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Abstract

By exploiting the properties of g-deformed Coxeter elements, the
scattering matrices of affine Toda field theories with real coupling
constant related to any dual pair of simple Lie algebras may be ex-
pressed in a completely generic way. We discuss the governing equa-
tions for the existence of bound states, i.e. the fusing rules, in terms
of g-deformed Coxeter elements, twisted g-deformed Coxeter elements
and undeformed Coxeter elements. We establish the precise relation
between these different formulations and study their solutions. The
generalized S-matrix bootstrap equations are shown to be equivalent
to the fusing rules. The relation between different versions of fusing
rules and quantum conserved quantities, which result as nullvectors of
a doubly g-deformed Cartan like matrix, is presented. The properties
of this matrix together with the so-called combined bootstrap equa-
tions are utilised in order to derive generic integral representations for
the scattering matrix in terms of quantities of either of the two dual
algebras. We present extensive case-by-case data, in particular on the
orbits generated by the various Coxeter elements.
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1 Introduction

The perturbation of 141 dimensional conformal field theoriesf] [[[] in a suitable
way leads to massive quantum field theories which possess a rich underlying
structure. Soon after the seminal paper by Zamolodchikov [] a decade ago
on the perturbation of the Ising model, it was realized [[] that most of these
massive theories are closely related to affine Toda field theories [f], either in
a “minimal” sense or with the coupling constant included. On the base of
case-by-case studies for various algebras several explicit scattering matrices
were constructed thereafter [{]. For the simply laced algebras (ADE) this se-
ries of investigations culminated with the formulation of universal formulae
which encompass all these algebras at once [, §]. The universal nature of
these representations for the scattering matrices allowed also to establish the
equivalence between the bootstrap equations and a classical fusing rule [[] for-
mulated with the orbits generated by Coxeter elements of the related algebra
[]. Furthermore the fusing rule is closely linked to the quantum conservation
laws. The origin for the structural interrelation between the classical and the
quantum field theory is the fact that for the simply laced theories all masses
of the theory renormalise with an overall factor [g]. It is the breakdown of
this property for theories related to a non-simply laced algebra which consti-
tuted the main obstacle in the construction of consistent scattering matrices
on the base of the boostrap principle. Once again numerous candidates were
proposed on the base of case-by-case studies [[0, [, [, [3], but it remained
a challenge to find a closed universal representation similar to the simply
laced case for these theories, until Oota recently [[4] succeeded.

The main conceptual breakthrough towards this goal was the proposal by
Dorey [H], that one may regard these theories in a dual sense, mathematically
in a Lie algebraic way and physically equivalent to this in the strong-weak
duality sense in the coupling constant and the generalization of the boot-
strap principle [[I] by Corrigan, Dorey and Sasaki. From this point of view
affine Toda theories constitute some concrete simple examples for the Olive-
Montonen duality [If]. Technically it was also very important to express the
scattering matrices in the adequate building blocks [[J]. Chari and Pressley
[[7] succeeded thereafter to work out in detail the suggested [[] fusing rules in

*There exist earlier considerations of field theories in 1+1 dimensions which focus on
the aspect of conformal invariance, e.g. [E] However, the key feature, i.e. the role played
by the Virasoro algebra, which lead to a more universal formulation and allowed to find
their solution was first realised and exploited in [fl].



terms of the two dual algebras which reproduced precisely the allowed fusing
processes. Oota [[4] suggested to re-formulate these fusing rules in terms of
g-deformed Coxeter transformations of either of the two dual Lie algebras.
Viewing matters in the latter fashion allows to link the fusing rules to the
scattering matrices and find closed universal representations.

One of the purposes of this paper is to precisely establish and derive the
interrelation between the different versions of the fusing rules. We further
demonstrate that these fusing rules are equivalent to the S-matrix bootstrap
equations. Numerous identities which were hitherto only claimed on the base
of case-by-case analysis are rigorously derived. We manifest the relation be-
tween quantum conserved quantities and the various versions of the fusing
rules. We derive a set of equations, which we refer to as combined boot-
strap equations, and exploit them systematically to derive generic integral
representations for the scattering matrix.

Our manuscript is organized as follows: We first develop the mathematics
needed and apply it thereafter in the physical context. In section 2 we define
two different q-deformed Coxeter elements related to two Lie algebras dual
to each other. We derive some of their properties which we need later on in
the physical context. In particular their action in the root space and inner
product relations. In section 3 we formulate several equivalent versions of
the fusing rule, study their different solutions and establish their relation to
quantum conserved quantities. In section 4 we apply our results to a univer-
sal formula for the scattering matrices of affine Toda field theories in terms of
basic building blocks consisting of specific combinations of hyperbolic func-
tions, whose powers may be obtained from g-deformed quantities of either
of the two dual algebras. An alternative formula for the scattering matrix
in form of an integral representation is derived in section 5. We exploit the
properties of matrices M and N related to the untwisted and twisted alge-
bra, respectively, and establish their equality. In section 6 we reduce the
expressions for the scattering matrix to the simply laced case. In section
7 we provide a case-by-case analysis for all non-simply laced algebras. Our
conclusions are stated in section 8.

2 qg-deformed Coxeter Elements of dual Pairs

Adopting the standard notation of [[§], we let X! be a simple simply laced
Lie algebra of rank n endowed with a Dynkin diagram automorphism w of



order I. Employing this automorphism to fix a subalgebra in X (! we obtain
the twisted Lie algebra X',(j) of rank r. Changing the orientation of the
arrows of the Dynkin diagram related to this twisted Lie algebra )A(,(f), that
is interchanging long and short roots, produces a Dynkin diagram related
to a Lie algebra X(!). Two Lie algebras which are related by this map are
referred to as dual pair (X, X)), Simply laced Lie algebras are self-dual
in this sense.

Before we move on to the g-deformed case we shall collect a few well
known facts in order to define our notations. To each simple root a; of X
or &; of )A(T(f) a reflection on the hyperplane through the origin orthogonal to
a; or &y; may be associated

oi(r) =z -2, o Gyw) =3 — 20ty (1)
i Q;

Note that there is no sum over ¢ implied here on the r.h.s. These are the
Weyl reflections constituting the Weyl group which are used to construct the
so-called Coxeter- and twisted Coxeter element

o=1]]o: and o=]]ow (2)
i=1

i=1

for X(V and X'T(f), respectively. The latter definition is originally due to
Springer [[[9]. We also note here that these elements are not unique and only
defined up to conjugation. There are several Coxeter numbers (see e.g. [[J]),
whose intimate relations we wish to exploit. Expressing the highest root of
XM as ¢ = S0 nq;, the corresponding Coxeter- and the dual Coxeter

numbers are defined as
h=14+>n, and h' =1+ n'. (3)
i=1 i=1

The so-called marks n; (or Kac labels) and co-marks n) are related by n) =
n;a? /2. Since dual algebras are obtained from each other by the interchange
of roots and co-roots, i.e. a; — 2c;/a?, one deduces easily that

h=h" and RhY=h, (4)
where hY,h are the Coxeter numbers of X(). The order of the Coxeter ele-

ments read
o"=1 and 47 =1 (5)



where H is the I-th Coxeter number of X, ie. H = [h.
Following now essentially Oota [[4] the definitions of the Coxeter elements
(B) can be generalized by introducing a g-deformation.

2.1 g-deformed Coxeter Element of X (!
2.1.1 Definitions

Using the standard notation [n], = (¢" — ¢™)/(¢"' — ¢~ ') for g-deformed
integers, we define the action of the g-deformed Weyl reflection o} on a
simple root «; as

ot(ay) = oy — (205~ L], ) o (6)
Here I denotes the incidence matrix, i.e. twice the unit matrix minus the

Cartan matrix K;; = 2a; - o /a?, related to the simply laced Lie algebra
XM, We easily verify the usual properties of a reflection (¢)? = 1. For
the time being we assume the deformation parameter ¢ to be completely
generic, that is some complex number which is not a root of unity. In some
later applications we will specify ¢ to be a root of unity and also introduce
a particular parameterization ¢((3), where (3 is a coupling constant. In that
situation the “classical” limit ¢ — 1 corresponds to the vanishing of the
coupling constant.

Since in general Weyl reflections do not commute, Coxeter elements, i.e.
the products of all Weyl reflections related to simple roots, only form a
conjugacy class. However, by introducing a particular ordering amongst the
simple roots, one is able to define the Coxeter element uniquely. For this
purpose we partition the set of simple roots, denoted by A, into two disjoint
sets of roots, say A4, by associating the values ¢; = +1 to the vertices i of
the Dynkin diagram of X (!, in such a way that no two vertices related to the

same set are linked together. Then it clearly holds by (@) that two reflections
related to simple roots belonging to the same colour set commute,

[a?,aﬂ =0 for ¢ =¢;. (7)
Consequently the two special elements

ol = H ol (8)

are uniquely defined, having obviously the property (¢%)? = 1. For reasons
which become more apparent below, it is convenient to introduce the simple

4



root times its colour value as a separate quantity 7, := ¢;a;. Then, the action
of the reflections on these elements is easily worked out. With the help of

(B), (M and (§) we obtain

ol () == and oo (v)=v— >[Il - (9)

o EAfci

Here we introduced the notation o? , meaning that it takes the values 6% or
o when ¢; = 1 or ¢; = —1, respectively. Denoting now by a, € A, and
a; € A; the short and the long roots, respectively, we define some integers

1 for a; € A,
ti o { 0412/042 for o; € Al (10)
which symmetrize the incidence matrix
Lty = It . (11)

The ratio a?/a? is indeed an integer, which follows directly from the defini-
tion of the Cartan matrix. In fact it equals [ (1,2 or 3), the highest order of
the Dynkin diagram automorphism of the algebra X(". The occurrence of
quantities of X (! despite the fact that we are discussing X(, is a feature
we will encounter more frequently in the course of our discussion and indi-
cates the close interrelation between the two dual algebras. We employ the
symmetrizers ([[Q) to introduce the map

() = qti%’ : (12)

We have now assembled all the ingredients in order to define the g-deformed
Coxeter element
og=0l 10l 1. (13)

Having eliminated the ambiguity in the ordering of the g-deformed Weyl
reflections within ¢%, the only matter left to convention with regard to the
g-deformed Coxeter element is the ordering of the four maps in ([J) and the
two possible choices for the colour values we attribute to the vertices of the
Dynkin diagram. The former ambiguity is fixed by the choice in ([[3) and the
latter by choosing the unique vertex of the short root which is connected to a
long root as ¢; = —1. Note also that lim,_,; 0, = o, that is in the “classical”
limit we recover the usual Coxeter element () from the g-deformed Coxeter

element ([[3).



2.1.2 Action of 0, in the Root Space

There are several properties of the g-deformed Coxeter element which we
wish to exploit in the context of the scattering matrix of affine Toda field
theories. First we state the identities

. 1+c; q 1+c; —x _14e q _14e
Og-1 = T 20,72 o,°7T 2 0l7 72 (14)
1—c; 1—c; citej 1dtcs 1dcs
J J —r+—— _ 14 _ 14
q 2 q
= T 2 0T 2 0y T2 oodT T (]_5)

which follow immediately by noting that under the interchange of ¢ and
¢~! the elements 0% remain invariant and 7 — 77!. In fact the r.h.s. of
these equations correspond to several equations which are combined to one
by including the colour values ¢; and ¢; in the way we need them. Obviously,
(0,) ' =71710% 7702 is the inverse g-deformed Coxeter element]].

