(k2+k1)T2'} = 0 11 13
where £ is a variable parameter.
il.e.

2kySx' + 2ka£Cy' + {(ka=ki)=(ka+k;)£}T2z' = O 11.14
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As £ varies, (11.14) will genecrate
the whole family of planes through the commnon
generator to £; and Si. -For each value of %,
then, +the plane (11.14) will meet T in one
further point, and, as £ varies, the whole
curve T will be traced out. This ponint will
occur where the plane (11.14) meets elther §,
or S5. (fig. 11.1)

If we substitute for x' in (11.14)
into either (10.11) or (10.13) we will obtain
a guadratic expression in y' and z', However,
as we know that the generator (11.12) is common
to the two guadrics and to the plane (11.14).
We know one of the factors in the exvression
must be a linear term from (11.12). Hence,
the other factor must also be linear, so we can
write the result of the substitution as:

2k,Cy "= (ko+k ) T2'j{D,.y' "+ 2 '+F = 0 B & 0 8
i i

il
(i=l or 3)
and, substituting into (10.11), we find

Ry = 2ékz{(1+k2}c222 + (1-ka)% + (1+k,)S%} 11.16

= =CT {(1+kz) (ka+ka)2%=2(k3~k,) L+ (ko-k;) (ko=1) 11.17
A 48k i

]

Fi ‘2‘%‘2"{ (az+ai1kaz)t + (az-ar1ks)} 11.18
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and, substitution in (10.13) gives:

c . =
Dy = sp-{ka=31) (£7-1) k113

By = —z%gf{k2+k1){kz"jlthZ—z{(k§+j1k1)T+k2(k2+j2)K}£
+ {(ke+31) (ka=k1)T + 2k, (k,-j2)K}}] 11.20

Fy = O 11.21

Thus we have, that the residual point of intersection
of the surfaces §8;, and Sy in the plane (11.14)
is at the intersectior . in this plane of the
lines

Dyy' + Ey2' + Py = 11.22

0
Dsy' + Esz' = 0 11.23
We can now change our co-ordinate representation
to homogeneous cartesian co-ordinates. That is,
we can let the point P, with co-ordinates (x,y,2)
be represented by a four-dimensional vector

(X1 %2 :X3,%y), where

% = Xy /% 11.24
Y = X2/%s 13,25
Z = X3/Xu 11.26

These co-ordinates are determined only by
their ratios, so the following values for
the vector x can be taken without ambiguity

to represent the same point.
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X = A g 2 B E L R
= (X3 ,%p,%3.%y) 11,28
- (pxl rpxzrpxs':ﬂxﬁ) 11.29

where p has any value # O,

The point (x;,%2,%3,0) is taken
to be the point at infinity with direction
ratios xj,%3,%x3; and for any finite point
we must have

Xs # 0 11.30

These co-ordinates are restricted in that they
cannot all be simultaneously zero.

In these co-ordinates, we can
solve the equations {11.14},£]1.22},(11.23}
simultaneously to give the co-ordinates of
the residual point of intersection of the plane

(11.14) with both S, and S;, for any value of £%.

Which gives

i A %txf * i%ﬁ;{[kz‘kl)"(kz+k1)t}xf b il i
X3 = -E3F, 11,32
x} = DsFy 11433
%) = D;Es - DiEj ' 11.34

In which, substituting from (11.15)-(11.20)
we find that we can write the co-ordinates

of Tas:
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I

]

where

afrt? + gi.4% + qfst + giy
ai1t? + qizt? + qist + qis
ghit® + qi,t? + glat + qiy

qfrt® + glat? + qiai + giy

(2222091

&
]

and, writing

Al = K(az-a1kz)
Al = k(az+akz)
we have
gl = 2CA{ (kz-k1) (k2=j1)T
glz = -2c{{2(k3~31k1)Al - (ka=91) (ko=ki)Al)T
42k (k2-72)AlK}
qls = ~2c{{2(k%-31k1)A} - (k2+31) (katky)Al)T
+2ko{ (ka=J2)A) = (ko+ia)A{}K]
ais = 2CAL{ (ka+d1) (ka+k1)T + 2ka(ks+j,)K}
gty = 28{ (ka+j1) (ka=k1)T + 2kj (kz=j2)K}A{
qiz2 = 28{{(kz+i1) (ka-k1)A} - 2(k3+j:1ky)Al}T
+2ko{ (k2=J2)A% = (ka+j2)A1)K]}
gds = 28{{(katky) (ka=31)Af - 2(k3+3:k;)AL}T
=2k, (ka+j2) ALK}
gy = 25A% (katki) (ka=31)T
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11. 40

11.41

Ll 92

11.43

11.44

11.45

11.46

11.47

11.48

11.49

11.50



q&xz - 45Ck ., {kz"jl}}\i 1151

als= - 4SCk, (ky=31)A} ;52
gis= 45Ck, (ko-J1)Al 11.53
qiu= 4SCky (ka=31) A% 11.54
ghi= =(ka=ki1){ (ke#j1) (1+kz2)S? - (ka-j1) (1-kz)C%}T

~2ks (1+k3) (k2=32)8%K 11.55

ghz= 2C%(kp~=j1) (k3=Xy)T + 282(l+k,) (k3+i1ky)T
=(1-ks) (ko+j1) (ko=%1)T = 2k, (I-ks) (ko=jg)K
+25%k3 (1+k2) (k2+32) K 11.56

gla= = 2Kkz(kz~ki) (1+3:)C2T = (1+kz) (kz+ky) (ke=1y)7T

+ 2(1-kz) (kE+31K1)T = 2C%ks (14kz) (ko=F2)K

+ 2ks (1-k2) (kz+j2)K 11.57
gia= =(1l=k3z) (katky) (kp=31)T + 2kj (14ky) (ke+i2)C?%K
42k (katki) (1+5,)C%T 11.58

Thus, we have, the equation of the horopter,
that is, the locus in space of those points
which give rise to corresponding retinal points
is given by
ros = Qe 11.59

where the elements of Q' are given by
(11.43)-(11.58) , and x' are the co-ordinates
with respect to the fixation point.

As £ varies from -» to += the whole curve T

is traced out.

Note: For convenience the parameter, 4, of
(11.35)-(11.40) and (11.59) has been taken as

the reciprocal of the £ of (11.14) etc.
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From (11.59), we can see, that T meets, the
E

visual plane, i.e. xi = €, when,

x} = ghit® + ql.2® +gist +gky = O

from which (11,51)-(11.54) =>

-ait? - ANt?2 + AL + B}

n
(=]

whose roots are

£ = 1, -1, -A}/Al
Substituting for these values in (11.59}),
we find:

E 8l N S {(pni-aj)C, (A3-A])S,0,1 }

= R
£ ==1 => x' = {(aj+A{)C,-(As+A])8,0,1}
R
£ = -Aj/n] =
XY = (056,041)
= F

Thus, the horopter curve, I', meets
the wvisual plane in the three points R,L and

F.
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12 TRANSFER OF ORIGIN

Eguation (11.59} gives the
co=ordinates of Treferred to the fixation
point as origin. We now wish to transform
to co-ordinates fixed in space, or rather,
fizxed in relation to the head. If the head
is assumed to be erect and fixed these two
systems are identical.

Let the distance between R and I
be 2b; and let the mid-point of RL be O.

We can then take O as origin, and
take the z-axis as the vertical through ©
(positive upwards), so that the horizontal
plane is

z = 0 2.1
Then the x*a%is is where z = O meets the
meédian plane (positive forward).

And the y-axis is the base-line RL, such that
X,v¥,2 form a right-handed orthogonal set,

Let the fixation point be at F,
and let the distance OF be a. Let the line OF
make an angle a with RL, and, finally, let
the visual plane be inclined at an angle ) to

the horizontal.
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L JPei i R V

Fig: 121 Relationships in the visual plane
VF = asina = a;sina; = ajzsinaj
OV = acose RV = acosa - b LV = acosa + b
Sl o asina E st S asing

3 acoso+b = acoso-b

af = a? + b? 4+ 2abcosa

ai = a? + b? - 2abcosa

asina _ asina
a1 sina) 2 = Tsihas
Y = %(v1 +vy2) = k(az - o))
tan2y = tan(az-a;) = 2absing

a‘-b*



In the visual plane 2z' = 0, the

following relationships hold (fig. 12.1)

af = a? + b?* -~ 2abcosa 12 .3
a} = a® + b? + 2abcosa 12.3
tan2y = 2gbsina 12.4
If we put
Ay = X(az-a,) 12.5
A; = k(az+ta;) 12.6

then, it can be shown that the following

relationships also hold using (10,.14), (10.15)

b* = Afc? + ags? 12.7
absine = sc(a% - A}) 12.8
abcosn = A,

Now, in the co-ordinates related to the fixation
point, x' (see fig. 9.1), we can write the co-ordinates

of the nodal points, as

tn

R {(a-n1)C, (A2-2,)8,0,1) 12.8

L {(az+A1)C,~(A,40,)S,0,1} 12,10
and, if the new origin, 0, is to be the mid-

ﬁoint of R and L, then, with respect to x'

0 = (A,C,-A,8,0,1) 12,11

then we can transfer the origin to this point

leaving the axes parallel to their original direction,
giving a new co-ordinate system x;, say,

by the transformation

x) = Pyx' : 12.12

(See: fig. 12.2)
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5

Fig 12.2 Transfer of origin

The translation P; moves the origin from

F to 0, with parallel axes x' + Xx;.

The rotation P, rotates the co-ordinates
about the z{-axis so that y;-axis is along
RL %1 * X

The rotation Ps; rotates the co-ordinates
about the base line RL until the z-axis is

vertical, i.e. until the xy-plane is

horizontal X2+ x

re



where

1 O =N

0o i (6]
Pl =

0 (0] 1

(0] 0 0

From (12.9),(12.10), we can deduce
with respect to the x' system, and thus,
also to the x; system , the line RL, in the

visual plane makes an angle 8, with the x' axis

where

S
M C

s

tané;, =

To rotate the axes, such that the line RL

—F\QC

215

that

12.14

is the y,-axis, and the x,-axis is perpendicular

to the yiaxis in the plane z; =

positive towards the fixation point,

to rotate the axes about the z;-axis, through

an angle €; , where €, is -LOy,,

i.a. 0 = =(%n+0,)

therefore tanf, = cot8; =

Thus, we can put

el = P2§1
where
"Azs —A1C
A;C -A,S
?3 =
(0] 0
(o] (0]

simplifying from (12.7)
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A,S
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0, and x; is
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If we finally, rotate the x,-axes to the

X-axes by a rotation throcugh %, about the

ya—axis, so that the z-axis is wvertical,

where

Thus, we

from {12,

from (12.

from (12.

then, we have,

x

have

12)

16)

18)

where

Thus (12.25) gives

of co-ordinates x'

Psﬁz

cosi

~-sin)

(say)

Q@ ‘sin) O

1 (5] 8]
O cosk O
(¢] (0] 1 J
P 125‘
P251

PoPyx' (from 12.20)
Pa§2

P3PyPyx' (from 12.22)
Px' (say}

P3P ,Py

us the transformation

 defined with respect to

12.18

12.19

12.20

12,21
12422

124a3

12.24
Ld.2%

12,26

the fixation point, to x, those fixed in relation

to the head.

