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1. Introduction

Fuzzy set theory has been widely and successfully applied to model uncertainty in a variety
of geospatial contexts, including the classification of land cover (Foody 1996), and
geodemographics (Grekousis and Hazichristos 2012). However, as noted by Fisher et al.
(2007) such work predominantly makes use of fuzzy sets as originally specified by Zadeh
(1965); characterised by crisp membership functions (Mendel and John, 2002). Zadeh (1975)
extended his initial ideas to define fuzzy sets with fuzzy membership functions (Mendel and
John 2002) and the nomenclature ‘type-1’ and ‘type-2’ is now used to refer to these different
forms. Fisher and Tate (2014) employed type-1 fuzzy sets to soften a geodemographic
classification (the UK Output Area Classification: OAC) of the City of Leicester UK. In this
paper we extend that work to explore the use of type-2 fuzzy sets to the OAC.

2. Methods and data

Conventional geodemographics classifications are hard, assigning a single class to each
output zone. However, in the process potentially useful information on variation in both
geographic and classification spaces is effectively lost (Longley and Goodchild, 2008) and it
is impossible to discriminate between zones which exhibit ‘strong’ and ‘less strong’ degrees
of belonging to a class. This becomes more critical when exploring the local variation (e.g.,
by town or city) of a global (national) classification. While usually lost, this information may
be very useful in applications (Slingsby et al., 2011). Fortunately various methods exist to
soften hard classifications to derive multiclass memberships (Bezdek, 1981), especially fuzzy
c-means (FCM) clustering (Bezdek, 1981) and possibilistic c-means (PCM). The latter
replaces the constraint (Equation 1) of the FCM with a more inclusive constraint (Equation
2); in other words in FCM memberships for one particular case or object are constrained to
sum to 1, but in PCM they are simply constrained to be in the range 0 to 1, the sum being no
more than the number of classes.
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At the core of both is an iterative process between class centroid calculation/update and
distance-based membership calculation for c classes and n elements (zones) which optimises
an objective function (Equation 3; Krishnapuram and Keller, 1993; Kruse et al. 2013; Pal et
al, 2004):
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where the possibility of zone 𝐱𝑗 being in each class/cluster 𝑐𝑖 is given in Equation 4.
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Here m is the fuzzifier and 𝑑𝑖𝑗 the distances in classification space from each zone to the
class centroid. ηi is the distance of the “cross-over” point where 𝜇𝑖𝑗 = 0.5 (Krishnapuram
and Keller 1993), and is obtained from Equation 5.
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The UK 2001 Output Area Classification (OAC) is a free geodemographic classification
which at the highest taxonomic level is comprised of seven classes named ‘Supergroups’.
This classification employed a variant of hard c-means and critically in addition to the
assigned class, distances 𝑑𝑖𝑗 are also available for all n elements and c classes. Fisher and
Tate (in press) employed [Equation 4] to create possibilistic memberships for each of the
seven classes for each census reporting zone (Output Area - OA) for the City of Leicester.
They compared PCM outcomes with fuzzy memberships from the equivalent FCM
calculation favouring the PCM approach because of the constraint change in Equations 1 and
2. Following general practice (Bezdek 1981 among others) Fisher and Tate (in press)
selected a crisp value of m = 2. However, m may have any value greater than 1, and following
the method of Fisher (2010; see also Hwang and Rhee, 2007) by allowing m to vary [1.1 to
3.5 in this instance] we can generate type-2 fuzzy sets for each Output Area.

3. Results

In Figure 1A, for one particular OA within Leicester, the distribution of all type-1 fuzzy
memberships are shown plotted against the values of m which yielded them. For
convenience type-2 fuzzy sets can be summarised by taking appropriate summary statistics
from the distribution of type-1 fuzzy memberships. Thus for the type-1 memberships for one
particular OA shown in Figure 1A, the minimum, 1st, 2nd and 3rd quartiles, and maximum are
used to summarise the type 2 fuzzy set in Figure 1B. These summary values are assigned
memberships of 0, 0.5, 1, 0.5 and 0, respectively, in the type-2 fuzzy set (Figure 1B).
To establish that the type-2 memberships provide new information, the relationship to the
type-1 memberships was examined. The relationship where m = 2.0 for the City Living
Supergroup is illustrated in Figure 2, and these membership values are seen to not be a good
predictor of either the median or the range of the type-2 memberships. Furthermore, Figure 3
shows that neither the median nor the range are predictably related. Figures 2 and 3 are both
for the City Living Supergroup only, but the same patterns of poor statistical prediction are
repeated for all other Supergroups.

B)
A)
Figure 1. For one particular Output Area and the City Living Supergroup A)
shows the distribution of type 1 fuzzy memberships plotted against valuations of
m which yielded them, and B) shows the form of the type 2 fuzzy set from the five
summary statistics of that distribution discussed in the text.

A)
B)
Figure 2. Scatterplots of membership range and membership median over m valuations from
m = 1.1 to 3.5 (horizontal axis) against the type-1 membership (vertical axis) where m = 2.0
(the recommended valuation) for the City Living Supergroup

Figure 3. Scatterplot of membership range against membership median over the range of m
valuations from m = 1.1 to 3.5 for the City Living Supergroup
Figure 4 shows four type 2 fuzzy sets for the City Living Supergroup derived as in Figure
1B, for those OAs with the largest and smallest median (2nd quartile), and the largest and
smallest range (maximum – minimum) of membership values. The median shows the degree
to which the OA is typical of the class; the OA with the largest being the most typical and the
smallest the least. The range shows the degree to which a particular output area is a good
example of that Supergroup. The OA with the smallest range is the most representative; all
memberships for different valuations of m have similar values. The OA with the largest
range is the poorest representative; the memberships are most varied. Shapes and

distributions of the seven graphs are remarkably similar showing that the range of
memberships in each of the four types of OA are similar for all Supergroups.

Figure 4. For the City Living Supergroup in the Output Area Classification the
distributions of Type 2 fuzzy sets are shown for the four Output Areas having the smallest
and largest range and median values.

4. Conclusion

Our research has revealed that for each Supergroup, we can subset OAs into distinct classes
on the basis of whether they exhibit sensitivity to m, and to differentiate between those zones
which display similar type-1 fuzzy memberships.
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