We further need to know the action of o, on the simple roots. From (),

(M) and ([3) we obtain

34c¢; 1+C
oo(ai) + ¢ ey =) ¢ = T L], Zf“ L], m

aJEA,% g €A+

€A
(16)

and also the crucial identity
—c;t; ci cit; 1te ti— 1+Cjt
(q (0g)" +4q )(%) = > q° gl - (17)
OleAfci

Acting now successively with o, on 7, and the multiplication with powers of
g will create an orbit which we denote by Qf, i.e. for z,y being arbitrary
integers a typical element in QY reads q“o¥(7;). The periodicity of these
orbits reads

¢ (o) =1 (18)

We do not have a general proof of ([[§), but it is confirmed on the base of a
case-by-case analysis in section 7 as may be seen from the data presented. To
each orbit Qf we associate a particle species. The anti-particle is identified
with the orbit in which we find the element

%’ =7 €. (19)
TWe differ here from the definition of the inverse in [@]




The property c;c; = (—1)" [§] ensures that the power of the Coxeter element

is always an integer. Conjugating 7 once more in ([[9) leads to ([§), when
t; = t;. For the non-simply laced algebras, the relation ([J) reduces to

h

0iv =", (20)

since in that case all particles are self-conjugate. The motivation of this
definition is analogue to the one known from the simply laced case [H]. This
means complex conjugating the field which creates the particle of type ¢ in the
classical theory corresponds to the creation of the anti-particle 7, suggesting
to associate —v; to the anti-particle. However, one should keep in mind
that in this context the classical theory is only known in the extreme weak
or extreme strong limit of the coupling constant. In the classical limit we
recover the known identity [§] for the simply laced case U%Jrcizt;%% =7,
which relates particles and anti-particles.

2.1.3 Inner Product Identities

We introduce now the co-fundamental weights \;, related to the fundamental
weights A; as \; == 2);/ oz?, such that they constitute a dual base to the
simple roots, i.e. A a; = 0;;. In comparison to the non-deformed (simply
laced) case, it is important to note that o, does in general not preserve the
inner product, i.e. A; - (0,)%y; # (04,) %A, - ;-

In view of (f), (I2) and the orthogonality of roots and co-fundamental
weights we can write

A - o0y = A - ol 00y =q " A STOGY; - (21)
Using now (f), ([3) and exploiting (BI]) we derive

_ - ci—1 ci—1 it q4e. 14c;
T o J q J —:E—I—T i q i
Ajrogy; = AjrT T ol T T 0 T2 olTTT Y, (22)
c,L-+cj
_ ci—D)ti+(14c;)t; 3 —z+ P)
= _q( 5= 1)t +( ) >\j . O-q*1 Y (23)
which may also be re-written as
(1—cj)tj—(+e)t; ~ (c;—Dtj+(1+e)t; ~ he e
(-epty—Qrtety v ppy (Tt et v(ete))/2,
q 2 Aj-ogyit+ g 2 Aj O v, =0, (24)

with the help of ([I§).



As the last inner product identity we show

(@ = 1) - (0)"7:) = (@ = D(Ai - (0)";) - (25)

We prove (£7) by induction and demonstrate therefore first that it holds for
x = 1. With the help of ([[f]) we obtain

. ~ ) 1-— C; )
(* = Dog(ew) - Ay = (¢* = 1) <_ 2 > T L] [y,
peA—ci

1+Cj

—g?i6;, +qu%ti+7tj [[i.]qd%_cj) . (206)

Noting that ([J]) also holds for the g-deformed quantities, i.e. [I;;]4[t]q =
[1;i]q[ti]q, it is easy to verify that the r.h.s. of equation (R@) is symmetric in
i and j. Assuming now relation (27) to be valid for =, one deduces by the
similar reasoning as for the case x = 1, that () also holds for z + 1 and
therefore for all integers x. This establishes (B3).

It should be mentioned that once we have the matrix representation of
section 5.1 the symmetry property (5) follows more easily.

2.2 g-deformed twisted Coxeter Element of X ()
2.2.1 Definitions

Let us now consider a Lie algebra X1, whose associated Dynkin diagram
is endowed with an automorphism w which acts on a simple root «; with
length [;, i.e. w'a; = a;. The largest value of I; corresponds to [. Sometimes
we will also use the common notation wa; = a,;). We may employ this
automorphism to define the orbits {2¢ by successive actions of w on a simple
root ;. By selecting a representative of the orbit 0¥, we can build up a set
of roots, which we denote by &; € A. The algebra related to these roots is
the twisted Lie algebra )A(,(f). To each of the r elements in A we associate a
particular particle species. We choose the conventions in such a way that we
may carry out a one-to-one correspondence between the two dual algebras
without renaming the particles, see section 7. The Weyl reflections related
to these representatives are now defined in the usual fashion as in ([l)

Ui(aj) =05 — sz’ai ) (27)



where K denotes the Cartan matrix of X(!. Analogously to the non-twisted
case, treated in the previous section, we can bi-colour the Dynkin diagram
related to X (Y and divide the set of representatives into two sets A_ and
A+. Note that roots related by the automorphism w possess naturally the
same colour value. Hence we may define uniquely the elements

6r:= ][] oi. (28)

&¢€Ai

Besides the absence of the g-deformation, the difference between these special
elements of the Weyl group in comparison with the non-twisted case is that
the product runs only over the representatives. We define now the integers
. 1 for a; € A
i = or o; € - (29)
0 for a; ¢ A

With the help of (£7) we easily compute the action of 6+ on some v, := ¢;a,
where we stress that a; is not necessarily a representative

a-ci’yi = (_l)tl’yz and a'—ci’yi =7 — Z [ijﬁ/j . (30)

@j GAfci

The incidence matrix I is here related to X,Sl), but note that 1 < ¢ < n
and 1 < j < r. In addition we introduce the map which will serve as a

g-deformation )
Hon) = gy | (31)

At last we are in the position to define, analogously to [[4], the g-deformed
twisted Coxeter element as

Oy =w 0_T04 . (32)

Once again by means of the bi-colouration, we have achieved that &, is
uniquely defined up to the ordering of the maps occurring in (B2). For ¢ — 1
we obtain one of the standard twisted Coxeter elements in the conjugacy
class as originally introduced by Springer (B). We will not elaborate here on
the alternative characterization of the twisted Coxeter element, which may
be obtained from the folding of an affine simply laced Dynkin diagram, see

e.g. 7 @7 @]



2.2.2 Action of ¢, in the Root Space

tc;—1
Introducing for convenience the quantities 4 := w™% =, the action of oF

on the simple roots is computed to

A A 1 1A 1—¢ 1A
645 + Pw T == > @ Ljw e + Y L™, (33)
&jEAﬂ:i OleA+
CVZEA,
and A
Yo = (=g () + AT (34)
ajEAfci

with the help of (B0), (B1]) and (BF).

Acting successively with 6, and ¢ on the elements of A, we construct the
orbits of the g-deformed twisted Coxeter element, which we denote by Qf
The order of the g-deformed twisted Coxeter element reads

g el =1. (35)

Thus in comparison with ([§) the roles of h and H are just interchanged.
Like in the non-twisted case we do not have a generic proof of this periodicity
property, but we have verified it case-by-case in section 7.

The anti-particle is identified with the orbit in which we find the element

_ cT—¢ ;. Aﬂ‘i‘ ci 2—1;) . R N
A AR AR Y (36)

Conjugating 7 once more in (Bf) leads to (BY), when l; = ;. For the non-
simply laced algebras, the relation ([[9) reduces to

P ha+

689 =—4"% (37)
since in that case all particles are self-conjugate. In the limit ¢ — 1 we obtain

a.%-i— T (2—1) A?‘

= 4, which relates particles and anti-particles in twisted
algebras.

2.2.3 Inner Product Identities

To each orbit QZ we associate now a fundamental weight A; which is dual to
all elements inside the w-orbit, i.e.

L
Ao wh(ay) =0y (38)
k=1

10



for a; being a root of X(V. With the help of (B1]), (B0) and the orthogonality
relation (BY) we derive easily

3 ~ras ~q ~xs o —2(: 3 N
Aj O =N 0L oY =q A To (39)

We also have the identities

ci—¢c; c;—1 1703-
N AL A I\ N 12 ll-"_TlJ At
Aj - Ogi = Ni- 0g ¥ (40)
and X
1—c; Cj—
N.Larat o 2hteitey ) aHmmteit it =5l oy
Aj O = =TT N 041 Vi (41)

To prove these identities directly is much more involved as for the equivalent
relations in the untwisted case. We will therefore postpone the proof until
section 5.2. where we can exploit properties of a different quantity which
then implies the validity of () and ([T]).

3 The Fusing Rules

We are now in the position to formulate the universal fusing rules. This may
be done either by exploiting the properties of the orbits of the g-deformed
Coxeter Element of X(!) or the q-deformed twisted Coxeter Element of X
similar to the approach of Oota [[4] or alternatively in the spirit of Chari
and Pressley [[[7] one may consider the orbits of the non-deformed Coxeter
Element of XMand simultaneously the non-deformed twisted Coxeter Ele-
ment of X',(f). Additionally one may formulate the fusing rule in terms of the
quantum conserved quantities. We will discuss the solutions to these differ-
ent fusing rules and prove in general that they are in fact all equivalent. We
derive the precise quantitative relation between the relevant quantities.

3.1 The Fusing Rule in Q¢

The generalized] three-point-coupling related to three particles of the type 1, j
and k is non-vanishing, i.e. the process i + j — k is possible, if and only

tUsually we really refer to the three-point-coupling in the common sense, i.e. related
to the process i + 7 — k. The only exceptions are the processes 2+ 2 — 2 and 3+ 3 — 3

in (F4(1),Eé2))7 which are possible from the fusing rule point of view. However, on the
S-matrix bootstrap side these processes correspond to third order poles.

11



if there exist representatives of the g-deformed orbits Qf, QF and QU whose
sum is zero.
This means there should exist two triplets of integers (¢;,§;,&;) and

(¢i,¢;5Cy) such that
DA Ugl v, =0. (42)
I=i,j,k
Multiplying (E2) by ¢" or o} corresponds naturally to the same process and
we should therefore view the triplets as equivalence classesf]. In this sense
we regard two pairs of triplets as equivalent if they may be constructed from
each other by the displacements (; — (; +m or § — &, + n. Similarly as
in the simply laced case [}, it will turn out to be crucial that there exists a
second solution to (E2)
Z qq ng =0 . (43)
1=i,5,k
The two solutions may not be obtained from each other by simple shifts, but
they are related as

Cl—l
2

6; = _gl + and C; = _Cl - (1 + Cl)tl ) [ = Z.aja k. (44)
Nonetheless, as an existence criterion for the fusing process, the variant (f2)
is sufficient, since the second solution may always be constructed from the
first as we now demonstrate. Changing ¢ to ¢~' in the fusing rule () and
using ([[4) thereafter, we obtain
1+c 1+c 1+c 1+c
Z ¢ TTZO'ZLTTI O'q_gl T_TZO'ZLT_ o v, =0. (45)
I=i,5,k

Acting on this equation with 77'0% 77! yields ({J), with the help of (J)), ([2)
and ([J). What remains to be shown is that these two solutions are indeed
non-equivalent in the sense defined above. For this purpose we may take the
limit ¢ — 1 and note that the quantities &, and &; are related to each other
in the same way as in the simply laced case. We may now simply refer to
B for the proof of the non-equivalence of this two triplets. This is sufficient
to establish the non-equivalence between the two solutions. In addition we
shall demonstrate below that there exists in fact no further non-equivalent
solution.

§We shall see below that from a physical point of view this corresponds to a simple
shift in the bootstrap functional equations which involve the scattering matrix.

12



3.2 The Fusing Rule in Q1

The generalized three-point-coupling related to three particles of the type i, j
and k is non-vanishing, i.e. the process i + j — k is posszble zf cmd only
zf there exist representatives of the g-deformed orbits w=z- Qq wT Qq and
W QZ whose sum is zero.

~ ~ ~

This means there should exist two triplets of integers (gi,gj,gk) and
(&b &ja é-k) such that

> g6t =0 (46)
1=i,j,k

Equivalence of two solutions is defined as in the previous section, i.e. two
triplets which are obtained by simple shifts of the type 5 ;= fl + m and C I
— C ,+n are considered equivalent to the original solution. However, as in the
non-twisted case, also ([I§) always admits a second non-equivalent solution

> g eAT =0 . (47)
I=i,j,k

The relations between the two solutions read

~t ~ ~l
G=-¢+1—¢g and § = _51

ll—|—1+Cl, ZIZ,j,]f (48)

As in the previous section the second solution may be constructed from the
first, and therefore the variant () is sufficient as an existence criterion.