(12.26) , by substituting from (12.13),(12.17)

(12.19) and multiplying, we find

If we evaluate the matrix P from

the relationships (12.7),(12.8)

a5y

utilizing



~Aj;S8cosi ~A;Ccoesk bsinl
AC ~AsS o
A,B5s8ind A;Csini bcos)
0 (8] (& b
If we put x' = (0,0,0,1) in (12.25), we find

the co-ordinates of the fixation peint in

this system is

Xp = (asinncos) ,-acosa,-asinasini , 1)
We can also see

R = (0,b,0,1)

L 5 {0,=b6,;1)

and the visual plane, i.e., the plane

through R,L,F 1is

absinacosi
—-abcecsa

—absintsin)

A E sindxy + cosixy =

From (11.59), we have Lthat the ecuation of

o

12.27

1225

12,30

the horopter with respect to the x' co-ordinates

is given by
) 4 ir = QIE

but, from (12.25), we have

x =Px

and so, with respect to the new co-ordinates,

12.32

we see, by multiplying both sides of 12.32 by F.

L 55 b = BIE
= Q¢
where
g = P
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So, evaluating (12.35) from (11.43)-(11.54)

and (12.27) will give us (12.34) explicitly,

which is the equation of the three dimensional

space horopter.

Evaluating (12.35), we find, where

94 are the elements of Q:

and, noting

T2

g1y

28] = Az (1-kz) + Aj (1+k,) 12.36

2R3 Az (l+4kz) + A (1-k3) 12.37

-28Ckzcos) (ka=ki) { (L1+31)b2+A A, (1-91) )T
=28Ckzcosh (ka=J2) { (1+ks) b2 4+A A5 (1-k3) }K

=28Ckssind (ka=j1)b{A, (1-k,) +A; (14ks) 12,38

25Ckzcos) (katky ) { (1+3 ) b2+ A, (1=3,) )T
+25Ck,cosh (ko+3,) { (14k,) b2 48 A, (1-k,) }K

=28Ck sin) (k2= )b{:‘\z (L+kz)+Ay (1=ky) ) 12.3%9

25Ckacosh (ka=ky) { (1491)b?+A A, (15, ) I
28Ckzcos) (ka=32) { (14+k2)b24a, A, (1=ka) }K
25Ck2sind (k2=31)b{As (1=-k,)+A; (1+ks)} 12.40

~25Ckzcosh (ka+ky) { (1431)b? 4718, (1-31) )T
-28Ckjycos) (ka+3j;) { (L4ka) b2 +A A, (1-k5) }K
+28Ckzsink (ka=-31)b{As (14k,)+A; (1-k,)} 12.41
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G21 = (ka—ki) (1+k3) (k2=3j,)AfC2T
={kz=k1) (1-kj) (ka+3;)A%8%T

-2k, (1-k;) (k2=j2)A35%K T2 42

gz2 =  (ka-ky) (ka2-31) (1-k,)AfCET
-2 (k3-j1ky) (1+kz)AfC?T
+2(k$+31Xk1) (1-kz)AZs?T
- (k2=k1) (k2#31) (14ka)A3s?T
+2ky (ko+j2) (1-k2)A2S%K

=2k (kz=J2) (1+k2)b?K 12.43

9zs = (katki) (ka+31) (1+kg)AfCT
I =2 (kf=j1k1) (1=kz)AiC?*T
+2(k3+31k1) (L+kz)ads?T
- (ka+ky) (kz2=31) (1=kz)A38%D
~2k3 (ka=32) (1-k2)AC?K
+2ka (ka+32) (1+kz2)b*K 12.44

gzu = (ka+k;) (1-kj) (kz+j1)Afc?T
={ka+k1) (1+kz) (k2-31)A%s?T

+2k;s (1-kp) (ko+jq)A{C?K 12.45
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25Ckysind (ka=ky ) { (1+3,)b%4A A, (1-F4) }T
+25Ck,sind (k;~32) { (14+k,)b2+A A, (1-%k3) }K

=28Ckycosh (k=33 )b{A; (1-ks)+A, (1+k,))} 12.46

~28Ck,sinA (ko+ky ) { (1433 )b%4A A5 (1~5,) }T
=28Ck,sind (kp+j2) { (14K ) b34A A, (1-ks) IK

=25CkzcosA (ka=J1)b{As {14k, )44, (1-ka)) 12.47

~28Ckzsink (ka=k1) { (1+31)b%+ Ayad1~41) )T
-25Ckzsind (ka=32) { (1+k2)b%+ A A(1-k,) IK

+25Ck 2008 (ka=31)b{A (1-kz)+A; (14k,))} 12.48

25Ckasin) (kotlky ) { (1+51)b24A A, (1~5,) )T
4+28Ckysind (ka+32) { (L+ka)b?+A 1A, (1=k, ) IK

+28Ckscosh (kz=31)b{A, (L4+k,)4A1 (1-k,)} 12.49
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“(kz“k;}{k2+j1}(l+kz)b52T
+{kz=k1) (k2=31) (L=kz)bC?T
=2k, (14+k2) (ka=32)bS?K

2 (k#-k1) (ko=33)bC?T
+2(k%+j1k1){1+k3]b52T

= (K2=k1) (k2+31) (1=ks) bT
=2k (k=1 2) (1-K2)bK

42k (k2+32) (14k2)bS2K

=2k; (ka=k;) (1+3,;)bC2T
—lkytks) (ka=J1) {(i+ky)bT
"['2 (k;"-jlk]) (l_kz)bT

=2k, (k2=j3) (1k,)bC?K

42k, (ka+i2) (1-k,)bK

©

2ky (kz+ky) (1+3,)bC2T
=(kz+ki) (k2-3i) (1-kz)bT
+2ka (ka+3j2) (1+k, ) bC?K
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13 Properties of the horopter curve, T

We have now determined that the locus
of those points in space that will stimulate
corresponding retinal points is given by (12.34)

g o

x = 0f 13.1

where the elements of the matrix, 0, are given

by the equations (12.38-12.53).

These elements, qij' are functions
of (a,u,Ax), i.e., the fixation point; b, the
semi inter-nodal distance; c,'the subjective
deviation of the vertical in the primary position;
and 71; and 7T,, the angles of torsion in the

left and right eyes respectively.

Each row of (13.1) can be written

= zqijz(‘“j’ (§=1,4) 13.2

and is a cubic expression in £,
Thus, each co-ordinate is given by
a cubic expression of the parameter, and hence

I' is a twisted cubic curve.
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3. 1) =>
£ = U'x

where 07! is the inverse of the matrix Q.

13

If we transform to a co-ordinate system, where

E = plix
then (13.1) => that

X = p07'x = p0~!(02)

= pi

i.e. T is in canonical form

Xg e Xg:XyeXy = £2:22:% ; 1
In this representation, let

a.X = 0
be the plane containing the three points
on I' defined by (&), (£2),(X3)
Then, £,,£,,{3 are the three roots of
the equation

'Lll-ts <% 1.!2.{2 +uszlf +ay = ©Q

=> u = o O = us
~IL Ti+lo+4s Lo+l 40,4,

Thus, the eguation of the plane (13.9) is

13.6

13.

13.8

13.9

12.10

=y

04,1

Xy = (Da+da423) X2 + (Lada+fady+2:242) Xy = £)82245%n

If the three points ti co-incide, then the plane

defined by (13.12) is called the OSCULATING PLANE

at the point £, and is given by

Xy — 3fXs + 3£y = 3%, = 6
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Further, it is evident that every nonius-
line is a chord of I, and is defined by
the two points (%;),(%;) at which it meets TI.
And the chord (£,),({.) must lie in the
plane (4,,4:,%f) for all values of ft.
So, (13.12) =>
Ky= (Lt o) XohZy Lo Xs=2{Xo= (£ 425) Xa4t 5.} = 0 13,14
for ‘all values of f.
80, the chord (f,),(1;) has the
equation:

Xy = (La+£)%5 + £3%:X%,

]
o

13,15
Xy = (f1+12)X3 + Ilthg

i
o

And, if we put £, = {}, we find that the
tangent at the point (£;) is
Xy = 26:%; + £fXs = ©
13.1a
Xao = 2430y + tgx» = 0
Now, I' meets the plane at infinity,
when Xy = O 13,17
(13.17) being a cubic equation in £, it will

always have at least one real root.

Let this root be Iw.

Then, the asymptote plane to the cubic curve T3

is the osculating plane at £ = £

i.e, X1 = 3L Xs 4+ 3I;X3 - z;xa

I
o
'—}
w
—
(2]

Now, from (13.6), we have that for i = 1,4
Xy = Xq;jxj (3=1,4) -13.19

where {q{j} are the coefficients of 91,
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8¢, the asymptote plane is
o * 2 R e =
L (qii 3.&12i + 3t2q%, toaj )%, 0 33.20
(i=1,4)

Similarly, the asymptote line. , i.e., the
tangent at the point £ = £_, is given by:

* i La¥ =
?(qli 2tmq§1 + twq3i}xi 0

: v (i=1,4) 13.21
Z(qii - 2¢wq§i 4 t&gzi)xi = 0

If the cubic equation (13.17) hag

only one real root, then the entire curve I,
lies on one side of the plane (13.20), and
approaches the line (13.21) as an asymptote

at either end.

The matrices g and 0~', have been
evaluated for various fixation points on
The City ﬁniversity I.C.L 1905 Computer,
and various projections of the curve T' plotted.

(see, below, chapter 18)
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14 The gquasi-symmetric case: the space horopter

We have, from 83, that, if the
direction cosines of the line of fixation
of an eye are given by

u = (sina'ecosk, -cosa', -sina'sin)) 14,1
then, if the eye moves in accordance with Listing's
Law, the angle of torsion'of the eye is a well-
defined function of the co-ordinates of the point

of fixation, viz. (from 3.58, 3.59)

cosa'sin)

sint = 1 + sina'cosi 4.2
sina' 4+ cos)
COST = T+ sina'cosX £
Now, in the co-ordinate system of §12,
we have from (12.28) that the co-ordinates of
the fixation point are:
Xe = (asinacos), =-acoswu, —-asinasin)) 14.4
which is equal to the vector QOF
Hence it is evident from the symmetry
of fig. 12.1, that the vectors LF and RF are
given by ¥y (say) (i=1,2), where
Xg = (aisinaicosk, ~a;0c08u, 4 -aisinaisink) 14.5

(i=1,2)
i.e., the direction cosines of the two fixation
lines LF and RF are u, (i=1,2), respectively, where

-sina,sini) 14.6

Ry = (sinaicosl, —cosui. i
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Thus, we have, from (14.2),(14.3)

ccsa;sinl

sinT :
i 1+ 51nuicosk

sinui + cosi

iy YN S s sinaiEle

Also, from fig. 12.1, we can see that

the following relationships hold:

asin
sinui = —E%EE
1
coSa; = acosa + b
ay
_ acosm —b

cosus a
A z

So, if we now substitute for sinai, cosfﬁ

(1=1,2) from (14.9),(14.10),(14.11) into (14.7)

and (14.8), we find

(acosa + b)sin)

¥inTy = a; + asinacosi
_ (acosa = b)sin)
sinTy = a, + asinucosa
. asine + a,cosi
T ) a; + asingcosi

(i=1,2)

(i=1,2)

(i=1,2)

(i=1,2)

Whence, the matrix @, and thus the

horopter curve, I', is completely determined,

when a,b,z,A and £, are known.
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If

o = Xu

i.e., the fixation point, F, lies in the

median plane y = 0, then we have

in which case, (14.12)-(14.14), reveal

o R
ay + acoesi

SinT;

~-bsin)
a + acos)

sinTt,

= =~ ging;

and

a + aycos)
ay; + acos)

COST g

= CO08T)

]
v

(14.18),(14.19), together,

T2 = =T

So, if fixation is in the median plane,
-and the eye moves in accordance with Listing's
Law, then the relationship (14.20) holds between
the angles of torsion of the two eyes.

However, it has been shown®?%, that
Listing's Law is not generally true, particularly
so when the eyes are converged to a near point,

However, considerations of symmetry

indicate that it is not unreasonable to assume
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that a relationship such as (14.20) holds for
a certain region of fixatién space in the
vicinity of the median plane.

We will call the situation when (14.20)

is assumed to hold the quasi-symmetric case.

If we substitute from (14.20) into

(10.7), we find

« Sinl-mgoe) oo
K, e e = -1 14.21

Similarly

(10.8)=> k, = 1 14.22
(10.9)=> Ji1 = =1 14.23
(10.10)=> j, = 1 14.24

And, if these values are substituted into

(12.38)-(12.53) , the elements of O become:

gi11 = =8CA;(A;Tcos) + bsin}) 14.25
gi2 = SC(Kb*cos)A - A;bsini) 14.26
g1z = SCA; (A;TcosA + bsinl) 1427
dis = =SC(Kb%cos) - A bsinl) 14.28
921 = Afc’T 14.29
Qsy = 0O 14,30
g2s = Kb? + A3s?T " tany
oy = 0 : 14.32
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Qsz = SCA, (A;Tsin) - bcosi) E b B

g3z = =SC(Kb?*sin} + A,bcosl) 14.34
g3z = =—SCA;(A,Tsin) = bcos)) 14 . A%
G35 = SC(Kb?sin) + A,bcosi) 14,326
w1 = O 14,37
Gy = (T + KS?)b i4,38
gys = O 14,39
Qyy = KbC* 14,40
If we write
(€)Y = A=y ixs,xi2¢) 14.41

from (13.2), then we find using (12.7)

I'(l) = (0, b®(K+T),0,b(X+T)) 14,472
= (0,b,0,1) from (11.29) 14.43
= s
similarly
!’("1} = (Or"bIO:l) 14.44
= iR
and for the particular value £ = -Aa/A; we find
Az
I( A1,
2 8 2492
el sc(aZ-a?) (Kb*+a%T) cos) 14,45
Af
- . By (Kb*+a3T)
Xz s . 14,48
2 _ 3 2 x
SR sc(a?-a}) (Kb?+A2T) sink 14, 47
A
T
xy = DUKHAAIT) 14.48
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Simplifying with the aid of (12.8),

we see that

S0,

r{—%f}

i}

F

he guasi-symmetric horopter

meets the wvisual plane in the two nodal points

and the fixation point.

If we invert the matrix 2, with

elements (14.25)~-(14.40), we find that the

inverse matrix can be written

=1 r sl #
2 & SCRLb‘(K+T}{Rh*4A£T)Q

where the elements of 0* are given by

afa
qiz
ats
aty

ai
q¥.
q%s
gk

ai
q%,
q¥s
gy

(Kbsin)+A,cos)i) (Rb2+A38%T)
~SCA; (Kb2+A2T)
(KbcosA-A,sin)) (Kb2+A282%T)

(0]

A;C?%Kb (A,Tsin)-bcos))
o
A C?Kb (A, TcosA+bsin})

SCA; (Kb24ailT)

~A{C2T (Kbsin)+A,cos))
=SCA; (Kb2+A3T)
-AfC2?T (Kbcosi-A,sin})

(6]

l4e

(asinacos) ,—acosa,~asingsin?, 1)

14,49

14,50
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qf; = -A;b(T+ES?) (A;Tsini-bcos)) 14.63

gk = 0 ) 14.64

gz = -A;b(T+KS?) (AsTcosi+bsinl) 14.65

gy = =SCA; (Kb*+A3T) 14.66
Now, we have from (13.2)

Xy = thta + quz.fz + gusi + gun 14.67

and so from (14.37)-(14.40), we see

xy = (T+KS?)bi? + Kbe? 14.68
Herice, the only real root of

Xy = 0 14.69

is when'Ii
£ V= 14.7%0
Thus T is a twisted cubic with only
one asymptote plane at the point given by (14.70).

From (13.20), we have, for this value

of £, the equation of this plane is

quixi =00 F B S D

and, therefore, if we substitute from (14.63)-
{(14.66) , we find that the equation of the

asymptote plane, is

f There is a theoretical possibility for (14.69)
to have three real roots; this would require
¢ to be much greater than 1; and of opposite sign.
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s e SC(Rb*+a%T)
(AzTSlﬂ}t becos))x; + (A;TcosA+bsin)ixy + btw')—-—xq

= 0 14.72
and the asymptote line is found from (13.21)
where this plane intersects the plane

Ig3yx; = O 14.73

i.,e., the plane

A1CT (Kbsin)+Azcos)d) %y + S(Kb*+aA3T)x; + A CT (KbcosA-Azsin))x,

20 14,74

t.e.,, the line given by

_ SC(Kb*+a%T) gy - A1SCPT(Kbsin)+Azcos))
“ha (THK5”) e bA (T+KE7) N
sind+h,Tcosh A,CT
Z “
= 3 14.75
where
d = cos)k - A;Tsind 14.76

from which we can see that the quasi-symmetric

horopter, I', can take the form given by fig. 14.1.

If fixation is in the horizontal
plane, then X = 0, and the matrix for Q

becomes:
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Fig. 14.1 The space horopter:

quasi-symmetric case




~SCAA,T SCEb? . SCA1A,T
Afery 0 Eb?+als®T
-SCAb -8CA;b 8CAb
0 (T+KS2)b 0

and, the asymptote plane becomes

= _  SC(Eb*+23m)
bx ATz = --—---—-—--b [Ti’KS-TT_
and the asymptote line
% - SC(Kb’+ajm) gy - MAasC’T
B(T+RE%) _ _ %Y T B(T+Ks%)
AT A CT
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15 The guasi-symmetric case: the rectilinear

horopter

From (10.11)-(10.13), and (14.21)-
(14.24), we can see that in the quasi-symmetric
case the basic guadrics of the rectilinear

horopter are given by

S1 E (x'® 4 y'?)8C + CTx'z' = Ay8x' + A Cy' -A,Tz’
= 0
82 = X'y' - SKy'z' + A;8x" - ACy' - AKz' =0
8y = 8%x'* - c?y'? - KTz'? - (K-T)Sx'z' = 0
Let these three quadrics each be
represented by a symmetric guadratic form
such that
= !T (] P
Si B % Siﬁ
so that
sc 0 kT -%A,5
; 0 sc (o) kn,C
31 -
icT (0] 0 =LA.T -
' “3A,S %A,C  -3A,T ©O"
o] 3 (6} ¥n15
il (o] ~-LSK -%A,C
s =
(e} -L5K 6] -5A1K

A8 -%A,.C -31AK 0

150

15.5

T ]



s? 0 -3(X-T)S O
0 -c* 0 6]
.3
~L(E-T)S O ~KT 0]
0 0. 0 0

The form that a quadric surface can
take can be determined by considering the
determinant ISil, and, the eigenvalues of the

matrix 91, formed frcom the first three rows and

columns.
Now
[st] = atc*r*/16
£ 0
and
|9:] = -ksc?r?
# 0
Put Pju = upu
=>

LcT 0 -u

which gives
¥ = B8C, or k(s + E*4T=)

Thus, since § is of rank 4, and ?
is of rank 3, and the eigenvalues are not all
of the same sign, S; is a hyperboloid of one

sheet. (see: fig. 10.la)
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5; meets the visual plane z' = 0O,

(fig. 15.1), in the circle,

By + By = 15.13

12 12 B
x + ¥y ol

which we have seen in §10 is the Vieth-Miiller
circle.
It meets the plane y' = 0 (fig. 15.2)

in the two lines given by
(8x* + T2') (Cx' = Rp) & O 15,14

and the plane x' = 0 (fig. 15.3) in the

parabola
SCy'? + A1Cy' - AsTz' = 0 15.15
We have also
s3] = aixcch 15.16
# 0
but
[p2] = o 15.17

i.e., there is at least one zero eigenvalue,
'the characteristic eguation is
. 1| 1 (0]
1 -u -%8K = 0 15418

0 =%8KX -p
whose roots are
i = 0IoF TYI-4S°K> 15,19

Since S is of rank 4, and Dof rank 2
and the non-zero eigenvalues are of opposite sign

Sz 1is a hyperbolic paraboloid. (see: fig. 10.1b)
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S, meets the visual plane, z' = 0,

(fig. 15.1), in the hyperbola

X'y' & BySx' = A.gy! = O

and meets the plane, y' = 0 (fig. 15.2)
in the single line

8xt = EKz* = O
and meets the plane, x' =" 0 (fig. 15.3)
in the hyperbola

SKy'z' + A,Cy' + MKz' = 0O

For the third quadric, we have

(0]

il

|s4]

[Ds | SC% (KT + %S(K-T)?)

# 0

therefore S; is a cone.

This cone meets z' = 0 (fig. 15.1)
in the two lines
g (Cy'+5x') (Cy'-Sx') = O
and, meets the plane, y' = 0 (fig. 15.2)
in the two lines

(Sx'-Kz') (Sx'+Tz') = O
and, meets the plane x' = 0 (fig. 15.3)
in the single point (0,0,0), i.e. the vertex

of the cone.
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Sil|v!S3

¢

Fig. 15.1 The guasi-symmetric case:
Intersection of the base quadrics, Si,8:,5:,

with the plane: z' =0

= 12 (R e S U
by = x +y cx t3Y ¢]
Sz 3 x'y' + Alsx. =t AQCY' = (9]
53 = (Cy" + Sx'j(Cy' = Bx') = O



~Z

Fig. 15.2 The guasi-svmmetric caso:
Intersection of the base guadrics, $;,5,,S:,
with the plane: y' = 0

(Sx' + Tz") (Cx' - A3) = ©O

m

S,

Sz = Kz!' = O

S2

]
o

m

Ss (Sx® = Xz') (Bx' + Tz!)