3.3 The Fusing Rule in Q2 and

The generalized three-point-coupling related to three particles of the type i, j
and k is non-vanishing, i.e. the process i + 7 — k is possible, if and only if
there exist representatives of the orbits §;,€); and whose sum is zero and
71 A~
zf m addition there exist representatives of the orbits w T QZ, W Q; and
w Qk which also sum up to zero.
Quantitatively this means there should exist two triplets of integers (£;,;, &)

and (éi,éj,ék) such that

Y oohy=0 and Y 6457 =0. (49)

l=i,5,k l=1,5,k

13



The version (I9) of the fusing rule was first stated by Chari and Pressley [[[7],
with the only difference that our ¢ corresponds to the inverse twisted Coxeter
element in [[7] and also 4;" is defined differently in their formulation. The
multiplication of the first equation in (f9) by powers of the Coxeter element
o and the second by powers of the twisted Coxeter element ¢ will produce
further solutions, which we regard as equivalent. Once again there exists a
second non-equivalent solution

> ofiy, =0 and > 56 ¥ =0, (50)

l=i,5,k l=1,5,k

which is related to the first by the relevant relations in (f4)) and (f§). The
equations (f9) and (p0) may be obtained in the limit ¢ — 1 from (f32),
() and (HQ), (H1), respectively. Since we have already shown that nei-
ther the triplet (&,&},&),) may be obtained from (§;,¢;,&,) by simple shifts

nor (é:,é;,é;) from (éi,éj,ék) by the same means, we have established the
nonequivalence between the two solutions. It is also clear from the preceding
sections that we may construct the second solution always from the first.

3.4 The Fusing Rule and conserved Quantities

Let y(n) (1 <n <r) be a vectorf] whose components are labeled by particle
types. In particular for n = 1 we identify y;(1) with the quantum mass m;
of the particle of species ¢. Then we may formulate a further variant of the
fusing rule:

The generalized three-point-coupling related to three particles of the type
i,j and k is non-vanishing, i.e. the process i + j — k is possible, if there
exist two triplets of integers (n;,m;,ny) and (7;,0;, M) such that

Z esn(m9h+7_719H) yl(n) =0. (51)

l:i7j7k

The s, (1 < n < 7) label the exponents of the algebra XY in increasing
order. We further introduced the angles

im(2 — B) imrB
Op = ————= and Oy == — 52
" 2h DY (52)
9In fact we see below that this will be the nullvector of a particular matrix as specified

in equation ([L0().
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whose deeper origin becomes more apparent when we discuss the scattering
matrix in section 4. The coupling constant 3 enters here the expressions
through the function B = 2H/3*/(H3* + 47h) which takes values between 0
and 2. Obviously, multiplying equation (FI)) by e™*»m% and eksn™mf  with
m, k being arbitrary integers, will also produce a solution, which we regard
as equivalent in the same spirit as in the previous subsections. Likewise there
exists a second non-equivalent solution

Z eSn (M On+710m) yi(n) =0 , (53)

I=i,j,k
related to the first simply as
m=—n and = - (54)

Clearly we can not construct (FJ) from (F3) by multiplication of e*»™M% and
esnkmon ynless 7, = n; = ng and 7; = 7; = 7. The latter fact would mean
that >2,_; i, yi(n) = 0, which in particular for n = 1 is impossible since all
quantities in the sum, the masses, are positive. We have therefore established
that the two solutions are indeed non-equivalent. However, one solution may
always be constructed from the other simply by replacing s, — —s, or
complex conjugation of (51) or (53J).

myg my;

Figure 1: Mass triangles in the complex velocity plane. The angles are defined as
Zéﬁ: = (n; —n)0n + (0; — N)0m L im.
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Having obtained the fusing angles n we may immediately compute rela-
tions among the quantum conserved quantities. Combining (b)) and (53) we
derive

yi(n)  sinh (Sn(ﬁk = 1;)0n + sn (M — ﬁj)eH)

y3(n)  Sb (5000 — 100 + 50— 7)0m)
We may interpret these relations in the complex velocity plane as explained
in [§]. In particular for s; = 1 we obtain the important ratios of the quantum
masses

(55)

m;  sinh ((Wk — ;)0 + (M), — ﬁj)eH)

— = — — . (56)

mj  sinh ((n; = ny)0n + (; — 73.)0m)
As the main difference to the simply laced case we note that the masses
now depend on the coupling constant. The relevant triangles are depicted in
figure 1. We will now be more specific on how to calculate the fusing angles

from Lie algebraic properties.

3.5 Relations between the Fusing Rules

The four versions of the fusing rules are all related to each other, meaning
that having one solution of one particular formulation of the fusing rule we
are able to construct all the other solutions. The precise relations read

~ ~

G =G
2

Cl_C; A

m=&—&= 5 =& —¢ for il =1,j, k.

and 7, =
(57)

We see that the interchange of the two solutions of one version of the fusing

rule immediately demands that the two solutions of the other rules should

also be exchanged. In particular it follows that

1— C] 1 + C]

l_
9 ! 9

—2,=C, (= 2%+ ti+1l+e forl=1i 4k (58)
These relations do not only relate the fusing rule in ¢ and Q¢ to each
other, but they also provide the precise link between the g-deformed and
non-deformed versions of the fusing rule. It will take until subsection 5.1. to
have assembled all the ingredients for the proof of (B7).

There is one last question which we should answer with regard to possible
solutions of the fusing rules: Are there any further non-equivalent solutions
to these equations? The answer is no. For the proof of this statement we

16



assume at this point that the rules are indeed equivalent, such that it suffices
to discuss only one version. We adopt the argumentation of [§ for this
purpose. The only four triangles which we may construct in the complex
velocity plane from three sides with fixed modulus are the ones depicted in
figure 1. Hence there are no further possible angles, meaning no additional
non-equivalent solution to (BI]) exist. By (B7) this fact is also established for
all other versions of the fusing rule we have stated.

Treating the fusing rule as a pure existence criterion for the possibility
of certain fusing processes, one version is as good as the other. We observed
however that the relevant data from the “classical” fusing rules, which cor-
respond to two equations in section 3.3., may be merged together into one
single equation by the g-deformation. This is the key feature which can be
exploited in the quantum field theory and which appears to be absolutely
necessary for the construction of generic expressions for the scattering ma-
trices.

4 Block Representation

The scattering matrices for affine Toda field theories have been the subject
of numerous investigations [, B, [1, [2, [3J, [4]. Restricting the attention
to the case when the coupling constant is real, the two-particle scattering
matrix for all simple Lie algebras, involving particles of the species ¢ and j as
a function of the relative rapidity #, may be cast into the universal expression

A 2p45(2,y)
Sii(0) =TT I {= v} : (59)
rz=1y=1

Here {x, y}, are certain combinations of hyperbolic functions and the p,;(z, y)
are positive semi-integers for the given range in (p9).

4.1 The Building Blocks

Before explaining how the powers 1, (x,y) may be computed, we present sev-
eral representations of the general building blocks, which will serve different
purposes. As a crucial step in the process of formulating generic expressions
for scattering matrices one should view the observation of P. Dorey [[J] who
noticed that the building blocks may all be expressed in a very elegant form.
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We slightly modify them to simplify certain computations and definef]

ey} = [af y]
and
[z, y]p := w=Ly—Dylztly+1), (T,y), = smh (9 + 20, + y0y) .

(x—1y+1),(x+1,y—1),
(61)
We used the angles #;, and 6y as introduced in section 3.4. Notice that the
strong-weak duality transformation § — 47/3 (B — 2 — B), h < H leaves
the scattering matrix invariant. One should stress that besides the strong-
weak interchange the invariance also demands the interchange of the Coxeter
numbers.
Alternatively, each block (B(]) admits an integral representation in the

form {2, 3 = exp / o At s () (62)

with

g?yH(t) = 8sinh (Ut) sinh (Vgyt) sinh (t — 204t — ygt) . (63)
This may be verified for instance by the explicit computation of the integral
n (62). We abbreviated here ¢, := (2 — B)/2h and ¥y := B/2H. Particular
attention has to be paid to the convergence of the integral representation
(B2), especially when we analytically continue. Shifting 6 — 6 + 26, + /04,
convergence requires that

0<(@—a' — D+ (y—y — Dy <2(1— 1+ 20 — (1 +4)0x) . (64)

In particular for real rapidity 6 the convergence is guaranteed if 0 < z < h
and 0 <y < H.

With regard to several applications, the values of the scattering matrices
at # = 0 are of special interest and we therefore comment on it for definite-
ness. In general we have {x,y},_, = 1, apart from the case {1,1},_, = —1.

IMn [@, @] a different type of blocks was used. They may be translated into each other
by simple replacements, e.g. for Go and Fy one sets H ! =0}, + 0y.
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This means we have to pay attention to the ordering of certain limits. When
writing the blocks in form of hyperbolic functions (6J), we have to set first
x =y = 1 and then take the limit § — 0, whereas in the integral representa-
tion (b2) we have to set x = y = 1, integrate thereafter and finally take the
limit 6 — 0.

The following obvious identities will turn out to be useful in the course
of our argumentation

{w.y}y = {z+2hy+2H}, = {~x,~y}," (65)

[z + 2,y + /),
o g, = 66
{LE, y}9+m On+y' 0 [ZI: - LU,, y — y/]_g ( )
12,9} 0106, 1000 1T Yo py—qoy, = THDY+Ag{T =Dy —qhy . (67)

Furthermore, it will be convenient to adopt the slightly more compact nota-
tion for the product of several blocks

{or,yn}p {zo, 2 y? - Axn, Un o™ = o, Y1 22, 455 - 2, Yk}, (68)

from time to time.

We shall now come to the characterization of the powers ,ul-j(x, y) of par-
ticular blocks {z, y},, which may be computed either by using the properties
of X or X1,

4.2 The Powers from XV

The powers in (B9) can be evaluated from the matrix-valued generating func-
tion

(17Cj)tj7(l+ci)ti ~

Ci+C' t; z
Z:uij (2$ R ]ay) ¢’ = ——[ ;]qq 2 (A Uq%’) ) (69)
y

for fixed z. Taking x in the range (3 —¢;)/2 <z < h+ (1 — ¢;)/2 ensures
that the first argument of p is between 1 and 2h. This formula is a natural
generalization of the one for the simply laced case ([2§), where now the
g-deformation incorporates the information of both dual algebras. At this
point we have only stated (B9) and we shall now convince ourselves that it
is indeed satisfying all the requirements we need.

When applying formula (59), we have to guarantee that the properties of
the combinations of hyperbolic functions in the building blocks {z,y}, are
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reflected in the correct way by the Lie algebraic quantities. This means, that
according to the identities in (63) we should have

Mz‘j(%?/) = Nij($+2h>y+2H) and Nz‘j(%?/) = _Nij(Qh_$>2H—y) . (70)

Considering (£9), the first relation in ([[Q) follows trivially from ([[§). To-
gether with the r.h.s. of (B9) the second relation in ([Q) may be proven
directly with the help of (P4). The second relation is important, since it
ensures that we can always find two blocks which combine in such a way
that the total power of each building block becomes an integer. Therefore it
guarantees that the scattering matrix is a meromorphic function, even if we
choose (this is sometimes very convenient) the ranges in (5J) tobe 1 < x < h
and 1 <y < H.

Having established the formal legitimacy of (59), it is clear that properties
of the ©’s may be carried over into properties of the scattering matrix. We
will therefore prove several identities which we exploit below when discussing
the scattering matrix.

First we note that

:uij(xvy) :Mji(%y) = _sz($+hay+H) . (71)
The symmetry in the subscripts follows directly from the defining relation
for the p’s (B9) and the symmetry property of the inner product (B5). The
second equation follows in view of the definition of the anti-particle ([J) and
(69). The latter identity relates the powers involving the particle on one
hand and the anti-particle on the other and will therefore turn out to be
useful to show the crossing relation.
From the fusing rule in Q¢ follows by similar manipulations as we have
just performed
Y pleEn,y+n) =0, (72)
I=i,j,k
where the lower sign relates to the first (2) and the upper sign to the second
solution (). The integers 1, and 7, are related to the two solutions of the
fusing rules by (7). It still needs to be established that they are indeed
the same as the ones occurring in the equations involving the conserved
quantities, (B1]) and (53). It will turn out that both relations in (72) will be
crucial to prove the bootstrap equations for the scattering matrices.
The final relation in this section follows from (1) and (£9)

Iy
n=11l€A
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where we understand that the sum ij’:l yields zero when [;; = 0. We can
view ([[3) as a particular solution of the recursive equations (2.4) quoted
in [[4]. One may take these equations as a starting point and use them
to construct the powers ,; recursively. However, it remains unclear how to
obtain the equations ([(3) from first principles. In fact ([(3) should be regarded
as a consequence of ([[) and we therefore view the latter equations as more
fundamental. We demonstrate this fact only for the equivalent equations of
the scattering matrices, since in that setting they correspond to a simple
physical property, see section 7.

4.3 The Powers from )A(}ll)

Alternatively we can use the data of the twisted algebra X',(j) in order to
compute the powers of the building blocks. In this case the role of two
arguments x and y in the generating function is reversed, that is now we
fix a particular y and read off the possible values for x from the generating
functions

_cite

i1 -1 e
Sy (w25 -t ot = ) ¢ ==L (e (1)

Since the two descriptions, i.e. in terms of the data of X! or in terms of
the data of X,gl) are supposed to be the same, we expect similar relations as
we obtained in the previous section for the u’s also to hold for the v’s. Now
property (63) of the blocks demands that

Vij(flf,y> = VZ]($+2h,y+2H) and Vij(flf,y> = —I/w(2h—.§lﬁ,2H—y) . (75)

The first relation in ([(4) follows trivially from (BF). Once again we may
guarantee that the scattering matrix is a meromorphic function by means

of the second relation in ([3), which follows from (fI)). We also have the
identities which imply parity and crossing

Vij(Ivy):Vji(x>y):_Vij($+hay+H) . (76)
The first equation follows now from (f0) and the second from (B4)[f. The
relation which implies the bootstrap identity

**We should keep in mind here that we did not yet prove (tl)) and (if). In fact we
reverse the logic and prove first the properties for the v’s in section 5.2. and deduce from
them the inner product identities in section 2.2.3.
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Z le(x:tnlvy:tﬁl>zov (77)
I=ijk
follows from the version of the fusing rules related to the g-deformed twisted
Coxeter element in ¢ (section 3.2). As the counterpart of ([3) we derive
from the defining relations of the v’s and (B4)

Vij(T 4o, Y) + Vi (T — iy —2¢) = Z Livy; (a:,y+ 1 2Cle' B 1;0%)
€A,
(78)
Having finally assembled the main properties of all the ingredients from
which we construct the scattering matrices, we are now in the position to
utilize them in order to study the properties of S.

4.4 Bootstrap Properties

The exact expressions for two-particle scattering matrices of integrable quan-
tum field theories may be obtained by solving certain consistency equations,
the so-called bootstrap equations. We will now demonstrate that (9) ful-
fills indeed all the requirements and take this as a proof for the conjectured
formulae stated in the previous subsection.

4.4.1 Unitarity, Crossing and Parity Invariance

The unitarity-analyticity equation S5;;(#)S;;(—0) = 1 follows trivially from
the property {z,y},{z,y} , = 1 of each individual building blocks. The
crossing relation S;;(f) = S;;(im — 0) requires in general a little bit more

effort, e.g. [29). Using (B3) and (pf) we obtain

h
Sii(im—0) = Sy (hOy+HO g —0) = H {2+ h,y+ H}y, "D 79)

||,':]m

Employing now the second identity in (@), the r.h.s. of ([[9) equals S;;(6),
which establishes the crossing relation. The parity invariance of the scatter-
ing matrix, i.e. S;;(6) = 5;:i(0), is guaranteed by the symmetry property of
the u’s in the lower indices, i.e. the first equation in ([]).

Alternatively we can use the data of the g-deformed twisted Coxeter
element and repeat the argumentation once more, using now the relations

(4) instead of ().
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4.4.2 Bootstrap Identities

We will now come to the key equations, whose names are sometimes associ-
ated with this whole approach, the bootstrap equations. The claim is that
once the fusing rules in section 3 hold, the following identity is true for the
scattering matrices

LT Su(6 +nbn +7,0m) =1. (80)
=45,k

The integers 7; and 7, may be expressed by using the data from the vari-

ous versions of the fusing rules (B7). The proofs of the relations (B() are
straightforward. We obtain with the help of (F@)

]:upl( 7y)

tip1 (1) [z +n,y+ 0
H {x y}e-z;-lnleh—i—anH = H

o v =y —mZ

@y (81)

The last step follows by shifting x — x —n; and * — x4 7, in the numerator
and denominator, respectively, such that we can employ the two equations in
(F3). We note that it is crucial to have both solutions at hand. Alternatively
we can derive the bootstrap equation (BQ) by exploiting the property ([77) of
the v’s and repeating the arguments once more.

With the help of (67) we translate ([J) into what we refer to as the
“combined bootstrap” identity for the scattering matrix

T Iil

Sij (9 + eh +t19[{) Sij (9 — Qh — tZQH) = H H Sjl (9 + (27’L —1- Izl)eH)

I=1n=1

(82)
Here we understand that the product Hfjlzl contributes 1 when I;; = 0. Some-
times this identity is identical to some bootstrap equation, but in general it
has to be constructed by combining several identities of the type (BJ) in a
very particular way. Its significance is, that it may be employed in order to
derive the matrix representation for the scattering matrix (see section 4.3).
Reducing (BJ) to the simply laced case, i.e. [l;], — [y, H — h,t; — 1, we
recover an identity quoted in [3], see section 7.

4.4.3 Occurrence of certain special Blocks

For various purposes it is important to exhibit explicitly the occurrence of
particular blocks {z,y} in the general formula (§9). It is possible to extract
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the blocks of the form {1,y}, {2,y'}, from the general product and re-write
the scattering matrix as

Sii(0) = {1, 130" {2.21,0,}, II IT{= v}, - (83)

x#£1,2 Y

For the proof of (BJ) we exploit the properties of the g-deformed Coxeter
element ¢,. Considering the identity (£9), we notice that for i = j a block
of the form {1,y} may only occur for x = 0,¢; = —1 or z = 1,¢; = 1. From
(I7) and the orlthogonality of simple roots and co-fundamental weights, we

Ci

obtain \; - 042 7; = —¢)% and therefore we get
tle o 1S 5
> i (Ly)g' = [2]‘161“ =524, (84)
Y n=1

which establishes the first factor in (B3). In order to prove the occurrence
of the second factor, we observe that a block of the form {2,y} may only be
generated if ¢; # ¢;. Due to the parity property of the ,u’sf@), we may choose
¢; = land ¢; = —1 w.l.g., such that we obtain from ([q) \;-0,7; = —¢*[L;;],-
Hence we obtain

ti+t; L;jtj

s I
q 1 n— E n— 1 n
> i (2.9) ¢ = 5 [Lijlqltile = 5 M@ty = 3 S g™ (85)
Yy n=1 n=1 n=1

In the last equality we have used the fact that either ¢; or I;; has to be one.
This establishes (BJ).

There are several consequences we may draw from (B3). An immediate
conclusion concerns the value of the scattering matrix at vanishing rapidities.
With the remark made in section 4.1 we deduce from (B3)) that

Sii(0) = (=1)* . (86)

The knowledge of this value is for instance important in the context of the
thermodynamic Bethe ansatz [2]]).

4.4.4 Singularities and the generalized Bootstrap

As we have seen the blocks of the form (B() are extremely useful to exhibit
the Lie algebraic structure of the scattering matrix. However, they are quite
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misleading with regard to the singularity structure due to the possible can-
cellation of zeros and poles. This may happen whenever we have a product
of two blocks {z,y} {z',y'} and z, 2" or y,y" differ by 2. It suffices to con-
sider the latter case, since it will cover all examples we shall be constructing.
Motivated by this observation we introduce the quantity

(b = 1 toy+2, (57)

<I_1>y_1>0<$+1ay_1+2n>0

0 — —0)"t, (88
<:E+1,y—1>9(x—1,y—1—|—2n)0X( ) (88)

and also define the angles

Oy =(xE£1)0h+Cn+y—1)0y . (89)
which serve to characterize the precise location of the singularities of the
blocks {z, y,, },. Obviously the four zeros are situated at :t@iyp, :Fﬁiym and
the four poles at i—é’iy,n,ieiy,o respectively. In order to interpret these
singularities from the physical point of view we should know when they are
situated on the physical sheet, i.e. 0 < Im# < 7. Recalling that the range
for the possible arguments of the blocks 0 < x < h, 0 < y < H and the range

in which the effective coupling takes its value, i.e. 0 < B < 2 we evaluate

2H(h—xF1)
0 <Im(0F, )< for B < : 90
shulo,,) s for B s om e N T G AT (90)
The relevant residues are computed to
. —2sinh 0y, sinh(nbg) sinh(x@;i—i-(n—l—y—l)GH)sinh(e; , )
R@S {x’yn} - sinh(9h+n€H)sinh(m@h—l—(y—l)@H)sinh((m—l)@h—l—(y—l—nff)@H) (91)

“V2,y,0

R . 2sinh 0y, sinh(nf g ) sinh(x0p,+(n—14+y)0 ) sinh(@j’yyn)
9:9‘?8 {x,yn} " sinh(0p+n0p) sinh((1+z)0;,+(n+y—1)0 ) sinh(z0y,+(2n+y—1)0g) * (92)

z,y,n

It is easy to convince oneself that with the stated range for x, y, B, n together
with (90) we have

Im( Res {x,yn}e) <0  and Im< Res {x,yn}9> >0, (93)
0=0,

= —pt
~—x,y,0 G_Gr,y,n
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such that the sz,n could correspond to the direct channel poles. In the
simply laced case this knowledge is enough to judge about the sign of the
residue of the whole S-matrix, e.g. [§]. For the case at hand matters are more
involved since the remaining blocks in the scattering matrix do in general not
possess a definite sign. It is this feature which lead the authors of [I] to
the formulation of the generalized bootstrap. According to this prescription
only odd order poles, whose imaginary part of the residue is positive in the
whole range of the effective coupling B, participate in the bootstrap.

So let us have a closer look at the behaviour of a block {z’, yn,}9+ . We
obtain a first criterion for a possible sign change by considering the extreme
limits in the coupling constant. In general we have limg_g o {2/, ¥, }GIM

= 1. However, if 2’ = x we have

y—y-2n \*

. ro _

iy (i, = () (04)
T (e, = 1 (95)

This means if the block responsible for the pole is {x, y, }, and the right hand
side of (94) is negative the imaginary parts of the possible additional blocks

{z, y;u}ej,y’n and {z+2,y, "}9+ (96)

both change their sign while § runs from zero to infinity. This means the
pole 9+ ., does not participate in the bootstrap if in the scattering matrix
also the blocks (B8) occur to an odd power and if they do not cross the real
axis at the same position. This means having the scattering matrix given
explicitly in blockform the condition on y, 4, n,n’ by which the Lh.s. of (p4)
becomes negative, together with the occurrence of blocks like (Pg) provides a
simple criterion which allows to judge whether a pole resulting from a certain
block should be excluded from the generalized bootstrap or not.