I\z

Flg. 15.3 The guasi-symmetric case:
Intersection of the base quadrics, 5;,8,,Ss:,
with the plane: x' =0

Sy = SCy'? + A;Cy' = A,Tz'

I
o

S2

L}
(o]

SKy'z' + A,Cy' + AzKz'

S3 = the single point (0,0)



From (12.25), we have

where is defined by (12.27), and this
can be written

L g
if we substitute for x' in (15.4),

we can write &

(1)

(B 12) T80 (P2 x)

% pritslpet x

Thus , Si‘ can be written with respect to the
fixed co-ordinates x, as

S

3 X'S x = 0
l — —

where

= -1Taip-1
s P SiP
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16 The symmetric case: the space horopter

If the fixaticn point, F, lies in
the median plane

X = 0

that 1is to say, if

L}

a

5w
then we can see from fig. 12.1, that the
following relationships hold
a; = a:
at, = a* g B2
s = b/a
& = a/a;
and, from (12.5),(12.6), we have
Ay = 0
Hg) = -a,

and, from the discussion in 14, we can see

‘that

Thus, we can substitute these
values in (14,25)-(14.40), when, the elements

of 0, become
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gi1= 2

T Sy
g;z= 5¥(Kb cosi- a;bsin))
Gis= 0O

qyi= —-%%{Kh’cosl— a;bsinl)

g;1= O
qz2= O

g2 35= b? (K+T)

dzv= O
gar= 0O

e ab 2
qse= - 5¥(Kb sini+ ajbcos})
gss= O

n ab - S
qsy= ;?(xb sin)+ a;bcos))
gsi= O

qu2= 3?{Kb2 + aiT)

qu3s= 0
_  Kba?
Gan= TR
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So, in the symmetric case
0 a(Kb%cosk-a;bsin)) 0 -a(Bb’cosl-a;bsin})
0 0 atbh (K+T) 0
0 -a(Kb%sini+aibcosh) 0 a(kb?sin)l+a;bcosk)

0 Kb? + aiT 0 Ka?

Evidently, in this case,.T has degenerated

into the conic.

X1 = a(kKb?cosi-a;bsin)) (£2-1) 16.27
X, = atb(R+0)% 16.28
X3 = =—a(Kb?sini+aibcos)) (£2-1) 16.29
xiy = (Kb Saimé? ¢ gra? 16.30

This conic has been plotted by the computer,
see Appendix _

If now we take X = 0, so that
fixation is in the horizontal plane, then 0

reduces to

x; = Kb2a(f?-1) 16.31
X2 = atfb(R+T)zt 16.32
x3 = ~a;ba(t2-1) 16.33
Xy = (Kb%+afT)t? 4 Ka? 16.34

.

The considerations in §11, show,
that in the symmetric case, all the quadrics
of the family (10.17) have a common generator
given by (11.11), which, with the simplifications
of (16.3)5(16.9) become

x} = 0O

16.35
bxi + ayixl = ©
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Hence, the line (16.35) is
part of the common curve cof intersection of
the family of guadries (10.17).

Phat 15; 1t ig part of 1 Thus,
we have, that in the symmetric case, I' degenerates
‘into the conic (16.27)-(16.30), and the

common generator (16.35). (see: fig. 16.1)

Dividing (16.31) by (16.33) we find

Kb
Xs = 2 for all values pf i

i.e. the horopter conic lies in the plane

ai1Xy + Kbxy = O
This is a plane through the y-axis. If it ig

inclined at an angle 6 to the horizontal plane
then tanf = -%%
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Fig. 16.1 The space horopter

- symmetric case




17 The symmetric case: the rectilinear

horopter

With the relationships (16.3)-(1€.8)
the base quadric equations become:
from (15.1) 8; = (x'%*3y'?*)ab + aa;Tx'z' - afbx'
=airz' = 0 Y71

172

]
o

from (15.2) S, = y'"(ay%' - bKz' ~ aza;)

from (15.3) Sa

b2x'2 - a%y1?2 . aigpz'?

- (K=Tlaibx'z' =0 17.3

Now, from (17.1) we find

Ist] = o 17.4
and
|9:] = -%a®aibr® ¥ O 17.5
and thus we can see that the hyperbolcid of
one sheet (15.1), reduces to a cone, with
vertex
@k, o,-21k 17.6
Sz can be seen directly from (17.2)
to have degenerated into the two intersecting
planes;
: L e
1757
a)x' - bKz' - aay = 0O
And, we have from (17.3)
[si] = o 17.8
[p:] # o 17.9

so that S; is still a cone with its vertex

at the fixation point.
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S; meets the plane (fig. 17.4})
Z' = zZp 17.10
in the circle

1 1%

I
@]

(x'2 + y*2)ab + a;la Tzp - a;b)x' - aiTz,

which, in the co-ordinate plane (fig. 17.1)

9 = 0 17.12
becomes the Vieth-Miiller circle:
. 4
x'2 4 y12 — glx- = 0 17,13

S5, meets the plane (fig. 17.5)
¥i'e 2= Vg 17.14
in the hyperbola
x'%ab + aa;Tx'z' -~ afbx' - ajTz' + aby? = o0 17,18
which, in the co-ordinate plane (fig. 17.2)
Yoo t0 17516
degenerates into the two lines

(ax' - af) (bx' + a;Tz') = © 3 by 0 )

S; meets the plane (fig. 17.6)
x" = oy 17.1L8
in the hyperbola .
abxf + y'2ab + a;T(axp- af)z' - afbxy = © 37,29
which, in the co-ordinate plane (fig. 17.3)
Xp' =0 17.20
becomes

y'2ab = ajrz' 17.23
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5; meets the plane (fig. 17.4)
iy 17.22
in the two lines -
y! = 0 1723
ayx' -~ bKzy -~ aay = 0 17.24

which, in the co-ordinate plane (fig. 17.1)

zZp = O 27028
becoms

yt =0 17.26

x' = a 17.27

S; meets the plane (fig. 17.5)
¥ = oy 17.28
in the single line
arx' - PpEz" - 458 = D 17.25
but, in the co-ordinate plane (fig. 17.2)
2T Pt Ve 17.30

S2 is the whole plane.

S; meets the plane (fig. 17.6)
X' = Xy 17.31
in the two lines
Y y'= 0 e ise b
bKz' = a; (x¢~a) 17%33
which, in the co-ordinate plane (fig. 17.3)
R K 17.34

become the lines

I
o

y! 17.35

Zh= .

17436
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S; meets the plane (fig. 17.4)
g2l = 2z
in the hyperbola
b2x'? - a?y'? - (K-T)a;bzex' - aikrz}
which, in the co-ordinate plane (fig. 17.1)
zg = 0
degenerates inte the pair of lines

(bx' + ay')(bx' - ay') = 0

83 meets the plane (fig. 17.5)
o=
in the hyperbola
b2x'? - afkrz'? - (K-T)a;bx‘'z' - ay}
which, in the co-ordinate plane (fig. 17.2)
S
becomes the péir of lines

{(bx' + a;Tz"')(bx' - a,Kz') = 0O

83 meets the plane (fig. 17.6)
X1, = Xy
in the ellipse
: a’y'? + aikrz'? + (K-T)aibxez' - b?x}
which, in the co-ordinate plane (fig. 17.3)
Xp = 0

becomes the single point (0,0).
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Fig. 17.1 The symmetric case:

Intersection of the base guadrics, S, ,S, .,S5..,

with the plane : z' = ©

81 = x'* 4+ y'? - gix‘

éz Sl giiEl= a)

§s = (bx' + ay') (bx' - ay')
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Pig., 17.2 The symmetric case:
Intersection of the base gquadrics, 8;,82,83,
with the plane: vi "= 0
83y = (ax' - af)(bx' + a;Tz') = ©
S2 = the whole plane;

the line:

aix' - bKz' - aja = 0

is the line of intersection of the
two planes of S;.

Ss (bx* + a;Tz") (bx!' -~ a3Kz"}) = @



S
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F }Yr
S
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Plg, 17.3 The symmetric case:

Intersection of the base quadrics, S;,8:,8:,
with the plane: x' = 0

8y = y'%ab = ailTz!
S, = y'(bKz' + aja) = O
S3 = the single point (0,0)
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Fig. 17.4 The symmetric case:

Intersection of the base quadrics $;,S,,8:,
with the plane: R

S1 = (x'?+y'?)ab + a; (a1Tzo- a1b)x' - aiTz, = 0

y'(a1x' = bKzy - aa;) = 0O

m

Sa

Ss bZx' - a?y'? - (K-T)a,bzix' - alkrz? =0



Bl vilch The symmetric case:
Intersection of the base guadrics, $;,S:, Sa,
with the plane: y' = v,

81 = x'?ab + aa;Tx'z' - afbx' - ajTz' + aby}

S,

S3

i

i

a;x' - bKz' - aja = 0

b?x'? - afKkTz'? - (K-T)a)bx'z' - a2y}



PN ARV N 7% 0 T S e 4%
Fig. 17.6 The symmetric case:
Intersection of the base guadrics, 8;,8:,5:,
with the plane: A
S; £ y'?ab + a;T(axg~af)z' - bxg(axe-af) = 0
Sz = y'{bKz' - ai1(x¢-a)} = 0
Sy = a’y'? + afkKTz'? + (K-T)aibxez' - b?x} =0



18 Bumerical examples

i) The guasi-symmetric case

We will take

a = 300 (cm)
Ry el

a = ku

A Rl 0

e = 0O

and assume
Ty 0 = =l 0002
The various functions have been evaluated by

the computer programs shown in the Appendix.

We find:
81 = x'? 4+ y'* 4+ 2.828x'2' -300.015x%"'
+ 299.985y' -B48,549x'z' = 0
(81 "= o.opls
[922] = -5.57 x 10-¢
centre = (300.15,-149.992,-106.074)

eigenvalues of Dy 0.02828, 0.01414, -0.01414
corresponding principal directions (i.e. eigenvectors)
0.8165 (0] 0.5773
(0] =1 (6]
0.5773 O -0.8165
Hence, 8; is a hyperbolcoid of one sheet,
A perspective view of the generating lines of
this surface is shown in fig. 18.1 as output

by the computer program
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Fig. 18.1

quasi-symmetric case

perspective view

‘Note:

ter the nodal points

Throughout this chap

are indicatedbvy red dots.



82 £ x'w' = D.3535%"z! 4.0.015%!

= 300y = 106.06z! =0

|si] 0.0018
|p2] = ©

Thus there is no inverse of P, and hence no

centre to the dquadric

eigenvalues of P, 0.02121, 0, =-0.02121

principal directions:
0.6666 -0.7071 -0.2357
0.3333 (0] 0.9428
0.6666 0.7071 -0.2357

gquadric is a hyperbolic paraboloid

83 = x'"?.- 19998y'* - 19009z'? - 7068x'z' =
st = -0
IPs] = 2.0 x 107°
~centre = (0,0,0)
eigenvalues of Dj 0.0012,~0.04,-0.0412

pPrincipal directions:
0.986 0 =0;5169
o] 1 (o]
" 0.169 (6] 0.986

thus, the guadric S; is a cone.
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The fixation point. is at (212.132,-212,132,0)
The horopter is given by

~0.01444% + 0.50914? + 0.0144% - 0.5091

»
n

0.0144%* + 72.0144%

»
e
]

~-0.00364° -~ 0.50914% + 0.0036% + 0.5091

5
w
]

0.0108%% + 24.0000

»
E
L}

The real roots of

%5 0 are 1% 35.3553,1,-1

X3 = =0

I

-141.4284,1,~1

0 t
Xy = O 1
(6] f =ow
T(1) = (0,72.0288,0,24.0095)
= (0,3,0,1)
= L
r({=1) -= (0,-72.0288,0.24.0096)
= (0,-3,0,1)
= R
I'(-141.4284) = (50916.27,-50916.27,0.00,240.0216)
=  (212.132,-2Y2.132,0,1) .
= F

I't35.3553)

(0,3182.4260,-794.8348,37.4989)
"= (0,84.867,-21.196,1)

This is where the horopter crosses the
vertical plane through the nodal points and is
lost to sight of the eyes.