Exploiting the fusing rules and reading off the relative rapidities from
(B1) we obtain the precise location, say ¢, of a pole in the scattering matrix
which participates in the generalized bootstrap

¢ = F(n; —1;)00 = (M —7;)0u - (97)

The two signs result from the two non-equivalent solutions of the fusing rule.
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5 Matrix-Integral Representation

Alternatively to the universal form for the scattering matrix in form of blocks
there exists a remarkable integral representation. This version of the scat-
tering matrix is particularly useful when applied in the context of the ther-
modynamic Bethe ansatz [R1, B9 or off-shell when computing form factors
B0]. We can express the scattering matrix as|T]

(s

Si;i(0) = exp]o% ®,;(t) sinh <@> : (98)

with 1

By () = 8sinh(Vyt) sinh(t;0nt) ([K]owae ) (99)

ij
We introduced here the particular deformation parameters ¢(t) = exp(Upt)
and q(t) = exp(¥yt) and the matrix

[Kijles = (a@" + ¢ "7 ")di5 — L] - (100)

In the limit ¢ — 1 and ¢ — 1 the matrix [Kj;],; obviously reduces to the
ordinary Cartan matrix K, such that one is tempted to view this matrix
as a doubly g-deformed Cartan matrix. However, this viewpoint is slightly
misleading as we now argue. For the simply laced cases it was proven [f], that
the conserved quantities may be organized as right eigenvectors of the Cartan
matrix 3, Kjjy;(n) = 4sin®(s,7/h) y;(n) with s, labeling the exponents of
the algebra as already introduced. In particular we have that y;(1) ~ m;. It
is then easy to see that this may also be re-written as

T

> [ Kijlatimsmyatinsnyyi(n) = 0. (101)

=1

Hence, we can alternatively organize the conserved charges as nullvectors
of the matrix [Kyj]q(int)gnt) evaluated at exponents of the Lie algebra, i.e.
t = is,. Based on a case-by-case investigation, Oota pointed out [[4] that
equation ([[0]) also holds for the non-simply laced case. A general proof of

fTA very similar formula was first obtained by Oota ((5.2) in [[4]) on the base of a
case-by-case study. In comparision, the formula () differs only by a factor (—1)%:
exp (261-3- fooo %sinh (f—;)), which is 1 for 0 real, but different from one if the rapidity
becomes complex. Similar expressions also appear in [@]
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this statement is still outstanding. There is, however, one important differ-
ence in comparison with the simply laced case. In general we can not reverse
the interpretation anymore, such that we are not able to recover a genuine
eigenvalue equation. In particular for s; = 1 this leads to

> ijlgtimym; = 2 cosh (On + t0w) m; . (102)

J

We observe that the eigenvalue depends now through the symmetrizer ¢; on
the component of the “eigenvector”. In the limit 3 — 0 we restore the old
picture and recover the equation >, I;;y;(n) = 2 cos(mwsy/h)y;(n) valid for all
simple Lie algebras. With the help of ([[J) we also obtain the equation for
the left nullvector z;(n) related to the right as y;(n) = [t;]; z:(n).

The determinant of the matrix ([[00) may be computed [I4] to

det[K]q(irn)g(int) = ﬁ 4sin((t + s,)m/h)sin((s, —t)w/h) . (103)

n=1

We do not have a general proof of this formula, but we have verified it case-
by-case. Two important features which we exploit below should be noticed
here, first the determinant becomes independent of the coupling constant
and second it vanishes for ¢ being an exponent.

Before we provide the proof for the representation (P§), we will introduce
two further auxiliary matrices.

5.1 The M-Matrix

We restrict now the sum of the generating function for the powers of the
building blocks (£9) to a finite range and also include an additional defor-
mation parameter ¢ into our consideration. We define the matrix
2h 2H
Mij(q,q) = > > wy(@.9)d" @ (104)

rz=1y=1

where initially we keep both deformation parameters completely generic.
From the properties for the u’s, which we deduced in section 4.2., we can
immediately derive several features for the matrix M

Mij(q,q) = —*"@* My (¢, ") = M;i(q,q) - (105)
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The first identity in ([[07) is a consequence of the two relations in ([(()
together with the fact that u,;(0,y) = u;;(2h,y) = 0 for all y. The second
follows trivially from the symmetry properties of the p’s from the first relation
in (7).

Most crucial is once more the combined bootstrap equation, which on
the Lie algebraic side corresponds to the property ([[3). In fact, this identity
will enable us to compute the matrix M explicitly. By some straightforward
manipulations of this relation we deduce with ([[J) that M(q, ¢) has to satisfy

. r 1— q2hq—2H
(777" + 00" My 0, @) = S iy Mg (0.@) = — 51— [l (106)
k=1
Solving this equation for M (q, ) yields
L hpH -
M;i(q,q) = 9 ([K]qﬁ)ijl [tilg - (107)

At first sight ([07) does not seem to be a finite polynomial of the form
([04). However, the doubly g-deformed Cartan matrix becomes singular at
certain values and the pre-factor (1 — ¢?*g*") ensures the whole expression
to remain finite. In other words this term may always be factorized into
the determinant of [Kjj|,; and some rest, such that the r.h.s. of ([07) will
indeed be a polynomial as defined in ([04). In [B] a similar matrix as
(L07) also occurs. However, apart from the ordering of [t], [K], the pre-factor
(1 — ¢*@*1) /2, which is crucial for the polynomial aspect we discuss below,
is not mentioned in there.

We will deviate now from our generic consideration and specify the de-
formation parameters to be ¢(t) and g(¢) as introduced after equation (P9).
Noting first of all that q(t)?"q(t)?" = e, we observe that for t = imm
the r.h.s. of ([[06) always vanishes. Furthermore it follows from ([[07) that
M (q(imm), q(imm)) is also always zero unless m is an exponent by ([L0J).
From this we deduce that M(q(iws,),q(ims,)) is proportional to the right
nullvector y(n) as specified in ([0])). In view of the symmetry property

([03), we conclude that

Mij(q(imsn), q(imsn)) ~ yi(n)y;(n) (108)

where the factor of proportionality does neither depend on the particle index
i nor on j. Most importantly we derive from ([) a matrix version of the
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fusing rule (F1) and (53)

> qlims,)™ qimsn)™ My(q(imsy), q(ins,)) =0 for1<p<r.
I=i,j,k
(109)
By means of ([0§) we may divide out y,(n) and the factor of proportionality
from ([[0Y), such that we have at last established the relation (F]]) involving
the conserved quantities.

We may specify the deformation parameters further and take ¢ and ¢
to be roots of unity of order 2h and 2H, respectively. This may be done
safely after we have cancelled the determinant against the pre-factor. As
a consequence this means in particular that together with the periodicity
property of the u’s (the first property in ([[0)), we may simultaneously shift
the upper and lower limit in the sum ([[04) arbitrarily. The properties of
the blocks are now also reflected by the polynomial ([[04), such that we can
not only carry out a one-to-one identification between {x,y}s and ¢*@¥, but
in addition we can also manipulate them in an identical way. If in analogy
to {—z, —y}s = {z,y},"', we further define ¢=*¢¥ = —¢®¢V we can even
guarantee that the range of v and yis 1 <z < h, 1 <y < H. With these
assumptions in mind we derive

M;ij(q.9) = ¢"¢" Myy(¢7 ', ") = —¢"3" Myj(q. Q) (110)

from the last relation in ([7]).

As a final remark of this section, we note that at roots of unity the
defining relation for the M-matrix ([[04)) may be viewed as the discrete Fourier
transformation of p1;;(x, ), the inverse of which reads

2h 2H
( DD My (w™ o) w M (111)
:um x y 4hH i y W w )

m=1n=1

with w and @ being the 2h’th and 2H’th primitive roots of unity, respectively.
This allows us to compute the powers of the blocks, i.e. the u’s, in an
alternative way from the explicit expression of M (g, q) in matrix form ([[07).
We may also utilize ([[11) to verify the properties of the u’s by exploiting
now explicitly matrix representation of M(q, q), instead of the orbits of the
g-deformed Coxeter element as in of section 4.2. In addition the computing
rules, which we stated in the previous paragraph for generic ¢ and ¢ are
automatically satisfied for ¢ and ¢ being roots of unity.

30



5.2 The N-Matrix

As to be expected, we may also express the scattering matrix in terms of the
data of the twisted algebra X (). In analogy to the M-matrix ([[04) we define

the n X n-matrix
2h 2H

zy qq Zzywxy > (112>

z=1y=1
where once again we keep both deformation parameters completely generic
for the time being. It should be clear that our notation in ([4) is slighly
abused here at the cost of avoiding the introduction of new symbols. From
the Lie algebraic analogue to the combined bootstrap equation ([§) we derive

()5 i) 2Ny + Ny — 30 @ g 25 5 Ny
OJLEAch

1 — g2hg2H

WMo, (113)

= (q9) 5 W)
Unlike the corresponding equation for the non-twisted case ([[0F), we can
not solve ([[13) directly due to the occurrence of indices transformed by the
automorphism w. However, we may consider equation ([[T3) for i — w™%(7)
and iterate the resulting equations as long as we obtain N,-w;;; = Ni;.

Thereafter we can safely solve the equation for the r x r-submatrix, say N,
and obtain oo
oo 1—a7q SIS

Nij(a.0) = —5—— ((Klug),, [l - (114)

Here we have introduced the doubly g-deformed twisted Cartan matrix

A

[Klog = (¢q" +q7'7" [th] . (115)

Note that in the classical limit ¢,§ — 1 we recover the transpose of the usual
twisted Cartan matrix. The transposition results from our convention that
particles in both dual algebras are denoted by the same particle index. Sim-
ilarly as in the nontwisted case the determinant of the matrix ([[13) acquires
a very neat form

Qet[Kyomontnty = [T 4sin((t + 80/ H) sin((G — O)x/H) . (116)

k=1

31



where the &, denote the [-th exponents of X [[§]. We also do not have a
general proof of this formula, but we have verified it once again case-by-case.

By direct computation, we may now derive several identities for the ma-
trix N , namely

~

Nij(q,9) = Nyilq, @) = —=¢*"T"Nij(q7 ", 77") - (117)
The first and second relation in ([[T7) imply the first property for the v’s in
(f4) and the second relation in ([7F), respectively, which on the other hand
finally prove the inner product identities of section 2.2.3. Comparing ([07)
and ([I4) we see immediately that M = N and therefore v(x,y) = u(z, y).
A direct Lie algebraic proof of the latter equality would be desirable since
it allows to express quantities of the twisted algebra in terms of the non-
twisted algebra and vice versa. Having established several features of the
matrix M (q,q) and N (q¢,q) we will now supply the context in which they
naturally originate.

5.3 From Block- to Integral Representation

Concerning the representation of the scattering matrix in blockform (bd), an
obvious question which arises is, whether it is possible to compute explicitly
the product over x and y. Taking the explicit integral representations of the
blocks (pb3) into account , this problem amounts to the evaluation of

2h 2H
Dy(t) = siriht Z_:lz_;“ij(xvy) vy (& B), (118)
— SOOI o gyaw)  (129)
_ _8Sinh(ﬁ:ilzsitnh(ﬁHt)e—tN(q(t)7q(t)) (120)

if we want to transform the scattering matrix into the form (P§). From
the first identity in ([[03), noting that q(¢)?"q(¢)*! = e, together with the
explicit form of the M-matrix ([[07), we deduce the integral representation
(@) with (59).

Some comments are due, since it appears that the convergence condition
(B4) is violated by the range we chose for x and y in the defining relation for
M. However, for each individual block {z,y}¢ we can exploit the properties
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(F3) and bring the arguments z and y into a range for which the integral
representation (B4) is convergent. These features are reflected in the M-
matrix if it is taken at roots of unity together with the already mentioned
rule ¢7*q7Y = —q*¢".

As an alternative proof we may proceed similar as in [P for the simply
laced case. This method turns out to be instructive with regard to particular
applications as the thermodynamic Bethe ansatz and it will illustrate the
origin of the slight difference between (Pg) and the formula in [[4]. First we
notice that the scattering matrix may also be written as

Sij(0) = N exp (/ %@ij(t/w) sinh <¥>) : (121)

when we introduce the quantities

©;;(0) = —idile In S;;(0) and $ij(k) = / dbp;;(6)e™ . (122)
Due to the differentiation in ([23), we have the freedom of a normalization
constant A/ in ([21)), which may be fixed by some asymptotic condition. Act-
ing now with —¢ times the logarithmic derivative on the combined bootstrap
identity (we concentrate here on the case I;; = 1) (BZ), multiplying with
exp(ikf) and integrating thereafter with respect to 6 we obtain

P / 0 (1245 (6 + 61+ t:01) + 035 (6 — 61 — 1:6)) & = " Iy (k) -
=1

(123)
Here P denotes the Cauchy principal value. Alternatively we may compute
Coij(k) directly. For this purpose we shift the Fourier integral into the complex
plane and integrate along the contours sz as depicted in figure 2.
Due to (B3) we know explicitly the occurrence of the relevant blocks which
will give a contribution when we integrate along C;t.

0—00

lim f Ao, (0)e = Byy(k) — P / d0ipy; (6 = Oy & 1,05) FOL0EL0H] 24
ci

= 27T52‘j6$2mgh/H - 7T[Z‘j€$k7r(ﬂh+ﬁH) . (125)
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On the other hand the Lh.s. of ([23) may be computed alternatively from
the right hand sides of ([[24]) and ([23), such that we obtain

Pyy(k/m) = 27 (855 — 4sinh ko, sinh ki (2cosh t(9y +9u) — 1))
(126)
and therefore (09) by means of ([2])). The other cases when I;; = 2,3 may
be obtained similarly with the singularity structure as indicated in figure 2.

Im(0)
2t g
2 (9, + ti0 )

+
CQ
o 27,

o -2V,
o

4

27 (O, + ti0y)
P27t 0y

Figure 2: The contours C;E in the complex #-plane. The bullets e belong to poles
resulting from —id/df In{1, 1}y and the open circles o to poles of —id/df In{2,2}y,
for the situation B > 2H/(H +t;h). When B < 2H/(H +t;h) the poles at £27t; 0y
and 271, reverse their roles.

6 Reduction to the simply laced Case

It is instructive to investigate how the general formulae valid for all simple
Lie algebras behave when we specialize to simply laced Lie algebras. Con-
sidering the data of X", we notice first of all that there is no distinction
anymore between H and h. The length of all roots is the same in the simply
laced case, such that ¢; = 1 for all 7 and the incidence matrix becomes there-
fore symmetric. The g-deformed incidence matrix reduces now to the usual
incidence matrix, i.e. [l;;], — I;;, since it does not have entries different
from 1. As a consequence the g-deformed Weyl reflections in ([) become the
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ordinary Weyl reflections, such that O'Z(Z-) — O;). The map 7 commutes now
with the o.;) and therefore the g-deformed Coxeter element becomes

0q— ¢*o_oy =q’o (127)

with o being the ordinary non-deformed Coxeter element of XM Noting fur-
ther that co-weights become identical to weights, i.e. \; — \;, the generating
function (p9) acquires the form

ci+cj

¢+ c; 1 5, .
> i <2x‘ 5 j,y)qy=‘§q2 7 (A 0") - (128)
Yy

Hence we always have y = 2x — C’JFTCJ and the only type of blocks which
emerges is {z, v} []. Therefore the block form of the scattering matrix reads

h

ci+ ¢ ci + ¢
Si'(e):H{Qq_ 5 j>2€I—TJ

_% Ai-o9y;
} . XU =ADE. (129)
q=1 0
This means, that also conceptually the simply laced case admits a slightly
different formulation. In the generic case we compute the powers of the
building blocks indirectly via a generating function, whilst in the simply
laced case we may compute them directly.

We can also consider the data of X! and undo the twist, which means
that w — 1, [; — 1 and t; — 1 for all i, such that the twisted q-deformed

Coxeter element becomes
6,— ¢°0_0y =q°0 . (130)

Therefore the generating function (f4) becomes

c,L-+cj
¢i+¢\ . v
S (n2y- S0 =L o) (131)
citcj

which means that z = 2y— =5~ and the only type of blocks which emerge are
once again {z,x},. Hence, the scattering matrix reduces also in this analysis
to the form ([29).

The matrix inside the integral representation (P9) for the simply laced
case follows likewise and acquires the form

o, () = 8sinh (%) sinh <%> (2cosht/h—1);' . (132)

Hence we have recovered the formulae of [§ or 7.
HThe block {x,z}, corresponds to the block {x}, as defined in [§] or [BJ.
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7 Case-by-Case

In order to illustrate the working of our general formulae it is useful to work
them out explicitly for some concrete examples. We concentrate here on the
non-simply laced case, since the simply laced case is covered extensively in
the literature [d]. We will be most detailed for the (Ggl),Df’))—case. Our
conventions with regard to numbering and colouring may be read off from
the Dynkin diagrams. As usual the arrow points towards the short roots. A
black and white vertex corresponds to the colour value ¢; = —1 and ¢; = 1,
respectively.

7.1 (G, DY)

Oy
aq o) ( w
L=Se &
dg ~— a3
The S-matrices of the theory read [[L0]
A
S11(0) = {1,1;3,59;5,11} (133)
1
—~—
512(9) = {2,23;4,63}9 (134)
2
522(9) = {1,13;3,33;3,53;5,73}9 . (135)

Here we indicated which block is responsible for which type of fusing process.
We have h = 6 and H = 12 for the Coxeter numbers. With the help of
(B7), we easily verify that for ([33), ([34) and ([33) the following bootstrap
identities hold

Su(0+6n+0u)Su(6—0p—6y) = Su(6) 1=1,2 (136)
St (9 + 20, + 491{) S (9 — 20, — 491{) = Sy (9) [=1,2 (137)
Sor (9 + 20, + 491{) Sor (‘9 — 20, — 49]{) = Sy (9) [=1,2 . (138)

As an example for the working of the generalized bootstrap and our criterion
provided in section 4.4.4., we plotted the imaginary part of the residues
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of Sy(0) in figure 3 for several poles. We observe that the sign changes
throughout the range for poles resulting from {1, 13} and {3,55}. Only the
poles responsible for the self-coupling of particle 2 has a positive imaginary
part of the residue throughout the range of the coupling constant 3. Except
at B = 4/3 where it is zero, such that this fusing process decouples.

—— Im[Res(S,,(6",, )]
- - = Im[Res(S,,(6",, )]
----- |m[ReS(822(e+3.5,3))]

0,3 |

0,2

0,1

e g————

0,0 [

_012— \‘~---"’ —

1/2 3/2 2

Figure 3: The imaginary part of several residues of S2(f) as a function of the
effective coupling constant.

Besides ([[3G) the combined bootstrap identities (B9) also yield

Sio (9 + 6, + 39[{) Sio (9 — 0 — 39H):Sl1 (9) Snh (9 + 29H) S (9 — 29H) ,
(139)
for | = 1,2. These equations may be derived from ([3§) and ([[37) or veri-
fied directly for ([33), ([34) and ([33), with the help of (Fq). The process
corresponding to the combined bootstrap identity ([39) is depicted in figure
4.
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2 2 2 2
Figure 4: (GS’, Dig))—combined bootstrap identities ([L39).
Reading off the fusing angles from the bootstrap equations we obtain the

mass ratios according to (5@)
my  sinh (0, + 0g)
my  sinh (20, +205)

We may construct all these formulae from the Lie algebraic data in two
alternative ways.

(140)

7.1.1 S (§) from GV

We start by exploiting the properties of Ggl). The non-vanishing entries of the
incidence matrix are I;5 = 1 and I5; = 3. Consequently equation ([[1) yields
t; =1 and t5 = 3. As indicated in the Dynkin diagram we choose ¢; = —1
and ¢y = 1, such that the g-deformed Coxeter element reads o, = oirodr.
The result of successive actions of this element on the simple roots is reported
in table 1. Here and in all further tables we choose the following conventions:
To each 7, we associate a column in which we report the powers of the g of
the coefficients of the simple roots. We abbreviate

:i:(q”ijt. . .—l—q”lll)alzi:. ) .:i:(q”’l‘+. . .—l—q”ir)ar — du, .. ale1§ ok ,ullr ,

(141)
with » = rank g. When ¢* occurs z-times we denote this by u*. Like in the
undeformed case the overall sign of any element in €, is definite. Therefore
it suffices to report the sign only once as stated in ([41]). In the complete
orbit we always have an equal number of plus and minus signs. When we do
not report any signs in the column at all, the signs of the column to the left
are adopted. In case the coefficient of the root is zero, we indicate this by a
*. For instance from table 1 we read off : 0,7, = —(¢* + ¢®)a1 — ¢*an.
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log [ ai=—n ] =9 |
4,6;4 —4,6,8:6
10; 8 —8,10,12; 8,10
—12; % —x%; 12

—16,18;16 | 16,18,20;18
—22:20 | 20,22,24;20,22
24; % x; 24

D TY | W[ DN =

Table 1: The orbits f created by the action of og on 7,

For the conventions chosen the generating functions (69) for the powers of
the building blocks are obtainable from the generating functions

oy 2z +1,y)¢" = —¢' (M- (09)"71)/2 (142)
> ug (2r,y)¢Y = —q A - (04)"72)/2 (143)
Yot Rr—1,9)¢" = —q¢°[3],( X2+ (09)"72)/2 . (144)

We may now read off the Lie algebraic data from the table 1 and we can
construct the scattering matrices ([33), ([34) and ([37) according to formula

(69).

The two non-equivalent solutions to () corresponding to the S-matrix

bootstrap equations ([3§), (I37) and ([3§) read

qu_l% + q_l’h = q_3727 q_l% + qu_l% = q_372 ) (145)
Coln+a o =01, antdol =g,y (146)
qlﬁgq% + 0272 = q2072, 6140272 + q2072 = 0272 ) (147)

respectively. These relations may be obtained either from ([36), (I37) and
(I3§) together with the formulae which relate the fusing angles to the solu-
tion of the fusing rules in terms of the g-deformed Coxeter element (57]) or
alternatively they may be read off directly from table 1. For a direct com-
parison with (p7) one should cross all term to one side of the equation by
means of ([J).

It is also instructive to consider explicitly the matrix representation and
verify the general formulae of section 5. The doubly g-deformed Cartan
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matrix for generic ¢ and ¢ reads

- (qa+q'q! -1
[K]qq - < _(1 +q2 +q—2) qq3 +q—1(j—3 ) (148>

with determinant det[K],; = ¢*¢* + ¢ >¢~* — 1. The right nullvectors are
evaluated to

y(1) = (sinh(6, + 0p),sinh(20), +205)) (149)

y(2) = (sinh(50, + 50y),sinh(106;, + 100y)) . (150)
From ([[48) we compute the M-matrix according to ([L07)
) 1— ¢ 1_"‘?533‘7178 27{1+r725;qj_1

M(q,q) = 9 ( FIO R A T ) (151)
*q*+q2q -1 1+q°q*+q"q®

(1+*7* ~4°¢"* —¢°q"%) (g+4°q") (1+3°+3*)(@* ¢ +¢* =" ~¢°7"%)
- ( (1+c72+z72)(q2c724+g4z78—q10c72°—q8¢716) (1+c72+z74)(q«7+q3¢732)(2}+q6¢712—q2r74—q8r716) )

Evaluating the M-matrix at M (q(ims,), q(iws,)) leads to

Matim).atim) = o LRIy (o

My (q(5im), q(5im)) = h(;jf;(@jih(%j@f)m@]{) ui(2)y,(2) (153)

which confirms equation (L0§) including also the precise factor of proportion-
ality.

7.1.2 S;;(0) from DY

Instead of using the data from Gél), we can also employ the properties of
Df’). As indicated in the Dynkin diagram, we choose the values of the bi-
colouration to be ¢; = —1 and ¢ = ¢3 = ¢4 = 1. Our conventions for the
incidence matrix I, the action of 7 on the simple roots and the action of the
automorphism w on the simple roots are

0111 oy (071

1000 oo | P | oo
I= L1000 | 7(d) = . : w(d) = a | (154)

1000 0y Qs
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The lengths of the orbits are [y = 1, I3 = I3 = [; = 3 and the g-deformed

twisted Coxeter element reads therefore 6, = w™
of this element on the representatives of {2 are reported in table 2.

1

0| =1 | de=4

1 *; k5 25 % —2;%; 25 %
2 2; % %; 2 —2;%;4;2
3 2;2:4; % —2,4;2;4;4
4 *; %k 4 —4:4:6;4
5 4; 4 %; % —4;4;%;6
6 —0; *; *; % —%; 0; *; %
7 —x; % 8; % 8;%; 8; %

8 —8;%;%; 8 8;%;10;8
9 —8;8;10; % | 8,10;8;10;10
10 || —=;%;%;10 | 10;10;12;10
11 || —10;10;%;% | 10;10;*;12
12 12; % % % w5 125 % %

01763, Successive actions

Table 2: The orbits Qg created by the action of 67 on v,

For the generating functions ([[4) we obtain

Sovn (@ 2y+1)¢" = —q( A (69)"4)/2 (155)
Yvi(@,29)¢" = —(Aa-(64)"41)/2 (156)
Yovm(r,2y—1)¢" = —q7 (A2 (64)"42)/2 (157)

which yield the scattering matrices ([33), ([34) and ([37) with the help of
table 2.