I'(0) = (-0.5091,0,0.5091,24)

= (-0.0212,0,0.021,1)
So the horopter crosses the median plane .2mm
behind the eyes and .2mm above the horizontal

plane.
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Riges)

(-0.0144,0.0144,-0.0036,0)

(1,-1,0.25,0)

This is the direction of the horopter
as it tends to infinity; the symmetry between
the x and y directions is, of course, because

we have chosen o = k7.

IRl i s
-55,5450 0.0139 -55.5436 O
0.3926 O ~-1.5706 0.0416
0.0111 0.0139 0.0111 ©

-0.0002 O 0.0007 0.0416

The asymptote plane is
%= 1,25y = 235.71
and the asymptote line

X 28500% - & wtd 188457 =
4 =5 y

This curve has been plotted by the
computer (see the Appendix), both as projections
onto the various co-ordinate planes, and also
'in two perspective views. (see: figs. 18.2, 18.3,

184, :18.5, 18.6)
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Fig. 18.2 Computer generation of T

guasi-symmetric case

projection onto the plane
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Fig. 18.3
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Computer generation of T

quasi-symmetric case

projection onto the plane
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Fig. 18.4

Computer generation of T

quasi-symmetric case

projection onto the plane
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Fig. 18.5 Computer generation of T

quasi-symmetric case

perspective view
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Fig. 18.6 Computer generation of T

quasi-symmetric case

perspective view

different scale and aspect to fig. 18.5



ii) The symmetric case

We will take

a = 300
b = 3

a = k7
P X )

A gL o)

and assume

Ty = =T, = 0.02
when, we find:
Sy = x'* +y'? + 2x'z' -300.015%" -600.03z"'
[si] = o
Iih] S 52 i o Y
centre: - {300.015, 0, -150.007)
eigenvalues of ¥, 0.0324, 0.02, -0.0124

corresponding principal directions

0. 8506 (0] 0.5257
0] =X 0
0.5257 0 -0.8506
Hence the quﬁdric S; is a cone.
But this quadric will meet any plane
parallel to the visual plane (i.e. the horizontal
plane), say

gl el

in the circle

x'?2 + y'% 4+ 2(z§ - 150.007)x' - 600.03z =
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That is, the circle whose centre
is at the point

(-z§-+150.007, 0O)

and whose radius, R, is
z{+150.007
S0, in the visual plane
Z4 = 0, this is the circle
centre: (150.007,0); radius: 150.007
i.e., the Vieth-Mliller circle.
and, in the plane
z} = -150.007, this is the circle
centre: (300.015,0); radius: O
Hence, the circle of intersection eof 83 with
the horizontal plane reduces to a point, and
thus the hyperboloid of one sheet reduces to

a cone through this point.1I (see: £fig. 18.7)

S = 2xiy' — ylz!' = 600.03y" = 0O
|$2] = |P2| = o
which implies, and which can be seen directly,
‘that S, degenerates into the two intersecting

planes:

y'(2x' - z' - 600.03) = O

(see; fig. 18.8)

f The computer (see Appendix) showed S; to be a
hyperboloid of one sheet, due to rounding errors
in the determination of [Si]: in spite of using
double precision arithmetic to over twenty

significant figures.
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83 = x'? - 10000y'?- 10000z:%- 4998x'z' = O
|83] = o

ID;| = 4 x 10—5

centre: (0,0,0)
eigenvalues of 7; 0.0024, -0.040, - 0.0424

principal directions

0.9733 0 ~0.2300
0 1 0]
0.2300 0O 0.9733

Thus, S3 is a cone with vertex at the origin. (fig. 18.9)
Now, 8 can be written
(x¥-=300,03) (X '422%) + y'2 = ©
and 83, as
(x'=-5000z') (x'+2z') .~ 10000y'? = o0
Thus, it is evident that the line
y! = O
k) e 220 =
is common to all three surfaces, and is thus the
commen generator of these surfaces.
And, it can easily be shown, that the
‘locus of the residual points of intersection
is the ellipse:
5%'2 + y'? - 2700x' + 360000 = O
2xt = = 60003 = O
i.e. the explicit (non-parametric) form of

the symmetric horopter.
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| \ Fig. 18.7 Computer generation of 8,
|

/ -\ symmetric case; perspective view

i



Computer generation of 8,

Fig. 18.8

perspective view

symmetric case;

two intersecting planes.



Fig. 18.9 Computer generation of Si;

symmetric case; perspective view




The fixation point is at (3200,0,0)
The horopter in parametric

form is given by

X1 = 0.72(£%-1)

X2 = 72.00&%

Xy = ~1.44(2%2-1)

Xy = 0.012%% + 24.0

which, as we have already seen, and is indicated

by the fact that each expression is a quadratic

in the parameter, is a conic. (see: figs. (18.10-13))
The roots of each eguation can be

seen immediately, and we have:

DLy = (0,72.0:24) " = [(0,3,0,1)

P{=1) =  (0,-3,041)

o) = (-0.03,0,;0.06,1)

T () (60,0,-120,1)
Note, the point (») is on the conic, not at
infinity.
l2] =0
so there is no inverse matrix.
The asymptote plane is
X = 22 = 300:=" 0O s
and, the asymptote line is
Yy =0
3 = 2 = 300 = 06
We have from (12.25), that

£ =2z
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Where, substituting the numerical

values into (12.27),

=1 0O 0 300

Q- =1 0. o 8
P =

(0] o/ 0

0 o 0 3

i.e., we have
3y o |t 300.
Yo g
z = -
if we substitute for x,y and z in the equations
of the asymptotic line, they become
Flemanid 0
x! +2z2t = O
80, the asymptcte to the decenerate cubic

represented by 2, is the common generator.
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Fig. 18.10

symmetric case:
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‘\\‘\R - -// A

Computer generation of T

projection onto the plane

z2 = 0




Fig. 18.11 Computer generation of T

symmetric case: projection onto the plane

Y. = 0O
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Fig. 18,12 Computer generation of T

symmetric case: projection onto the plane

X = 0 -
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Fig. 18.13

symmetric case:

Computer generation of T

perspective view




iii) The general case

We will take

& = 300
b.-=3
a = 70
X = 30
& =)

and assume that the angles of
torsion are determined by Listing's Law,
when , we find:
81 = x'? +y'? + 0.15%'y" + 1.58k"2" - 0.085y g1
- 300.025x%' + 64.25y" - 484.94z' = O
Isi] = 1.66x10™"
21| = -4.22x10-¢
centre: (302.75,-63.66,-187.09)
eigenvalues of 7y 0.027, 0.0192, -0.008
corresponding principal directions
0.8737 0.0974 0.4767
0.0595 -0.9938 0.0941
0.4829 -0.0539 -0.8740

Consequently, S; is a hyperboloid of one sheet.

Si E.x'? 4+y'? 4 2.91x'y" - 0.282'x" + 10.56y'z"
-300x' - 764.16y' + 1235.8z' = o0
I$4] = 2.98x10"®
[D2] =-1.69x1077

centre: (309.62, -108.94, 7.64)
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eigenvalues of 7, 0.011, 0.002,-0.C08
principal directions
0.197Y 0.7383  0,6450
0.9637 =-0.0252 -0.2657
0.1798% -0.6740 0.7165
So, in this case, S: is also a

hyperboloid of oune sheet.

Sy = x'? - 11324.48y'2 - 68408.08z'?
-4370233x'z' = O
st = e
lpy| = ~4.4 % 10°°
centre: (0, 0, O}

eigenvalues of Py 0.005, 0.003, -0.033
principal directions
0 =3 g
0.9599%9 0 -0.2804
0.28%04 Le] 0.95929

Thus Sy is a cone with its vertex at the

origin
The fixation point is at
(244,139, -102.606, -140.954)
X, = =25.27¢% + 16990.6%%+ 25.27¢ - 16990.6
x2 = =-£® - 8773t* + 2058534.6%4 - 338.9

xs = 20.06%t* - 7089.84t? - 20.06¢ + 7089,84
Xy = 0.15%% + 38.254% - 2897.4%f + 686139.48

173



7 .—_’—/’-/-— T e
,_//
I_ /'/
- -/’
Ve

- //

o

1/
3

= S “_,._"T_H_T___;
.‘_ \\ '
Fig. 18.14 Computer generation of T
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Flg. 18.15 Computer generation of T

The general case:
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projection onto the plane
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Fig. 18.16 Computer generation of T

The general case:

X = 0

Projection onto the plane






The real roots of

¥y =0 are £ = 672.342,]1,=1
xR D0 £ = -353;38, 1, %1
XN D £ = 281.677
The fixation point corresponds to
t = =-456.939
The point at infinity,
£, = 251.677
[ -69.257 0.013 -6.926 O !
; 0.048 O =1.958 0.042
Q' —
0.014 0.013 0.001 0
¥ o) 0 o} 0.042 |
The_asymptote plane is
X 4+ 0.88y * 1.3z + 6,01 = 0O
The asymptote line is
X + 004 - y=0,03 °
1.4 T TR

The computer generation of TI', as output to

the graph plotter, are given in figs. (18.14)-(18.17)
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19 The locus of parallel chords

It was shown in (8.15), that there
is a unigue nonius-line through every point of
space. Each nonius-line, however, is a chord
of the horopter curve, I'. So, there is a chord
of T passing through every pecint of space; and
this chord is unique - exceﬁt for points on T,
which have an infinite number of such chords.

In view of the experimental methods
used in plotting the nonius horopter??® it is
of interest to examine the curve in which the
chords that are parallel to each other intersect
the horizontal plane .

If thg point at infinity on T is designated
as in §13 as (£_), then the family of parallel
chords are the lines joining the point (£,) to
every other point (£) on T.

If, in (13.15), we write

o=t 19.2

Then, the eguations

X1 - pX2 + gXs

1}
o

19.3

I}
o

X3 = pXs -+ gXy

will generate the family of parallel chords

as £ varies between +e.
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From (13.6), we can deduce that,
under the transformatiocn
B X
the plane
u.x = 0 19.4

will transform to a plane

U.X = 0 (say) 19.5
where

u = (g Ty 19.6
d.e.

v = 0Tu 19.7

where QT is the transpose of the matrix Q.