The two non-equivalent solutions to ([if) corresponding to ([34), ([[37)

and ([3§) read

P4+ o =053, G @ =640 (158)

00, AT+ a7t = a7 e AT, e AT + a0 AT = a7 e AT, (159)
G20 08 =008, 4005 + 4 200 =Gy (160)
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respectively. These relations may be obtained either from ([36), (I37) and
([39) together with the relation which relates the fusing angles to the solution
of the fusing rules in terms of the g-deformed twisted Coxeter element (p7)
or alternatively they may be read off directly from table 2. Exploiting the
relationship between the different versions of the fusing rules (f7), we may

also obtain ([53), (I59) and (L[60) from ([45), ([44) and ([47).

1 2
7.2 (FY EY)

o Qp Q3 0y a1 Qo ng
0—CZ>:0—O ® ®

The S-matrices of the theory read [[f]

S1(0) = {1,14;5,72;7,9; 11,15},

S12(0) = {2,39;4,52;6,79;6,92;8,115; 10,134},

S13(0) = {3,42;5,62;7,109;9,125},

S1a(0) = {4,598, 115},

Spa(0) = {1,15;3,34;3,50;5,50:5, 737,957, 11;9,119;9, 135; 11, 155}
Sos(0) = {2,29:4,49;4,65;6,835:8,104;8,125; 10, 145}

Sos(0) = {3,32;5,72;7,929,135},

Sa3(0) = {1,1;3,32;5,7;5,79;7,99;7,11;9,135; 11,17},

Saa(0) = {2,2;4,6;6,858,12;10,16},

Su(0) = {1,1;5,7;7,11;11,17}¢ .

We have h = 12 and H = 18 for the Coxeter numbers. We will not report
here all boostrap identities, but we state the combined bootstrap identities

(:2)

S0 + 01, + 201)S1(6 — 0, — 204)
So(0 + 0y, + 2047) S (6 — 0, — 2017)
Ss1(0 + 0 + 017)S51(0 — 0, — Op)
Su(0 + 0y, + 01)Su(6 — 6, — 041)

Si2(0) (161)
S (0)Si3(0 — 0p)S13(0 + 0p) (162)
Si2(0)S14(0) (163)
Si3(6) (164)



forl =1,2,3,4. Once again there occurs one equation which is more involved
than the usual bootstrap which we depict in figure 5.

2 2 2 2

Figure 5: (F4(1), éz))—combined bootstrap identities ([[63).
Reading off the fusing angles from the bootstrap equations we obtain the
mass ratios from (p4)

m sinh(0, + 20y) my _ sinh(36), 4+ 505)

mo - sinh(100;, + 140y) ms B sinh(76;, + 100y) (165)
mo_ sinh (365, + 505) my sinh (96, + 15605) (166)
My sinh (260, + 30y) ms sinh (260, + 20y)
my sinh(96), + 1565) ms sinh(26), + 260) (167)
My sinh(0y, + 0p) my sinh(0, + 0g)

As in the previous case these formulae can be re-constructed from the twisted
as well as the untwisted Lie algebra.

7.2.1 S;;(0) from FY

According to our conventions the g-deformed Coxeter element reads o, =
ojoiroloir. The result of successive actions of this element on the simple
roots is reported in table 3.
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| oy || a1 = —7 Q3 = —73 Q2 =79 Q4 =Yy |
1 *;4; 3, 5; % 3;3;2,4;2 —4;45 3, 5 % *;k; 25 2
2 6;6;5,7;5,7 5:5,7,62,8:6 —6:6,8:5,7%,9;5,7 5;9;6; *
3 8;8,10;9,11; % 9:92:8,10% 8,10 —8,10;8,10%9%,11%;9, 11 %, 9:8,10; 8
4 *;12;11,13;11,13 11;11,13;12,14;12 | —12;122,14;11,13%,15;11,13 | 11;11;12;12
5 14; 145 %; % *;15;16; 16 —14;14,16;15,17; 15,17 *; 155 16; %
6 —18; % % % *; %; 18; % —x; 185 %; % *; %% 18
7 —x%;22;21,23; % 21;21;20,22;20 22;22;21,23; % x;%; 20; 20
8 —24;24:23,25; 23,25 | 23;23,25; 242, 26; 24 2424, 26; 23, 252, 27; 23, 25 23;23;24; x
9 —26;26,28;27,29; % | 27;27%;26,282%;26,28 | 26,28;26,282,27%,29%,27,29 | ;27;26,28;26
10 || —=%;30;29,31;29,31 29; 29, 31; 30, 32; 30 30; 302, 32;29, 312, 33; 29, 31 29;29; 30; 30
11 —32;32; ;% *;33; 34; 34 32;32,34; 33, 35; 33,35 *; 33; 34; %
12 36; *; *; * *; %; 36; * x; 36; *; * *; % %; 30

Table 3: The orbits Qf created by the action of og on ;.

By using table 3 we may recover the (Fil),Eéz))—S—matrices with the help
of generating functions (p9). The two non-equivalent solutions of the fusing

rule in €2, are

Y+ q‘lzo';*%

T+ q o
Yo +q Mol
Yyt q o0,

Ya+q s
Y1 +4q
O-q’y4
Yo+ ¢
—15 5
Y4+ q oy,

g,

N+ a0
V3 +q o)

g,

Yo+ q 0,

V3 + q_40?ﬂ4

T+ q Pogm

q Coiy, o+ a0y = %oy, 1=1,2,3,4
e 05171 ‘|’q40q_271 = 0(1_1727

—4 4_—6., _ -1
Y1:» 4 Vot q 0y V1 =04 V15

Vs, 4 Vst ‘7;174 = ‘7;1737
~16 5

g Covy, G+ 40 s = ¢
g Mogve, o v+ 400y = Yo
G0y 0 a0 = 4o,

¢ o, 0yt + a0 v = o,
oy @ e+ @00 s =q o)
V3 0 e+ 0 v =q o s,

e PI  PO l PR e O
q_gaq%a q_2’Y4 + q60q_374 = q30q_2717

oy a0 = oy

Once again we can confirm from these solution the equivalence of the boot-
strap equations and the fusing rules by means of (F7) and also verify the
relation for the mass ratios ().
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7.2.2 S (0) from E

The g-deformed twisted Coxeter element in our conventions reads &, =

W

‘a0

sentatives of {2 in table 4.

70359, We report successive actions of this element on the repre-

Al as = =7 &y = 43 &y =45 u =Aj

1 0; 5 %; ;% * *5%; 2525252 —k; %5 25 %5 2; 2 *5 k5 25 25 % %

2 K3 %5 25k 2; % 2;2:2;%;4;4 —2;2;2,4;4;4;4 *;k; %3k 45 4

3 x;2;2,4:4;4;4 4:4:4%: 4; 4; x —4:4;4%,4:4,6;6 454545 %; %; *

4 4;4;4;4;6;6 x;4:4,6:6;6%: 6 —6;4,6;4,6%6;6%6 *;%;6;6;0; %

5 6;6;6; %; 6; * 6;62;6%;6:8:;8 —6;62%,62,8;6,8;82%; 8 *;6;6;%;8; 8

6 *;6;6,8;8;8; % 8;8;8;8;8; —8:82:8%:8:8,10; 10 8;8;8; 8; %; %

7 *; 8;8;8;10; 10 x; 8; 8;%; 10; * —10;8,10;8,10;10; 10; ;% kg 105 %
8 105 105 % ;% % x;10; 10; 105 *; * —x;10;10;10; 12; % *; 10; 105 *; *; *
9 —k; ok kg kg ok 12 x5k 125 % % % —%; 125 % %; *; % *5 kg kg 125 %; %
10 —12; 5% %; %; ;% *;%;14;14;14; 14 x;%; 14; %3 14; 14 x5k 145 14%; %
11 —k; x5 145 %; 14; % 14; 14; 14; %; 16; 16 14;14;14,16;16; 16; 16 *;%; % ; 16; 16
12 || —x;14;14,16;16;16;16 16;16; 16%; 16: 16; * 16;16; 16%; 16; 16, 18; 18 16;16; 16; *; *; *
13 —16;16;16;16;18;18 | *;16;16,18;18;18%18 | 18;16,18;16,182% 18;18%,18 | =;*;18;18;18;x*
14 —18;18; 18; %; 18; % 18;182%;182;18;20;20 | 18;18%;182,20;18,20;20%20 | *;18;18;*; 20; 20
15 —x; 18; 18, 20; 20; 20; * 20; 20; 205 205 20; * 20; 202; 202; 20; 20, 22; 22 20; 205 205 20; *; *
16 —x; 20; 20; 20; 22; 22 x5 205 20; *; 22; * 22;20,22;20,22;22;22; % ®; ks K ok 225 %
17 —225 225 %; % % % %3225 22;22; %; %;22;22;22;24; x; 223 22 ;%
18 ®; ks ks ok k) 24 5k 245 % % % k3 245 %; k% ok 5k ks 245 % %

Table 4: The orbits Qf created by the action of 6 on ;.

Using the orbits QZ listed in table 4 we recover with help of the generating
functions ([4) the (Fﬁl(l),Eéz))-S—matrices. The two non-equivalent solutions
to the fusing rule in 2, read

A+ q 60

AT oA+ e A = 4%, 1=1,2,3,4

A Hq?657 = a0, AT +d' = 7647,

A3+ q 6% AT, 6243 +q26,%4T = P47,

’AYZ + q_26q’7: ’AY;a &E’AYZ + q2&q’3/j1_ = qz&qﬁ/;

A +q 008y = ¢ AL, 62T + 46,4 = "6, %4,
AW+ 643 = 6L, AT +4"%6,%95 = ®6 %1
Y Ha e T = a%05, oAt + 46T = ¢4,

A5+ q 61T = a6t o AT +d6,°A7 = "4,
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o —10.82+ _  —24 ~+ 22,4 12472+ _ 2~ A+t
Yo T4 03 = q T0¢V4, OgV2 T4 70, V3 =4 0qV4,
o —10~82+ __ 10A—62+ _ 2~ ~+

T2 +q O-qu4 +q Uq Y4 =4 0473,

A A 25 A 4ot 24 4
O¢V2, 4°0qVs £ 471 =4 0¢72,

y
3 +q7'0AT = a0
e = PEAT, o + %0 PAT = 4
A5 +q AT q AT, AT + ¢ %A = ¢%6 AT

Again we confirm from these solution the equivalence between the boot-
strap equations and the fusing rules by means of (F7) and also verify the
relation for the mass ratios ().

7.3 (C5Y DY)

&3] (&) anN—2 OON_1, QN
O——0O— @—ﬂ?@
cg = —11if N even

aN+1

The S-matrices are given as
S1(0) ={1,1;3,5}s  S12(0) = {2,22}9 S22(0) = {1,12;3, 3}

We have h = 4 and H = 6 for the Coxeter numbers. The combined bootstrap
equations (BF) yield

511(9 + 6, + 91{)511(‘9 — 0 — GH) = 512(9) (168)
Sor(0 + 0y +20)Sx(0 — 0, —20y) = Sp(0 —05)S(0+0y) (169)

forl =1,2.

l

) 2(2) 2 2 2
Figure 6: (Cy’, D3~ )-combined bootstrap identities ([L69).
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The mass ratio according to (5@) are

m sinh(0,, + 0g)
= . 1
my  sinh(260, + 40y) (170)

7.3.1  S;(6) from CS":

The result of successive actions of the g-deformed Coxeter element on the
simple roots is reported in table 5.

Log [ar=—7[a2=1]
1 4;3 -3,5;4
2 —06; * —*; 6
3 —10;9 | 9,11;10
4 12; % *; 12

Table 5: The orbits €2 created by the action of 0, on v,
The two non-equivalent solutions to the fusing rule in €2, read

4’0470 U(;l% + Q2Uq_271 = q_IU(;le’

= ¢ o opm ot =dte

g o
M+ a o
7.3.2  S;(6) from DY

The result of successive actions of the g-deformed twisted Coxeter element
on the simple roots is reported in table 6.