Now, in the fixed co-ordinate system

%, the horizontal plane is given by

X3 = 0 15.8

e
]

(0,0,1,0) 19.9
Thus, (19.7) =>

U = (d931,932,952:,934) 19.10

i.e., the horizontal plane has the
equation

931X1 + g32X2 + gaaXs + g3Xy = O 19,11

in the representation X.
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New, let the chord (19.3) , meet
the horizontal plane (12.11) at a point ¥ (say).
Then, it can be shown, that the corordinates

of ¥ are given by

g32q® + Qzapq + gsu (p*-q)

- 4 igss + gauP
¢ 3 G119 G354 aq LN

~qs1pg - ga2q * g2

wcgaq (PP=a) - Gs2P — G332

If this point corresponds to the
point y, in the original co-ordinates, then
we have, from (13.6)
Yy = 0y 1935

and, evaluation gives:-

” i 2 s :
i = (94793579;293709° *+ (94,93379;393; P9
; o 2 3
+ [qilq34 qqu31] {p==a) + (qizq:;:; q13q32)q

+(d50934793493)P + (9339347934933) (=14 19,04

If we put

A;k = 93493~ 945935 32545
and substitute from (19.1), and (19.2),
we find that the locus of the points where
the parallel chords of I' meet the horizontal

plane x3 = 0, is given by
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Yy

If we now limit our consideration to
the quasi-symmetric case, with fixation in the

horizontal plane, when @ is given by (14.77).

(A} 2 £24RT 52 4AT4) 22
i i i i
+ {732+ (AT +AZ3) 4 +AZ4 I

+ atiezaabiz i (1=1,0)

From which we can see that

Xy

which implies that x, will only vanish, when

£ = 0

Hence

(T+KSZ)bt? + Kbe?

If we let £ -+ 00 in (18.16), we

find that the locus of parallel chords is

given by

and, if we substitute the values of qij from (14.77)
into (19.15); and from (19.15) into (19.19),

we find

Ya
Yz
Y
Yu

it

Yi

SC (Kb2+A3T) (£2-1)
~A1A2C2T42+b2 (T4K) £4A;A,C2T
0

b (T+KS?%) 4% + KbC?
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Which we can see is a conic in the

plane %3 = 0

If now, we consider the symmetric
case, I.e., we take a fixation point in the
median line as most of the experimentalists
have done. We put
a = %k 15.24
and the simplifications (16.3)-(16.8) apply.

Then we have

y» = a(Kb? + aiT) (t? - 1) 19.25
y2 = aib(T + K)¢ 19.26
Ys = o 19,27
vi = (Kb? + aiT)t + Ka 19.28

If we eliminate % from these eguations
and revert to non-homogeneocus co-ordinates,
this conic can be written:
ab’kx? + a(KbZ+aiT)y? + b?(Kb2+a?T-Ka?)x
. = ab? (Rb*+afT) = o0 19.29
(0]

This® conic is an ellipse, as can be

seen by re-writing it in canonical form:

S 2
lEKSl + L o= 19,30

where:
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i w  2f(EHT)
2aK

B = _-%E'LK_‘;?LQ‘?—_"
2avK (Eb”+aiT

Ka?-kKb?-atT

i 2aK

Thus, the chords of TI' that are
parallel to each other lie on the surface of
an 'elliptic cylinder; (i.e. a cone with its
vertex in the plane at infinity) which intersects
the horizontal visual plane in the ellipse (19.30).
That is, the ellipse with axes, A and B, and
centre (C,0), where A,B and C are given by (12.31)-

(EF. 333 .
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20 Comparison with the classical horopter

Experimental work on the horopter?®??
has determined it to be a plane conic curve
lying in the visual plane. The fact that a
plane curve has been found, although, as the
analysis in §11 has shown, the horopter is a
cubic curve twisted in space, is impliecit in
the design of the nonius experiment.

Experimental work has been based, in
the main, on two criteria, the apparent fronto-
parallel plane and the identity of wvisual
direction.

The former criterion seems to be so
strongly influence by extraneous factors, such
as the colour of the test-rods, the background,
and other clues, that it is not amenable to
analysis.

In fact, this technigue is increasingly
being discarded, as one authority puts it

"The apparent frontal plane horopter
++. has no direct relationship with
corresponding retinal points,"®?*?
and perusal of the literature makes it puzzling
that any-one should have thought that there was.

In the nonius technique??®! , the
subject fixates binocularly a point in the
median line. He is then required to report

the position in which the monocular images of
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a rod, as seen by the right and left eyes,
appear to be in line. The point where this
rod meets the horizontal viéual plane is taken
to be a point of the horopter. The locus of
such points is found to be a conic curve.

However, as the discussion in §8
has revealed, what this experiment is determining
are not the self-corresponding points of the
horopter, but what we have called the nonius~
lines. That is, the nonius experiment is not
plotting I', it is merely locating certain chords
of I.

Now there is a unique nonius-line
through every point of the visual plane. It
is suggested here that the nonius experimental
technigue is sélecting the nonius lines that
are parallel to each other. 0gle?®?? geemed
to imply this possibility in his definition
of the longitudinal horopter surface, but it is

only mentioned in passing and is not developed.

EquaFion (2.11) is Ogle's explicit
equation for the longitudinal horopter in terms
of H, the Hering-Hillebrand deviation coefficient,
which can be re-written (interchanging x and y

to conform to our co-ordinates):
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X 2
x2{1+g§} + y’{l»%%} - x{é?fh* + Hb} - b? + Egh

which we can re-write in the form

iﬂigélz + %Tz = g
where
S
B2 2 ‘b(a2+b2)3
a(zZza+Hb) (2b-Ha)
‘ ct = fla’-b’+iab)

~ Za + Hb

If this curve does, in fact, represent

the locus of parallel chords (19.30), then we

must have
A - Al
= B'
c - Gt

where A, B and C are given by (19.31)-(19.33).

Solving these eguations simultaneously,

we find

2aT

* = T B®I)

Thus, since b, the semi-inter-nodal
distance is (almost) fixed for a given observer,
H is found to be a function of the fixation
distance, and the mutual angle of torsion of the

two eyes.
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In Part II, above, we found an
expression for the angle of torsion of an eye
in terms of its azimuth angle and angle of
elevation on the assumption that the eye moves
in accordance with Listing's Law.

However, if the eyes do so move,
and fixation is in the horizontal plane; we
have from (3.65) that

o O 20.10
If we put this value of the angle of torsion
into the eguations for the symmetric horopter

{(16.31)-(16.34), they reduce to

x; = ab?(t%-1) 20,51
Xz = aibt 20.12
Xg = 0 20.13
X &= hAEE 4oal 20.14

whatever the value of the vertical
deviation €.

Eliminating %, can be written

ax? + ay? - (a’-b?)x - ab® = 0 20.15

which is the equation of the Vieth-Miller circle.

Similarly, if (20.10) holds, then,
from (20.9), H is zero too, and Ogle's eguation
(20.1) also reduces to the Vieth-Milller circle

£20.215]) .
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_For this reason, we have not assumed
Listing's Law to hold in the symmetric case,
but have followed the results of other investigators®®®
in assuming it to break down in an individual
way when the eyes are converged; and have taken
the quasi-symmetric approximation

Tg =, =73 20.1¢6
to apply. .

Since the time of Hillebrand®®", the
Hering-Hillebrand deviation has been held to be
a measure of the relative asymmetry of the
corresponding points of the two retinas.
However, this leads to the problem, discussed
above'?®, of explaining the apparently lindar
variation of the coefficient H, with the
fixation distance (see: fig. 2.22).

However, equation (20.9) reveals
that on the basis of the preceding arguments,

H is indeed a linear function of the fixation
distance. Further, the asymmetry is
'intfoduced into the configuration not as a
result of a structural retinal asymmetry, but

as a consequence of the relative cyclo-torsional
movements of the eye. Indeed, as we have just
seen, if there is no angle of torsion there

is no deviation. Hence, any arguments against
the cortical linkage of corresponding retinal
points on the basis of the horopter deviation

are rendered redundant.
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21 Some Experimental Considerations

(i) Inclination of the symmetric horcpter

For symmetric horizontal fixation we have
found that the horopter degenerates into a straight
line through the fixation point intersecting a conic
that passes through the nodal points of the eyes.
This conic lies in a plane inclined at an angle 8
to the horizontal plane, where 6 (from 16.37) is
given by

tang = -~ %ftant; 22,1

So if the angle of torsion is zero T will lie
in the horizontal plane.

The ability of the eye to resolve two
points in the vicinity of the fixation point is said?®?®
to be 1' of arc. Hence a shift in the inclination
of the plane of the horopter greater than this would
be observable.

Ifweput 86 = 1'and b = 3 cm. in

(21.1), we find

tant; = - F'I-g'og‘“og‘
=> |z| = 9;%2 degrees 21.2

Thus for (say) a = 300 cm. T would be of the order

of 0.6" of arc which is beyond the precision of any

. current technique for measuring this angle.

Hence we can say that the presence of a
demonstrable amount of torsion in, the eye will produce
an observable effect on the inclination of the

horopter.
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(ii) Stability of the fixation point

We have seen (in §16) that the twisted
cubic curve I degenerates into a conic when fixation
is in the median plane. However the work of
Ditchburn®?’ and Millidot®®® indicate that under
prolonged fixation the fixation of the eyes shifts
through about 30' of arc.

It is therefore worth considering the
effect of small changes of fixation on the shape of
the space horopter.

In the equations of §14 we can put A= 0

so that fixation is in the horizontal plane and

a = kv - §a 21.3

where 8a is small enough so that second order
terms can be neglected.
The equations for the horopter curve

then become

x; = —ab{abTéaf - Kb} (£2~1) 21.4

X2 = a'?b(K+T) 21.5

xil - -§¥(abauz + a'?}(£2-1) 21.6

Xy = (Kb? + a'?7)t2%+ Ka? 21,5
where

a' = a“+b 21.8
i.e. a;, = ar - Bla 21.9

If we put §a=0
(16 .31)~-(16:34)

a
then (21.4)-(21.7) reduce to

, the symmetric case.
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We can study the appearance of this
curve by considering its projection onto the plane
Y = 0 from a viewing point with co-ordinates
(dy,dz,d3).

We can show that ﬁhe co-ordinates in the

plane of projection (X,Y) are given by

x = Xga-oxdy 21,

Xydz - X2

Y = Xadg - XQda 21.

Xydaz = X2
If we substitute the parameters of the symmetric
horopter from (16.31)-(16.34) into these expressions
we find that the points (X;,¥:) of its projection
are given by

d,Kb%a (£%-1) = d,alb (K+T)2
A2 { (Kb“+afT) L+ Ka’} - atb (K+T)Z

Xy (£)

(e dyajba(£2-1) + dsafb (K+T)2 21,
¥ ‘E;rt§5133?$T27¥“K51T‘:‘Z¥E{x?ﬁTE

This curve is shown as the part dotted conic LRPCQ
in fig. 21.1 for a = 300cm b = 3em T = 0.02
from a viewing point (30,100,100).

If we substitute from (21.4)-(21.7) into
(21.10),(21.11) we find that the projection of the
horopter with the fixation point shifted through an
angle 6a is given by

-a’bT6ad,?