Og [ 61 =—4] [G2 =17 |
1 %) %k 2 —2;%;2
2 2;2; % —2;2:4
3 —4; % % —; 4; %
4 —*; %; 6 6;*;6
5! —6;6; * 6;6;8
6 8; *; * *; 8; %

Table 6: The orbits Qf created by the action of 67 on A
The two non-equivalent solutions to the fusing rule in Qq read
020473, COAT + T = a6

—2424 24 o4 da—Ta+ _ 4a—1
q 01, 40 T Q0 Y, =q 0,

'3/1’_ + q_2&q’?f =

i +gie] = A
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7.4 (Cy", DY)
The S-matrices are
511(9) = {17 1§5>7}0 512(9) = {2>2§4>6}6 533(9) = {1, 12§3,32§5>52}9
522(9) = {17 153, 39; 5, 7}9 523(9) = {27 29;4, 42}9 513(9) = {3, 32}9-
We have h = 6 and H = 8 for the Coxeter numbers. The combined bootstrap
identities read
SU(@ + 05 + 9[{)511((9 — 0, — QH) = 512(9) (171)
Soi(0 +0n 4+ 0g)Su(0 — 0, —0y) = S (0)Si3(0) (172)
Sgl<9 + 05 + 291{)53[(9 — 0, — 29]{) = SlQ(H — HH)SIQ(G + GH) (173)
The mass ratios turn out to be
my _ sinh(0p +0x)  mq  sinh(6p +0g)  ma  sinh(20, +20g)

my  sinh(46, +60y) ms  sinh(30, +50y) ms  sinh(30, + 50y)
(174)

7.4.1 S;;(6) from iV

The result of successive actions of the g-deformed Coxeter element on the
simple roots is reported in table 7.

(oglon=2] os=9 | a=-7 |
1| —2;2;% x;3,0;4 2;2,4:3
2 || —*;6;5 5,7,5,7,6 6;6;5
3 || —8; ;% *:k; 8 —%; 8; %
4 | 10;10; = x;11,13;12 —10;10,12;11
5 | *;14;13 | 13,15;13,15;14 —14;14;13
6 16; *; x;%; 16 x; 16; %

Table 7 : The orbits ] created by the action of oy on 7y,
The solutions of the fusing rule in 27 are

NG = e @t o =0,

Nnta o = ¢ v, 7+ %0ty = o,
N0 = a0 a7+ oty = a7 oy s,
NG T = oy T+ 40 s = ¢l P,
Yo+ q oy = G Coiy, o e+ @00 s = qlo P
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7.4.2  S;(6) from D

The result of successive actions of the g-deformed twisted Coxeter element
on the simple roots is reported in table 8.

(o, | aca=37 | as=795 | dp=-%3 |
1 || —2;2;%; % *; 25 %; 2 2;2;%; 2
2 —k; %% 4 4;2,4;2;4 x;2;2:4
3 | —*;4;4;% 4;4:4;6 4:4: 4; %
4 —6; *; *; % x; % 0 % —x; 6; % %
5 8; 8; % * *; 8;%; 8 —8;8;%;8
6 ;%% 10 | 10;8,10;8;10 | —x;8;8;10
7 | *;10;10;% | 10;10;10;12 | —10;10; 10; %
8 || 125%; ;% x5k 125 x5 125 %; *

Table 8 : The orbits €2 created by the action of o, on AT
The solutions of the fusing rule in Q7 are

¥ +ae AT = A3, AT+ 6T = P43,

A+ a6y q'eAT, AT +d%6%A5 = q'6 AT,
A +a%647 = a0, 0T + 43 =647,

A+ qelAd q 26245, AT +q'6 A5 =q'6 1A,
Y3 +q%6 A5 = a0, o8 + 46,4 = q'o AT

7.5 (B, AP

~ A~

Qi Qz  QN-—2 ON-1, ON a; Qo an QaN-—2 O2N—1

O—O- o—O0- -  0—oO0

er = ~Lif N odd —

C1 = —11if N odd
The S-matrices read

511(9) = {1, 12; 3,32}9 512(9) = {2, 22}9 522(9) = {1, 1; 3,5}9.

We have h = 4 and H = 6 for the Coxeter numbers. The combined bootstrap
identities are
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Sll(9 + 05 + 291{)511(9 — 0 — 291{)
521(9 + 6, + HH)Sgl(G — 0, — GH) =

Si2(0 — 05)Si2(0 4 0) (175)
S (0). (176)

The mass ratio is )
my _ sinh(260), + 40y) (177)
my  sinh(6, +0gy)

7.5.1 S;;(6) from BV

The result of successive actions of the g-deformed Coxeter element on the
simple roots is reported in table 9.

log o= [as=—,]
1 || —4;3,5 3;4
2 —0; % —%; 6
3 | 10;9,11 -9;10
4 12; x; 12

Table 9: The orbits 2! created by the action of 0, on v,
Solutions of the fusing rule in (24

Ve O+ Po v =q oy,

q T, 05172 + q20q_272 = q_lg(;l%-

Y1+ G047
Yot a0y, =

7.5.2 S;;(6) from AP

The result of successive actions of the g-deformed twisted Coxeter element

on the simple roots is reported in table 10.

[ 04 [ &1 =91 [Ga =45 |
1 —%;2;2 *; % 2
2 —2;2:4 2;2; %
3 —4; ;% —%; 4 %
4 *;6; 6 —x;%; 0
5 6;6;8 —06;6; %
6 8; ;% *; 8; %
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Table 10 : The orbits Qf created by the action of oy on Af
The solutions to the fusing rule in Qa

At —24224  _ at 224 da—lat 24 ~d
Y1 T4 02 = V2, 04V1 T4 0, V2 =4 0¢72,
ot 24 A4+ 24 2 24 A dat 24 a4
Y2 T4 “0¢Y2 = q "0¢V1, QO +q V2 =q0q7 -

7.6 (B, AP

The S-matrices read

S11(0) = {1,12;5,72}g  S12(0) ={2,32;4,52} s S33(0) ={1,1;3,5;5,9}
Soa(0) = {1,12;3,39;3,59;5,Ta}ts  Sa3(0) = {2,29;4,62}9  S13(60) = {3, 42}0.

We have h = 6 and H = 10 for the Coxeter numbers. The combined boot-
strap identities read

S1u(0+ 0, +20)S1(0 — 0, —20g) = Sp(f) (178)
521(9 + 05 + 291{)52[(9 — 0, — 29]{) = 511(9)513(9 — 91{)513(9 + 9[{)(179)
S31(0 + 0+ 05)S3(0 — 0, — 0) = Spp(0). (180)

The mass ratios are

mi  sinh(0p +20y)  mi sinh(20, +40y) me  sinh(46, +80k)

my  sinh(46, +60y) ms  sinh(20, +30y) ms  sinh(0, +0y)
(181)

7.6.1 S;(6) from BY"

The result of successive actions of the g-deformed Coxeter element on the
simple roots is reported in table 11.

oo ai=—v |az=—7] Qg = 7 |
1 x;4: 3,5 3;3;4 —4:4:3,5
2 6;6; * *;7; 8 —6;6,8;7,9
3 —10; *; * x;%; 10 —x; 10; *
4 || —%;14;13,15 | 13;13;14 14;14; 13,15
5t —16;16; * x;17;18 | 16;16,18;17,19
6 20; *; * *x; %; 20 x; 20; %

51



Table 11: The orbits QY created by the action of 0, on 7,
The solutions of the fusing rule in 27 are

Nt a o = g7t oty +ato iy =0 v,

Y+ q 0oty = ¢y, o v+ PPy, = PPy,
72 _ 3 -1 7T 3. _ 3 -2

Y1+q 03 = q T0¢Y3, O, Y1tq 0,73 =q"0,773,

Yo+ q oy !

Vs +q %0l
Y5+ q 20473

s et d o s =q""0 s,
o, 0 s+ oty = o Py,

e P e P BT O

7.6.2 S;(6) from A:

The result of successive actions of the g-deformed twisted Coxeter element
on the simple roots is reported in table 12.

oo | as=—3" | s=— | =43 |
1 0; *; *; *; * *; %) %) 2; 2 —x;%;2;2; 2
2 x; %) 25 2; % 2:2;2;%; % —2:2:2:4:4
3 x;2:2;4;4 *: ok kg 4 % —4:4: 4 4; %
4 4; 4 %; %; % s 45 4 % % —x;4;4; 6; %
5 —%; ;% k0 ;% 0 %; % —%; 0; %; *%; %
6 —0; *; *; % % *; %k 8 8 *;%: 8; 88

7 —%; % 8 8 % 8;8; 8; *; % 8;8;8;10; 10
8 —x;8;8;10; 10 | =*;;%;10; % 10;10; 10; 10; =
9 —10;10; %; ;% | *;10; 10;%; % | *;10;10;12; %
10 *; ok %k 12 *; %5 125 % % x; 125 %; %, %

Table 12 : The orbits Qf created by the action of o, on AF
The solutions of the fusing rule in Q¢

st | =222:4+ om0 A 2.2.4 | Ast 24 a4
Y1 T4 0 q 072, 4001 T4V =402,

2 —6s4,+ . —4:3~+ 2424+ 6,224+ _ 6-—1~+
Y1 +4q 0,72 q 001, Q001 Tq0,7V9 =q 04 V1
2+ —42324+ =25 o 2,244 6~—22+ _ Ar+
Y1 T4 03 q “0¢V3, Q0,01 +q 0,73 =43,

A2+ 6A—324 _ 2~ A+
V35 O0gY2 +q0,°Y3 =q 0473,
—2,2,4 24 At 6rA—224 _ Ar+
G0N, s 406, 5 = 4T,

q—2&q&;7 q2&q§/§_ + q4’7§_ = qz&q;)/;

A3 + a6 s
A3 +q'lAs

’AY; + q_26q’7§_
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8 Conclusion

We have systematically developed the properties of the g-deformed Cox-
eter element and its twisted counterpart. The vanishing of the three-point-
coupling is governed by the so-called fusing rules. They rules may be formu-
lated either in the orbits Q, €, or Q and Q. The precise relation between
these alternative rules is worked out (F7). All of these identities may be
proven by appealing to physical arguments. The scattering matrices of affine
Toda field theories with real coupling constant related to any dual pair of
simple Lie algebras may be expressed in a completely generic way in terms
of combinations of hyperbolic functions whose powers are computed from
generating functions involving either g-deformed Coxeter elements (b9) or
alternatively twisted q-deformed Coxeter elements ([(4). The g-deformation
appears to be vital in the construction since it achieves that the properties
of the two dual algebras are merged together. It would be interesting to
investigate whether it is possible at all to construct generic formulae solely
from non-deformed quantities as it is possible in the simply laced case. How-
ever, it appears to us that the g-deformation is vital to describe non-simply
laced theories. Closely related to this is the question of how to derive the
g-deformed versions of the fusing rules directly from the non-deformed ver-
sions. We have demonstrated that the proposed scattering matrices fulfill all
the requirements of the generalized bootstrap equations. In particular, we
established the equivalence of the fusing rules and the generalized S-matrix
boostrap equations. Furthermore, we provide a simple criterion which allows
to exclude poles from the participation in the bootstrap.

It is intriguing that the combined bootstrap equation (BJ) incorporates
the information of all individual fusing processes. These equations do in fact
not constitute anything new since they may always be obtained from the
individual fusing processes. They correspond to particular graphs (see figure
5 and 6) of higher order.

The matrix [K],; plays a central role in several ways. The components of
its nullvectors constitute conserved quantities, e.g. the particle masses. We
show how these quantities are related to the fusing rules. The properties of
the matrix [K,; are further utilized in order to formulate a matrix M which
serves to derive and prove a generic integral representation for the scattering
matrix. The same goal may be achieved by exploiting the properties of the

matrix [K],; which is related to the twisted algebra and allows to define the
matrix N. We established the equality between these two matrices.
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It is interesting to note that the properties of the blocks are reflected by
the polynomial ([[04)), such that we can carry out a one-to-one identification
between {z,y}y and ¢*¢¥. In addition we can also manipulate them in an
identical way if we further define ¢=*¢~¥ = —¢”@" in analogy to {—z, —y}s =
{x,y}," or choose ¢ and ¢ to be roots of unity. This means we can treat the
whole bootstrap properties in an entirely polynomial fashion.

From the matrix relation N = M one deduces immediately the equality

w(x,y) = v(z,y). However, it remains a challenge to develop a more direct
Lie algebraic understanding of the equation.
Acknowledgments: A.F.and C.K. are grateful to the Deutsche Forschungs-
gemeinschaft (Sfb288) for partial financial support. B.J.S. is grateful to the
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