X2(2) = FI7aimIt+ KaZl- app Mz + X1 (8)
—a’b%6ad,£3/a" + ¥ (2)

Y2 l) = T BRI I+ KaZl- a{b (K+T) £
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100

ONF(300.0.0)

Fig. 21.1 Instability of the Fixation Point

B(60-80,-120)

When 8a=0 T consists of the conic LRPCQ lying :
in the plane ABCD:together with the common generator GF.

When 6a=30"

I becomes the twisted

ABCDE
GF

2x + 2z

X - 2z
Y

D(60,80,-120

cubic GMQLRPNF

=0

= 300
=0



If we put da = 30', we find that the
horopter becomes the twisted cubic curve GMQLRPNF.
The gap between M and N is found to subtend an
angle of about 13° at the eye.

From this it woul& seem that as a
consequence of the fluctuation of fixation the
part of the conic shown dotted in fig. 21.1 would

be indeterminate.

189,



(iii) Comparison with experiment

There is surprisingly little actual
experimental data on the horopter in the literature.
However we have the following observations made
by Ogle®?®?, for which a = 40.4cm b = 3.2cm.

lane : 127 L % 4% ] 28139

mean reading (cm) |-5.5|-3.8[-2.3|-1.9/~-1.7

deviation (cm) |+2.8|+1.6[/+0.9/+0.6/+0.4

These figures are the mean positions and total
deviation of 15 readings. Unfortunately we do
not have the raw data nor the standard deviations.
These points have been plotted in fig. 21.2.

The wide deviqtion in the 12° lane is an
indication of the accuracy of the experimental method
aﬁd is a measure of both the resolving power of
the eye at this point of the visual field and of
the instability of fixation.

The locus of parallel chords to the horopter
in the horizontal plane for a small displacement
of fixation through a small angle da is given by
(from 19.20-19.23)

yi = a(Kb+a'2T) (£2-1) 21.16
y2 = =a®SaT(£2-1) + a'?b(T+K)% 2147
Y» = O 21.18
¥s» = (Kb%+a'?T)%? + Ka? 21,19
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which eliminating £ can be written
ab?Kx? + a(Kb2+a'?T)y? - 2a’Téaxy + b? (Kb%+a'?*T-Ka?)x
- ab?(Kb%+a'2T) = 0
21426
z2 = 0
If we compare this equation with (19.29)
the equation for the symmetric case, we see that
the effect of the small angular displacement of
the fixation direction by 6a adds the term
-2a’PSaxy to the symmetric equation.
That is the conic (21.20) is the conic (19.29)
rotated through an angle 8 where

2a6a
&8 00

al 2121

tan26

i.e. 0, the rotation of the conic jg approximately
equal to the displacement &a. .

Using a least squares method of curve
fitting, the mean points of fig. 2.2 can be best
fitted by the equation

x? + 2.62y? - 37.83x - 27.97 = 0 21.22
this is plotted as the solid curve in fig. 21.2

Comparison of (21.20) and (21.22) suggest
that the experimental curve is satisfied when

fa = 0
Tihm 6,19
This angle of torsion is high for this fixation
distance but is not impossibly high, see Allen and

Carter (1967)%"°,
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If we put this value of the angle of
torsion into 21.20 it becomes

x% + 2.62y?% - 3.26axy - 37.83x - 27.97 =0

The lower limit of the experimental
curve can be seen from fig; 21.2 to be the point
(32,6.8).

If (21.23) passes through this extreme
point, we find

sa = -0.134% = - 7.7°
In this case (21.23) becomes

x% + 2.62y? + 0.43xy - 37.83x - 27.97 = 0
which is plotted in fig. 2.2 as the dotted line.

It is unfortunate that the available
experimental data does not permit a statistical
analysis of the significance of the departure of
a reading from the mean position. It can be seen
however that a single set of readings could occur
with the fixation shifted through 7° without that
fact being revealed and it would take a large number
of readings before any rotatimof the fixation point

could be demonstrated.

192

21.23

21.24



{iv) A proposed experiment

Fig. 21.3 illustrates a proposed
experiment to determine the projections of
corresponding retinal points.

ABCD is a screen, -located about 1 metre
from the two eyes R and L, and perpendicular to
the median plane. On this screen there are placed
small lamps one of which (F) is identified as the
fixation target. One other lamp on the screen L; is
illuminated and a polaroid filter is placed in
front of it.

Another lamp (L;) is placed half a metre
away from the eyes and is freely moveable by the
observer. This lamp is also shielded by a polaroid
filter.

The polaroid filters are crossed with a
pair worn by the observer who will see one lamp
with the right eye only and one with the left.

The experiment will consist of the observer
whose head must be rigidly fixed adjusting the
position of L, until it appears to lie in the same
direction as Lj. In this way we will be able to
map the positions of corresponding retinal points
and also to calculate the co-ordinates of the
horopter points which will be located at the points (P)
wheneva; the two lines RL; LL, intersect.

Care must be taken to ensure that fixation
is maintained, and that fusion is not encouraged. The
sensitivity could be increased by sequentially flashing
the stimuli.
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Fig. 21.3 Proposed Experimental Layout

Polaroid filters are so arranged that the light L

is seen by the right eye only and the light L, the left.
While the eyes fixate the point F. The lamp L, is
adjusted until it appears to lie in the same direction
as Lj. In this way corresponding retinal points

can be mapped on the plane ABCD. If the lines RL,

and LL; intersect at P, then P is a point of the

space horopter.



22 Conciusion

The horopter is the mathematical
ldealization of the psycho-physioclogical concept
of corresponding retinal points.

The idea that there are points within
the two eyes that must in some way correspond
with each other is at least as old as Aristoille,
and the concept of corresponding points and
the horopter has been traced in outline from
thelr early beginnings to the present day.

The original concept of the single
perception of an external object as the criterion
f or the definition of the horopter was invalidated
by Wheatstone's discovery of thé ability of the
eye tc fuse disparate images.

The critérion that the horopter can
be identified with the position of the apparent
fronto-parallel plane appears to be based on no
moxe than an assertion of Hering's, and there
seems to be neither logical nor mathematical
reasons for its consideration.

One must therefore agree with the
current.view that the-only valid cfiterion for
describing the horopter is that of the identity
of visual direction in the sense defined in §4,

above.
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Except for Helmholtz, all previous
workers on the horopter have limited their
discussion to two dimensions. As well as leading to a

misunderstanding of the true nature of the horopter
curve, this restriction limits the interpretation
of the horopter deviation in a most significant
way .

If the discussion of the horopter
is limited to two dimensions and corresponding
points are identified by identical positicons in
the two eyes (see fig. 2.6), then as Vieth and
M#ller correctly surmized, the horopter must
be identical with the Vieth- Hiiller circle.

If, as was found, the horopter was not identical
with this circle, then it followed that the
corresponding ﬁoints could not have identical
co~ordinates in the two eyes; i.e. the relative
retinal asymmetry (see: fig. 2.8).

It is only by extending the investigation
to three dimensions that it is possible to preserve
the relative structural symmetry of the two eyes,
since, as the eyes rotate about their anterio-
posterior axes, the positions of corresponding
points can vary with respect to each other.

This view is completely confirmed by eguation
(20.15) where we see that when the angle of
torsion is zero, i.e. there is no asymmetry in
the configuration, then.the horopter curve does
indeed reduce to the circle that Vieth and

Miiller predicted.
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For this reason, we derived an
expression for the angle of torsion of an
eye in terms of its angles of azimuth and
elevation, which could then be applied to
the study of the horopter in three dimensions.

We introduced the notion of a nonius-
line, and found that the concept of identity
of visual direction induced an inveolutien
on such a line. The totality of all nonius-
lines was called the rectilinear horopter.

It was found to comsist of a family of guadric
surfaces with a common curve of intersection.

This curve, consisting exclusively
of self-corresponding points, was the extension
of the classical two-dimensional horopter curve
to three dimensions. It was found to he
in general a twisted curve in space and
was named the space horopter.

Explicit expressions were found to
describe both the rectilinear horopter and the
space horopter, and their properties were
explored in a variety of situations; both
analytically, and, by means of specially written
computer programs, numerically.

By giving an explicit formula for
the Hering-Hillebrand deviation coefficient,
we have solved the two outstanding problems of
horopter studies, namély, the linear variation
of this coefficient with fixation distance K and
the implied variation of retinal asymmetry with

fixation., This analysis therefore confirms
- 196



retinal correspondence as being a cortical
phenomenon.
The horopter has always been of
interest to those who wished to. understand
how the two eyes functioned together. It
has also been found to be a useful clinical
tool for the study of such anomalies of binocular
vision as aniseikonia, fixation disparity and
anomalous retinal correspondence.
However, a firm conclusion from
the preceding arguments is that previous workers
have not been determining the horopter at all,
but merely sélected, experimentally, the points
of intersection of certain nonips—lines with
the horizontal plane, a locus that bears only
a very indirect relationship to the true horopter.
It is hoped that as a result of the
present work that a greater understanding of the
horopter may prevail, and its utility extended

further.
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There are five specially written
computer programs included in this appendix,
that were used to determine the numerical
results, and the graph plotter out-put included
in §18.

For each of these programs, the
input data was:

By, W, e

For

A = 0
the quasi-symmetric situation
was presumed to hold.

A description of each program

precedes the listing,



found

1)

2)

3)

4)

PROGRAM BVO3

the co-ordinates of the fixation
point.
the matrix of the horopter

coefficients

2 = lg;4)
the roots of the equations
xy = 0
= (A=37 o
where Xy = zqij (i=1,4)

the co-ordinates {xi} for varicus
values ef 1, converted them to

non-homogensocus co-egrdinates, and
thus plotted the projections of T

onto each of the co-ordinate planss.

see:: figs. 18.2, 18.3; 18.4
18.10,18.11,18.12
18.14,18.15,18.16
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PROGRAM BVOS5

found
1) the matrix 0
2) the homogeneous co-ordinates
{xi} for variocus values of 2
and converted them into co-ordinates
(,y) that represented a perspective

view from a particulayr point.

see: figs. 18.5, 18.6, 18.13, 18.17

(no line-printer output has been

included for this program)



LI ave e S i S 5 5= PP - - . ST S PO

H4515R pYos

REAL L AMOA

DIMNSION G044 TL408) pZHLA e X000 Y (A0 2B URTHTAY s XN LYY F L&
COMAOONZONL LU/ U2 /A, B ALPHA LARUA ;B4 KK P F T

Cali ﬂ4951A#a(14Hw1QﬂPTuR OURYES13)
PIT & 0,0174532995
B = 3,0
g5 RENI{T1,900) A-ALPHA,LAMDA, B LAST
80 FORMAT(456.2.:12)
IEtLRST 28, 1) GB.TO 310
Kk =2
lFt-hﬁDn EQ.G.0) KK = 0
A. © ALPHASEIT
FL 2 LAMDA »PIT_
FEi) ® heSIn(AL)#COS(EL)
Fe2r = = A=u0S(AL) =
FU5) = » A»SIN(ALY#SINC(EL)
_Fikay ® 1.0
AT IE(2:505) A8, ALPHA, LAMNDA, EY
o058 FARNATC(IH0, 16X aHA = .Fz. pOK,dHE = ,F5.1,5X, BHALFHA = ,F5 .4 ,58).
1 BALARDA & L F5,1,5%X, 7TREPSILON.FS,17)
DALL MATQ

T(1) = ~200.-0
o 208 I = 2,40
205 T(I) = Y(l=1) + 98,0
N1 =D
Pd tan L = 1,40
PO 130 M = 1,4
130 KrHN) 2 ABLNLTCLY)
CALL PROJECTIONCXH, XC1), Y0122
MATTECR, 9300 TOI)XH X010, YC1)
A0 FORMATLIR 7 6.9:6Fq2,3)
IFCnES{2CIY) . 6T 400.0) GO TUO 140
JFeABnStYLIY) 6T.4400,0) GO TO 14v
Ni = Ni & 1
KEN1Y s X(1)/2D.0
YNty = Y(I)/20.0
140 CONTINJE
ChLL PERSP(X,Y N4, F)

0 1p 95

310 Calt MAPFINISH ’
813
END £ 3

END- OF S2GMENT, LENGTH 343, NANE BYOS
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et AE PR T R ke T3 L T 2o s N C ol L o o Lt PR

READ FROMCHI.USERS EDIT.OHATRIX?
SUFTILE FHRTRIN

AUBRTUTINE MATR

RizAl LAMDA

H3d0LE PREZISION A B AL, ELsEs AU A1 (2], 4, (20, 64,5, C .81 (2 Leey,
1ﬁ{?!.ET(?}.LT(Q).J1JJ2¢K1,<2;Th-?QaP1-PE;ﬁ1-ka.AD1-ﬁﬂa,n1C.ﬁ2SwTw-
BRP, K

DIMENSION Bl4.4)

COMMONFEMT 2070M2 /83, BS, ALPHA  LANDA, P8, 1y FPT

PiT = D.0174532925

R
8 o= psy

AL = ALPHA&P]T

EL = LAMDA®PIT

B ¢ E38=pIT

E = TANLED)

AB 7 Awa + HsB

BB o, DeAsR*DUOS(AL)

AT(T) = DSART(AS - D)

A1) = DSQRT(AZ + D)

AACYY B CAIC2X=A101))/2.0 5
AAC2Y) 2 (A1(2)+A1(4))/72.0
GaM = D.5®DATAN2(2, GSAXESDSINCAL), A®A=B*i)
8 ® DEIN(GAM)
L= NOOS(GAMY
Bi(1y = A#pu0OSCAL) = B
81(2) = AwpuOStaL) + B
D'J 100 1 B 3,2
LCI) = a101) + A=DSINCAL)=DCDS(=L)
MCI) & A®DSINCAL) » Aft)eDCuUS(=L)
ST¢Ly = BrIy#DSINGELYZL(T)
100 CT4:) = Me1Y/L(T)
o KoWpE, 4 SYMMETRIC APPROXIMATION
FFCOS,ER.1) GO TO 1p4
di o= =g
J2 = 140
'(1 a "'1-0
K2 & %0
TK = [I..‘!E
T = 02
a0 To 1p2
101 JK = ST(1)Z2CT(1)
Th = (TKeEY/ (4. i-TKeE)
41 = §T(2)/87¢(1)
J2 = CT(2)70T0(1)
K1 = (J1sTK-J2eE)/(TK+E)
K2 = (JzeUq»TReEN/ L, i=TK#E)
f0R2 P1 = Beq(2) - Band(1)edq
P2 = Benj(2) = x84 (1)=K2
R1 = 2yusSeusnZ400aS(EL)
A2 = 2, 0s5elisk2405IN(EL)
ADG = (A1(2) ~ AT(4)8K2)/2 0
AD2 = (Af(2) * 41(4)2K2)/2, 4
JECABSCADYY LTa1.Eay) GO T3 309
FPT = =2D27ap1
; G0 T 108 =
{08 F2T & 1,878 : 1
fims A4C {AAL ) rLYny

1"

A28 =
o= TDeTK )
AP = K2sK2 + J1#K1

(Eb(R)e5)2s?

LT | K2s52 = Jiaki
SC1ag Y = “Rie(KZ-Kq)aPleTt - RYelK2-g2)sb2 - Heg# (KZ2=JryaguiliveTE
LB B = BRI (KZeK)EP T ¢ RiP(K2+02)ebp - RS (RZ-J1)esunfize T



END U

40103
40104

—

A e

= 01,1
~0(1.2) i
(rR2=Ki)e 1 +KR I iRZ-J1)sAT0aT

i ~fH2=Ki)el 1 ~K2)2 (A4 J1)20258aT
2 =2, QK2 (] c=K2)einc=J2)aaps
Be2:23 =((KZ=K1)=a(q.=K2)e(a2=JT)~2, UsKiis (1. +K2) ) 8aflaTy
L S {E 0BRPRLT  ~K2) = (K2 K)o {K2=J1 )+ (1,7 K23 )00 E8ATY
2 9. [AK2#(B+ 2V {1 TRARIHALS ~ 2, MeKEa(K2=Je)={1 , ¥RpIB[jwnE
WBE2-3) = (LR2+KI I (R2+di )=l +K2) = Z.GaiMealy, =H2))PA1CaTH
1. #(2-0%KP=(}.+¥K2) (R2*R]) E(K2md ) w(q - =KR) ) SALERT S
2 : P2 DEKPE(KE-J2)u(1 . =RE)SAIE * 2, UsKEn(K24JR2)P (1, KR aifeul
FC2:4) = (K2+K1d2(q .=K2)m(AZedi)®ayie [
1 ~{K2+KY Fa(y  +K2) R (KerJf deaSuaTq
B *2 ARK2RLT K2V R(K2I*J2)FAN0 , 5
(3:1) = Ro=(K2-Ki)=P1aT + m2e(K2nJ230P2 ~ Ri&tK2ndq)efiwalner
Q03,20 = =Rex(K2+Kq)uPieT -~ RZ¥(K24J2)*F2 - RQe(R2~J1)agapfaety)
R(343) = =003:1)
A(F,4) = =0(3:2)
(454 ) = ~Bo(K2-K1 1= (K2+J71 18 (1,*R2)25%E%T
e #DE(K2KT o KR=J ) R0T ~K2)aeCeT]
2 ~3.00B*K2s(].2K2)0(n2mU2) 0525
d04.2) = 2.peBs(Ke-J1)s(K2¥K2=8q )julaCaTy
1 2. QuBE(1, nK2)4KP 55051 » Bo(1=K2)a{h2+JT 10 (K=K INTA
2 =2 JuBEK2a (1 . *K2)2(N22d2) + Z,ded+HPa (1 +h2)*(RP+J2IRE4E
I(4,3) = =2, 0#BaK e (K2=K1) (1, + 1) a0eCaT
1 REN(1 . *KZIE(KR5K1 IR (K21 eTY + 2.usdn(]nK2)0kPuT
4 2. GRERK 2w (] ¢K2) = (A2=02)#0Ual « 2.UsH8NZ22 (1 REYe KR+ )
A(4:4) = 2 OnBaK2a(K2*K1D* (19 d)nioCaTy
+2 (oeBeKzu(K2eJZiri . #R2)aCel
e =Bell e -KZys(K2+K )2 (K2J1 e
RETURN
END
foSEGMENT, LENGTH 2320, NaME HMATO

A e
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SUBRNUTINE PERSP(X,Y,NaF)

REA

DiMen

LAMDA
STON YO4T) YR FLA)p XNCAD 2 XTLE,2):YT(3%.2)

COMNONZGM2Z 5,0, ALPHA, LAND A 1. K8, FPT

GALL HIPORTGING20.8,22,0)

DALL HAPAX1S(=29.0,0,0,8H YoBaglgUpd, =00 Nagbeng
CALL HIPAXEISCY. . =00,8,3H LaBagl, U, %0, =400, Uspu, 0y
x'ﬁ(a} 8 0.0

AME3) = 0.0

AM4y = 1,0

BR 140 | B 1,31

RY = ¥

EAC1) = =220,0 + 20.0%X]

Cakl PROJECTIUN(XM, XA, YA)

Kite,
b [ 0
KTQI,
$an YTCL,
CalL

1) =aoXALR20. 0

1} = Yars20.0

2) = XT¢151) & 014

2) = ¥YTLl.1) = D.14 :

HIPDASHLNIAT (4o 1) s YTO 1) s ATL3 .10 YT (31,1020, 00

PO 15 1 = 1,31

105 CALl HIPDASHLN(XTC1.1)aYTCL a1 o XT(102),YTC1,2)00.0)

Cale PROJECTIUNCF:F,F2)

F2 = F2/20.0

af = 8/20,0 o

CALL WBPSYMBLC10,8,=15,052,¢5,4%4 = ,0,0,4)

CALL HGPSYMBL(10.0,~15,;5; = ;20,440 = ,08,0.4)

CALL HEPSYMBLET S, 0,-96,1,0,25,898LPHA = ,0.0,8)

DALL MSPSYMAL(10.2,-16,5:7.20, 80LAHDA &  3.148)

CALL HEPSYMBLLTG.0,~97.7:0,25,80E08 & ,9,4,8) .
CALL HEPSYMBLUT1.0,-15,0, 7,30, 1 4HHEGROPTER GURYE. O, U140
DALL HEPNUNAERE12.0,=15.0,48284R; 453,049 1) s
Galt HAPNUMBER(12.0,=15.5,0:23;58,0,U0,0:425)

CALL HIPNUMEER(12:0,=16,08. 8,25, 8ALPHA 0,4, 0,4,1)

SALL AGPNUMBER{12.0+=18.5:0+25,LAH04,0,0,0,4, 1)

ALY HEPNUMAER(I2.0,=17.0,0:25,21.,0.0,0549-0)

GALL ASPDASHLN(BY:0,0:F1sF2s0,5)
_UALL HEPDASHLN(=B1,3.0:F1,Falis2)

Galt. ASPSCURVE(X, Y sNelus 2y Datuen)

CaLl HEPORIGIN(33,.0,=22.0)

RaTunn =

()

= .

END 26 SEGMENT, LeNGTH 467, Nane PcRSP



found

PROGRAM BVO6

1)
2)

© 3)

4)
5)

6)
7)

the matrices S{, 51, 8}
111, Isil, Isi]

[21], 220, |24

the centre of each guadric

the eigenvalues of 0;, P, U

the corresponding eigenvectors
analysed the above to determine

the form of each quadric
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:] I E:* I = ,1"-
T o8 AT 'ﬁlhlﬁ(ﬂL]§ULuS( iy
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PROGRBE BVOT7

found
1) the inverse transformation
matrix P!

2) si, 84, s

30 Sy Sy A

4) the eguation of the conic
in which each of the quadrics
met each of the co-ordinate planes.

5) the nature of this conic

6) the tangent plane to this guadric
at various points of the conie

) the direction cosines of the
generating lines of the quadric
at each of these points

8) the points at which each of these
lines met the limiting planes.

9) converted the co-ordinates of these
points to their perspective equivalents
and thus plotted the guadrics with
respect to the fixed co-ordinates

in terms of their generating lines.

see: figs: 18.1, 18.7, 18.8, 18.9
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